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Chapter 1
Overview

A purpose of this thesis is to propose a methodology for the identification and estimation
of nonseparable models. A common practice when estimating many economic models is to
use additive models such as Y = ¢g(X)+e. However, in an economic model, it is rarely the
case that the unobserved variables influence the dependent variables in an additive way.
For example, if we consider the return to education, then additive models imply that the
effect of education on earnings does not depend on the unobserved variables that include
ability or family background. Hence, additive models cannot capture the unobserved het-
erogeneity. On the contrary, nonseparable models, Y = ¢g(X ¢), capture the unobserved
heterogeneity effect of explanatory variables on outcomes because these models allow the
derivative of the structural function to depend on the unobserved variables.

This thesis provides novel methods for the identification and estimation of nonsepara-
ble models. First, we consider the partial identification of the nonseparable model using
binary instruments. Second, we propose the identification and estimation approach of
nonseparable panel data models. Finally, we generalize the nonseparable model proposed
by Athey and Imbens (2006) and propose a tractable estimator of the quantile treatment
effects. The organization of this thesis is as follows.

In Chapter 2, we explore the partial identification of nonseparable models with con-
tinuous endogenous and binary instrumental variables. We show that the structural func-
tion is partially identified when it is monotone or concave in the explanatory variable.
D’Haultfeeuille and Février (2015) and Torgovitsky (2015) prove the point identification
of the structural function under two key assumptions: (1) the conditional distribution
functions of the endogenous variable for different values of the instrumental variables
have intersections and (2) the structural function is strictly increasing in the scalar un-
observable variable. We demonstrate that, even if these two assumptions do not hold,
monotonicity and concavity provide identifying power. Point identification is achieved

when the structural function is flat or linear with respect to the explanatory variable over



a given interval.

In Chapter 3, we explore the identification and estimation of nonseparable panel data
models. We show that the structural function is nonparametrically identified when it
is strictly increasing in a scalar unobservable variable, the conditional distributions of
unobservable variables do not change over time, and the joint support of explanatory
variables satisfies some weak assumptions. To identify the target parameters, existing
studies assume that the structural function does not change over time, and that there are
“stayers”, namely individuals with the same regressor values in two time periods. Our
approach, by contrast, allows the structural function to depend on the time period in an
arbitrary manner and does not require the existence of stayers. In the estimation part,
we propose parametric and nonparametric estimators that implement our identification
results. Monte Carlo studies indicate that our parametric estimator performs well in finite
samples. Finally, we extend our identification results to models with discrete outcomes,
and show that the structural function is partially identified.

In Chapter 4, we explore the identification and estimation of the quantile treatment
effects (QTE) by using panel data. We generalize the change-in-changes (CIC) model
proposed by Athey and Imbens (2006) and propose a tractable estimator of the QTE. The
CIC model allows for the estimation of the potential outcomes distribution and captures
the heterogeneous effects of the treatment on the outcomes. However, there are two
problems with the CIC model: (1) there is a lack of a tractable estimator in the presence of
covariates and (2) the CIC estimator does not work when the treatment is continuous. Our
model allows the presence of covariates and the continuous treatment. We propose a two-
step estimation method based on the quantile regression and minimum distance method.
We then show the consistency and asymptotic normality of our estimator. Monte Carlo
studies indicate that our estimator performs well in finite samples. We use our method

to estimate the impact of an insurance program on quantiles of household production.



Chapter 2

Partial Identification of
Nonseparable Models using Binary

Instruments™

2.1 Introduction

In this chapter, we examine the identification of a system of structural equations that
takes the following form:
Y= g¢g(Xe)

X— Wz (2.1)

where Y € R is a scalar response variable, X € R is a continuous endogenous variable,
Z € {0,1} is a binary instrument, and € and 7 are unobservable scalar variables. For
simplicity, we assume that X is a scalar variable. This specification is nonseparable in the
unobservable variable e and captures the unobserved heterogeneity in the effect of X on
Y. Such models have also been considered by, for example, D’Haultfeeuille and Février
(2015) and Torgovitsky (2015).

D’Haultfeeuille and Février (2015) and Torgovitsky (2015) show that g is point iden-
tified when g(z,e) and h(z,v) are strictly increasing in e and v and Z is independent of
(e,m). Their results are important for empirical analyses in which many instruments are
binary or discrete, such as the intent-to-treat in a randomized controlled experiment or
quarter of birth used by Angrist and Krueger (1991). For nonparametric models with
a continuously distributed X, several point identification results require Z to be contin-
uously distributed. See, for example, Newey, Powell, and Vella (1999) and Imbens and
Newey (2009).

*This chapter is based on Ishihara (2017).



D’Haultfeeuille and Février (2015) and Torgovitsky (2015) use two key assumptions
when establishing point identification for g. First, Fx|z(2|0) and Fyz(x|1) have inter-
sections. Second, g(z,e) is strictly increasing in e. However, many empirically important
models do not satisfy these assumptions. For example, Fx|z(z|0) and Fx|z(z|1) do not
have an intersection when Z has a strictly monotonic effect on X such as linear models
X = By + f1Z + n. Further, in many applications, instrumental variables have a strictly
monotonic effect on endogenous variables (e.g. the LATE framework proposed by Imbens
and Angrist (1994)). For example, as in Macours, Schady, and Vakis (2012), cash trans-
fer programs have been implemented in several countries. As such, if we use treatment
indicator Z as the instrumental variable for income X, Z has a strictly monotonic effect
on X, which violates the intersection assumption. Hence, Fx|z(x|0) and Fx|z(x|1) never
have an intersection in this example. Actually, in Section 2.5, we show that Fx|z(x|0) and
Fx|z(x|1) do not have an intersection in the real data. When Y is discrete or censored,
g(x,e) is not strictly increasing in e. Moreover, many problems in economics involve
dependent variables that are discrete or censored. For example, development economists
may want to analyze the effects of income changes on child education. If school atten-
dance is used as a dependent variable, then Y is discrete. As another example, assume
that we want to analyze the effects of income changes on education expenditure. Then,
education expenditure is censored at zero when children do not attend school.

This study shows that, when g(z,e) is monotone or concave in x, we can partially
identify g, even if Fx|z(x|0) and Fxz(x|1) have no intersection and g(x,e) is not strictly
increasing in e. g(x,e) is monotone or concave in x in many economic models. For
example, the demand function is decreasing in price if the income effect is negligible, and
economic analyses of production often suppose that the production function is monotone
and concave in inputs. In general, the demand function is not decreasing in price. For
instance, Hoderlein (2011) employs nonseparable models and analyzes consumer behavior
without the monotonicity assumption. Many studies employ monotonicity or concavity
to identify the target parameters (e.g., Manski (1997), Giustinelli (2011), D’Haultfoeuille,
Hoderlein, and Sasaki (2013), and Okumura and Usui (2014)). Specifically, Manski (1997)
imposes these assumptions and shows that the average treatment response is partially
identified. The partial identification approach using the concavity assumption in this
study is somewhat similar to that considered by D’Haultfoeuille et al. (2013).

In this model, monotonicity and concavity provide identifying power. D’Haultfceuille
and Février (2015) and Torgovitsky (2015) show that when Fxz(x|0) and Fxz(x|1) have
intersections, g(2’, g7 (x,vy)) is identified for all z, 2/, and y, where g~!(z, y) is the inverse
of g with respect to its last component. Then, ¢ is point identified under appropriate

normalization. By contrast, when Fx|z(z|0) and Fxz(x|1) do not have intersections,



we only identify g(z',g7'(z,y)) for some x and z’. Although this information restricts
the functional form of g, it does not provide the informative bounds of g. In this case,
monotonicity and convexity allow us to interpolate or extrapolate g(z’, g !(x,y)) and
provide the informative bounds of g(z’, g7 (x,y)). For example, if g(2’, g ! (x,y)) is iden-
tified and # > 2/, monotonicity implies g(Z,¢ ' (x,y)) > g(2', g7 (z,y)), and hence, we
obtain a lower bound of g(#,g~'(z,y)). Using these bounds, we can achieve the partial
identification of g.

There is a rich literature on the identification of nonseparable models using the control
function approach. For example, Chesher (2007), Hoderlein and Mammen (2007), Flo-
rens, Heckman, Meghir, and Vytlacil (2008), Imbens and Newey (2009), Hoderlein and
Mammen (2009), Hoderlein (2011), Kasy (2011), and Blundell, Kristensen, and Matzkin
(2013) consider the identification of nonseparable models using the control function ap-
proach. Particularly, Imbens and Newey (2009) consider models similar to (2.1). Their
study allows € to be multivariate, showing that the quantile function of g(x,¢€) is point
identified, while in this analysis, € is imposed as scalar. Their results need continuous in-
struments, whereas those of D’Haultfeeuille and Février (2015), Torgovitsky (2015), and
the present study do not.

We assume that the instrumental variable Z is binary. D’Haultfeeuille and Février
(2015) consider the case in which the instrumental variable takes more than two values,
thus showing point identification can be achieved using group and dynamical systems
theories even when Fx|z(z|z) and Fx|z(z|2’) have no intersection.

Caetano and Escanciano (2017) provides alternative results for the identification of
nonseparable models with continuous endogenous variables and binary instruments. To
this end, they use the observed covariates to identify the structural function. Although
their approach does not require Fyxz(x|z) and Fx|z(x|2') to intersect, they assume the
structural function does not depend on the observed covariates. By contrast, our iden-
tification approach does not require the existence of covariates and allows the structural
function to depend on the observed covariates.

The remainder of this study is organized as follows. Section 2.2 introduces the assump-
tions employed in the analysis. Sections 2.3 and 2.4 demonstrate the partial identification
of g under the monotonicity and concavity assumptions when conditional distributions
have no intersections. Section 2.5 computes the bounds using real data. Section 2.6 ex-
tends the result in Section 2.3 to a more general case, where we allow Y to be discrete or

censored. Section 2.7 concludes the paper.



2.2 Model

For any random variable U and random vector W, let Fyw (uw) denote the conditional
distribution function of U conditional on W. In some places, we interchangeably use
the notation Fyjw—.(u) instead of Fyjw(u|lw). Let X', X, and Y, . denote the interiors
of the support of X, X|Z = z, and Y|X = z,Z = z, respectively. The following two
assumptions are the same as those in D’Haultfceuille and Février (2015) and Torgovitsky
(2015):

Assumption 2.1. The instrument is independent of the unobservable variables: Z 11 (e, n).

Assumption 2.2. (i) Function g is continuous and g(x,e) is strictly increasing in e for

allx € X. (ii) For all z € {0,1}, h(z,v) is continuous and strictly increasing in v.

Assumptions 2.1 and 2.2 (ii) are typically employed when using the control function
approach. See, for example, Imbens and Newey (2009), D’Haultfceuille and Février (2015),
and Torgovitsky (2015). Although Assumption 2.2 (i) is strong, it is necessary for our
identification approach. Hoderlein and Mammen (2007), Hoderlein and Mammen (2009),
Hoderlein (2011), and Imbens and Newey (2009) do not employ this assumption. We
relax part of Assumption 2.2 (i) in Section 2.6, where we assume g(z, e) is nondecreasing
in e.

The next assumption regarding the conditional distributions of X conditional on Z
differs from that of D’Haultfeeuille and Février (2015) and Torgovitsky (2015).

Assumption 2.3. (i) Fxz(z|2) is continuous in x for all z € {0,1} and Fx z(z]|0) <
Fxz(x|1) for all x € X. (ii) Xo = (24,T0), X1 = (2,,71), and —00 < z; < x5 < Ty <

Ty < 0Q0.

Conditions (i) and (ii) above imply that Fiyz(z|2) is strictly increasing and continuous
in = conditional on &,. Further, condition (i) implies that Fx|z(z|0) and Fyxz(z|1) do
not have any intersection on the support of X and X|Z = 0 stochastically dominates
X|Z = 1. Therefore, Z has a strictly monotonic effect on X. D’Haultfoeuille and Février
(2015) and Torgovitsky (2015) rule out this case because they assume Fxz(x|0) and
Fx|z(x|1) have intersections on X'

When we have Xy = &} = (z,7), then Fxz(x|0) and Fx|z(x|1) must have intersec-
tions at the boundary points of the support of X. However, in this case, ¢ is not identified
unless g(z, e) (or g(T,e)) exists and g(z, e) (or g(T,e)) is strictly increasing in e. Torgov-
itsky (2015) shows that the point identification of g holds when F|;(x|0) and Fx|z(x|1)
intersect at a boundary point z, and g(z, e) exists and is strictly increasing in e.

Next, we impose restrictions on the conditional distributions of Y conditional on X
and Z.



Assumption 2.4. (i) For all (z,z,y) € {0,1} x X, x Vo, Fyx z(y|z, z) is continuous
inx and y. (ii) For all (z,x) € {0,1} X X., we have Y, . =Y = (y,y), where —co <y <
Yy < o0.

D’Haultfeeuille and Février (2015) and Torgovitsky (2015) also assume condition (i)
but not condition (ii). Both conditions imply that Fy|x z(y|z, ) is strictly increasing and
continuous in y on ). Hence, the conditional quantile function of Y conditional on X and
Z is the inverse of Fy|x z(y|x,2). Condition (ii) is not necessary for this study’s results
but, without it, deriving the results can become cumbersome. Further, we relax condition
(i) in Section 2.6 and allow Y to be discrete or censored.

Finally, we impose the normalization assumption on unobservable variables and sup-

port condition of €| X =z, 7 = z.

Assumption 2.5. (i) e ~ U(0,1) and n ~ U(0,1). (i) For all (z,z) € {0,1} x X,, the
interior of the support of €| X =z, Z = z is (0,1).

Condition (i) is the usual normalization in a nonseparable model (see Matzkin (2003)).
Torgovitsky (2015) does not use this normalization, while D’Haultfeeuille and Février
(2015) normalize € to be uniformly distributed. Condition (ii) implies that g(z,e) €
(y,y) = Y for all (z,e) € & x (0,1). Condition (ii) is necessary because, if the support
of | X = x,Z = zis [0, €] for some 0 < € < 1, then the conditional support of ¥ given
X =z and Z = z is equal to {g(z,e) : e € [0,€]} and we have g(z,e) ¢ Y for e > e. This

implies that we can not identify g(z,e) for e > e.

Example 2.1 (Cash Transfer Programs). Cash transfer programs have been conducted in
many countries and many papers estimate their impacts on early childhood development
by using randomized experiments. For example, Macours et al. (2012) analyze the impact
of a cash transfer program on early childhood cognitive development. In this program,
participants were randomly assigned to either the treatment or control groups. As such,

we can consider the following model:

Y = g(X,€)7
X = Zh(n)+ (1 — 2)he(n),

where Y is the child’s outcome of cognitive development, X 1is the total expenditure, and
Z is the treatment indicator of the program. Because cash transfers usually increase
total expenditure, we can assume hi(n) — ho(n) > 0. When participants are randomly
assigned to either the treatment or control groups, Z =1 — Z is independent of (€,m) and
hence Assumption 2.1 is satisfied. Because Z is independent of n, we have Fx z(z|1) =
P(ho(n) < x) and Fxz(x|0) = P(hi(n) < x). Since hi(n) > ho(n), we have Fx z(x|0) <
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Fxz(x|1) for all x. In this case, Assumption 2.3 is satisfied, that is, Fxz(x|0) and
Fx|z(x|1) have no intersection. In Section 2.5, we show this assumption actually holds
for the data used by Macours et al. (2012).

2.3 Partial Identification through Monotonicity

Let ) be the closure of J). We establish the partial identification of ¢ by showing we
can identify functions T (y) : Y — Y and Th.(y) Y — Y and they are (i) strictly
increasing in y, (i) surjective, that is, 79 _ ([y,9]) = T, ([y, 7)) = [y, ], and (iii) satisfy

the following inequalities:

=N
&\
o
A

Ty, (g(x,e)), (2.2)
o) > TE, (glre)). 23)

From (2.2) and (2.3), T ,(y) and T}, (y) are the upper and lower bounds of g(z’, g~ ' (z,y)),
respectively. If T3 (y) is identified for all z,2" € X, we can obtain the lower bound

of the structural function g(z,e) in the following manner. Here, we define GL(u) =
[ Fyix=o (TF ,(w)) dFx(2). I TY (y) satisfying (2.2) is obtained for all z,2" € X, then

we have
G (gwe) = [ Frxear (T8, (9(2.€))) dFx (s

> [ Frixe (90’ ) dFx (&)

= [ Plate'.e) < gl )X =) iFx(w)

= /P(e <e|lX =2)dFx(z') = e, (2.4)
where the first inequality follows from (2.2) and the third equality follows from the strict
monotonicity of g(z,e) in e. Furthermore, G%(u) is invertible because T () is strictly
increasing in y. Because Tg’x(y) is surjective, we have G ([g, y]) = [0,1]. Hence, for all
e € (0,1), we have

-1
gz,e) > (GF) " (o). (2.5)

Similarly, we define GY(u) = [ Fyx= (T% ,(u)) dFx(2'), and thus, we have

g(z,e) < (GY) " (e).

Next, we explain how to construct functions T (y) and T ,(y) that satisfy (2.2)
and (2.3). For any random variable U and random vector W, let Quw (7|w) denote the

conditional 7-th quantile of U conditional on W = w, that is, Quw (7|w) = inf{u :

11



Fypw (u|w) > 7}. As in Torgovitsky (2015), we define w(z) : Xy — X and 71 (z) : &) —

Xo* as:

m(x) = Qxz (Fxz(x]0)[1),
™ (z) = Qxz (Fxz(z[1)]0).

Figure 2.1 illustrates functions m(z) and 7~ !(z). The following result is essentially proven

(2.6)

by D’Haultfeeuille and Février (2015) (Theorem 1). However, we state this result as a
proposition because it plays a central role in the following and our assumptions differ
somewhat from those of D’Haultfeeuille and Février (2015).

Proposition 2.1. Assume that w(x) and 7=1(x) exist. Define

D(y) = Qyvixz (Fyix,z (y|z,0) |7(z),1) ,
TSy) = Qvixz (Fyixz (ylz, 1) |7 (2),0).

Then, under Assumptions 2.1-2.5, we have

g(m ' (x),e) = TV (g(xe)),
In the first step of the proof, we show that
Pe<elX=2,Z=0)=Ple<elX =n(z),Z=1). (2.7)

We then define

This is called “control variable” in Imbens and Newey (2009). From Assumptions 2.1 and
2.5 (i), we obtain V' = 1. Because Fx|z(z|2) is continuous and strictly increasing in z, we

obtain

Fyx z(elx, z) = Fov,z(e|Fxjz(2]2), 2).
By Assumption 1, this implies F; x z(e|z, 2) = Fqv(e|Fx|z(z|z)). Hence, we obtain (2.7)
by the definition of 7(z).

In the second step, we show that (2.7) implies g (7(z),e) = T (g9(x,e)). It follows
from (2.7) and the strict monotonicity of g that

FY\X,Z<9(:L‘76)|:E70) = P(g(x,e) < g($,€)|X =u,Z = O)
= Pe<elX=2,Z7=0)
= Pe<elX=mn(x),Z=1)
= Fyixz(g(n(x), e)lm(x),1).

*These functions correspond to s;; in D’Haultfceuille and Février (2015).
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Hence, we obtain g (7(z),¢) = To" (g(x,¢)). Similarly, we also obtain g (r~'(z),e) =
TV (g(z,e)).
By definition, if m(z) and 7 !(z) exist, Tél)(y) and Téil)(y) are strictly increasing,

Ty, 7)) = [y, 7, and T (g, 7)) = [y, 7] T 7
mo---on(zx). Because the domain of 7 is Xy, 7" (x) does not exist when 7"~ !(z) & X.
If 7(x) exists, we obtain g(7"(z),e) = T o---oTM (g(z,e)). We define T (y) =

71-'n,fl(x)

Tﬁ)*l(x) oo T (y) if 7" (x) exists. Then, if 7"(x) exists, we have

x) exists for n € N, we define 7" (x) =

g(m"(x),e) =T (g(x,€)),

T (y) is strictly increasing in g, and Té")([y,y]) = [y,y]. Similarly, we define 77" ()

nto.--orl(x) and 7 (y) = 7Y o oY (y) if 7" (z) exists. If 77" (x)

a= (=1 ()

exists, we have
g(m"(x),e) =TI (g(x,€)),

T (y) is strictly increasing in y, and Téin)([g, 7)) = ly,y]. Forall v € X, we define
TOy) =y and 7°(z) = 2.

These results imply that, if 7(z) exists, we have 5" (y) = g (7"(z), g~ (z,y)), where
g '(z,y) is the inverse function of g(z,e) with respect to e. Hence, we can identify
g (m"(z),g (z,y)) if 7"(x) exists. This information restricts the functional form of g.
However, as in Remark 1, it does not provide the informative bounds of g without other
restrictions.

Here, we examine the properties of 7(x) and 7! (x). Because Fxz(z]0) < Fxz(z|1)

for x € X, we have

7T<£L’): QX|Z (Fx|Z(LU|0)|1) < QX\Z (FX|Z(LU|1)|1) = T,

(2.9)
W_l(x): QX|Z (Fx|Z(£L'|1)|O> > Qx‘z (Fx|Z(ZL‘|0)|0) = .

Figure 1 illustrates this intuitively. Because X|Z = 0 stochastically dominates X|Z = 1
and functions 7(z) and 7 !(x) satisfy (2.28), the inequalities hold.

To facilitate the illustration of our identification results, we first review the iden-
tification approach of D’Haultfceuille and Février (2015) and Torgovitsky (2015) when
o = 2, = &, although Assumption 2.3 rules out the case of x, = z; = £. Additionally,
we assume that g(&, e) exists and is strictly increasing in e.

D’Haultfeeuille and Février (2015) and Torgovitsky (2015) use function T, ,(y) that
satisfies g(2',e) = T, (g(x, e)). This function corresponds to @,, in D’Haultfeeuille and
Février (2015). We define

Golu) = / Fyixear (Tora () dFx ().

13



Then, similar to (2.4), we have G, (g(x,e)) = e, and hence g(x,e) = (G,)~' (e). If we
can identify a function T, ,(y) for all x and ', we then can point identify the structural
function g.

Pick an initial point zy € X (i.e., zy > &) and form a recursive sequence , 11 = m(x,)
for n > 0. Because z, = x; = £ implies &} C &), we have 7(z) € X} for all z € X and
there exists a sequence {7"(z)}° ;. The sequence {x,} is decreasing by (2.9) and x,, > &
for all n > 0 by the definition of w(z). Hence, sequence {z, } converges to a limiting point.
Because (2.28) implies

Fxz(%n41[1) = Fx|z(2,]0)
and Fy|z(z|2) is continuous in z, we have Fx|z(lim, o 2,|1) = Fx|z(limy, 00 2,|0). Be-
cause Fx|z(z]|0) < Fxz(z[1) for all z € (§,79) and Fx|z(£|0) = Fx|z({J]1) = 0, the
sequence {x,} converges to ¢ for any initial point zp € X'. Figure 2.2 illustrates this in-
tuitively. We define 72° () = limy, o0 75™ (y), which is strictly increasing and invertible
in y. From the continuity of g, we obtain, for all z € X,

T (g(z,€)) = lim g(r"(x),e) = g(&, e).

n—oo

Because 7, (g(z,e)) = TQE,OO) (g(2',e)) holds for any z,2’, we have

o', e) = (T5) (709 (gl ).

—1 -
We define T} . (y) = (T(Oo)> (Téoo) (y)) Then, T, . (y) is strictly increasing and satisfies

g(@'e) = Ty, (g(x,e)).
Hence, as previously discussed, g is point identified.

This implies that g(z/, g~ (x,y)) is identified for all z and z’.

This approach is not available under Assumption 2.3 because a convergent sequence
{m"(x)}o2, does not exist. When Fx|z(x|0) and Fx|z(z|1) have no intersections, 7"(x)
lies in X} N XS = (z,,x,] when n is sufficiently large. If 7"(z) is in X} N X<, then 7" (z)
does not exist. From the proof of Lemma 2.1, for all z € X', {n : 7" (x) exists.} is a finite
set under Assumption 2.3. For example, in Figure 2.1, w(z), 7' (x), and 7~ 2(x) exist but

7?(z) and 7—3(x) do not.

Remark 2.1. If we do not impose additional restrictions, the identified set of g(x,e) can
become unbounded under Assumption 2.3. To show this, we derive the identified set of g.
We define

G = {§:X%x(0,1) = R: g(z,e) is continuous and strictly increasing in e.} .

Torgovitsky (2015) derives the identified set of g under another normalization assumption.

Similarly, we obtain the following identified set:
G ={3€G: (71X, Y),V)ILZ and §7(X,Y)~U(0,1)},
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where g~ is the inverse of g with respect to its last component and V is defined as in (2.8).

The independence condition in the identified set is equivalent to the following condition:
PY<gX,e)[V=0v,Z=0)=P(Y <g(X,e)|[V=v,Z=1) forallve(01).
From the definition of V', for all v € (0, 1), we have

FY|X,Z (§<xv,076)|$v,070) = FY|X,Z (f](%,17€)|$v,17 1);
where z, . = Qxz(v|z). Hence, we can rewrite Gy as

G = {§€G:5(X,Y)~U(0,1) and
G (201, 0 (T00, 7)) = Qvix.z (Fyix,2(-|T00,0)| 201, 1) for allv.}. (2.10)

This expression implies that g(x,1,9 " (Tup,y)) is identified for all v. Proposition 2.1

provides the same result. The sharp lower and upper bounds of g(x,e) are obtained by

infzeg, G(z,e) and SUP;cg, g(x,e).
To show that the bounds of g(x,e) can be unbounded, we consider the following simple

model:

v o= a7,
X = Z0n-1)+01-2p,

where O(-) is the standard normal distribution function, e ~ U(0,1), n ~ U(0,1), Z is a
random Bernoulli variable with p = 0.5, and (e,n, Z) are mutually independent. Then, it
follows from (2.10) that g € Gy if and only if

(v,e) = g(v—1,¢e) foralle,v € (0,1), (2.11)
(Y < g(X,e))=e forallee (0,1). (2.12)

~UQ1

We construct gy as follows. First, we define

<I>1(4 (x+1)4+05—-M), -1 <x<-05
O (—4M(z+0.5)+05+ M), —05<x<0
M(I,05) 5
O~ (4Mxz+ 05— M), 0<xz<05
(I>1( M(zx—05)+05+M), 05<z<1

where —0.5 < M < 0.5. Second, for e # 0.5, we define gy (x,e) as

1 (2e®(g(x,0.5))), 0<e<05

gu(x,e) = ® '
P 1(1—-2(1—-e){l —g(z,05)}), 05<e<]1
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Then, we confirm that g satisfies (2.11) and (2.12) for all —0.5 < M < 0.5. Hence,
g is an element of Gy for all —0.5 < M < 0.5. Because gu(0,0.5) = &71(0.5 — M),
the lower and upper bounds of g(0,0.5) are —oo and 400, respectively. Therefore, in this
setting, the identified set of g can be unbounded.

