
�

(�1A�"�9�(�##�"A�A����

n>[r�
�

-�1�"A���AD�!%��A���1�A�������1�����%"�A������A�"�1A������A��2#�

��"��%19��"����D�0�2D� "�09��#�

�2?cetg,G-,mh4a;=us+().piA,o0 �

�


�(�##�"A�A�����%0��AA�2���"�A���(��"������(�1A�"����
��9�#� �D�

(�1��0�"����	�

Zy:l �� Un>�vP @B�

�

(� �"A���A����
�D#�1#��)"�2%�A���1���9�����1���1���

,���-��&�"#�AD����,��D��

kSfPfP/� vPT951� qvPCY�

�

��A����#��2��

]M� bd�







�#bi`�+i

PM2 Q7 i?2 KQbi 7mM/�K2Mi�H T`Q#H2Kb BM Mm+H2�` bi`m+im`2 T?vbB+b Bb iQ mM/2`bi�M/ p�`BQmb
bi�iB+ T`QT2`iB2b Q7 Mm+H2B 7`QK Mm+H2QM /2;`22 Q7 7`22/QKX

AM i?2 H�bi /2+�/2b- r2 ?�p2 rBiM2bb2/ irQ F2v /2p2HQTK2Mib BM i?2Q`2iB+�H Mm+H2�` bi`m+im`2
T?vbB+b �HQM; i?Bb /B`2+iBQMX PM2 Bb i?2 7mM/�K2Mi�H BMi2`�+iBQM �KQM; Mm+H2QMb #�b2/ QM i?2
+?B`�H 2z2+iBp2 }2H/ i?2Q`v- �M/ i?2 Qi?2` QM2 Bb �# BMBiBQ K2i?Q/bX h?Qb2 +?B`�H TQi2MiB�Hb
�`2 #2+QKBM; KQ`2 [m�MiBi�iBp2- �M/ i?2 b+QT2 Q7 i?Qb2 �# BMBiBQ K2i?Q/b ?�b #22M `�TB/Hv
2ti2M/2/ iQ K2/BmK@K�bb Mm+H2B BM+Hm/BM; /Qm#Hv QT2M@b?2HH Mm+H2B BM i?2 H�bi /2+�/2X

q2 �`2 ;2iiBM; �M 2bi�#HBb?2/ T�i? 7`QK i?2 7mM/�K2Mi�H BMi2`�+iBQM iQ Mm+H2�` K�Mv@#Q/v
T`Q#H2Kb BM � rB/2 `�M;2 Q7 i?2 Mm+H2�` +?�`iX �i i?2 b�K2 iBK2- ?Qr2p2`- i?2`2 Bb �MQi?2`
m`;2Mi i�bF iQ #2 i�+FH2/ iQ mM/2`bi�M/ � rB/2 p�`B2iv Q7 Mm+H2�` T?2MQK2M� bi�`iBM; 7`QK
i?2 Mm+H2�` TQi2MiB�HbX h?�i Bb iQ [m�MiB7v i?2Q`2iB+�H mM+2`i�BMiB2b- r?B+? Bb i?2 K�BM i?2K2
Q7 i?Bb i?2bBbX lM+2`i�BMiv [m�MiB}+�iBQM UlZV Bb MQi Dmbi TmiiBM; 2``Q` #�`b QM i?2 i?2Q`2iB+�H
T`2/B+iBQMb- #mi iQ FMQr i?2 +�T�#BHBiv Q7 i?2 KQ/2H Bib2H7- BX2X- ?Qr Km+? r2 +�M FMQr �#Qmi
T`QT2`iB2b Q7 Mm+H2B mbBM; i?Qb2 i?2Q`2iB+�H K2i?Q/bX

AM i?Bb i?2bBb- r2 T`2b2Mi M2r K2i?Q/QHQ;B2b 7Q` lZ #v i�FBM; +QM};m`�iBQM BMi2`�+iBQM
U*AV K2i?Q/b �b 2t�KTH2bX

6B`biHv- r2 T`QTQb2 � bvbi2K�iB+ r�v iQ �+?B2p2 lZ 7Q` p�H2M+2 b?2HH@KQ/2H +�H+mH�iBQMb BM
*?�Ti2` jX h?2 T`Q#�#BHBiv /Bbi`B#miBQM Q7 i?2 2z2+iBp2 BMi2`�+iBQMb 7Q` � T?vbB+�HHv KQiBp�i2/
KQ/2H bT�+2 Bb Q#i�BM2/ #v i?2 bQ@+�HH2/ G�TH�+2 �TT`QtBK�iBQM- �M/ i?2M i?2 mM+2`i�BMiB2b BM
T�`�K2i2`b �`2 T`QT�;�i2/ iQ i?2 [m�MiBiB2b Q7 BMi2`2biX h?Bb ;Bp2b 7Q` i?2 }`bi iBK2 bvbi2K�iB+
mM+2`i�BMiv [m�MiB}+�iBQM BM 2X;X- 2M2`;v bT2+i`� BM i?Bb +QKKmMBivX aQK2 BKTQ`i�Mi Qmi+QK2b
�`2 /Bb+mbb2/X JQ`2 bT2+B}+�HHv- Qm` K2i?Q/ i2HH mb r?B+? bi�i2b �`2 KQ`2 HBF2Hv iQ ?�p2
2tQiB+ bi`m+im`2b- BX2X bi�i2b iQ #2 +QMbB/2`2/ #2vQM/ i?2 �/QTi2/ KQ/2H bT�+2- bm+? �b α@
+Hmbi2`BM;- BMi`m/2` bi�i2b- 2i+X am+? BM7Q`K�iBQM rQmH/ ;Bp2 BKTQ`i�Mi i2bi ;`QmM/ 7Q` i?2
Mm+H2�` TQi2MiB�Hb �M/ �# BMBiBQ K2i?Q/b- �M/ 7�+BHBi�i2 M2r 2tT2`BK2MibX

a2+QM/Hv- BM *?�Ti2` 9- r2 BMi`Q/m+2 � `�i?2` ;2M2`�H 2ti`�TQH�iBQM K2i?Q/ 7Q` �# BMBiBQ 7mHH
+QM};m`�iBQM BMi2`�+iBQM K2i?Q/ rBi? [m�MiB}2/ mM+2`i�BMiB2bX AM Qm` K2i?Q/- 2ti`�TQH�iBQM
Bb T2`7Q`K2/ MQi #v TQBMi 2biBK�iBQM Q7 � T�`�K2i`B+ 7mM+iBQM- #mi #v T`Q#�#BHBbiB+ BM72`2M+2
�KQM; � ?m;2 MmK#2` Q7 /Bz2`2Mi 7mM+iBQMb- r?B+? �`2 ;2M2`�i2/ #v K2�Mb Q7 :�mbbB�M T`Q@
+2bb2b rBi? T?vbB+b +QMbi`�BMibX h?Bb K�v �HH2pB�i2 i?2 Qp2`}iiBM; +�mb2/ #v � bT2+B}+ +?QB+2
Q7 i?2 2ti`�TQH�iBQM 7mM+iBQMX q2 T`2b2Mi i?2 �TTHB+�iBQM Q7 i?2 K2i?Q/ iQ bQK2 Tm#HBb?2/
`2bmHib Q7 i?2 7mHH +QM};m`�iBQM BMi2`�+iBQM K2i?Q/- �M/ r2 7QmM/ i?�i i?Bb K2i?Q/ i2HHb mb QM2
+`Bi2`BQM Q7 r?2M iQ biQT i?2 6*A +�H+mH�iBQMbc Bi Bb MQi Q#pBQmbHv BM�/pBb�#H2 iQ +�``v Qmi 6*A

BBB



R

+�H+mH�iBQMb r?BH2 BM+`2�bBM; Nmax 7Q`2p2`X h?2 TQBMi iQ biQT +�M #2 /2/m+2/ 7`QK �M�HvxBM;
i?2 #2?�pBQ` Q7 i?2 2ti`�TQH�i2/ `2bmHib �b � 7mM+iBQM Q7 i?2 K�tBKmK Nmax �p�BH�#H2X >2`2
Nmax bT2+B}2b i?2 K�tBKmK MmK#2` Q7 2t+Bi�iBQMb �+`Qbb K�DQ`@b?2HH ;�TbX

h?2 K�BM i2bi ;`QmM/ Bb HBKBi2/ iQ i?2 +QM};m`�iBQM BMi2`�+iBQM K2i?Q/b- #mi r2 2tT2+i
i?�i i?2 K2i?Q/b �M/ Bib T?BHQbQT?v +�M #2 �TTHB2/ iQ i?2 Qi?2`b iQQX A7 r2 +QmH/ �+?B2p2 T`QT2`
mM+2`i�BMiv [m�MiB}+�iBQMb BM �Mv i?2Q`2iB+�H KQ/2Hb- Bi Kmbi #2 p2`v ?2HT7mH iQ 7�+BHBi�i2
+QKTH2K2Mi�H /2p2HQTK2Mib Q7 i?2Q`B2b �M/ 2tT2`BK2Mib iQr�`/b /22T2` mM/2`bi�M/BM;b Q7
p�`BQmb Mm+H2�` T`QT2`iB2bX
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*QMi2Mib

hBiH2 X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X B

�#bi`�+i X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X BBB

R AMi`Q/m+iBQM 8

k "�bB+b Q7 +QM};m`�iBQM BMi2`�+iBQM K2i?Q/b �M/ mM+2`i�BMiv [m�MiB}+�iBQMb RR

kXR *QM};m`�iBQM BMi2`�+iBQM K2i?Q/b, p�H2M+2 �M/ 7mHH *A X X X X X X X X X X X X X RR

kXRXR 1B;2Mp�Hm2 T`Q#H2Kb BM *A K2i?Q/b X X X X X X X X X X X X X X X X X X X X RR

kXRXk *QKTmi�iBQM�H +Qbib X X X X X X X X X X X X X X X X X X X X X X X X X X X X R9

kXk �//BiBQM�H i`mM+�iBQMb X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X R8

kXkXR JQMi2 *�`HQ a?2HH JQ/2H X X X X X X X X X X X X X X X X X X X X X X X X X Re

kXkXk AKTQ`i�M+2@i`mM+�i2/ b?2HH KQ/2H X X X X X X X X X X X X X X X X X X X X X R3

kXkXj >Qr iQ `2+Qp2` i?2 Q`B;BM�H BM7Q`K�iBQM\ X X X X X X X X X X X X X X X X X RN

kXj AMTmib Q7 *A K2i?Q/b X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X RN

kXjXR Lm+H2�` TQi2MiB�Hb 7`QK +?B`�H 2z2+iBp2 }2H/ i?2Q`v X X X X X X X X X X X RN

kXjXk aBKBH�`Biv `2MQ`K�HBx�iBQM ;`QmT Ua_:V X X X X X X X X X X X X X X X X X kj

kXjXj .2`Bp�iBQMb Q7 � p�H2M+2 bT�+2 >�KBHiQMB�M 7`QK � 7`22@bT�+2 BMi2`�+iBQM k9

kX9 AM72`2M+2 Q7 T�`�K2i2`b X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X kN

kX8 >Qr iQ 2p�Hm�i2 TQbi2`BQ`b\ X X X X X X X X X X X X X X X X X X X X X X X X X X X X jR

kX8XR aiQ+?�biB+ K2i?Q/, J�`FQp *?�BM JQMi2 *�`HQ X X X X X X X X X X X X X jR

kX8Xk �TT`QtBK�i2 BM72`2M+2 X X X X X X X X X X X X X X X X X X X X X X X X X X X jN

j



9 *PLh1Lha

j lM+2`i�BMiv [m�MiB}+�iBQM BM p�H2M+2 b?2HH@KQ/2H +�H+mH�iBQMb 9R

jXR AM72`2M+2 Q7 b?2HH@KQ/2H 2z2+iBp2 BMi2`�+iBQMb X X X X X X X X X X X X X X X X X X X 9k

jXk *`2/B#H2 BMi2`p�Hb Q7 p�H2M+2 b?2HH KQ/2H 7Q` i?2 0p@b?2HH Mm+H2B X X X X X X X X X 98

jXkXR .2i�BH2/ �M�Hvb2b Q7 i?2 `2bmHib X X X X X X X X X X X X X X X X X X X X X X 93

jXj a+�H�#BHBiv X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 8R

jX9 S2`bT2+iBp2b �M/ `2K�`Fb X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 8R

9 lM+2`i�BMiv [m�MiB}+�iBQM Q7 2ti`�TQH�iBQM T`Q#H2K BM *A@ivT2 +�H+mH�iBQMb 8j

9XR 1ti`�TQH�iBQM T`Q#H2Kb BM +QM};m`�iBQM BMi2`�+iBQM K2i?Q/b X X X X X X X X X X 8j

9Xk :�mbbB�M T`Q+2bb2b X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 8e

9XkXR *QMbi`�BM2/ :�mbbB�M S`Q+2bb2b U*:SV X X X X X X X X X X X X X X X X X 8N

9Xj �TTHB+�iBQM Q7 *:S iQ 2ti`�TQH�iBQM T`Q#H2Kb BM 7mHH *A K2i?Q/ X X X X X X X X ey

9X9 _2bmHib �M/ .Bb+mbbBQMb X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X ej

9X9XR 1ti`�TQH�iBQM Q7 ;XbX 2M2`;B2b X X X X X X X X X X X X X X X X X X X X X X X ej

9X9Xk AKT�+i Q7 i?2 +QMbi`�BMib X X X X X X X X X X X X X X X X X X X X X X X X X e8

9X9Xj .�i� /2T2M/2M+2 X X X X X X X X X X X X X X X X X X X X X X X X X X X X X ee

9X8 a?Q`i bmKK�`v Q7 i?Bb +?�Ti2` X X X X X X X X X X X X X X X X X X X X X X X X X X X ed

8 amKK�`v �M/ 7mim`2 T2`bT2+iBp2b eN

�+FMQrH2/;2K2Mib dj

� amKK�`v Q7 +`2/B#H2 BMi2`p�Hb Q7 p�H2M+2 *A +�H+mH�iBQMb d8

" h?2 +Q/2 �M/ `2H�i2/ Bbbm2b QM :Sb 3d

"XR h2+?MB+�H Bbbm2 QM :�mbbB�M T`Q+2bb2b X X X X X X X X X X X X X X X X X X X X X X X 3d

"XRXR q?Q K�v ;Bp2 i?2 +Q``2+i �Mbr2`\, b2i � X X X X X X X X X X X X X X X X 33

"XRXk >Qr iQ /2�H rBi? MQM@Sa. +Qp�`B�M+2 BM i?2 +Q/2b\, b2i " X X X X X X X 3N

"XRXj amKK�`v X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Nk



*?�Ti2` R

AMi`Q/m+iBQM

AM bQK2 `2b2�`+? }2H/b Q7 T?vbB+b- i?2Q`2iB+�H 2biBK�i2b BM2pBi�#Hv `2Hv QM ?B;?Hv bQT?BbiB@
+�i2/ KQ/2Hb �M/ +QKTmi�iBQM�H i2+?MB[m2bX h?Bb Bb 2bT2+B�HHv i`m2 7Q` KQ/2`M Mm+H2�` bi`m+@
im`2 T?vbB+bX h?Bb Bb T�`iHv /m2 iQ /B{+mHiB2b �b }MBi2 MmK#2` K�Mv@#Q/v T`Q#H2KbX h?2 7�+i
i?�i 2p2M �/D�+2Mi Mm+H2B bQK2iBK2b 2t?B#Bi bB;MB}+�MiHv /Bz2`2Mi T`QT2`iB2b BM/B+�i2b i?�i Bi
Bb 2bb2MiB�H 7Q` [m�MiBi�iBp2 mM/2`bi�M/BM;b Q7 Mm+H2�` T?2MQK2M� iQ i�F2 �++QmMi Q7 Mm+H2QM
/2;`22 Q7 7`22/QK 2tTHB+BiHv iQ bQK2 2ti2MiX AM �//BiBQM iQ i?Bb- i?2 7mM/�K2Mi�H BMi2`�+iBQM
�KQM; Mm+H2QMb Bb biBHH �K#B;mQmb /m2 iQ i?2 ?B;?Hv MQM@T2`im`#�iBp2 +?�`�+i2` Q7 i?2 mM@
/2`HvBM; i?2Q`v- r?B+? Bb Zm�MimK *?`QKQ/vM�KB+b UZ*.V- BM i?2 HQr@2M2`;v `2;BK2- BX2X
i?2 K�BM ;`QmM/ Q7 Mm+H2QM /2;`22 Q7 7`22/QKX h?2b2 b2i Mm+H2�` K�Mv@#Q/v T`Q#H2Kb �T�`i
7`QK Qi?2`bc h?Bb K�F2b T`Q#H2Kb p2`v +QKTHB+�i2/ �M/- �i i?2 b�K2 iBK2- p2`v 7�b+BM�iBM; iQ
i�+FH2X

h?2Q`2iB+�H bim/B2b BM Mm+H2�` T?vbB+b- 2bT2+B�HHv BM Mm+H2�` bi`m+im`2 T?vbB+b iQ/�v- �`2
`Qm;?Hv +H�bbB}2/ BMiQ irQ �ii`B#mi2b- r?B+? rBHH #2 +�HH2/ ǳT?2MQK2MQHQ;B+�HǴ �M/ ǳ�# BMBiBQǴ
?2`2�7i2`X G2i mb ?2`2 /2}M2 i?2b2 i2`KBMQHQ;B2b �b 7QHHQrb,

RX T?2MQK2MQHQ;B+�H +�H+mH�iBQMb
JQbi T�`�K2i2`b BM i?2Q`v �`2 /2i2`KBM2/ iQ `2T`Q/m+2 2tT2`BK2Mi�H /�i� Q7 [m�MiBiB2b
Q7 BMi2`2bi- 2X;X #BM/BM; 2M2`;B2bX
6Q` 2t�KTH2- i?2 p�H2M+2 b?2HH KQ/2H- +Hmbi2` KQ/2H- �MiBbvKK2i`B+ KQH2+mH�` /vM�KB+b
U�J.V- i?2 BMi2`�+iBp2 #QbQM KQ/2H �M/ K2�M@}2H/ +�H+mH�iBQMb rBi? 2M2`;v /2MbBiv
7mM+iBQM�Hb #2HQM; iQ i?Bb +H�bbX

kX �# BMBiBQ +�H+mH�iBQMb
PM+2 � 7`22 bT�+2 Mm+H2�` 7Q`+2 Bb ;Bp2M- QM2 /Q2b MQi imM2 �Mv BMTmi T�`�K2i2`b BM i?2Q`v
iQ BKT`Qp2 i?2 �;`22K2Mi rBi? 2tT2`BK2Mi�H /�i�X AM �//BiBQM iQ i?Bb- B7 Bib �++m`�+v +�M

8



e *?�Ti2`X R AMi`Q/m+iBQM

#2 bvbi2K�iB+�HHv BKT`Qp2/ #v i�FBM; �++QmMi Q7 ?B;?2` Q`/2` i2`Kb �M/fQ` 2ti2M/BM;
Bib KQ/2H bT�+2R- r2 +�HH Bi �# BMBiBQX
6Q` 2t�KTH2- i?2 6�//22p@u�Fm#QpbFv b+?2K2- i?2 ?vT2`bT?2`B+�H ?�`KQMB+b K2i?Q/-
i?2 �mtBHB�`v }2H/ /BzmbBQM JQMi2 *�`HQ K2i?Q/- H�iiB+2 16h- LQ +Q`2 7mHH +QM};m`�iBQM
BMi2`�+iBQM UL*6*V- :`22MǶb 6mM+iBQM JQMi2 *�`HQ- *QmTH2/@*Hmbi2` U**V- AM@J2/BmK
aBKBH�`Biv _2MQ`K�HBx�iBQM :`QmT UAJ@a_:V- b2H7@+QMbBbi2Mi :`22MǶb 7mM+iBQM i?2Q`v #2@
HQM; iQ i?Bb +H�bbX

AM i?2 +H�bbB}+�iBQM �#Qp2- r2 Tmi i?2 p�H2M+2 b?2HH KQ/2H BMiQ i?2 T?2MQK2MQHQ;B+�H ;`QmTX
>Qr2p2`- r2 MQi2 i?�i i?2 p�H2M+2 b?2HH KQ/2H Bb MQr +�M #2 TH�+2/ BM #2ir22M T?2MQK2MQ@
HQ;B+�H �M/ �# BMBiBQX h?Bb rBHH #2 #`B2~v `2pB2r2/ BM a2+X kXjX

AM i?Bb S?X.X i?2bBb- r2 T`QpB/2 i?2 M2r K2i?Q/QHQ;B2b iQ [m�MiB7v ?Qr `Q#mbi �`2 i?Qb2
+�H+mH�iBQMb �M/ iQ 2ti`�+i Km+? KQ`2 BM7Q`K�iBQM 7`QK i?Qb2 +�H+mH�iBQMbX h?2 K�BM i2bi
;`QmM/ Bb HBKBi2/ iQ i?2 *A K2i?Q/b- #mi r2 2tT2+i i?�i i?2 K2i?Q/b �M/ Bib T?BHQbQT?v +�M
#2 �TTHB2/ iQ i?2 Qi?2`b iQQX

AM Q`/2` iQ K�F2 T`Q#H2Kb +H2�`- H2i mb [mQi2 bQK2 T�`ib Q7 i?2 1/BiQ`B�H QM S?vbX _2pX � (R),

Ai Bb MQi mMmbm�H 7Q` K�Mmb+`BTib QM i?2Q`2iB+�H rQ`F iQ #2 bm#KBii2/ rBi?Qmi mM@
+2`i�BMiv 2biBK�i2b 7Q` MmK2`B+�H `2bmHibX (XXX) Ai Bb �HH iQQ Q7i2M i?2 +�b2 i?�i i?2
MmK2`B+�H `2bmHib �`2 T`2b2Mi2/ rBi?Qmi mM+2`i�BMiv 2biBK�i2bX �mi?Q`b bQK2iBK2b
b�v i?�i Bi Bb /B{+mHi iQ �``Bp2 �i 2``Q` 2biBK�i2bX a?QmH/ i?Bb #2 +QMbB/2`2/ �M
�/2[m�i2 `2�bQM 7Q` QKBiiBM; i?2K\ (XXX) h?2 +QKT�`BbQM rBi? 2tT2`BK2Mi Bib2H7
T`QpB/2b � i2bi Q7 Qm` i?2Q`2iB+�H mM/2`bi�M/BM;X >Qr2p2`- i?2`2 Bb � #`Q�/ +H�bb
Q7 T�T2`b r?2`2 2biBK�i2b Q7 i?2Q`2iB+�H mM+2`i�BMiB2b +�M �M/ b?QmH/ #2 K�/2X
S�T2`b T`2b2MiBM; i?2 `2bmHib Q7 i?2Q`2iB+�H +�H+mH�iBQMb �`2 2tT2+i2/ iQ BM+Hm/2 mM@
+2`i�BMiv 2biBK�i2b 7Q` i?2 +�H+mH�iBQMb r?2M2p2` T`�+iB+�#H2- �M/ 2bT2+B�HHv mM/2`
i?2 7QHHQrBM; +B`+mKbi�M+2b,

RX A7 i?2 �mi?Q`b +H�BK ?B;? �++m`�+v- Q` BKT`Qp2K2Mib QM i?2 �++m`�+v Q7 T`2@
pBQmb rQ`FX

kX A7 i?2 T`BK�`v KQiBp�iBQM 7Q` i?2 T�T2` Bb iQ K�F2 +QKT�`BbQMb rBi? T`2b2Mi
Q` 7mim`2 ?B;? T`2+BbBQM 2tT2`BK2Mi�H K2�bm`2K2MibX

jX A7 i?2 T`BK�`v KQiBp�iBQM Bb iQ T`QpB/2 BMi2`TQH�iBQMb Q` 2ti`�TQH�iBQMb Q7
FMQrM 2tT2`BK2Mi�H K2�bm`2K2MibX

(XXX)
Rq2 rBHH /2}M2 i?2 i2`KBMQHQ;v ǳKQ/2H bT�+2Ǵ H�i2`X



d

h?2b2 �`2 i`m2 MQi QMHv 7Q` K�Mmb+`BTib BM S?vbX _2pX � +Qp2`BM; �iQKB+- KQH2+mH�`- �M/
QTiB+�H T?vbB+b �M/ [m�MimK BM7Q`K�iBQM- #mi �HbQ 7Q` K�Mmb+`BTib BM K�Mv b+B2MiB}+ }2H/bX
q2 rQmH/ HBF2 `2�/2`b iQ `272` iQ i?2 7mHH i2ti Q7 (R) iQ T`2p2Mi KBbmM/2`bi�M/BM;b /m2 iQ Qm`
T�`iB�H +Bi�iBQMX

AM Mm+H2�` T?vbB+b +QKKmMBiv- i?2 ?BbiQ`v Q7 mM+2`i�BMiv [m�MiB}+�iBQM UlZV Bb MQi bQ HQM;X
AKTQ`i�M+2 Q7 lZ BM i?2Q`2iB+�H 2biBK�i2b BM i?2 +QMi2ti Q7 Mm+H2�` KQ/2Hb Bb r2HH 2tTH�BM2/
#v _27bX (k- j) �M/ `272`2M+2b i?2`2BMX

�b 7�` �b r2 T2`7Q`K +�H+mH�iBQMb mbBM; � KQ/2H rBi? i?2 T�`�K2i2`b /2i2`KBM2/ #v 2tT2`@
BK2Mi�H /�i�- r2 Kmbi i`v iQ �Mbr2` [m�MiBi�iBp2Hv �i H2�bi iQ i?2 7QHHQrBM; [m2biBQMb,

RX >Qr `2HB�#H2 �M/ T`2+Bb2 �`2 vQm` `2bmHib\

kX q?�i ?�TT2Mb B7 vQm �// M2r /�i� BM i?2 T�`�K2i2` }i\

jX q?�i Bb i?2 Q`B;BM Q7 i?2 /Bb+`2T�M+v #2ir22M i?2 2tT2`BK2Mi�H /�i� �M/ i?2 +m``2Mi
T`2/B+iBQM\

h?2b2 �`2 T�`iB+mH�`Hv BKTQ`i�Mi 7Q` K�FBM; `2HB�#H2 T`2/B+iBQMb 7Q` T`QiQM@ Q` M2mi`QM@`B+?
Mm+H2B 7Q` r?B+? 2tT2`BK2Mi�H bim/B2b �`2 2ti`2K2Hv /B{+mHi iQ +�``v QmiX

h?2 K�BM i?2K2 Q7 i?Bb i?2bBb Bb iQ K�F2 � T`Q;`2bb iQ �Mbr2` i?2b2 [m2biBQMb T�`iB+mH�`
BM � b?2HH@KQ/2H +�H+mH�iBQM- r?B+? Bb ;2M2`�HHv +�HH2/ +QM};m`�iBQM BMi2`�+iBQM U*AV BM Qi?2`
}2H/bX h?2 b?2HH@KQ/2H Bb bmT2`BQ` BM i2`Kb Q7 Bib +�T�#BHBivc B7 i?2 +QKTmi�iBQM Bb 72�bB#H2-
QM2 +�M Q#i�BM ;`QmM/ bi�i2b- 2t+Bi2/ bi�i2b- �M/ i`�MbBiBQM bi`2M;i?b �KQM; i?Qb2 BM � +QM@
bBbi2Mi K�MM2`X 6Q` i?Bb `2�bQM- b?2HH@KQ/2H `2bmHib ?�p2 #22M rB/2Hv mb2/ iQ +QKT�`2 rBi?
M2r 2tT2`BK2Mi�H /�i� �M/ �HbQ +QKT�`2 rBi? Qi?2` i?2Q`2iB+�H +�H+mH�iBQMbX JQ`2Qp2`- i?2
b?2HH KQ/2H Bb MQ HQM;2` Dmbi � T?2MQK2MQHQ;B+�H KQ/2Hc Bi TH�vb � F2v `QH2 iQ bm`p2v i?2
+QMM2+iBQMb #2ir22M mM/2`HvBM; T?vbB+b �M/ Q#b2`p�#H2b Q7 K�Mv@Mm+H2QMb bvbi2Kb QrBM; iQ
i?2 `2+2Mi /2p2HQTK2Mib BM KQ/2`M /2b+`BTiBQM Q7 Mm+H2�` 7Q`+2b rBi? +?B`�H 2z2+iBp2 }2H/ i?2@
Q`v Uχ16hV- r?B+? Bb +QMbBbi2Mi rBi? mM/2`HvBM; bvKK2i`v �M/ Bib #`2�FBM; T�ii2`Mb- �M/ BM
K�Mv@#Q/v i2+?MB[m2b iQ /2`Bp2 2z2+iBp2 Mm+H2�` 7Q`+2 7Q` p�H2M+2 Mm+H2QMbX a22 �HbQ a2+X kXjXR
�M/ a2+X kXjXj 7Q` KQ`2 /2i�BHbX

lM/2` i?2b2 +B`+mKbi�M+2b- mM+2`i�BMiv [m�MiB}+�iBQMb BM +QM};m`�iBQM BMi2`�+iBQM K2i?@
Q/b- BM+Hm/BM; Bib �# BMBiBQ +QmMi2`T�`i- �`2 Q7 ;`2�i BKTQ`i�M+2 7`QK p�`BQmb pB2rTQBMibX

>2`2 Bb �M 2t�KTH2X AM K�Mv HBi2`�im`2b- };m`2b HBF2 6A:X RXR +QKT�`BM; 2t+Bi�iBQM bT2+i`�
�`2 Q7i2M b?QrMX q2 MQi2 i?�i i?2 2tT2`BK2Mi�H Q#b2`p�iBQM 2``Q`b �`2 iQQ 2t�;;2`�i2/ �M/ QM2
ivTB+�HHv +�MMQi b22 �Mv 2``Q` #�`b BM bm+? � b+�H2 i?�MFb iQ i?2 ?B;? `2bQHmiBQMX �M BKTQ`i�Mi
`2K�`F ?2`2 Bb i?�i 7`QK i?Bb FBM/ Q7 THQi- i?2`2 Bb MQ BM7Q`K�iBQM �i �HH �#Qmi ?Qr Km+? `2HB�#H2
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6A:X RXR, a+?2K�iB+ };m`2 Q7 +QKT�`BbQM Q7 2t+Bi�iBQM bT2+i`� #2ir22M i?2Q`v �M/ 2tT2`BK2MibX
h?2 mMHBF2Hv H�`;2 2``Q` #�`b �`2 /`�rM iQ K�F2 i?2 Bbbm2 +H2�`X

Bb i?Bb i?2Q`2iB+�H +�H+mH�iBQMX PM2 +�MMQi };m`2 Qmi r?2i?2` Q` MQi i?2 �;`22K2Mi BM i?2 HQr2bi
irQ 2t+Bi2/ bi�i2b �M/ /Bb�;`22K2Mi BM i?2 b2+QM/ 0+ bi�i2 �`2 �++B/2Mi�H mMH2bb 2biBK�iBM;
i?2Q`2iB+�H mM+2`i�BMiB2b +QKBM; �i H2�bi 7`QK i?2 T�`�K2i2`b �M/ K�Mv@#Q/v K2i?Q/ Bib2H7X
AM i?Bb i?2bBb- r2 T`QTQb2 r�vb iQ `2bQHp2 i?2b2 T`Q#H2K�iB+ +B`+mKbi�M+2bX

h?Bb i?2bBb Bb Q`;�MBx2/ �b 7QHHQrb, AM *?�Ti2` k- bQK2 #�bB+b �#Qmi *A K2i?Q/b �M/
mM+2`i�BMiv [m�MiB}+�iBQM �`2 BMi`Q/m+2/X �7i2` i?�i- BM *?�Ti2` j- r2 /Bb+mbb ?Qr iQ K�F2
+QKT�`BbQMb HBF2 6A:X RXR KQ`2 BMbB;?i7mH #v +QMbB/2`BM; i?2Q`2iB+�H mM+2`i�BMiB2b +QKBM; 7`QK
BMTmi T�`�K2i2`bX AM �//BiBQM iQ i?Bb- r2 �HbQ /Bb+mbb � MQp2H K2i?Q/ iQ 2p�Hm�i2 �M BMi`BMbB+
mM+2`i�BMiv Q7 �# BMBiBQ 7mHH +QM};m`�iBQM BMi2`�+iBQM K2i?Q/ BM *?�Ti2` 9X *QM+HmbBQMb �M/
bQK2 7mim`2 T2`bT2+iBp2b �`2 bmKK�`Bx2/ BM *?�Ti2` 8X JQbi Q7 i?2 /�i� �M/ +Q/2b mb2/ BM
*?�Ti2` j �M/ *?�Ti2` 9 �`2 QT2M2/ QM :Bi>m# (9-8) 7Q` `2T`Q/m+B#BHBiv �M/ iQ 7�+BHBi�i2 7mim`2
bim/B2bX

>2`2 �`2 i?2 2t�KTH2b Q7 TQbbB#H2 BKT�+ib Q7 i?Bb bim/v 7`QK i?`22 pB2rTQBMib,

RX h?2 `2H�iBQMb?BTb rBi? 2tT2`BK2Mi�H bim/B2b
AM K�Mv HBi2`�im`2b Q7 2tT2`BK2Mi�H bim/B2b- 2X;X ;�KK�@`�v bT2+i`Qb+QTv- `2bmHib �`2
b?QrM BM +QKT�`BbQM rBi? b?2HH@KQ/2H +�H+mH�iBQMbX h?2 lZ `2bmHib 2M�#H2 mb iQ [m�MiB7v
i?2 `2HB�#BHBiv Q7 i?2B` bi�i2K2Mib /2/m+2/ 7`QK +QKT�`BbQM rBi? KQ/2H r�p2 7mM+iBQMbX
h?2 BM7Q`K�iBQM Q7 i?2Q`2iB+�H mM+2`i�BMiv +�M #2 mb2/ iQ ?2HT iQ +QMbi`m+i H2p2H b+?2K2b
�M/ iQ /2bB;M M2r K2�bm`2K2MibX

kX h?2 `2H�iBQMb?BTb rBi? �# BMBiBQ 7`�K2rQ`Fb
h?2 lZ BM +QM};m`�iBQM BMi2`�+iBQM K2i?Q/b K�v BM/B+�i2 bQK2 KBbbBM; +QMi`B#miBQM BM



N

+m``2Mi Mm+H2�` TQi2MiB�Hb Q` K�Mv@#Q/v i2+?MB[m2b iQ /2`Bp2 2z2+iBp2 BMi2`�+iBQMb 7Q` �
p�H�M+2 bT�+2X h?Bb rQmH/ i2HH mb r?B+? ?B;?2`@Q`/2` +QKTQM2Mib b?QmH/ MQi #2 QKBii2/X

jX h?2 BKT�+ib QM Qi?2` `2b2�`+? }2H/b
h?2 lZ BM b?2HH KQ/2H K�v +QMi`B#mi2 iQ i?2 mM/2`bi�M/BM;b BM Qi?2` `2b2�`+? }2H/bX
6Q` 2t�KTH2- #2i�@/2+�v [m�MiBiB2b HBF2 ?�H7@HBp2b �M/ M2mi`QM 2KBbbBQM `�i2b ?�p2 �M
2z2+i QM �bi`QT?vbB+�H bBKmH�iBQMb Q7 Mm+H2QbvMi?2bBbX JQ`2Qp2`- bQK2 [m�MiBiB2b 7`QK
Mm+H2�` bi`m+im`2 +�H+mH�iBQMb TH�v � F2v `QH2 BM T?vbB+b �#Qmi KQ`2 7mM/�K2Mi�H /2;`22b
Q7 7`22/QKX 6Q` 2t�KTH2- Mm+H2�` K�i`Bt 2H2K2Mib Q7 /Qm#H2 #2i� /2+�v �`2 +`m+B�H iQ
mM/2`bi�M/ T`QT2`iB2b Q7 M2mi`BMQbX

h?`Qm;? Qmi i?Bb i?2bBb- r2 rBHH BMi`Q/m+2 bQK2 �##`2pB�iBQMbX q2 bmKK�`Bx2 i?2K BM
h�#H2 RXR iQ T`2p2Mi `2�/2`b 7`QK +QM7mbBM;X
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h�#H2 RXR, �##`2pB�iBQMb �M/ �+`QMvKb mb2/ BM i?Bb i?2bBbX

�##`2pB�iBQMbf�+`QMvKb 2tTH�M�iBQM
A K�bb MmK#2`
�LL �`iB}+B�H L2m`�H L2irQ`F
** *QmTH2/@*Hmbi2`
+:S +QMbi`�BM2/ :�mbbB�M S`Q+2bb
*A *QM};m`�iBQM AMi2`�+iBQM
*E *Q?2M Em`�i?
16h 1z2+iBp2 6B2H/ h?2Q`v
6*A 6mHH *QM};m`�iBQM AMi2`�+iBQM
:S :�mbbB�M S`Q+2bb
;XbX ;`QmM/ bi�i2
>J* >�KBHiQMB�M JQMi2 *�`HQ
AhaJ AKTQ`i�M+2 h`mM+�i2/ a?2HH JQ/2H
AJa_: AM@J2/BmK aBKBH�`Biv _2MQ`K�HBx�iBQM :`QmT
G� G�TH�+2 �TT`QtBK�iBQM
G1*UbV GQr@1M2`;v *QMbi�MiUbV
Ga bTBM@Q`#Bi U7Q`+2V
J�S J�tBKmK � SQbi2`BQ`B
J"Sh J�Mv@"Q/v S2`im`#�iBQM h?2Q`v
J*J* J�`FQp *?�BM JQMi2 *�`HQ
J*aJ JQMi2 *�`HQ a?2HH JQ/2H
N M2mi`QM MmK#2`
LGP M2ti@iQ@H2�/BM; Q`/2`
LLGP- LkGP M2ti@iQ@M2ti@iQ@H2�/BM; Q`/2`
LjGP M2ti@iQ@M2ti@iQ@M2ti@iQ@H2�/BM; Q`/2`
LPk" MQ`K�H Q`/2`2/ irQ@#Q/v
Z*. Zm�MimK *?`QKQ/vM�KB+b
_qJ> _�M/QK q�HF J2i`QTQHBb@>�biBM;b
aS1 aBM;H2 S�`iB+H2 1M2`;v
h"J1 hrQ@"Q/v J�i`Bt 1H2K2Mi
lZ lM+2`i�BMiv Zm�MiB}+�iBQM
Z T`QiQM MmK#2`



*?�Ti2` k

"�bB+b Q7 +QM};m`�iBQM BMi2`�+iBQM
K2i?Q/b �M/ mM+2`i�BMiv
[m�MiB}+�iBQMb

AM i?Bb +?�Ti2`- r2 BMi`Q/m+2 #�bB+b Q7 +QM};m`�iBQM BMi2`�+iBQM K2i?Q/bR- �M/ Q7 mM+2`@
i�BMiv [m�MiB}+�iBQMb BM Mm+H2�` K�Mv@#Q/v T`Q#H2Kb #v i�FBM; i?2 *A K2i?Q/b �b 2t�KTH2bX

AM a2+X kXR- r2 #`B2~v bmKK�`Bx2 7mM/�K2Mi�H iQTB+b Q7 *A +�H+mH�iBQMb BM Mm+H2�` T?vbB+b-
�M/ i?2M r2 2tTH�BM i?2 #�bB+b Q7 "�v2bB�M BM72`2M+2 BM a2+X kX9- b�KTHBM; b+?2K2b BM a2+X kX8X

kXR *QM};m`�iBQM BMi2`�+iBQM K2i?Q/b, p�H2M+2 �M/ 7mHH
*A

kXRXR 1B;2Mp�Hm2 T`Q#H2Kb BM *A K2i?Q/b

h?2 #�bB+ [m2biBQM BM i?2 Mm+H2�` K�Mv@#Q/v T`Q#H2Kb Bb ?Qr iQ bQHp2 i?2 MQM@`2H�iBpBbiB+
a+?`ƺ/BM;2` 2[m�iBQM 7Q` B/2MiB+�H 72`KBQMb,

ĤΨ(r1, r2, ...) = EΨ(r1, r2, ...), UkXRV

Ĥ ≡
A∑

i

(
− !2
2m

∇2

)
+
∑

i<j

V (ri − rj) UkXkV

Rh?2 `2�bQM r?v r2 mb2 i?2 THm`�H 7Q`K Bb i?�i r2 /BbiBM;mBb? 7mHH +QM};m`�iBQM BMi2`�+iBQM 7`QK QM2 7Q` �
p�H2M+2 bT�+2X

RR



Rk *?�Ti2`X k "�bB+b Q7 +QM};m`�iBQM BMi2`�+iBQM K2i?Q/b �M/ mM+2`i�BMiv [m�MiB}+�iBQMb

r?2`2 r2 �bbmK2/ i?2 bvbi2K +QMbBbib Q7 A Mm+H2QMb rBi? K�bb mX h?2 A Mm+H2QMb BM � ;Bp2M
Mm+H2mb BMi2`�+i rBi? 2�+? Qi?2` i?`Qm;? V (ri − rj)X q2 QKBii2/ �M 2ti2`M�H TQi2MiB�H U(ri)

BM i?2 2[m�iBQM �#Qp2X

h?2 B/2� Q7 +QM};m`�iBQM BMi2`�+iBQM K2i?Q/b Bb iQ 2tT�M/ i?2 r�p27mM+iBQM Ψ BM � +QM@
p2MB2Mi K�Mv@#Q/v #�bBb iQ ?�M/H2 �M/ i?2 +QKKQM +?QB+2 7Q` i?�i Bb aH�i2` /2i2`KBM�Mib,

Ψn =
∑

j

c(n)j Φj, UkXjV

Φj ∝ det

⎡

⎢⎣
ϕj1(1) · · · ϕj1(A)

XXX X X X XXX
ϕjA(1) · · · ϕjA(A)

⎤

⎥⎦ , UkX9V

r?2`2 r2 +QMbB/2` i?2 2B;2Mbi�i2 Q7 i?2 >�KBHiQMB�M H�#2H2/ #v i?2 BM/2t n- �M/ i?2 H�#2Hb
{j1, j2, ..., jA} bT2+B7v K�Mv@#Q/v +QM};m`�iBQMb mM/2` i?2 ;Bp2M bBM;H2@T�`iB+H2 #�bBbX h?Bb
M�im`�HHv BM+Q`TQ`�i2b S�mHB T`BM+BTH2 �M/ �MiBbvKK2i`B+ T`QT2`iv Q7 72`KBQMB+ r�p2 7mM+iBQMbX

q2 KQp2 iQ .B`�+Ƕb #`�@F2i MQi�iBQM- �M/ i?2M- BM ?�`KQMB+ Qb+BHH�iQ` bBM;H2@T�`iB+H2 #�bBb-
i?2 K�Mv@#Q/v bi�i2 Φj Bb r`Bii2M BM � b2+QM/ [m�MiBx2/ 7Q`K

|Φj⟩ = a†j1a
†
j2 · · · a

†
jA
|vacuum⟩, UkX8V

r?2`2 a†j Bb i?2 QT2`�iQ` i?�i +`2�i2b i?2 bBM;H2 72`KBQM bi�i2 jX

q2 ?2`2 /2}M2 irQ i2`KBMQHQ;B2b- p�H2M+2 *A �M/ 7mHH *A- #v i?2 /Bz2`2M+2 BM i?2 +?QB+2 Q7
i?2 p�+mmK bi�i2X h?2 b+?2K�iB+ TB+im`2b Q7 7mHH *A �M/ p�H2M+2 *A �`2 b?QrM BM 6A:X kXRX AM
7mHH *A- |vacuum⟩ Bb � 72`KBQM p�+mmKX PM i?2 Qi?2` ?�M/- |vacuum⟩ BM p�H2M+2 *A Bb �M BM2`i
+Q`2- r?B+? Bb mbm�HHv i�F2M �b i?2 M2�`2bi /Qm#Hv +HQb2/@b?2HH Mm+H2BX

LQr- i?2 2B;2Mp�Hm2 T`Q#H2K +�M #2 r`Bii2M �b,
∑

j

⟨Φk|H|Φj⟩c(n)j = Enc
(n)
k . UkXeV

AM K�Mv T`�+iB+�H bBim�iBQMb- ⟨Φ|H|Φ⟩ Bb i?2 H�`;2 bT�`b2 K�i`Bt �M/ QM2 Bb BMi2`2bi2/ BM i2Mb
Q7 HQr@HvBM; bi�i2bX h?2`27Q`2- i?2 G�M+xQb K2i?Q/ (e) #2+QK2b � K2i?Q/ Q7 +?QB+2 7Q` i?Qb2
2B;2Mp�Hm2 T`Q#H2KbX PM2 Q7 i?2 K�DQ` �/p�Mi�;2b Q7 *A K2i?Q/b Bb i?�i QM2 +�M 2p�Hm�i2
;`QmM/ bi�i2 2M2`;v- 2t+Bi�iBQM bT2+i`�- �M/ Qi?2` Q#b2`p�#H2b BM � +QMbBbi2Mi K�MM2`, PM+2
QM2 Q#i�BM2/ 2B;2Mbi�i2b- �Mv Q#b2`p�#H2 Q7 i?2 i�`;2i Mm+H2mb +�M #2 Q#i�BM2/ #v 2p�Hm�iBM;
2tT2+i�iBQM p�Hm2b 7Q` i?2 QT2`�iQ`b Q7 BMi2`2biX

AM ;2M2`�H- r2 rQ`F rBi? `Qi�iBQM�HHv BMp�`B�Mi >�KBHiQMB�MbX h?2`27Q`2- i?2 2B;2Mbi�i2b Q7



kXR *QM};m`�iBQM BMi2`�+iBQM K2i?Q/b, p�H2M+2 �M/ 7mHH *A Rj�
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6A:X kXR, h?2 b+?2K�iB+ };m`2 Q7 7mHH �M/ p�H2M+2 *AX

i?2 >�KBHiQMB�M ?�p2 ;QQ/ �M;mH�` KQK2Mi�X

H|Ψ⟩ = E|Ψ⟩, UkXdV
J2|Ψ⟩ = J(J + 1)|Ψ⟩, UkX3V
Jz|Ψ⟩ = M |Ψ⟩, UkXNV

r?2`2 r2 7QHHQr2/ i?2 +QMp2MiBQM iQ i�F2 z@�tBb �b i?2 [m�MiBx�iBQM �tBb- �M/ M +�M #2
−J,−J +1, · · · , J X h?2 p�Hm2 Q7 E /Q2b MQi /2T2M/ QM � p�Hm2 Q7 M =

∑A
i mi- r?2`2 mi Bb jz

p�Hm2 Q7 i@i? bBM;H2 T�`iB+H2 r�p2 7mM+iBQMX A7 r2 rQ`F rBi? �HH bi�i2b Q7 � ;Bp2M M mM/2` i?2
bT?2`B+�HHv bvKK2i`B+ >�KBHiQMB�Mb- i?2 2B;2Mbi�i2b Bb ;m�`�Mi22/ iQ ?�p2 � ;QQ/ [m�MimK
MmK#2` J X h?Bb Bb i?2 bQ@+�HH2/ M @b+?2K2 �M/ M = 0 �M/ M = 1/2 �`2 mb2/ 7Q` 2p2M �M/
Q// Mm+H2B- `2bT2+iBp2HvX J�Mv b?2HH@KQ/2H +Q/2b BM M @b+?2K2 �`2 �p�BH�#H2, �LhPAL1 (d)-
"A:ahA*E (3)- J6.M (NĜRR)- �M/ Ea>1GG (Rk- Rj)X

PM2 +�M �HbQ rQ`F rBi? i?2 bQ@+�HH2/ J@b+?2K2- BX2X rQ`FBM; rBi? i?2 #�bBb r?B+? ?�b �
/2}MBi2 J p�Hm2X Ai Bb FMQrM iQ #2 KQ`2 +QbiHv iQ �+?B2p2 +�H+mH�iBQMb BM J@b+?2K2 �Hi?Qm;?
i?2 K�i`Bt bBx2 Bb mbm�HHv bK�HH2` i?�M i?�i BM M @b+?2K2 #v �M Q`/2` Q7 K�;MBim/2X h?2`2 �`2
�HbQ J@b+?2K2 +Q/2b QM i?2 K�`F2i bm+? �b Lma?2HHs (R9)X

>2`2- iQ �pQB/ +QM7mbBQM- r2 2tTHB+BiHv BMi`Q/m+2 i?2 /2}MBiBQM Q7 � i2`KBMQHQ;v KQ/2H bT�+2
BM i?Bb i?2bBb �b 7QHHQrb, i?2 �HH �+iBp�i2/ bBM;H2@T�`iB+H2 Q`#Bi�Hb �M/ K�Mv@#Q/v +QM};m`�iBQMb
�HHQr2/X h?2 H�ii2` QM2 Bb bBKTHv +�HH2/ +QM};m`�iBQMb 7`QK MQr QMX

AM 7mHH *A U6*AV +�H+mH�iBQMb- �HH Mm+H2QMb �`2 �+iBp�i2/ mM/2` i?2 ;Bp2M bBM;H2@T�`iB+H2 #�bBb
�M/ r�p2 7mM+iBQMb �`2 ivTB+�HHv `2T`2b2Mi2/ BM � i`mM+�i2/ ?�`KQMB+ Qb+BHH�iQ` #�bBbX h?Bb



R9 *?�Ti2`X k "�bB+b Q7 +QM};m`�iBQM BMi2`�+iBQM K2i?Q/b �M/ mM+2`i�BMiv [m�MiB}+�iBQMb

BMpQHp2b irQ #�bBb bT�+2 T�`�K2i2`b- !Ω �M/ NmaxX h?2 !Ω Bb i?2 2tT�MbBQM T�`�K2i2` Q7 i?2
#�bBb bi�i2b �M/ i?2 bT�+BM; #2ir22M Qb+BHH�iQ` K�DQ` b?2HHbX h?2 Nmax /2}M2b i?2 K�tBKmK
MmK#2` Q7 ?�`KQMB+ Qb+BHH�iQ` [m�Mi�k N = 2n+ℓ �HHQr2/ BM i?2 K�Mv@#Q/v #�bBb bi�i2b �#Qp2
i?2 HQr2bi +QM};m`�iBQMb 7Q` � i�`;2i Mm+H2mb- r?2`2 n �M/ ℓ �`2 i?2 T`BM+BT�H [m�MimK MmK#2`
�M/ i?2 �xBKmi?�H [m�MimK MmK#2` `2bT2+iBp2HvX h?2 M�Bp2 }HHBM; +QM};m`�iBQMb +Q``2bTQM/
iQ N = 0X AM i?2 +�b2 Q7 6GB- 7Q` 2t�KTH2- i?2 +QM};m`�iBQMb rBi? QM2 T`QiQM 2t+Bi�iBQM 7`QK
i?2 0p b?2HHb Un = 0, ℓ = 1) iQ i?2 1s b?2HH Un = 1, ℓ = 0V �M/ irQ M2mi`QM 2t+Bi�iBQMb 7`QK i?2
0s b?2HH Un = 0, ℓ = 0) iQ i?2 0d b?2HHb �`2 BM+Hm/2/ BM i?2 +QM};m`�iBQMb rBi? Nmax ≥ N = 5X

kXRXk *QKTmi�iBQM�H +Qbib

h�#H2 kXR, _Qm;? 2biBK�i2b Q7 M @b+?2K2 /BK2MbBQMb 7Q` 6*AX

J@b+?2K2 /BKX
Nmax

4>2 6GB 12* 16P
k 5.9× 101 8.0× 102 1.8× 104 1.3× 103

9 9.5× 102 1.7× 104 1.1× 106 3.5× 105

e 7.9× 103 2.0× 105 3.3× 107 2.7× 107

3 4.5× 104 1.6× 106 5.9× 108 1.0× 109

Ry 2.0× 105 9.7× 106 7.8× 109 2.4× 1010

Rk 7.1× 105 4.9× 107 8.1× 1010 4.1× 1011

R9 2.2× 106 2.1× 108 6.9× 1011 5.4× 1012

h�#H2 kXk, 1biBK�i2b Q7 M @b+?2K2 /BK2MbBQMb 7Q` p�H2M+2 *AX

Mm+H2mb BM2`i +Q`2 KQ/2H bT�+2 J@b+?2K2 /BKX
6GB 4>2 0p U7mHHV 1.0× 101
12* 4>2 0p U7mHHV 5.0× 101
28aB 16P 1s, 0d U7mHHV 9.4× 104
28aB 16P 1s, 0d, 1p, 0f U2!ωV 3.9× 107
28aB 16P 1s, 0d, 1p, 0f U7mHHV 3.7× 1010
56LB 40*� 1p, 0f U7mHHV 1.1× 109

