T 5w

On the Motion of Inhomogeneous
Incompressible Fluids

(FE—RRIEEMAMETRAR D EEN 2 DN T)

=2 ST

Huanyuan Li

The University of Tokyo,
Graduate School of Mathematical Sciences

January 2019



Abstract

The purpose of this thesis is to present various results on the well-posedness of
strong solutions to some fluid mechanics models such as, for instance, Navier-Stokes
equations, magnetohydrodynamics (MHD) equations and Navier-Stokes-Korteweg equa-
tions. It is well known that the macroscopic motion of fluids can be described by a
system of partial differential equations which are derived from some physical balance
laws, such as conservation law of mass, balance law of momentum. Among these fluid
mechanics models, the most famous one may be the Navier-Stokes system, which has
been studied extensively by many mathematicians and physicists due to its physical
importance, mathematical complexity and wide range of applications. In general, the
classical fluid mechanics is divided into two types of models corresponding to whether
the fluid is homogeneous or not. On the one hand, the classical Navier-Stokes equa-

tions in the homogeneous, incompressible case

Ou+u-Vu+ VP — uAu =0,
{ t H (NS)

divu = 0,

govern the evolution of the velocity field u(x,t) and the pressure function P(x,t) of a
homogeneous, incompressible viscous fluid with constant viscosity 1z > 0. On the other

hand, the evolution of compressible viscous fluids can be written in the following form

{ Oe(pu) + div(pu @ u) + VP(p) — pAu — (u+ A)Vdivu = 0, (CNS)

Op + div(pu) = 0,

where the non-negative function p(z, t) stands for the density of the fluid and P(p)(z, t)
is a given pressure function. p and A denote the shear and bulk viscosity coefficients,
respectively. In between (NS) and (CNS), we find the inhomogeneous incompressible
Navier-Stokes system that governs the evolution of incompressible viscous flows with
nonconstant density. That system finds its place in the theory of geophysical flows,
where fluids are incompressible but with variable density. Basic examples are mixture
of incompressible and non-reactant flows, flows with complex structure like blood flow
and models in oceans or rivers, fluids containing a melted substance, etc.. In general,

the system can be written in the following form

Op + div(pu) = 0,
dr(pu) + div(pu @ u) + VP — div(p(p)(Vu + (Vu)T)) = 0, (INS)

divu = 0,

where 11(p) denotes the viscosity, which is a function of density p. This thesis mainly

investigates the well-posedness of strong solutions to the initial and boundary value
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problem or Cauchy problem of the systems (INS) and related inhomogeneous fluid
models. Next, we briefly present the results of each chapter.

In Chapter 1, we study an initial and boundary value problem of the inhomoge-
neous incompressible Navier-Stokes equations (INS) over a bounded smooth domain
in R3. Recently, X. Huang-Y. Wang (2) and J. Zhang (9) proved independently the ex-
istence and uniqueness of global strong solutions, provided the initial gradient of ve-
locity Vu is suitably small in the L? norm. After careful observation of their proof, we
find this initial and boundary value problem also admits an unique strong solutions
under other conditions, in particular, we prove small kinetic energy strong solutions
with large L? norm of Vu can exist globally in time, which extends the results of X.
Huang-Y. Wang (2) and J. Zhang (9). The point we would like to emphasize is that
the original time-weighted energy estimates obtained in X. Huang-Y. Wang (2) and ]J.
Zhang (9) are fail to produce the global strong solution if we only assume that the ini-
tial kinetic energy is small sufficiently. To overcome these difficulties, we use a different
power of time-weight, combining with some more precise estimates. As a by-product
of our analysis, we also prove that the initial and boundary problem of inhomogeneous
incompressible Navier-Stokes equations (INS) with vacuum has a global strong solu-
tion, provided the lower bound of viscosity coefficient is suitably large, or the upper
bound of density is suitably small. The result of this chapter has been published in the
second part of paper (3).

In Chapter 2, we discuss the dynamic model of electrically conducting inhomoge-
neous fluid under the effect of electro-magnetic field, which is described by the inho-

mogeneous incompressible magnetohydrodynamic (in short, MHD) equations:

Op + div(pu) =0,

A (pu) + div(pu @ u) — div(u(p)(Vu + (Vu)T)) + VP — (V x B) x B =0, (MHD)
B —V x (ux B)+V x (Ap)V x B) =0,

divu =0, divB =0,

where B(z,t) denotes the magnetic field, A(p) denotes the resistivity coefficient. As an
extension result of the Navier-Stokes model in Chapter 1, we prove the existence and
uniqueness of strong solutions to the initial and boundary problem of MHD equations
(MHD) in a three-dimensional bounded smooth domain, provided the initial gradi-
ents of the velocity and magnetic fields are small sufficiently in some Sobolev space.
Compared with the Navier-Stokes model (INS), the necessary time-weighted estimates
for the existence of strong solutions will be more difficult to derive since of the apper-
ance of coupling terms of velocity-magnetic fileds and the possible vacuum of density
(degeneration in the momentum equation MHD5). Thanks to the assumption of small-
ness of initial data, we can overcome these difficulties and successfully extend the local
strong solutions to exist globally. The result of this chapter has been published in the
tirst part of paper (3).
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The last three chapters are devoted to the inhomogeneous incompressible Navier-
Stokes-Korteweg equations

Op + div(pu) = 0,
A (pu) + div(pu @ u) — div(pu(p)(Vu + (Vu)')) + VP + div(k(p)Vp @ Vp) = 0,
divu = 0,

(NSK)
governing the motion of the inhomogeneous capillary fluids, where x(p) denotes the
capillary coefficient, which is a function of the density p. There are many studies on
the compressible Navier-Stokes-Korteweg equations, however, to my best knowledge,
there are no much results on the study of the inhomogeneous incompressible Navier-
Stokes-Korteweg equations. Very recently, T. Wang (8) established the local strong solu-
tions to the initial and boundary value problem if the initial density and velocity satisfy
some regularity and compatibility conditions. Next we introduce some new results on
the system (NSK) obtained in this thesis.

In Chapter 3, we prove a Serrin type blow-up criterion for the 3D density-dependent
Navier-Stokes-Korteweg equations (NSK) with vacuum. It is shown that if the density
and velocity field satisfy ||V p|| oo, r;w1.0) +lull s (0,7527) < o0 for some g > 3, and any
(r,s) satisfying 24+ 2 <1, 3 < r < oo, and L, denotes the weak L" space, then the
strong solutions to the density-dependent Navier-Stokes-Korteweg equations can exist
globally over [0, T'|. The manuscript (5) containing this result is under review.

Performing the similar calculations in Chater 3, we can obtain a similar blow-up
criterion for the strong solutions of the 2D density-dependent Navier-Stokes-Korteweg
equations, that s, if the density and velocity field satisfy ||V p|| o (o, 7;w1.0) +[|wl £ 0,721
< oo for some ¢ > 2, and any (r, s) satisfying 2+ 2 < 1, 2 < r < oo, then the strong so-
lutions to the 2D density-dependent Navier-Stokes-Korteweg equations can exist glob-
ally over [0, T]. We remark from the basic energy estimate that sup;~(|[\/pull > (0,7;12)
+(|Vull12(0,7,12)) is bounded, which implies that u € L*(0,T; L*) if p is bounded away
from zero. Hence the criterion showed in chapter 3 in fact can be improved to the one
only involving the density if the density p is bounded away from 0. However, if the
density is allowed to vanish, it remains unknown. This is the main problem we shall
address in chapter 4. Thanks to a lemma proved by Desjardin (Lemma 4.5, Chapter 4)
and a logarithmic Gronwall’s inequality, Chapter 4 proves a new blow-up criterion for
the strong solutions with vacuum to the density-dependent Navier-Stokes-Korteweg
equations over a bounded smooth domain in R?, which only in terms of the density.
The result is contained in the paper (4) which will appear in the journal Acta Appl.
Math..

The Chapter 3 and 4 are devoted to discussing the motion of fluids over a bounded
domain. An interesting problem is to study the motion of fluids over an unbounded
domain, a simple example is the whole space R",n = 2,3. For the three-dimensional

Cauchy problem, by the Galerkin method, energy method and the domain expansion
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technique, it is easy to prove the local existence of unique strong solutions for gen-
eral initial data, in view of the local result of T. Wang (8) for the initial and boundary
value problem. However, it is difficult to apply these ideas to the two-dimensonal case.
Since the Sobolev inequality in 2D is critical, it seems difficult to bound the L”-norm
of the velocity u just in terms of ||Vul|p2(gey and [|\/pul|p2(re). Motivated by a lemma
involving the spatial weight due to P. L. Lions (7) (Lemma 5.4, Chapter 5), we can
obtain the local well-posedness of strong solutions to inhomogeneous Navier-Stokes-
Korteweg equations, provided the initial density with some spatial weight belongs to
some Sobolev space. The Chapter 5 proves that the 2D Cauchy problem of the inho-
mogeneous incompressible Navier-Stokes-Korteweg equations with constant viscosity
and resistivity admits a unique local strong solution provided the initial density decay
not too slow at infinity. The result of this chapter is contained in the manuscript (6)
which is in preparation.

Finally, I would like to express my deep gratitude to my advisor Professor Yoshikazu
Giga for the guidance and constant encouragements over the past five years. His guid-
ance helped me in all the time of study and writing of this dissertation. And I would
also like to thank Dr. N. Kajiwara and Dr. T.-H. Miura for translating the English ab-
stract to the Japanese version. I am also grateful to the University of Tokyo for Special
Scholarship for International Students (Todai Fellowship) in the master course and to
the Program for Leading Graduate Schools, MEXT, Japan (FMSP) in the doctoral course.

References

(1) Q. Chen; Z. Tan; Y. J. Wang, Strong solutions to the incompressible magnetohydrody-
namic equations. Math. Methods Appl. Sci. 34 (2011), no. 1, 94-107.

(2) X. D. Huang; Y. Wang, Global strong solution of 3D inhomogeneous Navier-Stokes
equations with density-dependent viscosity. ]. Differential Equations 259 (2015), no.
4,1606-1627.

(3) H.Y.Li, Global strong solution to the three dimensional nonhomogeneous incompressible
magnetohydrodynamic equations with density-dependent viscosity and resistivity, Math.
Methods Appl. Sci. 41 (2018), no. 8, 3062-3092.

(4) H. Y. Li, A blow-up criterion for the density-dependent Navier-Stokes-Korteweg equa-
tions in dimension two. (to appear in Acta Appl. Math.)

(5) H. Y. Li, A blow-up criterion for the strong solution to the 3D nonhomogeneous Navier-
Stokes- Korteweg equations. (submitted)

(6) H. Y. Li, On local strong solutions to the Cauchy problem of two-dimensional nonhomo-
geneous Navier-Stokes-Korteweg equations with vacuum.(in preparation)

(7) P. L. Lions, Mathematical topics in fluid mechanics. Vol. 1. Incompressible models.
Oxford Lecture Series in Mathematics and its Applications, 3. Oxford Science
Publications. The Clarendon Press, Oxford University Press, New York, 1996.
xiv+237 pp.



(8) T. Wang, Unique solvability for the density-dependent incompressible Navier-Stokes-
Korteweg system. ]J. Math. Anal. Appl. 455 (2017), no. 1, 606-618.
(9) J. W. Zhang, Global well-posedness for the incompressible Navier-Stokes equations with

density-dependent viscosity coefficient. ]. Differential Equations 259 (2015), no. 5,
1722-1742.



Contents

Abstract i

1 Global strong solution to the 3D inhomogeneous Navier-Stokes equations

with density-dependent viscosity 1
1.1 Introductionand mainresult . ... ... ... ... ... ... ... .. 1
1.2 Preliminaries . . . . . . . . ... ... 5
1.2.1 Notations and general inequalities . . . . .. ... ... ...... 5
1.2.2 Higher order estimates on the velocity . . . . . ... ... ... .. 6
1.3 Global existence of strong solution to Navier-Stokes system . . ... .. 7
1.3.1 A priori estimates of differentlevels . . . .. ... ... .. ... .. 7
1.3.2  Extension of local strong solution . . . . ... ... ... ....... 16
2 Global strong solution to the 3D inhomogeneous MHD equations with density-
dependent viscosity and resistivity 20
2.1 Introduction and mainresult . . ... ... ... ... ... ... . ... . 20
22 Preliminaries. . . . . . . .. ... 23
2.2.1 Notations and general inequalities . . . . . ... ... ....... 23
2.2.2 Two lemmas on higher order estimates on velocity and magnetic
fields . . . ... 24
2.3 Global existence of strong solution to MHD system . ... ... ... .. 26
2.3.1 A priori estimates of differentlevels . . . ... ... ... .. ... 26
2.3.2 Extension of local strong solution. . . . .. ............. 45
3 A blow-up criterion of the 3D inhomogeneous Navier-Stokes-Korteweg equa-
tions 48
3.1 Introductionand mainresult .. ... ... ... ... ... ... ..., . 48
32 Preliminaries. . . . . ... ... ... .. L 50
3.2.1 Notations and general inequalities . . . . . ... ... ... .... 50
3.2.2 Higher order estimates on the velocity . . . . ... ... ...... 51
3.3 Proof of the blow-up criterionin3D . . ... .. ... ........... 53
4 A blow-up criterion of the 2D inhomogeneous Navier-Stokes-Korteweg equa-
tions 62
4.1 Introductionand mainresult . ... .. ... ... .. ... .. ... ... 62
42 Preliminaries . . . . . . . . .. ... e 64
421 Notations and general inequalities . . . . ... ... ... ..... 64
42.2 Higher order estimates on the velocity . . . . ... ... ... ... 64
4.3 Proof of the blow-up criterionin2D . .. ... ............... 65

vi



Contents vii

5 Onlocal strong solutions to the Cauchy problem of 2D inhomogeneous Navier-

Stokes-Korteweg equations with vacuum 73
5.1 Introductionand mainresult . ... .. ... ... ... .. ........ 73
5.2 Preliminaries . . . . . . . . . . . . e e e 76
53 Awprioriestimates . . . . ... ... L L 77

5.4 Local existence and uniqueness of strong solutions . . . . . ... ... .. 86



Chapter 1

Global strong solution to the 3D inhomoge-
neous Navier-Stokes equations with density-
dependent viscosity

This chapter is devoted to studying the global well-posedness of an initial and bound-
ary value problem of the inhomogeneous incompressible Navier-Stokes equations over
a bounded smooth domain Q@ C R3. The global solvability of strong solution was
proved when the L% norm of initial gradient of velocity field is suitably small by Huang-
Wang [10] and Zhang [20], independently. We find that this initial boundary problem
also admits a unique global strong solution under other conditions. In particular, we
prove small kinetic energy strong solution exists globally in time, which extends the
result of Huang-Wang and Zhang.

Keywords: Navier-Stokes; density-dependent viscosity; strong solution; vacuum

1.1 Introduction and main result

In this chapter, we consider the following inhomogeneous incompressible Navier-Stokes
equations over a bounded smooth domain 2 C R3, which are used to describe the mo-
tion of inhomogeneous fluids.

Op + div(pu) =0,
(1.1.1) O (pu) + div(pu @ u) — div(2u(p)d) + VP = 0,
divu = 0.

Here p, v and P denote the density, velocity field, and pressure of the fluid respectively.
The deformation tensor d is given by

1
d= §[Vu+ (vu)T],

where Vu is the gradient matrix (Ju;/9z;) and (Vu)? is its transpose. 1 = u(p) stands
for the viscosity coefficient of fluid, and is a function of density p. In this chapter, it is
assumed to satisfy

(1.1.2) p € CH0,00), and p>p>0 on0,00)
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for some positive constant .
We focus on the system (1.1.1)-(1.1.2) with the initial boundary conditions:

(1.1.3) u=0, onodQxI0,7T),

(1.1.4) (p.w)li—o = (po,ug) in €.

There have been many studies on the Navier-Stokes equations and other fluid mod-
els due to their physical importance, mathematical challenge and wide range of appli-
cations. It is well known that the global existence of weak solution for homogeneous
incompressible Navier-Stokes equations was obtained by Leray [14] in 1934. Since
on, how to construct the Leray type weak solution for compressible Navier-Stokes
equations had been an open problem. However, because of its hyperbolic-parabolic
structure and strong nonlinearity of compressible Navier-Stokes equations, the break-
through for compressible flow was made by P. L. Lions [16] until 1996. As an inter-
mediate model, inhomogeneous incompressible Navier-Stokes equations with variable
density has been also studied extensively by many people. The studies on inhomo-
geneous Navier-Stokes system can be regarded as an attempt for searching for global
weak solution to compressible flow.

Let us recall some known results on inhomogeneous incompressible fluids. In
around 1970, the study of inhomogeneous Navier-Stokes equations was initiated by
the Russian school. They studied the case that j(p) is a constant and the initial density
is bounded away from 0. In the absence of vacuum, global existence of weak solu-
tion was established by Kazhikhov [11] . The uniqueness of local strong solutions was
first established by Ladyzhenskaya and Solonnikov [12] for the initial boundary prob-
lem in the framework of L? theory for p larger than space dimension. Furthermore,
unique strong solution was proved to be global in two dimension. H. Okamoto [18] im-
proved their result in L? framework and proved the global existence of strong solution
when the initial data is suitably small in 3D. Very recently, Abidi and Zhang [1] proved
that the 3D incompressible innhomogeneous Navier-Stokes system has a unique global
strong solution when ||Vug||z2||uol| 72 and ||p(po) — 1||z are both suitably small in the
whole space and the viscosity is a function of density. However, the vacuum is still not
admitted.

When initial vacuum is taken into account, Simon [23] proved the existence of weak
solutions of finite energy (See also P. L. Lions [15] for variable viscosity case). Later,
Choe, Kim [5] and Cho, Kim [4] proposed some compatibility conditions on initial data
to establish local strong solution for constant viscosity and variable viscosity respec-
tively. Global strong solution with vacuum in 2D was proved by Huang and Wang [8]
in constant viscosity case.(The proof was given for 2D MHD equations, it just need to
take B = 0 for Navier-Stokes in their discussion). As a sequent work, for the density
dependent viscosity with positive lower bound, they [9] obtained the global strong so-
lution when the initial norm of gradient viscosity ||V u(po)||ze is suitably small in 2D.
Very recently, they [10] obtained the global strong solution under smallness of || Vug|| .2
in 3D.
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First we give the local existence result of strong solution to the Navier-Stokes system
(1.1.1)-(1.1.4) due to Cho and Kim [4], where the vacuum is allowed.

Theorem 1.1. Assume that the initial data (po,uo) satisfies the reqularity condition
(1.1.5) 0<poeWhi, 3<qg<oo, u€H;,NH?,

and the compatibility condition

(1.1.6) — div(p(po)(Vuo + (Vug)T)) + VP = py°g,
for some (Py,g) € H' x L% Then there exist a small time T and a unique strong solution
(p,u, P) to the initial boundary value problem (1.1.1)-(1.1.4) such that

peC(0,T);Wh?), Vu,P e C([0,T); H") N L*(0,T; Wh*),

(1.1.7) , ; |
pr e C(0,T) LY, pu € LX(0,T51%), w € L*(0,T; Hy),

forany s with 1 < s < q. Furthermore, if T is the maximal existence time of the local strong
solution (p,w), then either T* = oo or

(1.1.8) sup ([[Vp(¥)[|Le + [[Vu(t)| 2) = oo.
0<t<T™*
Recently, the local strong solution established in Theorem 1.1 was extended to a
global one when the initial L? norm of gradient of velocity is suitably small by Huang
and Wang [10]. Their main result reads as follows:

Theorem 1.2. Assume that the initial data (po,uo) satisfies (1.1.5)-(1.1.6), and 0 < py < p.
Then there exists a small positive constant eo depending on 2, q, p, fi, pr and ||V 1(po)|| L4, such
that if

IVuo| 12 < eo,

then the initial boundary value problem (1.1.1)-(1.1.4) admits a unique strong solution (p, u, P),
with

p € C([0,00); WH),  Vu, P € C([0,00); H') N L*(0, 00; W),

(1.1.9) , . X
pt € C([O, OO); Lq)7 \/ﬁut S Lloooc<07 oo; L )7 ut € Lloc(07 Q3 HO)?

forany swith1 < s < gq.

For the initial boundary problem (1.1.1)-(1.1.4) of inhomogeneous Navier-Stokes
equations, in Theorem 1.2 Huang and Wang gave a sufficient condition to guarantee
the global existence of strong solution. We find that the strong solution can also exist
globally in time under other conditions. In particular, the smallness of ||Vup| 2 in
Theorem 1.2 can be replaced by the smallness of initial kinetic energy, where the initial
kinetic energy is defined as

1
(1.1.10) Co ::/ —poluo|*dz.
Q2

Now we can state our main result in this chapter as follows:
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Theorem 1.3. For given positive numbers p, M and Ny, suppose that the initial data (po, uo)
satisfies (1.1.5)-(1.1.6), and 0 < inf py < sup po < p, ||Vuo|lrz < No, and ||[Vu(po)|lpe < M.
Then there exists some small positive constant o, independent of p, ji := supy 5 p(p), p, M
and Ny, such that if

(1.1.11)

max {;g(Mz? + M*M$BNECy,

N|=

N3(r—1)/7'

3
. — =\ 1 =(2r-3)/r . 4r—6
M 5 <(1 " Z) ®1> cexp{CO} + o (M) N, 7 CO} = o
where 3 < r < q, then the initial boundary value problem (1.1.1)-(1.1.4) admits a unique global

strong solution (p,u, P), with

p € C(10,00) WHT),  Vu, P C([0,00); H') N L (0, 003 W),

(1.1.12) ) ) ;
pt € C([0,00);Lq), \/E’U/t € Llogc(oﬂ oo; L )’ ut € Lloc(07 OO;HO)?

forany s with 1 < s < q. Here,

I | 1 _2r q—3
MT_E+EH1/QT+1 (4M)7’9T_5r—6' q ’
M4—6—£ o9 M2MSARLE 1 9 3 1
(1.1.13) 0, = %NOQ Cj + :7” RENZCf + aiNgCy,
7377 s B M2M4727
0, — pﬂ;‘NgCO + 28BNz, ,jp BNz,

As an immediate result, Theorem 1.3 obtained in this chapter implies that the ini-
tial and boundary problem of inhomogeneous incompressible Navier-Stokes equations
with vacuum has a global strong solution, provided the initial kinetic energy is suit-
ably small, or the lower bound of viscosity coefficient is suitably large, or the upper
bound of density is suitably small. To illustrate our result, we give some remarks on
the Theorem 1.3.

