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Abstract

Varieties of rhythmic dynamics are observed in nature. Particularly,
biological rthythms, such as circadian rhythms, neuronal firing, or heartbeats
are thought be important for the maintenance of vital activities and the
rhythmic precision (temporal precision) of the periodicity should be assured
stably.

Here in this thesis dependence of temporal precision on synchronization
level in oscillator network was investigated on various network parameters,
including network size, coupling strength, the Kuramoto order parameter,
and the network topology.

The coefficient of variation (CV) for cycle-to-cycle periods of collective
oscillation directly indicates the temporal precision, whereas the reciprocal
index 1/7 of exponential decay of autocorrelation also teaches the same
scientific knowledge.

CV-R curve directly shows the dependence of temporal precision on
synchronization and the result shows that collective enhancement of the
temporal precision is suggested, and beside these other certain uncovered
relations might exist between CV and R, i.e., temporal precision and the

synchronization.

Keywords: Kuramoto model, synchronization, temporal precision,

collective enhancement, network topology
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Section 1. Introduction

Varieties of thythmic dynamics are observed in nature. Biological rhythms, such as the firefly
luminescence, circadian rhythms, neuronal firing, or heartbeats, as well as non-biological rhythms,
such as oscillation of pendulum clock or mechanical metronome have the periodical dynamics [1-

51.

Synchronization is a phenomenon, in which a group of self-sustained oscillators begin to have
the same oscillation timing by some interaction or periodic external force [6,7]. Biological
rhythms are created by synchronization of biological oscillators. Precise periodicity in biological
rhythms, so called rhythmic precision or temporal precision of collective oscillations is thought

to be important for the maintenance of vital activities.

Synchronization and temporal precision are distinct properties. Synchronization is indicated
by the amplitude of the collective oscillation (FIG.2), whereas the temporal precision is indicated
by the periodical accuracy of collective oscillation. Even when ensemble of oscillators

synchronizes, it is not certain whether temporal precision is also assured [8-10].
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FIG1. Synchronization and temporal precision in oscillator network

Synchronization level is represented symbolically as a bundle of oscillating sign curves, whereas the
rhythmic accuracy (rthythmic precision, clock precision or temporal precision in other words) is interpreted
as the accuracy of cycle-to-cycle periods of the collective oscillation. As shown, synchronization and
temporal precision are distinct properties. The number of oscillators is 10 (N=10).

Rhythmic accuracy can be easily measured by experimentation. Historically, many

experiments had been attempted to explore the temporal precision of periodical phenomena, and



various experimental studies have been reported [11].

Particularly, collective enhancement of temporal precision, first reported in Biophysics J.,
1979 is highly suggestive [12]. A study of rhythmic accuracy of cardiomyocytes is reported in
this paper and the hypothesis says that the coefficient variation (CV) of periodical biological

rhythm is proportional to the inverse of square root of the number of oscillators (N), i.e., CVx

1/+/N, which is reminiscent of the central limit theorem, though it is not trivial at all [13,14].

Arthur Taylor Winfree, who is the pioneer of phase description model for periodical dynamical
system (Winfree model) expressed his opinion about the collective enhancement of temporal
precision in his monograph (The Geometry of biological clock, 2nd, Springer, 2001) [2]: “But as
far as I am aware, neither the physiological nor the mathematical essence of such a collective

refinement mechanism has yet been revealed.”

Winfree presented one theoretical building for dealing with coupled systems of limit-cycle
oscillators. This method describes oscillational phenomena with only one degree of freedom, i.e.,

degree of phase [1,2].

Yoshiki Kuramoto modified the Winfree model to create Kuramoto model. Kuramoto
introduced so-called “the phase reduction method” to simplify the Winfree’s nonlinear equation.
Kuramoto showed for the first time theoretically that synchronization of oscillators occurs in
second order phase transition in the thermodynamic limit of N — oo, that is now world-wide
known as “Kuramoto transition” [3,7,15-18]. Nonetheless, in the real world, rhythmic phenomena,
especially biological rhythms, or nonlinear dynamical motions are taken on finite number of
oscillators, next the finite size effect as well as the finite size scale transformation have been

studied [19-24].

In the course of the history thus far many studies had been done for Synchronization
transitions of Kuramoto oscillators on networks. On the other hand, not many studies had been
attempted on the fluctuations of the rhythm in Kuramoto model. There are few previous studies
on rhythmic accuracy in mathematical models. Fluctuations are very important in terms of system
functioning. Synchronized network with high synchronization level is not always functional if

fluctuations are large.



The relationship between rhythmic accuracy and the synchronization is reported precisely in
Kori. et. al. 2012.[10] (Hereinafter referred as Ref. [10]). Dependence of temporal precision on
oscillator population size N was verified in mathematical physics, using the self-sustained
coupled oscillator model, i.e., Fitzhugh-Nagumo equation, the circadian rhythm model, and the
Stuart Landau Oscillators, and numerical analysis as well as the theoretic formulae were derived.
Assuming the phase identical situation with weak noise added, the regularity of oscillatory
dynamics clearly showed the collective enhancement of temporal precision certainly in the
numerical and theoretical analyses. Dependence of temporal precision on network topology is
also indicated as such; when the network structure is suitable for synchronization (e.g., all-to-all
network), the rhythmic accuracy of collective oscillation on the network is very precise, whereas
the network structure is not suitable for synchronization (e.g., ring-connection, scale-free network,

small world network etc.), rhythmic accuracy decreases.

The preceding study Ref. [10] is one of the first attempts of mathematical and theoretical
studies of temporal precision of oscillator networks, and my study is aiming for the same goal but

from different perspectives.

