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Abstract

In this dissertation we consider well-posedness and constructions of various solu-
tions for the parabolic evolution equations by theories of analytic semigroups and max-
imal L? regularity. The equations we consider are the bidomain equations which repre-
sent electrophysiological wave propagation in the heart, the phase-field Navier—Stokes
equations which represent the deformation of the vesicle membrane in incompressible
viscous fluids, the Cahn-Hilliard equation which represent the spinodal decomposi-
tion of binary mixture, and the abstract parabolic evolution equations. The bidomain
equations are the model of biology and the phase-field Navier—Stokes equations and
the Cahn-Hilliard equations are so-called phase-field models.

In Chapter 1 we consider the semigroup generated by the principal part of the bido-
main equations. In general, solutions of the linear evolution equations can be analyzed
by the semigroup which is the solution operator corresponding from the initial data
to the solution at some time. It is important to characterize whether the semigroup is
analytic or not. Analytic semigroups represent the smoothing effect in parabolic evolu-
tion equations. The bidomain equations is complicated since they have three unknown
functions u; . and u. Bourgault et al. introduced a bidomain operator and they re-
garded the equation into a reaction diffusion system ([Bourgault et al. 2009]). They
proved that the bidomain operator is a self-adjoint operator and a non-negative opera-
tor in L? space. It means that the operator A generates an analytic semigroup e~*4. In
this chapter, we consider the bidomain operator in L spaces for 1 < p < co. We prove
an L resolvent estimate by a contradiction argument and a blow-up argument. From
the inequality obtained by the negation of its conclusion, we show that one holds the
inequality by compactness, but the other breaks down the inequality by uniqueness,
which leads a contradiction. The estimates from L? and L* imply an LP resolvent es-
timate for 1 < p < oo by the interpolation and the duality. We properly introduce
the bidomain operator in L” spaces and characterize the resolvent set of the operator.
The main theorem is that the bidomain operator generates an analytic semigroup in
LP spaces. For the non-linear bidomain equations, we construct a local well-posedness
theorem by a general theory of analytic semigroups. This chapter consists of a joint
work with Professor Giga (1).

In Chapter 2 we consider the time periodic problem about the bidomain equa-
tions since the heart periodically beats in time. Under the assumption that the oper-

tA we construct DaPrato-

ator A generates an exponential stable analytic semigroup e~
Grisvard type maximal L”-D 4(6, p) regularity in a real interpolation spaces for an ab-
stract linear parabolic equation v’ + Au = f, where D4(6,p) := (X, D(A))p,p. This
means that for any time periodic function f € LP(T;Dy4(0,p)), there exists a unique
time periodic solution u which have the same regularity v, Au € LP(T;Da(0,p)),
where LP(T; D4(6,p)) is a class of X-valued LP(T) function with T := R/7T'Z for a pe-

riod T > 0. This is a linear theory about the time periodic problem. The proof is based
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on the time periodic solution formula u(t) = ffoo e~ (=94 f(s)ds. For the non-linear
bidomain equations, we prove that the equations admit a unique periodic solution by
Banach'’s fixed point theorem provided the source terms are small. This chapter consists
of a joint work with Professor Hieber, Dr Tolksdorf and Mr. Kress (2).

In Chapter 3 we continue discussing the time periodic problem about the bido-
main equations. In Chapter 2 we need the smallness conditions since the bidomain
equations are considered as a perturbed equation of their linearized equations. In this
chapter we restrict that the nonlinear term is FitzHugh-Nagumo type and the function
space is L2, but we prove that the equations admit a time periodic solution without
assuming the smallness conditions on the source. When we use Galerkin method, we
apply Brouwer’s fixed point theorem for Poincaré map. This guarantees the existence
of a weak time periodic solution. Moreover we regard the initial data as this periodic
solution, then by global well-posedness result for initial value problem, the weak solu-
tions agree with the strong solutions. This is a regularity theorem, which implies the
existence of the strong time periodic solutions in maximal L2-L? spaces. This chapter
consists of a joint work with Professor Giga and Mr. Kress (3).

In Chapter 4 we consider the well-posedness for the phase-field Navier-Stokes
equations. In previous works, it was proved the existence of the global weak solutions
([Du et al. 2007]) and the unique existence of the local strong solutions ([Takahashi et al.
2012]). However the former is not known its uniqueness and regularity and the latter
is analyzed as a semi-linear evolution equation although the coupling part should be
the principal part. Therefore its regularity class of the solutions is not suitable. We treat
the equation as a quasi-linear evolution equation which means the coupling part is the
principal part. We prove the linear operator has maximal LP-L? regularity property
and prove the unique existence of the local strong solutions and the continuity on the
initial data. Moreover we have that the solution is real analytic in time and space, thus
this is a classical solution. At last it is shown that the variational strict stable solution is
exponentially stable provided the product of the viscosity coefficient and the mobility
constant is large. This chapter consists of a paper (4).

In Chapter 5 we consider the global existence and uniqueness of the solutions for
the Cahn-Hilliard equation. Let the order parameter v and the chemical potential .
In previous works, the boundary condition was Neumann condition for x so that it
derives the volume conservation law 4 [, udz = 0. Since the equation is fourth order,
we need two boundary conditions. The other boundary condition is Neumann con-
dition for u so that it derives that the energy Eq(u) decrease, or a dynamic boundary
condition for u so that it derives the energy Eq(u) + Epq(u) decrease. Here Eyq(u) is
a energy from the boundary. However when the substances permeate the boundary,
volume preservation is not necessarily achieved. Gal and Goldstein et al. introduced
new boundary conditions which model the boundaries are permeable walls and non-
permeable walls, respectively ([Gal 2006], [Goldstein et al. 2011]). The former derives
L(Jqudz+ [,qudS) = —c [ p9 with the constants b > 0, ¢ > 0 and the latter derives
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the total volume conservation law %( Jqudz + [5,udS) = 0. In permeable walls, the
case ¢ = 0 implies the total volume conservation law. We consider these two boundary
conditions including the case ¢ = 0. We apply the linear theory of maximal L? regular-
ity which corresponds to higher order equations and the dynamic boundary condition
(cf. [Denk et al. 2008]). It characterizes the solvability and the classes of data by a nec-
essary and a sufficient condition. For the non-linear Cahn-Hilliard equation, we use
Banach’s fixed point theorem, energy estimates and a-priori estimate. We are able to
generalize the global solvability for p # 2 although above previous works are L? frame-
work. Moreover since the spaces of initial functions are optimal, we are able to classify
the necessary of the compatibility conditions by p although above previous works need
the compatibility conditions. This chapter consists of a paper (5).

In Chapter 6 we consider the well-posedness for the abstract parabolic evolution
equations by means of maximal L, regularity with time weights. The (classical) max-
imal L, regularity property is the solvability and the estimate for the abstract linear
evolution equations v’ + Au = f in L,(0,7;X). The remarkable application of the
maximal L, regularity is the solvability of the quasi-linear parabolic evolution equa-
tions v’ + A(u)u = F(u). However when we use this theory, in general, we need to
take the initial data in the real interpolation space (X, D(A));_1/p,, which is the trace
space of the solution space at ¢ = 0. The theory of maximal L, regularity with time
weight is a generalization of this initial data while keeping the solution class except-
ing for the behavior near ¢ = 0. In a series of papers by J. Priiss, they extended the
initial data to (X, D(A)),—1/pp
mined by the non-linearities . Moreover they give a sufficient condition to be a global

for . < p < 1, where the critical weight . is deter-

solution when the equation is a semi-linear and the non-linear term is the bi-linear.
In this chapter we extend this general local well-posedness theory to the quasi-linear
parabolic evolution equations v’ + A(t,u) = F(t,u) with the time-dependent operator
and the non-linear term. Under the case A(t, u) = A(t) and the assumptions used in the
local well-posedness with some technical assumption, we give a sufficient condition in
order that the local solution becomes a global solution. This is a generalization of above
bilinear non-linearities. As a example of the local well-posedness theorem, we applied
the theory to the quasi-linear heat equations v’ — a(t, u) Au = F(t,u)+|Vu|" with k > 2.

All chapters are based on the papers below, respectively. All sections, notations and

theorems, etc are cited only in each chapter where they appear.
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Chapter 1

On a resolvent estimate for bidomain opera-
tors and its applications

We study bidomain equations that are commonly used as a model to represent the elec-
trophysiological wave propagation in the heart. We prove existence, uniqueness and
regularity of a strong solution in LP spaces. For this purpose we derive an L resol-
vent estimate for the bidomain operator by using a contradiction argument based on a
blow-up argument. Interpolating with the standard L>-theory, we conclude that bido-
main operators generate Cp-analytic semigroups in L? spaces, which leads to construct
a strong solution to a bidomain equation in L spaces.

Keywords: bidomain model; resolvent estimates; blow-up argument

1.1 Introduction

The bidomain model is a system related to intra- and extra-cellular electric potentials
and some ionic variables. Mathematically, bidomain equations can be written as two
partial differential equations coupled with a system of m ordinary differential equa-
tions:

(1.1.1) ou+ f(u,w) — V- (0;Vu;) = s in (0,00) x €,
(1.1.2) Ou+ f(u,w) + V- (0:Vue) = —se in (0,00) x £,
(1.1.3) ow + g(u,w) =0 in (0,00) x €,
(1.1.4) U= U — Ue in (0, 00) x €2,
(1.1.5) oiVu; - n=0, ceVue-n =0 on (0,00) x 01,
(1.1.6) u(0) = up, w(0) = wy in Q.

Here, functions u; and u,. are intra- and extra-cellular electric potentials, « is the
transmembrane potential (or the action potential) and w = w(t,z) € R™(m € N) is
some ionic variables (current, gating variables, concentrations, etc.). All these functions
are unknown. On the other hand, the physical region occupied by the heart Q C R¢,
conductivity matrices o; . = 0;(z), external applied current sources s; . = s;.(t, ),
total transmembrane ionic currents f : R x R™ — Rand g : R x R™ — R" and initial
data up and wg are given. The symbol n denotes the unit outward normal vector to
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0f). The reader is referred to the books [12] and [22] about mathematical physiology
including bidomain models.

There are some literature about well-posedness of bidomain equations. First pi-
oneering work is due to P. Colli-Franzone and G. Savaré [13]. They introduced a
variational formulation and derived existence, uniqueness and some regularity results
in Hilbert spaces. Here, they assumed nonlinear terms f, g are forms of f(u,w) =
k(u) + aw, g(u,w) = —pu + yw (a, 5,y > 0) with a suitable growth condition on k.
Examples include cubic-like FitzHugh-Nagumo model, which is the most fundamen-
tal electrophysiological model. However, other realistic models cannot be handled by
their approach because nonlinear terms are limited. Later M. Veneroni [40] extended
to their results by using fixed point argument and established well-posedness of more
general and more realistic ionic models. These two papers discussed strong solutions
by deriving further regularity of weak solutions. In 2009, Y. Bourgault, Y. Coudiére and
C. Pierre [11] showed well-posedness of a strong solution in L? spaces. They trans-
formed bidomain equations into an abstract evolution equation of the form

Opu + Au+ f(u,w) = s,
ow + g(u, w) =0

by introducing the bidomain operator A in L? and modified source term s. Formally the
bidomain operator is the harmonic mean of two elliptic operators, i.e. (A; Vpah)-t
or A;(A; + A.)"'A., where A, .- is the elliptic operator —V - (0;.V - ) with the ho-
mogeneous Neumann boundary condition. They proved that the bidomain operator is
a non-negative self-adjoint operator by considering corresponding weak formulations.
Since their framework is in L?, well-posedness was only proved for d < 3 in L? spaces.

The main goal of this chapter is to establish LP-theory (1 < p < c0) and L*-theory
for the bidomain operator with applications to bidomain equations. More explicitly,
we shall prove that the bidomain operator forms an analytic semigroup e~*4 both in
LP and L. By this result we are able to construct a strong solution in L” for any space
dimension d (by taking p large if necessary). Our result allows any locally Lipschitz
nonlinear terms.

To derive analyticity it is sufficient to derive resolvent estimates. For L? resolvent
estimates a standard way is to use the Agmon’s method (e.g. [24], [37]). The main idea
of the method is as follows. If we have a W2P({) x R) a priori estimate for the operator
A—e?9y,, then A has an LP resolvent estimate. Unfortunately, it seems difficult to derive
such a W?? a priori estimate because of nonlocal structure of the bidomain operator.
Thus we argue in a different way.

We first establish an L> resolvent estimate for the bidomain operator by a contra-
diction argument including a blow-up argument. We then derive an L? resolvent esti-
mate for 2 < p < oo by interpolating L? and L results. The LP-theory for 1 < p < 2is
established by a duality argument. Note that a standard idea to derive an L* resolvent
estimate due to Masuda-Stewart (see the third next paragraph) does not apply because
their method is based on an L? resolvent estimate, which we would like to prove.

A blow-up argument was first introduced by E. De Giorgi [14] in order to study
regularity of a minimal surface. It is also efficient to derive a priori estimates for so-
lutions of a semilinear elliptic problem [17] and a semilinear parabolic problem [18],
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[16]. Recently, K. Abe and the first author [1], [2] showed that the Stokes operator is
a generator of an analytic semigroup on Cp,(£2), the L>-closure of C2%(€2) (the space
of smooth solenoidal vector fields with compact support in 2) for some class of do-
mains (2 including bounded and exterior domains by using a blow-up argument for a
nonstationary problem. For a direct proof extending the Masuda-Stewart method for
resolvent estimates, see [3]. Suzuki [35] showed analyticity of semigroups generated
by higher order elliptic operators in L spaces by a blow-up method even if the do-
main has only uniformly C"! regularity for resolvent equations. Our approach is similar
to his approach, but boundary conditions are different and our equations are systems.
For the Dirichlet boundary condition, we can easily take a cut-off function and a test
function. However, for the Neumann boundary condition, we have to take a cut-off
function and a test function carefully so that we does not violate boundary conditions.

Our method is based on a contradiction argument together with a blow-up argu-
ment. Let us explain a heuristic idea. Suppose that we would like to prove that

[Alllullse < Cllsllo

with some C' > 0 independent of sufficiently large A, v and s which satisfy the resolvent
equation Au + Au = s in Q. Here, || - || denotes the L>°(2) norm. Suppose that the
estimate were false. Then there would exists a sequence {\;}7° ;, |A\x| = coand {uy, si.}
satisfy Apuy + Aur, = si in Q such that |Ag|||uk|loc > k|/Sk||co- By normalizing uy to
introduce vy = uy/||uk||cc, we observe that |[vg|loc = 1. We take {z1}32, C 2 such
that |vg(zx)| > 1/2. We rescale wy(z) = vi(xp + x/|Ak|'/?). This function solves the
equation ek + Apwy, =t in Qi with A, — A if A has a nice scaling property, where
ewk = )\k/’/\k‘/ tk(x) = Sk(l’k -+ :c/]/\k\l/Q)/\)\k]HukHoo and Qk = ‘Ak’1/2(Q — xk) Here,
Ay is the bidomain operator with a constant coefficient. Since |A\;| — oo, the rescaled
domain €2, converges to either the whole space or the half space. If wj, converges to
some w, then w solves the limit equation e®>w + Agw = 0 since ||tx|c < 1/k. If the
convergence is strong enough, then the assumption |w(0)| > 1/2 implies |w(0)| > 1/2.
However, if the solution of the limit equation e w+Agw = 01is unique, i.e. w = 0, then
we get a contradiction. The key step is a local ‘Compactness” of the blow-up sequence
{wy}32, near zero to conclude |w(0)| > 1/2 and ‘Uniqueness’ of a blow-up limit.

Let us explain some literatures for L°°-theory. For the Laplace operator or general
elliptic operators it is well known that the corresponding semigroup is analytic in L>°-
type spaces. K. Yosida [42] considered the second order elliptic operator on R. It was
difficult to extend his method for multi-dimensional elliptic operators. K. Masuda [25],
[26] (see also [27]) first proved the analyticity of the semigroup generated by a general
elliptic operator (even for higher-order elliptic operators) in Cy(R?), the space of con-
tinuous functions vanishing at the space-infinity. For general domains, H. B. Stewart
treated Dirichlet conditions [33] and general boundary conditions [34]. Their methods
are based on a localization with L? results and interpolation inequalities. The reader
may refer to the comprehensive book written by A. Lunardi [24, Chapter 3] for the
Masuda-Stewart method which applies to many other cases. However, in our situa-
tions, we cannot apply these methods since we do not have L? estimates.

Originally, bidomain equations were derived at a microscopic level. The cardiac cel-
lular structure of the tissue can be viewed by disjoint unions of two regions separated
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by the interface, i.e. Q@ = Q; U Q. UT', where §2; and (), are disjoint intra- and extra cel-
lular domains and I’ = 9€; N 942, is their interface called the active membrane. When
we consider this model, the intra- and extra cellular potential u; . are functions in We
respectively, and transmembrane potential u = u; — u, is the function on I'. Bidomain
equations are replaced to equations on €2;, (2. and I' in this microscopic model. The
dynamics inside the heart is much complicated. There are only a few papers (e.g. [13],
[38]) because of standard techniques and results on reaction diffusion equation systems
cannot be directly applied. H. Matano and Y. Mori [28] showed existence and unique-
ness of a global classical solution for 3D cable model which is one of the microscopic
cellular model by proving a uniform L* bound of solutions.

Conversely at a macroscopic model, the cardiac tissue can be represented by a con-
tinuous model (called “bi”domain model), i.e. 2 = Q; = Q. = I' though each point
of the heart (2 is one of the interior part (2; or exterior part 2. or their boundary TI'.
Formal derivation from microscopic model to macroscopic model was shown by a ho-
mogenization process when a periodic cardiac structure [22], [23]. The authors of [31]
showed a rigorous mathematical derivation of the macroscopic model by using the
tools of the I'-convergence theory. The paper [7] studied the asymptotic behavior of the
family of vectorial integral functionals, which is concerned with bidomain model, in the
framework of I'-convergence. The bidomain model is also used to analyze nonconvex
mean curvature flow as a diffuse interface approximation [6], [10], [9]. Nonconvexity
leads to the gradient flow of a nonconvex functional, which corresponds in general to
an ill-posed parabolic problem. To study an ill-posed problem, it is often efficient to
regularize it, for example by adding some higher order term, and then passing to the
limit as the regularizing parameter goes to zero. However, papers [6], [10], [9] intro-
duced completely different regularization, namely, to use bidomain equations, where
hidden anisotrophy plays a key role. Recently in [29], interesting phenomena about
stability of traveling wave solutions was found for bidomain Allen-Cahn equations,
which is quite different from classical Allen-Cahn equations. This is also relevant to the
hidden anisotropy of the bidomain model.

The outline of this chapter is as follows. In Section 1.2 after preparing a few no-
tations, we state an L* resolvent estimate for bidomain equations, which is a key es-
timate of analyticity in LP and L*° spaces. In Section 1.3 we give our proof of an L
resolvent estimate by using a blow-up argument. In Section 1.4 the system of bidomain
equations is replaced by a single equation by using bidomain operators in L” spaces.
Then we show existence and uniqueness of the solution. The method is based on a
continuity method [20]. We also establish L” and L*° resolvent estimates for bidomain
operators based in our analysis in Section 1.3. In Section 1.5 to solve original prob-
lem (1.1.1)-(1.1.6) in LP we define bidomain operators and domains of their fractional
powers in order to handle nonlinear terms f, g having only locally Lipschitz continu-
ity. From an L” resolvent estimate, we show bidomain operators are sectorial opera-
tors and then we derive existence, uniqueness and regularity of a strong solution to
(1.1.1)-(1.1.6) in LP spaces. In the appendix, we collect the L! boundedness of Fourier
multiplier, which was left in Section 1.3.
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1.2 Resolvent estimate for bidomain operators

1.2.1 Preliminaries, notations and definitions

In this subsection we give a rigorous setting in order to state an L°° resolvent estimate.
We first recall the definition of uniformly C*-domain for k > 1 and function spaces
20 (Q)
VVloc (Q)
Let B(zg,7) be an open ball with center x, radius r > 0, i.e. B(zg,7) = {z € R? |
|z — zo| <1}

Definition 1.1 (Uniformly C*-domain). Let @ C R¢ be a domain with d > 2. We say
that Q is a uniformly C*-domain (k > 1) if there exist K > 0 and r > 0 such that for
each point z¢ € 09 there exists a C* function v of d — 1 variables z’ such that -upon
relabeling, reorienting and rotation the coordinates axes if necessary- we have

an B(Qfg,?") = {l’ = ($/,$d) € B(l‘o,?“) | Tq > 7($,)}7
[Vller@a—y = sup  [95y(2))] < K.
la|<k, z'€Rd—1

Definition 1.2. We say u € W,2”(Q) if there exists v € W.”(R?) such that u = v a.e. in
Q.

Here W2? is LP Sobolev space of order 2 and I/Vlif is their localized version.

The conductivity matrices o; . are functions of the space variable z € Q with coef-
ficients C'1(Q2) and satisfy the uniform ellipticity condition. Namely, we assume that
there exist constants 0 < o < 7 such that

(1.2.1) oléP? < (oie(2)€, &) <TlEP

forall z € Q and ¢ € R% Let a = a(x) denote unit tangent vector at the point = € 9.
Set the longitudinal conductances kﬁﬁ : 90 — R and the transverse conductances k; , :
02 — R along the fibers. Commonly used conductance tensors are of the form ([16])

Oiie(x) = ki o ()] + (K o(2) = ki o(2))a(z) ® a(z) (x € 09).
By this form we have the normal n is the eigenvector of o; . whose eigenvalue is kf ()
Oi(@)n(x) = kL (0)n() (z € Q).
Under these assumptions of o; ., we have the property of boundary conditions:
(1.2.2) 0ieVu-n=0s Vu-n=0 ondfd

Source terms s; . also have important property. In physiology no current flow out-
side through boundary 02 and the intra- and extra-cellular media communicate elec-
trically through the transmembrane. Hereafter we assume current conservation;

/Q(si(t) +so(t))dz = 0 (t > 0).
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This is nothing but the compatibility condition for bidomain equations. This averaging
zero condition is used when we transform the system of bidomain equations (1.1.1)-
(1.1.6) into single equation (1.5.7)-(1.5.8).

1.2.2 Resolvent estimate

We consider the following resolvent equations

M —V - (0;Vu;) = s in Q,

M+ V- (0eVue) = s in €,
(%) .

U = U; — Ue in Q,

o;Vu; - n=0, c.Vue-n=0 on 0,

corresponding to (1.1.1)-(1.1.6). These equations come from the Laplace transformation
of linear part of bidomain equations.

Let us state an L™ resolvent estimate. We set 3y s := {A € C\ {0} | [Arg )| <
0, M < |\|} and N (u, u;, ue, \) of the form

N iy e, A) 1= sup (INllu(@) | + (A2 ([ Fu(@)] + [Vus(@)] + [Vue(@))

Theorem 1.3 (L™ resolvent estimate for bidomain equations). Let 2 C R? be a uniformly
C%-domain and o, € C1(Q,S?) satisfy (1.2.1) and (1.2.2). Then for each ¢ € (0,7/2) there
exist C' > 0 and M > 0 such that

N (u, wis e, A) < Clls]| (o)

forall \ € $r_. pr, s € L®(Q) and strong solutions u, u; . € ) W2EP(Q) N Whe(Q)

of ().

Remark 1.4. (i) It is impossible to derive an estimate ||| el|cc < C/|5|| 1 () because if
(u, u;, ue) is a triplet of strong solutions then so is (u, u; + ¢, u. + ¢) forall ¢ € R.
(ii) By the Sobolev embedding theorem [5],

np<oo

N WZr@nwhe@ c () ¢ (@Q).

n<p<oo O<a<l1

Hence (u, u;, u.) are C! functions and the left-hand side of the resolvent estimate makes
sense.

1.3 Proof of an L*° resolvent estimate

Proof of Theorem 1.3. We divide the proof into five steps. The first two steps are reformu-
lation of equations and estimates. The last three steps (compactness, characterization
of the limit and uniqueness) are crucial.

Step 1 (Normalization)
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We argue by contradiction. Suppose that the statement were false. Then there
would exist ¢ € (0,7/2), for any k € N there would exist Ay = |\l € X, .,
sk € L®(Q) and ug, uik, ter € () VVZQOf(Q) N W1 (Q) which are strong solutions
of resolvent equations

n<p<oo

Apug — V- (0;Vu) = sg in €,
A + V- (0eVier) = sk in Q,
Up = Uik — Uek in £,
oiVui -n =0, 0.Vie -n=0 on 052,

with an L estimate N (ug, ik, Uek, Ak) > kl|skl Lo ()

We set
Vg | A |ug
Vik _ 1 | Ak |wik
Vek N (g, Wik, Yeks M) | [ Ak |ter
Sk Sk

Then we get normalized resolvent equations of the form

ey, — ﬁv - (0;Vuir) = Sk in Q,
ey, + ﬁv (0eVUer) = Sk in Q,
Vg = Uik — Vek in 2,
oV -n=0, 0.Vue -n=0 on 0,

with estimates ; > 13k oo (2) and

Vg Uik Vek
N ™. ) 7)‘

<\Ak| el Pl k)
=sup (Joe@)| + Al ™2 (V0 (@)] + (Vo ()] + | Vo (@)
€

=1.

Step 2 (Rescaling)
Secondly, we rescale variables near maximum points of normalized V. By definition

of supremum there exists {x}}7°,; C € such that

1
[on(on)] + el ™2 (Vo ()| + [ o) + [ Veen(z)]) > 5

for all k € N. We rescale functions {(wg, Wik, Wer) } 521, {tk } o1, matrices {(oik, er) } 524
and domain (2, with respect to ;. Namely, we set



On a resolvent estimate for bidomain operators and its applications 8

t(x) =3 <mk+ Mfm)

oik(w) = ($k+ i |1/2>, Oe(w) = <$k+ " ’1/2>
Qe =\ 2(Q = ).

By changing variables Q2 > 2 — |\z|'/?(z — z1) € Q, we notice that our equations and
our estimates can be rewritten of the form

€i0kwk -V (Jikaik) = tk in Qk,
eiekwk + V- (0 Vwer) = ti in Oy,
Wk = Wik — Wek in Q,
Jikvwik Nk = 0, Uekvwek Nk = 0 on an,

with estimates

1
& > [[tkll oo @)
1

w0k (0)] + [Vao(0)] + [Vwir (0)] + [Vwer (0)] > 3,

Sup (lwg ()] + [Vwg(@)] + [Vwi(2)| + [Vwer ()]) = 1,

xelly
where n;, denotes the unit outer normal vector to ;. Here, we remark that unknown
functions w;;, and wey, are defined up to an additive constant. So without loss of gener-
ality we may assume that w;;(0) := 0.

Step 3 (Compactness)

In this step, we will show local uniform boundedness for {(wx, Wik, wer) }72 ;. If
these sequences are bounded, one can take subsequences {(wy,, wik,, Wek,) }7°, Which
uniformly convergences in the norm C! on each compact set. We need to divide two
cases. One is the whole space case and the other is the half space case up to translation
and rotation.

We set dj, = dist(0,09,) = |\g|"/?dist(2y, ) and D := lim inf d..

Case(3-i) D = oo

In this case the limit Q;, is R? in the sense that for any R > 0 there is kg such that
B(0,R) C §y for kg < k. For the convergence of the domain, see [1], [4], [35]. Let cut-
off function p € C§°(R?) be such that p(z) = 1 for |z| < 1 and p(z) = 0 for |z| > 3/2.
Here and hereafter by C4(E) we mean the space of all k-times continuously differen-
tiable function with compact support in the set E. We localize functions wy, wi, wey as

follows
wy, Wy
wfk =p| wi in Q.

p
W Wek
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By multiplying rescaled resolvent equations by p, we consider the following localized
equations

(1.3.1) ek wl — V- (o Vwl) = tip + L in (,
(1.3.2) el +V - (0o V) = tip + Iy, in Qy,
(1.3.3) wh = wh —w’, in Qp,
(1.3.4) Uikafk -ng =0, aekaZk -n, =0 on 9,
where
Ip=—- Y {((Uik)mn)zmpxnwik + (ik)mn Pz Wik
1<m,n<d

(O P (Wit ), + (TP (W) |

Loy = Z {(<O—€k)m”)zmp$nwek + (Uek)mnpzmznwek
1<m,n<d

+(O'ek)mnpzn (wek)xm + (O'ek)mnpxm (wek)a:n }

are lower order terms of w;; and w.;. Here, we take sufficiently large k such that
B(0,2) C Q.

Take some p > n and apply W?P(Q;) a priori estimate for second order elliptic
operators —V - (0;;V+), which have the Neumann boundary (1.3.4). By (1.3.1) there
exists C' > 0 independent of £ € N such that

| wh w2y
<O ([wlll v ) + 1will o) + el e + ikl Loy))
<C|B(0,2)|"/ ([l oo () + Nlwill oo () + tkpll oo () + ikl oo (020))
=:C|B(0,2)|Y? (I + II + III + 1),

where we use Hélder inequality in the second inequality. The first term [ is uniformly
bounded in & since w;(0) = 0 and ||Vw;i|| < (q,) < 1. The second term IT and the third
term III are also uniformly bounded in k since ||w||z,) < 1, [|pllzee(q,) < 1 and

Itk |l Lo (@) < 1/k. Finally the forth term IV is also uniformly bounded in & since

IV < O(dasip||0'ik||W1’°°(Qk))”wz‘kHWl’Oo(Qk)

<C.

Here, the constant C' may differ from line to line. Therefore the sequence {w/, }?° , is
uniformly bounded in W??(€),). Functions {w?, }?°, and {w}}?° , are also uniformly
bounded in WQ’p(Qk) since the same calculation as above and (1.3.3). Here, €2, de-
pends on k € N. By zero extension from € to R?, we have {(wf,w/,w" )}, is
uniform bounded in the norm (W?2? (Rd))g. Thus we are able to take subsequences
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{(wy , wh, ,wh )32, and w, w;, we € W?P(R?) such that

p

wy, w o

wfkl — | w; | inthe norm C*(R%) asl — oo,
o

wekl We

by Rellich’s compactness theorem [5]. Since

1
[wi, (0)] + [ Vg, (0)] + [Vewig, (0)] + [Vwer, (0)] > 5,

we get

[w(0)] + [Vw(0)] + [Vw;(0)] + [Vwe(0)| =

DN | =

Case(3-ii) D < oo

By D = lign inf dj, < oo, there exists a subsequence {dy, } such that llim di, = D. We
— 00 — 00

abbreviated dj, and write d;,. We may assume that 2, tends to ]Rfih b= {2, z4) € RY|
ry > —D} as k — oo in C2-sense up to translation and rotation. Indeed, since 2 is
uniformly C?, there is a unique nearest point of z;, € 99 from xy, for sufficiently large k
(cf. [20]). Moreover, by rotation with respect to xj, the domain (2 is represented locally
near z; as the domain occupied above the graph of a C? function 4y, of d — 1 variable
z’ such that z4-direction corresponds to the direction from zj to xj. This implies that
Vaoyi(2y,) = 0, where z, = (2, 2kd), T = (@}, Tq); see Definition 1.1. By translation we
may assume that 24 = 0. By uniformity of C?-regularity we may assume that the size
of neighborhood where the representation is valid and C%-bound for ~ can be taken
independent of k. Under this setting €, is represented locally near the origin as the
domain occupied above the graph of i (z') = [Ag|"?vk(x}, + 2'/|\x|'/?) and the size
of region where the representation is valid is of order |\;|~'/2. By definition this 7,
converges locally uniformly in R?~! to a constant function 4 = —D up to second order
derivatives as k — oo since V95(0) = 0 and 73(0) = —|\g|'/?(24g — 2pq) = —djy — —D
as k — oo.

We would like to take a cut-off function similar to the Case(3-i). However, we need
to keep the Neumann boundary condition. We refer the papers [1], [4], [35] to take
pr, satisfying Opy,/Oni, = 0 so that it converges to some function p. Assume that p €
C3(RY ) with suppp C B(0,R) and 9p/dxq = 0 on x4 = —D. Take a sequence of
functions py, € C2(Qy) such that dpy /Ony, = 0 on O, supp pr C B(0,4R/3) and that py,
converges to p uniformly in € N ]Ri, p up to second derivatives. Fortunately, such py,
exists as constructed in [4, p.27, Appendix B].

We argue in the same way as Case(3-i), we localize (wy, w;y, wer) by multiplying
pi- Note that the Neumann boundary condition is fulfilled for (w/§, w’}) thanks to the
condition dpy/0ny = 0 on 0y, which yields W2P () a priori estimate.
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Pk, Pk Pki\Y 0o ) 2, d
Then we can take subsequences {(wy, ", wy,|, wep )72 and w, wi, we € W=P(R )

such that

Pk,
w w
ky -
Pk ) : 1(mrd
i — [ w; | inthenorm C"(RY ) asl — oo.
ki
ek; We

As in Case (3-i), we get the same inequality.
In this step, we are able to conclude that w # 0 and w; . are not constants on some
neighborhood near the origin.

Step 4 (Characterization of the limit)

Let us explain resolvent equations of wy,, w;x,, wer, tend to the limit equation

efw — V- (000 Vw;) =0 in Qu,
(135) 2w + V- (0o Vi) = 0 in O,

W = W; — We in Qe,

Tico VW; * Noo = 0, Teoo VWe + Noo = 0 on 0,

in the weak sense, where 0., = limg_,o Ok, Tico, Oexo are constant coefficients matrices
defined as below which satisfy uniform ellipticity condition and n is unit outer nor-
mal vector (0,---,0,—1) when Q. = RflhD. If Q. = R% we do not need to consider
boundary conditions.

We have w, w;, we € WP (€a0) N W1 (Q4,) and

n<p<oo '’ loc

W, w
Vwir, | = | Vw; | weak* in L=(Q) as | — 0o
Vwey, Vwe

since sup (Jwg(2)] + [Vwg(z)| + [Vwig(2)] + [Vwer(z)]) = 1.
xell

Case(4-i) Qo = RY

W2P(RY) N WLoo(RY) satisfy that for any

Proposition 1.5. The limit w,w;, w. € ﬂn<p<oo il

i € C3°(RY)

eiOOO(w, ¢i)L2(Rd) + (Uloovwz, ng)i)Lg(Rd) = 0’
eiQOO(w, ¢€)L2(Rd) — (erovwe, v¢€)L2(Rd) — 0,
W= w; — we;

where 0o = limy_,o0 O, and oin0, Oeco are constant coefficients matrices which satisfy uniform
ellipticity condition. Here, (-, -) 2(ray denotes L2-inner product.
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Proof of Proposition 1.5. For each function n € C§°(R?), there exists k,, € N such that
suppn C £, for k,, < k. Since supp 7 is compact, there exist wy,, wik,, Wer, such that

W, w

wir, | = | wi | weakly on W*P(suppn)asl — oo

Wek,; We

forall n < p < oco. Now we have to determine o;,, and o... For a matrix A =
{@mn}1<mm<d, set |A]| := maxi<m n<d|@mn| Since o; is uniformly continuous, for
< ¢ then

each ¢ > 0 there exists § > 0 such that if |z + W — l‘k) = ’ﬁ

|

‘W} < 0 for kg < k since x € suppn and |\x| — oo. Since ||o;(zx)| < sup,eq lloi(z)]],

there exists a subsequence {0, }7°, and a constant matrix o such that o, (0) =
0i(xk,) = Tiso (I = 00). Then for ky < k

o (xk + W) — U’(xk)H = |lox(z) — 0 (0)|| < e. We can take ky € N such that

loik, (x) = Ticoll < lloir, () — ok, (0)]] + lloir, (0) — Tico |
< e+ [|oik (0) = gico|
— e (I = 00).

Since ¢ > 0 and z € supp 7 are arbitrary, we get ||oir, — Tiso|| — 0 (I = 00). The above
calculation is also valid for o.. Naturally, 0o and o. are positive definite constant
matrices.

We consider the weak formulation of the resolvent equation under oblique bound-
ary condition. For any test functions ¢; . € C5°(R9),

¢! (wkl,@)Lz(le) + (Uikszikmv@)ﬂ(gkl) = (tk17¢i)L2(le)a
e/ (Why> ) 12(2y,) = (Teb, Vwery, Vo) 12(0,)) = (b e)12(0y,)
Wk, = Wk, — Wk

l 1

Asl — oo,

ei&oo(w’ ¢i)L2(Rd) + (Tioo Vs, V¢i)L2(Rd) =0,
ei900(w, (;SE)LQ(Rd) — (O'eOOVwe, vée)LQ(Rd) = 07

W = W; — We.