If we do not impose additional restrictions, we cannot construct strictly increasing
functions T7/ ,(y) and T (y) that satisfy (2.2) and (2.3). First, we show that a set I} |

defined below is nonempty and finite, when Fy z(x|0) and Fxz(x|1) have no intersec-
M

tions. Second, we show that we can partially identify g(x,e) using IT,7 , when g(x,e) is

nondecreasing in x.
For (z,7') € X x X, we define 1Y as

Y, = {(n,m):n,meZ 7"(2) and 7"(z) exist, and 7" (') < 7" (x).} .(2.13)

In Figure 2.1, TT¥ = {(—1,-2),(0,-2), (0, ~1), (1,—2), (1, ~1),(1,0)}. The following
lemma shows that II}/  is nonempty and finite when Fxz(x|0) and Fxz(x|1) have no

intersections.

Lemma 2.1. Under Assumptions 2.1-2.5, Hi‘,{z, as defined by (2.13), is nonempty and
finite for all (x,2') € X x X.

Under Assumptions 2.1-2.5, for any x € X' the set {n € Z : n"(z) exists.} is finite from
the proof of Lemma 2.1. Hence, g cannot be point identified using the method proposed
by D’Haultfeeuille and Février (2015) and Torgovitsky (2015)).

We impose the following assumption:
Assumption 2.6 (Monotonicity). For all e € (0,1), g(z,e) is nondecreasing in x.

The monotonicity assumption holds for many economic models. For example, the
demand function is ordinarily decreasing in price if the income effect is negligible, and
economic analyses of production often assume that the production function is monoton-
ically increasing in input. Monotonicity assumptions of this type have been employed
in many studies. For example, Manski (1997) imposes a monotonicity assumption on a
response function and shows that the average treatment response is partially identified.

If (n,m) € 1Y Assumption 2.6 implies that

2 (9(a'€)) = g(a" (&), €) < 9w (w),¢) = T{™ (g(a. ).
Because ng?) (y) is strictly increasing in y and Ti,n) (ly,7]) = [y, 7], we have g(a/,e) <
PN A
(T@) (Tém) (g(xz, e))) for (n,m) € I}/ . Hence, we have

T

o)< i (T90) (10 (glae))

M
(n,m)EHz,’z
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Define

(2.14)

Then, T}V (y) is strictly increasing and satisfies

g(a',e) < T (g(z,e)). (2.15)
Similarly, )% (y) is strictly increasing and satisfies

g(a',e) > Ty (g(w,e)) - (2.16)

As already mentioned, the functions that satisfy (2.2) and (2.3) are the upper and lower
bounds of g(2’, g~ (x,y)), respectively. Hence, for any (n,m) € 11} , (Té@) B (ngm) (y)>
becomes the upper bound of g(z’, g~ (x,y)). This implies that Té‘/g (y) is the lowest upper
bound of g(', g~ "(x,y)) in the sense that TV (y) is lower than <Tg§,n)>1 (ngm) (y)) for
any (n,m) € ITY . Similarly, T,)"(y) is the largest lower bound of g(’, g~ (x,y)).

We define

G’ﬁ“(u) = /Fy|X :c’( x’ dFX

()
)

Gy () = /FY|X o (T (u)) dFx (x
BML(z,e) = ysgl/lfg;{ (Ghr)~ }
BMU(%@) = ylg?zfx{(G;JUY (e)}.

GML(y) and GMY(u) provide the lower and upper bounds of g(z, e) on the basis of argu-
ments (2.4) and (2.5). BML(x,e) and BMY(z, e) strengthen these bounds.

Theorem 2.1. Under Assumptions 2.1-2.6, for all (xz,e) € X x (0,1), we have
BML(xae) < g(iL‘,@) < BMU('r?e)'

In the first step, we show that (Gi”L)*l (e) < glx,e) < (G%U)fl (e). In the second
step, we strengthen these bounds to BME(z,e) < g(x,e) < BMY(z,¢e). Figure 2.3 intu-
itively illustrates this proof. The idea is similar to that of Manski (1997), who considers
the case in which response function y(¢) is increasing, where y(¢) is a latent outcome with
treatment ¢. He then uses the monotonicity of y(t) to partially identify average response
function E[y(t)] when the support of the outcome is bounded. By contrast, our bounds

are bounded even when the support of the outcome is unbounded.
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Simulation 2.1. To illustrate Theorem 2.1, we consider the following example:

Y = h(X)exp (a+ B2 (¢))

(2.17)
X =(02+0)Z+(1-2){(2-p)n—1)+22},

where h(x) is an increasing function specified below, ®(-) is the standard normal distri-
bution function, Z is a random Bernoulli variable with p = 0.5, and («, ) = (0.5,0.5).
Suppose that

e = OU)
n = &V)

(0 0)

Then, e ~ U(0,1) and n ~ U(0,1). In this evample, Fx z(x|1) = x — 0.2 for x € [0.2,1]
and Fx|z(x|0) = 2%/)(1‘ —22)+1 forx € [p+0.2,2.2]. These functions are depicted
in Figure 4. Conditional distribution functions Fx z(x|0) and Fx|z(z|1) do not intersect
when p > 0. When p =0, these functions intersect at x = 0.2. Torgovitsky (2015) shows
that g is point identified when p = 0.

We calculate the bounds of g(x,0.5) using Theorem 2.1 when h(x) = hi(x) = x or h(z) =
ho(z) = 2exp(4(z — 1.2)) /{1 + exp(4(x — 1.2))} + 0.2. Figures 2.5 and 2.6 show these
bounds for three different choices of p: 0.01, 0.1, and 0.3. For hy and hy, the bounds
become tighter as p become smaller. In particular, the bounds are very close to the true
function when p = 0.01. This implies that BML(x,e) and BMY(z,e) converge to g(z,e)
as p — 0. When p = 0.01 and 0.1, the bounds of hy are tighter than that of hy. This
result is caused by ho(z) being flatter than hi(x) over a particular interval. As discussed
later, Theorem 2.2 shows that g is point identified when g(x,e) is flat with respect to x

over a given interval.

The bounds become tighter as the difference between g(a',e) and T, (g(x,e)) (or
T}, (9(z,e))) decreases. The following theorem shows that, if g(z,e) is flat in z over a
given interval, inequalities (2.2) and (2.3) become equalities and structural function g is

point identified.

Theorem 2.2. Under Assumptions 2.1-2.6, if there exists ¥ € Xy N Xy such that © —
g(z,€) is constant on [w(z), 7~ 4(Z)] for each e € (0,1), then BML(x,e) and BMY(x,e)
coincide with g(x,e) for all (x,e) € X x (0,1). Hence, g is point identified. This result

holds even when the interval [7(z), 7 ()] is unknown.

In the first step, we show that, for all x € X, n € Z exists such that 7" (z), 7" (z) €

[7(2),7~%(Z)]. In the second step, we show g is point identified. Because g(z,e) is
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constant in z conditional on [7(Z),7~'(Z)], we have g(2',¢) = T2V (g(z, e)) and g(z', e) =
T2 (g(x,e)) for all z,2" € X and e € (0,1). Hence, BM*(x,e) and BMY(z, ) coincide
with g(z, e) because inequalities (2.15) and (2.16) become equalities.

Simulation 2.2. To illustrate Theorem 2.2, we consider model (2.17). We set h(x) =
max{0,x — 0} + 0.5 and p = 0.3. Figures 2.7-2.9 show B™*(x,0.5) and BMY(x,0.5) for
three different choices of §: 0.4, 0.55, and 1.2. In this model, g(x,e) is constant on [0.2,6].
Because w(0.5) = 0.2 and 7~1(0.5) = 1.01, interval [0.2,5] covers [7(0.5),0.5] when § =
0.55 and covers [w(0.5),771(0.5)] when 6 = 1.2. Hence, the condition of Theorem 2.2
is satisfied only when & = 1.2. In Figure 2.9, BML(2,0.5) and BMY(x,0.5) coincide
with g(x,0.5) when 6 = 1.2. By contrast, when 6 = 0.4 and 0.55, g(x,0.5) is not point
identified.

Remark 2.2. The bounds of Theorem 2.1 are sharp in the sense that there can exist
data generating processes that satisfy the conditions of the theorem such that the bounds
are attained. As shown in Theorem 2.2, if g(x,e) is flat with respect to x over a given
interval, we have g(z,e) = BML(z,e) = BMY(x,¢e). This implies that g is point identified.

Therefore, in this case, BML(z,e) and BMY(x,¢e) are sharp bounds of g(x,e).

Remark 2.3. Although our bounds may not be sharp in general, we can derive the iden-
tified set of g under Assumption 2.6. We define
M =15€G:q(z,e) is nondecreasing in x.}.
Then, similar to (2.10), the identified set of g under Assumption 2.6 is obtained by
G = {ged" (X, Y)~U(0,1) and
g (%,1751_1(%,07 )) = QY|X,Z (FY\X,Z('|%,0, 0)|IL‘U,17 1) Jor all U-} :

Hence, the sharp lower and upper bounds of g(x, e) are infgegu g(x,e) and SUPgeg g(x,e),
respectively. However, these bounds may not coincide with B™L(x,e) and BMY(x,e).
Actually, in some settings, (Gﬁ“)_l (e) and (GiWU)_l (e) are not nondecreasing in x.
This implies that (G’i‘“)fl (e) and (Gi\w)fl (e) are not sharp in general.

It is difficult to compute G because GM is infinite dimensional. By contrast, BME(z, )
and BMY(x,e) have closed-form expressions and are hence computable. In Simulations

2.1 and 2.2, we compute BME(x,¢e) and BMY(x,e) in some settings, and in Section 2.5,

we show that we can obtain informative bounds in real data.

2.4 Partial Identification through Concavity

In this section, we propose a method to construct the lower and upper bounds of g(z,e)

when ¢(z, e) is concave in x.
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First, we show that a set Hg,vx defined below is nonempty and finite. Second, we show
that we can partially identify g using Hg,jx when ¢(z, e) is concave in x.
For (z,2') € X x X, we define IS, , as

5, = {(n,m):n,meZ 7 (), " '(z) and 7"(z) exist,
and 7" (2') < 7™(z) < 7N 2). ). (2.18)

In Figure 2.1, 11, , = {(0,—1), (1,0)}. The following lemma shows that ITS, , is nonempty

and finite, similar to Lemma 2.1.

Lemma 2.2. Under Assumptions 2.1-2.5, Hg,jx as defined by (2.18) is nonempty and
finite for all (z,2') € X x X.

Similar to Section 2.3, we impose the following assumption.
Assumption 2.7 (Concavity). For all e € (0,1), g(z,e) is concave in x.

The concavity assumption holds in many economic models. For example, economic
analyses of production often assume that the production function is concave in inputs.
For instance, Manski (1997) assumes concavity and shows that the average treatment
response is partially identified. Further, D’Haultfoeuille et al. (2013) achieves the partial
identification of the average treatment on the treated effect using a locally concavity
assumption.

As in Section 2.3, if we identify functions T} (y) and T} ,(y) that are strictly increas-
ing in y, surjective, and satisfy (2.2) and (2.3), we can obtain the lower and upper bounds
of g(x,e). Hence, we consider constructing functions Tgx(y) and TxL,yx(y) that are strictly
increasing in y, surjective, and satisfy (2.2) and (2.3).

If (n,m) € 11§,

Il"

from Assumption 2.7, we have

Pmﬁmmﬂﬁtﬂl—wmmmme”Mﬂxﬂﬂﬁfmmm%@%

)
7}57 Y(y) and ty o (n,m) = (7" Y(z') — 7™ (z)) / (7" ( ) w"(a')). Because T (y) and
T(flfl)(y) are strictly increasing in y, T(") ([g, y]) ly, 7], and Tn=b ([g, y]) = [y, 7], we

xT xT

where [tx z(n, m)T(n) + (1 —twz(n,m gg 1] »(n,m) ~gg,n)(y)jL(l—75;,;/93(71 m))
/

have

~ ~ -1 /.
g(x';e) < min [tw/@(n, m)Ty) + (1 =ty (n, m))Tz(,n_l)} (Tagm) (g(z, e))) :

(n,m)elg, |
We define
Tiw= min [t )T+ (1t o)) TS ] (09 ().
e (2.19)
i) = max (1) ([t b m) T+ (0= b m) TV (1)
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Then, T5%(y), as defined in (2.19), is strictly increasing and satisfies

g(a',e) <% (g(x,e)) . (2.20)
Similarly, T3%(y), as defined in (2.19), is strictly increasing and satisfies
g(a',e) > T% (g(x,e)). (2.21)
We define

GMw) = [ P (Z95(0) dFx ('),
¢l = [

BOMre)=  sup {(“",_y) (€55 (o) + (y:_‘”) )" @}

vy y<z<y’ Yy -y

BY(z,e) = min [infy,y/:x<y<y/ {(ﬁ) BCL(y' e) + (Z::z) (Gg
infy oy <yer { (55) B ) + (£2) (65) (@)}

G (u) and GEY (u) provide the lower and upper bounds of g(x,e) as per (2.4) and (2.5).

T

BYL(x,e) and BCY(x,e) strengthen these bounds.

Theorem 2.3. Under Assumptions 2.1-2.5 and 2.7, for all (x,e) € X x (0,1), we have
B (z,e) < g(w,e) < BY(,e).

Similar to Theorem 2.1, we can show that (GgL)fl (e) < g(x,e) < (GgU)*1 (e). We
strengthen the bounds to BL(x,e) < g(x,e) < B°Y(z,e) using the concavity of g(z,e)
in z. Figure 2.10 intuitively illustrates this proof. A similar approach is used by Manski
(1997), namely utilizing the concavity of the response function to partially identify the
average response function when the support of the outcome is bounded. However, our
approach does not require information on the infimum and supremum of the support of
the outcome.

This identification approach is somewhat similar to that of D’Haultfoeuille et al.
(2013), who study the identification of nonseparable models with continuous, endoge-
nous regressors, using repeated cross sections. Specifically, they consider the following
model:

Vi=gi(Xe, Ay), t=1,--- T,

where A; is an unobserved heterogeneous factor. They show that, under the assumptions
that 44|V = Fx,(Xy) = v ~ AV = Fx(Xs) = v and g(z,a) = my(g(z,a)), the
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average treatment on treated effect AT (x, 2') = Elgr(x, Ar) — gr(2, Ar)| Xr = ] is
identified when Fy_. (1) = Fx,(z'). Under this assumption, A4TT(x, 2') is not identified
if Fx,(r) # Fx,(2') for all t € {1,---,T — 1}. However, they show that AATT(z,2') is
partially identified if z — g(z, a) is locally concave.

In several cases, such as the production function, we can assume that both Assump-
tions 2.6 and 2.7 hold. Then, it follows from Theorems 2.1 and 2.3 that

max{ B (z,e), B°*(z,e)} < g(x,e) < min{B"Y(z,e), B°Y(z,e)}. (2.22)
In this case, we can obtain tighter bounds in the following manner. We define
THCU(y) = min{TXY (y), TSU ()},
Ty y) = max{T)7(y) Tcﬁ(y)}

y L/

GYHu) = [ Friwms (THE () dFx (&),
Gy () = / Fyix—o (TMC (1)) dFx ().

Similarly to the above arguments, we have g(z/,e) < TMNSU(g(z,e)) and g(z',e) >

TMCPL(g(x,e)), and hence we can obtain

(GYCF) (o) < gla,e) < (GYY) (o),

Define
BMCL(z ¢) = su GMOLY ™ (¢ ,
(we) = sw { (G )
BMCU(z e) = yl;lzfx {(GéWCU)_l (e)},
BMCL(:E,e) = sup {(:1:/— y) (GyCL)_l (e) + <y/ — x) (G]y\/[CL)_l (e)} ,
Yy y<z<y' y -y Yy -y

A

BMCU (g, e) = min [infy,y/:x<y<y/ {(y y) BMOL(y/ ¢} + <z:%§> (GMCUY1 (e)} ,
i <ea { (155) BYCHY 0 + (224) (GI) (@) }]

Then, from the above results, both BMCU(z, e) and BMCU(z, ) are upper bounds of
g(z,€). Similarly, both BMCL(z ¢) and BMCL(x, e) are also lower bounds of g(z,e).

Therefore, we can obtain

max{BYL(z,e), BN (x,e)} < g(z,e) < min{BML(z,e), BN (z,¢)}. (2.23)

Clearly, these bounds are tighter than (2.22).

Similar to Theorem 2.2, the following theorem shows that, if g(x, e) is linear in = over
a particular interval, inequalities (2.20) and (2.21) become equalities, and B¢L(z,e) and
BCY(x,e) coincide with g(x,e).
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Theorem 2.4. Under Assumptions 2.1-2.5 and 2.7, if & € X exists such that g(x,e) is
linear in x on [w(%), 7~ %(Z)], then BL(x,e) and BCY(z,e) coincide with g(x,e). Hence,

g is point-identified. This result holds even if interval [x(Z), 7 1(Z)] is unknown.

Example 2.2 (Quantile regression models). Assume g(X,e) = 0y(e) + 01(€) X, where
Oo(e) + 01(e)x is strictly increasing in e for all x € X. This model is a quantile regression
model with endogeneity. The T-th quantile function of g(x,€) is 0o(T) + 61(7)x. In this
case, structural function g(z,e) = 0y(e)+6,(e)x is linear in x. Hence, Theorem 2.4 shows
that Oy(e) and 0,(e) are identified if binary instruments are available.

In this case, we can identify 0 (Qey(7|v))] and 61 (Qqy(T|v)) by another approach.
As in Section 2.3, we obtain €)X = Qxz(v|2),Z =2z ~ ¢€n=wv for allv € (0,1) and
z € {0,1}. This implies that

Qvix,z (TIQx1z(v]0),0) = 0 (Qepy(T|v)) + 61 (Qey(T]v)) X Qx12(v]0),
Qv|x,z (T|QX|Z(U|1)7 1) = 0o (Qe|n(T|U)) + 01 (Qe|n(7'|U)) X QX|Z(U|1)-

Because Qx|z(v|0) # Qxz(v|1) under Assumption 2.3, for all T € (0,1) and v € (0,1),
we can obtain O (Qey(7|v)) and 61 (Qey(7|v)) from the above equations. This result is
similar to the identification results of Chesher (2003) and Jun (2009).

The above model is a special case of the linear correlated random coefficients (CRC)
model. Masten and Torgovitsky (2016) consider the linear CRC model and show that
the expectations of coefficients are identified. In this model, we can also identify the ex-
pectations of coefficients as E[0;(€)]. Let U be a uniformly distributed random variable.
Then, it follows from Q,(Ulv) ~ €|n = v that fol 0; (Qepy(7|v)) dr = E [0 (Qen(Ulv))] =
E[0;(€)|n = v]. Hence, sincen is uniformly distributed, we have fol fol 0; (Qepn(7|v)) drdv =
E16,().

2.5 Calculating Bounds using Real Data

Here, we compute the bounds defined in Theorem 2.1 using the data in Macours et al.
(2012) and show that our bounds are informative using real data. Specifically, Macours
et al. (2012) analyze the income effects on early childhood cognitive development by using
the Atencion a Crisis program, which is a cash transfer program implemented in rural
areas in Nicaragua. As in Example 2.1, we focus on the income effects on early childhood
cognitive development.

In the analysis, we use only children between 5 and 7 years of age to control for age
effects. The sample size for this analysis is 447, the size of the treatment group is 206, and

that of the control group is 241. Following Macours et al. (2012), we use a standardized
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test score of receptive vocabulary (TVIP) as the outcome of a child’s cognitive devel-
opment. The average test score is 0.449 and the standard deviation 1.212. We use the
logarithm of total consumption per capita as X, and let Z denotes the control indicator.
We then estimate the conditional distribution and quantile functions and compute the
bounds defined in Theorem 2.1 by treating these estimates as true functions.

Figure 2.11 shows the estimates of Fy|z(x|0) and Fx|z(x|1). This shows that these
functions do not have any intersections. Hence, Assumption 2.3 is satisfied. Since the
estimates of the tail of probability distributions are not reliable, we only use the estimates
of Fx|z(z]0) and Fy|z(z|1) between 0.1 and 0.9. We thus compute BM%(z,0.5) and
BMU(z,0.5) by using these estimates. Figure 2.12 shows the bounds. This implies that we
can obtain informative bounds by using our identification approach. The average length
of the difference is 0.045, which is rather small compared with the standard deviation
of Y. These bounds show that the structural function is flat in x when z is low. As in

Simulations 2.1 and 2.2, it is expected that this fact provides informative bounds of g.

2.6 Extension: General Models

In this section, we extend the results in Section 2.3 to more general models and allow Y
to be discrete or censored. If outcomes are discrete or censored, then Assumptions 2.2

and 2.4 are not satisfied. Hence, we replace these assumptions with the following ones:

Assumption 2.2°. (i) Function g(x,e) is nondecreasing in e for all x € X. (ii) For all

z € {0,1}, h(z,v) is continuous and strictly increasing in v.

Assumption 2.4°. For all (z,z) € {0,1} x X,, we have Y,, = Y. Here, we define
y=sup{y:y €Y} cmdgzinf{y:yey}.

Assumption 2.2 (i) differs from Assumption 2.2 (i). Assumption 2.2 (i) imposes the
strict monotonicity of g(z, e) in e, while Assumption 2.2’ (i) requires only the weak mono-

tonicity of g(z,e) in e. For example, if we consider

g(x,e) = 1{e > (1 +exp(Bo + frx)) "'},

then g(z, ) is not strictly increasing in e. Chesher (2010) and Shaikh and Vytlacil (2011)
also employ a weak monotonicity condition. Assumption 2.4 implies that Y is continuously
distributed, while Assumptions 2.2’ and 2.4" allow outcomes that are discrete or censored.

D’Haultfeeuille and Février (2015) and Torgovitsky (2015) do not consider the case in
which the outcomes are discrete or censored because they assume that g(z,e) is strictly
increasing in e. Chesher (2010) and Shaikh and Vytlacil (2011) consider instrumental
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variable models for the discrete outcome. They also show that the structural or average
structural functions are partially identified using instruments.

We show that g(z, e) is partially identified under Assumptions 2.1, 2.2, 2.3, 2.4°, 2.5,
and 2.6.

We define
Fix le,2) = PY <ylX =2,2=2),
FyixzWle.z) = PY <ylX =27 =2z),
Qixz(Tle2) = suply: By (yle.2) <73AT,
Qyixz(Tlz,2) = inf{y: Iy ,(ylv,2) > 7} Vy.
F;ﬁx,z(y\x, z) and Q}—HX,Z(T‘:L‘, z) are right continuous in y and 7, and Fy  ,(y[z,z) and

Q;l 7 (T|z, z) are left continuous in y and 7. Under Assumptions 2.2’ and 2.4’, Proposi-

tion 2.1 does not hold. Instead, we show the following proposition.

Proposition 2.2. Define

) = Qs (Frix 0l 0)|r(@), 1),
D) = Qs (B le.0)[x(@),1)
) = Qg (Bl D|r ' (@),0).,
TV = Qs (B le D|r ' (@),0).

Then, under Assumptions 2.1, 2.2°, 2.3, 2.4,

and 2.5, we have

g(m(x),e) = 17 (g(x,¢)),
g(n(z),e) < T (g(,¢)),
g(nHx)e) = TV (g(z,e)),
g(r7H(w)e) < T (g(xe)).

This approach is similar to the identification approaches of Athey and Imbens (2006)
and Chesher (2010). Specifically, Athey and Imbens (2006) show that the counterfactual
distribution is partially identified using right and left continuous quantile functions when
outcomes are discrete. Chesher (2010) uses a result in which the weak monotonicity of
h(z,u) in w implies {u : h(z,u) < h(z,7)} D{u:u < 7} and {u : h(z,u) < h(z,7)} C
{u : u < 7} and shows that structural function h is partially identified.

When the outcome is binary, this result is similar to Lemma 2.1 in Shaikh and Vytlacil
(2011). They consider the following model:

Y
D

1{’01(D7X) Z 61}7
H{va(2) = €},
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where (X, Z) 1L (€1, €3). They then show that the sign of vy(1,2") — v;(0,z) is identified
under the appropriate support condition. Similarly, we can obtain the sign of g(x,e) —
g(m(z),e) from Proposition 2.2. When P(Y = 0|X = z,Z = 0) > P(Y = 0|X =
m(x),Z = 1), we have ngl)(l) =1 and ngl)(O) = 0. It follows from Proposition 2.2 that
g(m(x),e) > g(x,e). Hence, we can identify the sign of g(z,e) — g(7(x),e).

We define 71" (y) = Tﬁ)—l o-- -of}(l)(y) and 7" (y) = Tﬁ)_l o-- -nggl)(y) if 7 (z)

exists. Then, we have

() ()

g(x"(x),e) > T (g(x.e)),
g(r"(x),e) < T (g(x,e))

O
O
&2
c
—
<
N~—
Q
=
oL
e
|
2
~—~
<
N—
Il
=
<
O
O

Similarly, we define ngfn) (y) = Tﬁ}ﬁ,n (@)

ng_l)(y) if 77" (z) exists. Then, we have

Q
—~
:1\
3
—~
&
~
®
~
Vv
>
T
2
—~
Q
—~
8
®
~
~—

g(r " (x),e) < T (g(a,e)).

We define 7" (y) =y and 7 (y) =y for any x € X.
If (n,m) € IIY  then Assumption 2.6 implies that

z’ )

T (g(2',e)) < g(n™(2'), ) < g(x™(x),e) < T™ (g(z,€)).

