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Abstract

In this thesis, a general relationship between the sensitivity in quantum metrology and a superpo-

sition of macroscopically distinct states is shown. The goal of quantum metrology is to estimate

a target parameter as precisely as possible by exploiting quantum systems. The uncertainty of the

estimation is bound by the standard quantum limit for separable states, while quantum mechanics

allows a better uncertainty that is bound by the Heisenberg limit. Both limits depend on the de-

grees of freedom N, e.g. number of spins, of the probe system, showing different scalings. How

the uncertainty scales with N is an important factor for judging the utility of a given sensor.

We show that all the generalized cat states, superposition of macroscopically distinct states

characterized by an index named q, achieve the ultimate scaling when used in quantum metrology.

Index q identifies superposition of macroscopically distinct states by extracting the quantum co-

herence between macroscopically distinct states. The index can be used for both pure and mixed

states, and even a mixed state with a small purity can be identified as a generalized cat state. We

show that in the ideal case where noise is absent, every generalized state achieves the Heisenberg

scaling uncertainty. Furthermore, we consider a realistic independent dephasing that generally

degrades the performance of a sensor and show that generalized cat states still beat the standard

quantum limit, achieving the ultimate scaling available in the presence of such dephasing. As

an example, we discuss a generalized cat state with an exponentially small purity. We propose a

theoretical recipe to generate such a state from a thermal equilibrium state. We numerically exam-

ine how much the sensitivity will be if this generalized cat state is realized in a silicon substrate

and show that the state is indeed advantageous compared to a separable state sensor. A realistic

protocol to create the state using a superconducting flux qubit and nitrogen-vacancy ensembles in

diamond is also analyzed, and we numerically observe the emergence of a metrologically useful

state. Revealing that a wide variety of states can be metrologically useful, this work broadens the

potential application of quantum metrology.
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Chapter 1

Introduction

1.1 Overview

Quantum metrology is one of the most major applications of quantum technology. It pursues high-

precision measurement using quantum systems. Having theoretical roots in classical estimation

theory, it was quantum-mechanically formulated by Helstrom and Holevo from late 1960’s [3–5].

Among various sensors such as electric field sensors [6] and thermometers [7], application of

magnetic field sensors is particularly wide. In medical sites, the technology of magnetic resonance

imaging (MRI) plays a crucial role in diagnosing disease and injury. Thanks to the superconduct-

ing quantum interference device (SQUID) [8], magnetoencephalography [9], the imaging of the

activity of brain by measuring the magnetic field within, is possible nowadays. In geology, sen-

sitive magnetic field is necessary for paleomagnetism [10], a study of the Earth’s magnetic field

billions of years ago encoded in ancient rocks. And of course, sensitive magnetic field sensor is

essential in fundamental studies of physics [11, 12]. To obtain better sensitivity with better spatial

resolution, numbers of works have been devoted [13–30]. Among numerous types of magnetome-

ters [31–33], a qubit-based sensing with Ramsey-type protocol is popular as done in, for example,

atomic magnetometers [34–36], a superconducting flux qubit [37, 38] or nitrogen-vacancy (NV)

centers [39–42]. In this thesis we consider such magnetometers.

It is known that quantum superposition states greatly enhance the sensitivity in quantum metrol-

ogy. For example, through Ramsey-type sensing, the renowned Greenberger-Horne-Zeilinger

(GHZ) state, i.e., a superposition of all up state and all down state in a spin-1/2 system,

|GHZ⟩= 1√
2
|↑⟩⊗N +

1√
2
|↓⟩⊗N , (1.1)

is known to achieve the ultimate sensitivity bound by quantum mechanics. The ultimate sensitivity

11



12 CHAPTER 1. INTRODUCTION

bound by quantum mechanics is called Heisenberg scaling, while classical sensors and quantum

sensors using separable states are bound by the standard quantum limit. Since the GHZ state, the

representative of Schrödinger’s cat state, which is more precisely a superposition of macroscopi-

cally distinct states, enhances the sensitivity, it is likely that more general types of superpositions

of macroscopically distinct states show advantageous sensitivity if used as a sensor. However,

it was not generally known what type of superposition is useful, although several examples of

metrologically useful states were investigated [16, 27].

Superposition of macroscopically distinct states, also known as Schrödinger’s cat state, is a

peculiar state quantum mechanics offers [43] and has attracted much attention [44–70] since its

proposal by Schrödinger in 1930’s. However, the term superposition of macroscopically distinct

states has ambiguity. For example, consider a product state of an eigenstate of σ̂x, i.e., |+⟩⊗N ,

where N is the number of spins. Even though it is no more than a polarized state, and thus does not

show the sensitivity as good as the GHZ state, when we change the basis to the eigenstates of σ̂z,

macroscopically different states |↑⟩⊗N and |↓⟩⊗N are superposed1. These two states are actually

superposed with other macroscopically non-distinct states, and the weight of |↑⟩⊗N and |↓⟩⊗N are

exponentially small, thus not functioning as a sensor as good as the GHZ state.

|+⟩=
(
|↑⟩+ |↓⟩√

2

)⊗N

(1.2)

=
1

2N/2 |↑⟩
⊗N +

1
2N/2

N

∑
i=1

(|↑⟩⊗i−1 |↓⟩ |↑⟩⊗N−i + |↓⟩⊗i−1 |↑⟩ |↓⟩⊗N−i)

+
1

2N/2

N

∑
i=1

∑
j(̸=i)

σ j
x (|↑⟩

⊗i−1 |↓⟩ |↑⟩⊗N−i + |↓⟩⊗i−1 |↑⟩ |↓⟩⊗N−i)+ · · ·+ 1
2N/2 |↓⟩

⊗N (1.3)

This example tells us that a quantum state being a superposition is just a matter of the choice of the

local basis, and that the choice of local basis is important when discussing cat states that appear

in the systems with large degrees of freedom. Another example accompanied with the ambiguity

that is different from the choice of the basis is discussed in Chapter 3. To exclude such confusing

cases and correctly detect cat states, some criteria were proposed [50,53,57,71–74]. Among them,

we use an index called q [50] for the following reason. While other criteria for cat states are for

only, e.g., superposition of two states [72] or pure states [53] or defined from the viewpoint of

applicational sense [57, 74], index q simply quantifies the coherence of macroscopically distinct

states for both pure and mixed states. Surprisingly, q identifies quite a wide variety of states

1Throughout this thesis, we denote |↑⟩ and |↓⟩ as the eigenstates of σ̂z with eigenvalues +1 and −1, respectively.
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including a mixed state with exponentially low purity, which is counter-intuitive to be recognized

as a cat state. If all the generalized cat states are proven to show high sensitivity, the possibility of

quantum metrology will be greatly expanded.

In this thesis, we show that all the states with q = 2, i.e., superposition of macroscopically dis-

tinct states, show the sensitivity with the same scaling as the ultimate scaling. More specifically,

we show the Heisenberg scaling when we use the states with q = 2 in the ideal case where there

is no noise. Also, even when we consider a realistic noise, states with q = 2 can beat the standard

quantum limit and achieves the ultimate scaling achieved by best quantum sensors. We also pro-

pose a theoretical recipe to generate a generalized cat state with exponentially low purity, which

achieves the ultimate scaling sensitivity as well. We numerically estimate the sensitivity of such

a generalized cat state if realized in a silicon substrate, and indeed see a better sensitivity than a

separable state sensor. Finally, we discuss a realistic setup with a hybrid system of NV centers in

diamond and a superconducting flux qubit, and numerically observe the emergence of a metrolog-

ically useful state. Proving that all the generalized cat states show improvement in the sensitivity

and proposing a protocol to create one, this work offers a novel approach for high-precision mea-

surements.

1.2 Organization of this thesis

This thesis is organized as follows. In Chapter 2, we review the quantum metrology, starting with

the basic sensing protocol which we call Ramsey-type. We explain the classical and quantum lim-

its of the sensitivity of sensors. An experimental method for quantum sensing is also presented

exemplifying with the nitrogen-vacancy centers in diamond. In Chapter 3, we review the indices p

and q that characterize the superpositions of macroscopically distinct states and introduce a term

generalized cat state by using q. Examples of nontrivial generalized cat states are also given. In

Chapter 4 and 5, we analyze how generalized cat states are useful in quantum metrology. In Chap-

ter 4 we prove that generalized cat states can achieve the Heisenberg scaling, the ultimate scaling

in the absence of noise. In Chapter 5 we consider realistic noise, i.e., independent dephasing. We

prove that by considering non-Markovian dephasing, generalized cat states beat the classical limit.

In Chapter 6 we show a recipe to generate a generalized cat state in finite temperature. A gen-

eralized cat state can be generated from a thermal equilibrium state by a single global projective

measurement. We study its features such as it has exponentially low purity and discuss the sensitiv-
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ity of the sensor using the generalized cat state. In Chapter 7 we discuss a possible physical system

that could demonstrate the ideas discussed in Chapter 6. We consider NV centers, which has a long

coherence time, coupled to a superconducting flux qubit. In this setup, a global measurement with

high resolution required in the recipe in Chapter 6 is expected to be relatively easily implemented.

We examine whether a metrologically useful state is obtainable by repetitive measurements by the

flux qubit. In Chapter 8 we summarize the thesis.



Chapter 2

Review of quantum metrology

In this chapter we review quantum metrology, magnetic field sensing in particular. We especially

focus on qubit-based magnetic field sensors, and explain the basic protocol and the limits of the

sensitivity. To grasp the experimental intuition, magnetometry using nitrogen-vacancy (NV) cen-

ters is discussed. Brief reviews of other two kinds of sensitivity-record-competing magnetometers

are also given.

For simplicity, we consider sensing a DC magnetic field. For AC magnetic field sensing, one

needs to apply π pulse to the probe spins during the interaction with the target field. Otherwise the

accumulated phase, which is encoded with the information of the target field, cancels out during

the time evolution.

2.1 Ramsey interferometry

One of the most common sensing protocols is called Ramsey interferometry, in which a superpo-

sition state is used to acquire the information of the target parameter. The sensing protocol is the

following in principle, corresponding to Fig. 2.1. In the rest of this thesis, we call the measurement

protocol that is basically the same as this one as “Ramsey-type” sensing.

Step 1 Prepare probe spins in a state that is suitable for sensing, e.g. (|↑⟩+ |↓⟩)/
√

2. (for more

information, see table 2.1.)

Step 2 Let the probe spins evolve for time tint in the presence of the target magnetic field. We

assume the spins interact with the target field via the interaction Hamiltonian is described as

Ĥ0 = ωM̂z = ω
N

∑
i=1

σ̂z, (2.1)

15
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where ω is the Zeeman frequency shift of the spins. Our aim is to estimate ω . Through

time evolution, sensor spins acquire the phase that is dependent on the target parameter, e.g.

e−iωtint for |↑⟩.

Step 3 Readout by, e.g., projecting to the initial state. The probability of the final state being equal

to the initial state is | ⟨↑|+⟨↓|√
2

e−iωtint |↑⟩+eiωtint |↓⟩√
2

|2 = cos2(ωtint).

Step 4 Repeat the Steps 1 to 3 for T/tint times, where T is the total measurement time.

We have assumed the time to perform the initialization and the readout can be made sufficiently

short, i.e., much shorter than the interaction time tint so the number of repetition can be considered

as T/tint.

Figure 2.1: The basic protocol of the Ramsey-type sensing. In the green part, the sensor is initial-
ized. In the yellow part, the sensor state evolves freely with time, accumulating the phase. In the
red part, readout is done.

The sensitivity depends on what kind of states are prepared as the initial state. In Table 2.1,

we take a separable state and the GHZ state as the initial state and compare the states of the sensor

spins at each Step in the Ramsey-type protocol.
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Procedure Separable state GHZ state
(equivalent to using a single

spin sensor for N times)

Step 1, initialization For each spin, |ϕ(t = 0)⟩ := |↑⟩+|↓⟩√
2

|ψ(0)⟩ := |↑⟩⊗N+|↓⟩⊗N
√

2

Step 2, time evolution |ϕ(t = tint)⟩= e−iωtint |↑⟩+eiωtint |↓⟩√
2

|ψ(t = tint)⟩= e−iωNtint |↑⟩⊗N+eiωNtint |↓⟩⊗N
√

2

Step 3, readout | ⟨ϕ(0)|ϕ(tint)⟩ |2 = cos2(ωtint) | ⟨ψ(0)|ψ(tint)⟩ |2 = cos2 Nωtint

Uncertainty 1
2
√

Ntint
(for one spin, 1

2tint
) 1

2Ntint

Table 2.1: The flow of Ramsey interferometry with a separable state and the GHZ state with N
spins. The uncertainty is for the case where T/tint = 1. For simplicity, we here consider the case
where the readout process is extracting the probability of the final state being equal to the initial
state. In practice, measurement of σ̂y is often done for sensors with a single spin. Note that a
sensor with N spins in a separable state is equivalent to using a sensor with a single spin for N
times.

2.2 Sensitivity

Now we describe the uncertainty of the sensing protocol given above. The uncertainty δω of the

target parameter ω is

δω =

√
P(1−P)∣∣ dP

dω
∣∣ 1√

T/tint
, (2.2)

where P denotes the probability that the projection described by P̂ occurs at the readout process.

In this thesis we consider the case that the readout is done by a projective measurement. If the

sensor state is initially ρ̂(t = 0), then

P = Tr(ρ̂(t = tint)P̂). (2.3)

The numerator of δω is the dispersion of P, and the denominator is the steepness of P as a function

of ω . As depicted in Fig. 2.2, the uncertainty of ω depends on

δP =

√
Tr(ρ̂(tint)P̂2)− [Tr(ρ̂(tint)P̂)]2√

T/tint
(2.4)

because of the error propagation formula. Note that the factor
√

T/tint comes from the central

limit theorem.
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Figure 2.2: The schematic to intuitively see the relation between δω and δP. The probability P
depends on ω , and it has statistical fluctuation δP because of the finite number of measurements.

Note that in this thesis we use both the terms sensitivity and uncertainty to discuss how good

the sensor is. Uncertainty is the inverse of the sensitivity. The smaller the uncertainty δω is, the

better sensor it is.

2.3 Standard quantum limit and Heisenberg limit

The uncertainties of the sensors are known to be bound by two limits: Standard quantum limit

(SQL) and Heisenberg limit. The SQL is the best sensitivity achievable by classical sensors, and

quantum sensors using separable states are also bound by the SQL. With a single readout measure-

ment using N spins, the SQL is expressed as

δω ∝
1√
N
. (2.5)

Some also call it as shot-noise limit.

Heisenberg limit is the ultimate sensitivity quantum states can offer. With a single readout

measurement using N spins, the Heisenberg limit is expressed as

δω ∝
1
N
. (2.6)

If more complex measurement protocols are adopted, other scalings may appear [75,76]. However,

in the standard Ramsey-type sensing, this scaling is the ultimate. Since how δω scales with N is

important theoretically, we focus more on the 1/N part instead of the prefactors. To emphasize

that we are looking at the scaling, we say a state achieves the Heisenberg scaling if δω ∝ 1/N.
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2.4 Magnetic field sensing with NV centers in diamond

Let us see how the Ramsey-type sensing is done in experiments by considering NV centers in

diamond.

