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Abstract

In this thesis, we use shrinkage priors to obtain good Bayesian procedures for various statisti-
cal problems. In the first half of the thesis, we mainly use hierarchical priors constructed by
assuming hyperpriors for global hyperparameters in order to prove domination results. In the
second half of the thesis, properties of hyperpriors for local hyperparameters are analytically in-
vestigated in terms of shrinkage and robustness, improved numerical performance of global-local
shrinkage priors is shown in simulation and empirical studies, and some results for Bayesian
robust regression are also obtained.

In Part II of the thesis, we first consider in Chapter 2 the problems of estimating unknown
parameters and predictive densities on the basis of observations of Poisson variables. Then, in
Chapters 3 and 4, similar problems are treated in the negative multinomial case. Finally, in
Chapter 5, we consider the prediction problem on the basis of Chi-squared and normal samples
where the predictive density to be estimated is independent of the location parameter.

In Chapters 6 and 7 of Part III, we introduce classes of heavy-tailed distributions and inves-
tigate shrinkage and tail-robustness properties of corresponding Bayesian methods both analyt-
ically and numerically in the Poisson and normal cases. In Chapter 8 of Part III, the usefulness
of our heavy-tailed distributions is further illustrated in the context of robust regression.
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Chapter 1

Introduction

In this thesis, we take Bayesian shrinkage approaches to statistical inference for various para-
metric models and consider combining observed data with prior information or beliefs to obtain
good estimators, predictive distributions, or, more generally, decisions which are superior to
those based on the direct use of data from some theoretical and/or practical points of view.
Theoretical aspects of classical shrinkage techniques are discussed for several models in Part
II of the thesis, where Bayesian shrinkage estimators and predictive density estimators are de-
rived and shown to have improved frequentist risk performance. In particular, we study Stein’s
phenomenon and prove that usual procedures are dominated by Bayesian shrinkage procedures
under suitable conditions. Although Stein’s phenomenon has been extensively investigated since
Stein (1956) and many related problems have been considered for nonnormal and predictive mod-
els since Clevenson and Zidek (1975) and Komaki (2001), respectively, important new results are
included in each chapter. Part III of the thesis treats more practical aspects as well. We propose
classes of useful global-local shrinkage priors (Polson and Scott (2012a)) which have desirable
properties in combining observed and prior information in possibly high-dimensional settings.
The local priors are heavy-tailed distributions and the resulting estimators behave in such a way
that small signals are shrunk toward prior means while large signals are kept unshrunk (tail
robustness, Carvalho et al. (2010)). The usefulness of our heavy-tailed distributions is further
illustrated in the context of robust regression.

The contents of Parts II and III can be considered as complementary to each other in terms of
investigating the effects of global and local shrinkage. Let f(x|θ), x ∈ X , be a likelihood function
and π(θ|λ), θ ∈ Θ, be a conjugate prior with hyperparameter λ ∈ Λ, where X is the sample
space and Θ is the parameter space. Suppose that X1, . . . , Xm are independent observations
from f(x1|θ1), . . . , f(xm|θm), x1, . . . , xm ∈ X , θ1, . . . , θm ∈ Θ, and consider using a joint prior
of the form

(θ1, . . . , θm) ∼ π(θ1|λ1γ) · · ·π(θm|λmγ),
(λ1, . . . , λm) ∼ ψlocal(λ1) · · ·ψlocal(λm), γ ∼ ψglobal(γ),

where λ1, . . . , λm and γ are local and global hyperparameters with hyperpriors ψlocal(λ1), . . . , ψ
local(λm)

and ψglobal(γ) and satisfy λ1γ, . . . , λmγ ∈ Λ. In Part II of the thesis, we fix λ1, . . . , λm and use
the marginal joint prior of θ1, . . . , θm based on ψglobal(γ). On the other hand, in Chapters 6 and
7 of Part III, we first investigate the properties of ψlocal(λ1), . . . , ψ

local(λm) analytically when γ
is fixed and then investigate the numerical performance of the global-local shrinkage prior when
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λ1, . . . , λm and γ are not fixed.
Part II of the thesis is organized as follows.

• Chapter 2: Bayesian Point Estimators and Predictive Density Estimators Based on Poisson
Observations

In this chapter, we consider the problem of simultaneously estimating parameters of inde-
pendent Poisson distributions in the presence of possibly unbalanced sample sizes under
weighted standardized squared error loss. A class of heterogeneous Bayesian shrinkage es-
timators that utilize the unbalanced nature of sample sizes is proposed. To provide a the-
oretical justification, we first derive a necessary and sufficient condition for an estimator in
the class to be proper Bayes and hence admissible and then obtain sufficient conditions for
minimaxity that are compatible with the admissibility condition. Heterogeneous and ho-
mogeneous shrinkage estimators are compared by simulation. Several estimation methods
are applied to data relating to the standardized mortality ratio. Finally, some extensions
are considered. This chapter is based on Hamura and Kubokawa (2019b, 2020c).

• Chapter 3: Bayesian Shrinkage Estimation of Negative Multinomial Parameter Vectors

The negative multinomial distribution is a multivariate generalization of the negative bi-
nomial distribution. In this chapter, we consider the problem of estimating an unknown
matrix of probabilities on the basis of observations of negative multinomial variables under
the standardized squared error loss. First, a general sufficient condition for a shrinkage
estimator to dominate the UMVU estimator is derived and an empirical Bayes estimator
satisfying the condition is constructed. Next, a hierarchical shrinkage prior is introduced,
an associated Bayes estimator is shown to dominate the UMVU estimator under some con-
ditions, and some remarks about posterior computation are presented. Finally, shrinkage
estimators and the UMVU estimator are compared by simulation. This chapter is based
on Hamura and Kubokawa (2020b).

• Chapter 4: Bayesian Shrinkage Approaches to Unbalanced Problems of Estimation and
Prediction on the Basis of Negative Multinomial Samples

In this chapter, we treat estimation and prediction problems where negative multinomial
variables are observed and in particular consider unbalanced settings. First, the problem
of estimating multiple negative multinomial parameter vectors under the standardized
squared error loss is treated and a new empirical Bayes estimator which dominates the
UMVU estimator under suitable conditions is derived. Second, we consider estimation
of the joint predictive density of several multinomial tables under the Kullback-Leibler
divergence and obtain a sufficient condition under which the Bayesian predictive density
with respect to a hierarchical shrinkage prior dominates the Bayesian predictive density
with respect to the Jeffreys prior. Third, our proposed Bayesian estimator and predictive
density give risk improvements in simulations. Finally, the problem of estimating the joint
predictive density of negative multinomial variables is discussed. This chapter is based on
Hamura (2020).

• Chapter 5: Bayesian Predictive Density Estimation for a Chi-Squared Model Using Infor-
mation from a Normal Observation with Unknown Mean and Variance

In this chapter, we consider the problem of estimating the density function of a Chi-squared
variable on the basis of observations of another Chi-squared variable and a normal variable

8



under the Kullback-Leibler divergence. We assume that these variables have a common
unknown scale parameter and that the mean of the normal variable is also unknown.
We compare the risk functions of two Bayesian predictive densities: one with respect
to a hierarchical shrinkage prior and the other based on a noninformative prior. The
hierarchical Bayesian predictive density depends on the normal variable while the Bayesian
predictive density based on the noninformative prior does not. Sufficient conditions for
the former to dominate the latter are obtained. These predictive densities are compared
by simulation. This chapter is based on Hamura and Kubokawa (2020d).

Part III of the thesis is organized as follows.

• Chapter 6: On Global-Local Shrinkage Priors for Count Data

Global-local shrinkage prior has been recognized as useful class of priors which can strongly
shrink small signals towards prior means while keeping large signals unshrunk. Although
such priors have been extensively discussed under Gaussian responses, we intensively en-
counter count responses in practice in which the previous knowledge of global-local shrink-
age priors cannot be directly imported. In this chapter, we discuss global-local shrinkage
priors for analyzing sequence of counts. We provide sufficient conditions under which the
posterior mean keeps the observation as it is for very large signals, known as tail robustness
property. Then, we propose tractable priors to meet the derived conditions approximately
or exactly and develop an efficient posterior computation algorithm for Bayesian inference.
The proposed methods are free from tuning parameters, that is, all the hyperparameters
are automatically estimated based on the data. We demonstrate the proposed methods
through simulation and an application to a real dataset. This chapter is based on Hamura,
Irie and Sugasawa (2020a).

• Chapter 7: Shrinkage with Robustness: Log-Adjusted Priors for Sparse Signals

We introduce a new class of distributions named log-adjusted shrinkage priors for the
analysis of sparse signals, which extends the three parameter beta priors by multiplying an
additional log-term to their densities. The proposed prior has density tails that are heavier
than even those of the Cauchy distribution and realizes the tail-robustness of the Bayes
estimator, while keeping the strong shrinkage effect on noises. We verify this property
via the improved posterior mean squared errors in the tail. An integral representation
with latent variables for the new density is available and enables fast and simple Gibbs
samplers for the full posterior analysis. Our log-adjusted prior is significantly different
from existing shrinkage priors with logarithms for allowing its further generalization by
multiple log-terms in the density. The performance of the proposed priors is investigated
through simulation studies and data analysis. This chapter is based on Hamura, Irie and
Sugasawa (2020b).

• Chapter 8: Log-Regularly Varying Scale Mixture of Normals for Robust Regression

Linear regression with the classical normality assumption for the error distribution may
lead to an undesirable posterior inference of regression coefficients due to the potential
outliers. This chapter considers the finite mixture of two components with thin and heavy
tails as the error distribution, which has been routinely employed in applied statistics. For
the heavily-tailed component, we introduce the novel class of distributions; their densities
are log-regularly varying and have heavier tails than those of Cauchy distribution, yet

9



they are expressed as a scale mixture of normal distributions and enable the efficient
posterior inference by Gibbs sampler. We prove the robustness to outliers of the posterior
distributions under the proposed models with a minimal set of assumptions, which justifies
the use of shrinkage priors with unbounded densities for the high-dimensional coefficient
vector in the presence of outliers. The extensive comparison with the existing methods
via simulation study shows the improved performance of our model in point and interval
estimation, as well as its computational efficiency. Further, we confirm the posterior
robustness of our method in the empirical study with the shrinkage priors for regression
coefficients. This chapter is based on Hamura, Irie and Sugasawa (2020c).

Some concluding remarks are given in Chapter 9. In particular, the results and contribution
of the thesis are summarized.

10
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Chapter 2

Bayesian Point Estimators and
Predictive Density Estimators Based
on Poisson Observations

2.1 Introduction

Since the work of Clevenson and Zidek (1975), simultaneous estimation of parameters of inde-
pendent Poisson distributions has been studied by many authors including Tsui (1979a), Tsui
and Press (1982), Hwang (1982), and Chang and Shinozaki (2019). However, most of the ex-
isting work either concerns with the case of balanced sample sizes or deals with estimators in
the unbalanced case which do not utilize the fact that the sample sizes are unbalanced. In
this chapter, we consider the estimation problem in the case of unbalanced sample sizes and
construct shrinkage estimators whose shrinkage factors reflect the fact that the sample sizes are
unbalanced.

Suppose that X1, . . . , Xm are mutually independent Poisson random variables with means
n1λ1, . . . , nmλm, respectively, and that λ = (λ1, . . . , λm) ∈ (0,∞)m is the unknown parameter
while n1, . . . , nm are positive known constants. This situation arises, for example, when for
each i = 1, . . . ,m, the observation Xi is the sum of ni(∈ N) random sample from the Poisson
distribution with mean λi. An example where n1, . . . , nm are positive (possibly noninteger)
real numbers is given in Komaki (2015). We treat the problem of estimating λ on the basis of
X = (X1, . . . , Xm).

In the balanced case with n1 = · · · = nm = 1, the model becomes equivalent to that
considered by Clevenson and Zidek (1975). When n1 = · · · = nm = 1, for the avoidance of
confusion, we use the different notation X̊1 = X1, . . . , X̊m = Xm. Then, they showed that the
estimator (

1− β0 +m− 1∑m
i=1 X̊i + β0 +m− 1

)
(X̊1, . . . , X̊m) (2.1.1)

is admissible for 1 < β0 and minimax for m ≥ 2 and 0 ≤ β0 ≤ m−1 relative to the loss function∑m
i=1(di − λi)

2/λi.

12



Using their result, we can readily verify that the estimator(
1− β0 +m− 1∑m

i=1Xi + β0 +m− 1

)(X1

n1
, . . . ,

Xm

nm

)
(2.1.2)

dominates the ML estimator (X1/n1, . . . , Xm/nm) if m ≥ 2 and 0 ≤ β0 ≤ m− 1 under the loss

m∑
i=1

ni
λi

(di − λi)
2. (2.1.3)

However, the estimator given by (2.1.2) is not necessarily a natural shrinkage estimator from a
practical point of view because the shrinkage factor 1 − (β0 +m − 1)/(

∑m
i=1Xi + β0 +m − 1)

is common to all the samples irrespective of n = (n1, . . . , nm). In many applications, one of
the purposes of using shrinkage estimators is to reduce the instability of ML estimators. In
the present setting, for all i, j = 1, . . . ,m such that ni < nj , the ML estimator Xi/ni tends
to be more unstable than Xj/nj since the variance of Xi/ni is approximately nj/ni times the
variance of Xj/nj if λi ≈ λj . In addition, for each i = 1, . . . ,m, the sample size ni can be
interpreted as representing the amount of information the observation Xi contains about the
unknown parameter λi. Thus, it seems reasonable to use a shrinkage estimator such that it
shrinks the ML estimator Xi/ni more toward the origin than Xj/nj for all i, j = 1, . . . ,m such
that ni < nj . Furthermore, it turns out in Section 2.2 that the estimator given by (2.1.2) with
m ≥ 2 and β0 ≥ 0 is the Bayes estimator with respect to a perhaps unnatural shrinkage prior
which depends on n and puts less weight on the smaller values of λi than on the smaller values
of λj for all i, j = 1, . . . ,m such that ni < nj .

In this chapter, we consider the class of heterogeneous shrinkage estimators(
{1− ϕ1(X)}X1

n1
, . . . , {1− ϕm(X)}Xm

nm

)
, (2.1.4)

where the functions ϕ1, . . . , ϕm : {0, 1, 2, . . . }m → [0, 1] satisfy that ϕi(x) > ϕj(x) for all x =
(x1, . . . , xm) ∈ {0, 1, 2, . . . }m and i, j = 1, . . . ,m such that xi, xj ≥ 1 and ni < nj . We evaluate
estimators under the weighted standardized squared loss function given by

Lc(d,λ) =

m∑
i=1

ci
λi

(di − λi)
2, (2.1.5)

where c = (c1, . . . , cm) ∈ (0,∞)m is a vector of weights possibly different form n and where
d = (d1, . . . , dm) denotes a m-dimensional vector. For a discussion of the estimation of normal
means in the presence of unequal weights as well as unequal variances, see Morris (1983).

Hamura and Kubokawa (2019b) constructed shrinkage estimators of the form (2.1.4) by
using a class of improper priors introduced by Komaki (2015). However, they did not prove the
admissibility of the estimators. In this chapter, we introduce a class of priors which includes
both the proper priors of Clevenson and Zidek (1975) and the improper priors of Komaki (2015),
construct proper Bayes estimators of the form (2.1.4), and derive sufficient conditions for the
estimators to be minimax. The results for proper prior distributions are not straightforward
generalizations of those for improper prior distributions. The main contribution of this chapter
is to construct Bayes estimators of the form (2.1.4) which are both admissible and minimax.
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In Section 2.2, we introduce the class of priors mentioned above, derive a necessary and
sufficient condition for a prior in the class to be proper, and express the corresponding Bayes
estimators explicitly. In Section 2.3, we derive sufficient conditions for minimaxity. In Section
2.4, some Monte Carlo evidence is presented. In Section 2.5, we treat real data. In Section 2.6,
we consider some extensions. All the proofs of the lemmas in Sections 2.2 and 2.3 are given in
the Appendix.

2.2 A Class of Bayes Estimators

We begin by providing a class of priors which includes the priors of both Clevenson and Zidek
(1975) and Komaki (2015). Let

πα,β,γ;β0,γ0(λ) =

∏m
i=1 λi

βi−1

(
∑m

i=1 λi/γi)
α

∫ ∞

0

uα−1+β0

(u/γ0 +
∑m

i=1 λi/γi)
β0
e−udu (2.2.1)

for α > 0, β = (β1, . . . , βm) ∈ (0,∞)m, γ = (γ1, . . . , γm) ∈ (0,∞)m, β0 ≥ 0, and γ0 > 0. By
making the change of variables u′ = u/(

∑m
i=1 λi/γi), we can write (2.2.1) as

πα,β,γ;β0,γ0(λ) =
( m∏

i=1

λi
βi−1

)∫ ∞

0

uα−1+β0

(1 + u/γ0)β0
e−u

∑m
i=1 λi/γidu. (2.2.2)

The class of priors of Clevenson and Zidek (1975) is expressed as

πm−1,j,j;β0,1(λ) =
1

(
∑m

i=1 λi)
m−1

∫ ∞

0

um−2+β0

(u+
∑m

i=1 λi)
β0
e−udu, (2.2.3)

where j = (1, . . . , 1) ∈ Rm, when m ≥ 2 or β0 > 0. The prior (2.2.3) is proper if β0 > 1, as
shown by Clevenson and Zidek (1975). On the other hand, the class of priors of Komaki (2015)
is described by

πα,β,γ;0,1(λ)

Γ(α)
=

∏m
i=1 λi

βi−1

(
∑m

i=1 λi/γi)
α
.

This prior is improper for all values of α, β, and γ, which can be verified by, for example, Lemma
2.2.1 below.

The following lemma gives a necessary and sufficient condition for the prior πα,β,γ;β0,γ0 to
be proper. Let β· =

∑m
i=1 βi.

Lemma 2.2.1 The prior πα,β,γ;β0,γ0 satisfies∫
· · ·
∫
(0,∞)m

πα,β,γ;β0,γ0(λ)dλ <∞

if and only if α < β· < α+ β0.

Next we derive an explicit form of the Bayes estimator against the prior πα,β,γ;β0,γ0 . To this
end, we define

K(γ, ξ, α; γ0, β0) =

∫ ∞

0

uα−1

(1 + u/γ0)β0

m∏
i=1

1

(1 + u/γi)ξi
du
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for ξ = (ξ1, . . . , ξm) ∈ [0,∞)m such that β0 +
∑m

i=1 ξi > α. This function is a generalization
of the function given by Komaki (2015) which generalizes the beta function. Indeed, when
γ0 = γ1 = · · · = γm, we have

K(γ, ξ, α; γ0, β0) = γ0
αB(α, β0 + ξ· − α) (2.2.4)

for ξ· =
∑m

i=1 ξi. The function K satisfies the following properties. Let ei denote the i-th unit
vector in Rm, namely the i-th row of the m×m identity matrix, for i = 1, . . . ,m.

Lemma 2.2.2 The following relations hold.
(i)

αK(γ, ξ, α; γ0, β0) =
β0
γ0
K(γ, ξ, α+ 1; γ0, β0 + 1)

+

m∑
i=1

ξi
γi
K(γ, ξ + ei, α+ 1; γ0, β0).

(2.2.5)

(ii) For i = 1, . . . ,m,

K(γ, ξ + ei, α+ 1; γ0, β0) = γi{K(γ, ξ, α; γ0, β0)−K(γ, ξ + ei, α; γ0, β0)}. (2.2.6)

For the case of β0 = 0, the relations (2.2.5) and (2.2.6) are given in Lemma 5 of Komaki (2015).
The following lemma gives some more properties of the function K and is crucial in Section

2.3 when we prove the existence of a heterogeneous shrinkage estimator which is both admissible
and minimax.

Lemma 2.2.3 Suppose that α < β0 +
∑m

i=1 ξi − 1. Then the following inequalities hold.
(i) For i = 1, . . . ,m,

K(γ, ξ, α+ 1; γ0, β0)

K(γ, ξ − ei, α; γ0, β0)
≥ K(γ, ξ + ei, α+ 1; γ0, β0)

K(γ, ξ, α; γ0, β0)
. (2.2.7)

Similarly,

K(γ, ξ, α+ 1; γ0, β0)

K(γ, ξ, α; γ0, β0 − 1)
≥ K(γ, ξ, α+ 1; γ0, β0 + 1)

K(γ, ξ, α; γ0, β0)
. (2.2.8)

(ii) For i = 1, . . . ,m,

K(γ, ξ + ei, α+ 2; γ0, β0)

K(γ, ξ, α; γ0, β0)
≥ K(γ, ξ, α+ 1; γ0, β0)

K(γ, ξ, α; γ0, β0)

K(γ, ξ + ei, α+ 1; γ0, β0)

K(γ, ξ, α; γ0, β0)
. (2.2.9)

Similarly,

K(γ, ξ, α+ 2; γ0, β0 + 1)

K(γ, ξ, α; γ0, β0)
≥ K(γ, ξ, α+ 1; γ0, β0)

K(γ, ξ, α; γ0, β0)

K(γ, ξ, α+ 1; γ0, β0 + 1)

K(γ, ξ, α; γ0, β0)
. (2.2.10)
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For v = (v1, . . . , vm) ∈ Rm and ṽ = (ṽ1, . . . , ṽm) ∈ Rm, we write v ◦ ṽ = (v1ṽ1, . . . , vmṽm).
Let N0 = {0, 1, 2, . . . }. For x = (x1, . . . , xm) ∈ N0

m and i = 1, . . . ,m, we define

ϕ
(α,β,γ;β0,γ0)
i (x)

=

{
1

niγi

K(n◦γ,x+β,α+β0+1;γ0,β0)
K(n◦γ,x+β−ei,α+β0;γ0,β0)

if xi + βi > 1 and
∑m

j=1(xj + βj) > α+ 1

1 otherwise.

The following lemma gives an explicit form of the Bayes estimator based on πα,β,γ;β0,γ0 .

Lemma 2.2.4 Suppose α < β·. Then the estimator λ̂
(α,β,γ;β0,γ0)

defined by(
{1− ϕ

(α,β,γ;β0,γ0)
1 (X)}X1 + β1 − 1

n1
, . . . , {1− ϕ(α,β,γ;β0,γ0)

m (X)}Xm + βm − 1

nm

)
(2.2.11)

is the unique Bayes estimator of λ on the basis of X against the prior πα,β,γ;β0,γ0 under the loss
function Lc given by (2.1.5).

It is worth noting that the Bayes estimator λ̂
(α,β,γ;β0,γ0)

is robust in the sense that it does
not depend on c. We remark that the estimator with β = j shrinks the ML estimator toward
the origin.

Let ν = (1/n1, . . . , 1/nm) be the vector whose elements are the reciprocals of the sample
sizes, so that n◦ν = j. Suppose that m ≥ 2. Then the Bayes estimator with α = m−1, β = j,

γ = ν, and γ0 = 1, namely λ̂
(m−1,j,ν;β0,1)

, reduces to (2.1.2) by (2.2.4). Thus, (2.1.2) is the
Bayes estimator against the prior

πm−1,j,ν;β0,1(λ) =
1

(
∑m

i=1 niλi)
m−1

∫ ∞

0

um−2+β0

(u+
∑m

i=1 niλi)
β0
e−udu.

In the context of shrinkage estimation, however, this choice of prior may be inappropriate since
it depends on n and puts less weight on the smaller values of λi than on the smaller values of
λj for all i, j = 1, . . . ,m such that ni < nj . Indeed, the shrinkage factor of the resulting Bayes
estimator (2.1.2) fails to reflect the fact that the sample size n is unbalanced.

