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Abstract

In this thesis, a general relationship between the sensitivity in quantum metrology and a superpo-
sition of macroscopically distinct states is shown. The goal of quantum metrology is to estimate
a target parameter as precisely as possible by exploiting quantum systems. The uncertainty of the
estimation is bound by the standard quantum limit for separable states, while quantum mechanics
allows a better uncertainty that is bound by the Heisenberg limit. Both limits depend on the de-
grees of freedom N, e.g. number of spins, of the probe system, showing different scalings. How
the uncertainty scales with N is an important factor for judging the utility of a given sensor.

We show that all the generalized cat states, superposition of macroscopically distinct states
characterized by an index named ¢, achieve the ultimate scaling when used in quantum metrology.
Index ¢ identifies superposition of macroscopically distinct states by extracting the quantum co-
herence between macroscopically distinct states. The index can be used for both pure and mixed
states, and even a mixed state with a small purity can be identified as a generalized cat state. We
show that in the ideal case where noise is absent, every generalized state achieves the Heisenberg
scaling uncertainty. Furthermore, we consider a realistic independent dephasing that generally
degrades the performance of a sensor and show that generalized cat states still beat the standard
quantum limit, achieving the ultimate scaling available in the presence of such dephasing. As
an example, we discuss a generalized cat state with an exponentially small purity. We propose a
theoretical recipe to generate such a state from a thermal equilibrium state. We numerically exam-
ine how much the sensitivity will be if this generalized cat state is realized in a silicon substrate
and show that the state is indeed advantageous compared to a separable state sensor. A realistic
protocol to create the state using a superconducting flux qubit and nitrogen-vacancy ensembles in
diamond is also analyzed, and we numerically observe the emergence of a metrologically useful
state. Revealing that a wide variety of states can be metrologically useful, this work broadens the

potential application of quantum metrology.
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Chapter 1

Introduction

1.1 Overview

Quantum metrology is one of the most major applications of quantum technology. It pursues high-
precision measurement using quantum systems. Having theoretical roots in classical estimation
theory, it was quantum-mechanically formulated by Helstrom and Holevo from late 1960’s [3-5].
Among various sensors such as electric field sensors [6] and thermometers [7], application of
magnetic field sensors is particularly wide. In medical sites, the technology of magnetic resonance
imaging (MRI) plays a crucial role in diagnosing disease and injury. Thanks to the superconduct-
ing quantum interference device (SQUID) [8], magnetoencephalography [9], the imaging of the
activity of brain by measuring the magnetic field within, is possible nowadays. In geology, sen-
sitive magnetic field is necessary for paleomagnetism [10], a study of the Earth’s magnetic field
billions of years ago encoded in ancient rocks. And of course, sensitive magnetic field sensor is
essential in fundamental studies of physics [11, 12]. To obtain better sensitivity with better spatial
resolution, numbers of works have been devoted [13-30]. Among numerous types of magnetome-
ters [31-33], a qubit-based sensing with Ramsey-type protocol is popular as done in, for example,
atomic magnetometers [34-36], a superconducting flux qubit [37, 38] or nitrogen-vacancy (NV)
centers [39—42]. In this thesis we consider such magnetometers.

It is known that quantum superposition states greatly enhance the sensitivity in quantum metrol-
ogy. For example, through Ramsey-type sensing, the renowned Greenberger-Horne-Zeilinger

(GHZ) state, i.e., a superposition of all up state and all down state in a spin-1/2 system,

IGHZ) = YN Yo (1.1)

1 1
N 0 NG 4
is known to achieve the ultimate sensitivity bound by quantum mechanics. The ultimate sensitivity

11



12 CHAPTER 1. INTRODUCTION

bound by quantum mechanics is called Heisenberg scaling, while classical sensors and quantum
sensors using separable states are bound by the standard quantum limit. Since the GHZ state, the
representative of Schrodinger’s cat state, which is more precisely a superposition of macroscopi-
cally distinct states, enhances the sensitivity, it is likely that more general types of superpositions
of macroscopically distinct states show advantageous sensitivity if used as a sensor. However,
it was not generally known what type of superposition is useful, although several examples of
metrologically useful states were investigated [16,27].

Superposition of macroscopically distinct states, also known as Schrodinger’s cat state, is a
peculiar state quantum mechanics offers [43] and has attracted much attention [44-70] since its
proposal by Schrodinger in 1930’s. However, the term superposition of macroscopically distinct
states has ambiguity. For example, consider a product state of an eigenstate of &y, i.e., |+>®N ,
where N is the number of spins. Even though it is no more than a polarized state, and thus does not
show the sensitivity as good as the GHZ state, when we change the basis to the eigenstates of &,
macroscopically different states [1)®" and ||)®" are superposed’. These two states are actually

®Na

superposed with other macroscopically non-distinct states, and the weight of [1)®" and ||) re

exponentially small, thus not functioning as a sensor as good as the GHZ state.

QN
[+) = (%) (1.2)

1 I v i— =i i— —i
= 2z N+ oa LINTTHO M T DN D)
i=1

+507 i Yl I T I 4 )Y )
i=1j(#i)
This example tells us that a quantum state being a superposition is just a matter of the choice of the
local basis, and that the choice of local basis is important when discussing cat states that appear
in the systems with large degrees of freedom. Another example accompanied with the ambiguity
that is different from the choice of the basis is discussed in Chapter 3. To exclude such confusing
cases and correctly detect cat states, some criteria were proposed [50,53,57,71-74]. Among them,
we use an index called g [50] for the following reason. While other criteria for cat states are for
only, e.g., superposition of two states [72] or pure states [53] or defined from the viewpoint of
applicational sense [57,74], index g simply quantifies the coherence of macroscopically distinct

states for both pure and mixed states. Surprisingly, ¢ identifies quite a wide variety of states

Throughout this thesis, we denote |1) and ||) as the eigenstates of &, with eigenvalues +1 and — 1, respectively.
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including a mixed state with exponentially low purity, which is counter-intuitive to be recognized
as a cat state. If all the generalized cat states are proven to show high sensitivity, the possibility of
quantum metrology will be greatly expanded.

In this thesis, we show that all the states with g = 2, i.e., superposition of macroscopically dis-
tinct states, show the sensitivity with the same scaling as the ultimate scaling. More specifically,
we show the Heisenberg scaling when we use the states with ¢ = 2 in the ideal case where there
is no noise. Also, even when we consider a realistic noise, states with ¢ = 2 can beat the standard
quantum limit and achieves the ultimate scaling achieved by best quantum sensors. We also pro-
pose a theoretical recipe to generate a generalized cat state with exponentially low purity, which
achieves the ultimate scaling sensitivity as well. We numerically estimate the sensitivity of such
a generalized cat state if realized in a silicon substrate, and indeed see a better sensitivity than a
separable state sensor. Finally, we discuss a realistic setup with a hybrid system of NV centers in
diamond and a superconducting flux qubit, and numerically observe the emergence of a metrolog-
ically useful state. Proving that all the generalized cat states show improvement in the sensitivity
and proposing a protocol to create one, this work offers a novel approach for high-precision mea-

surements.

1.2 Organization of this thesis

This thesis is organized as follows. In Chapter 2, we review the quantum metrology, starting with
the basic sensing protocol which we call Ramsey-type. We explain the classical and quantum lim-
its of the sensitivity of sensors. An experimental method for quantum sensing is also presented
exemplifying with the nitrogen-vacancy centers in diamond. In Chapter 3, we review the indices p
and g that characterize the superpositions of macroscopically distinct states and introduce a term
generalized cat state by using g. Examples of nontrivial generalized cat states are also given. In
Chapter 4 and 5, we analyze how generalized cat states are useful in quantum metrology. In Chap-
ter 4 we prove that generalized cat states can achieve the Heisenberg scaling, the ultimate scaling
in the absence of noise. In Chapter 5 we consider realistic noise, i.e., independent dephasing. We
prove that by considering non-Markovian dephasing, generalized cat states beat the classical limit.
In Chapter 6 we show a recipe to generate a generalized cat state in finite temperature. A gen-
eralized cat state can be generated from a thermal equilibrium state by a single global projective

measurement. We study its features such as it has exponentially low purity and discuss the sensitiv-
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ity of the sensor using the generalized cat state. In Chapter 7 we discuss a possible physical system
that could demonstrate the ideas discussed in Chapter 6. We consider NV centers, which has a long
coherence time, coupled to a superconducting flux qubit. In this setup, a global measurement with
high resolution required in the recipe in Chapter 6 is expected to be relatively easily implemented.
We examine whether a metrologically useful state is obtainable by repetitive measurements by the

flux qubit. In Chapter 8 we summarize the thesis.



Chapter 2

Review of quantum metrology

In this chapter we review quantum metrology, magnetic field sensing in particular. We especially
focus on qubit-based magnetic field sensors, and explain the basic protocol and the limits of the
sensitivity. To grasp the experimental intuition, magnetometry using nitrogen-vacancy (NV) cen-
ters is discussed. Brief reviews of other two kinds of sensitivity-record-competing magnetometers
are also given.

For simplicity, we consider sensing a DC magnetic field. For AC magnetic field sensing, one
needs to apply 7 pulse to the probe spins during the interaction with the target field. Otherwise the
accumulated phase, which is encoded with the information of the target field, cancels out during

the time evolution.

2.1 Ramsey interferometry

One of the most common sensing protocols is called Ramsey interferometry, in which a superpo-
sition state is used to acquire the information of the target parameter. The sensing protocol is the
following in principle, corresponding to Fig. 2.1. In the rest of this thesis, we call the measurement

protocol that is basically the same as this one as “Ramsey-type” sensing.

Step 1 Prepare probe spins in a state that is suitable for sensing, e.g. (1) + |{))/v2. (for more

information, see table 2.1.)

Step 2 Let the probe spins evolve for time #j,; in the presence of the target magnetic field. We

assume the spins interact with the target field via the interaction Hamiltonian is described as

N
Hy=oM.=0) 6., 2.1)
i=1

15
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where @ is the Zeeman frequency shift of the spins. Our aim is to estimate @. Through
time evolution, sensor spins acquire the phase that is dependent on the target parameter, e.g.

e~ @l for |1).

Step 3 Readout by, e.g., projecting to the initial state. The probability of the final state being equal

] e~ lne ) ine[)) 5

to the initial state is |< f2< 7 = cos?(Wtiyy).

Step 4 Repeat the Steps 1 to 3 for T /1, times, where T is the total measurement time.

We have assumed the time to perform the initialization and the readout can be made sufficiently
short, i.e., much shorter than the interaction time f,; so the number of repetition can be considered

as T /tint.

State Projective
preparation measurement Repeat T /t;,; times

time

™ v N
Time 0 _. ) N _ Time T
Time evolution with H, for time &;,¢

Figure 2.1: The basic protocol of the Ramsey-type sensing. In the green part, the sensor is initial-
ized. In the yellow part, the sensor state evolves freely with time, accumulating the phase. In the
red part, readout is done.

The sensitivity depends on what kind of states are prepared as the initial state. In Table 2.1,
we take a separable state and the GHZ state as the initial state and compare the states of the sensor

spins at each Step in the Ramsey-type protocol.
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Procedure Separable state GHZ state
(equivalent to using a single
spin sensor for N times)

QN RN
0)) = \T)\%Ii) 1y (0)) = 1) }2\@

Step 1, initialization | For each spin, |¢ (1 =

Step 2, time evolution | | (1 = fn)) = e i |1) e in|]) lw(t =tiy)) =

e*"thint \T>®N+ein’int H>®N

V2 V2

Step 3, readout 1{0(0)]|0 (ting)) |> = cos?(@tin) | (w(0)|w(ting)) |> = cos® Nodt;p

. 1 1
Uncertainty PN (for one spin, 2, ) Nt

Table 2.1: The flow of Ramsey interferometry with a separable state and the GHZ state with N
spins. The uncertainty is for the case where T /f;,; = 1. For simplicity, we here consider the case
where the readout process is extracting the probability of the final state being equal to the initial
state. In practice, measurement of &, is often done for sensors with a single spin. Note that a
sensor with N spins in a separable state is equivalent to using a sensor with a single spin for N
times.

2.2 Sensitivity

Now we describe the uncertainty of the sensing protocol given above. The uncertainty § @ of the
target parameter @ is
P(1-P) 1

96| T/t

where P denotes the probability that the projection described by 2 occurs at the readout process.

