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Abstract

Detections of the gravitational waves (GWs) opened the new window for

us, and they have been bringing physically and astronomically important

information. From now on, precise measurement of the signal and accurate

sky localization are important for the multi-messenger astronomy with the

electromagnetic waves and the neutrino.

KAGRA is the Japanese GW telescope which is aiming the precise mea-

surement by adapting the cryogenic mirrors for the first time in the world

to reduce the thermal noise that limits the most sensitive frequencies. For

the more precise measurement, the next generation GW telescopes such as

Einstein Telescope in Europe and Cosmic Explorer in the U.S also plan to

adapt cryogenic mirrors with its 10 km scale baseline. The development of

the cryogenic system adaptable in the GW telescope is important not only to

complete KAGRA but also to improve the sensitivity of the future detectors.

The material properties at the cryogenic temperature and the low vibration

refrigerator have been measured and developed for this purpose. However,

the interaction between the cryogenic mirrors and the vacuum residual gasses

has never studied except for a few experimental evaluations, though it is a

well known phenomenon.

The molecules that are transported from the long beam duct hit the sur-

face of the cryogenic mirrors, decrease their kinetic energy and caught up by

the surface potential. The frequency of the molecular injection to the cryo-

genic mirror was evaluated by adopting the KAGRA cryogenic and vacuum

system into the vacuum engineering theory. The KAGRA vacuum system is

not finalized and the vacuum pressure is worse than the designed value by

a factor of 10. Utilizing the situation, the molecular incident frequency was

experimentally and numerically evaluated, and we confirmed that these two

evaluation are well consistent.

A number of molecules form the layer on the mirror, and it works as

the optical coating. The impacts of the molecular layer were simulated and

we pointed out that it decreases the sensitivity by 84% at worst within the

thickness of 2.5 µm.

To solve the problem, the thermal desorption system using the CO2 laser

was suggested and tested in the laboratory. As a result, we confirmed that
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it can heat the cryogenic mirror enough to remove the molecular layer, and

it shortens the thermal cycle to remove the molecular layer from about 1.5

months to 60 hours.
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1.2.3 Fabry-Pérot Michelson Interferometer . . . . . . . . . . 17

1.2.4 Recycling techniques . . . . . . . . . . . . . . . . . . . 19

1.3 Noises in a GW detector . . . . . . . . . . . . . . . . . . . . . 27

1.3.1 Seismic noise . . . . . . . . . . . . . . . . . . . . . . . 27

1.3.2 Thermal noise . . . . . . . . . . . . . . . . . . . . . . . 28

1.3.3 Quantum noise . . . . . . . . . . . . . . . . . . . . . . 32

1.4 Inspiral range . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

2 Cryogenic Gravitational wave Telescope KAGRA 39

2.1 Optical configuration . . . . . . . . . . . . . . . . . . . . . . . 39
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PREFACE

Detections of the gravitational waves (GWs) opened the new window for

us, and they have been bringing physically and astronomically important

information. From now on, precise measurement of the signal and accurate

sky localization are important for the multi-messenger astronomy with the

electromagnetic waves and the neutrino.

KAGRA is the Japanese GW telescope which is aiming the precise mea-

surement by adapting the cryogenic mirrors for the first time in the world

to reduce the thermal noise that limits the most sensitive frequencies. For

the more precise measurement, the next generation GW telescopes such as

Einstein Telescope (ET) in Europe and Voyager in the U.S also plan to adapt

cryogenic mirrors with its 10km scale baseline. The size of the mirror also

improve the thermal noise, but it is not so easy to provide a high quality large

optics, and the combination with the cryogenics is necessary for them.

The development of the cryogenic system adaptable in the GW telescope

is important not only to achieve the KAGRA sensitivity but also to improve

the sensitivity of the future detectors. The material properties at the cryo-

genic temperature and the low vibration refrigerator have been measured and

developed for this purpose. However, the interaction between the cryogenic

mirrors and the vacuum residual gasses has never studied except for a few

experimental evaluations, though it is a well known phenomenon.

Even if that is inside the vacuum chamber, there are many molecules

inside. When these molecules hit the cryogenic surface, they reduce their

kinetic energy and caught up by the surface potential. This phenomenon

is applied as a cryopump, the technique to get the ultra-high vacuum. The

cryogenic system, including the cryogenic mirrors, inside the cryogenic GWD,

works as the cryopump and it helps to improve the vacuum pressure inside

the vacuum duct by adsorbing the molecules on their surfaces.

The adsorbed molecules form a molecular layer, and it is considered to
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work as the lossy optical coating. If it changes the optical property of the

cryogenic mirrors that are carefully chosen to maximize the detector sensitiv-

ity, the detector cannot realize its original performance.

The formalization of the molecular layer growth on the cryogenic mirror

is necessary to design the future cryogenic GWDs. Further, the evaluation of

the impacts of the molecular layer on the cryogenic GWD shows the potential

risk of the cryogenics.

Though the molecular layer formation is very troublesome, the cryogenics

is necessary for the next generation GWDs. The understanding of the process

of the molecular layer and the impacts on the detector is the first step of the

study. We hope that this dissertation is sure one step towards the perfect

cryogenic GWD.

Outline of the dissertation

The outline of the dissertation is as follows. Chapter 1 derives the GWs from

the general relativity and introduces the detection of GWs with the current

configuration of the interferometric GWDs. The fundamental noises that

limit detector sensitivity are also explained. Chapter 2 summarizes KAGRA

and the significance of the study is also mentioned. The main part of this

dissertation starts from Chapter 3. Chapter 3 deal with the vacuum engineer-

ing theory, simulate the conductance of the KAGRA cryogenic and vacuum

system, and the frequency of the molecular injection to the cryogenic mirror

is calculated. Chapter 4 describes the principle of the experiment, and details

the experiment to measure the frequency of the molecular layer formation on

the cryogenic mirror in the KAGRA cryostat. Chapter 5 evaluates the optical

and thermal impacts of the molecular layer on the GWD and simulates how

it worsen the detector sensitivity. Chapter 6 introduces the thermal desorp-

tion system using the CO2 laser and its evaluation. The performance of the

scaled desorption system to the KAGRA cryogenic system is also discussed.

Chapter 7 mainly discusses the application of the study. Chapter 8 provides

the future prospects and the conclusion.
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Chapter 1
GRAVITATIONAL WAVES AND IN-

TERFEROMETRIC DETECTION

Gravitational wave (GW) is the phenomenon that causes expansion and con-

straction of spacetime, propagating as the speed of light. A. Einstein in-

troduced them by linearizing the fundamental equation of general relativity,

Einstein equation [1, 2]. To detect GWs, interferometric gravitational wave

detectors (GWDs) have been constructed on earth, such as LIGO, Virgo and

KAGRA [3–5]. Finally, advanced LIGO and Virgo detected the GWs from

the binary black hole merger in 2015 [6]. In this section, starting from the

general relativity, GWs and their characteristics are derived. The basic prin-

ciple of the grand-based GWDs and the fundamental noise of the detector

are also introduced.

1.1 General relativity and gravitational waves

1.1.1 General relativity

A. Einstein predicted the existence of GWs using general relativity. General

relativity is a theory to determine the construction of spacetime and gravity

is understood as a curvature of spacetime in this theory. In general relativity,

the construction of spacetime is described by the metric tensor gµν
‡1 and the

interval ds between the two points, xµ and xµ + dxµ, as

ds2 = gµνdx
µdxν (1.1)

‡1Greek index (α, µ, ν etc.) means the coordinate number from 0 to 3
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Relation between the metric tensor and the distribution of the energy and

the mass in spacetime follows the Einstein equation as

Rµν −
1

2
gµνR =

8πG

c4
Tµν (1.2)

where G = 6.67259×10−11Nm2/kg2, c = 2.99792458×108m/s and Tµν are the

gravity constant, the speed of light and the energy-momentum tensor which

denotes the distribution of the energy and the mass in spacetime, respectively.

Rµν and R are Ricchi tensor and Ricchi scalar. Especially, the left side of

Eq.(1.2) is called as Einstein tensor Gµν = Rµν − 1
2
gµνR. The features of

gravitational field can be investigated by considering the perturbation from

the flat spacetime. Metric tensor for the flat spacetime is called Minkowski

metric ηµν . For weak gravitational field, the metric can written as gµν =

ηµν +hµν , where hµν describes the perturbation around Minkowski spacetime

and satisfies |hµν | ≪ 1. By taking first order of hµν and the Lorentz gauge

condition h̄µσ,σ = 0 where h̄µν ≡ hµν− 1
2
νµνh and h = hαα, Eq.(1.2) is rewritten

as

□hµν = −16πG

c4
Tµν . (1.3)

The equation implies that the perturbation hµν follows the wave equation,

and the answer of the equation is so called gravitational waves.

To study the propagation of GWs and the interaction with the test masses

in spacetime, we consider the spacetime outside the source of GWs where the

energy-momentum tensor is zero, Tµν = 0. The linearized Einstein equation

in vacuum is written as □hµν = 0, and the simplest solution to the wave

equation Eq.(1.3) is a plane wave solution of the form

hµν = Aµνe
ikσxσ , (1.4)

where Aµν is the polarization tensor which contains the information about

the amplitude and the polarization of the waves, and kσ is the wave number

vector which determines the direction of the propagation and the frequency

of the wave.

To reduce the residual gauge freedom in the Lorentz gauge, here we define and

set the transverse-traceless (TT) gauge as Aµ0 = 0, Ai
i = 0 and ∂jAij = 0.

Assuming GWs propagating along the z axis, Eq.(1.4) is rewritten as

hµν = Aµνe
ik(ct−z), (1.5)
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with

Aµν =


0 0 0 0

0 h+ h× 0

0 h× −h+ 0

0 0 0 0

 , (1.6)

where h+ = A11 and h× = A12. In general relativity, GWs have two indepen-

dent polarization called the plus mode and the cross mode. Next subsection

explains how these polarization affect to the test masses in spacetime.

1.1.2 Tidal effect and polarization of gravitational waves

We define the distance δl between P1 = (0, 0, 0, 0) and P2 = (0, ε, 0, 0), where

|ε| ≪ 1. For example, in the Minkowski spacetime, δl is calculated as

δl =

∫
|ηµνdxµdxν |1/2 =

∫ ε

0

dx1 = ε. (1.7)

When GWs described in Eq.(1.5) come up vertically against the points P1P2,

the metric tensor changes as

gµν = ηµν + hµν =


−1 0 0 0

0 1 + h+e
ik(ct−z) h×e

ik(ct−z) 0

0 h×e
ik(ct−z) 1− h+e

ik(ct−z) 0

0 0 0 1

 . (1.8)

Hence, the distance δl between P1 and P2 becomes as

δl =

∫
|gµνdxµdxν |1/2 =

∫ ε

0

|g11|1/2 dx1 ∼
[
1 +

1

2
h+e

ik(ct−z)
]
ε. (1.9)

Hence, GWs change the distance between the two points periodically.

Next, we consider the test masses that are put on a circle as shown in

Fig.(1.1). The radius of the circle is ε, and the coordinates of each test mass

are (ε cos θi, ε sin θi, 0), where θi is the angle between the x axis and the i-th

test mass. By taking the distance change for x and y axes due to the plus

mode of GWs independently into account, the amount of the distance change

between the origin and the i-th test mass is

δl =

[
1 +

1

2
h+e

ik(ct−z) cos 2θi

]
ε. (1.10)
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Figure (1.1) shows the motion of the test masses in spacetime due to the

injection of GWs with the plus and the cross mode. As a result of the GWs

injection, the relative distance of the test masses oscillates. Generally, the

polarization of GWs is described by the superposition of the plus mode and

the cross mode.

Figure 1.1: Polarization of GWs. GWs have two independent polarizations :

the plus mode and the cross mode in general relativity. The polarization of

GWs are the superposition of the plus mode and the cross mode.

1.1.3 Generation of gravitational waves

The aspheric symmetry motion generate the GWs. Here we describe the

generation of the GWs under the assumption that the distance of the source

and the observer ro is much larger than the wavelength of the GWs λGW, and

λGW is much larger than the size of the source R. Then, the solution of the

linearized Einstein equation (1.3) is given as

h̄µν =
2G

c4
roÏij(t−

ro
c
), (1.11)



1.1. General relativity and gravitational waves 7

where ro is the distance between the wave source and the observer, and Ïij is

the mass quadrupole moment which is given as

Ïij(t−
ro
c
) =

∫
ρ(t− ro

c
,x

′
)

(
x

′

ix
′

j −
1

3
δijx

′ix
′j

)
. (1.12)

As shown Eq.(1.11), the lowest order of the gravitational wave radiation

is the quadrupole radiation, though it is the dipole for the electromagnetic

radiation.

1.1.4 Source of GWs

Binary compact star binary

The binary star system composed of compact stars such as black holes (BHs)

and neutron stars (NSs) reduce the distance between two star while generating

GWs. The amplitude and the frequency during this process are written as [7]

h(t) = 2.1× 10−23

(
M

1.2M⊙

)5/3(
t

1 [sec]

)−1/4(
200 [MPc]

r

)
(1.13)

and

f(t) = 135

(
M

1.2M⊙

)5/8(
1 [sec]

t

)−3/8

Hz (1.14)

where t is the time before the collision, r is the distance between the binary

system and the observer, andM = (m1m2)3/5

(m1+m2)−1/5 is the chirp mass of the system,

where m1 and m2 are the mass of each stars. Finally, when two stars close

to about their radius, these two stars collapse and a new large star is made.

Because the amplitude from compact binary star systems is comparable with

the sensitivity of current GWD, the GWs from these systems is one of the

most promised source and they have been detected by advanced LIGO and

Virgo [8–13].

Especially, the GWs from the neutron star binary system is worthful to be

followed up by the electromagnetic wave observations. This multi-messenger

astronomy can reveal the equation of state (EoS) of the neutron star [14].

The composition of the neutron star has not been revealed though the many

studies are performed using unstable nuclei, such as the hyper nuclei [15].

Using many events from the NSs, the EoS of the neutron star can be deter-

mined, and it is enable to study about the nature of neutron star on earth

accurately.
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Supernovae

During the core-collapse supernovae, the GWs are considered to be gener-

ated [16, 17]. The waveform of this event is considered to be the burst like,

but accurate simulation is difficult because the theoretical elucidation of the

process has not been determined yet. The direct observations of this GWs

are willing to proceed the study of the supernovae process, though the de-

tectable range is estimated within Andromeda Galaxy with the sensitivity of

the current GWDs.

1.2 Interferometric gravitational wave detec-

tion

Several techniques have been studied for GW detections, the resonance bar

antenna [18], the pulsar timing array [19] for instance. However, the laser

interferometric gravitational wave detector is the only technique which has

successfully detected gravitational waves so far [8–13]. In the following sub-

sections, we introduce the basic working principle of interferometric gravita-

tional wave detector, and the techniques to improve the detector sensitivity.

The fundamental noises in a GWD are also discussed.

1.2.1 Michelson Interferometer

The basic configuration of a laser interferometric gravitational wave detector

is a Michelson Interferometer (MI). Here, let us consider a simple MI shown

in Fig.(1.2). The electric field of light emitted from a laser source is written

as Ei = E0e
iΩt, where E0 and Ω the amplitude of the electric field and the

angular frequency of light. This input light Ei reaches the beam splitter (BS)

and is divided into the two light. These two light travel along each arm with

length of Lx and Ly independently, and are reflected by the mirrors at the end

of each arm. Finally, they reach BS again and inject to the photo detector

(PD). During the round trip and the reflection at the end mirrors, the phase

of these two light change as

ϕi =
2Li

c
Ω + π (i = x or y) . (1.15)
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Figure 1.2: Optical configuration of a Michelson Interferometer.

The sum of the electric field injecting to the PD is described as

EPD =
1√
2
(Ex + Ey) (1.16)

=
1

2
E0e

iΩt
(
e−iϕx + e−i(ϕy+π)

)
, (1.17)

where Ex = 1√
2
E0e

i(Ωt−ϕx) and Ey = 1√
2
E0e

i(Ωt−ϕy+π) are the electric fields

just before the recombination at BS. Note that here we assumed that the

power reflectivity of BS is 50%, and add phase π to the light from the y arm

due to the phase shift at the BS reflection. The output of the PD PPD is

proportional to the power of the electric field and described as

PPD ∝ |EPD|2 =
1

2
|E0|2 (1− cos (ϕx − ϕy)) . (1.18)

Equation1.18 implies that a MI detects the phase difference ∆ϕ ∝ ϕx − ϕx of

light that are divided into two perpendicular arms. Depending on the amount

of the phase difference ∆ϕ, the strength of light coming to the PD changes.

This signal is called the fringe, and the characteristic three states are called

the bright fringe, the mid fringe and the dark fringe as shown in Fig.(1.3).
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Figure 1.3: Output of a Michelson interferometer. Depending on the optical

phase difference between the two arms, the output of the Michelson interfer-

ometer changes. The characteristic three states of this fringe are named as

the bright fringe where the output is maximized, the dark fringe where the

output is minimized, and the mid fringe where the output is the average of

the bright and the dark fringe.

As discussed above, GWs change the distance between test masses in

spacetime. So if it happens to the MI, the output of the MI changes because

the distance of two arms are changed by the effect of GWs. Next, we calcu-

late the transfer function from GWs input to the interferometer output PPD.

Considering the GWs that contain only plus mode and propagate along the

z axis as shown in Fig.(1.2), the interval ds2 becomes

ds2 = −c2dt2 + (1 + h+(t))dx
2 + (1− h+(t))dy

2 + dz2, (1.19)

where h+(t) describes the time dependence of GWs amplitude. By considering

the light propagating along the x-axis, the minute interval along the x-axis is

given as

dx = ± c√
1 + h+(t)

∼ ±
(
1− 1

2
h+(t)

)
cdt, (1.20)
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and the integration of Eq.(1.20) satisfies the relation∫ t

t−τx

(
1− 1

2
h+(t)

)
dt =

2Lx

c
, (1.21)

where τx is the round trip time between the BS and the reflective mirror at

the end of the MI. The phase shift during the round trip is calculated as

ϕx ∼ Ω
2Lx

c
+

Ω

2

∫ t

t−2Lx/c

h+(t)dt. (1.22)

Note that, in the integration range of Eq.(1.22), we assume that the amplitude

of GWs h+(t) is quite small and it does not change the travel distance so much,

τx ∼ 2Lx/c. The phase shift of the light that propagate along the y-axis is

also given as

ϕy ∼ Ω
2Ly

c
− Ω

2

∫ t

t−2Ly/c

h+(t)dt, (1.23)

and the difference of the phase shift ∆ϕ between the light traveling along the

x and y axes is

∆ϕ = Ω
2(Lx − Ly)

c
+

Ω

2

∫ t

t−2Lx/c

h+(t)dt+
Ω

2

∫ t

t−2Ly/c

h+(t)dt,

= Ω
2(Lx − Ly)

c
+∆ϕGW, (1.24)

where ∆ϕGW denotes the phase difference caused by GWs. We can chose the

two lengths of the MI as Lx ∼ Ly ∼ L, and Eq.(1.24) becomes

∆ϕGW = Ω

∫ t

t−2L/c

h+(t)dt. (1.25)

The Fourier transform of h+(t) is written as h+(t) =
∫∞
−∞ h(ω)eiωtdω, and

Eq.(1.25) becomes

∆ϕGW = Ω

∫ t

t−2L/c

∫ ∞

−∞
h(ω)eiωtdωdt,

=

∫ ∞

−∞

2Ω

ω
eiω(t−

L
c ) sin

(
Lω

c

)
h(ω)dω,

=

∫ ∞

−∞
HMI(ω)h(ω)dω, (1.26)
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with

HMI =
2Ω

ω
eiω(t−

L
c ) sin

(
Lω

c

)
. (1.27)

where HMI is the transfer function of the MI, and Fig.(1.4) shows the ampli-

tude of the transfer function for various arm length. As the function of the

arm length, the amplitude of the transfer function |HMI| is maximized when

the length of the MI and the frequency of GWs satisfy the relation Lω
c

= π
2
.

This relation implies that there is an optimized baseline length of MI for a

certain frequency of GWs. Qualitatively, it means that the amount of the

phase change of light during the round trip is maximized if the phase of the

GWs is reversed when the light just returns to the BS. After the optimal

frequency, the response to GWs decreases, and this effect is called the can-

cellation. For example, the optimized base line length for the GWs of 100

Hz is L ∼ 750 km, and it is not realistic to build such a huge MI on earth.

The current GWDs are detecting GWs with the base line length of 3 or 4

km with the optical cavities to extend the effective base line length. Next

subsection introduces the optical cavity that is the key feature of the laser

interferometric GWD.

1.2.2 Fabry-Pérot cavity

A gravitational wave detector consists of a number of mirrors, and some of

them configure optical cavities such as the arm cavities, the power recycling

cavity and the signal recycling cavity. These cavities enhance the sensitivity of

a detector. Here we introduce the linear optical cavity so called Fabry-Pérot

cavity and explain how these cavities increase the sensitivity of a detector.

Optical parameters

The configuration of a Fabry-Pérot (FP) cavity is shown in Fig.(1.5). A

FP cavity consists of two high reflective mirrors. These two mirrors reflect

the input electric field many times and make standing waves inside. The

amplitude reflectivity and the transmissivity of these mirrors are (r1, t1) and

(r2, t2). The electric field that inject to the FP cavity is described as Ein =

E0e
iΩt. A part of input electric field transmits the input mirror and enter to

the FP cavity. Then, the electric field reaches the end mirror and reflect back

to the input mirror. When the electric field get to the input mirror again,
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Figure 1.4: Frequency response of Michelson Interferometer with the baseline

length of L = 3km, 10km, 100km and 1000km. MI with longer baseline

has better sensitivity. The sensitivity decreases after the cut off frequency

described as Lω
c

= π
2
.

its phase changes ϕ = 2π 2L
λ
, where L is the distance of the two mirrors. The

total electric field Efp is the sum of these circulating electric fields,

Efp = t1

∞∑
n=0

(
r1r2e

−iΦ)nEi =
t1

1− r1r2e−iΦ
Ein. (1.28)

(1.29)
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Figure 1.5: Shecmatic configuration of a Fabry-Pérot cavity.

Considering the out coming electric field from the FP cavity, the reflected

and transmitted electric fields Er and Et are written as,

Er = (−r1)Ei + t21r2e
−iϕ

∞∑
n=0

(
r1r2e

−iϕ)nEin

=

(
−r1 +

t21r2e
−iΦ

1− r1r2e−iΦ

)
Ei = r(ϕ)Ei (1.30)

Et = t1t2e
−iϕ

2

∞∑
n=0

(
r1r2e

−iϕ)nEi

=
t1t2e

−iΦ
2

1− r1r2e−iΦ
Ein = t(ϕ)Ei, (1.31)

where r(ϕ) and t(ϕ) are the amplitude reflectivity and transmissivity of the

FP cavity. The power of these electric filed are proportional to square of the

absolute electric field

Pfp =
t21

(1− r1r2)
2 + 4r1r2 sin

2 Φ
2

Pi, (1.32)

Pr =
{(r21 + t21) r2 − r1}2 + 4r1r2 (r

2
! + t21) sin

2
(
Φ
2

)
(1− r1r2)

2 + 4 sin2 (Φ
2
)

Pi, (1.33)

Pt =
t21t

2
2

(1− r1r2)
2 + 4r1r2 sin

2 Φ
2

Pi, (1.34)

where Pi is the power of the input light. Equations (1.32) - (1.34) are the

function of the phase shift ϕ. As shown in Fig.(1.6), the laser power inside

the FP cavity changes periodically. Especially when the condition ϕ = 2nπ

( n is an integer ) is satisfied, the state is called as the resonance state. The

frequency difference of adjacent resonate state is called as the free spectral
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range (FSR) and written as νFSR = c/2L.

Equation (1.32) gives the full width at half maximum (FWHM) of the trans-

mission peak νFWHM as

1

1 + 4r1r2
(1−r1r2)2

sin2
(
νFWHM

2νFSR
π
) =

1

2
. (1.35)

Generally, νFSR is much larger than νFWHW, hence we can assume νFWHM

2νFSR
π ≪

1. With this approximation, Eq. (1.35) becomes,

νFWHM =
1− r1r2
π
√
r1r2

νFSR. (1.36)

The ratio between the FSR νFSR and the FWHM frequency νFWHM is called

the finesse F , and it denotes the sharpness of the resonance,

F =
νFSR
νFWHM

=
π
√
r1r2

1− r1r2
. (1.37)

Eigenmode

To resonate the laser light in the FP cavity, there is another point to be

considered, the spatial mode of the laser and the cavity are needed to be

matched. Now we consider the light propagate along to the z-axis. The

electric field of the laser with the spatial mode U(x) is written as

E(t,x) = U(x)E0e
iωt. (1.38)

Especially for the Hermite-Gaussian mode, the spatial mode U(x) is rewritten

as

Ulm(x) = Ul(x, z)Um(y, z) exp [−ikz + i(l + m + 1)ζ(z)], (1.39)

with

Ul(x, z) =

(
2

πω(z)

)1/4
√

1

2ll!
Hl

(√
2x

ω(z)

)
exp

[
−
(

x

ω(z)

)2

− i
kx2

2R(z)

]
,

(1.40)

where k is the wave number, ω0 is the beam radius at its waist position, Hl

is the Hermite polynomial,

ω(z) = ω0

√
1 +

(
z

z0

)
(1.41)
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Figure 1.6: Periodic state change of a FP cavity. Depending on the optical

phase change inside the FP cavity, the power inside the FP changes. When

the condition ϕ = 2nπ, where n is an integer, is satisfied, it’s called resonate

state. The frequency between two next resonance is called FSR, and the ratio

between the FSR and FWHM is called finesse which implies the sharpness of

the resonance.

is the beam radius at the position z from the waist position,

R(z) = z

[
1 +

(z0
z

)2]
(1.42)

is the radius of curvature of the wave front, ζ(z) = ∠
(
z0
z

)
is the Gouy phase,

and z0 =
kω2

0

2
is the Rayleigh range. The spatial distribution and the spatial

propagation of the laser is characterized only by the Rayleigh range z0 and the

position from the waist z. In order to resonate the light in the optical cavity,

the spatial mode of the laser is needed not to change during the multiple

reflection. This condition is equivalent to that the radius of curvature of the

mirrors are same as that of the laser light at that point. Hence, it implies

that the eigenmode of the optical cavity is given by the radius of curvature

of the two mirrors Ri (i = 1, 2) and the distance of these two mirrors L. The
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Rayleigh range z0 and the distance between the waist position and the mirror

di (i = 1, 2) is given as

z0 =
L
√
g1g2(1− g1g2)

g1 + g2 − 2g1g2
, (1.43)

di =
Lg1g2(1− gi)

gi(g1 + g2 − 2g1g2)
, (1.44)

with

gi = 1− L

Ri

, (1.45)

where gi is called the g-factor, and it’s the important parameter to describe

the eigenmode of the cavity. To satisfy the condition which is mentioned

above, the spatial mode of the laser must be matched to the eigenmode of

the optical cavity. Actually, the spacial mode of the injection laser is shaped

to match the eigenmode using lenses and curved mirrors. Now we define the

parameter which describe the spatial mode of the laser as q ≡ z + iz0. This

q parameter is changed by matrix as(
q2
1

)
=

(
A B

C D

)(
q1
1

)
. (1.46)

where q1 and q2 are the q parameters that before and after the change by the

lenses or curved mirrors. The matrix gives the change of the q parameter,

especially which is called ABCD matrix, the analysis of the spatial mode

using the ABCD matrix is called the ray transfer matrix analysis. The ABCD

matrix of the lens that has the focal length of f , and the mirror that has the

radius of curvature of R are written as(
A B

C D

)
=

(
1 0

−1/f 1

)
(Lens), (1.47)

=

(
1 0

− 2
R cos θ

1

)
(Curvedmirror), (1.48)

where θ is the angle of incidence. Figure (1.7) shows the image of the spatial

mode shaping, the mode matching, using lenses.

1.2.3 Fabry-Pérot Michelson Interferometer

Now, let us consider a Michelson Interferometer with Fabry-Pérot cavities.

