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Preface

A CR manifold is an odd-dimensional analog of a complex manifold. A typical
example of a CR manifold is a real hypersurface in a complex manifold. In this the-
sis, we consider strictly pseudoconver CR manifolds. In the seminal paper [Fef74],
Fefferman has proved that two bounded strictly pseudoconvex domains in the com-
plex Euclidean space are biholomorphic if and only if their boundaries, which are
strictly pseudoconvex CR manifolds, are isomorphic as a CR manifold. Since then,
there have been extensive researches on strictly pseudoconvex CR manifolds. The
purpose of this thesis is to study geometric properties of both local and global
invariants of strictly pseudoconvex CR manifolds.

In Chapter M, we will consider Chern classes of closed strictly pseudoconvex CR
manifolds. It is one of the most fundamental problems in CR geometry whether a
given CR manifold can be realized as a real hypersurface in a complex manifold.
There are many strictly pseudoconvex CR manifolds of dimension three with no
such realizations; see [Ros65, Nir74, BE90K] for example. On the other hand,
it is known that any closed connected strictly pseudoconvex CR manifold of di-
mension at least five can be realized as the boundary of a strictly pseudoconvex
domain in a complex projective manifold [BAMT7H, HL7H, Lem95]. This fact gives
some restrictions to the topology of closed strictly pseudoconvex CR manifolds. For
example, Bungart [[Bun92] and Popescu-Pampu [[PP08] have proved some vanish-
ing results for the cup product on the cohomology with rational coefficients. By
a similar method, we will obtain a constraint on Chern classes (Theorem [I7T).
Through some examples, we will also show that our result is “sharp” in general
(Propositions =31 and 0=32). This chapter is based on the paper [TakT8H].

In Chapter B, we will deal with the existence of a pseudo-Einstein contact
form. Recently, two global CR invariants have been introduced: the total @-prime
curvature and the Burns-Epstein invariant, which will be explained later. A pseudo-
FEinstein contact form, first introduced by Lee [[Lee&R], is a contact form satisfying
a weak Einstein condition, and is necessary for defining those invariants. Therefore,
the following problem arises when we consider the variation of these invariants: “is
the existence of a pseudo-Einstein contact form preserved under deformations of
CR structures?” We will solve this problem affirmatively for deformations as a real
hypersurface in a fixed complex manifold (Corollary EZT2). This result follows from
the fact that there exists a flat Hermitian metric on the canonical bundle of a suffi-
ciently small tubular neighborhood of a strictly pseudoconvex real hypersurface if it
admits a pseudo-Einstein contact form (Theorem E1). This chapter corresponds
to the paper [TakTRd].

In Chapter B, we will study relations between CR invariants constructed via the
ambient space and Sasakian 7-Einstein manifolds. Before stating our results, we
recall the ambient space in even-dimensional conformal geometry, which is closely
related to CR geometry.

Let N be a smooth manifold of dimension 2m > 2, and C' be a conformal class
of pseudo-Riemannian metrics of signature (p,q) with p + ¢ = 2m. The metric
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bundle G is the principal R;-bundle over N whose fiber G, at € N is given by
Go={9.€S’T;N|geC}.

This G has the tautological symmetric two-tensor go. The ambient space is the
space G = G X (—¢, €) with a homogeneous pseudo-Riemannian metric g of signature
(p+1,q+ 1) such that g|gx oy = go and g is asymptotically Ricci-flat on G x {0}.
This space was first introduced by Fefferman and Graham [EGRS]; see also the book
[FGT2] for details. By using the Laplacian of g, we can obtain some conformal
invariants of (N,C). For each integer 1 < k < m, Graham, Jenne, Mason, and
Sparling [GIMS92] have defined a conformally invariant differential operator P
whose principal part is the k-th power of the Laplacian, called the k-th GJMS
operator. It is known that P; agrees with the conformal Laplacian; in other words,
the GJMS operators are higher order analogs of the conformal Laplacian. The Q-
curvature is a smooth function on N determined for each representative of C, first
introduced by Branson [Bra95]; see also [FG0O2, FHO3]. This is not a conformal
invariant, but its integral, the total Q-curvature, defines a global conformal invariant
of (N,C) if N is closed. In the case of m = 1, the Q-curvature coincides with the
Gauss curvature; that is, the @-curvature is a generalization of the Gauss curvature
in higher dimensional conformal geometry.

Assume that C' contains an Einstein metric g. Gover [Gov06], and Fefferman
and Graham [FGT2] have proved that the k-th GJMS operator is decomposed into
k factors, and each factor is the sum of the Laplacian and a constant determined
only by m and the Einstein constant. They also have shown that the @-curvature
with respect to g is a constant depending only on m and the Einstein constant.
Moreover, the variation of the total Q-curvature under deformations of conformal
structures is well-understood: the first variation of the total @Q-curvature at C' is al-
ways zero [GHOS)], and the second variation is written in terms of the Lichnerowicz
Laplacian [MafT3]; see also [GMSTH].

Now we return the CR case. Let M be a strictly pseudoconvex CR manifold
of dimension 2n + 1. Then we can construct a principal S*-bundle N over M with
a conformal class C' of Lorentzian metrics on IV; these are determined only by the
CR structure of M [BIDS77, LeeB6]. The space (é, g) with respect to (N, C) is
called the ambient space of M. In this thesis, however, we take a complex-geometric
approach to the ambient space following [HIMMT7]; see Section 3. Similar to the
conformal case, the ambient space gives some CR invariants. For (w,w’) € R? with
k=w+w +n+1€{l,...,n+ 1}, Gover and Graham [(GG05] have defined a
CR invariant powers of the sub-Laplacian P, s, a CR counterpart of the GJMS
operators. A CR analog of the Q-curvature is the Q-prime curvature, introduced
by Case and Yang [CYT3], and Hirachi [HirT4]; it is a smooth function on M
determined for each pseudo-Einstein contact form. Marugame [MarI8] has proved
that its integral, the total Q-prime curvature, defines a global CR invariant for a
closed M.

The results in Chapter B are CR, counterparts of those in the paragraph before
the previous one. A Sasakian n-FEinstein manifold is a strictly pseudoconvex CR
manifold (S, 7%°8S) of dimension 2n + 1 with a contact form 7 satisfying a strong
Einstein condition; see Definition I&3. For such (S, T*%S) and n, we will prove that
P, . is factored into k& components, and each component is written in terms of the
sub-Laplacian, the Reeb vector field, n and the Einstein constant (Theorem B).
We will also show that the @Q-prime curvature with respect to n is a constant
determined only by n and the Einstein constant (Theorem BT3). Note that the
same results have been obtained independently by Case and Gover [CGI7] in a
different way. We will also consider the variation of the total Q-prime curvature at .S
under deformations as a real hypersurface. It will be proved that the first variation
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of the total Q-prime curvature at S must be zero (Proposition B14). By applying
some spectral results, we will also show that, if n = 1 or the Einstein constant is
non-negative, then the second variation is non-positive, and equal to zero if and
only if the deformation is “infinitesimally trivial” (Theorem BTH). Through some
examples, it will be seen that these results do not hold if n > 2 and the Einstein
constant is negative (Theorem B1H). This chapter is based on the paper [IakTRal]
In Chapter @, we will compute another global CR invariant, the Burns-Epstein
invariant, for the tubes associated with polarized Kéhler-Einstein manifolds, which
are typical examples of Sasakian 7-Einstein manifolds. Burns and Epstein [BE90a]]
have introduced a global CR, invariant for the boundaries of bounded strictly pseu-
doconvex domains in C**! as the boundary term of the renormalized Gauss-Bonnet-
Chern formula. Marugame [MarT6] has simplified their construction and gener-
alized it to a global CR invariant for closed strictly pseudoconvex CR manifolds
admitting a pseudo-Einstein contact form, which we call the Burns-Epstein invari-
ant in this thesis. We will give a formula of this invariant for the tubes associated
with polarized Kéhler-Einstein manifolds in terms of characteristic numbers (Theo-
rem B1T). As an application, we will show that there is no proportional relationship
between the Burns-Epstein invariant and the total Q-prime curvature in dimension
at least five (Theorem EI2). Note that, in dimension three, the Burns-Epstein
invariant coincides with the total Q-prime curvature up to a universal constant.

Notation. Throughout this thesis, we assume that n is a positive integer. We write
N, (resp. Ry ) for the set of positive integers (resp. positive real numbers). We use
Einstein’s summation convention and assume that

e uppercase Latin indices A, B, C, ... run from 0 to n + 1;

e lowercase Latin indices a, b, c,... run from 1 to n + 1;

e lowercase Greek indices a;, 3,7,... run from 1 to n.
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CHAPTER 0

Basic materials

0.1. Strictly pseudoconvex CR manifolds

In this section, we recall some fundamental results on strictly pseudoconvex
CR manifolds and the Tanaka-Webster connection.

Let M be an oriented smooth (2n+ 1)-dimensional manifold without boundary.
A CR structure is a complex n-dimensional subbundle T1°M of the complexified
tangent bundle TM ® C such that

TYMNT™ M =0, [O(TYOM), (T M)] ¢ T(TH M),

where T%! M is the complex conjugate of T*9M in TM ® C. Set HM = ReT+°M
and let J: HM — HM be a unique complex structure on H M such that

TYOM =ker(J —v—-1: HM @ C - HM ® C);
in particular, HM has a canonical orientation. Let HM?® be the annihilator of
HM; that is,
HM®° :{HPET;M ‘ 9p|HpM:O}

Since T'M is oriented and H M is an oriented subbundle of TM of codimension one,
HM? is an oriented real line bundle. An element 6, € H,M° \ {0} is said to be
positive if the orientation of H,M° determined by ¢ is compatible with the given
orientation of H,M°. We denote by HM? the set of positive elements in HM?®,

which is a trivial principal R -bundle over M. Let 6 be a smooth section of HM?.
The Levi form Lo with respect to 6 is the Hermitian form on TH9M defined by

Lo(Z,W) = —/—1d0(Z, W), Z,WeT"M.

A CR structure T1° M is said to be pseudoconvez (resp. strictly pseudoconvez) if Lo
is non-negative (resp. positive definite) for some 6. This condition is independent of
the choice of § and determined only by TV°M and the orientation of M. If T*OM
is strictly pseudoconvex, we call a section of HMY$ a contact form.

In the remainder of this section, we assume that the CR structure T1OM is
strictly pseudoconvex. Denote by T the Reeb vector field with respect to 6; that is,
a unique vector field satisfying

Q(T) = 1, LTde =0.
Then the tangent bundle 7'M has the decomposition TM = RT & HM. One can
define a Riemannian metric g9 on M by

go(X,Y) = %dH(X, JY)+0(X)0(Y), X,Y €TM.

Here we extend J to an endomorphism on TM by JT = 0. Let (Z,) be a local
frame of T*0M, and set Z_ = Z,,. Then (T, Z,, , Z-) gives a local frame of TM ®C,
called an admissible frame. Its dual frame (0, 0%, 6%) is called an admissible coframe.
The two-form df is written as

do = /=11, ;0% A 67,

1
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where (laE) is a positive definite Hermitian matrix. We use laE and its inverse [*7

to raise and lower indices.
A contact form 6 induces a canonical connection V, called the Tanaka- Webster
connection with respect to 6. It is defined by

VI =0, VZ, =w,/Zy, Vig=wiZs (g =w)
with the following structure equations:
d0° = 6% Aw, P + A°_0 A 95,

dlag = wa'yl + loc'y B .
The tensor A, 5= A 1s shown to be symmetric and is called the Tanaka- Webster

torsion. We denote the components of a successive covariant derivative of a tensor
by subscripts preceded by a comma, for example, K B We omit the comma, if the

derivatives are applied to a function. With this notation, introduce an operator
Oy: C°(M) — T((T**M)*) by

5bf = faea-

A smooth function f is called a CR holomorphic function if O,f = 0. A CR
pluriharmonic function is a real-valued smooth function that is locally the real part
of a CR holomorphic function. We denote by & the space of CR pluriharmonic
functions.

The curvature form Q% = dw,” —w,” /\w,yﬁ of the Tanaka-Webster connection
is of the form

QP =RP 0N+ A _BeAG— AP 0T NG
@ a o ary, v,

(0.1.1) o
— V=14, 07 NP+ V=115 A6 N6

We call the tensor Raﬂ 75 the Tanaka- Webster curvature. This tensor has the sym-
metry

R 5 = g5 = Bogyae

Contracting the Tanaka-Webster curvature, we obtain the Tanaka-Webster Ricci

curvature Ricﬁ = Ra“73 and the Tanaka- Webster scalar curvature Scal = Ric,ﬂ.

