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Abstract

The purpose of this thesis is to present various results on the well-posedness of
strong solutions to some fluid mechanics models such as, for instance, Navier-Stokes
equations, magnetohydrodynamics (MHD) equations and Navier-Stokes-Korteweg equa-
tions. It is well known that the macroscopic motion of fluids can be described by a
system of partial differential equations which are derived from some physical balance
laws, such as conservation law of mass, balance law of momentum. Among these fluid
mechanics models, the most famous one may be the Navier-Stokes system, which has
been studied extensively by many mathematicians and physicists due to its physical
importance, mathematical complexity and wide range of applications. In general, the
classical fluid mechanics is divided into two types of models corresponding to whether
the fluid is homogeneous or not. On the one hand, the classical Navier-Stokes equa-
tions in the homogeneous, incompressible case{

∂tu+ u · ∇u+∇P − µ△u = 0,

divu = 0,
(NS)

govern the evolution of the velocity field u(x, t) and the pressure function P (x, t) of a
homogeneous, incompressible viscous fluid with constant viscosity µ > 0. On the other
hand, the evolution of compressible viscous fluids can be written in the following form{

∂t(ρu) + div(ρu⊗ u) +∇P (ρ)− µ△u− (µ+ λ)∇divu = 0,

∂tρ+ div(ρu) = 0,
(CNS)

where the non-negative function ρ(x, t) stands for the density of the fluid and P (ρ)(x, t)
is a given pressure function. µ and λ denote the shear and bulk viscosity coefficients,
respectively. In between (NS) and (CNS), we find the inhomogeneous incompressible
Navier-Stokes system that governs the evolution of incompressible viscous flows with
nonconstant density. That system finds its place in the theory of geophysical flows,
where fluids are incompressible but with variable density. Basic examples are mixture
of incompressible and non-reactant flows, flows with complex structure like blood flow
and models in oceans or rivers, fluids containing a melted substance, etc.. In general,
the system can be written in the following form

∂tρ+ div(ρu) = 0,

∂t(ρu) + div(ρu⊗ u) +∇P − div(µ(ρ)(∇u+ (∇u)T )) = 0,

divu = 0,

(INS)

where µ(ρ) denotes the viscosity, which is a function of density ρ. This thesis mainly
investigates the well-posedness of strong solutions to the initial and boundary value
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problem or Cauchy problem of the systems (INS) and related inhomogeneous fluid
models. Next, we briefly present the results of each chapter.

In Chapter 1, we study an initial and boundary value problem of the inhomoge-
neous incompressible Navier-Stokes equations (INS) over a bounded smooth domain
in R3. Recently, X. Huang-Y. Wang (2) and J. Zhang (9) proved independently the ex-
istence and uniqueness of global strong solutions, provided the initial gradient of ve-
locity ∇u is suitably small in the L2 norm. After careful observation of their proof, we
find this initial and boundary value problem also admits an unique strong solutions
under other conditions, in particular, we prove small kinetic energy strong solutions
with large L2 norm of ∇u can exist globally in time, which extends the results of X.
Huang-Y. Wang (2) and J. Zhang (9). The point we would like to emphasize is that
the original time-weighted energy estimates obtained in X. Huang-Y. Wang (2) and J.
Zhang (9) are fail to produce the global strong solution if we only assume that the ini-
tial kinetic energy is small sufficiently. To overcome these difficulties, we use a different
power of time-weight, combining with some more precise estimates. As a by-product
of our analysis, we also prove that the initial and boundary problem of inhomogeneous
incompressible Navier-Stokes equations (INS) with vacuum has a global strong solu-
tion, provided the lower bound of viscosity coefficient is suitably large, or the upper
bound of density is suitably small. The result of this chapter has been published in the
second part of paper (3).

In Chapter 2, we discuss the dynamic model of electrically conducting inhomoge-
neous fluid under the effect of electro-magnetic field, which is described by the inho-
mogeneous incompressible magnetohydrodynamic (in short, MHD) equations:

∂tρ+ div(ρu) = 0,

∂t(ρu) + div(ρu⊗ u)− div(µ(ρ)(∇u+ (∇u)T )) +∇P − (∇×B)×B = 0,

∂tB −∇× (u×B) +∇× (λ(ρ)∇×B) = 0,

divu = 0, divB = 0,

(MHD)

where B(x, t) denotes the magnetic field, λ(ρ) denotes the resistivity coefficient. As an
extension result of the Navier-Stokes model in Chapter 1, we prove the existence and
uniqueness of strong solutions to the initial and boundary problem of MHD equations
(MHD) in a three-dimensional bounded smooth domain, provided the initial gradi-
ents of the velocity and magnetic fields are small sufficiently in some Sobolev space.
Compared with the Navier-Stokes model (INS), the necessary time-weighted estimates
for the existence of strong solutions will be more difficult to derive since of the apper-
ance of coupling terms of velocity-magnetic fileds and the possible vacuum of density
(degeneration in the momentum equation MHD2). Thanks to the assumption of small-
ness of initial data, we can overcome these difficulties and successfully extend the local
strong solutions to exist globally. The result of this chapter has been published in the
first part of paper (3).
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The last three chapters are devoted to the inhomogeneous incompressible Navier-
Stokes-Korteweg equations

∂tρ+ div(ρu) = 0,

∂t(ρu) + div(ρu⊗ u)− div(µ(ρ)(∇u+ (∇u)T )) +∇P + div(κ(ρ)∇ρ⊗∇ρ) = 0,

divu = 0,

(NSK)

governing the motion of the inhomogeneous capillary fluids, where κ(ρ) denotes the
capillary coefficient, which is a function of the density ρ. There are many studies on
the compressible Navier-Stokes-Korteweg equations, however, to my best knowledge,
there are no much results on the study of the inhomogeneous incompressible Navier-
Stokes-Korteweg equations. Very recently, T. Wang (8) established the local strong solu-
tions to the initial and boundary value problem if the initial density and velocity satisfy
some regularity and compatibility conditions. Next we introduce some new results on
the system (NSK) obtained in this thesis.

In Chapter 3, we prove a Serrin type blow-up criterion for the 3D density-dependent
Navier-Stokes-Korteweg equations (NSK) with vacuum. It is shown that if the density
and velocity field satisfy ∥∇ρ∥L∞(0,T ;W 1,q) +∥u∥Ls(0,T ;Lr

ω)
< ∞ for some q > 3, and any

(r, s) satisfying 2
s + 3

r ≤ 1, 3 < r ≤ ∞, and Lr
ω denotes the weak Lr space, then the

strong solutions to the density-dependent Navier-Stokes-Korteweg equations can exist
globally over [0, T ]. The manuscript (5) containing this result is under review.

Performing the similar calculations in Chater 3, we can obtain a similar blow-up
criterion for the strong solutions of the 2D density-dependent Navier-Stokes-Korteweg
equations, that is, if the density and velocity field satisfy ∥∇ρ∥L∞(0,T ;W 1,q) +∥u∥Ls(0,T ;Lr

ω)

<∞ for some q > 2, and any (r, s) satisfying 2
s +

2
r ≤ 1, 2 < r ≤ ∞, then the strong so-

lutions to the 2D density-dependent Navier-Stokes-Korteweg equations can exist glob-
ally over [0, T ]. We remark from the basic energy estimate that supT>0(∥

√
ρu∥L∞(0,T ;L2)

+∥∇u∥L2(0,T ;L2)) is bounded, which implies that u ∈ L4(0, T ;L4) if ρ is bounded away
from zero. Hence the criterion showed in chapter 3 in fact can be improved to the one
only involving the density if the density ρ is bounded away from 0. However, if the
density is allowed to vanish, it remains unknown. This is the main problem we shall
address in chapter 4. Thanks to a lemma proved by Desjardin (Lemma 4.5, Chapter 4)
and a logarithmic Gronwall’s inequality, Chapter 4 proves a new blow-up criterion for
the strong solutions with vacuum to the density-dependent Navier-Stokes-Korteweg
equations over a bounded smooth domain in R2, which only in terms of the density.
The result is contained in the paper (4) which will appear in the journal Acta Appl.
Math..

The Chapter 3 and 4 are devoted to discussing the motion of fluids over a bounded
domain. An interesting problem is to study the motion of fluids over an unbounded
domain, a simple example is the whole space Rn, n = 2, 3. For the three-dimensional
Cauchy problem, by the Galerkin method, energy method and the domain expansion
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technique, it is easy to prove the local existence of unique strong solutions for gen-
eral initial data, in view of the local result of T. Wang (8) for the initial and boundary
value problem. However, it is difficult to apply these ideas to the two-dimensonal case.
Since the Sobolev inequality in 2D is critical, it seems difficult to bound the Lp-norm
of the velocity u just in terms of ∥∇u∥L2(R2) and ∥√ρu∥L2(R2). Motivated by a lemma
involving the spatial weight due to P. L. Lions (7) (Lemma 5.4, Chapter 5), we can
obtain the local well-posedness of strong solutions to inhomogeneous Navier-Stokes-
Korteweg equations, provided the initial density with some spatial weight belongs to
some Sobolev space. The Chapter 5 proves that the 2D Cauchy problem of the inho-
mogeneous incompressible Navier-Stokes-Korteweg equations with constant viscosity
and resistivity admits a unique local strong solution provided the initial density decay
not too slow at infinity. The result of this chapter is contained in the manuscript (6)
which is in preparation.

Finally, I would like to express my deep gratitude to my advisor Professor Yoshikazu
Giga for the guidance and constant encouragements over the past five years. His guid-
ance helped me in all the time of study and writing of this dissertation. And I would
also like to thank Dr. N. Kajiwara and Dr. T.-H. Miura for translating the English ab-
stract to the Japanese version. I am also grateful to the University of Tokyo for Special
Scholarship for International Students (Todai Fellowship) in the master course and to
the Program for Leading Graduate Schools, MEXT, Japan (FMSP) in the doctoral course.
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Chapter 1

Global strong solution to the 3D inhomoge-
neous Navier-Stokes equations with density-
dependent viscosity

This chapter is devoted to studying the global well-posedness of an initial and bound-
ary value problem of the inhomogeneous incompressible Navier-Stokes equations over
a bounded smooth domain Ω ⊂ R3. The global solvability of strong solution was
proved when theL2 norm of initial gradient of velocity field is suitably small by Huang-
Wang [10] and Zhang [20], independently. We find that this initial boundary problem
also admits a unique global strong solution under other conditions. In particular, we
prove small kinetic energy strong solution exists globally in time, which extends the
result of Huang-Wang and Zhang.

Keywords: Navier-Stokes; density-dependent viscosity; strong solution; vacuum

1.1 Introduction and main result

In this chapter, we consider the following inhomogeneous incompressible Navier-Stokes
equations over a bounded smooth domain Ω ⊂ R3, which are used to describe the mo-
tion of inhomogeneous fluids.

(1.1.1)


∂tρ+ div(ρu) = 0,

∂t(ρu) + div(ρu⊗ u)− div(2µ(ρ)d) +∇P = 0,

divu = 0.

Here ρ, u and P denote the density, velocity field, and pressure of the fluid respectively.
The deformation tensor d is given by

d =
1

2

[
∇u+ (∇u)T

]
,

where ∇u is the gradient matrix (∂ui/∂xj) and (∇u)T is its transpose. µ = µ(ρ) stands
for the viscosity coefficient of fluid, and is a function of density ρ. In this chapter, it is
assumed to satisfy

(1.1.2) µ ∈ C1[0,∞), and µ ≥ µ > 0 on [0,∞)

1
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for some positive constant µ.
We focus on the system (1.1.1)-(1.1.2) with the initial boundary conditions:

(1.1.3) u = 0, on ∂Ω× [0, T ),

(1.1.4) (ρ, u)|t=0 = (ρ0, u0) in Ω.

There have been many studies on the Navier-Stokes equations and other fluid mod-
els due to their physical importance, mathematical challenge and wide range of appli-
cations. It is well known that the global existence of weak solution for homogeneous
incompressible Navier-Stokes equations was obtained by Leray [14] in 1934. Since
on, how to construct the Leray type weak solution for compressible Navier-Stokes
equations had been an open problem. However, because of its hyperbolic-parabolic
structure and strong nonlinearity of compressible Navier-Stokes equations, the break-
through for compressible flow was made by P. L. Lions [16] until 1996. As an inter-
mediate model, inhomogeneous incompressible Navier-Stokes equations with variable
density has been also studied extensively by many people. The studies on inhomo-
geneous Navier-Stokes system can be regarded as an attempt for searching for global
weak solution to compressible flow.

Let us recall some known results on inhomogeneous incompressible fluids. In
around 1970, the study of inhomogeneous Navier-Stokes equations was initiated by
the Russian school. They studied the case that µ(ρ) is a constant and the initial density
is bounded away from 0. In the absence of vacuum, global existence of weak solu-
tion was established by Kazhikhov [11] . The uniqueness of local strong solutions was
first established by Ladyzhenskaya and Solonnikov [12] for the initial boundary prob-
lem in the framework of Lp theory for p larger than space dimension. Furthermore,
unique strong solution was proved to be global in two dimension. H. Okamoto [18] im-
proved their result in L2 framework and proved the global existence of strong solution
when the initial data is suitably small in 3D. Very recently, Abidi and Zhang [1] proved
that the 3D incompressible innhomogeneous Navier-Stokes system has a unique global
strong solution when ∥∇u0∥L2∥u0∥L2 and ∥µ(ρ0)− 1∥L∞ are both suitably small in the
whole space and the viscosity is a function of density. However, the vacuum is still not
admitted.

When initial vacuum is taken into account, Simon [23] proved the existence of weak
solutions of finite energy (See also P. L. Lions [15] for variable viscosity case). Later,
Choe, Kim [5] and Cho, Kim [4] proposed some compatibility conditions on initial data
to establish local strong solution for constant viscosity and variable viscosity respec-
tively. Global strong solution with vacuum in 2D was proved by Huang and Wang [8]
in constant viscosity case.(The proof was given for 2D MHD equations, it just need to
take B ≡ 0 for Navier-Stokes in their discussion). As a sequent work, for the density
dependent viscosity with positive lower bound, they [9] obtained the global strong so-
lution when the initial norm of gradient viscosity ∥∇µ(ρ0)∥Lq is suitably small in 2D.
Very recently, they [10] obtained the global strong solution under smallness of ∥∇u0∥L2

in 3D.



Global strong solution to the 3D inhomogeneous Navier-Stokes equations with
density-dependent viscosity 3

First we give the local existence result of strong solution to the Navier-Stokes system
(1.1.1)-(1.1.4) due to Cho and Kim [4], where the vacuum is allowed.

Theorem 1.1. Assume that the initial data (ρ0, u0) satisfies the regularity condition

(1.1.5) 0 ≤ ρ0 ∈W 1,q, 3 < q <∞, u0 ∈ H1
0,σ ∩H2,

and the compatibility condition

(1.1.6) − div(µ(ρ0)(∇u0 + (∇u0)T )) +∇P0 = ρ
1/2
0 g,

for some (P0, g) ∈ H1 × L2. Then there exist a small time T and a unique strong solution
(ρ, u, P ) to the initial boundary value problem (1.1.1)-(1.1.4) such that

(1.1.7)
ρ ∈ C([0, T );W 1,q), ∇u, P ∈ C([0, T );H1) ∩ L2(0, T ;W 1,s),

ρt ∈ C([0, T );Lq),
√
ρut ∈ L∞(0, T ;L2), ut ∈ L2(0, T ;H1

0 ),

for any s with 1 ≤ s < q. Furthermore, if T ∗ is the maximal existence time of the local strong
solution (ρ, u), then either T ∗ = ∞ or

(1.1.8) sup
0≤t<T ∗

(∥∇ρ(t)∥Lq + ∥∇u(t)∥L2) = ∞.

Recently, the local strong solution established in Theorem 1.1 was extended to a
global one when the initial L2 norm of gradient of velocity is suitably small by Huang
and Wang [10]. Their main result reads as follows:

Theorem 1.2. Assume that the initial data (ρ0, u0) satisfies (1.1.5)-(1.1.6), and 0 ≤ ρ0 ≤ ρ̄.
Then there exists a small positive constant ϵ0 depending on Ω, q, ρ̄, µ̄, µ and ∥∇µ(ρ0)∥Lq , such
that if

∥∇u0∥L2 ≤ ϵ0,

then the initial boundary value problem (1.1.1)-(1.1.4) admits a unique strong solution (ρ, u, P ),
with

(1.1.9)
ρ ∈ C([0,∞);W 1,q), ∇u, P ∈ C([0,∞);H1) ∩ L2(0,∞;W 1,s),

ρt ∈ C([0,∞);Lq),
√
ρut ∈ L∞

loc(0,∞;L2), ut ∈ L2
loc(0,∞;H1

0 ),

for any s with 1 ≤ s < q.

For the initial boundary problem (1.1.1)-(1.1.4) of inhomogeneous Navier-Stokes
equations, in Theorem 1.2 Huang and Wang gave a sufficient condition to guarantee
the global existence of strong solution. We find that the strong solution can also exist
globally in time under other conditions. In particular, the smallness of ∥∇u0∥L2 in
Theorem 1.2 can be replaced by the smallness of initial kinetic energy, where the initial
kinetic energy is defined as

(1.1.10) C0 :=

∫
Ω

1

2
ρ0|u0|2dx.

Now we can state our main result in this chapter as follows:
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Theorem 1.3. For given positive numbers ρ̄,M and N0, suppose that the initial data (ρ0, u0)

satisfies (1.1.5)-(1.1.6), and 0 ≤ inf ρ0 ≤ sup ρ0 ≤ ρ̄, ∥∇u0∥L2 ≤ N0, and ∥∇µ(ρ0)∥Lq ≤M .
Then there exists some small positive constant ϵ0, independent of ρ̄, µ̄ := sup[0,ρ̄] µ(ρ), µ,M

and N0, such that if
(1.1.11)

max

{
µ̄

µ3
(M2

2 +M4M6
2 )ρ̄

3N2
0C0,

Mrρ̄
5r−6
4r µ−

3(r−2)
4r

((
1 +

ρ̄

µ̄

) 3
4

Θ1

) 1
2

· exp{CΘ2}+
µ̄(2r−3)/r

µ3(r−1)/r
(Mrρ̄)

5r−6
r N

4r−6
r

0 C0

}
≤ ϵ0,

where 3 < r < q, then the initial boundary value problem (1.1.1)-(1.1.4) admits a unique global
strong solution (ρ, u, P ), with

(1.1.12)
ρ ∈ C([0,∞);W 1,q), ∇u, P ∈ C([0,∞);H1) ∩ L2

loc(0,∞;W 1,s),

ρt ∈ C([0,∞);Lq),
√
ρut ∈ L∞

loc(0,∞;L2), ut ∈ L2
loc(0,∞;H1

0 ),

for any s with 1 ≤ s < q. Here,

(1.1.13)

Mr =
1

µ
+
µ̄

µ

1

µ1/θr+1
· (4M)

1
θr , θr =

2r

5r − 6
· q − 3

q
,

Θ1 =
M4

2 ρ̄
6µ̄

11
4

µ6
N

11
2

0 C
9
4
0 +

M2M8
2 ρ̄

8µ̄
15
4

µ7
N

15
2

0 C
9
4
0 + µ̄

3
4N

3
2
0 C

1
4
0 ,

Θ2 =
ρ̄3µ̄

µ5
N2

0C0 +
M2

2 ρ̄
3µ̄

µ3
N2

0C0 +
M2M4

2 ρ̄
2µ̄

µ
N2

0 .

As an immediate result, Theorem 1.3 obtained in this chapter implies that the ini-
tial and boundary problem of inhomogeneous incompressible Navier-Stokes equations
with vacuum has a global strong solution, provided the initial kinetic energy is suit-
ably small, or the lower bound of viscosity coefficient is suitably large, or the upper
bound of density is suitably small. To illustrate our result, we give some remarks on
the Theorem 1.3.

Remark 1.4. The positive constant ϵ0 depends only on Ω, q and various Sobolev’s con-
stants. The relation (1.1.11) indeed gives a sufficient condition for the global solvability
of strong solution of (1.1.1)-(1.1.4).

Remark 1.5. When µ̄ ≤ Cµ, for some C ≥ 1, such as µ(ρ) = µ + ρα, α > 0, or
µ(ρ) = µ exp ρ, or µ(ρ) is just equal to a positive constant. We can easily see that the left
hand side of (1.1.11) can be as small as desired provided C0 is sufficiently small, or µ is
sufficiently large, or ρ̄ is sufficiently small.

Remark 1.6. As a result of Remark 1.5, for any given generally initial data (ρ0, u0) con-
taining vacuum, one also get the global strong solution of (1.1.1)-(1.1.4) provided the
lower bound of viscosity is sufficiently large. This is analogous to the well-known re-
sults due to Leray [14] for the homogeneous incompressible Navier-Stokes equations,
this similar conclusion was also obtained by Deng et al. [6] for compressible Navier-
Stokes equations recently.
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Remark 1.7. For the inhomogeneous incompressible Navier-Stokes equations, since the
initial density is bounded above, then the initial kinetic energy is dominated by the
initial L2 norm of gradient of velocity, this can be seen clearly by Poincaré and Hölder
inequalities over bounded domains. Then our result extends the result of Huang and
Wang [10].

We now comment on the analysis of this chapter. Our study is mainly motivated by
a recent work of Huang and Wang [10], where the authors establish the global strong
solution to the inhomogeneous incompressible Navier-Stokes equations when the ini-
tial L2 norm of gradient of velocity is suitably small. The key in their proof is to con-
trol the norms of ∥∇ρ∥Lq and ∥∇u∥L2 . First they assume that ∥∇µ(ρ)∥Lq ≤ 4M and
∥∇u∥2L2 ≤ 4(µ̄/µ)∥∇u0∥2L2 on [0, T ], then they proved ∥∇µ(ρ)∥Lq ≤ 2M and ∥∇u∥2L2 ≤
2(µ̄/µ)∥∇u0∥2L2 on [0, T ], under the assumption ∥∇u0∥L2 is suitably small on [0, T ].
After more precise observation, we also find that under more general conditions, for
instance that the upper bound of density ρ̄ is suitably small, or the lower bound of vis-
cosity is suitably large, or the initial kinetic energy is suitably small, ∥∇µ(ρ)∥Lq ≤ 2M

and ∥∇u∥2L2 ≤ 2(µ̄/µ)∥∇u0∥2L2 still hold on [0, T ]. Therefore by a contractive method,
∥∇ρ∥Lq and ∥∇u∥L2 are always bounded as long as strong solution exists. It is worthy
to remark that one of the main ingredient is a time independent estimate for ∥∇u∥L1L∞

whose derivation need the time weighted estimates of ∥√ρut∥L2 and ∥∇ut∥L2 . How-
ever, under the smallness assumption of initial kinetic energy, the estimates of ∥√ρut∥L2

and ∥∇ut∥L2 with different time weight are also needed in our calculation, so we mod-
ify Huang and Wang’s Theorem 1.2 slightly, where their estimates are not available.

The rest of this chapter is organized as follows. Section 1.2 consists of some no-
tations and useful technical lemmas. Section 1.3 is devoted to the proof of our main
theorem, where in Subsection 1.3.1, we are devoted to deriving some necessary a pri-
ori estimates, in Subsection 1.3.2, the contractive technique is used to obtain the global
strong solution.

1.2 Preliminaries

1.2.1 Notations and general inequalities

Ω is a smooth bounded domain in R3. For notations simplicity below, we omit the
integration domain Ω. And for 1 ≤ r ≤ ∞ and k ∈ N, the Sobolev spaces are defined in
a standard way,

Lr = Lr(Ω), W k,r = {f ∈ Lr : ∇kf ∈ Lr},

Hk =W k,2, C∞
0,σ = {f ∈ (C∞

0 )3 : divf = 0}.

H1
0 = C∞

0 , H1
0,σ = C∞

0,σ, closure in the norm of H1.

The following Gagliardo-Nirenberg inequality will be also used frequently.

Lemma 1.8 (Gagliardo-Nirenberg inequality). Let Ω be a domain of R3 with smooth bound-
ary ∂Ω. For p ∈ [2, 6], q ∈ (1,∞) and r ∈ (3,∞), there exists some generic constants C > 0

that may depend on q and r such that for f ∈ H1 satisfying f |∂Ω = 0, or
∫
Ω fdx = 0 and
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g ∈ Lq ∩D1,r, we have

(1.2.1) ∥f∥pLp ≤ C∥f∥(6−p)/2
L2 ∥∇f∥(3p−6)/2

L2 ,

(1.2.2) ∥g∥L∞ ≤ C∥g∥q(r−3)/(3r+q(r−3))
Lq ∥∇g∥3r/(3r+q(r−3))

Lr .

See the proof of this lemma in Ladyzhenskaya et al. [13, P. 62](see also Nirenberg
[17, P. 125]).

1.2.2 Higher order estimates on the velocity

High-order a priori estimates of velocity field u rely on the following regularity results
for density-dependent Stokes equations.

Lemma 1.9. Assume that ρ ∈ W 1,q, 3 < q < ∞, and 0 ≤ ρ ≤ ρ̄. Let (u, P ) ∈ H1
0,σ × L2 be

the unique weak solution to the boundary value problem

(1.2.3) − div(2µ(ρ)d) +∇P = F, divu = 0 in Ω, and
∫

P

µ(ρ)
dx = 0,

where d = 1
2 [∇u+ (∇u)T ] and

µ ∈ C1[0,∞), µ ≤ µ(ρ) ≤ µ̄ on [0, ρ̄].

Then we have the following regularity results:
(1) If F ∈ L2, then (u, P ) ∈ H2 ×H1 and

(1.2.4) ∥u∥H2 + ∥P/µ(ρ)∥H1 ≤ C

 1

µ
+

µ̄

µ
1
θ2

+2
∥∇[µ(ρ)]∥

1
θ2
Lq

 ∥F∥L2 ,

where θ2 satisfies
1

2
− 1

q
=
θ2
3

+
1

6
, i.e. θ2 =

q − 3

q
.

(2) If F ∈ Lr for some r ∈ (2, q), then (u, P ) ∈W 2,r ×W 1,r and

(1.2.5) ∥u∥W 2,r + ∥P/µ(ρ)∥W 1,r ≤ C

 1

µ
+

µ̄

µ
1
θr

+2
∥∇[µ(ρ)]∥

1
θr
Lq

 ∥F∥Lr ,

where θr satisfies

θr =
2r

5r − 6
· q − 3

q
.

Here the constant C in (1.2.4) and (1.2.5) depends on Ω, q, r.

The proof of Lemma 1.9 has been given by Huang and Wang in [10]. And refer to
Lemma 2.1 in their paper.
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1.3 Global existence of strong solution to Navier-Stokes sys-
tem

The proof of Theorem 1.3 is composed of two parts. The first part contains a priori
time-weighted estimates of different levels. Upon these estimates, the second part uses
a contradiction induction process to extend the local strong solution.

1.3.1 A priori estimates of different levels

In this subsection, we establish some a priori estimates of different levels. In order to
control the L1

tL
∞
x norm of gradient of velocity, some time weighted estimates are also

necessary. The initial velocity belongs to H1, some higher-order estimates independent
of time are required. To achieve that, we take some power of time as a weight. The idea
is based on the parabolic property of the system.

The key step in the proofs of Theorem 1.3 is to prove the following key a priori
estimate of (ρ, u).

Proposition 1.10. For given positive numbers ρ̄,M and N0, assume that

(1.3.1) 0 ≤ inf ρ0 ≤ sup ρ0 ≤ ρ̄, ∥∇µ(ρ0)∥Lq ≤M, ∥∇u0∥L2 ≤ N0.

Suppose (ρ, u, P ) is the unique local strong solution to (1.1.1)-(1.1.4) on Ω × [0, T ], and if it
satisfies

(1.3.2) sup
t∈[0,T ]

∥∇µ(ρ(t))∥Lq ≤ 4M, sup
t∈[0,T ]

∥∇u(t)∥2L2 ≤ 4
µ̄

µ
N2

0 ,

then one has

(1.3.3) sup
t∈[0,T ]

∥∇µ(ρ(t))∥Lq ≤ 2M, sup
t∈[0,T ]

∥∇u(t)∥2L2 ≤ 2
µ̄

µ
N2

0 ,

provided that (1.1.11), together with (1.1.13), holds.

Proofs of Proposition 1.10 are based on a series of lemmas. First, it is easy to deduce
from (1.1.1)1 and divu = 0 that the following lemma holds.

Lemma 1.11. Suppose (ρ, u, P ) is the unique local strong solution to (1.1.1)-(1.1.4) on Ω ×
[0, T ], with the initial data (ρ0, u0), then there it holds that

0 ≤ ρ(x, t) ≤ ρ̄, for every (x, t) ∈ Ω× [0, T ].

Applying the standard energy estimate to (1.1.1) gives

Lemma 1.12. Suppose (ρ, u, P ) is the unique local strong solution to (1.1.1)-(1.1.4) on Ω ×
[0, T ], with the initial data (ρ0, u0), then there it holds that

(1.3.4)
∫

1

2
ρ|u(t)|2dx+ 2

∫ t

0

∫
µ(ρ)|d|2dxds ≤ C0, for every t ∈ [0, T ],
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since µ(ρ) ≥ µ, we aslo have

(1.3.5)
∫

1

2
ρ|u(t)|2dx+ µ

∫ t

0

∫
|∇u|2dxds ≤ C0, for every t ∈ [0, T ].