As shown in Fig.(1.8), the interferometer which has FP cavities at each arm
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Figure 1.7: Eigenmode of the FP cavity and mode matching. The eigenmode

of the FP cavity is determined when the distance and the radius of curvature

of the mirrors are fixed. To resonate injection laser inside the FP cavity,

the spatial mode of the laser needs to be shaped using lenses to match the

eigenmode.

is called the Fabry-Pérot Michelson Interferometer (FPMI). A MI measures

the phase difference of the light. In the FPMI, if the length of the MI part is

always same for both arms, the phase change of light only occurs inside the

FP cavities at each arm. Equation (1.30) gives the phase change ϕfp inside

the FP cavity as

Φfp = ∠
(
Er

Ei

)
(1.49)

= arctan

(
−r1 +

t21r2e
−iΦ

1− r1r2e−iΦ

)
, (1.50)

especially, around the resonance point (Φ0 = 2nπ), Eq.(1.51) is rewritten as

Φfp ∼ 1

1− r1r2

t21r2
r1 − (r21 + t21)r2

δ, (1.51)

where δ describes the small deviation from the resonance point. Equation

(1.51) implies that the phase difference change in a FPMI is enhanced by a

factor of 1
1−r1r2

t21r2
r1−(r21+t

2
1)r2

comparing with a MI. Practically, the amount of

the phase difference change is frequency dependent. Following the discussion
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Figure 1.8: Optical configuration of a Fabry-Pérot cavity.

in subsection (1.2.1), the transfer function of a FPMI HFPMI is calculated as

HFPMI =
2Ω

ω

1

1− r1r2e
−2iLω

c

t21r2
r1 − (r21 + t21)r2

sin

(
Lω

c

)
e−i

Lω
c (1.52)

=
1

1− r1r2e
−2iLω

c

t21r2
r1 − (r21 + t21)r2

HMI (1.53)

Figure (1.9) shows the transfer functions of a MI and a FPMI that have the

same arm length (L = 3km). The figure clearly shows that the FP cavity

increases the tiny phase difference change of light that is generated by the

GWs, though the cancellation starts from a lower frequency. This is the

reason why the current laser interferometric GWD configures the FP cavity

at their arm parts.

1.2.4 Recycling techniques

To enhance a detector sensitivity, a gravitational wave detector introduces

additional two cavities, the power recycling cavity and the signal recycling

cavity. Here we introduce these two cavities and how they work.
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Figure 1.9: Transfer function from the GW injection to the FPMI and the

MI output. The gain at the low frequency is enhanced by the FP cavity,

though the cancellation starts from a lower frequency. From Eq.(1.52) the

gain and the cut off frequency is parameterized by the length of the arm and

the reflectivity of the mirrors.

Power Recycling

From Eq.(1.18), the output of a MI is proportional to the input laser power,

and it implies that the amplitude of the GWs signal is enhanced by increasing

the storage laser power inside a GWD [20]. A GWD is controlled to be dark

at anti-symetric port, and following the energy conservation law, almost all

of the input laser back to the input port. By reflecting these light back to

the interferometer again, the storage laser power can be increased. For this

purpose, a reflective mirror called the power recycling mirror (PRM) is put at

the input port and make the power recycling cavity with the arm compound

mirrors as shown in Fig.(1.10). The amplitude reflectivity of the compound

mirror rFP (Φ) is given by Eq.(1.30) as

rFP (Φ) =

(
−r1 +

t21r2e
−iΦ

1− r1r2e−iΦ

)
. (1.54)
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Figure 1.10: Optical configuration of a PRFPMI. The reflective mirror at

the laser injection port called PRM reflects the laser from the interferometer

back. By regarding the FP cavity as a compound mirror, the PRFPMI is

equivalent to the power recycled MI.

Following Eq.(1.32), the laser power inside the optical cavity PPRC which

consists of the compound mirrors and PRM when they are on the resonant

states is described as

PPRC = GPin, (1.55)

G =
t2PRM

(1− rPRMrFP)
2 , (1.56)

where Pin is the incident laser power to the PRC, and G is called the power

recycling gain (PRG). Figure (1.11) shows the PRG for various rFP and rPRM.

For the certain number of rFP, the PRG is maximized when the reflectivity

of PRM has the same number as that of the compound mirrors. On the

other hand, the PRG increases monotonously with the increasing of rFP. The

optical cavity whose mirrors have the same reflectivity is called the critical

coupling cavity, and typically the power recycling cavity in a GWD is designed

to satisfy this condition.

Signal Recycling

Signal recycling (SR) is the technique to enhance the detector sensitivity by

adding a mirror at the anti-symetric port as shown in Fig.(1.12) and modi-

fying the shape of the response function of the detector [21]. This subsection

describes how SR works in a GWD by introducing the relation between the in-

put and the output electric field from a signal recycled Fabry-Pérot Michelson

interferometer (SRFPMI).
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Now we consider the FP cavity with signal recycling mirror (SRM) as

shown in Fig.(1.13). This model is equivalent to the actual SRFPMI when we

regard the arm cavities as the one compound mirror. The electric fields before

and after the ITM, and the transmitted electric field of SRM are described as

Ea, Eb, Ec, Ed and Esrm as shown in Fig.(1.13). LFP and LSR are the length of

the FP cavity and the signal recycling cavity (SRC). We assume that the FP

cavity is controlled to satisfy the resonant condition for the frequency of the

laser, Ω = mλ. Then, each electric field follows the simultaneous equations,

Ea = r1Eb + t1(Ein + Ed), (1.57)

Eb = r2Eae
−i 2LFP

c
ω, (1.58)

Ec = t1Eb − r1Ed, (1.59)

Ed = rsEce
−i 2LSR

c
Ω, (1.60)

Esrm = tsEce
−iLSR

c
Ω, (1.61)

where Ω and ω are the angular frequency of the light and the GWs. Solving

Esrm for Ein gives the relation between the input and output electric fields as

Esrm =
r2t

2
1t2e

i(ψ+ϕ)

1 + r1r2e2iϕ

[
1− r1r2e

iψ − r2rst
2
1e
i(ψ+2ϕ)

1 + r1rse2iϕ

]−1

Ein. (1.62)

The signal amplification gain of the SRFPMI Hsrm is defined as

Hsrm =
Esrm(rs, ts)

Esrm(rs = 0, ts = 1)
=

ts

1− rse2iϕ
[
−r1 +

r2t21e
iϕ

1−r1r2eiϕ

] . (1.63)

When the SRC controlled to be satisfied the anti-resonant condition for

the main laser frequency, ϕ = π + 2mπ, the reflectivity of the compound

mirror which is composed of the ITM and the SRM is higher than that of

the ITM itself. As a result of this effect, the effective finesse of the FP cavity

increases, and the GW signal at low frequency region is enhanced, the signal

at high frequency region decreases because the signal cancellation frequency,

or the cut off frequency, shifts to the low frequency. This configuration of the

SRFPMI is called Broadband Signal Recycling (BSR). Blue line in Fig.(1.14)

shows the frequency dependence of the signal amplification gain of the BSR.

When the SRC satisfy the resonant condition for the main laser frequency,

ϕ = π
2
+2mπ, the reflectivity of the compound mirror which is composed of the

ITM and the SRM is lower than that of the ITM. In this case, the finesse of
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the FP cavity decreases and the sensitivity at low frequency region is lowered,

but the cut off frequency shifts to the high frequency side and the sensitivity

at the high frequency increases. Generally speaking, the sensitivity of ground

based GWD at the low frequency region is limited by the seismic noise and

the thermal noise, and the signal amplification at this region is almost useless.

On the other hand, the sensitivity at high frequency region is limited by the

laser quantum noise, and the signal amplification at this region is meaningful.

This configuration of the SRFPMI is called Broadband Resonant Sideband

Extraction (BRSE). Red line in Fig.(1.14) shows the frequency dependence

of the signal amplification gain of the BRSE.
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Figure 1.11: Power recycling gain for various reflectivity of the FP cavity

and PRM. The power recycling gain is the ratio between the laser power

before and after the PRM. For the fixed reflectivity of FP cavity, the PRG is

maximized when the reflectivity of PRM is same as that of the FP cavity as

shown in the figure using blue line.
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Laser

PD

L

Figure 1.12: Basic optical configuration of a Signal-Recycled Fabry-Pérot

interferometer. GWD put SRM at the anti-symmetric port to change the

response to the GWs, and enhances the sensitivity.

Figure 1.13: Definition of the electric fields in an SR and FP cavities. Here

we define the electric fields just before and after the ITM as Ea, Eb, Ec and

Ed. The transmitted electric field of SRM is written as Esrm. This model is

equivalent to the FPMI with an SRM when we see the two arm cavities as

one compound mirror.
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Figure 1.14: Frequency dependence of the signal amplification gain of BSR

and BRSE. The signal amplification gain increases at low frequencies when

the Lsr is set to be anti-resonate for the career light (BSE). On the other

hand, it increases at high frequencies when the career light resonates at the

SRC (BRSE)
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1.3 Noises in a GW detector

To detect the tiny signal caused by GWs, we need to suppress any distur-

bances, or noises, down to the amplitude which is caused by GWs. For this

purpose, it’s important to give the introduction of noises in a GWD. Follow-

ing subsections give the fundamental noises in a GWD, the seismic noise, the

thermal noise and the quantum noise.

1.3.1 Seismic noise

Ground motion introduces large disturbance to a GWD and this distur-

bance mainly limits the detector sensitivity at low frequencies. The origins

of this continuous large ground motion are natural phenomena like ocean

and atmosphere, as well as human activities . Figure (1.15) shows the mag-

nitude of typical seismic motion on a ground. Depending on the weather,

atmospheric pressure pattern and various other factors can change the seis-

mic motion. The distinctive peak around 0.1 Hz is called the micro seismic

motion and the ocean waves beating shores are the origin of this peak. These

large ground motions can introduce the noise to GWD, and this noise is called

seismic noise. Not to transfer the seismic vibration to the optics that make

up a GW detector, almost all of the optics in the GWDs are needed to isolate

from the ground. For example, to achieve the vibration level of 10−18 m/
√
Hz

at 10 Hz, attenuation of about 10−8 ∼ 10−9 of attenuation is required.

The basic idea of the seismic attenuation system is a pendulum [22–24].

The transfer function of the single pendulum from its suspension point to the

mass is proportional to the square of the frequency (f−2) above its resonant

frequency defined by
√

g/L, where g is the gravitational acceleration and L

is the length of the pendulum. However, to get attenuation of 10−9 with

a single pendulum, the resonant frequency is needed to be 0.1 mHz and it

equivalent to the length of the pendulum of 1× 109 m, and such huge system

is unrealistic. Multistage pendulum can solve this problem. The transfer

function of an n-stage multistage pendulum is proportional to f−2n above

its resonant frequencies. In the current GWDs, the multistage pendulum is

introduced, and to compensate the large vibration at its resonant frequencies,

active damping controls are carefully implemented.
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Figure 1.15: Power spectrum density of the seismic motion. Red curves show

the New High/Low noise model of the seismic motion on earth. This figure

is extracted from [23].

1.3.2 Thermal noise

The thermal noise is the noise formulated by the Fluctuation-dispersion the-

orem (FdT). According to the FdT, the intrinsic dispersion of the thermal

equilibrium mirror and suspension gives the driving force which is equal to

the external driving force, and the force make the fluctuation of the physical

variable of the system. The thermal noise in a GWD is largely classified into

two groups in response to the origin of the noise; the suspension thermal noise

and the mirror thermal noise. The mirror thermal noise can be divided to

the Brownian noise that is caused by the structure damping of the mirror,

and the thermo-optic noise that is caused by the thermal dissipation.

Power spectrum of the thermal noise

FdT gives the power spectrum of the thermal noise Sthermal as [25,26]

Sthermal =
4kBT

ω2
|Re [Y (f)]| (1.64)
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where kB is Boltzmann’s constant, T is the temperature of the system, ω =

2πf is the angular frequency and Y (f) is a complex admittance of the system,

respectively. The mechanical admittance of the system is defined as

Y (f) ≡ 2πfi
x(f)

F (f)
(1.65)

where x(f) and F (f) are the physical observable and the driving force, and

the admittance of the system, Eq.(1.65), can be described using the transfer

function of the system H(f) as Y (f) = iωH(f). The real part of admittance,

Re[Y (f)] implies the coupling of the intrinsic dispersion power to the physical

observable. If we use express the real part of the admittance as

|Re [Y (f)]| = 2Wdiss

F 2
0

, (1.66)

whereWdiss is the total power dissipated in the system and F0 is the amplitude

of the driving force. Hence, substituting Eq.(1.66) into Eq.(1.64) gives the

expression of the thermal noise as

Sthermal =
8kBT

ω2

Wdiss

F 2
0

(1.67)

In the following subsections, the power spectrum density of the Brownian

noise, the thermo-optic noise and the suspension thermal noise that possibly

limit the detector sensitivity are introduced. Figure (1.16) expresses the rela-

tion between the FdT and the thermal noise, and the origins of the dispersions

and the names of the thermal noises.

The Brownian noise

The thermal noise which is the result of the dispersion of the intrinsic friction

of the mirror and the coating is called the Brownian noise [27–29]. The

response x(f) to the excitation is x(f) = |x(f)| exp(−iϕ), where ϕ is the

mechanical loss angle, and the total power dissipated in the system Wdiss is

written as

Wdiss = 2πfU(f)ϕ, (1.68)

where U(f) is the elastic energy which is stored in the mirror. All elastic

energy stored in the mirror is the sum of the elastic energy of the substrate
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Figure 1.16: Image of the dispersion and the thermal noise. The intrinsic loss

results in the thermal noise. The thermal noise is classified by the mechanism

of the intrinsic loss and the position of that loss. The structure damping in

the mirror and the suspension lead to the Brownian noise and the suspension

thermal noise, and the thermal dispersion of the coating leads to the thermo-

optic noise.

and the coating. The loss angle of the mirror is given by the sum of the

weighted loss angle of the substrate and the coating as

ϕ =
1

U
(Usubϕsub + Ucoatϕcoat) , (1.69)

where Ui and ϕi (i = sub or coat) are the elastic energy and the loss angle

of the substrate and the coating. Here we assume that the thickness of the

coating d is much smaller than the beam radius w, d ≪ w, then, the elastic

energy of the coating is rewritten as Ucoat = δUcoatd, where δUcoat is the elastic

energy density of the coating. We can also assume that the elastic energy of

the substrate is much larger than that of the coating, and the elastic energy

of the system is comparable with that of the substrate, U ∼ Usub. Under

these assumptions, Eq.(1.69) becomes

ϕ = ϕsub +
δUcoatd

U
ϕcoat. (1.70)
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The elastic energy of the substrate and the elastic energy density of the

coating are given as [27]

U =
F 2 (1− σ2)

2
√
πwY

, (1.71)

δUcoat/U =
1√
πw

Y
′2 (1 + σ)2 (1− 2σ)2 + Y 2(1 + σ

′
)2(1− 2σ

′
)

Y Y ′ (1− σ′2) (1− σ2)
,(1.72)

where Y and Y
′
are Young’s modulus of the substrate and the coating, and

σ and σ
′
are the Poisson ratio of the substrate and the coating. Substituting

Eqs.(1.71) and (1.72) into Eq.(1.70), and substituting the result into Eq.(1.68)

gives the total power dissipated in the mirror, and it gives the real part of

the admittance. Substituting the calculated real part of the admittance gives

the power spectrum of the mirror Brownian noise as

SBr =
2kBT

π3/2f

1− σ2

wY

[
ϕsub +

d√
πw

Y
′2 (1 + σ)2 (1− 2σ)2 + Y 2(1 + σ

′
)2(1− 2σ

′
)

Y Y ′ (1− σ′2) (1− σ2)
ϕcoat

]
.

(1.73)

According to Eq.(1.73), once we determine the material of the mirror and the

coating, we can change the size of the beam and the temperature of the mirror

to reduce the Brownian noise. To increase the size of the beam, larger optics

is needed, and the cryogenic system is needed to decrease the temperature. In

the current GWD, one of them is chosen to improve the sensitivity, i.e. LIGO

and Virgo use large optics, and KAGRA use cryogenic mirror. However, in

the next generation GWD, both of them have to be adapted simultaneously.

Thermo-optic noise

The thermal dissipation induces the temperature fluctuation of a mirror. This

fluctuation couples with the thermal expansion and the thermo-refractive

coefficient, and results in the thermo-optic noise [30,31]. Reference [31] gives

the details of the thermo-optic noise. The dissipation power of the thermo-

elastic damping which causes the sensing noise in a GWD is given by

Wdiss =
TF 2

0

2
√
2πr20κsub

√
κcoat

Ccoatω

(
∂∆z

∂T
− ᾱsubd

Ccoat

Csub

)2

, (1.74)

and thus the power spectrum of the thermo-optic noise STO is described as

STO =
2
√
2kBT

2

πr20κsub

√
κcoat

Ccoatω

(
∂∆z

∂T
− ᾱsubd

Ccoat

Csub

)2

, (1.75)
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where r0 is the beam radius and κi, ρ, Ci and ᾱi (i = sub or coat ) are the

thermal conductivity, the density, the specific heat and the effective thermal

expansion coefficients of the substrate and coating. The factor ∂∆z
∂T

denotes

the optical distance change of the coating to the temperature, and it is ex-

pressed as
∂∆z

∂T
∼ ᾱcoatd− β̄coatλ (1.76)

where βcoat is the effective thermo-refractive coefficient of the coating.

Suspension thermal noise

The intrinsic friction inside the suspension excites the system, and causes the

vibration. The thermal noise which is the result of this intrinsic dissipation

of the suspension is called the suspension thermal noise. All parts of the

suspension can be the origin of the suspension thermal noise, but the tiny

vibration which happens at the upper parts of the suspension is negligible

thanks to the transfer function of the suspension. The power spectrum of

the suspension thermal noise at the lowest suspension part Ssus is described

as [32,33]

Ssus =
4kBTsusω

2
susϕsus

mω5
(1.77)

where Tsus, ωsus and ϕsus are the temperature, the resonant frequency and the

loss angle of the suspension.

These thermal noises possibly limit the sensitivity of the current and the

next generation GWD. To improve the thermal noise, the development of the

low loss system and the low temperature system is required.

1.3.3 Quantum noise

The detections of gravitational waves is achieved by continuous precise posi-

tion measurement of mirrors with laser light. Hence, one of the fundamental

noise of a GWD is derived from the quantum nature of light. The number

of photons N which go through the certain area per unit time follows the

Poisson distribution, and it described as N = P/ℏω, where P, ℏ and ω are

the power of the laser, reduced Planck constant and the angular frequency

of light, respectively. The root mean square of the photon number δN is

given by δN =
√
N . This photon number fluctuation δN equivalents to the

laser amplitude fluctuation δP =
√
ℏΩP , and it results in the variation of
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the laser amplitude which is reflected by a mirror or detected by a PD. The

power spectrum density SδP of the laser power is SδP =
√
2ℏΩP .

The radiation pressure noise

The fluctuation of the reflection laser amplitude causes the radiation pressure

fluctuation, and this noise is called the radiation pressure noise. The radiation

pressure noise mainly limits the sensitivity at the low frequencies. Now let us

consider the radiation pressure noise in the FPMI. The transfer function HFP

from the input laser power to the storage laser power inside the FP cavity

and its absolute value are given as

HFP =
t21

(1− r1r2)(1− r1r2e
−i 2Lcavω

c )
(1.78)

|HFP| =
t21

(1− r1r2)2
1√

1 + τFPω
(1.79)

where Lcav is the length of the cavity, ω is the angular frequency of interest

and τFP = r1r2
(1−r1r2)2

2LFP

c
is the time constant of the FP cavity. Hence, the

transfer function of the FPMI, HFPMI, from the input power to the intra

arm-cavity power is given as

HFPMI =
1

2

t21

(1− r1r2)(1− r1r2e
−2πi 2Larmf

c )
(1.80)

and

|HFPMI| ∼
F
π

1√
1 + (τarmω)2

(1.81)

where Larm is the length of the arm FP cavity, and τarm is the time constant

of the arm FP cavity. To get Eq.(1.81) from Eq.(1.80), we assumed that the

reflectivity of the arm mirrors is high, and used the expression of the finesse

of F ∼ 2π
t2ITM

.

The magnitude of the radiation pressure F is described as F = 2P/c, where

P is the reflected laser power. The power spectrum density of the radiation

pressure is given as

δF = 2SδP/c. (1.82)

The transfer function from the applied force to the displacement of the sus-

pension is

Hsus =
1

m(ω2
0 − ω2)

(1.83)
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Then, the radiation pressure noise is given by the product of Eq.(1.81),

Eq.(1.82) and Eq.(1.83) as

SRP = 4|Hsus||HFPMI|
2

c
SδP (1.84)

∼ 16F
mω2L

√
ℏP
πλc

1√
(1 + (τarmω)2)

(ω >> ω0) (1.85)

The shot noise

The laser amplitude fluctuation which is detected by the PD directly worsen

the measurement error, and this noise is called the shot noise. The shot

noise mainly limits the sensitivity above 100 Hz. The ratio of the laser light

incident on the PD to the energy of the photo-current is called the quantum

efficiency η, and it is written as

η =
IPD/e

PPD/(ℏω)
, (1.86)

where e, ℏ, ω are elementary charge, reduced Planck constant and angular

frequency of light, respectively. According to [34], the relation between the

photo-current IPD and the power spectrum density of the noise is described as

δI =
√
2eIPD. Then, by applying Eq.(1.86), the relation between the incident

laser power and that noise becomes

δPshot =

√
2ℏωPPD

η
. (1.87)

Next, we transform the amplitude of the noise Eq.(1.87) to the amplitude

of the GWs. The transfer function from the mirror displacement to the phase

shift of the FPMI is given as

|∆ϕFPMI| ∼
8F
λ

1√
1 + (τarmω)

2
δL. (1.88)

Equation (1.18) gives the laser power fluctuation δPPD due to the mirror

displacement δL around the mid fringe as

δPPD =
1

2
P0 |∆ϕFPMI| . (1.89)
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Hence, the power spectrum of the shot noise is given as

Sshot =
δL

L
=

δPshot

L

(
δPPD

δL

)−1

(1.90)

= 2
δPshot

LP0

λ

16F

√
1 + (τarmω)

2 (1.91)

=
1

4LF

√
πcℏλ
ηP0

√
1 + (τarmω)

2 (1.92)

The standard quantum limit

The sum of the radiation pressure noise and the shot noise is calculated using

Eqs.(1.84) and (1.90) as

Ssum =
√

S2
RP + S2

shot

=
hSQL√

2

√
1

K
+K ≥ hSQL (1.93)

with

hSQL =

√
8ℏ

mω2L
, (1.94)

K =
mω2L

64F2

πcλ

P

(
1 + (τarmf)

2
)
. (1.95)

As shown in Eq.(1.93), the sum of the radiation pressure noise and the shot

noise is always larger than hSQL. This limit is called the standard quantum

limit (SQL). As shown in Fig. (1.18), the most sensitive frequency of the

quantum noise changes depending on the input laser power, though it is

not lower than the SQL. To enhance the sensitivity beyond the SQL, the

techniques based on the quantum optics have been studied and developed

[35–37].

Quantum noise in BRSE

The previous subsection introduces the quantum noise in a FPMI. By adding

the signal recycling mirror to these configurations, the shape of the quantum

noise is modified. The quantum noise of the BRSE is given as [38]

SBRSE =
8ℏ

mω2L2

((1 + r2srm)− 2rsrm cos 2β)
2
t3srmK

2 (1 + rsrme2iβ)
2 , (1.96)



36 Chap.1 Gravitational Waves and Interferometric detection

Figure 1.17: Laser power dependence of the quantum noise in FPMI. The

quantum noise in the FPMI is calculated. The length of the arm is 3000m,

and the finesse of the arm cavity is 1500. By changing the input laser power,

the frequency and the amplitude of the lowest part of the quantum noise

change, though it is not lower than the SQL.

with

K =
16πcP

mλL2ω2(γ2 + ω2)
, (1.97)

γ =
cTITM

4L
, (1.98)

β = arctan

(
4LF
2πc

ω

)
(1.99)

where rsrm and tsrm is the amplitude reflectivity and transmissivity of the

signal recycling mirror. Figure (1.18) shows the quantum noise in a DRFPMI

with that in a FPMI. As explained in subsection (1.2.4), by adding the SRM

and control to satisfy the condition, the response at high frequency region is
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gained, and it broaden the sensitivity.
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Figure 1.18: Quantum noise in the DRFPMI (BRSE). By adding the SRM

and control to satisfy the condition, the response at high frequency region is

gained, and it broadens the sensitivity.

1.4 Inspiral range

The fundamental noises in a GWD are introduced in last section. The inspiral

range describes the distance from the detector to the source of the detectable

GWs with the signal to noise ratio (SNR) of ρSNR. Here we denote the strain

sensitivity of the GWD as S(f), and the masses of the stars that compose

the compact binary system are the same as m. The inspiral range is given

as [7]

R =
0.442

ρSNR

√
6

5

Gm

π2/3c2

√∫ fmax

fmin

f−7/3

S(f)
df (1.100)

with fmin = 10 Hz and

fmax =
1

6
√
6π

c3

2Gm
. (1.101)
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For instance, if we consider the GWD whose sensitivity is limited only by

the quantum noise as shown in Fig.(1.18), the inspiral range for the 1.4 M⊙

binary neutron star binary system, the inspiral range is about 130 Mpc.
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Chapter 2
CRYOGENIC GRAVITATIONALWAVE

TELESCOPE KAGRA

The sensitivity of a gravitational wave detector is basically limited by some

noises such as the seismic noise, the thermal noise and quantum noise as

introduced in chapter 1. In order to maximize the detector sensitivity, the

parameters of an interferometer are carefully chosen. Towards the next gen-

eration gravitational wave detector, the reduction of the thermal noise is one

of the most important tasks. KAGRA, the Japanese gravitational wave de-

tector, introduces cryogenic sapphire mirrors to improve the thermal noise

and the next generation gravitational wave detectors, such as the Einstein

telescope in Europe [39] and Cosmic Explolar in the U.S [40,41], also plan to

use cryogenic mirror. This chapter details the configuration of KAGRA and

its estimated sensitivity.

2.1 Optical configuration

The optical configuration of KAGRA is the DRFPMI and Fig.(2.1) shows the

position of the main mirrors [5]. KAGRAmainly consists of five optic systems,

the input optics, the FPMI, the power recycling system, the signal recycling

system and the output optics. The detector is constructed in the mountain to

reduce the amplitude of the seismic motion, and all of mirrors in Fig.(2.1) are

suspended using the multi-pendulum vibration isolation system. The input

optics make ultra-stable laser using several optical cavities including the input

mode cleaner which has the cavity length of 53 m [5]. The FPMI consists

of the BS and the FP cavities that are configured by the cryogenic sapphire

mirrors. The power recycling and the signal recycling techniques are aiming

to improve the sensitivity by reducing the amplitude of the quantum noise. In
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the detector, during the traveling of light in the FPMI, the higher-order modes

of laser are generated via several processes, i.e. reflections and transmissions

of imperfect mirrors, and these higher-order modes decrease the signal to

noise ratio. The output optics remove disturbing higher-order modes and

increase the signal to noise ratio by transmitting only the basic mode with

GW signals. In the following subsections, the detail of the main interferometer

parts, namely the FPMI and the recycling systems, is introduced.

Figure 2.1: Optical configuration of KAGRA. The detector is constructed in

the mountain to reduce the amplitude of the seismic motion. The main part

of the detector mainly consists of five optics, the input optics, the FPMI, the

power recycling system, the signal recycling system and the output optics.

All of these mirrors are suspended not to disturb by the seismic motion. The

length of the arm cavity is 3 km, and the arm cavity is composed of the

cryogenic sapphire mirrors to reduce the thermal noise.
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2.1.1 KAGRA Fabry-Pérot Michelson interferometer

The FPMI works as the antenna for the GWs. The FPMI is consists of the BS

and the arm cavities. The length of the arm cavity is 3 km, and the cryogenic

sapphire mirrors are used to configure the arm cavities. As introduced in

Chapter 1, the mirror thermal noises, which is the sum of the Brownian noise

and the thermo-optic noise, are parameterized by the parameters such as

the mechanical loss angle, the beam radius at the mirror position and the

temperature. To reduce the thermal noise, LIGO and Virgo adopted the

fused silica mirrors that have 34 cm of diameter and 20 cm of thickness, the

weight of these mirrors is about 40 kg [42, 43]. The beam radius at these

mirrors is about 6cm, though the temperature of the mirrors is 300 K. On

the other hand, KAGRA aims to improve the thermal noises by adopting the

low temperature mirrors. The diameter, the thickness and the weight of the

KAGRA sapphire mirror are 22 cm, 15 cm and 23 kg, and the temperature is

kept at about 20 K during the observation [5]. Figure (2.2) shows the picture

of the sapphire mirror. Adopting cryogenic mirrors for a km-scale GWD is

the first attempt around the world, and it is one of the largest features of

KAGRA, as well as the underground site.

The reflective and anti-reflective coating are the same as that of LIGO and

Virgo. By stacking the high and the low refractive materials alternatively,

and controlling the thickness of each layer so that the reflected lights satisfy

the constructive interference condition. This coating is generally called the di-

electric multi-layer coating [44]. Fused silica SiO2 is used as the low refractive

material, and tantalum pentoxide Ta2O5 is used as the high refractive index

material. The number of SiO2/Ta2O5 doubles on the ITM and the ETM high

reflectivity surface (HR) are 11 and 20 [45], and the designed power transmit-

tance of each mirrors are TITM = 0.004 and TETM = 7×10−6 [46]. In addition

to the transmission of the ETM, the total optical loss in the arm cavity is

assumed to be 93 ppm. Substituting these parameters into Eq.(1.37) gives

the finesse of the KAGRA arm cavities as F ∼ 1530

Both of the ITM and the ETM are curved mirrors that have a radius of

curvature of 1900 m. The g factor of the cavity is calculated from Eq.(1.45)

as gITM = gETM ∼ 0.37, the Rayleigh range and the beam radius at the waist

position a re z0 = 775 m and ω0 = 23 mm, and the beam radius is same at

the ITM and the ETM, 35 mm. The parameters of the sapphire mirror and

the arm cavity are summarized in table(2.1).
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Figure 2.2: Picture of the KAGRA sapphire mirror. The diameter, the thick-

ness and the weight of the mirror are 22 cm, 15 cm, and 23 kg. The mirror

is kept at around 20 K during the observation to reduce the thermal noise.