I/

If also define

~ — ~ ~ ~ —
we have (Ty)) (ngfl)(y)) = sup{y/ : T () < TS (y)} A > y for all y € Y. Hence,

we obtain

pm)\ < () pm)\ <
Similarly, if we define TSE(y) = MaX(,, e <T m) (Txn (y)) and ( ,m> (u) =
inf{y : Té?l) (y) > u} Vy, then TS (y) satisfies

g7’ e) = Ty (9w, e)). (2.25)
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We define
GOL(u) = / Fi (TSY (u)|") dP (&),

GEU(y) = / Fy (TS (w)|+') dF (2,

B (z,e) = sup {inf{u: GyGL(u) >e}} Vy,
yy<z -

B (z,e) = in>f {sup{u: GJY(u) < e}} AT,
yy>e

where Iy, (ylz) = P(Y < y|X = 2) and Fy ((ylr) = P(Y < y|X = 2). GF"(u) and
GSY(u) provide the lower and upper bounds of g(x,e) by an argument similar to (2.4)

and (2.5). B¢L(x,e) and BEY(z,e) strengthen these bounds.

Theorem 2.5. Under Assumptions 2.1, 2.2°, 2.8, 2.4°, 2.5, and 2.6, for all (x,e) €
X x (0,1), we have
B9 (x,e) < g(x,e) < BY(z,e).

2.7 Conclusions

In this chapter, we consider the partial identification of nonseparable models using binary
instruments. We show that partial identification can be achieved when g(z, €) is monotone
or concave in x, even if X is continuous and Z is binary. D’Haultfceuille and Février
(2015) and Torgovitsky (2015) show that g is point identified without monotonicity and
concavity. They use two key assumptions to establish the point identification of g. First,
Fx|z(x]0) and Fxz(x|1) have intersections and second, g(z,e) is strictly increasing in a
scalar unobservable. However, there are many empirically important models that do not
satisfy these assumptions. As such, we provide bounds for structural functions without

the use of these assumptions.
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2.8 Appendix: Proofs
Proof of Proposition 2.1. Step.1 We show that, for all e € (0,1) and x € X,
Ple<elX=z,Z=0)=Ple<elX =n(x),Z=1). (2.26)

First, we examine variable V' = Fx|z(X|Z). This is called “control variable” in Imbens
and Newey (2009). Let h~!(z, ) be the inverse function of h(z,v) with respect to v. We
thus have, for all (z,z) € {0,1} x A,

Fxz(x|z) = P(h( 77)< x| Z = Z)

where the second equality follows from the strict monotonicity of h(z,v) in v and the

third equality follows from Z 1l (¢, 7). Therefore, we obtain
V=h'ZX)=n.

Next, we show that the conditional distribution of € conditional on (X, Z7) = (z, z)
is the same as that of e conditional on V' = Fx|z(x|z). Because (z,2) = (Fxz(z|2),2)
is one-to-one and Fx|z(x|z) is continuous in x, the o-field generated by X and Z is the

same as that generated by V and Z. Hence, we have
Ple<elX=z,Z=2)=P(e<elV=Fxzz),Z==z).
It follows from Z 1l (¢,n) and V = n that
Pe<elX=x,Z=2) = P(e<elV=Fxyz(z|2)). (2.27)

Hence, the conditional distribution of € conditional on X and Z solely depends on V =
Fx1z(X|2).

By definition, functions m(z) and 7~1(z) satisfy
Fxiz(n(z)[1) = Fxz(]0), (2.28)
Fyar @)l0) = Fpp(all)

Hence, events {X = z,7Z = 0} and {X = 7(x), Z = 1} have the same V = Fx|z(X|2),
and (2.26) follows from (2.27).
Step.2 We show that (2.26) implies g (7(x),e) = 7o (g9(x,e)). Forall (z,e) € Xy x (0,1),
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we have

TV (g(z.e)) = Qvixer(@)z=1 (Fyx=s.z-0(g9(z,€)))
= QY|X7erl< (e<elX=2z,Z2=0))
= QY|X7ra:Zl< (e<elX =m(z),Z=1))
= Qy|xX=r(z),2=1 (FY|X =n( (9(77(95)a€)))
= g(ﬂ(f%@),

where the third equality follows from (2.26).
Similarly, we can prove g (77 1(z),e) = 7 (g(x,e)). O

Proof of Lemma 2.1. Observe that, if 7"(z) exists and 7"(z) € X, then 7""!(z) also
exists from (2.6). Suppose that there does not exist n € N U {0} such that n"(z) €
X1 N XS = (21, z,]. Then, there exists sequence {x,}22, such that x, = 7"(z). By (2.9),
{z,}52, is a decreasing sequence. Because x, > x,, {z,}5°, converges to T, € [zy,7°).
It follows from (2.28) that

FX\Z($n+1’1) = FX|Z(-Tn‘O)’

meaning we have Fy|z(Zs|l) = Fx|z(2s|0) by the continuity of Fx|z. However, this
equation violates Assumption 2.3. Hence, for all x € X, there exists n € N U {0} such
that 7"(z) € &y N XS Consequently, 7 (2) does not exist for n’ > n. Similarly, for
all z € X, we have 77 (z) € Xy N XL for some m € NU {0}. Then, 7= (z) does
not exist for m’ > m. Therefore, IT)/ _ is finite for all (z,2") € X x X because the set
{(n,m) € ZxZ :w"(x') and 7™ (x) exist.} is finite.

We proceed to show the nonemptiness of H%x. For all z, 2’ € X, (n,m) € Z X Z exists
such that 7"(z") € X1 N A§ = (z;,2,] and 7" (x) € Xy N AL = [T1,Tp). It follows from
Assumption 2.3 (ii) that 7" (z’) < 7™ (x). O

Proof of Theorem 2.1. As discussed in Section 2.3, it suffices to show that Tg%f(y) and
TV (y) are strictly increasing in y and surjective. If 7"(x) exists, T (y) is strictly
increasing in y. Hence, T2 (y) and T2 (y) are strictly increasing in y because IIJ | is
finite by Lemma 2.1. If 77 (z) exists, we obtain Tén)([g, 7)) = [y, 7). Because II} _ is finite,

we have T2 (y) and T2V (y) are surjective. O
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Proof of Theorem 2.2. Step.l First, we show that, for all x € X', there exists n* € Z such
that 7 (z) and 7" *1(z) are well defined and 7" (z), 7" *1(x) € [r(Z), 7 1(z)]. If 7"(x)

and 7"(y) are well defined, because 7" (+) is strictly increasing, we can obtain

r<y = 7" (z)<71"(y). (2.29)

77 1(Z). In case (ii), it follows from (2.29) that 7(7) < w(z) <7 <z < 7 (
(iii), it follows from the proof of Lemma 2.1 that n € N exists such that 7" (z)
This implies that 7=1(z), ..., 7 "(z) exist. By the definition of 7, we have 7(Z) € X, and
hence z < 7(%) < 7 "(z). Therefore, there exists n* € Z such that 7™ ™2(x) < 7(z) <
7 t1(x) and we can obtain 7(7) < 7" *l(z) < ¥ < 7" (z) < 7Y

Similarly, in case (iv), there exists n* € Z such that 7" (z), 7" () € [7(Z), 7~ 1(Z)].

=1
S—
=
2
~
[\
[N
Ne)
N~—

Step.2 Next, we show that g is point identified. From step 1, for all z, 2" € X', there exists
n,m € Z such that 7" (z'), 7" (2), 7™ (x), 7" (z) € [x(z),7 ' (Z)]. Then, from (2.29),
we have either 7" (2/) < 7™ (x) < 7"(2) < 7™ (z) or 7™ (z) < 7" (') < 7™ () <
('), If 7"t (2') < 7™ (z) < 7 (2') < 7™ (z), then we have (n+ 1,m + 1), (n,m) €
Iy, If 7 (z) < 7 (') < 7™ (x) < 7"(a’), then we have (n + 1,m) € I}/ .. Hence,
such that 7 (z'), 7™ (z) € [7(Z), 7 1 (Z)]. As g(x,e)

is constant on [7r(Z),7'(Z)], we obtain

there exists a pair (n*,m*) € II}/ |

70 (g(a'se)) = T (g(x, e)) .

T

Therefore, g(a',e) = T} (g(x,€)). Hence, (G’;’c\“)*1 (e) coincides with g(z,e) because
(2.15) becomes an equality. This implies that BML(z, e) coincides with g(z, e). Similarly,

BMU(z, e) coincides with g(z,e). O

Proof of Lemma 2.2. From the proof of Lemma 2.1, H%x is finite. Hence, we prove the
nonemptiness of Hg,’x. From the proof of Lemma 2.1, for all z, 2’ € X, there exist n,m € Z
such that 7™ (z), 7™ (z") € XAy NAS. Without loss of generality, we assume 7" (z') < 7™ (x).
Then, 7™ *(z) and 7"~ (2') exist because 7™ (x), 7" (z') € X;. Because 7™ (z) € X, N X
and 7" (z') € Xy, we have 7 (2) < 7™(x) < 7" (') < 7™ Y(z) from (2.29), and hence

(n,m) € Hf,’m. Therefore, Hf,’m is nonempty. O

Proof of Theorem 2.3. Similar to the proof of Theorem 2.1, we can obtain

(GEHY 7 (e) < gl,e) < (GSY) 7 (e).
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Because g(z,e) is concave in z, if =ty + (1 —t)y and ¢ € (0, 1), then we have g(x,e) >
tg(y',e) + (1 —t)g(y,e) >t (G;:L)_1 (e)+ (1 —1t) (GgL)_l (€). Hence, we have

sz s H(EZD) 6 0+ (S22 () @

/ /
Y,y y<ae<y’ Yy -y -y

Because g(x,e) is concave in z, if z =ty + (1 —t)y and ¢t < 0 then we have g(z,e) <
tg(y',e)+ (1 —t)g(y,e). Because BL(x,e) < g(a: e) < (GCU) (e),t<0,and 1 —t >0,
we have g(z,e) < tBYL(y/ e) + (1 —t) (GSY ) (e). Similarly, if z =ty + (1 — t)y’ and
t > 1, then we have g(x,e) < tg(y,e) + (1 —1t)g(y,e) <t (G??U)_l (e)+ (1 —t)BL(y  e).

Hence, we have

g(z,e) < min [infyyy/:m<y<y/ {(;,‘_Z) BCL(y e) + (th (Gyc
infy e { (15) BOHW ) + (325 (G59) " @}

Proof of Theorem 2.4. Similar to Theorem 2.2, for all z, 2’ € X', there exist (n,m) € Hf,’m
such that 7™ (2’), 7"~ !(z'), and 7™ (x) are in [7(Z), 7~ *(Z)]. Because g(z,e) is linear in z,

we have

[taralnm) T + (1=t m)) T8V (9!, €)) = T (g(a,0))

Similarly, for all z, 2’ € X, there exist (n,m) € ng, such that

T8 (g(a',€)) = [taw (me )T + (1 =ty (m, ) T (g, €))

Hence, as described above, B¢*(z, e) and B¢V (x, e) coincide with g(x, ¢) because inequal-
ities (2.20) and (2.21) become equalities. O

Proof of Proposition 2.2. Because g(z,e) is nondecreasing in e, we have

F;‘XZ( g(z,e)|x,0)

P(g(z,e) < g(z,e)|X =x,Z =0)
Ple<elX=2,Z=0)

Pe<elX =mn(x),Z=1)
P (g
F

IN

IN

(m(2),¢) < g(n(x),e) [ X =7(z),Z =1)
|XZ( g(m(z),e)|m(z),1), (2.30)

where the first inequality follows from {e : g(x,€) < g(z,e)} C {€: € < e} and the second
from {e:e<e} C{e:g(z,e) < g(z,e)}. From the definition of Qy y ,(7]z,2), it follows
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that Qy x , (F;|X7Z(y|x,z) x,z) = inf{y : F;“|X7Z(y’|x, z) > F;,F‘X’Z(y]x,z)} Vy <y for
all y € Y. Hence, inequality (2.30) implies that
" (g(w,0)) = Qv (Frixzlole,o)lz, 0)|r(@), 1)

Q7. (i (9(n(@), ) (), | (x). 1)
< gln(w),e)

IN

Similarly, because g(z, ) is nondecreasing in e, we have

FY o (9(2,0)]2,0) = Fy ., (g((), )l(x), 1)

Because Q;\X,Z (F;lX’Z(ykE,Z) :E,Z) = sup{y’: F;‘X7Z(y/|x,z) < Fﬁxz(?ﬂxa 2)}NY >y

for all y € ?, we have
g(n(x),e) < TV (g(z,e)).

Similarly, we have two inequalities: g(7~'(z),e) > T8 " (g(z,€)) and g(7~1(z),e) <
TV (g(x. ). =
Proof of Theorem 2.5. First, we show that

inf{u: GS*(u) > e} Vy < g(z,e) < sup{u: GSY(u) < e} AT (2.31)
Because T)7Y(y) satisfies (2.24), we have
G (gwe) = [ By (T%gla,0)) dF ()
[ B ot e ar ()

- / Py, ) < g, )| X = o) dF (&)

v

> /P(ege]X:ac/)dF(x’):e,

where the second inequality follows from {e : € < e} C {e: g(2',€) < g(a’,e)}. Because
g(z,e) >y, we can obtain g(x,e) > inf{u : GF"(u) > e} Vy. Similarly, because T5" (y)
satisfies (2.25), we have

GZV (g(z.e)) < | Fyx_y (9(a' ) dF(a))

/
= [Pl < gl )X =) dF ()
/p (c < e|X = 2/)dF(z') = e,
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where the second inequality follows from {e : g(2/,€) < g(2’,e)} C {e: € < e}. Hence, we
can obtain g(z,e) < sup{u: G¢Y(u) < e} A7.

Because g(z,e) is nondecreasing in « and (2.31) holds, similar to Theorem 2.1, we
have BYE(z,e) < g(x,e) < BEY(x,e). O
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2.9 Appendix: Figures

FX Z(.L"l)

FXZ(.E‘O)

m @) )

Figure 2.1: The case where Assumption 2.3 holds.
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Figure 2.2: The case where Assumption 2.3 does not hold.

Figure 2.3: The dashed lines denote (Gi”L)_l (e) and (GYY) i (e). The solid lines denote

BME(g e) and BMY(x,e).
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Figure 2.4: Fxz(x|0) and Fxz(x|1) for Simulation 2.1.

[3%]
'

%]
'

Figure 2.5: h(x) = hy(x). The solid line denotes g(z,0.5). The dashed, dotted, and dash-
dotted lines denote BML(x,0.5) and BMY(z,0.5) when p = 0.3, 0.1, and 0.01, respectively.
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Figure 2.6: h(x) = ho(x). The solid line denotes g(z,0.5). The dashed, dotted, and dash-
dotted lines denote BME(z,0.5) and BMY(z,0.5) when p = 0.3, 0.1, and 0.01, respectively.
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]
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Figure 2.7: § = 0.4. The dashed line denotes g(x,0.5). The solid lines denote BML(x,0.5)
and BMY(z,0.5).
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Figure 2.8: § = 0.55. The dashed line denotes g(z,0.5). The solid lines denote BM%(x,0.5)
and BMY(z,0.5).

Figure 2.9: § = 1.2. The dashed line denotes g(x,0.5). The solid lines denote BML(x,0.5)
and BMY(z,0.5).
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Figure 2.10: The dashed lines denote (GfL)_1 (e) and (GS;YU)_1 (€). The solid lines denote
B¢ (z,e) and BV (x,e).

0.75-

0.00-

Figure 2.11: The right-hand line denotes Fx|z(z|0) and the left-hand one denotes
Fx‘z(l"l)



0.0-

Figure 2.12: The lower line denotes BML(z,0.5) and the upper one denotes BMY(z,0.5).
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Chapter 3

Identification and Estimation of

Time-Varying Nonseparable Panel
Data Models without StayelrsJr

3.1 Introduction

In this chapter, we consider the identification and estimation of the following nonseparable

panel data model:
}/;t == gt(XitvUit)7 Zzla , I, tzlv 7T7 (31)

where Y;; € R is a scalar response variable, X;; € R is a vector of explanatory variables,
and U; € R is a scalar unobservable variable. Suppose that Y; = (Yi1,---,Y;r) and
X; = (X}, -+, X]p) are observable. Many widely used panel data models fall into this

category. For example, this specification contains the textbook linear panel data model
Yie = X[, + a; + €,

because we can regard «; + ¢; as U;. Furthermore, it contains the following nonlinear

panel data models:

Yo = h_l(XZ{tB + v+ o+ €it), (3.2)
Y = C(U(Oéi, Eit)) + X{tﬂ(U(Oﬁy Git))a (3-3)

where (3.2) is the transformation model proposed by Abrevaya (1999), and (3.3) is the

random effects quantile regression model proposed by Galvao and Poirier (2017).

"This chapter is based on Ishihara (2019).
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The importance of unobserved heterogeneity when modeling economic behavior is
widely recognized. Nonseparable models capture the unobserved heterogeneity effect of
explanatory variables on outcomes because these models allow the derivative of the struc-
tural function to depend on an unobserved variable. Indeed, there is extensive literature
on nonseparable panel data models including Altonji and Matzkin (2005),Evdokimov
(2010), Hoderlein and White (2012), Chernozhukov, Ferndndez-Val, Hahn, and Newey
(2013), D’Haultfoeuille et al. (2013), and Chernozhukov, Fernandez-Val, Hoderlein, Holz-
mann, and Newey (2015).

This study shows that we can nonparametrically identify g¢;(z,u) when gi(x,u) is
strictly increasing in u, the conditional distributions of U;; are the same over time, and the
support of X; satisfies some weak assumptions. To identify the target parameters, many
nonseparable panel data models assume that the structural function does not change over
time, and require the existence of “stayers”, namely individuals with the same regressor
values in two time periods. By contrast, our approach allows g; to depend on the time
period ¢ in an arbitrary manner and does not require the existence of stayers.

Although modeling time trends is important in research on panel data, existing nonsep-
arable panel data models assume that the structural function does not change over time or
impose some restrictions on these time trends. For instance, Altonji and Matzkin (2005)
do not allow g, to depend on time period t; Evdokimov (2010) and Hoderlein and White
(2012) use additive time effects; and Chernozhukov et al. (2013) and Chernozhukov et al.
(2015) use additive location time effects and multiplicative-scale time effects. Moreover,
Chernozhukov et al. (2015) assume that ¢;(x,u) can be written as p(x) + oi(z)p(x, u).
Thus, time effects are linearly conditional on explanatory variables in this model, and as
such it does not allow for nonlinear time effects. Indeed, D’Haultfoeuille et al. (2013) allow
for nonlinear time effects by assuming that g;(z, u) can be written as m;(h(z,w)), where my
is a monotonic transformation. While this transformation extends the typical additive lo-
cation time effects and captures macro-shocks, it does not allow the effect of macro-shocks
to depend directly on an unobserved variable, and stipulates that V,g:(z,u)/V,g:(z, )
does not depend on time. For example, consider the relationship between consumption

and income. We write the Engel function of the i-th household as
Yii = ¢(Xit> M, Uit)a

where Y;; is consumption, X;; is income, Uj; is the scalar unobserved heterogeneity that
represents preference, and M, is a macroeconomic variable. However, such a model does
not satisfy D’Haultfoeuille et al. (2013) since V,¢(x, My, u)/V,é(x, My, w) depends on
M;. By contrast, our assumptions can accommodate this model, because we can rewrite
this as (3.1) by treating ¢(x, My, u) as g¢(x,u).
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Many nonseparable panel data models require the existence of stayers: Evdokimov
(2010), Hoderlein and White (2012), and Chernozhukov et al. (2015) require stayers in
order to identify the structural functions or derivatives of the average and quantile struc-
tural functions. In particular, to identify the structural function, Evdokimov (2010)
requires the support of (X;1, Xi2) contains (z,z) for all . Many empirically important
models do not satisfy this assumption. For example, in standard difference-in-differences
(DID) models, there are no individuals treated during both time periods. Our approach
does not require the existence of stayers and allows the support condition employed in
standard DID models.

Our identification approach is based on the conditional stationary condition, that is,
the conditional distribution function of U;; given X; does not change over time. Similar
assumptions are employed in all the aforementioned papers except for Altonji and Matzkin
(2005). Indeed, Manski (1987), Abrevaya (1999), Athey and Imbens (2006), Hoderlein and
White (2012), Graham and Powell (2012), Chernozhukov et al. (2013), and Chernozhukov
et al. (2015) essentially make the same assumption. Whereas Evdokimov (2010) does
not impose this assumption explicitly, a similar assumption is made by considering the
following model: Y;; = m(Xy, ;) + Uy. In this model, the unobservable variable «;
automatically satisfies the conditional stationarity because a; does not depend on t. By
contrast, D’Haultfoeuille et al. (2013) do not assume the conditional stationarity of Uy
given X; because they consider the identification of nonseparable models using repeated
cross-sections. Rather, they assume that the conditional distribution of U;; given Vj; =
Fx,(X;) does not depend on time.

In the literature on nonseparable panel data models, many papers allow the unobserv-
able variable to be a vector or do not impose monotonicity on the structural function, for
example, Altonji and Matzkin (2005), Evdokimov (2010), Hoderlein and White (2012),
Chernozhukov et al. (2013), and Chernozhukov et al. (2015). On the other hand, our
model assumes that the unobservable variable is scalar, and that the structural function
is strictly increasing in the unobservable variable. These assumptions are restrictive but
crucial for our identification results.

In estimation part of the paper, we propose parametric and nonparametric estima-
tion methods. We develop estimators based on the conditional stationary condition. Our
parametric method is similar to that of Torgovitsky (2017). This estimator is obtained
by minimizing the distance between the conditional distributions of U;; and U;,. We then
prove consistency and asymptotic normality of this estimator. Because the asymptotic
variance is complicated, we also show the validity of the nonparametric bootstrap. Our
nonparametric estimator is obtained by using a kernel function, and we show consis-

tency of this nonparametric estimator. Monte Carlo studies indicate that our parametric
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estimator performs well in finite samples.

Finally, we extend our identification results to models in which outcomes are discrete.
This class of models includes many empirically important models such as binary choice
panel data models. Models in this class cannot point-identify g;, but can partially identify
it by using the suggestion developed in Chesher (2010). We also allows g; to depend on
the time period ¢ in an arbitrary manner and does not require the existence of stayers.
However, the support condition becomes stronger than it is in models with continuous
outcomes.

The remainder of the paper is organized as follows. Section 3.2 demonstrates the
nonparametric identification of g; when outcome variables are continuous. In Section 3.3,
we propose the estimator under the parametric assumption and discuss its consistency,
asymptotic normality, and bootstrap. Section 3.4 reports the results of several Monte
Carlo simulations. In Section 3.5, we consider the case where Yj; is discrete and show
the partial identification of g;. Section 3.6 offers concluding remarks. The proofs of the

theorems and auxiliary lemmas are collected in the Appendix.

3.2 Identification

First, for notational convenience we drop the subscript ¢ and let T = 2. It is straight-
forward to extend the results to the case with T" > 3. For any random variables V' and
W, let Fyjw and Qyw denote the conditional distribution function and the conditional
quantile function, respectively. X;, X2, and U; denote, respectively, the supports of X,
(X1, Xs), and U,.

First, we assume g;(z, u) is strictly increasing in u, and Uy is continuously distributed.

Assumption 3.11. (i) For allt, the function g,(x,u) is continuous and strictly increasing
inu for all x. If Xy is continuously distributed, then g,(x,u) is also continuous in x. (ii)

For all t, Uy|X = x is continuously distributed for all x.

Assumption 3.12. For allt and x € Xis, the conditional distribution of the Y; conditional

on X = X is continuous and strictly increasing.

Many nonseparable panel data models do not employ the strict monotonicity assump-
tion, for example, Altonji and Matzkin (2005), Hoderlein and White (2012), Chernozhukov
et al. (2013), and Chernozhukov et al. (2015). These models allow for unobserved vari-
ables to be multivariate. Hence, our model is more restrictive than theirs. However, as
noted in the previous section, our model covers many widely used panel data models, such

as typical linear fixed-effects models.
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Assumptions 3.I1 and 3.12 rule out the case where outcomes are discrete. In Section
3.5, we relax the strict monotonicity assumption by allowing g;(z,u) to be flat inside the
support of Uy, and consider the case where outcomes are discrete.

Next, we impose the normalization assumption.
Assumption 3.13. For some T € X, we have g1(Z,u) = u for all u.

Assumption 3.I3 is a normalization assumption common in nonseparable models (see,
e.g., Matzkin (2003)). Because we assume U;|X = x 4 Us|X = x below, it is sufficient to
normalize ¢;(x,u) exclusively. The functions g;(z,u) and distributions of U; depend on
the choice of z. However, we can construct an alternative structural function that does

not depend on the choice of z as the following:

ht('r7 T) = gt('ra QUt (T))
Nevertheless, we can normalize this model in an alternative way.
Assumption 3.13°. For all t, the marginal distribution of U, is uniform on [0, 1].

Under this normalization and additional assumptions, we can regard this structural
function as the quantile function of the potential outcome considered by Chernozhukov
and Hansen (2005). They refer to U; as the rank variable. As they show, under the
rank invariance or rank similarity assumption, we can think of the function g;(x,u) as the
quantile function of the potential outcome. It is easy to show that the function g;(x,7)
under Assumption 3.I3’ is the same as the function h;(z, 7) under Assumption 3.13.

Hereafter, we use Assumption 3.13, but we can replace Assumption 3.13 with Assump-
tion 3.I3” and identify the structural function g;, as we show below.

We assume the conditional stationarity of U; by following Manski (1987), Abrevaya
(1999), Athey and Imbens (2006), Hoderlein and White (2012), Graham and Powell
(2012), Chernozhukov et al. (2013), and Chernozhukov et al. (2015).

Assumption 3.14. (i) The conditional distributions of the unobservable U; conditional

on X is the same across t. That is, for all x € X5, we have
Uy|X =x £ U)X =x, (3.4)
which implies that Uy = Uy =U. (ii) For all t, the conditional support of U)X = x is U.

When we can decompose U; into time-variant and time-invariant parts, this assumption
does not impose any restrictions on the dependence between the time-invariant part and
X. To see this, let U; = U(a, €;), where « is time-invariant and ¢, is time-variant. Then,
Assumption 3.14 holds, if

ala=a,X=x £ gla=a0¢,X=x (3.5)
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Because condition (3.5) allows « to be correlated with X arbitrarily, Assumption 3.14
imposes no restrictions on the time-invariant unobservable variables.

