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Abstract

Let X be a compact C'*° manifold with corners which has two embedded
boundary hypersurfaces dp X, 01 X, and a fibre bundle ¢ : 90X — Y is given. By
using the method of blowing up, we define a pseudodifferential culculus ¥ ,(X)
which is suitable to extend the relative index formula of b-calculus to the case
of manifold with corners. This calculus contains the ®-calculus of Mazzeo and
Melrose or the (small) b-calculus of Melrose as a special case when 91X or
0o X is empty. As in the case of b-calculus and cusp calculus, this calculus can
be densely embedded into S-calculus of Debord, Lescure and Rochon by using
logarithmic blow-up. We discuss the Fredholm condition of those operators and
gives an explicit formula for the relative index in terms of the logarithmic residue
of the normal operator. As its application, the index theorem of Z/k-manifolds
with boundary is proved.
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Introduction

—

As Atiyah and Singer [5] proved, the index problem of an elliptic operator on a closed
manifold can be reduced to the topological K-theory. It is because a pseudodiffer-



ential operator is Fredholm if and only if its principal symbol is invertible, and the
homotopy class of the principal symbol can be determined topologically. For a mani-
fold with boundaries or corners, we need to impose another invertibility to the normal
operator to obtain a Fredholm property, which can not be characterized topologically
in general. Depending on the normal structure at boundary or corners, various types
of pseudodifferential calculi has been studied [8, 14, 15, 16, 17, 18, 21], and its rela-
tion to the theory of pseudodifferential calculus on a Lie groupoid [24] also has been
studied [4, 9, 23].

What we are particularly interested in here are 0O-calculus, b-calculus, scattering
calculus and cusp calculus. Let X be a manifold with boundary (without corners)
and x be a boundary defining function. The corresponding Lie algebroids are given
as follows.

Vo(X) = {VeV(X)|V]ox =0}
W(X) = {VeV(X)|V]ox is tangent to 0X}
Vie(X) = {VeVX)|V]px =0and Vz € 22C>*(X)}
Vou(X) == {VeV(X)|V]sx is tangent to X and Vz € 22C>(X)}

When a fibre bundle ¢ : 0X — Y is given, we can also define edge calculus and
fibred cusp calculus. The corresponding Lie algebroid is given by

Ve(X) = {VeV(X)|Vl]ax is tangent to the fibre of ¢}
Vo(X) = {V eV(X)|V]sx is tangent to the fibre of ¢ and Vi € 22C*>(X)}.

0-calculus and b-calculus two extreme cases of the edge calculus when ¢ = Id or
¢ = pt, while scattering calculus and cusp calculus are two extreme cases of the
fibred cusp calculus when ¢ = Id or ¢ = pt.

The extension of those calculi to the case of manifold with corners is also consid-
ered by many authors. For b-calculus and cusp calculus, there is a straightforward
extension [15, 14] due to the interchangeability of the blow-ups. For edge calculus or
®-calculus, we must impose an additional iterated fibration structure or the higher-
depth stratified pseudomanifold structure to extend those calculus [1, 8].

Let I = 0,b, sc,cu,e or ®. The enveloping algebra Diff7(X) of V;(X) consists of
differential operators on X, and the I-calculus ¥5(X) is an algebra of pseudodiffer-
ential operators containing Diff7(X). For P € U} (X), P defines a bounded operator
between a suitable Sobolev spaces. It is Fredholm if and only if its symbol and normal
operator, namely, o(P) and N(P) are invertible (in its closure).

Among those calculi, one of the significant difference is its index problem. Suppose
that the symbol o is given. For b-calculus and cusp calculus, we can always chose
a Fredholm realization P, and its index problem is (in a special case) equivalent
to the APS index theorem [6]. On the other hand, for 0O-calculus and scattering
calculus, we can not take a Fredholm realization in general. Because the operator
N(P) degenerates to define a vector bundle homomorphism, which is a topological
obstruction. Its index problem is reduced to AS index theorem [5]. Thus, in some
sense, the index problem of edge and ®-calculus is in between AS and APS index
problem.

The other significant difference is its closedness under the holomorphic functional
calculus. ®-calculus, including scattering and cusp calculus, is closed under the holo-
morphic functional calculus. On the other hand, edge calculus, including 0 and b-
calculus, is not closed under the the holomorphic functional calculus. In this paper,



this difference plays an important role to extend the relative index formula for the
manifold with corners.

By using logarithmic blow-up, b-calculus is embedded into a dense subalgebra of
cusp calculus: ¥} (X) C U, (X). For an elliptic P € ¥} (X), the Fourier (Mellin)
transform of the normal operator defines an entire operator-valued holomorphic func-
tion, namely, N(P)(A) € U*(0X) (A € C). Its relative index formula is given by a
logarithmic residue of the normal operator [18]. Namely,

ON(P)
)\

ind(z?" Pz ') — ind(22? Pz %) = %tr 7{ N(P)~'(\) Ndx, (1)
where 3; ¢ —ImSpec(Z\Af(P)) (i =1,2), B2 > p1 and the path of integral is chosen so
that its interior contains all poles of N(P)~!()) such that 8; < —Im(\) < . This
formula was used to define an analytic index of the Z/k-manifold in [10].

On the other hand, for a cusp calculus, N(P)()\) is defined only for R and is only
C*°. As described in [20], to describe the relative index formula for cusp calculus, we
need to investigate the regularized trace, which is written in terms of the asymptotic
behaviour of the divergent integral. Thus, we can not give a convergent integral
formula as in the formula (1).

In this paper, we will define a pseudodifferential calculus which is an appropriate
calculus to extend the relative index formula for b-calculus. Let X be a smooth
compact manifold with corners which has two embedded boundary hypersurfaces
00X,01 X, and a fibre bundle ¢ : 99X — Y is given. Suppose that the fibre Z of ¢ is
a closed manifold. Fix a boundary defining function xg of 99X and z1 of 9; X. Such X
is called a manifold with boundary. We define a pseudodifferential calculus W ,(X)
of fibred cusp b-pseudodifferential operators. This calculus contains the ®-calculus of
Mazzeo-Melrose [17] or the (small) b-calculus of Melrose [18] as a special case when
01X or 0pX is empty. As b-calculus can be densely embedded into cusp calculus by
using logarithmic blow-up, fibred cusp b-calculus also can be densely embedded into
a S-calculus of Debord-Lescure-Rochon [8].

Each element P € ¥g ,(X) defines a bounded operator.

P Lé,b(X) - Lé,b(X)

We also define a symbol map ¢ and two normal maps Ny, N1 with respect to two
boundaries 0y X, 01 X, which make the following sequences are exact.

0= Wyl (X) = UG ,(X) 5 SUPPT*X) -0
0 = oW 5 (X) = WY, (X) % W oy (B0X) = 0

0 = 2109 ,(X) = G ,(X) 5 0, (1 X) = 0

where 2T X ~ T*X and ®*NY ~ R&PT*Y are vector bundles, sus is a suspended
calculus. 6’1\5( ~ 01 X x [0,00] is a compactification of the normal bundle of d; X. As
51\)/( is also a manifold with fibred boundary, we can define \If%)b((‘?fl\jf ), and “inv” in
q]%,b,inv(é;j() means the invariance under the action of (0, 00).

We say P € \P%}b(X ) is elliptic when o(P) is invertible, and fully-elliptic when
in addition, No(P) and Ny (P)(A) (A € R) are invertible. Where N;(P) is a Mellin
transform of Ny (P), which is a U4 (9 X)-valued entire holomorphic function.

As in the case of b-calculus and its variants, the Fredholm condition for this
calculus is given as follows.



Theorem 1. For P: L ,(X) — L ,(X) is Fredholm if and only if P is fully elliptic.

We also prove the relative index theorem, which is a generalization of the relative
index for b-calculus [18].

Theorem 2. Let P € Vg ,(X) and suppose o(P) and No(P) are invertible. Take
any B; ¢ —ImSpec(Z/V\l (P)) (i=1,2), B2 > B1. Then,

ON1(P)
oA

1 -
ind(af Pay ™) — ind(ef P ) = tr yf NP N, (2)
T

where the path of integral is chosen so that its interior contains all poles ofJ/V\l(P)_l()\)
such that f1 < —Im(X) < Ba.

Briefly, the proof of the relative index theorem is given as follows. As the calculus
of symbols S® and the calculus of the suspended operators W0 _ is closed under holo-
morphic functional calculus, o(P)~! and No(P)~! lies in the same calculus. Thus, we
can construct a parametrix @ such that R :=Id — PQ € af° \I/;jf’ (X). As R vanishes
at oo order at 9y X, it blows down to define a b-pseudodifferential operator. By using
this fact, the relative index theorem can be proved in the same way as the b-calculus
case.

As the application of the relative index theorem, we will prove the index theorem
for a Z/k-manifold (possibly with boundary), which is a generalization of the index
the for a closed Z/k-manifold by Freed and Melrose [10].

