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Nonconservative Reflectionless Inverse Scattering and
Soliton Solutions of an Associated Nonlinear

FEvolution System

By Yutaka KAMIMURA

Abstract. A nonconservative, reflectionless inverse scattering
problem is discussed on an energy dependent Schrodinger equation.
A scattering transform from the potential of the equation to the re-
flectionless scattering data is completely characterized by a function
induced from a Gelfand-Levitan-Marchenko equation, with an expres-
sion of the inverse scattering transform in terms of the function. Based
upon the inverse scattering theory, we establish an inverse scattering
method by which N-soliton solutions of a nonlinear evolution system
(Boussinesq system) are constructed.

1. Results

The objective of this paper is, firstly, to establish a reflectionless inverse
scattering theory on an energy dependent Schrodinger equation, and sec-
ondly, to apply the theory to an isospectral flow associated with the equation
for finding soliton solutions of the nonlinear evolution system. The energy
Schrodinger equation we are concerned with is

(1.1) "+ [k = (U(x)+2kQ(x))]f =0, —oo <z < oo0.
Here functions U(x), Q(z) on R are decreasing rapidly as x = +oo, and
we assume that U(x) is real-valued and Q(z) is purely imaginary-valued.

Let 9, (x, k) and ¥ (x, k) be the scattering solutions, namely, solutions of
(1.1) having the asymptotics:

etk 4 slg(k)e_ik‘”, T — —00,
wa(l‘,k) ~ { Sll(k)eikx, x — 400;
—ikx ikx
e + so1(k)e™™, T — +00,
(12) ¢H($>k‘) { 822(]{:)677:]61’ T — —00.
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The solution v, (x, k) represents scattering of a free wave ¢’** coming from

—oo scattered by the potential (U(z),Q(x)) with the transmitting wave
s11(k)e™*® and the reflecting wave s19(k)e™?
scattering of the wave e~ from +o0c. The inverse scattering problem is to
recover the potential (U(z),Q(z)) from the scattering matrix

. Similarly ¥ (x, k) represents

_( su(k) sia(k)
S("")‘(smk) S22<k>)’ heR

defined in terms of the transmission coefficients s11(k), s22(k), and the re-
flection coefficients s12(k), sa1(k).

Unlike in the case Q(x) is real-valued, S(k) is not a unitary matrix in our
case where Q(x) is purely imaginary, in other words, the scattering for (1.1)
is not conservative. However it admits a coupled unitarity: S(k)S™(k)* = I,

where
- _ | su(k) sip(k)
k) = < s51(k)  s55(k) ) e

denotes the scattering matrix for the potential (U, —@Q). In addition, S(k)
has a conjugate symmetry: S(—k) = S(k).
Scattering is said to be reflectionless in the case

(1.3) s21(k) = s12(k) =0 for any k € R.

In the reflectionless scattering, the transmission coefficient s11(k)(= s22(k))
is a continuous function on R (see Lemma 2.2) and it can be analytically
continued to a meromorphic function in the upper half plane C'; having at
most finitely many poles k,, n = 1,--- ,N. Let fy(x,k) be the Jost solu-
tions of (1.1) with the asymptotic behaviors fui(z,k) ~ eti®
Then, at the poles k& = k, (bound states), there exist nonzero constants
d; (coupling constants) such that f_(z,k,) = d} fy(z,k,), n=1,--- ,N.
Furthermore the transmission coefficient si; (k) for (U, —Q) coincides with
s11(k) (see Proposition 2.3). Hence, in the reflectionless scattering, there ex-
ist also d,, # 0 such that f~(x,k,) = d,, f (z,k,),n =1,---, N, associated
with the Jost solution fi (z,k) for the potential (U, —Q).
By means of coupling constant d-, we define constant ¢t by

as r — +oo.

(1.4) ¢t = —iResp—y, s11(k) x d-

n n?’

n=1,--,N,



Nonconservative Scattering and Soliton Solutions 653

which is a generalized concept of the norming constant used in the inverse
scattering theory for the standard Schrodinger case (Marchenko [25, 26],
Faddeev [8], Deift and Trubowitz [6]), namely, the case @ = 0 in (1.1). One
can show that ¢ are nonzero (complex) numbers by the Poisson formula.
In our reflectionless scattering the triplet {0,k,,ct}, n = 1,---, N, are
employed as scattering data, in which 0 indicates merely the reflectionless
condition (1.3), k, € C+, ¢t € C\ {0}. Given triplet {0, k,, ¢}, we define
N x N matrices B¥ and column vectors v* by

(’L'kg+ikj)x eik[x
1. B* = | f S—— S
(15) <cf ikg+ikj>’ Y ik, )

(1.6)  A*(z):=det(I — BTB7)
+ (e®e N (T — BTBEY (BTu* — o),

where I is the N x N identity matrix, ( 1% ... ¢#~N%)isa 1 x N matrix
and (I — BTB*) denote the cofactor matrices of I — BTB*. With the
functions A*(z) defined above, the main result on the reflectionless inverse
scattering theory concerning (1.1) is stated as follows.

THEOREM 1.1. A prescribed triplet {0,ky, c-} is the scattering data
for some (U,Q) € S x S if and only if {0, ky, ¢t} satisfies the following two
conditions:

(I) there exists a permutation o € &N such that ky(,) = —Fp, ¢t ) = Cn;

2
3

(I) A*(x) >0 on R.
Under these conditions, (U, Q) is uniquely determined by

Q(x) = —5: 4 (log AT (z) —log A~ (),
(1.7)
U(x) + Q(x)? = =3 4 (log AT (x) + log A™(x)) .

Here S denotes the Schwartz class on R.

Some remarks on Theorem 1.1 are helpful at this stage:
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A characteristic of (1.1) with purely imaginary Q(z) is a symmetry
s11(—k) = s11(k) on C with respect to the imaginary axis, which
stems from fi(z,—k) = fi(z, k) for each k € C,. It follows from
this observation that the condition (I) in the theorem is necessary for
{0, kn, ¢t} to be the scattering data for some (U, +@Q). For this reason
the symmetric group Gy acts in the theory. The bound states either
lie on or are symmetrically located with respect to the imaginary axis
in C4. In particular, if N is odd then an odd number of bound states
ky, lie on the imaginary axis in C.

Linear algebra tells us that det(I — AB) = det(I — BA) and (AB) =
BA". This enables us to see that, under the requirement (I), the
functions A% () defined in (1.6) are real-valued functions on R. Hence
Q(x) defined firstly by inversion formula (1.7) is purely imaginary and
U(z) defined secondly by it is real.

Conclusion in the theorem does not depend on a choice of function
spaces, since, although we chose to work on a wider class, e.g., under
condition (2.1), potentials U, @) are exponentially decaying as |x| — oo
and so, belong necessarily to the Schwartz class S.

Since the functions A*(x) are real on R and tend to 1 as  — 400
due to Reik, < 0, the condition (II) is equivalent to that A*(x) have
no zeros on R. By definition, A*(x) are entire functions. Hence
zeros of them are discrete. Whether A*(z) have zeros on R or not
is determined by a triplet {0, k‘n,cﬁ}, which is said to be regular if
neither A™(x) nor A~ (z) has zeros on R, and is said to be singular
if either or both of these has zeros there. In the case {0, ky,,cr} is
singular no pairs (U, Q) of continuous potentials on R can realize a
prescribed scattering data {0, k,, ¢ }.

The reflectionless scattering for (1.1) with purely imaginary @ is com-
pletely controlled by functions A*(zx); the range of the scattering
transform (U, Q) — {0, kp,c-} (ST) as well as the inverse of it (IST)
is described by the functions.

The potential (U, Q) determined from {0, k,, ¢t} satisfies (see Propo-
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sition 3.3)

0o N
/ Q(x / [U(z) + Q(z)?)dx = 42'; k.

—00
In particular, these quantities are independent of the constants cfl[.

(7) If ik, < 0 and ¢;f = ¢;; > 0 for each n in a triplet {0, ky,, it} then
At(z) =A™ (z) = (det(I — B*)) > 0 (see Corollary 3.8), and hence,
by (1.7), Q(z) =0, U(z) = —24~ d 5 logdet(I — BT), which is a case in
the reflectionless inverse scatterlng theory on the standard Schrédinger
equation (Kay and Moses [22], Gardner, Greene, Kruskal and Miura
[9]); therefore Theorem 1.1 gives a generalization of the theory.

A mathematical research on inverse scattering theory for energy depen-
dent Schrédinger equation (1.1) was begun by Jaulent [13, 14], Jaulent and
Jean [15, 16]. They derived the following representation of the Jost solutions
f4(x, k) via the transformation kernel A(x,y) (see [15, Lemma 4.1]):

(1.8) fo(z, k) = eils Qrydr gike +/ Az, y)e*dy, ke Cy.

xT

This representation is valid even in the case where U, () are complex-valued
and A(z,y) is uniquely determined from (U, @) as a (unique) solution of the
integral equation

(1.9) A(z,y) = 1/ U(s)el! Qdrgg 2Q (”“Ly) Hegu Qar

2 aty 2
y+s—x
/ du
Yy+s—x
/ du
Y+

+1 /oo Q(s)A(s,y+s—x)ds

ol
\+\

— @/ Q(s)A(s,y+x —s)ds, x<uy.

Transformation kernels are connected with scattering data via the so-called
Gelfand-Levitan-Marchenko (GLM) equations.
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Such an equation for (1.1) was found by [15], based on which the paper
established a recovery procedure of a pair of real U, @) from the scattering
matrix in the absence of bound states (N = 0). A complete solution in the
case N = 0 corresponding to [6] was obtained by Kamimura [19]. Inverse
scattering problem for (1.1) with bounds state is still open although the
problem for a single bound state was studied by Sattinger and Szmigielski
[31] as well as, recently, for the reflectionless case has been solved by [20].
The nonconservative case () is purely imaginary was extensively studied
by Aktosun, Klaus, and van der Mee [2, 3|, where sufficient conditions for
the unique solvability of the associated GLM equation were obtained, and by
means of the knowledge, (U, Q) are recovered from scattering data including
information on bound states.

The proof of Theorem 1.1 is given in Sections 2, 3. In course of the
proof we find that the order of poles k, is one, namely, every pole k,,
n=1,---,N, is simple.

As an application of Theorem 1.1 we have

Ezample 1.2. In the case N = 1, definition (1.6) becomes

n - eQiklx N €4ik1:r
AY(z)=1—-cf ———+ ¢ ¢ —,
(z) bk L (24k,)2

where —2ik; =: b > 0 and ¢f € R due to condition (I). From asymptotic
behaviors of this function as z — oo, it turns out that ¢jc; > 0 is nec-
essary for (II) to hold. By an elementary discussion on quadratic functions
AT of # > 0 it follows that condition (II) is satisfied if and only if ¢ > 0,
¢; > 0. Then, by applying the inversion formula (1.7) to A* and observing

2
that ATAE — (Ai,) = 2bcTe " AT potential (U, Q) corresponding to

{0, k1, c?} is determined as

—b + — + — e—2bz
e " (] —cl)(l—clc1 b—g)

— o—bx
2cy e

(1.10) iQ(x) = — — :
(1255 ) (14 25+ e )
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3 _ 3
2c] e 7% _ bz — 2c e " _ e 2bz
<1+17+cfcleb2 ) + ] (1+17+cfc16b2 )

_ 2
(1+2('1e _i_clcl_ebzbm) <1+2c1e b +0101 —bzzbz)

If cf =c; > 0 then @ = 0 and U are the reflectionless potentials with a
single bound state for the standard Schrédinger equation.

The latter half part of the present paper is devoted to a construction of
soliton solutions of

(1.12) { up + Wy + vty =0,

Wy + Ugzy + (uw); = 0.

This evolution system, which is viewed as a Boussinesq system (see Broer [5],
Kupershmidt [24], Ablowitz and Clarkson [1]), is a recast of an isospectral
flow

%Qt —6QQ; — U, =0,
(1.13)
%Ut —4Q:U —2QU; + Quax = 0,

associated with energy dependent Schrodinger equation (1.1) via the trans-
formation

u w U2

(1.14) iQ=-3, v=-21%

(= u=—-4iQ, w=-4U+@%).

By this transformation, inversion formula (1.7) is rewritten as

u(x,t) = 2% (log A (z,t) — log A™ (x, 1)),

(1.15) ;

w(z,t) = 88 5 (log A (z,t) +1log A™ (z, 1)),

where A% (z,t) are functions defined by (1.6) with ¢t () = ct(0)eF4*at,
Notice that (u(z,t),w(z,t)) is real because A*(x,t) are real-valued that
stems from the purely imaginaryness of Q).
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The following result (the proof will be given in Section 5) guarantees
that (u(x,t), w(x,t)) defined by (1.15) are solutions of (1.12).

THEOREM 1.3. Let ky,, ¢-(0), n=1,---, N, satisfy conditions (I), (II)

in Theorem 1.1 and set c¢E(t) = ¢ (0)e¥*at. Then (u(z,t), w(z,t)) defined
by (1.15) satisfies (1.12) as long as A*(x,t) >0 on R.

