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Abstract

In this dissertation, well-posedness, asymptotic stability and derivation for partial
differential equations (PDE for short) related to the Navier-Stokes equations is con-
sidered. The Navier-Stokes equation is one of a most fundamental equation in fluid
dynamics, and there is a large number of literature on the mathematical analy-
sis. PDEs considered in this dissertation are deeply involved with fluid phenomena
familiar to us, e.g. vortex, weather forecasts, and free boundary problems.

In Chapter 1 asymptotic stability of the three-dimensional Oseen vortex is con-
sidered. The three-dimensional Oseen vortex is one of a fundamental model for
three-dimensional vortex and also an exact solution to the Navier-Stokes equations.
The main result in this chapter is L?-asymptotic stability of the three-dimensional
Oseen vortex under the large perturbation on a periodic layer.

Mathematical studies for the Oseen vortex have been basically intended for
the two-dimensional case and there are few mathematical results on the three-
dimensional Oseen vortex. In the two-dimensional case, there are many researches
on the Oseen vortex on stability. Especially, asymptotic stability of two-dimensional
Oseen vortex on R? with arbitrary total circulation has been established. However,
asymptotic stability of three-dimensional Oseen vortex on R? is still open even if to-
tal circulation is small. Difficulties of mathematical analysis of the three-dimensional
Oseen vortex are that no spatial decay in the vertical direction is obtained, three-
dimensional Oseen vortex has strong singularity, and inequalities that hold for the
mild solutions of the three-dimensional Navier-Stokes equations are not applicable
for the three-dimensional Oseen vortex.

The main result in this section is L2-asymptotic stability of the three-dimensional
Oseen vortex for large initial perturbation on an infinite layer R? x T. Idea of the
proof is based on consideration that methods used in the two-dimensional case are
applicable when the domain is close to R2. Strategy to show the asymptotic stability
is based on energy estimate for the perturbed equation. First, the weak solution
to the perturbed equation is constructed. We first show the existence of the weak
solution to the perturbed equations with logarithmic energy estimate. Finiteness
of vertical length of the domain is essentially used in the construction. In fact,
we construct a local-in-time strong solution that belongs to a subspace of L? using
finiteness of vertical length and extend this solution in L? to get global in time weak
solution. This procedure needed to avoid strong singularity of the initial data to the
three-dimensional Oseen vortex. To show L? decay at infinity, the solution is divided



into two parts; the averaged part on the vertical variable and the average-free part.
The Poincaré inequality is applicable to the average-free part to get the decay. The
former part is independent of the vertical variable. We derive the equations that
the averaged part satisfies and show the decay by two-dimensional arguments.

In Chapter 2, justification of the derivation of primitive equations is considered.
Compared with the Navier-Stokes equations, the equation of the vertical component
of the vector field w in the Navier-Stokes equations is replaced by the hydrostatic
approximation in the primitive equations. The primitive equations describe the
motion of the fluid filled in a thin domain, e.g. ocean and atmosphere, and is
used to the prediction of the motion of the atmosphere and weather. Global well-
posedness of the primitive equations in Sobolev space H'! is known. Inspired by this
fact, the primitive equations have been actively studied from a mathematical point
of view in recent years.

The primitive equations is formally derived from the Navier-Stokes equations
with anisotropic viscosity; the horizontal viscosity is O(1) and the vertical one is
O(g?). Applying change of variable to this equations, we find the scaled Navier-
Stokes equations (SNS)

ov—Av+u-Vo+Vyp=0,
0.p

z
52

ow — Aw +u-Vw + =0,

divu =0,

where u = (v, w), v and w are horizontal velocity and vertical velocity, respectively,
and p is the pressure. Vg is the horizontal gradient,div is the divergence, A is the
Laplace operator. Taking ¢ — 0 for (SNS), we can formally derive the primitive
equation. Justification of the above formal derivation from a mathematical point of
view gives us information on the relationship between the primitive equations and
the Navier-Stokes equations and new insights into the global well-posedness of the
Navier-Stokes equations.

Our aim of this chapter is to justify the derivation of the primitive equations
from (SNS) and, at the same time, prove the global well-posedness of the scaled
Navier-Stokes equations under LP-L? maximal-regularity settings on the flat torus
T3. Recently, justification of the derivation in L2-framework with precise con-
vergence rate O(g) was obtained. Global well-posedness of (SNS) for HZ%-initial
data was also proved. The main result of this section is the mathematical jus-
tification of the derivation of primitive equations in the maximal regularity class
E(T) = Whr(0,T; LY(T?)) N LP(0, T; W*4(T?)) (T > 0) for 1 < p,q < oo with ap-
propriate conditions due to Sobolev embeddings, where L" is the Lebesgue space and
W™ is the m-th order Sobolev space for a positive integer m and r € (1,00). An-
other important result of this section is global well-posedness of (SNS) in E,(T") for
small €. Note that global well-posedness of the primitive equations in the maximal
regularity class is known.

We derive the equation that difference between the solution of the primitive
equation and the solution of (SNS) satisfies, and estimate the solution to the equa-
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tions of difference by O(e). The basic idea is based on what small data implies
global existence of the solution. Two problems need to be solved: the maximal
regularity of the linearization operator and the improved regularity result for the
vertical velocity of the solution to the primitive equations w. The former is shown
by using scaling, L?-boundedness of the Riesz operator, and maximal regularity of
the Laplace operator. The latter is needed to estimate error terms in the equations
of the difference. Since the primitive equations have no equation describing time
evolution of w, less regularity for w has been only known. This difficulty is solved by
deriving the non-linear parabolic equations that w satisfies from the time evolution
of v and divergence-free condition, and estimate this equation by maximal regular-
ity of the Laplace operator. Combining with and the Fujita-Kato’s iteration, we
construct the solution to the equation of the difference and, at the same time, show
the justification of the derivation. This chapter is based on joint work with Profes-
sor Yoshikazu Giga, Professor Matthias Hieber, Professor Amru Hussein, Professor
Takahito Kashiwabara and Doctor Marc Wrona.

In Chapter 3, we extend the result of Chapter 2 into the Dirichlet boundary
condition. Namely, we justify the derivation of the primitive equations and prove
the global well-posedness of the scaled Navier-Stokes equations(SNS) in maximal-
regularity class Ei(T) on T? x (—1,1) under the two boundary condition. Note
that the case of the Dirichlet-Neumann boundary condition is included by reflection
argument. It is rather important to consider the case of such boundary condi-
tions than the periodic boundary condition since the Dirichlet boundary condition
is physically more reasonable. Note that there is no result on the justification of the
derivation even in L2-settings under the Dirichlet boundary condition. Moreover,
we also obtain global well-posedness of (SNS) in maximal regularity class for small
€.

The main difficulty is to prove the maximal regularity of the anisotropic Stokes
operator, which is the linearized operator for (SNS), with uniform estimate on € and
the improved regularity result for w. To show maximal regularity of the anisotropic
Stokes operator is substantially difficult and complicated compared with periodic
case by the effect of the boundary. Moreover, the scaling argument used in Section
2 is not applicable. Sufficient conditions to show maximal regularity for linearized
operators have beed studied by many researchers. For instance, bounded imaginary
power (BIP), bounded H*-calculus and R sectoriality of the semigroup are typical
sufficient conditions. In this chapter BIP of the anisotropic Stokes operator is proved.
If we try to check other sufficient conditions, it is difficult to find e-dependence of the
estimate. The proof of BIP of the anisotropic Stokes operator is based on a concrete
calculation of symbol and boundedness of Fourier multiplier operator and singular
integral operator. It enables us to find the contribution of ¢ clearly and to establish
uniform estimate on €. To prove improved regularity is also harder than the case
of periodic boundary condition since the method used in the periodic case does not
work directly by the effect of boundary. If we apply the method used in Chapter 2
directly, second order derivative at the boundary appears. It is impossible to bound
this term from above by interior W2P-norm. Thus, we use a cut-off technique to
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avoid this difficulty. We introduce a cut-off function ¢ to eliminate the effect near
the boundary, multiply this function to vertical component of vector fields w and
seek the solution that ¢w satisfies. Applying maximal regularity to the equation
and summing up each function with cut-off, we have improved regularity of w. The
result of this chapter is joint work with Professor Yoshikazu Giga and Professor
Takahito Kashiwabara.

In Chapter 4 we consider global well-posedness of higher order linear elliptic
problem with dynamic boundary conditions in LP-L? maximal regularity settings
on bounded domain and exterior domain. Time derivative is included in boundary
conditions in the case of dynamic boundary conditions. These types of problems are
considered as the linearized equations for the various non-linear equations related to
free-boundary problems. In recent years, free boundary problems have been actively
studied in various types of problems, including those related to fluid mechanics. Free
boundary problems are not always second-order and semi-linear equations, there are
many quasi-linear problems with higher-order terms. It is known that approaches
using maximal regularity are more effective to obtain local well-posedness for free-
boundary problems rather than semi-group approaches. Therefore, considering the
well-posedness of general elliptic problems with dynamic boundary conditions in
maximal regularity settings leads to a comprehensive understanding of various free
boundary problems. Well-posedness of higher-order linear parabolic problems with
dynamic boundary conditions in general settings have already known. On the other
hand, for the elliptic problem with dynamic boundary condition with general set-
tings, well-posedness is not known.

The main result in this chapter is that, for bounded domains, or exterior domain,
the above linear elliptic equation with dynamic boundary conditions is well-posed
in the class of maximal regularity under conditions appropriate for each coefficient.
We first establish the maximal regularity result in the half-space. Then extend this
results into bounded and exterior domains with canonical way. In the case of the
half space, we first seek the solution formula of Laplace-Fourier multiplier type on
the half space with constant coefficients. To get the solution formula of the solution,
so-called Lopatinskii-Shapiro condition is needed. This condition ensures solvability
of the ordinal differential equations which is obtained by applying partial Fourier
transform with respect to ' = (z1, -, z,_1)-variable. To show the boundedness of
the Laplace-Fourier multiplier, asymptotic Lopatinskii-Shapiro condition is needed.
This condition is used to control boundedness the multiplier at infinity. Combining
with the boundedness of the Laplace-Fourier multiplier and operator valued Fourier
multiplier theorem and H-calculus, we obtained the boundedness solution opera-
tor. The result of this chapter is joint work with Doctor Naoto Kajiwara.
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Chapter 1

Asymptotic Stability of Small
Oseen Type Vortex under
Three-Dimensional Large
Perturbation

We consider the three-dimensional Navier-Stokes equations whose initial data
may have infinite kinetic energy. We establish unique existence of the mild so-
lution to the Navier-Stokes equations for small initial data in the whole space
R3 and a vertically periodic product space R? x T! which may be constant in
vertical direction so that it includes the Oseen vortex. We further discuss its
asymptotic stability under arbitrarily large three dimensional perturbation in
R? x T!.

1.1 Introduction

Let Q be R? or R? x T!, where T! = R/Z is one dimensional flat torus. We consider
the incompressible Navier-Stokes equations

Ou—Au+u-Vu+Vp=0 in Qx(0,00),
divu =0 in Q x (0,00), (1.1.1)
u(0) = ug in Q,

where u = (uy(z,t),us(x,t),us(x,t)) and p(x,t) respectively stand for an unknown
velocity field and a pressure. The functions uy denote a given initial velocity. d;,
A denotes partial derivative in time and Laplace operator on the Euclidean space
respectively. The differential operator u - V denotes ), <j<3 u;0;.

Let us recall a special self-similar solution called the three dimensional Oseen
vortex or Lamb-Oseen vortex:

L(—xg,xl,()) o |Ih‘2
2 x|

Os(zp, Ty, t) =



where I' is the total circulations. The two-dimensional Oseen vortex is a solution to
the Navier-Stokes equations whose initial vorticity is a Dirac measure supported at
the origin, and it is one of the simplest vortex. The three-dimensional Oseen vortex
is an extension of two-dimensional one.

The goals of this chapter are summarized as follows;

(1) We construct a unique solutions with non-smooth and singular initial data so
that the Oseen vortex is included as a three-dimensional flow,

2) We discuss its BS}/IIlpt()tiC stal)lhty under large three-dimensional perturbati(m
g
periodic in vertical direction.

There are many results on the existence of the solution to () It is well
known that Leray [17] showed the existence of a global-in-time weak solution u in
R™ to ([L.1.1)) satisfying the following energy estimate:

t
lu(T)I1Z2 +/O IVu()IZ2d7 < Jluollz:

for initial data uy € L2. Unfortunately, the Oseen vortex is not a Leray’s weak
solution since the energy of the Oseen vortex is infinite.

For non-L?-initial data, Kato [11] proved that (E) is globally well-posed for
small L™-initial data in R™ with m > 2 by using iteration to the integral formulation

of (L.L.1):

u(t) = e®ug — / eIAP(u(r) - Vu(r))dr, (1.1.3)

0

where e/ and P are the heat kernel and the Helmholtz projection respectively. The
choice of function space is related to the scaling transformation:

v(x,t) = Az, A%t),  p(z,t) — Np(Az, A\%t),

which dose not change the equation. Scale-invariant function spaces are critical
ones that iteration method works. In this case L™(R™) and L L"(R™ x (0, 00))
are scale-invariant function space under the above scaling transformation. Indepen-
dently, Giga and Miyakawa [7] proved the existence of the solutions in L"(R") in
bounded domains with the Dirichlet boundary condition. The result of this paper
was obtained even before [11] but it took long time to be published after the paper
was accepted.

In three-dimensional case, L3(R?) is one of scale-critical function spaces, but it
does not include homogeneous functions like ﬁ This means that L3(R?) is too
restrictive to construct a self-similar solution. In this direction, Giga and Miyakawa
[6] proved that the vorticity equations is well-posed for small initial data and there is
a unique self-similar solution by taking initial vorticity in the Morrey space M 2 (R3).
The Morrey space is scale-invariant and include homogeneous functions. Moreover,
since rotOs(+,0) € M2, the result of [6] provides a class of function space of solution
to the Navier-Stokes equations which includes the three dimensional Oseen vortex



provided that I' is sufficiently small. However, in [6], smoothness for initial data
is needed to define rotuy. For instance, for a bounded function ©(z) on the two
dimensional unit sphere whose derivative is not a Radon measure, rot(@(%)Os(x, 0))

is not in M2. On the other hand, Kozono and Yamazaki [14] proved well-posedness
for small initial data in weak-L? space in two-dimensional exterior domains. Since
the two-dimensional Oseen vortex is in weak-L? space, the Oseen vortex belongs to
the class of solutions provied in [14] Moreover, there is no restriction on smoothness
of initial data in [14]. In Cannone [2] and Koch and Tataru [12], it was showed that

() is globally well-posed for small initial data in the Besov spaces B,, i:; ?(R")
(1 < p < o0) and BMO™(R™) space respectively. The result of [12] is the most
general on the well-posedness to (h)

Our second aim is to show L%-asymptotic stability to the solution that is con-
structed in the first aim under large three-dimensional perturbation. We call a basic
flow b, which is a solution to the Navier-Stokes equations, is L?-asymptotically sta-
ble if we perturb its initial data by by each solenoidal vector field vy belonging to
the appropriate function space, then there exists a solution to the Navier-Stokes
equations u with initial data uy = by + vy such that the difference of u between
b or sometimes the difference of u between b (or b + e'®v, if necessary) goes to
zero as t — oo in L? topology. Asymptotic stability for the Navier-Stokes equa-
tions has been widely studied. However, there are few the results on the asymp-
totic stability under large perturbation. In three-dimensional case, Schonbek [20]
proved that 0 is asymptotically stable for L?N L!-perturbation on R3. Subsequently,
Miyakawa and Schonbek [19] study optimal decay rate. On the other hand, Kozono
[13] proved asymptotic stability for the Leray’s weak solution u € LYL? satisfying
Serrin’s condition [21] (2 + 2 =1 for 2 < p < 00 and 3 < ¢ < 00) on uniformly C*
domains. This result allows unbounded domains such as a exterior domain or a do-
main with non-compact boundbary. Karch, Pilarczyk and Schonbek [10] proved L*-
asymptotic stability for small mild solution V' € A, where X, is a function space of
solenoidal vector fields satisfying [(v - VV,w)| < C(sup,~ol|V ()| 2,) |V 2 || Vw]| 12
for all v, w € L°L2 N L2H}. This result allows many function spaces. For instance,
weak L? space satisfies above estimate, and then it is a subspace of X,. The decay
rate to L*»*°-mild solutions was also studied by [8]. Although [10] is the most com-
prehensive result for the asymptotic stability of small mild solutions to (lel), the
three dimensional Oseen vortex is not included in this result.

In the two-dimensional case, Maekawa [18] proved asymptotic stability for the

solutions obtained by [14] under @Lz,m—large perturbation in the whole space and
the exterior domain. This result give us asymptotic stability to the small two-
dimensional Oseen vortex.

Let us consider our two problems in more detail. For the first problem, since
the two-dimensional Oseen vortex is in L?* and three dimensional Oseen vortex is
independent of z, variable, it is good idea to construct mild solution in an anisotropic
function space Y? := LL>> with the norm ||f|ly> = ||||f(xh,xv)||Li,oo||Lgo. Note
the three dimensional Oseen vortex is in Y2 at fixed time. Moreover, Y? is scale-
invariant under the natural scaling and does not require any smoothness. In fact,



we are able to construct a mild solution in this space for small initial data by using
iteration. To this end it is needed to establish some LP-L4-like estimates for the heat
kernel and the composite operator ¢! P div. LP-L9 estimate for the heat kernel and
the composite operator is well-known, but LP-L9%like estimate for their operators
in anisotropic spaces something like Y2 are not yet well studied. For that reason
we first show LP-L4-like estimates, after that, we construct mild solution to ([L.1.1)).
Althought the method is almost the same as [6] and [14], the choice of function space
is new. Moreover, it is possible to construct mild solution to initial data which is
not covered by [6] such as highly oscillating one.

Our second aim is to show asymptotic stability of mild solutions obtained in
the first aim under arbitrarily large initial perturbation. Let b be a solution to
(IL.1.1)) with initial data by constructed in our first aim, which is a basic flow, and

——L%> . e . .
vo € LGy, (R? X T') be a arbitrary large initial perturbation. By choice of vy,
it can be decomposed as

Vg = Ug + boe,

where vy € L fh% T') and |[bo.e|ly2(@2xm) < € for arbitrary small € > 0. Let
u is a solution to ([L.1.1) with initial data by + vo. Under this condition, we can
show limy_oo[lu(t) — b(t) — e®vp|r2®exm) < Ce, where C' > 0 is independent of
e. If initial perturbation belongs to better space, taking ¢ = 0, we can also show
limy oo [Ju(t) — b(t)|| L2r2 <11y = O Without restriction on size of initial perturbation.
This means asymptotic stability of b. Let us introduce our strategy to this end. We
need several steps. For the basic flow b with initial data by, we can construct a new
basic flow b with initial data by + bo. so that the difference ||b(t) — b(t)||v2(m2xt
can be estimated small enough since the difference of by and bo is sufficiently small.
v = u — b satisfies the following perturbed Navier-Stokes equations;

v —Av+v-Vot+b-Vu4+v-Vb+Vg=0 in R>x T x (0,00),
dive=0 in R?xT'x (0,00), (1.1.4)
v(0) =0y on R?x T

We have to show the existence of a weak solution to this equation and its decay.
Since the fifth term of the left-hand side of the above equation v - Vb has singularity
at ¢ = 0, it is difficult to get the energy inequality by integration by parts on
R2 x T x (0, T) for some T' > 0 and show the existence of a weak solution to ([L.1.4)
directly. To avoid this, we construct a unique local-in-time mild solution v to ([L.1.4)
on (0,7] for some T' > 0 with initial data 7y in a subspace of L?(R? x T!), after
that, we show the existence of global-in-time weak solution with initial data v(7T).
The local-in-time mild solution is constructed as [18]. We follow his approach. To
show the existence of a weak solution with initial data v(T"), we first construct a
unique solution to approximated equations to ([L.1.4) with energy inequality that is
independent of approximation parameter. Next, taking limit to the approximated
solution, we obtain a weak solution to ([L.1.4).

Finally, we prove the decay of ||v(t)|| 22«11 as t — oco. To prove this, since the
domain is vertically periodic, we can apply the Fourier expansion to v with respect
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to x, variable:

U(xha Ly, t) = UO(Ihyt) —+ Zvj<37h,t) 827r7jj
J#0
=1 0" + Vos.

Using orthogonality of the Fourier series, we can derive the equation that v° satisfies.
Since the averaged term v° is independent of z,, we can apply two-dimensional
argument as in [18] to get the decay of |[v%(t)||r2r2xm) as t — oo. Unfortunately,
because of the non-linearity of (ﬂ) and dependence of v,, on z, variable, it is
difficult to show the decay to the oscillating term by using same way as the averaged
term. However, we can avoid this difficulty using Poincare-type inequality and get
the decay of |[vos||r2m2x). It is worth to mention that there was no result on
asymptotic stability to the three-dimensional Oseen vortex under three-dimensional
perturbation, even if basic flows or initial perturbation are small, and domain has
no boundary. Our result is somewhat restrictive in terms of domain. We hope to
get similar result on R? under large L2-initial perturbation in future work.

This chapter is organized as follows. In first section, we define notations and
notions and state our main theorem. In section 2 the solutions to NS that contain the
three dimensional Oseen vortex are constructed by using the Fujita-Kato iteration
method. We state Maekawa’s decomposition to the Oseen type flows in section
3. The existence of the solutions to the perturbed Navier-Stokes equations with
logarithmic energy estimate is proved in section 4. In section 5 we establish energy
estimate for the low-frequency part to the zero Fourier mode. In this section some
lemmas that leads the energy decay to the oscillating part are shown. The final
section we establish the energy decay which implies the the asymptotic stability for
the solution that constructed in second section.

1.2 Notations and Main results

In this section, we introduce some notations to state our two main theorem and
introduce them. In three-dimensional case, we write a variable z of the form z =
(xn,2,) € R? x R, where xy, is a horizontal variable and z, is a vertical variable. 0;
is a partial derivative with respect to x;. For a multi-index o = (a1, ..., ) and
r = (T1,...,%,), we write 0% = 07" ...0%. For x = (z1,...,2,), 1 < m < n and
1 < ki ko, ..ok <, we write Oy = Ok, Ok, - - - Ok, We write V), = (91,02)"
and divy, = Vj-. The norm in a Banach space B is denoted by ||-||z. B, denotes
space of solenoidal vector fields belonging to B. C§°(M) denotes the set of all
smooth and compactly supported functions in a manifold M. & denotes the space of
all rapidly decreasing functions in the sense of Schwartz. S’ denotes its topological
dual, i.e. the space of tempered distribution. F f and f denote the Fourier transform

FRE) = f(6) = — /Rne—w-&fmdx.

(2m)2
LP(R™) denotes the Lebesgue spaces for 1 < p < oo with the standard norm. L7  is
locally LP space. LP(R™) denotes the Lorentz spaces for 1 <p < occand 1 < ¢ < o0
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with the quasi-norm

q dt

Q=

||f||Lp,q=p3(/ootq|{fB€R”'| @) > t}#)—

0
| fllinee = supt [{z € R"; | f(z)| > t}]>.

For s € R, H*(R") denotes the Bessel potential spaces HS(R'”) ={fed; |fllg: =
(1 + |€])*fll2 < oo} and the Riesz potential space H* := {f € &"; ||fllg. =
I11€]° fll2 < oo}. For a Banach space B, a domain U and ¢t € U, we write L'B
(1<p<x),L{'B(l<g<ocandl <r <oo)and H’B (s € R) as the B-
valued Lebesgue space, the B-valued Lorentz space and he B-valued Sobolev space,
respectively. When B is a Lebesgue space, a Lorentz space or a Sobolev space in a
domain 2 with variable x, we add a subscript x to B as B,. In three-dimensional
case, for 1 < p,r < oo and 1 < ¢ < oo, we abbreviate LE L&' as LELJ". For T > 0,
let us denote Q,perr the anisotropic space-time product space (R? x Tt) x (0, 7). We
denote by e*? the heat semi-group which is written by convolution form €2 f = G7x f
for the n-dimensional Gaussian kernel G*(z) = e~ 1*I*/4 /(47¢)"/2. We denote by P
the Helmholtz projection.

We define vertically anisotropic function spaces to define the mild solutions to
() that include the three dimensional Oseen vortex.

>

Definition 1.2.1. Let © = R3 or R2x T! and 1 < p,q < oo. The vertically
anisotropic space XP(€), X,(2) Y9(Q2) and Y,(Q2) are the space of functions that
are locally integrable and satisfy

Il = sup / Fan )P dza)b < o0,

I, = ( / (sup | fn, 7))t < oo

Ty

| fllye := supiup /\(|{xh e R%: |f(zp, 2| > )\}})% < 00,
Ty >0

1 ly, == sup A(
A>0

{an € R2; sup | f(zh,2,)| > A}|)7 < o0
Th
respectively, where |S| denotes the Lebesgue measure of S.

Remark 1.2.2. Y9 is larger than Y. Indeed, for z, € R and A > 0, we find

{x, € R?: sup |f(zn, z0)| > A} D {x, € R |f(xp, 2,)| > A}
T, ER
This implies
1
1 £llye = sup sup A([{zn € R?; [ f(zp,20)| > A}|)
zy€R A>0

< sup sup A(|{zn € B sup |f(wn, @,)| > A}|)¥
Ty, €ER A>0 z€R

= £y,



Definition 1.2.3. Let T > 0. Let
vo € L2(R* x TY),  be O Y2 ((R* x TY) x (0,T))

be a solution to () with initial data by € Y2(R? x T!) satisfying following esti-
mates

sup Hb(T)HYQ(RQX'JTl) S CHbOHYQ(RQXTl) (121)
0<r<T

1
sup T4 Hb(T)||X4(R2XT1) S CHbOHYQ(RQXTl)- (122)
0<r<T

A vector field v € C5, L2 N L7H((R* x T') x (0,T)) is called a weak solution to

the perturbed Navier-Stokes equations by b with initial data vy € L2(R? x T') if v
satisfies

Ov—Av+divo@v+v@b+b®v)+Vg=0 in (R*xT') x (0,7)
dive=0 in (R*xT") x (0,7)
v(0)=vy on RZxT!

(1.2.3)

in the sense of distribution with ¢ € L}L!

210c((0,T) x (R? x T')) with energy in-
equality;

t
()2 g + 2 / R —

)CQHbOH;l/Q(RQ XTl)

< ClHUOH%?(R?le)(l +1
for all t > 1, where C,C5 > 0 is independent of ¢, and continuity of initial data;
[v(t) — voll 22 xtry — 0 (1.2.4)
as t — 40.

Now, we state the main results in this chapter which the existence of the Oseen
type vortex and its asymptotic stability.

