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1 Introduction

The aim of this thesis is to describe the essential image of the enhanced solution
functor
Soly : D (Dx)® — Ep_(ICx)

of A. D’Agnolo and M. Kashiwara in [DK16, Thm. 9.5.3].

For this purpose, we define C-constructible enhanced ind-sheaves (Definition 2.7)
which are analogous to C-constructible sheaves, and prove that they are nothing
but its images of D2 (Dx) via the enhanced solution functor Sol%. Namely, we
prove that the triangulated category of holonomic Dy-modules is equivalent to the
one of C-constructible enhanced ind-sheaves (Theorem 2.8). Moreover we prove
that the triangulated category of algebraic holonomic D-modules is equivalent to the
one of algebraic C-constructible enhanced ind-sheaves when X is a smooth complex
algebraic variety (Definition 2.14, Theorem 2.15).

1.1 Irregular Riemann—Hilbert Correspondence

First, we shall recall the irregular Riemann—Hilbert correspondence of D’Agnolo—
Kashiwara [DK16, Thm. 9.5.3].

Let X be a complex analytic manifold. In 1984, the Riemann—Hilbert correspon-
dence for regular holonomic D-modules on X was proved by M. Kashiwara [Kas84,
Main Theorem)] (see also [Meb84, Thm. 2.1.1]). He established the equivalence of cat-
egories between the triangulated category Db (Dx) of regular holonomic Dx-modules
and the one D2 (Cx) of C-constructible sheaves on X.

Fact 1.1 ([Kas84, Main Theorem|). There exists an equivalence of categories

SOlX

D, (Dy) DE.(Cx).
M Solx (M) := RHomp, (M, Ox)
RHx (F) := RHom(F,OY%) 1 F

Here, O% is the ind-sheaf of tempered holomorphic functions (see [KSO1, p.125] for
the definition). See also [KS16b, §4.3] for the details of RHy.

The triangulated category D2 (Cx) has a t-structure (pDé_Oc((CX),pD%_OC(CX))
which is called the perverse t-structure. Let us denote by

PeIV(Cx) = pDéOc(Cx) N pD(%_OC(Cx)
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its heart and call an object of Perv(Cx) a perverse sheaf. The above equivalence
induces an equivalence of categories between the abelian category Mod,,(Dx) of
regular holonomic Dy-modules and the one Perv(Cyx) of perverse sheaves.

The problem of extending the Riemann—-Hilbert correspondence to cover the case
of holonomic D-modules with irregular singularities had been open for 30 years. After
a groundbreaking development in the theory of irregular meromorphic connections by
K. S. Kedlaya [Ked10, Ked11] and T. Mochizuki [Moc09, Mocl1], A. D’Agnolo and
M. Kashiwara established the Riemann—Hilbert correspondence for analytic irregular
holonomic D-modules in [DK16] as follows.

For this purpose, they introduced enhanced ind-sheaves extending the classi-
cal notion of ind-sheaves introduced by M. Kashiwara and P. Schapira in [KS01].
We denote by DP (Dx) the triangulated category of holonomic Dy-modules and
by Eb (ICx) the one of R-constructible enhanced ind-sheaves on X. See [DK16,
Def. 4.9.2] and also [DK19, Def. 3.3.1] for the details of R-constructible enhanced
ind-sheaves. We set

Soly (M) := RZhomp, (M, O%).

Here OF is the enhanced ind-sheaf of tempered holomorphic functions, see [DK16,
Def. 8.2.1] for the details.

Fact 1.2 ([DK16, Thm. 9.5.3]). The enhanced solution functor Sol% induces a fully
faithful embedding
Sol§ : Dy, (Dx)” — Eg_(ICx).

Moreover, for any M € DP_(Dx) there ezists an isomorphism in D"(Dx)
M = RHY (Sol§ (M),
where RHY (K) := RHom" (K, O%).

Moreover, they gave a generalized t-structure (%E]%_CC(ICX), %EH%_CC(ICX))CGR on
ER . (ICx) and proved that the enhanced solution functor Soly induces a fully faith-
ful embedding of the abelian category Modye(Dx) of holonomic Dx-modules into
2EX(ICx) N 2E2%(ICy) in [DK19, Thm. 4.5.1].