An NV center [40] has spin-1, i.e., |0⟩ (ms = 0 state) and |±1⟩ (ms = ±1 state). When the

external magnetic field is zero, ms = ±1 states are degenerate, but ms = 0 state and ms = ±1

states are apart by about 2.87 GHz. To split the degenerate ms = ±1 states and to set the NV’s

quantization axis, which we call z axis, a controllable magnetic field B0 is applied (Fig. 2.3).

Figure 2.3: (a) Change of energy level (Zeeman splitting) of a NV center in the presence of mag-
netic field. (b) NV’s quantization axis.

With a finite magnetic field B0 along the NV’s quantization axis, the energy of |1⟩ state and

|−1⟩ state splits as (Zeeman effect)

gµBB0(|1⟩⟨1|− |−1⟩⟨−1|), (2.7)

where g is the g-factor and µB is the Bohr magneton. This energy change induced by the magnetic

field is what is measured in NV magnetometry.

In a standard setup, magnetic field sensing using uncorrelated NV centers is done through either

taking an electron spin resonance (ESR) spectroscopy or Ramsey pulse sequence. Here we focus

on how Ramsey sequence is done. Since |0⟩ state can be easily read out, the transitions involving

the |0⟩ state, i.e., either |0⟩ ↔ |1⟩ or |0⟩ ↔ |−1⟩, are often used through a microwave transition.

Their resonance frequencies differ, therefore by correctly choosing the frequency of the microwave
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to control the transition, NV spin can be considered as effectively spin-1/2. Here we exemplify

with |0⟩ ↔ |1⟩ case. In this section we define ŝz := |1⟩⟨1|− |0⟩⟨0| and ŝx := |1⟩⟨0|+ |0⟩⟨1|.

1. Initialization

NV has a feature that it can be initialized to |0⟩ state by applying green laser (532 nm) for

sufficiently long time. Since all the NVs in the diamond will be initialized to |0⟩, the initial-

ization procedure is often called polarization. The prepared |0⟩ state can be brought into a

superposition state (|0⟩+ |1⟩)/
√

2 by a microwave π/2 pulse. The appropriate microwave

frequency and the pulse duration is determined by sweeping the frequency and measuring

the Rabi nutation beforehand.

2. Phase accumulation

The sum of the target unknown magnetic field B′ and the known magnetic field B0 will

operate on NV as

gµB(B0 +B′)ŝz =: gµBBŝz. (2.8)

After the free evolution in the target magnetic field for time tint, the state becomes (|0⟩+
e−igµBBtint |1⟩)/

√
2.

3. Readout

To read out, another π/2 is applied so the state becomes

1+ e−igµBBtint

2
|0⟩+ 1− e−igµBBtint

2
|1⟩ . (2.9)

Finally, the same green laser is applied to see the population in |0⟩ state. The NVs in |0⟩
state emit photons when the laser is applied. Hence by recording the fluorescence at the

initialization, the population in |0⟩ state at the readout gives the fluorescence contrast which

is theoretically cos2(gµBBtint/2). Hence B can be estimated.

The smallest uncertainty achieved by NV ensembles is 150fT/
√

Hz with the spatial resolution

100µm [39], at the time of writing this thesis. Note that the spatial resolution means the size within

which the sensor can distinguish the existence of the signal. An example is shown in Fig. 2.4.



2.5. VARIOUS SENSORS 21

Figure 2.4: Schematic explanation of spatial resolution. Suppose that the dark green dot is the
actual range of magnetic field. A magnetometer with 5µm spatial resolution can determine the
location of the magnetic field in the accuracy of the bright green range of the left figure. If the
spatial resolution is 10µm, the bright green box is larger, meaning the location is less accurately
determined, as depicted in the right figure.

The smaller the spatial resolution is, the more details we can find. For instance, detection of

the magnetization of a single spin requires high spatial resolution in addition to high sensitivity.

2.5 Various sensors

There are other types of magnetic field sensors [31–33,36,77]. The following two have especially

high sensitivity.

2.5.1 SQUID

The superconducting quantum interference device (SQUID) is a superconducting loop with Joseph-

son junctions. It is sensitive to the magnetic flux penetrating the loop, hence it can be used as a

magnetic field sensor.

Here is the best sensitivity that has been achieved with SQUID at the time of writing this thesis,

with the spatial resolution and the temperature of the system as follows [77].

• Sensitivity: 270 fT/
√

Hz

• Spatial resolution: 6.3×10−8 cm2

• Temperature: 290 mK
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Also, as we will see later, a similar superconducting loop can be regarded as a qubit system by

considering the clockwise and counter-clockwise current states as the two degrees of freedom.

It is called superconducting flux qubit and is also a useful, i.e., sensitive and easy to control,

magnetometer.

2.5.2 SERF

A spin-exchange relaxation free (SERF) magnetometer is one of the optically-pumped atomic

magnetometers operating at high temperature (the probe cell needs to be heated about 200◦C )

and low magnetic field [35, 36, 78]. In a glass cell, which works as the probe, potassium gas is

enclosed. The initialization and the readout is done optically. The key feature of this sensor is that

the spin exchange relaxation is suppressed by making the density of the potassium gas sufficiently

low and operating in weak magnetic field. Suppression of spin exchange relaxation implies the

long coherence time, making it possible to do the measurement for a long time, resulting in high

sensitivity.

Here is the best sensitivity that has been achieved at the time of writing this thesis, with the

spatial resolution and the temperature of the system as follows.

• Sensitivity: 160 aT/
√

Hz

• Spatial resolution: 0.45 cm3

• Temperature: up to 420◦C



Chapter 3

Generalized cat state

In this chapter, we introduce the notion “generalized cat state.” It is a superposition of macroscopi-

cally distinct states characterized by the index named q [50]. We first clarify what macroscopically

distinct states are, and review the indices p and q. The former characterizes superposition of

macroscopically distinct states for pure states, and the latter covers both pure and mixed states. We

take a look at some examples to see how these criteria are important.

3.1 Motivation

Quantum physics allows two or more states to be superposed for microscopic systems, and in

1935 Schrödinger raised a question whether superposition can occur in a macroscopic scale. This

famous paradox of Schrödinger’s cat has been an intriguing topic since then. In spin systems, the

following state is recognized as a “cat” state.

1√
2
|↑⟩⊗N +

1√
2
|↓⟩⊗N , (3.1)

This is called the Greenberger-Horne-Zeilinger (GHZ) state. It is obviously a superposition of

macroscopically distinct states when N ≫ 1, for |↑⟩⊗N having +N magnetization and |↓⟩⊗N hav-

ing −N magnetization along z axis. Fundamental interest and possible application to quantum

technology such as computation [79–87] and metrology [11, 12, 88–92] have driven the intense

research of the GHZ state, and it is realized with up to 18 spins [93].

However, the GHZ state is not the only state worthwhile to be called a cat state. For example,

no one doubts the following being a superposition of macroscopically distinct states, i.e., a cat
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24 CHAPTER 3. GENERALIZED CAT STATE

state.

1√
2
|↓⟩ |↑⟩⊗N−1 +

1√
2
|↑⟩ |↓⟩⊗N−1 (3.2)

We expect there are countless kinds of cat-like states. However, we must also note that the notion

“superposition of macroscopically distinct states” is ambiguous. For instance, is this a cat state?

|biased⟩=
√

1
N
|↑⟩⊗N +

√
1− 1

N
|↓⟩⊗N (3.3)

When we consider macroscopic N, i.e., N → ∞, |biased⟩ asymptotically becomes |↓⟩⊗N , which is

no longer a superposition of M̂z = +N state and M̂z = −N state. To distinguish these confusing

non-cat states, we need a criterion. Below we consider two criteria: index p and index q. The

former is for pure states, and the latter is for mixed states. Using q, we define the term “generalized

cat state.”

3.2 What is “macroscopically distinct states?”

Let us first clarify what “macroscopically distinct states” are. It is reasonable to consider two

states as macroscopically distinct if they have macroscopically different values of some “macro-

scopic observable.” Two states |state1⟩ and |state2⟩ are macroscopically distinct states if Â is a

macroscopic observable and

| ⟨state1|Â|state1⟩−⟨state2|Â|state2⟩ |= macroscopic. (3.4)

According to thermodynamics and statistical mechanics, additive observables are macroscopic

observables [94]. Here, additive observable Â is the sum of local observables â(i), where i labels

the components, e.g. spins:

Â =
N

∑
i=1

â(i), (3.5)

where N is the degrees of freedom such as number of spins. The precise expression of the local

observable â(i) is

1̂⊗i−1 ⊗ â(i)⊗ 1̂⊗N−i, (3.6)
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and we assume this â(i) in the direct product does not depend on N. Throughout this thesis, we

assume N to be large, i.e., macroscopic, but finite. Therefore, |state1⟩ and |state2⟩ are macroscop-

ically distinct if

| ⟨state1|Â|state1⟩−⟨state2|Â|state2⟩ |= Θ(N) (3.7)

for an additive observable Â. For example, |↑⊗N⟩ and |↓⊗N⟩ are macroscopically distinct because

| ⟨↑⊗N |M̂z| ↑⊗N⟩−⟨↓⊗N |M̂z| ↓⊗N⟩ |= 2N, (3.8)

where M̂z = ∑N
i=1 σ̂z(i) and σ̂z(i) operates on ith spin. We also assume

∥â(i)∥= Θ(1), (3.9)

hence

∥Â∥= Θ(N) (3.10)

throughout this thesis, where ∥Ô∥ denotes an operator norm of Ô.

Note that for a function f of N, we say

f = Θ(Nk) (3.11)

if

f
Nk → constant > 0 (N → ∞). (3.12)

If f = Θ(Nk) then f = O(Nk), but the inverse is not necessarily true.

3.3 Index p

For pure states, the index p can correctly detect the superposition of macroscopically distinct states.

It is defined as follows.� �
Definition:
For a pure state ψ , p is defined as

max
Â

⟨ψ|(∆Â)2|ψ⟩= Θ(N p), (3.13)

where ∆Â = Â−⟨ψ|Â|ψ⟩.� �
Ref. [53] indicates that if p = 2, then |ψ⟩ is a superposition of macroscopically distinct states. In
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other words, if |ψ⟩ contains only macroscopically non-distinct states, the fluctuation Â−⟨ψ|Â|ψ⟩
is not large, i.e., merely o(N2). Note that the index p has a property that 1 ≤ p ≤ 2. The maximum

p = 2 means anomalously large fluctuation. The same idea is discussed in other works as well

[57, 73].

Good thing about the index p is that it is directly related to the stability against noises and

measurements [45]. It is indicated to be necessary for speedup of quantum computation [85].

Also, it is efficiently calculable through variance-covariance method [53].

However, we cannot detect the existence of superposition of macroscopically distinct states in

mixed states by using p. For example, the following mixture of p = 2 states is not a superposition

of macroscopically distinct states.

1
2

(
|↑⟩⊗N + |↓⟩⊗N

√
2

)(
⟨↑|⊗N + ⟨↓|⊗N

√
2

)
+

1
2

(
|↑⟩⊗N −|↓⟩⊗N

√
2

)(
⟨↑|⊗N −⟨↓|⊗N

√
2

)
=

1
2

(
|↑⟩⊗N ⟨↑|⊗N + |↓⟩⊗N ⟨↓|⊗N

)
(3.14)

The fluctuation of M̂z of this state is N2, but it is obviously no more than a classical mixture.

3.4 Index q

3.4.1 Definition

To detect superpositions of macroscopically distinct states in mixed states, we introduce the index

q. It is defined as follows.� �
Definition:
For a density matrix ρ̂ , q is defined as

max
{

max
Â,η̂

Tr
[
ρ̂ĈÂη̂

]
,N
}
= Θ(Nq), (3.15)

where

ĈÂη̂ = [Â, [Â, η̂ ]]. (3.16)

Â is an additive observable and η̂ is a projection operator.� �
Ref. [50] says if q = 2, then ρ̂ contains superpositions of macroscopically distinct states with

significant ratio. The outer maximization is to make 1 ≤ q ≤ 2.
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An intuitive reason why q = 2 means the existence of superpositions of macroscopically dis-

tinct states is as follows. Using the eigenvalue and the eigenstate of Â, i.e.,

Â |A,ν⟩= A |A,ν⟩ , (3.17)

where ν labels the degeneracy, we have

Tr(ρ̂ĈÂη̂) = ∑
A,ν

⟨A,ν |ρ̂ ∑
A,ν

|A′,ν ′⟩⟨A′,ν ′|(Â2η̂ −2Âη̂Â+ η̂Â2)|A,ν⟩ (3.18)

= ∑
A,ν ,A′,ν ′

(A−A′)2 ⟨A,ν |ρ̂|A′,ν ′⟩⟨A′,ν ′|η̂ |A,ν⟩ . (3.19)

The three factors ⟨A,ν |ρ̂|A′,ν ′⟩, (A−A′)2 and ⟨A′,ν ′|η̂ |A,ν⟩(≤ 1) in the summand in (3.19) co-

operate well to detect the superposition of macroscopically distinct states. The term ⟨A,ν |ρ̂|A′,ν ′⟩
is the quantum coherence between |A,ν⟩ and |A′,ν ′⟩, something we expect cats to have non-

vanishing values for |A−A|′ = Θ(N). The term (A−A′)2 provides a large weight to the coherence

terms of macroscopically distinct states. Since we maximize with η̂ , we can regard the term

⟨A′,ν ′|η̂ |A,ν⟩(≤ 1) as an adjuster of the signs of the important coherent terms. Therefore we can

see that if ρ̂ has q = 2, then there are significant quantity of ⟨A,ν |ρ̂|A′,ν ′⟩ with (A−A′)2 =Θ(N2).

To support the above explanation, let us consider the GHZ state. The density operator of the

GHZ state has the form

|GHZ⟩⟨GHZ|=



1/2 0 · · · 0 1/2

0 0 0

... . . . ...

0 0 0

1/2 0 · · · 0 1/2


(3.20)

with nonzero elements in every corner of the matrix. In this case, one of the coherence term

⟨A,ν |ρ̂|A′,ν ′⟩ with macroscopic A−A′ is this:
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Another approach to understand the meaning of η̂ is to consider a trace norm. For details, see

Sec. 4.3.

3.4.2 Properties

Index q has several reasonable properties as follows.

1. Separable states have q = 1.

2. If ρ̂ is pure, then

p = 2 ⇔ q = 2, (3.21)

q = 1 ⇒ p = 1, (3.22)

p = 1 ⇒ q ≤ 1.5. (3.23)

An example of a pure state with q = 1.5 and p = 1 is |biased⟩ in Sec. 3.1. For this state, we

obtain maxη̂ Tr(|biased⟩⟨biased| [M̂z, [M̂z, η̂ ]])= 4N
√

N −1 since [M̂z, [M̂z, |biased⟩⟨biased|]] =
4N

√
N −1(|↑⟩⊗N ⟨↓|⊗N + |↓⟩⊗N ⟨↑|⊗N). The proof of q ≤ 1.5 for arbitrary pure states with

p = 1 are given in Appendix A.

3. Classical mixture can decrease q. An example is given in (3.14), that is,

1
2

(
|↑⟩⊗N + |↓⟩⊗N

√
2

)(
⟨↑|⊗N + ⟨↓|⊗N

√
2

)
+

1
2

(
|↑⟩⊗N −|↓⟩⊗N

√
2

)(
⟨↑|⊗N −⟨↓|⊗N

√
2

)
=

1
2

(
|↑⟩⊗N ⟨↑|⊗N + |↓⟩⊗N ⟨↓|⊗N

)
. (3.24)

Because of mixing, q = 2 states became a separable state with q = 1.

