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Chapter 1

Introduction

Firms play vital roles in a wide range of economy; they produce, improve, and distribute products
essential for consumers, through R&D, development of viable business models, and other kinds
of marketing activities. However, prominent firms often exploit their market power to raise profits
thereby hurting consumers’ welfare. The ways firms do so include raising prices (either unilaterally
or multilaterally), foregoing investments, consolidating to a small number of firms to reduce com-
petition, among others. Governments therefore often need to intervene with the firms’ activities in
order to refrain them from exercising market powers. The way the government intervene depends
on the market environments.

In most industries, competition authorities monitors firms’ activities to make sure that their
conducts, such as cartels, mergers, and vertical restraints, do not hurt consumers. This line of
government interventions is called competition policy, where the governments’ role is to keep the
markets competitive. In some industries such as water, gas, and electricity networks, keeping
competitive markets is often unfeasible due to the technological constraints such as extremely high
(sunk) fixed costs. In such natural monopoly, governments need to tailor the regulation policy and
often directly control the firm’s decisions such as pricing and investments. This is called regulation
policy. In recent years, thanks to the technological progress, the technological constraints imposed
on network industry are relaxed, which induces market liberalization, and reduction in the degree of
government control on the firms. At the same time, the government’s budget constraints has become
tighter, which also induces the reduction in the government control by giving up the ownership of
regulated enterprises. In this way, the government started to privatize the originally state-owned
regulated enterprises. The situation where the state-owned enterprises and private enterprises co-
exist is called a mixed oligopoly. In mixed oligopoly, the government need to design the role of
the state-owned enterprises, which may result in greater or smaller control over the state-owned
enterprises, which is implemented by the design of privatization policies.

In this dissertation, I present three theoretical analysis on each area of competition, regulation,
and privatization policies. Below I present the abstracts of respective chapters.
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Chapter 2: Horizontal Mergers in the Presence of Network Externalities
Evaluating network e�ects and two-sidedness is critical for merger control in the digital economy.
Using a model of multiproduct-firm oligopoly with firm-level network externalities, I provide several
results regarding the impacts of network externalities on consumer-surplus e�ects of mergers. First,
the impacts of network externalities on the welfare properties of mergers depend on the sizes of
merging parties relative to the industry; direct network externalities justify mergers between small
firms but make the mergers between dominant firms more likely to hurt consumers. Second, when
an incumbent tries to acquire an innovative entrant, the incumbent may have a greater incentive to
innovate due to the demand-side scale economies, which suggests that too strict merger control may
inhibit potential innovations. Finally, I present a merger analysis in two-sided markets and show
how the pre-merger sizes of firms on one side can predict the post-merger consumer surplus on the
other side. These results provide handy theoretical guidance on merger policy toward platforms.

Chapter 3: Monopoly Regulation in the Presence of Consumer
Demand-Reduction
In this chapter, I study a monopoly regulation in the setting where consumers can engage in demand-
reducing investments. I first show that, when the regulator ignores the consumers’ investments, the
excess investment occurs. Next, I analyze the case where the regulator takes consumers’ investments
into account and compare the optimal policy under asymmetric information with the first-best policy.
Optimal policy results in higher average price, higher level of consumer investment, but lower prices
for e�cient firms, compared to the first-best.

Chapter 4: Dynamic Privatization Policy
This chapter formulates a two-period model of mixed oligopoly in which the government privatizes
a state-owned public firm over multiple periods. We introduce the shadow cost of public funding
(i.e., the excess burden of taxation). The government is concerned about both the total surplus
and the revenue obtained from the privatization of the public firm. We find that the government
may or may not increase the degree of privatization over time depending on the competitiveness of
the product market and nationality of private competitors. The government increases the degree
of privatization over time if the product market is competitive and the foreign ownership share in
private firms is low. Although it adjusts its privatization policy over time, this harms welfare. In
addition, this distortion in the ex-post incentive leads to too low a degree of privatization in the first
period.
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Chapter 2

Horizontal Mergers in the Presence of
Network Externalities�

2.1 Introduction
In the digital economy, several markets are characterized by network externalities and multi-
sidedness, where platform operators generate direct and indirect network externalities by facilitating
the interaction among the participants. While network e�ects benefit consumers in many cases, the
positive-feedback e�ect of network externalities often leads consumers to focus on a few dominant
platforms. This “winner-takes-all” feature makes competition authorities raise concern about the
potential harm of persistent dominance of particular firms.�

Furthermore, dominant firms in the tech industry often expand their networks through merg-
ers and acquisitions. Such acquisitions include many small and several large ones, such as
Google/DoubleClick, Microsoft/LinkedIn, Apple/Shazam, and Facebook/WhatsApp, which were
subject to scrutiny by competition authorities. The common issue in these merger reviews is the
evaluation of the impact of network e�ects and two-sidedness on the desirability of mergers. While
it is recognized that merger policy must consider network e�ects and multi-sidedness of platform
businesses (Evans and Noel, 2008; Ocello and Sjödin, 2018), the theoretical guidance on these
issues is still scarce. This lack of guidance may hurt the society through incorrect decisions on the
prospective mergers between platforms.

The aim of this study is to provide a theoretical guidance on merger policy in industries
characterized by network externalities. To this end, I develop a model of multiproduct-firm oligopoly
with direct and indirect network externalities that allow for an arbitrary number of heterogeneous
firms. In particular, this study introduces firm-level network externalities to CES and multinomial-
logit demand systems and applies an aggregative-games approach (Nocke and Schutz, 2018b) to
characterize the equilibrium in the pricing game among firms with di�erent product portfolios.
In this framework, as in Nocke and Schutz (2018b), type-aggregation obtains: all the relevant

�This chapter is based on Sato (2019).
�For example, Australian Competition and Consumer Commission released “Digital Platforms Inquiry” that

tries to identify the market powers of digital platforms (https://www.accc.gov.au/focus-areas/inquiries/
digital-platforms-inquiry).
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information for the pricing of each firm is summarized in some su�cient statistics, named as the
firm’s “type," the dimension of which equals the number of sides of the markets. Therefore, any
merger can be formalized as a change in the profile of types, which enables the characterization of
the competitive e�ects of mergers by analyzing the impact of changes in types. In particular, by
defining a merger-specific synergy as an increase in types following a merger, one can characterize
the synergies required for mergers to improve consumer surplus. Characterizing such synergies
gives conditions under which a merger is likely to benefit or harm consumers.

Using the framework described earlier, this study o�ers three sets of merger analyses: mergers in
the presence of direct network externalities, acquisitions of innovative entrants by incumbents, and
merges in two-sided markets. In all the three analyses, the presence of direct and indirect network
externalities changes the market-power e�ects of mergers through demand-side scale economies
and changes in subsidization incentives. The directions and magnitudes of such changes depend on
the pre-merger sizes of the merging parties relative to the markets.

From the perspective that the objective of competition authorities can be approximated by
consumer surplus (Whinston, 2007), I first examine the impact of mergers on consumer surplus
in the presence of direct network externalities. To this end, I explore how the size of the synergy
required for a merger to improve consumer surplus varies based on the sizes of the merging parties
and the magnitude of the network externalities. Network externalities have two countervailing
e�ects on the welfare properties of mergers. While consumers directly benefit from the network
externalities arising from mergers because of the expansion of the merged entity’s networks, network
externalities might also increase the market power of the merged entity, which accompanies the
higher markups. The overall impact of network externalities on the competitive e�ects of mergers
depends on the relative magnitudes of these two e�ects.

Several cases in which one e�ect dominates the other are identified. For example, when the
merging parties are small or when the firms in an industry are symmetric, the synergy required
for a merger to improve consumer surplus decreases with the magnitude of network externalities
or even become negative. This is because the benefit from network expansion dominates the cost
of incremental market power. Accordingly, the consumer surplus is improved by the presence of
network externalities in mergers involving non-dominant firms. However, when the merging parties
are dominant in the industry, the presence of network externalities increases the synergy required
for a merger to improve the consumer surplus. Thus, the merger is likely to hurt consumers. This
follows from the fact that when the merging parties are su�ciently large compared with the industry,
the presence of network e�ects enables the merged entity who is equipped with a huge customer
base to easily attract consumers without lowering the prices. In this case, the merged entity can
easily exert its market power to increase markups, which in turn decreases consumer welfare. In
total, network externalities can serve as a justification for mergers involving small firms or mergers
in an industry with symmetric firms. However, as the size of merging parties grows relative to the
industry, the presence of network externalities requires the more intense scrutiny of merger reviews.

To contribute to the recent discussion on “killer acquisitions" (Cunningham, Ederer and Ma,
2018), I extend the model to incorporate the case where an incumbent tries to acquire an innovative
potential entrant. This extension shows that when the size of a potential innovation is small, the
incumbent has greater incentive to continue the project than the entrant does, while the opposite
may hold when the size of a potential innovation is large. When the size of the innovation is
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small, the entrant su�ers from an inability to expand its network, while the incumbent can leverage
its installed base to e�ectively sell the new product. This demand-side scale economy makes the
incumbent more willing to innovate, which is in sharp contrast with the replacement e�ect argument
that the incumbent has smaller incentive to innovate because the new product just “replaces" the
existing product. This result suggests that if the authorities adopt a too aggressive merger policy
and ban acquisitions of innovative entrants such as tech-startups, investors might stop funding some
innovative projects at all. This observation is consistent with the remark put by Bruce Ho�man at
the Federal Trade Commission that “[t]o the extent exit strategies for startups involve acquisitions,
if such acquisition opportunities are constrained, the capital available for startups may fall. That, in
turn, could result in fewer startups."† Given the fact that a large fraction of exit strategies adopted
by startups are M&A, this is a serious concern.‡

Finally, I analyze mergers in the presence of indirect network externalities, with a focus on
two-sided markets. In the presence of indirect network externalities, firms typically engage in two-
sided pricing: they subsidize consumers on one side of the market by charging lower prices, while
collecting revenues from consumers on the other side of the market by charging higher prices at the
same time. Such subsidization incentives are interrelated with the size of the firm on each side of
the market (Weyl, 2010). Mergers thus a�ect not only the market power but also the subsidization
incentives and the price structure among multiple sides of markets, which leads to a change in the
division of surplus between di�erent groups of consumers.

Focusing on a relatively simple case where only consumers on one side gain from indirect
network externalities, I examine the relation between the pre-merger sizes of the merging parties
and the consumer-surplus e�ects of mergers. I show that the synergies on the two sides of markets
required for any merger to leave consumer surplus on both the sides unchanged, named as CS-
neutral synergies, can be negative depending on the pre-merger sizes and the price structures of the
merging parties. In particular, CS-neutral synergy on the side that benefits from indirect network
externalities (subsidizing segment) is negative when the sizes of merging parties are small. This
result is analogous to the e�ect of direct network externalities: when the merging parties are small,
the benefit from a network expansion outweighs the cost of an increase in market power. In addition,
CS-neutral synergy on the side that generates indirect network externalities (subsidized segment) is
negative when the merging parties set negative markups on that side, which occurs when the merging
parties are relatively large on the subsidizing segment. This is because the increase in the size on
the subsidizing segment following the merger increases the incentive to subsidize the consumers on
the subsidized segment. Therefore a merger that involves firms with a large pre-merger share on the
subsidizing segment is more likely to benefit consumers on the subsidized segment.

The results of this study provide theoretical guidance on merger policy toward platforms. In the
presence of network externalities, mergers between non-dominant firms are more likely to benefit
consumers, while mergers that lead to extreme concentration are more likely to hurt consumers.
Killer acquisitions are of less concern when the sizes of potential innovations are small. In two-sided

†“Competition Policy and the Tech Industry – What’s at stake?" Available at (https://www.ftc.gov/system/
files/documents/public_statements/1375444/ccia_speech_final_april30.pdf).

‡In the annual report at 2016, CB Insights notes that there were 3,358 total tech exits in the year, and that 3,260
of them were M&A exits. See CB Insights, “2016 Global Tech Exits Report," (https://www.cbinsights.com/
research/report/tech-exits-2016/).
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markets, both pre-merger price structures and sizes provide relevant information on the e�ects of
mergers on consumers.

The remainder of the paper is organized as follows. Section 2.2 discusses the related literature.
Section 2.3 presents a model of multiproduct-firm oligopoly with direct network externalities.
Sections 2.4 then analyzes the impact of mergers on consumer surplus in the presence of network
externalities. Section 2.5 and 2.6 analyze acquisitions of innovative entrants and mergers in two-
sided markets. Section 2.7 discusses several issues abstracted in the main analysis. Section 2.8
concludes.

2.2 Related Literature
The present study is related to four strands of literature: network externalities, two-sided markets,
innovation, and horizontal mergers.

The first strand of literature analyzes the impact of network externalities on the consumer choice
of technologies (Farrel and Saloner, 1986) and firms’ pricing in static and dynamic environments
(Katz and Shapiro, 1985; Cabral, 2011). To the best of my knowledge, there has been no systematic
theoretical study on the relation between the network externalities and horizontal mergers, because
of the lack of the tractable framework to analyze the merger in flexible environments. By introducing
the network externalities to the framework of multiproduct-firm oligopoly proposed by Nocke and
Schutz (2018b), this study provides a systematic theoretical analysis of the impact of network
externalities on the welfare properties of mergers.

The second strand of literature studies competition in two-sided markets, with a focus on the
determinants of price structures in the presence of indirect network externalities (Rochet and Tirole,
2003, 2006; Armstrong, 2006; Weyl, 2010). Several recent studies theoretically analyze the impact of
mergers between two-sided platforms on consumer welfare under single-homing (Baranes, Cortade
and Cosnita-Langlais, 2014; Tan and Zhou, 2017; Correia-da-Silva, Jullien, Lefouili and Pinho,
2019), competitive-bottleneck (Anderson and Peitz, 2015), and multi-homing situations (Anderson,
Foros and Kind, 2019). This study uses a model with single-homing consumers (Baranes et al.,
2014; Tan and Zhou, 2017; Correia-da-Silva et al., 2019). Including the present study, this strand of
literature faces a trade-o� between analyzing the general market environments and providing clear
welfare implications. Using demand systems that enables to adopt an aggregative-games approach
developed by Nocke and Schutz (2018b), this study allows for an arbitrary number of heterogeneous
firms and obtains a clear characterization of the consumer-surplus e�ects of mergers with respect
to pre-merger sizes and price structures of the merging parties.

The third strand of literature studies the impact of mergers on innovation. (Federico, Langus
and Valletti, 2018; Cunningham et al., 2018).§ Cunningham et al. (2018) use a simple model of
the acquisition of innovative entrant by an incumbent and show that due to the replacement e�ect,
the incumbent always has a smaller incentive to innovate than the entrant does. They empirically
confirmed this prediction by examining the progress of R&D projects in the pharmaceutical industry
accompanying the acquisitions. The present study adopts the same timeline as Cunningham et al.
(2018) do and shows that, in the presence of network externalities, incumbents may have greater

§See Jullien and Lefouili (2018) for more comprehensive review.
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incentives to innovate than the entrant does due to the demand-side scale economies. Thus, the
presence of network externalities enriches the predictions made by the existing research.

The last strand of literature studies the welfare properties of horizontal mergers (Williamson,
1968; Farrell and Shapiro, 1990; Nocke and Whinston, 2010, 2013; Nocke and Schutz, 2018b,a).
The framework of this study is based on Nocke and Schutz (2018b,a). They show that with a class
of demand systems that satisfy IIA properties among the sets of products o�ered by firms, price
competition in multiproduct-firm oligopoly can be expressed as an aggregative game, which largely
simplifies the characterization of equilibria. Furthermore, they also show that when the demand
system is given by nested multinomial-logit or nested CES demand, all the relevant information
for a firm’s optimal strategy can be summarized by a scalar-valued “type" and the industry-level
aggregator, which enables conducting a tractable merger analysis. This study extends the frame-
work proposed by Nocke and Schutz (2018a) to incorporate firm-level direct and indirect network
externalities while simultaneously preserving the aggregative feature of consumer demand. Tech-
nically, this study extends their “type-aggregation property" to two-sided markets, where all the
relevant information for an optimal strategy of each firm can be summarized in the type that has the
dimension corresponding with the number of sides of the markets. This enables the study of the
impacts of direct and indirect network externalities on the welfare properties of horizontal mergers
by conducting a merger analysis in a similar way as Nocke and Schutz (2018a). Therefore, this
study contributes to the existing literature by examining how the results in the standard settings are
preserved or altered by the introduction of direct and indirect network externalities. For example,
while mergers without synergies hurt the consumer surplus in Nocke and Schutz (2018a)’s environ-
ment, such mergers can improve the consumer surplus in the presence of direct or indirect network
externalities.

Finally, I mention several studies that provide tools to quantify the e�ects of horizontal mergers
in two-sided markets. A�eldt, Filistrucchi and Klein (2013) propose a simple measure of upward-
pricing pressure modified to incorporate the two-sidedness of markets. While the concept of
upward-pricing pressure provides insights to policymakers, the presence of network e�ects and
two-sidedness complicates the evaluation of the consumer-surplus e�ects of mergers solely based
on the price levels. In this regard, the present study provides a clear characterization of the
consumer-surplus e�ects of mergers. Jeziorski (2014) provides a merger analysis using a merger
simulation based on an estimated structural model. This approach has an advantage in that, once
given appropriate data, it can incorporate rich structures and directly quantify how a specific
merger would a�ect consumer welfare. However, the implication of a specific merger simulation is
inevitably case-by-case and cannot be easily generalized to the other environments. In this regard,
the theoretical implications provided in this study has an advantage in linking the sizes of the
merging parties to the welfare e�ects of mergers and providing simple intuitions that would apply
to a range of applications.

2.3 Model with Direct Network Externalities
This section presents a model of multiproduct-firm oligopoly with firm-level direct network ex-
ternalities. All details of derivation are provided in Section 2.9, which presents the analysis of a
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generalized model of multiproduct-firm oligopoly in the presence of both direct and indirect network
externalities.

Consumer demand
Consider an industry with a set N of imperfectly substitutable products produced by a set of firms
F . Each firm f 2 F produces the set N f of products, where N f \ N f 0 = ; for f , f

0 and–
f 2F N f = N . There is a mass of consumers who derive firm-level network externalities from the

purchase of each product i 2 N f , which depends on the number of consumers n f who purchase
the products of firm f . In particular, each consumer z 2 [0,1] yields the indirect utility from the
purchase of product i 2 N f by

log hi(pi) + ↵ log n f + "iz, (2.1)

where log hi(pi) is the stand-alone indirect subutility from product i at price pi, ↵ log n f is the
utility from the direct network externalities, and "iz is an idiosyncratic taste shock that follows an
i.i.d. type-I extreme value distribution. Sizes of the direct network externalities depend on the
number n f of consumers who purchase products from firm f and the magnitude of direct network
externalities ↵ 2 [0,1). The direct network externalities are based on the number of participants
in each firm. Such a form of network externalities can be interpreted as membership externalities
(Armstrong, 2006; Weyl, 2010). The assumption that network externalities present at a firm level
means that products in a firm’s single network have greater compatibility than products in di�erent
firms’ networks.

I adopt two specific forms of functions hi. One is MNL-class demand specification, where

hi(pi) = exp
⇣
ai � pi

�

⌘
,

and the other is CES-class demand specification where

hi(pi) =
(

ai p
1��
i

if pi > 0
+1 if pi  0

with � > 1. In both the specifications, ai represents the quality of each product. I mean by
“MNL-class" and “CES-class" that, if ↵ = 0, the demand system obtained from indirect subutilities
hi(pi) = exp

�
ai�pi

�

�
and hi(pi) = ai p

1��
i

corresponds with that of multinomial-logit and CES
demand functions, respectively.

Given the profiles of network sizes (n f ) f 2F and prices p := (pi)i2N , consumers choose one
product to purchase and the amount of the purchase of the product. This implies that consumers
single-home.¶ I assume that there is no outside option so that all consumers purchase some product
from the set N .� With this specification, the demand system is derived as a rational-expectation
equilibrium among consumers. In other words, based on the common expectation over network

¶This assumption is not innocuous when we consider digital markets such as social media. I discuss some
implications of multi-homing in Section 2.7.

�In Section 2.7 discusses the way to relax this assumption.
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sizes, consumers choose their own decisions to maximize the utilities, and the realized network
sizes are consistent with the original expectation.

The demand system under the rational expectation equilibrium is derived in the following
manner. First, the firm-level and industry-level aggregators are defined as follows:

Hf (p f ) =
’
i2Nf

hi(pi),

where p f := (pi)i2Nf
, and

H(p) =
’
f 2F

�
Hf (p f )

� 1
1�↵ .

Next, I derive demand for each product conditional on the purchase. Applying Roy’s identity,
the conditional demand function for product i 2 N conditional on the purchase is given by
�h

0
i
(pi)/hi(pi). I assume that consumers form the correct expectation that all firms have posi-

tive network shares. I call the network choice of consumers based on such expectation as an interior
consumption equilibrium. Applying the Holman and Marley’s Theorem, the consumer choice
probability si of product i 2 N f given the expectation over network shares (n f 0) f 02F is given by

si =
hi(pi)

�
n f

�↵
Õ

f 02F
Õ

j2Nf 0 hj(pj)
�
n f 0

�↵ . (2.2)

In the interior consumption equilibrium, the network shares are consistent with the consumers’
behaviors so that the network share n f of firm f is given by the sum of the choice probability of
products produced by firm f :

n f =
’
i2Nf

si . (2.3)

Note that there are other trivial equilibria in the consumers’ network choices where a set of products
is expected to be purchased by no consumers. I exclude such equilibria from consideration.�� From
equations (2.2) and (2.3), the share of product i 2 N f in the set of products sold by firm f is given
by

si

n f

=
hi(pi)

Hf (p f )
. (2.5)

��This selection has the following asymptotic justification. Consider the following best-response dynamics. First,
fix an initial value of the vector of network shares (n0

f
) f 2F such that n

0
f
> 0 for all f 2 F . Next, for each t > 0, update

the network share based on the value of network share in the previous iteration t � 1. Then, the sequence of network
shares

n
(nt

f
) f 2F

o
t=0....

is obtained. Here, for any t > 0, we have

n
t

f

n
t
g

=
Hf

Hg

 
n
t�1
f

n
t�1
g

!↵
=

✓
Hf

Hg

◆Õt
⌧=0 ↵

⌧  
n

0
f

n
0
g

!↵t

!
✓

Hf

Hg

◆ 1
1�↵

2 (0,1) as t ! 1. (2.4)

From this observation, we must have the vector of positive network shares as the limit of the best-response dynamics.
Thus, the interior consumption equilibrium is the only equilibrium to which the best-response dynamics from any vector
of positive network shares.
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As derived in the Section 2.9, the network share n f of firm f in the interior consumption equilibrium
is given by

n f (p) =
�
Hf (p f )

� 1
1�↵

H(p) . (2.6)

Equations (2.5) and (2.6) imply that the probability that product i 2 N f is purchased by a consumer
is given by the following equation:

si(p) = n f (p)
hi(pi)

Hf (p f )
=

�
Hf (p f )

� ↵
1�↵ hi(pi)

H(p) . (2.7)

Therefore, the demand for the product i 2 N f given the profile of prices p has the following form:

Di(p) = D̂i

�
pi,Hf (p f ),H(p)

�
= si(p) ⇥

�h
0
i
(pi)

hi(pi)

= �
�
Hf (p f )

� ↵
1�↵ h

0
i
(pi)

H(p) .