Case(4-ii) O, = Ri,D

W2P (R p) NWh(RY 1) satisfy that for

Proposition 1.6. The limit w, w;, we € (<00 Wioe

. oo (Tod
any ¢ € Cg°(R )‘R‘j_’D

€19 (1, @)LQ(M’D) + (Tico Vs, V¢i)L2(Ri,D) =0,
eiGoo (’LU, (Z)e)LZ(R

W = Wi — We,

) — (O'eoovwea vqﬁe)LQ(Riyp) - 0’

d
+,D
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where O = limy_, o 0 and i, 0coo are constant coefficients matrices which satisfy (1.2.1)
and (1.2.2).

We can prove this proposition by similar calculation to Case (4-i).
Step 5 (Uniqueness)

In this last step we prove that limit functions are unique. The method is to reduce
existence of solution to dual problems and use the fundamental lemma of calculus of
variation. In order to solve the dual problem we use the Fourier transform. In the half
space case we extend to the whole space. However, we have to pay attention to the
boundary condition. We overcome the difficulty by using the condition (1.2.2).

Case(5-i) Qo = RY

W2P(RY) N W (RY) satisfy

Lemma 1.7. Let w, w;, w, € ﬂn<p<oo loc

ei@oo(w’ ¢i)L2(Rd) + (Uioovwia V¢i)L2(]Rd) =0,
(1.3.6) eieoo(w, ¢6)L2(Rd) - (O-eoovwe, v¢e)L2(Rd) — 0’

W = Wi — We,

forall ¢; . € C§° (RY), then w = 0 and w; = w, =constant.

Proof of Lemma 1.7. Equations (1.3.6) implies the following equations

(wi, > ¢; — V- (Uioov¢i))L2(Rd) — (we, € ¢y) p2(gay = 0,
(wi7 e'fes (be)L?(Rd) - (we7 eifoe (be -V (Uemv¢e))L2(Rd) =0,

(wi> eifoe (i — ¢e)—V - (O'iooV(bi))[g(Rd)
- (w€7 e'fee (i — pe) + V- (Uemv¢e))L2(Rd) =0.

We set T := {(¢i, pe) € S'(R)? | ¢i — be, V - (0500 Vi), V - (0ecc Vbe) € L (RY)}. Here
S’(R) is the space of all tempered distributions in the sense of L. Schwartz. Define a
smooth cut-off function y i such that xg = 1 on B(0, R/2) and xr = 0 on B(0, R)¢, and
a Friedrich’s mollifier F'r such that supp Fr C B(0,1/R). Since for any (¢;, ¢.) € T the
sequences {((xr¢:i) * Fr, (Xr®e) * Fr)}r>0 C (C5°(R?))? converges (¢;, ¢c) in T, we
are able to take (¢;, ¢.) in T as test functions. We consider the dual problem of the limit
equation. For all ¢;. € C§°(R?) satisfying [4(¢i — 1e)dz = 0, we would like to find
solutions (¢;, ¢.) € T such that

e (¢5 — pe) = V - (0isc Vi) = 15 in R,
e (¢ — ¢e) + V - (0eocVe) = e in R

We will prove the existence of these solutions in the next lemma. A key issue is whether
¢ satisfies a necessary decay condition as included in 7. For the moment, assume that
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we are able to take the solutions ¢; .. Then, we have that for all ¢; . € C§° (RY) satisfying

fRd(@bi - Q/)e)dsc =0,
(wivwi)LQ(Rd) - (we>we)L2(Rd) = 0.

Let 1; = v, then (w,v;)2re) = 0 for all ¥; € Cs°(RY). By fundamental lemma of
calculus of variations, we get w = 0. Let ¢ = 0 then (w;, ¢;) 2rdy = 0 for all ¢; €
C5°(RY) satisfying [;q ¥idz = 0. This means w; = constant. Obviously w. = w; since
W= W; — We. U

Lemma 1.8. For all ¢; . € C§°(R?) satisfying [a(1; — 1e)dx = 0, there exist the solutions
(@i, ¢e) € T such that

€i9oo (¢z - ¢e) -V (Uzoov¢1) = ¢z in ]Rd,

eiew (¢l - ¢e) +V- (Uemv¢e) = e in Rd.

Proof. We are able to solve these equations by the Fourier transform. We solve the
following equations

(€9 + (000, €)) F i — €= Fpo = F;
el Fpy — (€% + (0exc, ) Fbe = Fibe,

where F and F~! denote the Fourier transform and its inverse.
Solutions are formally of the form

1 eie"o ! (mpd
o =F (M ((Ie(f)}—i/h' + (i + 00 )6.6) (Fup; — fi/’e))) (e S'(RY))
pe=F ! (_1 ( (&) F e — o (Fpy — Fo >>) (e S'(RY)
T = 1 p(€) \ " T (i + oec)Er ) Y
and
L _ 1 . .
0= 0 =F (g OF b+ a(©F0)).
(o I e C IS el o
R e B O Fi).
V- (0uoVie) = ! (Mq'(f)fw L OFu - Fu >>
e e 61000+p(§) KA e 61900+p(€) € 1 e )
with
p<£) — <Uzoo§7§> <UEOO€7§>7 Qz(g) — <O'ZOO§7§> 7 Qe(f) — <0'€00£7§>

<(Uioo +0'eoo)§a€> <(Uioo +0'eoo)£7§> <(0ioo +ero)§a§>'

Let ¢'¥) be a positively homogeneous function of degree k and ¢(¢) = ¢;(¢) or g.(€).
We consider M ¥; = F~! (ﬁq@)(é)}'\?l) for U1 € C°(R?Y) and MWy :=

eigoo +p
F1 <ew+ﬂ)(€)q(§)]—"\l'2) for Uy € C§°(RY) satisfying [, Wadz = 0. We notice that the
solutions V - (0, Vi) and V - (0cso Ve ) are the sum of this form. We shall prove that
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M1¥; and M2V belong L' space. Then we conclude that ¢; — ¢. € L'(R?) since
€% (¢ — ¢e) = V - (0icc Vi) + 10 € L (RY).

We notice that F~1(e¥>~ + p(¢))~! € LY(R?) whose proof is postponed in the ap-
pendix.

First, we prove M;¥; € L' (RY) for any ¥, € Cgo(Rd). Let R > 0 be supp¥; C R.
Then we have

M1l L1 (ray
<[ F e +p(&) 7 x FHaP (O F )| 11 ray
< F e + p(€) "l pa(ray:
(|\f_1(q(2) EOF YD) 1 (o.m) + IF " (@? (f)f‘lfl)HLl(B(o,R)c))

<CIF Oz + €| [ 10 = )10y

LY(B(0,R)%)

<Cq® OVl ray +C v 17D (@ — Yrio,r) Y1(y)|dy
supp ¥

§CH‘I(2)(5)‘I’1HL1(W) + Cl| Y111 (ray
<4+ o0

by Young’s inequality, Fubini’s theorem and ¥ € C§°(R?) since F~1 (e~ + p(¢))~! €
LY(R%). Here ¢~2% is the inverse Fourier transform of ¢(¥, which is a positively
homogeneous function of degree —2 — d observed by the following calculation: for
r >0,

i (ra) = /R €T ()dg = g g (r= )y~ ddy = r 2 4F 1@ (2)

by a changing variable r§ = 7.

Second, we prove M,V € L' (R?) for any ¥y € C§° (R%) satisfying fRd WUodr = 0.
We notice that F~1(¢(9(6)F¥y) € L'(R?) in the appendix. We thus conclude that
Ma¥;y € LY(R?) by applying Young's inequality with F~! (e~ + p(¢))~t € LY(R%):

Mol gy < 14 + (€)™ 1 ey | (6 € F W) | 1y < +o0.

Therefore from the L!-finiteness of M;¥; and My Ws, we see ¢;—e, V-(0i00 V@;), V-
(0ecoVbe) € LY (RY) ice. (¢, 0e) € T. O
Case(5-ii) 2 = R‘LD

It is enough to show the case R? by changing variables.

W2P(RL) N Whoo(RY ) satisfy

Lemma 1.9. Let w, w;, we € (< pcoo Wign

ei9oo(w, gbi)L?(Ri) + (Gioo VWi, V(}Si)Lg(Ri) =0,
(1.3.7) 61900 (U_}7 ¢6)L2 (Rd) - (O-eoovwe, V¢6)L2(Ri) = 0,

W = W; — We,
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forall ;. € C§° (Rd)\Ri, then w = 0 and w; = w, =constant.

Proof of lemma 1.9. Equations (1.3.7) implies the following equations;

(wi, €9 ¢ =V - (0100 V1)) 2y — (Wer €% i) 1 rt) =0,
(R$)
(wiu 629m¢e)L2(Ri) - (U}e, eleood)e - V (erovd)e))Lz ]Rd) — 07

for all ¢; € C§° (Rd)]Rd+ such that ;oo V@; - noe = 0 and ¢ € Cg° (Rd)‘Ri such that
Oeoo Ve - Moo = 0, and

(wza o0 (Qb ¢e) (Uioovﬁbi))LQ(Ri)
— (we, eiGm (¢z - Qbe) +V- (Uemv¢e))L2 Rd) =0.

The problem can be reduced to the whole space. Let Fw; . be an even extension to the
whole space R?, i.e.

Buw;o(z) = {wi,e(xl,md) (za 2 0)
- Wi e (7', —xq) (w4 <0).

Matrices 0+, and o are constant so we extend these to whole space R?, which we sim-
ply write by 0ioc and ocoo. Since 0o VWi Noo = VWi Moo = 0, Teoo VWe Moo = VWe Moo =
0 and wie € Nyepeoo Wi, 2P(RL) 0 WL (RL), we have Ew;, € Nn<p<oo Wi “P(RY) N

wh OO(]Rd) For arbitrary ¢; . € C5°(RY), let pie" and @Odd be the even and odd parts of

Pi.er ie.

Qven(w) - gpiﬁ(x/, xd) + Soi,e(x/’ —.I'd)
i,e : 9 ’
dd Pie(2', 2a) — @ie(2', —24)
7?76 (.’L‘) = 1,e 2 1,e )

For simplicity, set a linear operator L;(¢;, pe) = e (p; — @e) — V - (0100 Vi) and
Le(i, 0e) 1= €9 (p; — pe) + V - (0eoo Vipe ). From the assumption of oy, note that o

; 0 o
have the form of 00 = 0600 for some constant (d — 1) x (d — 1) matrix ;s
Ti
and 7; > 0 because (0, - -- ,0, —1) is eigenvector of 0;~.. So we have that L; (V" ¢¥")
is even function and L;(¢2%4, ©x944) is odd function. Consider L. same as L;. Naturally,

L. also has the same property. Then we have

(Ewi, Li(#i, ¢e)) L2 (may — (BEwe, Le(9i, @e)) 12 (ra)
=(Ewi, Li(g5"", 08'") 12(ray + (Bwi, Li(0%%, 029) 12 (ray

— (Bwe, Le(¢§7, 087™) 12(ra) — (Bwe, Le(97, 924)) 2 (Ra)
=(Bwi, Li(@5" ", 02 ")) 2y — (Ewe, Le (05", 02"™")) L2 (re)
=2 {(’% L™, 0e"")) 2 (ma y — (wes Le(97™", @iven))m(md)} '

+
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The function ¢§¥°" satisfies 7;c V5V - = Vv - ng, = 0. Function ¢f"" also
satisfies same boundary condition. Smce the last term of above calculation equals to
zero, we conclude that for any ¢; . € C5°(R)

(Ewi, Li(#is pe)) L2 (ra) — (Ewe, Le(@i, ¢e)) p2ray = 0.

This means Ew; = Fw, = constant by the Case(4-i). Therefore we have w = 0 and
w; = W = constant. ]

Results of Step 3 and Step 5 are contradictory, so the proof of Theorem 1.3 is now
complete. O

1.4 Bidomain operators

1.4.1 Definition of bidomain operators in L spaces

In this subsection we define bidomain operators in L” spaces for 1 < p < oo. To
avoid technical difficulties we assume that 2 is a bounded C?-domain. We reformulate
resolvent equations corresponding to the parabolic and elliptic system as are derived in
[11]. The new system contains only v and u. as unknown functions. Since u; = u + u.
by (1.1.4), the new system is of the form:

(1.4.1) A —V - (o0;Vu) = V- (0;Vue) =s in Q,
(1.4.2) -V - (o;Vu+ (0, + 0¢)Vue) =0 in €,
(1.4.3) oiVu-n—+o;Vue -n=20 on J€),
(1.4.4) oiVu-n+ (o; +0e)Vue -n =0 on 0.

Let 1 < p < oo and (2 be a bounded C2-domain. Set L5,(Q) = {u € LP(Q) |
Jqudz = 0} and the operator P, defined by Ppu := u — ﬁ Jo udz, which is the
orthogonal projection. Evidently, L}, () is a closed subspace in LP(Q2) and P,, is a
bounded linear operator on L?(2). We similarly define a function space Wai" (), i.e.

2P(Q) = W22(Q) N LE,(€). We define an operator A; . in L%, () with the domain
D(A; ) corresponding to a uniformly elliptic operator —V - (¢;,.V-) with the oblique
boundary condition. It is explicitly defined as

u€ D(A;.) = {ueW2iP(Q) | 0;.Vu-n=0ae. indQ} C LE,(Q),
Ajeu = -V - (0;Vu).

Lemma 1.10 ([32]). Let 1 < p < oc and let Q be a bounded C*-domain. Assume that o; . €
C*(Q) satisfies (1.2.1). Then the operator A; is densely defined closed linear operator on L%, (€2)
and for any f € Lk, (Y) there uniquely exists u € D(A;) such that A;u = f. The operator A,
also has the same property.

If we assume that 0; ;Vu -n = 0 is quivalent to Vu-n = 0, then D(4;) =
{u e WZP(Q) | Vu-n=0a.c. in OQ} = D(A.). So we are able to define the opera-
tor A; + A, with the domain D(4;)(= D(A )) and we observe that inverse operator
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(A; + Ae)~! on L}, is a bounded linear operator. Under Jo uedz = 0, which is often
used assumption to study bidomain equations, from (1.4.2),

A;Pu+ (Az + Ae)ue =0
<:>(Az + Ae)ue = —A;P,yu (E Lgv(Q))
SUe = —(Az =+ Ae)_lAiPavu (e D(AZ))

We substitute this into (1.4.1) to set

Au+ A; Pu — AZ(AZ + Ae)_lAiPaU’LL =S
SAu+ A;j(A; + Ae)ilAer)u = s.
We are ready to define bidomain operators A.

Definition 1.11 ([11, Definition 12(p = 2)]). For 1 < p < oo, we define the bidomain
operator A : D(A) :={u € W?P(Q) | Vu-n = 0a.e. in 9Q} C LP(Q) — LP(Q) by

(1.4.5) A= Ai(A; + A) TALP,,.

Under fQ uedr = 0, equations (1.4.1)-(1.4.4) for the function u can be written in a
single resolvent equation of the form

(1.4.6) A+Au=s inQ.

Once we solve this equation, we are able to derive ue = —(4; + Ae) 7t A; Poyu.

1.4.2 Resolvent set of bidomain operators

We study existence and uniqueness of the solution for bidomain equations (1.4.6). We
derive WP a priori estimate for fixed A by W?? a priori estimate for the usual elliptic
operator A.. To define the bidomain operator A, we now assume that €2 is a bounded
C?%-domain and o; . € C1(Q) satisfy (1.2.1) and (1.2.2), which will be used throughout.

Theorem 1.12 (A priori estimate for bidomain operators). Let 1 < p < oo. For each
A\ € X there exists C > 0 such that

[ullwze@) < Cx (1A + A)ull o) + lulle@)
forallu € D(A).

Proof. We operate (A; + Ac)A; ' Py to (A + A)u = s to get (A + Ae)Pou = (A; +
Ae)Aijavs — )\AGA;lPavu. Since A, has a resolvent estimate [36], for each € € (0, 7/2)
there exists C' > 0 such that

M| Pavtull 2o () + A2V Pavtll 1o () + [ V2 Pavtl 1o ()
< C[(A4; + AC)A;IPM,S — )\AeA;lpaquLp(Q)
< Clisllze) + ClAull oy - - - (%)
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forall A € ¥,_. . Here, note that (A; + A.)A; lp., and AeAi_le, are bounded oper-
ators in LP(2). From above inequality we have for any A € ¥ there exists C) > 0
independent of © (may depend on \) such that

ullwze@) < Cx (1A + A)ull o) + lull o)) -
O

By this theorem we observe that the bidomain operator A in LP spaces is a densely
defined closed linear operator.

Let A, be the bidomain operator in L” spaces. We characterize the resolvent set
of bidomain operator A, in LP spaces from the previous result [11] that the bidomain
operator Aj is non-negative self-adjoint operator in L? spaces, i.e. ¥ o C p(—As).

Lemma 1.13. Let 1 < p < oo. Let A € ¥r . Assume that (X + Ap)u = 0 implies u = 0,
then the inequality ||ully2p) < Call(X + Ap)ullpp(q) holds, where C\ > 0 is the constant
independent of u € D(Ap).

Proof. We argue by contradiction. If the inequality were false, there would exist a se-
quence {ux}32; C D(A,) satisfying

lukllwze) =1, [[(A+ Ap)ugllr) < 1/k.

By the compactness of the imbedding W2?(Q2) — WP (Q) (Rellich’s compactness theo-
rem), there exists a subsequence {uy, }1°, converging strongly in W'2((2) to a function
u € D(A,). Define iy, = (A; + Ae) "t AcPoyug,, @ = (A; + Ae) "1 Ae Poyu and the conju-
gate exponent p’ of p, % + z% = 1for1l < p < co. We have {4y, }7°, are uniform bounded
in W2P(Q) converging to a function @ € D(A4,). Since

/ Aug v+ oV, - Vo — / Auv + o; Vi - Vo
Q Q

for all v € L” (), we must have JoAuv + 03V - Vo = 0 for all v € LP'(€2). Hence
(A + Ap)u = 0. The uniqueness implies © = 0. However, the estimate in Theorem 1.12
implies

1 = [Jug, lwzr@) < C (1A + Ap)ur, | ) + llu |l e @) -

Sending [ — oo implies 1 < Climinfy oo [|ug, || (o). This would contradict that uy, —
u = 0 strongly in WP (). O
Theorem 1.14. Let 2 < p < oc. Then for any X\ € ¥ and s € LP(RQ), there uniquely exists
u € D(Ap) such that (A + Ap)u = s.

Proof. If A € ¥ and u € D(A,) satisfy (A + A,)u = 0 then u = 0 since u € D(4,) C
D(Az) and A € p(—As3). For existence of a solution to a bidomain equation we use the
continuity method [20]. For each ¢ € [0, 1] we set

Li = A+ Aj(tA; + Ao) LA Py, - D(Ay) — LP(Q).
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By Lemma 1.13 we see there is a constant C\ > 0 such that [|uly2.r) < Crl|Leul|pr(q)
for all w € D(A,) and t € [0, 1]. Suppose that L; : D(A,) — LP(2) is onto for some ¢ €
[0,1], then L; is one-to-one. Hence there exists inverse mapping Lgl : LP(Q2) — D(A).
Fort € [0,1] and s € LP(Q2), the equation L;u = s is equivalent to the equation

Liu=s
Liu=s+ (L; — Ly)u
=S5+ (t — f)AzO?Az + Ae)ilAi(tAi + Ae)*lAePaUu
u = Lgl{s + (t — E)AZ(EAl + Ae)_lAi(tAi + Ae)_lAeRwu}.

Set the mapping 7" : D(A,) — D(A,) and ¢ > 0 of the form

Tu = Lt?l{s + (t — 1) A (FA; + A) T A (tA; + AL) Tt A Poyul},

—1
6= { sup ||Lg1{AZ'(EA¢ + Ae)_lAi(tAi + Ae)_lAePavug(WZp(Q))} .
t,t€[0,1]

The mapping 7 is a contraction mapping if |t — ¢ < & and hence the mapping L; :
D(A,) — LP(2) is onto for all ¢ € [0, 1] satisfying |t — #| < & because of § is independent
of ¢, t. By dividing the interval [0, 1] into subintervals of length less than d, we see that
the mapping L, is onto for all ¢ € [0, 1] because of Ly = A + A; P, : D(A,) — LP(1) is
onto when A € X . O

Lemma 1.15. Let 1 < p < oo. The adjoint of the bidomain operator Ay, is Ay.

Proof. Letu € D(Ap), v € D(Ay) and 2 < p < oo. For simplicity, we write (-,-) :=

<'7 '>LP(Q)><LP’(Q)'

(Apu, v)
= (A;Pyyu — Aij(A; + A) LA Poyu, v)
= (A;Pypyu — A;(A; + Ae)_lAiPMu, v)
— (A Payu — (A; + A) (A + Ae) M Ai Py, (Ai + Ae) 1A Poyv)
= (A;Pyyu — Aj(A; + A) YA Pryu, v — (A + A) LA Poyv)
+ (Ae(Ai + Ae) M Ai Payu, (Ai + Ae) 1 Ai Payo)
= (u — (A; + A) P A;Poyu, A Puyv — Ai(A; + A) A; Poyv)
+ ((Ai + Ae) T AiPayu, Ac(A; + Ae) 1A Poyv)
= (u, Ayv)
— ((A; + A) T A Py, AiPayv — Ai(A; + A) T A Payv — Ao(A; + Ao) LA Poyv)
= (u, Apyv).

So we get A, C A},. In order to show D(4,) > D(A,), we first show that A € p(—A4p)
implies A € p(—A4;,). Remark that D(4;) C D(Ay) and Ayu = Asu (u € D(A)).
For \ € p(—Ap), ()\ + Ap/)D(Ap/) D) (A + Ap/>D(A2) = ()\ + AQ)D(AQ) = LQ(Q) So
R (A + Ay) is dense in L¥'(2). Therefore \ + A%, is one-to-one in LP(Q). Since A, C A%,
and A + A, is surjection in LP(Q2), we get A + A7, is surjection. This means A € p(—A}).
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Take u € D(A,) and for some A € p(—Ap) N p(—A¥,) # 0, then

vi= A+ A) T+ Ay )u € D(Ap)
A+ Ap)v=(\+ A5 )u
A+ A5 )v=(A+A))u

Vv ="Uu.

Therefore D(A,) C D(4,) and A7, = A,,. Since Ay is a closed linear operator, we have
Ay = A7 = Aj. This means for all 1 < p < oo the adjoint of the bidomain operator 4,
is Ap/. ]

So we have forall 1 < p < oo, p(—4,) = p(=A4}) = p(—Ay) = Zrpo.
Our Theorem 1.14 implies existence and uniqueness of the resolvent bidomain equa-
tion since it is equivalent to the equation (1.4.6).

Theorem 1.16 (Existence and Uniqueness). Let 1 < p < oo, 2 be a bounded C*-domain and
Oie € cl(Q, Sd) satisfy (1.2.1) and (1.2.2). Then for any X € Y., s € LP(R2), the resolvent
problem

M —V - (0;Vu;) = s in 0,
A+ V- (0.Vue) =s in Q,
U = U; — Ue in Q,

oiVu; -n=0, 0cVue -n=20 on 02,

has a unique solution u, u; . € W*P(Q) satisfying [, uedz = 0.

1.4.3 Analyticity of semigroup generated by bidomain operators

We will study bidomain equations in the framework of an analytic semigroup, so let
us recall the definition of a sectorial operator. Let X be a complex Banach space and
A: D(A) C X — X be a linear operator, may not have a dense domain.

Definition 1.17. The operator A is said to be a sectorial operator with angle (< [0, 7/2)
if for each ¢ € (0, 7/2) there exist C' > 0 and M > 0 such that

(1) p(=A4) D Srpnr, (2)  sup A+ A)Hgx) < C.

AEX g, M

We do not assume that the operator A has a dense domain. So it may happen that
the analytic semigroup {e *4};>o generated by the operator A may not be strongly
continuous, that is for each z € X the function ¢ — e~ 4
on [0,00). We call {e_tA}tZO Co-analytic semigroup if for each z € X, t — e
continuous on [0, c0). We have that if the operator A is a sectorial operator with angle
0, then t — e~* is analytic in [0, 00) and it can be extended holomorphically in a sector
with opening angle 2(7/2 — ). For sectorial operators, it is known that

x is not necessarily continuous

—tAg is

{e7""Y 50 : strongly continuous < Vz € X, %gr(l) e r =10 o D(A) = X.
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Therefore, {e_tA}tZO is Cp-analytic semigroup if and only if the operator A is a sectorial
operator with dense domain D(A) in X (See [24]).

Let us go back to consider bidomain operators. Note that [11] showed the bido-
main operator A is a non-negative self-adjoint operator in L?(Q2) so that it is a sectorial
operator. Namely, p(—As2) D X, o and for each ¢ € (0, 7/2) there exists C' > 0 such that

sup  [All|ullz2() < Cllsllz2()
627\'75,0

for all s € L?(€)). We derived an L™ resolvent estimate (Theorem 1.3); for each ¢ €
(0,7/2) there exist C' > 0 and M > 0 such that p(—A4) D X u

sup  [A[|ullLec @) < CllsllLeo(q)

AEEr_e M
and for all s € L>(2).
By using Riesz—Thorin interpolation theorem, we are able to derive an L? resolvent

estimate, i.e. for each e € (0,7/2) and 2 < p < oo there exist C' > 0 and M > 0 such
that p(—A,) D Xx y and that

sup  [Al[Jullpre) < Cllsllir o)
)\EEW—E,]VI
and for all s € LP(2).
For 2 < p < oo and its conjugate exponent p’(€ (1, 2]), we have

— - * - C
O+ A e = 10O+ 4™V ey = 10+ 49) ™ llewsay < 57

We derived the resolvent estimate for bidomain operators —A,, in L spaces for the
sufficiently large \. However, in the next theorem, we estimate the resolvent for all
A € ¥r_c 0 and higher order derivatives ||Vul| s (o) and || V?ul| s (q), which is similar to
an elliptic operator in L? spaces.

Theorem 1.18 (LP resolvent estimates for bidomain operators). Let 1 < p < oco. For each
e € (0,7/2) there exists C' > 0 depending only on € such that the unique solution u € D(A,)
of the resolvent equation (A + A,)u = s satisfies

IMl[ull o) + INY2IVull o) + 1V2ull o) < Cllsllize

forall \ € ¥r_.pand s € LP(Q).

Proof. We divide the resolvent estimate (A + A,)u = s into (A + Ap)u; = Pgys and
(A + Ap)ug = s — Pyys. Note that u = uy 4 ug, Pays € Lhy(Q2), s — Pyys is a constant
and the origin 0 belongs to p(— A,z (o)) For each e € (0,7/2) we fix M > 0 which is
the constant in the above explanation. Since (A + A,) "1 Pyys = (A + 4, Lgv(ﬂ))*lPavs
and the resolvent operator (A + A, Lg,v(Q))_l is uniform bounded in a compact subset
Yr—e0 N B(0,2M), we have there exists C' > 0 depending on ¢ such that

Jull ooy = 1A+ Ap) ™ Pavsll o)
= [|(A + Aplzz, 9) " Pavs|l (o)
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C
<

= |>\‘ +1 ||Pav5HLP(Q)

forall A € ¥,_.o N B(0,2M). On the other hand we have uy = %(s — Pyys), so there
exists C' > 0 such that

1
|zl Lr(o) = Hx(s — Puus)| e (@)

< ’ills — Paws|lzr()
for all A € ¥, _. . We use the operator P,, is a bounded linear operator and combine
two estimates. We have that there exists C' > 0 such that |ul[zr) < %HSH r(q) for
all A € ;.9 N B(0,2M). Since we have already proved the resolvent estimate for
|A| > M, the resolvent estimate holds for all A\ € ¥,_. . Estimates for higher order
derivatives it follows from the key estimate (*x) of the proof of Theorem 1.12. O

We can also define the bidomain operator in L>°(£2). When the domain €2 is bounded,
L>°(€2) is contained in (1, o, LP(£2). So for all s € L>(£2) we can take a unique solu-
tion of (1.4.1)-(1.4.4) u,uje € ,cpeoo W?2P(Q) satisfying [, uedz = 0. Here, note that
we cannot expect a W2°(2) solution such as a usual elliptic problem.

For A € Xr_. v let Ro()) be the solution operator from s € L*(Q2)(C (,,«p<oo LP(2))
tou € (N,cpeoo W?2P(Q)(C L*>(Q)) such that u is a solution of the resolvent bidomain
equation (1.4.1)-(1.4.4). We warn that the abstract equation (1.4.6) is not available for
L at this moment. The operator R () is a bounded operator whose operator norm
is dominated by C/|)|, i.e.,

C
[ Roo(A)s][ Lo () < W||5||L°°(Q)~

The operator R (\) may be regarded as a bijection operator from L*°(£2) to Roo (X)L (€2).
The operator R : Xr—c v — L(L°(Q2)) satisfy the following resolvent equation;

Roo(A) = Roo(pt) = (1 — A) Roo(A) Roo(1t) (A, 1t € Eee pr)-
Namely the operator R () is a pseudo-resolvent. We use the following proposition.

Proposition 1.19 ([8, Proposition B.6.]). Set a subset U C C and a Banach space X. Let a
function R : U — L(X) be a pseudo-resolvent. Then

(a) Ker R(X\) and Ran R(\) are independent of A € U.

(b) There is an operator A on X such that R(\) = (A + A)~! for all X\ € U if and only if
Ker R(\) = {0}.

By this proposition, there exists an operator A, with the domain D(A) = R (A)L>(Q)
(C NMnepcocW?P(Q)) such that (A + Ax)ls = u, ie. (A + Ax)u = s. We call Ay
the bidomain operator in L>°(€2). We have the bidomain operator A, in L*() is
a sectorial operator. However, it is easy to see that D(Ay) is not dense. Indeed,
Ninepese WHP(Q2) C C(82) and hence D(AOO)LOO(Q) C C(Q), where (AOO)LOO(Q) is the
closure of D(Ay) in the L*°(Q2) norm. Since C(f2) is not dense in L*>(2), D(Ax)

is not dense in L>°(§2). We restrict the dense domain D(A) “ . We also have
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D(AOO)LOO(Q) = {u € NuepccaW?P(Q) | u, Asou € L®(),Vu - n = 0 a.e. on 9N} (see

[24]). So we consider again such that

D(Ay) == {u € D(As) | u, Asou € UC(Q)},
Ao := Asou,

where UC(Q) denotes the space of all the uniformly continuous functions in Q. Then
the operator A, is a densely defined sectorial operator in UC(Q). Our resolvent esti-
mates (Theorem 1.18 for L?, Theorem 1.3 for L*°) yields the following theorem.

Theorem 1.20 (Analyticity of bidomain operators). For 1 < p < oo bidomain operators A,
in LP(Q) generate bounded Cy-analytic semigroups with angle 7 /2. The operator A, generates
a non-Co-analytic semigroup with angle m/2 in L> (), and the operator A, generates a Cy-
analytic semigroup with angle /2 in UC(Q).

1.5 Strong solutions in L” spaces

By discussion in the previous section, we are able to study nonstationary state bido-
main equations by using the bidomain operator A. Let us state the definition of a strong
solution. Assume that Q2 is a bounded C?-domain, 1 < p < 00, s, € C ([0, 00); LP(£2))
(for some 0 < v < 1) such that s;(t) + sc(t) € LE,(Q2) (Vt > 0)and f : R x R™ — R™
and g : R x R™ — R™ are locally Lipschitz continuous functions. Before giving the
definition of a strong solution, we recall parabolic-elliptic type bidomain equations.

(1.5.1) ou+ f(u,w) =V - (0;Vu) = V- (0;Vue) = s in (0, 00) X
(1.5.2) —V - (o;Vu+ (0, + 0¢)Vue) = 8; + Se in (0,00) X
(1.5.3) Jw + g(u,w) =0 in (0, 00) X
(1.5.4) oiVu-n+o;Vue-n=0 on (0, 00) X 89
(1.5.5) oiVu-n+ (0;+ 0e)Vue -n=0 on (0,00) x 99,
(1.5.6) u(0) = up, w(0) = wy in Q.

Definition 1.21 ([11, Definition 18] Strong solution). For 7 > 0 consider the functions

€ [0,7) — 2(t) = (u(t),w(t)) € Z := LP(Q) x B™ (B = L*(N) or C”(Q)) and
ue 1t € [0,7) = uc(t) € LP(Q). Given zg = (up,wp) € Z, we say that (u,u.,w) is a
strong solution to (1.5.1) to (1.5.6) if

(1) z : [0, 7) = Z is continuous and z(0) = (ug, wp) in Z,

(2) z : (0,7) — Z is Fréchet differentiable,

3)te[0,1) ( £ (u(t), w(t)), g(u(t),w(t))) € Z is well-defined, locally v-Holder
continuous on (0, 7) and is continuous att = 0,

(4) forall t € (0,7), u(t) € W2P(Q), uc(t) € Wik (),

and (u, ue, w) verify (1.5.1)-(5.6.1) forall ¢ € (0,7) and for a.e. x € (2, and the boundary
conditions (1.5.4) and (1.5.5) for all ¢ € (0, 7) and for a.e. = € 0N.
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Let us consider bidomain equations as an abstract parabolic evolution equation on
some Cartesian product spaces. We set

If one collects all calculation, then bidomain equations is transformed into

(1.5.7) %(t) + Az(t) = F(t, 2(t)) in Z,
(1.5.8) ue(t) = (Ai + Ae) " H{(si(t) + se(t)) — A; Puyu(t)} € D(A.),
2(0) = 2o in Z.

Lemma 1.22 ([11, Lemma 19]). The function z = (u, w) with u. is a strong solution (1.5.1)-
(1.5.6) if and only if conditions (1)-(3) of Definition 1.21 and condition (4") below is satisfied;

(4') forall t € (0,7), u(t) € D(A) satisfies (1.5.7) and (1.5.8).

We will use the general theory in Henry’s book [21]. We have to control the non-
linear term f, g. The key idea is to use fractional powers .A* and related space Z“ with
0<a<l.

Definition 1.23 ([21]). If A is a sectorial operator in a Banach space Z and if there is
a > 0 such that Reo (A + a) > 0, then for each o > 0 we define the operator

o L [T a1 _(Atar
(A+a)@ = I‘(a)/o o dt.

For o > 0, we see (A + a)~* is a bounded linear operator on Z which is one-to-one.
By using this operator with fractional power, we define the domain Z* of fractional

power;
Z* =R((A+a)"™®) (a>0),
2]l ze = (A +a)™) 2] 2.

For a = 0, we define Z° := Z, ||z|| ;0 := ||z 2

Remark 1.24 ([21]). ¢ Different choices of a give equivalent norms on Z¢.

e (Z%| - ||z=) is a Banach space, Z! = D(A) and for 0 < 8 < a < 1, Z%is a dense
subspace of Z” with continuous inclusion.

Lemma 1.25 ([21, Theorem 1.6.1]). If B = L*°(Q2) and f, g are locally Lipschitz continuous
on R x R™, then

Z% C L™ (Q) x B™ if;<a§1,
P
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and in that case, F' : z € Z“ — F(z) € Z is locally Lipschitz continuous.
If B=C"(Q) and f, g are C? functions on R x R™, then

1 d
@ v m 3 <
Z*CC"(Q) x B 1f72<1/+7)<0z 1,

and in that case, F' : z € Z“ — F'(z) € Z is locally Lipschitz continuous.

We are ready to state existence and uniqueness of the strong solution for bidomain
equations. When p = 2, d = 2, 3, this was proved in [11, Theorem 20] so our result is
regarded as an extension of their result.

Theorem 1.26 (Local existence and uniqueness). Let 0 < o < 1and 1 < p < oo satisfying
the relation in Lemma 1.25. Then for any zy = (uo,wo) € Z<, there exists T' > 0 such that
bidomain equations have a unique strong solution on [0,T).

Proof. It is enough to show
e Ais a sectorial operator,

e F :[0,00) X Z* — Z is a locally Holder continuous function in ¢ and a locally
Lipschitz continuous function in z,

because of existence and uniqueness theorem [21, Theorem 3.3.3]. First part is obvious
since A = (A4, 0), A is a sectorial operator and 0 is a bounded linear operator. Note that
a bounded linear operator is a sectorial operator and direct sum of a sectorial operator
is a sectorial operator [21]. Second part follows from the calculation as below. We need
to show s : [0,00) — LP(Q) is locally v-Hdolder continuous in time. For any compact set
M C [0, 00) there exists C' > 0 such that for all ¢1,t2 € M, we have

[s(t1) — s(t2)ll e (o)
=lsi(t1) — si(t2) — Ai(Ai + Ae) " (si(t1) — si(ta) + se(tr) — se(t2))l Lo(o)
<|[si(t1) = si(t2)l|r() + C(llsi(t1) — si(t2)||lLr() + lIse(tr) — se(t2) L (o))
<Clty — ta".

