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Dirichlet Problem for Critical 2D Quasi-Geostrophic
Equation with Large Data

By Tomasz DLOTKO, Tongtong LIANG and Yejuan WANG

Abstract. The 2D Quasi-geostrophic equation attracts attention
of mathematicians through recent years; see for example [2, 7, 8, 10,
12, 13, 16, 17, 20, 21, 39]. While the sub-critical problems are rather
standard (but not classical), the critical equation contains nonlinear-
ity of the same order as the main dissipative half negative Laplace
operator. Therefore we face a balance of the two terms in that case,
which makes the problem interesting. We construct a weak solution
of the critical problem, and associate it with a multivalued semiflow,
since the solution may not be unique. A compact global attractor is
shown to exist for that multivalued semiflow.

1. Introduction

In this paper, we consider Dirichlet problem for the critical Quasi-
geostrophic equation, having the form

0 +u-VO+r(—A)20=f, 2eQ, t>0,
(1) 0=0, z€09,
6(0,z) = bo(),

where 6 represents the potential temperature, x > 0 is a diffusivity coeffi-
cient, f is a free force independent on time, and u = (uy, ug) is the velocity
field determined by 6 through the relation:

@) = (-2 00

1
h CA)iep = —
G ) where (<A)iu =6,

or, in a more explicit way:

(3) u = (—R20,R16),
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where R;,i = 1,2, are the Riesz transforms in bounded domain € (see (4)
for the definition).

Working in a bounded domain © c RY with C? boundary we are us-
ing the Balakrishnan/Komatsu definition of fractional powers of negative
Laplace operator with Dirichlet boundary condition (see e.g. the Appendix).
Through an analogy to the whole of RV (e.g. [28, p. 299 (12.22)]), the
Riesz transform in a bounded regular domain  C R? will be defined for
v € D((—A)?)) (domain of the B-power of negative Dirichlet Laplacian; see
(7)), through the formula

(4) R= —V(—A)_%, with components R; = o
J

A comment. Note that whenever v € D((—=A)%),3 > 0, then
(—A)_%v € D((—A)ﬁ+%) and further, since any partial derivative will be ex-
tended through interpolation argument to a bounded linear operator from
HH(Q) to H%(Q),s € [0,00) (e.g. [27, Theorem 2.6]), we notify that
—%(—A)_%v € H?(Q). Consequently, we observe that

(5) R;: D((=A)P) — H*(Q), j=1,2, whenever 3> 0.

The definitions and technique we are using here have a long history. In
Remark 5.6 we will present shortly basic steps in the studies of fractional
powers of sectorial positive operators and their application in the theory of
abstract parabolic problems.

In our approach, we study first a family of sub-critical problems (6) with
a € (%, 1]. Their solutions are obtained inside the semigroup theory, as in

Dan Henry’s monograph [19]. A weak solution of the critical problem (1)
1+
2

solutions to sub-critical problems. Since weak solutions of the critical prob-
lem (1) are eventually not unique, we are treating them as a multivalued

is constructed next as a limit of a sequence, when a,, — 5 ', of the regular

mapping. Finally, following the result of [29], we construct a compact global
attractor suitable for such a multivalued mapping.

The Cauchy problem for 2D Quasi-geostrophic equation was very pop-
ular through the last 20 years [2, 7, 12, 13, 16, 17, 20, 21, 39], while not
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many publications were devoted to the Dirichlet boundary value problem.
We should mention here our earlier publications [15, 16] and a series of pub-
lications by P. Constantin and collaborators [8, 10, 30], all devoted mostly
to existence considerations for sub-critical and critical problem (1). The
latter three references contain interesting interior regularity considerations;
the gradient |V,0(t, x)| is bounded in [0, 7] x €', where € is a strict sub-
domain of , in terms of |V,0p| in Q' and ||0p| 1o (). The latter papers are
devoted to homogeneous problem (1), with f = 0. In such case (see e.g.
[16, Lemma 5.7]) the LP(£2),2 < p < oo norms of solutions decay to zero
as t — oo. We are considering further dynamics of the non-homogeneous
problem (1), with f # 0.

Our approach here is a continuation of those in [6, 14|, papers devoted
to fractional generalization of the celebrated Navier-Stokes equations. The
same technique based on approximation of the critical problem through its
sub-critical approximations is used now to study (1) as a limit of equations
(6) when a@ — % But our present task is the asymptotic behavior of solu-
tions to the critical problem (1), formulated in the language of multivalued
mappings and the global attractors.

For r € R, symbol r~ denotes a number strictly less than r, but close to
it; similarly, 7™ > r and r* close to 7. The constant ¢ may vary from line
to line.

2. Preliminaries

In this paper we are dealing with weak solutions of the critical Quasi-
geostrophic equation, which are defined for arbitrary large data. Such ap-
proach allows to avoid involved study of the global regularity, as in the very
interesting paper [2]. The eventual non-uniqueness of solutions is resolved
by considering them as a multivalued semiflow. We recall some standard
definitions for multivalued semiflow and some results ensuring the existence
of a global attractor for these kinds of systems. We continue here the studies
reported in [14, 15, 16, 17, 38| clarifying all the details in case of the Dirich-
let problem (1). In particular we are considering less regular local solutions
than in [16], as specified in Theorem 2.5, since more regular solutions are
not available in our approach (see Observation 2.6).