(2.8)

With the CES-class demand and negative price, Roy’s identity cannot be used to derive demand.
Thus, to allow for the demand with negative prices, we assume that Di(p) = limpi!0 Di(p) = +1
for all pi < 0.

Finally, the consumer surplus CS is given by the expected indirect utility of consumers, which
is given by

CS(p) = log ©≠
´
’
f 2F

�
Hf (p f )

� 1
1�↵ 1

(H(p))↵
™Æ
¨

= (1 � ↵) log H(p).

(2.9)

I put one remark on the form of demand function that is given by equation (2.8). The demand
function for the MNL-class demand system has the form

Di(p) =

nÕ
j2Nf

exp
⇣

aj�pj

�

⌘o�
Õ

f 02F
nÕ

j2Nf 0 exp
⇣

aj�pj

�

⌘o� exp
�

ai�pi

�

�
Õ

j2Nf
exp

⇣
aj�pj

�

⌘

with � := 1/(1 � ↵). This demand function can be regarded as a nested-logit demand function with
the set of nests {N f } f 2F . One di�erence of this demand function from standard nested-logit demand
is that this demand function has � = 1/(1 � ↵) � 1, while standard nested-logit demand functions
based on discrete-choice model must have a nest coe�cient �  1. This is because every pair of
products should be substitutes in the standard discrete-choice models, and if � > 1, two products
in the same nest is complements when n f < (� � 1)/�. In this sense, the demand function given
by equation (2.8) allows for complementarity among products and shows that network externalities
provide a microfoundation for nested-logit demand functions with nest coe�cient � greater than 1.
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Firm pricing and equilibrium
Each product i 2 N has a constant marginal cost ci > 0 of production. Given the demand system,
the profit function of each firm f 2 F is written as a function of the profile of the firm’s own prices
p f = (pi)i2Nf

and the industry-level aggregator H:

⇧ f (p) =
’
i2Nf

D̂i

�
pi,Hf (p f ),H(p)

�
(pi � ci). (2.10)

A pricing game consists of a demand system (Di)i2N , a set of firms F , sets of the products of each
firm (N f ) f 2F , and a profile of marginal costs (ci)i2N . In the pricing game, firms simultaneously set
the prices p f := (pi)i2Nf

of their products, with the payo� function ⇧ f defined by equation (2.10).
I call a Nash equilibrium of this pricing game as a pricing equilibrium. In the following analysis, I
often suppress the arguments of functions for the sake of readability.

Arranging the first-order condition for the profit-maximization of each firm f (@⇧ f /@pi = 0),
the price of product i 2 N f at firm f ’s best-response should satisfy the equation

�
h
00
i
(pi)

h
0
i
(pi)

(pi � ci)

= 1 � ↵

1 � ↵
⇧ f

n f|     {z     }
network-externality discount

+
1

1 � ↵⇧ f|    {z    }
cannibalization terms

=: µ f

(2.11)

for some µ f . Following Nocke and Schutz (2018b), I call µ f as the ◆-markup of firm f . This
◆-markup summarizes the pricing incentive of each firm for each product.

As shown in equation (2.11), ◆-markup is decomposed into three factors. The first term, 1,
in the second line of the equation (2.11) is the baseline ◆-markup, which would be set under
the monopolistic competition. The second term is the downward-pricing pressure to expand the
networks. The third term is the upward-pricing pressure of oligopoly due to the internalization of
cannibalization e�ects of the change in the industry-level aggregator. The relative magnitudes of
the second and the third terms determine the price level of each firm.

We have�h
00
i
(pi)/h

0
i
(pi) = 1/� and thus pi = ci+�µ f in the case of MNL-class demand systems,

and �h
00
i
(pi)/h

0
i
(pi) = �/pi and thus pi = ci/(1 � µ f /�) in the case of CES-class demand systems.

Using these functional forms, the formula for the firm-level aggregators and profit functions are
given by

Hf =

8>><
>>:

Tf exp(�µ f ) in the case of MNL-class demand,

Tf

⇣
1 � µ f�

⌘��1
in the case of CES-class demand,

(2.12)

and

⇧ f =

(
n f µ f in the case of MNL-class demand,
��1
� n f µ f in the case of CES-class demand,

(2.13)
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where Tf :=
Õ

i2Nf
exp

�
ai�ci

�

�
for MNL-class and Tf :=

Õ
i2Nf

aic
1��
i

for CES-class demand. Tf

is called as the “type" of firm f that equals the value of the firm-level aggregator of firm f when
it engages in marginal cost pricing. Inserting equations (2.3), (2.12), and (2.13) into the first-order
condition (2.11) shows that the ◆-markup µ f and the network share n f depends only on its type
Tf and the value of the indusry-level aggregator H. Specifically, the first-order condition can be
rewritten as

1 =
µ f

1 � ↵

✓
1 �

�(Tf )
H

exp
⇣
�
µ f

1 � ↵
⌘◆

(FOC-MNL)

and

1 =
µ f

�(1 � ↵)

✓
� � ↵ � (� � 1)

�(Tf )
H

⇣
1 �
µ f

�

⌘ ��1
1�↵

◆
(FOC-CES)

where �(x) = x
1

1�↵ , is the function that amplifies each firm’s type through network externalities.
Solving the equation (FOC-MNL) for MNL-class and (FOC-CES) for CES-class demand sys-

tems, the ◆-markup is obtained as µ f = m(�(Tf )/H,↵). This implies that all the relevant information
for each firm’s ◆-markup and thus each firm’s pricing is summarized in a unidimensional type Tf .
This property is called as the “type-aggregation property" (Nocke and Schutz, 2018b), which sim-
plifies the equilibrium and subsequent merger analysis. Using this ◆-markup function, we further
obtain the network share n f as

n f = N

✓
�(Tf )

H
,↵

◆
:=

�(Tf )
H

exp
©≠≠
´
�

m

⇣
�(Tf )

H
,↵

⌘
1 � ↵

™ÆÆ
¨
, (Share-MNL)

and

n f = N

✓
�(Tf )

H
,↵

◆
:=

�(Tf )
H

©≠≠
´
1 �

m

⇣
�(Tf )

H
,↵

⌘
�

™ÆÆ
¨

��1
1�↵

, (Share-CES)

respectively. It turns out that the function N(·,↵) is increasing in the first argument. Thus, a firm
f has a large network share n f either when it has a high type Tf or the value of industry-level
aggregator H is small.

Finally, the equilibrium condition for the industry-level aggregator H is that the sum of network
shares equals one, that is, ’

f 2F
N

✓
�(Tf )

H
,↵

◆
= 1. (2.14)

Solving this equation, the equilibrium value of the industry-level aggregator, H
⇤, is obtained.

The following lemma summarizes this discussion.
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Lemma 1. For any MNL-class or CES-class demand system, there exists a unique pricing equilib-
rium where each firm f 2 F sets its price profile p

⇤
f
= (p⇤

i
)i2Nf

such that

p
⇤
i
=

8>>><
>>>:

ci + �m

⇣
�(Tf )

H⇤ ,↵
⌘

in the case of MNL-class demand,
ci

1�
m

✓
�(Tf )
H⇤ ,↵

◆

�

in the case of CES-class demand,

where H
⇤ is the solution to equation (2.14).

In Section 2.9, I provide a more generalized result for the existence and the uniqueness of
the pricing equilibrium that incorporates both direct indirect network externalities (Proposition 8).
Lemma 1 is one special case of that result.

Before discussing the welfare implication of the mergers in the presence of network externalities,
it is worth noting that the definition of the type in this study di�ers from that in Nocke and Schutz
(2018a) in the following sense. In Nocke and Schutz (2018a), type T NS

f
is defined as

T NS

f
:= ©≠

´
’
j2Nf

hj(cj)™Æ
¨
�

,

where � 2 [0,1] is the nest coe�cient. Nocke and Schutz (2018a) include this nest coe�cient in
the definition of types because this emerges from the distribution of the consumers’ preference for
products, which are una�ected by mergers. By contrast, the definition of the type in this study is

Tf :=
Õ

j2Nf
hj(cj) but not

⇣Õ
j2Nf

hj(cj)
⌘1/(1�↵)

because the nest coe�cient 1/(1 � ↵) emerges
from network e�ects, which mergers a�ect. This di�erence of the definition of types changes the
welfare implication for the mergers without synergies, as shown in the next section.

2.4 Merger in the Presence of Direct Network Externalities
Based on the equilibrium analysis in the previous section, I proceed to analyze the conditions under
which a merger between two firms improves or hurts the consumer surplus. To highlight the impact
of network externalities, ↵ is assumed to be strictly positive in the following analysis.

Suppose that two firms f and g with the types Tf and Tg merge to create a new firm M with
type TM . The merger exhibits some technological synergy, which is captured by � := TM �Tf �Tg.
The source of technological synergies may be cost reduction, quality improvement, or introduction
of new products. It is assumed that such synergies are exogenous primitives of the merger rather
than an endogenous choice of the merged entity.

A merger is said to be CS-increasing if it increases the equilibrium consumer surplus. Given
that the consumer surplus with equilibrium aggregator H

⇤ is given by (1 � ↵) log H
⇤, the change in

consumer surplus resulting from any particular merger can be calculated by the change in the value
of equilibrium aggregator H

⇤. Under this specification of mergers, a merger between two firms is
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CS-increasing if and only if

N

✓
�(Tf + Tg + �)

H⇤ ,↵

◆
� N

✓
�(Tf )

H⇤ ,↵

◆
+ N

✓
�(Tg)
H⇤ ,↵

◆
(2.15)

holds, where H
⇤ is the pre-merger equilibrium aggregator.†† Thus, the merger is CS-increasing if

and only if the post-merger network share of the merged entity exceeds the pre-merger total network
share of merging parties.

From the condition (2.15) and the fact that the network share function is increasing in the type,
the merger between two firms is CS-increasing if and only if � � �̂, where �̂ satisfies

N

 
�(Tf + Tg + �̂)

H⇤ ,↵

!
= N

✓
�(Tf )

H⇤ ,↵

◆
+ N

✓
�(Tg)
H⇤ ,↵

◆
. (2.16)

This value �̂ is the CS-neutral technological synergy required for a merger between two firms. Let
T̂M := Tf + Tg + �̂ be the type of the merged entity with CS-neutral technological synergy. The
larger the CS-neutral technological synergies are, the more likely it is that mergers with a given
value of technological synergy reduce consumer surplus. In this sense, the value of CS-neutral
technological synergy can be interpreted as a criterion for approving mergers.

The subsequent sections examine the welfare properties of mergers in the presence of direct
network externalities using the notion of CS-neutral technological synergies

.

Merger involving a small firm
First, I show that in the presence of firm-level network e�ects, acquisition of a su�ciently small
firm is CS-increasing without technological synergy, that is, �̂ < 0.

Proposition 1. (Merger involving a small firm) Consider a merger between firm f and firm g. If
one of the merging parties is su�ciently small, the merger is CS-increasing without technological
synergy. That is, there exists T̄ f such that for any Tf < T̄ f , �̂ < 0.

Proof. In Section 2.10. ⇤
††This condition is derived as follows. Suppose that equation (2.15) holds with strict inequality, then, we have

’
f 0 2F

N

✓
�(Tf 0)

H⇤ ,↵

◆
+ N

✓
�(Tf + Tg + �)

H⇤ ,↵

◆
> 1.

Since the function N(x,↵) is decreasing in x, the value of post-merger equilibrium aggregator is greater than H
⇤.

Conversely, if equation (2.15) does not hold, we have

’
f 0 2F

N

✓
�(Tf 0)

H⇤ ,↵

◆
+ N

✓
�(Tf + Tg + �)

H⇤ ,↵

◆
< 1.

Thus, the value of post-merger equilibrium aggregator is smaller than H
⇤. Thus, a merger improves consumer surplus

if and only if equation (2.15) holds.

17



In the presence of network externalities, a small firm is disadvantaged in selling the products
because of a lack of installed base. When this firm is acquired by a large firm, the acquirer can
leverage its own network to sell the small firm’s products, which also benefits consumers who wish
to access the small firm’s products. Further, the contribution of the acquisition of this small firm
to the increase in the market power of the merged entity is negligible. Thus, overall, the former
benefit from an increase in the access to the products of the small firm dominates, and the consumer
surplus increases. This result is in sharp contrast with the result of Nocke and Schutz (2018a) that
any merger without synergy reduces the consumer surplus.

Merger from symmetric oligopoly
Next, I examine the welfare e�ects of mergers in an originally symmetric oligopoly. The symmetric
environment is well suited to illustrate the trade-o� between the benefit from network expansion
and the cost of increased market power in a simplest manner.

Consider a symmetric oligopoly with |F | firms with the same types T . In the symmetric
oligopoly, the equilibrium market share of each firm is given by 1/|F |. Thus, the value of the
equilibrium aggregator is derived by solving

N

✓
�(T)
H⇤ ,↵

◆
=

1
|F |

Based on the value of the pre-merger equilibrium aggreagtor H
⇤, consider a merger between two

firms that does not generate any synergy (i.e., � = 0). The merger improves the consumer surplus
if and only if

N

✓
�(2T)

H⇤ ,↵

◆
� 2

|F | (2.17)

The right-hand side of this inequality does not depend on the value of ↵. Further, the market share of
the merged entity increases with ↵ because the merged entity has the largest network. These jointly
imply that the merger is CS-increasing if ↵ is above a certain critical value. The next proposition
formalizes this discussion.

Proposition 2. (Merger from symmetric oligopoly) Suppose that all firms are symmetric so that
Tf = T for all f 2 F . Then;

1. there exists a critical value of the magnitude of direct network externalities above which a
merger between two firms are CS-increasing without technological synergy. That is, there
exists ↵̂ such that �̂ < 0 if and only if ↵ > ↵̂;

2. ↵̂ decreases with the number of firms |F |.

Proof. In Section 2.10. ⇤

As discussed earlier, when the magnitude of network e�ects is greater than some critical value,
the merger between two firms improves the consumer surplus. Further, as the number of firms
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increases, the critical value of the magnitude of network e�ects reduces, because the increase in the
market power due to the merger becomes less important as the market is more competitive before
the merger, which decreases the magnitude of the network e�ects required to o�set the consumer
harm due to market power.

Overall, as long as the firms are symmetric, the presence of network externalities provides a
justification of mergers. In this sense, to some extent, the network externalities can be regarded as
a form of synergies accompanying mergers.

Technological synergies and network e�ects
In the preceding analyses, I have discussed the cases where mergers without technological synergies
can be CS-increasing. These results indicate that network externalities can be regarded as a form
of synergies accompanying mergers. This section analyzes the relation between the CS-neutral
technological synergies and the magnitude of network externalities and examines the extent to
which the network externalities can be regarded as a form of synergies.

For the tractability of analysis, I confine the analysis to the case with MNL-class demand systems.
The MNL-class demand systems have an advantage that the market share function N((�(Tf )/H,↵)
depends on ↵ only through the value of �(Tf )/H. Specifically, the network share function can
be written as N((�(Tf )/H,↵) = N0((�(Tf )/H)) where N0(x) := N(x,0).‡‡ From this observation,
equation (2.16) can be simplified as

N0

 
�(Tf + Tg + �̂)

H⇤

!
= N0

✓
�(Tf )

H⇤

◆
+ N0

✓
�(Tg)
H⇤

◆
. (2.18)

Using this condition, I analyze how CS-neutral technological synergies vary with respect to firm
sizes and the magnitude of direct network externalities.

First, I examine how the size of merging parties a�ects the technological synergies required
to justify mergers. As shown in Proposition 1, when one of the merging parties is small, then
the merger makes it easier to sell the product to consumers through the expansion of networks,
which improves the consumer surplus. However, as the merging parties become large, such benefit
from network expansions are o�set by the accompanying increase in the market power, which hurts
consumers. These jointly lead to the conjecture that the CS-neutral synergies are negative as long
as the merging parties are small, and then become positive when the sizes of the merging parties
exceeds certain a threshold. The following proposition formalizes such intuition, and Figure 2.1
illustrates this result.

Proposition 3. (Firm sizes and technological synergies) For any merger between firm f and g with
pre-merger network shares Nf and Ng and pre-merger equilibrium aggregator H

⇤, there exists a
critical value of pre-merger joint network share Ñ such that

‡‡To see this, note that from equation FOC-MNL, µ f /(1 � ↵) is determined only through �(Tf )/H. Letting this
value denoted as µ f /(1 � ↵) =: m̃0(�(Tf )/H), we have the network share function by

N

✓
�(Tf )

H
,↵

◆
=
�(Tf )

H
exp

⇢
�m̃0

✓
�(Tf )

H

◆�
= N

✓
�(Tf )

H
,0

◆
.
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Figure 2.1: The relation between the size of merging parties and the size of technological synergies
required for a merger to be CS-increasing.

1. If Nf + Ng  Ñ , �̂ decreases with Tf ;

2. If Nf � Ñ , �̂ increases with Tf ;

3. If Nf < Ñ < Nf +Ng, then �̂ increases with Tf if and only if Ng is greater than some threshold
Ñg(Nf ), which decreases with Nf .

Proof. In Section 2.10 ⇤

Proposition 3 and the fact that �̂ = 0 for Tf = 0 jointly lead to the following corollary.

Corollary 1. Consider a merger between firm f and g with pre-merger network shares Nf and Ng.
Given the value of the pre-merger equilibrium aggregator, there exists N̄(Ng) such that �̂ < 0 if and
only if Nf < N̄ f (Ng).

This corollary implies that as long as the pre-merger network shares of the merging parties
are below certain critical values, the merger between them is CS-increasing without technological
synergies, which generalizes Proposition 1.

Next, I examine how the magnitude of network externalities a�ects the technological synergies
required to improve the consumer surplus. To this end, I introduce some terminologies to describe
the firms’ sizes, based on the relation between the magnitude of network externalities and the
pre-merger network shares. Using the Implicit Function Theorem, we have the following relation:

d

d↵

✓
�(Tf )

H⇤

◆
=

1
(1 � ↵)2

�(Tf )
H⇤

Õ
f 02F (logTf � logTf 0)N0

0

⇣
�(Tf 0)

H⇤

⌘
Õ

f 02F N
0
0

⇣
�(Tf 0)

H⇤

⌘ (2.19)

From this equation, the following lemma is obtained.
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Lemma 2. (Network e�ects and market share) For any type profile {Tf } f 2F , there is a threshold
value T

⇤ such that
d

d↵

✓
�(Tf )

H⇤

◆
� 0 (2.20)

if and only if Tf � T
⇤. Consequently, N0(�(Tf )/H

⇤) increases with ↵ if and only if Tf � T
⇤.

This result is an example of familiar positive-feedback e�ects of network externalities. Network
e�ects expand the market shares of firms with greater market shares and shrink that of firms with
smaller market share. The threshold type T

⇤ stands for the critical value defining the direction in
which the positive feedback e�ects influence the market shares. I call the firms with Tf > T

⇤ as
strong firms and the firms with Tf < T

⇤ as weak firms.
Based on the definitions of strong firms and weak firms, I analyze the impact of network e�ects

on CS-neutral technological synergies. Using the Implicit Function Theorem, the change in �̂
according to the change in ↵ can be written as

d�̂

d↵
=

⇢
d

d�
N0

✓
�(T̂M)

H⇤

◆��1 ⇢
d

d↵
N0

✓
�(Tf )

H⇤

◆
+

d

d↵
N0

✓
�(Tg)
H⇤

◆
� d

d↵
N0

✓
�(T̂M)

H⇤

◆�
(2.21)

The following proposition characterizes how the impacts of network externalities on CS-neutral
technological synergies vary with the sizes of merging parties.

Proposition 4. (Network externalities and technological synergies) Consider a merger between
firms f and g with types Tf and Tg that lead to pre-merger equilibrium network shares Nf and Ng.

1. If both f and g are weak, then �̂ decreases with ↵.

2. If f is strong and g is weak, then there exists N̂ 2 (0,1) such that if Nf + Ng < N̂ , then �̂
decreases with ↵.

3. If both f and g are strong and Nf + Ng is close to 1. Then �̂ increases with ↵.

Proof. In Section 2.10. ⇤

The underlying intuition of the first part of Proposition 4 is similar to that of Proposition 1.
Weak firms fail to leverage the network e�ects due to their small market shares. The greater the
magnitude of the network e�ects, the more serious is the failure of the weak firms to internalize
the network externalities. In such cases, the merger softens this failure to internalize the network
externalities. Therefore, the merger between weak firms is more desirable as the magnitude of
network e�ects increases. A similar argument partially extends to the case where one firm in the
merging party is strong and the other is weak, which leads to the second part of Proposition 4.

The impact of network e�ects on mergers between strong firms is ambiguous. When both of
the merging parties are strong, the demand-side scale economy may not be su�cient to compensate
an increase in the markups caused by a greater concentration. When the joint market share of the
two firms is too large, the merged entity has an extremely strong market power. An increase in the
consumer gain from a further increase in the magnitude of network e�ects is o�set by an increase
in the markup of the merged entity. Therefore, when the joint market share is su�ciently large,
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a greater magnitude network e�ects requires greater synergies for mergers between large firms to
improve consumer welfare. This result is consistent with the concern raised by EU competition
authority regarding the potential harm to the competition in the merger between Facebook and
WhatsApp.§§ Figure 2.2 shows numerical examples of Proposition 4 in an industry with 12 firms,
one of which, f

0 has Tf 0 = 25, another has Tf 0 = 20, and the remaining 10 firms have Tf 0 = 5.
In summary, the presence of network externalities makes mergers more likely to improve

consumer surplus when the merging parties are small, or the firms in the industry are symmetric.
However, as the size of the merging parties become larger relative to the size of the industry, the
presence of network externalities makes mergers more likely to harm consumers.

2.5 Acquisition of Innovative Entrants
This section considers an acquisition of an innovative entrant by an incumbent and compares the
innovation incentives of the incumbents and the entrant, which is studied by Cunningham et al.
(2018). In the theoretical part of their analysis, Cunningham et al. (2018) show that the incumbent
always has a smaller incentive to continue the innovative projects than the entrant does because of
the “replacement e�ect" but might nevertheless have an incentive to acquire the innovative entrant
just to eliminate the future competitor. Such an acquisition is called killer acquisition.