Theorem 1.2.4. Let Q = R? or R? x T'. Let ug € Y2(2). Then there exists
a positive number § > 0, if |lug|ly2) < 0, there ewists a unique mild solutions
u € LPY2(Q x (0,00)) of (1.1.1) such that

t
u(z,t) = eug —/ e A Pdivu(r) ® u(r))dr in Y?(Q)
0

for allt € (0,T), where e'® and P are the heat kernel and the Helmholtz projection
respectively, and

sup HU(t)HW(Q) < CHUOHW(Q), (1.2.5)
0<t<T
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1
sup t1||u(t)||X4(Q) S OHUQHyz(Q) (126)
0<t<T

Moreover, u is weakly continuous with initial data ug in the sense following sense;
lim [(u(t) — uo, )| =0,
t—0

for all g € (LYL}), N (L})Li’l)a, where % =141 foralli<i<3,

r

Remark 1.2.5. For uy € Y5,(Q2), unique existence of the unique mild solution to
() can be proved in Theorem [L.2.

The following corollary is the direct consequence of Theorem.

Corollary 1.2.6. Let uy € Y2(R3) satisfying Mug(Az) = ug(x) for all X > 0. Then
there exists 6 > 0 such that, if ||uolly2msy < d. there exists a_unique self-similar
mild solution u € LPYZ(R3 x (0,00)) to ) satisfying ) and u(z,t) =
Au(Az, \%t).

Theorem 1.2.7. Let 6 > 0 sufficiently small, by € Y?*(R*xT') be a solenoidal vector
fields satisfying ||bo||y2m2x1y < & and b is a mild solution to ) constructed by

Theorem with initial data by. Let vy € L;’OCgf’hLﬁ (R? x Tt) be a solenoidal

initial perturbation, which can be written as

Vo = 270 + 60, (127)

for B and by are solenoidal vector fields satisfying vy € L;jOC’g’Oh(R2 x T) and
bo € Y2(R? x T') with ||bo|ly2zxm) < € for some small € > 0. Let b be a mild
solution to ) constructed by Theorem with initial data ba+by. Then there
exits a weak solution © € L°L2 N L2H! (R? x T") x (0,00)) to @) perturbed by
b such that

IO [e— (1.28)
Moreover, u = v +b is a weak solution to ) with initial data vo + by such that
tliglo |u(t) = b(t) — v |L2(R2><T1) = Ce, (1.2.9)

where C' > 0 is independent of small § and small €.

Remark 1.2.8. 1. In ([1.2.9), —e'®vy is needed. ||u(t) — ()| 2 (me 1y does not
always decays at infinity since its initial data belongs to Y?(R? x T'). Role
of —e*®; is to remove this singularity of by and vy. Actually, we find from
definition of v and v, that

u(t) — b(t) — e®uq
= 0(t) + (b(t) — b(t) — ePby) —

First and third terms decays in L?-sense as t — oo since their initial data
belong to L*(R? x T!) or much better space. Second term also belongs to
L¥L2(R? x T!) since its initial data have no singularity.

8



2. € can be taken arbitrarily small by choice of vy, vy and I~)0.

3. In our proof, if vy € Xﬁ/B(R2 x TY) N X2(R? x T'), we can take ¢ = 0. Thus,
left hand side of (|L.2.9) equals to zero.

1.3 Construction of the Oseen type vortex

In this section, we prove Theorem . The next estimates for the heat semigroup
on our anisotropic spaces play a key role in this chapter.

Proposition 1.3.1. 1. Let 1 < ¢ <r < o0, a = (a1,a) be a multi-index and
x=(2',x,) = (21,...,24-1). Then

1

_n=1¢1_1y_la|
1921952 f | rqrmy < Ot 2 7072 || fl xaqgny (1.3.1)

for allt > 0 and f € XYR"™), where the constant C' > 0 depends only on n,
r, q and .

2. Let 1 < g <r < oo and a = (o, ) be a multi-index and x = (2, x,) =
(x1,...,Zn_1). Then

1

_n=1c1_1y_ o
1051022 fllyr@ny < Ct 7 G707 flyan (1.3.2)

for allt >0 and f € Y4(R?), where the constant C > 0 depends only onn, r,
q and «.

3. Let 1 <g<r<oo.Then

1

_g—n=l(l_1
H(@tA — BSA)fHXr(Rn) S C(t — S)et =5 (q T)Hf”Xq(R") (133)

for all0 < s <t and f € X9(R"), where the constant C > 0 depends only on
n, r and q.

4. Let 1 < g < r < oco. Then the composite operator e!®Pdiv extends to a
bounded operator from X9(R3) to X" (R") with

e PAivF ey < CHZ G072 | F | agan) (13.4)

for allt >0 and F € X4(R"™), where the constant C > 0 depends only on n,
r and q.

5. Letl<qg<r<ooand0< 0 <1. Then
_n=1¢1_1y g _1
(e —id)e!® PAivE || xr@ny < Ot 2 G707 260 F|| xoggen). (1.3.5)

for all s,t > 0 and F € X"(R"™), where the constant C' > 0 depends only on
n, r and q.



Proof. Let G} be the n-dimensional Gaussian kernel. Then we find from the Holder
inequality

/R 092G (zn — &) g (&) dEy

L
7

< / (002G (2 — )]

ag’r‘/ 1/’!’

<o ( [ 026t - &)l @) dgn) |
R

for all g € LY(R), and thus
oo e f| (2!, 2n)

x (032G (10— €))7 9 (60) d,

< Ct~zr / 022Gt (xn — &) Gy (2" =€) f(€,6,) de!| de,.
R Rn-1
We use the Fubini theorem and the Young inequality to get
1052050 F (-, )7,
<or® / / O an— )| [ 0nEr T — ) 1F(€, 6] dE| denda
Rn—1 Rn—1

r(n r(n—1) ( 1

<o / a2 GH(wn = &7 T T ()5 dC
—rlns 1Ly rep_ar o, T
= Ot GO T g6 x| (6,

Applying the Young inequality again, we have () () follows from interpo-
lation. Let us prove ([1.3.3). Since

t
(etA_esA)f:/ die‘rAde
S T
t
:/ Ae™ fdr,

S

then we find from () that

t
1€ = &) fllxr@m < C / JAC £l dr

1 l_l)

t
S C||f||X‘1(R")/ 1_T qa rdr

t
— _71 l_, _
<O D e [ 770

— _71 1
<Os™ TGt = 9) | fllxaqen).

We write the composite operator as convolution form

(e tAPleF Z kit *

1<k,1<3
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where

Kjpi(z) = djr + / 3G (@

Let o = (a1, @) be a multi-index with length three. Then we find from () that
||/too 8?leZ(x)d7' * Fk,lHL;,
< /tooHaf’szf * Fyallor, dr
= /OOH@;‘}@?jGZ * Fkl||L;,d7'
t
<o [P * B,
Thus it follows that
||/ G (x)dr * Fioyl xr @y

scwmumm/ ri
t

This implies () Since
s+t d
(e*® —id)e!® PdivF = / —e™APdivFdr
. dr
s+t
- / Aez?ez? PdivEdr,
t

we find from ()

s+t
I / Aez2e2? PAivFdr | xr@n)

! s+t .
< C/ T_1||65APdiVF||Xr(Rn)dT

t
s+t 3

chFHXq(Rn)/ I R IE,

t

_ s+t
swwmmm**—f%b/ -ty
t

< CHFHXQ Rn)t —a %7%)89.

This implies () O]
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Let T > 0 and uy € Y?,(R3). We inductively define the function u; as follows.
uy = e®ug (1.3.6)

t
uj = ePu; — / DA Pdiv(u; (1) © uy(7))dr (1.3.7)
0

for all t € (0,7) and positive integer j. Firstof all, we have to show uniform
boundedness of t%Huj (t)| x4(r3y and ||u;(t)||y2rsy on j to prove Theorem,.

Lemma 1.3.2. Let 5 be any positive integer. Then there exists a positive constant
C, Cy and Cy such that

1
su([))t1||u1(t)||x4(R3) S C||UO||y2(R3) (138)
t>

1 1 1
sup £ |uj1 ()| xarsy < Crsup ¢ ||ur ()] xars) + Ca(sup 7 Jui ()| xarsy)®. (1.3.9)
>0 >0 >0

Proof. (|1.3.8) is the direct consequence of () By definition of u; 1, we find

[[j42 () || x4 o)

¢
< Cllur(t)]] xa(rs) +/ 172 Pdiv(u; (1) @ u; (7)) || xagrsydr.
0
Using (L3.4), we get
t
11
lusall ey < Clla®llxses + € [ (6= 774 us(r) © (0 g
¢
11
< Cllu ()| x42) +C/ (t = 7) 7274 fluy () s sy
0

t
1 3 L
fCWﬂwm+0wmwwmwﬂmW/u_ﬂufmf
0

< Cllur||xasy + C(sup 77 [Juj ()| xazey) %1
for all t € (0,00). This implies the lemma. [

From Lemma , there exists some 0 < o < m, if sup,- t1 w1 ()] xaqm3y <
a, we obtain

1-— AV 1— 401020&

1.3.1
2, (1.3.10)

1
sup t4||u; (1) | xars) < Ao =
>0

Lemma 1.3.3. Let j be any positive integer. Then there exists positive constants
C, Ci and Cy such that

SUIO)||u1(t)||Y2(R3) < Clluo||y2(ms) (1.3.11)
t>

1
sup||uj1(t)[|y2@s)y < Crsup|lua(t)||yzms) + Co(sup t7||u;(t)|| xaws)?  (1.3.12)
>0 >0 >0
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Proof. () is the direct consequence of (]1.3.9). Let us show () We use

duality argument. Let ¢ € Cg5, (R3), then we find

[(uj41(2), )|
< |(uy(t), o) + /0 t ("2 Pdiv(u; (1) @ ui(7)), ¢)| dr
< [(ua(t), )] + Clld Nl r2e s /0 t!le‘t‘”APdivuj(T) ® uy(7)[| x4@sydr. (1.3.13)
Using (|L.3.4), we get
[(wj1(8), O] < [lua(®)lly2qes) [0l 1y p21 gy
+ Ol s P lassgen [ (6= 7) 3 b

1
< lur (O)llv2@) 191 a2 sy + C<Stl>1£)7—4||uj(T)||X4(R3))2||¢||L},Li(]1§3)
(1.3.14)

for all ¢ > 0. Since C§(R%) is dense in (LLLy") (IR?), the above estimate leads
(L3.19). O

Next, we show the uniform bound for ti||uj+1(t) — u;(t)]| xa(msy and |Jujqq(t) —
u;(t)||y2(rs) for all j > 1.

Proposition 1.3.4. Let j be any positive integer. Then there exists positive con-
stants C' and C; such that

1 1
sup t|[us(t) — ui(t)]| xagsy < C(supta||lug (t) || xars)?, (1.3.15)
>0 >0
1
sup ¢4 ||u;2(f) — wj1 ()| x4m9)
>0
1 1 1
< Cr(sup [ (£) | xagrey + sup £ |ujia () xa(rs)) sup £ [|ujea (8) — ;i (8) [ x4 ms)
>0 >0 >0
(1.3.16)
Proof. We find from definition of u, and (()
[[ua(t) = wa (£)] 2 ms)

t
< [ 16072 Piv(n(7) @ ua () o dr
0
t 4
< [ =) ) e
0

t
< 0(sup71||u1(7)||x4(R3))2/ (t—7) 37 2dr
>0 0

1

< c(surgﬁ\|u1<r>ux4<Rs>>2t 1
T>
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This lead () Similarly, we see from (|L.3.4)
[j42(t) — g ()| xa @)
< /OtHe(”)APdiV(um(T) ® uja(7) = 5 (1) @ u (7)) | x4meyd7
< C’/Ot e~ Pdiv((ujs1(7) — uj(1)) ® wj1(7)
= ui(7) ® (i1 (7) — u (7)) [ xa sy d7

t
_3
< C/O (t —7) " 4 (|ujga ()l xamey + 1w (7) | xasy) | wjea (1) — wi(7) || xaqmsyd

t
1 1 3 1
SC(Sul[:))T‘lHu]'HXAL(RZS))Su%)(T4|‘Uj+1(T)_Uj(T)HXZL(RZS))/ (t—7) 17 2dr.
T> T> 0

1 1 1
<Ct 4(Su1(f))7'4 l|us]| x4 (m3)) sulg(ﬂ |11 (7) — i (7)]| x4(m3))- (1.3.17)
T> T>
This estimate implies () ]

Proposition 1.3.5. Let j be any positive integer. Then there exists a positive
constant C' and Cy such that

1

sup||uz(t) — w1 (t)||lyzgs) < C(sup t|luy ()| xaes))?, (1.3.18)
t>0 t>0
supllu;a(t) = i1 (1)l v2(es)
>0

1 1
< Cy(sup 4 [|u; (t)|Lxss) + sup s |juj (£) [ xs(@3)

>0 >0

1
X stugt4 i1 () = w;(t)]] x(ms).- (1.3.19)
>

Proof. We use duality argument. Let ¢ € C§° (R?). Then () implies
[{ua(t) — ur(t), 9)|
t
/ (eWMAPdiv(uy (1) ® uy (7)), d)
0

< dr

t
1
SC/(t—T) 2 us (7) 5oy 0| 22 22 sy
0

t
1 L 1
SCSUPT4(||U1(T)||X4(1R3))2||¢||L},Li’1(R3)/(t—T) 277 2dr.
0

7>0
This implies () Using () again, we get
[(uj2(t) = ujpa(t), )|

< / (2 Pdiv (1 (7) ® i (7) — (7) ® (7)), &) dr
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t
< /0 (t = )72 ([l (7) | xsces) + [ (7)o o)
X i (1) = ui ()| x23) |9l L3 22 Ry dT
t
< CAx Stg]g(ﬁ 41 (T) = (7)o @) 1Dl Ly 221 s /0 (t—7)27 2dr
< CAel@lg21 ey 59D ity (7) = () o)

for all t > 0. Since C§%,(R?) is dense in (L}]Li’l)(7 (R3), we have () O
Take ||bg|ly2 so small that 2C} Ay, < 1, where C) is the constant appearing in
1.3.5
5

Proposition [1.3.4 and Proposition , then we find from Proposition[l.3.4 and
Proposition [1.3.5 that

1
E sup t4 ||u;p1 (t) — u;(t) | xamsy < oo,
o >0

> supllugia () = u;(1)]|y2(as) < oo.
t>0

Thus u; = up + Z?;é(uﬁl — u;) converge in A and L{°Y2((R?) x (0,00)). where A
is a vector valued measureable functions of f(z,t) in R? x (0, 00) such that || f||4 =
SUD;~q t%||f(t)||X4(R3) < 00. We denote lim;_,o, u; as u. Let us show continuity of
|w(t)] x2msy and |[u(t)||y2(ws)-

Proposition 1.3.6. Let u be a mild solutions to ) satisfying
1
sup|lu(t)|lyz + sup ¢4 ||u(t)]| x2 < oc.
>0 >0
Then u(t) is continuous in X*(R3) for t € (0,00).

Proof. It suffices to show lim,_; ol|u(t) — u(s)||xi@s)y = 0. Let 0 < s <t < oo0.
Then we find

lu(t) — u(s)|| xa(m3)
< ||emu0 — eSAu0|]X4

t
+/ [e""2 Pdiv(u(T) @ u(T)) || xa (s dT
+ / [ Pdiv(u(r) @ u(t)) — e* D2 Pdiv(u(r) @ u(7))|| x2ms)dT
0
= Il + IQ + ]3.
First, using (|1.3.3), we find
]1 = ||(e(t_s)A — id)GSAUO||X4(R3)

< Ot — )57 uol| x1(r3)-
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Second, we see from () that
t
B <C [ (= 1) ulr) [equndr

t
< C(sup71||u(¢)||x4(R3))2/ (t—7)"ir 2dr

>0

>0

t
< 0(sup7iuu(7)|yX4(R3))2s%/ (t—r)tdr

< Cloup(r! u(m) Lxsqasy)*s bt = )}

Finally, using ( , we obtain

I < /ll (1294 — id)e*=2 Pdiv(u(7) @ (7)) || xsms) d7

3

<Ot — s / (5 — 7)) e

1 o1
< C’(t—T)e(sugﬂHu(7')||X4(R3))25 1,
T>

Therefore, ||u(t) — u(s)||xirs — 0 as s — t — 0. The proposition is proved. O
Proposition 1.3.7. Let u be a mild solution for ) satisfying
1
sup|lu(t) |ly2ms) + sup t1||u(t)| xars) < 0o.
>0 >0
Then u(t) is weakly* continuous in Y2(R?) on t € (0, 00).

Proof. We use duality argument. Let ¢ € C5°(R?) and 0 < s < ¢ < oo. It suffices
to limgy—o [(u(t) — u(s), ¢)| = 0. It follows

[{u(t) = u(s), 9)]
I

< [{e"ug — e*ug, ¢)|

+

+

‘ )(STAPdlv( (1) @ u(r) |d7‘

/t| (1A Pdiv(u(r) @ u(r)), ¢)| dr
|

0
=0+ 1+ Is.

Set ¢ = e*2¢. Then we find

<e(tfs)A 7

I < Uy — U, §)| =
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< ‘(/R Gy, (x5 — y3) uo (', y3) dys, /R2 Gy (@' =) ¢ (v, x3)dy’ — ¢~5>

+

<u0,/cg (3 >q3<x',y3>dy3—03>\

y3 Ug (SU 2/3) dys
Y2(R3)

/RQ Gi, (2 =)o, x3)dy — &

2,1
LyLy, " (R3)

/RGLS (73— y3) & (¢, y3) dys — &

+ lluolly2 @)

2,1
LyLy, " (R3)

Thus, we find from continuity of heat semi-group and Lebesgue’s dominated con-
vergence theorem, I; — 0 as s — t — 0. It follows from ([1.3.4) that

|15 < C/tH@(t_T)APdiV(U(T) ® U(T))||X2(R3)||¢||L}}Li’l(R3)dT
<€ [t I B 611531yt
< Cloup () Lo Mol [ (0= 7) b
< Cs—%(STL;IST%|IU(T)||X4<R3))2||¢HL;JL$;1(R3) /t(t —7)"2dr

_1 1 1
< Cs7z(t— 3)2(5111874 ||u('r)||X4(R3))2||¢HL71JL$L,1(R3).
T>
This implies I, — 0 as s — t—0. Let 0 < 6 < 1. Using (), we find

|1 </ (% —id)e* 2 Pdiv(u(r) @ u(7))l| x2(9) |0 11 12 oy dT
<€ (= 10— ) ) e
< Ot = 5)(sup 7 ) o P10l g e /08(3_7)—4T—éd7
<Ot — s)es*ﬂs;ggri (7)) M1l g 120 s

This implies I3 — 0 as s — t—0. We have required continuity on (0, co). ]
The following Lemma implies the continuity to the initial data.

Lemma 1.3.8. Let 5 <1 < 2 and % =L+ 1. Let u be a mild solution for )
satisfying

1
sup||u(t) ||ly2msy 4+ sup t [|u(t) || x+@s) < oo.
>0 >0

17



Then
lim |(u(t) = uo, )| = 0,

for all ¢ € (LLLE) (R®)N (L;Lf;l)a (R?)

Proof. We use duality argument. Let ¢ € Cng(IR{?’) and t > 0. Then

We find from the Hoélder inequality
(e ug — uo, ¢)| = [{uo, €26 — ¢)]
<|([ Gtea-mun . [ G260y o)
R R

+

(uo, /]R th (3 —y3) ¢ (1‘/793) dys — ¢>‘

< /G% (3 — y3) uo (2, y3) dys
R

/RQ Gy (' =)oy, x5)dy — ¢

Y2(R3)

‘/R Gy (x5 —y3) & (2, y3) dys — ¢

2,1
LL1L; " (R3)

+ [[uolly2(rs) ‘
LYLy (R3)

Thus, we find from continuity of heat semi-group and Lebesgue’s dominated con-
vergence theorem

11| = 0 (1.3.20)

as t — 0. Next, let 3 <7 <2 and % =14 1. Applying (), we have

t
I, < / =72 P div (u(r) @ u(T)) | xr+x2 (19l 12 10 @3y L1 L2 @3 AT
0

t
_1
< C/o (t—7)"2lu(r) ® u(T)HXP(R3)+X2(R3)H(bHL}jLP'(R3)QL}JL2(]R3)(]R3)dT'
Using the Holder inequality, duality argument and interpolation inequality

[ fllza ey < CNfllr@®e)nzee),
we find

t
_1
I < C/ (t = 7)72 [[ul7) [ xo @)+ xm @) 10T [ s @) |0 1] 23 1o 3y 23 22 ey AT
0
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t
_1
SC/ (= 7) 2 lu(m) 2@ lu(m) | x1@) 10l L1 o o)L L2 sy A7
0

t
1 _1 1
< Cupl|(7)lvacee)) (sup 7 [u(m)llxs @) 10l 1 sy 2 es) /0 (t—7)27 3dr
1 1
< CE (s |[(7)lly2e) (sup 7 [l s @) 19l s )0 £2m9)-
This implies Is — 0 as t — 0. The lemma is proved. [

The following proposition implies the uniqueness of w.

Lemma 1.3.9. Let § > 0 sufficiently small and uq € Y2(R?) satisfying ||uo||ly2(rs) <
0. Then there exists at most one solutions u to ) with initial data uy € Y2(R3)
satisfying

1
iug)t4\|u(t)|\x4(R3) < Clluo|y2(rsy (1.3.21)
>

Proof. Let u; and uy be two solution to the Navier-Stokes equations satisfying
1 .
iugt‘*ﬂuj(t)ﬂxﬂm) < Cllugllyz@sy, j=1,2.
>
Then we obtain

t
HU1<2€) — Ug(t)HXAL(RB) < / He(tiT)APdiV(I“(T) X ul(T> — UQ<T> &® UQ(T))H)@(RS)dT
0

1 1
< C’(sul([))TZ |21 (7) || x4(m3) + sup 77 ||ug ()| x4(r3))
T> T>

t
x sup 7 [us (7) — UQ(T)\|X4(R3)/ (t— )i tdr
0

>0

1 1
< C't 1 Juo | yers suISTZ |1 (7) — w2 (7) || xa(m3).-
T>
If we take ¢ so small that C'||ugl|y2(rs) < 1, we find

1
suIO)7'4 |1 (7) — ua(7)|| x4(m3y = 0.
T>

The lemma is proved. O

When = R? x T, the mild solution u with initial data uy € Y?(Q) is periodic
with respect to vertical variable. Actually, if ug is periodic with respect vertical vari-
able, then by definition u; is also periodic with respect to same variable. Thus we
find u; is also periodic with respect to vertical variable inductively, and limit func-
tions also is periodic in same same variable. We complete the proof of Theorem.

Now, we prove () is locally-in-time well-posed for large initial data if its
singularity is sufficiently small.
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Theorem 1.3.10. Let € > 0 sufficiently small and uy € Y2(2) such that

limsup A |{z € Q; |ug(z)| > A\HY? < e. (1.3.22)

A—00

there exists T > 0 and a unique mild solution u to ) satisfying ), )

and ) for1/p=1/r+1/4 for all1/2 < 1/r < 3/4.
Proof. 1t is sufficient to show that there exists 7" > 0 such that

1
sup t4||€tAu0||X4(Q) <4
0<t<T

for some small 6 > 0. Actually, if we obtain this estimate, we find approximation
solutions u; (j =1,2,...) satisfy

sup |[u;(t)[ly2q) + sup t1/4||uj(t)||X4(Q) < 4. (1.3.23)
o<t<T o<t<T

for some C' > 0. Passing their limit as j — oo, limit vector field is a mild solution
to ([L.1.1)) satisfying (12{) By (1.3.23), up can be decomposed as

Uy = up + Uga, Where ug; € Y(Q), |luo|ly2e) < € and ugy € X4Q).

() implies

le" %ol xagqy < lle"tton | xay + e u0s] | o (1.3.24)
< Ct fluoallyzgo) + Clluoel xagoy - (1.3.25)
Thus we have
OiltlfT ti/4 ||etAu0||X4(Q) < Ce+CTY* o2l xaq - (1.3.26)
If we take T > 0 sufficiently small, we () We complete the proof. ]

1.4 Maekawa’s decompotion of basic flow and
their estimate

In this section, we decompose the basic flow as the Maekawa’s paper [18] to
show the asymptotic stability of the Oseen type vortex. Let us recall Maekawa’s
decomposition of basic flows in [18].

Proposition 1.4.1. (Maekawa’s decomposition of basic flow and their estimate
in two-dimensional case [18]) There exists a constant 6 > 0 such that, for any
by € L>*°(R?) with ||bo|| p2.cem2y < & and T > 1, the solution b to two dimensional
Navier-Stokes equation (|1.1.1) with initial data by is decomposed as b = by +b", for
br, b7 € L L2>°(R? x (0,00)) satisfy

1
Stu(IJ)HbT(t) HLQ,OQ(RQ) =+ iu%)(t + T)4 HbT<t)HL4(]R2) S CHbOHLQ»OO(]RQ) (1.4.1)
> >
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1
Su£)||bT(t)||L2,oo(Rz) + su%))t1||bT(t)||L4(Rz) < Cllbo || 200 (m2) (1.4.2)
t> t>

and bT also satisfies the energy estimate
t
167 ()1 Z2 gy +/1 IVO (7)o g2y dT < Clloo(R)[|72.0 g2y log(1 + 1) (1.4.3)

for allt > 1.

The following proposition is the Maekawa’s decomposition to the three dimen-
sional Oseen type vortex.

Proposition 1.4.2. (Maekawa’s decomposition of the Oseen type basic flow and
its estimate) There exists a constant § > 0 such that,_for any by € Y?*(R? x T')
with ||bo||y2@2xm) < 6 and T > 1, the solution b to ) with initial data by is
decomposed as b = br+b", where by and b” with by, b" € Cype ,Y2((R? X T1) x (0, 00))
satisfy

1

S,gug)HbT<t>HY2(R2XT1) —+ Stu([J)(t + T)4 ‘|bT(t)HX4(R2><T1) S CHb()Hyz(szTl) (1.4.4)
> >
1
Sug||bT(t)||y2(R2><Tl) + Sug)t4 ||bT(t)||X4(R2><T1) < OHb0||Y2(R2XT1) (1.4.5)
> t>

and b" also satisfies the energy estimate

t
HbT<t)H%2(R2><T1)+/ IV (7)1 72 g2 xry A7 < Cllboll32 gy log(1+T) - (1.4.6)
1

forallt > 1.

To show the Proposition , we have to decompose the initial data to the basic
flow b.