Remark 1.4. The positive constant ¢y depends only on 2, ¢ and various Sobolev’s con-
stants. The relation (1.1.11) indeed gives a sufficient condition for the global solvability
of strong solution of (1.1.1)-(1.1.4).

Remark 1.5. When i < Cp, for some C' > 1, such as u(p) = p+ p“,a > 0, or
w(p) = pexp p, or u(p) is just equal to a positive constant. We can easily see that the left
hand side of (1.1.11) can be as small as desired provided Cj is sufficiently small, or y is
sufficiently large, or p is sufficiently small.

Remark 1.6. As a result of Remark 1.5, for any given generally initial data (po, uo) con-
taining vacuum, one also get the global strong solution of (1.1.1)-(1.1.4) provided the
lower bound of viscosity is sufficiently large. This is analogous to the well-known re-
sults due to Leray [14] for the homogeneous incompressible Navier-Stokes equations,
this similar conclusion was also obtained by Deng et al. [6] for compressible Navier-
Stokes equations recently.
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Remark 1.7. For the inhomogeneous incompressible Navier-Stokes equations, since the
initial density is bounded above, then the initial kinetic energy is dominated by the
initial L2 norm of gradient of velocity, this can be seen clearly by Poincaré and Holder
inequalities over bounded domains. Then our result extends the result of Huang and
Wang [10].

We now comment on the analysis of this chapter. Our study is mainly motivated by
a recent work of Huang and Wang [10], where the authors establish the global strong
solution to the inhomogeneous incompressible Navier-Stokes equations when the ini-
tial L? norm of gradient of velocity is suitably small. The key in their proof is to con-
trol the norms of ||Vp||rs and ||Vul|;2. First they assume that [|Vu(p)||re < 4M and
[Vul2, < 4(/p)|[Vuol|2, on [0,T), then they proved |[Viu(p)||Le < 2M and ||[Vul[2, <
2(i1/ 1) IVuol32 on [0,T], under the assumption ||[Vug|[z2 is suitably small on [0, 7.
After more precise observation, we also find that under more general conditions, for
instance that the upper bound of density p is suitably small, or the lower bound of vis-
cosity is suitably large, or the initial kinetic energy is suitably small, |Vu(p)||rs < 2M
and [|[Vul3: < 2(1/p)||[Vuo|)3, still hold on [0,T]. Therefore by a contractive method,
|\Vpl||re and || Vul| ;2 are always bounded as long as strong solution exists. It is worthy
to remark that one of the main ingredient is a time independent estimate for ||Vu|| ;11
whose derivation need the time weighted estimates of ||,/pu¢|| 2 and ||Vuyl[;2. How-
ever, under the smallness assumption of initial kinetic energy, the estimates of ||, /pu;|| .2
and ||Vu;|| ;2 with different time weight are also needed in our calculation, so we mod-
ify Huang and Wang’s Theorem 1.2 slightly, where their estimates are not available.

The rest of this chapter is organized as follows. Section 1.2 consists of some no-
tations and useful technical lemmas. Section 1.3 is devoted to the proof of our main
theorem, where in Subsection 1.3.1, we are devoted to deriving some necessary a pri-
ori estimates, in Subsection 1.3.2, the contractive technique is used to obtain the global
strong solution.

1.2 Preliminaries

1.2.1 Notations and general inequalities

Q) is a smooth bounded domain in R3. For notations simplicity below, we omit the
integration domain 2. And for 1 <r < oo and k € N, the Sobolev spaces are defined in
a standard way,
L"=L"(Q), Wkr={feL :VFfelL},
HY = W2, O, = {f € (C§°)? : divf = 0}.
H} = Cg°, H&J = (%, closure in the norm of H.
The following Gagliardo-Nirenberg inequality will be also used frequently.
Lemma 1.8 (Gagliardo-Nirenberg inequality). Let 2 be a domain of R3 with smooth bound-

ary 0. Forp € [2,6],q € (1,00) and r € (3, 00), there exists some generic constants C > 0
that may depend on q and r such that for f € H' satisfying floq = 0, or [, fdz = 0 and
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g € LI N DY, we have

(1.2.1) 1B, < ClfIS P2 v p) B9/

(1.2.2) gl g < CHqu(r 3) /(3r+q(r—3))”VgH?i?;/(3r+q(r—3))_

See the proof of this lemma in Ladyzhenskaya et al. [13, P. 62](see also Nirenberg
[17, P. 125]).
1.2.2 Higher order estimates on the velocity

High-order a priori estimates of velocity field u rely on the following regularity results
for density-dependent Stokes equations.

Lemma 1.9. Assume that p € W14 3 < q < oo, and 0 < p < p. Let (u, P) € Hol,a x L2 be
the unique weak solution to the boundary value problem

P
(1.2.3) —div(2u(p)d) + VP = F, divu =0in (, and/ mdm =0,

where d = 1[Vu + (Vu)T] and

pe C'0,00), p< ulp) < mon|0,p].

Then we have the following regularity results:
(1) IfF € L?, then (u, P) € H?> x H' and

1 i i
124)  ullyz + I1P/u(o)llm < C (u e [u(pnz'z) 1 Fl.
Ll H 2
where 6 satisfies
1 1 62 1 q— 3
—— == Oy = ——
2 g 3 + 6’ i.e. 0o .

(2)If F € L" for some r € (2,q), then (u, P) € W™ x WL and

1 i 1
(1.2.5) ullwzr + [[P/u(p)llwrr < C (u + V[u(p)]i’&) 1F |z,

where 0, satisfies
2r q—3

5r—6 q
Here the constant C' in (1.2.4) and (1.2.5) depends on 2, q, r.

0, =

The proof of Lemma 1.9 has been given by Huang and Wang in [10]. And refer to
Lemma 2.1 in their paper.
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1.3 Global existence of strong solution to Navier-Stokes sys-
tem
The proof of Theorem 1.3 is composed of two parts. The first part contains a priori

time-weighted estimates of different levels. Upon these estimates, the second part uses
a contradiction induction process to extend the local strong solution.

1.3.1 A priori estimates of different levels

In this subsection, we establish some a priori estimates of different levels. In order to
control the L} L2° norm of gradient of velocity, some time weighted estimates are also
necessary. The initial velocity belongs to H!, some higher-order estimates independent
of time are required. To achieve that, we take some power of time as a weight. The idea
is based on the parabolic property of the system.

The key step in the proofs of Theorem 1.3 is to prove the following key a priori
estimate of (p, u).

Proposition 1.10. For given positive numbers p, M and Ny, assume that
(1.3.1) 0 <infpo <suppo <p, [[Vu(po)lrs <M, [[Vuol L2 < No.

Suppose (p, u, P) is the unique local strong solution to (1.1.1)-(1.1.4) on Q x [0, T, and if it
satisfies

(1.3.2) sup [|Vu(p(t))lles < 4M,  sup [Vu(t)|2, < 42 NZ,
te[0,T) t€[0,T] I

then one has

(1.3.3) sup V(o) e < 2M,  sup [|Vau(t)]2. < 22 N2,
te[0,T] te[0,T) 1%

provided that (1.1.11), together with (1.1.13), holds.

Proofs of Proposition 1.10 are based on a series of lemmas. First, it is easy to deduce
from (1.1.1); and divu = 0 that the following lemma holds.

Lemma 1.11. Suppose (p,u, P) is the unique local strong solution to (1.1.1)-(1.1.4) on © x
[0, T'), with the initial data (po, ug), then there it holds that

0 < p(x,t) <p, forevery (z,t) e Qx[0,T].
Applying the standard energy estimate to (1.1.1) gives

Lemma 1.12. Suppose (p,u, P) is the unique local strong solution to (1.1.1)-(1.1.4) on © x
[0, T'), with the initial data (po, ug), then there it holds that

t
(13.4) / & olu(t)d + 2 / / u(p)|d?dads < Co, for every t € [0,T),
0
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since p(p) > p, we aslo have

1 t
(1.3.5) /2p|u(t)|2d:p + ,u/ /|Vu]2dzds < Cy, foreveryt e [0,T).
—Jo

Theorem 1.13. Suppose (p,u, P) is the unique local strong solution to (1.1.1)-(1.1.4) on £ x
[0, T, with the initial data (po,uo), then there exists positive number C1, depending only on
Q, q such that if

(1.3.6) Cy - %(M% + MM FPNEC, < log 2,
then
1 T 2 2 oo
(1.37) IVpudlZadt + sup [Vu(®)]3e < 22N2.
M Jo te[0,T] 123
provided (1.3.2) holds.

Before proving Theorem 1.13, we insert the following lemma, which is derived from
the auxillary Lemma 1.9.

Lemma 1.14. Suppose (p,u, P) is the unique local strong solution to (1.1.1)-(1.1.4) on © x
[0, T, with the initial data (po, uo), and it satisfies

(1.3.8) sup [|[Vu(p(t))[ze < 4M,
te[0,7)

then it holds that

(13.9) IVullgr < CMs|lpuyll 2 + CM3P?||Vul 3z

Proof. We can rewrite the momentum equations as follows,
—2div(p(p)d) + VP = —puy — pu - Vu.

It follows from Lemma 1.9 and Gagliardo-Nirenberg inequality that

IVull g < CMa(llpusl 2 + [lpu - Vul[2)
< OMal|pus| 2 + CMapljul| s [|Vul s

3 1
< OMallpur 2 + CMap|| V| L[Vl -
By Young’s inequality,
IVull < CMe|lpus] 2 + CM3p% [V 7.
O

Proof of Theorem 1.13. Using the fact divu = 0 and the mass equation, it is easy to obtain
the equation for p(p),

O[u(p)] +u-Vu(p) = 0.
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Multiplying the momentum equations (1.1.1), by u, and integrating over (2, we have
d 2
pluede + — 5 | #e)ldldz
< /pu - Vu - updz| + C’/ IV u(p)| ]| Vu|*da.

Applying Gagliardo-Nirenberg inequality and Lemma 1.14,

‘/pu-Vu-utdx

1
< S IVpullzz + CllvpulisIVullzs
1 _
< S IVpulzz + Col Vulz: [ Vull
< SlVpulZa + CplIVulaMellpurl 2 + M3F| V3]
_S\fﬂut,;z pPlIV Ul L2 [M2]|pUt|| L2 2P Ul 2]
and similarly,
[ 1Vl vafis
< CIIValp)lgollull o [ Vul 74
3 3
< CIIVu(p) || sVl £ IVl
3 3
< CM|[Vull7s [Ma| purll 2 + M3 5% Vul| 2] 2.
Hence, by Young’s inequality,

/ | dx—l—/ (p)|d|*dx
2 2.3 6 1 2
< Livpults + SIAulZ + CMEFITulls + /w2

3 3
+ C(MM; pt | Vul|2,)" + CM M| Vul 5

3 N
< §||ﬁut||2Lz +C (M3 + M*MS§ + MM3) || VaullS..

d
[ oluifan 5 [ up)ids

(1.3.10) < O (M3 + M*MS§ + MM3) 5°(|Vul|S,

Thus we have

< Cpt (M3 4 2008) IVl [ il

Applying Gronwall’s inequality,

/ /p]ut\ dr + sup ||[Vull7.
te[0,T]

T
< %HVUOH%Q 'eXP{C,ul (M3 + M*MS) p3/ ||vuu‘jzdt}.
0
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According to the Lemma 1.12 and the assumption (1.3.2),

T T
/|ww;wsSw|ww;~/|wm%ﬁ
0 0

t€[0,T]
(1.3.11) <c-Enz. %
TR

<c- - Lngo,
p

Hence, we arrive at

1 T
| [ sz sup [9uls
M Jo t€[0,T]

(1.3.12) 5 !
< %Hvuolliz - exp {01:3 (M3 + M*MY) p3Ngco} .

Now it is clear that (1.3.7) holds, provided (1.3.6) holds. O

As a byproduct of the estimate in the proof, we have the following time weighted
estimate.

Theorem 1.15. Suppose (p,u, P) is the unique local strong solution to (1.1.1)-(1.1.4) on € x
[0, T, with the initial data (po, uo), and it satisfies the assumption (1.3.6) as in Theorem 1.13.
Then

1 T 2 2 CCO
(1.3.13) / t|v/puel|72dt + sup t[|[Vu(t)]|72 < ,
H# Jo t€[0,T] 1

provided (1.3.2) holds.

Proof. Multiplying (1.3.10) by t, as shown in the last proof, one has

1 T
/HWUMMHSPHWWH

(1.3.14)
/ / p)|d|*dzdt - eXp{Cl 5 (M5 + M*M3) 3N§00}.

According to Theorem 1.12,

T
(1.3.15) / /u(p)]d|2dxdt < CCy.
0

Hence, owing to the assumption (1.3.2),

1 T
/th@m@ﬁ+swﬂWW§
M Jo t€[0,T]

< CCy

- exp {01:3 (M3 + M*MS) ﬁ3N§CO}
CCo -

Si
Iz
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O]

In the later analysis, different from the proof of Huang and Wang [10], we need
some time weighted estimates with different power to collect the information of initial
kinetic energy. The following time weighted estimates can be obtained by interpolation
methods as a corollary of Theorem 1.13 and 1.15.

Theorem 1.16. Suppose (p,u, P) is the unique local strong solution to (1.1.1)-(1.1.4) on € x
[0, T, with the initial data (po, uo), and it satisfies the assumption (1.3.6) as in Theorem 1.13.
Then

Croleo

1
17 C-[iCIN

(1.3.16) / £ || /pugl|2adt + sup t1|Vu(t)]2, < —HZ0 0
£ Jo te[0,T] ©

provided (1.3.2) holds.

Theorem 1.17. Suppose (p,u, P) is the unique local strong solution to (1.1.1)-(1.1.4) on £ x
[0, T, with the initial data (po, uo), and it satisfies the assumption (1.3.6) as in Theorem 1.13.
Then

5 T 5
sup t4|ypulte + [t Vuade
(1.3.17) 1e[0,T] vourlp: ) Lz

< C@l . eXp{C@Q},

and
sup vl [ 1l
tel0,T
(1.3.18) s
<C (Z) .0y - exp{COy},
where
MAg6g % 1 o M2MSSSpE 1 e 3 1
o= 2P L NE o ¢+ 2P R N el 1 piNg Cf
(1.3.19) K Vit B s
@2 p MNOQC + P MNozc()‘i_ 2p ,UN27
I I K
provided (1.3.2) holds.

Proof. Performing similar calculation as Huang and Wang [10] (remark here we need
the estimates with different power of time weight from [10], therefore we multiply by
tgut in the time-differentiated momentum equations), one has,

d (s
o < Z/P|w&|2d$> + | V|3

CM3p°

5 9,1
lvpula|Valts + ¢t [ pluPds

5 CM?2M. CM2MSp® s
15| Vull'9 + %t I/pu| + %m V12

ﬁ
(13200 <C ﬁ 1l /puel| 2 [ Vull 2 +

CM4—6
+ 2P
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Applying Gronwall’s inequality,

T
5 5
sup <t4 / pmﬁdx) +u / 5 [V |2t
te[0,7) —Jo

C M3 pb CM?*MS§p®
[ (CB2 s + M vuis + vl

Tricp®  CM3p? CM2
xexp{ /O (S Q20 vty + R ] }

<

I Iz

Taking some previous estimates into account,

5 9 T 5 2
sup (t4 | plu|“dz +u t1|| V|7 2dt
t€[0,T] o
T 2
CM3p CM?MS§p®
< [/ ( s IV} + =243 | Vul| 13 + t4\|fut||L2)dt]
0 I Il

o3[ M3p3i M? M3
x expd C(ELEN2Cy + 22 EN2oy + MNO
I w3 0

According to Theorem 1.12 and the assumption (1.3.2),

T 5
/ t4 || Vul 19 at
0

T
1
< sup HIVa(®)|Ze sup (| Vu@)Ea sup [Vu(t)]s / |Vul2.dt
te[0,T7] te[0,T] te[0,T 0

)

BICING Co [\ G
SC’-'M 0-°°0 0.(’“1\75). 0
© © © ©
11
AR
SCME’ Ny C§
Similarly,

15

T M4
/t4uvuy i < P NEch.
0 ~

Hence, in view of Theorem 1.16 for the last term, we have

T
sup <Z/p]ut| dw) / t%HVUtH%Zdt
te[0,7)

MigSps w o MIMSPSET 15 9 5 3 1
(1.3.21) <C|—2—Np2Cf + —2-"1—N2Cf +piNGCy
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On the other hand, multiplying the time-differentiated momentum equations by #? and
performing the same calculation as in Huang and Wang [10], one has

d
pn (tQ/p]ut|2dx) + pt?|| Vug| 32

=3 CM2—3
”—t2w|fut\|%2r|w||‘iz+ 1t

CMQP

2]l /pue | 2oV 72

CM?M.

20°
—— 22|V 2 + tQH\fUth

N CM2M28p8

2| Vul 13 +2t/put|2d9:.
H

Applying Gronwall’s inequality,

T
sup t2/P|Ut!2dl‘+M/ t2]|Vug || 72t
te[0,T] AL

C My p° CM2MSp8
< /0< u2 £2||Vu HL2+T2152HV ul| 13 +2tII\TUtHL2>dt

_3 2-3-
PR o M3p [ o M? My p* i
According to Theorem 1.12 and 1.15,

T
/ 2IVull2dt < sup CIVa(t)lLs - sup [Vu(t)]4 / IVul2adt
0 0

t€[0,T) t€[0,7]
<o (5) ()
It It K
< ﬂ—zNéCS’,
similarly,

T
/ t(|Vull2dt < sup £ Vu(t)|z2 - sup IIW(t)HGLa'/ Va7 2dt
0 ¢ ] te[0,T) 0

)

3
<o (§) ()
w) \w")

=3
<ok
7

Ny GG,

and

T
/ t|lv/put||32dt < C - Cy.
0
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Hence,

T
sup 752/P|Ut|2dﬂﬂ+/‘/ £ Vg || dt
te[0,T]

M M2M88 3
§C< 2”“z\rcg’ WN03+CO>
pb

(1.3.22) <C

which completes the proof of the Theorem 1.17. O

Lemma 1.18. Suppose (p,u, P) is the unique local strong solution to (1.1.1)-(1.1.4) on © x
[0, T, with the initial data (po, uo), and it satisfies the assumptions (1.3.6) as in Theorem 1.13.
Then for any r € (3, max {4, q}),

(13.23) / IVl poedt < Co(M, p, 1, i, No, Co),

provided (1.3.2) holds. Here

(=Y

C*(M7 ﬁ:ﬁ?ﬁaN(%CO) =Cy -

1
_5r—6 _ 3(r—2) % 2
M,p & p= o 1+=] 61| -exp{CO2}

=

ﬂ(2'l’ 3)/r
W 3(r— 1)/r(

5r—6 _4r—~6

MTﬁ) T NO " Col.

_l’_

Proof. By virtue of Lemma 1.9, one has for r € (3, max {4, ¢})

IVullwrr SCM([lpud| - + [l pu -Vl Lr)
3(r—2)

<OM; (lpwl & - lpwl e + Al ol Vel o)

3(r—2) 6(r 1) 4r—6

<OM; (lpwll & - lowl ™+ AlIVull 57 - [Vul gt ).

Applying Young's inequality and Sobolev inequality,

3(r—2) 6(7‘ 1)

Hvu”WlT <CMTP T “fut‘|L2 HVUtHLQT +CM 0
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Hence,

T
./ V| et
0

T
§0/|Nwwuﬁ

3(r—2) 57r—6 6(r—1)
C/ ( o H\fUtH IVl My a5 |Vl >dt‘

Denote ¢(T') = min{1,T}, for T > 0, then according to Theorem 1.17,
T 3(r—2)
| Il 19wl

o(T) _ T 6—r 3(r—2)
- /O ol T [Vl dt + / o IV 9wl
(o2

3(r—2) r+6
5 6—r U(T) 5 4r U(T) s 2;‘6
<c( swp eyl ([ I TulRade [
t€[0,0(T)] 0 0
3(r—2) 46
6—r T 4r T ar 4r
+C( sup tl|\/put|p2) </ tZ‘VUtH%th) (/ t_r+6dt>
te[o(T),T] o(T) o(T)
—2) p % 1
< C',u 6)2 exp{CO2} + C’,u % () ©7 - exp{CO2}
i

_3(r—2) ﬁ % 1
<Cp % (1+ z O7 - exp{CO1}.

On the other hand,

6(r—1) (4r—6) T )
/ IVl de < sup HVUIILz / IVu]2adt
0

tel0, T
=\ @r=3)/r 4 ¢
i = Co
e () )
M K
ﬂ(2r—3)/7’ 4r—6
S C * WNO CO.
Therefore,
T
/‘yvmumm
0

N[

< (9

3
5r—6  _3(r—2) A p@r=3)/r sr—g Ao
M,p o p~ ((1—1-”) ®1> exp{CG)g}—i—i:s(T 1)/7~(M p) = Ny~ Co
= C*(Ma ﬁvﬁﬂaa NOch)-

O

Theorem 1.19. Suppose (p,u, P) is the unique local strong solution to (1.1.1)-(1.1.4) on 2 x
[0, T, with the initial data (po,uo), and it satisfies the assumption (1.3.2). There exists a
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positive number o, which is independent of p, p, fi, M, No and Co, such that if (1.1.11) holds
then

(1.3.24) sup [|[Vu(p(t))[re < 2M,
te[0,T

and

sup [|[Vp(t)|ze < 2([Vpol|La-
te[0,T

Proof. Consider the z; derivative of the equation for p(p),

(Gin(p))e + (G5 - V)u(p) +u - Voiu(p) = 0.

It implies that for every ¢ € [0, 7],

t
IVu(p)(t)l[ e <IIVi(po) | e -exp{/o IIVUIILwdS}
<IVilpo)llLa - exp {C(M, p, i, fi, No) } -

Choose some small positive ¢, satisfying

=

Cr— (M3 + M*M$)p* N§Co < e,

3

=

and
C«(M, p, i, i, No) < €o.