By contrast, the presence of network externalities modifies the above argument. Specifically,
when the scale of the innovative entrant is not large, the incumbent has a greater incentive to incur
costs to continue the project because of the demand-side scale economies. Then, there is a case
where the incumbent would continue the project, but the entrant would not, in which case the only
way to continue the project is to approve the acquisition of the entrant.

This leads to a policy implication regarding the merger control and innovation. Too stringent
merger control may reduce the entrepreneurs’ incentive to start new projects, because a merger may
be the sole method to make a profit. Indeed, for many startups, one of their final objectives is to be
acquired by large tech companies in return for a large payment.

Consider the following game. There is a set F of incumbents. The demand system is given by
MNL-class demand. Each incumbent f 2 F has its type Tf . There is also an innovative potential
entrant E who has a project that succeeds with probability ⇢ 2 (0,1). If the project succeeds, it
generates a new product with type TE . Among the incumbents, there is one incumbent I 2 F
interested in acquiring the project of the potential entrant E .

Given this environment, consider the following three-stage game.

1. Whenever feasible, firm I o�ers a take-it-or-leave-it o�er to firm E that specifies the payment
to acquire the project. If o�ered, firm E chooses whether to accept it.

2. The firm that owns the project decides whether to continue or liquidate the project.

• If the project is continued, it takes cost K and succeeds with probability ⇢.
• If the project is liquidated, it generates the liquidation value L.

§§Case No COMP/M.7217 - FACEBOOK/ WHATSAPP
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(c) Strong firms (Tf = 25, Tg = 20)

Figure 2.2: The e�ects of direct network externalities ↵ on the joint network share Nf + Ng and the
required technological synergies �̂ for merging parties f and g. In this example, there are one firm
f
0 with Tf 0 = 25, one firm with Tf 0 = 20, and 10 firms with Tf 0 = 5.
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3. Depending on the project’s success and the owner, three cases emerge.

• If the project fails, the set F of firms play the corresponding pricing game. Each firm
f 2 F has type Tf .

• If the project succeeds and firm I owns the project, the set F of firms play the cor-
responding pricing game. Each firm f 2 F \ {I} has type Tf , and firm I has type
TI + TE .

• If the project succeeds and firm E owns the project, the set F [ {E} of firms play the
corresponding pricing game. Each firm f 2 F [ {E} has type Tf .

Let H0, HI , and HE be the equilibrium values of the aggregators in the cases where (1) project
has failed, (2) project has succeeded and I owns it, and (3) project has succeeded and E owns it.

The expected profit of the incumbent from continuing the project is given by

⇢N0

✓
�(TI + TE )

HI

◆
m

✓
�(TI + TE )

HI

,0
◆
+ (1 � ⇢)N0

✓
�(TI)
H0

◆
m

✓
�(TI)
H0
,0

◆
� K,

whereas the expected profit of the incumbent from liquidating the project is given by

N0

✓
�(TI)
H0

◆
m

✓
�(TI)
H0
,0

◆
+ L.

Thus, the incumbent continues the project if and only if

�⇡I := ⇢
⇢

N0

✓
�(TI + TE )

HI

◆
m

✓
�(TI + TE )

HI

,0
◆
� N0

✓
�(TI)
H0

◆
m

✓
�(TI)
H0
,0

◆�
� L + K (2.22)

The expected profit of the entrant from continuing the project is given by

⇢N0

✓
�(TE )

HE

◆
m

✓
�(TE )

HE

,0
◆
� K,

whereas the expected profit of the entrant from liquidating the project is given by L. Thus, the
incumbent continues the project if and only if

�⇡E := ⇢N0

✓
�(TE )

HE

◆
m

✓
�(TE )

HE

,0
◆
� L + K (2.23)

The following proposition highlights that, when TE is small, �⇡I > �⇡E can hold, in which
case for some values of K , the project is continued only if it is owned by the incumbent.

Proposition 5. (Innovation incentives) The following statements hold:

1. If TE is su�ciently small, then the incumbent has a greater incentive to continue the project,
that is, �⇡I > �⇡E holds.
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2. If TE is su�ciently large, then the incumbent has a smaller incentive to continue the project,
that is, �⇡I < �⇡E holds.

Proof. In Section 2.10. ⇤

If the size of innovation is small relative to the industry, the reverse of killer acquisition may
hold. An entrant with small innovation cannot break-even by just entering into the market, but
the incumbent can gain by purchasing such an innovation. This is because the entrant cannot
attract consumers to the new product because of the lack of the network, while the incumbent can
leverage its installed base to attract consumers. Formally, there exist a pair of innovation cost K and
liquidation value L such that the incumbent continues the innovation, but the entrant does not.

However, if both the entrant and incumbent are large relative to the industry, the killer acquisition
may again emerge by the same logic as Cunningham et al. (2018), which is shown in the second
part of the proposition.

For completeness, I close the model when TE is su�ciently small. When TE is su�ciently
small, �⇡I > �⇡E holds by Proposition 5. In such cases, firm I o�ers a payment ⇢�⇡E � K � L

and acquires the project whenever feasible. However, if the merger is expected to be blocked and
K + L 2 (⇢�⇧E, ⇢�⇡E ) holds, firm E will not continue the project, and thus the innovation is not
completed.

2.6 Merger in Two-Sided Markets
Finally, I analyze the mergers in the presence of indirect network externalities, with particular interest
in two-sided markets. The focus is how structures of firm’s sizes on two sides of markets a�ect the
welfare properties of mergers. I first examine how two-sidedness a�ects the price structures and
welfare properties of equilibria. Then, based on the equilibrium analysis, I show how two-sidedness
a�ects the welfare properties of mergers. A detailed derivation of equilibrium is relegated to the
general analysis in Section 2.9.

Equilibrium analysis
Setup Consider an industry with two sides of markets A and B with a set N J of imperfectly
substitutable products on side J 2 {A,B} produced by the set of firms F . Each firm f 2 F
produces the set N J

f
of products on side J, where N J

f
\N J

f 0 = ; for f , f
0 and

–
f 2F N J

f
= N J .

There is a mass of consumers on side J 2 {A,B} who derive firm-level indirect network
externalities from the purchase of each product i 2 N J

f
, which depends on the number of consumers

on the other side who purchase the products of firm f . Specifically, each consumer z 2 [0,1] on
side J 2 {A,B} yields the indirect subutility from the purchase of product i 2 N J

f
by

log h
J

i
(pi) + �J log n

I

f
+ "J

iz
(2.24)

where log h
J

i
(pi) is the stand-alone indirect subutility, �J is the magnitude of the indirect network

externalities, n
I

f
is the number of consumers on side I , J who purchase the product of firm
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f , and "J

iz
is an idiosyncratic taste shock that follows an i.i.d. type-I extreme-value distribution.

In this section, I assume that demand system is MNL-class, h
J

i
(pi) = exp((ai � pi)/�J), and that

only consumers on side A enjoy indirect network externalities from consumers on side B, that is,
�A = � 2 (0,1), and �B = 0. The situation that suits this assumption would be media platforms
where firms are newspapers or online content services, consumers on side A are advertisers who
benefit from the viewers who are consumers on side B. In some industries, advertisements are
considered a nuisance but sometimes helpful to consumers. Another example is an industry where
firms are advertising networks, consumers on side A are advertisers, and consumers on side B are
publishers who allow advertising networks to display ads. The insights from the results in this
setting would apply to the setting where consumers on both sides of the market derive indirect
network externalities as long as there is asymmetry in network externalities between two sides of
the markets.

Consumers on each side have no outside option and single-home so that they purchase one
product that gives the highest level of utilities. Defining firm-level subaggregator on side J as
H

J

f
(p f ) =

Õ
i2N J h

J

i
(pi), consumers’ optimal choice of products leads to the network shares

n
A

f
=

H
A

f

⇣
p

A

f

⌘ ⇣
H

B

f

⇣
p

B

f

⌘⌘ �
H A(p) , (2.25)

and

n
B

f
=

H
B

f

⇣
p

B

f

⌘
HB(p) , (2.26)

where
H

A(p) =
’
f 2F

H
A

f

⇣
p

A

f

⌘ ⇣
H

B

f

⇣
p

B

f

⌘⌘ �

is the industry-level aggregator on side A, and

H
B(p) =

’
f 2F

H
B

f

⇣
p

B

f

⌘

is the industry-level aggregator on side B. Finally, the demand for product i 2 N J

f
is given by

D̂
J

⇣
pi,H

J

f

⇣
p

J

f

⌘
,HI

f

⇣
p

I

f

⌘
,HJ(p)

⌘
= n

J

f
⇥
�(hJ

i
)0(pi)

H
J

f
(pJ

f
)
. (2.27)

Given the above demand function, each product i 2 N J has a constant marginal cost ci > 0 of
production, and firm f ’s profit ⇧ f (p) is given by the sum of the profit on two sides of the markets
⇧ f (p) = ⇧A

f
(p) + ⇧B

f
(p), where the profit on side J is given by

⇧J

f
(p) =

’
i2N J

f

D̂
J

⇣
pi,H

J

f

⇣
p

J

f

⌘
,HI

f

⇣
p

I

f

⌘
,HJ(p)

⌘
(pi � ci). (2.28)

In the pricing game, each firm f chooses its price profile p f = (pi)i2N A

f
[NB

f

to maximize ⇧ f (p).
The Nash equilibrium of the pricing game is called pricing equilibrium.
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Equilibrium and welfare analysis Given the significance of the properties of equilibrium pricing
and welfare, I examine these properties first.

As in the case with direct network externalities, there is the common ◆-markup property; at
the optimum, each firm’s pricing of each product on each side J 2 {A,B} is summarized by an
◆-markup µJ

f
which is given by

�
�
h

J

i

�00 (pi)�
h

J

i

�0 (pi)
(pi � ci) = µJ

f
for all i 2 N J

f
,

for each J 2 {A,B}. In the case of MNL-class demand system, it turns out that ◆-markups µA

f
and

µB

f
are given by the solution to the following system of equations

1 �
⇣
1 � n

A

f

⌘
µA

f
= 0, (2.29)

and

1 �
⇣
1 � n

B

f

⌘
µB

f
� �

n
A

f

n
B

f

= 0, (2.30)

where network shares n
A

f
and n

B

f
are given by

n
A

f
=

T
A

f

⇣
T

B

f

⌘ �
H A

exp
⇣
�µA

f
� �µB

f

⌘
, n

B

f
=

T
B

f

HB
exp

⇣
�µB

f

⌘
, (2.31)

and T
J

f
:=

Õ
f 2N J

f

h
J

i
(ci) is the type of firm f 2 F on side J 2 {A,B}. Let m

A and m
B be the

solution to this system of equations, as functions of (T A

f
,T B

f
,H A,HB). Then, plugging µJ

f
= m

J

into equation (2.31), the network share functions N
A(T A

f
,T B

f
,H A,HB) and N

B(T A

f
,T B

f
,H A,HB) are

obtained. Finally, the equilibrium condition for the industry-level aggregators H
A,HB is given by

’
f 2F

N
J

⇣
T

A

f
,T B

f
,H A,HB

⌘
= 1, for J 2 {A,B}. (2.32)

Section 2.9 shows the uniqueness of pricing equilibrium in this environment. Let H
A⇤ and H

B⇤ be
the equilibrium value of the aggregators.

Before the merger analysis, it is useful to understand the nature of price structure in the two-sided
markets in this framework. One particular interest is how an increase in the type on one side a�ects
the pricing incentive on the other side, and the resulting market share.

First, I introduce some terminology to describe the price structure of each firm. Equations
(2.29) and (2.30) show that given the fixed network shares, each firm has an incentive to lower
prices on side B than on side A because the firms can attract more consumers and charge higher
prices on side A by providing indirect network externalities by attracting consumers on side B.
Thus, consumers on side B are “subsidized" through lower prices, while consumers on side A are
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“subsidizing" through paying relatively higher prices. Based on this observation, I call side A

as subsidizing segment and side B as subsidized segment, which follows the terminology used by
Rochet and Tirole (2003).

The following lemma illustrates the relationship between the type of a firm on each side and its
◆-markups and network shares on two sides of markets.

Lemma 3. The following statements hold:

1. Each firm’s price level on subsidizing segment increases with the firm’s type on both segments.
That is, m

A is increasing in T
A

f
and T

B

f
.

2. Each firm’s price level on subsidized segment increases with the firm’s type on that segment,
but decreases with the firm’s type on the subsidizing segment. That is, m

B is decreasing in
T

A

f
and increasing in T

B

f
.

3. Each firm’s network share on each segment increases with the firm’s type on both segments.
That is, both N

A and N
B are increasing in T

A

f
and T

B

f
.

Proof. In Section 2.10. ⇤

This lemma characterizes how the price structure and the network shares of each firm on each
side are related to its types on two sides of the markets. The first part of the lemma shows how
the ◆-markup on subsidizing segment, side A, varies with its type on each side. Given that the
consumers on side A benefit from the indirect network externalities from side B, increases in T

A

f
and

T
B

f
both expand the network share of firm f on side A through an increase in either the productivity

or the benefit of indirect network externalities. Such an increase in network size leads the firm to set
a higher markup on side A. The second part of the lemma shows how the ◆-markup on subsidized
segment, side B, varies with T

A

f
and T

B

f
. An increase in T

B

f
simply increases the market share on

side B and thus increases the markup on side B. By contrast, an increase in T
A

f
enlarges the firm’s

customer base and increases the markup on side A, which increases the firm’s incentive to further
expand the customer base on side A. Therefore, the firm lowers the ◆-markups on side B to further
subsidize consumers on side B. Finally, the changes in the network shares depend on the direct
e�ect of a change in types and the indirect e�ect of a change in ◆-markup. It turns out that the former
dominates the latter whenever they conflict, and thus the network shares on both sides increase with
firm’s type on each side.

Next, as a preliminary for examining the welfare e�ects of mergers, consider the relationship
between equilibrium consumer surplus and firms’ types on each side. The equilibrium consumer
surplus on each side is given by

CS
A⇤ = log H

A⇤ � � log H
B⇤ and CS

B⇤ = log H
B⇤. (2.33)

The aggregate consumer surplus is given by

CS
⇤ = CS

A⇤ + CS
B⇤ = log H

A⇤ + (1 � �) log H
B⇤. (2.34)
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These equations show that the equilibrium consumer surplus on each side can be calculated
using the values of equilibrium aggregators H

A⇤ and H
B⇤. Thus, by characterizing the relation

between the equilibrium aggregators and the primitives such as firms’ types on the two sides of
markets, the determinants of equilibrium consumer surplus can be analyzed. The following result
shows the relation between equilibrium aggregators and firms’ types.

Proposition 6. (Firm types and equilibrium aggregators) Consider a pricing equilibrium with
equilibrium aggregators H

A⇤, H
B⇤, and equilibrium network shares (nJ

f
) f 2F for J = A,B. The

following statements hold.

1. Both H
A⇤ and H

B⇤ increase with T
B

f
.

2. H
A⇤ increases with T

A

f
.

3. There exists n̄
A

f
such that H

B⇤ increases with T
A

f
if n

A

f
� n̄

A

f
. Otherwise, H

B⇤ may decrease
with T

A

f
.

Proof. In Section 2.10 ⇤

This proposition states that both H
A⇤ and H

B⇤ increase with the type T
B

f
of firm f on subsidized

segment (side B), which implies that the aggregate consumer surplus that is defined by the sum of
consumer surplus on the two sides increases with T

B

f
. However, an increase in type T

A

f
of firm f on

the subsidizing segment (side A) might decreases H
B⇤, while it always increases H

A⇤. This occurs
in the following scenario. Suppose that the type T

A

f
of firm f on side A increases. This increases

the share of firm f on side A, which leads to a lower price on side B to attract more consumers on
side A. However, it decreases the share of other firms on side A, which leads to higher prices on
side B due to the reduced incentives of firms to subsidize side B. The consumer surplus on side B

may decrease if the former gain is not large enough to o�set the latter loss. When firm f is small,
the latter loss can dominate and eventually hurt consumers on side B in aggregate.

This proposition leads to the following implications for merger controls. Unlike the one-sided
markets, synergies may not always benefit consumers on every side, especially when such synergies
are generated on the subsidizing segments, such as advertisers’ side in media platforms. By contrast,
synergies generated on subsidized segments, such as eyeballs, are likely to improve consumer surplus
in aggregate. In this sense, it may be more conservative to focus on the synergies generated on
subsidized segments when faced with a merger between two-sided platforms.

CS-neutral synergies for mergers in two-sided markets
Based on the equilibrium analysis, I analyze mergers in two-sided markets. Characterizing the
consumer-surplus-oriented merger policy with respect to the synergies is challenging, because the
consumer surplus can decrease with the type of firm, as shown in Proposition 6. Thus, it is often
di�cult to characterize the consumer-surplus e�ects of mergers in two-sided markets using simple
threshold types. Nonetheless, Proposition 6 implies that some threshold property in the synergies
generated on subsidized segment can be obtained as follows.
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Consider a merger between firm f and firm g. Let M be the merged entity with the type
(T A

M
,T B

M
) = (T A

f
+T

A

g + �
A,T B

f
+T

B

g + �
B). I call �A and �B as the technological synergy on side A

and side B, respectively. A merger is CS-increasing if the equilibrium value of CS is greater than
that before the merger. The following result shows, as a corollary of Proposition 6, that for any
merger with given synergy on side B, the merger is CS-increasing if and only if the synergy on side
B is above certain threshold.

Corollary 2. Consider a merger between firms f and g. For any technological synergy �A on side
A, there exists �̄B(�A) such that the merger is CS-increasing if and only if �B > �̄B(�A).

Unfortunately, characterizing the condition under which mergers improve the consumer surplus,
that is, the shape of �̄B(�A), is complicated because the synergies on side A might reduce the
consumer surplus on side B. By contrast, it turns out that characterizing the mergers that leave
consumer surplus on both sides unchanged is relatively easy, which gives a clean insight on the
welfare properties of mergers in two-sided markets. I say that a merger is strictly CS-neutral if the
equilibrium value of consumer surplus on both sides, CS

A⇤ and CS
B⇤, are unchanged as a result of

the merger. A merger is strictly CS-neutral if and only if two equations holds;

N
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⇣
T

A

M
,T B

M
,H A⇤,HB⇤

⌘
= N

A

⇣
T
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f
,T B

f
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⌘
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⇣
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A
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B

g ,H
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⌘
,

N
B

⇣
T

A

M
,T B

M
,H A⇤,HB⇤

⌘
= N

B

⇣
T

A

f
,T B

f
,H A⇤,HB⇤

⌘
+ N

B

⇣
T

A

g ,T
B

g ,H
A⇤,HB⇤

⌘
,

(2.35)

where H
A⇤ and H

B⇤ are the pre-merger aggregators.
The next lemma shows that there is a unique pair of technological synergies that is strictly

CS-neutral.

Lemma 4. For any merger between firms f and g, there exists a unique pair of technological
synergies (�̂A, �̂B) such that the merger is strictly CS-neutral and thus satisfies the condition (2.35).

Proof. In Section 2.10. ⇤

The pair of technological synergies (�̂A, �̂B) defined in equation (2.35) has a clear and tractable
characterization, which is similar to the condition in one-sided markets shown in (2.16). Further,
this pair of synergies has the following normative interpretation. Whenever (�A,�B) < (�̂A, �̂B),
consumers surplus on at least one side of the markets is reduced as a result of merger. Thus, the
technological synergies for a strictly CS-neutral merger can be treated as a benchmark criterion for
the scrutiny of merger review that consumer-surplus-oriented competition authorities should adopt.
I call the pair of technological synergies (�̂A, �̂B) of strictly CS-neutral mergers as CS-neutral
technological synergies.

Next, using the notion of CS-neutral technological synergies, I analyze the interaction between
the firm’s pre-merger network shares and the technological synergies required for strictly CS-neutral
mergers. Unlike the mergers in one-sided markets, the relation between the types and the equilibrium
market shares is not intuitively clear, and thus characterizing CS-neutral technological synergies in
terms of the types of firms does not necessarily provide clear guidance. Thus, rather than directly
characterizing CS-neutral technological synergies in terms of the types of merging parties, I use the
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pre-merger network shares of merging parties for characterizing the CS-neutral synergies. To this
end, I take the following procedure:

1. First, for any fixed network shares n
A and n

B, compute the ◆-markup implied by the first-order
condition:

µB =
1

1 � nB

✓
1 � �

n
A

nB

◆
, (2.36)

and
µA =

1
1 � nA

. (2.37)

2. Using these formulas for ◆-markups, backup the types T
A and T

B using the formulas for
network shares

n
A =

T
A
�
T

B
� �

H A
exp

⇣
�µA � �µB

⌘
, (2.38)

and
n

B =
T

B

HB
exp

⇣
�µB

⌘
. (2.39)

Solving this system of equations with respect to T
A and T

B derives the type induced by
network shares as T

J = ⌧J(nA,nB,H A,HB) for J = A,B, where

⌧A

⇣
n

A,nB,H A,HB

⌘
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H
A�

HB
� � n

A�
nB

� � exp
✓

1
1 � nA

◆
, (2.40)

and
⌧B

⇣
n

A,nB,H A,HB

⌘
:= H

B
n

B exp
✓

1
1 � nB

✓
1 � �

n
A

nB

◆◆
. (2.41)

Finally, with pre-merger network shares (nA

f
,nB

f
) and (nA

g ,n
B

g ) and pre-merger aggregators
(H A,HB), the type that achieves the strictly CS-neutral merger ⌧J(nA

f
+ n

A

g ,n
B

f
+ n

B

g ,H
A,HB)

for J = A,B can be computed. Using this definition of the type, the CS-neutral technological
synergies can be computed as functions

�̃J

⇣
n

A

f
,nA

g ,n
B

f
,nB

g ,H
A,HB

⌘

:=⌧J

⇣
n

A

f
+ n

A

g ,n
B

f
+ n

B

g ,H
A,HB

⌘
� ⌧J

⇣
n

A

f
,nB

f
,H A,HB

⌘
� ⌧J

⇣
n

A

g ,n
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g ,H
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⌘
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(2.42)

To understand the novel impact of two-sidedness on the competitive e�ects of mergers, I consider
the mergers between similar firms where n

J

f
= n

J

g = n
J for j = A,B. Let ✓ := n

A/n
B be the ratio of

network shares of side A to B. Then, the type for the strictly CS-neutral merger is given by

⌧A(2n
A,2n

B,H A,HB) = H
A

HB
21�� n

A�
nB

� � exp
✓

1
1 � 2nA

◆
(2.43)
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and

⌧B(2n
A,2n

B,H A,HB) = H
B2n

B exp
✓

1
1 � 2nB

(1 � �✓)
◆

(2.44)

The CS-neutral technological synergy on side J is positive if and only if

⌧J(2n
A,2n

B,H A,HB)
2⌧J(nA,nB,H A,HB) > 1,

which is equivalent to the condition

1
1 � 2nA

� 1
1 � nA

� � log 2 > 0 (2.45)

for J = A and
1 � �✓ > 0 (2.46)

for J = B, respectively. This fact directly leads to the following proposition.