4. Classical mixture does not increase q. Suppose we can decompose ρ̂ as

ρ̂ = ∑
i

λiρ̂i. (3.25)

Since

max
Â,η̂

Tr
(
ρ̂ĈÂ,η̂

)
≤ ∑

i
λi max

Âi,η̂i

Tr
(
ρ̂iĈÂi,η̂i

)
, (3.26)

we find that the state ρ̂i’s q, which we denote as qi, satisfies

q ≤ max
i
{qi}. (3.27)
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5. If ρ̂ has q = 2, then in every decomposition there exists a state(s) with q = 2. That is, when

ρ̂ = ∑
i

λiρ̂i = ∑
i

λ ′
i ρ̂ ′

i = · · · , (3.28)

where 0 ≤ λi ≤ 1 and ∑i λi = 1 and similarly for λ ′
i , then there exists a state with q = 2 in

each of {ρ̂i}i, {ρ̂ ′
i}i, · · · .

6. If ρ̂ has q = 2, there exists a pure state(s) with p = 2 in every pure-states decomposition.

That is, when

ρ̂ = ∑
i

λi|ψi⟩⟨ψi|= ∑
i

λ ′
i |ψ ′

i ⟩⟨ψ ′
i |= · · · , (3.29)

where 0 ≤ λi ≤ 1 and ∑i λi = 1 and similarly for λ ′
i , then there exists a pure state with p = 2

in each of {|ψi⟩}i, {|ψ ′
i ⟩}i, · · · . Here, the pure states in the decomposition are not necessarily

orthogonal to each other, e.g., we do not assume ⟨ψi|ψ j⟩= 0 for i ̸= j.

7. If ρ̂ has q = 2, then in every pure-state decomposition pure states with p = 2 should be

contained with a significant weight, i.e.,

∑
i ∈ p=2

λi = Θ(1).

This is a necessary condition for q = 2.

8. A sufficient condition for q = 2 is as follows. For an additive operator Â, suppose that pure

states |ψ1⟩, |ψ2⟩, · · · satisfy

⟨ψi|ψ j⟩= δi, j for i, j = 1,2, · · · , (3.30)

⟨ψi|Â|ψ j⟩= 0 for i ̸= j, (3.31)

⟨ψi|(∆iÂ)2|ψi⟩= Θ(N2) for i ≤ Λ, (3.32)

⟨ψi|(∆iÂ)2|ψi⟩< Θ(N2) for i > Λ, (3.33)

where ∆iÂ ≡ Â−⟨ψi|Â|ψi⟩ and Λ is a positive integer. Consider a classical mixture of these

states, ρ̂ = ∑i λi|ψi⟩⟨ψi|, where 0 ≤ λi ≤ 1 and ∑i λi = 1. If

∑
i≤Λ

λi = Θ(1), (3.34)

then any such a mixture has q = 2.
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Also, the superposition may be superposition of more than three states. For example, we can

prove the following state has q = 2.

|↑↑↑ · · · ↑⟩+ |↓↑↑ · · · ↑⟩+ |↓↓↑ · · · ↑⟩+ · · ·+ |↓↓↓ · · · ↓⟩√
N +1

. (3.35)

Intuitively, it is a superposition of states with Mz = Θ(N) and Mz =−Θ(N).

3.5 Generalized cat state

We call a state ρ̂ with q = 2 a generalized cat state. From the property 2, generalized cat state

automatically includes both pure and mixed states.� �
If there exists an additive observable and a projection operator such that

Tr(ρ̂ĈÂ,η̂) = Θ(N2), (3.36)

then q = 2 is guaranteed. Let us call such ρ̂ a generalized cat state of Â.� �
We also call maxÂ,η̂ Tr(ρ̂ĈÂ,η̂) =: ⟨C⟩ as “catness” in short. The coefficient of N2 term in the

catness quantifies how much cat is contained in a state. For example,

|GHZ⟩⟨GHZ| (3.37)

has ⟨C⟩= 2N2 while

1
2
|GHZ⟩⟨GHZ|+ 1

2
1̂

2N (3.38)

has ⟨C⟩ = N2. We can see that there is more weight of the superpositions of macroscopically

distinct states in the former than the latter. The larger the ⟨C⟩/N2 is, the more weight the cat has.

3.6 Example

Let us give an interesting example of a mixed generalized cat state. Suppose |k⟩ is a product state

with k spins being |↑⟩ and N−k spins being |↓⟩, and |k⟩ is a product state with k spins being |↓⟩ and

N −k spins being |↑⟩. (We do not care whether, e.g., |k = 1⟩ takes the configuration |↑⟩ |↓⟩⊗N−1 or

|↓⟩ |↑⟩ |↓⟩⊗N−2 or others.) Let us define their superposition as

|k−GHZ⟩ :=
|k⟩+ |k⟩√

2
.
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For k = 0 and k = N, |k−GHZ⟩ is exactly the GHZ state, meaning q = 2. Undoubtedly, |k−GHZ⟩
with k = 1 or k = 2 or k = 3 should also have q = 2. For this |k−GHZ⟩, the following mixture also

has q = 2:

3
N

N/3

∑
k=1

|k−GHZ⟩⟨k−GHZ| (3.39)

What is interesting is that the weight of each |k−GHZ⟩⟨k−GHZ| is only Θ(1/N). (3.39) having

q = 2 implies that a mixture of “similar cats” can have q = 2.

As can be seen, q identifies a wide variety of states as a “cat” state. Then the question is, are

all the generalized cat states as useful as the GHZ state in metrology? In the upcoming Chapters 4

and 5, we answer this question.

3.7 Other criteria

For pure states, detection of cat states by a large fluctuation of an additive observable is considered

in other contexts as well [57, 73].

For mixed states, other quantities are also considered to detect macroscopic quantumness, as

reviewed in [71]. However, how they relate to q remained an open question, though q reasonably

characterizes superposition of macroscopically distinct states by picking up the coherence.

As we will see later, there are advantages in considering q. First, it is quite reliable as a criterion

for detecting a superposition of macroscopically distinct states. While other criteria attempts to

characterize “macroscopic quantumness” instead of the superposition of macroscopically distinct

states, what q quantifies is the coherence itself. Second, when we consider q, projection operators

always come along. This directly connects to metrology, clarifying what kind of measurement is

sufficient for obtaining the ultimate scaling sensitivity. Even for pure states that do not require q

for just identifying a cat, q is more useful than p for this reason. Third, we can see the dynamical

aspect because the index q is related to the equation of motion. This feature is especially significant

when we consider a noisy environment.





Chapter 4

Heisenberg scaling sensitivity in the absence
of noise

In this chapter, we discuss the sensitivity of a magnetic field sensor with generalized cat states in

the absence of noise. We show that in such an ideal case, the sensitivity achieves the Heisenberg

scaling. We also show how to derive the projection operator that lets us achieve the Heisenberg

scaling for a given generalized cat state. Advantages of using q is also discussed by referring to

the quantum Fisher information.

4.1 Overview

As we have seen in the previous two chapters, the sensitivity of quantum metrology is enhanced

by using some special superposition states such as the GHZ state, and generalized cat states are

superposition of macroscopically distinct states in various forms including mixed states with small

purities. Though generalized cat states are defined quite reasonably, it is nontrivial whether all

the states identified as generalized cat states are of use in metrology, since it covers a wide range

of states. Answering this question will broaden the possibility of quantum metrology. To begin

with, we consider the ideal case where there is no noise. In such a case the renowned GHZ state is

known to achieve the Heisenberg scaling sensitivity. We will discuss whether the other generalized

cat states can also achieve such a scaling.

33
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4.2 Sensitivity of a magnetic field sensor with a generalized cat
state

Since we are discussing the ideal case without noise, we may assume the Hamiltonian to be

Ĥ0(ω) = ωÂ, (4.1)

where ω is the Zeeman frequency shift that we want to estimate. For simplicity, we omit other

terms in Hamiltonian even if present. Note that ∥Â∥= Θ(N) because Â is an additive observable,

i.e., the sum of local spin operators. We consider using a generalized cat state ρ̂ satisfying

Tr(ρ̂[Â, [Â, η̂ ]) = Θ(N2). (4.2)

to estimate ω .

Following the Ramsey-type protocol, we let ρ̂ evolve for time tint to obtain

ρ̂(tint) = e−iωÂt ρ̂eiωÂt . (4.3)

To this ρ̂(tint), we read out through a projection η̂ . Then the probability of the projection η̂ being

done is

P0 = Tr(η̂e−iωÂt ρ̂eiωÂt), (4.4)

where the subscript “0” denotes the case where noise is absent. The uncertainty of ω measured by

the generalized cat state ρ̂ is

δω =

√
P0(1−P0)∣∣∣dP0

dω

∣∣∣ 1√
T/tint

. (4.5)

Since P0 does not exceed 1, δω ≤ 1∣∣∣ dP0
dω

∣∣∣ 1√
T/tint

. Hence let us evaluate
∣∣∣dP0

dω

∣∣∣.
Using the Baker-Hausdorff formula, we can easily show

ρ̂(tint) = e−iωtint ρ̂eiωÂtint =
∞

∑
k=0

(−iωÂtint)
k

k!
[Â, ρ̂]k, (4.6)

where

[Â, ρ̂]k+1 := [Â, [Â, ρ̂]k], (4.7)

[Â, ρ̂]0 := ρ̂. (4.8)
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Using the cyclicity of the trace, we have

P0 = Tr

(
ρ̂

∞

∑
k=0

(−iωtint)
k

k!
[Â, η̂ ]k

)
, (4.9)

dP0

dω
= Tr

(
ρ̂

∞

∑
k=1

(−itint)(−iωtint)
k−1

(k−1)!
[Â, η̂ ]k

)
. (4.10)

Therefore, ∣∣∣∣dP0

dω

∣∣∣∣≥ ∣∣∣∣ωt2
intTr(ρ̂[Â, [Â, η̂ ]])

∣∣− ∣∣itintTr(ρ̂[Â, η̂ ])
∣∣∣∣

−2tint∥Â∥(e2ωtint∥Â∥−1−2ωtint∥Â∥). (4.11)

4.2.1 Derivation of the Heisenberg scaling sensitivity

In the following, we show that with an appropriately-tuned ωtintN, the right-hand side of (4.11)

scales as Θ(N−1) and thus δω achieves the Heisenberg scaling, when the initial state ρ is a gen-

eralized cat state satisfying (4.2). As we will discuss later, the parameter to be measured can be

tuned to be in a certain required range by applying a known field corresponding to ω0 in addition

to the unknown ω . In the following we denote the total frequency ω +ω0, which is appropriately

tuned, simply as ω . Below we denote

x := ωtintN. (4.12)

First of all, we take

x = Θ(N0) (4.13)

throughout this thesis. We will show that for appropriately tuned x, the following holds.

f : =
∣∣∣∣∣∣xtint

N
Tr(ρ̂[Â, [Â, η̂ ]])

∣∣∣− ∣∣itintTr(ρ̂[Â, η̂ ])
∣∣∣∣∣−2tint∥Â∥(e2x ∥Â∥

N −1−2x
∥Â∥
N

) (4.14)

≥ Θ(x2tintN). (4.15)

To make it easier to see, we denote

v1 :=
1
N

∣∣Tr(ρ̂[Â, η̂ ])
∣∣ , (4.16)

v2 :=
1

N2

∣∣Tr(ρ̂[Â, [Â, η̂ ]])
∣∣ , (4.17)

f1 := |xtintNv2 − tintNv1|, (4.18)

f2 := 2tint∥Â∥(e2x ∥Â∥
N −1−2x

∥Â∥
N

). (4.19)
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Hence

f = f1 − f2. (4.20)

For a given set of {ρ̂, Â, η̂}, which gives (4.2), we can arbitrarily take a positive constant k1

such that

k1 ≤
v2

2
. (4.21)

We also take another positive constant k2 as follows. First, take an arbitrary positive N-independent

value c. Then we define a positive c-dependent value kc as

kc :=
2∥Â∥(e2c ∥Â∥

N −1−2c∥Â∥
N )

Nc2 . (4.22)

We vary c to maximize min(c, k1
2kc

) and take k2 as

k2 := max
c

min(c,
k1

2kc
). (4.23)

We fix c as the value that maximizes min(c, k1
2kc

)1. Since

h(x) :=
2∥Â∥(e2 ∥Â∥

N x −1−2∥Â∥
N x)

Nx2 (4.24)

is an increasing function of x, for x ≤ c, h(x) ≤ h(c). Hence for all x that satisfies x ≤ k2, the

inequality

f2 ≤ kctintNx2 (4.25)

holds. Using k2 to determine the appropriate range of x, we can show (4.15) as follows.

If 2v1/v2 ≤ k2, then we tune x to satisfy

2v1

v2
≤ x ≤ k2. (4.26)

Since x ≥ 2v1
v2

, we have

f1 = xtintNv2 − tintNv1 (4.27)

≥ tintN(xv2 −
xv2

2
) (4.28)

=
1
2

xtintNv2 (4.29)

≥ k1xtintN. (4.30)

1The reason we maximized with c is to make the range of x wide. The derivation of the Heisenberg scaling does
not require the maximization. Hence, if maximization is difficult, one can arbitrarily fix c as c′ = Θ(N0) and take
k2 = min(c′, k1

2kc′
).
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Combining this with (4.20) and (4.25), we have

f ≥ k1x · tintN − kcx2tintN = xtintN(k1 − kcx). (4.31)

Since x ≤ k2 ≤ k1
2kc

, i.e., k1 ≥ 2kcx, we have

f ≥ kcx2tintN, (4.32)

proving (4.15). Hence (4.11) is bound as∣∣∣∣dP0

dω

∣∣∣∣≥ f ≥ kcx2tintN, (4.33)

which gives us

δω ≤ 1
kcx2tintN

1√
T/tint

. (4.34)

Hence the Heisenberg scaling is obtained.

If 2v1/v2 > k2, then we tune x to satisfy

0 < x ≤ min(k2,
2v1

3v2
). (4.35)

Note that the lower bound x > 0 comes from the condition x = Θ(N0). Since x ≤ 2v1
3v2

, we obtain

f1 = tintN(v1 − xv2) ≥ k1xtintN, the same bound as (4.30), from a similar calculation. Similarly

with the case 2v1/v2 ≤ k2, combining the bound of f1 with (4.25), we obtain (4.31)-(4.34), which

allows the Heisenberg scaling.

Therefore, generalized cat states can achieve the Heisenberg scaling sensitivity.

4.2.2 The order of ω and δω

To obtain the Heisenberg scaling δω ∝ N−1, the interaction time tint needs to be Θ(N0). Then the

assumption ωtintN =Θ(N0) requires ω =Θ(N−1). Such ω is realizable by appropriately tuning ω0

as indicated in the next subsection, but the following question rises: Is δω = Θ(N−1) significant

when we already know ω = Θ(N−1)? To answer the question, we would first like to remark the

following point: δω ∝ ω is nothing special in actual sensors such as electric current testers. It is

normal that a sensor with small δω has a small range, i.e., can handle only smaller ω . All we need

is δω ≪ ω , which is satisfied, e.g., when δω = 1/N and ω = 100/N.