In view of Lemma 1.18,
sup |V a(p(t))l|ze < 2M.

te[0,7)
Similarly,
t
I9pOlzs < 9l - exp{ [ [Fulimds} < 21Tl
Therefore, Theorem 1.19 is proved. O

Combining Theorem 1.13 and Theorem 1.19, one immediately arrives at the desired
result of Proposition 1.10.

1.3.2 Extension of local strong solution

With the a priori estimates in Subsection 1.3.1 in hand, we are now in a position to
prove the Theorem 1.3.

According to Theorem 1.1, there exists a 7} > 0 such that the density-dependent
Navier-Stokes equations (1.1.1)-(1.1.4) has a unique local strong solution (p,u, P) on
[0, T.]. We plan to extend the local solution to a global one.

Since | Vu(po)lle = M < 4M, and due to the continuity of Vu(p) in L? and Vu in
L?, there exists Ty € (0,7%) such that supg<;<7, [Vu(p(t))||ze < 4M, and at the same
time, supoy<r, [ Va(t) 2 < 2(3/1) V2| Vuo | 12 Set

T* = sup{T|(p, u, P) is a strong solution to (1.1.1) — (1.1.4) on [0, T},
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T} = sup{T|(p, u, P) is a strong solution to (1.1.1) — (1.1.4) on [0, T7,
sup [|Vulp()|lza < 4M, sup |[Vu(t)l|z2 < 2(i/w)"?|[Vuol| 2 }-
0<t<T 0<t<T

Then T} > T > 0. Recalling Proposition 1.10, it is easy to verify
(1.3.25) T =17,

provided that (1.1.11) holds as assumed.
We claim that 7" = oo. Otherwise, assume that 7" < oo. By virtue of Proposition
(1.10), for every t € [0,7), it holds that

(1.3.26) IVo)llze <2[Vpollza, (Va2 < \/2(5/ 1) No,

which contradicts the blowup criterion (1.1.8). Hence we finish the proof of Theorem
1.3.
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Chapter 2

Global strong solution to the 3D inhomoge-
neous MHD equations with density-dependent
viscosity and resistivity

This chapter is devoted to studying an initial boundary value problem for the three
dimensional inhomogeneous incompressible magnetohydrodynamic equations with
density-dependent viscosity and resistivity coefficients over a bounded smooth do-
main. Global in time unique strong solution is proved to exist when the L? norms of
initial vorticity and current density are both suitably small with arbitrary large initial
mass density, and the vacuum of initial density is also allowed.

Keywords: magnetohydrodynamics; strong solution; vacuum; time-weighted energy
estimates

2.1 Introduction and main result

The magnetohydrodynamic equations (in short, MHD) are usually used to describe
the motion of electrically conducting fluids under the effect of electromagnetic field.
In particular, for the study of compound of several incompressible immiscible electri-
cally conducting fluids without surface tension, the following density-dependent MHD
equations act as a model on some bounded smooth domain  C R3.

Op + div(pu) =0,

O (pu) + div(pu @ u) — div(2u(p)d) + VP — (V x B) x B =0,
B -V x (uxB)+V x (Ap)VxB)=0,

divu =0, divB =0.

(2.1.1)

Here p, u, P and B denote the density, velocity field, pressure of the fluid and magnetic
field respectively. As in the first chapter,

1
d=2|Vu+ (V)T
is the deformation tensor, where Vu is the gradient matrix (9u;/0z;) and (Vu)? is its

transpose. © = p(p) and A = A(p) stand for the viscosity and resistivity coefficients of
fluid respectively, and are both functions of density p. In this chapter, they are assumed

20
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to satisfy

(2.1.2) g€ CHo,00), and p>p>0 on0,00)
for some positive constant x, and

(2.1.3) A e CHo,00), and A>X>0 on|0,00)

for some positive constant A. The positive resistivity coefficient A(p) represents the
magnetic diffusivity which is inversely proportional to the electrical conductivity coef-
ficient in physics.

We focus on the system (2.1.1)-(2.1.3) with the initial boundary conditions:

(2.1.4) u=0, B-n=0, (VxB)xn=0, ondx][0,T),

(215) (p,U,B)|t:0 = (pO,UO,B(]) in Qa

where n is the unit outward normal vector to 0f2.

The inhomogeneous incompressible MHD system (2.1.1) is a combination of the in-
homogeneous Navier-Stokes equations of fluid mechanics and the Maxwell equations
of electromagnetism. And it studies the dynamics of electrically conducting fluids and
the theory of the macroscopic interaction of electrically conducting fluids with a mag-
netic field. Let us recall some known results on inhomogeneous incompressible MHD
system (2.1.1). When the initial density has a positive lower bound, Gerbeau, Le Bris
[6] and Desjardins, Le Bris [4] studied the global existence of weak solutions of finite
energy in the whole space or in the torus respectively. For the constant viscosity, Chen
et al. [3] established the local strong solution. Later, Huang and Wang [8] extended
the local solution to global in 2D in presence of vacuum. For the density-dependent
viscosity, Wu [13] established the local strong solution by imposing some similar com-
patibility condition. Global existence of strong solutions with small initial data in some
Besov spaces was considered by Abidi and Paicu [1]. Moreover, they allowed variable
viscosity and conductivity coefficients, but required an essential assumption that there
is no vacuum (more precisely, the initial data is close to a constant state).

First we give a local existence result which concerns the local existence of strong
solution to the MHD system (2.1.1)-(2.1.5) due to Wu [13].

Theorem 2.1. Assume that the initial data (po, uo, Bo) satisfies the reqularity condition
(2.1.6) 0<poeWh, 3<qg<oo, uc€ HiNH? BycH?
with divug = divBy = 0, and the compatibility condition

(2.1.7) — div(u(po) (Vo + (Vuo)™)) = (Bo - V)Bo + VP = py/ g,
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for some (Py,g) € H' x L% Then there exist a small time T and a unique strong solution
(p,u, P, B) to the initial boundary value problem (2.1.1)-(2.1.5) such that

peC(0,T);Wh?), Vu,VB,P e C([0,T); HY) N L*(0,T; Wh*),
(2.1.8) pr € C([0,T); LY), /puz € L=(0,T;L?), wuy € L*(0,T; HyY),
B; € L*(0,T; L*) N L*(0,T; HY),

forany swith1 < s < gq.

Our result in this chapter proves the existence of global strong solution for MHD
system (2.1.1)-(2.1.5), provided ||Vug|| ;2 and ||V By|| ;2 are both suitably small.

Theorem 2.2. Assume that the initial data (po, uo, Bo) satisfies (2.1.6)-(2.1.7), and 0 < pg <
p- Then there exists some small positive constant e depending on 2, q, p, fi := supy g 1(p), ths
A = supyg 5 A(p), A, [[Viu(po) || e and [V A(po)|| e, such that if

Vuo| 2 + ||V Bol| 12 < eo,

then the initial boundary value problem (2.1.1)-(2.1.5) admits a unique global strong solution
(p,u, P, B), with

p € C([0,00), W), Vu, VB, P € C([0,00), H') N Lj,.(0, 00; W*),
(2.1.9) pt € C([0,00), L), /puy € L5o.(0,00; L?), u; € L},.(0,00; HY),
By € Li2.(0,00; L*) N L7, (0, 00; HY),

loc
forany s with1 < s < gq.

Remark 2.3. Weuse w =V x uand j = V x B to represent the vorticity and the current
density, respectively. And it is easy to show that the L% norm of gradient is equal to the
L? norm of vorticty for a divergence free vector function (See also Lemma 2.7). Then
Theorem 2.2 implies that initial boundary value problem for MHD system (2.1.1)-(2.1.5)
admits a unique global strong solution provided that the L? norms of initial vorticity
and current density are both suitably small.

Remark 2.4. Motivated by our work in chapter 1 for Navier-Stokes model, we can also
obtain the global in time strong solution for MHD system, provided that the initial
energy Eo = [ %(poluo|>+|Bo|?)dx is small sufficiently. In fact, this conclusion has been
proved by Yu et. al. [14], which can be seen as an extension of our work in chapter 1.

For the magnetohydrodynamic model, some additional difficulties will arise since
the magnetic force (V x B) x B and the convection term V x (u x B) need to be dealt
with. In particular, ||\/pu;|| 12 is not equivalent to the term ||u|| 2 when the vacuum is
allowed, therefore the coupling of v and B is a trouble for us. Thanks to the assumption
of smallness of initial data, we can overcome these difficulties. And in our analysis, we
can also treat the case that the resistivity coefficient is also a function of density since
the density satisfies a transport equation.

The rest of this chapter is organized as follows. In Section 2.2, we first state some
elementary facts and useful analytic tools which will be needed in later analysis. Then
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two lemmas are given for estimating the higher order derivatives of velocity and mag-
netic fields. In Section 2.3, some a priori estimates are derived for MHD equations and
the global existence of strong solution is obtained.

2.2 Preliminaries

2.2.1 Notations and general inequalities

Q is a smooth bounded domain in R3. For notations simplicity below, we omit the
integration domain 2. And for 1 <r < oo and k € N, the Sobolev spaces are defined in
a standard way,

L"=L"(Q), Wkr={feL :VFfeL,

HY = w2 Cf, = {f € (C§°)* : divf = 0}.

H(% :W’ H(io =g,

0w Closure in the norm of H.

The following Gagliardo-Nirenberg inequality will be also used frequently.

Lemma 2.5 (Gagliardo-Nirenberg inequality). Let 2 be a domain of R3 with smooth bound-
ary 0. Forp € [2,6],q € (1,00) and r € (3, 00), there exists some generic constants C > 0
that may depend on q and r such that for f € H' satisfying floo = 0, or [, fdz = 0 and
g € L9 N DY, we have

(2.2.1) 115, < ClAIS P2 v ) 39/

(2.2.2) lgllpee < CHqu(r 3)/(3r+q(r—3) )HV ”3r/ 3r+q(r—3))

See the proof of this lemma in Ladyzhenskaya et al. [11, P. 62](see also Nirenberg
[12, P. 125)).

Remark 2.6. Under the assumption that 0f2 is smooth, we have the following fact which
is a consequence of boundary condition B - n|gpo = 0 and divergence free property of
magnetic field B.

/ Bdzr = / div(zx ® B)dx = / z(B-n)dS = 0.
Q Q o0

Here x ® B is a matrix with 4, j component x;B;. This observation is borrowed from
Antontsev et al. [2, P. 27].

In our later analysis, the following elementary fact is also often used.

Lemma 2.7. Let u, B belong to Sobolev space H}, and divu = divB = 0, then the following
equalities hold.
2ldl 72 = IVulze, IV x Blff. = [[VBI[Z..

Here d = £[Vu + (Vu)T].
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2.2.2 Two lemmas on higher order estimates on velocity and magnetic fields

This subsection also provides high-order a priori estimates of velocity field u, which
has played an important role in the first chapter for the Navier-Stokes model. To make
this chapter self-contained, we write the following lemma again.

Lemma 2.8. Assume that p € W14 3 < q < co,and 0 < p < p. Let (u, P) € H&,U x L2 be
the unique weak solution to the boundary value problem

(2.2.3) —div(2u(p)d) + VP = F, divu=0in<Q, and / i))da: =0,
0

where d = 1[Vu + (Vu)T| and

peCl0,00), p<plp)<pon0,p].

Then we have the following regularity results:
(1) IfF € L?, then (u, P) € H?> x H' and

1 i 7
(22.4) lullz + 1P/ pp)lm < C{ 24+ — IVl | Iz,
L H 2
where 6 satisfies
1 1 6 1 q—3
———==+4-, defh=—.
2 g 3 + 6’ i.e. 0

(2)If F € L" for some r € (2,q), then (u, P) € W2 x WL and

1 iL L
(2.25) Jullwar + 1P/l < C | =+~ IVl | 1P],
~ H s

where 0, satisfies
2r qg—3

0, =
5 — 6 q
Here the constant C' in (2.2.4) and (2.2.5) depends on 2, g, r.

The proof of Lemma 2.8 has been given by Huang and Wang in [7]. And refer to
Lemma 2.1 in their paper.

For the high-order a priori estimates of magnetic field B, we also have the following
regularity results which can be derived from the standard elliptic estimates.

Lemma 2.9. Assume that p € Whi 3 < q<oo,and0 < p<p. Let Be H&,o be the unique
weak solution to the boundary value problem

(22.6) VX (Ap)VxB)=F, divB=0, inQ, B-n=0, (VxB)xn=0, ind,

where A € C1[0,00), A< A< A, on|[0,0].
Then we have the following regularity results:
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(1)IfF € L?, then B € H? and

1 1 %
(2.2.7) 1Bl <C | 5+ ——=IVNWIIZ | IF] L2,
A )\@2+1
where 6 satisfies
1 1 6 1 q—3
2 g 3T e

(2)If F € L" for somer € (2,q), then B € W?" and

1 1 o
(2.2.8) [1Bllwar < C <A + mlWM(ﬂ)]llZZ) 1E s
A \or
where 0, satisfies
0. — 2r q—3
"Ubr—6 ¢

Here the constant C'in (2.2.7) and (2.2.8) depends on 2, q, r.

Proof. For the existence and uniqueness of weak solution, it can be derived from the
standard theory of elliptic equation. We give the a priori estimate here. Assume that
F € L2 Multiplying the first equation of (2.2.6) by B and integrate over (2, then use
Poincaré inequality, we have

/ APV x BJ2dz = / F - Bde < ||Fl|2|Bll 2 < C||Fll 2|1V Bl 2.

Noting that from Lemma 2.7, one has || VB||;2 = |V x B||12, hence
(2.2.9) VB2 < CATH|F| 2.

The first equation of (2.2.6) can be re-written as

. F (VAW X(VxB)
28 =30 o)

By virtue of classical theory of elliptic estimates and Gagliardo-Nirenberg inequality,
(VA(p)) x (V x B)

e <¢ (551, - |5,

<SCATHIF| 2 + AV e[|V % Bl 2)

we have

<COAYF|| 2 + AHVAW) e | VBRI VB3,

where 0, satisfies
1 1 1 1
——— =0+ —-(1-0 Oy = ——.
5 42 2+6( 2) 2 .
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By Young’s inequality,
1Bl <COTF|z2 + A7 % [VA(p H HVBHLz)
_ —+-1
(2.2.10) SCATFlp2 +27%= 7 [VA(p H il Fllz2)

1 5
<c (A + v wq) 152

Similarly,
1 o
(2.2.11) 1Bllw=r < O £+ 1+1\|V[ (Plpa ) I1E Nz
2 A
h
where B q—3
" 5r—6 ¢

2.3 Global existence of strong solution to MHD system

This section is composed of two parts. The first part contains a priori time-weighted
estimates of different levels. Upon these estimates, the second part uses a contradiction
induction process to extend the local strong solution globally in time. The two parts are
presented in Section 2.3.1 and 2.3.2, respectively.

2.3.1 A priori estimates of different levels

In this subsection, we establish some a priori time-weighted estimates. The initial ve-
locity and magneto belong to H'!, but some higher-order estimates independent of time
are required. To achieve it, we take some power of time as a weight. The idea is based
on the parabolic property of the system. In this subsection, the constant C' will denote
some positive constant which may depend on (2, ¢, but be independent of py, ug, Bo,
and may change line to line.

First, as the density satisfies the transport equation and making use of the diver-
gence free property of velocity u, one has the following lemma.

Lemma 2.10. Suppose (p,u, P, B) is the unique local strong solution to (2.1.1)-(2.1.5) on
Q x [0, T, with the initial data (po, uo, Bo), then there it holds that

0 <p(x,t)<p, forevery (z,t) e Qx]0,T].

Next the basic energy inequality of the system (2.1.1)-(2.1.5) reads

Lemma 2.11. Suppose (p,u, P, B) is the unique local strong solution to (2.1.1)-(2.1.5) on
Q x [0, T, with the initial data (po, uo, Bo), then there it holds that

/(p|u( B2+ [B(t) dx+/ / (D) dI? + M)V x BI?)dads
< Cplluoll> + Cl|Bol1 72,

(2.3.1)
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for every t € [0, T, or in other words,

[l + BOP) + / [ @lVu + AV B dsds

< Cplluol72 + CllBoll7,

(2.3.2)

for every t € [0,T).
Proof. Multiplying the momentum equation (2.1.1), by u and integrating over (2 yield

c(iit/ —plu(t)Pdz + 2/#(p)d|2dx = /(B -V)B - udzx.

Multiplying the magneto equation (2.1.1); by B and integrating over (2 yield

d

7 |B( |d$—|—/)\ )|V x B| dx—/(B V)u - Bdz.

Taking the sum of the above two equalities, and remarking that
/(B-V)B-udx—#—/(B‘V)u-Bdsz,

we have

1d

s5a | (Plu®P +1BOP)dz + /(2u(p)!dl2 + AV x BY)da < 0.

Integrating with respect to time on [0, t] gives
[l + 1B + / JW@dP + X@)I x B)deds < Calul3: + 1Bl

since ju(p) > pand A(p) > A, in view of Lemma 2.7, one also has

t
/ (plu()? + | B()?)dz + / / (U Vul + AVBP)dads < Cpluo|%2 + C||Bolls.
0

O
Denote
M = [Vl N = [ VAGo)l|zs,
and
1 A 1 1 1 1 1
Moo= o UMT N = 5 Sy UN) € o)

It is convenient to introduce the sums of M and N, M, and N,, which will frequently
appear in our calculation.

L=M+N, L,=M+N,, re€[24q).
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Theorem 2.12. Suppose (p,u, P, B) is the unique local strong solution to (2.1.1)-(2.1.5) on
Q x [0, T, with the initial data (po, uo, Bo), and it satisfies

(2.3.3) sup [[Vu(p(t)llze <4M,  sup [[VA(p(t))||ze < 4N,
te[0,T] te[0,T]
and
(2.3.4) B
(m+N)(p+2A)
sup ([|[Vu(t)l|z2 + [VB(t)||12)* < 16———=——(||Vuo| z2 + |[VBo2)* < 1.

t€[0,T) UA

There exist positive numbers Cy, Co, depending only on €2, q such that if

i+ A\ _ 4
(2.3.5) C1- (m) (L3 + L*L8) (0 + 1) (IVuo | 2 + 1V Boll£2)* < log <,
and
R 1/2
(4 A)(p+ Q)
(2.3.6) Cy ( IV (IVuollr2 + [[VBol|r2) < 1.
HEX
Then
A+ A T 2 2
4A/ (IpuellLz + || Bellz2)7dt + sup ([[Vu(t)|[r2 + |[VB(#)]12)
(2.3.7) £a o el ]

<8

(B + M)+ )
— (IVuoll 2 + [V Bol| £2)*.

Remark 2.13. In comparison with the corresponding Lemma 3.8 in Huang and Wang
[7] for inhomogeneous Navier-Stokes equations, the expression (2.3.5) is different from
(3.18) in [7], where the upper and lower bound of viscosity and resistivity coefficients
are all involved in (2.3.5). And we find (3.18) in [7] seems not to be correct in their
calculation when the viscosity is a function of density. See also the Chapter 1 for the
discussion of Navier-Stokes model.

Before proving Theorem 2.12, let us introduce an auxiliary lemma which is a result
of the W22 estimates in the previous Lemma 2.8 and 2.9.

Lemma 2.14. Suppose (p,u, P, B) is the unique local strong solution to (2.1.1)-(2.1.5) on
Q x [0, T, with the initial data (po, uo, Bo), and it satisfies (2.3.3). Then it holds that

IVullgr + VBl

(2.3.8) ! i
< CLy(vVp+ V(o2 + | Bill2) + CL3 (5 + 1)*(|Vull 2 + [V B| 12)*.

Proof. The momentum equations (2.1.1), can be written as follows,

(2.3.9) —2div(p(p)d) + VP = —pus — (pu - V)u+ (B - V)B,
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following from Lemma 2.8 and Gagliardo-Nirenberg inequality that

IVul g <CMa(llpuell 2 + llpw - Vull 2 + (| B - VBl|2)
<CMa||put]| 2 + CMapllul| o] Vul s + C M| Bl| s [V Bl| s

<OMa|pus]| 2 + O Mol Vull 22 |Vl + M|V B 2|V B3,
The magneto equation (2.1.1)5 can be written as follows,
(2.3.10) Vx(ANp)VxB)=—-B;—(u-V)B+ (B-V)u,
also following from Lemma 2.9 and Gagliardo-Nirenberg inequality that

IVB|[ g <CNa(([BtllL> + |[u- VB> + [ B - Vul|2)
SCNo([|Btll 2 + [ull s [V Bl s + | Bll sl Vul 13)

1 1 1 1
<ONo([[Bell 2 + IVull 2 VB E VBl i + IV B[ 2 [Vl 2 [Vl f),
taking the sum of the above two inequalities and by use of Young’s inequality, we get

IVull gy + VBl < C(Mz + Na)(v/p + D)([Vpuel 2 + || Bt 2)
+C(Mz + N2)*(p+ 1)*([Vul g2 + | VB 12)°.

U
Proof of Theorem 2.12. Multiplying the momentum equation (2.1.1), by u; and integrat-
ing over € yield
/p\utIQdac + /Q,u(p)d : Vude — /(B -VB) - wdzr + /pu -Vu - updx

=0.

(2.3.11)

For the third term of left hand side of (2.3.11),

/ (B-VB) - wda

d
Tdt
d
Cdt

(2.3.12) (B-VB) - udx — /(Bt -VB) - udx — /(B -VBy) - udx
/(B-VB)-udx/(Bt-VB) 'uder/(B-Vu)-Btdx.
For the second term of left hand side of (2.3.11), use the fact that

Olu(p)] +u-Vu(p) =0,
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which is a consequence of mass equation and the fact divu = 0. Then

d
/2,u(p)d s Vuder = 7 /Q,u(p)d : Vudx — /Q,u(p)td : Vudx

(2.3.13) = 2u(p)d : Vudx + /2u -Vu(p)d : Vudx
= % 2u(p)|d|?dx + /2u -Vu(p)d : Vudz.