Let X be a Banach space. By P(X) we denote the family of nonempty
subsets of X and B(X) the family of nonempty and bounded subsets of X.
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We also denote by dist(A, B) the Hausdorff semi-distance, i.e., for given
subsets A and B, we set

distx (A, B) = sup inf ||z — y|/x.
zeAYEB

DEFINITION 2.1. A family of multivalued mappings S(¢) : X — P(X),
t € RT, is called a multivalued semiflow (m-semiflow for short) if

(i) S(0)x = {z}, Vz € X
(ii) S(t+ s)x C S(t)S(s)z, Vt,s € RT, Vz € X.

If in (i7) we have the equality S(t+s)x = S(¢)S(s)z in place of the inclusion,
then the m-semiflow is said to be strict.

DEFINITION 2.2. Let {S(t)}+>0 be an m-semiflow on X.

(1) A bounded set By € B(X) is said to be an absorbing set for {S(t) }+>0
if for every bounded set B C X, there exists a large time Ty = Ty(B) €
RT such that

U s#)B c By

t>Ty
(2) The m-semiflow {S(t)}+>¢ is called asymptotically upper semicompact

if for every bounded set B C X, each sequence &, € S(t,)B with
tn, — 00 (n — 00) is precompact in X.

DEFINITION 2.3. A nonempty compact subset A of X is called a global
attractor for the m-semiflow {S(t)}+>0, if it satisfies

(i) A is negatively semiinvariant, i.e., A C S(t)A for all t € RT;
(ii) A uniformly attracts all bounded subsets B of X in X, i.e.,

lim distx(S(t)B,.A) = 0.
t—oo
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For further needs, we recall a general result on the existence and unique-
ness of global attractors associated to m-semiflow, which was proved in [29].

THEOREM 2.4. Let {S(t)}+>0 be an m-semiflow on X. Suppose that
S(t) : X — P(X) is upper semicontinuous for any t € R, that means; if
Tn — x in X and y, € S(t)x,, there exists y € S(t)x such that y, — y as
n — 0o. Then {S(t)}i>0 has a unique global attractor A given by

A= UJs®Bo

s>0t>s

if and only if {S(t) }+>0 is asymptotically upper semicompact and {S(t)}+>0
has a bounded absorbing set By C X.

2.1. Local in time solvability when o € (3, 1]

We start with the local existence result for sub-critical equations with
a € (%, 1]. The Dirichlet problem for the Quasi-geostrophic equation is
considered

O +u-VO+r(=A)*0=f, €O, t>0,
(6) =0, ze09,

0(0,2) = o(x),
where £ > 0, a € (3,1], u = R+ = (—R20,R10), and Q is a bounded
domain in R? with C? boundary. Since we will be changing the value of
parameter a € (3, 1], to avoid confusion, the solutions of the problem (6)
will be denoted by 8 with the corresponding function u®, while the notation
0 and u will be reserved for solutions of the critical problem (6) with o = %

In the approach of solutions [3, 19], (6) can be written in an abstract

form

0y + k(—A)0 = F(0) .= —u-VO+ f,

which is located in the scale of Banach spaces; domains of fractional powers
of the negative Dirichlet Laplacian (—A)ﬁ ,08 € R. The linear operator
(—A)* acts between elements of that scale according to the formula

(7) (—=2)%: D((-A)) = D((-A)""%)), BER,
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as an isometry (see e.g. [25, (3.9)], [37, Section 1.15.2]). We will also use
the property ([25, p. 294], [27, p. 90]), that for v > § and § < 0, we will
extend an operator (—A)?Y to be defined on D((—A)%) (where D((—A)%) =
(D((—A)*‘S))I; the dual space), as

(=A) v = (=AY (=A)v, wve D(-A)°).

We mention also, for further use, an estimate of the Riesz operator in a
bounded domain:

(8) v ||D]RlvHLq(Q) < CH(_A)%UHLQ(Q)’ i = 1725 qc (1700)5

veD(—A)%)
with a constant ¢ = ¢(j) > 0, where the symbol D’ represents any partial
derivative of order j € N . The proof is given in Observation 5.4.

Recall further (e.g. [4, 25, 40]) characterization of the domains of frac-

tional powers of (—A) with zero Dirichlet boundary condition, build on
L2(Q):

H*(Q) for 0<s< %,

ZHN(Y) if 3 <s<l,
HY Q)N H{ () if 1<s<3s5#3
H Q)N Hyy 0y (Q) i §<s<§s#L,

where H¥(Q) denotes the standard Sobolev spaces (see, e.g. [37, 40]),
H{ll d}(Q) stands for the subspace of H!(f2) consisting of functions with

zero value (trace) on 02, and H%Id,A}(Q) stands for the subspace of H2(Q2)
of elements v fulfilling: v = Av = 0 on 0€2. For more complete descrption
of the positive part of the scale corresponding to Dirichlet Laplacian, see
e.g. [37, Section 4.3.3], [4, 31]; in particular Remark 5 in [4] (considering
higher powers of the Laplacian one need to assume simultaneously higher
regularity of 92, usually the authors just set 9Q € C°°). Description (9)
contains in particular boundary conditions required for elements on various
levels of that scale.