Indeed, Evdokimov (2010) and D’Haultfoeuille et al. (2013) employ similar assump-
tions, although the former does not make this assumption explicitly. By considering the
model Y;; = m(Xy, ;) + Uy, the unobservable variable a; automatically satisfies the
conditional stationarity. Moreover, since D’Haultfoeuille et al. (2013) consider the identi-
fication using repeated cross-sections, they do not impose this assumption. Instead, they
impose the following:

UilVi=v £ Us[Vy = v,
where V, = (Fx,  (Xi1), -+, Fx,,(Xix)) and v € (0,1)%.

To show the identification of g;, we introduce the following sets. Define S} = {z},
S ={r € Xy : (T,r) € X2}, namely the cross-section of Xy at X; = . For m > 1,
define

S) = {x € X, :there exists x5 € S?_, such that (r,7,) € Xj5.},
S2 = {x € X, : there exists z; € S}, such that (zy,z) € Xj».}.

Figure 3.1 illustrates these sets. Because U|X = x < U] X = x, for all (z1,25) € X2, we

have

FY1|X(91(901,U)|$1,$2) =

Uy <ulXy = a1, Xo = x9)
G2(w2,Us) < go(w2,u)| X1 = 21, Xy = 23)
= FY2|X (92@2, U)|$17 xz) .

Because Fy,x (y|z1,x2) is invertible in y for all (21, 22) € &j2, we obtain

gl(ﬂﬁhu) = QY1|X (FY2|X (92($27U)’$1,$2) |$1,l‘2)

go(z9,u) = Qv,x (FY1|X (91(71, u)|x1, 22) |x1»$2) . (3.6)

Equations (3.6) imply that if ¢i(x1,u) (or go(z2,u)) is identified and (xq,x2) € X,
then go(zo,u) (or gi(x1,u)) is also identified. First, we can identify ¢;(Z,u) because
g1(Z,u) = u holds by Assumption 3.13. Hence, we can identify gy(z,u) for all z € S2,
because ga(z,u) = Qvyx (Fyix (01(Z,u)|Z,2) |Z,2) = Qwyx (Fyyx (u|Z,2)|Z,2). We
now turn to identifying g, (z,u) for z € Si.

First, we fix z € §]. According to the definition of S}, there exists x5 € S2 such that
(x,25) € Xj9. Then, it follows from (3.6) that

91(967 U) = QY1|X (FY2|X (92(1’2, U)|9€7 Iz) |96, xz) )
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and hence, g;(z,u) is identified because go(x2,u) is already identified. Similarly, by using
(3.6), we can identify go(z,u) for all z € S?. Repeating this argument provides the

following theorem.

Theorem 3.1. Suppose that Assumptions 3.11, 3.12, 3.13, and 3.14 are satisfied. For all

t, if we have X; = UX_ St then the structural function g.(x,u) is identified for all x € X;
and u € U.

We also show the identification of g; under Assumption 3.13” instead of 3.13.

Corollary 3.1. Suppose that Assumptions 3.11, 3.12, 3.13°, and 3.14 are satisfied. For

all t, if Xy = UX_SE, holds for some T € X, then the function gi(z,u) is identified for
allz € X, and u € U.

This identification approach is similar to that of D’Haultfeeuille and Février (2015),
Torgovitsky (2015), and Ishihara (2017), who all identify nonseparable models using the
discrete instrumental variable. D’Haultfoeuille and Février (2015) and Ishihara (2017)
use the same normalization as Assumption 3.13’. D’Haultfceuille and Février (2015) show
that under appropriate assumptions, if for all x and 2’, we identify the function T, ,(y)

that is strictly increasing in y and satisfies

g(2',u) = Ty 4 (9(z, u)),

then we can identify the structural function g(z,u). We can also construct similar func-
tions and show that g, is point identified.

We next introduce some examples that satisfy this support condition.

Example 3.1 (DID model). In standard DID models, if X; is a treatment indicator,
then we have X5 = {(0,0),(0,1)}. Because X; = {0}, we assume T = 0. That is,
91(0,u) = w for all u. Hence, we identify gi(z,u) for all x € Xy and u € U. Then,
because Si = {0,1} = Xya, the support condition of Theorem 3.1 holds and we can
identify go(x,u) for all x € Xy and u € U.

Our identification approach does not require the joint distribution of (Y1,Ys). Hence,
if we can observe D = 1{X, = 1}, then we can identify the structural function g; by
using repeated cross-sections. If the potential outcome Y, (x) is equal to g;(x,Uy), then this
setting is similar to Athey and Imbens (2000).

Similar to Athey and Imbens (20006), we can also identify the counterfactual distribu-
tion even when Xi5 # {(0,0),(0,1)}. Let Yi(z) = gi(x, U;) denote the potential outcomes.
Then, we can identify Fy,x,(y|z'), where x # x'. Suppose that there exists x1 € X,
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such that (xq1,x), (x1,2") € Xia. In this case, it follows from (3.6) that

Fy1x=(o1,0) (Qvi x=(21.2) Fra[x=(a1.0) (1))
= Fyx (g1(z1, 95 (2, y))|z1, 27)
= P(gi(21,Uh) < ga(21, 95 ' (2,9))| Xy = 21, Xo = &)
= P(g(r,U1) <y[X1 =21, Xy =2)
= P(Ys(z) <y|Xi =z, Xo=2).

Hence, we can obtain Fy,(y) x,(y|z") by integrating out x1. The left-hand side is similar to
the counterfactual distribution of Athey and Imbens (2006). When X2 = {(0,0), (0,1)},

this result is same as their result.

Example 3.2 (connected support). When the interior of Xis is connected, the support

condition of Theorem 3.1 holds. Because the interior of Xio is connected, for any x €

Xy, there exists a series (29, 19), (x1,29), (z1,23), (x%,2}), (23, 23) - -+ such that 29 = T,
(2, 23, (27 ) € Xig for all m = 0,1,---, and lim,, o 27 = x. Figure 3.2 illus-

trates this result intuitively. From the definition of S}, x'" € S for all m. Hence, we

have x € U_,S}

m’

and the support condition of Theorem 3.1 holds.

The support condition of Theorem 3.1 rules out the case where X; = X5. Hence, if the
explanatory variables do not vary across time periods, such as sex or race, this support
condition does not hold.

If we have panel data with more than two periods, we can relax this support condition.
Similar to the case where T' = 2, we define the following sets. Define S} = {z}, St =
{r e X : (z,x) € supp(X1, X¢)}, t=2,--- ,T,and form >1land t=1,--- | T,

St = U{x € X, : there exists z, € S%,_, such that (z,, ) € supp(Xs, X;).}.
s#£t

Then, we show that g;(x,u) is point-identified under a similar support condition to that
of Theorem 3.1.

Corollary 3.2. Suppose Assumptions 3.11, 3.12, 3.13, and 3.14 are satisfied for T > 3.
Fort=1,---,T, if X, = U_,St., then the function g,(z,u) is identified for all x € X,
and u € U.

3.3 Estimation and Inference

In this section, we propose parametric and nonparametric estimation methods. In Sections

3.3.1-3.3.4, we assume that the admissible collection of structural functions is indexed by
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a finite-dimensional parameter, and propose a parametric estimation method based on the
conditional stationary condition. In Section 3.3.5, we propose a nonparametric estimation
method and show the consistency of this estimator. Throughout Section 3.3, we assume
that {(Y;, X;)}, are independent and identically distributed.

3.3.1 Parametric Estimation

Consider the following parametric model:
}/;t:gt(XitvUit;QO) 7':17 y 1, tzla 7T' (37)

The outcome functions are parameterized by § € © C R%, where §, € O is the true
parameter.

Indeed, Torgovitsky (2017) consider a similar setting, and develop an estimator based
on the identification result of Torgovitsky (2015). Following Torgovitsky (2017), we de-
velop a minimum distance estimator based on our identification results.

The following assumptions are the parametric versions of Assumptions 3.11, 3.12, 3.13,
and 3.14.

Assumption 3.P1. (i) For all t, the function g(x,u;0) is continuous and strictly in-
creasing in u for all 0 € ©. (ii) For all t, Uy|X; = x is continuously distributed for all

X.

Assumption 3.P2. For allt and x € supp(X), the conditional distribution of Yy condi-

tional on X; = x 1s continuous and strictly increasing.

Assumption 3.P3. (i) For some & € Xy, ¢1(Z,u;0) = u holds for allu € U and 6 € O.
(i1) For all 0,0 € © with 0 # 0, we have g,(+,+;0) # g(+,+;0") for some t.

Assumption 3.P4. (i) For all x € supp(X) and s,t € {1,---,T}, we have Ui|X; =
e~ Ui|X; = x. (ii) The support of Uy|X; = x isU.

These assumptions are similar to the assumptions in Section 3.2. Assumption 3.P3
(i) allows that g;(z,u;0) does not depend on some part of 6. For example, consider
0 = (01,05, ,07). Then, this condition allows that g, depends exclusively on 6.

Similar to Section 3.2, we suppose T" = 2. Under Assumptions 3.P1-3.P4 and the

support condition of Theorem 3.1, we have
UnolXi =x L UpolX;=x forallx < 0=, (3.8)
where U g = g7 Y( X, Yir; 0), t = 1,2. Therefore, (3.8) implies that the function

Dy(v) P(Upnp <y, X; <wvx) — P (Up < vy, X; <)

= E[(1{Ya < 1(Xi1,vu;0)} — 1{Yi2 < g2(Xi2, 003 0) }) {X; < i }] (3.9)
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is zero for all v = (vx,v,) € V = Xyp x U if and only if § = 6. Let || - ||, denote the
Lo-norm with respect to a probability measure with support V. Then, we have || Dy||,, > 0

and
|Doll, =0 < 0=0,. (3.10)

Hence, 6, is the value that provides a global minimum for ||Dy]|,.
We construct the estimator D, 9(v) of Dy(v) as a sample analogue of (3.9):

n

Dn,e(?}) = %Z (1{Yi1 < 91(Xi1,vu;0)} — 1{Yio < g2(Xi, 03 0) }) L{X; < vk} (3.11)

This is a natural estimator of Dg(v). We can obtain the estimator 6, by minimizing
| Drgllu- That s,
0, = arg Igleiél | Dol .- (3.12)

This estimator is similar to the estimators proposed by Brown and Wegkamp (2002) and
Torgovitsky (2017). They prove the consistency and the asymptotic normality of their
estimators, and also show the consistency of the nonparametric bootstrap. In what follow,
we likewise prove the consistency and the asymptotic normality of our estimator, and show
that the nonparametric bootstrap is consistent.

First, we collect the observable data together into a single vector, W; = (Y;,X;) =
(Y1, Yio, X1, Xi2). Next, we define

Aj(w) = [1{y1 < gi(z1,v45;0)} — 1{yo < go(2, 043 0)} 1{x < i},

where w = (y1, 2, &1, x2). Then, D, 4(v) = LS AS(W).

3.3.2 Consistency and Asymptotic Normality

First, we demonstrate the consistency of §,. Under condition (3.10), the following as-

sumptions are sufficient for én to be consistent.
Assumption 3.C1. 6, satisfies ||lA)n g |l = infoco ||lA)n79||M.
Assumption 3.C2. © is compact.

Assumption 3.C3. For all 0,0, |g;(z,u;0") — g(x,u;0)| < g(x)||0 — 0| holds for some
strictly positive g(z) with E[g(X:)] < K, where 0 < K < 0.

Assumption 3.C4. For allt, Y; is absolutely continuously distributed given X;, with a

conditional pdf fy,x(y|x) that is uniformly bounded above and continuous in y.

Assumption 3.C5. For all t, there exists an integer J; and functions {Bj}jt such that
for every 0 € © and u € U there is an ot (0,u) € R with g,(z,u) = Zj’;l (0, u) B ().
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Assumption 3.C1 entails that 6, minimizes ||D,gl,. Assumptions 3.C3 and 3.C4
imply that || Dyl|, is continuous in §. Assumption 3.C5 ensures that a class of functions,
{Ay : 0 € ©,v € V}, is P-GlivenkoCantelli. Hence, we show that || D, ||, uniformly
convergences to || Dg||,, almost surely. Brown and Wegkamp (2002) and Torgovitsky (2017)
also make similar assumptions. From these results and the compactness of ©, we show the
consistency from the usual arguments of extremum estimators (e.g., Newey and McFadden
(1994)).

Theorem 3.2. Under Assumptions 3.P1-3.P4, 3.C1-3.C5, and (3.10), we have [
0.

Next, we show the asymptotic normality of 8,,. Because the objective function || D, |,
is not differentiable in 6, our approach follows from Pakes and Pollard (1989). Similarly,
although bnyg(ﬂ) is not differentiable in 6, we also assume Dy(v) is differentiable in 6. We
let V., f denote the column vector of partial derivatives of f with respect to . We define
Ly(v) = VyDy(v) and I'y(v) = Ly, (v).

Assumption 3.N1. 6y is an interior point of ©.

Assumption 3.N2. For allt, g;(x,u; ) is continuously differentiable in 0 in the neighbor-
hood of 0y. In the neighborhood of 0y, |Vegi(x,u;0)| is bounded by some positive function
Vg(x) with E|Vg(X:)| < oc.

Assumption 3.N3. (i) There exists ¢ > 0 such that ||Do(v)all, > cllall for all a € R%.
(i) {Tp(v) : v € V} is equicontinuous in 0 at 0y. (i) [ ||To(v)|*dp(v) < oo.

Assumption 3.N1 is a standard assumption. Combined with Assumption 3.C4, As-
sumption 3.N2 implies that Dy(v) is continuously differentiable in 6 in the neighborhood
of 0. Assumption 3.N3 (i) is a rank condition that corresponds to Assumption D4 in
Torgovitsky (2017). Assumption 3.N3 (ii) implies that I'g(v)'(# — 6y) approximates Dy(v)

in the neighborhood of 6, uniformly over v.

Theorem 3.3. Under Assumptions 3.P1-3.P/, 8.C1-3.C5, 8.N1-3.N3, and (3.10),
V(O = o) > N(0, 85" SoAA01),
where Ag = [ To(v)To(v)'du(v) and
m= [ [ )T @)} dpe)dus)

with (v, v') = E[Ag (W)Ag (W)].
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The proof of Theorem 3.3 is similar to the proof in Pakes and Pollard (1989) for their
Theorem (3.3).

The asymptotic distribution of /n(f, — 6y) depends on the probability measure .
Carrasco and Florens (2000) consider the generalized method of moments (GMM) pro-
cedure with a continuum of moment conditions, obtaining the optimal estimator. They

consider the following type of GMM estimator to minimize

//Dnﬂ(v)an(vgUI)Dn,e('U/)d'Ud’U/,

where a, (v, v") converges to a kernel a(v,v'). As in Torgovitsky (2017), we consider only
the special case where a,(v,v") = a(v,?’) and a(v,v’) = 0 for v # v'. Although our
setting appears to be similar to that of Carrasco and Florens (2000), their approach is
not directly applicable because their objective function is smooth. Hence, we do not

pursue this problem.

3.3.3 Bootstrap

Let {W? }* , denote a bootstrap sample drawn with replacement from {W;}? ;. That is,
{W; ., are independently and identically distributed from the empirical measure P,,

conditional on the realizations {W;} ;. We define
a _ 1 . v *
Dn,@(v) = E Z A9<W'm)
i=1

as the bootstrap counterpart to ﬁn,g(v). Next, we suppose that é: satisfies

1]

n,0%

o= inf D] (313)
Then, we can obtain the following theorem.

Theorem 3.4. Suppose that é; satisfies (3.13). Under the assumptions of Theorem 3.3,
Vn(0: —0,) converges weakly to the limit distribution of /n(0, — 0y) in probability.

The proof of this theorem is similar to the proof of Theorem 6 in Brown and Wegkamp
(2002). From Theorem 3.3, we show that

Op— 0y = Y+ o0,(n"Y?),

1
where v, = Ay =" [To(v)(Ay (W;) — E[AY (W;)]))du(v). By using the bootstrap
0 n =1 0o o

stochastic equicontinuity due to Giné and Zinn (1990), we show that
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converges to zero in probability, conditional on almost all samples, where «; is the boot-
strap counterpart of 7,,. The term 7 has the same limiting distribution as v, according
to the bootstrap theorem for the mean in R%. Hence, we show that \/ﬁ(éz = én) converges
weakly to the limit distribution of v/n(6, — 6) in probability.

3.3.4 Nonparametric Estimation

In this section, we propose a nonparametric estimation method that uses a kernel function.
We assume that X} and X, are compact and X5 = X} X Xy. This implies that the support
condition of Theorem 1 is satisfied. Then, under Assumptions 13 and 14, for all z € A5,

g2(x,u) satisfies
E{1{Yy <u} — I{Yip < gao(z,u) } }| Xy = 7, Xip = 2] = 0.

Hence, we can obtain an estimator of go(z,u) by

I

%i{l{yﬂ <u}—1{Y, <K (lehn— x) K (Xihn_ 55)

Gno2(z,u) = arg mfin
i=1

where K(-) is a kernel function and h, is a bandwidth. Then, this estimator can be

written as

me(u\f,x) — ﬁmx(ﬂfﬁ) ; (3.14)

Gn2(x,u) = arg méin

where

S 1Y <y (B i (Xm)
S K () i (X

From Assumption I4, for all 1 € X} and x5 € X5, we have

Fyx(ylzy, 72) =

E{1{Yi < gi(z1,u)} — 1{Yis < ga(x2,u) } }| Xi1 = 21, Xio = 22] = 0.

Hence, similarly, we can obtain an estimator of g;(x,u) by

~ ~ 2
dna(ov0) = axgin [ [Frpx(€fo.22) ~ a(natos,o)lo,ao)| dusa(a), (315

where px, is a probability measure with support &.

Let U be a subset of . We impose the following assumptions.

Assumption 3.NP1. Let u € U. For any e > 0, there exists § > 0 such that |g;(xs, u) —
y| > € implies infy, 4, |Fyix (9¢(31, u) |21, 22) — Fyyx (y|o, 22)| > 6 for all t.

Assumption 3.NP2. For allu € U, {Fy;x(y|x)} is equicontinuous iny at y = g(s, u).
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Assumption 3.NP3. We have sup, . ., Fy,x (y|z1, x) — Fy,x(y|z1,22)| = 0,(1) for
all t.

Assumptions 3.NP1 and 3.NP2 imply that for u € U, Fy,x(y|x) is strictly increas-
ing and continuous in y at y = ¢(x,u) uniformly. Assumption 3.NP3 implies that

F;/t|x(y|x1, x5) uniformly converges to Fy,x (y|z1,x2) in probability.

Theorem 3.5. We assume that X7 and X5 are compact and X159 = X1 X Xo. Then, under
Assumptions 8.11-3.1, 3.NP1-8.NP3, for all (x1,15) € Xi5 and u € U, we have

le(l'l,u) _>p 91($17 U) and gn,2($2a U’) _)p QQ(Z'Q,U),

where §p1(21,u) and Gn2(z2,w) are defined in (3.15) and (3.14).

3.4 Simulations

To evaluate the finite sample performance of our estimator, we conducted two Monte

Carlo experiments.

Simulation 3.1. The outcome equation is given by

gi(z,u) = u+ (01 + Ou)(z — ),
u+ (01 + Osu)(z — ),

92(:67 u)
where T = 0. Because ¢1(Z,u) = u for all x, Assumption 3.13 is satisfied. We assume

Xt == 4@(215) t: 1727
Ut = a-+¢€ t:1,2,

where O(+) is the standard normal distribution function and

0 1.0 0.3 0.6
(Zy,Z3,) ~ N 01,1 03 1.0 0.5 ,
0 0.6 0.5 1.0
0 0
€1,60) ~ N :

Because the correlations between o and (Z1, Z3) are not zero, X, and Xo are correlated
with Uy. Because €|X = x,a = a 2 e|X = x,a = a, the conditional stationarity
assumption holds. We used p = Unif(0,4) x Unif(0,4) x N (0, 1) as the integrating measure.

We considered the following two settings: (1) (01,02,03) = (0.5,1.0,0.7), (ii) 02 = 05
and (61,62) = (0.5,1.0). Under Setting (i), we cannot use estimation methods of other
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papers, because their time effects depend on Uy. On the other hand, under Setting (ii),
there are no time effects. Hence, we can estimate E [V ,g,(X:, Up)| X1 = Xo = x| by using
the method proposed in Hoderlein and White (2012) because there are stayers. Thus, we
estimated E [V .g:( X, Up)| X1 = Xo = 2] using our method and their method and compared
the results of both. Under Setting (ii), we have E [V,g:( Xy, Up)| X1 = Xo =2] = 0, +
O, E[U;| X1 = Xy = 2] = 0.5. Hence, we estimated E [V ,g,(X;, Uy)| X1 = Xo = 2] by using
0, + 0, E[U| X, = Xy = 2].

Table 3.1 contains the results under Setting (i) for sample sizes of 400, 800, and 1600.
The number of replications was set to 1000 throughout. Table 3.1 shows the bias, standard
deviation, and the mean squared error (MSE) of the estimates of (64, 0s,03), highlighting
that the standard deviation and MSFE decrease as the sample size increases. In some cases,
the biases of the estimates do not decrease. However they are relatively small under all
settings.

Table 3.2 contains the results under Setting (ii) for sample sizes of 500 and 1000.
Table 3.2 shows that the standard error of our estimator is smaller than that of Hoderlein
and White (2012) for all settings. Although the bias of our estimator is larger than their

estimator, the MSE of our estimator is smaller.

Simulation 3.2 (DID model). We considered the case where X5 = {(0,0),(0,1)}. The

outcome equation 1s given by

gi(z,u) = w

go(z,u) = (61 + Ou)(1 — ) + (03 + Oyu)x,

where (6, 09,03,04) = (0.5,0.7,0.5,1.2). Because g(z,u) does not depend on x, Assump-
tion 3.13 holds for any x € X;. We assumed

Xy = 1{Z >0},
Ut = a-+¢ t:1,2,

where ®(+) is the standard normal distribution function and

Zay ~ v 1.0 0.6

@ 20 '\ o6 10))

e = 6((5)- (0 aie)
e o)\ o (032))

Because €| Xy = x 4 2| Xy = x for all x, Assumption 3.14 holds. When Xy =0, we have
Yo = g2(0,Us) = 01 + 05U, and when Xy = 1, we have Y = go(1,Us) = 05 + 0,Us. This
specification is similar to that of a typical DID model. However, letting Yy(x) = gi(x, Us)
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be potential outcomes, this model does not satisfy the parallel trend assumption if 05 # 1,
because E[Y2(0) — Y1(0)| X2 = x] = 01 + (6 — 1)E[U;| X2 = x| holds by the conditional
stationarity of Uy;. Hence, we cannot estimate the average treatment effect on the treated
(ATT) or the average treatment effect (ATE) by using a standard DID method. Under

this setting, we have

ATE = E[Ya(1) - Y3(0)] = 1.00,
QTEs = Qyy1)(0.25) — Qyy0)(0.25) = 0.65,
QTEsy = Qyy1)(0.50) — Qyy(0)(0.50) = 1.00,
QTE7 = Qyy1)(0.75) — Qyy0)(0.75) = 1.35.

We also estimated ATE and QTE as follows:
ATE = (9}, + é4E[U]) - (6] + éaE’[U]) :
QTElOOT = (ég + 94(20(7')) — (él + ég@ﬁ(T)) 3

where E[U] is a sample average ofU = (Y, -, Y, g2_1(X12, Yio; é), e ,g;l(XRQ, Y,0: é)),

and QU(T> 15 a sample T-th quantile of U. Because X1 =0 and X, is discrete, we used
Ag(w) = (1{y1 < vu} — Hyo < ga(wa, 045 0)}) Mz = v, },

where v = (v, v,). We used u = Ber(0.5) x N(Y1, sy,) as the integrating measure, where
Y] is the sample average of Y1 and sy, is the standard deviation of Yy. Table 3.3 contains
the results of this experiment for sample sizes of 400, 800, and 1600. The number of
replications was set to 1000 throughout. Table 3.3 shows the bias, standard deviation, and
MSE of the estimates of parameters, the ATE, and QTE, highlighting that the standard
deviation and MSE of estimates decrease as the sample size increases. The biases of the
estimates of parameters, the ATE, and QT Esy are relatively small, whereas the biases of
the estimates of QT Fas and QT Eqs are large. This may be caused by the fact that the

sample quantiles are biased.

3.5 Discrete Outcomes

In this section, we consider the case where outcomes are discrete. In the case of discrete
outcomes, we cannot point-identify g;(z,w). This is likewise true in Athey and Imbens
(2006), Chesher (2010), and Ishihara (2017). They consider the case where outcomes are
discrete, and instead show partial identification of the structural function. Hence, in this

section, we also consider partial identification of g;(x, u).
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First, we drop the ¢ subscript and let 7' = 2, as in Section 3.2. Let )); denote the
support of Y;. The assumptions employed in Section 3.2 do not allow the outcomes to be

discrete. Hence, we impose the following assumptions.

Assumption 3.D1. (i) For allt € {1,2}, the function g;(x,u) is weakly increasing in u
for all z. (i1) For allt € {1,2}, Uy|X = x is continuously distributed for all x.

Assumption 3.D2. (i) For allt € {1,2}, Y; is discretely distributed. (i) Y1 = Yo =Y
with Y= inf) andy =sup ).

Assumption 3.D3. For all t € {1,2}, the marginal distribution of U, is uniform on
[0, 1].

Assumption 3.D4. (i) For all x € X9, U1|X = x < Us|X = x holds. (ii) The support
of U)X = x is [0, 1].

Assumption 3.I1 (i) stipulates that g;(x,u) is strictly increasing in u. If Uy is contin-
uously distributed, then Y; must be continuously distributed under Assumption 3.I1 (i).
Hence, in this section, we relax Assumption 3.I1 by allowing g; to be flat inside the support
of U;. Athey and Imbens (2006) and Chesher (2010) also employ this weakly monotonic
assumption in models with discrete outcomes. Furthermore, when outcomes are discrete,
we cannot use Assumption 3.13, because U; is continuously distributed. Hence, we use
another normalization assumption. Assumption 3.D4 is identical to Assumption 3.14.