Here, we invoked the fact that A;(4; + A.)~! is a bounded linear operator and that Sie
are locally v-Holder continuous functions. ]

We conclude this chapter by studying regularity of a strong solution. Let 0 < v < 1,
Q) be a bounded C**¥-domain, f, g be C? regularity, and coefficient of o; . be C*T ().

Theorem 1.27 (Regularity of a strong solution). Consider the case B = C"(2) in Definition
1.21and 0 < « < 1 defined by Lemma 1.25. Assume that s; . € C}, ([0, 00); LP(§2)) such that

Sie(t) € CY(Q) and [(si(t) + se(t))dx = 0(Vt > 0). For zy = (up,wo) € Z* the unique
strong solution z of bidomain equations defined on [0,T) for some T' > 0 satisfies furthermore:

(1) Forany = € Q, u(z,-) € C*((0,T); R) and w(zx,-) € C1((0,T); R™).
(2) Forany t € (0,T), u(-,t),uic(-,t) € C*(Q).
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Proof. We see thatt € (0,T) — z(t) € C¥(Q2) x (C¥(Q2))™ is continuous (Fréchet) dif-
ferentiable. This actually implies that (t,z) € (0,T) x Q — z(z,t) = (u(z,t),w(t,z)) is
continuously differentiable in ¢. By [21, Theorem 3.5.2], we have t € (0,T) — z(t) € Z¥
is continuously (Fréchet) differentiable. This means du/dt(t) € C¥(2). From (1.5.7),

Pou(t) = AN (A + Ag) At {—d“

0~ fu(0.0(0) + 50}

By elliptic regularity theorem for Hélder spaces, Py, u(:,t) is (2 + v)-Hélder continuous
since —du/dt(t) — f(u(t),w(t)) + s(t) is v-Holder continuous. Therefore u(-,t) is in
C?%(Q). The function u, is also in C%(Q2) by (1.5.8). O

1.6 Appendix

In this appendix we show F (e~ +p(¢))~! belongs L' (R?) and for any ¥, € C5°(RY)

satisfying [p. Uodz = 0, F~1(¢¥ () F¥,) belongs L' (R?), where p(¢) = %

and ¢ (&) = ¢;(¢) = % For ¢0(¢) = ¢q.(¢) = % the L' finite-

ness of F (¢ () FW,) is the same as ¢V (€) = ¢;(€).

Proof that F~1(e%> + p(¢))~! € L (R?). By the chain rule, we have that for any multi-
index a with |a| > 1,

08 (¢ + p(€)) !

= (=D (e + pg) > Ch a0 p(E) - 02 p(E)

=1 a1+ Foap=a
o1, lee|>1

- Z Z ngl,--- Ney, (ewoo + p(f))ilizq@i‘al‘)(f) e q(2*|ae\)(€)

(=1 a1++ay=a
|O‘1|a 7‘O‘Z|>l

=Z ST O (€% 4 p(e) T Pl (g

=1 a1++ay=a
|041|, 7‘O‘Z|>1

holds, where constants change from line to line and ¢(¥)(¢) is a positively homogeneous
function of degree k. We apply this formula to estimate L™ norm of 2*F ! (e~ +

p(€))~L. We take o such that || = d + 1 to estimate behavior of F~!(e?> + p(¢))~! near
space infinity and that |o| = d — 1 to estimate behavior near the origin. We observe that

> O F e 4 p(9)

|ar|=d+1

Lo (Rd)

IN

Z FH(i0g)™ (e + p(€))

|a|=d+1

Loo(R4)
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o8 (% + p(€)) "]

+ |9 (e + pe)) |

<Z<\

al—dt1 L'(B(0,1)) L1(B(071)C)>

|al

< Z ZCE (e °°+p( )17[‘1(267'06')(&)HLl(B(O,l))

|a|=d=£1 =1
+ (e + p(€) G ¢ | 1 p0.1)))-

Since for { =1,2,--- ,d+ 1, —d < 20 — (d + 1) and (> + p(¢))~! is bounded, the first
term in the right-hand side is finite. Since for ¢ = 1,2,--- ,d+1, -2 - (d+ 1) < —d
and (&%= + p(€)) "1 ¢q2*+2)(¢) is also bounded, the second term in the right-hand side
is finite. We thus conclude that HZ\@|:di1 pOF (e +p(£))_1HLm(Rd) < +o00. This

implies that
, Clz|~4*t  for x| <1
f—1619w+p£ —l:E < = 4
P OIS
We thus conclude that F~!(ef> + p(¢))~!isin L' (RY). O

The proof for F~1¢(0) (&) F¥y € L*(R?) is essentially reduced to next proposition.

Proposition 1.28. Forany f € COO(Rd) satzsfymg Jga f(z)da = 0, the solution u(€ S'(RY))
of —Au = fin R? defined by u(x) = F~L(|¢|2F f)(x )satzsﬁes that forany j, k =1,2,--- ,d
there exists C' > 0 such that for any x € Rd,

C
|ajaku($)| = (1 + |.%'Dd+1
In particular 0;0ku € L(R9).
Proof. We have 9;0,u € L*(R9):
_11&51€ &€
Hajaku”LOO(Rd) = H‘F ! |2|2kff = ‘2|2k H.FfHLl(]Rd) < Ho00.
Lo (R4) Lo (R4)

Set ¢ (z) := F1% Tﬁ’“, then V§(~%(z) is a positively homogeneous function of de-

gree —d — 1 and ]Vq “D(z)| < Clz|~@+D. Let R > 0 be sufficiently large so that
supp f C B(0, R/2). For any = € B(0, R)¢,

0@ =| [ i = sy

-\ [ - ci(‘d)(x))f(y)dy‘

- /suppf / 1<vq~<—d> (xz —ty),y)dtf (y)dy'

Il f (y
—— 2 —dtd
/suppf/ |J,‘—ty‘d+1 Y
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In the above calculation we have used the fact [pq ¢ (x) f(y)dy = 0since Jra fy)dy =
0. By supp f C B(0, R/2) and = € B(0, R)¢, wesee |z| < |z —ty|+tly| < |[x—ty|+R/2 <
|z — ty| + |2|/2 so that |z — ty|~ (D) < C|z|~(@+1), So we have

for all # € B(0, R)°. Since we know that 9;0,u € L>(R?), we now conclude

C
|0;0ku(zx)| < A5 )

O]

We transform the symbol ¢()(¢) = ¢;(¢) into Zﬁlgék so that we get the L' bounded-
ness in the next proposition.

Proposition 1.29. For any ¥y € C°(RY) satisfying [pa Vo(z)dz = 0 there exists C > 0
such that for any x € R,

C

F_l . T P —
| ql(g) @2(:1:” = (1+ ‘l’|)d+1
In particular F~1q;(€)F ¥y € LY (RY).

Proof. We are able to take a diagonal matrix D = diag((A\1)~"2,---,(A\g)""/?) and a
orthogonal matrix P = (p1,--- ,pq) such that n = DP¢ and {(0icc + 0eo)E, ) = [n]?,
where {(Ay, pg)}zlzl are the pair of eigenvalues and eigenfunctions of ¢ + 0¢oo. Then
we have that the following calculation:

Fqi(6) Fy(x)

:/Rd </Rd ei(my)f((oioiafif)&@ dg) Us(y)dy

; - ico(DP)1n, (DP)~1
:/ </ ez(I—y)'(DP) 17] <U ( ) 172?( ) 77> detD—l d’l’]) ‘IIQ(y)dy
R \JRd Ul

. 1
=3 Cuadyin [ ([, pin ) Wl
I ’ RE \JRd n|?

. 1 —~
_ Z Cj,kajak / (/ ezDP(:C—y)'ndn> Us(DPy)dy
ik Rd R4

|n|?

for some C;, € R and U, € C5°(R%) such that Uy(y) = Uy (DPy) and Jga Uy (z)dx = 0.
This implies that F~'q;(&) FUs(x) = 3, Cjxd0k(—A) " Wo(DPz) and

c C

-1
|F () F¥a(z)| < (14 |DPx|)d+1 = (1+ [z])d+?

and then F~1¢;(&)F ¥y € LY(RY). O
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Chapter 2

Strong Time Periodic Solutions to the Bido-
main Equations with FitzZHugh—-Nagumo Type
Nonlinearities

Consider the bidomain equations subject to ionic transport described by the models
of FitzHugh-Nagumo, Aliev-Panfilov, or Rogers—-McCulloch. It is proved that this set
of equations admits a unique, strong T-periodic solution provided it is innervated by
T-periodic intra- and extracellular currents. The approach relies on a new periodic
version of the classical Da Prato—Grisvard theorem on maximal LP-regularity in real
interpolation spaces.

Keywords: bidomain model; periodic solutions; maximal regularity in real interpola-
tion spaces
2.1 Introduction

The bidomain system is a well established system of equations describing the electrical
activities of the heart. For a detailed description of this model as well as its derivation
from general principles, we refer, e.g., to [9,18] and the monograph by Keener and
Sneyd [20]. The system is given by

O+ F(u,w) —V - (0;Vu;) =1;  in(0,00) x Q,
(BDE) Ou~+ F(u,w) + V- (0.Vue) = —I, in (0,00) x €,
w4+ G(u,w) =0 in (0,00) x £,

subject to the boundary conditions

(2.1.1) o;Vu;-v=0, 0.Vue-v=0 on (0,00)x 99,
and the initial data

(2.1.2) u(0) =ug, w(0)=wp in Q.

Here 2 C R"™ denotes a domain describing the myocardium, the functions u; and u.
model the intra- and extracellular electric potentials, v := u; —u. denotes the transmem-
brane potential, and v denotes the outward unit normal vector to 9€). The anisotropic
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properties of the intra- and extracellular tissue parts will be described by the conductiv-
ity matrices ;(x) and o, (z). Furthermore, I; and I, stand for the intra- and extracellular
stimulation current, respectively.

The variable w, the so-called gating variable, corresponds to the ionic transport
through the cell membrane. On a microscopic level, the intra- and extracellular quanti-
ties are defined on disjoint domains €2; and €2, of Q2. After a homogenization procedure
described rather rigorously, e.g., in [10, 11], one obtains the macroscopic model above,
where the intra- and extracellular components are defined on all of €2. The behavior of
the ionic current through the cell membrane, described by the variable w, is coupled
with the transmembrane voltage u by the equation in the third line of (BDE).

Mathematical models describing the propagation of impulses in electrophysiology
have a long tradition starting with the classical model by Hodgkin and Huxley in the
1950s, see, e.g., the recent survey article of Stevens [34]. In this article, we consider
various models for the ionic transport including the models by FitzHugh-Nagumo,
Aliev-Panfilov, and Rogers-McCulloch. The FitzHugh—Nagumo model reads as

3

F(u,w) = u(u—a)(u—1)4+w=u® - (a + 1)u? + au + w,

G(u,w) = bw — cu,

where 0 < a < 1 and b, ¢ > 0. In the Aliev-Panfilov model the functions F' and G are
given by

F(u,w) = ku(u —a)(u — 1) + vw = ku® — k(a + 1)u? + kau + uw,
G(u,w) = ku(u — 1 — a) + dw,

whereas for the Rogers—McCulloch model we have

F(u,w) = bu(u — a)(u — 1) + uw = bu® — b(a + 1)u? + bau + uw,

G(u,w) = dw — cu.

The coefficients in these models satisfy the conditions 0 < a < 1and b, ¢, d, k > 0.

Despite its importance in cardiac electrophysiology, not many analytical results on
the bidomain equations are known until today. Note that the so-called bidomain op-
erator is a very non local operator, which makes the analysis of this equation seriously
more complicated compared, e.g., to the classical Allen—-Cahn equation.

The rigorous mathematical analysis of this system started with the work of Colli-
Franzone and Savaré [11], who introduced a variational formulation of the problem
and showed the global existence and uniqueness of weak and strong solutions for
FitzHugh-Nagumo model. Veneroni [37] extended the latter result to more general
models for the ionic transport including the Luo and Rudy I model [26].

In 2009, a new approach to this system was presented by Bourgault, Cordiére, and
Pierre in [5]. They introduced for the first time the so-called bidomain operator within
the L2-setting and showed that it is a non-negative and self-adjoint operator. By mak-
ing use of the theory of evolution equations they further showed the existence and
uniqueness of a local strong solution and the existence of a global, weak solution to the
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system above for a large class of ionic models including the FitzHugh-Nagumo, Aliev—-
Panfilov, and Rogers-McCulloch models above. In [23], the uniqueness and regularity
of the weak solution were proved.

For results concerning the optimal control problem subject to the monodomain ap-
proximation, in which the conductivity matrices satisfy o; = Ao, for some A > 0, we
refer to a series of papers by Kunisch et al. [6,21,22,29], see also [35].

A new impetus to the field was recently given by Giga and Kajiwara [16], who in-
vestigated the bidomain equations within the LP-setting for 1 < p < oo. They showed
that the bidomain operator is the generator of an analytic semigroup on L?(12) for
p € (1,00] and constructed a local, strong solution to the bidomain system within this
setting.

All these results mainly concern the well-posedness of the bidomain equations and
results on the dynamics of the solution are even more rare. We refer here to the very
recent work of Mori and Matano [28], who studied for the first time the stability of front
solutions of the bidomain equations.

In this context it is now a very natural question to ask, whether the bidomain equa-
tions admit time periodic solutions. Periodic solutions can be formulated in various
regularity classes, ranging from weak over mild to strong solutions.

In this chapter, we consider the situation where the bidomain model, combined
with one of the models for the ionic transport above, is innervated by periodic intra- and
extracellular currents I; and I.. It is then our aim to show that in this case the innervated
system admits a strong time periodic solution of period 7" provided the outer forces I;
and /. are both time-periodic of period 7" > 0.

Let us emphasize, that we consider here the full bidomain model taking into account
the anisotropic phenomena and not only the so-called monodomain approximation. A
function space related to a fixed point argument for the Poincaré map in the strong
sense is naturally linked to a space of maximal regularity. This leads us to the scale of
real interpolation spaces and our approach is then based on a periodic version of the
classical Da Prato-Grisvard theorem [12]. A different approach within the LP-setting
based on a semilinear version of a result by Arendt and Bu [4] on strong periodic solu-
tions of linear equations would require additional properties of the bidomain operator,
which, however, seem to be unknown.

Some more specific words about the strategy of our approach are in order. The
bidomain system is first reformulated into a coupled system. In this coupled system a
2 x 2 operator matrix A involving the bidomain operator A in one of its components will
represent the linear part of (BDE). Given a Banach space X and a T-periodic function
f R — X whose restriction to (0, 7") belongs to L”(0, T'; X ), we understand by a strong
T-periodic solution to the bidomain equations with right-hand side (f, 0) a 7-periodic
tupel (u,w) € LP(0,T; X) satisfying (v/,w’) € LP(0,T;X) and A(u,w) € LP(0,T; X).
This means in particular that (u, w) admit the property of maximal LP-regularity. In
order to obtain a 7T-periodic solution to (BDE) within this regularity class, we choose as
underlying Banach space the real interpolation space D 4 (0, p) for§ € (0,1),1 < p < oo,
and A being again the bidomain operator. Our approach to T-periodic solutions for
the linearized equation is then based on a periodic version of the classical Da Prato-
Grisvard theorem, which we develop in Section 2.4. Having this at hand, we apply then
the contraction mapping principle in the space of maximal regularity to find a strong
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T-periodic solution of the nonlinear problem in a neighborhood of stable equilibrium
points.

This chapter is organized as follows: While Section 3.2 is devoted to fix some nota-
tion and to collect some known results, our main results on strong 7T-periodic solutions
to the bidomain equations subject to a large class of models for the ionic transport are
presented in Section 2.3. The following Section 2.4 presents a periodic version of the
Da Prato-Grisvard theorem, which will be extended in Section 2.5 to the semilinear
setting. In Section 2.6 we apply our previous results to the bidomain equations subject
to various models for the ionic transport including the models by FitzHugh-Nagumo,
Aliev-Panfilov, and Rogers-McCulloch.

2.2 Preliminaries

In the whole article, let the space dimension n > 2 be fixed and let 2 C R" denote a
bounded domain with boundary 99 of class C?. For the conductivity matrices o; and
0. we make the following assumptions.

Assumption E. The conductivity matrices o;, o : Q — R are symmetric matrices and
are functions of class C!(Q). Ellipticity is imposed by means of the following condition:
there exist constants o, ¢ with 0 < ¢ < @ such that

(2.2.1) olél? < (oi(2)€,€) < Tl and gl¢]? < (oe(x)€, &) < T
for all z € Q and all £ € R™. Moreover, it is assumed that

o;Vu; -v=20 & Vu; -v=>0 on 99,

(2.2.2)
0eVue-v=20 & Viue-v=0 on 0f2.

It is known due to [8] that (3.2.2) is a biological reasonable assumption.

Next, we define the bidomain operator in the L?-setting for 1 < g < co. To this end,
let L, () == {u € LY(Q) : [,u dz = 0} and let P,, be the orthogonal projection from
L9(Q) to L, (Q), i.e., Poyu = u — ﬁ Jou dz. We then introduce the operators A; and
A by

Ajcu:= =V - (0;.Vu),

)

D(A;e) == {uce W24(Q) N LI, (Q) : 0;.Vu-v=0ae. on o0} c L, (Q),

where A; . and o; . indicates that either A; and o; or A, and o, are considered. Due to
condition (3.2.2) we obtain D(A;) = D(A.) and thus, it is possible to define the sum
A; + A, of A; and A, with the domain D(A;) = D(A.). Note that the inverse operator
(A; + A.)~ton L, (Q) is a bounded linear operator.

Following [16] we define the bidomain operator as follows. Let o; and o, satisfy
Assumption E. Then the bidomain operator A is defined as

(2.2.3) A= Ai(A; + Ae) TALP,,
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with domain
D(A) := {u € W?9(Q) : Vu - v = 0 a.e. on 9Q}.

The following resolvent estimates for A were proven by Giga and Kajiwara in [16].
Here, denote for 6 € (0, 7] the sector 3y := {A € C\ {0} : |arg)| < 6}.

Proposition 2.1 ([16, Theorem 4.7, Theorem 4.9]). Let 1 < q < 0o, Q be a bounded C?-
domain and let o; and o, satisfy Assumption E. Then, for A € ¥ and f € L9(Q2), the resolvent
problem

(2.24) A+Au=f inQ

has a unique solution u € D(A). Moreover, for each € € (0, 7/2) there exists a constant C' > 0
such that for all \ € ¥,_. and all f € L9(S2) the unique solution v € D(A) satisfies

IM[wllLa) + MY VullLa@) + 1Vl < Cll flla@)-
Observe that the proposition above implies in particular that — A generates a bounded

analytic semigroup e~*4 on LI(9).
Under the assumption of the conservation of currents, i.e.,

(2.2.5) A}Mﬂ+@@%ﬂ:0,t20

and assuming moreover fQ ue dz = 0, the bidomain equations (BDE) may be equiva-
lently rewritten as an evolution equation [5,16] of the form

ou+ Au+ F(u,w) =1, in (0, 00),
(ABDE) dw + G(u,w) =0, in (0, 00),
u(0) = uy,
w(0) = wo,
where
(2.2.6) [i=1— Aj(A + A) NI + L)

is the modified source term. The functions u. and u; can be recovered from u by virtue
of the following relations

Ue = (Al + AE)_l{(Ii + Ie) - AiPavu}y

U; = U+ Ue.

Our main results on the unique existence of strong T-periodic solutions to (PABDE) are
formulated in the real interpolation space D4 (0, p) between D(A) and the underlying
space L?(Q2). This choice of spaces is motivated by our aim to prove the existence and
uniqueness of T-periodic solutions to the bidomain equations in the strong, and not
only in the mild sense. The classical Da Prato—Grisvard theorem ensures the maximal
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LP-regularity for parabolic evolution equations in these spaces and our approach is
based on a periodic version of the Da Prato—Grisvard theorem.

More specifically, let X be a Banach space and —.A be the generator of a bounded
analytic semigroup e~** on X with domain D(A). For § € (0,1)and 1 < p < oo, we
denote by D 4(0, p) space defined as

x diy 1/p
@27)  DalB.p)={reX (e, = (/ ¢ A~ a5 )7 < oo}
0

When equipped with the norm ||z|ls, := ||z| + [z]gp, the space D (6, p) becomes a
Banach space. For details and more on interpolation spaces we refer, e.g., to [24,25]. Itis
well-known that D 4(6, p) coincides with the real interpolation space (X, D(.A))g , and
that the respective norms are equivalent. If 0 € p(.A), then the real interpolation space
norm is equivalent to the homogeneous norm [-]y ,, see [17, Corollary 6.5.5]. Consider
in particular the bidomain operator A in X = L7(Q) for 1 < ¢ < oo. Then, following
Amann [2, Theorem 5.2], the space (X, D(A))y,, can be characterized as

(22.8) (L9(), D(A))op = B(Q), 1<p< oo,

provided 20 € (0,1 + 1/q). Here Bj () denotes, as usual, the Besov space of order
s> 0.
For 0 < T < oo, we define the solution space EY" as

EN = {u € W'2(0,T; D4(0,p)) : Au € LP(0,T; D 4(0, p)) and u(0) = u(T)}
with norm
[ullgre: := llullwreo,7;0.40.0) + IMAullLe 7504 (0.0
which corresponds to the data space
Fa:=17(0,T;Da(0,p))

In our situation, where A denotes the bidomain operator, the solution space for the
transmembrane potential u reads as

Ezer ={ue Wl’p(O,T; Da(0,p)) : Au e LP(0,T;D(6,p)) and u(0) = u(T)}.
The solution space for the gating variable w is defined as
EPr .= {w € WHP(0,T; DA(6, p)) : w(0) = w(T)}.

Then, the solution space for the periodic bidomain system is defined as the product
space

._ Teper per
E := E5T x ER°.
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Finally, for a Banach space X we denote by BX (u*, R) the closed ball in X with
center ©v* € X and radius R > 0, i.e.,

BX(u*,R) :={u € X : ||u—u*||x <R}

2.3 Main results for various models

In this section we state our main results concerning the existence and uniqueness of
strong T-periodic solutions to the bidomain equations subject to various models of the
ionic transport. Notice that the respective models treated here are slightly more general
as described in the introduction, as an additional parameter ¢ > 0 is introduced, that
incorporates the phenomenon of fast and slow diffusion.

Additionally to Assumption E on the conductivity matrices of the bidomain oper-
ator A, we require the following regularity and periodicity conditions on the forcing
term I.

Assumption P. Let 1 < p < coand n < ¢ < oo satisfy 1/p + n/(2q) < 3/4. Assume
I: R — Da(0,p) is a T-periodic function satisfying |(o,r) € F4 for some 0 € (0,1/2)
and 7" > 0.

Remark 2.2. If Q has a C4—boundary and if the conductivity matrices o; and o, lie
in W3°°(Q; R"*"), then Assumption P is satisfied by virtue of (3.2.5) if ;,I. : R —
D 4(0, p) are T-periodic functions satisfying I o) and I o € F 4. Indeed, this follows
by real interpolation since A4;(A; + A.) "' is bounded on L{,(Q2) and from D(A)NL&,(9)
into W24(Q) N L, ().

We start with the most classical model due to FitzHugh and Nagumo.

2.3.1 The periodic bidomain FitzHugh-Nagumo model

ForT > 0,0 < a < 1,and b,c,e > 0, the periodic bidomain FitzHugh-Nagumo
equations are given by

1
(‘?tu+sAu:I—g[u3—(a+1)u2+au+w] inR x Q,
(2.3.1) Oyw = cu — bw inR x Q,
u(t) =u(t+1T) inR x Q,
w(t) =w(t+T) inR x Q.

This system has three equilibrium points, the trivial one (u;, w;) = (0, 0) and two others
given by (ug2, w2) and (us3, w3), where

(2.3.2)

1
u2:§(a+1fd), w2:£

2b

C

1
(a+1-d), U3:§(a+1+d), w3 5%

(a+1+4d),
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and d = \/(a +1)? — 4(a + §). We assume that the following stability condition (Syy)
on the coefficients is satisfied:

—1)2 1
(Sen) c<b<(a)—a> and u3>—(a+1+\/(a+1)2—3a).
4 3
Our result on strong periodic solutions to the bidomain FitzHugh-Nagumo equa-

tions reads then as follows.

Theorem 2.3. Let  C R™, n > 2, be a bounded C*-domain and suppose that Assumptions E
and P hold true.

a) Then there exist constants R > 0 and C(R) > 0 such that if |I||r, < C(R), the
equation (2.3.1) admits a unique T-periodic strong solution (u,w) with (u,w)o,r) €
B®((0,0), R).

b) If condition (Spn) is satisfied, then there exist constants R > 0 and C(R) > 0 such that
if |I|lr, < C(R), the equation (2.3.1) admits a unique T-periodic strong solution (u, w)
with (u, w)o.r) € B*((u3, ws), R).

2.3.2 The periodic bidomain Aliev-Panfilov model

ForT > 0,0 <a < 1,and d,k,e > 0, the periodic bidomain Aliev—Panfilov equa-
tions are given by

1
Ou+ecAu=1— g[ku3—k(a+1)u2+kau+uw] inR x Q,
(2.3.3) Ow = —(ku(u — 1 —a) + dw) inR x Q,
u(t) =u(t+1T) inR x Q,
w(t)=w(t+T) inR x Q.

This system has only one stable equilibrium point, namely the trivial solution (u;, w;) =
(0,0). Our theorem on the existence and uniqueness of strong, periodic solutions to the
periodic bidomain Aliev-Panfilov equations reads as follows.

Theorem 2.4. Let Q C R™, n > 2, be a bounded C%-domain and suppose that Assumptions E
and P hold true. Then, there exist constants R > 0 and C(R) > 0 such that if ||I||r, <
C(R), the equation (2.3.3) admits a unique T-periodic strong solution (u,w) with (u,w)|o 1) €
B*((0,0), R).

2.3.3 The periodic bidomain Rogers—-McCulloch model
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ForT > 0,0 < a < 1,and b,c,d,e > 0, the periodic bidomain Rogers-McCulloch
equations are given by

1
8tu—|—5Au:I—g[bu3—b(a—|—1)u2+bau—|—uw] inR x Q,
(234) 87511) = cu — dw in R x Q,
u(t) =u(t+1T) inR x Q,
w(t) =w(t+T) inR x Q.

This system has three equilibrium points, the trivial one (u;,w;) = (0,0) and two
others given by (ug, ws) and (us, ws), where

1 c c c
(2'3'5) u2—§(a+1—@—€)7 wg—ﬁ(a+1_@—6),
1 c c c
0. = — 1—— = — 1 — -
(2.3.6) u3 2(a+ bd+e), ws3 2d(a+ bd+e),

and e = \/ (a+1- ﬁ)Z — 4a. We assume that the following stability condition (Srm)
on the coefficients is satisfied:

c.\9 c
(Srm) \/(a+1_l)cl) —4a—@>0.

Our theorem on the existence and uniqueness of strong periodic solutions to the
periodic bidomain Rogers-McCulloch equations reads as follows.

Theorem 2.5. Let Q C R™, n > 2, be a bounded C%-domain and suppose that Assumptions E
and P hold true.

a) Then there exist constants R > 0 and C(R) > 0 such that if |I||r, < C(R), the
equation (2.3.4) admits a unique T-periodic strong solution (u,w) with (u,w)|o,r) €
B*((0,0), R).

b) If condition (Srwm) is satisfied, then there exist constants R > 0 and C'(R) > 0 such that
if |I|lr, < C(R), the equation (2.3.4) admits a unique T-periodic strong solution (u,w)
with (u, w)\(O,T) € B®((us, ws3), R).

2.3.4 The periodic bidomain Allen—Cahn equation

For T' > 0, the periodic bidomain Allen-Cahn equation is given by

ou—+ Au=T+u—u? nR x Q,
(2.3.7)
u(t) =u(t+1T) inR x Q.
This system has three equilibrium points, u; = —1, ug = 0, and ug = 1 and our theorem

on the existence and uniqueness of strong, periodic solutions to the periodic bidomain
Allen—Cahn equation reads as follows.
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Theorem 2.6. Let Q C R™, n > 2, be a bounded C%-domain and suppose that Assumptions E
and P hold true.

a) Then, there exist constants R > 0 and C(R) > 0 such that if ||I||p, < C(R) the equa-
tion (2.3.7) admits a unique T-periodic strong solutions u with w1y € B4 (—1, R).

b) Then, there exist constants R > 0 and C(R) > 0 such that if ||I||r, < C(R) the
equation (2.3.7) admits a unique T-periodic strong solutions u with w1y € BEL (1, R).

2.4 A periodic version of the Da Prato—Grisvard theorem

Let X be a Banach space and —.A be the generator of a bounded analytic semigroup on
X. Assume that 6 € (0,1),1 < p < oo,and 0 < T' < co. Then, for f € L?(0,T; D 4(0,p))
we consider

(2.4.1) u(t) == /t e =Af(5)ds, 0<t<T.
0

Then, u is the unique mild solution to the abstract Cauchy problem

(ACP) {U’<t> +Au(t) = f(H), 0<t<T

u(0) =0

and fulfills, thanks to the classical Da Prato and Grisvard theorem [12], the following
maximal regularity estimate.

Proposition 2.7 ([12, Da Prato, Grisvard]). Let 6 € (0,1),1 < p < o0, and 0 < T < oc.
Then there exists a constant C' > 0 such that for all f € LP(0,T; D 4(60,p)), the function u
given by (2.4.1) satisfies u(t) € D(.A) for almost every 0 < t < T and

Aulle0,7:0.40.0) < Cllf e 0,7:0.400,0))-

We remark at this point that the theorem above implies that the mild solution u
to (ACP) is in fact a strong solution satisfying u'(t) + Au(t) = f(t) for almost every
0<t<T.

The proof of our main results are based on the following periodic version of the Da
Prato—Grisvard theorem, which is also of independent interest. To this end, we define
the periodicity of measurable functions as follows. For some 0 < 7" < oo, we say a
measurable function f : R — X is called periodic of period T if f(t) = f(t+T') holds true
for almost all ¢ € (—o0, 00).

For0 € (0,1),1 <p < oo,and 0 < T < oo assume that f : R — D 4(0, p) is periodic
of period T'. Then the periodic version of (ACP) reads as

(PACP) {W) +Au(t) = f(1), teR,

u(t) =u(t+1T1), teR.

Formally, a candidate for a solution u of (PACP) is given by

t
(2.4.2) u(t) :—/ e~ (=941 (s) ds.
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The following lemma shows that, under certain assumptions on A and f, u is indeed
well-defined, continuous and periodic.

Lemma2.8. Let f : R — D 4(0, p) be a T-periodic function satisfying fio 1y € LP(0,T; D a(0,p))
and assume that 0 € p(A). Then, the function u defined by (2.4.2) is well-defined, satisfies
u € C(R; DA(0,p)), and is T-periodic.

Proof. Let ko € Z be such that —k¢T" < t < —(ko — 1)T. Using Holder’s inequality, the
periodicity of f, and the exponential decay of e =4, we obtain

t
/ e~ =94 £ () oy s

t
— / A ds+2 / e~ A5 ()] p a0 s
—R0

(k+1)T

t+koT E
gc(/o 1A 0, d ) +cZe—“kT/0 e~ T4 £ (8)]1 1,09 s
k=kq

co(i+ 3 o) (/OT 1FG)I, 0 );’

k=ko

for some w > 0. It follows that u is well-defined. For the continuity of « we write for
h>0

t+h t
u(t+h) —u(t) = / e~ (Hh=9)A1(5) ds + / e~ (A hA _1d] f(s) ds.
t —00
By the boundedness of the semigroup it suffices to consider the second integral. This
resembles the expression from the first part of the proof but with f being replaced by
[e™"4 —1d]f. Thus,

H/ e Id]f(s)dsHDAw,p)SC(/OTH[QhA 1d]£ ()l 0, 4 )p

and the right-hand side tends to zero as h — 0 by Lebesgue’s theorem. The periodicity
of u directly follows by using the transformation s’ = s+7 and the periodicity of f. [

We now state the periodic version of the Da Prato-Grisvard theorem.

Theorem 2.9. Let X be a Banach space and —A be the generator of a bounded analytic semi-
group on X with 0 € p(A). Let 6 € (0,1),1 <p <oo,and 0 < T < occ.

Then there exists a constant C' > 0 such that for all periodic functions f : R — D 4(6,p)
with fio,r) € LP(0,T5Da(0,p)) the function u defined by (2.4.2) lies in C(IR; D4(0,p)), is
periodic of period T, satisfies u(t) € D(A) for almost every t € R, and satisfies

AullLe0,7:0.40.0) < Cllf e 0,750.400,0))-



Strong Time Periodic Solutions to the Bidomain Equations with FitzHugh—Nagumo Type
Nonlinearities 43

Proof. The continuity and periodicity of u are proven in Lemma 2.8. Let ¢ € [0,T") and
use the transformation s’ = s+ (k + 1)T for k € Ny as well as that f is periodic to write

t 00 T
(2.4.3) u(t) = / e (=941 (5) ds + Ze_(t+kT)A/ e"(T=9)41(s) ds.

0 k=0 0

In the following, use the notation
T
U= / e (T=9)A £ (s) ds.
0
Since Proposition 2.7 implies
t
/ e I4f(s) dse D(A)  (ae. t € (0,T))
0
and

Ht o A/Ot e (=941 (5) ds

L?(0,7;D.4(0,p)) < Cllfller©,1:0400.0):

by the exponential decay of the semigroup, it suffices to prove the estimate

[t — AeitAuHLT’(O,T;DA(B,p)) < Cllflluro,7:0.4(6,p)-

Step 1.

Let 1,72 € (0,1) with gy +v2 = 1l and 1/p’ < 2 < 1 — 6 + 1/p/, where p’ denotes
the Holder conjugate exponent to p. Then, the boundedness and the analyticity of the
semigroup, followed by a linear transformation and Holder’s inequality imply

1 1
TH+r+t—sMm (TH+71+t—s)"

||Ae—(T+T+t—s)/2Af(8)

T
| Ae™™A Ae My x < C/ ( [x ds
0

_C/TH 1 L e HIA (T 1t ) d
Y Grsmrrse #lix €8

|—

P

o T+t 1 (rts
< O(1 + )P </t e S)m)HAe (TH)ZAF(T ¢ — 5)|% ds>

Notice that 1/p’ < 72 was eminent in the calculation above. Next, t > 0 implies

(2.4.4)

S

, T+t 1
HAG_TAAe_tAuHX S C,]_l/p 2 (/ m|’Ae_(T+S)/2Af<T +t— S)HZ;( dS) .
t

Step 2.
An application of (2.4.4) and Fubini’s theorem yields

T
/0 | Ae™ A Ae ™ Au[% dt
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L 2T  pmin{T,s} 1 94
< Cr [ [ ey G A AT 4 o)l dids

Notice that the inner integral can be estimated by using min{7’, s} < s. The transfor-
mation t' = T +t — s delivers then the estimate

(2.4.5)
It = Ae™ ™ Ae™ T, o 7ox)
2T T 1
< OP/P'=2) | Ae™ T+8)/2Af( £)|[% dt ds
B 0 max{0,T—s} (T + 3 W’lp X .
Step 3.

Use Fubini’s theorem first and then (2.4.5) to estimate the full norm by

T tA 1P 1 T 1 (t+s)/2A p
Ae "Ml dt < C/ T~ / / Ae T8 t dt ds dr,
/0 [ ]9,p 0 0 max{0,7—s} (T S)’hp H f( )HX

where v = p(1 + 1/p’ — 6 — 42). Apply Fubini’s theorem followed by the substitution
s' =7+ sto get

2T+T
/[A Ay dt<C/ / ﬂ—/ A PAS D)1 ds dr

0 T+r—t S

Finally, use Fubini’s theorem in order to calculate the 7-integral (here y2 <1 —6 + 1/p/
is essential) and note that ¢ — 7" is negative and ~ positive to get

T
—tA e —3/2.A _
| et a < //tsmnA FO)IB (s +t—T)7 ds dt
<O [T ammmiac @i as
7 Jo JT—t

The proof is concluded by definition  and of the real interpolation space norm, since
this gives

4 tA 2r-0¢
/0 ety dar < 2 C s 0D 0

Step 4.

In this step, we estimate fOT | Ae~*Au||x dt. It is known, see [17, Corollary 6.6.3], that
DA(9,1) = D(AY) and that D 4(6,p) — DA(¥,1) for every 0 < 9 < 6. Thus,

DA(6,p) — D(A?).

Now, let ¥4, 92,93 € (0,1) with 91 + 92 + 95 = 1, 91 < 0, ¥2p’ < 1 and ¥3p < 1, where
p’ denotes the Holder conjugate exponent to p. Then, the bounded analyticity of e 74,
Holder’s inequality and the above embedding imply

T
e Al = A% [ AT 1 (s) ]
0
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T
< Ct_ﬁg/ (T — )72 A" f(s)]x ds
0

< Ot </T(T — )V ds> i </T A" £ (s)[[% ds) ’
0 0

< Ct™| fllno0.7:0 4 0.0)-

Consequently,

T
/0 HAe_tAuHX dt < C||f||LP(0,T:DA(97p))' -

We conclude this section by showing that, under the assumptions of Theorem 2.9,
u defined by (2.4.2) indeed is the unique strong solution to (PACP).