We choose L%(Q) as a base space in which the equation (6) will be
considered. For fixed @ > 1 the space D((—A)2) C H3(Q),s € (1,2a), will
be the phase-space (in which the solution varies). Since the difference of

the exponents fulfills § —0 < o € (%, 1], we see that: “the nonlinear term
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F acts between elements of the scale of fractional power spaces associated
with the main part linear operator (—A)® whose difference (of exponents)
1s strictly less than «”. This is the necessary condition for local solvability
in [3, 19].

The solutions, for arbitrary a € (%, 1], will vary in the phase space
D((=A)2), s € (1,2a). To justify local in time solvability of (6), we need to
check (e.g. [3,19]) that for f € L?(2) the nonlinearity F(0%) = —u®-V§*+ f
is Lipschitz on bounded sets as a map from D((—A)z) into D((—A)°) =
L?(Q) (the norms of D((—A)z) and H"(Q) are equivalent on D((—A)z2)).
Indeed, for 6,60 in a bounded set K in D((—A)2), s € (1,2a), we have

00 06, — 6
160 ~ F@llx) < [Ra(0r — 0) 0 1 Ry X002
(10) 8:)01 8$1
00, 8(61 — )
+[|[R1(01 — 02)8—1:2 + R192T932HL2(Q)~

First we estimate the first term on the right-hand side of (10). Since s > 1,
using equivalent norms on the domains of fractional powers (||v]|grq) ~
H(_A)%'UHL2(Q) for v € D(—A)2)), we obtain

891 801
|R2(6h — 92)6_1:1””(9) < [|R2(6h — 92)HL°°(Q)||8—$1||L2(Q)
001
(11) < c|Ra(h — 92)||H5(Q)H8—x1”L2(Q)

_1
< cf(=2)72(01 = O2) [ o) 101l 11 ()
< cllfn = Oall ) 101l p a3
where u;, i = 1,2, correspond to 6; through relation u = R6.
For the second component on the right-hand side of (10) we have a
similar estimate

(0, — 6s) (0, — )
||R2928—$1||L2(Q) < CHR292||L00(Q)||8—961||L2(Q)

< | R2b2|| s () 101 — 02l 11 (o)

1
< cf[(=A) 7202 o1 161 — O2| 51
< c||62

S..

Ip—ays) 0 = B2l p_a)s)
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The other components in (10) are treated analogously. Consequently we
obtain that for each s € (1,2a) (with a non-decreasing function ¢’)

||F(01) - F(GQ)HLz(Q) < C’(”91||D((,A)§)v HGQHD((,A)%))HGl - 02||D((7A)%)'

We have thus shown that F : D((—A)2) — L?(Q) is Lipschitz on
bounded sets, which proves local solvability of (6) in the phase space
D((—A)z). More precisely, following [3, 19], we formulate:

THEOREM 2.5. Let s € (1,2a) be fived. Then for f € L*(2) and any
0o € D((—A)2) C H5(Q), there exists a unique local in time mild solution
0 to the problem (6) in the phase space D((—A)2) . Moreover,

(NI

0% € C([0,7); D((=A)2)) N C((0,7); D((=A)%)),
07 € C((0,7); D((=A)7)),

with arbitrary v < «. Here 7 > 0 s the ’life time’ of that local in time
solution. Moreover, the Duhamel formula is satisfied:

t
0%(t) = e Aatgy + / e A=) p(9%(s))ds, t € [0,7),
0

where e~ At denotes the linear semigroup corresponding to the operator

s

Ay = (—=A)* on D((—A)2), and F(0%) = —u®-VOI* + f.

OBSERVATION 2.6. As stated in (5), for f > 0 the Riesz operator
’switch’ from the scale D((—A)?) into the scale H*3(Q) (erasing’ the bound-
ary condition). As a consequence of that observation, there exists a maximal
regularity of the considered here local solutions 6%, € (3,1]. We are al-
lowed to choose, as a base space, a space D((—A)%) as far as it coincides
with H27(Q); that is whenever 3 < 1 (see (9)).

Recall that, because of the form of u®, the following equality holds

00% 00

12 o a _ a oy (YUY YV
(12) u® - Vo (—R20%,R160%) (81:1’6902

) =V - (u0%).

A procedure, similar as in the proof of Theorem 2.5, allows us to build

a local in time solution to (6) varying in the phase space D((—A)4 ). The
key point is the Lipschitz continuity of the nonlinearity, on bounded sets
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B C D((—A)%_g), 0 < e < min{20 — 1, 1}, into H%_E(Q) = D((—A)%_é).
Indeed, if 01,602 € B then
IV (ur1) = V- (u2b)ll 3. )
< ”V . (u161) - V. (u192) + V- (u102) -V (U292)||
SV (un(01 = 0 g -c ) + IV ((u1 — u2)6a)]

< ¢ (lur (61 - )]

H3=<(Q)

-

H27°(Q)

g Tl = u2)a)]|

H%—f( H%_G(Q))

p(-ai-) 10 = el 5 py-s)

D(«A)%-%)”HQHD«fA)%-%)) ’

where the property that V is a bounded linear operator from H %*G(Q) into
H%_G(Q) was used together with the fact that H%_E(Q) is a Banach algebra
(since 3 — e > 11).

