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Preface

A CR manifold is an odd-dimensional analog of a complex manifold. A typical
example of a CR manifold is a real hypersurface in a complex manifold. In this the-
sis, we consider strictly pseudoconvex CR manifolds. In the seminal paper [Fef74],
Fefferman has proved that two bounded strictly pseudoconvex domains in the com-
plex Euclidean space are biholomorphic if and only if their boundaries, which are
strictly pseudoconvex CR manifolds, are isomorphic as a CR manifold. Since then,
there have been extensive researches on strictly pseudoconvex CR manifolds. The
purpose of this thesis is to study geometric properties of both local and global
invariants of strictly pseudoconvex CR manifolds.

In Chapter 1, we will consider Chern classes of closed strictly pseudoconvex CR
manifolds. It is one of the most fundamental problems in CR geometry whether a
given CR manifold can be realized as a real hypersurface in a complex manifold.
There are many strictly pseudoconvex CR manifolds of dimension three with no
such realizations; see [Ros65, Nir74, BE90b] for example. On the other hand,
it is known that any closed connected strictly pseudoconvex CR manifold of di-
mension at least five can be realized as the boundary of a strictly pseudoconvex
domain in a complex projective manifold [BdM75,HL75,Lem95]. This fact gives
some restrictions to the topology of closed strictly pseudoconvex CR manifolds. For
example, Bungart [Bun92] and Popescu-Pampu [PP08] have proved some vanish-
ing results for the cup product on the cohomology with rational coefficients. By
a similar method, we will obtain a constraint on Chern classes (Theorem 1.1.1).
Through some examples, we will also show that our result is “sharp” in general
(Propositions 1.3.1 and 1.3.2). This chapter is based on the paper [Tak18b].

In Chapter 2, we will deal with the existence of a pseudo-Einstein contact
form. Recently, two global CR invariants have been introduced: the total Q-prime
curvature and the Burns-Epstein invariant, which will be explained later. A pseudo-
Einstein contact form, first introduced by Lee [Lee88], is a contact form satisfying
a weak Einstein condition, and is necessary for defining those invariants. Therefore,
the following problem arises when we consider the variation of these invariants: “is
the existence of a pseudo-Einstein contact form preserved under deformations of
CR structures?” We will solve this problem affirmatively for deformations as a real
hypersurface in a fixed complex manifold (Corollary 2.1.2). This result follows from
the fact that there exists a flat Hermitian metric on the canonical bundle of a suffi-
ciently small tubular neighborhood of a strictly pseudoconvex real hypersurface if it
admits a pseudo-Einstein contact form (Theorem 2.1.1). This chapter corresponds
to the paper [Tak18c].

In Chapter 3, we will study relations between CR invariants constructed via the
ambient space and Sasakian η-Einstein manifolds. Before stating our results, we
recall the ambient space in even-dimensional conformal geometry, which is closely
related to CR geometry.

Let N be a smooth manifold of dimension 2m ≥ 2, and C be a conformal class
of pseudo-Riemannian metrics of signature (p, q) with p + q = 2m. The metric
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bundle G is the principal R+-bundle over N whose fiber Gx at x ∈ N is given by
Gx =

{
gx ∈ S2T ∗

xN
∣∣ g ∈ C

}
.

This G has the tautological symmetric two-tensor g0. The ambient space is the
space G̃ = G×(−ϵ, ϵ) with a homogeneous pseudo-Riemannian metric g̃ of signature
(p+ 1, q + 1) such that g̃|G×{0} = g0 and g̃ is asymptotically Ricci-flat on G × {0}.
This space was first introduced by Fefferman and Graham [FG85]; see also the book
[FG12] for details. By using the Laplacian of g̃, we can obtain some conformal
invariants of (N,C). For each integer 1 ≤ k ≤ m, Graham, Jenne, Mason, and
Sparling [GJMS92] have defined a conformally invariant differential operator Pk

whose principal part is the k-th power of the Laplacian, called the k-th GJMS
operator. It is known that P1 agrees with the conformal Laplacian; in other words,
the GJMS operators are higher order analogs of the conformal Laplacian. The Q-
curvature is a smooth function on N determined for each representative of C, first
introduced by Branson [Bra95]; see also [FG02, FH03]. This is not a conformal
invariant, but its integral, the total Q-curvature, defines a global conformal invariant
of (N,C) if N is closed. In the case of m = 1, the Q-curvature coincides with the
Gauss curvature; that is, the Q-curvature is a generalization of the Gauss curvature
in higher dimensional conformal geometry.

Assume that C contains an Einstein metric g. Gover [Gov06], and Fefferman
and Graham [FG12] have proved that the k-th GJMS operator is decomposed into
k factors, and each factor is the sum of the Laplacian and a constant determined
only by m and the Einstein constant. They also have shown that the Q-curvature
with respect to g is a constant depending only on m and the Einstein constant.
Moreover, the variation of the total Q-curvature under deformations of conformal
structures is well-understood: the first variation of the total Q-curvature at C is al-
ways zero [GH05], and the second variation is written in terms of the Lichnerowicz
Laplacian [Mat13]; see also [GMS16].

Now we return the CR case. Let M be a strictly pseudoconvex CR manifold
of dimension 2n+ 1. Then we can construct a principal S1-bundle N over M with
a conformal class C of Lorentzian metrics on N ; these are determined only by the
CR structure of M [BDS77, Lee86]. The space (G̃, g̃) with respect to (N,C) is
called the ambient space of M . In this thesis, however, we take a complex-geometric
approach to the ambient space following [HMM17]; see Section 0.3. Similar to the
conformal case, the ambient space gives some CR invariants. For (w,w′) ∈ R2 with
k = w + w′ + n + 1 ∈ {1, . . . , n + 1}, Gover and Graham [GG05] have defined a
CR invariant powers of the sub-Laplacian Pw,w′ , a CR counterpart of the GJMS
operators. A CR analog of the Q-curvature is the Q-prime curvature, introduced
by Case and Yang [CY13], and Hirachi [Hir14]; it is a smooth function on M
determined for each pseudo-Einstein contact form. Marugame [Mar18] has proved
that its integral, the total Q-prime curvature, defines a global CR invariant for a
closed M .

The results in Chapter 3 are CR counterparts of those in the paragraph before
the previous one. A Sasakian η-Einstein manifold is a strictly pseudoconvex CR
manifold (S, T 1,0S) of dimension 2n + 1 with a contact form η satisfying a strong
Einstein condition; see Definition 0.6.3. For such (S, T 1,0S) and η, we will prove that
Pw,w′ is factored into k components, and each component is written in terms of the
sub-Laplacian, the Reeb vector field, n and the Einstein constant (Theorem 3.1.1).
We will also show that the Q-prime curvature with respect to η is a constant
determined only by n and the Einstein constant (Theorem 3.1.3). Note that the
same results have been obtained independently by Case and Gover [CG17] in a
different way. We will also consider the variation of the total Q-prime curvature at S
under deformations as a real hypersurface. It will be proved that the first variation
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of the total Q-prime curvature at S must be zero (Proposition 3.1.4). By applying
some spectral results, we will also show that, if n = 1 or the Einstein constant is
non-negative, then the second variation is non-positive, and equal to zero if and
only if the deformation is “infinitesimally trivial” (Theorem 3.1.5). Through some
examples, it will be seen that these results do not hold if n ≥ 2 and the Einstein
constant is negative (Theorem 3.1.6). This chapter is based on the paper [Tak18a]

In Chapter 4, we will compute another global CR invariant, the Burns-Epstein
invariant, for the tubes associated with polarized Kähler-Einstein manifolds, which
are typical examples of Sasakian η-Einstein manifolds. Burns and Epstein [BE90a]
have introduced a global CR invariant for the boundaries of bounded strictly pseu-
doconvex domains in Cn+1 as the boundary term of the renormalized Gauss-Bonnet-
Chern formula. Marugame [Mar16] has simplified their construction and gener-
alized it to a global CR invariant for closed strictly pseudoconvex CR manifolds
admitting a pseudo-Einstein contact form, which we call the Burns-Epstein invari-
ant in this thesis. We will give a formula of this invariant for the tubes associated
with polarized Kähler-Einstein manifolds in terms of characteristic numbers (Theo-
rem 4.1.1). As an application, we will show that there is no proportional relationship
between the Burns-Epstein invariant and the total Q-prime curvature in dimension
at least five (Theorem 4.1.2). Note that, in dimension three, the Burns-Epstein
invariant coincides with the total Q-prime curvature up to a universal constant.

Notation. Throughout this thesis, we assume that n is a positive integer. We write
N+ (resp. R+) for the set of positive integers (resp. positive real numbers). We use
Einstein’s summation convention and assume that

• uppercase Latin indices A,B,C, . . . run from 0 to n+ 1;
• lowercase Latin indices a, b, c, . . . run from 1 to n+ 1;
• lowercase Greek indices α, β, γ, . . . run from 1 to n.
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CHAPTER 0

Basic materials

0.1. Strictly pseudoconvex CR manifolds

In this section, we recall some fundamental results on strictly pseudoconvex
CR manifolds and the Tanaka-Webster connection.

Let M be an oriented smooth (2n+1)-dimensional manifold without boundary.
A CR structure is a complex n-dimensional subbundle T 1,0M of the complexified
tangent bundle TM ⊗ C such that

T 1,0M ∩ T 0,1M = 0, [Γ(T 1,0M),Γ(T 1,0M)] ⊂ Γ(T 1,0M),

where T 0,1M is the complex conjugate of T 1,0M in TM ⊗C. Set HM = ReT 1,0M
and let J : HM → HM be a unique complex structure on HM such that

T 1,0M = ker(J −
√

−1: HM ⊗ C → HM ⊗ C);

in particular, HM has a canonical orientation. Let HM◦ be the annihilator of
HM ; that is,

HM◦ =
{
θp ∈ T ∗

pM
∣∣ θp|HpM = 0

}
.

Since TM is oriented and HM is an oriented subbundle of TM of codimension one,
HM◦ is an oriented real line bundle. An element θp ∈ HpM

◦ \ {0} is said to be
positive if the orientation of HpM

◦ determined by θ is compatible with the given
orientation of HpM

◦. We denote by HM◦
+ the set of positive elements in HM◦,

which is a trivial principal R+-bundle over M . Let θ be a smooth section of HM◦
+.

The Levi form Lθ with respect to θ is the Hermitian form on T 1,0M defined by

Lθ(Z,W ) = −
√

−1dθ(Z,W ), Z,W ∈ T 1,0M.

A CR structure T 1,0M is said to be pseudoconvex (resp. strictly pseudoconvex) if Lθ

is non-negative (resp. positive definite) for some θ. This condition is independent of
the choice of θ and determined only by T 1,0M and the orientation of M . If T 1,0M
is strictly pseudoconvex, we call a section of HM◦

+ a contact form.
In the remainder of this section, we assume that the CR structure T 1,0M is

strictly pseudoconvex. Denote by T the Reeb vector field with respect to θ; that is,
a unique vector field satisfying

θ(T ) = 1, ιT dθ = 0.

Then the tangent bundle TM has the decomposition TM = RT ⊕ HM . One can
define a Riemannian metric gθ on M by

gθ(X,Y ) = 1
2
dθ(X, JY ) + θ(X)θ(Y ), X, Y ∈ TM.

Here we extend J to an endomorphism on TM by JT = 0. Let (Zα ) be a local
frame of T 1,0M , and set Zα = Zα . Then (T,Zα , Zα ) gives a local frame of TM⊗C,
called an admissible frame. Its dual frame (θ, θα, θα) is called an admissible coframe.
The two-form dθ is written as

dθ =
√

−1l
αβ
θα ∧ θβ ,

1



2 0. BASIC MATERIALS

where (l
αβ

) is a positive definite Hermitian matrix. We use l
αβ

and its inverse lαβ

to raise and lower indices.
A contact form θ induces a canonical connection ∇, called the Tanaka-Webster

connection with respect to θ. It is defined by

∇T = 0, ∇Zα = ω β
α Zβ , ∇Zα = ω β

α Z
β

(
ω β

α = ω β
α

)
with the following structure equations:

dθβ = θα ∧ ω β
α +Aβ

αθ ∧ θα,

dl
αβ

= ω γ
α l

γβ
+ lαγω

γ

β
.

The tensor Aαβ = A
αβ

is shown to be symmetric and is called the Tanaka-Webster
torsion. We denote the components of a successive covariant derivative of a tensor
by subscripts preceded by a comma, for example, K

αβ,γ
; we omit the comma if the

derivatives are applied to a function. With this notation, introduce an operator
∂b : C∞(M) → Γ((T 0,1M)∗) by

∂bf = fα θ
α.

A smooth function f is called a CR holomorphic function if ∂bf = 0. A CR
pluriharmonic function is a real-valued smooth function that is locally the real part
of a CR holomorphic function. We denote by P the space of CR pluriharmonic
functions.

The curvature form Ω β
α = dω β

α −ω γ
α ∧ω β

γ of the Tanaka-Webster connection
is of the form

Ω β
α =R β

α γδ
θγ ∧ θδ +A β

αγ, θ
γ ∧ θ −Aβ

γ,αθ
γ ∧ θ

−
√

−1Aαγθ
γ ∧ θβ +

√
−1lαγA

β

δ
θγ ∧ θδ.

(0.1.1)

We call the tensor R β

α γδ
the Tanaka-Webster curvature. This tensor has the sym-

metry
R

αβγδ
= R

γβαδ
= R

αδγβ
.

Contracting the Tanaka-Webster curvature, we obtain the Tanaka-Webster Ricci
curvature Ric

γδ
= R α

α γδ
and the Tanaka-Webster scalar curvature Scal = Ric γ

γ .
Now consider commutators of covariant derivatives. We will use the index 0

for the component T or θ in our index notation. The commutators of the second
derivatives for f ∈ C∞(M) are given by

2f[αβ] = 0, 2f[αβ] =
√

−1l
αβ
f0, 2f[0α] = Aαβf

β ,

where [· · · ] means the anti-symmetrization over the enclosed indices. Define the
Kohn Laplacian □b and the sub-Laplacian ∆b by

□bf = −f α
α , ∆bf = −f α

α − f α
α = □bf + □bf,

respectively. From the above commutation relations, we have

□b − □b =
√

−1nT.

In particular,

(0.1.2) 2□b = ∆b +
√

−1nT, 2□b = ∆b −
√

−1nT.
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The second derivatives of a (1, 0)-form K = Kαθ
α satisfy the following commuta-

tion relations:

2Kα,[βγ] =
√

−1AαγKβ −
√

−1AαβKγ ,

2K
α,[βγ] =

√
−1l

αβ
Aδ

γKδ −
√

−1lαγA
δ
β
Kδ ,

2Kα,[βγ] =
√

−1lβγKα,0 +R δ
α βγKδ ,

2Kα,[0β] = AβγK
γ

α, −A γ
αβ, Kγ ,

2K
α,[0β] = Aγ

β
Kα,γ +Aγ

β,α
Kγ .