We can thus obtain the following theorem.

Theorem 3.6. Suppose that Assumptions 3.D1, 3.D2, 3.D3, and 3.D/ are satisfied. For
all t € {1,2}, if Xio = X1 x Xy holds, then we have

v

gi(x,u) > gy (z,u) =infly € [y,7] - Gia(y) > u},

gi(z,u) < g/ (z,u) =sup{y € [y,7] : GL,(y) < ul,

where Gf, and G, are defined by (3.24) and (3.27), respectively.

This identification approach is similar to that in Ishihara (2017), who considers the
identification of nonseparable models with binary instruments and shows that the struc-
tural functions are partially identified when outcomes are discrete.

In Theorem 3.6, we assume that X5 = &} x X;. Although this support condition does
not require stayers, it is nevertheless stronger than that of Theorem 3.1. Indeed, we can
relax this condition and partially identify ¢g; under a weaker support condition. However,
if we do, then the bounds of g; may be looser.

To illustrate Theorem 3.6, we introduce two examples.
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Example 3.3 (DID model with binary outcomes). Suppose that the outcomes are binary
and X5 = {(0,0),(0,1)}. Then, X153 = Xy x Xy, where X; = {0} and Xy = {0,1}. This
is the usual DID setting. Define D = 1{X, = 1}. We consider the partial identification
of g2(0,u) and g2(1,u).

In this case, we have

Gio(y) =P(D = 1)F;/;|D 1(T£170(y))—|—P(D 0>F§L|D O(Tgo,o(y)),

where Ty o(y) = QY p—1 © Fyyipoy © @yyypo © By p_o(W) and T3g,(y) = y. We define
pe(d) = P(Y; = 1|D = d), then

P(D =1,Y; < 1{pa(1) > p1(1)}) ify <0
Gio(y) =4 P(D=1Y, <1{p2(1) > p1(1) or p1(0) > p2(0)}) + P(D =0,Y2=0) if0<y<1.
1 ify>1

Therefore, we can obtain a lower bound

1{u>P(Yo=0)} if p1(1) > p2(1) and p1(0) < p2(0) .

2L(07u) =
! H{u>PYo=0)+P(D=1,Ys=1)} ifpi(1) < pa(1) or p1(0) > p2(0)

Similarly, we can obtain the following functions:

95 (1, u) Hu> PO, =0)) if p1(1) < p2(1) and py(0) > p2(0)
1{u>P(D=0)+PD=1Y =0} ifpi(1)>pa(1) orpi(0) < pa(0)
@ 0,u) = Hu>P(D=0,Y2=0)} ifpi(1) > p2(1) or pi(0) < p2(0)
Hu> P(Y; = 0)} if pr(1) < pa(1) and p1(0) > p(0)
w - JHuZPO=1Y=0} ip0) <p) orp( 2 p0)
H{u> P(Y; =0)} if p1(1) > pa(1) and p1(0) < ps(0)

If we define the potential outcomes as Yi(x) = gi(x,Uy), we can partially identify the
ATE. Because g&(z,u) and g (x,u) respectively denote the lower and upper bounds of

go(, 1), we have
Elgy (2, U)] < E[Ya(2)] < Elgy (2, U)], foraz=1,2,
where U ~ Unif(0,1). Hence, we have
Elgy (1,U)] — Elg5 (0,U)] < pare < Elg5 (1,U)] — Elg5 (0,U)],
where parp = E[Ya(1) — Ya(0)].
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Hence, above bounds of go imply that the lower (upper) bound of ATE is not larger
(smaller) than 0. Actually, when p1(1) < pa(1) and pi(0) > p2(0), that is E[Y1(0)|D =
1] < E[Y2(1)|D = 1] and E[Y1(0)|D = 0] > E[Y2(0)|D = 0], a lower bound of ATE
becomes 0. This situation implies that the mean of the treated group increases, although
the time trend effect is negative. Hence, in this case, it is intuitive that the ATE is larger
than 0. Contrarily, when pi(1) > pa(1) and pi(0) < p2(0), that is E[Y1(0)|D = 1] >
EY>(1)|D = 1] and E[Y1(0)|D = 0] < E[Y2(0)|D = 0], an upper bound of ATE becomes
0. This situation implies that the mean of the treated group decreases, although the time
trend effect is positive. Hence, in this case, it is intuitive that the ATE is smaller than 0.

As an example, we consider the following case:

E[Yi|D =1] =04, EY;|D=0] =03,
E[Ys|D =1] =05, EY|D=0]=02,
P(D=1)=0.5.

In this case, we can obtain

g¥(0,u) = 1{u > 0.9},

g¥(1,u) = 1{u > 0.65},
gy (0,u) = 1{u > 0.65},
g¥(1,u) = 1{u>0.25}.

Hence, in this case, ATE is smaller than 0.65 and larger than 0. As discussed above,
because E[Y1|D = 1] < E[Y5|D = 1] and E[Y1|D = 0] > E[Y5|D = 0], a lower bound of
ATE becomes 0.

Example 3.4. We consider the following model:
Y= gt(Xt, Ut) = l{Ut > (1 + eXp(Oét + ﬁtXt))_IL t=1,2,

where Uy = ®(¢;) and

0 1.0 06 04
(X17X27€t) ~ N 0 y 06 1.0 04
0 04 04 1.0

Hence, Uy ~ Unif(0,1) for all t and U;|X = x < U)X = x for all x. We set

(a1, an, B1, B2) = (0,0.3,0.5,0.6). Under this setting, we calculate gF(z,u) and gV (x,u)
defined by Theorem 3.5 for x = —2,—1,0,1,2. Table 3.4 shows gl (x,u), g (x,u), and
gi(z,u) at z = —-2,-1,0,1, 2.
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When x is small, the lower (upper) bounds are uninformative (informative). Contrar-
ily, when x is large, lower (upper) bounds are informative (uninformative). In this model,
there is a positive time trend because gy(x,u) < go(x,u). These bounds reflect this fact.

That is, they also satisfy gF(z,u) < g (z,u) and g% (x,u) < ¢¥(z,u).
We can extend Theorem 3.6 to panel data with more than two periods.

Corollary 3.3. Suppose Assumptions 3.D1, 3.D2, 3.D3, and 3.D/4 are satisfied for T > 3.
Fort=1,---,T, if supp(X) = X1 X --- x Xr, then we have

v

gi(x,u) g9f (z,u) = inf{y € [y, 7] : G1,(y) > u},

gi(z,u) < g/ (z,u) =sup{y € [y,7] : G, (y) < ul,

where G, (y) and G, (y) are defined by (3.32).

3.6 Conclusion

In this chapter, we explored the identification and estimation of nonseparable panel data
models. We showed that the structural function is nonparametrically identified when the
structural function g;(x,u) is strictly increasing in u, the conditional distributions of Uy
are the same over time, and the joint support of X; satisfies weak assumptions. Many
nonseparable panel data models assume that the structural function does not change over
time and that stayers exist. By contrast, our approach allows the structural function to
depend on the time period in an arbitrary manner, and it does not require the existence
of stayers. In estimation part of the paper, we propose parametric and nonparametric
estimators that implement our identification results. Monte Carlo studies indicated that
our parametric estimator performs well with finite samples. Finally, we extended our
identification results to models with discrete outcomes and showed that the structural

function is partially identified.
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3.7 Appendix: Proofs

Proof of Theorem 3.1. First, we show that g;(z,u) is identified for all x € UX_,St . By
the monotonicity of g; and (3.4), equations (3.6) hold for all (x,z5) € X}9. First, we can
identify ¢;(Z,u) = u by Assumption 3.13. We can also identify go(ws,u) for all zo € S2

because (Z,z5) € Xj2 and we have

92(2,u) = Qyyx (Frax (91(Z, u)|Z, 22) |7, 22) = Qyx (Fyijx (ulZ, 22) |2, 22) .

We now turn to identifying g1 (21, u) for z; € Sf. Fix z; € §]. According to the definition
of 8, there exists x9 € 82 such that (z,73) € Xjo. Then, it follows from (3.6) that

91(1’1, U) = QY1|X (FY2|X (92($2, U)|$1, $2) |$17$2) )

and hence, g;(z1,u) is identified because go(xo,u) is already identified. Similarly, by
using (3.6), we can identify go(x,u) for all z € SZ. Repeating this argument gives the
identification of ¢;(x,u) for all z € UX_,S? .

Next, we show that g;(z, u) is identified for all z € X,. We fix 2’ € X\ (U, SE). Since
X, = UX_,S! , there exists a sequence {#™}%_, C U®_S!, such that lim,, ,., 2™ = 2'.
By the continuity of g, we have lim, o0 gi(2™,u) = gy(2’,u) for all u € U. Hence, we

can also identify g,(2',u) because g;(z™,u) is identified for all m. O

Proof of Corollary 3.1. First, we show that if for all z, 2’ € &}, we can identify the strictly

increasing function T3 . . (y) that satisfies

ge(2',u) = Ty o (e, ) (3.16)
then, g;(z,u) is point identified. We define G%(y) = [ Fy,\x, (T10 2(y)|2") dFx,(2"), and

then we have

G (go(x,u) = / Frx, (gu(a’,w)|2) dFy, (2

_ / P (U, < u|X, = 2') dFy, (')

= PU; <u)=u,
where the last equality follows from Assumption 3.13". Because T}, ,(y) is strictly in-
creasing in y, G%(y) is invertible. Hence, we obtain g;(x,u) = (G%)~"' (u). This implies
that g;(x,u) is identified if we can construct T}, . (y) for all z, 2’ € A;.

To construct T}, .(y), we show that for all x € &}, we can identify the strictly in-

creasing function 77, (y) that satisfies
ge(w,u) = T7,(91(7, u)). (3.17)
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For all x € Uy_(S),, the proof of Theorem 3.1 implies that we can construct T}, (y)
that satisfies (3.17). Because Fy,x and Qy,x are strictly increasing, T}, (y) is strictly
increasing in y for all 2 € UX_,S%. We fix 2/ € &\ (UX_,S!,). Since X; = U_,S! , there
exists a sequence {z™}°_; C UX_ St such that lim,, ,,, 2™ = 2/. By the continuity
of g and (3.17), we have lim,, o T}, (91(Z,u)) = g¢(x,u). Because g;(z,u) is strictly

t,Tm

increasing in w, lim,, o, 77", (y) is also strictly increasing in y. Hence, for all x € X}, we

t,Tm

can identify the strictly increasing function Ty, (y) that satisfies (3.17).
By using T}, (y), we identify T} . ,(y) that satisfies (3.16). Because, for z,2" € &}, we

have
g’ u) = Ti (1) (ge(w,v)) |
we can construct the function 7} ./ . (y) that satisfies g;(2,u) = T} 1 2 (g:(z,u)). Therefore,

we can identify g;(z, u). O
Proof of Corollary 3.2. The proof is the same as that for Theorem 3.1. [
Proof of Theorem 3.2. We fix § > 0. By Lemma 3.1, 3.C2, and (3.10), there exists € > 0
such that ||§ — || > ¢ implies ||Dy||, > €. Therefore, we have

D4\l <€ = 10n — 6ol <
and it will suffice to show that ||Dj ||, —>a.s. 0. By (3.33), we have

sup [ D = Doll, < s1p[D0(0) = Dy(o)] = 0. (D). (3.18)

By the triangle inequality and 3.C1,

1Dg Nl < 1Dy, — Do llu+ 11Dy, |
< 1D, = Dg, |l + [ Dn,go llu-
By the uniform convergence (3.18), ||l§n 6, — DénHu = 04.5.(1) and ||1A)n790||u = ||1A)n790 —

Dy ||, = 04.5.(1). Hence, we can show that 0, =5 0o O

Proof of Theorem 3.3. First, we prove the /n-consistency of f,. As seen in the previous
theorem, én is a consistent estimator of 6,. Because én is consistent, we can select a

sequence {4, } that converges to zero sufficiently slowly to ensure

P(||0, — o] > 6,) — 0.
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For this sequence, the supremum in (3.35) runs over a range that includes 6,. Hence, by

the triangle inequality and Lemma 3.4, we have
1D, lln = 1Dy, e = 1 Dol < I1D,,5, = Dy, = Dol = 0p(n™'72).
From Assumption 3.C1,
1D, 1l < 0p(n™2) + 2] Dy

Because E[Aj (W)] = 0 for all v and E|A} (W)Ay (W)| < 1 for all v and v/, we have
VD g, (v) = LS L AS(W;) ~ N(0,9(v,v)). Since the proof for Lemma 3.2 shows that
{Ag, : v € V} is a Donsker class, {\/nDy4,(v) : v € V} converges weakly in [®(V) to
a mean-zero Gaussian process with covariance function ¥(v,v’') and we have HDn,OoHu =
O,(n"1/%). Hence, we have

||Dén||u = Op(n_l/2)-

Because Dy, (v) = 0 for all v, Lemma 3.3 implies that for all  in a neighborhood of 6,

Dol = [ITo(v)’ (0 = 6) — (Do(v) = Doy (v) — To(v)'(6 — o)) [l
= [To(v)'(6 = 00)llu — [1Do(v) = Doy (v) = To(v)'(6 = bo).
> (e=o(1)) x |6 — 6.

Therefore, |0, — 0o|| < =711 Dj, [ln = Op(n~172).
P n R .
Next we establish the asymptotic normality of \/n(6, — 6y) by approximating D,, ¢(v)

as the linear function

A

Lup(v) = To(v) (0 — 0p) + Dygy (v).
We have
D4, = Luglle < 1D,4, = Da, = Dugollu + 11D, (v) = To(v) (6 — 60) I,
< 0p(n™) 4 0|10 = bo]) = 0p(n~"7%),
where the second inequality follows from Lemma 3.3 and Lemma 3.4, and the last equality
follows from the y/n-consistency of O,
Let 6, be the value that provides a global minimum for || L, g||. Then, To(-)' (8, —6p) is

the Ly(p)-projection of —D,, 4,(-) onto the subspace of Ly(u) spanned by the components
of Tg(+). Because Ag = [To(v)Tg(v)'dp(v) is finite and invertible by 3.N3, we have

Vn(, —6y) = —Ag? /FO(U)\/ﬁﬁnﬂo (v)dp(v). (3.19)
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Then, we have

LoD (dule) = —=3" [ A5 (VTa(w)duto)
NP

1 n

for & = [ A}, (Wi)L'o(v)dp(v). By Fubini’s theorem, E[&;] = [ E[Ag (Wi)]To(v)du(v) = 0,

and
plee] = [ [ {BAs 07 AL W) | du)dn(v)
=/ {9 (0, o) To(0)To(t')'} da(w)dpu(s),
VXV

where all elements of E[¢€'] are finite. Hence, /n(f, — 6p) ~> N(0, %) by (3.19). Conse-
quently, 6,, = 6y + O,(n~"/?), and {8,} can be assumed to satisfy P(||6, — 6o > 6,) — 0.
Because 6, is an interior point of ©, 6, lies in © with probability approaching one. To
simplify the argument, we assume that |6, — 6o|| < &, and 8, always belongs to ©.

Because |Dy(v)| < |To(v)'(0 — 6y)| + o(]|0 — p]|) uniformly over v by Lemma 3.3, we
have

1D < IT0(@) (0 — b0)ll + 018 — boll) = Op(n™2).

By the triangle inequality and Lemma 3.4, we have HDn,(;nH# — | Dg |l — | Dnoyll,, =

0p(n~Y/2), and hence || D, ; ||, = Op(n~/?). Then, we can argue as for 0, to deduce that

A

HDn,én - Ln,énHN = Op(nil/z)-

Above, we showed that ||ﬁn7é" — Ln,énHu = 0,(n"Y/?) and Hﬁn,én — f/n,énHu = 0,(n=12).

Therefore, we have

1L gl = 0p(n™Y2) < 1D, 5 I
< ||Dn,énHu + Op(n_1/2)
< HLn,énHu + Op(n71/2>-
That is,
1Ly g Ml = WL g, 1+ 0p(n 2,

and by squaring both sides, we have

1L, 6,012 = 1Ly g. 1% 4 0p(n71),
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where the cross product term is absorbed into o,(n~!) because ||L, 4 ||, = Op(n~/2).

Because inen() and T'y(+) are orthogonal according to the definition of 6, we can obtain

ILnslli = 1L, () +To(v)' (0 — )15
= 1L, 117 + ITo(v) (0 = 6)II5.

By making 6 equal to én, we have
0p(n™") = [Fo(0) (Bn = 0)1[7, = (16 — 0>

Hence, \/n(0, — 0,) = /n(0, — 0,) + 0p(1) ~ N(0, Ag'ZeAg). =

Suppose that each W; is a coordinate function of ([[;2, S, [[:2, o(S),I[;2, P). Let w

denote one of the realizations of W;, and let (W7, -+,

W ) denote the bootstrap sample.
Following Hahn (1996), we introduce the following notations. Let {(}} be a sequence of
e, W) of the bootstrap

sample. We write (; = Oy/(a,) if ¢;, when conditioned on w, is O,(a,) for almost all w.

some bootstrap statistic: each (* is some function f, (W}

If ¢, when conditioned on w;, is 0,(a,) for almost all w, we write ¢} = of(a,). We write
¢r = Og(1) if, for a given subsequence {n'}, there exists a further subsequence {n”} such
that (* = ;j(l). If for any subsequence {n'} there is a further subsequence {n”} such
that ¢*

n// i

0y/(1), we write (;; = op(1). Note that ¢ = op(1) if and only if ¢ converges
weakly to zero in probability.

Proof of Theorem 3.4. The proof is similar to that of Brown and Wegkamp (2002). First,

we define
MO) = [ DoloPduto),
MA0) = [ DualoPduto)
M;0) = [ Dro(wdu(o
Then, for any 6 — 6, we have
M;0) = Mu0) = [ (D) = Dualw)*duv) + 2 [ Duae)(Dyp(0) ~ Dua()du(v)
= [0 0) = D)) + | [ (D:0) = Drafo) (e
~ [Dia0) = Do) ()] +2 [ DA Do) = Do)
42 [ (Do) = Do0)(Dig(0) ~ Dua(0)) ).
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Suppose that H9 0| < 0, for 6, | 0. By Lemma 3.6, we obtain ||\/ﬁ(f?;§9 — ZA?nﬂ)Hu -
IVA(D; 4, = Digo)llu = 05(1). Hence,

[D10(0) = Dus)n(e) ~ [ (Dy,(0) = D (0)dn(e) = oo™,

Similarly, by the Donsker property of {A} : 0 € ©,v € V},

/ (D) — Do(0)) (D) — Dp(0))dp(v)
/ Dy (v — Dugl0))dpu(v) + 0p(nY).

Therefore, we have

M(0) = M) = [(D0,(0) = Doy (0)di(0) +2 [ Doy (0)(Dy0) = Doalw)dlo)
+2/D9 — Dy p(v))dp(v) + 0p(n~")
— [(D10,0) = Dy (0)Vdu(e) +2 [ Doy (0)( D) = Dua(w)dilo)
+2(0=60) [ Lo(0)(D5(0) ~ Doa(e)) )
+03(n_1/2||8 — G| +n7h).
Consequently, for 6 — 6, and 7 — 65,

M;(0) — My (n)

= [(My = My)(0) — (M, — M) ()] + [(My — M)(0) — (M, — M)(n)] + [M(0) — M(n)]
= 200 77)’/1“0(@) [(DZ 90 (V) = Digy (0)) = (Drgy (v) — Deo(’U))] dp(v)
+/ [(6 = 60)'To(v) + o([|6 — 6o[)]” dpa(v) — / (1= 60)'To(v) + o([[n = Oo))]* dpa(v)
+op(n V210 — bo| +n V2 |ln — bol| +n7")
= 2(6- n)’/Fo(v) [(DZ 90 (V) = Dingy (v)) = (Dy gy (v) — Deo(v))] dp(v)
+(0 = 6)"Ao(0 — 00) — (n — 00)' Ao(n — o)

+0n(18 = Boll? + In — o2 + n =28 — Boll + n 2]l — By | +nY). (3.20)
We define
Y= A / Lo(0) (Do (v) — Dy (0)dpa(w),
%= A [ T0)(D,(0) - Doy (0)du(e)
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Then, we can rewrite (3.20) by

My (0) = My(n) = 20 —n)'Do(n +77) + (6 — 60)" Do (6 — b)) — (1 — 00)' Do (1 — bo)
+o5(10 = Ooll* + lln — 6ol + 77210 — o]l + 72|l — bol| +n ™).
We take 0 = 0% and 1 = 0y — (7, 4+ 7). Observe that 5 € © for n is sufficiently large,
because 6y is an interior point of ©. Hence, we have
0 > M;(8;) = M;(60— (v + 7))
~ !/
= 2 [(92 — o) + (m + ’ﬁi)] BDo(Yu +77)
(07 = 00)' Do(8}, = o) = (o +712) Dol +77)
+on([10;, = O0l1* + 1y + 21> + 072105, = boll + 07y + vl +07)
R ' .
= [0z 00) + (v + )] B0 |0 = 00) + (a +77)
+o5([16, = Ool1* + 1 + 0 ll* + 072105, = boll + 07l + il +07).
By the same argument in Theorem 3.4, we have ||0% —0, || = Op(n='/2). Hence, |07 —6,|| <
10— 0,1 + 116, — o]l = Op(n="2)+0p(n~Y?). Since v, = O,(n~"2) and 7; = Op(n~"/?),

we have

|0 — 0o + (Y +5)1? = 0p(1).

Because it follows from Theorem 3.4 that

A~

O — 0o = —n + 0p(n"Y?),

and we can obtain 67 — 0, = —* + og(n~/2). The term ~* has the same limiting
distribution as 7, by the bootstrap theorem for the mean in R%. This concludes the

proof. O]

Proof of Theorem 3.5. Fix u € U. First, we show consistency of g, 2(z,u). We define

Yz, u;8) = Fyx(u]Z, v) — Fyx ()7, ),
Un(w,0;8) = FY1|X(U|5737)—ﬁY2|X(§|977735)-

Assumptions 3.I3 and 3.14 imply that ¢ (z,u; &) = 0 at & = go(x,u). By Assumptions
NP1, for any € > 0, there exists 6 > 0 such that for all z € X,

|92(x7u) - §| > € = |FY2|X(92($7U)|‘T71’1) - FY2|X(§|J_;7‘T)‘ > 0.
This implies that for all z € X;, we have
|92<I,U) _§| > € = |¢(x,u,£)| > 0.
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Hence, if sup ¢y, [¢ (2, %; gn2(z,u))| = 0,(1), we can show sup,c, [gn2(2, u) — ga(x, u)| =
0p(1). It suffices to show sup,cy, |1 (@, u; gn2(x, u))| = 0p(1). It follows from Assumption
3.NP3 that

sup [Un (@, 45 €) — (@, u; )| = 0,(1). (3.21)
We have

D (2,0 G2 (2, 0) = 6 (2,03 2, 0)|

sup [ (2, u; gn2(7, u))| < sup

~

+Sup wn (‘rau;gnQ('r?u))
S sup 'I/A}n (x,u;ﬁnz(%u)) —?ﬂ(%uy gn,2($7u))‘
+Sup ";n (%,U,gg(x,U)) —¢(m,u,g2(x,u))‘

= 2sug|zﬁn(:c,u;§)—w(:c,u;§)| = 0p(1)7

where the second equality follows from the definition of §o,(x,u) and ¢ (z,u; go(z,u)) =

0, and the last equality follows from (3.21). Therefore, we have sup,cy, |gn2(2,u) —

ga(w, u)| = 0p(1).
Next, we show consistency of g, 1(z,u). We define

~1/2
o(z,u;§) = {/|Fyl|x(§|$,$2)—FY2|X(92($27U)|$7932)\2duxg(@)} ;

) ) ) 2 —-1/2
gbn('x?U;g) = {/’Fyﬂx(ﬂl’,l‘g)—Fy2|x(gn72(1172,u)|$,$2)‘ dMXz(:EQ)} .

By Assumption 3.14, we have ¢(z,u; gi(x,u)) = 0 for all x € X;. Similar to the above
argument, if ¢(x, u; G1.,(z, u)) = 0,(1), then we can show g1 ,(x,u) =, g1(z,u). It follows

from uniform consistency of g, (z,u) and Assumptions 3.NP2 and 3.NP3 that
sup |On(, u;€) — B, u; )|

IN

sup { [ | (Frx(ele.2) = F(ele, )
+ (FY2|X(§n,2($2a u)|z, z9) — FY2|X(§n,2($27U)’$7$2)>

N 2 —-1/2
+ (FY2|X(gn,2(=T27 U)|$, 952) - FY2|X(92(1‘2,U)|957$2))| d:uXQ ($2)}
= o,(1). (3.22)
Similar to the above argument, by (3.22), we have

On (2,03 G (2, 0)) = & (2,03 Gt (,0)|

sup ¢ (¢, u; gna(z,u)) < sup
T

x

&n (x,u;gl(x,u)) - gb($,u;g1(x,u))‘

+ sup
= o0,(1).
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Therefore, we obtain gy ,,(x,u) =, ¢1(x, u) for all z € Aj. ]

Proof of Theorem 3.6. We establish the partial identification of g; by showing that we
can identify functions 7V, : R — R and T}/, : R — R that satisfy

t,x’,:v t7x/7m
gt(‘r u) < j;l,{r’ T (gt(xv u)) ’
gl u) > Th, (gi(r,u). (3.23)

If T( , is identified for all x, ', then we can obtain a lower bound of the function g as

follows. For any random variables V, W, we define
Flwlw) = PV <o|W=uw),
Foww) = PV <olW =w),

where F'* is an usual distribution function. In addition, we define

GLW = [ B (Thsl0) dFx, (), (3.24)

Then, we have
Gl (o) = [ By (Tl (i) P, ()
> [ Bl o' ) dFx (o)
= [ Plo V) < )X =) dFx (@)
> / P (U, < ulX, = 2') dFy, () = u, (3.25)

where the first inequality follows from (3.23). Because g¢;(x,u) is weakly increasing in
u, we have {U; < u} C {g:(x,U;) < gi(x,u)} and the second inequality of (3.25) holds.