This requirement δω ≪ ω can always be achieved by means of taking T sufficiently long. The

total measurement time T can be increased by simply increasing the number of repetition T/tint.
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Note that we assumed δω0 ≪ δω . Practically, δω0 can be reduced as much as required,

i.e., smaller than δω of a given N, beforehand. For a given magnetic field generator, such as a

magnet, one should measure its magnetic field strength ∝ ω0 by using some magnetic field sensor

repeatedly. Whatever the used magnetic field sensor is, δω0 can be reduced as the the number of

repetition is increased. Hence δω0 can be made as small as we wish.

4.2.3 Discussion on the conditions of x

In the previous subsection, we obtained the Heisenberg scaling sensitivity by assuming that x is

tuned in a certain range. Let us denote the range as l ≤ x ≤ u, for simplicity. In this subsection, we

discuss how can this condition imposed on x = ωtintN be satisfied practically.

In many practical cases, we know that the target parameter ω is around zero2 and has the

absolute value smaller than a certain ω∗, i.e, |ω| ≤ ω∗. Using this ω∗, we can clarify how to

satisfy the conditions. A sensor normally has a dynamic range ωr that restricts the measurable

upper limit of the absolute value of the target parameter. As the sensitivity becomes better, the

dynamic range usually becomes narrower for typical sensors. Hence it is important to appropriately

set ωr to obtain small enough δω . Since we are provided with ω∗ such that |ω| ≤ ω∗, we know

we should take ωr ≥ ω∗ so the target ω is within the range. Here we take ωr = ω∗. With such

ωr, the condition l ≤ x ≤ u can be dealt with and thus the generalized cat state sensor can be fully

exploited by tuning N and tint as follows: First, tune Ntint so that u− l = 2ωrtintN. Then, add a

known field ω0 = l +ωrtintN. Then the total field ωtot = ω0 +ω satisfies l ≤ ωtottintN ≤ u.

4.3 Calculation of the index q for fixed Â

As we have seen, states with q = 2 are useful in metrology. However, there is no general method

to calculate the index q for a given mixed state ρ̂ . The difficulty lies in the maximization with

both η̂ and Â. However, once Â is given, it is possible to choose η̂ to maximize Tr(ρ̂[Â, [Â, η̂ ]]).

For this purpose, we need to find candidates of Â. Candidates of Â can be found by, for example,

maximizing the fluctuation Tr(ρ̂(∆Â)2). Such maximization can be performed by the variance-

covariance method [53].

2Or, we can add ω0 and make ωt = ω +ω0 to be around zero and measure ωt .
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For a fixed Â, the definition of the index q can be expressed differently as follows.

Θ(Nq) = max{N,max
η̂

Tr
(
ρ̂
[
Â,
[
Â, η̂

]])
} (4.36)

= max{N,
1
2
∥[Â, [Â, ρ̂]]∥1} (4.37)

Here, ∥X̂∥1 is a trace norm:

∥X̂∥1 = Tr(
√

X̂†X̂) (4.38)

= ∑
n
|en|, (4.39)

X̂ = ∑
n

en |n⟩⟨n| . (4.40)

This re-expression can be understood from the cyclicity of the trace

Tr
(
ρ̂
[
Â,
[
Â, η̂

]])
}= Tr

(
η̂
[
Â,
[
Â, ρ̂

]])
(4.41)

and the fact that

Tr
(
[Â,
[
Â, ρ̂

]])
= 0. (4.42)

Maximization of Tr
(
η̂
[
Â,
[
Â, ρ̂

]])
requires η̂ to be the projection onto the subspace spanned by

the eigenstates of [Â,
[
Â, ρ̂

]]
with positive eigenvalues. That is the half of the trace norm because

the total of the eigenvalues is zero in this case.

Since numerical methods to calculate the eigenvalues of a given observable are well estab-

lished, this formula helps us to numerically calculate the index q.

In other words, we can construct the projection η̂ that makes the given ρ̂ achieve its best

sensitivity by diagonalizing [Â, [Â, ρ̂]]. The maximizing η̂ is

η̂ = ∑
en>0

|n⟩⟨n| . (4.43)

Note that in the context of quantum metrology, the observable Â is often fixed for judging the

utility of a given state. It is because quantum metrology aims to estimate the parameter associated

with a certain fixed observable.

4.3.1 Example

Let us calculate the index q of a mixed state

ρ̂ex :=
1
N

N

∑
λ=1

|ψλ ⟩⟨ψλ | , (4.44)
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where |ψλ ⟩ is a GHZ-like state differing by the λ th spin:

|ψλ ⟩ :=
1√
2
|↓⟩⊗(λ−1) |↑⟩ |↓⟩⊗(N−λ )+

1√
2
|↑⟩⊗(λ−1) |↓⟩ |↑⟩⊗(N−λ ) (λ = 1,2, ...,N) (4.45)

For simplicity, use use the following notation.

|⇑⟩λ := |↑⟩⊗(λ−1) |↓⟩ |↑⟩⊗(N−λ ) , (4.46)

|⇓⟩λ := |↓⟩⊗(λ−1) |↑⟩ |↓⟩⊗(N−λ ) (4.47)

Since the GHZ state is a generalized cat state of M̂z, we can guess this ρ̂ex could also be a gen-

eralized cat state of M̂z. Therefore we take Â = M̂z and see how ∥[M̂z, [M̂z, ρ̂ex]]∥1 scales. The

eigenstates of [M̂z, [M̂z, ρ̂ex]] are |ψλ ⟩’s, and the eigenvalues are all positive because

[M̂z, [M̂z, ρ̂ex]] = M̂2
z ρ̂ex −2M̂zρ̂exM̂z + ρ̂exM̂2

z (4.48)

= 2(N −2)2(ρ̂ex − ρ̂ex), (4.49)

= 2(N −2)2 1
N

N

∑
λ=1

(|⇑⟩λ ⟨⇓|λ + |⇓⟩λ ⟨⇑|λ .) , (4.50)

where

ρ̂ex :=
1
N

N

∑
λ=1

|ψλ ⟩⟨ψλ | , (4.51)

|ψλ ⟩ :=
1√
2
(|⇑⟩λ −|⇓⟩λ ) (λ = 1,2, ...,N). (4.52)

Therefore,

∥[M̂z, [M̂z, ρ̂ex]]∥1 = 2(N −2)2 1
N
×N = 2(N −2)2 = Θ(N2), (4.53)

providing q = 2. The maximizing η̂ is derived as Nρ̂ex. Hence the mixed state ρ̂ex can achieve the

ultimate scaling in measuring M̂z with a projection η̂ = Nρ̂ex after Ramsey-type protocol.

4.4 Relation with the quantum Fisher information

In quantum metrology, the quantum Fisher information (QFI) is one of the most important quantity,

for it gives the lower bound of the uncertainty. A famous Cramer-Rao bound

δω ≥ 1√
QFI

(4.54)
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holds regardless the details of the measurement. Since we have shown

δω ≤ Θ(N−1) (4.55)

for generalized cat states, we now know

QFI ≥ Θ(N2) (4.56)

for generalized cat states.

From the reasoning that the improvement of the sensitivity over the SQL should be caused

by the macroscopic quantum effect rather than the accumulation of microscopic quantum effects,

the QFI is also considered as a measure of macroscopicity of quantum states [57]. The QFI of a

quantum state ρ̂ = ∑2N

i=1 πi |i⟩⟨i| which is subjected to the time-independent Hamiltonian Ĥ is

F (ρ̂, Ĥ) = 2
2N

∑
i, j=1

(πi −π j)
2

πi +π j
| ⟨i|Ĥ| j⟩ |2, (4.57)

where the sum is taken over only πi +π j > 0 terms. From the observations that separable states

have F ≤ 4N and the GHZ state has F ≤ 4N2 for the Hamiltonian Ĥ = ∑N
i=1 ĥ(i) with ∥ĥ(i)∥= 1,

Fröwis and Dür proposed the QFI as a measure of macroscopicity.

For a pure state |ψ⟩⟨ψ|, the QFI becomes

F (|ψ⟩⟨ψ| , Ĥ) = 2∑
i

(
∑

j(̸=i)

(πi −π j)
2

πi +π j
| ⟨i|Ĥ| j⟩ |2 +∑

j=i

(πi −πi)
2

πi +πi
| ⟨i|Ĥ|i⟩ |2

)
(4.58)

= 2

(
∑

j(̸=ψ)

(1−0)2

1+0
| ⟨ψ|Ĥ| j⟩ |2 + ∑

i(̸=ψ)
∑

j(̸=i)

(0−π j)
2

0+π j
| ⟨i|Ĥ|i⟩ |2

)
(4.59)

= 2

(
∑

j
| ⟨ψ|Ĥ| j⟩ |2 −|⟨ψ|Ĥ|ψ⟩ |2 + ∑

i(̸=ψ)

(0−1)2

0+1
| ⟨i|Ĥ|ψ⟩ |2

)
(4.60)

= 4(⟨ψ|Ĥ2|ψ⟩−⟨ψ|Ĥ|ψ⟩2
), (4.61)

coinciding with the four times of the energy fluctuation

⟨ψ|(∆Ĥ)2|ψ⟩ . (4.62)

For pure states, ∥[Ĥ, [Ĥ, |ψ⟩⟨ψ|]]∥1 ≥ 2⟨ψ|(∆Ĥ)2|ψ⟩. Hence the relation between q and the QFI

is clear even though they are defined from different aspects of physics.
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However, the relation of these two measures was an open question for mixed states. It means

the characterization of quantum macroscopicity could still have ambiguity. So, clarifying the rela-

tion (4.56) for generalized cat states has some significance.

In addition, there are clear advantages in considering generalized cat states. As summarized

in Table (4.1), the QFI provides the lower bound of the uncertainty δω , i.e., δω ≥ 1/
√

QFI; the

Cramer-Rao inequality. Although the equality is satisfied by some optimal POVM measurement,

such a measurement is generally unknown for mixed states, and even if it is somehow found, it

could be very complicated. Hence, practically, the QFI gives δω > 1/
√

QFI, which does not

ensure the ultimate scaling even when QFI= Θ(N2).

On the other hand, generalized cat states guarantee the ultimate scalings, δω ≤ 1/Θ(N) (or

δω ≤ 1/Θ(N3/4) in the presence of noise, as we will see in next chapter), providing the upper

bound. This inequality is satisfied by a known simple measurement: Ramsey-type protocol and

reading out with the projection η̂ which we know. That is, the way of achieving the ultimate

scaling sensitivity is explicitly given.

Quantum Fisher Information Generalized Cat State

δω ≥ 1√
QFI δω ≤ 1

Θ(N)

equality achieved by some unknown POVM equality achieved with a known measurement

the POVM could be complicated a simple Ramsey-type protocol can be used

Table 4.1: Comparison between QFI and generalized cat state.



Chapter 5

The ultimate sensitivity in the presence of
noise

In this chapter, we consider the case where there is independent dephasing. In reality, dephasing

is one of the inevitable source of the degradation of the sensitivity. The weight of the off-diagonal

terms that show quantum coherence of macroscopically distinct states are diminished because of

the dephasing, which makes it non-trivial whether the generalized cat states are useful or not with

the realistic environment. Here we show that even in the presence of independent non-Markovian

dephasing, the realistic noise for the most of the solid-state systems, generalized cat states achieves

the ultimate scaling sensitivity.

5.1 Noise model

First of all, we restrict our discussion to independent dephasing by which each spin dephases

without affecting others. The noise we consider is the following:

N

∑
l=1

λ fl(t)â(l), (5.1)

where λ is the amplitude of the noise, and fl(t) satisfies

fl(t) = 0, (5.2)

fl(t) fl′(t ′) = exp(−|t − t ′|/τc)δl,l′, (5.3)

where the overline denotes the average over the ensemble of the noise, and τc is the the correlation

time of the environment.

43
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5.1.1 Markovian dephasing

In the case where τc ≪ tint, the dephasing process is Markovian. In the presence of Markovian de-

phasing, it is known that even the GHZ state, the most ideal cat state, does not show the superiority

than separable sensors. The enhancement of sensitivity disappears, and SQL becomes the ultimate

scaling [17]. It is because under the effect of the Markovian independent dephasing with the GHZ

state, the weight of the off-diagonal terms changes as exp(−tN/T ∗
2 ), while the phase accumulation

is exp(iωtN). Here, T ∗
2 is the coherence time of a single spin, determined by the amplitude of the

noise, i.e., T ∗
2 ∝ 1/λ . To make use of the GHZ state, we need tint ≤ T ∗

2 . However, with any tint, the

decay of the off-diagonal term is not slower than the advantageous phase accumulation, hence the

entanglement does not improve the sensitivity.

5.1.2 Non-Markovian dephasing

By assuming non-Markovian dephasing, we obtain a different result. Previous works [14,16,24,27,

28,30,95] showed that the GHZ state can actually beat the SQL in the presence of non-Markovian

dephasing. The uncertainty is proven to scale as

δω ∝
1

N3/4 , (5.4)

beating the SQL by the factor Θ(N1/4). Furthermore, Refs. [96, 97] showed this is the ultimate

scaling in the presence of dephasing. The key is to take tint in the so-called Zeno regime, i.e.,

tint ≪ τc. With non-Markovian decay, the metrologically useful off-diagonal terms in the GHZ

state decay as exp(−(t/T ∗
2 )

2N), which is quadratic in the early stage of decoherence. This slow

dephasing provides us the chance to beat the SQL. Depicted in Fig. 5.1 is the schematic of the the

slow decay of the coherence, i.e., the weight of the metrologically useful off-diagonal terms for

non-Markovian noise and the faster decay induced by Markovian noise.
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Figure 5.1: In the early stage of dephasing, more coherence, i.e., the weight of the off-diagonal
term, remains for non-Markovian dephasing than Markovian dephasing.

In addition to this advantage, non-Marovian dephasing is more realistic than Markovian de-

phasing, although Markovian noise model is easy to handle and thus thoroughly studied. In most

of the solid-state systems such as NV centers, the noise is non-Markovian [98]. An evidence of

this is the usage of echo sequence. Echo sequence is a technique in magnetic resonance where one

applies π pulse in the midst of the free induction decay and obtains a signal back again. This is

possible because the environment “remembers the past,” i.e., non-Markovian.

In spite of such potential improvement of quantum metrology, the previous studies were focus-

ing on some specific states such as the GHZ state and spin squeezed states. A question whether

there are any other metrologically useful quantum states or not still remained open. Moreover,

although pure states are assumed to be preparable as a sensor state in most of the previous re-

searches, sensor states prepared in experiments may be mixed. In order to understand the full

potential of quantum metrology, investigation of the sensitivities of other, nontrivial and non-ideal,

quantum states is crucial. Therefore we analyze the sensitivity of generalized cat state sensors in

the presence of non-Markovian independent dephasing.
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5.2 Sensitivity of generalized cat states

5.2.1 If one spin dephases

To begin with, we consider the case in which only one spin among N spins is subjected to the

decoherence. This artificial setup helps us understand the natural N-spin dephasing case. The

Hamiltonian is expressed as

Ĥ0 + Ĥint1(t), (5.5)

where

Ĥ0 = ω
N

∑
l=1

â(l) = ωÂ, (5.6)

Ĥint1(t) = λ fl(t)â(l). (5.7)

Here we consider the non-Markovian dephasing by assuming τc ≫ tint. Hence, we approximate

exp(−|t − t ′|/τc)≃ 1, which simplifies the upcoming calculation.

