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A higher rank Euler system for the multiplicative
group over a totally real field
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Euler systems were introduced by Kolyvagin in order to study the structure of Selmer groups
of elliptic curves. The theory of Euler systems has been playing a crucial role in studying the
arithmetic of global Galois representations. However, there are very few known examples of
Euler systems (see [11, 14, 15, 16, 21]).

In the paper [19], Perrin-Riou introduced the notion of higher rank Euler systems. However, at
the present moment, we know an example of a higher rank Euler system only in the GLy x GLo-
case (see [8, 9, 10]). In this paper, we construct a higher rank Euler system for the multiplicative
group over a totally real field by using the classical Iwasawa main conjecture for totally real fields
proved by Wiles in [23].

To explain the result we obtain in this article more precisely, we introduce some notations.
Let k be a totally real field with degree r := [k: Q] and

—X
x: Gy —Q
a non-trivial finite order even character. Here, for a field k', we write Gy for the absolute

Galois group of k'. Put L := Eker(X). Let p be an odd prime such that both the order of y

and the class number of k are coprime to p. Fix a finite abelian p-extension K/k satisfying
Sram (K/k) N (Sp(k) U Sram(L/k)) = 0. Here Sp(k) denotes the set of all primes of k above p
and, for an algebraic extension K'/k, we write Syam (K'/k) for the set of all primes of & at which
K'/k is ramified. Fix an embedding Q — Q, and put

O :=Z,[im(x)] and T:=0(1)® x "

We write Mg, o for the maximal p-ramified pro-p abelian extension of K L(p,e). We note that
Mkr,00/k is a Galois extension. Since Mgr oo/K L(ftp) is an abelian extension, the Galois
group Gal(K L(upe)/k) acts on the Galois group Gal(Mgy, oo/ K L(pp)). Furthermore, by
using this Galois action, we see that the module
Xk = 0®z, Gal(Mkr 0o/ KL(pip>))
has an O[[Gal(K L(ppe)/k)]]-module structure. Let koo /k denote the cyclotomic Z,-extension.
Then we have the canonical isomorphism
Gal(K L(pp=)/k) — Gal(koo K /k) x Gal(L(p)/k)

since p 1 [L: k]. Set
1 —1
€x ‘= m Z X(O’)O' .

o€Gal(L(up)/k)
By the above isomorphism, we see that the Iwasawa module

X% = e Xk
is a Ag = O[[Gal(keo K/k)]]-module.
Suppose that
o HYGy,,T/mT) = H*(Gy,,T/mT) = 0 for each prime p € S,(k),

where m denotes the maximal ideal of @. Then one can show that, for any finite abelian extension
K'/k and prime p € S,(k), the O[Gal(K'/k)]-module

HY(Gy,,Indgx (T))
is free of rank [k, : Qp]. Fix an isomorphism
lim @ H (G, , IndG X' (T)) = lim O[Gal(K' /k)]',
K plp K

where K’ runs over all the finite abelian extensions of k.



For each integer s > 0, we denote by ES,(7") the module of Euler systems of rank s for 7T
The above fixed isomorphism induces an injective ‘rank reduction’” homomorphism

ES,(T) — ESo(T).

Remark 0.1. A rank reduction homomorphism ES,.(T)) — ES,(T) (for 0 < s < r) was considered
firstly by Rubin in [20] and Perrin-Riou in [19]. After that, in the papers [4, 5, 6], Bliyitkboduk
developed a machinery for higher rank Euler systems by using the rank reduction homomorphism.

An Euler system of rank 0 is a collection of elements in group rings satisfying certain norm-
relations, and, philosophically, it should be related to p-adic L-functions. We actually see that
the collection of p-adic L-functions for the multiplicative group over totally real fields is an Euler
system of rank 0. Let £X € ESo(T) denote this Euler system.

Under this setting, the following is the main result of this paper.

Theorem 0.2. Suppose that
o HY(Gy,,T/mT) = H*(Gy,,T/mT) = 0 for each prime p of k above p, and
e the module X)X is p-torsion-free.

Then there is a unique Euler system of rank r in ES,.(T) such that its image under the injection

ES,(T) — ESo(T) is L.

A key ingredient of the proof of Theorem 0.2 is to generalize the notion of the characteristic
ideal. In order to define the characteristic ideal of a finitely generated torsion module over a
noetherian ring R, we need to impose that R is a normal ring since the definition relies on the
structure theorem for finitely generated modules over a normal ring. In this paper, by using an
exterior bi-dual instead of the structure theorem, we give a new definition of the characteristic
ideal. This new definition is applicable to a finitely generated module over any noetherian ring,
and we can compute the image of the injection ES,.(T") — ESy(7T') by using characteristic ideals
of certain Iwasawa modules. Furthermore, by using the classical Iwasawa main conjecture for
totally real fields proved by Wiles in [23], we show that the image contains the Euler system LX.

As an application of Theorem 0.2, by using the theory of higher rank Euler, Kolyvagin
and Stark systems (which have been developed by Rubin in [21], Mazur-Rubin in [17, 18],
Biiyiikboduk in [4, 5, 6, 7], the author in [22], Burns—Sano in [3], and Burns-Sano and the
author in [1, 2]), we prove that all higher Fitting ideals of X% are described by analytic invari-
ants canonically associated with Stickelberger elements. To be more precise, one can define an
increasing sequence {O% . }i>o of ideals of the Iwasawa algebra Ax = O[[Gal(ks K /k)]]. The
ideals G)iK’OO are generated by some Kolyvagin derivative classes associated with Stickelberger
elements.

Corollary 0.3. Suppose that
e the same assumptions as in Theorem 0.2 hold, and
o H?(kq,T/mT) vanishes for each prime q € Syam(K/k).
Then, for any integer i > 0, we have
.00 = Fitty  (XX).
Remark 0.4. When K = k, Corollary 0.3 has already been proved by Kurihara in [12, 13]. Hence
Corollary 0.3 can be viewed as an equivariant generalization of Kurihara’s result.
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