The setting is given as follows. Suppose X is a Z/k manifold, i.e. X is a manifold
with corner and 90X = 0y X UhX , ZX = X N1 X and the diffeomorhpism
O X ~ kZ is given, where Z is a manifold with boundary and £Z is a disjoint union
of k copies of Z. For ¢ = 1Id : o X — 0pX, we regard X as a manifold with fibred
boundary. And we write \Ilgc7b(X;E,F) = \Il%’b(X;E, F) in this case. A vector
bundle E over X is called Z/k-vector bundle if E|g, x = kEz for some vector bundle
E; — Z. Let E, F are Z/k- vector bundle over X.

We define

lI/(s)Qb,Z/k:(X;E?F) = {P € lllgqb(X;EaF) | Nl(P) = kQ
for some @ € \Iff)c’b(Z;E,F) oo (3)

For P € ¥° . 2/x(X; E, F) such that o(P) and No(P) are invertible, ind(fowfﬁ)
mod k € Z/k is independent of 8 because the right hand side of (2) is always a multiple
of k.

On the other hand, we can define a map

s:{Pe€ \Ilgc,b,Z/k(X; E,F)| o(P) and Ny(P) are invertible} /homotopy

where the overlines mean the identification of k copies, and TX = X is a _vector
bundle. dD(TX) = S(TX)UD(TX|s,x) U D(TX|s,x), and 9oD(TX) := S(TX) U
D(TX|p,x)- As in the case of Atiyah-Singer [5] or Freed-Melrose [10], there exists a

topological index map t-ind : K(D(T'X),00D(T X)) — Z/k [25]. The index theorem
is given as follows.

Theorem 3. Let P € ‘Ilgcbz/k(X;E,F) and suppose that o(P) and No(P) are in-
vertible, then ind(z? Pz ") mod k = t-ind(s(P)) € Z/k, B ¢ —ImSpec(]/V\l()\)).



We will demonstrate two different proofs for the index theorem. One way is, as in
Atiyah-Singer or Freed-Melrose, to prove that analytic index satisfies several axioms.
The other way is to reduce to the case of 99X = ¢ by using excision.

This paper is organized as follows. In section 2, we review some preliminary results.
In section 3, we define the fibred cusp b-calculus and investigate its properties. We
will describe the Fredholm criterion and prove the relative index theorem. As its
application, index theorem for a Z/k-manifold (possibly with boundary) is proved in
section 4.

2 Preliminaries

2.1 Blow-up of a manifold with corners

In this section, following [19, 9], we define a spherical blow-up and a normal cone
deformation of a manifold with corners.

Let X be a manifold with embedded corners. A subset Y C X is called a p-
submanifold of X, if the inclusion is locally diffeomorphic to the embedding R™ x 0 x
R, x 0 < RHF x R;"S‘l. Importantly, a tubular neighbourhood N4 Y < X can be
defined for a p-submanifold, where N,Y is the inward pointing normal bundle. We
define the (spherical) blow-up of X at Y by

[X;Y]:=SN,YIX\Y,

where SN.Y is the sphere bundle of the inward pointing normal bundle. [X;Y] has
a unique C*° structure such that for each tubular neighbourhood N,Y < X, the
map SN.Y x R>¢ — [X;Y] defined by

(y,m) € SNLY (t=0)

(y:m,1) € SN4Y xRz {(y,tn) ENY\Y < X\Y (t#0)

is a deffeomorphism onto the image. In this way, [X,Y] is a manifold with corners
which has the new boundary hypersurface SNY compared to X. The smooth map
Bi=nllv:[X,Y] - X is called a blow-down map, where 7 : SN.Y - Y C X is
the projection map and ¢ : X \' Y — X is the inclusion map.

Similarly, we define the normal cone deformation of X at Y by

DNC(X,Y):=N,Y I X x R*.

DNC(X,Y) has a unique C* structure such that for each tubular neighbourhood
N.Y < X, the map N;Y x R — DNC(X,Y) defined by

(y,m) € N.Y (t =0)

,n,t) €ENLY X R~
w,m 1) € Ny {(y,tn,t)€N+YxR*<—>XxR* (t #0)

is a deffeomorphism onto the image. ¥ x R is naturally embedded into DNC(X,Y)
by
y€Y CN,Y CDNCX,Y) (t=0)

(y,t) €Y x R~ {(y,t) €Y xR* ¢ DNC(X,Y) (t+#0).

There isamap f:=nll¢: DNC(X,Y) - X xR, where 7 : N, Y - Y C X x {0} C
X x R is the projection map and ¢ : X x R* — X x R is the inclusion map.



s € R* acts on (y,n) € Ny+Y by (y,s 'n) and acts on (z,t) € X x R* by (z, st).
These actions smoothly glue and defines the gauge action of R* on DNC(X,Y). The
relation of the blow-up and the normal cone deformation is given by

[X;Y] = (DNC>o(X,Y)\ Y x R>g) /R,

where DNC>o(X,Y) := NLYIIX xR> is a codimension 0 submanifold of DNC(X,Y).

2.2 Blow-up of a Lie groupoid

In this section, following [9], we discuss a spherical blow-up and a normal cone defor-
mation of a Lie groupoid.

Let G and X be smooth manifolds with corners, and suppose that the Lie groupoid
structure G = X is given. In this paper we assume that each fibre of the domain map
G, :={g € G| d(g) = z} is a (possibly non-compact) manifold without boundaries
(or corners).

Let H = Y be a Lie subgroupoid of G = X, and suppose that H C Gand Y C X
is a p-submanifold. Then by naturality of the DNC construction, DNC(G,H) =
DNC(X,Y) is a Lie groupiod, where the domain map, range map and multiplication
map are given by DNC(d), DNC(r) and DNC(p).

This procedure cannot be directly carried out for the blow-up case, because the
map Nd : NH — NY has a kernel in general, so SN H — SN,Y cannot be defined.
Thus, we define

DNC(G, M) := DNC(G,H) \ (DNC(d)" (Y x R) U DNC(r)"}(Y x R))

—_~—

[G:H) := DNC>0(G, H)/Rq.

Then 5.7\\7_6'(9,7-[) = DNC(X,Y) is an open Lie subgroupoid of DNC(G,H), and
[G;H] = [X;Y] is a Lie groupoid.

2.3 The definition of b-calculus and ®-calculus

In this section, we review the definition of the b-calculus [18] and ®-calculus [17], and
discuss its relation to the notion of the pseudodifferential operators on a Lie groupiod
[24]. For simplicity, we assume that the section of an appropriate density bundle is
fixed and ignore the density term in the fibre integrals. We also only consider C-valued
pseudodifferential operators instead of a general vector bundle setting.

Let X be a compact smooth manifold with boundary and fix a boundary defining
function z. Define

X2 = [X%(0X)%.

X2 has three boundary hyper surfaces L, R and F, corresponding to 0X x X, X x 0X
and 0X x 0X respectively. X is embedded into X? by a diagonal map. Then, the
(small) b-calculus is defined by

U (X) := {k € I™(X?,X) | k vanishes at infinity order at L and R},

where I is the space of m-th order one-step polyhomogenious conormal distribution.

To describe the b-calculus in terms of a Lie groupoid as in [23, 9], let X be
embedded in a closed manifold Z as a codimension 0 submanifold (e.g. Z can be
chosen to be the double of X). Then, Z? = Z and (0X)? = 0X are Lie groupoids,

thus [Z2;(0X)?] == [Z,0X] is a Lie groupoid as described in section 2.2. Because



0X is cutting Z into two different components, [Z, 0X] = X IT X’ for some manifold

with boundary X’. The restriction of [Z2;(0X)?] to X is a Lie groupoid which is
diffeomorphic to X? \ L\ R:

—~—

Gy :=[22,(0X)?]|x ~ X\ L\R= X.

This groupoid is called a puff groupoid in [23]. By the definition of the (compactly
supported) pseudodifferential operators on a Lie groupoid [24],

U™(Gy) := {k € I™(X?,X) | k vanishes identically on some neighbourhood of L and R}

and ¥7'(Gy) C U}*(X) is a subset, which is dense with respect to the operator norm
between the Sobolev spaces.
Suppose further that the fibre bundle ¢ : 90X — Y is given. Define

d:=0X ; 0X = {(z,y) € 0X x 90X | ¢(x) = ¢(y)}

then @ is naturally embedded into X7 and we define
X2 .= [X}; D).

X2 has four boundary hypersurfaces L, R, F and FF where FF is the new face
corresponding to ®. X is embedded diagonally into X2. The ® calculus is defined by

V(X)) :={k € I'"(X2,X) | k vanishes at infinity order at L, R and F}.