We let a generalized cat state ρ̂ evolve for time tint to become ρ̂(tint). In the interaction picture,

ρ̂ I(t) = eiĤ0t ρ̂(t)e−iĤ0t , (5.8)

dρ̂ I(t)
dt

=−i[Ĥint1(t), ρ̂ I(t)]. (5.9)

By integrating, we have

ρ̂ I(tint) = ρ̂(0)+
∞

∑
n=1

(−iλ )n
∫ tint

0

∫ t1

0
· · ·
∫ tn−1

0
dt1dt2 · · ·dtn[Ĥint1(t1), [Ĥint1(t2), · · · [Ĥint1(tn), ρ̂(0)]]].

(5.10)

Taking the average over the ensemble of the noise, we obtain

ρ̂ I(tint)− ρ̂(0) =
∞

∑
n=1

(−iλ )n fl(t1) fl(t2) · · · fl(tn)
∫ tint

0

∫ t1

0
· · ·
∫ tn−1

0
dt1dt2 · · ·dtn[â(l), ρ̂(0)]n.

(5.11)

We can decompose fl(t1) fl(t2) · · · fl(tn) into

fl(t1) fl(t2) · · · fl(t2n) = ∑
all combination

f (t ′1) f (t ′2) f (t ′3) f (t ′4) · · · f (t ′2n−1) f (t ′2n) (5.12)

= (2n−1)(2n−3) · · ·3 ·1 = (2n−1)!! (5.13)
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and

fl(t1) fl(t2) · · · fl(t2n+1) = ∑
all combination

f (t ′1) f (t ′2) f (t ′3) f (t ′4) · · · f (t ′2n−1) f (t ′2n) f (t ′2n+1) (5.14)

= 0 (5.15)

since we we assume f j(t) fk(t ′) = δ j,k and the m(> 2)th cumulants are zero for Gaussian noise.

Therefore, we obtain

ρ̂ I(tint)− ρ̂(0) =
∞

∑
n=1

(−iλ )2n(2n−1)!!
∫ tint

0

∫ t1

0
· · ·
∫ tn−1

0
dt1dt2 · · ·dt2n[â(l), ρ̂(0)]2n (5.16)

=
∞

∑
n=1

(−λ 2)n(2n−1)!!tn
int

1
(2n)!

[â(l), ρ̂(0)]2n (5.17)

=
∞

∑
n=1

(−λ 2tint)
n 1

2nn!
[â(l), ρ̂(0)]2n. (5.18)

The commutation can be simplified by assuming â(l)2 = 1̂, which holds for ±σ̂x,y,z. Hence,

[â(l), ρ̂(0)]2n =
22n

2
(ρ̂(0)− â(l)ρ̂(0)â(l)) (5.19)

Then we obtain

ρ̂ I(tint)− ρ̂(0) =
∞

∑
n=1

(−λ 2tint)
n 1

2nn!
22n

2
(ρ̂(0)− â(l)ρ̂(0)â(l)) (5.20)

=
1
2

∞

∑
n=1

(−2λ 2tint)
n

n!
(ρ̂(0)− â(l)ρ̂(0)â(l)) (5.21)

=
1
2

∞

∑
n=0

(−2λ 2tint)
n

n!
(ρ̂(0)− â(l)ρ̂(0)â(l))− (

ρ̂(0)− â(l)ρ̂(0)â(l)
2

) (5.22)

=
e−2λ 2tint

2
(ρ̂(0)− â(l)ρ̂(0)â(l))− ρ̂(0)− â(l)ρ̂(0)â(l)

2
. (5.23)

Therefore, in the case where only l-th spin dephases, the sensor state ρ̂ evolves into

ρ̂ I(tint) = ρ̂(0)+
e−2λ 2tint −1

2
ρ̂(0)+

1− e−2λ 2tint

2
â(l)ρ̂(0)â(l) (5.24)

=
1+ e−2λ 2tint

2
ρ̂(0)+

1− e−2λ 2tint

2
â(l)ρ̂(0)â(l). (5.25)

This is the formula for the case in which a single spin dephases by non-Markovian independent

noise. We use this formula to examine the case for the case where N spin dephases.
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5.2.2 If N spins dephase

Now we consider the case where all of the N spins dephase. In this case the Hamiltonian is

Ĥ0 + Ĥint(t), (5.26)

Ĥint(t) =
N

∑
l=1

λ fl(t)â(l). (5.27)

As we have seen in the previous subsection, dephasing of lth spin corresponds to changing ρ̂ into

εl[ρ̂] :=
1+ e−2λ 2tint

2
ρ̂(0)+

1− e−2λ 2tint

2
â(l)ρ̂(0)â(l). (5.28)

When N spins dephase, the state becomes

ρ̂(tint)
I = εN [εN−1 · · ·ε1[ρ̂(0)]] (5.29)

=

(
1+ e−λ 2t2

int

2

)N

ρ̂(0)+

(
1+ e−λ 2t2

int

2

)N−1(
1− e−λ 2t2

int

2

)
N

∑
j=1

â( j)ρ̂(0)â( j)+ · · ·

+

(
1− e−λ 2t2

int

2

)N

âN âN−1 · · · â1ρ̂(0)â1 · · · âN−1âN , (5.30)

(5.31)

Going back to the Schrödinger picture, we have

ρ̂(tint) = e−iĤ0tint

(1+ e−λ 2t2
int

2

)N

ρ̂(0)+

(
1+ e−λ 2t2

int

2

)N−1(
1− e−λ 2t2

int

2

)
N

∑
j=1

â( j)ρ̂(0)â( j)+ · · ·

+

(
1− e−λ 2t2

int

2

)N

âN âN−1 · · · â1ρ̂(0)â1 · · · âN−1âN

eiĤ0tint (5.32)

Here,
(

1+e−λ2t2int
2

)N

e−iĤ0tint ρ̂(0)eiĤ0tint in ρ̂(tint) is what we obtain when the generalized cat state

evolves in the presence of the target magnetic field without noise, only with a diminished weight(
1+e−λ2t2int

2

)N

. We have already studied in the previous chapter that this state shows the ulti-

mate scaling sensitivity. To examine the effect of the other terms in ρ̂(tint), we denote ρ̂ ′ :=

ρ̂(tint)−
(

1+e−λ2t2int
2

)N

e−iĤ0tint ρ̂(0)eiĤ0tint . To make it short, sometimes we call e−iĤ0tint ρ̂(0)eiĤ0tint

the “original” generalized cat state to distinguish from ρ̂ ′. Applying the triangle inequality to the
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denominator of δω , we obtain

√
T/tint

∣∣∣∣dTr(η̂ρ̂(tint))

dω

∣∣∣∣≥√T/tint(

∣∣∣∣∣dTr(η̂e−iωÂtint ρ̂(0)eiωÂtint)

dω

∣∣∣∣∣
(

1+ e−λ 2t2
int

2

)N

−
∣∣∣∣dTr(η̂ρ̂ ′)

dω

∣∣∣∣).
(5.33)

Since

|Tr(ρ̂[Â, η̂ ]k)| ≤ 2k∥Â∥k, (5.34)

the second term can be evaluated as follows.∣∣∣∣dTr(ρ̂ ′η̂)

dω

∣∣∣∣ (5.35)

=

∣∣∣∣∣ d
dω

∞

∑
k=0

(iωtint)
k

k!
Tr(ρ ′

0[Â, η̂ ]k)

∣∣∣∣∣ (5.36)

≤ 2∥Â∥tinte2ωtint∥Â∥∥ρ ′
0∥ (5.37)

= 2∥Â∥tinte2ωtint∥Â∥×∥

(
1+ e−λ 2t2

int

2

)N−1(
1− e−λ 2t2

int

2

)
N

∑
j=1

â( j)ρ̂(0)â( j)+

· · ·+

(
1− e−λ 2t2

int

2

)N

âN âN−1 · · · â1ρ̂(0)â1 · · · âN−1âN∥ (5.38)

= 2∥Â∥tinte2ωtint∥Â∥

(1+ e−λ 2t2
int

2

)N−1(
1− e−λ 2t2

int

2

)(
N
1

)
+ · · ·+

(
1− e−λ 2t2

int

2

)N(
N
N

)
(5.39)

= 2∥Â∥tinte2ωtint∥Â∥

1−

(
1+ e−λ 2t2

int

2

)N
 . (5.40)

Hence we have√
T/tint

∣∣∣∣dTr(η̂ρ̂(tint))

dω

∣∣∣∣
≥
√

T/tint

∣∣∣∣ dP
dω

∣∣∣∣
(

1+ e−λ 2t2
int

2

)N

−2∥Â∥tinte2ωtint∥Â∥

1−

(
1+ e−λ 2t2

int

2

)N
 . (5.41)

Recall that the first term is already evaluated in the previous chapter:∣∣∣∣ dP
dω

∣∣∣∣≥ kc(ωtN)2Ntint > 0. (5.42)
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We assume that the right-hand side of (5.41) is positive, which means that the weight of the original

generalized cat state is sufficiently large. Then we have

δωdeph
√

T

≤ (N
√

tint)
−1
[
kc(ωtintN)2

(1+ e−2λ 2t2
int

2

)N
−2e2ωtint∥Â∥∥Â∥

N

(
1−
(1+ e−2λ 2t2

int

2

)N)]−1
. (5.43)

To see how small this uncertainty is, we must optimize it by changing tint. Regarding the first

factor of the right-hand side, i.e., (N
√

tint)
−1, the larger the interaction time tint is, the smaller

the factor becomes, i.e., the better uncertainty we get. However, larger tint makes the weight(
1+e−2λ2t2int

2

)N
≤ 1 of the original generalized cat state smaller, resulting in the degradation of the

uncertainty. To find the optimal scaling, we take tint ∝ Nε
√

N
, where ε is a constant to be determined.

Actually,

d
dε

(1+ e−2λ 2/N1−2ε

2

)N
=−2λ 2N2ε log(N)e−2λ 2N2ε−1

(
1+ e−2λ 2N2ε−1

2

)N−1

, (5.44)

meaning
(

1+e−2λ2t2int
2

)N
is a decreasing function of ε for N > 1. In particular, it decreases to zero

for N ≫ 1 for ε > 0, while remaining finite for ε = 0. Regarding ε < 0, it is not optimal because

while
(

1+e−2λ2t2int
2

)N
does stay finite, the first factor of (5.43), i.e., (N

√
tint)

−1 ∝ (N
3
4+

ε
2 )−1, shows

a metrologically better scaling for larger ε . Hence the right-hand side of (5.43) takes the optimal

scaling at ε = 0, i.e., tint ∝
√

N−1. This scaling is reasonable from the view point of the coherence

time. With T ∗
2 as the coherence time of a single spin, the coherence time of N-spin system is

T ∗
2 /

√
N. It is not likely to obtain the best sensitivity if the interaction time tint greatly exceeds the

coherence time of the total system. Also note that we need tint ∝ (ωNtint)
2 to make the right-hand

side of (5.43) positive.

With such tint, the uncertainty is bounded as

δωdeph
√

T ≤ Θ(N−3/4). (5.45)

This scaling is known to be the ultimate according to the previous works [96,97]. It beats the SQL

by a factor of N1/4, even though the system is under the effect of dephasing. Again, in addition to

the ultimate scaling, the value of the upper bound of δωdeph can be made as small as required by

taking sufficiently large T .

From this result, we see that all the generalized cat states achieve the ultimate scaling sensitivity

when used as a sensor. Since generalized cat states include highly mixed states, this fact greatly

broadens the possibility of quantum metrology.
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Figure 5.2: Schematic of the relationship between the scaling of the uncertainty and the purity
of a given state in the Ramsey-type sensing. The ultimate scaling of the uncertainty without and
with the dephasing is δω = Θ(N−1) and δωdeph = Θ(N−3/4), respectively. The GHZ state is a
pure state and achieves the ultimate scaling. One-axis and two-axis spin squeezed states [99] are
pure states, and the former achieves δω = Θ(N−5/6), beating the SQL, and the latter achieves the
Heisenberg scaling. The SQL is not beaten by separable states, whether pure or mixed. All the
generalized cat states, including states with purity from one to exponentially small, achieve the
ultimate scaling sensitivity.

5.3 Discussion on the intermediate scaling

Our calculation shows that the scaling of N−1 is obtained without dephasing, while N−3/4 is ob-

tained in the presence of dephasing. However, the reader may wonder whether or not an intermedi-

ate scaling such as N−7/8 is obtainable in the case where the effect of the dephasing is present but

extremely small. In this section, we consider the GHZ state and see why we do not obtain such an

intermediate scaling in the standard Ramsey-type sensing and the presence of the dephasing with

any amplitude makes a jump in the scaling from N−1 to N−3/4. The proof for other general cases

is yet to be done, but we believe the logic should be qualitatively the same.

The protocol for estimating ω of Ĥ = ∑N
j=1

ω
2 σ̂ ( j)

z with the GHZ state, 1√
2
(| ↑⟩⊗N + | ↓⟩⊗N), is

the same as the one explained in the previous chapters in this thesis. We let the GHZ state evolve

for time tint, read out, and repeat for T/tint times. Note that we freely fix the total measurement

time T at some finite value. Hence we consider the behavior of δω
√

T in the following. For the
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GHZ state,

ρ̂(t) =
1
2
|↑⟩⊗N ⟨↑|⊗N +

exp(−iωNtint −2λ 2Nt2
int)

2
|↑⟩⊗N ⟨↓|⊗N

+
exp(iωNtint −2λ 2Nt2

int)

2
|↓⟩⊗N ⟨↑|⊗N +

1
2
|↓⟩⊗N ⟨↓|⊗N (5.46)

and by assuming ωNtint ≪ 1 we have

P =
1+ exp(−2λ 2t2

intN)sinωNtint

2
(5.47)

≃
1+ exp(−2λ 2t2

intN)ωNtint

2
. (5.48)

Then δω
√

T is as follows.

δω
√

T =

√
P(1−P)∣∣ dP

dω
∣∣√1/tint

(5.49)

≃ e
Nt2int
(T∗2 )2

N
√

tint
(5.50)

Note that T ∗
2 = 1/2λ is the coherence time of a single spin.

When T ∗
2 is finite, i.e., there is dephasing, the minimum of δω

√
T is

√
2exp(1/4)

N3/4
√

T ∗
2

at tint =

T ∗
2 /2

√
N. The value of

√
2exp(1/4)

N3/4
√

T ∗
2

depends on the coherence time T ∗
2 , and the minimum point

moves to the right as T ∗
2 increases, i.e., the amplitude of noise decreases (Fig. 5.3). When there is

no noise, i.e., T ∗
2 → ∞, there is no minimum point anymore, and δω which scales as N−1 keeps

decreasing with the increase of tint. This is the reason why the optimal scaling jumps from N−1

to N−3/4 with the emergence of noise. The formula (5.50) has already been known, but our work

was the first and only to explicitly discuss why there are only two scalings, providing an intuitive

original figure.
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Figure 5.3: Log-log plots of δω
√

T for different T ∗
2 s against tint for N = 10. From the left, green,

orange, blue, and red curves correspond to T ∗
2 = 1, T ∗

2 = 10, T ∗
2 = 102, T ∗

2 = 103, respectively.
The gray line corresponds to T ∗

2 → ∞. The minimum value moves to the right as T ∗
2 increases, but

always scales as N−3/4 for finite T ∗
2 . However, when T ∗

2 →∞, δω
√

T ∝ 1/N
√

tint has no minimum
point, giving another scaling N−1 for the optimal uncertainty.