Furthermore, T. Mochizuki proved that the image of Sol% can be characterized
by the curve test [Mocl6, Thm. 12.1]. On the other hand, in [Kas16b, Thm. 6.2],
M. Kashiwara showed the similar result of Fact 1.2 by using enhanced subanalytic
sheaves instead of enhanced ind-sheaves. In [Kuwal8, Thm. 8.5], T. Kuwagaki intro-
duced another approach to the irregular Riemann—Hilbert correspondence via irregu-
lar constructible sheaves which are defined by C-constructible sheaf with coefficients
in a finite version of the Novikov ring and special gradings.
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In this thesis, we define C-constructible enhanced ind-sheaves which are analo-
gous to C-constructible sheaves and prove that the triangulated category of them
is equivalent to the one of holonomic D-modules via the enhanced solution functor
Sol® of D’Agonolo and Kashiwara.

2 Main Results

2.1 (C-Constructible Enhanced Ind-Sheaves

The contents of this section are taken from a published paper [Ito20a].

First, we shall consider an analytic case. The main theorems of this section are
Theorems 2.8 and 2.10.

Let X be a complex analytic manifold and D a normal crossing divisor of X.
In this thesis, we regard the empty set as a normal crossing divisor for convenience.
We denote by E°(ICx) the heart of EP(ICy) with respect to the t-structure which
is induced by the one of the bounded derived category of ind-sheaves.

Definition 2.1. We say that K € E°(ICx) has a normal form along D if the
following three conditions are satisfied:

(1) 7T71(CX\D ® K AN K,
(ii) for any x € X \ D there exist an open neighborhood U, C X \ D of z and a
non-negative integer k such that K|y, ~ (Cf )%,

(iii) for any x € D there exist an open neighborhood U, C X of z, a good set
of irregular values {¢;}; on (U, D N U,) and a finite sectorial open covering
{U,,;}; of U, \ D such that for any j

7 'Cy,, ® K|y, ~ 7 'Cy,, ® (@Egjff)\m)'

i

Here E}(}:f li)\Um is an enhanced ind-sheaf which is induced by “hg” Cli4Repi>a}- See
a—r o0

[Mocl1, Def. 2.1.2] for the definition of a good set of irregular values.

Note that any enhanced ind-sheaf which has a normal form along D is an R-
constructible enhanced ind-sheaf. Moreover we have an equivalence of categories as
follows:



Proposition 2.2. The enhanced solution functor Soly induces an equivalence of
categories between the full subcategory of E°(ICx) consisting of objects which have a
normal form along D and the one of Modye(Dx) consisting of objects which have a
normal form along D.

This proposition follows from the sectorial refinement irregular Riemann-Hilbert
correspondence ([IT20a, Thms. 3.8 and 3.12]) and the curve test of Mochizuki [Moc16,
Thm. 12.1].

Definition 2.3. We say that K € E°(ICy) has a quasi-normal form along D if it
satisfies the conditions (i), (ii) in the Definition 2.1 and if for any = € D there exist

an open neighborhood U, C X of x and a ramification r,: U™ — U, of U, along
D, := U, N D such that Er;'(K|y,) has a normal form along DI := r*(D,).

Note that any enhanced ind-sheaf which has a quasi-normal form along D is an
R-constructible enhanced ind-sheaf. Moreover we have an equivalence of categories
as follows:

Proposition 2.4. The enhanced solution functor Solk induces an equivalence of
categories between the full subcategory of E°(ICx) consisting of objects which have a
quasi-normal form along D and the one of Mody,(Dx) consisting of objects which
have a quasi-normal form along D.

This proposition follows from Proposition 2.2.
Let H be an analytic hypersurface of X. In this thesis, we regard the empty set
as an analytic hypersurface for convenience.

Definition 2.5. We say that K € E°(ICx) has a modified quasi-normal form along
H if it satisfies the conditions (i), (ii) in the Definition 2.1 and if for any = € H
there exist an open neighborhood U, C X of x and a modification m,: U;cnd — U,
of U, along H, := U, N H such that Em_'(K|y,) has a quasi-normal form along
Dmd = m 1(H,).

Note that any enhanced ind-sheaf which has a modified quasi-normal form along
H is an R-constructible enhanced ind-sheaf. Moreover the following result follows
from Proposition 2.4 and results of K. S. Kedlaya and T. Mochizuki ([Ked10, Ked11,
Moc09, Mocl11]). We shall denote by Conn(X; H) the abelian category of meromor-
phic connections on X along H.

Proposition 2.6. The enhanced solution functor Soly induces an equivalence of
categories between the full subcategory of E°(ICx) consisting of objects which have a
modified quasi-normal form along H and the abelian category Conn(X; H).
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Let us define C-constructible enhanced ind-sheaves.