S — (2.2)

In this thesis we consider the case that the readout is done by a projective measurement. If the

sensor state is initially p(z = 0), then
P="Te(p(t = tin) 7). (2.3)

The numerator of 0 @ is the dispersion of P, and the denominator is the steepness of P as a function

of . As depicted in Fig. 2.2, the uncertainty of @ depends on

- VT (1) P?) — [T(p (100) 2) 2

\V T/tint

because of the error propagation formula. Note that the factor /T /i comes from the central

(2.4)

limit theorem.
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5P 4

L e
W
ow

Figure 2.2: The schematic to intuitively see the relation between d® and 0P. The probability P
depends on m, and it has statistical fluctuation 6 P because of the finite number of measurements.

Note that in this thesis we use both the terms sensitivity and uncertainty to discuss how good
the sensor is. Uncertainty is the inverse of the sensitivity. The smaller the uncertainty d @ is, the

better sensor it is.

2.3 Standard quantum limit and Heisenberg limit

The uncertainties of the sensors are known to be bound by two limits: Standard quantum limit
(SQL) and Heisenberg limit. The SQL is the best sensitivity achievable by classical sensors, and
quantum sensors using separable states are also bound by the SQL. With a single readout measure-

ment using N spins, the SQL is expressed as

1
o ——. 2.
o) ~ (2.5)

Some also call it as shot-noise limit.
Heisenberg limit is the ultimate sensitivity quantum states can offer. With a single readout

measurement using N spins, the Heisenberg limit is expressed as

1

If more complex measurement protocols are adopted, other scalings may appear [75,76]. However,
in the standard Ramsey-type sensing, this scaling is the ultimate. Since how J® scales with N is
important theoretically, we focus more on the 1/N part instead of the prefactors. To emphasize

that we are looking at the scaling, we say a state achieves the Heisenberg scaling if @ o 1/N.
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2.4 Magnetic field sensing with NV centers in diamond

Let us see how the Ramsey-type sensing is done in experiments by considering NV centers in
diamond.

An NV center [40] has spin-1, i.e., |0) (mg = O state) and |+1) (m; = £1 state). When the
external magnetic field is zero, my = £1 states are degenerate, but my; = 0 state and my; = +1
states are apart by about 2.87 GHz. To split the degenerate my = +1 states and to set the NV’s

quantization axis, which we call z axis, a controllable magnetic field By is applied (Fig. 2.3).

(a) (b)
[ mg=1
Vacancy
>
oo
(O]
c
wl
wo
ms =0 itrogen
Magnetic field B Quantization axis

Figure 2.3: (a) Change of energy level (Zeeman splitting) of a NV center in the presence of mag-
netic field. (b) NV’s quantization axis.

With a finite magnetic field By along the NV’s quantization axis, the energy of |1) state and

|—1) state splits as (Zeeman effect)

gusBo([1) (1] —|=1) (=1]), 2.7

where g is the g-factor and g is the Bohr magneton. This energy change induced by the magnetic
field is what is measured in NV magnetometry.

In a standard setup, magnetic field sensing using uncorrelated NV centers is done through either
taking an electron spin resonance (ESR) spectroscopy or Ramsey pulse sequence. Here we focus
on how Ramsey sequence is done. Since |0) state can be easily read out, the transitions involving
the |0) state, i.e., either |0) <+ |1) or |0) <> |—1), are often used through a microwave transition.

Their resonance frequencies differ, therefore by correctly choosing the frequency of the microwave
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to control the transition, NV spin can be considered as effectively spin-1/2. Here we exemplify
with |0) <> |1) case. In this section we define §, := |1) (1| — |0) (0] and §, :=|1) (0] + |0) (1].

1. Initialization
NV has a feature that it can be initialized to |0) state by applying green laser (532 nm) for
sufficiently long time. Since all the NVs in the diamond will be initialized to |0), the initial-
ization procedure is often called polarization. The prepared |0) state can be brought into a
superposition state (|0) +|1))/+v/2 by a microwave /2 pulse. The appropriate microwave
frequency and the pulse duration is determined by sweeping the frequency and measuring

the Rabi nutation beforehand.

2. Phase accumulation
The sum of the target unknown magnetic field B’ and the known magnetic field By will

operate on NV as
gus(Bo +B')S; =: gupBS;. (2.8)

After the free evolution in the target magnetic field for time #y,, the state becomes (|0) +

e 18HBBlint ,1>)/\/§_

3. Readout

To read out, another /2 is applied so the state becomes

1 +e_igNBBtint 1 — e_igNBBtint

10+ ————1). (2.9)

Finally, the same green laser is applied to see the population in |0) state. The NVs in |0)
state emit photons when the laser is applied. Hence by recording the fluorescence at the
initialization, the population in |0) state at the readout gives the fluorescence contrast which

is theoretically cos?(gupBtin:/2). Hence B can be estimated.

The smallest uncertainty achieved by NV ensembles is 150fT/+/Hz with the spatial resolution
100um [39], at the time of writing this thesis. Note that the spatial resolution means the size within

which the sensor can distinguish the existence of the signal. An example is shown in Fig. 2.4.



2.5. VARIOUS SENSORS 21

5um 10 um
> +—>
. actual range of magnetization
. . range identified by the sensor

Figure 2.4: Schematic explanation of spatial resolution. Suppose that the dark green dot is the
actual range of magnetic field. A magnetometer with Sum spatial resolution can determine the
location of the magnetic field in the accuracy of the bright green range of the left figure. If the
spatial resolution is 10um, the bright green box is larger, meaning the location is less accurately
determined, as depicted in the right figure.

The smaller the spatial resolution is, the more details we can find. For instance, detection of

the magnetization of a single spin requires high spatial resolution in addition to high sensitivity.

2.5 Various sensors

There are other types of magnetic field sensors [31-33,36,77]. The following two have especially
high sensitivity.

2.5.1 SQUID

The superconducting quantum interference device (SQUID) is a superconducting loop with Joseph-
son junctions. It is sensitive to the magnetic flux penetrating the loop, hence it can be used as a
magnetic field sensor.

Here is the best sensitivity that has been achieved with SQUID at the time of writing this thesis,
with the spatial resolution and the temperature of the system as follows [77].

e Sensitivity: 270 fT/v/Hz
2

e Spatial resolution: 6.3 x 1078 cm

e Temperature: 290 mK
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Also, as we will see later, a similar superconducting loop can be regarded as a qubit system by
considering the clockwise and counter-clockwise current states as the two degrees of freedom.
It is called superconducting flux qubit and is also a useful, i.e., sensitive and easy to control,

magnetometer.

2.5.2 SERF

A spin-exchange relaxation free (SERF) magnetometer is one of the optically-pumped atomic
magnetometers operating at high temperature (the probe cell needs to be heated about 200°C )
and low magnetic field [35, 36,78]. In a glass cell, which works as the probe, potassium gas is
enclosed. The initialization and the readout is done optically. The key feature of this sensor is that
the spin exchange relaxation is suppressed by making the density of the potassium gas sufficiently
low and operating in weak magnetic field. Suppression of spin exchange relaxation implies the
long coherence time, making it possible to do the measurement for a long time, resulting in high
sensitivity.

Here is the best sensitivity that has been achieved at the time of writing this thesis, with the

spatial resolution and the temperature of the system as follows.
e Sensitivity: 160 aT/v/Hz
e Spatial resolution: 0.45 cm?

e Temperature: up to 420°C



Chapter 3

Generalized cat state

In this chapter, we introduce the notion “generalized cat state.” It is a superposition of macroscopi-
cally distinct states characterized by the index named g [50]. We first clarify what macroscopically
distinct states are, and review the indices p and g. The former characterizes superposition of
macroscopically distinct states for pure states, and the latter covers both pure and mixed states. We

take a look at some examples to see how these criteria are important.

3.1 Motivation

Quantum physics allows two or more states to be superposed for microscopic systems, and in
1935 Schrodinger raised a question whether superposition can occur in a macroscopic scale. This
famous paradox of Schrodinger’s cat has been an intriguing topic since then. In spin systems, the

following state is recognized as a “cat” state.

1

V2

YN+ — ()N, 3.1)

1
NG 0
This is called the Greenberger-Horne-Zeilinger (GHZ) state. It is obviously a superposition of
macroscopically distinct states when N > 1, for |1)®" having +N magnetization and |1)®" hav-
ing —N magnetization along z axis. Fundamental interest and possible application to quantum
technology such as computation [79-87] and metrology [11, 12, 88—92] have driven the intense
research of the GHZ state, and it is realized with up to 18 spins [93].

However, the GHZ state is not the only state worthwhile to be called a cat state. For example,

no one doubts the following being a superposition of macroscopically distinct states, i.e., a cat

23
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State.

)N Y EN (32)

1 1
— +—= |t
V2 | V2 |
We expect there are countless kinds of cat-like states. However, we must also note that the notion

“superposition of macroscopically distinct states” is ambiguous. For instance, is this a cat state?

1 1
biased) = || — )N 44/ 1— =[]} 33
ased) = [+ ™ +/1- £ 11) (33)
When we consider macroscopic N, i.e., N — oo, |biased) asymptotically becomes |)*", which is
no longer a superposition of M, = +N state and M, = —N state. To distinguish these confusing

non-cat states, we need a criterion. Below we consider two criteria: index p and index g. The
former is for pure states, and the latter is for mixed states. Using g, we define the term “generalized

cat state.”

3.2 What is “macroscopically distinct states?”’

Let us first clarify what “macroscopically distinct states” are. It is reasonable to consider two
states as macroscopically distinct if they have macroscopically different values of some “macro-
scopic observable.” Two states |statel) and |state2) are macroscopically distinct states if A is a

macroscopic observable and
| (statel|A|statel) — (state2|A|state2) | = macroscopic. (3.4)

According to thermodynamics and statistical mechanics, additive observables are macroscopic
observables [94]. Here, additive observable A is the sum of local observables d(i), where i labels

the components, e.g. spins:

S

Il
.MZ

jS

(i), (3.5)

1

~

where N is the degrees of freedom such as number of spins. The precise expression of the local

observable d(i) is

i“loa@) eV, (3.6)
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and we assume this @(i) in the direct product does not depend on N. Throughout this thesis, we
assume N to be large, i.e., macroscopic, but finite. Therefore, |statel) and |state2) are macroscop-

ically distinct if
| (statel|A|statel) — (state2|A|state2) | = O(N) 3.7)

19Ny and |[®N) are macroscopically distinct because

for an additive observable A. For example,
| (HEN AL 19N) — (LN AZ:] L2) | = 2N, (3.8)
where M, = YN | 6(i) and 6,(i) operates on ith spin. We also assume
la()]] = ©(1), (3.9)
hence
1Al = e() (3.10)

throughout this thesis, where ||O|| denotes an operator norm of O.

Note that for a function f of N, we say
f=0(N G.11)
if
i—> tant >0 (N — ) (3.12)
% ¥ constan . .

If f = O(N*) then f = O(N¥), but the inverse is not necessarily true.

3.3 Index p

For pure states, the index p can correctly detect the superposition of macroscopically distinct states.

It is defined as follows.

N )
Definition:
For a pure state y, p is defined as
max (w](A4)?|y) = ©(N?), (3.13)
where AA = A — (y|A|y).

N /

Ref. [53] indicates that if p = 2, then |y) is a superposition of macroscopically distinct states. In
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other words, if |y) contains only macroscopically non-distinct states, the fluctuation A — (y|A|w)
is not large, i.e., merely o(N?). Note that the index p has a property that 1 < p < 2. The maximum
p = 2 means anomalously large fluctuation. The same idea is discussed in other works as well
[57,73].

Good thing about the index p is that it is directly related to the stability against noises and
measurements [45]. It is indicated to be necessary for speedup of quantum computation [85].
Also, it is efficiently calculable through variance-covariance method [53].

However, we cannot detect the existence of superposition of macroscopically distinct states in
mixed states by using p. For example, the following mixture of p = 2 states is not a superposition

of macroscopically distinct states.

L S X WD O et O K e €
2 V2 V2 2 V2 V2

= (N Y + e ) (3.14)

The fluctuation of M. of this state is N2, but it is obviously no more than a classical mixture.

3.4 Indexgqg

3.4.1 Definition

To detect superpositions of macroscopically distinct states in mixed states, we introduce the index

q. It is defined as follows.