For proofs of these facts, see [Lee88, Lemma 2.3].
A contact form θ is said to be pseudo-Einstein if the following two equalities

hold:
Ric

αβ
= 1
n

Scall
αβ
, Scalα =

√
−1nA β

αβ, .

From Bianchi identities for the Tanaka-Webster connection, we obtain(
Ric

αβ
− 1
n

Scall
αβ

) β

,

= n− 1
n

(Scalα −
√

−1nA β
αβ, );

see [Hir14, Lemma 5.7(iii)] for example. Therefore, the latter equality follows from
the former one if n ≥ 2; on the other hand, the former equality automatically holds
if n = 1, and the latter one is a non-trivial condition. Another contact form θ̂ = eΥθ
is pseudo-Einstein if and only if Υ ∈ P.

Now we introduce the Burns-Epstein invariant, a global CR invariant for strictly
pseudoconvex CR manifolds admitting a pseudo-Einstein contact form. It is defined
as the boundary term of the renormalized Gauss-Bonnet-Chern formula [Mar16,
Theorem 1], but we do not use this definition but an explicit expression in terms of
the Tanaka-Webster curvature and torsion. Assume that M is closed and admits
a pseudo-Einstein contact form θ. To simplify the notation, set ς = Scal/n(n+ 1).
Let

θ β
0 = ςθβ −

√
−1Aβ

γθ
γ +

√
−1ςβθ,

θ 0
α = −lαγθ

γ ,

θ 0
0 =

√
−1ςθ,

Θ β
α = Ω β

α +
√

−1ςdθδ β
α − ςlαγθ

β ∧ θγ

+
√

−1ςγ δ β
α θγ ∧ θ +

√
−1ςγ δ β

α θγ ∧ θ +
√

−1ςβlαγθ
γ ∧ θ

−
√

−1Aαγθ
γ ∧ θβ +A β

αγ, θ
γ ∧ θ −Aβ

γ,αθ
γ ∧ θ,

Θ 0
α = Aαγθ

γ ∧ θ.

The Burns-Epstein invariant µ(M) is defined by

µ(M) = 1
n!

(√
−1

2π

)n+1 n∑
k=0

(
n

k

) ∫
M

(Φ(0)
k − Φ(1)

k ),

where

Φ(0)
0 =

∑
σ,τ∈Sn

sgn(στ)θ 0
0 ∧ θ 0

σ(1) ∧ θ
τ(1)

0 ∧ · · · ∧ θ 0
σ(n) ∧ θ

τ(n)
0 ,

Φ(0)
k =

∑
σ,τ∈Sn

sgn(στ)θ 0
0 ∧ Θ τ(1)

σ(1) ∧ · · · ∧ Θ τ(k)
σ(k)

∧ θ 0
σ(k+1) ∧ θ

τ(k+1)
0 ∧ · · · ∧ θ 0

σ(n) ∧ θ
τ(n)

0 (1 ≤ k ≤ n),
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Φ(1)
0 =

∑
σ,τ∈Sn

sgn(στ)Θ 0
σ(1) ∧ θ

τ(1)
0 ∧ θ 0

σ(2) ∧ θ
τ(2)

0 ∧ · · · ∧ θ 0
σ(n) ∧ θ

τ(n)
0 ,

Φ(1)
k =

∑
σ,τ∈Sn

sgn(στ)Θ 0
σ(1) ∧ θ

τ(1)
0 ∧ Θ τ(2)

σ(2) ∧ · · · ∧ Θ τ(k+1)
σ(k+1)

∧ θ 0
σ(k+2) ∧ θ

τ(k+2)
0 · · · ∧ θ 0

σ(n) ∧ θ
τ(n)

0 (1 ≤ k ≤ n− 1),

Φ(1)
n = 0.

This µ(M) is independent of the choice of a pseudo-Einstein contact form, and
gives a global CR invariant of M [Mar16, Theorem 4.6].

0.2. Strictly pseudoconvex real hypersurfaces and domains

This section gives some basic facts on strictly pseudoconvex real hypersurfaces
and domains.

Let M be an oriented real hypersurface in an (n + 1)-dimensional complex
manifold X. Then M has the natural CR structure

T 1,0M = T 1,0X ∩ (TM ⊗ C).
If T 1,0M is pseudoconvex (resp. strictly pseudoconvex), we call M a pseudoconvex
(resp. strictly pseudoconvex) real hypersurface. For any θ ∈ Γ(HM◦

+), there exists
a smooth function ρ on a neighborhood of M such that M = ρ−1(0), dρ ̸= 0 on M ,
and θ = dcρ|M , where dc = (

√
−1/2)(∂ − ∂); such a ρ is called a defining function

of M normalized by θ. If ρ̂ is another defining function, then there exists a smooth
function Υ on a neighborhood of M such that ρ̂ = eΥρ. Take a sufficiently small
tubular neighborhood U of M and a defining function ρ of M . Then U\M is divided
into two parts: U− = U ∩ ρ−1((−∞, 0)) and U+ = U ∩ ρ−1((0,∞)). Moreover, U−
and U+ are independent of the choice of a defining function ρ of M . If M is
a pseudoconvex real hypersurface, we call U− (resp. U+) the pseudoconvex side
(resp. pseudoconcave side) of U . It is known that any CR holomorphic function
(resp. CR pluriharmonic function) on a strictly pseudoconvex real hypersurface
can be extended to a holomorphic function (resp. pluriharmonic function) on the
pseudoconvex side of a sufficiently small tubular neighborhood.

We next consider strictly pseudoconvex domains. Let Ω be a domain in X with
smooth boundary M = ∂Ω. (Throughout this thesis, we always assume a domain
to be connected and relatively compact.) Then there exists a smooth function ρ on
X such that

Ω = ρ−1((−∞, 0)), M = ρ−1(0), dρ ̸= 0 on M ;
such a ρ is called a defining function of Ω. A domain Ω is said to be strictly pseu-
doconvex if we can take a defining function ρ of Ω that is strictly plurisubharmonic
near M . We call Ω a Stein domain if Ω admits a defining function ρ that is strictly
plurisubharmonic on a neighborhood of the closure of Ω. Note that a Stein do-
main is a Stein manifold; this is because −ρ−1 defines a strictly plurisubharmonic
exhaustion function on Ω. It is known that any strictly pseudoconvex domain Ω
is holomorphically convex, and consequently, there exist a Stein space Z and a
proper surjective holomorphic map φ : Ω → Z having some good properties, called
the Remmert reduction of Ω; see [GPR94, Chapter V] and references therein for
details. In our setting, φ is described as follows. A compact analytic subset E of
positive dimension at every point in Ω is called a maximal compact analytic subset
of Ω if it is maximal among such subsets with respect to the inclusion relation; this
E is determined uniquely by Ω. The map φ contracts each connected component
of E to a point, and induces a biholomorphism Ω \E → Z \φ(E). In particular, Z
has at most finite normal isolated singularities.
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The boundary of a strictly pseudoconvex domain is a closed connected strictly
pseudoconvex real hypersurface [KR65, Corollary 7.3]. Conversely, it is known
that any closed connected strictly pseudoconvex CR manifold of dimension at least
five can be realized as the boundary of a strictly pseudoconvex domain in a complex
projective manifold [BdM75,HL75,Lem95].

0.3. The ambient space

In this section, we give a brief introduction to the ambient space, which is a
powerful tool for defining CR invariants.

Let X be an (n+ 1)-dimensional complex manifold and πX : X = K×
X → X be

the total space of the canonical bundle of X with the zero section removed. For µ ∈
C×, define the dilation δµ : X → X by the scalar multiplication by µn+2. Denote
by Z0 the holomorphic vector field generating δµ; that is, Z0 = (d/dµ)|µ=1δ∗

µ.
A smooth function f on an open set of X is said to be homogeneous of degree
(w,w′) ∈ R2 if Z0f = wf and Z0f = w′f hold. We write Ẽ (w,w′) for the sheaf of
smooth homogeneous functions of degree (w,w′), and sometimes abbreviate Ẽ (w,w)
to Ẽ (w). By abuse of notation, we will write f ∈ Ẽ (w,w′). Note that a Hermitian
metric of KX can be identified with a positive function in Ẽ (n+ 2).

Let z = (z1, . . . , zn+1) be a local coordinate of X. Then the fiber coordinate
ζ of X is defined by ζdz1 ∧ · · · ∧ dzn+1. Choose a branch z0 = ζ1/(n+2), which is
called a branched fiber coordinate in this paper. The holomorphic vector field Z0
is equal to z0∂/∂z0, and for each homogeneous function f of degree (w,w′), there
exists a smooth function f locally on X such that f = (z0)w(z̄0)w′

f .
Let M be a strictly pseudoconvex real hypersurface in X and set M = π−1

X (M).
We give an orientation on M so that π∗

Xρ is a defining function of M for any defining
function ρ of M . Then M is a C×-invariant pseudoconvex real hypersurface in X .
Denote by E (w,w′) the sheaf of homogeneous functions of degree (w,w′) on M.

For a defining function ρ ∈ Ẽ (1) of M, the (1, 1)-form ddcρ defines a Lorentz-
Kähler metric on a neighborhood of M, denoted by g[ρ]. We normalize ρ by using
a complex Monge-Ampère equation. Take the tautological (n+1, 0)-form ζ on KX .
Then

volX = (
√

−1)(n+2)2
dζ ∧ dζ

gives a volume form on X .

Proposition 0.3.1 ([HMM17, Proposition 2.2]). There exists a defining function
ρ ∈ Ẽ (1) of M such that

(ddcρ)n+2 = kn(1 + Oρn+2)volX ,

where O ∈ Ẽ (−n − 2) and kn = −(n + 1)!/(n + 2). Moreover, such a ρ is unique
modulo O(ρn+3), and O|M is independent of the choice of ρ.

We call such a ρ a Fefferman defining function and the Lorentz-Kähler metric
g[ρ] with respect to ρ an ambient metric. The function O is called the obstruction
function. Note that the Ricci form of g[ρ] is given by −ddc log

(
1 + Oρn+2)

.
A Fefferman defining function gives a necessary and sufficient condition for a

contact form to be pseudo-Einstein in terms of a Hermitian metric on KX . For
a Hermitian metric h of KX , the function ρ · h−1/(n+2) ∈ Ẽ (0) gives a defining
function ofM . Conversely, let ρ be a defining function ofM . Then hρ = (ρ/ρ)n+2 ∈
Ẽ (n+ 2) defines a Hermitian metric of KX near M .

Proposition 0.3.2 ([HMM17, Proposition 2.6]). A contact form θ on M is
pseudo-Einstein if and only if there exists a defining function ρ of M normalized
by θ such that hρ is flat on the pseudoconvex side.
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In particular, any strictly pseudoconvex real hypersurface in a complex manifold
X admits a pseudo-Einstein contact form if KX admits a flat Hermitian metric.

Before the end of this section, we note some identifications for E (w). For a
defining function ρ of M , the function hρ|M ∈ E (n+2) depends only on the contact
form θ normalizing ρ, denoted by hθ. The multiplication by h

w/(n+2)
θ defines a

linear isomorphism C∞(M) → E (w). There exists also a canonical identification
between E (−n− 1) and the space A2n+1(M) of smooth (2n+ 1)-forms on M . For
φ ∈ E (−n−1), the (2n+1)-form φ dcρ∧(ddcρ)n|M descends to a smooth (2n+1)-
form on M . This induces an isomorphism E (−n− 1) → A2n+1(M). We denote by∫

M
φ the integral of the (2n+ 1)-form corresponding to φ ∈ E (−n− 1) for a closed

M . Note that the composition

C∞(M) → E (−n− 1) → A2n+1(M)

is given by φ 7→ φθ ∧ (dθ)n.

0.4. Deformations of CR structures

In this section, we treat deformations of real hypersurfaces in a fixed complex
manifold and corresponding deformations of CR structures; we follow the argument
in [HMM17, Section 4].

Let M be a closed strictly pseudoconvex real hypersurface in an (n + 1)-
dimensional complex manifold X, and (Mt)t∈(−1,1) be a smooth family of closed
strictly pseudoconvex real hypersurfaces in X with M0 = M . Take a Fefferman
defining function ρt of Mt = π−1

X (Mt) that is smooth in t. Then (d/dt)|t=0ρt|M ∈
E (1) is independent of the choice of ρt. Conversely, for any real-valued function
φ ∈ E (1), there exists a smooth family (Mt)t∈(−1,1) such that φ = (d/dt)|t=0ρt|M.
Thus the space of infinitesimal deformations of M as a real hypersurface in X is
naturally parametrized by E (1)R, the space of real-valued functions in E (1). On
the other hand, the space of infinitesimal deformations of CR structures on M ,
denoted by D(M,T 1,0M), is a linear subspace of Γ(Hom(T 0,1M,T 1,0M)). Each
infinitesimal deformation as a real hypersurface induces that of a CR structure on
M . This correspondence is represented by a differential operator

D : E (1) → D(M,T 1,0M),

first introduced by Buchweitz and Millson [BM97, Chapter 8]; see also [AGL02,
Section 4]. Remark that this operator also appears in a subcomplex of the BGG
sequence [ČSS01]. If F ∈ E (1) is pure imaginary, DF corresponds to the infinitesi-
mal deformation induced from an infinitesimal contact diffeomorphism on M , which
has been studied by Cheng and Lee [CL90, Lemma 3.4]. From this observation,
we define a “trivial deformation” from CR point of view.

Definition 0.4.1. Let (Mt)t∈(−1,1) be a smooth family of closed strictly pseudo-
convex real hypersurfaces in X with M0 = M . It is said to be infinitesimally trivial
as a deformation of CR structures if

d

dt

∣∣∣∣
t=0

ρt|M ∈ Re kerD.

As stated in the last paragraph in Section 0.3, a contact form θ on M gives an
identification between E (1) and C∞(M). Thus we obtain a differential operator

Dθ : C∞(M) → D(M,T 1,0M),

written in terms of the Tanaka-Webster connection as follows:

2(DθF ) β
α = F β

α −
√

−1A β
α F.
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0.5. Ambient constructions

In this section, we recall constructions of CR invariant powers of the sub-
Laplacian, the P -prime operator, and the Q-prime curvature via the ambient space.

We use the notation in Sections 0.3 and 0.4. Fix a Fefferman defining function
ρ and consider the corresponding Lorentz-Kähler metric g = g[ρ]. Let ∇ be the
Levi-Civita connection of g, and ∆ be the (pseudo-Riemannian) Laplacian with
respect to g; that is,

∆ = −2∇A∇A.