The coating of the mirror is the dielectric multilayer coating with SiO2 and

Ta2O5. Note that the stand is made from aluminum and designed by the

author.

Unit

Material Sapphire (Al2O5) -

Diameter 220 mm [45]

Thickness 150 mm [45]

Weight 22.8 kg [45]

Absorption of substrate 50 ppm / cm [47]

Number of doublets 11 (ITM) / 20 (ETM) - [45]

Transmittance 0.004 (ITM)/7× 10−6(ETM) - [46]

Radius of curvature 1.9 km [46]

Cavity loss 93 ppm [46]

g-factor 35 mm

Beam radius 35 mm

Table 2.1: Properties of the KAGRA test mass.
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2.1.2 Power recycling system

As discussed in chapter 1, the amplitude of the GW signal proportional to the

laser power stored inside the interferometer, and by putting the PRM at the

reflection port to reflect the light to the interferometer, the total laser power

can be increased [48]. The power recycling system of KAGRA is composed

of the PRM for the power recycling cavity, and the reflective PR2 and PR3

mirrors for the mode-matching as shown in Fig.(2.3).

Generally, the optics for the mode-matching is outside of the optical cavity.

However, the mode-matching for the long cavity such as the arm cavity in

a GWD needs long optical path and large optics. To reduce the size and

the space of the system, the current GWDs adopt the mode-matching optics

inside the cavity. The length of the power recycling cavity LPRC which is

composed of the PRM and the arm cavity is LPRC = 66.592, and the designed

radius of curvature of the PRM, PR2, and PR3 are fPRM = 458.129 m,

fPR2 = −3.076 m, fPR3 = 24.917 [49], respectively. Figure (2.3) shows the

spacial mode of the KAGRA power recycling cavity and the arm cavity.

The power reflectivity of the KAGRA arm cavity Rarm is calculated to be

Rarm ∼ 0.90 by using Eq.(1.33) with the parameters in table (2.1). Hence

the power reflectivity of the PRM Rprm is designed to match the reflectivity

of the arm cavity, RPRM = 0.90. Equation (1.56) and these parameters give

the PRG of G = 10.5. KAGRA injects 50 - 80 W of the laser power to reach

its designed sensitivity [5, 49], and consequently, 500 - 800 W of the laser is

stored inside the PRC.

2.1.3 Signal recycling system

The KAGRA signal recycling gain is composed of the SRM for the SRC, and

the SR2 and the SR3 for the mode-matching, as well as the power recycling

system. The optical configuration of the SRC is almost the same as the PRC.

The length of the SRC is LSRC = 66.591 m, and the radius of curvature of

the SRM is the same as that of PRM, fSRM = 458.129 m [49]. The power

transmittance of the SRM is designed to be TSRM = 0.1536. The radius of

curvature of the PR2 and the PR3 are fSR2 = −2.9872 m, fSR3 = 24.9165 m,

respectively. Hence, the spacial mode of the SRC is almost the same as the

PRC.

Using the reflectivity of the arm cavity, the SRM and the length of the

SRC, Eq. (1.63) gives the signal amplification gain as the Fig. (1.14). Because
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Figure 2.3: Spacial mode of the PR system and the arm cavity. Using the

PR system, the spatial mode is matched to the eigen mode of the arm cavity.

Left figure is the spatial mode of the laser at the PR system, and the right

figure is the eigen mode of the arm cavity. The spatial mode of the SR system

is almost the same as that of the PR system.

the sensitivity at the low-frequency region is mainly limited by the seismic

noise and the suspension thermal noise, the SRC is set to be sensitive at the

high-frequency region, though the signal recycling gain at the low-frequency

region is lower.

2.2 Vibration isolation system for the test masses

In a GWD, to reduce the amplitude of transferred the seismic motion the test

mass, a large suspension system is adopted for each mirror. Figure (2.4) shows

the typical power spectrum density of the seismic motion at the KAGRA site.

The seismic motion at KAGRA site is about 100 times smaller than Tokyo

above 1 Hz due to the solid base and the underground, even so about 109 times

attenuation is required at 10 Hz to detect GWs. For this purpose, KAGRA

takes in various sizes of suspension systems depending on the requirements of

each mirror [50]. Especially, the required vibration attenuation level for the

sapphire test masses that work as an antenna for GWs is more strict than

other suspensions [51]. To satisfy the strict requirement, the suspension for

a test mass is a 13.5 m long, and it has 7 and 5 stages for the horizontal and

the vertical vibration isolation. Figure (2.5-a) shows the whole suspension

system for the KAGRA test masses which is called the type-A suspension,
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and Fig.(2.5-c) shows the transfer function from the seismic motion to the test

mass which is suspended by the type-A suspension system. The expression of

the seismic noise hseis to evaluate the KAGRA sensitivity is expressed as [5,45]

h2
seis = 16

(
4.1× 10−17

f 6.8

)2

+

(
1.9× 10−16

f 8

)2

+

(
1.8× 10−18

f 5.7

)2

+

(
1.2× 10−16

f 4L

)2

,

(2.1)

where L is the baseline length.

Figure 2.4: The seismic spectrum at KAGRA site. Red and blue lines show

the displacement spectrum along to the horizontal and the vertical axes. The

spectrums are estimated to be in the red and the blue area. The broad peak

at 0.2 Hz correspond to the micro seismic that arise due to the ocean activity.

The sapphire test mass is cooled down to reduce the thermal noise, and

for this purpose, the type-A suspension is composed of the two parts, the

room temperature suspension part which is called the type-A tower and the

cryogenic suspension part which is called cryogenic payload.

The cryogenic payload is the system to archive the good vibration isolation

under the cryogenic environment as shown in Fig.(2.5-b). Type-a tower and
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the cryogenic payload are connected by the rod made of maraging steel. The

cryogenic payload consists of two independent pendulums, the main pendu-

lum which contains the sapphire test mass and the recoil mass pendulum to

control the masses of the main pendulum. Each stage of the main chain is

named as the platform, the marionette, the intermediate-mass, and the test

mass, respectively. To exhaust the heat that is generated in the test mass due

to the laser absorption, the sapphire test mass and the intermediate mass are

connected by the sapphire rod and sapphire blade spring. The other stages

are thermally connected by the heat links that are made of pure aluminum.

The thermal property of the cryogenic payload and the KAGRA cryogenic

system are introduced in the next section.

2.3 Cryogenic system

KAGRA reduces the thermal noise using the cryogenic mirrors. The KAGRA

cryogenic system mainly consists of the cryocoolers, the radiation shields and

the cryogenic payload which suspends the cryogenic sapphire test mass. For

one cryostat, there are six pulse-tube refrigerators, the dual radiation shields

and the cryogenic duct shield to reduce the amount of the radiation from the

room temperature regions. To adopt the cryogenic system in a GWD, the

problems such as the vibration of the cryocooler and the cooling time have

been studied. KAGRA has been developed the low vibration cryocoolers

[52] and the heat link vibration isolation system to reduce the amplitude of

vibration transferred to the test mass and studied the pure materials for the

sufficient heat transfer. Furthermore, it is a unique feature of the cryogenic

payload that the lowest part of the pendulum consists of sapphire to exhaust

heat efficiently and to reduce the suspension thermal noise with its very low

mechanical dispersion. In the following subsections, the KAGRA cryogenic

system is detailed.

2.3.1 Overview of the cryostat and the radiation shields

Inside the KAGRA cryostat, there are dual radiation shields called the 8 K

radiation shield and the 80K radiation shield, and there are two duct shields

from the cryostat. These radiation shields reduce the amount of radiation

from the room temperature region to the cryogenic payload. Figure (2.6)

shows the cross-sectional view of the KAGRA cryostat. The cryostat is 4.3
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Figure 2.5: KAGRA type-A vibration isolation system. (a) The suspension is

about 13.5 m tall with 7 and 5 stages for the horizontal and vertical isolation

vibration isolation. The upper part is called the type-a tower and the lower

part is called the cryogenic payload. bc) The cryogenic payload is inside the

cryostat to cool the test mass down to 20K. The sapphire test mass and the

intermediate mass (IM) is connected by the sapphire rod and the sapphire

blade spring. (c)Transfer function of type-a suspension from the horizontal

seismic displacement to the mirror displacement.



48 Chap.2 Cryogenic Gravitational wave Telescope KAGRA

m high and 2.6 m in diameter. The 8K radiation shield is enclosed by the

80K radiation shield, and the 5m of the duct shields are installed along the

beam axis, though these shields are not thermally connected.

The radiation shields are made of the aluminum 1000 and 5000 series,

and the surface is coated with the diamond like carbon (DLC) coating [53]

to increase the emissivity. The emissivity of the DLC is about ε = 0.3 ∼ 0.4

at 300 K. Outer surfaces of the 80K, the 8K and the duct radiation shields

are covered by the 50, 20, and 60 layers of the super insulator to thermally

isolate from other cryogenic systems. The thickness of the walls of the 8 K

and the 80 K radiation shields are 10 mm.

The duct shield is a circular cylinder with 5 m in length and 0.37 m in the

diameter, and there are 5 baffles inside the duct shield to absorb the scattered

light. The dimension and the position of these baffles are summarized in

Fig.(2.7). The duct shield reduces the amount of radiation to about 0.1

W [54].

Figure 2.6: Cross-sectional view of the KAGRA cryostat. The KAGRA cryo-

stat is mainly consists of the vacuum chamber, the cryocoolers, three types

of the radiation shields, and the cryogenic payload.

2.3.2 Cryogenic payload

The cryogenic payload consists of two parallel pendulums [55]. Figure (2.5-

c) shows the overall picture of the cryogenic payload. The platform (PF)
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Figure 2.7: Cross-sectional view of the KAGRA duct shield. The duct shield

is 5.35 m length and 0.37 in diameter. There are 5 baffles inside the duct to

black the scattered light.
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is common for these two pendulums. The pendulum which suspends the

sapphire test mass is called the test mass chain and consists of the PF, the

marionette (MN), the intermediate mass (IM), and the test mass (TM). The

other pendulum called the recoil mass chain suspends the recoil masses that

are used to control the masses of the test mass chain relatively. Each stage

of the recoil mass chain is called the marionette recoil mass (MNR), the

intermediate recoil mass (IMR), and the test mass recoil mass (TMR). All

the stages are mainly made of stainless steel except for the TM which is

made of the sapphire, and the weight of the cryogenic payload is about 200

kg. Table (2.2) summarizes the main three materials of each stage of the

cryogenic payload and their weight. Note that these values are extracted

from the 3D CAD design data.

Stage Total mass [kg] Material Mass [kg]

Platform (PF) 69.6 SUS 304L 46.2

SUS 316L 14.3

Cu 1020 2.1

Marionette (MN) 23.4 SUS 316L 19.7

Cu 1020 2.8

Al 5052P 0.06

Marionette Recoil mass (MNR) 21.9 Al 5052P 12.5

SUS 316L 8.0

Intermediate Mass (IM) 20.7 SUS 316L 19.3

Cu 1020 0.9

Sapphire 0.2

Al 5052P 0.05

Intermediate Recoil mass (IMR) 21.91 SUS 316L 20.0

Al 5052P 1.1

Test mass (TM) 23 Sapphire 23

Test mass Recoil mass (TMR) 22.9 SUS 316L 21.5

Al 5052P 0.5

Table 2.2: Main component materials of each stage of the cryogenic payload.

To characterize the cryogenic system, it’s important to know the budget

of the heat input to the cryogenic system. Mainly, two paths of the heat

inputs are considered to the KAGRA cryogenic payload: the radiation from

the 300 K region through the duct shield and the optical absorption of the
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TM. The amount of the radiation to the TM is evaluated to be 0.1 W par

duct shield [56], so, as a total of two duct shield, 0.2 W of the radiation from

300 K is accounted for. The optical absorption happens on both coating and

the sapphire substrate. The sapphire substrate absorbs about 35 ppm/cm

of the laser with the wavelength of 1064 nm, on the other hand, the coating

absorbs 0.3ppm of the laser [55]. Hence, the total amount of heat to the ITM,

QITM, and ETM, QETM, are calculated as

QITM ∼ αcoatPFP + 2αsubTsubPMI + Prad = 0.67W (2.2)

QETM ∼ αcoatPFP + Prad = 0.3W (2.3)

where αcoat = 0.3 × 10−6 and αsub = 3.5 × 10−5 /cm are the absorption

coefficients of the coating and the substrate, PMI = 350 W and PFP = 350×
103W are the storage power inside the MI and the arm FP cavity, Tsub = 15cm

is the thickness is the thickness of the substrate, and Prad = 0.2 W is the total

amount of heat from the radiation from the radiation through the duct shield.

The cryogenic payload needs to extract these input heat to outside of

the system. Each stage of the cryogenic payload except for the connection

between the IM and the TM where is mechanically and thermally connected

by the sapphire fibers is connected by the wire made of beryllium copper

with the diameter of 0.6 mm. However, the thermal conductivity of the wire

made of stainless steel is low, and it is not enough to extract these input

heat. The actual cryogenic payload thermally connects each stage using heat

links made of pure aluminum, and the MNR is connected to the cooling

bar which is directly extended from the 2nd stage of the cryocooler through

the heat link vibration isolation system. Figure (2.8) shows the thermal

connection diagram of the cryogenic payload, and the thermal properties of

the component materials are summarized in appendix A.

2.3.3 Cooling system

Figure (2.9-a) shows the KAGRA cryostat and its surroundings. KAGRA

uses six cryo-coolers for one cryostat. Figure (2.9-b) and table (2.3) show

the connection diagram between the cryostat and these cryocoolers and the

details of the cryocoolers [54].

One cryocooler, model G300PHE manufactured by AIR WATER INC., is

used to cool the duct shield down to about 100 K. This cryocooler is the single
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Figure 2.8: Thermal connection diagram for the conduction cooling of the

KAGRA cryogenic payload. Each stage of the suspension is connected using

Al heat links or the sapphire fibers.

No. Company Model Type Target1 Target2

Ref.1 8K

Ref.2 Sumitomo Heavy RP-082B2S 80K shield

Ref.3 Industries, Ltd. Pulse Tube shield Cryogenic

Ref.4 payload

Ref.5 AIR WATER INC. G300PHE Cryogenic —

Ref.6 duct shield

Table 2.3: KAGRA cryocoolers
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Figure 2.9: KAGRA cryostat and cryocoolers. (a) The KAGRA cryostat

and the cryocoolers. Totally six cryocoolers are connected to one cryostat.

(b) The connection diagram of the cryocoolers and the cryostat. Two single

stage cryocoolers are connected to the duct shields. All the 80 K cold heads

of four double stage cryocoolers are connected to 80 K radiation shield of the

cryostat. Two of 8K cold heads are connected to the 8 K radiation shield of

the cryostat, and remaining two 8 K cold heads are connected to the cryogenic

payload.
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stage cryocooler, and the passive vibration isolation system is implemented

not to transfer the vibration caused by the operation of the cooler.

To cool the dual radiation shields of the cryostat and the cryogenic pay-

load, four cryocoolers, model RP-082B2S manufactured by Sumitomo Heavy

Industries, Ltd., are used. Figure (2.10) shows the cross-sectional view of this

cryocooler. The cryocooler is the double stage pulse-tube cryocooler, and the

cold heads are called the 80 K cold head and the 8 K cold head. As well as the

cryocooler for the duct shield, this cryocooler contains the passive vibration

isolation stages not to transfer the vibration to the cryostat. All of the 80 K

cold heads of four cryocoolers are connected to the 80 K radiation shield of the

cryostat, and two of four 8 K cold heads are connected to the 8 K radiation

shield of the cryostat and remaining two 8 K cold heads are connected to the

cryogenic payload as shown in figure (2.9-b). Tokoku et al. [52] reported the

vibration attenuation and the cooling performance of these cryocoolers. The

cooling power of the cryocooler is about 35 W for the 80 K head at about 67

K, while it is about 0.9 W for the 8 K head at around 8 K.

Figure 2.10: Cross-sectional view of the KAGRA cryocooler. The cryocooler

is connected to the 80 K radiation shield and the 8K radiation shield or the

cryogenic payload. To reduce the vibration from the cryocooler, the vibration

reduction stages are inside the cryocooler.

Figure (2.11) shows the measured cooling curve of the KAGRA cryogenic
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system. The heat link vibration isolation system is expected to have the large

thermal resistance between the cryogenic payload and the cryocooler, and it

results that the temperature of the TM didn’t reach the target temperature

of 20 K. To finish the cooling, it took about 27 days, and the cooling time is

limited by the speed of the radiation cooling.

Figure 2.11: The cooling curve of KAGRA cryogenic system. The temper-

ature of the TM didn’t reach 20 K, and it is considered due to the thermal

resistance in the heat link vibration isolation system. The bump at 28 days

on 8 K shield and the refrigerator No.4 is due to the trouble of the cryocooler.

2.4 Vacuum system

Next, we introduce the KAGRA vacuum system. Except for the most up-

stream of the optical path, almost all of the large optics are inside the vacuum

chamber. The total volume and surface area are 3330 m3, and this is the

largest vacuum system in Japan. Putting the optics in the vacuum chamber,

the noise which is the result of the refractive index fluctuation of residual
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gasses is decreased. Using the mass mmol and the refractive index n0 of the

molecules, the power spectrum density of the noise Sgas is given as [57]

Sgas =
4

L

(n0 − 1)2

(N0/V0)v̄ω

(
p

p0

)(
T0

T

)3/2

(2.4)

where v̄ =
√
8kBT/πmmol, ω, N0 = 6.02 × 1023, V0 = 0.024m3 and T0 =

273.15 K are the mean velocity of the molecules, the beam radius, Avogadro

number, the standard volume of the ideal gas and the temperature. As-

suming the uniform pressure distribution for H2O molecules, the required

partial pressure of the molecules to archive the target strain sensitivity of

h = 10−24 1/
√
Hz is calculated to be pH2O = 3.0× 10−6 Pa. KAGRA have set

the target vacuum pressure of ptarget = 2.0 × 10−7 Pa with the safety factor

of 10 [58].

The largest part of the vacuum system is two of the 3 km beam ducts. The

duct is 0.8 m in diameter and 3000 m in length, hence the total volume of two

beam duct is 3020m3 and it occupies 90% of the whole vacuum system. The

well-designed vacuum system is necessary to archive the vacuum pressure of

2.0× 10−7 Pa with these large vacuum chambers.

KAGRA uses the stainless steel 304 L as the material of the vacuum

chamber, and the inner surface of the duct and the chambers are processed

by the electropolishing followed by the baking with the temperature of 200℃
for 20 hours. The amount of the outgases from the surface processed by the

same method as KAGRA is reported in [58]. According to the report, after the

50 hours of pumping, the amount of the outgas is q = 1.0×10−8Pam3/s/m−2.

Further, it’s considered to be q = 1.0×10−9 Pam3/s/m−2 after the 500 hours

of pumping.

For the evacuation of the arm duct, KAGRA uses 30 units of the dry

pump, the turbo pump and the ion pump at last. These units are equally

spaced along the duct, and evenly spaced vacuum pumps make the periodic

vacuum pressure distribution The pressure distribution between two pumps

is given as [59]

p(x) = − qAL

2cN2
(

x

L/N
)2 +

qAL

2cN2
(

x

L/N
) + pmin, (2.5)

with

pmin =
qA

SN
, (2.6)
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where c, A, S and N are the conductance of the system in unit length, total

surface area, the pumping speed of the vacuum pump and the number of the

unit. Using the values of q = 1.0 × 10−9 Pam3/s/m−2, c = 80m3/s/m, A =

7537m2, S = 1m3/s and N = 30, the pressure distribution of the KAGRA

beam duct is calculated to be pmin = 2.5 × 10−7 Pa and pmax = 2.9 × 10−7

Pa, where pmax is the largest vacuum pressure in the system. Note that

this calculation does not contain the cryo-pumping effect that happens at

the cryogenic system. From the result, the vacuum pressure of KAGRA can

reach its target value, and the noise will not contaminate the sensitivity.

2.5 Sensitivity

The sensitivity of KAGRA can be calculated using the equations in Chapter

1 and the parameters that are introduced in this chapter. The seismic noise,

the thermal noise, and the quantum noise that are introduced in Chapter 1

is showed in Fig.(2.12). Note that we assumed the detector configuration of

BRSE. The parameters that are used to calculate the KAGRA sensitivity is

summarized in the table (2.4).

Using the sensitivity in the Fig.(2.12), the inspiral range is calculated by

Eq.(1.100) to be 130.5 Mpc for the 1.4 M⊙ BNS, and about 1 Gpc for 20 - 30

M⊙ BBH. LIGO and Virgo collaboration reported that the event rate of the

BBH marge is 2 - 600 Gpc−3/yr−1 [6], although it largely depending on the

model. The observation efficiency, that is the ratio between the time that de-

tector worked properly and the observation period, of the LIGO Hanford and

Livingston and Virgo during the observation 2 are 61.7 %, 60.6 % and 85.08

%, respectively [60, 61]. Hence, when KAGRA achieves its design sensitivity

and operates 70 % during the observation, KAGRA is expected to detect

about 1 - 420 of BBH events per year. Furthermore, if we assume the above

observation efficiency independent for each detector, the period when more

than three detectors working properly is expected to increase from 32 % to 42

%. By increasing the number of detectors on Earth, the sky-localization be-

come accurate, and this improvement is considered to be important to make

an accurate alert to the optical telescopes for the multi messenger astronomy.
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Name Symbol Value Unit

Configuration of the detector BRSE

Arm length Larm 3000 m

Wavelength λ 1064 nm

Beam radius ω0 3.5 cm

Mirror mass M 23 kg

Temperature of the TM TTM 22 K

Temperature of the IM TIM 16 K

Power transmissivity (ITM) TITM 0.004 -

Power transmissivity (ETM) TETM 7× 10−6 -

Amplitude reflectivity (SRM) rSRM 0.92 -

Round trip loss (Arm cavity) Tloss 93× 10−6 -

Power at BS PBS 400 W

Density (sapphire) ρsap 3980 kg/m3

Specific heat Csap 0.69 J/K/kg

Thermal expansion ratio αsap 5× 10−6 1/K

Thermal conductivity κsap 1.57× 104 W/m/K

Young’s modulus Ysap 400 GPa

Poisson ratio σsap 0.25 -

Loss angle ϕsap 1× 10−8 [45] rad

Refractive index (λ =1064nm) nsap 1.7545 [62] -

Thickness (SiO2 coating) dSiO2 2.75 µm

Density (SiO2 coating) ρSiO2 2470 [63] µkg/m3

Young’s modulus YSiO2 73.2 [63] GPa

Poisson ratio σSiO2 0.164 [63] -

Loss angle ϕSiO2 3× 10−4 [5, 46] rad

Refractive index (λ =1064nm) nSiO2 1.442 [63] -

Thickness (Ta2O5 coating) dTa2O5 1.93 µm

Density (Ta2O5 coating) ρTa2O5 6505 [63] µkg/m3

Young’s modulus YTa2O5 140 [64] GPa

Poisson ratio σTa2O5 0.23 [64] -

Loss angle ϕTa2O5 5× 10−4 [5, 46] rad

Refractive index (λ =1064nm) nTa2O5 2.035 [65] -

Diameter (Sapphire fiber) df 1.6 mm

Length lf 350 mm

Loss angle ϕf 2× 10−6 rad

Table 2.4: Parameters to characterize the KAGRA sensitivity.
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Figure 2.12: KAGRA sensitivity. Brown, green, blue, red, and black lines

show the seismic noise, the suspension thermal noise, the mirror thermal

noise, quantum noise, and the total of these noises, respectively. Most sen-

sitive frequency region around 100 Hz will be limited by the quantum noise,

followed by the thermal noise (by a factor of about 2).
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2.6 Next generation gravitational wave tele-

scopes

Next generation GWDs have the 10 km scale of the baseline and aim to

achieve better sensitivity by a factor of 10 than current detectors. Espe-

cially, the improvement of the sensitivity at low frequency is important for

the multi-messenger astronomy because the future detectors determine the

sky localization using the low frequency signals [66].

Einstein Telescope (ET) is one of the future detectors which is planned

to built in Europe. ET is configured of three interferometers, and they are

located to make a triangle. The length of the interferometer baseline is 10

km, and one of three detectors is specialized to detect low frequency GWs

and the other to high frequency GWs. To achieve the target sensitivity at low

frequency, one of the interferometers adopts cryogenic mirrors with a weight

of 200 kg.

Cosmic Explorer (CE) is planned to build in the U.S. CE has 40 km of

the baseline and the shape of the interferometer is the same as the current

detectors. CE plans to adopt 320 kg of mirrors made of silicon and cool it to

123 K to reduce the thermal noise. Because the temperature of 123 K is the

region where the radiation cooling is dominant, the cooling system doesn’t

require the conduction cooling path which introduces the vibration to the

system from outside.

Figure (2.13) shows the target sensitivity of future detectors. Adopting

of the large cryogenic mirror reduces the noises to the order of 10−25/
√
Hz

especially below 100 Hz. The cryogenics in GWDs will be a common technique

for the future detectors.

2.7 Target of the study

As seen in Fig.(2.12), the most sensitive frequency region of KAGRA is limited

by the quantum noise followed by the thermal noise. The quantum noise is

expected to be reduced using the opt-quantum method such as the squeezing

vacuum and the signal recycling technique beyond the standard quantum

limit [67]. On the other hand, the reduction of thermal noise is thought to

be tough.

As discussed in the previous section, the next generation GWDs are plan-
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Figure 2.13: Sensitivity of the next generation GWDs. Blue and red lines

represent the sensitivity of ET and CE. Adopting of the large cryogenic mirror

reduces the noises to the order of 10−25/
√
Hz especially below 100Hz.

ning to introduce cryogenic mirrors to achieve their target sensitivity [39,68].

The cryogenics in GWDs will be one of the common techniques, and it is

important to gather and solve the problems related to the cryogenics in ad-

vance.

As the first detector that introduces cryogenics with the km scale of the

baseline, KAGRA has studied the applicable cryogenics to GWD, the devel-

opment of the cryogenic payload, the pure heat links and the DLC coating for

instances. However, the interaction between the cryogenic mirrors and the

vacuum residual gasses that are considered to generally happens in cryogenic

GWDs have never discussed and studied except for a few experimental esti-

mation [69, 70]. The goal of this thesis is to introduce the adsorption of the

residual gasses on the cryogenic mirrors, and studies the impact of this effect

on the cryogenic gravitational wave detector, and gives one of the solutions
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to this problem.

These studies are important not only for KAGRA but also for GWDs

which will introduce the cryogenics, The next chapter introduces the cryogenic

adsorption on the cryogenic mirrors and aims to calculate the molecular layer

formation speed on the KAGRA cryogenic mirror numerically.
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Chapter 3
MOLECULAR LAYER FORMATION

ON A CRYOGENIC MIRROR

KAGRA adopts the cryogenic test massed to reduce the thermal noise and

achieve high sensitivity at around 100Hz. For now, many cryogenic related

topics have been studied to make the cryogenics which is suitable in a very sen-

sitive GWD. Though, the interaction between the vacuum residual molecules

and the cryogenic system, especially the cryogenic test masses, have never

studied except for very few experimental estimation

When a molecule hit to the surface of a cryogenic object, it decreases

its kinetic energy, and finally, it is caught up by the surface potential. This

phenomenon is generally called the cryopumping effect and this is well known

as the technique to achieve the ultra-high vacuum. The KAGRA cryogenic

system also works as the cryopump itself, so KAGRA doesn’t use additional

cryo-trap pump as LIGO and Virgo. The cryogenic test mass also catches the

molecules as well the dual radiation shield, the duct shield, and cryocooler. A

number of molecules on the cryogenic surface form a molecular layer. Before

focusing on the effects of this molecular layer on the cryogenic test masses,

first we estimate the molecular layer formation speed on the cryogenic test

mass in KAGRA. As the molecular injection to the cryogenic mirror in KA-

GRA, we need to consider about the two case of molecular injections to the

cryogenic mirror. One is the constant molecular injection from the atmo-

sphere where the cryogenic mirror locate, inside the cryostat. The vacuum

pressure of the chamber keeps constant by the balance of the degas and the

evacuation, and the fact implies that the number of molecules which injecting

to a specific area in the chamber is same everywhere in the chamber. The

other is the molecular transport from the long vacuum duct. Especially for a

cryogenic GWD, we can assume that the vacuum pressure inside the cryostat
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where the cooled mirrors are located is quite low, and the molecular trans-

portation from a long duct can be more important. However, the theoretical

evaluation of the amount of the molecular transportation from the duct is

not easy because the shape of the actual duct is complex and the tempera-

ture distribution is not uniform. A cryogenic GWD cooled its cryostat and a

few lengths of the duct, but the almost all of the parts are operated at the

room temperature. The Monte-Carlo simulation is the common way to eval-

uate the pressure distribution and the conductance that are the parameter

to characterize the amount of the molecular transport of the actual vacuum

system. This chapter introduces the previous work on the molecular layer

growth rate expected in a cryogenic GWD first. Then it is re-defined based

on the vacuum engineering theory, and evaluated for the KAGRA vacuum

and cryogenic systems.