The study on integrability of the Boussinesq system (1.12) was begun by
Kaup [21], in which soliton solutions of it can be found. In Kaup’s solutions,
w tend to nonzero constants as x — *oo. On the other hand, our soliton
solutions defined by (1.15) tend to zero then. Originally Kaup’s solution
was found from the inverse scattering approach for a Schrodinger equation
with k? +m?, m # 0, in place of k% in (1.1). Inverse scattering theory for
the Schrodinger equation has been developed by Tsutsumi [33], Sattinger
and Szmigielski [32], van der Mee and Pivovarchik [34]. Hirota [10] obtained
soliton solutions of the Boussinesq system as a reduction of solutions of the
first modified KP (Kadomtsev-Petviashvili) equation. Moreover Hirota [11]
established a way by which exact solutions of the Boussinesq system can
be obtained from solutions of the first modified KP equation in Wronskian
forms. Sachs [29, 30] used a Painlevé analysis, an expression via tau func-
tions (similar to formula (1.15)) to find rational solutions of the system. In
addition Matveev and Yavor [27] found a family of almost periodic solutions.
For related topics, refer to Alber, Luther, and Miller [4], El, Grimshaw, and
Komchatnov [7]. Among of these papers, soliton solutions in [10, 11] are
most closely related with solutions in the present paper. Although Hirota’s
solutions and our solutions defined by (1.15) are mutually different, we shall
discuss the difference and a similarity in detail in Section 6 of the present
paper.

Our strategy for constructing N-soliton solutions of (1.12) consists in an
inverse scattering method in Figure 1 based upon the scattering transform
(ST) and its inverse transform (IST) established in Theorem 1.1.

The inverse scattering method in Figure 1 will be established in Section
4 (see Proposition 4.1). The method means that if Cauchy problem (1.12)
admits a rapidly decreasing solution then it is constructed by (1.15). On the
other hand Theorem 1.3 asserts that the assumption can be dropped. The
proof will be given in Section 5 by checking that the pair (u(z,t),w(z,t))
of functions constructed above is indeed a solution of the Cauchy problem,
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(1.14)
| (u(,0),w(,0))| | (U(2,0),Q(x,0)) | | Data{0.k,.c(0)} |
l Time evolution of (u,w) Time evolution of (U, Q) l Time evolution of data
(1.14)

| (ula, 1), w(a,1)) | | (U(,1),Q(,1) | | Data {0, ky, i (0)e T4} |

Fig. 1. Inverse scattering method.

based upon an observation (Proposition 4.2) of a character of (1.13). It
follows from item (6) after Theorem 1.1 that our solution (u(z,t),w(x,t))
satisfies

o) 00 N
/ u(z,t)dr =0, / w(x, t)dx = —16i2kn (>0).

—00 —00 n—1

Notice that the mass of wave w(x,t) is conserved as a positive quantity.
The Boussinesq system (1.12) can be interpreted as a model of wave
propagation of shallow water, where u = u(x,t) represents the velocity at
a horizontal displacement = and w = w(x,t) represents the elevation of
wave’s surface above the bottom. Actually, the first equation in (1.12) is

no other than the incompressible Euler equation %—? +v-Vv = —%Vp of

one-dimensional v = (u,0) with Vp = pg%—;", where p is the density, and the
second equation is understood as a dispersive version obtained by adding
the dispersion 1., to the equation of the continuity % + V- (pv) =0, with
p < w, provided that the gravity force dominates over capillary tension at
the surface (see Kamchatnov, Kraenkel and Umarov [18, page 356], see also
Korteweg and de Vries [23, page 2]).

The following corresponds to Example 1.2:

Ezample 1.4. The one-soliton solution of (1.12) is obtained by putting
= cli(O)eib% (b = —2ik; > 0, ¢ (0) > 0) and using transformation
(1.14). Then rewriting the resultant formula in terms of new parameters ¢,

p € R, in place of ¢i(0), defined by

Jr
b8 — b o C1_(0)
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leads to the following representation:

(¥ (t+0) — =V (t+0)) ginh b(x + 6)
(cosh b(x +06) + eb2(t+p)) (cosh b(x +6) + 67b2(t+p)) )
(1.17)  w(x,t) = 92 < 1 4 eb*(t+p) cosh b(x + 5)2
(coshb(z + 6) + eb? (t+0))
1 4 e~ (t+0) cosh b(z + 6)
(cosh b(x +6) + e—b2(t+p))2> .

(1.16)  wu(x,t) =2b

By an elementary calculus we see that (1) 0 < w(z,t) < 2b%, where 2b2
is attained only at x = —& for each t, (2) for t such that coshb?(t + p) <

57‘/5, the elevation w(x,t) has only one maximum 202, while, for t such that

coshb2(t + p) > #, it has a local mazimum (other than the maximum
202 ) located at two points x (symmetric with respect to x = —6) such that
|b(x + 6)| = £b(t + p) +log2 + o(1) as t — +o0, (3) the local mazimum is
monotonically decreasing (from %bQ) to %bQ as t tends to o0o. The wave
splits into three peaks as time evolves, which behave almost independently
(see Figure 2).

We find that the parts of peaks with small amplitude %bQ behave asymp-

]Y

Fig. 2. Profile of w(xz,t) forb=1,6=0, p=logv2att=—p, t=p+2,t=p+7. The
part of the right peak with the amplitude ~ %bQ is well approximated by the wave

%b2sech2%(b(ac +68) —b*(t + p) — log 2), going to +oo with the propagation velocity b.
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totically (when |t| is going to oo) such as the solitary, travelling wave
$b2sech?? (bl + 6| — b?|t + p| — log 2) with the propagation velocity b. For
t+ p > 0, the velocity u(x,t) is positive (negative, resp.) if x + 6 > 0 (if
x4 6 < 0, resp.). This makes the peaks of w(z,t) with the height ~ 1b?
tend to +oo as time evolves.

Though w(x,t) is a soliton corresponding to one pole ki, it behaves
such as a 3-soliton. This curious phenomenon can be explained by a typ-
ical behavior of the velocity u(z,t) such as a boundary layer (see Figure
3). As is illustrated by the figure, for a fixed ¢, the velocity u(z,t) disap-
pears suddenly near a stationary point x5 at which the right soliton w(z,t)
has a peak with amplitude ~ %62; so the front of the peak has almost no
motion, while the behind of it has a large motion. This makes a high ele-
vation, the peak of w(z,t). From a viewpoint of physical mechanism this
phenomenon can be understood as a sort of congestion on water motion
occurring based on an interaction between u(z,t) and w(z,t) in the sys-
tem (1.12). From a viewpoint of mathematical structure it can be expected

|Y

i

Fig. 3. Profile of (u(z, %2), w(z, 12)) at t = 32 for b = 2, § = p = 0. The velocity
u(z,t) takes the value b approximately at the stationary point z = z, of the soliton
w(z,t), in general.
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that w(z,t) corresponding to N poles ki, -, ky splits into (2N 4 1) peaks
driven by boundary multi-layers of u(z,t), as time evolves.

A hierarchy of the system (1.13) was found by Jaulent and Miodek [17].
For example, the second system of the hierarchy is given by

Qt + Q:r:r:r - 6UQ£L’ - 6U1Q - 30Q2Qm =0,

(1.18) Up + Upzr + 6QQuze + 18Q2Qua
—6UU, — 24QQ.U — 6Q*U, = 0,

(see [17, equation (5.2)], where our () becomes %Q) As was pointed out
there, if Q = 0 then the 2m-th system of the hierarchy reduces to the m-th
order KdV equation, such as (1.18) reduced to the KdV equation; notice that
%Q and U are real and so physical variables. Our inverse scattering method
based upon Theorem 1.1 is applicable also to systems of the hierarchy: the
method enables us to construct certain soliton solutions of the systems.

2. Forward Scattering Theory

We assume, in (1.1), that U is real and @ is purely imaginary and, in this
section, we will work on (1.1) with the following conditions (see [19, 20]):

U(z) € Ly(R), Q(z) € Li(R),

2.1
21) Q(z) is absolutely continuous, and Q'(x) € Li(R).

Here L. (I) (m = 0,1,2,---) denotes the set of measurable functions f(z)
such that [;(1+ |z|™)|f(z)|dz < oo. Let fi(z,k), k € Cy, be the Jost
solutions of (1.1), namely, solutions with the asymptotics

fi(z, k) = e*2[1 + 0(1)],

. fe(z, k) = £ike¥ (1 + o(1)], z — *oo.

These solutions are analytic with respect to k& in Cy. It follows from the
uniqueness of the Jost solution that

(2'3) f:t(x>k> = fi(z, _E)v kEC—-F
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We denote the Jost solutions of (1.1) with —Q(x) instead of Q(x) by
fi(x, k). Provided that U(x) is real, Q(z) is purely imaginary, we have
four solutions of (1.1):

f+(3§,k§), f*(l‘vk)v f;(l‘,k), f:(.’l?,k‘),

by which, the scattering solutions ¢, (x, k), ¥ (z, k) in (1.2) are written as

wﬁ(xv k) = Sll(k)f-i-(x?k) = f__((L',k) + S12(/€)f_($, k)?

(2.4)

1%—(93, k) = 322(k)f—(x’ k) = f;({E, k) + 521(k)f+($’ k)
Since
(2.5) W fe (2, k), 2 (2, k)] = F2ik, k€ R\ {0},

where W(f, g] denotes the Wronskian fg’ — f’g, the coefficients s¢; are de-
termined as

2ik
ey WG R
2.6 -
Slg(k‘) _ _W[er(:E,k),f:(iL‘,k)] 821(16') _ _W[f;(l‘ak)af*(zvk)]
W[f+(x7k)af—(ka)], W[f+($,k),f_($,k)] '

We pick out basic properties (see [2]) of the scattering matrix S(k):

LEMMA 2.1. Let S™(k) denote the scattering matriz for potential
(U,—Q). Then:

(1) (Symmetry) si1(k) = s22(k).

(2) (Conjugate symmetry) S(—k) = S(k), k € R, s11(—k) = s11(k),
keCy.

(3) (Coupled unitarity) S(k)S~(k)* =1.

A major difference between the case where both U(z), Q(z) are real
(see [20]) and the case where U(x) is real, Q(z) is purely imaginary con-
sists in the presence of singularities of the transmission coefficient s11(k) on
R. This difference stems from that the conservation S(k)S(k)* = I holds
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(conservative) in the former case and breaks down (nonconservative) in the
latter case. For this reason we hereafter need to assume that

(2'7) W[f+($,k),f—($7k)] 7&07 k GR\{O}'

In the reflectionless case this condition is fulfilled since s11(k)s;;(k) =1 on
R by Lemma 2.1(3) and so, by (2.6) we have (2.7). From this observation,
we draw the following

LEMMA 2.2.  We assume (2.1). Then, in the reflectionless scattering,
(1) s11(k), s;1(k) are continuous functions on R.

(2) s11(k) can be analytically continued to a meromorphic function in the
upper half plane C having finitely many poles k,, n=1,--- | N.

(3) f+(x,0) and f_(x,0) are linearly dependent.

PRrROOF. In the reflectionless scattering, s11(k)s;(k) = 1 on R. This

is written as s11(k) = s1;(k) _1. Since the right-hand side is continuous on
R\ {0}, s11(k) is also continuous there. But s11(k) is originally continuous
at k = 0 (see [19, Lemma 2.2], which remains valid for purely imaginary-
valued functions ()). Hence it is a continuous function on R. Assertion (2)
follows from the asymptotic behavior

1 o
(2.8) su(k) =7 +0 <E) ;= e ROk oo

(see [19, Lemma 2.3(1)]). Since s11(0) # 0, from (2.6), we have W{[f(x,0),
f-(x,0)] = 0 (which is referred to as the exceptional case in [2]). This
proves assertion (3). OJ

Our study on reflectionless scattering is based upon the following

ProrosiTiON 2.3. Let U be real, QQ be purely imaginary and assume
(2.1). Then, in the reflectionless scattering,

(1) Q(zx) satisfies ,
/_ Q(r)dr = 0.
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(2) sy1(k) = s11(k) on C4, which is written as

N (k=T \™" -
- hn
(2.9) s11(k) :g <kkn> , keC.,.
i terms of poles k,, and their orders m,, n=1,--- ,N.