Choosing H27¢(2) as a base space, we thus obtain a local in time solution
0 of (6) enjoing the following regularity properties

S

6% € C([0,7); D((—A)172)) N C((0,7); D((—A)*+
62 € C((0,7); D((—A))),

where v < o + i — 5. Note that the value o + i -5 > % is allowed

for € near 0; consequently the constructed above local solutions starting at
3_ € 3

05 € D((—A)4~2) will be regularized into Hz(Q) for ¢ > 0.

2.2. Natural a priori estimate of the Quasi-geostrophic equation

Note that, for solutions as in Theorem 2.5, after multiplying the nonlin-
ear term u® - VO< of (6) by 0 and integrating over €2, the resulting term
will vanish:

/ u® - VO%0%dr = / (i(_A)—%eaai _ i(_A)—%gaai) 0%dx
Q Q

L0 0 a0 9
— _Q/Q ( o1y 8—1‘2(_A) 20 s 8381( A)"20% ) dx = 0,

thanks to integration by parts. When 6% € D((—A)2) C H}(Q),s € (1,2a),
then (—A)*%ea € D((—A)%) C H*(Q). Consequently, multiplying (6) by
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0%, we obtain

1d o (0% (63
(13) 337107 oy + (=) 360% 2y = [ fo°d

Recall next the generalized Poincaré inequality (following e.g. [34, Chapter
II, Section 3.2]):

1)
& 2dx ~A)2 ¢l %dx I mMor ner
)\l/ng)d g/Q[( A)2¢|"dx, or more general
N[ eaiela < [ [a)ieln vo s,
Q Q

where A1 denotes the first eigenvalue of negative Laplacian in €. Equality
(13) will be thus extended to a uniform in o € [3, 1] estimate

1d N
(15) 2dtH9aHL2 + RAY QH(—A)W“H%Q(Q) S/fG‘”dm
<IN -3 16 18

Using the first inequality in (14) and the Young inequality to (13), we
get

(14)

1 d K a 1
3 i1 ) < 51880 ey + 5 W o
(16) PyY
< =10 ) + o )\aHfHL?

Applying the Gronwall lemma, we obtain
105172y < €160/ 720

(1) \ o
+ e ||f||%2(9)(1 —e MY forallt >0,

and integrating both sides of the first inequality in (16) from 0 to T, we find
that

T
16°(T) 22 + / (=) 0% ()12t
(18) 0

o T
<N061720) + el fllz2@)y  ¥T > 0.
1

The latter gives us immediately the uniform in o € [%, 1] estimate:

(19) 0% € L>=(0,T; L*(Q)) N L*(0,T; H*(Q)).
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2.3. Estimates in L9(Q2), 2 < ¢ < o0

Similarly as above, multiplying the nonlinear term u® - V6% of (6) by
160419 1sgn () with ¢ > 2 and integrating the result over (2, the resulting
term will vanish:

[ (G gl 200 = 57 ) hge] ) el sgn(0°)

0x1 Oza 929 02y
I N RN PRI U NN A P
_Q/Q< 0 ) 2 = =g l(=A) 207 de =0,

thanks to integration by parts. Consequently, multiplying (6) by
160191 sgn(0), we obtain

/ 0210° |7 Lsgn(0")dar + / (= A)0%(6° (7L sgn(6°)dz
Q Q

(20)
= / £10%)9 L sgn(6%)dz.
Q

Applying the Kato-Beurling-Deny inequality (see Corollary 5.5) to (20),
then using Holder’s and Young’s inequalities, we obtain

-1 / s
a|q «
th/wrd +n (ENHIDIR™
6(q
< [ v lsgnwa)dx < Sy + L6
with arbitrary € > 0. By the first estimate of (14) we have

A(g—1
K(qz)
q

/Q[(—A)%(!@"‘%)]de > gl |“dz,

which, for a sufficiently small € > 0, extends (21) to

d 2
@) g [ e iz < Cl f g

Solving the above differential inequality we get

100140

o, 2(g—=1)
(23) 6>‘1"”" t
< | 1000170y + Cell F1I 74

—1 —A?K—Q(qfl)t
q

a..2(qg—1
)\11% (Qq )
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Finally, taking first g-th roots, we will let ¢ — oo to get a uniform estimate
for t € [0,T]

(24) 16% @) | oo @) < 100l o) + 1 fllLoe(0)-

2.4. Passing to the limit in weakly formulated approximating
problems
The limit of functions % will be denoted by €, with the corresponding
function u = R+6. We introduce next a weak solution to (6).

DEFINITION 2.7. A weak solution to (6) (o € (3,1]) or (1) (a = 1), is
a function

(25) 0 € Lj,.(0,00; H*(€2)) N Cy ([0, 00); L*(R2)),

loc

such that for every T > 0 the following equality holds

T

- [ o eutra + 60, o0lE
T T . .
(26) = / (0(t),u(t) - Vo(t))dt — / ((=A)20(t), (=A)2 ¢(t))dt
0 0
T
+ [ o

for arbitrary test function

¢ € G5~ ([0, TT; C5°(82)).-

Note that the regular solutions reported in Theorem 2.5 are evidently
weak solutions in the specified above sense, so that for arbitrary o € (%, 1]
the problem (6) has a weak solution.