Hence, because G, (g¢(x,u)) > u, we can obtain a lower bound

ge(z,u) > inf{y € [y, 7] : G{,(y) > u}. (3.26)

Similarly, we define

G = [ Py (Thenl0)) dFx, (), (3.27)

Then, we have

Gl () = [ By (Tl ol ) dF (@)
< [ R 0lel ) dPx, (&)
/ P (', Us) < g’ )| X, = 2') dFx, (o)
/ P(U, < ulX, = o) dFy, (z') = u. (3.28)
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Owing to the weak monotonicity of g;, we have {g;(z,U;) < g:(z,u)} C {U; < u} and the

second inequality of (3.28) holds. Hence, similarly, we can obtain an upper bound

gi(x,u) > sup{y € [y, 7] - Gf,(y) < u}. (3.29)
We here describe the construction of the functions 7,7, . (y) and T}, .(y) that satisfy
(3.23). We define
Qy,x(TIx) = sup{y € [y, 7] : Fy, x(yx) < 7},
Qyx(T1x) = inf{y € [y,7] : I}, x(y[x) > 7}.

Because {U; : Uy < u} CH{U; : gi(x,Uy) < go(x,u)} and {U; : g4(x,Uy) < go(z,u)} C {U; -
Uy < u}, for all (x1,29) € Xjp and t,s € {(1,2),(2,1)}, we have

EFy x (9@, u)|zn, 22) = P g, Up) < gel(we, u)| Xa = 21, Xo = 25)
< PUp <ulXy =21,Xy = x9)
= P (U, <u|Xy =m, Xy = 9)
< P (gs(ws,Us) < gs(ws,u)| Xy = 21, Xo = 73)
= F VX (gs(zs,u)|xy, 22) .

For t # s, we define

~

-

w

s
Il

QV,)(X1 X )= (z0.22) (F i\(xt,xs):(xt,m(y))
rL,t,s _ —
Tlvt,-'l?s (y) = QYtl(Xt Xs) (.Z‘t 3?3) (FYS‘(Xt,Xs):(JJhJ:s) <y))

Then, we have
gi(eu) < T (95(w,w))

because Q, x (Fy, x (y1x)[x) = sup{y’ € [y, 9] : Fy, x(¥'|x) < Fy,x(y[x)} > y. Hence, if
(', %) € supp(X, Xs) and (z, %) € supp(Xy, Xs), then we have

gi(@' u) < T o Ty " (gi(r, ) - (3.30)
Similarly, we have
gulal,u) = T o T (g, w)) (3:31)
We define
inf {705 o TS (y)} if o #
TtUm z(y) = 7 7 .
y if e =2a'
L, t ,8 mL,s,t : !
sp {TH o TE ()} ifa £ a
T‘t,L:c’,;t(y) = 7 .
Yy if v =1/
Then, these functions satisfy (3.23). O
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Corollary 3.3. Similarly to (3.30) and (3.31), for t # s, we have

gi(a'u) < T o T3 (gul, ),
ale) > THE o T (g (o),
where
U t,s — : + +
Tmt,ws (y) = in(ltf,‘s) QYtKXt,XS,Xf(t’S)):(xt,:ts,xf(t@) <FYS|(Xt,Xs,X7(t,s)):(xt,:ts,x,(t,s))(y)> )
Lt — - =
xt,xf(y) = B5sup QYt|(Xt,XS7X—(t,s)):(mt@s’x—(t,s)) (FYS|(Xt’XS’X—(iys)):(xt’ms’x—(tas))(y)) ’

X—(t,s)

and X_;,) denotes a vector of X except X; and X,. Hence,

i sex (T3 0 T30 ()} if o # 2/

Ttl{z’,x(y) =
Y ifx =2
and
L,t,s L,s,t : /
A SUDs 4y zex, A Ly s © 15 (y)} fz#x
izjtl,lz’,z(y) = e ’

Yy ife=2a'

satisfy inequality (3.23). Define

GAtLﬂ:(y) = /F;;lXth/ <j—;€,x’,x(y)> dFXt (ZL’I),

L) = [ Frew (Thnw) dPx (), (332

By a similar argument to the proof for Theorem 3.2, we have g,(x,u) > inf{y € [y,7] :
GF.(y) > u} and gy(x,u) < sup{y € [y, 7] : G, (y) < u}. O
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3.8 Appendix: Auxiliary Lemmas

Lemma 3.1. Under Assumptions 3.C3 and 3.C4, ||Dg||, is continuous in 6.

Proof. By Assumption 3.C4, the density fy,x(y|x) is bounded above by a constant C.

For any #',0 and v, we have

|Dor(v) — Dg(v)]

< 2max | E[(1{Y; < gi(Xe, 0007} = H{Y; < (X0, 0050)}) H{X < 0] |
< 2max|E [(Fyx (9:(Xp, va:0)|X) = Fryx (9:(X, v0: 0)1X)) H{X < e} |
<

gt (xt,04;0")
/ Frix (1) dy| dFx ()
g

t(-’ztﬂ}uﬁ)

2max/
t

< xm?g/m@%%ﬁq—%@h%ﬁnﬂ%@@gchWuﬁw

Hence, ||| Dy, — [|Dollu| < |Dor — Dgll, < 2CK |0 — 0||, which implies the continuity of
1 Doll.- [l

Lemma 3.2. Under Assumptions 3.C3, 3.C/, and 3.C9,

ambww—pmw:%gm (3.33)

0,v

and for any 6, | 0

sup ‘\/ﬁ <l§n,g(v) — D@(’U)) —v/n <l§n,90(v) — Dy, (v))‘ = 0,(1). (3.34)
veV,||0—0o||<dn
Proof. The collection of indicator functions {x — 1{x < vy} : vx € X5} is a VC-class. By
Assumption 3.C5, the collection of indicator functions for subgraphs of {g:(-,v,;0) : 6 €
©,v, € U} is also a VC-class. By reference to Examples 2.10.7 and 2.10.8 in van der Vaart
and Wellner (1996), {4} : 6 € ©,v € V} is P-Donsker, and also P-Glivenko—Cantelli.
Hence, we have (3.33) and for any 6, | 0

sup G, AY — G, AY| = 0,(1)
(0,0),(0" v):P(Ay—AY))2 <6y,
= sup G Ay — G Ay | = 0,(1).

v,0,00P(Ag— A )><8y
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Then, we have

P(Ap — A,)?

E{(1{Y1 < g1(X1,v4;0)} — 1{Y1 < 91(Xy,v4;60)})

—(1{Y2 < g2(X2, v, 0)} — 1{Va < g2(X2, v 60)})}]

dmax B [|1{Y; < gi(Xy, 04;0)} = 1{Y: < g1( Xy, 03 00) }]

dmax B [[1{g:(Xs, vu; 60) <Y < (X, 045 0)} + 1{g0( X, v0;0)} < Vi < 96( X, 003 60) ]

IN

IN

IN

g [ [Py (91t 03 0)) = P (9 v 60) )| dFx ()
< 8CK]|6 — 6.

Because [|6 — || — 0 implies that P(Af§ — Aj )*> — 0, we have (3.34). O

Lemma 3.3. Under Assumptions 3.C4, 3.N2, and 3.N3, Dg(v) is continuously differ-
entiable in 6 in a neighborhood of 6y for all v, and |Dy(v) — Dg,(v) — T'o(v)'(0 — 6y)| =

o(||0 — 0o||) uniformly over v.

Proof. First, we show continuous differentiability of Dy(v). For all v and 6 in the neigh-
borhood,

VoDg(v) = VeE [(FYl\X<gl<X1>Uu;9)‘X) - FYQ\X<g2<X27Uu;9)|X)) 1{X < Ux}}
= Ve/ (Fyl\x(g1(:v1,vu;9)\><) - FY2|X(92(1’2,%; Q)IX)) dFX(X)-
{x<vx}
Let C' be a constant such that fy,x (y[x) < C. Because | fy,x (g:(@s, vu; 0)[%) Voge (s, vu; 0)|

is bounded by the integrable function C'Vg(z;), we can interchange a differential operator

with an integral. Hence, we have

VQDQ(’U) - E[fY1|X(gl (X17 Vs 9)|X)V9.gl (X17 (%7 9)1{X S Ux}]
—E[frax(92(X2, 045 0)[X) Vg2 (Xa, 04 0)LH{X < v }].
According to the dominated convergence theorem, VyDy(v) is continuous in # in a neigh-
borhood of 6, for all v.

Next, we show the second statement. Because Dy(v) is continuously differentiable in

6, for  in a neighborhood of 6, there exists 6, between @ and 6, such that

[ Do(v) = Dy (v) = To(v)(0 = b)] = {Tg,(v) = To(v)}(6 — 00)|
< ]I = ol % Sup 1T, (v) = To(v)]

It follows from Assumption 3.N3 (ii) that sup,cy ||Ig, (v) — To(v)|| = 0 as [|§ — 6y|| — 0.
Hence, we have |Dy(v) — Dg,(v) — T'o(v)' (0 — 6p)| = 0o(]|@ — 0o||) uniformly over v. O

73



Lemma 3.4. Under Assumptions 3.C3 and 3.C5, for every sequence {3,} of positive

numbers that converges to zero,

sup HZA?n,g — Dy — @n,go I, = op(n’l/z). (3.35)
10—60o|<dn

Proof. Note that

A

sup HZA?W — Dy — ZADWOHM < sup Dn,g(v) — Dy(v) — Dy gy (v)] -
[16—00o]|<6n VEV,||0—00||<n

By Lemma 3.2, the right-hand side is 0,(n~'/2). Hence, (3.35) holds. O

Lemma 3.5. Under the assumptions for Theorem 3.3, 6" —os 0o for almost all samples
Wh Ty Wn

Proof. By the triangle inequality, for almost all samples Wy, --- W, we have

sup D56 — Doll,, < Sup 1D; 6 — Dugll, + sup 1Dyo — Doll,.

< sup|D;4(0) = Doof®)] + 51 |Dyp(v) = Dof®)] =0 0

since {4 : § € ©,v € V} is a Donsker class. The reminder of the proof is same as for
Theorem 3.3. u

Lemma 3.6. Suppose that the assumptions of Theorem 3.4 hold. For every sequence {6, }

of positive numbers that converges to zero,

oS IV1(D;;. = Dng) = V(D 5y — Do) llu = 05(1). (3.36)
—U0 < n

Proof. The left-hand side of (3.36) is dominated above by

A A

sup  [V/n(D}, g(v) = Dio(v)) = Via(D}y g, (0) = Digy (v)].

v,||0—0o || <bn

The bootstrap equicontinuity due to Giné and Zinn (1990) implies that this random

variable is 0g(1). Hence, we can obtain (3.36). O
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3.9 Appendix: Figures and Tables

Figure 3.1: Description of S,.

5




X

]
]

Figure 3.2: Connected support.
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Table 3.1: Results of Simulation 3.1(i)

N =400 N =800 N = 1600

bias 0.0262 0.0195 0.0125

0, std 0.1991 0.1709 0.1121
mse 0.0403 0.0296 0.0127
bias 0.0657 0.0733 0.0363

0y std 0.1751 0.1375 0.1045
mse 0.0350 0.0243 0.0122
bias 0.0472 0.0605 0.0320

03 std 0.1158 0.1069 0.0889
mse 0.0231 0.0171 0.0089

Table 3.2: Results of Simulation 3.1(ii)

N =500 N = 1000

bias 0.0101 0.0087

Our method std 0.0978 0.0745
mse 0.0097 0.0056

bias 0.0042 0.0017

Hoderlein and White std 0.1175 0.0855
mse 0.0138 0.0073

77



Table 3.3: Results of Simulation 3.2

N =400 N =800 N = 1600

bias  -0.0025  -0.0031 0.0005

01 std 0.0875 0.0604 0.0418
mse 0.0077 0.0037 0.0018

bias 0.0020 0.0022 0.0001

05 std 0.0522 0.0351 0.0244
mse 0.0027 0.0012 0.0006

bias  -0.0082 0.0004 -0.0044

05 std 0.1837 0.1256 0.0886
mse 0.0338 0.0158 0.0079

bias 0.0043 0.0001 0.0023

04 std 0.0839 0.0562 0.0398
mse 0.0071 0.0032 0.0016

bias  -0.0025  -0.0014 -0.0011

ATE  std 0.0972 0.0673 0.0457
mse 0.0095 0.0045 0.0021

bias  -0.0333  -0.0303 -0.0343

QTE25 std 0.1148 0.0814 0.0565
mse 0.0143 0.0075 0.0044

bias  -0.0017  -0.0016 -0.0009

QTES0  std 0.0994 0.0685 0.0474
mse 0.0099 0.0047 0.0022

bias 0.0306 0.0292 0.0328

QTE75  std 0.1324 0.0896 0.0618
mse 0.0185 0.0089 0.0049

Table 3.4: Lower and upper bounds for Example 3.4

r gr(z,u) g1 (, u) 95 (2, u) g5 (, u) g1(z, u) ga(, u)

—2 1{u>0.99} 1{u>047r 1{u>099} 1{u>041} 1{u>0.73} 1{u>0.71}
1 1{u>098) 1{u>035) 1{u>098} 1{u>030} 1{u>062} 1{u> 057}
0 1{u>0.85} 1{u>0.13} 1{u>0.82} 1{u>0.10} 1{u>0.50} 1{u > 0.43}
1 1{u> 064} 1{u>002} 1{u> 059} 1{u>001} 1{u> 038} 1{u> 0.29}
2 1{u>053} 1{u>001} 1{u>047} 1{u>001} 1{u>027} 1{u>0.18}
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Chapter 4

Panel Data Quantile Regression for
Treatment Effect Models

4.1 Introduction

In the literature of program evaluation, it is important to learn about the distributional
effects beyond the average effects of the treatment. Policy-makers are likely to prefer a
policy that tends to increase outcomes in the lower tail of the outcome distribution to
one that tends to increase outcomes in the middle or upper tail of the outcome distribu-
tion. One way to capture such effects is to compute the quantiles of the distribution of
treated and control potential outcomes. Then, the parameter of interest is the quantile
treatment effects (QTE) or the quantile treatment effects on the treated (QTT). For ex-
ample, Abadie, Angrist, and Imbens (2002) estimates the distributional impacts of the
Job Training Partnership Act (JTPA) program on earnings. They show that for women,
the JTPA program had the largest proportional impact at low quantiles, but for men,
the training impact was largest in the upper half of the distribution, with no significant
effect on lower quantiles. Their result could not have been revealed using mean impact
analysis. Empirical researchers estimated the distributional effects such as QTE or QTT
in many areas of empirical economic research: e.g. Chernozhukov and Hansen (2004)
estimate the QTE of participation in a 401(k) plan on several measures of wealth; James,
Lahti, and Hoynes (2006) estimate the QTE of welfare reforms on earnings, transfers, and
income; Martincus and Carballo (2010) estimate the QTE of trade promotion activities;
and Havnes and Mogstad (2015) and Kottelenberg and Lehrer (2017) estimate the QTT
of universal child care.

There is a rich literature on the identification and estimation of the QTE and QTT.
Firpo (2007) shows the identification and estimation of the QTE parameters under un-
confoundedness. Abadie et al. (2002), Chernozhukov and Hansen (2005), Chernozhukov
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and Hansen (2006), and Frolich and Melly (2013) show how instrumental variables can be
used to identify the QTE. Athey and Imbens (2006), Melly and Santangelo (2015), and
Callaway and Li (2017) provide the identification and estimation results for the QTT in
the difference-in-differences (DID) setting by using repeated cross sections or panel data.

In this chapter, we consider the identification and estimation of the QTE by using
panel data. We show that the QTE is identified under the rank invariance and rank
stationarity assumptions. Our model corresponds to the change-in-changes (CIC) model
proposed by Athey and Imbens (2006) in the DID setting. We generalize the CIC model
and propose a tractable estimator of the QTE.

Athey and Imbens (2006) suggest the CIC model as an alternative to the DID model.
The CIC model allows for the estimation of the potential outcomes distribution and
captures the heterogeneous effects of the treatment on the outcomes. However, there are
two problems with the CIC model. First, there is a lack of a tractable estimator in the
presence of covariates. According to Lechner (2011) and Kottelenberg and Lehrer (2017),
there have been a few applications of the CIC model for this reason. Second, the CIC
estimator does not work when the treatment is continuous. Although Athey and Imbens
(2006) provide extensions to settings with multiple groups and multiple time periods, they
do not consider the case where the treatment is continuous.

Athey and Imbens (2006) provide nonparametric and semiparametric strategies in
the presence of covariates. If the dimensionality of the observed covariates is high, the
nonparametric strategy would be difficult to implement. Although the semiparametric
strategy is more tractable, it assumes that the effects of the observed covariates do not
depend on the unobserved factor, and the observed covariates are independent of the
unobserved factor conditional on the treatment. On the contrary, our estimation method
allows the effects of the observed covariates to depend on the unobserved factor and
does not require the conditional independence between the observed covariates and the
unobserved factor.

Melly and Santangelo (2015) and Kottelenberg and Lehrer (2017) also consider the
estimation of the CIC model in the presence of covariates. Melly and Santangelo (2015)
suggest a flexible semiparametric estimator based on quantile regression. They estimate
the conditional distribution of outcomes for both treatment and control groups and both
periods by using quantile regression, and then apply the changes-in-changes transforma-
tions. Kottelenberg and Lehrer (2017) rely on Firpo (2007)’s extension to quantiles of the
inverse propensity scores method.

Athey and Imbens (2006) do not consider the case where the treatment variable is
continuous. There are, however, many empirical applications where the treatment is

continuous. For example, many researchers estimated the effects of class size on children’s
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test score by using panel data. In this case, the policy maker may be interested in the
effect of class size on the lower tail of the distribution of children’s test score. Since Athey
and Imbens (2006) only consider the DID setting, we cannot extend their estimation
approach to the continuous treatment case directly.

We employ two key assumptions: the rank invariance and rank stationarity assump-
tions. The rank invariance assumption is introduced by Chernozhukov and Hansen (2005).
This assumption implies that a scalar unobserved factor determines the potential outcomes
across treatment states. As discussed in Chernozhukov and Hansen (2005), although the
rank invariance is restrictive, we can relax this assumption. The rank stationarity assump-
tion implies that the conditional distribution of the unobserved factor given explanatory
variables and covariates does not change over time. In the literature of nonseparable panel
data models, similar assumptions are employed by Athey and Imbens (2006), Hoderlein
and White (2012), Graham and Powell (2012), D’Haultfoeuille et al. (2013), Chernozhukov
et al. (2013), Chernozhukov et al. (2015), and Ishihara (2019). Our identification approach
is essentially the same as that of Ishihara (2019).

We propose a two-step estimation method based on the quantile regression and mini-
mum distance method. Ishihara (2019) considers a similar model and proposes a minimum
distance estimator. However, the optimization of that estimator is computationally de-
manding when the dimensionality of covariates is high. To solve this problem, we use
the quantile regression in the first step. Using the quantile regression, we can obtain the
second stage estimator by optimizing the objective function over low dimensional param-
eters. This two-step estimation method is similar to the instrumental variable quantile
regression proposed by Chernozhukov and Hansen (2006).

There is an alternative approach that estimates the distributional effects by using
panel data. Callaway and Li (2017) provide the identification and estimation results
for the QTT under a straightforward extension of the most common DID assumption.
To identify the QTT, they employ two key assumptions, the Distributional Difference-
in-Differences Assumption and the Copula Stability Assumption. The first assumption
means the distribution of the change in potential untreated outcomes does not depend on
whether or not the individual belongs to the treatment or the control group. The second
assumption means the copula between the change in the untreated potential outcomes for
the treated group and the initial untreated outcome for the treated group is stable over
time.

The rest of the paper is organized as follows. Section 4.2 introduces the assumptions
employed in this study and shows that our model is nonparametrically identified. In
Section 4.3, we propose a two-step estimator and discuss its consistency and asymptotic

normality. Section 4.4 contains the results of several Monte Carlo simulations. Section
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4.5 illustrates the use of the derived estimator through a brief empirical example. Section
4.6 concludes. The proofs of the theorems and auxiliary lemmas are collected in the

Appendix.

4.2 Model and Identification

First, in Section 4.2.1, we introduce the CIC model proposed by Athey and Imbens (2006)
and discuss their estimation strategy. Next, in section 4.2.2, we propose the identification
of the generalized CIC models.

Throughout this paper, for any random variables V' and W, let Fy y denote the

conditional distribution function of V' conditional on W.

4.2.1 The Change-in-Changes Model

First, we introduce the CIC model proposed by Athey and Imbens (2006). We assume
that an individual belongs to a group G € {0, 1} (where group 1 is the treatment group)
and is observed in period T' € {0,1}. Then, only individuals in group 1 in period 1 are
treated. Hence, I = G x T is an indicator for the treatment. Let Y~ denote the potential
outcome if the individual does not receive the treatment, and let Y/ denote the potential
outcome if the individual receives the treatment. Then, the realized outcome Y satisfies
the following equation:
Y=YV (1-0+Y" 1
Athey and Imbens (2006) impose the following four assumptions:

Assumption AIl. The outcome of an individual in the absence of intervention satisfies
the relationship Y = h(U,T).

Assumption AI2. h(u,t) is strictly increasing in u fort € {0, 1}.
Assumption AI3. We have U 1L T|G.
Assumption AI4. We have supp(U|G = 1) C supp(U|G = 0).

Under these assumptions, Athey and Imbens (2006) show that the distribution of
Y¥|G = 1,T =1 is identified and

FYN|G:1,T:1(?/) = FY\G:l,T:O <F§‘1G:07T:0 (FY|G:0,T:1<y))> ) (4-1)

where FY_|1G:g r—,; 1s the conditional quantile function.
If we are interested in the effect of the intervention on the treated, we need to impose

some additional assumptions. Similar to (4.1), Athey and Imbens (2006) show that in
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addition to Assumptions AI1-AlI3, if we have Y! = h!(U,T), h!(u,t) is strictly increasing
in u, and supp(U|G = 1) = supp(U|G = 0), then the distribution of Y!|G = 0,7 =1 is
identified and

FYI|G=0,T:1(y) = Fy|g=0,1=0 (F;|1G:1,T:O (FY\G:LT:l(y))) . (4.2)

Therefore, we can identify the QTE and easily estimate the QTE by using a sample

analogue.

4.2.2 Assumptions and Identification

In this section, we propose a model that generalizes the CIC model and introduce the
assumptions employed in this paper. We consider the following potential outcome frame-
work. Potential outcomes are indexed against the potential values = of the treatment
variable X;; € R%, and denoted by Yj(x). Then, we cannot observe Yj,(x) directly, and
the observed outcome is Yy = Y (X;). We consider the following model of potential

outcomes:
Y; (ZE) = qt(x,Zit,Uit), i=1,---,n, t=1,--- 7T7

where ¢;(z,z,7) is strictly increasing in 7, Z; € R%T! is a vector of covariates that
are independent of U, and U; € R has the marginal uniform distribution. The CIC
model considers the case of repeated cross sections and hence treats the time period as

a random variable. However, in this model, we treat the time period as a fixed value

because we are considering a case with panel data. Suppose that Y; = (Yi1, -+, Yir),
X, = (X}, -, Xlp),and Z; = (Z],,--- , Zl;)' are observable. Define W;; = (Y, X/, Z1,)
and W; = (W/,,--- ,W/). Let X, 2, Xi... r, and Z; ... r denote the support of X, Z;,
X;, and Z;.

Remark 4.1 (Connection with the CIC model). In the standard DID setting, this model
is essentially the same as the CIC model. To see this, we consider the same setting as that
of Section 4.2.1. Then, the support of (X0, Xi1) becomes {(0,0),(0,1)}, and a variable
G; = X;1 denotes an indicator of the treatment group. We assume that there are no
covariates. In this setting, Yi(0) and Yi (1) correspond to YN and Y, respectively. This
implies that

4

YN|IT =t
YT =t

Qt(O, Ut)a

i qt(17 Ut)

Hence, by assuming that U|T =t 4 Ui, h(u,t) = q;(0,u), and h!(u,t) = ¢,(1,u), we can

think of this model as the CIC model introduced in the previous section.
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First, we impose the following two assumptions.

Assumption 4.1 (Unobservable variables). (i) For all t, Uy is uniformly distributed on
(0,1) conditional on Zy. (ii) For all t, x, and z, the support of Uy|X; = X, Zy = z is
[0, 1].

Assumption 4.2 (Continuous variable). For all t, the quantile function q.(x,z,T) is
continuous and strictly increasing in T for all x € Xy and z € Z,. If Xy is a continuous

variable, then we assume that q(x, z,T) is continuous in x.

As seen above, Assumption 4.1 (i) implies that the conditional 7-th quantile of Yj;(x)
given Z; = z is equal to ¢;(x,z,7). Athey and Imbens (2006) do not assume that the
unobserved variable is uniformly distributed. However, when the unobserved variable is
continuous, this is a normalization, not a restriction (see, e.g. Matzkin (2003)). Assump-
tion 4.2 rules out the case where outcomes are discrete or censored. Although Athey and
Imbens (2006) consider the discrete outcomes, we do not consider the discrete outcome

case in this study.

Assumption 4.3 (7-th rank stationarity). For all t # s, x, and z, we have Pr(U; <
T|Xl = X, Zit = Z) = PT(UiS S T’XZ = X, Zis = Z)

This assumption implies that the probability that the ranking variable Uj; is less than
7 does not change across time conditional on X; and Z;.
Assumption 4.3 is a quantile version of the identification condition of the following

conventional linear panel data model:
Vi = X,a+ A; + ey, F[X;s€4] =0 for all ¢ and s,

where A, is a fixed effect and ¢;; is a time-variant unobserved variable. Let E[-|X;] denote
the linear projection on X;, as in Chamberlain (1982). Chernozhukov et al. (2013) show

that above equation is satisfied if and only if there is €; with
Yy = X},a+ &, E[é4]X;] = E[&,|X,] for all ¢ and s.

On the contrary, if the quantile function is linear and there are no covariates, then we can
rewrite the model to
Yie = Xjya(7) + ea(7),

where €;(7) = Xj,((Uit)—a(7)). Then, under Assumption 4.3, €;(7) satisfies I, -)x (0|x)
Fe (- x(0|x) for all ¢ # s and x. Hence, this assumption is a quantile version of the iden-
tification condition of the conventional linear panel data model.