Now consider commutators of covariant derivatives. We will use the index 0
for the component T or 6 in our index notation. The commutators of the second

derivatives for f € C*°(M) are given by
_ — ./ — B
2f[aﬂ] - 07 2f[aE] - 7llagf07 2f[00(] - Aa,Bf )

where [ --] means the anti-symmetrization over the enclosed indices. Define the
Kohn Laplacian O, and the sub-Laplacian Ay by

Opf = —fa" Auf =—fz" = f.% =0uf + 0,
respectively. From the above commutation relations, we have
= /—1nT.
In particular,

(0.1.2) 20, = Ap +v—1nT, 20, = Ay — vV—1nT.
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The second derivatives of a (1,0)-form K = K_ 0% satisfy the following commuta-
tion relations:

2K, (5y) = V1A, K = V=14, K,
= V-1 A5 K5 — \/—utﬁA‘*BKé,

a,[87]
_ )
2K (pm) = V= Uz Koo + Ry /ﬁKﬁ’
QKay[O,@] = Az K, - A K,
_ Y
2K, 5 = A'5Kan + A7 *QK

For proofs of these facts, see [LeeR88, Lemma 2.3].
A contact form 6 is said to be pseudo-FEinstein if the following two equalities
hold:

1
Ric - = —Scall -, Scal, =+v—1nA A
af n af o apB

From Bianchi identities for the Tanaka-Webster connection, we obtain

Ri LY E—”_lsl V=InA P
fegpSeallyg | = = —(Scaly = vV=Ind g 7);

see [HirT4, Lemma 5.7(iii)] for example. Therefore, the latter equality follows from
the former one if n > 2; on the other hand, the former equality automatlcally holds
if n = 1, and the latter one is a non-trivial condition. Another contact form 6=cro
is pseudo Einstein if and only if T € £2.

Now we introduce the Burns-Epstein invariant, a global CR, invariant for strictly
pseudoconvex CR manifolds admitting a pseudo-Einstein contact form. It is defined
as the boundary term of the renormalized Gauss-Bonnet-Chern formula [MarTH,
Theorem 1], but we do not use this definition but an explicit expression in terms of
the Tanaka-Webster curvature and torsion. Assume that M is closed and admits
a pseudo-Einstein contact form 6. To simplify the notation, set ¢ = Scal/n(n + 1).
Let

0,7 = <0” — V1A 07 + V=17,
0, = —l,=07,
0, = V-1,
0,7 =Q,° +vV-1cdbs,” — <l 50" N7
+V=16,6,707 N O+ V=156, 07 N O+ V—1cP1,567 N O
— V=IAL 0T ANOP + A, POT NG — AP 0T A,
0,0 = A, 07 A 9.
The Burns-Epstein invariant u(M) is defined by

wan =4 (51T (7) a0 o,

k=0
where
<I>80) = Z sgn(o7)0,° A 001 oA 0, TWALA 00 (1) oA HOT(n)
o, TES,
T T(k
<I>,(€0) = Z sgn(o7)0,° A O, A 9, k) (k)
o, TES

Aygosny’ A O TV A A, O A0 (1 <k <),
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@él) = Z Sgn(O’T)@U(l)O A\ 907(1) A\ 90_(2)0 A\ 907—(2) VANREIAN Qa(n)o A\ 907—(”)7

o,TESy
(1) _ 7(1) 7(2) 7(k+1)
= > sen(o7)0,) AT A O, A AO, )
o, TES,
Ayirosny® N0 N0, 0N 0T (1< k <n—1),
oV =0,

This pu(M) is independent of the choice of a pseudo-Einstein contact form, and
gives a global CR invariant of M [MarIé, Theorem 4.6].

0.2. Strictly pseudoconvex real hypersurfaces and domains

This section gives some basic facts on strictly pseudoconvex real hypersurfaces
and domains.

Let M be an oriented real hypersurface in an (n + 1)-dimensional complex
manifold X. Then M has the natural CR structure

7'M =T"°X N (TM ® C).

If T1OM is pseudoconvex (resp. strictly pseudoconvex), we call M a pseudoconvex
(resp. strictly pseudoconvex) real hypersurface. For any ¢ € T'(HMY? ), there exists
a smooth function p on a neighborhood of M such that M = p=1(0), dp # 0 on M,
and 0 = d°p|ps, where d° = (v/—1/2)(d — 0); such a p is called a defining function
of M normalized by 0. If p is another defining function, then there exists a smooth
function Y on a neighborhood of M such that p = e¥p. Take a sufficiently small
tubular neighborhood U of M and a defining function p of M. Then U\ M is divided
into two parts: U_ = U N p~1((—00,0)) and Uy = U N p~1((0,00)). Moreover, U_
and U, are independent of the choice of a defining function p of M. If M is
a pseudoconvex real hypersurface, we call U_ (resp. Uy ) the pseudoconvez side
(resp. pseudoconcave side) of U. It is known that any CR holomorphic function
(resp. CR pluriharmonic function) on a strictly pseudoconvex real hypersurface
can be extended to a holomorphic function (resp. pluriharmonic function) on the
pseudoconvex side of a sufficiently small tubular neighborhood.

We next consider strictly pseudoconvex domains. Let 2 be a domain in X with
smooth boundary M = 9. (Throughout this thesis, we always assume a domain
to be connected and relatively compact.) Then there exists a smooth function p on
X such that

Q:pil((foovo))v M:pil(o)’ dp # 0 on M;

such a p is called a defining function of Q. A domain 2 is said to be strictly pseu-
doconver if we can take a defining function p of €2 that is strictly plurisubharmonic
near M. We call Q2 a Stein domain if Q@ admits a defining function p that is strictly
plurisubharmonic on a neighborhood of the closure of €2. Note that a Stein do-
main is a Stein manifold; this is because —p~! defines a strictly plurisubharmonic
exhaustion function on . It is known that any strictly pseudoconvex domain €2
is holomorphically convex, and consequently, there exist a Stein space Z and a
proper surjective holomorphic map ¢: 0 — Z having some good properties, called
the Remmert reduction of Q; see [GPRY4, Chapter V| and references therein for
details. In our setting, ¢ is described as follows. A compact analytic subset E of
positive dimension at every point in 2 is called a maximal compact analytic subset
of Q) if it is maximal among such subsets with respect to the inclusion relation; this
E is determined uniquely by €. The map ¢ contracts each connected component
of E to a point, and induces a biholomorphism Q\ E — Z\ ¢(F). In particular, Z
has at most finite normal isolated singularities.
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The boundary of a strictly pseudoconvex domain is a closed connected strictly
pseudoconvex real hypersurface [KR65, Corollary 7.3]. Conversely, it is known
that any closed connected strictly pseudoconvex CR manifold of dimension at least
five can be realized as the boundary of a strictly pseudoconvex domain in a complex
projective manifold [BAM75, HL7H, Lem95].

0.3. The ambient space

In this section, we give a brief introduction to the ambient space, which is a
powerful tool for defining CR invariants.

Let X be an (n + 1)-dimensional complex manifold and 7x: X = K5 — X be
the total space of the canonical bundle of X with the zero section removed. For y €
C*, define the dilation §,: X — X by the scalar multiplication by p™*2. Denote
by Zy the holomorphic vector field generating §,; that is, Zy = (d/dp)|u=16;;.
A smooth function f on an open set of X' is said to be homogeneous of degree
(w,w') € R?if Zof = wf and Zyf = w'f hold. We write & (w,w’) for the sheaf of
smooth homogeneous functions of degree (w, w’), and sometimes abbreviate & (w, w)
to g(w) By abuse of notation, we will write f € éNZ'(w, w'). Note that a Hermitian
metric of Kx can be identified with a positive function in & (n+2).

Let 2 = (2',...,2"!) be a local coordinate of X. Then the fiber coordinate
¢ of X is defined by ¢dz' A --- A dz"t!. Choose a branch 20 = ¢/("+2)_ which is
called a branched fiber coordinate in this paper. The holomorphic vector field Zj
is equal to 2°0/92Y, and for each homogeneous function f of degree (w,w’), there
exists a smooth function f locally on X such that f = (20)*(z9)*"f.

Let M be a strictly pseudoconvex real hypersurface in X and set M = 7T;(1 (M).
We give an orientation on M so that 7% p is a defining function of M for any defining
function p of M. Then M is a C*-invariant pseudoconvex real hypersurface in X.
Denote by &(w,w’) the sheaf of homogeneous functions of degree (w,w’) on M.

For a defining function p € &(1) of M, the (1,1)-form dd®p defines a Lorentz-
Kéhler metric on a neighborhood of M, denoted by g[p]. We normalize p by using
a complex Monge-Ampeére equation. Take the tautological (n+1,0)-form ¢ on Kx.
Then

voly = (vV=1)"t2°q¢ AdC

gives a volume form on X

Proposition 0.3.1 ([HIMIMT7, Proposition 2.2]). There ezists a defining function
p € &(1) of M such that

(ddp)" 2 = k(1 + Op™2)voly,

where © € &(—n —2) and ky, = —(n + 1)/(n+ 2). Moreover, such a p is unique
modulo O(p"*+3), and O|n is independent of the choice of p.

We call such a p a Fefferman defining function and the Lorentz-Kéhler metric
g|p] with respect to p an ambient metric. The function O is called the obstruction
function. Note that the Ricci form of g[p] is given by —dd®log(1 + Op"*?).

A Fefferman defining function gives a necessary and sufficient condition for a
contact form to be pseudo-Einstein in terms of a Hermitian metric on Kx. For
a Hermitian metric h of Kx, the function p - h=Y/(*2) ¢ £(0) gives a defining
function of M. Conversely, let p be a defining function of M. Then h, = (p/p)" 2 €

&(n + 2) defines a Hermitian metric of Kx near M.

Proposition 0.3.2 ([HMMTI7, Proposition 2.6]). A contact form 6 on M is
pseudo-FEinstein if and only if there exists a defining function p of M normalized
by 0 such that h, is flat on the pseudoconves side.
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In particular, any strictly pseudoconvex real hypersurface in a complex manifold
X admits a pseudo-Einstein contact form if Kx admits a flat Hermitian metric.

Before the end of this section, we note some identifications for &(w). For a
defining function p of M, the function h,|sr € &(n+2) depends only on the contact
form 6 normalizing p, denoted by hg. The multiplication by h;”/ "+ Qefines a
linear isomorphism C*°(M) — &(w). There exists also a canonical identification
between &(—n — 1) and the space A?"+1(M) of smooth (2n + 1)-forms on M. For
p € &(—n—1), the (2n+1)-form ¢ d°p A (dd°p)™| s descends to a smooth (2n+1)-
form on M. This induces an isomorphism & (—n — 1) — A?"T1(M). We denote by
Jys @ the integral of the (2n + 1)-form corresponding to ¢ € &(—n —1) for a closed
M. Note that the composition

C®(M) = &(—n — 1) — A2"T1(M)
is given by ¢ — @0 A (dO)".

0.4. Deformations of CR structures

In this section, we treat deformations of real hypersurfaces in a fixed complex
manifold and corresponding deformations of CR structures; we follow the argument
in [HIMIMT7Z, Section 4].

Let M be a closed strictly pseudoconvex real hypersurface in an (n + 1)-
dimensional complex manifold X, and (M;)¢c(—1,1) be a smooth family of closed
strictly pseudoconvex real hypersurfaces in X with My = M. Take a Fefferman
defining function p; of M, = 73! (M,) that is smooth in ¢. Then (d/dt)|—opt|m €
&(1) is independent of the choice of p;. Conversely, for any real-valued function
@ € &(1), there exists a smooth family (M;).e(—1,1) such that ¢ = (d/dt)|i=0pt|m-
Thus the space of infinitesimal deformations of M as a real hypersurface in X is
naturally parametrized by & (1), the space of real-valued functions in &(1). On
the other hand, the space of infinitesimal deformations of CR structures on M,
denoted by 2(M,TOM), is a linear subspace of I'(Hom(T%'M,TOM)). Each
infinitesimal deformation as a real hypersurface induces that of a CR structure on
M. This correspondence is represented by a differential operator

D: &) — (M, TV M),
first introduced by Buchweitz and Millson [BMY97, Chapter 8]; see also [AGLOZ,
Section 4]. Remark that this operator also appears in a subcomplex of the BGG
sequence [CSS01)]. If F € &(1) is pure imaginary, DF corresponds to the infinitesi-
mal deformation induced from an infinitesimal contact diffeomorphism on M, which

has been studied by Cheng and Lee [CL90, Lemma 3.4]. From this observation,
we define a “trivial deformation” from CR point of view.