Proposition 1.4.3. Let T > 1 and b € Y?(R? x T'). Then there exists a positive
constant C' such that by can be decomposed as by = by + by satisfying
1
10,7 ly2®2xry + T ||bo7 || x2r2xTr) < Cllbolly2R2xT1) (1.4.7)

(2 - q)

2
||bg|’Y2(R2XT1) + Tl—l ||bgHXq(R2><'ﬂ‘1) < Cl|b0”y2(R2XTl)7 (148)
q 2

forall q € [5,2).
Proof. 1t follows from Lemma 3.2 in [18] that

1
B0, (-, o) | 20 2y + T4 [0, (- @0)ll1g < Cllbo(-s o) 200 ey
165 (-, @) | 2o m2) < Cllbo (-, )| 2o a2

1
Ta
16 (-, )l g ey < Cm||bo(uxv)||mmm2>-

[NIE

This inequalities imply the proposition. 0
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proof of Propositio. Let § > 0 be sufficient small. We find ||by 7|y, |07 ]]y2 <
d by definition. Using contraction principle as[18], we can construct a unique mild
solution to the following integral equation with initial data by r

t
br(t) = e“bor — / e"MAPdiv(bp (1) @ b(1))dr, (1.4.9)
0

where e'® and P are the heat semigroup and the Helmholtz projection on R? x T*
respectively. Moreover, the solution by satisfies

1
StugHbT(t)HYZ‘(Wle) + iug(t + T)3[[or ()| xa@extr) < Cllborlly2mextr)-
> >

in Quper, Where Quperr = R? X T x (0,7). Similarly, there exits a functions b”
satisfying

t
bl (t) = e — / e TAPdiv(bT (1) @ b(T))dr,
0

and

1
Su€||bT(t)||y2(R2XT1) + sugtzx ||bT(t)||X4(R2><T1) < C||b0||y2(R2X’H‘1).
> t>

Note that by and b” satisfies b = by +b". Now, we prove the energy estimate ()
First, we have to check b7 (t) € L*(R? x T!) for all ¢ > 1. Indeed, it follows from
(.3.4) that

HetAbgHLQ(RQX]q) S HetAbOTHXQ((szTl))

4

< Ot G D07 xaqgewrr), for all ¢ € 3.2, (1.4.10)

and
t
|| / 5 Pliv (b (r) © b(r))dr | 2 e
0
t
<c / let=72 Pdiv(b” (r) © b(r)) |2 (xe ey dr
0
t
< C(SU.%)T‘Il||bT(7‘)||X4(R2><T1))(Su%7"11||b(7’)||X4(R2xT1))/ (T — 7‘)_%7_%d7
t> > 0
< Cllbolly> (g2 ) (1.4.11)
Thus, we get b7 (t) € L*(R? x T'). Next, since b satisfies
o — AbT +b- Vb 4+ Vg =0, anddivb’ =0,
it follows by testing with b7 and integration by parts

t
16" ()l 2 g2 ) +/1 VBT g2 ry dT < 10" (1) 7222 ) (1.4.12)
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for all ¢ > 1. From () and (), the right hand side of () satisfies

1 1
Ti 3
(D)1 22211y < Cllbolly2@2x1) <m + HboHY2(R2xT1)> (1.4.13)
for all ¢ € [5,2). Taking ¢ so that 2 — ¢ = m, we finally obtain

t
O — / NG ——
1
< Cllbolly2exr)([[bolly2@ext1) + log(1 4+ T7)).

]

1.5 Logarithmic energy estimates for perturbed
equations with their construction

In this section, we construct a weak solution to the perturbed Navier-Stoks
equations v defined in the second section with initial data vy € L*Cg5,(R* x T*).
Firstly, we construct a local-in-time mild solution on (0, 7}). Secondly, we establish
the global-in-time weak solution with initial data v(7%).

T'). Let us assume that b € LY2(Quperoo) be a solution to ([{.1.1) with initial data

4

Proposition 1.5.1. Let § > 0 be sufficiently small and vg € X2 (R? x T') N X2(R? x
1

bo € Y2(R? x TV) with ||bo|ly2r2xm1) < & obtained in Theorem |1.2.

satisfying
1

sup||b() [ly2e2xmt) + sup t4][b(t) || xamexry < 6.

>0 >0

4
Then there exist T, > 0 and_a unique mild solution v € Yy’
XHR? x T x (0,T%)) to (I.1.4) satisfying

(R?* x T' x (0,7,)) N

v(t) = e by — /0 e=MAPdiv(v(r) @ v(7) +v(1) @ b(1) + b(T) @ v(1))dr (1.5.1)

and
S0 07 ey € Mol gy (152)
sup HU(T)’|X4(R2><'H‘1) S O||UO||X4(R2><']1‘1)- (153)
0<T<T*
Proof. Put

N(v,w,t) := /0 e(t_T)APdiV(U(T) Q@ w(T) +v(1) @ b(T) + b(7) @ v(7))dT,
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where v,w € L(X sNX 1), Tt is sufficient to show that there exist constants C}
and Cy such that

1IN0 D o om0 @uperr) (1.5.4)
1

< 1

< Gii | (L X 3NL2 X ) (Quper.t ) ] (L X 3L X4) (Quper.ts )

+ Co0lIll oo ety Quperrn (1.5.5)

for v,w € L(X3 N X ) e(Q7, per). Actually, if it holds, taking 7, small and using
the Picard contraction principle, we obtain the mild solution. Using (|1.3.4]), we find

IN @, w, ) (1.5.6)

4
X3 (R2xT1)

< [t Paiv(u(r) @ () + 0(7) @ b(r) + () © o) g

t
_3
< C/O (t = 7) 72 (10T 4 o ey 0 (D@2 (1.5.7)
20 4 o) 100 121y )T
< 01t4(0s<gp [o(r )||Xg(R2W)>(Os<ggtllw(T)||x4<R2xwr1>>
1
+ Co sup [[0(T)|] 4 o)) (SUD TTD(T) | x1(R2 7)) (1.5.8)
o<r<t 7>0

Similarly, we find

||N(U7w>t)||X4(R2xT1) < / e®="2Pdiv(v(T) @ w(T) + v(1) @ b(7) (1.5.9)

+ b ( ))Hx4 R2xT1) dr
<C/ t—T 7% HU )HX4(R2><'JI‘1)||w(7—)HX4(1R2><T1) (1510)
+ o) lxallo(m) || x2)dr
< CltZ( sup |[v(7) || xs@exm)) ( sup [|[w(7)| xsm2x11)) (1.5.11)
0<r<t 0<r<t
+ Gy sup [|o(7) || xsggzscr)) (sup 73 [|6(7) || x4z )- (1.5.12)
0<r<t >0
]

We construct a global-in-time weak solution to the perturbed Navier-Stokes
equations on (0,00) with initial data v(7,) € L*(R? x T'). Firstly, we construct a
solution to the mollified perturbed Navier-Stokes equations. Secondly, taking limit
for it, we get a solution to the perturbed Navier-Stokes equations.

Let ¢ be the standard mollifier and (f),(x) denote p—lg,w(;) « f. The following
proposition assert that there exist a weak solutions to the mollified perturbed Navier-
Stokes equations with initial data vy € L*(R? x T).
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Proposition 1.5.2. Let 0 < p <1 and T > 0. aLet b € LY 2(Quper) and be a
mild solution to (|1.1.1) with non-zero initial data by € Y? satisfying

1
StugHb(t)”y2(R2XT1) + stug(t + 1)4 ||b(t>”X4(]R2><?1‘1) S CHb0|lY2(R2><'Jl'1)~ (1513)
> >

Then there exists a unique weak solution v? € (L°L2 N LIHY)(Quper) to the mol-
lified perturbed Navier-Stokes equation

o’ — AvP + (vP), - Vo +b- Vo + 07 - Vb+ Vg = 0, (1.5.14)
div v = 0, (1.5.15)

with initial data vy € L2(R* x T') satisfying

/0 —(v”,0,0) + (Vv : Vo) — (v @ (v°), + (b), ® v + 1" @ (b), : Vo)dr
= (vo, }) (1.5.16)

for any ¢ € G55 (Quper,r). Moreover, vP satisfies the energy estimate

t
107 ()] 2 sy + / 107 (7) 2 g e
0

Ca||bol|

4
S Cl(l +t> Y2(R2><’J1‘1)||’U[)||%2(R2XT1) (1517)

for allt € (0,T), where constants Cy and Cy are independent of p.
Proof. Let v,w € L°L2(Quperr). We define N, as

NP(U7 w7 t)

- 05 Paiv(u(r) @ (w),(r) + 0(r) @ (8),(r) + (B),(r) @ o(P))dr. (L5.18)
First, we show that there exits a positive constant 0 < T, < 1 and
v € L L3 (Quper,r.)
NL?H!(Qupert.) such that
V(1) = vy — N,(v*,0°,t), in  (LPL2EN L2H')(Quperr,)- (1.5.19)
It follows from integration by parts that
) < |vol| L2 @2 x1)-

A A
e v0ll 2 22@uperr) + 1600l 2101010 .

Since
( / [0(7) ® (W), (7) |22 gz + 1(0)p(T) @ 0(T) | 22w
+[[o(r) ® (5)p(T) 1222w dT) 2
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t
< Cl(/ [[o(7) | L2 @2 crt) 1 (W), (7) || oo 25
0

+ 11(8) ()| oo (g2 ety [0(7) || 2 2y ) 2

Wl 2o 12(Quperre)

v ||L?OL33(Q'U1757',T* ) ) ?

_3,.3
< Cip 2 T2 ([[vl g r2(Quperr)
+ ||b||L?OX;%(vaer,T*)

it follows from energy estimate that

”NP(UJ wvt)HLf"L%(vaer,T*) + ||N(va7t)||L%H%(

vaer,T*)

w | | L?O Lg% (vaer,T* )

v ‘ ‘ L?L%(vaer,T* ) ) °

_3,.1
S Olp QT*2(||U||L?OL92¢(QUP67",T*)

+ 110l Lo x2(@uper )
Thus, if we take T, so small that

2 100l x2(@uperir) + 2l00llz )

1
T2 < min(1,p
( ACH[[b]| Lo x3¢

vaeT,T* )

VUl x3(@uperir) + 2l0ll2w2xm)? = [0l X2(@uperir)

ACH [|b][7

Ly X3 (Quper, 1)

there exists a unique mild solution v to

v (t)

= ey — [ I PUiv(u0(r) © (09), () + (1) @ (B)(r) + (B)(r) @07 (7))

ont € (0,Ty).

Next, we show the a priori bound for v. This leads the existence of global-in-time
-.5.1 )

weak solution to ( . Integration by parts to (‘1.5.1%) yields

1

5O Ol 2@ + VO (Ol 2@

< [(b(t) @ v°(t) = VoP(t))]

< C|b(t) ® Up(t)HLQ(RQX']Tl)vap<t>HL2(R2X’ﬂ‘l).

Using interpolation inequality and the Young inequality, we get
1 3
(I520) < C[b(8)[|xazsry) |07 ()| 72 ge ey I VO (O] £ 2 2 s

1
< Ol ks gy 107 (0|72 g2 ey + §||va(t)”%2(ua2x1rl)-

Applying the Gronwall inequality to () and (), we obtain

t
Wﬂm@+/wwﬂﬂﬁmwmﬁ
0
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C3||b0||;1/2(R2 xT1

t
< exp(C/ 1607152 sy A7) V0|22 mry < Ca(1+1) lvoll 2 g2.cr)-
0

Thus, we get a priori estimate [|u(t)||z < Ca(1 + T)C3||b0||§z||UOHLz. Using this
estimate, we can extend the maximal existence time by

4
101 o x4(Quper.) + 2C2(1 + T)C3||b0||Y2 |vol| 2

min(1, p°(
401Hb||Ltong(vaer,T)
Cs]|bo]|4
_ \/(”b”L?Xé(var,T) + 205 (1 + T)ellvz g 12)2 — ||b||%gox§(vaer,T>)
4C [[b]|7 '

LitooX%(vaer,T)
Since T is finite, we can use same argument until the existence time become greater
than T'. The proposition is proved. [
Now, let us prove the existence of the perturbed Navier-Stokes equation for
L?-initial data.

Proposition 1.5.3. Let T > 0, vy € L2(R* x T') and b € LY 2(Quperr) be a mild
solution to (|1.1.1) with initial data by € Y? satisfying

Stll%))Hb(t) HYQ(RQXTI) + iug(t + 1)1 ||b(t)HX4(R2><’ﬂ‘1) S CHb()Hyz(szTl). (1522)
> >
Then there exists a weak solution v to the perturbed Navier-Stokes equation

v —Av+diviv@v+v®b+b®v)+Vg=0in R*x T' x (0,7),

div o =0 in R? x T! x (0,7), (1.5.23)
v(0) = vy onR? x T!

in the sense of distribution with q € L} L}, ((0,T)x(R*xT")) with energy inequality;

x,loc

t
()2 + 2 / R "
1

CQHbO”;l,Q(RQ XTI)

< Cl”UOH%?(R?le)(l +1)
for allt > 1, where Cy,Cy > 0 is independent of t, and continuity of initial data;
[v(t) — vol[ L2z x1) — O (1.5.24)

ast — +0

Proof. We have shown the existence of a solution to the mollified equations with
energy estimate, which is uniform on p. We have to get uniform estimate in p
to [|0;?|| 25 to take limit to the mollified equations. Let ¢ € LYHZ(Quperr).
Applying the Hélder inequality, the Sobolev embedding H® < L™ for s > 2, the

27
Holder inequality and the Gagliardo-Nirenberg ineqality, we have

/0 (0 (r), $(r))| dr
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< /0 (Vo (r), Vé(r))| dr

T
+ / ‘(< V(1) @ V(1) + (1) ® (b), (1) + (b),, (T) ® v°(7); V(7)) | dT
0
<C ||va||Lng(QUW,T) ||V¢||L§L3(QUPET,T)

T
2
e / 1P () Eaqgrsersy VO ety 7
0

T 1 1
+ 0/ 1b <T>”X4(R2><’IF1) [ 0” (T)sz(ugzxqu) Vo (T)“z?(R?le) ||v¢||L§L§(QUp6T’T) dr
0

< CIVYlle2Qupery VOl 2120000 1)

2
+C ||UPHL§°L%(QUPET’T) HV¢”L§H;(Q1,W,T)

1 1
+ C ||Up||[2’tooL%(QUPe'r,T) ||va||[2’?Lg(vaer,T) ||v¢||L%L%(Q0PCT‘»T)

for some C' > 0 which is depend on 7" and ||by||y2(r2x11). Thus we have

| |Up| |L?H;3(vaer,T) = OO’

which is uniform in p. Therefore, from (), the above estimate and the Aubin-
Lions theorem, there exit a subsequence {v”7}, C {v”}, and a vector field v such
that

v* — v weakly* in LPLA(Qupert) (1.5.25)
Vol — Vv weakly in LZL2(Qupert) (1.5.26)
v = v in LILj,, (Qupert), (1.5.27)

as j — o0o. v satisfies () in the sense of distribution. Moreover, the limit
functions v satisfies the energy estimate

t
O e—— / R "

Coa|lbol|*

< Ci(1+1) V2@ [0 || 22 g2 ey (1.5.28)

and the perturbed Navier-Stokes equation. From the estimates above,
t — (v(t), o) (1.5.29)
is continuous on [0, 7)) for all ¢ € L?(R? x T'), and
lo(t) —vollLz =0 as t— 0. (1.5.30)

The proposition is proved. O

Fix T > 0. Then, from Proposition and Proposition , we have a global
weak solutions v € L L2(Qruper) to the perturbed Navier-Stokes equations with
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initial data vy € (X3 N X*)(R2 x T*). Moreover, since v(T}) € (X3 N X4)(R? x T?)
for all 0 < T < Ty, it follows that

t
4
Hv(t)Hiz(szwﬁ/ IV0() 172 @2smydr < Co(1 4+ 6) 002 ||u(T0) 122 e
T
(1.5.31)

for all T} <t < T, where C' > 0 is independent of t. Hereafter, we denote T} as 1
for simplicity. The following proposition is the logarithmic energy estimate for v.

Proposition 1.5.4. Let 6 > 0 sufficiently small. Let by € Y (R? x T') satisfy
00|l y2rextty < 6 and b € LPY?(R? x T') be the mild solution with initial data by
such that

1
sup|[b(t)||y2zx11) + sup ti|[|sup|| xswext1) < Cllbolly2(mextr)
>0 0 50

for some constant C'. Then the solution v to_the perturbed Navier-Stokes with b
obtained by Proposition 1.5.i and Proposition with initial data vy satisfies

t
||U<t)||%2(]R2><']I‘1) +/1 ||VU(T)H%2(R2><T1)dT < CE + 0(52 IOg(l + t) (1532)

fort > 1 where C, and C are independent of t.

Proof. First, we find from Proposition m there exist by and b’ such that b =
br + b7 satisfying ([.4.4), (I45) and ([1.4.6). Put v7 := v — b, then we find that
vT satisfies

o’ — AvT + div(v? @ v + 0T ®@ by + by @ 0T — by @ bT)
+Vg=0, in R®xT!x(0,00) (1.5.33)
diveo’ =0 in R*x T' x (0, 00), (1.5.34)

for some q € L, Li,..(R* x T' x (0,00)). It follows from integration by parts that

loc,tHioc,z
%atHUTH%?(R?le) + HVUTHZL?(R?le) = (" @bp — b @by : Vo). (1.5.35)
Using the Holder inequality and the Young inequality, we find
|(v" @ br : V)| < Cv" @ byl 2@ | VO || 22 <)
< CHbTH§(4(R2><T1)HUTH%?(R?x’H‘l) + ;lHVUTH%%H@XTl) (1.5.36)
and

|<bT ® bT : VU)‘ < ||bT &® bT“L2(R2XT1)HUT”LQ(RQXTI)

1
< Ol s xrn 107 s e wersy + 710" 72 ez, (1.5.37)
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Using the Gronwall inequality, we find for ¢ € (1, T that

t
PO —— / E——
t
< Cexp! / 152wy ) (07 (D sy
1
t
4 / 187 () b (7)ol
t
< Coxp(Ch / (T + 7)) (07 ()2 m
1
t
_1 _ 1
167 g / YT 4 1) hdr)
1
< Ol (D)|Zaqucns) + 6%) (1.5.38)
Since v = vT + b7, it follows from energy inequality () that

[ (D172 < 200l 2@exrsy + 157 ()7 2gexr))
< C + Cllbol| a2y log(1 + T). (1.5.39)

Then we obtain
t
Ol —— / o —s
t
< O (1) 22 g e, + / V0T () 25 g
1

t
+ 116" (O |22 @2 ey +/1 16" ()22 g2 )

<O+ C8log(1+1T). (1.5.40)

If we teke t = T, then we have () ]

1.6 Estimates for vertically averaged part

In this section, we show some lemmas that enable us to get the L2-decay for the
weak solution to the perturbed Navier-Stokes equations. The decay estimate of v in
this section is possible for any v that is constructed as the limit function of solutions
v” obtained by Proposition [1.5.2.

Applying the Fourier expansion to v with respect to z,, we can decompose v
into averaged part v, and oscillating part v,.;

v(zp, x,,t) = Z vz, )™k = vy (g, t) + Z vz, t)e?™ "
kez k40

=: va(xiu t) + UOS<I]'L7 Ly, t)
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Because of orthogonality of the Fourier series, it follows from () that
t
||Ua(t)||%2(R2) + / ||tha||%z(Rz) < C+ 052 10g(]. + t) (161)
1

t
||Uos(t>”%2(R2xT1) + / HVUOS“%Q(RQXTl) < C+ 0(52 lOg(l + t) (162)
1
We first show the following proposition to prove the decay of averaged part.

Proposition 1.6.1. Let T > 0. Put w, := (—Ah)_iva, where

(=An)'f = F (&l Ff)
for s € R. Then there exist constants C' > 0 and M > 0 such that

t
ea (t) 222y + / 1V 00 (1) 25 gyl
1

< C(l + t)M62<1 + 10g(1 + t) + sup ||UOS(T)”L2(R2XT1) 10g(1 + t)) (163)

1<r<t
foralll <t <T.

Proof. Integrating ([1.2.3) with respect to x, over T!, then we find

Oy — Apvt + div/ (v'v + bl +v'b)dz, + d1g =0 (1.6.4)
T1

3#&3 - Ahvz + div/ (U2U + b2+ v2b)dxv +0,q=0 (1.6.5)
’]I‘l

Orvg — Apvg + div/ (v*v 4 b*v + v’b)dz, = 0. (1.6.6)
T1

() () are the two dimensional perturbed Navier-Stokes system and ([L.6.6)
is two dimensional heat equation respectively. It follows from integration by parts

1
SOl wallZ2 g2y + 1V tal 72 r2)

< |/ / (v@v+bRv+v®b)dr, : Vh(—Ah)’%wada:h]
R2 JT1

= |/ / ((Ua"f_UOs)@(Ua"_vos)"‘b@(va"‘vos)
R2 JT!

+ (Vg + Vos) ® D)y : V(—Ap) ™ Gwaday)|

:‘/ /(UG®UG+UOS®’Uos+b®va+b®vos+va®b
R2 JT!

+ Vo5 @ b)dx,, : V(—Ah)_%wadxﬂ
= Il+12—|—]3+l4+15+16. (167)

Estimate for [; The Sobolev embedding

[Vl La(me) < CH(_Ah)Z'UaHLQ(RQ) (1.6.8)
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and the interpolation inequality

) 1 1
(=) ball ) < Cllvall2agesy | Vvl ey (1.6.9)
yield
1
1| < CllvallZsmey | (= An) Twall 2e2)
1 1
< COll(=An) 1vallZa ey | (= An) Tl 2(r2)
1 1
< Cllvall2@)[[(=An)2 vall L2 @2) [ (= An) *wa | L2 (@2)

1
< O\ Vivallzz@2) | (= An) Fwal| 72 g2y

S CthvaHLQ(R?) ||wa||L2(R2) ||Vhwa||L2(R2).
Applying the Young inequality to the last inequality, we find
2 2 1 2
L] < C“VhUaHL?(R?)||wa||L2(R2) + g”vhwa”L?(R?)

Estimate for I, Using the Schwarz inequality, (), () and the Young
inequality, we find

L] < C| /qu Vos ® Vosdy || 22y || (—An) T10a ]| 12(m2)

< C [ Nomlaggandolioal b IVl e

< C [ 1) sl eyl 9

< C/THvosHLi(RZ)d%thvos||L§(R2)d5€v||wa“%2(Rz)thwa||%2(R2)

1 1
S O||Uos||L2(R2><’]T1)||vvos||L2(R2XT1)||wa||[212(R2)||vhwa||z2(R2)
< C1|vos 72 g2y [ Vos | L2 w2 1)
1
+Cg||Vvos||%2(szT1)||wa||%2(R2)—I—§||Vhwa||%z(Rz)
S CIHUOSHL2(R2XT1)||VUH%Q(R2XT1)

1
+ Ol Vol age crn) [wallz2gey + gl VatallZ2ee).

Estimate for I3 and I5. Using the Holder inequality,(), () and the Young
inequality, we find

1
| Is] + 15| < C/ 161l 28 2 lvall 2 2y dzo | (An) Fwa | 22 r2)
T1

1 1
< CHb\|X4(R2xT1)HUaHL4(R2)HwaHiz(Rz)thwauzz(Rz),

1 1 1
< Clbllx sz (= A) 1 0all 2 @2) 1 wall L2 g2y [ Vatwal £ g2
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1 3
< C(HbHX‘l(R?x’I[‘l) “waHzQ(Rz) ||vhwa||22(R2)

< O||b||§{4(R2xT1)“waH%Q(RQ) + g“vhwaH%%R%-

Estimate for I, and Is. Using the Holder inequality, (]L.6.§), () and the
Poincaré inequality, we find

1
[La] + [Is] < O/]I‘l 10]] 23 (2 [|Vos || L4 2y o [ (= Ap) Twal | L2 (r2)
i 1
< C | Ibllzgien (=80} oy~ ) s
1 . )
< O|b]| x4@extry /11‘1 ||Uos||1§§(Rz)||thos||zi(R2)d:pv||(—Ah)4wa||L2(R2)

1 1 1 1
< CHbHX“(WxTI)HUOSHZ%R?le)vaost%R?le)Hwa|’z2(R2)|’Vhwa”bi2(R2)
< Cu1bll5ea ey | Vos | L2z )
+ CQHVUOSH%Q(RQX’]N)HwaH%Q(RQ) + guvhwaH%Q(n@)
< Ole”g(‘l(IR?le)HVUOSHLQ(szTl)

+ CQHVUOSH%Q(RQX'W)||wa||%2(]R2) + g”vhwaH%%u@)‘

Thus, from (), above estimates and the Gronwall inequality, we get

@l + [ 19wy < @)l + [ Wi 1.610)
where

2(0)= 01 [ (I + Iin

(1) = Cooxal [ 9)08) )2 T 0 + 1091

Using () and (), we find

() < Cy(1 + 6% log(1 +t)).

t t
< o1 +0%F (sup (7)1 / IV 00s(r) |2 + / 150 s | V000 (1) 2l

1<r<

< Oy(1 4 10 (3 [lne(r \|L2/ |V vos(7) |2
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l 1
/ 15(r) || adr) / 1V 00s(7)|2dr))

< Cy(1 + 1) (1 + log(1 + t) + Sup ||UOS( )| 22 log(1 + t)).

Thus, we obtain

t
ea (8) [22(g2) + / V0 (8)][25 I
1

<O+ )M (1 +log(1+1t) + sup [[vos(7) || 2@y log(14+1))  (1.6.11)

1<r<t

]

1.7 Decay estimates for perturbation

In this section, we show the decay of ||v(t)||;2 — 0 as t — oo. The Poincaré
inequality is useful to derive the decay to the oscillating part.

Proposition 1.7.1. Let § > 0 sufficient small, by € Y (R*xT") with ||bo||y2ge w1y <
0 and vy € (L“Cgoh) (R*xT"). Let b be a mild solution to (_) obtained in Theo-
rem |1.2.4 with initial data by and v is a weak solution to the perturbed Navier-Stokes
equations with initial data vy obtained by Proposition Then there exists a
constant Cs and C' which are independent of t such that

[0(t)]| 2@y < CE2{C + Co(1 4+ 1) (1 4+ log(1 +t) + log? (1 + 1)}
fort > 1.
Proof. Let t > 1. From ([L.6.2) and (), there exists ¢y € [5,t] such that
lwa(to)lIZ2 ey + llvos (to) 22 g2 crr) + to ([ Vewa(to) IZ2 g2y + 1vos(to) | 222 ery)
< C+ Cy(1+ 1) (1 + log(1 + 2to) + log? (1 + 2ty)). (1.7.1)

Therefore using interpolation the inequality, () and the Poincaré inequality, we
have

[o(to) 1222y < 2(10a(to)ll72 2y + [[Vos(to) |72 @2 xTr))
< ||wa(t0)||L2(R2 IV hwa(to) || 22 2y + l|Vos || 2 @2x11) [ VVos || L2 @211
< tf{C + Cu(1+ )M (1 + log(1 + 2t0) + log? (1 + 2to)}. (1.7.2)

Since v solves the perturbed Navier-Stokes equations

v —Av+dive@v+v@b+b®v)+ Vg =0, (1.7.3)
div v =0,
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for some ¢ € Ly, Lj,. .(R* x T! x (0,00)). Then it follows from integration by parts

and the Gronwall inequality that

t
O H—— / GO H—- (1.7.5)
to
t
< exp / O1IB(3) [ sgmnrny @) [0(t0) g (1.7.6)
to

Since

t " ;
/ 16(s) || x4 (2 xyds < C'log . <Clog2, ty€ <§’t)’
to 0

we finally obtain from ([1.7.9) and ([L.7.5) that

lo@)1 72wty < Cllvo(to)ll72gexm)
< Ct2{C + CL(1+ )M (1 + log(1 + t) + log? (1 + 1)}

Proof of theoremm. Fix arbitrarily small n > 0. Set

u(t) = o(t) + (b(t) — b(t) — e ®by) — ™0y
= 0(t) 4+ wo . (t) — e
Let T > sufficiently large. By Proposition 1.7.1, we have o) 2 gexry — O as
t — oco. Since Ty € LG5, (R* x T') € LY(R? x T'), we find ||e"20o|| o gaq) <

Ct*1/2||170||L1(Rng1) — 0ast — oo. Let us show [[we|| 2z, p1) < Ce. Since b(t) and
b(t) are mild solutions to ([L.1. I ), it follows that

|we (@) L2wexT1)
¢
< C’/O (t—=71)72[[b(1) ® (b(1) = b(7)) + (b(T) — b(T)) ® b(7))|| L2(R2xT1ydT
< C(sup 73 [|b(7) || s gexr) + Sup 73 [B(7) | x4 (r2r))
>0 >0

t
T> ;

< C(6+6+e)e
< (.