Proposition 7. Consider a merger between firms with the same pre-merger network shares n
A and

n
B. Let ✓ := n

A/n
B. There exists a critical value n̂

A such that CS-neutral technological synergy on
side A is positive if and only if n

A is smaller than n̂
A. CS-neutral technological synergy on side B

is positive if and only if 1 � �✓ > 0.

The fact that whether a strictly CS-neutral merger requires positive technological synergies only
depends on the ratio of network shares ✓ is a striking feature of the two-sided markets. If the merging
parties are su�ciently large on the subsidizing segment (✓ being large), then the strictly CS-neutral
merger does not involve any technological synergy on the subsidized segment, while it may still
require technological synergy on the subsidizing segment, which is the segment where merging
parties exercise market power. However, as in the case with direct network externalities, the benefit
from the network expansion may o�set the cost of the increase in markups accompanying mergers,
which may renders even the technological synergies on side A unnecessary.

Note that in this setting, the condition �✓ > 1 is equivalent to the condition that merging
parties set negative markups to consumers on the subsidized segment. In this sense, the CS-neutral
technological synergy on subsidized segment is negative if and only if firms set negative markups
before the merger. This can provide a practical test to evaluate the impact of two-sidedness on
mergers involving platforms: consumers who are subsidized through negative markups are likely
to benefit from mergers.

In summary, two-sidedness a�ects the welfare properties of mergers in two ways. First, for
consumers on the subsidizing segment, a merger may be desirable when the benefit of network
expansion outweighs the cost of the accompanying market power. Second, when the merging
parties set negative markups to consumers on the subsidized segment, the merger increases the
subsidization incentives and benefits consumers on the subsidized segment.
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2.7 Discussion
The merger analysis in this study is based on a static framework of price competition with single-
homing consumers. While it derives useful insights on the merger policy toward platforms, there
are also several limitations due to the simplicity of the framework, such as the restriction on
demand systems and the absence of consumer multi-homing, compatibility choices, dynamics of
competition, and the endogenous mergers. This section discusses how these elements potentially
alter the implication of the main analysis.

General demand system To adopt an aggregative-games approach, it is assumed that the demand
system has an IIA property across firms’ products. However, this restricts the substitution patterns
among products and is not realistic assumption in several applications. To incorporate the rich
substitution patterns into the merger analysis, one needs to give up exploiting aggregative properties
and thus obtaining clear theoretical results. In this case, a better way to conduct merger analysis is
resorting to the simulation with an estimated demand model, which is a standard procedure in the
empirical industrial organization literature.

The main analysis in Section 2.3 also assumes that there is not outside option. This assumption
can be relaxed in the following manner. Suppose that each consumer z has an outside option
with value log H0 + "0z, where "0z follows an i.i.d. type-I extreme-value distribution, and chooses
whether to participate in one of the networks. Then, the probability that a consumer participate in
some network is characterized by the following equation:

n f =

�
Hf (p f )

� 1
1�↵

H0
(Hf (p f ))

1
1�↵

(n f )↵ + H(p)
.

Then the network share can be written as the function ñ f (Hf ,H). Since the demand of each
product conditional on that consumers participate in some network is given by equation (2.8), the
unconditional demand function is given by

�ñ f (Hf (p f ),H(p))
h
0
i
(pi)

Hf (p f )
.

A similar analysis can be made with this demand system, and the cases where H0 = 0 corresponds
with the model in Section 2.3. Also, as ↵ approaches to 0, the demand system corresponds with
that of Nocke and Schutz (2018b).

Finally, I discuss the specification of network externalities. In the model, the form of indirect
utility is given by equation (2.52), and thus network externalities enter into the utility in a logarithm
form. While this specification is not common in the theoretical studies on competition in two-sided
markets or competition with network externalities, which mainly use linear network externalities
(Katz and Shapiro, 1985; Armstrong, 2006), logarithm specification of network externalities are
often adopted in the empirical studies that try to estimate the magnitude of network externalities
or consumers’ preference for variety (Ohashi, 2003; Rysman, 2004, 2007). Whether linear or
logarithm specification is more plausible depends on the application. In this study, I adopt the
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logarithm specification to generate a closed-form demand functions, which greatly improves the
tractability of analysis. Another reason to adopt logarithm form of network externalities is that,
under linear network externalities, even consumers’ choice probability of each products given a
price profile may not be unique, which necessarily complicates the analysis of price competition
and merger policy.¶¶

Multi-homing The model in the main analysis assumed that the consumers on both sides single-
home, to describe the demand on each side as a function of single aggregator. However, in some
environments, consumers on one side often multi-home, and consumers on both side multi-home
in another environment. The framework of this study fails to capture the implication of such kind
of multi-homing. Thus, when consumers are likely to multi-home, we need to modify the results of
the analysis according to the environments under consideration.

Partly, the following type of ad-sponsored competitive-bottleneck model can be considered,
which is a slight modification of Anderson and Peitz (2015):

vi � Ai + ↵ log n f + "iz . (2.47)

Then, the demand is given by

si =
exp(vi � Ai)n↵fÕ

f 02F
Õ

j2N J

f 0
exp(vi � Ai)n↵f 0

(2.48)

On the advertisers’ side, the inverse advertising demand is given by ri(Ai) = 1+ bi

Ai

, which comes
from a utility function Ai + bi log Ai and generates the advertisers’ surplus function as

Si(Ai) = bi + bi log Ai

Assuming that the marginal cost is zero, the profit of each firm is given by

’
i2Nf

(Hf )
1

1�↵

H

exp(vi � Ai)
Hf

(Ai + bi) . (2.49)

The first-order condition for Ai is given by

Di � Di (Ai + bi)

� exp(vi � Ai)
’
j2Nf

(
↵

1 � ↵
Dj

Hf

�
Aj + bj

�
�
(Hf )

1
1�↵

H

1
Hf

1
1 � ↵Dj

�
Aj + bj

�)
= 0, (2.50)

which can be simplified to

Ai + bi = 1 +
1

1 � ↵⇧ f �
↵

1 � ↵
⇧ f

n f

=: µ f (2.51)

¶¶This issue is highlighted in Chapter 7.8 of Anderson, De Palma and Thisse (1992).
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As a result, we have ⇧ f = n f µ f . Finally, the type-aggregation property is preserved on the
consumers’ side.

One crucial di�erence from the model of single-homing consumers is that, in the competitive
bottleneck framework, advertisers’ surplus cannot be expressed by aggregators, which makes the
welfare analysis on advertisers’ side complicated.

Using this framework, we can show that any CS-neutral merger improves advertisers’ welfare,
which is partly in line with Anderson and Peitz (2015)’s “media see-saw" argument that there are
several situations where the welfare e�ects on consumers and advertisers conflict with each other.

Compatibility choices The main analysis has assumed that once firms merge, their products
immediately become compatible. However, the choice of compatibility itself is firms’ choice
variables, as discussed in Katz and Shapiro (1985). In this regard, the products owned by di�erent
firms can be compatible. When the compatibility is a choice variable, some policy implication
might change. For example, when the strong network e�ects are likely to harm the consumer
surplus, it may be more appropriate to require the compatibility between a product of the merged
entity and the products of other firms.

Dynamic competition The model of this study assumed that firms compete in prices in a static
manner. However, the digital markets are typically characterized by rapid technological changes
because of R&D, continuous entries of startups, and the dynamic evolution of consumer bases.
These dynamic considerations may make the merger analysis based on a static market share less
useful to evaluate the competitive e�ects. One potential e�ect of dynamic consideration is that a
dominant firm is probably more dominant in the future time period, which requires a more stringent
merger policy than that under a static framework.

Endogenous merger Merger is endogenous in various aspects (Nocke and Whinston, 2010, 2013;
Mermelstein, Nocke, Satterthwaite and Whinston, 2014). Firms merge only when it is profitable,
which may have some dynamic implication (Nocke and Whinston, 2010). Similarly, an acquirer can
choose a target to acquire, which is biased toward an increase in profit rather than an improvement
in consumer welfare (Nocke and Whinston, 2013). Further, firms can choose whether to invest in an
asset by themselves or to acquire a firm (Mermelstein et al., 2014). All of these aspects may a�ect
the conclusion of the main analysis. The results of this study can be interpreted as a benchmark to
consider more complicated situations.

2.8 Conclusion
This study used a model of multiproduct-firm oligopoly to analyze the impact of network externalities
on the consumer-surplus e�ects of mergers. The impact of direct network externalities on the welfare
properties of mergers depends on the sizes of merging parties relative to the industry. When an
incumbent tries to acquire an innovative entrant, the incumbent may have a greater incentive to
innovate due to the demand-side scale economies. In two-sided markets, the pre-merger structure
of market shares on two sides of markets as well as the sizes of merging parties can predict the
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post-merger consumer surplus. These implications give theoretical guidance to the competition
authorities involved in the merger policy toward platforms.

This study abstracts several aspects of the merger policy, which leaves the avenue for future
research. First, the analytical framework is static and does not consider dynamics such as R&D
competition and sequential mergers. Incorporating such dynamics would enrich some policy
prescriptions. Second, the framework of this study focuses on the case where consumers on each
side single-home. However, various online services, consumer behavior is better characterized by
multi-homing. The possibility of multi-homing can a�ect platform competition and the potential
e�ects of mergers on competition in important ways, as discussed by Anderson et al. (2019). It
would be constructive to analyze the competitive e�ects of mergers in general settings with consumer
multi-homing, but the discrete-choice framework of this study does not fit well to tackle with this
issue. Thus, I leave these issues for future research.

2.9 Section A: General Framework of Multiproduct-Firm
Oligopoly with Network Externalities

In this section, I present a general framework which our specific analyses belong to. There is an
industry with two sides of markets A,B with a set N J of imperfectly substitutable products on side
J 2 {A,B}, produced by a set of firms F , with its generic element f . Each firm f produces the set
N J

f
of products on side J, where N J

f
\N J

f 0 = ; for f , f
0 and

–
f 2F N J

f
= N J .

Consumer Demand
There is a mass of consumers on side J 2 {A,B} who derive firm-level network externalities from
the purchase of each product i 2 N J

f
, which depends on the number of consumers who purchase

the products of firm f . Specifically, each consumer z 2 [0,1] on side J 2 {A,B} yields the indirect
subutility from the purchase of product i 2 N J

f
by

log h
J

i
(pi) + ↵J log n

J

f
+ �J log n

I

f
+ "J

iz
, (2.52)

where log h
J

i
(pi) is the stand-alone indirect subutility from product i at price pi, and n

J

f
and

n
I

f
are the numbers of consumers on side J and I , J who purchase products provided by firm

f . ↵J 2 [0,1) represents the magnitude of direct network externalities, �J 2 [0,1) represents the
magnitude of indirect network externalities, and "J

iz
is an idiosyncratic taste shock that follows i.i.d.

type-I extreme value distributions. The direct and indirect network externalities are based on the
firm-level number of participants of each network. I assume that network e�ects are not too strong
so that 1 � ↵J � �I > 0 holds for each J 2 {A,B} and I , J, which guarantees that firms do not set
infinite negative prices. An intuitive interpretation of this assumption is that a marginal increase
in the stand-alone indirect utility of consumers on one side, 1, is greater than the accompanying
increase in the indirect utility of consumers on two sides of markets from the resulting network
expansions, ↵J + �I . In the analysis, I adopt two specific forms of functions h

J

i
. One is MNL-class
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demand specification where
h

J

i
(pi) = exp

⇣
ai � pi

�J

⌘
,

and another is CES-class demand specification where

h
J

i
(pi) =

(
ai p

1��J

i
if pi > 0

+1 if pi  0

with �J > 1. In both specifications, ai represents the quality of each product. I mean by the
words “MNL-class" and “CES-class" that, if ↵J = �J = 0, J 2 {A,B}, the demand system obtained
from indirect subutilities h

J

i
(pi) = exp

⇣
ai�pi

�J

⌘
and h

J

i
(pi) = ai p

1��J

i
corresponds with that of

multinomial-logit and CES demand functions, respectively.
Given the network sizes (nA

f
,nB

f
) f 2F and prices p := (pi)i2N A[NB , consumers choose one product

to purchase and the amount of the purchase. I assume that there is no outside option so that all
consumers on side J purchase some product in the set N J . I further assume that consumers on
each side single-home, that is, each consumer chooses only one product to purchase. From the
above utility specification, the corresponding demand system is derived as a rational-expectation
equilibrium among consumers. That is, based on the expectation over the network sizes, consumers
choose their own decision to maximize the utilities, and the realized network sizes are consistent
with the original expectation.

First, define the firm-level and industry-level aggregators as

H
J

f
(pJ

f
) =

’
i2N J

f

h
J

i
(pi), where p

J

f
:= (pi)i2N J

f

.

H
J(p) =

’
f 2F

⇣
H

J

f
(pJ

f
)
⌘ 1�↵I
(1�↵J )(1�↵I )��J�I

⇣
H

I

f
(pI

f
)
⌘ �J
(1�↵J )(1�↵I )��I �J .

Next, I derive demand for each product conditional on the purchase. Applying Roy’s identity, the
conditional demand function for product i conditional on the purchase is given by �(hJ

i
)0(pi)/h

J

i
(pi).

I assume that consumers form the correct expectation that all firm have positive network shares. I call
the network choice of consumers based on such expectation as an interior consumption equilibrium.
Applying Holman and Marley’s Theorem, the consumer choice probability s

J

i
of product i 2 N J

f

given the expectation over network shares (nJ

f 0) f 02F , J = A,B is given by

s
J

i
=

h
J

i
(pi)

⇣
n

J

f

⌘↵J ⇣
n

I

f

⌘ �J
Õ

f 02F
Õ

j2N J

f 0
h

J

j
(pj)

⇣
n

J

f 0

⌘↵J ⇣
n

I

f 0

⌘ �J . (2.53)

I require the network share is consistent with the consumers’ behaviors, that is, the network share
n

J

f
of firm f on side J is given by the sum of the choice probability of products produced by firm f

on side J:
n

J

f
=

’
i2N J

f

s
J

i
. (2.54)
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From equations (2.53) and (2.54), the share of product i 2 N J

f
in the set of products sold by firm f

is given by
s

J

i

n
J

f

=
h

J

i
(pi)

H
J

f
(pJ

f
)
. (2.55)

As derived in the Section 2.9, the network share n
J

f
of firm f on side J in the interior consumption

equilibrium is given by

n
J

f
(p) = 1

HJ(p)

 ⇣
(HJ

f
(pJ

f
)
⌘ 1�↵I
(1�↵J )(1�↵I )��J�I

⇣
H

I

f
(pI

f
)
⌘ �J
(1�↵J )(1�↵I )��I �J

!
. (2.56)

Combining equations (2.55) and (2.56) the probability that product i 2 N J

f
is purchased by a

consumer is given by the equation

s
J

i
(p) = n

J

f
(p)

h
J

i
(pi)

H
J

f
(pJ

f
)
. (2.57)

Finally, the demand for the product i 2 N J

f
given the profile of prices p has the following form.

D
J

i
(p) = D̂

J

i

⇣
pi,H

J

f
(pJ

f
),HI

f
(pI

f
),HJ(p)

⌘

= s
J

i
(p) ⇥

�(hJ

i
)0(pi)

h
J

i
(pi)

= �
⇣
H

J

f
(pJ

f
)
⌘ (1�↵I )↵J+�J�I
(1�↵J )(1�↵I )��J�I

⇣
H

I

f
(pI

f
)
⌘ �J
(1�↵J )(1�↵I )��I �J (hJ

i
)0(pi)

HJ(p)

(2.58)

With CES-class demand and negative price, we cannot use Roy’s identity to derive demand. To
allow for the demand for negative prices, we assume that D

J

i
(p) = limpi!0 D

J

i
(p) = +1 for pi < 0.

Finally, the consumer surplus CS
J on side J is given by the expected indirect utility of consumers,

and the aggregate consumer surplus CS is given by the some of consumer surplus on both sides :

CS
J = log ©≠

´
’
f 2F

⇣
H

J

f

⌘ 1�↵J
(1�↵J )(1�↵I )��J�I

⇣
H

I

f

⌘ �J
(1�↵J )(1�↵I )�J�I 1

(HJ)↵J (HI)�J
™Æ
¨

= (1 � ↵J) log H
J � �J log H

I,

(2.59)

and

CS = CS
A + CS

B

= (1 � ↵A � �B) log H
A + (1 � ↵B � �A) log H

B.
(2.60)

Note that in the presence of indirect network externalities �J > 0, the consumer surplus on side
J is decreasing in the value of aggregator H

I on side I , J while it increases with the value of the
aggregator on the same side H

J . This is because the large value of aggregator on the other side
shrinks the market share and thereby resulting in the fragmentation of networks.
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Firm pricing
Each product i 2 N J has a constant marginal cost ci > 0 of production. Given the demand system,
the profit function of each firm f 2 F is written as a function of the profile of firm’s own prices
p f = (pi)N A

f
[NB

f

and aggregators H
A and H

B:

⇧ f

⇣
p f ,H

A(p),HB(p)
⌘
= ⇧A

f
+ ⇧B

f
, (2.61)

where
⇧J

f
=

’
i2N J

f

D̂
J

i

⇣
pi,H

J

f
(pJ

f
),HI

f
(pI

f
),HJ(p)

⌘
(pi � ci). (2.62)

The pricing game consists of a demand system {(DJ

i
)i2N J }J2{A,B}, the set of firms F , and a profile

of marginal costs (ci)i2N J , J 2 {A,B}. In a pricing game, firms simultaneously set the prices
p f := (pi)i2N A

f
[NB

f

of their products, with the payo� function ⇧ f defined by equation (2.61). I call
a Nash equilibrium of this pricing game as a pricing equilibrium. In the following analysis, I often
suppress the arguments of functions for the sake of readability.

As formally derived in Section 2.9, the first-order condition for the profit-maximization of each
firm f is given by

�
(hJ

i
)00

(hJ

i
)0
(pi � ci)

= 1 � 1
n

J

f

{(1 � ↵I)↵J + �J �I}⇧J

f
+ �I⇧

I

f

(1 � ↵J)(1 � ↵I) � �J �I|                                        {z                                        }
network-externality terms

+
(1 � ↵I)

(1 � ↵J)(1 � ↵I) � �J �I

 
⇧J

f
+

�I

1 � ↵I

n
I

f

n
J

f

⇧I

f

!

|                                                       {z                                                       }
cannibalization terms

=: µJ

f

(2.63)

As Nocke and Schutz (2018b) do, I call µJ

f
as the ◆-markup of firm f on side J. This ◆-markup

summarizes the pricing incentive of each firm.
Let me explain how the ◆-markup of each firm is determined in the equation (2.63). the first

term, 1, in the second line of the equation (2.63) is the baseline ◆-markup, which would be set
under the monopolistic competition. The second term is the downward-pricing pressure due to the
direct and indirect network externalities. The third term is the upward-pricing pressure due to the
cannibalization e�ects under oligopoly. The relative magnitudes of the second and the last terms
on each side determine the price level and the price structure of each firm.

We have �(hJ

i
)00/(hJ

i
)0 = 1/�J and thus pi = ci + �JµJ

f
in the case of multinomial logit demand,

and �(hJ

i
)00/(hJ

i
)0 = �J/pi and thus pi = ci/(1 � µJ

f
/�J) in the case of CES-class demand. Using

these functional forms, the formula for the subaggregators and profit functions are given by

H
J

f
=

8>>><
>>>:

T
J

f
exp(�µJ

f
) in the case of MNL-class demand,

T
J

f

✓
1 � µJ

f

�J

◆�J�1
in the case of CES-class demand,

(2.64)
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and

⇧J

f
=

(
n

J

f
µJ

f
in the case of MNL-class demand,

�J�1
�J

n
J

f
µJ

f
in the case of CES-class demand,

(2.65)

where T
J

f
:=

Õ
i2N J

f

exp
⇣

ai�ci

�J

⌘
for MNL-class and T

J

f
:=

Õ
i2N J

f

aic
1��J

i
for CES-class demand.

T
J

f
is the “type" of firm f that corresponds with the value of the subaggregator of firm f when it

engages in the marginal cost pricing. The property that all the pricing information is summarized
by unidimensional type T

J

f
is called as the “type-aggregation property" (Nocke and Schutz, 2018b).

This property greatly simplifies the analysis of merger policy. As a result, the ◆-markup µJ

f
and the

network share n
J

f
depends only on T

A

f
, T

B

f
, H

A, and H
B. Whenever they are unique, I write the

◆-markups µJ

f
and market shares n

J

f
under each firm’s optimal pricing as functions
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⌘
, (2.66)

and
n

J

f
= N

J

⇣
T

J

f
,T I

f
,HJ,HI

⌘
(2.67)

for J 2 {A,B}.

Pricing Equilibrium
Given the above market share functions, the equilibrium condition for the aggregators (H A,HB) is’

f 2N J

f

N
J

⇣
T

J

f
,T I

f
,HJ,HI

⌘
= 1, J 2 {A,B}, I , J . (2.68)

The general characterization of the equilibrium and the analysis of merger policy are not easy
to conduct. Thus, to obtain the clear-cut insights, I divide the analysis of merger policy into
two special cases where there is only direct network externalities and where there is only indirect
network externalities. For each special case, I separately prove the existence and the uniqueness of
the equilibrium.

Proposition 8. (Uniqueness of equilibrium) The following statements hold:

1. For any pair of aggregators (H A,HB), each firm’s optimal pricing is characterized by the
first-order condition (2.63).

2. If �A = �B = 0, then there is unique pricing equilibrium.

3. If the demand system is given by MNL-class demand, ↵A = ↵B = 0, and either �A or �B is
close to 0, then there is unique pricing equilibrium.

I provide the proof of this proposition in Section 2.9.
The first part of Proposition 8 shows that in any equilibrium, each firm’s pricing is characterized

by the first-order condition (2.63). The second and the third parts of Proposition 8 guarantee the
existence and the uniqueness of equilibrium in special cases analyzed in Section 2.4. and Section
2.6.
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Proof of Proposition 8
Proof of Proposition 8.1

I prove Proposition 1-1 for CES-class demand and MNL-class demand separately.
Before proceeding to individual proofs, I introduce several notations that are used in both proofs.

First, let

⌦JI

f
(p f ) :=
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f
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f
)
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f 0 (p f 0).