Intuitively, the minimum value appears because of the competing two factors: phase accumu-

lation and the change of the amplitude of the useful generalized cat state. With a larger tint, the

sensor state can acquire more phase, i.e., more information, of the target field. However, under

the effect of dephasing, the longer the sensor state evolves, the less the amplitude of the state with

useful coherence for sensing becomes. In the absence of noise, this latter factor does not yield,

hence there is no minimum point. The uncertainty scales as N−1 for any tint.

5.4 Comparison with the QFI, revisited

Let us comment another advantage of q compared to the QFI. As depicted in Fig. 5.4, the dynamical

aspects in the presence of noise are not clear enough for the QFI because in the Cramer-Rao

inequality the QFI is of the state after the noisy time evolution, which is not directly related to the

QFI of the initial state. By contrast, we have obtained the upper bound of δω in terms of q of the
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initial generalized cat state. Such a practical bound is derived because q is directly connected to

the equation of motion.

Hence, our results reveal different aspect of the quantum metrology that the QFI cannot pro-

vide.

Figure 5.4: Schematic of the comparison between QFI and q. If we have a state with q = 2, we
immediately know it achieves the ultimate scaling even in the presence of dephasing. On the other
hand, when we try to judge whether a given state is useful or not using the QFI, we must see the
QFI of the final state after the time evolution.



Chapter 6

Example: generalized cat state with a small
purity

In this chapter, we show one example of a nontrivial generalized cat state. It is generated from a

thermal equilibrium state at finite temperature, being a mixture of exponentially large number of

states. First we introduce the recipe for generating this state and discuss the condition for success-

fully obtaining the state with high probability. We then see the purity of the state is exponentially

low. After generalizing the recipe by loosening the condition on the initial state that is to be con-

verted into a generalized cat state, we discuss the sensitivity if realized in a silicon substrate. In

the following we call this example state generated by the recipe in section 6.1 as “Mamineko”,

implying maximally mixed neko (cat) state.

6.1 Recipe

The recipe to create Mamineko is simple. As depicted in Fig. 6.1,

1. Prepare N spins

2. Apply magnetic field along z axis

3. Let the system equilibrate

4. Measure the magnetization along x axis

Then the post-measurement state is a generalized cat state.

55
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Table 6.1: Schematic of the recipe of generating Mamineko. (Left) External magnetic field, de-
picted with a bright green arrow, polarizes the spins, the small navy arrows, at finite temperature.
(Middle) Projective measurement of the magnetization perpendicular to the external magnetic field.
(Right) Generalized cat state satisfying ∥[M̂z, [M̂z, ρ̂]]∥1 = Θ(N2) is generated. The photo is taken
by Professor Shimizu.

Let us follow the recipe with a specific model. We assume that the external field is −hM̂z and

the inverse temperature is β . For simplicity, we assume there is no interaction between spins, i.e,

Ĥ0 =−hM̂z (6.1)

although generalized cat states are obtainable even when there are interactions. Then the pre-

measurement state ρ̂eq is

ρ̂eq :=
exp(βhM̂z)

Tr(exp(βhM̂z))
. (6.2)

To this state, we perform a projective measurement η̂x onto M̂x =M subspace. The post-measurement

state ρ̂M is

ρ̂M :=
η̂x exp(βhM̂z)η̂x

Tr(exp(βhM̂z)η̂x)
. (6.3)

This state is a generalized cat state. Recall that if there exists an additive observable Â and a

projection operator η̂ such that

Tr(ρ̂[Â, [Â, η̂ ]]) = Θ(N2), (6.4)
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then ρ̂ is a generalized cat state. For the case of Mamineko, we find M̂z is a good candidate for

Â because of the uncertainty relation. The projective measurement η̂x greatly reduced the uncer-

tainty of M̂x, so M̂z should have a large fluctuation. However, we cannot distinguish whether the

cause of the large fluctuation is a superposition or a classical mixture, hence we need to calculate

Tr(ρ̂[Â, [Â, η̂ ]]). For the choice of η̂ , we try with η̂ = η̂x. We find that it maximizes Tr(ρ̂M(M̂2
z η̂x))

and makes Tr(ρ̂M(M̂zη̂M̂z)) = 0 simultaneously. Then we have

Tr(ρ̂M[M̂z, [M̂z, η̂x]]) = Tr(ρ̂M(M̂2
z η̂x + η̂xM̂2

z −2M̂zη̂xM̂z)) (6.5)

= Tr(η̂xρ̂eqη̂x(M̂2
z η̂x + η̂xM̂2

z −2M̂zη̂xM̂z)) (6.6)

= 2Tr(ρ̂MM̂2
z ) (6.7)

= 2N +(N2 −M2) tanh2(βh). (6.8)

This is Θ(N2) if M ̸=±N +o(N). The probability of obtaining such M is

Pr
[
M̂x = M ̸=±N +o(N)

]
= 1−No(N)/(o(N))!2N . (6.9)

Therefore, we obtain Mamineko with high probability.

6.2 Resolution of the projection

We have assumed η̂x is a projection onto the M̂x = M subspace, which means the resolution of the

projective measurement is 1, i.e., being able to distinguish the change of the total magnetization

caused by the change of the magnetization of a single spin. With such a measurement, Mamineko

is obtained with high probability. However, it is a challenging task to realize, so we also consider

whether Mamineko is obtainable when a projection onto a broader subspace is done. We consider

a projection onto the M− ≤ M̂x ≤M+ subspace and how the success probability differs for different

M+−M−.

Through some algebra, it was proven in [2] that it is possible to obtain Mamineko with high

probability when M+ − M− = Θ(1) with M± ̸= ±N + o(N). Regarding the projection onto a

broader subspace, it was proven that Mamineko is obtainable with any M+ −M− > Θ(1) such

as M+−M− = Θ(
√

N), only when a severe condition below is satisfied. When M+−M− > Θ(1),

we need M− = Θ(N) for M− > 0 (or, M+ = −Θ(N) for M+ < 0), meaning that the measurement

outcome must be ±Θ(N). Probability of obtaining such an outcome is exponentially small.

Pr
[
Θ(N) = M− ≤ M̂z ≤ M+

]
= Z′0

post/Z0
eq = e−Θ(N) (6.10)
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Therefore, there is a trade-off between success probability of obtaining Mamineko and the res-

olution of a measurement (Table 6.2). When applying in experiments, one should consider this

fact.

Success probability Resolution Difficulty

High Θ(N0) Difficult

Low Θ(
√

N) Easy

Table 6.2: Trade-off relation between the success probability of obtaining Mamineko and the res-
olution of the projection for generating it.

6.3 Purity of Mamineko

One peculiar feature about Mamineko is that its purity is exp(−Θ(N)). This is because of two

factors. One is that Mamineko is created from a Gibbs state at finite temperature, which is a

mixture of an exponentially large number of states. Another is that the projective measurement

is a projection onto an exponentially large subspace. Let us check it with free spins. The post-

measurement state is expressed as

ρ̂0
post =

η̂xρ̂eq
0 η̂x

Tr[η̂xρ̂eq
0 η̂x]

=
η̂xê−β Ĥ0η̂x

Z0
post(βh)

. (6.11)

The purity of this state is evaluated as

Tr[(ρ̂0
post)

2] =
Tr[η̂xê−β Ĥ0η̂xê−β Ĥ0η̂x]

(Z0
post(βh))2

(6.12)

≤ Tr[η̂x(ê−β Ĥ0)2η̂x]

(Z0
post(βh))2

(6.13)

=
Z0

post(2βh)

Z0
post(βh)2

. (6.14)

Using

Z0
post(βh) =

(
N

(N +M)/2

)
coshN(βh), (6.15)
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we can calculate (6.14) as

2N (e2βh + e−2βh)N( N
(N+M)/2

)
(eβh + e−βh)2N

=
2N( N

(N+M)/2

)
(1+2/(e2βh + e−2βh))N

(6.16)

=
2N( N

(N+M)/2

)
(1+1/cosh(βh))N

. (6.17)

The binomial can be simplified by using the Stirling formula, and 2N

( N
(N+M)/2)

≃
√

πN
2 exp(M2/2N)

is obtained when |M| ≲
√

N. Hence when |M| ≲
√

N, which occurs with high probability, and

βh = Θ(N0),

Tr[(ρ̂0
post)

2]≤ 1
eΘ(N)

. (6.18)

Thus we can see that the post-measurement state is a mixture of eΘ(N) states. This is because the

pre-measurement state ρ̂eq
0 is a mixture of eΘ(N) states with its entropy −Tr[ρ̂eq

0 lnρeq
0 ] is Θ(N)

when T > 0, and η̂x is a projection onto an eΘ(N) dimensional space:

Tr[η̂x] =

(
N

(N +M)/2

)
∼ 2N (6.19)

for M ∼ 0.

When βh → ∞, i.e., at zero temperature, on the other hand, the pre-measurement state is a

ground state, i.e. a pure state. In this case, the post-measurement state is also a pure state.

Hence, at finite temperature, Mamineko is a mixture of an exponentially large number of states.

6.3.1 Time evolution

How does Mamineko evolve with time after it is generated? For free spins (6.1) or other systems

where M̂z commutes with the Hamiltonian, i.e., M̂z is conserved, the state actually keeps being a

generalized cat state. In fact, after Mamineko is generated at time t = 0, the system evolves with

time as

ρ̂post(t) := Ût ρ̂postÛ
†
t , (6.20)

where Ût := e−iĤ0t . Mamineko ρ̂post satisfies

Tr
[
ρ̂postĈM̂aP̂

]
.= Θ(N2), (6.21)
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Since [Ût ,M̂z] = 0, we insert ÛtÛ
†
t and obtain

Θ(N2) = Tr
[
Ût ρ̂postÛ

†
t (M̂

2
z Ût P̂Û†

t −2M̂zÛt P̂Û†
t M̂z +Ût P̂Û†

t M̂2
z )
]
= Tr

[
ρ̂post(t)ĈM̂aP̂(t)

]
, (6.22)

where we denoted P̂(t) = Ût P̂Û†
t . Since P̂(t)2 = P̂(t), i.e., P̂(t) is a projection operator, ρ̂post(t) in-

deed satisfies the condition of being a generalized cat state of M̂z. Therefore, during time evolution,

Mamineko moves around the Hilbert space while keeps being a generalized cat state.

6.4 General condition

Up to this point in this chapter, we considered the system without interactions between spins.

However, we can prove that Mamineko is obtainable even in the systems with spin-spin interac-

tions. In fact, the Hamiltonian itself does not matter. The only condition required to be satisfied is

⟨M̂z⟩pre = Θ(N). Let us denote the probability of obtaining M̂x = M as the outcome, or, in other

words, the probability of the projection η̂x occurring, as

Pr(M) := Tr[η̂xρ̂preη̂x] (6.23)

=: ⟨η̂x⟩pre (6.24)

With such an outcome, the post-measurement state is expressed as

η̂xρ̂preη̂x

Pr(M)
. (6.25)

Quite obviously,

η̂xM̂zη̂x = η̂xM̂yη̂x = 0, (6.26)

∴ ⟨M̂z⟩post = ⟨M̂y⟩post = 0. (6.27)

Hence 2⟨CM̂z,η̂x
⟩

post
= ⟨M̂2

z ⟩post. The quantity ⟨M̂2
z ⟩post itself is hard to relate to ⟨M̂z⟩pre, so we

think of taking an average over the outcome M.

∑
M

Pr(M)⟨M̂2
z ⟩post = ∑

M
Tr[η̂xρ̂preη̂xM̂2

z ] (6.28)
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Since the sum M̂2
z + M̂2

y commutes with η̂x, ⟨M̂2
z + M̂2

y ⟩post is easier to evaluate.

∑
M

Pr(M)⟨M̂2
x + M̂2

y ⟩post = ∑
M

Tr[η̂xρ̂preη̂x(M̂2
z + M̂2

y )] (6.29)

= ∑
M

Tr[η̂xρ̂pre(M̂2
z + M̂2

y )] (6.30)

= ⟨M̂2
z + M̂2

y ⟩pre (6.31)

≥ ⟨M̂2
z ⟩pre (6.32)

≥ (⟨M̂z⟩pre)
2 (6.33)

= Θ(N2). (6.34)

This shows that a generalized cat is obtained with non-vanishing probability.

For example, the initial state can be ρ̂Mz = P̂z/Tr(P̂z), where

P̂z := ∑
ξ
|Mz,ν⟩⟨Mz,ν | (6.35)

is a projection onto M̂z = Mz = Θ(N) subspace. Since it has macroscopic magnetization, a gener-

alized cat state is obtainable by applying the projection

η̂x := ∑
ξ
|Mx,ξ ⟩⟨Mx,ξ | (6.36)

onto the M̂x = Mx subspace. Note that ν and ξ label the degeneracy. The post-measurement state

is

ρ̂Mx :=
η̂xP̂zη̂x

Tr
[
η̂xP̂zη̂x

] . (6.37)

We can prove this state is a generalized cat state by calculating ⟨ĈM̂z,η̂x
⟩.

⟨ĈM̂z,η̂x
⟩= 2N +

4∑ξ ∑|Mz,ξ ⟩′ ⟨Mz,ξ | P̂z |Mz,ξ ⟩′

Tr
[
η̂xP̂zη̂x

] , (6.38)

where |Mz,ξ ⟩′ is a state that differs from |Mz,ξ ⟩ by one |+⟩ := (|↑⟩+ |↓⟩)/
√

2 and one |−⟩ :=

(|↑⟩− |↓⟩)/
√

2 being flipped. After some algebra (see Appendix B), we obtain

⟨ĈM̂z,η̂x
⟩= 2N +(N2 −M2

x )

(
1−

N2 −M2
z

N(N −1)

)
(6.39)

= 2N +(N2 −M2
x )

M2
z −N

N(N −1)
. (6.40)

Since we assumed Mz = Θ(N), ρ̂Mx is a generalized cat state when (N2 −M2
x ) = Θ(N2).

The only condition needed is a macroscopic magnetization in the pre-measurement state. So,

this method is also applicable in systems with disorder such as NV centers in diamond.
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Interaction between spins

It may sound nontrivial that we do not need interactions between spins, in spite of the resulting

Mamineko has the spins correlated to each other. The thing is, correlation is generated through the

measurement. The key is that the probe system that reads out the total magnetization is connected

to all the spins.

6.5 Mamineko as a sensor

Since we have shown all the generalized cat states achieve the ultimate scaling in magnetic field

sensing, Mamineko achieves the ultimate scaling as well. In this section we numerically study how

well Mamineko works as a sensor if created in a silicon substrate. Note that in the following we

discuss the sensitivity of Mamineko for sensing M̂z through the Ramsey-type measurement with

the readout projection η̂x = P̂z.

6.5.1 Upper bound formula

Up to here, we mainly considered of the scaling of the uncertainty. However, when ρ̂ is specifically

given, we can obtain the value of the upper bound of δωdeph
√

T . To do that, one should calculate

Tr(ρ̂[M̂z, η̂x]) and Tr(ρ̂[M̂z, [M̂z, η̂x]]), and then tune tint to minimize

(N
√

tint)
−1
[
U
(1+ e−2λ 2t2

int

2

)N
−2e2ωtint∥M̂z∥

(
1−
(1+ e−2λ 2t2

int

2

)N)]−1
, (6.41)

where

U :=

∣∣∣∣∣
∣∣ωtintTr(ρ̂[M̂z, [M̂z, η̂x]])

∣∣
N

−
∣∣iTr(ρ̂[M̂z, η̂x])

∣∣
N

∣∣∣∣∣−2
∥M̂z∥

N
(e2ωtint∥M̂z∥−1−2ωtint∥M̂z∥).