Proor. Let ky,n=1,--- N,k ,n=1,--- N~ be poles of s11(k),

n
s11(k) and let my,, m,, be orders of the poles. Then, by the Poisson formula

and (2.8), we get, for k € C,

N k=T \ ™ 1 oolog‘sn(o’fl’g
511<k>:”,}1<k—kn> exp{%/oo -k

X (k—k \™ 1 [ log|sy; (7]
_ .| n
sy (k) =7 g(k—kﬁ) exp{%/ Clik dC}

—00

Since [s11(¢)[|s11(¢)| =1 for ¢ € R, the product of s11(k) and si; (k) yields

N 7=\ Mn N~ ——\ Mn
_ k—ky k—kn
311(k)311(k):H <k—kn> g(k—k’n> , keCy.

n=1

Since, by Lemma 2.2(1), s11(k) and sq; (k) are continuous on R, this equality

still holds on R. This, together with si;(k)~! = s11(k) for k € R, leads to
the following equality:

N Min N~ T\ ™
(2.10)  s11(k) H <IZ:Z_n> = s11(k) H (;_ZZ) , keR.

n=1 n=1

The function in the left side of (2.10) is analytic and bounded on the upper
half plane and that in its right side is analytic and bounded on the lower
half plane. In view of Liouville’s theorem in theory of analytic functions,
this implies that

A AN —
Sll(k) H k'—k_ = C, ke C+,

n=1
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with some constant C. It follows from (2.8) that the constant must be
C = v € R. Hence, from (2.10), we have, for k € C,

N 7.\ Mn N~ —\ Mn
k—k, k — kn
k)= = .
s (k) =~ |_| <k—l<:n> gl |_| (k:—kn)
n=1 n=1

Due to the uniqueness of the factorization, this implies that N~ = N, and
that, by renumbering ki ,---ky, we get b = ki,--- ky = ky, m; =
mi,- -+ ,my = my, namely, that there exists a permutation o € Gy such
that k;, = ky(n), m;, = Mg(n). We thus have

oo N k=T ™
Sll(k) = e_”,oo Qrdr H (k _ k") )
n=1 n
(2.11)

oo N B\
Sl_l(k):eszcz(mwl—[(k_kn) ’

n=1

for k€ Cy.

On the other hand, from (2.4) and fi (z,0) = fi(x,0), we get s11(0) =
+1. This, together with s11(0)s;;(0) = 1, leads to s7;(0) = s11(0) = *1.
This is compatible with

511(0) = e_”foo Q(r)dr H <k_“> : 81_1(0) _ 6”*00 Q(r)dr H <k_n>

n=1 n=1

only if ffooo Q(r)dr = 0. This, combined with (2.11), proves the lemma. O

The following properties of transformation kernels will be employed in
our work.

LEMMA 2.4. Let U be real, Q be purely imaginary, assume (2.1), and
let A%(z,y) be transformation kernels for (U, £Q). Then:

(1) Functions AT (z,y), which belong to L*(x,00)NL>®(x,00) as functions
of y for each x, are real.

(2) Potentials (U,+Q) and A*(z,z) are connected by
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(212)  AE(z,z) = %eﬂfi" Q(r)r ( / S0 + Qr)dr ze'Q(x)> .

PrROOF. By taking the complex conjugate of (1.8), using (2.3), and
taking the uniqueness of transformation kernels into account, it follows that
A%(z,y) = A*(z,y). This proves (1). By setting = = y in (1.9), we get

A*(z,z) Fi /00 Q(s)A* (s, 5)ds

_ %/oo U(S)eiz’fsoo Q(r)dr 44 T %Q(ZL‘) e:tif;o Q(r)dr

This gives an integral equation for each A% (x,z), which is solved as (2.12).
This proves (2). O

We consider the reflectionless scattering and set

N
(2.13) FEy)==> cte™v, yeR

n=1

in terms of the constants c;= defined in (1.4). It follows from the conjugate
symmetry in Lemma 2.1(2) that k, is a pole of s11(k) if and only if —k, is
a pole of it, and hence, that there exists a permutation o € Gy such that
ko(n) = —k,. By definition, such a permutation is uniquely determined and,
in view of ikg(n) = iky, the permutation is involutive: o o o = Id, where Id
denotes the identity permutation. We mention that n is a fixed point of the
permutation, namely o(n) = n, if and only if ik, < 0, namely k, lies on the
imaginary axis in C..

LEMMA 2.5. The followings hold:
(1) The constants ¢t are nonzero numbers.
(2) The constants ¢ for kg(n) and kn, are mutually conjugate : ¢

(3) The functions F*(y) are real.
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ProoF. It follows from (2.9) that Resx—, s11(k) = 2i m,Imk;,. This
proves (1). By (2.3) we have di[(n) = dif. Hence, by remembering definition

(1.4) and the conjugate symmetry s11(—k) = s11(k), we can draw (2). Since
o is a permutation, from definition (2.13), we have

N N
P == 3 e =3
n=1 n=1
This proves (3). O

Generally transformation kernels are related with scattering data via
GLM equations. Such integral equations can be deduced by a standard
calculus of residues (see [8], [26, Chapter 3.5], [20, Proposition 2.2]). In our
reflectionless scattering, the equation is given as follows.

PROPOSITION 2.6.  Suppose that U(x) is real, Q(z) is purely imaginary,
and assume (2.1). If {0,k,,ct} is the scattering data for (U,+Q) then
F*(y) defined by (2.13) are related with A*(x,y) by the following, coupled
integral equation

(2.14) AT (z,y) — /ooAi(x,r)Fi('r +y)dr

— S QdrpE 4y =0, z <y

PrROOF. From (2.4), we get
(2.15) s (k) f-(x, k) — e~ QUr)dr —ike
— f_;(x,k) . e—i.{;o Q(T’)dre—ikx7 L€ R.

By Lemma 2.4(1), A~ (x,y) is real. So, from (1.8), we have
iz k) = e~ile Qr)dr —ike +/ A" (z,y)e"™dy, keR.

Hence (2.15) becomes

s (k) f-(z, k) — et QUdrg=ike _ / A (z,y)e"™dy, ke R.

T
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This implies that the inverse Fourier transform of the left side is given by

1

A (z,y) = %/ <S11(k)f_(x, O de”) RV k. <y

—00

It follows from Proposition 2.3, the transformation kernel representation
of f_(x,k): f_(z,k) = el (T)dT Tk [T A_(z,y)e”"*dy, and the
Riemann-Lebesgue lemma that

s11(k) f-(z, k)t — e7" QU — (1),

as |k| — oo in C ;. By Lemma 2.2(1), this function is continuous on R.
Let y — 2 > 0. Then, by means of the Jordan lemma in the calculus of
residues, we get

=

A (z,y) = ZZ (Res g=k, s11(k)) f—(z, kn)eikny
n=1

N
=i ) (Res =, s11(k)) df f (@, n)e™
n=1

N

_ Z CT+L (ei e Q(r)dreikn(x+y) i /OO e (% T)eikn(rﬂ/) d7“> )
n=1 z

This gives an equation in (2.14) with F*. Another one with F~ is deduced
similarly. [

In order to derive a recovery algorithm for (U, Q) of equation (1.1) from
the scattering data {0, k,, ct}, we introduce functions J*(z,%) defined by

(2.16) JE(z,y) = — ! ) /00 A*(z,s)ds, =<y,

f+(x70

for each # € R such that fi(x,0) # 0. Note that f(x,0) = fy(z,0) for
k= 0.

ProPOSITION 2.7. Under the same assumption as in Proposition 2.6,
for each x € R such that f,(x,0) # 0, functions J*(z,y) = J*(x,y) satisfy
the followings.
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(1) Relation
(2.17) Fo(@,0)(1 + JE (2, 2)) = e/ @dr,

(2) Integral equation

(2.18) I (z,y) + /oo JE(z,r)FE(r 4 y)dr

xT

[e.e]
+/ FE(r4+y)dr=0, =<y.
x

(3) Formula

im,x o0
2 | )) - [[Ww6)+ @i = i)

2.1 —_—
(2:19) 14 JE(z,x

PRrROOF. (1) is immediate by setting £ = 0 in (1.8) and using definition
(2.16). We integrate (2.14) and rewrite the resultant in terms of J*(z.y).
Then, by virtue of (2.17), we get

Ji(x,y)—i—/

xT

o o0
GTJi(x,r)dr/ FE(r + s)ds
y

+(1+ Ji(:n,:c))/ FE(z + s)ds = 0.
y
By performing an integration by parts, this is written in the form (2.18).
Differentiating (2.16) with respect to y yields A*(z,y) = fi (=, O)J?jt(x,y).
Hence, substituting this and (2.17) into (2.12) we obtain (2.19). Notice that
relation (2.17) implies 1 + J*(z, ) # 0 for = such that f(z,0) # 0. O

The function F*(y) defined in (2.13) is a finite dimensional function.
Hence a GLM equation (2.18) gives a degenerate (finite dimensional) in-
tegral equation with unknowns J*(z,y) for each 2 € R. Its Fredholm
determinant is given by

(2.20) D(z) :=det(I — BtB7),
where B* are matrices defined in (1.5).

PROPOSITION 2.8.  Under condition (I) in Theorem 1.1, we have:
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(1) D(x) is real-valued functions on R, whose zeros are discrete.
(2) The functions
(e*y ... Y (T — BTB* Y (BTo* — o)
are real-valued functions on R2.

(3) For each x such that D(z) # 0, integral equation (2.18) is uniquely
solved as

(2.21) JE(z,y) = (*Y ... e*NY ) (1 — BTBF)"H(BTo® —vT), z<y.

ProOOF. Let P, be a fundamental matrix associated with o. Since
o € Gy isinvolutive, P, ! = P, It follows from definition (1.5) and condition
(I) that

(2.22) B* = P,B*P,, vt =v"P,.
Accordingly
D(x) = det(I — P,B"P,P,B™P,) = det(P,(I — B"B™)P,) = D(x),
due to det P, = +1. This shows that D(x) is real. From this we obtain
D(x) = det(I — P,B"P,P,B™P,) = det(P,(I — B"B™)P,) = D(x),

since det P, = £1. It is clear from definition that D(z) is an entire function
of z. Hence zeros are discrete. This proves assertion (1).
By using the condition (I), (2.22), and (AB) = B"A” the complex con-
jugate of the function in (2) is written as
(eFey ... ¢hon)¥ ) (] — BT BEY (BT vt — v¥F)
= (v ... ¢kNvPp (I — P,BTP,P,B*P, Y (P,BTP, P,u* — P,vT)
= (e ... e )P (P, (I — B¥BF)P,) P,(BTv* — v¥)

= (e*Y ... ¢kvY (T — BTBTY(BTvt — o).

This proves assertion (2).
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It follows from definition (2.13) that
/ JE(z,r)FE(r 4 y)dr
T

N
B /OO Z Ci:eik"(wry)( e’iklr . eikNT‘ )dT (I - BIFB:E )*1 (B¥,U:|: - 'U$)
T n=1

—(ethy ... ety ) i
. Citeiklr
/ (ez‘km‘ ez’kNr )dT(I_B:FB:t )—1 (B:F’U:t—’v:’:)
z + iknz
CN€

— (M gk )/OO(Bi)’dr (I B¥B*)\ (B¥v* — v¥)
= (e®y ... ety )Bizl — B¥B* )" (BFv* — o).

This, together with

(2.23) B*(I - B¥B*)™l = (I - B*BT) !B,

leads to

/00 Ji(ac,r)Fi(r +y)dr + /00 Fi(r + y)dr

_ ( ok L iy ) ((I o BiB¥)—1Bi (B;’vi _ 'ﬁ) + fui)

= (MY (1 - BEBF) T (B (B0 — o) + (I - B*BT)vY)
= (el ... ik (] - BERF)TY(BET  oF)

=—J(z,y).

Therefore J¥(x,y) satisfies (2.18). Since D(x) is the Fredholm determinant
of the equation, it follows from the Fredholm alternative that this solution
is unique. [J

If {0, ky,, ¢t} is the scattering data for some (U, Q) satisfying (2.1) then
we have two definitions of solutions to the GLM equation (2.18); the first
definition is (2.16), which is available for each € R such that f, (x,0) # 0,
and the second definition is (2.21) which is available for each z € R such
that D(x) # 0. Since D(z) is the Fredholm determinant of the equation, it
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follows from the Fredholm alternative that they are both equivalent to each
other, provided that fy(x,0) # 0, D(x) # 0.
Concerning the solution J*(x,y) defined by (2.21), we have

LEMMA 2.9. If D(z) # 0 then 1 + J*(z,z) # 0, and, for each x such
that D(x) # 0,

J;(Z‘,.’I}) - J;t(x,x)

(2.24) 4 log D(z) = — 5 2 (2.7)

dx

ProoOF. This lemma is obtained by a linear algebraic calculus similar
to that in [20, Lemma 3.3] (just replacement of .J, J there by J*, JF). O

We now let A*(z) be functions defined by (1.6). By Proposition 2.8(1),
(2), the function A*(z) are real. Moreover, due to (det A)A™' = A", for x
such that D(z) # 0, definition (1.6) is rewritten as

(2.25) A% (z) = D(z)(1 + J¥(x, x)),

in terms of J*(x, %) defined by (2.21). Notice that (2.25) is a straightforward
definition of A*(x), however, not valid unless D(z) # 0.