Through the described above natural a priori estimate (19) we have the,
uniform in o € (%, 1], boundedness of the approximating solutions §%:

<eg,

(27) 10%] oo (0,7, 22(02)) + ||9a||L2(07T;H%(Q)) <

and also, through (19),

(28) 101 20,7510 (0)) <
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The last information allows us to let a — %+ (over a sequence oy, — %Jr,
passing several times to a subsquences, {#*"+}) in a weakly formulated
approximating equation (6).

Note first, that the uniform boundedness of #% in L>(0, T; L?(12)) allows
to pass to the limit in linear components in (26). Indeed, thanks to the

weak* L>°(0,T; L?(£))) compactness

T N T 1+
- /0 (6°(1), do(t))dt — — /0 (00), Gu(t))dt, as o — o

For the nonlinear term, using Holder’s inequality, bilinearity of the non-
linear term and (8), we have

T
| / (6°(1), u (1) - V(2) i — /O (6(),u(t) - V(b))
< / (6°(t) — (), u® (1) - V()|
T
) T / (60, (ult) — u® (1)) - Vo(t))dt]

< |[0% = Ol 20,18 1w Loo (0,522 IV DUl 20,726 (02))
+ [lu® = ull 20,23 101l oo (0,122 I VBl L2 0,7 L5 (90))
< (10 oo 0,122 )) + 10l oo 0,1 22(02)))

Nellzzorwre@ylo™ =0l o 143 @y

Since u® = (—R20% R10%), then div u* = 0 and the nonlinear term in (6)
will be rewritten as
u® - VO* =V (u9%) — 0V - u* =V - (u*0%).

Further, thanks to the uniform in o € (%, 1] estimates of 8¢ ((27) and (28)),
for nonlinearity given in that form, we have from (8) and Proposition 5.3
that
[e%a]e2 -1 ano [e%a]e?
IV - @0 -1) = [I(=A)72V - (u0) [ 20) < cll[u®0%][ 2o

< [l pa@ 16l L2 <CII9 lzs@ 10713

where we have used the fact that D((—A)*%) = H~Y(Q). Thus, it will be
seen from equation (6) that 6% are bounded in L(0,T; H~1(£2)) uniformly
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in o € (3,1]. Therefore, due to (19) and the Lions-Aubin compactness
lemma [33, Corollary 4], the following strong convergence holds

16 — 0l

rorbe) 0

as a — %+, consequently it follows from (29) that

1+

T T
/ (6°(0), u® (1) - V(1)) dt — / (00), u(t) - Vo(e)dt, asa—
0 0

Weak continuity, 6 € C, ([0, T]; L?(£2)), follows from [36, Corollary 2.1]
since § € L*>(0,T; L*(Q)) with 6; € L'(0,T; H (). Consequently the
limit function 6 € L*°(0,T; L*(Q)) N L?(0,T; H%(Q)) fulfills the Definition
2.7 with a = %, therefore it is a weak solution of the critical equation.

We are thus able to conclude.

THEOREM 2.8. When 6y € D((—A)2) € H%(Q), with s € (1,2a), and
f € L%(Q), then there exists a (not necessary unique which is connected with
passing to the limits over different sequences) weak solution 0 of the critical
Quasi-geostrophic equation.

OBSERVATION 2.9. The latter theorem will be generalized to cover a

larger class of initial data. Inspecting the proof, it is evident that in the
1

29
in such

process of approximating weak solution of the critical problem (1), a =

we can choose a sequence of approximating solutions {6%" }, ar,, — %,

a way that they correspond to initial data 67" satisfying (here s, € (1,2ay,))
1t

95 € D((=A)3), 65" — 0 in L2(Q) as oy, — 5 -

S

This is possible thanks to density of D((—A)2) in L?(Q) (e.g. [19, p.29]).
For such solutions 0% of (6), & = o, the uniform estimates (27) and (28)
are still valid. While the whole range of initial data 6y € L?(£) will be
reached in such a construction (see similar consideration in [16, p.54]).

In the light of the latter observation we will sharpen Theorem 2.8 to the
form which will be used below.
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COROLLARY 2.10. When 6y € L*(Q) and f € L*(Q), there exists a
(not necessary unique) global in time weak solution 0 of the critical Quasi-
geostrophic equation.

REMARK 2.11. Existence of weak solutions of the Cauchy problem in
R? is a long established fact (see Resnick’s thesis [32], or [11, Proposition
1.1]). In [32] the Fourier methods were used, so that the result applies to
the case of the whole R?, eventually to the problem on a torus T?2.

The Dirichlet problem in a bounded domain (zero boundary condi-
tion) was studied only recently in [8, 9] in case of the homogeneous equa-
tion (f = 0). More precisely, in [9, Theorem 5|, a weak solution; 6 €
L*(0,T; L?(Q)) N L?(0,T; H'(Q)) was obtained through the Galerkin ap-
proximation technique mixed with the commutator estimates.

Existence of a non-trivial (not reduced to the single function 0) global
attractor requires a non-trivial free force (f # 0 on a set of positive mea-
sure). That case is treated in the present manuscript (see also [15, 16])
using the regular sub-critical approximations (6) together with their weak
limits as % < a— % We recommend the considerations in [9] showing
the difficulties appearing in case of the Dirichlet boundary condition when

estimating solutions near the boundary 0f2.
3. Uniform Global in Time Estimates of Solutions

In this section, we present uniform estimates of solutions of problem (1)
in L?(Q) which are needed for proving the existence of absorbing sets.