(6.42)

In the following we use this formula to see Mamineko is advantageous in metrology not only in

the sense of scaling but also in the numerical sense.

6.5.2 Sensitivity with Si substrate

As a stage of creating Mamineko, consider phosphorus donor electron spins in a 28Si substrate.

An electron in this system is known to have a very long coherence time around 10s [100], being

suitable for generation of a generalized cat state. Typically, the density of the electron spins is
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∼ 1015cm−3. Les us take the size of the substrate as 32µ m ×32µ m×1µm, which makes the

number of electron spins in the substrate approximately N = 106. To create Mamineko, we need

an external magnetic field. We assume it to be 10mT. Also, we assume the temperature of the

system is 10mK, meaning “finite temperature” because the thermal energy (kBT/2π ≃ 208 MHz)

is comparable with the Zeeman splitting (gµbB/2π ≃ 280 MHz) and thus the spins are not fully

polarized.

A projective measurement of the total magnetization generates the generalized cat state with

q = 2. Using the parameters above and the formula (6.41), we numerically optimize the interaction

time and find that the uncertainty takes its minimum δωdeph
√

T = 5.2×10−5/
√

Hz at tint = 5.4ms,

which corresponds to δB
√

T = 0.30fT/
√

Hz. The interaction time tint = 5.4ms agrees with our

theoretical prediction that to obtain the optimal uncertainty tint should be taken comparable with

the coherence time divided by
√

N.

To see how good δωdeph
√

T = 5.2× 10−5/
√

Hz is, we compare with a thermal equilibrium

state(Fig. 6.1). Spins in the same substrate in a thermal equilibrium state in the same tempera-

ture and same magnetic field, i.e., the pre-measurement state that is before begin converted into

Mamineko, has the uncertainty δωdeph
√

T = 9.8× 10−4/
√

Hz. As can be seen, there is almost

twenty times advantage when a thermal equilibrium state is converted into a generalized cat state.

With Mamineko being a mixture of exponentially large number of states, it is promising that other

generalized cat states are even more useful.

To further see the advantage, let us compare with other known theoretical results (Fig. 6.1). The

spins in the following are also considered to be in the same substrate. If a fully polarized separable

state, i.e., in zero temperature with the same magnetic field, is used, δωdeph
√

T = 8.1×10−4/
√

Hz

is estimated [27]. In [27], they also investigate the uncertainty of the squeezed state prepared by

one-axis twisting, i.e., a nonlinear interaction that suppresses the fluctuation of M̂z down to Θ(N0),

to the fully polarized state. This squeezed state is not a generalized cat state. The uncertainty of

this squeezed state is estimate to be δωdeph
√

T = 7.1×10−5/
√

Hz, somewhat comparable to our

results. An important remark is that to implement these proposals, a perfect initialization of the

electron spins is necessary. The initialization may be difficult because of the small Zeeman energy

of the electron spins. Compared to this fact, Mamineko seems to be easier to prepare in the silicon

substrate because the polarization the spins initially have in the given temperature and magnetic

field is merely ∼ 0.6, more feasible to prepare than a state with polarization 1. We can see the

advantage of Mamineko when used in metrology.
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Figure 6.1: Comparison of the uncertainty δω
√

T for different states in the same substrate.

The spatial resolution of the sensor is ∼ 10µm, according to the size of the substrate. The

records of the experimentally realized sensors with similar spatial resolution are the following.

A superconducting flux qubit, a SQUID, and an ensemble of NV centers showed sensitivities of

3.3pT/
√

Hz with 5µm resolution [37], 1.4pT/
√

Hz with 100µm resolution [101], and 150fT/
√

Hz

with 100µm resolution [39, 102], respectively. They all use separable states for sensing, leaving

the possibility of further improvement by using generalized cat states.



Chapter 7

Attempt to creating Mamineko through
repetitive measurements

In the previous chapter, we discussed the utility and the protocol to generate Mamineko. There are

interesting things about the recipe such as we can do it at finite temperature, and so the generalized

cat state may be a highly mixed state, and we have been successful in showing that generalized cat

states, (not only this one, but all of them) can achieve the Heisenberg scaling sensitivity if used

as a sensor. In this chapter, we specify physical systems, and discuss a concrete method to realize

the recipe and thus create Mamineko with a realistic setup. The recipe of Mamineko assumed a

very powerful projection measurement; a projection with a high resolution that can distinguish the

change of the total magnetization caused by the change of the magnetization of a few spins. Fortu-

nately, a superconducting flux qubit is considered to have a potential to realize the projection with

single spin detection level. A single measurement of the flux qubit coupled to the spin ensembles

just provides us with a binary information, which is not useful enough to estimate the total magne-

tization from the spin. However, the accuracy of the measurement of the magnetization from the

spins is increased via the repetitive measurements. Therefore in this chapter, we consider a more

realistic strategy to generate Mamineko via the repetitive measurements of the spin magnetization.

We numerically observe the emergence of metrologically useful state.

7.1 Idea

To follow the theoretical recipe for generating Mamineko, we must read out the spins’ magneti-

zation along the axis that is perpendicular to the external magnetic field which polarizes the spins

macroscopically. Since the single projection measurement with high resolution is harder to realize,
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we consider replacing it with low resolution repetitive measurements. To read out, we consider us-

ing the flux qubit. We consider creating Mamineko in NV diamond, since the interaction between

the flux qubit and NV centers is experimentally realized [103].

7.1.1 NV center

Systems with longer coherence times are preferable in creating a generalized cat state. As reviewed

in Sec. 2.4, an NV center is a defect in diamond, and it has effectively spin 1/2. Its coherence time

is quite long, about 0.6 second at 77K [104]. This is a suitable system for Mamineko.

7.1.2 Superconducting flux qubit

A flux qubit [105] is a superconducting loop with several (normally three) Josephson junctions,

and it can be regarded as a spin 1/2 system by considering the state with clock-wise current as |↑⟩
state and the state with counter clock-wise current as |↓⟩ state. It can be used as a very sensitive

magnetic field sensor. In Fig. (7.1), we illustrate the magnetometry using a flux qubit.

A flux qubit normally has Hamiltonian

ĤFQ = εσ̂3 +∆σ̂1 ≃ εσ̂3. (7.1)

To do the Ramsey-type magnetometry, we assume ∆ ≪ ε . Note that for the flux qubit, σ̂3 means

the population difference between the clockwise current and the counter-clockwise current. The

sensor state |+⟩ is a superposition of the states with these currents. It can be prepared by applying

π/2 pulse. The readout of the flux qubit is done by DC SQUID by projecting to the σ̂2 basis. One

readout only gives either +1 or −1 as a result, with a probability encoded with the B field. By re-

peating this procedure, we can find out the probability more accurately, meaning the improvement

of the sensitivity. From the central limit theorem, the uncertainty improves by the square root of

the number of repetition m:

δω ∝
1√
m
. (7.2)

Hence, rapid repetitive measurements may become a substitute of a powerful single projection.
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Figure 7.1: Schematic of magnetic field (green arrow) sensing using a flux qubit(navy loop). Note
that σ̂3 is a population difference between clockwise and counter-clockwise currents. Three gray
crosses represent Josephson junctions.

7.1.3 Hybrid system of NV center and flux qubit

We assume the following setup. On the same plane as the flux qubit, we set a diamond containing

NV centers. We take the NV’s quantization axis, that, is, NV’s z axis, to be parallel to the plane.

To realize that, we apply magnetic field as indicated in Fig.7.2. For simplicity, we assume NVs

are all identical and apart from each other so that they do not interact with each other, and also we

drop some irrelevant terms such as strain effect in the Hamiltonian.

ĤNV =
ωNV

2
Ŝz =

ωNV

2

N

∑
j=1

σ̂NV
z ( j) (7.3)

The flux qubit creates a magnetic field perpendicular to the plane, and NVs couple to it.
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Figure 7.2: Schematic of the NV diamond and the flux qubit. The NV spins (white dots) are in the
diamond sample (gray oval) placed in the loop of the flux qubit. NV’s x axis is parallel to the flux
qubit’s 3rd axis.

The interaction Hamiltonian is

Ĥint = g(t)Ŝx ⊗ σ̂3 (7.4)

The total is the Hamiltonian we consider for creating Mamineko.

Ĥ = ĤFQ + ĤNV + Ĥint. (7.5)

It might give the impression that we are now ready to read out Ŝx of NVs by the flux qubit. How-

ever, if g(t) is a constant, the interaction term will disappear once we go to the rotating frame of

V̂ = e−i ωNVt
2 Ŝz and apply rotating frame approximation.

ĤR1 = ĤFQ +g
Ŝ+eiωNVt + Ŝ−e−iωNVt

2
⊗ σ̂3 ≃ ĤFQ (7.6)

To overcome this problem, we propose to consider a situation where this interaction strength os-

cillates in such a way that g(t) = gcos(ωNVt), as depicted in Fig. 7.3. Then with the rotating wave

approximation, the Hamiltonian can be simplified to

ĤR2 ≃
g
2

Ŝx ⊗ σ̂3. (7.7)

Now, Ŝx of NVs can be read out by the flux qubit. We assume the coupling strength is zero during

initialization and readout, and oscillates during interaction.
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Figure 7.3: Schematic of the time dependence of g(t). Only during the interaction for sensing g(t)
is set to oscillate.

One measurement by the flux qubit changes the density operator of NVs as

ρ̂NV(m) 7→ ρ̂NV(m+1), (7.8)

where ρ̂NV(m+1) is either

(e−i g
2 Ŝxtint − iei g

2 Ŝxtint)ρ̂NV(m)(e−i g
2 Ŝxtint + iei g

2 Ŝxtint)

4Prob[σ̂2 =+1]
(7.9)

or
(e−i g

2 Ŝxtint + iei g
2 Ŝxtint)ρ̂NV(m)(e−i g

2 Ŝxtint − iei g
2 Ŝxtint)

4Prob[σ̂2 =−1]
,

depending on the outcome of the readout. By repeating the measurement, the state of NV gradually

changes. Since we are expecting the emergence of a generalized cat state of Ŝz, we can numeri-

cally see how Mamineko emerges step by step by calculating the catness 1
2∥[Ŝz, [Ŝz, ρ̂NV(m)]]∥1 =:

1
2∥ĈŜz

∥1 at each m.

7.2 Simulation result

Here we show the result of the numerical simulation. Since we are interested in how our idea

works in principle, we restrict the temperature of the initial state to be zero. Then what we do is

to consider spin N/2 system and apply ladder operators to see the dynamics. The parameters are

taken as follows.
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• gt = 10−3 because the realized interaction strength between NV centers and the flux qubit is

about 2π ×1.5kHz, and the flux qubit’s coherence time is about 200ns [106].

• T = 10mK because the characteristic energy, the zero field splitting, of a NV center is about

2.87GHz, hence the temperature 10mK= 2π ×0.20GHz is reasonable.

First let us examine the 1-run simulation data for 7 spins. In Fig. 7.4, the horizontal axis rep-

resents the number of repetition, i.e., readout by the flux qubit, and the vertical axis represents the

“catness” 1
2∥ĈŜz

∥1, the quantity used in defining the index q. Since each measurement yields prob-

abilistic output, the value of catness hops up and down. However, we can see its gradual increase.

That means, we can indeed see the state drastically changes with the repetitive measurement.

Figure 7.4: The plot of m (number of measurements) dependence of ∥ĈŜz
∥1 (catness) for a single

run with N = 7. Each measurement gives probabilistic result, hence the value hops up and down.

Next, let us take a look at the average. Fig. 7.5 is the 3000 average of N = 7 case. We can see

the quick increase in the beginning and slow increase for large m. This promises a drastic change

of the state. However, we cannot tell if this is a cat or not yet. To check the existence of a cat, we

must see how the catness 1
2∥ĈŜz

∥1 scales with N.
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Figure 7.5: The plot of m dependence of ∥ĈŜz
∥1 for the average over 3000 runs with N = 7. We

can see the gradual increase.

To see the gradual increase of q, we examine the value of ∥ĈŜz
∥1 of different N for each m. We

slice the average curve (Fig. 7.6) at m = 10, 50, 100 and 600.



72CHAPTER 7. ATTEMPT TO CREATING MAMINEKO THROUGH REPETITIVE MEASUREMENTS

Figure 7.6: Reference of how to slice the data. Below we discuss q of m = 10(red), m = 50(green),
m = 100(blue), and m = 600(yellow).

In Fig. 7.7, we take the horizontal axis to be the number of spins N, and the vertical axis to be
1
2∥ĈŜz

∥1. For different N, we consider the repetition measurement and obtain the value of ∥ĈŜz
∥1.

We plot the value of q for different number of m, the number of repetition to see how the scaling

of 1
2∥ĈŜz

∥1 changes.

From this, we see that it is relatively easy to obtain q up to ∼ 1.8; 100 repetition is sufficient.

We also see that, it seems to be a long way to obtain exactly q = 2, although we do expect that for

more repetition, the value of q will asymptotically become 2.
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Figure 7.7: Plots of 1
2∥ĈŜz

∥1 against N for different number of measurements. From the slope we
find q = 1.37, 1.76, 1.84, and 1.86 for m = 10, 50, 100, and 600, respectively.

The good thing is, q = 1.8 can provide the scaling better than the SQL. Recall that δω ≤
Θ(N−1) is guaranteed by the term |ωt2

intTr(ρ̂[Â, [Â, η̂ ])|, and that we assume ωtintN = Θ(N0). It

means for 1 ≤ q < 2, the scaling of the upper bound is roughly evaluated as

δω ≲ |ωt2
intΘ(Nq)|−1 (7.10)

= |Θ(N0)tintΘ(Nq−1)|−1 (7.11)

=
1

Θ(Nq−1)
. (7.12)

By “rough,” we mean that there is a possibility of a better sensitivity. We do not know if there

is k > 2 such that Tr(ρ̂[Â, η̂ ]k) = Θ(Nq′+k−2) with q′ > q, and if there is, then we have δω ≤
Θ(N−(q′−1)), which bounds δω more tightly than q and thus guarantees a better sensitivity.

Note that this is merely an upper bound, not something that clarifies the limit of the given

state. The bound is sometimes discouragingly loose and sometimes encouraging. For example, the
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uncertainty of a separable state with q = 1 is bounded as

δω ≤ Θ(N0), (7.13)

although it can ultimately reach δω = Θ(N−1/2). As can be seen, the upper bound we give is

loose when q is small. The encouraging part is, a state with q > 1.5 are all guaranteed to beat the

SQL because q− 1 > 0.5. Therefore, the created state with q ≃ 1.8 is guaranteed to achieve the

sensitivity δω ≤ 1
Θ(N0.8)

, beating the SQL by the scaling N0.3.

We have seen the step-by-step drastic change of the state and its approach to a generalized cat

state through repetitive measurements by a qubit sensor. Though the achievement up to q = 2 was

not observed, the obtained state shows better scaling than a separable state.
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Summary and outlook

In this thesis, we have looked into the application of superpositions of macroscopically distinct

states in quantum metrology. We have shown that every generalized cat state, a superposition

state of macroscopically distinct states characterized by the index q, achieves the ultimate scaling

sensitivity if used as a magnetic field sensor through the standard Ramsey-type sensing protocol.

Various states can be identified as a generalized cat state, thus our result is widely applicable.