AM p�H2M+2 *A +�H+mH�iBQMb- r2 �bbmK2 i?2 2tBbi2M+2 Q7 �M BM2`i +Q`2- BX2X r2 /BpB/2 i?2
A Mm+H2QMb BMiQ irQ BM;`2/B2Mib- �M BM2`i +Q`2 �M/ p�H2M+2 T�`iB+H2bX A7 r2 M�Bp2Hv +QKT�`2
#2ir22M 7mHH *A �M/ p�H2M+2 *A K2i?Q/b 7Q` i?2 b�K2 Mm+H2mb- i?2 +QKTmi�iBQM�H +Qbi Bb
bB;MB}+�MiHv `2/m+2/ #v �bbmKBM; i?2 2tBbi2M+2 Q7 i?2 BM2`i +Q`2X h?Bb 2M�#H2b mb iQ 2ti2M/

kPi?2` i?�M i?Bb T�`�;`�T?- N /2MQi2b i?2 M2mi`QM MmK#2`X



kXk �//BiBQM�H i`mM+�iBQMb R8

Qm` b+QT2 iQ K2/BmK@K�bb Mm+H2BX P7 +Qm`b2- �b /2b+`B#2/ H�i2` BM i?2 +QMi2ti Q7 2z2+iBp2
BMi2`�+iBQMb- Bi /Q2b MQi M2+2bb�`BHv K2�M i?�i Bi Bb 2�bB2` iQ Q#i�BM i?2 �++m`�i2 `2bmHib rBi?
p�H2M+2 *A Qp2` i?2 7mHH *A K2i?Q/X

LQr r2 2tTHQ`2 ?Qr Km+? +QKTmi�iBQM�H +Qbib �`2 ivTB+�HHv `2[mB`2/ BM 6*A �M/ p�H2M+2
*A +�H+mH�iBQMbX AM h�#H2b kXR �M/ kXk- r2 bmKK�`Bx2/ M @b+?2K2 /BK2MbBQMb Q7 bQK2 Mm+H2B
rBi? TQbBiBp2 T�`Biv �M/ M = 0 BM #Qi? +�b2b- 7mHH �M/ p�H2M+2 *AjX h?2 M @b+?2K2 /BK2MbBQMb
�`2 2p�Hm�i2/ rBi? Ea>1GG +Q/2 (Rk)X PM2 +�M b22 i?�i M @b+?2K2 /BK2MbBQMb BM+`2�b2b �b
i?2 KQ/2H bBx2 Bb 2ti2M/2/ �M/- 2bT2+B�HHv BM i?2 6*A +�b2- i?Bb 2�bBHv 2t+22/b i?2 +m``2Mi
HBKBi�iBQM- r?B+? Bb b�B/ iQ #2 �`QmM/ 1011X �b rBHH #2 b?QrM BM *?�TX 9- i?2 p�Hm2b �i Nmax

�`QmM/ 10 − 20 Bb biBHH 7�` 7`QK 2t�+i p�Hm2bX _2;�`/BM; i?2 p�H2M+2 *A +�b2- ǳU7mHHVǴ K2�Mb
i?�i �HH TQbbB#H2 2t+Bi�iBQMb BM i?2 KQ/2H bT�+2 �`2 �HHQr2/ �M/ X!ω 2tT`2bb i?2 ivTB+�H r�v
iQ bT2+B7v i?2 i`mM+�iBQM Q7 i?2 +QM};m`�iBQMbX AM i?2 +�b2 Q7 28aB BM i?2 sd − pf b?2HHb- 2!ω
K2�Mb i?�i QMHv irQ 2t+Bi�iBQMb �+`Qbb i?2 K�DQ` b?2HH ;�T �`2 �HHQr2/- r?BH2 �HH 2t+Bi�iBQMb
�KQM; i?2 Q`#Bi�Hb BM i?2 b�K2 K�DQ` b?2HH �`2 i�F2M BMiQ �++QmMiX h?2`2 �`2 KQ`2 �Hi2`M�iBp2b
iQ bT2+B7v i?2 i`mM+�iBQM bm+? �b QM2 #�b2/ QM i?2 Q++mT�iBQM MmK#2`b Q7 2�+? Q`#Bi�HX

kXk �//BiBQM�H i`mM+�iBQMb

AM i?2 H�bi bm#b2+iBQM- r2 b?Qr2/ `�TB/ BM+`2�b2b BM i?2 M @b+?2K2 /BK2MbBQM �b QM2 ;Q2b iQ
?2�pB2` Mm+H2BX 1p2M B7 r2 BMi`Q/m+2 i?2 i`mM+�iBQM Q7 i?2 MmK#2` Q7 T�`iB+H2@?QH2 2t+Bi�iBQMb-
Bi `2/m+2b QMHv � 72r Q`/2` Q7 K�;MBim/2bX h?Bb `2/m+iBQM Q7 i?2 /BK2MbBQM /Q2b �HH2pB�i2
i?2 T`Q#H2K- ?Qr2p2`- Bi +�M #2 2�bBHv BK�;BM2/ i?�i i?Bb /Q2b MQi ?2HT �Mv KQ`2 BM ?2�pB2`
bvbi2Kb Q` KQ`2 M2mi`QM@ Q` T`QiQM@`B+? Mm+H2B r?2`2 KQ`2 i?�M QM2@K�DQ` b?2HH iQ #2 i�F2M
BMiQ �++QmMiX

PM2 M22/b KQ`2 2{+B2Mi `2T`2b2Mi�iBQMb Q7 i?2 K�Mv@#Q/v r�p2 7mM+iBQMb r?BH2 F22TBM;
Q`B;BM�H BM7Q`K�iBQM �b Km+? �b TQbbB#H2X hQ i?Bb 2M/- r2 ?2`2 BMi`Q/m+2 bQK2 �//BiBQM�H
i`mM+�iBQM i2+?MB[m2b r?B+? �`2 mb2/ BM 7`QMiB2` bim/B2b mbBM; *A K2i?Q/b BM Mm+H2�` bi`m+im`2
T?vbB+bX

LQr r2 BMi`Q/m+2 i?2 i2`KBMQHQ;v BKTQ`i�M+2 i`mM+�iBQM i?�i ;Bp2b �M 2{+B2Mi `2T`2b2Mi�@
iBQM Q7 i?2 K�Mv@#Q/v r�p2 7mM+iBQMbX q2 rBHH BMi`Q/m+2 irQ /Bz2`2Mi K2i?Q/b iQ BM+Q`TQ`�i2
i?2 B/2� Q7 BKTQ`i�M+2 i`mM+�iBQM- #mi i?2 2bb2MiB�H B/2� Bb +QKKQM iQ #Qi?X h?2 ;2M2`�H B/2�
Q7 BKTQ`i�M+2 i`mM+�iBQM Bb b2H2+iBM; � bK�HH bm#b2i Q7 i?2 K�Mv@#Q/v #�bBb bi�i2b r?B+? Bb
T?vbB+�HHv KQ`2 `2H2p�Mi iQ i?2 Q#b2`p�#H2b Q7 BMi2`2biX A7 QM2 +QmH/ }M/ � bm#b2i Q7 K�Mv@#Q/v
bi�i2b i?�i /QKBM�i2b KQbi Q7 i?2 2t�+i r�p2 7mM+iBQM- i?2 mb�;2 Q7 i?�i bm#b2i ;Bp2b � p2`v

jh?2 2biBK�i2b 7Q` 6*A �`2 /QM2 mM/2` i?2 emax = 9- r?B+? Bb i?2 K�tBKmK MmK#2` Q7 i?2 ?�`KQMB+
Qb+BHH�iQ` [m�Mi� 7Q` i?2 bBM;H2@T�`iB+H2 bi�i2bX



Re *?�Ti2`X k "�bB+b Q7 +QM};m`�iBQM BMi2`�+iBQM K2i?Q/b �M/ mM+2`i�BMiv [m�MiB}+�iBQMb

2{+B2Mi 2p�Hm�iBQM Q7 i?2 Q#b2`p�#H2b �M/ bB;MB}+�MiHv `2/m+2b +QKTmi�iBQM�H +QbibX h?Bb Bb
#2+�mb2- BM i?�i +�b2- Bi Bb 2tT2+i2/ i?�i i?2 `2bi T�`i- r?B+? K�F2b i?2 /Bb+`2T�M+v #2ir22M
i?2 2t�+i QM2 �M/ *A 2biBK�i2b- +�M #2 `2;�`/2/ �b MQM@BM7Q`K�iBp2 +QKTQM2Mi Q7 Mm+H2�`
bi`m+im`2 �M/ i?2M +�M #2 `2biQ`2/ #v bQK2 2ti`�TQH�iBQM K2i?Q/X

AM i?2 `2bi Q7 i?Bb b2+iBQM- r2 rBHH #`B2~v BMi`Q/m+2 i?2 JQMi2 *�`HQ a?2HH JQ/2H (R8- Re)
�M/ AKTQ`i�M+2@h`mM+�i2/ a?2HH JQ/2H (ke)X q2 MQi2 i?�i i?2`2 �`2 Qi?2` �Hi2`M�iBp2b iQ rQ`F
rBi? � bK�HH2` #�bBb bBx2 iQ �TT`QtBK�i2 r�p2 7mM+iBQMb mbBM; /2MbBiv K�i`Bt `2MQ`K�HBx�iBQM
;`QmT U.J_:V (Rd- R3) Q` i?2 ?v#`B/ KmHiB@/2i2`KBM�Mi U>J.V K2i?Q/ (RN- ky)X

kXkXR JQMi2 *�`HQ a?2HH JQ/2H

AM i?2 JQMi2 *�`HQ a?2HH JQ/2H UJ*aJV (R8- Re)- � r�p2 7mM+iBQM Bb `2T`2b2Mi2/ �b HBM2�`
+QK#BM�iBQM Q7 i?2 T`QD2+i2/ /27Q`K2/ aH�i2` /2i2`KBM�Mib,

|ΨMCSM
N#

⟩ =
N#∑

n=1

J∑

K=J

fJπ
n,KP

Jπ
MK |Φ̃n⟩, UkXRyV

r?2`2 N# Bb i?2 MmK#2` Q7 #�bBb �M/ i?2 P Jπ
MK Bb i?2 T`QD2+iBQM QT2`�iQ` BM i2`Kb Q7 #Qi? i?2

iQi�H �M;mH�` KQK2MimK J �M/ i?2 T�`Biv πX h?Bb Bb ;Bp2M �b

P Jπ
MK =

1 + P (π)

2

2J + 1

8π2

∫
dΩDJ∗

MK(Ω)e
iαĴzeiβĴyeiγĴz . UkXRRV

>2`2 P (π) i�F2b ±P 9 7Q` π = ± rBi? /Qm#H2@bB;M BM b�K2 Q`/2`- DJ∗
MK(Ω) Bb i?2 qB;M2`

.@K�i`Bt- �M/ Ω ≡ (α, β, γ) �`2 i?2 1mH2` �M;H2bX h?2 |Φ̃n⟩ Bb /27Q`K2/ aH�i2` /2i2`KBM�Mi,

|Φ̃n⟩ =
A∏

α=1

(
Nsp∑

j=1

Mjαa
†
j

)
|vacuum⟩, UkXRkV

r?2`2 A Bb i?2 MmK#2` Q7 Mm+H2QMb �+iBp�i2/- �M/ Nsp(≥ A) Bb i?2 MmK#2` Q7 i?2 bBM;H2@T�`iB+H2
#�bBb bi�i2bX AKTQbBM; i?2 MQ`K�HBx�iBQM +QM/BiBQM QM |Φ̃n⟩- r2 Q#i�BM i?2 `2H�iBQM

∑

j

(Mjα)
†Mjα = 1, UkXRjV

7Q` �Mv αX

aBM+2 i?2 bmT2`TQbBiBQM Q7 i?Qb2 /27Q`K2/ aH�i2` /Q2b MQi ?�p2 � ;QQ/ �M;mH�` KQK2M@
imK BM ;2M2`�H- r2 M22/ T`QD2+iBQMb b?QrM �#Qp2 iQ `2biQ`2 i?2 Q`B;BM�H `Qi�iBQM�H bvKK2i`vX

9h?2 P Bb bT�+2 BMp2`bBQM QT2`�iQ`X



kXk �//BiBQM�H i`mM+�iBQMb Rd

PM2 �/p�Mi�;2 Q7 i?2 /27Q`K2/ aH�i2` Bb i?�i QM2 +�M Q#i�BM �M BMimBiBp2 mM/2`bi�M/BM;b Q7
/27Q`K�iBQM Q7 i?2 i�`;2i Mm+H2mbX h�FBM; � +HQb2 HQQF BMiQ i?2 Qp2`H�T #2ir22M i?2 +�H+mH�i2/
r�p2 7mM+iBQM �M/ i?2 /27Q`K2/ aH�i2` /2i2`KBM�Mib QM i?2 TQi2MiB�H 2M2`;v bm`7�+2- r2 +�M
pBbm�HHv mM/2`bi�M/ i?2 /27Q`K�iBQM Q7 i?2 i�`;2i Mm+H2mbX q2 `272` i?2 `2�/2`b iQ- 2X;X (kR)
BMi`Q/m+BM; i?2 bQ@+�HH2/ T @THQiX

LQr H2i mb ;Q #�+F iQ i?2 2B;2Mp�Hm2 T`Q#H2K rBi? i?2b2 J*aJ r�p2 7mM+iBQMbX h?2
T`Q#H2K Q7 BMi2`2bi Bb i?2 7QHHQrBM; ;2M2`�HBx2/ 2B;2Mp�Hm2 T`Q#H2K,

∑

nK

⟨Φ̃m|HfJπ
n,KP

Jπ
MK |Φ̃n⟩ = E

∑

nK

⟨Φ̃m|fJπ
n,KP

Jπ
MK |Φ̃n⟩, UkXR9V

r?2`2 i?2 E Bb i?2 2M2`;v 2B;2Mp�Hm2 �M/ i?2 H Bb i?2 �/QTi2/ >�KBHiQMB�MX a22 i?2 a2+X kXj
7Q` KQ`2 /2i�BHb QM HX h?2M- r2 Q#i�BM i?2 2M2`;v 2B;2Mp�Hm2 �M/ i?2 +Q2{+B2Mib {fJπ

n,K}X
h?2 K�BM i�bF BM J*aJ Bb iQ �TT`QtBK�i2 r2HH i?2 2t�+i r�p2 7mM+iBQM- r?B+? Bb ;2M2`�HHv
MQi 72�bB#H2 iQ 2p�Hm�i2- rBi? H2bb MmK#2` Q7 #�bBb N#X hQ i?Bb 2M/- r2 M22/ iQ QTiBKBx2 i?2
{Mjα}X G2i M (n) /2MQi2 i?2 i`�Mb7Q`K�iBQM K�i`Bt #2ir22M bT?2`B+�H �M/ /27Q`K2/ aH�i2`
/2i2`KBM�Mib 7Q` n@i? J*aJ #�bBb bi�i2X

h?2 }`bi T`Q+2/m`2 Bb iQ ;2M2`�i2 K�Mv +�M/B/�i2b 7Q` i?2 M (1) �M/ i?2M iQ +?QQb2 i?2
#2bi QM2 iQ KBMBKBx2 i?2 2M2`;vX h?Qb2 b�KTH2b �`2 ;2M2`�i2/ BM � biQ+?�biB+ r�v mbBM; i?2
�mtBHB�`v@}2H/ JQMi2 *�`HQ i2+?MB[m2- b22 _27X (R8-Re) 7Q` KQ`2 /2i�BHbX h?2 b2+QM/ T`Q+2/m`2
Bb i?2 QTiBKBx�iBQM Q7 M (1) bQ �b iQ KBMBKBx2 i?2 2M2`;v 2B;2Mp�Hm2 mbBM; i?2 +QMDm;�i2 ;`�/B2Mi
K2i?Q/X

h?2b2 bi2Tb �`2 Bi2`�i2/ #v BM+`2�bBM; N# #v QM2 mMiBH i?2 2M2`;v 2B;2Mp�Hm2 #2+QK2b
`�i?2` bi�#H2X Ai Bb Q7 +Qm`b2 i?2 i`�/2Qz #2ir22M +QMp2`;2M+2 #2?�pBQ` �M/ +QKTmi�iBQM�H
+QbibX q2 MQi2 i?�i i?2 QTiBKBx�iBQM Q7 M (i) Bb T2`7Q`K2/ r?BH2 }tBM; M (1),M (2), . . . ,M (i−1)X
h?Bb ;m�`�Mi22b i?2 p�`B�iBQM�H 72�im`2 Q7 i?2 2M2`;v 2B;2Mp�Hm2 rBi? `2bT2+i iQ N#X h?Bb
Bi2`�iBp2 T`Q+2/m`2 Bb +�HH2/ i?2 b2[m2MiB�H +QMDm;�i2 ;`�/B2Mi Ua*:V K2i?Q/ BM _27bX (kkĜk9)X

q2 �HbQ MQi2 i?�i i?2`2 Bb �M �Hi2`M�iBp2 r�v iQ +QMbi`m+i i?2 J*aJ #�bBb bi�i2b, QM2
+�M +?QQb2 Ns �M/ QTiBKBx2 i?2 M (1),M (2), . . . ,M (Ns) bBKmHi�M2QmbHv mbBM; 2X;X i?2 +QMDm;�i2
;`�/B2Mi K2i?Q/X

hvTB+�HHv- QM2 +�M Q#i�BM TH�mbB#H2 2biBK�i2b Q7 i?2 [m�MiBiv Q7 BMi2`2bi rBi? �M Q/2` Q7
Ryy J*aJ #�bBb bi�i2bX 6Q` i?Bb `2�bQM- i?2 J*aJ i2+?MB[m2 ?�p2 bB;MB}+�MiHv 2ti2M/2/
Qm` b+QT2 rBi? *A K2i?Q/b iQ K2/BmK@K�bb Mm+H2BX _2T`2b2Mi�iBp2 2t�KTH2b +�M #2 7QmM/ BM
_27X (k8), i?2 Q`B;BM�H /BK2MbBQM Q7 i?2 #�bBb p2+iQ` Bb #2vQM/ 1031X

"v /2}MBiBQM- i?2 +�H+mH�i2/ HQr2bi 2M2`;v 2B;2Mp�Hm2 Bb �Hr�vb �M mTT2` #QmM/ iQ i?2
2t�+i ;`QmM/ bi�i2 2M2`;v mM/2` i?2 ;Bp2M BMi2`�+iBQMX h?Bb 72�im`2 Bb mb27mH iQ �M�Hvx2 i?2
+QMp2`;2M+2 T�ii2`M Q7 i?2 +�H+mH�iBQM rBi? `2bT2+i iQ i?2 MmK#2` Q7 J*aJ #�bBb bi�i2bX



R3 *?�Ti2`X k "�bB+b Q7 +QM};m`�iBQM BMi2`�+iBQM K2i?Q/b �M/ mM+2`i�BMiv [m�MiB}+�iBQMb

kXkXk AKTQ`i�M+2@i`mM+�i2/ b?2HH KQ/2H

q2 ?2`2 BMi`Q/m+2 �M �Hi2`M�iBp2 �TT`Q�+? iQ �TT`QtBK�i2 i?2 r�p2 7mM+iBQM rBi? H2bb MmK@
#2` Q7 #�bBb bi�i2bX 6Q` i?2 �TTHB+�iBQMb iQ i?2 p�H2M+2 *A +�b2- i?2 K2i?Q/ Bb +�HH2/ BM /Bz2`@
2Mi M�K2b bm+? �b i?2 BKTQ`i�M+2@i`mM+�i2/ b?2HH KQ/2H UAhaJV Q` i?2 BKTQ`i�M+2@i`mM+�i2/
p�H2M+2@bT�+2 b?2HH KQ/2H UAh@oaaJVX Aib +QmMi2`T�`ib 7Q` 6*A Bb FMQrM �b BKTQ`i�M+2@i`mM+�i2/
MQ@+Q`2 b?2HH KQ/2H UAh@L*aJVX h?2 T`BK�`v bim/B2b mbBM; Ah@aJ 7Q+mb2/ QM 6*A +�H+mH�@
iBQMb (keĜjy) #mi i?2M M�im`�HHv �TTHB2/ iQ i?2 p�H2M+2 *A +�b2- iQQ (jR)X h?2 2bb2MiB�H B/2� Bb
+QKKQM �KQM; i?2K- bQ r2 bBKTHv +�HH i?2 K2i?Q/ AhaJ 7Q` i?2 b�F2 Q7 bBKTHB+BivX

AM i?2 AhaJ- QM2 bi�`ib rBi? � `272`2M+2 bi�i2

|Ψref⟩ =
∑

j∈Mref

cj,ref |Φj⟩ UkXR8V

r?B+? `2T`2b2Mib i?2 BMBiB�H �TT`QtBK�iBQM Q7 i?2 2t�+i r�p2 7mM+iBQM mbBM; H2bb MmK#2` Q7
#�bBbX AM i?2 +�b2 Q7 p�H2M+2 *A- 7Q` 2t�KTH2- i?2 r�p2 7mM+iBQM +�H+mH�i2/ rBi? i?2 0!ω
i`mM+�iBQM BM r?B+? MQ 2t+Bi�iBQM �+`Qbb � K�DQ`@b?2HH ;�T Bb �HHQr2/X h?2M- QM2 2p�Hm�i2b i?2
BKTQ`i�M+2 Q7 i?2 +QMi`B#miBQMb 7`QK #�bBb bi�i2b QmibB/2 i?2 KQ/2H bT�+2- |Φi⟩ /∈ Mref ,

κi = −⟨Φi|H|Ψref⟩
ϵj − ϵref

= −
∑

j∈Mref

cj,ref
⟨Φi|H|Φj⟩
ϵj − ϵref

, UkXReV

r?2`2 ϵj − ϵref +Q``2bTQM/b iQ i?2 2t+Bi�iBQM 2M2`;v r?B+? Bb 2p�Hm�i2/ #v i?2 mMT2`im`#2/
bBM;H2@T�`iB+H2 2M2`;B2bX h?2 F2v B/2� Q7 AhaJ Bb i?�i QM2 +?QQb2b � }t2/ BKTQ`i�M+2 i?`2b?QH/
κmin �M/ i?2M BM+Hm/2 i?2 �HH #�bBb bi�i2b r?Qb2 �#bQHmi2 p�Hm2b Q7 BKTQ`i�M+2 K2�bm`2- |κ|-
H�`;2` i?�M κminX h?2 #�bBb bi�i2b �`2 MQr Bi2`�iBp2Hv +QMbi`m+i2/ �b � 7mM+iBQM Q7 κminX G2i
MIT /2MQi2b i?2 b2i Q7 #�bBb bi�i2b BM+Hm/2/ #v i?2 Bi2`�iBQMbX �7i2` i?2 Bi2`�iBQMb- r�p2
7mM+iBQMb BM Ah@aJ �`2 `2T`2b2Mi2/ �b

|ΨIT
κmin

⟩ =
∑

j∈MIT

cj,ref |Φj⟩. UkXRdV

aBM+2 i?2 2M2`;v 2B;2Mp�Hm2b Q#i�BM2/ #v AhaJ �`2 �TT`QtBK�iBQMb iQ i?2 2t�+i p�Hm2b
�M/ i?2b2 �`2 +QKTmi2/ rBi? � bm#b2i Q7 #�bBb bi�i2b Q7 i?2 Q`B;BM�H p�H2M+2 bT�+2- i?2 2M2`;v
2B;2Mp�Hm2b �`2 p�`B�iBQM�H,

Eref = E(∞) ≥ E(κmin) ≥ E(0) = Eexact. UkXR3V



kXj AMTmib Q7 *A K2i?Q/b RN

kXkXj >Qr iQ `2+Qp2` i?2 Q`B;BM�H BM7Q`K�iBQM\

q2 ?�p2 /Bb+mbb2/ bQ 7�` ?Qr iQ `2T`2b2Mi *A r�p2 7mM+iBQMb BM �M 2z2+iBp2 r�vX >Qr2p2`-
Bi Bb M�im`�HHv 2tT2+i2/ i?�i i?2`2 biBHH `2K�BMb � }MBi2 /Bb+`2T�M+v #2ir22M i?2 J*aJfAhaJ
QmiTmi �M/ i?2 7mHH KQ/2H@bT�+2 +�H+mH�iBQMX AM ;2M2`�H- QM2 ?�b iQ 2ti`�TQH�i2 i?2 b2[m2M+2
Q7 `2bmHib #v J*aJfAhaJ iQ 2biBK�i2 i?2 2t�+i p�Hm2 Q7 i?2 Q#b2`p�#H2b Q7 BMi2`2biX h?�i
Bb ivTB+�HHv /QM2 #v i?2 +?B@b[m�`2/ KBMBKBx�iBQM rBi? HQr@`�MF TQHvMQKB�HbX h?2`2 Bb �M
2ti`�TQH�iBQM K2i?Q/ mbBM; 2M2`;v p�`B�M+2b i?�i K�F2b i?2 2ti`�TQH�iBQM BM J*aJ KQ`2
bi�#H2 (kk-jk)X >Qr2p2`- i?�i `2[mB`2b �//BiBQM�H +QKTmi�iBQM�H +Qbib iQ +�H+mH�i2 2tT2+i�iBQM
p�Hm2b Q7 H2- ⟨ΨMCSM |H2|ΨMCSM⟩X h?2 2{+B2M+v Bb /2i2`KBM2/ #v i?2 i`�/2Qz #2ir22M i?2
�//BiBQM�H +Qbi iQ 2p�Hm�i2 ⟨H2⟩ �M/ i?2 `2/m+iBQM Q7 i?2 Q`B;BM�H /BK2MbBQM bBx2X

q2 rBHH `2pBbBi i?2b2 2ti`�TQH�iBQM Bbbm2b BM *?�Ti2` 9X

kXj AMTmib Q7 *A K2i?Q/b

AM i?Bb b2+iBQM- r2 rBHH ;Bp2 � #`B27 Qp2`pB2r Q7 `2+2Mi T`Q;`2bb2b BM BMTmib Q7 Mm+H2�` K�Mv@
#Q/v K2i?Q/b BM+Hm/BM; *A@ivT2 +�H+mH�iBQMbX AM a2+X kXjXR �M/ a2+X kXjXk- r2 #`B2~v 2tTH�BM
`2+2Mi T`Q;`2bb2b BM /2b+`B#BM; 7`22@bT�+2 Mm+H2QM@Mm+H2QM BMi2`�+iBQMb �M/ ?B;?2` K�Mv@#Q/v
7Q`+2b #v +?B`�H 2z2+iBp2 }2H/ i?2Q`v (jjĜj8- 89) �M/ ?Qr +QMp2`;2M+2 Q7 K�Mv@#Q/v K2i?Q/b
+QmH/ #2 7�bi2M2/ #v i?2 bQ@+�HH2/ bBKBH�`Biv `2MQ`K�HBx�iBQM ;`QmT K2i?Q/ (NN-Ryy)X h?2M- BM
a2+X kXjXj- r2 BMi`Q/m+2 bQK2 � r�v iQ HBMF i?Qb2 7`22@bT�+2 Mm+H2QM TQi2MiB�Hb iQ i?2 bQ@+�HH2/
2z2+iBp2 BMi2`�+iBQMb 7Q` � p�H2M+2 bT�+2X

kXjXR Lm+H2�` TQi2MiB�Hb 7`QK +?B`�H 2z2+iBp2 }2H/ i?2Q`v

PM2 Q7 i?2 KQbi BKTQ`i�Mi /2p2HQTK2Mib BM `2+2Mi i?2Q`2iB+�H Mm+H2�` T?vbB+b Bb i?2 /2@
b+`BTiBQM Q7 Mm+H2�` TQi2MiB�Hb #v +?B`�H 2z2+iBp2 }2H/ i?2Q`v U+?B`�H 16hVX

h?2 +?B`�H 16h Bb � HQr@2M2`;v 2z2+iBp2 }2H/ i?2Q`v Q7 Zm�MimK *?`QKQ/vM�KB+b UZ*.V
�M/ ?�b BM7Q`K�iBQM Q7 i?2 bvKK2i`v �M/ Bib #`2�FBM; T�ii2`M Q7 Z*.X h?2 +?B`�H 16h ;Bp2b
� +QMM2+iBQM #2ir22M Mm+H2QM /2;`22 Q7 7`22/QK �M/ [m�`Fb �M/ ;HmQMbX h?2 ?BbiQ`v Q7 +?B`�H
16h ;Q2b #�+F iQ i?2 aX q2BM#2`;Ƕb b2KBM�H T�T2`b (jj-j9) �#Qmi i?2 +?B`�H T2`im`#�iBQM i?2Q`vX
>2`2�7i2`- r2 rBHH 7Q+mb QM i?2 �TTHB+�iBQM Q7 +?B`�H T2`im`#�iBQM i?2Q`v iQ i?2 /2b+`BTiBQM Q7
Mm+H2�` TQi2MiB�HbX

h?2 ;2M2`�H B/2� Q7 2z2+iBp2 }2H/ i?2Q`v Bb i?2 b2T�`�iBQM Q7 b+�H2bX q?2M QM2 Bb BMi2`2bi2/
BM bQK2 bvbi2K- QM2 ?�b iQ T`QT2`Hv +?QQb2 i?2 `2H2p�Mi /2;`22b Q7 7`22/QK iQ +�Tim`2 i?2



ky *?�Ti2`X k "�bB+b Q7 +QM};m`�iBQM BMi2`�+iBQM K2i?Q/b �M/ mM+2`i�BMiv [m�MiB}+�iBQMb

2NF 3NF 4NF

LO
(Q/Λb)0

NLO
(Q/Λb)2

NNLO
(Q/Λb)3

N3LO
(Q/Λb)4
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� � ��
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� ��
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� �

6A:X kXk, >B2`�`+?v Q7 Mm+H2�` 7Q`+2b 7`QK +?B`�H 2z2+iBp2 }2H/ i?2Q`v mM/2` i?2 +QMp2MiBQM�H
q2BM#2`;Ƕb TQr2` +QmMiBM;X aQHB/ HBM2b �M/ /�b?2/ HBM2b �`2 Mm+H2QM �M/ TBQM HBM2b- `2bT2+iBp2HvX
o2`iB+2b rBi? bK�HH /Qib- H�`;2 /Qib- bQHB/ b[m�`2b- �M/ /B�KQM/b +Q``2bTQM/ iQ- �M/ ∆i =
0, 1, 2, �M/ 9- `2bT2+iBp2HvX

/QKBM�Mi T�`i Q7 i?2 bvbi2KX h?Bb Bb �+?B2p2/ #v BMi`Q/m+BM; � ivTB+�H KQK2Mi� Q �M/
i?2 #`2�F/QrM b+�H2 Q7 i?2 2z2+iBp2 }2H/ i?2Q`v ΛbX h?2M- 2�+? +QMi`B#miBQM Bb +H�bbB}2/ #v
T2`im`#�iBp2 2tT�MbBQM BM i2`Kb Q7 (Q/Λb) << 1- �M/ Bib ?B2`�`+?v Bb 2tT`2bb2/ #v i?2 TQr2`
νX h?2 2z2+iBp2 G�;`�M;B�M Bb ;Bp2M #v

Leff. =
∑

ν

(
Q

Λb

)ν

Fν(Q, {ci}), UkXRNV

r?2`2 Fν Bb � 7mM+iBQM Q7 Q �M/ {ci} �M/ �i i?2 ;Bp2M Q`/2` νX h?2 i?2 {ci} Bb � b2i Q7 7`22
T�`�K2i2`b BM i?2Q`v- r?B+? Bb i?2 bQ@+�HH2/ HQr@2M2`;v +QMbi�Mib UG1*bVX

"v +?QQbBM; i?2 ivTB+�H HQr@KQK2MimK b+�H2 Q �b Mm+H2QM KQK2Mi� Q7 i?2 Q`/2` Q7 i?2
TBQM K�bb �M/ i?2 #`2�F/QrM b+�H2 iQ #2 Λb ∼ 1 :2o- i?2 `2H2p�Mi /2;`22b Q7 7`22/QK �`2
QMHv Mm+H2QMb �M/ TBQMb- �M/ ?2�pv K2bQMb �M/ Mm+H2QM `2bQM�M+2b �`2 BMi2;`�i2/ Qmi- �M/
i?2 2z2+ib Q7 i?Qb2 /2;`22b Q7 7`22/QK �`2 BKTHB+BiHv BM+Hm/2/ i?`Qm;? G1*bX h?2b2 G1*b �`2
mbm�HHv /2i2`KBM2/ #v }iiBM; iQ Mm+H2QM@Mm+H2QM ULLV Q` TBQM@Mm+H2QM UπLV b+�ii2`BM; /�i�X

AM 6A:X kXk- r2 b?Qr � b+?2K�iB+ };m`2 Q7 Mm+H2�` 7Q`+2b BM +?B`�H 2z2+iBp2 }2H/ i?2Q`vX



kXj AMTmib Q7 *A K2i?Q/b kR

lM/2` � ;Bp2M TQr2` +QmMiBM; b+?2K2- QM2 +�M +H�bbB7v �HH +QMi`B#miBQMb HBF2 i?Bb };m`2X >2`2
r2 7QHHQr2/ i?2 +QMp2MiBQM- i?2 TQr2` +QmMiBM; BMi`Q/m+2/ BM _27X (j8)X AM i?Bb TQr2` +QmMiBM;
b+?2K2- i?2 TQr2` ν Q7 i?2 +?B`�H 2tT�MbBQM Bb ;Bp2M �b

ν = −2 + 2A− 2C + 2L+
∑

i

∆i, UkXkyV

∆i ≡ di +
ni

2
− 2, UkXkRV

r?2`2 A Bb Mm+H2QM MmK#2`b BMpQHp2/- C /2MQi2b i?2 MmK#2` Q7 b2T�`�i2Hv +QMM2+i2/ TB2+2b- L
Bb i?2 MmK#2` Q7 HQQTb BM i?2 /B�;`�K- di Bb i?2 MmK#2` Q7 /2`Bp�iBp2b Q` TBQM@K�bb BMb2`iBQMb-
�M/ ni /2MQi2b i?2 MmK#2` Q7 Mm+H2QM H2;b BM p2`i2t iX >2`2 i?2 bmK `mMb Qp2` �HH p2`iB+2b i BM
i?2 /B�;`�KX h?Bb /2}MBiBQM Q7 ν Bb bHB;?iHv /Bz2`2Mi 7`QK q2BM#2`;Ƕb Q`B;BM�H TQr2` +QmMiBM;
#v 3A − 6X "v i?Bb- ν Bb 2bb2MiB�HHv 7`22 7`QK A@/2T2M/2M+2 i?�i Bb MQi bmBi�#H2 7Q` A ≥ 3

bvbi2Kb (j8)X q2 `272` i?2 `2�/2`b BMi2`2bi2/ BM i?2 TQr2` +QmMiBM; Bbbm2 �M/ `2H�i2/ QM2b iQ
_27bX (jeĜ9R)X

h?2 7QHHQrBM; TQBMib �`2 Q7i2M +Bi2/ �b 2t+2HH2Mi TQBMib Q7 +?B`�H 16h TQi2MiB�Hb,

Ç h?2 �++m`�+v Q7 i?2 T2`im`#�iBp2 2tT�MbBQM +�M #2 bvbi2K�iB+�HHv BKT`Qp2/X

Ç h?Bb 2M�#H2b mb iQ i�F2 �++QmMi Q7 K�Mv@#Q/v Ui?`22@#Q/v- 7Qm`@#Q/v- XXXV 7Q`+2b BM �
bvbi2K�iB+ r�vX

Ç h?2 /2`Bp�iBQM Q7 K�Mv@#Q/v +m``2Mib +�M #2 �+?B2p2/ BM � +QMbBbi2Mi r�vX

�b +�M #2 b22M 7`QK 6A:X kXk- KQ`2 �M/ KQ`2 /B�;`�Kb �TT2�` BM ?B;?2` Q`/2`bX �i i?2
H2�/BM; Q`/2` UGPV- r2 QMHv ?�p2 QM2@TBQM 2t+?�M;2 i2`K Ui?2 H27i /B�;`�KV �M/ +QMi�+i i2`K
Ui?2 `B;?i QM2V BM irQ Mm+H2QM 7Q`+2 UkL6VX h?2 M2ti Q`/2` +QMi`B#miBQM- M2ti@iQ@H2�/BM; Q`/2`
ULGPV- Bb MQi ν = 1- #mi ν = 2X h?Bb Bb /m2 iQ i?2 bvKK2i`vX h?`22 /Bz2`2Mi irQ@TBQM
2t+?�M;2 +QMi`B#miBQMb �i LGP �`2 b?QrM BM i?2 };m`2X �i M2ti@iQ@M2ti@iQ@H2�/BM; Q`/2`
ULLGPV- i?2 kL6 +QMi`B#miBQMb rBi? /Bz2`2Mi +QmTHBM; +QMbi�Mib �TT2�`- r?B+? ?�p2 ∆i = 1-
�M/ i?2 i?`22@Mm+H2QM 7Q`+2b }`biHv 2K2`;2X 6`QK H27i iQ `B;?i- irQ@TBQM 2t+?�M;2 UhS1V
i2`K- QM2@TBQM 2t+?�M;2 UPS1V i2`K- �M/ +QMi�+i U*PLV i2`K- `2bT2+iBp2HvX q?BH2 i?2 G1*b
�bbQ+B�i2/ rBi? hS1 Uc1, c3, �M/ c4V �`2 +QKKQM rBi? kL6- i?2 G1*b rBi? PS1 UcDV �M/
*PL UcEV }`biHv �TT2�` BM i?`22@Mm+H2QM 7Q`+2 �i LLGPX h?2b2 cD �M/ cE �`2 /2i2`KBM2/ #v
}iiBM; iQ bQK2 [m�MiBiB2b r?B+? �`2 `2H2p�Mi iQ K�Mv@#Q/v bvbi2Kb H�`;2` i?�M irQ@#Q/vX AM
i?2 b�K2 K�MM2`- 7Qm`@#Q/v- }p2@#Q/v- �M/ ?B;?2` K�Mv@#Q/v 7Q`+2b +�M #2 bvbi2K�iB+�HHv
/2`Bp2/ BM T`BM+BTH2X AM r?�i 7QHHQrb- H2i mb +QMbB/2` mT iQ i?`22@#Q/v 7Q`+2b 7Q` T`�+iB+�H
Tm`TQb2bX q2 MQi2 i?�i K�Mv@/B�;`�Kb 7Q` jL6 �TT2�` �i LjGP- #mi i?2`2 Bb MQ M2r G1* �i
i?Bb Q`/2`- BX2X QMHv i?2 G1*b �H`2�/v /2i2`KBM2/ BM i?2 LL@b2+iQ` �TT2�`X



kk *?�Ti2`X k "�bB+b Q7 +QM};m`�iBQM BMi2`�+iBQM K2i?Q/b �M/ mM+2`i�BMiv [m�MiB}+�iBQMb

J�Mv [m�MiBi�iBp2 +?B`�H 7Q`+2b �`2 �p�BH�#H2 MQr �M/ i?Qb2 �`2 +H�bbB}2/ BMiQ i?2 irQ
7�KBHB2b, 1JU1JLV �M/ 1:JU1EJVX h?2b2 �`2 i?2 �+`QMvKb Q7 i?2 �mi?Q`b Q7 Q`B;BM�H
�M/ 7QHHQrBM; bim/B2bX G2i 1J /2MQi2 i?2 +?B`�H 16h BMi2`�+iBQMb /2`Bp2/ #v .X _X 1Mi2K
�M/ _X J�+?H2B/i (j8- 9kĜ9d)X h?2b2 �`2 bQK2iBK2b +�HH2/ A/�?Q TQi2MiB�HbX q2 MQi2 i?�i BM
bQK2 `2+2Mi bim/B2b (98Ĝ9d)- LX E�Bb2` �M/fQ` uX LQbvF �`2 �HbQ BM+Hm/2/ �b �mi?Q`b- �M/ �7i2`
_27X (9d) i?2 �+`QMvK 1JL Bb MQr rB/2Hv mb2/ 7Q` i?2 mT@iQ@/�i2 LL BMi2`�+iBQMX PM i?2 Qi?2`
?�M/- H2i 1:Jf1EJ /2MQi2 QM2b #v 1X 1T2H#�mK- lH7@:X J2BĽM2` �M/ i?2B` +QHH�#Q`�iQ`b (jd-
9y-9R-93Ĝek)X h?2 BMi2`�+iBQMb r?B+? #2HQM; iQ i?2 H�ii2` 7�KBHv �`2 �HbQ +�HH2/ "Q+?mK@CɃHB+?
TQi2MiB�HbX PM2 Q7 i?2 K�DQ` /Bz2`2M+2b �KQM; i?2K HB2 BM i?2B` `2;mH�`Bx�iBQM b+?2K2bX

q2 ?�p2 K�Mv QTiBQMb iQ /2i2`KBM2 G1*b BM kL6 �M/ jL6X q2 +H�bbB}2/ i?2K BMiQ i?2
7QHHQrBM; i?`22, U�V 1ti`�TQH�iBp2- U"V AMi2`TQH�iBp2- �M/ U*V P`/2`@#v@Q/2`X

6Q` U�V �M/ U"V- i?2 r�v iQ /2i2`KBM2 G1*b �TT2�`2/ BM kL6 Bb +QKKQM- r?B+? Bb }i
iQ b+�ii2`BM; /�i�- �M/ i?2 /Bz2`2M+2 HB2b QMHv BM i?2 /2i2`KBM�iBQM Q7 i?2 G1*b BM jL6X AM
ivT2@U�V- cD �M/ cE �`2 /2i2`KBM2/ #v }iiBM; iQ Q#b2`p�#H2b Q7 72r@#Q/v bvbi2Kb bm+? �b i?2
i`BiQM #BM/BM; 2M2`;v �M/ i?2 nd /Qm#H2i b+�ii2`BM; H2M;i? 2and (93)- i?2 #BM/BM; 2M2`;B2b Q7 3>
�M/ 4>2 (ej)- i?2 #BM/BM; 2M2`;v Q7 3> �M/ i?2 +?�`;2 `�/Bmb Q7 4>2 (e9)- �M/ i?2 T`QT2`iB2b Q7
p@b?2HH Mm+H2B (e8)X �M �Hi2`M�iBp2 �TT`Q�+? Bb mbBM; r2�F T`Q+2bb2b (eeĜdy)X � +QKKQM i?BM;
�KQM; i?2K Bb i?�i i?Qb2 G1*b �`2 /2i2`KBM2/ #v 72r@#Q/v bvbi2Kb- bQ i?2 mb�;2 Q7 i?Qb2
G1*b BM ?2�pB2` Mm+H2B +�M #2 +�HH2/ 2ti`�TQH�iBp2X

aQK2 bim/B2b mbBM; ivT2@U�V BMi2`�+iBQMb ?�p2 2t?B#Bi2/ i?�i +?B`�H 16h TQi2MiB�Hb r?B+?
�`2 �++m`�i2 7Q` HB;?i Mm+H2B p�`v +QMbB/2`�#H2 BM ?2�pB2` Mm+H2B (dR) �M/ BM b�im`�iBQM TQBMi
7Q` bvKK2i`B+ Mm+H2�` K�ii2` (e9)X PM2 Q7 i?2 +?B`�H BMi2`�+iBQM- i?2 bQ@+�HH2/ 1J1.8/2.0-
BM _27X (e9) Bb FMQrM iQ ;Bp2 `�i?2` TH�mbB#H2 b�im`�iBQM TQBMi �M/ bvbi2K�iB+ /2b+`BTiBQM Q7
#BM/BM; 2M2`;B2b Q7 HB;?i iQ K2/BmK@K�bb Mm+H2B (dR- dk)X h?Bb BM/B+�i2b i?�i Bi Bb 2bb2MiB�H 7Q`
[m�MiBi�iBp2 +?B`�H BMi2`�+iBQMb iQ #2 +QMbBbi2Mi rBi? #Qi? 72r@#Q/v �M/ K�ii2` T`QT2`iB2bX
q2 `272` iQ i?2 BMi2`�+iBQMb BM r?B+? 2KTB`B+�H b�im`�iBQM TQBMib �`2 +QMbB/2`2/ �b ivT2@U"V
BMi2`�+iBQMbX h?2`2 �`2 MQi bQ K�Mv bim/B2b �HQM; i?Bb HBM2- #mi i?Bb Bb QM2 TQbbB#H2 +?QB+2 Q7
7mim`2 ;2M2`�iBQMb Q7 +?B`�H BMi2`�+iBQMb- b22 _27X (dj-d9)X h?2 mb�;2 Q7 i?Bb ivT2 Q7 BMi2`�+iBQM
BM Mm+H2�` bi`m+im`2 +�H+mH�iBQM +�M #2 `2;�`/2/ �b BMi2`TQH�iBp2 BM i2`Kb Q7 K�bb `2;BQMX

�Hi2`M�iBp2 �TT`Q�+? Bb bBKmHi�M2Qmb }i Q7 �HH G1*b iQ b+�ii2`BM; /�i� U�M/- BM bQK2 +�b2b-
K�Mv@#Q/v Q#b2`p�#H2b Q7 K2/BmK K�bb Mm+H2BVX h?Bb �TT`Q�+? Bb mb2/ BM p�`BQmb BMi2`�+iBQMb
bm+? �b NNLOopt (d8) �M/ NNLOsat (de)- �M/ NNLOsep/NNLOsim (dd)X h?2 bm++2bb7mH /2b+`BT@
iBQM Q7 #BM/BM; 2M2`;B2b �M/ +?�`;2 `�/BB 7`QK HB;?i iQ K2/BmK@K�bb Mm+H2B rBi? NNLOsat

BMi2`�+iBQM mbBM; MQ`K�H@Q`/2`2/ irQ@#Q/v �TT`QtBK�iBQM BM/B+�i2b i?�i 2z2+ib Q7 jL6b +�M
#2 KQ`2 Q` H2bb �#bQ`#2/ BMiQ irQ@#Q/v T�`i �b 2z2+iBp2 LL 7Q`+2U- b22 �HbQ 6B;m`2 RR BM
_27X (d3)VX



kXj AMTmib Q7 *A K2i?Q/b kj

q2 MQi2 i?�i i?2`2 �`2 bQK2 bim/B2b Q7 2z2+iBp2 LL BMi2`�+iBQM rBi?Qmi 2tTHB+Bi jL6b bm+?
�b � 7�KBHv Q7 CAaS UC@K�i`Bt BMp2`b2 b+�ii2`BM; TQi2MiB�V (dN) UCAaSe (3y) �M/ CAaSRe (3R)V-
�M/ .�2D2QMRe (3k- 3j)X h?2b2 MmK#2`b e �M/ Re K2�M i?�i /�i� mT iQ A ≤ 6 �M/ A ≤ 16 Bb
mb2/ iQ +QMbi`m+i i?2 2z2+iBp2 BMi2`�+iBQMbX

q2 �HbQ MQi2 i?�i i?2`2 �`2 b2p2`�H rQ`Fb QM +?B`�H BMi2`�+iBQMb 7`QK /Bz2`2Mi �bT2+ibX AM
_27X (39Ĝ33)- jL6b �`2 BM+Hm/2/ �b � /2MbBiv@/2T2M/2Mi 2z2+iBp2 Mm+H2QM@Mm+H2QM BMi2`�+iBQM
r?B+? Bb Q#i�BM2/ #v bmKKBM; mT i?2 i?B`/ Mm+H2QM H2; Qp2` i?2 bi�i2b BM i?2 62`KB b2�X >2`2
�`2 bQK2 2t�KTH2b Q7 �TTHB+�iBQMb 7Q` Mm+H2�` K�ii2` (3N) �M/ `2�+iBQM i?2Q`v (Ny- NR)X

aQ 7�` r2 ?�p2 BMi`Q/m+2/ i?2 K�Mv +?B`�H 16h BMi2`�+iBQMb QM i?2 K�`F2i �M/ b?QrM
i?�i i?2`2 �`2 K�Mv QTiBQMb iQ +QMbi`m+i +?B`�H BMi2`�+iBQMb 2bT2+B�HHv BM i?2 +QMi2ti Q7 G1*bX
�MQi?2` BKTQ`i�Mi iQTB+ QM i?2 BMTmi BMi2`�+iBQM Bb mM+2`i�BMiv BM G1*b �M/ Bib T`QT�;�iBQM iQ
T?vbB+�H [m�MiBiB2bX h?2 lZ #2+QK2 QM2 Q7 i?2 ?Qii2bi iQTB+ Q7 U�# BMBiBQV Mm+H2�` i?2Q`vX q2
b?QmH/ K2MiBQM i?�i i?2`2 �`2 TBQM22`BM; bim/B2b �HQM; i?Bb HBM2 �#Qmi i?2 mM+2`i�BMiv �M�HvbBb
BM i?2 /2i2`KBM�iBQM Q7 G1*b �M/ mM+2`i�BMiv T`QT�;�iBQM (dd- NkĜNd)X h?Qb2 bim/B2b +QmH/
/`Bp2 mb iQ b22 bQK2 HBMF #2ir22M 7mM/�K2Mi�H BMi2`�+iBQM �M/ Mm+H2�` K�Mv@#Q/v bvbi2Kb pB�
G1*bX

kXjXk aBKBH�`Biv `2MQ`K�HBx�iBQM ;`QmT Ua_:V

h?2 `2�HBbiB+ TQi2MiB�Hb BM+Hm/BM; +?B`�H 7Q`+2b ?�p2 bi`QM; `2TmHbBQM BM i?2B` b?Q`i@`�M;2
+QKTQM2Mi- �M/ i?Bb `2TmHbBQM /2i2`BQ`�i2b i?2 +QMp2`;2M+2 Q7 K�Mv@#Q/v +�H+mH�iBQMb bB;@
MB}+�MiHvX LQi2 i?�i +?B`�H BMi2`�+iBQMb �`2 `2H�iBp2Hv bQ7i2` i?�M Qi?2` `2�HBbiB+ BMi2`�+iBQMb
bm+? �b �`;QMM2 TQi2MiB�H (N3)X AM ;2M2`�H- ?Qr2p2`- Bi Bb M22/2/ iQ bQ7i2M i?2 BMi2`�+iBQM-
BM Qi?2` rQ`/b iQ /2+QmTH2 HQr �M/ ?B;? KQK2MimK +QKTQM2Mib BM � 7`22@bT�+2 BMi2`�+iBQM-
r?BH2 F22TBM; Bib Q`B;BM�H BM7Q`K�iBQM �b Km+? �b TQbbB#H2X Ai Bb i?2 +m``2Mi +QKKQM +?QB+2 7Q`
i?�i Tm`TQb2 iQ 2pQHp2 Mm+H2�` >�KBHiQMB�Mb mbBM; i?2 `2MQ`K�HBx�iBQM ;`QmT K2i?Q/ r?B+? Bb
FMQrM �b bBKBH�`Biv `2MQ`K�HBx�iBQM ;`QmT Ua_:VX

h?2 a_: r�b BMi`Q/m+2/ BM/2T2M/2MiHv #v :ƈ�x2F �M/ qBHbQM (NN) �M/ q2;M2` (Ryy)X Ai Bb
#�b2/ QM mMBi�`v i`�Mb7Q`K�iBQMb r?B+? /`Bp2 i?2 BMBiB�H >�KBHiQMB�M iQr�`/ � KQ`2 #�M/@ Q`
#HQ+F@/B�;QM�H 7Q`KX h?2 a_: i`�Mb7Q`K�iBQM +�M #2 �+?B2p2/ BM �M 2M2`;v@BM/2T2M/2Mi r�v
�M/ Bi T`2b2`p2b �HH Q#b2`p�#H2b �b 7�` �b QM2 F22Tb BM/m+2/ K�Mv@#Q/v 7Q`+2b BM �HH Q`/2`bX

h?2 a_: ~Qr Bb 2tT`2bb2/ #v � mMBi�`v i`�Mb7Q`K�iBQM U(s) �b-

H(s) = U(s)H(0)U †(s) ≡ Trel + V (s), UkXkkV

r?2`2 Trel Bb i?2 `2H�iBp2 FBM2iB+ 2M2`;v iQ #2 BM/2T2M/2Mi Q7 i?2 ~Qr T�`�K2i2` s �M/ H(s =