Definition 0.4.1. Let (M;);c(—1,1) be a smooth family of closed strictly pseudo-
convex real hypersurfaces in X with My = M. It is said to be infinitesimally trivial
as a deformation of CR structures if

d

7 ptlm € Reker D.

t=0
As stated in the last paragraph in Section 033, a contact form § on M gives an
identification between &(1) and C*°(M). Thus we obtain a differential operator

Dg: C>®(M) — 2(M, T*°M),
written in terms of the Tanaka-Webster connection as follows:

2DgF)." = F.P —-1AF.
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0.5. Ambient constructions

In this section, we recall constructions of CR invariant powers of the sub-
Laplacian, the P-prime operator, and the Q)-prime curvature via the ambient space.
We use the notation in Sections I3 and 0. Fix a Fefferman defining function
p and consider the corresponding Lorentz-Kéhler metric g = g[p]. Let V be the
Levi-Civita connection of g, and A be the (pseudo-Riemannian) Laplacian with
respect to g; that is,
A=-2ViV,.

This operator maps g(w, w') to g(w —1,w =1).
Lemma 0.5.1 ([GGOH, Theorem 1.1]). Let (w,w’) € R? such that k = w+w'+n+1
is a positive integer. Then, for any f € &(w,w’),
(A* ) € E(w —k,w' — k)
depends only on f = f|M and defines a differential operator
P, E(ww') = E(w—kw' —k).

Moreover, the operator P, . is independent of the choice of a Fefferman defining
function if k <n+1.

If £t <n+1, wecall P, a CR invariant power of the sub-Laplacian. Note
that Py o annihilates the constant functions, and satisfies

/ Ji-Poof2 = / J2- Poofi
M M
for fi1, fo € O (M) if M is closed; see [GGOS, Proposition 5.1]. In particular,

/Po,of: [ Poopl=0
M M

for any f € C°(M).

When w = w’ = 1, the operator P;; depends on the choice of a Fefferman
defining function. However, a slight modification gives a new CR invariant dif-
ferential operator, which is closely related to the variation of the total @-prime
curvature.

Lemma 0.5.2 ([HMMT7, Lemma A.2]). For f € &(1),
[ARe(A" ' VAVEY V) fllm € &(—n —2)
depends only on f = f|M and defines a differential operator
R: 8(1) > &(—n—2).

Moreover, R is independent of the choice of a Fefferman defining function. The
operator R coincides with P 1 if the obstruction function O vanishes along M.

In the remainder of this section, we assume that 0 is pseudo-Einstein. Take a
defining function p of M normalized by ¢ such that h, is flat on the pseudoconvex
side.

The P-prime operator is a differential operator acting on CR pluriharmonic
functions, which appears in the transformation law of the Q-prime curvature.

Definition 0.5.3 ([HirT4, Definition 4.2]). The P-prime operator
Py P — &(—n—1)
is defined by
1 -
P)Y=———[A"(Tlogh
T = AT (Tlogh, )L,
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where T € 2 and T is a smooth extension of Y that is pluriharmonic on the
pseudoconvex side. The function P;Y is determined only by 6 and Y.

Since logh, is a pluriharmonic function on the pseudoconvex side, we have
Pj1 = 0. Moreover, Marugame [MarI8, Theorem 1.2] has proved that

/Tg-Pg’le/ T, - BT,
M M

for T1,Ys € & if M is closed. In particular,

/ Pa’T:/ T.Pj=0
M M
for any T € &.

Now we give the definition of the Q-prime curvature.

Definition 0.5.4 ([HirI4, Definition 5.4]). The Q-prime curvature Qy is defined
by

p 1
= Shroe

This Q) is independent of the choice of a Fefferman defining function. We will also
use the unbold @ € C*° (M) defined by

Qp = Ql - AT/ (112),

[A" (log hp)?)|a € 6(—n —1).

which is also called the Q-prime curvature.

If we take another pseudo-Einstein contact form 6 = €Y for T € P, the
Q-prime curvature transforms as follows [HirT4, Proposition 5.5]:

1
Q) = Qj + P + 5 Poo(T?).

/M = /M @+ /M BoX + % /M Poo(T%) = /M %

for a closed M. Thus we see that the integral of the Q-prime curvature, the total
Q-prime curvature @/(M ), is independent of the choice of a pseudo-Einstein contact
form, and defines a global CR invariant.

We next recall variational formulas for the total @-prime curvature under defor-
mations of real hypersurfaces. Let (M;);e(—1,1) be a smooth family of closed strictly
pseudoconvex real hypersurfaces in a complex manifold X satisfying My = M. Take
a Fefferman defining function p; of M; = w;fl(Mt) such that it is smooth in the
parameter ¢ € (—1,1). Assume that there exists a flat Hermitian metric b of Kx
near M. The function p; = p; - R~/ ("2 is a defining function of M, and the
corresponding contact form 6; = d°p;|y, is pseudo-Einstein.

Hence

Theorem 0.5.5 ([HMMI7, Theorem 1.2]). Under the above assumptions, the
total Q-prime curvature satisfies

d —
Gl e =e [ ol
dt|,_, M
where O s the obstruction function of M, ¢ = (d/dt)|i=optlm € &(1), and ¢, =
27t Ipl(n + 2)!. Moreover if the obstruction function of M wvanishes, then
d2
d?|,_,
where R is as in Lemma T2 and ¢/, = —[4(n + 1)(n + 2)] L.

(0.5.1)

@Mm:¢/¢mm

M
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0.6. Sasakian manifolds

This section contains a brief summary of Sasakian manifolds from CR point
of view. See [BGOR] and [Spalll] for a comprehensive introduction to Sasakian
manifolds.

Let (S,TH9S) be a strictly pseudoconvex CR manifold, n be a contact form
on S, and £ be the Reeb vector field with respect to 7. Then an almost complex
structure I on the cone C(S) =R, x S of S is defined by

IHa(rd/or) + b6+ V) = —=b(rd/or) + a& + JV,
where 7 is the coordinate of Ry, a,b € R and V € HS. The bundle T*°C(S) of
(1,0)-vectors with respect to I is given by
TY00(S) = C(ro/or — V/—1€) @ THOS.

Lemma 0.6.1. The following three conditions are equivalent:

(1) the Tanaka-Webster torsion with respect to 1 vanishes;
(2) [6,T(THOS)] CT(T0S);
(3) the almost complex structure I is integrable.

Definition 0.6.2. The triple (S, 7%°S,7n) is called a Sasakian manifold if one of
the equivalent conditions in the above lemma holds.

PrOOF OF LEMMA OG0, Take an admissible frame (¢, Z,,, Z—), and the cor-
responding admissible coframe (1, 0%,0%). Then we obtain

(6. Za)) = —dn(&, Z,) = 0, 0°([€. Z,]) = —db° (¢, Z,) = — AP,
from the definition of the Reeb vector field and the structure equations of the
Tanaka-Webster connection. This gives the equivalence between (M) and (2). On
the other hand, from the integrability of T*9S, we can derive that (8) is equivalent
to
[rd/0r — /1€, T(TY08)] c T(T*°8S).
This yields the equivalence between () and (B). O

Let (S,T*YS,7n) be a Sasakian manifold. The Riemannian metric § = dr ®
dr + r%g, on C(S) is a Kéihler metric on C(S), and its Kéhler form is equal to
dd°r?/2. Moreover, the level set {r = 1} is isomorphic to S as a CR manifold, and
the one-form 7 is equal to d°logr?|s.

Consider the sub-Laplacian A with respect to 1. Since the Tanaka-Webster
torsion vanishes, one has

anE:faUE:fOQE’ fOBa:‘fEaO
for any f € C°°(M). Hence A, commutes with £&. We also note that the space &

is annihilated by A? +n2¢%. Let T be a CR pluriharmonic function. Locally, Y is
the real part of a CR holomorphic function f. On the other hand, we obtain

A? +n?¢? = 40,0, = 40,0,
from [Ap, €] = 0 and (I22). Therefore,
(A +n2e*)Y = 20,0, f + 20,0, f = 0.
We next consider an Einstein condition for Sasakian manifolds.

Definition 0.6.3. Let (S,T1°S,n) be a (2n + 1)-dimensional Sasakian manifold.
It is called a Sasakian n-FEinstein manifold if there exists a real constant A such
that the Tanaka-Webster Ricci curvature RiCaE of n satisfies

Ric 5= (n+ 1))‘laﬁ'
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In particular if A = 1, it is called a Sasaki-Einstein manifold. In this thesis, we call
the constant (n + 1)\ the Einstein constant of (S, T*°S,n).

There exist characterizations of Sasakian n-Einstein manifolds in terms of g,
org.

Proposition 0.6.4. Let (S,T+9S,n) be a (2n + 1)-dimensional Sasakian manifold
and A be a real constant. Then the following are equivalent:

(1) (S, T%°S,n) is a Sasakian n-Einstein manifold with Einstein constant (n+
A;
(2) the Ricci curvature Ricy, of g, satisfies

Ricg, = 2((n+ 1A = 1)gy +2(n + 1)(1 = )n @ n;
(3) the Ricci curvature Ricg of § satisfies
Ricg = 2(n+ 1) (A = 1)(gn —n®@1n).

PROOF. First, we show the equivalence between () and (#). We denote by
V¥ the Levi-Civita connection with respect to g,. Then, for U,V € I'(T'S),

VEV =VyV = g,(JUV)E+nU)JV +n(V)JU.

This follows from the fact that the Tanaka-Webster connection preserves the metric
gy and the torsion Tor of V satisfies Tor(U, V') = 2¢,(JU, V)&. Hence the curvature
Ry, of VI is related with the curvature R of V as follows:

Ry, (U, V)W = R(U, V)W — g,(JV,W)JU + g,(JU,W)JV
(0.6.1) — 29, (U, JV)JW — (V) g, (JU, JW)E
+0(U)gn(JV, JW)E = n(U)n(W)V +n(V)n(W)U
for U, V,W € T'(TS). Taking the trace of (i) gives
Ricy, = Ric —2g, +2(n+1)n®@n,
where Ric is the Ricci curvature of V. On the other hand, Ric is given by
Ric = Ric (0% © 0° + 67 © 0%),

which follows from (IIW). This proves the equivalence between (M) and (B).
Next, we show the equivalence between (2) and (8). Let V7 be the Levi-Civita
connection with respect to g. Then for U,V € T'(T'S),

V%/ar(ra/ar) =rd/or, V%/BTU = V%(r@/@r) =U,
VLV =VHV — g,(U, V)rd/or.

Hence the curvature Ry of V9 satisfies

Rgz(-,70/0r) =0, Rg(-,-)ro/or =0,

Rg(U V)W = Ry, (U V)W — gn(V.W)U + g,(U, W)V,
where U, V,W € I'(T'S). Taking the trace, we obtain

Ricg = Ricy, —2ng,.

Therefore, (B) is equivalent to (B). O

Note that (B) is equivalent to
2,.2

02007°
for any holomorphic local coordinate (2%,...2"1) of C(S) since r2/2 is a Kihler
potential of g.

(0.6.2) —dd° logdet( 0 ) = (n+1)(A = 1)dd° logr?
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Example 0.6.5. Let $?*+1 ¢ C™*! be the unit sphere centered at the origin with
the natural CR structure 79527 +1 and 7.4 be the contact form on $2"*+! defined
by

n+1

/1 o
Nstd = 5 (2'dz* — 2'dz2")|g2n+1.

i=1
The cone (C(S?7*1),g) is isomorphic to (C"*1 \ {0}, gruc) as an almost Kihler
manifold by the map

C(87"F1) = C" I\ {0} (r, p) = 7°p.

Here gy is the Euclidean metric on C™*!. Since gguc is a Ricci-flat Kéhler metric,
(§2nt1 T1.0g2n+l pi4) is a Sasaki-Einstein manifold.

A typical example of a Sasakian manifold is the tube associated with a polarized
Kdhler manifold. Let Y be an n-dimensional complex manifold, and (L, hr) be a
Hermitian holomorphic line bundle over Y such that w = /=10;, = —ddloghy,
defines a Kéahler metric on Y. We call such a triple (Y, L, hy) a polarized Kihler
manifold. Denote by hy—: the dual Hermitian metric on L~!. Now we consider the
tube

Sz{velfl | hL—l(’U,’U):l},
which is a real hypersurface in L=!'. This S has a canonical orientation as the
boundary of the open set

Q={velL! | hp-1(v,v) <1},
The one-form n = d°log hy,-1]|g is a connection one-form of the principal S-bundle
p: S — Y, and satisfies dn = p*w. Moreover, 1 gives a section of HSS, and T°8

coincides with the horizontal lift of T7°Y with respect to 1. Since w defines a
Kéhler metric, we have

- ﬁdn(&@ = *\/jlw(p*Z,p*Z) >0

for 0 # Z € TH9S; this implies that (S,T1°S) is a strictly pseudoconvex CR
manifold and 7 is a contact form on S. Note that the Reeb vector field ¢ with
respect to 7 is a generator of the S'-action on S.