. h
Definition:
For a density matrix p, ¢ is defined as
max{rgaxTr[ﬁ AAﬁ},N} =0O(NY), (3.15)
A
where
Cin = (A, [A,7]]. (3.16)
A is an additive observable and ) is a projection operator.
%

Ref. [50] says if ¢ = 2, then p contains superpositions of macroscopically distinct states with

significant ratio. The outer maximization is to make 1 < g < 2.
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An intuitive reason why ¢ = 2 means the existence of superpositions of macroscopically dis-

tinct states is as follows. Using the eigenvalue and the eigenstate of A, i.e.,
AlA, V) =A|A, V), (3.17)

where v labels the degeneracy, we have

Tr(pCha) = Y (A, V[P Y |A V) (A", V| (A2 —2A0A + 7A)|A, v) (3.18)
AV AV
= Y A=AV A VpIA V) (A VIRIA, V). (3.19)
AV AV

The three factors (A, v|p|A’, V'), (A —A")? and (A’,V'||A,v) (< 1) in the summand in (3.19) co-
operate well to detect the superposition of macroscopically distinct states. The term (A, v|p|A", V')
is the quantum coherence between |A, V) and |A’, V'), something we expect cats to have non-
vanishing values for |A —A|' = @(N). The term (A —A’)? provides a large weight to the coherence
terms of macroscopically distinct states. Since we maximize with ], we can regard the term
(A", V'|71|A, v) (< 1) as an adjuster of the signs of the important coherent terms. Therefore we can
see that if p has ¢ = 2, then there are significant quantity of (A, v|p|A’, V') with (A —A’)> = ©(N?).

To support the above explanation, let us consider the GHZ state. The density operator of the

GHZ state has the form

1/2 0 - 0 1/2

0 0 0
IGHZ) (GHZ| = | . . : (3.20)

0 0 O

/2 0 --- 0 1/2
with nonzero elements in every corner of the matrix. In this case, one of the coherence term

(A,v|p|A’,v') with macroscopic A — A’ is this:

T /1/2 0 -~ 0 1/2

(LY (GHZ) (GHZ|) [ ®Y =
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Another approach to understand the meaning of 7 is to consider a trace norm. For details, see
Sec. 4.3.

3.4.2 Properties
Index g has several reasonable properties as follows.
1. Separable states have g = 1.

2. If p is pure, then

p=2&qg=2, (3.21)
p=1=g<15. (3.23)

An example of a pure state with ¢ = 1.5 and p = 1 is |biased) in Sec. 3.1. For this state, we
obtain max, Tr(|biased) (biased|[M.,[M.,7)]]) = 4N+/N — 1 since [M., [M., |biased) (biased|]) =
ANVN =TIV (LN + 11N (41%N). The proof of ¢ < 1.5 for arbitrary pure states with
p =1 are given in Appendix A.

3. Classical mixture can decrease g. An example is given in (3.14), that is,

L S o € WD O it 1 e
2 V2 V2 2 V2 NG

=3 (I A+ we). 324

Because of mixing, g = 2 states became a separable state with g = 1.
4. Classical mixture does not increase g. Suppose we can decompose P as
p =) Aibi. (3.25)
i
Since

maXTr pC Z?L maXTr A ) (3.26)
A Tl l Hnl h '

we find that the state p;’s g, which we denote as g;, satisfies

q < max{q;}. (3.27)
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5. If p has g = 2, then in every decomposition there exists a state(s) with ¢ = 2. That is, when
p=Y hibi=Y Api=""-, (3.28)
i i

where 0 < A; < I and };A; = 1 and similarly for A/, then there exists a state with ¢ = 2 in
each of {p;}:, {f;}is -+

6. If p has g = 2, there exists a pure state(s) with p = 2 in every pure-states decomposition.

That 1s, when

p=Y Ay (wil = LA (vl = (3.29)

where 0 < A; < 1 and ¥; A; = 1 and similarly for A/, then there exists a pure state with p =2
in each of {|y;) }i, {|w/) }i, - - -. Here, the pure states in the decomposition are not necessarily

orthogonal to each other, e.g., we do not assume (y;|y;) = 0 for i # j.

7. If p has ¢ = 2, then in every pure-state decomposition pure states with p = 2 should be

contained with a significant weight, i.e.,

Y A=0(1).

i€ p=2

This is a necessary condition for g = 2.

8. A sufficient condition for g = 2 is as follows. For an additive operator A, suppose that pure

states |y1), |ya), - - - satisfy
(wily;) = &, fori, j=1,2,--, (3.30)
(wilAly;) =0 fori # j, (3.31)
(Wil (AA)* | yi) = O(N?) for i < A, (332)
(Wil (DA ;) < O(N?) for i > A, (3.33)

where A;/A = A — (y;|A|y;) and A is a positive integer. Consider a classical mixture of these

states, p = Y, Ai|wi) (|, where 0 < A; < land }; A, = 1. If

Y Ai=0(1), (3.34)

i<A

then any such a mixture has g = 2.
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Also, the superposition may be superposition of more than three states. For example, we can

prove the following state has g = 2.

R o R A e R Ay B SR o KA AR
VN +1 '

Intuitively, it is a superposition of states with M, = @(N) and M, = —@O(N).

(3.35)

3.5 Generalized cat state

We call a state p with ¢ = 2 a generalized cat state. From the property 2, generalized cat state

automatically includes both pure and mixed states.

If there exists an additive observable and a projection operator such that
Te(pCy ;) = O(N?), (3.36)

then ¢ = 2 is guaranteed. Let us call such p a generalized cat state of A.

We also call max; , Tr(ﬁCA‘A.ﬁ) =: (C) as “catness” in short. The coefficient of N term in the

catness quantifies how much cat is contained in a state. For example,
|GHZ) (GHZ| (3.37)
has (C) = 2N? while
! lonz) (onz) + 11 (3.38)
2 22N

has (C) = N2. We can see that there is more weight of the superpositions of macroscopically

distinct states in the former than the latter. The larger the (C) /N? is, the more weight the cat has.

3.6 Example

Let us give an interesting example of a mixed generalized cat state. Suppose |k) is a product state
with k spins being |1) and N — k spins being ||}, and |k) is a product state with k spins being ||) and
N — k spins being |1). (We do not care whether, e.g., |k = 1) takes the configuration 1) [{)®V ™! or

1LY 11N 72 or others.) Let us define their superposition as

k) + k)

k—GHZ) := N
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For k =0 and k = N, |[k—GHZ) is exactly the GHZ state, meaning ¢ = 2. Undoubtedly, |k-—GHZ)
with k = 1 or k =2 or k = 3 should also have ¢ = 2. For this |k—GHZ), the following mixture also
has g = 2:

~ Y |[k—GHZ) (k—GHZ| (3.39)
N =

What is interesting is that the weight of each |k—GHZ) (k—GHZ]| is only ®(1/N). (3.39) having
g = 2 implies that a mixture of “similar cats” can have g = 2.

As can be seen, ¢ identifies a wide variety of states as a “cat” state. Then the question is, are
all the generalized cat states as useful as the GHZ state in metrology? In the upcoming Chapters 4

and 5, we answer this question.

3.7 Other criteria

For pure states, detection of cat states by a large fluctuation of an additive observable is considered
in other contexts as well [57,73].

For mixed states, other quantities are also considered to detect macroscopic quantumness, as
reviewed in [71]. However, how they relate to ¢ remained an open question, though g reasonably
characterizes superposition of macroscopically distinct states by picking up the coherence.

As we will see later, there are advantages in considering g. First, it is quite reliable as a criterion
for detecting a superposition of macroscopically distinct states. While other criteria attempts to
characterize “macroscopic quantumness’ instead of the superposition of macroscopically distinct
states, what g quantifies is the coherence itself. Second, when we consider g, projection operators
always come along. This directly connects to metrology, clarifying what kind of measurement is
sufficient for obtaining the ultimate scaling sensitivity. Even for pure states that do not require ¢
for just identifying a cat, ¢ is more useful than p for this reason. Third, we can see the dynamical
aspect because the index ¢ is related to the equation of motion. This feature is especially significant

when we consider a noisy environment.






Chapter 4

Heisenberg scaling sensitivity in the absence
of noise

In this chapter, we discuss the sensitivity of a magnetic field sensor with generalized cat states in
the absence of noise. We show that in such an ideal case, the sensitivity achieves the Heisenberg
scaling. We also show how to derive the projection operator that lets us achieve the Heisenberg
scaling for a given generalized cat state. Advantages of using ¢ is also discussed by referring to

the quantum Fisher information.

4.1 Overview

As we have seen in the previous two chapters, the sensitivity of quantum metrology is enhanced
by using some special superposition states such as the GHZ state, and generalized cat states are
superposition of macroscopically distinct states in various forms including mixed states with small
purities. Though generalized cat states are defined quite reasonably, it is nontrivial whether all
the states identified as generalized cat states are of use in metrology, since it covers a wide range
of states. Answering this question will broaden the possibility of quantum metrology. To begin
with, we consider the ideal case where there is no noise. In such a case the renowned GHZ state is
known to achieve the Heisenberg scaling sensitivity. We will discuss whether the other generalized

cat states can also achieve such a scaling.

33
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4.2 Sensitivity of a magnetic field sensor with a generalized cat
state

Since we are discussing the ideal case without noise, we may assume the Hamiltonian to be
Hy(®) = wA, 4.1)

where  is the Zeeman frequency shift that we want to estimate. For simplicity, we omit other
terms in Hamiltonian even if present. Note that ||A|| = ®(N) because A is an additive observable,

i.e., the sum of local spin operators. We consider using a generalized cat state p satisfying
Te(p[A, [A, 7)) = O(N?). (4.2)

to estimate .

Following the Ramsey-type protocol, we let p evolve for time #;,; to obtain
l’j(tint) — e_iwAtﬁeiwAl. (43)

To this P (fin), we read out through a projection ). Then the probability of the projection 7] being

done is
Py = Tr(ﬁe_iw‘&tﬁeiwﬁt), (4.4)

where the subscript “0” denotes the case where noise is absent. The uncertainty of @ measured by

the generalized cat state p is

so— YHU—R) 1 (4.5)
% \/T/tint

do
Since Py does not exceed 1, 8@ < -~ Hence let I t("ﬁ‘.
ince Py does not excee < % T ence let us evaluate |-
Using the Baker-Hausdorff formula, we can easily show
. imte & imAs ° (—iwAti )k~
P (tin)) = € @lint p o OAlne — Z %[ Pk (4.0)
k=0 :
where
[A,plk1 = [A,[A, pli], (4.7)

A,plo = p. (4.8)
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Using the cyclicity of the trace, we have

A o _'wtin k o
Py=Tr (P Z %[ ﬂ]]k) ) (4.9)
k=0 :
dPy [ & (i) (i) !
Therefore,

P R ATR A

—o| = || T (pIA, A, 1)) — it Tr(A[A, A1)
—2fint”AH(€2wtimM” —-1- 2(DtintHAAH>' 4.11)

4.2.1 Derivation of the Heisenberg scaling sensitivity

In the following, we show that with an appropriately-tuned @f, N, the right-hand side of (4.11)
scales as @(N~!) and thus S® achieves the Heisenberg scaling, when the initial state p is a gen-
eralized cat state satisfying (4.2). As we will discuss later, the parameter to be measured can be
tuned to be in a certain required range by applying a known field corresponding to @y in addition
to the unknown @. In the following we denote the total frequency @ + @y, which is appropriately

tuned, simply as @. Below we denote
X 1= WOtipN. (4.12)
First of all, we take
= O(NY) (4.13)

throughout this thesis. We will show that for appropriately tuned x, the following holds.

xt; A . 2.1l A
fi= H (1A [A,n]])‘ — |itn Tr(PJA |‘ ~2tmIA ] (¥ 1—2x”—N”) (4.14)
> 0(x* timN). (4.15)
To make it easier to see, we denote
1 ArR n
v = — \Tr pIA )|, (4.16)
vy |Tr AJA )], (4.17)
= |xtivaz — Z‘imNV1|, (4.18)
. 4] A
= 2tim||A||(e2x% —1 —ZxU). 4.19)

N
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Hence
f=h-r (4.20)
For a given set of {ﬁ,A, 71}, which gives (4.2), we can arbitrarily take a positive constant k;
such that
k< % (4.21)

We also take another positive constant k, as follows. First, take an arbitrary positive N-independent

value c. Then we define a positive c-dependent value k. as

2 14] A
b o DN —1-2e5h

- NG (4.22)
We vary ¢ to maximize min(c, 2k_klc) and take k, as
: 1

ky = —). 4.23
) mglxmln(c, ch) (4.23)

We fix ¢ as the value that maximizes min(c, 2’%)1 Since

Al (2 Al
2| A2V F—1—215]x

hx) = 1Al N X) 4.24)

Nx2
is an increasing function of x, for x < ¢, h(x) < h(c). Hence for all x that satisfies x < k, the

inequality
fo < ketiiNa? (4.25)

holds. Using k; to determine the appropriate range of x, we can show (4.15) as follows.