3.1 Previous work

Miyoki et al. [70] introduced the molecular adsorption on the cryogenic mirror

in a GWD for the first time. Here we review the molecular layer formation

rate expected in a GWD which is discussed in the reference [70].

The reference [70] gives the number of molecular N that inject to the

cryogenic mirror as

N =

(
d

4h

)2
p√

2πmkBT
1/s/m2, (3.1)

where d is the diameter of the cryogenic mirror, h is the length of the cryogenic

duct which is installed between the cryostat and the room temperature duct,

p is the vacuum pressure, m is the mass of the residual gas and T is the

temperature. The derivation of the Eq.(3.1) is not detailed in the reference,

but from its form, the equation is considered to represent the atmospheric

molecular injection through the cryogenic duct. Following the calculation in

the reference, the time to form a single molecular layer η is evaluated as

η =
1

N(1× 10−10)2
s. (3.2)

If we substitute d = 0.2 m, h = 5 m, p = 10−6 Pa, m = 3.0× 10−23 kg which

is the mass of a H2O molecule and T = 300 K, equation (3.1) is calculated to

be N ∼ 2× 1012 1/s/m2 and Eq.(3.2) becomes η ∼ 2× 108 s.
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In this evaluations, there are some points to be improved. First of all, in

this study, the molecular injection is given as the atmospheric injection from

the room temperature beam duct. However, the number of molecules from

the long vacuum duct is understood as molecular transportation. Without

the calculation of the conductance of the system, the flux of the molecules to

the cryogenic mirror cannot be evaluated.

As a second, the study didn’t consider the atmospheric molecular injection

from the other cryogenic parts such as the radiation shields. The molecules

exist inside the cryostat even if the radiation shields are cooled down and

they work as strong vacuum pumps. It important to check the molecular flux

from the radiation shields is negligible.

Finally, the molecular layer growth speed is considered to be dependent

on the kinds of molecules because the number of molecules on the surface and

the thickness of the molecular layer is related by the density of the layer.

To evaluate the molecular layer growth rate on the cryogenic mirror in a

GWD accurately, these points should be taken into account. Against these

points, the following sections aim to derive the molecular layer growth speed

based on the molecular kinetics and the vacuum engineering theory by con-

sidering two molecular layer formation processes; the atmospheric molecular

injection and the molecular transportation from the long beam duct.

3.2 Atmospheric molecular injection

First, we consider about the atmospheric molecular injection of the chamber.

We assume that the vacuum pressure of the chamber is enough low and the

interaction of the molecules do not happen. The ideal gas equation of state

is given as

PV = nRT (3.3)

where P, V , T , n and R are the vacuum pressure, the volume of the chamber,

the temperature, the number of moles and the ideal gas constant. The velocity

of these molecules follows the Maxwell-Boltzmann (MB) distribution, and the

x-axis component of the distribution is written as

f(vx)dvx =

(
m

2πkBT

) 3
2

exp

(
− mv2x
2kBT

)
dvx. (3.4)

Figure (3.1) shows the MB distribution of the H2O molecules for various

temperatures.
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Figure 3.1: Maxwell-Boltzmann distribution of H2O molecules. The calcula-

tion of Eq.(3.4) for H2O molecules at various temperature. The mean veloc-

ity increases at a higher temperature, the dispersion of velocity decrease at a

lower temperature.

The number of molecules N which injected to the area of δS that per-

pendicular to the x-axis within minute time δt is given as N = nvxδtδS [71].

Hence, its expected value < N > is

< N > =

∫∞
0

Nf(vx)dvx

δSδt
(3.5)

= n

√
m

2πkBT

∫ ∞

0

vx exp

(
− mv2x
2kBT

)
dvx (3.6)

=
P√

2πmkBT
1/sec/m2. (3.7)

The volumetric flow Q is given by Eq.(3.7) as

Q =< N > kBTS = PS

√
kBT

2πm
Pam3/sec. (3.8)
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where S is the area of the target which we interest.

The atmospheric molecular injection is considered to be negligible. The

source of the molecules is the degas from the surfaces that compose the vac-

uum chamber and the cryostat and it depends on the temperature of the

surface. As shown in the Fig.(2.11), the 80 K and 8 K shields are cooled

to about 80 K and 15 K. Figure (3.2) shows the calculated vapor pressure

of various molecules for temperature using the Antoine equation with the

parameters in [72]. The vapor pressure implies the pressure that the ratio

of the molecules in the gas state and the solid or liquid state is constant.

Once, the temperature of the surface or the molecules decreases, the number

of molecules that can escape from the surface potential statistically decrease.

Because there is no solid angle from inside the 8K shield to the 80 K shield,

we use the temperature of 8K shield to determine the vacuum pressure inside

the cryostat. From the Fig.(3.2), the pressure of H2O is negligible below 100

K, and the pressure of N2 and O2 molecules are PN2 ∼ 1 × 10−23 Pa and

PN2 = 1 × 10−30 Pa at 15 K. The volumetric flow of H2O and N2 molecules

that are injecting to the cooled mirror with the radius of r = 0.11 m are

calculated as QO2 = 7.6 × 10−31 Pam3/s and QN2 = 2.05 × 10−23 Pam3/s,

respectively.

3.3 Molecular transport through the beam duct

Next, we consider the molecular transport from the long vacuum duct. The

volumetric flow of the molecular transport between two surfaces S1 and S2 is

written as [73]

Q = C∆P Pam3/s, (3.9)

where C is the conductance of the system, and ∆P is the pressure difference

between S1 and S2. The conductance C is rewritten as

C = C0K m3/s, (3.10)

with

C0 =

(
D

2

)2
√

πkBT

2m
m3/s, (3.11)
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Figure 3.2: Vapor pressure of atmospheric composition molecules. The vapor

pressure of H2O, N2 and O2 are calculated by Antoine equation.

where C0 is the opening conductance of the system, and K is the transmission

probability of molecules pass through the vacuum system. The transmission

probability of the circular duct is given by Santeler [74] as,

K =
1

1 + 3L
4D

+ 1
4D
L

+ 8
7

, (3.12)

where L and D are the length and the diameter of the duct.

Now we calculate the example of the volumetric flow of the molecular

transport from the duct. For the duct with L = 10 m and D = 0.8 m, the

opening conductance of H2O, N2 and O2 molecules are C0−H2O = 74.6m3/s

, C0−N2 = 59.8m3/s and C0−O2 = 56.0m3/s, and the transmission proba-

bility of the system is given by Eq.(3.12) to be K ∼ 0.09. So the conduc-

tances for H2O, N2 and O2 molecules are calculated to be CH2O = 6.72m3/s ,

CN2 = 5.38m3/s and CO2 = 5.03m3/s, respectively. Now we set the pressure

difference between S1 and S2 as ∆P = 2×10−7, which is considered to be the

nominal pressure difference between the duct and the cryostat in KAGRA

when the target vacuum pressure is achieved. Furthermore, we set one more

parameter called the hitting probability H that molecules pass through the

duct hit the cooled mirror to be H = 0.01. Then the volumetric flows of
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H2O, N2 and O2 molecules are calculated to be QH2O = 1.34× 10−8 Pam3/s

, QN2 = 1.08 × 10−8 Pam3/s and QO2 = 1.01 × 10−8 Pam3/s, respectively,

As we calculated the volumetric flow against the two cases, in a cryogenic

GWD, the atmospheric molecular injection is negligible, and the molecular

transport from the beam duct is the main feed of the molecular layer growth.

Hence, the pressure distribution and the conductance of the vacuum system

are the important parameters to characterize the molecular layer growth in a

cryogenic GWD.

As mentioned above, the transmission probability of a simple duct is given

by Eq.(3.12), and it has good consistency with the simulated result for wide

L/D range as discuss in later subsection. Equation (3.12), however, cannot

apply for the complex vacuum system such that have baffles or adsorbent in

the middle of the duct. To evaluate the transmission probability of such a

complex duct, the Monte-Carlo (MC) simulation is generally applied [75].

3.3.1 Transmission probability and Monte-Carlo simu-

lation

In the MC simulation, the transmission probability is defined as the ratio of

the number of injected particles Ni and the transmitted particles Nt under

the conditions as below and as shown in Fig. (3.3):

1. Particles are uniformly injected from the surface S1 to the duct, and

the injection angle distribution follows the cosine law.

2. Assuming that the vacuum pressure is enough low and the interaction

between the injected particles do not happen.

3. Particles are not affected by the gravity and run straight in the vacuum

chamber.

4. Reflection angle at the wall of the chamber is determined following the

cosine law [76].

The condition (4) implies that a particle goes back forward with the prob-

ability of 50 %, so the number of the reflection at the wall is larger, or the

L/D is larger, the transmission probability gets lower.

The number of transmission particle follows the binomial distribution, and

when it gives the mean of the transmission probability < K >, the standard
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deviation σ<K> is written as

σ2
<K> =

< K > (1− < K >)

N
, (3.13)

where N is the number of the injected particles. The MC simulation of the

transmission probability count the number of ”transmission” particles, hence

the number

Molflow+ is the software which developed at CERN to simulate the be-

havior of molecules inside the vacuum system [77]. In Molflow+, the model of

the vacuum system is easily imported from 3D CAD data. The next section

details Molflow+.

Figure 3.3: Maxwell-Boltzmann distribution of H2O molecules. The calcula-

tion of Eq.(3.4) for H2O molecules at various temperature. The mean veloc-

ity increases at a higher temperature, the dispersion of velocity decrease at a

lower temperature.

3.4 Molflow+

Molflow+ has been developed at CERN to simulate the pressure distribution

and the conductance of the vacuum system [77]. Molflow+ allows to analyze

the actual vacuum system easily by importing the 3D CAD data by defining

the vertexes and creating the facets to reproduce the 3D data. Users can set

several parameters on facets, i.e. the degassing rate, the pumping speed or

the sticking factor, the temperature and the opacity.

Table (3.1) shows the simulated transmission probability < K > and

its standard deviation σ<K> for several value or L/D. Figure (3.5) is the

appearance of the simulation, and Fig. (3.6) is the calculated conductance
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Figure 3.4: The image of the Monte-Carlo simulation with Molflow+.

Molflow+ calculates the movement of molecules inside a vacuum chamber,

and allow to calculate the conductance and the pressure distribution inside.

The model is imported from the 3D CAD data. This image is quoted from

the Molflow+ web site [77].

using the values in table (3.1) for the H2O molecules. Red dots are the

simulated values with their standard deviation. Blue line is the calculated

conductance using Eq. (3.12) for the H2O molecules, and it clearly shows

that the Santeler’s model for the transmission probability is consistent with

the simulated result for wide L/D range.

Next subsection explains the dimension of the KAGRA vacuum system

which is used for the MC simulation with Molflow+ and its results.
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L/D # of particle (N) Transmission prob. (K) Standard deviation (σK)

0.05 154515972 0.99995 5.69× 10−7

0.5 102137388 0.6724 4.64× 10−5

5 40469415 0.19081 6.18× 10−5

50 10430232 0.02533 4.86× 10−5

500 1151038 0.00254 4.69× 10−5

5000 249208 0.00020 2.87× 10−5

Table 3.1: Simulated transmission probability for various L/D.

Figure 3.5: The appearance of the Molflow+ simulation. The vacuum duct

is composed of white facets. The particles are injected from left large facet

”S1” and absorbed by ”S1” and ”S2”.
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Figure 3.6: Comparison between the simulated transmission probability and

Santeler model. Red dots are the simulated values, and error bars are its

statistical error. Blue line shows the Santeler conductance model (Eq.(3.12)).
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3.5 Simulation for the KAGRA vacuum sys-

tem

In this subsection, we simulate the molecular layer formation speed (MLFS)

using Molflow+. To calculate the molecular layer formation speed, the simu-

lation of the transmission probability of the beam duct and the duct shield,

and the hitting probability are needed. Following subsections detail each

calculation.

3.5.1 Conductance of the beam duct

Next we calculate the conductance of the beam duct. The basic configuration

of the KAGRA vacuum beam duct is as mentioned in the chapter 2. The beam

duct is 3 km long, and it is configured by connecting the 12 m vacuum ducts.

Here we simulate the conductance of the 12 m vacuum duct.

Because KAGRA sets the vacuum pump unit every 100 m, some of the

12 m vacuum duct has the vacuum pump. Figure (3.7) shows the 3D model

of the 12 m vacuum duct with and without the vacuum pump that are used

for the simulation. As results of the simulation, the transmission probability

of the duct with and without the vacuum pump are

Kw/−pump = 0.08740± 2.0× 10−5, (3.14)

Kw/o−pump = 0.08830± 1.9× 10−5. (3.15)

Because the difference of the transmission probabilities is about 1 % and it

will not make large difference in the calculations below, so we use averaged

value Kave = 0.08785 ± 0.00045 to calculate the conductance of the 12 m

duct. The conductance of the 12 m beam duct C12m for H2O, N2 and O2

molecules are

C12m = C0Kave =


10.06 ± 0.05 (H2O),

8.07 ± 0.04 (N2), m3/s

7.55 ± 0.04 (O2).

(3.16)

3.5.2 Conductance of the duct shield

At second, the conductance of the duct shield is evaluated. The conductance

of the duct shield is contributed from the room temperature molecules that
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Figure 3.7: Simulation model of 12 m of the beam duct. The transmission

probability of 12 m of the beam duct was simulated. Because some unit have

pumping unit and the other don’t have it, the transmission probability with

and without the vacuum pumping unit was calculated. The pumping speed

of the pump was set to 2500 L/s which is the nominal pumping speed of the

pump unit in KAGRA.

transmit the duct shield without any reflection and the cryogenic molecules

that transmit the duct shield by reflecting the wall of the duct. The total con-

ductance the duct shield Cds is given by the summing rule of the conductance

as

Cds = Croom + Ccryo, (3.17)

where Croom and Ccryo are the conductance of the room temperature and the

cryogenic molecules. The ratio between the number of molecules that input

to the cryogenic surface and that adhere to the surface is called the sticking

coefficient Pab. The sticking probability is the temperature dependence and

studied in [78]. According to the report, the sticking coefficient for tempera-

ture Pab(T ) is given as

Pab(T ) = α (1− tanh (β (T − γEdes))) , (3.18)

where α = 0.5, β ∼ 0.11 and γ ∼ 0.042 are the parameters to reproduce the

experimental results, and Edes is the desorption energy of the molecules that

we interest. Table (3.2) summarizes the desorption energy Edes for H2O, N2

and O2 molecules in unit Kelvin. Figure (3.8) shows the sticking coefficient for

the temperature of the surface. Here we assume that the sticking coefficient of

the duct shield follows the Eq.(3.18). As shown in the Fig.(3.8), the sticking

coefficient of the duct shield that cooled to 100 K is 1 for H2O molecules, and

that is 0 for N2 and O2 molecules. Figure (3.9) shows the simulated result

of the transmission probability of the duct shield for the sticking coefficient.

The simulated model is the same as Fig.(2.7).
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We denote the transmission probability of the duct shield for the sticking

coefficient Pab as Kds(Pab). Then, the conductance for the room temperature

molecules that transmit the duct shield directory Croom and the conductance

for the cooled molecules that transmit the duct by reflecting the wall Ccryo

are rewritten as

Croom = C0(Troom)Kds(Pab = 1) (3.19)

Ccryo = C0(Tcryo) (Kds(Pab)−Kds(Pab = 1)) (3.20)

Taking these effect into account, the conductance of the duct shield Cds are

calculated as shown in Fig.(3.10). Especially for the duct shield of 100K, the

conductance for H2O, N2 and O2 are

Cds =


0.6887± 0.008 (H2O),

0.834± 0.001 (N2), m3/s

0.849± 0.001 (O2).

(3.21)

Unit: K H2O N2 O2

Edes 6000 1250 [78] 1310 [78]

Table 3.2: Desorption energy of H2O, N2 and O2 molecules

3.5.3 Hitting probability

At last, here we consider the hitting probability of molecules that reach the

80 K radiation shield. When molecules reach the 80 K radiation shield, the

molecules go into the cryostat, and some of the molecules do not reach the

surface of the test mass because there is the space between the radiation

shield and the test mass. We define the hitting probability H as the ratio

between the number of molecules that reach the 80 K radiation shield and

that hit the coating surface of the test mass.

As shown in the Fig.(3.11), the distance between the edge of the duct

shield and the mirror is 825 mm, and the entrance of the shield is the cylin-

drical tube 270 mm in diameter and 90 mm long.

When the molecules reach to the 80 K radiation shield, these molecules

have the spatial and angle distribution depending on the sticking probability

of the duct shield, and it’s not able to input any spatial and angle distributed
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Figure 3.8: Calculated sticking probability of H2O, N2 and O2 molecules for

the surface temperature.

desorption from the surface in Molflow+. To solve the problem, the transmis-

sion probability of the space and the duct shield was calculated at the same

time as shown in the Fig.(3.11). The total transmission probability Ktot is

given by the multiplication of that of the duct shield Kds and this space Kspa.

Hence, the transmission probability of this part is given as

Kspa =
Ktot

Kds

. (3.22)

By changing the sticking coefficient of the duct shield, the total transmission

probability was simulated. Figure(3.12) shows the simulated result. For the

sticking probability of 100 %, the transmission probability is Kspa−100% =

0.49947 ± 3.4× 10−5, and it is Kspa−0% = 0.0530 ± 0.00015 for the sticking

probability of 0 %.
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Figure 3.9: Simulated transmission probability of the duct shield for various

sticking factor. Blue line shows the transmission probability when the sticking

probability equals zero. The difference of the blue line and the red dot implies

the number of adsorbed molecules. When the sticking probability is one, all

of the transmitted molecules are not reflected by the wall.
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Figure 3.10: Simulated conductance of the duct shield. Gray, red and blue

lines are the conductance of the duct shield for N2, O2 and H2O molecules. At

the cryogenic limit, these conductance are independent from the temperature

of the duct shield because the conductance is affected only by the molecules

that transmit the duct shield without any reflection at the cryogenic surface.

Figure 3.11: Model for the conductance simulation of the space between the

duct shield and the test mass. The particles are injected from the facet shown

with the green color, and the number of particles that reach to the pink lines

are counted. The ratio between the number of particles that reach pink lines

gives the hitting probability of the space.
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Figure 3.12: Simulated result of the hitting probability. Using the model as

shown in the Fig.(3.11), the ratio between the number of the particles that

reach to the 80 K radiation shield and that hit the mirror surface is calculated.

When the sticking probability is around 1, the spatial and the incident angle

distribution are already narrow enough to reach the mirror surface and the

hitting probability is large, about 0.5. On the other hand, the spatial and

angle distribution are the random, and many numbers of molecules do not

reach the mirror surface though many molecules reach the 80K radiation

shield, and the hitting probability is about 0.05.
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3.6 Molecular flux

Using the simulated values, the molecular flux to the cryogenic mirror is

calculated. Here we consider the molecular flux from the 17 m away from

the cryostat. In this case, the conductance of the system Csys is given by the

composition of the conductance of the 12 m beam duct C12m as

Csys =
1

1
C12m

+ 1
Cds

=


0.6446 ± 0.0072 (H2O),

0.7559 ± 0.0012 (N2) m3/s,

0.7632 ± 0.0012 (O2).

(3.23)

Here we assume that the partial vacuum pressure of H2O, N2 and O2 at

17 m away from the cryostat are the same as P17m = 1 × 10−7 Pa. The

multiplication of P17m, Csys and the hitting probability Kspa of the space

between the 80K radiation shield and the mirror surface gives the molecular

flux Qflux to the cryogenic mirror as

Qflux = CsysKspaP17m =


3.22× 10−8 ± 3.6× 10−10 (H2O),

4.01× 10−9 ± 1.3× 10−10 (N2) Pam3/s,

4.04× 10−8 ± 1.3× 10−10 (O2).

(3.24)

Note that, the sticking probability of 1 is assumed for H2O molecules, and

that of 0 is assumed for N2 and O2 molecules.

3.7 Molecular layer formation speed

Molecular flux is the number of incident molecules to the cryogenic mirror

in unit time. The factor m
SρkBT

, where S is the area of the cryogenic surface,

changes the molecular flux to the molecular layer formation rate [79]. Hence,

the molecular layer formation speed η on the KAGRA cryogenic test mass is

calculated as

η =
m

SρkBT
CsysP17m =


0.562 ± 0.0063 (H2O),

0.299 ± 0.0097 (N2), nm/day

0.233 ± 0.0075 (O2).

(3.25)

Note that the parameters in the table (3.3) were used.

The result implies that after the 1 year of the operation, the thickness of

the molecular layer growth to the order of 100 nm, even if KAGRA vacuum
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system get the final configuration. In the current situation, the configuration

of the KAGRA vacuum system is not the finalized and the number of pumps

is limited, the nominal vacuum pressure is the order of 10−6 Pa. In this

situation, the molecular layer can be thicker than the calculation above.

Before the actual cooling of the test masses, it was needed to show the

molecular layer formation on the cryogenic mirrors and characterize it exper-

imentally. In the next chapter, the experiment that was done to characterize

the molecular layer formation in KAGRA is introduced.

Molecule H2O N2 O2 Unit

Density 940 [80] 1026 [81] 1520 [82] kg/m3

Mass 2.99× 10−26 4.65× 10−26 5.32× 10−26 kg

Temperature 300 100 100 K

Table 3.3: Parameters to calculate the speed of the molecular layer formation.
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Chapter 4
CHARACTERIZATION OF THEMOLEC-

ULAR LAYER FORMATION IN KA-

GRA

It is important to experimentally prove the fact that molecular layer grows

up on a cooled mirror in a cryogenic GWD. To measure the molecular layer

growth, the small optical cavity was put inside the KAGRA cryostat, and its

finesse was monitored. This section introduces the principle, setup, result and

the discussion of the experimental evaluation of the molecular layer formation.

4.1 Principle of molecular layer formation mea-

surement

4.1.1 Reflectivity of a cryogenic mirror with a molecu-

lar layer

The optical property of the coating is determined by the Fresnel coefficient.

The Fresnel coefficient ρ between two materials that have the refractive index

of n1 and n2 is given as

ρ =
n1 − n2

n1 + n2

. (4.1)

Regarding the two boundaries as one composite boundary, the total Fresnel

coefficient ρtot is written as

ρtot =
ρ1 + ρ2e

−2iδ

1 + ρ1ρ2e−2iδ
, (4.2)

where ρ1 and ρ2 are the Fresnel coefficient of two boundaries, and δ is the

optical phase shift that between two boundaries. The power reflectivity of



84 Chap.4 Characterization of The Molecular Layer Formation in KAGRA

the boundary R0 is given by the Fresnel coefficient as R0 = |ρ|2.
From the discussion above, once the power reflectivity of the mirror R0

which is measured in vacuum is given, the Fresnel coefficient between vacuum

and the coating ρvc is calculated as ρ0 = −
√
R0. If the mirror put in the

medium, the power reflectivity of the mirror R differs from that R0 measured

in vacuum or air as shown in Fig.(4.1).

Figure 4.1: Fresnel coefficient and the power reflectivity of the coating. In

the GW field, the dielectric multilayer coating is applied on the substrate to

archive the high and low reflectivity. The Fresnel coefficient of the coating

ρ is given by the power reflectivity of the coating R0 as ρ = −
√
R0. If the

coating is covered by the medium whose refractive index is not the same as

the vacuum, the power reflectivity R of the coating differs from the reflectivity

R0 which is measured without any medium on the top.

As explained in Chapter 2, the coating of the mirror in a GWD is the

dielectric multilayer coating which stacks high and low refractive materials

alternatively on the substrate controlling the thickness of each layer to achieve

high or low reflectivity. To protect the coating, the low refractive index layer

is stacked on the low refractive index layer at the top, and this part is called

the cap as shown in Fig.(4.1). Hence, the Fresnel coefficient between the

vacuum and the coating ρ0 is the result of the composition of the Fresnel

coefficients between the vacuum and the cap ρvc and that between the cap
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and the lower coating layers ρ1,

ρ0 =
ρvc + ρ1e

−2iδcap

1 + ρvcρ1e−2iδcap
=

ρvc + ρ1
1 + ρvcρ1

. (4.3)

So the Fresnel coefficient between the cap and the lower coating layers is given

as

ρ1 =
ρ0 − ρvc
1− ρvcρ0

. (4.4)

Now we consider the mirror with a molecular layer on the top of the

coating. Composition of the Fresnel coefficient between the cap and the lower

coating ρ1 and that between a molecular layer and the cap ρmol =
Nmol−ncap

Nmol+ncap
,

where Nmol is the complex refractive index of the molecular layer, gives the

Fresnel coefficient between the molecular layer and the coating ρ′ as

ρ′ =
ρmol + ρ1e

−2iδcap

1 + ρmolρ1e−2iδcap
,

=
ρmol(1− ρvcρ0) + ρ0 − ρvc
1− ρvcρ0 + ρmc(ρ0 − ρvc)

,

=
ρmol(1 + ρvc

√
R0)−

√
R0 − ρvc

1 + ρvc
√
R0 − ρmol(

√
R0 + ρvc)

. (4.5)

Finally, the composition of ρ′ and the Fresnel coefficient between the vac-

uum and the molecular layer ρvm = n0−Nmol

n0+Nmol
gives the total Fresnel coefficient

of the coating ρ with the molecular layer as

ρ =
ρvm + ρ′e−2iδmol

1 + ρvmρ′e−2iδmol
, (4.6)

=
ρvm

(
1 + ρvc

√
R0 − ρmol(

√
R0 + ρvc)

)
+
(
ρmol(1 + ρvc

√
R0)−

√
R0 − ρvc

)
e−2iδmol(

1 + ρvc
√
R0 − ρmol(

√
R0 + ρvc)

)
+ ρvm

(
ρmol(1 + ρvc

√
R0)−

√
R0 − ρvc

)
e−2iδmol

,

where δmol is the optical phase shift inside the molecular layer. Figure(4.2)

shows the power reflectivity of the mirror R(dmol) = |ρ|2 as the function of

the thickness of the molecular layer for the various original power reflectivity

R0.

As shown in Fig.(4.2), the reflectivity of the mirror periodically changes

with the growth of the molecular layer. Furthermore, the amplitude of the

reflectivity oscillation depends on the original reflectivity of the mirror R0.

This phenomena briefly shows the fact that the reflectivity oscillation is the

result of the interference of the light reflected by the coating and the molecular
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layer. Hence, considering the 1st order of the reflected light, the relative

amplitude of the reflectivity oscillation to the original coating becomes 100

% when the molecular layer and the coating reflect the same amount of light.
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Figure 4.2: The power reflectivity of cryogenic mirror with a growing molec-

ular layer on the top of the coating for various initial Fresnel coefficient

(ρ0 = −0.8, 0.9 and 0.99).

4.1.2 Optical absorption and scattering

The optical absorption and the scattering affect to the finesse of a FP cavity.

Here we introduce the optical absorption and the scattering to evaluate the

experimental result.

Optical absorption

When laser light passes through a molecular layer, it absorbs a part of laser.

The laser power density inside a medium I(z) follows the Lambert-Beer law
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as

I(z) = Is exp (−αz) , (4.7)

where z implies the depth of a medium from its surface, Is is the laser power

density at z = 0 and α is the absorption coefficient which is re-written using

a complex refractive index of medium N as α = 4π Im(N)
λ

. The distribution of

the Gaussian beam is described as

Is(r) = I0 exp

(
−2r2

ω2
0

)
, (4.8)

=

(
2P0

πω2
0

)
exp

(
−2r2

ω2
0

)
, (4.9)

where ω0 is the radius of the Gaussian beam and P0 is the laser power,

respectively. Combining eq.(4.7) and eq.(4.8) gives the expression of the

gaussian distributed laser power density inside the medium I(r, z) as

I(r, z) =

(
2P0

πω2
0

)
exp

(
−2r2

ω2
0

− αz

)
. (4.10)

The laser power which is absorbed by the volume element rdrdθdz of a

medium A(r, z) is

A(r, z) = (I(r, z)− I(r, z + dz)) rdrdθ, (4.11)

= −∂I(r, z)

∂z
rdrdθdz, (4.12)

= α exp

(
−2r2

ω2
0

− αz

)
rdrdθdz, (4.13)

and, the total laser power absorbed by a molecular layer of thickness dmol is

Atot = −
∫ ∞

0

dr

∫ 2π

0

dθ

∫ dmol

0

r
∂I(r, z)

∂z
dz = P0(1− exp(−αdmol)). (4.14)

Under the assumption that the absorption coefficient is very low and the

thickness of the molecular layer is very thin, the amount of the absorption is

approximated as

Atot ∼ P0αdmol. (4.15)
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Scattering

The light scattering is caused by surface roughness. Here we consider the op-

tical scattering at the surface which has the reflectivity R. The ratio between

the amount of the total reflected light including the scattering light and the

scattering light is called total integrated scattering (TIS), and it is defined

as [83]

TIS =
Psca

P0R + Psca

∼ Psca

P0R
(4.16)

where P0 is the incident laser power and Psca is the power of the scatted light.