Definition 2.7. Let X be a complex manifold. We say that K € E°(ICy) is
(analytic) C-constructible if there exists a complex stratification { X, }aca of X such

that ﬂflcybl\ D ®Eb, 'K has a modified quasi-normal form along D,, for any « € A.

Here b, : 721 — X is a complex blow-up of X,. along X, \ X, Dy = by (Xo\Xa)
and 7: 721 X Ry — 721 is the morphism of bordered spaces given by the projection

X' xR o X

e} a

Note that any C-constructible enhanced ind-sheaf is R-constructible. Let us
denote by E2 (ICy) the full subcategory of ER .(ICx) consisting of objects whose
cohomologies are C-constructible enhanced ind-sheaves. The following theorem is
the main theorem of this section.

Theorem 2.8. For any M € D} (Dx), the enhanced solution complex Sol%y (M)
of M is an object of EX (ICx). On the other hand, for any K € ER_ (ICx), there
exists an object M € D} (Dx) such that

~ E
K — Soly(M).
Moreover, we obtain an equivalence of categories
Soll)z(

Do (Dx)” —= ~Eg (ICx)
RHE

where RHY (K) := RHom" (K, O%).

The second part of Theorem 2.8 follows from Proposition 2.6 and the first part
follows from Lemma 2.9 below. We denote by Db (Dx ) the full subcategory of
D} (Dx) consisting of objects whose cohomologies are meromorphic connections on
X along an analytic hypersurface H. Although Lemma 2.9 is well known by experts,

we prove it for convenience.

Lemma 2.9. Let M be a holonomic Dx-module. Then there exists a stratification
{Xa}aca of X such that for any o € A and any complex blow-up by, : 721 — X of X,

along X o\ Xa, we have (Db M)(xD,,) € D}?ﬂero(DYbl(D )), where Dy, = b1 (X, \ Xa)

: . . bl
is a normal crossing divisor of X, .



Moreover, we characterize a t-structure on the triangulated category E&_(ICx)
whose heart is equivalent to the abelian category Mody,(Dx) of holonomic Dx-
modules by using the sheafification functor

shyx = axiyR": EP(ICx) — D"(Cx)
of A. D’Agnolo and M. Kashiwara as follows. We set

PEZ(ICx) := {K € Eg (ICx) | shx(K) € "DZ},(Cx)},
PEZ(ICx) := {K € Eg(ICx) | DY(K) € "EZ}(ICx)}

C

= {K € E¢_(ICx) | shx(K) € "DZ}(Cx)},

where the pair (PDZ°(Cx),?DZ"(Cx)) is the perverse t-structure on DR (Cx) and
DE: EP(ICx)°® — EP(ICx) is the duality functor for enhanced ind-sheaves. See
[DK16, Def. 4.8.1] and also [DK19, § 2.7] for the duality functor DE.

Theorem 2.10. The pair (PEZ(ICx),PEZ%(ICx)) is a t-structure on ER_(ICx)
and its heart
Perv(ICy) := PEZ’(ICx) N*EZ"(ICx)

C

is equivalent to the abelian category Mody,(Dx) of holonomic Dx-modules.

Moreover, the pair (pEé.c(I(C X)s pE%_OC(IC X)) is related to the generalized t-structure

(%E]%_CC(ICX), %EH%_CC(ICX))CGR on Eb_(ICy) as follows. See [Kas16a, Def. 1.2] for the
definition of generalized t-structures.

Corollary 2.11. We have



2.2 Algebraic C-Constructible Enhanced Ind-Sheaves

The contents of this section are taken from [Ito20b].

In Section 2.1, we define C-constructible enhanced ind-sheaves on a complex
manifold and proved that the triangulated category of them is equivalent to the one of
analytic holonomic D-modules via the enhanced solution functor of A. D’Agnolo and
M. Kashiwara. In this section, we shall consider such an equivalence of categories on
smooth complex algebraic varieties. The main theorems of this section are Theorems
2.15 and 2.16.

Recall that after the appearance of the regular Riemann—Hilbert correspondence
of Kashiwara [Kas84, Main Theorem| (Fact 1.1), J. Bernstein proved an algebraic
version of the Riemann-Hilbert correspondence for regular holonomic D-modules
stated as follows. Remark that M. Kashiwara also proved an algebraic version of the
Riemann—Hilbert correspondence by using the analytic one.

Let X be a smooth complex algebraic variety. We denote by X*" the underling
complex analytic manifold of X, by Db (Dx) the triangulated category of regular
holonomic Dx-modules on X and by DE_C(C x) the one of algebraic C-constructible
sheaves on X®'. Then there exists an equivalence of triangulated categories

Solx: D (Dx)® = D2 (Cx),  Soly(M) := Solyan(M™).