0) = Trel + V (s = 0) Bb i?2 BMBiB�H >�KBHiQMB�M- �M/ V (s) Bb i?2 2pQHp2/ TQi2MiB�HX h�FBM; i?2



k9 *?�Ti2`X k "�bB+b Q7 +QM};m`�iBQM BMi2`�+iBQM K2i?Q/b �M/ mM+2`i�BMiv [m�MiB}+�iBQMb

/2`Bp�iBp2 Q7 �#Qp2 2[m�iBQM rBi? `2bT2+i iQ s- Bi 7QHHQrb

d

ds
H(s) = [η(s), H(s)], UkXkjV

r?2`2 η(s) Bb �MiB@>2`KBiB�M ;2M2`�iQ` /2}M2/ �b

η(s) ≡ dU(s)

ds
U †(s) = −η†(s). UkXk9V

h?2 mMBi�`v i`�Mb7Q`K�iBQM �#Qp2 +�M #2 r`Bii2M �b �M b@Q`/2`2/ 2tTQM2MiB�H (Ryk),

U(s) = Ts exp

(∫ s

0

ds′η(s′)

)
. UkXk8V

>2`2 r2 i�F2 i?2 bBKTH2bi +?QB+2 Q7 i?2 ;2M2`�iQ`- r?B+? r�b }`biHv bm;;2bi2/ #v q2;M2`-

ηs = [Hd(s), H(s)] = [Hd(s), Hod(s)]. UkXkeV

r?2`2 Hd �M/ Hod �`2 /B�;QM�H �M/ Qz@/B�;QM�H T�`i Q7 i?2 >�KBHiQMB�MX AM i?Bb T�`iB+mH�`
+?QB+2 Q7 i?2 ;2M2`�iQ`- Bi +�M #2 �M�HviB+�HHv b?QrM i?�i i?2 Qz@/B�;QM�H T�`i Bb 2tTQM2MiB�HHv
/`Bp2M iQ x2`Q (Ryy)X h?2`2 �`2 Qi?2` �Hi2`M�iBp2b 7Q` i?2 ;2M2`�iQ`X 6Q` 2t�KTH2- q?Bi2Ƕb
;2M2`�iQ` (RyR) Bb FMQrM iQ #2 +QMp2MB2Mi 7Q` � bT2+B}+ T`Q#H2K- BX2X Bi Bb i?2 +QKKQM +?QB+2
7Q` BM@K2/BmK a_:8X q2 `272` i?2 BMi2`2bi2/ `2�/2`b iQ _27bX (RykĜRy9) 7Q` KQ`2 /2i�BHb QM i?2
;2M2`�iQ` +?QB+2X q2 MQi2 i?�i Bi Bb � +QKKQM +QMp2MiBQM iQ mb2 λ ≡ s−1/4- r?B+? ?�b mMBib
Q7 7K−1- BMbi2�/ Q7 sX

kXjXj .2`Bp�iBQMb Q7 � p�H2M+2 bT�+2 >�KBHiQMB�M 7`QK � 7`22@bT�+2
BMi2`�+iBQM

AM i?Bb bm#b2+iBQM- r2 ;Bp2 � [mB+F Qp2`pB2r Q7 /2`Bp�iBQMb Q7 2z2+iBp2 BMi2`�+iBQM 7Q` p�H2M+2
*A +�H+mH�iBQMbX

h?2 ?BbiQ`v Q7 /2`BpBM; 2z2+iBp2 b?2HH@KQ/2H >�KBHiQMB�Mb 7`QK � 7`22@bT�+2 Mm+H2QM@Mm+H2QM
BMi2`�+iBQM ;Q2b #�+F iQ �`QmM/ eyǶb (Ry8ĜRyN)X

q?BH2 T?2MQK2MQHQ;B+�H U/�i�@/`Bp2MV �TT`Q�+?2b iQ +QMbi`m+i b?2HH@KQ/2H >�KBHiQMB�Mb
?�p2 T`QpB/2/ bvbi2K�iB+ /2b+`BTiBQMb Q7 K2/BmK@K�bb Mm+H2B rBi? ;`2�i bm++2bb (RRyĜRR3)e-
K�Mv T`Q;`2bb2b ?�p2 #22M �+?B2p2/ �HQM; i?2 /B`2+iBQM iQ /2`Bp2 Bi 7`QK � 7`22@bT�+2 LL

8JQ/B}2/ p2`bBQMb Q7 q?Bi2Ƕb ;2M2`�iQ` �`2 bQK2iBK2b mb2/X
eaQK2 mb2/ i?2 bQ@+�HH2/ :@K�i`Bt i?2Q`v �b Bib bi�`iBM; TQBMi �M/ i?2M KQ/B}2/ Bi bQ �b iQ BKT`Qp2 i?2

�;`22K2Mi rBi? /�i�X



kXj AMTmib Q7 *A K2i?Q/b k8

7Q`+2 mbBM; i?2 K�Mv@#Q/v T2`im`#�iBQM i?2Q`v UJ"ShV (33- RRNĜRjk)- i?2 *QmTH2/@*Hmbi2`
K2i?Q/ (RjjĜRj8)- i?2 p�H2M+2 bT�+2 BM@K2/BmK bBKBH�`Biv `2MQ`K�HBx�iBQM ;`QmT Uoa@AJa_:V (dR-
RjeĜRj3)X AM i?2 `2bi Q7 i?Bb bm#b2+iBQM- r2 rBHH #`B2~v BMi`Q/m+2 /2`Bp�iBQMb Q7 2z2+iBp2 BMi2`@
�+iBQMb #v i�FBM; i?2 oa@AJa_: �b �M 2t�KTH2X

h?2 BM@K2/BmK bBKBH�`Biv `2MQ`K�HBx�iBQM ;`QmT UAJ@a_:V r�b Q`B;BM�HHv /2p2HQT2/ �b �M
�# BMiBQ K2i?Q/ (RjN) 7Q` ;`QmM/ bi�i2 T`QT2`iB2b Q7 Ubm#@b?2HHV +HQb2/ Mm+H2B HBF2 i?2 *QmTH2/@
*Hmbi2` (R9y- R9R) �M/ i?2 mMBi�`v@KQ/2H QT2`�iQ` �TT`Q�+? (R9kĜR99)X 1�`Hv �TTHB+�iBQMb Q7
i?2b2 i?2 bQ@+�HH2/ TQbi >�`i`22@6Q+F U>6V K2i?Q/b r2`2 HBKBi2/ iQ ;`QmM/ bi�i2 T`QT2`iB2b Q7
Ubm#@b?2HHV +HQb2/ Mm+H2BX >Qr2p2`- i?2b2 r2`2 2ti2M/2/ iQ /2�H rBi? Qi?2` [m�MiBiB2b bm+? �b
:�KQr@h2HH2` i`�MbBiBQM bi`2M;i? �M/ 2t+Bi2/ bi�i2b (R98ĜR9d)X aQQM �7i2` i?2 }`bi Tm#HB+�iBQM-
i?2 AJ@a_: r�b �HbQ �TTHB2/ iQ QT2M@b?2HH Mm+H2B (R93)X 6Q` i?2b2 K2i?Q/b- b2p2`�H `2pB2r
�`iB+H2b �`2 �p�BH�#H2 MQr 7Q` i?2 ** (R9N) �M/ i?2 AJ@a_: (d3-Ryk)X

h?2 F2v +QM+2Ti Q7 i?2 AJ@a_: Bb i?2 �TTHB+�iBQMb Q7 i?2 a_: iQ i?2 Mm+H2�` K�Mv@#Q/v
K2/BmKX �b K2MiBQM2/ �#Qp2- i?2 a_: /2+QmTH2b- 7Q` 2t�KTH2- HQr@ �M/ ?B;?@KQK2MimK
+QKTQM2Mib Q7 i?2 >�KBHiQMB�MX PM i?2 Qi?2` ?�M/- i?2 AJ@a_: /2+QmTH2b i?2 ;`QmM/ bi�i2
�M/ i?2 Qi?2` 2t+Bi2/ bi�i2bX hQ 2tTH�BM i?�i- H2i mb /2}M2 bQK2 MQi�iBQMbX AM r?�i 7QHHQrb-
r2 rQ`F rBi? � ;2M2`�H 7Q`K Q7 A@#Q/v >�KBHiQMB�Mb i`mM+�i2/ �i i?`22@#Q/v H2p2H,

H =

(
1− 1

A

)
T (1) + T (2) + V (2) + V (3), UkXkdV

r?2`2 V (n) Bb n@#Q/v 7Q`+2 �M/ FBM2iB+ i2`Kb �`2 ;Bp2M �b

T (1) ≡
∑

i

p2
i

2m
, UkXk3V

T (2) ≡ −
∑

i<j

pi · pj

mA
. UkXkNV

q2 +�M `2r`Bi2 i?2 >�KBHiQMB�M BM b2+QM/@[m�MiBx2/ 7Q`K,

H =

(
1− 1

A

)∑

ij

T (1)
ij a†iaj +

1

4

∑

ijkl

(T (2)
ijkl + V (2)

ijkl)a
†
ia

†
jakal +

1

36

∑

ijklmn

V (3)
ijklmna

†
ia

†
ja

†
kalaman.

UkXjyV

h?2 QT2`�iQ`b �#Qp2 +�M #2 MQ`K�H Q`/2`2/ rBi? `2bT2+i iQ � `272`2M+2 bi�i2 |Φ⟩- r?B+? Bb
Q#i�BM2/ #v 2X;X i?2 >�`i`22@6Q+F bi�i2,

H = E +
∑

ij

fij : a
†
iaj : +

∑

ijkl

Γijkl : a
†
ia

†
jakal : +

∑

ijklmn

Wijklmn : a†ia
†
ja

†
kalaman :, UkXjRV
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9 *PLh1Lha

jX9 a+�H�#BHBiv X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 8R

jX8 S2`bT2+iBp2b X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 8R

9 lM+2`i�BMiv [m�MiB}+�iBQM Q7 2ti`�TQH�iBQM T`Q#H2K BM *A@ivT2 +�H+mH�iBQMb 8j

9XR 1ti`�TQH�iBQM T`Q#H2Kb BM +QM};m`�iBQM BMi2`�+iBQM K2i?Q/b X X X X X X X X X X 8j

9Xk :�mbbB�M T`Q+2bb2b X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 8e

9XkXR *QMbi`�BM2/ :Sb X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 83

9Xj �TTHB+�iBQM Q7 +QMbi`�BM2/ :�mbbB�M T`Q+2bb2b iQ 2ti`�TQH�iBQM T`Q#H2K BM 7mHH
+QM};m`�iBQM BMi2`�+iBQM +�H+mH�iBQMb X X X X X X X X X X X X X X X X X X X X X X X 8N

9X9 *QMbi`�BMib QM 2ti`�TQH�iBQM 7mM+iBQMb X X X X X X X X X X X X X X X X X X X X X X eR

9X8 _2bmHib �M/ .Bb+mbbBQMb X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X ej

9X8XR 1ti`�TQH�iBQM Q7 ;XbX 2M2`;B2b X X X X X X X X X X X X X X X X X X X X X X X ej

9X8Xk AKT�+i Q7 i?2 +QMbi`�BMib X X X X X X X X X X X X X X X X X X X X X X X X X e9

9X8Xj .�i� /2T2M/2M+2 X X X X X X X X X X X X X X X X X X X X X X X X X X X X X e8

9Xe amKK�`v X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X ed

8 *QM+HmbBQMb eN

� h?2 "*:Sn1*A +Q/2 dR

�XR CmHB� X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X dR

�Xk AKTQbBM; +QMbi`�BMib QM :Sb mbBM; /2`Bp�iBp2 Q#b2`p�iBQMb X X X X X X X X X X X dR

⟨Ψ′
A|H(s = 0)|ΨA⟩ URV

⟨Ψ′
A|H(s = ∞)|ΨA⟩ UkV

9 *PLh1Lha

jX9 a+�H�#BHBiv X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 8R

jX8 S2`bT2+iBp2b X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 8R

9 lM+2`i�BMiv [m�MiB}+�iBQM Q7 2ti`�TQH�iBQM T`Q#H2K BM *A@ivT2 +�H+mH�iBQMb 8j

9XR 1ti`�TQH�iBQM T`Q#H2Kb BM +QM};m`�iBQM BMi2`�+iBQM K2i?Q/b X X X X X X X X X X 8j

9Xk :�mbbB�M T`Q+2bb2b X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 8e

9XkXR *QMbi`�BM2/ :Sb X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 83

9Xj �TTHB+�iBQM Q7 +QMbi`�BM2/ :�mbbB�M T`Q+2bb2b iQ 2ti`�TQH�iBQM T`Q#H2K BM 7mHH
+QM};m`�iBQM BMi2`�+iBQM +�H+mH�iBQMb X X X X X X X X X X X X X X X X X X X X X X X 8N

9X9 *QMbi`�BMib QM 2ti`�TQH�iBQM 7mM+iBQMb X X X X X X X X X X X X X X X X X X X X X X eR

9X8 _2bmHib �M/ .Bb+mbbBQMb X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X ej

9X8XR 1ti`�TQH�iBQM Q7 ;XbX 2M2`;B2b X X X X X X X X X X X X X X X X X X X X X X X ej

9X8Xk AKT�+i Q7 i?2 +QMbi`�BMib X X X X X X X X X X X X X X X X X X X X X X X X X e9

9X8Xj .�i� /2T2M/2M+2 X X X X X X X X X X X X X X X X X X X X X X X X X X X X X e8

9Xe amKK�`v X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X ed

8 *QM+HmbBQMb eN

� h?2 "*:Sn1*A +Q/2 dR

�XR CmHB� X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X dR

�Xk AKTQbBM; +QMbi`�BMib QM :Sb mbBM; /2`Bp�iBp2 Q#b2`p�iBQMb X X X X X X X X X X X dR

⟨Ψ′
A|H(s = 0)|ΨA⟩ URV

⟨Ψ′
A|H(s = ∞)|ΨA⟩ UkV6A:X kXj, a+?2K�iB+ };m`2 Q7 i?2 AJ@a_: ~QrX a22 i?2 K�BM i2ti 7Q` KQ`2 /2i�BHbX

r?2`2 KQbi Q7 i?2 MQ`K�H Q`/2`2/ QT2`�iQ`b ;Bp2 ⟨Φ| : a†i · · · aj : |Φ⟩ = 0 �M/ i?2 +Q2{+B2Mib
Q7 x2`Q@ iQ i?`22@#Q/v i2`Kb �`2 ;Bp2M BM � bBKTHB}2/ 7Q`K,

E =

(
1− 1

A

)∑

i

⟨i|T (1)|i⟩ni +
1

2

∑

ij

⟨ij|T (2) + V (2)|ij⟩ninj +
1

6

∑

ijk

⟨ijk|V (3)|ijk⟩ninjnk,

UkXjkV

fij =

(
1− 1

A

)
⟨i|T (1)|j⟩+

∑

k

⟨ik|T (2) + V (2)|jk⟩nk +
1

2

∑

kl

⟨ikl|V (3)|jkl⟩nknl, UkXjjV

Γijkl = ⟨ij|T (2) + V (2)|kl⟩+
∑

m

⟨ijm|V (3)|klm⟩nm, UkXj9V

Wijklmn = ⟨ijk|V (3)|lmn⟩, UkXj8V

mbBM; Q++mT�iBQM MmK#2`b BM i?2 `272`2M+2 bi�i2- np = θ(ϵp − ϵF )X >2`2 ϵF /2MQi2b i?2 62`KB
2M2`;v Q7 i?2 i�`;2i Mm+H2mbX q?2M i?2 +QMi`B#miBQM Q7 i?Bb i2`K rBi? W Bb `2H�iBp2Hv bK�HH-
Bi Bb p�HB/�i2/ iQ M2;H2+i i?2 i?B`/ i2`K BM 1[X UkXjRV- r?B+? Bb FMQrM �b i?2 MQ`K�H@Q`/2`2/
irQ@#Q/v ULPk"V �TT`QtBK�iBQMX SmiiBM; i?2 MQ`K�H@Q`/2`2/ >�KBHiQMB�M 1[X UkXjRV BMiQ
i?2 AJ@a_: ~Qr 2[m�iBQM-

dH(s)

ds
= [η(s), H(s)] UkXjeV

rBi? η(s) = η(1) + η(2)- r?B+? �`2 QM2@#Q/v �M/ irQ@#Q/v ;2M2`�iQ`b- r2 Q#i�BM i?2 b2i Q7
~Qr 2[m�iBQMb 7Q` E, f,Γ, �M/ W X �b BM i?2 7`22@bT�+2 a_:- i?Bb ~Qr 2[m�iBQM Bb 7Q`KmH�i2/
�b � +QKKmi�iQ` Q7 QT2`�iQ`b- bQ i?Bb BM/m+2b ?B;?2`@Q`/2` QT2`�iQ`b i?�M irQ@#Q/vX Ai Bb
i?2 +QKKQM +?QB+2 iQ F22T mT iQ irQ@#Q/v H2p2H BM i?2 AJ@a_: ~QrX h?2 ~Qr 2[m�iBQM 7Q`
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2ν   1ν1q   2q   3p1h 4p2h
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jX9 a+�H�#BHBiv X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 9N

jX8 S2`bT2+iBp2b X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 9N

9 lM+2`i�BMiv [m�MiB}+�iBQM Q7 2ti`�TQH�iBQM T`Q#H2K BM *A@ivT2 +�H+mH�iBQMb 8R

9XR 1ti`�TQH�iBQM T`Q#H2Kb BM +QM};m`�iBQM BMi2`�+iBQM K2i?Q/b X X X X X X X X X X 8R

9Xk :�mbbB�M T`Q+2bb2b X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 89

9XkXR *QMbi`�BM2/ :Sb X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 8e

9Xj �TTHB+�iBQM Q7 +QMbi`�BM2/ :�mbbB�M T`Q+2bb2b iQ 2ti`�TQH�iBQM T`Q#H2K BM 7mHH
+QM};m`�iBQM BMi2`�+iBQM +�H+mH�iBQMb X X X X X X X X X X X X X X X X X X X X X X X 8d

9X9 *QMbi`�BMib QM 2ti`�TQH�iBQM 7mM+iBQMb X X X X X X X X X X X X X X X X X X X X X X 8N

9X8 _2bmHib �M/ .Bb+mbbBQMb X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X eR

9X8XR 1ti`�TQH�iBQM Q7 ;XbX 2M2`;B2b X X X X X X X X X X X X X X X X X X X X X X X eR

9X8Xk AKT�+i Q7 i?2 +QMbi`�BMib X X X X X X X X X X X X X X X X X X X X X X X X X ek

9X8Xj .�i� /2T2M/2M+2 X X X X X X X X X X X X X X X X X X X X X X X X X X X X X ej

9Xe amKK�`v X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X e8

8 *QM+HmbBQMb ed

� h?2 "*:Sn1*A +Q/2 eN

�XR CmHB� X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X eN

�Xk AKTQbBM; +QMbi`�BMib QM :Sb mbBM; /2`Bp�iBp2 Q#b2`p�iBQMb X X X X X X X X X X X eN

⟨Φ′
A|H(s = 0)|ΦA⟩ URV

⟨Φ′
A|H(s = ∞)|ΦA⟩ UkV

⟨i|H(s = 0)|j⟩ UjV
⟨i|H(s = ∞)|j⟩ U9V
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jX9 a+�H�#BHBiv X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 9N

jX8 S2`bT2+iBp2b X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 9N

9 lM+2`i�BMiv [m�MiB}+�iBQM Q7 2ti`�TQH�iBQM T`Q#H2K BM *A@ivT2 +�H+mH�iBQMb 8R

9XR 1ti`�TQH�iBQM T`Q#H2Kb BM +QM};m`�iBQM BMi2`�+iBQM K2i?Q/b X X X X X X X X X X 8R

9Xk :�mbbB�M T`Q+2bb2b X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 89

9XkXR *QMbi`�BM2/ :Sb X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 8e

9Xj �TTHB+�iBQM Q7 +QMbi`�BM2/ :�mbbB�M T`Q+2bb2b iQ 2ti`�TQH�iBQM T`Q#H2K BM 7mHH
+QM};m`�iBQM BMi2`�+iBQM +�H+mH�iBQMb X X X X X X X X X X X X X X X X X X X X X X X 8d

9X9 *QMbi`�BMib QM 2ti`�TQH�iBQM 7mM+iBQMb X X X X X X X X X X X X X X X X X X X X X X 8N

9X8 _2bmHib �M/ .Bb+mbbBQMb X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X eR

9X8XR 1ti`�TQH�iBQM Q7 ;XbX 2M2`;B2b X X X X X X X X X X X X X X X X X X X X X X X eR

9X8Xk AKT�+i Q7 i?2 +QMbi`�BMib X X X X X X X X X X X X X X X X X X X X X X X X X ek

9X8Xj .�i� /2T2M/2M+2 X X X X X X X X X X X X X X X X X X X X X X X X X X X X X ej

9Xe amKK�`v X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X e8

8 *QM+HmbBQMb ed

� h?2 "*:Sn1*A +Q/2 eN

�XR CmHB� X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X eN

�Xk AKTQbBM; +QMbi`�BMib QM :Sb mbBM; /2`Bp�iBp2 Q#b2`p�iBQMb X X X X X X X X X X X eN

⟨Φ′
A|H(s = 0)|ΦA⟩ URV

⟨Φ′
A|H(s = ∞)|ΦA⟩ UkV

⟨i|H(s = 0)|j⟩ UjV
⟨i|H(s = ∞)|j⟩ U9V

� �
� �
� �

h

ν

p

q

������
	� �

6A:X kX9, a+?2K�iB+ };m`2 Q7 oa@AJa_: ~QrX h?2 H27iKQbi T�M2H b?Qrb i?2 b2T�`�iBQM Q7 i?2
bBM;H2@T�`iB+H2 bT�+2 rBi? ?QH2 UhV- p�H2M+2 T�`iB+H2 UνV- �M/ MQM@p�H2M+2 T�`iB+H2 UqVX

x2`Q@#Q/v i2`K Bb r`Bii2M �b

dE(s)

ds
=
∑

ij

(ni − nj)η
(1)
ij fij +

1

2

∑

ijkl

η(2)ijklΓijklninjn̄kn̄l, UkXjdV

r?2`2 n̄k ≡ 1− nkX �b � +QMb2[m2M+2 Q7 i?2 AJ@a_: ~Qr- i?2 ;`QmM/ bi�i2 Bb /2+QmTH2/ 7`QK
Qi?2` bi�i2b BM � MQM@T2`im`#�iBp2 r�v �M/ i?2 y@#Q/v i2`K ;Bp2b i?2 BMi2`�+iBM; ;`QmM/ bi�i2
2M2`;vX h?2 b+?2K�iB+ };m`2 Bb b?QrM BM 6A:X kXjX h?2 ;`�vb+�H2 };m`2 b?Qrb i?2 +QmTHBM;
�KQM; `272`2M+2 bi�i2 Ur?B+? Bb /2}M2/ �b i?2 x2`Q T�`iB+H2 x2`Q ?QH2 U0p0hV +QM};m`�iBQMV-
1p1h- 2p2h- �M/ 3p3hX lM/2` i?2 ;Bp2M >�KBHiQMB�M i`mM+�i2/ mT iQ irQ@#Q/v H2p2H- i?2
K�Mv@#Q/v bi�i2b bT2+B}2/ �b npnh +�M QMHv +QmTH2 iQ (n ± 2) T�`iB+H2@?QH2 2t+Bi�iBQMX h?Bb
Bb r?v i?2 +QmTHBM; #2ir22M 0p0h �M/ 3p3h Bb +QHQ`2/ BM r?Bi2X �b � b2[m2M+2 Q7 i?2 AJ@a_:
~Qr- i?2 Qz@/B�;QM�H +QmTHBM;b #2ir22M npnh �M/ (n± 2)p(n± 2)h �`2 /`Bp2M iQ x2`QX

h?2 2tT2+i�iBQM p�Hm2 Q7 H(s) ;Bp2b #2ii2` 2biBK�i2 Q7 i?2 ;`QmM/ bi�i2 2M2`;v i?�M >6,

EIMSRG
g.s. ≡ lim

s→∞
⟨Φ|H(s)|Φ⟩ ≤ ⟨Φ|H(s = 0)|Φ⟩ ≡ EHF . UkXj3V

h?2 B/2� Q7 i?2 AJ@a_: Bb M�im`�HHv �TTHB2/ iQ /2+QmTH2 i?2 p�H2M+2 bT�+2 �M/ Qi?2`b-
�M/ i?Bb 2MH�`;2b Qm` KB+`Qb+QTB+ b+QT2 iQ /Qm#Hv@QT2M b?2HH Mm+H2BX q2 +�M `2+2Bp2 � #2M2}i
Q7 p�H2M+2 *A K2i?Q/b- BX2X QM2 +�M bvbi2K�iB+�HHv Q#i�BM ;`QmM/ bi�i2 T`QT2`iB2b- 2t+Bi2/
bi�i2b- 2H2+i`QK�;M2iB+ i`�MbBiBQMb- �M/ bQ QMX P7 +Qm`b2 i?2`2 biBHH `2K�BMb i?2 T`Q#H2K Q7
+QKTmi�iBQM�H b+�HBM; Q7 i?2 p�H2M+2 *A K2i?Q/X

G2i |i⟩ �M/ |j⟩ /2MQi2 bQK2 irQ@T�`iB+H2 bi�i2b BM A@#Q/v bvbi2KX lM/2` i?Bb- r2 +�M /`�r



k3 *?�Ti2`X k "�bB+b Q7 +QM};m`�iBQM BMi2`�+iBQM K2i?Q/b �M/ mM+2`i�BMiv [m�MiB}+�iBQMb

6A:X kX8, Ptv;2M ;`QmM/@bi�i2 2M2`;B2b rBi? i?2 la." BMi2`�+iBQM (RR8) �M/ i?2 oa@AJa_:
BMi2`�+iBQMb (Rj3)X

i?2 b+?2K�iB+ TB+im`2 b?QrM BM 6A:X kX9X h?2 BMBiB�H >�KBHiQMB�M i`mM+�i2/ mT iQ irQ@#Q/v
H2p2H +�M +QmTH2 i?2 irQ@#Q/v +QM};m`�iBQMb 2ν- 1ν1q- 2q- 3p1h- 4p2h iQ 2�+? Qi?2`X >2`2 h, ν-
�M/ q /2MQi2 i?2 ?QH2- p�H2M+2 T�`iB+H2 UνV- �M/ MQM@p�H2M+2 T�`iB+H2 UqV- `2bT2+iBp2HvX h?Bb
BM+Hm/2b i?2 +QmTHBM; #2ir22M i?2 KQ/2H bT�+2- Qmi2` bT�+2- �M/ ?QH2 bi�i2bX h?2 AJ@a_: ~Qr
+�M #2 mb2/ iQ /2+QmTH2 i?2b2 +QmTHBM;b �M/ i?2M iQ `2MQ`K�HBx2 i?Qb2 2z2+i BMiQ i?2 2z2+iBp2
>�KBHiQMB�M 7Q` i?2 KQ/2H bT�+2 BM � MQM@T2`im`#�iBp2 r�vX h?Bb Bb b+?2K�iB+�HHv b?QrM BM
i?2 `B;?iKQbi T�M2H Q7 6A:X kX9X

AM 6A:X kX8- r2 b?Qr i?2 ;`QmM/@bi�i2 2M2`;B2b Q7 Qtv;2M@BbQiQT2b �b � 7mM+iBQM Q7 M2mi`QM
MmK#2` N X h?2 #H�+F /Qi TQBMib �`2 2tT2`BK2Mi�H /�i�- �M/ i?2 HBM2b rBi? +`Qbb �M/ /B�@
KQM/ bvK#QHb �`2 +�H+mH�i2/ `2bmHib mbBM; T?2MQK2MQHQ;B+�H la." (RR8) �M/ i?2 oa@AJa_:
BMi2`�+iBQMbd (Rj3) `2bT2+iBp2HvX q2 Kmbi MQi2 i?�i BM i?2 oa@AJa_: �TT`Q�+? �HH +QMi`B@
#miBQMb U7`QK x2`Q@#Q/v iQ irQ@#Q/vV iQ i?2 2M2`;v 2B;2Mp�Hm2b �`2 7mHHv +�H+mH�i2/ rBi? i?2
AJ@a_: +�H+mH�iBQM �M/ i?2 b?2HH KQ/2H r?BH2- BM T?2MQK2MQHQ;B+�H b?2HH@KQ/2H +�H+mH�iBQMb-
i?2 ;`QmM/@bi�i2 2M2`;v Q7 i?2 BM2`i +Q`2 Bb mbm�HHv i�F2M 7`QK � /�i�#�b2X AM i?�i b2Mb2- i?2
+QKT�`BbQM Q7 i?2 �;`22K2Mi #2ir22M i?2K �M/ /�i� Bb MQi 7�B`- �M/ r2 Kmbi MQi2 i?�i i?2
oa@AJa_: `2bmHib �`2 `2K�`F�#H2 �M/ 2M+Qm`�;BM; iQ ;Q �HQM; i?2b2 #QiiQK@mT �TT`Q�+?2bX

q2 ?�p2 bQ 7�` /Bb+mbb2/ r�vb iQ +QMbi`m+i p�H2M+2@bT�+2 >�KBHiQMB�Mb mbBM; K�Mv@#Q/v
K2i?Q/bX �M �Hi2`M�iBp2 �TT`Q�+? Bb i?2 QM2 /Bb+mbb2/ BM _27X (R8y)- r?B+? /B`2+iHv HBMF i?2
+?B`�H 16h TQi2MiB�Hb iQ i?2 2z2+iBp2 BMi2`�+iBQMb 7Q` � p�H2M+2 bT�+2X AM i?Bb rQ`F- i?2v

dh?2 `2�bQM r?v r2 mb2/ i?2 THm`�H 7Q`K Bb i?�i 2z2+iBp2 BMi2`�+iBQMb �`2 /2`Bp2/ 7Q` 2�+? Mm+H2mb BM i?2
oa@AJa_: �TT`Q�+?X



kX9 AM72`2M+2 Q7 T�`�K2i2`b kN

+QMbi`m+i +?B`�H BMi2`�+iBQMb 7Q` � p�H2M+2 bT�+2- r?B+? Bb i?2 sd@b?2HH BM i?2 rQ`F- rBi? +2Mi2`@
Q7@K�bb@/2T2M/2Mi QT2`�iQ`b i?�i �`Bb2 /m2 iQ i?2 :�HBH2�M BMp�`B�M+2 #`2�FBM; #v �bbmKBM;
i?2 2tBbi2M+2 Q7 i?2 BM2`i +Q`2X

�HH i?2b2 �`2 +QKTH2K2Mi�H bim/B2b iQ b22 i?2 +QMM2+iBQM #2ir22M i?2 Mm+H2�` 7Q`+2 �M/
2z2+iBp2 BMi2`�+iBQMb 7Q` � p�H2M+2 bT�+2X

kX9 AM72`2M+2 Q7 T�`�K2i2`b
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6A:X kXe, a+?2K�iB+ TB+im`2 Q7 i?2 TQi2MiB�H bm`7�+2 Q7 � i�`;2i 7mM+iBQMX

AM i?2 `2bi Q7 i?Bb +?�Ti2`- r2 BMi`Q/m+2 K�+?BM2`B2b iQ [m�MiB7v i?2Q`2iB+�H mM+2`i�BMiB2b
BM *A@ivT2 +�H+mH�iBQMb �M/ iQ 2ti`�+i Km+? BM7Q`K�iBQM 7`QK i?2 `2bmHibX

"27Q`2 /Bb+mbbBM; i2+?MB+�H /2i�BHb �#Qmi i?2 T�`�K2i2` BM72`2M+2- 2bT2+B�HHv "�v2bB�M BM@
72`2M+2- BM Mm+H2�` K�Mv@#Q/v T`Q#H2Kb- H2i mb K�F2 bQK2 BKTQ`i�Mi `2K�`Fb 7`QK ;2M2`�H
pB2rTQBMibX "�v2bB�M BM72`2M+2 ?�b #22M rB/2Hv mb2/ BM p�`BQmb b+B2MiB}+ }2H/bX q2 Kmbi MQi2
i?�i "�v2bB�M Bb MQi bT2+B�H �i �HH- #mi Bi Bb [mBi2 M�im`�HX A7 QM2 ?�b � #2HB27 HBF2 ǳss Kmbi
#2 uuǴ- i?Bb #2HB27 K�v #2 QMHv i?2 +�b2 rBi? r?�i ?2fb?2 ?�b �H`2�/v Q#b2`p2/ Q` FMQrMX
h?2 p�HB/Biv Q7 #2HB27b Bb bi`2M;i?2M Q` r2�F2M2/ #v Q#D2+iBp2 2pB/2M+2 �M/ i?2M i?2 #2HB27b
�`2 KQ/B}2/ #v i?2KX h?Bb- mT/�iBM; TQbi2`BQ` /Bbi`B#miBQMb #v Q#b2`pBM; /�i�- Bb i?2 r�v Q7
i?BMFBM; 7Q` ?mK�M #2BM;bX

AM bQK2 KQ/2`M b+B2MiB}+ bim/B2b- r?�i T2QTH2 �`2 /QBM; +�M #2 `2T?`�b2/ �b b22FBM; bQK2
QTiB+�H p�Hm2b- 2X;X i?2 QTiBK�H p�Hm2b 7Q` T�`�K2i2`b BM � KQ/2H- i?2 QTiBK�H r2B;?i p�Hm2b
Q7 M2m`QMb BM �`iB}+B�H M2m`�H M2irQ`Fb- i?2 QTiBK�H +QM/BiBQMb 7Q` K�i2`B�Hb iQ `2�HBx2 bQK2



jy *?�Ti2`X k "�bB+b Q7 +QM};m`�iBQM BMi2`�+iBQM K2i?Q/b �M/ mM+2`i�BMiv [m�MiB}+�iBQMb

bT2+B�H T`QT2`iB2b- �M/ bQ QMX AM �HH i?Qb2 bim/B2b- i?2 #2bi p�Hm2 iQ K�tBKBx2 UKBMBKBx2V bQK2
i�`;2i 7mM+iBQM- b�v i?2 +Qbi 7mM+iBQM- Bb mb2/X q2 Kmbi MQi2 i?�i i?2 #2bi p�Hm2 Bb i?2 #2bi
QMHv 7Q` i?2 /�i� mb2/ �M/ Bi Bb Km+? KQ`2 BKTQ`i�Mi iQ b22 ?Qr Km+? M�``Qr Q` #`Q�/ �`2
i?2B` i�`;2i 7mM+iBQMb BM i?2 T�`�K2i2` bT�+2 �`QmM/ i?2 #2bi p�Hm2 bQ i?�i QM2 +�M b22 i?2
`Q#mbiM2bb Q7 i?2 #2bi p�Hm2X

h?2 b+?2K�iB+ TB+im`2- r?B+? Bb MQi?BM; iQ /Q rBi? T?vbB+b- Bb b?QrM BM 6A:X kXeX amTTQb2
i?2 z@�tBb K2�Mb bQK2 i�`;2i 7mM+iBQM iQ #2 KBMBKBx2/ BM irQ@/BK2MbBQM�H T�`�K2i2` bT�+2
(θ1, θ2)X h?2 #2bi T�`�K2i2` Bb (0, 0)X h?2 bi`m+im`2 Q7 i?2 bm+? i�`;2i 7mM+iBQM- H2i mb +�HH
TQi2MiB�H bm`7�+2- i2HHb mb i?2 `Q#mbiM2bb Q7 i?2 �`;mK2Mi �M/ r?2i?2` Q` MQi i?2`2 �`2 bQK2
/B`2+iBQMb BM T�`�K2i2` bT�+2 r?B+? Bb b2MbBiBp2 Q` BMb2MbBiBp2 iQ i?2 i�`;2i 7mM+iBQMbX h?Bb
i2HHb mb r?2i?2` Q` MQi QM2 biBHH M22/b �//BiBQM�H /�i� iQ +QMbi`�BM i?2 i?2Q`2iB+�H KQ/2HX

Ai Bb rQ`i? b?QrBM; i?2 bi`m+im`2 Q7 i?2 TQi2MiB�H bm`7�+2 KQ`2 i?�M }M/BM; � i2KTQ`�`v
QTiBK�H p�Hm2- r?B+? rBHH #2 KQ/B}2/ #v �//BM; M2r /�i� BM 7mim`2X h?Bb Bb 2bT2+B�HHv i`m2
7Q` Mm+H2�` T?vbB+b #2+�mb2 r2 +�MMQi r`Bi2 /QrM U�i H2�bi �i i?Bb KQK2MiV i?2 7mM/�K2Mi�H
BMi2`�+iBQM BM � +HQb2/ 7Q`K �M/ KQ/2Hb 7Q` i?2 Mm+H2�` 7Q`+2 ?�p2 7`22 T�`�K2i2`b3X

6Q` i?�i Tm`TQb2- Bi Bb � M�im`�H +?QB+2 iQ `2;�`/ i?2 T�`�K2i2`b BM i?2Q`v MQi �b TQBMib #mi
�b T`Q#�#BHBiv /Bbi`B#miBQMb- �M/ "�v2bB�M K�+?BM2`v Bb i?2 K2i?Q/ Q7 +?QB+2X "�v2bǶ i?2Q`2K
Bb r`Bii2M �b

P (θ|D) =
P (D|θ)P (θ)

P (D)
∝ P (D|θ)P (θ), UkXjNV

r?2`2 θ Bb KmHiB/BK2MbBQM�H T�`�K2i2` �M/ D Bb i?2 /�i� b2i i�F2M BMiQ �++QmMi 7Q` T�`�K2i2`
2biBK�iBQMbX AM KQbi T`�+iB+�H +�b2b i?2 K�`;BM�H HBF2HB?QQ/ P (D) Bb /B{+mHi iQ 2p�Hm�i2 �M/
`2;�`/2/ �b � MQ`K�HBxBM; +QMbi�MiX

6`QK ?2`2 r2 mb2 i?2 7QHHQrBM; Q`/BM�`v HBF2HB?QQ/ 7mM+iBQM mMH2bb Qi?2`rBb2 K2MiBQM2/,

P (D|θ) = exp (−χ2(θ)/2), UkX9yV

rBi? i?2 b[m�`2/ 2``Q`b-

χ2(θ) ≡
ND∑

n=1

(
Oexp

n − < O[θ] >n

∆O

)2

, UkX9RV

r?2`2 ND Bb i?2 MmK#2` Q7 /�i�- Oexp
n Bb 2tT2`BK2Mi�H p�Hm2- < O[θ] >n Bb +Q``2bTQM/BM;

i?2Q`2iB+�H 2biBK�i2b �i θ- �M/ ∆O Bb i?2 �/QTi2/ 2``Q` Q7 Q#b2`p�#H2b {On}c r?B+? �`2 /2@
i2`KBM2/ #v i?2Q`2iB+�H 2``Q`b- bBM+2 i?2Q`2iB+�H QM2b ?�p2 i?2 H�`;2bi +QMi`B#miBQMb BM K�Mv

3h?2 T�`�K2i`Bx�iBQM Bib2H7 Bb Q7 +Qm`b2 MQi mMB[m2 BM ;2M2`�HX



kX8 >Qr iQ 2p�Hm�i2 TQbi2`BQ`b\ jR

T`�+iB+�H +�b2b Q7 Mm+H2�` bi`m+im`2 T?vbB+bX q2 Kmbi MQi2 i?�i i?2`2 Bb MQ mMB[m2 +?QB+2 7Q`
i?2 /2MQKBM�iQ` BM 1[X UkX9RV- r?B+? +�M #2 /2T2M/2Mi QM nX >Qr iQ T�`�K2i`Bx2 i?2 2``Q`b
�M/ ?Qr iQ �++QmMi 7Q` +Q``2H�iBQMb �KQM; i?2 2``Q`b �`2 biBHH QT2M [m2biBQMb iQ #2 bim/B2/
BM K�Mv b+B2MiB}+ }2H/bX >2`2 r2 �/QTi2/ i?2 ;HQ#�H 2``Q` ∆O Qp2` i?2 2MiB`2 /�i� �b i?2
bi�`iBM; TQBMi Q7 i?Qb2 +QKT`2?2MbBp2 bim/B2bX

q?BH2 r2 mb2 MQM@BM7Q`K2/ T`BQ` P (θ) ∼ 1 i?`Qm;?Qmi i?Bb i?2bBb- QM2 +�M mb2 i?2 BM7Q`K2/
T`BQ` B7 i?2 T`BQ` BM7Q`K�iBQM Bb TH�mbB#H2X q2 �HbQ K2MiBQM i?�i B7 r2 mb2 :�mbbB�M T`BQ` HBF2
P (θ) ∼ exp

(
−aθTMθ

)
- i?Bb Bb MQi?BM; #mi BMi`Q/m+BM; Gk@MQ`K `2;mH�`Bx�iBQM i2`K BM i?2

χ2X h?2 T`BQ` b2H2+iBQM Bib2H7 +�M #2 7Q`KmH�i2/ BM i2`Kb Q7 "�v2bB�M BM72`2M+2 #v ?B2`�`+?B+�H
mb�;2 Q7 "�v2bB�M K�+?BM2`vX h?Bb ~2tB#BHBiv Bb i?2 QM2 Q7 i?2 �/p�Mi�;2b Q7 "�v2bB�M K2i?Q/bX

kX8 >Qr iQ 2p�Hm�i2 TQbi2`BQ`b\

PM+2 i?2 T`BQ` �M/ i?2 HBF2HB?QQ/ �`2 /2i2`KBM2/- i?2 T`Q#H2K Bb ?Qr iQ 2p�Hm�i2 i?2
TQbi2`BQ`- #2+�mb2 BM ;2M2`�H i?2 TQbi2`BQ` +�MMQi #2 Q#i�BM2/ BM � +HQb2/ 7Q`KX q2 ivTB+�HHv
?�p2 irQ +H�bb2b iQ 2p�Hm�i2 i?2 TQbi2`BQ` P (θ|D)X PM2 Bb � biQ+?�biB+ K2i?Q/ bm+? �b J�`FQp
*?�BM JQMi2 *�`HQ UJ*J*V �M/ i?2 Qi?2` QM2 Bb �M �TT`QtBK�iBQM b+?2K2 bm+? �b i?2 G�TH�+2
�TT`QtBK�iBQM UG�V 2tTH�BM2/ #2HQrX

A7 QM2 +QmH/ �+?B2p2 BM}MBi2 MmK#2` Q7 Bi2`�iBQMb 7Q` J*J* rBi?BM � `2�HBbiB+ iBK2 b+�H2-
QM2 Q#i�BMb i?2 b�KTH2b i?�i �`2 2t�+iHv Q#2vBM; TQbi2`BQ` /Bbi`B#miBQMbX

AM i?2 +�b2 Q7 Mm+H2�` K�Mv@#Q/v T`Q#H2Kb i�FBM; �++QmMi Q7 bi`QM; +Q``2H�iBQMb �KQM;
K�Mv Mm+H2QMb- QM2 +�M M�Bp2Hv 2tT2+i i?�i i?2 i`m2 TQbi2`BQ` Bb ?B;?Hv KmHiBKQ/�Hc h?2
K�TTBM;b #2ir22M T�`�K2i2`b �M/ QmiTmib Q7 K�Mv@#Q/v +�H+mH�iBQMb �`2 2tT2+i2/ iQ #2
?B;?Hv MQMHBM2�`X h?Bb MQMHBM2�`Biv K�v T`2p2Mi mb 7`QK Q#i�BMBM; +QMp2`;2/ `2bmHib #v J*J*
rBi?BM `2�HBbiB+ iBK2 b+�H2bX

�TT`QtBK�i2 BM72`2M+2b bm+? �b i?2 G� �`2 HBi2`�HHv �TT`QtBK�iBQM K2i?Q/b 7Q` TQbi2`B@
Q`b #v r`BiBM; /QrM � TQbi2`BQ` BM � bBKTH2 �M/ +HQb2/ 7Q`K bm+? �b � :�mbbB�MX h?2`27Q`2-
+QKTmi�iBQM�H +Qbib �`2 Km+? H2bb i?�M J*J*X >Qr2p2`- BM ;2M2`�H- i?2v M2p2` ;Bp2 b�K@
TH2b Q#2vBM; i?2 i`m2 TQbi2`BQ`bX h?2 �/p�Mi�;2b �M/ /Bb�/p�Mi�;2b 7Q` i?2b2 irQ +H�bb2b �`2
+QKTH2K2Mi�`vX

kX8XR aiQ+?�biB+ K2i?Q/, J�`FQp *?�BM JQMi2 *�`HQ

AM i?Bb b2+iBQM- r2 #`B2~v `2pB2r � 72r TQTmH�` J�`FQp *?�BM JQMi2 *�`HQ K2i?Q/b 7`QK
T`�+iB+�H T2`bT2+iBp2bX JQ`2 +QKT`2?2MbBp2 2tTH�M�iBQM +�M #2 7QmM/ BM 2X;X (R8R)X



jk *?�Ti2`X k "�bB+b Q7 +QM};m`�iBQM BMi2`�+iBQM K2i?Q/b �M/ mM+2`i�BMiv [m�MiB}+�iBQMb

_�M/QK@r�HF J2i`QTQHBb@>�biBM;b U_qJ>V K2i?Q/

h?2 `�M/QK@r�HF J2i`QTQHBb@>�biBM;b U_qJ>V �H;Q`Bi?K Bb ?B;?Hv TQTmH�` b�KTHBM;
K2i?Q/ /m2 iQ Bib bBKTHB+Biv �M/ �TTHB+�#BHBivX AM _qJ> �H;Q`Bi?Kb- i?2 b�KTH2b Q#2v@
BM; � i�`;2i /Bbi`B#miBQM �`2 ;2M2`�i2/ i?`Qm;? mT/�iBM; i?2 bi�i2- r?B+? Bb `2T`2b2Mi2/ #v θ

?2`2�7i2`X

h?2 mT/�iBM; T`Q+2/m`2 Bb i?2 7QHHQrBM;,

Ç q?2M i?2 +m``2Mi bi�i2 Bb θ- � M2r T�`�K2i2` θ′ Bb T`QTQb2/ rBi? i?2 i`�MbBiBQM T`Q#�@
#BHBiv t(θ → θ′)X

Ç *�H+mH�i2 i?2 >�biBM;b `�iBQ,

r(θ,θ′) ≡ t(θ′ → θ)P (θ′)

t(θ → θ′)P (θ)
. UkX9kV

Ç �++2Ti i?2 T`QTQb2/ θ′ rBi? i?2 T`Q#�#BHBiv,

r = min{1, r(θ,θ′)} UkX9jV

h?2 2{+B2M+v Q7 b�KTHBM; +`m+B�HHv /2T2M/b QM i?2 b+�HBM; Q7 i?2 T`QTQb�H /Bbi`B#miBQMbX A7
i?2 p�`B�M+2 Q7 i?2 T`QTQb�H Bb iQQ bK�HH- b�KTH2b 2�bBHv ;2i bim+F BM HQ+�H KBMBK�X PM i?2
Qi?2` ?�M/- B7 i?2 p�`B�M+2 Bb iQQ H�`;2- i?2 b�KTHBM; +�M #2+QK2 BM2{+B2MiX Ai Bb QM2 Q7 i?2
KQbi BKTQ`i�Mi Bbbm2b BM J*J* iQ /2bB;M i?2 �TT`QT`B�i2 T`QTQb�H /Bbi`B#miBQMbX h?2 ?B;?Hv
2tT2`iBb2 �M/ K�Mv i`B�H �M/ 2``Q`b �`2 M22/2/ iQ �+?B2p2 i?�iX P7 +Qm`b2 i?2`2 �`2 b2p2`�H
i2+?MB[m2b iQ /2bB;M i?2 T`QTQb�H /Bbi`B#miBQMb KQ`2 Q` H2bb �miQK�iB+�HHv bm+? �b �/�TiBp2
J*J* (R8k)X

>Qr2p2`- r2 MQi2 i?�i M�Bp2 mb�;2 Q7 �/�TiBp2 J*J* K�v ;2i bim+F BM ?B;?2` /BK2MbBQM
Q` BM i?2 +�b2 Q7 KmHiBKQ/�H i�`;2i 7mM+iBQMbX 6`QK i?2 �mi?Q`Ƕb 2tT2`B2M+2- B7 r2 �TTHv
�/�TiBp2 /2bB;M Q7 T`QTQb�H /Bbi`B#miBQMb BM Rd /BK2MbBQM�H bT�+2- r?B+? Bb i?2 MmK#2` Q7
p�H2M+2 b?2HH@KQ/2H 2z2+iBp2 BMi2`�+iBQMb Q7 p@b?2HH bT�+2 iQ #2 +QMbB/2`2/ BM *?�Ti2` j- b2p2`�H
+QKTQM2Mi Q7 +Qp�`B�M+2 K�i`Bt Q7 i?2 :�mbbB�M T`QTQb�H #2+QK2 �HKQbi x2`Q iQ �+[mB`2 i?2
/2bB`2/ �++2Ti�M+2 `�iBQX h?Bb H2�/b iQ #B�b2/ b�KTHBM;bX

>�KBHiQMB�M JQMi2 *�`HQ

h?2 >�KBHiQMB�M JQMi2 *�`HQ UQ`B;BM�HHv FMQrM �b >v#`B/ JQMi2 *�`HQ BM H�iiB+2 }2H/
i?2Q`v (R8j)V �H;Q`Bi?K Bb FMQrM �b i?2 r�v iQ �pQB/ `2/mM/�M+v BM `�M/QK@r�HF J2i`QTQHBb@



kX8 >Qr iQ 2p�Hm�i2 TQbi2`BQ`b\ jj

>�biBM;b �H;Q`Bi?KX h?Bb ?�b #22M rB/2Hv mb2/ BM p�`BQmb }2H/b �M/ K�Mv T�+F�;2b �`2 �p�BH@
�#H2- b22 2X;X ai�M (R89) �M/ SvJ* (R88)X q2 �HbQ `272` i?2 BMi2`2bi2/ `2�/2` iQ i?2 `2pB2r #v
_�/7Q`/ JX L2�H (R8e)X

h?2 F2v B/2� Q7 >J* Bb iQ mb2 >�KBHiQMB�M /vM�KB+b iQ T`QTQb2 �M mT/�i2 Q7 i?2 bi�i2X
q2 BMi`Q/m+2 KQK2MimK p 7QHHQrBM; bi�M/�`/ MQ`K�H /Bbi`B#miBQM-

f(p) =
d∏

i=1

f(pi), UkX99V

f(pi) =
1√
2π

exp

(
−p2i

2

)
, UkX98V

r?2`2 H2i d /2MQi2 i?2 /BK2MbBQM Q7 i?2 T�`�K2i2` θ �M/ KQK2Mi� pX q2 +QMbB/2` i?2 K�`;BM�H
T`Q#�#BHBiv /2MbBiv Q7 θ �M/ p,

f(θ,p|D) = f(θ|D)f(p), UkX9eV

r?2`2 θ Bb i?2 T�`�K2i2` Q7 BMi2`2bi �M/ D Bb i?2 /�i� �b i?2 T`2pBQmb b2+iBQMX hQ 2KTHQv
bi�M/�`/ MQ`K�H /Bbi`B#miBQM +Q``2bTQM/b iQ +QMbB/2`BM; >�KBHiQMB�M /vM�KB+b Q7 m = 1