Theorem 1.13. Suppose (ρ, u, P ) is the unique local strong solution to (1.1.1)-(1.1.4) on Ω×
[0, T ], with the initial data (ρ0, u0), then there exists positive number C1, depending only on
Ω, q such that if

(1.3.6) C1 ·
µ̄

µ3
(M2

2 +M4M6
2 )ρ̄

3N2
0C0 ≤ log 2,

then

(1.3.7)
1

µ

∫ T

0
∥√ρut∥2L2dt+ sup

t∈[0,T ]
∥∇u(t)∥2L2 ≤ 2

µ̄

µ
N2

0 .

provided (1.3.2) holds.

Before proving Theorem 1.13, we insert the following lemma, which is derived from
the auxillary Lemma 1.9.

Lemma 1.14. Suppose (ρ, u, P ) is the unique local strong solution to (1.1.1)-(1.1.4) on Ω ×
[0, T ], with the initial data (ρ0, u0), and it satisfies

(1.3.8) sup
t∈[0,T ]

∥∇µ(ρ(t))∥Lq ≤ 4M,

then it holds that

(1.3.9) ∥∇u∥H1 ≤ CM2∥ρut∥L2 + CM2
2 ρ̄

2∥∇u∥3L2 .

Proof. We can rewrite the momentum equations as follows,

−2div(µ(ρ)d) +∇P = −ρut − ρu · ∇u.

It follows from Lemma 1.9 and Gagliardo-Nirenberg inequality that

∥∇u∥H1 ≤ CM2(∥ρut∥L2 + ∥ρu · ∇u∥L2)

≤ CM2∥ρut∥L2 + CM2ρ̄∥u∥L6∥∇u∥L3

≤ CM2∥ρut∥L2 + CM2ρ̄∥∇u∥
3
2

L2∥∇u∥
1
2

H1 .

By Young’s inequality,

∥∇u∥H1 ≤ CM2∥ρut∥L2 + CM2
2 ρ̄

2∥∇u∥3L2 .

Proof of Theorem 1.13. Using the fact divu = 0 and the mass equation, it is easy to obtain
the equation for µ(ρ),

∂t[µ(ρ)] + u · ∇µ(ρ) = 0.
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Multiplying the momentum equations (1.1.1)2 by ut, and integrating over Ω, we have∫
ρ|ut|2dx+

d

dt

∫
µ(ρ)|d|2dx

≤ |
∫
ρu · ∇u · utdx|+ C

∫
|∇µ(ρ)||u||∇u|2dx.

Applying Gagliardo-Nirenberg inequality and Lemma 1.14,∣∣∣∣∫ ρu · ∇u · utdx
∣∣∣∣

≤ 1

8
∥√ρut∥2L2 + C∥√ρu∥2L6∥∇u∥2L3

≤ 1

8
∥√ρut∥2L2 + Cρ̄∥∇u∥3L2∥∇u∥H1

≤ 1

8
∥√ρut∥2L2 + Cρ̄∥∇u∥3L2 [M2∥ρut∥L2 +M2

2 ρ̄
2∥∇u∥3L2 ],

and similarly, ∫
|∇µ(ρ)||u||∇u|2dx

≤ C∥∇µ(ρ)∥L3∥u∥L6∥∇u∥2L4

≤ C∥∇µ(ρ)∥L3∥∇u∥
3
2

L2∥∇u∥
3
2

H1

≤ CM∥∇u∥
3
2

L2 [M2∥ρut∥L2 +M2
2 ρ̄

2∥∇u∥3L2 ]
3
2 .

Hence, by Young’s inequality,∫
ρ|ut|2dx+

d

dt

∫
µ(ρ)|d|2dx

≤ 1

8
∥√ρut∥2L2 +

1

8
∥√ρut∥2L2 + CM2

2 ρ̄
3∥∇u∥6L2 +

1

8
∥√ρut∥2L2

+ C(MM
3
2
2 ρ̄

3
4 ∥∇u∥

3
2

L2)
4 + CMM3

2 ρ̄
3∥∇u∥6L2

≤ 3

8
∥√ρut∥2L2 + C

(
M2

2 +M4M6
2 +MM3

2

)
ρ̄3∥∇u∥6L2 .

Thus we have

(1.3.10)

∫
ρ|ut|2dx+

d

dt

∫
µ(ρ)|d|2dx

≤ C
(
M2

2 +M4M6
2 +MM3

2

)
ρ̄3∥∇u∥6L2

≤ Cµ−1
(
M2

2 +M4M6
2

)
ρ̄3∥∇u∥4L2 ·

∫
µ(ρ)|d|2dx.

Applying Gronwall’s inequality,

1

µ

∫ T

0

∫
ρ|ut|2dx+ sup

t∈[0,T ]
∥∇u∥2L2

≤ µ̄

µ
∥∇u0∥2L2 · exp

{
Cµ−1

(
M2

2 +M4M6
2

)
ρ̄3
∫ T

0
∥∇u∥4L2dt

}
.
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According to the Lemma 1.12 and the assumption (1.3.2),

(1.3.11)

∫ T

0
∥∇u∥4L2dt ≤ sup

t∈[0,T ]
∥∇u∥2L2 ·

∫ T

0
∥∇u∥2L2dt

≤ C · µ̄
µ
N2

0 · C0

µ

≤ C · µ̄
µ2
N2

0C0.

Hence, we arrive at

(1.3.12)

1

µ

∫ T

0

∫
ρ|ut|2dx+ sup

t∈[0,T ]
∥∇u∥L2

≤ µ̄

µ
∥∇u0∥2L2 · exp

{
C1

µ̄

µ3
(
M2

2 +M4M6
2

)
ρ̄3N2

0C0

}
.

Now it is clear that (1.3.7) holds, provided (1.3.6) holds.

As a byproduct of the estimate in the proof, we have the following time weighted
estimate.

Theorem 1.15. Suppose (ρ, u, P ) is the unique local strong solution to (1.1.1)-(1.1.4) on Ω×
[0, T ], with the initial data (ρ0, u0), and it satisfies the assumption (1.3.6) as in Theorem 1.13.
Then

(1.3.13)
1

µ

∫ T

0
t∥√ρut∥2L2dt+ sup

t∈[0,T ]
t∥∇u(t)∥2L2 ≤ C · C0

µ
,

provided (1.3.2) holds.

Proof. Multiplying (1.3.10) by t, as shown in the last proof, one has

(1.3.14)

1

µ

∫ T

0
t∥√ρut∥2L2dt+ sup

t∈[0,T ]
t∥∇u∥2L2

≤ 1

µ

∫ T

0

∫
µ(ρ)|d|2dxdt · exp

{
C1

µ̄

µ3
(
M2

2 +M4M6
2

)
ρ̄3N2

0C0

}
.

According to Theorem 1.12,

(1.3.15)
∫ T

0

∫
µ(ρ)|d|2dxdt ≤ CC0.

Hence, owing to the assumption (1.3.2),

1

µ

∫ T

0
t∥√ρut∥2L2dt+ sup

t∈[0,T ]
t∥∇u∥2L2

≤ CC0

µ
· exp

{
C1

µ̄

µ3
(
M2

2 +M4M6
2

)
ρ̄3N2

0C0

}
≤ CC0

µ
.



Global strong solution to the 3D inhomogeneous Navier-Stokes equations with
density-dependent viscosity 11

In the later analysis, different from the proof of Huang and Wang [10], we need
some time weighted estimates with different power to collect the information of initial
kinetic energy. The following time weighted estimates can be obtained by interpolation
methods as a corollary of Theorem 1.13 and 1.15.

Theorem 1.16. Suppose (ρ, u, P ) is the unique local strong solution to (1.1.1)-(1.1.4) on Ω×
[0, T ], with the initial data (ρ0, u0), and it satisfies the assumption (1.3.6) as in Theorem 1.13.
Then

(1.3.16) 1

µ

∫ T

0
t
1
4 ∥√ρut∥2L2dt+ sup

t∈[0,T ]
t
1
4 ∥∇u(t)∥2L2 ≤ C · µ̄

3
4C

1
4
0 N

3
2
0

µ
,

provided (1.3.2) holds.

Theorem 1.17. Suppose (ρ, u, P ) is the unique local strong solution to (1.1.1)-(1.1.4) on Ω×
[0, T ], with the initial data (ρ0, u0), and it satisfies the assumption (1.3.6) as in Theorem 1.13.
Then

(1.3.17)
sup

t∈[0,T ]
t
5
4 ∥√ρut∥2L2 + µ

∫ T

0
t
5
4 ∥∇ut∥2L2dt

≤ CΘ1 · exp{CΘ2},

and

(1.3.18)

sup
t∈[0,T ]

t2∥√ρut∥2L2 + µ

∫ T

0
t2∥∇ut∥2L2dt

≤ C

(
ρ̄

µ̄

) 3
4

·Θ1 · exp{CΘ2},

where

(1.3.19)
Θ1 =

M4
2 ρ̄

6µ̄
11
4

µ6
N

11
2

0 C
9
4
0 +

M2M8
2 ρ̄

8µ̄
15
4

µ7
N

15
2

0 C
9
4
0 + µ̄

3
4N

3
2
0 C

1
4
0 ,

Θ2 =
ρ̄3µ̄

µ5
N2

0C0 +
M2

2 ρ̄
3µ̄

µ3
N2

0C0 +
M2M4

2 ρ̄
2µ̄

µ
N2

0 ,

provided (1.3.2) holds.

Proof. Performing similar calculation as Huang and Wang [10] (remark here we need
the estimates with different power of time weight from [10], therefore we multiply by
t
5
4ut in the time-differentiated momentum equations), one has,

(1.3.20)

d

dt

(
t
5
4

∫
ρ|ut|2dx

)
+ µt

5
4 ∥∇ut∥2L2

≤ C
ρ̄3

µ3
t
5
4 ∥√ρut∥2L2∥∇u∥4L2 +

CM2
2 ρ̄

3

µ
t
5
4 ∥√ρut∥2L2∥∇u∥4L2 +

5

4
t
1
4

∫
ρ|ut|2dx

+
CM4

2 ρ̄
6

µ
t
5
4 ∥∇u∥10L2 +

CM2M4
2 ρ̄

2

µ
t
5
4 ∥√ρut∥4L2 +

CM2M8
2 ρ̄

8

µ
t
5
4 ∥∇u∥12L2 .
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Applying Gronwall’s inequality,

sup
t∈[0,T ]

(
t
5
4

∫
ρ|ut|2dx

)
+ µ

∫ T

0
t
5
4 ∥∇ut∥2L2dt

≤

[∫ T

0

(CM4
2 ρ̄

6

µ
t
5
4 ∥∇u∥10L2 +

CM2M8
2 ρ̄

8

µ
t
5
4 ∥∇u∥12L2 +

5

4
t
1
4 ∥√ρut∥2L2

)
dt

]

× exp

{∫ T

0

[(Cρ̄3
µ3

+
CM2

2 ρ̄
3

µ

)
∥∇u∥4L2 +

CM2M4
2 ρ̄

2

µ
∥√ρut∥2L2

]
dt

}
.

Taking some previous estimates into account,

sup
t∈[0,T ]

(
t
5
4

∫
ρ|ut|2dx

)
+ µ

∫ T

0
t
5
4 ∥∇ut∥2L2dt

≤

[∫ T

0

(CM4
2 ρ̄

6

µ
t
5
4 ∥∇u∥10L2 +

CM2M8
2 ρ̄

8

µ
t
5
4 ∥∇u∥12L2 +

5

4
t
1
4 ∥√ρut∥2L2

)
dt

]

× exp

{
C
( ρ̄3µ̄
µ5

N2
0C0 +

M2
2 ρ̄

3µ̄

µ3
N2

0C0 +
M2M4

2 ρ̄
2µ̄

µ
N2

0

)}
.

According to Theorem 1.12 and the assumption (1.3.2),∫ T

0
t
5
4 ∥∇u∥10L2dt

≤ sup
t∈[0,T ]

t
1
4 ∥∇u(t)∥2L2 sup

t∈[0,T ]
t∥∇u(t)∥2L2 sup

t∈[0,T ]
∥∇u(t)∥4L2

∫ T

0
∥∇u∥2L2dt

≤ C · µ̄
3
4C

1
4
0 N

3
2
0

µ
· C0

µ
·
(
µ̄

µ
N2

0

)2

· C0

µ

≤ C
µ̄

11
4

µ5
N

11
2

0 C
9
4
0 .

Similarly, ∫ T

0
t
5
4 ∥∇u∥12L2dt ≤ C

µ̄
15
4

µ6
N

15
2

0 C
9
4
0 .

Hence, in view of Theorem 1.16 for the last term, we have

(1.3.21)

sup
t∈[0,T ]

(
t
5
4

∫
ρ|ut|2dx

)
+ µ

∫ T

0
t
5
4 ∥∇ut∥2L2dt

≤ C

(
M4

2 ρ̄
6µ̄

11
4

µ6
N

11
2

0 C
9
4
0 +

M2M8
2 ρ̄

8µ̄
15
4

µ7
N

15
2

0 C
9
4
0 + µ̄

3
4N

3
2
0 C

1
4
0

)

× exp

{
C
( ρ̄3µ̄
µ5

N2
0C0 +

M2
2 ρ̄

3µ̄

µ3
N2

0C0 +
M2M4

2 ρ̄
2µ̄

µ
N2

0

)}
.
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On the other hand, multiplying the time-differentiated momentum equations by t2 and
performing the same calculation as in Huang and Wang [10], one has

d

dt

(
t2
∫
ρ|ut|2dx

)
+ µt2∥∇ut∥2L2

≤ C
ρ̄3

µ3
t2∥√ρut∥2L2∥∇u∥4L2 +

CM2
2 ρ̄

3

µ
t2∥√ρut∥2L2∥∇u∥4L2

+
CM4

2 ρ̄
6

µ
t2∥∇u∥10L2 +

CM2M4
2 ρ̄

2

µ
t2∥√ρut∥4L2

+
CM2M8

2 ρ̄
8

µ
t2∥∇u∥12L2 + 2t

∫
ρ|ut|2dx.

Applying Gronwall’s inequality,

sup
t∈[0,T ]

t2
∫
ρ|ut|2dx+ µ

∫ T

0
t2∥∇ut∥2L2dt

≤

[∫ T

0

(CM4
2 ρ̄

6

µ
t2∥∇u∥10L2 +

CM2M8
2 ρ̄

8

µ
t2∥∇u∥12L2 + 2t∥√ρut∥2L2

)
dt

]

× exp

{
C
( ρ̄3µ̄
µ5

N2
0C0 +

M2
2 ρ̄

3µ̄

µ3
N2

0C0 +
M2M4

2 ρ̄
2µ̄

µ
N2

0

)}
.

According to Theorem 1.12 and 1.15,∫ T

0
t2∥∇u∥10L2dt ≤ sup

t∈[0,T ]
t2∥∇u(t)∥4L2 · sup

t∈[0,T ]
∥∇u(t)∥4L2 ·

∫ T

0
∥∇u∥2L2dt

≤ C ·
(
C0

µ

)2( µ̄
µ
N2

0

)2 C0

µ

≤ µ̄2

µ5
N4

0C
3
0 ,

similarly,∫ T

0
t2∥∇u∥12L2dt ≤ sup

t∈[0,T ]
t2∥∇u(t)∥4L2 · sup

t∈[0,T ]
∥∇u(t)∥6L2 ·

∫ T

0
∥∇u∥2L2dt

≤ C ·
(
C0

µ

)2( µ̄
µ
N2

0

)3 C0

µ

≤ C
µ̄3

µ6
N6

0C
3
0 ,

and ∫ T

0
t∥√ρut∥2L2dt ≤ C · C0.
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Hence,

(1.3.22)

sup
t∈[0,T ]

t2
∫
ρ|ut|2dx+ µ

∫ T

0
t2∥∇ut∥2L2dt

≤ C

(
M4

2 ρ̄
6µ̄2

µ6
N4

0C
3
0 +

M2M8
2 ρ̄

8µ̄3

µ7
N6

0C
3
0 + C0

)

× exp

{
C
( ρ̄3µ̄
µ5

N2
0C0 +

M2
2 ρ̄

3µ̄

µ3
N2

0C0 +
M2M4

2 ρ̄
2µ̄

µ
N2

0

)}

≤ C
C

3
4
0

N
3
2
0 µ̄

3
4

(
M4

2 ρ̄
6µ̄

11
4

µ6
N

11
2

0 C
9
4
0 +

M2M8
2 ρ̄

8µ̄
15
4

µ7
N

15
2

0 C
9
4
0 + µ̄

3
4N

3
2
0 C

1
4
0

)

× exp

{
C
( ρ̄3µ̄
µ5

N2
0C0 +

M2
2 ρ̄

3µ̄

µ3
N2

0C0 +
M2M4

2 ρ̄
2µ̄

µ
N2

0

)}

≤ C

(
ρ̄

µ̄

) 3
4

(
M4

2 ρ̄
6µ̄

11
4

µ6
N

11
2

0 C
9
4
0 +

M2M8
2 ρ̄

8µ̄
15
4

µ7
N

15
2

0 C
9
4
0 + µ̄

3
4N

3
2
0 C

1
4
0

)

× exp

{
C
( ρ̄3µ̄
µ5

N2
0C0 +

M2
2 ρ̄

3µ̄

µ3
N2

0C0 +
M2M4

2 ρ̄
2µ̄

µ
N2

0

)}
,

which completes the proof of the Theorem 1.17.

Lemma 1.18. Suppose (ρ, u, P ) is the unique local strong solution to (1.1.1)-(1.1.4) on Ω ×
[0, T ], with the initial data (ρ0, u0), and it satisfies the assumptions (1.3.6) as in Theorem 1.13.
Then for any r ∈ (3,max {4, q}),

(1.3.23)
∫ T

0
∥∇u∥L∞dt ≤ C∗(M, ρ̄, µ, µ̄,N0, C0),

provided (1.3.2) holds. Here

C∗(M, ρ̄, µ, µ̄,N0, C0) := C2 ·

[
Mrρ̄

5r−6
4r µ−

3(r−2)
4r

((
1 +

ρ̄

µ̄

) 3
4

Θ1

) 1
2

· exp{CΘ2}

+
µ̄(2r−3)/r

µ3(r−1)/r
(Mrρ̄)

5r−6
r N

4r−6
r

0 C0

]
.

Proof. By virtue of Lemma 1.9, one has for r ∈ (3,max {4, q})

∥∇u∥W 1,r ≤CMr(∥ρut∥Lr + ∥ρu · ∇u∥Lr)

≤CMr

(
∥ρut∥

6−r
2r

L2 · ∥ρut∥
3(r−2)

2r

L6 + ρ̄∥u∥L6∥∇u∥L6r/(6−r))

≤CMr

(
∥ρut∥

6−r
2r

L2 · ∥ρut∥
3(r−2)

2r

L6 + ρ̄∥∇u∥
6(r−1)
5r−6

L2 · ∥∇u∥
4r−6
5r−6

W 1,r

)
.

Applying Young’s inequality and Sobolev inequality,

∥∇u∥W 1,r ≤ CMrρ̄
5r−6
4r ∥√ρut∥

6−r
2r

L2 · ∥∇ut∥
3(r−2)

2r

L2 + CM
5r−6

r
r ρ̄

5r−6
r ∥∇u∥

6(r−1)
r

L2 .
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Hence,∫ T

0
∥∇u∥L∞dt

≤ C

∫ T

0
∥∇u∥W 1,rdt

≤ C

∫ T

0

(
Mrρ̄

5r−6
4r ∥√ρut∥

6−r
2r

L2 · ∥∇ut∥
3(r−2)

2r

L2 +M
5r−6

r
r ρ̄

5r−6
r ∥∇u∥

6(r−1)
r

L2

)
dt.

Denote σ(T ) = min{1, T}, for T ≥ 0, then according to Theorem 1.17,∫ T

0
∥√ρut∥

6−r
2r

L2 ∥∇ut∥
3(r−2)

2r

L2 dt

=

∫ σ(T )

0
∥√ρut∥

6−r
2r

L2 ∥∇ut∥
3(r−2)

2r

L2 dt+

∫ T

σ(T )
∥√ρut∥

6−r
2r

L2 ∥∇ut∥
3(r−2)

2r

L2 dt

≤ C( sup
t∈[0,σ(T )]

t
5
8 ∥√ρut∥L2)

6−r
2r

(∫ σ(T )

0
t
5
4 ∥∇ut∥2L2dt

) 3(r−2)
4r

(∫ σ(T )

0
t
− 5r

2(r+6)dt

) r+6
4r

+ C( sup
t∈[σ(T ),T ]

t∥√ρut∥L2)
6−r
2r

(∫ T

σ(T )
t2∥∇ut∥2L2dt

) 3(r−2)
4r

(∫ T

σ(T )
t−

4r
r+6dt

) r+6
4r

≤ Cµ−
3(r−2)

4r Θ
1
2
1 · exp{CΘ2}+ Cµ−

3(r−2)
4r

(
ρ̄

µ̄

) 3
8

Θ
1
2
1 · exp{CΘ2}

≤ Cµ−
3(r−2)

4r

(
1 +

ρ̄

µ̄

) 3
8

Θ
1
2
1 · exp{CΘ2}.

On the other hand,∫ T

0
∥∇u∥

6(r−1)
r

L2 dt ≤ sup
t∈[0,T ]

∥∇u∥
(4r−6)

r

L2

∫ T

0
∥∇u∥2L2dt

≤ C ·
(
µ̄

µ

)(2r−3)/r

N
4r−6

r
0 · C0

µ

≤ C · µ̄
(2r−3)/r

µ3(r−1)/r
N

4r−6
r

0 C0.

Therefore,∫ T

0
∥∇u∥L∞dt

≤ C2

[
Mrρ̄

5r−6
4r µ−

3(r−2)
4r

((
1 +

ρ̄

µ̄

) 3
4

Θ1

) 1
2

· exp{CΘ2}+
µ̄(2r−3)/r

µ3(r−1)/r
(Mrρ̄)

5r−6
r N

4r−6
r

0 C0

]
=: C∗(M, ρ̄, µ, µ̄,N0, C0).

Theorem 1.19. Suppose (ρ, u, P ) is the unique local strong solution to (1.1.1)-(1.1.4) on Ω×
[0, T ], with the initial data (ρ0, u0), and it satisfies the assumption (1.3.2). There exists a
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positive number ϵ0, which is independent of ρ̄, µ, µ̄,M,N0 and C0, such that if (1.1.11) holds
then

(1.3.24) sup
t∈[0,T ]

∥∇µ(ρ(t))∥Lq ≤ 2M,

and
sup

t∈[0,T ]
∥∇ρ(t)∥Lq ≤ 2∥∇ρ0∥Lq .

Proof. Consider the xi derivative of the equation for µ(ρ),

(∂iµ(ρ))t + (∂iu · ∇)µ(ρ) + u · ∇∂iµ(ρ) = 0.

It implies that for every t ∈ [0, T ],

∥∇µ(ρ)(t)∥Lq ≤∥∇µ(ρ0)∥Lq · exp
{∫ t

0
∥∇u∥L∞ds

}
≤∥∇µ(ρ0)∥Lq · exp

{
C∗(M, ρ̄, µ, µ̄,N0)

}
.

Choose some small positive ϵ0, satisfying

C1
µ̄

µ3
(M2

2 +M4M6
2 )ρ̄

3N2
0C0 ≤ ϵ0,

and
C∗(M, ρ̄, µ, µ̄,N0) ≤ ϵ0.

In view of Lemma 1.18,
sup

t∈[0,T ]
∥∇µ(ρ(t))∥Lq ≤ 2M.

Similarly,

∥∇ρ(t)∥Lq ≤ ∥∇ρ0∥Lq · exp
{∫ t

0
∥∇u∥L∞ds

}
≤ 2∥∇ρ0∥Lq .

Therefore, Theorem 1.19 is proved.

Combining Theorem 1.13 and Theorem 1.19, one immediately arrives at the desired
result of Proposition 1.10.

1.3.2 Extension of local strong solution

With the a priori estimates in Subsection 1.3.1 in hand, we are now in a position to
prove the Theorem 1.3.

According to Theorem 1.1, there exists a T∗ > 0 such that the density-dependent
Navier-Stokes equations (1.1.1)-(1.1.4) has a unique local strong solution (ρ, u, P ) on
[0, T∗]. We plan to extend the local solution to a global one.

Since ∥∇µ(ρ0)∥Lq = M < 4M , and due to the continuity of ∇µ(ρ) in Lq and ∇u in
L2, there exists T1 ∈ (0, T∗) such that sup0≤t≤T1

∥∇µ(ρ(t))∥Lq ≤ 4M , and at the same
time, sup0≤t≤T1

∥∇u(t)∥L2 ≤ 2(µ̄/µ)1/2∥∇u0∥L2 . Set

T ∗ = sup{T |(ρ, u, P ) is a strong solution to (1.1.1) − (1.1.4) on [0, T ]},



Global strong solution to the 3D inhomogeneous Navier-Stokes equations with
density-dependent viscosity 17

T ∗
1 = sup

{
T |(ρ, u, P ) is a strong solution to (1.1.1) − (1.1.4) on [0, T ],

sup
0≤t≤T

∥∇µ(ρ(t))∥Lq ≤ 4M, sup
0≤t≤T

∥∇u(t)∥L2 ≤ 2(µ̄/µ)1/2∥∇u0∥L2

}
.

Then T ∗
1 ≥ T1 > 0. Recalling Proposition 1.10, it is easy to verify

(1.3.25) T ∗ = T ∗
1 ,

provided that (1.1.11) holds as assumed.
We claim that T ∗ = ∞. Otherwise, assume that T ∗ < ∞. By virtue of Proposition

(1.10), for every t ∈ [0, T ∗), it holds that

(1.3.26) ∥∇ρ(t)∥Lq ≤ 2∥∇ρ0∥Lq , ∥∇u(t)∥L2 ≤
√
2(µ̄/µ)N0,

which contradicts the blowup criterion (1.1.8). Hence we finish the proof of Theorem
1.3.
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Chapter 2

Global strong solution to the 3D inhomoge-
neous MHD equations with density-dependent
viscosity and resistivity

This chapter is devoted to studying an initial boundary value problem for the three
dimensional inhomogeneous incompressible magnetohydrodynamic equations with
density-dependent viscosity and resistivity coefficients over a bounded smooth do-
main. Global in time unique strong solution is proved to exist when the L2 norms of
initial vorticity and current density are both suitably small with arbitrary large initial
mass density, and the vacuum of initial density is also allowed.

Keywords: magnetohydrodynamics; strong solution; vacuum; time-weighted energy
estimates

2.1 Introduction and main result

The magnetohydrodynamic equations (in short, MHD) are usually used to describe
the motion of electrically conducting fluids under the effect of electromagnetic field.
In particular, for the study of compound of several incompressible immiscible electri-
cally conducting fluids without surface tension, the following density-dependent MHD
equations act as a model on some bounded smooth domain Ω ⊂ R3.

(2.1.1)


∂tρ+ div(ρu) = 0,

∂t(ρu) + div(ρu⊗ u)− div(2µ(ρ)d) +∇P − (∇×B)×B = 0,

∂tB −∇× (u×B) +∇× (λ(ρ)∇×B) = 0,

divu = 0, divB = 0.

Here ρ, u, P and B denote the density, velocity field, pressure of the fluid and magnetic
field respectively. As in the first chapter,

d =
1

2

[
∇u+ (∇u)T

]
is the deformation tensor, where ∇u is the gradient matrix (∂ui/∂xj) and (∇u)T is its
transpose. µ = µ(ρ) and λ = λ(ρ) stand for the viscosity and resistivity coefficients of
fluid respectively, and are both functions of density ρ. In this chapter, they are assumed

20
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to satisfy

(2.1.2) µ ∈ C1[0,∞), and µ ≥ µ > 0 on [0,∞)

for some positive constant µ, and

(2.1.3) λ ∈ C1[0,∞), and λ ≥ λ > 0 on [0,∞)

for some positive constant λ. The positive resistivity coefficient λ(ρ) represents the
magnetic diffusivity which is inversely proportional to the electrical conductivity coef-
ficient in physics.

We focus on the system (2.1.1)-(2.1.3) with the initial boundary conditions:

(2.1.4) u = 0, B · n = 0, (∇×B)× n = 0, on ∂Ω× [0, T ),

(2.1.5) (ρ, u,B)|t=0 = (ρ0, u0, B0) in Ω,

where n is the unit outward normal vector to ∂Ω.
The inhomogeneous incompressible MHD system (2.1.1) is a combination of the in-

homogeneous Navier-Stokes equations of fluid mechanics and the Maxwell equations
of electromagnetism. And it studies the dynamics of electrically conducting fluids and
the theory of the macroscopic interaction of electrically conducting fluids with a mag-
netic field. Let us recall some known results on inhomogeneous incompressible MHD
system (2.1.1). When the initial density has a positive lower bound, Gerbeau, Le Bris
[6] and Desjardins, Le Bris [4] studied the global existence of weak solutions of finite
energy in the whole space or in the torus respectively. For the constant viscosity, Chen
et al. [3] established the local strong solution. Later, Huang and Wang [8] extended
the local solution to global in 2D in presence of vacuum. For the density-dependent
viscosity, Wu [13] established the local strong solution by imposing some similar com-
patibility condition. Global existence of strong solutions with small initial data in some
Besov spaces was considered by Abidi and Paicu [1]. Moreover, they allowed variable
viscosity and conductivity coefficients, but required an essential assumption that there
is no vacuum (more precisely, the initial data is close to a constant state).