If 2v; /v, < kp, then we tune x to satisfy

2

A <x<h. (4.26)

%)

Since x > %, we have

J1 = xtineNvo — tineNvy 4.27)
>tV (xv2 — ’%) (4.28)

1
= EXlimNVQ (4.29)
> kixtieN. (4.30)

'The reason we maximized with ¢ is to make the range of x wide. The derivation of the Heisenberg scaling does
not require the maximization. Hence, if maximization is difficult, one can arbitrarily fix ¢ as ¢/ = @(N°) and take
. k
ky = min(c’, 5-).
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Combining this with (4.20) and (4.25), we have

f > kix- tigcN — kex*tinN = xtineN (ki — kex). (4.31)
Since x < kp < 2k—klc, i.e., ki > 2k.x, we have
f > keXtiN, (4.32)
proving (4.15). Hence (4.11) is bound as
dP,
S| 2 S Z ket (4.33)

which gives us

1 1

JORS : (4.34)
cxztintN \/ T/lint
Hence the Heisenberg scaling is obtained.
If 2vy /vy > kp, then we tune x to satisfy
2
0 < x < min(ks, =21 (4.35)
3V2

Note that the lower bound x > 0 comes from the condition x = @(NO). Since x < % we obtain
f1 = tieN(v1 — xv2) > kyxtinN, the same bound as (4.30), from a similar calculation. Similarly
with the case 2v; /vy < kp, combining the bound of f] with (4.25), we obtain (4.31)-(4.34), which
allows the Heisenberg scaling.

Therefore, generalized cat states can achieve the Heisenberg scaling sensitivity.

4.2.2 The order of ®w and 0w

To obtain the Heisenberg scaling 0 @ «< N —1_ the interaction time #, needs to be O(N O). Then the
assumption @t N = @(N?) requires ® = ®(N~!). Such @ is realizable by appropriately tuning @y
as indicated in the next subsection, but the following question rises: Is & = ®@(N~!) significant
when we already know @ = ®@(N~1)? To answer the question, we would first like to remark the
following point: d® o @ is nothing special in actual sensors such as electric current testers. It is
normal that a sensor with small d @ has a small range, i.e., can handle only smaller @. All we need
is 0@ < , which is satisfied, e.g., when 6® = 1/N and @ = 100/N.

This requirement d @ < @ can always be achieved by means of taking T sufficiently long. The

total measurement time 7 can be increased by simply increasing the number of repetition T /f;y.
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Note that we assumed Sy < 0®. Practically, @y can be reduced as much as required,
i.e., smaller than 0 of a given N, beforehand. For a given magnetic field generator, such as a
magnet, one should measure its magnetic field strength o< @y by using some magnetic field sensor
repeatedly. Whatever the used magnetic field sensor is, d @y can be reduced as the the number of

repetition is increased. Hence d @y can be made as small as we wish.

4.2.3 Discussion on the conditions of x

In the previous subsection, we obtained the Heisenberg scaling sensitivity by assuming that x is
tuned in a certain range. Let us denote the range as [ < x < u, for simplicity. In this subsection, we

discuss how can this condition imposed on x = @f;,¢N be satisfied practically.

In many practical cases, we know that the target parameter @ is around zero® and has the
absolute value smaller than a certain ®*, i.e, |®| < w*. Using this ®*, we can clarify how to
satisfy the conditions. A sensor normally has a dynamic range @, that restricts the measurable
upper limit of the absolute value of the target parameter. As the sensitivity becomes better, the
dynamic range usually becomes narrower for typical sensors. Hence it is important to appropriately
set @, to obtain small enough . Since we are provided with @* such that |o| < ©*, we know
we should take @, > ®* so the target @ is within the range. Here we take @, = ®*. With such
@y, the condition / < x < u can be dealt with and thus the generalized cat state sensor can be fully
exploited by tuning N and i, as follows: First, tune Nt so that u — [ = 2w,t;,;N. Then, add a
known field wy = [ + @,%,/N. Then the total field @ = Wy + o satisfies | < WyotineN < u.

4.3 Calculation of the index ¢ for fixed A

As we have seen, states with ¢ = 2 are useful in metrology. However, there is no general method
to calculate the index ¢ for a given mixed state p. The difficulty lies in the maximization with
both A} and A. However, once A is given, it is possible to choose # to maximize Tr(p[A, [A,A]]).
For this purpose, we need to find candidates of A. Candidates of A can be found by, for example,
maximizing the fluctuation Tr(p(AA)?). Such maximization can be performed by the variance-

covariance method [53].

20r, we can add @y and make @, = ® + @y to be around zero and measure .
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For a fixed A, the definition of the index ¢ can be expressed differently as follows.
O(N?) = max{N,maxTr (p [A, [A, n]])} (4.36)
n
Looa or o
= max{N, 3 |[4, {4, ]} } (437)
Here, ||X||; is a trace norm:

IX[1 = Tr(VX'X) (4.38)

=Y lel, (4.39)
X= ien n) (n|. (4.40)
This re-expression can be understood from the cnyclicity of the trace
Tr (p[A, [A.A]])} =Te (A[A, [A.p]]) (4.41)
and the fact that
Tr ([4, [A,p]]) =0. (4.42)

Maximization of Tr (ﬁ [A [A, ;5] D requires 7] to be the projection onto the subspace spanned by
the eigenstates of |A [ [A pH with positive eigenvalues. That is the half of the trace norm because
the total of the eigenvalues is zero in this case.

Since numerical methods to calculate the eigenvalues of a given observable are well estab-
lished, this formula helps us to numerically calculate the index q.

In other words, we can construct the projection f) that makes the given p achieve its best
sensitivity by diagonalizing [A, [A, p]]. The maximizing 7] is

= Z In) (n|. (4.43)
ey >0

Note that in the context of quantum metrology, the observable A is often fixed for judging the

utility of a given state. It is because quantum metrology aims to estimate the parameter associated

with a certain fixed observable.

4.3.1 Example

Let us calculate the index g of a mixed state

N
Z ) (vl (4.44)
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where |y; ) is a GHZ-like state differing by the Ath spin:

1 _ _ 1 _ _
va) = S EETIININETY £ SIS A =12,08) - @45)
For simplicity, use use the following notation.
[y = M)AV ==, (4.46)
[ = W) [ (447)

Since the GHZ state is a generalized cat state of M., we can guess this Pex could also be a gen-
eralized cat state of M,. Therefore we take A = M, and see how ||[M,, [M,,P.]]||1 scales. The

eigenstates of [M,, [M,, P..]] are |y )’s, and the eigenvalues are all positive because

(M, M, Pex]] = M Pex — 2M-Pex M.+ PexM? (4.48)
= 2(N —2)*(Pex — Pex) (4.49)
1 N
=2(N =275 3 (M (Wla + (), (4.50)
A=1
where
1 N
Peri= X [V2) (V2 (4.51)
A=1
_ 1
Vi) = (s~ 1) (A =12,..N). (452)
Therefore,
~ A 1
M, [M, pex]]||l1 = 2(N — Z)ZN XN =2(N— 2)2 = ®(N2), (4.53)

providing ¢ = 2. The maximizing 7] is derived as NPex. Hence the mixed state P, can achieve the

ultimate scaling in measuring M, with a projection fj = NPy after Ramsey-type protocol.

4.4 Relation with the quantum Fisher information

In quantum metrology, the quantum Fisher information (QFI) is one of the most important quantity,

for it gives the lower bound of the uncertainty. A famous Cramer-Rao bound

So > (4.54)

4-
s
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holds regardless the details of the measurement. Since we have shown

So<ON) (4.55)
for generalized cat states, we now know

QFI > ©(N?) (4.56)

for generalized cat states.

From the reasoning that the improvement of the sensitivity over the SQL should be caused
by the macroscopic quantum effect rather than the accumulation of microscopic quantum effects,
the QFI is also considered as a measure of macroscopicity of quantum states [57]. The QFI of a
quantum state p = Zl-zlzvl m; |i) (i| which is subjected to the time-independent Hamiltonian H is

2N

F(p,H)=2Y

ij=1

(mi—m)* s

1A )| 4.57
— | (i[H ) |7 (4.57)

where the sum is taken over only 7; + 7; > 0 terms. From the observations that separable states
have .7 < 4N and the GHZ state has .% < 4N? for the Hamiltonian # = Y'N | h(i) with ||a(i)|| = 1,
Frowis and Diir proposed the QFI as a measure of macroscopicity.

For a pure state |y) (y/|, the QFI becomes

= N\2 2 )\2
F(y) (vl = 2% ( Y T gy e Y E T gy |2> @.58)

T\ T+ 7 =i T+ T

(1-0)% a1 O—m)? a2
=2( ¥ KvlAH 1+ Y X | (ilH]E) | (4.59)
(j@éw 0 iz O

2

:2(Z|<w|mj>|2—|<w|ﬁ|w>|2+ y & r<i|ﬁ|w>|2> (460
J i(#y)

= 4((yIA°ly) — (VIALY)), (4.61)

coinciding with the four times of the energy fluctuation

(W|(AH)?|y). (4.62)

For pure states, ||[H,[H,|w) (y|]]|1 > 2(w|(AH)?|y). Hence the relation between g and the QFI

is clear even though they are defined from different aspects of physics.
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However, the relation of these two measures was an open question for mixed states. It means
the characterization of quantum macroscopicity could still have ambiguity. So, clarifying the rela-
tion (4.56) for generalized cat states has some significance.

In addition, there are clear advantages in considering generalized cat states. As summarized
in Table (4.1), the QFI provides the lower bound of the uncertainty 8 ®, i.e., @ > 1/+/QFI; the
Cramer-Rao inequality. Although the equality is satisfied by some optimal POVM measurement,
such a measurement is generally unknown for mixed states, and even if it is somehow found, it
could be very complicated. Hence, practically, the QFI gives §® > 1/1/QFI, which does not
ensure the ultimate scaling even when QFI= @(N?).

On the other hand, generalized cat states guarantee the ultimate scalings, @ < 1/®(N) (or
Sw < 1/O(N3*) in the presence of noise, as we will see in next chapter), providing the upper
bound. This inequality is satisfied by a known simple measurement: Ramsey-type protocol and
reading out with the projection f) which we know. That is, the way of achieving the ultimate

scaling sensitivity is explicitly given.

Quantum Fisher Information Generalized Cat State
1 1
00 2 7 80 < 5w

equality achieved by some unknown POVM | equality achieved with a known measurement

the POVM could be complicated a simple Ramsey-type protocol can be used

Table 4.1: Comparison between QFI and generalized cat state.



Chapter 5

The ultimate sensitivity in the presence of
noise

In this chapter, we consider the case where there is independent dephasing. In reality, dephasing
is one of the inevitable source of the degradation of the sensitivity. The weight of the off-diagonal
terms that show quantum coherence of macroscopically distinct states are diminished because of
the dephasing, which makes it non-trivial whether the generalized cat states are useful or not with
the realistic environment. Here we show that even in the presence of independent non-Markovian
dephasing, the realistic noise for the most of the solid-state systems, generalized cat states achieves

the ultimate scaling sensitivity.

5.1 Noise model

First of all, we restrict our discussion to independent dephasing by which each spin dephases

without affecting others. The noise we consider is the following:

N
Y. Afi(n)a(n), (5.1)
=1

where A is the amplitude of the noise, and f;(¢) satisfies

fi(t) =0, (5.2)
fi(0) fu(t) =exp(—|t —1'|/T)&p, (5.3)

where the overline denotes the average over the ensemble of the noise, and 7, is the the correlation

time of the environment.
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5.1.1 Markovian dephasing

In the case where 7. < tiy, the dephasing process is Markovian. In the presence of Markovian de-
phasing, it is known that even the GHZ state, the most ideal cat state, does not show the superiority
than separable sensors. The enhancement of sensitivity disappears, and SQL becomes the ultimate
scaling [17]. It is because under the effect of the Markovian independent dephasing with the GHZ
state, the weight of the off-diagonal terms changes as exp(—zN/T5"), while the phase accumulation
is exp(iwrN). Here, T, is the coherence time of a single spin, determined by the amplitude of the
noise, i.e., T, o< 1 /A. To make use of the GHZ state, we need ft;,; < T;. However, with any #y, the
decay of the off-diagonal term is not slower than the advantageous phase accumulation, hence the

entanglement does not improve the sensitivity.

5.1.2 Non-Markovian dephasing

By assuming non-Markovian dephasing, we obtain a different result. Previous works [14,16,24,27,
28,30,95] showed that the GHZ state can actually beat the SQL in the presence of non-Markovian

dephasing. The uncertainty is proven to scale as

1

0w o< W,

(5.4)

beating the SQL by the factor @(N 1/ 4). Furthermore, Refs. [96,97] showed this is the ultimate
scaling in the presence of dephasing. The key is to take fi, in the so-called Zeno regime, i.e.,
tint < T.. With non-Markovian decay, the metrologically useful off-diagonal terms in the GHZ
state decay as exp(—(t/ TZ*)zN ), which is quadratic in the early stage of decoherence. This slow
dephasing provides us the chance to beat the SQL. Depicted in Fig. 5.1 is the schematic of the the
slow decay of the coherence, i.e., the weight of the metrologically useful off-diagonal terms for

non-Markovian noise and the faster decay induced by Markovian noise.
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{ ~=Slow decay (“Zeno” regime)
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Weight of off-diagonal term
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Figure 5.1: In the early stage of dephasing, more coherence, i.e., the weight of the off-diagonal
term, remains for non-Markovian dephasing than Markovian dephasing.