T�`iB+H2X q2 +�M `2r`Bi2 i?2 �#Qp2 2[m�iBQM �b

f(θ,p|D) = exp (log f(θ,p|D)),

∝ exp

(
log f(θ|D)−

∑

i

p2i /2

)
. UkX9dV

"v mbBM; U(θ) ≡ − log f(θ|D)- r2 Q#i�BM i?2 7�KBHB�` 7Q`K H(p,θ) ≡ U(θ) +
∑

i p
2
i /2X h?2

HQ;�`Bi?K Q7 TQbi2`BQ` /Bbi`B#miBQM +�M #2 `2;�`/2/ �b i?2 TQi2MiB�H Q7 >�KBHiQMB�M H(p,θ)X
h?2 K�`;BM�H T`Q#�#BHBiv /2MbBiv Bb ;Bp2M �b 7QHHQrb,

f(θ,p|D) = exp (−H(p,θ)). UkX93V

L2ti- H2i mb +QMbB/2` i?2 mT/�iBM; T`Q+2/m`2 Q7 i?2 T�`�K2i2` θ mbBM; >�KBHiQMB�M /v@
M�KB+b BM i?2 (p,θ) T?�b2@bT�+2X "v BMi`Q/m+BM; i?2 iBK2 τ - >�KBHiQM 2[m�iBQM Bb ;Bp2M �b

dpi(τ)

dτ
= −∂H(p,θ)

∂qi
= −∂U(θ)

∂qi
, UkX9NV

dθi(τ)

dτ
=

∂H(p,θ)

∂pi
= pi, UkX8yV

7Q` i = 1, 2, ..., dX q2 ?�p2 bQ 7�` +QMbB/2`2/ i?2 +�b2 rBi? BM/2T2M/2Mi KQK2Mi�X >Qr2p2`- QM2



j9 *?�Ti2`X k "�bB+b Q7 +QM};m`�iBQM BMi2`�+iBQM K2i?Q/b �M/ mM+2`i�BMiv [m�MiB}+�iBQMb

+�M 2KTHQv i?2 +Q``2H�i2/ KQK2Mi� #v `2TH�+BM; f(p) #v � KmHiBp�`B�i2 MQ`K�H /Bbi`B#miBQM

f(p) ∝ exp

(
−1

2
pTΣ−1p

)
. UkX8RV

Pm` +?QB+2 +Q``2bTQM/b iQ Bib bT2+B�H +�b2- Σ = IdX

AM T`�+iB+�H �TTHB+�iBQM Q7 >J*- QM2 ?�b iQ bQHp2 i?2 >�KBHiQMB�M /vM�KB+b BM � MmK2`B+�H
r�v- �M/ i?Bb BM/m+2b MmK2`B+�H 2``Q`bX h?Bb /2i2`BQ`�i2 i?2 �++2Ti�M+2 `�iBQ- BX2X b�KTHBM;
2{+B2M+v Q7 >J* �H;Q`Bi?KX h?2 K2i?Q/ Q7 +?QB+2 Bb iQ 2KTHQv i?2 bQ@+�HH2/ H2�T7`Q; K2i?Q/,

p(τ + 1/2) = p(τ)− ϵ

2
∇θU(θ(τ)), UkX8kV

θ(τ + 1) = θ(τ) + ϵp(τ + 1/2), UkX8jV

p(τ + 1) = p(τ + 1/2)− ϵ

2
∇θU(θ(τ + 1/2)), UkX89V

r?2`2 i?2 iBK2 bi2T 7Q` QM2 Bi2`�+iBQM Bb `2T`2b2Mi2/ �b 1 �M/ ϵ Bb i?2 BM}MBi2bBK�H +QMbi�MiX
�7i2` L bi2Tb- r2 T`QTQb2 i?2 mT/�i2/ T�`�K2i2` θ′ ≡ θ(τ + L)X h?2M- r2 +�H+mH�i2 i?2
[m�MiBiv- H(p(τ + L),θ′) − H(p(τ),θ)X AM T`BM+BTH2- i?Bb Kmbi #2 0 /m2 iQ i?2 >�KBHiQMB�M
+QMb2`p�iBQM- #mi- BM MmK2`B+�H H2p2H- i?2`2 Bb }MBi2 MmK2`B+�H 2``Q` /m2 iQ i?2 }MBi2 ϵ iQ
/2b+`B#2 iBK2 2pQHmiBQM BM T?�b2 bT�+2X h?2 >�biBM;b `�iBQ BM i?Bb +�b2 #2+QK2b

r =
t(θ,p|θ′,p′)f(θ′,p′|D)

t(θ′,p′|θ,p)f(θ,p|D)
UkX88V

AM i?2 >�KBHiQMB�M /vM�KB+b- i?2 iBK2 2pQHmiBQM Bb `2p2`bB#H2- BX2X t(θ,p|θ′,p′) = t(θ′,p′|θ,p)X
h?2M- i?2 �++2Ti�M+2 `�i2 Bb ;Bp2M �b

r(θ,θ′) = min{1, exp {− (H(p′,θ′)−H(p,θ))}}. UkX8eV

PM2 +�M b22 7`QK i?2 �#Qp2 2[m�iBQM- i?2 �++2Ti�M+2 `�iBQ Q7 >J* �H;Q`Bi?K Bb �Hr�vb ?B;?
B7 QM2 F22Tb i?2 MmK2`B+�H �++m`�+v Q7 >�KBHiQMB�M /vM�KB+b mbBM; 2X;X i?2 H2�T7`Q; K2i?Q/X

>2`2 H2i mb KQp2 iQ KQ`2 /2i�BH2/ 7Q`KmH�iBQMb r?B+? �`2 `2H2p�Mi iQ *A@ivT2 +�H+mH�iBQMbX
q2 mb2 i?2 Q`/BM�`v HBF2HB?QQ/ �;�BM,

f(D|θ) = exp
(
−χ2/2

)
, UkX8dV

χ2(θ) =
ND∑

i

(Eexp.
i − Etheo.

i (θ))2

(∆E)2
UkX83V

r?2`2 i `mMb Qp2` b2H2+i2/ Mm+H2B �M/ bi�i2b- �M/ ∆E Bb �`#Bi`�`v ;Bp2M �++m`�+v- r?B+? +�M
#2 /2T2M/2Mi QM i?2 H�#2H Q7 i?2 bi�i2b- iX LQr r2 �bbmK2 T`BQ` /Bbi`B#miBQM f(θ) �b mMB7Q`K
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/Bbi`B#miBQM �M/ f(D) +�M #2 `2;�`/2/ �b i?2 MQ`K�HBx�iBQM 7�+iQ`X h?mb- U(θ) BM >J*
�H;Q`Bi?K Bb MQr B/2MiB+�H rBi? χ2/2 BM T`Q#H2K Q7 BMi2`2biX q2 �HbQ MQi2 i?�i r2 `2bi`B+i
Qm`b2Hp2b iQ +QMbB/2` 2M2`;v 2B;2Mp�Hm2b 7`QK MQr QMNX

AM i?2 �TTHB+�iBQM Q7 >J*- i?2 K�BM T`Q#H2K Bb ?Qr iQ 2p�Hm�i2 ;`�/B2Mib Q7 U(θ) rBi?
`2bT2+i iQ T�`�K2i2`b θX "2bB/2b Bib BKTQ`i�M+2 7Q` >J*- i?2 ;`�/B2Mib �`2 �HbQ M22/2/ BM
bQK2 �TT`QtBK�iBQM b+?2K2b 7Q` i?2 TQbi2`BQ`X AM i?2 `2bi T�`i Q7 i?Bb bm#b2+iBQM- r2 2tTH�BM
i?2 +QM+`2i2 T`Q+2/m`2 iQ Q#i�BM i?2 ;`�/B2Mi BM *A@ivT2 +�H+mH�iBQMbX

q2 bi�`i rBi? � ;2M2`�H b?2HH@KQ/2H >�KBHiQMB�M mT iQ irQ@#Q/v H2p2H,

HSM =
∑

i

ϵia
†
iai +

1

4

∑

ijkl

v̄ijkla
†
ia

†
jakal ≡ S + V, UkX8NV

r?2`2 v̄ Bb �MiB@bvKK2i`B+ irQ@#Q/v BMi2`�+iBQMX q2 /2}M2 i?2 b?Q`i?�M/ Q7 i?2 mM+QmTH2/
irQ@Mm+H2QMb bi�i2b,

|ab⟩ ≡ 1√
2
(|jama, jbmb⟩ − |jbmb, jama⟩), UkXeyV

r?2`2 i?2 7�+iQ` 1/
√
2 Bb 7Q` MQ`K�HBx�iBQMX q2 7`QK MQr QM mb2 irQ@/Bz2`2Mi 2tT`2bbBQMb Q7

h"J1b r?B+? �`2 mb27mH �b BMTmib Q7 b?2HH@KQ/2H +Q/2bX PM2 Bb i?2 JT @+QmTH2/ 7Q`K- r?B+? Bb
+�HH2/ BbQbTBM@7Q`K�HBbK- rBi? 2tTHB+Bi BbQbTBM bvKK2i`v �M/ i?2 Qi?2` QM2 Bb M2mi`QM@T`QiQM
UMTV 7Q`K�HBbKX h`�/BiBQM�HHv- T?2MQK2MQHQ;B+�H b?2HH@KQ/2H 2z2+iBp2 BMi2`�+iBQMb �`2 ;Bp2M
BM BbQbTBM@7Q`K�HBbKX q2 MQi2 i?�i i?2 aS1b �`2 +QKKQM #2ir22M M2mi`QMb �M/ T`QiQMb
BM BbQbTBM@7Q`K�HBbK �M/ QM2 ?�b iQ K�F2 bm`2 iQ i�F2 �++QmMi Q7 /2`Bp�iBp2b rBi? `2bT2+i iQ
aS1b 7Q` #Qi? T`QiQMb �M/ M2mi`QMb BM +QMbB/2`BM; i?2 bmKK�iBQM Q7 /2`Bp�iBp2bX PM i?2 Qi?2`
?�M/- r?2M QM2 mb2b /2`Bp2/ BMi2`�+iBQMb 7`QK +?B`�H TQi2MiB�Hb- r?B+? BM+Hm/2b *QmHQK# 7Q`+2
2tTHB+BiHv- QM2 Kmbi rQ`F BM np@7Q`K�HBbKX

hQ Q#i�BM i?2 irQ@#Q/v K�i`Bt 2H2K2Mi BM np@7Q`K�HBbK- H2i mb /2}M2 i?2 7QHHQrBM; irQ@
Mm+H2QMb bi�i2 +QmTH2/ iQ J �M/ M ,

|ab; JM⟩ = Nab(J)
∑

mamb

(jajbmamb|JM)|ab⟩. UkXeRV

NAi Bb 2�bB2` iQ 2p�Hm�i2 i?2 /2`Bp�iBp2b Q7 2M2`;v 2B;2Mp�Hm2b i?�M Qi?2` Q#b2`p�#H2bX



je *?�Ti2`X k "�bB+b Q7 +QM};m`�iBQM BMi2`�+iBQM K2i?Q/b �M/ mM+2`i�BMiv [m�MiB}+�iBQMb

>2`2 i?2 MQ`K�HBx�iBQM +QMbi�Mi Bb 2p�Hm�i2/ #v +QMbB/2`BM; i?2 MQ`K Q7 i?2 �#Qp2 2[m�iBQM

1 = < ab; JM |ab; JM⟩ UkXekV
=[Nab(J)]

2
∑

mambm′
am

′
b

(δmam′
a
δmbm′

b
− δjajbδmam′

b
δmbm′

a
)(jajbmamb|JM)(jajbm

′
am

′
b|JM),

=[Nab(J)]
2
∑

mamb

((jajbmamb|JM)(jajbmamb|JM)− δjajb(jajbmamb|JM)(jajbmbma|JM)),

=[Nab(J)]
2
∑

mamb

(jajbmamb|JM)(jajbmamb|JM)(1 + δjajb(−1)J),

=[Nab(J)]
2(1 + δjajb(−1)J). UkXejV

h?2M i?2 MQ`K�HBx�iBQM 7�+iQ` 7Q` MQM@p�MBb?BM; �M;mH�` KQK2MimK +QmTH2/ bi�i2 Bb ;Bp2M �b
1/
√
1 + δjajb X AMp2`b2Hv- i?2 mM+QmTH2/ irQ@Mm+H2QMb bi�i2 Bb �HbQ 2tT`2bb2/ �b i?2 bmT2`TQbBiBQM

Q7 +QmTH2/ irQ@Mm+H2QMb bi�i2b �b

|ab⟩ =
∑

JM

(jajbmamb|JM)[Nab(J)]
−1|ab; JM⟩. UkXe9V

q2 ?�p2 mb2/ i?2 Q`i?Q;QM�H `2H�iBQMb Q7 *H2#b+?@:Q`/�M +Q2{+B2Mib,
∑

JM

(j1j2m1m2|JM)(j1j2m
′
1m

′
2|JM) = δm1m′

1
δm2m′

2
, UkXe8V

∑

m1m2

(j1j2m1m2|JM)(j1j2m1m2|J ′M ′) = δJJ ′δMM ′ . UkXeeV

AM i?Bb i?2bBb- r2 7QHHQr2/ i?2 MQi�iBQMb BM _27X (R8d) #v S`Q7X �`BK� �M/ S`Q7X A+?BKm`�RyX

lM/2` i?2b2- i?2 irQ@#Q/v T�`i Q7 i?2 b?2HH@KQ/2H >�KBHiQMB�M 1[X UkX8NV Bb `2T`2b2Mi2/
�b

V =
1

4

∑

abcd

∑

JM

∑

J ′M ′

(jajbmamb|JM)(jcjdmcmd|J ′M ′)

× [Nab(J)]
−1[Ncd(J

′)]−1⟨ab; JM |V |cd; J ′M ′⟩a†aa
†
bacad, UkXedV

=
1

4

∑

abcd

∑

JM

∑

J ′M ′

[Nab(J)]
−1[Ncd(J

′)]−1⟨ab; JM |V |cd; J ′M ′⟩

× (−1)J
′−M ′

[a†a × a†b]
(J)
M [ac × ad]

(J ′)
−M ′ , UkXe3V

UkXeNV

Ryh?Bb #QQF UBM C�T�M2b2V ?�b #22M mb2/ 7Q` � HQM; iBK2 �b � 7Q`KmH�`v BM Mm+H2�` bi`m+im`2 T?vbB+b ;`QmT
Q7 i?2 mMBp2`bBiv Q7 hQFvQX
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r?2`2 r2 mb2/ 1[bX UkXe8V �M/ UkXeeV �M/ QT2`�iQ`b BM b[m�`2 #`�+F2ib �`2 /2}M2/ �b

[a†a × a†b]
(J)
M =

∑

mαmβ

(jajbmαmβ|JM)a†aa
†
b, UkXdyV

[ac × ad]
(J ′)
M ′ =

∑

mγmδ

(jcjdmγmδ|J ′M ′)acad = [ãc × ãd]
(J ′)
−M ′ , UkXdRV

rBi? ãc ≡ (−1)jc−mcacX lbBM; i?2 qB;M2`@1+F�`i i?2Q`2K �M/ i?2 7�+i i?�i V Kmbi #2 b+�H2`
BM i2`Kb Q7 bT?2`B+�H i2MbQ` QT2`�iQ`b- i?2 irQ@#Q/v K�i`Bt 2H2K2Mib �`2 `2r`Bii2M �b 7QHHQrb,

⟨ab; JM |V |cd; J ′M ′⟩ = (J ′0M ′0|JM)√
2J + 1

⟨ab; J ||V ||cd; J ′⟩ = δJ ′JδM ′M√
2J + 1

⟨ab; J ||V ||cd; J ′⟩, UkXdkV

r?2`2 ⟨||·||⟩ Bb i?2 `2/m+2/ K�i`Bt 2H2K2MiX 6Q` `�MF@k bT?2`B+�H i2MbQ` QT2`�iQ`b- i?2 7QHHQrBM;
`2H�iBQM ?QH/b,

(−1)k√
2k + 1

∑

q

(−1)qU (k)
q V (k)

−q = [U (k) × V (k)](0)0 . UkXdjV

h?2M- 1[X UkXe3V #2+QK2b

V =
1

4

∑

abcd

∑

J

[Nab(J)]
−1[Ncd(J)]

−1⟨ab; J ||V ||cd; J⟩
[
[a†a × a†b]

(J) × [ãc × ãd]
(J)
](0)
0

. UkXd9V

.BpB/BM; i?2 2�+? i2`K Q7 V BMiQ i?2 +Q2{+B2Mi ⟨ab; J ||V ||cd; J⟩ �M/ i?2 QT2`�iQ` T�`i- i?2
2tT2+i�iBQM p�Hm2 < V > Bb `2T`2b2Mi2/ BM � 7Q`K < V >=

∑
α⟨ab; J ||V ||cd; J⟩ < [·](0)0 >X LQr

H2i α /2MQi2 (a, b, c, d, J)- �M/ r2 /2}M2 i?2 h"J1b BM np@7Q`K�HBbK �b V np
α ≡ ⟨ab; J ||V ||cd; J⟩X

q2 MQi2 i?�i BM np@7Q`K�HBbK BM/B+2b (a, b, c, d) BM+Hm/2 i?2 H�#2Hb Q7 T`QiQM �M/ M2mi`QMX

q?2M i?2 irQ@#Q/v BMi2`�+iBQM Bb BbQb+�H�` iQQ- QM2 +�M Q#i�BM i?2 +Q``2bTQM/BM; 2tT`2b@
bBQMb Q7 V BM BbQbTBM@7Q`K�HBbK #v 2ti2M/BM; i?2 QT2`�iQ`b,

V =
1

4

∑

abcdJT

[Nab(JT ]
−1[Ncd(JT )]

−1⟨ab; JT ||V ||cd; JT ⟩
[
[a†a × a†b]

(J,T ) × [ãc × ãd]
(J,T )

](0,0)
0,0

.

UkXd8V

q2 `272` iQ i?2 `2/m+2/ K�i`Bt 2H2K2Mi ⟨ab; JT ||V ||cd; JT ⟩ ≡ V iso
α �b h"J1b BM BbQbTBM@

7Q`K�HBbKX AM i?Bb +�b2- i?2 ;`22F BM/2t α /2MQi2b (a, b, c, d, J, T )X



j3 *?�Ti2`X k "�bB+b Q7 +QM};m`�iBQM BMi2`�+iBQM K2i?Q/b �M/ mM+2`i�BMiv [m�MiB}+�iBQMb

h?2 ;`�/B2Mib Q7 i?2 TQi2MiB�H U(θ) rBi? `2bT2+i iQ h"J1b BM np@7Q`K�HBbK �`2 ;Bp2M �b

∂U

∂V np
α

=
∂

∂V np
α

(− log f(θ|D)),

= − ∂

∂V np
α

(log f(D|θ) + log f(θ)),

= − ∂

∂V np
α

(log f(D|θ)) = ∂

∂V np
α

χ2

2
,

= −
ND∑

i

[
(Eexp.

i − (
∑

β⟨Sβ⟩+
∑

β⟨V
np
β ⟩i)

(∆E)2
⟨V np

α ⟩i
]
. UkXdeV

AM i?2 7Q`i? HBM2- r2 mb2/ >2HHK�MM@62vMK�M i?2Q`2KX Ai Bb +QMp2MB2Mi iQ rQ`F BM np@7Q`K�HBbK
BM i2`Kb Q7 +Q/2b �M/ /2`Bp�iBp2b Q7 i?2 [m�MiBivX >Qr2p2`- Bi Bb Km+? KQ`2 +QMp2MB2Mi iQ rQ`F
BM BbQbTBM@7Q`K�HBbK r?2M Bi +QK2b iQ mT/�i2 i?2 T�`�K2i2`bX h?Bb Bb bBKTHv #2+�mb2 i?2
MmK#2` Q7 T�`�K2i2`b BM BbQbTBM@7Q`K�HBbK Bb H2bb i?�M i?�i Q7 np@7Q`K�HBbKX

_2H�iBQMb Q7 h"J1b #2ir22M T`QiQM@M2mi`QM 7Q`K�HBbK BbQbTBM@7Q`K�HBbK Bb ;Bp2M #v

V np(papb; pcpd; J) = V np(nanb;ncnd; J) = V iso
J,T=1(ab; cd), UkXddV

V np(panb; pcnd; J) =
1

2

{√
(1 + (−1)Jδab)(1 + (−1)Jδcd)V

iso
J,T=1(ab; cd)

+
√

(1− (−1)Jδab)(1− (−1)Jδcd)V
iso
J,T=0(ab; cd)

}
, UkXd3V

≡ c0V
iso
J,T=0(ab; cd) + c1V

iso
J,T=1(ab; cd), UkXdNV

r?2`2 p �M/ n `2T`2b2Mi T`QiQM �M/ M2mi`QMX

LQi2 i?�i i?2 �#Qp2 `2H�iBQMb �`2 i`m2 QMHv r?2M h"J1b BM M2mi`QM@T`QiQM 7Q`K�HBbK ?�p2
;QQ/ BbQbTBM bvKK2i`vX q2 +�M mb2 i?2 �#Qp2 2[m�iBQMb iQ +QMbi`m+i np@7Q`K�HBbK BMi2`�+iBQM
?�pBM; BbQbTBM bvKK2i`v B7 QMHv vQm ?�p2 h"J1b BM BbQbTBM 7Q`K�HBbKX

"v +QMbB/2`BM; BM}MBi2bBK�H /2pB�iBQMb Q7 i?2 7mM+iBQM f(V )- r2 Q#i�BM
{

∂f

∂V iso
α,T=0

−c0
∂f

∂V np(πν)

}
dV iso

J,T=0(ab; cd)

+

{
∂f

∂V iso
α,T=1

− ∂f

∂V np(ππ)
− ∂f

∂V np(νν)
− c1

∂f

∂V np(πν)

}
dV iso

J,T=1(ab; cd) = 0, UkX3yV

r?2`2 r2 �bbmK2/ i?�i BM}MBi2bBK�H p�`B�iBQMb BM M2mi`QM@T`QiQM 7Q`K�HBbK �`2 /QM2 bBKmH@
i�M2QmbHv dV np(νν) = dV np(πν) �M/ r2 mb2/ ππ, νν- �M/ πν iQ `2T`2b2Mi T`QiQM@T`QiQM-
M2mi`QM@M2mi`QM- �M/ T`QiQM@M2mi`QM BMi2`�+iBQMb- `2bT2+iBp2HvX h?2M- r2 Q#i�BM i?2 `2H�@



kX8 >Qr iQ 2p�Hm�i2 TQbi2`BQ`b\ jN

iBQMb,

∂f

∂V iso
α,T=0

= c0
∂f

∂V np(πν)
, UkX3RV

∂f

∂V iso
α,T=1

=
∂f

∂V np(ππ)
+

∂f

∂V np(νν)
+ c1

∂f

∂V np(πν)
. UkX3kV

q2 ?�p2 b?QrM bQ 7�` i?2 r�v iQ +�H+mH�i2 ;`�/B2Mib BM b?2HH@KQ/2H +�H+mH�iBQMbX h?Bb +�M
#2 �HbQ mb2/ BM �TT`QtBK�i2 K2i?Q/ rBi? G�TH�+2 �TT`QtBK�iBQM 7Q` TQbi2`BQ`X

kX8Xk �TT`QtBK�i2 BM72`2M+2

AM i?2 T`2pBQmb bm#b2+iBQM- r2 BMi`Q/m+2/ rB/2Hv mb2/ J*J* K2i?Q/b iQ Q#i�BM b�KTH2b
7`QK i?2 TQbi2`BQ` /Bbi`B#miBQMX �b �H`2�/v K2MiBQM2/ �i i?2 #2;BMMBM; Q7 i?Bb b2+iBQM- i?2
J*J* Bb +QKTmi�iBQM�HHv /2K�M/BM;X

q2 �;�BM bi�`i rBi? i?2 MQM@BM7Q`K2/ T`BQ` P (θ) ∝ 1 �M/ i?2 Q`/BM�`v HBF2HB?QQ/ 7mM+iBQM-

P (D|θ) = exp (−χ2(θ)/2), UkX3jV

rBi? i?2 b[m�`2/ 2``Q`b-

χ2(θ) ≡
ND∑

n=1

(
Eexp

n − < E[θ] >n

∆E

)2

, UkX39V

r?2`2 ND Bb i?2 MmK#2` Q7 /�i�- Eexp
n Bb 2tT2`BK2Mi�H p�Hm2- < E[θ] >n Bb +Q``2bTQM/BM;

i?2Q`2iB+�H 2biBK�i2b rBi? i?2 T�`�K2i2` θ- �M/ ∆E Bb i?2 �/QTi2/ 2``Q` Q7 i?2 2M2`;v 2B;2M@
p�Hm2bX h?Bb ∆E- r?B+? +QmH/ #2 /2T2M/2Mi QM i?2 H�#2H n- Bb /2i2`KBM2/ #v i?2 i?2Q`2iB+�H
2``Q`- bBM+2 i?2Q`2iB+�H QM2b ?�p2 i?2 H�`;2bi +QMi`B#miBQMb BM K�Mv T`�+iB+�H +�b2bX Ai b?QmH/
#2 MQi2/ �;�BM i?�i E +�M #2 2ti2M/2/ iQ �Mv ivT2 Q7 Q#b2`p�#H2b �M/ r2 `2bi`B+i Qm`b2Hp2b iQ
+QMbB/2` QMHv 2M2`;v 2B;2Mp�Hm2b 7Q` bBKTHB+BivX

AM i?2 G�TH�+2 �TT`QtBK�iBQM UG�V- i?2 TQbi2`BQ` Bb �TT`QtBK�i2/ #v i?2 KmHiBp�`B�i2
:�mbbB�M /Bbi`B#miBQM �`QmM/ J�tBKmK � TQbi2`BQ`B UJ�SV,

θMAP ≡ arg max
θ

P (D|θ)P (θ) = arg min
θ

χ(θ), UkX38V

P (θ|D) ≃ N (θ|θMAP,A
−1),

=

√
|A|
(2π)k

exp

(
−1

2
(θ − θMAP)

TA(θ − θMAP)

)
, UkX3eV



9y *?�Ti2`X k "�bB+b Q7 +QM};m`�iBQM BMi2`�+iBQM K2i?Q/b �M/ mM+2`i�BMiv [m�MiB}+�iBQMb

rBi? i?2 >2bbB�M K�i`Bt A,

A = −∇∇ logP (D|θ)P (θ)|θ=θMAP . UkX3dV

>2`2 r2 mb2/ 1[bX UkXjNV �M/ UkX3jV �M/ P (θ) ∝ 1X 1�+? 2H2K2Mi Q7 i?2 >2bbB�M K�i`Bt A Bb
r`Bii2M �b

Aij =
ND∑

n=1

1

(∆E)2
∂⟨En[θ]⟩

∂θi

∂⟨En[θ]⟩
∂θj

+
ND∑

n=1

(⟨En[θ]⟩ − Eexp
n )

(∆E)2
∂⟨En[θ]⟩
∂θi∂θj

. UkX33V

h?2 b2+QM/ /2`Bp�iBp2 i2`K �#Qp2 Bb 2p�Hm�i2/ #v mbBM; }MBi2 /Bz2`2M+2b Q7 }`bi /2`Bp�iBp2
i2`Kb (R83),

∂⟨En[θ]⟩
∂θi∂θj

=
1

2ϵ

{
∂⟨En[θj + ϵ]⟩

∂θi
− ∂⟨En[θj − ϵ]⟩

∂θi

}
+O(ϵ2), UkX3NV

r?2`2 En[θj ± ϵ] /2MQi2b i?2 En p�Hm2 2p�Hm�i2/ #v i?2 T�`�K2i2`b r?Qb2 ji? +QKTQM2Mib �`2
bHB;?iHv b?B7i2/ #v ϵ 7`QK θMAPX AM i?2 T`�+iB+�H �TTHB+�iBQMb BM i?Bb i?2bBb- r2 p�`B2/ i?Bb ϵ

7`QK RX2@8 iQ RX2@9 �M/ +QM}`K2/ i?�i i?2 `2bmHib �`2 BM/2T2M/2Mi Q7 i?2 +?QB+2X lM/2` i?Bb
1[X UkX3NV- i?2 +�H+mH�iBQM +Qbi Q7 i?2 b2+QM/ /2`Bp�iBp2 i2`K Bb 2d iBK2b H�`;2` i?�M i?�i Q7
i?2 }`bi i2`K Q7 1[X UkX33VX



*?�Ti2` j

lM+2`i�BMiv [m�MiB}+�iBQM BM p�H2M+2
b?2HH@KQ/2H +�H+mH�iBQMb

AM i?Bb +?�Ti2`- r2 /Bb+mbb � bvbi2K�iB+ r�v iQ [m�MiB7v i?2Q`2iB+�H mM+2`i�BMiB2b BM p�@
H2M+2 b?2HH@KQ/2H +�H+mH�iBQMb- �M/ ?Qr i?2b2 BM7Q`K�iBQM rQmH/ ?2HT mb iQ mM/2`bi�M/ 2tQiB+
T`QT2`iB2b BM Mm+H2�` K�Mv@#Q/v bvbi2KbX

h?2 p�H2M+2 *A +�H+mH�iBQM- r?B+? Bb +QKKQMHv +�HH2/ b?2HH@KQ/2H +�H+mH�iBQM BM Mm+H2�`
T?vbB+b +QKKmMBiv- ?�b #22M T`QpB/BM; bm++2bb7mH �M/ bvbi2K�iB+ /2b+`BTiBQMb Q7 � rB/2 p�`B2iv
Q7 T`QT2`iB2b Q7 HB;?i@ iQ K2/BmK@K�bb Mm+H2BX h?Bb BM/B+�i2b i?�i i?2 b?2HH@KQ/2H +�H+mH�iBQMb
r2HH �TT`QtBK�i2b i?2 r�p2 7mM+iBQMb Q7 Mm+H2BX a22 i?2 `2pB2rb Q7 b?2HH@KQ/2H +�H+mH�iBQMb
2bT2+B�HHv 7`QK T?2MQK2MQHQ;B+�H pB2rTQBMib- (R8NĜReR)X �b �H`2�/v /Bb+mbb2/ BM i?2 T`2pBQmb
+?�Ti2`- �HbQ 7`QK KB+`Qb+QTB+ pB2rTQBMib- i?2 b?2HH KQ/2H TH�vb � F2v `QH2 rBi? `2+2Mi /2@
p2HQTK2Mib BM Mm+H2�` TQi2MiB�Hb #v +?B`�H 16h �M/ K�Mv@#Q/v K2i?Q/b iQ /2`Bp2 2z2+iBp2
BMi2`�+iBQMb 7Q` � T?vbB+�HHv KQiBp�i2/ KQ/2H bT�+2X q2 `272` i?2 BMi2`2bi2/ `2�/2`b iQ i?2
`272`2M+2b +Bi2/ BM i?2 T`2pBQmb +?�Ti2` �M/ i?2 p2`v `2+2Mi `2pB2r (Rek) 7Q` KQ`2 /2i�BHbX h?Bb
FBM/ Q7 bim/v +QK#BMBM; �# BMBiBQ K2i?Q/b �M/ b?2HH@KQ/2H +�H+mH�iBQMb +�M �+i �b � 7QQi?QH/
7Q` #2ii2` mM/2`bi�M/BM;b Q7 i?2 Mm+H2�` TQi2MiB�H Q` TBMMBM; /QrM i?2 G1*b- r?B+? biBHH ?�p2
`2H�iBp2Hv H�`;2 mM+2`i�BMiB2bX

lM/2` i?Bb +B`+mKbi�M+2- Bi Bb �M m`;2Mi i�bF iQ �bb2bb i?2 p�HB/Biv Q7 p�H2M+2 *A Bib2H7
i?`Qm;? 2p�Hm�iBM; i?2B` mM+2`i�BMiB2b r?B+? bi2Kb 7`QK i?2 BMTmi 2z2+iBp2 BMi2`�+iBQMbRX h?Bb
Bb #2+�mb2 #v T2`7Q`KBM; /2i�BH2/ �M�Hvb2b Q7 mM+2`i�BMiB2b 7`QK i?2 BMTmib- QM2 +�M Q#i�BM
/22T2` mM/2`bi�M/BM;b QM bm+? �b Q`B;BMb Q7 i?2 /Bb+`2T�M+B2b #2ir22M i?2Q`v �M/ 2tT2`BK2Mib-
Q` r?B+? Q#b2`p�#H2b +QmH/ #2 �M/ b?QmH/ #2 `2T`Q/m+2/ #v i?2 i?2Q`v rBi?BM � ;Bp2M KQ/2H
bT�+2X

RlM+2`i�BMiB2b 7`QK K�Mv@#Q/v T`Q#H2K bQHp2`b �`2 /Bb+mbb2/ BM *?�Ti2` 9X

9R



9k *?�Ti2`X j lM+2`i�BMiv [m�MiB}+�iBQM BM p�H2M+2 b?2HH@KQ/2H +�H+mH�iBQMb

jXR AM72`2M+2 Q7 b?2HH@KQ/2H 2z2+iBp2 BMi2`�+iBQMb

4He core

○○○●
○● p1/2

p3/2
○○

●○○○

proton neutron
0p-shell space

6A:X jXR, a+?2K�iB+ };m`2 Q7 0p@b?2HH bT�+2 QM iQT Q7 i?2 4>2 +Q`2X

AM r?�i 7QHHQrb- r2 BMi`Q/m+2 � r�v iQ [m�MiB7v mM+2`i�BMiB2b BM p�H2M+2 *A `2bmHib bQ i?�i
QM2 +�M K�F2 KQ`2 BMbB;?i7mH +QKT�`BbQMb i?�M r?�i Bb b+?2K�iB+�HHv b?QrM BM 6A:X RXRX

q2 i�F2 i?2 0p@b?2HH bT�+2 QM iQT Q7 i?2 4>2 +Q`2 �b i?2 KQ/2H bT�+2X �b b?QrM BM 6A:X jXR-
i?2 0p b?2HH +QMbBbib Q7 irQ Q`#Bi�Hb 0p1/2 �M/ 0p3/2 �M/ i?2b2 �`2 �##`2pB�i2/ �b p1/2 �M/ p3/2

BM i?Bb +?�Ti2`X h?2 Q`#Bi�Hb �#Qp2 i?2 0p b?2HH bm+? �b i?2 1s0d b?2HH �M/ i?2 1p0f b?2HH
�`2 MQi BM+Hm/2/ BM i?2 KQ/2H bT�+2- BX2X i?2 2t+Bi�iBQMb 7`QK 0p b?2HH iQ i?Qb2 b?2HHb �`2 MQi
�HHQr2/ BM i?2 +�H+mH�iBQMbX lM/2` i?2 BbQbTBM bvKK2i`v- 0p@b?2HH BMi2`�+iBQMb +QMbBbi Q7 irQ
bBM;H2 T�`iB+H2 2M2`;B2b �M/ }7i22M irQ@#Q/v K�i`Bt 2H2K2Mib- BX2X Rd T�`�K2i2`b BM iQi�HX

AM i?Bb 0p@b?2HH `2;BQM- i?2`2 Bb �M r2HH@FMQrM T?2MQK2MQHQ;B+�H BMi2`�+iBQM #v *Q?2M �M/
Em`�i? U*EV (RRy)X aBM+2 i?2v /B/ MQi BMi`Q/m+2/ K�bb@/2T2M/2M+2 Q7 h"J1b- r?B+? im`M2/
Qmi iQ BKT`Qp2 i?2 }i �7i2` *EǶb rQ`F- �M/ i?2`2 Bb � 72r mT/�i2/ 2tT2`BK2Mi�H /�i� BM i?Bb
`2;BQM- r2 �HbQ `2@2t�KBM2 i?2 #2bi }i Q7 0p@b?2HH BMi2`�+iBQM #2HQrX AM �//BiBQM iQ i?Bb- r2 /Q
BM72`2M+2 Q7 p�H2M+2 2z2+iBp2 BMi2`�+iBQMb QM i?2 0p@b?2HH bT�+2- i?2M T`QT2`Hv T`QT�;�i2 i?2
mM+2`i�BMiB2b iQ i?2 Q#b2`p�#H2bX

�HH +�H+mH�iBQMb rBi?BM i?2 0p@b?2HH bT�+2 +�M #2 /QM2 #v �M 2t�+i /B�;QM�HBx�iBQM K2i?Q/
UmbBM; i?2 G�M+xQb K2i?Q/V rBi? �M Q`/BM�`v H�TiQTX h?Bb K2�Mb i?�i i?2`2 Bb MQ mM+2`i�BMiv
7`QK i?2 K�Mv@#Q/v +�H+mH�iBQM Bib2H7X h?mb- r2 +�M 2ti`�+i � i?2Q`2iB+�H mM+2`i�BMiv +QK@
BM; K2`2Hv 7`QK i?2 BMTmi T�`�K2i2`bX AM i?Bb b2Mb2- i?2 p�H2M+2 b?2HH@KQ/2H +�H+mH�iBQM Bb
�TT`QT`B�i2 i2bi ;`QmM/ �M/ bi�`iBM; TQBMib 7Q` mM+2`i�BMiv 2biBK�i2b BM Mm+H2�` K�Mv@#Q/v
T`Q#H2KbX

AM Q`/2` iQ /Q BM72`2M+2 Q7 i?2 T�`�K2i2`b- r2 M22/ iQ BMi`Q/m+2 i?2 K2�bm`2 Q7 ;QQ/M2bb Q7
i?2 2z2+iBp2 BMi2`�+iBQMbX 6QHHQrBM; HBi2`�im`2b- r2 mb2 i?2 b[m�`2/ 2``Q`b b?QrM BM 1[X UkX39VX



jXR AM72`2M+2 Q7 b?2HH@KQ/2H 2z2+iBp2 BMi2`�+iBQMb 9j

hQ +QKT�`2 2tT2`BK2Mi�H #BM/BM; 2M2`;B2b rBi? b?2HH@KQ/2H `2bmHib- i?2 *QmHQK# +Q``2+@
iBQMb iQ 2M2`;v p�Hm2b �`2 �//2/ iQ Eth

n [θ] BM �++Q`/�M+2 rBi? _27X (RRy)X q2 �;�BM b?Qr i?2
/2}MBiBQM Q7 i?2 +?B@b[m�`2 /2pB�iBQMb BM 1[X UkX9RV,

χ2(θ) ≡
ND∑

n=1

(
Oexp

n − < O[θ] >n

∆O

)2

. UjXRV

6Q` {Eexp
n }- r2 mb2 � }t2/ jj 2M2`;v p�Hm2b Q7 ;`QmM/ �M/ 2t+Bi2/ bi�i2b Q7 i?2 0p@b?2HH Mm+H2Bk

i?`Qm;?Qmi i?Bb i?2bBbX h?Bb /�i� b2i Bb 2bb2MiB�HHv i?2 b�K2 QM2 mb2/ #v *E rBi? i?2 2t+2TiBQM
Q7 � 72r mT/�i2/ /�i�X h?2 2MiB`2 /�i�b2i Bb bmKK�`Bx2/ BM i?2 i�#H2b b?QrM BM �TT2M/Bt �X

q2 b?QmH/ K2MiBQM i?�i Qm` +?QB+2 Q7 i?2 K2�bm`2 Q7 i?2 ;QQ/M2bb Bb MQi mMB[m2X �M �//B@
iBQM�H TQbbB#H2 i2`K r?B+? +QmH/ #2 �//2/ iQ i?2 b[m�`2/ 2``Q` Bb i?2 bQ@+�HH2/ `2;mH�`Bx�iBQM
i2`K bm+? �b GR@MQ`K Q` Gk@MQ`KX �M �Hi2`M�iBp2 +?QB+2 Bb iQ +QMbB/2` bQK2 BM7Q`K2/ T`BQ`X
6Q` 2t�KTH2- QM2 +�M 2p�Hm�i2 i?2 K2�M �M/ p�`B�M+2 Q7 2z2+iBp2 BMi2`�+iBQMb /2`Bp2/ 7`QK
/Bz2`2Mi BMTmi Mm+H2�` TQi2MiB�Hb- �M/ mb2 i?2K �b 2X;X � :�mbbB�M T`BQ`X P7 +Qm`b2 i?2`2 Bb
MQ Q#pBQmb `2�bQM iQ i�F2 i?Qb2 BMi2`�+iBQMb QM �M 2[m�H 7QQiBM;X

LQr i?2 T`Q#H2K Bb iQ 2p�Hm�i2 i?2 TQbi2`BQ` /Bbi`B#miBQM Q7 i?2 0p@b?2HH BMi2`�+iBQM Qp2`
i?2 b2p2Mi22M@/BK2MbBQM�H T�`�K2i2` bT�+2X AM ;2M2`�H i?2 TQbi2`BQ` +�MMQi #2 2p�Hm�i2/
�M�HviB+�HHvX q2 2KTHQv i?2 G�TH�+2 �TT`QtBK�iBQM- r?B+? r�b BMi`Q/m+2/ BM a2+X kX8Xk- iQ
2p�Hm�i2 i?2 TQbi2`BQ`X Pm` i�bF Bb iQ 2p�Hm�i2 i?2 >2bbB�M K�i`Bt BM 1[X UkX33VX

A7 r2 r`Bi2 /QrM � b?2HH@KQ/2H >�KBHiQMB�M BM 7Q`K Q7

H =
∑

i

Sia
†
iai +

∑

ijkl

Vijkla
†
ia

†
jakal, UjXkV

r?2`2 BM/B+2b Ui, j, k, lV `mM �HH bBM;H2 T�`iB+H2 bi�i2b BM i?2 KQ/2H bT�+2 �M/ S �M/ V �`2
`2bT2+iBp2Hv aS1 �M/ h"J1X h?2 2M2`;v 2B;2Mp�Hm2b +�M #2 `2T`2b2Mi2/ �b

E ≡ ⟨H⟩ =
∑

i

Si⟨a†iai⟩+
∑

ijkl

Vijkl⟨a†ia
†
jakal⟩. UjXjV

h?�MFb iQ i?2 >2HHK�MMĜ62vMK�M i?2Q`2K- i?Bb 7�+iQ`Bx�iBQM BM/B+�i2b i?�i i?2`2 Bb MQ �//B@
iBQM�H +QKTmi�iBQM iQ 2p�Hm�i2 }`bi /2`Bp�iBp2 i2`Kb BM i?2 >2bbB�M K�i`Bt- 1[X UkX33V- �b 7�`
�b ⟨a†iai⟩ �M/ ⟨a†ia

†
jakal⟩ �`2 +QKTmi2/X h?2 }`bi /2`Bp�iBp2 i2`Kb Q7 i?2 >2bbB�M K�i`Bt +�M

#2 2p�Hm�i2/ mbBM; i?2 2tT2+i�iBQM p�Hm2b Q7 i?2 QT2`�iQ`bX

h?2 +QM+`2i2 T`Q+2/m`2b iQ [m�MiB7v i?2 mM+2`i�BMiB2b BM b?2HH@KQ/2H +�H+mH�iBQMb #v i?2
kh?2 MQi�iBQM ǳss@b?2HH Mm+H2BǴ bBKTHv K2�Mb i?�i i?2 M�Bp2 }HHBM; +QM};m`�iBQM Bb ;Bp2M BM i?2 ss@b?2HH

bT�+2X h?�i /Q2b MQi M2+2bb�`BHv K2�Mb i?�i �//BiBQM�H 2t+Bi�iBQMb #2vQM/ i?2 ss@b?2HH �`2 B``2H2p�MiX



99 *?�Ti2`X j lM+2`i�BMiv [m�MiB}+�iBQM BM p�H2M+2 b?2HH@KQ/2H +�H+mH�iBQMb

G� �`2 i?2 7QHHQrBM;b,

�V iQ b2�`+? i?2 QTiBK�H BMi2`�+iBQM θMAP BM 1[X UkX38V rBi? `2bT2+i iQ i?2 ;Bp2M /�i� b2i

#V iQ +�H+mH�i2 i?2 >2bbB�M K�i`Bt BM 1[X UkX33V

+V iQ ;2M2`�i2 bm{+B2Mi MmK#2` Q7 2z2+iBp2 BMi2`�+iBQMb �M/ iQ /B�;QM�HBx2 i?2K

6Q` �V- r2 T`2}t2/ i?2 QTiBK�H BMi2`�+iBQM 7Q` i?2 /�i�b2i #v �/�K (Rej)- r?B+? Bb 7�KQmb
�b �M QTiBKBx�iBQM K2i?Q/ BM i?2 K�+?BM2 H2�`MBM; +QKKmMBivX q2 BMi`Q/m+2/ i?2 K�bb@
/2T2M/2M+2 Q7 i?2 7Q`K (A/6)p QM irQ@#Q/v K�i`Bt 2H2K2Mib Uh"J1bV �M/ r2 QTiBKBx2/
i?Bb p iQ KBMBKBx2 i?2 iQi�H `QQi K2�M b[m�`2 2``Q`b #v +?�M;BM; i?2 p #v yXRX h?Bb b+�HBM;
Q7 h"J1b Bb Q`B;BM�HHv BMi`Q/m+2/ BM _27X (RRR) 7Q` i?2 mMBp2`b�H sd@b?2HH BMi2`�+iBQM �M/
�++QmMib 7Q` i?2 K�bb /2T2M/2M+2 Q7 i?2 `�/B�H r�p2 7mM+iBQMb KQ`2 Q` H2bbX h?Bb bB;MB}+�MiHv
BKT`Qp2b i?2 [m�HBiv Q7 i?2 2z2+iBp2 BMi2`�+iBQMX h?2 `QQi K2�M b[m�`2 2``Q`b 7Q` i?2 ;Bp2M
/�i� b2i �`2 bmKK�`Bx2/ BM h�#X jXR BM +QKT�`BbQM rBi? i?2 `2bmHib 7Q` i?`22 b2ib Q7 i?2
BMi2`�+iBQM T`QTQb2/ #v *E (RRy)X h?`22 *E BMi2`�+iBQMb- /2MQi2/ *ETQi- *Ei#R- �M/ *Ei#k-
+Q``2bTQM/- `2bT2+iBp2Hv- iQ U3@ReVSPh- U3@ReVk"J1- �M/ Ue@ReVk"J1 BM i?2 Q`B;BM�H rQ`FX
>2`2- i?2 MmK#2`b BM i?2 T�`2Mi?2b2b /2MQi2 i?2 K�bb `�M;2 Q7 i?2 Mm+H2B mb2/ BM i?2 }iiBM;
T`Q+2/m`2X AM r?�i 7QHHQrb- r2 mb2 i?2 iQi�H `QQi K2�M b[m�`2 2``Q` 7Q` i?2 QTiBK�H BMi2`�+iBQM
�b i?2 ∆E BM 1[X UkX39V- ∆E = 0.34 J2oX

h�#H2 jXR, h?2 `QQi K2�M b[m�`2 U_JaV 2``Q`b Q7 2M2`;B2b 7Q` i?2 jj /�i� BM }i rBi? i?2 Qm`
QTiBKBx2/ BMi2`�+iBQM �M/ *Q?2M@Em`�i? BMi2`�+iBQMbX �HH 2``Q`b �`2 BM mMBib Q7 J2oX

θMAP *ETQi *Ei#R *Ei#k
iQi�H _Ja yXj9 yX8d yX9d yX89

q2 bmKK�`Bx2 i?2 θMAP �M/ Bib UT`QD2+i2/V mM+2`i�BMiv BM h�#X jXkX AM �//BiBQM iQ i?2
K2�M p�Hm2b- i?2 bi�M/�`/ 2``Q`b 2p�Hm�i2/ 7`QK i?2 +Qp�`B�M+2 K�i`Bt �`2 b?QrMX >2`2 U7mHHV
�M/ URbiV �`2 i?2 `2bmHib rBi? i?2 >2bbB�M K�i`B+2b 2p�Hm�i2/ #v 1[X UkX33V �M/ #v QMHv i?2 }`bi
i2`K BM 1[X UkX33V- `2bT2+iBp2HvX h?2 h"J1b �`2 �##`2pB�i2/ �b p(abcd; JT ) rBi? iQi�H bTBM
J - iQi�H BbQbTBM T - �M/ i?2 Q`#Bib Ua iQ dV- r?B+? �`2 1 = p1/2 Q` 3 = p3/2X h?2 1σ /2pB�iBQMb Q7
T�`�K2i2`b �`2 ;Bp2M #v i?2 b[m�`2 `QQi Q7 /B�;QM�H +QKTQM2Mib Q7 A−1X q2 +�M b22 7`QK i?2
/Bz2`2M+2 BM i?2 bi�M/�`/ /2pB�iBQMb #2ir22M U7mHHV �M/ URbiV i?�i i?2 +QMi`B#miBQM Q7 b2+QM/
/2`Bp�iBp2Ƙi2`KbƘ�`2 �b � r?QH2 bK�HH +QKT�`2/ iQ i?2 }`bi /2`Bp�iBp2Ƙi2`Kb BM 1[X UkX33VX A7
Bi Bb � ;QQ/ �TT`QtBK�iBQM iQ QKBi i?2 b2+QM/ i2`K- i?2 +�H+mH�iBQM +Qbi iQ 2p�Hm�i2 >2bbB�M
K�i`B+2b Bb `2/m+2/ #v � 7�+iQ` Q7 1/(2d+ 1)X
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h�#H2 jXk, S`QD2+i2/ TQbi2`BQ` /Bbi`B#miBQMb 7Q` i?2 p@b?2HH 2z2+iBp2 BMi2`�+iBQMbX h?2 K2�M
p�Hm2b +Q``2bTQM/ iQ i?2 QTiBK�H p�Hm2 �M/ bi/ p�Hm2b /2MQi2 �bbQ+B�i2/ bi�M/�`/ /2pB�iBQMbX
h?2 p�Hm2b �`2 BM i?2 mMBi Q7 J2oX

aS1fh"J1 K2�M bi/ U7mHHV bi/ URbiV
aS1 TR 2.49 0.97 0.84
aS1 Tj 3.89 0.37 0.35

pUR R R R, y RV −1.66 0.69 0.72
pUR R R R, R yV −4.84 0.61 0.58
pUR R R j, R yV −3.34 0.83 0.80
pUR R j j, y RV −5.35 0.66 0.81
pUR R j j, R yV 3.68 1.06 1.07
pUR j R j, R yV −6.48 0.93 0.86
pUR j R j, R RV 0.75 0.54 0.56
pUR j R j, k yV −6.44 0.69 0.77
pUR j R j, k RV −1.82 0.28 0.30
pUR j j j, R yV −6.94 1.24 1.22
pUR j j j, k RV 1.96 0.27 0.27
pUj j j j, y RV −4.15 0.71 0.84
pUj j j j, R yV −3.29 1.14 1.30
pUj j j j, k RV −2.13 0.48 0.50
pUj j j j, j yV −8.73 0.39 0.38

aQK2 h"J1b- r?Qb2 iQi�H �M;mH�` KQK2MimK J �M/ iQi�H BbQbTBM T �`2 (J, T ) = (1, 0)-
b?Qr `2H�iBp2Hv H�`;2 mM+2`i�BMiB2bX A7 r2 i�F2 :�KQr@h2HH2` i`�MbBiBQM bi`2M;i?b Q` 2H2+i`Q@
K�;M2iB+ Q#b2`p�#H2b BMiQ }i- r?B+? �`2 b2MbBiBp2 iQ i?Qb2 T�`�K2i2`b- r2 2tT2+i i?�i i?2
mM+2`i�BMiB2b rQmH/ #2+QK2 bK�HH2`X >Qr2p2`- i?Bb #`BM;b �//BiBQM�H Bbbm2b QM i?2 [m2M+?BM;
7�+iQ` Q` i?2 2z2+iBp2 +?�`;2bX AM i?Bb i?2bBb- r2 /Q MQi 2Mi2` BMiQ i?2 /2i�BH Q7 }iiBM; T`Q+2/m`2
BM+Hm/BM; i?Qb2 [m�MiBiB2b 7Q` i?2 b�F2 Q7 bBKTHB+BivX

jXk *`2/B#H2 BMi2`p�Hb Q7 p�H2M+2 b?2HH KQ/2H 7Q` i?2 0p@
b?2HH Mm+H2B

6Q` i?2 T`Q+2/m`2 +V BM i?2 H�bi b2+iBQM- r2 T2`7Q`K2/ b?2HH@KQ/2H +�H+mH�iBQMb rBi? 8y-yyy
G� b�KTH2bX h?Bb MmK#2` Bb H�`;2 2MQm;? iQ bmTT`2bb i?2 2``Q` +QKBM; 7`QK biQ+?�biB+ +?QB+2b
Q7 b�KTH2bX h?2 ivTB+�H bBx2 Q7 JQMi2 *�`HQ 2``Q` BM i?2 K2�M p�Hm2b Q7 2M2`;v 2B;2Mp�Hm2b Bb
H2bb i?�M yXR%X �HH i?2 +�H+mH�iBQMb #2HQr �`2 /QM2 rBi? Ea>1GG (Rk- Rj)jX

jh?2 Tm#HB+ p2`bBQM Bb �p�BH�#H2 QM i?2 T�;2 Q7 S`Q7X LX a?BKBxm ?iiTb,ffbBi2bX;QQ;H2X+QKf�f+MbXbX
m@iQFvQX�+XDTfFb?2HHf?QK2X

https://sites.google.com/a/cns.s.u-tokyo.ac.jp/kshell/home
https://sites.google.com/a/cns.s.u-tokyo.ac.jp/kshell/home
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6A:X jXk, 1t+Bi�iBQM 2M2`;B2b UH27i +QHmKMV �M/ 2M2`;B2b U`B;?i +QHmKMV Q7 12* �M/ 14*X 1�+?
bi�i2 Bb +H�bbB}2/ #v Bib (JπT,NJT )- r?2`2 (JπT,NJT ) bi�M/b 7Q` i?2 N @i? HQr2bi bi�i2b rBi?
i?2 iQi�H �M;mH�` KQK2MimK Jπ �M/ i?2 iQi�H BbQbTBM T X h?2 bQH/ HBM2b +QHQ`2/ BM `2/ b?Qr
2tT2`BK2Mi�H /�i� �M/ i?2 +Q``2bTQM/BM; i?2Q`2iB+�H `2bmHib rBi? i?2 G� b�KTH2b /Bbi`B#mi2
�b pBQHBM THQibX AM 2�+? pBQHBM THQi- K2�M p�Hm2 �M/ 1σ̄ 2``Q` �`2 b?QrM #v ?Q`BxQMi�H HBM2 �M/
2``Q` #�` BM r?Bi2- `2bT2+iBp2Hv- r?2`2 σ̄ K2�Mb QM2 bi�M/�`/ /2pB�iBQM Q7 i?2 `2bmHibX _2bmHib
#v i?2 Qm` θMAP- *E BMi2`�+iBQM �M/ i?2 oa@AJa_: �`2 �HbQ b?QrMX q?BH2 i?2 H27i ?�H7 Q7 i?2
pBQHBM THQi b?Qrb i?2 `2bmHib rBi? G� b�KTH2b rBi? 7mHH 2p�Hm�iBQM Q7 i?2 >2bbB�M- i?2 `B;?i ?�H7
b?Qr i?2 +QmMi2`T�`i rBi? i?2 >2bbB�M �TT`QtBK�i2/ #v QMHv i?2 }`bi i2`K Q7 1[X UkX33VX h?2
#HmBb? �M/ `2//Bb? +QHQ`b- `2bT2+iBp2Hv- K2�M i?�i i?2 bi�i2 Bb BM �M/ MQi BM }iiBM; T`Q+2/m`2X