Multiplying the magneto equation (2.1.1); by B; and integrating over € yield

d

/|Bt|2d:v+ dt/x(p)\v x B|%dx
(2.3.14)
:—/u~VB-Btda:+/B-Vu~Btda:—/2u-V)\(p)\V><B|2d:1:.

Here we also used the fact that 9:[\(p)] + u - VA(p) = 0.
Thus, adding (2.3.14) to (2.3.11), together with (2.3.12)-(2.3.13) gives

d
/(p|ut|2 + ’Bt‘2)dl’ + aK@

- / (plual? + 1By + / @u(p)ld? + \(p)|V x B — (B-VB) - u)dz
(2315 = ‘ / pu-Vu- ude
/(Bt -VB) - udz

6
i=1

Here Ko = [(2u(p)|d|> + A(p)|V x B]*> — (B - VB) - u)dx.
Applying Gagliardo-Nirenberg inequality,

+C [ IVupllalVulds + € [ VA1V x BPds

_l’_

+‘/(u-VB)~Btda:

+‘/B-Vu-Btdx

Klz‘/pu‘Vu-utdx

1
< gH\/ﬁmHiz + Clly/pull 7 Vull 75
1 _
< gIIWUtIIZﬁ + Cpl|Vull32 | Vul g,
and

Ko+ Ko =C [ [Vulp)| - lul - [Vul*de + C [ VA1V x BPda
< CIV ) s lull o | VulZs + CIVA) sl o |V B
< CIV ) s IVl 2 [Vl 2, + CIVA) s IVl 2 [V B2 [V B 2,
< CM||Vull2, [ Vull%, + CNIVull 2 [V B VB 2,
< CL(|[Vull g2 + IV B 12)2 (I Vul g1 + VBl )=
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The remaining terms can be estimated in a similar way,

K4+K5—‘/(Bt~VB)-udaf

+‘/(u-VB)~Btd;c

IN

1Bi72 + Cllull 76V BIIZs

IA
0| = oo

1Bl Z2 + ClIVullz2 VB 2V B 1,

and
K6:’/B-Vu'Btda:

< SIBil3: + CIBIE IVl
< %HBtHiz + ClIVBI[Z: [ Vul 2| Vull 2
Owing to the assumption (2.3.5), we have
Ko = [ Gulp)ld? + Ap)IV x B~ (B V) - ws
> /(2u(p)|d|2 +MP)IV x BI)dx — || B s ]|V Bl| 2 [Jul| s
> /(MVUI2 +AVB|*)dz — C|[VB| 12| VB 2| V] 2

> | Vull2s + AV B2

(2.3.16)
(h+ N+
—Cy- (;M) (IVuollz2 + IV Boll 2) [V B[ 2] V]| 12
1
> 2 (Wl Vulls + MV BIZ)
1 pA
> Zm(\lwllm +[IVBl|2)?,
provided that

_ - 1/2
(B +A)(p+A)
(2.3.17) Co - (u2 (IVuoll 2 + |V Boll2) < 1.
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With the Lemma 2.14, then

6
Z “fut“LQ +1Bil72) + CollVullz2 [ Vull m + ClIVull 22V Bl 2|V Bl

+ C|IV B2 |IVul g2 | Vull g1 + CL(IVaull 2 + VB £2)? (|Vullgr + VB )
< C(p+ D)(IVullz2 + IVBIIz2)* - La(v/5 + D(|ly/Bucll 22 + | Bl 12)

+C(p+D)(IVull gz + IVB12)* - L35 + 1)2(|Vull 12 + | VBI|2)?

+ CL(|Vull 12 + IV Bl 12) 2 [L2 (V5 + 1) (| /puel 2 + | Bell 12)]2

+ CL([Vull 2 + VBl 2) 2 [L3(7 + 1)*(|Vull g2 + IV Bl 12)%]2

" 1<H¢ﬁutrr%2 T 1Bi22)

(Ivpuell7z + | Bell72) + C (L3 + LALS + LL3) (5 + 1)* - (| Vul g2 + VB 12)°.

M\H

Combining all the obtained estimates, we have

d
[l + 1By + 5 Ko

(2.3.18) < C(L3+ L'y + LL3) (p+ 1)°(IIVul 2 + VB £2)°

<(C0=—= )\L LALS) (p+ 1D3(||V VB|;2)* K,
M( + 5) (p+1)°(IVul 2 + | VB||f2) 0,

Applying Gronwall’s inequality
L2 [l o s s (19ls + 19500
0T

tA 16y a1y [ 1
< 47K0’t 0 - exp clt2 (L3 + L'LS) (p + 1) / (IVullzz + [[VB||12)"dt
HA B 0

(E+N(p+A)
< 6T(||VUO\‘L2 + ||V Bol|f2)?

B+ A

T
X exp {C ") (L3 + L'LY) (p+ )3/ (I V| 2 + HVB|]L2)4dt}.
f— 0

According to the Lemma 2.11 and the assumption (2.3.3)-(2.3.4),
g 4
| vulle+ 195152 e

T

< Sup. (IVull g2 + IVB]2)? /O (IVull g2 + VB 12)?dt
t

(2.3.19) <]

(Iluollz2 + Il Boll £2)*

1
(IVuoll 2 + |V Bol| £2)?.



Global strong solution to the 3D inhomogeneous MHD equations with density-dependent
viscosity and resistivity 33

Hence, we arrive at
(2.3.20)
p+A [T
52 [ [+ 1BR)e + s (19l + [9B]12)°

te[0,7T)

(B+M)(p+A)
=6 M—)T(HVUOHH + ||V Bol|2)? - exp {11 - (|| Vuo| 2 + | VBol|12)*}

2
Here, II = C - (%) (L3 + L*L§) (p+ 1)*. Now it is clear that (2.3.7) holds, provided
(2.3.5) holds. O

As a byproduct of the estimate in the proof, we have the following time weighted
estimate.

Theorem 2.15. Suppose (p,u, P, B) is the unique local strong solution to (2.1.1)-(2.1.5) on
Q x [0, T, with the initial data (po, o, Bo), and it satisfies the assumptions (2.3.3)-(2.3.6) as
in Theorem 2.12. Then

p+A (T 2 2
M/ t(l/putll 2 + | Bellz2) dx + sup t(|Vul 2 + [[VB]|12)
(2.3.21) =0 tel0.7]

(L+M)(p+1)

<C

(IVuollz2 + [V Bol £2)?.

Proof. Multiplying (2.3.18) by ¢, as shown in the last proof, one has

d
/t(p]ut\g + |Bs|?)dx + %(tKO)
(2.3.22)

p+A _
< Ko+ CE 8 (L34 L1L8) 5+ (Va2 + [ VB 12)* - Ko,
Applying Gronwall’s inequality,

BEA T 2 2
el t(lvputl 2 + || Bell L2)"dt + S[up t([|Vull2 + VB[ 2)
pA te

)

p+A [T 2
<4555 [ Kol exp {11 (| Vuollzz + 1V Boll2)?)
BA - Jo

According to Theorem 2.11 and assumption (2.3.5),

T T
| Kot = [ [Cuto)a? + XpIVBE - (B 9)B - u)dad
0 0

< C(p+ 1)(|[Vuol 2 + [V Bol|2)*.

(2.3.23)
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Hence, owing to the assumption (2.3.4),

ptA (7T 2 2

=— | tllVpuilrz + | Bellp2)"dz + sup t([[Vull2 + ||[VB] L2)

A Jo t€[0,7

(L+A)(p+1)
A

(L+A)(p+1)
HA

<C (IVuoll 2 + |V Boll£2)? - exp {11 (| Vuol|z2 + ||V Bol|£2)*}

<C (IVuoll 2 + IV Bol|£2)*.

O]

Theorem 2.16. Suppose (p,u, P, B) is the unique local strong solution to (2.1.1)-(2.1.5) on
Q x [0,T], with the initial data (po, uo, Bo), and it satisfies the assumptions (2.3.3)-(2.3.6),
there exists a positive number C3 depending only on Q, q, such that if

- 1/2

(i + A) (e +A) 1
(2.3.24) Cs - (MQ ~([IVuo|l g2 + [[VBollg2) < 3’
then

T
sup t([[y/puel| Lz + || Bt £2)? +/ tullVuel| 72 + AV B[72)
(2.3.25) t€[0,T) 0

< C(|IVuoll 2 + IV Bol £2)* - ©1 - exp{CO2},

and
T
ts[tépﬂ (Ivpuell 2 + 1| Bell2)? +/0 (| Vuel|72 + AV B|72)
c
(2.3.26) ’ B
w+A)(p+1
< L (G + 19 Bol2)7 61 -exp{COs),
where
o _ L+ DP(u+d) LPLE(p+ 1)P(u+A) (43
b 13\ (33 e
(2.3.27) B "y 4 0 e o4l 9 _
o, - PEV WA L3+ D (et ) LL(p+ DA+ (e +A)
2 B‘lf 2N HA

Proof. Differentiate the momentum equations (2.1.1), with respect to ¢, one has

puy + (pu) - Vuy — div(2u(p)dy) + VP,

(2.3.28) .
= — pur — (pu)y - Vu + div(2u(p)ed) + (B - V)By + (B - V) B.
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Multiplying (2.3.28) by tu; and integrating over (2, we get after integration by parts that

td
s [ ol s 2t [ u(pldifas

(2.3.29) =— t/pt]ut|2da? —t /(pu)t -Vu-udr —t / 2u(p)t - d - Vugdz
+ t/(B . V)Bt - updx +t/(Bt . V)B - updx.
Differentiate the magneto equations (2.1.1); with respect to ¢, one has

Bit +V x (AM(p)V x By) + (u-V)Bs + (us - V)B

(2.3.30)
==V x(Ap)V x B)+ (B - V)u; + (Bt - V)u.

Multiplying (2.3.30) by ¢B; and integrating over (2, we get after integration by parts
that

2dt/|B,5| da:+t/)\(p)|v X Bi|*dx
(2331) =—1 /(ut . V)B . Btd$ +1 /(B . V)ut : Btd.’L' + t/(Bt . V)u . Btdl'
- t/)\(p)t(v x B) - (V x By)dz.

Adding (2.3.31) to (2.3.29), one has

td
2dt
:—t/pt|ut\2dx—t/(pu)t'Vu-utdx—t/2u(p)t-d-Vutdx

(plue|* + | Be|*)da + t/(2u(p)dt!2 + APV x By|*)dx

I,

!
- 2

1

-
Il

Let us estimate the terms on the right hand side. First, utilizing the mass equation and
Poincaré inequality, one has

Il = —t/ptut|2d1:

= —2t/,0u -Vus - updzr
1
prtllv/pue sl Vue| L2 [lul s

1 1
tlvpuell z2llv/puell 2o [ Vuell L2 f[ull Lo

(2.3.33) <Cp
Cp

3 1 3
Cprtllv/puellf2 IVuell 72| Vull g2
<1,
= gh

l\J\»—‘

IN

IN

pt| Vel 72 + Cp=> 0t /o[22 V| 72
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Second, utilizing the equation for u(p),

I3 = —t/Q,u(p)t -d - Vugdx

<ct / [V 1) ]|V s

(2.3.34) < Ct|Vulp)| 3 Vue 2 |l 2o |l oo
< CMt||Vuy| 2] Vul 7

1 M?
< gt Vuliz + C=—t|[Vullj.
H
Similarly, utilizing the equation for A(p),

I = —t//\(p)t (V% B)- (V x B)da
< C’t/ ul[VA()||V % BI|Y x Byldz

(2.3.35) < CHIVAD) |51V % Bell 2|V % Bl s |[ull oo
< CNt|VBy|| 2|Vl g1 | VB 1
1 2 N2 2 2
< gAtHVBtHLz + CTtHquHlHVBHHl.

It follows from Lemma 2.14 that

(2.3.36)
13+I4 = —t/Q,U,(p)t -d- V’U,td.%' — t/)\(p)t(v X B) . (V X Bt)d.’IJ
1 CLY(p+A) o
< gt(ﬁHWtHiz +AIVB[[72) + TL% + 1% (IVull 2 + VB 12)*

CL*(p+ )

i Ly(p + D*t(lpuel g2 + | Bell z2)*.

Taking account into the mass equation again, we arrive at

I = —t/(,ou)t -Vu - wdx
:—t/pu~V(u-Vu'ut)d:U—t/put'Vu-utdm
(2.3.37) < t/p|u\ Vul? - ut|dx—|—Ct/p|u|2 V2| - ug|dz

+t/p\uy2-yvu\ - ]Vut\dx+t/p]ut\2~wu]d:c

=: Io1 + Iy + Io3 + Io4.
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Hence, it follows from Sobolev embedding inequality, Gagliardo-Nirenberg inequality,
and Lemma 2.14 that
(2.3.38)
Iy <Cptlugll ol o]Vl 25
<Cpt|| V|2 [ Vullz | Vul 51
<Cpt| Ve 2|Vl 2 La(v/5 + 1) (| pull 2 + | Bill 2)
+ Ot Ve 2l Vull 22 L3 (5 + 1)* (I Vul 22 + [V Bl|2)°

1 CL3(p+1)3
< gVl + L e + Bl 2Vl

CLi(p+1)8
+ GOt (19l g2 + 9Bl 2)°

CL3(p+1)°,

1
<t V|72 + (Ilvpuel 2 + 1Bellz2)*(IVull 2 + VB £2)*

Li(p+1)8
+C 2(p + )t

. (IVullzz + IV Bllz2)".

Similarly,
(2.3.39)
Loy <Cptlue| o V2ul| 2| ull 76
<Cpt| Ve 2| Vul 3| Vull g

CL3(p+1)°,
I

1
Sgﬁﬂ|vut||%2 + (IVpuellz + 1| Bell .2)*(IVull 12 + | VBl 12)*

CL4(p+1)8
n 2(ﬂ+)t
ol

(IVullzz + IV B]|z2)",

and
(2.3.40)
Ing <Cptl|Vur | 2|Vl ol lull7 6
<Cpt|Vur 2|Vl 32|V o

CL3(p+1)°,
o

1
Sggﬂlvmlliz + (IVpuellzz + 1| Bell .2)*(IVull 22 + | VBl 12)*

Li(p+1)8
+C 2(p+ )t

. (IVul g2 + [V BI|12)",

and
Iy <Ct|l\/pus]| 721Vl L2
1 3 3
(2.3.41) <Ctll\/puell ;21 Ve 72 [[Vul| 2

1 3
<5t Vel + Cu=p* el 32 |Vl
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Let us continue to estimate the remaining three terms,
(2.3.42)

Is + I S‘t/(utV)BBtdm

+ ‘t/(Bt . V)B - updx

<Ctllut]| sV Bl 2| Bl s + Ot Bell oo [ Vuel| 2| Bl s
<SC|IVB|[z2 -tV 2]V B 2

- 1/2
(B4 A) (e +2A)
<Cj - (uA ~(IVuoll 2 + IV Boll 12) - t| V|| 12|V By 1.2

1
<l Va3 + AIVB3)

provided that
_ 1/2
8 . (W) / (IVuollz2 + [V Boll2) < 5.
Finally,
Iz :t/(Bt - V)u - Byda
(2.3.44) <Ct||Be|| 74| Vul| 2

1 3
<Ct| Bl 72V Btll 72 [Vl 2

1 _
<SMIVB72 + CA™ | Bil|Z2 | Vull L

Combine all the above estimates (2.3.33)-(2.3.45),

d
i (¢ [P+ 1BPa) + [l + X5

(k42> (p+1)°
N )3 t(lv/puellpe + || Bellp2) 2 (I Vull g2 + [|[ VB 2)*

L2 —713
+C 5(p + )t

(Ivputllz + 1 Bell =) (IVull 2 + [V B[ £2)*
(2.3.45)

t(IVull 2 + [V Bl|2)" + /(p\ml2 +|Bi|*)de

CL*L3(p+1)*(u+ ))
+ - o t(llv/oudll 2 + (1Bl 2)*

CLPLY(p+ 1)%(u + ))
N I
BA

t([Vull 2 + [V Bl|z2)".
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Applying Gronwall’s inequality,

T
sup t/(pIUt|2+ th\Q)der/ t(pl Vuell72 + AIVB]|72)
t€[0,T) 0

T L4 | 6
| (B uvulie + 1981,

N LPLE(p+ 1)*(p + )

<C

P (I Vullzz + 1VB]12)" + (ly/pull2 + HBtHLa)?)dt]
TrCle+X)(p+1°  CL3(p+1)° A
xexp{ /0 [ " )(IVullz2 + VBl 12)
CLPLi(p+1)%(n + )
b e Wl + | Bile)? e

Taking some previous estimates into account

T
sup t/(p\ml2+ IBtI2)dx+/ ]| V|72 + AIVBy|72)
te[0,T] 0

| (B uvulis + 19510

N LPL(p+ 1)*(p + )

<C

m) t(IVull g2 + IV Bllg2)" + ([[v/puel| 2 + HBt!LQ)Q)dt]
L+ 0+ L3+ 1) p+2)  LPL3(p+1)%(p+AN)(a+N)
X exp{C’< — M4A4 + HQA + 2 HX )}7

According to Theorem 2.15 and the assumption (2.3.4)

T
| tvale + VB2 e
0

< sup t(||Vullp2 +[[VB][2)* - sup ([[Vull2 +[|VB]|12)°
te(0,7) te[0,7

)

T
x /0 (IVullzz + VB 12)%dt
_ GO+ 1 (n+ )7

202 (lluollz2 + [ Boll £2)?
C(p+1)*(u+A)?
< T (IVuoll 2 + IV Bol| £2)*.
1A

Similarly,

T
/ H(IVull 2 + IV B 2) 2d
0
C(p+1)*(u+A)?
< V3 (IVuoll 2 + [V Boll2)*.
HEA
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And by virtue of Theorem 2.12,

T
/0 (Ivpullzz + || Bell 2)?dt < 2 + M)([[Vuol 22 + |V Bol| 2)*.

Hence,
(2.3.46)

T
sup 1 / (pluel® + | Bof?)da + / Hul[ V|2, + M|V By 22 dt
te[0,T 0

< C(||Vuo| 2 + | VBol| 12)?

L4_+18 +A2 L2L8_—|—110 +A3 7
X( 5(p Mi)\(;t ) N 5(p MS)A?’ (p+2A) +(;1+)\))
(b+N*p+D* Lip+D*p+XN)  LPLi(p+ D%(u+ N (a+ N
><exp{C’<'u M4/\Z + 2P MQ)\N + 2P ,uéf K )}

On the other hand, multiplying (2.3.45) by ¢, one has

d [t
i <2 /(PIUtI2 + IBtI2)dx> + /tZ(u|Vut|2 + A|VB[?)dz

(p+2)%(p+1)°
<C—= NP (vpuell 2 + | Bell2)* (I Vul 2 + VB[ 2)*

N CL3(p+ 1)3152

(Ivpuellzz + 1| Bell .2)*(IVull 12 + | VBl 12)*

N CLi(p+ 1)6t2

=[S =[S

(IVullz2 + IVB] )"0 + ¢ / (plusl? + | Bef?)da

CL2L3(p+ 1)%(u+ )
U Uveullz + |1Bil)’

CLPL5(p+1)%(u+ ) ,
+ — t
BA

(IVull 2 + [V Bllz2) "

Applying Gronwall’s inequality,
T
sup [ (phu +BiP)da + [ 2@Vl + AIVBE)de
0

te[0,7)
T L4 = 1 6
| (el + 1981y

LPL(p+ 1)*(p + )
N I
A
TrCp+A)?*(p+1)°  CLY(p+ 1)
xexp{/ K (u 7; (3/) ) + 20+ 1)
0 J52N ©
CL2Li(p+ 1)%(p+ A)
HA

<C

2(IVullzz + VBl 22)" + t(|lv/puell 2 + ”BtHLz)Q)dt]

)(UIVullz2 + IV Bllz2)*

(I/pullz2 + HBtmﬂdt}.
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According to Theorem 2.14,

T
/ 2(IVulls + |V Bll2) 0t
0

< sup £2(|Vullzz +||VB|g2)* - sup (|Vulzz + [|[VB]2)*
te[0,1] tef0,T

)

T
x / (IVullz2 + IV B 12)%dt

- C(p+1)°(p+A)°

(luollzz + Il Boll £2)

2%
Cp+1)%(p+A)°
< TR (IVuollz2 + IV Bol|£2)*.
[0
Similarly,
T C(p+1)%(pu+A)?
/0 (| Vul g2 + [V Bl|2)?dt < X (IVuollz2 + 11V Bol £2)?,
and .
/O t(lv/puel g2 + | Bellg2)%dt < C(p+ 1) ([ Vuol g2 + IV Bol 12)*.
Hence,
(2.3.47)
2 2 2 T 2 2
sup t° [ (plue|” + [Be|")daw + [ t7(pl|Vue|72 + Al VB|[72)dt
te[0,T] 0
Ly(p+1)°(p+2)°  L2L3(p+ )M (p+ )
2 2 rra 2 HTA _
< C(|[Vuoll 2 + |V Boll2)* - ( O% + % +(p+1)
e+ p+ 1Y Lip+D'u+d)  LLy(p+ 1+ M) (i + )
x exps C'| = T + Ny + N )
A WA HA
which completes the proof of the Theorem 2.16. O

Lemma 2.17. Suppose (p,u, P, B) is the unique local strong solution to (2.1.1)-(2.1.5) on
Q x [0, T, with the initial data (po, wo, Bo), and it satisfies the assumptions (2.3.3)-(2.3.6) and
(2.3.24), then for any r € (3, min{q,6})

(2.3.48)

T
/O (IVullzoe + [V Bl|zo)dt < C([[Vuolr2 + [[VBoll2) - Ca(M, N, p, p, i, A, A),

where

1
o (0T DN
= L(p+1)% (£ = 2.
(p+1)a < By > < P ©% - exp{CO2}
5r—6 6(r=1) f+ A
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©,(i = 1,2) is given by (2.3.27).
Proof. By virtue of Lemma 2.8 and 2.9, one has for r € (3, min{q,6})
IVullwrr SCM([lpul|Lr + llpu - Vullr +[|1B - VB[ Lr)

3(r—2)

6—1r
SCMr(HPUtHﬁz HPUtHLa'" + pllullps [ Vull porso-n

+ 1Bl 1V Bl orvio))
3(r—2) 6(r—1) 4r—6

<CM, (||PUtHL2 Alpuell ™ + IVl 5 - IVl s

6(r—1) 4r—6
+IVBIZ - IVBIGE).

and

IVBllwrr < CNe([|Bellor + llu- VB|[r + |1 B - Vul Lr)
3(r 2)

< CNr(HBtHLz NBell &+ lull e |V Bl por/6-r)
+ 1Bl sl Vull por/6-r)

3(r—2) 4r—6
SCNT(IIBtIILg IIBtIILT +IIVUHL2HVBII *IVB|yie

4r—6
+ IV Bl [Vull 5 - [Vulliit ).