® = 0X is a subgroupoid of G, = X and [Gy; ] = [X,0X] = X is a Lie groupoid
which is diffeomorphic to X2 \ L\ R\ F:

—~—

Go == [Gy; @]~ X\ L\ R\ F = X.
Its algebra of pseudodifferential operators are given by
U™ (Gg) := {k € I"™ (X3, X) | k vanishes identically on some neighbourhood of L,R and F'}.

Thus ¥7*(Gg) C UF(X) is a dense subset.

2.4 The scattering calculus and Atiyah-Singer index theorem

In this section, we review the ®-calculus of Mazzeo-Melrose [17], and as a special case,
discuss the index problem for the scattering calculus.

Let X be a compact manifold with boundary, and a fibre bundle ¢ : 0X — Y
is given. Fix a boundary defining function x of 0X. Then we can define a calculus
of ®-pseudodifferential operators (or fibred cusp pseudodifferential operatos) ¥4 (X),
which is a filtered +-algebra. Each element P € W)(X) defines a bounded operator,

P:L3(X)— L3(X)

There exists two homomorphisms, a symbol map ¢ and a normal map N which make
the following sequences exact.

0— U H(X) = Uy (X) S SO°*T*X) =0

0= 205" (X) = WH(X) 55 U0 wny) (0X) = 0

sus



where ®T*X is a vector bundle over X which is non-canonically isomorphic to 7% X,
®NY is a vector bundle over Y which is non-canonically isomorphic to R @& T*Y and
\Ilgus(q) Ny)(aX ) is a space of ® NY-suspended pseudodifferential operators on 9X of
order 0.

We say P € U9 (X) is elliptic if o(P) is invertible, and fully elliptic in addition
N(P) is invertible. It is shown that P : L3(X) — L(X) is Fredholm if and only if
P is fully-elliptic.

In an extreme case when ¢ is an identity map ¢ : 0X — 00X, the calculus
U0 (X) := U (X) is called scattering calculus. In this case, as outlined in [21],
the index problem of fully elliptic operator is reduced to the Atiyah-Singer index
theorem. Let us explain it briefly. We can define a map

{P € V% (X) | P is fully elliptic} /homotopy — K (D(TX),0D(TX)),

where OD(TX) = D(TX|ox) U S(TX) and D or S means a disk or a sphere bundle
of the vector bundle. The composition of this map and the topological index map [5]
t-ind : K(D(TX),0D(TX)) — Z gives the index of fully elliptic operator.

2.5 Operator valued logarithmic residual theorem

In this section, following [11, 19], we discuss about the operator valued logarithmic
residual theorem.

Let Q C C be a bounded domain. For a Hilbert space H let L(H) be an algebra
of bounded linear operators. Let A : Q@ — L(H) be a continuous map which is
holomorphic on  Suppose that A(\) is invertible for A € 9Q and is Fredholm for

A € Q. Then the map A~(\) : 9Q — L(H) meromorphically extends to 2. Define
Spec(A) := {A € Q| A()) is not invertible },

then it is a finite set as poles of a meromorphic function are discrete. For each
Ao € Spec(A), define a finite dimensional vector space

F(A X)) :=={f e My, (H)/Ox,(H) | A(N)f(X) is holomorphic at Ay },

where M, (H) and Oy, (H) are the space of H-valued meromorphic and holomorphic
germs at Ag. This set is well-defined because if f is holomophic around Ag, A(N) f(N)
is holomorphic around Ag.

The operator valued logarithmic residual theorem [11] asserts that

Theorem 4 (Gohberg and Sigal [11]).

1 AN :
—trp ATN)LdA = Y dimF(4,\).
2mi - Joo OA AoESpec(A)

Define Q% := {X | A\ € Q}, then the map A* : Q* — L(H) defined by A*()) :=
(A(N))* is continuous on 2* and holomorphic on Q2*. Define a sesquilinear form by

(f.9) € F(A,Xo) x F(A* %) = B(f, ) : 7% < ANVFON), g(%) > dA € C,

where C is a small circle around A\g. If f or g is holomorphic at Ag or Xg, then

< AN (M), g(\) >=< f(A), A*(X\)g(A) > is holomorphic at \g, thus this sesquilinear
form is well-defined. As discussed in [19], this sesquilinear form is non-degenerate.



Fix ¢ and suppose that B(f,g) =0 for all f, then for any holomorphic function u(\)
around \g, A7t (A)u(N) € F(A, \) and the assumption implies that

1 —

As u is arbitrary, g is holomorphic at \g. Similar result can be proved when f and g
are interchanged, thus the form is non-degenerate.

2.6 The relative index theorem for b-calculus and the mod &
index theorem

In this section, following [19], we briefly review the basic property of b-calculus and the
relative index theorem for b-calculus. The application of the relative index theorem
for 7 /k-manifold [10] is also discussed.

Let X be a compact manifold with boundary, and x be its boundary defining
function. Then we can define a small calculus of b-pseudodifferential operators. Each
element P € ¥Y(X) defines a bounded operator.

P:L}(X) — Li(X)

There are two important homomorphisms:the symbol map ¢ and the normal map N
(or the indicial map). These maps are x-homomorphisms of filtered algebras which
make the following sequences exact.

0— T, (X)) = U)(X) D S°CT*X) =0

0— 20, H(X) —» BYUX) 5 W), (9X) =0

b,inv

where *T*X is a vector bundle over X which is non-canonically isomorphic to 7" X,
and S°(°T*X) is a space of symbols of order 0 over *T*X. 9X is a compactification

of the positive normal bundle of X < X which is non-canonically diffeomorphic to

0X % [0,1], and \I/Z’finv(f( ) is an algebra of b-pseudodifferential operators on X which

are invariant under the action of (0, c0) on X.
Let P € ¥(X). P is called elliptic if its symbol is invertible. The Mellin transform
of the normal operator of P

N(P):C — 0°(8X)

is an entire holomorphic function, and if P is elliptic, N(P)()) is Fredholm for all
reC.

Theorem 5 (Melrose [19]). Let P € ¥)(X), then P defines a bounded linear map
L3(X) — L(X). This map is Fredholm if and only if P is elliptic and N(P)(\) is
invertible for all A € R

Let P € W)(X) and 8 € R, then z°Pz~F € W)(X) and N(z?PzP)(\) =

JV(P)(A +4/). Thus, theorem 5 ensures that 2 Pz—# is Fredholm if and only if

B¢ —ImSpec(]/\} (P)), where Im is the imaginary part map. The relative index theo-
rem asserts that:



Theorem 6 (Melrose [19]). Let P € W(X) be elliptic and By, B ¢ —ImSpec(N(P)), B2 >
B1. Then,

ON(P)
)\

ind(2 Pa—) — ind (2% Pz~%) = %n 74 NP () Ndr,  (5)

where the path of the integral is chosen so that its interior contains all poles of
N(P)~Y(\) such that 1 < —Im()\) < f32.

Proof. We only demonstrate the outline of the proof. We can assume that 8, —3; < 1.
Let u € ker(z/1 Pe=P1), ie. u € 2% L2(X) and Pu = 0. By hypoellipticity of P, u €
zh H*(X). Let ¢ be a cut-off function, which is supported in the neighbour hood of
0X and identically 1 around dX. Then, the Mellin transform of 51\1()\) is holomorphic
on Im(\) > —f;. The condition Pu = 0 and 82 — 81 < 1 implies that P()\)@()\)
is holomorphic up to Im(A) > —f5. In particular, &L()\) can be meromorphically
extended to Im(A) > —f,. Thus, for each Ag € Spec(N(P)), —fB2 < ImAg < —f;.
The map

I':u € ker(z? Pr=P) — @(germ of du at Xo) € @F(Spec(ﬁ(P)), o)
A() >\0

can be defined. u € 272 H*(X) C 2» H*(X) if and only if @(/\) can be holomoph-
ically extended to Im(X) > —f; if and only if I'(u) = 0. In particular,

dim Image(I") = dim ker(z”* Pz=) — dim ker (2”2 Pz=%2).
Similar discussion for P* shows that the map
T* v € ker(z 2 P*2P?) @(germ of duv at o) € @F(Spec(N(P*)),TO)
)\0 A0

can be defined and

dim Image(I'™*) = dim ker(z %2 P*2%2) — dim ker(z =" P*21)
= dim coker (2”2 Pz~"2) — dim coker (%' Pz=1).

Then, Image(I') and Image(I'™™) are annihilators of each other with respect to the
sesquilinear form b defined in section 2.5 because

BI(w),T*(0) = 5 § < NPYNFu), 50(%) > dA
= }/ < N(P)ou,pv > — < ¢u, N(P*)dv >
v Jox x[0,00]
1

= f/<Pu,v>—<u,P*v>.
tJx

In particular,

Z dim F(Spec(N(P)), Ao) = dim Image(T') + dim Image(I"™*) =
Ao
= ind (2% Pz=P1) — ind(2P2 P2 =P2)

combined with the operator valued logarithmic residual theorem, the proof is com-
pleted. O
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Recall that a “closed” Z/k-manifold X is a manifold with boundary such that
0X is a disjoint union of k£ copies of a closed manifold Z, 0X = kZ. Freed and
Melrose [10] introduced a subalgebra of ¥9(X), consists of P € ¥)(X) for which
N(P) can be written as a direct sum of k copies of some operator. For such an
operator P, ind(z” Pz=?) mod k € Z/k is independent of 3 because right hand side
of the formula (5) is always a multiple of k. They proved the index theorem which
asserts that this Z/k-valued index can be written in terms of topological K-theory.