LEMMA 2.10.  Assume that (U, Q) satisfies (2.1) and let {0, ky,ct} be
its scattering data. Then, for any x € R,

(2.26) D(z) = fi(z,0)A% (z) Tl Qdr,
(2.27) A*(z) e QT = A= (g) ¢ 7 Q)

PROOF. If D(z) # 0, f4(2,0) # 0 then J(z,y) = J=(z,y). Proposi-
tion 2.7(1) tells us that

fi(@,0) £0 = fo(z,0)(1+ J5(z,z)) = /s QU
On the other hand, by (2.25),

D(z) #0 = D(z)(1 + J*=(z,2)) = A% ().
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Accordingly, if D(z) # 0, f+(z,0) # 0 then (2.26) holds. By Proposition
2.8(1) the set {z € R|D(z) = 0} is discrete. Moreover, since f4(x,0) is a
nonzero solution of f” — U(z)f = 0, the set {z € R| f4+(z,0) = 0} is also
discrete. Hence (2.26) holds for almost every x € R. Since functions in
both sides of it are continuous, (2.26) holds for any x € R. It follows from
(2.26) that (2.27) holds for each x such that fy(x,0) # 0. But both sides
of (2.27) are also continuous. Hence (2.27) holds for any x € R. O

We next deduce formula (1.7).

LEMMA 2.11.  Assume that (U, Q) satisfies (2.1) and let {0, kn,ct} be
its scattering data. Then (1.7) holds for each x € R such that A*(x) # 0.

Proor. By (2.26), if D(x) # 0 then fy(x,0) # 0, and therefore,
JE(x,y) = ji(m,y). Since, by Proposition 2.7, ji(:z,y) satisfies (2.19),
the function J*(z,y) defined by (2.21) satisfies (2.19) for each z such that
D(z) # 0.

If D(z) # 0 then, by (2.26), AT (z) # 0. By (2.25), (2.24) we obtain

% log A% (z) =

Jo (@,2) = I (x,2) | T3 (w,2) + Iy (2, 2)
1+ J5(x, 1) 1+ J*(z, )
_ 2J;t(x,m)

14 J*(z,z)

This, combined with (2.19), shows that
d o0
@) LlogAi) = [ [U6)+ QW F Q)

holds for each z € R such that D(x) # 0.

We now let € R be a point for which A*(z) # 0. Note that, by
(2.27), A*(x) have zeros in common. Since the set {z € R|D(z) = 0} is
discrete we may take a neighborhood of = where D(z) # 0 and so (2.28)
holds. Hence, by taking the limit of (2.28) to =, we show that that (2.28) is
valid for 2, namely, that (2.28) holds for each z such that A*(z) # 0. Since
(2.28) is equivalent to (1.7), this proves the lemma. [J

So far we are concerned with the forward scattering problem under as-
sumption (2.1). The conclusion on the forward problem is:



Nonconservative Scattering and Soliton Solutions 675

ProPOSITION 2.12.  Conditions (1), (II) in Theorem 1.1 are necessary
for {0, ky, ¢t} to be scattering data for some (U, Q) satisfying (2.1).

ProOOF. It suffices to show that (II) is necessary, because the necessity
of (I) was already shown in an observation just after definition (2.13) and
Lemma 2.5(2). It follows from (2.27) that

{ze€R|AY(z) =0} = {z € R|A(z) = 0},

and the orders m* of a zero g (if it exists) are independent of &. So, if there
were a zero xg € R of AT (x) then A*(z) = (x — 29)™ AT (x) with analytic
functions Ag(a:) near o satisfying A(jf(xo) # 0. Hence, by logarithmic
differentiation, we get

d m_ (A7 (@)
— log A*(z) = g
dz 0® (z) T — g * Af(z)

(Af (@)

where TAER) ATe analytic in some neighborhood of zg. Therefore from

(L.7), which is valid for @ (# o) near zp by Lemma 2.11, it follows that,
though Q(z) is still continuous at g, U(x) is not integrable at x. This con-
tradicts the assumption U(x) € L'(R) in (2.1). Consequently if {0, ky,, ¢}
is the scattering data for (U, Q) satisfying (2.1) then A*(z) # 0 everywhere.
It is clear from definition (1.6) with Reik,, < 0 that A*(2) — 1 as z — 400,
and hence A*(z) >0 on R. O

REMARK 2.13. In Lemma 2.11 we have proved (1.7) under the assump-
tion A*(x) # 0. This assumption however can be dropped because, as
is shown in the proof of Proposition 2.12, if {0, ky,,cr} is the scattering
data for (U, Q) satisfying (2.1) then A% (z) # 0 holds everywhere. Unlike
this, the assumption D(x) # 0 employed in several propositions can not be
dropped. For instance, D(z) in Example 1.2 has a zero for each {0, k1, Cit}
with b, ¢f > 0.

3. Inverse Scattering Theory

We now embark on the inverse scattering problem. Since we have inver-
sion formula (1.7), our task becomes to show that the scattering data for
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potential (U, Q) defined by the formula coincides with {0, k,, ¢ }. Through-
out this section we assume that a prescribed triplet {0, k,, ¢} satisfies (I),
(IT) in Theorem 1.1, where A*(z) are real functions on R defined by (1.6).

We begin with the following

LEMMA 3.1. Let ay, B, n=1,---,N, be complex numbers.

(1) If ap + B # 0 for any n, m, then

1 1 1
ai+B T a+B; T ai B H(a — o) H(ﬁ — By)
. . . . . m n m n
: : : : : _ m<n m<n
: : : : : B N
A P [1 (am+56)
an+4 an+5; an+0N m,n=1

(2) If an + Bm # 0 for any n, m and oy, # 0 for any n, then, for each
z € C such that z # By, for any n,

_1r ... 1 . 1
a1+51 a1 a1+0n
N
3 Bi | a1 . 1
sy — /3]' o +B1 a; a;+BN
7j=1 . . : . .
1 PR S 1
an+61 an an+BN
—1 ... —1 PR 1
a1+p1 a1+5; a1+6n
N
_(_1)NH@ U O B
- a a;+061 a;+pB; aj+BN
n
n=1 . . . .
1 .. 1 .1
an+p1 an+p;j an+BN
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(3) If ap + B # 0 for any n, m and o, # 0 for any n, then

_1r ... 1 .. 1
a1+ aq ar1+0n
N : : : : :
S S 1
Z a;+51 a; a;+ON
j=1 . .. : :
TS T U
an+61 an an+BN
H(ﬁm_ﬁn) H(O‘m_an) N 3
_ m<n m<n o N—-1 Pn
— — (1 + =DV an> :
=1
H (am + ﬂn) "
m,n=1

PRrROOF. (1) is well-known as the Cauchy determinant. In what follows
we denote it by Cn. To prove (2), let ¢(z), ¥ (z) be two polynomials with
degree N — 1 defined by

~-1r .. .. _1
a1+061 i a1 +06n
N : : : : :
=Y ulle-o|
7=1 n#£j . . . . .
1 B S S
an+p61 an an+BN
N ﬂ N N
W(2) = (—1)N H a_" Cy (H(z —Bn) — H(z + an)> .
n=1 " n=1 n=1

For the proof of assertion (2) it suffices to show that p(z) = ¥(z). It is
easy to see that if 8,, = B,, m # n, then p(z) = 0 = ¢(z). Hence we may
assume that §,, are mutually different.

By definition we get

1 .. 1 .. 1
a1+51 a1 a1+6N

0(8;) = B; [[(B; — Bn)
n#£j

antA T ey T antBn
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From (1) with 8; = 0, we have

wn o d o w | (sl

N

R T [T - 50 Lo

an+061 an an+pn n#j n=1
Therefore

( = NlH an+/8] H_CN

If follows from the definition of ¢(z) that the right-hand side of this equals
Y(B;). Hence ¢(5;) = ¥(B;), j = 1,---,N. Since polynomials ¢(z) and
¥ (z) with degree N —1 coincides at mutually different N points, we conclude
that ¢(z) = ¥(2). This proves (2). Assertion (3) is immediate from (2) with
z =0 and (1). The proof is complete. O

By means of Lemma 3.1, we obtain asymptotic behaviors of A*(z) as
T — Z£oo:

LEMMA 3.2.

(1) The determinant D(z) = det(I — BT B™) is written as

N eZiknw 2
@ P (Ge) et (S )

(2) The functions

ikie ikye
F:t k = ¢ e
(=, k) (zk —iky ik — ik

ik1x iknx

) (I — B¥B*Y (BTvt —v¥), keR,
are written as

I+ (z, k)

N ; 2
— ikn 4o e2ikn® ik + ik,
-1
o H (zk + ik ) gcncn(mkn> ( +sz—zk )
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(3) The functions A*(x) defined by (1.6) are written as
— ik, o2k \ 2
At(z)=1+-.- L
(@) =1+ +WH <zk: + ik, ) HC"C < 2ikn >
In these representations, dots represent terms of o(1) as x — 400 and of

as x — —oo. Moreover, in the case N = 1, they have the convention

11 ikm — ikn\" _
ik + ik )

m<n

PrROOF. (1) Set

1 1
ikitiky  ikitiky

G := : e :
ikn+iky ikn+ikn

Then
N
det(—BTB7) = (=DM [ ¢t e, (e7F7)?(det G).
n=1

Using Lemma 3.1(1) with o; = ik;, B; = ik;, we get

1 ik, — ik, \*
1 detG)2 = — — m n
(3.1) (det G)" = — o mLIn (ikm+ikn)
|| ik,
n=1

This proves (1).
(2) Set, for ¢,j =1,--- N,
ok ¢ 2ikma N cE ikma 1

N
F_ _ F=) —m ___ _ _—
Vej Zl (tke + tkm) (ikm + 1kj) P A (ike + ikpm)ikm kg

m= m=
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Then the ¢j-component of I — BT B* and the fth component of BTv* —vT
are written as

+ ko ik; + ik
(I = BTB™ )gj = b0 + ¢ vfe™ ™", (BTv™ —vT)y=cf pfe™”.

Hence, from a cofactor expansion

all PR wl “ e alN
w1 N
aNl “ e wN ... aNN
we obtain
I (z, k)
N .
Zkij
= g - X
— ik — ik;
Jj=1
1+ nyﬁeiklmeiklz . CT pfeiklmeikjm . CiF qu:N eiklmeikNm
F,,F tkiz tkix F F ikix tkix F.,F _ikiz iknz
¢ v etite 1 ey pletitet™ cj viyetite N
CJI\TVJTH eik:Nmeiklz . CT\/' pTVeikNazeikja: . 1 + CTV VJTI'N eisz eisz
N N .
- ik;
— H Cﬁ e2zknm E : ]. %
— ik — ik;
n=1 j=1
F\—1_,—2ik1x F ... F ... +
(c1) e + U P1 "IN
x . F o +
Vi1 Py ViN ’
+ + ... Fy\-1,—2tknyz +
VN1 PN (cy) e +UyN

from which we compute

the primary terms of I'*(z, k)

Al ik
_ N-1 F 2iknT J
RS | R D D
n=1 j=1 J
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CiEBQiklz cﬁEZikNoc 1 B .
thitik T Cikitiky Ttk Tk TR
clieQiklz c%eQikNw ; B L . ‘ 1'

ikntikn 0 kntiky k1 +ikn ikn kN ik

N
, 2
= (—1)N"ldetG H cter (e%k"”g) X
n=1

1 1 1
N . ikitiki ki ikitiky
Z ik . o i
peri L I T T T
ikn+iky ik ikn+ikn

This, together with (3.1), yields (2), since, by Lemma 3.1(2) with «, =
Bn = tkp, z = ik,

N . ik1+ik1 ik ik1+ikn
Z ij . . . . .
per L R T U T
ikn+ik1 ikn ikn+ikn
N . .
ik + ik
=(-)Vdet G (1- [ 7" ] -
ik — ik,
n=1

(3) By definition we have

A% (z) = D(z) + (e*® ... ¢Fnv2 ([ — BFB*Y (BTot — oT)
= D(z) — T%(x,0).

Hence subtracting (2) with £ = 0 from (1) completes the proof. J

PROPOSITION 3.3. Let {0, k,,ct} be a prescribed triplet satisfying (I),
(IT) in Theorem 1.1, and let U, Q are functions defined by (1.7). Then

(1) U, Q belong to C*°(R), and they are exponentially decaying as x —
+oo with their derivatives. In particular, (U, Q) belongs to S x S.

(2) Q satisfies [ Q(z)dx = 0. In addition, [~ [U(z) + Q(z)*dx =
4i SN k.
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PROOF. (1) As in Proposition 2.8(1), functions A*(z) defined in (1.6)
are real-valued on R. We define a constant x by

ik — iy \ [ N
= M _ d t n _'
) (H “fm+ikn> (H 2iky, > chcn et G)? [ eten
= n=1
Then, from Lemma 3.2(3), we get expressions
N .
(3.2) Af(z) =1+ +=k H liknz

It follows from (I) that (det G)? > 0, H _, ¢ ¢, are nonzero, real numbers,
and so that s is a nonzero real number. The number k is positive if and
only if H _, ¢ ey, is positive. In view of (3.2), real-valued functions A*(z)
tend to 1 as x — +o0o, and moreover, tend to =00 as x — —oo according to
+x > 0. Consequently, if H cter < 0 then A*(z) must have zeros on

=1"n"*n

R, which contradicts the assumption (II). Thus

N
H cten >0,
n=1

under the assumption (II), and so, x > 0. Since, by (3.2),

N

log A*(z) =4 (Z zk‘n) x +log (k 4+ O(e")), x — —o0,

n=1

with some p > 0, Noting that 4 <EnN:1 ikn> < 0, we prove (1).
(2) By (1.7) we get

(3.3) I Qmdr _ [AT(@)

By letting * — —oo in (3.3) and using (3.2), we get the first equality in
(2). Similarly, by letting + — —oo in (2.28), we get the second equality
there. [J

Let J*(z,y) be functions in the right side of (2.21), namely,

JE(z,y) = (™Y ... kYY1 — BFBE) L (BTt —0T), z<y.