LQr r2 �`2 `2�/v iQ 2p�Hm�i2 +`2/B#H2 BMi2`p�Hb Q7 p�H2M+2 b?2HH@KQ/2H +�H+mH�iBQMbX AM
6A:X jXk- r2 b?Qr bQK2 b2H2+i2/ `2bmHib Q7 2M2`;v bT2+i`�X h?2Q`2iB+�H `2bmHib #v i?2 G�
b�KTH2b �`2 b?QrM #v i?2 bQ@+�HH2/ pBQHBM THQib BM +QKT�`BbQM rBi? UBV 2tT2`BK2Mi�H /�i� QM
1La.6 /�i�#2b2 (Re9)- UBBV i?2 `2bmHib #v QM2 Q7 i?2 *E BMi2`�+iBQMb- �M/ UBBBV i?Qb2 #v i?2
/2`Bp2/ BMi2`�+iBQMb mbBM; oa@AJa_: (Rj3)- B7 �p�BH�#H2X h?2 ?2B;?i �M/ rB/i? Q7 pBQHBMb b?Qr-
`2bT2+iBp2Hv- jσ̄ �M/ �TT2�`�M+2 7`2[m2M+B2b Q7 i?2 [m�MiBiB2b rBi? `2bT2+i iQ �HH i?2 8y-yyy G�
b�KTH2bX >2`2 r2 mb2 i?2 MQi�iBQM σ̄ 7Q` bi�M/�`/ /2pB�iBQMb Q7 i?2 `2bmHib rBi? �HH i?2 G�
b�KTH2b BM Q`/2` iQ /BbiBM;mBb? 7`QK i?2 Q`/BM�`v bi�iBbiB+�H i2`K σ 7Q` :�mbbB�M /Bbi`B#miBQMbX
h?2 /Bbi`B#miBQMb 7Q` KQbi Q7 i?2 bi�i2b �`2 �+im�HHv :�mbbB�M@HBF2- #mi r2 Kmbi K2MiBQM i?�i
i?2 /Bbi`B#miBQM Q7 i?2 +�H+mH�i2/ 2M2`;v 2B;2Mp�Hm2b /Q MQi M2+2bb�`BHv /Bbi`B#mi2 �b � :�mbbB�MX
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h?2 K2�M p�Hm2b �M/ Rσ̄ +`2/B#H2 BMi2`p�Hb �`2 b?QrM #v ?Q`BxQMi�H bQHB/ HBM2b �M/ 2``Q` #�`b
+QHQ`2/ BM r?Bi2X 1tT2`BK2Mi�H /�i� �M/ i?2Q`2iB+�H `2bmHib �`2 +H�bbB}2/ rBi? i?2 �M;mH�`
KQK2MimK J - i?2 T�`Biv π- �M/ i?2 BbQbTBM T X q2 MQi2 i?�i i?2 iQi�H BbQbTBM Bb MQi /2i2`KBM2/
BM bQK2 /�i�- BM r?B+? +�b2b KQbi TH�mbB#H2 p�Hm2b �`2 i�F2M 7`QK i?2 +Q``2bTQM/BM; i?2Q`2iB+�H
`2bmHibX h?2 *Ei#R r�b /2i2`KBM2/ 7`QK i?2 +HQb2bi /�i� iQ i?�i 7Q` Qm` θMAP- �M/ ;Bp2b i?2
KBMBKmK iQi�H `QQi K2�M b[m�`2 2``Q`b �KQM; i?2 i?`22 *E BMi2`�+iBQMb Ub22 h�#X jXRVX PM2
+�M b22 i?2 bB;MB}+�Mi p�`B�M+2b BM i?2 ?2B;?i Q7 i?2 +`2/B#H2 BMi2`p�HbX h?Bb 2M�#H2b mb iQ
[m�MiB7v i?2 `2H�iBp2 `2HB�#BHBiB2b Q7 i?2 i?2Q`2iB+�H 2biBK�i2bX q2 rQmH/ HBF2 iQ 2KT?�bBx2 ?2`2
i?�i i?2 Qp2`�HH b+�H2 Q7 i?2 +`2/B#H2 BMi2`p�Hb +�M #2 +QMi`QHH2/ #v i?2 7�+iQ` BM /2MQKBM�iQ`
Q7 i?2 1[X UkX39VX A7 r2 �/QTi2/ mM`2�HBbiB+�HHv H�`;2 ∆E- r2 +�M K�F2 �HH i?2 pBQHBMb +Qp2`
i?2 +Q``2bTQM/BM; 2tT2`BK2Mi�H /�i�X AM i?�i b2Mb2- i?2 `2H�iBp2 `�iBQ Q7 i?2 ?2B;?i Bb Km+?
KQ`2 BM7Q`K�iBp2 i?�M Bib �#bQHmi2 bBx2X AM i?2 7QHHQrBM;b- r2 QKBi `2H�iBp2 �M/ `2H�iBp2Hv Dmbi
#27Q`2 MQmMb Q` �/D2+iBp2b iQ �pQB/ i?2 `2/mM/�M+v- #mi Bi b?QmH/ #2 `2K2K#2`2/ Q++�bBQM�HHvX
h?Qb2 /Bz2`2M+2 BM bBx2 Q7 mM+2`i�BMiv 7Q` 2�+? bi�i2 rQmH/ BKTHv Km+? BM7Q`K�iBQM bm+? �b
+QKTHB+�i2/ +Q``2H�iBQMb �KQM; T�`�K2i2`b �M/ K�Mv@#Q/v +QM};m`�iBQMb- �M/ b2MbBiBpBiv Q7
i?2 T�`�K2i2`b iQ i?2 bi�i2bX

1t+Bi�iBQM bT2+i`� HBF2 i?2 H27i T�M2Hb BM 6A:X jXk �`2 +QMp2MB2Mi 7Q` +QKT�`BbQMb rBi?
2tT2`BK2Mi�H bim/B2b rBi? ;�KK�@`�v K2�bm`2K2Mib- 2X;X iQ /2i2`KBM2 r?B+? bi�i2b �`2 KQ`2
HBF2Hv `2H2p�Mi iQ i?2 M2rHv K2�bm`2/ ;�KK� `�vbX PM2 +�M �HbQ rQ`F rBi? 2M2`;v 2B;2Mp�Hm2b-
�b b?QrM BM i?2 `B;?i T�M2Hb BM 6A:X jXkX h?2b2 �`2 +QMp2MB2Mi 7Q` Tm`TQb2b iQ b22 bvbi2K�iB+
/2pB�iBQMb U2X;X rBi? `2bT2+i iQ i?2 K�bb MmK#2`bV Q7 b?2HH@KQ/2H `2bmHib 7`QK 2tT2`BK2Mi�H
/�i�X

6`QK 6B;X jXk- r2 +�M K�F2 �MQi?2` BKTQ`i�Mi `2K�`FX P#pBQmbHv- i?2 b2+QM/ 0+ bi�i2
Q7 12* U>QvH2 bi�i2V �M/ i?2 b2+QM/ 0+ �M/ 2+ bi�i2b Q7 14* b?Qr H�`;2 /2pB�iBQMb 7`QK
+Q``2bTQM/BM; 2tT2`BK2Mi�H /�i�X 6Q` i?2 i?`22 bi�i2b- Bi ?�b #22M bm;;2bi2/ i?�i i?2 0p

b?2HH Bb BMbm{+B2Mi iQ /2b+`B#2 i?2b2 bi�i2 �M/ Bi Bb MQr +QKKQM mM/2`bi�M/BM; iQ/�v- b22
2X;X (8e- Re8ĜRdj)X

q2 T`QTQb2 i?�i i?2b2 H�`;2 /Bb+`2T�M+B2b #2ir22M i?2 +`2/B#H2 BMi2`p�Hb �M/ 2tT2`BK2Mi�H
/�i� +�M #2 BMi2`T`2i2/ �b �M BM/B+�iQ` Q7 2tQiB+ bi`m+im`2b Uα +Hmbi2`BM;- BMi`m/2` +QM};m`�@
iBQMb- +Q`2 2t+Bi�iBQMb- 2i+XVX aBM+2 #Qi? +QM};m`�iBQMb BM i?2 ;Bp2M KQ/2H bT�+2 �M/ QmibB/2
i?2 KQ/2H bT�+2 +QMi`B#mi2 iQ i?2 i`m2 r�p2 7mM+iBQM bBKmHi�M2QmbHv- Bi Bb MQi ;BpBM; � /BbiBM+i
+`Bi2`B� 7Q` 2tQiB+ bi`m+im`2bX >Qr2p2`- r2 +�M /2/m+2 r?B+? bi�i2b �`2 KQ`2 HBF2Hv iQ ?�p2
2tQiB+ bi`m+im`2b HBbi2/ �#Qp2 #v HQQFBM; �i i?2 `2H�iBp2 bBx2 Q7 i?2 /2pB�iBQMbX h?Bb- /Bb+mbb2/
BM i?2 a2+X jXkXR- Bb �M BKTQ`i�Mi Qmi+QK2 Q7 i?2 2p�Hm�iBQM Q7 mM+2`i�BMiB2b BM b?2HH@KQ/2H
+�H+mH�iBQMbX

6m`i?2`KQ`2- r2 +�M �bb2bb i?2 p�HB/Biv Q7 i?2 G� #v HQQFBM; BMiQ i?2 b?�T2b Q7 pBQHBM THQibX
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A7 i?2 G� 7�BH2/ iQ +�Tim`2 i?2 ;HQ#�H bi`m+im`2 Q7 χ2- BX2X BM i?2 +�b2 i?�i i?2`2 �`2 K�Mv
HQ+�H KBMBK� Q` TH�i2�mb BM i?2 χ2@TQi2MiB�H Qp2` i?2 T�`�K2i2` bT�+2- Bi Bb 2tT2+i2/ i?�i i?2
K2�M p�Hm2b Q7 Q#b2`p�#H2b +�H+mH�i2/ rBi? i?2 G� b�KTH2b rBHH /2pB�i2 7`QK i?2 2p�Hm�iBQM
rBi? i?2 J�S 2biBK�i2 �M/ i?�i i?2 b?�T2 Q7 pBQHBM THQib rBHH #2+QK2 �bvKK2i`B+X >Qr2p2`-
i?2 /2pB�iBQM Bb MQi bB;MB}+�Mi �M/ i?2 b?�T2b Q7 pBQHBM �`2 �HKQbi bvKK2i`B+ 7Q` KQbi Q7 i?2
bi�i2b, _2;�`/BM; �HH i?2 dk bi�i2b- i?2 ivTB+�H /Bb+`2T�M+v BM 2M2`;v p�Hm2b #2ir22M � `2bmHi
#v i?2 θMAP �M/ � K2�M p�Hm2 Q7 i?2 `2bmHib rBi? i?2 G� b�KTH2b Bb �#Qmi 0.1%X

jXkXR .2i�BH2/ �M�Hvb2b Q7 i?2 `2bmHib

0 2 4 6 8
�Ē

5He
6He
7He
8He
9He

10He
6Li
7Li
8Li
9Li

11Li
8Be
9Be

10Be
11Be
12Be
10B
11B
12B
13B
12C
13C
14C
14N
15O
16O

6A:X jXj, h?2 THQi b?QrBM; i?2 ∆Ē 7Q` i?2 ;`QmM/ bi�i2bX h?2 bi�i2b BM }i UMQi BM }iV �`2
b?QrM #v }HH2/ +B`+H2 U+`QbbV bvK#QHbX �HH i?2 bi�i2b �`2 +H�bbB}2/ BMiQ i?2 i?`22 +Hmbi2`b #v
i?2 bQ@+�HH2/ k@K2�MbYY K2i?Q/ (Rd9)X

>2`2�7i2`- r2 2tTHQ`2 � bQ`i Q7 ;2M2`�HBx�iBQM �#BHBiv9 Q7 i?2 p�H2M+2 *A +�H+mH�iBQM- UBX2X iQ
+QM}`K i?�i i?2 T�`�K2i2` /Bbi`B#miBQMb �`2 MQi Qp2`}ii2/ iQ i?2 jj bi�i2bV #v +QMbB/2`BM; dk
HQr@HvBM; bi�i2b 7Q` 0p@b?2HH Mm+H2BX �HH i?2b2 bi�i2b �M/ +Q``2bTQM/BM; `2bmHib mbBM; θMAP �M/
G� b�KTH2b �`2 bmKK�`Bx2/ BM h�#H2b �XRĜ�Xk BM �TT2M/Bt �X PM2 +�M }M/ KQ`2 /2i�BH2/
/�i� BM+Hm/BM; *E �M/ oa@AJa_: `2bmHib QM :Bi>m# (9)X h?2 jj /�i� mb2/ BM i?2 T�`�K2i2`

9h?2 i2`KBMQHQ;v ǳ;2M2`�HBx�iBQM �#BHBivǴ Bb �M BKTQ`i�Mi +QM+2Ti BM J�+?BM2 H2�`MBM; �M/ BM �Mv b+B2MiB}+
}2H/b mbBM; T�`�K2i2`bX q2 2tT2+i i?Bb rBHH �TT2�` BM /B+iBQM�`B2b 7Q` i?2 ;2M2`�H Tm#HB+ BM M2�` 7mim`2X



jXk *`2/B#H2 BMi2`p�Hb Q7 p�H2M+2 b?2HH KQ/2H 7Q` i?2 0p@b?2HH Mm+H2B 9N

BM72`2M+2 �`2 bT2+B}2/ #v i?2 +?2+F@K�`F bvK#QHb ! BM i?2 i�#H2bX q2 MQi2 i?�i i?2 ;XbX Q7
11"2 Bb i?Qm;?i iQ ?�p2 mMM�im`�H T�`Biv- r?B+? +�MMQi #2 /2b+`B#2/ BM i?2 0p b?2HH- bQ i?2
2t+Bi�iBQM 2M2`;B2b �`2 +QMbB/2`2/ 7`QK i?2 HQr2bi M�im`�H T�`Biv bi�i2X

6Q` i?�i Tm`TQb2- H2i mb /2}M2 i?2 7QHHQrBM; [m�MiBiv,

∆Ē(n)(D) ≡ |Ē(n)(D)theo. − E(n)
exp.|

σ̄(n)(D)
, UjX9V

r?2`2 i?2 bi�i2 Bb H�#2H2/ #v (n)X >2`2 E(n)
exp.- Ē(n)

theo.- �M/ σ̄(n)(D) �`2 2tT2`BK2Mi�H 2M2`;v
p�Hm2- i?2 K2�M Q7 i?2Q`2iB+�H 2biBK�i2b mbBM; i?2 G� b�KTH2b- �M/ QM2 bi�M/�`/ /2pB�iBQM-
`2bT2+iBp2HvX q2 r`Bi2 /2T2M/2M+2 QM i?2 MmK#2` Q7 /�i� D 2tTHB+BiHv iQ 2KT?�bBx2 i?2 K2�M
p�Hm2 �M/ bi�M/�`/ 2``Q` Bb /2T2M/2Mi QM r?B+? 2tT2`BK2Mi�H /�i� Bb mb2/ 7Q` i?2 T�`�K2i2`
BM72`2M+2X h?Bb ∆Ē Bb i?2 /2pB�iBQM #2ir22M 2tT2`BK2Mi�H /�i� �M/ i?2 K2�M Q7 i?2 G� `2bmHib
MQ`K�HBx2/ #v 1σ̄ 2``Q`- �M/ i?Bb +�M #2 /2}M2/ 7Q` #Qi? 2M2`;v 2B;2Mp�Hm2b �M/ 2t+Bi�iBQM
2M2`;B2bX

AM 6A:X jXj �M/ 6A:X jX9 r2 bmKK�`Bx2/ {∆Ē} 7Q` i?2 �HH dk bi�i2b rBi? i?2 /�i� b2i
D = 33X 6A:X jXj Bb b?QrBM; i?2 ;`QmM/ bi�i2b �M/ 6A:X jX9 Bb i?2 +QmMi2`T�`i 7Q` i?2 2t+Bi2/
bi�i2bX h?2 p�Hm2b QM x �M/ y �tBb BM 6A:X jX9 �`2 ∆Ē 7Q` 2M2`;v 2B;2Mp�Hm2b �M/ 2t+Bi�iBQM
2M2`;B2b- `2bT2+iBp2HvX h?2 bi�i2b BM }i UMQi BM }iV �`2 b?QrM #v }HH2/ +B`+H2 U+`QbbV bvK#QHbX
AM #Qi? THQib- 7Q` BMimBiBp2 mM/2`bi�M/BM;- �HH i?2 bi�i2b �`2 +H�bbB}2/ BMiQ i?2 i?`22 +Hmbi2`b
#v i?2 F@K2�MbYY K2i?Q/ (Rd9)- �M/ +QHQ`2/ BM ;`22M- #Hm2- �M/ `2/X h?Bb Bb Dmbi 7Q` `Qm;?
+H�bbB}+�iBQMc i?2 MmK#2` Q7 +Hmbi2`b Bb MQi 2bb2MiB�HX

_2;�`/BM; i?2 ;`QmM/ bi�i2b- b�v- i?2 +Hmbi2` +QHQ`2/ BM ;`22M- BM+Hm/BM; ky Qmi Q7 ke
bi�i2b- +�M #2 b�B/ iQ #2 /2b+`B#2/ U`2H�iBp2HvV r2HH #v i?2 b?2HH KQ/2HX 6Q` i?2 `2bi- 2bT2+B�HHv
� 72r Q//@K�bb Mm+H2B- /2pB�iBQMb �`2 H�`;2X Ai ?�b #22M �H`2�/v /Bb+mbb2/ BM 2X;X (Rd8) i?�i
i?2 +QMiBMmmK 2z2+i �M/ i?2 4>2Y3>2 +QKTQM2Mi ?�b H�`;2 +QMi`B#miBQM iQ i?2 ;`QmM/ bi�i2
2M2`;v Q7 7GBX AM bm+? � r�v- +QK#BMBM; BM7Q`K�iBQM Q7 mM+2`i�BMiB2b Q7 p�H2M+2 *A +�H+mH�iBQMb
rBi? Qi?2`b- r2 +�M +QM+Hm/2 i?�i i?2 Q`B;BM Q7 /Bb+`2T�M+v Bb MQi HBF2Hv /m2 iQ i?2 [m�HBiv Q7
i?2 2z2+iBp2 BMi2`�+iBQMbX

LQr H2i mb KQp2 iQ i?2 2t+Bi2/ bi�i2bX h?2 i?`22 2tQiB+ bi�i2b K2MiBQM2/ �#Qp2 �`2 HQ+�i2/
7�` 7`QK i?2 Q`B;BM BM 6A:X jX9X 6`QK i?Bb };m`2 �M/ bT2+i`� BM �TT2M/Bt �- QM2 +�M b22
i?�i 9"2 �M/ 11" `2bT2+iBp2Hv b?Qr bvbi2K�iB+ mM/2`#BM/BM; �M/ Qp2`#BM/BM;- r?2`2�b i?2
2t+Bi�iBQM bT2+i`� �`2 BM `2H�iBp2Hv ;QQ/ �;`22K2Mi rBi? 2tT2`BK2Mi�H /�i�X AM i?2 Mm+H2B
HQ+�i2/ �i x > y- Bi Bb 2tT2+i2/ i?�i b?2HH@KQ/2H T`QT2`Hv �++QmMi 7Q` i?2 +Q``2H�iBQM �KQM;
i?2 ;`QmM/ bi�i2 �M/ 2t+Bi2/ bi�i2bX PM i?2 Qi?2` ?�M/- BM i?2 Mm+H2B HQ+�i2/ �i x < y bm+? �b
8"2 �M/ 10"2- i?2 b?2HH@KQ/2H �TT�`2MiHv KBbb i?2 +Q``2H�iBQM �KQM; i?2 ;`QmM/ bi�i2 �M/ i?2
2t+Bi2/ bi�i2b- 2p2M i?Qm;? i?2 �#bQHmi2 p�Hm2 Q7 ;`QmM/ bi�i2 Bb `2T`Q/m+2/ `2H�iBp2Hv r2HHX hQ



8y *?�Ti2`X j lM+2`i�BMiv [m�MiB}+�iBQM BM p�H2M+2 b?2HH@KQ/2H +�H+mH�iBQMb
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6A:X jX9, h?2 k. THQi b?QrBM; ∆Ē Ux@�tBbV �M/ ∆Ē 7Q` i?2 2t+Bi�iBQM 2M2`;v Uy@�tBbVX a22
i?2 K�BM i2ti 7Q` KQ`2 /2i�BHbX

b22 r?2i?2` Q` MQi i?Bb Bb ;2M2`�H i2M/2M+v 7Q` Mm+H2B ?�pBM; α@+Hmbi2` +QKTQM2Mi- Bi Bb M22/2/
iQ T2`7Q`K KQ`2 +QKT`2?2MbBp2 bim/B2b rBi? b?2HH KQ/2H BM Qi?2` `2;BQMb �M/ +Hmbi2`@KQ/2H Q`
�J. +�H+mH�iBQMb rBi? mM+2`i�BMiv [m�MiB}+�iBQMX

1p2M B7 i?2`2 Bb MQ T`2HBKBM�`v FMQrH2/;2 Q7 r?B+? bi�i2b ?�p2 2tQiB+ bi`m+im`2b- QM2 +�M
[m�MiB7v ?Qr i?2 bi�i2b �`2 iQ #2 UQ` MQi iQ #2V i�F2M BMiQ �++QmMi i?`Qm;? }iiBM; T`Q+2/m`2bX
6Q` i?�i Tm`TQb2- i?2 /Bbi�M+2 7`QK i?2 Q`B;BM BM 6A:bX jXj@jX9 Q` � K2i?Q/ HBF2 i?2 k@K2�Mb
+Hmbi2`BM; rQmH/ T`QpB/2 mb rBi? � +`Bi2`BQMX AM i?Bb r�v- QM2 +�M B/2MiB7v +2`i�BM bi�i2b r?B+?
b?QmH/ MQi #2 BM+Hm/2/ BM i?2 }iiBM; T`Q+2/m`2- �M/ i?2M mT/�i2 i?2 QTiBK�H BMi2`�+iBQM iQ
KQ`2 miBHBi�`B�M QM2X q2 MQi2 i?�i i?2`2 Bb � `BbF Q7 `2/mM/�M+v Q7 /�i� �M/ r2 /Q MQi
+H�BK i?�i KQ`2 �M/ KQ`2 /�i� b?QmH/ #2 BM+Hm/2/- #2+�mb2 i?2 MmK#2` Q7 /�i� iQ 2p�Hm�i2
T�`�K2i2` /Bbi`B#miBQMb Kmbi #2 bmTT`2bb2/ BM 7mim`2 �TTHB+�iBQMb 7Q` ?2�pB2` bvbi2KbX A7



jXj a+�H�#BHBiv 8R

�p�BH�#H2- ?Qr2p2`- i?2 Bi2`�iBQM Q7 BM+HmbBQMf2t+HmbBQM Q7 /�i� #�b2/ QM bm+? � K�DQ`Biv `mH2
+QmH/ #2 � ;2M2`�H bi`�i2;v Q7 /�i� b2H2+iBQM iQ i?Bb FBM/ Q7 T?2MQK2MQHQ;B+�H K2i?Q/bX

jXj a+�H�#BHBiv

AM i?Bb b2+iBQM- r2 #`B2~v /Bb+mbb i?2 b+�H�#BHBiv Q7 Qm` �M�HvbBb iQ ?2�pB2` bvbi2KbX q2
?�p2 /2KQMbi`�i2/ i?2 /Bbi`B#miBQM Q7 2M2`;v 2B;2Mp�Hm2b Q#i�BM2/ #v 8y-yyy G� b�KTH2b 7Q`
0p@b?2HH Mm+H2BX AM i?2 K�bb `2;BQM #2vQM/ i?2 0p b?2HH- ?Qr2p2`- +QKTmiBM; Ry HQr@HvBM; bi�i2b
7Q` 2�+? Mm+H2B rBi? 8y-yyy /Bz2`2Mi BMi2`�+iBQMb Bb ;2M2`�HHv MQi `2�HBbiB+ iQ �+?B2p2X

q2 +QMbB/2` i?2 �//BiBQM�H �TT`QtBK�iBQM iQ `2/m+2 +QKTmi�iBQM�H +Qbi bB;MB}+�MiHvX G2i
mb /2}M2 i?2 7QHHQrBM; [m�MiBiv,

E(n)
LFCA ≡

∑

i

S(n)
i ⟨a†iai⟩MAP +

∑

ijkl

V (n)
ijkl⟨a

†
ia

†
jakal⟩MAP, UjX8V

r?2`2 G6*� Bb i?2 �##`2pB�iBQM Q7 G�TH�+2 THmb 6Bt2/ *QM};m`�iBQM �TT`QtBK�iBQM- �M/ i?2
n Bb i?2 H�#2H 7Q` G� b�KTH2bX AMbi2�/ Q7 /B�;QM�HBxBM; �HH i?2 b�KTH2b- 2tT2+i�iBQM p�Hm2b
Q7 QT2`�iQ`b �`2 }t2/ �b QM2b #v i?2 J�S BMi2`�+iBQM �M/ T`QT�;�i2 QMHv i?2 mM+2`i�BMiv BM
aS1b �M/ h"J1bX A7 i?2 +QKTmi�iBQM�H +Qbi 7Q` b?2HH@KQ/2H +�H+mH�iBQM Bb /QKBM�Mi �M/ i?2
�TT`QtBK�iBQM rQ`Fb r2HH- i?2 r?QH2 +QKTmi�iBQM�H iBK2 Bb `2/m+2/ #v � 7�+iQ` Q7 1/ULmK#2`
Q7 b�KTH2b iQ #2 /B�;QM�HBx2/V +QKT�`2/ iQ i?2 Q`B;BM�H +QKTmi�iBQMX h?2 p�HB/Biv Q7 i?Bb
�TT`QtBK�iBQM Bb /2i2`KBM2/ #v ?Qr Km+? i?2 K�Mv@#Q/v +QM};m`�iBQMb �`2 b2MbBiBp2 iQ i?2
T�`�K2i2`bX

o2`v `2+2MiHv- i?Bb �TT`QtBK�iBQM ?�b #22M �TTHB2/ BM lZ rQ`F mM/2` i?2 G�TH�+2 �TT`Qt@
BK�iBQM 7Q` sd@b?2HH Mm+H2B (Rde)8X

jX9 S2`bT2+iBp2b �M/ `2K�`Fb

A7 QM2 BMi2M/b iQ +?�M;2 i?2 /�i� b2i BM i?2 }iiBM; T`Q+2/m`2- QM2 +�M KQ/B7v i?2 T�`�K2i2`
/Bbi`B#miBQMb `2H�iBp2Hv 2�bBHv #v `2;�`/BM; i?2 T`2pBQmbHv Q#i�BM2/ TQbi2`BQ` �b i?2 T`BQ` �M/
#v /QBM; i?2 bBKBH�` BM72`2M+2 7Q` i?2 /�i� �//2/X 6m`i?2`KQ`2- B7 QM2 K�F2b Tb2m/Q /�i�
7Q` mMFMQrM bi�i2b- QM2 +�M 2biBK�i2 i?2B` BKT�+ib QM T�`�K2i2`b BM i?2 b�K2 K�MM2`X h?Bb
~2tB#BHBiv Bb � #2M2}i Q7 BMi`Q/m+BM; "�v2bB�M BM72`2M+2X

8AM �//BiBQM iQ i?Bb �TT`QtBK�iBQM- i?2v BMi`Q/m+2 i?2 T`BM+BT�H +QKTQM2Mi �M�HvbBb iQ }M/ � HBM2�` +QK@
#BM�iBQMb r?B+? �`2 b2MbBiBp2 iQ i?2 [m�MiBivX h?Bb ;Bp2b mb KQ`2 2{+B2Mi T�`�K2i`Bx�iBQM Q7 i?2 2z2+iBp2
BMi2`�+iBQMbX



8k *?�Ti2`X j lM+2`i�BMiv [m�MiB}+�iBQM BM p�H2M+2 b?2HH@KQ/2H +�H+mH�iBQMb

Ai b?QmH/ #2 MQi2/ i?�i Qm` +QKT�`BbQM #2ir22M i?2Q`v �M/ 2tT2`BK2Mi�H /�i� Bb #�b2/ QM
i?2 i?2 Q`/2` Q7 i?2 bi�i2b rBi? ;Bp2M Jπ �M/ T +QmMiBM; 7`QK i?2 HQr2bi QM2c QM2 b?QmH/ F22T
BM KBM/ i?2 TQbbB#BHBiv iQ K�F2 r`QM; +QKT�`BbQMbX

h?Bb [m�MiB}+�iBQM �HbQ TH�vb �M BKTQ`i�Mi `QH2X q2 ?�p2 7QmM/ i?2`2 �`2 bQK2 BMi2`2biBM;
2t+Bi2/ bi�i2b BM 14L- i?2 i?B`/ 1+ bi�i2 �i eXky9 J2o �M/ i?2 }`bi 3+ �i eX99e J2o HBbi2/ BM i?2
1La.6 /�i�#�b2 (Re9)X h?Bb Mm+H2B ?�b #22M 2ti2MbBp2Hv bim/B2/ #v K�Mv i?2Q`B2b bm+? �b b?2HH@
KQ/2H +�H+mH�iBQMb BM i?2 p b?2HH (RRy-Rdd) U�M/ i?Bb i?2bBbV �M/ i?2 psd b?2HH (Re8-Rd3-RdN)- i?2
MQ@+Q`2 b?2HH KQ/2H (R3y) �M/ i?2 �MiBbvKK2i`Bx2/ KQH2+mH�` /vM�KB+b U�J.V K2i?Q/ (R3R)X
�KQM; i?2b2- i?2`2 Bb MQ +Q``2bTQM/BM; bi�i2b `2TQ`i2/X

aQ 7�` r2 ?�p2 �bbmK2/ i?�i Bi Bb 72�bB#H2 iQ }M/ � ;HQ#�H KBMBKmK mM/2` i?2 ;Bp2M
/�i� b2i BM i?2 T�`�K2i2` bT�+2X >Qr2p2`- �b +�M #2 2�bBHv BK�;BM2/- i?Bb Bb MQi i?2 +�b2 BM
?2�pB2` `2;BQM 2p2M B7 QM2 KQp2/ 7`QK UaS1b- h"J1bV bT�+2 iQ i?2 bT�+2 bT�MM2/ #v � 72r2`
MmK#2` Q7 T�`�K2i2`b bm+? �b HBM2�` +QK#BM�iBQMb Q7 aS1b �M/ h"J1bX 6Q` i?�i `2�bQM- Bi Bb
bi`QM;Hv /2bB`2/ iQ rQ`F rBi? i?2 #QiiQK@mT �TT`Q�+?2b �M/ iQ };m`2 Qmi bQK2 r�v iQ �+?B2p2
mM+2`i�BMiv [m�MiB}+�iBQMb QM i?2 /2`Bp2/ 2z2+iBp2 BMi2`�+iBQMbX

A7 r2 +QmH/ �+?B2p2 T`QT2` mM+2`i�BMiv [m�MiB}+�iBQMb BM �Mv i?2Q`2iB+�H KQ/2Hb- Bi Kmbi
#2 p2`v ?2HT7mH iQ �bbB;M bTBM T�`BiB2b Q7 i?2 M2rHv K2�bm`2/ bi�i2b �M/ iQ `22t�KBM2 i2Mi�iBp2
�bbB;MK2Mi Q7 i?2 bTBM T�`BiB2bX h?�i H2�/b iQ +QKTH2K2Mi�H /2p2HQTK2Mib Q7 i?2Q`B2b �M/
2tT2`BK2MibX



*?�Ti2` 9

lM+2`i�BMiv [m�MiB}+�iBQM Q7
2ti`�TQH�iBQM T`Q#H2K BM *A@ivT2
+�H+mH�iBQMb

AM i?2 T`2pBQmb +?�Ti2`- r2 ?�p2 /Bb+mbb2/ mM+2`i�BMiB2b +QKBM; 7`QK BMTmi BMi2`�+iBQMb
r?2M i?2 2B;2Mp�Hm2 T`Q#H2Kb +�M #2 2t�+iHv bQHp2/ mM/2` � ;Bp2M BMi2`�+iBQM �M/ � }t2/
KQ/2H bT�+2X AM i?Bb +?�Ti2`- r2 +QMbB/2` BMi`BMbB+ mM+2`i�BMiB2b BM K�Mv@#Q/v K2i?Q/b #v
i�FBM; 7mHH +QM};m`�iBQM BMi2`�+iBQM U6*AV K2i?Q/ �b �M 2t�KTH2X aQK2 T�`ib Q7 i?Bb +?�Ti2`
�`2 �HbQ /Bb+mbb2/ BM (R3k)X

9XR 1ti`�TQH�iBQM T`Q#H2Kb BM +QM};m`�iBQM BMi2`�+iBQM
K2i?Q/b

AM 6A:X 9XR- r2 b?Qr b+?2K�iB+ };m`2b Q7 T`Q#H2Kb iQ #2 �//`2bb2/X amTTQb2 i?�i r2 ?�p2
7Qm` +�H+mH�i2/ /�i� y �b � 7mM+iBQM Q7 1/L- r?2`2 L Bb i?2 bvbi2K bBx2 Q7 i?2 +�H+mH�iBQMbX
lbm�HHv- i?2 p�Hm2 �i L = ∞ +Q``2bTQM/b iQ i?2 2t�+i p�Hm2- �M/ Bi Bb Q7i2M i?2 +�b2 i?�i i?2
+m``2Mi HBKBi�iBQM Q7 MmK2`B+�H bBKmH�iBQMb Bb p2`v 7�` 7`QK L = ∞X �b b?QrM BM i?2 `B;?i
T�M2H- QM2 mbm�HHv BMi2`TQH�i2 �M/fQ` 2ti`�TQH�i2 i?2 `2bmHib iQ 2biBK�i2 i?2 p�Hm2 r?B+? ?�p2
MQi #22M +�H+mH�i2/ #v �bbmKBM; bQK2 T�`�K2i`B+ 7mM+iBQM �M/ i?2M QTiBKBxBM; Bib +Q2{+B2Mib
iQ KBMBKBx2 χ2 /2pB�iBQM #2ir22M i?2 7mM+iBQM �M/ ;Bp2M /�i� TQBMib UQ` �M �Hi2`M�iBp2 rBi?
�//BiBQM�H i2`K bm+? �b Gk MQ`KVX q2 b?Qr i?`22 /Bz2`2Mi 2t�KTH2b BM i?2 `B;?i T�M2HX
AKTQ`i�Mi `2K�`F ?2`2 Bb i?�i i?Bb ivT2 Q7 T�`�K2i`B+ �TT`Q�+?R ?�b �Hr�vb � `BbF Q7 Qp2`}iiBM;

RJQ`2 T`2+Bb2Hv- i?2 TQBMi 2biBK�iBQM Q7 i?2 T�`�K2i`B+ KQ/2HX

8j
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6A:X 9XR, a+?2K�iB+ };m`2 Q7 /B{+mHiB2b BM K�Mv@#Q/v +�H+mH�iBQMb UH27iV �M/ Q7 +QMp2MiBQM�H
�TT`Q�+? iQ /Q BMi2`TQH�iBQM �M/ 2ti`�TQH�iBQM U`B;?iVX a22 i?2 i2ti 7Q` KQ`2 /2i�BHbX

iQ i?2 ;Bp2M /�i�- BX2X H�+F Q7 T`2/B+iBp2 TQr2`- mMH2bb i?2 mM/2`HvBM; K2+?�MBbKb �`2 2t�+iHv
2tT`2bb2/ #v i?2 �/QTi2/ T�`�K2i`B+ 7mM+iBQM- r?B+? Bb MQi Q7i2M i?2 +�b2X

q2 MQr BMi`Q/m+2 2t�KTH2b Q7 2ti`�TQH�iBQM T`Q#H2Kb BM Mm+H2�` K�Mv@#Q/v i?2Q`B2b-
�M/ rBHH /Bb+mbb i?2 MQp2H BMi2`TQH�iBQMf2ti`�TQH�iBQM i2+?MB[m2 i?�i K�v �HH2pB�i2 Qp2`}iiBM;
T`Q#H2KbX

h?2 7mHH +QM};m`�iBQM BMi2`�+iBQM U6*AV K2i?Q/- r?B+? Bb �HbQ FMQrM �b MQ@+Q`2 7mHH +QM@
};m`�iBQM UL*6*VfMQ@+Q`2 b?2HH KQ/2H UL*aJV (R3j- R39)k

q2 bmKK�`Bx2/ BM 6A:X 9Xk Tm#HBb?2/ 6*A `2bmHib Q7 ;`QmM/ bi�i2 2M2`;v Q7 6GB mbBM;
CAaSRefNNLOopt BMi2`�+iBQM rBi? !Ω = 17.5 J2o (R38) �M/ LjGP BMi2`�+iBQM rBi? !Ω = 16.0

J2o (R3e) �b � 7mM+iBQM Q7 NmaxX h?2b2 rBHH #2 �M�Hvx2/ H�i2`X

.2bTBi2 2MQ`KQmb 2zQ`ib 7Q` /2p2HQTBM; 2{+B2Mi �H;Q`Bi?Kb �M/ �/p�M+2b BM +QKTmiBM;
TQr2`- i?2 +m``2MiHv �p�BH�#H2 Nmax 7Q` i?2 mTT2` 0p@b?2HH Mm+H2B Bb �`QmM/ 10 Ub22 2X;X (R3d)VX
aBM+2 i?Bb Bb biBHH 7�` 7`QK 2t�+i +�H+mH�iBQMb UNmax = ∞V- QM2 mbm�HHv 2ti`�TQH�i2b i?2 `2bmHib
rBi? /Bz2`2Mi Nmax iQ Nmax = ∞ iQ 2biBK�i2 i?2 2t�+i QM2X AM T`2pBQmb bim/B2b- b2p2`�H 2ti`�T@
QH�iBQM K2i?Q/b r2`2 T`QTQb2/ �M/ i?2 /2T2M/2M+2 QM i?2K r�b �M�Hvx2/ (R3dĜRNj)X h?2 KQbi
BMimBiBp2 r�v iQ �+?B2p2 i?2 2ti`�TQH�iBQM Bb i?2 QM2 #�b2/ QM �M 2tTQM2MiB�H 7mM+iBQM (R3d)-

E(Nmax) = E∞ + a exp (−bNmax), U9XRV

r?2`2 (E∞, a, b) �`2 i?2 7`22 T�`�K2i2`bX
kLQi2 i?�i BM bQK2 T`2+BQmb bim/B2b i?2 �mi?Q`b +�HH i?2 QM2b mbBM; 2z2+iBp2 BMi2`�+iBQM #v G22@amxmFB

i`�Mb7Q`K�iBQM �b L*aJ �M/ /BbiBM;mBb? Bi 7`QK L*6*X AM i?Bb i?2bBb- r2 +QMbB/2` QMHv L*6* BM i?Bb /2}MBiBQMX
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6A:X 9Xk, h?2 6*A `2bmHib Q7 ;XbX 2M2`;v Q7 6GB mbBM; CAaSRefNNLOopt (R38) �M/ LjGP (R3e)X

AM �//BiBQM iQ 6*A- bm+? 2ti`�TQH�iBQM i2+?MB[m2b �`2 �HbQ `2[mB`2/ BM i?2 p�H2M+2 *A K2i?Q/
mbBM; �//BiBQM�H i`mM+�iBQMbX _2T`2b2Mi�iBp2 2t�KTH2b Q7 i?2 i`mM+�iBQM �`2 BKTQ`i�M+2 i`mM@
+�iBQM b+?2K2 (keĜkN) �M/ JQMi2 *�`HQ b?2HH KQ/2H UJ*aJV (R8- Re) /Bb+mbb2/ BM a2+X kXkX
AM i?Qb2 K2i?Q/b- i?2 `�TB/ ;`Qri? Q7 i?2 MmK#2` Q7 K�Mv@#Q/v #�bBb 7Q` � p�H2M+2 bT�+2
Bb bmTT`2bb2/ #v b2H2+iBM; � bK�HH bm#b2i Q7 i?2 K�Mv@#Q/v #�bBb bi�i2b r?B+? Bb T?vbB+�HHv
KQ`2 `2H2p�MiX 6Q` 2t�KTH2- i?2 J*aJ 2M�#H2b mb iQ T2`7Q`K b?2HH@KQ/2H +�H+mH�iBQMb 7Q` aK
BbQiQT2b BM r?B+? i?2 H�`;2bi M @b+?2K2 /BK2MbBQM Bb #2vQM/ 1031 (k8)X LQi2 i?�i i?2 +m``2Mi
HBKBi�iBQM Bb �`QmM/ 1011X h?2b2 i`mM+�iBQM b+?2K2b ?�p2 #22M bm++2bb7mHHv �TTHB2/ iQ p�H2M+2
*A �M/ �HbQ 6*A +�H+mH�iBQMb BM T`2pBQmb rQ`Fb (jy- jR- RN9ĜRNd)X

�Mv Q7 i?2 2ti`�TQH�iBQM K2i?Q/b BM i?Qb2 bim/B2b ;Bp2 BMimBiBp2Hv `2�bQM�#H2 2ti`�TQH�i2/
`2bmHibX >Qr2p2`- i?2`2 Bb � `BbF Q7 Qp2`}iiBM;- BX2X- H�+F Q7 T`2/B+iBp2 TQr2` 7Q` i?2 i`m2 2t�+i
p�Hm2bX h?Bb Qp2`}iiBM; Bb #2+�mb2 i?2 χ2 KBMBKBx�iBQM Q7 � T�`�K2i`B+ KQ/2H �M/ TQBMi
2biBK�iBQM Q7 i?2 T�`�K2i2` H2�/b iQ iQQ /2i2`KBMBbiB+ T`2/B+iBQMb /m2 iQ HBKBi2/ 2tT`2bbBQM
TQr2` Q7 i?2 7mM+iBQMX h?Bb Bb � T`Q#H2K�iB+ bBim�iBQM B7 QM2 BMi2M/b iQ /Bb+mbb [m�MiBi�iBp2
Bbbm2b HBF2 � H2p2H Q`/2`BM; Q7 bi�i2b rBi? bK�HH 2M2`;v /Bz2`2M+2b- i?2 TQbBiBQMb Q7 T`QiQM �M/
M2mi`QM /`BT HBM2b- BKT�+ib Q7 i?`22@#Q/v 7Q`+2b- 2i+X

q2 �HbQ MQi2 i?�i 2ti`�TQH�iBQM i2+?MB[m2b mbBM; �`iB}+B�H M2m`�H@M2irQ`F U�LLV �`2 T`Q@
TQb2/ p2`v `2+2MiHv (RN3- RNN)X AM ;2M2`�H- QM2 mbm�HHv `2[mB`2b H�`;2 /�i� b2ib iQ i`�BM i?2
M2irQ`Fb- r?BH2 Bi Bb biBHH iQm;? iQ �+?B2p2 2MQ`KQmb MmK#2` Q7 6*A +�H+mH�iBQMb r?BH2 p�`vBM;
i?2B` BMTmib- !Ω �M/ NmaxX AM 7mim`2 �TTHB+�iBQMb Q7 6*A �M/ �HbQ p�H2M+2 *A rBi? BKTQ`i�M+2
i`mM+�iBQMb iQ ?2�pB2` bvbi2Kb- Bi Bb bi`QM;Hv /2bB`2/ iQ /2p2HQT �M 2ti`�TQH�iBQM i2+?MB[m2
r?B+? Bb �TTHB+�#H2 2p2M iQ bT�`b2 /�i� b2ibX

AM Q`/2` iQ Qp2`+QK2 i?2 /B{+mHiB2b �#Qp2- BM i?Bb +?�Ti2`- r2 T`QTQb2 � MQp2H MQM@
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T�`�K2i`B+ 2ti`�TQH�iBQM K2i?Q/ 7Q` *A +�H+mH�iBQMb mbBM; +QMbi`�BM2/ :�mbbB�M S`Q+2bb2b
i?�i +�M ;Bp2 2ti`�TQH�i2/ `2bmHib rBi? mM+2`i�BMiv [m�MiB}+�iBQM �M/ Bb �TTHB+�#H2 2p2M iQ
bK�HH /�i� b2ibX q2 /2KQMbi`�i2 i?2 p�HB/Biv Q7 Qm` KQ/2H #v i�FBM; i?2 ;`QmM/ bi�i2 2M2`;v
Q#i�BM2/ #v 6*A +�H+mH�iBQMb �b �M 2t�KTH2X h?2 +Q/2 r`Bii2M BM CmHB� Bb �HbQ �p�BH�#H2 QM
:Bi>m# (8)X aQK2 `2H�i2/ i2+?MB+�H Bbbm2b �`2 /Bb+mbb2/ BM �TT2M/Bt "X

9Xk :�mbbB�M T`Q+2bb2b

:�mbbB�M S`Q+2bb U:SV Bb � TQTmH�` bi�iBbiB+�H K2i?Q/ �b � MQM@T�`�K2i`B+ `2;`2bbBQM
KQ/2H (kyy)X Ai Bb �HbQ #2+QKBM; TQTmH�` BM T?vbB+b /m2 iQ Bib ~2tB#BHBivX q2 `272` i?2 BMi2`2bi2/
`2�/2`b iQ `2+2Mi Tm#HB+�iBQMb BM �Sa DQm`M�Hb (Nd- kyRĜkye)X

h?2 :S `2;`2bbBQM +�M #2 BMi2`T`2i2/ �b � K2i?Q/ iQ /2b+`B#2 � /Bbi`B#miBQM Qp2` � 7mM+iBQM
bT�+2 �M/ /QBM; BM72`2M+2 Q7 T`Q#�#BHBiv 7Q` 2�+? 7mM+iBQMX h?Bb Bb Dmbi r?�i r2 M22/- #2+�mb2
i?Bb 2M�#H2b mb iQ +QMbB/2` �M 2Mb2K#H2 Q7 K�Mv TQbbB#H2 7mM+iBQMb 7Q` i?2 2ti`�TQH�iBQM- BM72`
T`Q#�#BHBiv Q7 2�+? 7mM+iBQM- �M/ i?2M [m�MiB7v mM+2`i�BMiB2b BM i?2 2ti`�TQH�i2/ p�Hm2 BM �
bi�iBbiB+�H K�MM2`X

AMi2`2biBM;Hv- :Sb �`2 K�i?2K�iB+�HHv 2[mBp�H2Mi Q` `2H�i2/ iQ K�Mv Qi?2` KQ/2Hb bm+? �b
�LL- bmTTQ`i p2+iQ` K�+?BM2b- bTHBM2 KQ/2Hb- �M/ bQ QMX q2 `272` i?2 BMi2`2bi2/ `2�/2`b iQ
2X;X (kyy-kyd-ky3)X h?2 2t+2HH2Mi i2ti#QQF QM :Sb #v *X 1X _�bKmbb2M �M/ *X EX AX qBHHB�Kb (kyy)
Bb �p�BH�#H2 7Q` 7`22 BM i?2 �mi?Q`bǶ T�;2X q2 rQmH/ HBF2 iQ K2MiBQM � p2`v `2+2Mi #QQF r`Bii2M
BM C�T�M2b2 BMi`Q/m+BM; :Sb �b � biQ+?�biB+ ;2M2`�iBp2 KQ/2H Q7 i?2 7mM+iBQMb (kyN)X h?Bb
rQmH/ ?2HT iQ mM/2`bi�M/ i?2 mb�;2 Q7 :Sb 7Q` i?2 Tm`TQb2 BM i?Bb i?2bBbX