2.7 The topological index of a Z/k-manifold

In this section, following [7, 10, 25], we discuss about the topological index of a Z/k-
manifold (possibly with boundary).

Let X be a compact smooth manifold with corners with two boundary hyper-
surfaces 0p X, 01 X, i.e. ZX = 0gX N1 X and 90X = JpX U X. X is called a
Z/k-manifold if a diffeomorphism 01X ~ kZ is given, where k£ > 0 is an integer, Z
is a manifold with boundary and kZ is a disjoint union of k copies of Z. X is called
closed as a Z/k-manifold when dy X = ¢. Note that if X is a Z/k-manifold, 9y X also
is a Z/k-manifold. Define X = X/ ~ to be a quotient space obtained by identifying
k-copies in 01 X.

Lemma 1. There is an exact sequence
— K*Y2,07) - K*(X,0X) = K*(X,00X) = K*(Z,02) — (6)

Proof. Consider the exact sequence for the triple (X,0X,80X). Then K*(X,0X) ~
K*(X,0X) and by excision, K*(0X,00X) ~ K*(Z,07) O

A vector bundle p : E — X is called a Z/k-vector bundle if an isomorphism
Els,x ~ kEz is given for a vector bundle Ez — Z and plsg,x = kp. If E — X is
a Z/k-vector bundle, the quotient £ — X is a vector bundle (in the usual sense).
The disk bundle of E has a Z/k-structure defined by dyD(E) := S(E) U D(E|s,x),
M D(E) := D(E|s,x) ~ kD(Ez) (strictly speaking, we must smooth the corner
S(E) N D(Es,x) but it will be omitted in the rest of this paper). TX has a Z/k-
vector bundle structure unique up to homotopy. We call X a Spin¢ Z/k-manifold if
TX has a Spin® structure and is compatible with Z/k structure.

Definition 1. Let X, Y be a compact Z/k-manifold and f : X — Y be a smooth map,
then f is called a Z/k map, if the following conditions are satisfied.

° f(81X) - (81Y)
o flo,x =kfz for a smooth map fz : Zx — Zy.

e The map between normal bundles df : v(01X) — v(01Y) is an isomorphism on
each fibre. (transversality)

In obvious way, we can define the category of Z/k-manifolds and Z/k-maps.

Next, we define a “model space” L, which is a terminal object of a homotopy
category of Z/k-manifolds. Let [ > 0 be an integer and take k point in int D! then
L := D'x I is a Z/k-manifold defined by ; L := "small neighbourhood of k points” ~
kD!, 9oL := OL \ int 0, L. By the exact sequence (6), we can compute that

Z/k (=141 mod 2)

K*(L,0,L) ~
(L,0:L) {O (=1 mod 2).
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Lemma 2. L is a terminal object of a homotopy category of Z/k-manifolds. Namely,
let X be a Z/k-manifold, then there exists a Z/k-map f : X — L which is unique up
to homotopy.

Proof. To prove existence, let 21 be a boundary defining function of 9; X and aq, ... a; €
01 L be k points. The neighbourhood of 9, X is diffeomorphic to kZ x [0,1). On n-th
copy of Z, define f(y,t) = (an,t) € L for (y,t) € Z x [0,1). By using cut-off function
it can be easily extended to whole X. Thus existence is proved.

For uniqueness, Let f,g : X — L be Z/k-maps, then t f+(1—t)g is also a Z/k-map,
because L is convex and the transversality is closed under convex combinations. [

As in the case of closed manifold, we can define Gysin maps for Spin® Z/k-
manifolds. Detailed arguments can be found in [25].

Definition 2. Let X,Y be Spin® Z/k-manifolds, f : X =Y be a Z/k-map. Then
there is a map fi : K*(X,00X) — K*+dimY—=dimX (Y 5% which is characterized by
following properties.

e Iff: X =Y andg: Y — W are Z/k-maps, then (go f)i = gio fi

o If f: X =Y is an embedding, [y is a composition of the Thom isomorphism
K*(X,00X) ~ K*tdmY—=dimX(DB0,(X)) 9yD(v(X))) and

K*+dinl Y—dimX (D(V()())7 aOD(V(X))) N K*+diHl Y —dim X(?’ 80?) )

e If X = D(Ey) for a Z/k vector bundle p: By =Y and f = p|x, then fi is an
(inverse of ) Thom isomorphism.

We can now define a topological index as following. Let X be an even-dimensional
Spin®-manifold and f : X — L be a Z/k-map which is unique up to homotopy, then
fi: K(X,00X) — K4 L(L 9yL) = Z/k and we define

t-ind% := fi : K(X,00X) — Z/k.
For a general Z/k-manifold X, D(TX) is a Spin® Z/k-manifold and we can define

tindy = t-ind5py, : K(D(TX),8D(TX)) — Z/k

As in the case of Atiyah-Singer, topological index can be characterized by following
axiomatic properties. Suppose that for each Z/k-manifold X, indx : K(D(TX),00D(TX)) —
Z/k is given.

Axiom 1. The following diagram commutes.

K(X,0X) —— K(X,8X)

lind;}s lindx

where indﬁs is an Atiyah-Singer index map.

Axiom 2. Let v : X =Y be a codimension zero embedding and r : K(X,00X) —
K(Y,00Y) be a naturally defined map, then indx = indy or

12



Let H be a compact Lie group and P — X be a principal H bundle compatible
with a Z/k-structure. Suppose that a compact H manifold F is given and define

Z := P x F. Then as in [5, 10, 25], we can define a multiplication
H

K(D(TX),8,D(TX)) ® Ky (D(TF),0D(TF)) — K(D(TZ),0,D(TZ)).

Also there is a map
w:R(H)— K(X)

defined by u(V) :=P x V.
H

Axiom 3. Let H, P, Z as above, then fora € K(D(TX),00D(TX)),b € Ky (D(TF),0D(TF)),
indz(ab) = indx (a - u(ind% (b))
Proposition 1. Ifindyx satisfies Aziom 1, 2, 3, then indx = t-indx

In [10],the index theorem for a closed Z/k-manifold was proved by showing that an-
alytic index satisfies three similar axioms. In [25], the index theorem for G-equivariant
Z/k-manifold was proved similarly. In this paper, we will prove the index theorem
for a Z/k-manifold (possibly with boundary) in two different ways, one is to use
Proposition 1, the other is to reduce to the case of a closed Z/k-manifold.

3 The fibred cusp b-calculus

In this section, based on the discussion in [17], we define the fibred cusp b-pseudodifferential
operators.

3.1 Settings

Let X be a smooth compact manifold with corners which has two embedded bound-
ary hypersurfaces. Following relations hold where 0y X and 0; X are the boundary
hypersurfaces.

0X = XUKX , LX =9 XN X

Suppose a fibre bundle ¢ : 9y X — Y is given, where Y is a compact manifold
with boundary and each fibre Z is a compact manifold without boundary. Suppose
further ¢ maps the boundary to the boundary, thus restricts to a fibre bundle ¢|,x :
/X — 9Y, and the following diagram commutes.

/X 9 X

\LQUX ifﬁ
Y——=Y

We say X is a manifold with fibred boundary in this case.

The whole following discussion can be applied in the case when each fibre ¢~1(y)
varies on connected components of Y, but for simplicity, we assume they are all
diffeomorphic to a single closed manifold Z.

Take any boundary defining functions xg,x; € C*°(X) for 9y X, 91 X respectively.
We assume that z1|s,x is constant on each fibre of ¢, which is always possible by
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taking boundary defining function of Y C Y and pulling it back to 9y X and extend
it to X.

To describe local properties of X, it is convenient to introduce a “model space”
M as follows.

M = {($07$1,y72) S RZO X RZO X Rk_l X Rl}, 60M = {LL'() = 0}7 81M = {J,'l = 0}7

N = {(z1,y) € Ryo x R*"'}, ¢: ;M — N,

where ¢ is the projection. Then M is a manifold with fibred boundary (without a
compactness assumption).

For any manifold with fibred boundary X and p € X, their exists an open neigh-
bourhood p € U and diffeomorphism onto open subset of M which preserves the
structure of manifold with fibred boundary. Where “preserving the structure” means
it preserves Jy, 01 and ¢, and when p € 9y X or p € 01 X, it preserves the function x
or x7.