In Ref. [10] assuming weak random noise and identical oscillators with identical frequency,
the mathematical model was linearized to be treated as multivariate Ornstein-Uhlenbeck process
to achieve the theoretical findings. However, when the random noise is not weak, the linearization
is no longer a good approximation. Besides the oscillators in nature are not identical, but have
dispersed natural frequencies, often the dispersion function is unimodal function such as Gaussian

distribution.

In my study, as a continuation of studies in Ref. [10], I investigated the oscillation regulatory
of non-linear process of synchronization of dispersed coupled phase oscillators. Theory of
Kuramoto model handles the phase equations for oscillators with dispersed natural frequencies,
and the oscillation regulatory of the non-linear process of synchronization, above all near the
onset of the synchronization is the subject of this study. Specifically, dependence of rhythmic
precision on synchronization of self-sustained coupled phase oscillators was investigated on

various network parameters, including network size, coupling strength, and the network topology.



Section2.  Background Art

2.1 Winfree model

An attempt to describe oscillators in terms of phase is first made by A. T. Winfree [1].

In general, oscillatory motions have two degrees of freedom: phase and amplitude, and if the
oscillator receives action from the oscillators or outside the system, both phase and amplitude will
change. However, nonlinear oscillations have a characteristic form of oscillation called limit-
cycle oscillation, in which the state of the system converges to a certain attractor trajectory (limit-

cycle) in phase space, and the limit-cycle motion has orbital stability.

A self-sustained oscillator is described as a limit-cycle attractor. Assume that when the
oscillator is isolated, the velocity of phase ¢ (0 = ¢ < 2m) is constant, denoted by natural
frequency w, i.e.

d¢
E = Wconst.- (1)

When stimulus or perturbation is given to the oscillator, the time evolution of phase may

increase or decrease depending on the instantaneous phase,

dp
=5 = © +z(@)p(), @

where p(t) isa function depending ontime, z(¢) is a phase response curve or phase sensitivity

function, and k is a parameter that indicates the strength of perturbation.

This phase equation is called Winfree type phase model [1,2,3,17,18].



2.2 Kuramoto model

When p(t) isaperiodical function, p(t) canbe described as p(t) = q(¢'), ¢’ = Qt,and
the second term of the Winfree type phase equation can be time-averaged for a limit-cycle period

T to be converted to a simpler expression f(¢ — ¢p');

1 T
2@~ 9)a@) ~ 1 | 26 +ana@ +wnde =@ -9 3

Kuramoto Sakaguchi model or Kuramoto model (when a = 0) is such converted and

simplified type of Winfree type model where f(¢ — ¢') is chosen to sin(¢p — ¢'):

do; _ o
dt !

N
K
+N2AU Sin(¢j_¢i_a)' (4)
=1

where ¢; is phase, w; is the natural frequency, K is a coupling strength, N is network size
(number of oscillators in an ensemble), and sin (¢p; — ¢;) is the periodical perturbation term
from the original Winfree model [3,7,15-18]. Hereinafter, both Kuramoto-Sakaguchi model and

Kuramoto model are referred to as Kuramoto model.

Kuramoto model handles oscillators with dispersed natural frequencies. The dispersion
function is assumed to be a unimodal function, and its momentum feature affects considerable
influences on other parameters of the phase equation. A shift in the expectation (first momentum
feature) corresponds to a shift of w; itself, and a shift in the variance (second momentum feature)
corresponds to a shift in the value of the coupling strength K. A shift in the skewness (third
momentum feature) corresponds to a shift in the minimum amplitude of the collective oscillation
Ruin, and a shift in kurtosis (forth momentum feature) corresponds to a shift in the frequency (1))

of the collective oscillation [24].

A;;j is an adjacent matrix which reflects the network topology to the interaction of oscillators.
If there is a link between oscillator i and oscillator /, 1 is set as a matrix element 4;;, and if there
is no link, 0 is set. An undirected graph yields a symmetric matrix, and a directed graph yields an
asymmetric matrix. If the interaction is a negative action, then -1 can be set for the interaction. In
this study, since anything other than undirected and positive interactions are not considered, the

adjacent matrix A;; is assumed to be non-negative symmetric matrix.
ij



2.3  Synchronization

Synchronization is a physical phenomenon, in which a group of self-sustained oscillators

begins to have the same oscillate timing by some interaction or periodic external force.

Consider a network of coupled phase oscillators: the collective state at a given time of a
network with N limit-cycle oscillators can be represented by a dispersion of N points on the
complex unit circle. The complex order parameter Z is defined as mean or centroid of complex
coordinates of the oscillators, and the Kuramoto order parameter R is the amplitude of the

complex order parameter.

N

7 =Re¥ = %Z el®j

j=1

(5)

When the oscillators are in asynchronous state, oscillators are scattered over the complex unit
circumference, and R is close to zero. When the oscillators are becoming synchronized, R
becomes closer to 1. Hence, the Kuramoto order parameter R indicates the degree of
synchronization of coupled phase oscillators. In this study, the Kuramoto order parameter R is

used as an index of synchronization level.
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FIG. 2. Kuramoto order parameter R

N oscillators are dispersed over the complex unit circumferences, and the amplitude of the mean coordinate
is shown in the violet arrows. R=0 corresponds to a disordered state, and R=1 corresponds to a state of
perfect phase identical state.



Fig.3 shows the value of Kuramoto order parameter R for various coupling constant K and
network size N in Kuramoto model. The R — K curve is interpreted as the dependence of
synchronization level on the coupling strength K, and R is interpreted as an index of

synchronization level for given K value.