In the third inequality, we use sup,.o7"4|[b(r) — b(7)||x1@ex1) < Ce, which is
follows from construction of b and b. O
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Chapter 2

Rigorous Justification of the
Hydrostatic Approximation for
the Primitive Equations by scaled
Navier-Stokes equations - the Case
of Perfectly Slip Boundary
Condition

Considering the anisotropic Navier-Stokes equations as well as the primi-
tive equations, it is shown that the horizontal velocity of the solution to the
anisotropic Navier-Stokes equations in a cylindrical domain of height £ with
initial data ug = (vo,wo) € Bop?/?, 1/q+1/p < 1if ¢ > 2 and 4/3q+2/3p < 1
if ¢ < 2, converges as ¢ — 0 with convergence rate O(e) to the horizontal
velocity of the solution to the primitive equations with initial data vy with
respect to the maximal-LP-L9-regularity norm. Since the difference of the
corresponding vertical velocities remains bounded with respect to that norm,
the convergence result yields a rigorous justification of the hydrostatic ap-
proximation in the primitive equations in this setting. It generalizes in par-
ticular a result by Li and Titi for the L2-L?-setting. The approach presented
here does not rely on second order energy estimates but on maximal LP-L9-
estimates which allow us to conclude that local in-time convergence already
implies global in-time convergence, where moreover the convergence rate is
independent of p and q.

2.1 Introduction

The primitive equations for the ocean and atmosphere are considered to be a funda-
mental model for geophysical flows, see e.g. the survey article [15]. The mathemat-
ical analysis of these equations has been pioneered by Lions, Teman and Wang in
their articles [16,18,34], where they proved the existence of global, weak solutions
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to the primitive equations. Their uniqueness remains an open problem until today.
Global strong well-posedness of the primitive equations for initial data in H' was
shown by Cao and Titi in [4] using energy methods. A different approach, based
on the theory of evolution equations, was introduced by Hieber and Kashiwabara in
[12] and subsequent works [7-9,24].

It is the aim of this chapter to show that the primitive equations can be ob-
tained as the limit of anisotropically scaled Navier-Stokes equations. The scaling
parameter € > 0 represents the ratio of the depth to the horizontal width. Such
an approximation is motivated by the fact that for large-scale oceanic dynamics,
this aspect ratio € is rather small and implies anisotropic viscosity coefficients (see
e.g. [19]). For an aspect ratio e, i.e., in the case where the spacial domain can be
represented as Q. = G x (—¢, +¢) for some G C R?, and a horizontal and vertical
eddy viscosity 1 and €2, respectively, the system can be rescaled into the form

Oz + ue - Vv, — Av, + Vgp. = 0,
e(Oywe + u. - Vw, — Aw,) + éﬁzps = 0, (2.1.1)
divu, = 0.

in the time-space domain (0,7") x €, which is independent of the aspect ratio. We
refer to [14] for more details on this rescaling procedure. Here the horizontal and
vertical velocities v. and w. describe the three-dimensional velocity u. = (v., w.),
while p. denotes the pressure of the fluid. Here 0, denotes the vertical-derivative,
Vg and divyg the horizontal gradient and divergence, whereas div, V and A stand
for the usual three-dimensional spatial divergence, gradient, and Laplacian.

First convergence results for the above system in the steady state case go back
to Besson and Laidy [3]. The convergence of the above system has been studied first
by Azérad and Guillén in [2] in the setting of weak convergence, where no uniform
convergence rate was given.

Recently, Li and Titi [14] investigated the strong convergence of the above system
within the L2-L2-setting for horizontal initial velocities belonging to H' and H?. In
addition, they showed a convergence rate of order O(¢).

There are two aims in this chapter; to show convergence results of the above
system (justification of the hydrostatic approximation) in the strong sense and to
give global well-posedness of the scaled Navier-Stokes equations (@) within the
LP-L%-setting. Our method is very different from the one introduced by [14], whereas
they rely on second order energy estimates, our approach is based on maximal LP-
Li-regularity estimates for the heat equation and the non-linear terms. This allows
us to give a very short proof of the convergence result in the more general LP-L9-
setting, which even in the L2-L2-setting allows for a slightly larger class of initial
data compared to the one introduced by Li and Titi in [14] by using energy estimates.
Details is provided in Section 3.

Qur methodology for the proofs of the convergence and global well-posedness
of () is quite different from that of [14]. There they derived several a priori
estimates for a difference system (see (i) below) obtained by subtracting ([PH)
from (), which are then combined with the local well-posedness of (w) to
conclude its global-in-time solvability. However, in this chapter we focus only on
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() and directly derive its global well-posedness, together with a solution upper
bound of O(e), using maximal regularity results for a linearized problem. As a result,
global well-posedness of (NSJ) and a convergence result are obtained immediately.
This is achieved by subdiving the whole time interval into small pieces and solving
(R.3.1) on each subinterval. We emphasize that this strategy is based not on usual
construction of a local-in-time solution with large data but on that of a global-in-
time solution with small data, where the smallness of the data is provided by that of
. Since our proof is straightforward, concise and short, we believe that it deserves
to be presented as another approach to justification of hydrostatic approximation.

2.2 Preliminaries

Consider the cylindrical domain  := (0,1)* x (—1,1). Let u = (v, w) be the solution
of the primitive equations

(O +u-Vv—Av+Vgp= 0 in (0,7") x €,
d.p= 0 in (0,7") x €,
o d}vu = 0 in (0,7) x €, (PE)
p periodic in x,y
v,w periodic in x,y,z, even and odd in z,
\ u(0) = wyg in €,
and u. = (v, w.) be the solution of the anisotropic Navier-Stokes equations
([ Ow.+u.-Vu.—Av. +Vpgp.= 0 in (0,7) x 9,
Orw, + u. - Vw, — Aw, + E%Ozpa = 0 in (0,7) x Q,
o .dlv u.= 0 in (0,7) x Q, (NS.)
pe periodic in z,y, z, even in z,
Ve, we periodic in z,y,z, even and odd in z,
\ u:(0) = g in Q.

Here v and v, denote the (two-dimensional) horizontal velocities, w and w, the ver-
tical velocities, and p and p. denote the pressure term for the primitive equations
as well as the Navier-Stokes equations, respectively. These are functions of three
space variables x,y € (0,1), z € (—=1,1). The vertical periodicity and parity condi-
tions correspond to an equivalent set of equations with vertical Neumann boundary
conditions for the horizontal velocity and vertical Dirichlet boundary conditions for
the vertical velocity (cf. e.g. [5]). Since w is odd, the divergence free condition for
the primitive equation translates into divy v = 0, where v(z,y) = ;5 f v(z,y, 2

and

w(-, - 2) :—/ divy v(-, -, C) dC. (2.2.1)
~1
For p,q € (1,00) and s € [0, 00) we define the Bessel potential and Besov spaces
o) — G B ) e e
pe'/‘( ) pe?"( ) an pqper( ) per( ) )
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where C’g;(ﬁ) denotes the space of smooth functions that are periodic of any or-
der (cf. [12, Section 2]) in all three directions on 9. The space H*P?(2) denotes
the Bessel potential space of order s, with norm || - || g=» defined via the restriction
of the corresponding space defined on the whole space to © (cf. [23, Definition
3.2.2.]). Moreover, By () denotes a Besov space on €2, which is defined by re-
strictions of functions on the whole space to €, see e.g. [23, Definition 3.2.2.].
Note that LP(2) = H)2(Q) and By, ., () = Hy ..(Q2). The anisotropic structure
of the primitive equations motivates the definition of the Bessel potential spaces
HzP .= H*?((0,1)?) and HJ? := H*P(—1,1) for the horizontal and vertical vari-
ables, respectively. Similarly as above we write Lf, = Hg’yp and LP := H°? and set
HEpHTS = Ho2((0, 1)% HE9).

The divergence free conditions in the above sets of equations can be encoded
into the space of solenoidal functions

-l e

LE(Q) = {u € C.(Q)? : divu = 0}

and

lI-llze

Q) ={ve C’g;(ﬁﬁ cdivgm =0} .
For given p,q € (1,00) we set

Xo:=LYQ), Xi:=H2(Q),
Xg={ve L) :vevenin z}, X{:={ve H2(Q)*NLLQ): v even in z},

X§ = {(v1,v9,w) € LL(Q) : v1,v9 even w odd in z},
X1 = {(v1,v9,w) € HZL(Q)* N LL(Q) : vy, v9 even w odd in 2},

per

and consider the traces spaces
X3 = (Xg, Xi)—1pp and X3 = (X, X7)1-1/pp,

where when there is no ambiguity we set X, := X¥. Here (-,-)1_1/,, denotes the
real interpolation functor. Following the lines of [24, Section 4] and [16] the trace
space X, can be characterized as follows.

Lemma 2.2.1 (Characterization of the trace space). Let p,q € (1,00). Then

;

{(v1,v9,0) € BEL2P(QP N LUQ) : v = (v1,05) even, w odd in z,
(O.v,w) =0 at z=—1,0,1},
v 1>24 2
T (v, ve,w) € Bﬁ,;i,éﬁ(Q)?’ NLLQ): v=(vy,v2) even, w odd in z,
w=0atz=-1,0,1},
2 1
\ 1< » + 7

For p,q € (1,00) and t,T € [0, 00| we also define the maximal regularity spaces

Eot, T) := LP(t, T; Xo), Ei(t,T):= LP(t, T; X1) N H"P(t,T; Xo),
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and analogously EY (¢, T) and E¥(¢,T) with respect to X! and X, respectively (i =
0,1). In order to simplify our notation, we sometimes write only E;(¢,7") without
superscripts and E;(7") when ¢t = 0. For a function space to describe pressure, we
introduce Ef (¢, T) := {m € LP(t,T; H"(Q)) : [,7(s)dx =0 for a.e. s € (¢, T)}.

Finally, we say that u = (v, w) is a strong solution to the primitive equations (in
the LP-L%-setting), if v € EY and (@) holds almost everywhere. We say that u, is
a strong solution to the Navier-Stokes equations, if u € EY and (NSJ) holds almost
everywhere.

2.3 Main Result

Roughly speaking, the idea of our approach consists of controlling the maximal
regularity norm of the differences (v. — v,e(w. —w)) by the aspect ratio €. To this
end, we introduce the difference equations of (NSJ) and (PH): setting V. := v. — v,
W, :=w. —w, U := (V.,W,) and P. = p. — p, we obtain

( OVe —AV.+VyP. = Fyu(U,u) in (0,7) x Q,
O(eW.) — A(eW.) + 20.P. = eF.(U.,u) in (0,T) x €,
divU.= 0 in (0,7) x €, (2.3.1)
P. periodic in x,y,z, even in z, e
V., W, periodic in z,y,2, even and odd in z,
{ U(0)= 0 in €,

where the forcing terms Fy and F), are given by

Fy(U.u) = =U.-Vv—u-VV.—-U.-VV,,
F.(Usu) = =U.-Vw—u-VW, = U, - VW, — 0w — u - Vw + Aw.

Applying the maximal regularity estimate given in (bSﬂ) to (1‘2311), we are able to
estimate ||(Vz, eW,)||g, in terms of the right hand sides. The latter will be estimated
in a series of lemmas in Section P.4. Like this we obtain a quadratic inequality for
the norm of the differences and we need to ensure that the constant term as well as
the coefficient in front of the linear term are sufficiently small. This can be achieved
provided the aspect ratio € is small enough and provided both the vertical and
horizontal solution of the primitive equations exist globally in the maximal regularity
class (cf. Theorem P.3.2 and Proposition R.4.5). As a first step, the following global
existence and uniqueness result on the vertical velocity of the primitive equations is
needed.

Proposition 2.3.1. Let p,q € (1,00) with % —i—% <landT > 0. Let vy € X7.
Then there exists a unique global strong solution u = (v, w) of @), i.e, v e EY(T).

Assumption (A). Let g € (%, oo) and p > max{i' i}, ie.,

q—17 3¢q—4
Lyliifg>2
12{2p+4‘1’ =D
3_p+3_q’lq<2



Here, we introduce strategy to get the global well-posedness of () fore << 1.
As already mentioned, the solution to ([NSJ) is constructed as (the solution to ([PH))
+ (small perturbation). The small perturbation is the solution to (R.3.1). This
is constructed with maximal LP-L9%regularity of linearized equations and iteration.
The method is different from Li and Titi’s strategy. Their proof of relies on the ex-
istence of the weak solution to the primitive equation and the scaled Navier-Stokes
equations. On the other hand, our proof relies only on the existence of the primitive
equation and the difference equation. Although initial data of (R.3.1)) is zero, it
is unable to obtain global solution to (R.3.1]) directly since our non-linear estimate
depends on time. Therefore, we construct the solution on small time interval and
repeat this up to any finite time 7. The time interval that iteration works is_inde-
pendent of . Note that if p = ¢ = 2, the existence time of the solution to (@)
admits T' = co. Whether the existence time admits infinity in the case of p = ¢ =2
seems more clear than Li and Titi’s paper. Uniqueness of our solution to () is
rather clear since our maximal regularity space is super critical to the scale-invariant
space. We are now in the position to state our main result.

Theorem 2.3.2. Let p,q fulfill Assumption_(A), ug = (vo, wo) € XY and T > 0.
Let u = ( w) € EY(T) be the solution of ) given by Proposition |2.5.1 - where
w=—[" leHU(, ,C)dC. Then (v,w) € EY(T

For later convenience, we employ the notation 7 in the next theorem to mean
T appearing in (E.S.l) (T will be used in a different context in Subsection (E52))

Theorem 2.3.3. Under the same assumptions as in Theorem , for sufficiently
small £ > 0 there exists a unique solution (U, P.) € EX(T) x ET(T) of (2.3.1)) such
that

| (Ve, eW)llgw () + IVePellgo () < Co,

where V. := (Vg,e 1d.) and the constant C depends only on p,q,T,u. Moreover,
(e, pe) = (u+U., p+ P:) constitutes a unique solution of () in EY(T) xET(T).

Remarks 2.3.4. a) If the solution v = (v, w) of the primitive equations exists glob-
ally in time, the convergence rate is uniform for all T € (0,00]. For example, if
p = ¢ = 2 and the initial data are mean value free, one can show that the solution
to the primitive equations exists globally in E,(7) with 7 = oc.

b) We note that the case p = ¢ = 2, investigated before in [14], is covered by
our result. More specifically, they assumed vy, € H? whereas for our purposes
vo,divg vg € H*' suffices. Also, it is remarkable that the convergence rate is inde-
pendent of p and ¢, though the constant C' in Theorem P.3.3 may depend on p and
q.

¢) Our method can be adjusted to the case with perturbed initial data. That is,
given initial data (ug.)e~0 C X, converging to ug in X, as ¢ — 0 of order O(é,) for
some null-sequence (d;)c~o, then Theorem P.3.3 holds with (v.,w.) replaced by the
solution of () with initial data vo.. In that case the maximal regularity norm of
the differences is bounded by C'max{e,d.} and consequently the convergence rate

is of order O(max{e, d.}).
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2.4 Nonlinear estimates and maximal regularity
of ([PH)

The proof of Theorem relies upon estimates on the terms Fy and F, in
equations () within the LP-Li-framework. These estimates imply eventually
a quadratic inequality for the difference of the velocities. In order to establish these
estimates we need to ensure that the solution of the primitive equations belongs to
the maximal regularity class (see Proposition P.4.5) and that the nonlinear terms
can be estimated in Ey(7), see Lemma [‘24ﬂ and 441 We hence subdivide our
proof in three steps. Throughout this section let T" < oco. We first estimate the
bilinear terms and keep track of the T-dependence of the norms involved.

We also prove prove that the vertical and horizontal solution of the primitive
equations belong to the maximal regularity class E}(T"), which is Theorem P.3.3.

2.4.1 Nonlinear estimates

We will make use of the following classical Mixed Derivative Theorem, see e.g.
[20, Corollary 4.5.10].

Proposition 2.4.1 (Mixed Derivative Theorem). If 6 € [0,1], then
Ey(T) — H?(0,T; H*%4(Q)).
Lemma 2.4.2. Let p,q € (1,00) such that 2/3p+ 1/q < 1. Then for all vi,ve €
E(T) and 0 € {0,,0,,0.}, there exists a constant C' > 0 such that
[010v2|leory < Cllvrlle,yllvellz, @), € >0. (2.4.1)

Proof. Set 0, = % and 0y = %01. The Mixed Derivative Theorem and Sobolev’s
embeddings H?/3P(0,T) « L*(0,T) and H?>~21:9(T3) «— L3(T3) yield

Ey(T) < H?(0,T; H>219) — HY3PP(0, T; H>~219) — L (0, T; L*(Q)),
E\(T) < HP(0,T; H>=2029) y HY3PP(0, T; H>~2029) 5 [3/2(0, T; H3Y2(Q)).

Holder’s inequality thus implies
[v10va|[Loray < [[[[v1llzaal[Ov2ll psarz || o < V1l Lon (30|02l Lopr2 rrsarzy
< Cllvi[le, [[val, - =
Lemma 2.4.3. Let ¢ € (1,00), vi,vo € H'Y29(Q) and wy := [7 divigvi. Then
there exists a constant C > 0 such that

|w10,vs|| e < Cllva| grsasaa||v2 |l gr1/aa-
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Proof. Similarly as in [12, Lemma 5.1] we obtain by anisotropic Holder’s inequality
and Sobolev inequalities

[w10:0s| e < Jlwill 29 oo |0z 02l 20 19
< C||divy Ul||ng,L; ||8zv2||L§§,Lg

= O”UlHH;;”/qL;”UZHH;{‘qquzlvq- O

Lemma 2.4.4. Letp,q € (1,00) such that 1/p+1/q < 1. Then for allvi, vy € E{(T)
and wy given by wy = ffl divyg vy there exists a constant C > 0 such that

[w10zv2|ro(r) < Cllvalle ) llvalleya)- (24.2)

Proof. Set 6 = zlf Applying the Mixed Derivative Theorem, Proposition and
Sobolev’s embeddings in the same way as Lemma yield

Ey(T) < HP?(0,T; H>~2049) — HY?PP(0,T; H*27) — L*(0, T; H1/49(Q)),

Putting X := H*Y%7 and LP(L9) := Eo(T), Lemma and the above embed-
dings imply

|w10.va| o (zay < C[|lv1llx (V2] x] L < Cllvillz2ex)l|v2llL2r(x)
< Cllor|lgy () llvalle, () H

2.4.2 Maximal regularity of (PH) including the vertical com-
ponent

Together with non-linear estimates in Section , we prove that the solution
u = (v, w) of the primitive equations belongs to the maximal regularity class E} (7).

Proposition 2.4.5. Let p,q fulfill Assumption (A) and let v be the strong solution
of the primitive equations associated to vy satisfying (vo, wo) € X,. Then

u = (v,w) € EY(T) for all T > 0.

Proof. 1t was shown in [16, Theorem 3.3c| that the primitive equations admit a
unique solution v € EY(T), which satisfies in addition v € C((0,T), C>(Q)?) and
hence w € C=((0,T), C*>(Q)) for any T' > 0. It remains to show that w belongs to
the maximal regularity class E,(7*) for some 7% > 0. Applying ffl divg(-) to %@)
yields

Ow — Aw = f(v,w) in (0,00) x €,

where f(v,w) = — [7, divy (Vgp+u-Vv). Note that the trace of the second
derivative with respect to z of w at z = —1 vanish since w is odd with respect to z.
Using divg v = 0, for z = 1 we obtain 2Agp = —divy f_ll u - Vv and thus

1 1
f(v,w):E/divHu-Vv:§/dideivu®v,

z
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where [ = le — [ += fjl Observe that
divg divu®@v = 0. (wdivg v+v-Vgw) + (divg v)? +2v- Vg divg v+ Vv - (Vgo)T.

Hence, f(v,w) =: fi(v,w) + fo(v) + f3(v,w) with

. 1
fi=(wdivgv—v- VHw)|i, fa==

. / (Viro - (Vi) + (divy v)%).

z

f3= /821) -Vyuw.

Here we used the fact that [ v - Vydivgv = —2(v- Vyw)|l + [ 0.0 - Vyw,
which follows by integration by parts. By Lemma P.4.9 we obtain I fillgory <
C||v||g,(ryl|wl|g, (ry and moreover

||f2||Lp(Lq) S CHaZfQ”Lp(LgyLé) S CHUHiQp(HmlayQQLz)’
/3]l v Loy < CHachZi”LP(LZyLi) < C||UHL2P(L§‘§H;’2)“w”L%(H;;qug)'

For 1 > 1/p+ 1/q we find by the Mixed Derivative Theorem and Sobolev’s embed-
dings

E; — H1/2P7P(H2—1/P7Q) SN H1/2p,p(H1+1/q7qu N Hl/q,quaq)
Ty z Ty z
— L2p(H1’2qu N L% Hl’q)
xy z zy*tz )

If additionally ¢ > 2, the above embedding implies Ey < L*(H ;L2 N L2 H ).
Similarly, for ¢ < 2 and 1 > 4/3q + 2/3p we find

1 _1 1 I+iq 1-14q laq 1+1-14q
2 ) ’ ) »
E, — H»P(H»%) — H»?|H,, " "H * NH H, * °*
Y y

2p (171,29 72 2q 71,2
— L p(ny LN LG H, )

The above embeddings imply

1£2(0)llz0(ry < Cllvllg, 7y and [Lfi(v, w)lleo() + 1 f3(0, w)l[eor) < Cllovlle, ) lwlle, )

In particular fy(v) € Eo(7"). By maximal regularity there exists a solution operator
S : X, xEo(T) = Ey(T') such that u := S(wy, f2(v)) satisfies

Ou — Au = fyin (0,00) x 2, u(0) = wy.

Setting now B, = —f1(v,-) — f3(v,-) € L(E{(T),Eo(T)), i.e. it is a bounded linear
operator from E(T") to Eo(T), and adding B,u on both sides we see that

Owu — Au+ Byu = fo + Byu = [+ B,S(0, )] fa + B,S(wp,0) in (0, 00) x Q.

Next, note that ||S(0, -)|| (&, (7),E, (1)) can be bounded uniformly for 7" < 1. Moreover
| Boll 2, (1), 50 (1)) < Cl|v]|g, (1) by the previous estimates on f; and f;. Choosing

now 7™ small enough such that |[v||g,(r+) < (C|S(0,)||lcor)Ei(rey)) » We see
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that || B,S(0, )|z (r+)) < 1. A Neumann series argument yields [I+ B,S(0,-)] ™" €
L(Ey(T™)), and thus

i == 8 (wo, [T+ ByS(0,-)] 7! (f2 — BuS(wy,0))) € Ey(T™)
solves

Ot — Al + Byii = [I+ B,S(0,-)] " (fa — B,S(wp,0)) + Byi

= [+ B,S(0,)] " (fo — BuS(wy,0)) + B,S(0, [I+ B,S(0,)] "' (f2 — BoS(wp,0)))
+ B,S(wo, 0)

= [I+ B,S(0,)][I+ B,S(0,-)] " (fo — ByS(wo,0)) + BuS(wy,0) = fo

in (0,7%) x Q with @(0) = wy. Since f(v,-) = fa(v) — B, and since the heat equation
is uniquely solvable, we finally obtain w = @ € E,(7™). Summing up, w € E,(T) for
any 1" > 0. [

2.5 Proof of the main result

2.5.1 Maximal regularity for the anisotropic Stokes equa-
tions

Proposition 2.5.1. For p,q € (1,00), ¢ >0, T >0, F = (Fy, F,) € Eo(T), and
Uy € X,, there exists a unique solution (U, P) = ((V,W),P) € E{(T) x EJ(T) of

([ (0, -A) (%) +V.P=F in (0,T) x Q,
divU =0 in (0,T) x €,
P periodic in x,y, z, even n z,
V. W periodic in x,y, z, even and odd m z,
L U|t:0 = UO = (%7 WO) in Q7
satisfying
(V. eW)llgsr) + IVePllrocr) < CllF|zocry + Crll(Vo, eWo)llx, - (2.5.1)

Here, the constant C depends only on p,q and Cr depends only on p,q,T.

Proof. Since uniqueness easily follows from (R.5.1)), we prove existence of a solution.
First, for a.e. t € (0,7) we construct P = P(t) by solving the following anisotropic
Poisson equation in a periodic setting:

AP := (Apg +e20Y)P =divy Fy +¢ '0.F, = div. Fin Q,
/ Pdz =0. (2.5.2)
Q
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Denoting by F the Fourier transform and setting k. = (ky, ko, e 'k3)T and m.(k) =
m(k.) with m(k) = —% € R*3, we obtain V.P = F 'm_FF. Since k.Vm.(k) =
k-Vm(k.) and
sup sup|k?D"m (k)| = sup sup |kID"m(k.)| =1,
v€{0,1}3 k#0 v€{0,1}3 k40

Mikhlin’s theorem in the period setting, see e.g. [11, Proposition 4.5], implies that
m. is an LP-Fourier multiplier satisfying || F~'m.F||z(zs()) < C for some C' = C, >
0. Consequently,

||V5P||LP(0,T;LQ(Q)) < C||F||Lp(o,T;Lq(Q))- (2.5.3)
Next we define U € E;(T) by solving the following heat equation:
(at - A) (5%/) =F - vapa U|t:0 == UO, (254)

with periodic boundary conditions and parity conditions. Such a solution does
exist by the well-known maximal regularity result for the laplace operator, which
combined with (2.5.3) also yields

[(V,eW)lgy(r) < ClIF = VPllgory + Crll(Vo, eWo)llx,
< C||Flgo(ry + Crll(Vo, eWo) | x, - (2.5.5)
[t remains to prove that G := divU = div.(V,eW) = 0. In fact, by () and
() we deduce 0,G — AG = 0 in (0,7T) x Q. We also find that G is periodic in

2 and G|i—¢ = 0. Therefore, G must vanish by the uniqueness of the heat equation.
This completes the proof of Proposition 2.5 I ]

2.5.2 Proof of Theorem 2.3.3

It suffices for us to find an integer M > 0 and gy > 0, which depend only on p, ¢, u, T,
such that the following assertion (A,,) holds true for all m = 0,1,..., M recursively
and for all € € (0, gp]. For this purpose we introduce T' := T /(M +1) and a sequence
of increasing positive numbers {C,, 7 }*_, given by the recursive formula

Cor = 4C.(Cy+C2),  Cor = 4(Cu(Cu + C2) + CrCCrn 1 1),

where C, is to be defined below (see the argument after ()), Cu = ||ullg, 01, Cr
is the constant in (R.5. I ), and Cy, is the embedding constant of E;(mT, (m+1)T") —
C([mT, (m + 1)T]; X,,) that is independent of m.