According to the reference [84], TIS is calculated for the laser light whose

angle of incident (AoI) to the surface is AoI = 0◦ as

TIS = 1− exp

[
−
(
4πσrel

λ

)2
]

(4.17)

with

σ2
rel = 2π

∫ 1/λ

f=0

PSD(f)fdf, (4.18)

where PSD is the surface power spectral density and f is the spatial density.

Now we assume the uniform molecular injection to a cryogenic mirror.

Then the incident molecular flux to the unit area of the mirror surface follows

the Poisson distribution. Hence, the standard deviation σ<N> of the number

of molecules in a certain area is given by σ<N> =
√
< N >, where N is the

average of the number of molecules. The relation between the thickness t of

the molecular layer and the number of molecules N is given as

t = N

(
Mρ

NA

)1/3

(4.19)

where ρ kg/m3 is the density of the molecular layer, NA is the Avogadro

constant, and M kg/mol is the molar mass. From Eq.(4.19), the relation

between the mean thickness < t > of the molecular layer and its standard

deviation σ<t> is written as

σ<t> =

(
Mρ

NA

)1/3√
< N > =

(
Mρ

NA

)1/6√
< t >. (4.20)

Using these relations, the thickness of the molecular layer at a certain area

follows the normal distribution with < t > and σ<t>.
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PSD which follows this distribution is calculated as [85]

PSD(f) = πσ2
<t>ξ

2 exp
(
−(πfξ)2

)
, (4.21)

where ξ is the correlation length that characterizes the periodic length of the

roughness along the surface. After all, the power Psca of the scatter light is

given as

Psca ∼ P0R

(
1− exp

[
−
(
4πσrel

λ

)2
])

, (4.22)

= P0R

(
1− exp

[
−32π4σ2

<t>ξ
2

λ2

∫ 1/λ

f=0

e−(πfξ)2fdf

])
. (4.23)

Figure (4.3) shows the ratio between the incident laser power and the

power of the absorbed or the scattered light for the thickness of the molecular

layer. In this figure, H2O molecules, which have the complex refractive index

of N = 1.3−(1.0×10−6)i, are the component of the molecular layer. The cal-

culation of the scattered light for three correlation lengths, ξ = σ<t>, σ<t>/10

and σ<t>/100, are plotted. The amount of the scattered light is largely de-

pending on the correlation length of ξ, and it’s depending on the configuration

of the system [86]. Considering the uniform molecular injection to the sur-

face, ξ becomes short because it forms the tidy and smooth surface, and it is

reasonable to neglect the optical loss due to the scattering below 1 µm of the

molecular layer thickness if we assume the correlation length of ξ = σ<t>/10.

4.1.3 Principle of the finesse measurement

The finesse shows the sharpness of the resonance, and it characterizes the

optical cavity. Finesse F is the parameter which indicates the performance of

an optical cavity. It is defined as Eq.(1.37) by the reflectivity of the mirrors,

r1 and r2. The finesse of the FP cavity with a molecular layer on one of the

mirrors that compose the cavity is written as

F(dmol) =
π
√
r1(dmol)r2

1− r1(dmol)r2
. (4.24)

There are several ways to measure the finesse of the optical cavity. Here,

we introduce the response function of the optical cavity first. We denote the
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Figure 4.3: Comparison of the amount of optical absorption and scattering.

The ration of the absorption and scattering to the incident laser power is

calculated using the Eqs. (5.15) and (4.22). To calculate the absorption,

H2O layer is assumed (Imag(N) = 1.0 × 10−6). To calculate the scattering,

the correlation length is assumed to be ξ = σ<t>, σ<t>/10 and σ<t>/100.

According to the result, it is reasonable to neglect the scattering when the

thickness of the molecular layer is below 1µm.

input electric field as Ei, then the transmitted electric field from a FP cavity

Et is written by Eq.(1.31) as

Et =
t1t2e

−iΦ
2

1− r1r2e−iΦ
Ein = a (Ω)Ein, (4.25)

with a (Ω) = t1t2e
−i Φ2

1−r1r2e−iΦ and Φ = 2LΩ/c, where L and Ω are the length of the

cavity and the angular frequency of light.

The electric field of the intensity modulated light is described as

Ein = E0

[
1 + ξeiωt + ξe−iωt

]
e−Ωt, (4.26)

where ξ and ω are the modulation depth and the angular modulation fre-

quency. The transmitted light of the FP cavity to the intensity modulated
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light is

Et = E0

[
a (Ω) + ξa (Ω + ω) eiωt + ξa (Ω − ω) e−iωt

]
eiΩt. (4.27)

When the carrier light satisfies the resonant condition of the FP cavity, Φ =
2L
c
Ω = 2mπ, where m is an integer, and it is equivalent to set Φ = 0 in the

function a(Ω). Then, equation (4.28) is rewritten as

Et = E0

[
a (0) + ξa (ω) eiωt + ξa (−ω) e−iωt

]
eiΩt. (4.28)

From now, we denote a (Ω) as aΩ.

We focus on the components which have angular frequency of Ω+ω, then

the transfer functionH from the input electric field to the transmitted electric

field is

H =
Et(ω)

Ein(ω)

= aω =
t1t2e

−L
c
ω

1− r1r2e
−i 2L

c
ω
, (4.29)

and the gain of the transfer function is

|H| = a0√
(1− r1r2)

2 + 4r1r2 sin
2
(
L
c
ω
) ∼ a0√

1 + (τfpω)
2

(4.30)

with

τfp =
2LF
πc

, (4.31)

where F =
π
√
r1r2

1−r1r2 . Equation (4.30) shows that the FP cavity works as the 1st

order low pass filter with the time constant of τfp to the intensity fluctuation.

Equation (4.30) gives the step response of the FP cavity as

L−1

[
1

s

a0
1 + τfps

]
= a0(1− e−τfpt). (4.32)

Next, we consider the transient response of the transmitted laser power to

the modulated input laser. We write the input electric field modulated like a

step function as

Ei(t) =

{
|Ei|eiΩt t < 0,

|Ei − ξ|eiΩt 0 ≤ t.
(4.33)

The transmitted light is described by Eq.(4.32) as

Et(t) =

{
a0Eie

iΩt t < 0,

a0
[
Ei −

(
1− e−t/τfp

)
ξ
]

0 ≤ t,
(4.34)
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and detectable transmitted laser power at t ≥ 0 is

Pt(t) ∼


a20 |Ei|2 (ξ = 0),

a20
[
|Ei| − 2Eiξ

(
1− e−t/τfp

)]
(ξ ≪ Ei),

a20 |Ei|2 e−2t/τfp (ξ ∼ Ei).

(4.35)

Equation (4.35) says that the time constant of the transmitted light is the

function of the modulation depth ξ. When the modulation depth is enough

smaller than the amplitude of the input laser electric field, the transient

response of the FP cavity has the time constant τfp. On the other hand

when the modulation depth is comparable with the amplitude of the input

laser electric field, the measurable time constant is τfp/2. Figure (4.4) shows

the transient response of the FP cavity for two cases, ξ
Ei

=0.05 and 1. As

discussed above, the time constant of the FP cavity changes depending on

the modulation depth ξ.

Finally, we note the advantage of the finesse measurement. To measure

and characterize the molecular layer formation, the measurement of the re-

flectivity of the cryogenic mirror is more simple. Though, the measurement

of the reflectivity is much difficult to analyze if there is another cryogenic

part that the laser light passes through or reflects. The molecular layer is

possible formed on the other cryogenic optics and it contaminates the signal

that we want to measure. Hence, in principle, we need to know the thickness

of the molecular layer on all of the cryogenic optics if we try to characterize

the molecular layer through the reflectivity measurement. On the other hand,

the measurement of the finesse is the measurement of the time constant which

is not affected by the transmissivity and reflectivity change of other cryogenic

optics. In other word, the measurement of the finesse is less susceptible to

the systematic error, and the components of the systematic errors are only

the time constant of the laser shutter system and the photo detector. By

choosing the products, it is possible to lower these systematic errors not to

contaminate the measurement. This is the largest advantage of the finesse

measurement.
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Figure 4.4: Transient response of a Fabry-Perot cavity for the modulation

depth of ξ
Ei

= 0.05(red curve) and 1(blue curve). Black dashed line shows the

input laser power, and two points on the transient response curve correspond

to the time constant of each curve. Parameters are as follows: F ∼ 3000,

L = 1 m, and τfp ∼ 6.7µsec.

4.2 Experimental setup and equipment

4.2.1 Location

To evaluate the molecular layer formation on a cooled mirror, the KAGRA

cryostat for the input test mass (IYC), and the vacuum system around the

IYC were used. Figure (4.5) shows the position of the IYC in KAGRA and

the appearance of the surroundings. The IYC is the cryostat for one of the

KAGRA input test mass, and the cryogenic system is the same as the other

cryostats as explained in Chapter 2. Because the IYC is good access so the

experiment can be smoothly set up. Further, because the cryostat for another
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input test mass (IXC) was occupied for the experiment with the KAGRA

main laser, the IYC was used for this experiment.

The purpose of this experiment is to confirm and characterize the molec-

ular layer formation on a cooled mirror in KAGRA using the experimental

data and the simulations. For this purpose, the small FP cavity was set in-

side the ITMY cryostat to have a solid angle against the beam duct between

the cryostat and the BS. The optics to inject the laser to the cavity and to

monitor the transmitted light from the cavity were set across the duct shield

as shown in Fig.(4.5). These optics are detailed in the following subsection.

Including the cryostat and the optics, all of the systems are inside the

cleanroom composed of the KOACH filters as shown in Fig.(4.5). The KOACH

filters are composed of the HEPA filter and the ULPA filter, and it can make

the air that satisfies the ISO standard class 1. The KOACH filter introduces

the vibration to the optics and disturbs the measurement, they were turned

off during the measurement.

Initially, the period for the experiment was planned for about 2.5 months,

2 weeks for the construction of the setup, and 1.5 months for the measurement

at cryogenic temperature. However, due to the trouble in the vacuum and

the cryogenic systems, the measurement was shortened to about 1 month.

4.2.2 Optics overview

Here we introduce the overview of the optics for this experiment. Figure 4.6

shows the experimental setup of the finesse measurement of the FP cavity.

The input optics was designed to match the laser spatial mode to the

cavity eigenmode, to control the FP cavity and to shut the incident laser off

quickly to measure the transient response of the FP cavity. The laser profile

was shaped using the lenses, and it was guided to the FP cavity inside the

cryostat. To keep the FP cavity at resonant state before shutting the laser

power off, the Pound-Drever-Hall (PDH) method was utilized [87], and the

error signal was fed back to the laser frequency tuning PZT. To shut down the

input laser power quickly and completely, an acoust optic modulator (AOM)

was set and the first-order laser beam was injected to the FP cavity. The time

constant (τfp) of the FP cavity was measured by monitoring the transmitted

light, which includes the transient response of the FP cavity, with a high-

speed photodetector. It was confirmed that the shutter speed of the AOM

and the response of the photodetector were faster than the expected time
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Figure 4.5: The conceptual image of the experimental location. (a)The ex-

periment was done using the KAGRA IYC. The cryostat and surroundings

are in the clean booth which is composed of the KOACH filters. The input

and output optics were located at the BS side of the cryostat on the opposite

side across the duct. (b)The picture of the IYC and its clean booth. The

entrance of the clean booth is the opposite side. and the door in the picture

was not used to enter the booth.

constant of the FP cavity. The FP cavity was installed inside the cryostat,

on the 8K radiation shield. The optical axis of the FP cavity is 30◦ tilted

against the beam axis of KAGRA. To adjust the height of the FP cavity

mirrors to that of the KAGRA sapphire mirrors, the FP cavity was set on a

stainless-steel table, and connected to the bottom of the inner radiation shield

of the cryostat by pure aluminum heat links to maintain sufficient thermal

conductivity. The output optics was set to monitor the transmitted light of

the FP cavity and monitor the transient response.

Following subsections detailed the optics.

4.2.3 FP cavity

The FP cavity which was installed inside the cryostat is the sensor to measure

the molecular layer formation on one of the mirrors. Figure (4.7) shows
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Figure 4.6: Optics overview. Input optics were constructed to control the

laser frequency to maintain the resonance of the FP cavity and to shut down

the injected laser beam rapidly by the AOM. The injection angle of the laser

to the FP cavity is 30◦ tilted from the beam axis of KAGRA. FI: Faraday iso-

lator, AOM: acoust optic modulator, EOM: electro optic modulator, PDrefl:

photodetector to detect the reflected light from the FP cavity, PDtrans: pho-

todetector to detect the transmitted light from the FP cavity.

the design of the FP cavity. Two mirrors are mechanically attached to the

metal spacer to fix the length of the cavity using the caps. The spacer and

the caps are made of stainless steel 304. Between the cap and the mirror,

by pinching the indium foil 0.5 mm in thickness, the contact area for the

thermal conduction cooling was ensured. On the other hand, the indium foil

was not put between the mirror and the spacer, because it possibly causes the

misalignment during the cooling due to the thermal shrink. The thermometer

DL-670 manufactured by Lake Shore Cryogenic Inc. was attached on the cap

of the end mirror to monitor the temperature of the mirror. The length of

the spacer, which is the same as the length of the cavity, is 170mm, and the

cross section is 31 mm × 45mm. Along the longitudinal axis, there is the

through hole, 20mm in diameter, for the light to round trip. The feature

of this spacer is the large window, 70 mm × 25 mm in cross section, for

the molecules coming from the beam duct to reach one of the mirrors. The

other side of the mirror doesn’t have the solid angle to the beam duct and

the room temperature region, and under the assumption that there is no

desorption from the cryogenic surface, the molecular layer is formed only on

the mirror near the window.
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Table 4.1: Mechanical dimension and spec of the mirrors

Material Fused silica

Diameter 25.4 mm

Thickness 8.0 mm

Radius of curvature (Input/End) Flat/1.0 m

Coating material SiO2/Ta2O5

Power transmittance (Input/End) 20 / 16 [88] ppm

The attached mirrors are made of fused silica, 25.4mm in diameter and

8mm in thickness. The input mirror is the flat mirror, and the end mirror is

the curved mirror with 1 m of the radius of curvature. Using the Eqs.(1.41),

(1.43) and (1.44) with these parameters, the waist position of the eigenmode

of the cavity is at the input mirror, and the beam radii are calculated as 0.357

mm at the input mirror and 0.392 mm at the end mirror.

Table (4.1) shows the mechanical and the optical spec of the input and

end mirrors.

As shown in the Fig. (4.8), the optical cavity was set on the table to match

the height of the cavity to the optical axis of the KAGRA arm cavity. The

table is mainly made of stainless steel, and the plates made of aluminum are

attached on both side of the table to fix firmly. The table was directly put on

the 8 K radiation shield and the total height of the table is 400 mm. The angle

between the cavity axis and the KAGRA arm cavity axis is 30 degrees, and

the center of the end mirror is about the center of the anti-reflection coating

of the ITMY mirror. On the table, one of the steering mirror is also fixed to

lead the transmitted light from the cavity to the output optics. The mirror

is the total reflection mirror for the angle of incident of 45 degree, and it is

held using the vacuum compatible mirror holder VMHG-25.4 manufactured

by SIGMAKOKI Co., LTD.. All of the screws and the springs are detached

in consideration of misalignment during the cooling process. To cool the

table and the cavity efficiently, four of the pure aluminum plates 0.5mm in

thickness were attached along the poles of the table.

4.2.4 Input optics

The laser source is the nonplanar ring oscillator laser model 126L-1064-100

manufactured by IXL Lightwave. The wavelength is λ0 = 1064 nm, and the
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Figure 4.7: Design of the FP cavity. The spacer is made of 316L stainless

steel and the cavity length is 170 mm. This spacer has a side window to

expose the target cavity mirror to the room-temperature beam duct, from

where molecules come. The other side of the mirror did not face the room-

temperature area, and thus the molecular layer is formed only on the former

mirror and the change of finesse is induced by the molecular layer on the target

mirror. The temperature of the FP cavity was monitored by a thermometer

that was attached near the target mirror.

output laser power is P0 = 100 mW in the spec value, but the actual output

was 50 mW due to the aging.

Figure (4.9) shows optical configuration of the input optics with its pic-

ture. The input optics was constructed on the optical table whose size is 800

mm × 450 mm. Using the optical table and the reflective mirrors, the length

of the optical path from the exit of the laser source to the input mirror of

the cavity was set to 3800 mm, 2425 mm from the exit of the laser to the

periscope and 1375 mm from the periscope to the input mirror of the cavity.

Hence, using 1750 mm of the optical path on the optical table, the laser is

needed to shape to match the eigenmode of the cavity.

First, the profile of the laser was measured using the knife-edge type beam

profiler model 135KP501 manufactured by MELLES griot. By moving and

measuring the beam diameter every 25 mm, the beam profile was evaluated.
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Figure 4.8: Picture of the FP cavity inside the cryostat. The FP cavity is on

the table made of stainless steel. The height and the length of the table are

400mm and 250 mm, respectively.

Figure (4.10) is the result of this measurement. The distance z was counted

from the exit of the laser. As a result, it was found that the laser has a radius

of 143 µm at its waist position on average, and the waist position is 2.4 mm

outside of the laser on average.

Using this result, the arrangement of the mode matching optics is needed

to design to achieve the waist size of ω0 = 0.357 µm at the input mir-

ror of the cavity z = 3900 mm. Using Jammt which is the software de-

veloped to simulate the propagation of the Gaussian beam, the set of the

position z and the focal length f of the lenses were set to be (z, f) =

(170, 150), (1500, 200) and (2100, 300) to match the mode more than 90%.

Using the result of the simulation and by tweaking the position of the

lenses, the spatial mode of the laser was shaped to match the cavity eigen-

mode. Figure (4.11-a) shows the achieved spatial mode of the laser. The

waist size was ω0 = 414 µm on average and the waist position was z = 3906
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Figure 4.9: Optical path and components of the input optics. The input

optics was made on the optical table whose size is 800 mm × 450 mm. AOM,

EOM, lenses and PD are the main components of the input optics.

mm. To shorten the time to adjust the optics at the KAGRA site, the optics

were once built in KEK, and the position of each component was marked

on the optical table, and removed and transport all of the optics, and built

following the mark at KAGRA site again. The shaped beam profile was mea-

sured at KAGRA site again and the waist size was ω0 = 364 µm on average

and the waist position was z = 3760 mm as shown in Fig.(4.11-b). Because

the size of the optical table was limited, only the beam radius far from the

waist could be measured at the KAGRA site, and it is considered to give

the gap of the evaluated beam profile between KEK and the KAGRA site.

Figure (4.12) shows the comparison of the whole laser propagation measured

at KEK and the KAGRA site. The optics that reconstructed at the KAGRA

site reproduced the optics designed in KEK well.
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Figure 4.10: Beam profile of the laser source. The profile of the laser was

evaluated by measuring the beam radius at some points. The beam radius

along the vertical and the horizontal axes are measured. The origin of the

distance z = 0 is the exit of the laser. The beam radius are ωV = 157 µm at

the waist position z0V = 2.6 mm for the vertical axis, and ωH = 129 µm at

the waist position z0H = 2.2 mm for the horizontal axis.

4.2.5 Acoust Optic Modulator and photo detector

Acoust optic modulator (AOM) is usually used to apply the intensity modu-

lation to the input laser. An AOM is composed of a crystal and a transducer.

The transducer changes the input signal to the acoustic wave inside the crys-

tal, and the input laser is diffracted by these acoustic waves. By changing

the amplitude of the input signal, the amplitude of the diffracted laser can

be changed.

In this experiment, the AOM model manufactured by Brimrose Co. was

used. The driving frequency is 80MHz and it is supplied from the AOM

driver circuit. On the AOM driver circuit, there is the port to apply the
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(a)

ωV = 414 ± 6μm

ωH = 414 ± 6.4μm
z0V = 3863 ± 5.6mm

z0H = 3948 ± 7mm

Fitting results
ωV = 392 ± 15μm

ωH = 336 ± 20μm
z0V = 3840 ± 47mm

z0H = 3680 ± 67mm

Fitting results

(b)

Figure 4.11: Beam profile at the FP cavity. The target beam radius is ω = 356

µm at the waist position z0 = 3800 mm. (a)Beam profile at the FP cavity

measured in KEK. The beam radius are ωV = 414 µm at the waist position

z0V = 3863 mm for the vertical axis, and ωH = 414 µm at the waist position

z0H = 3948 mm for the horizontal axis.(b)Beam profile at the FP cavity

measured at KAGRA site. The beam radius are ωV = 392 µm at the waist

position z0V = 3840 mm for the vertical axis, and ωH = 336 µm at the waist

position z0H = 3680 mm for the horizontal axis.

modulation signal to the driving signal. By applying the modulation signal

to this port, the diffracted laser is modulated. When the DC offset is applied

to the modulation port, the diffracted laser is continuously supplied to the

downstream of the optics.

The AOM was used as the beam shutter to measure the transient response

of the FP cavity. For this purpose, the diffracted laser was supplied to the

downstream and the rectangle signal was applied to the modulation port of

the AOM driver to shut the laser quickly. To measure the transient response

of the FP, the photo detector model 1811 manufactured by New Focus Inc.

was put at the output optics. The response width of the PD is 125 MHz in

spec.

The total response of the AOM and the PD must be enough faster than

the transient response of the FP cavity. As discussed above, the time constant

of the FP cavity is expected to be τFP = 10 µs. To check the total response

of the AOM and the PD, the transient response of the AOM and the PD

was evaluated using the setup shown in Fig.(4.13). The quarter wave plate
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Figure 4.12: Comparison of the laser propagation measured at KEK and at

the KAGRA site. Blue and red lines are the laser propagation measured at

KEK and at the KAGRA site. The optics was reconstructed at KAGRA site

following the marks on the optical table which were put at KEK after the

tweaking of the optics.

(λ/4 plate) changes the circular polarization to the linear polarization, and

then, the half wave plate (λ/2) adjust the direction of the linear polarization

to maximize the transmissivity of the faraday isolator (FI). The diffracted

laser is directly inject to the PD and the rectangular signal is applied to

the modulation port of the AOM driver. Then the transient response of the

system was evaluated.

Figure (4.13) shows the measured total transient response of the AOM and

the PD, and the signal was totally corrected 100 times. It looks that there

are two transient response in the curve, so the curve was fitted by assuming

the transient function f(t)

f(t) = a exp

(
− t

τ1

)
+ b exp

(
− t

τ2

)
+ c, (4.36)

where a, b, c are the parameters, and τ1 and τ2 are the time constant of the

curve. As the result of the fittings, the time constants are τ1 = 0.016± 8.5×
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10−5 µs and τ2 = 0.027 ± 0.0002 µs as shown in the Fig.(4.15). Both time

constants are much faster than the expected time constant of the FP cavity.

Figure 4.13: Experimental setup to measure the transient response of the

AOM and the PD. The diffracted laser is directly inject to the PD and the

rectangular signal is applied to the modulation port of the AOM driver. Then

the transient response of the system was evaluated.

4.2.6 Vacuum and cryogenic system

As discussed above, the experiment was performed with the FP cavity which

was put inside the cryostat for the ITMY. KAGRA vacuum system was sep-

arated for the experiment using the gate valves between the cryostat and

the BS, and the cryostat and the arm duct as shown in Fig. (4.5), and the

total length of the vacuum system is about 55 m. The dry pump model

NeoDry36EU-020B manufactured by Kashiyama Industries, Ltd. and the

molecular turbo pump model STP-iX3006 manufactured by Edwards were

used to evacuate the system. Two units of these pumps are set at the middle

of the beam duct as shown in Fig. (4.5). The vacuum pressure was monitored

about 5 times per day during the pumping using the vacuum gauge which

was set near the pump unit, and it was monitored 2 times per day after the

enough pumping. When the vacuum pressure reached 7.9 × 10−4 Pa, the

cryogenic system was turned on to cool the system down.

Figure (4.16) shows the vacuum pressure and the temperature change

during the experiment. The vacuum pressure drastically changed just after

each pump and the cryogenic system were turned on. When the temperature

of the 80K radiation shield reached to about 250 K, the vacuum pressure

stated to decrease, though the pressure didn’t change when the 8K radiation

shield reached to about 50 K. This implies that quite many H2O molecules

adsorbed on these surfaces and improve the vacuum pressure, though the
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Figure 4.14: Transient response of the AOM and the PD. Red dots are the

measured data and blue line shows the fitting. There are two transient re-

sponse in the curve, so the function of Eq.(4.36) is assumed.

Figure 4.15: Result of the fitting of the transient response of the AOM and the

PD. Red curve shows the fitting function. To fit the distribution, the gaussian

distribution was assumed. The time constants of the transient response are

τ1 = 0.0016± 8.5× 10−5 µs and τ2 = 0.027± 0.0002 µs, respectively.
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adsorption of N2 and O2 didn’t change the pressure so much. Finally, the

vacuum pressure reached to 6.0× 10−6 at the measurement point.

After the cooling, the 80K and the 8K radiation shields were cooled to 92

and 23 K, respectively. Because of the trouble of the cooling system, the duct

shield at the arm side was not cooled and it keeps at the room temperature

during the experiment. The duct shield at the BS side and the FP cavity

was cooled to 107 K and 47 K. The temperature of the system was relatively

high because the one of the duct shield was not cooled and kept at the room

temperature. This room temperature duct shield might induce large amount

of the radiation to the system, and it caused the high temperature of the

system.

The mass spectrometer model Qulee BGM-102 manufactured by ULVAC,

Inc. was set at the duct shield at the arm side to confirm the kinds of the

residual gasses. Figure (4.17) shows the typical output from the mass spec-

trometer. The peaks at Q/M = 17 and 18 indicate OH and H2O. OH is

created by the separation of H2O at the electrode of the mass spectrometer.

Hence, H2O molecule is the main species of the residual gas inside the KA-

GRA vacuum chamber, and N2 and O2 molecule are following. The peak

at Q/M = 2 corresponds to the H2 molecules. though it doesn’t show the

partial pressure of H2 molecules because it can generate from separation of

the various molecules such as H2O and hydrocarbon. Using the Fig.(4.17),

the ratio γ of the partial pressure of H2O, N2 and O2 are calculated as

γ =


IOH+IH2O

ΣIi
= 0.67 (H2O),

IN2

ΣIi
= 0.17 (N2),

IO2

ΣIi
= 0.05 (O2),

(4.37)

where Ii is the output of the mass spectrometer for the molecular species of

i. Note that to the H2 was ignored to calculate the Eq.(4.37) because it is

generated from many other molecules.
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Figure 4.16: Vacuum pressure and temperature during the experiment. Up-

per: vacuum pressure measured at the middle of the beam duct. Lower:

temperature of the radiation shields and the FP cavity. The time is mea-

sured from when the dry pump was turned on. The molecular turbo pump

was turned on after 20 hours, and the cryogenic system was turned on after

about 40 hours.
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Figure 4.17: Typical component of the residual gasses inside the KAGRA

vacuum chamber. Red, gray and green peaks correspond to H2O + OH, N2

and O2 that are the main components of the residual gasses.
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4.3 Analysis

4.3.1 Measurement and result

The ringdown signals of the FP cavity were corrected about 20 times per day

for 35 days. The transient response of the FP cavity was triggered by the

rectangular wave which was applied to the AOM to shut the injection laser to

the cavity quickly, and the PD at the output optics measured the ringdown

signal. Figure (4.18) shows a typical ringdown signal from the FP cavity.

The blue dots and the red solid line show the measured data and the fitting

curve, respectively. To fit the ringdown signal, the function

g(t) = a exp

(
− t

τ

)
+ b, (4.38)

is used, where a and b are the parameters, and 2τ is the time constant of the

FP cavity.