Taking the sum of above two inequalities, applying Young’s inequality and Sobolev
inequality,
IVullwrr +[[VB]lw.r
_ 5r—6 @ 3(r—2)
<CLy(p+1) & (H\TUtHLz +Btllz2) > - (HVUtHL2 HVB|z2) =

5r—6 1)
+CL ™ (54 1) 7 (Va2 + VBl 2) "7
Hence,
T
/0 (|IVul|pe + || VB Lo )dt
T
<c / IV ullor + VB )t
6—r 3(r—2)
<C Le(p+ 1) (|/puelz2 + |Bellre) = - ([Vuellzz + | VBl r2) =

r—6 6(r—1)
~ (IVullpz + [[VBl|g2)~ | dt.

L (1)
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Define o(T") = min{1, T}, for T' > 0, then according to Theorem 2.16,

T
/0 (Ivpurllze + 1Billz2) T - (IVurllzz + VBl 12) 2

o(T) _
—/0 (/urllze + 1Bill2) = - ([Vusllzz + [V Bill2) 2

T —
+/(T (Iv/puelize + 1Billz2) T - (IVurllgz + [V Bl z2) 2

_ /OU(T)[

T 3(r—2)
+/(T)[ (Ivpudllze + 1 Bell2)) = - [t Vgl g2 + [V Byl 2)] "= ¢t

r

(IVpuellz2 + 1Bl 2)) =

mh—t

3 (V|2 + [V Bill o)) 5t 2t

T

6—
<C[ sup t(|lv/purll L2 + 1Bell2)*) 5
te[0,0(T)]

3(r—2) r7+6

o(T) ) ar a(T) s ar
[ Tl 1B | [
0 0

6—7r
+C[ sup  (lv/puelre + [|Brll2)*) =

telo(T),T)
3(r—2) r46
T 4r T i ar
X [/ 7jQ(HVUtHL? + ||VBt||L2)2dt] [/ t- e dt
o(T) o(T)
A (5+ 1)+ I\
£ P Bt A 1
=¢ ([Vuollre + [VBol[r2) (1 + ——+——— | ©7 exp{CO2}.
7y LA
On the other hand,

T 6(r—1)
/0 (Va2 + VB ) e

T
(4r—6)
< sup ([|[Vullpe + [|[VBr2) ~ / (IVull 2 + VB 2)*dt
t€[0,T)] 0
C(p+1)(u+ )
< M/\i (IVuollz2 + |V Bol|2)*.

Therefore,

T
/0 (IVull o + |V Bz )dt

A\ TE (Dt V)2
_ sr—6 (AN A p pt+A
< C(IVuollzz + [VBollg2) | Lr(p+ 1) & | =~ 14—
BA BA
6(7" 1)/L+)\

1 5r—6
-07 -exp{CO2} + L, " (p+1)

ey
=: C(|[Vuollz2 + [V Bollr2) - Ca(M, N, p, p, i, A, A).
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Theorem 2.18. Suppose (p,u, P, B) is the unique local strong solution to (2.1.1)-(2.1.5) on
Q x [0, T, with the initial data (po, uo, Bo), and it satisfies the assumptions (2.3.3)-(2.3.6) and
(2.3.24). There exists a positive number ey, depending on 2, q, M, N, p, j1, [i, A and \ such that
if

[Vuollp2 + [[VBo|| 2 < €o,

then

(2.3.49) sup [[Vu(p(t))l[ze < 2M, sup [[VA(p(t))[[e < 2N,
te[0,T] t€[0,T]

and

sup [[Vpllze < 2[[Vpollza.
te€[0,T]

Proof. Consider the z; derivative of the equation for 1(p),
(Gin(p))e + (Ogu - V)p(p) +u - Voiu(p) = 0.

It implies that for every ¢ € [0, 7],

t
IV () )20 <[V 1(p0) e -exp{ /0 ||VuHLoods}
<[V (o) 12e - exp {Ca(M, N, p, s 1, A N ([ Vo 12 + [V Boll )}

Choose some small positive constant ¢, satisfying

(B+N(pE+2) , pAN? 2 1418 2 4
- = < . = < —
and 1/2 1/2
o (A+NE+2\" c EANE+YY 1
2 HQAQ 0 ) 3 H2A2 0> 87
and

C4(M7N7ﬁ7ﬁvﬂ7&75‘) €0 < log 2.

In view of Theorem 2.17, if [|Vuol|z2 + ||V Bollz2 < eo, then sup,eio 7 [|[Vi(p(t))[ze <
2M.
Similarly,

t
IVAG() e <IVAG0) 121 p{ /0 HVuHLoodS} < 2V AG0) 1,

and .
190(0) 120 <1V poll e ~exp{ / HVuHLoods} < 2/ g0l
0

Therefore, Theorem 2.18 is proved. O
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2.3.2 Extension of local strong solution

With the a priori estimates in Section 2.3.1 in hand, we are now in a position to prove
the Theorem 2.2.

According to Theorem 2.1, there exists a 7. > 0 such that the density-dependent
MHD equations (2.1.1) has a unique local strong solution (p, u, B) on [0, T\]. We plan to
extend the local solution to a global one.

Since ||Vu(po)|lra = M < 4M, |[VX(po)||re = N < 4N, and due to the conti-
nuity of Vu(p), VA(p) in LY and Vu, VB in L?, there exists 71 € (0,7%) such that
supo<i<r, |Vi(p(t))|lpe < 4M, supgci<r, [[VA(p(t))][ze < 4N and at the same time,

(A4 (p+2)

supo<i<ry ([Vu(t)l| 2 + [[VB@)]12) <4 i

(IVuollL2 + [V Boll £2)- Set
T* = sup{T|(p, u, B, P) is a strong solution to (2.1.1) — (2.1.5) on [0, T]},

T} = sup {T!(p, u, B, P) is a strong solution to (2.1.1) — (2.1.5) on [0, T,

sup_ | Vu(p(t)lze < AM, sup [[VA(p(t))]zs < AN,
0<t<T 0<t<Ty

0+ \ A
sup ([ Vul®)z2 + [V B(1)12) < 4\/ P (Dl + 1V Bolz2) .
0<t<T HA

Then 77 > T > 0. Recalling Theorem 2.12 and 2.18, it is easy to verify

(2.3.50) T =T,

provided ||[Vugl|z2 + ||VBo||12 < €y as assumed.
We claim that 7" = co. Otherwise, assume that 7* < co. By virtue of Theorem 2.12
and 2.18, for every ¢ € [0,7%), it holds that

IVp®)llze < 2[[Vpollza,

(B+ N+
IVu()llz2 + [VB(#)] 12 < 2\/2M(HVUOHL2 + [IVBoll2),

(2.3.51)

we find that at time 7™ the functions (p, u, B) |¢=7+ = lim;_,7+(p, u, B) satisfy the condi-
tions imposed on the initial data in the local existence Theorem 2.1. Hence we can take
(p, u, B)|t=r~ as the initial data at time 7™ and by applying Theorem 2.1., we can extend
the local solution beyond 7™ in time which contradicts the maximality of 7™, thus the
strong solution exists globally. This completes the proof of Theorem 2.2.
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Chapter 3

A blow-up criterion of the 3D inhomogeneous
Navier-Stokes-Korteweg equations

This chapter is devoted to proving a Serrin type blow-up criterion for the 3D density-
dependent Navier-Stokes-Korteweg equations with vacuum. It is shown that if the
density and velocity field (p, u) satisfy ||Vp||po(o,rw1a) +lullpso.1;0r,) < oo for some
g > 3, and any (r,s) satisfying 2 + 2 < 1, 3 < r < oo, here L, denotes the weak
L™ space, then the strong solutions to the density-dependent Navier-Stokes-Korteweg
equations can exist globally over [0, 7).

Keywords: 3D Navier-Stokes-Korteweg; Serrin’s blow-up criterion; strong solution;

3.1 Introduction and main result

From this chapter on, we will discuss the dynamic model of another type of fluid, that
is, capillary fluid. The time evolution of the density p(z,t), velocity field u(z,t) =
(u1,u2,ugz)(z,t) and pressure P(x,t) of a general viscous capillary fluid is governed by
the inhomogeneous incompressible Navier-Stokes-Korteweg equations

Op + div(pu) = 0,
(3.1.1) O(pu) + div(pu ® u) — div(2u(p)d) + VP + div(k(p)Vp @ Vp) =0,

divu = 0,

in QO x (0, 00), where 2 is a bounded domain with smooth boundary in R? in this chapter.
1 T

is the deformation tensor, where Vu is the gradient matrix (9u;/0z;) and (Vu)7 is its
transpose. k = k(p) and pu = u(p) stand for the capillary and viscosity coefficients of
the fluid respectively, and are both functions of the density p. In this chapter, they are
assumed to satisfy

(3.1.2) Ky € CH0,00), and k> 0,p > #>0 onl0,00)

for some positive constant .
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We focus on the system (3.1.1)-(3.1.2) with the following initial and boundary con-
ditions:

(3.1.3) u=0, ondQx][0,T),

(3.14) (b, W0 = (po,un) i €.

When k(p) = 0, the system (3.1.1)-(3.1.4) reduces to the famous inhomogeneous
incompressible Navier-Stokes equations with density-dependent viscosity. Early in this
century, Cho and Kim [2] proved the local existence of unique strong solution with
vacuum for all initial data satisfying a compatibility condition. Later, Huang and Wang
[10] proved the strong solution exists globally in time when the initial gradient of the
velocity is suitably small in some Sobolev space. For the related progress of the Navier-
Stokes model, see Chapter 1, references [8]-[10] and therein.

Let us come back to the fluids with capillary effect, that is, x(p) depends on the
density p. As far as I know, the first local existence and uniqueness of strong solutions
was obtained by Tan and Wang [14] when the capillary coefficient  is a nonnegative
constant and the viscosity p is a positive constant. Very recently, Wang [15] extended
their result to the case when «(p) is a C! function of the density.

The purpose of this chapter is to prove a blow-up criterion for the strong solutions
to the initial and boundary value problem (3.1.1)-(3.1.4). First we give the definition of
strong solutions to the initial and boundary problem (3.1.1)-(3.1.4) as follows.

Definition 3.1 (Strong solution). A pair of functions (p > 0, u, P) is called a strong
solution to the problem (3.1.1)-(3.1.4) in © x (0, T), if for some ¢y € (3, 6],

p € C([0,T;W?®), weC([0,T]; Hy N H?), V?ue L*(0,T; L?),

(3.1.5) ) ) ) ) .
pe € C([0,T; W), VP e C(0,T]; L) N L*(0,T; L), wu, € L*(0,T; Hy),
and (p, u, P) satisfies (3.1.1) a.e. in Q x (0, 7).

In the case when the initial data may vanish in an open subset of (2, that is, the initial
vacuum is allowed, the following local well-posedness of strong solution to (3.1.1)-
(3.1.4) was obtained by Wang [15].

Theorem 3.2. Assume that the initial data (po,uo) satisfies the regularity condition
(3.1.6) 0<po e W?9, 3<q<6, wup€Hy,NH,

and the compatibility condition

(B17)  —div(u(po)(Vuo + (Vuo)T)) + VP + div(s(po) Vo @ Vo) = py .

for some (Py,g) € H' x L% Then there exist a small time T and a unique strong solution
(p, u, P) to the initial boundary value problem (3.1.1)-(3.1.4).

Remark 3.3. In fact, the strong solution obtained in Theorem 3.2 is a little stronger than
the original one in Wang [15], where he did not discuss the time continuity of (p,u) at
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initial time. More precisely, the regularity class of solutions he proved is

pe L®0,T; W), weL>®0,T;H: N H?), V?ue LY(0,T;L%),

(3.1.8) 1 9 9 9 1
pt € L0, T;WH1), VPeL*0,T;L°)NL*(0,T;LY), wu; € L*(0,T;Hy),

and (3.1.8) can be improved to (3.1.5) if we slightly modify the discussion in Sec. 3.2
in Cho and Kim [2]. Similar treatment is widely used for other fluid models. Refer to

(11,51 .

Motivated by the work of Kim [11], in which Kim proved a Serrin type blow-up cri-
terion for the 3D inhomogeneous incompressible Navier-Stokes flow, our main purpose
is to derive a similar blow-up criterion for the inhomogeneous Navier-Stokes-Korteweg
equations with density-dependent viscosity and capillary coefficients. More precisely,
our result can be stated as follows.

Theorem 3.4. Assume that the initial data (po,uo) satisfies the reqularity condition (3.1.6)
and the compatibility condition (3.1.7). Let (p,u, P) be a strong solution of the problem (3.1.1)-
(3.1.4) satisfying (3.1.5). If 0 < T < oo is the maximal time of existence, then

(3.19) i (V] o i) + Nl 7i0z)) = .
for any r and s satisfying

2
(3.1.10) 7+§§1, 3 <r < oo,

where L[, denotes the weak L" space.

The proof of Theorem 3.4 is based on the contradiction argument. In view of the
local existence result, to prove Theorem 3.4, it suffices to verify that (p, u) satisfy (3.1.6)
and (3.1.7) at the time 7™ under the assumption that the left hand side of (3.1.9) is finite.
Unlike the Navier-Stokes equations treated in Kim [11], the use of weak Lesbegue space
makes it more difficult to obtain some estimates because of the appearance of capillary
effect. To overcome the difficulties, we make good use of the finiteness of ||V p||y-1.¢ and
other interpolation techniques in Lorentz space.

The remainder of this chapter is arranged as follows. In Sec. 3.2, we give some
auxiliary lemmas which is useful in our later analysis. The proof of Theorem 3.4 will be
done by combining the contradiction argument with the estimates derived in Sec. 3.3.

3.2 Preliminaries

3.2.1 Notations and general inequalities

Q) is a smooth bounded domain in R3. For notations simplicity below, we omit the
integration domain 2. For 1 < r < oo and k € N, the Sobolev spaces are defined in a
standard way,

L"=L"(Q), Wkr={feL :VFfelLY},

oY =wk2 CgS = {f € (C5°)? : divf = 0}.
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Hol = Cg°, H&U = 0007 closure in the norm of H'.

The following Gagliardo-Nirenberg inequality will be also used frequently.

Lemma 3.5 (Gagliardo-Nirenberg inequality). Let 2 be a domain of R3 with smooth bound-
ary 0. Forp € [2,6],q € (1,00) and r € (3, 00), there exists some generic constants C > 0
that may depend on q and r such that for f € H* satisfying f|oq = 0, and g € L9 N DY", we
have

(32.1) 11, < CFIS P2 v p) B9

(3.2.2) HQHLOO < CHQHQ(T 3)/(3r+q(r—3) )Hv ”31"/ 3r4q(r— 3))

See the proof of this lemma in Ladyzhenskaya et al. [13, P. 62].
Denote the Lorentz space and its norm by LP? and || - ||r.a, respectively, where
1 <p<ooand1 < g < co. We recall the weak-L? space L, which is defined as follows:

1
LE = {f € Lot Il = sup A1/ ()] > A} < o).
>
And it should be noted that
PGIE, LS =L% LF=LP>

For the details of Lorentz space, we refer to the first chapter in Grafakos [7]. The fol-
lowing lemma involving the weak Lesbegue spaces has been proved in Kim [11], Xu
and Zhang [16], which will play an important role in the subsequent analysis.

Lemma 3.6. Assume g € H', and f € L, withr € (3, 00|, then f - g € L% Furthermore, for
any € > 0, we have

(3.2.3) 1F - gllZ2 < ellgllF + COIfllzg + Dlglze,

where C'is a positive constant depending only on €, r and the domain 2.

3.2.2 Higher order estimates on the velocity

High-order a priori estimates of velocity field u rely on the following regularity results
for the stationary density-dependent Stokes equations.

Lemma 3.7. Assume that p € W?%,3 < q < oo, and 0 < p < p. Let (u, P) € H&,o x L2 be
the unique weak solution to the boundary value problem

(3.2.4) —div(2u(p)d) + VP = F, divu = 0 in , and/de =0,

where d = 1[Vu + (Vu)T| and

Then we have the following regularity results:
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(1) IfF € L?, then (u, P) € H?> x H' and
(3.2.5) [ullzrz + [Pl < C(L+ [[Vpl[oo) | Fll 2
(2)If F € L" for some r € (2,00), then (u, P) € W™ x WL and
(3.2.6) ullwzr + [ Pllwrr < C(L+[[VpllLe) || F] e

The proof of Lemma 3.7 has been given by Wang [15]. And refer to Lemma 2.1 in
his paper. To make our thesis self-contained, we give the sketch of the proof here. We
would like to emphasize that the range of r in the conclusion (2) shold be (2, o), but
not (2, ¢) in [15], since we assume that Vp € W4 which is stronger than the original
version of Cho and Kim [2].

Proof. 1t is well-known that from the elliptic estimates, (u, P) € H? x H!' whenever
F € L. See Giaquinta and Modica [6]. To prove (3.2.5), we have only to derive the
stated regularity estimates. First, we will show that

(3.2.7) IVullpz + ([Pl g2 < C|IF| 2.

We multiply the Stokes type equation (3.2.4) by u and integrate by parts over the do-
main (2, using Poincaré’s inequality, one has

[ 2wtlards = [ Fuds < C1F)2 | Val

Recalling that 4 < p(p) < fand 2||d||2, = ||Vul|2,, we can deduce from the above
inequality that | Vu||z2 < C||F||12. On the other hand, if we choose v € H{ such that
P = divv and ||v|| g1 < C||P|| 12, then

/P2dx = —/VP'Ud.T = /(QM(p)d : Vo —F -v)de
< Ol Vull 2| Vol g2 + ClLF[ 2 l|vl 2 < CIF[| 2|0l 1,

which implies || P||;2 < C||F| 2. To prove the lemma, we rewrite (3.2.4) as

— Au+ VP = p7 (p)(F +2Vu(p) - d — PVu(p)),
(3.2.8) divu =0 in Qx(0,7),
u=0 on 09 x (0,7),

where P = P/u(p), then it follows from the regularity results on the classical Stokes
equations that

lull gz + [|1Pllar < CUIFl Lz + IV ol Vulll 2 + Vol Plllz + [P 2)
(3.2.9) < C(IFl 2 + Vol ([Vul 2 + [ Pllz2) + 1P| L2)
< OlF)2(M+ [[Vpl[ o).
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The proof of property (3.2.6) is similar to (3.2.5), we just recall that

(32100 [ullwer +[IPllwir < CUIF L + Vol Vulllr + [V ol PllLr + 1P r).

3.3 Proof of the blow-up criterion in 3D

Let (p, u, P) be a strong solution to the initial and boundary value problem (3.1.1)-(3.1.4)
as derived in Theorem 3.2. Then it follows from the standard energy estimate that

Lemma 3.8. Forany T > 0, it holds that for any p € [1, oo},

T
(33.1) (lollze + Iv/pull3s + I1V/w()Vol22) + /0 [ Ivufdsas <.

sup
0<t<T
As mentioned in the Section 3.1, the main theorem will be proved by using a con-
tradiction argument. Denote 0 < 7™ < oo the maximal existence time for the strong
solution to the initial and boundary value problem (3.1.1)-(3.1.4). Suppose that (3.1.9)
were false, that is

(33.2) My = lij{nsjglp(||vP||L°°(0,T;W1’q) + llullzs0,7;2r,)) < o0
ﬁ *

Under the condition (3.3.2), one will extend the existence time of the strong solutions
to (3.1.1)-(3.1.4) beyond T, which contradicts the definition of maximum of 7.

The first key step is to derive the L?-norm of the first order spatial derivatives of u
under the assumptions of initial data and (3.3.2). Here we define the material deriva-
tives @ := us + u - Vu.

Lemma 3.9. Under the condition (3.3.2), it holds that for any 0 < T < T™,
T
(3.3.3) sup || Vul|2s +/ |v/pit]|32dt < C.
0<t<T 0

Proof. Multiplying the momentum equations (3.1.1), by u;, and integrating the result-
ing equations over (2, we have
(3.3.4)

) d
[ olipas+ 5 [ ntp)lapds
=— /pa- (u-Vu)dr — /,u’(p)u - Vpld|*dx + / k(p)Vp @ Vp : Vudz

d
= k(p)Vp ® Vp : Vudz + /n’(p)(u -Vp)Vp® Vp: Vudx

+2 / k(p)V(u-Vp)® Vp: Vudr — /pu (u-Vu)dr — /u'(p)u - Vpld|*dx

4
d
== k(p)Vp @ Vp: Vudr + ;Ik.



A blow-up criterion of the 3D inhomogeneous Navier-Stokes-Korteweg equations 54

Now let us estimate these terms one by one. Using the assumption (3.3.2), we get

L= /ﬁ'(p)(u -Vp)Vp @ Vp: Vudz

3.3.5
(3:35) < K )|z IV pl3s [ - T 2
< |- VUH%Q + C.

Similarly, dividing I into two parts, one has

I = /ﬁ(p)V(u -Vp) ® Vp : Vudz

(3.3.6) < |6(p) == IV pll o= IVl g2 1 - V|| 2
+ 16 L= 1V pllF o0 [ Vut]| 7 2
< Ollu-Vul|3s + C(L+ ||Vul32).