Then, the profit-maximization problem of firm f the problem can be rewritten as
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G f (p f ) := ⇧ f
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(p f ) + H
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� f
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f
(p f ) + H

B

� f

⌘
(2.69)

I show that the solution to (2.69) takes unique finite value and given by the first-order condition
(2.63). Here, I list the steps of the proof. For CES-class demand,

1. To whatever extent a subaggregator H
J

f
of firm f on one side grows, the profit on the other

side ⇧I

f
is bounded above.

2. Setting zero price for some good is never optimal.

3. Setting infinite price for some good is never optimal.

4. The optimal prices should satisfy the first-order condition (2.63).

For MNL-class demand,

1. Fixing p
A

f
, p

B

f
that maximizes G f (pA

f
, pB

f
) is finite and unique. Let p̃
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) denote such p

B

f
.

2. p
A

f
that maximizes G f (pA

f
, p̃B

f
(pA

f
)) is finite and unique.

3. Setting infinite price for some good is never optimal.

4. The optimal prices should satisfy the first-order condition (2.63).

CES-class demand I first show that whatever the value of subaggregator H
J

f
is, the value ⇧I

f
is

bounded. To see this, note that
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=
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(2.70)
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where the last inequality follows from computing max
p
I

f

nÕ
j2N I

f
(�J�1)(ajp

��I

j
)(pj�cj )

o
/
⇢Õ

k2N I

f
akp

�I�1
k

�
Next, I show that the price of each product should be in the set (0,1), and thus the optimal

pricing should be characterized by the equation (2.63). To see this, suppose that pi  0 for some
i 2 N J . Then, h

J

i
(pi) = 1 and thus the D

J

j
(p) = 0 for all j 2 N J

f
\ {i}. Therefore the profit of firm

f is given by
D

J

i
(p)(pi � ci) + ⇧I

f
. (2.71)

Since ⇧I

f
is finite as shown above, D

J

i
(p) = 1, and pi � ci < 0, the profit is negative. Thus, setting

non-positive for some product is never optimal for firm f .
The fact that firm never sets infinite price is shown in the same manner as Nocke and Schutz

(2018a).
Thus, the optimal profile of prices is interior, which implies that the optimal prices should satisfy

the first-order condition (2.63).

MNL-class demand I first show that all firms’ prices are bounded below. Next, I show that all
firm’ prices are bounded above.

Fix p
I

f
:= (pI

i
)
i2N I

f

. Then, I show that the value of (pJ

f
) := (pJ

i
)
i2N J

f

that maximize the profit of
firm f has finite absolute values. To see this, note that
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(2.72)

the last term converges to 0 as pi ! �1 because n
I

f
! 1 as pi ! �1. The sum of the second and

the third terms is nonnegative as pi ! �1 because

� pi � ci

�J

+

(1 � ↵I) � {(1 � ↵I)↵J + �I �J} 1
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(2.73)

as pi ! �1. Thus we have @G/@pi > 0 for su�ciently small pi.
The fact that firm never sets infinite price is shown in the same manner as Nocke and Schutz

(2018a).
As a result, fixed the values of p

I

f
, the optimal pricing for p

J

f
is given by the common ◆-markup

pricing, which is given by (2.63). Let µJ

f
(pI

f
) be the optimal ◆-markup on side J given the profile

of prices on the other side p
I

f
. Then, under MNL-class demand, we have pi = ci + �JµJ

f
(pI

f
) for

i 2 N J

f
.
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Next, I show that the optimal value of p
I

f
that maximizes G(p) where p

J

f
= (ci + �JµJ

f
(pI

f
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f

is finite. To see this, it is su�cient to show that
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Using the first-order condition for µJ

f
, 2.63, we have
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By l’Hopital’s rule, we have
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as pj ! �1 for some N I

f
.

Again, the fact that firm never sets infinite price is shown in the same manner as Nocke and
Schutz (2018a).

Thus, the optimal profile of prices is interior, which implies that the optimal prices should satisfy
the first-order condition (2.63).

Note that in when �A = �B = 0 or ↵A = ↵B = 0 and either �A ' 0 or �B ' 0, equation (2.63) is
also su�cient for the profit maximization. In the subsequence sections (Section 2.9- 2.9), I prove
that the solution to (2.63) is unique when �A = �B = 0 or ↵A = ↵B = 0 and either �A ' 0 or �B ' 0.
Then, by the facts that (i) there is finite price profile that maximizes the profit, (ii) any optimal price
profile should satisfy equation (2.63), and (iii) when �A = �B = 0 or ↵A = ↵B = 0 and either �A ' 0
or �B ' 0, the pair of ◆-markups (µA

f
, µB

f
) that satisfies equation (2.63) is unique jointly show that

there is a unique solution to (2.63) that maximizes the firm’s profit. If the solution to (2.63) does
not maximize the firm’s profit, then there must be some finite price profile that maximizes the firm’s
profit but does not satisfy equation (2.63), which contradicts the necessity of (2.63).

Proof of Proposition 8.2

Suppose that �A = �B = 0. Then, two sides of markets are independent, and thus it su�ce
to focus on one side of the market. The ◆-markup is uniquely given by the equation (FOC-
MNL) for MNL-class demand and (FOC-CES) for CES-class demand. Finally, since the market
share equation N0(�(T)/H) defined by is monotonically decreasing in H, limx!0 N0(x) = 0, and
limx!1 N0(x) = 1, the intermediate value theorem implies that the value of aggregator H that
satisfies

Õ
f N0(�(Tf )/H) = 1 is unique.

Proof of Proposition 8.3

I show that there is the unique pair of ◆-markup that satisfies the system of equations (2.63), and the
unique pair of aggregators that satisfies the system of equation (2.63) when the demand system is
given by MNL-class demand, ↵A = ↵B = 0, and at at least one of �A or �B is su�ciently close to 0.

Because the solution to equation (2.63) is continuous in �J at �J = 0, without loss of generality,
suppose that �B = 0. After several manipulations, the system of first-order conditions (2.63) can be
rewritten as

gA(µA

f
, µB

f
) = (1 � n

A

f
)µA

f
� 1 = 0, (2.77)

gB(µA

f
, µB

f
) = (1 � n

B

f
)µB

f
� 1 + �A

n
A

f

n
B

f

= 0. (2.78)

Let g(µA

f
, µB

f
) := {gA(µA

f
, µB

f
,gB(µA

f
, µB

f
)}. To show that this system of equations has unique solution,
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I show that the determinant of D(g(µA

f
, µB

f
) is positive.��� A calculation leads to
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(2.79)

where
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and the last inequality follows from the fact that
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is positive. To see this, all the terms in expression (2.81) is positive when n
B

f
< 1/2. When n

B

f
� 1/2,

the last term in expression (2.81) is nonpositive. In that case, by the fact that �An
A

f
2 (0,1) the

following inequality holds:
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which is positive for all n
B

f
2 (0,1). This is because ⌫(1) = 0, and ⌫0(nB

f
) < 0 for all n

B

f
2 (0,1).

Thus, the pair of ◆-markups that satisfies the first-order condition (2.63) is unique.
Finally, I show that there is unique equilibrium. To do this, I present several comparative statics

of m
J , J 2 {A,B}, with respect to several parameters x. This is given by the Implicit Function

Theorem
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by Cramer’s Rule, I obtain
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Using this comparative statics in ◆-markups, I conduct a comparative statics in market shares N
A

and N
B:
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���See chapter 2 of Vives (2001).
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Based on this observation, I derive the e�ects of H
A and H

B on N
A and N

B.
Fist, for H
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For H
B, we have
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As a result, we have

det

 Õ @N
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@HA

Õ @N
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@HBÕ @N
B
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Õ @N
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@HB

!
> 0, (2.91)

which implies that the pair (H A,HB) that satisfies the condition (2.68) is unique.
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Omitted derivation of demand system and firm pricing in Section 2.9 and 2.9
Consumer demand I first present a general framework to which our specific analyses belong to.

log h
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f
+ �J log n

I

f
+ "i, (2.92)

where J, I 2 {A,B}, J , I, ↵J 2 [0,1), and " follows the Type-I extreme-value distribution. As a
result, the consumer choice probability of product i 2 N J

f
is given by
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which can be rewritten as
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Finally, we obtain
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Plugging this equation into the definition of market share function, I obtain the closed-form expres-
sion for the network share
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and the demand for product i 2 N J
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Firm pricing Given this demand system derived above, the profit function of each firm f is given
by
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The first-order condition for profit-maximization of each firm f is given by
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(2.102)

From this equation, we observe that there exists µJ

f
such that

�
(hJ

i
)00(pi)

(hJ

i
)0(pi)

(pi � ci) = µJ

f
(2.103)
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for all i 2 N J

f
.

2.10 Section B: Proofs of Propositions

Proof of Proposition 1
Suppose that Tg is su�ciently close to 0. In both cases with MNL-class and CES-class demand
systems, we have N(0,↵) = 0, the left-hand-side minus the right-hand-side in (2.15) can be
approximated around T̃g = 0 by

d

d
N

✓
�(Tf )

H⇤ ,↵

◆
Tg �

d

d
N (0,↵)Tg (2.104)

For each cases with MNL-class and CES-class demand systems, I show that expression 2.104 is
positive.

MNL-class demand In the proof of Proposition 3, I show that in the case with MNL-class demand
system, the expression (2.104) is positive.

CES-class demand From equation FOC-CES, we have

µ f =
�(1 � ↵)

� � ↵ � (� � 1)Nf

Next, by equation Share-CES, we can write the value of T that leads to the market share N as

T = H
1�↵

N
1�↵

⇣
1 � µ

�

⌘1��
.

Finally, using The Implicit Function Theorem and rearranging, we have

dN

dT
=

�
1 � µ

�

���1

H1�↵ N
↵
©≠≠
´
1 �

µ f N f
��1

�(1�↵)

⇣
1 � µ f�

⌘�1

� � ↵ � (� � 1)N
⇣
1 � µ f�

⌘�1

™ÆÆ
¨
! 0 as N ! 0.

Thus, the condition (2.15) holds for su�ciently small value of T̃g.

Proof of Proposition 2
First, prove the proposition in the MNL case. By the equation N((�(T)/H

⇤,↵) = 1/|F |, we obtain

H
⇤ = |F |�(T) exp

✓
� |F |
|F | � 1

◆
(2.105)
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Thus, we have

N

✓
�(2T)

H⇤ ,↵

◆
= N

©≠≠
´
2

1
1�↵

exp
⇣

|F |
|F |�1

⌘
|F | ,↵

™ÆÆ
¨
, (2.106)

which is increasing in ↵. Further, we have N(�(2T)/H
⇤,↵) = 2/|F | at ↵̂ such that

2
↵̂

1�↵̂ = exp
✓ |F |
(|F | � 2)(|F | � 1)

◆
. (2.107)

Thus, if ↵ > ↵̂, the merger between two firms improves the consumer surplus. Since |F |
(|F |�2)(|F |�1)

decreases with |F |, ↵̂ decreases with |F |.
Next, I show the proposition in the case of CES-class demand. First, the equilibrium level of

the aggregator is given by

H
⇤ = |F |�(T) ©≠

´
(� � 1) |F |�1

|F |

� � ↵ � (��1)
|F |

™Æ
¨

��1
1�↵

(2.108)

Thus, we have

N

✓
�(2T)

H⇤ ,↵

◆
= N

©≠≠≠≠≠
´
2

1
1�↵

✓
(��1) |F |�1

|F |

��↵� (��1)
|F |

◆ 1��
1�↵

|F | ,↵

™ÆÆÆÆÆ
¨
, (2.109)

Let ↵̂ such that

⇤(↵̂, |F |) := 2↵̂ � ©≠
´
(� � 1) |F |�1

|F |

� � ↵̂ � (��1)
|F |

™Æ
¨
��1

= 0. (2.110)

Then, a merger between two firms is CS-neutral at ↵ = ↵̂. Since ⇤(0, |F |) < 0 and

@⇤

@↵
= 2↵̂ log 2 + (� � 1)2�↵̂ �

��1
|F | � 2
|F | � 1

� � 1
F (� � ↵̂) � 2(� � 1) > 0.

at ↵ = ↵̂, the merger between two firms is CS-increases if and only if ↵ > ↵̂. To see that ↵̂ decreases
with |F |, I apply the implicit function theorem to obtain

d↵̂

d |F | = �
@⇤
@ |F |
@⇤
@↵

,

where

@⇤

@ |F | = (� � 1)2↵ ��
��1

(1 � ↵̂)
⇣
� � ↵̂ � 2(��1)

|F |2
⌘

h⇣
� � ↵̂ � 2(��1)

|F |

⌘
(|F | � 1)

i2 > 0. (2.111)
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Proof of Proposition 3
First, note that

d

dT
N0

✓
�(T)

H

◆
=

1
1 � ↵

1
T

�(T)
H

N
0
0

✓
�(T)

H

◆
. (2.112)

Next, suppose that N0(�(T)/H) = N . Then, by the equations FOC-MNL and Share-MNL, we must
have

N =
�(T)

H
exp

✓
� 1

1 � N

◆
, (2.113)

which implies that

T = H
1�↵

N
1�↵ exp

✓
1 � ↵
1 � N

◆
. (2.114)

Thus, we can rewrite dN0(�(T)/H)/dT as

d

dT
N0

✓
�(T)

H

◆
= �(N) :=

1
1 � ↵H

↵�1 N
↵(1 � N)2

1 � N + N2 exp
✓
� 1 � ↵

1 � N

◆
, (2.115)

which approaches to 0 as N ! 0 or as N ! 0. Further, we have

�0(N) =
exp

⇣
� 1�↵

1�N

⌘
N
↵�1

(1 � N + N2)2 ⇣(N) (2.116)

where

⇣(N) :=
⇥
(1 � N + N

2)
�
↵(1 � N)2 � 2N(1 � N) � (1 � ↵)N

 
+ (1 � 2N)(1 � N)2N

⇤
. (2.117)

Note that

⇣(0) = ↵ > 0, and ⇣(1) = �(1 � ↵) < 0,

which implies that ⇠(N) is positive around N = 0 and positive around N = 1. and

⇣ 0(0) = �2 � 2↵ > 0, and ⇣ 0(1) = 2↵ > 0.

By the fact that ⇣(N) is a fourth polynomial of N with negative coe�cient of N
4, have only one

N̄ 2 (0,1) such that ⇣ 0(N̄) = 0. Further, ⇣ 0(N) < 0 for N 2 [0, N̄) and ⇣ 0(N) > 0 for N 2 (N̄,1].
Putting these observations together, we have N

⇤ such that ⇣(N) � if and only if N  N
⇤. Thus,

⇠(N) increases with N if and only if N  N
⇤.

The fact that ⇠(0) = ⇠(1) and that ⇠(N) increases with N if and only if N  N
⇤ together

imply that (i) for any N,N0  N
⇤, ⇠(N) > ⇠(N0) if and only if N > N

0, (ii) for any N,N0 � N
⇤,

⇠(N) > ⇠(N0) if and only if N < N
0, and (iii) for any N < N

⇤, there exists N
0 > N

⇤ such that
⇠(N) = ⇠(N0). These observations leads to the statements of Proposition 3.

51



Proof of Proposition 4
Proof of Proposition 4.1 and Proposition 4.2

I first analyze the concavity and the convexity of the function Ñ
0(x)x with respect to the network

share, and then use this analysis to prove Proposition 4.1 and Proposition 4.2.
In MNL-class demand system, we have

N
0
0(x)x

����
N0(x)=N

=
N

3 � 2N
2 + N

N2 � N + 1
=: �(N).

Then, we have

�0(N) = (1 � N)(N3 � N
2 + 3N � 1)

(N2 � N + 1)2 , (2.118)

which is nonnegative in N 2 [0, N̂] and negative in (N̂,1] for some critical value N̂ 2 (0,1) that
satisfies

N̂
3 � N̂

2 + 3N̂ � 1 = 0.

Further, Nocke and Schutz (2018a) show that �(N) is concave in N . In summary, �(N) is increasing
in N 2 [0, N̂), nonincreasing in N 2 [N̂,1], and concave in N 2 [0,1]

Using this result, I prove Proposition 4.1 and Proposition 4.2.
The required synergies �̂ decreases with ↵ if and only if

A(Tf + Tg + �̂)B(Tf + Tg + �̂) � A(Tf )B(Tf ) + A(Tg)B(Tg) (2.119)

where

A(Tf ) = N
0
0

✓
�(T)
H⇤

◆
�(T)
H⇤ (2.120)

and

B(T) = H
⇤

�(T)
d

d↵

✓
�(T)
H⇤

◆
=

d

d↵

✓
�(T)
H⇤

◆
=

1
(1 � ↵)2

Õ
f 02F (logT � logTf 0)N0

0

⇣
�(Tf 0)

H⇤

⌘
Õ

f 02F N
0
0

⇣
�(Tf 0)

H⇤

⌘ . (2.121)

Note that B(T) is increasing in T .
Suppose that two merging firms f and g are weak. If the merged entity is strong, the LHS of

(2.119) is positive while the RHS of (2.119) is negative. Next, suppose that the merged entity is
weak. We have A(Tf + Tg + �̂)  A(Tf ) + A(Tg) by the concavity of N

0
0(x)x in N 2 [0,1] . Finally,

we have the following inequality

A(Tf + Tg + �̂)B(Tf + Tg + �̂) � (A(Tf ) + A(Tg))B(Tf + Tg + �̂)
� A(Tf )B(Tf ) + A(Tg)B(Tg),

(2.122)

where the last inequality follows from the fact that B(T) is increasing in T and Tf + Tg + �̂ �
max{Tf ,Tg}. Thus, �̂ decreases with ↵.
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Next, I show that �̂ for the merger between firm f and g decreases with ↵ if firm f is weak and
the firm g is strong and if Nf + Ng < N̂ . This can be observed by

A(Tf + Tg + �̂)B(Tf + Tg + �̂) � A(Tf )B(Tf ) (2.123)

and
A(Tg)B(Tg)  0. (2.124)

Proof of Proposition 4.3

When Nf + Ng ' 1, then A(Tf + Tg + �̂) ' 0.

Tf + Tg + �̂ =


H

⇤(Nf + Ng) exp
✓

1
1 � Nf � Ng

◆�1�↵
. (2.125)

Thus, we have

log(Tf + Tg + �̂) = (1 � ↵)

log H

⇤ + log(Nf + Ng) +
1

1 � Nf � Ng

�

As a result,
N
0(x)x log(Tf + Tg + �̂) ! 0 as Nf + Ng ! 1. (2.126)

Thus, A(Tf + Tg + �̂)B(Tf + Tg + �̂) ! 0 as Nf + Ng ! 1. Thus, if two merging firms are strong,
the LHS of the equation (2.119) is zero, while the RHS of the equation (2.119) is positive. Thus, �̂
increases with ↵.

Proof of Proposition 5
Let ⇧(�(T)/H) be the profit of a firm with is type �(T) at the value of aggregator H. The profit of
a firm with the market share N is given by

⇡(N) = ⇧
✓
�(T)

H

◆����
N0(�(T)/H)=N

= (1 � ↵) N

1 � N
.

Thus, we have
d⇧

dT
=

dN

dT

d⇡

dN
=

dN

dT

1
(1 � N)2 . (2.127)

Next, I consider the change in the equilibrium value of the aggregator H
⇤ with respect to the change

in the type Tf of firm f . Using The Implicit Function Theorem to the equation 2.14, we obtain

dH
⇤

d�(Tf )
=

N
0
0(x f )Õ

g xgN
0
0(xg)

,

where xg = �(Tf )/H
⇤ for each g 2 F . Thus, we have

d

d�(Tf )

✓
�(Tf )

H⇤

◆
=

1
H

✓
1 �

x f N
0
0(x f )Õ

g xgN
0
0(xg)

◆
.
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Finally, we obtain

d⇧ f

dTf

=
1
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1
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�(Tf )
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0
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Õ
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(2.128)

Drawing on these preliminaries, I show that if TE is su�ciently small, �⇡I > �⇧E holds.
When TE is su�ciently small, �⇡I can be approximated as

�⇡I ' d⇧(�(TI)/H0)
dTI

TE > 0

and �⇡E can be approximated as

�⇡E ' d⇧(0)
dTE

TE = 0,

which implies that �⇡I > �⇡E for su�ciently small values of TE .
Next, I show that when TE is su�ciently large, �⇡I < �⇡E holds. Since N(�(T)/H) ! 1 as

T ! 1, H ! 1 as T ! 1 andÕ
g, f xgN

0
0(xg)Õ

g xgN
0
0(xg)

! 1 as Tf ! 1,

we obtain limTf!1 d⇧ f /dTf = 0. As a result, we have ⇧E ' ⇧I when TE ' 1, and thus

�⇡I = �⇡E � ⇧I

0 < �⇡
E .

Proof of Lemma 3
To see the e�ects of T
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f
and T
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f
on n
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and n
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Further, note that
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Proof of Proposition 6
First, consider the e�ect of x f 2 {T A

f
,T B

f
} on H

A. By the Implicit Function Theorem, we have
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, (2.133)

for x f 2 {T A

f
,T B

f
}. Using Cramer’s rule, we obtain
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Since @N
A

f
/@H

B > 0 for all f 2 F and @N
J

f
/@x f > 0 for any J 2 {A,B} and x f 2 {T A

f
,T B

f
}, we

have @H
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A

f
> 0 and @H
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> 0.

Next, consider the e�ects of T
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and T
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f
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B. Using the Cramer’s rule, we have

sign
✓
@H

B

@x f

◆
= sign

266664
�
@N

B

f

@x f

©≠
´
’
f 02F

@N
A

f

@H A

™Æ
¨
+
@N

A

f

@x f

©≠
´
’
f 02F

@N
B

f

@H A

™Æ
¨
377775

(2.135)

for x f 2 {T A

f
,T B

f
}. A calculation shows that @N

B

f
/@T

B

f
> @N

A

f
/@T

B

f
, and that |@N

A

f
/@H

A | >
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|@N
B

f
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A |. These jointly imply that dH
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> 0. Finally, a further calculation shows that
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When n
A

f
' 1, the first item approaches to 1, while the second item remains to be finite. Thus, if

n
A

f
' 1, dH

B/dT
A

f
> 0.

Finally, I provide an example where H
B decreases with T

A

f
. For simplicity, suppose that � ' 0.

Then, we have
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(2.137)

Consider further the case where all firm but firm f are symmetric, and firm f ’s shares are given
by n

A

f
' 0 and n

B

f
' 0. Then, the terms in the brackets in the second line of equation (2.137) can be

rewritten as

1 �
1 + |F |2�|F |+1

|F |�1

1 + |F |2�|F |+1
|F |

< 0.