Interestingly, when K = 0, the Kuramoto order parameter R is not zero, though interactions
of oscillators do not exist. This is due to the dispersed natural frequencies and the finite size effect.
As shown, a network with 100 oscillators (N=100) has R =0.1, and it is generally said that
network with N oscillators has the order parameter R =1//N because of law of large numbers

and central limit theorem [22-24].

FIG. 3. Dependence of synchronization level R on the coupling strength K in Kuramoto model
Synchronization transition of finite size Kuramoto phase oscillators occurs near the critical coupling
strength Kc. Kuramoto model with the natural frequency g(w)~N (27, 1), All-to-all network, average of
10 trials. The lower figure is the enlarged view of the squared area (K=0~2).
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Kuramoto model treats various quantities theoretically, assuming the thermodynamic limit
N—- o and t— oo. In the thermodynamical limit, the synchronization transition (Kuramoto
Transition) may occur when the coupling strength K is stronger than the threshold value. i.e., the
critical coupling strength K. The order parameter R is given by the polynomial of R itself in the

form of self-consistent equation,

’ 2
R = —ll‘wi—ﬂl dog(w) |1 - (%) , (7

and the critical coupling strength K, is given by

2

= g @), ®)

c

where g(w) is the peak value of the unimodal dispersion function g(w) of the natural
frequency. Without losing generality, a parallel shift of the coordinates of @ to @ = 0 may be

performed,
K = 2
¢ mg(0)

€)

when the dispersion function g(w) is the gaussian function N (0,1), g(0) = 1/v2m and K,

is estimated to K, = 1.6.

Though the critical coupling strength K. is a threshold parameter assuming the
thermodynamical limit, synchronization transition occurs similarly near K = K. in the finite size
networks as shown in Fig.3. When K is slightly smaller than K., the Kuramoto order parameter

R corresponds to R = 0.2~0.4, which is referred to “onset of the synchronization”.

An all-to-all network model in which one oscillator is congruent with all other oscillators with
the same strength is also known as a mean-field model. In the mean-field model, behaviors of all
the oscillators are dominated by a mean-field oscillation, which is yielded by the sum of all
oscillators in the population. Considering the mean-field oscillation as an external force, phase

equation for the individual oscillator is given by Kuramoto-Sakaguchi model:

do;
dt

= w; + KRsin(¢; — — a), (10)
where R is amplitude and 1 is phase of the mean-field oscillation.

11



2.4  Number of synchronized oscillators

By the virtue of theoretical aspects of Kuramoto model, number of synchronized oscillators
on the all-to-all network can be calculated from the coupling strength K and the mean-field

amplification R.

Phase oscillators on the all-to-all network interacting with the mean-field oscillation (with
amplitude R and frequency Q) according to the equation (10) are divided into two groups,
synchronized group and non-synchronized group, according to the natural frequency wj;

when KR > |w; — (1, the oscillator belongs to the synchronized group; and

when KR < |w; — Q], the oscillator belongs to the non-synchronized group [7].

Along with this theory, the number of synchronized oscillators (/Ns) with the natural

frequency dispersion N'(0,1) can be calculated as:
KR 1 2
N, = Nf —exp <—“’—) do. (11)
—KRV2T 2

Fig.4 shows calculated KR values from R and K in Fig.3.
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FIG. 4. Calculated KR values of mean-field oscillation for various network size vV

When K is near 1.7-1.8, KR is near 1. According to the equation (11) and with the

reference to 1o of normal distribution N'(0,1), the number of synchronized oscillators can

12



be estimated to about 68% (Ns/N=0.68).

When K isnear 2, KR becomes KR =1.5. According to the equation (11) and with the
reference to 1.56 of normal distribution N(0,1), the number of synchronized oscillators can

be estimated to about 86.6% (Ns/N=0.866).

In this way numbers of synchronized oscillators are calculated, and the result is shown in Fig.
5. Though the Kuramoto theory assuming the thermodynamical limit N — oo explains the
occurrence of second order phase transition, in the finite size network synchronization occur

thresholdlessly. and the ratio of synchronized oscillators is gradually increasing.
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FIG.5 Numbers of synchronized oscillators

Numbers of synchronized oscillators are estimated according to the equation (11).
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2.5 Noisy Kuramoto model

Noise causes phase-diffusion and induces irregularity in oscillation. Hence Kuramoto model

considers the noise term [6,7].

A phase equation for noisy Kuramoto model is given by:

do;
dt

N
=a)i+%ZAij sin(¢j—¢i)+\/55i, (12)
j=1

where w;, K, N, and A;; are the same as the phase equation (4), D is a noise strength

parameter and ¢; is independent noise, e.g., white Gaussian noise.
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FIG. 6. Synchronization level in noisy Kuramoto model
Fig.6 shows the synchronization of noisy Kuramoto model with the natural frequency g(w)~N (27, 1) and
random gaussian noise E[;(t)] =0, E[Ei(t)fj (t')] = 6;;06(t —t"), with the noise strength parameter
VD = 1. With such moderate (not weak) noise, synchronization is unlikely to occur when the coupling
strength K is weak, henceforth sufficient strong coupling strength should be given to observe the phase

transition. The critical coupling strength K, is in this case K, =2.5 for the phase-disturbance caused by
noise.
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2.6  Noisy and frequency-identical oscillators