Nonconservative Scattering and Soliton Solutions 683

Then, by (2.25) and (2.24), for each = such that D(z) # 0,

d 7+

= J*(x, ) d

dx ’
4+ —logD
1+ J*(z, ) * dz 8 (z)
_ %‘]i(:cax) . J;t(g;’x) - J;:($,LL‘)

1+ J*(z, ) 1+ J*(z,x)

Therefore, for each x such that D(x) # 0, functions Q(z), U(z) defined by
(1.7) are expressed as

1 [ LJt(z,2) L J(z,2)
(3:4) Q) == (1 ) 1t )) !
- dJ+1: x) de_(:E,ac)
__5@ 1+ JH(z,z) 1+J*(:13,:U)
@) = Iy (z,2)
dﬂc 1 + JE(x, x) + (iQ(@))",

% log A*(z) =

(3.5)

in terms of J*(x,y).
In order to rewrite (3.5) in a simpler form, we require:

LEMMA 34. For each x € R such that D(x) # 0 and each z > 0,

d JE(x,x+z)— Jf(z, x4 2) _ Lt (x4 2) LJF(z,2)
dx 1+ J*(z, ) 1+ JE(z,r) 1+ JF(z,2)

PrOOF. By differentiating (2.18) with respect to x, we get
o0
THe)+ [ @y = (14 o) P t), o<y
x

Provided that D(x) # 0, this is solved as

JE(ey) = (e o ey pT R
((1+ J*(2,2))BTb* — (1 + JF(z,2))bT),
where we put
¢ e’Lk}1Z
bt =

zk:Nac
CNG
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Moreover, by differentiating (2.18) with respect to y, and performing an
integration by parts, we get

> + +
(36) e [ T
=1+ J5(z,2)F (z+y), =<y,
which is solved as

(3.7) JE(x,y) = (k1Y ... *vy (1 - BTBE)T x
(—(1 + J*= (2, 2)) BT6® — (14 J7 (2,2))b7) .

Hence, for z > 0,

JE(z, 2+ 2) —J;E(x,x+z)
14 J*(z,x)
_ 2( eikl(x-i-z) . eik?N(aH-z) )(I _ B:‘:Bi)_lB:‘:bi,
%Ji(x,:r—l—z)
14+ J¥(z,x)

(3.8)

= _2( eikl(iE-ﬁ-z) . eikN(:r+z) )(I _ B:,:B:t)_lb:':.

By a straightforward, linear algebraic computation (refer to [20, Proof of
Lemma 5.1]) for the right-hand sides of (3.8) with the aid of (2.23) we can
prove the lemma. [

From Lemma 3.4 with z = 0 and (3.4), expression (3.5) is recast as

B 2
(3.9) Uz) = 1 < %J*’(:ﬂ,x) N %J (z,7) >

4\ 1+ J(z,z) 14 J (z,x)
1d (%JJr(x,m) .\ %J(x,x))

C2de \ 14+ JF(z,z) 14 J (z,2)

for each = € R such that D(z) # 0.
We now define a function fo(z) that will play a role of the Jost function

f+(LL’, O) by

(310)  fol@) = o) sl Q0 Aj(ji-( )
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in light of (2.26), (3.3). It is clear from this definition that fo(z) = 0 if and
only if D(z) = 0.

LEMMA 3.5. The function fo(x) defined by (3.10) satisfies f{/(x) =
U(z)fo(x) on R.

PrOOF. In view of (2.25), fo(x) is written as

_ 1 +i /> Q(r)dr
(3.11) fo(z) = T Ji(z,x)e

for each x € R such that D(x) # 0. Hence, by using (3.4), the derivative
fo(x) can be computed as

4 Jt(z, z A J(z,z
(3.12) fa<x>=—1< i ) N el ))>fo(x)-

2\ 1+JH(z,z) 14+ J (z,z

Differentiating this and taking (3.9) into account, we get f{/(x) = U(x) fo(z).
Since, under the assumption (II), functions fo(x), U(z) are in the class
C*°(R), this equality holds for any z € R. [
We next define a function A*(z,y) for z <y < oo by
~ 1
3.13)  A*(x,y) = Oy X
319 )= )

(e oo ™o)1 = BTBEY (BTo* — o)),

where 0, denotes the differentiation with respect to y. It follows from
Proposition 2.8 that Ai(:c, y) are real-valued functions, under the assump-
tion (I). By definition, A*(x,y) are continuous functions on a closed region
{(z,y) € R}z < y} with A*(z,-) € C®[z,00) N L' (z,00) for each z € R,
under the assumption (II).

Assertion (2) of the following proposition, in which ff(ac,k) play the
roles of fy(z,k) and f (z,k) in the previous section, states that the func-
tions A% (z,y) defined by (3.13) are the transformation kernels for (U, £Q)
defined by (1.7).

PROPOSITION 3.6. Let {0, k,,ct} be a prescribed triplet satisfying (I),
(IT) in Theorem 1.1 and let U, Q be functions defined by (1.7). Then:
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(1) Functions A*(x,y) defined by (3.13) satisfy

- o0
AT (z,y) —/ At (z, 1) FE(r + y)dr — eF e QU R4 ) =0, z <y,
where
N .
FE(y) = — Zcielk"y, y € R.
n=1

(2) Functions ff(x,k‘) defined by

(3.14) ff(x,k-) _ Ei I Qr)dr ik +/0° Ai(x,y)eikydy

T

become the Jost solutions of (1.1) with the potentials (U, +@Q).

PROOF. By definition of J* and (I — BTB*) = D(z)(I — BTB*)!
we get

(eFy ... ¢*NY (T — BTBEY (BTt — o) = D(z)JE (2, y).
Hence it follows from (3.3), (2.25), (3.11) that

+
eii I Q(r)dr Jy (ZL‘, y)

(3.15) A (z,y) = 1+ JE(z,z)

= fo(z)Jy (z,y),

for each € R such that D(x) # 0. It suffices to show assertions for each
= € R such that D(x) # 0 because AT (z,y) are continuous extensions of
the functions in right sides in (3.15).

(1) Multiplying (3.6) by the function fo(z), we get

fo(x)J) (x,y)

/ folx (x T)Fi(r—i—y)dr—fo(x)(l—f—Ji(a:,a:))Fi(x—ky) =0.

In view of (3.15), (3.11), this can be written in the form (2.14).
(2) By using (3.15), an integration by parts, and (3.11), expressions
(3.14) can be recast as

(3.16) FE@, k) = fola) <ei’w ik / h Ji(x,y)eikydy> .
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Hence, with the aid of Lemma 3.5, we obtain
(3.17) (f3 (2, k)" = U() f£ (. k)

= 2ik f)(x)e*® — 2ik £} (x) </oo Ji(z,y)eikydy>,

_ k2f0(x)eikx . Zk’f()(.il?) </OO Ji(x,y)eikydy> " |

The first derivative of fmoo JE(x,y)e™™dy can be computed as

(3.18) < /x h Ji(a;,y)ei’fydy>/

= 2% (z, z)etk® — zk/ JE(z,y)eMdy

xz

+/ (JE(z, x4+ 2) — Jj(a:,w%—z))eikzdzeikx.
0

Differentiating this we have

0o "
(/ JE(z, y)e““ydy>

=-2 (%Ji(x,x)> etk k:2/ JE(z,y)e*dy

© g4 : .
+/ —dx(J;t(m,x +2z) — J;(m,x + 2))et**dz etk
0

But, by Lemma 3.4, (3.12) and (3.4), we obtain
d
4 (et 2) — T+ 2)
JE (v 2+ 2) — in(x, T+ 2)
1+ J*(z,x)

JT(z, ) %J_(x,m)
B <1+J+(:U,x) 1d+J(az,x))J;t($’x+Z)

%J*(m,w) B %J*(w,x)
1+ J (z,z) 1+ J(x,2)

I
SIES
Bl ——

) Jj(x,m + z)

fo(z)
fo()

= iQiQ(x)in(x,x—i-z) -2 JE(z,x + 2).

(1+ Ji(m,x))>

687
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Consequently

00 "
( / T (a, y)eikydy>
=-2 (%Ji(x,x)) etk k‘2/ JE(z, ) dy

+2iQ(x) /°° in(at, y)eFdy — 2;3&2 /°° JE (2, y)etdy.

By substituting this and (3.18) to (3.17), it follows from (3.16), (3.4), and
(3.12) that ff (x, k) satisfy, for each x € R such that D(x) # 0,

(fE (@ k)" + [k = (U() £ 2kQ(x))] [ (2, k) = 0.

The asymptotics ff(m,k) are immediate from Ai(m,-) € L'(xz,00) and
A*(z,z) — 0 as z — +oo. O

We are now in a position to establish Theorem 1.1.

PrOOF OF THEOREM 1.1. The “only if” part was already proved in
Proposition 2.12. We will prove that the scattering data for (U, £Q)) defined
by (1.7) are equal to the prescribed data {0, ky, ¢k }.

Let S(k) and S~ (k) be the scattering matrices for (U, Q) and (U, —Q),
respectively. In view of Proposition 3.6(2), the Jost solutions ff(x, k) for
(U,%Q) are given by (3.14) via A*(z,y) defined by (3.13). Since +iQ(x),
A% (z,1) are real-valued, we have

[ — . o0
(3.19) ff(w,k) = eFils QUrdr —ikz +/ A*(z,y)e ™*dy, ke R.

xT

From (3.13), (3.3) we get

/ A% (z,y)e *vdy

sifPQuar L (ke ket
(I — BFB*Y (BTv* — vF)e **,

=€
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Hence
(3.20) FiE(z, k)T Qudrgike _q
: : - : (2, k)

_ T [ Q(r)dr ikx + —ik . ,

= Tl Qdre /x A (z,y)e ydy_AT(:r)'
By Lemma 3.2(2) we have I'*(z,k) = -+ + w Hiyzl edkn® where we set

N N ..
k + ik
— (et @) [ ¢fep | -1 Sy

This, together with (3.2), leads to

[z, k) o +w][[h ethne
A*(x) 14+ w [ etikns’

It follows from this formula that

I (z,k) w d T*(z,k)

== 1), —— M o _
Ai(fﬁ) K O( )7 de Ai(:ﬂ) 0( )7 T — OO?
with N
ik + ik,
—=-1
K + nl_Il ik — ik,
Therefore, by (3.20) and (3.19),
N
—T——— _. | : k+k,
ff(ﬂj‘,k)eiunw Q(T)drelkx _ k‘f'k [1+O(1)],
n=1 n

di (fj-:(a:a k)efifloo Q(r)dreikx> _ 0(1).
X

as ¢ — —oo for each k € R. But, by Proposition 3.3(2), i [~ Q(r
Hence this implies that

=2

fJr x, k) = e *[1 + o(1)],

k k;n,
(k) :—zkH + k2 4 0(1)]
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as ¢ — —oo for each k € R. Since ff(x, k) satisfies the same equation as
for fT(x,k), it follows from the uniqueness of the Jost solution that

=

f+ack‘

F(x,k), keR.

It is equivalent to

because, by (I),

Nk+kn _ﬁk+E_ﬁk_ko(n)_
ot B B - k—kn k+kom)

n=1

In view of (2.4), this implies that

(3.21) 811( = Sll

By virtue of the coupled unitarity in Lemma 2.1, this yields
Sgl(k’) = 82_1 (k) =0, keR.