Proof of Lemma 4
Let N

J

k
be the equilibrium market share of firm k 2 { f ,g} on side J 2 {A,B}. Let N

J

M
= N

J

f
+ N

J

g

for each J 2 {A,B}. Consider the merging entity’s type (T A

M
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By the first-order condition, we obtain
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(2.139)
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M
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M
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= 0. (2.140)
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Thus, we obtain the unique markup such that the market shares given the aggregators H
A and H

B

is given by the unique pair of µA

M
and µB

M
respectively. Finally, the pair (T A

M
,T B

M
) must satisfy the

following system of equations:
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(2.141)

By the latter equation, T
B

M
is uniquely determined. Further, once T

B

M
is given, T

A

M
is also uniquely

determined. Let (T̂ A

M
, T̂ B

M
) be such pair of types. As a result, there is a unique pair of technological

synergies �̂J

M
:= T̂

J

M
� T

J

f
� T

J

g .
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Chapter 3

Monopoly Regulation in the Presence of
Consumer Demand-Reduction�

3.1 Introduction
In utility sectors, consumers often save the demand by engaging in some investments. For example,
households can use rooftop solar energies or introduce electricity-e�cient consumer electronics to
reduce the demand for electricity or purchase bicycles or cars to reduce the dependence on public
transportation. Business enterprises also engage in energy-saving investments in the face of various
environmental regulations.1 Such demand-saving activities often have important e�ects on the
rate-setting of the regulated firms. As reviewed by Costello and Hemphill (2014), the consequence
of such an interaction between rate-setting and demand-reduction is sometimes called as “death-
spiral", the situation where a high rate leads to demand-reducing investments, which damages the
utility’s financial viability and requires even higher rates to break even. The aim of this chapter is to
study the design of optimal regulatory mechanisms in the face of such demand-reducing activities.

Specifically, I study the model of optimal monopoly regulation á la La�ont and Tirole (1993),
in the setting where consumers can engage in demand-reducing investments.

I first consider the case where the regulatory mechanism is designed ignoring the consumers’
investments. In this case, the resulting level of investments is too high in terms of aggregate welfare.
Thus, the optimal mechanism should be designed so as to limit the consumers’ investments. This
result is consistent with the view that to deal with the problem of death-spiral, the rate should
be set at a lower level. Next, I proceed to the analysis of optimal regulation policy explicitly
taking the consumers’ investments into account and study the e�ects of asymmetric information
between regulator and monopolist on the optimal policy. I show that the presence of asymmetric
information results in the higher average price than the first best, which leads to the higher level
of buyers’ investments. Thus, the presence of asymmetric information exacerbates the problem of
excess investments. Finally, I show that the regulated prices for the most e�cient monopolists under
asymmetric information are set below the first best levels. This result contrasts with the standard

�This chapter is based on Sato (2018).
1See Matsumura and Yamagishi (2017) for the examples of such investments.
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“no distortion at the top" principle that the regulated price for the most e�cient types corresponds
with the first best. These results would provide some theoretical guidance for policy design in utility
sectors subject to a demand-reducing investments, such as gas and electricity.

3.2 Model
I consider the model of monopoly regulation á la La�ont and Tirole (1993), where a continuum of
consumers can engage in demand-reducing investments. I set the primitives of the model below.

Consumers Consumers derive the utility S(q, x) � pq, where q is the amount of purchase, p is
the unit price of the good, x 2 R+ is the level of demand-reducing investment. I assume that S is
concave, Sq > 0, Sqq < 0, Sqx < 0, Sxx < 0. I also assume that Sx(q,0) > 0 for any q and that for
any q, there exists x̄q such that Sx(q, x̄q) = 0. These assumptions guarantee that given any level of
x, there is a demand function D(p, x) derived from the condition

Sq(D(p, x), x) � p = 0 (3.1)

that is decreasing in p and x. Let V(p, x) = S(D(p, x), x) � pD(p, x) be the corresponding indirect
utility function. Note that Vp(p, x) = �D(p, x).

The first component in the consumer utility, S(q, x), can be specified depending on the contexts.
For example, the cost of investment can be explicitly incorporated by specifying S(q, x) = u(q, x) �
c(x), where c(x) is the monetary or opportunity cost of investments that may reflect the prices of
substitute goods or subsidies for investments. In this case, the required assumptions on u and c are
that u(q, x)� c(x) is concave, uq > 0, uqq < 0, uqx < 0, uxx � cxx < 0, ux(q,0)� cx(0) > 0, and that
there exists x̄q such that ux(q, x̄q) � c(x̄q) = 0 for any q.

Monopolist The monopolist incurs a constant marginal cost � 2 [�L, �H] and a fixed cost K of
production. Thus, the profit of the monopolist at a price level p and the sales q is given by

(p � �)q � K . (3.2)

� is privately known by the monopolist and distributed according to the strictly increasing smooth
distribution function F with the density function f . I assume that the function F/ f is increasing.

Regulator The regulator can o�er a menu (p(�), s(�))�2[�L,�H ] of contracts that specifies the price
p and the amount of subsidy s. I assume that the subsidy is costly due to shadow cost of public
funds �.

Then the aggregate welfare with the price p, the subsidy s, investment level x, and the marginal
cost � is given by the sum of consumer surplus, producer surplus, and the welfare loss from subsidy:

S(D(p, x), x) � �D(p, x) � K � �s. (3.3)
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Timing The timing of this game is as follows:

1. The regulator o�ers a menu (p(�), s(�))�2[�L,�H ] of contracts.

2. Consumers choose the level of demand-reducing investments x. At the same time, the
monopolist observes � and chooses the contract (p(�0), s(�0)) that maximizes his profit.

3. Given the price p(�0) consumers choose the amount of purchase.2

3.3 Optimal Regulation
In this section, I study the optimal regulation under two scenarios: (i) complete information with
exogenous investments, (ii) asymmetric information with endogenous investments. In the course of
analysis, I study how the presence of demand-reducing investments a�ects the aggregate welfare
and interacts with the asymmetric information.

To this end, I first consider how the consumers make investment decisions. Suppose that the
monopolist with type � is regulated to set the price p(�). Then the expected surplus is E�[V(p(�), x)].
Thus, the first-order condition for consumer investment is given by

E�[Sx(D(p(�), x), x)] = 0. (3.4)

Benchmark: Complete Information with Exogenous Investments
As a first benchmark, consider the setting where there is no asymmetric information between the
monopolist and the regulator, and the regulator takes the consumers’ investments as given. In this
setting, a standard derivation yields

s(�) = K � (p(�) � �)D(p(�), x)

and
p(�) � �

p(�) =
�

1 + �
1

⌘(p(�), x), (3.5)

where
⌘(p, x) := �

Dp(p, x)p
D(p, x) > 0 (3.6)

is the price elasticity of demand. This is the standard Lerner formula obtained in the models of
monopoly regulation with a cost of public funds.

2Here I assume that the regulator chooses the policy before the consumers engage in investments. This might no
be realistic in several situations where the investment decision takes a longer time than the regulatory decision. Even if
a fraction of consumer investments are allowed to take place before the investment decision, the qualitative results are
unchanged if at least there is some fraction of investment decisions which take place after the regulatory decision. Our
analysis can also be seen as a normative one on how the regulator should design the policy when she can commit to a
long-run policy.
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Now consider the welfare consequence of buyer investments. Let x be determined by the
condition (3.4) and slightly increase from the equilibrium level. After some algebra, its e�ect on
the welfare is written as

(1 + �)E� [Dx(p(�), x)(p(�) � �)] < 0. (3.7)

This immediately implies the following proposition.

Proposition 1. Under the complete information, if the regulator sets the policy taking the consumers’
investments as given, the amount of the investments is too high in terms of social welfare.

The intuition is as follows. While the government needs to guarantee some profit of the
monopolist to reduce the subsidy, consumers choose their investment level to maximize their
surplus. As a result, the welfare loss due to an increase in subsidy is ignored by consumers,
resulting in the excess investments.

This proposition gives an implication that the optimal regulation should be designed so as to
keep consumers from engaging in too many investments. With this proposition in mind, let me
proceed to the analysis of optimal regulation in the presence of consumers’ investments.

Regulation under Asymmetric Information
In this subsection, I solve the regulator’s problem taking the information asymmetry and consumers’
investments into account.3 The regulator needs to set the menu of contracts so as to satisfy the
incentive compatibility constraints:

� = arg max
�0

(p(�0) � �)D(p(�0), x) � K + s(�0). (3.8)

Thus, the envelope theorem yields the following:

s(�) = (p(�H)� �H)D(p(�H), x)�K+ s(�H)�(p(�)� �)D(p(�), x)+K+

π �H

�
D(p(y), x)dy. (3.9)

As standard in the literature, s(�H) = K � (p(�H) � �H)q(�H,  ̄) so that the participation
constraint for the most ine�cient monopolist binds.

A standard integral-by-parts manipulation yields the following expression:

E�[s(�)] = E�

�

✓
p(�) � � � F(�)

f (�)

◆
D(p(�), x) + K

�
. (3.10)

Thus, the expected welfare can finally be written as

E�

" 
S(D(p(�), x)) +

✓
�p(�) � (1 + �)� � �F(�)

f (�)

◆
D(p(�), x)

�
� (1 + �)K

#
. (3.11)

3For the detail of each derivation step, see La�ont and Tirole (1993) Chapter 2.
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The regulator’s maximization problem is thus to maximize the above welfare over p(·) and x

subject to the equation (3.4). Let µ⇤⇤ be the Lagrangian multiplier for the constraint (3.4). Then the
first-order condition is obtained by

E�


Dx(p(�), x)


(1 + �)(p(�) � �) � �F(�)

f (�)

� �

+µ⇤⇤E�[Dx(p(�), x)Sxq(D(p(�), x), x) + Sxx(D(p(�), x), x)] = 0
(3.12)

and 
Dp

✓
(1 + �)p(�) � (1 + �)� � �F(�)

f (�)

◆
+ �D(p(�), x)

�
+ µ⇤⇤DpSqx = 0 (3.13)

Thus, a similar condition for the equilibrium price schedule p(·) is obtained as follows:

p(�) � � � �
1+�

F(�)
f (�)

p(�) =
�

1 + �
1

⌘(p(�), x)|              {z              }
Standard inverse elasticity

+

✓
Sqx

p(�)E�[DxSqx + Sxx]

◆
E�

✓
p(�) � � � �

1 + �
F(�)
f (�)

◆
Dx

�
|                                                                         {z                                                                         }

Investment reduction term

.

(3.14)

Note that the investment reduction term in the right-hand side is negative and thus generates a
downward-pricing pressure to the regulator. Let p

⇤⇤(·) and x
⇤⇤ be the price schedule and the

investment level under the optimal regulation policy.

Comparison
I have derived the conditions for the optimal regulation policies under asymmetric information.
I analyze the property of optimal policy by comparing it with the first-best policy that could be
achieved under complete information. Under complete information, the first-best policy correspond
with the optimal policy with F(�)/ f (�) = 0, that is:

p(�) � �

p(�) =
�

1 + �
1

⌘(p(�), x)|              {z              }
Standard inverse elasticity

+

✓
Sqx

p(�)E�[DxSqx + Sxx]

◆
E� [(p(�) � �) Dx]

|                                                   {z                                                   }
Investment reduction term

.
(3.15)

Let p
⇤(·) and x

⇤ be the price schedule and the investment level under the first-best policy.
To obtain a clear comparison and good intuition, I adopt the following linear-quadratic spec-

ification: S(q, x) = aq � b

2 (✓x + q)2 + Ax � B

2 x
2. Then, D(p, x) = (a � p)/b � ✓x, x

⇤ =
(A + ✓E�[p⇤(�)] � a✓)/B, and x

⇤⇤ = (A + ✓E�[p⇤⇤(�)] � a✓)/B. Using this specification, the
following proposition is obtained.

Proposition 2. The average regulated price is higher under the asymmetric information than the
first-best level. That is, E�[p⇤⇤(�)] > E�[p⇤(�)]. The equilibrium consumer investment is also
higher under asymmetric information. That is, x

⇤⇤ > x
⇤.

62



Proof. In Section 3.5. ⇤

This result is straightforward. Since the asymmetric information generates information rent, the
regulator has incentive to increase prices so as to reduce the rent given up to the monopolist. This
incentive directly leads to the first statement of the proposition. As a result, the amount of consumers’
demand-reducing investments increases, which is the second statement of the proposition.

As expected, the demand reduction due to the asymmetric information generates a downward
pricing pressure on the regulator. The next proposition shows that for e�cient firms, this downward
e�ect dominates the upward e�ects of asymmetric information.

Proposition 3. Under the asymmetric information, the optimal pricing for the most e�cient type is
lower than the first-best, i.e., p

⇤⇤(�L) < p
⇤(�L).

Proof. In Section 3.5. ⇤

This result can be understood by combining Proposition 2 and the famous “no distortion at the
top" principle. As shown in Proposition 2, the presence of asymmetric information generates an
upward-pricing distortions on average. Expecting this distortion, more buyers engage in demand-
reducing investments, which results in a weaker demand and higher investment cost. These changes
generate a downward pricing pressure to the regulator. Since there is no informational distortion
for the most e�cient types (no distortion at the top), the downward e�ect dominates for the
e�cient firms. This kind of global distortion generated through the distortion due to informational
asymmetry is similar to the overprovision of quality in dynamic regulation observed by Auray,
Mariotti and Moizeau (2011).

3.4 Discussion
I have assumed that the surplus from investment is given by an exogenous function. Introducing
public policies regarding the investment decisions (e.g., subsidy on energy-saving investments) and
studying its interaction with monopoly regulation would be an interesting avenue for future research.

3.5 Section
Proof of Proposition 2 The equations (3.14) and (3.15) can be written as

p
⇤⇤(�) � � � �

1+�
F(�)
f (�)

b
� �

1 + �

✓
a � p

⇤⇤(�)
b

� ✓x
⇤⇤
◆
� b✓2

B
E�


p
⇤⇤(�) � � � �

1 + �
F(�)
f (�)

�
= 0 (3.16)

p
⇤(�) � �

b
� �

1 + �

✓
a � p

⇤(�)
b

� ✓x
⇤
◆
� b✓2

B
E� [p⇤(�) � �] = 0 (3.17)
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Let m
i = E�[pi(�)] for i 2 {⇤,⇤⇤} and suppose to the contrary that m

⇤ > m
⇤⇤. Then, we have

x
⇤ > x

⇤⇤. Putting equations (3.16) and (3.17) together, we have

1 + �
1+�

b
(p⇤⇤(�) � p

⇤(�)) � 1
b

�

1 + �
F(�)
f (�) �

�

1 + �
✓ (x⇤ � x

⇤⇤) � b✓2

B

✓
m

⇤ � m
⇤⇤ +

�

1 + �
E


F(�)
f (�)

� ◆
= 0

(3.18)

This implies that p
⇤⇤(�) > p

⇤(�) for all �, which implies that m
⇤⇤ > m

⇤, a contradiction. Thus, we
must have m

⇤⇤ > m
⇤ and x

⇤⇤ > x
⇤.

Proof of Proposition 3 Since F(�L)/ f (�L) = 0, we have

1 + �
1+�

b
(p⇤⇤(�L) � p

⇤(�L)) �
�

1 + �
✓ (x⇤ � x

⇤⇤) � b✓2

B
(m⇤ � m

⇤⇤) = 0. (3.19)

Since m
⇤⇤ > m

⇤ and x
⇤⇤ > x

⇤ as shown above, we have p
⇤⇤(�L) � p

⇤(�L) < 0.
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Chapter 4

Dynamic Privatization Policy�

4.1 Introduction
Although the privatization of state-owned public enterprises has been a global phenomenon for
more than 50 years, many public and semipublic enterprises owned fully or partially by the public
sector remain active. Further, while some public enterprises are traditional monopolists in natural
monopoly markets, a considerable number of public and semipublic enterprises compete with
private enterprises in a wide range of industries.1 The optimal privatization policies in these
industries have attracted extensive attention from economics researchers in such fields as industrial
organization, public economics, financial economics, and development economics.

Specifically, the literature on mixed oligopolies has investigated the optimal privatization policy
in di�erent situations. Matsumura (1998) showed that the optimal degree of privatization is
never zero unless full nationalization yields a public monopoly. Lin and Matsumura (2012) and
Matsumura and Okamura (2015) found that the optimal degree of privatization increases with the
number of private firms and decreases with the foreign ownership share in private firms. In free
entry markets, Matsumura and Kanda (2005) showed that the optimal degree of privatization is
zero when private competitors are domestic, while Cato and Matsumura (2012) found that it is
strictly positive when they are foreign and increases with the foreign ownership share in private
firms. In addition, Chen (2017) showed that the optimal degree of privatization is positive even
in free entry markets if privatization improves production e�ciency. Fujiwara (2007) showed a
non-monotonic relationship between the degree of product di�erentiation and optimal degree of
privatization. Cato and Matsumura (2015) discussed the relationship between the optimal trade and
privatization policies, showing that a higher tari� rate reduces the optimal degree of privatization in
free entry markets. Xu, Lee and Matsumura (2017) and Lee, Matsumura and Sato (2018) showed
that the optimal degree of privatization depends on the timing of privatization.

�This chapter is based on Sato and Matsumura (2019).
1Examples include the United States Postal Service, Deutsche Post AG, Areva, Nippon Telecom and Telecommu-

nication (NTT), Japan Tobacco (JT), Volkswagen, Renault, Electricite de France, the Japan Postal Bank, Kampo, the
Korea Development Bank, and the Korea Investment Corporation. For other examples of mixed oligopolies and recent
developments in this field, see Ishibashi and Matsumura (2006), Ishida and Matsushima (2009), Dong and Bàrcena-Ruiz
(2017), Chen (2017), and the works cited therein.
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While these studies all assumed that a government privatizes a public firm as a one-time event,
public enterprises are often privatized gradually over time. For example, the Japanese government
continued to sell shares in NTT (JT), which was a state-owned public monopolist until 1985, from
1986 to 2016 (to 2013). Moreover, it still holds a one-third share in both NTT and JT. In 2015,
the Japanese government sold a minor share in the Japan Postal Bank, the largest bank in Japan,
and Kampo, a major life insurance company, and it announced its plans to sell more shares in these
enterprises in the near future again. Although these examples are cases in which the government
gradually reduces the public ownership shares, examples of the opposite also exist. The French
government increased its ownership of Renault from 15% to 19.4% in 2015. Therefore, it is
reasonable to assume that governments change the degree of privatization of public enterprises over
time, and existing studies fail to capture this dynamic aspect of privatization policies.

In this chapter, we formulate a simple model to analyze the dynamics of privatization policies.
We present a two-period model in which the government can change the degree of privatization
twice and has an incentive to raise revenue from selling shares in the public firm due to the shadow
cost of public funding (i.e., the excess burden of taxation).2

First, we consider the case in which the government can commit to the entire plan of privatization
policies at the beginning of the game as a benchmark. Because we assume the demand and cost
structure does not change over periods, the optimal policy also does not change over periods.

Next, we consider the case wherein the government chooses the degree of privatization at the
beginning of each period, period 1 and period 2. We find that the government has an incentive
to change the degree of privatization in period 2. In period 2, the government has a distorted
incentive to raise the profit of the public firm because it sells some share of the public firm in
period 1 and obtains a higher profit from this firm only partially. Therefore, the government has a
weaker incentive to raise the public firm’s profit in period 2, which yields a change in the degree
of privatization over time. Moreover, the government chooses a degree of privatization in period 1
that is lower than the optimal level to reduce future distortion in the privatization policy.

Whether it increases or decreases the degree of privatization depends on the number of private
competitors (i.e., the competitiveness of the market) and their nationality (i.e., foreign penetration
in the domestic market). If the private competitors are domestic and the number of firms is large,
the government sells additional shares in the public firm over time. As De Fraja and Delbono (1989)
showed, when the private competitors are domestic and the number of them is larger, the optimal
degree of privatization is higher without excess burden of taxation. Therefore, the government
chooses a degree of privatization that is higher than the profit-maximizing one. This accelerates the
distortion mentioned above, and thus the government chooses a further higher degree of privatization
in period 2.

2See Meade (1944) and La�ont and Tirole (1986) for more detail on this concept. Without the shadow cost of
public funding, a welfare-maximizing government has no incentive to raise the stock price for the public firm because
a lower stock price reduces the government’s surplus, but increases investors’ surplus. By contrast, with the shadow
cost of public funding, the government has an incentive to maintain a high stock price for the public firm because it
reduces the excess burden of taxation in other markets. Thus, we introduce the shadow cost of public funding in our
analysis. Governments often try to sell shares of public firms at higher prices. For example, the Japanese government
recently postponed the additional stock sale of Japan Post because it determined that the stock price of Japan Post was
too low. For discussions of the shadow cost of public funding in mixed oligopolies, see Capuano and De Feo (2010)
and Matsumura and Tomaru (2013, 2015)
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On the contrary, if the private competitors are foreign, the government is likely to have an
incentive to renationalize the public firm. We explain the intuition. When the competitors are
foreign firms, the government has a stronger incentive to reduce the price because a lower price
restricts surplus outflow to foreign investors. because of this expected aggressive behavior of the
public firm, the share price of the public firm falls. To raise the share price, the government sells
larger shares of the public firm in period 1 and ensures less aggressive behavior of the public firm.
In period 2, the government has a distorted incentive as mentioned above, and thus it increases the
public ownership share in period 2 in order to restrict the surplus outflow to foreign investors.

Finally, we show that when the optimal degree of privatization is full privatization or full
nationalization, the government can implement that policy. When the optimal degree of privatization
is full nationalization, there is no distortion in period 2 and thus the government can choose full
nationalization in both periods. The optimal degree of privatization is full privatization only
when the welfare gain of privatization is su�ciently large, and thus, the government chooses full
privatization in both periods.

These results have some policy implications. First, an intertemporal adjustment in the degree
of privatization may not be the optimal policy for the government, and thus committing to not
changing the degree of privatization may improve welfare. Second, if the optimal policy is either
full privatization or full nationalization, there is no need to restrict the government’s behavior. Third,
if it is impossible to commit to a future privatization policy and the static optimal privatization is
neither full privatization nor full nationalization, the government should choose the lower degree
of privatization in the early stage of privatization to mitigate a future distortion of the privatization
policy.

4.2 The Model
Consider a two-period model in which one domestic state-owned public firm, firm 0, competes
against n private firms. Each period is indexed by t(= 1,2). We assume that every agent has the
same discount factor � 2 (0,1).

At the beginning of the game, the government owns all the shares in firm 0 and sells them over
two periods. The government sells ↵1 shares at the beginning of period 1 and ↵2 � ↵1 shares at the
beginning of period 2. We assume that the investors of firm 0 are domestic.3 ↵t is a measure of the
degree of privatization in period t. If ↵2 � ↵1 < 0, this implies that the government buys back the
shares in firm 0 and renationalizes it.