Proposition 2.10. Under the hypotheses of Theorem 2.9 the function u defined by (2.4.2) is the
unique strong solution to (PACP), i.e., u is the unique periodic function of period T in C(R; X)
that is for almost every t € R differentiable in t, satisfies u(t) € D(A), and Au € LP(0,T; X),
and u solves

u' () + Au(t) = f(1).

Proof. First of all, u is periodic by Lemma 2.8 and since D 4(f, p) continuously embeds
into X the very same lemma implies u € C(R; X).

Assume first that fo ) € LP(0,T; D(A)). Then, by a direct calculation, u defined
by (2.4.2) is differentiable, satisfies u(t) € D(.A), and solves

u'(t) + Au(t) = f(1)

for every ¢t € R. The density of L?(0,7; D(A)) in L?(0,T; D 4(6,p)) and the estimate
proven in Theorem 2.9 imply that all these properties carry over to all right-hand sides
in LP(0,T; D 4(6,p)) (but only for almost every ¢ € R) by an approximation argument.

For the uniqueness, assume that v € C(R; X) with v/, Av € LP(0,T; X) is another
periodic function of period T which satisfies the equation for almost every ¢t € R. Let
w := u — v. Then w satisfies

w'(t) = —Aw(t) (a.e. t € R).

In this case, for ¢ > 0, w can be written by means of the semigroup as w(t) = e~**(u(0)—
v(0)). Now, the exponential decay of the semigroup and the periodicity of w imply that
w must be zero for all ¢ € R. O

Remark 2.11. Combining Theorem 2.9 and Proposition 2.10 shows that for each periodic
f with period T and fo.1) € LP(0,T; D (0, p)) also “\/(0 ™ € LP(0,T;D4(0,p)). The
same is true for u since 0 € p(A). Summarizing, there exists a constant C' > 0 such that

(2.4.6) [ullgres < Cl[fl[Le0,750.40,0))

where EpAer is defined as in the end of Section 3.2.



Strong Time Periodic Solutions to the Bidomain Equations with FitzHugh—Nagumo Type
Nonlinearities 46

2.5 Time periodic solutions for semilinear equations

In this section, we use the periodic version of the Da Prato—Grisvard theorem to con-
struct time periodic solutions to semilinear parabolic equations by employing Banach’s
fixed point theorem. The framework that is presented here includes all the models from
Section 2.3.

2,51 An abstract existence theorem for general types of nonlinearities

Let —A be the generator of a bounded analytic semigroup e~* on a Banach space X

with the domain D(A) and 0 € p(A). For T > 0,6 € (0,1),and 1 < p < oo let
[+ R — Da(0,p) be periodic of period T' with fio 71y € LP(0,T;D4(0,p)). We are
aiming for the strong solvability of

u'(t) + Au(t) = Flu](t) + f(t) (t eR)
u(t) =u(t+1T) (t e R)

(NACP)

under some smallness assumptions on f. The solution u will be constructed in the space
of maximal regularity E" defined in the end of Section 3.2. Recall the corresponding
data space

F4 =L1P(0,T; D4(6,p))

and let B, := BEL" (0,p) for some p > 0. For the nonlinear term F, we make the
following standard assumption.

Assumption N. There exists R > 0 such that the nonlinear term F'is a mapping from Br
into F 4 and satisfies

F € C'(Br;F4), F(0)=0, and DF(0)=0,

where DF : Br — L(E"™,F4) denotes the Fréchet derivative.

The following theorem proves existence and uniqueness of solutions to (NACP) in
the class EY}”" for small forcings f.

Theorem 2.12. Let T > 0,0 < 6 < 1,1 < p < oo, and F and R > 0 subject to Assump-
tion N. Then there is a constant r < Rand ¢ = ¢(T,0,p,r) > 0 such that if f : R — D 4(6,p)
is T-periodic with || f||r , < ¢, then there exists a unique solution u : R — D 4(6, p) of (NACP)
with the same period T and w1y € B,

Proof. Let S : Br — EN™, v — u, be the solution operator of the linear equation
uy(t) + Auy(t) = Flo(®)] + f(£) in (0,T)

with u,(0) = u,(T). This is well-defined since F'[v] € F 4 by Assumption N, so that, by
Proposition 2.10 and Remark 2.11, u, uniquely exists and lies in E"™.

We prove that this solution operator is a contraction on B, for some r < R. Let
M > 0 denote the infimum of all constants C satisfying (2.4.6). Choose r > 0 small
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enough such that

1
su DFw er < —_—,
we]}I;r | [ ]H[:(IEP Fa) =907
which is possible by Assumption N. By virtue of (2.4.6) as well as the mean value the-
orem, estimate for any v € B, and f satisfying || f|r, < r/(2M) =:¢,

1S(W)llgrer < M([F[olle, + 1 £llea) < M( Sup IDF[w]l| cerer gy llollgrer + [1flle0) < 7
w r
So S(B,) C B,. Similarly, for any vy, v2 € B,,
1
15(01) = Stoallg < M sup |DFlull oz or = vallge < gl = ol

Consequently, the solution operator S is a contraction on B, and the contraction map-
ping theorem is applicable. The solution to (NACP) is defined as follows. Let u be the
unique fixed point of S. Since Su = u, u satisfies u(0) = u(7") and thus can be extended
periodically to the whole real line. This function solves (NACP). O

2.5.2 Two special examples

A short glimpse towards the models presented in Subsections 2.3.1-2.3.4 reveals that
one of the following situations occurs:

e The bidomain operator A appears only in the first but not in the second equa-
tion of the bidomain models and the nonlinearity depends linearly on the gating
variable w. (Subsections 2.3.1-2.3.3)

e The ODE and the gating variable w are omitted. (Subsection 2.3.4)

As a consequence, in the first situation the operator associated with the linearization
of the bidomain models can be written as an operator matrix whose first component
of the domain embeds into a W?%-space. Since the dynamics of the gating variable
is described only by an ODE, there appears no smoothing in the spatial variables of
w. However, as we aim to employ Theorem 2.12 and as the nonlinearity of the first
equation depends linearly on w, at least in the models of Aliev-Panfilov and Rogers—
McCulloch, w must be contained in D 4(6, p). Otherwise one cannot view the nonlin-
earity as a suitable right-hand side as it is done in Subsection 2.5.1. Hence, we choose
D4 (0, p) as the ground space for the gating variable.

To describe this situation in our setup, assume in the following, that —A is the gen-
erator of a bounded analytic semigroup on a Banach space X = X; x X5, with domain
D(A) = D(A1) x D(Az),and 0 € p(A). We further set for some 1 < ¢ < 00, 1 < p < 00,
and 0 € (0,1)

X1 = Lq(Q), D(Al) = D(A), and X2 = D(Ag) = DA(97p>.
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Furthermore, define two types of nonlinearities as follows: For a1, a2, as,as € R let

alu% + agu‘f + a3U1UQ>

Fl[ul,uﬂ = ( 2

a4u1
and for by, by € R let
Fyluy] = byu? + bous.

Here, F'; will be a prototype of the nonlinearities considered in Subsections 2.3.1-2.3.3
and F5 for the one considered in Subsection 2.3.4. For the moment, the condition
0 € p(A) seems inappropriate as 0 ¢ p(A). However, we will linearize the bidomain
equations around suitable stable stationary solutions and in this situation 0 € p(.A) will
be achieved.

In the following, we concentrate only on F}, since the results for /> may be proved
in a similar way. To derive conditions on p, g, and ¢ ensuring that F; satisfies Assump-
tion N, the following two lemmas are essential. The first one is a consequence of the
mixed derivative theorem, see, e.g., [14] and reads as follows.

Lemma 2.13. Let Q C R"™ be a bounded C*-domain, T > 0,1 < p,q < oo, and o € [0, 1].
Then the following continuous embedding is valid

WLP(0, T; L9(Q)) N LP(0, T; W29(Q)) € W (0, T; WH1=09(Q)).

Lemma 2.14. Let Q C R” be a bounded C?-domain, 1 < p < 00,1 < ¢ < 00, ¢ < 1,5 < 00,
1/r+1/s=1/q,and 6 € (0,1/2). Then there exists a constant C' > 0 such that for

luvlszn o) < Cllulwieoylollsan ) (€ WH*(@),0 € B2 ().
Proof. Assume first that v € W17 (Q). By Holder’s inequality it follows that

HUUHLQ(Q) < HUHLS(Q)HUHLT(Q) and HUUHWM(Q) < QHUHWLS(Q)HUHWLT(Q)~
Now, real interpolation delivers the desired inequality. ]

In the following proposition we elaborate the conditions on p, g, and 6 that ensure

per

that F' maps E';~ into [F 4.

Proposition 2.15. Let 1 < p < oo, n < g < oo satisfy 1/p+mn/(2q) < 3/4and 6 € (0,1/2)
there exists a constant C > 0 such that

171 (u, uz)|r, < C(||U1||5Ege1r + ||U1H]?ﬁ5§1r + lluallzze lluallerer)

per

forall uy € Eielr and uy € B

Proof. We start with the first component of F. By (2.2.8) we have D4(6,p) = Bg?p(Q)
and Lemma 2.14 implies

T
lerizlliso,rp o) = Clurvalio zmgs, @) = € /0 lrualligs.s oy 102 gs, ) 2%



Strong Time Periodic Solutions to the Bidomain Equations with FitzHugh—Nagumo Type
Nonlinearities 49

by choosing r = ¢, s = oo in Lemma 2.14. Using that W'#(0, T; B2 (©2)) € L>(0,T; B (Q))
delivers

p p p
lrvzllin o ipaom < CllUllwioo sz, @ 1tllLeo @)

Finally, note that D(4;) ¢ W2%(Q) ¢ Wb*(Q) if n < ¢. Next, by the continuous
embedding W4(Q) c B2 (€2), Holder’s inequality and the mixed derivative theorem,
we obtain for o € {2, 3}

HU?HLP(O,T;DA(e,p)) < CHulH%aP(O,T;Wl»aq(Q)) < CHUl||3va,p(o,T;w2<1—a),q(Q))-
provided o € [0, 1] satisfies
oc—1/p>—-1/(ap), and 2(1—0)—n/q>1—-n/(aq).

The condition 1/p + n/(2¢q) < 3/4 guarantees the existence of ¢ for a € {2,3}. The
second component of F; was already estimated above. O

Finally, by definition of Fj it is clear that F7(0,0) = 0. Moreover, due to the poly-
nomial structure of F} it is clear that Fy is Fréchet differentiable with DF3(0,0) = 0.
Hence, we have the following proposition.

Proposition 2.16. With the definitions of this subsection the nonlinearities Fy and F satisfy
Assumption N.

2.6 Proofs of the Main Theorems

Before treating the models described in Section 2.3, we remark that the linear part of
the bidomain systems will be represented as an operator matrix and it will be eminent
that the negative of this operator matrix generates a bounded analytic semigroup. This
will be proven in the following lemma.

Lemma 2.17. Let — B be the generator of a bounded analytic semigroup on a Banach space X
with 0 € p(B), 1 < p < oo, and § € (0,1). Let Xo = Dp(0,p) and define for d > 0 and
b,c > 0 the operator A : X := X; x Xo — X with domain D(A) := D(B) x X by

B b
(2
Then — A generates a bounded analytic semigroup on X with 0 € p(A).
Proof. Let ¥, w € (7/2, 7], be a sector that satisfies p(—B) C ¥, with
MO+ B) Yoy <C (AeS).

First note that 0 € p(A); its inverse being

Al = (i ;b> (bc +dB)~ 1.
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Note that the choice Xs = Dg(,p) is used here as A~ ! is only an operator from X; x X»
onto D(B) x Xj if D(B) C Xy C X; and if B(bc + dB)~! maps X» into X». By the
definition of Dp(#,p) in (2.2.7) this latter is satisfied.

For the resolvent problem let A € X3, 8 € (7/2,w) to be chosen. Then,

-1 _ 1 )\+d —b bc -1
A+ A) " =(A+d) ((: A+B>(A+A+d+B)

whenever \ + de € p(—B). To determine the angle 3 for which X + ¢ de € p(—B)
distinguish between the cases |A\| < M and |\| > M for some suitable constant A/ > 0.
Notice that only the case b,c > 0 is of interest. Let C,, > 0 be a constant depending
solely on w such that |\ + d| > C,(|]\| + d). Choose M such that || > M if and only if

(2.6.1) C,, sin(w — B)[|A|? + d|\|] > 2be.
This implies
) < be < Al sin(w — f)
A+dl = Cu(|A]| +4d) 2
and thus that A + A +4 € 2w Moreover,
(2.62) P 0&Mg—@)

Next, choose (3 that close to 7/2 such that

bed

(2.6.3) Msin(p —m/2) < bet (d+ M)

Notice that M itself depends on 3, however, it depends only uniformly on its distance
to w by (2.6.1). In the case |A\| < M the validity of (2.6.3) together with trigonometric
considerations implies that Re (A + 3 + /\) > 0 proving that under conditions (2.6.1)
and (2.6.3) we have \ + d . We conclude that A € p(—A). To
obtain the resolvent estlmate, we calculate

XA+ A) )

<HA(A+A’ld+B) 1.

( )\+d ) 1HL(X1,X2)+‘M“’(A+B)(>\+)\l)cl—i_B)_lHL(Xg)'

The first term on the right-hand side is directly handled by the resolvent estimate of B.
The second is treated by this resolvent estimate as well and by noting that X C X;. The
fourth term is estimated by using that the definition of X5 in (2.2.7) implies resolvent
estimates in X5 (the resolvent commutes with the semigroup appearing in (2.2.7)). For
the third term, the estimate follows from the invertibility of B and the interpolation

L£(X1) ‘)\ ‘H( )\+d B>_1H£(X2X1)

+I

A+
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inequality ||z|/x, < C Ha:H;eHB:UHg(l Altogether, this yields

M+ A) 2 x)

Ab Ac bc |9 A2 be |1 A
< —_— —|.
—C<|A|+ ‘)\—i—d‘ + ‘A—i—dHA+ )\+d‘ * ‘)\+d‘>‘)\+ Nt+d +C‘)\+d‘
The resolvent estimate for |A\| > M follows by means of the uniform boundedness of
the term |A/(X + d)| and by (2.6.2).
For |A\| < M the function A — A(X + A)~! is continuous on X5 N B(0, M) since
0 € p(A). This implies the resolvent estimate also for small A. O

Now, we are ready to prove the main results presented in Section 2.3. To do so, the
equilibrium points of the nonlinearities are calculated for the respective models. After-
wards, the solutions to the bidomain models are written as the sum of the equilibrium
solution and a perturbation. This results in an equation for the perturbation which
is shown via Theorem 2.12 to have strong periodic solutions for suitable equilibrium
points.

2.6.1 The periodic bidomain FitzHugh-Nagumo equation

Recall the periodic bidomain FitzHugh-Nagumo equation

1
atu—l—sAu:I—g[u3—(a+1)u2+au+w] inR x Q,
(2.6.4) Oyw = cu — bw inR x Q,
u(t) =u(t+1T) inR x Q,
w(t) =w(t+1T) inR x Q.

In order to calculate the equilibrium points, we consider

(2.6.5) u — (a+ 1)u? + au+w =0,
2.6.6) cu— b = 0.

Then, the equilibrium points are (u;,w;) = (0,0) and assuming ¢ < b(% —a), we
obtain furthermore

267) (ur,z) = (Gla+ 1= Sa+1-a)).
(2.68) (i3, w3) = (;(a+1+d),2cb(a+1+d)>,

with d = \/(a+1)2 —4(a + §). In the following, we use the results from Sections 2.4
and 2.5 to obtain periodic solutions in a neighborhood of these equilibrium points.
For this purpose, we use Taylor expansion at the equilibrium points and perform the
following change of variables
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fori = 1,2,3. Then, functions F' and G describing the ionic transport defined as in the
introduction read as follows

Flu, 2) = é[v?’ + (B — a — 10?4 (3u2 — 2(a + Dus + a)v + 2],
G(v,2z) = —cv + bz.

Plugging this into equation (2.6.4) and shifting the linear parts of F' and G to the left-

hand side yields
(2.6.9)
8t<z>+<&4+ 1[3u? _26(a+1) i + al i>(>:<l 2w +3ul—a—1) ])7
v(t)=v(t+T
(1) = =(1 + )

First of all, notice that Proposition 2.16 implies that the nonlinearity in (2.6.9) satis-
ties Assumption N. Next, regarding the system with respect to the equilibrium point
(0,0), then —(¢A + £) generates a bounded analytic semigroup by Proposition 2.1 and
since 0 € p(cA + £), we may apply Lemma 2.17 to conclude that the negative of the
operator matrix in (2.6.9) has zero in its resolvent set and generates a bounded analytic
semigroup. Consequently, Theorem 2.12 is applicable in the case of the equilibrium
point (0,0) and delivers a unique strong periodic solution (v, ) to (2.6.9) in the desired
function space for small periodic forcings I.

For the second equilibrium point we have 3u3 — 2(a + 1)us + a < 0. Since 0 € o (A)
the operator —(cA4 + 2[3u} — 2(a + 1)uy + a]) does not generate a bounded analytic
semigroup so that Lemma 2.17 is not applicable.

If

a+1++/(a+1)?2—3a

ug > )
3

we obtain 3u3 — 2(a + 1)ug + a > 0. Thus, —(¢A + 1[3u3 — 2(a + 1)u3 + a]) generates a
bounded analytic semigroup by Proposition 2.1 and 0 € p(eA+1[3u}—2(a+1)uz+a)).
Hence, we can apply Lemma 2.17 to conclude that the negative of the operator matrix
in (2.6.9) has zero in its resolvent set and generates a bounded analytic semigroup.
Consequently, Theorem 2.12 is applicable in this case of the equilibrium point (u3, ws)
and delivers a unique strong periodic solution (v, z) to (2.6.9) in the desired function
spaces for small periodic forcings I. This proves Theorem 2.3.
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2.6.2 The periodic bidomain Aliev-Panfilov equation

Recall the periodic bidomain Aliev-Panfilov equation

1
Gtu—I—sAu:I—g[k‘ug—k(a—i—l)uQ—l—kaujLuw] inR x Q,
(2.6.10) Ow = —(ku(u — 1 - a) + dw) inR x 0,
u(t) =u(t+1T) inR x Q,
w(t) =w(t+T) inR x Q.

In order to calculate the equilibrium points, we consider

(2.6.11) ku® — k(a4 1)u? + kau + uw = 0,
(2.6.12) ku(u—1—a)+dw=0.

Then, the equilibrium points are (u;,w;) = (0,0) and, if we assume (QZI)Q + ldfad > 0,

furthermore

1

(2.6.13) (ug,wy) = (“; — e, —kuj + k(a+ 1)ug — kza> ,
1

(2.6.14) (us, w3z) = (CZ; + e, —ku3 + k(a + 1)ug — ka) :

with e = 4/ % + %. In the following, we want to use the results from Sections 2.4

and 2.5 to obtain periodic solutions in a neighborhood of these equilibrium points.
For this purpose, we use Taylor expansion at the equilibrium points and perform the

following change of variables
vy  [u—uy
2] \w—wy

for i = 1,2, 3. Then, functions F' and G describing the ionic transport defined as in the
introduction read as follows

1
F(v,2) = g[k:v?’ + (Bku; — k(a + 1))v? + (3ku? — 2k(a + 1)u; + ka + w;)v + u;z + vz],
G(v,2) = (2ku; — k(a +1))v + dz + kv

Plugging this into equation (2.6.10) and shifting the linear parts of " and G to the
left-hand side yields

ra AT eA+ 1[3ku? — 2k(a+ Du; + ka+w;] %\ (v
“\z 2ku; — k(a+1) d) \z

1
I — L[kv® + (3ku; — k(a + 1))v? + vz]
—kv? ’

(2.6.15) = (

v(t) =v(t+1T),
z(t) =z(t+T).
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According to Proposition 2.16, the nonlinearity in (2.6.15) satisfies Assumption N.
Moreover, considering the system for the equilibrium point (0, 0), then —(e A+ %2) gen-
erates a bounded analytic semigroup by Proposition 2.1 and since 0 € p(¢ A + %), we
can apply Lemma 2.17 to conclude that the negative of the operator matrix in (2.6.15)
has zero in its resolvent set and generates a bounded analytic semigroup. Conse-
quently, Theorem 2.12 is applicable in the case of the equilibrium point (0, 0) and deliv-
ers a unique strong periodic solution (v, z) to (2.6.15) in the desired function space for
small periodic forcings I.

For the second equilibrium point we see that ua < 0, so that the component in the
upper right component of the operator matrix is negative. Therefore, we cannot apply
Lemma 2.17 for (ug, ws).

Similarly, for (us, ws) it is

2kug — k(a + 1) = 2ke > 0.

Hence, Lemma 2.17 is not applicable in this case. Altogether, Theorem 2.4 follows.

2.6.3 The periodic bidomain Rogers—-McCulloch equation

Recall the periodic bidomain Rogers-McCulloch equation

1
8tu—i—5Au:I—g[bu?’—b(a+1)u2+bau+uw] inR x Q,
(2616) (9tw =cu—dw inR x Q,
u(t) =u(t+1T) inR x Q,
w(t) =w(t+7T) inR x Q.

In order to calculate the equilibrium points, we consider

(2.6.17) bu? — b(a + 1)u? + bau + uw = 0,
(2.6.18) cu — dw = 0.

Then, the equilibrium points are (u1, w;) = (0,0) and, if we assume (a + 1 — ﬁ)2 —4a >
0, furthermore

(2.6.19) (uQ,wg):<;<a+1—bcd—e),;d-(a+1—bcd—e>>,
(2.6.20) (u;:,,wg):(;(a—kl—bcd—k(a),;d (a+1—bcd+e)>.

with e = \/ (a +1-— ﬁ)Q — 4a. In the following, we want to use the results from Sec-
tions 2.4 and 2.5 to obtain periodic solutions in a neighborhood of these equilibrium
points. For this purpose, we use Taylor expansion at the equilibrium points and per-
form the following change of variables

(0)=()
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for i = 1,2,3. Then, functions F' and G describing the ionic transport defined as in

Section 3.1 read as follows
1
F(v,2z) = g[bv?’ + (3bu; — b(a + 1))v? + (3bu? — 2b(a + 1)u; + ba + w;)v + uiz + v2],

G(v,y) = —cv + dz.

Plugging this into equation (2.6.16) and shifting the linear parts of " and G to the left-

hand side yields
( 113pu2 — 4 A
5, (v) n <5A + 2 [Bbuf — 2b(a + 1)u; +ba +w;] = ) <v>
z —c d z

(2.621) _ <f ~ P+ o~ pla e D)+ Uz]> |

v(t) =v({t+1T),
z(t) =z(t+1T).

\

According to Proposition 2.16, the nonlinearity in (2.6.21) satisfies Assumption N.
Next, considering the equilibrium point (0,0), the operator —(c¢A + b?“) generates a
bounded analytic semigroup by Proposition 2.1 and since 0 € p(cA + %), we can apply
Lemma 2.17 to conclude that the negative of the operator matrix in (2.6.21) has zero
in its resolvent set and generates a bounded analytic semigroup. Consequently, Theo-
rem 2.12 is applicable in the case of the equilibrium point (0,0) and delivers a unique
strong periodic solution (v, z) to (2.6.21) in the desired function space for small forcings
I

Next, equation (2.6.17) implies w; = —bu? + b(a + 1)u; — ba for i = 2,3. Then

3bu? — 2b(a + 1)u; + ba + w; = u;(2bu; — bla + 1)).

Hence, for the second equilibrium point we either have 3bu3 —2b(a+1)ug +ba+w2 < 0,
then —(cA + 1[3bu3 — 2b(a + 1)us + ba + wy]) does not generate a bounded analytic
semigroup, or ug < 0. Therefore, we cannot apply Lemma 2.17 for (ug, ws).

If we assume

\/(a+1l7ccl)24al)cd>0’

we obtain 3buj — 2b(a + 1)ug + ba + w3 > 0 and uz > 0. Thus, —(¢A + 1[3bu} —
2b(a + 1)ug + ba + ws]) generates a bounded analytic semigroup by Proposition 2.1
and 0 € p(eA + 1[3bu3 — 2b(a + 1)uz + ba + ws]). Hence, we can apply Lemma 2.17 to
conclude that the negative of the operator matrix in (2.6.21) has zero in its resolvent and
generates a bounded analytic semigroup. Thus, Theorem 2.12 is applicable in this case
for (u3,ws) and delivers a unique strong periodic solution (v, z) in the desired function
space for small forcings I. This delivers Theorem 2.5.
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2.6.4 The periodic bidomain Allen—-Cahn equation

Recall the periodic bidomain Allen-Cahn equation

ou—+Au=T+u—u? inR x €,
(2.6.22)
u(t) =u(t+1T) inR x Q.
The equilibrium points of this system are u; = —1, up = 0, and ug = 1. In the following,

we want to use the results from Sections 2.4 and 2.5 to obtain periodic solutions in a
neighborhood of these equilibrium points. For this purpose, we use Taylor expansion
at the equilibrium points and perform the change of variables v = u — u; fori = 1,2, 3.
Then, the function F(u) = u® — u reads as follows

F(v) =v° +3un® — (1= 3ud)v,  i=1,2,3.

Plugging this into equation (2.6.22) and shifting the linear parts of F' to the left-hand
side yields

(2.6.23)

O+ (A — 14 3u)v =T —v* — 3u? inR x Q,
u(t) =ult+1T) inR x Q

for i = 1,2,3. According to Proposition 2.16, the nonlinearity in (2.6.23) satisfies As-
sumption N. Since —(A+2) generates a bounded analytic semigroup by Proposition 2.1
and since 0 € p(A + 2), Theorem 2.12 is applicable in the case of the equilibrium points
u; and u3 and delivers a unique strong periodic solution v to (2.6.23) in the desired
function space for small forcings I. Thus, we obtain Theorem 2.6.

2.7 Discussion: biological significance of our mathematical re-
sults

Anatomically, the human heart consists of four chambers. The two lower ones are
called ventricles, the two upper ones are the atria. The ventricles possess thick walls
and their contraction pushes blood through the human body. The atria, having thin
walls, collect the blood and their contraction delivers it back to the ventricles. Exci-
tation of the heart starts at the sinoatrial node located in the atrium. The cells in this
node periodically initiate excitation waves. The wave then propagates through the atria
causing atrial contraction. The excitation enters, after a certain delay, the ventricles and
causes the contraction of the ventricles.

Cardiac arrhytmias is the result of abnormal excitation of the heart. Its mechanisms
are strongly related to wave propagation phenomena. The waves in question possess
the property of refractoriness, meaning that after excitation, the cardiac cell requires
some time to recover its original properties. This time is called the refractory period. If
the travel time of a wave propagating around an obstacle is longer than the refractory
period a rotation will take place yielding in the production of vortices. Such a rotation
implies periodic excitation of the heart with a frequency much faster than the one by
the sinus mode and so-called tachycardia may occur. The above vortices are called
spiral waves.



Strong Time Periodic Solutions to the Bidomain Equations with FitzHugh—Nagumo Type
Nonlinearities 57

The cardiac modeling involves, of course, not only the understanding of a single
cardiac cell but also the knowledge of how the changes in a single cardiac cell will
manifest in the whole organ.

Modeling single cardiac cells has a long tradition in mathematical biology. Almost
all cardiac cell models are based on the model of Hodgkin and Huxley in 1952. Their
general aim was to understand the mechanism which governs movements of ions
through the cell membrane during electrical activity. Like all biological cells, cardiac
cells are surrounded by a membrane. This membrane acts as an interface separating
intracellular and extracellular media and prevents free passage of the ion from the one
side to the other one. Ion channels allow particular species to cross this membrane.
This gating process is regulated by the electrical potential difference across the mem-
brane. Biological cells maintain stable equilibria membrane potentials. If a current is
applied, the media may then be excitable or not. The Hodgkin-Huxley model describes
the electrical activities of the cell by a system of ordinary differential equation for four
state variables, the membrane potential V' and the three gating variables m,n, h con-
trolling the permeability of the membrane for behavior for certain classes of ions. This
system was investigated numerically by Hodgkin and Huxley. The results of an in-
vestigation of this ODE-system by means of methods from dynamical systems may be
interpreted from a biological point of view as follows: If the change of the membrane
potential is sufficiently small, the cell does not react at all. However, if the excitation is
above a certain threshold value, the cell fires a so-called spike. Moreover, if the excita-
tion values lie in a certain, well-defined interval, the system allows for periodic solutions
meaning that the cell is periodically firing spikes.

Aiming for a complete picture of the dynamical behavior of the Hodgkin—-Huxley
system, it is desirable to have a system at hand, which is on the one hand easier to han-
dle from a mathematical perspective but shows nevertheless all the dynamical features
of the Hodgkin—-Huxley system. The FitzHugh-Nagumo model, a simplification of the
Hodgkin-Huxley model, shows the same dynamical behavior as the Hodgkin—-Huxley
model, however, it consists only of two state variables. This has the advantage that
its dynamical behavior can be investigated in a phase plane and in particular, aiming
for an explanation for the existence of periodic solutions, the Poincaré—Bendixson the-
orem is available in this two-dimensional setting. Note that the latter does not hold
in a higher dimensional setting. The FitzHugh-Nagumo model takes into account the
different time scaling of the variables m, n, and h, distinguishes between slow reactions
for m and h and fast reactions for n and setting m and h to be constant within the fast
scale, one arrives at the system described in the introduction.

The Rogers—McCulloch model, also discussed in the introduction, is a modification
of the FitzHugh-Nagumo model taking into account the hyperpolarization of the re-
fractory part of the action potential. The Aliev—Panfilov models another modification
accounting for the restitution property. For a comprehensive list of various single cell
models, see, e.g., [31].

The phase plane analysis of the FitzHugh-Nagumo model is well understood: ev-
ery stationary point is asymptotically stable. The existence of periodic solutions to
this system is shown by means of the Poincaré—Bendixson theorem. Indeed, one can
show that the FitzHugh-Nagumo model possesses a periodic solution if and only if
the values of the current I applied are located in a certain interval and the coefficients
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involved satisfy certain inequalities. It is interesting to note that periodic solutions to
the Hodgkin—-Huxley model were indeed measured experimentally by Hodgkin and
Huxley.

Starting from this understanding of a single cardiac cell, it is now a major task to
build a macroscopic model describing the propagation of a wave through cardiac tissues.
In cardiac tissues, the excitable cells are related to each other via so-called gap junctions.
A first model representing the tissue as a resistive network yielded in the monodomain
equations, in which the diffusive current is modeled by the term div(DV) for a constant
diffusion tensor D based on the assumptions of equal anisotropy ratios 0. = ao;, where
o; and o, denote the conductivity parameters of the intra- and extracellular domains.
The latter is, however, an unrealistic assumption and was introduced only for reasons
of mathematical simplicity.

The so-called bidomain model, the main object of our analysis, was introduced for the
tirst time by L. Tung in his PhD thesis [36]. Its aim is to describe the spatial distribution
of macroscopic potentials as they are measured on the surface of the heart. Intra- and
extracellular quantities are considered in the bidomain model via an elaborate homog-
enization procedure in an averaged sense. For details see, e.g., [32]. As a result, the
bidomain system considers the cardiac tissue as a two-phase medium, where the intra-
and extracellular domains occupy the same macroscopic space and overlap at every
point. Each domain is considered as a homogeneous structure. The coupling between
the two domains is provided by the transmembrane current.

It is now a very interesting question to ask in mathematical biology, whether the
dynamical behavior of the macroscopic bidomain model qualitatively is in accordance
with the measurements and whether one is able to describe, understand, and predict
the dynamical behavior of this system by mathematical methods including periodic
solutions. Secondly, it would be very interesting to determine in which way the macro-
scopic bidomain model resembles the dynamical behavior of a single cell model. Re-
sults on the dynamics of the bidomain system are extremely rare.

A first step in this direction was done recently by Mori and Matano [28], who stud-
ied for the first time the stability of front solutions of the bidomain equations, however,
under restrictive assumptions on the conductivity parameters of the intra- and extracel-
lular domains. The main difficulty is that the bidomain equation is given by a coupled
system of partial differential equations for the intra- and extracellular currents, u; and
ue, and which is in addition coupled to an ordinary differential equation. Writing this
system as an evolution equation for u = u; — u,, its dynamical behavior is determined
by spectral properties of an operator matrix involving the bidomain operator. The latter
is a very nonlocal operator.

From a biological perspective, it would be very interesting to know whether the
bidomain model subject to various models of ionic transport allow - as in the situa-
tion of the Hodgkin-Huxley or FitzHugh-Nagumo model, respectively, for single cells
- again for periodic solutions. Another interesting direction is the investigation of dy-
namical instabilities resulting in the generation of spiral waves, as discussed above. A
very interesting result concerns an instability that occurs as a result of period-doubling
bifurcation for a map describing the periodically forced cardiac cell, see [7]. There
necessary conditions for onset of instability leading to spiral waves have been investi-
gated. These conditions are related to measurable characteristics of cardiac tissue and
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to the period of the stimulation of cardiac cells. These conditions were also tested in
experimental research, see [19].

Our investigations show that, similarly to the case of the FitzHugh-Nagumo model
for a single cell, the macroscopic bidomain model allows - in accordance with mea-
surements for cardiac tissue - also for periodic solutions, in our case, however, in a
neighborhood of a stable equilibrium point. They are characterized by the values of
the coefficients of the underlying models of ionic transport, see Section 2.3 for a pre-
cise formulation. The existence of periodic solutions to the bidomain equations in a
neighborhood of an instable equilibrium point remains a very interesting topic of our
further investigations, mathematically and in particular from a biological perspective,
since spiral waves are intimately connected to arrhythmias.
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Chapter 3

Strong time-periodic solutions to the bidomain
equations with arbitrary large forces

We prove the existence of strong time-periodic solutions to the bidomain equations
with arbitrary large forces. We construct weak time-periodic solutions by a Galerkin
method combined with Brouwer’s fixed point theorem and a priori estimate indepen-
dent of approximation. We then show their regularity so that our solution is a strong
time-periodic solution in L? spaces. Our strategy is based on the weak-strong unique-
ness method.

Keywords: bidomain model; periodic solutions; weak-strong uniqueness, large data

3.1 Introduction

In this chapter, we consider the bidomain system which is a well-established system
describing the electrical wave propagation in the heart. The system is given by

O — div(o; V) + flu,w) = s; in (0,00) x £,
Ou + div(oeVue) + flu,w) = —s, in (0,00) x €,
(BDE) Ow + g(u,w) = in (0,00) x £,
U= U;j — Ue in (0,00) x €,
oVu;-v =0, 0.Vue-v=0 on (0,00) x 0f,
u(0) = up, w(0) = wy in Q.

Here 2 C R? denotes a domain describing the myocardium and the outward unit nor-
mal vector to JS) is denoted by v. The unknown functions u; and u. model the intra-
and extracellular electric potentials, and u denotes the transmembrane potential. The
variable w, the so-called gating variable, corresponds to the ionic transport through the
cell membrane. The anisotropic properties of the intra- and extracellular tissue parts
are described by the conductivity matrices o;(x) and o.(z), whereas s;(¢, x) and s, (¢, z)
denote the intra- and extracellular stimulation current, respectively. The ionic trans-
port is described by the nonlinearities f and g. In this article, we will consider a large
class of ionic models including those by FitzHugh-Nagumo, Rogers-McCulloch, and
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Aliev-Panfilov. Note, that we will look at the Aliev-Panfilov model in a slightly modi-
fied form as considered, e.g., in [13]. The FitzHugh—Nagumo model reads as

flu,w) =u(u—a)(u—1)4+w=1® - (a + 1)u? + au + w,
g(u,w) = —e(ku — w),

withO<a<landk, e > 0.
In the Rogers—McCulloch model the functions f and g are given by

fu,w) = bu(u — a)(u—1) + uvw = bu® — b(a + 1)u? + bau + uw,
g(u,w) = —e(ku — w),

withO<a<landbd, k, > 0.
For the modified Aliev—Panfilov model we have

fu,w) = bu(u — a)(u— 1) + uw = bu® — b(a + 1)u? + bau + vw,
g(u,w) = e(ku(u — 1 —d) + w)

with 0 < a,d < 1and b, k, ¢ > 0. To get weak time-periodic solutions for the Aliev—
Panfilov model we will need the further assumption b > k. For a detailed description
of the bidomain model we refer to the monographs by Keener and Sneyd [20] and Colli
Franzone, Pavarino, and Scacchi [9].