LEMMA 3.1.  For any 6y € L*(Q) and f € L?(Q), the weak solution of
(1) satisfies

1
-
||9(t)||%2(9) <e ™ tHQDH%Q(Q)

(31) 1 y
[ 2 —RKA{ T

+ e 122X =€ "17),  forallt >0,

and
T
1
o [ 12000yt < 1ol

(32) ’

T
+—<f220y,  for any T > 0.
KA}
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The proof was given in Subsection 2.2. Using the reported above esti-
mates we will find an attracting set in L?(Q).

Let By = B(0,7) denote a closed ball in L?(Q) centered at zero with
radius r := K%)\l 1£1132 (@) T 1. Then we find that By is a bounded absorbing
set of the m-semiflow {S(¢)}+>0.

4. The m-Semiflow Generated by Weak Solutions to the Critical
g-g Equation

It follows from Theorem 2.8 that problem (1) has at least one weak so-
lution, thus we will define a family of multivalued mappings S(t) : L*(Q) —
P(L*(Q)) by

S(t)8y = {0(t) : 0 is a weak solution given by
Definition 2.7 with 6(0) = 6p}.

In a standard way, as in [13, Lemma 2.4 and Lemma 2.6], we see that
{S(t)}+>0 is a strict m-semiflow. First, we will establish that {S(¢)}+>¢ is
weakly closed for each ¢ > 0. This result will be necessary for the proof of
the asymptotical upper semicompactness.

LeEMMA 4.1.  The m-semiflow {S(t) }+>0 is weakly closed for any t > 0,
i.e., 0 — 0y weakly in L*(Q), & € S()0F and &, — & weakly in L?(€),
then £ € S(t)bp.

ProOF. From &, € S(t)0; and Observation 2.9 we have that there
exists a sequence 6" of weak solutions verifying 6"(0) = 6f and 6™ (t) = &,.
Let T' > t. Since 0™(0) = 67 is bounded in L?((2), it follows from Lemma 3.1
that 6" is bounded in L(0,T; L?(2)) N L?(0, T} Hz (€2)). Thus, for § = 0"
and ¢ € C3°([0,T]; C3°(€2)) in (26) we get

T
_/O (07 (1), ¢ (1)) dt + (O™, $)|T

=

T T 1
— / (07 (1),u" () - V(1)) dt — / (“A)507(2), (~A)rp(0))dt
0 0

T
+ /O (f. o(t))dt.
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In the following, we show that each term at the right hand side of the above
expression is uniformly bounded. First, by Sobolev type embeddings, we
get

| / (07 (1), " () - V(b)) d|
(33) < /0 167 1 o ™ () ) | V) 2y
SCHG”HQL?(OT-H%(Q 91l Loo (0,711 () -

For the last two terms, it is clear that

T 1 1 T
[ avien . aoma+| [ ol
T
B < D100 3 16O g+ / 112 l6(8) 12 oyt

It follows from (33) and (34) that the distributional derivative 6} is bounded
in L'(0,7; H*(Q2)). Hence, for a subsequence, not renumerating, we
have that 6" — 6 weakly in L2(0,T;H%(Q)) and 0} — 6, weakly in
LY(0,T; H1(Q)). We can pass to the limit in all the terms in (26) writ-
ten for 0", then we obtain that 6 satisfies (26), which implies that 6 is a
weak solution of (1). Moreover, 8"(T) — 6(T) weakly in L?(9), so we have

¢ =0(T) € S(T)b. O

LEMMA 4.2.  The m-semiflow {S(t)}+>0 is asymptotically upper semi-
compact for any t > 0.

PROOF. Suppose that 6 € B and &, € S(t,)0;, where B is a bounded
set in L?(2). Then, from the uniform estimates (31), we find that there
exists a sequence (again denoted by &,) such that &, — & weakly in L?(Q).
Thus, we easily obtain

(35) 1€l 2y < lim inf [l L2 (q)-

If we prove that [|£|;2(q) > lim sup [€nll22(q), then &, — & strongly in
L?(Q), as we need.
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Clearly, any weak solution to (1) satisfies

1d

1 1 1
5@”%%2(9) + 5“0”%2(9) +[(=A)76] 72 ) = /Qfﬁdx + 5”9\@2(9)-

Let T' > 0 be an arbitrary number. Furthermore, by integrating the above
equality over [0, T], we have

T
10T ey = e T1000)] 250 +2 / / e=(T=9) £ (s)duds
T
(36) + /0 e~ T=]|9(s) |22 s
T T 1 2
S R [CNLUCTT A

Since the m-semiflow {S(¢)};>0 is a strict m-semiflow, we have that &, €
S(tn)0y = S(T)S(t, — T)6;, and then there must be n, € S(t, — T)6j
satisfying &, € S(T)n,. Let 8™ be a sequence of weak solutions verifying
0"(T) = &, and 0™(0) = n,,. Then 0" satisfies (36), i.e.,

T
a2y = €T MallZaqy +2 /O /Q e=(T=) £ (5)duds
T
(37) + / =917 (5)] |2 gy s
r T 1 2
o /0 e~ (1) (=) 107 (5) |22 0y .