>2`2 r2 BMi`Q/m+2 bQK2 MQi�iBQMbX �b BM bi�iBbiB+b HBi2`�im`2- P (a|b) /2MQi2b i?2 T`Q#�#BH@
Biv /Bbi`B#miBQM Q7 a mM/2` i?2 +QM/BiBQM b- �M/ r2 mb2 N (µ,Σ) iQ 2tT`2bb i?2 KmHiBp�`B�i2
:�mbbB�M /Bbi`B#miBQM rBi? K2�M p2+iQ` µ �M/ +Qp�`B�M+2 K�i`Bt ΣX AM r?�i 7QHHQrb- r2 +QM@
bB/2` irQ p�`B�#H2 b2ib- /�i� �M/ T`2/B+iBQMX h?2 i2`KBMQHQ;v /�i�j Bb mb2/ iQ 2tT`2bb � b2i Q7
X = {xi|i = 1, ..., D} �M/ Y = {yi|i = 1, ..., D}X >2`2 r2 �bbmK2/ i?�i r2 ?�p2 D BMTmi TQBMibX
h?2 T`2/B+iBQM `2T`2b2Mib TQbBiBQMb X∗ = {x∗

i |i = 1, ..., P} �M/ p�Hm2b Y ∗ = {y∗i |i = 1, ..., P}
7Q` P TQBMib r?2`2 i?2 i�`;2i p�Hm2b �`2 MQi FMQrMX aT2+B}+�HHv- X /2MQi2b +m``2MiHv +QK@
Tmi�#H2 Nmax- �M/ X∗ Bb � b2i Q7 Nmax r?2`2 Bi Bb ?�`/ Q` �HKQbi BKTQbbB#H2 iQ +�``v Qmi 6*A
+�H+mH�iBQMbX

AM :�mbbB�M T`Q+2bb2b- Bi Bb �bbmK2/ i?�i i?2 irQ i�`;2i p�Hm2b �i i?2 irQ �`#Bi`�`v TQBMib
BM i?2 pB+BMBiv Kmbi #2 bBKBH�`- �M/ bQ@+�HH2/ F2`M2H 7mM+iBQMb 2tT`2bb i?2 bBKBH�`BiB2bX h?2M
i?2 /�i� p�Hm2b Y �M/ T`2/B+iBQM p�Hm2b Y ∗ �`2 �bbmK2/ iQ #2 ;2M2`�i2/ 7`QK i?2 KmHiBp�`B�i2

jh?Bb Bb /BbiBM;mBb?2/ 7`QK 2tT2`BK2Mi�H /�i� BM i?Bb +?�Ti2`X
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:�mbbB�M /Bbi`B#miBQM N (µ,Σ) r?Qb2 +Qp�`B�M+2 K�i`Bt Σ Bb ;Bp2M �b

Σ =

[
KXX KXX∗

KT
XX∗ KX∗X∗

]
. U9XkV

>2`2 KXX - KXX∗ - �M/ KX∗X∗ �`2 `2bT2+iBp2Hv D×D- D×P - �M/ P ×P K�i`B+2b- �M/ i?2b2
2H2K2Mib �`2 2p�Hm�i2/ rBi? � F2`M2H 7mM+iBQMX PM2 Q7 i?2 KQbi TQTmH�` +?QB+2b 7Q` i?2 F2`M2H
7mM+iBQM Bb i?2 J�iû`M F2`M2H (kRy- kRR)- r?B+? Bb /2}M2/ 7Q`- 2X;X- irQ /�i� TQBMib xi �M/ xj

�b 7QHHQrb,

kM(xi, xj; ν) = τ
21−ν

Γ(ν)
ξνKν (ξ) , U9XjV

ξ ≡
√
2ν|xi − xj|

ℓ
, U9X9V

r?2`2 Γ Bb i?2 ;�KK� 7mM+iBQM �M/ Kν Bb i?2 KQ/B}2/ "2bb2H 7mM+iBQM Q7 i?2 b2+QM/ FBM/X
>2`2 i?2 ;HQ#�H bi`2M;i? τ 9 �M/ +Q``2H�iBQM H2M;i? ℓ �`2 i?2 ?vT2`T�`�K2i2`b- �M/ H2i θ /2MQi2
i?2 p2+iQ` Q7 ?vT2`T�`�K2i2`bX q2 rBHH `2pBbBi i?2 Bbbm2 Q7 ?vT2`T�`�K2i2`b H�i2`X h?2 Qi?2`
K�i`Bt 2H2K2Mib- kM(xi, x∗

j ; ν) 7Q` KXX∗ �M/ kM(x∗
i , x

∗
j ; ν) 7Q` KX∗X∗ - �`2 �HbQ /2}M2/ BM �

bBKBH�` r�vX

q2 7QHHQr i?2 ivTB+�H +?QB+2 BM HBi2`�im`2- J�iû`M F2`M2H rBi? ν = 5/2,

kM(r ≡ |xi − xj|; ν = 5/2) = τ

(
1 +

√
5r

ℓ
+

5r2

3ℓ2

)
exp

(
−
√
5r

ℓ

)
, U9X8V

r?B+? K�F2b b�KTH2 7mM+iBQMb b2+QM/ /Bz2`2MiB�#H2- �M/ r2 `2TH�+2 r ≡ |xi − xj| BM 1[X U9X8V
#v r ≡ | ln xi− ln xj| bQ �b iQ K�F2 `2bmHib BM/2T2M/2Mi QM i?2 b+�H2 Q7 i?2 t@�tBb �M/ iQ +�Tim`2
i?2 MQM@bi�iBQM�`v M�im`2 Q7 6*A `2bmHib (kRk)- BX2X `2bmHib `�TB/Hv +QMp2`;2 iQ +2`i�BM p�Hm2b
�b 7mM+iBQMb Q7 NmaxX h?2 `�/B�H #�bBb 7mM+iBQM U_"6V,

kRBF(r ≡ |xi − xj|) = τ exp

(
−r2

2ℓ

)
, U9XeV

r?B+? +Q``2bTQM/b iQ J�iû`M F2`M2H rBi? ν = ∞ (kyy)- Bb �HbQ TQTmH�` +?QB+2 7Q` i?2 F2`M2HX
>Qr2p2`- Bib bKQQi?M2bb Q7 i?2 b�KTH2 7mM+iBQMb Bb Q7i2M `2;�`/2/ �b iQQ ?B;? �M/- BM T`�+iB+2-
i?Bb iQQ bKQQi? M�im`2 bQK2iBK2b #`2�Fb /QrM i?2 TQbBiBp2 b2KB@/2}MBi2M2bb Q7 +Qp�`B�Mi
K�i`B+2b BM MmK2`B+�H +�H+mH�iBQMb r?2M i?2 MmK#2` Q7 b�KTHBM; TQBMib Bb BM+`2�b2/X h?2b2
i2+?MB+�H Bbbm2b �`2 bmKK�`Bx2/ BM �TT2M/Bt " �M/ i?2 �mi?Q`Ƕb :Bi>m# T�;2 (kRj)X

PM+2 i?2 F2`M2H 7mM+iBQM �M/ Bib ?vT2`T�`�K2i2`b �`2 }t2/- QM2 +�M /2}M2 i?2 DQBMi +Qp�`B@
9h?2 ;HQ#�H bi`2M;i? Bb MQi BMi`Q/m+2/ BM bQK2 i2ti#QQFb �M/ T�T2`bX >Qr2p2`- r2 T`272` iQ ?�p2 τ X
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�M+2 K�i`Bt BM 1[X U9XkV 7Q` /�i�fT`2/B+iBQM �b � 7mM+iBQM Q7 θX h?2M- i?2 DQBMi /Bbi`B#miBQM Q7
/�i� y �M/ T`2/B+iBQMb y∗ mM/2` ;Bp2M ?vT2`T�`�K2i2`b Bb ;Bp2M �b

P (y,y∗|θ) = N
([

µ

µ∗

]
,Σ(θ)

)
. U9XdV

_2;�`/BM; i?2 K2�M p2+iQ`b- r2 mb2 irQ /Bz2`2Mi K2�M 7mM+iBQMb BM i?Bb i?2bBb,

Ç U+�b2 �V x2`Q K2�M, µ = 0D,µ∗ = 0P

Ç U+�b2 #V "j }i, K2�M Q7 /�i� �M/ T`2/B+iBQM �`2 #Qi? /2i2`KBM2/ #v "j }i (R3d)- BX2X
KBMBKBxBM; χ2 /2pB�iBQM #2ir22M i?2 H�`;2bi i?`22 Nmax /�i� �M/ i?2 2tTQM2MiB�H 7mM+@
iBQM BM i?2 7Q`K Q7 E∞ + c0 exp (−c1Nmax) rBi? i?`22 7`22 T�`�K2i2`b (E∞, c0, c1)X AM
i?Bb +?QB+2- Bi +�M #2 b�B/ i?�i T`2HBKBM�`v FMQrH2/;2 QM i?2 #2?�pBQ` Q7 i?2 [m�MiBiv Bb
BM+Hm/2/ BM i2`Kb Q7 i?2 K2�M 7mM+iBQM Q7 :SbX

q2 rBHH �M�Hvx2 #Qi? +�b2b ?2`2�7i2`X

"v /2}MBiBQM Q7 i?2 +QM/BiBQM�H T`Q#�#BHBiB2b- i?2 H27i@?�M/ bB/2 Q7 1[X U9XdV +�M #2 `2r`Bii2M
�b

P (y,y∗|θ) = P (y∗|y,θ)P (y|θ). U9X3V

lM/2` ;Bp2M θ- QM2 +�M r`Bi2 /QrM P (y∗|y,θ) �M/ P (y|θ) BM � +HQb2/ 7Q`K,

P (y∗|y,θ) = N (µy∗|y,Σy∗|y), U9XNV
µy∗|y(θ) = µ∗ +KT

XX∗K−1
XX(y − µ), U9XRyV

Σy∗|y(θ) = KX∗X∗ −KT
XX∗K−1

XXKXX∗ , U9XRRV
P (y|θ) = N (µ, KXX). U9XRkV

Ai Bb +QKKQM T`�+iB+2 iQ mb2 i?2 bQ@+�HH2/ K�tBKmK � TQbi2`BQ`B UJ�SV- i?�i Bb i?2 QM2 iQ
K�tBKBx2 i?2 ?vT2`T�`�K2i2` TQbi2`BQ` P (θ|y)X >Qr2p2`- r2 /Q MQi mb2 � bBM;H2 p�Hm2 7Q` i?2
?vT2`T�`�K2i2`bX q2 /Q BM72`2M+2 Q7 i?2B` T`Q#�#BHBiv /Bbi`B#miBQMb BM � "�v2bB�M K�MM2` bQ
�b iQ BMi2;`�i2 Qmi i?2 ?vT2`T�`�K2i2` /2T2M/2M+2- BM r?B+? +�b2 i?2 TQbi2`BQ` /Bbi`B#miBQM
Q7 y∗ 7Q` mMQ#b2`p2/ BMTmi x∗ +�M #2 r`Bii2M �b

P (y∗|y) ∝
∫

P (y∗|y,θ)P (y|θ)P (θ)dθ. U9XRjV



9Xk :�mbbB�M T`Q+2bb2b 8N

9XkXR *QMbi`�BM2/ :�mbbB�M S`Q+2bb2b U*:SV

AM K�Mv T`�+iB+�H bBim�iBQMb- i?2 i�`;2i 7mM+iBQM Bb FMQrM iQ ?�p2 b?�T2 +QMbi`�BMib U2X;X-
KQMQiQMB+Biv Q` +QMp2tBivV Q` BM2[m�HBiv +QMbi`�BMibX h?�i Bb �HbQ i?2 +�b2 rBi? T`Q#H2Kb Q7
BMi2`2bi- BX2X 2M2`;v 2B;2Mp�Hm2b BM 6*A �`2 KQMQiQMB+ �M/ U�HKQbiV +QMp2t rBi? `2bT2+i iQ
NmaxX AM ;2M2`�H- i?2 �++m`�+v Q7 � bi�iBbiB+�H KQ/2H HBF2 :S Bb BKT`Qp2/ #v BM+Hm/BM; bm+?
T?vbB+b BM7Q`K�iBQMX hQ i?Bb 2M/- r2 2ti2M/ 1[X U9XRjV iQ

P (y∗|y,α, β, ...) ∝
∫

P (y∗|y,θ)P (y|θ)P (θ)P (α, β, . . . |y∗,y)dθ, U9XR9V

r?2`2 P (α, β, ...|y∗,y) Bb i?2 T`Q#�#BHBiv i?�i i?2 +QM/BiBQMb α, β, ... �`2 b�iBb}2/ mM/2` i?2
;Bp2M y∗ �M/ yX h?Bb 7QHHQrb 7`QK i?2 7�+i i?�i θ �`2 BM/2T2M/2Mi Q7 i?2 +QM/BiBQMb- BX2X
P (α, β, ...|y∗,y,θ) = P (α, β, ...|y∗,y) h?2b2 +QMbi`�BMib �`2 BMi`Q/m+2/ BM/2T2M/2MiHv 7Q` 2�+?
T`Q#H2K Q7 BMi2`2biX

AM ;2M2`�H- i?2 BMi2;`�iBQM BM 1[X U9XR9V +�MMQi #2 2p�Hm�i2/ �M�HviB+�HHvX h?2`27Q`2- bQK2
�TT`QtBK�iBQM Q` b�KTHBM; b+?2K2 Bb `2[mB`2/X q2 2p�Hm�i2 i?2 BMi2;`�iBQM BM 1[X U9XR9V #v
r2B;?i2/ Np b�KTH2b �b 7QHHQrb,

P (y∗|y,α, β, ...) ≃
Np∑

i=1

w(i)P (y∗(i)|y,θ(i)), U9XR8V

w(i) ≡ P (y|θ(i))P (θ(i))P (α, β, ...|y∗(i),y)
∑Np

i=1 P (y|θ(i))P (θ(i))P (y∗(i)|y,θ(i))P (α, β, ...|y∗(i),y)
. U9XReV

q2 2KTHQv i?2 T�`iB+H2 }Hi2`BM; K2i?Q/ (kR9) U�HbQ FMQrM �b a2[m2MiB�H JQMi2 *�`HQV �b �
b�KTHBM; b+?2K2 iQ 2p�Hm�i2 i?2 bmKK�iBQM BM 1[X U9XR8VX AM Qm` T�`iB+H2 }Hi2`BM; �H;Q`Bi?K-
bi�i2b {θ(i)- y∗(i)} �`2 �bbB;M2/ iQ T�`iB+H2b H�#2H2/ #v i = 1, 2, ..., Np �M/ i?Qb2 T�`iB+H2b �`2
2pQHp2/ BM/2T2M/2MiHv �++Q`/BM; iQ i?2 J2i`QTQHBb@>�biBM;b K2i?Q/X �b +�M #2 b22M 7`QK
1[X U9XReV- i?2 TH�mbB#BHBiv Q7 ?vT2`T�`�K2i2`b �M/ T`2/B+iBQMb- M�K2Hv w(i)- Bb /2i2`KBM2/ #v
i?2 #�H�M+2 �KQM; i?2 HBF2HB?QQ/- i?2 T`BQ`- �M/ i?2 }/2HBiv iQ i?2 +QMbi`�BMibX

S�`iB+H2 }Hi2`

h?2 Tb2m/Q +Q/2 7Q` Qm` T�`iB+H2 }Hi2` K2i?Q/ Bb b?QrM BM �H;Q`Bi?K RX �i +2`i�BM TQBMib
Q7 `mMb Q7 i?2 +Q/2- r2 /Q i?2 bQ@+�HH2/ `2b�KTHBM; Q7 i?2 T�`iB+H2b �++Q`/BM; iQ i?2 }/2HBiv
Q7 i?2 +QMbi`�BMib- BX2X P (α, β, ...|y∗(i),y)X h?Bb T`2p2Mib i?2 b�KTHBM;b 7`QK #2BM; #B�b2/ #v
i?2 HQ+�HBx�iBQM �i T?vbB+�HHv B``2H2p�Mi `2;BQM �M/ bB;MB}+�MiHv BKT`Qp2 i?2 2{+B2M+vX h?Bb
T`Q+2/m`2 Bb 2tTH�BM2/ BM a2+X 9XjX
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�H;Q`Bi?K R S�`iB+H2 }Hi2` 7Q` :S ?vT2`T�`�K2i2`b
BMTmi, N Ub�KTH2 bBx2V- T UMmK#2` Q7 bi2TV- P (θ) UT`BQ` 7Q` ?vT2`T�`�K2i2`bV- x- y- �M/ x∗X

:2M2`�iBM; BMBiB�H ?vT2`T�`�K2i2`b,
θ(i)(i = 1, ..., N) ∼ P (θ)

:2M2`�iBM; L T`2/B+iBQMb 7`QK P (y∗(i)|y,θ(i))X
7Q` bi2T = 1 iQ T /Q

7Q` i = 1 iQ N /Q
θ(i)
cand ∼ T1(θ(i)) UT1 : T`QTQb�H 7Q` +�M/B/�i2 θ(i)V

α(i) ≡ min{1, P (y∗(i),θ(i)
cand|y)/P (y∗(i),θ(i)|y)}

B7 U(0, 1) UmMB7Q`K /Bbi`B#miBQMV < α(i) i?2M
θ(i) := θ(i)

cand

2M/ B7
y∗(i)
cand ∼ T2(y∗(i)) UT2 : T`QTQb�H 7Q` +�M/B/�i2 y∗(i)V

β(i) ≡ min {1, P (y∗(i)
cand,θ

(i)|y)/P (y∗(i),θ(i)|y)}
B7 U(0, 1) < β(i) i?2M

y∗(i) := y∗(i)
cand

2M/ B7
2M/ 7Q`
B7 bi2T 44 2X;X Ryy i?2M

_2b�KTHBM; Q7 N T�`iB+H2b �++Q`/BM; iQ i?2 r2B;?ib
2M/ B7

2M/ 7Q`

9Xj �TTHB+�iBQM Q7 *:S iQ 2ti`�TQH�iBQM T`Q#H2Kb BM
7mHH *A K2i?Q/

AM r?�i 7QHHQrb- r2 �TTHv i?2 +QMbi`�BM2/ :S KQ/2H iQ 2ti`�TQH�iBQM T`Q#H2Kb BM 6*A
+�H+mH�iBQMbX q2 bmKK�`Bx2 �;�BM i?2 Tm#HBb?2/ 6*A `2bmHib Q7 i?2 ;`QmM/ bi�i2 2M2`;v Q7
6GBX h?2b2 �`2 Q#i�BM2/ #v CAaSRefNNLOopt BMi2`�+iBQM rBi? !Ω = 17.5 J2o (R38) �M/ LjGP
BMi2`�+iBQM rBi? !Ω = 16.0 J2o r?B+? Bb bQ7i2M2/ #v bBKBH�`Biv `2MQ`K�HBx�iBQM ;`QmT Ua_:V
K2i?Q/ rBi? � ~Qr T�`�K2i2` λ = 2.02 7K−1 (R3e)X h?2 `2bmHib �`2 b?QrM BM 6A:X 9Xk �b �
7mM+iBQM Q7 NmaxX

G2i {(x1, y1), (x2, y2), ..., (xD, yD)|x1 < x2 < · · · < xD} /2MQi2 i?2 /�i�- BX2X (x1, y1) =

(6,−28.602)- XXX- (xD, yD) = (14,−31.977) BM i?2 +�b2 Q7 LjGP `2bmHibX lMHBF2 H2�bi b[m�`2b
}iiBM; Q7 T�`�K2i`B+ KQ/2Hb BM r?B+? QM2 b?QmH/ `2KQp2 QmiHB2`b 7`QK /�i�- i?2`2 Bb MQ `2�bQM
iQ `2/m+2 /�i� BM i?2 :S KQ/2H �M/ r2 mb2 �HH Nmax `2bmHib �b /�i� mMH2bb Qi?2`rBb2 K2MiBQM2/X

h?2 2ti`�TQH�iBQM T`Q#H2K �//`2bb2/ #2HQr Bb iQ 2biBK�i2 i?2 ;`QmM/ bi�i2 2M2`;B2b �i Nmax

H�`;2` i?�M xD �M/ r2 2tT`2bb i?2K �b {(x∗
1, y

∗
1), (x

∗
2, y

∗
2), ..., (x

∗
P , y

∗
P )|x∗

1 < x∗
2 < · · · < x∗

P}c >2`2



9Xj �TTHB+�iBQM Q7 *:S iQ 2ti`�TQH�iBQM T`Q#H2Kb BM 7mHH *A K2i?Q/ eR

x∗
1 = xD + 2 �M/ P Bb H�`;2 2p2M BMi2;2`X 6Q` i?2 b�F2 Q7 bBKTHB+Biv- r2 `2bi`B+i Qm`b2Hp2b iQ

+QMbB/2` i?2 ;`QmM/ bi�i2 Q7 6GB rBi? M�im`�H T�`Biv- BX2X r2 QMHv +QMbB/2` 2p2M NmaxX AM
T`�+iB+2- r2 i`mM+�i2 �i +2`i�BM }MBi2 P p�Hm2 r?2`2 T`2/B+iBQMb �`2 +QMp2`;2/ rBi? `2bT2+i iQ
NmaxX � /2i�BH2/ /Bb+mbbBQM �#Qmi i?Bb P rBHH #2 ;Bp2M H�i2`X

�b � KBMBK�H +QMbi`�BMib iQ 6*A +�H+mH�iBQMb iQ +�Tim`2 i`m2 �bvKTiQiB+ #2?�pBQ` Q7 6*A
`2bmHib- r2 BKTQb2 i?2 7QHHQrBM; irQ +QMbi`�BMibX q2 �bbB;M i?2 H�#2Hb α �M/ β iQ i?2 +QM/BiBQMb
�b BM 1[X U9XR9VX

h?2 +QM/BiBQM α Bb p�`B�iBQM�H T`QT2`iv- BX2X i?2 KQMQiQMB+Biv Q7 2M2`;v 2B;2Mp�Hm2b rBi?
`2bT2+i iQ Nmax,

P (α|y∗,y) = Φ(yD − y∗1)× Φ(y∗1 − y∗2)× · · ·× Φ(y∗P−1 − y∗P ). U9XRdV

>2`2 r2 BMi`Q/m+2/ i?2 S`Q#Bi 7mM+iBQM,

Φ(z,κ) ≡
∫ zκ

−∞

1√
2π

exp

(
−t2

2

)
dt, U9XR3V

r?2`2 κ Bb i?2 T�`�K2i2` r?B+? +QMi`QHb i?2 bi`B+iM2bb Q7 +QMbi`�BMibX

6A:X 9Xj, h?2 #2?�pBQ` Q7 i?2 S`Q#Bi 7mM+iBQM �b � 7mM+iBQM Q7 z UH27iV �M/ κ U`B;?iVX

�b b?QrM BM i?2 H27i T�M2H Q7 6A:X 9Xj- i?Bb S`Q#Bi 7mM+iBQM �TT`Q�+?2b i?2 bi2T 7mM+iBQM
�i z = 0 r?2M κ → ∞X AM i?2 `B;?i T�M2H- r2 THQi i?Bb S`Q#Bi 7mM+iBQM �b � 7mM+iBQM Q7 κ-
q?2M r2 bmTTQb2 i?�i i?2 z Bb ;Bp2M BM mMBi Q7 J2o �M/ }t2/ �b −1.0- i?2 Φ(κ, z = −1.0) ?�b
MQM@x2`Q p�Hm2 QMHv B7 κ <∼ 38X h?Bb κ Bb b2i �b �#Qmi 106 BM Qm` +Q/2- r?B+? Bb H�`;2 2MQm;?
iQ BKTQb2 i?2 p�`B�iBQM�H T`QT2`iv rBi? b�iBb7�+iQ`v �++m`�+v H2bb i?�M 0.01 F2o H2p2HX JQ`2
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6A:X 9X9, h?2 `�iBQb Q7 2M2`;v ;�BMb �bbQ+B�i2/ rBi? Ry% ~m+im�iBQM iQ H�`;2` p�Hm2 U2``Q`
#�`VX h?2 bvK#QHb 7Q` 6*A `2bmHib �`2 i?2 b�K2 �b 6A:X 9XkX 6Q` i?2 pBbB#BHBiv Q7 i?2 };m`2-
NNLOopt �M/ LjGP `2bmHib �`2 bHB;?iHv b?B7i2/ iQ i?2 H27i �M/ `B;?i- `2bT2+iBp2HvX a22 i?2 i2ti
7Q` KQ`2 /2i�BHbX

T`2+Bb2Hv- BM Qm` +Q/2- i?2 κ Bb ;`�/m�HHv BM+`2�b2/ iQ ∼ 106 bQ �b iQ �pQB/ TQbbB#H2 HQ+�HBx�iBQMb
�i i?2 2�`Hv bi2Tb Q7 i?2 JQMi2 *�`HQ b�KTHBM;X q2 +QM}`K2/ i?�i i?2 7Q`K Q7 i?Bb κ �b
� 7mM+iBQM Q7 i?2 JQMi2 *�`HQ bi2T /Q2b MQi �z2+i i?2 2ti`�TQH�iBQM `2bmHib Qi?2` i?�M i?2
b�KTHBM; 2{+B2M+vX

a2+QM/ +QM/BiBQM β Bb i?2 QM2 �#Qmi i?2 +QMp2`;2M+2 T�ii2`MX G2i rj /2MQi2b � `�iBQ Q7
2M2`;v ;�BM �i M2�`2bi M2B;?#Q` i?`22 TQBMib H�#2H2/ #v i, j, �M/ k,

rj ≡
y(∗)j − y(∗)k

y(∗)i − y(∗)j

U9XRNV

x(∗)
i + 2 =x(∗)

j = x(∗)
k − 2, U9XkyV

r?2`2 (x(∗), y(∗)) /2MQi2b /�i� �M/fQ` T`2/B+iBQMX h?Bb {rj} +�M #2 mb2/ �b � K2�bm`2 Q7
+QMp2`;2M+2 T�ii2`M Q7 i?2 6*A `2bmHibX q2 THQi i?2 {rj} BM 6A:X 9X9 7Q` i?2 i?`22 Tm#HBb?2/
6*A `2bmHibX A7 +�H+mH�i2/ `2bmHib Q7 ;XbX 2M2`;v 2t�+iHv Q#2v 2tTQM2MiB�H 7mM+iBQM- i?Bb K2�Mb
rj Bb � +QMbi�MiX >Qr2p2`- i?Bb Bb ;2M2`�HHv MQi i?2 +�b2 �b b?QrM BM 6A:X 9X9X

q2 BKTQb2 i?2 +QMbi`�BMi QM i?2 {rj} �b 7QHHQrb,

P (β|y∗,y) =Φ

(
RE −

∣∣∣∣
y∗1 − y∗2
yD − y∗1

∣∣∣∣

)
× Φ

(
RE −

∣∣∣∣
y∗2 − y∗3
y∗1 − y∗2

∣∣∣∣

)
× · · ·× Φ

(
RE −

∣∣∣∣
y∗P−1 − y∗P
y∗P−2 − y∗P−1

∣∣∣∣

)
,

U9XkRV



9X9 _2bmHib �M/ .Bb+mbbBQMb ej

r?2`2 RE Bb mTT2` i?`2b?QH/ /2i2`KBM2/ �b 7QHHQrb,

RE = rmean + rstd, U9XkkV

rmean ≡ yD−1 − yD
yD−2 − yD−1

≥ 0, U9XkjV

rstd ≡ σrrmean, U9Xk9V

q2 mb2 σr = 0.1 i?`Qm;?Qmi i?Bb i?2bBbX �b +�M #2 2tT2+i2/ 7`QK 6A:X 9X9 �M/ 1[bX U9XkRVĜ
U9Xk9V- i?Bb +QM/BiBQM Bb `�i?2` bQ7i +QMbi`�BMi QM i?2 +QMp2`;2M+2 T�ii2`MX q?2M σr Bb H�`;2
2MQm;?- `2bmHib �;`22 rBi? QM2b rBi? QMHv i?2 +QM/BiBQM αX q2 `272` iQ i?2 :S 2ti`�TQH�iBQM
KQ/2H mbBM; +QMbi`�BMib �b i?2 +QMbi`�BM2/ :�mbbB�M S`Q+2bb U+:SV KQ/2HX JQ`2 bT2+B}+�HHv-
r2 +�HH +:Sb /2}M2/ rBi? x2`Q@K2�M p2+iQ`b �M/ rBi? "j }i �b +:S@� �M/ +:S@#- `2bT2+iBp2HvX

Ai b?QmH/ #2 MQi2/ i?�i i?2 +?QB+2 Q7 β +�M #2 �HbQ `2;�`/2/ �b i?2 ?vT2`T�`�K2i2` �M/
QM2 +�M BMi`Q/m+2 P (β) �M/ +QMbB/2` Bib K�`;BM�HBx�iBQMX h?Bb Bb H27i �b � 7mim`2 bim/vX

9X9 _2bmHib �M/ .Bb+mbbBQMb

9X9XR 1ti`�TQH�iBQM Q7 ;XbX 2M2`;B2b

6A:X 9X8, h?2 2ti`�TQH�i2/ p�Hm2b Q7 6GB ;XbX 2M2`;v mbBM; i?2 irQ +QMbi`�BM2/ :S KQ/2HbX
h?2 1σ �M/ 3σ +QM}/2M+2 BMi2`p�Hb Q7 +:S `2bmHib �`2 b?QrM #v #�M/b +QHQ`2/ BM `2/ �M/ #Hm2X
h?2 Qi?2` bvK#QHb �`2 i?2 b�K2 �b BM 6A:X 9XkX

q2 MQr T`2b2Mi i?2 `2bmHib Q7 +:S T`2/B+iBQMb 7Q` i?2 ;`QmM/@bi�i2 2M2`;B2b Q7 6GB BM
6A:X 9X8X 1ti`�TQH�i2/ `2bmHib Q7 +:S@� �M/ +:S@# �`2 b?QrM #v `2/ �M/ #Hm2 #�M/bX h?2b2 �`2
/`QrM #v �bbmKBM; i?2 TQbi2`BQ` �i 2�+? TQBMi iQ #2 � :�mbbB�M /Bbi`B#miBQMX h?2 2ti`�TQH�i2/
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6A:X 9Xe, .Bbi`B#miBQM Q7 T`2/B+iBQMb 7Q` i?2 i?`22 BMi2`�+iBQMb �i i?2 TQBMi r?2`2 `2bmHib
�`2 +QMp2`;2/ rBi? `2bT2+i iQ NmaxX h?2 +`2/B#H2 BMi2`p�Hb b?QrM #2HQr i?2 ?BbiQ;`�Kb �`2
Q#i�BM2/ #v �bbmKBM; � :�mbbB�M /Bbi`B#miBQMX

p�Hm2b �`2 +mi �i � +2`i�BM Nmax r?2`2 i?2 K2�M p�Hm2 Bb +QMp2`;2/X h?2 KBMBK�H p�Hm2b Q7
Nmax r?B+? ;Bp2 +QMp2`;2M+2 �`2 99- j3 �M/ j9 7Q` LLGPopt- CAaSRe- �M/ LjGP- `2bT2+iBp2HvX
h?2b2 MmK#2`b �`2 +QMbBbi2Mi rBi? Qm` BMimBiBQM i?�i ?�`/2` U`2TmHbBp2V BMi2`�+iBQM `2[mB`2b
H�`;2` Nmax iQ Q#i�BM i?2 +QMp2`;2/ `2bmHi- r?BH2 r2 b?QmH/ `2KBM/ i?�i i?2b2 `2bmHib �`2 7Q`
/Bz2`2Mi !ΩX q2 MQi2 i?�i i?2 +QMp2`;2M+2 i?`2b?QH/ Bb b2i �b yXk F2o �M/ i?�i i?2 TQbbB#H2
/2pB�iBQM Q7 i?2 2M2`;v p�Hm2b 7`QK E(Nmax = ∞) �`2 bmTT`2bb2/ H2bb i?�M R F2o #2+�mb2 Q7
i?2 +QMbi`�BMi βX

AM 6A:X 9Xe- i?2 T`2/B+iBQMb �i r?B+? `2bmHib +QMp2`;2/ �`2 b?QrM #v ?BbiQ;`�Kb BM +QKT�`@
BbQM rBi? Qi?2` 2ti`�TQH�i2/ p�Hm2bX h?2 p�Hm2b 7Q` GBi2`�im`2 �`2 7`QK _27X (R38- R3e)X >2`2
r2 MQi2 i?�i HBi2`�im`2 p�Hm2 7Q` LjGP (R3e) KB;?i #2 Q#i�BM2/ #v �M 2tTQM2MiB�H }i mbBM; �HH
}p2 /�i�- i?Qm;? i?�i Bb MQi 2tTHB+BiHv bi�i2/ BM i?2 `272`2M+2bX Ai Kmbi �HbQ #2 MQi2/ i?�i Bi Bb
� ?B;?Hv MQM@i`BpB�H i�bF iQ 7�B`Hv +QKT�`2 i?2 `2bmHib rBi? /Bz2`2Mi 2ti`�TQH�iBQM i2+?MB[m2b-
#2+�mb2 bQK2 /�i� Bb i`mM+�i2/ BM T�`�K2i`B+ KQ/2Hb �M/ bQK2 2ti`�TQH�iBQM K2i?Q/b mb2
/�i� rBi? KmHiBTH2 !Ω �b BM �8 2ti`�TQH�iBQM Q7 _27X (R38)X Pm` T`2/B+iBQMb BM+Hm/2 T�`�K2i`B+
"j }i �b bT2+B�H +�b2b rBi?BM 1σ /2pB�iBQMX

q2 ?�p2 +QM}`K2/ i?�i i?2 T�`iB+H2 }Hi2`BM; �H;Q`Bi?K ;Bp2b +QMp2`;2/ `2bmHib rBi?BM �
72r F2o �++m`�+v BM +�b2 Q7 ky-yyy T�`iB+H2b �7i2` k-yyy iBK2b J2i`QTQHBb@>�biBM;b mT/�i2b �M/
i?�i BM/2T2M/2Mi `mMb `2T`Q/m+2 i?2 b�K2 `2bmHib rBi?BM JQMi2 *�`HQ 2``Q`bX

Pm` T`2/B+iBQMb Q7 i?2 2t�+i p�Hm2 Q7 6GB ;XbX 2M2`;B2b rBi? mM+2`i�BMiv [m�MiB}+�iBQM �`2
bmKK�`Bx2/ BM 6A:X 9XeX



9X9 _2bmHib �M/ .Bb+mbbBQMb e8

6A:X 9Xd, h?2 THQi b?QrBM; i?2 BKT�+i Q7 i?2 +QMbi`�BMib α UKQMQiQMB+BivV �M/ β U+QMp2tBiv@
HBF2VX h?2 #�M/b BM `2/- Q`�M;2 �M/ ;`22M- b?Qr Rσ 2``Q`b Q7 T`2/B+iBQMb rBi? α �M/ β- QMHv
α- �M/ rBi?Qmi +QMbi`�BMib- `2bT2+iBp2HvX h?2 `2/ #�M/b �`2 +mi �i � +2`i�BM Nmax r?B+? ;Bp2b
+QMp2`;2/ `2bmHib �M/ i?2b2 �`2 B/2MiB+�H rBi? r?�i �`2 b?QrM #v `2/ #�M/b BM 6A:X 9X8X

9X9Xk AKT�+i Q7 i?2 +QMbi`�BMib

>2`2 r2 /Bb+mbb ?Qr 2ti`�TQH�iBQM `2bmHib �`2 BM~m2M+2/ #v irQ +QMbi`�BMib BKTQb2/X AM
6A:X 9Xd- i?2 BKT�+i Q7 i?2 +QMbi`�BMib Bb b?QrMX �HH bvK#QHb �`2 i?2 b�K2 rBi? 6A:X 9Xk- �M/
i?2 +:S@� �M/ +:S@# `2bmHib �`2 bmKK�`Bx2/- `2bT2+iBp2Hv- BM i?2 H27i �M/ `B;?i `2;BQMX h?2
#�M/b +QHQ`2/ rBi? `2/- Q`�M;2- �M/ ;`22M- +Q``2bTQM/ iQ 1σ 2``Q` Q7 :S T`2/B+iBQMb rBi? α

�M/ β- rBi? i?2 QMHv α- �M/ rBi?Qmi +QMbi`�BMib- `2bT2+iBp2HvX

�b b?QrM BM i2ti#QQFb bm+? �b (kyy) �M/ +�M #2 2�bBHv +QM}`K2/ MmK2`B+�HHv- T`2/B+iBQMb
Q7 mM+QMbi`�BM2/ x2`Q@K2�M :Sb �i TQBMib 7�` 7`QK i?2 /�i� /QK�BM +QMp2`;2 iQ x2`Q rBi? �
}t2/ bi�M/�`/ 2``Q`X 6Q` i?Bb `2�bQM- r2 QKBi i?2 +�b2 Q7 +:S@� rBi?Qmi α �M/ β r?B+? Bb
Q#pBQmbHv MQi �TT`QT`B�i2 7Q` i?2 +m``2Mi Tm`TQb2X Ai +�M #2 b22M 7`QK 6A:X 9Xd i?�i ;`22M �M/
Q`�M;2 QM2b T`2/B+i iQ ;2i �//BiBQM�H #BM/BM;b 2p2M �7i2` Nmax = 40X h?Bb Bb mMHBF2Hv mM/2` i?2
�bbmKTiBQM i?�i r2 �`2 BMi2`2bi2/ BM HQr@HvBM; bi�i2b �M/ i?�i i?2 r�p2 7mM+iBQM Bb /QKBM�i2/
#v `2H�iBp2Hv HQr2` Nmax +QM};m`�iBQMb8X 6Q` i?�i `2�bQM- Bi Bb 2tT2+i2/ i?�i T`2/B+iBQMb rBi?
#Qi? +QMbi`�BMib α �M/ β �`2 KQ`2 `2HB�#H2 �M/ bmBi�#H2 i?�M i?2 Qi?2`bX

8P7 +Qm`b2 r2 +�M i?BMF Q7 2t+2TiBQMb bm+? �b ;`QmM/ bi�i2 Q7 11GBX



ee *?�Ti2`X 9 lM+2`i�BMiv [m�MiB}+�iBQM Q7 2ti`�TQH�iBQM T`Q#H2K BM *A@ivT2 +�H+mH�iBQMb

9X9Xj .�i� /2T2M/2M+2

6A:X 9X3, 1ti`�TQH�i2/ ;`QmM/ bi�i2 2M2`;B2b �b � 7mM+iBQM Q7 K�tBKmK Nmax mb2/ �b /�i�X

q2 ?�p2 mb2/ �HH Nmax `2bmHib �b /�i� bQ 7�`X >2`2 r2 2tTHQ`2 i?2 /2T2M/2M+2 Q7 2ti`�T@
QH�i2/ p�Hm2b QM i?2 mb2/ /�i� iQ i2bi i?2 TQi2MiB�H T`2/B+iBp2 TQr2` Q7 Qm` 2ti`�TQH�iBQM
K2i?Q/X AM 6A:X 9X3- 2ti`�TQH�i2/ p�Hm2b 7Q` #Qi? +:S@� �M/ +:S@# �`2 b?QrM �b � 7mM+iBQM
Q7 i?2 K�tBKmK Nmax mb2/ �b /�i�- BX2X xD = max(Nmax)X

h?2 ?2B;?i Q7 i?2 pBQHBM THQi b?Qrb 3σ 2``Q`- �M/ i?2 2``Q` #�` BM r?Bi2 +Q``2bTQM/b iQ 1σX
q2 �HbQ MQi2 i?�i i?2 rB/i? Q7 pBQHBMb Bb b+�H2/ iQ i?2 b�K2- �M/ bQK2 pBQHBM THQib �`2 bHB;?iHv



9X8 a?Q`i bmKK�`v Q7 i?Bb +?�Ti2` ed

b?B7i2/ iQ H27i Q` `B;?i 7Q` pBbB#BHBivX

�b � r?QH2- i?2 bBx2 Q7 +`2/B#H2 BMi2`p�Hb 7Q` +:S@� �`2 H�`;2` i?�M i?�i 7Q` +:S@#- �M/
i?2 +`2/B#H2 BMi2`p�Hb Q7 +:S T`2/B+iBQMb #2+QK2 bK�HH2` �b ?B;?2` Nmax /�i� �//2/ rBi? QMHv
QM2 2t+2TiBQMX h?2 2t+2TiBQM Bb i?2 QM2 7Q` LjGP BMi2`�+iBQM rBi? K�tUNmax = 10V 7Q` +:S@
#X h?Bb 2t+2TiBQM +�M #2 mM/2`biQQ/ 7`QK 1[bX U9X3VĜU9XRkVX AM i?Bb +�b2- i?2 2tTQM2MiB�H
7mM+iBQM 2t�+iHv }i i?2 ;Bp2M i?`22 /�i� �M/ i?2M µy∗|y BM 1[X U9XRyV Bb B/2MiB+�H rBi? µ∗X
�Mv ~m+im�iBQM Q7 i?2 DQBMi K2�M p�Hm2 µy∗|y Bb MQi �HHQr2/- �M/ i?Bb bB;MB}+�MiHv `2/m+2b
T`Q#�#BHBiv r2B;?ib 7Q` 7mM+iBQMb Qi?2` i?�M i?2 "j }iX

AM i?2 `2bi Q7 i?Bb bm#b2+iBQM- H2i mb `2;�`/ i?2 K2�M p�Hm2b �i K�tUNmaxV4 R3 7Q` LLGPopt

�M/ CAaSRe �M/ �i K�tUNmaxV4 R9 7Q` LjGP �b i?2 i2Mi�iBp2 2t�+i p�Hm2bX

6Q` LLGPopt �M/ CAaSRe- �M BKTQ`i�Mi `2K�`F Bb i?�i i?2 i2Mi�iBp2 2t�+i p�Hm2b �`2
+Qp2`2/ #v +:S@� T`2/B+iBQMb rBi? `2H�iBp2Hv HQr2` K�tUNmaxV- r?2`2�b i?2 +:S@# T`2/B+iBQM
b22Kb iQ mM/2`2biBK�i2 i?2 mM+2`i�BMiB2b BM 2ti`�TQH�iBQMX h?Bb Bb #2+�mb2 i?�i i?2 +:S@#
i�F2b �++QmMi Q7 ~m+im�iBQM Q7 i?2 7mM+iBQM�H 7Q`K QMHv �`QmM/ i?2 2tTQM2MiB�H 7mM+iBQM- r?BH2
+:S@� BM+Hm/2b � #`Q�/ +H�bb Q7 i?2 7mM+iBQMb 7Q` i?2 2ti`�TQH�iBQMX

6Q` LjGP- i?2 2ti`�TQH�i2/ p�Hm2b 7Q` #Qi? +:S@� �M/ +:S@# �`2 Km+? b2MbBiBp2 iQ i?2
K�tUNmaxV i?�M i?2 `2bmHib rBi? LLGPopt �M/ CAaSReX �Mv T`2/B+iBQMb #v +:S@�- +:S@#-
�M/ "j }i rBi? HQr2` Nmax ?�p2 �HKQbi MQ Qp2`H�T rBi? i?2 i2Mi�iBp2 2t�+i p�Hm2X

h?2 `2bmHi b?QrM BM 6A:X 9X3 BM/B+�i2b i?�i i?2 2ti`�TQH�iBQM 7Q` `2bmHib rBi? LjGP BMi2`@
�+iBQM rQmH/ #2 � KQ`2 MQM@i`BpB�H T`Q#H2K i?�M Qi?2`bX h?Bb +�M #2 T�`iHv mM/2`biQQ/ 7`QK
i?2 #2?�pBQ` Q7 i?2 `�iBQ Q7 2M2`;v ;�BMb rX 1bT2+B�HHv BM i?2 LjGP +�b2- i?2 r Bb mMbi�#H2
rBi? `2bT2+i iQ Nmax- �b b22M 7`QK 6A:X 9X9X PM2 Q7 i?2 `2�bQMb r?B+? +�mb2b i?Bb MQM@~�i
#2?�pBQ` Q7 r Bb i?�i i?2 /QKBM�Mi T�`i Q7 i?2 2t�+i r�p2 7mM+iBQM Bb biBHH MQi 2t?�mbi2/ #v
i?2 KQ/2H bT�+2 rBi? HQr2` Nmax- BX2X irQ KQ`2 2t+Bi�iBQMb biBHH ;Bp2 bB;MB}+�Mi 2z2+ibX h?Bb
Bb � 7mM/�K2Mi�H /B{+mHiv BM 2ti`�TQH�iBQMbX �MQi?2` TQbbB#H2 `2�bQM Bb i?2 a_: 2pQHmiBQM Q7
i?2 BMTmi Mm+H2�` TQi2MiB�HX hQ `2p2�H i?�i- QM2 M22/b iQ �+?B2p2 KQ`2 +QKT`2?2MbBp2 bim/B2b
r?BH2 p�`vBM; i?2 a_: ~Qr T�`�K2i2`X A7 QM2 +QmH/ };m`2 Qmi �M �//BiBQM�H +QMbi`�BMi QM
i?2 #2?�pBQ` Q7 2ti`�TQH�i2/ p�Hm2b �b � 7mM+iBQM Q7 K�tUNmaxV- i?Bb FBM/ Q7 T`Q#H2K b22M BM
LjGP `2bmHib Q7 6GB +QmH/ #2 �HH2pB�i2/X

9X8 a?Q`i bmKK�`v Q7 i?Bb +?�Ti2`

q2 BMi`Q/m+2/ �M 2ti`�TQH�iBQM K2i?Q/ 7Q` *A@ivT2 +�H+mH�iBQMb mbBM; i?2 +QMbi`�BM2/
:�mbbB�M S`Q+2bb2bX h?Bb K2i?Q/ ?�b i?2 7QHHQrBM; �/p�Mi�;2b i?�i �`2 `2[mB`2/ 7Q` 7mim`2



e3 *?�Ti2`X 9 lM+2`i�BMiv [m�MiB}+�iBQM Q7 2ti`�TQH�iBQM T`Q#H2K BM *A@ivT2 +�H+mH�iBQMb

;2M2`�iBQMb Q7 �# BMBiBQ bim/B2b iQ K�F2 KQ`2 [m�MiBi�iBp2 /Bb+mbbBQMb QM Q#b2`p�#H2b Q7 BMi2`2bi
�M/ QM [m�HBiv Q7 i?2 Mm+H2�` BMi2`�+iBQM �/QTi2/X

6B`biHv- Qm` 2ti`�TQH�iBQM K2i?Q/ ?�b �TTHB+�#BHBiv iQ bT�`b2 /�i� b2i U2X;X- i?`22 Q` }p2
/�i�V- r?B+? Bb bi`QM;Hv M22/2/ 7Q` 7mim`2 6*A +�H+mH�iBQMbX

a2+QM/Hv- QM2 +�M M�im`�HHv BM+Q`TQ`�i2 /QK�BM FMQrH2/;2 BMiQ i?2 KQ/2HX Ai Bb Q7i2M
i?2 +�b2 2bT2+B�HHv BM T?vbB+b i?�i QM2 FMQrb BM �/p�M+2 #2?�pBQ` Q7 i?2 i�`;2i [m�MiBiv �i
� +2`i�BM H2p2H- r?B+? Bb `�M;BM; 7`QK 2KTB`B+�H H�rb iQ T?vbB+�H T`BM+BTH2bX PM2 +�M 2tT2+i
i?�i BKTQbBM; bm+? BM7Q`K�iBQM BKT`Qp2b i?2 �++m`�+v Q7 i?2 T`2/B+iBQMb #v i?2 KQ/2H bm+?
�b :SbX h?Bb ~2tB#BHBiv KB;?i #2 mb27mH iQ �HH2pB�i2 /B{+mHiB2b BM 2ti`�TQH�iBQM K2MiBQM2/ �i
i?2 2M/ Q7 i?2 T`2pBQmb b2+iBQMX

h?B`/Hv- mM+2`i�BMiv [m�MiB}+�iBQM mM/2` i?2 ;Bp2M KQ/2H �M/ i?2 �bbmKTiBQM Bb �p�BH�#H2X
h?2 Qp2`}iiBM; �bbQ+B�i2/ rBi? +?B@b[m�`2 KBMBKBx�iBQM U2X;X- BM � bBM;H2 T�`�K2i`B+ KQ/2HV +�M
#2 �HH2pB�i2/ #v K�`;BM�HBxBM; Qp2` i?2 T�`�K2i2`b BMbi2�/ Q7 K�FBM; TQBMi 2biBK�iBQM Q7 i?2
p�Hm2b (R83)X h?2 /2T2M/2M+2 Q7 i?2 2ti`�TQH�i2/ `2bmHib QM i?2 2ti`�TQH�iBQM 7mM+iBQM Bb T�`iHv
BMi2;`�i2/ Qmi #v K2�Mb Q7 :�mbbB�M T`Q+2bb2b- �M/ K�`;BM�HBx�iBQM Q7 i?2 ?vT2`T�`�K2i2`b BM
:�mbbB�M T`Q+2bb2bX 6Q` i?Qb2 `2�bQMb- Bi Bb 2tT2+i2/ i?�i i?2 Qp2`}iiBM; T`Q#H2K BM i2`Kb Q7
i?2 b2H2+iBQM Q7 i?2 2ti`�TQH�iBQM 7mM+iBQM Bb T�`iHv �HH2pB�i2/ #v Qm` K2i?Q/- i?Qm;? Bi b?QmH/
#2 �HbQ K2MiBQM2/ i?�i �Mv ivT2 Q7 KQ/2H �`2 MQi +QKTH2i2Hv BKKmM2 iQ Qp2`}iiBM;X

AM i?Bb i?2bBb- r2 /Bb+mbb2/ QMHv i?2 ;`QmM/ bi�i2 2M2`;B2b Q#i�BM2/ #v 6*A +�H+mH�iBQMbX
q?2M Bi +QK2b iQ i?2 2ti`�TQH�iBQM T`Q#H2K Q7 Qi?2` [m�MiBiB2b Q` BM Qi?2` bvbi2Kb- i?2 K�BM
T`Q#H2K Bb iQ }M/ i?2 KBMBK�H +QM/BiBQMb iQ +�Tim`2 i?2 �bvKTiQiB+ #2?�pBQ` Q7 i?2 [m�MiBiB2b
Q7 BMi2`2bi �b � 7mM+iBQM Q7 NmaxX Ai Bb � TQbbB#H2 7mim`2 /B`2+iBQM �HQM; i?Bb HBM2 iQ 2ti2M/ i?2
+:S KQ/2H iQ � ?B;?2` /BK2MbBQMX AM +�b2 Q7 6*A +�H+mH�iBQMb- 7Q` 2t�KTH2- QM2 +�M BKTQb2
i?2 7QHHQrBM; �//BiBQM�H +QMbi`�BMi QM :S #v 2ti2M/BM; i?2 7Q`KmH�iBQM iQ (Nmax, !Ω) bT�+2,
2ti`�TQH�i2/ p�Hm2b rBi? /Bz2`2Mi !Ω b?QmH/ +QMp2`;2 KQ`2 Q` H2bb iQ i?2 b�K2 p�Hm2X h?2
2ti2MbBQM Q7 i?2 7Q`KmH�iBQM iQ � KmHiB@/BK2MbBQM�H bT�+2 Bb `�i?2` bi`�B;?i7Q`r�`/- r?BH2 Bi
Bb 2tT2+i2/ i?�i QM2 M22/b KQ`2 i2+?MB+�H �M�Hvb2b BM MmK2`B+�H bim/B2b bm+? �b TQbBiBp2 b2KB@
/2}MBi2M2bb Q7 i?2 +Qp�`B�M+2 K�i`B+2bX Pm` KQ/2H +�M �HbQ #2 �TTHB2/ iQ p�H2M+2 *A i2+?MB[m2b
mbBM; �M BKTQ`i�M+2@i`mM+�iBQM BM r?B+? 2ti`�TQH�iBQM 7mM+iBQM Bb Km+? KQ`2 MQM@i`BpB�H i?�M
i?2 6*A +�H+mH�iBQMbX Ai rQmH/ �HbQ #2 BMi2`2biBM; iQ �TTHv i?Bb FBM/ Q7 +QMbi`�BM2/ :S iQ i?2
}MBi2@bBx2 b+�HBM; �M�Hvb2b BM Qi?2` bvbi2KbX
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amKK�`v �M/ 7mim`2 T2`bT2+iBp2b