Finally, we propose an estimator of the form (2.1.4) which shrinks the ML estimator Xi/ni
more toward the origin than Xj/nj for all i, j = 1, . . . ,m such that ni < nj . We consider the
case where β = γ = j and α < m for j = (1, . . . , 1) ∈ Rm. Then the prior is

πα,j,j;β0,γ0(λ) =
1

(
∑m

i=1 λi)
α

∫ ∞

0

uα−1+β0

(u/γ0 +
∑m

i=1 λi)
β0
e−udu,

which is a shrinkage prior symmetric in λ1, . . . , λm. The resulting estimator can be expressed as

λ̂
(α,j,j;β0,γ0)

=
(
{1− ϕ

(α,j,j;β0,γ0)
1 (X)}X1

n1
, . . . , {1− ϕ(α,j,j;β0,γ0)

m (X)}Xm

nm

)
, (2.2.12)

where

ϕ
(α,j,j;β0,γ0)
i (x) =

{
1
ni

K(n,x+j,α+β0+1;γ0,β0)
K(n,x+j−ei,α+β0;γ0,β0)

if xi ≥ 1

1 if xi = 0
(2.2.13)

for x = (x1, . . . , xm) ∈ N0
m and i = 1, . . . ,m. This shrinkage estimator has the following

heterogeneity properties.
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Lemma 2.2.5 Let x = (x1, . . . , xm) ∈ N0
m and suppose α < m.

(i) Let i ∈ {1, . . . ,m}. Then

0 < ϕ
(α,j,j;β0,γ0)
i (x) ≤ 1. (2.2.14)

Equality holds if and only if xi = 0.
(ii) Let i, j ∈ {1, . . . ,m} and suppose xi, xj ≥ 1. Then

ϕ
(α,j,j;β0,γ0)
i (x) > ϕ

(α,j,j;β0,γ0)
j (x) if and only if ni < nj. (2.2.15)

(iii) Let i ∈ {1, . . . ,m} and suppose xi ≥ 1. Suppose further that α < m− 2. Then

lim
ni→∞

ϕ
(α,j,j;β0,γ0)
i (x) = 0. (2.2.16)

In the case where n = j and α + 1 = m ≥ 2 and γ0 = 1, both of the estimators (2.1.2)
and (2.2.12) coincide with the estimator (2.1.1) given by Clevenson and Zidek (1975). However,
we propose the latter as an important generalization of (2.1.1) which satisfies the heterogeneity
properties (2.2.14), (2.2.15), and (2.2.16).

2.3 Sufficient Conditions for Minimaxity

In this section, we derive sufficient conditions for the estimator λ̂
(α,β,γ;β0,γ0)

given by (2.2.11)
to be minimax under the loss function Lc given by (2.1.5). Since it can be shown that the

ML estimator λ̂
ML

= (λ̂ML
1 , . . . , λ̂ML

m ) = (X1/n1, . . . , Xm/nm) is the constant risk minimax

estimator, it suffices to find conditions under which λ̂
(α,β,γ;β0,γ0)

dominates λ̂
ML

. Hereafter, we
restrict our attention to the case of α < m and β = j and consider the shrinkage estimator

λ̂
(α,j,γ;β0,γ0)

=
(
{1− ϕ

(α,j,γ;β0,γ0)
1 (X)}X1

n1
, . . . , {1− ϕ(α,j,γ;β0,γ0)

m (X)}Xm

nm

)
, (2.3.1)

where

ϕ
(α,j,γ;β0,γ0)
i (x) =

{
1

niγi

K(n◦γ,x+j,α+β0+1;γ0,β0)
K(n◦γ,x+j−ei,α+β0;γ0,β0)

if xi ≥ 1

1 if xi = 0

for x = (x1, . . . , xm) ∈ N0
m and i = 1, . . . ,m.

The following result, due to Hudson (1978), is used in the proof of Theorem 2.3.1 below.

Lemma 2.3.1 Let h : N0
m → R and suppose that Eλ[|h(X)|] < ∞. Then for all i = 1, . . . ,m,

if h(x) = 0 for all x = (x1, . . . , xm) ∈ N0
m such that xi = 0, we have

Eλ

[h(X)

niλi

]
= Eλ

[h(X + ei)

Xi + 1

]
.

For simplicity of notation, we let ai = niγi and Ci = (ci/ni)(1/ai) = ci/(ni
2γi) for i =

1, . . . ,m and let a = min1≤i≤m ai, a = max1≤i≤m ai, C = min1≤i≤mCi, C = max1≤i≤mCi, and
C· =

∑m
i=1Ci. The following theorem, which will be proved later in this section, gives two

sufficient conditions for the minimaxity of λ̂
(α,j,γ;β0,γ0)

.
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Theorem 2.3.1 Assume that α < m and that γ0 ≤ a.
(i) Suppose that

α+ β0 ≤
2

3

(C·

C
− 1
)(β0

m
+ 1
)
. (2.3.2)

Then the estimator λ̂
(α,j,γ;β0,γ0)

is minimax under the loss Lc.
(ii) Let ρ = {C(α + β0 + 1) − C·}/{C(α + β0)}. Suppose that 0 ≤ ρ ≤ 1 − (1/2)(a/a) and

that

2ρ
(
β0 +m+

a

a

)
≤ C

C
(α+ 2β0 + 1)− C·

C
+ 2

a

a
− 1. (2.3.3)

Then the estimator λ̂
(α,j,γ;β0,γ0)

is minimax under the loss Lc.

Part (i) of Theorem 2.3.1 is a generalization of Theorem 3 of Hamura and Kubokawa (2019b).
They consider the case of β0 = 0. In this case, the prior is improper by Lemma 2.2.1 but
whenever m ≥ 2, there is always a value of α > 0 that satisfies the sufficient condition (2.3.2)

for the minimaxity of the estimator λ̂
(α,j,γ;0,a)

. On the other hand, when the prior is proper,
assumption (2.3.2) implies m < (2/3)(C·/C − 1)(β0/m + 1) ≤ 2(C·/C − 1). Therefore, there
exist C1, . . . , Cm such that the condition (2.3.2) is violated for any choice of a proper prior. We
can also generalize Theorem 4 of Hamura and Kubokawa (2019b) to obtain another sufficient
condition for the case that C(α + β0 + 1) ≤ C·: if a/a ≥ 1/2 and α + β0 ≤ C·/C − 1, then

λ̂
(α,j,γ;β0,γ0)

is minimax under the loss Lc.
Let n = min1≤i≤m ni and n = max1≤i≤m ni. Let C∗

i = ci/ni
2 for i = 1, . . . ,m and define

C∗, C
∗
, and C∗

· analogously. Combining Lemmas 2.2.1, 2.2.4, and 2.2.5 and Theorem 2.3.1, we
obtain the following theorem.

Theorem 2.3.2 Suppose that α < m < α + β0 and that γ0 ≤ n. Suppose further that one of
the following two conditions holds:

(i)

α+ β0 ≤
2

3

(C∗
·

C
∗ − 1

)(β0
m

+ 1
)
.

(ii)

C
∗
(α+ β0 + 1)− C∗

·
C∗(α+ β0)

≤ min
{
1− 1

2

n

n
,
(C

∗
/C∗)(α+ 2β0 + 1)− C∗

· /C
∗ + 2n/n− 1

2(β0 +m+ n/n)

}
.

Then the estimator λ̂
(α,j,j;β0,γ0)

given by (2.2.12) is admissible and minimax under the loss Lc.
Furthermore, for all x = (x1, . . . , xm) ∈ N0

m and i, j ∈ {1, . . . ,m} such that xi, xj ≥ 1, it
satisfies (2.2.14), (2.2.15), and, if α < m− 2, (2.2.16).
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It can be seen that there exists an admissible minimax shrinkage estimator that satisfies
(2.2.14), (2.2.15), and (2.2.16) by, for example, applying part (i) of Theorem 2.3.2 to the case
where (α, β0, γ0) = (1,m, n) and m is sufficiently large and C∗/C

∗
is sufficiently close to 1.

Furthermore, though the details are omitted here, it can be shown from part (i) of Theorem
2.3.2 that there exists α > 0, β0 ≥ 0, and γ0 > 0 such that the conclusion of Theorem 2.3.2
holds if 2 ≤ m < (4/3)(C∗

· /C
∗ − 1). This condition reduces to

2 ≤ m <
4

3

( m∑
i=1

nk

nik
− 1
)

with k = 1 when ci = ni and with k = 2 when ci = 1.

In the particular case of n = c = γ = j and γ0 = 1, the condition for λ̂
(α,j,j;β0,γ0)

to be
admissible and minimax given in part (i) of Theorem 2.3.2 is

α < m < α+ β0 and α+
(
1− 2

3

m− 1

m

)
β0 ≤

2

3
(m− 1), (2.3.4)

whereas that given in part (ii) of Theorem 2.3.2 is

α < m < α+ β0 ≤ 2(m− 1) and
α+ β0 + 1−m

α+ β0
≤ α+ 2β0 −m+ 2

2(β0 +m+ 1)
. (2.3.5)

Conditions (2.3.4) and (2.3.5) correspond to (2.3.2) and (2.3.3), respectively. The condition
given by Clevenson and Zidek (1975) is

α = m− 1 and 1 < β0 ≤ m− 1.

When m ≥ 2 and α = m− 1, condition (2.3.4) is not satisfied for any values of β0 but condition
(2.3.5) becomes

1 < β0 ≤ (m− 1)/3.

Thus, although the result of Clevenson and Zidek (1975) is not completely included, Theorem
2.3.1 or 2.3.2, which was derived for estimating λ when n is unbalanced, gives the sufficient
condition which is close to that of Clevenson and Zidek (1975) even in the case of balanced
sample sizes.

Proof of Theorem 2.3.1. Let ∆ = Eλ[Lc(λ̂
(α,j,γ;β0,γ0)

,λ)]−Eλ[Lc(λ̂
ML
,λ)]. From (2.3.1),

∆ = Eλ

[ m∑
i=1

[ ci
λi

{Xi

ni
− λi −

Xi

ni
ϕ
(α,j,γ;β0,γ0)
i (X)

}2
− ci
λi

(Xi

ni
− λi

)2]]
= Eλ

[ m∑
i=1

( nici
niλi

[{Xi

ni
ϕ
(α,j,γ;β0,γ0)
i (X)

}2
− 2
(Xi

ni

)2
ϕ
(α,j,γ;β0,γ0)
i (X)

]
+ 2ci

Xi

ni
ϕ
(α,j,γ;β0,γ0)
i (X)

)]
,
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which is, by application of Lemma 2.3.1,

∆ = Eλ

[ m∑
i=1

( nici
Xi + 1

[{Xi + 1

ni
ϕ
(α,j,γ;β0,γ0)
i (X + ei)

}2

− 2
(Xi + 1

ni

)2
ϕ
(α,j,γ;β0,γ0)
i (X + ei)

]
+ 2ci

Xi

ni
ϕ
(α,j,γ;β0,γ0)
i (X)

)]
.

Therefore, we can write the risk difference as ∆ = Eλ[I1(X)− 2I2(X) + 2I3(X)], where

I1(x) =

m∑
i=1

ci
ni

(xi + 1)
{ 1

niγi

K(n ◦ γ,x+ j + ei, α+ β0 + 1; γ0, β0)

K(n ◦ γ,x+ j, α+ β0; γ0, β0)

}2
,

I2(x) =

m∑
i=1

ci
ni

xi + 1

niγi

K(n ◦ γ,x+ j + ei, α+ β0 + 1; γ0, β0)

K(n ◦ γ,x+ j, α+ β0; γ0, β0)
,

I3(x) =


0 if x = 0
m∑
i=1

ci
ni

xi
niγi

K(n ◦ γ,x+ j, α+ β0 + 1; γ0, β0)

K(n ◦ γ,x+ j − ei, α+ β0; γ0, β0)
otherwise,

for x = (x1, . . . , xm) ∈ N0
m. We have I1(0)− 2I2(0) + 2I3(0) < 0 since

1

niγi

K(n ◦ γ, j + ei, α+ β0 + 1; γ0, β0)

K(n ◦ γ, j, α+ β0; γ0, β0)
∈ [0, 1].

Thus, it is sufficient to show that I1(x)− 2I2(x) + 2I3(x) ≤ 0 for all x ∈ N0
m \ {0}.

Fix x = (x1, . . . , xm) ∈ N0
m \{0}. Hereafter, for simplicity, we use the abbreviated notation

I1 = I1(x), I2 = I2(x), I3 = I3(x),

I = I1 − 2I2 + 2I3,

H(c) =
K(n ◦ γ,x+ j, α+ β0 + c; γ0, β0)

K(n ◦ γ,x+ j, α+ β0; γ0, β0)
,

H(0, c) =
K(n ◦ γ,x+ j, α+ β0 + c; γ0, β0 + 1)

K(n ◦ γ,x+ j, α+ β0; γ0, β0)
,

and

H(±i, c) = K(n ◦ γ,x+ j ± ei, α+ β0 + c; γ0, β0)

K(n ◦ γ,x+ j, α+ β0; γ0, β0)

for c = 0, 1, 2 and i = 1, . . . ,m when well defined.
For part (i), we have

I1 ≤ CH(1)
m∑
i=1

xi + 1

ai
H(i, 1).

By part (ii) of Lemma 2.2.2, we obtain

I2 =

m∑
i=1

ci
ni

xi + 1

ai
H(1)−

m∑
i=1

Ci
xi + 1

ai
H(i, 2)
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and

I3 =
m∑
i=1

ci
ni

xi
ai

[
H(1)−

{
H(1)− H(1)

H(−i, 0)

}]
=

m∑
i=1

ci
ni

xi
ai
H(1)−

m∑
i=1

ci
ni

xi
ai

1

ai

H(1)

H(−i, 0)
H(1).

Then, from part (i) of Lemma 2.2.3,

I3 ≤
m∑
i=1

ci
ni

xi
ai
H(1)−

m∑
i=1

ci
ni

xi
ai

1

ai
H(i, 1)H(1) (2.3.6)

≤
m∑
i=1

ci
ni

xi
ai
H(1)−

m∑
i=1

ci
ni

xi + 1

ai

1

ai
H(i, 1)H(1) + C

m∑
i=1

1

ai
H(i, 1)H(1).

Therefore,

I ≤ CH(1)
m∑
i=1

xi + 1

ai
H(i, 1)− 2C·H(1)

+ 2
m∑
i=1

Ci
xi + 1

ai
{H(i, 2)−H(i, 1)H(1)}+ 2C

m∑
i=1

1

ai
H(i, 1)H(1)

≤ CH(1)

m∑
i=1

xi + 1

ai
H(i, 1)− 2C·H(1)

+ 2C

m∑
i=1

xi + 1

ai
{H(i, 2)−H(i, 1)H(1)}+ 2C

m∑
i=1

1

ai
H(i, 1)H(1),

where the second inequality follows since H(i, 2)−H(i, 1)H(1) ≥ 0 for all i = 1, . . . ,m by part
(ii) of Lemma 2.2.3. By applying part (i) of Lemma 2.2.2, we obtain

I ≤ CH(1)
{
α+ β0 −

β0
γ0
H(0, 1)

}
− 2C·H(1) + 2C

m∑
i=1

1

ai
H(i, 1)H(1)

+ 2C
{
(α+ β0 + 1)H(1)− β0

γ0
H(0, 2)− (α+ β0)H(1) +

β0
γ0
H(0, 1)H(1)

}
≤ CH(1)

{
α+ β0 −

m∑
i=1

β0/m

ai
H(i, 1)

}
− 2C·H(1)

+ 2C

m∑
i=1

1

ai
H(i, 1)H(1) + 2CH(1)

= {C(α+ β0 + 2)− 2C·}H(1) + C
m∑
i=1

2− β0/m

ai
H(i, 1)H(1),

where the second inequality follows from the assumption that γ0 ≤ a and part (ii) of Lemma
2.2.3. Since

α+ β0 =

m∑
i=1

{xi + 1

ai
H(i, 1) +

β0/m

γ0
H(0, 1)

}
≥

m∑
i=1

1 + β0/m

ai
H(i, 1)
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by part (i) of Lemma 2.2.2 and the assumption that γ0 ≤ a and since assumption (2.3.2) implies
2− β0/m ≥ 0, we conclude that

I/H(1) ≤ C(α+ β0 + 2)− 2C· + C
2− β0/m

1 + β0/m
(α+ β0) ≤ 0,

where the second inequality follows from assumption (2.3.2). This completes the proof of part
(i).

For part (ii), let i ∈ {1, . . . ,m} be an index such that ai = a. Then we have

I1 − 2I2 ≤
{1
a
H(i, 1)− 2

}
I2. (2.3.7)

Note that, by part (ii) and part (i) of Lemma 2.2.2,

I2 =
m∑
i=1

Ci(xi + 1)H(1)−
m∑
i=1

Ci(xi + 1)
1

ai
H(i, 2)

≥
m∑
i=1

Ci(xi + 1)H(1)− C
m∑
i=1

(xi + 1)
1

ai
H(i, 2)

=
{ m∑

i=1

Ci(xi + 1)− C(α+ β0 + 1)
}
H(1) + C

β0
γ0
H(0, 2). (2.3.8)

Since (1/a)H(i, 1) ≤ 1, it follows from (2.3.7) and (2.3.8) that

I1 − 2I2 ≤
{1
a
H(i, 1)− 2

}
×
[{ m∑

i=1

Ci(xi + 1)− C(α+ β0 + 1)
}
H(1) + C

β0
γ0
H(0, 2)

]
= −

{
2− 1

a
H(i, 1)

} m∑
i=1

CixiH(1)−
{
2− 1

a
H(i, 1)

}
C
β0
γ0
H(0, 2)

+
{
2− 1

a
H(i, 1)

}
{C(α+ β0 + 1)− C·}H(1). (2.3.9)

Combining (2.3.6) and (2.3.9) gives

I ≤ 1

a
H(i, 1)

m∑
i=1

CixiH(1)−
{
2− 1

a
H(i, 1)

}
C
β0
γ0
H(0, 2)

+
{
2− 1

a
H(i, 1)

}
{C(α+ β0 + 1)− C·}H(1)− 2

m∑
i=1

Ci
xi
ai
H(i, 1)H(1). (2.3.10)

Note that

m∑
i=1

Ci
xi
ai
H(i, 1) ≥ a

a

1

a
H(i, 1)

m∑
i=1

Cixi
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and that

m∑
i=1

Ci
xi
ai
H(i, 1) ≥ C

m∑
i=1

xi + 1

ai
H(i, 1)− C

m∑
i=1

1

ai
H(i, 1)

= C(α+ β0)− C
β0
γ0
H(0, 1)− C

m∑
i=1

1

ai
H(i, 1) (2.3.11)

by part (i) of Lemma 2.2.2. Then we have

I ≤ 1

a
H(i, 1)

m∑
i=1

CixiH(1)−
{
2− 1

a
H(i, 1)

}
C
β0
γ0
H(0, 2)

+
{
2− 1

a
H(i, 1)

}
{C(α+ β0 + 1)− C·}H(1)

− 2
(
1− 1

2

a

a
− ρ
) m∑

i=1

Ci
xi
ai
H(i, 1)H(1)− 2

1

2

a

a

a

a

1

a
H(i, 1)

m∑
i=1

CixiH(1)

− 2ρ
{
C(α+ β0)− C

β0
γ0
H(0, 1)− C

m∑
i=1

1

ai
H(i, 1)

}
H(1)

= −
{
2− 1

a
H(i, 1)

}
C
β0
γ0
H(0, 2)− {C(α+ β0 + 1)− C·}

1

a
H(i, 1)H(1)

+ 2ρC
β0
γ0
H(0, 1)H(1) + 2ρC

m∑
i=1

1

ai
H(i, 1)H(1)

− 2
(
1− 1

2

a

a
− ρ
) m∑

i=1

Ci
xi
ai
H(i, 1)H(1)

≤ −
{
2− 1

a
H(i, 1)

}
C
β0
γ0
H(0, 2)− {C(α+ β0 + 1)− C·}

1

a
H(i, 1)H(1)

+ 2ρC
β0
γ0
H(0, 1)H(1) + 2ρCm

1

a
H(i, 1)H(1)

− 2
(
1− 1

2

a

a
− ρ
)
C
a

a

1

a
H(i, 1)H(1)

since 0 ≤ ρ ≤ 1 − (1/2)(a/a) by assumption and since x ̸= 0. Now since (1/a)H(i, 1) ≤ 1 and
since

1

γ0
H(0, 2) ≥ 1

γ0
H(0, 1)H(1) ≥ 1

a
H(i, 1)H(1)

by part (ii) of Lemma 2.2.3, it follows that

−
{
2− 1

a
H(i, 1)

}
C
β0
γ0
H(0, 2) + 2ρC

β0
γ0
H(0, 1)H(1)

≤ −Cβ0
γ0
H(0, 1)H(1) + 2ρC

β0
γ0
H(0, 1)H(1)

≤ −(C − 2ρC)
β0
a
H(i, 1)H(1), (2.3.12)
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where we have used the fact that C − 2ρC ≥ C(1− 2ρ) ≥ 0 by assumption. Thus,

I/
{1
a
H(i, 1)H(1)

}
≤ −(C − 2ρC)β0 − {C(α+ β0 + 1)− C·}+ 2ρCm

− 2
(
1− 1

2

a

a
− ρ
)
C
a

a
.

The right-hand side of the above inequality is not positive by assumption (2.3.3). This completes
the proof of part (ii). □

Remark 2.3.1 The major difference of the setting considered above from that considered by
Hamura and Kubokawa (2019b) is that now the parameter β0 may take on positive values in
(2.3.8), yielding the additional terms in (2.3.9). In the present setting, we need to evaluate the
factor (1/γ0)H(0, 2) appropriately. Indeed, if (2.3.9) is replaced by

I1 − 2I2 ≤ −
{
2− 1

a
H(i, 1)

} m∑
i=1

CixiH(1)

+
{
2− 1

a
H(i, 1)

}
{C(α+ β0 + 1)− C·}H(1),

then it leads to a sufficient condition that is incompatible with the condition for propriety given
in Lemma 2.2.1. Note also that the term C(α + β0 + 1) − C· is positive if the prior is proper
satisfying α < m < α+β0, while it is nonpositive in the case they consider. Since (1/γ0)H(0, 2)
can be very small compared to H(1) in general, it is not straightforward to extend their results
to the case of proper priors. We evaluate the third term on the right side of (2.3.10) by using
(2.3.11), and then apply part (ii) of Lemma 2.2.3 to the second term in (2.3.10) in order to
evaluate the secondary terms deriving from the last two terms in (2.3.11). Thus, Lemma 2.2.3
is important for the above proof of the existence of a heterogeneous shrinkage estimator that is
both admissible and minimax.

Remark 2.3.2 In theory, we can obtain a sufficient condition that generalizes part 4 of Theorem
2.5 of Clevenson and Zidek (1975). By part (i) of Lemma 2.2.2, we have

α+ β0 =

m∑
i=1

xi + 1

ai
H(i, 1) +

β0
γ0
H(0, 1) ≥ (x· +m+ β0)

1

a
H(i, 1),

(α+ β0 + 1)H(1) =

m∑
i=1

xi + 1

ai
H(i, 2) +

β0
γ0
H(0, 2) ≤ (x· +m+ β0)

1

γ0
H(0, 2),

where x· =
∑m

i=1 xi and i ∈ {1, . . . ,m} is an index such that ai = a. Therefore, it follows that

1

a
H(i, 1) ≤ a

a

α+ β0
x· +m+ β0

≤ a

a

α+ β0
1 +m+ β0

and that

1

γ0
H(0, 2) ≥ α+ β0 + 1

α+ β0

1

a
H(i, 1)H(1) ≥ α+ β0 + 1

α+ β0

γ0
a

1

γ0
H(0, 1)H(1).
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Hence, (2.3.12) can be replaced by

−
{
2− 1

a
H(i, 1)

}
C
β0
γ0
H(0, 2) + 2ρC

β0
γ0
H(0, 1)H(1)

≤ −
[
2−min

{
1,
a

a

α+ β0
1 +m+ β0

}]
C
β0
γ0
H(0, 1)H(1)max

{
1,
α+ β0 + 1

α+ β0

γ0
a

}
+ 2ρC

β0
γ0
H(0, 1)H(1)

= −
([

2C − Cmin
{
1,
a

a

α+ β0
1 +m+ β0

}]
max

{
1,
α+ β0 + 1

α+ β0

γ0
a

}
− 2ρC

)
× β0
γ0
H(0, 1)H(1)

≤ −
([

2C − Cmin
{
1,
a

a

α+ β0
1 +m+ β0

}]
max

{
1,
α+ β0 + 1

α+ β0

γ0
a

}
− 2ρC

)
× β0

a
H(i, 1)H(1),

which leads to a condition generalizing the sufficient condition of Clevenson and Zidek (1975)
for the balanced case.