In addition to this advantage, non-Marovian dephasing is more realistic than Markovian de-
phasing, although Markovian noise model is easy to handle and thus thoroughly studied. In most
of the solid-state systems such as NV centers, the noise is non-Markovian [98]. An evidence of
this is the usage of echo sequence. Echo sequence is a technique in magnetic resonance where one
applies 7 pulse in the midst of the free induction decay and obtains a signal back again. This is

possible because the environment “remembers the past,” i.e., non-Markovian.

In spite of such potential improvement of quantum metrology, the previous studies were focus-
ing on some specific states such as the GHZ state and spin squeezed states. A question whether
there are any other metrologically useful quantum states or not still remained open. Moreover,
although pure states are assumed to be preparable as a sensor state in most of the previous re-
searches, sensor states prepared in experiments may be mixed. In order to understand the full
potential of quantum metrology, investigation of the sensitivities of other, nontrivial and non-ideal,
quantum states is crucial. Therefore we analyze the sensitivity of generalized cat state sensors in

the presence of non-Markovian independent dephasing.
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5.2 Sensitivity of generalized cat states

5.2.1 If one spin dephases

To begin with, we consider the case in which only one spin among N spins is subjected to the
decoherence. This artificial setup helps us understand the natural N-spin dephasing case. The

Hamiltonian is expressed as

HO +Hintl (t)a (55)
where
N A
Hy=0) a(l) = 0A, (5.6)
=1
mtl( ) Afl( ) ( ) (57)

Here we consider the non-Markovian dephasing by assuming 7. >> f;,,. Hence, we approximate
exp(—|r —1'|/7.) = 1, which simplifies the upcoming calculation.

We let a generalized cat state p evolve for time f;, to become P (i ). In the interaction picture,

fj](t) — eiﬂolﬁ (l‘)e—iﬂ()l7 (58)
dp'(t . .
PO i (0).5' 1) (59)
By integrating, we have
>° fint 3| In—1 A "
P tlnt Z _l)L / / / dtldtZ dtn [Hmtl (ll) [Hmtl (lZ) [Hintl (tn)ap (O)]H

(5.10)

Taking the average over the ensemble of the noise, we obtain

mt :oo _;L n e tnldd “-dnAl,AOn.
p(s Y AT i) [ [ [ ddeedula(),p(0)
(5.11)
We can decompose f(t1) fi(t2) - - - f1(t,) into
SR = Y T BTG [ G (.12)

all combination

=(2n—1)(2n—3)---3-1=(2n—1)!! (5.13)
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and

fefi) - filean) = Y FOSG) @) F@E) - f (1, ) f(0,) [(13,00)  (5.14)

all combination

=0 (5.15)

since we we assume f J( )fx(t") = 6 and the m(> 2)th cumulants are zero for Gaussian noise.

Therefore, we obtain

p tlnt i l}L 2" ”/lm/[] " ldtldtz dtz,,[d(l) p(O)]zn (5.16)
= ; )" (2n— 1)t mt(2n) 1[a(l),p(0)]2n (5.17)

> 1
= ; tint) "5 1a0), p(0)]2n. (5.18)

The commutation can be simplified by assuming @(1)? = 1, which holds for +6; .. Hence,

2n
(1), p(0))n = - (p(0) —~a(p(0)a)) (5.19)
Then we obtain
Al A - 2 n 1 22n A I A N
Plt) ~(0) = L (At 5 (0(0) ~ P 0)al1) (5.20)
o [ 2. \n
5% 22 (50) -~ a(p()an) (521)
2 (—2A%tin)" 5(0) —a(l)p(0)a
%20( )" (5(0) - atp(yay) - PLZEDPOAD, s )
2%t 5(0) — a(Dp(0)a
= () - awplojau) - LU0 5:23)

Therefore, in the case where only /-th spin dephases, the sensor state p evolves into

N R e—ZAZZim _ 1 R 1 _ e—ZAzlim R
P (t) = P(0) + p(0)+———a()p(0)a(l) (5.24)
2 2
1 + *212%1 . 1 _ 72121‘111[ A R A
= ———p(0)+ ——5——a()p(0)a()). (5.25)

This is the formula for the case in which a single spin dephases by non-Markovian independent

noise. We use this formula to examine the case for the case where N spin dephases.
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5.2.2 If N spins dephase

Now we consider the case where all of the N spins dephase. In this case the Hamiltonian is

Ao+ B (1), (5.26)
N

Hin(r) = Y Afi(r)a(l). (5.27)
=1

As we have seen in the previous subsection, dephasing of /th spin corresponds to changing p into

1 +e—2;1.21‘im 1 _ e—2/12tim

&lp] = 5 P(0)+————a(1)p(0)a(l). (5.28)

When N spins dephase, the state becomes

P (tin)" = enlen—1---&1[p(0)]] (5.29)
N 22\ N—1 2,2
]—|—e_lzt12m . 1—|-e_l Tint 1—e_A Lint N VA .
=1
1 — e At N
+ s anan_1 - -&1[3(0)&1 ---dy_14n, (5.30)
(5.31)

Going back to the Schrodinger picture, we have

22\ N 2.2 \ N—1 2,2
. o 1 —|—e_)L Line . 1 —|-e_l L 1 —e_A Lint N A .
B i) = ¢ (T> 50+ (T 1270 Yy atp(at) +
=1
1-— e_)th_zt N A
+ (T) anay-—1---a1p(0)a---ay—1dn ¢! Hofint (5.32)

—A2:2 A A

Here, HeTr'"t e~ Holi 5 () eHofint in p(t;,) is what we obtain when the generalized cat state

evolves in the presence of the target magnetic field without noise, only with a diminished weight
(%ﬁz‘“) . We have already studied in the previous chapter that this state shows the ulti-
mate scaling sensitivji\}y. To examine the effect of the other terms in P(f), we denote p’ :=
P (tint) — (HeT%) ¢ Hotin ﬁ(O)eiﬁO’inl. To make it short, sometimes we call e*"ﬁotimﬁ(O)e"l%’int

the “original” generalized cat state to distinguish from p’. Applying the triangle inequality to the
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denominator of 6 ®, we obtain

. a A N
dTr(AP (tin)) dTr(fe~@Aimp (0)e/®Ain) | (1 +4e 4 in dTe(fp")
VT > \/T/t - :
[t do = tim( do 2 do )
(5.33)
Since
ITr(p[A, A)| < 2|A], (5.34)
the second term can be evaluated as follows.
dTr(p’' 1)
‘ CE’; '7>‘ (5.35)
d > l(Ul k N
= %kg@( k‘!‘“) Tr(polA; 1lk) (5.36)
< 2| A i@ 14N | of | (5.37)

N—1 2,2
. A 1+ e A l—e A\ &
— 2] el | (—2 12 22 Y atip(ya) +
=1

1 — e M N
| ——=—— | anan—1---a1p(0)a ---an—1anl|| (5.38)

2
i 222\ —222 222\ N
— 2| APl [ [ LT Tme T ) (MY Ly (e i) (Y
(5.39)
N
N " 1 —A%t
= 2 APl 1_<%> | S0

Hence we have

dTr(A P (tn
V 1 /tint r( ( t)) ’
2,2

do
N 22 \ N
dP| [ 1+e * i . i 14+ e A tin
> /T [tint ‘%KT) —2||A][f?®imliA 1—<T . (54D

Recall that the first term is already evaluated in the previous chapter:

dP
‘%‘ > ke (@tN)*Ntyp > 0. (5.42)
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We assume that the right-hand side of (5.41) is positive, which means that the weight of the original

generalized cat state is sufficiently large. Then we have

6mdeph\/7
_ 1 4 e~ 222\ N wanllA 1+ e 22710\ Ny 11
< (v o (EYY oAl (e Py

To see how small this uncertainty is, we must optimize it by changing f#,,. Regarding the first
factor of the right-hand side, i.e., (N \/ti_m)*l, the larger the interaction time f, is, the smaller
the factor becomes, i.e., the better uncertainty we get. However, larger f,, makes the weight
<1+6Tu2l‘2m>N < 1 of the original generalized cat state smaller, resulting in the degradation of the

uncertainty. To find the optimal scaling, we take f;,¢ o< N—E, where € is a constant to be determined.
y P g VN

Actually,
_ _ N—1
d 1 —le/Nl 2¢ N . 1 —lest 1
E< te . ) — 222N log(N)e AN “f , (5.44)

. _2121‘2 N . . . . .
meaning (W) is a decreasing function of € for N > 1. In particular, it decreases to zero

for N > 1 for € > 0, while remaining finite for € = 0. Regarding € < 0, it is not optimal because
while (%ﬂzt‘z"t)]v does stay finite, the first factor of (5.43), i.e., (N/finr) "' o< (N%+%)_1, shows
a metrologically better scaling for larger €. Hence the right-hand side of (5.43) takes the optimal
scaling at € =0, i.e., tjp < V/N—1. This scaling is reasonable from the view point of the coherence
time. With 7" as the coherence time of a single spin, the coherence time of N-spin system is
T/ V/N. It is not likely to obtain the best sensitivity if the interaction time f;, greatly exceeds the
coherence time of the total system. Also note that we need #;; o< ( coNtim)2 to make the right-hand
side of (5.43) positive.

With such t,, the uncertainty is bounded as
S aeph VT < O(N3/4). (5.45)

This scaling is known to be the ultimate according to the previous works [96,97]. It beats the SQL
by a factor of N 1/4 even though the system is under the effect of dephasing. Again, in addition to
the ultimate scaling, the value of the upper bound of & @geph can be made as small as required by
taking sufficiently large 7.

From this result, we see that all the generalized cat states achieve the ultimate scaling sensitivity
when used as a sensor. Since generalized cat states include highly mixed states, this fact greatly

broadens the possibility of quantum metrology.
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Figure 5.2: Schematic of the relationship between the scaling of the uncertainty and the purity
of a given state in the Ramsey-type sensing. The ultimate scaling of the uncertainty without and
with the dephasing is §@ = @(N~!) and S@yepn = O(N~3/4), respectively. The GHZ state is a
pure state and achieves the ultimate scaling. One-axis and two-axis spin squeezed states [99] are
pure states, and the former achieves 6w = @(N =5/ %), beating the SQL, and the latter achieves the
Heisenberg scaling. The SQL is not beaten by separable states, whether pure or mixed. All the
generalized cat states, including states with purity from one to exponentially small, achieve the
ultimate scaling sensitivity.

5.3 Discussion on the intermediate scaling

3/4 is ob-

Our calculation shows that the scaling of N~! is obtained without dephasing, while N~
tained in the presence of dephasing. However, the reader may wonder whether or not an intermedi-

ate scaling such as N —7/8

is obtainable in the case where the effect of the dephasing is present but
extremely small. In this section, we consider the GHZ state and see why we do not obtain such an
intermediate scaling in the standard Ramsey-type sensing and the presence of the dephasing with

3/4

any amplitude makes a jump in the scaling from N~! to N=3/%. The proof for other general cases

is yet to be done, but we believe the logic should be qualitatively the same.

The protocol for estimating @ of H = Z]]V:l %@(j ) with the GHZ state, \/Liﬂ PEN L1 1)EN), is
the same as the one explained in the previous chapters in this thesis. We let the GHZ state evolve
for time f;y, read out, and repeat for T/t times. Note that we freely fix the total measurement

time 7 at some finite value. Hence we consider the behavior of §@+/T in the following. For the
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GHZ state,

1 QN <T|®N+ exp(_intint 2A Ntlznt) |T>®N <\L|®N

5(7) — &
p(r) =5 1) K
exp(i®Ntiy — 2A>Nt? 1
+ PN~ Nt o e 1 Ljpyen o 546
and by assuming WNf;,; < 1 we have

P 1 +exp(— 212;2m ) sin @Ntiy (5.47)
_ L+exp(=2 2A%2 N)ONtiy (5.48)

~ 2 . .

Then §+/T is as follows.

SoVT =Y~ 2 PP (5.49)
|d5)}\/1/tmt

2
N

e (T2 )2

N vV Tint

(5.50)

Note that 7, = 1/2A is the coherence time of a single spin.

V2exp(1/4) -

N3/ \/F at iy =
v2exp(1 V2exp(1/4) . .