This operator maps Ẽ (w,w′) to Ẽ (w − 1, w′ − 1).

Lemma 0.5.1 ([GG05, Theorem 1.1]). Let (w,w′) ∈ R2 such that k = w+w′+n+1
is a positive integer. Then, for any f̃ ∈ Ẽ (w,w′),

(∆kf̃)|M ∈ E (w − k,w′ − k)

depends only on f = f̃ |M and defines a differential operator
Pw,w′ : E (w,w′) → E (w − k,w′ − k).

Moreover, the operator Pw,w′ is independent of the choice of a Fefferman defining
function if k ≤ n+ 1.

If k ≤ n + 1, we call Pw,w′ a CR invariant power of the sub-Laplacian. Note
that P0,0 annihilates the constant functions, and satisfies∫

M

f1 · P0,0f2 =
∫

M

f2 · P0,0f1

for f1, f2 ∈ C∞(M) if M is closed; see [GG05, Proposition 5.1]. In particular,∫
M

P0,0f =
∫

M

f · P0,01 = 0

for any f ∈ C∞(M).
When w = w′ = 1, the operator P1,1 depends on the choice of a Fefferman

defining function. However, a slight modification gives a new CR invariant dif-
ferential operator, which is closely related to the variation of the total Q-prime
curvature.

Lemma 0.5.2 ([HMM17, Lemma A.2]). For f̃ ∈ Ẽ (1),

[4 Re(∆n+1∇A∇B∇A∇B)f̃ ]|M ∈ E (−n− 2)

depends only on f = f̃ |M and defines a differential operator
R : E (1) → E (−n− 2).

Moreover, R is independent of the choice of a Fefferman defining function. The
operator R coincides with P1,1 if the obstruction function O vanishes along M.

In the remainder of this section, we assume that θ is pseudo-Einstein. Take a
defining function ρ of M normalized by θ such that hρ is flat on the pseudoconvex
side.

The P -prime operator is a differential operator acting on CR pluriharmonic
functions, which appears in the transformation law of the Q-prime curvature.

Definition 0.5.3 ([Hir14, Definition 4.2]). The P -prime operator
P ′

θ : P → E (−n− 1)
is defined by

P ′
θΥ = − 1

n+ 2
[∆n+1(Υ̃ log hρ)]|M,
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where Υ ∈ P and Υ̃ is a smooth extension of Υ that is pluriharmonic on the
pseudoconvex side. The function P ′

θΥ is determined only by θ and Υ.

Since log hρ is a pluriharmonic function on the pseudoconvex side, we have
P ′

θ1 = 0. Moreover, Marugame [Mar18, Theorem 1.2] has proved that∫
M

Υ2 · P ′
θΥ1 =

∫
M

Υ1 · P ′
θΥ2

for Υ1,Υ2 ∈ P if M is closed. In particular,∫
M

P ′
θΥ =

∫
M

Υ · P ′
θ1 = 0

for any Υ ∈ P.
Now we give the definition of the Q-prime curvature.

Definition 0.5.4 ([Hir14, Definition 5.4]). The Q-prime curvature Q′
θ is defined

by

Q′
θ = 1

2(n+ 2)2 [∆n+1(log hρ)2]|M ∈ E (−n− 1).

This Q′
θ is independent of the choice of a Fefferman defining function. We will also

use the unbold Q′
θ ∈ C∞(M) defined by

Q′
θ = Q′

θ · h
(n+1)/(n+2)
θ ,

which is also called the Q-prime curvature.

If we take another pseudo-Einstein contact form θ̂ = eΥθ for Υ ∈ P, the
Q-prime curvature transforms as follows [Hir14, Proposition 5.5]:

Q′
θ̂

= Q′
θ + P ′

θΥ + 1
2

P0,0(Υ2).

Hence ∫
M

Q′
θ̂

=
∫

M

Q′
θ +

∫
M

P ′
θΥ + 1

2

∫
M

P0,0(Υ2) =
∫

M

Q′
θ

for a closed M . Thus we see that the integral of the Q-prime curvature, the total
Q-prime curvature Q′(M), is independent of the choice of a pseudo-Einstein contact
form, and defines a global CR invariant.

We next recall variational formulas for the total Q-prime curvature under defor-
mations of real hypersurfaces. Let (Mt)t∈(−1,1) be a smooth family of closed strictly
pseudoconvex real hypersurfaces in a complex manifold X satisfying M0 = M . Take
a Fefferman defining function ρt of Mt = π−1

X (Mt) such that it is smooth in the
parameter t ∈ (−1, 1). Assume that there exists a flat Hermitian metric h of KX

near M . The function ρt = ρt · h−1/(n+2) is a defining function of Mt, and the
corresponding contact form θt = dcρt|Mt

is pseudo-Einstein.

Theorem 0.5.5 ([HMM17, Theorem 1.2]). Under the above assumptions, the
total Q-prime curvature satisfies

(0.5.1) d

dt

∣∣∣∣
t=0

Q
′(Mt) = cn

∫
M

φO|M,

where O is the obstruction function of M , φ = (d/dt)|t=0ρt|M ∈ E (1), and cn =
2n+1n!(n+ 2)!. Moreover if the obstruction function of M vanishes, then

d2

dt2

∣∣∣∣
t=0

Q
′(Mt) = c′

n

∫
M

φ(Rφ),

where R is as in Lemma 0.5.2 and c′
n = −[4(n+ 1)(n+ 2)]−1.
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0.6. Sasakian manifolds

This section contains a brief summary of Sasakian manifolds from CR point
of view. See [BG08] and [Spa11] for a comprehensive introduction to Sasakian
manifolds.

Let (S, T 1,0S) be a strictly pseudoconvex CR manifold, η be a contact form
on S, and ξ be the Reeb vector field with respect to η. Then an almost complex
structure I on the cone C(S) = R+ × S of S is defined by

I(a(r∂/∂r) + bξ + V ) = −b(r∂/∂r) + aξ + JV,

where r is the coordinate of R+, a, b ∈ R and V ∈ HS. The bundle T 1,0C(S) of
(1, 0)-vectors with respect to I is given by

T 1,0C(S) = C(r∂/∂r −
√

−1ξ) ⊕ T 1,0S.

Lemma 0.6.1. The following three conditions are equivalent:
(1) the Tanaka-Webster torsion with respect to η vanishes;
(2) [ξ,Γ(T 1,0S)] ⊂ Γ(T 1,0S);
(3) the almost complex structure I is integrable.

Definition 0.6.2. The triple (S, T 1,0S, η) is called a Sasakian manifold if one of
the equivalent conditions in the above lemma holds.

Proof of Lemma 0.6.1. Take an admissible frame (ξ, Zα , Zα ), and the cor-
responding admissible coframe (η, θα, θα). Then we obtain

η([ξ, Zα ]) = −dη(ξ, Zα ) = 0, θβ([ξ, Zα ]) = −dθβ(ξ, Zα ) = −Aβ
α

from the definition of the Reeb vector field and the structure equations of the
Tanaka-Webster connection. This gives the equivalence between (1) and (2). On
the other hand, from the integrability of T 1,0S, we can derive that (3) is equivalent
to

[r∂/∂r −
√

−1ξ,Γ(T 1,0S)] ⊂ Γ(T 1,0S).
This yields the equivalence between (2) and (3). □

Let (S, T 1,0S, η) be a Sasakian manifold. The Riemannian metric g = dr ⊗
dr + r2gη on C(S) is a Kähler metric on C(S), and its Kähler form is equal to
ddcr2/2. Moreover, the level set {r = 1} is isomorphic to S as a CR manifold, and
the one-form η is equal to dc log r2|S .

Consider the sub-Laplacian ∆b with respect to η. Since the Tanaka-Webster
torsion vanishes, one has

f0αβ
= f

α0β
= f0αβ

, f0βα
= f

βα0

for any f ∈ C∞(M). Hence ∆b commutes with ξ. We also note that the space P
is annihilated by ∆2

b + n2ξ2. Let Υ be a CR pluriharmonic function. Locally, Υ is
the real part of a CR holomorphic function f . On the other hand, we obtain

∆2
b + n2ξ2 = 4□b□b = 4□b□b

from [∆b, ξ] = 0 and (0.1.2). Therefore,
(∆2

b + n2ξ2)Υ = 2□b□bf + 2□b□bf = 0.
We next consider an Einstein condition for Sasakian manifolds.

Definition 0.6.3. Let (S, T 1,0S, η) be a (2n + 1)-dimensional Sasakian manifold.
It is called a Sasakian η-Einstein manifold if there exists a real constant λ such
that the Tanaka-Webster Ricci curvature Ric

αβ
of η satisfies

Ric
αβ

= (n+ 1)λl
αβ
.
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In particular if λ = 1, it is called a Sasaki-Einstein manifold. In this thesis, we call
the constant (n+ 1)λ the Einstein constant of (S, T 1,0S, η).

There exist characterizations of Sasakian η-Einstein manifolds in terms of gη

or g.

Proposition 0.6.4. Let (S, T 1,0S, η) be a (2n+ 1)-dimensional Sasakian manifold
and λ be a real constant. Then the following are equivalent:

(1) (S, T 1,0S, η) is a Sasakian η-Einstein manifold with Einstein constant (n+
1)λ;

(2) the Ricci curvature Ricgη of gη satisfies
Ricgη

= 2((n+ 1)λ− 1)gη + 2(n+ 1)(1 − λ)η ⊗ η;
(3) the Ricci curvature Ricg of g satisfies

Ricg = 2(n+ 1)(λ− 1)(gη − η ⊗ η).

Proof. First, we show the equivalence between (1) and (2). We denote by
∇gη the Levi-Civita connection with respect to gη. Then, for U, V ∈ Γ(TS),

∇gη

U V = ∇UV − gη(JU, V )ξ + η(U)JV + η(V )JU.
This follows from the fact that the Tanaka-Webster connection preserves the metric
gη and the torsion Tor of ∇ satisfies Tor(U, V ) = 2gη(JU, V )ξ. Hence the curvature
Rgη

of ∇gη is related with the curvature R of ∇ as follows:
Rgη

(U, V )W = R(U, V )W − gη(JV,W )JU + gη(JU,W )JV
− 2gη(U, JV )JW − η(V )gη(JU, JW )ξ
+ η(U)gη(JV, JW )ξ − η(U)η(W )V + η(V )η(W )U

(0.6.1)

for U, V,W ∈ Γ(TS). Taking the trace of (0.6.1) gives
Ricgη

= Ric −2gη + 2(n+ 1) η ⊗ η,

where Ric is the Ricci curvature of ∇. On the other hand, Ric is given by

Ric = Ric
αβ

(θα ⊗ θβ + θβ ⊗ θα),

which follows from (0.1.1). This proves the equivalence between (1) and (2).
Next, we show the equivalence between (2) and (3). Let ∇g be the Levi-Civita

connection with respect to g. Then for U, V ∈ Γ(TS),

∇g
r∂/∂r(r∂/∂r) = r∂/∂r, ∇g

r∂/∂rU = ∇g
U (r∂/∂r) = U,

∇g
UV = ∇gη

U V − gη(U, V )r∂/∂r.

Hence the curvature Rg of ∇g satisfies
Rg(·, r∂/∂r) = 0, Rg(·, ·)r∂/∂r = 0,
Rg(U, V )W = Rgη (U, V )W − gη(V,W )U + gη(U,W )V,

where U, V,W ∈ Γ(TS). Taking the trace, we obtain
Ricg = Ricgη

−2ngη.

Therefore, (2) is equivalent to (3). □

Note that (3) is equivalent to

(0.6.2) − ddc log det
(

∂2r2

∂za∂zb

)
= (n+ 1)(λ− 1)ddc log r2

for any holomorphic local coordinate (z1, . . . zn+1) of C(S) since r2/2 is a Kähler
potential of g.
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Example 0.6.5. Let S2n+1 ⊂ Cn+1 be the unit sphere centered at the origin with
the natural CR structure T 1,0S2n+1, and ηstd be the contact form on S2n+1 defined
by

ηstd =
√

−1
2

n+1∑
i=1

(zidz̄i − z̄idzi)|S2n+1 .

The cone (C(S2n+1), g) is isomorphic to (Cn+1 \ {0}, gEuc) as an almost Kähler
manifold by the map

C(S2n+1) → Cn+1 \ {0}; (r, p) 7→ r2p.

Here gEuc is the Euclidean metric on Cn+1. Since gEuc is a Ricci-flat Kähler metric,
(S2n+1, T 1,0S2n+1, ηstd) is a Sasaki-Einstein manifold.

A typical example of a Sasakian manifold is the tube associated with a polarized
Kähler manifold. Let Y be an n-dimensional complex manifold, and (L, hL) be a
Hermitian holomorphic line bundle over Y such that ω =

√
−1ΘhL

= −ddc log hL

defines a Kähler metric on Y . We call such a triple (Y, L, hL) a polarized Kähler
manifold. Denote by hL−1 the dual Hermitian metric on L−1. Now we consider the
tube

S =
{
v ∈ L−1 ∣∣ hL−1(v, v) = 1

}
,

which is a real hypersurface in L−1. This S has a canonical orientation as the
boundary of the open set

Ω =
{
v ∈ L−1 ∣∣ hL−1(v, v) < 1

}
.

The one-form η = dc log hL−1 |S is a connection one-form of the principal S1-bundle
p : S → Y , and satisfies dη = p∗ω. Moreover, η gives a section of HS◦

+, and T 1,0S
coincides with the horizontal lift of T 1,0Y with respect to η. Since ω defines a
Kähler metric, we have

−
√

−1dη(Z,Z) = −
√

−1ω(p∗Z, p∗Z) > 0
for 0 ̸= Z ∈ T 1,0S; this implies that (S, T 1,0S) is a strictly pseudoconvex CR
manifold and η is a contact form on S. Note that the Reeb vector field ξ with
respect to η is a generator of the S1-action on S.

Next, consider the Tanaka-Webster connection with respect to η. Take a local
coordinate (z1, . . . , zn) of Y . The Kähler form ω is written as

ω =
√

−1g
αβ
dzα ∧ dzβ ,

where (g
αβ

) is a positive definite Hermitian matrix. Let Zα be the horizontal lift
of ∂/∂zα. Then (ξ, Zα , Zα = Zα ) is an admissible frame on S. The corresponding
admissible coframe is given by (η, θα = p∗(dzα), θα = p∗(dzα)). Since dη = p∗ω,
we have

dη =
√

−1(p∗g
αβ

)θα ∧ θβ ,

which implies l
αβ

= p∗g
αβ

. The connection form ϕ β
α of the Kähler metric with

respect to the frame (∂/∂zα) satisfies

(0.6.3) 0 = d(dzβ) = dzα ∧ ϕ β
α , dg

αβ
= ϕ γ

α g
γβ

+ gαγϕ
γ

β
.