Remark 2.3.3 The class of proper Bayes minimax estimators will be broadened by replacing
the factor uα−1+β0/(1 + u/γ0)

β0 in (2.2.2) with uβ·ψ(u), where ψ is a proper density on (0,∞).
This class of priors is considered by Ghosh and Parsian (1981) for the balanced case with
β = γ = j. One choice for ψ is the exponential density ψ(u) = e−u/γ0 for u > 0. The details
are omitted.

2.4 Simulation Study

In this section, we investigate through simulation the numerical performance of the risk functions
of the Bayes estimators given in Section 2.2 under the loss function Lc given by (2.1.5) with
c = n or c = j. For the case of c = n, the estimators which we compare are the following five:

ML: the ML estimator λ̂
ML

= (X1/n1, . . . , Xm/nm),

PB1: the proper Bayes estimator λ̂
PB1

= λ̂
(m−1,j,ν;2,1)

given by (2.1.2) with β0 = 2,

GB1: the generalized Bayes estimator λ̂
GB1

= λ̂
(m−1,j,ν;0,1)

given by (2.1.2) with β0 = 0,

PB2: the proper Bayes estimator λ̂
PB2

= λ̂
(m−1,j,j;2,n)

given by (2.2.12) with (α, β0, γ0) =
(m− 1, 2, n),

GB2: the generalized Bayes estimator λ̂
GB2

= λ̂
(m−1,j,j;0,n)

given by (2.2.12) with (α, β0, γ0) =
(m− 1, 0, n).

For the case of c = j, the estimators which we compare are the above five estimators and the
following two:

PB3: the proper Bayes estimator λ̂
PB3

= λ̂
(m−1,j,ν◦ν;2,1/n)

given by (2.2.11) with β = j,
γ = ν ◦ ν, and (α, β0, γ0) = (m− 1, 2, 1/n),
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GB3: the generalized Bayes estimator λ̂
GB3

= λ̂
(m−1,j,ν◦ν;0,1/n)

given by (2.2.11) with β = j,
γ = ν ◦ ν, and (α, β0, γ0) = (m− 1, 0, 1/n).

The imbalanced cases in a = (n1γ1, . . . , nmγm) and C = (c1/(n1
2γ1), . . . , cm/(nm

2γm)) are

summarized in Table 2.1. We consider the two estimators λ̂
PB3

and λ̂
GB3

for c = j in order to
include the case where C = j.

Table 2.1: Imbalanced cases in a and C.

c γ a C

n ν j j

n jm n ν

jm ν j ν

jm jm n ν ◦ ν
jm ν ◦ ν ν j

When c = n, the homogeneous proper Bayes estimator λ̂
PB1

is always admissible and,
by part (ii) of Theorem 2.3.1, minimax. On the other hand, the heterogeneous proper Bayes

estimator λ̂
PB2

is admissible, but the minimaxity is not clear, because Theorem 2.3.1 cannot

always be applied when n is unbalanced. However, the conditions for the minimaxity of λ̂
PB2

given in Theorem 2.3.1 are somewhat restrictive especially when the sample sizes are unbalanced,

and it is worth investigating the performance of λ̂
PB2

. The generalized Bayes estimators λ̂
GB1

,

λ̂
GB2

, and λ̂
GB3

are similar to the corresponding proper Bayes estimators λ̂
PB1

, λ̂
PB2

, and λ̂
PB3

but whether or not the generalized Bayes estimators are admissible is not clear.
We set m = 30 and (ni, λi) = (n, λ(1)) for i = 1, . . . , 15 and (ni, λi) = (n, λ(2)) for

i = 16, . . . , 30 and we generate random numbers of X for (n, n) = (1, 1), (0.5, 2), (0.1, 10) and
(λ(1), λ(2)) = (1, 1), (3, 3), (1, 3), (3, 1). For each estimator λ̂, we obtain approximated values
of the risk function Eλ[Ln(λ̂,λ)] by simulation with 100, 000 replications. The integrals are
calculated via the Monte Carlo simulation with 100, 000 replications. The percentage relative

improvement in average loss (PRIAL) of an estimator λ̂ over λ̂
ML

is defined by

PRIAL = 100{Eλ[Ln(λ̂
ML
,λ)]− Eλ[Ln(λ̂,λ)]}/Eλ[Ln(λ̂

ML
,λ)].

For the case of c = n, Table 2.2 reports values of the risks of the estimators with values of

PRIAL given in parentheses. When (n, n) = (1, 1), the risk values of λ̂
PB1

and λ̂
PB2

are the same

because λ̂
PB1

= λ̂
PB2

. When (n, n) = (0.5, 2), the risk values of λ̂
PB2

are smaller than those of

λ̂
PB1

except when (λ(1), λ(2)) = (3, 1). When (n, n) = (0.1, 10), all risk the values of λ̂
PB2

are

much smaller than those of λ̂
PB1

, and the improvement of λ̂
PB2

is significant. In addition, when

(n, n) = (0.1, 10), λ̂
PB2

has the largest values of PRIAL while λ̂
PB1

has the smallest values of
PRIAL. These results suggest that the heterogeneous shrinkage estimators can enjoy substantial
improvement over the homogeneous shrinkage estimators in the more unbalanced cases. The
risk values of the proper Bayes estimators are almost the same as the corresponding risk values
of their generalized Bayes counterparts.
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Table 2.2: Risks of the estimators ML, PB1, GB1, PB2, and GB2 for c = n. (Values of PRIAL
of PB1, GB1, PG2, and GB2 are given in parentheses.)

(n, n) (λ(1), λ(2)) ML PB1 GB1 PB2 GB2

(1, 1) (1, 1) 30.01 15.35 (48.83) 15.37 (48.77) 15.35 (48.83) 15.37 (48.77)

(3, 3) 29.99 22.83 (23.89) 22.82 (23.91) 22.83 (23.89) 22.82 (23.92)

(1, 3) 30.00 20.38 (32.09) 20.38 (32.09) 20.38 (32.08) 20.38 (32.08)

(3, 1) 30.03 20.37 (32.16) 20.37 (32.15) 20.37 (32.16) 20.37 (32.15)

(0.5, 2) (1, 1) 30.00 17.03 (43.21) 17.05 (43.17) 15.34 (48.88) 15.35 (48.83)

(3, 3) 30.00 23.99 (20.03) 23.98 (20.06) 22.16 (26.14) 22.16 (26.13)

(1, 3) 29.98 23.24 (22.47) 23.24 (22.49) 19.16 (36.09) 19.21 (35.93)

(3, 1) 30.00 19.47 (35.10) 19.47 (35.09) 20.53 (31.57) 20.50 (31.66)

(0.1, 10) (1, 1) 30.11 25.37 (15.73) 25.36 (15.75) 15.18 (49.56) 15.19 (49.56)

(3, 3) 30.00 28.25 (5.85) 28.24 (5.87) 18.05 (39.85) 18.05 (39.84)

(1, 3) 29.96 28.22 (5.80) 28.21 (5.83) 16.23 (45.82) 16.25 (45.77)

(3, 1) 29.99 25.37 (15.42) 25.36 (15.45) 17.54 (41.53) 17.53 (41.54)

For the case of c = j, Table 2.3 reports values of the risks of the estimators with values of

PRIAL given in parentheses. The performance of the five estimators λ̂
ML

, λ̂
PB1

, λ̂
GB1

, λ̂
PB2

,

and λ̂
GB2

is almost the same as in the previous case. The estimators λ̂
PB3

and λ̂
GB3

, which
satisfy the condition C1 = · · · = Cm, have the largest risk values for (n, n) = (0.5, 2), (0.1, 10).
In particular, when (n, n) = (0.1, 10), these estimators have the values of PRIAL almost equal
to zero.

Table 2.3: Risks of the estimators ML, PB1, GB1, PB2, GB2, PB3, and GB3 for c = j. (Values
of PRIAL of PB1, GB1, PG2, GB2, PB3, and GB3 are given in parentheses.)

(n, n) (λ(1), λ(2)) ML PB1 GB1 PB2 GB2 PB3 GB3

(1, 1) (1, 1) 30.01 15.37 (48.79) 15.39 (48.73) 15.37 (48.79) 15.38 (48.74) 15.37 (48.79) 15.38 (48.74)

(3, 3) 30.03 22.86 (23.89) 22.85 (23.91) 22.86 (23.88) 22.85 (23.90) 22.86 (23.88) 22.85 (23.90)

(1, 3) 30.04 20.38 (32.13) 20.38 (32.13) 20.38 (32.14) 20.38 (32.14) 20.38 (32.14) 20.38 (32.14)

(3, 1) 30.04 20.38 (32.16) 20.38 (32.16) 20.38 (32.17) 20.38 (32.16) 20.38 (32.17) 20.38 (32.16)

(0.5, 2) (1, 1) 37.52 17.76 (52.66) 18.01 (51.98) 15.30 (59.21) 15.32 (59.16) 24.55 (34.57) 24.82 (33.84)

(3, 3) 37.57 27.54 (26.70) 27.77 (26.08) 24.79 (34.00) 24.81 (33.96) 32.99 (12.18) 33.07 (11.98)

(1, 3) 37.61 25.35 (32.60) 25.69 (31.68) 18.44 (50.98) 18.63 (50.46) 32.73 (12.98) 32.82 (12.73)

(3, 1) 37.54 23.55 (37.25) 23.62 (37.07) 25.10 (33.13) 24.91 (33.65) 26.86 (28.44) 27.03 (27.98)

(0.1, 10) (1, 1) 151.49 105.39 (30.43) 107.62 (28.96) 15.06 (90.06) 15.07 (90.05) 150.85 (0.43) 150.86 (0.42)

(3, 3) 151.62 133.27 (12.10) 134.32 (11.41) 36.35 (76.02) 36.40 (75.99) 151.42 (0.13) 151.42 (0.13)

(1, 3) 152.12 133.46 (12.27) 134.54 (11.56) 17.90 (88.23) 18.09 (88.11) 151.93 (0.13) 151.93 (0.13)

(3, 1) 151.37 106.84 (29.42) 108.95 (28.02) 38.55 (74.53) 38.47 (74.59) 150.72 (0.43) 150.74 (0.42)

2.5 Application

In this section, several estimation methods considered in the previous sections are applied to data
relating to the standardized mortality ratio (SMR). (For the SMR, see, for example, Clayton and
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Figure 2.1: The ratio λ̂PB2
i /λ̂PB1

i .

Kaldor (1987).) More specifically, the data consist of actual and expected numbers of deaths of
females from a specific cause in m = 72 districts in a prefecture in Japan during the 5 years from
2008 to 2012. For i = 1, . . . ,m, the actual and expected numbers of deaths in the i-th district
are denoted by xi and ni, respectively. Each component of an estimator λ = (λ̂1, . . . , λ̂m) is a
measure of relative risk in a district calculated from the data.

We here consider only the three estimators λ̂
ML

= (λ̂ML
1 , . . . , λ̂ML

m ), λ̂
PB1

= (λ̂PB1
1 , . . . , λ̂PB1

m ),

and λ̂
PB2

= (λ̂PB2
1 , . . . , λ̂PB2

m ) given in Section 2.4. Integrals are calculated via the Monte Carlo
simulation with 100, 000 replications. The data and the estimates for all the m = 72 districts
are given in Tables 2.4 and 2.5.

The values of the ratio λ̂PB2
i /λ̂PB1

i for all i = 1, . . . ,m are plotted in Figure 2.1. For i =
1, . . . ,m, the heterogeneous estimator λ̂PB2

i shrinks the ML estimator λ̂ML
i toward the origin

more than the homogeneous estimator λ̂PB1
i if ni ⪅ 50 and less than λ̂PB1

i if ni ⪆ 50.
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Table 2.4: The data and the estimates of relative risk for i = 1, . . . , 36.

i xi ni λ̂
ML
i λ̂PB1

i λ̂PB2
i

1 49 49.65 0.99 0.97 0.97

2 64 66.60 0.96 0.94 0.95

3 69 63.83 1.08 1.06 1.07

4 79 87.49 0.90 0.89 0.89

5 47 48.60 0.97 0.95 0.95

6 35 42.58 0.82 0.81 0.80

7 66 76.12 0.87 0.85 0.86

8 75 72.67 1.03 1.01 1.02

9 49 55.24 0.89 0.87 0.87

10 54 64.75 0.83 0.82 0.82

11 192 182.16 1.05 1.04 1.05

12 349 269.71 1.29 1.27 1.29

13 48 40.54 1.18 1.16 1.16

14 47 45.94 1.02 1.00 1.00

15 62 54.53 1.14 1.12 1.12

16 38 32.79 1.16 1.14 1.13

17 31 31.41 0.99 0.97 0.96

18 81 78.79 1.03 1.01 1.02

19 57 52.49 1.09 1.07 1.07

20 62 57.09 1.09 1.07 1.07

21 21 23.03 0.91 0.90 0.88

22 83 67.53 1.23 1.21 1.21

23 116 111.32 1.04 1.02 1.03

24 51 41.87 1.22 1.20 1.19

25 41 36.28 1.13 1.11 1.10

26 21 17.72 1.19 1.16 1.13

27 59 47.77 1.24 1.21 1.21

28 13 9.42 1.38 1.36 1.26

29 20 11.98 1.67 1.64 1.55

30 22 23.76 0.93 0.91 0.89

31 14 15.09 0.93 0.91 0.87

32 23 13.38 1.72 1.69 1.61

33 14 9.72 1.44 1.42 1.31

34 5 3.28 1.53 1.50 1.19

35 52 52.79 0.99 0.97 0.97

36 6 7.03 0.85 0.84 0.75
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Table 2.5: The data and the estimates of relative risk for i = 37, . . . , 72.

i xi ni λ̂
ML
i λ̂PB1

i λ̂PB2
i

37 7 9.78 0.72 0.70 0.65

38 7 7.05 0.99 0.98 0.88

39 10 12.32 0.81 0.80 0.75

40 41 54.59 0.75 0.74 0.74

41 15 9.24 1.62 1.59 1.47

42 11 9.67 1.14 1.12 1.04

43 15 17.81 0.84 0.83 0.80

44 119 124.74 0.95 0.94 0.95

45 103 89.18 1.16 1.13 1.14

46 25 24.95 1.00 0.98 0.97

47 61 55.91 1.09 1.07 1.07

48 83 70.76 1.17 1.15 1.16

49 45 36.92 1.22 1.20 1.19

50 141 127.72 1.10 1.08 1.10

51 151 156.31 0.97 0.95 0.96

52 22 16.53 1.33 1.31 1.26

53 98 83.55 1.17 1.15 1.16

54 37 38.18 0.97 0.95 0.95

55 39 32.97 1.18 1.16 1.15

56 29 28.27 1.03 1.01 0.99

57 20 19.84 1.01 0.99 0.96

58 21 25.64 0.82 0.80 0.79

59 72 52.02 1.38 1.36 1.36

60 19 31.88 0.60 0.59 0.58

61 29 22.59 1.28 1.26 1.23

62 15 8.82 1.70 1.67 1.54

63 9 12.31 0.73 0.72 0.68

64 118 111.11 1.06 1.04 1.05

65 52 37.12 1.40 1.38 1.37

66 59 60.27 0.98 0.96 0.96

67 30 29.67 1.01 0.99 0.98

68 155 181.29 0.86 0.84 0.85

69 51 56.42 0.90 0.89 0.89

70 75 89.61 0.84 0.82 0.83

71 75 78.53 0.96 0.94 0.94

72 43 34.05 1.26 1.24 1.23
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2.6 Extensions

2.6.1 Empirical Bayes estimators

In addition to the hierarchical Bayes estimators, we can also derive empirical Bayes estimators
satisfying minimaxity. If we set β = j in (2.2.2), we have

πα,j,γ;β0,γ0(λ) ∝
∫ ∞

0

uα+β0−m−1

(1 + u/γ0)β0

{ m∏
i=1

u

γi
e−(u/γi)λi

}
du,

which is regarded as a mixture distribution. In this subsection, we consider the variable u in the
integration as an unknown hyper-parameter. Then the prior of λi has a gamma density propor-

tional to e−(u/γi)λi , and the resulting subjective Bayes estimator is λ̂
B
(u) = (λ̂B1 (u), . . . , λ̂

B
m(u))

for

λ̂Bi (u) =
Xi

ni

(
1− 1

niγiu−1 + 1

)
.

Since ∫
· · ·
∫
(0,∞)m

Eλ

[ m∑
i=1

c̃i
ni
Xi

]{ m∏
i=1

u

γi
e−(u/γi)λi

}
dλ

=
m∑
i=1

{
c̃i

∫ ∞

0
λi
u

γi
e−(u/γi)λidλi

}
= u−1

m∑
i=1

c̃iγi

for c̃ = (c̃1, . . . , c̃m) ∈ (0,∞)m, we can estimate u−1 by

û−1 =

∑m
i=1(c̃i/ni)Xi∑m

i=1 c̃iγi
,

which is substituted into λ̂
B
(u) to get the empirical Bayes estimator λ̂

EB
= (λ̂EB1 , . . . , λ̂EBm ) =

λ̂
B
|
u−1=û−1 , where for X̃ =

∑m
j=1(c̃j/nj)Xj ,

λ̂EBi =
Xi

ni

X̃

X̃ +
∑m

j=1 c̃jγj/(niγi)
=
Xi

ni

(
1−

∑m
j=1 c̃jγj

niγiX̃ +
∑m

j=1 c̃jγj

)
. (2.6.1)

In the case of c̃i = ni and γi = 1/ni, the empirical Bayes estimator is

λ̂EB1
i =

Xi

ni

(
1− m

X· +m

)
, (2.6.2)

which was given by Clevenson and Zidek (1975) when n1 = · · · = nm = 1. When c̃i = ni and
γi = 1, the empirical Bayes estimator is

λ̂EB2
i =

Xi

ni

(
1− n·

niX· + n·

)
, (2.6.3)

where n· =
∑m

j=1 nj . On the other hand, when c̃i = 1, it becomes

λ̂EB3
i =

Xi

ni

(
1−

∑m
j=1 1/nj∑m

j=1Xj/nj +
∑m

j=1 1/nj

)
(2.6.4)
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if γi = 1/ni and

λ̂EB4
i =

Xi

ni

(
1− m

ni
∑m

j=1Xj/nj +m

)
(2.6.5)

if γi = 1. It is seen that λ̂EB2
i and λ̂EB4

i are heterogeneous estimators in the sense that they
shrink λ̂ML

i more toward the origin when ni is smaller.
In the following, we use the notation max(vi) = max1≤i≤m vi and min(vi) = min1≤i≤m vi for

(v1, . . . , vm) ∈ Rm.

Theorem 2.6.1 Suppose that

2
m∑
i=1

ci
ni

≥
[
max

{max(niγi)

min(niγi)
,
max(c̃iγi) +

∑m
i=1 c̃iγi

min(c̃iγi) +
∑m

i=1 c̃iγi

}]{∑m
i=1 c̃iγi

min(niγi)
max

(ci
c̃i

)
+ 2max

( ci
ni

)}
.

(2.6.6)

Then the empirical estimator λ̂
EB

is minimax under the loss Lc given by (2.1.5).

In the case of c̃i = ci = ni for i = 1, . . . ,m, condition (2.6.6) is

2m ≥ max(niγi)

min(niγi)

{∑m
i=1 niγi

min(niγi)
+ 2
}
. (2.6.7)

If in addition γi = 1 for i = 1, . . . ,m, this becomes

2m(n/n) ≥ n·/n+ 2, (2.6.8)

where n = max(ni) and n = min(ni).

Proof of Theorem 2.6.1. Let a = max(niγi) and a = min(niγi), let b̃ = max(c̃iγi),
b̃ = min(c̃iγi), and b̃· =

∑m
i=1 c̃iγi, and let e = max(ci/ni) and e· =

∑m
i=1 ci/ni. The risk

difference ∆EB = Eλ[Lc(λ̂
EB
,λ)]− Eλ[Lc(λ̂

ML
,λ)] is

∆EB = Eλ

[ m∑
i=1

{ ci
λi

(Xi

ni
− λi −

Xi

ni

b̃·

niγiX̃ + b̃·

)2
− ci
λi

(Xi

ni
− λi

)2}]
= Eλ

[ m∑
i=1

[ nici
niλi

{(Xi

ni

)2( b̃·

niγiX̃ + b̃·

)2
− 2
(Xi

ni

)2 b̃·

niγiX̃ + b̃·

}
+ 2

ci
ni
Xi

b̃·

niγiX̃ + b̃·

]]
.

(2.6.9)

From (2.6.9) and Lemma 2.3.1, it follows that

∆EB = Eλ

[ m∑
i=1

[ nici
Xi + 1

{(Xi + 1

ni

)2( b̃·

niγiX̃ + c̃iγi + b̃·

)2
− 2
(Xi + 1

ni

)2 b̃·

niγiX̃ + c̃iγi + b̃·

}
+ 2

ci
ni
Xi

b̃·

niγiX̃ + c̃iγi + b̃·
+ 2

ci
ni
Xi

( b̃·

niγiX̃ + b̃·
− b̃·

niγiX̃ + c̃iγi + b̃·

)]]
= Eλ

[ m∑
i=1

ci
ni

(Xi + 1)b̃2·

(niγiX̃ + c̃iγi + b̃·)2
− 2

m∑
i=1

ci
ni

b̃·

niγiX̃ + c̃iγi + b̃·

+ 2

m∑
i=1

ci
ni
Xi

b̃·c̃iγi

(niγiX̃ + b̃·)(niγiX̃ + c̃iγi + b̃·)

]
.
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Hence, letting ρ = max(ci/c̃i), the risk difference is evaluated as

∆EB ≤ Eλ

[ (ρX̃ + e·)b̃
2
·

(aX̃ + b̃+ b̃·)2
− 2

e·b̃·

aX̃ + b̃+ b̃·
+ 2

b̃·

aX̃ + b̃+ b̃·

m∑
i=1

ci
ni
Xi

c̃iγi

niγiX̃ + b̃·

]
≤ Eλ

[ b̃2·
a2

ρX̃ + e·

(X̃ + b̃/a+ b̃·/a)2
− 2

e·b̃·

aX̃ + b̃+ b̃·
+ 2

b̃·

aX̃ + b̃+ b̃·

m∑
i=1

e
Xi(c̃i/ni)

X̃ + b̃·/a

]
≤ Eλ

[ b̃2·
a2

ρ

X̃ + b̃/a+ b̃·/a
− 2

e·b̃·

aX̃ + b̃+ b̃·
+ 2

b̃·e

aX̃ + b̃+ b̃·

]
, (2.6.10)

where the last inequality follows since

ρX̃ + e·

X̃ + b̃/a+ b̃·/a
≤ ρ

X̃ + e·/ρ

X̃ + b̃·/a
= ρ

X̃ +
∑m

i=1(ci/ni)/ρ

X̃ +
∑m

i=1 c̃iγi/a
≤ ρ

X̃ +
∑m

i=1(ci/ni)/(ci/c̃i)

X̃ +
∑m

i=1 c̃iγi/(niγi)
= ρ.