Next, consider the Tanaka-Webster connection with respect to 7. Take a local
coordinate (2',...,2") of Y. The Kihler form w is written as

w= \/—lgagdza A dZP,
where (gaE) is a positive definite Hermitian matrix. Let Z, be the horizontal lift
of /0z*. Then (¢, Z,,,Z5 = Z,) is an admissible frame on S. The corresponding
admissible coframe is given by (1,0% = p*(dz®),0% = p*(dz®)). Since dn = p*w,
we have _
dn = V=1(p*g,5)0" N 6",
which implies lof = p* 9,3 The connection form ¢,” of the Kéhler metric with

respect to the frame (9/0z%) satisfies

_ BY _ g, B _ vy ¥
(0.6.3) 0=d(dz") =dz" N, dgag = ¢, 9.5+ 905‘% .
We write as ®,7 the curvature form of the Kihler metric. Pulling back (IG3) by
p gives
B — g *p B = (p*d N - (T
d0 *9 /\(p ¢a )7 dlaﬁ (p ¢a )l,yﬁ+la’y(p d)ﬁ )
This yields that w,® = p*¢,”, and the Tanaka-Webster torsion vanishes identically;

that is, (S, 71°S,n) is a Sasakian manifold. Moreover, the curvature form 2% of
the Tanaka-Webster connection is given by Q,” = p*®_”. Therefore, (S, T*°S,n)
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is a Sasakian 7-Einstein manifold with Einstein constant (n + 1)\ if and only if w
defines a Kéhler-Einstein metric on Y with Einstein constant (n + 1)A\.

Example 0.6.6 (S2"*! revisited). Let S?"*! C C"*! be the unit sphere centered
at the origin with the natural CR structure. We can identify S?"*! with the tube
of a polarized Kéhler-Einstein manifold as follows. Consider the hyperplane bundle
L =0(1) over Y = CP". Its dual L=! = O(—1) can be realized as a subbundle of
the trivial vector bundle of rank n + 1:

O(-1)={(l,v) eCP" xC""' |vel};

here we consider CP" as the set of all one-dimensional linear subspaces in C"+1.
The standard Hermitian inner product on C**! induces a Hermitian metric ho(-1)
on O(—1), and the unit sphere S?"*1 can be identified with the tube with respect
to ho(—1), Moreover, the curvature of the dual Hermitian metric ho(y on O(1) de-
fines a Kahler-Einstein metric on CP" with Einstein constant n+1; this means that
the triple (CP", O(1), ho(1)) is a polarized Kéhler-Einstein manifold with Einstein
constant n + 1. Therefore, $?"*! is isomorphic as a CR manifold to the tube asso-
ciated with a polarized Kéhler-Einstein manifold (CP", O(1), hp(1)) with Einstein
constant n + 1.

Example 0.6.7. Let Yy be the Fermat hypersurface of degree d in CP™; that is,

n+1
d(xHt=0 } :

Yy = { (X0 xmH e cpH!
=0

and Ly be the restriction to Yy of the hyperplane bundle O(1) over CP"*'. To
simplify the notation, we denote by x4 the cohomology class ¢1(Lq) = ¢1(O(1))]y,.
The total Chern class ¢(T*%Yy) of T*VYy is given by

C(TI’OYd) = (1 + Hd)n+2(1 + dlﬁd)il,

> (") <—d>’”] .

=0

or equivalently,

(0.6.4) e (TH0Y,) =

It is known that L; admits a Hermitian metric hz, whose curvature defines a
Kéhler-Einstein metric on Yy [I3a00, Chapter 6.3]. Set Ay = (n +2 — d)/(n + 1).
Since ¢1(TH0Y,) = (n+ 2 — d)kg, the Einstein constant of this metric is n+2—d =
(n + 1)Ag. Therefore, the tube Sy associated with (Yg, L4, hr,) is a Sasakian 7-
Einstein manifold with Einstein constant (n + 1)\4.



CHAPTER 1

A constraint on Chern classes of strictly
pseudoconvex CR manifolds

1.1. Introduction

Let (M, T%°M) be a closed connected strictly pseudoconvex CR manifold of
dimension 2n+1 > 5. As we noted in Section I, M can be realized as the boundary
of a strictly pseudoconvex domain in a complex projective manifold. This fact gives
some restrictions to the topology of M. For example, Bungart [Bun92] has proved
that the cup product

H"'(M,C)® ---® H™(M,C) — Hl(M,C)

vanishes for any multi-index I = (i1,...,4,,) € N™ satisfying iy < n — 1 and
[I| =iy 4+ -+ im > n+2; see also [PPOR]. As remarked in the last paragraph
of [Bun92], this result also follows from a result of Ohsawa via analytic Hodge
decomposition [(O0hs82].

In the next section, we will see that Ohsawa’s result gives also a constraint on
Chern classes of closed strictly pseudoconvex CR manifolds. For a complex vector
bundle E and a multi-index K = (ki,...,kn) € N™, we denote by cx(F) the
cohomology class ¢, (E) - - cg, (E).

m

Theorem 1.1.1. Let (M, TY°M) be a closed strictly pseudoconver CR manifold
of dimension 2n+1 > 5. Then cx (T °M) vanishes in H*¥I(M,C) for any multi-
index K with 2|K| > n+ 2.

This theorem implies that co(T*°M) = 0 in H*(M,C) for any closed strictly
pseudoconvex CR manifold (M, T*°M) of dimension five. Therefore, the assump-
tion of the second Chern class in [CGT7, Proposition 8.8] automatically holds for
the strictly pseudoconvex case, which is compatible with [MarT6, Theorem 4.6].

Note that sharper results than Theorem I hold for some particular cases.
For instance, Theorem 10 holds for Z-coefficients if M can be realized as a real
hypersurface in a Stein manifold. On the other hand, we can relax the degree
condition to 2|K| > n 4+ 1 if M is the link of an isolated singularity [KolT3].
However, we will see in Section I3 that Theorem I is “optimal” for a general
closed strictly pseudoconvex CR, manifold.

We also remark a relation of this result to contact topology. Let (M, H) be a
closed (2n + 1)-dimensional contact manifold. Then we can define the k-th Chern
class ¢, (H) € H**(M,Z) of H by using an adapted almost complex structure on
H. A contact structure H is said to be holomorphically fillable if M can be realized
as the boundary of a strictly pseudoconvex domain and H = ReT™M holds.
Theorem [T and the fact that cx(H) = cx(TYM) imply the following

Corollary 1.1.2. Let H be a holomorphically fillable contact structure on a closed
manifold M of dimension 2n +1 > 5. Then cx(H) is torsion in H>¥I(M,Z) for
any multi-index K satisfying 2| K| > n + 2.

13
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This result is no longer true for a general contact structure. As far as the
author knows, such a constraint on Chern classes has not been obtained yet for a
contact structure satisfying other fillability conditions.

1.2. Proof of Theorem T

Let (M, TY°M) be a closed strictly pseudoconvex CR manifold of dimension
2n + 1 > 5. Without loss of generality, we may assume that M is connected. It
can be realized as the boundary of a strictly pseudoconvex domain €2 in an (n+ 1)-
dimensional complex projective manifold X [Lem985, Theorem 8.1]. The complex
vector bundle T1°X |y is decomposed into the direct sum of THOM and a trivial
complex line bundle, and consequently cx (THOM) = e (TH°X|y) is in the image
of the restriction morphism H2¥1(Q,C) — H?®I(M,C). On the other hand, the
natural morphism H{(2,C) — H*(£2,C) is surjective for i > n + 2 according to
[OhsR2, Corollary 4]; see [Bun92, Lemma] for another proof. From the exact
sequence

H{(Q,C) — H(Q,C) — H'(M,C),
it follows that H*(Q, C) — H*(M, C) is identically zero for i > n+2. This completes
the proof of Theorem 1.

1.3. Examples

In this section, we deal with some examples related to Theorem II1. We first
show that Theorem [T does not hold for Z-coefficients in general.

Proposition 1.3.1. For each n € N4, there exists a closed strictly pseudoconvez
CR manifold S of dimension 2n + 1 such that cx(T"°S) # 0 in HXX(S,Z) for
every multi-index K with 0 < |K| < n.

PROOF. Let O(d) be the holomorphic line bundle over CP" of degree d > 0.
There exists a Hermitian metric hp(qy on O(d) whose curvature defines a Kéhler
metric on CP". Consider the tube S associated with (CP",O(d), ho(q)), which is
a principal S'-bundle over CP". Consider the Gysin exact sequence

H72(CP",z) =%% Hi(CP",2) 25 Hi(S,Z) — H'~(CP", ),
where x = ¢1(O(1)) is a generator of H?(CP",Z) = Z. This gives that

Z, k=0,
H?*(S8,2) = Z/dZ, 1<k<n,
0, otherwise,

and p*k* is a generator of H2¥(S,Z). On the other hand, since T*:°S is isomorphic
to p*THOCP™ as a complex vector bundle,

cx(TY08) = pexe(THOCP") = [H ("o

el

Hence, for a multi-index K with 0 < |K| < n, the K-th Chern class ¢y (T1°S) of
T108 is equal to zero in H2KI(S,Z) only if [[", ("}:1) € dZ. In particular, if we
choose d as a prime integer greater than n + 1, then cx (T1°S) does not vanish for
any K with 0 < |K| <n. O

*HlK‘

We next see that the degree condition in Theorem I is optimal.

Proposition 1.3.2. For each n € Ny, there exists an (n + 1)-dimensional Stein
domain Q such that its boundary M = 0 satisfies cxc (T M) # 0 in HKI(M, C)
for any multi-index K with 0 < 2|K| <n+ 1.
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PROOF. Let £y be a Stein domain in a two-dimensional complex manifold
Xo such that its boundary My = 0Qq satisfies c;(T*"My) # 0 in H?(Mjy,C);
see [EON8, Theorem 6.2] for an example of y. Take a defining function p of
that is strictly plurisubharmonic on a neighborhood of the closure of €y. Without
loss of generality, we may assume that p is an exhaustion function on Xgy. Then, for
sufficiently small e, there exists a diffeomorphism y: (—e,€) x My — p~1((—¢,¢))
satisfying x(0,p) = p and p(x(¢,p)) = t. The function 1o = —p~! gives a strictly
plurisubharmonic exhaustion function on 2.

We first show the statement for the case of odd n. For k € N, consider the
domain

Q={(p1,--- o) € ()" | Yolp1) + -+ volpr) < 2k/e }.

The function ¥ (p1,...,px) = Yo(p1) + -+ + Yo(pk) is a strictly plurisubharmonic
exhaustion function on (Q0)*, and di) # 0 on M = 9. Hence  is a Stein domain
in (Q0)*(C (Xo)*). As noted in the proof of Theorem I, the cohomology class
cr(THOM) coincides with cx (T5°(X¢)¥|ar). Consider the map
L (Mo)k - Mﬂ (p17 s apk) = (X(76/27p1)7 cee 7X(76/27pk))'
Since this map is homotopic to the natural embedding (Mp)* < (X,)F,
L*CK(TLOM) = CK(L*Tl’O(X())k) = CK<(T1’0X0)k|(MO)k) = CK((Tl’OMo)k).
)

From the assumption of Qg, it follows that cx ((T7°Mo)*) # 0 in H2IKI((My)*, C
for any multi-index K with 0 < 2|K| < 2k, and consequently, cx (T°M) # 0 in
H?KI(M,C) for such a K.

We next treat the case of even n. For k € Ny, consider the domain

Q= { (p1,-- - Pk, 2) € ()" x C | Yo(p1) + -+ + Yolpk) + |2|* < 2k/e }
This 2 is a Stein domain in (Q9)* x C(C (Xo)* x C). Consider the map

v (Mo)* = M =09Q; (p1,...,px) — (x(—€/2,p1), ..., x(—€/2,p1),0).
Then we obtain
e (TYO M) = e ((THOMo)*) # 0
in H2KI((My)*, C) for any K satisfying 0 < 2|K| < 2k + 1 in a similar way to the
case of odd n. This proves the statement. O






CHAPTER 2

Stability of the existence of a pseudo-Einstein
contact form

2.1. Introduction

A pseudo-Einstein contact form is necessary for defining the total Q-prime
curvature and the Burns-Epstein invariant. When we consider the variation of such
invariants, the question arises whether the existence of a pseudo-Einstein contact
form is preserved under deformations of CR structures. In this chapter, we will show
this stability for deformations as a real hypersurface in a fixed complex manifold
of complex dimension at least three. More precisely, we will prove the following

Theorem 2.1.1. Let Q be a strictly pseudoconvexr domain in a complex manifold
X of complex dimension at least three. Assume that its boundary M = 02 admits
a pseudo-Finstein contact form. Then there exists a neighborhood U of M in X
such that Ky has a flat Hermitian metric.