Assertion (A,,). The time trace of U. at t = mT, denoted by U.(mT), is well
defined in X.,. In addition, there exists a unique solution (U, P.) € EY(mT, (m +
DT) x Ef(mT, (m + 1)T) of

;

o ‘/5 _ FH(UE7 U) .
(0= 4) (5W5> Vel = (st(Ue,w) i (T (m o+ DT) x 2
divU. =0 in (mT,(m+1)T) x Q,
o . (2.5.6)
P. periodic in x,y, z, even n z,
V., W, periodic in x,y, z, even and odd m z,
\ Uelt=mr = U-(mT) in Q,
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satisfying
Xemt = | (Ve, W) g om7, (m 1)1y + IV e Pell o (m,(met 1)) < Oy € (2.5.7)

Let us establish this assertion by induction with respect to m. We only prove
(A,,) assuming (A,,_1) because the proof for (Ag) can be done in the same way if
we note that U.(0) = 0.

We construct a successive approximation (Ua(j ),Pa(j)) =: ((Ve(j ),Wa(j)),Pa(j)) to
() by solving the following anisotropic Stokes equations:

( . i1
(@ — A) <5‘I;f(i)> + VPO — (Zg((l(f]z _1)),’1;))) in (mT, (m+17T) x Q,
divUY =0 in (mT,(m+1)T) x Q,
Pg(j) periodic in z,y, z, even in z,
Vs(j), Ws(j) periodic in z,y, z, even and odd in z,
U9 i = U(mT), in Q,

\

(2.5.8)
whose existence is guaranteed by Proposition . When j = 0, we understand
UY™ = 0. We will derive a uniform bound for

X9 1= (VD W) g, s manyr) + Ve POy (mr ms1y7)-

By Lemmas and , the forcing terms

Fuy(UV™ u) = VU . Vo - WU Yo,0—v.- VgVl — o, Vi
— Vg(jfl) . VHVE(fD _ M/E(J'*l)azvs(jfl)7
eF,(UY™ u) =e(=VI™D . Vyw —wdivg VID) — WU divy (v + VED)

— (v VI Vg (eWEI) — 2(dw + u - Vo — Aw),
are estimated as

1 Es (U9, 0) [y (e (met 1))
< CIIVY Vg, gt menyry VIl e meyr) + 0]y sy )
||€Fz(Ua(j_1)7u)||IEo(mT,(m+1)T)
< CIVI g, oy [0 |8, g om 1))
+ ClleW 9™ lg, mrm+1yr) (VI gy m ima1yry + 10112 (e, (me1y7))
+ Ce(lwlle, ez, m+yr) + NWIE, (e (et 1)) -

By the induction assumption (A,,_1) we have U, € E;((m — 1)T,mT) — C([(m —
)T, mT1; X,), which implies that U.(mT') € X, is well defined and that

[(Ve(mT), eWe(mT))lx, < Cull(Ve, W)l (m-1ymmr) < (CorCrnrr)e-
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We are in the position to apply the maximal regularity estimate (b5ﬂ) to (|25d),
which gives

X9 1 < Cullgsurmenyn X+ (X502 + (Cu + C2)e)
+ (OTCtrOm—l,T)E (259)

for some constant C' depending only on p,q. Let us designate this constant by C,
in the subsequent argument.
Now choose a sufficiently large M such that (recall T' =T /(M + 1))

Cillullgy ey < 1/4 VL€ [0, T = T].

Then such M and T depend only on p, q, T, u, and it follows that

1 C1m,T

X < JXO R+ CXE P+ = e 21

Similarly we obtain Xa(f),zl’T < (Cpr/4)e. This yields, for € < gy := (4C.Cprr) 77,
the upper bound

; 3/4—+/9/16 — C.C,, «Cm
X0, < =V TEo COnTE (e (2500
m 2C, 2C,/9/16 + C-Cpr €

which is uniform for j = 0,1,... By considering the equations that 09 =y -
U9V and PY) .= pY¥ — pli=h (7 > 1) satisfy and applying the maximal regularity
estimate (2.5.1)), we deduce that

IV, e W g, e, (m1y7) + Ve B || (mir(m 1)1

3, . ,
< Z(”(V;(J 1)75W5(] 1))||E1(mT,(m+l)T) + ||V5P5(] 1)||E0(mT,(m+l)T))7 Jj =2

From this the existence of (U, P:) := limj%oo(Ug(j), Pg(j)) in EY(mT, (m + DT) x
ET(mT,(m + 1)T) follows. We now take the limit j — oo in (2.5.§) and (R.5.10)
to conclude the solvability of () and the estimate (R.5.7), respectively. The
uniqueness proof is standard, so we omit it. This completes the proof of (A,,) and,
consequently, that of Theorem @

Remark 2.5.2. If the solution of (@) exists in the maximal regularity class with
the time interval (0,00), we can find some 7y such that ||ullg,(73,00) < 75~ In this
case our construction of the solution above can be applied to extend the result of
Theorem R.3.3 up to 7 = oo as well.
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Chapter 3

Justification of the Hydrostatic
Approximation - the Case of
Non-Slip Boundary Condition

In this paper, justification of the hydrostatic approximation in the primi-
tive equations in the maximal LP-L9-settings is considered under the non-
slip boundary condition. We show the solution to the scaled Navier-Stokes
equations with initial data ug € Bg}f/ P(Q) converges to the solution to the
primitive equations with the same initial data in Eq(T) = W1P(0,T; L4(Q))N
LP(0, T; W24(Q)) with order O(e) where (p, q) € (1, 00)? satisfies % < min(1-
1/q,3/2 —2/q). The global well-posedness of the scaled Navier-Stokes equa-
tions in E1(T') is also proved for sufficiently small € > 0. Note that 7' = oo is
included.

3.1 Introduction

The primitive equations with the non-slip boundary condition is

ou—Au+u-Vo+Vgr = in Qx(0,00),

0.,m = in Qx(0,00),

(PE) divu = in Qx(0,00),
u = on 0 x (0,00)

where u = (v,w) € R? x R and 7 are a velocity field and a pressure, respectively,
Vi = (0:,0,)", and © = T? x (—1,1). Hereafter, we say the non-slip boundary
condition as the Dirichlet boundary condition. By divergence-free condition and the
Dirichlet boundary condition, w is given by the formula

x3 1
w(a', x3,t) = —/ divg v(a', z3,t)d(dC :/ divg v(a', z3,t)d(dC.
z3

—1
The primitive equation is a fundamental model for geographic flow. Existence of
weak solution to the primitive equations with L2-initial data was proved by Li-
ons, Temam and Wang [17]. Local-in-time well-posedness was proved by [18]. Al-
though global well-posedness of the 3-dimensional Navier-Stokes equations is the
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well-known open problem, for the primitive equation this problem have been solved
by Cao and Titi [4]. Hieber and Kashiwabara [23] extended this result to prove
global well-posedness for the primitive equation in LP-settings. Recently, Giga,
Gries, Hieber, Hussein and Kashiwabara [6] obtained global-in-time well-posedness
in the maximal regularity space (mixed Lebesgue-Sobolev space) W1(0,T; LI(£2))N
Lr(0,T; W24(Q)) for T > 0 under various boundary conditions.

Our first aim in this paper is to give a rigorous justification of derivation of the
primitive equations under the Dirichlet boundary condition. We first give a explana-
tion of its derivation. Let us consider the following anisotropic viscous Navier-Stokes
equations in thin domain

(3.1.1)

_ 2592 . _ -
(ANS){ Owu— (A + €02 )u+u-Vu+ Vr 0 in QEXEO,OO),

divu = 0 in Q¢ x (0,00),

where Q. = (—¢,€) x T2 If ¢ = 1, (ANS) is the usual Navier-Stokes equations.
(ANS) valid for incompressible viscous fluid filled with thin domains. Actually, if we
put the Reynolds number 1, since length and velocity is e-order, apparent viscosity
for vertical direction must be e2-order in the Reynolds number point of view. The
primitive equations is formally derived from above equations. Set new unknowns;

o U = (Ve,we)
o v (x,y,2,t) :=v(x,y,2/€t)
o we(w,y,z,t) :=w(x,y,z/e t)/e
o m(z,y,2,t) :=m(x,y,2/€,t).
Then, (u., ) satisfy the scaled Navier-Stokes equations in a fixed domain

o — Ave +ue - Vo +Vgme = 0 in Qx (0,00),
(SNS)< € (Qwe — Awe +uc - Vw) +d.me = 0 in Qx(0,00), (3.1.2)
diveu = 0 in Q x(0,00).

Taking formally ¢ — 0 for the above equations, we get the primitive equations.

The existence of weak solution to the Navier-Stoke equations first proved by
Leray [29]. Its uniqueness is stile open problem. Global-in-time well-posedness first
proved by Fujita and Kato [11] for H'/2-initial data. After that, the solution space
was extended by many researchers. For instance, Kato [26], Cannone [5] and Koch
and Tataru [27] proved global-in-time well-posedness of small data in L? for ¢ > n,
By. ;M/ “for 1 < g < oo and BMO™!, respectively, where n is the space dimension.
See Lemarié-Rieusset’s book [30] for further previous works.

Rigorous justification of the primitive equations from the scaled Navier-Stokes
equations was studied by Aezérad and Guillén [2]. They obtained weak™ conver-
gence in the natural energy space L>(0,T; L*(T?)) N L*(0,T; H*(T?)) for T > 0.
Recently, Li and Titi [14] improved their result to get strong convergence with
the aid of regularity of the solution to the primitive equations. Furukawa, Giga,
Hieber, Hussein, Kashiwabara and Wrona [12] extended Li and Titi’s result in
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maximal-regularity space H*(0,T; L¢(Q))NLF(0,T; H*4(2)) for @ = T3 and 1/p <
min(1l — 1/¢,3/2 — 2/q) with a different strategy. Note that the case of p = q = 2
is corresponding to Li and Titi’s result. As we already mentioned, the primitive
equation is a model for geographic flow. Although, it is more physically natural
to consider the case of Dirichlet-Neumann and Dirichlet boundary conditions, there
was no result of justification of derivation to the primitive equation from the Navier-
Stokes equations.
Set

E(T) = {u € H"?(0,T; LY(Q)) N LF(0, T; H*1(Q)); divu = 0, u|,—s1 = 0}
Eo(T) = {u € LP(0,T; LY(Q)) ; dive = 0, ufpesy = 0}
ET(T) = {n € LP(0,T; W"(Q)); / mdxr =0}
Q
X, ={u€ B2"; divu = 0, ul,—s; = 0},

where X, is the trace space of E;(7T"). Let us seek the solution U, = (V,, W,) to

8,5‘/;—AV€—|—VHP6 = FH in QX (O,T),
O(eW) — A(eWo) + LEP. = eF.+eF  in Qx(0,7),
divU, = 0 in Qx(0,7), (3.1.3)
U. = 0 on 0 x (0,7),
U(0) = 0 on £,

where
« Fy=—(U.-VV,+u-VV.+U. Vo)
o F,=—(U.-VW.+u-VW.+ U, - Vw)
o F=—(0w—Aw+u-Vw).
() is the equation of the difference between the solution to the (PE) and (SNS).

Theorem 3.1.1. Let T' > 0. Suppose (p,q) satisfies Il? < min(1 - 1/¢,3/2 —2/q)
and ug € X,,. Let u € E{(T) be a solution of (PE) with initial data uy € X,.Then

there exists constant C' = C(p, q, ||ullg,(r)) and a unique solution U. = (V,, W) to
5’1%) such that

| (Ver 02 a0, < €C. (3.0.4)
Moreover, ue = (ve, we) := (v+ Ve, w+We) is the unique solution to (SNS) in E,(T).
This theorem implies the justification of the hydrostatic approximation.

Corollary 3.1.2. Let T' > 0. Suppose (p,q) satisfies % < min(1 —1/¢,3/2 —2/q)

and ug € X,,. Let u and u, be a solution of (PE) and (SNS) in Ey under the Dirichlet
boundary condition with initial data ug, respectively, such that

||u||E1(T) + ||(Ue7€we)||E1(T) S C10 (315)
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for some Cy = Cy(ug,p,q,T). Then there exists a positive C = C(ug,p,q, Cy) such
that

[|(ve = v, e(we = w))||g, () < €C.

Our strategy to show Theorem is based on the estimate for (V,,eW,). To
explain the strategy some key lemma are needed; maximal regularity result of the
anisotropic Stokes operator and improved regularity result for vertical component
of the solution to the primitive equation. Consider the linearized problem of (SNS);

Ou—Au+Ver = f in Qx(0,7),
diveu = 0 in Qx(0,7T),
u = 0 on 08 x (0,7),
u(0) = uy on €

(3.1.6)

where V. = (01,0s,05/¢) and div, = V... We introduce some known results on
maximal regularity of the Stokes operator, which is corresponding to the case ¢ = 1.
Solonnikov [40] first proved L?-L¢ maximal regularity for the Stokes operator. Giga
[13] proved bounded imaginary power in bounded domain, this implies maximal
LP-L7 regularity via Dore-Venni theory [7]. Giga and Sohr [19] proved maximal
regularity in an exterior domain. Abels [1] proved bounded imaginary power of the
Stokes operator in an infinite layer domain. Further studies on maximal regularity
were done by many researchers, for instance, Dore and Veni [7] and Weis [42]. See
Denk, Hieber and Priiss [8] for further comprehensive research. In our case, it is
needed to clarify the dependence of € to maximal regularity. This is a key point.
We show the following

Lemma 3.1.3. Let 1 < p,g < 00, 0 < e <1andT > 0. Let f € Eo(T) and
ug € X,. Then there there exist constants C' = C(p.q) > 0 and C" = C'(p,q) > 0,
which are independent of €, and (u, ™) satisfying ) such that

10lls, + || V2ully, +11Verlls, < Cllfllg, + Cllwolly,  (3:17)

The proof of Lemma is based on Abels’s paper [1]. It is needed to clarify
independence of € of C' and Cp. Unfortunately, it is not clear in [1]. However, the
strategy in [1] works on our problem. We construct the anisotropic Stokes operator
by the method in [1] and show the boundedness of imaginary power. Note that,
in our previous paper [12], maximal regularity of the anisotropic Stokes operator
is much easier since the corresponding Stokes operator is essentially the same as
the Laplace operator on T3. In the case of the Dirichlet boundary condition, the
corresponding Stokes operator becomes to be much more difficult by the effect of
boundaries, which is essentially the different point to in the case of the periodic
boundary conditions.

F = 0w — Aw+u- Vw appears in the right hand side of () Thus, we need
to improve the regularity of w and estimate this term in LP(0,7; L%(£2)).

Lemma 3.1.4. Let T > 0 and uy = (vo, wo) € X, with wy = — f_mf divg vg d¢ and
u = (v,w) be the solution to (PE). Assume v € E{(T). Then there exist a constant
C = C(p,q,||wl x, , [|[v|[g, (1)) such that

[wlle, () < C. (3.1.8)
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Since v € Eq(T'), which is the vertical component of the solution to the prim-
itive equations, has already proved, it follows w(-,z3) = —ffi divgu(-,Q)d¢ €
HY7(0,T; H%9(Q))NLP(0,T; H*?(Q)) . This derivative loss is due to the absence of
the equation of time-evolution of w in the primitive equation. In our previous paper
[12], which is the case of periodic boundary condition, we recover the regularity of
w by deriving the equation which w satisfies and applying maximal regularity of
the Laplace operator to the equation. However, in the case of the Dirichlet bound-
ary condition, this method is not applicable directly because of the second-order
derivative term at the boundary, which banishes in the case of periodic bound-
ary condition. Therefore, it is needed to escape this difficulty. Actually, we can
escape this by so-called cut-off technique. We multiply w by the cut-off function
¢ € C§°(T), which is equal to 0 near the one side of the boundary, and seek the
equations that ¢w satisfies. In this equation, second-order derivative at the bound-
ary does not appear, and thus applying maximal regularity of the Laplace operator,
we can recover the regularity of w. Note that the remainder terms derived from the
effect of cut-off can be treated as a low-order term.

Let us introduce our strategy to show Theorem . First, boundedness of non-
linear terms Fg and F), in (@3’ on [Eq is shown. F'is also bounded Eq(7") by Lemma
. Second, we apply Lemma M to () to get a quadratic inequality, which
leads ||(Ve, eWe)||g, -y < Ce for some short time 7™ and e-independent constant
C > 0. Since C depends only on p, q, |luo||x,, ||u|lg, ) and T if we take e small,
we can extended the time to all finite time 7" by finite step.

In this paper, ||-||x—y denotes operator norm from a Banach space X to a Banach
space Y. We define the Fourier transform by Ff(£) = [, e ¢ f(2) dx, the Fourier
inverse transform by F~! f(z) = W Jga €75 £(§) d€. The Fourier transform on the

torus T and its inverse trance form are denoted by F; and F,, respectively. F,
means the partial Fourier transform with respect to ' € R? and the partial Fourier
inverse transform with respect to ¢ by F,,'. Define 3y := {\ € C : larg \| < 7 — 6}.
For a Fourier multiplier operator F- 'm(€)F, in R3, we denote by [m] the Mikhlin
constant. F,'m(&)F. is a Fourier multiplier operator in R? with Mikhlin constant
[m| . For 0 < e <1, A, = 07+05+02/e* denotes the anisotropic Laplace operator.
Eyf is 0-extension onto R? for a f supported in Q. Ryf is the restriction on Q for
a function f defined on R3. For a integrable function f defined on €2, we write its

vertical average by f =1 f_ll f(,+¢) d¢

3.2 BIP of the Anisotropic Stokes Operator

This section is devoted to the proof of BIP of the anisotropic Stokes operator along
with [1].

3.2.1 Boundedness of Fourier multipliers

Although, the case of infinite layer R? x (—1.1) is considered in [1], his method
also works in a case of periodic layer = T? x (—1,1) thanks to Fourier multiplier
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theorem on the torus, e.g.Proposition Proposition 4.5 in [22] and [20].

Proposition 3.2.1 ([22]). Let 1 < p < 0o and m € C®(R?\ {0}) satisfies the
Mikhlin condition:

[m]:== sup  sup \gaagm(§)| < 00. (3.2.1)
{0,134 £cR4\ {0}
Let aj, = m(k) for k € Z%\ {0} and ap € C. Then there exits a constant C' =

C(p,d) > 0, for f = 3, cza [ne™ € LP(T%), the Fourier multiplier operator of
discrete type

T: fr Z U fre™ (3.2.2)
nezd
is bounded such that
| Tl £oeray < Cmax([m], ao) || f| Lo (ra)- (3.2.3)

Let us consider the resolvent problem to (B.1.6) ;

M—Au+Ver = f in €,
diveu =0 in €, (3.2.4)
u =0 on 012,

for A € ¥y (0 < 0 < 7w/2) and f € L9(Q). Let H. : LP(Q) — L () =
{ue LP(Q); diveu = 0, u|zy—4+1 = 0} (1 < p < 00) be the anisotropic Helmholtz pro-
jection on (2, its LP-boundedness is proved later. Let A = H.(—A) be the Stokes
operator with the domain D(A.) = L (Q) N W??(Q). For a > 0 and 0 < z < 1/2,
fractional power of A, is defined via a Dunford calculus

A= L (=N + A~ d),

° 2m Jp,
where 0 < 0 < 7/2 and ', = Re!=™% URe! (™9 Our aim in this section is to prove

Lemma 3.2.2. Let 1 < ¢ <00, 0<a<1/2, z € C satisfying —a < Rez < 0 and
0 <60 < /2. Then there exist a constant C = C(q,a, ) such that

HAEHLQ(Q)H[/](Q) < Cegumz‘- (3.2.5)

If the above lemma is proved, then we obtain maximal of the anisotropic Stokes
operator via the formula

(i N AE) L / T ldydyAT (3.2.6)

dt +ico sinmz

for 0 < ¢ < 1 and the Dore-Venni theory [7].
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To show Lemma , we decompose the solution (u, ) for () into three
parts;

u = Rov; — vy + Vs,
VJT = veﬂ-l + veﬂ-Qa

where v; and 7; are solutions to

(I) { )\’Ul — Avl + V67T1 = E()f in T? x R7

divevy = 0 in T? xR,
)\1)2 — AUQ + veﬂ'g =0 in Q,
(I1) divev, = 0 in €,

vy = v — (v - V)Y on 01,
and

Aag = 0 in €,
Vems-v = (yur-v)yr  on 09,

(I11) {

respectively, where v = v is the trace operator to the upper and lower boundary;,
respectively, and v is the unit outer normal. To show Lemma 3.2.5, we need to
obtain

1 1
’ —,/(—)\)ZR()’Ul d\ +‘ _,/(_)\)ZU2 dA
2mi Jr La(Q) 2mi Jr La(Q)
1
o )2 < 0|Im z| )
#|lgm LAV | <0

We focus on the effect of € to the solution of above three equations. Throughout
this section we frequently use partial Fourier transform to construct solutions and
estimate these partial Fourier multipliers.

Proposition 3.2.3 ([1]). Let m/(¢', z,() such that
[ (2, Ol < C* (|2 —al +1¢ =0~ (3.2.9)

for some a,b € {—1,1}. Then there exists a constant C = C(q), for the partial
Fourier multiplier operator given by

1
Msz?[JM&AOEM@£M% (3.2.10)
it holds that
1Mf|l,0 < CC £l (3.2.11)

Rescaled LP-Fourier multipliers are also bounded L? multiplier by the direct
consequence of the Mikhlin theorem.
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Proposition 3.2.4. Let m € CY/?*Y(R?\ {0}) be a LP-Fourier multiplier with the
Mikhlin constant [m]y < C for some C' > 0. Then rescaled one m.(§) := m(e€) is
also bounded from LP into itself such that

m < C.

The above proposition is frequently used in this section to get e-independent
estimate for scaled multipliers. We show boundedness of some Fourier multiplier
operators in advance. We set

sv= A+
for ¢ € R2.
Proposition 3.2.5.

e Let0 <0 <m/2, A€y, t>0 and a be a positive integer. Then there exist
constants ¢ > 0 and C' > 0 such that

€] e ], <C

e—ct|)\|1/2 |:€—sA
’

- } <OV (3.212)
t M/

S

e Let —1 < x3 < 1. Then there exists a constant C' > 0 which is independent of
€, such that

sinh(e || x3) €€

[ sinh(e [£']) 1+€|§'|}M/ =

[cosh(e &' z3)  €l|¢]
sinh(e|¢']) 14 €l

] <C. (3.2.13)
o

forall0 <e<T1.

o Let —1 < x3 < 1. Then there exists a constant C' > 0, which is independent
of €, such that

sinh(e [¢'| z3) sinh(e|¢'| z3)
{W} W= [m} W= (3.2.14)
forall0 <e<1.

Proof. (77) is the direct consequence of the Mikhlin theorem. () is a direct
consequence of Lemma3.5 in [1] and the Mikhlin theorem. The Mikhlin theorem
implies there exit a constant C' > 0 such that

erere] <C [T Oy
O P LR )

for all t € R and a > 0. By definition of sinh and cosh, we find the formula

sinh(e |¢'] z3) el — gmd€les o€zl (@t )
sinh(e [¢']) T T edl o€l T 1 _ e-2d€ 1 _ 24 (3.2.16)
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and

Sinh(E |§’| ,173) e*€|§/|(l“371) 6*6|§’|($3+1)

= 3.2.17
cosh(e |€]) [ 2de] T 1Z g 2de] ( )
Thus, multiplying % by both sides of (), we obtain
{Sinh@ €' x5) _€|€] ]
sinh(e[¢']) 1+ €[] ]
/ ! 1
< ¢ | e-dei@-___€l€]
- {e (1= e (1 + €l | up
o ety €l¢] : !
(1 =) (1 +€l€') ] g
<C. (3.2.18)
Second inequality of () is proved by the same as above using () By
definition of sinh and cosh, the Mikhlin theorem implies (3.2.1%). O

3.2.2 Estimate for v,

Let us consider the equations (I). For a € C we denote by 7,f = f(a-) the rescaling
operator by a. The anisotropic Helmholtz projection ]P’eRs on R? with symbols

'F]P]}S:I?:_ge@ge’ §e = (51752753) €R37

B
is bounded in L(R?) by boundedness of the Riesz operator and the formula
Fom(a&) Fof = 1ot [F¢ 'm(€) Faraf] (3.2.19)

Actually apply () with respect to third variable, then, the symbol is nolonger
independent of €. For a € C, we denote by 72 the rescaling operator with respect
to third variable. Changing the variable with respect to and using boundness of the
Riesz operator, we find

3 —
IPE flle@sy = € Py [0 ] lze@s) < ClIfllor@s),

where 72 is the rescaled operator with respect to third variable for a > 0. We define
]P’ETQX]R be the anisotropic Helmholtz projection on T? x R with symbols

ny sl
Fxsfdyx/IP’TXR =I5 — o ® o ., niy,ng €74, & € R.
§3/€ €3/e

We find IP’?QXR is bounded from LI(T? x R) into itself by boundedness of P, and
Proposition E.Q.l‘.
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Proposition 3.2.6. Let 1 < g < 00, 0 < a < 1/2, z € C satisfying —a < Rez < 0
and 0 < 0 < /2. Then there exists a constant C = C(q,a, ) such that

for all f € LI(Q).

1 )
—,RO/ (=A)*(\ — Apeyp) "PTRESf dX
Ty

271

L4(T2xR)
< CM | £l oy (3.2.20)

Proof. Tt is known that the Laplace operator on a cylinder T2 x R has BIP. Com-
bining with this fact and L¢-boundedness of PT" ¥R, we have (E.Q.ZQ).

]

Let us calculate the partial Fourier transform for v; with respect to the horizontal
variable, which is needed to obtain representation formula for vy later. We temporary
consider on R? x R. Let g € LY(R? x (—1,1)). The solution to the equation

MN—-—Av+V7m = g in R3,
div.o = 0 in R3,

is given by
b= (\— Ags) " PXEyf.
Moreover,
(A= Aga) Py (3.2.21)
- - 66 ® Se
Ol (- S5 ) 7
]
=7 / kxe(&, 25 — ) Farg(¢',€) d, (3.2.22)
R
where

k;,e(gla Ig)
=t [o it (- S5

€]
e (10
- 28)\ 0 O

Y —clel'e1731*x 455~ Imalel<] _ig < elzslsx _o—loglele’]
_ A+(1-e2)[e)? 2sxe[¢] A (1—e2)[€7]2 2
*Z‘EIT &2 67‘23‘”—57‘23'6‘5/‘ . |§/|2 &2 *5|5|/8_lx3|s>‘+s,\6_|m3|“£/|
A+(1—-e2)e]? 2 M (I—e2)|e]? Zsnele]

eSA(b o)_( & @ & (€, 75) —W%%J€wﬁ>'

e , 3.2.23
2o L0 0 ) T\ SieTou (ehas) — 1€ (e 2s) (3:2.23)

kx (&', x3) is calculated by the residue theorem. Actually, since poles of ()\ + € |2)_1
are £3 = *+1is), the residue theorem implies the partial Fourier inverse transform of
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-1 .
(A + |§|2) with respect to & is given by inserting 3 = isyor — is, into 3% so
that the real part become to be negative. Thus, we have

e~ lz3lsa

A€ ) = F (A + €)= (3.2.24)

SX

Moreover, this formula leads

62 :| 66_|x3|€|€/‘
eler+gl el
Combining with the above two calculations and the formula

gt &/
]3_&@66_([2 0)_( &2? F&zi)
2~ \ oo E8 Je _l&l” |7
& lez|? lez|?