First we give a local existence result which concerns the local existence of strong
solution to the MHD system (2.1.1)-(2.1.5) due to Wu [13].

Theorem 2.1. Assume that the initial data (ρ0, u0, B0) satisfies the regularity condition

(2.1.6) 0 ≤ ρ0 ∈W 1,q, 3 < q <∞, u0 ∈ H1
0 ∩H2, B0 ∈ H2

with divu0 = divB0 = 0, and the compatibility condition

(2.1.7) − div(µ(ρ0)(∇u0 + (∇u0)T ))− (B0 · ∇)B0 +∇P0 = ρ
1/2
0 g,



Global strong solution to the 3D inhomogeneous MHD equations with density-dependent
viscosity and resistivity 22

for some (P0, g) ∈ H1 × L2. Then there exist a small time T and a unique strong solution
(ρ, u, P,B) to the initial boundary value problem (2.1.1)-(2.1.5) such that

(2.1.8)

ρ ∈ C([0, T );W 1,q), ∇u,∇B,P ∈ C([0, T );H1) ∩ L2(0, T ;W 1,s),

ρt ∈ C([0, T );Lq),
√
ρut ∈ L∞(0, T ;L2), ut ∈ L2(0, T ;H1

0 ),

Bt ∈ L∞(0, T ;L2) ∩ L2(0, T ;H1),

for any s with 1 ≤ s < q.

Our result in this chapter proves the existence of global strong solution for MHD
system (2.1.1)-(2.1.5), provided ∥∇u0∥L2 and ∥∇B0∥L2 are both suitably small.

Theorem 2.2. Assume that the initial data (ρ0, u0, B0) satisfies (2.1.6)-(2.1.7), and 0 ≤ ρ0 ≤
ρ̄. Then there exists some small positive constant ϵ0 depending on Ω, q, ρ̄, µ̄ := sup[0,ρ̄] µ(ρ), µ,

λ̄ := sup[0,ρ̄] λ(ρ), λ, ∥∇µ(ρ0)∥Lq and ∥∇λ(ρ0)∥Lq , such that if

∥∇u0∥L2 + ∥∇B0∥L2 ≤ ϵ0,

then the initial boundary value problem (2.1.1)-(2.1.5) admits a unique global strong solution
(ρ, u, P,B), with

(2.1.9)

ρ ∈ C([0,∞),W 1,q), ∇u,∇B,P ∈ C([0,∞),H1) ∩ L2
loc(0,∞;W 1,s),

ρt ∈ C([0,∞), Lq),
√
ρut ∈ L∞

loc(0,∞;L2), ut ∈ L2
loc(0,∞;H1

0 ),

Bt ∈ L∞
loc(0,∞;L2) ∩ L2

loc(0,∞;H1),

for any s with 1 ≤ s < q.

Remark 2.3. We use ω = ∇× u and j = ∇×B to represent the vorticity and the current
density, respectively. And it is easy to show that the L2 norm of gradient is equal to the
L2 norm of vorticty for a divergence free vector function (See also Lemma 2.7). Then
Theorem 2.2 implies that initial boundary value problem for MHD system (2.1.1)-(2.1.5)
admits a unique global strong solution provided that the L2 norms of initial vorticity
and current density are both suitably small.

Remark 2.4. Motivated by our work in chapter 1 for Navier-Stokes model, we can also
obtain the global in time strong solution for MHD system, provided that the initial
energyE0 =

∫
1
2(ρ0|u0|

2+ |B0|2)dx is small sufficiently. In fact, this conclusion has been
proved by Yu et. al. [14], which can be seen as an extension of our work in chapter 1.

For the magnetohydrodynamic model, some additional difficulties will arise since
the magnetic force (∇× B)× B and the convection term ∇× (u× B) need to be dealt
with. In particular, ∥√ρut∥L2 is not equivalent to the term ∥ut∥L2 when the vacuum is
allowed, therefore the coupling of u andB is a trouble for us. Thanks to the assumption
of smallness of initial data, we can overcome these difficulties. And in our analysis, we
can also treat the case that the resistivity coefficient is also a function of density since
the density satisfies a transport equation.

The rest of this chapter is organized as follows. In Section 2.2, we first state some
elementary facts and useful analytic tools which will be needed in later analysis. Then
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two lemmas are given for estimating the higher order derivatives of velocity and mag-
netic fields. In Section 2.3, some a priori estimates are derived for MHD equations and
the global existence of strong solution is obtained.

2.2 Preliminaries

2.2.1 Notations and general inequalities

Ω is a smooth bounded domain in R3. For notations simplicity below, we omit the
integration domain Ω. And for 1 ≤ r ≤ ∞ and k ∈ N, the Sobolev spaces are defined in
a standard way,

Lr = Lr(Ω), W k,r = {f ∈ Lr : ∇kf ∈ Lr},

Hk =W k,2, C∞
0,σ = {f ∈ (C∞

0 )3 : divf = 0}.

H1
0 = C∞

0 , H1
0,σ = C∞

0,σ, closure in the norm of H1.

The following Gagliardo-Nirenberg inequality will be also used frequently.

Lemma 2.5 (Gagliardo-Nirenberg inequality). Let Ω be a domain of R3 with smooth bound-
ary ∂Ω. For p ∈ [2, 6], q ∈ (1,∞) and r ∈ (3,∞), there exists some generic constants C > 0

that may depend on q and r such that for f ∈ H1 satisfying f |∂Ω = 0, or
∫
Ω fdx = 0 and

g ∈ Lq ∩D1,r, we have

(2.2.1) ∥f∥pLp ≤ C∥f∥(6−p)/2
L2 ∥∇f∥(3p−6)/2

L2 ,

(2.2.2) ∥g∥L∞ ≤ C∥g∥q(r−3)/(3r+q(r−3))
Lq ∥∇g∥3r/(3r+q(r−3))

Lr .

See the proof of this lemma in Ladyzhenskaya et al. [11, P. 62](see also Nirenberg
[12, P. 125]).

Remark 2.6. Under the assumption that ∂Ω is smooth, we have the following fact which
is a consequence of boundary condition B · n|∂Ω = 0 and divergence free property of
magnetic field B. ∫

Ω
Bdx =

∫
Ω
div(x⊗B)dx =

∫
∂Ω
x(B · n)dS = 0.

Here x ⊗ B is a matrix with i, j component xiBj . This observation is borrowed from
Antontsev et al. [2, P. 27].

In our later analysis, the following elementary fact is also often used.

Lemma 2.7. Let u,B belong to Sobolev space H1
0 , and divu = divB = 0, then the following

equalities hold.
2∥d∥2L2 = ∥∇u∥2L2 , ∥∇ ×B∥2L2 = ∥∇B∥2L2 .

Here d = 1
2 [∇u+ (∇u)T ].
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2.2.2 Two lemmas on higher order estimates on velocity and magnetic fields

This subsection also provides high-order a priori estimates of velocity field u, which
has played an important role in the first chapter for the Navier-Stokes model. To make
this chapter self-contained, we write the following lemma again.

Lemma 2.8. Assume that ρ ∈ W 1,q, 3 < q < ∞, and 0 ≤ ρ ≤ ρ̄. Let (u, P ) ∈ H1
0,σ × L2 be

the unique weak solution to the boundary value problem

(2.2.3) − div(2µ(ρ)d) +∇P = F, divu = 0 in Ω, and
∫

P

µ(ρ)
dx = 0,

where d = 1
2 [∇u+ (∇u)T ] and

µ ∈ C1[0,∞), µ ≤ µ(ρ) ≤ µ̄ on [0, ρ̄].

Then we have the following regularity results:
(1) If F ∈ L2, then (u, P ) ∈ H2 ×H1 and

(2.2.4) ∥u∥H2 + ∥P/µ(ρ)∥H1 ≤ C

 1

µ
+

µ̄

µ
1
θ2

+2
∥∇[µ(ρ)]∥

1
θ2
Lq

 ∥F∥L2 ,

where θ2 satisfies
1

2
− 1

q
=
θ2
3

+
1

6
, i.e. θ2 =

q − 3

q
.

(2) If F ∈ Lr for some r ∈ (2, q), then (u, P ) ∈W 2,r ×W 1,r and

(2.2.5) ∥u∥W 2,r + ∥P/µ(ρ)∥W 1,r ≤ C

 1

µ
+

µ̄

µ
1
θr

+2
∥∇[µ(ρ)]∥

1
θr
Lq

 ∥F∥Lr ,

where θr satisfies

θr =
2r

5r − 6
· q − 3

q
.

Here the constant C in (2.2.4) and (2.2.5) depends on Ω, q, r.

The proof of Lemma 2.8 has been given by Huang and Wang in [7]. And refer to
Lemma 2.1 in their paper.

For the high-order a priori estimates of magnetic fieldB, we also have the following
regularity results which can be derived from the standard elliptic estimates.

Lemma 2.9. Assume that ρ ∈ W 1,q, 3 < q <∞, and 0 ≤ ρ ≤ ρ̄. Let B ∈ H1
0,σ be the unique

weak solution to the boundary value problem

(2.2.6) ∇× (λ(ρ)∇×B) = F, divB = 0, in Ω, B ·n = 0, (∇×B)×n = 0, in ∂Ω,

where λ ∈ C1[0,∞), λ ≤ λ ≤ λ̄, on [0, ρ̄].

Then we have the following regularity results:
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(1) If F ∈ L2, then B ∈ H2 and

(2.2.7) ∥B∥H2 ≤ C

(
1

λ
+

1

λ
1
θ2

+1
∥∇[λ(ρ)]∥

1
θ2
Lq

)
∥F∥L2 ,

where θ2 satisfies
1

2
− 1

q
=
θ2
3

+
1

6
, i.e. θ2 =

q − 3

q
.

(2) If F ∈ Lr for some r ∈ (2, q), then B ∈W 2,r and

(2.2.8) ∥B∥W 2,r ≤ C

(
1

λ
+

1

λ
1
θr

+1
∥∇[λ(ρ)]∥

1
θr
Lq

)
∥F∥Lr ,

where θr satisfies

θr =
2r

5r − 6
· q − 3

q
.

Here the constant C in (2.2.7) and (2.2.8) depends on Ω, q, r.

Proof. For the existence and uniqueness of weak solution, it can be derived from the
standard theory of elliptic equation. We give the a priori estimate here. Assume that
F ∈ L2. Multiplying the first equation of (2.2.6) by B and integrate over Ω, then use
Poincaré inequality, we have∫

λ(ρ)|∇ ×B|2dx =

∫
F ·Bdx ≤ ∥F∥L2∥B∥L2 ≤ C∥F∥L2∥∇B∥L2 .

Noting that from Lemma 2.7, one has ∥∇B∥L2 = ∥∇ ×B∥L2 , hence

(2.2.9) ∥∇B∥L2 ≤ Cλ−1∥F∥L2 .

The first equation of (2.2.6) can be re-written as

−△B =
F

λ(ρ)
− (∇λ(ρ))× (∇×B)

λ(ρ)
.

By virtue of classical theory of elliptic estimates and Gagliardo-Nirenberg inequality,
we have

∥B∥H2 ≤C
(∥∥∥∥ F

λ(ρ)

∥∥∥∥
L2

+

∥∥∥∥(∇λ(ρ))× (∇×B)

λ(ρ)

∥∥∥∥
L2

)
≤C(λ−1∥F∥L2 + λ−1∥∇λ(ρ)∥Lq∥∇ ×B∥

L
2q
q−2

)

≤C(λ−1∥F∥L2 + λ−1∥∇λ(ρ)∥Lq∥∇B∥θ2
L2∥∇B∥1−θ2

H1 ),

where θ2 satisfies
1

2
− 1

q
=

1

2
θ2 +

1

6
(1− θ2), θ2 =

q − 3

q
.
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By Young’s inequality,

(2.2.10)

∥B∥H2 ≤C(λ−1∥F∥L2 + λ
− 1

θ2 ∥∇λ(ρ)∥
1
θ2
Lq∥∇B∥L2)

≤C(λ−1∥F∥L2 + λ
− 1

θ2
−1∥∇λ(ρ)∥

1
θ2
Lq∥F∥L2)

≤C

(
1

λ
+

1

λ
1
θ2

+1
∥∇[λ(ρ)]∥

1
θ2
Lq

)
∥F∥L2 .

Similarly,

(2.2.11) ∥B∥W 2,r ≤ C

(
1

λ
+

1

λ
1
θr

+1
∥∇[λ(ρ)]∥

1
θr
Lq

)
∥F∥Lr ,

where
θr =

2r

5r − 6
· q − 3

q
.

2.3 Global existence of strong solution to MHD system

This section is composed of two parts. The first part contains a priori time-weighted
estimates of different levels. Upon these estimates, the second part uses a contradiction
induction process to extend the local strong solution globally in time. The two parts are
presented in Section 2.3.1 and 2.3.2, respectively.

2.3.1 A priori estimates of different levels

In this subsection, we establish some a priori time-weighted estimates. The initial ve-
locity and magneto belong toH1, but some higher-order estimates independent of time
are required. To achieve it, we take some power of time as a weight. The idea is based
on the parabolic property of the system. In this subsection, the constant C will denote
some positive constant which may depend on Ω, q, but be independent of ρ0, u0, B0,
and may change line to line.

First, as the density satisfies the transport equation and making use of the diver-
gence free property of velocity u, one has the following lemma.

Lemma 2.10. Suppose (ρ, u, P,B) is the unique local strong solution to (2.1.1)-(2.1.5) on
Ω× [0, T ], with the initial data (ρ0, u0, B0), then there it holds that

0 ≤ ρ(x, t) ≤ ρ̄, for every (x, t) ∈ Ω× [0, T ].

Next the basic energy inequality of the system (2.1.1)-(2.1.5) reads

Lemma 2.11. Suppose (ρ, u, P,B) is the unique local strong solution to (2.1.1)-(2.1.5) on
Ω× [0, T ], with the initial data (ρ0, u0, B0), then there it holds that

(2.3.1)

∫
(ρ|u(t)|2 + |B(t)|2)dx+

∫ t

0

∫
(µ(ρ)|d|2 + λ(ρ)|∇ ×B|2)dxds

≤ Cρ̄∥u0∥2L2 + C∥B0∥2L2 ,
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for every t ∈ [0, T ], or in other words,

(2.3.2)

∫
(ρ|u(t)|2 + |B(t)|2)dx+

∫ t

0

∫
(µ|∇u|2 + λ|∇B|2)dxds

≤ Cρ̄∥u0∥2L2 + C∥B0∥2L2 ,

for every t ∈ [0, T ].

Proof. Multiplying the momentum equation (2.1.1)2 by u and integrating over Ω yield

d

dt

∫
1

2
ρ|u(t)|2dx+ 2

∫
µ(ρ)|d|2dx =

∫
(B · ∇)B · udx.

Multiplying the magneto equation (2.1.1)3 by B and integrating over Ω yield

d

dt

∫
1

2
|B(t)|2dx+

∫
λ(ρ)|∇ ×B|2dx =

∫
(B · ∇)u ·Bdx.

Taking the sum of the above two equalities, and remarking that∫
(B · ∇)B · udx+

∫
(B · ∇)u ·Bdx = 0,

we have

1

2

d

dt

∫
(ρ|u(t)|2 + |B(t)|2)dx+

∫
(2µ(ρ)|d|2 + λ(ρ)|∇ ×B|2)dx ≤ 0.

Integrating with respect to time on [0, t] gives∫
(ρ|u(t)|2 + |B(t)|2)dx+

∫ t

0

∫
(µ(ρ)|d|2 + λ(ρ)|∇ ×B|2)dxds ≤ Cρ̄∥u0∥2L2 +C∥B0∥2L2 ,

since µ(ρ) ≥ µ and λ(ρ) ≥ λ, in view of Lemma 2.7, one also has∫
(ρ|u(t)|2 + |B(t)|2)dx+

∫ t

0

∫
(µ|∇u|2 + λ|∇B|2)dxds ≤ Cρ̄∥u0∥2L2 + C∥B0∥2L2 .

Denote
M = ∥∇µ(ρ0)∥Lq , N = ∥∇λ(ρ0)∥Lq ,

and

Mr =
1

µ
+
µ̄

µ

1

µ1/θr+1
· (4M)

1
θr , Nr =

1

λ
+

1

λ1/θr+1
· (4N)

1
θr , r ∈ [2, q).

It is convenient to introduce the sums of M and N , Mr and Nr, which will frequently
appear in our calculation.

L =M +N, Lr =Mr +Nr, r ∈ [2, q).
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Theorem 2.12. Suppose (ρ, u, P,B) is the unique local strong solution to (2.1.1)-(2.1.5) on
Ω× [0, T ], with the initial data (ρ0, u0, B0), and it satisfies

(2.3.3) sup
t∈[0,T ]

∥∇µ(ρ(t))∥Lq ≤ 4M, sup
t∈[0,T ]

∥∇λ(ρ(t))∥Lq ≤ 4N,

and
(2.3.4)

sup
t∈[0,T ]

(∥∇u(t)∥L2 + ∥∇B(t)∥L2)2 ≤ 16
(µ̄+ λ̄)(µ+ λ)

µλ
(∥∇u0∥L2 + ∥∇B0∥L2)2 ≤ 1.

There exist positive numbers C1, C2, depending only on Ω, q such that if

(2.3.5) C1 ·
(
µ+ λ

µλ

)2 (
L2
2 + L4L6

2

)
(ρ̄+ 1)4(∥∇u0∥L2 + ∥∇B0∥L2)2 ≤ log

4

3
,

and

(2.3.6) C2 ·

(
(µ̄+ λ̄)(µ+ λ)

µ2λ2

)1/2

(∥∇u0∥L2 + ∥∇B0∥L2) ≤ 1.

Then

(2.3.7)

4
µ+ λ

µλ

∫ T

0
(∥√ρut∥L2 + ∥Bt∥L2)2dt+ sup

t∈[0,T ]
(∥∇u(t)∥L2 + ∥∇B(t)∥L2)2

≤ 8
(µ̄+ λ̄)(µ+ λ)

µλ
(∥∇u0∥L2 + ∥∇B0∥L2)2.

Remark 2.13. In comparison with the corresponding Lemma 3.8 in Huang and Wang
[7] for inhomogeneous Navier-Stokes equations, the expression (2.3.5) is different from
(3.18) in [7], where the upper and lower bound of viscosity and resistivity coefficients
are all involved in (2.3.5). And we find (3.18) in [7] seems not to be correct in their
calculation when the viscosity is a function of density. See also the Chapter 1 for the
discussion of Navier-Stokes model.

Before proving Theorem 2.12, let us introduce an auxiliary lemma which is a result
of the W 2,2 estimates in the previous Lemma 2.8 and 2.9.

Lemma 2.14. Suppose (ρ, u, P,B) is the unique local strong solution to (2.1.1)-(2.1.5) on
Ω× [0, T ], with the initial data (ρ0, u0, B0), and it satisfies (2.3.3). Then it holds that

(2.3.8)
∥∇u∥H1 + ∥∇B∥H1

≤ CL2(
√
ρ̄+ 1)(∥√ρut∥L2 + ∥Bt∥L2) + CL2

2(ρ̄+ 1)2(∥∇u∥L2 + ∥∇B∥L2)3.

Proof. The momentum equations (2.1.1)2 can be written as follows,

(2.3.9) − 2div(µ(ρ)d) +∇P = −ρut − (ρu · ∇)u+ (B · ∇)B,
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following from Lemma 2.8 and Gagliardo-Nirenberg inequality that

∥∇u∥H1 ≤CM2(∥ρut∥L2 + ∥ρu · ∇u∥L2 + ∥B · ∇B∥L2)

≤CM2∥ρut∥L2 + CM2ρ̄∥u∥L6∥∇u∥L3 + CM2∥B∥L6∥∇B∥L3

≤CM2∥ρut∥L2 + CM2ρ̄∥∇u∥
3
2

L2∥∇u∥
1
2

H1 + CM2∥∇B∥
3
2

L2∥∇B∥
1
2

H1 .

The magneto equation (2.1.1)3 can be written as follows,

(2.3.10) ∇× (λ(ρ)∇×B) = −Bt − (u · ∇)B + (B · ∇)u,

also following from Lemma 2.9 and Gagliardo-Nirenberg inequality that

∥∇B∥H1 ≤CN2(∥Bt∥L2 + ∥u · ∇B∥L2 + ∥B · ∇u∥L2)

≤CN2(∥Bt∥L2 + ∥u∥L6∥∇B∥L3 + ∥B∥L6∥∇u∥L3)

≤CN2(∥Bt∥L2 + ∥∇u∥L2∥∇B∥
1
2

L2∥∇B∥
1
2

H1 + ∥∇B∥L2∥∇u∥
1
2

L2∥∇u∥
1
2

H1),

taking the sum of the above two inequalities and by use of Young’s inequality, we get

∥∇u∥H1 + ∥∇B∥H1 ≤ C(M2 +N2)(
√
ρ̄+ 1)(∥√ρut∥L2 + ∥Bt∥L2)

+ C(M2 +N2)
2(ρ̄+ 1)2(∥∇u∥L2 + ∥∇B∥L2)3.

Proof of Theorem 2.12. Multiplying the momentum equation (2.1.1)2 by ut and integrat-
ing over Ω yield

(2.3.11)

∫
ρ|ut|2dx+

∫
2µ(ρ)d : ∇utdx−

∫
(B · ∇B) · utdx+

∫
ρu · ∇u · utdx

= 0.

For the third term of left hand side of (2.3.11),

(2.3.12)

∫
(B · ∇B) · utdx

=
d

dt

∫
(B · ∇B) · udx−

∫
(Bt · ∇B) · udx−

∫
(B · ∇Bt) · udx

=
d

dt

∫
(B · ∇B) · udx−

∫
(Bt · ∇B) · udx+

∫
(B · ∇u) ·Btdx.

For the second term of left hand side of (2.3.11), use the fact that

∂t[µ(ρ)] + u · ∇µ(ρ) = 0,
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which is a consequence of mass equation and the fact divu = 0. Then

(2.3.13)

∫
2µ(ρ)d : ∇utdx =

d

dt

∫
2µ(ρ)d : ∇udx−

∫
2µ(ρ)td : ∇udx

=
d

dt

∫
2µ(ρ)d : ∇udx+

∫
2u · ∇µ(ρ)d : ∇udx

=
d

dt

∫
2µ(ρ)|d|2dx+

∫
2u · ∇µ(ρ)d : ∇udx.

Multiplying the magneto equation (2.1.1)3 by Bt and integrating over Ω yield

(2.3.14)

∫
|Bt|2dx+

d

dt

∫
λ(ρ)|∇ ×B|2dx

= −
∫
u · ∇B ·Btdx+

∫
B · ∇u ·Btdx−

∫
2u · ∇λ(ρ)|∇ ×B|2dx.

Here we also used the fact that ∂t[λ(ρ)] + u · ∇λ(ρ) = 0.

Thus, adding (2.3.14) to (2.3.11), together with (2.3.12)-(2.3.13) gives

(2.3.15)

∫
(ρ|ut|2 + |Bt|2)dx+

d

dt
K0

=

∫
(ρ|ut|2 + |Bt|2)dx+

d

dt

∫
(2µ(ρ)|d|2 + λ(ρ)|∇ ×B|2 − (B · ∇B) · u)dx

≤
∣∣∣∣∫ ρu · ∇u · utdx

∣∣∣∣+ C

∫
|∇µ(ρ)||u||∇u|2dx+ C

∫
|∇λ(ρ)||u||∇ ×B|2dx

+

∣∣∣∣∫ (Bt · ∇B) · udx
∣∣∣∣+ ∣∣∣∣∫ (u · ∇B) ·Btdx

∣∣∣∣+ ∣∣∣∣∫ B · ∇u ·Btdx

∣∣∣∣
:=

6∑
i=1

Ki.

Here K0 =
∫
(2µ(ρ)|d|2 + λ(ρ)|∇ ×B|2 − (B · ∇B) · u)dx.

Applying Gagliardo-Nirenberg inequality,

K1 =

∣∣∣∣∫ ρu · ∇u · utdx
∣∣∣∣

≤ 1

8
∥√ρut∥2L2 + C∥√ρu∥2L6∥∇u∥2L3

≤ 1

8
∥√ρut∥2L2 + Cρ̄∥∇u∥3L2∥∇u∥H1 ,

and

K2 +K3 = C

∫
|∇µ(ρ)| · |u| · |∇u|2dx+ C

∫
|∇λ(ρ)||u||∇ ×B|2dx

≤ C∥∇µ(ρ)∥L3∥u∥L6∥∇u∥2L4 + C∥∇λ(ρ)∥L3∥u∥L6∥∇B∥2L4

≤ C∥∇µ(ρ)∥L3∥∇u∥
3
2

L2∥∇u∥
3
2

H1 + C∥∇λ(ρ)∥L3∥∇u∥L2∥∇B∥
1
2

L2∥∇B∥
3
2

H1

≤ CM∥∇u∥
3
2

L2∥∇u∥
3
2

H1 + CN∥∇u∥L2∥∇B∥
1
2

L2∥∇B∥
3
2

H1

≤ CL(∥∇u∥L2 + ∥∇B∥L2)
3
2 (∥∇u∥H1 + ∥∇B∥H1)

3
2 .
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The remaining terms can be estimated in a similar way,

K4 +K5 =

∣∣∣∣∫ (Bt · ∇B) · udx
∣∣∣∣+ ∣∣∣∣∫ (u · ∇B) ·Btdx

∣∣∣∣
≤ 1

8
∥Bt∥2L2 + C∥u∥2L6∥∇B∥2L3

≤ 1

8
∥Bt∥2L2 + C∥∇u∥2L2∥∇B∥L2∥∇B∥H1 ,

and

K6 =

∣∣∣∣∫ B · ∇u ·Btdx

∣∣∣∣
≤ 1

8
∥Bt∥2L2 + C∥B∥2L6∥∇u∥2L3

≤ 1

8
∥Bt∥2L2 + C∥∇B∥2L2∥∇u∥L2∥∇u∥H1 .

Owing to the assumption (2.3.5), we have

(2.3.16)

K0 =

∫
(2µ(ρ)|d|2 + λ(ρ)|∇ ×B|2 − (B · ∇B) · u)dx

≥
∫
(2µ(ρ)|d|2 + λ(ρ)|∇ ×B|2)dx− ∥B∥L3∥∇B∥L2∥u∥L6

≥
∫
(µ|∇u|2 + λ|∇B|2)dx− C∥∇B∥L2∥∇B∥L2∥∇u∥L2

≥ µ∥∇u∥2L2 + λ∥∇B∥2L2

− C2 ·

(
(µ̄+ λ̄)(µ+ λ)

µλ

)1/2

(∥∇u0∥L2 + ∥∇B0∥L2)∥∇B∥L2∥∇u∥L2

≥ 1

2
(µ∥∇u∥2L2 + λ∥∇B∥2L2)

≥ 1

4

µλ

µ+ λ
(∥∇u∥L2 + ∥∇B∥L2)2,

provided that

(2.3.17) C2 ·

(
(µ̄+ λ̄)(µ+ λ)

µ2λ2

)1/2

(∥∇u0∥L2 + ∥∇B0∥L2) ≤ 1.
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With the Lemma 2.14, then

6∑
i=1

Ki ≤
1

4
(∥√ρut∥2L2 + ∥Bt∥2L2) + Cρ̄∥∇u∥3L2∥∇u∥H1 + C∥∇u∥2L2∥∇B∥L2∥∇B∥H1

+ C∥∇B∥2L2∥∇u∥L2∥∇u∥H1 + CL(∥∇u∥L2 + ∥∇B∥L2)
3
2 (∥∇u∥H1 + ∥∇B∥H1)

3
2

≤ C(ρ̄+ 1)(∥∇u∥L2 + ∥∇B∥L2)3 · L2(
√
ρ̄+ 1)(∥√ρut∥L2 + ∥Bt∥L2)

+ C(ρ̄+ 1)(∥∇u∥L2 + ∥∇B∥L2)3 · L2
2(ρ̄+ 1)2(∥∇u∥L2 + ∥∇B∥L2)3

+ CL(∥∇u∥L2 + ∥∇B∥L2)
3
2 [L2(

√
ρ̄+ 1)(∥√ρut∥L2 + ∥Bt∥L2)]

3
2

+ CL(∥∇u∥L2 + ∥∇B∥L2)
3
2 [L2

2(ρ̄+ 1)2(∥∇u∥L2 + ∥∇B∥L2)3]
3
2

+
1

4
(∥√ρut∥2L2 + ∥Bt∥2L2)

≤ 1

2
(∥√ρut∥2L2 + ∥Bt∥2L2) + C

(
L2
2 + L4L6

2 + LL3
2

)
(ρ̄+ 1)3 · (∥∇u∥L2 + ∥∇B∥L2)6.