T, /2v/N. The value of VAT depends on the coherence time 75", and the minimum point

moves to the right as 7" increases, i.e., the amplitude of noise decreases (Fig. 5.3). When there is

When T3 is finite, i.e., there is dephasing, the minimum of 5(0\/7 1S

no noise, i.e., T," — oo, there is no minimum point anymore, and 6@ which scales as N ~1 keeps
decreasing with the increase of #;,;. This is the reason why the optimal scaling jumps from N !
to N3/ with the emergence of noise. The formula (5.50) has already been known, but our work
was the first and only to explicitly discuss why there are only two scalings, providing an intuitive

original figure.
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Figure 5.3: Log-log plots of §w+/T for different T's against tiy for N = 10. From the left, green,

orange, blue, and red curves correspond to 75" = 1, T, = 10, T;" = 102, Ty = 103, respectively.

The gray line corresponds to 75" — co. The minimum value moves to the right as 75" increases, but
always scales as N —3/4 for finite T;'. However, when 7" — oo, ST < 1 /N/tint has no minimum

point, giving another scaling N~! for the optimal uncertainty.
Intuitively, the minimum value appears because of the competing two factors: phase accumu-

lation and the change of the amplitude of the useful generalized cat state. With a larger #, the
sensor state can acquire more phase, i.e., more information, of the target field. However, under

the effect of dephasing, the longer the sensor state evolves, the less the amplitude of the state with

useful coherence for sensing becomes. In the absence of noise, this latter factor does not yield,

hence there is no minimum point. The uncertainty scales as N~! for any ;.

5.4 Comparison with the QFI, revisited
Let us comment another advantage of ¢ compared to the QFI. As depicted in Fig. 5.4, the dynamical
aspects in the presence of noise are not clear enough for the QFI because in the Cramer-Rao
inequality the QFI is of the state after the noisy time evolution, which is not directly related to the
QFI of the initial state. By contrast, we have obtained the upper bound of d @ in terms of ¢ of the
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initial generalized cat state. Such a practical bound is derived because g is directly connected to
the equation of motion.

Hence, our results reveal different aspect of the quantum metrology that the QFI cannot pro-
vide.

Time evolution in the presence of noise.
Goes to various states probabilistically.

o
= 2 state M _ Utility of each state is judged
\/\VMJ Some state ¥ Juce

based on their QFI.

The ultimate scaling
after time evolution is
guaranteed because
qg=2.

Figure 5.4: Schematic of the comparison between QFI and g. If we have a state with g = 2, we
immediately know it achieves the ultimate scaling even in the presence of dephasing. On the other
hand, when we try to judge whether a given state is useful or not using the QFI, we must see the
QFI of the final state after the time evolution.



Chapter 6

Example: generalized cat state with a small
purity

In this chapter, we show one example of a nontrivial generalized cat state. It is generated from a
thermal equilibrium state at finite temperature, being a mixture of exponentially large number of
states. First we introduce the recipe for generating this state and discuss the condition for success-
fully obtaining the state with high probability. We then see the purity of the state is exponentially
low. After generalizing the recipe by loosening the condition on the initial state that is to be con-
verted into a generalized cat state, we discuss the sensitivity if realized in a silicon substrate. In
the following we call this example state generated by the recipe in section 6.1 as “Mamineko”,

implying maximally mixed neko (cat) state.

6.1 Recipe
The recipe to create Mamineko is simple. As depicted in Fig. 6.1,
1. Prepare N spins
2. Apply magnetic field along z axis
3. Let the system equilibrate
4. Measure the magnetization along x axis

Then the post-measurement state is a generalized cat state.

55
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Projective
_ /~measu rem‘em.,.
-~ ~hM, of My .
-» 5 = = > o
L -

Thermal
Equilibrium state

Generalized cat of M,
q="2

Table 6.1: Schematic of the recipe of generating Mamineko. (Left) External magnetic field, de-

picted with a bright green arrow, polarizes the spins, the small navy arrows, at finite temperature.

(Middle) Projective measurement of the magnetization perpendicular to the external magnetic field.

(Right) Generalized cat state satisfying ||[M., [M,, p]]||1 = ®(N?) is generated. The photo is taken
by Professor Shimizu.

Let us follow the recipe with a specific model. We assume that the external field is —4M. and

the inverse temperature is 3. For simplicity, we assume there is no interaction between spins, i.e,
A’ = —hM. (6.1)

although generalized cat states are obtainable even when there are interactions. Then the pre-

measurement state Peq is

A L eXp(Bth)
P = Tefexp(BhML)) ©2

To this state, we perform a projective measurement fj, onto M, = M subspace. The post-measurement

state Py is

AL ﬁxeXp(ﬁhMZ) x

A
M T (eoxp(BAVL) ) -

This state is a generalized cat state. Recall that if there exists an additive observable A and a

projection operator ] such that

A

Tr(p[A, [A,7)]]) = O(N?), (6.4)
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then p is a generalized cat state. For the case of Mamineko, we find M, is a good candidate for
A because of the uncertainty relation. The projective measurement 7}, greatly reduced the uncer-
tainty of M,, so M, should have a large fluctuation. However, we cannot distinguish whether the
cause of the large fluctuation is a superposition or a classical mixture, hence we need to calculate
Tr(p[A, [A,A]]). For the choice of A, we try with f) = f),. We find that it maximizes Tr(py (M>7))
and makes Tr(Py(M,f)M,)) = 0 simultaneously. Then we have

Tr(Pp[Me, (M, A]]) = Te(Pas (M2 Ay + AMZ — 27, M) (6.5)
= Tr(xPeq e (M2 A + AM — 2MAM)) (6.6)
= 2Tr(puMz) 6.7)
= 2N + (N? — M?) tanh®(Bh). (6.8)

This is @(N?) if M # £N + o(N). The probability of obtaining such M is
Pr[M, =M # £N+o(N)] = 1 =N’ /(o(N))12V. (6.9)

Therefore, we obtain Mamineko with high probability.

6.2 Resolution of the projection

We have assumed A, is a projection onto the M, = M subspace, which means the resolution of the
projective measurement is 1, i.e., being able to distinguish the change of the total magnetization
caused by the change of the magnetization of a single spin. With such a measurement, Mamineko
is obtained with high probability. However, it is a challenging task to realize, so we also consider
whether Mamineko is obtainable when a projection onto a broader subspace is done. We consider
a projection onto the M_ < M, < M. subspace and how the success probability differs for different
M, —-M_.

Through some algebra, it was proven in [2] that it is possible to obtain Mamineko with high
probability when My — M_ = O(1) with My # £N + o(N). Regarding the projection onto a
broader subspace, it was proven that Mamineko is obtainable with any M, —M_ > ©(1) such
as M, —M_ = ©(y/N), only when a severe condition below is satisfied. When M, —M_ > ©(1),
we need M_ = @(N) for M_ > 0 (or, M} = —O(N) for My < 0), meaning that the measurement

outcome must be +@(N). Probability of obtaining such an outcome is exponentially small.

PrON)=M_ <M. <M] =2} /70 = e OV (6.10)
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Therefore, there is a trade-off between success probability of obtaining Mamineko and the res-
olution of a measurement (Table 6.2). When applying in experiments, one should consider this

fact.

Success probability | Resolution | Difficulty

High O(NY) | Difficult

Low O(y/N) Easy

Table 6.2: Trade-off relation between the success probability of obtaining Mamineko and the res-
olution of the projection for generating it.

6.3 Purity of Mamineko

One peculiar feature about Mamineko is that its purity is exp(—®(N)). This is because of two
factors. One is that Mamineko is created from a Gibbs state at finite temperature, which is a
mixture of an exponentially large number of states. Another is that the projective measurement
is a projection onto an exponentially large subspace. Let us check it with free spins. The post-

measurement state is expressed as

o0 _ WPy e P,
Py = —n . (6.11)
P TH AP ] Zgow (BR)
The purity of this state is evaluated as
) Tr[fe~PHof,e Poq,]
Tr[(Ppost) ] = 6.12)
. ( 8 (Bh))
Tr[fix(e~PH0)* ]
< (6.13)
( Zpos (ﬁh))
post ﬁ )
(6.14)
post(l3 )

Using

pOSt(Bh) <(N —f-]\][W)/Z) COShN(Bh)7 (615)



6.3. PURITY OF MAMINEKO 59

we can calculate (6.14) as

(€281 1 o= 2BM)N

N
N _
((N+M)/2)(eﬁh+e Bh)ZN
2N
- (6.16)
(v 2) (1 42/ (2P 4 =26
2N
- (6.17)

((N+]1\l’/1)/2) (141/cosh(Bh))N

The binomial can be simplified by using the Stirling formula, and (# ~ % exp(M?/2N)

(N+M)/2)

is obtained when |M| < +/N. Hence when |[M| < +/N, which occurs with high probability, and
Bh=0(N),

Tr{(Ppos)’] <~y (6.18)

(™)

Thus we can see that the post-measurement state is a mixture of e®™) states. This is because the

pre-measurement state P, is a mixture of ¢®W) states with its entropy —Tr[p, Inp,] is O(N)

when T > 0, and f; is a projection onto an e®™) dimensional space:
N
Tr[fA,] = ~ 2N 6.19

for M ~ 0.
When Bh — oo, i.e., at zero temperature, on the other hand, the pre-measurement state is a
ground state, i.e. a pure state. In this case, the post-measurement state is also a pure state.

Hence, at finite temperature, Mamineko is a mixture of an exponentially large number of states.

6.3.1 Time evolution

How does Mamineko evolve with time after it is generated? For free spins (6.1) or other systems
where M, commutes with the Hamiltonian, i.e., M, is conserved, the state actually keeps being a
generalized cat state. In fact, after Mamineko is generated at time ¢ = 0, the system evolves with

time as
ﬁpost(t) = 0t15post01T7 (6.20)
where U, := ¢~ Mamineko Ppost satisfies

Tr [PposiCiy 5] - = O(N?), (6.21)
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Since [U;,M.] = 0, we insert U,0," and obtain

A

O(N?) = Tr [0 ppos0; (M0, PO — 20.0,POT M + 0, PO M2)] = Tr [ ppos(t)Cr )] (6:22)
where we denoted P(r) = U,PU,'. Since P(1)? = P(1), i.e., P(¢) is a projection operator, Ppost (1) in-
deed satisfies the condition of being a generalized cat state of M,. Therefore, during time evolution,

Mamineko moves around the Hilbert space while keeps being a generalized cat state.

6.4 General condition

Up to this point in this chapter, we considered the system without interactions between spins.
However, we can prove that Mamineko is obtainable even in the systems with spin-spin interac-
tions. In fact, the Hamiltonian itself does not matter. The only condition required to be satisfied is
(M)

words, the probability of the projection 7, occurring, as

— @(N). Let us denote the probability of obtaining M, = M as the outcome, or, in other

pre

Pr(M) := Tr[fxPpre A1) (6.23)
=1 (M) pre (6.24)

With such an outcome, the post-measurement state is expressed as

ﬁxﬁpreﬁx
xipre Ix. 6.25
Pr(M) (6.25)
Quite obviously,
M, Ty = NMyflx = 0, (6.26)
(M) post = (My) o = O (6.27)
Hence 2 <CMZuﬁx>post = (M?) post- The quantity (M?) post itself is hard to relate to (Mz)pre, SO we

think of taking an average over the outcome M.

Y Pr(M) (M2) o = Y Tr[A1ePpre 1M (6.28)
M M
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Since the sum 1\7122 —I—My2 commutes with f)y, <Z\9I22 +My2> is easier to evaluate.
4 4 post

Y Pr(M) (8134 M85 = 2 Tel APy (O + 1) (6.29)
= L TrlePpre (M + ) (6.30)
= (MZ+M3) (6.31)
> (MZ) e (6.32)
> (M) ) (6.33)
=0(N?). (6.34)

This shows that a generalized cat is obtained with non-vanishing probability.
For example, the initial state can be Py, = P./Tr(P,), where

P, 3:Z|M17V> (M, V| (6.35)
S

is a projection onto M, = M, = ®(N) subspace. Since it has macroscopic magnetization, a gener-
alized cat state is obtainable by applying the projection

=) [My, &) (M, ] (6.36)
¢

onto the M, = M, subspace. Note that v and & label the degeneracy. The post-measurement state

18

AP
P, = (6.37)
Tr [nxPznx]
We can prove this state is a generalized cat state by calculating <é 7 ﬁx>'
) 4T Y ey (M 6| B |M:, )
() = 2N+~ 00 (6.38)

Tr [ﬁxﬁzﬁx}
where |M,,E)" is a state that differs from |M,E) by one |[+) := (|1) + |1))/v/2 and one |—) :=
(|1) = |14))/V/2 being flipped. After some algebra (see Appendix B), we obtain

. N?—M?
o) = 2 g2 i z
M?—N
_ 2 g2 Z
=2N+(N Mx)N—(N_ 0 (6.40)

Since we assumed M, = ®(N), Py, is a generalized cat state when (N> — M2) = @(N?).
The only condition needed is a macroscopic magnetization in the pre-measurement state. So,

this method is also applicable in systems with disorder such as NV centers in diamond.
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Interaction between spins

It may sound nontrivial that we do not need interactions between spins, in spite of the resulting
Mamineko has the spins correlated to each other. The thing is, correlation is generated through the
measurement. The key is that the probe system that reads out the total magnetization is connected

to all the spins.