Certainly noisy Kuramoto model is the best mathematical model for analyzing synchronous
phenomena in nature, historically frequency-identical cases were also well studied. The phase
equation is same as shown for noisy Kuramoto model, the only difference is that the natural

frequency w is not dispersed, but identical for all oscillators (as defined):

do;
dt

N
K
= Wcosnt. + NZAU sin(¢p; — ¢;) + VDE;. (13)
]=

This equation is comprehended as a non-linear Fokker Planck equation. If the noise term
VD¢, is weak, the equation can be linearized and comprehended as multivariate Ornstein-
Uhlenbeck process [25]. Compared with the case of noisy Kuramoto model, synchronization

occurs with weaker coupling strength K.
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FIG7. Synchronization level in frequency identical phase oscillator

In this case the synchronization occurs K =1.0 (The critical coupling strength K, =1.0).
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2.7  Temporal precision

Coefficient of Variation (CV) of cycle-to-cycle periods is a direct parameter of temporal
precision that can be compared with the experimentally measured values in various previous
papers. CV is the standard deviation (SD) of the cycle-to-cycle periods divided by the mean period.

std[cycle- to- cycle periods
V- [cy ycle p ]

mean|period] a4

Dependence on CV on the network size N is reported in Ref. [10];
(i) CV is proportional to 1/A/N for small N values for each coupling strength K.
(i1) CV approaches a constant value for large N values for each K, i.e., there is a crossover.

(iii) the crossover points N* increases with K.

One of the purposes of my study is to know whether the collective enhancement of the
temporal precision can be observed in the Kuramoto phase transition, especially near the onset of
the synchronization (K=1.2~1.6, or R=0.2~0.4, depending on the network). Hence CV is used as
an index of temporal precision, while the crossover of CV or the crossover point N* reported in

Ref. [10] is not considered in this study.

Also, the autocorrelation function is used to analyze the time series of periodic function.
Periodicity can be easily verified by calculating the Autocorrelation of time series data of the

mean-field phase :

T
C@) = WO — ) = lim [ p(Epe - e)de (15)
0

When the time series of Y (t) is plotted for the timesteps t, the autocorrelation function
draws the periodic curve, and its envelope shows the exponential decay C(t") = exp(—t'/7)
with the exponential index —1/7, where t is referred to as the time constant. In this study, the
reciprocal index 1/7 is set to another index of temporal precision which indicates the rhythmic

accuracy of collective oscillation.

16



2.8 Network topology

All-to-all network is the simplest representative among various complex networks in the
world. There are many different complex networks in the world, e.g., random network, scale-free

network, small-world network, square-lattice network, and ring connection network etc.

It is known that synchronization of oscillatory networks is highly dependent on the network
structure [26-31]. Historically it has been known that synchronization is unlikely to occur in
oscillatory networks with large internode distance (d) such as square lattices [32], and

conversely networks with small internode distance (d) are likely to synchronize [33].

Various network parameters, such as network size N, average degree (k), average number of

links (L), and average distance {d) influence the synchronization of collective oscillation [34].

FIG. 8: Various oscillator network

All-to-all network, random network, scale-free network (m=1 or 2), small-world network.

Relationship between the average degree (k) of the network and the critical coupling

strength K. of the Synchronization transition is given from the mean field approximation [34]

2(k)

* = rg), ae

where the dispersion of the degree is not considered.

All-to-all network has the average degree (k) = N — 1, average number of links (L) =
N(N —1)/2 and the average distance (d) =1.

17



Random network has links for each combination of nodes (oscillators) at a rate of p (0 < p
< 1). Random network has the average degree (k) = p(N — 1), the average number of links
(LY =pN(N —1)/2, and the average distance (d) =xInN /In(k). The phase equation of

Kuramoto model is modified to quote the network parameter p,

N
do; K ,
=t N—p;Au sind; ~ ). a7

Synchronization on random network is reported in Rodrigues et al., Physics Reports 610
(2016) 1-98[29] (Hereinafter referred as Ref. [29]). Fig. 9 is a result of numerical calculations
according to the equation (17). As shown in the figure, dependence of synchronization level R

on the coupling strength K is not affected by the network parameter p.
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FIG. 9: Synchronization on Random network [29]

The Kuramoto order parameter R is plotted for the coupling strength K. Random network with different
network parameter p has different sparseness. Random network with p=0.2 is the most sparce network,
and random network with p=1.0 is equal to all-to-all network.
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The next topic is Scale-free network, or so-called Barabasi-Albert network named after the
creator, A. Barabasi L and R. Albert is another example of sparce network. Scale-free network
has two distinct features, i.e., the network growth and preferential selection. Scale-free network
is a growing network in which the nodes (vertices) of the network increase over time. And the
preferential selection is a feature in which nodes with larger vertex orders are more likely to be

connected at the edges [36,37], thus the graph node order becomes power distributed.

Scale-free network is observed everywhere in the world, i.e., electric power grid, paper
citation relationships, web link relations, etc. The phase equation is given below, where (k)

represents the average degree for each node in the network. (k)=2 in scale free network.

N
do; K :
W: Wi +®]Z:LAU sm(d)j _¢i)' (18)

Synchronization on scale-free network is reported also in Ref. [29]. Fig.10 is a result of
numerical calculations according to the equation (18). As shown in the figure, oscillators on scale-

free network hardly synchronizes even with very strong coupling strength K.

10 W —
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04
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FIG. 10. Synchronization on Scale-free network [29]

Synchronization level is in scale-free network with m=1.0 is plotted for the coupling strength K.
The mean values of 10 trials are shown with the standard deviations.
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And the last topic is the Small world network. Small world network is first proposed by Watts
and S. H. Strogatsz, as an extension of random network [38], characterized by coexistence of high
clusterability and small mean distance. A small world network is made from 1-dimendional ring
lattice connection and re-wiring the links with probability p. The phase equation is given by
equation (18), where (k) is average degree and often (k)=4. The re-wiring parameter p is
related to the clusterability, when p increases, the clusterability decreases. Different from the

scale free network, graph order is not power distributed in the small world network.