From (2.6.10), it is concluded that

∆EB ≤ b̃·Eλ

[( b̃·
a
ρ+ 2e

) 1

aX̃ + b̃+ b̃·
− 2

e·

aX̃ + b̃+ b̃·

]
= b̃·Eλ

[ 1

aX̃ + b̃+ b̃·

1

aX̃ + b̃+ b̃·

×
[
X̃a
{a
a

( b̃·
a
ρ+ 2e

)
− 2e·

}
+ (b̃+ b̃·)

{ b̃+ b̃·

b̃+ b̃·

( b̃·
a
ρ+ 2e

)
− 2e·

}]]
,

which is less than or equal to 0, because 2e· ≥ [max{a/a, (b̃ + b̃·)/(b̃ + b̃·)}]{(b̃·/a)ρ + 2e} by
assumption. □

2.6.2 Estimation under the Kullback-Leibler loss

We can also evaluate the risk of the Bayes estimator with respect to the prior πα,β,γ;β0,γ0 given
by (2.2.2) under the loss function

L̃c(d,λ) =
m∑
i=1

ciλi

(di
λi

− 1− log
di
λi

)
=

m∑
i=1

ci

(
di − λi − λi log

di
λi

)
, (2.6.11)

which is the loss function considered by Ghosh and Yang (1988) for the balanced case and by
Hamura and Kubokawa (2019b) for the unbalanced case. The Bayes estimator is given by

λ̃
(α,β,γ;β0,γ0)

= λ̃
(β)

◦
(
1− ϕ̃

(α,β,γ;β0,γ0)
1 (X), . . . , 1− ϕ̃(α,β,γ;β0,γ0)

m (X)
)

for α < β·, where λ̃
(β)

= ((X1 + β1)/n1, . . . , (Xm + βm)/nm) is the Bayes estimator against the
improper prior πβ(λ) =

∏m
i=1 λi

βi−1 and where

ϕ̃
(α,β,γ;β0,γ0)
i (X) =

1

niγi

K(n ◦ γ,X + β + ei, α+ β0 + 1; γ0, β0)

K(n ◦ γ,X + β, α+ β0; γ0, β0)
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determines the amount of shrinkage for i = 1, . . . ,m. The prior πβ coincides with the Jeffreys
prior when β = j/2. A calculation similar to that in the proof of Theorem 2.3.1 shows that the
risk difference between the two estimators is

Eλ[L̃c(λ̃
(α,β,γ;β0,γ0)

,λ)]− Eλ[Lc(λ̃
(β)
,λ)] = Eλ[D̃

(α,β,γ;β0,γ0)(X)],

where D̃(α,β,γ;β0,γ0)(0) = −
∑m

i=1CiβiK(n◦γ,β+ei, α+β0+1; γ0, β0)/K(n◦γ,β, α+β0; γ0, β0)
and

D̃(α,β,γ;β0,γ0)(x) = −
m∑
i=1

ci
ni

xi + βi
niγi

K(n ◦ γ,x+ β + ei, α+ β0 + 1; γ0, β0)

K(n ◦ γ,x+ β, α+ β0; γ0, β0)

+

m∑
i=1

ci
ni
xi log

{
1 +

1

niγi

K(n ◦ γ,x+ β, α+ β0 + 1; γ0, β0)

K(n ◦ γ,x+ β, α+ β0; γ0, β0)

}
for x = (x1, . . . , xm) ∈ N0

m \ {0}. Using Lemma 2.2.2 to evaluate the first term on the right
and applying the inequality log(1 + ξ) ≤ ξ for ξ ≥ 0 to the second term will lead to a sufficient

condition for λ̃
(α,β,γ;β0,γ0)

to improve on λ̃
(β)

that is similar to the condition of Theorem 1 of
Hamura and Kubokawa (2019b) and incompatible with the condition for propriety. In contrast,
applying the sharper inequality

log(1 + ξ) ≤ ξ − ξ2

2(1 + ξ)

for ξ ≥ 0 leads to a result applicable to proper Bayes estimators. This sharper inequality is
similar to the inequality of Lemma 3.1 of Dey, Ghosh, and Srinivasan (1987), which is used by
Ghosh and Yang (1988).

Theorem 2.6.2 Let ρ̃ = 2{C(α+ β0 + 1)−
∑m

i=1Ciβi}/{C(α+ β0)}. Suppose that one of the
following two conditions holds:

(i)

α+ β0 ≤
m∑
i=1

Ciβi/C − 1.

(ii) α <
∑m

i=1 βi, γ0 ≤ a, 0 ≤ ρ̃ ≤ 1, and

ρ̃
(
β0 +

m∑
i=1

βi +
a

a

)
≤ 2

C

C
β0 +

a

a
.

Then Eλ[L̃c(λ̃
(α,β,γ;β0,γ0)

,λ)] < Eλ[Lc(λ̃
(β)
,λ)] for all λ ∈ (0,∞)m.

2.6.3 Prediction under the Kullback-Leibler divergence

This subsection extends the result of the point estimation in Theorem 2.6.2 to a corresponding
prediction problem. Suppose that Y1, . . . , Ym and Z1, . . . , Zm are independent Poisson ran-
dom variables with means r1λ1, . . . , rmλm and s1λ1, . . . , smλm, respectively, and suppose that
λ1, . . . , λm > 0 are unknown while r1, . . . , rm > 0 and s1, . . . , sm > 0 are known. Let pY (·|λ) and
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pZ(·|λ) be the densities of Y = (Y1, . . . , Ym) and Z = (Z1, . . . , Zm), respectively. We consider
the problem of predicting the density pZ(·|λ) of Z, where each predictor p̂(·;Y ) based on Y is
evaluated in terms of the risk function relative to the Kullback-Leibler divergence, given by

R(λ, p̂) = Eλ

[ ∑
z∈N0

m

pZ(z|λ) log
pZ(z|λ)
p̂(z;Y )

]
.

The Bayesian predictive density, denoted by p̂π, against prior π is

p̂π(z;Y ) =

∫
pZ(z|ξ)pY (Y |ξ)π(ξ)dξ

/∫
pY (Y |ξ)π(ξ)dξ.

Let p̂πα,β,γ;β0,γ0
and p̂πβ

be the Bayesian predictive densities against the priors πα,β,γ;β0,γ0 and
πβ, respectively. We extend Theorem 2.6.2 to the prediction problem by using the result of
Lemma 2.6.1 below, which is a special case of Lemma 1 of Komaki (2015).

Lemma 2.6.1 Let Wi(τ) be a Poisson random variable with mean ti(τ)λi for τ ∈ [0, 1] and
i = 1, . . . ,m, where

ti(τ) = ri
1 + si/ri

1 + (si/ri)(1− τ)
.

Let λ̃
(πα,β,γ;β0,γ0

)
(τ) = (λ̃

(πα,β,γ;β0,γ0
)

1 (τ), . . . , λ̃
(πα,β,γ;β0,γ0

)
m (τ)) and λ̃

(πβ)
(τ) = (λ̃

(πβ)
1 (τ), . . . , λ̃

(πβ)
m (τ))

for

λ̃
(πα,β,γ;β0,γ0

)

i (τ) =
Wi(τ) + βi

ti(τ)

K(t(τ) ◦ γ,W (τ) + β + ei, α+ β0; γ0, β0)

K(t(τ) ◦ γ,W (τ) + β, α+ β0; γ0, β0)

and λ̃
(πβ)
i (τ) = {Wi(τ)+βi}/ti(τ), where t(τ) = (t1(τ), . . . , tm(τ)) and W (τ) = (W1(τ), . . . ,Wm(τ)).

Then the risk difference between p̂πα,β,γ;β0,γ0
and p̂πβ

is expressed as

R(λ, p̂πα,β,γ;β0,γ0
)−R(λ, p̂πβ

) =

∫ 1

0
{Eλ[L̃t′(τ)(λ̃

(πα,β,γ;β0,γ0
)
(τ),λ)]−Eλ[L̃t′(τ)(λ̃

(πβ)
(τ),λ)]}dτ ,

where t′(τ) = (t1
′(τ), . . . , tm

′(τ)) = ((dt1/dτ)(τ), . . . , (dtm/dτ)(τ)).

Combining Theorem 2.6.2 and Lemma 2.6.1 and noting that {ti′(τ)/ti(τ)}/{ti(τ)γi} =
{1/ri − 1/(ri + si)}/γi for all i = 1, . . . ,m for all τ ∈ [0, 1], we have the following result,
which gives a sufficient condition under which p̂πα,β,γ;β0,γ0

dominates p̂πβ
.

Theorem 2.6.3 Let Ai = {1/ri−1/(ri+si)}/γi for i = 1, . . . ,m and let A = min1≤i≤mAi and
A = max1≤i≤mAi. Let σ = 2{A(α+ β0 + 1)−

∑m
i=1Aiβi}/{A(α+ β0)}. Suppose that either

•

α+ β0 ≤
m∑
i=1

Aiβi

A
− 1

or

• α < β·, γ0 ≤ min1≤i≤m ti(τ)γi, 0 ≤ σ ≤ 1, and

σ
{
β0 +

m∑
i=1

βi +
min1≤i≤m ti(τ)γi
max1≤i≤m ti(τ)γi

}
≤ 2

A

A
β0 +

min1≤i≤m ti(τ)γi
max1≤i≤m ti(τ)γi

for all τ ∈ [0, 1].

Then we have R(λ, p̂πα,β,γ;β0,γ0
) < R(λ, p̂πβ

) for all λ ∈ (0,∞)m.
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2.7 Appendix

All the proofs of the lemmas in Sections 2.2 and 2.3 are given here. For v = (v1, . . . , vm) ∈ Rm

and ṽ = (ṽ1, . . . , ṽm) ∈ Rm, we write the inner product v1ṽ1 + · · ·+ vmṽm as v · ṽ.

Proof of Lemma 2.2.1. Let J =
∫
···
∫
(0,∞)m πα,β,γ;β0,γ0(λ)dλ. From (2.2.2), it follows that

J =

∫ ∞

0

{ uα−1+β0

(1 + u/γ0)β0

∫
· · ·
∫
(0,∞)m

( m∏
i=1

λi
βi−1

)
e−u

∑m
i=1 λi/γidλ

}
du.

By making the change of variables

(θ1, . . . , θm−1,Λ) =
(
λ1

( m∑
i=1

λi

)−1
, . . . , λm−1

( m∑
i=1

λj

)−1
,

m∑
i=1

λi

)
,

we obtain

J =

∫ ∞

0

{ uα−1+β0

(1 + u/γ0)β0

×
∫

· · ·
∫
D×(0,∞)

(
Λβ·−m

m∏
i=1

θi
βi−1

)
e−Λu

∑m
i=1 θi/γiΛm−1dθ1 · · · dθm−1dΛ

}
du

=

∫ ∞

0

{ uα−1+β0

(1 + u/γ0)β0

×
∫

· · ·
∫
D

( m∏
i=1

θi
βi−1

)
Γ(β·)

(
u

m∑
i=1

θi/γi

)−β·
dθ1 · · · dθm−1

}
du, (2.7.1)

where θm denotes 1−(θ1+· · ·+θm−1) and D = {(ζ1, . . . , ζm−1) ∈ (0, 1)m−1 : ζ1+· · ·+ζm−1 < 1}.
Let γ = max1≤i≤m γi and γ = min1≤i≤m γi. Then, from (2.7.1),

J ≤
∫ ∞

0

{ uα−1+β0

(1 + u/γ0)β0

×
∫

· · ·
∫
D

( m∏
i=1

θi
βj−1

)
Γ(β·)u

−β·
(
γ/

m∑
i=1

θi

)β·
dθ1 · · · dθm−1

}
du

= Γ(β·)γ
β·
{∫

· · ·
∫
D

( m∏
i=1

θi
βi−1

)
dθ1 · · · dθm−1

}∫ ∞

0

uα−1+β0−β·

(1 + u/γ0)β0
du,

the right-hand side of which is finite if α < β· < α+ β0. Similarly,

J ≥ Γ(β·)γ
β·
{∫

· · ·
∫
D

( m∏
i=1

θi
βi−1

)
dθ1 · · · dθm−1

}∫ ∞

0

uα−1+β0−β·

(1 + u/γ0)β0
du = ∞

if the condition α < β· < α+ β0 does not hold, and the proof is complete. □
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Proof of Lemma 2.2.2. For part (i), we have by integration by parts that

K(γ, ξ, α; γ0, β0)

=
[uα
α

1

(1 + u/γ0)β0

m∏
i=1

1

(1 + u/γi)ξi

]∞
0

−
∫ ∞

0

uα

α

( −β0/γ0
1 + u/γ0

+
m∑
i=1

−ξi/γi
1 + u/γi

) 1

(1 + u/γ0)β0

m∏
i=1

1

(1 + u/γi)ξi
du

= 0 +
1

α

{β0
γ0
K(γ, ξ, α+ 1; γ0, β0 + 1) +

m∑
i=1

ξi
γi
K(γ, ξ + ei, α+ 1; γ0, β0)

}
.

Part (ii) follows since

K(γ, ξ + ei, α+ 1; γ0, β0)

=

∫ ∞

0

uα−1

(1 + u/γ0)β0

u

1 + u/γi

m∏
j=1

1

(1 + u/γj)ξj
du

=

∫ ∞

0

uα−1

(1 + u/γ0)β0
γi

(
1− 1

1 + u/γi

) m∏
j=1

1

(1 + u/γj)ξj
du

= γi{K(γ, ξ, α; γ0, β0)−K(γ, ξ + ei, α; γ0, β0)}

for i = 1, . . . ,m. This completes the proof. □

Proof of Lemma 2.2.3. For part (i), let f(u) = uα−1(1+u/γ0)
−β0

∏m
i=1(1+u/γi)

−ξi for u > 0
and let ∆K = K(γ, ξ, α+1; γ0, β0)K(γ, ξ, α; γ0, β0)−K(γ, ξ, α+1; γ0, β0+1)K(γ, ξ, α; γ0, β0−1).
Note that

∆K =

∫ ∞

0
uf(u)du

∫ ∞

0
f(u)du−

∫ ∞

0

u

1 + u/γ0
f(u)du

∫ ∞

0

(
1 +

u

γ0

)
f(u)du

=

∫ ∞

0
uf(u)du

∫ ∞

0
f(u)du

− γ0

∫ ∞

0

(
1− 1

1 + u/γ0

)
f(u)du

∫ ∞

0

(
1 +

u

γ0

)
f(u)du

= −γ0
{∫ ∞

0
f(u)du

}2
+ γ0

∫ ∞

0

1

1 + u/γ0
f(u)du

∫ ∞

0

(
1 +

u

γ0

)
f(u)du.

Then it follows from the Cauchy-Schwarz inequality that ∆K ≥ 0, which can be rewritten as
(2.2.8). The inequality (2.2.7) can be similarly shown. Next we prove part (ii). From (2.2.8),
we have

0 ≤ K(γ, ξ, α+ 1; γ0, β0)

K(γ, ξ, α; γ0, β0 − 1)
− K(γ, ξ, α+ 1; γ0, β0 + 1)

K(γ, ξ, α; γ0, β0)
.

By adding and subtracting K(γ, ξ, α+ 1; γ0, β0)/K(γ, ξ, α; γ0, β0), we obtain

37



0 ≤ −K(γ, ξ, α+ 1; γ0, β0)

K(γ, ξ, α; γ0, β0)

(
1− K(γ, ξ, α; γ0, β0)

K(γ, ξ, α; γ0, β0 − 1)

)
+

1

γ0

K(γ, ξ, α+ 2; γ0, β0 + 1)

K(γ, ξ, α; γ0, β0)

= −K(γ, ξ, α+ 1; γ0, β0)

K(γ, ξ, α; γ0, β0)

1

γ0

K(γ, ξ, α+ 1; γ0, β0)

K(γ, ξ, α; γ0, β0 − 1)

+
1

γ0

K(γ, ξ, α+ 2; γ0, β0 + 1)

K(γ, ξ, α; γ0, β0)

≤ −K(γ, ξ, α+ 1; γ0, β0)

K(γ, ξ, α; γ0, β0)

1

γ0

K(γ, ξ, α+ 1; γ0, β0 + 1)

K(γ, ξ, α; γ0, β0)

+
1

γ0

K(γ, ξ, α+ 2; γ0, β0 + 1)

K(γ, ξ, α; γ0, β0)
,

where the second inequality follows from (2.2.8), and thus (2.2.10) follows. The inequality (2.2.9)
can be similarly shown. The proof of Lemma 2.2.3 is complete. □

Proof of Lemma 2.2.4. Let x = (x1, . . . , xm) ∈ N0
m. For i = 1, . . . ,m, the posterior mean of

1/λi with respect to the observation X = x and the prior πα,β,γ;β0,γ0 , denoted E
λ|X [1/λi|X =

x], is given by∫∞
0

[
uα−1+β0

(1+u/γ0)β0

∫
·· ·
∫
(0,∞)m

{
1
λi
(
∏m

j=1 λj
xj+βj−1e−njλj )e−u

∑m
j=1 λj/γj

}
dλ
]
du∫∞

0

[
uα−1+β0

(1+u/γ0)β0

∫
···
∫
(0,∞)m

{
(
∏m

j=1 λj
xj+βj−1e−njλj )e−u

∑m
j=1 λj/γj

}
dλ
]
du

,

which can be rewritten as∫∞
0

uα−1+β0

(1+u/γ0)β0

∏m
j=1

∫∞
0 λj

xj+βj−1−δije−λj(nj+u/γj)dλjdu∫∞
0

uα−1+β0

(1+u/γ0)β0

∏m
j=1

∫∞
0 λj

xj+βj−1e−λj(nj+u/γj)dλjdu

=

∫∞
0

uα−1+β0

(1+u/γ0)β0

∏m
j=1

Γ(xj+βj−δij)

(nj+u/γj)
xj+βj−δij

du∫∞
0

uα−1+β0

(1+u/γ0)β0

∏m
j=1

Γ(xj+βj)

(nj+u/γj)
xj+βj

du

= ni
Γ(xi + βi − 1)

Γ(xi + βi)

K(n ◦ γ,x+ β − ei, α+ β0; γ0, β0)

K(n ◦ γ,x+ β, α+ β0; γ0, β0)
,

where δij = ei ·ej for j = 1, . . . ,m, Γ(t) = ∞ for t ≤ 0, andK(n◦γ,0+β−ei, α+β0; γ0, β0) = ∞
for α ≥ β· − 1. Similarly, we have

Eλ|X [λi|X = x] =
1

ni

Γ(xi + βi + 1)

Γ(xi + βi)

K(n ◦ γ,x+ β + ei, α+ β0; γ0, β0)

K(n ◦ γ,x+ β, α+ β0; γ0, β0)
,
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which is finite. Hence, for all d = (d1, . . . , dm) ∈ Rm, we have

Eλ|X [Lc(d,λ)|X = x]

=
m∑
i=1

ciE
λ|X
[di2
λi

− 2di + λi

∣∣∣X = x
]

=
∑
i∈S

ci

{
Eλ|X

[ 1
λi

∣∣∣X = x
](
di −

1

Eλ|X
[
1
λi

∣∣X = x
])2 +Ai

}
+
∑
i∈Sc

ci(di
2 · ∞ − 2di + Eλ|X [λi|X = x]),

where S = {i ∈ {1, . . . ,m} : Eλ|X [1/λi
∣∣X = x] < ∞} and Ai = −(Eλ|X [1/λi

∣∣X = x])−1 +

Eλ|X [λi|X = x] for i ∈ S. Therefore, Eλ|X [Lc(d,λ)|X = x] is finite if and only if di = 0 for
all i ∈ Sc. Furthermore, in this case, it is minimized if and only if di = (Eλ|X [1/λi|X = x])−1

for all i ∈ S. Thus, Eλ|X [Lc(d,λ)|X = x] is uniquely minimized at

d =
∑
i∈S

xi + βi − 1

ni

K(n ◦ γ,x+ β, α+ β0; γ0, β0)

K(n ◦ γ,x+ β − ei, α+ β0; γ0, β0)
ei,

which can be expressed as(
{1− ϕ

(α,β,γ;β0,γ0)
1 (x)}x1 + β1 − 1

n1
, . . . , {1− ϕ(α,β,γ;β0,γ0)

m (x)}xm + βm − 1

nm

)
by part (ii) of Lemma 2.2.2. Thus, the desired result is obtained. □

Proof of Lemma 2.2.5. For part (i), suppose xi ≥ 1. Then

niK(n,x+ j − ei, α+ β0; γ0, β0)

=

∫ ∞

0

uα+β0−1

(1 + u/γ0)β0
(ni + u)

m∏
j=1

1

(1 + u/nj)xj+1du (2.7.2)

>

∫ ∞

0

uα+β0

(1 + u/γ0)β0

m∏
j=1

1

(1 + u/nj)xj+1du

= K(n,x+ j, α+ β0 + 1; γ0, β0).

This shows the desired result. Part (ii) follows immediately from (2.7.2). For part (iii), let
fi(u) = (1 + u/γ0)

−β0
∏

j ̸=i(1 + u/nj)
−(xj+1) for u > 0 and let k = 0, 1. Then we have that

0 ≤ uα+β0−k 1

(1 + u/ni)xi+1−k
fi(u) ↑ uα+β0−kfi(u)

as ni → ∞ for every u > 0. Since α < m−2, it follows from the dominated convergence theorem
that

K(n,x+ j − kei, α+ β0 + 1− k; γ0, β0)

=

∫ ∞

0
uα+β0−k 1

(1 + u/ni)xi+1−k
fi(u)du

→
∫ ∞

0
uα+β0−kfi(u)du ∈ (0,∞)
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as ni → ∞, and this completes the proof. □

Proof of Lemma 2.3.1. It can be seen that

Eλ

[h(X + ei)

Xi + 1

]
=

∑
x∈N0

m

h(x+ ei)

xi + 1

m∏
j=1

(njλj)
xj

xj !
e−njλj

=
∑

x∈N0
m

h(x)

niλi

m∏
j=1

(njλj)
xj

xj !
e−njλj −

∑
x∈N0

m,x·ei=0

h(x)

niλi

m∏
j=1

(njλj)
xj

xj !
e−njλj

= Eλ

[h(X)

niλi

]
,

which proves Lemma 2.3.1. □
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Chapter 3

Bayesian Shrinkage Estimation of
Negative Multinomial Parameter
Vectors

3.1 Introduction

Stein’s phenomenon for the estimation of parameters of discrete distributions has been exten-
sively studied since Clevenson and Zidek (1975) showed that the usual estimator of the mean
vector of independent Poisson distributions is dominated by a Bayesian shrinkage estimator un-
der the standardized squared error loss. For example, Ghosh and Parsian (1981), Tsui (1979b),
Tsui and Press (1982), and Ghosh and Yang (1988) considered different estimators of Poisson
parameters under different loss functions. Estimation for discrete exponential families including
the Poisson and the negative binomial distributions was treated by Tsui (1979a), Hwang (1982),
and Ghosh, Hwang, and Tsui (1983). Tsui (1984), Tsui (1986a), and Tsui (1986b) explored
the robustness of Clevenson–Zidek-type estimators in estimating means when the observations
are not Poisson-distributed. In particular, Tsui (1986b) considered the case of dependent obser-
vations following the negative multinomial distribution, which is a multivariate generalization
of the negative binomial distribution and arises as the joint distribution of the frequencies of
multiple events in inverse sampling. The negative multinomial distribution is also included in
the general classes of discrete distributions of Chou (1991) and Dey and Chung (1992).

However, little attention has been paid to the construction of Bayesian shrinkage estimators
when the underlying distributions are not Poisson. This could be partly because tractable
hierarchical models may not be so widely known in such cases; some difficulties with the beta-
binomial hierarchy are discussed in Example 4.5.3 of Lehmann and Casella (1998). In this
chapter, we consider the Bayesian estimation of multiple negative multinomial parameter vectors.

The m-dimensional negative multinomial distribution with parameters r > 0 and p̊ =
(p̊1, . . . , p̊m)⊤ ∈ Dm =

{
(p̃1, . . . , p̃m)⊤|p̃1, . . . , p̃m > 0,

∑m
i=1 p̃i < 1

}
, denoted by NMm(r, p̊),

has probability mass function

NMm(x|r, p̊) =
Γ
(
r +

∑m
i=1 xi

)
Γ(r)

∏m
i=1 xi!

p̊r0

m∏
i=1

p̊xi
i (3.1.1)

for x = (x1, . . . , xm)⊤ ∈ N0
m = {0, 1, 2, . . . }m, where p̊0 = 1 − p̊· = 1 −

∑m
i=1 p̊i and where r
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corresponds to the number of successes in inverse sampling. Even if r is not an integer, the
probability function (3.1.1) is well defined and has the Poisson-gamma mixture representation

NMm(x|r, p̊) =
∫ ∞

0

vr−1

Γ(r)
e−v
[ m∏
i=1

{(p̊i/p̊0)v}xi

xi!
e−(p̊i/p̊0)v

]
dv. (3.1.2)

The mean and variance of the negative multinomial distribution NMm(r, p̊) are rp̊/p̊0 and

rdiag (̊p)/p̊0 + rp̊p̊′/p̊20. The marginals are negative binomial. If X̊
(1) ∼ NMm(r(1), p̊) and

X̊
(2) ∼ NMm(r(2), p̊) for r(1), r(2) > 0, then X̊

(1)
+ X̊

(2) ∼ NMm(r(1) + r(2), p̊); therefore, r
can also be interpreted as a sample size. For further properties and applications of the negative
multinomial distribution, see, for example, Sibuya, Yoshimura, and Shimizu (1964) and Tsui
(1986b) and the references therein.