We define fibred cusp b-vector fields on X as follows:

Voo (X) ={V € V(X) | Vg € 35C(X), V|5, x is tangent to the fibres of ¢,
V0s, x is tangent to 1 X }, (7)

where V(X) is the space of smooth vector fields on X.
When X = M, it is straightforward to check Vg (M) is freely generated by
0 7] 0

2 (') . .
r5——, Tox1—=——, Log=——, — over C°(M). Thus their exist a smooth vector bundle
0 8£E0 o 81'1 0 83/1‘ 8zj ( )

25T X over X and the isomorphism T'(X,** TX) ~ Vg ;,(X).
The map ®*TX — TX, induced by V®(X) — V(X) defines the Lie algebroid
structure on X. Such a structure is called a Lie structure at infinity in [3] and [4].
Although the space Vg ,(X) depends on the choice of boundary defining function
xo of Jp X, the full information of z¢ is not needed to determine Vg ;,(X), and we can
prove the following lemma by direct calculation.

Lemma 3. Two choices of boundary defining function of 09X, xo and o defines a
same space Vo »(X) if and only if To/xo = a € C(X) satisfies alg,x = ¢*v for
some v € C(Y).

On the set
B :={x¢ | 2o is a boundary defining function of 9y X},
the group
G:={aeC®X)|a>0and a|g,x is constant on each fibre of ¢ }

acts by multiplication. The above lemma implies that fixing Vg ,(X) is equivalent to
fix the G orbit in b.
From now on, we fix the Lie algebroid Vg ,(X), or equivalently, the G orbit in b.
Next we define the vector bundle over Y by using the local coordinate:

0 0 0
®,b 2

INY = Z romi -, zo).
span{xj axo,xoxl axl,mo 6%}

By definition,

¢*(P'NY) = ker(**TX|g,x = TX|g,x)-
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We want to describe this vector bundle without using coordinate. Note that if
we fix 29, P NY is clearly isomorphic to R @ °TY. If 3 = axq is another choice
of boundary defining function where a € G. The coordinate exchange is given as
following.

PR
08930 B o 08530
0 10 0
Tol1 75— = — . 57%5517~ + — - ToT1
O0r1 o2 0z O%o 01

WP a0 1D
“Oy; ~ a2y, 030 o oy

The group G acts on R @ *TY by
(a,7,1) € G x (R®TY) v (7/v+dy-n/y*n/7) ER®TY,

where v € C°(Y) is defined by ¢*y = a~!|g,x and dy - n is the paring of T*Y and
*TY. By the above formula of coordinate exchange, the map
0 0 0 0

: — mi=—,x0) € (RBTY) x B (122 —, — e ®'NY,
(1,0111 o 7 " x0) € (R ) X (tz§ o o1T0T1 o zo 3yi)
is a well-defined isomorphism. This gives a coordinate-free definition of ®*NY'.

Let X7 be a smooth manifold obtained by blowing up 9pX x 99X and 9 X x 0; X
in X x X.

Xi = [X%(80X)%, (X)), By - Xif — X°
The order of two blow-ups does not matter because 9pX x JpX and X x 91 X
intersects transversely (see [19]). X7 has 6 boundary hypersurfaces Lo, Fo, Ro, L1, F}
and Ry, which corresponds to g X x X, 0pX X 0p X, X X 0gX,01 X x X,0; X x 01X
, and X x 01X respectively, where L, F' or R stands for left, front or right.
Define @ := 9oX x 9 X = {(w,w’) € X x X | p(w) = ¢p(w')} C (9X)?.
Y
Then @ can be lifted to ®, C (9pX)?. The smooth function z{/zo : X7 — [0, 0] is
independent of the choice of xy when restricted to Fy and there is a diffeomorphism
(00X)} ~{x(/zo =1} N Fy.
By regarding ®; as a submanifold of {z(/z¢g = 1} N Fy, we define
Xap =X 0] By : X3y — X ,B:=PpoBy: Xg, — X°.
X%b has 7 boundary hypersurfaces Lg, Fy, Ro, L1, F1, R1 and F'F;y where the new
hypersurface F'Fy corresponds to ®.
For a model space M, we describe these blowing-ups explicitly using coordinates.

M? = {(zo,x1,y, 2,24, 5,9y, 2') | £0 > 0,21 > 0,25 > 0,2 > 0}
First, the coordinate on M? \ Lo \ L; is given as following.

{(z0,21,9,2,80,51,y',2") | 2o > 0,21 > 0,80 > 0,81 > 0}

0 Z1
In this coordinate, ®, = {zop = 0,50 = 1,81 = 1,y = ¢y'}. Thus, we can give an
explicit coordinate on Mg, \ Lo \ Ry around FFy as following.

{($07I1,y72,’11,0,ul,’0,’w> ‘ Zo 207171 ZO,I’O' Vl+u%+u%+v2 < 1}

/ ! !
1—s0 @ —x 1—s  x1—2] y—y /
Uy = = 3 , Up = = , V= , W=2—2Z2
Zo n) i) o1 Zo
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3.2 Lie groupoid structure

In this section, by using the above local cooridnate, we give an explicit description of
the structure of the Lie group associated to the fibred cusp b-calculus.

Proposition 2. G := X3, \ Lo \ Ro \ L1 \ Ry has a structure of a Lie groupoid by
extending the Lie groupoid structure on int X2. The set of units of G is the lifted
diagonal Ay, C X3 ,, and the associated Lie algebroid A(G) is *bTX.

Proof. Recall that the Lie algebroid structure of int X2 is given as follows:
d(z, 2"y =2, r(z,2') ==z
p((z, ), (', ")) = (z,2")
u(z) = (z,x)
v(z,2") = (2, x)

where d,r, 4, u and ¢ are domain, range, multiplication, unit, and inversion map re-
spectively.
By using the coordinate on X2 , described above, we can compute:

/ 2 / / /
Ty = To — ToUp, T1 = T1 — TpoT1U1, Y =Y — TV, 2 =2 —W.

7 2 " 1o " /
To— z 1 — ToT Y-y z
R R Nk SR A W3 — o D
o e ToT1 o1 o o
(8)
where / " / " / "
1 _ Lo — Zo r_ X1~ r_ Y Yy r "
Ug = P) , Uy = T v = 7 , W =2 — 2.
Lo ToT1 T

Because z(/xo = 1 — zoug and x} /21 = 1 — zgu; are smooth on G, d,r, u,u and ¢ can
be extended to G. These maps satisfy the axiom of the Lie groupoid as they satisfy
on the dense subset int X 2.

Clearly, the set of units of G is the lifted diagonal

A‘I),b = {($0ax1ayazvu07ulyvyw) | Up =U1 =0V=w= O}

By definition, A(G) is spanned by the restrictions of 9/dug,d/0u1,d/0v and 9/Ow
to A@Jr

9 __p,0 90 0 0 _ 0 0 _ 0 )
dug oz duy  roxl v oy w07
Thus, A(G) = ®*TX. O

The Lie groupoid structure of G can be described simpler if we use the notion of
blow-up of a Lie groupoid . Let G, = X be the b-groupoid, then, as described in
section2.2, G, is an open subset of Xg and G, = X is a subgroupoid of G,. Then

G = [Gp; Dy).
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3.3 The definition of the fibred cusp b-pseudodifferential op-
erators

Definition 3. Let E and F' are vector bundles over X, and m € R be an arbitrary
real number. Then, the space of fibred cusp b-pseudodifferential operator of order m
from E to F is defined as follows.

Po(X B F) = {P e I™X3, Mop(X);mj F@mRE @ m5(M1Q)),
P = 0 on each boundary hypersurface except for FFy or Fy}

Where wp,, TR : X;b — X are left and right projection, E' is a dual of E, ®*Q :=
|[Adm X | (2bTx XY ™ s q space of conormal distribution, and P = 0 means a van-
ishing of infinite order.

In this paper we only consider classical or one-step polyhomogeneous conormal
distribution.

The space of uniformly supported pseudodifferential operator U7*(G; E, F') defined
in [24] and [4] is, by definition,

V(G E, F) ={P € Vg ,(X; £, F) | P vanishes identically on the neighborhood
of LoUR()ULlURl}. (10)

By definition, V(G; B, F) C V' (X; B, F).

Let C°(X; E) := 25°25°C>(X; E) be a space of smooth section of E which van-
ishes in infinite order on Jy X and 0; X. By general theory of conormal distributions
[19], for u € C°(X; E) we can see that Pu := (r).Prgu defines continuous linear
operators O (X; E) — C®(X; F) where (71,), is a fibre integral.

To give an explicit description of P, we assume P is supported in the coordinate
patch {(zo,z1,y, 2, up, u1,v,w)}.

By the condition P = 0 on LoURgUL;UR; , P decreases rapidly as ud+u?+|v]? —
oo. Thus we can Fourier transform with respect to ug, u1,v,w , and P can be written
as following.