Combining all the obtained estimates, we have

(2.3.18)

∫
(ρ|ut|2 + |Bt|2)dx+

d

dt
K0

≤ C
(
L2
2 + L4L6

2 + LL3
2

)
(ρ̄+ 1)3(∥∇u∥L2 + ∥∇B∥L2)6

≤ C
µ+ λ

µλ

(
L2
2 + L4L6

2

)
(ρ̄+ 1)3(∥∇u∥L2 + ∥∇B∥L2)4 ·K0,

Applying Gronwall’s inequality

4
µ+ λ

µλ

∫ T

0

∫
(ρ|ut|2 + |Bt|2)dx+ sup

t∈[0,T ]
(∥∇u∥L2 + ∥∇B∥L2)2

≤ 4
µ+ λ

µλ
K0|t=0 · exp

{
C
µ+ λ

µλ

(
L2
2 + L4L6

2

)
(ρ̄+ 1)3

∫ T

0
(∥∇u∥L2 + ∥∇B∥L2)4dt

}
≤ 6

(µ̄+ λ̄)(µ+ λ)

µλ
(∥∇u0∥L2 + ∥∇B0∥L2)2

× exp

{
C
µ+ λ

µλ

(
L2
2 + L4L6

2

)
(ρ̄+ 1)3

∫ T

0
(∥∇u∥L2 + ∥∇B∥L2)4dt

}
.

According to the Lemma 2.11 and the assumption (2.3.3)-(2.3.4),

(2.3.19)

∫ T

0
(∥∇u∥L2 + ∥∇B∥L2)4dt

≤ sup
t∈[0,T ]

(∥∇u∥L2 + ∥∇B∥L2)2 ·
∫ T

0
(∥∇u∥L2 + ∥∇B∥L2)2dt

≤ C
(µ+ λ)(ρ̄+ 1)

µλ
(∥u0∥L2 + ∥B0∥L2)2

≤ C
(µ+ λ)(ρ̄+ 1)

µλ
(∥∇u0∥L2 + ∥∇B0∥L2)2.
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Hence, we arrive at
(2.3.20)

4
µ+ λ

µλ

∫ T

0

∫
(ρ|ut|2 + |Bt|2)dx+ sup

t∈[0,T ]
(∥∇u∥L2 + ∥∇B∥L2)2

≤ 6 ·
(µ̄+ λ̄)(µ+ λ)

µλ
(∥∇u0∥L2 + ∥∇B0∥L2)2 · exp

{
Π · (∥∇u0∥L2 + ∥∇B0∥L2)2

}
Here, Π = C1 ·

(
µ+λ

µλ

)2 (
L2
2 + L4L6

2

)
(ρ̄+1)4. Now it is clear that (2.3.7) holds, provided

(2.3.5) holds.

As a byproduct of the estimate in the proof, we have the following time weighted
estimate.

Theorem 2.15. Suppose (ρ, u, P,B) is the unique local strong solution to (2.1.1)-(2.1.5) on
Ω × [0, T ], with the initial data (ρ0, u0, B0), and it satisfies the assumptions (2.3.3)-(2.3.6) as
in Theorem 2.12. Then

(2.3.21)

µ+ λ

µλ

∫ T

0
t(∥√ρut∥L2 + ∥Bt∥L2)2dx+ sup

t∈[0,T ]
t(∥∇u∥L2 + ∥∇B∥L2)2

≤ C
(µ+ λ)(ρ̄+ 1)

µλ
(∥∇u0∥L2 + ∥∇B0∥L2)2.

Proof. Multiplying (2.3.18) by t, as shown in the last proof, one has

(2.3.22)

∫
t(ρ|ut|2 + |Bt|2)dx+

d

dt
(tK0)

≤ K0 + C
µ+ λ

µλ

(
L2
2 + L4L6

2

)
(ρ̄+ 1)3(∥∇u∥L2 + ∥∇B∥L2)4 · tK0,

Applying Gronwall’s inequality,

4
µ+ λ

µλ

∫ T

0
t(∥√ρut∥L2 + ∥Bt∥L2)2dt+ sup

t∈[0,T ]
t(∥∇u∥L2 + ∥∇B∥L2)2

≤ 4
µ+ λ

µλ

∫ T

0
K0(t)dt · exp

{
Π · (∥∇u0∥L2 + ∥∇B0∥L2)2

}
According to Theorem 2.11 and assumption (2.3.5),

(2.3.23)

∫ T

0
K0(t)dt =

∫ T

0

∫
(2µ(ρ)|d|2 + λ(ρ)|∇B|2 − (B · ∇)B · u)dxdt

≤ C(ρ̄+ 1)(∥∇u0∥L2 + ∥∇B0∥L2)2.
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Hence, owing to the assumption (2.3.4),

µ+ λ

µλ

∫ T

0
t(∥√ρut∥L2 + ∥Bt∥L2)2dx+ sup

t∈[0,T ]
t(∥∇u∥L2 + ∥∇B∥L2)2

≤ C
(µ+ λ)(ρ̄+ 1)

µλ
(∥∇u0∥L2 + ∥∇B0∥L2)2 · exp

{
Π · (∥∇u0∥L2 + ∥∇B0∥L2)2

}
≤ C

(µ+ λ)(ρ̄+ 1)

µλ
(∥∇u0∥L2 + ∥∇B0∥L2)2.

Theorem 2.16. Suppose (ρ, u, P,B) is the unique local strong solution to (2.1.1)-(2.1.5) on
Ω × [0, T ], with the initial data (ρ0, u0, B0), and it satisfies the assumptions (2.3.3)-(2.3.6),
there exists a positive number C3 depending only on Ω, q, such that if

(2.3.24) C3 ·

(
(µ̄+ λ̄)(µ+ λ)

µ2λ2

)1/2

· (∥∇u0∥L2 + ∥∇B0∥L2) ≤
1

8
,

then

(2.3.25)
sup

t∈[0,T ]
t(∥√ρut∥L2 + ∥Bt∥L2)2 +

∫ T

0
t(µ∥∇ut∥2L2 + λ∥∇Bt∥2L2)

≤ C(∥∇u0∥L2 + ∥∇B0∥L2)2 ·Θ1 · exp{CΘ2},

and

(2.3.26)

sup
t∈[0,T ]

t2(∥√ρut∥L2 + ∥Bt∥L2)2 +

∫ T

0
t2(µ∥∇ut∥2L2 + λ∥∇Bt∥2L2)

≤ C
(µ+ λ)(ρ̄+ 1)

µλ
(∥∇u0∥L2 + ∥∇B0∥L2)2 ·Θ1 · exp{CΘ2},

where

(2.3.27)

Θ1 =
L4
2(ρ̄+ 1)8(µ+ λ)2

µ3λ2
+
L2L8

2(ρ̄+ 1)10(µ+ λ)3

µ3λ3
+ (µ̄+ λ̄),

Θ2 =
(ρ̄+ 1)4(µ+ λ)4

µ4λ4
+
L2
2(ρ̄+ 1)4(µ+ λ)

µ2λ
+
L2L4

2(ρ̄+ 1)2(µ̄+ λ̄)(µ+ λ)

µλ
.

Proof. Differentiate the momentum equations (2.1.1)2 with respect to t, one has

(2.3.28)
ρutt + (ρu) · ∇ut − div(2µ(ρ)dt) +∇Pt

=− ρtut − (ρu)t · ∇u+ div(2µ(ρ)td) + (B · ∇)Bt + (Bt · ∇)B.
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Multiplying (2.3.28) by tut and integrating over Ω, we get after integration by parts that

(2.3.29)

t

2

d

dt

∫
ρ|ut|2dx+ 2t

∫
µ(ρ)|dt|2dx

=− t

∫
ρt|ut|2dx− t

∫
(ρu)t · ∇u · utdx− t

∫
2µ(ρ)t · d · ∇utdx

+ t

∫
(B · ∇)Bt · utdx+ t

∫
(Bt · ∇)B · utdx.

Differentiate the magneto equations (2.1.1)3 with respect to t, one has

(2.3.30)
Btt +∇× (λ(ρ)∇×Bt) + (u · ∇)Bt + (ut · ∇)B

=−∇× (λ(ρ)t∇×B) + (B · ∇)ut + (Bt · ∇)u.

Multiplying (2.3.30) by tBt and integrating over Ω, we get after integration by parts
that

(2.3.31)

t

2

d

dt

∫
|Bt|2dx+ t

∫
λ(ρ)|∇ ×Bt|2dx

=− t

∫
(ut · ∇)B ·Btdx+ t

∫
(B · ∇)ut ·Btdx+ t

∫
(Bt · ∇)u ·Btdx

− t

∫
λ(ρ)t(∇×B) · (∇×Bt)dx.

Adding (2.3.31) to (2.3.29), one has

(2.3.32)

t

2

d

dt

∫
(ρ|ut|2 + |Bt|2)dx+ t

∫
(2µ(ρ)|dt|2 + λ(ρ)|∇ ×Bt|2)dx

=− t

∫
ρt|ut|2dx− t

∫
(ρu)t · ∇u · utdx− t

∫
2µ(ρ)t · d · ∇utdx

− t

∫
λ(ρ)t∇×B · ∇ ×Btdx− t

∫
(ut · ∇)B ·Btdx

+ t

∫
(Bt · ∇)B · utdx+ t

∫
(Bt · ∇)u ·Btdx

=:
7∑

i=1

Ii.

Let us estimate the terms on the right hand side. First, utilizing the mass equation and
Poincaré inequality, one has

(2.3.33)

I1 = −t
∫
ρt|ut|2dx

= −2t

∫
ρu · ∇ut · utdx

≤ Cρ̄
1
2 t∥√ρut∥L3∥∇ut∥L2∥u∥L6

≤ Cρ̄
1
2 t∥√ρut∥

1
2

L2∥
√
ρut∥

1
2

L6∥∇ut∥L2∥u∥L6

≤ Cρ̄
3
4 t∥√ρut∥

1
2

L2∥∇ut∥
3
2

L2∥∇u∥L2

≤ 1

8
µt∥∇ut∥2L2 + Cµ−3ρ̄3t∥√ρut∥2L2∥∇u∥4L2 .
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Second, utilizing the equation for µ(ρ),

(2.3.34)

I3 = −t
∫

2µ(ρ)t · d · ∇utdx

≤ Ct

∫
|u||∇µ(ρ)||d||∇ut|dx

≤ Ct∥∇µ(ρ)∥L3∥∇ut∥L2∥d∥L6∥u∥L∞

≤ CMt∥∇ut∥L2∥∇u∥2H1

≤ 1

8
µt∥∇ut∥2L2 + C

M2

µ
t∥∇u∥4H1 .

Similarly, utilizing the equation for λ(ρ),

(2.3.35)

I4 = −t
∫
λ(ρ)t · (∇×B) · (∇×Bt)dx

≤ Ct

∫
|u||∇λ(ρ)||∇ ×B||∇ ×Bt|dx

≤ Ct∥∇λ(ρ)∥L3∥∇ ×Bt∥L2∥∇ ×B∥L6∥u∥L∞

≤ CNt∥∇Bt∥L2∥∇u∥H1∥∇B∥H1

≤ 1

8
λt∥∇Bt∥2L2 + C

N2

λ
t∥∇u∥2H1∥∇B∥2H1 .

It follows from Lemma 2.14 that
(2.3.36)

I3+I4 = −t
∫

2µ(ρ)t · d · ∇utdx− t

∫
λ(ρ)t(∇×B) · (∇×Bt)dx

≤ 1

8
t(µ∥∇ut∥2L2 + λ∥∇Bt∥2L2) +

CL2(µ+ λ)

µλ
L8
2(ρ̄+ 1)8t(∥∇u∥L2 + ∥∇B∥L2)12

+
CL2(µ+ λ)

µλ
L4
2(ρ̄+ 1)2t(∥√ρut∥L2 + ∥Bt∥L2)4.

Taking account into the mass equation again, we arrive at

(2.3.37)

I2 = −t
∫
(ρu)t · ∇u · utdx

= −t
∫
ρu · ∇(u · ∇u · ut)dx− t

∫
ρut · ∇u · utdx

≤ t

∫
ρ|u| · |∇u|2 · |ut|dx+ Ct

∫
ρ|u|2 · |∇2u| · |ut|dx

+ t

∫
ρ|u|2 · |∇u| · |∇ut|dx+ t

∫
ρ|ut|2 · |∇u|dx

=: I21 + I22 + I23 + I24.
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Hence, it follows from Sobolev embedding inequality, Gagliardo-Nirenberg inequality,
and Lemma 2.14 that
(2.3.38)

I21 ≤Cρ̄t∥ut∥L6∥u∥L6∥∇u∥2L3

≤Cρ̄t∥∇ut∥L2∥∇u∥2L2∥∇u∥H1

≤Cρ̄t∥∇ut∥L2∥∇u∥2L2L2(
√
ρ̄+ 1)(∥√ρut∥L2 + ∥Bt∥L2)

+ Cρ̄t∥∇ut∥L2∥∇u∥2L2L
2
2(ρ̄+ 1)2(∥∇u∥L2 + ∥∇B∥L2)3

≤1

8
µt∥∇ut∥2L2 +

CL2
2(ρ̄+ 1)3

µ
t(∥√ρut∥L2 + ∥Bt∥L2)2∥∇u∥4L2

+
CL4

2(ρ̄+ 1)6

µ
t∥∇u∥4L2(∥∇u∥L2 + ∥∇B∥L2)6

≤1

8
µt∥∇ut∥2L2 +

CL2
2(ρ̄+ 1)3

µ
t(∥√ρut∥L2 + ∥Bt∥L2)2(∥∇u∥L2 + ∥∇B∥L2)4

+
CL4

2(ρ̄+ 1)6

µ
t(∥∇u∥L2 + ∥∇B∥L2)10.

Similarly,
(2.3.39)

I22 ≤Cρ̄t∥ut∥L6∥∇2u∥L2∥u∥2L6

≤Cρ̄t∥∇ut∥L2∥∇u∥2L2∥∇u∥H1

≤1

8
µt∥∇ut∥2L2 +

CL2
2(ρ̄+ 1)3

µ
t(∥√ρut∥L2 + ∥Bt∥L2)2(∥∇u∥L2 + ∥∇B∥L2)4

+
CL4

2(ρ̄+ 1)6

µ
t(∥∇u∥L2 + ∥∇B∥L2)10,

and
(2.3.40)

I23 ≤Cρ̄t∥∇ut∥L2∥∇u∥L6∥u∥2L6

≤Cρ̄t∥∇ut∥L2∥∇u∥2L2∥∇u∥H1

≤1

8
µt∥∇ut∥2L2 +

CL2
2(ρ̄+ 1)3

µ
t(∥√ρut∥L2 + ∥Bt∥L2)2(∥∇u∥L2 + ∥∇B∥L2)4

+
CL4

2(ρ̄+ 1)6

µ
t(∥∇u∥L2 + ∥∇B∥L2)10,

and

(2.3.41)

I24 ≤Ct∥
√
ρut∥2L4∥∇u∥L2

≤Ct∥√ρut∥
1
2

L2 ρ̄
3
4 ∥∇ut∥

3
2

L2∥∇u∥L2

≤1

8
µt∥∇ut∥2L2 + Cµ−3ρ̄3t∥√ρut∥2L2∥∇u∥4L2 .
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Let us continue to estimate the remaining three terms,
(2.3.42)

I5 + I6 ≤
∣∣∣∣t∫ (ut · ∇)B ·Btdx

∣∣∣∣+ ∣∣∣∣t∫ (Bt · ∇)B · utdx
∣∣∣∣

≤Ct∥ut∥L6∥∇Bt∥L2∥B∥L3 + Ct∥Bt∥L6∥∇ut∥L2∥B∥L3

≤C∥∇B∥L2 · t∥∇ut∥L2∥∇Bt∥L2

≤C3 ·

(
(µ̄+ λ̄)(µ+ λ)

µλ

)1/2

· (∥∇u0∥L2 + ∥∇B0∥L2) · t∥∇ut∥L2∥∇Bt∥L2

≤1

8
t(µ∥∇ut∥2L2 + λ∥∇Bt∥2L2)

provided that

(2.3.43) C3 ·

(
(µ̄+ λ̄)(µ+ λ)

µ2λ2

)1/2

· (∥∇u0∥L2 + ∥∇B0∥L2) ≤
1

8
.

Finally,

(2.3.44)

I7 =t

∫
(Bt · ∇)u ·Btdx

≤Ct∥Bt∥2L4∥∇u∥L2

≤Ct∥Bt∥
1
2

L2∥∇Bt∥
3
2

L2∥∇u∥L2

≤1

8
λt∥∇Bt∥2L2 + Cλ−3∥Bt∥2L2∥∇u∥4L2

Combine all the above estimates (2.3.33)-(2.3.45),

(2.3.45)

d

dt

(
t

∫
(ρ|ut|2 + |Bt|2)dx

)
+

∫
t(µ|∇ut|2 + λ|∇Bt|2)dx

≤ C
(µ+ λ)3(ρ̄+ 1)3

µ3λ3
t(∥√ρut∥L2 + ∥Bt∥L2)2(∥∇u∥L2 + ∥∇B∥L2)4

+
CL2

2(ρ̄+ 1)3

µ
t(∥√ρut∥L2 + ∥Bt∥L2)2(∥∇u∥L2 + ∥∇B∥L2)4

+
CL4

2(ρ̄+ 1)6

µ
t(∥∇u∥L2 + ∥∇B∥L2)10 +

∫
(ρ|ut|2 + |Bt|2)dx

+
CL2L4

2(ρ̄+ 1)2(µ+ λ)

µλ
t(∥√ρut∥L2 + ∥Bt∥L2)4

+
CL2L8

2(ρ̄+ 1)8(µ+ λ)

µλ
t(∥∇u∥L2 + ∥∇B∥L2)12.
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Applying Gronwall’s inequality,

sup
t∈[0,T ]

t

∫
(ρ|ut|2 + |Bt|2)dx+

∫ T

0
t(µ∥∇ut∥2L2 + λ∥∇Bt∥2L2)dt

≤ C

[∫ T

0

(L4
2(ρ̄+ 1)6

µ
t(∥∇u∥L2 + ∥∇B∥L2)10

+
L2L8

2(ρ̄+ 1)8(µ+ λ)

µλ
t(∥∇u∥L2 + ∥∇B∥L2)12 + (∥√ρut∥L2 + ∥Bt∥L2)2

)
dt

]

× exp

{∫ T

0

[(C(µ+ λ)3(ρ̄+ 1)3

µ3λ3
+
CL2

2(ρ̄+ 1)3

µ

)
(∥∇u∥L2 + ∥∇B∥L2)4

+
CL2L4

2(ρ̄+ 1)2(µ+ λ)

µλ
(∥√ρut∥L2 + ∥Bt∥L2)2

]
dt

}
.

Taking some previous estimates into account,

sup
t∈[0,T ]

t

∫
(ρ|ut|2 + |Bt|2)dx+

∫ T

0
t(µ∥∇ut∥2L2 + λ∥∇Bt∥2L2)dt

≤ C

[∫ T

0

(L4
2(ρ̄+ 1)6

µ
t(∥∇u∥L2 + ∥∇B∥L2)10

+
L2L8

2(ρ̄+ 1)8(µ+ λ)

µλ
t(∥∇u∥L2 + ∥∇B∥L2)12 + (∥√ρut∥L2 + ∥Bt∥L2)2

)
dt

]

× exp

{
C
((µ+ λ)4(ρ̄+ 1)4

µ4λ4
+
L2
2(ρ̄+ 1)4(µ+ λ)

µ2λ
+
L2L4

2(ρ̄+ 1)2(µ+ λ)(µ̄+ λ̄)

µλ

)}
,

According to Theorem 2.15 and the assumption (2.3.4),∫ T

0
t(∥∇u∥L2 + ∥∇B∥L2)10dt

≤ sup
t∈[0,T ]

t(∥∇u∥L2 + ∥∇B∥L2)2 · sup
t∈[0,T ]

(∥∇u∥L2 + ∥∇B∥L2)6

×
∫ T

0
(∥∇u∥L2 + ∥∇B∥L2)2dt

≤
C(ρ̄+ 1)2(µ+ λ)2

µ2λ2
(∥u0∥L2 + ∥B0∥L2)2

≤
C(ρ̄+ 1)2(µ+ λ)2

µ2λ2
(∥∇u0∥L2 + ∥∇B0∥L2)2.

Similarly, ∫ T

0
t(∥∇u∥L2 + ∥∇B∥L2)12dt

≤
C(ρ̄+ 1)2(µ+ λ)2

µ2λ2
(∥∇u0∥L2 + ∥∇B0∥L2)2.
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And by virtue of Theorem 2.12,∫ T

0
(∥√ρut∥L2 + ∥Bt∥L2)2dt ≤ 2(µ̄+ λ̄)(∥∇u0∥L2 + ∥∇B0∥L2)2.

Hence,
(2.3.46)

sup
t∈[0,T ]

t

∫
(ρ|ut|2 + |Bt|2)dx+

∫ T

0
t(µ∥∇ut∥2L2 + λ∥∇Bt∥2L2)dt

≤ C(∥∇u0∥L2 + ∥∇B0∥L2)2

×
(L4

2(ρ̄+ 1)8(µ+ λ)2

µ3λ2
+
L2L8

2(ρ̄+ 1)10(µ+ λ)3

µ3λ3
+ (µ̄+ λ̄)

)
× exp

{
C
((µ+ λ)4(ρ̄+ 1)4

µ4λ4
+
L2
2(ρ̄+ 1)4(µ+ λ)

µ2λ
+
L2L4

2(ρ̄+ 1)2(µ+ λ)(µ̄+ λ̄)

µλ

)}
.

On the other hand, multiplying (2.3.45) by t, one has

d

dt

(
t2

2

∫
(ρ|ut|2 + |Bt|2)dx

)
+

∫
t2(µ|∇ut|2 + λ|∇Bt|2)dx

≤ C
(µ+ λ)3(ρ̄+ 1)3

µ3λ3
t2(∥√ρut∥L2 + ∥Bt∥L2)2(∥∇u∥L2 + ∥∇B∥L2)4

+
CL2

2(ρ̄+ 1)3

µ
t2(∥√ρut∥L2 + ∥Bt∥L2)2(∥∇u∥L2 + ∥∇B∥L2)4

+
CL4

2(ρ̄+ 1)6

µ
t2(∥∇u∥L2 + ∥∇B∥L2)10 + t

∫
(ρ|ut|2 + |Bt|2)dx

+
CL2L4

2(ρ̄+ 1)2(µ+ λ)

µλ
t2(∥√ρut∥L2 + ∥Bt∥L2)4

+
CL2L8

2(ρ̄+ 1)8(µ+ λ)

µλ
t2(∥∇u∥L2 + ∥∇B∥L2)12.

Applying Gronwall’s inequality,

sup
t∈[0,T ]

t2
∫
(ρ|ut|2 + |Bt|2)dx+

∫ T

0
t2(µ∥∇ut∥2L2 + λ∥∇Bt∥2L2)dt

≤ C

[∫ T

0

(L4
2(ρ̄+ 1)6

µ
t2(∥∇u∥L2 + ∥∇B∥L2)10

+
L2L8

2(ρ̄+ 1)8(µ+ λ)

µλ
t2(∥∇u∥L2 + ∥∇B∥L2)12 + t(∥√ρut∥L2 + ∥Bt∥L2)2

)
dt

]

× exp

{∫ T

0

[(C(µ+ λ)3(ρ̄+ 1)3

µ3λ3
+
CL2

2(ρ̄+ 1)3

µ

)
(∥∇u∥L2 + ∥∇B∥L2)4

+
CL2L4

2(ρ̄+ 1)2(µ+ λ)

µλ
(∥√ρut∥L2 + ∥Bt∥L2)2

]
dt

}
.
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According to Theorem 2.14,∫ T

0
t2(∥∇u∥L2 + ∥∇B∥L2)10dt

≤ sup
t∈[0,T ]

t2(∥∇u∥L2 + ∥∇B∥L2)4 · sup
t∈[0,T ]

(∥∇u∥L2 + ∥∇B∥L2)4

×
∫ T

0
(∥∇u∥L2 + ∥∇B∥L2)2dt

≤
C(ρ̄+ 1)3(µ+ λ)3

µ3λ3
(∥u0∥L2 + ∥B0∥L2)2

≤
C(ρ̄+ 1)3(µ+ λ)3

µ3λ3
(∥∇u0∥L2 + ∥∇B0∥L2)2.

Similarly,∫ T

0
t2(∥∇u∥L2 + ∥∇B∥L2)12dt ≤

C(ρ̄+ 1)3(µ+ λ)3

µ3λ3
(∥∇u0∥L2 + ∥∇B0∥L2)2,

and ∫ T

0
t(∥√ρut∥L2 + ∥Bt∥L2)2dt ≤ C(ρ̄+ 1)(∥∇u0∥L2 + ∥∇B0∥L2)2.

Hence,
(2.3.47)

sup
t∈[0,T ]

t2
∫

(ρ|ut|2 + |Bt|2)dx+

∫ T

0
t2(µ∥∇ut∥2L2 + λ∥∇Bt∥2L2)dt

≤ C(∥∇u0∥L2 + ∥∇B0∥L2)2 ·
(L4

2(ρ̄+ 1)9(µ+ λ)3

µ4λ3
+
L2L8

2(ρ̄+ 1)11(µ+ λ)4

µ4λ4
+ (ρ̄+ 1)

)
× exp

{
C

(
(µ+ λ)4(ρ̄+ 1)4

µ4λ4
+
L2
2(ρ̄+ 1)4(µ+ λ)

µ2λ
+
L2L4

2(ρ̄+ 1)2(µ+ λ)(µ̄+ λ̄)

µλ

)}
,

which completes the proof of the Theorem 2.16.

Lemma 2.17. Suppose (ρ, u, P,B) is the unique local strong solution to (2.1.1)-(2.1.5) on
Ω× [0, T ], with the initial data (ρ0, u0, B0), and it satisfies the assumptions (2.3.3)-(2.3.6) and
(2.3.24), then for any r ∈ (3,min{q, 6})
(2.3.48)∫ T

0
(∥∇u∥L∞ + ∥∇B∥L∞)dt ≤ C(∥∇u0∥L2 + ∥∇B0∥L2) · C4(M,N, ρ̄, µ, µ̄, λ, λ̄),

where

C4(M,N, ρ̄, µ, µ̄, λ, λ̄)

:= Lr(ρ̄+ 1)
5r−6
4r

(
µ+ λ

µλ

) 3(r−2)
4r

(
1 +

(ρ̄+ 1)(µ+ λ)

µλ

) 1
2

·Θ
1
2
1 · exp{CΘ2}

+ L
5r−6

r
r (ρ̄+ 1)

6(r−1)
r

µ+ λ

µλ
,
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Θi(i = 1, 2) is given by (2.3.27).

Proof. By virtue of Lemma 2.8 and 2.9, one has for r ∈ (3,min{q, 6})

∥∇u∥W 1,r ≤CMr(∥ρut∥Lr + ∥ρu · ∇u∥Lr + ∥B · ∇B∥Lr)

≤CMr

(
∥ρut∥

6−r
2r

L2 · ∥ρut∥
3(r−2)

2r

L6 + ρ̄∥u∥L6∥∇u∥L6r/(6−r)

+ ∥B∥L6∥∇B∥L6r/(6−r)

)
≤CMr

(
∥ρut∥

6−r
2r

L2 · ∥ρut∥
3(r−2)

2r

L6 + ρ̄∥∇u∥
6(r−1)
5r−6

L2 · ∥∇u∥
4r−6
5r−6

W 1,r

+ ∥∇B∥
6(r−1)
5r−6

L2 · ∥∇B∥
4r−6
5r−6

W 1,r

)
,

and

∥∇B∥W 1,r ≤ CNr(∥Bt∥Lr + ∥u · ∇B∥Lr + ∥B · ∇u∥Lr)

≤ CNr

(
∥Bt∥

6−r
2r

L2 · ∥Bt∥
3(r−2)

2r

L6 + ∥u∥L6∥∇B∥L6r/(6−r)

+ ∥B∥L6∥∇u∥L6r/(6−r))

≤ CNr

(
∥Bt∥

6−r
2r

L2 · ∥Bt∥
3(r−2)

2r

L6 + ∥∇u∥L2∥∇B∥
r

5r−6

L2 · ∥∇B∥
4r−6
5r−6

W 1,r

+ ∥∇B∥L2∥∇u∥
r

5r−6

L2 · ∥∇u∥
4r−6
5r−6

W 1,r

)
.

Taking the sum of above two inequalities, applying Young’s inequality and Sobolev
inequality,

∥∇u∥W 1,r + ∥∇B∥W 1,r

≤CLr(ρ̄+ 1)
5r−6
4r (∥√ρut∥L2 + ∥Bt∥L2)

6−r
2r · (∥∇ut∥L2 + ∥∇Bt∥L2)

3(r−2)
2r

+ CL
5r−6

r
r (ρ̄+ 1)

5r−6
r (∥∇u∥L2 + ∥∇B∥L2)

6(r−1)
r .