Here we discuss the systematic error of the system. If the time constants

of the AOM and the PD are taken into account, the fitting function h(t) is

written as

h(t) = a exp

(
− t

τ1

)
+ b exp

(
− t

τ2

)
+ c exp

(
− t

τ3

)
+ d, (4.39)

∼ A exp

(
− t

τ1 + τ2 + τ3

)
+B, (4.40)

where τ1, τ2 and τ3 are the real time constant of the FP cavity, the AOM and

the PD, and a, b, c, d, A, B are the constant. To estimate the maximum

effect of these time constant, we choose the amplitude of these ringdowns

as a = b = c = 1, and under the assumption, Eqs.(4.39) and (4.40) are

numerically equal. Then the relation between the time constant τ in Eq.(4.38)

and τ1, τ2 and τ3 are given as

τ1 = τ − τ2 − τ3. (4.41)

Substituting τ = 8.2 µs,τ2 = 0.0016 µs and τ3 = 0.027 µs into Eq.(4.41) gives

the minimum value of the FP cavity as τ1 = 8.17 µs. Hence the systematic

error of the system is evaluated to be −0.03 µs.

The finesse of the cavity was calculated according to the relation between

the time constant and the finesse, Eq.(4.31), assuming L = 17 cm. Note that
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we assumed that the cavity length doesn’t change due to the cooling because

the length of the cavity is considered not to change so much. The integrated

linear thermal expansion is express as

α =
L(T )− L293

L293

, (4.42)

where L(T ) and L293 are the length of the structure at T K and 293 K.

According to [89], the integrated thermal expansion of stainless steel 304 is

α ∼ 300 × 10−5 at 50K, and it implies that the cavity length changes about

0.5 mm due to the cooling. So this effect changes the time constant only

about 0.3 %, and it is considered not to affect to the calculation.

Figure (4.19) shows the evaluated finesse using the corrected time constant

of the FP cavity. The red and the blue areas show the periods when the

temperature of the FP cavity was 300 K and 47 K, respectively. The blue

dots are the average of the finesse during a day and the error bars correspond

to the statistical errors. To calculate the average finesse and the statistical

error, 20 times of the ringdown signals were used. After the calculation, data

points that are more than 10 % away from the mean value were regarded

as outliers and excluded, and the average and the standard deviation were

calculated again.

The order of statistic error is about ±5 % for each point, and the system-

atic error is about −0.3 % for each. The averaged finesse was about 49000

when it is at the room temperature. Using the reflectivity of two mirrors, the

FP cavity had the optical loss of about 100 ppm potentially.

During the cooling and the warming, it was difficult to control the FP

cavity stably due to the thermal shrink of the spacer, so the ringdown couldn’t

be measured. The difference in finesse before and just after cooling is expected

to be due to the initial huge amount of molecular adsorption or the FP cavity

axis change induced by the thermal shrink of the rigid spacer.

4.3.2 Fitting and molecular layer formation speed

Here we analyze the evaluated finesse to characterize the molecular layer

formation. For this analysis, the data in the blue area in Fig.(4.19) were

used because the molecular layer formation happens only at the cryogenic

temperature.

First, the function for the fitting is defined. As discussed above, the

molecular layer is formed on only one of the mirrors that compose the FP
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Figure 4.18: Example of the measured ringdown signal. The laser was turned

off at 0 sec by the AOM, and then, the stored laser power inside the FP cavity

started to decrease. The blue dots are the output voltage of the PD at the

output optics, and the red curve is the fitting. In this case, the time constant

was τ = 8.2 ± 0.2µs, and it implies that the FP cavity had a time constant

of τfp = 16.4 ± 0.4 µs according to the Eq.(4.35).

cavity. Hence, Eq.(4.24) is directly adopted as the fitting function with

the relation between the thickness of the molecular layer and the reflectiv-

ity, Eq.(4.6). The vacuum pressure during the measurement was stable, so

the speed of the molecular layer formation is assumed to be constant and

the thickness dmol of the molecular layer is rewritten as dmol = vmolt. Fur-

ther, the optical phase shift dδmol inside the molecular layer is expressed as

δmol(Nmol, vmol, dδmol) = 2πNmolvmol

λ
t + dδmol, where dδmol is the parameter to

adjust the phase of the finesse change in the fitting. Then the fitting function

of the finesse F is given as

F =
π
√

(ρvm + ρ′e−2iδmol) (1 + ρvmρ′e−2iδmol) r2rloss
ρvm + ρ′e−2iδmol − (1 + ρvmρ′e−2iδmol) r2rloss

. (4.43)

The fitting parameters are the speed of the molecular layer formation vmol, the
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Figure 4.19: Evaluated finesse from the measured time constant of the FP

cavity. The red and the blue areas show the periods when the temperature

of the FP cavity was 300 K and 47 K, respectively. The blue circles are

the averaged finesses and the error bars indicate the statistical error. To

calculate the average finesse and statistical error, 20 times of the ringdown

measurements are used.

complex refractive index of the molecular layer Nmol = nmol− ikmol, the phase

adjust parameter dδmol and the initial optical loss inside the FP cavity Aloss.

ρ′, ρvm and δmol in Eq.(4.43) are parameterized by these fitting parameters.

Using the transmissivity of the mirrors of the FP cavity and the refractive

index ncap = 1.4496 [90] of SiO2 which constitute the coating cap. the fitting

was executed and the results that are shown in Fig.(4.20) and table (4.2) are

obtained. According to the fitting results, the speed of the molecular layer

formation is vmol = 25.5± 2.8 nm/day and the complex refractive index of the

layer is Nmol = 1.33± 0.13− i(2.33 ± 1.81)× 10−7. Because the amplitude of

the finesse oscillations due to the N2 and O2 molecular layer formation is much

smaller than that of the H2O and the period of the oscillation become long.

the measured refractive index is expected to be that of H2O molecules. Due

to the large error on the measured point, the error on the complex refractive
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index is large, but it’s similar to that of the H2O molecules. These facts are

comparable with the measurement result with the mass spectrometer.

The chi square of the fitting is defined as

χ2 ≡
∑(

yi − f(xi;p)

σi

)2

, (4.44)

where (xi, yi) is the measured data, σi is the error of yi, f(xi; p) is the fitting

function and p shows the fitting parameters. Substituting the measured data

and the fitting function Eq.(4.43) with the fitting parameters shown in the

table (4.2), the chi square of the fitting is calculated as χ2 = 5.94 with the

degree of freedom of 11. The probability density function of the chi square

distribution is written as

p(x; k) =
1

2
k
2Γ (k

2
)
e−

x
2x

k
2
−1 (0 ≥ x) (4.45)

where k is the degree of freedom and Γ (k) is the gamma function. Figure

(4.21) shows the calculated probability density of the distribution for k = 11.

Red line shows the chi square of the fitting shown in the Fig.(4.20) and black

dashed line corresponds to the significance level of 10 %. The result implies

that the model of the fitting is not denied statistically, though the evaluation

of the errors are possibly too large. The number of data that are used to

calculate each points are 20, and this small number of data causes large

statistical error. By increasing the number of data, the chi square value can

be more reasonable.

Note that these values are slightly different from the values reported in

the reference [79]. This is because the fitting above uses the transmissivity,

or the reflectivity, of the mirrors that are experimentally measured, on the

other hand, the fitting in the reference [79] uses the reflectivity of mirrors

that are calculated based on the quarter wavelength (λ/4) model of coating to

reproduce the reflectivity of the mirrors. These two reflectivity are similar but

not the same, and this difference caused the gap between two fittings. When

the reference [79] was reported, the relation Eq.(4.6) between the reflectivity

of the mirror which is measured in vacuum and the reflectivity change due to

the molecular layer formation was not found, and the model based reflectivity

analysis was used. For the comparison. both results are summarized in table

(4.2).
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Table 4.2: Fitting results

Name Symbol Value (This work) Value ( [79]) Unit

Speed of formation vmol 25.5± 2.8 27.1± 1.9 nm/day

Refractive index (Real) nmol 1.33± 0.13 1.26± 0.073 -

Refractive index (Imag.) kmol (2.33± 1.81)× 10−7 (2.2± 1.26)× 10−7 -

Phase adj. parameter dδmol 0.83± 0.37 0.81± 0.26 rad

Initial optical loss Tloss 101.1± 2.3 17± 1.8 ppm

4.3.3 Simulation

To confirm the validity of the speed of the molecular layer formation which

was extracted from the measurement result, here we calculate it for this ex-

perimental set up as discussed in Chapter 3 The conductance of the duct

shield and the beam duct are the same as Chapter 3. In this subsection,

the distribution of the vacuum pressure inside the vacuum chamber is recon-

structed using the vacuum pressure measured during the experiment under

the assumption of the uniform degas from the surface, and the molecular flux

to the mirror and the speed of the molecular layer formation are calculated.

Pressure distribution

Using Molflow+, the degassing speed that gives the vacuum pressure of

Pmes = 6.0× 10−6 Pa at the vacuum gauge attached near the vacuum pump

is calculated by applying the uniform degassing from the room temperature

surface. Figure (4.22-a) shows the model that is used for the vacuum pressure

distribution analysis. The cryostat between the duct shield and the test mass

was simplified as shown in the figure. First, by applying the uniform degassing

from the room temperature surface, the relation between the degassing rate

and the vacuum pressure at the measurement point was simulated. The ab-

sorption coefficient of the duct shield was set to unity, and the pumping speed

of the vacuum pump was set to 2500 L/s which is the nominal value of the

pump used for the experiment. Figure(4.22-b) shows the simulated result

with the fitting. Because molecules inside the vacuum chamber don’t attract

each other, the relation between the degassing rate and the vacuum pressure

is the linear relation in log-log scale. As the result of the fitting, it was found

that the 1.9× 10−7Pam3/s of degassing speed provided the vacuum pressure

of Pmes = 6.0 × 10−6 Pa at the vacuum gauge. Then, using this degassing
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Figure 4.20: Evaluated finesse and the fitting result. Using the model of the

finesse with the molecular layer Eq.(4.43), the molecular layer formation was

evaluated. The red curve shows the fitting. The speed of the molecular layer

formation is vmol = 25.5 ± 2.8 nm/day and the complex refractive index of

the layer is Nmol = 1.33 ± 0.13 − i(2.33 ± 1.81) × 10−7. The result of the

fitting is summarized in table (4.2).

speed, the vacuum pressure distribution along the beam duct (pink axis in

the Fig.(4.22-a)) was simulated. Figure (4.22-c) shows the simulated vacuum

pressure distribution, and it implies that during the experiment, the vacuum

pressure at the GV is expected to be PGV = 5.5× 10−6 Pa.

Simulated speed of molecular layer formation

The molecular flux is calculated as the multiplication of the conductance Csys

of the system and the vacuum pressure difference δP . As discussed in Chapter

3, we assume that the pressure difference is the same as the as the vacuum

pressure at the GV, δP = PGV. First, we consider the conductance between

the GV and the KAGRA ITM and calculate the molecular flux and the speed

of molecular layer formation, then it’s converted to that of this experiment.

The conductance of the experiment is composed of two part, 12m of the
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Figure 4.21: Kai square distribution (DoF = 11). Red line shows the chi

square of the fitting shown in the Fig.(4.20). Black dashed line corresponds

to the significance level of 10 %.

beam duct and the duct shield, and this is given by the Eq.(3.23). Because

N2 and O2 molecules do not change the finesse drastically due to their low

refractive index. Hence here we only consider about H2O molecules. Using

the Eq.(4.37), the partial pressure of H2O, N2 and O2 at the GV position are

given as

PH2O = γH2OPGV = 3.7× 10−6 Pa. (4.46)

Hence, the molecular flux to the KAGRA ITM is calculated by taking the

hitting probability into account as

QITM = KspaCsysδP = 8.05× 10−7 (H2O). (4.47)

Note that, the sticking probability of 1 is assumed for H2O molecules, and

that of 0 is assumed for N2 and O2 molecules. The speed of the molecular
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layer formation for each molecule is calculated as

ddmol

dt
= 20.2 nm/day. (4.48)

The optical axis of the FP cavity for this experiment is tilted by 30 degrees

along to the optical axis of the KAGRA arm cavity. Hence, the measurable

thickness of the molecular layer is different from that of the KAGRA case by

the factor of cos 30◦, and the speed of the molecular layer formation on the

mirror of the FP cavity is calculated as

ddmol

dt
=


17.5 (H2O),

2.2 (N2) nm/day.

0.37 (O2).

(4.49)

Comparing with the experimental result, this value is slightly small. The

evaluation of the pressure distribution can contain error inside. The non-

uniform degassing changes the pressure distribution, and further degassing of

the MLI for the duct shield can produce much degassing. To evaluate these

effect, much number of the vacuum gauge needed to install along the beam

duct.

Though the experimental result and the simulated values are slightly dif-

ferent, both of these results imply that the molecular layer grow on the cryo-

genic mirror on the order of 10 nm in a day. If the condition is kept during

the observation, the thickness of the molecular get the order of 1 um. In the

next chapter, the impacts of the molecular layer on the GWD are introduced

based on the KAGRA.
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Figure 4.22: Pressure analysis with Molflow+. (a)The model used for the

vacuum pressure analysis. The model is composed of three parts, beam duct,

duct shield and the space between duct shield and the test mass. The sticking

probability of the duct shield was set to unity, and the pumping speed of the

vacuum pump was set to 2500L/s. The degassing happens from the room

temperature surfaces. (b)The relation between the degassing speed and the

vacuum pressure measured by the vacuum gauge attached near the vacuum

pump. The simulated result was fitted, and it was found that the degassing

speed of 1.9 × 10−7 Pam3/s gives the vacuum pressure Pmes = 6.0 × 10−6

Pa that was measured during the experiment. (c)Using the degassing speed

of 1.9 × 10−7 Pam3/s, the pressure distribution inside the vacuum duct was

reconstructed. The calculated vacuum pressure at the GV is PGV = 5.5 ×
10−6Pa.
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Chapter 5
MOLECULAR LAYER IN A CRYO-

GENIC GWD

In the previous chapters, the molecular layer formation on a cryogenic mirror

is introduced. As already discussed in Chapter 4, the growing molecular

layer changes the reflectivity of the mirror and add the optical loss such as

the optical absorption and the scattering. These effects are considered to

change the sensitivity of the GWD. Furthermore, the molecular layer can

be a noise source itself that has not considered so far. In this chapter, the

influences of the molecular layer on the cooled mirror in the cryogenic GWD

are detailed.

5.1 Previous work

As introduced in Chapter 3, Miyoki et al. tried to evaluate the molecular layer

formation in a GWD theoretically. They also evaluated the optical loss due to

the molecular layer formation using an optical cavity as shown in Fig.(5.1-a)

to estimate the impacts on a GWD. In their experiment, one of the mirrors

that composed the optical cavity inside the cryostat has the solid angle to

the optical window which is at the room temperature, and the molecular

layer formed by the molecules from the optical window was evaluated. For

the analysis of the measured result, they took only the optical scattering

due to the roughness of the molecular layer in their model, and obtained the

optical loss increasing rate of 0.12 ppm/day as shown in Fig.(5.1-b). Though

the amount of the scattering light depends on the reflectance between the

vacuum and the molecular layer as discussed in Chapter 4, they assumed the

total reflection at the molecular layer surface. As a result, they assumed 6

- 14 ppm of the scattering loss due to one molecular layer formation which
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corresponds to 1Åorder of the surface roughness. Based on this scattering loss

efficiency, they also discussed the impacts of the molecular layer formation on

a cryogenic GWD. Though it just considered the degrade of the PRG due to

the scattering loss increasing, it was concluded that the performance of the

GWD is kept for 130 days.

The effects of the reflectivity oscillation, the optical absorption, and the

mechanical dispersion were not taken into account in the previous work.

To evaluate the impacts on a GWD including these effects, it is important

to develop the model based on the thin film theory using the basic properties

of the molecular layer such as the refractive index and the mechanical loss

angle as partially discussed in Chapter 4. In this chapter, from the point of

view of the sensitivity of a GWD, the impacts of the molecular layer formation

are evaluated based on the thin film theory using the basic properties of the

layer.

Figure 5.1: Experimental setup and result of the previous work. (a) One

of the mirrors that composed the optical cavity inside the cryostat has the

solid angle to the optical window which is at the room temperature, and

the molecular layer formed by the molecules from the optical window was

evaluated. (b) Evaluated finesse during the experiment. For the analysis of

the measured result, only the optical scattering due to the roughness of the

molecular layer was taken into account. The finesse continuously decreases

and the optical loss increasing rate was evaluated to be 0.12 ppm/day.
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5.2 Refractive index of the molecular layer

As introduced in Chapter 4, the growing molecular layer changes the reflec-

tivity of the mirror. The amplitude of the reflectivity change depends on the

original reflectivity of the mirror and the refractive index of the molecular

layer. Figure (5.2) shows the amplitude of the reflectivity change δr for the

refractive index, and δr is calculated using the Eq.(4.6) as

δr = ρ(δmol = 0)− ρ(δmol =
π

2
). (5.1)

For the high reflective mirror, the amplitude of the reflectivity change in-

creases with the refractive index of the molecular layer. Hence, for the KA-

GRA ITM and ETM that have high reflectivity, H2O molecule is considered

to give the largest amplitude of the reflectivity change for the vacuum residual

gasses. Following calculation is focused on the H2O molecules.

Generally, H2O molecules form the low density amorphous (LDA) state

[86]. Recently, V. Kofman et al. [91] reported the refractive index of the LDA

for the wavelength of 210 nm - 757 nm for various growing temperatures. In

point of view of the range of the wavelength, their study is not sufficient, but

here we extrapolate their result to the our wavelength of 1064 nm. Because

there is no characteristic structure from their wavelength to our wavelength,

and it just monotonically decreases gently at other temperature and the other

structures of water [92], this extrapolate would not be a bad assumption.

The Lorentz-Lorentz equation gives the relation among the density ρ and the

refractive index n(λ) as [91]

R(λ) =
1

ρ

n(λ)2 − 1

n(λ)2 + 2
(5.2)

with

R(λ) =

√
D1λ2

λ2 − C1

+
D2λ2

λ2 − C2

(5.3)

where C1, C2, D1 and D2 are the parameters to explain the experimental

result, and they are summarized in the table (5.1) with the density. C1 and

C2 are given in [91], and D1 and D2 are extracted by the fitting of the data

in [91] using the Eq.(5.3). Figure (5.3) shows the calculated the refractive

index, and it’s nLDA = 1.196 at 20 K for the wavelength of 1064 nm. Note

that the refractive index at 20K is the averaged value of that of 10K and



122 Chap.5 Molecular layer in a cryogenic GWD

30K. The absorption of the LDA water haven’t been studied well especially

for the wavelength of 1064 nm. Some of the studies imply that the imaginary

part of the water for the wavelength of 1064 nm is order of 106, though the

temperature and the state of the water is different from the LDA. To proceed

to a discussion, in this section, we use two values for the imaginary part of the

refractive index. One is the value extracted from the reference [93] which is

the value of the Ih state of ice, k1 = 1.9 × 10−6. The other is the mean value

obtained from the experiment discussed in Chapter 4, k2 = 2 × 10−7 So, in

the following calculations, we use two of the complex refractive index, N1 =

nLDA−ik1 = 1.196−i(1.9 × 10−6) and N2 = nLDA−ik2 = 1.196−i(2 × 10−6).

Temp. K 10 30 50 70 90 110 130 150

ρ 0.585 0.636 0.688 0.740 0.791 0.843 0.895 0.925

Symbol
√
C1

√
C2 D1 D2

71 134 0.00996 0.0319

Table 5.1: Density and parameters to substitute into the Eqs.(5.2) and (5.3).

The values of C1 and C2 are extracted from the reference [91], and the values

of D1 and D2 are the fitted using the data extracted from the reference and

the Eq.(5.3).

5.3 Reflectivity of the KAGRA test masses

First, the reflectivity of the KAGRA ITM and ETM with the growing molec-

ular layer are calculated. As introduced in the table(), the designed power

transmissivity of the ITM and ETM are TITM = 0.004 and TETM = 7× 10−6.

These reflectivities are changed following the Eq.(4.6) with the growth of the

molecular layer, and Fig.(5.4) shows the calculation result. The amplitude

of the reflectivity change of the ITM due to the molecular layer formation is

larger than that of the ETM because the original reflectivity of the ITM is

closer to the reflectivity of the molecular layer and the interference of these

two lights become larger than ETM. On the other hand, the reflectivity of the

ETM is very high, and it’s much sensitive to the optical loss on the surface.

As the result of the reflectivity change of the test masses, the parameters

of the KAGRA arm cavity are changed at the same time. The amplitude

reflectivity of the resonant arm cavity rarm with the thickness of the molecular
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Figure 5.2: Amplitude of the reflectivity change for the refractive index of

the molecular layer. The amplitude of the refractivity change depends on the

refractive index and the original reflectivity of the mirror R0. The amplitude

of the change is maximized when the amount of the reflected light from the

molecular layer and the coating is about the same.
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Figure 5.3: Refractive index of the LDA water. Using the Lorentz-Lorentz

relation Eq.(5.2), the refractive index of the LDA water is calculated with

the parameters in the table(5.3). The refractive index for the wavelength of

1064nm at 20K is calculated to be nLDA = 1.196.
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Figure 5.4: Power reflectivity of the KAGRA test masses. The reflectivity

change of the KAGRA test masses are calculated. Red and blue curves show

the calculation result for the refractive indices of N1 and N2, respectively.

Because the reflectivity of ITM is smaller than that of ETM, the amplitude

of the reflectivity change is larger. On the other hand, the ETM which has

very high reflectivity is much sensitive to the optical loss.
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layer is given by Eq.(1.30) as

rarm(ditm, detm) = −ritm(ditm) +
t2itm(ditm)retm(detm)rloss−arm

1− ritm(ditm)retm(detm)rloss−arm

, (5.4)

where d in the equation denotes the thickiness of the molecular layer on the

HR coating of the test masses, and rloss−arm =
√
1− Tloss is the loss equivalent

reflectivity in the arm cavity, where Tloss−arm is the amount of loss inside.

Figure (5.5-a) shows the calculated amplitude reflectivity of the KAGRA arm

cavity with the growing molecular layer on the test masses. The reflectivity

of the arm cavity is strongly correlated to the thickness of the molecular

layer on the ITM than ETM. This is because the original reflectivity of the

ITM is much lower than that of ETM and the amplitude of the reflectivity

change is much larger than that of ETM as shown in the Fig.(5.4). Note that

the change of the reflectivity of the KAGRA arm cavity is anti-phase to the

change of the ITM reflectivity. This is because the KAGRA arm cavity is the

over coupled cavity, the reflectivity of the ETM is higher than that of ITM,

so when the reflectivity of ITM decrease, the reflectivity of the arm cavity

approach to that of ETM. The finesse of the arm cavity Farm(ditm, detm) with

the growing molecular layer is given as

Farm(ditm, detm) =
π
√
ritm(ditm)retm(detm)rloss−arm

1− ritm(ditm)retm(detm)rloss−arm

. (5.5)

Figure (5.5-b) shows the finesse of the arm cavities when the molecular layer

grows up on the test masses. The finesse is strongly correlated with the

thickness of the molecular layer on the ITM than ETM, and this is the same

reason as the reflectivity change of the arm cavity.

5.4 Laser power stored in the interferometer

The reflectivity changes of the cryogenic mirrors affect to the laser power

inside the interferometer. This subsection aims to derive the storage laser

power in the arm cavity and the PRC depending with the molecular layer on

the cryogenic test masses.

The PRG of the arm cavity with cryogenic test masses is

G(rx, ry) =

(
tprm

1− 1
2
rprm (rx(ditm−x, detm−x) + ry(ditm−y, detm−y))

)2

, (5.6)
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Figure 5.5: Reflectivity and finesse of the KAGRA arm cavity with the grow-

ing molecular layer. (a) and (b) : The amplitude reflectivity and the finesse

of the KAGRA cryogenic arm cavity with the growing molecular layer for

N1. (c) and (d) : for N2. The change of the reflectivity of the KAGRA arm

cavity is anti-phase to the change of the ITM reflectivity. This is because the

KAGRA arm cavity is the over coupled cavity, the reflectivity of the ETM

is higher than that of ITM, so when the reflectivity of ITM decrease, the

reflectivity of the arm cavity approach to that of ETM. Lower : The finesse

of KAGRA cryogenic arm cavity with the molecular layer. The strong corre-

lation of finesse with the thickness of the molecular layer on the ITM is the

result of the lower reflectivity of ITM than ETM. The reflectivity is largely

affected by the optical loss of the molecular layer, though the finesse is not

so affected. These two behaviors show the magnitude of the dependence of

these parameters to each mirror.
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where rj(ditm−j, detm−j) (j = x, y) is the reflectivity of the x or y arm cavity

given by Eq.(5.4). If we assume that the reflectivity of two arm cavities are

the same always, or the reflectivity of two ITMs and are always the same as

well the ETMs, Eq.(5.8) is simplified as

G(ditm, detm) =

(
tprm

1− rprmrarm(ditm, detm)

)2

, (5.7)

Using this expression, the laser power inside the PRC PPRC with the molecular

layer on the test masses is given by Eq.(1.55) as

PPRC = G(ditm, detm)Pin (5.8)

where Pin is the incident laser power to the PRC.

Equation (1.32) gives the storage laser power in the resonating arm cavity

Parm as

Parm =
titm(ditm)

2

(1− ritm(ditm)retm(detm)rloss−arm)
2Pin−arm (5.9)

Pin−arm = PPRC/2 is the input laser power to the arm cavity. If the reflectivity

of the test masses are high and we can assume them as ritm ∼ 1 and retm = 1,

Eq.(5.9) is rewritten as

Parm =
2

π
Farm(ditm, detm)Pin−arm, (5.10)

Figure (5.6) shows the calculated result of the laser power inside the PRC

and the arm cavity. When the reflectivity of the arm cavity increase, the PRG

increases coherently, and the laser power inside the PRC becomes larger than

the designed value at initial, and it decrease while oscillating due to the

optical loss loss of the molecular layer. On the other hand, as the result of

both of the PRG and the finesse change, the laser power inside the arm cavity

decreases while oscillating from the initial.

5.5 Quantum noise

Starting from the reflectivity change due to the growth of the molecular layer

on the cryogenic test masses, above sections introduce relation between the

thickness of the molecular layer and the laser power inside the GWD. The

change of the reflectivity and the laser power affect on the quantum noise
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Figure 5.6: Laser power inside the PRC and the arm cavity with the molecular

layer on the test masses. The thickness of the molecular layer on two ITMs are

assumed to be same as well two ETMs. (a) and (b) : The laser power inside

the PRC and the arm cavity for the refractive index of N1. (c) and (d) :For

the refractive index of N2. The laser power inside the PRC is just affected by

the PRG change. The laser power become larger than the designed value at

initial because the PRG increase when the reflectivity of the ITM decrease.

Then the laser power decreases while oscillating. The laser power inside the

arm cavity is affected by both of the PRG and the finesse of the arm cavity.

As a result, the power decreases while oscillating from the initial.



130 Chap.5 Molecular layer in a cryogenic GWD

which is one of the fundamental noises of a GWD. This section calculates the

effect of the molecular layer on the quantum noise.

As the result of the growth of the molecular layer on the test masses, some

parameters such as the finesse F and the laser power P inside the interferom-

eter are changed. The quantum noise of the BRSE with the molecular layer

on the cryogenic mirrors is given by the Eq.(5.11) as

SBRSE(ditm, detm) =
8ℏ

mω2L2

((1 + r2srm)− 2rsrm cos [2β(ditm, detm)])
2
t3srmK(ditm, detm)

2 (1 + rsrme2iβ(ditm,detm))
2 ,

(5.11)

with

K(ditm, detm) =
16πcP (ditm, detm)

mλL2ω2(γ(ditm, detm)2 + ω2)
, (5.12)

γ(ditm, detm) =
cTITM(ditm, detm)

4L
, (5.13)

β(ditm, detm) = arctan

(
4LF(ditm, detm)

2πc
ω

)
. (5.14)

Figures(5.7 and 5.8 a-c) shows the calculated quantum noise in the BRSE at

10Hz, 200Hz, and 3000Hz with the growing of the molecular layer on the test

masses. In the figure, the quantum noise at each thickness of the molecular

layer is normalized by the designed quantum noise, SBRSE(ditm, detm)/SBRSE(0, 0)

. Below about 50Hz. the quantum noise is the radiation pressure noise which

is the vibration of the suspended mirror induced by the photon number fluc-

tuation. Hence, the amplitude of the quantum noise around 10Hz is changed

coherently with the laser power inside the arm cavity, and it decrease while

oscillating. On the other hand, above 1000Hz, the quantum noise is the shot

noise which is the read-out noise of the interferometer output, so the shot

noise changes coherently with the power inside the PRC. So the shot noise is

improved at initial, and then it decreases. Within the thickness below 5µm,

the quantum noise changes in the gray area shown in the Figs.(5.7-d) and

(5.8-d).

5.6 Optical absorption

When laser light passes through the molecular layer, it absorbs a part of

laser. Because this absorption is not taken into account in the heat load to

the KAGRA cryogenic system, and is possibly changes the temperature of the
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Figure 5.7: Quantum noise in the BRSE with the molecular layer on the

cryogenic test masses for the refractive index of N1. (a)The calculated relative

quantum noise at 10Hz. (b)The calculated relative quantum noise at 200Hz.