Choosing N = N(T') such that for all n > N, n, € S(t, — T)0j C By, we
get 1, — & weakly in L?(Q2). We know from Lemma 4.1 that there exists
a weak solution 6 such that

0" — 0 weakly in L*(Q) and 6(T) = ¢ € S(T)ér,  6(0) = &r.

In the following, we handle each term in (37) separately for the sequence
0". First, since 7, is bounded, there exists some constant M > 0 such that

(38) €_TH77nH%2(Q) <e TM, foralln.



Critical Dirichlet Quasi-Geostrophic Problem 575

Using an argument similar to Lemma 4.1, we have that 6" &
L2(0,T; H? () and 67 € L'(0,T; H~1(9)), then we apply the Lions-Aubin
compactness lemma to get a subsequence 6" (after relabeling) such that
6™ — 0 strongly in L%(0,T; L*(Q2)), so that

(39) lim sup 2/ / -(T= S)fH” Ydxds < 2/ / —(T=s fG )dxds,
n—0o0

and

T T
(40)  lim sup/0 e_(T_S)HG”(s)||%2(Q)dSS/O e_(T_S)HG(s)H%g(Q)dS.

n—~o0

Furthermore, since 0" — 6 weakly in L2(0,T; H 2 (€2)), we have

T
lim sup (—2%/0 6_(T_S)’(—A)%en(s)“%%ﬁ)d‘g)

n—oo

T
.. —(T— Lon
(41) = —2klim inf /0 e (T S)H(—A)49 (5>||%2(Q)d5

n—oo

T
(T—s 1
< ok / T (~A)10(5) | 220 ds.

Combining (38)-(41) and applying the identity (36) to €, it follows that

T
lim sup H&LHLQ <e TM+ 2/ / e T=9) 10(s)dxds
0 Q

n—oo

T
+/ 67(T75)||9(3)||%2(Q)d5
0
r —(T-s) 1 2
— 2k e 1(=2)10(5)[|72(q)ds

= €172y + ¢ M — e T |érll72 (0
Taking the limit as T' — oo, we get the inequality
lim sup [[&]172¢0) < II€]172
p L2(Q) L2(Q)
n—oo
and thus the proof is complete. [

We next show continuity of the m-semiflow {S(¢)}+>0.
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LEMMA 4.3.  The m-semiflow {S(t)}+>0 is upper semicontinuous and
has compact values for any t > 0.

PRrROOF. Let &, € S(t)8y and 6 — 6. We will show that &, is precom-
pact in L?(Q2). It follows from Lemma 3.1 that the sequence &, is bounded,
so by extracting a subsequence (again denoted by &,) we will ensure that
&, is weakly convergent to some £. Arguing in a similar way as in the proof
of Lemma 4.1, there exist weak solutions 6" and 6 such that 0"(t) = &,,
07(0) = 07, 0(t) = &, 6(0) = 0y and " — @ weakly in L?(2). Moreover,
they satisfy the equality

IS

t
G(S)H%?(Q)ds-f—?/o /Qfe(s)dxds.

Repeating the arguments of Lemma 4.2, we obtain

16(8)]| 226 = 10(0)]| 2 — 26 /0 I(-A)

lim sup |17
n—oo

IS

T T
< Jlim 105130y =25 [ 1200 Exoyds +2 [ [ fo(s)dads

=

T T
= 160l ~ 26 [ (=800 Baayds +2 [ [ fo(s)dads

= [|€llL2()-

Hence, &, — ¢ strongly in L?(Q2), which implies that S(¢)fp is precompact
in L?(Q) for any 6y. We know from Lemma 4.1 that S(t)6y is weakly closed,
hence closed, so that S(t)f is a compact set.

Now, if {S(¢)}+>0 is not upper semicontinuous. Then there exist a point
0o, a neighborhood O of S(t)fy and a sequence 0 — 6y in L*(Q), &, €
S(t)6y such that &, ¢ O. Since S(t)6j is compact, there exists a sequence
&n, such that &, — & in L?(2). Note that 08 — 6y in L?(9), it follows
from Lemma 4.1 that £ € S(t)fp, which is a contradiction. O

Concluding the above results, by Theorem 2.4 we formulate the main
result concerning the existence of a compact global attractor for the m-
semiflow {S(t)}+>0-

THEOREM 4.4. When 6y € L*(Q) and f € L?(S2), then the m-semiflow
{S(t)}+>0 associated with problem (1) has a compact global attractor A.
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5. Appendix

Some technicalities. This short section contains various technical
tools needed in the paper. Below (—A,) denotes negative Dirichlet Lapla-
cian in a bounded smooth domain 2, densely defined in LP(2).

Following the famous considerations of H. Komatsu (e.g. [22, 23, 28]),
fractional powers will be defined for any non-negative operator, that is a
closed linear densely defined operator A in a Banach space X, such that the
resolvent set of A contains (—oo,0) and the resolvent satisfies

IMA+ A7 <M, X>0,

(where M is a constant independent of \), through the formula (written
here in case 0 < a < 1)

sin(ma)

(42) A%p = /MW*AM+Ar%dX

™ 0

We will recall next that the proper fractional powers of (—Ap) are sec-
torial operators. To verify the last claim it is convenient to use a notion,
due to H. Komatsu [22, p. 288|, of an operator of the type (w, M(6)) in a
Banach space X.