100UQ 101U LNV (W
P(mo,xl,y,z,uo,ul,v,w)Z/e oot et €C p(x07x17yvzao-0agl7na<)

doododnd(|dugduy dvdw|

(11)

Note that 75 (®Q) is generated by 2{ * 2z~ *|dxfdx|dy'dz’|. Tts restriction to the
k42 k42
fibre of 7y, is %duoduldvdw and the coefficient Wf, is a non-zero smooth
Ty

function, thus we can absorb this coefficient in the bymbol term.
For a function u(zg,x1,y, 2), the action of P is given by

ioouo Sto1uy in-v i w
PU(mo,wl,y,z)=/e 0uo LUt oMY W (1 104, y, 2, 00, 01,1, C)

u(zo — x2ug, 21 — ToT1UL, Y — TV, 2 — w)dogdordndC|dugdu, dudw).

For any complex numbers o and 8, z{z] Pa:o 3315 € P, (X;E,F), because
xh/x0 = 1 —x0Up , 24 /21 = 1 — 20Uy and these derivatives are smooth up to F'Fy and
F; and at most polynomial order up to other boundary hypersurfaces. Thus P also
defines an operator §z?C>(X; E) — 2§27 C>(X; F). In particular, we can obtain
three operators,
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Plgyx : CF(0pX; E) — C® (00 X; F),

P|81X : C°°(81X,E) — C°°(81X,F),

and
Pl x : C®(LX;E) — C™(LX; F),

such that (Pu)|30X = P|30Xu|aox, (Pu)|alx = P‘DIXU|61X and (Pu)|4X = P|4Xu|4X
for u e C*(X; E).

Lemma 4. P|60X S \I’g%re(aoX;E,F) 5 P‘OIX € \I’gL(alX;E,F> s P|4X S \I’g{)re<ZX;E,F)

where WE  is the space of a family of m-th pseudodifferential operators on each fibre
of ¢ which depends smoothly on the base points, and Vg is the space of m-th fibred
cusp pseudodifferential operator.

Proof. By using partition of unity, we can assume P is supported in the coordinate
patch. Let p is a symbol of P as in (11), the symbols of Plg,x, Plo,x and Pls,x
are p(07 T1,Y, %, 0,0,0, <) ) p(‘rOa 0, Y,2,00, 0, m, C) and p(07 0, Y, %, 0,0,0, C) respeCtiVGIY'

O

As in [17], we can construct a blow-up X3 , of X?
X3, = [Xp; O0; @pr; Qo7 Por; Prs P el
By using this manifold, we can prove the following proposition exactly parallel as in
[17] or [8].

Proposition 3. Let E, F, G are vector bundles over X, m,m' € R, P € ng(X; E.F)
and Q € V' (X, F,G) , then Qo P € Wyt™ (X; E,G).

3.4 Symbols and normal operators

In this section, we define the symbol ¢ and normal operators Ny and N;. Essentially,
No(P) and N;(P) are restriction of the Schwartz kernel of P to FFy and Fy. A
similar notion is called a normal operator in [17], an indicial operator in [18], and just
a symbol in [8].

As described in [19],[17],[24], we can obtain a symbol homomorphism

o Vg (X;E, F) = S™(®'T*X;Hom (E, F)).

Where S™(®*T*X; Hom (E, F')) is a space of bundle homomorphisms ®*7*X \ 0 —
Hom (E, F') which are homogeneous of degree m. The sequence

0— Vg, (X5 B, F) = Vg (X; B, F) 5 S™(®'T* X; Hom (E, F)) — 0

is exact.

Next, we consider a normal operator at 9y X. Let p € Y , (7,7) € (R& T*Y),.
Fix any real valued f € C°°(Y) such that f(p) = 7, df(p) = 7, and real valued
f € C°°(X) such that ¢*f = f|s,x . Define

(1) € ROTTY),
— N()(T, ) = [exp(—if/xo)Pexp(if/xo)]|¢71(p) € \I/m(¢_1(p);E,F). (12)
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Then, for 7 = f(1,9),6 = 52-f(21,9) , & = 5 f(21,y), the symbol of N(7,0,¢)

is given by p(0,21,y,2, —7,215,§,n), in particular Ny is well-defined and does not
depend on the choice of f or f and depends smoothly in (7, 7).

Note that if (5,&;) = (6dx1, Y &dy;) is a coordinate for T*Y| then (16 (dx1 /1), > &idy:)
is a coordinate for *T*Y. Soif B : TY — *TY is a blow-down map, the above symbol
expression implies that there is a unique map Ny : (R®T*Y), — U™ (¢~ (p); E, F)
such that ]/V\o o By, = Ny, i.e. ]/V\O(T, 0,§) = N(r,0/x1,€), and its symbol is given by
p(0,21,y, 2, —7,0,&,1). -

By the fourier transform, it turns out that Ny defines a suspended pseudodiffer-

ential operator (see [17]). No = No(P) € \I/;ﬁs(@»bNY)(aX) ,PNY ~R®T*Y. We

say No(P) is a normal operator of P on 9pX.
We obtain the exact sequence

0 = 2o, (X) = TP (X) 2% U7 0oy (B0X) = 0.
We consider a normal operator of P at 0; X. For P € \Ilgb(X; E,F), X € C define
NU(P)(N) = [2y * PaiMlo,x € VE(D1X; B, F).

Obviously, ]/\7\1 :C — U (01X E, F) is an entire holomorphic function.
Let 01X ~ 01X x [0,00] is the compactification of the positive normal bundle of
01X C X, then 0; X obviously has a structure of a manifold with fibred boundary.

Define
& binv (8/1\5() ={B¢€ \I:g,b(él?()\ b is equivariant with respect to
the (0, 00) action on hX o (13)

—2
Note that the first front faces F; C X%,b and F; C 01 X ®,p are canonically diffeo-
morphic, thus, by Mellin transformation, it turns out that J/V\l(P) defines Ny (P) €
VE p iy (01X) and the following sequence is exact (see [18] for the detail).

0= 2 W (X) = WP (X) 25 0, (31 X) — 0

In a local coordinate, define ¢ :=log(1 — xoX1)/x0, then t is smooth up to zo = 0,

17 .
Ty 1o At
ix
Ty

and X; = (1 — e'™)/xq is also smooth up to g = 0. Then =e

Thus by changing coordinate form X; to t , (zo, 21, Xo,t,v,Y,2,Z) also gives a
coordinate. Define the symbol p of P with respect to this coordinate by following.

P(anxlaXO,tvyaKZ,Z) = /eigoxoeiglteinyeiczﬁ(x(),:L'layazaO—an—lvnﬂC)

doodoydnd¢|dXodtdY dZ|

Then the symbol of ]/V\l(P)(/\) is p(xo,0,y, 2,00, —ToA, 1, ().

The normal operators Ny, N1 can be thought as the restriction to 91 X, 9y X, and
the symbol o can be thought as the restriction to the boundary S(®*T*X) of ®:6T* X
at infinity. We want to consider further restriction to the intersection of these two.

As in the case of ¢, we can define symbol maps

sus

00 : U @onyy (00X B, F) = S™(PT* X |9, 2; Hom (E, F))
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and
o1 UG (X5 B, F) — S™(PPT* X o, x; Hom (B, F)).

To consider the restriction to Z X, as 51\\):( is also a manifold with ﬁb@g boundary,
we can define a normal operator on 9p(1X) = £ZX, No1 : ¥g, . (01 X;E, F) —

U gy (LX)

Where Y ~ 9Y x [0, 0] X ~ /X x [0, 0] Note that for Q € \Izggb’mv(aﬂl)?; E,F),

No.1(Q) is also equivariant to the action of (0, 00), and (0, 00) acts on /X or dY by
multiplication. So the restriction of Ny ; to the any fibre of ¢ gives the same value in
\Ilgﬁs(q,,bNay)(ZX; E,F), where ®**NOY := ®*NY |5y ~ RO R @ T*0Y.

Thus we can define

Nl,o : \Pgl,b,inv(aflt)/(; E, F) - \II::?JS(¢=bN8Y) <4X7 E, F)
On the other hand we can define

sus

N071 . \I/m (@)bNy)(aOX;E, F) — \I/;ﬁs(‘?»bNaY)(lX;E’ F)

by restriction.
We can also define the symbol map.

00,1+ Uis(wo noyy (LX ELF) — S™(**TX|,x;Hom (E, F))
Define following maps by restrictions of symbols.
§™(TTX; Hom (B, F)) = 8™ (M'T* X o, x; Hom (E, F))
S™ (PP X Hom (E, F)) — S™(®*T* X |, x; Hom (E, F))
S™(POT* X |5, x; Hom (B, F)) — S™(®*T* X |, x; Hom (E, F))
S™(*PT* X |9, x; Hom (B, F)) = S™(*T* X| . x; Hom (E, F))

In summary, we defined 12 maps o, 0g, 01, 00,1, No, N1, No,1 V1,0 and four restric-
tion maps. It is obvious from the definition that any composition of any com-
posable pair which is defined on same spaces coincides, e.g. Ny 1Ny = N; Ny or
olo,x = ooNy. Exact sequences exist for all of these 12 maps as shown in the case
o, Ng and Ny, but we will omit here.