Synchronization on small world network is reported as well in Ref. [29]. Fig.11 is a result of
numerical calculations according to the equation (18). As shown in the figure, oscillatory

networks on small world network synchronizes, however with stronger K values.
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FIG. 11. Synchronization on Small-world network [29]

Synchronization level is in small world network with different order parameter is plotted for the coupling
strength K. N=100, (k)=4. The mean values of 10 trials are shown with the standard deviations.
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Section.3  Subject of this study

The subject of my study is an inquiry of rhythmic precision of the collective mean-field
oscillation in oscillatory networks. Dependence of temporal precision on synchronization level

near the onset of the synchronization is inquired for the first time in this study.

In Ref. [10], assuming weak random noise and strong coupling strength K, the mathematical
model was linearized to be treated as multivariate Ornstein-Uhlenbeck process. This assumption
is corresponding to the coupling constant K — oo and R=1. The onset of synchronization is

highly non-linear and remained unstudied.
Mathematical models used in this study are below:

i. Kuramoto model (noiseless)
ii. noisy Kuramoto model; and

ili. noisy and frequency-identical phase oscillators.

Phase oscillators are assumed to be limit-cycle oscillators. The natural frequencies are
assumed to be dispersed according to the unimodal gaussian function g(w)~N(2m, 1) in
Kuramoto model (i and ii). The natural frequency is set identical in iii. The random gaussian noise
E[¢(t)] =0, E[Ei(t)fj(t’)] = §;;6(t —t') with the noise strength parameter VD =1 was
added in noisy cases (ii. and iii.). The effect of noise will be known by comparing i. and ii., and

the effect of dispersion on natural frequencies will be known by comparing ii. and iii.

CV is an orthodox parameter of temporal precision, whereas the autocorrelation of time series
of mean-field phase is also a good indicator of temporal precision, especially, when oscillators
have noise (ii and iii), since CV is hardly calculable for noisy phase oscillators. As described in
the section 2, the autocorrelation shows the exponential decay with the index -1/t. Hence 1/t was

set to another parameter which indicates the temporal precision.

21



Section.4  Results

4.1 Kuramoto model

Dependence of temporal precision of collective mean-field oscillation in Kuramoto model

was investigated on all-to-all network. The results are shown in Fig. 12.

Dependence of CV (left column) and 1/t (right column) on the coupling strength K is shown
in upper two figures (Fig.12a and Fig.12b). It is shown that CV-K curves and 1/7-K curves have
reverse-sigmoidal trajectories, CV and 1/t decrease as the coupling strength K increases. When
the coupling strength K is larger than K. (K.<K), a network with larger network size system
size N gives lower CV or 1/t values (better temporal precision), suggesting the existence of
collective enhancement. On the contrary, when K is considerably smaller than K.(K<K,), a
network with smaller network size N gives lower CV or 1/t values (better temporal precision).
Remember that K. is a threshold value under the thermodynamical limit (see eq. (9)), the
behavior of CV-K curves and 1/7-K curves have a considerable relevance to K.. Specifically,
there is a remarkable reciprocal intersect of CV-K curves and 1/t-K curves in the vicinity of

K = K_, and this is discussed later in the section of Discussion.

Dependence of CV (left column) and 1/t (right column) on the synchronization level R is
shown in middle two figures (Fig.12¢ and Fig.12d). It is shown that CV and 1/z decreases as the
synchronization level (Kuramoto order parameter) R increases, suggesting that synchronization
improves the temporal precision. A network with larger network size N gives lower CV or 1/1
values (better temporal precision), for example network with 1600 oscillators has better temporal
precision than network with 100 oscillators, suggesting the existence of the collective
enhancement of the temporal precision. Near the onset of the synchronization, CV decreases
exponentially with respect to R, which is noteworthy and may have an implication for theoretical

analysis.
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FIG.12 CV and 1/t of collective oscillation on All-to-all network
Dependence of temporal precision on K and R was investigated for Kuramoto model with the natural

frequency g(w)~N (27, 1) with different network size N on all-to-all networks. The mean values of 10
trials for different random seeds are shown with the standard deviations.
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Dependence of CV (left column) and 1/t (right column) on the number of synchronized
oscillators (Ns) is shown in the lower two figures (Fig.12e and Fig.12f). It is shown that CV and
1/t decrease as the number of synchronized oscillators increases, i.e., rhythmical precision
becomes more precise when more oscillators in the system are synchronized. Temporal precision
becomes better when the ratio of synchronized oscillators is near 1. i.e., Ns/N=100/100 gives
better temporal precision than Ns/N=100/200, 100/400, 100/800 or 100/1600, and Ns/N
=400/400 gives better temporal precision than Ns/N=400/800 or 400/1600.

The proposition of CVe< 1/4/N from the hypothesis of Collective enhancement was verified.
As described in the section 2, when the collective oscillation arises, oscillators in Kuramoto model
are divided into synchronized group and non-synchronized group, and here the number of

synchronized oscillators (Ns) is calculated to know the dependence of CVon Ns or Ns/N ratio.

FIG. 12e. shows CV-Ns curves with diagonal gridline indicating CVex 1/+/N slopes. The

result implies that for each network size N, the endpoint in each curve is found near the CVx

1/+/N lines. (These endpoints correspond to K=5.0, KR ~5, and Ns~0.99N.). That implicates

that when most of the oscillators are in the synchronized group and the ratio of Ns/N is near 1,

CV obeys the working hypothesis of CVe< 1/4/N.