If Assumption 4.3 holds for all 7 € (0, 1), then the following assumption is satisfied:
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Assumption 4.3’ (Rank stationarity). For allt # s, x, and z, we have Uy|X; = x, Z;y =
z g Uzs‘Xz = X, Zz's =z

In the literature of nonseparable panel data models, similar assumptions are employed
by Athey and Imbens (2006), Hoderlein and White (2012), Graham and Powell (2012),
D’Haultfoeuille et al. (2013), Chernozhukov et al. (2013), Chernozhukov et al. (2015),
and Ishihara (2019). Chernozhukov et al. (2013) refer to these assumptions as “time is

randomly assigned” or “time is an instrument”.

Remark 4.2 (Connection with the CIC model (continued)). Consider the standard DID
setting in Remark 1. When T = 0.5, Assumption 4.3 implies P(Y;(0) < med(Y;0(0))|G; =
g9) = P(Y;1(0) < med(Y;1(0))|G; = g) for all g = 0,1, where med(Y;(0)) is the me-
dian of Y (0). This does not imply that P(Yy(0) < med(Y3(0))|G; = 0) = P(Y3(0) <
med(Y;;(0))|G; = 1), and hence this allows that the treatment group contains more high-
ability people than the control group.

Assumption 4.3 is equivalent to Assumption AI3. Assumption AIS3 is satisfied if and
only if we have U|T = 0,G =g = U|T =1,G =g for all g. On the contrary, Assumption
4.8 implies that Uy|G; = 0 4 Ui |G; = 1 for all t. Because we have U|T =t 4 U,

Assumption 4.3 is the same as Assumption AIS3.

Define the sets S/(Z) in the following manner. First, define S?(7) = {Z}. For m =
1,2,---, we define

S§'(T) ={r €A, : there exist (x;,x;) € Xy s
such that z; € §* /() and (z,z,) € X, 4.}

When T = 2, we have
Si@= | @),
mQEXQ(E)

where X (z) and X3(x) are the support of X;1|X;2 = x and X;2|X;1 = z, respectively.

Assumption 4.4 (Support condition). (i) For all t, UX ,S/(T) = X; holds for some
T € X;. (i) The support of X;|Ziw = z is equal to X, ... v for all z € Z;, and Z; = Z for
all t.

Assumption 4.4 (i) rules out the case where the endogenous variable does not change
over time, but this assumption is satisfied in many cases. For example, Ishihara (2019)
shows that this assumption holds when &}, = {(0,0),(0,1)} or the interior of X;, is
connected. Assumption 4.4 (ii) does not require that exogenous variables change over
time. Therefore, we can include the time-invariant variables into the covariates.

Under these assumptions, we can show that ¢ (z, z, 7) is nonparametrically identified.

The following proposition is essentially the same as Corollary 1 in Ishihara (2019).
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Proposition 4.1. Suppose that Yy = q(Xy, Zig, Uy) holds. Under Assumptions 4.1, 4.2,
4.8, and 4.4, qi(x,z,T) is point identified for all x € X; and z € Z;. Furthermore, under
Assumptions 4.1, 4.2, 4.3°, and 4.4, q; is point identified.

Remark 4.3 (Connection with the CIC model (continued)). Consider the standard DID
setting with covariates. Then, under Assumptions 4.1, 4.2, 4.3’, and 4.4, we have the

following equations:

FY1(0)|G:1,Z1:z(y) = FY0|G:1,ZO:z (F;OTG:O,ZO:z (FY1|G:0,21:Z(?J))> )

(4.3)
Fy,yje=021=:(y) = Fyyla=0,20—= <F;OTG:1,ZO=Z (FY1|G:1,lez(y)>> :
These results are essentially the same as (4.1) and (4.2).
4.3 Estimation and Inference
4.3.1 A Two-Step Estimator
We focus on the following linear-in-parameters model:
q(x,2,7) = 2'a(r) + 2/ Bi(7). (4.4)

Hence, the model is written as
Yie = Xj,a(Ust) + Z;, 0e(Uss), Ul Zi ~ U(0,1).

If Uy is independent of X;; and Z;;, then this model becomes a standard linear quantile
regression model. In this model, we allow U;; to be correlated with X;;. This model
is similar to the IV quantile regression model proposed by Chernozhukov and Hansen
(2006).

By Theorem 1, we can estimate «(7) and (;(7) by using the following conditions:

Frxz(wia(r) + 2B8i(7)[x, 2) = Frxz(@o(r) + 2'8:(7)[x, 2) (4.5)
By xjan-zpmiz012) = 7, (4.6)
where x = (z1,--+ ,zr)’. Hence, we can construct an estimator by using the minimum

distance approach. Ishihara (2019) uses a similar identification approach and provides a
minimum distance estimator. However, if the dimensionality of the observed covariates
is high, the optimization is quite difficult. Hence, we cannot directly apply the minimum

distance approach.
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We propose the following two-step estimator based on the quantile regression and

minimum distance method. Fix 7 € (0, 1). In the first step, we define Bt(a, T) as

o) = anepi £ 0= Xio = Z3h)

bieB: N

= — Y R, (Wy;a,b) 4.7
arg gggt n Z it @, by) (4.7)
where p,(u) = (7 — 1{u < 0})u, B; is a parameter space of 3;(7), and R, (Wy;a,b;) =
pr (Y — X},a — Z,b;). This is an ordinary quantile regression of Y;; — X/,a on Z;;. Then,
from (4.6), B, (a(7), ) becomes a consistent estimator of (7).

In the second step, we construct estimators of «(7) and f;(7) using the minimum

distance approach. Define

g(Wisa,bv,) = WY, < Xa+ Z,b,}1{Z; <v.}
T
1T 1Y < Xjja+ Zb}1{Zis < 0.},

s=1

where b = (b}, --- ,b7)". Then, it follows from (4.5) that for all v, and vx we have
E[g.(Wisa(r), B(1),v:)1{Xi < vy }] = 0, (4.8)

where 8(7) = (B1(7),- -+, Br(7)’). Let |||, to be the Ly-norm with respect to a probabil-
ity measure p with support V = Xy . p x Z, that is, || f(vx, v2)[|2 = [ f(vx, v2)*dp(vx, v2).

Using this norm, we obtain the following estimator of a(7):

2
1 T

a(r) = argzréljlfz

% Zn:gt(Wi; a,B(a, ), v:)H{X; < vx}

=1

I

= argmln—z | DY (v; a, B(a, )2, (4.9)

where D! (v;a,b) =
space of a(7). Because f3; (a(7),7) is a consistent estimator of £,(7), we can estimate

Bi(T) by Bt(T) = Bt(dt(T)v 7).

Our estimator is similar to the estimator proposed by Chernozhukov and Hansen

IS L a(Wisa,b,v,)1{X; < g}, v = (v, v)), and A is a parameter

n X)) Yz

(2006). They consider the IV quantile regression for heterogeneous treatment effect mod-
els and simultaneous equations models with nonadditive errors. Similar to Chernozhukov
and Hansen (2006), our estimator is attractive from a computational point of view. Since
the ordinary quantile regressions are obtained by convex optimization, our first step es-

timation (4.7) is computationally convenient. Our second step estimation (4.9) requires
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non-convex optimization, and hence it seems to be computationally demanding. However,
we can obtain (4.9) by optimizing the objective function over a-parameter (typically one-

dimensional). Therefore, this optimization problem is not so computationally expensive.

Remark 4.4 (Existing estimators of the CIC model with covariates). Athey and Imbens
(2006) provide nonparametric and semiparametric strategies in the presence of covariates.
Their nonparametric strateqy is based on equations (4.3), and hence they estimate the
QTT by estimating the conditional distribution and quantile functions nonparametrically.
Howewver, if the dimensionality of covariates is high, the nonparametric strateqy would be

difficult to implement. In their semiparametric strategy, they assume the following model:
YI=nWT,U)+2'8, Z1.(UT)|G.

This model assumes that the effects of the observed covariates do not depend on the un-
observed factor, and the observed covariates are independent of the unobserved factor
conditional on the group. On the contrary, our model allows the effect of Z; on the
outcome to depend on time and the unobserved variable, and does not require statistical
independence between Uy and Z;; conditional on Gj.

Melly and Santangelo (2015) also consider the estimation of the CIC model with covari-
ates. They suggest a flexible semiparametric estimator based on quantile regression. They
estimate the conditional distribution of outcomes for both treatment and control groups and
both periods by using quantile regression, and then apply the changes-in-changes transfor-
mations (4.3). Hence, they assume that the conditional quantile function of observed

outcomes is linear in covariates, that is,

Fyic—g,z2(712) = 2'B{ (7).

On the contrary, our model does not assume that the conditional quantile functions are

linear. In model (4.4), we have

Fyloy 2,(T12) = 90(Qu(7]g, 2)) + 2/ Bi(Qu(71g, 2)),

where Q(7|g,z) = F[Z}G:g 2,—.(T). Hence, our model does not require the linearity of the
conditional quantile functions because we allow the conditional distribution of Uy|D; =

d, Z;y = z to depend on z.

4.3.2 Consistency and Asymptotic Normality

First, we show that a(7) and B(7) = (B1(7)’,- -+, Br(7)")’ uniquely solves the limit prob-
lem. Define
Bi(a, 7) = arg min E[R,(Wy; a, b)), (4.10)

bieBy
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and
o* () = arg min — i 1D (v: 0, Bla, 7))
(IGA T —1 ’ ’ ’ M’
whete A(a, ™) = (By(a 7V, , fr(a, 7)) and D!(v;a,b) = Elg(Wysa,b,02)1{X; < vy}
Hence, we show that o*(7) = a(7) and Si(a*(7),7) = B(7) for all .
Define e(a,1,2) = P(Yie < Xha + Z,Bi(a,7)|Zy = z). We impose the following

assumption:

Assumption 4.5. (i) For allt, if a,a € A, by, b, € By, and (a,b;) # (a, Z;t), then x'a+ 2'b,
is not equal to ©'a + 2'by for some x and z. (i) E[|Yy|] and E[||(X}, Z},)||] are finite for
all t. (iii) For all a, T, and t, Bi(a,T) uniquely solves (4.10).

Assumption 4.6. For allt and a € A, e/(a,,z) =T for some z € Z.

Assumption 4.5 (i) is a usual identification condition. Assumption 4.6 is a technical
condition. This assumption is satisfied for many situations. By the proof of Theorem 4.2 in
Angrist, Chernozhukov, and Ferndndez-Val (2006), it follows from the first order condition
of (4.7) that E [(1{Yy < Xl,a+ Z},pi(a,T)} — T) Zy]) = 0. Hence, Ele(a, T, Zy)] = 7 holds
because Z;; contains a constant. If {e;(a,7,2) : z € Z} is an interval, then e;(a,7,2) =7
for some z € Z. When Z;; has continuous covariates and e;(a, 7, z) is continuous in z, it
is natural to assume that {e;(a, 7, 2) : z € Z} is an interval. Even when all covariates are
discrete, if the model is saturated, that is the cardinality of Z is equal to the dimension

of Bi(a, ), then we have e,(a,T,2) =7 for all z € Z.

Theorem 4.1. Suppose that (4.4) and Assumptions 4.1, 4.2, 4.3°, 4.4, 4.5, and 4.6 hold.
Then, for all T € (0,1), a(7) and B(T) uniquely solve the limit problems. That is, we have

T
1
T Z |D"(v;a, B(a,7))]I2 =0 and a€ A & a=afr). (4.11)
t=1
Next, we show the consistency of &(7) and (7). Let T be a finite subset of (0,1),
and we define J}(a,7) = E [ fy,—x1a2.(ZBi(a, )| Z) Zu Z}y] and J} (1) = JP(a(7), 7). For
example, 7 = {0.1,--- ,0.9}.

Assumption 4.7. (i) {W;}_, are independent and identically distributed. (ii) A and B,
are compact for all t. (iii) For allt, E||Yi|] < co and X,.... v, and Z are compact. (iv) For
all a, 7, and t, Bi(a, ) uniquely solves (4.10). (v) The conditional density fy,—x1ajz,(y|2)
exists for all a € A and t, and fy,_x1qz,(y|2) is continuous in y and bounded above. (vi)
For all t and 7, J(a,7) is full rank uniformly over a € A, and J’(a,T) is continuous in
a at (7). (vii) For all t, Fy,x z (y|x,2) is uniformly continuous iny. (viii) a — B(a,T)

is continuous for all T € T .
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Let fi be a product measure px pp, where ur({t}) = 1/T forallt € {1,--- ,T}. Similar
to || - |4, let || - ||z denote the Ly-norm with respect to fi. Then, we have ||D*(v;a,b)|? =
T ~ T 7
%Zt:l | D*(v; a, b)”i and || Dy, (v; a, b)”% = %Zt:l 1Dy, (v; C%b)H;QL

Theorem 4.2. Suppose that (4.11) holds for all T € T. Under Assumption 4.7, we have
|&(7) — a(r)|| = 0 and ||B(7) — B(7)|| =, 0 for all 7 € T.

For all ¢t and 7, define

Jta(7'> = E[szlxt,Zf, (Xz{tOé< ) + Z/tﬁt( )‘Xit; Zit)ZitX(]
Ftl (U; a, T) = E[fYﬂX,Zt (tha + Z,tbt‘Xza Zzt)]-{X < Vx, Zzt < Uz}<Xit + Bt(aa T)/Zit)]

T
1

T Z Elfyv,x.z,(Xisa + Z{bs|Xi, Zis) H{Xi < vx, Zis < 0.} (Xis + Bs(a, 1) Zis)],
TT [fYtIX Zt(‘XZta + thbt|Xu Zzt)l{X < Uk Zip < UZ}Zt] if s =1
_T Elfvix,z,(Xjsa + Zibs|X;, Zi) H{X; < g, Zis S 0.} 23], if s #t 7

Fé(vv a, b) = (7;1(’0; a, b)la T 7")/;711(@; a, by)/’

Ti(v;7) = Ti(v;a(r), 7), Ty(v;7) = Th(vs a(7), B(r)), and By(a, 7) = 5 8:(a, 7).

v (vya,b) =

Assumption 4.8. (i) For all 7 € T and a € A, a(1) and pi(a,T) are inner points
of A and By, respectively. (ii) {y = fvi—x1q)z.(y|2) : a € A} is equicontinuous for all
z € Z. (iii) The conditional density fv,x z,(y|X, z) exists, and fv,x z,(y|x, 2) is uniformly
continuous in y and bounded above. (vi) For allt and 7 € T, Bi(a,T) is continuously
differentiable in a. (v) For all T € T, there exists ¢ > 0 such that |[T%(v;7)al|z > ¢|la]
for all a € Réx.

Theorem 4.3. Suppose that (4.11) holds for all T € T. Under Assumptions 4.7 and 4.8,

Vi(a(r) —a(r) = = \/—Z{f Wi 7) = Ap(7)I(Wi; 7)) + 0p(1)(4.12)

and
VAT = B = o1) + ) {% > i(Wisolr) i)
A e S EWir) — A )l(Wm))} (4.13
where -
E(WiT) = tZT: {/Ft v; T)H{X < vy, Zp < v, bdp(v )} Yy, < X),a(r) + Z,,6:(7)},

(Wir) = (F(0) e (Wasalr), B()), -+ Jp(1) " re(Wirs a(7), B(7)))'
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TT(VVitQ a, bt) = (7' - 1{3/;15 < X’ta + Z{tbt}) Zit, AI(T)
and Aio(7) = &30, [T (v; 7)Th(v; 7)'du(v).

tlthUTFt(’U 7)du(v),

_T

The proof of this theorem is based on the argument of Brown and Wegkamp (2002),
Chen, Linton, and Van Keilegom (2003), and Torgovitsky (2017).
When T = {7, -+ ,7s}, Theorem 4.3 implies that

a(m) — a(n) 0 YX(r,71) - X(m,7y)
vn : ~ N, : : :
a(ty) — alry) 0 X(ry,m1) -+ X(71,77)
where
S(r,7) = A7)V (r, T)A(F) T
and V(7,7) = E[(§(Wi;7) — App(1)I(Wi; 7)) (§(Wis ') — Aga(7)I(Wy;7))']. For ex-

ample, we consider the case where T' = 2, X;; and Z;; are scalar, and the covariates are

time invariant, that is, Z;; = Z;. In this case, we have

§(Wyr) = le {/71(11 T)H{X; < vy, Z; < v, pdu(v )} (H{Un <7} — HUpp < 7}),
Au(T)l(WZ';T) == ;l

[t 07 - 1t < )z
1| [menin| 2076 - 1we <z
where

nw;7) = E[{faxzYa(1)|Xs, Z)(Xa + Bi(a(7),7) %)
_fY2|X Z( ( )lX“ Zi )(XZ? + BQ(Q(T)vT)Zi)} 1{Xz < vy, Zz < Uz}}

and Y4 (v;7) = E [ fryx,z(Ya(7)| X4, Z)1{X; < vx, Z; < 0.} Z;] for t = 1,2. By definition,
we have J(1) > 0, and 4 (v;7) and 72(v; 7) have the same sign. Hence, when U;; and
U2 are positively correlated, the variance of £(W;; 1) and Aqs(7)I(W;; 7) become small.

In the extreme case, when U;; = Use, E(Wy; 7) is equal to zero.

4.4 Simulations
Simulation 4.1. The outcome equation is given by

Yiio = (a1 4+ aUin)Xa + BuiZin + Bi2Zip + Us,
Yio = (a1 + aUp)Xio+ BaZi1 + PoaZia + Usa,
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where (o, g, B11, Big, P21, P22) = (1,0.5,1,1,1.5,1.5), X;; = Xft, Ziy and Z; 5 are time-
invariant covariates, and Uy = A; + Uy. We assume that Z; = (Zin, Zia) ~ N(pz,Xz2),
(Xilu Xﬂa Az) ~ N(Ov ZXA)7 and (jit ~ N(07 1 - p2)7 where p e [07 1]7 Hz = (17 1)/;

1 05 0.6p
Yz = ( b0o ) ,and Yxa=1 05 1 04p
05 1
0.6p 04p p?
Then, we have Corr(Uy,Usy) = p?. Hence, Uy and Uy are uncorrelated when p = 0,
and U;; and Uy are perfectly correlated when p = 1. In this setting, «(0.25) = 0.66,
a(0.5) =1, and a(0.75) = 1.34.

Table 4.1 contains the results of this experiment for three different choices of p?, 0.1,
0.5, and 0.9, and two different choices for the sample size, 1000 and 2000. The number
of replications is set at 1000 throughout. Table 4.1 shows the bias, the standard deviation,
and MSE of the estimates of a(t), T = 0.25,0.5, and 0.75. Table 4.1 shows that the bias,
the standard deviation, and MSE decrease in all experiments as the sample size increases.
As expected, as p increases, the standard deviation decreases.

Table 4.2 contains the coverage probabilities for nonparametric bootstrap confidence
intervals of a(7) when N = 1000 and p* = 0.5. These experiments are the result of
1000 replications with 500 bootstrap samples for each replication. Table 4.2 shows that the

nominal and actual coverage probabilities are similar for all settings.

Simulation 4.2. We consider the following model. Following usual DID settings, we
assume that X5 = {(0,0),(0,1)}, that is X;1 = 0 for all i. The potential outcome is
generated from

Y;1<0) == Uil + (1 —+ 0-5Ui1>Zi1,1 + (1 + 0.5U1‘1)Zi,2,
where X;9 = {X < 0}, Zix = Z“, Zig = Z2, and Uy = A; + Uy. Define Z; =
(Zil,lvzz? 172 )/ and Dz = XiQ. We assume that (Xqu) ~ (07EXA); ZZ ~ ( 0,% )
and Uy ~ N(0,1 — p?), where uy = (0.5,0.5,0.5),

1 05p 1 05 0.5
Sia = (0.5/) - ) s,=1 05 1 05 |,
05 05 1
and p € [0,1]. In this setting, D; and Uy are correlated unless 6 = 0, and a( ) = 0.5+ (62—
0,)® (7). Define Zy = (Zi1, Zio)' for all t. Because Uy |D = d, le = Un|D =d, Z;p
for all d =0,1, we obtain
Fy o p=a.20(T1Z2) = F ) 0 1paz (T1Zi0) = ha(0,Q(7]d, Ziz)) — 1 (0, Q(7]d, Zin))
= 1+ (6, —1)Q(7|d, Zn),
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where Q(7|d, z) = FU_;\Dzd,Z“(T’Z) = F&;D:d’zn(ﬂz). Hence, when 01 = 1, this model
satisfies the quantile parallel trend assumption. When 61 # 1, we can not estimate the
quantile treatment effects on the treated by using the quantile difference-in-differences
methods.

Table 4.3 contains the results of this experiment for three different choices of p?, 0.1,
0.5, and 0.9, and two different choices for the sample size, 1000 and 2000. The number
of replications is set at 1000 throughout. Table 4.3 shows the bias, the standard deviation,
and MSE of the estimates of a(7), 7 = 0.25,0.5, and 0.75. The results are similar to that
of Simulation 4.1.

Simulation 4.3. To compare our estimation method with that of Athey and Imbens
(2006), we consider the following model. We assume Xy 2 = {(0,0),(0,1)} and the poten-

tial outcome is generated from

Yi(0) = U,

where « = 1, X9 = 1{5(Z <0}, and Uy = A;+Uy. We assume that (X,, A;) ~ N(0,Xx4)
and Uy ~ N(0,1—p?), where Yx 4 is defined in Simulation 2 and p € [0,1]. In this setting,
a(r) = 0.5+ & 1(r).

Athey and Imbens (2006) show that we can estimate Fy,(oyp=1(y) and Fy,p=o(y) by

FY2(O)|D:1(y) = FY1|D:1 (F}:l‘lD:() (Fyzmzo(y))) and

FY2(1)|D:0(y) = FY1|D:0 (F;l‘lD:l <FY2|D:1(y)>> )

where FYt|D:d(') and F;jD:d(-) are the empirical distribution and quantile. By using these
estimators and empirical distributions of Yo|D = 0 and Y3|D = 1, we can estimate the
distributions of Yo(0) and Y5(1). Hence, we can obtain an estimator of the QTE. We use
this estimator as Athey and Imbens (2006)’s (Al) estimator.

Table 4.4 shows the bias, the standard deviation, and MSE of our estimator and the
Al estimator for three different choice of p*, 0.1, 0.5, and 0.9. For all settings, the MSE
of our estimator is similar to that of the Al estimator. Hence, our estimation method is

not worse than that of Athey and Imbens (2006).

4.5 Application

In this section, we use our method to study the impact of an agricultural insurance
program on household production. We use the data employed by Cai (2016) to estimate

the QTE of insurance provision on tobacco production.
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The empirical analysis is based on data obtained from 12 tobacco production counties
in Jiangxi province of China. Across these 12 counties, only tobacco farmers in the county
of Guangchang were eligible to buy the tobacco insurance policy. In 2003, the People’s
Insurance Company of China (PICC) designed and offered the first tobacco production
insurance program to households in Guangchang. Hence, we use this county as a treatment
group.

The sample includes information on around 3,400 tobacco households during the year
2002 and 2003. Table 1 provides summary statistics for the year 2002. Table 4.5 shows
that treatment regions are quite different from control regions in terms of their observed
characteristics. For example, control regions include more educated people than treatment
regions. The proportion of high school or college educated people in treatment regions
is 0.025, but that in control regions is 0.257. This implies that tobacco households in
treatment regions are quite different from those in control regions. Hence, controlling
the observed characteristics is important to adjust the difference between treatment and
control regions.

We estimate the following linear-in-parameter model:

Yioooe = Z;B2002(Ui2002),
Yiooos = Dia(Uis003) + Z;52003(Uiz2002),

where Y}, is the area of tobacco production (mu), D; a treatment indicator equal to one
for treatment regions and zero for control regions, and Z; is a control variable with a
constant term. We estimate a(7) at 7 = 0.1,...,0.9. Following Cai (2016), we employ
the age of the head of the household, household size, and indicators of education level as
control variables.

The main results from using our method are presented in Figure 1. The DID estimate
is 0.239, and the 95 % confidence interval is [0.084,0.389]. We use bootstrap to generate
this confidence interval. Figure 4.1 shows that the estimates of «(7) differ across 7, and
the QTE is increasing in 7. The impact of insurance provision is nearly zero at the lower
and middle quantiles, and positive at the upper quantiles. The 95 % confidence intervals
of the QTEs contain zero when 7 < 0.7.

Cai (2016) analyzes the welfare impact of the insurance program by using a calibra-
tion. The values of the parameters of the production function are chosen to match the
DID (or triple difference) estimate. From this analysis, he concludes that providing a
heavily subsidized compulsory insurance program has a positive welfare impact on ru-
ral households. However, our result shows that the insurance program does not change
households’ investment behavior so much at the lower and middle quantiles, and hence it

may not affect household welfare at such quantiles.
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4.6 Conclusion

In this chapter, we explore the identification and estimation of the QTE by using panel
data. We generalize the CIC model and propose the tractable estimator of the QTE. Athey
and Imbens (2006) suggest the CIC model as an alternative to the DID model. The CIC
model allows for the estimation of the potential outcomes distribution and captures the
heterogeneous effects of the treatment on the outcomes. However, there are two problems
in the CIC model: (1) there is a lack of a tractable estimator in the presence of covariates
and (2) the CIC estimator does not work when the treatment is continuous. Our model
allows the presence of covariates and the continuous treatment. We propose the two-
step estimation method based on the quantile regression and minimum distance method.
We then show the consistency and asymptotic normality of our estimator. Monte Carlo
studies indicate that our estimator performs well in finite samples. We use our method

to estimate the impact of an insurance program on quantiles of household production.
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4.7 Appendix: Proofs

Proof of Proposition 4.1. It is enough to show the first statement. First, we show that, if

for all z, 2’ € X; and z € Z;, we can identify the strictly function Q!,  (y) that satisfies

x! x|z
@(r',2,7) = Qo (@i, 2, 7)), (4.14)
then ¢(x, z, 7) is identified for all z € A, and z € Z,;. Define

G-) = [ P (@b ', 2)dFx 2 (012).

It follows from (4.14) that

GL@@%W==/Rmm%wZﬂWAMMA|A
/P it < T|Xlt = .CC th = Z)dFXt|Zt( | )

— P( Zt<T|ZZt_Z) = T.