Following the standard formulation in the literature on mixed oligopolies formulated by Mat-
sumura (1998), we assume that firm 0 maximizes the weighted average of social welfare (discounted
sum of social surplus over two periods) and its own profit (discounted sum of profits over two peri-
ods) and that the weight depends on↵t , whereas private firms maximize their own profits (discounted

3The assumption that the investors for privatized firms are domestic is standard in the literature (Cato and Matsumura
(2012); Lee et al. (2018); Xu et al. (2017)), and might be realistic. For example, the foreign ownership share in Postal
Bank among private ownership is about one-fifth of the Mitsubishi UFJ Financial Group. If the investors of firm 0
are foreign, the time-inconsistency problem discussed below becomes more serious, and thus the equilibrium degree
of privatization more likely departs from the optimal degree of privatization. For discussions on foreign investors for
privatized firms in a static model, see Lin and Matsumura (2012)
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sum of profits over two periods). Let Wt denote domestic social surplus and ⇡i,t denote firm i’s
profit in period t.

In each period, firms produce perfectly substitutable commodities for which the stationary
inverse demand function is denoted by pt = p(Qt), where pt is the price and Qt is the total output in
period t. We assume that the function p is twice continuously di�erentiable and p

0 < 0 as long as
p > 0. Firm 0’s cost function is c0(q0,t), where q0,t is the output of firm 0 in period t. Each private
firm i (= 1, . . . ,n) has an identical cost function, c(qi,t), where qi,t is the output of private firm i

in period t and c(qi,t) is the cost.4 We assume that the functions c0 and c are twice continuously
di�erentiable as well as the interior solution in the output competition stages.

The profit of firm 0 in period t is given by ⇡0,t = p(Qt)q0,t � c0(q0,t) and that of firm i (= 1, . . . ,n)
in period t is given by ⇡i,t = p(Qt)qi,t � c(qi,t). Domestic social surplus in period t is defined as

Wt =

π
Qt

0
p(q)dq � p(Qt)Qt + ⇡0,t + (1 � ✓)

n’
i=1

⇡i,t + �(Dt + Rt), (4.1)

where � > 0 is the additional social cost of public funding,5 Dt is the revenue from firm 0’s
dividends, Rt is the revenue from privatization, and ✓ is the foreign ownership share in private firms.
Private firms are foreign (domestic) when ✓ = 1 (✓ = 0).6 The social cost of public funding is
the deadweight loss from collecting a unit of tax (i.e., the excess burden of taxation). Thus, the
government’s revenue from firm 0 yields a � welfare gain because it saves the excess burden of
taxation in other markets.7 We assume that � < 1 for the tractability of our analysis.8

We assume that the financial market is perfect. That is, the government sells its shares in firm
0 at the fair value of the firm. The fair value of firm 0 in period 1, V1, is equal to ⇡0,1 + �⇡0,2 and
that in period 2, V2, is equal to ⇡0,2. Therefore, at the beginning of period 1 (2), the government
obtains R1 = ↵1V1 (R2 = (↵2 � ↵1)V2). In addition, at the end of period t, the government obtains
Dt = (1 � ↵t)⇡0,t .

The game is the following four-stage complete information game over two periods. Period 1
contains the first and second stages, and period 2 contains the third and fourth stages. In the first
stage, the government chooses ↵1 2 [0,1]. Domestic investors who are price takers with a rational
expectation purchase ↵1 share at the fair value of firm 0, and thus, R1 is determined. In the second
stage, each firm i chooses qi,1 2 [0,1) independently. In the third stage, the government chooses

4In this study, we allow a cost di�erence between public and private firms, although we do not allow a cost di�erence
among private firms. While some readers might think that the public firm must be less e�cient than the private firm, not
all empirical studies support this view. See Megginson and Netter (2001) and Stiglitz (1988). In addition, Martin and
Parker (1997) suggested that corporate performance can either increase or decrease after privatization, based on their
study in the United Kingdom. See Matsumura and Matsushima (2004) for a theoretical discussion of the endogenous
cost di�erences between public and private enterprises.

5(1 + �) is the so called marginal cost of public funding (MCF).
6For discussions on the nationality of private enterprises in mixed oligopolies, see the literature starting with

Corneo and Jeanne (1994) and Fjell and Pal (1996). See also Pal and White (1998) and Bárcena-Ruiz and Garzón
(2005a,b), Lee, Xu and Chen (2013), and Xu, Lee and Wang (2016)

7See Matsumura and Tomaru (2013). Introducing the shadow cost of public funding � is popular in many contexts,
as used by the studies listed in footnote 2.

8According to La�ont (2005), � is estimated to be around 0.3 in developed countries and thus this assumption is
realistic in a developed country setting.
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↵2 2 [0,1]. Domestic investors who are price takers with a rational expectation purchase ↵2 � ↵1
share at the fair value of firm 0, and thus, R2 is determined. In the final stage, each firm i chooses
qi,2 2 [0,1) independently.

4.3 Equilibrium Analysis and Results
We solve the game by backward induction. In the second stage in each period, each firm chooses
its output simultaneously. Note that at the beginning of period t, the government has already sold
firm 0’s shares. Therefore, when firm 0 chooses q0,t , Rt is given exogenously. In period 1, firm 0
maximizes (1 � ↵1)(W1 + �W2) + ↵1(⇡0,1 + �⇡0,2). However, because neither W2 nor ⇡0,2 is a�ected
by q0,1, it chooses q0,1 to maximize (1�↵1)W1+↵1⇡0,1. In period 2, firm 0 chooses q0,2 to maximize
(1�↵2)W2 +↵2⇡0,2. By substituting Dt = (1�↵t)⇡0,t into (4.1), we obtain the payo� of firm 0. The
first-order condition of firm 0 in period t is

(1+(1�↵t)2�)p+(1�(1�↵t)(1�✓)+(1�↵t)2�)p0q0,t�(1+(1�↵t)2�)c00�(1�↵t)✓p
0
Qt = 0. (4.2)

The first-order condition of private firm i (i = 1, . . . ,n) is

p + p
0
qi,t � c

0 = 0. (4.3)

We assume that the second-order conditions,

(1 + (1 � ↵t)2�)(p00q0,t + 2p
0 � c

00
0 ) + (1 � ↵t)(�p

0 � ✓p
00
Qt � (1 � ✓)p00q0,t) < 0 (4.4)

and
2p

0 + p
00

qi,t � c
00 < 0 (4.5)

are satisfied. A su�cient but not necessary condition is that c
00
0 and c

00 are su�ciently large. We
also assume

p
0 + p

00
q < 0. (4.6)

This assumption implies that the strategies of private firms in the quantity competition stage are
strategic substitutes.9 A su�cient but not necessary condition is p

00  0. These are standard
assumptions in the literature.

Henceforth, we focus on the symmetric equilibrium wherein all private firms produce the same
output level q (i.e., qi,t = qj,t = qt for all i, j = 1, . . . ,n). Solving equations (4.2), (4.3), and the
following equation (4.7) leads to the equilibrium outputs in the second and fourth stage, given ↵t

and n:
Qt = q0,t + nqt . (4.7)

Let q0(↵t), q(↵t), and Q(↵t) := q0(↵t) + nq(↵t) be the equilibrium output of firm 0, that of each
private firm, and the equilibrium total output given ↵t . Note that these functions are not a�ected by
time index t except for the e�ect through ↵t .

9We do not assume that the strategy of the public firm is a strategic substitute because it may be a strategic
complement under plausible assumptions when private firms are foreign. See Matsumura (2003).
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Lemma 1. q0(↵) and Q(↵) are decreasing in ↵, and q(↵) is increasing in ↵.

Proof. In Section 4.5. ⇤

Lemma 1 is intuitive and indicates the standard results in the literature. Thus, we omit the
formal proof. A decrease in ↵ makes the public firm, firm 0, more aggressive because it is more
concerned about the consumer surplus. Although the objective of each private firm is not related to
↵, a decrease in ↵ reduces the output of each private firm through the strategic interaction. Note that
private firms’ strategies are strategic substitutes. Then, the first direct e�ect dominates the second
indirect strategic e�ect and thus a decrease in ↵ increases the total output.

Before solving the two-period game formulated above, we consider the game in which the
government chooses the degree of privatization in both periods, ↵1 and ↵2, in period 1 as a
benchmark. In other words, in this benchmark game, the government can commit to ↵2 in period 1.
The government’s problem is

max
↵1,↵2

2’
t=1

�t�1

 π
Qt

0
p(q)dq � p(Qt)Qt + (1 + �)⇡0,t + (1 � ✓)

n’
i=1

⇡i,t

!
.

Let ↵⇤⇤
1 and ↵⇤⇤

2 be the solutions to this problem. Because of the time invariance property of our
model formulation, the first-order conditions for ↵1 and ↵2 are common and the common first-order
condition is
⇣

dq0
d↵

⌘
(�p

0
Q+(1+�)(p+p

0
q0�c

0
0)+(1�✓)np

0
q)+n

⇣
dq

d↵

⌘
p
0(�q0�(✓(Q�q0)+(1�✓)q)) = 0. (4.8)

We assume that the second-order condition is satisfied.
We present a result on this optimal privatization policy.

Lemma 2. (i) ↵⇤⇤
1 = ↵

⇤⇤
2 . (ii) ↵⇤⇤

1 = ↵
⇤⇤
2 := ↵⇤⇤ = 0 if and only if ✓(Q(0) � q0(0)) + (1 � ✓)q(0) �

�q0(0)  0. (iii) ↵⇤⇤ < 1 if ✓ = 1 or c0(q) = c(q) for all q.

Proof. In Section 4.5. ⇤

Lemma 2(i) implies that the ex-post change in the degree of privatization in period 2 is undesir-
able from the welfare viewpoint. The discounting factor does not a�ect the benchmark case in (8),
which implies that the committed privatization policy is optimal in both periods. Thus, committing
not to change the degree of privatization improves welfare. However, this commitment may be
di�cult. The government may commit to not reducing public ownership in the future by enacting a
law with a minimal public ownership share obligation. For example, the Japanese government must
hold more than one-third of the shares in NTT and JT by law. However, there was a rule forcing the
Japanese government to hold a two-thirds share in JT until 2012, which was subsequently reduced
to one-third. Because the government can change the law, committing to not changing the public
ownership share in the future is hard to implement.
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We now solve the original privatization game over two periods. In the third stage (the first stage
in period 1), the government chooses ↵2 to maximize W2. By substituting R2 = (↵2 � ↵1)⇡0,2 and
D2 = (1 � ↵2)⇡0,2, we obtain the following first-order-condition for the interior solution:

dW2
d↵2

=
⇣

dq0
d↵

⌘
(�p

0
Q + (1 + �)(p + p

0
q0 � c

0
0) + (1 � ✓)np

0
q)

+n

⇣
dq

d↵

⌘
(�✓(p0Q � p

0
q0) � (1 � ✓)p0q + �p

0
q0)

��↵1

✓
dq0
d↵

�
p + p

0
q0 � c

0
0
�
+ n

dq

d↵
p
0
q0

◆
= 0. (4.9)

From (4.9), we see that the equilibrium ↵2 of this subgame depends on ↵1. Let ↵2(↵1) be the
equilibrium degree of privatization in period 2 in this subgame. Substituting ↵1 = 0 into (4.9) and
comparing it with (4.8) yield the following Lemma 3.

Lemma 3. ↵⇤
2(0) = ↵⇤⇤.

Lemma 3 implies that if the government holds all the shares of firm 0 at the beginning of
period 2, there is no distortion. However, a positive degree of privatization in period 1 distorts the
privatization policy in period 2. At the beginning of period 2, the government holds (1� ↵1) shares
in firm 0. A one-unit increase in the profit of firm 0 in period 2 increases welfare by (1� ↵1)(1+ �)
units in period 2. Therefore, an increase in ↵1 reduces the government’s incentive to raise the profit
in firm 0 at the cost of consumer surplus (i.e., the government puts a larger weight on the consumer
surplus and puts a smaller weight on firm 0’s profit). This yields the deviation of ↵2 from ↵⇤⇤ in
period 2.

In the first stage, the government maximizes W1 + �W2 with respect to ↵1. By substituting
R1 = ↵1(⇡0,1 + �⇡0,2), R2 = (↵2 � ↵1)⇡0,2, and Dt = (1 � ↵t)⇡0,t into it, we obtain the following
first-order-condition for the interior solution:

d(W1 + �W2)
d↵1

=

"⇣
dq0
d↵

⌘
(�p

0
Q + (1 + �)(p + p

0
q0 � c

0
0) + (1 � ✓)np

0
q)

+n

⇣
dq

d↵

⌘
p
0(�q0 � (✓(Q � q0) + (1 � ✓)q))

#
↵=↵1

+�


d↵2
d↵1

�↵1

✓
dq0
d↵

�
p + p

0
q0 � c

0
0
�
+ n

dq

d↵
p
0
q0

◆�
↵=↵2(↵1)

= 0. (4.10)

We assume that the second-order condition is satisfied. Let ↵⇤
1 be the equilibrium degree of

privatization in period 1. Define ↵⇤
2 := ↵2(↵⇤

1).
In the static model (the model without period 2), the government chooses ↵1 = ↵⇤⇤. However,

a positive ↵1 distorts its privatization policy in period 2. An increase in ↵1 makes the government
place less emphasis on the profit of firm 0 in period 2, and thus the profit of firm 0 decreases because
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of the distorted choice of ↵2. Investors expect this privatization policy in period 2 and the stock
price is then lower than that when the government can commit to the privatization policy in the
future, thereby reducing the government’s revenue from the privatization. To reduce the welfare
loss from a future deviation from the optimal privatization policy, the government chooses a lower
degree of privatization than the optimal one (↵⇤⇤). This yields our main result, Proposition 1(i).

Proposition 1. (i) ↵⇤
1  ↵⇤⇤. (ii) ↵⇤

1 = 0 if and only if ↵⇤⇤ = 0. (iii) ↵⇤
1 = 1 if and only if ↵⇤⇤ = 1.

(iv) ↵⇤
1 = ↵

⇤⇤ = 0 if and only if ✓(Q(0) � q0(0)) + (1 � ✓)q(0) � �q0(0)  0. (v) ↵⇤
1 < 1 if ✓ = 1 or

c0(q) = c(q) for all q. (vi) ↵⇤
1 is decreasing in � if (↵⇤

1,↵
⇤
2) 2 (0,1)2. (vii) |↵⇤

2 � ↵⇤⇤ | is decreasing
in � if (↵⇤

1,↵
⇤
2) 2 (0,1)2.

Proof. In Section 4.5. ⇤

Proposition 1(i) states that the government, when it has the opportunity to adjust the degree of
privatization in the future, may choose a lower degree of privatization but never a degree larger than
the optimal one. For example, the Japanese government sold small stakes in the Japan Postal Bank,
Kampo, NTT, and Japan Rail (JR) East, West, and Central during the first stage of privatization,
and Proposition 1(i) may thus explain these actions well.

We now briefly discuss the other results in Proposition 1. Proposition 1(ii) states that the
equilibrium degree of privatization is strictly positive if the optimal degree of privatization is
positive. On one hand, a marginal increase in ↵1 from zero yields the distortion in period 2; however,
this is by the second order because of the envelope theorem. When ↵1 = 0, the government chooses
the optimal ↵2 at the equilibrium and there is no distortion. On the other hand, the welfare-improving
e�ect of an increase in ↵1 from zero has a first-order e�ect as long as ↵⇤⇤ > 0. Therefore, ↵⇤

1 > 0
as long as ↵⇤⇤ > 0.

Matsumura (1998) investigated the case with ✓ = � = 0 and showed that the full nationalization
of the public firm is never optimal unless full nationalization yields a public monopoly. Proposition
1(iv) states that full nationalization can be optimal if � is large, even when ✓ = 0. An increase in ↵
reduces the output of the public firm and increases that of private firms, while it may also decrease
the profit of the public firm. When � is large, it may harm welfare. This is why full nationalization
can be optimal.

Proposition 1(iii) states that if ↵⇤⇤ = 1, the government sells all of its shares during the first
stage of privatization. In period 2, the government’s choice of ↵2 is more biased toward lowering
the public firm’s profit than under the optimal policy. However, a marginal decrease in the degree
of privatization from one always increases profit through the strategic e�ect (Fershtman and Judd,
1987). Thus, when the optimal degree of the privatization is one, the government chooses ↵2 = 1.
Since there is no distortion in period 2, the government optimally chooses ↵1 = 1 in period 1.
Indeed, the Japanese government sold all of its shares in the state-owned J-Power in 2004, which
may support our result.

Proposition 1(v) states that if the private competitors are foreign, or the public firm is as e�cient
as private firms, it is never optimal to fully privatize the public firm. Note that ✓ = 1 or c0(q) = c(q)
is a su�cient, but very far from necessary condition for ↵⇤

1 < 1. Even if ✓ < 1 and/or the public
firm is less e�cient than private firms, ↵⇤

1 can be strictly lower than one.
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Proposition 1(vi) states that the equilibrium degree of privatization in period 1 is decreasing in
� as long as the solution is interior. The larger � is, the more important is social welfare in period
2. The larger ↵1 is, the more distorted is the government’s choice in period 2. Therefore, when ↵ is
larger, the government chooses smaller ↵1 to reduce this distortion.

Proposition 1(vii) states that ↵⇤
2 is closer to ↵⇤⇤ when � is larger. As mentioned above, the larger

� is, the government chooses smaller ↵⇤
1 to avoid distortion in period 2. As a result, the equilibrium

degree of privatization in period 2 is closer to the optimal degree of privatization when � is larger.

From Lemma 3 and Proposition 1(ii), we observe that if ↵⇤⇤ = 0, then ↵⇤
1 = 0 and ↵⇤

2 = ↵2(0) =
↵⇤⇤ = 0. This means that if the optimal degree of privatization is zero in the static model, there is
no additional distortion in the dynamic model. However, when ↵⇤⇤ > 0, the privatization policy in
period 2 is distorted. As discussed above, the government places less weight on the profit of firm 0
in period 2, and the resulting profit of firm 2 drops below the optimal level. Under these conditions,
if an increase in ↵ decreases (increases) the profit of the public firm, the government chooses too
high (low) a degree of privatization in period 2.

We speculate that whether an increase in ↵ decreases the profit of the public firm depends on the
foreign ownership share in private firms and number of private firms. When the foreign ownership
share in private firms is high, the aggressive behavior of firm 0 is more beneficial. Therefore, in the
static model, the government chooses a lower degree of privatization (Lin and Matsumura, 2012),
and the public firm is more aggressive than profit-maximizing at the equilibrium. Under these
conditions, firm 0’s profit may be increasing in ↵, and the government has an incentive to reduce ↵
in period 2 to raise the consumer surplus at the cost of firm 0’s profit. However, the profit motive
for the government is weaker in period 2.

Suppose that private firms are domestic. The government is concerned about both the profits of
these private firms and the consumer surplus as well as firm 0’s profit. An increase in ↵ decreases
q0 and increases qi for i = 1,2, ...,n. Because firm 0’s price-cost margin is lower than each private
firm’s as long as ↵ < 1, the above production substitution from the public to private firms improves
welfare.10 When this welfare-improving production substitution e�ect is strong, the government
chooses ↵ above the profit-maximizing level.11 The welfare e�ect is stronger when n is larger. Thus,
we naturally expect that the government reduces the public ownership share in firm 0 in period 2
when n is larger.

Unfortunately, we fail to derive clear results or prove the above speculation under general de-
mand and cost functions. Hence, we adopt linear demand and common quadratic cost functions
(p(Q) = a � Q and c0(q) � c(q) = q

2/2), which are popular in the literature on mixed oligopolies
to present a clear-cut result.12

10For a discussion of welfare-improving production substitution, see Lahiri and Ono (1988). See Matsumura (1998)
in the context of mixed oligopolies.

11The profit-maximizing level of ↵ is not one because of the strategic e�ect discussed in the literature on delegation
games. See Vickers (1985).

12The pioneering work of De Fraja and Delbono (1989) adopted this setting. See also Matsumura and Shimizu
(2010) and the works cited therein.
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Proposition 2. Suppose that p(Q) = a � Q and c0(q) = c(q) = q
2/2. (i) ↵⇤

2 > ↵
⇤⇤ if and only if

✓ < ✓(n) :=
n

2 � 8
3n(n + 4),

and ✓(n) is increasing in n. (ii) ↵⇤
1 = ↵

⇤
2 = ↵

⇤⇤ = 0 if and only if g(n,�, ✓) := (n� 1)✓(2+ �)+ 2(1�
�2) � �✓ � n✓2  0. (iii) g(n,�, ✓)  0 only if n < 2, and g(n,�, ✓) is decreasing in both � and ✓ for
n < 2.

Proof. In Section 4.5. ⇤
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Figure 4.1: The comparison between ↵⇤
2 and ↵⇤⇤. The left figure is the case where � = 1/2, and the

right figure is the case where � = 7/8. The region A shows the area where ↵⇤
2 > ↵

⇤⇤, the region B
shows the area where ↵⇤

2 < ↵
⇤⇤, and the region C shows the area where ↵⇤

2 = ↵
⇤⇤ = 0.

Figure 1 indicates that over-privatization (↵⇤
2 > ↵

⇤⇤) is more likely to take place when the number
of private firms is high and the foreign ownership share in private firms is low. Furthermore, as the
right-hand figure in Figure 1 shows, full nationalization may be realized under duopoly when � and
✓ are large.

In regions A and B, ↵⇤
1 < ↵

⇤⇤. In region C as well as on the border between region A and region
B, ↵⇤

1 = ↵
⇤⇤. Thus, this example illustrates that for a fairly wide range of parameters, the government

chooses a degree of privatization below the optimal one during the early stage of privatization to
reduce distortion in the later stage.

Proposition 2 also suggests the possible danger of using a duopoly model in which one public
firm competes against one private firm. If we consider a duopoly model, we may conclude that
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over-privatization never takes place. However, Proposition 2(i) suggests that this is possible if the
number of private firms exceeds three. Moreover, if we consider only a duopoly model, we may
conclude that full nationalization takes place for a reasonable value of �. However, Proposition
2(ii) states that full nationalization does not take place if the number of private firms exceeds two.
Proposition 2 thus suggests that we should carefully check the robustness of the results in mixed
oligopolies.

We now discuss another implication of Proposition 2. Suppose that ↵⇤⇤ > 0. Because ↵⇤
1 < ↵

⇤⇤

(Proposition 1(i)), ↵⇤
2 > ↵

⇤⇤ is a su�cient (but not necessary) condition for ↵⇤
1 < ↵

⇤
2. Thus, Propo-

sition 2 implies the following corollary.

Corollary 1. Under the linear demand and quadratic cost specified in Proposition 2, ↵⇤
2 > ↵⇤

1 if
✓ < ✓(n).

As discussed in the Introduction, the Japanese government has often increased the degree of
privatization over time, such as in the cases of the Japan Postal Bank, Kampo, NTT, and JT. Our
result may explain such a gradual privatization process over time.