However, as clearly shown in the figure, where the ratio of Ns/N is not near 1, CV-Ns
curves do not crawl at all the CV 1/4/Ns slope but draw convex curves above the slope. The

result implies that CV is not proportional to 1/+/Ns, suggesting that oscillators in the non-

synchronized group reduce the rhythmic precision.
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4.2  Noisy Kuramoto model

Noisy Kuramoto model was investigated to know the effect of noise on collective oscillation.

Fig. 13 shows 1/t-K curves and 1/7-R curves for noisy Kuramoto model with different network

size N, on the all-to-all networks.
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FIG. 13. Temporal precision (1/1) of collective oscillation in noisy Kuramoto model

Dependence of temporal precision on K and R was investigated for noisy Kuramoto model with natural
frequency g(w)~MN(2m,1) and random gaussian noise E[&;(t)] =0, E[fi(t)fj(t’)] =6;;6(t—t"),
with the noise strength parameter VD = 1. The numerical calculation was conducted by Euler-Maruyama
method. The mean values of 10 trials are shown with the standard deviations.
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As mentioned above, noise may cause phase-diffusion of self-sustained oscillations and the
irregularity of temporal precision, however, mutual interaction of oscillators may recover the

phase-diffusion to make synchronization.

Fig. 13a. shows the 1/7-K curves. As shown, 1/t-K curves have reverse-sigmoidal
trajectories. When the coupling strength K is larger than the critical coupling strength K,
(K <K, in this case K, =2.5 for the phase-disturbance caused by noise), the 1/t values suddenly
becomes small, indicating that synchronization improves the temporal precision, and network
with larger system size N had lower 1/t value, suggesting the existence of the collective

enhancement.

Instead, when the coupling strength K is weaker than the critical coupling strength K,
(K>K_), networks with different network size N had the same trajectories of 1/t-K curves, that
is different from that of Kuramoto model (noiseless), however rather like that of noisy-frequency-

identical group, as described later.

Fig. 13b. shows the 1/7-R curves. Again 1/7-R curves have similar trajectories as that of
frequency-identical group, i.e., 1/T becomes lower as R becomes larger, indicating that
synchronization improves the temporal precision. And network with larger system size N gives

lower 1/t values, suggesting the existence of the collective enhancement of the temporal precision.
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4.3

Noisy and frequency-identical oscillators

Fig. 14 shows 1/t-K curves and 1/7-R curves for noisy and frequency-identical phase

oscillators with different network size N, on the all-to-all networks.
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FIG. 14. Temporal precision of noisy phase oscillators with identical frequency

Dependence of temporal precision on K and R was investigated for noisy and frequency-identical phase

oscillators. The noise intensity parameter D is set to v'D = 1. The numerical calculation was conducted by

Euler-Maruyama method.
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This numerical experiment is set in the similar condition (noisy, frequency-identical) to that
in the preceding study Ref. [10]. However, in Ref. [10] very weak noise v/D = 0.01 was added,
to apply the linearization analysis to the phase equation. In this study, the noise was set 10* times
stronger, VD = 1 to investigate the behavior when the noise is sufficiently strong, and the phase

equation model cannot be linearized.

FIG. 14a. shows 1/t- K curves. As shown, 1/7-K curves have reverse-sigmoidal trajectories.
In the case of noisy-frequency-identical phase oscillators, this is easily comprehensible as there
is no dispersion of the natural frequencies of oscillators. 1/t-K curves are same for all network
size N when the coupling strength K is sufficiently weak (K<K_, in this case K. =1.0). However,
in the condition of K, < K, 1/t-K curves differ depending on the network size N, and the

collective enhancement of temporal precision is again observed clearly.

FIG. 14b. shows the 1/7-R curves. 1/ becomes lower as R becomes larger, suggesting that
the temporal precision of the collective oscillation becomes better as the synchronization level
becomes higher. And like the former two cases, network with larger system size N gives lower

1/t values, suggesting the existence of the collective enhancement of the temporal precision.
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4.4 Effect of noise

1/7-R curves in the three mathematical model;

i Kuramoto model (noiseless).
ii. noisy Kuramoto model; and
iii. noisy and frequency identical phase oscillators.

are compared for various network size N. Fig.15 shows the results.
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FIG. 15. Effect of Noise on 1/t-R curves

The effect of noise on 1/7-R curves was compared. Kuramoto model (solid lines with circle markers) , noisy
Kuramoto model (dashed lines with diamonds markers) and the noisy-frequency-identical phase oscillators
(dotted lines with star markers). For I and II the mean values of 10 trials for 10 random seed are shown with
the standard deviations. For III, results of 1 trial are shown.
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The effect of noise will be known by comparing i. and ii., and the effect of dispersion on natural
frequencies will be known by comparing ii. and iii. As shown in the Fig.15, for all network size N,
the noisy-frequency-identical oscillators (dotted lines with star markers) had the smallest 1/t

values.

This may be comprehended that the noisy and frequency-identical oscillators, having the same
natural frequency (as defined), the independent gaussian white noise added to the third term of
the phase equation (12) and (13), i.e., the Wiener process term of the Euler-Maruyama methods,
disturb moderately the regulatory of the collective oscillation, while in oscillators in Kuramoto
model (noiseless or noisy) the distributed natural frequency (as defined) in the first term of the
phase equation (4) more directly affect the regulatory of the collective oscillation and its temporal

precision.