(c)The calculated relative quantum noise at 3000Hz. The quantum noise with

the molecular layer is normalized by the designed quantum noise of KAGRA

(BRSE). (d)The quantum noise changes due to the growth of the molecular

layer. Within the thickness of the molecular layer of 5 µm, the quantum noise

is changes in the gray area. The black curve shows the designed quantum

noise of KAGRA. The red and blue solid and dashed lines are the strain

sensitivity curve when the shot noise and the radiation pressure noise are

maximum and minimum. When the radiation pressure noise is minimized,

the strain sensitivity is the same as the designed quantum noise.
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Figure 5.8: Quantum noise in the BRSE with the molecular layer on the

cryogenic test masses for the refractive index of N2. Comparing with the

Fig.(5.7), the fluctuation of the quantum noise is much less.
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cryogenic test mass and the cryogenic system. The temperature of the system

is important to discuss the thermal noise. This section aims to introduce the

relation between the temperature of the system and the thickness of the

molecular layer.

5.6.1 Amount of the optical absorption

As the source of the heat load to the cryogenic system in KAGRA, the optical

absorption of the coating and substrate, and the radiation through the duct

shield are taken into account. Additionally, the optical absorption of the

molecular layer is needed to be considered. As introduced in Chapter 4, the

amplitude of the laser intensity inside a medium follows the Lambert-Beer

law, the Eq.(4.7), and the total amount of the absorption Amol inside the

medium with the thickness dmol is given by the Eq.(5.15) as

Atot = P0(1− exp(−4π
Im(Nmol)

λ
dmol)), (5.15)

where αmol = 4π Im(Nmol)
λ

is the absorption coefficient of the molecular layer.

When the laser power of Pin is injected to the mirror with the molecular

layer, the part of the laser power Pvm is reflected by the molecular layer

and the remaining laser power Pmol reaches to the coating, though the total

reflectivity is given by the Eq.(4.6). The reflectance of the molecular layer if

given by the Fresnel coefficient ρvm between the vacuum and the molecular

layer using the Eq.(4.1) as

ρvm =
n0 − nmol

n0 + nmol

, (5.16)

and the power reflectance Rvm is given as

Rvm =

∣∣∣∣n0 − nmol

n0 + nmol

∣∣∣∣2 . (5.17)

Hence, the laser power reflected by the molecular layer is given as Pvm =

RrmPin, and the laser power that transmit the molecular layer is written as

Pmol = Pin − Pvm = (1−Rvm)Pin. (5.18)

The absorption of the molecular layer on the AR coating of the ITM

and the ETM is negligible comparing with that on the HR coating. For the
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molecular layer on the AR coating of the ITM, this is because the laser power

inside the arm cavity is about 1000 times larger than that inside the PRC.

Further, the reflectivity of the ETM is very high and few powers of the laser

transmit the HR coating of the ETM and absorbed by the molecular layer

on the AR coating. So here we only consider the absorption of the molecular

layer on the HR coating of the test masses. Then the amount of the optical

absorption inside the molecular layer on the HR coating is written as AHR is

written using the Eqs. (5.10), (5.15) and (5.18) as

AHR =
(1−Rvm)

π
Farm(ditm, detm)G(ditm, detm)(1−exp(−2αmoldi))Pin, (5.19)

where di (i = ITMorETM) denote the thickness of the molecular layer on

the ITM or the ETM. Note that the index of the exponential is doubled by

considering the reflection of the coating.

Figures (5.9) shows the calculated result of the total heat input to the

KAGRA cryogenic test masses. In the calculation, the absorption in the

substrate and the thermal radiation through the duct shield is also cosidered.

Even if the thickness of the molecular layer is below 1µm, the heat input

to the test masses become larger than 1.5W which is almost twice of the

designed heat input. Comparing with the heat input to the ITM and ETM,

the heat input to the ITM is slightly correlated with the thickness of the

molecular layer on the ETM, though that of the ETM seems to be independent

to that on the ITM. This is because the laser power which transmit the

ITM is determined by the reflectivity of the ETM due to the PRG change.

On the other hand, the absorption in the sapphire substrate of the ETM

is negligible because of its very high reflectivity, it is almost independent

from the reflectivity of the ITM. In the next subsection, we investigate how

this additional heat load changes the temperature of the KAGRA cryogenic

payload.

5.6.2 Temperature of the cryogenic system

According to the results in the previous subsection, the molecular layer in-

troduces large heat to the cryogenic test mass. Hence, we need to investigate

how this additional heat load changes the temperature of the system.

Below about 100K, the thermal conduction is the main process of the heat

transfer. When two objects whose temperature are T1 and T2 are connected,

the heat is moved from the high temperature side to the low temperature side
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Figure 5.9: Total heat input to the ITM and the ETM. The absorption of

the molecular layer has not been taken into account as the heat load to the

KAGRA cryogenic system, though it can introduce large heat to the cryogenic

test masses when the GWD fully controlled. (a) and (b) : Calculation for

the refractive index of N1. As the result of the strong absorption, it absorbs

more than 10W even if the thickness of the molecular layer is 1µm. (c) and

(d) : For the refractive index of N2. Even if the absorption coefficient of

the molecular layer is low, it absorbs more than 2W if there is 1µm of the

molecular layer, though the designed heat load to the KAGRA cryogenic

system is about 0.5W.
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by the career such as the phonon and the conduction electron. This process is

called the thermal conduction. The amount of heat dQcond

dt
that is transferred

by the thermal conduction process in unit time is given by the Fourier law as

dQcond

dt
= −κ(T )A

L
δT (5.20)

where κ is the thermal conductivity, A and L are the cross-sectional area and

the length of the conductor and δT is the temperature difference between two

points. When the amount of the heat is time independent, Eq.(5.20) directly

provides the equilibrium temperature of the system.

Under the assumption of the energy conservation, the input heat to the

test mass goes to the refrigerator, and the temperature of the refrigerator

changes depending on the heat load. According to the references [52] and [94],

the relation between the cooling power and the temperature of the KAGRA

refrigerator is given as the Fig.(5.10). Hence, when we set the input heat to

the test mass, it gives the temperature of the refrigerator, and the temperature

of the each component is determined following the Eq.(5.20).

Fig.(5.13) shows the calculated temperature of the cryogenic system for

the amount of the heat input. The thermal conductivity of the materials is

in the appendix A, and the averaged temperature of the two stages are used

as the temperature of the conductor. Above the heat load of 5.5 W, the

temperature of the test mass beyond the 100 K.Because the total thermal

resistance of the system is large because the system is large, small amount

of the heat load easily changes its temperature. This temperature rise can

worsen the thermal noise of the cryogenic detector, and it possibly limit the

sensitivity around 100 Hz where the detector is the most sensitive. In the

next chapter, the thermal noise of the cryogenic system is evaluated with this

temperature increasing effect.

5.7 Brownian noise

As discussed in above sections, the molecular layer changes the reflectivity

of the mirror and adds the optical loss, and it affect to the quantum noise

indirectly. When we see the molecular motion of the molecular layer, it can be

the noise source. Further, the temperature change affect to the thermal noise

of the suspension and the mirror themselves. This section aims to calculate

the thermal noise of the molecular layer and the temperature dependence of

that of the suspension and the mirror.
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Figure 5.10: Cooling power of the 2nd stage of the KAGRA refrigerator for the

cryogenic payload. The data are extracted from the references [52] and [94].

For the calculation of the temperature of the cryogenic payload below, the

data were linearly interpolated.
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Figure 5.11: Temperature of the cryogenic payload for the input heat to the

test mass. The temperature of each stage is evaluated following the Eq.(5.20).

The material properties that are used in the calculation is summarized in the

appendix A.
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In Chapter 1, the Brownian noise is introduced using the Eq.(1.73). This

equation is taken the effect of vertical and horizontal material properties

into account, though it doesn’t describe the effect of the interference of the

reflected light from each layer. In the case of the growth of the molecular

layer, the effect of the interference is considered to be much larger because the

LDA state of ice doesn’t have the specific axis. Ignoring the difference of the

material properties for the vertical and the horizontal axes, and introducing

the interference of the reflected light from each layer, the coating Brownian

noise is written as

SBr(f) =
2kBT

π2w2f

1− σs − 2σ2
s

Ys

∑
j

bjdjϕMj
, (5.21)

with

bj =
1

1− σj

[(
1− nj

∂θc
∂θj

)2
Ys

Yj
+

(1− σs − 2σ2
s )

2

(1 + σj)2(1− 2σj)

Yj
Ys

]
. (5.22)

where j denotes the index of the layer from the top, ϕMi
is the mechanical

loss angle of the material M at the j-th layer. The term ∂θc
∂θj

denotes the con-

tribution to reflection phase from each coating layer [28], and it is calculated

as
∂θc
∂θk

= Im

(
1

r̄0

∂r̄0
∂θk

)
(5.23)

with

∂r̄k
∂θj

=


eiϕk

1−r2k
(1+rk r̄k+1)2

∂r̄j
∂θj

k < j

ir̄k k = j

0 k > j.

(5.24)

where r̄j is the reflectivity from the substrate to the j-th layer of the coating,

and rj is the reflectance of j-th layer.

If we ignore the temperature increasing due to the absorption of the molec-

ular layer, the Eq.(5.22) at the frequency of 100Hz is calculated as Fig.(5.12-a)

for the refractive index of N1 and N2.

J. Hessinger et al. [95] reported the mechanical loss angle of the amorphous

ice film formed on the cryogenic surface. They evaluated the mechanical

quality factor using a mechanical oscillator whose original mechanical loss

angle is the order of 10−8. The mechanical loss angle of thin ice film formed

on the cryogenic oscillator is larger than that of the mechanical oscillator,
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and it rapidly damps the mechanical oscillation of the oscillator. Hence,

by measuring the time to damp the oscillations gives the mechanical loss

angle of the amorphous ice. As a result of the measurement, they found

that the amorphous ice on the 20 K surface has a mechanical loss angle of

ϕ ∼ 1 × 10−3. They also reported that the mechanical loss angle of the

amorphous ice changes depending on the temperature. It gets worse when

the temperature increases, though it gets better after the annealing at the

temperature above 100 K. To evaluate the thermal noise of the molecular

layer, here we use the mechanical loss angle of ϕ ∼ 1× 10−3 and assume that

the value doesn’t change depending on the temperature Table(5.2) summarize

the parameters of the molecular layer that are used for the calculation.

Note that in this calculation, the thickness of the molecular layer is as-

sumed to be the same for four test masses. Figure(5.12-b) also shows the

Brownian noise with the molecular layer on the cryogenic test masses with

the designed quantum noise of KAGRA.

Name Symbol Value Unit

Temperature T 20 K

Young’s modulus Ymol 3.64 GPa

Poisson ratio σmol 0.2 -

Loss angle ϕmol 1× 10−3 [95] rad

Table 5.2: Parameters of the molecular layer for the calculation of the Brow-

nian noise.

Under the assumption that the temperature of the molecular layer is the

same as that of the test mass, the temperature of the test mass and the molec-

ular layer is given as the combination of the Figs.(5.9) and (5.13). Within

the thickness of the molecular layer below 2.5 µm, the Brownian noise is

evaluated as the Fig.(5.13). The amount of the total absorption beyond the

5.5W when the molecular layer is thicker than 2.5 µm. This fact implies that

the temperature of the test mass is higher than 100K. Comparing with the

Fig.(5.12), the Brownian noise of the ITM coating increases, though that of

ETM is not changed so much. This is because absorption inside the substrate.

The PRG rise increases the input heat inside the sapphire test mass, and the

temperature of the test mass gets higher than the ETM.

From the point of view of the temperature, we can conclude that even if the

thickness of the molecular layer is within 2.5 µm and that does not absorb
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Figure 5.12: Brownian noise of the molecular layer. (a)Comparison of the

Brownian noise of the molecular layer with that of the coating on the ITM and

ETM. Blue, yellow and green lines are the Brownian noise of the molecular

layer and the coating on the ITM and the ETM. Red curve is the total of these

Brownian noise and black dashed line is the designed sensitivity of KAGRA

at 100Hz. The Brownian noise of the molecular layer can be the dominant

Brownian noise, and it possibly contaminate the most sensitive frequency

soon. (b)The Brownian noise with the molecular layer changes within the

gray area while oscillating, within the molecular thickness of 5µm. Note that

these calculations don’t include the temperature increasing due to the optical

absorption discussed in the previous subsection.

the main laser so much as well the H2O molecules at room temperature,

the temperature of the test mass becomes higher than 100 K which is the

temperature five times larger than the target temperature of the KAGRA

cryogenic sapphire test mass.

In the next subsection, inspiral range for the BNS is evaluated by consider-

ing the modification of the quantum noise, Brownian noise and the suspension

thermal noise, though the effect of the parameters that have the temperature

dependence are ignored.
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Figure 5.13: Brownian noise of the molecular layer with the temperature effect

due to the optical absorption. The amount of the total absorption beyond

the 5.5W when the molecular thickness of 2.5 µm. Comparing with the

FIg.(5.12), the Brownian noise of the ITM coating increases, though that of

ETM is not changed so much. This is because absorption inside the substrate.

The PRG rise increases the input heat inside the sapphire test mass, and the

temperature of the test mass gets higher than the ETM.

5.8 Inspiral range

As the total of the quantum noise, the Brownian noise and the suspension

thermal noise modification due to the molecular layer formation, the sensi-

tivity of the molecular layer fluctuate inside the gray area as shown in the

Fig.(5.14-a). In this calculation, the temperature dependence of the param-

eters such as the mechanical loss angle and the resonant frequencies are not

included. If we assume that the molecular layer formed on the test masses

coherently, then within the thickness of 2.5 µm, the sensitivity moves inside

the gray area. Using the sensitivity, the inspiral range is calculated for 1.4

M⊙ binary neutron star binary system as shown in Fig.(5.14-b). Without the
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molecular layer, it is 137 Mpc, and it continuously decreases while oscillat-

ing. The inspiral range without the molecular layer is little better than the

KAGRA original one. This is because the temperature of the test mass and

the intermediate mass used in this calculation is based on the temperature

evaluation shown the Fig.(5.13), and it is slightly colder than the designed

temperature. At worst, the inspiral range decrease to 75 Mpc, and it implies

that the detection rate of the BNS is decreased by 84 %.

The parameters that have the temperature dependence would worse the

sensitivity more, and the measurements of the temperature dependence of

the parameters are quite important to characterize the cryogenic GWD well.

In spite of the huge impacts on the GWD, there is no system in KAGRA to

deal with the molecular layer formation, though the duct shield delays that

slightly. As one of the system to deal with the molecular layer formation,

the CO2 based thermal desorption system has been tested in the laboratory.

Next chapter introduces the thermal desorption and the developed system.
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Figure 5.14: KAGRA sensitivity with the molecular layer. (upper) As a

result of the molecular layer formation, the quantum noise, the Brownian

noise and suspension thermal noise are modified. Within the thickness of

2.5 µm, the sensitivity moves inside the gray area. Note that the effect of

the temperature increase is not taken into account, though the equivalent

quantity of the optical loss is considered. (lower)Using the sensitivity, the

inspiral range is calculated for 1.4 M⊙ binary neutron star binary system.

Without the molecular layer, it is 137 Mpc, and it continuously decreases

while oscillating.
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Chapter 6
LASER INDUCED THERMAL DES-

ORPTION SYSTEM

As discussed in the previous chapters, the molecular layer is formed on the

cryogenic mirrors in the GWD, and it affect to the sensitivity of the detector

so much. Even if the molecular formation speed becomes very slow enough to

observe GWs in the future with the improvement of the vacuum technology,

the troubles of the cryogenic and the vacuum system easily introduce thick

molecular layers on the cryogenic mirrors. For example, the formation of a

thick molecular layer was reported during the initial cooling in KAGRA, and

it remarkably decreased the finesse [96]. If the test mass is cooled down about

the same time with the other cryogenic system, the initial cryopump which

adsorbs a quite huge number of molecules on the surface happens not only the

surface of the radiation shields but also that of the test mass. Further, when

the cryogenic system accidentally stopped and warmed up, these adsorbed

molecules were released, and some of them reached the test mass which was

kept at a cryogenic temperature a long time due to the time constant of the

cryogenic system, and finally formed very thick molecular layers. Figure (6.1)

shows the pictures of the test mass with the incident of the green laser when

it is at room temperature, at cryogenic temperature and after the trouble of

the cryogenic system [97]. When it is at room temperature, the green beam

is not so obvious, but the beam shape was seen when it cooled down due to

the molecular layer formation, and the amount of the scattered light becomes

larger after the trouble of the cryogenic system.

During these problems, the finesse of the KAGRA arm cavity was mea-

sured several times. The finesse was about its designed value, F ∼ 1500 when

the mirrors are the room temperature. After the cooling down and the thick

molecular layer happened on the cryogenic mirror, the finesse decreased to
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about F ∼ 200 at worst [98]. The optical loss due to the scattering of the

thick molecular layer is considered to reduce the optical performance of the

KAGRA arm cavity.

To remove these molecules, the test mass is warmed up by stopping the

refrigerators. Usually, to remove H2O, the temperature of the test mass is

needed to increase to about 200K, and it takes order of one month to return to

the cryogenic temperature. During this process, the detector cannot observe

the GWs due to the large thermal noise and the thermal drift, and it worsens

the rate of the multi-detector operation.

This problem can happen not only in KAGRA but also in the next genera-

tion cryogenic GWD such as ET and CE. To deal with the problem of keeping

the operation time, the development of the active temperature actuation sys-

tem is needed. For this purpose, the laser induced thermal desorption system

was tested on the laboratory. In this section, the theory of the thermal des-

orption is introduced first, and the developed desorption system is described.

Finally, this experiment is scaled to the KAGRA case for the installation near

the future.

Figure 6.1: Pictures of the KAGRA test mass with the green laser injection.

The shape of the green laser is not obvious when it is at the room temper-

ature. But, when it cooled down without enough pumping before, the thick

molecular layer formed and the green laser scatted. After the trouble of the

refrigerator, it become worth and the mirror surface looked like the ground

glass. The pictures were copied from KAGRA log book [97].
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6.1 Laser induced thermal desorption

The thermal desorption is one of the techniques to remove the molecular layer

from the cryogenic surface [99]. Using a heater on the cryogenic surface, the

temperature of the surface can increase enough to sublime the molecules.

However, in the GWD, a heater will introduce the vibration to the test mass

through the cable, and it would contaminate the sensitivity. To avoid that,

development of the non-contact heat applying system, namely the laser in-

duced desorption system, is required.

Applying the long wavelength of laser and exiting the molecular vibra-

tions, the temperature of the system is increased enough to escape from the

surface potential. Especially, the process that desorb adsorbed molecules by

increasing the temperature of the system is called the thermal desorption,

and it is characterized by the depth of the surface potential, the number of

molecules in the unit area, the reaction order and the speed of the tempera-

ture increasing.

In GWDs, the CO2 laser have been used for the correction of the radius

of curvature of the mirror. When the mirror substrate absorbs the laser, the

center of the mirror gets higher temperature comparing the edge of the mirror,

and this temperature unbalance effectively causes the lens. This phenomenon

is generally called thermal lens effect, and it worsens the mode matching of

the laser to the cavity [100]. To solve the thermal lensing effect, the CO2

laser is applied on the edge of the test mass to cancel the thermal lensing

effect [101]. But in the cryogenic GWD, it was concluded that the amplitude

of the thermal lensing is enough small and it doesn’t affect the detector [102].

So the development of the CO2 laser system has not proceeded in KAGRA.

To remove the molecular layer while keeping the Cooperativeness with other

GWDs, the development of the CO2 laser induced thermal desorption sys-

tem for cryogenic GWDs is meaningful. Next section introduces the thermal

desorption.

6.2 Theory of thermal desorption

When the molecules hit the cryogenic surface, it is caught up by the sur-

face potential whose potential depth is Eabs. The energy Edes to remove the

molecules from the potential equals to the potential depth Edes, Edes = Eabs,
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if the dissociation of the molecules doesn’t happen. The number of molecules
dNS

dt
that are desorbed from the potential in unit time follows the Arrhenius

behavior as [103]
dNS

dt
= A(NS)

me
−Edes

kBT (6.1)

where NS is the number of molecules on the surface in unit area, A is the

pre-exponential factor, m is the reaction order and T is the temperature of

the surface. Using the temperature change coefficient β = dT
dt
, the Eq.(6.1) is

rewritten as
dNS

dT
= A

(NS)
m

β
e
−Edes

kBT . (6.2)

Eq.(6.2) described the thermal desorption. Especially when the temperature

coefficient is controlled to be the constant β = const., the thermal desorption

is called the temperature programmed desorption (TPD) [104]. For the H2O,

the Eq.(6.2) is plotted as shown in the Fig.(6.2) using the parameters in the

table(6.1). In the TPD, the number of molecules desorbed from the surface

increases exponentially first, and when the number of molecules on the surface

becomes low, the desorption stops rapidly. This is the unique desorption

signal when the reaction order m = 0, and the starting temperature of the

desorption is depending on the temperature coefficient and the desorption

energy, and when these parameters are the same, only the height of the peak

changes depending on the pre-exponential factor A.

Molecules N2 O2 H2O Unit

Desorption energy Edes 0.5 [105] 0.072 [105] 0.090 [105] eV

Reaction order m 0 —

Pre-exponential factor A 1030 [106] 1/cm2s1

Table 6.1: Parameters for the thermal desorption of N2,O2, and H2O.

6.3 Experiment

In this section, the TPD experiment and the heating experiment using the

CO2 are introduced.

In the TPD experiment, the water vapor is applied to the sample in the

cryostat, and the temperature of the sample is increased using the heater

attached on the sample. By increasing the temperature of the sample linearly,
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Figure 6.2: TPD curve of the H2O desorption. The number of desorbed

molecules exponentially increased for the reaction number of m = 0. When

the number of molecules on the surface becomes few, the desorption stop

rapidly. The starting point of the desorption is depending on the temperature

coefficient β.

the TPD spectrum is measured by the mass spectrometer. The purpose of

this experiment is to confirm the thermal desorption because, in the next

experiment, it’s possibly difficult to measure the TPD spectrum due to the

experimental setup. Hence, the experiment was separated to the two: the

TPD experiment and the heating experiment.

In the heating experiment, the small sapphire sample was set inside the

cryostat and cooled down to around 20 K, and the CO2 laser was applied to

heat it up. This sapphire sample is made with the actual KAGRA test mass,

the coating on the sample is the same as that of the ETM. The incident laser

power is increased from 0.3 W to 7.2 W step by step, and the achievable

temperature was monitored for each laser power. Simultaneously with the

heating, the molecular desorption was measured using the vacuum gauge and

the mass spectrometer, and it was confirmed that the temperature of the

sample was increased enough to desorb the molecules. Finally, the absorbed
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laser power was calibrated using the heater attached near the sample. Using

the calibrated power, the laser power required to heat the cryogenic test mass

in KAGRA is calculated in the next section.

6.3.1 TPD experiment

In the TPD experiment, water vapor was applied on the sample made of

fused silica, it was heated by the hater attached on the sample, and the

TPD spectrum was measured by the mass spectrometer. Figure (6.3) shows

the conceptual figure of the cryogenic-vacuum system. The system is mainly

composed of the vacuum pumps, the refrigerator, the vacuum gauge and the

mass spectrometer, the molecular injection system and the sapphire sample.

The vacuum pumps, RV8 and STP-301 manufactured by EDWARDS and

SEIKO SEIKI, are connected to the cryostat through about 0.8 m of the

flexible tube.

The refrigerator and the compressor are PT415-RM and CP1000 manu-

factured by CRYOMECH. Inside the cryostat, there is the single radiation

shield made of copper and the optical table made of aluminum. The refrigera-

tor is connected to connected to the optical table through the heat links made

of pure aluminum. Because the radiation shield has holes to input the laser

inside the cryostat, large amount of the thermal radiation is injected through

the holes and it results in the high temperature of the cryogenic parts.

The molecular injection system is composed of the two tanks; one to

put the source of the molecules, and the other is to keep the gassed source

inside. In this experiment, because H2O is considered to be the molecules that

requires the most high temperature to remove from the cryogenic surface in

KAGRA, the pure water was set inside the tank for the source. The sample

made of fused silica was attached on the holder made of aluminum using the

indium foil. The sample is 25.4 mm in diameter and 8mm in thickness. The

holder is supported by the bar made of glass epoxy, and the length of the bar

is 45.5 mm. Glass epoxy thermally isolates the sample from the cryogenic

system to heat the sample uniformly. To cool the sample to below 100 K

to adhere the water vapor, the sample is connected to the table via the heat

switch. Thermometer model DL670 manufactured by Lake Shore Cryotronics,

Inc. is attached on the holder, and the temperature of the sample is measured

by this thermometer.

The mass spectrometer model BGM-102 manufactured by ULVAC, Inc.
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is attached near the sample to measure the TPD spectrum of H2O molecules.

To increase the temperature of the sample linearly, the thermometer on the

sample was connected to the temperature controller model 331 Temperature

Controller manufactured by Lake Shore Cryotronics Inc., and it was increased

to at 200 K via PID control. The temperature coefficient was set to β = 4

K/s.

Before the measurement, water vapor was applied to the sample. Fig-

ure(6.4-a) shows the temperature of the sample with the fitting line when it

heated. Because the temperature rise was set to linear, the data was fitted by

the linear function. As the result, the temperature coefficient was evaluated

to be β = 0.08204 ± 0.000014K/s at this measurement.

Figure(6.4-b) shows the partial pressure of H2O molecules for the tem-

perature with the fitting curve. Note that the vertical axis is converted to

the natural logarithm of the product of the thermal coefficient β and the

measured partial pressure, and the horizontal axis is the reciprocal of the

temperature.

The desorption was started from 150 K, and the data was fitted using the

Eq.(6.2). As the result, the desorption energy was evaluated to be Edes =

52.1 ± 0.1 kJ/mol.

By changing the temperature of the sample, the formed molecular layer is

removed. In the next subsection, the heating experiment with the CO2 laser

is introduced.

6.3.2 Experimental setup

In this subsection, the experimental setup is introduced. The experimental

system is mainly composed of two small setups, the optical system for the CO2

laser and the cryogenic-vacuum system which includes the sapphire sample.

Optical system

Figure(6.5) shows schematic view and the picture of the optical system for

the CO2 laser. The optics is composed of the CO2 laser, the steering mirrors,

the flipping mirror and the power meter. The CO2 pulse laser model ULCR-

100 manufactured by Universal laser systems, Inc. was used. The repetition

frequency of the laser is set to be 10 kHz, and the pulse width is changed to

adjust the laser power, though the pulse height is always constant. When the
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Figure 6.3: Schematic image and picture of the cryogenic-vacuum system.

The system is mainly composed of the vacuum pumps, the refrigerator, the

vacuum gauge and the mass spectrometer, the molecular injection system and

the sample.
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Figure 6.4: Analysis of the TPD spectrum. The temperature of the sample

was changed linearly using the temperature controller. (a)The temperature of

the sample during the measurement. The temperature coefficient was evalu-

ated to be β = 0.06541261 ±0.000014K/s. (b)Measured TPD spectrum with

the fitting. Note that the vertical axis is converted to the natural logarithm

of the product of the thermal coefficient β and the measured partial pressure,

and the horizontal axis is the reciprocal of the temperature. As a result of

the fitting, the desorption energy of the water molecules is evaluated to be

Edes = 52.1 ± 0.1 kJ/mol.
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pulse width is set to the maximum, the laser power is larger than 100W. As

the steering mirror, the gold coated copper mirror manufactured by Thorlabs,

Inc. were used, and the reflectivity of the mirror is about 99% for the angle

of incident of 0◦ - 45◦. The flipping mirror leads the laser to the power meter

to estimate the incident laser power to the cryostat. The power meter is

model LM-100 manufactured by Coherent, Inc, and when the laser injected,

the laser was aligned to hit the center of the sensor.

Finally, the laser is injected to the cryostat through the periscope. As the

viewport, the substrate made of zinc selenide (ZnSe) with the anti-reflection

coating is attached. The length of the laser path from the laser exit to the

viewport is 1000mm, and that from the viewport to the sapphire sample is

450mm.

Before the experiment, the relation γ between the laser power just after

the laser emission Pin and the just before the sapphire sample Psample was

evaluated in the air. First the laser was picked up using the flipping mirror

and the laser power was measured, then the laser power was also measured

at the position of the sapphire sample. The averaged ratio of these two laser

power is evaluated to be

γ =
Psample

Pin

= 0.91± 0.01. (6.3)

This ratio gives the effective transmittance of the optical path, and it indicates

that the 0.91 ± 0.1 % of the emitted laser power is reached to the sapphire

sample.

Cryogenic-Vacuum system

The cryogenic vacuum system is almost same as that of the TPD experiment

except for the position of the sample, the mass spectrometer and the molecular

injection system. Figure (6.6) shows the conceptual figure of the cryogenic-

vacuum system.