Suppose that X1 = (X1,1, . . . , Xm,1)
⊤, . . . ,XN = (X1,N , . . . , Xm,N )⊤ are independently

distributed according to NMm(r,p1), . . . ,NMm(r,pN ), respectively, for m,N ∈ N = {1, 2, . . . },
where all the elements of p = (p1, . . . ,pN ) = ((p1,1, . . . , pm,1)

⊤, . . . , (p1,N , . . . , pm,N )⊤) ∈ Dm
N

are assumed to be unknown. For n ∈ {1, . . . , N}, we consider the problem of estimating the
matrix (p1, . . . ,pn) on the basis of X = (X1, . . . ,XN ) under the standardized squared error
loss

Ln(d,p) =

n∑
ν=1

m∑
i=1

1

pi,ν
(di,ν − pi,ν)

2, (3.1.3)

where d = (di,ν)1≤i≤m, 1≤ν≤N ∈ Rm×N . Here, n = N corresponds to the simultaneous estimation
of all the parameters while n = 1 corresponds to the estimation of p1 relating to the first
observation X1 by using all the information X. The case of n = N (with m = 1 or N = 1)
has been considered in the literature. One motivation for our general framework is to borrow
information from the entire population even when there are nuisance parameters.

As prior distribution for p, we first use the conjugate Dirichlet distribution with density

N∏
ν=1

Dirm(pν |a0,a) =
N∏
ν=1

{ Γ(a0 + a·)

Γ(a0)
∏m

i=1 Γ(ai)
p0,ν

a0−1
m∏
i=1

pi,ν
ai−1

}
, (3.1.4)

where a0 ∈ R, a = (a1, . . . , am)⊤ ∈ (0,∞)m, a· =
∑m

i=1 ai, and p0,ν = 1 − p·,ν = 1 −
∑m

i=1 pi,ν
for ν ∈ {1, . . . , N}. As will be shown later, the UMVU estimator of p is p̂U = (Xi,ν/(r+X·,ν −
1))1≤i≤m, 1≤ν≤N , where X·,ν =

∑m
i=1Xi,ν for ν ∈ {1, . . . , N}, and corresponds to the Bayes

estimator with respect to the prior (3.1.4) with a0 = −m and a = j(m) and the loss (3.1.3) with
n = N , where j(m) = (1, . . . , 1)⊤ ∈ Rm. Also, it will be seen that the Jeffreys prior is (3.1.4)
with a0 = −(m− 1)/2 and a = j(m)/2.

In Section 3.2, we first consider the general class of estimators

p̂(δ) =
( Xi,ν

r +X·,ν − 1 + δ(X·,·)

)
1≤i≤m, 1≤ν≤N

, (3.1.5)

where δ(X·,·) is a strictly positive function of X·,· =
∑N

ν=1X·,ν =
∑N

ν=1

∑m
i=1Xi,ν , and derive

a sufficient condition for the shrinkage estimator p̂(δ) to dominate the UMVU estimator p̂U.
Next we construct an empirical Bayes estimator based on the prior (3.1.4) with a = j(m) and
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show that it dominates the UMVU estimator when m is sufficiently large by using the derived
condition.

In Section 3.3, we obtain a shrinkage estimator of the form (Xi,ν/{r+X·,ν−1+δ(X ·)})1≤i≤m, 1≤ν≤N ,
where δ(X ·) > 0 is some symmetric function of X · = (X·,1, . . . , X·,N )⊤, by introducing a hier-
archical prior for p. In a simple case, this prior becomes

p ∼
( N∏

ν=1

p0,ν

)−m−1
/
( N∑

ν=1

log
1

p0,ν

)α
,

where α > 0. The above expression shows that the prior puts more probability around p0,1 =

· · · = p0,N = 1 than the Dirichlet prior p ∼
∏N

ν=1 p0,ν
−m−1. Our hierarchical Bayes estimator

is shown to dominate the UMVU estimator under some conditions. Also, for sufficiently large
m, we obtain an estimator based on our hierarchical prior which dominates a Bayes estimator
against the Jeffreys prior under the loss

L̃n(d̃,p) =

n∑
ν=1

m∑
i=1

(
d̃i,ν − pi,ν − pi,ν log

d̃i,ν
pi,ν

)
, (3.1.6)

where d̃ = (d̃i,ν)1≤i≤m, 1≤ν≤N ∈ (0,∞)m×N . In addition, it turns out that posterior computation
is quite simple under our hierarchical prior.

Recently, Stoltenberg and Hjort (2019) also considered Bayesian multivariate models for
count variables based on the Poisson likelihood. Hamura and Kubokawa (2019b, 2020c) consid-
ered estimation of Poisson parameters when sample sizes are unbalanced by using and generaliz-
ing the shrinkage prior of Komaki (2015). Interestingly, it is the method for evaluating integrals
in Bayesian predictive probabilities of Poisson variables in the presence of unbalanced sample
sizes, developed by Komaki (2015) and utilized by Hamura and Kubokawa (2019b, 2020c), that
plays a crucial role in obtaining the results in Section 3.3 for our hierarchical Bayes estimators
of negative multinomial parameters in the balanced setting.

The remainder of this chapter is organized as follows. In Sections 3.2 and 3.3, we consider
empirical Bayes and hierarchical Bayes estimators, respectively. In Section 3.4, through simula-
tion, we compare our proposed estimators with the UMVU estimator as well as an alternative
estimator which estimates p1, . . . ,pN independently based on X1, . . . ,XN , respectively. Some
concluding remarks are given in Section 3.5. Proofs are in the Appendix.

3.2 Empirical Bayes Estimation

We first derive a sufficient condition for the shrinkage estimator p̂(δ) given in (3.1.5) to dominate
the UMVU estimator. Let, for i ∈ {1, . . . ,m} and ν ∈ {1, . . . , N},

p̂Ui,ν =
Xi,ν

r +X·,ν − 1
. (3.2.1)

The right-hand side is defined to be 0 if the denominator is 0. The same remark applies to
(3.2.2) below. Then p̂U = (p̂Ui,ν)1≤i≤m, 1≤ν≤N is the UMVU estimator of p since it is unbiased by
Lemma 3.6.1 in the Appendix and since X is a minimal and complete sufficient statistic. Let
δ : N0 → (0,∞) and let, for i ∈ {1, . . . ,m} and ν ∈ {1, . . . , N},

p̂(δ) = (p̂
(δ)
i,ν )1≤i≤m, 1≤ν≤N , p̂

(δ)
i,ν =

Xi,ν

r +X·,ν − 1 + δ(X·,·)
. (3.2.2)
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The following theorem, together with the other theorems in this chapter, shows that borrowing
information from the independent observations actually is useful in improving risk performance
even if only a subset of the unknown parameters are of interest.

Theorem 3.2.1 Let n ∈ {1, . . . , N} and assume r ≥ 5/2. Suppose that the function δ satisfies
the following conditions for all z ∈ N:

(i) zδ(z) ≤ (z + 1)δ(z + 1).

(ii) If z ≥ 2, then

• δ(z) ≤ 2(m− 3) implies (m− 6)δ(z) + 2(m− 3)r ≥ 0 and

• δ(z) > 2(m− 3) implies n{(m− 6)δ(z) + 2(m− 3)r} ≥ (z − 1){δ(z)− 2(m− 3)}.

Then the shrinkage estimator p̂(δ) dominates the UMVU estimator p̂U under the loss Ln(d,p)
given by (3.1.3).

For example, if δ(X·,·) = c0 for some constant 0 < c0 ≤ 2(m − 3), conditions (i) and (ii) are
satisfied provided that m ≥ 6(r + c0)/(2r + c0). Also, condition (i) is satisfied if δ(X·,·) =
c1 + c2/X·,· for some constants c1, c2 > 0 when X·,· ≥ 1.

Next, we construct an empirical Bayes estimator. Lemma 3.2.1 below states that the shrink-
age estimator p̂(δ) coincides with a Bayes solution in a simple case. Let δ(a0)(X·,·) = a0 +m.

Lemma 3.2.1 Suppose a0 > max{−m,−r}. Then the shrinkage estimator p̂(δ(a0)) is a Bayes
solution with respect to the prior (3.1.4) with a = j(m) under the loss (3.1.3) for every n ∈
{1, . . . , N}.

The conditions a0 > −m and a0 > −r ensure, respectively, that p̂(δ(a0)) shrinks toward the
origin and that the posterior distribution is proper. If r ≥ 5/2 and 0 < a0 ≤ m − 6, the

estimator p̂(δ(a0)) = (Xi,ν/(r+ a0 +X·,ν +m− 1))1≤i≤m, 1≤ν≤N is proper Bayes by Lemma 3.2.1
and dominates the UMVU estimator by Theorem 3.2.1.

An empirical Bayes estimator is obtained by first assuming a0 > 1 and then substitut-

ing for a0 in p̂(δ(a0)) an estimator based on the marginal likelihood of p under the prior cor-

responding to p̂(δ(a0)). More specifically, when a0 > 1, the prior expectation of the mean
E[X·,·] =

∑N
ν=1

∑m
i=1 rpi,ν/p0,ν with respect to the Dirichlet prior (3.1.4) with a = j(m) is

given by∫
Dm

N
E[X·,·]

{ N∏
ν′=1

Dirm(pν′ |a0, j(m))
}
dp =

N∑
ν=1

m∑
i=1

r

∫
Dm

N

pi,ν
p0,ν

{ N∏
ν′=1

Dirm(pν′ |a0, j(m))
}
dp

=
Nmr

a0 − 1
.

Thus, an estimator of a0 is obtained as â0 = 1+Nmr/X·,· and our empirical Bayes estimator is

p̂EB = (p̂EBi,ν )1≤i≤m, 1≤ν≤N = p̂(δ(a0))|a0=â0 =
( Xi,ν

r +X·,ν − 1 + δEB(X·,·)

)
1≤i≤m, 1≤ν≤N

, (3.2.3)
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where

δEB(X·,·) = 1 +m+Nmr/X·,·

when X·,· ≥ 1 and δEB(0) ∈ (1 +m+Nmr,∞).
The following corollary gives a sufficient condition for p̂EB to dominate the UMVU estimator.

Corollary 3.2.1 Suppose that m ≥ 7 and that r ≥ 5/2. Then p̂EB is an empirical Bayes
estimator dominating the UMVU estimator p̂U under the loss Ln(d,p) given by (3.1.3) for
every n ∈ {1, . . . , N}.

It is worth noting that the condition given in the above corollary is independent of n, which
shows some robustness of the empirical Bayes estimator p̂EB. Additionally, recall that r, m, and
N can vary independently in our setting. When applying Corollary 3.2.1, we do not have to set
N > m, r, nor do we need to assume r > m.

The UMVU estimator corresponds to a0 = −m since lima0→−m p̂(δ(a0)) = p̂U (when r >
m). However, the empirical Bayes estimator p̂EB was derived under the assumption that a0 >
1. Indeed, we have â0 > 1 since all the elements of the observations X = (X1, . . . ,XN )
are nonnegative. Thus, there is a discrepancy in the support of a0 between the usual Bayes
estimator and the empirical Bayes estimator. On the other hand, in the case of hierarchical
Bayes estimation, a mixture of the priors p ∼

∏N
ν=1Dirm(pν |s, j(m)), s > −m, will be considered

in the next section.

3.3 Hierarchical Bayes Estimation

In this section, we first introduce a shrinkage prior for p and investigate its properties (Section
3.3.1). Next, using the prior, we construct a hierarchical Bayes estimator that dominates the
UMVU estimator under some conditions (Section 3.3.2). Finally, some remarks about posterior
computation are presented (Section 3.3.3).

3.3.1 A hierarchical shrinkage prior

For p = ((p1,1, . . . , pm,1)
⊤, . . . , (p1,N , . . . , pm,N )⊤) ∈ Dm

N and p0,ν = 1 − p·,ν = 1 −
∑m

i=1 pi,ν ,
ν ∈ {1, . . . , N}, let

πα,β,g,a0,a(p) =

∫ ∞

0
tα−1e−βtg(t)

{ N∏
ν=1

(
p0,ν

t+a0−1
m∏
i=1

pi,ν
ai−1

)}
dt, (3.3.1)

where α > 0, β ≥ 0, g : (0,∞) → (0,∞) is a bounded and smooth function, a0 ∈ R, and
a = (a1, . . . , am)⊤ ∈ (0,∞)m. When g = g1, where g1 : (0,∞) → (0,∞) is the function defined
by g1(t) = 1, t ∈ (0,∞), the prior (3.3.1) becomes

πα,β,g1,a0,a(p) = Γ(α)
{ N∏

ν=1

(
p0,ν

a0−1
m∏
i=1

pi,ν
ai−1

)}
/
(
β +

N∑
ν=1

log
1

p0,ν

)α
. (3.3.2)

It can be seen that

lim
α→0

πα,β,g1,a0,a(p)

Γ(α)
=

N∏
ν=1

(
p0,ν

a0−1
m∏
i=1

pi,ν
ai−1

)
∝

N∏
ν=1

Dirm(pν |a0,a)
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and that the denominator of (3.3.2) tends to infinity as min{p0,1, . . . , p0,N} → 0. Thus, πα,β,g,a0,a(p)
is a shrinkage prior based on the Dirichlet distribution. Furthermore, if m = 1, N ≥ 2, and
(Λ,θ) ∼ e−(a0−1)Λ, where Λ =

∑N
ν′=1 log(1/p0,ν′) and θν = {log(1/p0,ν)}/

∑N
ν′=1 log(1/p0,ν′),

ν ∈ {1, . . . , N − 1}, then p ∼
(∏N

ν=1 p0,ν
a0−1

)
/
{∑N

ν=1 log(1/p0,ν)
}N−1 ∝ πN−1,0,g1,a0,1(p).

Let a· =
∑m

i=1 ai. Necessary and sufficient conditions for propriety of the prior and posterior
distributions are as follows:

Lemma 3.3.1

(i) The prior (3.3.1) is proper if and only if either

• a0 > 0 and
∫∞
1 tα−Na·−1e−βtg(t)dt <∞ or

• a0 = 0,
∫ 1
0 t

α−N−1e−βtg(t)dt <∞, and
∫∞
1 tα−Na·−1e−βtg(t)dt <∞.

(ii) Under the prior (3.3.1), the posterior distribution of p given the observations X = (x1, . . . ,xN )
is proper for all x1, . . . ,xN ∈ N0

m if and only if either

• r + a0 > 0,
∫∞
1 tα−Na·−1e−βtg(t)dt <∞ or

• r + a0 = 0,
∫ 1
0 t

α−N−1e−βtg(t)dt <∞, and
∫∞
1 tα−Na·−1e−βtg(t)dt <∞.

When the condition of part (ii) of Lemma 3.3.1 is satisfied, we will simply say that the posterior
is proper. For example, when g = g1 and either α < Na· or β > 0, the prior (3.3.1) is proper if
a0 > 0, while the posterior is proper if r+a0 > 0. It is also worth noting that even when a0 < 0
and the prior is improper, the condition for posterior propriety may still be satisfied.

The prior (3.3.1) is related to shrinkage priors in the Poisson case. Specifically, if m = 1

and λ = (λ1, . . . , λN ) = (log(1/p0,1), . . . , log(1/p0,N )) ≈ 0(N)⊤, where 0(N) = (0, . . . , 0)⊤ ∈ RN ,
then λ is approximately distributed as

λ ∼
∫ ∞

0
tα−1e−βtg(t)

{ N∏
ν=1

(e−λν )t+a0(1− e−λν )a1−1
}
dt ≈

( N∏
ν=1

λν
a1−1

)∫ ∞

0
tα−1e−t(β+λ·)g(t)dt,

(3.3.3)

where λ· =
∑N

ν=1 λν . The density (3.3.3) corresponds to the prior considered by Ghosh and
Parsian (1981) when a1 = 1, to that considered by Komaki (2004) when β = 0 and g = g1, and
to that considered by Komaki (2006) when α = ma1 − 1, β = 0, and g(t) = {t/(1 + κt)}c+1 for
all t ∈ (0,∞) for some c > −ma1 and κ > 0. However, in order to prove the results in the next
subsection, we need to extend the technique of the proof of Theorem 1 of Komaki (2015), who
considered an unbalanced problem.

3.3.2 Dominance results

In order to derive an explicit form of a Bayes solution with respect to the prior (3.3.1), we define

K(α, β, g, ξ0, ξ) =

∫ ∞

0
tα−1e−βtg(t)

{ N∏
ν=1

Γ(t+ ξ0)

Γ(t+ ξ0 + ξν)

}
dt (3.3.4)
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for ξ0 ≥ 0 and ξ = (ξ1, . . . , ξN )⊤ ∈ [0,∞)N and we let j(N) = (1, . . . , 1)⊤ ∈ RN . For now, we
consider the case of a0 = −m and a = j(m) and assume that either

r > m and

∫ ∞

1
tα−Nm−1e−βtg(t)dt <∞ (3.3.5)

or

r = m,

∫ 1

0
tα−N−1e−βtg(t)dt <∞,

∫ ∞

1
tα−Nm−1e−βtg(t)dt <∞. (3.3.6)

Then, by Lemma 3.3.1, the posterior under the prior p ∼ πα,β,g,−m,j(m)(p) is proper,K(α, β, g, r−
m, z + mj(N)) < ∞ for all z ∈ N0

N , and K(α + 1, β, g, r − m, z + mj(N)) < ∞ for all
z ∈ N0

N \ {0(N)}.
Define the function δ(α,β,g) : N0

N → (0,∞] by

δ(α,β,g)(z) =
K(α+ 1, β, g, r −m,z +mj(N))

K(α, β, g, r −m, z +mj(N))
, z ∈ N0

N .

Let, for i ∈ {1, . . . ,m} and ν ∈ {1, . . . , N},

p̂
(α,β,g)
i,ν =


Xi,ν

r +X·,ν − 1 + δ(α,β,g)(X ·)
, if Xi,ν ≥ 1,

0, if Xi,ν = 0,

=
Xi,ν

r +X·,ν − 1 + δ(α,β,g)(X ·)
(3.3.7)

and let p̂(α,β,g) = (p̂
(α,β,g)
i,ν )1≤i≤m, 1≤ν≤N . Then p̂(α,β,g) is our hierarchical Bayes estimator.

Lemma 3.3.2 Suppose that (3.3.5) or (3.3.6) holds. Then the shrinkage estimator p̂(α,β,g) is
a Bayes solution with respect to the prior (3.3.1) with a0 = −m and a = j(m) under the loss
(3.1.3) for every n ∈ {1, . . . , N}.

The term δ(α,β,g)(X ·) is at once expressed in closed form and symmetric in X·,1, . . . , X·,N .
Deriving such terms will be less straightforward in the case of empirical Bayes estimation except
for those that are dependent only on X·,·.

Let e
(N)
ν denote the νth unit vector in RN , namely the νth column of the N × N identity

matrix, for ν ∈ {1, . . . , N}. The function δ(α,β,g) satisfies the following properties.

Proposition 3.3.1 Let z = (z1, . . . , zN )⊤ ∈ N0
N and suppose that (3.3.5) or (3.3.6) holds.

(i) We have 0 < δ(α,β,g)(z) ≤ ∞. Furthermore, δ(α,β,g)(z) = ∞ only if z = 0(N).

(ii) Let ν ∈ {1, . . . , N}. Then δ(α,β,g)(z) ≥ δ(α,β,g)(z + e
(N)
ν ).

(iii) Let ν ∈ {1, . . . , N}. Then limN∋k→∞ δ(α,β,g)(z + ke
(N)
ν ) = 0.

(iv) Suppose that r > m, that limt→0 g(t) = g(0) ∈ (0,∞), and that α + 1 < N . Then
limN\{1}∋k→∞[δ(α,β,g)(z + kj(N))/{(α/N)/ log k}] = 1.
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Properties (iii) and (iv) above are in contrast to the fact that limz→∞ δEB(z) = 1 +m > 0.
The following theorem provides a sufficient condition for p̂(α,β,g) to dominate p̂U.

Theorem 3.3.1 Let n ∈ {1, . . . , N}. Assume that (3.3.5) or (3.3.6) holds. Assume that g is
nonincreasing. Suppose further that

α+ 1 ≤ min{n(m− 2), nm/2 + βr}. (3.3.8)

Then p̂(α,β,g) is a hierarchical Bayes estimator dominating the UMVU estimator p̂U under the
loss Ln(d,p) given by (3.1.3).

There exist α > 0 and β ≥ 0 satisfying assumption (3.3.8) if and only if n(m − 2) > 1. When
r = m and g is nonincreasing, the condition

∫ 1
0 t

α−N−1e−βtg(t)dt <∞ becomes α > N . Even if
r = m, the conditions of Theorem 3.3.1 can be satisfied when m is sufficiently large.

In the remainder of this subsection, we consider the problem of estimating p under the loss
(3.1.6), a weighted version of Stein’s loss, in order to show some robustness of our prior. Since
the risk function of the UMVU estimator p̂U is not defined under the loss (3.1.6) as well as
under Stein’s loss, we first derive the Jeffreys prior.

Lemma 3.3.3 The Dirichlet prior (3.1.4) with a0 = (1−m)/2 and a = j(m)/2 is the Jeffreys
prior.

We note that if Stein’s loss is used instead of the loss (3.1.6), the posterior risk with respect to
the Jeffreys prior is identically infinite when at least one component of the matrix (X1, . . . ,Xn)
is 0.

Next we show that under the loss (3.1.6), Bayes estimators are obtained as posterior means
of p.

Lemma 3.3.4 Let p ∼ π(p) be a strictly positive prior density and assume that the posterior is
proper, that is, that

∫
Dm

N

{∏N
ν=1NMm(xν |r,pν)

}
π(p)dp <∞ for all x1, . . . ,xN ∈ N0

m. Then
the posterior mean of p is a Bayes solution under the loss (3.1.6) for every n ∈ {1, . . . , N}.

The posterior under the Dirichlet prior (3.1.4) is proper if and only if r + a0 > 0, in which
case the posterior mean of p is

p̂(a0,a) = (p̂
(a0,a)
i,ν )1≤i≤m, 1≤ν≤N =

( Xi,ν + ai
r + a0 +X·,ν + a·

)
1≤i≤m, 1≤ν≤N

. (3.3.9)

The posterior under the hierarchical prior (3.3.1) is proper if and only if the condition of part
(ii) of Lemma 3.3.1 is satisfied. In this case, the posterior mean of p is

p̂(α,β,g,a0,a) = (p̂
(α,β,g,a0,a)
i,ν )1≤i≤m, 1≤ν≤N =

( Xi,ν + ai

r + a0 +X·,ν + a· + δ
(α,β,g,a0,a)
ν (X ·)

)
1≤i≤m, 1≤ν≤N

,

where δ
(α,β,g,a0,a)
ν : N0

N → (0,∞) is the function defined by

δ(α,β,g,a0,a)ν (z) =
K(α+ 1, β, g, r + a0, z + a·j

(N) + e
(N)
ν )

K(α, β, g, r + a0, z + a·j
(N) + e

(N)
ν )

, z ∈ N0
N ,

for ν ∈ {1, . . . , N}. Some properties of the functions δ
(α,β,g,a0,a)
ν , ν ∈ {1, . . . , N}, are given in

the following proposition, which corresponds to Proposition 3.3.1.
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Proposition 3.3.2 Let z = (z1, . . . , zN )⊤ ∈ N0
N and ν ∈ {1, . . . , N}. Suppose that the condi-

tion of part (ii) of Lemma 3.3.1 is satisfied.

(i) We have 0 < δ
(α,β,g,a0,a)
ν (z) <∞.

(ii) Let ν ′ ∈ {1, . . . , N}. Then δ
(α,β,g,a0,a)
ν (z) ≥ δ

(α,β,g,a0,a)
ν (z + e

(N)
ν′ ).

(iii) Let ν ′ ∈ {1, . . . , N}. Then limN∋k→∞ δ
(α,β,g,a0,a)
ν (z + ke

(N)
ν′ ) = 0.