When comparing Kuramoto model (noiseless) and noisy Kuramoto model (comparing i. and
ii.), the noise effects on 1/t-R curves seem to be different depending on the network size N.
Remarkably, when the network size is sufficiently large (N=400,800), the collective oscillation
in noisy Kuramoto model had lower 1/t values than the noiseless Kuramoto model, especially
near the oncet of the synchronization (R=0.2~0.4). These results indicate that the independent
white gaussian noise term, though added as the Wiener process term to the phase equations,
however, have a significant role for the oscillation regulatory, specifically near the onset of the

synchronization.

30



1071

1,0—2 .

107t

1,0—2 .

4.5

Dependence on Network Topologies.

Dependence of temporal precision on network topologies was investigated on random

network, scale-free network, and small world network. Inquiry of rhythmic precision in Kuramoto

model (noiseless) near the onset of the synchronization and regarding the network topology is

reported for the first time in this study.

Fig.16. shows the results on random networks.
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FIG. 16. CV and 1/t of collective oscillation on Random Network

1071 4

1/T102 |

1073 4

T T T
oo 025 050 075

K

T T
100 125

T
150

1071 4

1/T102 |

1073 1

p=0.2
p=0.4
p=0.6
=08
=10

01 0z 03 04

Dependence of CV (left) and 1/t (right) on K and R was investigated in Kuramoto model with the natural
frequency g(w)~N (2m, 1), on random network with different network topologies. The results are average
value of 10 trials for different random seeds. The network size is N=100, and noise term is not added.
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Fig.16 shows the dependence of CV (left column) and 1/t (right column) on the coupling
strength K and the synchronization level R on the random network with the average number of
links (L) = pN(N —1)/2. The parameter p indicates a probability of connection. Random
network with p=0.2 is the most sparce network, and the random network with p=1.0 is

corresponding to all-to-all network.

The result shows that the collective oscillation does not depend on the sparseness on the
random network. Both CV-K curves (Fig.16a) and 1/7-K curves (Fig.16b) as well as CV-R
curves (Fig.16c) and 1/7-R curves (Fig.16d) are similar each other regardless of the difference in
p and (L), suggesting that dependence of temporal precision on synchronization on random
networks resembles that on all-to-all networks, though subtle differences are seen in with the

network with p=0.2.
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Next, scale-free network was investigated. The scale-free network was built with the

parameter m=1 and m=2 and N=100, that means that adding nodes with 1 or 2 link(s) to the

existing links and growing the network until the network size N becomes N=100.

FIG.17 shows the dependence of CV (left column) and 1/t (right column) on the coupling

strength K and the synchronization level R on the scale-free networks.
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FIG. 17. CV and 1/t of collective oscillation on Scale Free Network

Dependence of CV (left column) and 1/t (right column) on K and R in Kuramoto model with the natural
frequency g(w)~N(2m, 1), on the scale-free networks with the network parameter m=1 and m=2 was
investigated. The default values of networkx (python library) were set for the m0 values. The mean values
of 10 trials for different random seeds are shown with the standard deviations. The network size is N=100,

noise term is not added.
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The result aspects very uniquely. In Fig.17. CV-K curves and 1/7-K curves, as well as CV-R
curves and 1/t-R curves for the scale-free network with m=1 (green lines) and m=2 (indigo

blue lines) are shown with those of all-to-all network (silver lines) for comparison.

When m=1, CV-K curve and 1/7-K curve for the scale-free network descends as K
increase, however approach asymptotically to the certain lower limit. The same tendency is
recognizable in CV-R curve and 1/t-R curve. Most notable is that when the coupling strength K
is weak (K<1) or the synchronization level R is not high (R=0.2~0.3), that is, the onset of the
synchronization, the temporal precision on scale-free network has lower CV and 1/t values. This
means, as a matter of course, that near the onset of the synchronization the collective oscillation
on network structure difficult to synchronize has better temporal precision when compared with

the same given R value.

When m=2, the observed futures mentioned above for m=1 are more clearly visible. CV-K
curve and 1/7-K curve for the scale-free network with m=2 descends as K increase, however
approach asymptotically to the certain lower limit, even ascend for stronger K. The same
tendency is recognizable in CV-R curve and 1/-R curve. And clearly, the temporal precision on
scale-free network m=2 has lower CV and 1/t values for wide range of R values (R=0~0.7 or

0.8), not limited to the onset of the synchronization.
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The last, small world network was investigated. The small world network was built from the
one-dimensional ring lattice connection with average degree (k) = 4, with the re-wiring

parameter p=0.1, 0.2 and 0.5 for network size N =100.

Fig.18 shows the dependence of CV (left column) and 1/t (right column) on the coupling

strength K and the synchronization level R on the small world network.

b.
~&— small-world network, p=0.1
10-1 4 1071 ~§~ small-world network, p=0.2
1 —§— small-world network, p=0.5
+ all-to-all network
-2 J
L) .}
2 L\
lﬂ—! -
107 4 l
T T T T
7 a8 0 1 2 3 4 5 & 7 8
K
d.
=&— small world network, p=0.1
101 1 1071 4 ~&— small world network, p=0.2
~&— small world netwark, p=0.5
+ all-to-all netwark
L’T 1077
1072 1
10-! 4
1,0-5 4
02 04 06 08 10
R

FIG. 18. CV and 1/t of collective oscillation on Small World Network

Dependence of CV (left column) and 1/t (right column) on K and R in Kuramoto model with the natural
frequency g(w)~N (21, 1), on the small world networks with the network parameter p=0.1, 0.2, and 0.5
was investigated. The mean values of 10 trials for different random seeds are shown with the standard
deviations. The network size is N=100, noise term is not added.
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In Fig.18. CV-K curves and 1/7-K curves, as well as CV-R curves and 1/7-R curves for the
small world network with the re-wiring parameter p=0.1 (green lines), p=0.2 (amber lines) and

p=0.5 (purple lines) are shown with those of all-to-all network (silver lines) for comparison.