Finally we can consider the joint symbol J" which is defined as follows.

J™(X; B, F) = {(s,n0,m1) € S™(""T*X; Hom (E, F)) © U .y (00 X; E, F)
DU iy (D1 X5 B, F) | s]a,x = 00(n0), slapx = 1(n1), No,i(no) = Nio(n1)}

Then the following sequence is exact by the diagram chasing.

0 = 2oz Uy (X B, F) — UE,(X; B, F) 22080, gm(x B Ry 50 (14)
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3.5 The Fredholm criterion

Let X be a manifold with fibred boundary. In this section fix a Riemannian metric
g on ®PT X then g can be considered as a singular metric on 7X and int X is a
Riemannian manifold with respect to that metric. We also assume that every complex
vector bundle E on X has a hermitian metric h. Then, we can define the L? space.

L3 4(X; E) == {u | u is a measurable section of F and /||u||2dg < oo}

For u,v € L} ,(X; E), we can define the inner product by (u,v) := [ h(u,v)dg. and
L2<1>,b(X§ E) is a Hilbert space with respect to this inner product.

To prove P is bounded on L?, we need some technical preparations. Consider
the normal operator on X, Ny : Vg (X;E, F) — \Ifgﬁb’mv(aT)?;E, F), then as
illustrated in [22], we can define a section of N; as following. Fix a diffeomorphism
MX ~ 9 X x [0, 00] and a collar neighbourhood 1 X x [0, 00] < X and take a smooth
function 1 on X which is supported in a small neighbourhood of 0; X and identically
equal to 1 around the neighbourhood of 9; X. Then the multiplication by % can be
regarded as a operator My : Coo(é;j() — C*°(X). Define S : \Ilgb,inv((f;;(; E,F) —
Vg, (X; B, F) by S(B) = MyBM,. By definition S is smooth with respect to the
Frécht space topology.

As in the case of b-calculus, for B € \I/%7b,inv((§17(;E,F) and u € C”(@T)?;EL
the action of b is characterized as follows.

Bu(\) = B(\a(\)

Where 7 and Bu are Mellin transform of u or Bu, and B(\) = N:(B) (N).

By the coordinate representation given in section 3.4, for A € R, B (M) is bounded
with respect to the Fréhet space topology on W% (0; X; E, F). By [17], the embedding
V9 (01 X;E,F) — L(L%(0,X; E), L2(0:X; F)) is bounded, thus |B(\)|| is bounded.

Thus b is also bounded because Mellin transform is an isomorphism on a L? space.

Proposition 4. For P € \Ilg)yb(X;E,F), P is bonded as an operator L?hb(E) —
Lé,b(F), and the inclusion \I/%J)(X; E F)— E(Léb(E),pr,b(F)) is a bounded map.

Proof. First, we show the proposition holds for P € xévx{V\IJ;,]Z(X; E F)when N >0
is sufficiently large. In this case the Schwartz kernel of P blows down and can be
written as a continuous kernel on X2. Thus the boundedness is obvious.

Secondly, we show the proposition holds for P € xgxi\llgfb(X; E,F) for any € > 0.
Because ||P||? = ||P*P|| and P*P € x3¢x2°¥U~2¢ | using this discussion recursively,
the boundedness follows by first step.

Lastly, we consider the general case P € \I/%,b(X ;E,F). As discussed above,
N1(P) is bounded with respect to the operator norms, so S(N1(P)) = My N1 (P)M;,
is also bounded with respect to operator norms, because My, is obviously bounded
with respect to operator norms. By replacing P by P — S(N1(P)), we can assume
that Nl(P) =0ie Pe€ 1‘1\11% b(X;E,F)

Take sufficiently large C' > 0 so that C' — No(P*P) and C — o(P*P) are pos-
itive. Then, we can find a formally self adjoint operator A € \Ilg,’b(X;E,E) such

that No(A) = \/C — N1 (P*P), N1(A) = v/C and o(A) = \/C — o(P*P). Note that
C' — N;(P*P) can be defined because the calculus of the suspended pseudodifferen-
tial operator is closed under holomorphic functional calculus. Set B := C' — P*P — A2

, then No(B) = N1(B) = o(B) = 0so B € a:oxlkl/q:’lb(X;E,E). Thus b is L?
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bounded by second step. ||Pul|?> = (P*Pu,u) = —(Bu,u) + C||u||? — ||Aul|?* <
1B+ [IC]) - [ul[?
O

As W)(G;E,F) C \I!%,b(X; E, F) is obviously dense with respect to the operator
norm, following propositions can be reduced to the general theory of pseudodifferential
operator of a groupoid [24, 13].

Proposition 5. Any one of the 12 maps in the last part of the section 3.4, including
o, No and Ny, is bounded with respect to the operator norm.

Theorem 7. P € U (X;E,F) is Fredholm if and only if o(P) and No(P) are
invertible and ]/V\l(P)(t) is invertible for all t € R.

Proof. As described in [13], by diagram chasing, the L? completion of the exact
sequence (14) is also exact,

0= K(X;E,F) = Ug ,(X;E,F) L 7 (X; E,F) - 0

where /C is the space of compact operators.

Thus P is Fredholm iff j(P) is invertible iff o(P), No(P), N1(P) are invertible in
its L? closure.

Because S°(®*T*X; E, F) and ‘I/gus(¢>=bNY)(30X; E, F) are closed under holomor-
phic functional calculus, o(P) and Ny(P) are invertible if and only if they are invert-
ible in its completion. -

For Ni(P) € ¥, ;.. (01X; E, F) , there is an injective *-homomorphism defined
by the Mellin transform.

B € WY, (01X E, F) = Blg € Cy(R, (01 X; E, F))

where C,(R, ¥%(0:X; E, F)) is a space of bounded continuous function from R to
U (9, X; E, F). Obviously, the completion of C,(R, ¥% (0, X; E, F)) is Cb(R,@g(alX; E,F))
and the above map extends to an injective *-homomorphism.

Ty i (01X B, F) = Cy(R, Uy (0, X; B, F)).

Thus N; (P) is invertible in its completion if and only if its image in Cy (R, @g (WX, E,F))
is invertible, and the claim follows. O

3.6 The relative index theorem

Lemma 5. Let P € \IJ%’b(X; E, F) and suppose that o(P) and No(P) are invertible.
Then there is a parametriz Q € \I'%’b(X; F,E) such that PQ—1d € xgoq/;j;f(x; F, F)
QP —1d € 5P (X E, E).

Proof. We construct the right parametrix @ inductively. Take Qo € \I/%J)(X  F,E) so
that a9(Qo) = 0o(P)™1, No(Qo) = o(P)~t. Then PQo —1d € xO\IJ;}b(X; F,F).

Set Ro := (PQo —Id)/x¢ € W3}, (X; E,E) . Take Q1 € Wy (X; F, E) such that
o-1(Q1) = —00(P)"'o-1(Ro), No(Q1) = —No(P)~"No(Rp). By definition of Q1,
P(Qo + Q1) — Id = zo(Ro + PQ1) € 23U 33 (X; F, F).

Suppose we constructed Q1 . .. @y such that Q,, € U5 (X; F, E) and P(3_( x5 Qum)—
Id € af U (X5 F F). Set Ry = (P(X g 2'Qm) — 1d)/ag™. Take Qny1 €
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\I/;Z_l(X; F,E)suchthat o_,,_1(Q1) = —00(P) to_n_1(Rn), No(Q1) = —No(P) 1 No(R,,).
Then as above, P(3 5" 20'Q,n) —1d € ag PO (X F).

Finally define Q := Y 0° @, by an asymptotic sum. Then Q € ¥y ,(X;F, E)
and PQ —1d € Qx’onlllgfg(X;E,E) = PV >(X;F,F). As we can construct left

parametrix similarly, @ is actually right and left parametrix.
O

For the above parametrix ), define S = Id — PQ € xSO\I/;?bO (X; F, F). Note that
xgo\llg"’bo(X;F, F) = a3, *(X; F,F), because the Schwartz kernel of any element
of z5°W 47 (X; F, F') vanishes on F'Fp in infinite order and blows down to the kernel
on X7.

We can see NI(S)(A) =1d - ]/\7\1(P)()\)N\1(Q)(/\) rapidly decreases as |[ReA| — oo
by the theory of b-calculus. Thus as in [18], we can prove the following lemma.

Lemma 6. Let P € \Il%’b(X; E,F) and suppose that o(P) and No(P) are invertible.
J/V\l(P)(/\)’1 is a meromorphic map from C to \II%’b(X;F, E). Furthermore, for any
N > 0, there exists C' > 0 such that Z/V\l(P)_l()\) exists and bounded on {\ € C |
[ReA| > C and ImA| < N }.