The stability stated above follows from this theorem and Proposition IZ372.

Corollary 2.1.2. Let Q, X, M, and U be as in Theorem ZIA. Then any strictly
pseudoconvez real hypersurface M' in U admits a pseudo-FEinstein contact form.

Note that this stability may have been already known when an ambient complex
manifold is a Stein manifold of dimension at least three; see Remark 22372

Here we give an outline of the proof of Theorem EZI1. Take a tubular neighbor-
hood U of M in X. The existence of a pseudo-Einstein contact form on M implies
that there is a flat Hermitian metric on Kynq if we take U sufficiently small. By
using the Bott-Chern class, we will show that Ky admits a flat Hermitian metric
if the morphism

(2.1.1) HY(U,0) - H (UNQ,0)

induced by the inclusion is injective (Lemma 2=21). On the other hand, a result of
Andreotti and Grauert [AGH2] yields that (21) is an isomorphism; here we use
the assumption that the complex dimension of X is at least three. A proof of this
fact will be given in Section ZZ3.

Before the end of the introduction, we remark a relation between our result and
the Lee conjecture. Lee [Lee8R, Proposition D] has proved that the first Chern
class ¢ (T*OM) of T*YM is equal to zero in H?(M,R) if M admits a pseudo-
Einstein contact form, and conjectured that the converse also holds if M is closed;
this is called the Lee conjecture. There are some affirmative results on this conjec-
ture [LeeR8, Dra94 (CCO7, CSWI2, [CCTT4|, but it is still open. (Remark that
we need an extra assumption on the Tanaka-Webster torsion in [CCTT4, Theorem
1.1], which has been pointed out in the erratum [CCTTH].) The stability of the
existence of a pseudo-Einstein contact form follows from the Lee conjecture since
the first Chern class of a CR structure is invariant under deformations of a CR
structure. In other words, Corollary 212 can be considered as one of affirmative
results on the Lee conjecture.

17
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2.2. Bott-Chern class and the existence of a flat Hermitian metric

Let X be a complex manifold. The real Bott-Chern cohomology H}B,é (X,R) of
bi-degree (1,1) is defined by

H};’é(X, R) = { d-closed real (1,1)-forms on X } /{dd°¢¥ | ¢y € C*(X,R) }.

Let f: Y — X be a holomorphic map between complex manifolds. The pull-back
by f induces a natural morphism

f*r Hgo(X,R) — Hpo(Y,R).

The cohomology H};J;é(X ,R) has also a sheaf-theoretic interpretation. Let AP¢
be the sheaf of smooth (p, ¢)-forms and P be that of pluriharmonic functions. There
exists the following exact sequence of sheaves [Big69, Teorema (2.1)]:

0P — A0 25 ALY 4 (421 @ 412y,

Here the subscript R means the subsheaf consisting of real forms. Since A?*? is a fine
sheaf, this exact sequence implies that H'(X,P) is isomorphic to H ]lg’é(X ,R). Note
that a holomorphic map f: Y — X induces a natural morphism f*: H'(X,P) —
H'(Y,P), which is compatible with f*: Hgh(X,R) — Hgs(Y,R) defined above.

For a holomorphic line bundle L over X, the first Bott-Chern class cP¢ (L) €
H}B’é(X, R) is defined as follows. Take a Hermitian metric » of L. Then the
curvature (v/—1/27)0;, = —(1/27)dd log h is a d-closed real (1,1)-form on X, and
defines an element of HE};(X ,R). This cohomology class is independent of the
choice of h, denoted by ¢PY(L). From the definition, ¢P“(L) = 0 if and only if
L admits a flat Hermitian metric. Note that ¢P¢ is natural; that is, f*cP¢(L) =
cPC(f*L) for any holomorphic map f: Y — X.

Now we give a sufficient condition to the existence of a flat Hermitian metric.

Lemma 2.2.1. Let X and Y be complex manifolds and f: Y — X be a holomor-
phic map. Assume that f induces injective morphisms H'(X,0) — HY(Y,0) and
H?(X,R) — H?(Y,R), and a surjective morphism H'(X,R) - H'(Y,R). Then,
for any holomorphic line bundle L over X, it admits a flat Hermitian metric if so
does f*L.

PROOF. Assume that f*L has a flat Hermitian metric. As we noted above,
this is equivalent to f*cPC(L) = ¢PY(f*L) = 0. Hence it is enough to prove the
injectivity of f*: HY(X,P) — H*(Y,P). Consider the following exact sequence of
sheaves:

05RY5L 0B p 0

This induces the following commutative diagram with exact rows:

HY(X,R) —— HY(X,0) —— H'(X,P) —— H2(X,R)

| | | l

HY(Y,R) —— HY(Y,0) —— HY(Y,P) —— H*(Y,R).

The injectivity of H'(X,P) — H'(Y,P) follows from an easy diagram chasing. [J

2.3. Proof of Theorem Z 11

Let X, Q, and M be as in Theorem EZIT0. We first reduce the problem on X
to that on a Stein space. Take a defining function p of €2 that is strictly plurisub-
harmonic near the boundary. Without loss of generality, we may assume that
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p: X — R is proper. Then, for sufficiently small § > 0, there exists a diffeomor-
phism
x: (=26,26) x M — p~1((—26,26))

such that x(0,p) = p and p(x(t,p)) = t. Replacing § to a smaller one if necessary,
we may assume that p is strictly plurisubharmonic on p=1((—24§,24)). In particular,
Q' = p~1((—00,6)) is a strictly pseudoconvex domain in X containing 2. Consider
the Remmert reduction ¢: Q' — Z. From the strict plurisubharmonicity of p,
it follows that the maximal compact analytic subset of ' cannot intersect with
p~1((—=0,6)); in particular, ¢ is a biholomorphism on p~1((—4,d)). Without loss of
generality, we may assume that p descends to a smooth function on Z; use the same
letter p for abbreviation. It is sufficient to show the existence of a neighborhood
U Cp~Y((=0,0)) of M = p~1(0) such that K has a flat Hermitian metric. To this
end, we construct a “good” exhaustion function on Z.

Lemma 2.3.1. Fix 0 < a < §. There exists a smooth non-negative strictly
plurisubharmonic exhaustion function ¢ on Z satisfying the following conditions:

e ¢~ 1(0) coincides with the singular set A of Z;
e ¢ is of the form

__ rp)
W 5E e

on p~t((—w,0)) for a constant K >0 ;
e ¢ <K onpt((—o0,—ql).

The proof of this lemma is slightly complicated, and so will be given later. Now
we complete the proof of Theorem P11 using Lemmas Z271 and P2Z3. Note that
our proof is similar in spirit to the proof of [Yan&T, Theorem BJ.

PROOF OF THEOREM P111. Set
Qa,b)={K+a<¢p<K+b}

for —oo < a < b. Note that ¢~ (K) = M and Q(—K,b) = Q(—o00,b) \ A. It
is enough to prove that the canonical bundle of Q(—¢, ¢) admits a flat Hermitian
metric for some € > 0 if M has a pseudo-Einstein contact form. The existence of a
pseudo-Einstein contact form on M implies that the canonical bundle of Q(—¢,0)
has a flat Hermitian metric for sufficiently small ¢ > 0 by Proposition IZ332. We may
also assume, by making e small if necessary, that the inclusion Q(—e¢,0) — Q(—¢,€)
induces isomorphisms

HY(Q(—¢€,¢),R) = H'(Q(—¢,0),R),

H%(Q(—€,€),R) = H?(Q(—¢,0),R).
According to Lemma P2, it suffices to prove that

HY (Q(—¢,¢),0) = H (Q(—¢,0),0)

is also an isomorphism. Consider the following commutative diagram induced by
inclusions:

HYQ(—K,¢),0) —— H'(Q(—¢,¢),0)

| |

HY(Q(—K,0),0) — H(Q(—¢,0),0).

From [AG62, Théoreme 15], it follows that each row is an isomorphism; here we
use the assumption that the complex dimension of X is at least three. Hence
it is sufficient to show the left column is an isomorphism. Since Q(—o0,¢€) and
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Q(—00,0) are Stein spaces, we obtain the following commutative diagram whose
rows are isomorphisms:

HY(Q(—K,¢),0) —=— H%(Q(—00,¢),0)

| |

HY(Q(~K,0),0) —=— HZ(Q(—0,0),0).

On the other hand, the right column of the above diagram is also an isomorphism
by the excision property of the local cohomology. This completes the proof. O

What is left is to show Lemma PZ31, the existence of a “good” exhaustion
function ¢ on Z.

PrOOF OF LEMMA E=31. As noted in Section 02, the singular set A of Z is
finite, given by A = {p1,...,pr } C Z. We first construct a smooth non-negative
strictly plurisubharmonic exhaustion function ¢ on Z with ¥~(0) = A. There
exists a proper holomorphic regular embedding f: Z — C¥ for sufficiently large
N [Nar60, Theorem 6]; in what follows, we identify Z with the image of f. Then
Yo = |2]? + Z?Zl log |z — pj|? is a strictly plurisubharmonic exhaustion function
on CV with 5" (—00) = A. Hence 1) = expyyy = exp(|z[?) H§=1 |z — p;|? is a
smooth non-negative strictly plurisubharmonic exhaustion function on CV with
51(0) = A.

Choose 8 € R with o < 8 < 4, and take a smooth function A: R — [0,1] such
that A =1 on (—oo, —f) and A =0 on (—a, 00). Then the function

¢1(p) = Ap(p))¥(p)

is strictly plurisubharmonic on p~!((—o0, —3)) and identically zero on p~1((—«;, d)).
Next, take a non-negative smooth function ¢g; on R with

supp g1 C ((26)", (B+6)71), /Rgl(t)dt =1,

g2(t) = /Ot /OS g1(r)drds.

This go is a non-negative and non-decreasing convex smooth function on R, vanishes
identically on (—o0, (26)71], and

go(t) =t —=0""+g2(671) >0
on a neighborhood of [(8 + §)~!,0). The function

$2(p) = 92 (5_1/)@))

vanishes identically on p~!((—o0, —4]), is plurisubharmonic on p~((—4,d)), and

and set

p(p) -1
P20 =55y 2070
on a neighborhood of p~!([—f3,6)). Therefore, for any € > 0, the sum ¢ = ep; + ¢
is a non-negative smooth exhaustion function on Z such that it is strictly plurisub-
harmonic on p~!((—o0, —B)U(—«, d)), and satisfies $~1(0) = A. Since ¢y is strictly
plurisubharmonic on the compact set p~!([—3, —a]), the function ¢ is also strictly
plurisubharmonic there for sufficiently small e. Replacing € by a smaller one, we
also have ¢ < g2(671) on p~t((—o0, —al). O
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Remark 2.3.2. Cao and Chang [CCO07, Main Theorem (2)] state that if M is the
boundary of a Stein domain of complex dimension at least three, then M admits a
pseudo-Einstein contact form. However, as we saw in Proposition 2332, there exists
such an M satisfying ¢, (T1°M) # 0 in H?(M,R); in particular, M has no pseudo-
Einstein contact form. Here we give a short proof of a corrected statement: “if M
is the boundary of a Stein domain of complex dimension at least three and satisfies
c1(TH°M) = 0 in H?(M,R), then M admits a pseudo-Einstein contact form”.
A discussion in [[Lee8R, Section 6] gives that a closed strictly pseudoconvex CR
manifold (M, T*°M) of dimension at least five admits a pseudo-Einstein contact
form if ¢;(T°M) = 0 in H?(M,R) and the Kohn-Rossi cohomology H%!(M) of
bi-degree (0,1) vanishes. On the other hand, a result of Yau [Yau81, Theorem B]
yields that H%'(M) = 0 if M is as in the statement. Hence M admits a pseudo-
Einstein contact form.






CHAPTER 3

Ambient constructions for Sasakian n-Einstein
manifolds

3.1. Introduction

In this chapter, we will give explicit formulas of CR invariants defined in Sec-
tion 3 for Sasakian 7-Einstein manifolds. Throughout this chapter, we assume
that (S, T%%S,n) is a (2n + 1)-dimensional Sasakian n-Einstein manifold with Ein-
stein constant (n 4+ 1), and consider S as a real hypersurface in the (n + 1)-
dimensional complex manifold X = C(S).