CV-K curves and 1/t-K curves for every small world network descend as K increase,
however the trajectories are different depending on the re-wiring parameter p. For stronger K,
CV-K curve with p=0.5 cross the CV-K curve with p=0.2, indicating that the rhythmic

accuracy of both networks reversed.
CV-R curves and 1/T-R curves for every small world network descend as K increase.

Interestingly, CV-R curves resemble each other, even that of all-to-all network. However, for

larger R chaotic phenomena are observed.
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Section.5  Discussion

In this study dependence of temporal precision on synchronization on oscillator network was
investigated in Kuramoto model, noisy Kuramoto model and the noisy phase oscillators with
identical frequency, for various network parameters, the network size N, the coupling strength

K, and the network topologies.

CV and the reciprocal index 1/t are used as indicators to examine the temporal precision of
rhythmic periodicity of collective oscillation. CV-K curves and/or 1/t-K curves indicate the
dependence of temporal precision on the coupling strength K on every oscillator network. CV-
K curves and 1/7-K curves descend as K increase, and this tendency is stronger when the
network size N is large, suggesting the existence of the collective enhancement of the temporal
precision was observed also in this study. The progressing of temporal precision grows near K.,

that indicates that synchronization improves the temporal precision.

As shown in the Fig.12 there is a reciprocal intersection of CV-K curves or 1/7-K curves near
K., such that when K<K_, smaller network has more precise periodicity, where K.<K, larger

network has more precise periodicity. The intersection is seen only in Kuramoto model (noiseless).

One possible explanation is that this phenomenon is caused by another reciprocal intersection
in R-K curves. Remark that in Fig.3 in Kuramoto model, near K=1.8, N-dependent R-K curves
have the same intersection. When K is far smaller than K. the network with minimum network
size (N=100) gives the highest R value, however, under the condition of K>K_, oppositely, the
largest network (N=2400) has the highest R value. This kind of reciprocal intersection is not seen
in R-K curves of noisy Kuramoto model and noisy-frequency-identical phase oscillators, that is
well consistent with such suggestion, that in these two models, the intersection is not seen at all

in CV-K curves nor 1/7-K curves.

CV-R curves and 1/7-R curves indicate the dependence of temporal precision on the
synchronization level on every oscillator network. CV-R curves and 1/7-R curves descend as R
increase in all three cases, Kuramoto model, noisy Kuramoto model and the noisy-frequency-
identical phase oscillators, however the curve slopes or differential coefficients differ according
to the model or the network topologies. In Kuramoto model (noiseless) on the all-to-all network

the progressing of temporal precision is not constant but accelerated near R=0.3~0.4 (Fig.12c)
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when the network size N is large (N=800 and 1600).

The working hypothesis of CVex 1/4/N or CVx 1/4/Ns was verified in the Kuramoto model
(noiseless) on the all-to-all network to know the dependence of CV on Ns or Ns/N ratio. As shown
in FIG. 12e, CV-Ns curves do not crawl at all the CVe< 1/4/Ns slope but draw convex curves
above the slope. The result indicates that oscillators in the non-synchronized group reduce the

rhythmic precision.

Dependence of temporal precision on the network topologies was investigated in random
networks, scale-free networks, and small world networks. The results contained a lot of
information. Oscillatory networks on the random network, having R-K curves that is similar to
those on all-to-all network, had almost same temporal precision as that of all-to-all network,

regardless of the sparseness.

Scale-free networks had variety of rhythmic precision, when m=1 the temporal precision was
not good, however when the network parameter was changed to m=2, the temporal precision
significantly improved, and showed even better temporal precision than those on the all-to-all
network. Small world network had yet another nature of temporal precision, depending on the re-
wiring parameter p. The difference between the scale-free network and the small-world network
may be comprehended in such a manner that in the scale-free network graph node order is power

distributed, whereas not power distributed in the small world network.

In the last, let me introduce yet another point of issue related to the oscillation regulatory.

Biological rhythms are stable. This stability is called homeostasis. And stable rhythms are
widely found. Synchronization is a bifurcation phenomenon, while self-consistency theory cannot

determine if the collective oscillation obtained as a solution of Kuramoto model is stable or not.

A phase dispersion function f(¢,t,w) for ensemble of oscillators has seemingly infinite
degrees of freedom as a function of phase ¢, however it can be reduced to a dynamical system
with only three degrees of freedom by the Watanabe & Strogatsz transformation (W-S
transformation) [39]. And Ott & Antonsen argue that restricting the dynamics of the phases to
individual w to Poisson submanifolds (2-dimensional) on 3-dimensional invariant manifolds

obtained by the W-S transformation still gives a correct view on the collective properties of the
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system. Based on these hypotheses, an evolution equation for the complex order parameter Z in
the thermodynamic limit of N — oo in the form of the SL equation can be obtained and it is

concluded that the synchronization transition is stable in a certain range [40].

In this study the author assumed that the synchronization is stable along with the Ott &
Antonsen theory. The stability of synchronization long had been an unresolved proposition,

finally solved by Chiba et al [41,42].
In the meantime, interesting result is reported related on the fluctuations of rhythm and the

effects of noise [43]. The author will continue the study to inquire the unknown nature of

synchronization and rhythmic precision of oscillation regulatory.
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