DEFINITION 5.1. We say that A is of type (w, M (0)), 0 < w < m, if
the domain D(A) is dense in X, the resolvent set of —A contains the sector
larg A| < m — w and the condition |A(A+ A)~!|| < M(6) holds on each ray
A=re? rec(0,+0), 0] <7 —w.

One may easily verify that A is of the type (w, M (0)) with w < § if and
only if A is a sectorial operator in the sense of [19]. A theorem by T. Kato
(see [22, p. 320], also [40, p. 97]) ensures that:

PROPOSITION 5.2.  If A is of type (w, M (0)) and if0 < a < T, then A®
is of type (aw, My (0)) with certain positive constant M,(0). Furthermore,
the resolvent (X + A*)~! is analytic in o and X in the domain 0 < o < I,
larg\| < m — aw.

We recall next a property similar to the one obtained for the Stokes
operator in [18] (see [16, p.57] for the proof).
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PrRoOPOSITION 5.3. For each j =1,...N and 1 < p < +oo the opera-
tor (—Ap)_%a%j extends uniquely to a bounded linear operator from LP(2)
into itself. In particular, for the nonlinearity in the N-D Quasi-geostrophic
equation, an estimate holds:

1
(43)  Vpe(1,400) 3,0 [(=Ap) 72V - (ub)| o) < Mpl||ub]|| 1r(0)-

It will be seen also, that the operators %(—Ap)_% : LP(Q) — LP(Q),
j=1,..,N, 1< p < oo, are bounded linear (see [19, p.18] when N = 1,
[18, p.270] in case of the Stokes operator, and [16, Proposition A.1]).

OBSERVATION 5.4. The Riesz transforms R;, j = 1,2, in a bounded
domain are bounded operators from D((—A)2) into H*(Q) for any s > 0.
Here, for given s, we need to assume that 9Q € C*, where k is the smallest
even number dominating s.

We will only prove that for any s > 0,

[R20| s () < cllOll s ()
since the second estimate is analogous. Let 6 € D((—A)2) with s > 0, then
also (—A)_%H € D((—A)%) and
0 1 _1
[R20| s () = Ha—m(—ﬁ) 200 s () < ell(=A) 720 gs+1(
s+1 _ 1

[(=A) 2 (=A)720]| 2

I(—

(—2)20] 12 () = €0l r+(52)
where an equivalent norm of 0 € D((-A)z) in H*(Q), given by
H(_A)%QHL2(Q), has been used.

Analogous property holds, with similar proof, for the Riesz transforms
considered on the scale build on LP(£2) with p € (1, 00).

IA
ol

Il
ol

The theory of the Riesz operator in the whole of RV was studied in the
famous monograph [35].

Further, we recall a version (see [5] for the proof) of the famous Kato-
Beurling-Deny inequality.
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COROLLARY 5.5. For a € [0,1], ¢ € [2,400), ¢ € D((—A2)®) with
sgno|pli™t € D((—A2)2), the following estimate holds:

@ [ a0 s forar > M [ Aot .

Note that taking ¢ = 4p, p € N, in the latter estimate, the absolute value
will not be needed.

REMARK 5.6. The definition of fractional powers (42) was proposed
by A.V. Balakrishnan in 1960 and studied in a series of 6 papers by H. Ko-
matsu through the years 1966-1972 ([22] is one of them). Application of that
notion to abstract parabolic equation in Hilbert or Banach spaces was given
by T. Kato and P.E. Sobolevskii around 1960; see the Comments on that
results in Chapter XIV of K. Yosida’s famous ”Functional Analysis”. An
early reference is also the monograph [23], with Russian edition from 1967.
Formulation of the Navier-Stokes equation as an integral equation in a Ba-
nach space connected with the fractional powers of the Stokes operator was
used in particular in a semigroup studies of the Navier-Stokes equation by
Japan mathematicians; among them T. Kato and H. Fujita (1962, 1964),
Y. Giga and T. Miyakawa (starting from 1980); and by P.E. Sobolevskii
(1959). The 1981 monograph [19] by D. Henry provides an important ab-
stract approach, using semigroup technique, to general parabolic equations
and systems. Later on that approach extends (see in particular [3]), so
that we will call here only the recent monograph by A. Yagi [40], providing
in Chapter 16 an explicit description of the domains of fractional powers of
sectorial positive/non-negative operators, also nice monograph [28] in which
the properties of fractional powers (in the Balakrishnan/Komatsu approach)
are described in details.

All these references form an approach inside of which fractional powers
can be used to study parabolic problems both in bounded domains (as in
the present paper), or in RV, In a particular case of the —A operator in RY
(considered in LP(R™),1 < p < oo, spaces) various definitions of fractional
powers were present in the literature; they are known to be equivalent in
general (however, we must specify on which sets); a nice comparison was
given recently in [24]. While, in case of the Dirichlet or Neumann minus
Laplacian in a bounded regular (C?, say) domain Q C R¥ equivalence of
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definitions is restricted only to the Balakrishnan/Komatsu and the Bochner
definitions (e.g. [28, Section 6.1.1]). In a particular case of the Hilbert spaces
(e.g. in L?(Q)), also the definition through spectral resolution of selfadjoint
positive definite operators (e.g. [34, p.95]) will be used equivalently with
the two just called. Thus, we need to make a warning, that the symbol
(—A)* used by different authors need not have the same meaning.
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