Follel) = 7|

we have k) .. Thus, the solution v; to (I) with external force g € L(T? x R) is given
by

v = Ky g := ]—:Z}L, / kxe(n',zs — Q) Fawg(n',¢) dC, (3.2.25)
R

3.2.3 Boundedness of the anisotropic Helmholtz projection

Next, we consider the equation (III) with boundary data ¢ = (¢4, ¢_). Applying
the partial Fourier transform to (III), we have

8_? a2 , ’ _
(EQ id )Fd“ ma(n',w5) =0, (3.2.26)
%fd@nrg(n’,j:l) = fd,x/ghi(n’).
for n’ € Z* and x3 € (—1,1). The solution to () is of the form
Fawms(n', xs) = Cre™M| 4 Coem sl

for some constant C; and Cy. Take the constants so that () satisfied, namely

C - Fd,x’gb-I— + ]:d,x’gb— fd,x’¢+ - fd,a:’¢—

1 — . 3
4|n’| cosh(e [n']) 4 |n’| sinh(e |n'])
_fd,z’¢+ + -Fd,x’(bf fd,:p’¢+ - ‘Fd,x’(bf

41¢'| cosh(e[n'])  4[¢']sinh(e [n']) *

Cy =

then the solution to (B.2.20) is given by

7T3(55,75173)

_ 1 sinh(exs |n'|) Fauw oy + Furp— cosh(exs |n'|) Faws — Fawd— .
4"\ |n’| cosh(e |n/|) 2 |n’| sinh(e |n/]) 2
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Moreover, its anisotropic gradient given by

[n’| cosh(e[n’]) 2 [n| sinh(e\n’g_ 2
cosh(ex3|n’|) Fa o/ P++F g0 O— + sinh(exz|n’|) Fa,o/ P+ —F a0 P—
cosh(eln']) 2 sinh(e[n/|) 2

=: ]-E}L,ae,Jr(n’, x3) Faw Pt + Flﬁ,aey,(n', 23) Faw . (3.2.27)

Vem =

in’ sinh(exs|n’|) Fa,o P+ +F a2/ P— in’ cosh(exs|n’|) Fa o P+ —Fd,z P
fd n

We take trace to (B.2.27) to get

da:’¢++]:dz’¢* dz’ -
2

+in’ sinh(e[n’|) ]:d x/¢++]:d x/¢— in’ cosh(e|n’]) ]:d 2P+ — ]:d o P—
_ —1 / h h / 2
’Y:I:veﬂ-fﬂ =F g’ [n’| cosh(e[n’]) }n \sm |n D

We take ¢y = 1o PL *CYWE £ for £ € L9(Q) and set

I f dn’ [as +(7’L x3)7+Fdx (63 . P’ngR)Eof)]
Tl [0 w)y Fawr (e5 BEEof )]

Lemma 3.2.7. Let1 < g < oo and0 < e < 1. Then there exist a constant C' = C(q)
such that

e 1 Loy < ClIf gy,
for all f € LI(Q).

Proof. We seek the multiplier of Il by a direct calculation. Recall that the symbol
of PT**R ig of the form

n'@n’ n'€3/e
FonFauPT¥E = (120 W TP 3.2.28
x3vY dx' ¢ - 0 0 - n/T§3/e o |7Ll‘2 . ( L. )
eln’c|? In’e|”

Since the symbol of IP’TXR have poles at {3 = +ie|n’|, we apply e3- to () by
the left hand side and use the residue theorem so that the power of e is negative to
get

'l

T2 xR ! e [z =Cleln / 11
Faules PEREf) = = | “—en’ - Fu f1(0,0) dC
—1

'l

U elasCle| ,
+/ e || Faw fo(n.C) dC. (3.2.29)
-1

Note that the integration is due to the relationship between the Fourier transform
and convolution. Applying trace operators v+ and ae4(n,z3), respectively, and
taking Fourier inverse transform with respect to n’, we find

Hef(aj/a .Tg)

1 io—I1=Cleln]
= _]:d,:u/ ae,+(”/7$3)Ten’ - Fu (0, C) dC
—1
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'l

o~ 11=Cleln

1
+Fgh [ ) e Fae ) e
~1

. 1 . e~ |=1=Cleln/] , .
- d,n’/ Oée,_(’n, 7‘7:3) 9 en’ - J d,ﬂﬂ'f (n 7C) dC
-1

1 —|=1=Cleln’|
(&
e Fgh [ ) el Fa o) ¢
—1

and, by the definition of o ,

in’ sinh(z3|n’ \) in’ cosh(exz|n’|) @'6—‘1—(|5|”/‘
_ |n’| cosh(e|n/| [n’| sinh( |n’|) I 1!
- ‘Fdn / cosh(em3|n)\) + sinh(exs|n’|) 9 en -Fd,:c’f (n ) g) dg.
71

cosh(e|n’|) sinh(e|n’|)

Symbols in the integral can be written by A(en)(1 + e |n/|)ecm'[(zsEl+ICEL) for o
symbol A with a e-independent Mikhlin constant by Propositions B 2. 1Eﬂ and |3 2.14.
The same argument is valid for I; (j = 2,3,4). Thus, we find from Propositions

B2 B.2.dB.2.4 and B.2.9 that
/1 G Ol pagre i

1]z £ 1+ [+ 1]

1T fll Loy < Cllfll oy + €

La(-1,1)
< CHfHLq(Q)

for all f € L), where the constant C' is independent of e. O

Let Py, := Ry (IP’TXREO — HE>. Then lemma implies Py is bounded from
LP(Q) into itself.

Corollary 3.2.8. Let1 < ¢ < o0 and 0 < e < 1. Then there exist a constant C' > 0,
which is independent of €, such that

||PN,Ef||Lp(Q) < C||f||L;D(Q)7 (3.2.31)
for all f € LP(Q2).

Remark 3.2.9. Py is not the anisotropic Helmholtz projection on 2. Py is the
operator which maps from the LP(€2)-vector fields into LP(2)-divergence-free vector
fields with tangential trace. We find that the anisotropic Helmholtz projection is
bounded from LP(€2) into itself by the same method of Lemma B.2.7. Let u € LP(Q).
Then, we obtain the solution 7, to the Neumann problem

{ Am, =diveu in
g

836”6 =u-vye on O

(3.2.32)

The anisotropic Helmholtz projection H. is defined by

Hu=u—-V.r.
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In the case of the Dirichlet boundary condition, i.e. yLu = 0, the right hand side of
the second equality of (B.2.32) is zero. Let us consider the LP-boundedness of V..,
which implies the boundedness of the anisotropic Helmholtz projection. Let 7! and
72 be the solutions to

Al = Eydiveu  in T? x R, (3.2.33)

and

LT — o~y - VAT Eydiveu on 09,

€

{ Am? =0 in
7

respectively. Then, we find
7. = Rom! + 72

Let us first consider () It follows from integration by parts

1
Fm]:d,x/Eodiveu == JT"d,:(;’ /

-1

e—ingg (diVHu/(',iL‘?)) + 8311/3(-,:63)) dx?)

€

=1 ( n §3/€ )T . ‘/T'.d@/(Eou)
= J_"my/—"d@/diVE(Eou).

This formula, the Mikhlin theorem and Proposition imply
’|VG7T61HLP(Q) < Clull poq), (3.2.34)

where C' > 0 is_independent of €. Moreover, since e3 - V.AZ!div, is given by the left
hand side of (B.2.29), we can use the same method as Lemma ‘3.2.5 to estimate

Hvﬁﬂ-ez‘ |LP(Q) < C||“||LP(Q)7 (3.2.35)

where C' > 0 is also independent of €. () and () implies LP-boundedness

of the anisotropic Helmholtz projection on (2.

Proposition 3.2.10. Let 0 < e <1, 1 < g < 00, 0 < a < 1/2, z € C satisfying
—a < Rez < 0 and 0 < 0 < w/2. Then there exists a constant C = C(q,a,0), for
each f € L1(Q), the solution w3 to (III) with boundary data (YK f - v)v satisfies

1 / o1
5 [ (=A)Vems dA < G| 1l g,
‘ 27 Jp, La(9) @)
where C' > 0 is independent of €.
Proof. Since
Veﬂ'g = HGKA,EEOf (3236)

and the Cauchy integral commutes with II., combining with Proposition and
Lemma , we obtain the conclusion. O
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3.2.4 Estimate for v

Let us consider the equation (II) with tangential boundary data g = (g4, ¢9_). Set

/ ! ® !
yg\ﬁ(n/):2s)\([2+€|n|n ;L)
’ sy ||
and
n_ [ Vi) 0
Yne(n') = < 0o o) (3.2.37)
Then, y, . satisfies
K\ (0, 0)yre(n’) = Jo = ( 1;]2 8 ) . (3.2.38)

Let us define a multiplier operator L, . as
L)\7€g<n,, x3) = PTXRI_Z;’ [6/)\(71/, 1- x3)y>\,e(n,)fd,a:’g+(n/>]
+PEERELL [, =1 — 23)yse(n) Fuwg- ()], (3.2.39)

where € is defined by () Let p\ .(n', z3) be a partial Fourier transform of the
symbol of ]P"f2XR with respect to & for 0 < 23 < 1. Then

Laeg(n's) = Fl [0, ) g €5 (0, 1 = )y (0') Furgs ()]
+ ]'-CZ:M [pé(n’, Yz el(n’, —1 — ~)yf\’6(n/)]:d’z/g_ (n')} , (3.2.40)
where - x3 - is convolution with respect to x3. We set
Wie= PneLy.. (3.2.41)

Then, Wy (g is a solution to (II) with boundary data yW), .g.
We first get a Fourier multiplier of vy, .. Next, we show the map Sy, : g —
YW.eg has bounded inverse for large A\. Put

Vieg = WreS5 9, (3.2.42)
then, V) .g gives the solution to (II) with boundary data g.

Proposition 3.2.11. Let 0 < e < 1,0 <0 <7/2, 1 < g < o0 and X\ € Xy. Let
r > 0 be sufficiently large, which is independent of €. Then, for |\| > r, there exists
a bounded operator Ry . from L(Q) into itself satisfying

C
||R)\,E||LQ(Q)*>LQ(Q) S ‘)\’1/27 (3243)
where C' > 0 is independent of €, such that
—Syi=1+R,.. (3.2.44)
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Proof. Let g € L4(T?). Since €, is an even function with respect to 3, we find from
a change of variable that

P, )+ €h (1 — ) = / P, — ey (1, 1= ¢) d

/pmzm A, =14 —mn)dny
= —km_(n ,—14 ),
and similarly
pe(n’, ) xg ey(n, =1 =) = =k (n/, 1+ )
Thus, we find from () that

Laeg(n',) = Foyp [k (&, =1+ YA (E) Faw g (€)]
+ 'FCZEl' [_ki\,e(glv 1 + )yg\,e(f )-Fd,x’g } y (3245)

We apply Py, to (3.245) to get

Sxeg =1:Wheg
= —Fy [R5 (0, =1 £ D)yp o (€) Faargs ()]
—.Fdn [ o(n', £1)eg - Ky (0, 2)yne(n') Faarg—(n')]
= Fr [BA (0, 1 D)y o(€) Farg-(n)]
— Fow [ (', H)eg - B (1, =2)yn o (0) Fawr gy ()]
=hL+L+1+1 (3.2.46)

Let us estimate I; and I5. () implies
Fam [B5 (0!, 0)yn () Faprge(n)] = ga. (3.2.47)
We need to show the other terms are O(1/ |A|'/?). By (5223) and ([;23/), we have

k;;(ﬁla :l:z)y)\,e(nl)
=e N (Jz + eln’] Jan ® J2n)

EN n/|?
€2 e|n'| Jan ® Jon
— Jon ® Jon 625*(J+ )
U —e) ) ?
€ e~ 2’| ( e|ln'| Jan ® Jgn)
2 / SX +
A (1—e2) |n/|)* eln’|
= [[1 +I[2—|—[]3

We find from () and () in Proposition and

1 C |§_/q [J2£® Jo§
|:)\+ (1—¢2) ]f’lz} ST [ M ! i

— JQTL & JQ?’L

] <C (3.2.48)
o
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that

[11],, < Ce“P? (3.2.49)
and
Cle—c'?
(1], < BT (3.2.50)

for large A\, where constants ¢, C' > 0 are independent of €. Note that I3 have little
bit problem near ¢ = 0 since, at this point, we can not use decay of e 2l to
obtain uniform boundedness of the Mikhlin constant. However, we can use decay of
/(A + (1 — ) |¢]’) around € = 0. On the other hand, when e is away from 0, we
have no problem. Thus, combining with these observation, we can conclude by the
Mikhlin theorem that

C
A2

L Is]pp <

(3.2.51)

where C' > 0 is independent of €. Thus we find from (li%.2.4d), (|325d) and ()
that

C
_1||g||LP(Q)‘ (3.2.52)

A2

|| F [ (s £2)yn () Fawg(n')]]] <

Next, we estimate I, and I,. It follows from () that

es - ky (', 22)yx(n) Faag=(n')

o e o2 @ alyh ()0
=eor |G Zaa = ( TGO ) P

=— ( —83773\76(71',:I:Z)in'TySME(n') 0 )]—"dﬂc/g;.

2 8—23)\_672e‘n/|

Recall 03my(n', £2) = - . Then, we find from () in

G- 2
Proposition and () that

[(1+€lg]) Oamre(€', £2)y5 ()] g

) | E I ( ﬂw@g,)]
= (0l S (=) o (8 )|

C
<

>~ )\17
Al

where C' > 0 is independent of €. Since ) and () in Proposition

imply

g (€, £2)e If'q
{ (1 +e€ |§,| M =
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uniformly on €, combining with Proposition , we finally obtain

|[Famos (', F1)es - Ky (1, 2)y o(n') Faarg-| ‘LQ(TQ)
+ || Famom (0, £1)es - Ky (1, =2y (') Faw g4 | \me
C
< _1H9HL‘1('11‘2)’ (3:2.53)

A2

where C' is independent of e. Thus, taking |\| sufficiently large, choice of A is also
5.2.43

independent of €, we can conclude by ( ), (E.2.47), (B.2.46), (B.2.52) and (5253)
that

—She =T+ O(A™?).
]

Proposition 3.2.12. Let 0 < 0 < 7/2, A€ ¥y, 1 <g< oo and 0 < e < 1. Then
there exist r > 0_and a constant C' > 0, which is independent of € and X, if |\ > r,
Ve defined by (3222) satisfies

||V)\,€g||Lq(Q) <C |)\|71/2q ||g||Lq(aQ) (3.2.54)
for all g € L1(09).

Proof. We take r > 0 so that R) . exists. Then S;: is bounded on L4(2). Together

with boundedness of PT"*® on L9(T? x R) and Py, on L) and the resolvent
estimate for the Dirichlet Laplacian on €2, see Lemma 5.3 in [1], we find

IVacallzage = || PrclaneS5edl| uey
< C||LreSlg
< C |\

o

(55691 e
< C 1900,

where C' > 0 is independent of e. ]

Proposition 3.2.13. Let 1 < ¢ < 0o and 0 < € < 1. Then there exists a constant
C > 0, which is independent of €, such that

‘ (es - Fura (BT Eof))

for all f € LI(Q).

1 L+eln/|
1

<Olfllpo@y  (3255)
La(Q)

Proof. Since the symbol have poles at & = =ie |n/|, we obtain its partial Fourier
transform with respect to 3 by the residue theorem. Thus, we have

! <e3 . Fo (P?szEO f))

e|n/|

—1
Fin
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1 b ,
— fczrll/ / |:€—|J?3—<|€|TL |Zen/ . Fd,x’f’(nla C)
-1

T2 €|n/|

e | Foy (0, €)] dC.
This formula, the Mikhlin theorem and Proposition imply

! (63 - Faar (PfQXREOf»

eln|

—1
‘ “Fd,n’

< CllNzaee)
La(T?)

where C' is independent of e. [
Let us show BIP for the solution operator for vs.

Proposition 3.2.14. Let0 <0 <7m/2, A€ ¥y, 1 <g<o00,0<e<1,0<a<1/2,
z satisfying —1/2 < Rez < 0 and 0 < 0 < w. Then there exists a constant
C' = C(q,a,0), it holds that

where v; = Ky f for f € LI(Q).
Proof. 1t holds that
o1 — (v - vy = yKy Eof — ALK Eof.

We find from this formula, (|3.2.4]J), (B.2.4ﬂ .2.39), Corollary l3.2.1]J and (l3227|)
that the integrand of the left hand side of (B.2.50) can be essentially written as

L/F (=A)*Vae [yvr — (yvr - v)v] dA

271

< CeumszfHLQ(Q)v (3.2.56)

La(Q)

1
Py PTEE, / (€ +1 — a3y (W) (€, £1 — O)
—1
x Faar (PTREof ) (', )¢

1
—I—PN7€IP’1T2XR]:£,/ eh(n', £1 — x3)yn (0 )ae s (n', £1)e\(n', £1 — ()
—1
eln/| 1+e|n|
L+eln/| eln/|
+ W eRxe (VK Eof — VI Ky Ep f]
:le + [Q + [3,

Faw (BB ) (0, Q)

where + should be take properly. It follows from Proposition that

[eA(€, 11 — 23)ya(€)er (€, £1 = O)] s

< C lelilmglsA ([2 + € |£l| é’/ ®fl> 6|i1<|3A:|

- Sx |€/|2 S» »
e—c|)\|1/2(|:|:1—x3|+|i1_<|)

<C e (3.2.57)
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Thus, we find from change of integral line so that |[A| > R, where R is large enough
to ensure existence of S;i in Proposition B.2.11, that

1
— [ (=M1 dA
27ri/r< )°h

. Cl)\ll/2 (lzs—al+|¢—b])
1 / 1O BB Ol €

L9(Q

La(—1,1)

< Cllfll iy

1 0o
+ C‘ '/ / 69\1m2|Cchz—l/Qe—crl/Z(|Z3—a\+|c—b|)||f(,7 C)HLq(m) dr d¢

o La(—1,1)
PG O pare
< CHfHLq(Q) + C’Reaﬂmz\ / ) dr
-1 [z —al + e =0l La()
where C' is independent of €. Applying Lemma ’ we obtain
' /<—>\)Zh dA < C(g@\lmz\HfHLq(Q) (3.2.58)
r L9(Q)

Since a4 is definde by (), it follows from (|3.2.1j), (B237|) and Proposition
3.2.5 that

€l¢']
T+e |§/| M
e—c A2 (|1 —as]+]+1—¢])

[ (€41 — 23)ync(€)aes (€', £1)e (€', 41— O)
<

o

’)\|1/2

Thus we find from Proposition

1

1
= / (=A)°I d)
2mi Jp La(Q)

1+el€ ,
fnllTJf’Fx’ (PEEOf) (n 3 g)

< Ceellmz|||f||1:q(ﬂ)'

< C€9|Imz|

La(82)

Applying L?(§2)-boundedness of Py ., the resolvent estimate for the Dirichlet Lapla-
cian, ee Lemma 5.3 in [1],, Proposition B.2.11|, the resolvent estimate for the Dirichlet
Laplacian on T? x R, L?(€)-boundedness of I, the trace theorem and the interpo-
lation inequality, we have

1sl| 1oy = [Pn.eLaeBaey [KaeEof — VI Kx cEof]l| Loy
< CIN | Ry ey [KneEof = YK Bofl| oo
< CATYP |y (Ko Bof = YK Bo fll oy
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—1/2q—1/2—1/q'—1/2+65

e P e ([
—3/2406

= C | 1] ey

for small 9 > 0. Thus we find by the change of integral curve

‘ %/F(—)\)st D[ <Ol (3.2.59)

O

Proof of Lem. Lemma is the direct consequence of Proposition ,
Proposition m and Proposition B.2.14 O
Corollary 3.2.15. Let p,q € (1,00), T > 0, F = (fu, f.) € Eo(T), Uy € X, and

€ > 0. Then there is a unique solution (U, P.) € E1(T) x Eo(T) to the equation

8tV — AV + VHP = fH in (O, T) X Q,
H(eW) — A(eW)+ 22 = £ in Qx(0,7),
divgy V+2Z(EW) = 0 in Qx(0,7), (3.2.60)
U =0 on 9Qx(0,7)
U(O) = U(] in Q,

where P is unique up to a constant. Moreover, there exist constants C' > 0 and
Cr > 0, which is independent of €, such that

| (V.eW) llesiry + IV:Pllgocry < Ol F o + Crll (Vo W) [lx, - (3:2.61)

Proof. Lemma implies there exists a solution (U, P) to () with initial data
Uy such that

|Ule, 1y + IVePlleory < Ol F||o(r) + Crl|Uslx, -

Set
V=V, W=eW, P=P.
Then (U, P) is the desired solution satisfying () O

3.3 Nonlinear Estimates and Regularity of w

In this section we introduce some Propositions on nonlinear estimates to estimate
Fy, F, and F and on regularity of w, which is vertial component of the solution to
the primitive equations. Although, the following Propositions have already proved
in [12], we introduce them to explain our restriction for p and ¢ and for reader’s
convenience.

Proposition 3.3.1 ([12]). Let T > 0, p,q € (1,00) such that 2/3p+1/q < 1. Then
for any vy,vy € Eq(T) there exist a constant C'= C(p,q) > 0 such that

||Ulaxv2||E0(T) < C||U1||]E1(T)||U2||JE1(T)
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Proposition 3.3.2 ([12]). Let T > 0 and z € (—1,1). Let p,q € (1,00) such that
1/p+1/q < 1. Then for any vy,vy € Eo(T) and wy :== — f;l divyv, d¢ there exist
a constant C = C(p,q) > 0 such that

||wla3v2||]E0(T) < C||U1||E1(T)||U2||E1(T)' (3.3.1)

Restriction for p and ¢ in our theorem is due to Proposition and Proposition
B34
Proposition 3.3.3. Let T > 0, 1 < p,q < 00, vy € X,,wy = ffi’ divg vy dC €
X,(Q), f, 0sf € Eo(T) and ¢ € C=[—1,1] be a cut-off function

0 (1< <=3
=11 (0<ws<1)

Let u* = (v*,w*) € Ey(T) x WP (0, T; W=H4(Q))NLP (0, T; Wh(Q)) be the solution
of (PE). Then, there exists a solution u = (v,w) to

ov—Av = f in Qx(0,7),
diVH v+ 83w = qb’w* in Qx (O, T)> (3 3 2)
u = 0 on 0N x (0,7, e

v(0) = ¢(vo—7T) in Q,
where w(0) = ¢wy by compatibility condition, such that
V]l ¢y + 11050115, 7y + |l le, ()
< C <Hg"Hl«P(O,T;H—l"I('JI‘3))QLP(O,T;H1"1)(T3) + "839‘|Hl,P(O,T;H—lvq(’ﬂ‘3))ﬁLP(O,T;Hlvq(’ﬂ'?’)))
+C (I leory + 1185 Iy ) (3:33)
where g := ¢'w*.
Proof. Let u* = (v, w') be the solution to

ol —Avt = f  in Qx(0,7)
v = 0 in Qx(0,7),
v'(0) = 0 on Q

The maximal regularity of the Laplace operator implies
o' lescry < Cl ot (3.3.4)
Moreover we find
1050 12y < sl ) (3.3.5)

Put u! = (v!,0)T. By the Bogovskii lemma, see Section 2 of [39] for instance, there
exists a vector u? = (v?, w?) € E; such that

divu? = g—dive! in Qx(0,7),

u? = 0 in Qx(0,7), (3.3.6)
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and ,by ()

Hu2| ‘]EI(T) S OHg‘|H11P(07T7H—1,q(’]I‘3))ﬁLp(07T7H1,q)(T3) + HfH]E1(T) (337)
Moreover, d3g € H? (0, T; H-*4(Q)) N L? (0, T; H4(Q)) and () implies

}]83u2| ‘EI(T) < CH(%Q"HlvP(O,T;H—1#1(T3))0LP(0,T;H17Q(T3)) + H83fHE1(T) (3.3.8)

1

Set @ = (0,w) := u — u' — u?, then @ satisfies

oo — AV = —0p* + Av? in Qx(0,7)
leH’l~) + 63111 = 0 in Qx (O,T),
wiy—1) = 0 on Qx(0,T), (3.3.9)

a(0) = (d(vo — ), dwo)” —u?(0) on Q.

It follows from f € Eq(T), (), the trace theorem and the maximal regularity of
the Laplace operator that

19]]g, () < C <|’gl|HLP(O,T;H*1vq(’]I‘3))ﬂLP(O,T;Hlvq)(’IFS) + ||f||IEO(T)> : (3.3.10)
Applying 05 both sides of (), similarly we have

10501, (1) < C (||a3g||HlaP(O,T;H—lvq(’]1‘3))ﬂLP(O,T;Hlvq)('JI‘3) + ||a3f||]E0(T)> . (3.3.11)
Thus, by divergence-free condition and (), w satisfies

&@ —Aw = leH 6317’1«3:,1 - 8tw2 + Aw* — leH 83’1)2’1«3:,1 in Qx (O, T)
v = 0 on Qx(0,7T)
w(0) = ¢wy— w?(0) in Q

Thus we find from (l3.3.1d), (|3.3.1]J), the trace theorem and the maximal regularity
of the heat equation that

0|, (7
<C (||63g||Hl»P(O,T;H*Lq(’H‘3))HLP(O,T;H11‘1)(’]I‘3) + ||a3f||EO(T)> + OT‘ ’wao - WZ(O)HXW(Q)-
We completed the proof. [

Let us show w € E(T). In our previous paper [12], we first derive the equa-
tion which w satisfies by applying ffi divyg - d( to the equations v satisfies Then,
estimating the corresponding nonlinear terms and applying the maximal regularity
principle, we obtain w € E; (7). However, it is hard to apply this method directly
to the case of the Dirichlet boundary condition because of the term with the second
derivative at the boundary. This term is due to integration over (—1,z3). Note
that this difficulty does not appear under the periodic boundary condition since the
boundary term vanishes by periodicity. We can avoid this difficulty by using some
cut-off technique which eliminate the effect of the boundary condition. Lemma B.1.
is used in the proof to deal with reminder term coming from effect of cut-off.
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Remark 3.3.4. It have already known that v € [E; with initial data vy € X, by
Giga, et al. [16].