We write as Φ β
α the curvature form of the Kähler metric. Pulling back (0.6.3) by

p gives
dθβ = θα ∧ (p∗ϕ β

α ), dl
αβ

= (p∗ϕ γ
α )l

γβ
+ lαγ(p∗ϕ γ

β
).

This yields that ω β
α = p∗ϕ β

α , and the Tanaka-Webster torsion vanishes identically;
that is, (S, T 1,0S, η) is a Sasakian manifold. Moreover, the curvature form Ω β

α of
the Tanaka-Webster connection is given by Ω β

α = p∗Φ β
α . Therefore, (S, T 1,0S, η)
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is a Sasakian η-Einstein manifold with Einstein constant (n + 1)λ if and only if ω
defines a Kähler-Einstein metric on Y with Einstein constant (n+ 1)λ.

Example 0.6.6 (S2n+1 revisited). Let S2n+1 ⊂ Cn+1 be the unit sphere centered
at the origin with the natural CR structure. We can identify S2n+1 with the tube
of a polarized Kähler-Einstein manifold as follows. Consider the hyperplane bundle
L = O(1) over Y = CPn. Its dual L−1 = O(−1) can be realized as a subbundle of
the trivial vector bundle of rank n+ 1:

O(−1) =
{

(l, v) ∈ CPn × Cn+1 ∣∣ v ∈ l
}

;
here we consider CPn as the set of all one-dimensional linear subspaces in Cn+1.
The standard Hermitian inner product on Cn+1 induces a Hermitian metric hO(−1)
on O(−1), and the unit sphere S2n+1 can be identified with the tube with respect
to hO(−1), Moreover, the curvature of the dual Hermitian metric hO(1) on O(1) de-
fines a Kähler-Einstein metric on CPn with Einstein constant n+1; this means that
the triple (CPn,O(1), hO(1)) is a polarized Kähler-Einstein manifold with Einstein
constant n+ 1. Therefore, S2n+1 is isomorphic as a CR manifold to the tube asso-
ciated with a polarized Kähler-Einstein manifold (CPn,O(1), hO(1)) with Einstein
constant n+ 1.

Example 0.6.7. Let Yd be the Fermat hypersurface of degree d in CPn+1; that is,

Yd =

{
[X0 : · · · : Xn+1] ∈ CPn+1

∣∣∣∣∣
n+1∑
i=0

(Xi)d = 0

}
,

and Ld be the restriction to Yd of the hyperplane bundle O(1) over CPn+1. To
simplify the notation, we denote by κd the cohomology class c1(Ld) = c1(O(1))|Yd

.
The total Chern class c(T 1,0Yd) of T 1,0Yd is given by

c(T 1,0Yd) = (1 + κd)n+2(1 + dκd)−1,

or equivalently,

(0.6.4) ck(T 1,0Yd) =

[
k∑

l=0

(
n+ 2
l

)
(−d)k−l

]
κk

d.

It is known that Ld admits a Hermitian metric hLd
whose curvature defines a

Kähler-Einstein metric on Yd [Tia00, Chapter 6.3]. Set λd = (n+ 2 − d)/(n+ 1).
Since c1(T 1,0Yd) = (n+ 2 −d)κd, the Einstein constant of this metric is n+ 2 −d =
(n + 1)λd. Therefore, the tube Sd associated with (Yd, Ld, hLd

) is a Sasakian η-
Einstein manifold with Einstein constant (n+ 1)λd.



CHAPTER 1

A constraint on Chern classes of strictly
pseudoconvex CR manifolds

1.1. Introduction

Let (M,T 1,0M) be a closed connected strictly pseudoconvex CR manifold of
dimension 2n+1 ≥ 5. As we noted in Section 0.2, M can be realized as the boundary
of a strictly pseudoconvex domain in a complex projective manifold. This fact gives
some restrictions to the topology of M . For example, Bungart [Bun92] has proved
that the cup product

Hi1(M,C) ⊗ · · · ⊗Him(M,C) → H |I|(M,C)

vanishes for any multi-index I = (i1, . . . , im) ∈ Nm satisfying il ≤ n − 1 and
|I| = i1 + · · · + im ≥ n + 2; see also [PP08]. As remarked in the last paragraph
of [Bun92], this result also follows from a result of Ohsawa via analytic Hodge
decomposition [Ohs82].

In the next section, we will see that Ohsawa’s result gives also a constraint on
Chern classes of closed strictly pseudoconvex CR manifolds. For a complex vector
bundle E and a multi-index K = (k1, . . . , km) ∈ Nm, we denote by cK(E) the
cohomology class ck1(E) · · · ckm

(E).

Theorem 1.1.1. Let (M,T 1,0M) be a closed strictly pseudoconvex CR manifold
of dimension 2n+ 1 ≥ 5. Then cK(T 1,0M) vanishes in H2|K|(M,C) for any multi-
index K with 2|K| ≥ n+ 2.

This theorem implies that c2(T 1,0M) = 0 in H4(M,C) for any closed strictly
pseudoconvex CR manifold (M,T 1,0M) of dimension five. Therefore, the assump-
tion of the second Chern class in [CG17, Proposition 8.8] automatically holds for
the strictly pseudoconvex case, which is compatible with [Mar16, Theorem 4.6].

Note that sharper results than Theorem 1.1.1 hold for some particular cases.
For instance, Theorem 1.1.1 holds for Z-coefficients if M can be realized as a real
hypersurface in a Stein manifold. On the other hand, we can relax the degree
condition to 2|K| ≥ n + 1 if M is the link of an isolated singularity [Kol13].
However, we will see in Section 1.3 that Theorem 1.1.1 is “optimal” for a general
closed strictly pseudoconvex CR manifold.

We also remark a relation of this result to contact topology. Let (M,H) be a
closed (2n+ 1)-dimensional contact manifold. Then we can define the k-th Chern
class ck(H) ∈ H2k(M,Z) of H by using an adapted almost complex structure on
H. A contact structure H is said to be holomorphically fillable if M can be realized
as the boundary of a strictly pseudoconvex domain and H = ReT 1,0M holds.
Theorem 1.1.1 and the fact that ck(H) = ck(T 1,0M) imply the following

Corollary 1.1.2. Let H be a holomorphically fillable contact structure on a closed
manifold M of dimension 2n + 1 ≥ 5. Then cK(H) is torsion in H2|K|(M,Z) for
any multi-index K satisfying 2|K| ≥ n+ 2.

13
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This result is no longer true for a general contact structure. As far as the
author knows, such a constraint on Chern classes has not been obtained yet for a
contact structure satisfying other fillability conditions.

1.2. Proof of Theorem 1.1.1

Let (M,T 1,0M) be a closed strictly pseudoconvex CR manifold of dimension
2n + 1 ≥ 5. Without loss of generality, we may assume that M is connected. It
can be realized as the boundary of a strictly pseudoconvex domain Ω in an (n+ 1)-
dimensional complex projective manifold X [Lem95, Theorem 8.1]. The complex
vector bundle T 1,0X|M is decomposed into the direct sum of T 1,0M and a trivial
complex line bundle, and consequently cK(T 1,0M) = cK(T 1,0X|M ) is in the image
of the restriction morphism H2|K|(Ω,C) → H2|K|(M,C). On the other hand, the
natural morphism Hi

c(Ω,C) → Hi(Ω,C) is surjective for i ≥ n + 2 according to
[Ohs82, Corollary 4]; see [Bun92, Lemma] for another proof. From the exact
sequence

Hi
c(Ω,C) → Hi(Ω,C) → Hi(M,C),

it follows that Hi(Ω,C) → Hi(M,C) is identically zero for i ≥ n+2. This completes
the proof of Theorem 1.1.1.

1.3. Examples

In this section, we deal with some examples related to Theorem 1.1.1. We first
show that Theorem 1.1.1 does not hold for Z-coefficients in general.

Proposition 1.3.1. For each n ∈ N+, there exists a closed strictly pseudoconvex
CR manifold S of dimension 2n + 1 such that cK(T 1,0S) ̸= 0 in H2|K|(S,Z) for
every multi-index K with 0 ≤ |K| ≤ n.

Proof. Let O(d) be the holomorphic line bundle over CPn of degree d > 0.
There exists a Hermitian metric hO(d) on O(d) whose curvature defines a Kähler
metric on CPn. Consider the tube S associated with (CPn,O(d), hO(d)), which is
a principal S1-bundle over CPn. Consider the Gysin exact sequence

Hi−2(CPn,Z) −d·κ−−−→ Hi(CPn,Z) p∗

−→ Hi(S,Z) → Hi−1(CPn,Z),
where κ = c1(O(1)) is a generator of H2(CPn,Z) ∼= Z. This gives that

H2k(S,Z) ∼=


Z, k = 0,
Z/dZ, 1 ≤ k ≤ n,

0, otherwise,

and p∗κk is a generator of H2k(S,Z). On the other hand, since T 1,0S is isomorphic
to p∗T 1,0CPn as a complex vector bundle,

cK(T 1,0S) = p∗cK(T 1,0CPn) =

[
m∏

l=1

(
n+ 1
kl

)]
p∗κ|K|.

Hence, for a multi-index K with 0 ≤ |K| ≤ n, the K-th Chern class cK(T 1,0S) of
T 1,0S is equal to zero in H2|K|(S,Z) only if

∏m
l=1

(
n+1

kl

)
∈ dZ. In particular, if we

choose d as a prime integer greater than n+ 1, then cK(T 1,0S) does not vanish for
any K with 0 ≤ |K| ≤ n. □

We next see that the degree condition in Theorem 1.1.1 is optimal.

Proposition 1.3.2. For each n ∈ N+, there exists an (n + 1)-dimensional Stein
domain Ω such that its boundary M = ∂Ω satisfies cK(T 1,0M) ̸= 0 in H2|K|(M,C)
for any multi-index K with 0 ≤ 2|K| ≤ n+ 1.
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Proof. Let Ω0 be a Stein domain in a two-dimensional complex manifold
X0 such that its boundary M0 = ∂Ω0 satisfies c1(T 1,0M0) ̸= 0 in H2(M0,C);
see [EO08, Theorem 6.2] for an example of Ω0. Take a defining function ρ of Ω0
that is strictly plurisubharmonic on a neighborhood of the closure of Ω0. Without
loss of generality, we may assume that ρ is an exhaustion function on X0. Then, for
sufficiently small ϵ, there exists a diffeomorphism χ : (−ϵ, ϵ) × M0 → ρ−1((−ϵ, ϵ))
satisfying χ(0, p) = p and ρ(χ(t, p)) = t. The function ψ0 = −ρ−1 gives a strictly
plurisubharmonic exhaustion function on Ω0.

We first show the statement for the case of odd n. For k ∈ N+, consider the
domain

Ω =
{

(p1, . . . , pk) ∈ (Ω0)k
∣∣ ψ0(p1) + · · · + ψ0(pk) < 2k/ϵ

}
.

The function ψ(p1, . . . , pk) = ψ0(p1) + · · · + ψ0(pk) is a strictly plurisubharmonic
exhaustion function on (Ω0)k, and dψ ̸= 0 on M = ∂Ω. Hence Ω is a Stein domain
in (Ω0)k(⊂ (X0)k). As noted in the proof of Theorem 1.1.1, the cohomology class
cK(T 1,0M) coincides with cK(T 1,0(X0)k|M ). Consider the map

ι : (M0)k → M ; (p1, . . . , pk) 7→ (χ(−ϵ/2, p1), . . . , χ(−ϵ/2, pk)).
Since this map is homotopic to the natural embedding (M0)k ↪→ (X0)k,

ι∗cK(T 1,0M) = cK(ι∗T 1,0(X0)k) = cK((T 1,0X0)k|(M0)k ) = cK((T 1,0M0)k).

From the assumption of Ω0, it follows that cK((T 1,0M0)k) ̸= 0 in H2|K|((M0)k,C)
for any multi-index K with 0 ≤ 2|K| ≤ 2k, and consequently, cK(T 1,0M) ̸= 0 in
H2|K|(M,C) for such a K.

We next treat the case of even n. For k ∈ N+, consider the domain
Ω =

{
(p1, . . . , pk, z) ∈ (Ω0)k × C

∣∣ ψ0(p1) + · · · + ψ0(pk) + |z|2 < 2k/ϵ
}
.

This Ω is a Stein domain in (Ω0)k × C(⊂ (X0)k × C). Consider the map
ι : (M0)k → M = ∂Ω; (p1, . . . , pk) 7→ (χ(−ϵ/2, p1), . . . , χ(−ϵ/2, pk), 0).

Then we obtain
ι∗cK(T 1,0M) = cK((T 1,0M0)k) ̸= 0

in H2|K|((M0)k,C) for any K satisfying 0 ≤ 2|K| ≤ 2k + 1 in a similar way to the
case of odd n. This proves the statement. □





CHAPTER 2

Stability of the existence of a pseudo-Einstein
contact form

2.1. Introduction

A pseudo-Einstein contact form is necessary for defining the total Q-prime
curvature and the Burns-Epstein invariant. When we consider the variation of such
invariants, the question arises whether the existence of a pseudo-Einstein contact
form is preserved under deformations of CR structures. In this chapter, we will show
this stability for deformations as a real hypersurface in a fixed complex manifold
of complex dimension at least three. More precisely, we will prove the following

Theorem 2.1.1. Let Ω be a strictly pseudoconvex domain in a complex manifold
X of complex dimension at least three. Assume that its boundary M = ∂Ω admits
a pseudo-Einstein contact form. Then there exists a neighborhood U of M in X
such that KU has a flat Hermitian metric.

The stability stated above follows from this theorem and Proposition 0.3.2.

Corollary 2.1.2. Let Ω, X, M , and U be as in Theorem 2.1.1. Then any strictly
pseudoconvex real hypersurface M ′ in U admits a pseudo-Einstein contact form.

Note that this stability may have been already known when an ambient complex
manifold is a Stein manifold of dimension at least three; see Remark 2.3.2.

Here we give an outline of the proof of Theorem 2.1.1. Take a tubular neighbor-
hood U of M in X. The existence of a pseudo-Einstein contact form on M implies
that there is a flat Hermitian metric on KU∩Ω if we take U sufficiently small. By
using the Bott-Chern class, we will show that KU admits a flat Hermitian metric
if the morphism

(2.1.1) H1(U,O) → H1(U ∩ Ω,O)

induced by the inclusion is injective (Lemma 2.2.1). On the other hand, a result of
Andreotti and Grauert [AG62] yields that (2.1.1) is an isomorphism; here we use
the assumption that the complex dimension of X is at least three. A proof of this
fact will be given in Section 2.3.