Hence,∫ T

0
(∥∇u∥L∞ + ∥∇B∥L∞)dt

≤ C

∫ T

0
(∥∇u∥W 1,r + ∥∇B∥W 1,r)dt

≤ C

∫ T

0

[
Lr(ρ̄+ 1)

5r−6
4r (∥√ρut∥L2 + ∥Bt∥L2)

6−r
2r · (∥∇ut∥L2 + ∥∇Bt∥L2)

3(r−2)
2r

+ L
5r−6

r
r (ρ̄+ 1)

5r−6
r (∥∇u∥L2 + ∥∇B∥L2)

6(r−1)
r

]
dt.
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Define σ(T ) = min{1, T}, for T ≥ 0, then according to Theorem 2.16,∫ T

0
(∥√ρut∥L2 + ∥Bt∥L2)

6−r
2r · (∥∇ut∥L2 + ∥∇Bt∥L2)

3(r−2)
2r dt

=

∫ σ(T )

0
(∥√ρut∥L2 + ∥Bt∥L2)

6−r
2r · (∥∇ut∥L2 + ∥∇Bt∥L2)

3(r−2)
2r dt

+

∫ T

σ(T )
(∥√ρut∥L2 + ∥Bt∥L2)

6−r
2r · (∥∇ut∥L2 + ∥∇Bt∥L2)

3(r−2)
2r dt

=

∫ σ(T )

0
[t

1
2 (∥√ρut∥L2 + ∥Bt∥L2)]

6−r
2r · [t

1
2 (∥∇ut∥L2 + ∥∇Bt∥L2)]

3(r−2)
2r t−

1
2dt

+

∫ T

σ(T )
[t(∥√ρut∥L2 + ∥Bt∥L2)]

6−r
2r · [t(∥∇ut∥L2 + ∥∇Bt∥L2)]

3(r−2)
2r t−1dt

≤ C[ sup
t∈[0,σ(T )]

t(∥√ρut∥L2 + ∥Bt∥L2)2]
6−r
4r

×

[∫ σ(T )

0
t(∥∇ut∥L2 + ∥∇Bt∥L2)2dt

] 3(r−2)
4r

[∫ σ(T )

0
t−

2r
r+6dt

] r+6
4r

+ C[ sup
t∈[σ(T ),T ]

t2(∥√ρut∥L2 + ∥Bt∥L2)2]
6−r
4r

×

[∫ T

σ(T )
t2(∥∇ut∥L2 + ∥∇Bt∥L2)2dt

] 3(r−2)
4r

[∫ T

σ(T )
t−

4r
r+6dt

] r+6
4r

≤ C

(
µ+ λ

µλ

) 3(r−2)
4r

(∥∇u0∥L2 + ∥∇B0∥L2)

(
1 +

(ρ̄+ 1)(µ+ λ)

µλ

) 1
2

Θ
1
2
1 exp{CΘ2}.

On the other hand,∫ T

0
(∥∇u∥L2 + ∥∇B∥L2)

6(r−1)
r dt

≤ sup
t∈[0,T ]

(∥∇u∥L2 + ∥∇B∥L2)
(4r−6)

r

∫ T

0
(∥∇u∥L2 + ∥∇B∥L2)2dt

≤
C(ρ̄+ 1)(µ+ λ)

µλ
(∥∇u0∥L2 + ∥∇B0∥L2)2.

Therefore,∫ T

0
(∥∇u∥L∞ + ∥∇B∥L∞)dt

≤ C(∥∇u0∥L2 + ∥∇B0∥L2)

[
Lr(ρ̄+ 1)

5r−6
4r

(
µ+ λ

µλ

) 3(r−2)
4r

(
1 +

(ρ̄+ 1)(µ+ λ)

µλ

) 1
2

·Θ
1
2
1 · exp{CΘ2}+ L

5r−6
r

r (ρ̄+ 1)
6(r−1)

r
µ+ λ

µλ

]
=: C(∥∇u0∥L2 + ∥∇B0∥L2) · C4(M,N, ρ̄, µ, µ̄, λ, λ̄).
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Theorem 2.18. Suppose (ρ, u, P,B) is the unique local strong solution to (2.1.1)-(2.1.5) on
Ω× [0, T ], with the initial data (ρ0, u0, B0), and it satisfies the assumptions (2.3.3)-(2.3.6) and
(2.3.24). There exists a positive number ϵ0, depending on Ω, q,M,N, ρ̄, µ, µ̄, λ and λ̄ such that
if

∥∇u0∥L2 + ∥∇B0∥L2 ≤ ϵ0,

then

(2.3.49) sup
t∈[0,T ]

∥∇µ(ρ(t))∥Lq ≤ 2M, sup
t∈[0,T ]

∥∇λ(ρ(t))∥Lq ≤ 2N,

and
sup

t∈[0,T ]
∥∇ρ∥Lq ≤ 2∥∇ρ0∥Lq .

Proof. Consider the xi derivative of the equation for µ(ρ),

(∂iµ(ρ))t + (∂iu · ∇)µ(ρ) + u · ∇∂iµ(ρ) = 0.

It implies that for every t ∈ [0, T ],

∥∇µ(ρ)(t)∥Lq ≤∥∇µ(ρ0)∥Lq · exp
{∫ t

0
∥∇u∥L∞ds

}
≤∥∇µ(ρ0)∥Lq · exp

{
C4(M,N, ρ̄, µ, µ̄, λ, λ̄)(∥∇u0∥L2 + ∥∇B0∥L2)

}
.

Choose some small positive constant ϵ0, satisfying

16
(µ̄+ λ̄)(µ+ λ)

µλ
ϵ20 ≤ 1, C1 ·

(
µ+ λ

µλ

)2

(L2
2 + L4L6

2)(ρ̄+ 1)4 · ϵ20 ≤ log
4

3
,

and

C2 ·

(
(µ̄+ λ̄)(µ+ λ)

µ2λ2

)1/2

ϵ0 ≤ 1, C3 ·

(
(µ̄+ λ̄)(µ+ λ)

µ2λ2

)1/2

ϵ0 ≤
1

8
,

and
C4(M,N, ρ̄, µ, µ̄, λ, λ̄) · ϵ0 ≤ log 2.

In view of Theorem 2.17, if ∥∇u0∥L2 + ∥∇B0∥L2 ≤ ϵ0, then supt∈[0,T ] ∥∇µ(ρ(t))∥Lq ≤
2M .

Similarly,

∥∇λ(ρ(t))∥Lq ≤∥∇λ(ρ0)∥Lq · exp
{∫ t

0
∥∇u∥L∞ds

}
≤ 2∥∇λ(ρ0)∥Lq ,

and

∥∇ρ(t)∥Lq ≤∥∇ρ0∥Lq · exp
{∫ t

0
∥∇u∥L∞ds

}
≤ 2∥∇ρ0∥Lq .

Therefore, Theorem 2.18 is proved.
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2.3.2 Extension of local strong solution

With the a priori estimates in Section 2.3.1 in hand, we are now in a position to prove
the Theorem 2.2.

According to Theorem 2.1, there exists a T∗ > 0 such that the density-dependent
MHD equations (2.1.1) has a unique local strong solution (ρ, u,B) on [0, T∗]. We plan to
extend the local solution to a global one.

Since ∥∇µ(ρ0)∥Lq = M < 4M , ∥∇λ(ρ0)∥Lq = N < 4N , and due to the conti-
nuity of ∇µ(ρ),∇λ(ρ) in Lq and ∇u,∇B in L2, there exists T1 ∈ (0, T∗) such that
sup0≤t≤T1

∥∇µ(ρ(t))∥Lq ≤ 4M , sup0≤t≤T1
∥∇λ(ρ(t))∥Lq ≤ 4N and at the same time,

sup0≤t≤T1
(∥∇u(t)∥L2 + ∥∇B(t)∥L2) ≤ 4

√
(µ̄+λ̄)(µ+λ)

µλ (∥∇u0∥L2 + ∥∇B0∥L2). Set

T ∗ = sup{T |(ρ, u,B, P ) is a strong solution to (2.1.1) − (2.1.5) on [0, T ]},

T ∗
1 = sup

{
T |(ρ, u,B, P ) is a strong solution to (2.1.1) − (2.1.5) on [0, T ],

sup
0≤t≤T

∥∇µ(ρ(t))∥Lq ≤ 4M, sup
0≤t≤T1

∥∇λ(ρ(t))∥Lq ≤ 4N,

sup
0≤t≤T

(∥∇u(t)∥L2 + ∥∇B(t)∥L2) ≤ 4

√
(µ̄+ λ̄)(µ+ λ)

µλ
(∥∇u0∥L2 + ∥∇B0∥L2)

}
.

Then T ∗
1 ≥ T1 > 0. Recalling Theorem 2.12 and 2.18, it is easy to verify

(2.3.50) T ∗ = T ∗
1 ,

provided ∥∇u0∥L2 + ∥∇B0∥L2 ≤ ϵ0 as assumed.
We claim that T ∗ = ∞. Otherwise, assume that T ∗ < ∞. By virtue of Theorem 2.12

and 2.18, for every t ∈ [0, T ∗), it holds that

(2.3.51)

∥∇ρ(t)∥Lq ≤ 2∥∇ρ0∥Lq ,

∥∇u(t)∥L2 + ∥∇B(t)∥L2 ≤ 2

√
2
(µ̄+ λ̄)(µ+ λ)

µλ
(∥∇u0∥L2 + ∥∇B0∥L2),

we find that at time T ∗ the functions (ρ, u,B)|t=T ∗ = limt→T ∗(ρ, u,B) satisfy the condi-
tions imposed on the initial data in the local existence Theorem 2.1. Hence we can take
(ρ, u,B)|t=T ∗ as the initial data at time T ∗ and by applying Theorem 2.1., we can extend
the local solution beyond T ∗ in time which contradicts the maximality of T ∗, thus the
strong solution exists globally. This completes the proof of Theorem 2.2.
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Chapter 3

A blow-up criterion of the 3D inhomogeneous
Navier-Stokes-Korteweg equations

This chapter is devoted to proving a Serrin type blow-up criterion for the 3D density-
dependent Navier-Stokes-Korteweg equations with vacuum. It is shown that if the
density and velocity field (ρ, u) satisfy ∥∇ρ∥L∞(0,T ;W 1,q) +∥u∥Ls(0,T ;Lr

ω)
< ∞ for some

q > 3, and any (r, s) satisfying 2
s + 3

r ≤ 1, 3 < r ≤ ∞, here Lr
ω denotes the weak

Lr space, then the strong solutions to the density-dependent Navier-Stokes-Korteweg
equations can exist globally over [0, T ].

Keywords: 3D Navier-Stokes-Korteweg; Serrin’s blow-up criterion; strong solution;

3.1 Introduction and main result

From this chapter on, we will discuss the dynamic model of another type of fluid, that
is, capillary fluid. The time evolution of the density ρ(x, t), velocity field u(x, t) =

(u1, u2, u3)(x, t) and pressure P (x, t) of a general viscous capillary fluid is governed by
the inhomogeneous incompressible Navier-Stokes-Korteweg equations

(3.1.1)


∂tρ+ div(ρu) = 0,

∂t(ρu) + div(ρu⊗ u)− div(2µ(ρ)d) +∇P + div(κ(ρ)∇ρ⊗∇ρ) = 0,

divu = 0,

in Ω×(0,∞), where Ω is a bounded domain with smooth boundary in R3 in this chapter.

d =
1

2

[
∇u+ (∇u)T

]
is the deformation tensor, where ∇u is the gradient matrix (∂ui/∂xj) and (∇u)T is its
transpose. κ = κ(ρ) and µ = µ(ρ) stand for the capillary and viscosity coefficients of
the fluid respectively, and are both functions of the density ρ. In this chapter, they are
assumed to satisfy

(3.1.2) κ, µ ∈ C1[0,∞), and κ ≥ 0, µ ≥ µ > 0 on [0,∞)

for some positive constant µ.

48
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We focus on the system (3.1.1)-(3.1.2) with the following initial and boundary con-
ditions:

(3.1.3) u = 0, on ∂Ω× [0, T ),

(3.1.4) (ρ, u)|t=0 = (ρ0, u0) in Ω.

When κ(ρ) ≡ 0, the system (3.1.1)-(3.1.4) reduces to the famous inhomogeneous
incompressible Navier-Stokes equations with density-dependent viscosity. Early in this
century, Cho and Kim [2] proved the local existence of unique strong solution with
vacuum for all initial data satisfying a compatibility condition. Later, Huang and Wang
[10] proved the strong solution exists globally in time when the initial gradient of the
velocity is suitably small in some Sobolev space. For the related progress of the Navier-
Stokes model, see Chapter 1, references [8]-[10] and therein.

Let us come back to the fluids with capillary effect, that is, κ(ρ) depends on the
density ρ. As far as I know, the first local existence and uniqueness of strong solutions
was obtained by Tan and Wang [14] when the capillary coefficient κ is a nonnegative
constant and the viscosity µ is a positive constant. Very recently, Wang [15] extended
their result to the case when κ(ρ) is a C1 function of the density.

The purpose of this chapter is to prove a blow-up criterion for the strong solutions
to the initial and boundary value problem (3.1.1)-(3.1.4). First we give the definition of
strong solutions to the initial and boundary problem (3.1.1)-(3.1.4) as follows.

Definition 3.1 (Strong solution). A pair of functions (ρ ≥ 0, u, P ) is called a strong
solution to the problem (3.1.1)-(3.1.4) in Ω× (0, T ), if for some q0 ∈ (3, 6],

(3.1.5)
ρ ∈ C([0, T ];W 2,q0), u ∈ C([0, T ];H1

0 ∩H2), ∇2u ∈ L2(0, T ;Lq0),

ρt ∈ C([0, T ];W 1,q0), ∇P ∈ C([0, T ];L2) ∩ L2(0, T ;Lq0), ut ∈ L2(0, T ;H1
0 ),

and (ρ, u, P ) satisfies (3.1.1) a.e. in Ω× (0, T ).

In the case when the initial data may vanish in an open subset of Ω, that is, the initial
vacuum is allowed, the following local well-posedness of strong solution to (3.1.1)-
(3.1.4) was obtained by Wang [15].

Theorem 3.2. Assume that the initial data (ρ0, u0) satisfies the regularity condition

(3.1.6) 0 ≤ ρ0 ∈W 2,q, 3 < q ≤ 6, u0 ∈ H1
0,σ ∩H2,

and the compatibility condition

(3.1.7) − div(µ(ρ0)(∇u0 + (∇u0)T )) +∇P0 + div(κ(ρ0)∇ρ0 ⊗∇ρ0) = ρ
1/2
0 g,

for some (P0, g) ∈ H1 × L2. Then there exist a small time T and a unique strong solution
(ρ, u, P ) to the initial boundary value problem (3.1.1)-(3.1.4).

Remark 3.3. In fact, the strong solution obtained in Theorem 3.2 is a little stronger than
the original one in Wang [15], where he did not discuss the time continuity of (ρ, u) at
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initial time. More precisely, the regularity class of solutions he proved is

(3.1.8)
ρ ∈ L∞(0, T ;W 2,q), u ∈ L∞(0, T ;H1

0 ∩H2), ∇2u ∈ L1(0, T ;Lq),

ρt ∈ L∞(0, T ;W 1,q), ∇P ∈ L∞(0, T ;L2) ∩ L2(0, T ;Lq), ut ∈ L2(0, T ;H1
0 ),

and (3.1.8) can be improved to (3.1.5) if we slightly modify the discussion in Sec. 3.2
in Cho and Kim [2]. Similar treatment is widely used for other fluid models. Refer to
[1],[5] .

Motivated by the work of Kim [11], in which Kim proved a Serrin type blow-up cri-
terion for the 3D inhomogeneous incompressible Navier-Stokes flow, our main purpose
is to derive a similar blow-up criterion for the inhomogeneous Navier-Stokes-Korteweg
equations with density-dependent viscosity and capillary coefficients. More precisely,
our result can be stated as follows.

Theorem 3.4. Assume that the initial data (ρ0, u0) satisfies the regularity condition (3.1.6)
and the compatibility condition (3.1.7). Let (ρ, u, P ) be a strong solution of the problem (3.1.1)-
(3.1.4) satisfying (3.1.5). If 0 < T ∗ <∞ is the maximal time of existence, then

(3.1.9) lim
T→T∗

(∥∇ρ∥L∞(0,T ;W 1,q) + ∥u∥Ls(0,T ;Lr
ω)
) = ∞.

for any r and s satisfying

(3.1.10)
2

s
+

3

r
≤ 1, 3 < r ≤ ∞,

where Lr
ω denotes the weak Lr space.

The proof of Theorem 3.4 is based on the contradiction argument. In view of the
local existence result, to prove Theorem 3.4, it suffices to verify that (ρ, u) satisfy (3.1.6)
and (3.1.7) at the time T ∗ under the assumption that the left hand side of (3.1.9) is finite.
Unlike the Navier-Stokes equations treated in Kim [11], the use of weak Lesbegue space
makes it more difficult to obtain some estimates because of the appearance of capillary
effect. To overcome the difficulties, we make good use of the finiteness of ∥∇ρ∥W 1,q and
other interpolation techniques in Lorentz space.

The remainder of this chapter is arranged as follows. In Sec. 3.2, we give some
auxiliary lemmas which is useful in our later analysis. The proof of Theorem 3.4 will be
done by combining the contradiction argument with the estimates derived in Sec. 3.3.

3.2 Preliminaries

3.2.1 Notations and general inequalities

Ω is a smooth bounded domain in R3. For notations simplicity below, we omit the
integration domain Ω. For 1 ≤ r ≤ ∞ and k ∈ N, the Sobolev spaces are defined in a
standard way,

Lr = Lr(Ω), W k,r = {f ∈ Lr : ∇kf ∈ Lr},

Hk =W k,2, C∞
0,σ = {f ∈ (C∞

0 )3 : divf = 0}.
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H1
0 = C∞

0 , H1
0,σ = C∞

0,σ, closure in the norm of H1.

The following Gagliardo-Nirenberg inequality will be also used frequently.

Lemma 3.5 (Gagliardo-Nirenberg inequality). Let Ω be a domain of R3 with smooth bound-
ary ∂Ω. For p ∈ [2, 6], q ∈ (1,∞) and r ∈ (3,∞), there exists some generic constants C > 0

that may depend on q and r such that for f ∈ H1 satisfying f |∂Ω = 0, and g ∈ Lq ∩D1,r, we
have

(3.2.1) ∥f∥pLp ≤ C∥f∥(6−p)/2
L2 ∥∇f∥(3p−6)/2

L2 ,

(3.2.2) ∥g∥L∞ ≤ C∥g∥q(r−3)/(3r+q(r−3))
Lq ∥∇g∥3r/(3r+q(r−3))

Lr .

See the proof of this lemma in Ladyzhenskaya et al. [13, P. 62].
Denote the Lorentz space and its norm by Lp,q and ∥ · ∥Lp,q , respectively, where

1 < p <∞ and 1 ≤ q ≤ ∞. We recall the weak-Lp space Lp
ω which is defined as follows:

Lp
ω := {f ∈ L1

loc : ∥f∥Lp
ω
= sup

λ>0
λ|{|f(x)| > λ}|

1
p <∞}.

And it should be noted that

Lp ⫋ Lp
ω, L∞

ω = L∞, Lp
ω = Lp,∞.

For the details of Lorentz space, we refer to the first chapter in Grafakos [7]. The fol-
lowing lemma involving the weak Lesbegue spaces has been proved in Kim [11], Xu
and Zhang [16], which will play an important role in the subsequent analysis.

Lemma 3.6. Assume g ∈ H1, and f ∈ Lr
ω with r ∈ (3,∞], then f · g ∈ L2. Furthermore, for

any ϵ > 0, we have

(3.2.3) ∥f · g∥2L2 ≤ ϵ∥g∥2H1 + C(ϵ)(∥f∥sLr
ω
+ 1)∥g∥2L2 ,

where C is a positive constant depending only on ϵ, r and the domain Ω.

3.2.2 Higher order estimates on the velocity

High-order a priori estimates of velocity field u rely on the following regularity results
for the stationary density-dependent Stokes equations.

Lemma 3.7. Assume that ρ ∈ W 2,q, 3 < q < ∞, and 0 ≤ ρ ≤ ρ̄. Let (u, P ) ∈ H1
0,σ × L2 be

the unique weak solution to the boundary value problem

(3.2.4) − div(2µ(ρ)d) +∇P = F, divu = 0 in Ω, and
∫
Pdx = 0,

where d = 1
2 [∇u+ (∇u)T ] and

µ ∈ C1[0,∞), µ ≤ µ(ρ) ≤ µ̄ on [0, ρ̄].

Then we have the following regularity results:
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(1) If F ∈ L2, then (u, P ) ∈ H2 ×H1 and

(3.2.5) ∥u∥H2 + ∥P∥H1 ≤ C(1 + ∥∇ρ∥L∞)∥F∥L2 .

(2) If F ∈ Lr for some r ∈ (2,∞), then (u, P ) ∈W 2,r ×W 1,r and

(3.2.6) ∥u∥W 2,r + ∥P∥W 1,r ≤ C(1 + ∥∇ρ∥L∞)∥F∥Lr .

The proof of Lemma 3.7 has been given by Wang [15]. And refer to Lemma 2.1 in
his paper. To make our thesis self-contained, we give the sketch of the proof here. We
would like to emphasize that the range of r in the conclusion (2) shold be (2,∞), but
not (2, q) in [15], since we assume that ∇ρ ∈ W 1,q which is stronger than the original
version of Cho and Kim [2].

Proof. It is well-known that from the elliptic estimates, (u, P ) ∈ H2 × H1 whenever
F ∈ L2. See Giaquinta and Modica [6]. To prove (3.2.5), we have only to derive the
stated regularity estimates. First, we will show that

(3.2.7) ∥∇u∥L2 + ∥P∥L2 ≤ C∥F∥L2 .

We multiply the Stokes type equation (3.2.4) by u and integrate by parts over the do-
main Ω, using Poincaré’s inequality, one has∫

2µ(ρ)|d|2dx =

∫
F · udx ≤ C∥F∥L2∥∇u∥L2 .

Recalling that µ ≤ µ(ρ) ≤ µ̄ and 2∥d∥2L2 = ∥∇u∥2L2 , we can deduce from the above
inequality that ∥∇u∥L2 ≤ C∥F∥L2 . On the other hand, if we choose v ∈ H1

0 such that
P = divv and ∥v∥H1 ≤ C∥P∥L2 , then∫

P 2dx = −
∫

∇P · vdx =

∫
(2µ(ρ)d : ∇v − F · v)dx

≤ C∥∇u∥L2∥∇v∥L2 + C∥F∥L2∥v∥L2 ≤ C∥F∥L2∥v∥H1 ,

which implies ∥P∥L2 ≤ C∥F∥L2 . To prove the lemma, we rewrite (3.2.4) as

(3.2.8)


−△u+∇P̃ = µ−1(ρ)(F + 2∇µ(ρ) · d− P̃∇µ(ρ)),
divu = 0 in Ω× (0, T ),

u = 0 on ∂Ω× (0, T ),

where P̃ = P/µ(ρ), then it follows from the regularity results on the classical Stokes
equations that

(3.2.9)

∥u∥H2 + ∥P̃∥H1 ≤ C(∥F∥L2 + ∥|∇ρ||∇u|∥L2 + ∥|∇ρ||P̃ |∥L2 + ∥P̃∥L2)

≤ C(∥F∥L2 + ∥∇ρ∥L∞(∥∇u∥L2 + ∥P̃∥L2) + ∥P̃∥L2)

≤ C∥F∥L2(1 + ∥∇ρ∥L∞).
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The proof of property (3.2.6) is similar to (3.2.5), we just recall that

(3.2.10) ∥u∥W 2,r + ∥P̃∥W 1,r ≤ C(∥F∥Lr + ∥|∇ρ||∇u|∥Lr + ∥|∇ρ||P̃ |∥Lr + ∥P̃∥Lr).

3.3 Proof of the blow-up criterion in 3D

Let (ρ, u, P ) be a strong solution to the initial and boundary value problem (3.1.1)-(3.1.4)
as derived in Theorem 3.2. Then it follows from the standard energy estimate that

Lemma 3.8. For any T > 0, it holds that for any p ∈ [1,∞],

(3.3.1) sup
0≤t≤T

(∥ρ∥Lp + ∥√ρu∥2L2 + ∥
√
κ(ρ)∇ρ∥2L2) +

∫ T

0

∫
|∇u|2dxds ≤ C.

As mentioned in the Section 3.1, the main theorem will be proved by using a con-
tradiction argument. Denote 0 < T ∗ < ∞ the maximal existence time for the strong
solution to the initial and boundary value problem (3.1.1)-(3.1.4). Suppose that (3.1.9)
were false, that is

(3.3.2) M0 := lim sup
T→T ∗

(∥∇ρ∥L∞(0,T ;W 1,q) + ∥u∥Ls(0,T ;Lr
ω)
) <∞.

Under the condition (3.3.2), one will extend the existence time of the strong solutions
to (3.1.1)-(3.1.4) beyond T ∗, which contradicts the definition of maximum of T ∗.

The first key step is to derive the L2-norm of the first order spatial derivatives of u
under the assumptions of initial data and (3.3.2). Here we define the material deriva-
tives u̇ := ut + u · ∇u.

Lemma 3.9. Under the condition (3.3.2), it holds that for any 0 < T < T ∗,

(3.3.3) sup
0≤t≤T

∥∇u∥2L2 +

∫ T

0
∥√ρu̇∥2L2dt ≤ C.

Proof. Multiplying the momentum equations (3.1.1)2 by ut, and integrating the result-
ing equations over Ω, we have
(3.3.4) ∫

ρ|u̇|2dx+
d

dt

∫
µ(ρ)|d|2dx

=−
∫
ρu̇ · (u · ∇u)dx−

∫
µ′(ρ)u · ∇ρ|d|2dx+

∫
κ(ρ)∇ρ⊗∇ρ : ∇utdx

=
d

dt

∫
κ(ρ)∇ρ⊗∇ρ : ∇udx+

∫
κ′(ρ)(u · ∇ρ)∇ρ⊗∇ρ : ∇udx

+ 2

∫
κ(ρ)∇(u · ∇ρ)⊗∇ρ : ∇udx−

∫
ρu̇ · (u · ∇u)dx−

∫
µ′(ρ)u · ∇ρ|d|2dx

=
d

dt

∫
κ(ρ)∇ρ⊗∇ρ : ∇udx+

4∑
k=1

Ik.
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Now let us estimate these terms one by one. Using the assumption (3.3.2), we get

(3.3.5)

I1 =

∫
κ′(ρ)(u · ∇ρ)∇ρ⊗∇ρ : ∇udx

≤ ∥κ′(ρ)∥L∞∥∇ρ∥3L6∥u · ∇u∥L2

≤ ∥u · ∇u∥2L2 + C.

Similarly, dividing I2 into two parts, one has

(3.3.6)

I2 =

∫
κ(ρ)∇(u · ∇ρ)⊗∇ρ : ∇udx

≤ ∥κ(ρ)∥L∞∥∇ρ∥L∞∥∇2ρ∥L2∥u · ∇u∥L2

+ ∥κ(ρ)∥L∞∥∇ρ∥2L∞∥∇u∥2L2

≤ C∥u · ∇u∥2L2 + C(1 + ∥∇u∥2L2).

For the term I3, use Cauchy-Schwarz inequality to get

(3.3.7)
I3 =

∫
ρu̇ · (u · ∇u)dx

≤ ϵ∥√ρu̇∥2L2 + C(ϵ)∥u · ∇u∥2L2 ,

and finally

(3.3.8)

I3 =

∫
µ′(ρ)u · ∇ρ|d|2dx

≤ ∥µ′(ρ)∥L∞∥∇ρ∥L∞∥∇u∥L2∥u · ∇u∥L2

≤ C∥∇u∥2L2 + C∥u · ∇u∥2L2 .

Before we close our estimates, we apply (3.2.6) in Lemma 3.7 to get a higher order
estimate of ∥∇u∥H1 . Taking F = −ρu̇− div(κ(ρ)∇ρ⊗∇ρ), we derive that

(3.3.9)

∥∇u∥H1 + ∥P∥H1 ≤ C(1 + ∥∇ρ∥L∞)∥F∥L2

≤ C(1 + ∥∇ρ∥L∞)∥ρu̇+ div(κ(ρ)∇ρ⊗∇ρ)∥L2

≤ C∗∥
√
ρu̇∥L2 + C∥∇ρ∥3L6 + C∥∇ρ∥L∞∥∇2ρ∥L2

≤ C∗∥
√
ρu̇∥L2 + C,

where C∗ is a positive number.
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Now we substitute (3.3.5)-(3.3.8) into (3.3.4), then deduce

(3.3.10)

∫
ρ|u̇|2dx+

d

dt

∫
µ(ρ)|d|2dx

≤ d

dt

∫
κ(ρ)∇ρ⊗∇ρ : ∇udx+ ϵ∥√ρu̇∥2L2 + C(1 + ∥∇u∥2L2)

+ C(ϵ)∥u · ∇u∥2L2

≤ d

dt

∫
κ(ρ)∇ρ⊗∇ρ : ∇udx+ ϵ∥√ρu̇∥2L2 + C(1 + ∥∇u∥2L2)

+ δ∥∇u∥2H1 + C(ϵ, δ)(∥u∥sLr
ω
+ 1)∥∇u∥2L2

≤ d

dt

∫
κ(ρ)∇ρ⊗∇ρ : ∇udx+ ϵ∥√ρu̇∥2L2 + C(1 + ∥∇u∥2L2)

+ C∗δ∥
√
ρu̇∥2L2 + C(ϵ, δ)(∥u∥sLr

ω
+ 1)∥∇u∥2L2 ,

for any (r, s) satisfying 2
s + 3

r ≤ 1 with r > 3. Here we have used Lemma 3.6 in the
second inequality, and (3.3.9) has been used to get the third one. Then choosing ϵ, δ

small enough, we get

(3.3.11)

∫
ρ|u̇|2dx+

d

dt

∫
µ(ρ)|d|2dx

≤ d

dt

∫
κ(ρ)∇ρ⊗∇ρ : ∇udx+ C(1 + ∥∇u∥2L2)(∥u∥sLr

ω
+ 1).