Hence we have ¢(z, z,7) = (G%,.) "' (7). This implies that ¢;(z, z, 7) is point identified for

x|z
all x € A,.
Next, we show that for all z, 2’ € A} and z € Z;, we can identify the strictly increasing
function @7, ,.(y) that satisfies (4.14). Observe that for x = (27, ,2%) € X r and
z € Z,

Fyx,z,(q(we, 2,7)|%,2) = PUyp <7|X; =X, 2 = 2)
= P(UZ’SSTlxi:X,Zis:Z)
= Fy,x.z(¢s(xs, 2, 7)|%, 2), (4.15)

where the second equality holds by Assumptions 4.1 (i) and 4.2. By Assumption 4.3,

we have ¢,(zs,2,7) = Fy |x 5 (Fyix.z (@(zs, 2, 7)|x, 2)|x, 2). Hence, we can identify the

YelX,Zs
strictly increasing function st xt|z(y) such that

QS<x87 Z, T) - Q?:,xﬂz (Qt(xh 2 T)) . (416)

Fix z € Z. We show that for all 2’ € S} (T) we can identify the strictly increasing function
er,j‘z( ) such that
(@', 2,7) = Qb 5. (4(T, 2,7)). (4.17)
By the definition of S}(Z), there exist z, € X, such that (T, z,), (¢/,z,) € X, . Thus, by
(4.16), we have
a(a' 2,7) = Q). (Qitﬂz ((z, Zﬁ))) :
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Similarly, for all 2/ € §'(Z), we can identify the strictly increasing function Q',_, (y) that

! \T|z
satisfy (4.17). By the continuity of ¢, for all ' € U2 S;*(T), we can identify the strictly
increasing function th,ﬂz(y) that satisfy (4.17). Because we have

0l 507) = Qe ((G) (@l

we can identify the strictly increasing function Q°,  (y) that satisfies (4.14). Therefore,

' x|z

we can point identify ¢ (z, z, 7). O

Proof of Theorem 4.1. It follows from the usual argument of quantile regression that
Bi(a(r), ) = Bi(7). Because || D*(v;a, B(a,7))||7 > 0, it is sufficient to prove that

LS D wase =0 & a=afr) (4.18)
T

Suppose that a = «a(7). Because fi(a(7),7) = Bi(7), we have D'(v;a,(a,7)) =
D*(v;a(7), 8(7)) = 0 for all v and ¢.

Suppose that a* € A satisfies %Zle | D*(v; a*, B(a*, 7))||2 = 0. Then, it follows from
the definition of D'(v;a,b) that for all t,s, x € X} .. 7, and z € Z,

P(Yi < Xja" + Z;,Bi(a”, 7)|Xi = X, Ziy = 2)
=PV < X .a* + Z Bs(a*, 7)|X; =%, Zis = 2). (4.19)
Define G, (z, z,7;a*) = 2'a* + 2';(a*, T), then we have
FYt|X,Zt (qt($ta 2, T, CL*)|X, Z) - }(_VYS\X,ZS (QVS(:ES’ Z, T, CL*)|X, Z) )

where x = (21, ,2r) € X} .. p. Similar to the proof of Proposition 4.1, by (4.19), for

all z,x € X, we have
@5(‘%7 Z, T3 Cl*) = Q;,ﬂz (@t(% 2, T, a’*)) )

where Q7 | _(y) are defined in the proof of Proposition 4.1. We define G7,_(y) = [ Fyviix,,z, (ng‘z(y)> dF

x|z

then we have

Gtx\z (Cjt(x’ Zy T a’*)) = / FYt|Xt,Zt ((jt(j> Z, T, a*)|55> Z) dFXt|Zt(‘%|Z)
= P(Yy < X,a"+ Z,B(a*,7)|Ziy = 2) = ey(a*, T, 2).

1
By the proof of Proposition 4.1, (Gfpp) (1) = @(x, 2z, 7). Hence, we obtain
Gi(x, 2, m50") = qi(x, 2, e0(a”, 7, 2)) = ' a(e(a*, 7, 2)) + 2'Bi(es(a*, T, 2)).

By Assumptions 4.4 (i) and 4.5 (i), this implies that a* = a(e;(a*, 7, 2)) holds for all
z € Z. Hence, it follows from Assumption 4.6 that a* = a(7). O
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Proof of Theorem 4.2. To prove the consistency of &(7), we show the consistency of
| D*(v; a,b)||z in @ and b. Then, we observe that
|D'(vsa,b) — D (v;a,b)|
— | B [(Bla(W:a,b,02)X] = Bla(W;a,b,02) X)1{X < 0} |
< 2maxFE []FYS|X,ZS (Xla+ Zb,|X., Z,) — Fy.x.z.(Xla + Zby| X, Zs)]] .
Hence, {(a,b) — D'(v;a,b) : v € V} is equicontinuous by continuity of the conditional
distribution. This implies that ||D*(v;a,b)||; is continuous in a and b.

Fix 7 € 7. We show the consistency of a(r) and 3(7). By Lemma 4.2 and the

definition of &(7), we have

| D" (v, Batn), )

= |2 (v;dvm(@m,ﬂ) #+op<1>
< f)fl(v;a( >H +0y(1

= || (v;a<r>,6<a<7>m>) )

‘ﬂ

=

+o,(1).  (4.20)

Because Fy,x,z (y|x, 2) is uniform continuous in y, it follows from Lemma 4.2 that

1D*(vs @, B(a, 7))z = |D*(v; @, B(a,7))l|z + 0p(1)-

Hence, (4.20) implies that

1D (v, Bar), ), < [P (w5 alr), B, + 0p(1). (4.21)

Pick any 6 > 0. Then, by (4.11), Assumption 4.7 (ii), and continuity of || D*(v; a, 5(a, 7))| 4,
we obtain

ID"(v; a, B(a, 7))llz > [ D" (vs a(7), B())l|-

inf
a€A |la—a(r)||>6

By (4.21), wp — 1 we have

HDt (v;éz(T),B(d(T),T))H~ < inf | D*(v; a, B(a, Nz

B aedla—a(r)||>6

Hence, we obtain ||&(7) — a(7)|| =, 0. Because 8(a, ) is continuous in a, it follows from
Lemma 4.2 that ||5(7) — B(1)|| =, 0. O

Proof of Theorem 4.3. For b: A x (0,1) — RT(@z+1)  define

M'(v;a,b,7) = D'(via,bla,7)),
Mi(via,b,7) = Di(via,bla,7)).



For £+ A x (0,1) = RY, define ||flloe = sup,earer £ (a, )]l

Fix 7 € T. First, we prove y/n-consistency of &(7). Because ||&(7) — a(7)| —, 0 and
I B—2 lso —p 0 holds by Theorem 4.2 and Lemma 4.2, we choose a positive sequence
6, = o(1) such that P(||&(7) — a(7)|| > 6., |3 = Bllse > 0,) — 0. It follows from Lemma
4.6 that

1M (v;6(7), B, 7) ]l + op(llé(r) — al(n)]l) = T3 (w3 7)"(6(7) — (7)) ]
By Assumption 8 (v), we obtain
1M (w3 4(7), B, 7) |5 = (¢ = 0p(1)) x |&(7) = (7). (4.22)

Because M!(v;a(r),B,7) = O,(n~Y?) uniformly over v € V, ||M*(v;a(r), 8,7)|s is
bounded above by
1M (v;d(7), B,7) = M*(v;(7), B, 7)|la
+ [ M'(v;a(r), B,7) = My (v;6(7), B, 7) + M} (v; (), B,7) ||
+ M (0;8(7), B, 1)l + Op(n™7?),

where O,(n~'/?) is uniform over 7 € 7. Because {r (w;a,b) : a € A,b € B} is Donsker,
it follows from Lemma 4.4 and 4.6 that

1M (v;a(7), B, 7) = M (v;a(7), B, 7) |

< [Mt@a). 5.) - M @ia(e). 8.7) ~ Ty, a(r). ) Blatr).7) - Aladm). ]|
+ || (Ta(v, a(7), 7) = Ty(v, a(7), 7)) [B(A(r), 7) = B(a(r), 7)] ;
+ FE(U, O&(T),T)l <[B(&(T)7 T) - ﬁ(d(T)vT)] - [B(Oé(T),T) - 6(05(7_)7 T)]) i
+|[Fa(v, (), 7Y [Bla(m), 7) = Bla(n), |
< 0p([15 = Blloe) + 0p(1) X |18 = Bllow + Op(n~12) = Op(n™"72). (4.23)
By Lemma 4.3, we obtain
1M (v36(7), B, 7) = My (v36(7), B, 7) + My (v; a(7), B,7) Iz = 0p(n~"72).
Hence, by (4.22) and (4.23), we have
(¢ = 0p(1)) x [la(r) = a(r)|| < Op(n~"2) + || My (vi &(7), B, 7) |- (4.24)
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By definition of &(7),

M (v 6(7), B,7) |

< HM;&I(U;O((T%B,T)HQ

< ||Miwiar). B) = M@ a(r). B.r) = Mi(via(r). 8.7 |
+ | (vs0(r). 8.7) = Thw: ) Blalm). ) = Blal@). ]|

+ sty Btatr).n) - st |
< 0,(n7YA) + 0,([1B = Blloo) + Op(n %) = O, (n72).

M (i a(r), 6,7

Therefore, by (4.24), we have ||&(7) — a(7)|| < O,(n1/2).
Next we show (4.12) by approximating M (v; a, B, ) as

L, (via,7) = My (v;a(r), ,7) + T (0;7) (a — a(7)) + Th(v; 7)'[5(a(7), 7) = Blal7), 7)].

Let @(7) be the value that provides a global minimum for || L!, (v; a, 7)||z. Then, T (v; )’ (a(7)—
(7)) is the Ly(f1)-projection of —M? (v; a(7), B,7) =T (v; 7) [B(e(7), 7) = B(a(7), T)] onto
the subspace of Lo(u) spanned by I' (v; 7). Hence,

Va(a(r) — a(r))
Aa(r) / Pl (os7) { Mo (vs (7). 8,7) + Th(0; 7Y [Bla(r), 7) = Bla(r), )] b div, 1)

where Ay(7) = Zt:l J T4 (v; 7)T% (v; 7) dp(v). Here, we have
\/E/Ft v; 7)M! (v; a(T), B, T)dji(v, t)
ZZ/ (v; )9t (Wi (7)), B(7), v2) I{X; < vxc}pdp(v).

i=1 t=1

Define Y (7) = X/,a(1) + Z.,5:(7). Because 25:1 I (v;7) = 0, we have

Nl =
ERE
—

I (037)g: (Wi (7)., B(r), 0:)1{X; < vichdp(v)
1 T
= TZ/F v; T)H{X; < vy, Ziy < v, bdp(v)1{Y, < Yy(r)}
A
D [ THE L < v Zi < o) LY < Ya(r))
=1 s=1

= 2 [ T < 0 2 < (o) 1Y < Vi)
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It follows from Lemma 4.4 that /n(B(a(7),7) — B(a(7), 7)) = —1/v/n S0 I(Wi; 7).
Therefore, we obtain

Vit [ T mE ) Blal). ) - Blalr), mldi(e. 1)

n

\/%TZZ [/Ft v; T)05(vs 7)'dp(v) | W3 7) 4 0p(1).

t=

1
This implies that \/n(a(7)—a(7)) = A (1) [1/v/n > {€(Wis7) — A (7))L (Wis 7) H+
0,(1), and hence it is sufficient to show that [|a(7) — &(7)|| = 0,(n~%/2).

Because [|&(7) — a(7)|| = O,(n"1/2), we have

IMA(s (7). B, 7) = L (w3 (), 7))
|M!(v;.6(r), B,7) = M (vi (7). B, 7) = Th(ws a(r), 7Y [B(a(r), 7) = Bla(r), )]l
07,7 {Ba(m).7) = pa(). ] = [Blatr). 7) ~ fla(). 7] ||

/

+[{T4e;67),7) = Thws (), 7)Y Bl 7) = Blalr), 7)]

IN

+H[M (v é(7), B,7) = Ti(v;7) (&(7) — (7))l
H| M (v: (7)), B,7) = M (v; é(7), B, 7) = My(v;a(7), B,7)l|
< 0p([|B = Blloe) + 0p(lla(r) — (7)) + 0p(n %) = 0, (n712). (4.25)
Similarly, we have
1My, (v; 6(7), B,7) = Ly, (v;a@(r), 7)l|z = 0p(n"/?). (4.26)
Hence, it follows from (4.25) and (4.26) that
I3 (05 a(7), 1)l = 0p(n™1?) < |IMy(v;d(7), B,7)l;
< |[My(v;a(r), B,7)lla
< |Ly(via(r), 7)lla + op(n -2,

By definition of a&(7), we have ||Lf, (v; &(7), 7)||z = || L, (v; a(7), 7) ||z +0p(n_1/2). Because
| LE (v a(7), 7) ||z = Op(n~Y?), we have

L7 (03 6(7), )7 = 1 Loy (w3 6(7), T + 0p(n 7).
Because L (v;a(7),7) is orthogonal to I (v; ), we obtain

ILn(vsa(n), DIl = 1L, (via,7) = Ti(v;i7) (@ — a(r)lI;
= | Ln(via, D)E + Ty (w5 7)' (a — ()17

Hence, ||a(7) — a(7)|| = 0,(n~%/?) holds, and we obtain (4.12).
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Finally, we show asymptotic normality of 3(7). By the proof of Lemma 4.4, we have

O(1/Vn) = Gur(Wisalr), B(7)) + 0p(1) + VREr (Wi; a(r), Bi(é(7), 7))
= Gur-(Wisa(7), Bi(7)) + 0p(1) + (J7(7) + 0p(1))Vn(a(7) — (7))
+(J () + 0p()Vn(B(7) = B(7))-

and we obtain (4.30). O

4.8 Appendix: Auxiliary Lemmas

Lemma 4.1. Under the assumptions of Theorem 4.2, for all T € T, we have

sup ZR Wit a,by) — E[R-(Wig; a,by)]| = 0a..(1), (4.27)
a€A,b B i—1
sup ’D;(U, a,b) — D'(v; a, b)‘ = 04.5.(1). (4.28)
aeA,ILEB,
ve

Proof. By definition of R.(wj;a,b;), the collection of functions {R,(;a,b;) : a € A b, €
B:} is a VC-class. Hence, {R.(-;a,b;) : a € A, by € B,} is Donsker, and also Glivenko-
Cantelli. This implies (4.27).

Because {(x,z) — 2'a+2'by : a € A, by € B;} is a VC-class, {w — g;(w;a,b,v,)1{x <
v} ia € A b€ Byve V}is also Donsker by Example 2.10.7 and 2.10.8 of van der Vaart
and Wellner (1996). Therefore, we have (4.28). O

Lemma 4.2. Under the assumptions of Theorem 4.2, for all T € T, we have

Bi(a, ) — Bila, T)H = 0,(1). (4.29)

sup
acA

Proof. Fix 7 € T. Lemma 4.1 implies that uniformly in a,

E[R:(Wis; a, Bi(a,7))] = —ZR Wit a, By(a, 7)) + 0p(1)

< —ZR Wits a, Be(a, 7)) + 0,p(1)
= E[RT(W”, a, Be(a, 7)) + o,(1).
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Pick any 6 > 0. Let {Bs(a,7) : a € A} be a collection of balls with diameter 6 > 0,
each centered at f;(a, 7). Because p.(u) — p,r(v') < |u — u/|, we have E[R.(Wy;a,b;)] —
E[R,(Wisa, b)) < C||(a/, b)) — (&,0,)|. Hence, the function b, — E[R,(Wi;a,b,)] is
continuous uniformly over a € A. Because #;%E[RT(Wt;a,bt)]|bt:5t(a77) = Ji(a,T), it
follows from Assumption 4.7 (iv) that

inf inf B its - E T ity 4, ) .
inf | Gf  ElR(Wisa,b0)) = B[R (Wis 0, il 7))] | > 0

Uniformly in a € A, wp — 1 we have

E[R,(Wi; a, Bi(a, inf  E[R,(Wi; ar, br)].
[R; (Wit a, Be(a,7))] < bte&l\%é(w) (R (Wit ag, by)]

Therefore, wp — 1 we have sup,e 4 |3:(a, 7) — Bi(a, 7)| < 0. O

Lemma 4.3. Define f(Wy;a,b.,7) = (71— 1{Y; < Xja + Zbi}) Z;. Under the assump-

tions of Theorem 4.3, for any sequence of positive numbers {0,} that converges to zero,

we have
sup ‘an(Wt;&az)taT) _an<Wt;a7 btaT)‘ :Op(1)7
lla—al|<6n,|1be—bt ]| <6n
sup ‘\/_ (Dt (v;d,8) — Dt(v;a,0)) — /(D (v; a,b) — Dt(v: a, b))‘ = 0,(1).
H&*allﬁnélg*b”ié

Proof. Because {w — f(w;a,by,7):a € A b € By, 7 € T}and {w — g(w;a,b,v,)1{x <
Ui}t ia € Ab e B v e supp(p)} are Donsker, we prove the statements of this lemma. [

Lemma 4.4. Under the assumptions of Theorem 4.3, we have
V(Bila, 1) — Bila, 7)) = —J(a, T) ZTT s a, Bi(a, 7)) + o,(1), (4.30)

where 0,(1) is uniform over a € A.

Proof. By the computational properties of the ordinary quantile regression estimator (see
Theorem 3.3 in Koenker and Bassett (1978)), we obtain

1/\/_ ZTT ity @ 75t a T))
uniformly over a € A. By Lemma 3, we have

O(l/\/ﬁ) = ﬁEan(Wt;aaﬁAt(aﬂ—))
= Gur,(Wia, Bi(a, 7)) + 0,(1) + VnEr (Wi a, By(a, 7)),  (4.31)
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where the term o,(1) is uniform over a € A. Because Er,(Wy;a,Bi(a, 7)) = 0 by first

order condition, we obtain

0

ETT(Wt;a:Bt<aa7-)) = @ETT(Wt;aabt) :| (Bt{a) T) - Bt(a77—))

= E[fi-x02.Z, | 2)2:2,) (Bi(a,7) — Bi(a,T)),

be=bt, -

where 0!, is between Bi(a,7) and B,(a,7). Because {y fyi-x1a)z,(yl2) 1 a € A} is

equicontinuous for all z, we have
E [ friextaz(Z, 1| Z) 2, Z]] = J}(a,T) + 0,(1) uniformly over a € A.

Therefore, it follows from (4.31) that

A

\/ﬁ(ﬁt(% T) - Bt(aa T)) - _‘]f(a’v T)_IGHTT(Wt; a, 615(@7 T)) + OP(1)7

where the term o,(1) is uniform over a € A. O

Lemma 4.5. Under the assumptions of Theorem 4.3, D'(v;a,B(a,T)) is continuously

differentiable in a, D*(v,a,b) is continuously differentiable in b, and

0
—D'(v;a,8(a,7)) = Ti(a,7)

9 ]
g D'viad) = 75" (v a,b).

Proof. First, we show the continuous differentiability of D*(v;a, B(a, 7)) and D(v,a,b).
We observe that

D'(v;a,b) = E[{Y; < X/a+ Zb}1{X < vy, Z; < v,}]

T
1
7 > E{Y, < X[a+ ZDJUX < vy, Z, < 0.}
s=1

—  ElFyx.z(Xla+ Zb|X, Z)1{X < vy, Z < 0,}]

T
1
— > ElFyx.z(Xla + Ziby|X, Z)1{X < vy, Z, < v.}].

s=1
Because we have

a%E[FYt|X7Zt (X;(l + Z;bt|X, Zt)].{X S Uy, Zt S UZ}]
t

= E[fYt\X,Zt (X;CL + Zgbt|X7 Zt)l{X S Vx, Zt S vz}Zt]a
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D*(v;a,b) is continuously differentiable in b and (9/0bs) D! (v;a,b) = v5°(v;a,b). Simi-
larly, we have

0
%E[FYHX,Zt (nga + Zéﬂt(aa T)|X7 Zt)]'{X < Ux, Zt < Uz}]

= E[fY}\X,Zt (X;CL + Zéﬁt(aﬂ T)|X7 Zt>]‘{X < Uy, Zt < UZ}(Xt + Bt(av T>/Zt>]'

Hence, D*(v; a, 8(a, 7)) is also continuously differentiable in a and (0/0a) D' (v; a, f(a, 7)) =
I (v;a, 7). O

Lemma 4.6. Under the assumptions of Theorem 4.3, for any sequence of positive numbers

{6, } that converges to zero, for all T € T, we have

sup  [|[M'(v;a, B,7) = T1(v;7) (a — (7)) ||z = 0(0n), (4.32)
la—a(r)||<6n
and
sup | M (v;a,b,7) — M*(v;a,8,7)

a€A,b—Bloo<on

—I't(v;a,7)'[bla, ) — Bla, T)]Hﬂ = 0(0y,). (4.33)

Proof. First, we show (4.32). Because M'(v;a,3,7) = D'(v;a, 3(a,T)) is continuously

differentiable in a for all 7, there exists @ . between a(7) and a such that
M (v;a, B,7) — M*(v;a(T),B,7) = Fl(v;df},T,T)’(a —a(r)).
Because M'(v; a(T), 8, 7) = 0, we have

HMt(v‘a,ﬁ, ) Fﬁ( (), 7)(a—alr ))Hu

— Tt (v )/a—oz

- H , UT’ I
m

< maxsupHF( a, ., 7) — Ft(Uyoé( ), T x Ha—a( )|

7 ’UT?
t ey

Then, we have

IPs(v:@, . 7) = Ti(sa(r), 7l
= ZmEXE[Hfmx,zxX's + 208 T)IX Z)(X, + Bo(@ . 7) Z)

SV, T ’UT?

—frax,z.(Xoa(T) + Zfs(a(7), T)|X7 Zs)(Xs + Bs(a(r),7) Z,)Il] -

Because fy,x,z (y|x, 2) and By(a, 7) is continuous in y and a respectively, we obtain (4.32).
Next, we show (4.33). Because D'(v;a,b) is continuously differentiable in b, there

exists by q., between b(a, 7) and S(a, 7) such that

D'(v; a,b(a, 7)) = D'(v;a, B(a, 7)) = Th(v;a,b,,.,)[bla, 7) = Bla, 7))

105



Hence, we have
M (v:0,b,7) = M'(v;a,8,7) = Talv;a,7) [ola, 7) = Ba, 7))

= | (P03 0,Bur) — Th(sa, B0, ) (5 7) — e, 7))
< sup [T5(v; a, byar) — Th(via, B(a, )| X [|b(a, 7) = B(a, 7).

veY

Similarly to (4.32), Supgeavey [IT5(0; @, byar) — Th(v;a, B(a,7))|| = o(1) by the uniform
continuity of fy,x z, (y|x,2) in y. Therefore, we obtain (4.33). O
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4.9 Appendix: Figures and Tables

Table 4.1: Results of Simulation 1

N = 1000 N = 2000

PP=01 p*=05 p*=09 p*=01 p*=05 p*=09

bias 0.0211 0.0085 0.0055 0.0182 0.0104 0.0125

7=0.25 std 0.2609 0.2087 0.1440 0.1797 0.1534 0.1042
mse 0.0685 0.0436 0.0208 0.0327 0.0236 0.0110

bias 0.0091  -0.0017 0.0037 0.0056 0.0076  -0.0033

7=0.50 std 0.2274 0.1981 0.1226 0.1677 0.1404 0.0873
mse 0.0518 0.0392 0.0150 0.0282 0.0198 0.0076

bias  -0.0264 -0.0130 -0.0014 -0.0141 -0.0095 -0.0060

7=0.75 std 0.2550 0.2114 0.1326 0.1771 0.1559 0.1052
mse 0.0657 0.0449 0.0176 0.0316 0.0244 0.0111

Table 4.2: Results of Simulation 1
T a=09 a=095 a=0.99

0.25 0.882 0.934 0.974
N =1000 0.50 0.900 0.930 0.954
0.75 0.874 0.938 0.982
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Table 4.3: Results of Simulation 2

N = 1000 N = 2000

pPP=01 p*=05 p*=09 p* =01 p*=05 p>*=0.9

bias  0.0020  0.0016 -0.0033 -0.0030 -0.0022  0.0015

T7=0.25 std 0.2078  0.1858  0.1516  0.1508  0.1364  0.1088
mse  0.0432  0.0345  0.0230  0.0227  0.0186  0.0118

bias  0.0078  0.0082  0.0084 -0.0018 -0.0003  0.0024

7=0.50 std 0.1832  0.1573  0.1218  0.1309  0.1168  0.0847
mse  0.0336  0.0248  0.0149  0.0171 0.0136  0.0072

bias  0.0107  0.0119  0.0078  0.0010  0.0018  0.0006

7=0.75 std 0.2071 0.1793  0.1462  0.1477  0.1308  0.1039
mse  0.0430  0.0322  0.0214  0.0218  0.0171 0.0108

Table 4.4: Results of Simulation 3, N = 1000
Our method Athey and Imbens

pPP=01 p*=05 p*=09 p*=01 p*=05 p*=09

bias  0.0056  0.0015  0.0009 -0.0031 -0.0107 -0.0150

7=0.25 std 0.1304  0.1261 0.0932  0.1288  0.1238  0.0900
mse  0.0170  0.0159  0.0087  0.0166  0.0154  0.0083

bias  0.0000  0.0008  0.0002 -0.0097 -0.0094 -0.0119

7=0.50 std 0.1160  0.0980  0.0733  0.1165  0.1002  0.0760
mse  0.0134  0.0096  0.0054  0.0137  0.0101 0.0059

bias  0.0006 -0.0042  0.0001 -0.0203 -0.0286 -0.0269

7=0.75 std 0.1191 0.1013  0.0749  0.1226  0.1061 0.0812
mse  0.0142  0.0103  0.0056  0.0154  0.0121 0.0073
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Table 4.5: Summary Statistics
Treatment Control Diff P-val on Diff

Number of households 1260 2128

Area of tobacco production (mu) 5.578 4874  0.705 0.000
Age 41.119 41.522  -0.403 0.173
Household size 4.877 4.665  0.212 0.000
Education (Primary) 0.367 0.323  0.044 0.009
Education (Secondary) 0.602 0.338  0.263 0.000

Education (High school or College) 0.025 0.257  -0.232 0.000

01 02 03 0.4 05 06 07 0.8 09

Figure 4.1: The estimates of the QTE and the 95 % confidence intervals. The dashed line
denotes the DID estimate.
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