In particular,the number of poles in the strip {\ € C | |ImA| < N} is finite.

Let P € \I/%,b(X;E,F), and suppose that o(P) and No(P) are invertible. Ob-
viously, o(z§{Px]®) = o(P). Because z; is constant on each fibre of ¢ , Ny(P)
commutes with z§ and Ny(x{Px]*) = No(P).

For 5 € R, N\l(foxfB)()\) = N\l()\ +i3). By theorem 7 fomfﬁ is Fredholm if
and only if 8 ¢ —ImSpec(Kf\l (P)). Where Spec(ﬁ(P)) ={)eC| J/\/'\l(P)()\) is not invertible}
which is discrete by lemma 6.

Thus, exactly as in [18], we can prove the relative index theorem.

Theorem 8. Let P € \Ilgyb(X; E, F) and suppose that o(P) and No(P) are invertible,
B; ¢ —ImSpec,(P) (i =1,2) 2 > p1 .Then,

ONy(P)
oA

1 —
ind(z?' Pz7 ") — ind (222 P27 %) = gt ]{ N1 (P)~Y(\) (A)dA,
e

where ind is the index of Fredholm operator, tr is the trace, and the integral path is
chosen so that its interior contains all poles of N(P)~Y(\) such that 31 < —Im()\) <

Ba.
For P ¢ \I!%7b(X;E,F) and I :=[§,7] C R, 6 < 7 be a closed interval. Define

1
a norm by [|P||; := sup,e; |[z§Pzy ||, and WG, (X; E, F) be a completion with

respect to that norm. Then J/V\l extends.

N @I(X; E,F) — Holy(R x iI, g (0, X; E, F)),
where R x il = {A € C | § <Im(A) <~} and Hol, is a space of bounded continuous
function which is holomorphic in the interior.

To see N extends to the completion, let P € @I(X; E,F)and P, € \Il%’b(X; E,F)
such that ||P — B,||;r — 0, then J/\/'\l(Pn)|RX” is/\a Cauchy sequence by the definition
of the norm, and uniformly converges to some N1 (P). Because uniform limit of holo-
morphic function is holomorphic, N;(P) is holomorphic in the interior.
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Note that o and Ny also extends because o(z{ Px;*) = o(P) and No(z§Pz]“) =
No(P).

And theorem 8 can be extended to the completion P € @I(X ; B, F), because
both hand side of the equality are continuous with respect to || - ||; and is an integer.

4 Application to Z/k-manifolds

In this section we fix an isomorphism T'X = ®*T*X for simplicity. Suppose X is a Z/k
manifold, i.e. X is a manifold with corner and 0X = 9p X U1 X , LX = 0g X N1 X
and the diffeomorhpism 01X ~ kZ is given, where Z is a manifold with boundary
and kZ is a disjoint union of k copies of Z. For ¢ = 1Id : g X — 0y X , we regard X
as a manifold with fibred boundary. And we write U9, ,(X; E, F) = ¥4 ,(X; E, F) in
this case.

A vector bundle E over X is called Z/k-vector bundle if E|s, x = kEz for some
vector bundle E; — Z. Fix a Z/k-vector bundle structure on TX. Define X be a
quotient of X obtained by identifying k copies of Z in X. Then T X — X descends
to a vector bundle TX — X.

Let E, F are Z/k- vector bundle over X, and P € \Il%,b(X; E, F). Define

Voo zn(X B F) = {P € U, ,(X; E,F) | Ni(P)=kQ
for some Q € ¥, (Z;E,F)} (15)

sc,b

Where kQ = QdQ---®Q € \Ilgc,b(ﬁfl\j(; E, F) is defined by using isomorphism
NX ~kZ, and Z ~ Z x [0,0].
Ny(P) is a bundle homomorphism over 9y X, No(P) : ROT (01 X) — LaJ X\IIO(Qﬁ_l(y); E,F).
YyE€0oo

Note that ¢~!(y) is one point set in this case. So ¥°(¢~1(y); E,F) ~ Hom (E, F).
Under this identification, by the compatibility of Ny and o, o(P)(£) = lims—, oo J/\fg(tf)
for £ € S(TX|9,x)-

By above observations, there is a map

s:Pe{PeW) ,, (X;E F)| o(P)and No(P) are invertible }
— [E,0(P)UNy(P),F] € K(D(TX),S(TX) UD(TX)|5%) (16)

Where we regard o(P) U No(P) as a bundle isomorphism between F and F over
S(IX)UD(TX)lz%

Let P € \Ilgc,b,Z/k(X;E’F) and suppose that o(P) and Ny(P) are invertible.
Then the right hand side of the equality in theorem 8 is always a multiple of k, so
ind(fome) mod k € Z/k does not depends on 8 ¢ —ImSpec(Ny(P)(N)). More
strongly, following lemma holds.

Lemma 7. Let P,Q € ‘I’gc,b,z/k(Xi E, F) and suppose that o(P),o(Q) and No(P), N1(P)

are invertible. If (o(P), No(P)) and (c(Q), No(Q)) are homotopic in the space of in-

vertible joint symbols, then ind(foxfﬂ) = ind(fowIB) mod k for § ¢ —ImSpec(Ny(P)(N\))U
—ImSpec(N1(Q)(N))

Proof. Let (st,nt), 0 < t < 1 be a homotopy such that (sg,ng9) = (o(P), No(P)) ,

(s1,m1) = (0(Q), No(Q)). Take any lift R; of (s¢,ne) , ie. (o(Re), No(Re)) = (¢, ).
Combining the homotopies (1 —t)P +tRy and t@Q + (1 —t) Ry, we can get a homotopy

Sy such that Sp = P, S = Q and (o(St), No(S:)) is invertible for all 0 < ¢ < 1.
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Subdivide the interval sufficiently small [to,t1], ..., [tm—1,tm] ,0 = to < t1 < -+ <
tm—1 < tm = 1 so that we can choose Sy, ..., Sm_1 such that 2% S,z=P% is Fredholm
on [ti7 t7;+1}.
Then ind(z# S;x~") is constant on [t;, #;11] and ind (27 Sy, #=7) = ind(2Pi-1 S}, x=Fi-1)
mod k. Thus ind(z% Pz=%) = ind(zf-1Qz~"m-1) mod k and the claim is proved.
O

As in [10] or [25], we can define a topological index map.
t-ind : K(D(TX),S(TX)U D(ﬁﬂao—x) — Z/k
And the index theorem can be proved.

Theorem 9. Let P € ‘1/207b7z/k(X;E,F) and suppose that o(P) and No(P) are in-
vertible, then ind(z" Pz7?) mod k = t-ind(s(P)) € Z/k, 8 ¢ —ImSpec(N1(\)).

Proof. We will demonstrate two different ways to prove the theorem.

The first method is to reduce to the case when 0y X is empty as in [21]. Embed X
into Y ,where Y is Z/k- manifold such that 9yY = ¢, e.g. we can take Y as a double of
X. Choose G so that F®G ~ C" | by replacing P by P®ldg, we can assume F = C™ is
a trivial bundle. Because D(T X |s,x) is homotopy equivalent to dy.X, replacing P by
a homotpic element, we can assume that ]/\7\1(P) : TX|p,x — Hom (E, F) is constant
on each fibre and given by some bundle isomorphism 6 : £ ~ F' = C".

Using 0, we can extend E onto Y in the obvious way. Take a cut-off function
¢ such that ¢ = 1 near 0y X. If we choose ¢ with sufficiently small support, @ :=
0¢ + P(1 — ¢) is homotopic to P via linear homotopy. @ can be extended to a
b-pseudodifferential operator Q on Y And by construction, under the excision map
K(D(TX), S(TX) U D(TX)lgx) — K(D(TY),S(TY)), 0(Q) is mapped to o(Q)

thus, t-ind(s(Q)) = t-ind(s(Q)). Obviously, ind(z’Qz;") = ind(z?Qz") for all
8 ¢ ~ImSpec(Q(N).

Because 8yY is empty, by [10], t-ind(s(Q)) = ind(2?Qz;”) mod k and the theo-
rem is proved.

For the second method, we only give an outline. We define the analytic index
a-ind : K(D(TX),S(TX) U D(TX)|g%x) = Z/k by a-ind(s(P)) = ind(z’ Pz~")
mod k , B ¢ —ImSpec(ﬁ()\)). Then it is well-defined. And we can prove that a-ind
satisfies the axioms as in [5], [10] or [25].

For the part of the axiom about multiplication, we need to be careful. Let W
be a closed manifold, and P € ¥g,(X;E,F) , m > 0. Then in general, as in [5],

PRIdw ¢ Vg, (X xW; E, F) but it is contained in the completion \IfgbI(X xZ;E,F)
defined in section 3.5 .
O
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