Since the bidomain model describes electrical activities in the heart, it is a natu-
ral question to ask whether it admits time-periodic solutions. Therefore, consider the
situation where the bidomain model is innervated by periodic intra- and extracellu-
lar stimulation currents s; and s.. Recently, Hieber, Kajiwara, Kress, and Tolksdorf [9]
proved the existence and uniqueness of a strong T-periodic solution to the innervated
model in real interpolation spaces provided the external forces s; and s, are both time-
periodic of period 7' > 0. In their approach, they furthermore assumed that the external
forces satisfy a suitable smallness condition.

It is the goal of this chapter to prove the existence of time-periodic solutions with-
out assuming any smallness condition on the external forces. We employ the method
given by Galdi, Hieber, and Kashiwabara [12] for the case of the primitive equations.
First, the existence of weak time-periodic solutions for the three nonlinear dynamic
models mentioned above is shown by using a Galerkin approximation combined with
Brouwer’s fixed point theorem. Then, we use the global well-posedness result by Colli
Franzone and Savaré [11] and consider the weak time-periodic solution as a weak solu-
tion to the initial value problem. Finally, we apply a weak-strong uniqueness argument
to get a strong-time periodic solution without assuming any smallness condition for the
external applied currents in case of the FitzHugh-Nagumo model.

The bidomain model was first introduced by Tung [36] in 1978. Despite its central
importance in cardiac electrophysiology, the rigorous mathematical analysis started not
until the work of Colli Franzone and Savaré [11] in 2002. They introduced a variational
formulation of the bidomain problem and proved the existence and uniqueness of weak
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and strong solutions to the bidomain equations with FitzHugh-Nagumo type nonlin-
earities. A slightly more detailed review of their results is given in Section 3.4. Ven-
eroni [37] extended their results to more general ionic models including the Luo and
Rudy I model. In 2009, Bourgault, Cordiere, and Pierre [5] presented a new approach
to the bidomain system. They introduced the so-called bidomain operator within the
L%-setting and showed that it is a non-negative and self-adjoint operator. By using the
bidomain operator, they transformed the bidomain system into an abstract evolution
equation and showed the existence and uniqueness of a local strong solution and the
existence of a global weak solution for a large class of ionic models including the three
models introduced above. Later, Kunisch and Wagner [23] showed uniqueness and
further regularity for these weak solutions. Giga and Kajiwara [16] investigated the
bidomain system within the LP-setting and showed that the bidomain operator is the
generator of an analytic semigroup on LP(2) for p € (1, co]. Recently, Hieber and Priiss
proved the maximal L,-L, regularity for the bidomain operator in [15] and proved the
global well-posedness in [5]. They considered the case s; . = 0 with FitzHugh-Nagumo
type non-linearities. More recently, the bidomain equations were treated as a kind of
gradient system in [2]. They proved the global well-posedness results in L? spaces and
energy spaces. Their paper also treated the case s; . = 0.

For results concerning the dynamics of the solution, we refer to the work of Mori
and Matano [28]. They studied the stability of front solutions of the bidomain equa-
tions.

On a microscopic level, the cardiac cellular structure is described by two disjoint
domains €2; and (2., which denote the intra- and extracellular space, respectively, and
which are separated by the the active membrane I' = 99Q; N 9Q.. The intra- and extra-
cellular quantities are defined on the corresponding domains and the transmembrane
potential v is a function on T. After a homogenization procedure, see, e.g., [10,11], the
macroscopic model of the bidomain equations is obtained. Here all membrane, intra-,
and extracellular quantities are defined everywhere on (2.

This chapter is organized as follows: We start in Section 3.2 with collecting known
facts concerning the bidomain operator. In Section 3.3, we construct a weak time-
periodic solution to the bidomain equations. When we construct the weak time-periodic
solutions, we need some growth conditions on the nonlinear terms f, g. Fortunately, all
three models mentioned above fulfill these conditions, which are confirmed in the ap-
pendix. A global well-posedness result is reviewed in Section 3.4 and invoked to obtain
a strong time-periodic solution for the FitzHugh-Nagumo model. We do not treat the
other two models introduced above since the global well-posedness for the initial value
problem is not proved in a suitable L? setting.

3.2 Preliminaries

In this section, we fix some notation and formally introduce the bidomain operator in
a weak as well as in a strong setting. In the whole article, let Q C R? denote a bounded
domain whose boundary 91 is of class C?. For convenience, we use the following
notation for the function spaces which we will use throughout this article

V=HYQ), H="LYQ), V' =(H(Q),
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where the spaces are endowed with their usual norms and they are Hilbert spaces.
Furthermore, we set @ = (0,7) x Q. The canonical pair of V' and V is denoted by
vi(s v

We assume that the conductivity matrices o; and o, satisfy the following assump-
tion.

Assumption C. The conductivity matrices o;, o, : 2 — R?*? are symmetric matrices and
are functions of class C*(Q). Ellipticity is imposed by means of the following condition:
there exist constants g, @ with 0 < ¢ < & such that

(32.1) al¢? <oi(x)¢ <TlE)* and  olé? < Eoe(x)¢ < TE[?
for all z € Q and all ¢ € R%. Moreover, it is assumed that

o;Vu;-v=20 & Vu;, - v=20 on 0,
(3.2.2)
ceVue-v=20 & Viue-v=0 on 0f).

It is known due to [8] that (3.2.2) is biological reasonable.

First, we want to introduce the bidomain operator in a weak setting as well as
the corresponding bidomain bilinear form. Therefore, we define V;,(Q2) := {uv € V :
fQ u dz = 0}. Following [5], we define the bilinear forms

a;(u,v) := / oiVu-Vodz, ac(u,v):= / o.Vu - Vv dz
Q Q

for all (u,v) € Vg X Vg Due to (3.2.1) these bilinear forms are symmetric, continuous
and uniformly elliptic on Vg, x V4,,. Then, we define the weak operators A; and A, from
Vaw onto V), by

(Aju,v) = a;(u,v), (Acu,v) = ac(u,v)

for all (u,v) € V4 X Vgy. Let P,, be the orthogonal projection from V' to Vg, (Q), i.e.,
Pou:i=u— ﬁ Jq wda and denote its transpose by PZ, : V/, — V'. Now we are able to
define the weak bidomain operator and the corresponding bidomain bilinear form as

A= PaJ;AZ(Al + Ae)_lAePav;
a(u,v) = (Au,v)

for all (u,v) € V' x V. We have the following lemma.

Lemma 3.1 ([5, Theorem 6]). The bidomain bilinear form a(-, -) is symmetric, continuous and
coerciveon 'V,

allull? < a(u,u) + al|ul%, forallu eV,

la(u,v)| < M||ullv|v]v, for all u,v €V,

for some constants o, M > 0. Furthermore, there exists an increasing sequence 0 = Ao <
-+ < N\ < -+ in R and an orthonormal Hilbert basis of H of eigenvectors (1;);en such that
foralli e N, ¢; € Vand v € V it is a(;,v) = \i(¢i, v).
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We next define the strong bidomain operator in the L%-setting for 1 < ¢ < co. We
will use the same notation as for the weak setting since it will be clear from the context
whether we consider the weak or strong formulation. To this end, let LZ,(Q) := {u €
L1(Q) : [,udz =0} and let P,, be the orthogonal projection from L9(Q) to L, (), i.e.,
Pou:=u— ﬁ fQ u dz. Then, we define the elliptic operators A; and A, by

A; cu = —div(o; . Vu),

D(Aie) :={u e W24Q)NLL(Q) : 0;eVu-v =0a.e. on o0} C L, ().

Here A;. and 0; . mean that either A; and o; or A. and o, are considered. Condi-
tion (3.2.2) implies that D(A4;) = D(A.). Hence, it is possible to define the sum A; + A,
with the domain D(A;) = D(A.). Note that the inverse operator (A; + A.) ! on L%, (Q)
is a bounded linear operator.

Following [16] we define the bidomain operator as follows. Let o; and o, satisfy
Assumption C. Then the bidomain operator A is defined as

(3.2.3) A= A;(Ai+ A) L AP,
with domain
D(A) :={u € W*(Q): Vu-v = 0a.e. on 9Q}.

If we assume conservation of currents, i.e.,
(32.4) / (s:(8) + 50 (1)) dw = 0, >0
Q

and moreover [, u. dz = 0, the bidomain equations (BDE) may be equivalently rewrit-
ten as an evolution equation [5,16] of the form

Ou + Au+ f(u,w) = s, in (0, 00),
(ABDE) ow + g(u,w) =0, in (0, 00),

u(0) = up, w(0) = wy,
where
(325) S:=8; — Al(Al + Ae)il(si + Se)

is the modified source term. The functions u. and u; can be recovered from u by virtue
of the following relations

Ue = (Az + Ae)il{(si + Se) - AiPavu}7
U; = U+ Ue.
3.3 Weak time-periodic solutions

In this section, we show the existence of weak time-periodic solutions by using a Galerkin
approximation. We consider the bidomain equations under some growth conditions on
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f and g which contain the nonlinearities introduced in Section 3.1.
We use the abstract form

u + Au+ f(u,w) = s, inT x Q,
(PABDE) w' + g(u,w) =0, inT x Q,
ut+T,z)=u(t,z), wit+T,z)=wtx),

where s is a T-periodic function for some 7' > 0 and T := R/TZ denotes the time torus.
We assume that the nonlinear terms f and g satisfy the following conditions.

Assumption N. Let p > 1 be a number so that the Sobolev embedding V' C L”(2) holds.
In other words, 2 < pifd =2;0r2 < p < 6if d = 3. The nonlinear terms f,g : RxR — R
are of the form

flu,w) = fi(u) + f2(v)w,
g(u,w) = g1(u) + gaw,

where go € R and fi, fo, 1 : R — R are continuous functions. The functions are
assumed to satisfy that there exist constants Cp € R, C; > 0 (¢ =1,...,5)and r > 0
such that

(3.3.1) Co + C1|uf? + Colw|* < rf(u, w)u + g(u, w)w
(33.2) |f1(u)] < Cs(1+ uP™)

(33.3) [ fo(w)] < Ca(L + |ufP/271)
(33.4) l91(w)] < C5(1 + |ulP/?)

for all u,w € R.

This assumption is a modified version of the assumption used in [5]. Note that
Assumption N, with p = 4, holds in the three models introduced in Section 3.1. We
shall check it in the appendix. We see that the following inequality holds: for any
(u,w) € LP(Q?) x H, we have

1 (u, )l < Col(1 + llullp + llwliZ)
lg(u, w)lIF < Cr(1+ [[ull} + |wllZ)

for some C; > 0 (i = 6,7) depending on p and Cs,...,Cs, where p' is the Holder
conjugate exponent, i.e., 1/p 4+ 1/p/ = 1. In particular, f(u,w) € L? (Q) and g(u,w) €
L?(Q) for all u € LP(Q),w € L?(Q). See in [5, Lemma 25].

Under this assumption, weak time-periodic solutions for (PABDE) are defined as
follows.

Definition 3.2. Let T > 0, s € L?(T; V'). Suppose that the Assumption N holds. Then
a pair of (u,w)of u: T x Q —- R, w: T x Q — Ris called a weak T-periodic solution
to (PABDE) if

(1) u e Cu(T; H) N LA(T; V) N LP(Q), w € Cy(T; H),
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(ii) Forall o1 € W12(0,T; H) N L?(0,T; V) N LP(Q) and all oy € W2(0,T; H),

/0 {(u78t(p1) - CL(’U,, 901) - p’<f(u7w)v 901>p} dr = _/O V’<57 901>V dr + (u(t)7 901(75)) - (U(O)v 901(0)),
/0 {(w,0rp2) — (9(u, w), p2)} AT = (w(?), p2(t)) — (w(0),2(0)),

forallt € (0,T). Here (-, -) denotes the L?-inner product and C,, (T, H) denotes the
space of all weakly continuous functions u on T with values in H,ie,u: T — H
such that (u(t),) is continuous in ¢ for all ¢ € H.

A weak T-periodic solution (u,w) is called strong if, in addition to above, it holds
u € WHH(T; H) 0 LA(T; H3(Q)), w € WY(T; H).

The result on existence of weak time-periodic solutions reads as follows.

Theorem 3.3. Let T > 0. For every T-periodic function s € L?(T; V') there exists at least one
weak T-periodic solution (u,w) to (PABDE).

Proof. Let {1;}32, C V be the orthonormal basis of eigenvectors of the bidomain bi-
linear form a in H and let {\;}2, C R be the corresponding eigenvalues as in
Lemma 3.1. Let

k
(3.3.5) ug(t, ) ==Y o (t) (),
=0
k
(3.3.6) wi(t, ) ==Y Bri(t)thi(x),
=0

with ay,(t) = {ag;(t) ?:0/ Br(t) = {Br; (t)}?zo, which are the solutions of the system of
the ordinary differential equations

d
i
= = [ gtu )iy d
-V, Pk — — g\Ug, W, j Ax,
(3.3.7) dg ki 0 J

Qpj = —QgjAj — /Qf(ukawk)%‘ da + v (s(t), ¥j)v,

for j =0,1,..., k. The initial data a; = {aj};?zo and by, = {bj}fzo are fixed later. By the
standard theory of ordinary differential equations, this system admits a unique solution
(o, Br) € (WH2(0,T,))2* +1) on some interval (0,7}). It is either |ay(t)] + |8k (t)] —
oo as t  Tj or we can take any finite time 7. In the following, it is shown that
lak(t)| + |Br(t)] = oo as t T}, does not occur by using a priori estimates. To this end,
multiplying the first equation of (3.3.7) with r - a;, where r is the constant defined in
Assumption N, the second equation with f3;;, and summing over j yield

N
&~

(rllur (0117 + [lwr (®)117) +7“a(wc(t),wc(t))+/Q7“f(Uk(t)7wk(t))Uk(t)+g(u;c(t),wk(t))wk(t)dw
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=Ty <8(t), Uk(t)>v
We recall that the bidomain bilinear form a has the coercivity of the form
allUNY < a(U,U) +a||U

for all U € V and for some constant a > 0, see [5]. By the coercivity of a, the Assump-
tion N, and Young’s inequality, it is

d
37 ez + [lw@)1F) + Crallue@IF + Crallus @ — Cusllus Oz + Crallws (1

<Cis|[s(t)[I} + Cus,

for some constants C; = Cy;(r,a,C;) >0 (i =1,...,6, j = 0,...,2); we emphasize
that all constants C'j; are independent of k. We use the estimate

Crrllur(®)[[5 — Cus < Cuallug ()1} — Cusllux(t) 13

for some C7,Cig > 0 since 2 < p < co. Therefore, we have the following estimate

% (rlue @1 + lwe®)17) + Cor (rllux I + k@I + [lwx ()17)

(338) SCQQHS(t)H%// + 023,

for some constants Cy; > 0 (i = 1,2, 3).
Then, we apply Gronwall’s inequality for the inequality (3.3.8), then

rllur (@l + ok (@)1

¢
(3.3.9) Se_cmt(rHakH}zq + kuleq) + / 6_021(t_7)(022||8(T)H%// + Ca3) dr.
0

Since [|ug(t)]|% = |ax(t)|? and [Jwi(t)||% = |Bk(t)[?, this implies T}, does not blow up at
any finite time. We consider the Poincaré map

S Rk-i—l > Rk-i—l _ Rk-i—l > Rk-‘rl’
S(ag, bg) := (ar(T), Br(T)).

We define

1/2 1/2
k k
Br = (an br) = ({15, {b}5_0) € RFH x Ry (Z aﬂ) + (Z bj2) <R
=0 =0

with

o e T (Coals(7) I3 + Caz) dr

2
(3.3.10) R e

Then, it follows that S maps B into itself from (3.3.9). Since S is also continuous,
by Brouwer’s fixed point theorem we conclude that S admits a fixed point (ay, by) =
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S(ag,by) in By for all k € N.

In the following, we denote by u; and wy, the functions defined in (3.3.5) and (3.3.6)
respectively, corresponding to the solutions ay, Si of (3.3.7) with initial values a, bs.
Then, ui(0,2) = ur(T,z) and wi(0,z) = w(T,x). Moreover, we see uy(t + 1T, x) =
uk(t,x) and wi(t + T, z) = wi(t, z) for all t € R by periodically expansion. In the next
step, we would like to pass to the limit & — oo and show the existence of a weak solu-
tion to the original problem (ABDE). To do so, we consider the uniform boundedness.
For the inequality (3.3.9), we take the supremum from ¢t = 0 to ¢ = T, then by using
(3.3.10)

||ukHL°°(0,T;H) + HwkHLoo(o,T;H) < C'31HSHL2(0,T;V') + Cs2,

for some C3; > 0 (i = 1,2). Moreover, for the inequality (3.3.8), integrate from ¢t = 0 to
t =T to get

(3.3.11) ”UkH%%o,T;V) + HukHip(Q) + ”wkH%Q(O,T;H) < C41”3H%2(0,T;V') + Caa.

for some Cy; > 0 (i = 1,2). This implies that there are sub-sequences of {u;};2, and
{wi}32,, for convenience still denoted by {u}7°, and {wy}72,, that converges to u
weakly in L2(0,T; V) N LP(Q) and converges to w weakly in L?(0,T; H).

By construction of the function uj;, and wy,

(Orur (1), ¥e) + alug(t), o) + p (f (uk, wi), Ye)p = v (s(t), Ye)v
(Orwi(t), ¥e) + (g(uk, wi),1be) =0

forall ¢ =0,..., k. Integrate from ¢y to ¢; (0 < tg < t; <T'), then we get

|(ug(t1), o) — (uk(to), )|

t1

= —a(uk, Ye) — p (f (uk, i), Vo) p + v (s, Ye)v AT

<CM'¢;@ </ HukHV + Hf(uka wk)”Lp’(Q)) dr + HSHLQ(to,tl;V’)>
<CM1[1[ <|t1 - tO‘ 1/2 + |t1 t(]|1/p + ||8||L2(t0,t1;V’)) ,
\(wk(fl)» ¢) — (wk(to), ve)|

= —(g(uk, w), ) dr|

to

t1
<urliae | Notusswn)lza dr
to
<Cylts —to["/?
for some C)y,y, independent of ¢y, t; and k, where we use the embedding assumption

(e €)V C LP(Q2), the Schwarz inequality and the inequality 3.3.11. Therefore, it follows
that for any € > 0 there is a § > 0 with

|(ur(t1), ¥e) — (ur(to), Ye)| + [(wk(t1), ¥e) — (wi(to), e)| <e if [t1 —to| <5, k=1,2,....
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This means the families {(u(t), 1) }32, and {(wx(t), ¢¢)} 32, are equicontinuous. Since
{(ug, ) }72, and {(wp, ) }32, are uniform bounded in &, from Ascoli-Arzela’s the-
orem, it follows that the subsequences {(uy(t), 1) }32, and {(wi(t),¥¢)}3, converge
uniformly to continuous functions (u(t), 1) and (w(t), 1) for each fixed ¢. By the Can-
tor diagonalization argument and a density argument, this convergence can be gen-
eralized that for each ¢y € H, {(ux(t),)}72, and {(wg(t), )}, converge uniformly
to continuous functions (u(t), ) and (w(t), ). Therefore, we have u € Cy(T; H) and
w € Cy(T; H).

It remains to show the weak convergence of the nonlinear terms f(uy, wg), g(uk, w).
We first prove u, — u in L?(Q). To do so, we use Friedrich’s inequality, which states
that for any € > 0, there exists J € Nand ¢1, ¢2,...,¢; € H such thatforall U € V, the

following inequality holds
Q

J
1UlF <>
j=1
For Friedrich’s inequality, see e.g. [10]. This inequality with U = u;, — v, the uniform
boundedness of {u;}%°, C L?(0,T;V), and u, — u in Cy,(T; H) implies that uy — u
in L?(Q). Since we have u; — u a.e. in Q and fi, f2, g1 are continuous, fi(uz) —
fi(uw), fa(ug) — fa(u), g1(ur) — g1(u) a.e. in Q are satisfied. We shall show uniform
boundedness in L (Q) for f(uy, w;) and uniform boundedness in L2(Q) for g(uy, wy,),
which implies f(ug, wy) — f(u, w) weakly in L” (Q) and g(uy, wy,) — g(u, w) weakly in
L*(Q). Fortunately, under the Assumption N, it has already been proved in [5, p.477].
Since the functions uy, wy, satisfy that for all ¢, € H'(0,7; H)N L*(0,T; V)N LP(Q) and
all o € WL2(0,T; H),

2
+ | VU ||%.

/0 {(uk, Orp1) — alug, 1) — p (f (uk, wi), p1)p} d7 = —/0 vi(s,1)v AT + (ug(t), p1(t)) — (uk(0), ¢1(0)),
/0 {(wkaat(p2) - (Q(Uk,wk),SOQ)} dr = (wk(t)ﬂOQ(t)) - (wk(0)7@2(0))7

for all ¢ € (0,T"), combining above discussions about the weak convergence, we show
the existence of a weak T-periodic solution. O

3.4 Regularity of weak periodic solution

In this section, we shall show that for the FitzHugh-Nagumo nonlinearities introduced
in Section 3.1 the weak time-periodic solution constructed in the previous section is
actually a strong solution. In order to do so, we first review the global strong well-
posedness result by Colli Franzone and Savaré [11]. After that, we use a weak-strong
uniqueness argument to show the existence of a strong time-periodic solution for (PABDE)
with FitzHugh-Nagumo nonlinearities. In [11], they considered the initial boundary
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value problem for the bidomain equations of the form

Opu — div(o; V) + F(u) + 0w = s, in (0, 00) x £,
Oru + div(oeVue) + F(u) + 0w = —s., in (0,00) x £,
U= U; — U, in (0, 00) x £,
(BDE 1)

ow +yw —nu = 0, in (0,00) x £,
oiVu; -V = g;, 0eVUe -V = ge, in (0, 00) x 092,
u(0) = ug, w(0) = wo, in Q,

with 6, v,n > 0.

Let 7 be a sufficiently large time such that 7 < 7. They regarded the bidomain
equation as the degenerate variational formulation of the form

(Bu) + Au+Fu=L te€(0,T)
(Bu)(0) = ¢,

and constructed the global weak formulation and their regularity.

Let 2 be a Lipschitz domain of RY T := 99, and the measurable function Tie :
Q — Rixd satisfy the uniform ellipticity condition. Assume the nonlinear term F'is a
continuous function with

F(z) — F(y)

(3.4.1) F(0)=0,3\p >0:
r—y

> —Ap, Vr,y € R, withx # y.

Their result is as follows.

Theorem 3.4 (Franzone-Savaré ‘02 [11]). Assume s;. € L*(0,T; H), gi. € W10, T; H-1/2(T))
satisfy s; + se € WH1(0, T; H) and the compatibility condition

[ (5t 50) ot sy 95+ g igagey = 0.
Q
Then for any initial data ug, wo € H, there uniquely exist a couple

Uje € L*(0,T;V), / ue = 0a.et
Q

and

we C([0,T]; H) N L2(0,T;V), dyu € L3, (0,T; H),
F(u(t)) e LY Q) NV ae. t €(0,7),
w, 0w € C([0,T]; H),

which solves the bidomain equation in the sense of

/(8tuu+ —Jpw) dx+/ F(u udx+2/aleVuw Vi, e dz
Q

—I-/wwdx—i-H/ Wi — uw)
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= E / Si,eai,e dx + § H*1/2(I‘) <gi,ey ai,€>H1/2(F)7
- Q -
2,€ i,e

0 0
/ (w(0)ii + Lw(0)i) dz = / (uot + L) da,
Q n Q n
forae. t € (0,T)andall i;. € V x V with [, G dz = 0and 4 = @; — G and w € H.
Moreover if ug € V,ugF (ug) € L*(Q), then

ui. € C([0,T); V), du e L20,T; H), w e C([0,T]; V).
Furthermore they derived the regularity results.

Proposition 3.5. In addition to the assumption in the theorem, suppose that d = 3, and the
nonlinear term F has a cubic growth at infinity, i.e.,
F F
0< limimfﬂ < limsup@ < 400
r

|r|—o0 rs |r|—o0
Then the bidomain equation admits a unique strong solution u; ¢, u, w. Moreover, it satisfies
—div(o;eVue) € L*(0,T; H)

Remark 3.6. Let Q be of class C™!, 0; . be Lipschitz in Q and g; . € L?(0,7; H'/*(T)).
Then by the standard regularity theorem, we see

u; e € L*(0,T; H*(Q)).

Remark 3.7. 1f we look at the function f of the FitzHugh-Nagumo nonlinearity intro-
duced in Section 3.1 as f(u,w) = F(u) + w = u(u — a)(u — 1) + w, then the function
F(u) satisfies the assumptions for the nonlinearity in Proposition 3.5 as well as As-
sumption (3.4.1).

Now, we combine the results from the previous sections to obtain a strong time-
periodic solution for the bidomain equations with FitzHugh-Nagumo type nonlinear-
ities subject to arbitrary large forces. We would like to identify our weak time-periodic
solution (v, z) constructed in Section 3.3 with a strong solution (u,w) to the initial
value problem with initial data v(ty), 2(to) for some ¢, > 0 satisfying v(tp) € V and
f(w(to))v(to) € L'(€). Since || f(v)vl|11(g) < 1f )l e @ llvll 2o(@) with p = 4, this guar-
antees the existence of a ¢y > 0 such that f(v(to))(v(to)) € L*(£). So we can use the
theorem by Colli-Franzone and Savaré for the global strong solution with the initial val-
ues v(tp), z(to). Finally, we show that the weak solution (v, z) coincides with the strong
solution (u, w) and therefore obtain the existence of a strong time-periodic solution. We
follow the approach given in [12].

To be more precise, for given T-time-periodic functions s; . € L?(0,7; H) with s; +
se € WH(0,T; H) and [,(si + se) dz = 0 for a.e. ¢, let (v, z) be a weak T-time-periodic
solution of (PABDE) for s = s; — A;(A; + Ac)~*(si + s.) (€ L*(T; H)) corresponding to
Theorem 3.3. We take t( such that v(ty) € V and v(to) f(v(tg)) € L*(£). Since (v, z) is a
weak T-time-periodic solution, it satisfies that for all ¢, € Wh2(to, T; H)NL*(to, T; V)N
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LY(Q) and all o € W2 (to, T; H),

(3-4-2) {(’U, atgol) - a(v, 901) - (f(U, Z), 901)} dr

to

= / (s(1), p1(7)) AT + (v(2), 91(t)) = (v(to), ¥1(t0));

to

(3.4.3) / {(2,00p2) — (g(v,2),p2)} dT

to

= (Z<t)7 (PQ(t)) - (Z(tO)v @Q(tO))a

forall t € (t9,7), and (v, z) satisfies the following strong energy inequality:

(3.4.4) (EOIFEEGIS +2/t a(v(r) v(r)) dr
+2/t /Qf(U(T)7Z(T))U(T)—i—g(v(T),z(T))z(T) dz dr

t
<lotto) s + (el +2 [ (s(7).0(r)
0
forall t € [to, T].
We next consider the unique global strong solution

(u,w) € (Wh(to, T; H) N L2(to, T; H*(Q))) x C*([to, T); H)

corresponding to the initial-boundary value problem for the bidomain equation with
initial value (v(to), 2(t9)) and T-periodic right-hand side s; . and g; . = 0. In the follow-
ing, we show that the weak solution (v, z) agrees with the strong solution (u, w).

Since (u, w) is a strong solution, it satisfies that for all 7 > tg and all ¢; € W12 (to, T; H)N
L3(to, T; V)N LA(Q) and all ¢ € WH2(to, T; H)

(3.4.5) t {(u,0s¢1) — alu, ¢1) — (f(u,w), ¢1)} dr
= —/t (5(7), ¢1(7)) A7 + (u(t), ¢1(t)) — (v(to), ¢1(t0)),
(3.4.6) /t {(w, B2) — (9(u, w), $o)} dr

= (w(t), ¢2(t)) = (2(t0), P2(to)),

forallt € (t9,T), and (u, w) satisfies the following strong energy identity:
t
G47) (Ol + lwo)l) +2 [ afu(r).u(r) dr
t
u(7), w(r))u(r u(T), w(r))w(r) doe dr
*?Aﬂﬁ((”<”<)+“<)’(”()

ﬁwwm%+wamm%+2/<wﬂmv»dr

to
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Next, denote by

T T
on(t) = /0 gt — Byo(@) AT, zn(t) == /0 Jn(t — D)=(F) di,

T T
un(t) = /0 in(t— Duld) A, wn(t) = /0 in(t — D) di

the (Friedrichs) time-mollifier of v, z, u, and w, respectively, where j, € C°(—h,h),
0 < h < T, is even and positive with [, j;(f) d¢ = 1. Then, as is well known,

(3.4.8)

-
}llig%) ; |von(7) = v(1)||3 dr = 0, esssupycpo 7] l|vn(t)ll2 < esssupyepo 7 lv(t) |2,

(3.4.9)

.
lim ; lun(7) = u(7)|l72 dr =0, esssupyego 7 [un(t)|lv < esssupyepo 7y lu(t)l|v,

(3.4.10)
T T

lim lzn(T) — z(r)||§{ dr =0, lim lwp (1) — w(7)||§{ dr =0.
h—0 0 h—0 0

The weak continuity of v and v implies

(3.4.11) lim (u(2), v (1)) = lim (un(8), (t)) = (u(t), v(1)), ¢ > to,
(3.4.12) lim (w(), (1)) = lim (w3 (8), (6)) = (w(t), 2(1)), ¢ > to

Furthermore since

/ (u, Dpop) dr = — / By, vn) dr + (u(t), vn(8)) — (ulto), vn(to)).

to to

/ (w, yz3) dr = — / (B, 22) dr -+ (w(t), 2 (8)) — (w(to), 2n (o)),

to to

by taking the limit,
t
lim {/ (u, Opvp) + (Opu, vp) dT} = (u(t),v(t)) — Hv(to)H%{
h—0 to

- { / (w0, Buon) + (Do 21) dr} = (w(t), 2()) — [} =(to) .

We now replace ¢ by uy, in (3.4.2), p2 by wy, in (3.4.3), ¢1 by vy, in (3.4.5), and ¢2 by
zp, in (3.4.6). Then, we sum up the resulting equations, pass to the limit 4 — 0, and use
the properties of the time-mollifier mentioned above to obtain

t

{_2(1(“?1)) - (f(vaz)au) - (f(ua w)vv) - (g(v,z),w) - (g(u, w)vz)} dr

to

(3.4.13)
= —/ (s(),u(r) +v(7)) dT + (u(t), v(t)) — [[o(to) | F + (w(t), 2()) — ||2(to) |1 F-

to
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To prove (u,w) = (v, z), we calculate

lu(®) = v(®)l1F + llw(t) — 2(@)l1F + 2/ a(u(r) = v(7),u(r) — (7)) d7

to

— (o) + 1@l +2 | atutr),utr)) ar) + (1@ + 101 +2 [ aulr) o) ar)

to to

t
= 2(u(t),v(t)) = 2(w(?), 2(t)) — 4/ a(u(r),v(r)) dr.
to
For the first two parts, we use the strong energy equality (3.4.7) and the strong energy
inequality (3.4.4), and for the last term, we use the relation (3.4.13). Then, we have

lu®) = v(®)1F + llw(t) — 2117 + 2/t a(u(r) = v(7),u(r) —v(1)) d7

S 2 {(f(vvz)vu) + (f(uvw)vv) - (f(ua w)vu) - (f(v,z),v)

to

+ (g(v,z),w) + (g(u>w)72) - (g(u>w)aw) - (g(v,z),z)} dr

<=2 [ (flww) = Fo,2)u0) + (gl w) ~ glo,2) w —2) dr

to
Here, for the first term we use the Assumption (3.4.1) and Young’s inequality to get

—2/ (f(u,w) — f(v,2),u—v)dr

to

t t
§2)\f/ Hu(T)—v(T)H%{ dT—2/ (w—z,u—v)dr
to

to
t t
§2Af/t lu(r) = v(7)|[7r dr + /t eillw — z||F + Cler)lu — o7 dr
0 0

for some constants ¢;, C(e1) > 0. On the other hand since the function g(u,w) =
—e(ku — w) is linear,

[(g(u,w) = g(v, 2),w = 2)] < C(llu—vlff + [lw — 2|[7)-

for some C' > 0. Therefore, we have

t
lu(®) = v(®)1F + lw(t) = 211 + 2/t a(u(r) = v(7),u(r) — (1)) d7

<€ | (Julr) = v(n)ll + lw(r) = 2(7)llF dr,

for some C' > 0, which is different from the previous constant.
Hence, we are able to apply Gronwall’s lemma to conclude that

u—v=0,w—2z=0a.e.in x [ty, T].

This implies the existence of a strong T-time-periodic solution (u, w) when the source
term s; . is a T-time-periodic function.
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We write down the main theorem of the existence of strong periodic solutions with-
out assuming smallness conditions for the external forces.

Theorem 3.8. Let d = 3, T > 0, and s;. € L*(T; H) with s; + s. € WY(T; H) and
Jo(si+ se) dz = 0 for a.e. t. Let the conductivity matrices o; . satisfy Assumption C and the
nonlinear term F satisfy Assumption (3.4.1) and assume that there exist constants Cy € R and
C1 > 0 such that

(3.4.14) Co+ Cy|ul* < F(u)u

for all w € R. Then for the bidomain equations with FitzHugh—Nagumo type

Owu — div(o;Vu,) + Fu) + w = s;, in (0,00) x £,
Ou + div(oeVue) + F(u) + w = —S$e, in (0, 00) x £,
U= U — Ue, in (0, 00) x €,

Orw — e(ku —w) =0, in (0, 00) x €,

oiVu; v =0, 0.V, -v =0, in (0, 00) x 052,

u(0) = ug, w(0) = wo, in Q,

there exists a strong T-periodic solution

(us,ue) € (WHA(T; H) N L2(T; H*(Q)))? with / ue dz = 0 a.e. t
Q

(u,w) € (WY(T; H) n L*(T; H*(Q)) N LY(T x Q)) x CY(T; H).

Remark 3.9. The Assumption N of the existence of the weak periodic solutions is re-
placed by (3.4.14).

Remark 3.10. We do not treat the ionic models by Rogers—McCulloch and Aliev-Panfilov
due to the lack of a suitable global well-posedness result for the initial value problem
in the L? setting.

3.5 Appendix

In this appendix, we check that the three models introduced in Section 3.1 satisfy the
Assumption N. Since the growth conditions (3.3.2)-(3.3.4) are trivial as p = 4, we con-
firm the condition (5.2.5).
3.5.1 FitzHugh-Nagumo model
The FitzHugh-Nagumo type is

flu,w) =u(u—a)(u—1)+w

g(uv w) = _8(1{;“ - w)
with 0 < a < 1 and k,e > 0. Then, we are able to calculate as follows (r = 1):

fu, wyu + glu, w)yw = u* — (a + 1)u® + au® + vw — ekuw + sw?
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and by

1

(@ + 1)u?| < §u4 + ci1,
1

\auQ\ < §u4 + 1o,

1 €
luw| < §u4 + ZwQ + c13,

Ly, € o
leuw| < e —I—Zw + ¢4,

forsomecy; >0 (i =1,...,4), we have
L4y € 9
J(u,w)u + g(u, w)w > FU + i +c

for some ¢; € R. Therefore, the FitzZHugh-Nagumo model satisfies the Assumption N.

3.5.2 Rogers—-McCulloch model
The Rogers-McCulloch type is

fu,w) =bu(u —a)(u—1) + uw
g(u,w) = —e(ku — w)

with 0 < a < 1and b, k,¢ > 0. Then, we are able to calculate as follows:

rf(u, w)u + g(u, w)w = rbu* — rb(a + 1)u® + rbau® + ru*w — ekuw + ew?

and, based on the calculation

C 72
lrulw| < ?u4 + 2—C2w2,

we choose r, C' > 0 depending on b, ¢, such that

2
C21 Z:Tb—%>0,
2
022::€_Jﬁ>0‘

By

|rb(a + 1)u3| < %u4 + €93,

|rbau?| < %u4 + co4,

C21 4 C22 o
—u + ———w” + o5
6 2 ’

lekuw]| <
for some cg; >0 (i = 3,...,5), we have

rf(u,w)u + g(u, w)w > %u4 + C%UP + o

for some ¢y € R. Therefore, the Rogers-McCulloch model satisfies the Assumption N.
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3.5.3 Aliev-Panfilov model
The modified Aliev—Panfilov type is

fu,w) =bu(u —a)(u—1) + uw
g(u,w) =e(ku(u—1—d) + w)

with 0 < a,d < 1,b,k,e > 0,and b > k. Then, we are able to calculate as follows:

rf (u, w)u + g(u, w)w = rbut + rb(a + 1)u® + rbau® + ru*w + eku’w — ek(1 + d)uw + ew?

and, based on the calculation

C? k)2
|(r + ek)u?w| < ?u4 + (T;Ci;)“ﬂ?
we choose r, C' > 0 depending on b, k, €, such that

2
{031 =7rb— % > 0,

N (r+ek)?
€32 =€ — “Haz > 0.