(iv) Suppose that r + a0 > 0, that limt→0 g(t) = g(0) ∈ (0,∞), and that α + 1 < N . Then

limN\{1}∋k→∞[δ
(α,β,g,a0,a)
ν (z + kj(N))/{(α/N)/ log k}] = 1.

Theorem 3.3.2 provides a sufficient condition for p̂(α,β,g,a0,a) to dominate p̂(a0,a) under the
loss (3.1.6).

Theorem 3.3.2 Let n ∈ {1, . . . , N}. Assume that the condition of part (ii) of Lemma 3.3.1 is
satisfied. Assume that g is nonincreasing. Suppose further that a0 + a· + 1 ≥ 0 and that

α+ 1 ≤ n(−a0 − 2). (3.3.10)

Then p̂(α,β,g,a0,a) dominates p̂(a0,a) under the loss L̃n(d̃,p) given by (3.1.6).

In particular, we have the following result for the case of the Jeffreys prior.

Corollary 3.3.1 Let n ∈ {1, . . . , N}. Assume that either

• r > (m− 1)/2 and
∫∞
1 tα−Na·−1e−βtg(t)dt <∞

or

• r = (m− 1)/2, α > N , and
∫∞
1 tα−Na·−1e−βtg(t)dt <∞.

Assume that g is nonincreasing. Suppose further that

α+ 1 ≤ n(m− 5)/2. (3.3.11)

Then p̂(α,β,g,(1−m)/2,j(m)/2) dominates p̂((1−m)/2,j(m)/2) under the loss L̃n(d̃,p) given by (3.1.6).

3.3.3 Posterior computation

In order to approximate the integral

K(α, β, g, ξ0, ξ) =

∫ ∞

0
tα−1e−βtg(t)

{ N∏
ν=1

Γ(t+ ξ0)

Γ(t+ ξ0 + ξν)

}
dt,

we could in principle use i.i.d. gamma variables (when β > 0) or rewrite the integral as

K(α, β, g, ξ0, ξ) =

∫ 1

0

( ω

1− ω

)α−1
e−βω/(1−ω)g

( ω

1− ω

){ N∏
ν=1

Γ(ω/(1− ω) + ξ0)

Γ(ω/(1− ω) + ξ0 + ξν)

} 1

(1− ω)2
dω
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and use i.i.d. uniform variables, for example. However, this can be numerically unstable because
the gamma function appears in the integrand. If ξ ∈ N0

N , the problem would be alleviated to
some extent by using the relation

N∏
ν=1

Γ(t+ ξ0)

Γ(t+ ξ0 + ξν)
=

N∏
ν=1

1

(t+ ξ0) · · · (t+ ξ0 + ξν − 1)

for all t ∈ (0,∞).
When g = g1, a more convenient way to compute the hierarchical Bayes estimators in the

previous subsection is to use MCMC samples since they are functions of posterior expectations.
In order to describe a Gibbs sampler, we introduce a fully conjugate prior. For α > 0, β ≥ 0,
a0 ∈ R, and (a1, . . . ,aN ) = ((a1,1, . . . , am,1)

⊤, . . . , (a1,N , . . . , am,N )⊤) ∈ (0,∞)m×N , let

π(p, t|α, β, a0,a1, . . . ,aN ) = tα−1e−βt
N∏
ν=1

(
p0,ν

t+a0−1
m∏
i=1

pi,ν
ai,ν−1

)
(3.3.12)

and

π(p|α, β, a0,a1, . . . ,aN ) = Γ(α)
{ N∏

ν=1

(
p0,ν

a0−1
m∏
i=1

pi,ν
ai,ν−1

)}
/
(
β +

N∑
ν=1

log
1

p0,ν

)α
, (3.3.13)

where t ∈ (0,∞) and where p = ((p1,1, . . . , pm,1)
⊤, . . . , (p1,N , . . . , pm,N )⊤) ∈ Dm

N and p0,ν =
1 −

∑m
i=1 pi,ν for ν ∈ {1, . . . , N}. When a1 = · · · = aN = a, the prior (3.3.13) becomes the

original prior (3.3.2).
Some basic properties of the priors (3.3.12) and (3.3.13) are summarized in the following

proposition. Let a·,ν =
∑m

i=1 ai,ν for ν ∈ {1, . . . , N} and let a·,· =
∑N

ν=1 a·,ν .

Proposition 3.3.3 The priors (3.3.12) and (3.3.13) satisfy the following properties:

(i) The following statements are equivalent:

•
∫
Dm

N×(0,∞) π(p, t|α, β, a0,a1, . . . ,aN )d(p, t) <∞.

•
∫
Dm

N π(p|α, β, a0,a1, . . . ,aN )dp <∞.

• min{max{a0, α−N},max{a·,· − α, β}} > 0.

(ii) If p ∼ π(p|α, β, a0,a1, . . . ,aN ) and (x1, . . . ,xN )|p ∼
∏N

ν=1NMm(xν |r,pν), then

p|(x1, . . . ,xN ) ∼ π(p|α, β, r + a0,x1 + a1, . . . ,xN + aN ).

(iii) If (p, t) ∼ π(p, t|α, β, a0,a1, . . . ,aN ), then p ∼ π(p|α, β, a0,a1, . . . ,aN ).

(iv) If (p, t) ∼ π(p, t|α, β, a0,a1, . . . ,aN ), then

p|t ∼
N∏
ν=1

Dirm(pν |t+ a0,aν), t|p ∼ Ga
(
t
∣∣∣α, β +

N∑
ν=1

log
1

p0,ν

)
.
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Part (ii) of Proposition 3.3.3 shows that the prior (3.3.13) is conjugate. Furthermore, part
(iii) of the proposition shows that in order to generate samples of p from the prior (3.3.13),
it is sufficient to sample from the joint prior (3.3.12). Therefore, we describe a Gibbs sam-
pler for (3.3.12) based on part (iv) of the proposition. In order to generate MCMC sam-
ples corresponding to (3.3.12) when it is proper, given a current sample of (p, t), denoted by
(p̃, t̃) = ((p̃i,ν)1≤i≤m, 1≤ν≤N , t̃), we generate a new sample as follows:

• sample t∗ ∼ Ga
(
t
∣∣α, β +

∑N
ν=1 log

{
1/
(
1−

∑m
i=1 p̃i,ν

)})
;

• sample p∗ ∼
∏N

ν=1Dirm(pν |t∗ + a0,aν).

Then samples of p can be used to approximate expectations of functions of p ∼ π(p|α, β, a0,a1, . . . ,aN ).

Also, samples of t may be used to approximate δ(α,β,g)(z) and δ
(α,β,g,a0,a)
ν (z), z ∈ N0

N , ν ∈
{1, . . . , N}, even if g ̸= g1.

3.4 Simulation Study

In this section, we investigate through simulation the numerical performance of the risk functions
of the Bayes estimators given in the previous two sections under the standardized squared error
loss given by (3.1.3) with n = N . The estimators which we compare are the following four:

U: the UMVU estimator p̂U given by (3.2.1),

EB0: the alternative empirical Bayes estimator which estimates p1, . . . ,pN independently
based onX1, . . . ,XN , respectively, namely p̂EB0 = (Xi,ν/(r +X·,ν +m+mr/X·,ν))1≤i≤m, 1≤ν≤N ,

EB: the empirical Bayes estimator p̂EB given by (3.2.3),

HB: the hierarchical Bayes estimator p̂HB = p̂(α,1,g1) given by (3.3.7) with (β, g) = (1, g1).

We consider the following cases:

(i) Let (r,m,N) = (8, 7, 1), α = 4, and p = p(1)(1),p(1)(2),p(1)(3), where

p(1)(1) = (1, 1, 1, 1, 1, 1, 1)⊤/8, p(1)(2) = (1, 1, 1, 1, 2, 2, 2)⊤/12, p(1)(3) = (2, 2, 2, 2, 1, 1, 1)⊤/12.

(ii) Let (r,m,N) = (8, 7, 3), α = 14, and p = p(2)(1),p(2)(2),p(2)(3), where

p(2)(1) = ((1, 1, 1, 1, 1, 1, 1)⊤/8, (1, 1, 1, 1, 1, 1, 1)⊤/8, (1, 1, 1, 1, 1, 1, 1)⊤/8),

p(2)(2) = ((1, 1, 1, 1, 2, 2, 2)⊤/12, (1, 1, 1, 1, 1, 1, 1)⊤/8, (1, 1, 1, 1, 2, 2, 2)⊤/12),

p(2)(3) = ((1, 1, 1, 1, 2, 2, 2)⊤/12, (1, 1, 1, 1, 1, 1, 1)⊤/8, (2, 2, 2, 2, 1, 1, 1)⊤/12).
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(iii) Let (r,m,N) = (4, 3, 7), α = 6, and p = p(3)(1),p(3)(2),p(3)(3), where

p(3)(1) =

1
1
1

 /4

1
1
1

 /4

1
1
1

 /4

1
1
1

 /4

1
1
1

 /4

1
1
1

 /4

1
1
1

 /4

 ,

p(3)(2) =

1
1
2

 /6

1
1
2

 /6

1
1
1

 /4

1
1
1

 /4

1
1
1

 /4

1
1
2

 /6

1
1
2

 /6

 ,

p(3)(3) =

1
1
2

 /6

1
1
2

 /6

1
1
1

 /4

1
1
1

 /4

1
1
1

 /4

2
2
1

 /6

2
2
1

 /6

 .

(iv) Let (r,m,N) = (2, 1, 7), α = 6, and p = p(4)(1),p(4)(2),p(4)(3), where

p(4)(1) = (1/2, 1/2, 1/2, 1/2, 1/2, 1/2, 1/2), p(4)(2) = (1/3, 1/3, 1/2, 1/2, 1/2, 1/3, 1/3),

p(4)(3) = (1/3, 1/3, 1/2, 1/2, 1/2, 2/3, 2/3).

Case (ii) is a case where m > N while Case (iii) is where m < N . Case (i) corresponds
to a single negative multinomial observation while Case (iv) corresponds to multiple negative
binomial observations. Table 3.1 summarizes whether the sufficient conditions for dominance in
Sections 3.2 and 3.3 are applicable.

Table 3.1: Whether or not the conditions for dominance are satisfied by the alternative empirical
Bayes estimator (EB0), the proposed empirical Bayes estimator (EB), and the hierarchical Bayes
estimator with (β, g) = (1, g1) (HB). When one of the conditions is satisfied, + is marked, and
− is marked otherwise.

Case EB0 EB HB

(i) + + +

(ii) + + +

(iii) − − +

(iv) − − −

For each estimator p̂, we obtain approximated values of the risk function E[LN (p̂,p)] by
simulation with 1, 000 replications. The hierarchical Bayes estimator p̂HB was computed based
on the Gibbs sampler described in Section 3.3.3 by generating 50, 000 posterior samples after dis-
carding the first 50, 000 samples. The percentage relative improvement in average loss (PRIAL)
of an estimator p̂ over p̂U is defined by

PRIAL = 100{E[LN (p̂U,p)]− E[LN (p̂,p)]}/E[LN (p̂U,p)].

For Case (i), Table 3.2 reports values of the risks of the estimators with values of PRIAL
given in parentheses. Since p̂EB0 and p̂EB are identical, they have the same values of PRIAL.
Although the dominance of p̂HB over p̂U is guaranteed, the difference in risks between the two
estimators is small. It is clear from the values of PRIAL that p̂EB0 and p̂EB are superior to p̂HB

in this case.
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Table 3.2: Risks of the UMVU estimator (U), the alternative empirical Bayes estimator (EB0),
the proposed empirical Bayes estimator (EB), and the hierarchical Bayes estimator with (β, g) =
(1, g1) (HB) for Case (i). Values of PRIAL of EB0, EB, and HB are given in parentheses.

p U EB0 EB HB

p(1)(1) 0.11 0.10 (7.58) 0.10 (7.58) 0.10 (2.86)

p(1)(2) 0.15 0.13 (11.15) 0.13 (11.15) 0.14 (4.59)

p(1)(3) 0.07 0.07 (4.92) 0.07 (4.92) 0.07 (1.75)

For Case (ii), Table 3.3 reports values of the risks and PRIAL. In all cases, the risk values
of p̂EB0 are smaller than those of p̂HB, and the risk values of p̂EB are still smaller. These three
estimators have the largest values of PRIAL when p = p(2)(2). Also, it can be seen that in the
balanced case of p = p(2)(1), the risk values of the three estimators are smaller than those of
p̂U even when the loss is (3.1.3) with n = 1.

Table 3.3: Risks of the UMVU estimator (U), the alternative empirical Bayes estimator (EB0),
the proposed empirical Bayes estimator (EB), and the hierarchical Bayes estimator with (β, g) =
(1, g1) (HB) for Case (ii). Values of PRIAL of EB0, EB, and HB are given in parentheses.

p U EB0 EB HB

p(2)(1) 0.32 0.30 (7.18) 0.29 (7.91) 0.31 (3.70)

p(2)(2) 0.39 0.35 (9.65) 0.35 (10.61) 0.37 (5.17)

p(2)(3) 0.32 0.29 (9.10) 0.29 (9.92) 0.31 (4.15)

For Case (iii), Table 3.4 reports values of the risks and PRIAL. Although the empirical Bayes
estimators do not satisfy the condition of Corollary 3.2.1, p̂EB0 is competitive with p̂HB and p̂EB

is superior to p̂HB. Importantly, even if the loss is (3.1.3) with n = 1, p̂EB has smaller values of
risks than p̂EB0 when p = p(3)(1).

Table 3.4: Risks of the UMVU estimator (U), the alternative empirical Bayes estimator (EB0),
the proposed empirical Bayes estimator (EB), and the hierarchical Bayes estimator with (β, g) =
(1, g1) (HB) for Case (iii). Values of PRIAL of EB0, EB, and HB are given in parentheses.

p U EB0 EB HB

p(3)(1) 1.21 1.16 (4.25) 1.10 (9.27) 1.14 (6.16)

p(3)(2) 1.44 1.30 (9.90) 1.23 (14.82) 1.32 (8.55)

p(3)(3) 1.22 1.15 (6.21) 1.08 (11.58) 1.14 (6.87)

Finally, Table 3.5 reports values of the risks and PRIAL for Case (iv). The estimators p̂EB

and p̂HB do not satisfy the conditions for dominance but their risk values are smaller than those
of p̂U. In particular, p̂HB has large values of PRIAL. In contrast to Case (i), p̂HB is superior to
p̂EB0 and p̂EB in the present case where N is much larger than m.
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Table 3.5: Risks of the UMVU estimator (U), the alternative empirical Bayes estimator (EB0),
the proposed empirical Bayes estimator (EB), and the hierarchical Bayes estimator with (β, g) =
(1, g1) (HB) for Case (iv). Values of PRIAL of EB0, EB, and HB are given in parentheses.

p U EB0 EB HB

p(4)(1) 1.34 1.38 (−3.35) 1.33 (0.75) 1.00 (24.99)

p(4)(2) 1.72 1.32 (23.43) 1.30 (24.39) 1.11 (35.47)

p(4)(3) 1.36 1.28 (5.78) 1.23 (9.62) 0.97 (28.42)

3.5 Discussion

In this chapter, we considered the simultaneous estimation of negative multinomial parameter
vectors and in particular derived empirical Bayes and hierarchical Bayes estimators which, under
suitable conditions, dominate the UMVU estimator for the loss (3.1.3). The focus was on
their basic properties in the relatively simple setting of this chapter. There are several related
problems that need to be further addressed and some of which are briefly discussed in this
section.

3.5.1 Inadmissibility of the UMVU estimator

Corollary 3.2.1 shows that the UMVU estimator p̂U is inadmissible under the loss (3.1.3) for
every n ∈ {1, . . . , N} whenever m ≥ 7 and r ≥ 5/2. On the other hand, Theorem 3.3.1 shows
that p̂U is inadmissible for the loss (3.1.3) if either r > m and n(m − 2) > 1 or r = m and
n(m − 2) > N + 1. Thus, if n ≥ 2, the UMVU estimator p̂U is inadmissible for large m when
r ≥ 5/2 while it is inadmissible for large r when m ≥ 3. It is also interesting to investigate
admissibility of p̂U for small r and m, which will be studied in a future paper.

3.5.2 Empirical Bayes estimation under the loss (3.1.6)

One empirical Bayes estimator under the loss (3.1.6) would be

p̃(a0,a) =
( Xi,ν + ai

r + a0 +X·,ν + a· + δ̃(a0,a)(X·,·)

)
1≤i≤m, 1≤ν≤N

,

where

δ̃(a0,a)(X·,·) =

{
1− a0 +Nra·/X·,·, if X·,· ≥ 1,

0, if X·,· = 0.

Although the empirical Bayes estimator (3.2.3) performed better than the UMVU estimator
in all of the four cases of Section 3.4, the risk values of the above empirical Bayes estimator
p̃(a0,a) were larger than those of p̂(a0,a) defined in (3.3.9) when we conducted a similar simulation
study, where a0 = (1−m)/2 and a = j(m)/2 as in Lemma 3.3.3. This might be partly because
δ̃(a0,a)(X·,·) is too large when X·,· ≥ 1, since the loss (3.1.6) penalizes small components of each

estimator. On the other hand, if we set a0 = −m and a = j(m) as in Section 3.4, p̃(a0,a) performs
well compared with p̂(a0,a) in several cases as shown in Table 3.6, which reports values of the
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risks and PRIAL of these two estimators. In Table 3.6, the settings are as in Section 3.4, B
and EB† denote p̂(a0,a) and p̃(a0,a), respectively, and the PRIAL of p̃(a0,a) over p̂(a0,a) is defined
analogously to that considered in Section 3.4.

Table 3.6: Risks of the Bayes estimator p̂(a0,a) with a0 = −m and a = j(m) (B) and the empirical
Bayes estimator p̃(a0,a) with a0 = −m and a = j(m) (EB†) for the four cases of Section 3.4.
Values of PRIAL of EB† are given in parentheses.

p B EB†

p(1)(1) 0.05 0.05 (8.20)

p(1)(2) 0.06 0.06 (11.30)

p(1)(3) 0.03 0.03 (4.86)

p(2)(1) 0.15 0.14 (8.50)

p(2)(2) 0.18 0.16 (11.78)

p(2)(3) 0.15 0.13 (10.31)

p(3)(1) 0.47 0.43 (7.48)

p(3)(2) 0.54 0.45 (16.31)

p(3)(3) 0.47 0.41 (12.74)

p(4)(1) 0.27 0.43 (−57.03)

p(4)(2) 0.46 0.38 (18.15)

p(4)(3) 0.33 0.37 (−12.12)

3.5.3 Extensions to unbalanced models

So far, we have mostly considered symmetric or balanced cases except that n can be smaller
than N and that a1, . . . , am might differ in general. More general unbalanced models will also
be important. As an example, suppose that X1 ∼ NMm(r1,p1), . . . ,XN ∼ NMm(rN ,pN ) for
r1, . . . , rN > 1. Then a straightforward generalization of Theorem 3.2.1 is that (Xi,ν/(rν +
X·,ν − 1))1≤i≤m, 1≤ν≤N is dominated by (Xi,ν/(rν +X·,ν − 1 + δ(X·,·)))1≤i≤m, 1≤ν≤N under the
loss (3.1.3) if r1, . . . , rN ≥ 5/2, zδ(z) ≤ (z + 1)δ(z + 1) for all z ∈ N, and

• (r/r)2δ(z) ≤ 2(m− 3) implies {2m− 6− (r/r)2m}δ(z) + 2(m− 3)r ≥ 0,

• (r/r)2δ(z) > 2(m−3) implies n[{2m−6−(r/r)2m}δ(z)+2(m−3)r] ≥ (z−1){(r/r)2δ(z)−
2(m− 3)}

for all z ∈ N \ {1}, where r = min{r1, . . . , rN} and r = max{r1, . . . , rN}.
There are other possible extensions. For example, since the marginal distribution of any set

of components of a negative multinomial random vector is also negative multinomial, it will be
worthwhile to consider the more general case where the lengths of X1, . . . ,XN may not be the
same. Weighted loss functions could be used. Also, we could use more than one function instead
of δ and replace X·,· with some linear combination of components of X. A generalization of the
prior (3.3.1) is obtained by introducing another hyperparameter, γ = (γ1, . . . , γN )⊤ ∈ (0,∞)N ,
and replacing p0,ν

t with p0,ν
γνt for t ∈ (0,∞) for each ν ∈ {1, . . . , N}.
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3.6 Appendix: Proofs

Let 0(m) = (0, . . . , 0)⊤ ∈ Rm and 0(m,N) = 0(m)0(N)⊤ ∈ Rm×N . Let e
(m)
i be the ith unit vector

in Rm, namely the ith column of the m ×m identity matrix, for i ∈ {1, . . . ,m}. Let e
(m,N)
i,ν =

e
(m)
i (e

(N)
ν )⊤ ∈ Rm×N for i ∈ {1, . . . ,m} and ν ∈ {1, . . . , N}. Further let δ

(m)
i,j = e

(m)
i

⊤
e
(m)
j for

i, j ∈ {1, . . . ,m} and let δ
(N)
ν,ν′ = e

(N)
ν

⊤
e
(N)
ν′ for ν, ν ′ ∈ {1, . . . , N}. For v = (vi,ν)1≤i≤m, 1≤ν≤N ∈

Rm×N and ṽ = (ṽi,ν)1≤i≤m, 1≤ν≤N ∈ Rm×N , we write the inner product
∑N

ν=1

∑m
i=1 vi,ν ṽi,ν as

v · ṽ. The following result is due to Hudson (1978).

Lemma 3.6.1 Let h : N0
m×N → R and suppose that either h(x) ≥ 0 for all x ∈ N0

m×N or
E[|h(X)|] < ∞. Then for all i ∈ {1, . . . ,m} and all ν ∈ {1, . . . , N}, if h(x) = 0 for all
x = (xj,ν′)1≤j≤m, 1≤ν′≤N ∈ N0

m×N such that xi,ν = 0, we have

E
[h(X)

pi,ν

]
= E

[ r +X·,ν
Xi,ν + 1

h(X + e
(m,N)
i,ν )

]
.

Proof. We have

E
[h(X)

pi,ν

]
=

∑
x=(x1,...,xN )∈N0

m×N ,x·e(m,N)
i,ν ̸=0

h(x)

pi,ν

N∏
ν′=1

NMm(xν′ |r,pν′)

=
∑

x=(x1,...,xN )∈N0
m×N

h(x+ e
(m,N)
i,ν )

pi,ν

NMm(xν + e
(m)
i |r,pν)

NMm(xν |r,pν)

N∏
ν′=1

NMm(xν′ |r,pν′)

= E
[ r +X·,ν
Xi,ν + 1

h(X + e
(m,N)
i,ν )

]
,

which proves the desired result. □

Proof of Theorem 3.2.1. Let ∆
(δ)
n = E[Ln(p̂

(δ),p)]−E[Ln(p̂
U,p)]. For ν ∈ {1, . . . , N}, let

ϕ(δ)ν (X) =
δ(X·,·)

r +X·,ν − 1 + δ(X·,·)

so that for every i ∈ {1, . . . ,m},

p̂
(δ)
i,ν = p̂Ui,ν − p̂Ui,νϕ

(δ)
ν (X).