In this way we have proved that scatterings for (U, +Q) defined by (1.7) are
reflectionless.
We now let c be constants defined by

¢ = —iResp—p, s11(k) x d,

where df are coupling constants such that f&(z,k,) = dF ff(x,kn) (cf:

(1.4)), and set
N

FE(y) = étet™y  yeR.
n=1
By Proposition 3.6(2), functions A*(x,y) defined by (3.13) are transforma-
tion kernels for (U,+Q) defined by (1.7). Hence, by applying Proposition
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2.6 to A*(z,y), F*(y), it follows that

o0

(3.22)  AF(z,y) — / At (2, 1) FE(r + y)dr — e QU 4y

On the other hand, by Proposition 3.6(1), the functions

N
Fi(y) = cielk”y, y € R,

n=1

satisfy the same equation

~ o0 ~ . oo

AT (z,y) — / ARz, r)FE(r +y)dr — e™e QU pEg ) =0, z<y.
x

Subtracting (3.22) from this equalities and then putting y = z, we have
F*(2z) — F*(2x)

— Qe / A, r) (F(r o) — 4 0) ) dr

T

It follows from definition of A*(z,y), assumption (II), and A*(z) — 1
as x — 400 that, for each fixed a € R, there exists M, A > 0 such that

|6:Fi I Q(r)drAi(w’ T‘)| < Mef)\(a:+r) r> =,

)

|

Set t = 2z, p(t) := |F*(t) — F%(t)|. Then, by the substitution s = r + L

we get
o] i [S° dr ~ t t
o(t) < / e:sz% Q(r) " iE <—,8 _ _> ’ p(s)ds
t 2 2
Hence, by
eiFi./% Q(T‘)dT’Ai E’ s — E < Mei/\s, t > a,
2 2
we obtain

0<ep) < M/ e Mop(s)ds, a<t< oco.
t
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It is easy to see from this that ¢(t) = 0, ¢ > a. Since a is arbitrary, this

implies that
N N

~+ tkny _ + ik
crem¥ =% cre™Y  ye R.
n=1 n=1

+

Since ik, are mutually different, we conclude that ¢ = ¢,

n=1,--- ,N.O

In the proof above we have deduced (3.21). Noting that [[2_, (k+kn) =
Hivﬂ(k‘ — ky) for k € C by (I) and comparing (3.21) with (2.9), we have
proved the following;:

COROLLARY 3.7. In reflectionless scattering for (1.1), every pole ky,

n=1,---,N, is simple. Consequently, in the reflectionless scattering,
N k+kn
S(k?) — Hn:l k—knp, . Ok L
+kn |
0 Hn:l k—kn,

Our scattering theory involves the reflectionless scattering on the stan-
dard Schrodinger equation as a special case:

COROLLARY 3.8. Assume that ik, < 0, ¢ = ¢, =t ¢, > 0, n =
1,---,N. Then {0, ky,c,} is the scattering data for

d2
where B := BE.

PROOF. By assumption, BT = B~, v" = v, and so AT (x) = A~ (z),
which we denote simply by B, v, A(z). The function A(z) is computed
(see [20, equation (7.4)]) as

A(z) = det(I — B?) 4 (e1® ... kN )T — B2y (Bv —v)
— det(I — B) (det([ 4 B) — (... eikney( oy B)Nv)
= (det(I — B))>.

Hence, by (1.7), we can prove the corollary. [J
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4. Isospectral Flow and Inverse Scattering Method

An isospectral flow (1.13) associated with the energy dependent
Schrodinger operator

d
L:=D?— (U + 2kQ), where D := I Q@ : purely imaginary,
x

can be derived by a manipulation (see [32, section 5]) of the Lax pair

1d
——L=[AL
i dt [4, L)

with the differential operator
(4.1) A=2Q+k)D - Q.
Our inverse scattering method (see Figure 1) for (1.12), (1.13) is based

upon the following

PROPOSITION 4.1.  Suppose that (U, Q) = (U(z,t),Q(z,t)) with real U
and purely imaginary Q decreasing rapidly as x = +oo, satisfies (1.13).
Then

(1) Time evolutions of the scattering matrices

[ su(k,t) si2(k,t) _ | sii(k,t) sip(k,t)
s = (e ety ) Se0=(00 =D )

of (1.1) with (U, £Q) = (U(z,t),+Q(x,t)) are given by

(4.2) Sn(k‘, t) = 811(]{3, 0), Sfl(k}, t) = Si(k‘, 0), ke C—+,
(4 3) Slz(k;, t) = 512(k> 0)e4k2t7 SIQ(kv t) = SIZ(k’ O>€_4k2t’
T so1(kyt) = so1(k,0)e 55 (k) = sy (K, 0)e™, k€ R.

In particular “reflectionless” is preserved in time evolution.

(2) In the reflectionless scattering, time evolutions of constants ¢ (t),
¢, (t) in (1.4) are given by

Gh(t) = ¢h(0)eFt e (t) = ¢ (0)ethn’T,

where ky, n = 1,--- N, are poles in Cy of s11(k,t) which are t-
invariant by (4.2).
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PROOF. In the proof we use the notation a(z) ~ b(x), which implies
a(x) = b(z)[L + o(1)].
(1) Let f+ = fi(x,k,t) be the Jost solutions of (1.1) with (U,Q) =

(U(z,t),Q(x,t)), and define functions g+ = g+ (x,k,t) in z,t € R, k € Cy
by

1. .
(4.4) g = S fe — (Afe F 2ik? f),
where A is the operator defined in (4.1). We first show that
(4.5) g+ =0, keCy,

provided that (U, Q) satisfies (1.13). By applying the variation of constants
method to the equation

FL+ 2 = (U, t) + 2k Q(x, 1)) f+
= (Ut(.%‘,t)+2]€@t(l’,t))f+, —o0 <z < 00,
it follows from (2.5) that fi= f+ (x,k,t) is expressed as
1. 1 * /1 1
(4.6) Eer = %k ), (;Ut(yat) + 2k;Qt(y7t)) X
f+(y, k. t)G(z,y, k,t)dy, k€ R,

where
G(z,y, k,t) = fo(a, k0 1 (y, ko t) — f(y, ks ) f1 (2, K, 1),
having properties
Gy(z,z, k,t) = =2ik, G(z,z,k,t)=0.
We rewrite (4.6) as

=i [ (G0 10,0 - 200, + Qu ) (00 %

2k J,
f—l—(yv ka t)G(ZL’, Y, ka t)dy

1 o0 1

— ﬂ Qk (ZQt - 6QQy - Uy) (y, t)f+(y, k', t)G(.fE, Y, k’ t)dy
1 o0

~ g | QU +2QUy — Quyy) 1 (v k)G 2,y k. t)dy

x
[e.e]

2k (6QQy + Uy) fr(y, k, t)G (2, y, k, t)dy.

xT

- 2ik
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The third and fourth terms in the right-hand side is written as Af, —2ik?f
by exactly the same computation (with f (z,k,t) instead of fi(z,k,t)) as
in [20, section 8|. Therefore, for k € R,

(4-7) g+(x, k, t) = ! (%Ut - 4QyU - 2QUy + nyy) (ya t) X

_ ﬂ :
f+(y,k),t)G($,y,k’,t)dy
2k (300~ 60Q, - U ) () »

f+(ya kv t)G(I, Y, ka t)dy

This shows that if (U, Q) = (U(z,t), Q(z,t)) satisfies (1.13) then g, satisfies
(4.5), because an analytic continuation to the upper half-plane retains this
functional relation. By observing that system (1.13) is invariant in the
transformation (z,t) — (—x, —t), it turns out that g_ satisfies (4.5).

We next deduce a necessary and sufficient condition of gy for si1(k,t)
to be time-invariant. By (Af1) = 2(Q + k) f — Quafr + Qufl, we easily
verify that

Af, Af- [ N
det( oo )*det< (Af,) (Af)’>_0’

from which it follows that

g+ g- I+ f-
det( fﬂ. 7 )—i—det(gir g/_>
_ e %f> ( feo f- )
= det< [ + det %fiu %f'_

(a4 A ) eae( i i)
_1d

1
2ik J,

= g Wife f-1-
We have thus proved:
(4.8) is (k,t)=0
. dt 11\, -

<:>det<g,+ 9‘>+det<f,+ 5,‘):0, keC,.
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If (U, Q) satisfies (1.13) then g+ = 0, and therefore, by (4.8), s11(k, t) is time-
invariant. Observing that system (1.13) is invariant in the transformation

(4.9) (U(z,1), Q1)) — (U, =t), =Q(x, —t)),

we can see that si;(k,t) is also time-invariant.
By (4.5) we get

“fe = 2Q+ (Y — Qo+ 2Ry, keT.

Also, by using (4.9), we get

(110) S fT=2Q - KDY ~ Qe+ 2RSS, keTy.

This enables us to compute, for k € R,

doe =g [ e A ) ( feo 2 )
Wfe, f-]=det| 7 M=) ) 4 det gl
e ) <(f+)’ (F2) Ly Loy

= ~(Qu + 2K W [f4, 7]+ (Q — 20K W(f+. £
= —dik*W([f+, f7].
Hence, remembering (2.6) and noting W([fy, f_] is invariant in ¢, we get
o = 4k?s19. Similarly we get 519 = —414:251_2. We thus proved (4.3).
(2) We recall that, in the reflectionless scattering, si1(k,t) = si;(k,t)
by Proposition 2.3(2). It follows from [~ (x,kn,t) = d,, () f{ (z, kp,t) that
S (@ b, ) = doy () £ (@, oy )iy (8) £ (@, o, ) ~ dip (™7, 0 — o0,

By (4.10),

%f:(l‘,k‘n,t) 20Q — kn)(f2) (ks t) — Quf = (w0, kny t) — 20k2 £~ (0, ks 1)
=2(Q = kn)d,, (1) (1) (, kn, t) — Quf~ (2, kn, 1)
— 2ik2d, (t) f (%, kn,t)
~ —4ik2d; (et x — 400,

from which we get f (z, k‘n,t) ~ 4k2d;; (t)e™** as & — +oo. This, com-
bined with £~ (z, kn,t) ~ d;; (t )f1 (x,kn,t) as  — +o0, shows that d-(t) =
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4k%d; (t). This leads to ¢, (t) = c;, (O)e4k"2t. Similarly we can show ¢ (t) =
07*;(0)6_4’“"%. This proves (2).

In the reflectionless scattering, we have a kind of converse for Proposition
4.1:

PROPOSITION 4.2.  Suppose that (U(x,t),Q(z,t)) is a potential whose
scattering data is {0, kn, cE(0)eF4*at} for eacht. If( (x,t),Q(x,t)) satisfies
the first equation of system (1.13) then (U(z,t), Q(x,t)) is a solution of the
system.

PROOF. As in the proof of Proposition 4.1, we use functions g+ defined
n (4.4). By differentiating in ¢ the transformation kernel representation

+oo

. oo . .
s (x7 k, t) — ot I; Q(r,t)dre:tﬁkx + / Ay (:C, v, t)eilkydy,
x

substituting the resultant to definition of g4 (z,y,t), and performing inte-
grations by parts, we have

+o0 i doo ]
gr(a, k) =+ [ Qulr,t)dr ™ile ™ QUdretike

T

+ 2iQ%F 15 QUritydr Fika

0 | too .
+ (:F2i—Ai(a:, x,t) + 2QAL (z,x,t) + Qgcej”fwjE Q(T’t)dr> etike

oz
+o0 +o0o
s [ e iy [ Que ) Ase ety
+oo
—2 Q(z, t)aaﬁ(ﬂc, y, t) ey
X

+oo 2 2
2 g4+, T 04 iky g
i l/a: < oy? +a$ay>e Y

But, by differentiating

Ag(z,m,t) = ot 17 Qrt)dr (/

+o0

U (r.t) + Q(r. 1)2)dr T iQ(a, t))
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(see formula (2.12)) in z, it follows that

T QiaﬁAi(w, 2,1) + 2QAL (x, @, 1) + Queils T Qs
€T

_ ii(U + Q2)e:|:i fzioo Q(rit)dr

We have thus found the following, transformation kernel representation (in
the Faddeev form) of g4 (x,k,t):

LEMMA 4.3. Forke C,

g:t(xa k7t)

oo +oo
- (mi(iv,t)ei”w Qrdr 4

My(z,z+ 2, t)eiikzdz> etike,
0

where

+oo
mi(J:?t) = :|:Z/ (%Qt —6QQ: — Um) dx,

10A 0A
Ma(z,y,t) = === = 2Q(x. 1) == (.4, 1)

ot ox
0?AyL  0%A
e(z,t)Ax (2, Y, 20 | —— Ly, b).
+ Qulo sl ) 7 20 (5 + T5E ) ()

Observing that my (x,t) vanish, provided that (U, Q) satisfies the first
equation of system (1.13), we have the representation

er(iI?, ka t)g* (.I, k? t) - f* ($, k? t)ng(I‘, kv t)
oo
= / B(z, 2, t)e**dz, ke Cy,
0
which is an analytic and bounded function on C'y. In view of the Riemann-
Lebesgue lemma, it tends to zero as |k| — oo in € C,. On the other

hand, it follows from definition (4.4), f-(x,kn,t) = dn(t) fr(z, kn,t), and
dn(t) = —4k2d,(t) that, for k = k,,

g- (SE, k?"w t) = dn(t)ng(.I, kna t)'
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This implies that the analytic function has k,, as zeros. Remembering that
k,, are simple poles of s11(k) (see Corollary 3.7) leads to:

LEMMA 4.4. For each fized (x,t) € R?, the function

¢(k) = isll(k) (f—i—(x? k‘,t)g_(x, k7t> - f—(xv k,t)g+($, k,t))

is analytic and bounded on C, which tends to zero as |k| — oco.

In addition, we define functions g = g1 (v, k,t) on C; by
_ L, < 9 ~_
9x =—7fs - (A" fL F2ik°fL), A :=2(-Q+k)D + Q.
Then, in a similar way to that for Lemma 4.4, we have:

LEMMA 4.5. For each fized (x,t) € R?, the function

¢_(k) = isll(k) (f_;(:L', ka t)g:(m, k7t) - f:(ma k‘,t)g;(m, k7t))

is analytic and bounded on C tending to zero as |k| — oo, provided that
(U, Q) satisfies the first equation of (1.13).