6.5 Mamineko as a sensor

Since we have shown all the generalized cat states achieve the ultimate scaling in magnetic field
sensing, Mamineko achieves the ultimate scaling as well. In this section we numerically study how
well Mamineko works as a sensor if created in a silicon substrate. Note that in the following we
discuss the sensitivity of Mamineko for sensing M, through the Ramsey-type measurement with

the readout projection ), = P..

6.5.1 Upper bound formula

Up to here, we mainly considered of the scaling of the uncertainty. However, when p is specifically
given, we can obtain the value of the upper bound of & Wgepn V/T. To do that, one should calculate
Tr(p[M,, A,]) and Tr(p[M,, [M,,A,]]), and then tune f;, to minimize

1 7212131 N N 1 *Z}thiznt Ny 11
(N\/ﬁ)_l[U(L> _2e2wlim|\MzH(1_<+e—> )] , (6.41)

2 2
where
o ‘Ol)l‘intTr(l5 [Mz» [Mmﬁx]])‘ _ ‘iTr(ﬁ [szﬁx])} ) ||Mz|| (eszimHMZH — 1 -2t ||M b
. N N N nt Z °

(6.42)

In the following we use this formula to see Mamineko is advantageous in metrology not only in

the sense of scaling but also in the numerical sense.

6.5.2 Sensitivity with Si substrate

As a stage of creating Mamineko, consider phosphorus donor electron spins in a 28Si substrate.
An electron in this system is known to have a very long coherence time around 10s [100], being

suitable for generation of a generalized cat state. Typically, the density of the electron spins is
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~ 10cm™3. Les us take the size of the substrate as 32 m x32u mx 1pum, which makes the
number of electron spins in the substrate approximately N = 10°. To create Mamineko, we need
an external magnetic field. We assume it to be 10mT. Also, we assume the temperature of the
system is 10mK, meaning “finite temperature” because the thermal energy (kg7 /27 ~ 208 MHz)
is comparable with the Zeeman splitting (gu,B/27m ~ 280 MHz) and thus the spins are not fully

polarized.

A projective measurement of the total magnetization generates the generalized cat state with
q = 2. Using the parameters above and the formula (6.41), we numerically optimize the interaction
time and find that the uncertainty takes its minimum o wdeph\/T =52x107° / VHz at tint = 5.4ms,
which corresponds to S8BT = 0.30fT/v/Hz. The interaction time fint = 5.4ms agrees with our
theoretical prediction that to obtain the optimal uncertainty #;,; should be taken comparable with

the coherence time divided by v/N.
To see how good & a)deph\/f = 5.2 x 1072 /\/Hz is, we compare with a thermal equilibrium

state(Fig. 6.1). Spins in the same substrate in a thermal equilibrium state in the same tempera-
ture and same magnetic field, i.e., the pre-measurement state that is before begin converted into
Mamineko, has the uncertainty Swdephﬁ =9.8x107* / VHz. As can be seen, there is almost
twenty times advantage when a thermal equilibrium state is converted into a generalized cat state.
With Mamineko being a mixture of exponentially large number of states, it is promising that other

generalized cat states are even more useful.

To further see the advantage, let us compare with other known theoretical results (Fig. 6.1). The
spins in the following are also considered to be in the same substrate. If a fully polarized separable
state, 1.e., in zero temperature with the same magnetic field, is used, Swdeph\/T =8.1x10"* / \/E
is estimated [27]. In [27], they also investigate the uncertainty of the squeezed state prepared by
one-axis twisting, i.e., a nonlinear interaction that suppresses the fluctuation of MZ down to G)(NO),
to the fully polarized state. This squeezed state is not a generalized cat state. The uncertainty of
this squeezed state is estimate to be & a)deph\/T =7.1x107° / \/E somewhat comparable to our
results. An important remark is that to implement these proposals, a perfect initialization of the
electron spins is necessary. The initialization may be difficult because of the small Zeeman energy
of the electron spins. Compared to this fact, Mamineko seems to be easier to prepare in the silicon
substrate because the polarization the spins initially have in the given temperature and magnetic
field is merely ~ 0.6, more feasible to prepare than a state with polarization 1. We can see the

advantage of Mamineko when used in metrology.
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32 um 32 um 32 um 32 um

10mK
10mT
Mamineko

10mK
10mT
Thermal

Equilibrium

0K
10mT
Fully polarized

oK
One-axis
SSS
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1um

SwaepnVT: 5.2 x 1075/VHz 9.8 x 10~*/VHz 8.1 x 107*/VHz 7.1x 1075/vVHz

Figure 6.1: Comparison of the uncertainty §w+/T for different states in the same substrate.

The spatial resolution of the sensor is ~ 10um, according to the size of the substrate. The
records of the experimentally realized sensors with similar spatial resolution are the following.
A superconducting flux qubit, a SQUID, and an ensemble of NV centers showed sensitivities of
3.3pT/+/Hz with Sum resolution [37], 1.4pT/+/Hz with 100um resolution [101], and 150fT /+/Hz
with 100um resolution [39, 102], respectively. They all use separable states for sensing, leaving

the possibility of further improvement by using generalized cat states.



Chapter 7

Attempt to creating Mamineko through
repetitive measurements

In the previous chapter, we discussed the utility and the protocol to generate Mamineko. There are
interesting things about the recipe such as we can do it at finite temperature, and so the generalized
cat state may be a highly mixed state, and we have been successful in showing that generalized cat
states, (not only this one, but all of them) can achieve the Heisenberg scaling sensitivity if used
as a sensor. In this chapter, we specify physical systems, and discuss a concrete method to realize
the recipe and thus create Mamineko with a realistic setup. The recipe of Mamineko assumed a
very powerful projection measurement; a projection with a high resolution that can distinguish the
change of the total magnetization caused by the change of the magnetization of a few spins. Fortu-
nately, a superconducting flux qubit is considered to have a potential to realize the projection with
single spin detection level. A single measurement of the flux qubit coupled to the spin ensembles
just provides us with a binary information, which is not useful enough to estimate the total magne-
tization from the spin. However, the accuracy of the measurement of the magnetization from the
spins is increased via the repetitive measurements. Therefore in this chapter, we consider a more
realistic strategy to generate Mamineko via the repetitive measurements of the spin magnetization.

We numerically observe the emergence of metrologically useful state.

7.1 Idea

To follow the theoretical recipe for generating Mamineko, we must read out the spins’ magneti-
zation along the axis that is perpendicular to the external magnetic field which polarizes the spins

macroscopically. Since the single projection measurement with high resolution is harder to realize,
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we consider replacing it with low resolution repetitive measurements. To read out, we consider us-
ing the flux qubit. We consider creating Mamineko in NV diamond, since the interaction between

the flux qubit and NV centers is experimentally realized [103].

7.1.1 NV center

Systems with longer coherence times are preferable in creating a generalized cat state. As reviewed
in Sec. 2.4, an NV center is a defect in diamond, and it has effectively spin 1/2. Its coherence time

is quite long, about 0.6 second at 77K [104]. This is a suitable system for Mamineko.

7.1.2 Superconducting flux qubit

A flux qubit [105] is a superconducting loop with several (normally three) Josephson junctions,
and it can be regarded as a spin 1/2 system by considering the state with clock-wise current as |1)
state and the state with counter clock-wise current as ||) state. It can be used as a very sensitive

magnetic field sensor. In Fig. (7.1), we illustrate the magnetometry using a flux qubit.

A flux qubit normally has Hamiltonian
FIFQ:863 + A6 ~ €63. (7.1)

To do the Ramsey-type magnetometry, we assume A < €. Note that for the flux qubit, 63 means
the population difference between the clockwise current and the counter-clockwise current. The
sensor state |+) is a superposition of the states with these currents. It can be prepared by applying
7 /2 pulse. The readout of the flux qubit is done by DC SQUID by projecting to the 6, basis. One
readout only gives either +1 or —1 as a result, with a probability encoded with the B field. By re-
peating this procedure, we can find out the probability more accurately, meaning the improvement
of the sensitivity. From the central limit theorem, the uncertainty improves by the square root of

the number of repetition m:

0w o< L (7.2)
m

Hence, rapid repetitive measurements may become a substitute of a powerful single projection.
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B6,

X

XFIUX qubit

+) = (IC) + DN /V2
63 = ICHC' - 10X

Figure 7.1: Schematic of magnetic field (green arrow) sensing using a flux qubit(navy loop). Note
that 63 is a population difference between clockwise and counter-clockwise currents. Three gray
crosses represent Josephson junctions.

7.1.3 Hybrid system of NV center and flux qubit

We assume the following setup. On the same plane as the flux qubit, we set a diamond containing
NV centers. We take the NV’s quantization axis, that, is, NV’s z axis, to be parallel to the plane.
To realize that, we apply magnetic field as indicated in Fig.7.2. For simplicity, we assume NVs
are all identical and apart from each other so that they do not interact with each other, and also we

drop some irrelevant terms such as strain effect in the Hamiltonian.
~ DNV 4 Ny il NV
Ay =—-8=—-) 6:"()) (7.3)

The flux qubit creates a magnetic field perpendicular to the plane, and N'Vs couple to it.
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Magnetization to be read out

FQ’s axis

NV's quantization axis

o © °
® NV eggemble

XFlux qubit

Figure 7.2: Schematic of the NV diamond and the flux qubit. The NV spins (white dots) are in the
diamond sample (gray oval) placed in the loop of the flux qubit. NV’s x axis is parallel to the flux
qubit’s 3rd axis.

The interaction Hamiltonian is

A A

Hin = g(t)Sx ® 63 (7.4)
The total is the Hamiltonian we consider for creating Mamineko.
H= I‘AIFQ + Hny + Hipe. (7.5)

It might give the impression that we are now ready to read out S, of NVs by the flux qubit. How-

ever, if g(¢) is a constant, the interaction term will disappear once we go to the rotating frame of

A

JONV! & . o
V=e¢"3"5% and apply rotating frame approximation.

SoelONvt 4 § pmionvt N
i 5 ® 63 ~ Hrg (7.6)

Hg = HFQ +8

To overcome this problem, we propose to consider a situation where this interaction strength os-
cillates in such a way that g(r) = gcos(@nv?), as depicted in Fig. 7.3. Then with the rotating wave

approximation, the Hamiltonian can be simplified to
A g .
Hpgy =~ ESX ® 63. (7.7)

Now, S, of NVs can be read out by the flux qubit. We assume the coupling strength is zero during

initialization and readout, and oscillates during interaction.
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Figure 7.3: Schematic of the time dependence of g(z). Only during the interaction for sensing g(7)
is set to oscillate.

One measurement by the flux qubit changes the density operator of NVs as

Py (m) = pny(m+1), (7.8)
where Pny (m+ 1) is either

(e*i%svxtint _ l'ei%Sxtim)pNV(m) (e*i%'ﬁxtint + iei§§xtinl)
4Prob[6; = +1]

(7.9)

or
(e_i%»gvxtint —+ l.ei%gxtint>ﬁNV(m) (e_i%S'xtint _ ieiggxtinl)
4Prob[6, = —1] ’

depending on the outcome of the readout. By repeating the measurement, the state of NV gradually
changes. Since we are expecting the emergence of a generalized cat state of S, we can numeri-
cally see how Mamineko emerges step by step by calculating the catness % ||[S:, [S:, pnv (m)] |1 =:

%HCA‘SZHI at each m.

7.2 Simulation result

Here we show the result of the numerical simulation. Since we are interested in how our idea
works in principle, we restrict the temperature of the initial state to be zero. Then what we do is
to consider spin N /2 system and apply ladder operators to see the dynamics. The parameters are

taken as follows.
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e gt = 1073 because the realized interaction strength between NV centers and the flux qubit is

about 27 x 1.5kHz, and the flux qubit’s coherence time is about 200ns [106].

e 7T = 10mK because the characteristic energy, the zero field splitting, of a NV center is about

2.87GHz, hence the temperature 10mK= 27 x 0.20GHz is reasonable.