See e.g., [Be, Main Theorem C (c)] or [HTT08, Thms. 4.7.7, 7.2.2] for the details.
Thus, we try to consider an algebraic version of irregular Riemann-Hilbert corre-
spondence in this thesis.

Let X be a smooth complex algebraic variety and denote by D} (Dx) the trian-
gulated category of (algebraic) holonomic Dx-modules on X.

Definition 2.12. We say that an enhanced ind-sheaf K € E°(ICx.n) satisfies the
condition (AC) if there exists an algebraic stratification {X,}aea of X such that
Wﬁlc(ybl)an\Dan ® E(6®)"'K has a modified quasi-normal form along D" for any
a € A (see Definition 2.5).

Here b, : 721 — X is a blow-up of X, along 0X,: = X, \ X, D := (yzl)an \
(721 \ D,)™ and 7: (Yzl)a“ X Ry — (Yzl)a“ is the morphism of bordered spaces
given by the projection (721)” xR — (721)3“.

Let us denote by E2_(ICx) the full triangulated subcategory of EP(ICxan) con-
sisting of objects whose cohomologies satisfy the condition (AC). Note that we have
an essential surjective functor

Sol%: Dp,(Dx)® — ER (ICx), M > Solka.(M™).
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This is not fully faithful in general. However if X is complete, it is fully faithful.

Theorem 2.13. Let X be a smooth complete algebraic variety over C. There exists
an equivalence of categories

Soly: Dy, (Dx)? — E2_(ICx).

Now, let us come back to the general case. Thanks to Hironaka’s desingularization

theorem [Hiro] (see also [Naga, Thm. 4.3]), for any smooth algebraic variety X over
C we can take a smooth complete algebraic variety X such that X ¢ X and D :
X \ X is a normal crossing divisor of X. Let us consider a bordered space X2 =
(X X*). We denote by EP(IC xan) the triangulated category of enhanced ind-
sheaves on X2, Note that EP(ICyan) does not depend on the choice of X and there
exists an equivalence of categories

Ejn

EP(IC ya ) (K € B"(IC4..) | 7 'Cxm @ K <> K},

E;j!

where j: X3 — X is a morphism of bordered spaces given by the open embedding

X < X. We shall denote the open embedding X «— X by the same symbol j and
set
Sol§ (M) := Ej~'Sol}(Dj.M) € E°(ICxu)

for any M € D*(Dy).

Definition 2.14. We say that an enhanced ind-sheaf K € EP(ICyan) is algebraic
C-constructible if EjyK € E’(IC4..) is an object of E .(IC5) (see Definition 2.12
for B2 (IC3)).

Let us denote by Eg (ICy.) the full triangulated subcategory of E*(IC yan) con-
sisting of algebraic C-constructible enhanced ind-sheaves. The following result is the
main theorem of this section.

Theorem 2.15. Let X be a smooth complex algebraic variety. For any M €
D}, (Dx), the enhanced solution complez Soly_ (M) of M is an algebraic C-constructible
enhanced ind-sheaf. On the other hand, for any algebraic C-constructible enhanced
ind-sheaf K € EX (ICx_), there exists an object M € DP.(Dx) such that

K ~ Sol§_(M).
Moreover, we obtain an equivalence of categories

Soly_: Dpy(Dx)” — Eg_(ICx.).
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Furthermore, we characterize a t-structure on the triangulated category E2 (ICx_)
whose heart is equivalent to the abelian category Mody,(Dx) of holonomic D-
modules on X by using the sheafification functor

of A. D’Agnolo and M. Kashiwara as follows. Let us denote by DYan: EP(ICxan ) —
EP(ICxan) the duality functor for enhanced ind-sheaves on X2, See [DK19, §2.7]
for the details. We set
PE¢.(ICx..) = {K € E2(ICx.) | shxs(K) € "Dz (Cx)},
PEZ.(ICx, ) == {K € Eg (ICx,,) | D}uw(K) € PEZ)(ICx..)}

= {K € E¢,(ICx,,) | shxa(K) € PDZ°(Cx)},

where the pair (pDé_OC(C x),’DZ2(C x)) is the perverse t-structure on the triangulated
category D .(Cx) of algebraic C-constructible sheaves on X®*. Then we obtain the
second main theorem of this section.

Theorem 2.16. Let X be a smooth complex algebraic variety. The pair
(pEéE)c(ICXoo)7pE(%—Oc(I(CXoo»
is a t-structure on ER_(ICx..) and its heart

Perv(ICx. ) := PEZ"(ICx. ) NPEZ%(ICx..)