By the assumption (3.3.2) and Cauchy-Schwarz inequality, it is easily seen that

(3.3.12) C

∫
|κ(ρ)||∇ρ⊗∇ρ : ∇u|dx ≤

µ

4
∥∇u∥2L2 + C.

Taking this into account, we can conclude from (3.3.11) and the Gronwall inequality
that (3.3.3) holds for all 0 ≤ T < T ∗. Therefore we complete the proof of Lemma
3.9.

Next we prove the boundedness of ∥√ρut∥L2 , by using the compatibility condition
(3.1.7) on the initial data.

Lemma 3.10. Under the condition (3.3.2), it holds that for any 0 < T < T ∗,

(3.3.13) sup
0≤t≤T

∥√ρut∥2L2 +

∫ T

0
∥∇ut∥2L2dt ≤ C.

Proof. Differentiating the momentum equations (3.1.1)2 with respect to t, along with
the continuity equation (3.1.1)1, we get

(3.3.14)

ρutt + ρu · ∇ut − div(2µ(ρ)dt) +∇Pt

=(u · ∇ρ)(ut + u · ∇u)− ρut · ∇u− div(2µ′(ρ)(u · ∇ρ)d)
+ div(κ′(ρ)(u · ∇ρ)∇ρ⊗∇ρ) + 2div(κ(ρ)∇(u · ∇ρ)⊗∇ρ).
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Multiplying (3.3.14) by ut and integrating over Ω, we get after integration by parts that

(3.3.15)

1

2

d

dt

∫
ρ|ut|2dx+ 2

∫
µ(ρ)|dt|2dx =

∫
−2ρu · ∇ut · utdx

+

∫
(u · ∇ρ)(u · ∇u) · utdx−

∫
ρut · ∇u · utdx

+

∫
2µ′(ρ)(u · ∇ρ)d : ∇utdx−

∫
κ′(ρ)(u · ∇ρ)∇ρ⊗∇ρ : ∇utdx

−
∫

2κ(ρ)∇(u · ∇ρ)⊗∇ρ : ∇utdx =:

6∑
k=1

Jk.

Now let us estimate the terms on the right hand side one by one. First,

(3.3.16)

J1 =

∫
−2ρu · ∇ut · utdx

≤ C∥ρ∥
1
2
L∞∥√ρut∥L3∥u∥L6∥∇ut∥L2

≤ C∥√ρut∥
1
2

L2∥
√
ρut∥

1
2

L6∥∇u∥L2∥∇ut∥L2

≤ C∥√ρut∥
1
2

L2∥∇u∥L2∥∇ut∥
3
2

L2

≤ 1

12
µ∥∇ut∥2L2 + C∥√ρut∥2L2∥∇u∥4L2

≤ 1

12
µ∥∇ut∥2L2 + C∥√ρut∥2L2 .

Similarly,

(3.3.17)

J2 =

∫
(u · ∇ρ)(u · ∇u) · utdx

≤ C∥∇ρ∥L∞∥∇u∥L2∥u∥2L6∥ut∥L6

≤ C∥∇ρ∥L∞∥∇u∥3L2∥∇ut∥L2

≤ 1

12
µ∥∇ut∥2L2 + C,

(3.3.18)

J3 = −
∫
ρut · ∇u · utdx

≤ C∥ρ∥
1
2
L∞∥ut∥L6∥√ρut∥L3∥∇u∥L2

≤ C∥∇ut∥L2∥√ρut∥
1
2

L2∥
√
ρut∥

1
2

L6

≤ C∥√ρut∥
1
2

L2∥∇ut∥
3
2

L2

≤ 1

12
µ∥∇ut∥2L2 + C∥√ρut∥2L2 ,
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(3.3.19)

J4 =

∫
2µ′(ρ)(u · ∇ρ)d : ∇utdx

≤ C∥µ′(ρ)∥L∞∥∇ρ∥L∞∥u∥L6∥∇u∥L3∥∇ut∥L2

≤ C∥∇u∥
3
2

L2∥∇u∥
1
2

H1∥∇ut∥L2

≤ 1

12
µ∥∇ut∥2L2 + C∥∇u∥2H1 ,

(3.3.20)

J5 =

∫
κ′(ρ)(u · ∇ρ)∇ρ⊗∇ρ : ∇utdx

≤ C∥κ′(ρ)∥L∞∥∇ρ∥3L∞∥u∥L2∥∇ut∥L2

≤ 1

12
µ∥∇ut∥2L2 + C,

(3.3.21)

J6 =

∫
2κ(ρ)∇(u · ∇ρ)⊗∇ρ : ∇utdx

≤ C∥κ(ρ)∥L∞∥∇ρ∥2L∞∥∇u∥L2∥∇ut∥L2

+ C∥κ(ρ)∥L∞∥∇ρ∥L∞∥∇2ρ∥L3∥u∥L6∥∇ut∥L2

≤ 1

12
µ∥∇ut∥2L2 + C,

here note that we take q > 3. It remains to estimate ∥∇u∥H1 since it appears in the term
J4. Indeed, we can duduce from Lemma 3.7 that
(3.3.22)

∥∇u∥H1 + ∥P∥H1 ≤ C(1 + ∥∇ρ∥L∞)∥F∥L2

≤ C(1 + ∥∇ρ∥L∞)∥ρut + ρu · ∇u+ div(κ(ρ)∇ρ⊗∇ρ)∥L2

≤ C(∥√ρut∥L2 + ∥u∥L6∥∇u∥L3 + ∥∇ρ∥3L6 + ∥∇ρ∥L∞∥∇2ρ∥L2)

≤ C∥√ρut∥L2 +
1

2
∥∇u∥H1 + C,

which implies

(3.3.23) ∥∇u∥H1 + ∥P∥H1 ≤ C∥√ρut∥L2 + C.

Combining all the estimates (3.3.16)-(3.3.21) and using (3.3.23), we deduce

(3.3.24)

1

2

d

dt

∫
ρ|ut|2dx+ 2

∫
µ(ρ)|dt|2dx

≤1

2
µ∥∇ut∥2L2 + C(1 + ∥√ρut∥2L2).

Remarking that 2∥dt∥2L2 = ∥∇ut∥2L2 , we obtain (3.3.13) by applying the Gronwall in-
equality. Then the proof of Lemma 3.10 is completed.

Lemma 3.11. Under the condition (3.3.2), it holds that for any 0 < T < T ∗,

(3.3.25) sup
0≤t≤T

(∥ρt∥W 1,q + ∥u∥H2 + ∥P∥H1) +

∫ T

0
(∥u∥2W 2,q + ∥P∥2W 1,q)dt ≤ C.
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Proof. By (3.3.23) and Lemma 3.10, it is easy to deduce

(3.3.26) sup
0≤t≤T

(∥u∥H2 + ∥P∥H1) ≤ C,

and, together with (3.1.1)1, we yield

(3.3.27)

∥ρt∥W 1,q ≤ C(∥ρt∥Lq + ∥∇ρt∥Lq)

≤ C(∥u · ∇ρ∥Lq + ∥∇(u · ∇ρ)∥Lq)

≤ C(∥u∥L∞∥∇ρ∥Lq + ∥u∥L∞∥∇2ρ∥Lq + ∥∇u∥L6∥∇ρ∥
L

6q
6−q

)

≤ C∥u∥H2∥∇ρ∥W 1,q ≤ C.

Finally, applying (3.2.6) in Lemma 3.7 with F = −ρut−ρu ·∇u−div(κ(ρ)∇ρ⊗∇ρ), we
get
(3.3.28)

∥∇u∥W 1,q + ∥P∥W 1,q

≤ C(1 + ∥∇ρ∥L∞)(∥ρut∥Lq + ∥ρu · ∇u∥Lq + ∥κ(ρ)|∇2ρ||∇ρ|∥Lq + ∥κ′(ρ)|∇ρ|3∥Lq)

≤ C(∥ρut∥Lq + ∥ρu · ∇u∥Lq + 1)

≤ C(∥√ρut∥
6−q
2q

L2 ∥√ρut∥
3q−6
2q

L6 + ∥∇u∥
6(q−1)
5q−6

L2 ∥∇u∥
4q−6
5q−6

W 1,q + 1).

Applying Young’s inequality and Sobolev embedding inequality,

(3.3.29)
∥∇u∥2W 1,q + ∥P∥2W 1,q ≤ C∥√ρut∥

6−q
q

L2 ∥∇ut∥
3(q−2)

q

L2 + C∥∇u∥
12(q−1)

q

L2 + C

≤ C∥√ρut∥
6−q
q

L2 ∥∇ut∥
3(q−2)

q

L2 + C.

Hence

(3.3.30)

∫ T

0
(∥∇u∥2W 1,q + ∥P∥2W 1,q)dt ≤ C

∫ T

0
∥√ρut∥

6−q
q

L2 ∥∇ut∥
3(q−2)

q

L2 dt+ C

≤ C( sup
0≤t≤T

∥√ρut∥2L2)
6−q
2q

∫ T

0
∥∇ut∥2L2dt+ C

≤ C,

here the second inequality holds since 3(q−2)
q ≤ 2. Therefore we complete the proof of

Lemma 3.11.

Proof of Theorem 3.4. In fact, in view of (3.3.2) and (3.3.25), it is easy to see that the func-
tions (ρ, u)(x, t = T ∗) = limt→T ∗(ρ, u) have the same regularities imposed on the initial
data (3.1.6) at the time t = T ∗. Furthermore,

− div(2µ(ρ)d) +∇P + div(κ(ρ)∇ρ⊗∇ρ)|t=T ∗

= lim
t→T ∗

ρ
1
2 (ρ

1
2ut + ρ

1
2u · ∇u) =: ρ

1
2 g|t=T ∗

with g = (ρ
1
2ut + ρ

1
2u · ∇u)|t=T ∗ ∈ L2 due to (3.3.13). Thus the functions (ρ, u)|t=T ∗

satisfy the compatibility condition (3.1.7) at time T ∗. Therefore we can take (ρ, u)|t=T ∗
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as the initial data and apply the local existence theorem (Theorem 3.2) to extend the
local strong solution beyond T ∗. This contradicts the definition of maximal existence
time T ∗, and thus, the proof of Theorem 3.4 is completed.
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Chapter 4

A blow-up criterion of the 2D inhomogeneous
Navier-Stokes-Korteweg equations

In this chapter, we prove a blow-up criterion for the strong solutions with vacuum
to the density-dependent Navier-Stokes-Korteweg equations over a bounded smooth
domain in R2, which only in terms of the density.

Keywords: 2D Navier-Stokes-Korteweg; blow-up criterion; vacuum

4.1 Introduction and main result

In this chapter, we continue to consider the model of inhomogeneous incompressible
Navier-Stokes-Korteweg equations, which are used to describe the motion of a general
viscous capillary fluid:

(4.1.1)


∂tρ+ div(ρu) = 0,

∂t(ρu) + div(ρu⊗ u)− div(2µ(ρ)d) +∇P + div(κ(ρ)∇ρ⊗∇ρ) = 0,

divu = 0,

in Ω × (0,∞), where Ω is a bounded domain with smooth boundary in R2. Here ρ, u
and P denote the density, velocity and pressure of the fluid, respectively.

d =
1

2

[
∇u+ (∇u)T

]
is the deformation tensor, where ∇u is the gradient matrix (∂ui/∂xj) and (∇u)T is its
transpose. κ = κ(ρ) and µ = µ(ρ) stand for the capillary and viscosity coefficients of the
fluid respectively, and are both functions of density ρ. In this chapter, they are assumed
to satisfy

(4.1.2) κ, µ ∈ C1[0,∞), and κ ≥ 0, µ ≥ µ > 0 on [0,∞)

for some positive constant µ.
We focus on the system (4.1.1)-(4.1.2) with the initial and boundary conditions:

(4.1.3) (ρ, u)|t=0 = (ρ0, u0) in Ω, u = 0, on ∂Ω× [0, T ).

62
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In the last chapter, we proved a Serrin’s type blow-up criterion for the strong so-
lutions of the inhomogeneous Navier-Stokes-Korteweg equations in dimensions three.
For the two-dimensional case, it follows from the energy inequality the solution satis-
fies that sup0<T<T ∗(∥√ρu∥L∞(0,T ;L2) + ∥∇u∥L2(0,T ;L2)) is bounded, which implies that
u ∈ L4(0, T ;L4) if ρ is bounded away from zero. Hence the criterion showed in chap-
ter 3 in fact can be improved to the one only involving the density if the density ρ is
bounded away from 0. However, if the density is allowed to vanish, it remains un-
known. This is the main problem we shall address in this chapter. The purpose of
this chapter is to prove a blow-up criterion for the strong solutions to the problem
(4.1.1)-(4.1.3). First we give the definition of strong solution to the initial and boundary
problem (4.1.1)-(4.1.3) as follows (two dimensional version).

Definition 4.1 (Strong solution). A pair of functions (ρ ≥ 0, u, P ) is called a strong
solution to the problem (4.1.1)-(4.1.3) in Ω× (0, T ), if for some q0 ∈ (2,∞),

(4.1.4)
ρ ∈ C([0, T ];W 2,q0), u ∈ C([0, T ];H1

0 ∩H2) ∩ L2(0, T ;W 2,q0),

ρt ∈ C([0, T ];W 1,q0), ∇P ∈ C([0, T ];L2) ∩ L2(0, T ;Lq0), ut ∈ L2(0, T ;H1
0 ),

and (ρ, u, P ) satisfies (4.1.1) a.e. in Ω× (0, T ).

In the case when the initial data may vanish in an open subset of Ω, that is, the initial
vacuum is allowed, the following local well-posedness of strong solution to (4.1.1)-
(4.1.3) was obtained by Wang [11] in a three dimensional bounded domain. In fact, the
local existence of unique strong solution with vacuum to the system (4.1.1) in a two
dimensional bounded domain can be established in the same manner as Wang [11] and
Cho and Kim [1], also see the remark 2 in Tan and Wang [10].

Theorem 4.2. Assume that the initial data (ρ0, u0) satisfies the regularity condition

(4.1.5) 0 ≤ ρ0 ∈W 2,q, 2 < q <∞, u0 ∈ H1
0,σ ∩H2,

and the compatibility condition

(4.1.6) − div(µ(ρ0)(∇u0 + (∇u0)T )) +∇P0 + div(κ(ρ0)∇ρ0 ⊗∇ρ0) = ρ
1/2
0 g,

for some (P0, g) ∈ H1 × L2. Then there exist a small time T and a unique strong solution
(ρ, u, P ) to the initial boundary value problem (4.1.1)-(4.1.3).

Motivated by the work of Huang and Wang [5], which proved a new type blow-up
criterion for the 2D inhomogeneous incompressible Navier-Stokes flow only involving
the density. The main purpose is to derive a similar blow-up criterion for the inho-
mogeneous Navier-Stokes-Korteweg equations with density-dependent viscosity and
capillary coefficients. More precisely, our main result can be stated as follows.

Theorem 4.3. Assume that the initial data (ρ0, u0) satisfies the regularity condition (4.1.5)
and the compatibility condition (4.1.6), as in Theorem 4.2 . Let (ρ, u, P ) be a strong solution of
the problem (4.1.1)-(4.1.3) satisfying (4.1.4). If 0 < T ∗ < ∞ is the maximal time of existence,
then

(4.1.7) lim
T→T∗

∥∇ρ∥L∞(0,T ;W 1,q) = ∞.
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Remark 4.4. It is still unknown that if we can extend the local strong solution to a global
one for any arbitrary large initial data when the viscosity and capillary coefficients
are constants, since our blow-up criterion involves the gradient of density but not the
gradient of viscosity or capillary. We will consider the problem whether we can replace
the density with viscosity or capillary in our blow-up criterion in the future work.

The proof of Theorem 4.3 is based on the contradiction argument. In view of the
local existence result, to prove Theorem 4.3, it suffices to verify that (ρ, u) satisfy (4.1.5)
and (4.1.6) at the time T ∗ under the assumption of the left hand side of (4.1.7) is finite.

Similar to the arrangement of chapter 3, in Sec. 4.2, we give some auxiliary lem-
mas which is useful in our later analysis. The proof of Theorem 4.3 will be done by
combining the contradiction argument with the estimates derived in Sec. 4.3.

4.2 Preliminaries

4.2.1 Notations and general inequalities

Ω is a smooth bounded domain in R2. For notations simplicity below, we omit the
integration domain Ω. And for 1 ≤ r ≤ ∞ and k ∈ N, the Sobolev spaces are defined in
a standard way,

Lr = Lr(Ω), W k,r = {f ∈ Lr : ∇kf ∈ Lr},

Hk =W k,2, C∞
0,σ = {f ∈ (C∞

0 )3 : divf = 0}.

H1
0 = C∞

0 , H1
0,σ = C∞

0,σ, closure in the norm of H1.

The following Ladyzhenskaya inequality in 2D case will be often used.

(4.2.1) ∥u∥2L4 ≤ C∥u∥L2∥∇u∥L2 .

However, to deal with a inhomogeneous problem with vacuum, some interpolation
inequality for u with degenerate weight like

√
ρ is required. We look for a similar

estimate for
√
ρu as in (4.2.1). This technique can be found in the paper of Desjardin [2].

Lemma 4.5. Assume that 0 ≤ ρ ≤ ρ̄, u ∈ H1
0 ; then

(4.2.2) ∥√ρu∥2L4 ≤ C(1 + ∥ρu∥L2)∥∇u∥L2

√
log(2 + ∥∇u∥2

L2),

where C is a positive constant depending only on ρ̄ and the domain Ω.

4.2.2 Higher order estimates on the velocity

High-order a priori estimates of velocity field u rely on the following regularity results
for the stationary density-dependent Stokes equations.

Lemma 4.6. Assume that ρ ∈ W 2,q, 2 < q < ∞, and 0 ≤ ρ ≤ ρ̄. Let (u, P ) ∈ H1
0,σ × L2 be

the unique weak solution to the boundary value problem

(4.2.3) − div(2µ(ρ)d) +∇P = F, divu = 0 in Ω, and
∫
Pdx = 0,
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where d = 1
2 [∇u+ (∇u)T ] and

µ ∈ C1[0,∞), µ ≤ µ(ρ) ≤ µ̄ on [0, ρ̄].

Then we have the following regularity results:
(1) If F ∈ L2, then (u, P ) ∈ H2 ×H1 and

(4.2.4) ∥u∥H2 + ∥P∥H1 ≤ C(1 + ∥∇ρ∥L∞)∥F∥L2 .

(2) If F ∈ Lr for some r ∈ (2,∞), then (u, P ) ∈W 2,r ×W 1,r and

(4.2.5) ∥u∥W 2,r + ∥P∥W 1,r ≤ C(1 + ∥∇ρ∥L∞)∥F∥Lr .

The proof of Lemma 4.6 has been given by Wang [11]. And refer to Lemma 2.1 in
his paper.

4.3 Proof of the blow-up criterion in 2D

Let (ρ, u, P ) be a strong solution to the initial and boundary value problem (4.1.1)-(4.1.3)
as derived in Theorem 4.2. Then it follows from the standard energy estimate that

Lemma 4.7. For any T > 0, it holds that for any p ∈ [1,∞],

(4.3.1) sup
0≤t≤T

(∥ρ∥Lp + ∥√ρu∥2L2 + ∥
√
κ(ρ)∇ρ∥2L2) +

∫ T

0

∫
|∇u|2dxds ≤ C.

The proof of Lemma 4.7 is completely the same with that of Lemma 3.8 in chapter
3. Thus we omit the proof here.

As mentioned in the Section 4.1, the main theorem will be proved by using a con-
tradiction argument. Denote 0 < T ∗ < ∞ the maximal existence time for the strong
solution to the initial and boundary value problem (4.1.1)-(4.1.3). Suppose that (4.1.7)
were false, that is

(4.3.2) M0 := lim sup
T→T ∗

∥∇ρ∥L∞(0,T ;W 1,q) <∞.

Under the condition (4.3.2), one will extend the existence time of the strong solutions
to (4.1.1)-(4.1.3) beyond T ∗, which contradicts the definition of maximum of T ∗.

The following estimate can be derived quickly from the Lemma 4.6, which is used
later.

Lemma 4.8. Under the assumption (4.3.2), it holds for all 0 < T < T ∗,

(4.3.3) ∥∇u∥H1 ≤ C∥ρut∥L2 + C∥ρu∥2L4∥∇u∥L2 + C,

and consequently by Sobolev embedding,

(4.3.4) ∥∇u∥H1 ≤ C∥ρut∥L2 + C∥∇u∥3L2 + C.
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Proof. According to the Lemma 4.6 and the Gagliardo-Nirenberg inequality,

∥∇u∥H1 ≤ C(1 + ∥∇ρ∥L∞)(∥ρut∥L2 + ∥ρu · ∇u∥L2 + 1)

≤ C∥ρut∥L2 + C∥ρu∥L4∥∇u∥
1
2

L2∥∇u∥
1
2

H1 + C

≤ C∥ρut∥L2 + C∥ρu∥2L4∥∇u∥L2 + C +
1

2
∥∇u∥H1 ,

which complete the proof of (4.3.3). Applying the Ladyzhenskaya and Poincaré in-
equalities, we get

∥ρu∥2L4∥∇u∥L2 ≤ C∥u∥2L4∥∇u∥L2 ≤ C∥∇u∥3L2 ,

therefore we proved (4.3.4), then the proof of Lemma 4.8 is completed.

The key step is to derive the L2-norm of the first order spatial derivatives of u under
the assumption of initial data and (4.3.2).

Lemma 4.9. Under the condition (4.3.2), it holds that for any 0 < T < T ∗,

(4.3.5) sup
0≤t≤T

∥∇u∥2L2 +

∫ T

0
∥√ρut∥2L2dt ≤ C.

Proof. Multiplying the momentum equations (4.1.1)2 by ut, and integrating the result-
ing equations over Ω, we have

(4.3.6)

∫
ρ|ut|2dx+

d

dt

∫
µ(ρ)|d|2dx

=

∫
(ρu · ∇u) · utdx−

∫
u · ∇µ(ρ)|d|2dx+

∫
κ(ρ)∇ρ⊗∇ρ : ∇utdx

=− d

dt

∫
κ(ρ)∇ρ⊗∇ρ : ∇udx+

∫
κ′(ρ)(u · ∇ρ)∇ρ⊗∇ρ : ∇udx

+ 2

∫
κ(ρ)∇(u · ∇ρ)⊗∇ρ : ∇udx−

∫
(ρu · ∇u) · utdx−

∫
u · ∇µ(ρ)|d|2dx

=
d

dt

∫
κ(ρ)∇ρ⊗∇ρ : ∇udx+

4∑
k=1

Ik.

Now let us estimate these terms one by one, by use of the Poincaré inequality, we get

(4.3.7)

I1 =

∫
κ′(ρ)(u · ∇ρ)∇ρ⊗∇ρ : ∇udx

≤ ∥κ′(ρ)∥L∞∥∇ρ∥3L∞∥u∥L2∥∇u∥L2

≤ C∥∇u∥2L2 .

Similarly, dividing I2 into two parts,

(4.3.8)

I2 =

∫
κ(ρ)∇(u · ∇ρ)⊗∇ρ : ∇udx

≤ ∥κ(ρ)∥L∞∥∇ρ∥L∞∥∇2ρ∥Lq∥u∥Lq∗∥∇u∥L2 + ∥κ(ρ)∥L∞∥∇ρ∥2L∞∥∇u∥2L2

≤ C∥∇u∥2L2 ,
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here 1
q +

1
q∗ = 1

2 . and q∗ > 2. For the term I3, using Cauchy-Schwarz inequality to get

(4.3.9)

I3 =

∫
ρut · (u · ∇u)dx

≤ 1

8
∥√ρut∥2L2 + C∥√ρu∥2L4∥∇u∥2L4

≤ 1

8
∥√ρut∥2L2 + C∥√ρu∥2L4∥∇u∥L2∥∇u∥H1

≤ 1

4
∥√ρut∥2L2 + C∥√ρu∥4L4∥∇u∥2L2 ,

and finally

(4.3.10)

I4 =

∫
u · ∇µ(ρ)|d|2dx

≤ ∥µ′(ρ)∥L∞∥∇ρ∥L∞∥u∥L2∥∇u∥2L4

≤ C∥u∥L2∥∇u∥L2∥∇u∥H1

≤ C∥∇u∥2L2∥∇u∥H1

≤ C∥∇u∥2L2∥ρut∥L2 + C∥ρu∥2L4∥∇u∥3L2 + C∥∇u∥2L2

≤ 1

4
∥√ρut∥2L2 + C∥ρu∥4L4∥∇u∥2L2 + C∥∇u∥4L2 + C∥∇u∥2L2 .

Note that Lemma 4.5 tells us that

(4.3.11)
∥√ρu∥4L4 ≤ C(1 + ∥ρu∥2L2)∥∇u∥2L2 · log (2 + ∥∇u∥2L2)

≤ C∥∇u∥2L2 · log (2 + ∥∇u∥2L2).

Insert the estimates (4.3.7)-(4.3.10) into (4.3.6) to obtain

(4.3.12)

1

2

∫
ρ|ut|2dx+

d

dt

∫
(µ(ρ)|d|2 − κ(ρ)∇ρ⊗∇ρ : ∇u)dx

≤ C∥∇u∥2L2(1 + ∥∇u∥2L2)(1 + log (2 + ∥∇u∥2L2))

and we know that

(4.3.13)
3

4
µ∥∇u∥2L2 − C0 ≤

∫
(µ(ρ)|d|2 − κ(ρ)∇ρ⊗∇ρ : ∇u)dx ≤ 5

4
µ∥∇u∥2L2 + C0,

owing to the following estimate∫
κ(ρ)∇ρ⊗∇ρ : ∇udx ≤ ∥

√
κ(ρ)∇ρ∥L∞∥

√
κ(ρ)∇ρ∥L2∥∇u∥L2

≤ 1

4
µ∥∇u∥2L2 + C∥

√
κ(ρ)∇ρ∥2L∞∥

√
κ(ρ)∇ρ∥2L2

≤ 1

4
µ∥∇u∥2L2 + C0.

Taking this into account, we can conclude from (4.3.12) and the logarithmic type Gron-
wall inequality that (4.3.5) holds for all 0 ≤ T < T ∗. Therefore we complete the proof
of Lemma 4.9.
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Before we prove the boundedness of ∥√ρut∥L2 , we insert the following estimate on
the L∞-norm of u.

Lemma 4.10. Under the condition (4.3.2), it holds that for any 0 < T < T ∗,

(4.3.14) sup
0≤t≤T

(∥u∥L2(0,T ;L∞) + ∥u∥L4(0,T ;L∞)) ≤ C.

Proof. By the Gagliardo-Nirenberg inequality and Lemma 4.8, we have

(4.3.15)

∫ T

0
∥u∥4L∞dt ≤ C

∫ T

0
∥u∥2L2∥∇u∥2H1dt

≤ C

∫ T

0
(∥∇u∥2L2∥ρut∥2L2 + ∥∇u∥8L2 + ∥∇u∥2L2)dt,

which completes the proof of (4.3.14), owing to Lemma 4.9.

Now we can give the proof of the boundedness of ∥√ρut∥L2 , by use of the compat-
ibility condition (4.1.6) on the initial data.

Lemma 4.11. Under the condition (4.3.2), it holds that for any 0 < T < T ∗,

(4.3.16) sup
0≤t≤T

∥√ρut∥2L2 +

∫ T

0
∥∇ut∥2L2dt ≤ C.

Proof. Differentiating the momentum equations (4.1.1)2 with respect to t, along with
the continuity equation (4.1.1)1, we get

(4.3.17)

ρutt + ρu · ∇ut − div(2µ(ρ)dt) +∇Pt

=(u · ∇ρ)(ut + u · ∇u)− ρut · ∇u− div(2µ′(ρ)(u · ∇ρ)d)
+ div(κ′(ρ)(u · ∇ρ)∇ρ⊗∇ρ) + 2div(κ(ρ)∇(u · ∇ρ)⊗∇ρ).

Multiplying (4.3.17) by ut and integrating over Ω, we get after integration by parts that

(4.3.18)

1

2

d

dt

∫
ρ|ut|2dx+ 2

∫
µ(ρ)|dt|2dx =

∫
−2ρu · ∇ut · utdx

+

∫
(u · ∇ρ)(u · ∇u) · utdx−

∫
ρut · ∇u · utdx

+

∫
2µ′(ρ)(u · ∇ρ)d : ∇utdx−

∫
κ′(ρ)(u · ∇ρ)∇ρ⊗∇ρ : ∇utdx

−
∫

2κ(ρ)∇(u · ∇ρ)⊗∇ρ : ∇utdx =:

6∑
k=1

Jk.