For the term I3, use Cauchy-Schwarz inequality to get

I3 = /pu-(u~Vu)dx

(3.3.7)
< ellv/pills + Ce)||u- Vul7s,
and finally
I3 = /M’(p)u-Vp\d\zdw
(3.3.8)

< PVl o= [Vl 2 [lu - Va2
< O|Vull7z + Cllu - Vul 72

Before we close our estimates, we apply (3.2.6) in Lemma 3.7 to get a higher order
estimate of | Vul| 1. Taking F' = —pi — div(k(p)Vp @ Vp), we derive that

IVullgr + [Pl < C(1+ [ Vpl|reo) || Fl 2
< C(1+[[Vpllpe)llpi + div(k(p) Vo © Vp)|| L2
< Cullv/pille + ClIVpllis + ClIVpl = V2pll 2
< CillVpill gz + C,

(3.3.9)

where C, is a positive number.
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Now we substitute (3.3.5)-(3.3.8) into (3.3.4), then deduce

[ olipac+ 5 [ ntp)lapds
< [ <o)V Vs Vuds Rl + O+ [Vull)
+ C(e)||lu- Vul|2,
(3:3.10) <& [ 5(0)Vp @ Vo Vuda + el il + CO+ |Vula)
+8IVulZ +Cle, ) (lullsy, + 1) Vull2
< [ 5(p)Vp® Vp: Vuds +elly/pul| 7 + C(1+ [ Vul|Z2)
+ /B3 + Cle.6) (lulli, + 1) Vul2a,

for any (r,s) satisfying 2 + 2 < 1 with r > 3. Here we have used Lemma 3.6 in the
second inequality, and (3.3.9) has been used to get the third one. Then choosing ¢, §
small enough, we get

d
/p!ﬂ\Qdach /u(ﬂ)!dIde

dt
k(p)Vp ® Vp : Vudr + C(1+ | Vul72)([[ullf, +1).

(3.3.11)
< —
=dt

By the assumption (3.3.2) and Cauchy-Schwarz inequality, it is easily seen that
(3312) c/ K(p) V0@ Vo : Vulde < X[ Vull2, + O

Taking this into account, we can conclude from (3.3.11) and the Gronwall inequality
that (3.3.3) holds for all 0 < 7" < T*. Therefore we complete the proof of Lemma
3.9. O

Next we prove the boundedness of ||,/put| 2, by using the compatibility condition
(3.1.7) on the initial data.

Lemma 3.10. Under the condition (3.3.2), it holds that for any 0 < T < T*,

T
(3.3.13) sup ||v/puel|3o +/ [Vue||72dt < C.
0<t<T 0

Proof. Differentiating the momentum equations (3.1.1), with respect to ¢, along with
the continuity equation (3.1.1),, we get

puy + pu - Vuy — div(2u(p)ds) + VP,
(3.3.14) =(u-Vp)(us +u-Vu) — puy - Vu — div(21/ (p) (u - Vp)d)
+ div('(p)(u - Vp)Vp ® Vp) + 2div(k(p)V(u - Vp) @ Vp).
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Multiplying (3.3.14) by u; and integrating over 2, we get after integration by parts that

1d
2dt /p|ut|2dﬂc - 2/M(p)|dt|2djj - /ZPU -V - updx

—i—/(u-Vp)(u-Vu)'utd:c—/put-Vu'utda:

(3:3.15) + / 20/ (p)(u - Vp)d : Vuyda — / K (p)(u-Vp)Vp®Vp: Vudz

6
= /QH(p)V(U -Vp) ® Vp : Vupdr =: Z Jk.
k=1

Now let us estimate the terms on the right hand side one by one. First,

Ji1 = /—Zpu -Vuy - upde

1
< CllpllZoo lv/putll s l[ull Lo [[Vuel| 2
1 1
< Cllvpuil pallv/pudl 2o I Vull 2 [V 2

(3.3.16) f 5
< CllVpu |z [Vl 2 [ V| 7
1
< il Vudllzz + Clvpul 72Vl
1
< el Vulliz + Clvpulza-
Similarly,
Jy = /(u -Vp)(u-Vu) - udx
63.17) < OV pll = |Vl o uliZs el o

< CIV e Vel 21|Vt 2
1
< | Vil +C,

ng—/put-Vumtd:L‘

1
< Ol el o || /Pl 15 ]| V| 2
1 1
(3.3.18) < O Vue || 2 |v/puel| 221 /o | 26
1 3
< Olv/pue| 2| V| 2,

1
< 3#lIVulze + Clvoud s,
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Jy = /2//(,0)(u -Vp)d : Vuedz

< Cly oo ||Vpllpee llull 76| Vull 73| Vuel| 12
(33.19) Iz (p)§|| | f” [ull s | Vull sl Va1
< ClIVull 2 [Vl g [ Ve | 2

1
< Vil + ClIVaullj,
Js = /m’(p)(u -Vp)Vp® Vp: Vupdx
(3.3.20) < O|I&(p) | oo |V pll 70 [l 2| Ve | 2
1
Jg = /2m(p)V(u -Vp) ® Vp : Vudz

< Clla(p)l= IVl Ze [Vl 2| Vuel| 2

(3.3.21) s
+ Cll(p) L= IV pl o= [[V=pl s l|ull Lo [ Ve | 2

1
< EHHVWHQLZ + C,

here note that we take ¢ > 3. It remains to estimate || Vul| 51 since it appears in the term
Jy. Indeed, we can duduce from Lemma 3.7 that
(3.3.22)

IVullgr + [Pl < C(A+[[Vpllze) [ FIl 2

< O+ 1|Vpll ) lpus + pu - Vu+ div(x(p) Vp @ V) | 12
< C(lypuillzs + lull s Valls + [Vlls + 1Vl V2]l 2)

1
< Cllpullzz + 51 Vull +C,
which implies
(3.3.23) IVull s + [1Pllan < Clly/pusllz + C.

Combining all the estimates (3.3.16)-(3.3.21) and using (3.3.23), we deduce

1d

(3.3.24) fdt
§§HHVUt||%2 +C(1+ [[vpudl72)-

plusPds +2 [ u(p)ld o

Remarking that 2(|d;||5, = ||[Vu||7., we obtain (3.3.13) by applying the Gronwall in-
equality. Then the proof of Lemma 3.10 is completed. O

Lemma 3.11. Under the condition (3.3.2), it holds that for any 0 < T < T,

T
(3.3.25) OiltlgT(HptHWLq + [l 2 + 1Pl ) +/0 (lullfyza + I1PIf0)dt < C.
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Proof. By (3.3.23) and Lemma 3.10, it is easy to deduce

(3.3.26) sup (|Jullg2 + || P[|g1) < C,
0<t<T

and, together with (3.1.1),, we yield

lpellwra < CllpellLe + Vel )
< C(llu-Vpllpa +[[V(u-Vp)|La)

3.3.27
(3.3:27) < Ol 9plo + lull= pllze + IVl o ol oo )

< Cllull g2l Vpllwra < C.

Finally, applying (3.2.6) in Lemma 3.7 with F' = —pu; — pu- Vu — div(k(p)Vp® Vp), we
get
(3.3.28)

IVullwra + [[Pllwr.a

C(1+ Vo) (llpuellze + llpw - Vullza + 16(p)[V?plIVplllLa + K () Vol || La)
< O(|lputllpa + || pu - VuHLq +1)

q—6 6(qg—1) 49—6

< C(H\fUtIILq H\fUtIIL + IVl 270 [IVull s +1).

Applying Young's inequality and Sobolev embedding inequality,

6—q 8(a—2) 12(g—1)
Vu + || P « < C|lpu Vu + C|Vu T 4+ C
(3.3.29) IVulliyra + [Pl nwnhu|ﬂim IVl .
< Cllvpud 2 [Vuell 2" +C.
Hence
T 3(g=2)
J R T el T s P e
3.3.30
£330 < O s, IVpul?) 5 [ [Vulfaat+C
0
S C’
here the second inequality holds since @ < 2. Therefore we complete the proof of
Lemma 3.11. ]

Proof of Theorem 3.4. In fact, in view of (3.3.2) and (3.3.25), it is easy to see that the func-
tions (p, u)(z,t = T%) = lims—y7+(p, u) have the same regularities imposed on the initial
data (3.1.6) at the time ¢t = T™*. Furthermore,

—div(2u(p)d) + VP + div(k(p)Vp @ V)| =1+

= lim p2(p2ut+p2u Vu) =: p2g]t T
t—)T

with g = (p%ut + p%u - Vu)|s=r+ € L? due to (3.3.13). Thus the functions (p, u)|—r-
satisfy the compatibility condition (3.1.7) at time 7. Therefore we can take (p, u)|;=7+
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as the initial data and apply the local existence theorem (Theorem 3.2) to extend the
local strong solution beyond 7*. This contradicts the definition of maximal existence
time 7%, and thus, the proof of Theorem 3.4 is completed. O
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Chapter 4

A blow-up criterion of the 2D inhomogeneous
Navier-Stokes-Korteweg equations

In this chapter, we prove a blow-up criterion for the strong solutions with vacuum
to the density-dependent Navier-Stokes-Korteweg equations over a bounded smooth
domain in R?, which only in terms of the density.

Keywords: 2D Navier-Stokes-Korteweg; blow-up criterion; vacuum

4.1 Introduction and main result

In this chapter, we continue to consider the model of inhomogeneous incompressible
Navier-Stokes-Korteweg equations, which are used to describe the motion of a general
viscous capillary fluid:

Op + div(pu) = 0,
(4.1.1) O(pu) + div(pu @ u) — div(2u(p)d) + VP + div(k(p)Vp @ Vp) = 0,

divu = 0,

in  x (0,00), where Q is a bounded domain with smooth boundary in R?. Here p, u
and P denote the density, velocity and pressure of the fluid, respectively.

1
d=3|Vu+t (V)T

is the deformation tensor, where Vu is the gradient matrix (9u;/9z;) and (Vu)7 is its
transpose. k = k(p) and p = p(p) stand for the capillary and viscosity coefficients of the
fluid respectively, and are both functions of density p. In this chapter, they are assumed
to satisfy

(4.1.2) r, 1 € C10,00), and k>0,4>p>0 onl0,00)

for some positive constant .
We focus on the system (4.1.1)-(4.1.2) with the initial and boundary conditions:

(4.1.3) (pyu)|e=0 = (po,up) InQ, w=0, ondQdx][0,T).
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In the last chapter, we proved a Serrin’s type blow-up criterion for the strong so-
lutions of the inhomogeneous Navier-Stokes-Korteweg equations in dimensions three.
For the two-dimensional case, it follows from the energy inequality the solution satis-
fies that supg.pop«(|[v/Pull 0,702y + |Vl L2 (0,7522)) is bounded, which implies that
u € L*(0,T; L?) if p is bounded away from zero. Hence the criterion showed in chap-
ter 3 in fact can be improved to the one only involving the density if the density p is
bounded away from 0. However, if the density is allowed to vanish, it remains un-
known. This is the main problem we shall address in this chapter. The purpose of
this chapter is to prove a blow-up criterion for the strong solutions to the problem
(4.1.1)-(4.1.3). First we give the definition of strong solution to the initial and boundary
problem (4.1.1)-(4.1.3) as follows (two dimensional version).

Definition 4.1 (Strong solution). A pair of functions (p > 0, u, P) is called a strong
solution to the problem (4.1.1)-(4.1.3) in 2 x (0, T), if for some ¢y € (2, 00),

peC(0,T);W?©), weC(0,T); H n H?) N L0, T; W),

(4.14) 1 2 2 2 1
p € C([0, T Wh®), VP e C(0,T); L) N L*(0,T; L®), u, € L*(0,T; H}),

and (p, u, P) satisfies (4.1.1) a.e. in Q x (0, 7).

In the case when the initial data may vanish in an open subset of (2, that is, the initial
vacuum is allowed, the following local well-posedness of strong solution to (4.1.1)-
(4.1.3) was obtained by Wang [11] in a three dimensional bounded domain. In fact, the
local existence of unique strong solution with vacuum to the system (4.1.1) in a two
dimensional bounded domain can be established in the same manner as Wang [11] and
Cho and Kim [1], also see the remark 2 in Tan and Wang [10].

Theorem 4.2. Assume that the initial data (po,uo) satisfies the regularity condition
(4.1.5) 0<pyp € W29, 2<q<oo, wug€Hy,NH?,

and the compatibility condition

(4.1.6) — div(p(po)(Vuo + (Vug)T)) + VP + div(s(pe) Voo @ Vo) = pi'2g,

for some (Py,g) € H' x L% Then there exist a small time T and a unique strong solution
(p, u, P) to the initial boundary value problem (4.1.1)-(4.1.3).

Motivated by the work of Huang and Wang [5], which proved a new type blow-up
criterion for the 2D inhomogeneous incompressible Navier-Stokes flow only involving
the density. The main purpose is to derive a similar blow-up criterion for the inho-
mogeneous Navier-Stokes-Korteweg equations with density-dependent viscosity and
capillary coefficients. More precisely, our main result can be stated as follows.

Theorem 4.3. Assume that the initial data (po,uo) satisfies the reqularity condition (4.1.5)
and the compatibility condition (4.1.6), as in Theorem 4.2 . Let (p, u, P) be a strong solution of
the problem (4.1.1)-(4.1.3) satisfying (4.1.4). If 0 < T™* < oo is the maximal time of existence,
then

(4.1.7) A ([Voll e omwra) = oo
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Remark 4.4. It is still unknown that if we can extend the local strong solution to a global
one for any arbitrary large initial data when the viscosity and capillary coefficients
are constants, since our blow-up criterion involves the gradient of density but not the
gradient of viscosity or capillary. We will consider the problem whether we can replace
the density with viscosity or capillary in our blow-up criterion in the future work.

The proof of Theorem 4.3 is based on the contradiction argument. In view of the
local existence result, to prove Theorem 4.3, it suffices to verify that (p, u) satisfy (4.1.5)
and (4.1.6) at the time 7™ under the assumption of the left hand side of (4.1.7) is finite.

Similar to the arrangement of chapter 3, in Sec. 4.2, we give some auxiliary lem-
mas which is useful in our later analysis. The proof of Theorem 4.3 will be done by
combining the contradiction argument with the estimates derived in Sec. 4.3.

4.2 Preliminaries

4.2.1 Notations and general inequalities

Q is a smooth bounded domain in R?. For notations simplicity below, we omit the
integration domain 2. And for 1 <r < oo and k € N, the Sobolev spaces are defined in
a standard way,

L'=L"(Q), Wkr={feL :VFfelL},

HY =W Cgs, = {f € (C§°)? : divf = 0}.

H& = C§°, H&U = C§%,, closure in the norm of H.

The following Ladyzhenskaya inequality in 2D case will be often used.
(42.) lullzs < Cllull 2] Vull -

However, to deal with a inhomogeneous problem with vacuum, some interpolation
inequality for u with degenerate weight like /p is required. We look for a similar
estimate for \/pu as in (4.2.1). This technique can be found in the paper of Desjardin [2].

Lemma 4.5. Assume that 0 < p < p,u € H; then

(422) | VBull3s < COU+ llpull ) Vull g2y log(2 + [ Vul2),

where C'is a positive constant depending only on p and the domain Q.

4.2.2 Higher order estimates on the velocity

High-order a priori estimates of velocity field u rely on the following regularity results
for the stationary density-dependent Stokes equations.

Lemma 4.6. Assunme that p € W*%,2 < q < oo, and 0 < p < p. Let (u, P) € Hj, x L? be
the unique weak solution to the boundary value problem

(4.2.3) —div(2u(p)d) + VP = F, divu = 01in Q, and/Pd:U =0,
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where d = L[Vu + (Vu)T] and

pe CH0,00), p< plp) < pon|0,p].

Then we have the following regularity results:
(1) IfF € L?, then (u, P) € H?> x H' and

(4.2.4) lull gz + [Pl < C(L+[[Vpll Lo ) 1] 2.
(2)If F € L" for some r € (2,00), then (u, P) € W2" x WL and
(4.2.5) [ullwzr + [[Pllwrr < C(1+ [[Vpl[Le) [ Fllr-

The proof of Lemma 4.6 has been given by Wang [11]. And refer to Lemma 2.1 in
his paper.

4.3 Proof of the blow-up criterion in 2D

Let (p, u, P) be a strong solution to the initial and boundary value problem (4.1.1)-(4.1.3)
as derived in Theorem 4.2. Then it follows from the standard energy estimate that

Lemma 4.7. Forany T > 0, it holds that for any p € [1, 0],

T
(43.1) (Uplle + 1V/5ulZe + |V/(2)Vol22) + /0 / Vuldeds < C.

sup
0<t<T

The proof of Lemma 4.7 is completely the same with that of Lemma 3.8 in chapter
3. Thus we omit the proof here.

As mentioned in the Section 4.1, the main theorem will be proved by using a con-
tradiction argument. Denote 0 < 7™ < oo the maximal existence time for the strong
solution to the initial and boundary value problem (4.1.1)-(4.1.3). Suppose that (4.1.7)
were false, that is

(4.3.2) My = limsup ||V pl| o (0, 7,w1.a) < 00.
T—=T*

Under the condition (4.3.2), one will extend the existence time of the strong solutions
to (4.1.1)-(4.1.3) beyond T, which contradicts the definition of maximum of 7*.

The following estimate can be derived quickly from the Lemma 4.6, which is used
later.

Lemma 4.8. Under the assumption (4.3.2), it holds for all 0 < T' < T,
(4.3.3) IVull g < Cllpuellzz + Cllpul| 74l Vull 2 + C,
and consequently by Sobolev embedding,

(4.3.4) IVul g < Cllpug|| 2 + C||Vull3s + C.
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Proof. According to the Lemma 4.6 and the Gagliardo-Nirenberg inequality,
IVullgr < C(L+ ([ Vpll Lo ) ([l 2 + llpw - Vul| L2 + 1)
1 1
< Cllpu| g2 + Cllpull o[Vl f2lIVul fy +C

1
< Cllpuel gz + Cllpulfal|Vul 2 + C + S IVull s,

which complete the proof of (4.3.3). Applying the Ladyzhenskaya and Poincaré in-
equalities, we get

lpulZallVul z2 < Cllullza[[Vullz: < C|[Vullzs,
therefore we proved (4.3.4), then the proof of Lemma 4.8 is completed. O

The key step is to derive the L2-norm of the first order spatial derivatives of v under
the assumption of initial data and (4.3.2).

Lemma 4.9. Under the condition (4.3.2), it holds that for any 0 < T < T*,

T
(4.3.5) sup || Vul3. +/ |v/put||F2dt < C.
0

o<t<T

Proof. Multiplying the momentum equations (4.1.1), by u;, and integrating the result-
ing equations over (2, we have

d
[ shuaas + % [ wio)lapas
= /(pu -Vu) - updx — /u . Vu(p)]d|2dx + /Ii(p)Vp ® Vp : Vuydx
d
436) — @ / k(p)Vp @ Vp : Vudzr + / K (p)(u-Vp)Vp® Vp : Vud

+ Z/K(p)V(u -Vp) ® Vp : Vudz — /(pu -Vu) - updx — /u - Vu(p)|d*da

4
k(p)Vp @ Vp: Vudr + Z I.
k=1

Tt
Now let us estimate these terms one by one, by use of the Poincaré inequality, we get

I = /I{/(p)(u -Vp)Vp®& Vp: Vudz

< 1K ()l Lo I Vol g oe 1l 22| Vel 2
< C||Vul3e.

(4.3.7)

Similarly, dividing /5 into two parts,

I = //ﬁ;(p)V(u -Vp) @ Vp : Vudx

438
(#.3.8) < 6Pl IV plloe V2l ol Lo [Vl 2 + 6 (o) | L [Vl Eoe [Vl 72

< O Vul|7.,
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here L + L = 1 and ¢* > 2. For the term I3, using Cauchy-Schwarz inequality to get
q q 2 g y q y g

I3 = /put (u-Vu)dzx

1
< SIVpuilzz + CllvpulzalVullLs

(4.3.9) 1

< gH\/ﬁuszia + Cllvpull 24| Vul 2l Vul

< 1 2 C 4 ITl2

< 7 IWpullzz + CllVoul[allVulz2,
and finally

I= [ - ulp)ldfs
< || (p) | o= 1V ol oo lull 2] Vel .4

4310) < Cllull 2|Vl 2 Vel

< OVl 2Vl m
< C||VulZallpuell 2 + Cllpullza | Vul 7z + ClVul 72

1
< ZH\/ﬁwH%z + Cllpull 24l VullZ2 + ClIVull 22 + C|[Vul|Z-.
Note that Lemma 4.5 tells us that

IVpulzs < C(L+ lpull )| VulZ2 - log (2 + [ Vul72)

(4.3.11) ) ,
< C|[Vullzz - log (2 + [[Vull72)-

Insert the estimates (4.3.7)-(4.3.10) into (4.3.6) to obtain

1 d
- / plufdz -+ & [ WoIdP — 5(p)Vp @ Vp: Vu)da

< C[|VulZ2(1+ [|Vul[z2)(1 +log (2 + | Vul72))

(4.3.12)

and we know that

plVullz + Co,

| Ot

3
4313)  JulVull: - Co < [ (AP - K(p)Vp e Vp: Vu)do <
owing to the following estimate

/ K(p)Vp ® Vp : Vude < |I/r(p) Vol |V/A(P) Vol 12 | Va2
1
plIVull2s + Cl[V/k(p) Vol 2o [V () Vil 22

plIVull72 + Co.

<

<

Taking this into account, we can conclude from (4.3.12) and the logarithmic type Gron-
wall inequality that (4.3.5) holds for all 0 < T" < T*. Therefore we complete the proof
of Lemma 4.9. ]
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Before we prove the boundedness of ||,/pu;|| 2, we insert the following estimate on
the L>*-norm of w.

Lemma 4.10. Under the condition (4.3.2), it holds that forany 0 < T < T*,

(4.3.14) sup ([|lullpz(o,r;z0) + [lullLao,10)) < C.
0<t<T

Proof. By the Gagliardo-Nirenberg inequality and Lemma 4.8, we have

r 4 T 2 2
/ Julldwdt < C / 2. | Va2t
(4.3.15) 0 0

T
<C [ (IVulfallowl + [Vulls + [Vula)d
which completes the proof of (4.3.14), owing to Lemma 4.9. O

Now we can give the proof of the boundedness of ||,/pus| 2, by use of the compat-
ibility condition (4.1.6) on the initial data.