In Section B2, we will construct a Fefferman defining function pg explicitly.
From Lemma 0550, we obtain the operator P, . for any (w,w’) € R? with k =
w—+w' +n+1 € Ny ; it may not be a CR invariant differential operator if k > n+ 2.
To simplify the formulas, we use unbold differential operators P, ,,» and P,’] acting
on functions on S instead of P, ., and P,’]; see Definition B23. The operators
Py and P,; have expressions in terms of the sub-Laplacian A, and the Reeb
vector field &.

Theorem 3.1.1. For (w,w’) € R? with k = w+w' +n+ 1 € Ny, the operator
Py has the formula

k-1

(3.1.1) Puuwr = [ [ Lur—wir—2j-1-
3=0

Here L, is the differential operator acting on C*°(S) defined by
1
Ly = Ao +V=1p€ + 5 (n = p)(n + p)A.

Theorem 3.1.2. For any CR pluriharmonic function T on S,

DA (e ]
A bl [T(as+nin.

J=0

PY =

nn

In the case of the sphere or the Heisenberg group, Theorems BT and BT
have been already obtained by Graham [Graf4| and Branson, Fontana, and Mor-
purgo [BEMT3], respectively.

We also compute the Q-prime curvature of S. Similar to the above, we use
unbold @7, instead of Q7.

Theorem 3.1.3. The Q-prime curvature Q% with respect to n is given by
I _ ontl/ 2 0+l
Q@ = 2" (nl)=A"T

As an application of this formula, we will compute the total Q-prime curvature
for some Sasakian n-Einstein manifolds in Section B3.

Note that Case and Gover [CGI7| have also obtained the same results as in
Theorems B to B1=3 by using tractor calculus.

23
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Finally, we consider the variation of the total @Q-prime curvature at S under
deformations as a real hypersurface. In the remainder of this section, we assume
that .S is closed.

Proposition 3.1.4. Let (My)ic(—1,1) be a smooth family of closed strictly pseudo-
convex real hypersurfaces in X such that My = S. Then the first variation of the
total Q-prime curvature vanishes; that is,

d —
— M) =0.
dt|,_, @ (M)

This proposition follows from the fact that the obstruction function of S van-
ishes; see Proposition BZZ3. Moreover, spectral properties of A, and £ give the

following

Theorem 3.1.5. Let (M;);e(—1,1) be as in Proposition B14. Assume that n =1
or the FEinstein constant is non-negative. Then the second variation of the total
Q-prime curvature is non-positive; that is,

d2

e Q'(My) <0.

t=0
Moreover, the equality holds if and only if (My)e(—1,1) is infinitesimally trivial as a
deformation of CR structures.

On the other hand, the conclusion of Theorem B3 does not hold for Sasakian
n-Einstein manifolds of dimension greater than three and with negative Einstein
constant.

Theorem 3.1.6. For each integer n > 2, there exist a closed Sasakian n-Einstein
manifold of dimension 2n+1 with negative Einstein constant and an infinitesimally
non-trivial smooth deformation such that the second variation of the total Q-prime
curvature along this deformation is equal to zero. If n is even, one can find also
a Sasakian n-FEinstein manifold S and a smooth deformation of S such that the
second variation of the total Q-prime curvature along this deformation is positive.

This chapter is organized as follows. Section B2 is devoted to the construction
of a Fefferman defining function for Sasakian n-Einstein manifolds. In Section B33,
we provide a proof of Theorems B and BI2. Section B2 deals with the variation
of the total @Q-prime curvature. In Section B, we compute the total @Q-prime
curvature for some Sasakian n-Einstein manifolds.

3.2. Construction of Fefferman defining function

In this section, we construct a Fefferman defining function for Sasakian n-
Einstein manifolds. To this end, we first construct a “good” defining function pg of
S in X. From this defining function, we obtain a flat Hermitian metric hg of Ky,
and the desired Fefferman defining function pg is given as the product pg- hfg/ (n+2),

Define a smooth function 1, on R by

A7 (exp(Ax) — 1) if X #0,
valm) = {x if A =0.
It can be seen that
YR =14+, X = M,
and
ps = ¥a(logr?) € C°(X)
is a defining function of S normalized by 7.
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Proposition 3.2.1. The defining function ps satisfies the equation
dd®log J.|ps] =0,
1

where z = (2%, ..., 2" 1) is a local coordinate of X and

_ ¢ 09/0z"
jz[qj)] = —det (a¢/azb 82(;5/82‘18217) :

Proor. To simplify notation, we write 9, = 9/0z and 0 _; = 0%/02°07".

ps  Oaps
[ps] = — det
Jelps) = —de (%ﬂs %Ps)

— aet| Ps (1+ Aps)dq log r?
Oplogr? (14 Apg)d zlogr?

o il s Dalog 1
=~ (14 Aps) ™" det (%log r? 0 3 log r?

= — (L4 Aps)" 2D det hs 25 .2 3ar22 .
(14 ps)r=202 957
Since r?/2 is a Kihler potential of g, we have 9 31 = 2g(9,, 8;). Hence

jz[pS} _ _(1 + )\ps)nﬁLlr*Q(”ﬁLl) [PS — (]_ + ps)(2T2)71”aT2”%} det(@agrz)
= (14 Apg)"t1r200HD) et (0.57%),
where the last equality follows from ||8r2H% = 2r?. From (OB2), it follows that

—dd®log J.|ps] = —(n + 1)(dd log(1 + Aps) — dd®log r*) — dd" log det( z7)
=—(n+1 ogr?)+ (n+1 ogr
( Yd(Adlog1?) + ( YAddC log r?
= 0.

This proves the statement. O

Next, we construct a flat Hermitian metric of Kx by using pgs.

Lemma 3.2.2. For each point p € X, there exists a local coordinate z near p such
that J.[ps] = 1. Moreover, if w = F(z) is also such a local coordinate, then det F”
is a locally constant function whose absolute value is equal to one, where F' is the
holomorphic Jacobi matrixz of F.

Definition 3.2.3. A local coordinate z of X is called a flat local coordinate if
J:[ps] =1 holds.
1

PROOF OF LEMMA B=22. Take a local coordinate w = (w?!, ..., w"*!) near p.
From Proposition B2, log J[ps] is a pluriharmonic function. We may assume
that this is the real part of a holomorphic function f; that is,

jw[pS] = eREfa
if we take a sufficiently small neighborhood of p. Take a holomorphic function g
such that dg/0w' = e//2. In general, for another local coordinate w’ = G(w) of X,

(3.2.1) Juw (0] = | det G| T[]

1 2 2 n+1

holds. The new local coordinate z = (z' = g(w),2? = w,...,z
satisfies 7, [ps] = 1. Thus we have a flat local coordinate at p. The second statement
follows from (B=2) and the fact that a holomorphic function whose absolute value
is locally constant is locally constant. U

— wn+1)
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Corollary 3.2.4. There exists a unique flat Hermitian metric hg on Kx such that
dz' A---Adz" T is a local orthonormal frame of Kx for any flat local coordinate z,
or equivalently, hg is written as |zo|2("+2), where 2° is a branched fiber coordinate
with respect to z.

Proposition 3.2.5. The defining function pg = ps~hls/("+2) € g(l) of S = w3 (9)
satisfies
(dd°pg)"+? = k,voly.

In particular, the obstruction function O vanishes on X.

PROOF. Take a flat local coordinate (z1,...,2"*!) and a branched fiber coor-
dinate 20 with respect to z. Then the volume form voly is written as
voly = (V=1)"*2(n 4+ 2)2|2° 2V a0 Adz° A - Adz" T A dZ
On the other hand, the (n + 2,n + 2)-form (dd°pg)"*? is of the form
(V=1)""2(n +2)! det (9% ps /022025 )dz" ANdZ° N -+ A dz"TH A dZHE
Hence it suffices to show that
det(9?ps/0220zP) = |2,
which follows from the computation below:

0
5 Ao=B\ __ Ps 2°04ps
det(9”ps/02"92") = det (zo%ps |zo|25abps)

_ |ZO|2(n+1) det ( pPs 8apS)
dps 0,;ps
=~ 7. [ps]

_ _|20|2(n+1).

Note that the last equality is a consequence of the definition of a flat local coordi-
nate. U

3.3. Proofs of factorization theorems

This section is devoted to the proofs of Theorems B and BI2, product
formulas for CR invariant powers of the sub-Laplacian and the P-prime operator.
Throughout this section, we use the ambient metric g = g[ps] for ps defined in
Proposition BZ2Z4.

Take a flat local coordinate z of X and let 20 be a branched fiber coordinate
with respect to z. For (v,0') € R2, the multiplication by (2°)?(z°)"" defines an
operator B _

M, E(w,w') = E(w +v,w’ + ).
This operator depends on the choice of z and 2° in general, but the difference be-
tween two such z and 2° is given by the multiplication by a locally constant function
with its absolute value one. Note that M, , coincides with the multiplication by
hg/ (n+2), and so independent of the choice of z and 2°.

Now we introduce P, ., and P,’, that appear in the statements of Theorems B0l
and B2

Definition 3.3.1. For (w,w’) € R? with k = w +w’ +n + 1 € N, a differential
operator Py, : C(S) — C*(S) is defined by

Pw,w’ = Mk—w,k—w’Pw,w’Mw,w’~
Similarly, Py : & — C>(S) is defined by
Pé = Mn+l,n+1P7;~
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These are independent of the choice of a flat local coordinate z and a branched
fiber coordinate 2°.

We need to study properties of A for the proofs of Theorems BT and B12.
To this end, we introduce the differential operator

C =[A, M,y
The operators A, M, .+, and C satisfy the following commutation relations.
Lemma 3.3.2.
[A, M, /] =M, 1,C+0' M, _1C + 200’ XM, _1 1,
[C, M| = 20'AM, o1, [C, M, ] = 20AM, 1,
[A,C)=[A,C] =0.

PRrROOF. We first note that

[67 Mv,v’] = [Can’,v]v [Aa ] = [A’C]v

and so it suffices to compute [A, M, ], [C, M, ] and [A,C]. Define a (1,0)-
vector field Z,, 11 on X by

Zn+1 = %(T@T - \/jlg)

A direct computation shows that [Z,,1, W] € T(T%'X) for any W € T'(T*'1X),
which implies that Z, 11 is a holomorphic vector field. A local frame (Z,) of
TH0S induces the frame (Zo, Zy, Zni1) of THOX. With this frame, the matrix
representations of g and its inverse are given by

ps 0 1+ Aps
gz=1F 0  (d+s)l 5 0 ,
1+ \ps 0 A1+ Aps)
and
B —A 0 1
(3.3.1) g P =172 0 (1+Apg) 1o 0
1 0 —ps(14Xpg)™"

Denote by ¢ the holomorphic function z° for simplicity. Since the Laplacian
A is of the form —2VAV ,,

C=-20,V4 C=-20V,

Hence
[Ca Mv,v’] = _27]/(,0”¢U _1()0A¢A = 2U/>\Mv,v’71-

Here we use the fact that ¢ ,7* = —\, which follows from (B3T). Similarly, we
have

[A, M, ] = =200 15" 0, VA — 2003 1BV, — 200" 1B L,
=vMy_1,5C+ VM, —1C + 200 \My_1 1.
It remains to show [A,C] = 0.
AC =4V 5(p, VEVA)
=A4lpapVAVE + 0,V VIV
=40, 5VAVE 1 CA;
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the last equality holds since g is Ricci-flat. Therefore, it is sufficient to show that
¢ 4p = 0. From definition,
ap =2ZZap — (VzzZa)p,
and
9(Vzp2Z4,25) = Zp(9(Za, Z5)) — 9(Za,[ZB, Z5]).

Since ¢ = 2%, we need only to consider the Zg-component of V z,Z4. Hence it is
enough to compute the value g(Vz,Z4, Z5) for C = 0 or n + 1 from the matrix
representation of g. In this case,

g(VZBZA7 Zﬁ) = ZB(g(ZA’ Zf))’

since the (0, 1)-vector fields Z; and Z, 17 are anti-holomorphic. Under these obser-

vations, a direct calculation shows ZpZsp = (Vz,Z4)¢. O

These commutation relations yield some non-trivial equalities for powers of the
Laplacian A.

Proposition 3.3.3. For k € N,

(3.3.2) AF =M ;1 o(Myo A M ;1.
Moreover if k > 2, then
(3.3.3) AF =M | (AP PMy . AMy 0 AM g 0.