Before the end of the introduction, we remark a relation between our result and
the Lee conjecture. Lee [Lee88, Proposition D] has proved that the first Chern
class c1(T 1,0M) of T 1,0M is equal to zero in H2(M,R) if M admits a pseudo-
Einstein contact form, and conjectured that the converse also holds if M is closed;
this is called the Lee conjecture. There are some affirmative results on this conjec-
ture [Lee88, Dra94, CC07, CSW12, CCT14], but it is still open. (Remark that
we need an extra assumption on the Tanaka-Webster torsion in [CCT14, Theorem
1.1], which has been pointed out in the erratum [CCT16].) The stability of the
existence of a pseudo-Einstein contact form follows from the Lee conjecture since
the first Chern class of a CR structure is invariant under deformations of a CR
structure. In other words, Corollary 2.1.2 can be considered as one of affirmative
results on the Lee conjecture.

17
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2.2. Bott-Chern class and the existence of a flat Hermitian metric

Let X be a complex manifold. The real Bott-Chern cohomology H1,1
BC(X,R) of

bi-degree (1, 1) is defined by

H1,1
BC(X,R) = { d-closed real (1, 1)-forms on X } / { ddcψ | ψ ∈ C∞(X,R) } .

Let f : Y → X be a holomorphic map between complex manifolds. The pull-back
by f induces a natural morphism

f∗ : H1,1
BC(X,R) → H1,1

BC(Y,R).

The cohomology H1,1
BC(X,R) has also a sheaf-theoretic interpretation. Let Ap,q

be the sheaf of smooth (p, q)-forms and P be that of pluriharmonic functions. There
exists the following exact sequence of sheaves [Big69, Teorema (2.1)]:

0 → P → A0,0
R

ddc

−−→ A1,1
R

d−→ (A2,1 ⊕ A1,2)R.

Here the subscript R means the subsheaf consisting of real forms. Since Ap,q is a fine
sheaf, this exact sequence implies that H1(X,P) is isomorphic to H1,1

BC(X,R). Note
that a holomorphic map f : Y → X induces a natural morphism f∗ : H1(X,P) →
H1(Y,P), which is compatible with f∗ : H1,1

BC(X,R) → H1,1
BC(Y,R) defined above.

For a holomorphic line bundle L over X, the first Bott-Chern class cBC
1 (L) ∈

H1,1
BC(X,R) is defined as follows. Take a Hermitian metric h of L. Then the

curvature (
√

−1/2π)Θh = −(1/2π)ddc log h is a d-closed real (1, 1)-form on X, and
defines an element of H1,1

BC(X,R). This cohomology class is independent of the
choice of h, denoted by cBC

1 (L). From the definition, cBC
1 (L) = 0 if and only if

L admits a flat Hermitian metric. Note that cBC
1 is natural; that is, f∗cBC

1 (L) =
cBC

1 (f∗L) for any holomorphic map f : Y → X.
Now we give a sufficient condition to the existence of a flat Hermitian metric.

Lemma 2.2.1. Let X and Y be complex manifolds and f : Y → X be a holomor-
phic map. Assume that f induces injective morphisms H1(X,O) ↪→ H1(Y,O) and
H2(X,R) ↪→ H2(Y,R), and a surjective morphism H1(X,R) ↠ H1(Y,R). Then,
for any holomorphic line bundle L over X, it admits a flat Hermitian metric if so
does f∗L.

Proof. Assume that f∗L has a flat Hermitian metric. As we noted above,
this is equivalent to f∗cBC

1 (L) = cBC
1 (f∗L) = 0. Hence it is enough to prove the

injectivity of f∗ : H1(X,P) → H1(Y,P). Consider the following exact sequence of
sheaves:

0 → R
√

−1−−−→ O Re−−→ P → 0.
This induces the following commutative diagram with exact rows:

H1(X,R) H1(X,O) H1(X,P) H2(X,R)

H1(Y,R) H1(Y,O) H1(Y,P) H2(Y,R).

The injectivity of H1(X,P) → H1(Y,P) follows from an easy diagram chasing. □

2.3. Proof of Theorem 2.1.1

Let X, Ω, and M be as in Theorem 2.1.1. We first reduce the problem on X
to that on a Stein space. Take a defining function ρ of Ω that is strictly plurisub-
harmonic near the boundary. Without loss of generality, we may assume that



2.3. PROOF OF THEOREM 2.1.1 19

ρ : X → R is proper. Then, for sufficiently small δ > 0, there exists a diffeomor-
phism

χ : (−2δ, 2δ) ×M → ρ−1((−2δ, 2δ))
such that χ(0, p) = p and ρ(χ(t, p)) = t. Replacing δ to a smaller one if necessary,
we may assume that ρ is strictly plurisubharmonic on ρ−1((−2δ, 2δ)). In particular,
Ω′ = ρ−1((−∞, δ)) is a strictly pseudoconvex domain in X containing Ω. Consider
the Remmert reduction φ : Ω′ → Z. From the strict plurisubharmonicity of ρ,
it follows that the maximal compact analytic subset of Ω′ cannot intersect with
ρ−1((−δ, δ)); in particular, φ is a biholomorphism on ρ−1((−δ, δ)). Without loss of
generality, we may assume that ρ descends to a smooth function on Z; use the same
letter ρ for abbreviation. It is sufficient to show the existence of a neighborhood
U ⊂ ρ−1((−δ, δ)) of M = ρ−1(0) such that KU has a flat Hermitian metric. To this
end, we construct a “good” exhaustion function on Z.

Lemma 2.3.1. Fix 0 < α < δ. There exists a smooth non-negative strictly
plurisubharmonic exhaustion function ϕ on Z satisfying the following conditions:

• ϕ−1(0) coincides with the singular set A of Z;
• ϕ is of the form

ϕ(p) = ρ(p)
δ(δ − ρ(p))

+K

on ρ−1((−α, δ)) for a constant K > 0 ;
• ϕ < K on ρ−1((−∞,−α]).

The proof of this lemma is slightly complicated, and so will be given later. Now
we complete the proof of Theorem 2.1.1 using Lemmas 2.2.1 and 2.3.1. Note that
our proof is similar in spirit to the proof of [Yau81, Theorem B].

Proof of Theorem 2.1.1. Set

Ω(a, b) = {K + a < ϕ < K + b }

for −∞ ≤ a < b. Note that ϕ−1(K) = M and Ω(−K, b) = Ω(−∞, b) \ A. It
is enough to prove that the canonical bundle of Ω(−ϵ, ϵ) admits a flat Hermitian
metric for some ϵ > 0 if M has a pseudo-Einstein contact form. The existence of a
pseudo-Einstein contact form on M implies that the canonical bundle of Ω(−ϵ, 0)
has a flat Hermitian metric for sufficiently small ϵ > 0 by Proposition 0.3.2. We may
also assume, by making ϵ small if necessary, that the inclusion Ω(−ϵ, 0) ↪→ Ω(−ϵ, ϵ)
induces isomorphisms

H1(Ω(−ϵ, ϵ),R) ≃−→ H1(Ω(−ϵ, 0),R),

H2(Ω(−ϵ, ϵ),R) ≃−→ H2(Ω(−ϵ, 0),R).

According to Lemma 2.2.1, it suffices to prove that

H1(Ω(−ϵ, ϵ),O) → H1(Ω(−ϵ, 0),O)

is also an isomorphism. Consider the following commutative diagram induced by
inclusions:

H1(Ω(−K, ϵ),O) H1(Ω(−ϵ, ϵ),O)

H1(Ω(−K, 0),O) H1(Ω(−ϵ, 0),O).

From [AG62, Théorème 15], it follows that each row is an isomorphism; here we
use the assumption that the complex dimension of X is at least three. Hence
it is sufficient to show the left column is an isomorphism. Since Ω(−∞, ϵ) and
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Ω(−∞, 0) are Stein spaces, we obtain the following commutative diagram whose
rows are isomorphisms:

H1(Ω(−K, ϵ),O) H2
A(Ω(−∞, ϵ),O)

H1(Ω(−K, 0),O) H2
A(Ω(−∞, 0),O).

≃

≃

On the other hand, the right column of the above diagram is also an isomorphism
by the excision property of the local cohomology. This completes the proof. □

What is left is to show Lemma 2.3.1, the existence of a “good” exhaustion
function ϕ on Z.

Proof of Lemma 2.3.1. As noted in Section 0.2, the singular set A of Z is
finite, given by A = { p1, . . . , pk } ⊂ Z. We first construct a smooth non-negative
strictly plurisubharmonic exhaustion function ψ on Z with ψ−1(0) = A. There
exists a proper holomorphic regular embedding f : Z → CN for sufficiently large
N [Nar60, Theorem 6]; in what follows, we identify Z with the image of f . Then
ψ0 = |z|2 +

∑k
j=1 log |z − pj |2 is a strictly plurisubharmonic exhaustion function

on CN with ψ−1
0 (−∞) = A. Hence ψ = expψ0 = exp

(
|z|2

) ∏k
j=1 |z − pj |2 is a

smooth non-negative strictly plurisubharmonic exhaustion function on CN with
ψ−1(0) = A.

Choose β ∈ R with α < β < δ, and take a smooth function λ : R → [0, 1] such
that λ ≡ 1 on (−∞,−β) and λ ≡ 0 on (−α,∞). Then the function

ϕ1(p) = λ(ρ(p))ψ(p)

is strictly plurisubharmonic on ρ−1((−∞,−β)) and identically zero on ρ−1((−α, δ)).
Next, take a non-negative smooth function g1 on R with

supp g1 ⊂ ((2δ)−1, (β + δ)−1),
∫
R
g1(t)dt = 1,

and set

g2(t) =
∫ t

0

∫ s

0
g1(r)drds.

This g2 is a non-negative and non-decreasing convex smooth function on R, vanishes
identically on (−∞, (2δ)−1], and

g2(t) = t− δ−1 + g2
(
δ−1)

> 0

on a neighborhood of [(β + δ)−1,∞). The function

ϕ2(p) = g2

(
1

δ − ρ(p)

)
vanishes identically on ρ−1((−∞,−δ]), is plurisubharmonic on ρ−1((−δ, δ)), and

ϕ2(p) = ρ(p)
δ(δ − ρ(p))

+ g2
(
δ−1)

> 0.

on a neighborhood of ρ−1([−β, δ)). Therefore, for any ϵ > 0, the sum ϕ = ϵϕ1 + ϕ2
is a non-negative smooth exhaustion function on Z such that it is strictly plurisub-
harmonic on ρ−1((−∞,−β)∪(−α, δ)), and satisfies ϕ−1(0) = A. Since ϕ2 is strictly
plurisubharmonic on the compact set ρ−1([−β,−α]), the function ϕ is also strictly
plurisubharmonic there for sufficiently small ϵ. Replacing ϵ by a smaller one, we
also have ϕ < g2(δ−1) on ρ−1((−∞,−α]). □
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Remark 2.3.2. Cao and Chang [CC07, Main Theorem (2)] state that if M is the
boundary of a Stein domain of complex dimension at least three, then M admits a
pseudo-Einstein contact form. However, as we saw in Proposition 1.3.2, there exists
such an M satisfying c1(T 1,0M) ̸= 0 in H2(M,R); in particular, M has no pseudo-
Einstein contact form. Here we give a short proof of a corrected statement: “if M
is the boundary of a Stein domain of complex dimension at least three and satisfies
c1(T 1,0M) = 0 in H2(M,R), then M admits a pseudo-Einstein contact form”.
A discussion in [Lee88, Section 6] gives that a closed strictly pseudoconvex CR
manifold (M,T 1,0M) of dimension at least five admits a pseudo-Einstein contact
form if c1(T 1,0M) = 0 in H2(M,R) and the Kohn-Rossi cohomology H0,1(M) of
bi-degree (0, 1) vanishes. On the other hand, a result of Yau [Yau81, Theorem B]
yields that H0,1(M) = 0 if M is as in the statement. Hence M admits a pseudo-
Einstein contact form.





CHAPTER 3

Ambient constructions for Sasakian η-Einstein
manifolds

3.1. Introduction

In this chapter, we will give explicit formulas of CR invariants defined in Sec-
tion 0.5 for Sasakian η-Einstein manifolds. Throughout this chapter, we assume
that (S, T 1,0S, η) is a (2n+ 1)-dimensional Sasakian η-Einstein manifold with Ein-
stein constant (n + 1)λ, and consider S as a real hypersurface in the (n + 1)-
dimensional complex manifold X = C(S).

In Section 3.2, we will construct a Fefferman defining function ρS explicitly.
From Lemma 0.5.1, we obtain the operator Pw,w′ for any (w,w′) ∈ R2 with k =
w+w′ +n+1 ∈ N+; it may not be a CR invariant differential operator if k ≥ n+2.
To simplify the formulas, we use unbold differential operators Pw,w′ and P ′

η acting
on functions on S instead of Pw,w′ and P ′

η; see Definition 3.3.1. The operators
Pw,w′ and P ′

η have expressions in terms of the sub-Laplacian ∆b and the Reeb
vector field ξ.

Theorem 3.1.1. For (w,w′) ∈ R2 with k = w + w′ + n + 1 ∈ N+, the operator
Pw,w′ has the formula

(3.1.1) Pw,w′ =
k−1∏
j=0

Lw′−w+k−2j−1.

Here Lµ is the differential operator acting on C∞(S) defined by

Lµ = ∆b +
√

−1µξ + 1
2

(n− µ)(n+ µ)λ.

Theorem 3.1.2. For any CR pluriharmonic function Υ on S,

P ′
ηΥ = 2n+1(n− 1)!

nn

n∏
j=0

(∆b + njλ)Υ.

In the case of the sphere or the Heisenberg group, Theorems 3.1.1 and 3.1.2
have been already obtained by Graham [Gra84] and Branson, Fontana, and Mor-
purgo [BFM13], respectively.

We also compute the Q-prime curvature of S. Similar to the above, we use
unbold Q′

η instead of Q′
η.

Theorem 3.1.3. The Q-prime curvature Q′
η with respect to η is given by

Q′
η = 2n+1(n!)2λn+1.

As an application of this formula, we will compute the total Q-prime curvature
for some Sasakian η-Einstein manifolds in Section 3.5.

Note that Case and Gover [CG17] have also obtained the same results as in
Theorems 3.1.1 to 3.1.3 by using tractor calculus.
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Finally, we consider the variation of the total Q-prime curvature at S under
deformations as a real hypersurface. In the remainder of this section, we assume
that S is closed.

Proposition 3.1.4. Let (Mt)t∈(−1,1) be a smooth family of closed strictly pseudo-
convex real hypersurfaces in X such that M0 = S. Then the first variation of the
total Q-prime curvature vanishes; that is,

d

dt

∣∣∣∣
t=0

Q
′(Mt) = 0.