First let us examine the 1-run simulation data for 7 spins. In Fig. 7.4, the horizontal axis rep-
resents the number of repetition, i.e., readout by the flux qubit, and the vertical axis represents the
“catness” %HCA' 5. ||1, the quantity used in defining the index ¢. Since each measurement yields prob-
abilistic output, the value of catness hops up and down. However, we can see its gradual increase.

That means, we can indeed see the state drastically changes with the repetitive measurement.

1 .
11l
8 s’ ﬁ-—"\_‘@'.,}'
6 I e .
S S et et
| '”.; gl ' e ™
4 -
I?::
2 ’f
200 400 600 800 1000

# of measurement

Figure 7.4: The plot of m (number of measurements) dependence of ||CA’SZ 1 (catness) for a single
run with N = 7. Each measurement gives probabilistic result, hence the value hops up and down.

Next, let us take a look at the average. Fig. 7.5 is the 3000 average of N = 7 case. We can see
the quick increase in the beginning and slow increase for large m. This promises a drastic change
of the state. However, we cannot tell if this is a cat or not yet. To check the existence of a cat, we

must see how the catness %HCA‘SZ |1 scales with N.
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1 for the average over 3000 runs with N = 7. We

Figure 7.5: The plot of m dependence of HC’SZ

can see the gradual increase.

1 of different N for each m. We

To see the gradual increase of g, we examine the value of ||C‘ 3.

slice the average curve (Fig. 7.6) at m = 10, 50, 100 and 600.
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Figure 7.6: Reference of how to slice the data. Below we discuss g of m = 10(red), m = 50(green),
m = 100(blue), and m = 600(yellow).

In Fig. 7.7, we take the horizontal axis to be the number of spins N, and the vertical axis to be

%HCA‘SZ ||1. For different N, we consider the repetition measurement and obtain the value of ||CA’SZ 1-
We plot the value of g for different number of m, the number of repetition to see how the scaling

of %||CA‘SZ||1 changes.

From this, we see that it is relatively easy to obtain g up to ~ 1.8; 100 repetition is sufficient.
We also see that, it seems to be a long way to obtain exactly g = 2, although we do expect that for

more repetition, the value of g will asymptotically become 2.



7.2. SIMULATION RESULT 73

1 .

> 1ol
100
50 -

100t step, g = 1.84

10 -

L L 1 L L I L 1

2 5 10 20
# of spins

Figure 7.7: Plots of 5 C 5.|l1 against N for different number of measurements. From the slope we
find ¢ =1.37, 1.76, 1.84, and 1.86 for m = 10, 50, 100, and 600, respectively.

The good thing is, ¢ = 1.8 can provide the scaling better than the SQL. Recall that @ <
O(N1) is guaranteed by the term |2, Tr(p[A, [A, A)])

nt

, and that we assume @t N = O(N°). Tt

means for 1 < g < 2, the scaling of the upper bound is roughly evaluated as

o < w2 O(NY)|~! (7.10)
= [ON i, OV 1| (7.11)

1
= ST (7.12)

By “rough,” we mean that there is a possibility of a better sensitivity. We do not know if there
is k > 2 such that Tr(p[A, ;) = O(N?T*=2) with ¢’ > ¢, and if there is, then we have S® <
O(N _(q,_l)), which bounds 6 @ more tightly than ¢ and thus guarantees a better sensitivity.

Note that this is merely an upper bound, not something that clarifies the limit of the given

state. The bound is sometimes discouragingly loose and sometimes encouraging. For example, the
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uncertainty of a separable state with ¢ = 1 is bounded as
S < O(NY), (7.13)

although it can ultimately reach 6w = (N -1/ 2). As can be seen, the upper bound we give is
loose when ¢ is small. The encouraging part is, a state with g > 1.5 are all guaranteed to beat the
SQL because g — 1 > 0.5. Therefore, the created state with ¢ ~ 1.8 is guaranteed to achieve the
sensitivity 0@ < m, beating the SQL by the scaling N3,

We have seen the step-by-step drastic change of the state and its approach to a generalized cat
state through repetitive measurements by a qubit sensor. Though the achievement up to g = 2 was

not observed, the obtained state shows better scaling than a separable state.



Chapter 8

Summary and outlook

In this thesis, we have looked into the application of superpositions of macroscopically distinct
states in quantum metrology. We have shown that every generalized cat state, a superposition
state of macroscopically distinct states characterized by the index g, achieves the ultimate scaling
sensitivity if used as a magnetic field sensor through the standard Ramsey-type sensing protocol.
Various states can be identified as a generalized cat state, thus our result is widely applicable.
As an example, we discussed a generalized cat state that is a mixture of exp(®(N)) states. We
propose a recipe to generate such a state, and showed that its usage in quantum metrology is indeed
advantageous. We also discussed a realistic system to implement the recipe with NV centers and
superconducting flux qubit to obtain a metrologically useful state. Below we summarize each

chapter.

In Chapter 1, the overview of the thesis was given, and the significance of the results in this

thesis is clarified.

In Chapter 2, we have first reviewed the standard Ramsey-type sensing protocol, in which state
preparation, time evolution in the presence of the target magnetic field, readout, and the repetition
of them are done. The two bounds of the uncertainty, i.e., the standard quantum limit d ® < N —1/2
and the Heisenberg limit 6 @ o< N —1 were also reviewed, and how d ® depends on the initial state
was also summarised. Implementation of the sensing protocol with NV centers was also explained

along with a brief review of other two major magnetometers, SQUID and SERF.

In Chapter 3, we reviewed the indices p and g for characterizing superposition of macroscop-
ically distinct states, and the term generalized cat states was introduced. For pure states, p = 2
corresponds to the maximal fluctuation of an additive observable, meaning the existence of su-

perposition of macroscopically distinct states. For mixed states, we need the condition g = 2 to
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know there is superposition of macroscopically distinct states, for we cannot distinguish the su-
perposition and classical mixture just by looking at the fluctuation. The index g is associated with
a quantity that we call “catness”, i.e., Tr(P[A,[A,R]]), which quantifies the coherence between
macroscopically distinct states. Generalized cat states are states with ¢ = 2, regardless the purity.
In Chapter 4, we proved that all the generalized cat states can achieve the Heisenberg scaling
sensitivity if used as a magnetic field sensor in the absence of noise. We also showed how to
calculate the catness when we are given a sensor state and the observable associated with the target
parameter. We also clarified how to construct the projection operator for realizing the sensing that
achieves the Heisenberg scaling uncertainty. The relationship between g = 2 state and the quantum

Fisher information is discussed as well.

In Chapter 5, realistic independent dephasing is considered. We prove that in the presence
of non-Markovian dephasing, generalized cat states achieves the ultimate scaling sensitivity, i.e.,
oo =0(N -3/ #). This scaling is known to be the ultimate in the presence of dephasing, beating the
SQL. The key was to consider the regime where the decay of the metrologically useful coherence
is slow. Such a technique is not possible for Markovian dephasing. By non-Markovian, we mean
that the correlation time 7. of the environment is sufficiently large so that we can take the phase
accumulation time ¢, smaller than the correlation time. In the regime #,; < 7., the decay of the
signal is slower than the case for Markovian dephasing which has 7. — 0. We also discussed why

only two scalings, i.e., ®(N~!') and @(N3/4) appeared. Chapters 4 and 5 are based on [1].

In Chapter 6, Mamineko, maximally mixed neko (cat), and its recipe were introduced. By
measuring M, of a state with a macroscopic value of M, we obtain Mamineko, a generalized cat
state of M,. We discussed the conditions and the success probability of generating Mamineko,
and also several features were described. Then we estimated how Mamineko is useful if used as
a magnetic field sensor, assuming Mamineko is realized in a silicon substrate, by using realistic
parameters. There indeed was an advantage, about 20 times improvement, than a separable state

sensor in the same setup. This chapter is mainly based on [2].

Encouraged by the numerical estimate that Mamineko could be useful in reality, we discussed
implementation of the recipe of Mamineko in a realistic setup in Chapter 7. By considering the
setup in which repetitive readout of the NV ensemble’s S, is done by a superconducting flux qubit,
we numerically observed that after each measurement the state of the NV ensemble becomes closer
to Mamineko, and obtained up to ¢ = 1.86 state. We also discussed that even though states with

1.5 < g < 2 does not show the scaling as good as g = 2 state, could also be metrologically useful,
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beating the SQL.

As a future work, application of ¢ = 2 state to other quantum information processing tasks is
appealing. The GHZ state, having ¢ = 2, is known to be useful in quantum computation [79-87]
and quantum teleportation [107-110]. If other generalized cat states are proven to be as well useful,
possibility of quantum enhanced application will be greatly expanded.

Another possible future work that is fundamentally interesting is the further clarification of the
relation between the QFI and g. In this thesis we have seen ¢ = 2 states have QFI= @(N?), and it
seems promising that the inverse is true, for both of them characterizing the macroscopic quantum
phenomena.

Also, the experimental realization of the magnetic field sensor with Mamineko is attractive and

seems somewhat feasible according to this thesis.






Appendix A

proof of g < 1.5 for pure states with p =1

For |y) such that
max (w](A4)?|y) = ©(N"), (A.1)
we prove

m/’ngH[A, A, [w) (w]]] <OWN'). (A2)

We consider some fixed A. Let us denote the eigenvalues and eigenstates of [A, [A, |y) (y]]] as n

and |e,), i.e.,

(A, A, 1w) (W] len) = nlen).

Since ||[A, [A, |w) (w|]]||1 is the sum of positive n’s,

A, A, 1w) (willllh = Zb<en|[fi, [A, lw) (wlllen) (A.3)
= ZOTr(Ien> (eal [1A, [A, ly) Cwl)) (A4)
= ZE)Tr([IerO enl A"l y) (w1, A)). (A.5)
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Maximizing with A and using the Cauchy-Schwartz inequality, we have

max 3 T} el A] 1) (w1 (A6)
1/2 ' A
<y (m;xTr<Hen> (el A llew) (e ,AD) (max A1) (wl AT [w) (wl.4D) A7)
= Tr(2A2 2A A v
= T (maxTeaR en) (n|— 24 e} Genl o) e
) R ) 1/2
Y (lx;ngr(zA’z ) (vl — 24| (A ) <wl>) A$)
A 1/2 N 1/2
=21 (max(ed(04Plen))  (max(vad)?w) ) A9
1/2
=2 (mgx<en|(AA)2\en>) O(N'/?) (A.10)
n>0 A
< O(N'?) (A.11)

Therefore, pure states with p =1 has g < 1.5.



Appendix B
Derivation of (6.40)

We denote the eigenstates of 6, and 6; as

6 l+) = 4), (B.1)
Sel—)=—1-), (B.2)
6|1 =11, (B.3)
&) =—11)- (B.4)
Thus,
i \+qu>7 Ly }zm ®3)

We calculate
4Ye Z\Mx@’ (M, & P, |an§>/
Tt [B.PP]

ﬂ[@mé%g}:2N+- : (B.6)

where |[M,, &)’ is a state that differs from |M,, &) by one |+) and one |—) being flipped. Since
e |M,, &) is a product state of |[+) and |—)

e |M,,v) is a product state of |1) and || )

o (+[ (T +)
() (-3

the denominator of the second term is

=5 (HD U =H S =5 N =55 =5 D)

oS-
N
(W)

Tr[BLL] =Y (M &| (Z M, V) <Mz,V\) M, &) (B.7)
5 v
1 N N
=N (N+M@) (N+Mx) (B.8)
2 2
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Next we consider the numerator of the second term of (6.38). Since

(+1 9 =) :—% (B.9)
(=14 +) =—%, (B.10)

we must count the cases where (1) |[+) of (+] |) (J |+) is flipped and |—) of (—| 1) (1 |—) is flipped,
(2) |-y of (—] 1) (4 |-) is flipped and |+) of (+| 1) (1 |+) is flipped. Then,

Y Y (MEP M)

& M)
=) ) (Mg <Z|Mz,v MZ,VI) My, &)’ (B.11)
& M8
1 N N \N?—M?
=N ((N+M ) (N+Mx) Tx —2(case(1) —|—case(2))> (B.12)
1 N? — M? N-2 N-2
TN <(N+M) (N+MX)T 4N(N — 1)(&_ 1) (M_ 1)) (B.13)
2 2
1 N?—M? N% —M?
2_N( )(sz) 1 (1 NN 1)> (B.14)
since
N-2 N>-M?> [ N
(N—EMZ _ 1) = m (N—SMZ) (B.15)
N-2 N>—-M? [ N
() = w17 (o) .10
Summing up,
A 2 2 N> —M;
(C) =2N+ (N _MX)(I_N(N—1)> (B.17)
M?—N
2 2 Z
=2N+(N MX)N(N_I) (B.18)

Thus Py, is a generalized cat state when (N? — M?2) = ®(N?) and M, = O(N).
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