Then, by Lemma 3.6.1, we have

∆(δ)
n = E

[ n∑
ν=1

m∑
i=1

( 1

pi,ν
[(p̂Ui,ν)

2{ϕ(δ)ν (X)}2 − 2(p̂Ui,ν)
2ϕ(δ)ν (X)] + 2p̂Ui,νϕ

(δ)
ν (X)

)]
= E

[ n∑
ν=1

m∑
i=1

[Xi,ν + 1

r +X·,ν
{ϕ(δ)ν (X + e

(m,N)
i,ν )}2 − 2

Xi,ν + 1

r +X·,ν
ϕ(δ)ν (X + e

(m,N)
i,ν ) + 2p̂Ui,νϕ

(δ)
ν (X)

]]
= E

[ n∑
ν=1

{I(δ)1,ν(X)− 2I
(δ)
2,ν(X) + 2I

(δ)
3,ν(X)}

]
,
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where

I
(δ)
1,ν(x) =

∑m
i=1 xi,ν +m

r +
∑m

i=1 xi,ν

{ δ
(∑N

ν′=1

∑m
i=1 xi,ν′ + 1

)
r +

∑m
i=1 xi,ν + δ

(∑N
ν′=1

∑m
i=1 xi,ν′ + 1

)}2
,

I
(δ)
2,ν(x) =

∑m
i=1 xi,ν +m

r +
∑m

i=1 xi,ν

δ
(∑N

ν′=1

∑m
i=1 xi,ν′ + 1

)
r +

∑m
i=1 xi,ν + δ

(∑N
ν′=1

∑m
i=1 xi,ν′ + 1

) ,
I
(δ)
3,ν(x) =

∑m
i=1 xi,ν

r +
∑m

i=1 xi,ν − 1

δ
(∑N

ν′=1

∑m
i=1 xi,ν′

)
r +

∑m
i=1 xi,ν − 1 + δ

(∑N
ν′=1

∑m
i=1 xi,ν′

) ,
for x = (xi,ν′)1≤i≤m, 1≤ν′≤N ∈ N0

m×N for each ν ∈ {1, . . . , N}. Since
∑n

ν=1{I
(δ)
1,ν(0

(m,N)) −
2I

(δ)
2,ν(0

(m,N)) + 2I
(δ)
3,ν(0

(m,N))} < 0, it is sufficient to show that
∑n

ν=1{I
(δ)
1,ν(x) − 2I

(δ)
2,ν(x) +

2I
(δ)
3,ν(x)} ≤ 0 for all x ∈ N0

m×N \ {0(m,N)}.
Fix x = (xi,ν)1≤i≤m, 1≤ν≤N ∈ N0

m×N \{0(m,N)}. For notational simplicity, let zν =
∑m

i=1 xi,ν
for ν ∈ {1, . . . , N} and let z =

∑N
ν=1 zν . Then for all ν ∈ {1, . . . , N} such that zν ̸= 0, since

δ(z) ≤ z + 1

z
δ(z + 1) ≤ zν + 1

zν
δ(z + 1),

we have

I
(δ)
3,ν(x) =

zν
r + zν − 1

δ(z)

r + zν − 1 + δ(z)

≤ zν
r + zν − 1

(zν + 1)δ(z + 1)

zν(r + zν − 1) + (zν + 1)δ(z + 1)
≤ zν + 3

r + zν

δ(z + 1)

r + zν + δ(z + 1)
,

where the second inequality follows from the assumption that r ≥ 5/2. Therefore,

n∑
ν=1

{I(δ)1,ν(x)− 2I
(δ)
2,ν(x) + 2I

(δ)
3,ν(x)} ≤ I(δ)(x),

where

I(δ)(x) =

n∑
ν=1

( 1

r + zν

δ(z + 1)

{r + zν + δ(z + 1)}2
[zν{δ(z + 1)− 2(m− 3)} − (m− 6)δ(z + 1)− 2(m− 3)r]

)
.

Suppose first that δ(z + 1) ≤ 2(m − 3). Then I(δ)(x) ≤ 0 by assumption since z + 1 ≥ 2. On
the other hand, if δ(z + 1) > 2(m− 3), then, by the covariance inequality,

I(δ)(x) ≤ 1

n

[ n∑
ν=1

1

r + zν

δ(z + 1)

{r + zν + δ(z + 1)}2
]

×
[( n∑

ν=1

zν

)
{δ(z + 1)− 2(m− 3)} − n{(m− 6)δ(z + 1) + 2(m− 3)r}

]
≤ 1

n

[ n∑
ν=1

1

r + zν

δ(z + 1)

{r + zν + δ(z + 1)}2
]

× [z{δ(z + 1)− 2(m− 3)} − n{(m− 6)δ(z + 1) + 2(m− 3)r}].

The right-hand side of the above inequality is nonpositive by assumption. This completes the
proof. □
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Remark 3.6.1 In the above proof, we have shown that I
(δ)
n (x) =

∑n
ν=1{I

(δ)
1,ν(x) − 2I

(δ)
2,ν(x) +

2I
(δ)
3,ν(x)} ≤ 0 for all x ∈ N0

m×N . Conversely, this condition implies that m ≥ 2 + δ(∞)/2
when limz→∞ δ(z) = δ(∞) ∈ (0,∞) and limz→∞ z{δ(z) − δ(z + 1)} = 0, which can be verified

by considering x2I
(δ)
n (xj(m)j(N)⊤) for x ∈ N0 and taking the limit as x → ∞. (The proof is

omitted.) In particular, in the case of the empirical Bayes estimator p̂EB, the condition that

I
(δEB)
n (x) ≤ 0 for all x ∈ N0

m×N implies that m ≥ 5, while it was assumed in Corollary 3.2.1
that m ≥ 7.

Proof of Lemma 3.2.1. Let x = (xi,ν)1≤i≤m, 1≤ν≤N ∈ N0
m×N and fix i ∈ {1, . . . ,m} and

ν ∈ {1, . . . , N}. The posterior mean of 1/pi,ν with respect to the observation X = x and the

prior p ∼
∏N

ν′=1Dirm(pν′ |a0, j(m)) ∝
∏N

ν′=1 p0,ν′
a0−1 is given by

E[1/pi,ν |X = x] =

∫
Dm

N (1/pi,ν)
{∏N

ν′=1

(
p0,ν′

r+a0−1
∏m

j=1 pj,ν′
xj,ν′

)}
dp∫

Dm
N

{∏N
ν′=1

(
p0,ν′r+a0−1

∏m
j=1 pj,ν′

xj,ν′
)}
dp

=


r + a0 + x·,ν +m− 1

xi,ν
, if xi,ν ≥ 1,

∞, if xi,ν = 0,

where x·,ν =
∑m

j=1 xj,ν . Similarly, the posterior mean of pi,ν is

E[pi,ν |X = x] =

∫
Dm

N pi,ν
{∏N

ν′=1

(
p0,ν′

r+a0−1
∏m

j=1 pj,ν′
xj,ν′

)}
dp∫

Dm
N

{∏N
ν′=1

(
p0,ν′r+a0−1

∏m
j=1 pj,ν′

xj,ν′
)}
dp

=
xi,ν + 1

r + a0 + x·,ν +m
<∞.

Therefore, for any d ∈ R, the posterior expectation of the loss (d− pi,ν)
2/pi,ν can be expressed

as

E[(d− pi,ν)
2/pi,ν |X = x] = d2E[1/pi,ν |X = x]− 2d+ E[pi,ν |X = x],

which is minimized at

d =
1

E[1/pi,ν |X = x]
=

xi,ν
r + a0 + x·,ν +m− 1

.

Hence, p̂(δ(a0)) = (Xi,ν/(r + a0 +X·,ν +m− 1))1≤i≤m, 1≤ν≤N is a Bayes solution. □

Proof of Lemma 3.3.1. Part (ii) follows immediately from part (i) since the poste-
rior given X = (x1, . . . ,xN ) is proper for all x1, . . . ,xN ∈ N0

m if and only if that given
X = (0(m), . . . ,0(m)), namely p ∼ πα,β,g,r+a0,a(p), is proper. For part (i), let J (α,β,g,a0,a) =∫
Dm

N πα,β,g,a0,a(p)dp. Then we have

J (α,β,g,a0,a) =

∫ ∞

0
tα−1e−βtg(t){Bm(t+ a0,a)}Ndt,

where

Bm(t+ a0,a) =

∫
Dm

(
p̊t+a0−1
0

m∏
i=1

p̊ai−1
i

)
dp̊ν =


Γ(t+ a0)

∏m
i=1 Γ(ai)

Γ(t+ a0 + a·)
, if t+ a0 > 0,

∞, if t+ a0 ≤ 0,
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for t ∈ (0,∞). Therefore, a necessary condition for the prior to be proper is that a0 ≥ 0.
Suppose that a0 ≥ 0. Then

J (α,β,g,a0,a)/
{ m∏

i=1

Γ(ai)
}N

= J
(α,β,g,a0,a)
1 + J

(α,β,g,a0,a)
2 ,

where

J
(α,β,g,a0,a)
1 =

∫ 1

0
tα−1e−βtg(t)

{ Γ(t+ a0)

Γ(t+ a0 + a·)

}N
dt

and

J
(α,β,g,a0,a)
2 =

∫ ∞

1
tα−1e−βtg(t)

{ Γ(t+ a0)

Γ(t+ a0 + a·)

}N
dt.

The term J
(α,β,g,a0,a)
1 is finite if and only if either a0 = 0 and

∫ 1
0 t

α−N−1e−βtg(t)dt < ∞ or
a0 > 0 since limt→0 Γ(t + a0)/Γ(t + a0 + a·) = Γ(a0)/Γ(a0 + a·) when a0 > 0 and since Γ(t +

0)/Γ(t+ 0 + a·) ∼ t−1/Γ(a·) as t→ 0 when a0 = 0. The term J
(α,β,g,a0,a)
2 is finite if and only if∫∞

1 tα−Na·−1e−βtg(t)dt <∞ since Γ(t+ a0)/Γ(t+ a0 + a·) ∼ t−a· as t→ ∞. This completes the
proof of part (i). □

Proof of Lemma 3.3.2. Let x = (xi,ν)1≤i≤m, 1≤ν≤N ∈ N0
m×N and fix i ∈ {1, . . . ,m} and

ν ∈ {1, . . . , N}. Then it can be verified that the reciprocal of the posterior mean of 1/pi,ν with
respect to the observation X = x and the prior p ∼ πα,β,g,−m,j(m)(p) is given by

1

E[1/pi,ν |X = x]
=


xi,ν

r + x·,ν − 1 + δ(α,β,g)(x·)
, if xi,ν ≥ 1,

0, if xi,ν = 0,

where x·,ν =
∑m

j=1 xj,ν and x· =
(∑m

j=1 xj,1, . . . ,
∑m

j=1 xj,N
)⊤

. Also, the posterior mean of pi,ν
is finite since 0 ≤ pi,ν ≤ 1 and the posterior is proper. Therefore, for any d ∈ R, the posterior
expectation of the loss (d− pi,ν)

2/pi,ν can be expressed as

E[(d− pi,ν)
2/pi,ν |X = x] = d2E[1/pi,ν |X = x]− 2d+ E[pi,ν |X = x]

and is minimized at d = 1/E[1/pi,ν |X = x]. Hence, p̂(α,β,g) is a Bayes solution. □

Proof of Proposition 3.3.1. Part (i) follows from the definition of the function δ(α,β,g). Let,
for t ∈ (0,∞),

fα,β,g(t) = tα−1e−βtg(t)

N∏
ν′=1

Γ(t+ r −m)

Γ(t+ r + zν′)
.

For part (ii), suppose that δ(α,β,g)(z) <∞. Then by the covariance inequality we have

δ(α,β,g)(z)/δ(α,β,g)(z + e(N)
ν ) =

∫∞
0 tfα,β,g(t)dt∫∞
0 fα,β,g(t)dt

/

∫∞
0

t
t+r+zν

fα,β,g(t)dt/
∫∞
0 fα,β,g(t)dt∫∞

0
1

t+r+zν
fα,β,g(t)dt/

∫∞
0 fα,β,g(t)dt

≥ 1.
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For part (iii), let k ∈ N. Then

δ(α,β,g)(z + ke(N)
ν ) =

∫∞
0

t
(t+r+zν)···(t+r+zν+k−1)fα,β,g(t)dt∫∞

0
1

(t+r+zν)···(t+r+zν+k−1)fα,β,g(t)dt
.

Fix ε > 0. Then it follows that for each l ∈ {0, 1},

∣∣∣∫∞
0

tl

(t+r+zν)···(t+r+zν+k−1)fα,β,g(t)dt∫ ε
0

tl

(t+r+zν)···(t+r+zν+k−1)fα,β,g(t)dt
− 1
∣∣∣ ≤ ∫∞

ε
tl

(t+r+zν)···(t+r+zν+k−1)fα,β,g(t)dt∫ ε/2
0

tl

(t+r+zν)···(t+r+zν+k−1)fα,β,g(t)dt

≤ (ε/2 + r + zν) · · · (ε/2 + r + zν + k − 1)

(ε+ r + zν) · · · (ε+ r + zν + k − 1)

∫∞
ε tlfα,β,g(t)dt∫ ε/2
0 tlfα,β,g(t)dt

=
Γ(ε/2 + r + zν + k)/Γ(ε/2 + r + zν)

Γ(ε+ r + zν + k)/Γ(ε+ r + zν)

∫∞
ε tlfα,β,g(t)dt∫ ε/2
0 tlfα,β,g(t)dt

,

the right-hand side of which converges to zero as k → ∞ since Γ(ε/2+r+zν+k)/Γ(ε+r+zν+k) ∼
1/(ε+ r + zν + k)ε/2 as k → ∞. Therefore, as k → ∞,

δ(α,β,g)(z + ke(N)
ν ) ∼

∫ ε
0

t
(t+r+zν)···(t+r+zν+k−1)fα,β,g(t)dt∫ ε

0
1

(t+r+zν)···(t+r+zν+k−1)fα,β,g(t)dt
≤ ε.

Since ε is arbitrarily chosen, we conclude that limN∋k→∞ δ(α,β,g)(z + ke
(N)
ν ) = 0. For part (iv),

let k ∈ N \ {1}. Then

δ(α,β,g)(z + kj(N))

1/ log k
=

∫∞
0 (log k)tαe−βtg(t)

{∏N
ν=1

Γ(t+r−m)
Γ(t+r+zν+k)

}
dt∫∞

0 tα−1e−βtg(t)
{∏N

ν=1
Γ(t+r−m)

Γ(t+r+zν+k)

}
dt

=

∫∞
0 uαe−βu/ log kg

(
u

log k

){∏N
ν=1

Γ(u/ log k+r−m)Γ(r+zν+k)
Γ(u/ log k+r+zν+k)Γ(r+zν)

}
du∫∞

0 uα−1e−βu/ log kg
(

u
log k

){∏N
ν=1

Γ(u/ log k+r−m)Γ(r+zν+k)
Γ(u/ log k+r+zν+k)Γ(r+zν)

}
du

.

Now for each l ∈ {0, 1} and all u ∈ (0,∞), we have that

uα+l−1e−βu/ log kg
( u

log k

) N∏
ν=1

Γ(u/ log k + r −m)Γ(r + zν + k)

Γ(u/ log k + r + zν + k)Γ(r + zν)

≤

[
supt∈(0,∞)

{
g(t)

∏N
ν=1

Γ(t+r−m)
Γ(t+r+zν)

}]
uα+l−1∏N

ν=1

{(
1 + u/ log k

r+zν

)
· · ·
(
1 + u/ log k

r+zν+k−1

)}
≤

[
supt∈(0,∞)

{
g(t)

∏N
ν=1

Γ(t+r−m)
Γ(t+r+zν)

}]
uα+l−1∏N

ν=1

{
1 + u

(
log r+zν+k

r+zν

)
/ log k

}
≤

[
supt∈(0,∞)

{
g(t)

∏N
ν=1

Γ(t+r−m)
Γ(t+r+zν)

}]
uα+l−1∏N

ν=1

[
1 + u infk′∈N\{1}

{(
log r+zν+k′

r+zν

)
/ log k′

}] ,
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where the second inequality follows since(
1 +

u/ log k

r + zν

)
× · · · ×

(
1 +

u/ log k

r + zν + k − 1

)
≥ 1 +

u

log k

( 1

r + zν
+ · · ·+ 1

r + zν + k − 1

)
≥ 1 +

u

log k
log

r + zν + k

r + zν

for every ν ∈ {1, . . . , N}, and that

lim
N\{1}∋k→∞

{
uα+l−1e−βu/ log kg

( u

log k

) N∏
ν=1

Γ(u/ log k + r −m)Γ(r + zν + k)

Γ(u/ log k + r + zν + k)Γ(r + zν)

}
= g(0)

{ N∏
ν=1

Γ(r −m)

Γ(r + zν)

}
uα+l−1

N∏
ν=1

lim
N\{1}∋k→∞

Γ(r + zν + k)

Γ(u/ log k + r + zν + k)

= g(0)
{ N∏

ν=1

Γ(r −m)

Γ(r + zν)

}
uα+l−1e−Nu.

Thus,

lim
N\{1}∋k→∞

δ(α,β,g)(z + kj(N))

1/ log k
=

∫∞
0 uαe−Nudu∫∞

0 uα−1e−Nudu
=
α

N
,

and the result follows. □

Proof of Theorem 3.3.1. First, note that r ≥ m ≥ 3 by assumption. Let ∆
(α,β,g)
n =

E[Ln(p̂
(α,β,g),p)]− E[Ln(p̂

U,p)]. For ν ∈ {1, . . . , N}, let

ϕ(α,β,g)ν (X) =


K(α+ 1, β, g, r −m,X · +mj(N))

K(α, β, g, r −m,X · +mj(N) − e
(N)
ν )

, if X·,ν ≥ 1,

0, if X·,ν = 0,

so that for every i ∈ {1, . . . ,m},

p̂
(α,β,g)
i,ν = p̂Ui,ν − p̂Ui,νϕ

(α,β,g)
ν (X).

Then, by Lemma 3.6.1, we have

∆(α,β,g)
n = E

[ n∑
ν=1

m∑
i=1

( 1

pi,ν
[(p̂Ui,ν)

2{ϕ(α,β,g)ν (X)}2 − 2(p̂Ui,ν)
2ϕ(α,β,g)ν (X)] + 2p̂Ui,νϕ

(α,β,g)
ν (X)

)]
= E

[ n∑
ν=1

m∑
i=1

[Xi,ν + 1

r +X·,ν
{ϕ(α,β,g)ν (X + e

(m,N)
i,ν )}2

− 2
Xi,ν + 1

r +X·,ν
ϕ(α,β,g)ν (X + e

(m,N)
i,ν ) + 2p̂Ui,νϕ

(α,β,g)
ν (X)

]]
= E[I

(α,β,g)
1,n (X)− 2I

(α,β,g)
2,n (X) + 2I

(α,β,g)
3,n (X)],
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where

I
(α,β,g)
1,n (x) =

n∑
ν=1

x·,ν +m

r + x·,ν

{K(α+ 1, β, g, r −m,x· +mj(N) + e
(N)
ν )

K(α, β, g, r −m,x· +mj(N))

}2
,

I
(α,β,g)
2,n (x) =

n∑
ν=1

x·,ν +m

r + x·,ν

K(α+ 1, β, g, r −m,x· +mj(N) + e
(N)
ν )

K(α, β, g, r −m,x· +mj(N))
,

I
(α,β,g)
3,n (x) =

n∑
ν=1

x·,ν
r + x·,ν − 1

ϕ(α,β,g)ν (x),

and x· = (x·,1, . . . , x·,N )⊤ =
(∑m

i=1 xi,1, . . . ,
∑m

i=1 xi,N
)⊤

for x = (xi,ν)1≤i≤m, 1≤ν≤N ∈ N0
m×N .

Since I
(α,β,g)
1,n (0(m,N)) − 2I

(α,β,g)
2,n (0(m,N)) + 2I

(α,β,g)
3,n (0(m,N)) < 0, it is sufficient to show that

I
(α,β,g)
1,n (x)− 2I

(α,β,g)
2,n (x) + 2I

(α,β,g)
3,n (x) ≤ 0 for all x ∈ N0

m×N \ {0(m,N)}.
Fix x = (xi,ν)1≤i≤m, 1≤ν≤N ∈ N0

m×N \{0(m,N)}. For notational simplicity, let zν =
∑m

i=1 xi,ν
for ν ∈ {1, . . . , N} and let z = (z1, . . . , zN )⊤ and z =

∑N
ν=1 zν . In addition, we use the

abbreviated notation

I1 = I
(α,β,g)
1,n (x), I2 = I

(α,β,g)
2,n (x), I3 = I

(α,β,g)
3,n (x), I = I1 − 2I2 + 2I3,

H(l) =
K(α+ l, β, g, r −m,x· +mj(N))

K(α, β, g, r −m,x· +mj(N))
, H(l,±ν) = K(α+ l, β, g, r −m,x· +mj(N) ± e

(N)
ν )

K(α, β, g, r −m,x· +mj(N))
,

for l ∈ {0, 1, 2} and ν ∈ {1, . . . , N}. Also, let, for t ∈ (0,∞),

fα,β,g(t) = tα−1e−βtg(t)
N∏
ν=1

Γ(t+ r −m)

Γ(t+ r + zν)

so that, for example, K(α, β, g, r −m,x· +mj(N)) =
∫∞
0 fα,β,g(t)dt and let, for t ∈ (0,∞),

f∗α,β,g(t) =
fα,β,g(t)

K(α, β, g, r −m,x· +mj(N))
=

fα,β,g(t)∫∞
0 fα,β,g(t′)dt′

.

For all ν ∈ {1, . . . , N} such that zν ̸= 0, we have that

ϕ(α,β,g)ν (x) =
H(1)

H(0,−ν)
=

∫∞
0 tfα,β,g(t)dt∫∞

0 (t+ r + zν − 1)fα,β,g(t)dt

=

∫∞
0 tfα,β,g(t)dt∫∞
0 fα,β,g(t)dt

∫∞
0 (t+ r + zν − 1)fα,β,g(t)dt−

∫∞
0 tfα,β,g(t)dt

(r + zν − 1)
∫∞
0 (t+ r + zν − 1)fα,β,g(t)dt

=
1

r + zν − 1

{
H(1)− H(1)

H(0,−ν)
H(1)

}
and that

H(1)

H(0,−ν)
/H(1, ν) =

∫∞
0 tf∗α,β,g(t)dt∫∞

0 (t+ r + zν − 1)f∗α,β,g(t)dt
∫∞
0

t
t+r+zν

f∗α,β,g(t)dt

≥
∫∞
0 tf∗α,β,g(t)dt∫∞

0 t t+r+zν−1
t+r+zν

f∗α,β,g(t)dt
≥ 1
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by the covariance inequality. Therefore,

I3 ≤
n∑

ν=1

zν
(r + zν − 1)2

{H(1)−H(1, ν)H(1)} ≤
n∑

ν=1

zν + 2

(r + zν)2
{H(1)−H(1, ν)H(1)}

=

n∑
ν=1

zν + 2

(r + zν)2
H(1)−

n∑
ν=1

zν + 2

(r + zν)2
H(1, ν)H(1). (3.6.1)

Since

H(1, ν) =

∫ ∞

0

t

t+ r + zν
f∗α,β,g(t)dt

=

∫ ∞

0

t

r + zν

(
1− t

t+ r + zν

)
f∗α,β,g(t)dt =

1

r + zν
{H(1)−H(2, ν)},

for all ν ∈ {1, . . . , N}, it follows that

I2 =

n∑
ν=1

zν +m

r + zν
H(1, ν) =

n∑
ν=1

zν +m

(r + zν)2
H(1)−

n∑
ν=1

zν +m

(r + zν)2
H(2, ν). (3.6.2)

Now, by the covariance inequality,

n∑
ν=1

zν +m

(r + zν)2
H(2, ν) ≤ 1

n

{ n∑
ν=1

1

(r + zν)2

} n∑
ν=1

(zν +m)H(2, ν). (3.6.3)

By integration by parts,

∞ > (α+ 1)

∫ ∞

0
tfα,β,g(t)dt =

∫ ∞

0
(α+ 1)tαe−βtg(t)

{ N∏
ν′=1

Γ(t+ r −m)

Γ(t+ r + zν′)

}
dt

= lim
ε→0

([
tα+1e−βtg(t)

{ N∏
ν′=1

Γ(t+ r −m)

Γ(t+ r + zν′)

}]1/ε
ε

−
∫ 1/ε

ε
tα+1

[ ∂
∂t

{
e−βtg(t)

N∏
ν′=1

Γ(t+ r −m)

Γ(t+ r + zν′)

}]
dt
)

=

∫ ∞

0
tα+1e−βtg(t)

{ N∏
ν′=1

Γ(t+ r −m)

Γ(t+ r + zν′)

}{
β +

−g′(t)
g(t)

}
dt

+

N∑
ν=1

zν+m∑
k=1

∫ ∞

0
tα+1e−βtg(t)

{ N∏
ν′=1

Γ(t+ r −m)

Γ(t+ r + zν′)

} 1

t+ r −m+ k − 1
dt,

where the last equality follows from the assumptions of the theorem since Γ(t) ∼ t−1 as t → 0
while

∏N
ν′=1{Γ(t + r − m)/Γ(t + r + zν′)} ∼ t−z−Nm as t → ∞ and since −g′(t) ≥ 0 and
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|t/(t+ r −m+ k − 1)| ≤ 1 for all t ∈ (0,∞) and k ∈ {1, 2, . . . }. Therefore,
n∑

ν=1

(zν +m)H(2, ν)

=
n∑

ν=1

zν+m∑
k=1

∫ ∞

0
tα+1e−βtg(t)

{ N∏
ν′=1

Γ(t+ r −m)

Γ(t+ r + zν′)

} 1

t+ r + zν
dt/

∫ ∞

0
fα,β,g(t)dt

≤
N∑
ν=1

zν+m∑
k=1

∫ ∞

0
tα+1e−βtg(t)

{ N∏
ν′=1

Γ(t+ r −m)

Γ(t+ r + zν′)

} 1

t+ r −m+ k − 1
dt/

∫ ∞

0
fα,β,g(t)dt

≤
[
(α+ 1)

∫ ∞

0
tfα,β,g(t)dt− β

∫ ∞

0
tα+1e−βtg(t)

{ N∏
ν′=1

Γ(t+ r −m)

Γ(t+ r + zν′)

}
dt
]
/

∫ ∞

0
fα,β,g(t)dt

= (α+ 1)H(1)− βH(2) ≤ (α+ 1)H(1)− βH(1)H(1), (3.6.4)

where the last inequality follows since, by the covariance inequality,

H(2) =

∫ ∞

0
t2f∗α,β,g(t)dt ≥

{∫ ∞

0
tf∗α,β,g(t)dt

}2
= {H(1)}2.