Two functions ¢(k), ¢~ (k) are connected on the real line via a conjugate
relation. To see the relation, we note that, in the reflectionless scattering,
(2.4) is written as

Sll(k)f:t('rakat):f;(kaat)v ke R.

This property is passed on to g as:

Sll(k)gi($7 kat) - g;(l‘, kvt)a ke R.

This, together with s11(k)s11(k) = 1, leads to:

LEMMA 4.6. Forke R, ¢(k) = ¢~ (k).

This lemma, together with Lemmas 4.4 and 4.5, shows that ¢(k) is the
restriction to C; of an analytic function on the whole plane C with the

condition ¢(k) = ¢~ (k). But ¢(k) is bounded on C, and therefore, by
Liouville’s Theorem, ¢(k) is a constant in k. By letting |k| — oo it turns
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out the constant must be zero. We thus conclude that ¢(k) =0 on C,. In
other words,

(4.11) det < gi g: ) =0, keC,.

Differentiating this in x to get

det<fi fl_)—l—det(”fjr f,_>:0.
9+ 9- 9y g-

By using (4.8) this can be rewritten as

det< fjr 1t ) =0.
9+ 9-

This, combined with (4.11), yields

() (%)=()
f-/|- I —g+ 0/
Since W|[f4, f-] # 0 for k € R\ {0}, this means that g, (z,k,t) = 0 for

k € R. From (4.7) we conclude that %Ut —4Q.U —2QU; + Quzz = 0. We
complete the proof of Proposition 4.1. [

REMARK 4.7. In the case where Q(z,t) is real-valued, we can prove
the following: Let (U(x,t),Q(x,t)) be the potential determined from the
scattering data {0, ky, cn(O)e4ik%t}. If (U(x,t), Q(x,t)) satisfies Q1 —6QQ,—
U, = 0 then it satisfies

Qt — 6QQ; — Uy =0,
Ut - 4Qa:U - ZQUx + Qxa:a: =0.

The proof is obtained in a similar manner to that in the proof of Proposition
4.2. Tt is just enough to replace %% by %, for instance, use Q; instead of %Qt.
We need only to see ¢(k) defined by exactly the same form as in Lemma
4.4 can be continued analytically to the whole plane C' by the symmetry

condition ¢(k) = ¢(k) by showing that ¢(k) is real-valued on R. This makes
the proof easier than that for our case where Q(z,t) is purely imaginary.
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5. Soliton Solutions

In this section we will present the proof of Theorem 1.3. We require the
following

LEMMA 5.1. Let ¢f = cE(t) satisfy Sci(t) = Fdk, 2cjt( ), n =
1,---,N, and let J=(x,y,t) be a function defined by (2.21) with ¢- = cE(t).

Then, for each x such that D(xz,t) # 0,

2 4 0
(Wim>‘ji(%x7t)_ %JJ“(x,x,t) %J‘(m,x,t)
1+ J*(z,z,1) 14 Tz, t) 1+ T (2,2, t)

ProoOF. We employ the following notation:

eikiw ik1x

cle
e = , te:<ezk1m eszm)7 bi —

esza: CNeszx

By setting z = 0 in (3.8) we have

(2,2, t)

(5:1) 1+ JF(z,z,t)

= —2'e(I — BFB*)"1bT,

which leads to

%J+(w,m,t) %J‘(w,x,t)
1+ J (z,z,t) 1+ JH(z,2,t)
=4'e(I - B¥B*)"Y(BT) (I - B*BT)"'b™.

(5.2)

Let K be a diagonal matrix whose #/-component is given by ik,. By differ-
entiating (5.1) in 2 and noting (B*) = B*K + K B*, we obtain

0 %Ji(x,x,t)
ox 1+ JF(x,z,t)
= —4'e(I — BFB*)"Y(K + BYK B*)(I - BTB*)"1bT.

(5.3)
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Since

62 4 %J+($,[I},t) %Ji(xaxvt) =+
(64) gl @zt = <1+J+(x,x,t)1+J—(a:,x,t) (14 7z, 2.1))

( 0 a%Ji(:c,:r,t)

0z 1+ JF(z,x,t)

> (1+JF(z,2,1)),

from (5.2) and (5.3), we have

aa—;Ji(x,x,t) —4'e(I — BFB*)™ ! x
(5.5) ((BF)(I - B*BF)™'(1 + J*(x,,1)) b*

—(K + BYK B*)(I - BTB*)™' (1 + J¥(z,2,t)) bT).

In the case where c;- depend on ¢, (2.18) becomes a GLM equation

J]F(J:,y,t)—i—/ Ji(m,T,t)Fi(r+y,t)d7’+ Fi(r—l—y,t)dr =0, x<uy,
where
N .
FE(y,t) = — Zc,jf(t)e’k"y.
n=1

By 4cE(t) = Fdk,2cE(t), we have
OF~ N 2F*E
ot T oy

Hence, differentiating the GLM equation once in ¢t and twice in y, we find
an equation

(56)  JF(@.y.t)+ / T r, ) (r 4y, t)dr T AT (2,,1) = 0,

for unknown J=(z,y,t). In view of (2.21),

F 4TS, (2, y,t) = F( eky o kN Y AR pE

(5.7) pt = (I — BEBT) 1 (B*vT —v¥).
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This implies that (5.6) is an equation with w™ := F4K?p* instead of the
last term [ FE(r + y)dr = (e®¥ ... ¢*~v)o® in (2.18). Therefore,
equation (5.6) can be solved in the form (2.21) by replacing v* there by
w?®. This discussion yields

+ JE(x,x,t) = 4'e (I — BTBY )71 x
(-BFK?(I - BEBT)™! (B*vT — v*)
—K?(I - B¥B*)™ (BTv* —vT)).

Adding (5.5) to this, we have

0 + 0 4 a4t Fpty\-1
@J (a:,x,t)iaJ (x,z,t)=4'e(Il — BTB™ )" x
((BF)'(I — B* BF) (1 + J*(x,z,1)) b*

(5.8) —(K + BYK BY)(I - BTB*)™' (1 + J¥ (2, z,t)) bF

— BTK%(I — BtBT)™! (B*vT —v™)
~K?(I - B¥B*) 1 (BTv* —v7T)).
Differentiating (2.21) in y and comparing the resultant with (3.7), we
get
(5.9) — K(I — BTB)™!(BFo* — v¥)
= (I - B¥B*) ' (1 + J*(2,2,0)) BYb6 + (1 + JF (2, 2,t))bT) .
It follows from (5.9), (2.23), and B¥K + K BT = (BT)’ that
— (K +BF¥K B*)(I - B¥B*)™' (1 + J¥(2,2,1)) bT
— BTK? (I — B*BT) Y (B*vT —v*) — K2 (I — BTB*) ! (BTv* — vT)
= (BTY(I — BEBT)71(1 + J*(z, z,1))b*.
Hence, by (5.8), we arrive at
(6’9—;2 + %) JE(x, 1)
1+ J*(x,2,1)
This, combined with (5.2), shows that

=8'e(I - B¥B*)"'(BT)'(I - B* BT) ' b*.

2
(%i%)‘]i(x@vt)_ %J*‘(:c,z,t) %J_(x,a:,t)

1+ J*(z,2,t) L+ J (2, 2,t) 1+ JH(2,2,1)
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The proof is complete. [J

PrROOF OF THEOREM 1.3. Due to Proposition 4.2 it is enough to show
that (U(x,t),Q(z,t)) transformed from (u(z,t), w(z,t)) via (1.14) satisfies
the first equation of (1.13). The first equation of (1.13) is however equivalent
to the first equation of (1.12). Hence it suffices to prove that (u(x,t), w(zx,t))
defined by (1.15) satisfies u; + wy, + uu,; = 0.

Due to (2.25), u(x,t) is written as

u(z,t) = 2% (log (14 J*(z,z,t)) —log (1 + J (z,z,t)))

for each = such that D(z,t) # 0. From this we get

1 ( %J*(:c,a:,t) %J*(x,x,t) )2
8

1 2
— t — —
W) = o\ et T+ T @t

Moreover, by (1.14), (3.4), (3.5) and Lemma 3.4, we have

1
Zw(mvt)
10 a%J‘Wm,x,t) (%J_(x,:r,t) 9 JE(x,x,1) —in(ac,x,t)
20z \ 1+ J+(x,2,t) 1+ J (z,z,t) o 14 J*(z, 2, t)
10 LI+ (2,2, DI (2, 2,1)
20z 1+J+(:Ext) 1+ J (x,z,t)
(%J*‘(x,x,t) (E%J_(x,:zr,t)

1+ JH(z,z,t) 1+ J (z,2,1)
_1 88_‘] (xa:t) 83:2J (:Ca 7)
2\ 1+ JH(x,z,t) 1+J(1:,,)
2 2
8 = Jt (x, @, t) N (%J_(x,x,t)
1+J+th 1+ J (z,z,t)
a@J x,z,t) —J (z,z,t)
+Jt (mxt)l—i—J (z,z,t)

1
2
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Adding these two equalities and using Lemma 5.1, we find that

w(z, t) + éu(a:,t)2
_1 59_3:2J+($7I>t) 8(9;2‘] (ZL‘,I t)
2\ 1+ JH (w2, t) 1+ J (2, 2,1)

)

5 %J*(w x,t) gJ (x,2,t

1+ JH(z,z,t) 1+ J (2, 2,1)
1 ( aJJF(JU x,t) %J*(x,m,t) ) 1 81 1+ JH(z,x,t)

2\ 14+ J% (2, t) 1+ J (2, 1) 20t Ogl—l—J‘(x,az,t)
10, Af(z,z,t)

- _§§1 A~ (z,x,t)’

1
4

for each x such that D(z,t) # 0. Differentiating this in = and taking
(1.15) into account, we arrive at u; + w, + uu, = 0 for each z such that
D(x,t) # 0. Since the left-hand side is continuous, it holds for each (z,t)
as long as A*(z,t) > 0. The proof is complete. [J

6. Concluding Remarks

Sections 2, 3 of the present paper have been devoted to an establishment
of the scattering theory for (1.1). Our success in proving Theorem 1.1
depends on our ability to overcome the obstacle that a GLM equation (2.18)
does not admit the solvability (see Remark 2.13). This means that, in the
reflectionless inverse scattering, the obstacle is not necessarily crucial. From
this point of view the present paper is quite different from [17], whose inverse
scattering methodis based on the solvability (see assumption [17, D4]) of a
GLM equation. This solvability is too strong for inverse scattering method
to be applicable for a wider class of integrable systems. The first observation
that the obstacle is not essential is found in [31], though the paper treated
the case with real Q.

A characteristic of the solution formula (1.15) for the Boussinesq system
(1.12) consists in the form

N
(6.1) A(z,t) =1+ -+ (det G)? H ke

n=1
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where (det G)? is defined in (3.1) that is independent of ¢, as well as the
signature 4. This stems from the invariance ¢’ (t)c,, (t) = ¢, (0)c;, (0) of the
Boussinesq system: dependence on ¢ and the signature appears only in the
middle terms in (6.1). In particular, A™(x,t) # 1, A~ (z,¢) # 1 for each t.

It is of significance to ask a relation between soliton solutions of the
Boussinesq system (1.12) constructed by Hirota [10, 11] and them of the
present paper, because if we find some relation then the soliton solution
can be obtained also by the inverse scattering method from a pair (U, @) in
(1.1) and so the solution admits two different approaches.

A candidate is found in Hirota [10, §2]. In the paper a way called “pg =
¢’ reduction was developed, by which soliton solutions of the Boussinesq
system (1.12) can be obtained from an N-soliton solution of the first modified
KP equation. Then (u,w) in the Boussinesq system (1.12) is written as

(6.2) u(z,t) = 2[log(f/9)le, w(z,t) = 4c+ 2[10g(fg)]za

with a constant ¢, under a replacement ¢ — —t. Notice that (6.2) is a recast
of [10, equation (1.13) with (2.9b)] by our notation. Here f, g are defined
by [10, equation (2.3)], namely,

N
f=1+ Zpie"i

+ Z Z H pzl ) plr gl# — p/LV)(qZ,u _ qzﬁ’/)enil +"'+nir,

r=2 141 < <ip U<V TR qlu)(qzu - pzu)

91=1+Z%’6m
+Z 2 anag

r=2 01 <<ip p<V

(pi,, — Pi,) (i, — qy;u)emﬁ...mr,
(Pi, — 4, ) (¢, — Pi,)

with n; = (pi — qi)v1 + (p? — ¢?)w2 + (p3 — ¢)zws, i = 1,--- ,N. Hirota’s
“pq = ¢’ reduction guarantees that if p;q; =c,7=1,--- N, and f, g satisfy
the bilinear equation

(D3 4+3¢Dy— D3)g-f=0

in the Hirota form (see Hirota [12]) then the pair (u,w) defined in (6.2)
with zo = —t satisfies the Boussinesq system (1.12). In the case ¢ # 0,
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the element w of this solution tends to nonzero constant as x — zoo; this
solution is different from our solutions defined in (1.15) in the present paper
because our solutions tend to zero as x — +oo. On the other hand, the case
¢ = 0 is somewhat delicate, because in order for g, f to satisfy

(6.3) (D} = D3)g - f =0,
additional conditions besides p;q; = 0, ¢ = 1,--- N, are imposed on p =
(p1,--+ ,pn) and ¢ = (q1,- -+ ,qN), as is shown in what follows.