PROOF. We first prove (B2332) by induction in k. The case k = 1 is trivial.
Assume that (83332) holds for k. Then

M _j_o0(Ma oA M 4
=M_10[M_j_1,0(Ma2oA)" M_j11,0][Mys+1,0AM_y o]
= M_; (AF(M, ,A - kC)

k—1

= A+ M AFTTICAT | A - kM AFC
j=0

= (AF +EM_, o AFIC)A — kM _, yAFC

— Ak+1.
This proves (B332) for k + 1.
Similarly, we show (B233) by induction in k. If k = 2,

M_y 1 Mo1AMy 0AM_1 0= M_10AM; A —M_1,AC
=A*+ M_,1,CA - M_,,AC
=A%

Assume that (83333) holds for k. From Lemma BZ33, we obtain
[A, My 1Mo 1AMy _jy1 + Mo 1AMy 1 [A, My _g+1]
= (/ﬂ — 1)M0’k,26M0’1AM07,k+1 + (—k + 1)M07k,1AM07,k+16
=0,

[A, My, 0| My 0 AM_j o + My, o AM; o[A, M_ o]
=kMy_10CM; 0AM_o— kM ocAM_;oC
=0.



3.3. PROOFS OF FACTORIZATION THEOREMS 29

Hence
M_y 1 AFTIMy  AMy 1 AM
=M | A"2([A My 1]Mo1AMy k1) M1 0AM g
+M_y AR (Mg 1AM [A, My 1)) My 41 0AM ;o
+ M_y A2 My 1AMy _jio([A, My o] My g AM_. )
+ M_y 1 A" P My 1AMy oo (Mg AM; o[ A, M_y )
+ M_y A2 My g 1AMy, 0 AM_j i1 0A
NS
This proves (B333) for k + 1. O

PrOOF OF THEOREM B—I1l. Take an arbitrary f € g(w,w’). For computa-
tion of A f, we need only to consider 99 f(Z4, Z5) and (A, B) with g*P # 0. Since
Zy and Z, 1 are holomorphic vector fields,

851?(207 Za) = ww’f, agf(ZO, Zm) = meﬁ
. - 1 ~
OOf (Zns1, Zg) = W' Zna f, 00F(Znir, Zy) = §(Zn+1zm+ ZriZni1) f

On the other hand, the commutator [Z,, Z7] is equal to
Vza ZB — VZEZa + laE(Z"'H — Zm).
Thus we have

1 L1 1
= 5(ZaZg+ Z5Za) f + 50F([Za, Z3)) — 50f([Za, Z5))

1
T2

Let f € C°(S) and f be a smooth extension of f to X. Then it follows that

(3.3.4) (M- 1—r AMy 0 [ls = (A + 20w ) fls + (=1 — 20') (Zns1 f)| s
- + (=1 — 2w) (Zg /)]s

We first show (B1) for the case of k = 1. In this case, there exists a unique
real number p such that

(w,w') = (=(n+n)/2, (p—n)/2).
To simplify the notation, set
Ap, = lew,lfw’AMw,w’-

~ 1 ~

From (B=34), we obtain
~ 1
Py f = (Buf)ls = [ Do+ V=1p + 5(n = m)(n+ wA| f = Luf,

which proves (B1) for k= 1.
Next, we consider the case of general k € Ny. By (83332),
Mk—w,k—w’Aka,w' = Aw’7w+k72(k71)71 T Aw’—w-ﬁ-k:—2j—1 T Aw’—w-i—k—O—l-

Thus we have

Pw,w’f = (Aw’—w+k—2(k—1)—1 te Aw’—w+k—2j—1 e Aw’—w+k—0—1f)|5

= Ly —wik—2(k—1)—1 " L' —wik—2j-1 " L' —wik—0-1f,
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which completes the proof. ]

The proof of Theorem BT is more complicated than Theorem BT. We need
a new operator acting on CR pluriharmonic functions.

Proposition 3.3.4. Let Y be a CR pluriharmonic function on S and T be a smooth
extension of T that is pluriharmonic on the pseudoconvex side. Then the function
AY defined by

AY = My 1AM,y it AM (T log |20%)
is an element of £’~(O) modulo a term that vanishes to infinite order at S. Moreover,
(AY)|s € &(0) is determined only by T and given by
~ 4
(AT)|,5 = _EAb(Ab + 712)\)T

PRrROOF. First, note that Z,, 1 Zmi" and AY vanish to infinite order at S since

T is pluriharmonic on the pseudoconvex side. In particular, (834) for (w,w’) =
(0,0) gives that

[(Zns1 + Z=7)X])|s = n LAWY
In the following, we compute modulo functions that vanish to infinite order at S.
AM_, o(Tlog|z°?)
— —2(dT, d((=*) " log |2"[2))g + TA((=) " log |:"]?)
= 2M,n,1’,1[n(ZmT) log |2°2 — (Zni1 + Zm):f — nAY].
Here (-, -)g is the inner product on T*X induced from g. Hence
J\/-’1,n+1AJV-’n+1,—n+1AM—n,0('Y log [2°|?)
= 2M 1AMy, [n(Zeg5Y) log |2 = (Zng1 + Zp) T — nAY]
= —An(Z2 ) + 22T — 40PN Zpsr + Zp) T
= —An(Zyps1 — Z7)*T — 4PN (Zysr + Z )Y
= 4n€*Y — 4’ N(Zypyr + Z—7) T,
which is an element of @5(0) Moreover, on S,

~ 4
(AY)|s = —EAb(Ab +n2N\)T;

here we use the fact that A? + n?¢? annihilates CR pluriharmonic functions on
Sasakian manifolds. O

Proor oF THEOREM B12. From (8233), it follows that
M1 i1 A" = (M, A" "My 1) (M i1 AMy i1 1 AM_y, ).
Therefore, we have
PyY = (M A" "My 1) (M i1 AM, 41—t AM_,, 0)(Tlog |2°)]]s
= —[(M,, , A" M_y _1)(AY)]|s

=—P_; _1(AY)|s

= %Pfl,flAb(Ab + ’I’L2)\)T

= %Ab(Ab + nz)\)P_L_lT.
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It suffices to show that

2n=1(p — 1)

-1
P, Y= [Tas +ninr.
j=1

nn—l

From Theorem B, we obtain
n—1
Py 1= H Ly—s;.
j=1

Since T is annihilated by A? + n?¢?,
Lu-9;Ln (T = (B + 2j(n — HNT + (n - 2)*6>Y

= (Ap + 2j(n — jHN)?T — (n—25)° ;223-)2 AZY
= {W(Ab + nj)\)] [W(Ab +n(n—j7)A)| Y.

Thus we have

2(n —j)
P 4 _ =
1Y H — (A ) | T
7j=1
2 L(n — 1) _
= n(nil ) (Ap +njN)TY,
j=1
which completes the proof. 0

3.4. Variation of total Q-prime curvature

In this section, we consider the first and the second variation of the total @-
prime curvature at Sasakian 7-Einstein manifolds. Throughout this section, we
assume that S is closed. Let (M;);c(—1,1) be a smooth family of closed strictly
pseudoconvex real hypersurfaces in X with My = S.

The first variation of the total Q-prime curvature can be computed via (IZ50).

PRrROOF OF PROPOSITION BTT4. Since Kx has a flat Hermitian metric hg, we
can apply (05). Proposition B4 follows from the vanishing of the obstruction
function (Proposition B=23). O

Next, consider the second variation of the total Q-prime curvature. Take a
Fefferman defining function p; of M; = 7T;(-1(Mt) that is smooth in ¢ and coincides
with pg constructed in Proposition B2 at ¢ = 0. Then the second variation of
Q' (M) satisfies

d2
a2

Q') = C’n/ e(Prag)n A (dn)",

t=0 M

where ¢ = (d/dt)|i=o(p; - g/ " )|s € C*(S). Therefore, it is enough to study
spectral properties of P; ; for proofs of Theorems B3 and BIH.

Before studying Pj i, we consider a relation between D, introduced in Sec-
tion 04 and L.

Lemma 3.4.1. The operator 16D} D, coincides with Ly yoL,. In particular, the
operator L,ioL, is a non-negative operator and its kernel coincides with ker D,,.
Similarly, the operator L_,,_oL_,, is non-negative and its kernel is equal to that of

D,.
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PrROOF. Since L_,_oL_, is the complex conjugate of L, 2L, it suffices to
prove the lemma for D, and L,i2L,. Since the Tanaka-Webster torsion for n
vanishes, the operator D, is given by 2(D,F )aﬂ = FEB . From this expression, it
follows that

* _ Ba
16D, Dy F = AF.",.
On the other hand,
F.7" = . JZ1F%, + RPF,
= F.%% - VZIFS) + (n + 1)AFP.
Hence
AF 7 = A(FL"P) — V=1F ), + (n+ D)AF?,)
= 4(OFF + V—1E0,F — (n+ 1)AO,F)
= LpioL,F.

Thus we have 16D;Dn = L,42L,. In particular, L,42L, is non-negative, and its
kernel coincides with ker D,,. O

We rewrite Lemma B2 by using some spectral results on the sub-Laplacian
and the Reeb vector field. Since the sub-Laplacian A, is a non-negative subelliptic
self-adjoint operator, its spectrum o(A;) is a discrete subset of [0,00), consists
only of eigenvalues, and the eigenspace 77, with eigenvalue p € o(A;) is a finite-
dimensional subspace in C*°(S). Note that & = C. Moreover, the vector field
V/—1¢ is formally self-adjoint and commutes with the sub-Laplacian. Hence each
eigenspace 47, is decomposed into the orthogonal direct sum of /7, 4, where ¢ is a
real number and

Mg ={f € K | V=16 = qf}.
In what follows, let (p,q) € R? with %, , # 0. Note that p > nlq| since the

operators 200, = Ay 4+ /—1né and 200, = Ay — v/—1n¢ are non-negative operators.
On /7, 4, the operator L, coincides with the multiplication by

1
p+pg+ 5 (n—p)(n+pA

2
From this point of view, Lemma B states that
(3.4.1) (p+ng)p+(n+2)g—2(n+1)A) =0
and
(3.42) (p—ng)(p—(n+2)g—2(n+1)A) >0,

and the first (resp. second) equality holds if and only if 77, , is contained in ker D,,
(resp. ker D,,).

Now we return the study of P; ;. From Theorem BT, P; ; coincides with the
multiplication by

n—+2
[[+@n+2-2j)q+2G - 1)(n+1-4)\)

=0

on ¢, ,. Equations (B2) and (BZ2) give that the quantity

[T G@+e+2-2)q+2(G-1D)n+1-4)N)
7=0,1,n4+1,n42
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is non-negative for .2, , # 0, and equal to zero if and only if .7, ; is contained in
ker D, + ker D,,. Therefore, if n > 2, the sign of the second variation depends on
that of

p+(n+2—-25)g+2( —D(n+1—7)N).
Jj=2

PrROOF OF THEOREM BI&. If n = 1, the theorem follows from the above
argument. In the following, we consider the case n > 2. Let 2 < j < n. If A > 0,
then

p+(n+2—2j>q+2<j—1><n+1—j>Azp(l

> 05

B |n+2—2j>

n

in the first inequality, we use the fact that p > n|q|. Moreover, the equality holds
if and only if A = 0 and p = ¢ = 0. Therefore, the second variation is always
non-positive, and equal to zero if and only if ¢ is an element of ker D,, + ker D,,, or
equivalently, in Reker D,, since ¢ is real-valued. U

We next show Theorem B13. Let ¥ be a closed Riemann surface of genus two,
and gs; be a hyperbolic metric on ¥. Then there exists a complex structure on X
such that gy is Kéhler. Consider the n-dimensional complex manifold ¥ = X™.
The product metric gy on Y satisfies Ricy, = —gy. Moreover, its canonical line
bundle I = Ky has the Hermitian metric hy, induced from gy, and w = —ddlog hy,
coincides with the Kéhler form of gy. Hence the tube S associated with a polarized
Kéhler-Einstein manifold (Y, L, h) is a Sasakian n-Einstein manifold with Einstein
constant —1. Denote by m; the composition of the projection S — Y and the
projection from Y to the first factor ¥. Let f € C°°(X) be an eigenfunction of A,y
with eigenvalue p. Then 7j f is an element of J7, o, and

20 -Dn+1-4)\ .
n+1 )Wlf'

Lyio—2j(mi f) = <p -

Proposition 3.4.2. For any 0 < p < 2, there exists a hyperbolic metric g5, on X
such that the first positive eigenvalue A\ (Agy) of Agy is equal to p.