Now let us estimate the terms on the right hand side one by one. First

(4.3.19)

J1 =

∫
−2ρu · ∇ut · utdx

≤ C∥ρ∥
1
2
L∞∥√ρut∥L2∥u∥L∞∥∇ut∥L2

≤ 1

8
µ∥∇ut∥2L2 + C∥u∥2L∞∥√ρut∥2L2 .
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Similarly,

(4.3.20)

J2 =

∫
(u · ∇ρ)(u · ∇u) · utdx

≤ C∥∇ρ∥L∞∥∇u∥L2∥u∥2L∞∥ut∥L2

≤ C∥∇ρ∥L∞∥∇u∥L2∥u∥2L∞∥∇ut∥L2

≤ 1

8
µ∥∇ut∥2L2 + C∥u∥4L∞∥∇u∥2L2 ,

(4.3.21)

J3 = −
∫
ρut · ∇u · utdx

≤ C∥ρ∥
1
2
L∞∥ut∥L4∥√ρut∥L2∥∇u∥L4

≤ C∥∇ut∥L2∥√ρut∥L2∥∇u∥H1

≤ 1

8
µ∥∇ut∥2L2 + C∥√ρut∥2L2∥∇u∥2H1 ,

≤ 1

8
µ∥∇ut∥2L2 + C∥√ρut∥4L2 + C∥√ρut∥2L2 + C∥√ρut∥2L2∥∇u∥6L2 ,

(4.3.22)

J4 =

∫
2µ′(ρ)(u · ∇ρ)d : ∇utdx

≤ C∥µ′(ρ)∥L∞∥∇ρ∥L∞∥u∥L∞∥∇u∥L2∥∇ut∥L2

≤ 1

8
µ∥∇ut∥2L2 + C∥u∥2L∞∥∇u∥2L2 ,

(4.3.23)

J5 =

∫
κ′(ρ)(u · ∇ρ)∇ρ⊗∇ρ : ∇utdx

≤ C∥κ′(ρ)∥L∞∥∇ρ∥3L∞∥u∥L2∥∇ut∥L2

≤ 1

8
µ∥∇ut∥2L2 + C∥∇u∥2L2 ,

(4.3.24)

J6 =

∫
2κ(ρ)∇(u · ∇ρ)⊗∇ρ : ∇utdx

≤ C∥κ(ρ)∥L∞∥∇ρ∥2L∞∥∇u∥L2∥∇ut∥L2

+ C∥κ(ρ)∥L∞∥∇ρ∥L∞∥∇2ρ∥Lq∥u∥Lq∗∥∇ut∥L2

≤ 1

8
µ∥∇ut∥2L2 + C∥∇u∥2L2 ,

here note that we take q > 2. Substituting all the estimates (4.3.19)-(4.3.24) into (4.3.18),
we deduce

(4.3.25)

d

dt

∫
ρ|ut|2dx+

∫
µ(ρ)|dt|2dx

≤C∥u∥2L∞∥√ρut∥2L2 + C(1 + ∥∇u∥6L2)∥
√
ρut∥2L2

+ ∥√ρut∥4L2 + C(1 + ∥u∥4L∞)∥∇u∥2L2 ,
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consequently, it follows from Gronwall inequality and Lemma 4.9, 4.10 that

sup
0≤t≤T

∥√ρut∥2L2 +

∫ T

0
∥∇ut∥2L2dt ≤ C.

Lemma 4.12. Under the condition (4.3.2), it holds that for any 0 < T < T ∗,

(4.3.26) sup
0≤t≤T

(∥ρt∥W 1,q + ∥u∥H2 + ∥P∥H1) +

∫ T

0
(∥u∥2W 2,q + ∥P∥2W 1,q)dt ≤ C.

Proof. By Lemma 4.6 and (4.3.4) , it is easy to deduce

(4.3.27) ∥u∥H2 + ∥P∥H1 ≤ C∥ρut∥L2 + C∥∇u∥3L2 + C ≤ C,

with the aid of Lemma 4.9 and 4.11.
And, together with (4.1.1)1, yields

(4.3.28)

∥ρt∥W 1,q ≤ C(∥ρt∥Lq + ∥∇ρt∥Lq)

≤ C(∥u · ∇ρ∥Lq + ∥∇(u · ∇ρ)∥Lq)

≤ C(∥u∥L∞∥∇ρ∥Lq + ∥u∥L∞∥∇2ρ∥Lq + ∥∇u∥L2∥∇ρ∥
L

2q
q−2

)

≤ C∥u∥H2∥∇ρ∥W 1,q ≤ C.

At last, applying (4.2.5) in Lemma 4.6 with F = −ρut− ρu ·∇u−div(κ(ρ)∇ρ⊗∇ρ), we
get
(4.3.29)

∥∇u∥W 1,q + ∥P∥W 1,q

≤ C(1 + ∥∇ρ∥L∞)(∥ρut∥Lq + ∥ρu · ∇u∥Lq + ∥κ(ρ)|∇2ρ||∇ρ|∥Lq + ∥κ′(ρ)|∇ρ|3∥Lq)

≤ C(∥ρut∥Lq + ∥ρu · ∇u∥Lq + 1)

≤ C(∥∇ut∥L2 + ∥∇u∥2H1 + 1).

Hence

(4.3.30)

∫ T

0
(∥∇u∥2W 1,q + ∥P∥2W 1,q)dt ≤ C

∫ T

0
(∥∇ut∥2L2 + ∥∇u∥4H1)dt+ C

≤ C

Therefore we complete the proof of Lemma 4.12.

Proof of Theorem 4.3. In fact, in view of (4.3.2) and (4.3.27), it is easy to see that the func-
tions (ρ, u)(x, t = T ∗) = limt→T ∗(ρ, u) have the same regularities imposed on the initial
data (4.1.5) at the time t = T ∗. Furthermore,

− div(2µ(ρ)d) +∇P + div(κ(ρ)∇ρ⊗∇ρ)|t=T ∗

= lim
t→T ∗

ρ
1
2 (ρ

1
2ut + ρ

1
2u · ∇u) =: ρ

1
2 g|t=T ∗



A blow-up criterion of the 2D inhomogeneous Navier-Stokes-Korteweg equations 71

with g = (ρ
1
2ut + ρ

1
2u · ∇u)|t=T ∗ ∈ L2 due to (4.3.16). Thus the functions (ρ, u)|t=T ∗

satisfy the compatibility condition (4.1.6) at time T ∗. Therefore we can take (ρ, u)|t=T ∗

as the initial data and apply the local existence theorem (Theorem 4.2) to extend the
local strong solution beyond T ∗. This contradicts the definition of maximal existence
time T ∗, and thus, the proof of Theorem 4.3 is completed.
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Chapter 5

On local strong solutions to the Cauchy prob-
lem of 2D inhomogeneous Navier-Stokes-Korteweg
equations with vacuum

This chapter concerns the Cauchy problem of the inhomogeneous incompressible Navier-
Stokes-Korteweg equations on the two-dimensional space with vacuum as the far field
density. We prove that the 2D Cauchy problem of the inhomogeneous incompressible
Navier-Stokes-Korteweg equations admits a unique local strong solution provided the
initial density decays not too slow at infinity.

Keywords: Navier-Stokes-Korteweg; local strong solution; weighted density; unique-
ness

5.1 Introduction and main result

We continue the topic of fluid mechanics model of the Korteweg type. In the chapter
3 and 4, we proved two blow-up criteria of the initial and boundary value problem of
the inhomoegeneous Navier-Stokes-Korteweg equations over some bounded smooth
domain in Rn, n = 2, 3. An interesting problem is to consider the motion of fluids
of Korteweg type over an unbounded domain, the typical example is the whole space
Rn, n = 2, 3. In this chapter, we consider the inhomoegeneous Navier-Stokes-Korteweg
equations

(5.1.1)


∂tρ+ div(ρu) = 0,

∂t(ρu) + div(ρu⊗ u)− µ△u+∇P + κdiv(∇ρ⊗∇ρ) = 0,

divu = 0,

in R2 × (0, T ), where t ≥ 0 is time, x = (x1, x2) ∈ Ω ⊂ R2 is spatial coordinate. The
unknown functions ρ(x, t), u(x, t) = (u1(x, t), u2(x, t)) and P (x, t) represent the density,
velocity field and pressure of the fluid, respectively. The constants κ > 0 and µ > 0

stand for the capillary and viscosity coefficients of the fluid respectively.
Let Ω = R2 and we consider the Cauchy problem for (5.1.1) with the far field be-

havior condition(in the weak sense):

(5.1.2) (ρ, u) → (0, 0), as |x| → ∞,

73
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and initial data:

(5.1.3) (ρ, u)|t=0 = (ρ0, u0) in R2.

The Navier-Stokes-Korteweg equations are widely studied by many mathemati-
cians since of its physical importance and mathematical complexity, especially a great
of efforts have been devoted to the mathematical theory for compressible capillary flu-
ids, see the references [3, 5, 6] and therein. In particular, if there is no capillary effect,
that is κ ≡ 0, the Navier-Stokes-Korteweg system reduces to the well-konown Navier-
Stokes equations, which have been studied extensively, see the Chapter 1 for more de-
tails on the Navier-Stokes model. When the capillary coefficient κ > 0, the study of the
Navier-Stokes-Korteweg becomes rather difficult than the Navier-Stokes model since
of the appearance of capillary effect. For the inhomogeneous incompressible Navier-
Stokes-Korteweg equations (5.1.1) over a bounded domain Ω with smooth boundary
∂Ω, under the following compatibility condition on the initial data:
(5.1.4)

− div(µ(ρ0)(∇u0 + (∇u0)T )) +∇P0 + div(κ(ρ0)∇ρ0 ⊗ ρ0) = ρ
1
2
0 g, divu0 = 0, in Ω,

for some (P0, g) ≤ H1(Ω) × L2(Ω), Tan-Wang [11] and Wang [12] established the local
strong solutions to the initial and boundary value problem of inhomogeneous Navier-
Stokes-Korteweg equations when the capillary κ(ρ) and viscosity µ(ρ) are positive con-
stants and variable functions of the density, respectively.

To my best knowledge, there is no any further results of establishing solutions to the
Cauchy problem of the Navier-Stokes-Korteweg equations (5.1.1). Using the ideas of
Chen-Tan-Wang [1] for 3D Cauchy problem of the inhomogeneous MHD system (2.1.1),
the local strong solutions of the 3D Cauchy problem of Navier-Stokes-Korteweg equa-
tions (5.1.1) can be established in a similar way. However, some difficulties will bring
out when we apply these ideas to the 2D case, since the Sobolev inequality is critical.
Recently, Li-Liang [7] established the local strong solutions to the 2D Cauchy problem
of the compressible Navier-Stokes equations with vacuum as far field density by deriv-
ing some spatial weighted energy estimates. Motivated by their work, Liang [8] proved
the local existence of strong solutions to the 2D Cauchy problem of the inhomogeneous
incompressible Navier-Stokes equations, that is (5.1.1) with κ ≡ 0. The purpose of this
chapter is to establish local strong solutions to the Cauchy problem (5.1.1)-(5.1.3) as
an extension of Liang’s work [8] to Navier-Stokes-Korteweg model. First we give the
definition of strong solutions to the Cauchy problem (5.1.1)-(5.1.3) as follows.

Definition 5.1 (Strong solution). If all derivatives involved in (5.1.1) are regular distri-
butions, and equations (5.1.1) hold almost everywhere in R2 × (0, T ), then (ρ, u, P ) is
called a strong solution to (5.1.1).

Now we are ready to state the main result of this chapter, and we would like to point
out that, in this section, for 1 ≤ r ≤ ∞ and k ∈ N, we denote the standard Lesbegue
and Sobolev spaces as follows:

Lr = Lr(R2), W k,r =W k,r(R2), Hk =W k,2.
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Theorem 5.2. Let η0 be a positive constant and

(5.1.5) x̄ := (e+ |x|2)
1
2 log1+η0(e+ |x|2).

For constants q > 2 and a > 1, assume that the initial data (ρ0, u0) satisfies

(5.1.6) 0 ≤ x̄aρ0 ∈ L1 ∩H2 ∩W 2,q,
√
ρu0 ∈ L2,∇u0 ∈ L2 and divu0 = 0.

Then there exist a small time T0 and a unique strong solution (ρ, u, P ) to the Cauchy problem
(5.1.1)-(5.1.3) on R2 × (0, T0] satisfying

(5.1.7)



0 ≤ ρ ∈ C([0, T0];L
1 ∩H2 ∩W 2,q),

x̄aρ ∈ L∞(0, T0;L
1 ∩H2 ∩W 2,q),

√
ρu,∇u, x̄−1u,

√
t
√
ρut,

√
t∇P,

√
t∇2u ∈ L∞(0, T0;L

2),

∇u ∈ L2(0, T0;H
1) ∩ L

q+1
q (0, T0;W

1,q),

∇P ∈ L2(0, T0;L
2) ∩ L

q+1
q (0, T0;L

q),
√
t∇u ∈ L2(0, T0;W

1,q),
√
ρut,

√
t∇ut,

√
tx̄−1ut ∈ L2(R2 × (0, T0)),

and

(5.1.8) inf
0≤t≤T0

∫
BN

ρ(x, t)dx ≥ 1

4

∫
R2

ρ0(x)dx,

for some constant N > 0 and BN = {x ∈ R2||x| < N}.

We now make some comments on the key ingredients of the analysis of this chapter.
It should be pointed out that, for the whole two-dimensional space, it seems difficult to
bound the Lp(R2)-norm of u just in terms of ∥√ρu∥L2(R2) and ∥∇u∥L2(R2). Furthermore,
the appearance of capillary term will bring out some new difficulties. In order to over-
come these difficulties, we will make goof use of some key ideas due to [7, 8] where
they deal with the compressible and inhomogeneous Navier-Stokes equations, repec-
tively. On the other hand, motivated by [7], it is enough to bound the Lp(R2)-norm
of the momentum ρu instead just of u. More precisely, using a Hardy-type inequality
which is originally due to Lions [9], together with some careful analysis on the spatial
weighted estimate of the density, we can obtain the desired estimates on the Lp(R2)-
norm of the momentum ρu. Next, we then construct approximate solutions to (5.1.1)
with density strictly positive, consider an initial and boundary value problem in any
bounded ball BR with radius R. Finally, combining all key points mentioned before
with the similar arguments as in [2, 7, 8], we derive the desired bounds on the gradient
of velocity and spatial weighted density, which are independent of both the radius of
the balls BR and the lower bound of the initial density.

Remark 5.3. After this work was completed, we found a recent work of Y. Liu, W. Wang
and S. N. Zheng [10] closely related to ours. They also prove the local well-posedness of
strong solution with vacuum to the Cauchy problem of two-dimensional nonhomoge-
neous incompressible Navier-Stokes-Korteweg equations. However, as is discussed in
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detail, see Remark 5.10, they need a stronger assumption on the initial data than ours,
that is, except for the same regularity condition (5.1.6), the following compatibility con-
dition on (ρ0, u0) is also necessary.

(5.1.9) − µ△u0 +∇P0 + κdiv(∇ρ0 ⊗∇ρ0) = ρ
1
2
0 g,

for some (P0, g) ∈ H1 × L2(R2).

The rest of the chapter is arranged as follows. In Section 2, we collect some ele-
mentary facts and inequalities which will be needed in the later analysis. In Section 3,
we will derive some a priori estimates which are used to obtain the local existence and
uniqueness of strong solutions. The proof of main result Theorem 5.2 will be given in
Section 4.

5.2 Preliminaries

In this section, we will recall some known facts and elementary inequalities which will
be frequently used later. First of all, if the initial density is strictly away from vacuum,
the following local existence theorem on bounded balls can be shown by similar argu-
ments as in [2, 11].

Lemma 5.4. For R > 0 and BR = {x ∈ R2||x| < R}, assume that (ρ0, u0) satisfies

(5.2.1) ρ0 ∈ H3(BR), u0 ∈ H2(BR), inf
x∈BR

ρ0(x) > 0, divu0 = 0.

Then there exists a small time TR > 0 such that the equations (5.1.1) with the following initial
and boundary conditions

(5.2.2)
(ρ, u)(x, t = 0) = (ρ0, u0), x ∈ BR,

u(x, t) = 0, x ∈ ∂BR, t > 0,

has a unique strong solution (ρ, u, P ) on BR × (0, TR] satisfying

(5.2.3) ρ ∈ C([0, TR];H
3), (∇u, P ) ∈ C([0, TR];H

2) ∩ L2(0, TR;H
3),

where we denote Hk = Hk(BR) for positive integer k.

Next, for Ω ⊂ R2, the following weighted Lm-bounds for elements of the Hilbert
space D̃1,2(Ω) := {v ∈ H1

loc(Ω)|∇v ∈ L2(Ω)} can be found in [9].

Lemma 5.5. For m ∈ [2,∞) and θ ∈ (1 + m
2 ,∞), there exists a positive constant C indepen-

dent of Ω such that for either Ω = R2 or Ω = BR with R ≥ 1 and for any v ∈ D̃1,2(Ω),

(5.2.4)
(∫

Ω

|v|m

e+ |x|2
(log(e+ |x|2))−θdx

) 1
m

≤ C∥v∥L2(B1) + C∥∇v∥L2(Ω).

A useful consequence of Lemma 5.5 is the following crucial weighted bounds for
elements of D̃1,2(Ω), which has been proved in [7].
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Lemma 5.6. Let Ω be as in Lemma 5.5, and x̄ and η0 be as in (5.1.5). Assume that ρ ∈
L1 ∩ L∞(Ω) is a non-negative function such that

(5.2.5)
∫
BN1

ρdx ≥M1, ∥ρ∥L1∩L∞(Ω) ≤M2,

for positive constants M1,M2 and N1 ≥ 1 with BN1 ⊂ Ω. Then for ϵ > 0 and η > 0, there is
a positive constant C depending only on ϵ, η,M1,M2, N1, and η0 such that every v ∈ D̃1,2(Ω)

satisfies

(5.2.6) ∥vx̄−η∥L(2+ϵ)/η̃(Ω) ≤ C∥ρ1/2v∥L2(Ω) + C∥∇v∥L2(Ω)

with η̃ = min{1, η}.

5.3 A priori estimates

Throughout this section, we omit the integration domain BR with R > 0 below for
notations simplicity. For 1 ≤ r ≤ ∞ and k ∈ N, the Lesbegue and Sobolev spaces on
some ball BR are defined in a standard way:

Lr = Lr(BR), W k,r =W k,r(BR), Hk =W k,2.

Moreover, for R > 4N0 ≥ 4, assume that (ρ0, u0) satisifes, in addition to (5.2.1), that

(5.3.1)
1

2
≤
∫
BN0

ρ0(x)dx ≤
∫
BR

ρ0(x)dx ≤ 3

2
.

Lemma 5.4 thus yield that there exists some TR > 0 such that the initial and bound-
ary value problem (5.1.1) and (5.2.2) has a unique strong solution (ρ, u, P ) on BR ×
[0, TR] satisfying (5.2.3).

Let x̄, η0, a and q be as in Theorem 5.2, the main goal of this section is to derive the
following key a priori estimate on ψ(t) defined by

(5.3.2) ψ(t) := 1 + ∥ρ1/2u∥L2 + ∥∇u∥L2 + ∥x̄aρ∥L1∩H2∩W 2,q .

Proposition 5.7. Assume that (ρ0, u0) satisfies (5.2.1) and (5.3.1). Let (ρ, u, P ) be the solution
to the initial and boundary value problem (5.1.1) and (5.2.2) onBR×(0, TR] obtained by Lemma
5.4. Then there exist positive constants T0 and M both depending only on µ, κ, q, a, η0, N0 and
E0 such that

(5.3.3)

sup
0≤t≤T0

(
ψ(t) +

√
t∥√ρut∥L2 +

√
t∥∇2u∥L2 +

√
t∥∇P∥L2

)
+

∫ T0

0

(
∥√ρut∥2L2 + ∥∇2u∥2L2 + ∥∇2u∥

q+1
q

Lq + ∥∇P∥
q+1
q

Lq

)
dt

+

∫ T0

0

(
t∥∇2u∥2Lq + t∥∇P∥2Lq + t∥∇ut∥2L2

)
dt ≤M,

where
E0 := ∥√ρ0u0∥L2 + ∥∇u0∥L2 + ∥x̄aρ0∥L1∩H2∩W 2,q .
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The proof of Proposition 5.7 is composed of some lemmas. First, we give the fol-
lowing standard energy estimate for (ρ, u, P ) and the estimate on the Lp-norm of the
density.

Lemma 5.8. Under the conditions of Proposition 5.7, let (ρ, u, P ) be a solution to the initial
and boundary problem (5.1.1) and (5.2.2). Then for any t > 0,

(5.3.4) sup
0≤s≤t

(∥ρ∥L1∩L∞ + ∥√ρu∥2L2 + ∥∇ρ∥2L2) +

∫ t

0

∫
|∇u|2dxds ≤ C.

Proof. First, it is easy to deduce from (5.1.1)1 and divu = 0 that

(5.3.5) sup
0≤s≤t

∥ρ∥L1∩L∞ ≤ C.

Then applying the standard energy estimate to (5.1.1) gives

(5.3.6) sup
0≤s≤t

(∥√ρu∥2L2 + ∥∇ρ∥2L2) +

∫ t

0

∫
|∇u|2dxds ≤ C.

This together with (5.3.5) yields (5.3.4) and completes the proof of Lemma 5.8.

Next, we will derive the key estimate on the ∥∇u∥L2(0,t;L2).

Lemma 5.9. Under the conditions of Proposition 5.7, let (ρ, u, P ) be a solution to the initial
and boundary problem (5.1.1) and (5.2.2). Then there exists a T1 = T1(N0, E0) > 0 such that
for all t ∈ (0, T1],

(5.3.7) sup
0≤s≤t

(∥x̄aρ∥L1 + ∥∇u∥2L2) +

∫ t

0
∥√ρus∥2L2ds ≤ C + C

∫ t

0
ψα(s)ds.

Proof. First, for N > 1, define a family of functions ϕN ∈ C∞
0 (BN ) satisfying

(5.3.8) 0 ≤ ϕN ≤ 1, ϕN (x) = 1, if |x| ≤ N/2, |∇kϕN | ≤ CN−k, k ∈ N,

it follows from (5.1.1)1 and (5.3.4) that

(5.3.9)

d

dt

∫
ρϕ2N0dx =

∫
ρu · ∇ϕ2N0dx

≥ −CN−1
0

(∫
ρdx

)1/2(∫
ρ|u|2dx

)1/2

≥ C̃(E0N0),

where we used the fact
∫
ρdx =

∫
ρ0dx in the last inequality.

Integrating (5.3.9) over the time interval (0, t) and using (5.3.1) gives

(5.3.10) inf
0≤t≤T1

∫
B2N0

ρdx ≥ inf
0≤t≤T1

∫
ρϕ2N0dx ≥

∫
ρ0ϕ2N0dx− C̃T1 ≥

1

4
.

where we take T1 := min{1, (4C̃)−1}. From now on, we will always assume that t ≤ T1.
The combination of (5.3.10), (5.3.4) and (5.2.6) yields that for ϵ > 0 and η > 0, every
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v ∈ D̃1,2(BR) satisfies

(5.3.11) ∥vx̄−η∥L(2+ϵ)/η̃ ≤ C∥ρ1/2v∥L2 + C∥∇v∥L2

with η̃ = min{1, η}.
Next, multiplying (5.1.1)1 by x̄a and integrating by parts imply that

(5.3.12)

d

dt

∫
x̄aρdx ≤ C

∫
ρ|u|x̄a−1 log1+η0(e+ |x|2)dx

≤ C∥ρx̄a−1+ 8
8+a ∥

L
8+a
7+a

∥ux̄−
4

8+a ∥L8+a

≤ C∥ρ∥
1

8+a

L∞ ∥ρx̄a∥
7+a
8+a

L1 (∥ρ1/2u∥L2 + ∥∇u∥L2)

≤ C(1 + ∥ρx̄a∥L1)(1 + ∥∇u∥L2)

due to (5.3.4) and (5.3.11). This combined with Gronwall inequality and (5.3.4) lead to

(5.3.13) sup
0≤s≤t

∥ρx̄a∥L1 ≤ C exp

{
C

∫ t

0
(1 + ∥∇u∥2L2)ds

}
≤ C.

Now we are prepared to estimate the first order derivatives of the velocity. Multiplying
(5.1.1)2 by ut and integrating by parts, one has

(5.3.14)

∫
ρ|ut|2dx+ µ

d

dt

∫
|∇u|2dx

=−
∫
(ρu · ∇u) · utdx+ κ

∫
∇ρ⊗∇ρ : ∇utdx

=κ
d

dt

∫
∇ρ⊗∇ρ : ∇udx+ 2

∫
κ∇(u · ∇ρ)⊗∇ρ : ∇udx

−
∫
(ρu · ∇u) · utdx.

First, it follows from (5.3.4), (5.3.11), and (5.3.13) that for any ϵ > 0 and η > 0,

(5.3.15)

∥ρηv∥L(2+ϵ)/η̃ ≤ C∥ρηx̄
3η̃a

4(2+ϵ) ∥L4(2+ϵ)/3η̃∥vx̄−
3η̃a

4(2+ϵ) ∥L4(2+ϵ)/η̃

≤ C

(∫
ρ

4(2+ϵ)η
3η̃

−1
ρx̄adx

) 3η̃
4(2+ϵ)

∥vx̄−
3η̃a

4(2+ϵ) ∥L4(2+ϵ)/η̃

≤ C∥ρ∥
4(2+ϵ)η−3η̃

4(2+ϵ)

L∞ ∥ρx̄a∥
3η̃

4(2+ϵ)

L1 (∥ρ1/2v∥L2 + ∥∇v∥L2)

≤ C∥ρ
1
2 v∥L2 + C∥∇v∥L2 ,

where η̃ = min{1, η} and v ∈ D̃1,2(BR). In particular, this together with (5.3.4) and
(5.3.11) derives

(5.3.16) ∥ρηu∥L(2+ϵ)/η̃ + ∥ux̄−η∥L(2+ϵ)/η̃ ≤ C(1 + ∥∇u∥L2).
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Then we estimate the terms in the right hand side of (5.3.14). First, the combination of
the Cauchy-Schwarz and Gagliardo-Nirenberg inequalities yields

(5.3.17)

∫
(ρu · ∇u) · utdx ≤ 1

4

∫
ρ|ut|2dx+ C

∫
ρ|u|2|∇u|2dx

≤ 1

4

∫
ρ|ut|2dx+ C∥ρ

1
2u∥2L8∥∇u∥2L8/3

≤ 1

4

∫
ρ|ut|2dx+ C∥ρ

1
2u∥2L8∥∇u∥3/2L2 ∥∇u∥

1/2
H1

≤ 1

4

∫
ρ|ut|2dx+ Cψα + ϵ∥∇2u∥2L2 ,

where (and in what follows) we use α > 1 to denote a generic constant, which may
different from line to line.

For the second term on the right hand side of (5.3.14), integration by parts together
with Gagliardo-Nirenberg inequality deduces that

(5.3.18)

∫
κ∇(u · ∇ρ)⊗∇ρ : ∇udx

≤ C

∫
|∇ρ|2|∇u|2dx+ C

∫
|∇2ρ||∇ρ||u||∇u|dx

≤ C∥∇ρ∥2L∞∥∇u∥2L2 + C∥∇ρ∥L∞∥x̄a∇2ρ∥Lq∥x̄−au∥Lq∗∥∇u∥L2

≤ Cψα.

Here 1
q +

1
q∗ = 1. and q∗ > 2. Inserting (5.3.17) and (5.3.18) into (5.3.14) gives

(5.3.19)

1

2

∫
ρ|ut|2dx+

d

dt

∫
(µ|∇u|2 − κ∇ρ⊗∇ρ : ∇u)dx

≤ϵ∥∇2u∥2L2 + Cψα.

Differentiating the continuity equation (5.1.1)1 with respect to xi, i = 1, 2, we get

(5.3.20) (∂xiρ)t + u · ∇(∂xiρ) + ∂xiu · ∇ρ = 0,

multiplying (5.3.20) by 4|∂xiρ|2∂xiρ, integration by parts over the domain BR yields

(5.3.21)

d

dt
∥∂xiρ∥4L4 ≤ C

∫
|∇u||∇ρ||∂xiρ|3dx

≤ C∥∇u∥L2∥∇ρ∥L2∥∂xiρ∥3L∞

≤ Cψα(t).

Integrating (5.3.21) over the time interval (0, t) lead to

(5.3.22) sup
0≤s≤t

∥∇ρ∥4L4 ≤ C + C

∫
ψαds.

On the other hand, since (ρ, u, P ) satisfies the following Stokes system,

−µ△u+∇P = −ρut − ρu · ∇u− κdiv(∇ρ⊗∇ρ),
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applying the standard Lp-estimate, then

(5.3.23)

∥∇2u∥2L2 + ∥∇P∥2L2

≤ C∥ρut∥2L2 + C∥ρu · ∇u∥2L2 + C∥|∇ρ||∇2ρ|∥2L2

≤ C∥√ρut∥2L2 + C∥ρu∥2L4∥∇u∥L2∥∇2u∥H1 + C∥∇ρ∥2L∞∥∇2ρ∥2L2

≤ C∥√ρut∥2L2 +
1

2
∥∇2u∥2L2 + Cψα,

which implies that,

(5.3.24) ∥∇2u∥2L2 + ∥∇P∥2L2 ≤ C∥√ρut∥2L2 + Cψα.