The sapphire sample was made with the KAGRA sapphire test mass, and

its coating is the same as that of the ETM. This sapphire sample is attached

on the holder made of aluminum using the indium foil. The sample is 25.4

mm in diameter and 8 mm in thickness. The holder is supported by the bar

made of stainless steel, and the length of the bar is 45.5 mm. To introduce

the CO2 laser to the sapphire sample and cool it down well, the sample was

set at the center of the table.
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Figure 6.5: Schematic image of the optics. The CO2 laser is lead to the

cryostat using the steering mirror and the periscope. By pick the laser up

using the flipping mirror, the incident laser power can be measured.
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As shown in the Fig.(6.6), the sample is not aligned to the molecular

injection system and the mass spectrometer. This setup makes it difficult to

measure the desorbed molecules while the heating process. The measurement

was tried by increasing the amount of the incident molecules, though the

obvious spectrum of H2O molecules was not observed. It is considered that

almost all of the desorbed H2O molecules are absorbed by the radiation shield

and other cryogenic part before they reach to the mass spectrometer. Hence,

only the absorption coefficient of the sapphire sample for the the CO2 laser

is evaluated in this experiment.

Figure 6.6: Schematic image and picture of the cryogenic-vacuum system.

The system is mainly composed of the vacuum pumps, the refrigerator, the

vacuum gauge and the mass spectrometer, the molecular injection system and

the sapphire sample. Green dots with the number shows the position of the

thermometers in the cryostat.

6.3.3 Measurement of transverse mode

The transverse mode of the CO2 was evaluated by the knife edge method.

Figure(6.7) shows the schematic appearance of the measurement. The laser

power was measured while chopping the beam using the knife. Figure(6.8-

a) shows the measured power for the position of the knife along the beam
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radius. If we assume that the beam is the gaussian beam, the transverse

power distribution P (x, y) in the cross sectional plane is described as

P (x, y) =
2P0

πω2
exp

(
−2((x− x0)

2 + (y − y0)
2)

ω2

)
(6.4)

with

ω = ω0

√
1 +

(
z

z0

)2

, (6.5)

where (x0, y0), P0, ω0, z are the position of the beam center, the radius

position, the laser power, and the beam radius at the waist position, and the

position along to the beam propagating axis. When this beam is chopped

using the knife, the laser power after the knife decreases and it is measured

as

P =
P0

2

(
1− erf

(√
2(x− x0)

ω

))
, (6.6)

where

erf(x) =
2√
π

∫ x

0

exp
(
−t2
)
dt. (6.7)

By fitting the measured laser power using the Eq.(6.6), the beam waist ω(z)

can be evaluated. Finally the series the measured beam waist at various

position z along the beam axis give the transverse propagation of the laser.

Figure (6.8) shows the measured laser power for the chopping amount of rchop,

and red line shows the fitting function. Further, Fig.(6.8-b) is the evaluated

beam radius at the position z from the laser, and it was fitted using the

Eq.(6.5). As the result, the waist position and the waist size of the laser are

z0 = −176± 62 mm and ω0 = 1.356± 0.081 mm, and at the sapphire sample

where the distance from the laser is z = 1450 mm, the laser waist is evaluated

to be ω = 4.27+0.32
−0.38 mm. So the peak intensity Imax at the sapphire sample

is calculated to be Imax = 17.5+3.6
−2.3 W/cm2 when the laser power of 5 W are

injected.

6.3.4 Laser heating

After the enough cooling, the temperature of the sapphire sample was 21 K.

Against to the cooled sapphire sample, the laser was injected by changing the

laser power from about 0.8 W to 6.7 W step by step.
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Figure 6.7: Schematic image of the knife edge method to measure the beam

radius at position z.

Figure 6.8: Laser power measured for the position of the knife along the

cross-sectional axis. Red dots is the laser power measured when the knife is

at the position x, and red line is the fitting function.
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The incident laser power was evaluated by picking the laser up using the

flipping mirror for 10 minutes before and after the injection, and the incident

laser power is given as the averaged value of these 20 minutes of the power

measurement. Figure (6.9) shows the temperature change when the laser was

injected, and the evaluated laser power is described in the legend of the figure.

The temperature of the sapphire sample starts to increase rapidly when the

CO2 laser started to input. The incident laser power was evaluated by the

laser power measured before and after the injection for 10 minutes using the

flipping mirror. The optical loss during the propagation, Eq.(6.3), is taken

into account. When the incident laser was stopped, the temperature of the

sample started to decrease rapidly.

Using the temperature during the heating process and the desorption en-

ergy of the water molecules, the desorption spectrum is calculated as the

Fig.(6.10). The desorption started from about 170 K and we can conclude

that the heating was enough to remove the water molecules from the sapphire

sample. In the next subsection, we discuss about the required laser power to

heat the cryogenic test mass up to remove the molecules.

6.4 Scale to the KAGRA

Above the temperature of 100 K, the thermal radiation is the main process

to transfer the heat.

The energy that is released in unit time from unit area due to the thermal

radiation is given by the Stefan-Boltzmann law as

Etot = εσT 4, (6.8)

where σ = 5.67× 10−8W/m2/K4 is the Stefan-Boltzmann constant, T is the

temperature of the object or the surface and ε is the emissivity. When we

consider the heat transfer via the thermal radiation between two surfaces

whose area are S1 and S2 (S1 << S2), the amount of the heat dQrad

dt
moved

from the S1 surface to the S2 surface in unit time is written as

dQrad

dt
= ε1S1σ(T

4
1 − T 4

2 ) (6.9)

where T1 and T2 are the temperature of the surfaces. As a total of the

conduction and the radiation heat transfer, the amount of the heat to warm

the KAGRA cryogenic test mass is determined.
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Figure 6.9: Temperature of the sapphire sample with CO2 laser injection.

The temperature of the sapphire sample start to increase rapidly when the

CO2 laser started to input. The incident laser power was evaluated by the

laser power measured before and after the injection for 10 minute using the

flipping mirror. The optical loss during the propagation, Eq.(6.3), is taken

into account. It starts to decrease rapidly when the incident laser was stopped.
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Figure 6.10: Simulated thermal desorption of H2O molecules during the heat-

ing process with CO2 laser. Substituting the temperature coefficient β calcu-

lated from the temperature during the heating process shown in the FIg.(6.9)

and the desorption energy Edes = 52.1 ± 0.1 kJ/mol into the Eq.(6.2) gives

the thermal desorption spectrum.
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Figure (6.11) shows the calculated results of the relation between the

amount of heat input to the cryogenic mirror and the temperature. For the

calculation, the surface area of the test mass against the 8 K radiation shield

is S1 = 0.076m2, and the emissivity ε1 of the sapphire test mass are assumed.

As a result of the calculation, it implies that the heat input of PCO2 = 13.5 W

can increase the temperature of the cryogenic mirror to 200 K. Figure (6.12-

a) shows the temperature of the cryogenic test mass after the heat input of

PCO2 = 13.5 W is applied. The temperature of the mirror gets 180 K after

30 hours and 200 K after 110 hours.

Substituting the heating process shown in Fig.(6.12-a) into Eq.(6.2) gives

the thermal desorption of H2O molecules from the KAGRA cryogenic mirror

as Fig.(6.12-b). The desorption of the molecules starts from 150 K and ends

at 170 K. Hence, by applying PCO2 = 13.5 W of CO2 laser, the temperature

of the cryogenic mirror increases to 180 K which is enough to desorb all of

adsorbed H2O molecules after 30 hours.

After the heating of the test mass to the 200 K, the temperature of the

test mass decrease to the nominal temperature after about 30 hours as shown

in Fig. (6.13). For the calculation, as the initial temperature of the cryogenic

system, the temperature of 45 K for IM, and 30 K for the other parts was

applied. The temperature of the refrigerator was kept at 7 K which is the

nominal temperature when the total heat load is 5.5 W.

As the total of the heating and the cooling, it takes about 60 hours to

remove the molecular layer perfectly and return to the nominal temperature.

Without the system, it is considered that it takes 1.5 months for the same

process. It is concluded that the desorption system using a CO2 laser can

remove the molecular layer perfectly and shorten the observation dead time

to recover from the problem of the molecular layer from 1.5 months to 60

hours.
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Figure 6.11: Relation between the amount of heat input and the temperature.

To increase the temperature of the test mass up to 200 K, the laser power of

13.5 W is required.
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Figure 6.12: Temperature of the KAGRA cryogenic mirror during the heating

process and desorption of the molecular layer. (a) By applying PCO2 = 13.5

W of CO2 laser, the temperature of the cryogenic mirror increases to 180 K

after 30 hours. (b) H2O molecules start to desorb from the cryogenic surface

at 150 K, and it ends at about 170K.
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Figure 6.13: Cooling time after the heating to remove the molecular layer.

After the heating, it takes about 30 hours to cool down to the nominal tem-

perature. For the calculation, as the initial temperature of the cryogenic

system, the temperature of 45 K for IM, and 30 K for the other parts was

applied. The temperature of the refrigerator was kept at 7 K which is the

nominal temperature when the heat load is 5.5 W.
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Chapter 7
DISCUSSION

7.1 Design of cryogenic and vacuum system

As an application of the discussion in Chapter 3, it’s possible to design the

vacuum and cryogenic system that have small conductance. To decrease the

conductance of the KAGRA duct shield, the duct shield is needed to be longer

and colder. The current target temperature of the duct shield is around 100

K, but it does not adsorb N2 and O2 molecules efficiently as shown in the

Fig.(3.8). The temperature of 50 K reduce the conductance of the duct shield

from Cds ∼ 0.85 to Cds ∼ 0.55 for these molecules, and it implies that the

molecular layer formation speed of N2 and O2 is reduced by 35 %. Longer duct

shield is also effective to reduce the conductance for all kinds of molecules.

The conductance of the combined duct is reduced by the factor of N , where

N is the number of the duct shield. Hence, if we prepare the 10 times longer

duct shield, the molecular layer formation rate slow about 10 times. Based

on the same consideration in Chapter 3, it is possible to determine the design

of the duct shield for next generation GWDs.

7.2 Accurate measurement of molecular layer

formation

In Chapter 4, the measurement of the molecular layer formation was dis-

cussed. However, the error of the measured data was large and it leaves room

for the discussion in Chapter 5. For more accurate measurement and char-

acterization of the molecular layer formation in KAGRA, it is beneficial to

discuss the optimization of the experimental system.

Further, the other type of measurement possibly improves the accuracy
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of the experiment. Here we also introduce the spectroscopic measurement

briefly.

7.2.1 Optimization of the experimental system

It is considered to be possible to measure and characterize the molecular layer

formation with an optical cavity accurately by optimizing the cavity for the

reflectivity oscillation that is caused by the real part of the refractive index,

or for the optical loss that is caused by the imaginary part of the refractive

index.

First, we consider the measurement of the real part of the refractive index.

Finesse F of the optical cavity with a growing molecular layer is written as

Eq.(4.24). Neglecting the optical loss inside the molecular layer, the reflectiv-

ity of the mirror r1(dmol) is maximized when the thickness of the molecular

layer dmol satisfies the condition dmol = λm/4nmol with m = 0, 2, 4..., and that

is minimized when m = 1, 3, 5.... Hence, the relative amplitude of the finesse

change δF is given as

δF =
Fmax −Fmin

F
, (7.1)

where Fmax and Fmin are the maximized and the minimized finesse of the

cavity.

Figure (7.1-a) shows the amplitude of the finesse changes due to the molec-

ular layer formation. For the same reflectivity of the reference mirror, the

relative amplitude of the finesse change is larger when the original reflectivity

of the target mirror is lower. This is because the amplitude of the reflectiv-

ity change is maximized when the original reflectivity of the target mirror is

the same as that of the molecular layer. Hence, by setting the reflectivity of

the reference mirror higher and the target mirror lower, the amplitude of the

finesse change gets large.

From the experimental result, the accuracy of the finesse measurement is

typically about ±5%. By setting the amplitude of the finesse change larger

than the measurement accuracy, the signal of the finesse change can be obvi-

ously measured. Also, the time constant of the cavity is needed to be enough

larger than that of the measurement system.

Next, we consider the measurement of the optical loss due to the absorp-

tion inside the molecular layer. Generally, the mirror with higher reflectivity

degrades more due to the optical loss. If we assume the optical loss equivalent
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to the optical absorption of the molecular layer with 5 µm and the imaginary

part of the refractive index as k = 1× 10−7, the Finesse change is calculated

as shown in Fig.(7.1-b). Hence, the optical cavity with higher optical finesse

measures the imaginary part of the refractive index accurately. Combining

the above considerations, the molecular layer formation, and its property is

measured accurately by using two optical cavities that are optimized to mea-

sure the real and imaginary part of the refractive indices.

Figure 7.1: Finesse change due to the molecular layer formation. (a) The

amplitude of the finesse change due to the reflectivity oscillation. The relative

amplitude of the finesse change is larger when the original reflectivity of the

target mirror is lower. The reflectivity of the other mirror is needed to be large

enough to keep the finesse of the cavity high. (b) The amount of finesse change

due to the optical loss of the molecular layer. The optical cavity with higher

finesse is more sensitive to the optical loss inside. For these calculations, the

refractive index of the molecular layer of N = 1.3− 1× 10−7i and the initial

optical loss of 30 ppm are assumed.

7.2.2 Molecular layer formation monitor in a GWD

Here we consider the monitoring system of the molecular layer formation dur-

ing the observation of GWs. At least, four of the monitoring system is needed

to measure the molecular layer on four of the HR surface of the cryogenic mir-
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rors, The spectroscopic measurement using white light is suitable for GWDs

because it doesn’t introduce any vibration to the mirror.

There are three kinds of molecules, H2O, N2 and N2, in a GWD at least.

The monitoring of multi kinds of molecular layer formation with one wave-

length is quite difficult. The spectroscopic measurement with a white light

gives the absorption spectrum characteristic of each molecule accurately [107].

The change of the absorption spectrum gives the thickness of each molecular

layer, and the information makes it possible to characterize the GWD with

molecular layers in real-time.

Due to the configuration of the cryogenic GWD, the input port of the

white light is quite limited. Though, it is considered that the coexistence

with the calibration system using the radiation pressure solves the problem.

7.3 Unbalanced arm cavities

In Chapter 5, we assumed that the molecular layer grows on four cryogenic

mirrors at the same time with same speed. But, generally speaking, the thick-

ness of the molecular layer on the cryogenic mirrors are different each other

because the vacuum pressure around the mirror and the timing to turn on the

cryogenic system is different. To fully calculate the effects, huge amount of

calculation resource is required. Here we assume the molecular layer growth

only on the cryogenic ITMs and discuss how it affect to the interferometer.

When the reflectivity of two ITMs change separately, the shot noise is

considered to be worth due to the contrast defect. Originally, the amount of

the reflected light from two arm cavities are assumed to be the same, and the

shot noise is evaluated under that assumption. Though, when the reflectivity

of two ITMs are different, the amplitude of the interference gets low, a part

of the light leaks to the AS port and the shot noise is worsen.

To estimate the effect of the contrast defect, here we consider two arm

cavities. One is the room temperature cavity and the molecular layer is

not formed, and the other is the cryogenic cavity with the molecular layers.

Here we describe the amplitude reflectivity of the room temperature and the

cryogenic cavity as rroom and rcryo(ditm, detm). Using the parameter of KAGRA

cryogenic mirror, the reflectivity of the room temperature cavity is calculated

to be rroom = 0.95, and the reflectivity of the cryogenic cavity is calculated

as shown in Fig.(5.5-a) for thickness of the molecular layer on the ITM and

the ETM.
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Regarding the FPMI as a compound mirror, the amplitude transmissivity

tFPMI of the FPMI is defined by the ratio between the amplitude of the input

laser electric field and the amplitude of electric field at AS port. When the

interferometer is controlled to be dark fringe at AS port, the amplitude of

the electric field at AS port is calculated as the difference of the amplitude

of that reflected by two arms as

tFPMI =
1

2
(rroom − rcryo) , (7.2)

In the case of DRFPMI, the power transmissivity TDRFPMI is written as

TPRFPMI = G |tFPMI|2 TSRM
1(

1 +
√
RFPMIRSRM

) (7.3)

where G is the power recycling gain, TSRM is the power transmissivity of

the SRM, RSRM is the power reflectivity of the SRM and RFPMI is the power

reflectivity of the SRM . Figure (7.2) is the calculated result of amount of light

which leaks to the AS port due to the contrast defect. Below the thickness

of the molecular layer of 2.5 µm, maximum leak power to the AS port is

calculated to be 2.1 mW.

The PD in KAGRA can detect 40 mW or 150 mW of laser power at

maximum depends on its transimpedance gain. Here we assume that the

injection to the KAGRA PD is Pnormal = 20 mW at normal operation.

By adding the leak laser power due to the contrast defect, the power to

the PD PPD is described as PPD = Pnormal + Pleak. Hence, the laser power to

the PD increases from 20 mW to 22.1 mW. The result implies that the laser

power to the PD increases about 10 %. Because the shot noise is proportional

to the square root of the laser power to the PD, the shot noise is worsen about

1 % for all frequency range due to the contrast defect.

7.4 Observation dead time

As a result of Chapter 6, the observation dead time due to a thermal cycle to

desorb the molecular layer is shortened to 60 hours by the CO2 laser thermal

desorption system. The ratio of the observation dead time occupied by one

thermal cycle during the one-year observation is calculated to be 0.8 %, and

it is 8% even if the system turned on once a month. Because the target value

of the KAGRA observation dead time is 10 %, the total observation dead

time is expected to be 18%.
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Figure 7.2: Amount of the laser power to the AS port due to the contrast

defect.
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This value does not achieve KAGRA target observation dead time, but it is

still comparable with that of LIGO and Virgo [60,61]. Further, the adaptation

of the vacuum and the cryogenic system design discussed in the previous

section slows the growth of the molecular layer and reduce the number of

the heating process. Hence, we can conclude that the molecular desorption

system with a CO2 laser is one of the systems that solve the problem of the

molecular layer formation in cryogenic GWDs practically.
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Chapter 8
CONCLUSION

8.1 Future prospects

8.1.1 Accurate measurement in KAGRA

In Chapter 4, we tried to measure the molecular layer formation experimen-

tally in KAGRA. The results were well consistent with the numerical evalua-

tion, though the error of the material properties are too large to consider the

impacts on the telescopes. Hence, under the assumption that the main com-

ponents of the molecular layer is the water molecules, the values extracted

from the references were used. Generally speaking, the material properties

of the molecular layer is unique to the system. This is because that density

of the porous and the structure of the surface is depending on the molec-

ular incident frequency and the spatial distribution of the source. Hence,

to understand the impacts of the molecular layer on KAGRA, the accurate

measurement is necessary in each detector.

The accurate measurement of such material properties using the ultra-

stable arm cavity gives the important information to the ET and the Voyager.

Further, the measurement of the material properties using the GWD is a

unique measurement, perhaps, it open the new window to the other field

such as the synchrotron radiation facility.

8.1.2 Installation of the laser based desorption system

The laser-based thermal desorption system is tested in this thesis. To in-

stall this system to KAGRA, the integration with other systems such as the

vacuum and the cryogenic system is necessary. For example, the substrate

which transmit the CO2 laser is also transparent for the wavelength of the
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thermal radiation. So it’s not suitable to attach the substrate on the cryostat

to inject the CO2 laser. The small vacuum chamber which is set about 25 m

away from the cryostat is one of the solution. By constructing the optics for

the CO2 laser, it is injected to the cryogenic test mass.

For now, the development of the CO2 laser system for the cryogenic GWD

has not been progressed. But it is also necessary to understand the detail

of the cryogenic system, the thermal response of the cryogenic system to the

input heat for instance.

8.1.3 Change disadvantage to advantage

Though this thesis, the molecular layer is regarded as the disadvantage of

the cryogenic GWD. Here we discuss the idea of the reflectivity actuator as

the application of the molecular layer formation in a cryogenic GWD and its

desorption system.

The thermal desorption system is one of the actuator to change the thick-

ness of the molecular layer with the speed of heat. On the other hand, the

UV laser changes the thickness of the molecular layer more quickly. Using

these auxiliary optics, the molecular layer works as the actuator to change

the reflectivity of the mirror. In a GWD, the reflectivity of two ITM, and

two ETM, are needed to match accurately to cancel the common noise in

two arms. But it is not easy, and LIGO and Virgo made many mirrors and

installed that match the requirement. If we can use the molecular layer and

the desorption system as the reflectivity actuator, it reduce the time to find

the mirrors that require the strict requirements, and it makes it possible to

achieve designed sensitivity smoothly.

The development of the system to control the thickness of the molecular

layer solve the problem. Though this is one of the examples, the change of the

unique feature of the cryogenic GWD to the advantage gives the significance

of the cryogenic GWD.

8.2 Conclusion

The accurate measurement of the GW is important to reveal the physics in

neutron stars, the evolution of black holes and the Hubble constant. KAGRA

is the first GWD which introduces the cryogenic test masses in its km scale

arm, aiming to measure GWs accurately by reducing the thermal noise which
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generally limits the most sensitive frequency region. Not only KAGRA but

also the future GWDs such as Einstein telescope and Voyager plan to use the

cryogenic mirrors to improve the sensitivity. The development of the GWD

adaptable cryogenic system is one of the mission of KAGRA.

The phenomenon that the adhesion of the molecules on the cryogenic

surface is well known as the cryopump. In KAGRA, it is considered that the

molecules that come though the long beam duct hit and accumulate on the

cryogenic mirror. This molecular layer formation has never considered except

for some experimental evaluation.

In this thesis, the molecular layer formation is evaluated theoretically

and numerically based on the vacuum engineering theory. As a result, if

KAGRA achieve its target vacuum pressure of 1× 10−7 Pa, the speed of the

water molecular layer formation is calculated to be 0.5 µm/day. Though the

current situation is far from the design, and the vacuum pressure is order

of 1 × 10−6 Pa. The molecular layer speed under the current situation is

evaluated experimentally and numerically, and it was found that the water

molecular layer grows about 20 nm/day

Then the impacts of the molecular layer in the GWD is detailed. As

a result of the reflectivity change, the quantum noise is modified, and the

thermal noise of the molecular layer is added. Further, due to the optical

absorption of the molecular layer, the temperature of the system is increased.

These effect reduces the inspiral range for the BNS system from 137 Mpc to 75

Mpc at worst within the thickness of 2.5 µm, and the result implies that the

detection rate decreases by 84%. It is also suggested that the parameters that

have temperature dependence worsen the sensitivity more, and the studies on

the temperature dependence of the parameters are important to characterize

the cryogenic GWD well.

At last, to solve the problem, the laser-based thermal desorption system

was tested in the laboratory. As a result, using the 13.5 W of the CO2

laser, the KAGRA cryogenic test mass is warmed up to 180 K which is the

enough temperature to remove H2O molecules from the surface after about

30 hours. Auxiliary experiment also shows that this temperature is enough

to remove H2O molecules. Further, after the heating using the CO2 to 200

K, the temperature of the test mass decreases to the nominal temperature

after about 30 hours. As a total of the heating and the cooling process, the

observation dead time to recover from the problem of the molecular layer is

considered to be 60 hours.
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This thesis discussed the formation, effects, and countermeasures of molec-

ular layers in the GWD, first in the world. We hope that this dissertation

helps the design and the construction of all of future cryogenic gravitational

wave telescopes.
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Chapter A
THERMAL PROPERTY

A.1 Thermal conductivity

Thermal conductivity is the value that shows the amount of the heat flow

due to the conduction. The experimentally measured thermal conductivity

κ(T ) of aluminum, stainless steel and sapphire are fitted using the function

log10κ(T ) = a + b (log10T ) + c (log10T )
2 + d (log10T )

3 + e (log10T )
4(A.1)

+ f (log10T )
5 + g (log10T )

6 + h (log10T )
7 + i (log10T )

8

where a, b, c, d, e, f, g, h and i are the fitting parameters. The value

of each parameters for the aluminum, stainless steel and sapphire fiber are

summarized in the table(A.1), and the calculated thermal conductivity is

shown in the Fig.(A.1).

A.2 Specific heat

Specific heat of the material determines how much heat is needed to increase

the temperature of the material. The experimentally measured specific heat

C(T ) of aluminum, stainless steel and sapphire are fitted using the function

log10C(T ) = a + b (log10T ) + c (log10T )
2 + d (log10T )

3 + e (log10T )
4(A.2)

+ f (log10T )
5 + g (log10T )

6 + h (log10T )
7 + i (log10T )

8

where a, b, c, d, e, f, g, h and i are the fitting parameters. The value of each

parameters for the aluminum, stainless steel and sapphire are summarized in

the table(A.2), and the calculated linear expansion is shown in the Fig.(A.2).
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a b c d

Aluminum 5083 -0.90933 5.751 -11.112 13.612

SUS316 -1.4087 1.3982 0.2543 -0.6260

Sapphire (fiber) 0.51198 -15.53082 101.14378 -230.25518

e f g h i

-9.3977 3.6873 -0.77295 0.067336 0

0.2334 0.4256 -0.4658 0.1650 -0.0199

272.02718 -178.81381 65.27225 -12.29679 0.9250

Table A.1: Fitting parameters for the specific heat.

a b c d

Aluminum 5083 46.6467 -314.292 866.662 -1298.3

SUS316 (T<50K) 12.2486 -80.6422 218.743 -308.854

(50<T<300K) -1879.464 3643.198 76.70125 -6176.028

Sapphire 24.0167 -153.903 363.051 -455.547

e f g h i

1162.27 -637.795 210.351 -38.3094 2.96344

239.5296 -89.9982 3.15315 8.44996 -1.91368

7437.6247 -4305.7217 1382.4627 -237.22704 17.05262

339.736 -154.631 42.1373 -6.32213 0.402076

Table A.2: Fitting parameters for the linear expansion.

A.3 Linear Expansion

The linear expansion α is defined as

α =
L(T )− L293

L293

, (A.3)

where L(T ) and L293 are the length at T K and 293 K.

The experimentally measured linear expansion of aluminum, stainless steel

and sapphire are fitted using the function

α(T ) = a+ bT + cT 2 + dT 3 + eT 4 (A.4)

where a, b, c, d and e are the fitting parameters. The value of each param-

eters for the aluminum, stainless steel and sapphire are summarized in the

table(A.3), and the calculated specific heat is shown in the Fig.(A.3).
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a b c d e

Aluminum 5083 -4.13×102 -3.04×10−1 8.77×10−3 -9.98×10−6 0

SUS304L -2.96×102 -3.98×10−1 9.27×10−3 -2.03×10−5 1.71×10−8

Sapphire -7.89×101 -2.23×10−2 1.02×10−4 5.56×10−6 -8.54×10−9

Table A.3: Fitting parameters for the linear expansion.
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Chapter B
DIELECTRIC MULTILAYER COAT-

ING

B.1 λ/4 model

The dielectric multilayer coating is usually used in the GW research field. The

reflectivity of the coating is controlled by stacking the high and low refractive

index materials alternatively on the substrate. It works as the high reflective

coating when all of the reflected light from each layer constructive interfere.

Generally speaking, the information about the details of the coating, the

thickness and the refractive index of each layer, for instance, is internal secret,

and researchers cannot know about them. To carry out the study on the

coating, the λ/4 model is used. In the λ/4 model, the optical thickness of

each layer is considered to be the quoter of the wavelength we use. Then, the

reflected light from each layer constructive interfere with each other, and the

reflectivity of the coating is changed by the number of the doublet.

B.2 Characteristic matrix

Once we determine the details of the coating, the reflectivity of the coat-

ing is calculated by considering the composition of the fresnel coefficient of

boundaries. Here, the characteristic matrix which is developed to compute

the fresnel coefficient systematically is introduced.

The characteristic matrix of a layer which has the complex refractive index

Ni and the mechanical thickness of di is defined as

Mi =

[
cos δi i sin δi/Ni

iNi sin δi cos δi

]
, (B.1)
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where δi = 2πNidi/λ is an optical phase shift inside the layer. Then, the total

characteristic matrix Mtot of n layer coating is calculated as

Mtot = M1 ·M2 · · ·Mn−1 ·Mn

=
n∏

k=1

Mk =

[
m11 im12

im21 m22

]
. (B.2)

where mij are the elements of the matrix. For the total characteristic matrix,

two coefficients B and C are calculated as[
B

C

]
=

[
m11 im12

im21 m22

] [
1

nsub

]
, (B.3)

where nsub is the refractive index of the substrate material. Equation(B.3)

gives the Fresnel coefficient of the coating as

ρ =
n0B − C

n0B + C
. (B.4)

The Fresnel coefficient directly leads to the power reflectance of light as R =

|ρ|2.

For example, the reflectivity of the dielectric multilayer coating which is

composed of SiO2 and Ta2O5 for the number of the doublet is calculated

as shown in Fig.(B.1), and it implies that the reflectivity of the coating get

high when the number of the doublet is increased. This calculation method

is suitable for the computation of the reflective index and enables to calcu-

late simply compared with the decent calculation of the compound fresnel

coefficient.
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Figure B.1: Reflectivity of the dielectric multilayer coating. The reflectivity

of the dielectric multilayer coating get higher when the number of the doublet

is increased.
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