We present a result including the welfare implications of full privatization. In the model dis-
cussed in Proposition 2, ↵⇤⇤ < 1 (Proposition 1(v)). However, under more general cost conditions,
↵⇤⇤ = 1 can hold. We find that once the government chooses full privatization in period 1, it never
renationalizes in period 2. However, the government chooses full privatization in period 2 even
when ↵⇤⇤ < 1.

Proposition 3. (i) If ↵⇤⇤ = 1, then ↵⇤
1 = ↵

⇤
2 = 1. (ii) Even if ↵⇤⇤ < 1, ↵⇤

2 can be one.

Proof. In Section 4.5. ⇤

Proposition 3(i) states that if full privatization is optimal, the government fully privatizes the
public firm during the early stage (in period 1) and never renationalizes it in the later stage (in period
2). When the public firm is fully privatized in period 1, a marginal reduction in ↵ in period 2 makes
the public firm more aggressive and this increases firm 0’s profit.13 Thus, if ↵1 = 1 is optimal, then
↵2 = 1 must be optimal because the government’s profit motive is weaker in period 2.

Indeed, the renationalization of firms that are fully privatized is exceptional. For example, the
Japanese government fully privatized Japan Airlines (JAL) in 1987, KDDI in 1998, J-Power and JR
East in 2002, JR West in 2004, JR Central in 2006, and JR Kyushu in 2016. Similarly, the Korean
government fully privatized Korean Air in 1969 and POSCO in 2000. Except for JAL, these firms
were not renationalized, even partially. Although JAL was renationalized in 2010 because it faced
bankruptcy, the government fully privatized it again in 2012.

13A decrease in ↵ increases q0 and decreases qi for (i = 1,2, ...,n). The former reduces firm 0’s profit but ↵ = 1
by the second order (from the envelope theorem). The latter increases firm 0’s profit by the first order. Therefore, the
latter e�ect dominates the former.
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Our result, however, depends on the stationarity assumption. In other words, the inverse demand
function, cost functions, and number of private firms do not change over time. If these conditions do
change over time, the optimal policy also changes over time. Further, political reasons explain why
the degree of privatization changes over time. For example, if the ruling party changes from right
to left, it is plausible that fully privatized firms might be renationalized.14 Our result suggests that
without such changes in circumstances, the renationalization of fully privatized firms is exceptional,
although the public ownership share in partially privatized firms may often be adjusted.

Proposition 3(ii) states that even if the government fully privatizes a firm, this does not imply
that full privatization is optimal. As discussed above, the government has a distorted incentive to
sell its remaining shares in a partially privatized firm but this may harm welfare.
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Figure 4.2: The comparison among ↵⇤
1, ↵⇤

2, and ↵⇤⇤ with varying � when n = 10. The left figure is
the case where ✓ = 0, and the right figure is the case where ✓ = 1/4.

Finally, we discuss how � a�ects ↵⇤
1, ↵⇤

2, and ↵⇤⇤. Even under the linear demand and quadratic
cost specified in Proposition 2, it is di�cult to derive ↵⇤

1, ↵⇤
2, and ↵⇤⇤ explicitly. Thus, we present

numerical results.
Figure 2 plots the loci of ↵⇤

1, ↵⇤
2, and ↵⇤⇤ with varying �. As Lemma 4 states, ↵⇤

2 > ↵
⇤
1 if ✓ is

small. In the case where ✓ = 0, ↵⇤
2 > ↵

⇤⇤ > ↵⇤
1 holds, and all of these variables are decreasing in

�. We explain the intuition. Given ↵, an increase in � reduces firm 0’s output because firm 0 has
stronger profit-motivation. This lesser aggressive behavior of firm 0 reduces its resulting profit. In
order to keep firm 0 aggressive, the second-best solution ↵⇤⇤ becomes smaller, and naturally, both
↵⇤

1 and ↵⇤
2 also become smaller.

By contrast, in the case where ✓ = 1/4, a di�erent ranking appears (i.e., ↵⇤⇤ > ↵⇤
1 > ↵⇤

2
holds). More interestingly, ↵⇤⇤ and ↵⇤

1 increases with � when � is small, while ↵⇤
2 decreases with

�, regardless of �. We explain why ↵⇤⇤ and ↵⇤
1 can increase with �. Given ↵ > 0, firm 0’s output

is increasing in ✓ because firm 0 has a stronger incentive to restrict outflow of private firms’ profits
14From 1945 to 1977, the Labour government in the United Kingdom repeatedly renationalized several major

enterprises that had been privatized by the Conservative government. Similar fluctuations in privatization policies have
been observed in France, too.
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to foreign investors. As we stated, firm 0’s output is decreasing in ↵ and �. The resulting price is
lower when ✓ is larger and ↵ and � are smaller, and thus the di�erence between profit-maximizing
and equilibrium outputs for firm 0 is also larger. An increase in � strengthens the profit-motivation
of the government. This increases ↵⇤⇤ to reduce the di�erence between profit-maximizing and
equilibrium outputs for firm 0, which naturally increases ↵⇤

1. This e�ect increases ↵⇤
2, too (common

e�ect). However, an increase in ↵⇤
1 reduces the profit-motive for the government and thus reduces

↵⇤
2 (time-inconsistency e�ect). This time-inconsistency e�ect dominates the above common e�ect,

and thus, an increase in � reduces ↵⇤
2.

When � is large, the equilibrium price is high, and thus the di�erence between profit-maximizing
and equilibrium outputs for firm 0 is small. Therefore, a further reduction of firm 0’s output is less
likely to increase its profit (the larger is firm 0’s output, the more likely will it too to be increase its
profits). Under these conditions, a further increase in � reduces ↵⇤⇤, similar to the case in which
✓ = 0, and it naturally reduces ↵⇤

1 and ↵⇤
2.

4.4 Concluding Remarks
In this study, we formulate a two-period model of privatization and investigate the welfare im-
plications of privatization policies across two periods. We find that the government changes its
privatization policy over time even when external circumstances (e.g., demand and cost conditions)
remain unchanged. In the later stage, the government is less concerned about the public firm’s profit
as it raises the stock price and increases the revenue from the firm because it has already sold some
of its shares in the public firm to the private sector, and this yields the distortion.

We show that whether the government increases or decreases the public ownership share in
the public firm depends on the competitiveness of the product market and nationality of private
competitors. When private firms are domestic, the government has an ex-post incentive to increase
the degree of privatization when the number of private firms is above some threshold. When private
firms are foreign, the government has an ex-post incentive to decrease the degree of privatization.
These changes in the degree of privatization are undesirable in terms of social welfare. Hence, the
desirable policy depends on the number and nationality of private firms. When private firms are
domestic and their number is above some threshold, it is important to commit not to further privatize
semipublic firms. When private firms are foreign, on the contrary, it is important to commit not to
renationalize the public firm.

Let us add one caveat at this point. According to our analysis, an ex-post change in the
degree of privatization harms social welfare. This observation depends on the assumption that the
environment is fixed. If demand or supply conditions change, an ex-post change in the degree of
privatization becomes desirable. Thus, we must also consider whether further privatization is an
adaptation to the changing environment or simply opportunistic behavior by the government.

In this study, we consider a two-period model. We assume that similar results hold because the
distorted incentive for the government must exist in a general multi-period model. However, even
in a two-period model, the problem is quite complicated, and it is quite tough to solve a general
n-period model. This remains a promising research topic for future research.15

15If we consider an infinitely repeated game, further e�cient outcome might be achieved by cooperation between
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In this study, we assume that firms face quantity competition. As Matsumura and Ogawa
(2012) showed, if firms can choose whether they compete on price or quantity, they choose price
competition in contrast to the private market (Singh and Vives, 1984).16 Thus, an analysis of price
competition remains for future research.

Moreover, we assume that the number of private firms is given exogenously. Owing to recent
deregulation and liberalization, entry restrictions in mixed oligopolies have significantly weakened.
As a result, private enterprises have newly entered many mixed oligopolies such as the banking,
insurance, telecommunications, and transportation industries and the literature on mixed oligopolies
has intensively investigated the optimal privatization policy in free entry markets.17 However, it
is commonly assumed that governments privatize public firms only once. Dynamic privatization
policies are important in this context, too. Extending our analysis to free entry markets remains
another promising avenue for future research.

4.5 Section
In the following proofs, we suppress the arguments of the functions.

Proof of Lemma 2 (i) This is immediately derived from the time invariance property of our model
formulation.
(ii) Define W by

W :=
2’

t=1
�t�1

 π
Qt

0
p(q)dq � p(Qt)Qt + (1 + �)⇡0,t + (1 � ✓)

n’
i=1

⇡i,t

!
s.t. ↵1 = ↵2 = ↵

We obtain

@W
@↵t

�����
↵=0

= (1 + �)
"
n

⇣
dq

d↵

⌘
(�p

0
q0 � (✓p

0(Q � q0) + (1 � ✓)p0q))
#
↵=0

. (4.11)

↵⇤⇤ = 0 if (4.11) is nonpositive, and it is nonpositive only if ✓(Q(0) � q0(0)) + (1 � ✓)q(0) � �q0(0)
is nonpositive.
(iii) By substituting ✓ = 1 into (4.10) and using (4.2), we obtain

@W
@↵t

���
↵t=1

=

"⇣
dQ

d↵

⌘
(�p

0
Q) +

⇣
n

dq

d↵

⌘
p
0(1 + �)q0

#
↵=1

. (4.12)

Because dQ/d↵ < 0, dq/d↵ > 0 (Lemma 1), p
0 < 0, and q0 > 0, (4.12) is negative and thus

↵⇤⇤ < 1.
public and private firms. However, as Haraguchi and Matsumura (2018) showed, the first best is never achieved in such
a game.

16For the oligopoly version in mixed oligopolies, see Haraguchi and Matsumura (2016).
17See Matsumura and Kanda (2005). For recent discussions on this topic, see Chen (2017) and the works cited

therein.
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Suppose that c0 = c. Then, q0 = q at ↵ = 1, and thus

@W
@↵t

���
↵t=1

=

"
� dQ

d↵
(1 + n✓)p0q + n

dq

d↵
(� + ✓)p0q

#
↵=1

< 0. (4.13)

Therefore, ↵⇤⇤ < 1. Q.E.D.

To prove Proposition 1, we present a supplementary lemma.

Lemma 4. For ↵2(↵1) 2 (0,1), ↵02(↵1) is positive (negative, zero) if and only if
"

dq0
d↵

�
p + p

0
q0 � c

0
0
�
+ n

dq

d↵
p
0
q0

#
↵=↵2(↵1)

is negative (positive, zero).

Proof of Lemma 5 By applying the implicit function theorem to (4.9), we obtain

d↵2
d↵1
= �

@2
W2

@↵1@↵2

@2W2
@↵2

2

. (4.14)

Because the denominator in (4.14) is negative, (4.14) is positive (negative, zero) if and only if

@2
W2

@↵1@↵2
= ��

 "
dq0
d↵

�
p + p

0
q0 � c

0
0
�
+ n

dq

d↵
p
0
q0

#
↵=↵2

!

is positive (negative, zero). Q.E.D.

Proof of Proposition 1 (i) First, we show that if ↵⇤⇤ < 1, then d(W1 + �W2)/d↵1 is nonpositive
at ↵1 = ↵⇤⇤, and thus, ↵⇤

1  ↵⇤⇤.

d(W1 + �W2)
d↵1

�����
↵1=↵⇤⇤

=

"⇣
dq0
d↵

⌘
(�p

0
Q + (1 + �)(p + p

0
q0 � c

0
0) + (1 � ✓)np

0
q) (4.15)

+n

⇣
dq

d↵

⌘
p
0(�q0 � (✓(Q � q0) + (1 � ✓)q))

#
↵=↵⇤⇤

(4.16)

+�


d↵2
d↵1

�↵1

✓
dq0
d↵

�
p + p

0
q0 � c

0
0
�
+ n

dq

d↵
p
0
q0

◆�
↵=↵2(↵⇤⇤)

(4.17)
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Suppose that ↵⇤⇤ 2 (0,1). From (4.8),(4.15)+(4.16) is zero. Lemma 5 implies that (4.17) is
nonpositive. Therefore, d(W1 + �W2)/d↵1 is nonpositive at ↵1 = ↵⇤⇤ 2 (0,1).

Suppose that ↵⇤⇤ = 0. (4.15)+(4.16) is nonpositive. (4.17) is zero when ↵1 = ↵⇤⇤ = 0. Thus,
d(W1 + �W2)/d↵1 is nonpositive at ↵1 = ↵⇤⇤ = 0.

Finally, we show that if ↵⇤⇤ = 1, then ↵⇤
1 = 1. First, we show that if ↵⇤⇤ = 1, ↵2(↵1) = 1 for any

↵1 2 [0,1].

dW2
d↵2

���
↵2=1

=

"⇣
dq0
d↵

⌘
(�p

0
Q + (1 + �)(p + p

0
q0 � c

0
0) + (1 � ✓)np

0
q) (4.18)

+ n

⇣
dq

d↵

⌘
(�✓(p0Q � p

0
q0) � (1 � ✓)p0q + �p

0
q0) (4.19)

� �↵1

✓
dq0
d↵

�
p + p

0
q0 � c

0
0
�
+ n

dq

d↵
p
0
q0

◆#
↵=1

(4.20)

When ↵⇤⇤ = 1, (4.18)+(4.19) is nonnegative. Furthermore, (4.20) is also nonnegative for any
↵ 2 [0,1]. Under these conditions, dW2/d↵2 is nonnegative at ↵2 = 1 for any ↵1 2 [0,1], and thus
↵2(↵1) = 1 for any ↵1 2 [0,1].

From the discussion above, we find that ↵02(↵1) = 0 for all ↵1 2 [0,1] when ↵⇤⇤ = 1. By
substituting d↵2/d↵1 = 0 into (4.10) and comparing it with (4.8), we obtain ↵⇤

1 = 1.
(ii) Proposition 1(i) implies that if ↵⇤⇤ = 0, then ↵⇤

1 = 0. We show that ↵⇤
1 = 0 only if ↵⇤⇤ = 0.

dW1 + �W2
d↵

���
↵=0
=

"
n

⇣
dq

d↵

⌘
(�p

0
q0 � (✓p

0(Q � q0) + (1 � ✓)p0q))
#
↵=0

. (4.21)

↵⇤
1 = 0 if (4.21) is nonpositive and it is nonpositive only if ✓(Q(0)� q0(0))+ (1� ✓)q(0)� �q0(0) is

nonpositive. From Lemma 2(ii) we find that ↵⇤
1 = 0 only if ↵⇤⇤ = 0.

(iii) Proposition 1(i) implies that ↵⇤
1 = 1 only if ↵⇤⇤ = 1 since ↵⇤

1  ↵⇤⇤. In the Proof of Proposition
1(i), we showed that if ↵⇤⇤ = 1, then ↵⇤

1 = ↵
⇤
2 = 1.

(iv) Lemma 2(ii) and Proposition 1(i) imply Proposition 1(iv).
(v) Lemma 2(iii) and Proposition 1(i) imply Proposition 1(v).
(vi) We show that d

2(W1 + �W2)/d↵1d� < 0, which implies Proposition 1(vi). Since

d
2(W1 + �W2)

d↵1d�
=


d↵2
d↵1

�↵1

✓
dq0
d↵

�
p + p

0
q0 � c

0
0
�
+ n

dq

d↵
p
0
q0

◆�
↵=↵2(↵1)

< 0,

from Lemma 5, we obtain d
2(W1 + �W2)/d↵1d� < 0.

(vii) Suppose that ↵⇤
2 > ↵

⇤⇤. Lemma 5 and the equation (4.9) imply that d↵2/d↵1 < 0. Proposition
1(vi) states that ↵1 is decreasing in �. Therefore, ↵⇤

2 (and thus ↵⇤
2 � ↵⇤⇤) is decreasing in �.

Suppose that ↵⇤
2 < ↵⇤⇤. Lemma 5 and the equation (4.9) imply that d↵2/d↵1  0 and strict

inequalities hold if ↵⇤
2 2 (0,1). Proposition 1(vi) states that ↵1 is nonincreasing in � and decreasing

in � if ↵⇤
2 2 (0,1). Therefore ↵⇤

2 (and thus ↵⇤
2 � ↵⇤⇤) is increasing in �.

These imply Proposition 1(vii). Q.E.D.
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Proof of Proposition 2 From the first-order condition of each private firm in the quantity
competition stage, we obtain q = (a � q0)/(n + 2) and Q = (na + 2q0)/(n + 2). Thus, we obtain

dq

d↵
= � 1

n + 2
dq0
d↵
.

From Lemma 2(iii) we obtain ↵⇤⇤ , 1. First, we consider the case where ↵⇤⇤ 2 (0,1). Note that
↵⇤

1 > 0 when ↵⇤⇤ > 0 (Proposition 1(ii)). The first-order condition for the interior solution for ↵⇤⇤

is

@W
@↵t

�����
↵t=↵⇤⇤

=
⇣

dq0
d↵

⌘
(�p

0
Q + (1 + �)(p + p

0
q0 � c

0
0) + (1 � ✓)np

0
q) + n

⇣
dq

d↵

⌘
p
0(�q0 � (✓(Q � q0) + (1 � ✓)q))

=
dq0
d↵

⇣
�p

0
Q + (1 + �)(p + p

0
q0 � c

0
0) + (1 � ✓)np

0
q � n

n + 2
p
0(�q0 � (✓(Q � q0) + (1 � ✓)q))

⌘

=
dq0
d↵

p
0
⇣
�Q � (1 + �)(a � Q � 2q0) + (1 � ✓)nq � n

n + 2
(�q0 � ✓(Q � q0) � (1 � ✓)q)

⌘

= �dq0
d↵

 
� na + 2q0

n + 2
� (1 + �)

✓
2a � (2n + 6)q0

n + 2

◆
+ (1 � ✓) n

n + 2
(a � q0)

� n

n + 2

✓
�q0 � ✓

n(a � q0)
n + 2

� (1 � ✓)a � q0
n + 2

◆!
= 0.

From this, we obtain

q0(↵⇤⇤) =
2(1 + �) + 2n

n+2✓ � n

n+2 (1 � ✓)
(1 + �)(n + 6) � 2 + 2n

n+2✓ � n

n+2 (1 � ✓)
a.

By substituting it into W2, we obtain

dW2
d↵2

����
↵2=↵⇤⇤

= ��↵⇤
1

✓
dq0
d↵

(p + p
0
q0 � c

0
0) + n

dq

d↵
p
0
q0

◆

= ��↵⇤
1

dq0
d↵

⇣
a � Q � 2q0 +

n

n + 2
q0

⌘

= ��↵⇤
1

dq0
d↵

a

n + 2

 
2 � (n + 6)

2(1 + �) + 2n

n+2✓ � n

n+2 (1 � ✓)
(1 + �)(n + 6) � 2 + 2n

n+2✓ � n

n+2 (1 � ✓)

!

= ��↵⇤
1

dq0
d↵

a

n + 2
n

2 � 8 � 3n(n + 4)✓⇣
(1 + �)(n + 6) � 2 + 2n

n+2✓ � n

n+2 (1 � ✓)
⌘
(n + 2)

.

This is positive if and only if n
2 � 8 � 3n(n + 4)✓ > 0 (or equivalently ✓ < ✓(n)). Thus, ↵⇤

2 > ↵
⇤⇤ if

✓ < ✓(n). ✓0(n) = 4(5n
2 + 12n + 8)/(3n(n + 4))2 > 0.

Next, we consider the case in which ↵⇤⇤ = 0. In this case ↵⇤⇤
1 = ↵

⇤⇤
2 = 0. From Lemma 2, we

find that ↵⇤⇤ = 0 if and only if ✓(Q(0) � q0(0)) + (1 � ✓)q(0) � �q0(0)  0. This holds if and only if
g(n,�, ✓) := (n � 1)✓(2 + �) + 2(1 � �2) � �✓ � n✓2  0.
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Because @g(n,�, ✓)/@n = ✓(2+��✓) � 0 and g(2,�, ✓) = 2✓(1�✓)+2(1��2) > 0, g(n,�, ✓) < 0
only if n < 2.

For n < 2, we find that @g(n,�, ✓)/@� = (n � 1)✓ � 4� � ✓ < 0 and that @g(n,�, ✓)/✓ =
(n � 2)� � 2 < 0. Q.E.D.

Proof of Proposition 3 (i) We have already shown this in the proof of Proposition 1(i).
(ii)We present an example in which ↵⇤

2 = 1 and ↵⇤⇤ < 1. Suppose that ✓ = 0, p(Q) = a � Q,
c0(q) = k0q, c(q) = kq (constant marginal costs), and k0 > k. We normalize k = 0. Suppose that
n = 1 and � = 1/2.

In this specification, q = (a � q0)/2,Q = q + q0, and q0 satisfies the first-order condition
✓
1 +

1
2
(1 � ↵)2

◆
a � q0

2
�

✓
↵ +

1
2
(1 � ↵)2

◆
q0 �

✓
1 +

1
2
(1 � ↵)2

◆
k0 = 0,

which yields

q0(↵) =

⇣
1 + 1

2 (1 � ↵)2
⌘ �

a

2 � k0
�

1
2 + ↵ +

3
4 (1 � ↵)2

.

By substituting this into W2, we obtain

dW2
d↵2

�����
↵2=1

=
⇣

dq0
d↵

⌘
(�p

0
q0) +

⇣
dq

d↵

⌘
(�p

0
q + �p

0
q0) � �↵1

✓
dq

d↵
p
0
q0

◆

=
dq0
d↵

p
0
✓
�q0 +

1
2
(q � �q0 + �↵1q0)

◆

=
dq0
d↵

p
0
✓

a

4
� 1

4
q0 � q0 +

1
2
(��q0 + �↵1q0)

◆

=
dq0
d↵

p
0

4

✓
a � (6 � ↵1)

a � 2k0
3

◆
. (4.22)

From Lemma 3, we find that ↵⇤⇤ = 1 if and only if (4.22) at ↵1 = 0 is nonnegative. Thus, ↵⇤
2 = 1 if

and only if k0 � a/4. ↵⇤
2 = 1 if and only if (4.22) at ↵1 = ↵⇤

1 is nonnegative. Therefore, ↵⇤
2 = 1 if

and only if k0 � y := a(3 � ↵⇤
1)/(12 � 2↵⇤

1).
Suppose that k0 = a/4 � ", where " is positive and su�ciently small. Then ↵⇤⇤ < 1. From

Proposition 1, we obtain ↵⇤
1 > 0. Because y is decreasing in ↵⇤

1 and y = a/4 when ↵⇤
1 = 0, y < a/4.

Therefore, a/4 � " > y, and thus, ↵⇤
2 = 1. This example yields ↵⇤⇤ < 1 and ↵⇤

2 = 1. Q.E.D.
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