This proposition follows from the fact that the obstruction function of S van-
ishes; see Proposition 3.2.5. Moreover, spectral properties of ∆b and ξ give the
following

Theorem 3.1.5. Let (Mt)t∈(−1,1) be as in Proposition 3.1.4. Assume that n = 1
or the Einstein constant is non-negative. Then the second variation of the total
Q-prime curvature is non-positive; that is,

d2

dt2

∣∣∣∣
t=0

Q
′(Mt) ≤ 0.

Moreover, the equality holds if and only if (Mt)∈(−1,1) is infinitesimally trivial as a
deformation of CR structures.

On the other hand, the conclusion of Theorem 3.1.5 does not hold for Sasakian
η-Einstein manifolds of dimension greater than three and with negative Einstein
constant.

Theorem 3.1.6. For each integer n ≥ 2, there exist a closed Sasakian η-Einstein
manifold of dimension 2n+1 with negative Einstein constant and an infinitesimally
non-trivial smooth deformation such that the second variation of the total Q-prime
curvature along this deformation is equal to zero. If n is even, one can find also
a Sasakian η-Einstein manifold S and a smooth deformation of S such that the
second variation of the total Q-prime curvature along this deformation is positive.

This chapter is organized as follows. Section 3.2 is devoted to the construction
of a Fefferman defining function for Sasakian η-Einstein manifolds. In Section 3.3,
we provide a proof of Theorems 3.1.1 and 3.1.2. Section 3.4 deals with the variation
of the total Q-prime curvature. In Section 3.5, we compute the total Q-prime
curvature for some Sasakian η-Einstein manifolds.

3.2. Construction of Fefferman defining function

In this section, we construct a Fefferman defining function for Sasakian η-
Einstein manifolds. To this end, we first construct a “good” defining function ρS of
S in X. From this defining function, we obtain a flat Hermitian metric hS of KX ,
and the desired Fefferman defining function ρS is given as the product ρS ·h1/(n+2)

S .
Define a smooth function ψλ on R by

ψλ(x) =

{
λ−1 (exp(λx) − 1) if λ ̸= 0,
x if λ = 0.

It can be seen that
ψ′

λ = 1 + λψλ, ψ′′
λ = λψ′

λ,

and
ρS = ψλ(log r2) ∈ C∞(X)

is a defining function of S normalized by η.
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Proposition 3.2.1. The defining function ρS satisfies the equation

ddc log Jz[ρS ] = 0,

where z = (z1, . . . , zn+1) is a local coordinate of X and

Jz[ϕ] = − det
(

ϕ ∂ϕ/∂za

∂ϕ/∂zb ∂2ϕ/∂za∂zb

)
.

Proof. To simplify notation, we write ∂a = ∂/∂za and ∂ab = ∂2/∂za∂zb.

Jz[ρS ] = − det
(
ρS ∂aρS

∂bρS ∂abρS

)
= − det

(
ρS (1 + λρS)∂a log r2

∂b log r2 (1 + λρS)∂ab log r2

)
= −(1 + λρS)n+1 det

(
ρS ∂a log r2

∂b log r2 ∂ab log r2

)
= −(1 + λρS)n+1r−2(n+1) det

(
ρS ∂ar

2

(1 + ρS)r−2∂br
2 ∂abr

2

)
.

Since r2/2 is a Kähler potential of g, we have ∂abr
2 = 2g(∂a, ∂b). Hence

Jz[ρS ] = −(1 + λρS)n+1r−2(n+1) [
ρS − (1 + ρS)(2r2)−1∥∂r2∥2

g

]
det

(
∂abr

2)
= (1 + λρS)n+1r−2(n+1) det

(
∂abr

2)
,

where the last equality follows from ∥∂r2∥2
g = 2r2. From (0.6.2), it follows that

−ddc log Jz[ρS ] = −(n+ 1)(ddc log(1 + λρS) − ddc log r2) − ddc log det
(
∂abr

2)
= −(n+ 1)d(λdc log r2) + (n+ 1)λddc log r2

= 0.

This proves the statement. □

Next, we construct a flat Hermitian metric of KX by using ρS .

Lemma 3.2.2. For each point p ∈ X, there exists a local coordinate z near p such
that Jz[ρS ] = 1. Moreover, if w = F (z) is also such a local coordinate, then detF ′

is a locally constant function whose absolute value is equal to one, where F ′ is the
holomorphic Jacobi matrix of F .

Definition 3.2.3. A local coordinate z of X is called a flat local coordinate if
Jz[ρS ] = 1 holds.

Proof of Lemma 3.2.2. Take a local coordinate w = (w1, . . . , wn+1) near p.
From Proposition 3.2.1, log Jw[ρS ] is a pluriharmonic function. We may assume
that this is the real part of a holomorphic function f ; that is,

Jw[ρS ] = eRe f ,

if we take a sufficiently small neighborhood of p. Take a holomorphic function g
such that ∂g/∂w1 = ef/2. In general, for another local coordinate w′ = G(w) of X,

(3.2.1) Jw′ [ϕ] = | detG′|−2Jw[ϕ]

holds. The new local coordinate z = (z1 = g(w), z2 = w2, . . . , zn+1 = wn+1)
satisfies Jz[ρS ] = 1. Thus we have a flat local coordinate at p. The second statement
follows from (3.2.1) and the fact that a holomorphic function whose absolute value
is locally constant is locally constant. □
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Corollary 3.2.4. There exists a unique flat Hermitian metric hS on KX such that
dz1 ∧· · ·∧dzn+1 is a local orthonormal frame of KX for any flat local coordinate z,
or equivalently, hS is written as |z0|2(n+2), where z0 is a branched fiber coordinate
with respect to z.

Proposition 3.2.5. The defining function ρS = ρS ·h1/(n+2)
S ∈ Ẽ(1) of S = π−1

X (S)
satisfies

(ddcρS)n+2 = knvolX .
In particular, the obstruction function O vanishes on X .

Proof. Take a flat local coordinate (z1, . . . , zn+1) and a branched fiber coor-
dinate z0 with respect to z. Then the volume form volX is written as

volX = (
√

−1)n+2(n+ 2)2|z0|2(n+1)dz0 ∧ dz0 ∧ · · · ∧ dzn+1 ∧ dzn+1.

On the other hand, the (n+ 2, n+ 2)-form (ddcρS)n+2 is of the form
(
√

−1)n+2(n+ 2)! det
(
∂2ρS/∂z

A∂zB
)
dz0 ∧ dz0 ∧ · · · ∧ dzn+1 ∧ dzn+1.

Hence it suffices to show that
det

(
∂2ρS/∂z

A∂zB
)

= −|z0|2(n+1),

which follows from the computation below:

det
(
∂2ρS/∂z

A∂zB
)

= det
(

ρS z0∂aρS

z0∂bρS |z0|2∂abρS

)
= |z0|2(n+1) det

(
ρS ∂aρS

∂bρS ∂abρS

)
= −|z0|2(n+1)Jz[ρS ]

= −|z0|2(n+1).

Note that the last equality is a consequence of the definition of a flat local coordi-
nate. □

3.3. Proofs of factorization theorems

This section is devoted to the proofs of Theorems 3.1.1 and 3.1.2, product
formulas for CR invariant powers of the sub-Laplacian and the P -prime operator.
Throughout this section, we use the ambient metric g = g[ρS ] for ρS defined in
Proposition 3.2.5.

Take a flat local coordinate z of X and let z0 be a branched fiber coordinate
with respect to z. For (v, v′) ∈ R2, the multiplication by (z0)v(z̄0)v′ defines an
operator

Mv,v′ : Ẽ (w,w′) → Ẽ (w + v, w′ + v′).
This operator depends on the choice of z and z0 in general, but the difference be-
tween two such z and z0 is given by the multiplication by a locally constant function
with its absolute value one. Note that Mv,v coincides with the multiplication by
h

v/(n+2)
S , and so independent of the choice of z and z0.

Now we introduce Pw,w′ and P ′
η that appear in the statements of Theorems 3.1.1

and 3.1.2.

Definition 3.3.1. For (w,w′) ∈ R2 with k = w + w′ + n + 1 ∈ N+, a differential
operator Pw,w′ : C∞(S) → C∞(S) is defined by

Pw,w′ = Mk−w,k−w′Pw,w′Mw,w′ .

Similarly, P ′
η : P → C∞(S) is defined by

P ′
η = Mn+1,n+1P ′

η.
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These are independent of the choice of a flat local coordinate z and a branched
fiber coordinate z0.

We need to study properties of ∆ for the proofs of Theorems 3.1.1 and 3.1.2.
To this end, we introduce the differential operator

C = [∆,M1,0].

The operators ∆, Mv,v′ , and C satisfy the following commutation relations.

Lemma 3.3.2.

[∆,Mv,v′ ] = vMv−1,v′C + v′Mv,v′−1C + 2vv′λMv−1,v′−1,

[C,Mv,v′ ] = 2v′λMv,v′−1, [C,Mv,v′ ] = 2vλMv−1,v′ ,

[∆,C] = [∆,C] = 0.

Proof. We first note that

[C,Mv,v′ ] = [C,Mv′,v], [∆,C] = [∆,C],

and so it suffices to compute [∆,Mv,v′ ], [C,Mv,v′ ] and [∆,C]. Define a (1, 0)-
vector field Zn+1 on X by

Zn+1 = 1
2

(r∂r −
√

−1ξ).

A direct computation shows that [Zn+1,W ] ∈ Γ(T 0,1X) for any W ∈ Γ(T 0,1X),
which implies that Zn+1 is a holomorphic vector field. A local frame (Zα) of
T 1,0S induces the frame (Z0, Zα, Zn+1) of T 1,0X . With this frame, the matrix
representations of g and its inverse are given by

g
AB

= |z0|2
 ρS 0 1 + λρS

0 (1 + λρS)l
αβ

0
1 + λρS 0 λ(1 + λρS)

 ,

and

(3.3.1) gAB = |z0|−2

−λ 0 1
0 (1 + λρS)−1lαβ 0
1 0 −ρS(1 + λρS)−1

 .

Denote by φ the holomorphic function z0 for simplicity. Since the Laplacian
∆ is of the form −2∇A∇A,

C = −2φA∇A, C = −2φA∇A

Hence
[C,Mv,v′ ] = −2v′φvφv′−1φAφ

A = 2v′λMv,v′−1.

Here we use the fact that φAφ
A = −λ, which follows from (3.3.1). Similarly, we

have

[∆,Mv,v′ ] = −2vφv−1φv′
φA∇A − 2v′φvφv′−1φA∇A − 2vv′φv−1φv′−1φAφ

A

= vMv−1,v′C + v′Mv,v′−1C + 2vv′λMv−1,v′−1.

It remains to show [∆,C] = 0.

∆C = 4∇B(φA∇B∇A)
= 4[φAB∇A∇B + φA∇B∇B∇A]
= 4φAB∇A∇B + C∆;
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the last equality holds since g is Ricci-flat. Therefore, it is sufficient to show that
φAB = 0. From definition,

φAB = ZBZAφ− (∇ZB
ZA)φ,

and
g(∇ZB

ZA, ZC) = ZB(g(ZA, ZC)) − g(ZA, [ZB , ZC ]).
Since φ = z0, we need only to consider the Z0-component of ∇ZB

ZA. Hence it is
enough to compute the value g(∇ZB

ZA, ZC) for C = 0 or n + 1 from the matrix
representation of g. In this case,

g(∇ZB
ZA, ZC) = ZB(g(ZA, ZC)),

since the (0, 1)-vector fields Z0 and Zn+1 are anti-holomorphic. Under these obser-
vations, a direct calculation shows ZBZAφ = (∇ZB

ZA)φ. □

These commutation relations yield some non-trivial equalities for powers of the
Laplacian ∆.

Proposition 3.3.3. For k ∈ N+,

(3.3.2) ∆k = M−k−1,0(M2,0∆)kM−k+1,0.

Moreover if k ≥ 2, then

(3.3.3) ∆k = M−1,−1∆k−2M0,k−1∆Mk,−k+2∆M−k+1,0.

Proof. We first prove (3.3.2) by induction in k. The case k = 1 is trivial.
Assume that (3.3.2) holds for k. Then

M−k−2,0(M2,0∆)k+1M−k,0

= M−1,0[M−k−1,0(M2,0∆)kM−k+1,0][Mk+1,0∆M−k,0]

= M−1,0∆k(M1,0∆ − kC)

=

∆k +
k−1∑
j=0

M−1,0∆k−j−1C∆j

∆ − kM−1,0∆kC

= (∆k + kM−1,0∆k−1C)∆ − kM−1,0∆kC

= ∆k+1.

This proves (3.3.2) for k + 1.
Similarly, we show (3.3.3) by induction in k. If k = 2,

M−1,−1M0,1∆M2,0∆M−1,0 = M−1,0∆M1,0∆ − M−1,0∆C

= ∆2 + M−1,0C∆ − M−1,0∆C

= ∆2.

Assume that (3.3.3) holds for k. From Lemma 3.3.2, we obtain

[∆,M0,k−1]M0,1∆M0,−k+1 + M0,k−1∆M0,1[∆,M0,−k+1]
= (k − 1)M0,k−2CM0,1∆M0,−k+1 + (−k + 1)M0,k−1∆M0,−k+1C

= 0,
[∆,Mk,0]M1,0∆M−k,0 + Mk,0∆M1,0[∆,M−k,0]
= kMk−1,0CM1,0∆M−k,0 − kMk,0∆M−k,0C

= 0.
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Hence
M−1,−1∆k−1M0,k∆Mk+1,−k+1∆M−k,0

= M−1,−1∆k−2([∆,M0,k−1]M0,1∆M0,−k+1)Mk+1,0∆M−k,0

+ M−1,−1∆k−2(M0,k−1∆M0,1[∆,M0,−k+1])Mk+1,0∆M−k,0

+ M−1,−1∆k−2M0,k−1∆M0,−k+2([∆,Mk,0]M1,0∆M−k,0)

+ M−1,−1∆k−2M0,k−1∆M0,−k+2(Mk,0∆M1,0[∆,M−k,0])

+ M−1,−1∆k−2M0,k−1∆Mk,−k+2∆M−k+1,0∆
= ∆k+1.

This proves (3.3.3) for k + 1. □

Proof of Theorem 3.1.1. Take an arbitrary f̃ ∈ Ẽ (w,w′). For computa-
tion of ∆f̃ , we need only to consider ∂∂f̃(ZA, ZB) and (A,B) with gAB ̸= 0. Since
Z0 and Zn+1 are holomorphic vector fields,

∂∂f̃(Z0, Z0) = ww′f̃ , ∂∂f̃(Z0, Zn+1) = wZn+1f̃ ,

∂∂f̃(Zn+1, Z0) = w′Zn+1f̃ , ∂∂f̃(Zn+1, Zn+1) = 1
2

(Zn+1Zn+1 + Zn+1Zn+1)f̃ .