Proof of Lemma . Integrating (PE) both sides over (—1,1), we find (v, 7) sat-
isfies

0T — AT+ VT = — [ v-Vgo+wd d,+ ()22, in Qx(0,T)
divgv = 0 in Qx(0,7)
v =0 on 00 x(0,7)
v(0) = 7o in Q.
(3.3.12)

Put o = v — ©. Then, @ = (0, w) satisfies

8t17—A17 == —z?-VHT)—w&;T)—E'VH@—@VHE
L[5Vt — (divy 0) d¢
o +35(Os0) 7221, in Qx(0,7),
divgo+0,w = 0 in Qx(0,7)
v =0 on 00 x(0,7)
0(0) = v(0) -7 on Q
(3.3.13)

Note that the pressure term no longer appears in the above equations. Let us
introduce a cut-off function ¢y, ¢ € C*°(—1,1) such that ¢; = 0on|[—1,—3/4) and
¢1 = 1on(0,1] and ¢ = 1on[—1,0) and ¢ = 0on (3/4,1]. Put ¢35 =1 — ¢1 — ¢o.
Then obviously

W = Q1w + P3w + Pow(=: w1 + w3 + wa). (3.3.14)

Now we show w; € E; for j =1.2.3. To this end, we first derive the equation that

wy satisfies. Multiply ¢; to () to get

—qﬁlw&z@ — Qﬁl@ . VHQNJ - ¢11~) . VHU

Loy 10 Vit — (divy 0)5 d¢

+%¢1(83U) igil—l in QX (OvT)7
leH(¢117) + 0Z(¢1’LU> = qﬁ’lw in QX (O, T)
»10(0) = ¢1(v(0) — 1) on Q
(3.3.15)
Let u* = (v*,w*) be a solution to the equation
ot — Avt = —1¢(00)[ZL,  in Qx(0,7),
divu* = Jw in Qx(0,7)
u = 0 on 00 x (0,7, (3.3.16)
v 0) = ¢(vy —g) in Q

We find from Proposition that u* satisfies

|u*||e, () + 030" ||Ey (1) < CllvllEs (1)
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Put U = (\7, VV) = (@10 —v", grw—w"). Since div U =divy V+8;W = 0, applying
—divy to the equation that U satisfies and integrating over (—1, z3) with respect to
vertical variable, we find
W — AW
= azdiVH’Ul ’x3=—l
z3
—1

+ divyg(—¢19 - Vgt — (W 4+ w*)0c0 — 17 - Vgt — ¢10 - Vgv)dC
1 1 1
—§[ﬁmodmwgkfwvmwwmwwwdc

=. Il +[2—|—[3, (3317)

with initial data ¢iwg. By the choice of v* and the trace theorem, we have || 1 ||z, ) <
C for some C' > 0. We use integration by parts to get

z3

I, = (divyv)g) — / divgve” d¢

-1
+0-Vg(W +w') = (W +w")divge +7- Vg (W + w*)
+ [ (0050 V- (00) - VW + )

-1

+ V(W +w*) - 0c0 — (0(W + w*)divyd)d¢

-+/T¢@ﬂ-VMHwW%VHWV+wU+¢ﬁﬁ-vmgm; (3.3.18)
We can apply_ Proposition 133]J and |33j to Iy to get
1lleyry < € (W leunl llsyry + 1181 2y, ) - (3:3.19)
Similarly, we have
sl eyiry < C (IW leser 19l oy + 11212y ) - (3.3.20)

Note that constants in ({%31%) and () are independent of T' since constants
in Proposition B.3.1] and B.3.2 are independent of €. Thus we find from the maxi-
mal regularity of the heat equation, implicit function theorem and Neumann series
argument, which is the same way as in Proposition 4.8 in [12], that

W eyry < ©

for some C = C(p.q.|[0]ls, ). lwoll ). Thus, we obtain

[wi [l () < (W llgary + 1w |z () < C
for some €' = C(p, ¢, |[v]|g, (1), [lwo|| ). Same argument is valid for ws, w; and thus

W2, () + [JW0s]|E, (1) < C

Note that for w3 need to take integral interval as [z3, 1] when we use divergence free
condition to get the solution formula of vertical component of vector field from one
of horizontal component. We complete the proof. O
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3.4 Justification of the Hydrostatic
approximation and Global-wellposedness
of the anisotropic Navier-Stokes Equations

Let us prove our main theorem.

Proof of Theor. Let 7 > 0. Let C7/10 be the maximum of constants C
in Proposition B.3.1 and m, (EQ6I) and the constant in the trace theorem. Let
us construct a solution (V,eW;) to () with zero initial data on [0,7]. Set
(ue,pe) == (v+ Vo,w + W, p + P.), then this is the desired solution to (SNS). We
denote by || - ||&, (mr,(m+1yr) and || - ||go@mr,(m+1)r) the E1-norm and Eg-norm on the
time interval [mT, (m + 1)T7, respectively. Let us take 0 < 7" < 1 so small that

1

i (3.4.1)

Cil|ullg, (mr,(me1yr) <
for all positive integer m. This choice of T is clearly independent of €. We di-
vide the time interval [0, 7] into UY_o[mT, (m + 1)T]._Put F = F(V.,W.,u) :=
(Fu(Vo,We,u)), F.(V., W, u)) be the left hand side of (B.1.3). We denote by

R(F,Up) = (R*(F,Uy), R*(F, Uy)) = (U, P)
the solution to () with initial data Uj. Set inductively

Uy = RU(F(0,1),0), Poy = RP(F(0,u),0), (3.4.2)
Us,j+1 - RU(F(UW u)? 0)7 P€7j+1 = RP(F(U]', u)? 0)

Proposition |3.3.]J7 |33j and b.2.1ﬂ lead

| (Ve €Wejii) llewy + IVePe jilleo(m)
< O T (JJulley @y |l (Ve eWe i) lgaery + | (Ve eWe i) 15,2
+eC T ([|ulle, () + NJullg, 1)) » (3.4.4)

This quadratic inequality and () implies
I (Ve eWei) ey + Ve Pejllmocry < 26C7, (3.4.5)

for C* = (1/4C; + 1/16C%) and small € > 0. Put

ﬁf,j - UE,j-H - Ua,j (] > 1)7 (76,0 - Us,l (346)

Poj=Pjn—P,;(j>1), Po=PF.,. (3.4.7)

Then seeking the equation which (ﬁgﬁj, }Nje,j) satisfies and applying Proposition ,
B.3.2 and B.2.15, we have

(Vg eWe i) [macry + 1| Ve Prat|[mo ()
<O (|| (Ve eWey) llmaery + 1| (Ve jar, €We i) lmuery

78



2l ) 1V, eWe sy
3/ ~ o~ .
< 2 (Voo W lesioy + 1 9P lsacr) ) -

Thus (Us, P.) = (imjee Uy, limyoe ) = (3, Usy 3o, Prj) exsts on [0,7]
and satisfies

I (Ve W) s ry + V2 Pollgogry < 2607 (348)

By construction (U, P.) satisfies () on [0,T]. Moreover, by trace theorem there
exists a constant C},. > 0 such that

[ (Va(T), eWe(T)) [, < Cnll (Ve eWe) [l 30,7y < 26C7Cr (3.4.9)

Next let us construct the solution to () on [T, 2T with initial data U.(T). By
the trace theorem, |U.(T)||x, < Ci||Uellg, (1) < 2eC*Cy, for some constant Cy. > 0.
Put a.; = (b-1,cc1) = RY(0,U(T)) and w.; = RP(0,U-(T)). Corollary

implies
| (be1s€Ce) [|Ry(121) + || VeTen B (r2m) < 26C™CyCrp. (3.4.10)
Let the vector field a. = (b, c.) be the solution to

8th — Abs + VH7T5 = FH(bl’g + be, 05,1 + Ce, u)
Oi(ec.) — Alece) + %71‘5 =eF.(bye+b.,cc1 + ceyu)
diva, =0
a.(T) =0

(3.4.11)

Then U. = a.; + a. and P. = 7.1 + 7. is_a solution to (() with initial data
U.(T). Let us construct the solution to () Let F(bie + beyceq + coyu) =
(Fr(bre+beycen + ce,u), eF,(bi e + beycoq + ¢, w)) Set inductively

Qe j+1 = Qg1 + RU(F(bLa + b5+j, Cel + Cetj, U,), 0), (3412)
Tej+1 = RP<F(b175 + bg_l’_j, Ce,1 + Cetjs U), 0) (3413)

for j > 1. Applying Proposition |3.3.]J, |33j and 13.2.151 to (|3.4.1]J), we find

|| (be,js1,€Ce j41) HEl(T,QT) + ||ve7Te,j+1||E0(T,2T)

< CiT"ullgsren) || (Bey + be gy (e + ce ) By

+ C1 T[] (be1 + be j, e(cen + cej)) ||I2E1(T,2T)

+eOT" [[ullgyr2r) + [ullf, .2m)]

< ClTn” (be,ﬁgce,j) ||I2E1(T,2T)

+ CyT" (HUHIEl(T,ZT) + 2| (be1,€¢21) HEl(T,2T)) | (bej,ece ;) [lEL(T21)
+ eC\T" [[Julle, (a2 | (b1, €20) v m2ry + || (ber, €¢21) I, rom)]
+ O\ T [||lullgy @2y + Nullg, (r2m)
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If we take € so small that

1

< 2eC*CCr < —
||as,1||IE1(T,2T) = € trOT > 8,

(3.4.14)

we have

| (bejr1,eCejr1) lEs(rom) + [ Veme jitllEo(r2m)

1 « *
< Cull (bejrece)) iy romy + 51l (bes€c2) i rar) +€C°CrCin + €C

2
1 .
< Gl (be g €¢e ) gy (o) + Sl (begs ce) lmaeram) + 07 (1 + COrCy).
Thus, we have by induction
” (bg,j’ ECg’j) H]El(T’QT) + |’VE7T€,]'H]E0(T,2T) S 2€C*<1 -+ CTCt,«). (3415)

for all j > 1. Set

Qe j = Qg j+1 — Qg j (] > 1), Qg0 = Ae0

Tej =Tejr1 —Tej (J>1), Teo=mep

Applying Proposition B.S.]J, |33j and B.2.1ﬂ to the equations that (aeji1, 7 j+1)
satisfies, we find

||(Z7€,j+1, €Cej1) e (ror) + || Ve ji ||Bo(T,21)
< O (|| (be gy g2 5) lmaerory + || (bejr1s €cejin) gy (mory + 2l ulle, 2m)

X || (b gy €62 3, Vlga(7.27)

1

< | Cy (|| (bej, €0 9) lmomory + || (bejrts €Ce jir) By (romy) + 5}

X ||<Z~75,j7€ée,ju)||IE1(T,2T)

3 -
< Z H (b57j7 €Cejs )HEI(T72T)'

The last inequality holds if ¢ is sufficiently small. Thus,

(ac, me) := (lim Qe,j; lggo 71—s,j) = (Z Qe j, Zﬁs,j)
! =0 =0

Jj—00
exists and satisfies () such that
|| (bg, 865) ||]E1(T,2T) + ||va7ra||]E0(T,2T) S 280*(1 + CTCW). (3416)

(U, P:) solves () on the time interval [T, 27T with initial data U.(7T") such that

| (Va, eWe) ey ) + [ Ve Pellgo (1)
<[ (be1se¢e1) [[my(m2r) + | (be, €¢2) gy (m2) + I VeTenllgo(ror) + ([ Vemellgo(r2r)
< Cr||U(T)| x, +2eC*(1 + C,Cr) < 2eC*(1 +2C,CT)
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By induction, the solution (U., P.) constructed by the same way on the time interval
[mT, (m + 1)T] satisfies

I (Ve, eWo) lgy mr, (ma1y1) + || Ve Pel | o (mr,(m41)T)
S 2530* [1 + 3CTCtr (1 + ?)CTCW<' c ))] =: 2€Oéj

Since T is finite, this induction ends in finite steps. Thus we conclude

1 (Ve W) llmor) + [VePellsyiry <22 Y ay. (3.4.17)

1<j<n
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Chapter 4

Solvability of the higher-order
elliptic problem in LP-L7 settings
under dynamic boundary
conditions

In this chapter, the higher-order elliptic problem under dynamic boundary
conditions is considered. We give a sufficient condition of solvability of this
problem in the maximal L,-L, settings on bounded and exterior domains. Our
method is based on vector-valued harmonic analysis and abstract functional
calculus.

4.1 Introduction
We consider the vector-valued quasi-steady problems of the following

nu+ Alt,z,D)u = f(t,x (ted xze@),
Owp + Bo(t,z, D)u+ Co(t,z, Dr)p = go(t, x) (teJ xel),
B;(t,z, D)u+C;(t,z,Dr)p = g;(t (teJ, zel, j=1,---,m),
p(0,2) =polz)  (weD)
(4.1.1)

where 7 > 0, J C [0,7] is a finite interval or G C R™ (n > 2) is a bounded
and exterior domain with the boundary I'. The functions f, {gj}Tzo, po are given
data and the functions v and p are unknown functions. (A, B;,C;) are differential
operators with order (2m,m;, k;), respectively. The aim of this paper is to obtain
maximal L,-L, regularity of these equations. More precisely we characterize the
data space X x H;.":O Y; x mZ, and the solution space Z, x Z, such that these spaces
are isomorphism.

This quasi-steady problems are considered as the linearized equations for the
various non-linear equations, e.g. free boundary problems. One of the successful
methods to solve the free boundary problems is the transformation from time-varying

85



domain to fixed domain. After we use this transformation, the equation has an
unknown function called a height function on the boundary, and the equation on
the boundary has time derivative of order one. If the original equation has a time
derivative in an interior domain, the transformed equation also has a time derivative
in a domain. On the other hand, if there is no time derivative in the original equation
in the domain, the transformed equation does not have a time derivative. Usually,
the derived equation is also non-linear, but the linearized equation corresponds to
the relaxation type or the quasi-steady type. The first one corresponds to the first
derivative in the interior equation and it has already considered in the paper [8]. As
far as we know, the second one has not considered yet. Therefore we consider these
problems in this paper.

The paper is organized as follows. In Section @ basic function spaces and as-
sumptions for A, B; and C; including smoothness are introduced. Then our main
result is stated. In Section , basic notions of operator theory, e.g. operator-valued
multiplier theorems and H*-calculus, are introduced for the reader’s convenience.
In Section @, we first consider (@) under G = R’} with the differential oper-
ators having no lower order terms and constant coefficients. The problem is first
reduced into the case of f =0 and py = 0. Then the partial Laplace-Fourier trans-
form is applied to get the solution formula of Fourier multiplier type. In this step,
the Lopatinskii-Shapiro condition (LS) is frequently used. Operator-valued Fourier
multiplier theorem due to Weis [42] and the operator-valued H*-functional calculus
due to Kalton-Weis [25] are applied to the solution operator to obtain its maximal
regularity of the solutions. Here, the asymptotic Lopatinskii-Shapiro (ALS) con-
ditions are also needed. By perturbation and localization procedure, our maximal
regularity result for the full problem of (@) is proved.

4.2 Main results

Let us introduce notation to give our main results and state our theorem. Let N is
a set of positive integer and Ny = NU{0}. Differential operators in (4.1.1)) are given
by

A(t,z, D) := Z ao(t, ) DY,

la|<2m
Bj(t,xz, D) Z bs(t, x) D,
[B]<m;
Ci(t,x, Dr) == > ¢ (t,x)D],
[vI<k;
where m is a positive integer, m; € Ny N [0,2m), k; € Ny for j = 0,--- ,m. The

symbols D, respectively Dr mean —iV, respectively —iVrp, where V denotes the
gradient in G and Vr the surface gradient on I'.  We assume that all boundary
operators B; and at least one C; are non-trivial. The order k; is defined by —oo
when C; = 0. The unknown functions u(¢, x), p(¢,z) belongs to Hilbert spaces E
and F. Note that the case £ = FF = CV(N € N) is allowed. For the coefficients
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of the above differential operators, a(t,z),b;s(t, x) € B(E), ¢y (t,z) € B(F, E) for
j=1,---,m, and bys(t,z) € B(E, F) and ¢y, (t,x) € B(F).

Let 1 < p,q < oo. We would like to find the maximal L,-L, regularity solutions,
i.e.

u € Zy, = Ly,(J; W™(G; E)),
then we should assume
[ € X = Ly(J; Ly(G; E)).

Since we expect the regularity of g; is the same as Bju,

go € Yo := Lyp(J; W2m(T; F)),
g €Y= L,(J; W™ (T E)) (j=1,---,m)

with

from the trace theorem. Thus, the solution class which p belongs to should be
p € Wy (J; W2 (L5 F)) 0 () Ly(J; Wyt (T F))
j=0
— 10 7. 1072m60 (T A/l 2meo (.
- Wp (Ja Wq (FvF))mLp(Jv Wq (Fa F))
=: Z,,

from the differential structure of the equation (), where [ := max;—,... ,,, With
l; = kj —m; +mg. We always assume [ > 0 in this paper. It can be expected by
the trace theorem that
I(1-1/p)+2mk .
ql(n /p) o(T; F).
Under these settings and assumptions (E), (SA), (SB), (SC), (LS) and (ALS) in-
troduced later, we shall show the solution operator is an isomorphism between the
data (f,{g;}79: po) € X x [[[yY; x 7Z, and the solution (u,p) € Z, x Z,,.

First we assume normal ellipticity of A as usual. The subscript # denotes the
principal part of the corresponding operator, e.g. Ax(t,z, D) = Z|a|:2m aq(t, z)D?.

p()Eﬂ'Zp =B

(E) (Ellipticity of the interior symbol) For all t € J, x € G in the case G is a
bounded domain, x € G U {oo} in the case G is an exterior domain, and for all

¢ € R" satisfying |¢| = 1, we assume normal ellipticity for A(¢, x, ) with an angle
less than 7/2, and thus

o(Ag(t,xz,&)) CCy:={2€ C|Rez>0}.

Here o(A4(t,z,£)) denotes the spectrum of the bounded operator

Ay(t,x, &) € B(E).

Next, we introduce conditions of smoothness to the coefficients of A, B; and C;.
These conditions allow us to use localization and perturbation argument.
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(SA) For |a| = k < 2m — 1, there exists r, > ¢ with i < 2=k guch that
aq € Loo(J; Ly, (G3 B(E))).

For |a| = 2m, assume
a, € BUC(J x G;B(E)).

In the case G is exterior domain, we impose the condition that the asymptotic
state at infinity aq(t,00) := lim|; 00 zec Ga(t, ) exists and is bounded uniformly
with respect to ¢ € J for all |a| = 2m.

(SB) Let & :=B(E,F) and &; := B(E) for j=1,--- ,m. Foreachj—()

and 3| = k < m; — 1, there exist s;5,7;5 > q with — g - 1’“, % < %711/10 such
that
bjs € Loo(J; (Ls;, N BI3) (T3 E5)).
For |B| = m;, assume
bg € BUC(J x I';&;).
(SC) Let Fy := B(F) and F; := B(F,E) for j =1,--- ,m. For each
j=0,1,--- ,mand |y| = k < k; — 1, there exist tﬂ,rﬂ > pand s%, 7§, > q with
#—1—2 L <l —k+mj—myand —+ n—l < | — k+ 2mkg such that
Jv ]’Y

Ciy € Liy, (i Lyg (T3 F3)) 0 L (T B (T3 Fy)
For |B| = k;, assume
¢j, € BUC(J x T; F;).

The following two conditions are needed to get the formula of solution operator
and ensure their boundedness.

(LS) (Lopatinskii-Shapiro conditions) For each fixed ¢t € J and = € ', we freeze the
coefficients of differential operator at (¢, z). We rewrite the equations (.1.1)) in
coordinates associated with z so that the positive part of x,-axis has the direction
of the inner normal at = after a transformation and a rotation. For all n > 0,
(X&) € (Cy x R\ {(0,0)} and {h;}, € F x E™, the ODEs on the half line
R, = (0,00) given by

no(y) + Ay (t, 2, &', Dy)o(y (y > 0),
Boy(t,z, &, Dy)v(0) + (A + Cou(t,z,&))o ho, (4.2.1)
Bj#(t,l‘,gl,D) ()+CJ#(1€$§)0 (]:17’m)

admit a unique solution (v,0) € C3™(R,; E) X F, where

Ci"(Ry; E) = {v € C*™(Ry; E); lim v(y) = 0}‘

Y—00

To obtain the maximal L,-L, regularity, we need another type of
Lopatinskii-Shapiro condition which ensures boundedness of the symbol of the
solution operator.
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(ALS) (Asymptotic Lopatinskii-Shapiro conditions) For each fixed ¢ € J and
x € I' we rewrite the equations (E.l.l) by the same way as above. For all n > 0,

¢ e R and {h;}7, € F x E™,

nu(y) + Ag(t,z, &', Dy)v(y) =0 (y > 0),
Bj#(t7x’§,7Dy)v(O> :hj (]Zla 7m)

admit a unique solution v € C2™(R,; E). For all (), &) € Cy x S"72, all
{h;}iy € F x E™ the ordinary differential equations in Ry = [0, o0) given by

Ayt z,&, Dy)o(y (y > 0),
Bou(t,x, &', Dy)v(0) + (A + 61,Con(t, x,&))o = ho,
Bj#(t7m7£/7Dy)v( )+(5ll ]#(t T 5)0’ (j:L ’m>

admit a unique solution (v, o) € C2™(R,; E) x F. Here

S"2 = {¢ e R";|¢'| = 1} and 6, is the Kronecker delta, ¢; ; = 1 for ¢ = j and
0ij = 0 for i # j. Moreover we assume the following elliptic equations. For

£ es2,

A#(ta z, 5/7 Dy)v(y)
Bj#(t’ Z, 6/7 Dy)“(o)

0

admit a unique solution v € C2™(R; F), respectively. We are now in the position
to state our main results.

Theorem 4.2.1. Let J =[0,T], G C R" be a domain with a compact boundary
I' = 0G of class C?*™*1=m0 1 < p,q < o0 and E and F be Hilbert spaces. Assume
assumptions (E), (SA), (SB), (SC), (LS) and (ALS) hold. Then, there exist
positive constants ng, C' and Cr, if n > ng, for

(f: {95} it0: po) € X X HYj X w2y,
j=0
) admits a unique solution (u,p) € Z, X Z, such that

m
lullz, + llpllz, < Cllfllx +C Y lgilly; + Crllpolinz,.

J=0

4.3 Preliminaries

In this section, notation, notion, basic tools of vector valued harmonic analysis
are introduced. For Banach spaces X and Y, B(X;Y") denotes the set of bounded
linear operators from X to Y. H*(X,) denotes the set of bounded holomorphic
functions on a sector

Yy = {re”® e C\{0};r >0, |0] < ¢}.
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For a Banach space X, H*(X,; X) is the set of X-valued bounded holomorphic
functions on X4 for 0 < ¢ < 7 equipped with the norm

[f 1[4y o= sup [f(A)].
)\EE¢

Ly(€; X) (1 <p<oo)and W (£ X) (s € R, 1 < ¢ < o0) are the X-valued
Lebesgue space and the Sobolev space on Q. F and F~! are Fourier transform and
its inverse transform, respectively. Especially, we denote F,/ by the partial Fourier
transform with respect to 2’-variable. £ and £~! are Laplace transform and its
inverse transform, respectively.

Definition 4.3.1. A Banach space X is said to be of class H7T if the Hilbert
transform H defined by
1 ds
Hf(t) .= — lim flt—s)—
is bounded on L,(R; X) for some p € (1,00). When X is of the class HT, then
L,(J; X) is also of class HT.

Definition 4.3.2. Let X and Y be Banach spaces. A family of operators

T C B(X,Y) is said to be R-bounded, if there exists a constant C' > 0 and

p € [1,00) such that, for each positive integer N, T; € T, z; € X and for all
independent symmetric {—1, 1}-valued random variables ¢; on a probability space
(Q, A, p), the inequality

N N
E eilix; E Ei;
i=1 i=1

holds. We denote by R7 the infimum constant of C' which () holds.

<C
Lp(QY)

(4.3.1)

Lp($4X)

It is known that if ({£.3.1)) holds for some p € [1,00), then (4.3.1]) holds for all
p € [1,00). Note that uniformly bounded family of operators on Hilbert spaces is
always R-bounded.

Definition 4.3.3. A Banach space X is said to have property («) if there exists a
constants C' > 0 such that

N
2 : /
aijsisjmij

1,j=1

N
/
Ei€jl‘ij

i,j=1

<C

Lo (QxQ;X) La(QxQ;X)

for all oy; € {—1,1}, z;; € X, positive integer N, and all symmetric independent
{—1,1}-valued random variables ¢; (respectively €’) on a probability space

(Q, A, p) (respectively (2, A", 1')). HT () denotes the class of Banach spaces
which belong to HT and have property («).

Note that Hilbert space is of the class HT (a) and all closed subspaces of L,(G)
have property («).
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Proposition 4.3.4 (Operator-valued Fourier multiplier theorem of Lizorkin type,
see [37]). Let 1 < p < oo, X andY be Banach spaces of the class HT («). Let
M C C"(R"\ {0}; B(X;Y)) be a family of multipliers such that
RA{&Em(E) - £€R"\ {0}, € {0,1}", m e M} =: Cp, < 0.
Then F'mF € B(LP(R™; X); LP(R™;Y)). Moreover,
R{F 'mF;me M} <CCy,
for some constant C = C(p,n, X,Y).
We define a class of holomorphic functions vanishing at the origin and infinity by
H3(S9) = {f € H¥(S): [f(N)] < C Iy for some € > 0, & > 0}

where 1 < 0 < 7 and xy(A\) = A/(1+ \)? Let 0 <04 <0 <7 and A be a sectorial
operator with spectral angle 64 and f € H§°(Xy). We define f(A) via the Cauchy
formula
1
A) = — A— AN
P =5 |00
It is called that a sectorial operator A : D(A) C X — Y with spectral angle 6,4
have a bounded H*°-calculus if there exists a constant C' > 0

1 (Alsxyy < Cllfllre(sy) (4.3.2)

holds for all f € H§®(Xg), (0 > 64). Sectrial operators satisfying () have an
extended calculus f(A) for f € H>®(3y) by the canonical way, and this extension is
uniquely determined.

Definition 4.3.5. Let X be a Banach space. Let 0 < ¢4 < m and A be a sectorial
operator on X with spectral angle ¢4 admitting a bounded H*-calculus. A is said
to have a R-bounded H - calculus if

{h(A) : h e H*(Zy), |hlge(s,) < 1} (4.3.3)
is R-bounded for some ¢ > ¢4. Such an operator is denoted by A € RH>®(X). We
denote by ¢rpe the infimum of ¢ which (4.3.3) holds.

Let us introduce the Kalton-Weis theorem, which gives a sufficient condition for
boundedness of joint functional calculus and is used to show boundedness of
solution operator in this paper, see e.g. [10], [25], [28] and [37].
Lemma 4.3.6 (Kalton-Weis Theorem, see [25],[10], [28] and [37] ). Let X be a
Banach space of the class HT (), A be a sectorial operator with spectral angle ¢ 4
admitting a bounded H*>-calculus and F be a family of operators satisfying
F C H®(E4;B(X)) for ¢ > ¢pa. Assume each F' € F commute with the resolvent
of A, i.e. FAN)(u—A)"t=(u—A)"F\), and
{F(2):z€ Xy, F € F}

is R-bounded. Then there exist a constant C' > 0 such that

R(F(A) <CR{F(z):z€ %4, F e F}.