"`B27 bmKK�`v Q7 `2+2Mi /2p2HQTK2Mib BM Mm+H2�` bi`m+im`2 i?2Q`v

AM `2+2Mi /2+�/2b- r2 ?�p2 #22M rBiM2bbBM; p2`v `�TB/ /2p2HQTK2Mib BM Mm+H2�` bi`m+im`2
T?vbB+b +QKKmMBiv- K�BMHv 7`QK irQ �bT2+ibX PM2 Bb i?2 7mM/�K2Mi�H BMi2`�+iBQM QrBM; iQ i?2
+?B`�H 2z2+iBp2 }2H/ i?2Q`v- �M/ i?2 Qi?2` QM2 Bb K�Mv@#Q/v T`Q#H2K bQHp2`b- 2bT2+B�HHv �# BMBiBQ
QM2bX h?2 b+QT2 Q7 i?Qb2 �# BMBiBQ K2i?Q/b ?�b #22M `�TB/Hv 2ti2M/2/ iQ K2/BmK@K�bb Mm+H2B-
BM+Hm/BM; /Qm#Hv QT2M@b?2HH Mm+H2B BM i?2 H�bi /2+�/2X q2 �`2 MQr �#H2 iQ +QKT�`2 p�`BQmb
�# BMBiBQ K2i?Q/b iQ +?2+F i?2 p�HB/Biv Q7 K�Mv@#Q/v K2i?Q/b i?2Kb2Hp2b �M/ +QMbBbi2M+v iQ
i?2 Qi?2`b #v mbBM; i?2 b�K2 +?B`�H TQi2MiB�HbX 1p2M i?2 Mm+H2B rBi? A ∼ 20- bm+? �b Qtv;2M
BbQiQT2b- +�M #2 mb2/ �b � i2biBM; ;`QmM/ MQrX

AM �//BiBQM iQ i?Bb- r2 �`2 MQr �#H2 iQ /2`Bp2 b?2HH@KQ/2H 2z2+iBp2 BMi2`�+iBQMb bi�`iBM;
7`QK 7`22@bT�+2 Mm+H2�` TQi2MiB�Hb bm+? �b +?B`�H 7Q`+2bX h?Bb 2M�#H2b mb iQ �+?B2p2 bvbi2K�iB+
bim/B2b Q7 p�`BQmb T`QT2`iB2b Q7 Mm+H2B BM � +QMbBbi2Mi K�MM2`X Pm` b+QT2 ?�b #22M 2MH�`;2/ iQ
i?2 bvbi2Kb rBi? 10 ≤ A ≤ 100X lMiBH- b�v- Ry v2�`b �;Q- i?2 K�Mv@#Q/v T2`im`#�iBQM i?2Q`v
UBM � #`Q�/ b2Mb2V r�b i?2 QMHv +?QB+2 iQ /2`Bp2 b?2HH@KQ/2H >�KBHiQMB�MbX h?2 bBim�iBQM ?�b
+?�M;2/ #v i?2 2ti2MbBp2 bim/B2b QM i?2 TQbi >�`i`22@6Q+F K2i?Q/b bm+? �b +QmTH2/@+Hmbi2`
�M/ BM@K2/BmK bBKBH�`Biv `2MQ`K�HBx�iBQM ;`QmTX

�HH i?2b2 �`2 `2K�`F�#H2 �M/ 2M+Qm`�;BM;X q2 �`2 ;2iiBM; � T�i? 7`QK i?2 7mM/�K2Mi�H
BMi2`�+iBQM iQ Mm+H2�` K�Mv@#Q/v T`Q#H2Kb BM � rB/2 `�M;2 Q7 i?2 Mm+H2�` +?�`iX �i i?2 b�K2
iBK2- ?Qr2p2`- Bi Bb biBHH �K#B;mQmb r?�i Bb i?2 KQ/2H@/2T2M/2Mi Q` KQ/2H@BM/2T2M/2Mi pB2r Q7
Mm+H2�` T?2MQK2M� +�mb2/ #v � bT2+B}+ KQ/2H Q` �TT`QtBK�iBQMbX AM +QKKQM rBi? KQbi �`2�b
Q7 b+B2M+2- K�Mv KQ/2`M i?2Q`2iB+�H KQ/2Hb ?�p2 #22M /2p2HQT2/ #v Bi2`�iBp2 +v+H2b Q7 bQHpBM;
ǳ7Q`r�`/ KQ/2HBM; T`Q#H2KbǴ bm+? �b K2i?Q/b HBbi2/ �#Qp2 �M/ ǳBMp2`b2 KQ/2HBM; T`Q#H2KbǴ-
BX2X iQ K�F2 722/#�+Fb 7`QK 2tT2`BK2Mi�H Q#b2`p�iBQMb- +QKT�`BbQMb rBi? Qi?2` KQ/2Hb- 2i+X
h?2v ?�p2 T`QpB/2/ /22T BMbB;?i BMiQ T?2MQK2M� 7Q` bm`2- #mi Bi K�v MQi rQ`F 7Q` i?2 Mm+H2B

eN



dy *?�Ti2`X 8 amKK�`v �M/ 7mim`2 T2`bT2+iBp2b

i?�i �`2 MQi �++2bbB#H2 iQ 2tT2`BK2MibX q2 M22/ � #2ii2` B/2� iQ +QMbB/2` ?Qr Km+? r2 +�M
FMQr �#Qmi T`QT2`iB2b Q7 Mm+H2B mbBM; i?2 p�`BQmb i?2Q`B2bX

h?2 KQiBp�iBQM Q7 i?Bb rQ`F

T
ar

ge
t

qu
an

ti
ty

(a)

Exp. Theory

(b)

Exp. Theory

6A:X 8XR, a+?2K�iB+ };m`2 Q7 BKT�+ib Q7 lZ bim/B2bX a22 i?2 K�BM i2ti 7Q` KQ`2 /2i�BHbX

lM/2` i?2b2 +B`+mKbi�M+2b- mM+2`i�BMiv [m�MiB}+�iBQM 7Q` i?2Q`2iB+�H +�H+mH�iBQMb- BM T�`@
iB+mH�` �# BMBiBQ QM2b- Bb QM2 Q7 i?2 KQbi m`;2Mi �M/ T2`p�bBp2 Bbbm2b BM i?2 HQr@2M2`;v Mm+H2�`
T?vbB+b +QKKmMBiv iQ/�vX h?2 �BK Q7 i?Bb rQ`F Bb iQ +QMi`B#mi2 BM i?�i /B`2+iBQMX

AM 6A:X 8XR- r2 b?Qr2/ � b+?2K�iB+ };m`2 iQ b?Qr i?2 TQbbB#H2 BKT�+ib Q7 i?Bb bim/v BM
+QMi`�bi iQ 6A:X RXRX AM i?2 H27i �M/ `B;?i T�M2Hb- r2 THQii2/ HBM2b �b BM 6A:X RXR BM *?�Ti2` RX
q?2M QM2 HQQF2/ �i ;`22M �M/ #Hm2 HBM2b BM i?2 H27i T�M2H U�V- QM2 KB;?i ?�p2 i?2 BKT`2bbBQM
i?�i i?2 b2+QM/@HQr2bi QM2 b?Qrb ;QQ/ �;`22K2Mi rBi? /�i� �M/ i?2 �;`22K2Mi BM i?2 i?B`/ QM2
Bb i?2 rQ`biX >Qr2p2`- B7 r2 +QmH/ Q#i�BM i?2 mM+2`i�BMiB2b +QKBM; 7`QK BMTmi T�`�K2i2`b �M/
i?2 K�Mv@#Q/v K2i?Q/ Bib2H7- �M/ /`2r i?2 };m`2 HBF2 i?2 `B;?i T�M2H U#V- Qm` BKT`2bbBQM Bb
+QKTH2i2Hv /Bz2`2Mi 7`QK i?�i 7`QK i?2 T�M2H U�VX q?BH2 i?2 KB//H2 QM2 #v i?2 i?2Q`v ?�b MQ
Qp2`H�T �i �HH rBi? i?2 2tT2`BK2Mi�H +QmMi2`T�`i- i?2 }`bi@ �M/ i?B`/@HQr2bi p�Hm2 �`2 +Qp2`2/
#v i?2 +`2/B#H2 BMi2`p�HbX h?Qb2 p�Hm2b �`2 KQ`2 HBF2Hv iQ #2 /2b+`B#2/ #v i?2 i?2Q`vX JQ`2Qp2`-
BM i?2 i?B`/@HQr2bi QM2- r2 ;Qi � #BKQ/�H /Bbi`B#miBQM Q7 i?2 [m�MiBivX h?2 HQr2` T2�F b22Kb
iQ #2 Km+? KQ`2 +QMbBbi2Mi rBi? i?2 /�i�X h?Bb K�v BM/B+�i2 i?�i i?2`2 biBHH `2K�BM bQK2
T�`�K2i2`b i?�i �`2 MQi /2i2`KBM2/ r2HHX lM+2`i�BMiv [m�MiB}+�iBQMb rQmH/ i2HH mb BM bm+?
� r�v KQ`2 BMbB;?i7mH BM7Q`K�iBQM i?�M i?2 +QMp2MiBQM�H +QKT�`BbQMb #2ir22M i?2Q`B2b �M/
2tT2`BK2Mib- i?Qm;? Bi Bb MQi Q7i2M iQ Q#b2`p2 �M 2ti`2K2 +�b2 HBF2 6A:X 8XRX

>2`2 r2 2KT?�bBx2 i?�i i?2 #2M2}ib Q7 i?2 mM+2`i�BMiv [m�MiB}+�iBQM �`2 MQi HBKBi2/ iQ
TmiiBM; 2``Q` #�`b BM T`2/B+iBQMbX Ai 2M�#H2b mb iQ pBbm�HBx2 MQM@i`BpB�H `2H�iBQM #2ir22M BMTmi



dR

�M/ QmiTmi Q7 K�Mv@#Q/v +�H+mH�iBQMb �M/ H2�/b iQ /22T2` mM/2`bi�M/BM;b Q7 i?2 K�Mv@#Q/v
K2i?Q/ Bib2H7X

*QM+HmbBQMb QM i?2 �M�Hvb2b BM i?Bb i?2bBb

AM *?�Ti2` j- r2 ?�p2 BMi`Q/m+2/ � r�v iQ [m�MiB7v i?2 i?2Q`2iB+�H mM+2`i�BMiv 7`QK BMTmi
T�`�K2i2`b BM p�H2M+2 b?2HH@KQ/2H +�H+mH�iBQMb #v i�FBM; i?2 0p@b?2HH �b �M 2t�KTH2X Pm`
rQ`F UBM+Hm/BM; (Rdd)V Bb i?2 }`bi bim/v Q7 bvbi2K�iB+ mM+2`i�BMiv [m�MiB}+�iBQM Q7 i?2 p�H2M+2
b?2HH KQ/2HX q2 ?�p2 T`QTQb2/ i?�i QM2 +�M [m�MiB7v � bQ`i Q7 +�T�#BHBiv Q7 i?2 b?2HH KQ/2H
mM/2` i?2 ;Bp2M KQ/2H bT�+2 �M/ i?2 �bbmKTiBQMb 7Q` i?2 T`Q#�#BHBiv /2MbBiv Q7 i?2 KQ/2H
T�`�K2i2`bX h?2 +?�`�+i2`BbiB+ BM7Q`K�iBQM Bb 7QmM/ BM 2X;X 6A:X jXk UbT2+i`� Q7 12* �M/ 14*V
�M/ 6A:bX jXj@jX9 Ui?2 MQ`K�HBx2/ /2pB�iBQMbVX q2 T`QTQb2/ i?�i QM2 +�M mb2 i?2b2 THQib �M/
i?2 �bbQ+B�i2/ [m�MiBiB2b iQ b22 r?B+? bi�i2b �`2 KQ`2 HBF2Hv iQ ?�p2 2tQiB+ bi`m+im`2b- BX2X bi�i2b
#2BM; Qmi Q7 i?2 KQ/2H bT�+2X Ai Bb 2tT2+i2/ i?�i bm+? BM7Q`K�iBQM Bb Q7 ;`2�i BKTQ`i�M+2 7Q`
/22T2` mM/2`bi�M/BM;b Q7 i?Qb2 bi�i2b #v +QK#BMBM; i?2K rBi? Qi?2` i?2Q`2iB+�H KQ/2HbX

AM *?�Ti2` 9- r2 ?�p2 T`QTQb2/ � M2r K2i?Q/ iQ [m�MiB7v i?2 BMi`BMbB+ mM+2`i�BMiv Q7
i?2 7mHH +QM};m`�iBQM BMi2`�+iBQM K2i?Q/X h?2 mM+2`i�BMiv bi2Kb 7`QK i?2 �K#B;mBiv BM i?2
2ti`�TQH�iBQM K2i?Q/ iQ 2biBK�i2 i?2 2t�+i p�Hm2X h?2 K2i?Q/ ?�b bQK2 �/p�Mi�;2b Qp2` i?2
+QMp2MiBQM�H T�`�K2i`B+ QM2bX 6B`biHv- i?Bb ;Bp2b mb mM+2`i�BMiv 2biBK�i2b BM � bvbi2K�iB+ r�vX
PM2 +�M i?BMF Q7 2Mb2K#H2b Q7 K�Mv TQbbB#H2 2ti`�TQH�iBQM 7mM+iBQMb #v K2�Mb Q7 :�mbbB�M
T`Q+2bb2bX h?Bb K�v �HH2pB�i2 i?2 Qp2`}iiBM;- r?B+? Bb +�mb2/ #v i?2 b2H2+iBQM Q7 � bT2+B}+ +H�bb
Q7 7mM+iBQM �M/ TQBMi 2biBK�iBQM Q7 i?2 T�`�K2i2`bX AM �//BiBQM iQ i?Bb- r2 BMi2;`�i2 Qmi i?2
/2T2M/2M+2 QM ?vT2`T�`�K2i2` #v JQMi2 *�`HQ b�KTHBM;c i?Bb 2M�#H2b mb iQ +QMbB/2` rB/2`
+H�bb Q7 7mM+iBQMbX a2+QM/Hv- i?Bb K2i?Q/ i2HHb mb r?2`2 iQ biQT i?2 6*A +�H+mH�iBQMbc Bi Bb MQi
Q#pBQmbHv BM�/pBb�#H2 iQ +�``v Qmi 6*A +�H+mH�iBQMb r?BH2 BM+`2�bBM; Nmax 7Q`2p2`X h?2 TQBMi
iQ biQT +�M #2 /2/m+2/ 7`QK �M �M�HvbBb HBF2 � THQi BM 6A:X 9X3- BX2X 7`QK i?2 #2?�pBQ` Q7 i?2
2ti`�TQH�iBQM 7mM+iBQM �b i?2 7mM+iBQM Q7 max (Nmax)X AM �//BiBQM iQ i?2b2- Bib �TTHB+�#BHBiv
iQ bT�`b2 /�i� b2i �M/ i?2 ~2tB#BHBiv iQ BM+Q`TQ`�i2 /QK�BM FMQrH2/;2 BMiQ i?2 KQ/2H �`2
MQi�#H2 TQBMib Q7 i?2 K2i?Q/X q2 b?QmH/ MQi2 i?�i i?2 +`2/B#H2 BMi2`p�Hb #v i?2 +:S KQ/2H
b?Qr i?2 mM+2`i�BMiv mM/2` i?2 ;Bp2M KQ/2H �M/ �bbmKTiBQMc r2 K�v mM/2`2biBK�i2 i?2 i`m2
2ti`�TQH�iBQM mM+2`i�BMiv �b b22M BM 2X;X i?2 T�M2H U#V Q7 6A:X 9X3X Ai Bb /2bB`2/ iQ �+?B2p2
KQ`2 +QKT`2?2MbBp2 bim/B2b- r?B+? �`2 T�`iHv /2b+`B#2/ BM i?2 M2ti bm#b2+iBQMX

A7 r2 +QmH/ 2p�Hm�i2 i?2 2ti`�TQH�iBQM mM+2`i�BMiv BM �Mv Mm+H2mb +�H+mH�i2/ #v i?2 *A@
K2i?Q/b- i?Bb bB;MB}+�MiHv BKT`Qp2b i?2 [m�HBiv Q7 +QKT�`BbQMb rBi? i?2 bi�i2@Q7@i?2@�`i 2t@
T2`BK2Mi�H Q#b2`p�iBQMbX h?Bb 7�+BHBi�i2b i?2 +QKTH2K2Mi�H bim/B2b �KQM; i?2Q`B2b �M/ 2tT2`@
BK2MibX



dk *?�Ti2`X 8 amKK�`v �M/ 7mim`2 T2`bT2+iBp2b

6mim`2 T2`bT2+iBp2b

Pm` K2i?Q/ 7Q` lZ BM � p�H2M+2 *A +�H+mH�iBQM ?�b �H`2�/v #22M �TTHB2/ iQ Qi?2` bvbi2Kb
�M/ Qi?2` [m�MiBiB2b p2`v `2+2MiHv (Rde)X q2 ?QT2 i?�i KQ`2 +QKT`2?2MbBp2 bim/B2b Q7 lZ �HbQ
BM Qi?2` KQ/2Hb rBHH �TT2�` BM i?2 M2�` 7mim`2X

PM2 +�M +QMbB/2` � 7mim`2 2ti2MbBQM Q7 Qm` �M�Hvb2b BM i?Bb i?2bBb #v K2�Mb Q7 ?B2`�`+?B+�H
mb�;2 Q7 "�v2bB�M K�+?BM2`vc QM2 +�M i?BMF Q7 i?2 TQbi2`BQ` KQ/2H /Bbi`B#miBQM,

P (m|y) = P (y|m)P (m)∑
m′∈M P (m′,y)

, U8XRV

r?2`2 m /2MQi2b 2�+? KQ/2H �/QTi2/X AM i?Bb +�b2- i?2 i2`KBMQHQ;v KQ/2H Bb mb2/ 7Q` i?2
+?QB+2 Q7 i?2 HBF2HB?QQ/- i?2 +?QB+2 Q7 i?2 E2`M2H 7Q` :Sb- i?2 +?QB+2 Q7 2ti`�TQH�iBQM KQ/2H
U:Sb- �LL- 2i+XV- �M/ bQ QMX 6`QK 1[X 8XR- QM2 +�M K�`;BM�HBx2 i?2 KQ/2H /2T2M/2M+2 mbBM;
i?2 bQ@+�HH2/ "�v2bB�M KQ/2H �p2`�;BM;,

P (y∗|y) =
∑

m∈M

P (y∗|y,m)P (m|y). U8XkV

_2+2MiHv- Bi ?�b #22M b?QrM i?�i i?2 2B;2Mp2+iQ` +QMiBMm�iBQM U1*V- r?B+? Bb BMi`Q/m+2/
BM _27X (kR8)- +�M #2 mb2/ �b �M 2{+B2Mi 2KmH�iQ` Q7 �# BMBiQ K2i?Q/bX h?Bb 1* ?�b #22M
�TTHB2/ 7Q` mM+2`i�BMiv [m�MiB}+�iBQM �M/ b2MbBiBpBiv �M�Hvb2b QM BMTmi T�`�K2i2`b bm+? �b
HQr@2M2`;v +QMbi�Mib BM i?2 +?B`�H 16h TQi2MiB�Hb (kRe- kRd)X Ai Bb 2tT2+i2/ i?�i i?2 1*
7�+BHBi�i2b +QKT`2?2MbBp2 bim/B2b Q7 mM+2`i�BMivR T`QT�;�iBQM BM �# BMBiBQ K2i?Q/bX Ai Bb �HbQ
Q7 ;`2�i BKTQ`i�M+2 iQ +QMbB/2` i?2 TQbbB#BHBiB2b iQ �TTHv i?2 1* iQ i?2 *A@ivT2 +�H+mH�iBQMbX
h?Bb Bb H27i �b QM2 Q7 i?2 TQbbB#H2 7mim`2 bim/B2bX

q2 �HbQ K2MiBQM i?2 �++2H2`�iBQM Q7 +QKKmMB+�iBQMb BM i?2 Mm+H2�` T?vbB+b +QKKmMBivX
_2+2Mi bim/B2b BM Qm` +QKKmMBiv �`2 �+iBp2Hv QT2MBM; i?2 `�r /�i�- i?2 +�H+mH�i2/ /�i�-
i?2 +Q/2 mb2/X 6Q` 2t�KTH2- i?2 +Q/2 7Q` i?2 oa@AJa_: Bb QT2M2/ #v i?2 H2�/BM; �mi?Q`Ƕb
:Bi>m# T�;2 (kR3)- �M/ i?2 +Q/2 7Q` 2B;2Mp2+iQ` +QMiBMm�iBQM rBi? MQ@+Q`2 b?2HH KQ/2H (kRe) Bb
�HbQ �p�BH�#H2 7`QK i?2 �`sBp T�;2X q2 ?QT2 i?Bb i`2M/ rBHH �++2H2`�i2X

Rh?2 mM+2`i�BMiv ?2`2 Bb QM2 BM Mm+H2�` TQi2MiB�HbX



dj

�+FMQrH2/;2K2Mib

6B`bi Q7 �HH- A rQmH/ HBF2 iQ 2tT`2bb Kv ;`�iBim/2 iQ Kv 7�KBHv 7Q` i?2B` bmTTQ`ib- T�iB2M+2-
�M/ FBM/M2bbX

Jv bBM+2`2 ;`�iBim/2 �HbQ ;Q2b iQ Kv irQ bmT2`pBbQ`b, S`Q72bbQ` h�F�?�`m PibmF� �M/
S`Q72bbQ` E2MDB 6mFmb?BK�X S`Q72bbQ` PibmF� ?�b ;Bp2M K2 � HQi Q7 �/pB+2b #�b2/ QM ?Bb /22T
FMQrH2/;2X A �K �Hr�vb BKT`2bb2/ rBi? ?Bb BMbB;?i BMiQ Mm+H2�` bi`m+im`2 T?vbB+bX S`Q72bbQ`
6mFmb?BK� FBM/Hv �++2Ti2/ K2 �b � K2K#2` Q7 ?Bb ;`QmT �7i2` S`Q7X PibmF�Ƕb `2iB`2K2MiX A
�K �Hr�vb BKT`2bb2/ #v ?Bb rB/2ɢ`�M;BM; FMQrH2/;2 Q7 T?vbB+b- 2Mi?mbB�biB+ /Bb+mbbBQMb BM ?Bb
;`QmT- �M/ i?2B` ?B;? `2b2�`+? T`Q/m+iBpBivX

A rQmH/ HBF2 iQ i?�MF i?Qb2 r?Q �`2 Ur2`2V BM Mm+H2�` i?2Q`v ;`QmT BM lhQFvQ �M/fQ` i?2
i?2Q`v ;`QmT Q7 *2Mi2` 7Q` Lm+H2�` aim/v iQQ, A ?�p2 H2�`M2/ K�Mv i?BM;b 7`QK /Bb+mbbBM;
rBi? i?2KX .`X umi�F� libmMQ i�m;?i K2 � bQ`i Q7 ;mB/2HBM2 iQ r`Bi2 � T�T2` r?2M A r`Qi2
i?2 T�T2` (kRN)X h?Bb 2tT2`B2M+2 biBHH ?2HTb K2 � HQi r?2M r`BiBM; � T�T2`X Jv bBM+2`2 i?�MFb
�HbQ ;Q iQ S`Q7X LQ`Bi�F� a?BKBxm r?Q ;�p2 K2 � HQi Q7 �/pB+2 `2;�`/BM; ?Bb 2t+2HH2Mi Ea>1G
+Q/2 �M/ +QKTmi�iBQM�H K�+?BM2`v 7Q` lZ bim/B2bX A `2�HHv 2MDQv2/ /Bb+mbbBM; rBi? ?BK �M/
H2�`M2/ K�Mv i?BM;bX A i?�MF .`X h�F�b?B �#2- .`X C�pB2` J2MûM/2x- �M/ .`X h�F�vmFB JBv�;B
iQQX h?2v i�m;?i K2 p�`BQmb BKTQ`i�Mi TQBMib BM 2bi�#HBb?BM; � `2b2�`+? bivH2X

A rQmH/ HBF2 iQ i?�MF T2QTH2 A K2i �i AMbiBimi2 7Q` Lm+H2�` S?vbB+b UAESV BM h2+?MBb+?2
lMBp2`bBi i .�`Kbi�/i Uhl.VX A i?�MF S`Q7X �+?BK a+?r2MF- r?Q FBM/Hv �++2Ti2/ Kv pBbBi
irB+2X _2;�`/BM; mM+2`i�BMiv [m�MiB}+�iBQM Q7 i?2 p�H2M+2 b?2HH@KQ/2H- Bi Bb T�`iHv KQiBp�i2/
#v i?2 [m2biBQM #v .`X CQ2H GvMM BM Kv b2KBM�` �i hl.X h?�i r�b bQK2i?BM; HBF2XXXǳ>Qr
Km+? i?Qb2 KQMQTQH2 +QKTQM2Mib Q7 h"J1b b?QmH/ #2 +QMp2`;2/\ǴX S`Q7X _Q#2`i _Qi? Kmbi
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h�#H2 �XR, amKK�`v Q7 2M2`;v �M/ 2t+Bi�iBQM 2M2`;B2b U1tXV 7Q` 2tT2`BK2Mi�H /�i� �M/
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h?2 �bbQ+B�i2/ bi�M/�`/ /2pB�iBQMb URσ̄V �`2 �HbQ b?QrM BM T�`2Mi?2b2b 7Q` i?2 G� b�KTH2bX

1tTX h?2Q`v
J�S G�b�KTH2b

Mm+H2B (JπT,NJT ) }i 1M2`;v 1tX 1M2`;v 1tX 1M2`;v U1σ̄V 1tXU1σ̄V
5>2 U32

− 1
2 , 1V @k3Xjy @ @kdX9y @ @k8XR9UyXjeV @

6>2 U0+1, 1V @kNXkd @ @jRXj9 @ @jyXjdUyXddV @
U2+1, 1V @kdX9d RX3y @kdX3k jX8k @k8XkNUyXjdV 8Xy3UyXeeV

7>2 U32
− 3

2 , 1V @k3X3e @ @k3X39 @ @keXNdUyX9eV @
8>2 U0+2, 1V @jRX9y @ @jRXe3 @ @jyXjyUyX8NV @

U2+2, 1V @k3Xjy jXRy @kdXyN 9Xey @k8Xk3UyXeyV 8XyjUyX99V
9>2 U12

− 5
2 , 1V @kNXy9 @ @kdXye @ @keX9yURXy9V @

10>2 U0+3, 1V @kNXN8 @ @keXyR @ @kdXddURXkRV @
6GB U1+0, 1V @jRXNN @ @jkX3e @ @jkXeeUyX8NV @

U3+0, 1V @kNX3y kXRN @jyXdk kXR9 @k3Xk8UyXdRV 9X9yURXR8V
U0+1, 1V @k3X9k jX8d @jyXj8 kX8R @kNXjdUyXddV jXk3UyXedV

7GB U32
− 1

2 , 1V @jNXk9 @ @9yXN3 @ @9yX8yUyXkeV @
U72

− 1
2 , 1V @j9Xey 9Xe9 @jeXky 9XdN @jjXN8UyX9yV eX88UyX99V

U52
− 1

2 , 1V @jkX88 eXeN @jjX83 dX9R @jjX8kUyXdRV eXNNUyXdkV
8GB U2+1, 1V @9RXk3 @ @9RX3y @ @9RXeeUyXjyV @

U1+1, 1V @9yXjy yXN3 @9yXdk RXy3 @9yX83UyXj9V RXy3UyXjNV
U3+1, 1V @jNXyk kXk8 @9yXRR RXeN @jNX8yUyXjkV kXReUyXkdV
U1+1, 2V @j3Xyd jXkR @jNXyj kXde @jdXeeUyXeNV 9XyyUyX3RV
U1+1, 3V @j8X33 8X9y @jeX39 9XNe @jeXR8UyXekV 8X8RUyXd8V
U4+1, 1V @j9Xd8 eX8j @j8X8N eXkR @j9Xe8UyX98V dXykUyX9eV

9GB U32
− 3

2 , 1V @98Xj9 @ @9eXRk @ @98XdkUyXj8V @
U12

− 3
2 , 1V @9kXe8 kXeN @9kXd3 jXj9 @9kXNRUyXe3V kX3yUyXe9V

11GB U32
− 5

2 , 1V @98XdR @ @99X9y @ @9eXjyUyXdkV @
8"2 U0+0, 1V ! @8eX8y @ @88XNe @ @8eX3eUyXjyV @

U2+0, 1V ! @8jX9d jXyj @8kX88 jX9R @8kXNRUyXkkV jXN8UyXkRV
U2+1, 1V ! @jNX3d ReXej @9yXRe R8X3y @9yXyjUyXjyV ReX3jUyX9jV
U4+0, 1V @98XR8 RRXj8 @98X98 RRXk3 @99X8NUyX8kV RjXy9UyXejV
U1+1, 1V ! @j3X3e RdXe9 @jNXy3 ReX33 @j3XN8UyXj9V RdXNRUyXj9V

9"2 U32
− 1

2 , 1V ! @83XRe @ @8dXde @ @8dXddUyXRNV @
U52

− 1
2 , 1V ! @88Xdj kX9j @88XRR kXe9 @88XyyUyXR3V kXdeUyXkjV

U72
− 1

2 , 1V @8RXdd eXjN @8RX8d eXRN @8yXNdUyXjyV eX3yUyXjjV
10"2 U0+1, 1V @e9XN3 @ @e8XRj @ @e8XR8UyXkNV @

U2+1, 1V @eRXeR jXjd @eRX9j jXdy @eRXk9UyXkkV jXNyUyXkeV
U2+1, 2V @8NXyk 8XNe @8NXdR 8X9j @8NXj9UyXkdV 8X3yUyXjjV
U0+1, 2V @83X3y eXR3 @8kXdN RkXj8 @88X98URXyyV NXdyURXyeV
U2+1, 3V @8dX9j dX89 @88X3N NXk9 @8eXd3UyX9kV 3XjdUyX98V
U2+1, 4V @88X9k NX8e @89Xd3 RyXj8 @89XNjUyX9RV RyXkkUyX98V

11"2 U12
− 3

2 , 1V @e8XRe @ @e9Xjk @ @e9Xe8UyXjNV @
U32

− 3
2 , 1V @ekX3y kXj8 @ekXyd kXkj @ekX88UyXj8V kXy3UyXjyV
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h�#H2 �Xk, *QmMi2`T�`i Q7 h�#X �XR 7Q` Mm+H2B rBi? `2H�iBp2Hv H�`;2` K�bb MmK#2`bX

1tTX h?2Q`v
J�S G�b�KTH2b

Mm+H2B (JπT,NJT ) }i 1M2`;v 1tX 1M2`;v 1tX 1M2`;v U1σ̄V 1tXU1σ̄V
12"2 U0+2, 1V @e3Xe8 @ @eeXNR @ @e3XR3UyXeRV @

U2+2, 1V @eeX88 kXRy @ejXdN jXRk @e8Xj9UyX8RV kX39UyXeRV
10" U3+0, 1V ! @e9Xd8 @ @e9Xde @ @e9XekUyXk8V @

U1+0, 1V ! @e9Xyj yXdk @ejXNN yXdd @e9X99UyXkdV yXRNUyXj8V
U0+1, 1V ! @ejXyR RXd9 @ejXRe RXey @ejXRdUyXkNV RX98UyXjdV
U1+0, 2V ! @ekXey kXR8 @ekXj8 kX9R @ekXekUyXj9V kXyyUyXjNV
U2+0, 1V ! @eRXRd jX83 @eRXj3 jXj3 @eRX9kUyXkNV jXkRUyXj8V
U2+1, 1V ! @8NX8N 8XRe @8NX9e 8Xjy @8NXkdUyXkkV 8Xj8UyXk3V
U4+0, 1V ! @83Xdj eXyk @83X3R 8XN8 @83X3RUyXkNV 8X3RUyXj9V
U2+1, 2V ! @8dXk3 dX9d @8dXdj dXyj @8dXjdUyXkdV dXk8UyXjNV

11" U32
− 1

2 , 1V ! @deXky @ @deXj8 @ @deXdyUyXR3V @
U12

− 1
2 , 1V ! @d9Xy3 kXRk @d9X8d RXd3 @d9XdkUyXkkV RXN3UyXk3V

U52
− 1

2 , 1V ! @dRXde 9X99 @dRX3N 9X9d @dkXk9UyXR3V 9X98UyXk8V
U32

− 1
2 , 2V ! @dRXRN 8Xyk @dRXj9 8XyR @dRXdRUyXjkV 9XNNUyXj8V

U72
− 1

2 , 1V ! @eNX9e eXd9 @dyX9k 8XNj @dyXk9UyXkjV eX98UyXkdV
12" U1+1, 1V @dNX83 @ @dNXj3 @ @3yXyRUyXkeV @

U2+1, 1V @d3Xek yXN8 @d3Xye RXjj @d3X39UyXkRV RXR3UyXj9V
U0+1, 1V @deX38 kXdk @d9XdR 9Xed @deXe3UyX3yV jXjjUyX33V
U2+1, 2V @d8X3k jXde @d9X8N 9XdN @d8XNeUyXj9V 9Xy8UyX9dV
U1+1, 2V @d9X83 8Xyy @d9Xdj 9Xe8 @d8XykUyXjdV 8XyyUyXjeV
U3+1, 1V @djXNe 8XeR @d9Xk8 8XRj @d8XkjUyXjdV 9Xd3UyXj8V
U1+1, 3V @dkXNd eXey @dkX3y eX83 @dkX9eUyXeNV dX8eUyXe3V

13" U32
− 3

2 , 1V @39X98 @ @39Xyk @ @38Xk3UyXjeV @
12* U0+0, 1V ! @NkXRe @ @NkXRN @ @NkX8jUyXkjV @

U2+0, 1V ! @3dXdk 9X99 @3dXdR 9X93 @3dXdeUyXR3V 9XddUyXkjV
U0+0, 2V @39X8R dXe8 @d3Xdy RjX9N @3yXRRURXj8V RkX9kURXjRV
U1+0, 1V ! @dNX98 RkXdR @dNXdj RkX9e @dNXeyUyXj8V RkXNjUyX9RV
U1+1, 1V ! @ddXy8 R8XRR @deXde R8X9j @ddXjNUyXkeV R8XR9UyXjeV
U2+1, 1V ! @deXye ReXRR @d8X9j ReXde @deXkRUyXkRV ReXjRUyXk3V

13* U12
− 1

2 , 1V ! @NdXRR @ @NeXjd @ @NeX33UyXkRV @
U32

− 1
2 , 1V ! @NjX9k jXe3 @NkXdk jXe8 @NjXy3UyXR3V jX3yUyXkdV

U52
− 1

2 , 1V ! @3NX8e dX88 @3NXRk dXk9 @3NX89UyXkjV dXjjUyXjyV
U12

− 1
2 , 2V @33Xkk 3X3N @3dXde 3XeR @33XjRUyX9eV 3X8eUyX8RV

14* U0+1, 1V @Ry8Xk3 @ @Ry9X93 @ @Ry8XRdUyXk3V @
U0+1, 2V @N3XeN eX8N @3NXR3 R8Xjy @NRX98UyX3NV RjXdkUyXNjV
U2+1, 1V @N3Xkd dXyR @NdXjd dXRR @NdX3jUyXkjV dXj9UyXjkV
U2+1, 2V @NeXNd 3Xjk @33Xe9 R8X39 @NyXNjUyX8jV R9Xk9UyXeyV

14L U1+0, 1V ! @Ry9Xee @ @Ry9XjR @ @Ry9X9yUyXkeV @
U0+1, 1V ! @RykXj8 kXjR @RyRX93 kX3k @RykXRdUyXk3V kXkjUyX9yV
U1+0, 2V ! @RyyXdR jXN8 @RyyXjy 9XyR @RyyXkNUyXkNV 9XRkUyXj3V

15P U12
− 1

2 , 1V ! @RRRXN8 @ @RRkXky @ @RRkXyNUyXRNV @
U32

− 1
2 , 1V ! @Ry8Xd3 eXR3 @Ry8XRd dXy9 @Ry8X39UyXkdV eXkeUyXj9V

16P U0+0, 1V ! @RkdXek @ @Rk3Xj9 @ @RkdXdRUyXkeV @
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Bbbm2b QM BKTH2K2Mi�iBQM Q7 :�mbbB�M S`Q+2bb2b U:SbVX

h?2 +Q/2 7Q` +QMbi`�BM2/ :�mbbB�M T`Q+2bb2b U+:SV (8) Bb r`Bii2M BM CmHB� H�M;m�;2 (kky)X
h?2 K�`F2iBM; +�i+?T?`�b2 Q7 i?2 CmHB� Bb bQK2i?BM; HBF2 ǳ1{+B2Mi �b Svi?QM �M/ 6�bi �b
*f6Q`i`�MǴX h?2 MmK#2` Q7 mb2`b Q7 CmHB� Bb BM+`2�bBM; `�TB/Hv 2bT2+B�HHv BM +QKKmMBiB2b bm+?
�b K�+?BM2 H2�`MBM;- /�i� b+B2M+2- T?vbB+b- 2i+X PM2 +�M �+?B2p2 7�bi K�MBTmH�iBQM Q7 2X;X
K�i`Bt@K�i`Bt T`Q/m+i rBi?Qmi K�;B+ bT2HHb 7Q` QTiBKBx�iBQM �M/ mb2 HB#`�`B2b 7`QK Svi?QM-
_- *@7�KBHv- 6Q`i`�M- C�p� �M/ K�Mv ?�M/K�/2 T�+F�;2b QM :Bi>m#X

q2 QT2M2/ i?2 +Q/2 mb2/ BM *?�Ti2` 9 QM :Bi>m# �M/ i?�i mb2b QMHv i?2 Q{+B�H T�+F�;2bX
q2 rQmH/ #2 ?�TTv B7 i?Bb +Q/2 �M/ i?2 i2+?MB+�H BM7Q`K�iBQM #2HQr �`2 ?2HT7mH iQ bQK2QM2
mbBM; :SbX

"XR h2+?MB+�H Bbbm2 QM :�mbbB�M T`Q+2bb2b

q2- T`�+iBiBQM2`b Q7 :�mbbB�M T`Q+2bb2b- mbm�HHv M22/ iQ +�H+mH�i2 +QM/BiBQM�H K2�M p2+iQ`b
�M/ +Qp�`B�M+2 K�i`B+2b 7Q` T`2/B+iBQMb {y∗} mM/2` i?2 ;Bp2M Q#b2`p�iBQMb {y},

P (y∗|y,θ) = N (µy∗|y,Σy∗|y), U"XRV
µy∗|y(θ) = µ∗ +KT

XX∗K−1
XX(y − µ), U"XkV

Σy∗|y(θ) = KX∗X∗ −KT
XX∗K−1

XXKXX∗ , U"XjV

r?2`2 i?2 θ Bb ?vT2`T�`�K2i2` 7Q` i?2 F2`M2H 7mM+iBQM- �M/ X �M/ X∗ �`2 i?2 b2i Q7 Q#b2`p�iBQM
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i?2 `2bmHib �`2 MQi mM2tT2+i2/Hv BM~m2M+2/ #v � MQ`K�HBx�iBQM 7mM+iBQM BM i?2 HB#`�`B2bX

h?2 `2bmHib �`2 bmKK�`Bx2/ BM h�#H2 "XRX h?2 +Q/2b �- " �M/ * ;Bp2b i?2 b�K2 `2bmHibX
AM i?Bb +�b2 Q7 b2i �- r2 +�M +�H+mH�i2 i?2 K2�M p2+iQ` 1[X U"XkV �M/ 1[X U"XjV �M�HviB+�HHv,

µ(x∗ = 10) = 1− 1− e−8 + e−12

e4 − 1
≃ 0.9813550426957166, U"X8V

µ(x∗ = 12) = 1− e−12 − 2e−24 + e−32

e4 − 1
≃ 0.9999998853666244. U"XeV

LQr i?2 �Mbr2` iQ i?2 iBiH2 Q7 i?Bb bm#b2+iBQM Bb i?2 �HH +Q/2b HBbi2/ �#Qp2X
AM i?2 :�mbbB�MS`Q+2bb2bXDH i?2 /27�mHi bBx2 Q7 Q#b2`p�iBQM MQBb2 Bb b2i �b −2.0 BM HQ;�`Bi?KB+

b+�H2X q2 }t2/ i?Bb Q#b2`p�iBQM MQBb2 �b �HKQbi x2`Q BM i?2 +Q/2 *X q2 �`2 �7`�B/ i?�i T2QTH2
bQK2iBK2b mb2 �M mM`2�HBbiB+�HHv H�`;2 Q#b2`p�iBQM MQBb2 BM i?2B` +Q/2b rBi?Qmi MQiB+BM; BiX

"XRXk >Qr iQ /2�H rBi? MQM@Sa. +Qp�`B�M+2 BM i?2 +Q/2b\, b2i "

LQr r2 2tTHQ`2 i?2 Sa. T`QT2`iv Q7 +Qp�`B�M+2 K�i`B+2b #v mbBM; b2i "X >2`2�7i2`- r2
QMHv mb2 i?2 +Q/2b r`Bii2M BM CmHB�X

q2 mb2 i?2 7QHHQrBM; i?`22 E2`M2HbX PM2 Bb i?2 _"6 E2`M2H �H`2�/v mb2/ BM i?2 T`2pBQmb
bm#b2+iBQMX

kRBF(xi, xj) = τ exp

(
− |xi − xj|2

2σ2

)
. U"XdV

h?2 Qi?2` irQ �`2 J�iû`M F2`M2Hb rBi? ν = 5/2

kM(r ≡ |xi − xj|; ν = 5/2) = τ

(
1 +

√
5r

ℓ
+

5r2

3ℓ2

)
exp

(
−
√
5r

ℓ

)
, U"X3V

�M/ rBi? ν = 3/2

kM(r ≡ |xi − xj|; ν = 3/2) = τ

(
1 +

√
3r

ℓ

)
exp

(
−
√
3r

ℓ

)
. U"XNV



Ny *?�Ti2`X " h?2 +Q/2 �M/ `2H�i2/ Bbbm2b QM :Sb

6A:X "XR, h?2 bmKK�`v Q7 Sa. T`QT2`iB2b 7Q` i?2 i?`22 E2`M2HbX h?2 +Qp�`B�M+2 K�i`B+2b
?�pBM; Sa. �`2 b?QrM #v i?2 }HH2/ +B`+H2X h?2 /B�KQM/ bvK#QHb K2�M i?�i #Qi? KXX �M/
Σy∗|y �`2 MQM@Sa.- �M/ i?2 +`Qbb bvK#QHb �`2 �bbB;M2/ B7 QMHv i?2 Σy∗|y Bb MQM@Sa.X

q2 +�H+mH�i2/ i?2 +QM/BiBQM�H K2�M p2+iQ`b �M/ +Qp�`B�M+2 K�i`B+2b r?BH2 p�`vBM; i?2
?vT2`T�`�K2i2`b τ �M/ σ mbBM; Qm` QrM +Q/2 BM CmHB�X AM 6B;X "XR- i?2 TQbBiBp2 b2KB@/2}MBi2M2bb
Q7 i?2 +Qp�`B�M+2 K�i`B+2b �`2 bmKK�`Bx2/X h?2 /B�KQM/ bvK#QHb U`2/V +Q``2bTQM/ iQ i?2
+�b2 i?�i #Qi? KXX �M/ Σy∗|y �`2 MQM@Sa.- �M/ i?2 +`Qbb bvK#QHb U#Hm2V �`2 �bbB;M2/ B7 QMHv
i?2 Σy∗|y Bb MQM@Sa.X h?Bb Bb i?2 `2�bQM r?v i?2 _"6 `2H�iBp2Hv 2�bBHv ;Bp2b MQM@bBM;mH�`
+Qp�`B�M+2b BM Qm` �TTHB+�iBQMbX AM i2`Kb Q7 i?2 H2M;i? b+�H2- i?2 _"6 ;Bp2b MQM@Sa. K�i`B+2b
2�bB2` i?�M J�iû`M F2`M2H rBi? ν = 5/2 #v irQ Q`/2`b Q7 K�;MBim/2X

AM i?2 :�mbbB�MS`Q+2bb2bXDH T�+F�;2- i?2 ϵ T`2b+`BTiBQM Bb BKTH2K2Mi2/ �b 7QHHQrb,

7mM+iBQM K�F2nTQb/275UK,,�#bi`�+iJ�i`Bt - +?QHn7�+iQ`b,,�#bi`�+iJ�i`BtV
M 4 bBx2UK- RV
bBx2UK- kV 44 M %% i?`QrU�`;mK2Mi1``Q`U]*Qp�`B�M+2 K�i`Bt Kmbi #2 b[m�`2]VV
7Q` 0n0 BM R,Ry

i`v
+QTviQ5U+?QHn7�+iQ`b - KV
+?QH 4 +?QH2bFv5UavKK2i`B+U+?QHn7�+iQ`b - ,lVV
`2im`M K- +?QH

+�i+? 2``
B7 ivT2Q7U2``V54GBM2�`�H;2#`�XSQb.271t+2TiBQM

i?`QrU2``V
2M/
ϵ 4 R2@e  i`UKV f M
!BM#QmM/b 7Q` B BM R,M

K(B- B) Y4 ϵ

2M/



"XR h2+?MB+�H Bbbm2 QM :�mbbB�M T`Q+2bb2b NR

2M/
2M/
+QTviQ5U+?QHn7�+iQ`b - KV
+?QH 4 +?QH2bFv5UavKK2i`B+U+?QHn7�+iQ`b - ,lVV
`2im`M K- +?QH

2M/

PM2 +�M b22 i?�i B7 i?2 +Q/2 7�BHb iQ �+?B2p2 i?2 *?QH2bFv /2+QKTQbBiBQM Q7 � K�i`Bt K-
i?Bb 7mM+iBQM /Q

K := K + ϵIn, U"XRyV
ϵ = 1.e− 6× Tr(K)/n. U"XRRV

�b b?QrM H�i2`- i?Bb T`Q+2/m`2 bQK2iBK2b BM/m+2b bB;MB}+�Mi +?�M;2b BM `2bmHi�Mi K2�M p2+iQ`bX

LQr r2 b?Qr i?2 2z2+ib Q7 i?2 ϵ T`2b+`BTiBQM QM i?2 T`2/B+iBQMbX AM 6A:X "Xk �M/ 6A:X "Xj-
i?2 7QHHQrBM; [m�MiBiv Bb b?QrM �b i?2 bQ@+�HH2/ ?2�iK�T,

∆ ≡ log10
(
max(|µown

y∗|y − µlib.
y∗|y|)

)
, U"XRkV

r?2`2 i?2 bmT2`b+`BTib QrM �M/ HB#X K2�M i?2 +QM/BiBQM�H K2�M p2+iQ` +�H+mH�i2/ #v Qm` QrM
+Q/2 �M/ QM2 mbBM; i?2 :�mbbB�MS`Q+2bb2bXDH HB#`�`v- `2bT2+iBp2HvX 6A:X "Xj b?Qrb i?2 ∆ BM i?2
+�b2 Q7 E2`M2Hb /2}M2/ #v i?2 HQ;�`Bi?K /Bbi�M+2- BX2X |xi − xj| Bb `2TH�+2/ #v | ln xi − ln xj|X

h?2 ?�i+?2/ `2;BQM �i log10 σ < 1 K2�Mb i?�i i?2 `2bmHib rBi? i?2 irQ +Q/2b �`2 2t�+iHv
i?2 b�K2X �i i?2 TQBMib b?QrM #v i?2 /B�KQM/ bvK#QH BM 6A:X "XR- Qm` +Q/2 rBi?Qmi i?2 ϵ

T`2b+`BTiBQM +�MMQi MQi ;Bp2 i?2 K2�M p2+iQ`bX h?Qb2 +Q``2bTQM/ iQ i?2 r?Bi2 `2;BQM log10 σ >

1.5 �TT2�`2/ BM 6A:X "Xk �M/ 6A:X "XjX q?2M r2 ;Q iQ i?2 T�`�K2i2`b �i r?B+? i?2 TQbi2`BQ`
+Qp�`B�M+2 #2+QK2 MQM@Sa.- BX2X TQBMib b?QrM #v i?2 +`Qbb bvK#QH BM 6A:X "XR- i?2 ∆ #2+QK2
H�`;2 #2+�mb2 Q7 i?2 BKKmM2 bvbi2K BM i?2 HB#`�`vX AM bQK2 +�b2b- i?2 /2pB�iBQMb BM K2�M
p2+iQ`b `2�+? 103 − 104- r?B+? Bb Q#pBQmbHv MQM@M2;HB;B#H2X �b BKKmM2 bvbi2Kb BM pBpQ- i?2 ϵ

T`2b+`BTiBQM bQK2iBK2b `2�+ib iQQ Km+?X

PM2 b?QmH/ T�v Km+? �ii2MiBQM iQ ?Qr i?2 Sa. Bb i`2�i2/ BM +Q/2b �M/ r?2i?2` Q` MQi
QM2 `2�HHv +�M M2;H2+i i?2 BKT�+i Q7 i?2 T`2b+`BTiBQMb QM i?2 T`2/B+iBQMb- 2bT2+B�HHv r?2M QM2
rQmH/ HBF2 iQ BMi2;`�i2 Qmi i?2 ?vT2`T�`�K2i2` /2T2M/2M+2X

>2`2 r2 K�F2 � `2K�`F 7`QK T?vbB+b �bT2+iX AM i?2 +m``2Mi +�b2- r2 �bbmK2 i?2 y �M/ y∗

p�Hm2b iQ #2 +�H+mH�i2/ 2M2`;B2b Q7 Mm+H2B #v �# BMBiBQ 7mHH +QM};m`�iBQM BMi2`�+iBQM K2i?Q/X
h?2 ivTB+�H +QMp2`;2M+2 iQH2`�M+2 Q7 i?2 G�M+xQb K2i?Q/ BM b?2HH@KQ/2H +Q/2b QM i?2 K�`F2i
Bb RX2@8 Q` #2ii2`RX

RAM i?2 "A:ahA*E (3) �M/ i?2 Ea>1GG (Rk-Rj)- iQH 4 RX2@8 �b /27�mHiX



Nk *?�Ti2`X " h?2 +Q/2 �M/ `2H�i2/ Bbbm2b QM :Sb

q?2M QM2 rQmH/ HBF2 iQ BM+Q`TQ`�i2 i?Bb ǳiQHǴ BM7Q`K�iBQM BMiQ i?2 F2`M2H �b i?2 Q#b2`p�iBQM
MQBb2k HBF2 K+σ2

obs.I- i?2 ϵ BM i?2 T�+F�;2 Bb Q#pBQmbHv iQQ H�`;2 7Q` i?2 +m``2Mi Tm`TQb2 �M/ i?Bb
Kmbi #2 QM i?2 Q`/2` Q7 RX2−RyX �b � `2bmHi- i?2 TQbbB#H2 2``Q` +QKBM; 7`QK i?2 ϵ T`2b+`BTiBQM
BM i?2 T�+F�;2 +�M #2 MQM@M2;HB;B#H2 �b b?QrM BM 6A:X "Xk �M/ 6A:X "XjX

6A:X "Xk, h?2 THQi b?QrBM; i?2 BKT�+i Q7 i?2 ϵ T`2b+`BTiBQM iQ �pQB/ MQM@Sa.X h?2 +QHQ`K�T
b?Qrb i?2 ∆ BM 1[X U"XRkVX h?2 ?�i+?2/ `2;BQM U;`�vV b?Qr i?2 TQBMib �i r?B+? i?2 irQ +Q/2b
;Bp2b i?2 2t�+iHv i?2 b�K2 `2bmHiX h?2 `2;BQM r?2`2 i?2 b2H7@K�/2 +Q/2 /Q2b MQi ;Bp2 �Mbr2`
Bb +QHQ`2/ BM r?Bi2X