On the other hand, the commutator [Zα, Zβ ] is equal to

∇Zα
Zβ − ∇Z

β
Zα + l

αβ
(Zn+1 − Zn+1).

Thus we have
∂∂f̃(Zα, Zβ) = ZαZβ f̃ − ∂f̃([Zα, Zβ ])

= 1
2

(ZαZβ + ZβZα)f̃ + 1
2
∂f̃([Zα, Zβ ]) − 1

2
∂f̃([Zα, Zβ ])

= 1
2

(ZαZβ − ∇Zα
Zβ + ZβZα − ∇Z

β
Zα)f̃ + 1

2
l
αβ

(Zn+1 + Zn+1)f̃ .

Let f ∈ C∞(S) and f̃ be a smooth extension of f to X. Then it follows that

(M1−w,1−w′∆Mw,w′ f̃)|S = (∆b + 2ww′λ)f̃ |S + (−n− 2w′)(Zn+1f̃)|S
+ (−n− 2w)(Zn+1f̃)|S .

(3.3.4)

We first show (3.1.1) for the case of k = 1. In this case, there exists a unique
real number µ such that

(w,w′) = (−(µ+ n)/2, (µ− n)/2).
To simplify the notation, set

∆µ = M1−w,1−w′∆Mw,w′ .

From (3.3.4), we obtain

Pw,w′f = (∆µf̃)|S =
[
∆b +

√
−1µξ + 1

2
(n− µ)(n+ µ)λ

]
f = Lµf,

which proves (3.1.1) for k = 1.
Next, we consider the case of general k ∈ N+. By (3.3.2),

Mk−w,k−w′∆kMw,w′ = ∆w′−w+k−2(k−1)−1 · · · ∆w′−w+k−2j−1 · · · ∆w′−w+k−0−1.

Thus we have
Pw,w′f = (∆w′−w+k−2(k−1)−1 · · · ∆w′−w+k−2j−1 · · · ∆w′−w+k−0−1f̃)|S

= Lw′−w+k−2(k−1)−1 · · ·Lw′−w+k−2j−1 · · ·Lw′−w+k−0−1f,
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which completes the proof. □

The proof of Theorem 3.1.2 is more complicated than Theorem 3.1.1. We need
a new operator acting on CR pluriharmonic functions.

Proposition 3.3.4. Let Υ be a CR pluriharmonic function on S and Υ̃ be a smooth
extension of Υ that is pluriharmonic on the pseudoconvex side. Then the function
ΛΥ̃ defined by

ΛΥ̃ = M1,n+1∆Mn+1,−n+1∆M−n,0(Υ̃ log |z0|2)

is an element of Ẽ (0) modulo a term that vanishes to infinite order at S. Moreover,
(ΛΥ̃)|S ∈ E (0) is determined only by Υ and given by

(ΛΥ̃)|S = − 4
n

∆b(∆b + n2λ)Υ.

Proof. First, note that Zn+1Zn+1Υ̃ and ∆Υ̃ vanish to infinite order at S since
Υ̃ is pluriharmonic on the pseudoconvex side. In particular, (3.3.4) for (w,w′) =
(0, 0) gives that

[(Zn+1 + Zn+1)Υ̃]|S = n−1∆bΥ.
In the following, we compute modulo functions that vanish to infinite order at S.

∆M−n,0(Υ̃ log |z0|2)

= −2⟨dΥ̃, d((z0)−n log |z0|2)⟩g + Υ̃∆((z0)−n log |z0|2)

= 2M−n−1,−1[n(Zn+1Υ̃) log |z0|2 − (Zn+1 + Zn+1)Υ̃ − nλΥ̃].

Here ⟨·, ·⟩g is the inner product on T ∗X induced from g. Hence

M1,n+1∆Mn+1,−n+1∆M−n,0(Υ̃ log |z0|2)

= 2M1,n+1∆M0,−n[n(Zn+1Υ̃) log |z0|2 − (Zn+1 + Zn+1)Υ̃ − nλΥ̃]

= −4n(Z2
n+1 + Z2

n+1)Υ̃ − 4n2λ(Zn+1 + Zn+1)Υ̃

= −4n(Zn+1 − Zn+1)2Υ̃ − 4n2λ(Zn+1 + Zn+1)Υ̃

= 4nξ2Υ̃ − 4n2λ(Zn+1 + Zn+1)Υ̃,

which is an element of Ẽ (0). Moreover, on S,

(ΛΥ̃)|S = − 4
n

∆b(∆b + n2λ)Υ;

here we use the fact that ∆2
b + n2ξ2 annihilates CR pluriharmonic functions on

Sasakian manifolds. □

Proof of Theorem 3.1.2. From (3.3.3), it follows that

Mn+1,n+1∆n+1 = (Mn,n∆n−1M−1,−1)(M1,n+1∆Mn+1,−n+1∆M−n,0).
Therefore, we have

P ′
ηΥ = −[(Mn,n∆n−1M−1,−1)(M1,n+1∆Mn+1,−n+1∆M−n,0)(Υ̃ log |z0|2)]|S

= −[(Mn,n∆n−1M−1,−1)(ΛΥ̃)]|S
= −P−1,−1(ΛΥ̃)|S

= 4
n
P−1,−1∆b(∆b + n2λ)Υ

= 4
n

∆b(∆b + n2λ)P−1,−1Υ.
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It suffices to show that

P−1,−1Υ = 2n−1(n− 1)!
nn−1

n−1∏
j=1

(∆b + njλ)Υ.

From Theorem 3.1.1, we obtain

P−1,−1 =
n−1∏
j=1

Ln−2j .

Since Υ is annihilated by ∆2
b + n2ξ2,

Ln−2jLn−2(n−j)Υ = (∆b + 2j(n− j)λ)2Υ + (n− 2j)2ξ2Υ

= (∆b + 2j(n− j)λ)2Υ − (n− 2j)2

n2 ∆2
bΥ

=
[

2(n− j)
n

(∆b + njλ)
][

2(n− (n− j))
n

(∆b + n(n− j)λ)
]
Υ.

Thus we have

P−1,−1Υ =

n−1∏
j=1

2(n− j)
n

(∆b + njλ)

Υ

= 2n−1(n− 1)!
nn−1

n−1∏
j=1

(∆b + njλ)Υ,

which completes the proof. □

3.4. Variation of total Q-prime curvature

In this section, we consider the first and the second variation of the total Q-
prime curvature at Sasakian η-Einstein manifolds. Throughout this section, we
assume that S is closed. Let (Mt)t∈(−1,1) be a smooth family of closed strictly
pseudoconvex real hypersurfaces in X with M0 = S.

The first variation of the total Q-prime curvature can be computed via (0.5.1).

Proof of Proposition 3.1.4. Since KX has a flat Hermitian metric hS , we
can apply (0.5.1). Proposition 3.1.4 follows from the vanishing of the obstruction
function (Proposition 3.2.5). □

Next, consider the second variation of the total Q-prime curvature. Take a
Fefferman defining function ρt of Mt = π−1

X (Mt) that is smooth in t and coincides
with ρS constructed in Proposition 3.2.5 at t = 0. Then the second variation of
Q

′(Mt) satisfies

d2

dt2

∣∣∣∣
t=0

Q
′(Mt) = c′

n

∫
M

φ(P1,1φ) η ∧ (dη)n,

where φ = (d/dt)|t=0(ρt · h
−1/(n+2)
S )|S ∈ C∞(S). Therefore, it is enough to study

spectral properties of P1,1 for proofs of Theorems 3.1.5 and 3.1.6.
Before studying P1,1, we consider a relation between Dη introduced in Sec-

tion 0.4 and Lµ.

Lemma 3.4.1. The operator 16D∗
ηDη coincides with Ln+2Ln. In particular, the

operator Ln+2Ln is a non-negative operator and its kernel coincides with kerDη.
Similarly, the operator L−n−2L−n is non-negative and its kernel is equal to that of
Dη.
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Proof. Since L−n−2L−n is the complex conjugate of Ln+2Ln, it suffices to
prove the lemma for Dη and Ln+2Ln. Since the Tanaka-Webster torsion for η
vanishes, the operator Dη is given by 2(DηF ) β

α = F β
α . From this expression, it

follows that
16D∗

ηDηF = 4F βα
α β .

On the other hand,

F βα
α = F αβ

α −
√

−1F β
0 +R δβα

α F
δ

= F αβ
α −

√
−1F β

0 + (n+ 1)λF β .

Hence

4F βα
α β = 4(F αβ

α β −
√

−1F β
0β + (n+ 1)λF β

β )

= 4(□2
bF +

√
−1ξ□bF − (n+ 1)λ□bF )

= Ln+2LnF.

Thus we have 16D∗
ηDη = Ln+2Ln. In particular, Ln+2Ln is non-negative, and its

kernel coincides with kerDη. □

We rewrite Lemma 3.4.1 by using some spectral results on the sub-Laplacian
and the Reeb vector field. Since the sub-Laplacian ∆b is a non-negative subelliptic
self-adjoint operator, its spectrum σ(∆b) is a discrete subset of [0,∞), consists
only of eigenvalues, and the eigenspace Hp with eigenvalue p ∈ σ(∆b) is a finite-
dimensional subspace in C∞(S). Note that H0 = C. Moreover, the vector field√

−1ξ is formally self-adjoint and commutes with the sub-Laplacian. Hence each
eigenspace Hp is decomposed into the orthogonal direct sum of Hp,q, where q is a
real number and

Hp,q = {f ∈ Hp |
√

−1ξf = qf}.
In what follows, let (p, q) ∈ R2 with Hp,q ̸= 0. Note that p ≥ n|q| since the
operators 2□b = ∆b +

√
−1nξ and 2□b = ∆b −

√
−1nξ are non-negative operators.

On Hp,q, the operator Lµ coincides with the multiplication by

p+ µq + 1
2

(n− µ)(n+ µ)λ.

From this point of view, Lemma 3.4.1 states that

(3.4.1) (p+ nq)(p+ (n+ 2)q − 2(n+ 1)λ) ≥ 0

and

(3.4.2) (p− nq)(p− (n+ 2)q − 2(n+ 1)λ) ≥ 0,

and the first (resp. second) equality holds if and only if Hp,q is contained in kerDη

(resp. kerDη).
Now we return the study of P1,1. From Theorem 3.1.1, P1,1 coincides with the

multiplication by
n+2∏
j=0

(p+ (n+ 2 − 2j)q + 2(j − 1)(n+ 1 − j)λ)

on Hp,q. Equations (3.4.1) and (3.4.2) give that the quantity∏
j=0,1,n+1,n+2

(p+ (n+ 2 − 2j)q + 2(j − 1)(n+ 1 − j)λ)
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is non-negative for Hp,q ̸= 0, and equal to zero if and only if Hp,q is contained in
kerDη + kerDη. Therefore, if n ≥ 2, the sign of the second variation depends on
that of

n∏
j=2

(p+ (n+ 2 − 2j)q + 2(j − 1)(n+ 1 − j)λ).

Proof of Theorem 3.1.5. If n = 1, the theorem follows from the above
argument. In the following, we consider the case n ≥ 2. Let 2 ≤ j ≤ n. If λ ≥ 0,
then

p+ (n+ 2 − 2j)q + 2(j − 1)(n+ 1 − j)λ ≥ p

(
1 − |n+ 2 − 2j|

n

)
≥ 0;

in the first inequality, we use the fact that p ≥ n|q|. Moreover, the equality holds
if and only if λ = 0 and p = q = 0. Therefore, the second variation is always
non-positive, and equal to zero if and only if φ is an element of kerDη + kerDη, or
equivalently, in Re kerDη, since φ is real-valued. □

We next show Theorem 3.1.6. Let Σ be a closed Riemann surface of genus two,
and gΣ be a hyperbolic metric on Σ. Then there exists a complex structure on Σ
such that gΣ is Kähler. Consider the n-dimensional complex manifold Y = Σn.
The product metric gY on Y satisfies RicgY

= −gY . Moreover, its canonical line
bundle L = KY has the Hermitian metric hL induced from gY , and ω = −ddc log hL

coincides with the Kähler form of gY . Hence the tube S associated with a polarized
Kähler-Einstein manifold (Y, L, hL) is a Sasakian η-Einstein manifold with Einstein
constant −1. Denote by π1 the composition of the projection S → Y and the
projection from Y to the first factor Σ. Let f ∈ C∞(Σ) be an eigenfunction of ∆gΣ

with eigenvalue p. Then π∗
1f is an element of Hp,0, and

Ln+2−2j(π∗
1f) =

(
p− 2(j − 1)(n+ 1 − j)

n+ 1

)
π∗

1f.

Proposition 3.4.2. For any 0 < p < 2, there exists a hyperbolic metric gΣ on Σ
such that the first positive eigenvalue λ1(∆gΣ) of ∆gΣ is equal to p.

Proof. Consider the space M−1 of hyperbolic metrics on Σ with C∞ topology.
This space is known to be contractible [Tro92, Section 3.4]; in particular, it is
connected. Moreover, the map gΣ 7→ λ1(∆gΣ) defines a continuous function on
M−1. Hence it is sufficient to show that

inf
gΣ∈M−1

λ1(∆gΣ) = 0, sup
gΣ∈M−1

λ1(∆gΣ) ≥ 2

from the intermediate value theorem. Buser [Bus77, Satz 1] has proved the first
equality. On the other hand, it is known that there exists a hyperbolic metric on Σ
such that its first eigenvalue is greater than 3.83 [Jen84, Section 1.2]; see [SU13,
Section 5.3] for a more precise estimate of its value. This completes the proof. □

Proof of Theorem 3.1.6. Since 0 < 2(n − 1)/(n + 1) < 2, we can take a
hyperbolic metric gΣ on Σ such that λ1(∆gΣ) = 2(n− 1)/(n+ 1), and a real-valued
eigenfunction 0 ̸= f on Σ with eigenvalue 2(n − 1)/(n + 1). Then π∗

1f is not
contained in Re kerDη, but P1,1(π∗

1f) = 0 since Ln−2(π∗
1f) = 0. Therefore, if we

take a smooth deformation of S such that φ = f , the second variation of the total
Q-prime curvature along this deformation is equal to zero though this deformation
is infinitesimally non-trivial as a deformation of CR structures.
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Assume that n = 2m for m ∈ N+. Let 0 ̸= f ∈ C∞(Σ) be a real-valued
eigenfunction of ∆gΣ with eigenvalue p. Then

P1,1(π∗
1f) =

2m+2∏
j=0

(
p− 2(j − 1)(2m+ 1 − j)

2m+ 1

)
π∗

1f

=
(
p− 2m2

2m+ 1

) m∏
j=0

(
p− 2(j − 1)(2m+ 1 − j)

2m+ 1

)2

π∗
1f.