Here, the assumption b > k is essential. By

¢
Irb(a + 1)u®| < %u4 + ¢33,

Irbau?| < Cg—lu4 + ¢34,
e 4 o

ek (1 + d)uw] < +7w2+035,

for some cz; >0 (i =3,...,5), we have

C31 C32

Tf(uvw)u+g(ua w)w 2 92 + 711}2 + c3

for some c3 € R. Note that we are not able to take c3; (i = 1,2) in the case b = k.
Therefore, the modified Aliev-Panfilov model satisfies the Assumption N.
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Chapter 4

Strong well-posedness for the phase-field Navier—
Stokes equations in the maximal regularity class

In this chapter we study the dynamics of vesicle membranes in incompressible viscous
fluids. We prove existence and uniqueness of the local strong solution for this model
coupling of the Navier-Stokes equations with a phase field equation in an L,-L, setting.
We transform the equation into a quasi-linear parabolic evolution equation and use the
general theory proved by Priiss et al. [16,23,25]. Since the operator and the nonlinear
term are analytic, we have that the solution is real analytic in time and space. At last it
is shown that the variational strict stable solution is exponentially stable, provided the
product of the viscosity coefficient and the mobility constant is large.

Keywords: phase-field Navier-Stokes equations; well-posedness; stability

4.1 Introduction

It is important to understand the deformation of vesicle membranes in a liquid in
many biological and physiological applications. The vesicle contains a liquid and is
surrounded by another liquid. The function of the vesicle is to store and/or trans-
port substances. They are not only essential to the function of cells but also interesting
since they change their shapes such as spheres, discocytes, stomatocytes, tori and dou-
ble tori. These are concrete examples of minimizers of different surface energies, such
as the bending elasticity (Willmore, mean curvature square) energy in the calculus of
variations and its different variations like the general Helfrich energy [2,14,27,34]. We
consider that the equilibrium configurations of vesicle membranes can be characterized
the minimizer of the following Helfrich bending elastic energy of the surface:

Eelastic = / g(H - CO)sta
r

where T is the surface of the vesicle membrane, H is the mean curvature of I, ¢ is
the spontaneous curvature that describes certain physical /chemical difference between
the inside and the outside of the membrane, and k is the bending modulus (bending
rigidity) that depends on the local heterogeneous concentration of the species. Here we
assumed the evolution of the vesicle membrane does not change its topology so that
the energy is simplified. For details, see [9,27,34].
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The model which represent the deformation of the vesicle in a liquid was first con-
structed in [8]. They derived the system of the equations via an energetic variational
approach. In this phase field Navier-Stokes equations, the description of the mem-
brane is given the terms of a phase field function ¢. The labeling function ¢ takes value
+1 inside the vesicle membrane and —1 outside, and the thin transition layer of width
is characterized by a small parameter ¢. The zero level set of ¢ ({z | ¢(x) = 0}) repre-
sents the surface of the vesicle membrane. The fluid is modeled by the incompressible
Navier-Stokes equations in the whole domain containing the inside and outside of the
vesicle.

The phase field approximation of the Helfrich bending elasticity energy is given by
a modified Willmore energy [10]:

2

Bo) = [ o (80t Cotavai-¢) de
Q 2¢ €

The convergence from E.(¢) to Eglastic Was studied in [7,30]. In this chapter, for the

sake of simplicity, we assume that k is a positive constant and ¢y = 0. Since the vesicle

preserves its volume and surface area, we use the penalty formulation about its energy

[27]. These two constraint functionals for the vesicle volume and surface area are given

by
€ 1
Alg)= [ wdn,  Blo)= [ SIV6R + (6 - Vi,
Q (9] £
respectively. The modified energy is formulated in the following form:

B(¢) = Bu(g) + 5Mi[A(g) ~ Apo)]* + 5 Ma[B(p) — Bloo)]

where M; and M5 are two penalty constants and ¢y is the initial phase function.

We consider the phase field Navier—Stokes equations derived from above energy
[8,32]. Let Q C R™ be a bounded C*-domain, the function u be the unknown velocity
tield, the function p be the pressure and ¢ be the phase field function. We denote by
v the fluid viscosity and ~ the mobility coefficient, which are positive constants. The

model is
Ou+ (u-V)u=vAu—Vp+ %Vg@ in [0, 7] x €,
divu =0 in [0,7] x €,

_ SE(p) ;
(PFNS) O+ (u-V)p=—vy 5o in [0,7] x Q,

u=20 on [0,T] x 09,
po=-1, Ap=0 on [0,7T] x 09,
u(0) = up, ©(0) = ¢p in Q,

where

SE(p)
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1 3 2 1
=k <5A290 - EA(@g) - ESOQASO + EASD + ;3(3@5 —4¢° + ‘P)>

+ Mi1[A(p) — A(po)] + M2[B(¢) — B(0)]f ()
= W(p)
= keA%p + L(p)

and

We note that the term aEé—gm = W () is the so-called chemical potential and E.(yp) =
2 [ |f(¢)[?dz. In this chapter as usual we consider the Dirichlet type for the phase
field function ¢ and the no-slip boundary condition for the velocity field u.

The well-posedness of the system has been studied in [6,17,31]. In [6], they proved
the existence of the global weak solution by using the Galerkin method. With a better
regularity assumption on the weak solutions, as in the case of the conventional Navier—
Stokes equations [28], they proved the uniqueness result. In [17], they proved the local
in time existence and uniqueness of the strong solution in an L, framework. The idea
was to rewrite (PFNS) as a semi-linear equation for the Stokes equation coupled with
a parabolic equation whose operator is bi-Laplace operator. However, to estimate the
nonlinear term A%V they needed the higher regularity class for the function ¢ com-
pared with the usual parabolic equation. More precisely, they proved that if ug, ¢
satisfy ug € HY(Q), divug = 0, o + 1 € H>*5(Q) N HL(Q) then (PFNS) has a unique
strong solution

u € Lo(0,T; H2(Q)) N HY(0,T; Ly ()
¢ € Ly(0,T; H5(Q)) N HY(0,T; Hs (Q))

for some T' = T'(||uol| 1, |]@0||H2+%) > 0. In [31] they considered the (PFNS) in a pe-
riodic box and proved existence/uniqueness of strong solutions and some regularity
criteria. Moreover they investigated the stability of the system near local minimizers of
the elastic bending energy by using Lojasiewicz-Simon-type inequality.

The main purpose of this chapter is to study the existence, uniqueness and regular-
ity of the strong solution to (PFNS) in an L,-L, framework as well as their exponential
stability in the n dimension, while papers [6,17,31] are L, setting and n = 3. The main
idea is to consider (PFNS) as a quasi-linear equation not as a semi-linear equation. We
consider the quasi-linear operator A(z)(z = ' (u, ¢)) given by

Alz) = vA —kePB(¢)
B 0 vkeD |’

where A denotes the Stokes operator, D the bi-Laplace operator, P the Helmholtz pro-
jection, and B is given by B(¢)h := A?hV ¢. For the quasi-linear parabolic equation, we
use maximal regularity in a weighted L, spaces and well-posed result proved by Priiss
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et al. [16,23,25]. This quasi-linear approach has already used to analyze nematic liquid
crystal flows [15] and viscoelastic Poiseuille-type flows [12] as pioneering works. We
employ time weight L, spaces:

Lpu(0,T;X) :={2:(0,T) = X | t'""#2 € L,(0,T; X)},
H, ,(0,T;X) = {z € Lyu(0, T; X) N W} (0, T; X) | £ € Ly,u(0, T5 X))},

for p € (1,00), p € (1/p,1] and a Banach space X. The merit of the time weight is
to observe that the class of initial data can be taken larger and the solution regular-
izes instantly in time. Furthermore, we prove the stationary solution (0, ¢*) is ex-
ponentially stable even under including fluid effect if the product of the coefficients
vy is sufficiently large and ¢* is the variational strict stable solution, i.e. p* satisfies
W (¢*) = 0 and (62?(;@ Lo, ) > c||l¢]|32 for some ¢ > 0 and for any ¢ € Hy(Q) satisfy-
ing Yoo = —1, A[sa = 0.
Let us state the main results.

Theorem 4.1 (Local existence and uniqueness of strong solutions). Let p,q € (1,00), it €
(1/p,1] be 3 3 + + 35 < < land assume that

(uo, p0) € By P(Q) x By P(q)

divug =0 in Q,
ug =0 on 012,
wo=—1, Apyg=0 on 0.

Then there exists T = T (HuoHBz(u_l/p), HSDOHBMM—I/;))) > 0 such that the equations (PFNS)
q,p q;p
have a unique strong solution

w€ H) (0,75 Lgo()) N Ly, (0,5 (HZ(Q)"),
€ H}, (0.5 Ly(9)) N Ly,u(0,T; HAQ)),
Vp € Lpu(0,T; (Lg(2))"),

where the interval [0, T) is a maximal time interval of existence. Moreover the solution depends
continuously on ug and ¢g.

Remark 4.2. The condition § + }1; + 55 < p < 1 comes from the embedding exponent

such that B2Y'~1/P)(Q) < C(Q). Note that this condition implies that the embedding
BY(0) = c2(@),

Theorem 4.3. The solution T (u, ¢) in Theorem 4.1 satisfies for each j € N,
[T () € H (0T Ly () % Lo() 0 L0, T (HE@)" x HA
G| L) € H0 T Lo ()  Ly(62)) 0 L0, T ()"  H(@),

Moreover, the solution *'(u, @) is real analytic from (0,T) to (H2(€2))™ x H ().

Remark 4.4. By the scaling techniques in time and space, the maximal regularity and
the implicit function theorem, it is proved that 7 (u, ¢) is real analytic in (0,7 x (2. See
[22] for parabolic equations, and see [24] for Navier-Stokes equations.
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At last we study the stability of the solution near the local minimizers of the elastic
bending energy.

Theorem 4.5. Let p,q € (1,00),p € (1/p,1] satisfy the assumption in Theorem 4.1 and
T(0,¢%) € {0} x H4(Q) be the variational strictly stable solution of (PFNS) i.e. ¢™* satisfies
W(e*) = 0and (6 E(“" Y, ) > cl[¢]|2, for some ¢ > 0 and for any v € Hy3(Q) satisfying
Y|ga = —1,A¢|ag = 0. Then there are ¢ > 0,C > 0 such that for each T (ug, o) €

— A p—
Baly ™) x By ™" (Q) satisfying |[wol| acu-rm + 00 = ¢ acusson < < and for any

v and ~y satisfying vy > C, there exists a unique global solution

{u € H! , 10e(Ri; Lgo () N Ly ptoc(Ros (H2(2))™),
€ H! ,1oe(Ris Lo()) N Ly ytoc(Rs HA(9)).

Furthermore, there is a 3 > 0 such that

Pu € HY \(Rys Lo () N Ly(Rys (HA()™) N Co(Rys (B~ P ()m),
Plp — %) € HY (R Lo()) N Ly (R HA(Q)) N Co(Ra; Bay™ /P (92)).

In particular, the equilibrium T (0, ¢*) is exponentially stable in B24~"/P(Q) x Ba=1/P)(q).

In this chapter we are not able to guarantee the existence of the variational strict
stable solution because of the two penalty terms. In [31] they dealt with the case of
¢ = 0 and other stability result.

4.2 General theory for quasi-linear evolution equations

We explain the theory of the quasi-linear parabolic equation via the maximal regularity.
For details we refer the papers [16,23]. See also [25].

Let X and X; be Banach spaces such that X; <i> Xy, i.e. X is continuously and
densely embedded in Xy. Let T" > 0 or T" = oo. For a closed linear operator A in X, we
say A has the property of the maximal L,, ,-regularity, for short A € MR, ,(X1, Xo), if
foreach f € L, ,,(0,T; Xo) there exists a unique solution u € H;#(o, T; Xo)NLyp,u (0,75 X1)
of the linear problem @ + Au = f (¢ € (0,7")) with initial value u(0) = 0. For classical
case u = 1, denote A € MR, (X1, Xo). In [16,23] it was proved that

Ae MRy, (X1,Xo) & Aec MRy(X1,Xo)  Vpe(l,00),pu€(1/p,1],
and, concerning nontrivial initial data, if A € MR, (X, X() then

Ae MRp“u(Xl, Xo) S Vfe Lp”u(O,T; Xg) Yug € X’y,,m
Nu € Hy ,(0,T; X0) N Ly (0,T; X1) st @+ Au= f (£ € (0,T)),u(0) = up,

where X, , := (Xo, X1),-1/p,p is the trace space for p € (1,00) and p € (1/p, 1]. For
trace spaces, see also [21]. The case ;» = 1, denote X, := X, ;
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We consider the following quasi-linear parabolic equation (QL):

QL) {z’:(t) + A(z(t))z(t) = F(2(t))  te(0,T),

Here we impose regularity assumptions
(A-) A € Lipyoe(Xy 5 £(X1, Xo0)), (F-) F € Lip;p.(Xy,; Xo)

and zy € X, , forp € (1,00), 1 € (1/p,1]. By L(X1, Xo) we denote the set of all bounded
linear operator from X; to Xy. We now give existence and uniqueness results for (QL).
Local in time existence and uniqueness of (QL) was shown by Clément and Li [3] in the
case 1 = 1 and by Kéhne, Priiss and Wilke [16] for the case i1 € (1/p, 1].

Proposition 4.6. Let 1 < p < oo, i € (1/p, 1], z0 € X, and suppose that the assumption
(A-), (F-) and A(z9) € MRy(X1, Xo) are satisfied. Then, there exists a > 0, such that (QL)
admits a unique solution z on J = |0, a] in the reqularity class

z € H, ,(J; X0) N Ly u(J; X1) = C(J; X)) N C((0, a]; X5).

The solution depends continuously on 2z, and can be extended to a maximal interval of existence
J(z0) = 10,7 (20)).

Smoothing effects often appear in parabolic problems. The parameter trick method
by Angenent [1] is well known. A similar method has already been used in the study
of Navier-Stokes equation in [19,20]. We state the regularity of the solution of (QL) in
terms of the regularity of A and F.

We use the following notation to state two propositions:

(Ap) A € C*(X, .5 L(X1, X)), (Fy) F € C* (X, ; Xo)

for k € NU {oo,w}, where the index w refers to real analyticity.

Let us recall the definition of the real analytic between Banach spaces [33]. Suppose
X,Y are two Banach spaces. We say the operator 7' : X — Y is analytic if for any
xo € X there exists a small neighborhood of zy such that

T(zo+h) — T(xo) = »_ Tulxo)(hy--- k) VhEX, |hx <r<1.

n>1

Here T;,(z) is a continuous symmetrical n-linear operator on X" — Y and satisfies

D N Tn(@o)llcexn 1R 1% < oo

n>1

Proposition 4.7. Let 1 < p < oo, p € (1/p, 1], z0 € X4, k € NU {00, w} and suppose that
the assumption (Ay), (Fi) and A(zo) € MRy(X1, Xo) are satisfied. Let z be the solution in
Proposition 4.6 and assume A(z(t)) € MRy(X1, Xo) forallt € J. Then

Td1?
t [dt] z € H;’H(J;Xo) N Ly . (J; X1), i<k
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Furthermore, if k = oo then z € C*°(J; X1), and if k = w then z € C¥(J; X1).

If we impose the Fréchet differentiability of A and F, then the solution exists glob-
ally provided the initial data is close to an equilibrium point, see [22] for the case 1 =1,
and [16] for the case i € (1/p, 1]. Let £ := {z € X; | A(2)z = F(z)} be the equilibria of
(QL) and Ay be the linearization of (QL) at z* € &, i.e.

Agw = A" w + (A (z*)w)2* — F'(2%)w, w € X;.

We denote the spectrum of the operator A by o(A) and denote the resolvent set of the
operator A by p(A).

Proposition 4.8. Let 1 < p < oo, pn € (1/p, 1] and z* € € be A(z*) € MR,(X1,Xo) on Ry
and the assumptions (Ay) and (F) are satisfied. Suppose that o(Ag) C {A € C | Re A > 0}.
Then there is € > 0 such that for each zy € B.(z*) C X, , there exists a unique global solution

z € H;u 1oc(R43 X0) N Ly 10c(Ry; X1) of (QL). Furthermore, there is a 3 > 0 such that

(= — 2*) € H} \(Ro5 X0) N Lyyu(Ros X1) N Co(Rys X 0)-
In particular, the equilibrium z* is exponentially stable in X, ,.

In this proposition, the constant ¢ > 0 depends only on the maximal regularity
constant of Ay and the local Lipschitz constants of A and F. Here Cy(R4; X, ,,) is the
space of X, ,-valued continuous function vanishing at the time-infinity.

4.3 Quasilinear Approach for the phase-field Navier-Stokes equa-
tions

4.3.1 Quasilinear formulation

In this section we transform (PFNS) into quasi-linear evolution equations for the un-
known z = T(u, ¢). Let 1 < ¢ < oo and Q C R” be a bounded C*-domain. We choose
the Banach space

Xo 1= Ly (Q) x Lg(9).

As usual, L +(12) is the subspace of (L,(£2))" consisting of solenoidal vector fields. We
denote by P : (L4(Q2))" — L4 +(Q2) the Helmholtz projection and the Stokes operator
Ay i D(Ay) = Lgo(), where D(Ay) = {u € (HZ(2)" N Lgo(Q) | u = 0a.e. on 0},
A, = —PA. The maximal L -regularity result for the Stokes operator A, is well-known;
see e.g. [11,13]. The bi-Laplace operator D, in L,(?) is defined by D, = A? with the
domain D(D,) = {¢ € H;l(Q) | $ = A¢ = 0 a.e. on 9Q}. The maximal L -regularity re-
sult for bi-Laplace operator D, is also well-known; see e.g. [13]. We choose the Banach
space

X1 := D(Ag) x D(Dy),

d
equipped with its canonical norms. Then X; — Xj.
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For we treat (PFNS) as the quasi-linear equation, we define the operator

Az) = vA; —kePBy(¢)
2= 0 vkeDy )’

where the operator B, is given by B,(¢)h := A?hV¢. Let ¢ = ¢ + 1 and apply the
Helmholtz projection P to the first equation in (PFNS), then we are able to rewrite
(PENS) of the form:

d [ “P((u-V)u) +P(L(¢ — 1)Ve)
—z+ A(2)z F(z)-( (- V) — L6 — 1)

dt
e 0 up
Z(O)_ZO'_<¢0> (ﬁpo+1>

We show the A(z) has the property of maximal regularity for each z € X, , and as-
sumptions (A, ) and (F,). We have that B,(¢) : D(Dy) — (Lq(Q2))" is bounded for
each ¢ € C1(Q) and the map ¢ — PB,(¢) is real analytic. So A(z) € C¥(L,,(Q) x
CY(Q), L(X1, Xo)). By the tri-diagonal structure of A(z) and by the regularity of B, one
can easily see that A(z) € MR, (X1, Xo) for each 2z = T(u,¢) € L, ,(Q) x CHQ). In-
vA, 0

0 ~keD,
take T'(@1, ¢) € Hl(O T; Xo) N L,(0,T; X1) which is the solution of

d 0 a\ [ fA+kePBy(¢)d
i) (78 ) (2) (7)) v

0
where ¢ is the solution of

{;t(b—i— kveDyp =g  te(0,7),
$(0) = 0.

) te (0,7),
(%)

deed, from € MR, (X1, Xp), for any T(f,9) € L,(0,T;Xp), we can

S

T

Note that kePB,(¢)¢ € L,(0,T; Ly (Q)) for each ¢ € C'(Q) and ¢ = ¢. This implies
that for any 7(f,g) € L,(0,T; X), we can take 7 (i, gb) € H;(O,T, Xo) N Ly(0,T; X1)
which is the solution of

d [ @ vA, —kePBy(¢) w\ [ f
(2% (2)-() oo
()o=(2)

So A(z) € MR,(X1, Xo) for each z = T(u, ¢) € L, ,(Q) x CHQ).

-
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The nonlinear term F is also real analytic from (C*(Q))" x C?(2) into X,. If we get
X\ 0= (CHQ)" x C%(Q), then (A,) and (F,) hold. The space X, , is given by

X’Y,M = (X(]le)/J—l/p,p = D.Aq(:u - 1/p7p) X DDq(M - 1/p)p)a

provided p € (1,00) and p € (1/p,1]; see [18,21]. Here D4, (0,p) is the real in-
terpolation (Lg(€2), D(Ay))s,» and Dp, (0,p) = (Lg(2), D(Dy))s,,- We need to con-
sider two embedding exponent, one is D4, (n — 1/p,p) < (C'(Q))" and the other is
Dp,(n—1/p,p) = C*(Q):

1 1 n

- - _ < o 1777,‘
st tg kS 1= Da,(p—1/p,p) = (C°(Q))
Ll <15 Do (= 1/pp) = CXQ)
R D, (1t —1/p,p :

Note that 5 + 5 + £ < § + 1 + -
Under the condition % + g—i- 2% < p < 1, we can characterize the interpolation spaces
by Besov spaces:
w€ Da,(p—1/p,p) & ue (BEUP(Q))" N Ly »(Q), u=0, ae. ondQ,
¢ € Dp,(n—1/p,p) < ¢ € Bfi(;*l/p)(ﬁ), ¢ =A¢ =0, a.e. on 0f2.
For Besov spaces, see [29].

We are ready to prove well-posedness results in Section 4.1. The proof is based on
propositions in Section 4.2.

Proof of Theorem 4.1. We transformed (PFNS) into the quasi-linear parabolic equation
(*). The condition zy € X, is equivalent to the conditions in Theorem 4.1 and A(z) €
MR, (X1, Xp). So we are able to apply Proposition 4.6. O

Proof of Theorem 4.3. We have already checked the conditions (A,), (F,,). Since the so-
lution 2(t) € X, for all t € J, assumptions in Proposition 4.7 are satisfied. O

4.3.2 Spectral analysis of the linearized operator

In order to prove the stability result of Theorem 4.5, we calculate the linearized operator
near the local minimizers of the elastic bending energy. The equilibria £ is the set

E={"="(0,¢") € X1 | W(¢" —1) =0}.

The linearized operator A at z* is given by Agw = A(z*)z + (A’ (z*)w)z* — F'(z*)w for
w = T(wy,ws) € X;. By direct calculation

o [ —VPA —keP(A%-Vo*)
Al )w = ( 0 vkeA? >

_ 2. v
(A=) = (8 heB(82 ) ) (ﬁ)
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[ 0 —keP(A2¢*V")
“\o 0o )"

—C(¢") —G(¢*) |

where the linear operator C'(¢*) and G(¢*) is defined as follows:

C(¢")wr = (w1 - V)"

G(¢*)w2 = Gl(gb*)wg + My /{; waodx

0 {700 1) [ 700" = Duade + Galo)n
and
G1(¢" )ws
:—f{( (¢* — 1) — 2) Awg + 6V ((¢* — 1)) - Vawy
+(BA((¢" = 1)%) +6(¢" — 1)Ad" + (15(¢" — 1>4 —12(6" = 1)* + 1)) wa}
Gal6Jw2 = [B(8" ~ 1)~ Blon — 1) {~thwa+ 1 (36" - 1~ D un |

Therefore the linearized operator A is

A [ VPA P ((keA? +G(¢Y) - VoY)
T\ e Y(keA2 +G(g%) |

P E(¢*)
592
rewritten as

VA _Pp 52E(¢ ng*
Ay = ( Cq (555 752E(¢)) Do) = Didg) x D(Dy).
q

502

Since = keA? + G(¢*), the realization of this operator Aj in L? spaces can be

where C;, = C(¢*) with the domain D(C,) = L, ().
From now we show that 0(4g) C {A € C | ReA > 0}. Denote ¥,y := {\ =
re ¢ C\ {0} | r > M,n < |0|} for some M > 0 and € (0,7/2), and denote

Cy:={Ae€C|ReA>0}andC_:={A € C|ReX <0}

Lemma 4.9. Assume that there exists ¢ > 0 such that for all ¢y € D(Dy), (‘SQE(d’*)w, w) >

562
c|¢||2,. Then o (5 by >) cC,

Proof. We consider that G(¢*) is a lower order perturbation of keA%. Then for any
0 < n < 7/2, there exists M > 0 such that ¥, s C p(éQEdEf*)). Fix Ao € ,0(52?(;?*)).

From compactness of the operator (g — 52?@525 ) )~! and Fredholm theory, we have the

injection of the operator A — 52?{;3’ ) implies A € p(52E(¢*) ). Let ¢ € D(D,) satisfy (A —

592
%W = 0. We may assume ¢» € D(D,). In fact, the boundedness of {2 implies that
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D(D,) C D(D3), when 2 < g < co. On the other hand, when 1 < ¢ < 2, by the Sobolev
embedding theorem and bootstrap argument for the equation (A4Xg— o iigf ) Y = Aoth,

we see that ¢ € D(D5). From (A — 52?(;?*))1/; = 0, we see
§°E(¢%)
Rl — (e 206 =0
and, from the assumption on 52?(;? ") we see 1 =0when X € C_. O

Remark 4.10. We have the following resolvent estimate for the operator 52?(;? 0.

< C, (VA€ Sy0).
£(La(@))

PE$Y) (@)
697 <_ 692 >

Theorem 4.11. Assume that there exists ¢ > 0 such that for all ) € D(D3), (525E£f*)¢, 1/)) >

c||¢||32. Then there exists C = Cy» > 0 such that if v and ~ satisfy vy > C then o(Ag) C Cy.

Proof. By the similar method of Lemma 4.9, it suffices that (A — A¢)z =0 (2 = T (u, ¢) €
X1) implies z = 0 for A € C_. The second equation of this resolvent equation

§%E(¢*
A=—vA)u+P ( 6(;555 )¢V¢*> =0

_%u+<A—7yEWﬂ>¢:O

52

derives

52E ¢* 52E ¢* -1 . 62E ¢* .
_p< @2)<»~y5;)> CWV¢>+P< 5;)¢v¢>=0

By subtracting the first equation,

52E * 52E * -1
</\—VAq+IP’< 6;5))<)\_7 6(;55))) Cq-ngS*))u:O.

We use the perturbation theory of the generator of analytic semigroups. The calculation

* % -1
. (52E<¢> ) <A_762E<¢ >> cq.w) .

552 342 )
o |92E(¢%) SPE(¢*)\ !
SN R <A—V o ) Cou
q
<Vl sup || B (A - 52E(¢*>)1 L)
>~ ) )\667 5¢2 5¢2 E(Lq) ol q
. 2 E(¢") S2E(*)\ ! 1
2
<Iverl s | (3 - 28T 5l
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. §2E(¢* §2B(¢*)\ 1
<c1vsrl swp |5 (-5 0) | il
AeC_ E(Lq) g
1
< *
<Cy WHI/AquIIq

* * -1
implies that if vy is sufficiently large, then P (52%? ) </\ - 752%5’)) Cy - Vqﬁ*) is

small perturbation of vA,. So from A € C_ C p(rA,), we have

52E(¢* 52B(¢*)\ .
AEp(u%L;‘IP’( (5;?)()\_7 5;55)) Cq.V¢>>

and then v = 0. By lemma 4.9, ¢ = 0. It concludes that o(A) C C;.. O

Proof of Theorem 4.5. Since ¢* = ¢* — 1, the proof is straightly based on Proposition
4.8. O



References

[1] S.B. Angenent, Nonlinear analytic semiflows, Proc. Roy. Soc. Edinburgh Sect. A, 115(1-2) , 91-107,
1990.

[2] P.B.Canham, The minimum energy of bending as a possible explanation of the biconcave shape of
the human red blood cell, Journal of theoretical biology, 26(1), 61IN777-76IN881, 1970.

[3] P. Clément, S. Li, Abstract parabolic quasilinear equations and application to a groundwater flow
problem, Adv. Math. Sci. Appl., 3, 17-32, 1993 /94.

[4] R. Denk, M. Hieber, J. Priiss, R-boundedness, Fourier multipliers and problems of elliptic and
parabolic type, Mem. Amer. Math. Soc., 166(788) viii+114, 2003.

[5] R. Denk, M. Hieber, J. Priiss, Optimal L?-L?-estimates for parabolic boundary value problems with
inhomogeneous data, Math. Z., 257(1), 193-224, 2007.

[6] Q.Du, M. Li, C. Liu, Chun, Analysis of a phase field Navier-Stokes vesicle-fluid interaction model,
Discrete Contin. Dyn. Syst. Ser. B, 8(3), 539-556, 2007.

[7] Q.Du,C.Liu, R. Ryham, X. Wang, A phase field formulation of the Willmore problem, Nonlinearity,
18(3), 1249-1267, 2005.

[8] Q.Du, C. Liu, R. Ryham, X. Wang, Energetic variational approaches in modeling vesicle and fluid
interactions, Phys. D, 238(9-10), 923-930, 2009.

[9] Q.Du,C. Liu, R. Ryham, X. Wang, Diffuse interface energies capturing the Euler number: Relaxation
and renomalization, Communications in Mathematical Sciences, 5(1), 233-242, 2007.

[10] Q. Du, C. Liu, X. Wang A phase field approach in the numerical study of the elastic bending energy
for vesicle membranes, Journal of Computational Physics, 198(2), 450-468, 2004.

[11] M. Geissert, M. Hess, M. Hieber, C. Schwarz, K. Stavrakidis, Maximal L”-L?-estimates for the Stokes
equation: a short proof of Solonnikov’s theorem, J. Math. Fluid Mech., 12(1), 47-60, 2010.

[12] Y. Giga, ]J. Sauer, K. Schade, Strong stability of 2D viscoelastic Poiseuille-type flows, Adv. in Math.
Sci and Appl. to appear.

[13] Y. Giga, Domains of fractional powers of the Stokes operator in L, spaces, Arch. Rational Mech.
Anal,, 89(3), 251-265, 1985.

[14] W. Helfrich, Elastic properties of lipid bilayers: theory and possible experiments, Zeitschrift fiir
Naturforschung C, 28(11-12), 693-703, 1973.

[15] M. Hieber, M. Nesensohn, J. Priiss, K. Schade, Dynamics of nematic liquid crystal flows: the quasi-
linear approach, Ann. Inst. H. Poincaré Anal. Non Linéaire, 33(2), 397-408, 2016.

[16] M. Kohne, J. Priiss, M. Wilke, On quasilinear parabolic evolution equations in weighted L,-spaces,
J. Evol. Eq., 10(2), 443463, 2010.

[17] Y. Liu, T. Takahashi, M. Tucsnak, Strong solutions for a phase field Navier-Stokes vesicle-fluid inter-
action model, J. Math. Fluid Mech.,14(1), 177-195, 2012.

[18] A.Lunardi, Interpolation theory, Appunti. Scuola Normale Superiore di Pisa (Nuova Serie). [Lecture
Notes. Scuola Normale Superiore di Pisa (New Series)] Second edition, Edizioni della Normale, Pisa,
2009.

[19] M. Masuda, On the analyticity and the unique continuation theorem for solutions of the Navier-
Stokes equation, Proc. Japan Acad., 43, 827-832, 1967.

93



Strong well-posedness for the phase-field Navier—Stokes equations in the maximal reqularity
class 94

[20] K.Masuda, On the regularity of solutions of the nonstationary Navier-Stokes equations, Approxima-
tion methods for Navier-Stokes problems (Proc. Sympos., Univ. Paderborn, Paderborn, 1979), Lecture
Notes in Math., 771, 360-370, 1980.

[21] M. Meyries, R. Schnaubelt, Interpolation, embeddings and traces of anisotropic fractional Sobolev
spaces with temporal weights, J. Funct. Anal.,262(3), 1200-1229, 2012.

[22] J. Priiss, Jan, Maximal regularity for evolution equations in L,-spaces, Conf. Semin. Mat. Univ. Bari,
285, 1-39, 2002.

[23] ]. Priiss, G. Simonett, Maximal regularity for evolution equations in weighted L,-spaces, Arch. Math.
(Basel), 82(5), 415431, 2004.

[24] , ]. Priiss, G. Simonett, Analytic solutions for the two-phase Navier-Stokes equations with surface
tension and gravity, Parabolic problems, Progr. Nonlinear Differential Equations Appl., 80, 507-540,
2011.

[25] J. Priiss, G. Simonett, Moving interfaces and quasilinear parabolic evolution equations, Monographs
in Mathematics, Birkhéduser/Springer, [Cham], 105, 2016.

[26] ]. Priiss, G. Simonett, Gieri, R. Zacher, On convergence of solutions to equilibria for quasilinear
parabolic problems, ]. Differential Equations, 246(10), 3902-3931, 2009.

[27] U. Seifert, R. Lipowsky, Morphology of vesicles, Handbook of biological physics, 1 403—464, 1995.

[28] R. Temam, Navier-Stokes equations, Theory and numerical analysis, Reprint of the 1984 edition,
2001.

[29] H. Triebel, Interpolation theory, function spaces, differential operators, second edition. Johann
Ambrosius Barth, Heidelberg, 1995.

[30] X. Wang, Asymptotic analysis of phase field formulations of bending elasticity models, SIAM J.
Math. Anal., 39(5), 1367-1401, 2008.

[31] H. Wu, X. Xu, Strong solutions, global regularity, and stability of a hydrodynamic system modeling
vesicle and fluid interactions, SIAM J. Math. Anal.,45(1), 181-214, 2013.

[32] P.Yue,]. Feng, C. Liu, J. Shen, A diffuse-interface method for simulating two-phase flows of complex
fluids, J. Fluid Mech., 515, 293-317, 2004.

[33] E.Zeidler, Nonlinear functional analysis and its applications. I, Springer-Verlag, New York, 1986.

[34] C.Zhong, O. Yang, L. Ji-Xing, X. Yu-Zhang Geometric methods in the elastic theory of membranes
in liquid crystal phases, Vol. 2, World Scientific, 2 1999.



Chapter 5

Global well-posedness for a Cahn-Hilliard equa-
tion on bounded domains with permeable and
non-permeable walls in maximal regularity spaces

We consider the strong solution of the Cahn-Hilliard equation on bounded domains
with permeable and non-permeable walls in maximal L, regularity spaces. From the
maximal L, regularity result of the linear equation with the dynamic boundary con-
dition, the fixed point theorem and a priori estimate, we prove that the solution exists
uniquely and globally in time

Keywords: Cahn-Hilliard equation, dynamic boundary condition, global well-posedness,
maximal L, regularity

5.1 Introduction

Let 0 < T < oo be a some fixed time, Q@ C R™ (n > 2) be a bounded domain whose
boundary I' := 092 is smooth. Denote J := (0,7), Q := J x Qand ¥ := J x I". We
consider the following Cahn-Hilliard equation

(5.1.1) ou—Ap=0 in Q,
(5.1.2) p=—Au+ F'(u) in Q.

Here u is the order parameter, ;s and F are the chemical and physical potentials, respec-
tively. In this chapter we consider one of following two boundary conditions:

(5.1.3) Ap+bo,u+cu=0 on Y,
(5.1.4) — aAru+ dyu+ G'(u) = p/b on X,
or

(5.1.5) Ap+bo,pu — cArp =0 on %,
(5.1.6) — aAru+ Ou+ G'(u) = u/b on Y.

The first one appears the case that the domain has porous (permeable) walls and the
second one corresponds to non-permeable walls.
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In the boundary conditions, «, b, c are positive constants, Ar is the Laplace-Beltrami
operator on I, v is the unit outward normal vector to I' and G is the nonlinear term
which comes from the surface energy. A typical example of F' and G are F(u) =
(1/4)(u? — 1)? and G(u) = (gs/2)u® — hsu with g > 0,hs # 0. We also treat the
case ¢ = 0 in subsection 5.2.4.

Our aim of this chapter is to prove existence and uniqueness of this Cahn-Hilliard
equation with these boundary conditions in maximal L, spaces for 1 < p < oc. So far,
the study of the Cahn-Hilliard equation has been considered in L, frameworks. The
L, approach has been done by the papers [18,19] but only for the classical dynamic
boundary condition. In the last decades, other type of boundary conditions has been
considered and discussed in Ly frameworks. See the next paragraph for the previous
works. However, as far as we know, the study of L, frameworks has not been treated
under our boundary conditions yet. In this chapter we fill this gap by a simple ap-
proach using the linear theory of abstract parabolic equations constructed in the paper
[5]. The authors considered the equations called relaxation type, which contains our
linearized Cahn-Hilliard equation with the boundary conditions we consider. So we
obtain the maximal L, regularity result on the linearized equations. For the nonlinear
Cahn-Hilliard equation (5.1.1)=(5.1.2) on permeable walls (5.1.3)—(5.1.4) and on non-
permeable walls (5.1.5)—(5.1.6), we prove local existence and uniqueness of solutions
by fixed point argument. The key is to show the contraction property of non-linear
term by restricting a small time interval and taking exponent p large, see Proposition
5.4 and Proposition 5.10. To extend global solutions, we use energy estimates from in-
tegration by parts. Combining with a priori estimates, we claim that the unique local
solution does not blow up at any time, which means the solution is a global solution.