ProOF. Consider the space .#_; of hyperbolic metrics on 3 with C'*° topology.
This space is known to be contractible [Ir092, Section 3.4]; in particular, it is
connected. Moreover, the map gs +— A (A, ) defines a continuous function on
M _1. Hence it is sufficient to show that

inf A\ (Agy) =0, sup Ai(Agy) >2
gu €M1 guE€M_1
from the intermediate value theorem. Buser [Bus77, Satz 1] has proved the first
equality. On the other hand, it is known that there exists a hyperbolic metric on X
such that its first eigenvalue is greater than 3.83 [Ten84, Section 1.2]; see [SUT3,
Section 5.3] for a more precise estimate of its value. This completes the proof. O

PROOF OF THEOREM BTH. Since 0 < 2(n —1)/(n + 1) < 2, we can take a
hyperbolic metric gs; on ¥ such that A;(Ayy) = 2(n—1)/(n+1), and a real-valued
eigenfunction 0 # f on X with eigenvalue 2(n — 1)/(n + 1). Then 7} f is not
contained in Reker D,, but P, 1(7]f) = 0 since L,,_o(n} f) = 0. Therefore, if we
take a smooth deformation of S such that ¢ = f, the second variation of the total
Q-prime curvature along this deformation is equal to zero though this deformation
is infinitesimally non-trivial as a deformation of CR structures.
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Assume that n = 2m for m € Ny. Let 0 # f € C°°(X) be a real-valued
eigenfunction of Ay, with eigenvalue p. Then

2m-+2 . o
N I e e
§=0
_ 2m* \ 1 2(j —HEm+1-4)\° .
_<p_2m+1>.H(p_ 2m + 1 ) it

7=0
Therefore, if we choose ¢gs; and f such that p is sufficiently small, 7] f is an eigen-
function of P; ; with negative eigenvalue. Thus we obtain a smooth deformation of
S with positive second variation. O

3.5. Computation of total Q-prime curvature

In this section, we compute the total Q-prime curvature for some examples. To
this end, we first compute the Q-prime curvature for Sasakian 7-Einstein manifolds.

PrRooOF OF THEOREM B13. It can be seen that
A(log |2"[2)2 = —2(dlog [2"2, dlog |-°[2), = 4A|2"|

and
AJ| 2 = —2(a(0) " d(2) 1) g = 22|20 2D,
Hence )
Q;] _ §An+1(log |ZO|2>2 — 2n+1(n!)2>\n+1‘ZO|72(n+1)7
or equivalently, Q; = 2" (n!)2 A"+, O

Assume that S is closed. Then the total Q-prime curvature @/(S ) of S has the
formula
/

Q') = 2N [ A ) = 2 @A VoIS, g,),
S

where Vol(S, g,)) is the volume of the Riemannian manifold (.S, g,). We apply this
formula to some examples of Sasakian n-Einstein manifolds.

3.5.1. Sasaki-Einstein manifolds. If (S, T1°S, ) is a closed Sasaki-Einstein
manifold, the total Q-prime curvature Q/(S) is equal to

!

Q(8) = 22+ (1) Vol(S, g,).
Hence it is enough to compute the volume of (S, g,,).
Example 3.5.1 (S?"*1). Consider the unit sphere S?"*! as in Example OG3.
Then its total Q-prime curvature is equal to
Q' (571 = 22" () Vol (52" gy, ) = (4m)"H ().
Here we use the fact that the metric g, is equal to that induced from the Euclidean

metric on C*t1.

Example 3.5.2 (Y?9). In the study of the AdS/CFT correspondence, Gauntlett,
Martelli, Sparks, and Waldram [GIMSW04| have constructed five-dimensional
Sasaki-Einstein manifolds Y9 for coprime positive integers ¢ < p, which are dif-
feomorphic to S? x S3. The total Q-prime curvature of Y?¢ is given by

P2+ (49° -3¢ 4
3p2(3¢2 — 2p? + p(4p? — 3¢2)1/?)

Q'(YPa) = 25(21)3 Vol (YP4) =
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3.5.2. Tubes associated with polarized Kihler-Einstein manifolds.
Let (Y, L,hr) be a closed n-dimensional polarized Kahler-Einstein manifold with
Einstein constant (n+ 1)\, and S be the tube associated with (Y, L, hy). We follow

the notation in Section OB. The total Q-prime curvature @I(S) of this S is given
by

—/

T/(5) = 27 (n)2AnH! / 0 A (dn)”
S
- (47r)"+1(n!)2v+1/y (5)"

Since w/27 is a representative of the first Chern class ¢1(L) of L, it follows that
Q) = tmy 1 nyPa [ ey
Example 3.5.3 (S;). Let Yy, Sq, k4, and Ay be as in Example 06-4. Then the
total Q-prime curvature Q (Sy) of Sy is given by
Q50 = am 12N [

Ya

Pn—i—l

Since Yy is a smooth complex hypersurface in C of degree d, we have

Y, cprtt

n+2—d et
n+1 '

Hence

Q(50) = <47r>““<n!>2d<






CHAPTER 4

Burns-Epstein invariant for the tubes associated
with polarized Kahler-Einstein manifolds

4.1. Introduction

In Section B3, we obtained an explicit formula of the total Q-prime curvature
for Sasakian n-Einstein manifolds. In this chapter, we compute another CR invari-
ant, the Burns-Epstein invariant, for the tubes associated with polarized Kéhler-
Einstein manifolds in terms of characteristic numbers.

Theorem 4.1.1. Let S be the tube associated with a closed n-dimensional polarized
Kdhler-FEinstein manifold (Y, L, hy) with Einstein constant (n + 1)A. The Burns-
Epstein invariant p(S) of S is given by

(4.1.1) w(S) :Z(—)\)”“_’“/ e (THOY ) ey (D)™,

k=0 Y

The proof of Theorem EZI1 given in the next section depends heavily on an
expression of u in terms of the Tanaka-Webster curvature and torsion, and is rather
different from the proof of Theorem B3 in Section B.

Next, consider the “difference” between the Burns-Epstein invariant g and
the total Q-prime curvature @/. We choose the unit sphere $?**! in C"*! as a
normalization of these invariants. The Burns-Epstein invariant of $2**! is equal
to —1; this may be a known fact, but we will derive it from Theorem B0 in
Example 2272, On the other hand, the total Q-prime curvature of S?"*! is given
by

Q($* ) = (4m)" T (n))*
see Example B3 Therefore, the quantity

1 —
(47)n+1(n!)2 Q (M)

is a global invariant for closed strictly pseudoconvex CR manifolds admitting a
pseudo-Einstein contact form, and satisfies D(S?"*1) = 0.

It is non-trivial whether D is identically zero or not. Actually, it is known that D
vanishes for three-dimensional CR manifolds; see [CY T3, Theorem 1.2] and [Hir14,
Theorem 6.6]. On the other hand, Hirachi, Marugame, and Matsumoto [HNMMT7,
Theorem 1.3] have proved that D is non-trivial for the five-dimensional case. As an
application of Theorem BT, we will prove that D is not identically zero if n > 2.
To this end, we consider Sy as in Example 0G4, In Section B=3, we will show the
following

D(M) = u(M) +

Theorem 4.1.2. Forn > 2, the invariant D(Sy) of Sq satisfies
lim D(Sy) = (—1)"c0.

d—+oco
In particular, D(Sq) # 0 for sufficiently large d.

37
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4.2. Proof of Theorem BT

Let (Y,L,hr) be an n-dimensional polarized Kéhler-Einstein manifold with
Einstein constant (n + 1)\, and consider the tube S associated with (Y, L, h). We
follow the notation in Section 8.

PROOF OF THEOREM BE11. In our setting, ¢ = Scal/n(n + 1) = X and
0,7 =207, 0,0 =—1,-07, 6,°=+~1\,
0.7 = Q.7 +V=1xdns,” — N 50" A 67, ©,°=0.

Since ©,° = 0, the (2n + 1)-form <I>,(€1) vanishes identically for any 0 < k£ <n. On
the other hand,

n+l n n+1
1 (ﬁ) Z <n> CIDI(:)) _ (ﬁ) 0,° A det (@aﬁ + 0,0 A 90ﬁ>

n\ 27 k 2T
k=0

V=1
— (—;0) A det ( A dns,’ + Qj)
™

om 2
A A v—1
=(-= * s P Y " B
< 27T77> Ap det< 27Tw5a + . o, )

V-1
wu(S) = / (—)\77> A p*det <—)\w5aﬁ + @aﬂ)
s 2 2 2m
o[ ( et )
v 27 27
Consider the expansion

=1 n
det (téaﬁ + <I>f> = e(@)t .
k=0

2T

Hence

o,

The coefficient c(®) is a closed 2k-form on Y, and gives a representative of
c(THOY) € H?!(Y,R). From this expansion, we obtain

A \/jl n A n—k
2P Y B = P - .
det ( 27Tw6a + 5 2a ) kZZOCk( ) A ( 27Tw)

Moreover, the two-form w/2m = (/—1/27)0},, is a representative of c¢1(L) €
H?(Y,R). Thus we have

n

u(S) = 3N [ @Oy ),
k=0 v
which completes the proof. O
Remark 4.2.1. From the Einstein condition, it follows that
c1(TH0Y) = (n+ D)Aey(L).
This gives that the formula (EI) is rewritten as follows:

— _ - _ 1 ok c 1,0 c 1,0 n—Fk
(4.2.1) w(S) = )\kz_o< ) /Yk(T Y)ey (THOY )"k,

n+1

In particular, for the case of n = 1 or 2, we can observe from (E=2) that p(S) is
determined only by A and the topology of Y. Actually, if n =1,

()= <A [ a@ony+ [ a@on)| =),
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where x(Y') is the Euler characteristic of Y. If n = 2,
2 1\ 2k
S) — _/\Z (_> / Ck(Tl,Oy)cl(Tl,Oy)27k:
o\ 3 v

:_)\|:/Y c2(T1>°Y)—3/Yc1(T170Y)2]

From the Gauss-Bonnet-Chern theorem and the Hirzebruch signature theorem, it
follows that

[ a@ov? =) +3mw), [ aroy) =),
Y Y

where 7(Y') is the signature of Y, a topological invariant. This implies that
5
() = A 3() - 2.

Example 4.2.2 (S?"t1). Let S?"*! be the unit sphere in C"*! with the natural
CR structure. As we saw in Example OG0, it is realized as the tube associated
with (CP",O(1), ho(1y). Therefore, we have

n

2n4+1\ _1\n+1-k c 1,0 n o n—k
p(52H) = S0k [ o rtoeR)a (o)

k=0

(e [ ey
0

0 (n Z 1) (—1)n+ik

_ 1)n+1 -1
—1.

I Il
M= I

—
=l

4.3. Application

In this section, we give a proof of Theorem BT2. Let Yy, Sg, and k4 be as in
Example 064. Applying Theorem B to Sy, we obtain the following

Proposition 4.3.1. The Burns-Epstein invariant u(Sq) of Sq is given by

d
(n+ )" (n +2)

PrOOF. From Theorem BT and (053A), it follows that

- k/yd lg (”72>(_d)k_11 K R
)y kLZ; <n;r2>(—d)’“‘l] /Y i

Since de K = d, it is enough to compute

n k
d) _ dZ(f)\d)n+17k lz (TL + 2> kl] )
k=0

=0

n+2—d

(43.0)  p(Sa) = -1+

(1 o d)n+1 + (d* 1)n+1'

n

i
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Note that this is a polynomial in d of degree at most n + 2. We first assume that
d # 1. Then d # A4, and

N(d)

n n _ n+1-1
a3 (M i P

~d —1>\d [‘Ad " <n ZZ . z> (=)™ +d En: (n T; . l) (—Ad)““]
{

1=0 =0

y —)\d[(l —d)"" + (n+2)d - 1] +d[(1 ™2 4 (4 2)hg — 1]}

= d—1>\d g —d—Aa(1 — d)™2 +d(1 — Ag)" 2]
n+1 d

:—1+n7+2(1—d) 1 (n+ 1) (n +2)

which proves (B=3) for d # 1. Since the both sides of the above equality are
polynomials in d, it holds also for d = 1. This finishes the proof. O

n+2-—d

(d _ 1)n+1’

Now, we give a proof of Theorem B2 by using Proposition E=3TI.

PROOF OF THEOREM BT—2. We already computed the total Q-prime curva-
ture of S; in Example B53; it is given by

— n+2—d\""
Q'(Sa) = (47T)n+1(”!)2d(n+1> :
This and Proposition B=31 yield that
n+2—d
D — _ o= - _ n+1
() =-1+ "= C-a)
(4.3.2) d

N n+2-— d) i
(n+ )"t (n+2) n+1 ’
We consider this as a polynomial in d. The coefficient of its leading term is
(-1)" [ L (=D" - L } .
n+2 (n+1)"t(n+2) (n+1)7+L
If n > 2, we can estimate the second and third terms as follows:
(=)™ ‘ < 2 < 2 _ 1
(n+1)n+l(n+2) (n+1)"*tH ~ (n+1)2 " 2(n+2) n+2’
here we use the fact that (n + 1)2 > 2(n + 2) for n > 2. Hence the coefficient

of the leading term of (B=33) is (—1)" times a positive number. This implies
D(Sq) = (—1)"oc0 as d — +o0. O

(d—1)"+ 4 d(
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