Therefore, if we choose gΣ and f such that p is sufficiently small, π∗
1f is an eigen-

function of P1,1 with negative eigenvalue. Thus we obtain a smooth deformation of
S with positive second variation. □

3.5. Computation of total Q-prime curvature

In this section, we compute the total Q-prime curvature for some examples. To
this end, we first compute the Q-prime curvature for Sasakian η-Einstein manifolds.

Proof of Theorem 3.1.3. It can be seen that

∆(log |z0|2)2 = −2⟨d log |z0|2, d log |z0|2⟩g = 4λ|z0|−2

and
∆|z0|−2l = −2⟨d(z0)−l, d(z̄0)−l⟩g = 2l2λ|z0|−2(l+1).

Hence
Q′

η = 1
2

∆n+1(log |z0|2)2 = 2n+1(n!)2λn+1|z0|−2(n+1),

or equivalently, Q′
η = 2n+1(n!)2λn+1. □

Assume that S is closed. Then the total Q-prime curvature Q′(S) of S has the
formula

Q
′(S) = 2n+1(n!)2λn+1

∫
S

η ∧ (dη)n = 22n+1(n!)3λn+1 Vol(S, gη),

where Vol(S, gη) is the volume of the Riemannian manifold (S, gη). We apply this
formula to some examples of Sasakian η-Einstein manifolds.

3.5.1. Sasaki-Einstein manifolds. If (S, T 1,0S, η) is a closed Sasaki-Einstein
manifold, the total Q-prime curvature Q′(S) is equal to

Q
′(S) = 22n+1(n!)3 Vol(S, gη).

Hence it is enough to compute the volume of (S, gη).

Example 3.5.1 (S2n+1). Consider the unit sphere S2n+1 as in Example 0.6.5.
Then its total Q-prime curvature is equal to

Q
′(S2n+1) = 22n+1(n!)3 Vol(S2n+1, gηstd) = (4π)n+1(n!)2.

Here we use the fact that the metric gηstd is equal to that induced from the Euclidean
metric on Cn+1.

Example 3.5.2 (Y p,q). In the study of the AdS/CFT correspondence, Gauntlett,
Martelli, Sparks, and Waldram [GMSW04] have constructed five-dimensional
Sasaki-Einstein manifolds Y p,q for coprime positive integers q < p, which are dif-
feomorphic to S2 × S3. The total Q-prime curvature of Y p,q is given by

Q
′(Y p,q) = 25(2!)3 Vol(Y p,q) = 28q2(2p+ (4p2 − 3q2)1/2)

3p2(3q2 − 2p2 + p(4p2 − 3q2)1/2)
π3.
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3.5.2. Tubes associated with polarized Kähler-Einstein manifolds.
Let (Y, L, hL) be a closed n-dimensional polarized Kähler-Einstein manifold with
Einstein constant (n+1)λ, and S be the tube associated with (Y, L, hL). We follow
the notation in Section 0.6. The total Q-prime curvature Q′(S) of this S is given
by

Q
′(S) = 2n+1(n!)2λn+1

∫
S

η ∧ (dη)n

= (4π)n+1(n!)2λn+1
∫

Y

( ω

2π

)n

.

Since ω/2π is a representative of the first Chern class c1(L) of L, it follows that

Q
′(S) = (4π)n+1(n!)2λn+1

∫
Y

c1(L)n.

Example 3.5.3 (Sd). Let Yd, Sd, κd, and λd be as in Example 0.6.7. Then the
total Q-prime curvature Q′(Sd) of Sd is given by

Q
′(Sd) = (4π)n+1(n!)2λn+1

d

∫
Yd

κn
d .

Since Yd is a smooth complex hypersurface in CPn+1 of degree d, we have∫
Yd

κn
d = d

∫
CPn+1

c1(O(1))n+1 = d.

Hence

Q
′(Sd) = (4π)n+1(n!)2d

(
n+ 2 − d

n+ 1

)n+1

.





CHAPTER 4

Burns-Epstein invariant for the tubes associated
with polarized Kähler-Einstein manifolds

4.1. Introduction

In Section 3.5, we obtained an explicit formula of the total Q-prime curvature
for Sasakian η-Einstein manifolds. In this chapter, we compute another CR invari-
ant, the Burns-Epstein invariant, for the tubes associated with polarized Kähler-
Einstein manifolds in terms of characteristic numbers.

Theorem 4.1.1. Let S be the tube associated with a closed n-dimensional polarized
Kähler-Einstein manifold (Y, L, hL) with Einstein constant (n + 1)λ. The Burns-
Epstein invariant µ(S) of S is given by

(4.1.1) µ(S) =
n∑

k=0

(−λ)n+1−k

∫
Y

ck(T 1,0Y )c1(L)n−k.

The proof of Theorem 4.1.1 given in the next section depends heavily on an
expression of µ in terms of the Tanaka-Webster curvature and torsion, and is rather
different from the proof of Theorem 3.1.3 in Section 3.5.

Next, consider the “difference” between the Burns-Epstein invariant µ and
the total Q-prime curvature Q′. We choose the unit sphere S2n+1 in Cn+1 as a
normalization of these invariants. The Burns-Epstein invariant of S2n+1 is equal
to −1; this may be a known fact, but we will derive it from Theorem 4.1.1 in
Example 4.2.2. On the other hand, the total Q-prime curvature of S2n+1 is given
by

Q
′(S2n+1) = (4π)n+1(n!)2;

see Example 3.5.1. Therefore, the quantity

D(M) = µ(M) + 1
(4π)n+1(n!)2Q

′(M)

is a global invariant for closed strictly pseudoconvex CR manifolds admitting a
pseudo-Einstein contact form, and satisfies D(S2n+1) = 0.

It is non-trivial whether D is identically zero or not. Actually, it is known that D
vanishes for three-dimensional CR manifolds; see [CY13, Theorem 1.2] and [Hir14,
Theorem 6.6]. On the other hand, Hirachi, Marugame, and Matsumoto [HMM17,
Theorem 1.3] have proved that D is non-trivial for the five-dimensional case. As an
application of Theorem 4.1.1, we will prove that D is not identically zero if n ≥ 2.
To this end, we consider Sd as in Example 0.6.7. In Section 4.3, we will show the
following

Theorem 4.1.2. For n ≥ 2, the invariant D(Sd) of Sd satisfies

lim
d→+∞

D(Sd) = (−1)n∞.

In particular, D(Sd) ̸= 0 for sufficiently large d.

37
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4.2. Proof of Theorem 4.1.1

Let (Y, L, hL) be an n-dimensional polarized Kähler-Einstein manifold with
Einstein constant (n+ 1)λ, and consider the tube S associated with (Y, L, hL). We
follow the notation in Section 0.6.

Proof of Theorem 4.1.1. In our setting, ς = Scal/n(n+ 1) = λ and

θ β
0 = λθβ , θ 0

α = −lαγθ
γ , θ 0

0 =
√

−1λη,

Θ β
α = Ω β

α +
√

−1λdηδ β
α − λlαγθ

β ∧ θγ , Θ 0
α = 0.

Since Θ 0
α = 0, the (2n + 1)-form Φ(1)

k vanishes identically for any 0 ≤ k ≤ n. On
the other hand,

1
n!

(√
−1

2π

)n+1 n∑
k=0

(
n

k

)
Φ(0)

k =
(√

−1
2π

)n+1

θ 0
0 ∧ det

(
Θ β

α + θ 0
α ∧ θ β

0

)
=

(
− λ

2π
η

)
∧ det

(
− λ

2π
dηδ β

α +
√

−1
2π

Ω β
α

)
=

(
− λ

2π
η

)
∧ p∗ det

(
− λ

2π
ωδ β

α +
√

−1
2π

Φ β
α

)
.

Hence

µ(S) =
∫

S

(
− λ

2π
η

)
∧ p∗ det

(
− λ

2π
ωδ β

α +
√

−1
2π

Φ β
α

)
= −λ

∫
Y

det
(

− λ

2π
ωδ β

α +
√

−1
2π

Φ β
α

)
.

Consider the expansion

det
(
tδ β

α +
√

−1
2π

Φ β
α

)
=

n∑
k=0

ck(Φ)tn−k.

The coefficient ck(Φ) is a closed 2k-form on Y , and gives a representative of
ck(T 1,0Y ) ∈ H2k(Y,R). From this expansion, we obtain

det
(

− λ

2π
ωδ β

α +
√

−1
2π

Φ β
α

)
=

n∑
k=0

ck(Φ) ∧
(

− λ

2π
ω

)n−k

.

Moreover, the two-form ω/2π = (
√

−1/2π)ΘhL
is a representative of c1(L) ∈

H2(Y,R). Thus we have

µ(S) =
n∑

k=0

(−λ)n+1−k

∫
Y

ck(T 1,0Y )c1(L)n−k,

which completes the proof. □
Remark 4.2.1. From the Einstein condition, it follows that

c1(T 1,0Y ) = (n+ 1)λc1(L).
This gives that the formula (4.1.1) is rewritten as follows:

(4.2.1) µ(S) = −λ
n∑

k=0

(
− 1
n+ 1

)n−k ∫
Y

ck(T 1,0Y )c1(T 1,0Y )n−k.

In particular, for the case of n = 1 or 2, we can observe from (4.2.1) that µ(S) is
determined only by λ and the topology of Y . Actually, if n = 1,

µ(S) = −λ
[
−1

2

∫
Y

c1(T 1,0Y ) +
∫

Y

c1(T 1,0Y )
]

= −λ

2
χ(Y ),
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where χ(Y ) is the Euler characteristic of Y . If n = 2,

µ(S) = −λ
2∑

k=0

(
−1

3

)2−k ∫
Y

ck(T 1,0Y )c1(T 1,0Y )2−k

= −λ
[∫

Y

c2(T 1,0Y ) − 2
9

∫
Y

c1(T 1,0Y )2
]
.

From the Gauss-Bonnet-Chern theorem and the Hirzebruch signature theorem, it
follows that ∫

Y

c1(T 1,0Y )2 = 2χ(Y ) + 3τ(Y ),
∫

Y

c2(T 1,0Y ) = χ(Y ),

where τ(Y ) is the signature of Y , a topological invariant. This implies that

µ(M) = −λ
[

5
9
χ(Y ) − 2

3
τ(Y )

]
.

Example 4.2.2 (S2n+1). Let S2n+1 be the unit sphere in Cn+1 with the natural
CR structure. As we saw in Example 0.6.6, it is realized as the tube associated
with (CPn,O(1), hO(1)). Therefore, we have

µ(S2n+1) =
n∑

k=0

(−1)n+1−k

∫
CPn

ck(T 1,0CPn)c1(O(1))n−k

=
n∑

k=0

(
n+ 1
k

)
(−1)n+1−k

∫
CPn

c1(O(1))n

=
n∑

k=0

(
n+ 1
k

)
(−1)n+1−k

= (1 − 1)n+1 − 1
= −1.

4.3. Application

In this section, we give a proof of Theorem 4.1.2. Let Yd, Sd, and κd be as in
Example 0.6.7. Applying Theorem 4.1.1 to Sd, we obtain the following

Proposition 4.3.1. The Burns-Epstein invariant µ(Sd) of Sd is given by

(4.3.1) µ(Sd) = −1 + n+ 2 − d

n+ 2
(1 − d)n+1 + d

(n+ 1)n+1(n+ 2)
(d− 1)n+1.

Proof. From Theorem 4.1.1 and (0.6.4), it follows that

µ(Sd) =
n∑

k=0

(−λd)n+1−k

∫
Yd

[
k∑

l=0

(
n+ 2
l

)
(−d)k−l

]
κk

d · κn−k
d

=
n∑

k=0

(−λd)n+1−k

[
k∑

l=0

(
n+ 2
l

)
(−d)k−l

] ∫
Yd

κn
d .

Since
∫

Yd
κn

d = d, it is enough to compute

N(d) = d

n∑
k=0

(−λd)n+1−k

[
k∑

l=0

(
n+ 2
l

)
(−d)k−l

]
.
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Note that this is a polynomial in d of degree at most n + 2. We first assume that
d ̸= 1. Then d ̸= λd, and
N(d)

= d

n∑
k=0

(−λd)k+1

[
n−k∑
l=0

(
n+ 2
l

)
(−d)n−k−l

]

= λd

n∑
l=0

(
n+ 2
l

)
(−d)n+1−l

n−l∑
k=0

(
λd

d

)k

= λd

n∑
l=0

(
n+ 2
l

)
(−d)n+1−l 1 − (λd/d)n+1−l

1 − λd/d

= 1
d− λd

[
−λd

n∑
l=0

(
n+ 2

n+ 2 − l

)
(−d)n+2−l + d

n∑
l=0

(
n+ 2

n+ 2 − l

)
(−λd)n+2−l

]

= 1
d− λd

{
−λd

[
(1 − d)n+2 + (n+ 2)d− 1

]
+ d

[
(1 − λd)n+2 + (n+ 2)λd − 1

]}
= 1
d− λd

[
λd − d− λd(1 − d)n+2 + d(1 − λd)n+2]

= −1 + n+ 2 − d

n+ 2
(1 − d)n+1 + d

(n+ 1)n+1(n+ 2)
(d− 1)n+1,

which proves (4.3.1) for d ̸= 1. Since the both sides of the above equality are
polynomials in d, it holds also for d = 1. This finishes the proof. □

Now, we give a proof of Theorem 4.1.2 by using Proposition 4.3.1.

Proof of Theorem 4.1.2. We already computed the total Q-prime curva-
ture of Sd in Example 3.5.3; it is given by

Q
′(Sd) = (4π)n+1(n!)2d

(
n+ 2 − d

n+ 1

)n+1

.

This and Proposition 4.3.1 yield that

D(Sd) = −1 + n+ 2 − d

n+ 2
(1 − d)n+1

+ d

(n+ 1)n+1(n+ 2)
(d− 1)n+1 + d

(
n+ 2 − d

n+ 1

)n+1

.

(4.3.2)

We consider this as a polynomial in d. The coefficient of its leading term is

(−1)n

[
1

n+ 2
+ (−1)n

(n+ 1)n+1(n+ 2)
− 1

(n+ 1)n+1

]
.

If n ≥ 2, we can estimate the second and third terms as follows:∣∣∣∣ (−1)n

(n+ 1)n+1(n+ 2)

∣∣∣∣ +
∣∣∣∣ 1
(n+ 1)n+1

∣∣∣∣ ≤ 2
(n+ 1)2 <

2
2(n+ 2)

= 1
n+ 2

;

here we use the fact that (n + 1)2 > 2(n + 2) for n ≥ 2. Hence the coefficient
of the leading term of (4.3.2) is (−1)n times a positive number. This implies
D(Sd) → (−1)n∞ as d → +∞. □
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