The Cahn-Hilliard equation is known as describing the spinodal decomposition of
binary mixtures, which we can see in the cooling processes of alloys, glasses or poly-
mer mixtures (see [1,13,16,17]). For the study of the Cahn-Hilliard equation, various
boundary conditions has been considered. At first, we would like to mention the fol-
lowing usual boundary conditions:

(5.1.7) Oyp =10 on X,
(5.1.8) ou=0 on Y.

The condition (5.1.7) derives that the total mass [, udx does not change for all time
t > 0. The other condition (5.1.8) is called the variational boundary condition since it
derives that the following bulk free energy

(5.1.9) Eq(u) ::/QGNU\MF(U)) dzx

does not increase with (5.1.7). For the Cahn-Hilliard equation (5.1.1)—(5.1.2) with (5.1.7)—
(5.1.8), the global well-posedness result and large time behavior were constructed. See
[6,21,22].
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However, in [13] it was proposed by physicists that one should add the following
surface free energy

(5.1.10) Br(u) = /F (§1vruf +Gw) ds

to the bulk free energy Eq(u), where Vr is the surface gradient. Together with the
no-flux boundary condition (5.1.7), the total energy E(u) = Eq(u) + Er(u) makes non-
increasing when the dynamic boundary condition

(5.1.11) alAru — Oyu + G'(u) = Fiut on Y,
is posed, with some I's > 0. For this problem, see e.g., [3,18,20,23]. We would like to
mention the paper [18]. The authors of [18] obtained results on the maximal L,, regular-
ity of the solution and asymptotic behavior of the solution of this problem. Moreover
it has shown the existence of a global attractor. These results was extended to the non-
isothermal setting by a similar maximal regularity result in [19].

The Wentzell boundary condition (5.1.3) we would like to study was proposed in
the paper [8]. Thanks to the boundary condition (5.1.4), the total energy E(u) is non-

increasing:
d 2 ¢ 2
(5.1.12) —Eu(t) =— [ |Vul*de — - [ p*dS <0 (t>0).
dt Q b Jr
Since %( Joudz + [ u%) = —cfp u%, the case ¢ = 0 corresponds to the case of the

conservation of the total mass in the bulk and on the boundary. In the paper [8] the
existence and uniqueness of a global solution were proved via the Caginalp type equa-
tion, which is the similar method in [20]. Later in [9], these results were extended under
more general assumptions. In the papers [23](c > 0) and [10](c = 0), it was shown that
each solution of this model converges to a steady state as time goes to infinity and their
convergence rate by using Lojasiewicz-Simon inequality.

In contrast to permeable walls, recently, the Cahn-Hilliard equation (5.1.1)—(5.1.2)
with (5.1.5)—(5.1.6) in the non-permeable walls was considered, e.g., [2,11,12]. The first
boundary condition (5.1.5) represents the Cahn-Hilliard equation on the boundary I'.
The second boundary condition (5.1.6) called the variational boundary condition (5.1.4)
leads non-increasing for E(u). In this system, [, udz+ |, u% is constant. The existence
and uniqueness of weak solutions and their asymptotic behavior were shown in [12].
The well-posedness results for this equation with singular potentials in [4] and numer-
ical results in [7] were also studied. More recently, another boundary condition was
proposed in [14] via an energetic variational approach that combines the least action
principle and Onsager’s principle of maximum energy dissipation.

In this chapter we prove the global existence and uniqueness of the Cahn-Hilliard
equation on permeable and non-permeable walls in maximal L, regularity spaces. This
article is organized as follows. In Section 5.2, we study the equation on permeable
walls. In subsection 5.2.1, we give the linear theory. We use the general theory of
maximal regularity of relaxation type proved by Denk-Priiss—Zacher [5]. We collect
their result in Appendix A and apply it for the Cahn-Hilliard equation on permeable
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walls in Appendix B. In subsection 5.2.2, we give local well-popsedness of this equation
by using usual fixed point argument. The estimate we use is essentially based on the
paper in [19]. In subsection 5.2.3, we extend this local solution to the global solution
by a energy estimate and a priori estimate. In subsection 5.2.4, we focus on the case
¢ = 0 in the boundary condition (5.1.3). Since the estimates used in subsection 5.2.3
are different from the case ¢ > 0, we calculate the case ¢ = 0 again. We are able to
get existence and uniqueness result as well. In Section 5.3, we study the equation on
non-permeable walls. The strategy for non-permeable walls is almost same as Section
5.2, so we show a few estimates and give some comment, then we state our results.

Before we study the Cahn-Hilliard equation, we would like to mention about the
equation on the boundary. In this chapter we distinguish u, 2 in the domain and ur, pr
on the boundary, but u|r = ur, u|r = pr, where “|r” is the trace operator on the bound-
ary I'. Moreover for the boundary condition (5.1.3) and (5.1.5), we replace (Ap)|r with
Our since Jyu = Ap in the domain 2. So the equations we analyze are as follows

Ou=Ap, p=-—-Au-+ F'(u) in Q,
Opur 4+ boypn + cur =0,  —aArur + dyu + G'(ur) = 5 on X,
ulp =ur, plr = pr on 2,

u(0)=ug inQ, wur(0)=wur onl.

and
Ou=Ap, p=—Au+ F'(u) in Q,
Ogur + b0, — cArpr =0,  —alArur + dyu+ G'(ur) = B¢ on X,
ulr = up, plr = pr on X,

u(0)=ugp inQ, wur(0)=wupr onl.

Here note that the unknown functions are u and ur. We do not use the functions p and
pur except for energy estimates.

Throughout this chapter, we use fractional Sobolev space W,/(J, X) for a Banach
space X, s € R>g\Nand 1 < p < oo, which is characterize as follows. Let [s] € NU {0}
and {s} € (0,1) be s = [s] + {s}. Then by using real interpolation method, it is

Wy (J.X) = (WP, X0, W (], X0) 4y
Similarly, Besov space is defined as follows.
B ,(Q) == (WF(Q), W) 5}

To treat nonlinear term, let C™~ (R)(m € N) be the space of all functions f € C™ }(R)
such that 0 f is Lipschitz continuous for each |a| = m.

5.2 A Cahn-Hilliard equation on permeable walls



Global well-posedness for a Cahn—Hilliard equation on bounded domains with permeable and
non-permeable walls in maximal regularity spaces 99

5.2.1 The linear theory

In this section we study the following linearized equation of the form

O+ A%v = f in Q,
(%) dpur — b0, Av + bed,v — abcArvr = g on X,
*

vlp =vr, —(Av)|r —bdyv+ abArur = h on %,

v(0) =v9 inQ, wvp(0)=vor onl.

Here the functions f, g, h, v, vor are given and v, vr are unknown. Since this lin-
earized equation is included in the general framework studied by [5], we collect and
write down these results in Appendix A, and apply it in Appendix B. Then we get the
following linear theory.

Theorem 5.1. Let Q C R™ be a bounded domain of class C* and 1 < p < cobep # 5/4,5/2, 5.
Let ko = 1/4 —1/(4p), k1 = 1/2 — 1/(4p). Then the linearized Cahn—Hilliard equation (x)
admits a unique solution

(v,0r) € Z x Zp = (W, (J, Lp(€)) N Ly(J, W, ()
x (W50 (T, L (T)) N WL(J, W20 (T')) N Ly (J, W+ (T)))
if and only if

(f,g.h) € X xYy x Y
= Ly(J Lp(Q)) x (W (J, Ly(D)) 1 Ly(J, WH(T)))
X (W (J, Lp(I) 0 Ly (J, W (I))),
(vo,vor) € 7Z x wZp = By P(Q) x By tP(I),

and the compatibility conditions

U0|F:U0F onI if p>5/4,
— (AU())|F — bd,vor + abArver = h‘tzo onT if p > 5/2,
gli=o0 + b0, Avy — bcdyvg + abeArvor € B;;f”/p(r) if p>05h.

are satisfied.

Remark 5.2. 1f we use time weighted L, maximal regularity result, then we are able to
relax the compatibility conditions while the regularity class of the solution for ¢ > 0 is
same, see [15].
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5.2.2 Local well-posedness

In this section we prove the local well-posedness for the Cahn-Hilliard equation on
permeable walls

Ou + A%u = AF' (u) + f in Q,
(CH) dyur — b0, Au + bedy,u — abeArur = —bd, F'(u) — beG' (ur) + g on X,
pet ulp =up, —(Au)|r —bdyu+ abArur = —F'(u)|r + bG' (ur) on X,

u(0) =up inQ, wur(0)=wur onl.

Here F € C*(R),G € C? (R). The original equation we explained in the introduc-
tion is the case f = g = 0, but we are able to add non-homogeneous terms f,g. We
will prove existence and uniqueness of this solution. So first we need to consider the
compatibility conditions for the boundary. Let (g, uo, uor) € Yo x 7Z x nZp satisfy the
following compatibility conditions

(5.21)  wup|r = wor onI" if p>5/4,

(5.22)  — (Aug)|r — bdyuer + abAruer = —F'(ug)|r + bG'(uoron ' if p >5/2,
gli=o0 + b0, Aug — bedy,ug + abeArugp

(5.2.3) — b3, F'(ug) — beG' (uor) € Bp>P(I) if p>5.

We use the notation J, := (0,a) C J, X(a), Yi(a)(i = 0,1) and Z(a), Zr(a) to indicate
the time interval under consideration.
We can state now the following main result of this section.

Theorem 5.3. Let 1 < p < oobep > (n+4)/4and p # 5/2,5, and let (f, g, ug, uor) €
X(T) x Yo(T') x nZ x wZy satisfy the compatibility conditions (5.2.1)-(5.2.3) and F €
C*(R),G € C*~(R). Then there is an a € (0,T] and a unique solution (u,ur) € Z(a) x
Zr(a) of (CH)per.. Furthermore the solution depends continuously on the data, and if the
data (f,g) are independent of t, the map (ug, uor) — (u(t),ur(t)) defines a local semiflow in
the natural phase manifold M defined by 7Z x wZr and the compatibility conditions (5.2.1)—
(5.2.3).

Proof. The proof is based on the contraction mapping theorem. At first we take the
function (u*, uf) € Z(T') x Zr(T) that is the solution of the linearized equation

Ou* + A%u* = f in Q,
Oyuy — b0, Au* 4 bed,u* — abcAruy =g — g on X,
uwtlr = uh,  —(Au)|p — bd,u* + abArui = —h on X,

uw(0)=wp inQ, uf(0)=wuor onl.

Here

N}

0 if p <5,
e HAF (b8, F' (ug) + beG (uor))  if 5 < p,
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- 0 if p<5/2,
e (F' (ug)|p — bG (ugr))  if 5/2 < p,

are the modified terms, so that we are able to use linear theory. Note that —AZ% is the
generator of an analytic (Cy)-semigroup in B;,;S/ P(T) and B;;f’/ P(1).
For given a € (0,7 to be fixed later, we define

E :={(u,ur) € Z(a) x Zr(a) | u|r = ur}, oF :={(u,ur) € E| (u,ur)}=o = (0,0)}
with canonical norm || - ||g and
F = X(a) x Yo(a) x Yi(a), oF i= {(f,g,h) € F | Also = 0}
with norm || - ||g. Define the linear operator L : E — [F by means of

O + A%
L(v,vr) := | Opwr — b0, Av + bed,v — abcArvp
—(Av)|p — bdyv + abApvp

By theorem 5.1, L : E — (F is linear, bounded and bijective, hence an isomorphism.
Next we define the nonlinear mapping NV : E x oE — oF by

AF'(u* +v)
N((u*,up), (v,vr)) == | =bO,F'(u* + v) — beG' (uf + vr) +9g
—F'(u* +v)|r + bG'(uf +vr) + h

We will show the key proposition, which needs to use contraction mapping theorem
and to show the range of N is oFF. Let Br((0,0)) C oE be a closed ball with center (0, 0),
radius R > 0, and set B ((u*, u})) = (u*, u}) + Br((0,0)).

Proposition 5.4. Let p > (n+4)/4, F € C*~(R),G € C?*~(R), J, C Jand R > 0. Then
there exist functions \; = \j(a) with A\j(a) = 0asa — 0, j = 1,---,5 such that for all
(u,ur), (v,vr) € Br((u*,u})) the following statements hold:

IAF (u) = AF'(v)[[x < Ai(a)ll(u, ur) = (v,vr) e,
100 F" (u) = O, F' (v)lly, < A2(a)[(u, ur) = (v, vr) e,
IG" (ur) = G'(vr)lIve < As(a)ll(u, ur) = (v, vor)|le,
1" (uw)|r = F'(0)[rllvy < Aa(a)ll(w,ur) = (v, vr) e,
I (ur) = G'(vor) v < As(a)ll(u, ur) = (v, vor) &

The first and second inequalities are the same in [18, Proposition 3.2] and the others
are easily followed.
We see that u = u* + v, ur = uj. + vr is a unique solution of (CH),e,. if and only if

(5.2.4) L(v,vr) = N((u*,u}), (v,or)) ie. (v,or) = LTEN((u*, uf), (v, or))
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since
L(u* + v,up + vr) = L(u*, ut) + L(v, vr)
[ AF'(u* +v)
=|1g—g |+ | —bOF (u*+v)—0beG (u} +vr)+g
I h —F'(u* +v)|r + bG'(uf +vr) + h

AF' (u* +v)+ f
= | =bO, F'(u* +v) —bcG (uj+vr)+g |,
I —F'(u* +v)|pr + bG' (u}. + vr)

(u* + v,up + vp)(0) = (u*, ur)(0) 4+ (v, vr)(0) = (uo, uor).

Define the operator S : Br((0,0)) — oE by means of S(v,vr) := L™N((u*, u}), (v, vr)).
We show that the operator S is a contraction map on Br((0, 0)) with small time interval
Ja-

First we prove that SBx((0,0)) C Br((0,0)) by the following calculation. Let (w, wr) €
Br((0,0)).

1S (w, wr)lle < L7 2oy IV ((u”, up), (w, wr)) e
< CUIN (", up), (w,wr)) = N((u, ur), (0,0))|[p + [[N (", ur), (0,0))]|r)
< C(JAF (u" +w) = AF'(u”)||x + [|0,F" (u" + w) — 9 F' (u) ||,
+ G (up + wr) = G'(up)llyy + 1 (u” + w)|r = F'(w)elly, + 16" (ur + wr) = G'(ur)|ly;
+IAF (W) x + [0 F (u)llyy + 16 (ur) v + 191l
I @)lelly + 16" Wi Iy, + [12]lv:)
C(Ma)l(w, wr)lle + [|AF ()]l x + 10, F" (u)llyo + 1G"(ur) v + 3llyo
+ I @)lelly; + 16" @i lIva + [12]lv:)

for some function A(a), which goes to 0 as a — 0, since (u*,uf), (v* + w,uf + wr) €
Br((u*,ui)) and Proposition 5.4. The remaining terms ||AF"(u*) || x(a), |0, F' (u*) [y (a)/
1G" ) voays 13l1vocay, 1 () el oy 16" sy [l ay also goes to 0 as @ — 0.
So we have ||S(w, wr)||g < R, i.e. SBr((0,0)) C Br((0,0)) when a is sufficiently small.
We next show the following contraction property. Let (w1, wir), (w2, wor) € Br((0,0)).

1S (w1, wir) — S(w2, wor)||&
<IL M oy 1IN (", up), (w1, wir)) — N((w*, uft), (we, war)) ||z
<C(|AF (u* +w1) — AF (u* + we) || x + |0 F'(u* + w1) — O, F' (u* + wa) ||y,
+ |G (up + wir) = G'(uf + war) ||y, + [ F'(uf + wir)[r — F'(up + war)|r[Iv;
+ |G (uf + wir) = G'(uf + war)llv;)

1
§§H(w17wﬂ‘) — (w2, war) ||,

provided a is sufficiently small by Proposition 5.4.

Therefore from the fixed point theorem, we get a unique solution (v, vr) € Br((0,0))
such that (v,vr) = LN ((u*, u}), (v,vr)). The function (u*, u}.) depends continuously
on the data f,¢ and (v,vr) depends continuously on (u*,uj.). This implies that the
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unique solution u = u* + v and ur = u} + vr of (CH)per. depends continuously on the
data as well. If the data f, g are independent of the time, then translation is invariant.
So the solution map (ug, uor) — (u(t),ur(t)) defines a local semiflow in the natural
phase manifold 7Z x 7Zr and the compatibility conditions (5.2.1)—(5.2.3). O

Remark 5.5. This proof also show that the existence of maximal time interval Jy.x =
(0, amax), which is characterized by

lim w(t) doesnot exist in 77

t—>amax and/or ||(u, ur)||E(ama) = O

lim wur(t) doesnot exist in 72t
t—@max

if amax < T

5.2.3 Global well-posedness

In this section we consider the global solution for the equation with non-homogeneous
terms f, g;

Ou=Ap+f, p=-Au+ F'(u) in Q,
dwur + byp + cur = g,  —aArur + du+ G'(ur) = 4- on Y,
ulp =ur, plr = pr on X,

u(0)=wug inQ, wur(0)=wuer onl.

As we explained in introduction, the unknown functions are only v and ur though we
use 1 and pr. By the subsection 5.2.2 there is a unique solution on some maximal time
interval Jiax = (0, amax). We fix some arbitrary J, for 0 < a < amax(< T') and show the
boundedness near the point ¢ = a from a priori estimate derived from energy estimate.
Multiplying the equation by v and p, integration by parts and the boundary conditions
lead

d (1, 5 1 9 / ) 9
— | =|ulz + =|Vuls+ | F(u) |+ |Vu
i (g 31vu+ [ Fw) + 19

=—/w-w+/upayu+/atupayu+/urayu+/fu+/fu,
Q T I T Q Q

d (1 1 1 c
= & (gl 51vu+ [ P+ ghuclr ) + 198+ Slar

1
= [ vu i [ [oun@u- "5+ [ gus [y [on
Q I N Q Q N

1
:—/VH‘VU—Z/UFMF-F/3tUF(OéAFUF+G’(uF))+/fu+/f;H—b/gup
Q r r Q Q r

d (1 1 1 Q c
= & (gl 519u+ [ P+ golure+ §19ruc + [ Glun)) + 1948 + £l

c 1
=—/Vu-Vu—b/Urur+/fU+/fu+b/gur-
Q r Q Q r

2
27
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For simplicity, we set
Lo 1 2 1 2 @ 2
E(u,ur) == Slulz + S[Vulz + [ F(u) + |urlar + 5[Vrur|”+ [ G(ur).
2 2 0 2p! TI2I T Y .

By Poincaré’s inequality |p|2 < C(|Vpul2 + |url2,r) and Young's inequality with ¢, we
have

d 1 1 1
B )+ CuVH + el ) < Ca (Gl + §IVu + gplurfEe )+ Call 7 + )

for some C; > 0 (i = 1,2, 3).
To get energy estimate, we assume that /" and G satisfy the following condition:

F(s) > —c, >0, s eR,
(5.2.5) (8) 2 —e1 azhe
> — s

2—02, ca >0, seR.

Note that the typical example in the introduction satisfies this assumption. Under this
condition, the function E(u, ur) is bounded from below. We get the inequality

d
ﬁE(%UF) + C1(IVul3 + lprlsr) < CoE(u,ur) + Cs(|f13 + lgl5r + 1).

We apply Gronwall’s lemma, then we get energy estimate

B(uyur) < C <E(u0>uor) + [ o+ 1))
0
and

(5.2.6) (u,ur) € Loo(J,

Gmax )’

W3 (Q) x Wy (I)

when (f, g,uop,uor) € X(T) x Yo(T) x 7Z x nZr asp > 2and p > (n + 4)/4. Here the
constant C' depends only on 7" > 0 and is independent of aax.

We use the following lemma, which is obtained in the paper [18, Lemma 4.1]. To do
so, we have to assume that the dimension n = 2,3 and some growth condition on F
and G:

|[F"(s)] < C(1+|s|%), seR, . B < 3in the case n = 3,
with
B > 0in the case n = 2.

(5.2.7) )
G (s)] < C(L+]s]1?), s€R,
Lemma 5.6. Suppose 2 < p < oo, n = 2,3, the function F and G satisfy (5.2.5) and (5.2.7)

and let (u,ur) € E(a) be the solution of (CH)per.. Then there exist constants m,C > 0 and
§ € (0,1), independent of a > 0, such that

IAF (W)l x @) + 100 F' () llyy @) + 1G"(ur) o) + 1F (@)lrllvi (@) + 1G (ur) v )
<C(1+ ||u||6Z(a)||u||?oo(]a7w21(ﬂ)))'

Proof. The estimates of the first term || AF'(u)| x(q) and the second term ||, F' (u)|]y;(a)
is just in [18, Lemma 4.1]. Since the trace operator is bounded from Wp1 / 2(Ja, L,(2))N
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Ly(Ja, Wﬁ(Q)) to Y1, Y1 C Yy and u|r = ur, the other three terms are also estimated.
See [19, Appendix (b)]. O

Combining maximal L, regularity estimate,

[ (w, ur) ||(a)
<C(|AF" (W) x @) + 100 F" (W)lyy (a) + 1G" (ur)llyo(a) + 1 F () |rlly; (a)
+ 1G"(ur) Iy @) + 1 fllx (1) + lgllvocr) + | (o, wor) lxzxrz:)
(528)  <C(1+[lullyq));

where the constant C is independent of a. Hence ||ul| Z(a) is bounded and it derives the
boundedness of ||ur|| z,(4)- Therefore the solution (u,ur) € E(a) is global solution, i.e.
amax = 1. We obtained the following first main theorem of this chapter.

Theorem 5.7. Suppose2 < p < oo, p # 5/2,5, n = 2, 3 and that the function F and G satisfy
(56.2.5) and (5.2.7). Then for any (f, g,uo,uor) € X(T') x Yo(T') x nZ x wZy satisfying
the compatibility conditions (5.2.1)—(5.2.3), there exists a unique global solution (u,ur) €
Z(T) x Zr(T) of (CH)per.. The solution depends continuously on the given data and if the
data are independent of t, the map (uo, uor) — (u(t),ur(t)) defines a global semiflow on the
natural phase manifold ©Z x wZr and the compatibility conditions (5.2.1)—(5.2.3).

5.2.4 The degenerate case: c =0

In this section we focus on the case ¢ = 0 in the boundary condition (5.1.3). Almost all
results for now can be applied to this case. The linear theory and local well-posedness
result is completely the same as the case ¢ > 0. The point different from the case ¢ > 0
is the energy estimate. Multiplying the equation by u and p, integration by parts and
Young's inequality lead

d (1 1 1 o'
G (3B 5vul+ [ P+ glutie + §19rur + [ Glun) + v
Q T

dt
1 2 1 2 1 2 2 1
<Cq | 5lulz + 5|Vulz + lurlar | + Cs|flz+ [ fu+5 | gur
2 2 2b 0 b Jr

for some C; > 0 (i = 1,2,3). Here we assume [, fdz + [ g% = 0. Then we see

d/udx:/(A,quf)dx
:/aww+/fm
r Q
d as ds
:>dt</gudx+/rurb>—/ﬂfdx+ FgT—O

/qu+ll)/rgurz/gf(u—uﬂi/rg(ur—u)

C
< 71IWI% + Cu(|f3 + 1913,

and
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where i = ﬁ Jo ndx and some Cy > 0 by Poincaré’s inequality. This implies that

d (1, 5 1_ o, 1
N s F -
— <2|u]2 + Q\Vub —1—/9 (u) + leur

a N
3o+ gIVeur + [ Glar) ) + GV
r
5 (1 1 1 -
<Cy ( Slul3 + 5IVul3 + lurfsr ) + Cs(I£15 + lg13)
2 2 2b
for some C; > 0 (i = 1,2, 3). This inequality deduces a priori estimate (5.2.6) under the

assumption (5.2.5). Thus we have the global well-posedness result for the case ¢ = 0.

Theorem 5.8. Suppose2 < p < oo, p # 5/2,5, n = 2, 3 and that the function F and G satisfy
(56.2.5) and (5.2.7). Then for any (f, g, uo, uor) € X(T') x Yo(T') x wZ x wZy satisfying the
compatibility conditions (5.2.1)~(5.2.3) with ¢ = 0 and [, fdx + [ g% = 0, there exists a
unique global solution (u,ur) € Z(T) x Zr(T) of (CH)per. with ¢ = 0.

5.3 A Cahn-Hilliard equation on non-permeable walls

5.3.1 The linear theory

In this section we study the linear theory of the Cahn-Hilliard equation on non-permeable
walls. The linear equation is as follows:

o+ A%y =f in Q,
(+4) Oyvr — b0, Av — beArd,v + abcA%vp =g on X,
Kok

vlp =vpr, —(Av)|pr —bd,v+ abArvr = h on X,

v(0) =v9 inQ, vr(0)=vor onl.

We again use the general theory in [5] and the assumption of the theorem is checked in
Appendix C. However we have to assume a condition on the coefficients «, b, ¢ to get
(LS) condition. The assumption is the following;:

Assumption (A) The coefficients o, b, ¢ > 0 satisfy abc < 2(ab + ¢).
Let Zr := Wtro(J, L,(T')) N Ly(J, WAH%0(T")) and 7 Zr := By,,”/"(T)

Theorem 5.9. Let ) C R" be a bounded domain of class C° and 1 < p < cobep # 5/4,5/2,5.
Suppose that the constants «.,b,c > 0 satisfy the Assumption (A). Then the linearized Cahn—
Hilliard equation (+x) admits a unique solution (v,vr) € Z x Zr ifand only if (f,g,h) € X x
Yo x Yy and (vo,vor) € nZ X wZr, and the compatibility conditions

vo|r = vor onT if p>>5/4,
- (A'Uo)‘r — bo,vor + abArvor = h’t:() onT if p> 5/2,
gli=0 + b0, Avy — beArd,vg — ozbcA%vop e B;j/p(l“) if p>5,

are satisfied.
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5.3.2 The nonlinear theory

In this subsection we state the nonlinear theory. We state the different point from the
case of permeable walls. We need the estimate of the nonlinear term ArG’(ur) cor-
responding to Proposition 5.4 and Lemma 5.6. From now, we restrict the case that
G(ur) = (gs/2)ud — hsur with g5 > 0, hy # 0. Thus we study the Cahn-Hilliard equa-
tion on non-permeable walls.

atU:AM+f, /’L:_AU+F,(U) in Q7

Our + bOyp — cArpur = g, —alArur + dyu + gsu% —hg=1HE on X,
(CH)non-per.

ulr = ur, plr = pr on X,

u(0)=wup nQ, wupr(0)=wugr onl.
We see the following proposition.

Proposition 5.10. Let p > (n +4)/4, J, C J and R > 0. Then there exist functions
X6 = Ag(a) with A¢(a) — 0as a — 0 such that for all (u,ur), (v,vr) € Br((u*,uj.)) the
following statements hold:

[Arur — Arvrlly, < As(a)l|(u, ur) = (v, or)|e-

This proposition is enough to show the local well-posedness result. To extend the
global solution, we show the energy estimate. Multiplying the equation by v and g,
integration by parts and the boundary conditions lead

d

4 (L Lo Lo+ Srurtt+ [
i (gl + 519u + [ Feo+ gplurBe+ §19rar? + [ Gtun

C
+ Va3 + B|VFMF|§,F

c 1 1
:—/Vu-Vu—b/VruF-VFMr-l-/fu-i-/fu+b/gur+b/gﬂr-
Q r Q Q r r

Here as the case ¢ = 0, we assume that [, fdz + [ g% = 0. Then we have

d

Ioo 1 2 1 2 «Q 2 /
~ (= - F — =
7 <2|u|2+ 2|Vu|2+/Q (u) + 2b|UF‘27F+ Q\Vrurl + FG(ur)

+ C1(|Vul3 + [Vrarlsr)
1 1 1
<Cy ( S|ul3 + |Vuls + —|ur5r | + Cs(|f]5 + 1g13)
2 2 2b
for some C; > 0 (i = 1,2, 3).

Under the assumption (5.2.5) on F, we see (u,ur) € Loo(J,

Gmax ) W21 (Q) X W21 (F) ) .
We prepare the following lemma.

Lemma 5.11. Suppose2 < p < oo, n = 2,3, let (u, ur) € E(a) be the solution of (CH)non-per.-
Then there exist constants C' > 0 and § € (0, 1), independent of a > 0, such that

HAFUFHYO(a) <C@+ Hu”(sz(a)‘|u|’2;6(Ja7W21(Q)))'
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Proof. By the trace theory and the mixed derivative theorem, it is enough to see the
existence of 0 < § < 1

0
< Clull s

el s, 20 (o W/2(9) el wzo:

By Gagliardo—Nirenberg’s inequality, we check the existence of § satisfying

{i p<o0E-3)

B<o(h-2)+(1-8)(1-3)

Since the second inequality is 5 — 7 —1 < 6(3 — J — 1), we choose § is sufficiently close
to 1, then the inequalities are satisfied. O

Combining the estimates in (5.6), we are able to prove the global well-posedness
result.

Theorem 5.12. Suppose 2 < p < oo, p # 5/2,5, n = 2,3 and that the function F satisfy
(5.2.5) and (5.2.7). Suppose that the constants o, b, c > 0 satisfy the Assumption (A). Then for
any (f, g, uo, uor) € X(T) x Yo(T) x ©Z x nZy satisfying the compatibility conditions

ug|r = uor onl' if p>5/4,
— (Aug)|r — bd,uor + abAruer = —F'(uo)|r + bgsuor — bhs onT if p>5/2,
gli=o0 + b0, Aug + bedyug — abcA%uop

— b3, F' (ug) + begsAruor € B >P(T) if p>5,

and [, fdz + [ g% = 0, there exists a unique global solution (u,ur) € Z(T) x Zr(T) of
(CH)non—per.'

54 Appendix A

We collect the linear theory of the dynamic boundary condition proved in the papers
[5]. We represent the simplified their result to fit our equations. They studied the
parabolic initial boundary value problems of the general form (so called relaxation type)

Owu+ A(t,z, D)u = f(t,x) in Q,
Op + Bo(t,x, D)u + Co(t,x, Dr)p = go(t, x) on Y,
Bj(t,z,D)u+Cj(t,z,Dr)p=g;j(t,z) (j=1,---,m) onx,
u(0, ) = ug(x) in Q,
LP(0,2) = po(z) onT,

where
Alt,e, D)= 3 aa(t,z)D?,
|a|<2m

t x, D) Z bjg (t,z)
|BI<m;
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Cj(t, Z, DF) = Z Cj'y(t, .’L‘)DIZ,
IyI<k;

are differential operators of order 2m, 0 < m; < 2m, 0 < k; (j = 0,1,--- ,m), re-
spectively, with m € N and m;, k; € Ny. The symbols D, respectively Dr mean —iV,
respectively —iVr, where V denotes the gradient in 2 and Vr the surface gradient on
I'. Assume that all boundary operators B; and at least one C; are nontrivial, and set
k; = —oo in case C; = 0. The initial values ug, po as well as the right-hand sides f and
gj are given functions.

Let Kj = 1-— mj/(2m) — 1/(2mp), lj = ]{Zj —m; +myg and [ := man:0717...7mlj. We
state their results limited to the case [ < 2m, the coefficients a,, b;3 and ¢, are smooth,
2 is a bounded domain and « and p are C-valued functions, which adopt our case.

The essential assumptions are the normally ellipticity condition (E) and the Lopatinskii—
Shapiro condition (LS), which are necessary for the maximal L, regularity, hence are
unavoidable. For the case ¢ < 2m, which is just applied to the linearized Cahn-Hilliard
equation on permeable walls, we need another necessary condition called the asymptotic
Lopatinskii-Shapiro condition (LSZ)). Let the subscript # be the principal part of the
corresponding differential operator. The assumptions are as follows.

(E) Forallt € J,z € Qand ¢ € R",|¢| = 1, we have

o(Ax(t,z,§)) CCq:={2z€ C|Rez>0}.

(LS) For each fixed t € Jand z € I, and for all ¢ € R"~!, A € C, with |¢/| + |\ # 0,
the ordinary differential equation in R} = [0, c0) given by

()‘ + A#(t,w,f’, Dy)) v(y) =0 (y > 0),

BO#(ta Zz, gl’ Dy)U(O) + ()‘ + CO#(ta x, 6/)) 0= 07

Bj#(t, z, &, Dy)’U(O) + Cj#(t, xz, 5/)0' =0(G=1,---,m)
has only the trivial solution (v, o) = (0,0).

(LSL,) Let ¢ < 2m. For all fixed t € J and z € T, and for all ¢ € R""}, A € C; with
I€'| + || # 0, the ordinary differential equation in Ry = [0, 00) given by

{<A+A#<t,m,£',0y>>v y) =0 (y>0),
Bj#(tﬂx7§/aDy)U(0) =0 (j = 17 U 7m)

and for |¢/| = 1and A € Cy,

Ag(t, 2,8, Dy)v(y) =0 (y >0),
BO#(ta :E?g,a Dy)U(O) + ()‘ + Co#(t,l’,gl)) 0 = 07
Bj#(t,x,f’, Dy)’U(O) + Cj#(t,x,fl)()' =0 (j =1,--- ,m)

admit the unique trivial solution (v, o) = (0, 0).
The existence and uniqueness results of this boundary condition are as follows.

Theorem 5.13 (Denk-Priiss—Zacher). Let Q C R" be a bounded domain of class C*™+=m0,
Assume (E), (LS) and for £ < 2m the condition (LSZ) and the coefficients an, bjg, cj, are
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smooth. Let 1 < p < oo be such that k; # 1/p, j = 0,1,--- ,m. Then the linear equation
admits a unique solution

(u,p) € Z x Zp := (W, (J, Lp(Q)) N Ly (J, W;™(2)))
x (Wm0 (J, Ly (1)) MW (1 W2™0 (D) 1 Ly (, Wi 2750 (1))
if and only if
(f,90,915+ ,gm) € X X Yo x Y1 X -+ X Yy
= Ly(J, Ly(9)) x &g (W3 (J, L (1)) 0 Ly (S, W™ (1))
(w0, po) € w2y x TZ, := BEm=1/P) () x pRrmmott1=1/p)(T),

and the compatibility conditions

B0, z)ug(x) + C;(0,x)po(x) = g;(0,z), z €T, ifk; >1/p, j=1,2,---,m,
90(0,-) — Bo (0, -Jug — Co(0,-)po € m1Z, 1= BImo=1/PI(T) if kg > 1/p,
are satisfied.

In [5], they treated the case | > 2m, non-smooth coefficients case and u, p are H7 Ba-
nach valued case. However it is sufficient to consider above statement. By the Newton
polygon method, they characterized

Zp = W, (J, Lp(T)) N Ly(J, W 270 ()

when ¢ = 2m, which is applied to the linearized Cahn-Hilliard equation on non-
permeable walls.

5.5 Appendix B

We apply this general linear theory for the linearized Cahn-Hilliard equation on per-
meable walls:

O+ A%y =f in Q,

() dsvr — b0, Av + bedyv — abcArvr = g on X,
* er.

P U’r = ur, —(Av)h* — b&,v + OszFUF =h on Z,

v(0) =vy inQ, vr(0)=vor onl.

This problem fits into the setting A = A2, By = —bd,A, Cy = —abcAr, Bi = —(AY)|r,
Cl = O[bAI‘,BZ = 1,62 == —1,92 =0and m = 2,m0 == 3,]{50 = 2,TTL1 = 2,](51 = 2,
mo :O,k‘Q :0,60 :2,61 :3,62 = 3. Thenﬁzﬁl 252 =3<2m, kg = 1/4—1/(4]9),
k1 =1/2—1/(4p) and ko = 1 — 1/(4p).

We check the conditions (E) and (LS). Since o (A4 (t, z,€)) = o(|¢|*) = {1} C C for
¢ € R", |¢] = 1, the condition (E) is satisfied.
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To see (LS) condition, we need to solve the ordinary differential equation

(5.5.1) (A + (1€ +05)%) v(y) = 0 (y > 0),

(5.5.2) = b(=8,) (=[] + 85)0(0) + (A — abe(—|¢])) o
(5.5.3) v(0) — o =0,

(5.5.4) — (—1€']> + 02)v(0) + ab(—[¢'[*)o = 0.