Lemma 4.11. Under the condition (4.3.2), it holds that for any 0 < T < T*,

T
(4.3.16) sup ||v/puel|3s —I—/ [Vu||2.dt < C.
0<t<T 0

Proof. Differentiating the momentum equations (4.1.1), with respect to ¢, along with
the continuity equation (4.1.1),, we get

puy + pu - Vuy — div(2u(p)ds) + VP,
(4.3.17) =(u-Vp)(ur +u-Vu) — puy - Vu — div(24/(p) (u - Vp)d)

+ div(K'(p)(u - Vp)Vp @ Vp) + 2div(k(p)V(u - Vp) @ Vp).
Multiplying (4.3.17) by u; and integrating over (2, we get after integration by parts that

1d
2dt/”‘“t|2d$+2/u(p)ldtl2da:= /—2pu.vut.utd$

—i—/(u-Vp)(u-Vu)-utdx—/put~Vu-utdx

4.3.18
( ) + /Q,u/(p)(u -Vp)d : Vurdr — /ﬁ'(p)(u -Vp)Vp & Vp: Vudz

6
- /2n(p)V(u -Vp)® Vp : Vudr =: Z J.
k=1

Now let us estimate the terms on the right hand side one by one. First
J1 = /—2pu - Vug - updx
1
(+3.19) < Cllpl i Ivpudlpzlfullze | Vel 2

1
< tllVurllze + Cllullze | vouelze.
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Similarly,

Jy = /(u -Vp)(u-Vu) - urdx

< CIVpllz Vull g2 ull Zoe e 2

(4.3.20) :
< ClIVpllLe [Vl g2 1wl oo [ Ve || L2

1
< ullVullZz + Cllullz | Vul 72,

ng—/put-Vu'utdx

1
< Cllpll Lo lluell pa llvVoue | L2 [ V| s
(4.3.21) < ClIVu| 2 | puell 2 [Vl o

1
< slVwlie + Clvpullz:lVuli,
1
< slVwlie + Clvpullze + ClVpullze + Cllveul 2 Vel 2,
Jy = /2u'(p)(u -Vp)d : Vupdx
(4.3.22) < Clle (o)l I Vplle lull e I Vull g2 [ Ve 2
1
< SVl + Ol Vel
J5 = //i/(p)(u -Vp)Vp® Vp: Vudz
(4.3.23) < C|I&" ()| V pll7eo [[ull 12| Ve 2

1
< gl Vudls + C|Vul,

Jg = /ZK(p)V(u -Vp)® Vp: Vudr

< Clla(p)llze= IVl [Vl g2 Vel 2

(4.3.24) s
+ Cllk(p) | 2=V pll Lo IV pll allul| o [[ Ve 2

1
< gl Vuelie + ClIVula,

here note that we take ¢ > 2. Substituting all the estimates (4.3.19)-(4.3.24) into (4.3.18),
we deduce

d

= [ ol + / u(p)|di Pdz

<Olul2 | Pt |22 + O + [ Vul|S) /el |2
Al + C + Jull )| Vul2s,

(4.3.25)
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consequently, it follows from Gronwall inequality and Lemma 4.9, 4.10 that

T
sup [[ulds+ [ Vulede < C
0<t<T 0

Lemma 4.12. Under the condition (4.3.2), it holds that for any 0 < T < T,

T
(4.3.26) OiltlgT(HptHWLq + [l 2 + 1Pl ) +/0 (lullfyzs + I1PIfy10)dt < C.

Proof. By Lemma 4.6 and (4.3.4) , it is easy to deduce
(4.3.27) lullzz + [Pl < Cllpu]| 2 + ClIVulzz + € < C,

with the aid of Lemma 4.9 and 4.11.
And, together with (4.1.1),, yields

lpellwra < ClpellLe + Vel za)
lu-VpllLa + IV (u-Vp)lLa)

< C(
4.3.28
(4329 < ClllulleIVellze + lfulle V2ol o + [ Vull 2] Vol 20)

< Cllullg=lIVollwra < C.

At last, applying (4.2.5) in Lemma 4.6 with F' = —pu; — pu- Vu —div(k(p)Vp® Vp), we
get
(4.3.29)

IVullwra + |Pllwa

< C(L+ [IVpllre)(lpurl s + llpu - Vullza + 1x(p)[Vpl [V ol [l La + |5 (0) [V ol £4)

< C(llputl|za + llpu - VullLe +1)

< C(IIVuell 2 + | VullFn +1).

Hence
\Y +||P dt < C / \Y v dt +C
wszy b (9wl IPEa < 0 [V + 190l
<C
Therefore we complete the proof of Lemma 4.12. 0

Proof of Theorem 4.3. In fact, in view of (4.3.2) and (4.3.27), it is easy to see that the func-
tions (p, u)(z,t = T*) = limy—7=-(p, u) have the same regularities imposed on the initial
data (4.1.5) at the time ¢t = T*. Furthermore,

—div(2u(p)d) + VP + div(k(p)Vp @ Vp)|i=1+

L1, 1 1
= lim p2(p2us + p2u - Vu) =: p2gli—r+
T
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with g = (p%ut + p%u - Vu)|i=r+ € L? due to (4.3.16). Thus the functions (p, u)|—r=
satisfy the compatibility condition (4.1.6) at time 7. Therefore we can take (p, u)|;=7+
as the initial data and apply the local existence theorem (Theorem 4.2) to extend the
local strong solution beyond 7. This contradicts the definition of maximal existence
time 7™, and thus, the proof of Theorem 4.3 is completed. ]
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Chapter 5

On local strong solutions to the Cauchy prob-
lem of 2D inhomogeneous Navier-Stokes-Korteweg
equations with vacuum

This chapter concerns the Cauchy problem of the inhomogeneous incompressible Navier-
Stokes-Korteweg equations on the two-dimensional space with vacuum as the far field
density. We prove that the 2D Cauchy problem of the inhomogeneous incompressible
Navier-Stokes-Korteweg equations admits a unique local strong solution provided the
initial density decays not too slow at infinity.

Keywords: Navier-Stokes-Korteweg; local strong solution; weighted density; unique-
ness

5.1 Introduction and main result

We continue the topic of fluid mechanics model of the Korteweg type. In the chapter
3 and 4, we proved two blow-up criteria of the initial and boundary value problem of
the inhomoegeneous Navier-Stokes-Korteweg equations over some bounded smooth
domain in R",n = 2,3. An interesting problem is to consider the motion of fluids
of Korteweg type over an unbounded domain, the typical example is the whole space
R™, n = 2,3. In this chapter, we consider the inhomoegeneous Navier-Stokes-Korteweg
equations

Op + div(pu) = 0,
(5.1.1) O(pu) + div(pu @ u) — uAu+ VP + kdiv(Vp @ Vp) =0,
divu = 0,

in R? x (0,T), where t > 0 is time, z = (x1,722) € Q C R? is spatial coordinate. The
unknown functions p(z,t), u(x,t) = (u1(z,t), u2(x,t)) and P(x,t) represent the density,
velocity field and pressure of the fluid, respectively. The constants x > 0 and ¢ > 0
stand for the capillary and viscosity coefficients of the fluid respectively.

Let @ = R? and we consider the Cauchy problem for (5.1.1) with the far field be-
havior condition(in the weak sense):

(5.1.2) (p,u) — (0,0), as |z| — oo,

73
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and initial data:

(5.1.3) (p,u)|i=0 = (po,uo) inRZ.

The Navier-Stokes-Korteweg equations are widely studied by many mathemati-
cians since of its physical importance and mathematical complexity, especially a great
of efforts have been devoted to the mathematical theory for compressible capillary flu-
ids, see the references [3, 5, 6] and therein. In particular, if there is no capillary effect,
that is k = 0, the Navier-Stokes-Korteweg system reduces to the well-konown Navier-
Stokes equations, which have been studied extensively, see the Chapter 1 for more de-
tails on the Navier-Stokes model. When the capillary coefficient x > 0, the study of the
Navier-Stokes-Korteweg becomes rather difficult than the Navier-Stokes model since
of the appearance of capillary effect. For the inhomogeneous incompressible Navier-
Stokes-Korteweg equations (5.1.1) over a bounded domain 2 with smooth boundary
01}, under the following compatibility condition on the initial data:

(5.1.4)

1
— div(u(po)(Vuo + (Vuo)")) + V Py + div(s(po) Voo @ po) = pig,  divug =0, in Q,

for some (Py, g) < HY(Q) x L*(Q), Tan-Wang [11] and Wang [12] established the local
strong solutions to the initial and boundary value problem of inhomogeneous Navier-
Stokes-Korteweg equations when the capillary (p) and viscosity (p) are positive con-
stants and variable functions of the density, respectively.

To my best knowledge, there is no any further results of establishing solutions to the
Cauchy problem of the Navier-Stokes-Korteweg equations (5.1.1). Using the ideas of
Chen-Tan-Wang [1] for 3D Cauchy problem of the inhomogeneous MHD system (2.1.1),
the local strong solutions of the 3D Cauchy problem of Navier-Stokes-Korteweg equa-
tions (5.1.1) can be established in a similar way. However, some difficulties will bring
out when we apply these ideas to the 2D case, since the Sobolev inequality is critical.
Recently, Li-Liang [7] established the local strong solutions to the 2D Cauchy problem
of the compressible Navier-Stokes equations with vacuum as far field density by deriv-
ing some spatial weighted energy estimates. Motivated by their work, Liang [8] proved
the local existence of strong solutions to the 2D Cauchy problem of the inhomogeneous
incompressible Navier-Stokes equations, that is (5.1.1) with x = 0. The purpose of this
chapter is to establish local strong solutions to the Cauchy problem (5.1.1)-(5.1.3) as
an extension of Liang’s work [8] to Navier-Stokes-Korteweg model. First we give the
definition of strong solutions to the Cauchy problem (5.1.1)-(5.1.3) as follows.

Definition 5.1 (Strong solution). If all derivatives involved in (5.1.1) are regular distri-
butions, and equations (5.1.1) hold almost everywhere in R? x (0,T), then (p,u, P) is
called a strong solution to (5.1.1).

Now we are ready to state the main result of this chapter, and we would like to point
out that, in this section, for 1 < r < oo and k € N, we denote the standard Lesbegue
and Sobolev spaces as follows:

L7 = LT(RQ), Wk:,’/‘ — Wk’T(RQ), Hk‘ — Wk’Q.
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Theorem 5.2. Let g be a positive constant and

(5.1.5) z:=(e+ ]a:|2)% log' ™t (e + |z]?).

For constants ¢ > 2 and a > 1, assume that the initial data (po, uo) satisfies

(5.1.6) 0<% € L' N H>*NW?>9,\/puy € L?, Vug € L* and divug = 0.

Then there exist a small time Ty and a unique strong solution (p,u, P) to the Cauchy problem
(5.1.1)-(5.1.3) on R? x (0, Ty] satisfying

0<peC(0,Ty); L' n HXNW29),
% € L>(0,Tp; L' N H> N W29),
) 777 ) ts ) > > 405 )
Vo, Vu, & u, Vit pug, VIV PV € L0, Ty; L?)
1
(5.1.7) Vu € L2(0, To; HY) N LT (0, Ty; Wh),

g+1

VP e L*0,Ty; LY N L7 (0,Ty; LY),
ViVu € L0, To; WhH),
\/ﬁut, ﬁVut, \/ﬁ*lut € LQ(Rz X (O,T())),

and

(5.1.8) inf /BN p(x,t)dx > 111/ po(z)dx,

0<t<Ty R2
for some constant N > 0 and By = {r € R?||z| < N}.

We now make some comments on the key ingredients of the analysis of this chapter.
It should be pointed out that, for the whole two-dimensional space, it seems difficult to
bound the L?(R?)-norm of u just in terms of ||\/pul| ;2(r2) and || Vu| 2(g2). Furthermore,
the appearance of capillary term will bring out some new difficulties. In order to over-
come these difficulties, we will make goof use of some key ideas due to [7, 8] where
they deal with the compressible and inhomogeneous Navier-Stokes equations, repec-
tively. On the other hand, motivated by [7], it is enough to bound the LP(R?)-norm
of the momentum pu instead just of u. More precisely, using a Hardy-type inequality
which is originally due to Lions [9], together with some careful analysis on the spatial
weighted estimate of the density, we can obtain the desired estimates on the LP(R?)-
norm of the momentum pu. Next, we then construct approximate solutions to (5.1.1)
with density strictly positive, consider an initial and boundary value problem in any
bounded ball Br with radius R. Finally, combining all key points mentioned before
with the similar arguments as in [2, 7, 8], we derive the desired bounds on the gradient
of velocity and spatial weighted density, which are independent of both the radius of
the balls Br and the lower bound of the initial density.

Remark 5.3. After this work was completed, we found a recent work of Y. Liu, W. Wang
and S. N. Zheng [10] closely related to ours. They also prove the local well-posedness of
strong solution with vacuum to the Cauchy problem of two-dimensional nonhomoge-
neous incompressible Navier-Stokes-Korteweg equations. However, as is discussed in
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detail, see Remark 5.10, they need a stronger assumption on the initial data than ours,
that is, except for the same regularity condition (5.1.6), the following compatibility con-
dition on (po, up) is also necessary.

1
(5.1.9) — plug + VP + kdiv(Vpo ® Vpo) = pi g,

for some (P, g) € H! x L*(R?).

The rest of the chapter is arranged as follows. In Section 2, we collect some ele-
mentary facts and inequalities which will be needed in the later analysis. In Section 3,
we will derive some a priori estimates which are used to obtain the local existence and
uniqueness of strong solutions. The proof of main result Theorem 5.2 will be given in
Section 4.

5.2 Preliminaries

In this section, we will recall some known facts and elementary inequalities which will
be frequently used later. First of all, if the initial density is strictly away from vacuum,
the following local existence theorem on bounded balls can be shown by similar argu-
ments as in [2, 11].

Lemma 5.4. For R > 0 and Br = {x € R?||z| < R}, assume that (po, uo) satisfies

(5.2.1) po € H*(BR),uo € H*(Bg), inf po(x) > 0,divug = 0.
TEDLR

Then there exists a small time Tr > 0 such that the equations (5.1.1) with the following initial
and boundary conditions

(p,u)(x,t = 0) = (po, uo), = € Bg,

(5.2.2)
u(z,t) =0, x € OBg,t >0,

has a unique strong solution (p,u, P) on Br x (0, TR]| satisfying
(5.2.3) p € C([0,Tr); H?), (Vu,P) € C([0,Tg]; H*) N L*(0, Tr; H?),
where we denote H* = H*(Bg) for positive integer k.

Next, for Q C R?, the following weighted L™-bounds for elements of the Hilbert
space D12(Q) := {v € H}. (Q)|Vv € L*(Q)} can be found in [9].

Lemma 5.5. For m € [2,00) and 6 € (1 + 3, 00), there exists a positive constant C' indepen-
dent of Q) such that for either Q = R? or Q = B with R > 1 and for any v € DV?(9Q),

1

(524 ( L toste+ |x\2>>—0dx)’“ < Clloll 2 + CIVol 2o

A useful consequence of Lemma 5.5 is the following crucial weighted bounds for
elements of D'2(), which has been proved in [7].
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Lemma 5.6. Let Q be as in Lemma 5.5, and T and ng be as in (5.1.5). Assume that p €
LY N L>(Q) is a non-negative function such that

(5.25) / pde > My, ||pllping=a) < Mo,
BN1

for positive constants My, My and N1 > 1 with By, C §2. Then for e > 0 and n > 0, there is
a positive constant C' depending only on €,n, My, My, N1, and ng such that every v € Dl’z(Q)
satisfies

(5.2.6) IZ ™| Lararay < Cllo'*vllz2) + ClIVY L2

with 7 = min{1, n}.

5.3 A priori estimates

Throughout this section, we omit the integration domain Br with R > 0 below for
notations simplicity. For 1 < r < oo and k € N, the Lesbegue and Sobolev spaces on
some ball By are defined in a standard way:

L" = L"(Bg), Wk =w"r(Bg), HF=wh2

Moreover, for R > 4Ny > 4, assume that (po, ug) satisifes, in addition to (5.2.1), that

1
(5.3.1) 1o / po(@)de < / o)z < 2.
2~ Jny, B 2

Lemma 5.4 thus yield that there exists some T > 0 such that the initial and bound-
ary value problem (5.1.1) and (5.2.2) has a unique strong solution (p,u, P) on Br X
[0, Tr] satisfying (5.2.3).

Let , 19, a and g be as in Theorem 5.2, the main goal of this section is to derive the
following key a priori estimate on ¢ (t) defined by

(5.32) (1) = 1+ [0 2ull 2 + [Vull 2 + 120 3 iz

Proposition 5.7. Assume that (po, uo) satisfies (5.2.1) and (5.3.1). Let (p, u, P) be the solution
to the initial and boundary value problem (5.1.1) and (5.2.2) on Br x (0, Tr] obtained by Lemma
5.4. Then there exist positive constants Ty and M both depending only on pu, k, q, a, 19, No and
Ey such that

sup (0(t) + Vel Vpullze + VEI V2l 2 + VAV P 12)

0<t<To

7o 2 2. 112 o T
(53.3) - <!\/ﬁut!p IVl + V2l + VP )dt
To
= [ VPl + VP, + Tl ) di < 0,
0

where
Eo = [[v/pouoll 2 + [[Vuoll 2 + [|Z%poll L1nm2aw2.a-
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The proof of Proposition 5.7 is composed of some lemmas. First, we give the fol-
lowing standard energy estimate for (p,u, P) and the estimate on the LP-norm of the
density.

Lemma 5.8. Under the conditions of Proposition 5.7, let (p,u, P) be a solution to the initial
and boundary problem (5.1.1) and (5.2.2). Then for any t > 0,

(534 sup (Ielnss + 17l + 19l / [ Ivufdsds < c.

Proof. First, it is easy to deduce from (5.1.1); and divu = 0 that

(5.3.5) sup [|pllzinpe < C.
0<s<t
Then applying the standard energy estimate to (5.1.1) gives

(5.3.6) sup (H\quLz + 1 Vpll32) / /\Vu| dxds < C.
0<

This together with (5.3.5) yields (5.3.4) and completes the proof of Lemma 5.8. O
Next, we will derive the key estimate on the || Vul|12(o 4 r2)-

Lemma 5.9. Under the conditions of Proposition 5.7, let (p,u, P) be a solution to the initial
and boundary problem (5.1.1) and (5.2.2). Then there exists a Ty = T1(No, Ey) > 0 such that
forallt € (0,T1],

t t
637) s (8%l +[Vult) + [ IVanlbds <o+ [ ur(sas

Proof. First, for N > 1, define a family of functions ¢ € C5°(By) satisfying
(5.3.8) 0< ¢y <1, on(z)=1, ifle| <N/2, [Vioy|<CNF keN,

it follows from (5.1.1); and (5.3.4) that

d
% p¢2N0dw = /pu ' V(bQN()dx

1/2 1/2
o () (Jre)

> C(EoNy),

where we used the fact [ pdz = [ podz in the last inequality.
Integrating (5.3.9) over the time interval (0, ¢) and using (5.3.1) gives

~ 1
(5.3.10) inf / pdx > inf /pgngOdm > /poqngodx— CcTy > —.
Ban,

S

0<t<Ty 0<t<Ty

where we take 77 := min{1, (45’ )~1}. From now on, we will always assume that ¢ < 77.
The combination of (5.3.10), (5.3.4) and (5.2.6) yields that for ¢ > 0 and n > 0, every
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v € DY2(Bp) satisfies
5.311) oz ar0sn < Cllo ]2 + Vo]

with 7 = min{1, n}.
Next, multiplying (5.1.1); by z* and integrating by parts imply that

d
p /x“pdm < C/p|u]a:allog1+7’°(e + |z|?)da

< Cllpz* 54| s |[uz 543 |psre
a

(5.3.12)
ol —a St 1/2
< Cllplz ezl ;i (o™ ull e + [[Vull£2)

< O+ [lpz) L)1+ [[Vul 12)

due to (5.3.4) and (5.3.11). This combined with Gronwall inequality and (5.3.4) lead to

t
(5.3.13) sup ||pz?||r < Cexp {C’/ (1+ ]Vu||%2)ds} <C.
0<s<t 0

Now we are prepared to estimate the first order derivatives of the velocity. Multiplying
(5.1.1), by u¢ and integrating by parts, one has

d
/p]ut|2d$+,udt/]Vu|2da:

——/(pu-Vu) -utdx—i-/f/Vp@Vp:Vutdx
(5.3.14) ;
=K /Vp@ Vp: Vudzr + Q/HV(U -Vp) ® Vp : Vudx

- /(pu -Vu) - upde.
First, it follows from (5.3.4), (5.3.11), and (5.3.13) that for any € > 0 and n > 0,

3na L 3na
10| perersa < Cllp" 23+ || pazre 3 [|vE 2CHI || paczrer/a

37
a@ragn )\ sia
<C p 31 pzxtdw vz 4@+ || Lazrer/m

4(2+€)n—37

37)
< Cllpll " ozl (lp*20ll 2 + [Vl 2)

1
< Cllp>ollrz + C[[Vol| 2,

(5.3.15)

where 77 = min{1,7} and v € D"“?(Bg). In particular, this together with (5.3.4) and
(5.3.11) derives

(5.3.16) H,OWUHL(HE)M + Huiir]HL(zﬁ)/r, < C(1 4 [|[Vul|2).



On local strong solutions to the Cauchy problem of 2D inhomogeneous
Navier-Stokes-Korteweg equations with vacuum 80

Then we estimate the terms in the right hand side of (5.3.14). First, the combination of
the Cauchy-Schwarz and Gagliardo-Nirenberg inequalities yields

1
/(pu -Vu) - updx < I /p|ut\2daz + C/p]u\QIVu\de

1 1
<5 [ luldo+ CllotulTul?
(5.3.17) h 1
= 3/2 1/2
<5 [ pluldo+ Cllotull | Tul [Vl

1
<5 [ luldo-+Com + dvRult,

where (and in what follows) we use a > 1 to denote a generic constant, which may
different from line to line.