As an example, we discussed a generalized cat state that is a mixture of exp(Θ(N)) states. We

propose a recipe to generate such a state, and showed that its usage in quantum metrology is indeed

advantageous. We also discussed a realistic system to implement the recipe with NV centers and

superconducting flux qubit to obtain a metrologically useful state. Below we summarize each

chapter.

In Chapter 1, the overview of the thesis was given, and the significance of the results in this

thesis is clarified.

In Chapter 2, we have first reviewed the standard Ramsey-type sensing protocol, in which state

preparation, time evolution in the presence of the target magnetic field, readout, and the repetition

of them are done. The two bounds of the uncertainty, i.e., the standard quantum limit δω ∝ N−1/2

and the Heisenberg limit δω ∝ N−1 were also reviewed, and how δω depends on the initial state

was also summarised. Implementation of the sensing protocol with NV centers was also explained

along with a brief review of other two major magnetometers, SQUID and SERF.

In Chapter 3, we reviewed the indices p and q for characterizing superposition of macroscop-

ically distinct states, and the term generalized cat states was introduced. For pure states, p = 2

corresponds to the maximal fluctuation of an additive observable, meaning the existence of su-

perposition of macroscopically distinct states. For mixed states, we need the condition q = 2 to

75



76 CHAPTER 8. SUMMARY AND OUTLOOK

know there is superposition of macroscopically distinct states, for we cannot distinguish the su-

perposition and classical mixture just by looking at the fluctuation. The index q is associated with

a quantity that we call “catness”, i.e., Tr(ρ̂[Â, [Â, η̂ ]]), which quantifies the coherence between

macroscopically distinct states. Generalized cat states are states with q = 2, regardless the purity.

In Chapter 4, we proved that all the generalized cat states can achieve the Heisenberg scaling

sensitivity if used as a magnetic field sensor in the absence of noise. We also showed how to

calculate the catness when we are given a sensor state and the observable associated with the target

parameter. We also clarified how to construct the projection operator for realizing the sensing that

achieves the Heisenberg scaling uncertainty. The relationship between q = 2 state and the quantum

Fisher information is discussed as well.

In Chapter 5, realistic independent dephasing is considered. We prove that in the presence

of non-Markovian dephasing, generalized cat states achieves the ultimate scaling sensitivity, i.e.,

δω = Θ(N−3/4). This scaling is known to be the ultimate in the presence of dephasing, beating the

SQL. The key was to consider the regime where the decay of the metrologically useful coherence

is slow. Such a technique is not possible for Markovian dephasing. By non-Markovian, we mean

that the correlation time τc of the environment is sufficiently large so that we can take the phase

accumulation time tint smaller than the correlation time. In the regime tint ≪ τc, the decay of the

signal is slower than the case for Markovian dephasing which has τc → 0. We also discussed why

only two scalings, i.e., Θ(N−1) and Θ(N−3/4) appeared. Chapters 4 and 5 are based on [1].

In Chapter 6, Mamineko, maximally mixed neko (cat), and its recipe were introduced. By

measuring M̂x of a state with a macroscopic value of M̂z, we obtain Mamineko, a generalized cat

state of M̂z. We discussed the conditions and the success probability of generating Mamineko,

and also several features were described. Then we estimated how Mamineko is useful if used as

a magnetic field sensor, assuming Mamineko is realized in a silicon substrate, by using realistic

parameters. There indeed was an advantage, about 20 times improvement, than a separable state

sensor in the same setup. This chapter is mainly based on [2].

Encouraged by the numerical estimate that Mamineko could be useful in reality, we discussed

implementation of the recipe of Mamineko in a realistic setup in Chapter 7. By considering the

setup in which repetitive readout of the NV ensemble’s Ŝx is done by a superconducting flux qubit,

we numerically observed that after each measurement the state of the NV ensemble becomes closer

to Mamineko, and obtained up to q = 1.86 state. We also discussed that even though states with

1.5 < q < 2 does not show the scaling as good as q = 2 state, could also be metrologically useful,
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beating the SQL.

As a future work, application of q = 2 state to other quantum information processing tasks is

appealing. The GHZ state, having q = 2, is known to be useful in quantum computation [79–87]

and quantum teleportation [107–110]. If other generalized cat states are proven to be as well useful,

possibility of quantum enhanced application will be greatly expanded.

Another possible future work that is fundamentally interesting is the further clarification of the

relation between the QFI and q. In this thesis we have seen q = 2 states have QFI= Θ(N2), and it

seems promising that the inverse is true, for both of them characterizing the macroscopic quantum

phenomena.

Also, the experimental realization of the magnetic field sensor with Mamineko is attractive and

seems somewhat feasible according to this thesis.





Appendix A

proof of q ≤ 1.5 for pure states with p = 1

For |ψ⟩ such that

max
Â

⟨ψ|(∆Â)2|ψ⟩= Θ(N1), (A.1)

we prove

max
Â

∥[Â, [Â, |ψ⟩⟨ψ|]]∥1 ≤ Θ(N1.5). (A.2)

We consider some fixed Â. Let us denote the eigenvalues and eigenstates of [Â, [Â, |ψ⟩⟨ψ|]] as n

and |en⟩, i.e.,

[Â, [Â, |ψ⟩⟨ψ|]] |en⟩= n |en⟩ .

Since ∥[Â, [Â, |ψ⟩⟨ψ|]]∥1 is the sum of positive n’s,

∥[Â, [Â, |ψ⟩⟨ψ|]]∥1 = ∑
n>0

⟨en|[Â, [Â, |ψ⟩⟨ψ|]]|en⟩ (A.3)

= ∑
n>0

Tr(|en⟩⟨en| |[Â, [Â, |ψ⟩⟨ψ|]]) (A.4)

= ∑
n>0

Tr([|en⟩⟨en| , Â]†[|ψ⟩⟨ψ| , Â]). (A.5)
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Maximizing with Â and using the Cauchy-Schwartz inequality, we have

max
Â

∑
n>0

Tr([|en⟩⟨en| , Â]†[|ψ⟩⟨ψ| , Â]) (A.6)

≤ ∑
n>0

(
max

Â
Tr([|en⟩⟨en| , Â]†[|en⟩⟨en| , Â])

)1/2(
max Â′Tr([|ψ⟩⟨ψ| , Â′]†[|ψ⟩⟨ψ| , Â′])

)1/2
(A.7)

= ∑
n>0

(
max

Â
Tr(2Â2 |en⟩⟨en|−2Â |en⟩⟨en| Â |en⟩⟨en|)

)1/2

×
(

max
Â′

Tr(2Â′2 |ψ⟩⟨ψ|−2Â′ |ψ⟩⟨ψ| Â′ |ψ⟩⟨ψ|)
)1/2

(A.8)

= 2 ∑
n>0

(
max

Â
⟨en|(∆Â)2|en⟩

)1/2(
max

Â′
⟨ψ|(∆Â′)2|ψ⟩

)1/2

(A.9)

= 2 ∑
n>0

(
max

Â
⟨en|(∆Â)2|en⟩

)1/2

Θ(N1/2) (A.10)

≤ Θ(N1.5) (A.11)

Therefore, pure states with p = 1 has q ≤ 1.5.



Appendix B

Derivation of (6.40)

We denote the eigenstates of σ̂x and σ̂z as

σ̂x |+⟩= |+⟩ , (B.1)

σ̂x |−⟩=−|−⟩ , (B.2)

σ̂z |↑⟩= |↑⟩ , (B.3)

σ̂z |↓⟩=−|↓⟩ . (B.4)

Thus,

|+⟩= |↑⟩+ |↓⟩√
2

, |−⟩= |↑⟩− |↓⟩√
2

. (B.5)

We calculate

Tr
[
ρ̂MxĈM̂zP̂x

]
= 2N +

4∑ξ ∑|Mx,ξ ⟩′ ⟨Mx,ξ | P̂z |Mx,ξ ⟩′

Tr
[
P̂xP̂zP̂x

] , (B.6)

where |Mx,ξ ⟩′ is a state that differs from |Mx,ξ ⟩ by one |+⟩ and one |−⟩ being flipped. Since

• |Mx,ξ ⟩ is a product state of |+⟩ and |−⟩

• |Mz,ν⟩ is a product state of |↑⟩ and |↓⟩

• ⟨+| ↑⟩⟨↑ |+⟩= 1√
2

1√
2
= 1

2 , ⟨+| ↓⟩⟨↓ |+⟩= 1√
2

1√
2
= 1

2 , ⟨−| ↑⟩⟨↑ |−⟩= 1√
2

1√
2
= 1

2 , ⟨−| ↓⟩⟨↓ |−⟩=(
− 1√

2

)(
− 1√

2

)
= 1

2

the denominator of the second term is

Tr
[
P̂xP̂zP̂x

]
= ∑

ξ
⟨Mx,ξ |

(
∑
ν
|Mz,ν⟩⟨Mz,ν |

)
|Mx,ξ ⟩ (B.7)

=
1

2N

(
N

N+Mz
2

)(
N

N+Mx
2

)
. (B.8)
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82 APPENDIX B. DERIVATION OF (6.40)

Next we consider the numerator of the second term of (6.38). Since

⟨+| ↓⟩⟨↓ |−⟩=−1
2

(B.9)

⟨−| ↓⟩⟨↓ |+⟩=−1
2
, (B.10)

we must count the cases where (1) |+⟩ of ⟨+| ↓⟩⟨↓ |+⟩ is flipped and |−⟩ of ⟨−| ↑⟩⟨↑ |−⟩ is flipped,

(2) |−⟩ of ⟨−| ↓⟩⟨↓ |−⟩ is flipped and |+⟩ of ⟨+| ↑⟩⟨↑ |+⟩ is flipped. Then,

∑
ξ

∑
|Mx,ξ ⟩′

⟨Mx,ξ | P̂z |Mx,ξ ⟩′

= ∑
ξ

∑
|Mx,ξ ⟩′

⟨Mx,ξ |
(

∑
ν
|Mz,ν⟩⟨Mz,ν |

)
|Mx,ξ ⟩′ (B.11)

=
1

2N

((
N

N+Mz
2

)(
N

N+Mx
2

)
N2 −M2

x
4

−2(case(1)+ case(2))
)

(B.12)

=
1

2N

((
N

N+Mz
2

)(
N

N+Mx
2

)
N2 −M2

x
4

−4N(N −1)
(

N −2
N+Mz

2 −1

)(
N −2

N+Mx
2 −1

))
(B.13)

=
1

2N

(
N

N+Mz
2

)(
N

N+Mx
2

)
N2 −M2

x
4

(
1−

N2 −M2
z

N(N −1)

)
(B.14)

since (
N −2

N+Mz
2 −1

)
=

N2 −M2
z

4N(N −1)

(
N

N+Mz
2

)
(B.15)(

N −2
N+Mx

2 −1

)
=

N2 −M2
x

4N(N −1)

(
N

N+Mx
2

)
. (B.16)

Summing up,

⟨Ĉ⟩= 2N +(N2 −M2
x )

(
1−

N2 −M2
z

N(N −1)

)
(B.17)

= 2N +(N2 −M2
x )

M2
z −N

N(N −1)
. (B.18)

Thus ρ̂Mx is a generalized cat state when (N2 −M2
x ) = Θ(N2) and Mz = Θ(N).
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[76] Marcin Zwierz, Carlos A Pérez-Delgado, and Pieter Kok. General optimality of the heisen-

berg limit for quantum metrology. Physical review letters, 105(18):180402, 2010.

[77] DD Awschalom, JR Rozen, MB Ketchen, WJ Gallagher, AW Kleinsasser, RL Sandstrom,

and B Bumble. Low-noise modular microsusceptometer using nearly quantum limited dc

squids. Applied physics letters, 53(21):2108–2110, 1988.

[78] IM Savukov and MV Romalis. Effects of spin-exchange collisions in a high-density alkali-

metal vapor in low magnetic fields. Physical Review A, 71(2):023405, 2005.

[79] Paul T Cochrane, Gerard J Milburn, and William J Munro. Macroscopically distinct

quantum-superposition states as a bosonic code for amplitude damping. Physical Review

A, 59(4):2631, 1999.

[80] H Jeong and Myung Shik Kim. Efficient quantum computation using coherent states. Phys-

ical Review A, 65(4):042305, 2002.

[81] Timothy C Ralph, Alexei Gilchrist, Gerard J Milburn, William J Munro, and Scott Glancy.

Quantum computation with optical coherent states. Physical Review A, 68(4):042319, 2003.

[82] Akihisa Ukena and Akira Shimizu. Appearance and stability of anomalously fluctuating

states in shor ’s factoring algorithm. Physical Review A, 69(2):022301, 2004.

[83] Nicolas J Cerf, Gerd Leuchs, and Eugene S Polzik. Quantum information with continuous

variables of atoms and light. Imperial College Press, 2007.

[84] AP Lund, TC Ralph, and HL Haselgrove. Fault-tolerant linear optical quantum computing

with small-amplitude coherent states. Physical review letters, 100(3):030503, 2008.

[85] Akira Shimizu, Yuichiro Matsuzaki, and Akihisa Ukena. Necessity of superposition of

macroscopically distinct states for quantum computational speedup. Journal of the Physical

Society of Japan, 82(5):054801, 2013.

[86] Reinier W Heeres, Philip Reinhold, Nissim Ofek, Luigi Frunzio, Liang Jiang, Michel H

Devoret, and Robert J Schoelkopf. Implementing a universal gate set on a logical qubit

encoded in an oscillator. arXiv preprint arXiv:1608.02430, 2016.



BIBLIOGRAPHY 91

[87] Wolfgang Pfaff, Christopher J Axline, Luke D Burkhart, Uri Vool, Philip Reinhold, Luigi

Frunzio, Liang Jiang, Michel H Devoret, and Robert J Schoelkopf. Schrodinger’s catapult:

Launching multiphoton quantum states from a microwave cavity memory. arXiv preprint

arXiv:1612.05238, 2016.

[88] TC Ralph. Coherent superposition states as quantum rulers. Physical Review A,

65(4):042313, 2002.

[89] Christopher C Gerry, Adil Benmoussa, and RA Campos. Nonlinear interferometer as a

resource for maximally entangled photonic states: Application to interferometry. Physical

Review A, 66(1):013804, 2002.

[90] William J Munro, Kae Nemoto, Gerard J Milburn, and Sam L Braunstein. Weak-force

detection with superposed coherent states. Physical Review A, 66(2):023819, 2002.

[91] Jaewoo Joo, William J Munro, and Timothy P Spiller. Quantum metrology with entangled

coherent states. Physical review letters, 107(8):083601, 2011.

[92] Adrien Facon, Eva-Katharina Dietsche, Dorian Grosso, Serge Haroche, Jean-Michel Rai-

mond, Michel Brune, and Sébastien Gleyzes. A sensitive electrometer based on a rydberg

atom in a schrödinger-cat state. Nature, 535(7611):262–265, 2016.

[93] Chao Song, Kai Xu, Hekang Li, Yuran Zhang, Xu Zhang, Wuxin Liu, Qiujiang Guo, Zhen

Wang, Wenhui Ren, Jie Hao, et al. Observation of multi-component atomic schr\” odinger

cat states of up to 20 qubits. arXiv preprint arXiv:1905.00320, 2019.

[94] Akira Shimizu. 熱力学の基礎. 東京大学出版会, 2007.

[95] G Massimo Palma, Kalle-Antti Suominen, and Artur Ekert. Quantum computers and dissi-

pation. Proc. R. Soc. Lond. A, 452(1946):567–584, 1996.
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