For the case A\ = 0, from (5.5.1), v(y) = (c1 + CQy)e_‘fl‘y for some ¢, c; € C. By the
boundary conditions (5.5.2)-(5.5.4),

{—b|§/|2(c2 —|€ler) + b(3|€')Peg — [€']Per) + abe||Per = 0,
€'Per — (=2[¢'|ea + |€'[Pe1) — able[Per = 0.

acel + 2¢o9 = 0,
=

ablé'ler — 2¢o = 0.

The determinant of the coefficient matrix is —2(ac + ab|¢’|) # 0. So we have (c1,¢2) =
(0,0), which implies the unique trivial solution (v, o) = (0, 0).
For the case A\ # 0, v(y) = c1®Y + c2e*2¥ with

aci= =IO+ (VR (= 1,2)

Here and hereafter we shall use the argument of the square root of complex numbers
belongs (—m/2, /2], so that the real part of the square root of complex numbers is non-
negative. By the boundary conditions (5.5.2)—(5.5.4),

—bl¢'P(cr21 + c2z2) + b(e127 + c223) + (A + abel€[*) (1 + ¢2) =0,
1€"12(c1 + ¢2) — (c123 + c222) — ab|¢'|?(c1 + ¢2) = 0.
:{“M% €12) + bezal=3 ~ [€17) + A+ abel ) (er +2) =0,
—c1(zf = |€']?) — ca(23 — [€]%) — abl¢/|*(c1 4 ¢2) = 0.
Since z7 — [¢/]2 = (—1)*"1V/=X (k = 1,2), we see
(A + abe|€ > + bv/=Az1)e1 + (A + abe|€' > — by/—Az2)ca = 0
(ablg’]? + V=N)er + (abl¢/|> — V=X)ez = 0.
We calculate the determinant of the coefficient matrix:

A+ abel€|?2 +bv=Az1 A+ abe|¢']? — b=z

ab|&']? + V= ablg|? — V=
A+ abelé'|?2 +bv=Az1 —bvV=A(21 + 22)
able2 + VA Wy

=~V {2@ +abel¢!2) + 207/ = A2y — b(z1 + 22) (abl¢| + M)}
=— \/TA{Q(A + abel¢'|?) — ab?|¢)2 (21 + 22) + bV =A(21 — zg)}
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= —V=X((1) + (I) + (1I)).

We claim that the real part of the last term (II) is non-negative. Then the determinant
never become zero since the real part of the first term (I) and the second term (II) is
positive. We focus on the sign of the term (IIl). From the equality v/— (21 — 22) =
—2)\(21 + 22)_1,

sign (Re (1)) = sign (Re (—A)Re (z1 + z2) + Im (=\)Im (21 + z2)).
Here Re (—\), Re (21 + 22) < 0 and signIm (—\) = signIm (21 + 22) since
z21+ 22 = —\/2|f/|2 + 2V + A
This implies sign (Re (II)) is non-negative. This means that (v,c) = (0,0), which con-

cludes that the (LS) condition is satisfied. The other condition (LS) is easily checked,
so we skip the calculation.

5.6 Appendix C

We apply this general linear theory for the linearized Cahn-Hilliard equation on non-
permeable walls:

o+ A%y =f in Q,

() Owur — b0, Av — beAro,v + abcA%vp =g on X,
* non-per.

P vlp =vr, —(Av)|pr —bd,v+ abArvr = h on X,

v(0) =v9 inQ, or(0)=vor onl.

This problem fits into the setting A = A2, By = —bO,A — beArd,, Co = abeA2, B =
—(A)|r,C = abAr, By =1,C0 = —1,go =0andm =2,mg =3, ko =4, m; =2, k1 =2,
mo = 0, k‘g = O,EO = 4,51 = 3,62 = 3. And then ¢ = 50 =4 = 2m, Ry = 1/4— 1/(4p),
k1 =1/2—1/(4p) and ko = 1 — 1/(4p). The condition (E) is satisfied as before.

To see (LS) condition, we need to solve the ordinary differential equation

5.6.1) ((A+ (=[€P+02)*) v(y) =0 (y>0),
(5.6.2)  — b(=3,)(—|&|* + 82)v(0) — be(—|€'1*)(=y)v(0) + (A + abe(—[¢']*)?) o = 0,
(5.6.3) v(0)—0=0,

)

(5.6.4) — (=€) + 92)v(0) + ab(—|¢'[*)o = 0.

For the case A = 0, v(y) = (c1 + czy)e_|f'|y for some ci,c; € C. By the boundary
conditions (5.6.2)—(5.6.4),

{—b|§’\2(02 —|€'er) + b(3[E' Pea — 1€ Per) — bele' [P (e — |€']er) + abel¢'[*er = 0,
1€"12¢1 — (—2]€|e2 + |€')%c1) — ab|€'|?ey = 0.

_ [el€1(l€]+ Der + (2= )ea =0,
ablé'ler — 2¢o = 0.
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The determinant of the coefficient matrix is —|¢'|(2ac|€’| + 2ab + 2¢ — abe). So we
assume abc < 2(ab + ¢) (Assumption A), then we have (¢, c2) = (0,0), which implies
the unique trivial solution (v, o) = (0,0).

For the case A # 0, v(y) = ci1e*¥+ce*Y with the same z, as before. By the boundary
conditions (5.6.2)—(5.6.4),

—bl¢'[*(c121 + c222) + b(c12} + c223)
—bel€'P(erz1 + c222) + (A + abe(—[¢'*)?) (1 + ¢2) = 0,
€' (c1 + c2) — (127 + c223) — abl€'|*(e1 + ¢2) = 0.
(A + abel¢'[* + bv/=Az1 — be|€'|?z1) e + (A + abe|€/[> — bv/—Azg — bel€'[2)er = 0,
{(ab|§’|2 +vV=Ne1 + (ablé')? — vV =X)eg = 0.

We calculate the determinant of the coefficient matrix:

A+ abe|€' [t + bv/=Azp — bel€']2z1 A+ abel€)? — by —Azg — bel€ P2

ablé'|? + /=X ablé'|? — V=X
| At abel&|* 4+ bv/= Az — be|€' 221 —bV=A(z1 + 29) + bel€'|? (21 — 22)
able']? + v/ “2VN

— V2 {2()\ + abelé'|*) + bV =A(z1 — 22)

2
—be|€' ]2 (21 + z2) — ab?|€']2 (21 + 22) + ab20\5’|4} ,
zZ1+ 29

where we used 21 — 29 = 2v/—\(21 + 22) L. We see the real part of 2(\ + abe|¢'|*) +
bv/—A(z1 — #2) is positive. We claim that the real part of the others is non-negative by
using the Assumption (A). From the Assumption (A),

2
Re (—bc\f’]Q(zl + 29) — ab?€* (21 + 22) + achlf’!‘*)
21+ 29

2
>Re (—bc\£'|2(zl + 23) — ab?|€ |2 (21 + 22) + 2(ab + c)b|£’|4>
21+ 22

4 112
Note that
4 112
21|—§|-’22 —(21+ 22) = 2(z1 + 22) " H([€'] — 2122),

2120 = /A €%, Re (|€'|? — z120) < 0and Im (21 + 29)Im (|€'|2 — 2122) > 0. So we have

SignRe ((z1 + 22) ' (|¢']* — z122))
=Sign (Re (z1 + z2)Re (|£'\2 — 2z122) + Im (21 + 29)Im (\f'[2 — 2122))
>0.

This implies that the determinant of the coefficients never 0 and (v,o) = (0,0). So it
was shown (LS) condition.
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Chapter 6

Well-posedness for the quasi-linear parabolic
equations from the theory of maximal L, reg-
ularity with critical time weights

We construct the local well-posedness for the quasi-linear parabolic evolution equa-
tions with the time-dependent operator and the non-linear terms in time weighted L,
spaces. Moreover we give a sufficient condition to extend the global solution for the
semi-linear parabolic evolution equations in terms of a priori estimate. This result is
a generalization from the time-independent case and the bi-linear non-linearities in a
series of papers by J. Priiss to the time-independent case and the general non-linearities.

Keywords: maximal L, regularity with time weights, well-posedness, quasi-linear
parabolic evolution equations

6.1 Introduction

For the quasi-linear parabolic problem there are many papers on the well-posedness
results. At first in the paper [1] they proved existence and uniqueness of the strong
solution from maximal L, regularity. Later their method using a contraction mapping
theorem was applied to the various equations. Among them, J. Priiss and G. Simon-
ett [10] introduced time weighted maximal L,, regularity and applied it to get well-
posedness in [6,7,14]. The merit of the time weight is to reduce the initial regularity
while keeping the regularity of the solution excepting for the behavior near ¢ = 0.
This theory of time weights is useful to consider the global solution and to gain the
compactness properties of orbits. Moreover they proved that the initial regularity is
critical by illustrating a counterexample in spaces strictly larger than the initial spaces
they constructed. They clarified the relationship between the critical spaces, the scal-
ing invariant spaces and the interpolation-extrapolation spaces. The theory of critical
time weights was applied to a lot of equations, e.g. the vorticity equations for the
Navier-Stokes problem, convection-diffusion equations, the Nernst-Planck—Poisson
equations in electro-chemistry, chemotaxis equations, the MHD equations and some
other well-known parabolic equations in [12], the Navier-Stokes equations with the
Navier boundary conditions in [13] and the bidomain equations in [14]. For other time
weighted theory of the Navier-Stokes equations, see [4].
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In a series of papers by J. Priiss, they constructed a framework of the local well-
posedness of the quasilinear parabolic equations of the form

U+ A(u)u = F(u), t >0, u(0)=uo,

based on the maximal L, regularity for the operator A(uo), locally Lipschitz assump-
tions on A and F' and Banach’s fixed point theorem with a technique of time weights.
In this paper we generalize above time-independent form to time-dependent form of

(QL) U+ A(t,u)u = F(t,u), t >0, u(0)=uo,

and prove the local well-posedness result. By this form we are able to contain a non-
homogeneous term in the equations, i.e. we can consider a effect of a source term. The
assumptions and the proof are almost same as before, but it is important to check well-
posedness of this form. We are able to derive the continuity for the non-homogeneous
terms. After we get the unique local strong solution, we give a sufficient condition to
extend global solution in terms of a priori estimate. However we had to restrict that the
equations are the semi-linear parabolic equations. An assumption on a priori estimate
is also same as [12], but we generalize from the bi-linear (or multi-linear) non-linearities
used in [12] to general non-linearities used in the local well-posedness results.

The outline of this paper is as follows. In section 6.2, we write down some assump-
tions and statements of the theorem of local well-posedness for (QL). In section 6.3, we
prove the local well-posedness. The strategy is to use maximal L, regularity estimates,
Lipschitz assumptions on A and F' and the contraction map as usual. In section 6.4,
we consider the global well-posedness for the general semi-linear parabolic evolution
equations after some preparations. In section 6.5, we apply the local well-posedness for
a quasi-linear heat equation.

6.2 Local well-posedness

Let X and X, be Banach spaces such that dense embedding X; — Xpandlet1 < p <
ooand 1/p < p < 1. We consider the quasilinear parabolic problems

(6.2.1) w(t) + A(t, u(t))u(t) = Fi(t,u(t)) + Fa(u(t)), t >0,
u(0) = ug

in weighted L,-framework, i.e. we look for the solution in the class
w€ By pu(J) = H,,(J; X0) N Lypu(J; X1) (= C(J; Xy ).
Here J = (0, 7") denotes the time interval and

Ly u(J; X1) i= {u € Ly joe(J; X1) | 17 Hu € Ly(J; X1)},
H, (J;Xo) = {u € Lp,u(J; Xo) N H{ (J; Xo) | t'"#4i € Lyp(J; Xo0)},

Xy = (X0, X1) real interpolation space.

u—1/p,p
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Let V, C X, , be open. Let X3 := [Xy, X1]3 denote the complex interpolation spaces
for 5 € (0,1) to treat the part F», which is the singular part in contrast to the regular
part F. For a comprehensive interpolation theory, see [15]. We will impose the follow-
ing assumptions.

(HO) A € C(JxV,; B(X1,Xo)) and Fy : JxV,, — X satisfies assumptions of Caratheodory
type, i.e. Fi(-,u) is measurable for each v € V), and Fi(t, -) is continuous for a.e. t € J.
(H1) A(t, ) € Lipioc(V,; B(X1, Xo)) for all t € J, whose Lipschitz constant is uniform in
t,and Fi(t,-) € Lipioc(Vy; Xo) for a.e. t € J, whose Lipschitz constant is a function of ¢
in Ly, ,,(J). Namely for all u* € V,,, there exists ¢g > 0 with B (u*,e0) C Vi, L >0
and M € L, ,(J) such that for all wy,ws € EX”‘(u*, €0),

|A(t, w1) — A(t, wa)|(x,,x0) < Llwr —w2|x,,
for all t € J as well as
|[F1(t,w1) — Fi(t,we)|x, < M(t)|wr —we|x,,

fora.e. t € J.
(H2) F» : V,, N X3 — X satisfies the estimate

m
|[F2(u1) = Fa(uz)]x, < CZ; (1 +|m ¥, + \W!?gﬁ) Jur = u2lx,
‘]:

C > 0, which may depend on |u;|x, ,-
(H3) Forall j =1,--- ,m, we have

for some numbers m € N, p; > 0, 8 € (n—1/p,1), B; € [p — 1/p, 5] and a constant

pi(B—(u—=1/p))+(Bj —(n—1/p)) <1—(u—1/p).

When we use this equality for some j (it is called critical case) not strict inequality
(it is called sub-critical case), we have to assume additionally the following structural
condition on the Banach spaces X and Xj.

(S) The space Xy is of class UMD. The embedding

Hy(R; X0) N Ly(R; X1) — H;—ﬁ(R; X5),

is valid for each 5 € (0,1), p € (1, c0).

As B; < B < 1, any j with p; = 0is subcritical. The assumption (H3) determines the
critical weight p. defined by

e 1= 1 B—mmﬂ
p ipy

Here we take minimum for j such that p; # 0. For any p € [u., 1] the assumption (H3)
is satisfied. Note that X, ,, = (Xo, X1),.—1/pp and the first real interpolation index
e — 1/p is independent of p.

The strategy to get well-posedness heavily depends on the maximal L,, ,-regularity
for the operator. We say that a densely defined closed linear operator A on X, with
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D(A) = X has the property of maximal L,, ,-regularity, for short A € MR, ,(X1, Xo),
if for each f € Eg ,(R4) := Ly ,(R4; Xo) there exists a unique solution

uel,(Ry)= H;,H(R%XO) N Lpu(Ry; X1)
of the linear problem
w+Au=f,t>0, u(0)=0.

Thanks to [10], it was proved that the class MR, ,(X1, Xo) and MR,(X1, Xo) are
equivalent, where MR, (X1, Xo) := MR, 1(X1, Xo) is a operator space satisfying usual
maximal L, regularity property. For the nontrivial initial data, ug € X, , is the natural
space since for any v € Eq ,(Ry), we have u|;—g € X, , and vice versa, i.e. z € X, ,
implies e~*4z € Eq ,(R;), see [10,11]. In many applications the condition of maximal

tA

regularity on R is too strong since it means the semigroup e~** is exponential decay

but we use this notation because it is satisfied in many cases when we add xu for both
sides in the equations (6.2.1) for sufficiently large x > 0, e.g. [9].
The local well-posedness result is as follows.

Theorem 6.1. Suppose that the structural assumption (S) holds, and assume that hypothesis
(HO0)-(H3) are valid. Fix any ug € V), such that Ay := A(0,up) € MRy ., (X1, Xo) and
Fi(-,up) € Eou(J). Then thereis T = T'(ug) € (0,7] and ¢ = (uo) € (0,e0] such that
B (uo,€) C V, and such that problem (6.2.1) admits a unique solution

u(-,u1) € Eq,,(0,7)NC([0,T], V),
for each initial value u; € EX”’”(uo, e). There is a constant ¢ = c(ug) > 0 such that
Ju(-ur) —ul,u2)llg, 01 < clur —uzlx, .
forall uj,ug € EX”’“(uo, e). Moreover, for each § € (0,T") we have in addition
uweE;1(6,T)(— C([6,T]; Xy.1),
i.e. the solution regularizes instantaneously.

In particular, by dividing Fi(t,u) = Fi1(t) + Fi2(u), we get the following corollary.

Corollary 6.2. Suppose that the structural assumption (S) holds, and assume that A € C(J x
Vi B(X1, X0)), (A(t,-), Fi2) € Lipioc(Vy; B(X1, Xo) x Xo) for all t € J, and hypothesis
(H2)-(H3) are valid. Fix any ug € V), such that Ay := A(0,up) € MR, (X1, Xo). Then
for any Fy1 € Ly, (J, Xo), the same unique existence statement of the theorem 6.1 for the
quasi-linear parabolic problem

w(t) + A(t, u(t))u(t) = Fii(t) + Fia(u(t)) + Fa(u(t)), t > 0,
holds. Moreover there is a constant ¢ = c(ug) > 0 such that

(-, ur, Fiy) = u(e ug, FY) g, 00 < c(lur —ualx,, + [Fy — Fiilgg ()
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i.e. the continuity for the source terms Fiy holds.

As another choice, the case that Fi(t,u) = F(t) + B(t)u for F € L, ,(J;Xo), B €
Ly . (J; B(Xy 4, Xo)) also satisfies the assumption (HO0) and (H1).
As we can see in the paper [7,11], the continuation of local solutions holds.

Corollary 6.3. Let the assumptions of theorem 6.1 be satisfied and assume that A(t,v) €
MR, (X1, Xo) foreach t € J and all v € V,,. Then the solution u(t) has a maximal interval
of existence J(ug) = [0, t4(uo)), which is characterized by

(i) Global existence: t4(ug) = T;

(ii) lim iIlft_ngJr (uo) diStX%# (u(t), 8Vu) =0;

(iii) limy sy, (o) u(t) does not exist in X, .

6.3 Proof of Theorem, local-wellposedness

Proof of Theorem 6.1. The proof is almost same as [7, Theorem 2.1] and [14, Theorem 1.2].
Let f := F(-,ug). We first introduce a reference solution uj € [Eq ,(.J) as the solution of
the linear problem

w4+ Agw = f, teJ, w(0)=up.

Here note that there exists a unique solution w = u{ since f € Eq ,,(J), ug € V,(C X5,,)

and the operator A satisfies maximal L,, , regularity property. Let u; € B (uo,€)(C
V,.) and a closed ball

Br 1wy = {0 € E1,(0,T) | vlt=0 = w1, [v = wgllg, ,0.r) <7}

for some ¢ € (0,£¢], 7 € (0,1] and 7" > 0 to be fixed later. As in [7], we shall show that
for all v € B, 74, it holds that v(t) € B (uo,€0)(C V,) for all t € [0,T7], provided
that r, 7, e > 0 are sufficiently small. To do so, we replace the reference solution u] in
[7] by the solution of

w+ Agw = f, t € J, w(0)=uy.
Then we have

||’U - UOHOO,X%M

<llv = illoc,x,,,, + 11 = uglloo, X, + llug = wolloo, X,

¢
e oy + / e~ (=940 () ds — ug
0

<Cillv = uillg, .01 + llur = wglloo,x,,, +
00, Xy

<Ci([lv=ugllg, .07) + lug — ville, L07)) + U1 — uglles,x, .
+ e ug — uolos,x, . + Collfllko, . 0,7)

<Cir + Cylug — ualx,,, + le”"ug — tollso.x, . + Coll fllge.0.7)-

Here we use that C; and C, are independent of 7" and the maximal L, , regularity for
Ao with its constant Cp > 0 which is also independent of 7" > 0. The last line can be
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estimated by £9 when ¢, r, T" are sufficiently small. In the rest of the proof, we keep this
smallness condition. Note that v(t) € B (uo,€0) N X1(C V, N Xp) for ace. t.

We will prove the existence and uniqueness of the problem (6.2.1) by Banach’s fixed
point theorem. We define a mapping S, : B, 74, — E1,(0,7) by S,,v = u, where
v € B, 7, and u is the unique solution of the linear problem

U+ Aou = Fi(t,v) + Fo(v) + (Ao — A(t,v))v, t € (0,T7), u(0) = u;.

To use Banach’s fixed point theorem, we need to show the self-mapping property
SuBr 14, C By 14, and the contraction property:

| Suyv — SMWHIELM(O,T) < kllv— ﬁHEl,N(O,T);

is valid for some x € (0,1) and for all v, v € B, 1,,. We will first prove the self-mapping
property. Let v € B,.7,,, then we have

| Suyv — uéHEl,M(O,T)
<[[Suv = uillg, ,01) + Ul = ugllg, .01)
<Co (|1 F1(t,v) — Fi(t,uo)lg, . 0.1) + 1F2(V) | .00 + (A0 — At,0))vllg, 0.1
+ |lui = uglle, .01
=14+ 1T+ I+ 1V.

The second term /I and the last term IV can be estimated by 7 /4 under the assumptions
of the theorem and ¢ and T are sufficiently small, see [6,7,14]. We next calculate the
first term [I:

[ F1(t,v) = Fi(t, uo)llgg . 0,m) < M|z, 0010 = vl 0.7:x,,.)
<[Mlg, . (0,1)€0
Since M|y, ) — 0as T — 0, we see that the first term I can be estimated by r /4.

The third term I17 is estimated as follows. Let L(T') := supsefo, 7] [[Ao—A(t, wo) | 5(x,,x0)-
We have

1(Ao = A(t, 0))vllgq . 01)

< il (140 = At u0) | 5x, x0) + 1A o) = At v())llsxs x0)) 1V 2, 07:50)
€10,

< (L) + Lo = woll o075, ) (10 = Iz, 07:50) + 1652, 07530)
< (E(T) + L (Cir + Cye + [le 0ug — uglloox,,, + COHfHEO,M(o,T)))
x (Jlv— ugllg, ,.0r) + HUSH]ELH(O,T))
< (i(T) + L (Cir + Cye + [le 0ug — uglloox,,, + COHfHIE@,MO,T))) (r + lluglle, . 01))
Since L(T), |ugllE, .0,y — 0asT — 0, we see that the third term /I can be estimated

by /4 when ¢, r, T' are sufficiently small. Combining all estimates, we derived the self-
mapping property when ¢, r, T' are sufficiently small.
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It remains to prove the contraction property and the continuous dependence of the
L =Xy _
initial data. Let ug € B """ (ug,€), U € B, 14,. We have

| Suy v — SUQEHELM(O,T)
<[le™ 4 (ur — ug)llx, . 0,) + CollF1(t,v) = Fi(t, D) ||k, 0.1) + [ F2(v) — Fa(@)llgq,, 0,1)
+ (Ao — A(t,v))v — (Ao — A(t,0))V]|,, (0.1))
<lle™ 0 (ur — ua) |k, 0.1) + ColllFL(t,v) = Fi(t,0) gy, 0.1) + 1 Fa(v) = Fa(0) kg, 0.1)
+ [[(A(t,v) = Ao) (v = V)Igy . 0.1) + (AL, v) — A, 0)) Vg, 0.7))-

Note that we can use the completely same argument in [7, 14] even we treat time-
dependent operator A(t,u) and non-linear term F(¢,u). Therefore it has already es-
timated as follows.

_ 1 _
(6.3.1) 1S v = SusTllgy 0m) < SlIv = lley 0m) + ellur —uallx,

for some ¢ = c(up) > 0 when ¢,r,T are sufficiently small. In particular, by u; = uy,
the inequality means that S, is the contraction map in B, 7, . So there exists a unique
fixed point @ € B, 7, such that S,, % = 4, which is the unique solution of the quasi-
linear parabolic problem (6.2.1) with initial value u;. Furthermore, denoting w(t, u;)
and u(t, uz) by the solutions of (6.2.1) with initial values u,us € B (uo, €), respec-
tively, the continuous dependence of the initial data follows from (6.3.1). O

Remark 6.4. The proof of Corollary 6.2 is straightforward since || Fi (t, u) = F1 (2, V) ||&, . (0,7)
in the proof of the theorem 6.1 is replaced by

IFY = Fillgy .0 + 1Fi2(v) = Fia(®)|g,,.0.7)-

6.4 Global well-posedness

Let t; € (0,7] be the maximal time interval of the solution. Let a € (0,¢,) be fixed.
By the mixed derivative theorem and Sobolev embedding in weighted spaces, see for
instance [8], we have

E1,(0,a) = H, ,(0,a; Xo) N Ly (0, a; X1) < Hy (0,03 X,) < Ly(0,a; X,,).

We remind that the space X, denote complex interpolation spaces X,, = [Xo, X1],.
Conversely, we would like to prove thatift,. < 7 thenu ¢ L,(0,t4; X,,). In particu-
lar, the solution exists globally if u € L,(0,t; X,,). This means that the global existence
is equivalent to an integral a priori bound.
In this section we restrict the equations are the semi-linear parabolic evolution equa-
tions

(SL) U+ Alt)u = Fi(t,u) + Fa(u), t >0, u(0) = up,

and V, = X, ,. Here the assumption on F; and F» are same as section 6.2. As another
restricted assumption, the operator A belongs to C(J; B(X1, X)) and A(s) € BIP(Xo)



Well-posedness for the quasi-linear parabolic equations from the theory of maximal L,
regularity with critical time weights 123

with power angle 64 < 7/2 for all s € J, which is stronger than the maximal L,
regularity property on some interval. For the class of BZP(X)), see [2,11].

For the semi-linear equations (SL), we may assume F(u*) = O for all u* € Xpg
since F(t,u) := Fi(t,u) + Fy(u*) satisfies the assumption (H0) and (H1). Then the
assumption (H2) is

(6.4.1) By (u)]x, < 02(1 + [ul ) ulx,, -
p

Without loss of generality, let p; # 0. Let

vV _Bi=(w=1p 1 _ B-(u=-lp) 1 . 1 1

R e TR Y R e T T V7 R ror

From the definition of y, 8}, 5 and the assumption (H3), 1/r < 1, 1/r' < p;j and 0 <
1/r" < 1. The case 1/r" = 0 is the critical case. Multiply the inequality (6.4.1) by t!7#,
take L, (0,T") norm in time and Holder’s inequality, we have

m T 1/p
‘F2(u)‘E0,#(0,T) < CZ:l (A t(l—ﬂ)p(l + ’U(t) ggﬂ)p‘u(t)lg(ﬁj dt)
J

IN

m
CS h(T) (MT) lll? ,(0,T;Xﬁ)> lullzyr s 07 )
j:]_ pjpT,0 J

where

1/¢
T (1—p)p+1
,‘{/e(T) — (/ t(l*ﬂ)pdt)l/e — <T> (6 _ 7'/,7’//)
0

(I—pp+1

1
0.21_,_1_&7 o =1- / L,
roor p;r’ pyr

Note that ¢ > 1/(pr) and ¢’ > 1/(p;pr’) is admissible and x¢(T) — 0 as T — 0 if
1/r" #0.

We would like to use the estimate of the form
Pj pi
(6.4.2) HUHL;J_W,@T;X@ 0 075x5,) < CHUlIT, (0 0, N0llr 0,7

where C' > 0 is independent of T and u. To do so, we use the following interpolation
result.

Lemma 6.5 ([14, Appendix A.1]). Suppose X is densely embedded in Xy, A : X1 — Xo
is bounded abd A € BIP(Xy). Let F;, j = 0,1 be complete function spaces over an interval
J =(0,a)and let 6 € (0,1). Then

[Fo(J, Xg,), F1(J, X))o = Fo(J, Xp), B =(1L—0)B+0p,

where [-, -]p means complex interpolation, Fg = [Fo, Filp and X, = [Xo, X1]a for o € (0,1).
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Using this lemma, the problem is reduced to the existence of aj, € (0,1) and

tj,s; € (0,1) such that

]

[Lp(0,7T;X,),Eq1,,(0,T)]¢,

1
]

J
(17a1)t

— [LP(OaT;X,u)’H (0 T X )] Hp( ti) 1t (0 T X(l t; ),LLthjaJl.)

— ijpr/p’ (0, T; Xﬁ)
and

[Lp(O,T;X ) ELM(O T)]s

2
J

J

(0,75 X)), — gl

— [LP(O,T; XN) p,(1—5;)+ps; (0 T X(l Sj );H—sjoz )

— Lpng (O, T; Xg].)

with p;t; + s; = 1 since these two complex interpolations imply

1—t; )
HUHLP o ! 1(0,T5Xg) < CHUHLP g)T'Xu)HuHIEgLH(O,T)’
1-s EF
lll 025, < Ol oy Il oy
and therefore the inequality (6.4.2) holds from p;t; +s; = 1. The constants C' may differ
from line to line, but they are independent of 7" and u. Two time-space embeddings are
satisfied when

oo P mEI 0,1), o2 . Pi— posts

! 2 1= = ot €(0,1), 0<t; <min{l/p;,1}.

This is guaranteed if ¢; such that

p—p B—u} {@ 1—@'} 1
(0<)max{ pol-p << min pp;’ (1= p)p; (<pj)

exists for all j with p; # 0. Namely we assume

(6.4.3) max{u ﬁﬁ M} min{ﬁj,l_ﬁj}.
pol—p pp; (1= p)p;

This is a sufficient condition to show the inequality (6.4.2). The statement of global
well-posedness is as follows.

Theorem 6.6. Assume that (S), (H2)-(H3), (6.4.3) and F : J x X, ,, — X satisfies assump-
tions Caratheodory type and Fi(t,-) € Lipioc(X,,u; Xo) for a.e. t € J, whose Lipschitz con-
stant is a function of t in L, ,(J). Assume that A € C(J; B(X1, X)) and A(s) € BIP(Xo)
with power angle 64 < w/2. Let u be the unique solution of Theorem 6.1 with maximal time
interval of existence [0,t..) for a semi-linear parabolic equation (SL). Then

(i) u € Ly(0,a;X,) foreach a < t.

(i) Ift4 < T thenu ¢ Ly(0,t4;X,,).

In particular, the solution exists globally (t;. = T) if u € Ly(0,t4; X,).
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Proof. We have already mentioned (i) in the beginning of this section. We consider (ii)
that the integral a priori bound implies the global solution. Suppose ¢y < 7 and let
ap € (0,t4) be fixed. Note that

m
|F2(u)’IE07H(a0,a) < CZ K’T‘”(a07 a) (K‘T’(a@? CL) + ”uHijjp (a07a;X5)> ||UHLI)7‘7J(QO,G;XL-}J.)’

! o’
Jj=1

with

)4

¢ (I=p)p 74\1/¢€ (a_ao)(l—u)p—i-l Y ron

(a0, a) i= (| (8= ao)7Pdt) 0= | S (s 0asag—a) (L=11")
ag

for all a € (ap, t+). The interpolation (6.4.2) implies

m
Ba(0)q ua0.0) < C D b (a0,0) (300, @)1l g ) + 1017 0 10 )
j=1

where the constant C is independent of ag and a € (ap,t+). Let M be the supremum
of the constant of maximal regularity of A(s) for the interval [0, ;) which is larger
than other maximal regularity constant for sub-interval of [0, ). Let ¢y € (ao, t+) with
ul, € X1 to be fixed later. We use the estimate

”uHLm,g(to,a;ng) < Hu - u|toHLpr,a(to,a;X5j) + Hu‘tOHLp'r,o'(t(),(I;Xﬁj)
< Cllu = ulolle, 4 (t0,0) + 1ltol| L o (10,055,
< CH“HELH(to,a) + Ou|t0 (t(]a (1)

where the constant C'is independent of ¢y, a and the constant Cyl 0 (to,a) — Oasty — a,
and the other estimate

£ (¢, w) gy, (20,0)
<|[F1(tw) — Fi(two)llk . (t0,.0) T 11 (E w0k, (t0,0)
<tip(to, a)llu — woll Lo (to,a:x, ) + I1FL(E, w0) |, (20,0)
<tkip(to, a)(Cllu — ulto gy, (t0.0) T Ulte = U0l Lo (t0,a:x,,)) + 1 F1(E 10) | . (20,a)
<Crp(to,a)lullg, ,(t,a) + Cujuy o, Fy (to,a)

where the constant C' is independent of 9, a and the constants (o, a), C, 102160, F1 (to,a) —
0 as tyg — a. To treat A(t) we estimate as follows:

1(A(to) = A®)ullgy . (t0.0) < sup [[A(t0) = A®)|3(x1 x0) [l . (20,0)

t€lto,al

Here sup;cy, o) |A(to) — Al 5(x,1,x0) — 0 as to — a.
Combining all estimate, by the maximal regularity of A(ty),

ullE, . (to,a)

< M (Juleo|x, . + 1L ) o, t0,0) + 1F2() R0, (10,0 + [ (Alt0) — A(E))ullig i t0,0))
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< M(Juls|x,,, + Ki(to, a)[[ulle, , (t0,0) + K2(to, @)

with K (to, a), Ka(to,a) — 0 as tg — a. Remark that the term [|u||z,,,4;x,) also goes to
zero as typ — a. Take ¢, sufficiently close to ¢4 and a € (to,t+). such that Ki(tp,a) <
1/(2M). Then we have

[l t0,0) < 2M (Julsg|x, , + Ka(to, a))
< 2M (|ulto|x,,, + Ks(to, T)) (independent of a)

Therefore u € Eq ,(to,t+), which does not blow-up at ¢ = ¢, This contradicts that ¢ is
maximal time interval. O]

Remark 6.7. The assumption (6.4.3) is satisfied when p = ., f; = 8 and max; p; < p.
This case with m = 1, p; = 1 is the bi-linear non-linearities (F» =)G : X3 x Xg — X in
[12].

Remark 6.8. We are able to generalize this global well-posedness for the quasilinear

parabolic equations (QL) if

(Ao — A(t, u))ullg, 0,y < C+ llullz,©0,7:x,)) lullE,,0.1)

holds for some C' > 0 which is independent of 7" and w.

6.5 Example

In this section we apply the local well-posedness for the quasi-linear heat equation. Let
Q C R be a smooth bounded domain. Let x > 2 and a function F' : [0,7) x R — R of
Caratheodory type. A continuous function a : [0, 7) x R — R satisfies that there exists
ap > 0 such that a(t, s) > ap > 0 for all ¢, s. We consider the following quasi-linear heat
equation.

u —a(t,u)Au= F(t,u) + |[Vul® in(0,7) xQ,
(QH){ d,u=0 on (0,7) x 99,
u(0) = wp.

Let 1 < p,q < co. We set X := Lg(Q), X1 := {u € H}(Q) | Oyuloq = 0} and Fi(u) :=
|Vu|®. Then,

 [HP (@) if28 <1+1/q,
{ue HP Q)| dyulpqg =0} if28>1+1/q

<—>H,iq(ﬂ)if6:1+d(1—1).
q K

Moreover we have the assumption (H2) as follows:

|Fi(u)xo < CIVulg, < Clulk,,

Fe(w) = F(w)lx, < Culf + ol — ol
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The critical weight yi. and the critical space X, ,,. are determined by

MC'_p 2q  2(k-—1)’

-2
é_i_L

dyn=2 B{, (D if 4 522 <141
Xype =1 vBip " (Q) = o 4&&;2 @t I
{u€ Bip "' (Q) | yulon =0} if $+ 55 > 1+ 1.

The condition 1/p < . holds from x > 2 and the conditions 5 < 1 and p. < 1 are

2 d
(6.5.1) 242 B
p q

“ k-1

The critical space X, ,,. is compactly embedded into C(Q2) for all p,q € (1,00),x >
2. Therefore the operator A defined by A(t, w)u := —a(t, w)Au satisfies (HO) and the
maximal L, regularity on some interval, see [3]. Assume that a(t,-) € Lipjoc(R;R) for
allt € [0,7), whose Lipschitz constant is uniform in ¢ and F (¢, -) € Lipjoc(R; R) for a.e.
t € (0,7), whose Lipschitz constant is a L,, ,,. (0, 7) function. Then the function A and
F satisty (HO) and (H1) since

a’(t’ ) € Liploc(Loo(Q); LOO(Q))a
F(t,-) € Lipioc(Loo(£2); Lo (€2)) C Lipioe(Xy,u.; Xo)-

The local well-posedness theorem is as follows.

Theorem 6.9. Let k > 2, p,q € (1, 00) satisfy (6.5.1). Let a and F' be a continuous function

and a(t,-) € Lipie(R;R) for all t € [0,7T), whose Lipschitz constant is uniform in t and

a(t,s) > ag > 0 for some ag, and F(t,-) € Lipioc(R;R) for a.e. t € (0,7T), whose Lipschitz
d | k=2

constant is a Ly, (0,T) function. Then for any ug € VB;; ==1(Q), there exists T € (0, 7]
and the unique solution u € [y, (0,T") for the quasi-linear heat equation (QH). The solution
has continuity for the initial data. Moreover the solution can be extended to the maximal time
interval t and belongs to the class of

d | k=2

+o= _
u€ C([0,44);Bdp "1 () N O((0,1:+);, By~ /7 ().
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