Substituting (5.3.24) into (5.3.19) and choosing ϵ suitably small, one gets

(5.3.25)
∥∇u∥2L2 +

∫ t

0

∫
ρ|ut|2dxds ≤ C + C∥∇ρ∥4L4 + C

∫ t

0
ψαds

≤ C + C

∫ t

0
ψαds,

where in the second inequality we have used (5.3.22). Thus we complete the proof of
Lemma 5.9.

Remark 5.10. Here we want to give some comments on the proof of Lemma 5.9. As the
same with Y. Liu et. al. [10], this lemma is used to derive the L∞-estimate on ∥∇u∥L2 .
The different part is the treatment of the capillary term

∫
div(∇ρ ⊗ ∇ρ) · utdx. In the

paper of Y. Liu et. al. [10], they remark from the divergence free property of the velocity
that

∫
div(∇ρ⊗∇ρ) ·utdx =

∫
△ρ∇ρ ·utdx. Then combining the Hardy-type inequality

and Hölder inequality, they complete the estimate in terms of ψ(t) and ∥∇ut∥L2 . In
order to close the estimate, they have to derive the estimate of sup ∥√ρut∥L2 in the next
step, therefore the initial value of sup ∥√ρut∥L2 will be involved, to bound this term,
the compatibility condition (5.1.9) is necessary. My way is different, we observe that

(5.3.26)
∫

∇ρ⊗∇ρ : ∇utdx =
d

dt

∫
∇ρ⊗∇ρ : ∇udx+ 2

∫
∇(u · ∇ρ)⊗∇ρ : ∇udx,

and to bound the first term of the right-hand side in (5.3.26), we also derive a new
estimate for the density, see (5.3.22).

Lemma 5.11. Let (ρ, u, P ) and T1 be as in Lemma 5.9. Then there exists a positive constant
α > 1, such that for all t ∈ (0, T1],
(5.3.27)

sup
0≤s≤t

(s∥√ρus∥2L2) +

∫ t

0
(∥∇2u∥

q+1
q

Lq + s∥∇2u∥2Lq + s∥∇us∥2L2)dt ≤ C exp

(
C

∫ t

0
ψαds

)
.

Proof. Differentiating the momentum equations (5.1.1)2 with respect to t, using the con-
tinuity equation (5.1.1)1, we derive

(5.3.28)
ρutt + ρu · ∇ut − µ△ut +∇Pt

=− ρt(ut + u · ∇u)− ρut · ∇u− κ△ρ∇(u · ∇ρ)− κ△(u · ∇ρ)∇ρ.
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Multiplying (5.3.28) by ut, we get after integration by parts over BR that

(5.3.29)

1

2

d

dt

∫
ρ|ut|2dx+ µ

∫
|∇ut|2dx

≤ C

∫
ρ|u|(|∇ut|+ |∇u|2 + |u||∇2u|)dx+ C

∫
ρ|u|2|∇u||∇ut|dx

+ C

∫
ρ|ut|2|∇u|dx+

∫
|△ρ||∇(u · ∇ρ)||ut|dx+ |

∫
△(u · ∇ρ)(∇ρ · ut)dx|

:=

5∑
i=1

Ji.

Now let us estimate the terms on the right hand side of (5.3.29) one by one. First

(5.3.30)

J1 ≤ C∥ρ
1
2u∥L6∥ρ

1
2ut∥

1
2

L2∥ρ
1
2ut∥

1
2

L6(∥∇ut∥L2 + ∥∇u∥2L4)

+ C∥ρ
1
4u∥2L12∥ρ

1
2ut∥

1
2

L2∥ρ
1
2ut∥

1
2

L6∥∇2u∥L2

≤ C(1 + ∥∇u∥2L2)∥ρ
1
2ut∥

1
2

L2(∥ρ
1
2ut∥L2 + ∥∇ut∥L2)

1
2

× (∥∇ut∥L2 + ∥∇u∥2L2 + ∥∇u∥L2∥∇2u∥L2 + ∥∇2u∥L2)

≤ µ

6
∥∇ut∥2L2 + Cψα∥√ρut∥2L2 + Cψα + C(1 + ∥∇u∥2L2)∥∇2u∥2L2 .

Then, Hölder inequality combined with (5.3.16) leads to

(5.3.31)
J2 + J3 ≤ C∥ρ

1
2u∥2L8∥∇u∥L4∥∇ut∥L2 + C∥∇u∥L2∥ρ

1
2ut∥

3
2

L6∥ρ
1
2ut∥

1
2

L2

≤ µ

6
∥∇ut∥2L2 + Cψα∥√ρut∥2L2 + C(ψα + ∥∇2u∥2L2).

Next,

(5.3.32)

J4 ≤ C

∫
|∇2ρ||u||△ρ||ut|dx+ C

∫
|∇ρ||∇u||△ρ||ut|dx

≤ C∥x̄a∇2ρ∥Lq∥x̄a△ρ∥Lq∥x̄−au∥Lq∗∥x̄−aut∥Lq∗

+ C∥∇ρ∥L∞∥x̄a△ρ∥Lq∥∇u∥L2∥x̄−aut∥Lq∗

≤ Cψα(1 + ∥∇u∥L2)(∥ρ
1
2ut∥L2 + ∥∇ut∥L2) + Cψα(∥ρ

1
2ut∥L2 + ∥∇ut∥L2)

≤ µ

6
∥∇ut∥2L2 + Cψα∥√ρut∥2L2 .

Finally,

(5.3.33)

J5 = |
∫

△(u · ∇ρ)(∇ρ · ut)dx|

≤ C

∫
|∇2ρ|2|u||ut|dx+

∫
|∇ρ||∇2ρ||∇u||ut|dx

+

∫
|∇2ρ||∇ρ||u||∇ut|dx+

∫
|∇ρ|2|∇u||∇ut|dx

≤ µ

6
∥∇ut∥2L2 + Cψα∥√ρut∥2L2 + Cψα.
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Inserting the estimates (5.3.30)-(5.3.33) into (5.3.29), we get

(5.3.34)
1

2

d

dt

∫
ρ|ut|2dx+ µ

∫
|∇ut|2dx ≤ Cψα(1 + ∥ρ

1
2ut∥2L2).

Multiplying (5.3.34) by t, using Gronwall inequality, we get

(5.3.35) sup
0≤s≤t

(s∥√ρus∥2L2) +

∫ t

0
(s∥∇us∥2L2)dt ≤ C exp

(
C

∫ t

0
ψαds

)
.

Finally, we show that

(5.3.36)

∫ t

0

(
∥∇2u∥

q+1
q

Lq + ∥∇P∥
q+1
q

Lq + s∥∇2u∥2Lq + s∥∇P∥2Lq

)
ds

≤ C exp

{
C

∫ t

0
ψα(s)ds

}
.

Applying the Stokes estimate and Gagliardo-Nirenberg inequality, one has
(5.3.37)
∥∇2u∥Lq + ∥∇P∥Lq ≤ C(∥ρut∥Lq + ∥ρu · ∇u∥Lq + ∥|∇ρ||∇2ρ|∥Lq)

≤ C(∥ρut∥Lq + ∥ρu∥L2q∥∇u∥L2q + ∥∇ρ∥L∞∥∇2ρ∥Lq)

≤ C∥ρut∥
2(q−1)

q2−2

L2 ∥ρut∥
q2−2q

q2−2

Lq2
+ Cψα(1 + ∥∇2u∥

q−1
q

L2 )

≤ C(∥√ρut∥
2(q−1)

q2−2

L2 ∥∇ut∥
q2−2q

q2−2

L2 + ∥√ρut∥L2) + Cψα(1 + ∥∇2u∥
q−1
q

L2 ),

which together with (5.3.7) and (5.3.35) implies that

(5.3.38)

∫ t

0
(∥∇2u∥

q+1
q

Lq + ∥∇P∥
q+1
q

Lq )ds

≤ C

∫ t

0
s
− q+1

2q (s∥√ρut∥2L2)
q2−1

q(q2−2) (s∥∇ut∥2L2)
(q−2)(q+1)

2(q2−2) ds

+

∫ t

0
∥√ρut∥

q+1
q

L2 ds+ C

∫ t

0
ψα(1 + ∥∇2u∥

q2−1

q2

L2 )ds

≤ C sup
0≤s≤t

(s∥√ρut∥2L2)
q2−1

q(q2−2)

∫ t

0
s
− q+1

2q (s∥∇ut∥2L2)
(q−2)(q+1)

2(q2−2) ds

+ C

∫ t

0
(ψα + ∥√ρut∥2L2 + ∥∇2u∥2L2)ds

≤ C exp

{
C

∫ t

0
ψα(s)ds

}(
1 +

∫ t

0
(s

− q3+q2−2q−2

q3+q2−2q + s∥∇ut∥2L2)ds

)
≤ C exp

{
C

∫ t

0
ψα(s)ds

}
.
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and

(5.3.39)

∫ t

0
(s∥∇2u∥2Lq + s∥∇P∥2Lq)ds

≤ C

∫ t

0
s∥√ρut∥2L2ds+ C

∫ t

0
(s∥√ρut∥2L2)

2(q−1)

q2−2 (s∥∇ut∥2L2)
q2−2q

q2−2 ds

+ C

∫ t

0
sψα(1 + ∥∇2u∥

2(q−1)
q

L2 )ds

≤ C

∫ t

0
s∥√ρut∥2L2ds+ C

∫ t

0
s∥∇ut∥2L2ds+ C

∫ t

0
(ψα + s∥∇2u∥2L2)ds

≤ C exp

{
C

∫ t

0
ψα(s)ds

}
.

Therefore we complete the proof of Lemma 5.11.

Lemma 5.12. Let (ρ, u, P ) and T1 be as in Lemma 5.11. Then there exists a positive constant
α > 1 such that for all t ∈ (0, T1],

(5.3.40) sup
0≤s≤t

∥x̄aρ∥L1∩H2∩W 2,q ≤ exp

{
C exp

{
C

∫ t

0
ψαds

}}
.

Proof. First, it follows from Sobolev inequality and that for δ ∈ (0, 1),

(5.3.41)

∥ux̄−δ∥L∞ ≤ C(δ)
(
∥ux̄−δ∥

L
4
δ
+ ∥∇(ux̄−δ)∥L3

)
≤ C(δ)

(
∥ux̄−δ∥

L
4
δ
+ ∥∇u∥L3 + ∥ux̄−δ∥

L
4
δ
∥x̄−1∇x̄∥

L
12

4−3δ

)
≤ C(δ)(ψα + ∥∇2u∥L2).

Multiplying the continuity equation (5.1.1)1 by x̄a, after some simple calculation, we
get

(5.3.42) ∂t(x̄
aρ) + u · ∇(x̄aρ)− ax̄aρu · ∇ log x̄ = 0.

To obtain the estimate of first order spatial derivatives of x̄aρ, we differentiate (5.3.42)
with respect to xi, i = 1, 2:

(5.3.43)
∂t∂xi(x̄

aρ) + u · ∇∂xi(x̄
aρ) + ∂xiu · ∇(x̄aρ)

− a∂xi(x̄
aρ)u · ∇ log x̄− ax̄aρ∂xi(u · ∇ log x̄) = 0.

Multiplying (5.3.43) by r|∂i(x̄aρ)|r−2∂i(x̄
aρ) for r ∈ [2, q], and integrating the resulting

equality over BR, we get

(5.3.44)
d

dt
∥∇(x̄aρ)∥Lr ≤ C(1 + ∥∇u∥L∞ + ∥u · ∇ log x̄∥L∞)∥∇(x̄aρ)∥Lr

+ C∥x̄aρ∥L∞∥∇(u∇ log x̄)∥Lr .
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To obtain the second order spatial derivatives of x̄aρ, differentiate the equation (5.3.43)
with respect to xj , j = 1, 2, after some calculation, one has

(5.3.45)

∂t∂xi∂xj (x̄
aρ) + u · ∇∂xi∂xj (x̄

aρ) + ∂ju · ∇(∂xi(x̄
aρ)) + ∂iu · ∇(∂xj (x̄

aρ))

+ ∂xi∂xju · ∇(x̄aρ)− a∂xi∂xj (x̄
aρ)u · ∇ log x̄− a∂xi(x̄

aρ)∂xj (u · ∇ log x̄)

− a∂xj (x̄
aρ)∂xi(u · ∇ log x̄)− a(x̄aρ)∂xi∂xj (u · ∇ log x̄) = 0,

multiplying (5.3.45) by r|∂i∂j(x̄aρ)|r−2∂i∂j(x̄
aρ) for r ∈ [2, q], and integrating the result-

ing equality over BR, and using (5.1.1)1, we derive

(5.3.46)

d

dt
∥∇2(x̄aρ)∥Lr ≤ C(1 + ∥∇u∥L∞ + ∥u · ∇ log x̄∥L∞)∥∇2(x̄aρ)∥Lr

+ C∥x̄aρ∥L∞∥∇2(u∇ log x̄)∥Lr

+ C∥∇(x̄aρ)∥L∞(∥∇2u∥Lr + ∥∇(u∇ log x̄)∥Lr),

combining it with (5.3.44), and summing up for i, j = 1, 2, leads to

(5.3.47)

d

dt
∥∇(x̄aρ)∥W 1,r ≤ C(1 + ∥∇u∥L∞ + ∥u · ∇ log x̄∥L∞)∥∇(x̄aρ)∥W 1,r

+ C∥x̄aρ∥L∞(∥∇(u∇ log x̄)∥Lr + ∥∇2(u∇ log x̄)∥Lr)

+ C∥∇(x̄aρ)∥L∞(∥∇2u∥Lr + ∥∇(u∇ log x̄)∥Lr)

≤ C(ψα + ∥∇2u∥L2∩Lq)(1 + ∥∇(x̄aρ)∥W 1,r + ∥∇(x̄aρ)∥W 1,q)

Using (5.3.7), (5.3.36), (5.3.13), (5.3.44), (5.3.47), and Gronwall inequality, one thus get
(5.3.40) , therefore we complete the proof of Lemma 5.12.

Now, we are in a position to give a proof of Proposition 5.7, which is a direct conse-
quence of Lemmas 5.8-5.12.

Proof of Proposition 5.7. It follows from (5.3.4), (5.3.7), and (5.3.40) that

ψ(t) ≤ exp

{
C exp

{
C

∫ t

0
ψαds

}}
.

Standard arguments yield that for M := eCe and T0 := min{T1, (CMα)−1},

sup
0≤t≤T0

ψ(t) ≤M.

This combines with (5.3.24) and (5.3.27) gives

sup
0≤t≤T0

(t∥∇2u∥2L2 + t∥∇P∥2L2) ≤ C(M),

which together with (5.3.7), (5.3.27), (5.3.40) gives (5.3.3). Therefore the proof of Propo-
sition 5.7 is completed.
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5.4 Local existence and uniqueness of strong solutions

This section is devoting to prove the main result Theorem 5.2 with the aid of the a priori
estimates obtained in Section 3.

Let (ρ0, u0) be as in Theorem 5.2. Without loss of generality, the initial density ρ0 is
assumed to satisfy ∫

R2

ρ0dx = 1,

which implies that there exists a positive constant N0 such that

(5.4.1)
∫
BN0

ρ0dx ≥ 3

4

∫
R2

ρ0dx =
3

4
.

We construct ρR0 = ρ̂R0 +R−1e−|x|2 , where 0 ≤ ρ̂R0 ∈ C∞
0 (R2) satisfies

(5.4.2)


∫
BN0

ρ̂R0 dx ≥ 1

2
,

x̄aρ̂R0 → x̄aρ0 in L1(R2) ∩H2(R2) ∩W 2,q(R2), as R→ ∞.

Since ∇u0 ∈ L2(R2), choosing vRi ∈ C∞
0 (BR)(i = 1, 2) such that

(5.4.3) lim
R→∞

∥vRi − ∂iu0∥L2(R2) = 0, i = 1, 2.

We consider the unique smooth solution uR0 of the following elliptic problem:

(5.4.4)


−△uR0 + ρR0 u

R
0 +∇PR

0 =
√
ρR0 h

R − ∂iv
R
i , in BR,

divuR0 = 0, in BR,

uR0 = 0, on ∂BR,

where hR = (
√
ρ0u0) ∗ j1/R with jδ being the standard mollifying kernel with width δ.

Extending uR0 to R2 by defining 0 outside BR and denoting it by ũR0 , we claim that

(5.4.5) lim
R→∞

(
∥∇(ũR0 − u0)∥L2(R2) + ∥

√
ρR0 ũ

R
0 −√

ρ0u0∥L2(R2)

)
= 0.

In fact, it is easy to find that ũR0 is also a solution of (5.4.4) in R2. Multiplying (5.4.4) by
ũR0 and integrating the resulting equation over R2 lead to

(5.4.6)

∫
R2

ρR0 |ũR0 |2dx+

∫
R2

|∇ũR0 |2dx

≤ ∥
√
ρR0 ũ

R
0 ∥L2(BR)∥hR∥L2(BR) + C∥vRi ∥L2(BR)∥∂iũR0 ∥L2(BR)

≤ 1

2
∥∇ũR0 ∥2L2(BR) +

1

2

∫
R2

ρR0 |ũR0 |2dx+ C∥hR∥2L2(BR) + C∥vRi ∥2L2(BR),

which implies

(5.4.7)
∫
R2

ρR0 |ũR0 |2dx+

∫
R2

|∇ũR0 |2dx ≤ C
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for some C independent of R. This together with (5.4.2) yields that there exist a subse-
quence Rj → ∞ and a function ũ0 ∈ {ũ0 ∈ H1

loc(R2)|√ρ0ũ0 ∈ L2(R2),∇ũ0 ∈ L2(R2)}
such that

(5.4.8)


√
ρ
Rj

0 ũ
Rj

0 ⇀
√
ρ0ũ0 weakly in L2(R2),

∇ũRj

0 ⇀ ∇ũ0 weakly in L2(R2).

Next we will show

(5.4.9) ũ0 = u0.

Indeed, multiplying (5.3.12) by a test function π ∈ C∞
0 (R2) with divπ = 0, it holds that

(5.4.10)
∫
R2

∂i(ũ
Rj

0 − u0) · ∂iπdx+

∫
R2

√
ρ
Rj

0 (

√
ρ
Rj

0 ũ
Rj

0 − hRj ) · πdx = 0.

Let Rj → ∞, it follows from (5.4.2), (5.4.3) and (5.4.8) that

(5.4.11)
∫
R2

∂i(ũ0 − u0) · ∂iπdx+

∫
R2

ρ0(ũ0 − u0) · πdx = 0,

which implies (5.4.9).
Furthermore, multiplying (5.4.4) by ũR0 and integrating the resulting equation over

R2, by the same arguments as (5.4.11), we have

lim
Rj→∞

∫
R2

(ρ
Rj

0 |ũRj

0 |2 + |∇ũRj

0 |2)dx =

∫
R2

(ρ0|u0|2 + |∇u0|2)dx,

which combined with (5.4.8) leads to

lim
Rj→∞

∫
R2

|∇ũRj

0 |2dx =

∫
R2

|∇ũ0|2dx, lim
Rj→∞

∫
R2

ρ
Rj

0 |ũRj

0 |2dx =

∫
R2

ρ0|ũ0|2dx.

This, along with (5.4.9) and (5.4.8), gives (5.4.5).
Hence, by virtue of Lemma 5.4, the initial and boundary value problem (5.1.1) and

(5.2.2) with the initial data (ρR0 , u
R
0 ) has a classical solution (ρR, uR, PR) on BR× [0, TR].

Moreover, Proposition 5.7 shows that there exists a T0 independent ofR such that holds
for (ρR, uR, PR).

For simplicity, in what follows, we denote

Lp = Lp(R2), W k,p =W k,p(R2).

Extending (ρR, uR, PR) by zero on R2/BR and denoting it by

(ρ̃R = ϕRρ
R, ũR, P̃R)

with ϕR satisfying (5.3.8). First, (5.3.3) leads to
(5.4.12)

sup
0≤t≤T0

(
∥
√
ρ̃RũR∥L2 + ∥∇ũR∥L2

)
≤ sup

0≤t≤T0

(
∥
√
ρRuR∥L2(BR) + ∥∇uR∥L2(BR)

)
≤ C,
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and

(5.4.13) sup
0≤t≤T0

∥x̄aρ̃R∥L1∩L∞ ≤ C.

Similarly, it follows from (5.3.3) that for q > 2,

(5.4.14)

sup
0≤t≤T0

t
1
2

(
∥
√
ρ̃RũRt ∥L2 + ∥∇2ũR∥L2

)
+

∫ T0

0

(
∥
√
ρ̃RũRt ∥2L2 + ∥∇2ũR∥2L2 + ∥∇2ũR∥

q+1
q

Lq

)
dt

+

∫ (
t∥∇2ũR∥2Lq + t∥∇ũRt ∥2L2

)
dt ≤ C.

Next, for p ∈ [2, q], we obtain from (5.3.3) and (5.3.40) that

(5.4.15)

sup
0≤t≤T0

∥∇2(x̄aρ̃R)∥Lp ≤ C sup
0≤t≤T0

(∥∇2(x̄aρR)∥Lp(BR)

+R−1∥∇(x̄aρR)∥Lp(BR) +R−2∥x̄aρR∥Lp(BR))

≤ C sup
0≤t≤T0

∥x̄aρR∥H2(BR)∩W 2,p(BR)) ≤ C,

which together with (5.3.41) and (5.3.3) yields

(5.4.16)

∫ T0

0
∥∂t(x̄ρ̃R)∥2Lpdt ≤ C

∫ T0

0
∥x̄|uR||∇ρR|∥2Lp(BR)dt

≤ C

∫ T0

0
∥x̄1−auR∥2L∞∥x̄a∇ρR∥2Lp(BR)dt

≤ C.

By virtue of the same arguments as those of (5.3.27) and (5.3.36) , one gets

(5.4.17) sup
0≤t≤T0

t
1
2 ∥∇P̃R∥L2 +

∫ T0

0
(∥∇P̃R∥2L2 + ∥∇P̃R∥

q+1
q

Lq )dt ≤ C.

With the estimates (5.4.13)-(5.4.17) at hand, we find that the sequence (ρ̃R, ũR, P̃R) con-
verges, up to the extraction of subsequences, to some limit (ρ, u, P ) in the weak sence,
that is, as R→ ∞, we have

(5.4.18) x̄ρ̃R → x̄ρ, in C1(BN × [0, T0]), for any N > 0,

(5.4.19) x̄aρ̃R ⇀ x̄aρ,weakly * in L∞(0, T0;H
2 ∩W 2,q),

(5.4.20)
√
ρ̃RũR ⇀

√
ρu,∇ũR ⇀ ∇u,weakly * in L∞(0, T0;L

2)

(5.4.21) ∇2ũR ⇀ ∇2u,∇P̃R ⇀ ∇P,weakly in L
q+1
q (0, T0;L

q) ∩ L2(R2 × (0, T0)),
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(5.4.22)
√
t∇2ũR ⇀

√
t∇2u,weak in L2(0, T0;L

q),weak * in L∞(0, T0;L
2),

(5.4.23)
√
t
√
ρ̃ũRt ⇀

√
t
√
ρut,

√
t∇P̃R ⇀

√
t∇P,weak * in L∞(0, T0;L

2),

(5.4.24)
√
t∇2ũRt ⇀

√
t∇2ut,weak * in L2(R2 × (0, T0)),

with

(5.4.25) x̄aρ ∈ L∞(0, T0;L
1), inf

0≤t≤T0

∫
B2N0

ρ(x, t)dx ≥ 1

4
.

Then letteing R → ∞, standard arguments together with (5.4.18)-(5.4.25) show that
(ρ, u, P ) is a strong solution of on R2 × (0, T0) satisfying (5.1.7) and (5.1.8). Indeed, the
existence of a pressure P follows immediately from (5.1.1)1 (5.1.1)3 and by a classical
consideration. The proof of the existence part of Theorem 5.2 is finished.

The final work is only to prove the uniqueness of the strong solution satisfying
(5.1.7) and (5.1.8). Let (ρ, u, P ) and (ρ̄, ū, P̄ ) be two strong solutions satisfying (5.1.7)
and (5.1.8) with the same initial data, and denote

Θ := ρ− ρ̄, U := u− ū.

First, subtracting the mass equation satisfied by (ρ, u, P ) and (ρ̄, ū, P̄ ) gives

(5.4.26) Θt + ū · ∇Θ+ U · ∇ρ = 0.

Multiplying (5.4.26) by 2Θx̄2r for r ∈ (1, ã) with ã = min{2, a}, and integrating by parts
yield
(5.4.27)

d

dt

∫
|Θx̄r|2dx

≤ C∥ūx̄−
1
2 ∥L∞∥Θx̄r∥L2 + C∥Θx̄r∥L2∥Ux̄−(ã−r)∥

L
2q

(q−2)(ã−r)
∥x̄ã∇ρ∥

L
2q

q−(q−2)(ã−r)

≤ C(1 + ∥∇ū∥W 1,q∥Θx̄r∥2L2 + C∥Θx̄r∥L2(∥∇U∥L2 + ∥√ρU∥L2)

due to Sobolev inequality, (5.1.8), (5.3.16), (5.3.41). This combined with Gronswall in-
equality shows that for all 0 ≤ t ≤ T0,

(5.4.28) ∥Θx̄r∥L2 ≤ C

∫ t

0
(∥∇U∥L2 + ∥√ρU∥L2)ds.

Next, taking the gradient in (5.4.26), multiplying the resulting equation by ∇Θ, and
integrating over the R2, we get
(5.4.29)
1

2

d

dt

∫
|∇Θ|2dx+

∫
(∇Θ · ∇ū) · ∇Θdx+

∫
(∇ρ · ∇U) · ∇Θdx+

∫
(∇2ρ · U) · ∇Θdx = 0.
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Observe that
(5.4.30)

−
∫

△Θ∇ρ · Udx =

∫
∇Θ · (∇ρ · U)dx =

∫
∇Θ · (∇2ρ · U)dx+

∫
∇Θ · (∇ρ · ∇U)dx.

Next, subtracting the momentum equation satisfied by (ρ, u, P ) and (ρ̄, ū, P̄ ) leads
to

(5.4.31) ρUt+ρu·∇U−µ△U = −ρU ·∇ū−Θ(ūt+ū·∇ū)−∇(P−P̄ )+κ△Θ∇ρ+κ△ρ̄∇Θ.

Multiplying by U , integration by parts and combine with (5.4.29) yield

(5.4.32)

d

dt

∫
(
1

2
ρ|U |2 + κ

2
|∇Θ|2)dx+

∫
µ

2
|∇U |2dx

=

∫
−ρU · ∇ū · U −Θ(ūt + ū · ∇ū) · U − κ△ρ̄∇Θ · U − κ(∇Θ · ū) · ∇Θdx

≤ C∥∇ū∥L∞

∫
(ρ|U |2 + |∇Θ|2)dx+ C

∫
|Θ||U |(|ūt|+ |ū||∇ū|)dx

+ C

∫
|△ρ̄||∇Θ||U |dx.

To finish the proof, we estimate the last two terms on the right hand side of (5.4.32).
First,
(5.4.33)∫

|Θ||U |(|ūt|+ |ū||∇ū|)dx ≤ C∥Θx̄r∥L2∥Ux̄−r/2∥L4(∥ūtx̄−r/2∥L4 + ∥∇ū∥L∞∥ūx̄−r/2∥L4)

≤ C(ϵ)(∥
√
ρ̄ūt∥2L2 + ∥∇ūt∥2L2 + ∥∇ū∥2L∞)∥Θx̄r∥2L2

+ ϵ(∥√ρU∥2L2 + ∥∇U∥2L2)

≤ C(ϵ)(1 + t∥∇ūt∥2L2 + t∥∇2ū∥2Lq)

∫ t

0
(∥∇U∥2L2 + ∥√ρU∥2L2)ds

+ ϵ(∥√ρU∥2L2 + ∥∇U∥2L2),

and

(5.4.34)

∫
|△ρ̄||∇Θ||U |dx ≤ C∥x̄r△ρ∥Lq∥Ux̄−r/2∥Lq∗∥∇Θ∥L2

≤ C(∥√ρU∥2L2 + ∥∇U∥2L2)∥x̄r△ρ∥Lq∥∇Θ∥L2

≤ ϵ(∥√ρU∥2L2 + ∥∇U∥2L2) + C(ϵ)∥x̄r△ρ∥2Lq∥∇Θ∥2L2 .

Denoting

G(t) := ∥√ρU∥2L2 +

∫ t

0
(∥∇U∥2L2 + ∥√ρU∥2L2)ds,

then substituting the above into (5.4.32) and choosing ϵ suitably small lead to

G′(t) ≤ C(1 + ∥x̄r△ρ∥2Lq + ∥∇ū∥L∞ + t∥∇ūt∥2L2 + t∥∇2u∥2Lq)G(t),

which together with Gronwall inequality and (5.1.7) implies that G(t) = 0. Hence,
U(x, t) = 0 for almost everywhere (x, t) ∈ R2 × (0, T ). Finally, one can deduce from
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(5.4.28) that Θ = 0 for almost everywhere (x, t) ∈ R2× (0, T ). The proof of Theorem 5.2
is completed.
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