C
is equivalent to the abelian category Mody,(Dx) of holonomic Dx-modules.

Furthermore the pair (pEé_OC(ICXOO),pE%_O (ICx..)) is related to the generalized

t-structure (% E; (ICym), %EH%CC (ICxan)), . on ER (ICxan) as follows:

ceR

PEZY(ICx. ) = *ER%(ICxa) NER (ICx.),
PEZY(ICx.) = *EZ% (ICxa) N ER(ICx_.).

REMARK 2.17. T. Kuwagaki [Kuwal8, Thm. 10.8] proved an algebraic version of the
irregular Riemann—Hilbert correspondence in the case of quasi-projective variety.

Thanks to the theory of minimal extensions of algebraic holonomic D-modules,
by using Theorem 2.16 we can describe simple objects of Perv(ICx_ ) as follows.



Definition 2.18. Let X be a smooth complex algebraic variety. A non-zero object
K € Perv(ICx_) is called simple if it contains no subobjects in Perv(ICx_ ) other
than K or 0.

Note that for any simple algebraic perverse sheaf F € Perv(Cx) the natural
embedding exan(F) € Perv(ICx_ ) is also simple.

In this thesis, we say that K € E°(ICxan) is an enhanced local system on X
if for any = € X there exist an open neighborhood U C X of x and a non-negative
integer k such that K|pa =~ (Cf..)®". Note that for any enhanced local system K
on X, we have K[dx] € Perv(ICy_).

Proposition 2.19. For any simple object K of Perv(ICx_), there exist a locally
closed smooth connected subvariety Z of X whose natural embedding is affine and a
simple enhanced local system L on Z, such that

K ~1Im (Elzgg”L[dZ] — Elzgg*L[de,

where a morphism BiganL|dz] — Eizan,L[dz] in Perv(ICx_ ) is induced by a canoni-
cal morphism Eizany — Eizan, of functors Eizan, Eizan,: Perv(IC;_ ) — Perv(ICx_ ).

Moreover we shall consider the image of a canonical morphism
pEizgg”K — pEizgg*K

for K € Perv(IC4_ ) and a locally closed smooth subvariety Z of X (not necessarily
the natural embedding i: Z — X is affine). Here we set

PEizan. :="H® 0 Eizan,: Perv(ICz_) — Perv(ICx,_ ),
PEizany :="H" 0 Eizany: Perv(ICz,_) — Perv(ICx,),

and PHY is the 0-th cohomology functor with respect to the perverse t-structures.
In this thesis, we shall define a minimal extension of K € Perv(ICy_ ) along Z as
follows.

Definition 2.20. In the situation as above, for any K € Perv(ICz_ ), we call the
image of the canonical morphism

pEizgg”K — pEizgg*K

the minimal extension of K along Z, and denote it by PEizan, K.
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Note that if Z is closed then there exists an isomorphism PEi zan), K ~ Eizan, K ~
Eizay K in Perv(ICx_ ) and there exists an equivalence of categories:

1
pEngg

Perv,(ICx_) ~ Perv(ICy_),

Eizan,

where Pervz(ICx_ ) is a full subcategory of Perv(ICx_ ) consisting of objects whose
support is contained in Z*". This is nothing but a counter part of the Kashiwara’s
equivalence of categories for holonomic cases. Thus the minimal extension PEi zany, K
of a simple object K of Perv(ICz_ ) along a closed smooth subvariety Z is also simple.

On the other hand, if U is open whose complement X \ U is a smooth subvariety,
then the minimal extension along U is characterized as follows:

Proposition 2.21. In the situation as above, the minimal extension PEiy zann, K
of K € Perv(ICy_ ) along U is characterized as the unique object L € Perv(ICx_)
satisfying the conditions

(1) BigamL ~ K,
(2) Eipwl € B3, (ICw..),
(3) EiyywL € EZ,(ICw,,).
Furthermore in the situation as above, the minimal extension PEigan, /K of a

simple object K of Perv(ICy, ) along U is also simple. Moreover, we obtain the
following results.

Theorem 2.22. Let X be a smooth complex algebraic variety and Z a locally closed
smooth subvariety of X (not necessarily the natural embedding iz : Z — X is affine).
We assume that Z = U N W with an open subset U C X whose complement X \ U
15 smooth and a closed subvariety W C X.

Then the minimal extension PEiza K of a simple object K of Perv(ICz__ ) along
Z s also simple.
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