For the second term on the right hand side of (5.3.14), integration by parts together
with Gagliardo-Nirenberg inequality deduces that

/HV(U -Vp) ® Vp : Vudz

(5.3.18) < C/|VP|2|VU|QCZ$+C/V2p||Vp|u||Vu|dx

< ClVplli=lIVull72 + ClIVpl Lo 2V pl Lo |2~ ]| 1o
< Oy,

‘7UHL2

Here % + q% = 1. and ¢* > 2. Inserting (5.3.17) and (5.3.18) into (5.3.14) gives

1 / 2 d 2
= ug|“dx + — Vul® = kVp® Vp: Vu)dx
(5:3.19) 5 | Plutl 5 | IVl p&Vp:Vu)
<e||V?ul|7. + Cyp*.
Differentiating the continuity equation (5.1.1); with respect to z;,7 = 1,2, we get

(5.3.20) (Oz,p)t +u -V (0g,p) + Op,u-Vp=0,

multiplying (5.3.20) by 4|0,, p\ani p, integration by parts over the domain B, yields

d

Glospllte < [ 1vulivplon, pfis
5.3.21
(5:3:21) < C[Vul 2|V o] 210l

< CPa(1).

Integrating (5.3.21) over the time interval (0, ¢) lead to

(5.3.22) sup ||[Vp|1a <C+C / P ds.

0<s<t

On the other hand, since (p, u, P) satisfies the following Stokes system,

—pAu~+ VP = —puy — pu - Vu — rdiv(Vp @ Vp),
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applying the standard LP-estimate, then

IV2ul|72 + [V P72
< Cllpur)|2z + Cllpu - V|2, + C|||Vpl|[Vpl||22

5.3.23
(5.3.23) < COlly/pudlls + Cllpul Bl Vull 2| V2l 11 + ClIVpl[2 [ V2p]2
1
< Cllvpulls + 5Vl + Cue,
which implies that,
(5.3.24) IV2ul2, + [V P22 < Cllv/puil|2s + Cop™.

Substituting (5.3.24) into (5.3.19) and choosing € suitably small, one gets

t t
IVule + [ [ plunfdzds < €+ €Il +C [ wnds
(5.3.25) 0 0

t
§C+0/ Yds,
0

where in the second inequality we have used (5.3.22). Thus we complete the proof of

Lemma 5.9.
O

Remark 5.10. Here we want to give some comments on the proof of Lemma 5.9. As the
same with Y. Liu et. al. [10], this lemma is used to derive the L*°-estimate on ||Vu/ 2.
The different part is the treatment of the capillary term [ div(Vp @ Vp) - widz. In the
paper of Y. Liu et. al. [10], they remark from the divergence free property of the velocity
that [ div(Vp®Vp)-wdx = [ ApVp-wdz. Then combining the Hardy-type inequality
and Holder inequality, they complete the estimate in terms of v (t) and ||Vu| ;2. In
order to close the estimate, they have to derive the estimate of sup ||,/pu|| .2 in the next
step, therefore the initial value of sup ||,/pu¢|| 2 will be involved, to bound this term,
the compatibility condition (5.1.9) is necessary. My way is different, we observe that

d
(5.3.26) /Vp ® Vp: Vudr = 7 /Vp ® Vp: Vudzr + 2/V(u -Vp)® Vp : Vudz,

and to bound the first term of the right-hand side in (5.3.26), we also derive a new
estimate for the density, see (5.3.22).

Lemma 5.11. Let (p,u, P) and Ty be as in Lemma 5.9. Then there exists a positive constant
a > 1, such that for all t € (0,T1],
(5.3.27)

t g+l t
(SI\/ﬁusH%z)Jr/ (IVull s+ sIIV?ullza + sl|Vus|[72)dt < Cexp (C/ w“ds>-
0 0

sup
0<s<t

Proof. Differentiating the momentum equations (5.1.1), with respect to ¢, using the con-
tinuity equation (5.1.1);, we derive

pug + pu - Vuy — pAug + VP,

(5.3.28)
=—pi(ur +u-Vu) — pug - Vu — kApV (u - Vp) — kA(u - Vp)Vp.
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Multiplying (5.3.28) by u;, we get after integration by parts over Bp that

1d
2dt
<c / Pl (IVae] + [Vaul? + [u] V0] )z + C / Pl |Vl | Vg |z

p|ut|2d:v+,u/|Vut|2d:U

(5.3.29) ,
e / ol Vuldz + / ARV (- V) fuelda + | / Alu-Vp)(Vp-u)de]

5
=1

Now let us estimate the terms on the right hand side of (5.3.29) one by one. First

1 A D
J1 < Cllp2ullpsllpzucllZa [l o2 wel 3o (Ve 12 + V]| 74)
1 FO N ST
+ CllprulF e llpzud 2o o7 wel 36 V0l 2

1
(5.3.30) < C(1+ |Vul22)lpZuel| 2 (o2 uell 2 + | Vel 2) 2
x ([Vuell g2 + Va2 + | Vul 2| V2ull 12 + [|V2u]| 12)
< EIVuil7 + vl Vpulze + Cv” + (1L + IVul32) [ V2ul 2.

Then, Holder inequality combined with (5.3.16) leads to

1 1 3 1 1
Jo+J3 < Cllpzul| 2|Vl 4| Vel 2 + ClIVul g2l pZ el 7o | o2 we

(5.3.31) 1% 2 a 2 a 212
< BIVullZs + O Iypuls + Cu* + [Vul)
Next,
1= [ 19l Bplludds +C [ 1Vpl[Tull Aplurlda
< Ol pll a7 Al pallzull o 7l o
(65332 + |Vl |5 Dol al|Vul 2llz Ol o
1 arn L
< Oy (1 + [ Vull2) (loduellzz + IVuelz2) + Co(llobuallye + [Vt 12)
K a
< g”vut||%2 + CU*||y/pug|7 2
Finally,
Ji=| [ B Vp)(Vo- uis
< [ IVl ulluldo -+ [ 1951191V uluelda
(5.3.33)

4 / 192l [Vl ][ Ve |z + / VoIVl [ V|

< LIVulll + oo lpurlEe + Cy.
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Inserting the estimates (5.3.30)-(5.3.33) into (5.3.29), we get

1d

(5.3.34) 33 [ Pl s u [ 1Vufde < 01+ obula)

Multiplying (5.3.34) by ¢, using Gronwall inequality, we get

t t
(5.3.35) sup ( sllv/pusl|3s) + /0(s\|vus|iz)dt < Cexp <C/O ¢"‘d5>.

Finally, we show that

t q+1 q+1
J (uv%z L IvP: +suv2uu%q+suvp||%q)ds
0

< Cexp {c/ot wa(s)ds}.

Applying the Stokes estimate and Gagliardo-Nirenberg inequality, one has
(5.3.37)
IV*ull + IV Pl ze < Cllpul|za + llou - Vullza + [1Vol[V2pll o)

< Cllpueliza + llpull 2oVl 20 + [V pll oo [ V2Pl 2a)

(5.3.36)

2g=1) q2272q , el
—2 —2
< Cllpuel 27 llpwell 2™ + CY* L+ [[V7ull 2 )
(q 1) 2> —2q -1

< ClIpudll %2 1Vl 2 +H\TUth)JrCW(lJrHVQUHLQ ),

which together with (5.3.7) and (5.3.35) implies that

1

v2 g+l vp q+1
(H ullge +IVPLg )ds

9 (g—2)(q+1)
<C/ (sl )77 o Tl ) TS s

-1

g+1
4 /0 Ipul .t ds+C w<1+||v2u||p )ds

—2)(q+1)

g - [ )(
(5.3.38) <C Sup( H\fUtHLz)q(q - / S_TQ(SHVWH%z) ) ds
0<s< 0

t
e /0 (4 + | VPwll2s + I V2ul2:)ds

t t q +q —2g—2
<cen{c [wasf (14 [T L vuli)
t
SCexp{C’/ wa(s)ds}.
0
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and

t
/0 (s V2ull20 + 5|V PI2.)ds

2(g—1) P
2

t t —2q
<C [ sivpulfads +C [ (slvpula) & (s Vurlf) ' ds
0 0

t 2(¢—1)
(5.3.39) +C/ s (14 [|[V3ul| .* )ds
0

¢ ¢ t
SC/ 3||\fput||%2d8+0/ 8||Vut\%2ds+C'/ (wa—l—sHVZuHQLQ)dS
0 0 0

< Cexp {C/Ot wo‘(s)ds}.

Therefore we complete the proof of Lemma 5.11. O

Lemma 5.12. Let (p,u, P) and Ty be as in Lemma 5.11. Then there exists a positive constant
« > 1 such that forall t € (0,T1],

t

(5.3.40) sup ||Z%||lpinmzawze < exp {C’exp {C’/ ¢ads}} .
0<s<t 0

Proof. First, it follows from Sobolev inequality and that for ¢ € (0, 1),

Juz =l <€) (Jluz ™Il 4 + [V (uz™)]1»)
(5:3.41) < C) (lua™) g + IVull s + llua™| 4|77 Va] )
< CO) (W + [[V2ull2).

TS

Multiplying the continuity equation (5.1.1); by z¢, after some simple calculation, we
get

(5.3.42) 0 (z%p) +u-V(z) —az’pu - Vlogz = 0.

To obtain the estimate of first order spatial derivatives of z°p, we differentiate (5.3.42)
with respect to z;,7 =1, 2:

0100, (2°p) + u- Vg, (2°p) + Oy - V(ap)

(5.3.43)
— a0y, (Z%)u - Vog T — az®pdy,(u - Vlog z) = 0.

Multiplying (5.3.43) by r|9;(2%p)|"~29;(z%p) for r € [2, ¢], and integrating the resulting
equality over Bg, we get

d.,_ . ) }
(5.3.44) V@)l < CA+ [[Vullze +[lu - Viog || 1) ||V (z°p) | -

+ Cl|z%p| L[|V (uV log Z)|| -
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To obtain the second order spatial derivatives of 2%p, differentiate the equation (5.3.43)
with respect to z;, j = 1,2, after some calculation, one has

0102, 02, (Zp) + u - Vy, 02, (2p) + Oju - V(0r, (%)) + Oiu - V(0z, (%))
(5.3.45) + 02,0z, - V(Tp) — a0z, 0z; (T p)u - Vog T — a0y, (2%p)0y; (u - Vlog T)
— B, (3 p)O, (- V log 7) — a(Tp) 0,0, (u - Vlog 7) = 0,

multiplying (5.3.45) by r|9;0;(2%p)|" 20,0, (z%p) for r € [2, q], and integrating the result-
ing equality over Bg, and using (5.1.1);, we derive
d oy . _ v
Z V2@ p)ller < OO+ [Vl + [lu- Viog || ) [ V(2 ) -
(5346) + Ozl [V (uV log @) -
+CIV(@* )= (IVullr + |V (uV log 7)| ),

combining it with (5.3.44), and summing up for i, j = 1,2, leads to

d . . _ v
V@ )llwrr < O+ [[Vullpee + [u- Viog || =)V (2 p) [ wr.r

(5347) +Clla pll = (IV (¥ log @) 1 + [ V(¥ log 2) | )
+ OV @)l IVl + |V (¥ Tog 7))
< O™ + V2l 20z (1 + IV @)l + 9@ 0) )

Using (5.3.7), (5.3.36), (5.3.13), (5.3.44), (5.3.47), and Gronwall inequality, one thus get
(5.3.40) , therefore we complete the proof of Lemma 5.12. O

Now, we are in a position to give a proof of Proposition 5.7, which is a direct conse-
quence of Lemmas 5.8-5.12.

Proof of Proposition 5.7. 1t follows from (5.3.4), (5.3.7), and (5.3.40) that

$(t) < exp {C’exp {C/Dt zpads}}.

Standard arguments yield that for M := e¢“¢ and T := min{T}, (CM®)~1},

sup (t) < M.
0<t<Ty

This combines with (5.3.24) and (5.3.27) gives

sup (¢|V2ull72 +t[VP[|72) < C(M),
0<t<To

which together with (5.3.7), (5.3.27), (5.3.40) gives (5.3.3). Therefore the proof of Propo-
sition 5.7 is completed. O
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5.4 Local existence and uniqueness of strong solutions

This section is devoting to prove the main result Theorem 5.2 with the aid of the a priori
estimates obtained in Section 3.
Let (po, uo) be as in Theorem 5.2. Without loss of generality, the initial density py is

assumed to satisfy
/ podr =1,
RQ

which implies that there exists a positive constant [V such that

(5.4.1) / podx > 3/ podx = §
B, 4 Jpo 4
We construct pf = pff + R~'e#°, where 0 < pf € C3°(R?) satisfies
1
| =,
(5.4.2) Bn, 2

T8 = 7%  in LYR*) N H2(R?) NW2>4(R?),as R — oc.
Since Vug € L?(R?), choosing vf* € C§°(Bg)(i = 1,2) such that
(5.4.3) lim v — Ouollp2mey =0, i=1,2.
R—o0

We consider the unique smooth solution uf of the following elliptic problem:

— Ml + pliul + VP = 1/ plinf — 0,0F, in Bp,
(5.4.4) divud = 0, in Bp,
uéz =0, on 0Bp,

where bt = (v/Pouo) * ji/r with js being the standard mollifying kernel with width 4.
Extending uf! to R? by defining 0 outside B and denoting it by @}, we claim that

(54.5) A (HV(?}%;z — o)l 2m2) + 1/ Pl — \//TOUOHH(R?)) =0.

In fact, it is easy to find that @} is also a solution of (5.4.4) in R2. Multiplying (5.4.4) by
@{? and integrating the resulting equation over R? lead to

/p§|a§\2dx+/ \Vadt|?dx
R2 R2

(5:4.6) < oFas | L2 1M |28y + Cllvf | L2 10i8 | L2 (52)
L o-Rry2 1 Ry R 2 R2 R|2
< S IVag e (s, + 5 /R2 po lug|"dz + Cl[h™ |12y + Cllvi 725,

which implies

(5.4.7) / pOR\a§|2dx+/ \Val?dz < C
R2 R2
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for some C independent of R. This together with (5.4.2) yields that there exist a subse-
quence R; — oo and a function 4y € {y € H. (R?)|\/potio € L*(R?), Vg € L*(R?)}
such that

R, -R; . ]
(5.4.8) \/;uoj — /poiip weakly in L?(R?),
Viy? — Vi weakly in L(R?).
Next we will show
(5.4.9) io — o,

Indeed, multiplying (5.3.12) by a test function 7 € C§°(R?) with divr = 0, it holds that

~R; R ~R
4.1 ; — d 1 ~mdx = 0.
(5.4.10) /sz)(uo up) 7T:U—|—/ VPO By wdx =0

Let R; — oo, it follows from (5.4.2), (5.4.3) and (5.4.8) that

(5.4.11) / 0i(tg — uop) - Oymdzx —I—/ po(ty — ug) - mdx = 0,
R2 R2

which implies (5.4.9).
Furthermore, multiplying (5.4.4) by @t and integrating the resulting equation over
R?, by the same arguments as (5.4.11), we have

im [ (e + VAl Pyde = / (poluol? + [Vuo|?)da
Rj—o0 JR2 R2

which combined with (5.4.8) leads to

lim / |va{fj\2dx:/ Vip|2dz, lim / pﬁj\a{fq?dx:/ poliiodz.
Rj—o0 JR2 R2 Rj—o0 JR2 R2

This, along with (5.4.9) and (5.4.8), gives (5.4.5).

Hence, by virtue of Lemma 5.4, the initial and boundary value problem (5.1.1) and
(5.2.2) with the initial data (p{, u{?) has a classical solution (p*, u®, PF) on Bg x [0, Tg].
Moreover, Proposition 5.7 shows that there exists a Tj independent of R such that holds
for (pft, u®, PH).

For simplicity, in what follows, we denote

P = [P(R?), WkP = Wwhr(R?).
Extending (p%, uf, P%) by zero on R%/Bg and denoting it by
(ﬁR = ¢RPR» aR7 pR)

with ¢ satisfying (5.3.8). First, (5.3.3) leads to
(5.4.12)

sup (VAR iz + [Vilie) < sup (Vo iz + 1902 < C
U140

0<t<Ty
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and
(5.4.13) sup (25" inpe < C.

0<t<Tp

Similarly, it follows from (5.3.3) that for ¢ > 2,

1 0~ ~
sup ¢4 (||v/ARafl|pe + V22 )

0<t<Typ
To g+1
(5414 # [ (VAR + IR, + (93 ) at
0
+ [ (93 + V) e <
Next, for p € [2, q], we obtain from (5.3.3) and (5.3.40) that

sup [[V2(z°5") e < C sup (IV*(@0™) || o(5)
0<t<Tp 0<t<Ty

(5.4.15) + RV @) | o) + B2Z°0% o (Br))

< C sup chapRHm(BR)mWW(BR)) <G
0<t<Top

which together with (5.3.41) and (5.3.3) yields

T() TO
/O 0@ 20 dt < C /0 T

(5.4.16) o . Y
<C ; 12"~ 0w e 129V ™ o 3,5

<C.

By virtue of the same arguments as those of (5.3.27) and (5.3.36) , one gets

- To - L, 9l

(5.4.17) sup 13| VER| . + / (IVER|2, + [VPR| 2 )dt < C.
0<t<Tp 0

With the estimates (5.4.13)-(5.4.17) at hand, we find that the sequence (5%, 4%, PF) con-

verges, up to the extraction of subsequences, to some limit (p, u, P) in the weak sence,
that is, as R — oo, we have

(5.4.18) zpft — zp,in C*(By x [0,Tp)), for any N > 0,
(5.4.19) zpT — 7%p, weakly * in L>(0, Ty; H> N W?>9),
(5.4.20) Vplta® — /pu, Vit — Vu, weakly * in L>(0, Tp; L?)

(5.4.21)  V2a® - V2u, VPR —~ VP, weakly in LT (0, To; L9 1 LA(R? % (0, Ty)),
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(5.4.22) ViVt ~ /tV2u, weak in L?(0, Tp; L9), weak * in L>(0, Ty; L?),
(5.4.23) Vil — Vit puy, VIV PR —~ \/tV P, weak * in L>(0, Ty; L?),

(5.4.24) VIVEal — ViV2uy, weak * in L2(R? x (0,Tp)),

with

(5.4.25) % € L>(0,Ty; LY), . SitnSfTO /B . p(x, t)dx > %.

Then letteing R — oo, standard arguments together with (5.4.18)-(5.4.25) show that
(p,u, P) is a strong solution of on R? x (0,7p) satisfying (5.1.7) and (5.1.8). Indeed, the
existence of a pressure P follows immediately from (5.1.1); (5.1.1); and by a classical
consideration. The proof of the existence part of Theorem 5.2 is finished.

The final work is only to prove the uniqueness of the strong solution satisfying
(5.1.7) and (5.1.8). Let (p,u, P) and (p,u, P) be two strong solutions satisfying (5.1.7)
and (5.1.8) with the same initial data, and denote

O:=p—pU:=u—a.

First, subtracting the mass equation satisfied by (p, v, P) and (p, @, P) gives

(5.4.26) O+u-VO+U-Vp=0.
Multiplying (5.4.26) by 20z*" for r € (1, a) with @ = min{2, a}, and integrating by parts
yield
(5.4.27)

% / |0z" |2da:

1 ~ ~
< 772 oo —r —r =—(a—r) ~a
< Cllaa™ ¥~ 10272 + OO g2z~ 7 e 67l _ o

< C(1+ | Vallwral|07"||72 + CIOZ [ 12 (VU 2 + [lv/U | 2)

due to Sobolev inequality, (5.1.8), (5.3.16), (5.3.41). This combined with Gronswall in-
equality shows that for all 0 <t < Tj,

t
(5.4.28) 03712 < € [ (VU2 + VAU |z2)ds.

Next, taking the gradient in (5.4.26), multiplying the resulting equation by VO, and
integrating over the R2, we get
(5.4.29)

1d
2dt/|V@|2d$+/(V@-Va)-V@dw—i—/(Vp'VU)-V@d:}:—l—/(vzp.(]).v@dxzo'
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Observe that
(5.4.30)

—/A@Vp-Udm—/VG)'(Vp-U)dx—/V@-(V%-U)d:c%—/V@-(Vp-VU)dw.

Next, subtracting the momentum equation satisfied by (p, u, P) and (p, @, P) leads
to

(5.4.31) pUs+pu-VU —puAU = —pU -Vu—0O(tiy+u-Vi)—V(P—P)+rAOVp+kApVO.

Multiplying by U, integration by parts and combine with (5.4.29) yield

d 1 2 k 2 [t 2
o (2p\U] + 2[V9] )dm—l—/Q\VUl dx

:/—pU-Vﬂ-U—@(at+ﬂ~Vﬂ)-U—mApV@-U—m(V@-a)-V@dm
(5.4.32)
< C|Val| g /(p!U\2+|V9l2)dx+0/!9!|Ul(|ut!+IUHVU!)d:v

4 c/ APV |U]de.

To finish the proof, we estimate the last two terms on the right hand side of (5.4.32).
First,
(5.4.33)

/ OIU (|| + [al| Val)de < Cl1O2"|| 2 |Uz ™2 pallad™""?|| s + ||Vl e l[uz /2 14)

< C(O(IVpull7z + I Val 7z + [Valli-) |0z |72
+e(lVeUllz: + IVUIIZ:)

t
< C(e)(1+t]| V|72 + tHVQEII%q)/O (VU 72 + lVpU | 72)ds

+e(llvpUlz2 + IVUIIZ:),

and
/ |AB|IVO||Udz < C|17" Apl|pa U2 10+ || VO 2
5.4.34 .
(54-34) < C(IVAU22 + VU2 |7 2pl e[| VO 2
< (VAU 22 + [VU[22) + Ce) |7 Apl 24|V O 2.
Denoting

t
Gt) = IV + [ (IVUIEs + AU ds,
then substituting the above into (5.4.32) and choosing e suitably small lead to
G'(t) < CA+ 17" AplLa + [Vall oo + V|72 + I VullZ) G (1),

which together with Gronwall inequality and (5.1.7) implies that G(¢t) = 0. Hence,
U(x,t) = 0 for almost everywhere (z,t) € R? x (0,7). Finally, one can deduce from



On local strong solutions to the Cauchy problem of 2D inhomogeneous
Navier-Stokes-Korteweg equations with vacuum 91

(5.4.28) that © = 0 for almost everywhere (x,t) € R? x (0,T). The proof of Theorem 5.2
is completed.
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