Lemma also implies each operator admitting bounded H“°-calculus belongs
to RH® provided that X is of class HT («).
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4.4 Solvability in the Maximal Regularity Space

4.4.1 Reduction to f =0 and py =0

We first consider our problem on the half space R’} and assume the differential
operators have constant coefficients without lower order. Let Eg.» be the zero
extension operator from L,(J; Ly(R"}; E)) to L,(J; Ly(R™; E)). It follows from the
Mikhlin theorem that there exist a unique solution u, to

nu+ Au = Egnf (t€ J, z€R"),
for f € Ly(J; Lqy(R}; E)) such that

Mt Ly (g esmy) + sl L, owem@nizy) < Cl Lz, @)

Let po € Bopot0=1/P) (Rn=1. F'y Then we also find a unique solution p, via

maximal regularity of to (n — A)Y/? that

dip+(n—A0)"p =0 (teRy,zeR,
p(0) =py (zeR™

such that

o<y @iz @emsimpnr, @iz @iy < Clleoll gmoso-m g,y

For the solution (u, p) to (), if we put (4, p) := (u — uy, p — p«), then (@, p)
satisfies

ni+ Au =0 (ted ze@),
Oip + Bot + Cop = go — (9rp« + Boux + Copy) (ted xel),
Biu+C;p = g; — (Bju, +Cjps) (tedJ, zel, j=1,--- ,m),
p(0,z) =0 (x el).

(4.4.1)

Note that gy — (Orps + Bous + Cops) € Yo and g; — (Bju. + Cjps) € Y;. Conversely,
the solution of the original equations is given by (u, p) := (4 + uy, p + ps). Thus, it
suffice to consider the case of f =0 and py = 0 from now on.

4.4.2 Partial Fourier transform and solution formula on
the half space
We continue to consider the case of the half space and assume differential

operators having constant coefficients without lower order terms. Assume that
(u, p) are solutions to () with f =0 and pg = 0. Put

v=LyFpu, o=LFup.
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Then (v, p) satisfy

77“ + A(§/7 Dy)v = 07
By(&', Dy)v(0) + (A4 Co(£'))o = hy, (4.4.2)
B;(&', Dy)v(0) + C;(§")o = hy (G=1,,m),
where h; = L, F,g; for j =0,--- ,m. The Lopatinskii-Shapiro condition (LS)

ensures, for each (&, ) € (R"* x C;)\ {(0,0)} and for any {h;}", € F x E™,
there exists a unique solution

veC([0,00);E), oc€F

to (4.4.2). We derive the solution operator of Fourier multiplier type and show its
boundedness. As [2,8,37], we construct the solution formula. By definition of A
and BJ’,

2m m;
A€, Dy) = Y a(€)Dy"F, Bi(€.Dy) = ) bir(€) Dy ",
k=0 k=0

where a(¢') and b;,(£') are homogeneous of degree k. Set
p=+ " b=, (=& a=n/u"
and w := (wy, -+, Way,)T for
1 k-1
Wy, = (—Dy) v (k=1,---,2m).
U
Note that (i, ¢, a) € [n/?™ 00) x Bgn-1(0;1) x (0,1], where Bga(c;7) is the

d-dimensional open ball with center ¢ and radius r. Then the first equation of
(K.4.9) is equivalent to

Dyw = 1Ao(C, a)w, (4.4.3)
where
0 I 0 0
0 0 I 0
AO(C7CL) - )
0 0 0 0 I
Com Com—1 Co
and

¢ =¢(¢) = —a5'a;(¢)  (G=1,---,2m—1),
Com = Com(C, @) = —ag* (agm(C) + a).
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Actually, it follows from the first equation of () and definition of w; that

2m

(1/1) Dyt = —ag " (azm(&'/p) +n/p>™) wi =Y~ ag tom-—r41 (£ m)wi.
k=2

Thus, we find (4.4.3) from the definition of w. Moreover, () implies
w(y) = et A&y (0)  (y > 0).

We write w(0) = w|,—o for simplicity. The functions w(y) have to be determined so
that tends to zero at infinity. This is guaranteed by

P+(C7 (Z)’wo = 07

where P, ((,a) € B(E*™) is the associated positive spectral projection with
iAo((,a). Note that each spectrum of iAy(¢,a)) do not lie on the imaginary axis
and P, is holomorphic and bounded uniformly in (¢, a) by the Lopatinskii-Shapiro
condition since ((,a) run a compact set away from (0,0). Supremum of real part of
negative spectrum of ¢A((, a) is bounded by above and infimum of real part of
positive spectrum is bounded by below, this facts imply e#4(¢®¥(0) — 0 for w(0)
satisfying P, ((,a)w(0) =0 as y — oo. See [8] and [37] for details of the above
discussion.

Let w := FyLh for b € Ly(J; W, /P(R"=1; E?™)). Define the canonical
extension of functions from the boundary to the half space by

Th =Ly Fy' [ merioCa (1 — Py (¢ a)) w] . (4.4.4)
Boundedness of this extension operator is ensured by the following

Proposition 4.4.1. Let 1 < p,q < 0o, n € X, for small ¢ >0 and J =R,. Then
there exists a constant C' > 0 such that

”Th“Lp(J§Lq(]Ri§E2m)) < CHhHLP(J.W%”*UP(Rn—l;EQm))' (445>

for b € Ly(J; W, P (Rr1, B2mY).
Proof. See [8], section 7. O
Put w® = w(0). Let us continue to seek the solution formula of (w° ¢). Since

m; m;
Biv =Y b€ )™ wim, ki1 = > big(Qp" W, k41
k=0 =0

and
Ci(€")o = Ci(Quto
the second and the third equations of () are equivalent to

Bo(Q)w® + {)\,u_mo + Co(C),LL_mO+kO} o= u" "™hg,
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Bi(Qu® + Ci(Qu ™ o =k (j=1,---,m),  (4.4.6)
Py (¢, a)w” =0,

where B;(() := (bjm; (), ,bj0,0,---,0) for j = 0._--- . m. Note that by the
assumptions on (E) and (LS) the above equations (4.4.6) admit a unique solution

(w’,0) € E*™ x F
for each (¢, 1) € (R"! x C;) \ {(0,0)} and {h;}7-, € F x E™. Introducing
0% = (A +p)p ™o and h = (hY)7, := (™ h;)T,, we rewrite ({.4.6) into

lo
n A+ Co(Q)p 50

BO(C) 0 )\+Ml = hga
Ci(C)pls . 4.4.7
BJ(C) 0+ /]\‘I’,ul JO :h;) (]:17 7m)7 ( )

Py (¢, a)w® =0.

Thus, it follows
v +C —(lo—l)/del—lo
BO(C)wO + O(C)Z+ ; 0_0 — h87

C:(On~L=b/2megl=l; , 448
Biout+ ST 00— =1y, Y

Py(C, >’ = 0.
for v = A\/u! and @ = a'/?*™. We write the solution to () as
w’ .= M°(¢,a,v)h, o= M2(,a,v)h.
Set Y := L,(J; W.™ P(R"1: E)) and Yp := L,(J; W,™ P(R"1; F)).

Proposition 4.4.2. Let 1 <p,q <00, n >0 and G =R’} . Assume assumptions
(E), (SA), (SB), (SC), (LS) and (ALS) hold. Then, there exist a positive
constant C' > 0, it holds that

1L Fat [(My, M) FurL£ih] llyzmsyy, < Cllbllypxyp
for all h € Yp X Y2™.

Proof. Analyticity of (M2, M?) on some open set Dy x D, x C;, C C"! x C x C,
including Bga-1(0;1) x [0,1] x C, has been already proved in [2]. Boundedness of
(M9, M?) is equivalent to the solvability of ¢ € D¢, @ € D, and v € C, U {co}.
The solvability of (M2, M?) in the case of u # oo and \ # oo is guaranteed by
(LS). We need to control behaviour of (M2, M?) on v at infinity. Let us consider
the case of |u| — 0o or |A| — co. We find

St
v+1 Lt N — e,

—(lo=)/2mgl—l; 0 if |\ ' 0,
n i { AL/ 1
c+1
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and

TR f 0 i <l and A/ [uf = oo
o1 =7 if =1 and M =,

and

v %{ Lt A/l = o,

v41 Cfl if \/ul—c,

for some ¢ € C,. Let us consider the case (i) (|A|/|u|' = o). The limit problem of
this case is

By(Q)uw’ + 0% = hg,
Bi(Qu® =h} (j=1,---,m), (4.4.9)
P—l—(Ca a*)wo = 0.

for some a, > 0 which is the limit of a*™. If u tend to infinity at the same time,
this system corresponds to the following problem; for all {h;}7, € E™ and for any
5/ c Sn—2,

A, Dyv(y) =0 (y>0),
Bo(fla Dy)vo + 00 = hga
B, D)’ =h; (j=1,---,m),

admits a unique solution v € CZ™([0, 00); F), which is guaranteed by the third
asymptotic Lopatinskii-Shapiro condition. On the other hand, if u stile finite, the
corresponding problem is given by

no(y) + A, Dy)v(y) =0 (y > 0),
Bo(¢', D)0’ + 0 = k),
Bj(£/7Dy)U0:hj (jzlv"' 7m)7

for all & € R*~' and {h;}7", € E™. This problem is solvable by the first
asymptotic Lopatinskii- Shapiro condition. Next we consider case (ii)
(A/ut — ¢ € C;). In these cases, the limit problem is

c+6015,Co(C)

0 _ 30
1,C; . 4.4.10
Bi(Ou’ + 220" = b (=1 m), 4410
P+(<70)w0 = 07

where ¢ = 0 is included. To ensure solvability of this problem, it is enough to
impose the following the condition; for all {h;}72, € F' x E™and for any ¢’ € Sn—2

and A € C,
A€, Dy)v(y) =0 (y >0),
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BO#(§,7 Dy)UO + ()\ + 51’1060#(51))0' = h(],
By (&', Dy)vo + 61,Cip (€)oo =h; (j=1,---,m)

admits a unique solution (v, o) € C2™(]0,0); E) x F. This condition is nothing
but the second asymptotic Lopatinskii-Shapiro condition. We find from the above
discussion that M2 and M? is bounded holomorphic on a open set D¢ x D, x C,.
Moreover,

{0, MO)(C,a) : (¢a,v) € B (031) x [0,1] x T }
is R-bounded since £ and F' are Hilbert spaces. Set M° = (M2, M?) and

L = —N/(n + (_A/)m)—1/2m’
Ly = ,',}1/2771(77 + (_A/)m>—1/2m’
Ly = 4 + (- Ay~

Then, boundedness and analyticity of M° leads

o & 1
RO MO
{5 : (<n P 1 |§fr2m>1/2m’”>
¢ eRVIN{0}, a€{0,1}" ", v eCy} < .

Thus, the operator valued Fourier multiplier theorem implies
M°(Ly, Ly,v) € B(Yr x Y5 YE™ X Yi)
and {M°(Ly,p,v) : v € Cy} is R-bounded on B(Yy x Y Y™ x Yr) such that
R{M()(Ll,LQ,V) ‘v E C_+} < 00.

Finally, we use the Kalton-Weis theorem to find
MO(Ll, LQ,Lg) € B(YF X YEm,YEQm X YF)

We find from Proposition 7 Proposition and

d l/2m
. —A/ m
(o)
€ Isom(Wy (J; W2 VP(R™Y F)) 0 LP(J; WEPm=He (RN ) Vi),

(n+ (=A™

€ Isom(W, (J; W= VP(R™Y F)) 0 LP(J; W= VPR F)); Z,),
(n+ (—A’)m)mo/Qm € Isom(Yr; Yp)

(n+ (—A’)m)mj/m € Isom(Yp;Y;) (j=1,---,m),
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that

d nm l/2m n\m\mo/<m
@l + | (G5 + A0") et (a0
Yr
=¢ <|| (+ (=A™ golly + 3 I (n+ (=A™ 2" gj||YE> ,
j=1

where 4(0) := u|,—o This leads the desired maximal L, regularity

nllullx + llullz, +lpllz, < C <||90||Yo +y ||9j||Yj>
j=1
for some C' > 0. We finish proving Theorem in the case of the half space.

4.4.3 The case of bounded domain

Let us consider the case of a bounded domain G and a exterior. The proof is based
on (i) solving the case of variable coefficient with lower order terms, (ii)
localization procedure and coordinate transform. Since this method is well-known,
we do not give a detail of the proof, see [2,8,28,37] for example. We show only
outline of the proof. Note that conditions (E), (LS) and (ALS) are invariant under
the coordinate transform. First we give estimates for lower-order terms.

Proposition 4.4.3. Let a,,b,p, c;y satisfy (SA), (SB) and (SC), then there exists
C > 0 such that

laaD%ullx < Cllaa et @ ullz,. (o] < 2m — 1)

HbjﬁDﬁuHYJ < CHbj’BHLOO(J;(LSJ.BDB;”;E)(F))HuHZ“’ (‘6' < mj — 1)

leqy Drolly; < Cliewll,, Y < ki—1)

Uy (3L (DN Ly (JiBL7 4 (1) lellz,, ¢

Proof. First, for each |a| = k < 2m — 1, the assumption (SA) derives
laa DUl ) < laallL,, @ ID%ullL,, @
< llaallz,. @ llullwznc),

where 1/q = 1/r, +1/r(, and we use the embedding W™ (G) < W}; (G). This
means

laaD%ul|x < ||@all Lo (L., @) Ul 2,

Second, for each |f| =k < m; — 1, we find from paraproduct formula, definition of
Besov spaces on a domain and the assumption (SB) that
330 ull s gy < Cllbgalay 0107l s o + sl ey [ Dl )

sl
B

)
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< Cllbjs|l (4.4.11)

(szBﬁBf;ZTg)(F)Hu||Wqu_1/p(F)’
where 1/q = 1/sj5 +1/s’5 =1/rj5 + 1/r’5 and we used the embeddings
trlpu € W2mYP(D) < (B52™ n Wk (D).
5ip4 B

Moreover, we have tr|,u € L,(J; W?m~YP(T")) for u € Z,. This means
||baﬁD6U||Y < OHbjBHLOO (J;(Ls ﬂmwk, )T ||U”Zu
At last, for each |y| = k < k; — 1, it follows from the same way as for () that
ey DRl

gc( o HMM%M\WPM/G)

q
Gy s

where 1/q =1/s5, + 1/5?7 =1/r§, + 1/7“;»;. Integral in time and use Holder’s
inequality,

les Deplly; < Clles e, it anIDeell, - peme
’Y

J"f

! 2

+O||ij||LT, (J.BM“ ||D PHL s (SL, s (@)
Jy T re Ty

v’

where 1/p = 1/t;, + 1/t;, = 1/75, + 1/7],. Here we use the mixed derivative
theorems

Zy = W) (J;Wmo(T)) O Ly(J; Wi 2mese(T)) = (1) W(J; Wit =02mso(T)).

0<6<1

The assumption (SC) ensures the existence of 6 € [0, 1] such that
Wy (I W02 (T)) s Ly (J; B (1), Ly (J; W (),

respectively. This means

||C.7"/Dgp||y < CHC]’YH JL c (F))HLTj’Y(J;BfZ”N;(F))||p||Zp‘
i’

]

Proposition 4.4.4. Let J =[0,T], G =R} andI' = 0G, 1 < p,q < 00 and E and
F be separable Hilbert spaces. Let assumptions (E), (SA), (SB), (SC), (LS) and
(ALS) hold. Assume A, B; and C; are given by

A(t,z, D) = Ay(D) + A (t, 2, D) + A" (t,x, D),
B;j(t,x,D) = Bju(D) + B (t,z, D) + B (t, z, D),
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Cj(t, ZE,, DF) = C]#(DF) + C;ma”(t, l’/, DF) + Clew (t, l’,, DF),

where Ay, Biy and Cjy satisfy (LS) and (ALS), A", BY (j =0,---,m) and
C]l-"“’ are lower order terms and

AT (@, Dyullx < dl|ullz,,
185 (t, x, Dyully, < dllullz, (7 =0,---,m),
lc;met(t, 2, D)plly; < éllpllz, (7 =0,---,m),

for sufficiently small 6 > 0. Then, there exist positive constants ny > 0, C' and Cr,

for

(f {90 po) € X x [ Vs x 72,

J=0

if n > no, the equations ) admits a unique solution (u,p) € Z, X Z, such that

nllullx + lullz, + Iollz, < Cllflx +C Y Ngilly; + Crllpollxz, - (4.4.12)

J=0

Proof. Assume |J| be small, where |J| is the length of J. Clearly,

1wl peatewy < |ull peagy), ||U||D(B;.ow) < [lullps,,) and ||U||D(c;.ow) < |lullpe,,)- Thus, if
we take n > 0 sufficiently large, we find from the space-time Sobolev embedding,
which enable us to estimate lower-order terms as small perturbation since |J| is
small, and the Neumann series argument that can be estimated A45ma Alew
Bjm“” , B;"w, ij“” and C]lf’w as relatively small perturbations. For J with arbitrary
finite length, we can divide J into finite short intervals. For these short intervals,
we can apply the same argument as above step by step to get (4.4.12). Il

Now we prove Theorem . For the sake of simplicity, we consider the case of
bounded domains. The case of exterior domains is treated by similar way.
Temporarily, we assume |J| to be small. Let 6 > 0 be small. Let us introduce an
open covering of G such that

Uk:B(fEk,(S), rr €G (ICZO,---,M)
Uk:B(Ik,(S), JfkeaG <k=M+1,"',N)

for some M and N. We also introduce a partition of unity {;}}_, satisfying
N
p; € CP(R™), 0<¢p,; <1, spty; CUj, Zgoj =1lonG
=0
Suppose

(u,p) € Zy x Z,
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be a solution to () For k > M + 1, we apply the canonical coordinate
transform, which is denoted by ®;, from Uy to local neighborhood of the half space
so that U, NI is flat. Since coefficients are continuous, if we take > 0 be
sufficiently small beforehand, we can extend coefficients to the half space and write

these extended coefficients as a”, bé‘?ﬁ and cﬁ?y, to the half space so that

lak — a,(0, xk)HLoo(Jx]Ri;E);

Hb.;gﬁ - bjﬂ(()?xk))HLOQ(Janfl;E)?
HC?V - Cj’Y(()? xk)HLOO(JXR"*l;F)

are sufficiently small. Put (uy, px, fr, gjx) = (Ox, Grp, drf, drg;) for k=1,--- | N.
Then, for k =0, -, N, (ug, p) satisfies

nuy + Agur = Fi(fr,u) (teJ zed),
Owpre + Bogur + Coxpr = Gor(gok, u, p) (ted zel),
Bigue +Cigpe = Girlgjw,u,p)  (t€J xel) (=1, ,m),
pe(0) = 0 (zel),

for

Fr(frou) = fe — or (A= Ag) u+ [A, o] u
Gok(gok u, p)
= 9o — ¢x (Bog — Bo) u + [Bo, pr] u — @i (Cog — Co) p + [Co, ] p
G k(i u, p)
= gjk — ¢x (Bjg — Bj) u+ [Bj, or]u — 01 (Cip — Cj) p+ [Cj, 8] p
(J=1---,m),

where [, ] is the commuter. For k =0,--- , M, we can solve
nu, + Agu, = Fi(u) (t € J, v eR")

and find from Proposition and the regularity estimate of elliptic operators
that

Mlukllx + lluellz, < Cillfllx +ellullz, + Cellullx. (4.4.14)

for sufficiently small ¢ > 0. Put p =0 for k =0,--- , M. In the case of
k=M+1,---,N, we apply coordinate transform by ®, to (4.4.13). The
transformed problem is solvable by Proposition §.4.4. Pulling buck the solution to
we obtain the solution to () such that

nllurllx + llurllz, + lloxll 2,

< Clfllx +C Y llgslly; + ellullz, + Cellullx +C 11 1oz, (4.4.15)

=0
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for some av > 0. |J|* appears because F(u) — fi has only lower-order differential
terms. We denote by S¥: X x Yy x --- x Y,,, = Z, X Z, the solution operator of
() with pg = 0, i.e. (ug, pr) = S*(Fy, Gog, -+ , Gmi). On the other hand, it
follow that

N N
<u7p> = Z(uka Pk) - Zsk (Fk:(fka U), GO,k(gO,/mua p)a e 7Gm,k(gm,k7 Uu, IO))
k=0 k=0
N
= Z Sk (Fk:(fka O)a GO,k(gO,]m 07 0)7 e 7Gm,k(gm,k7 07 O))
k=0
N
+ Z‘Sk (Fk(o? u)’ GO,k(O> u, p)a T >Gm,k(0> u, p))
k=0
= T(fa go, - )gm) - R(“a p)a (4416)

where we write restriction of (uy, px) on Uy as (ug, px) for simplicity. () and
(14.18) imply

1

1B (u, p)l|z.x2, < Sllullz, +C LIV Moz,

=

r some v > 0. Let Sp: X x Yy x--- xY,, = Z, x Z, be the solution operator of
41]) with pg = 0, i.e. (u,p) =So(f, 90, " ,gm)- It follows from (4.4.16)

SO - T(f? go, - 7gm) - R (80<f7 go, - - 7gm)) : (4'4]'7)

P

Then, if we take |J| small and 1 > 0 large, we can use the Neumann series
argument to get Sy = (Id + R)™'T and

1Soll B(x x Yo x--xVimiZux 2,) < C.

For J with arbitrary finite length, we can divide J into finite short interval. For
this short intervals, the same argument as above also works.

4.5 Examples

In this section we give some examples for our problems. We especially focus on
checking the Lopatinskii-Shapiro and asymptotic Lopatinskii-Shapiro conditions.
Throughout this section, we assume E = F' = C and write the outer unit normal
on the boundary by v.

Example d

nu—Au =f (ted ze@),

du+0p = qo (ted zel),
u—p =0 (ted zel) (4.5.1)
p0,2) =pmls) (zeD)
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The equation of the Lopatinskii-Shapiro condition is

(n+ 1§17 = 0p)v(y) =0 (y > 0),
—0,v(0) + Ao = hy,
U(O) — 0 = hl.

The solution of the first equation Cy(R,; E) is given by
v(y) = e VIHEPY(0) = e 0(0) for = (n + |€'|*)Y/2. The boundary conditions
lead to the equation

ViHIER AN (v0)) _ (ho

1 —1 o hl '

We see that the determinant of the matrix is —\ — /0 + ['|2 # 0 for n > 0,
(N, &) € (Cox R\ {(0,0)}. Therefore, the Lopatinskii-Shapiro condition is
satisfied.
The equation of the first asymptotic Lopatinskii-Shapiro condition is

{(U+WF—%W@)= 0 (y>0),
v(0) = hy.

for n > 0 and & € R" ! satisfying n + || # 0. The solution to this ODE is
uniquely determined by v(y) = e "Yh;.
The equation of the second asymptotic Lopatinskii-Shapiro condition is

(1€ =2(y) = 0 (y>0),

—8yv(0)—|—/\0 = ho,
v(0) —o = hy.

for (A, ¢") € C, x S" 2. The equation of the first equation implies v(y) = e~ €' ¥(0),
and thus —9d,v(0) = [£'| v(0). Since the determinant of the matrix

(5 4)

is never zero by the choice of (A, ¢’). The equation of the third asymptotic
Lopatinskii-Shapiro condition is

{(WE—%W@)Z 0 (y>0),
U(O) == hl.

for £ € S*2. This equation is uniquely determined by v(y) = e €'¥h,. Thus, the
Lopatinskii- Shapiro and asymptotic Lopatinskii-Shapiro conditions are satisfied,
and (#.5.1)) is solvable in the maximal regularity space.

Example @.2
n—Au = f (ted ze@),
du+op—Arp = go (ted, zel),
u—p =qo (ted zel), (4.5.2)
p(0,2) =po(z) (reT).
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The equation of the Lopatinskii-Shapiro condition is

n+1€)1? = 2w(y) =0 (y>0)
—0,0(0) + Ao+ [€)Pv = hyg
'U(O) — 0 = h'1~

We find v(y) = e 0(0) for 1 = (n+[¢)! and
712
det(’lf )\t‘f’ )7&0

for ¢ € R"! and A\ € C satisfying |¢/| 4 |A| # 0. Thus Lopatinskii-Shapiro
condition is satisfied. Let us check asymptotic Lopatinskii-Shapiro conditions. The
equation of the first and third asymptotic Lopatinskii-Shapiro conditions are

{(n+ﬁf—%ﬁ@)=0 (y > 0)
v(0) —o = hy.

for £ € R"! and

(€7 = 5)y) =0 (y>0)
U(O) — 0 = hl.

for £ € S*2. By the same way as above, we find this equation is uniquely solvable.

The equation of the second asymptotic Lopatinskii-Shapiro condition is

(1€ = 2vly) =0 (y>0)
—0,v(0) + Ao+ [€)Pv = hyg
’U(O) = h1~

v(y) is determined by the first and third equations, and ¢ is uniquely determined
by the second equation for [£'| + |A| # 0.

Example .3 The third example is the Cahn-Hilliard equations with the
dynamic boundary condition and surface diffusion

nu+ A%y = f (ted ze@),
o+ 0,p— Arp = go (teJ zel),
O,Au = g (teJ, zel), (4.5.3)
U—p =g (ted xzel),
p(0,2) =po(z) (zel)

The equation of the Lopatinskii-Shapiro condition is

(n+ (P —02)*)v(y) =0 (y>0),
—0,v(0) + A+ [']*)o = ho,
—0,([€')? = 07)v(0) = hy,
U(O) — 0 = hg.
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The solution of the first equation which belongs to Co(R,; E) is
v(y) = Cre Y + Che Y with 215 := /|{|> £ n'/%i and C}» € C. Note that the
real parts of z; and z are non-negative. The boundary conditions lead

Z1 22 A+ EP Ch ho
21(2f = 1€'17) za(25 — |€')?) 0 Col =M
1 1 —1 o hy

We see that the determinant of the matrix is i9'/22z12 + (A + [€'* (21 + 22)), and
it never be zero for n > 0, (A, &) € C, x R*! satisfying |¢/| + |A| # 0. Therefore
Lopatinskii—Shapiro condition is satisfied. Let us check asymptotic
Lopatinskii-Shapiro conditions.

no(y) + (1€ = 02v(y) =0 (y>0)
Oy (1€ = 2(0) =my

Y

The solution is of the form v(y) = Cie™*¥ + Cye™*?Y. Since

e .3 g2 L3 2/2
det< |£|1 1 ’£|1 z2>:—i771/2< < +Z1—|—22>7é0>

z21 + 29

for & € R™!, the first asymptotic Lopatinskii-Shapiro condition is satisfied. The
equation of the second asymptotic Lopatinskii-Shapiro condition is

(1€ = 2(y) =0 (y>0)
—0,0(0) + Ao+ €70 = hg
0,(1€')° = 2)w(0) =my
U(O) == hg

The solution is of the form v(y) = Cre &Y 4 Coye €'Y, Since
e Y

det [ 0 201 0 = 21| A+ |€)
10 0

for ¢ € R"! and A € C, satisfying |¢'| + |A| # 0. The equation of the third

asymptotic Lopatinskii-Shapiro condition

(1€ = 2)(y) =0 (y>0)
0,(1€'* = 02)v(0) = hy
’U(O) = hg

We find from the same way as above this equation admits a unique solution for
Sn=2,
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