In the case ¢ = 0, the terms of f with » > 2 disappear since p;, - - -p;, # 0
means ¢;, — ¢;, = 0 by assumption p;q; = 0. Also the terms of g with
r > 2 disappear. Furthermore, by the assumption, (D3 — D3)e -1 =
(D3 — D3)1- €% = 0. Hence we get

N N
(D3 — D3)g - f = (D3 — D3) <1+Zqie’7i> 1+ piem
i=1 j=1
= > qp;(D} — Ds)em - €.
i7j:17“'7N
By renumbering, we may assume that
p:(oa'”7oapM+17”'7pN)7 q:(q17"’7qM707'“70)'

Then the equality above is written as

(Di=Dy)g-f= > ams(Di=Dg)e™ e ==3 5 qfp; (ai+p;) "™,
iI<M<j i<M<j

since (D3 — D3)e™ - e = —3q;p; (q; + p;) €™ for i < M < j. This
implies that, for (6.3), it is necessary that ¢; +p; =0 for each i = 1,--- | M,
j=M+1,--- N. Accordingly p, g must be the forms

p:(07"'707_Q7"'7_Q)7 q:(Q7“'Q707”'70)7
which lead to

ni=—qr1—q¢°ra — w3, i=1,-- ,M;
n = —qr1+ ¢*v2 — ¢°v3, i=M+1,--- N.
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This shows that, in “pg = 0” reduction, if (6.3) holds then
f=1-(N- M)qe—qxﬁq%z—q?’xs, g=1+ qu—qm—q%z—q%s’

and therefore fg has zeros necessarily as x; moves from —oco to +oo for
each z9 = —t, except for M = 0 or M = N. This shows that the solution
(u(x,t),w(x,t)) defined on the whole real z-line R of the Boussinesq system
(1.12) can be obtained by “pg = 0” reduction only in the case f = 1 or
g = 1, which is not the case with (6.1). We have thus proved that solutions
of the Boussinesq system (1.12) constructed from “pg = ¢” reduction and
our solutions by (1.15) are mutually different.

Another candidate is found in Hirota [11]. In the paper, Hirota treated
the Wronskians

Tl Tl ax?_ﬂ”l
7= Wlry, ,Tn] = : : : ,
P gn—1
Tn Pgy™m " pan—1'm
n
r._
T =Wlry, -+ o, Fntil,

with functions r;(x1, ze, x3) satisfying

0 ® o o
Oy * 022" Oz " Oz Y

to establish, in [11, §3], the theorem: if the Wronskians are symmetric,

namely,
0 o"
6.4 —7r = e ——1] =
( ) 51:1 1 r2, ) 856711 1 Tn+1,
then

(6.5) u(z,t) = 2log(7'/7)]z, w(z,t) = 2[log(7'7)]|se, @1 =2z, 1o = —t,

satisfy the Boussinesq system (1.12). This result can be regarded as a
“pq = 0” reduction for Wronskian forms, although no parameter p, g appears
explicitly. By applying this theorem to Wronskians of Hermite polynomials,
it was shown in [11, §2] that rational functions expected to be solutions of the
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Boussinesq system in Nakamura and Hirota [28] are actually the solutions
of it.

Apart from the Wronskians of Hermite polynomials, Hirota [11, Ap-
pendix B] treated the case

(6.6) ri= €S €8, & = xo+ 11p; + T2p] + T3PS,
& = w0+ 21¢; + 1207 + 1367

to show that, in this case, 7 gives the soliton solutions of the KP equation
in the usual form

i = @i+ (pi — q)ry + (JDZ2 - %2)332 + (pf’ - Q?)CUS,

where (; are constants. Therefore it can be expected that by applying
Hirota’s theorem to r; in (6.6) we can obtain n-soliton solutions of the
Boussinesq system (1.12). In the case (6.6), symmetry condition (6.4) is
somewhat strong because the condition leads to

ero+T1pi+aapi+osp] + ero+T1itT2q} +T3q]
_1—1 xo—i—xlpl-l—zzp%—i-xgp‘i’_i_ i—1 xo+x1q1+x2qf+:z:3q?
=Dp € q €

for each (x1,29) € R?. For i = 2, by setting x5 = 0, we have

3 3 3 3
eT3PT eP2T1 4 oT3P] o271 pleftspl eP1T1 _ qlelsql ed1%1 — ().

This is possible only if

or

3 3
p1=0, 1 =q=p2, ™" =2 (q1 =0, p1 =p2 = q2, p1e™ =2).

The former case is meaningless because r;1 = ry = --- = r,41. In the latter
case, by (6.4), we obtain

r = el + &1 = e (1 + 2qflexlq1+x2q%),

_ i—2 _xo4x1q1+r2g? s
Ty =2q] feTOTTATIAT G =23 ... |
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This implies that 7o, r3, -+ are linearly dependent and so 7/ = 0 for n > 2.
Therefore we have only one-soliton solution defined by (6.5). The solution is
easily calculated from 7 = Wr;] = e®™(1 + 2qfleq1””—q%t), 7" = Wlry,re] =
262‘”0q16q1x*q%t as

2
4q36q te—qx

(2 4 gedPte—ar)2’

2
2q26q te—q:r

2 + qed’te—ax’

(6.7) u(z,t) = w(z,t) =

where we set g := ¢;. Note that ¢ > 0. The function u(x,t) tends to 2¢ > 0
as ©r — —oo. Accordingly the solution (6.7) is different from our solution
that tends to 0 as x — 4o00.

It is interesting that the solution (6.7) has a similar character to 1-soliton
solution in Example 1.4: w(z,t) is such as a water congestion driven by the
velocity u(z,t) like a boundary layer. As a matter of fact, the solution (6.7)
can be obtained by setting ¢; = 0, ¢f = iq%q% with b = ¢ in (1.10),
(1.11) via (1.14). It is however a formal manipulation since the form (6.1) is
robust. Therefore an inverse scattering theoretical approach to the Hirota’s
soliton solution is left to the future as a bidirectional subject. It should be
also noticed that the situation is different for other systems such as (1.18)

+

where the time invariance ¢! (t)c;, (t) = ¢, (0)c,, (0) becomes relaxed.

Acknowledgments. The author would like to thank Masatoshi Noumi
for his private communication of December 22, 2019 concerning the Cauchy
determinant, which led the author to find the formula in Lemma 3.1(2). The
author is also grateful to the referee for substantial comments on the original
manuscript. Furthermore the author would like to express his many thanks
to an editorial board member’s comment and also to private communication

by Yasuhiro Ohta of February 21, 2020. The discussion on Hirota’s soliton
solutions in Section 6 is due to their suggestions.

References

[1]  Ablowitz, M. J. and P. A. Clarkson, “Solitons, nonlinear evolution equations
and inverse scattering”, London Mathematical Society Lecture Note Series,
vol. 149, Cambridge University Press, Cambridge, 1991.

2] Aktosun, T., Klaus, M. and C. van der Mee, Wave scattering in one dimen-
sion with absorption, J. Math. Phys. 39 (1998), 1957-1992.



Nonconservative Scattering and Soliton Solutions 711

Aktosun, T., Klaus, M. and C. van der Mee, Inverse scattering in one-
dimensional nonconservative media, Integral Equations and Operator Theory
30 (1998), 279-316.

Alber, M. S., Luther, G. G. and C. A. Miller, On soliton-type solutions of
equations associated with N-component systems, J. Math. Phys. 41 (2000),
284-316.

Broer, L. J. F., Approximate equations for long water waves, Appl. Sci. Res.
31 (1975), 377-395.

Deift, P. and E. Trubowitz, Inverse scattering on the line, Comm. Pure Appl.
Math. 32 (1979), 121-251.

ElL G. A., Grimshaw, R. H. J. and A. M. Kamchatnov, Wave breaking and
the generation of undular bores in an integrable shallow water system, Stud.
Appl. Math. 114 (2005), 395-411.

Faddeev, L. D., Properties of the S-matrix of the one-dimensional
Schrodinger equation, Trudy Mat. Inst. Steklov 73 (1964), 314-336; trans-
lated in Amer. Math. Soc. Transl. (2) 65 (1967), 139-166.

Gardner, C. S., Greene, J. M., Kruskal, M. D. and R. M Miura, Korteweg-de
Vries equation and generalizations. VI. Methods for exact solution, Comm.
Pure Appl. Math. 27 (1974), 97-133.

Hirota, R., Classical Boussinesq equation is a reduction of the modified KP
equation, J. Phys. Soc. Japan 54 (1985), 2409-2415.

Hirota, R., Solutions of the classical Boussinesq equation and the spherical
Boussinesq equation: The Wronskian technique, J. Phys. Soc. Japan 55
(1986), 2137-2150.

Hirota, R., “The direct method in soliton theory”, Iwanami Shoten, Tokyo,
1992, English Translation: Cambridge University Press, 2004.

Jaulent, M., On an inverse scattering problem with an energy-dependent
potential, Ann. Inst. Henri Poincaré, Sect A, 17 (1972), 363-378.

Jaulent, M., Inverse scattering problems in absorbing media, J. Math. Phys.
17 (1976), 1351-1360.

Jaulent, M. and C. Jean, The inverse s-wave scattering problem for a class
of potentials depending on energy, Comm. Math. Phys. 28 (1972), 177-220.
Jaulent, M. and C. Jean, The inverse problem for the one-dimensional
Sherédinger equation with an energy-dependent potential, I,II, Ann. Inst.
Henri Poincaré, Sect A, 25 (1976), 105-118, 119-137.

Jaulent, M. and I. Miodek, Nonlinear evolution equations associated with
“energy-dependent Schrodinger potentials”, Lett. Math. Phys. 1
(1975/1977), 243-250.

Kamchatnov, A. M., Kraenkel, R. A. and B. A. Umarov, Asymptotic soliton
train solutions of Kaup-Boussinesq equations, Wave Motion, 38 (2003), 355—
365.

Kamimura, Y., Energy dependent inverse scattering on the line, Diff. Int.
Eq. 21 (2008), 1083-1112.



712

Yutaka KAMIMURA

Kamimura, Y., Energy dependent reflectionless inverse scattering, Publ.
RIMS, Kyoto Univ., accepted.

Kaup, D. J., A higher-order water-wave equation and the method for solving
it, Prog. Theor. Phys. 54 (1975), 396-408.

Kay, I. and H. E. Moses, Reflectionless transmission through dielectrics and
scattering potentials, J. Appl. Phys. 27 (1956), 1503-1508.

Korteweg, D. J. and G. de Vries, On the change of form of long waves
advancing in a rectangular canal, and on a new type of long stationary waves,
Phil. Mag. (5) 39 (1895), 422-443.

Kupershmidt, B. A., Mathematics of Dispersive Water Waves, Comm. Math,
Phys. 99 (1985), 51-73.

Marchenko, V. A., Construction of the potential energy from phases of the
scattered waves, Dokl. Akad. Nauk. SSSR 104 (1955), 695-698, in Russian.
Marchenko, V. A., “Sturm-Liouville operators and applications, Operator
Theory: Advances and Applications 22,” Birkhéuser-Verlag, Basel, 1986.
Matveev, V. B. and M. I. Yavor, Solutions presque périodiques et a N-solitons
de ’équation hydrodynamique non linéaire de Kaup, Ann. Inst. H. Poincaré,
Sect A, XXXI (1979), 25-41.

Nakamura, A. and R. Hirota, A new example of explode-decay solitary waves
in one-dimension, J. Phys. Soc. Japan 54 (1985), 491-499.

Sachs, R. L., On the integrable variant of the Boussinesq system: Painlevé
property, rational solutions, a related many-body system, and equivalence
with the AKNS hierarchy, Physica D, 30 (1988), 1-27.

Sachs, R. L., Polynomial 7-function for the AKNS hierarchy, Proc. Symp. in
Pure Math. 49, part 1, Providence, RI: Amer. Math. Soc. (1989), 133-141.
Sattinger, D. H. and J. Szmigielski, Energy dependent scattering theory, Diff.
Int. Eq. 8 (1995), 945-959.

Sattinger, D. H. and J. Szmigielski, A Riemann-Hilbert problem for an energy
dependent Schrodinger operator, Inverse Problems 12 (1996), 1003-1025.
Tsutsumi, M., On the inverse scattering problem for the one-dimensional
Schrodinger equation with an energy dependent potential, J. Math. Anal.
appl. 83 (1981), 316-350.

van der Mee, C. and V. Pivovarchik, Inverse scattering for a Schrédinger
equation with energy dependent potential, J. Math. Phys. 42 (2001), 158
181.

(Received February 12, 2021)
(Revised June 11, 2021)

Professor Emeritus of Tokyo University of
Marine Science and Technology

Japan

E-mail: kamimura@kaiyodai.ac.jp