6A:X "Xj, h?2 +QmMi2`T�`i Q7 6A:X "Xk 7Q` i?2 HQ;�`Bi?K /Bbi�M+2X

"XRXj amKK�`v

q2 +QM+Hm/2 i?�i i?2 J�iû`M F2`M2H Bb b�72` iQ mb2 i?�M _"6 BM i2`Kb Q7 TQbBiBp2 b2KB@
/2}MBi2M2bb BM K�Mv T`�+iB+�H bBim�iBQMb- �M/- i?2 ϵ T`2b+`BTiBQM rBi? �Mv E2`M2H 7mM+iBQM Bb
MQi �Hr�vb �++2Ti�#H2X PM2 b?QmH/ #2 +�`27mH iQ i?2 T`2b+`BTiBQM /QM2 BM i?2 +Q/2b- 2bT2+B�HHv
r?2M mbBM; bQK2 T�+F�;2bX

kAM i?Bb +QMi2ti- i?2 i2`K Q#b2`p�iBQM K2�Mb /QBM; +�H+mH�iBQM BMbi2�/ Q7 2tT2`BK2Mi�H Q#b2`p�iBQMX



"B#HBQ;`�T?v

(R) hX 1/BiQ`b- S?vbX _2pX � 3j- y9yyyR UkyRRVX

(k) CX .Q#�+x2rbFB- qX L�x�`2rB+x- �M/ SX@:X _2BM?�`/- CQm`M�H Q7 S?vbB+b :, Lm+H2�` �M/
S�`iB+H2 S?vbB+b 9R- yd9yyR UkyR9VX

(j) CX SB2F�`2rB+x- qX@*X *?2M- �M/ 6X CX 6�iiQv2p- CQm`M�H Q7 S?vbB+b :, Lm+H2�` �M/
S�`iB+H2 S?vbB+b 9k- yj9yR3 UkyR8VX

(9) aX uQb?B/�- :Bi>m# `2TQbBiQ`v,a?2HHJQ/2HlM+2`i�BMivZm�MiB}+�iBQM ?iiTb,ff;Bi?m#X
+QKfaQi�uQb?B/�fa?2HHJQ/2HlM+2`i�BMivZm�MiB7B+�iBQM X

(8) aX uQb?B/�- :Bi>m# `2TQbBiQ`v,"�v2bB�M *QMbi`�BM2/ :�mbbB�M S`QQ+2bb KQ/2H 7Q` 1t@
i`�TQH�iBQMb BM *A K2i?Q/b ?iiTb,ff;Bi?m#X+QKfaQi�uQb?B/�f"*:Sn1*AX

(e) *X G�M+xQb- CX _2bX L�iHX "m`X ai�M/X " 98- k88 URN8yVX

(d) 1X *�m`B2` �M/ 6X LQr�+FB- �+i� S?vbB+� SQHQMB+� " jy- dy8 URNNNVX

(3) *X qX CQ?MbQM- qX 1X P`K�M/- EX aX J+1Hp�BM- �M/ >X a?�M- "B;biB+F, � ~2tB#H2
+QM};m`�iBQM@BMi2`�+iBQM b?2HH@KQ/2H +Q/2 UkyR3V- �`sBp,R3yRXy39jk X

(N) CX SX o�`v- h?2 K�Mv@72`KBQM /vM�KB+b b?2HH@KQ/2H +Q/2- mMTm#HBb?2/ URNNkVX

(Ry) CX SX o�`v �M/ .X *X w?2M;- h?2 K�Mv@72`KBQM /vM�KB+b b?2HH@KQ/2H +Q/2- mMTm#HBb?2/
URNN9VX

(RR) SX ai2`M#2`;- 1X :X L;- *X u�M;- SX J�`Bb- CX SX o�`v- JX aQbQMFBM�- �M/ >X oX G2-
BM S`Q+22/BM;b Q7 i?2 kyy3 �*JfA111 *QM72`2M+2 QM amT2`+QKTmiBM;- a* Ƕy3 UA111
S`2bb- SBb+�i�r�v- LC- la�- kyy3V TTX R8,RĜR8,RkX

(Rk) LX a?BKBxm- Lm+H2�` b?2HH@KQ/2H +Q/2 7Q` K�bbBp2 T�`�HH2H +QKTmi�iBQM- ǴFb?2HHǴ UkyRjV-
�`sBp,RjRyX89jR X

Nj

https://doi.org/10.1103/PhysRevA.83.040001
http://stacks.iop.org/0954-3899/41/i=7/a=074001
http://stacks.iop.org/0954-3899/41/i=7/a=074001
http://stacks.iop.org/0954-3899/42/i=3/a=034018
http://stacks.iop.org/0954-3899/42/i=3/a=034018
https://github.com/SotaYoshida/ShellModelUncertaintyQuantification
https://github.com/SotaYoshida/ShellModelUncertaintyQuantification
https://github.com/SotaYoshida/BCGP_ECI
https://doi.org/10.6028/jres.045.026
https://arxiv.org/abs/arXiv:1801.08432
http://dl.acm.org/citation.cfm?id=1413370.1413386
https://arxiv.org/abs/arXiv:1310.5431


N9 "A"GAP:_�S>u

(Rj) LX a?BKBxm- hX JBxmb�FB- uX libmMQ- �M/ uX hbmMQ/�- *QKTmi2` S?vbB+b *QKKmMB+�@
iBQMb k99- jdk UkyRNVX

(R9) "X "`QrM �M/ qX _�2- Lm+H2�` .�i� a?22ib Rky- RR8 UkyR9VX

(R8) hX PibmF�- JX >QMK�- hX JBxmb�FB- LX a?BKBxm- �M/ uX libmMQ- S`Q;`2bb BM S�`iB+H2
�M/ Lm+H2�` S?vbB+b 9d- jRN UkyyRVX

(Re) hX PibmF�- Lm+H2�` S?vbB+b � eNj- j3j UkyyRV- `�/BQ�+iBp2 Lm+H2�` "2�KbX

(Rd) aX SBii2H �M/ LX a�M/mH2b+m- S?vbX _2pX * dj- yR9jyR UkyyeVX

(R3) PX G2;2x�- GX o2Bb- �X SQp2b- �M/ CX .mF2HbFv- S?vbX _2pX * Nk- y8Rjyj UkyR8VX

(RN) :X Sm//m- CQm`M�H Q7 S?vbB+b :, Lm+H2�` �M/ S�`iB+H2 S?vbB+b jk- jkR UkyyeVX

(ky) :X Sm//m- h?2 1m`QT2�M S?vbB+�H CQm`M�H � j9- 9Rj UkyydVX

(kR) uX hbmMQ/�- hX PibmF�- LX a?BKBxm- JX >QMK�- �M/ uX libmMQ- S?vbX _2pX * 3N- yjRjyR
UkyR9VX

(kk) LX a?BKBxm- uX libmMQ- hX JBxmb�FB- JX >QMK�- uX hbmMQ/�- �M/ hX PibmF�- S?vbX _2pX
* 38- y89jyR UkyRkVX

(kj) LX a?BKBxm- hX �#2- uX hbmMQ/�- uX libmMQ- hX uQb?B/�- hX JBxmb�FB- JX >QMK�- �M/
hX PibmF�- S`Q;`2bb Q7 h?2Q`2iB+�H �M/ 1tT2`BK2Mi�H S?vbB+b kyRk- RyXRyNjfTi2TfTibyRk
UkyRkVX

(k9) LX a?BKBxm- hX �#2- JX >QMK�- hX PibmF�- hX hQ;�b?B- uX hbmMQ/�- uX libmMQ- �M/
hX uQb?B/�- S?vbB+� a+`BTi� Nk- yejyyR UkyRdVX

(k8) hX PibmF�- uX hbmMQ/�- hX �#2- LX a?BKBxm- �M/ SX o�M .mTT2M- S?vbX _2pX G2iiX Rkj-
kkk8yk UkyRNVX

(ke) _X _Qi? �M/ SX L�p`�iBH- S?vbX _2pX G2iiX NN- yNk8yR UkyydVX

(kd) .X CX .2�M- :X >�;2M- JX >DQ`i?@C2Mb2M- hX S�T2M#`Q+F- �M/ �X a+?r2MF- S?vbX _2pX
G2iiX RyR- RRNkyR Ukyy3VX

(k3) _X _Qi? �M/ SX L�p`�iBH- S?vbX _2pX G2iiX RyR- RRNkyk Ukyy3VX

(kN) _X _Qi?- S?vbX _2pX * dN- ye9jk9 UkyyNVX

(jy) _X _Qi?- CX G�M;?�KK2`- �X *�H+B- aX "BM/2`- �M/ SX L�p`�iBH- S?vbX _2pX G2iiX Ryd-
ydk8yR UkyRRVX
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"A"GAP:_�S>u N8

(jR) *X aimKT7- CX "`�mM- �M/ _X _Qi?- S?vbX _2pX * Nj- ykRjyR UkyReVX

(jk) LX a?BKBxm- uX libmMQ- hX JBxmb�FB- hX PibmF�- hX �#2- �M/ JX >QMK�- S?vbX _2pX *
3k- yeRjy8 UkyRyVX

(jj) aX q2BM#2`;- S?vbB+b G2ii2`b " k8R- k33 URNNyVX

(j9) aX q2BM#2`;- Lm+H2�` S?vbB+b " jej- j URNNRVX

(j8) _X J�+?H2B/i �M/ .X 1Mi2K- S?vbX _2TiX 8yj- R UkyRRVX

(je) �X LQ;;�- _X :X 1X hBKK2`K�Mb- �M/ lX p�M EQH+F- S?vbX _2pX * dk- y89yye Ukyy8VX

(jd) 1X 1T2H#�mK �M/ CX :2;2HB�- h?2 1m`QT2�M S?vbB+�H CQm`M�H � 9R- j9R UkyyNVX

(j3) JX *X "B`b2- S?BHQbQT?B+�H h`�Mb�+iBQMb Q7 i?2 _Qv�H aQ+B2iv �, J�i?2K�iB+�H- S?vbB+�H
�M/ 1M;BM22`BM; a+B2M+2b jeN- keek UkyRRVX

(jN) "X GQM; �M/ *X@CX u�M;- S?vbX _2pX * 38- yj9yyk UkyRkVX

(9y) 1X 1T2H#�mK �M/ CX :2;2HB�- S?vbB+b G2ii2`b " dRe- jj3 UkyRkVX

(9R) 1X 1T2H#�mK �M/ lX@:X J2BĽM2`- 62r@"Q/v avbi2Kb 89- kRd8 UkyRjVX

(9k) .X _X 1Mi2K �M/ _X J�+?H2B/i- S?vbX _2pX * ee- yR9yyk UkyykVX

(9j) .X _X 1Mi2K �M/ _X J�+?H2B/i- S?vbX _2pX * e3- y9RyyR UkyyjVX

(99) 1X J�`DB- �X *�MmH- ZX J�+S?2`bQM- _X qBMx2`- *X w2QHB- .X _X 1Mi2K- �M/ _X J�+?H2B/i-
S?vbX _2pX * 33- y89yyk UkyRjVX

(98) .X _X 1Mi2K- LX E�Bb2`- _X J�+?H2B/i- �M/ uX LQbvF- S?vbX _2pX * NR- yR9yyk UkyR8VX

(9e) .X _X 1Mi2K- LX E�Bb2`- _X J�+?H2B/i- �M/ uX LQbvF- S?vbX _2pX * Nk- ye9yyR UkyR8VX

(9d) .X _X 1Mi2K- _X J�+?H2B/i- �M/ uX LQbvF- S?vbX _2pX * Ne- yk9yy9 UkyRdVX

(93) 1X 1T2H#�mK- �X LQ;;�- qX :Hƺ+FH2- >X E�K�/�- lX@:X J2BĽM2`- �M/ >X qBi�ƈ�- S?vbX
_2pX * ee- ye9yyR UkyykVX

(9N) 1X 1T2H#�mK- qX :Hƺ+FH2- �M/ lX@:X J2BĽM2`- h?2 1m`QT2�M S?vbB+�H CQm`M�H � @
>�/`QMb �M/ Lm+H2B RN- Rk8 Ukyy9VX

(8y) 1X 1T2H#�mK- qX :Hƺ+FH2- �M/ lX@:X J2BĽM2`- h?2 1m`QT2�M S?vbB+�H CQm`M�H � @
>�/`QMb �M/ Lm+H2B RN- 9yR Ukyy9VX
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Ne "A"GAP:_�S>u

(8R) 1X 1T2H#�mK- qX :Hƺ+FH2- �M/ lX@:X J2BĽM2`- Lm+H2�` S?vbB+b � d9d- jek Ukyy8VX

(8k) 1X 1T2H#�mK- S`Q;`2bb BM S�`iB+H2 �M/ Lm+H2�` S?vbB+b 8d- e89 UkyyeVX

(8j) oX "2`M�`/- 1X 1T2H#�mK- >X E`2#b- �M/ lX@:X J2BĽM2`- S?vbX _2pX * dd- ye9yy9 Ukyy3VX

(89) 1X 1T2H#�mK- >X@qX >�KK2`- �M/ lX@:X J2BĽM2`- _2pX JQ/X S?vbX 3R- Rddj UkyyNVX

(88) oX "2`M�`/- 1X 1T2H#�mK- >X E`2#b- �M/ lX@:X J2BĽM2`- S?vbX _2pX * 39- y89yyR UkyRRVX

(8e) 1X 1T2H#�mK- >X E`2#b- .X G22- �M/ lX@:X J2BĽM2`- S?vbX _2pX G2iiX Rye- RNk8yR UkyRRVX

(8d) oX "2`M�`/- 1X 1T2H#�mK- >X E`2#b- �M/ lX@:X J2BĽM2`- S?vbX _2pX * 39- y89yyR UkyRRVX

(83) >X E`2#b- �X :�bT�`v�M- �M/ 1X 1T2H#�mK- S?vbX _2pX * 38- y89yye UkyRkVX

(8N) >X E`2#b- �X :�bT�`v�M- �M/ 1X 1T2H#�mK- S?vbX _2pX * 3d- y89yyd UkyRjVX

(ey) 1X 1T2H#�mK- >X E`2#b- �M/ lX@:X J2BĽM2`- S?vbX _2pX G2iiX RR8- RkkjyR UkyR8VX

(eR) 1X 1T2H#�mK- >X E`2#b- �M/ lX :X J2BĽM2`- h?2 1m`QT2�M S?vbB+�H CQm`M�H � 8R- 8j
UkyR8VX

(ek) 1X 1T2H#�mK- CX :QH�F- EX >2#2H2`- hX >Ƀi?2`- >X E�K�/�- >X E`2#b- SX J�`Bb- lX@:X
J2BĽM2`- �X LQ;;�- _X _Qi?- _X aFB#BƖbFB- EX hQTQHMB+FB- CX SX o�`v- EX oQ#B;- �M/
>X qBi�ƈ� UG1LSA* *QHH�#Q`�iBQMV- S?vbX _2pX * NN- yk9jRj UkyRNVX

(ej) �X LQ;;�- SX L�p`�iBH- "X _X "�``2ii- �M/ CX SX o�`v- S?vbX _2pX * dj- ye9yyk UkyyeVX

(e9) EX >2#2H2`- aX EX "Q;M2`- _X CX 6m`Mbi�?H- �X LQ;;�- �M/ �X a+?r2MF- S?vbX _2pX * 3j-
yjRjyR UkyRRVX

(e8) SX L�p`�iBH- oX :X :m2Q`;mB2p- CX SX o�`v- qX 1X P`K�M/- �M/ �X LQ;;�- S?vbX _2pX
G2iiX NN- y9k8yR UkyydVX

(ee) �X :´`/2biB; �M/ .X _X S?BHHBTb- S?vbX _2pX G2iiX Ne- kjkjyR UkyyeVX

(ed) .X :�xBi- aX Zm�;HBQMB- �M/ SX L�p`�iBH- S?vbX _2pX G2iiX Ryj- Ryk8yk UkyyNVX

(e3) .X :�xBi- aX Zm�;HBQMB- �M/ SX L�p`�iBH- S?vbX _2pX G2iiX Rkk- ykNNyR UkyRNVX

(eN) GX 1X J�`+m++B- �X EB2pbFv- aX _Qb�iB- _X a+?B�pBHH�- �M/ JX oBpB�MB- S?vbX _2pX G2iiX
Ry3- y8k8yk UkyRkVX

(dy) GX 1X J�`+m++B- �X EB2pbFv- aX _Qb�iB- _X a+?B�pBHH�- �M/ JX oBpB�MB- S?vbX _2pX G2iiX
RkR- y9NNyR UkyR3VX
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"A"GAP:_�S>u Nd

(dR) CX aBKQMBb- aX _X ai`Q#2`;- EX >2#2H2`- CX .X >QHi- �M/ �X a+?r2MF- S?vbX _2pX * Ne-
yR9jyj UkyRdVX

(dk) hX .X JQ``Bb- CX aBKQMBb- aX _X ai`Q#2`;- *X aimKT7- :X >�;2M- CX .X >QHi- :X _X C�Mb2M-
hX S�T2M#`Q+F- _X _Qi?- �M/ �X a+?r2MF- S?vbX _2pX G2iiX Rky- R8k8yj UkyR3VX

(dj) *X .`Bb+?H2`- EX >2#2H2`- �M/ �X a+?r2MF- S?vbX _2pX G2iiX Rkk- y9k8yR UkyRNVX

(d9) CX >QTT2- *X .`Bb+?H2`- EX >2#2H2`- �X a+?r2MF- �M/ CX aBKQMBb- S?vbX _2pX * Ryy-
yk9jR3 UkyRNVX

(d8) �X 1Fbi`ƺK- :X "��`/b2M- *X 6Q`bbûM- :X >�;2M- JX >DQ`i?@C2Mb2M- :X _X C�Mb2M-
_X J�+?H2B/i- qX L�x�`2rB+x- hX S�T2M#`Q+F- CX a�`B+?- �M/ aX JX qBH/- S?vbX _2pX
G2iiX RRy- RNk8yk UkyRjVX

(de) �X 1Fbi`ƺK- :X _X C�Mb2M- EX �X q2M/i- :X >�;2M- hX S�T2M#`Q+F- "X .X *�`HbbQM-
*X 6Q`bbûM- JX >DQ`i?@C2Mb2M- SX L�p`�iBH- �M/ qX L�x�`2rB+x- S?vbX _2pX * NR- y8RjyR
UkyR8VX

(dd) "X .X *�`HbbQM- �X 1Fbi`ƺK- *X 6Q`bbûM- .X 6X ai`ƺK#2`;- :X _X C�Mb2M- PX GBHD�-
JX GBM/#v- "X �X J�iibbQM- �M/ EX �X q2M/i- S?vbX _2pX s e- yRRyRN UkyReVX

(d3) >X >2`;2`i- CX JX u�Q- hX .X JQ``Bb- LX JX S�`xm+?QrbFB- aX EX "Q;M2`- �M/ CX 1M;2H-
CQm`M�H Q7 S?vbB+b, *QM72`2M+2 a2`B2b Ry9R- yRkyyd UkyR3VX

(dN) �X JX a?B`QFQp- �X AX J�xm`- aX �X w�vib2p- CX SX o�`v- �M/ hX �X q2#2`- S?vbX _2pX *
dy- y99yy8 Ukyy9VX

(3y) �X a?B`QFQp- CX o�`v- �X J�xm`- aX w�vib2p- �M/ hX q2#2`- S?vbB+b G2ii2`b " ekR- Ne
Ukyy8VX

(3R) �X a?B`QFQp- CX o�`v- �X J�xm`- �M/ hX q2#2`- S?vbB+b G2ii2`b " e99- jj UkyydVX

(3k) �X a?B`QFQp- AX a?BM- uX EBK- JX aQbQMFBM�- SX J�`Bb- �M/ CX o�`v- S?vbB+b G2ii2`b "
deR- 3d UkyReVX

(3j) uX EBK- AX CX a?BM- �X JX a?B`QFQp- JX aQbQMFBM�- SX J�`Bb- �M/ CX SX o�`v- .�2D2QMRe
MM BMi2`�+iBQM- �`sBp,RNRyXy9jed UkyRNVX

(39) CX qX >QHi- LX E�Bb2`- �M/ qX q2Bb2- S?vbX _2pX * 3R- yk9yyk UkyRyVX

(38) EX >2#2H2` �M/ �X a+?r2MF- S?vbX _2pX * 3k- yR9jR9 UkyRyVX

(3e) JX EQ?MQ- S?vbX _2pX * 33- ye9yy8 UkyRjVX
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N3 "A"GAP:_�S>u

(3d) JX EQ?MQ- S?vbX _2pX * Ne- y8NNyj UkyRdVX

(33) aX uQb?B/�- Lm+H2�` b?2HH KQ/2H #�b2/ QM +?B`�H 2z2+iBp2 }2H/ i?2Q`v- J�bi2`Ƕb i?2bBb-
h?2 lMBp2`bBiv Q7 hQFvQ UkyRdVX

(3N) GX *Q`�;;BQ- CX qX >QHi- LX Ai�+Q- _X J�+?H2B/i- GX 1X J�`+m++B- �M/ 6X a�KK�``m+�-
S?vbX _2pX * 3N- y99jkR UkyR9VX

(Ny) EX JBMQKQ- JX hQvQF�r�- JX EQ?MQ- �M/ JX u�?B`Q- S?vbX _2pX * Ny- y8ReyR UkyR9VX

(NR) EX JBMQKQ- JX hQvQF�r�- JX EQ?MQ- �M/ JX u�?B`Q- S?vbX _2pX * Ne- y8NNy9 UkyRdVX

(Nk) _X CX 6m`Mbi�?H- LX EH+Q- .X _X S?BHHBTb- �M/ aX q2bQHQrbFB- S?vbX _2pX * Nk- yk9yy8
UkyR8VX

(Nj) _X CX 6m`Mbi�?H- .X _X S?BHHBTb- �M/ aX q2bQHQrbFB- CQm`M�H Q7 S?vbB+b :, Lm+H2�` �M/
S�`iB+H2 S?vbB+b 9k- yj9yk3 UkyR8VX

(N9) aX q2bQHQrbFB- LX EH+Q- _X CX 6m`Mbi�?H- .X _X S?BHHBTb- �M/ �X h?�T�HBv�- CQm`M�H Q7
S?vbB+b :, Lm+H2�` �M/ S�`iB+H2 S?vbB+b 9j- yd9yyR UkyReVX

(N8) CX �X J2H2M/2x- aX q2bQHQrbFB- �M/ _X CX 6m`Mbi�?H- S?vbX _2pX * Ne- yk9yyj UkyRdVX

(Ne) aX q2bQHQrbFB- _X CX 6m`Mbi�?H- CX �X J2H2M/2x- �M/ .X _X S?BHHBTb- CQm`M�H Q7 S?vbB+b
:, Lm+H2�` �M/ S�`iB+H2 S?vbB+b 9e- y98Ryk UkyRNVX

(Nd) CX �X J2H2M/2x- _X CX 6m`Mbi�?H- .X _X S?BHHBTb- JX hX S`�iQH�- �M/ aX q2bQHQrbFB- S?vbX
_2pX * Ryy- y99yyR UkyRNVX

(N3) _X "X qB`BM;�- oX :X CX aiQFb- �M/ _X a+?B�pBHH�- S?vbX _2pX * 8R- j3 URNN8VX

(NN) aX .X :ƈ�x2F �M/ EX :X qBHbQM- S?vbX _2pX . 93- 83ej URNNjVX

(Ryy) 6X q2;M2`- �MM�H2M /2` S?vbBF 8ye- dd URNN9VX

(RyR) aX _X q?Bi2- h?2 CQm`M�H Q7 *?2KB+�H S?vbB+b RRd- d9dk UkyykVX

(Ryk) >X >2`;2`i- aX "Q;M2`- hX JQ``Bb- �X a+?r2MF- �M/ EX hbmFBv�K�- S?vbB+b _2TQ`ib ekR-
Re8 UkyReV- K2KQ`B�H oQHmK2 BM >QMQ` Q7 :2`�H/ 1X "`QrMX

(Ryj) qX GB- 1X _X �M/2`bQM- �M/ _X CX 6m`Mbi�?H- S?vbX _2pX * 39- y89yyk UkyRRVX

(Ry9) LX JX .B+�B`2- *X PK�M/- �M/ SX L�p`�iBH- S?vbX _2pX * Ny- yj9jyk UkyR9VX

(Ry8) CX .�rbQM- AX h�HKB- �M/ CX q�H2+F�- �MM�Hb Q7 S?vbB+b R3- jjN URNekVX

https://doi.org/10.1103/PhysRevC.96.059903
https://doi.org/10.1103/PhysRevC.89.044321
https://doi.org/10.1103/PhysRevC.90.051601
https://doi.org/10.1103/PhysRevC.96.059904
https://doi.org/10.1103/PhysRevC.92.024005
https://doi.org/10.1103/PhysRevC.92.024005
https://doi.org/10.1088/0954-3899/42/3/034028
https://doi.org/10.1088/0954-3899/42/3/034028
https://doi.org/10.1088/0954-3899/43/7/074001
https://doi.org/10.1088/0954-3899/43/7/074001
https://doi.org/10.1103/PhysRevC.96.024003
https://doi.org/10.1088/1361-6471/aaf5fc
https://doi.org/10.1088/1361-6471/aaf5fc
https://doi.org/10.1103/PhysRevC.100.044001
https://doi.org/10.1103/PhysRevC.100.044001
https://doi.org/10.1103/PhysRevC.51.38
https://doi.org/10.1103/PhysRevD.48.5863
https://doi.org/10.1002/andp.19945060203
https://doi.org/10.1063/1.1508370
https://doi.org/https://doi.org/10.1016/j.physrep.2015.12.007
https://doi.org/https://doi.org/10.1016/j.physrep.2015.12.007
https://doi.org/10.1103/PhysRevC.84.054002
https://doi.org/10.1103/PhysRevC.90.034302
https://doi.org/https://doi.org/10.1016/0003-4916(62)90084-2


"A"GAP:_�S>u NN

(Rye) :X 6X "2`ib+?- Lm+H2�` S?vbB+b d9- kj9 URNe8VX

(Ryd) hX EmQ �M/ :X "`QrM- Lm+H2�` S?vbB+b 38- 9y URNeeVX

(Ry3) hX EmQ- Lm+H2�` S?vbB+b � Ny- RNN URNedVX

(RyN) hX EmQ �M/ :X "`QrM- Lm+H2�` S?vbB+b � RR9- k9R URNe3VX

(RRy) aX *Q?2M �M/ .X Em`�i?- Lm+H2�` S?vbB+b dj- R URNe8VX

(RRR) "X qBH/2Mi?�H- S`Q;`2bb BM S�`iB+H2 �M/ Lm+H2�` S?vbB+b RR- 8 URN39VX

(RRk) "X �X "`QrM �M/ "X >X qBH/2Mi?�H- �MMm�H _2pB2r Q7 Lm+H2�` �M/ S�`iB+H2 a+B2M+2 j3-
kN URN33VX

(RRj) 1X EX q�`#m`iQM- CX �X "2+F2`- �M/ "X �X "`QrM- S?vbX _2pX * 9R- RR9d URNNyVX

(RR9) 1X *�m`B2`- :X J�`iőM2x@SBM2/Q- 6X LQr�+FB- �X SQp2b- CX _2i�KQb�- �M/ �X SX wmF2`-
S?vbX _2pX * 8N- kyjj URNNNVX

(RR8) "X �X "`QrM �M/ qX �X _B+?i2`- S?vbX _2pX * d9- yj9jR8 UkyyeVX

(RRe) JX >QMK�- hX PibmF�- "X �X "`QrM- �M/ hX JBxmb�FB- S?vbX _2pX * e8- yeRjyR UkyykVX

(RRd) JX >QMK�- hX PibmF�- "X �X "`QrM- �M/ hX JBxmb�FB- S?vbX _2pX * eN- yj9jj8 Ukyy9VX

(RR3) JX >QMK�- hX PibmF�- "X �X "`QrM- �M/ hX JBxmb�FB- h?2 1m`QT2�M S?vbB+�H CQm`M�H
� @ >�/`QMb �M/ Lm+H2B k8- 9NN Ukyy8VX

(RRN) SX CX 1HHBb �M/ 1X PbM2b- _2pX JQ/X S?vbX 9N- ddd URNddVX

(Rky) JX >DQ`i?@C2Mb2M- hX hX EmQ- �M/ 1X PbM2b- S?vbB+b _2TQ`ib keR- Rk8 URNN8VX

(RkR) LX hbmMQ/�- hX PibmF�- EX hbmFBv�K�- �M/ JX >DQ`i?@C2Mb2M- S?vbX _2pX * 39- y99jkk
UkyRRVX

(Rkk) CX .X >QHi- hX PibmF�- �X a+?r2MF- �M/ hX amxmFB- CQm`M�H Q7 S?vbB+b :, Lm+H2�` �M/
S�`iB+H2 S?vbB+b jN- y38RRR UkyRkVX

(Rkj) CX .X >QHi- CX J2MûM/2x- �M/ �X a+?r2MF- S?vbX _2pX G2iiX RRy- ykk8yk UkyRjVX

(Rk9) CX .X >QHi- CX J2MûM/2x- �M/ �X a+?r2MF- h?2 1m`QT2�M S?vbB+�H CQm`M�H � 9N- jN
UkyRjVX

(Rk8) LX hbmMQ/�- EX h�F�v�M�;B- JX >DQ`i?@C2Mb2M- �M/ hX PibmF�- S?vbX _2pX * 3N- yk9jRj
UkyR9VX
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Ryy "A"GAP:_�S>u

(Rke) GX *Q`�;;BQ- �X *Qp2HHQ- �X :�`;�MQ- LX Ai�+Q- �M/ hX hX aX EmQ- S?vbX _2pX * NR-
y9RjyR UkyR8VX

(Rkd) GX *Q`�;;BQ- �X :�`;�MQ- �M/ LX Ai�+Q- S?vbX _2pX * Nj- ye9jk3 UkyReVX

(Rk3) CX aBKQMBb- EX >2#2H2`- CX .X >QHi- CX J2MûM/2x- �M/ �X a+?r2MF- S?vbX _2pX * Nj-
yRRjyk UkyReVX

(RkN) LX hbmMQ/�- hX PibmF�- LX a?BKBxm- JX >DQ`i?@C2Mb2M- EX h�F�v�M�;B- �M/ hX amxmFB-
S?vbX _2pX * N8- ykRjy9 UkyRdVX

(Rjy) aX uQb?B/�- JX EQ?MQ- hX �#2- hX PibmF�- LX hbmMQ/�- �M/ LX a?BKBxm- a?2HH@KQ/2H
?�KBHiQMB�Mb 7`QK +?B`�H 7Q`+2b- BM S`Q+22/BM;b Q7 i?2 AiQ AMi2`M�iBQM�H _2b2�`+? *2Mi2`
avKTQbBmK ǳS2`bT2+iBp2b Q7 i?2 S?vbB+b Q7 Lm+H2�` ai`m+im`2Ǵ UCSa *QM72`2M+2 S`Q@
+22/BM;b- kyR3V TX yRjyR9X

(RjR) hX 6mFmB- GX .2 �M;2HBb- uX wX J�- GX *Q`�;;BQ- �X :�`;�MQ- LX Ai�+Q- �M/ 6X _X sm-
S?vbX _2pX * N3- y99jy8 UkyR3VX

(Rjk) uX wX J�- GX *Q`�;;BQ- GX .2 �M;2HBb- hX 6mFmB- �X :�`;�MQ- LX Ai�+Q- �M/ 6X _X sm-
S?vbX _2pX * Ryy- yj9jk9 UkyRNVX

(Rjj) :X _X C�Mb2M- CX 1M;2H- :X >�;2M- SX L�p`�iBH- �M/ �X aB;MQ`�++B- S?vbX _2pX G2iiX RRj-
R9k8yk UkyR9VX

(Rj9) :X _X C�Mb2M- JX .X a+?mbi2`- �X aB;MQ`�++B- :X >�;2M- �M/ SX L�p`�iBH- S?vbX _2pX *
N9- yRRjyR UkyReVX

(Rj8) wX >X amM- hX .X JQ``Bb- :X >�;2M- :X _X C�Mb2M- �M/ hX S�T2M#`Q+F- S?vbX _2pX * N3-
y89jky UkyR3VX

(Rje) aX EX "Q;M2`- >X >2`;2`i- CX .X >QHi- �X a+?r2MF- aX "BM/2`- �X *�H+B- CX G�M;?�KK2`-
�M/ _X _Qi?- S?vbX _2pX G2iiX RRj- R9k8yR UkyR9VX

(Rjd) aX _X ai`Q#2`;- >X >2`;2`i- CX .X >QHi- aX EX "Q;M2`- �M/ �X a+?r2MF- S?vbX _2pX * Nj-
y8RjyR UkyReVX

(Rj3) aX _X ai`Q#2`;- �X *�H+B- >X >2`;2`i- CX .X >QHi- aX EX "Q;M2`- _X _Qi?- �M/ �X a+?r2MF-
S?vbX _2pX G2iiX RR3- yjk8yk UkyRdVX

(RjN) EX hbmFBv�K�- aX EX "Q;M2`- �M/ �X a+?r2MF- S?vbX _2pX G2iiX Rye- kkk8yk UkyRRVX

(R9y) :X _X C�Mb2M- S?vbX _2pX * 33- yk9jy8 UkyRjVX
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"A"GAP:_�S>u RyR

(R9R) �X 1Fbi`ƺK- :X _X C�Mb2M- EX �X q2M/i- :X >�;2M- hX S�T2M#`Q+F- aX "�++�- "X *�`HbbQM-
�M/ .X :�xBi- S?vbX _2pX G2iiX RRj- kek8y9 UkyR9VX

(R9k) EX amxmFB �M/ _X PF�KQiQ- S`Q;`2bb Q7 h?2Q`2iB+�H S?vbB+b Nk- Ry98 URNN9VX

(R9j) hX JBv�;B- hX �#2- _X PF�KQiQ- �M/ hX PibmF�- S?vbX _2pX * Ne- y89jRk UkyRdVX

(R99) hX JBv�;B- hX �#2- JX EQ?MQ- SX L�p`�iBH- _X PF�KQiQ- hX PibmF�- LX a?BKBxm- �M/
aX _X ai`Q#2`;- S?vbX _2pX * Ryy- yj9jRy UkyRNVX

(R98) oX aQK¨- *X "�`#B2`B- �M/ hX .m;m2i- S?vbX _2pX * 3d- yRRjyj UkyRjVX

(R9e) >X >2`;2`i- aX "BM/2`- �X *�H+B- CX G�M;?�KK2`- �M/ _X _Qi?- S?vbX _2pX G2iiX RRy-
k9k8yR UkyRjVX

(R9d) >X >2`;2`i- aX EX "Q;M2`- hX .X JQ``Bb- aX "BM/2`- �X *�H+B- CX G�M;?�KK2`- �M/ _X _Qi?-
S?vbX _2pX * Ny- y9Rjyk UkyR9VX

(R93) EX hbmFBv�K�- aX EX "Q;M2`- �M/ �X a+?r2MF- S?vbX _2pX * 38- yeRjy9 UkyRkVX

(R9N) :X >�;2M- hX S�T2M#`Q+F- JX >DQ`i?@C2Mb2M- �M/ .X CX .2�M- _2TQ`ib QM S`Q;`2bb BM
S?vbB+b dd- yNejyk UkyR9VX

(R8y) GX >mi?- oX .m`�Mi- CX aBKQMBb- �M/ �X a+?r2MF- S?vbX _2pX * N3- y99jyR UkyR3VX

(R8R) aX "`QQFb- �X :2HK�M- :X CQM2b- �M/ sX@GX J2M;- >�M/#QQF Q7 J�`FQp *?�BM JQMi2
*�`HQ- *?�TK�M & >�HHf*_* >�M/#QQFb Q7 JQ/2`M ai�iBbiB+�H J2i?Q/b U*_* T`2bb-
kyRRVX

(R8k) *X �M/`B2m �M/ CX h?QKb- ai�iBbiB+b �M/ *QKTmiBM; R3- j9j Ukyy3VX

(R8j) aX .m�M2- �X E2MM2/v- "X CX S2M/H2iQM- �M/ .X _Qr2i?- S?vbB+b G2ii2`b " RN8- kRe
URN3dVX

(R89) ai�M- bi�i2@Q7@i?2@�`i TH�i7Q`K 7Q` bi�iBbiB+�H KQ/2HBM; �M/ ?B;?@T2`7Q`K�M+2 bi�iBbiB+�H
+QKTmi�iBQM ?iiTb,ffK+@bi�MXQ`;X

(R88) SvJ*- Tvi?QM KQ/mH2 i?�i BKTH2K2Mib "�v2bB�M bi�iBbiB+�H KQ/2Hb �M/ }iiBM; �H;Q@
`Bi?Kb- BM+Hm/BM; J�`FQp +?�BM JQMi2 *�`HQX ?iiT,ffTvK+@/2pbX;Bi?m#XBQfTvK+fX

(R8e) _X JX L2�H- �`sBp 2@T`BMib UkyRkV- �`sBp,RkyeXRNyR X

(R8d) �X �`BK� �M/ JX A+?BKm`�- lMTm#HBb?2/X

(R83) *X JX "Bb?QT- S�ii2`M _2+Q;MBiBQM �M/ J�+?BM2 G2�`MBM; UaT`BM;2`- kyyeVX
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Ryk "A"GAP:_�S>u

(R8N) "X �X "`QrM- S`Q;`2bb BM S�`iB+H2 �M/ Lm+H2�` S?vbB+b 9d- 8Rd UkyyRVX

(Rey) 1X *�m`B2`- :X J�`iőM2x@SBM2/Q- 6X LQr�+FB- �X SQp2b- �M/ �X SX wmF2`- _2pX JQ/X S?vbX
dd- 9kd Ukyy8VX

(ReR) hX PibmF�- �X :�/2- PX aQ`HBM- hX amxmFB- �M/ uX libmMQ- 1pQHmiBQM Q7 Mm+H2�` bi`m+im`2
BM 2tQiB+ Mm+H2B �M/ Mm+H2�` 7Q`+2b UkyR3V- �`sBp,R3y8Xye8yR X

(Rek) aX _X ai`Q#2`;- >X >2`;2`i- aX EX "Q;M2`- �M/ CX .X >QHi- �MMm�H _2pB2r Q7 Lm+H2�` �M/
S�`iB+H2 a+B2M+2 eN- jyd UkyRNVX

(Rej) .X SX EBM;K� �M/ CX "�- �/�K, � K2i?Q/ 7Q` biQ+?�biB+ QTiBKBx�iBQM UkyR9V-
�`sBp,R9RkXeN3y X

(Re9) 1La.6 /�i�#�b2- ?iiT,ffrrrXMM/+X#MHX;Qpf2Mb/7fX

(Re8) 1X EX q�`#m`iQM �M/ "X �X "`QrM- S?vbX _2pX * 9e- Nkj URNNkVX

(Ree) JX *?2`MvF?- >X 62H/K2B2`- hX L2z- SX pQM L2mK�MM@*Qb2H- �M/ �X _B+?i2`- S?vbX _2pX
G2iiX N3- yjk8yR UkyydVX

(Red) uX E�M�/�@1MǶvQ- S`Q;`2bb Q7 h?2Q`2iB+�H S?vbB+b RRd- e88 UkyydVX

(Re3) uX E�M�/�@1MǶvQ- S`Q;`2bb Q7 h?2Q`2iB+�H S?vbB+b RkR- 3N8 UkyyNVX

(ReN) SX J�`Bb- CX SX o�`v- �M/ �X JX a?B`QFQp- S?vbX _2pX * dN- yR9jy3 UkyyNVX

(Rdy) CX *�`HbQM- aX :�M/QH}- 6X S2/2`Bp�- aX *X SB2T2`- _X a+?B�pBHH�- EX 1X a+?KB/i- �M/
_X "X qB`BM;�- _2pX JQ/X S?vbX 3d- Ryed UkyR8VX

(RdR) >X hX 6Q`imM2- JX 1X *Q#2`M- aX JQ`/2+?�B- :X 1X JQQ`2- aX G�7`�M+2- �M/ _X JB//H2iQM-
S?vbX _2pX G2iiX 9y- Rkje URNd3VX

(Rdk) �X �X qQHi2`b- �X :X JX p�M >22b- �M/ SX qX JX :H�m/2K�Mb- S?vbX _2pX * 9k- kyek
URNNyVX

(Rdj) SX L�p`�iBH- CX SX o�`v- �M/ "X _X "�``2ii- S?vbX _2pX G2iiX 39- 8dk3 UkyyyVX

(Rd9) .X �`i?m` �M/ aX o�bbBHpBibFBB- AM S`Q+22/BM;b Q7 i?2 R3i? �MMm�H �*J@aA�J avKTQ@
bBmK QM .Bb+`2i2 �H;Q`Bi?Kb UkyydV Rykd@Ryj8 X

(Rd8) CX .Q?2i@1`�Hv- SX L�p`�iBH- aX Zm�;HBQMB- qX >Q`Bm+?B- :X >mTBM- �M/ 6X _�BKQM/B-
S?vbB+b G2ii2`b " d8d- 9jy UkyReVX
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"A"GAP:_�S>u Ryj

(Rde) CX JX _X 6Qt �M/ *X qX CQ?MbQM- lM+2`i�BMiv [m�MiB}+�iBQM Q7 �M 2KTB`B+�H b?2HH@KQ/2H
BMi2`�+iBQM mbBM; T`BM+BT�H +QKTQM2Mi �M�HvbBb UkyRNV- �`sBp,RNRRXy8ky3 X

(Rdd) aX uQb?B/�- LX a?BKBxm- hX hQ;�b?B- �M/ hX PibmF�- S?vbX _2pX * N3- yeRjyR UkyR3VX

(Rd3) hX amxmFB- _X 6mDBKQiQ- �M/ hX PibmF�- S?vbX _2pX * ed- y99jyk UkyyjVX

(RdN) *X um�M- hX amxmFB- hX PibmF�- 6X sm- �M/ LX hbmMQ/�- S?vbX _2pX * 38- ye9jk9 UkyRkVX

(R3y) SX J�`Bb- CX SX o�`v- SX L�p`�iBH- qX 1X P`K�M/- >X L�K- �M/ .X CX .2�M- S?vbX _2pX
G2iiX Rye- kyk8yk UkyRRVX

(R3R) >X JQ`Bi� �M/ uX E�M�/�@1MǶvQ- S?vbX _2pX * Ne- y99jR3 UkyRdVX

(R3k) aX uQb?B/�- LQM@T�`�K2i`B+ "�v2bB�M �TT`Q�+? iQ 2ti`�TQH�iBQM T`Q#H2Kb BM +QM};m`�@
iBQM BMi2`�+iBQM K2i?Q/b UkyRNV- �`sBp,RNydXy9Nd9 X

(R3j) "X _X "�``2ii- SX L�p`�iBH- �M/ CX SX o�`v- S`Q;`2bb BM S�`iB+H2 �M/ Lm+H2�` S?vbB+b eN-
RjR UkyRjVX

(R39) SX L�p`�iBH- aX Zm�;HBQMB- AX ai2i+m- �M/ "X _X "�``2ii- CQm`M�H Q7 S?vbB+b :, Lm+H2�`
�M/ S�`iB+H2 S?vbB+b je- y3jRyR UkyyNVX

(R38) AX CX a?BM- uX EBK- SX J�`Bb- CX SX o�`v- *X 6Q`bbûM- CX _Qim`2�m- �M/ LX JB+?2H- CQm`M�H
Q7 S?vbB+b :, Lm+H2�` �M/ S�`iB+H2 S?vbB+b 99- yd8Ryj UkyRdVX

(R3e) JX EX :X E`mb2- 1X .X Cm`;2MbQM- SX L�p`�iBH- "X _X "�``2ii- �M/ qX 1X P`K�M/- S?vbX
_2pX * 3d- y99jyR UkyRjVX

(R3d) SX J�`Bb- CX SX o�`v- �M/ �X JX a?B`QFQp- S?vbX _2pX * dN- yR9jy3 UkyyNVX

(R33) >X w?�M- �X LQ;;�- "X _X "�``2ii- CX SX o�`v- �M/ SX L�p`�iBH- S?vbX _2pX * eN- yj9jyk
Ukyy9VX

(R3N) aX �X *QQM- JX AX �p2iB�M- JX EX :X E`mb2- lX p�M EQH+F- SX J�`Bb- �M/ CX SX o�`v- S?vbX
_2pX * 3e- y89yyk UkyRkVX

(RNy) _X CX 6m`Mbi�?H- :X >�;2M- �M/ hX S�T2M#`Q+F- S?vbX _2pX * 3e- yjRjyR UkyRkVX

(RNR) aX LX JQ`2- �X 1Fbi`ƺK- _X CX 6m`Mbi�?H- :X >�;2M- �M/ hX S�T2M#`Q+F- S?vbX _2pX *
3d- y99jke UkyRjVX

(RNk) EX �X q2M/i- *X 6Q`bbûM- hX S�T2M#`Q+F- �M/ .X a  7- S?vbX _2pX * NR- yeRjyR UkyR8VX
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(RNj) *X 6Q`bbûM- "X .X *�`HbbQM- >X hX CQ?�MbbQM- .X a  7- �X "�Mb�H- :X >�;2M- �M/ hX S�@
T2M#`Q+F- S?vbX _2pX * Nd- yj9jk3 UkyR3VX

(RN9) *X aimKT7- hX qQH7;`m#2`- �M/ _X _Qi?- 1H2+i`QK�;M2iB+ bi`2M;i? /Bbi`B#miBQMb 7`QK
i?2 �# BMBiBQ MQ@+Q`2 b?2HH KQ/2H UkyRdV- �`sBp,RdyNXye39y X

(RN8) hX �#2- SX J�`Bb- hX PibmF�- LX a?BKBxm- uX libmMQ- �M/ CX SX o�`v- S?vbX _2pX * 3e-
y89jyR UkyRkVX

(RNe) GX GBm- hX PibmF�- LX a?BKBxm- uX libmMQ- �M/ _X _Qi?- S?vbX _2pX * 3e- yR9jyk UkyRkVX

(RNd) hX hQ;�b?B- uX hbmMQ/�- hX PibmF�- �M/ LX a?BKBxm- S?vbX _2pX G2iiX RRd- Rdk8yk
UkyReVX

(RN3) :X �X L2;QBi�- CX SX o�`v- :X _X Gm2+F2- SX J�`Bb- �X JX a?B`QFQp- AX CX a?BM- uX EBK-
1X :X L;- *X u�M;- JX GQ+FM2`- �M/ :X JX S`�#?m- S?vbX _2pX * NN- y89jy3 UkyRNVX

(RNN) qX :X CB�M;- :X >�;2M- �M/ hX S�T2M#`Q+F- S?vbX _2pX * Ryy- y89jke UkyRNVX

(kyy) *X 1X _�bKmbb2M �M/ *X EX AX qBHHB�Kb- :�mbbB�M S`Q+2bb2b 7Q` J�+?BM2 G2�`MBM; U�/�T@
iBp2 *QKTmi�iBQM �M/ J�+?BM2 G2�`MBM;V Uh?2 JAh S`2bb- kyy8VX

(kyR) GX L2m7+Qm`i- uX *�Q- qX L�x�`2rB+x- �M/ 6X oB2Mb- S?vbX _2pX * N3- yj9jR3 UkyR3VX

(kyk) _X �X o�`;�b@>2`M�M/2x- CX aQmb- JX "2`+Bm- �M/ _X oX E`2Kb- S?vbX _2pX G2iiX RkR-
k88dyk UkyR3VX

(kyj) aX .�b- :X aBQTbBb- �M/ *X q22/#`QQF- S?vbX _2pX � Nd- ykkjR8 UkyR3VX

(ky9) .X q22- CX EBK- aX "�M;- :X a�KbQMB/x2- �M/ "X EQxBMbFv- S?vbX _2pX J�i2`B�Hb j-
yjj3yj UkyRNVX

(ky8) GX L2m7+Qm`i- uX *�Q- qX L�x�`2rB+x- 1X PHb2M- �M/ 6X oB2Mb- S?vbX _2pX G2iiX Rkk-
yek8yk UkyRNVX

(kye) aX w?Qm- SX :BmH�MB- CX SB2F�`2rB+x- �X "?�ii�+?�`v�- �M/ .X S�iB- S?vbX _2pX * NN-
y88kyk UkyRNVX

(kyd) _X JX L2�H- "�v2bB�M G2�`MBM; 7Q` L2m`�H L2irQ`Fb- S?X.X i?2bBb- lMBp2`bBiv Q7 hQ`QMiQ
URNN8VX

(ky3) CX G22- uX "�?`B- _X LQp�F- aX aX a+?Q2M?QHx- CX S2MMBM;iQM- �M/ CX aQ?H@.B+Fbi2BM- .22T
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(kyN) .X JQ+?B?�b?B �M/ aX P#�- :�mbbB�M T`Q+2bb �M/ K�+?BM2 H2�`MBM; UAM C�T�M2b2V
UkyRNVX

(kRy) "X J�iû`M- aT�iB�H p�`B�iBQM- G2+im`2 MQi2b BM bi�iBbiB+b UaT`BM;2`@o2`H�;- RN3eVX

(kRR) JX GX ai2BM- AMi2`TQH�iBQM Q7 bT�iB�H /�i�- aT`BM;2` a2`B2b BM ai�iBbiB+b UaT`BM;2`@o2`H�;-
L2r uQ`F- RNNNVX

(kRk) wX LQmKB`- SX >QM2BM2- �M/ *X _B+?�`/- kyRk A111 AMi2`M�iBQM�H qQ`Fb?QT QM J�+?BM2
G2�`MBM; 7Q` aB;M�H S`Q+2bbBM; RyXRRyNfJGaSXkyRkXej9Nd8j UkyRkVX

(kRj) aX uQb?B/�- :Bi>m# `2TQbBiQ`v,Abbm2PM:Sb ?iiTb,ff;Bi?m#X+QKfaQi�uQb?B/�f
Abbm2PM:Sb X

(kR9) LX :Q`/QM- .X a�HKQM/- �M/ �X aKBi?- A111 S`Q+22/BM;b 6- _�/�` �M/ aB;M�H S`Q+2bbBM;
R9y- Ryd URNNjVX

(kR8) .X 6`�K2- _X >2- AX ATb2M- .X G22- .X G22- �M/ 1X _`�T�D- S?vbX _2pX G2iiX RkR- yjk8yR
UkyR3VX

(kRe) aX EƺMB;- �X 1Fbi`ƺK- EX >2#2H2`- .X G22- �M/ �X a+?r2MF- 1B;2Mp2+iQ` +QMiBM@
m�iBQM �b �M 2{+B2Mi �M/ �++m`�i2 2KmH�iQ` 7Q` mM+2`i�BMiv [m�MiB}+�iBQM UkyRNV-
�`sBp,RNyNXy399e X

(kRd) �X 1Fbi`ƺK �M/ :X >�;2M- S?vbX _2pX G2iiX Rkj- k8k8yR UkyRNVX

(kR3) aX _X ai`Q#2`;- :Bi>m# `2TQbBiQ`v,S_GRR3yjk8yk ?iiTb,ff;Bi?m#X+QKf
`�;M�`bi`Q#2`;fS_GRR3yjk8yk X

(kRN) aX uQb?B/�- uX libmMQ- LX a?BKBxm- �M/ hX PibmF�- S?vbX _2pX * Nd- y89jkR UkyR3VX

(kky) CmHB� H�M;m�;2 ?iiTb,ffDmHB�H�M;XQ`;X

(kkR) CX 6�B`#`Qi?2`- *X L2K2i?- JX _Bb+?�`/- CX "`2�- �M/ hX SBM/2`- UkyR3V-
�`sBp,R3RkXyNye9 X
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