Combining (3.6.2), (3.6.3), and (3.6.4) gives

I2 ≥
n∑

ν=1

zν +m

(r + zν)2
H(1)− 1

n

{ n∑
ν=1

1

(r + zν)2

} n∑
ν=1

(zν +m)H(2, ν)

≥
n∑

ν=1

zν +m− (α+ 1)/n

(r + zν)2
H(1) +

β

n

n∑
ν=1

1

(r + zν)2
H(1)H(1)

≥
n∑

ν=1

zν +m− (α+ 1)/n

(r + zν)2
H(1) +

β

n

n∑
ν=1

r + zν
(r + zν)2

H(1, ν)H(1) (3.6.5)

since, for all ν ∈ {1, . . . , N},

H(1) =

∫ ∞

0
tf∗α,β,g(t)dt ≥

∫ ∞

0

r + zν
t+ r + zν

tf∗α,β,g(t)dt = (r + zν)H(1, ν).

Finally,

I1 =
n∑

ν=1

zν +m

r + zν
{H(1, ν)}2 ≤

n∑
ν=1

zν +m

(r + zν)2
H(1, ν)H(1). (3.6.6)

Also, for all ν ∈ {1, . . . , N},

H(1, ν) =

∫ ∞

0

t

t+ r + zν
f∗α,β,g(t)dt ≤

∫ ∞

0
f∗α,β,g(t)dt = 1.

Hence, combining (3.6.1), (3.6.5), and (3.6.6), we obtain

I ≤
n∑

ν=1

−zν +m− 4

(r + zν)2
H(1, ν)H(1)− 2

n∑
ν=1

m− 2− (α+ 1)/n

(r + zν)2
H(1)− 2

β

n

n∑
ν=1

r + zν
(r + zν)2

H(1, ν)H(1)

≤
n∑

ν=1

−zν −m+ 2(α+ 1)/n− 2(β/n)(r + zν)

(r + zν)2
H(1, ν)H(1) ≤ 0,
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where the second and third inequalities follow from (3.3.8), and this completes the proof. □

Proof of Lemma 3.3.3. Let X̊ = (X̊1, . . . , X̊m)⊤ ∼ NMm(r, p̊). Then the square root of the
determinant of the information matrix corresponding to this distribution is√∣∣∣(E[− ∂2

∂p̊i∂p̊j
log NMm(X̊|r, p̊)

])
1≤i,j≤m

∣∣∣ =
√∣∣∣(E[ r

p̊20
+ δ

(m)
i,j

X̊i

p̊2i

])
1≤i,j≤m

∣∣∣
=

√
|D(̊p) + (r/p̊20)j

(m)j(m)⊤| =
√

|D(̊p)|[1 + (r/p̊20)j
(m)⊤{D(̊p)}−1j(m)] (3.6.7)

=

√√√√rm

p̊m0

( m∏
i=1

1

p̊i

)(
1 +

p̊·
p̊0

)
∝ Dirm

(
p̊
∣∣∣1−m

2
,
1

2
j(m)

)
,

where D(p) = (r/p̊0)diag (1/p̊1, . . . , 1/p̊m). This is the desired result. □

Proof of Lemma 3.3.4. Let x = (xi,ν)1≤i≤m, 1≤ν≤N ∈ N0
m×N and fix i ∈ {1, . . . ,m} and

ν ∈ {1, . . . , N}. Since the prior density is strictly positive and the posterior is proper, the
posterior mean of pi,ν with respect to the observation X = x, denoted E[pi,ν |X = x], satisfies
E[pi,ν |X = x] ∈ (0,∞). Also, E[pi,ν log(1/pi,ν)|X = x] ∈ (0,∞). Therefore, for any d̃ ∈ (0,∞),
the posterior expectation of the loss d̃− pi,ν − pi,ν log(d̃/pi,ν) can be expressed as

E[d̃− pi,ν − pi,ν log(d̃/pi,ν)|X = x]

= d̃− E[pi,ν |X = x] log d̃− E[pi,ν |X = x]− E[pi,ν log(1/pi,ν)|X = x]

and thus is minimized at d̃ = E[pi,ν |X = x], which yields the desired result. □

Proof of Proposition 3.3.2. The proof is similar to that of Proposition 3.3.1. Part (i)
follows from the definition. Let

fα,β,g,a0,a(t) = tα−1e−βtg(t)
N∏

ν′′=1

Γ(t+ r + a0)

Γ(t+ r + a0 + zν′′ + a·)

for t ∈ (0,∞) so that K(α, β, g, r + a0, z + a·j
(N)) =

∫∞
0 fα,β,g,a0,a(t)dt. Then part (ii) follows

since

δ
(α,β,g,a0,a)
ν (z)

δ
(α,β,g,a0,a)
ν (z + e

(N)
ν′ )

=

∫∞
0 t

fα,β,g,a0,a
(t)

t+r+a0+zν+a·
dt∫∞

0

fα,β,g,a0,a
(t)

t+r+a0+zν+a·
dt∫∞

0
t

t+r+a0+zν′+a·+δ
(N)

ν,ν′

fα,β,g,a0,a
(t)

t+r+a0+zν+a·
dt/
∫∞
0

fα,β,g,a0,a
(t)

t+r+a0+zν+a·
dt∫∞

0
1

t+r+a0+zν′+a·+δ
(N)

ν,ν′

fα,β,g,a0,a
(t)

t+r+a0+zν+a·
dt/
∫∞
0

fα,β,g,a0,a
(t)

t+r+a0+zν+a·
dt

≥ 1

by the covariance inequality. For part (iii), let k ∈ N. Then

δ(α,β,g,a0,a)ν (z + ke
(N)
ν′ ) =

∫∞
0

t

(t+r+a0+zν′+a·+δ
(N)

ν,ν′ )···(t+r+a0+zν′+a·+δ
(N)

ν,ν′+k−1)

fα,β,g,a0,a
(t)

t+r+a0+zν+a·
dt∫∞

0
1

(t+r+a0+zν′+a·+δ
(N)

ν,ν′ )···(t+r+a0+zν′+a·+δ
(N)

ν,ν′+k−1)

fα,β,g,a0,a
(t)

t+r+a0+zν+a·
dt
.
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Fix ε > 0. Then it follows that for each l ∈ {0, 1},

∣∣∣
∫∞
0

tl

(t+r+a0+zν′+a·+δ
(N)

ν,ν′ )···(t+r+a0+zν′+a·+δ
(N)

ν,ν′+k−1)

fα,β,g,a0,a
(t)

t+r+a0+zν+a·
dt∫ ε

0
tl

(t+r+a0+zν′+a·+δ
(N)

ν,ν′ )···(t+r+a0+zν′+a·+δ
(N)

ν,ν′+k−1)

fα,β,g,a0,a
(t)

t+r+a0+zν+a·
dt

− 1
∣∣∣

≤

∫∞
ε

tl

(t+r+a0+zν′+a·+δ
(N)

ν,ν′ )···(t+r+a0+zν′+a·+δ
(N)

ν,ν′+k−1)

fα,β,g,a0,a
(t)

t+r+a0+zν+a·
dt∫ ε/2

0
tl

(t+r+a0+zν′+a·+δ
(N)

ν,ν′ )···(t+r+a0+zν′+a·+δ
(N)

ν,ν′+k−1)

fα,β,g,a0,a
(t)

t+r+a0+zν+a·
dt

≤
(ε/2 + r + a0 + zν′ + a· + δ

(N)
ν,ν′ ) · · · (ε/2 + r + a0 + zν′ + a· + δ

(N)
ν,ν′ + k − 1)

(ε+ r + a0 + zν′ + a· + δ
(N)
ν,ν′ ) · · · (ε+ r + a0 + zν′ + a· + δ

(N)
ν,ν′ + k − 1)

∫∞
ε tl

fα,β,g,a0,a
(t)

t+r+a0+zν+a·
dt∫ ε/2

0 tl
fα,β,g,a0,a

(t)

t+r+a0+zν+a·
dt

=
Γ(ε/2 + r + a0 + zν′ + a· + δ

(N)
ν,ν′ + k)/Γ(ε/2 + r + a0 + zν′ + a· + δ

(N)
ν,ν′ )

Γ(ε+ r + a0 + zν′ + a· + δ
(N)
ν,ν′ + k)/Γ(ε+ r + a0 + zν′ + a· + δ

(N)
ν,ν′ )

∫∞
ε tl

fα,β,g,a0,a
(t)

t+r+a0+zν+a·
dt∫ ε/2

0 tl
fα,β,g,a0,a

(t)

t+r+a0+zν+a·
dt
,

the right-hand side of which converges to zero as k → ∞ since Γ(ε/2+ r+ a0 + zν′ + a· + δ
(N)
ν,ν′ +

k)/Γ(ε+r+a0+zν′ +a·+δ
(N)
ν,ν′ +k) ∼ 1/(ε+r+a0+zν′ +a·+δ

(N)
ν,ν′ +k)

ε/2 as k → ∞. Therefore,
as k → ∞,

δ(α,β,g,a0,a)ν (z + ke
(N)
ν′ ) ∼

∫ ε
0

t

(t+r+a0+zν′+a·+δ
(N)

ν,ν′ )···(t+r+a0+zν′+a·+δ
(N)

ν,ν′+k−1)

fα,β,g,a0,a
(t)

t+r+a0+zν+a·
dt∫ ε

0
1

(t+r+a0+zν′+a·+δ
(N)

ν,ν′ )···(t+r+a0+zν′+a·+δ
(N)

ν,ν′+k−1)

fα,β,g,a0,a
(t)

t+r+a0+zν+a·
dt

≤ ε.

Since ε is arbitrarily chosen, we conclude that limN∋k→∞ δ
(α,β,g,a0,a)
ν (z + ke

(N)
ν′ ) = 0. For part

(iv), let k ∈ N \ {1}. Then

δ
(α,β,g,a0,a)
ν (z + kj(N))

1/ log k
=

∫∞
0 (log k)tαe−βtg(t)

{∏N
ν′=1

Γ(t+r+a0)

Γ(t+r+a0+zν′+a·+δ
(N)

ν,ν′+k)

}
dt∫∞

0 tα−1e−βtg(t)
{∏N

ν′=1
Γ(t+r+a0)

Γ(t+r+a0+zν′+a·+δ
(N)

ν,ν′+k)

}
dt

=

∫∞
0 uαe−βu/ log kg

(
u

log k

){∏N
ν′=1

Γ(u/ log k+r+a0)Γ(r+a0+zν′+a·+δ
(N)

ν,ν′+k)

Γ(u/ log k+r+a0+zν′+a·+δ
(N)

ν,ν′+k)Γ(r+a0+zν′+a·+δ
(N)

ν,ν′ )

}
du

∫∞
0 uα−1e−βu/ log kg

(
u

log k

){∏N
ν′=1

Γ(u/ log k+r+a0)Γ(r+a0+zν′+a·+δ
(N)

ν,ν′+k)

Γ(u/ log k+r+a0+zν′+a·+δ
(N)

ν,ν′+k)Γ(r+a0+zν′+a·+δ
(N)

ν,ν′ )

}
du

.
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Now for each l ∈ {0, 1} and all u ∈ (0,∞), we have that

uα+l−1e−βu/ log kg
( u

log k

) N∏
ν′=1

Γ(u/ log k + r + a0)Γ(r + a0 + zν′ + a· + δ
(N)
ν,ν′ + k)

Γ(u/ log k + r + a0 + zν′ + a· + δ
(N)
ν,ν′ + k)Γ(r + a0 + zν′ + a· + δ

(N)
ν,ν′ )

≤

[
supt∈(0,∞)

{
g(t)

∏N
ν′=1

Γ(t+r+a0)

Γ(t+r+a0+zν′+a·+δ
(N)

ν,ν′ )

}]
uα+l−1

∏N
ν′=1

{(
1 + u/ log k

r+a0+zν′+a·+δ
(N)

ν,ν′

)
· · ·
(
1 + u/ log k

r+a0+zν′+a·+δ
(N)

ν,ν′+k−1

)}

≤

[
supt∈(0,∞)

{
g(t)

∏N
ν′=1

Γ(t+r+a0)

Γ(t+r+a0+zν′+a·+δ
(N)

ν,ν′ )

}]
uα+l−1

∏N
ν′=1

{
1 + u

(
log

r+a0+zν′+a·+δ
(N)

ν,ν′+k

r+a0+zν′+a·+δ
(N)

ν,ν′

)
/ log k

}

≤

[
supt∈(0,∞)

{
g(t)

∏N
ν′=1

Γ(t+r+a0)

Γ(t+r+a0+zν′+a·+δ
(N)

ν,ν′ )

}]
uα+l−1

∏N
ν′=1

[
1 + u infk′∈N\{1}

{(
log

r+a0+zν′+a·+δ
(N)

ν,ν′+k′

r+a0+zν′+a·+δ
(N)

ν,ν′

)
/ log k′

}] ,
where the second inequality follows since(

1 +
u/ log k

r + a0 + zν′ + a· + δ
(N)
ν,ν′

)
× · · · ×

(
1 +

u/ log k

r + a0 + zν′ + a· + δ
(N)
ν,ν′ + k − 1

)
≥ 1 +

u

log k

( 1

r + a0 + zν′ + a· + δ
(N)
ν,ν′

+ · · ·+ 1

r + a0 + zν′ + a· + δ
(N)
ν,ν′ + k − 1

)

≥ 1 +
u

log k
log

r + a0 + zν′ + a· + δ
(N)
ν,ν′ + k

r + a0 + zν′ + a· + δ
(N)
ν,ν′

for every ν ′ ∈ {1, . . . , N}, and that

lim
N\{1}∋k→∞

{
uα+l−1e−βu/ log kg

( u

log k

)
×

N∏
ν′=1

Γ(u/ log k + r + a0)Γ(r + a0 + zν′ + a· + δ
(N)
ν,ν′ + k)

Γ(u/ log k + r + a0 + zν′ + a· + δ
(N)
ν,ν′ + k)Γ(r + a0 + zν′ + a· + δ

(N)
ν,ν′ )

}

= g(0)
{ N∏

ν′=1

Γ(r + a0)

Γ(r + a0 + zν′ + a· + δ
(N)
ν,ν′ )

}
uα+l−1

×
N∏

ν′=1

lim
N\{1}∋k→∞

Γ(r + a0 + zν′ + a· + δ
(N)
ν,ν′ + k)

Γ(u/ log k + r + a0 + zν′ + a· + δ
(N)
ν,ν′ + k)

= g(0)
{ N∏

ν′=1

Γ(r + a0)

Γ(r + a0 + zν′ + a· + δ
(N)
ν,ν′ )

}
uα+l−1e−Nu.

Thus,

lim
N\{1}∋k→∞

δ
(α,β,g,a0,a)
ν (z + kj(N))

1/ log k
=

∫∞
0 uαe−Nudu∫∞

0 uα−1e−Nudu
=
α

N
,
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and the result follows. □

The following lemma will be used in the proof of Theorem 3.3.2.

Lemma 3.6.2 Let u1, u2 > 0. Then

Γ′(u1 + u2)

Γ(u1 + u2)
− Γ′(u1)

Γ(u1)
≥ u2
u1 + u2

.

Proof. By Theorem 2.1 of Muldoon (1978), we have

∂

∂u

{Γ′(u)

Γ(u)
− log u

}
> 0 (3.6.8)

for all u > 0. Therefore,

Γ′(u1 + u2)

Γ(u1 + u2)
− Γ′(u1)

Γ(u1)
≥ log

u1 + u2
u1

≥ u2
u1 + u2

as desired. □

Although the inequality (3.6.8) is used in the above proof of Lemma 3.6.2, we can prove the
result directly.

Proof of Theorem 3.3.2. The proof is similar to that of Theorem 3.3.1. First, note that

r > 2 and a· > 1 by assumption. Let ∆
(α,β,g,a0,a)
n = E[L̃n(p̂

(α,β,g,a0,a),p)] − E[L̃n(p̂
(a0,a),p)].

For ν ∈ {1, . . . , N}, let

ϕ(α,β,g,a0,a)ν (X) =
K(α+ 1, β, g, r + a0,X · + a·j

(N) + e
(N)
ν )

K(α, β, g, r + a0,X · + a·j
(N))

so that for every i ∈ {1, . . . ,m},

p̂
(α,β,g,a0,a)
i,ν = p̂

(a0,a)
i,ν − p̂

(a0,a)
i,ν ϕ(α,β,g,a0,a)ν (X).

By Lemma 3.6.1, we have

∆(α,β,g,a0,a)
n = E

[ n∑
ν=1

m∑
i=1

[
− p̂

(a0,a)
i,ν ϕ(α,β,g,a0,a)ν (X) + pi,ν log

{
1 +

δ
(α,β,g,a0,a)
ν (X ·)

r + a0 +X·,ν + a·

}]]
= E

[ n∑
ν=1

m∑
i=1

[
− p̂

(a0,a)
i,ν ϕ(α,β,g,a0,a)ν (X)

+ p̂Ui,ν log
{
1 +

1

r + a0 +X·,ν + a· − 1

K(α+ 1, β, g, r + a0,X · + a·j
(N))

K(α, β, g, r + a0,X · + a·j
(N))

}]]
= E[−I(α,β,g,a0,a)1,n (x) + I

(α,β,g,a0,a)
2,n (x)],
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where

I
(α,β,g,a0,a)
1,n (x) =

n∑
ν=1

x·,ν + a·
r + a0 + x·,ν + a·

K(α+ 1, β, g, r + a0,x· + a·j
(N) + e

(N)
ν )

K(α, β, g, r + a0,x· + a·j
(N))

,

I
(α,β,g,a0,a)
2,n (x) =

n∑
ν=1

x·,ν
r + x·,ν − 1

log
{
1 +

1

r + a0 + x·,ν + a· − 1

K(α+ 1, β, g, r + a0,x· + a·j
(N))

K(α, β, g, r + a0,x· + a·j
(N))

}
,

and x· = (x·,1, . . . , x·,N )⊤ =
(∑m

i=1 xi,1, . . . ,
∑m

i=1 xi,N
)⊤

for x = (xi,ν)1≤i≤m, 1≤ν≤N ∈ N0
m×N .

Since−I(α,β,g,a0,a)1,n (0(m,N))+I
(α,β,g,a0,a)
2,n (0(m,N)) < 0, it is sufficient to show that−I(α,β,g,a0,a)1,n (x)+

I
(α,β,g,a0,a)
2,n (x) ≤ 0 for all x ∈ N0

m×N \ {0(m,N)}.
Fix x = (xi,ν)1≤i≤m, 1≤ν≤N ∈ N0

m×N \ {0(m,N)}. Let zν =
∑m

i=1 xi,ν for ν ∈ {1, . . . , N} and

let z = (z1, . . . , zN )⊤ and z =
∑N

ν=1 zν . We use the abbreviated notation

Ĩ1 = I
(α,β,g,a0,a)
1,n (x), Ĩ2 = I

(α,β,g,a0,a)
2,n (x), Ĩ = −Ĩ1 + Ĩ2,

K̃(l) = K(α+ l, β, g, r + a0,x· + a·j
(N)), K̃(l, ν) = K(α+ l, β, g, r + a0,x· + a·j

(N) + e(N)
ν ),

for l ∈ {0, 1, 2} and ν ∈ {1, . . . , N}. Also, let

fα,β,g,a0,a(t) = tα−1e−βtg(t)

N∏
ν=1

Γ(t+ r + a0)

Γ(t+ r + a0 + zν + a·)

for t ∈ (0,∞).
Clearly,

Ĩ2 =

n∑
ν=1

zν
r + zν − 1

log
{
1 +

1

r + a0 + zν + a· − 1

K̃(1)

K̃(0)

}
≤

n∑
ν=1

zν
r + zν − 1

1

r + a0 + zν + a· − 1

K̃(1)

K̃(0)

≤
n∑

ν=1

zν + a0 + a· + 2

(r + a0 + zν + a·)2
K̃(1)

K̃(0)
(3.6.9)

by assumption. On the other hand,

Ĩ1 =
n∑

ν=1

zν + a·
r + a0 + zν + a·

K̃(1, ν)

K̃(0)
=

n∑
ν=1

zν + a·
(r + a0 + zν + a·)2

K̃(1)

K̃(0)
−

n∑
ν=1

zν + a·
(r + a0 + zν + a·)2

K̃(2, ν)

K̃(0)

≥
n∑

ν=1

zν + a·
(r + a0 + zν + a·)2

K̃(1)

K̃(0)
− 1

n

n∑
ν=1

1

(r + a0 + zν + a·)2

n∑
ν=1

(zν + a·)
K̃(2, ν)

K̃(0)
(3.6.10)

by the covariance inequality. Furthermore, by integration by parts, we have

(α+ 1)K̃(1) =

∫ ∞

0
t2fα,β,g,a0,a(t)

{
β +

−g′(t)
g(t)

}
dt

+
N∑
ν=1

∫ ∞

0
t2fα,β,g,a0,a(t)

{Γ′(t+ r + a0 + zν + a·)

Γ(t+ r + a0 + zν + a·)
− Γ′(t+ r + a0)

Γ(t+ r + a0)

}
≥

n∑
ν=1

(zν + a·)K̃(2, ν), (3.6.11)
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where the equality follows since Γ(t) ∼ t−1 as t→ 0 while
∏N

ν=1{Γ(t+r+a0)/Γ(t+r+a0+zν +
a·)} ∼ t−z−Na· as t→ ∞ and where the inequality follows from Lemma 3.6.2. Hence, combining
(3.6.9), (3.6.10), and (3.6.11), we obtain

Ĩ ≤ −
n∑

ν=1

zν + a· − (α+ 1)/n

(r + a0 + zν + a·)2
K̃(1)

K̃(0)
+

n∑
ν=1

zν + a0 + a· + 2

(r + a0 + zν + a·)2
K̃(1)

K̃(0)

= −
n∑

ν=1

−a0 − 2− (α+ 1)/n

(r + a0 + zν + a·)2
K̃(1)

K̃(0)
,

the right-hand side of which is nonpositive by assumption (3.3.10), and the result follows. □

Proof of Proposition 3.3.3. Properties (ii) and (iv) are trivial. Property (iii) follows since∫ ∞

0
π(p, t|α, β, a0,a1, . . . ,aN )dt = π(p|α, β, a0,a1, . . . ,aN )

for p ∈ Dm
N . For part (i), note that the integrals are finite only if a0 ≥ 0 since otherwise∫

Dm
N
π(p|α, β, a0,a1, . . . ,aN )dp ≥

∫
Dm

N
πα,β,g1,a0,aj(m)(p)dp = ∞,

where a = max{max{a1,1, . . . , am,1}, . . . ,max{a1,N , . . . , am,N}}, by Lemma 3.3.1. Suppose that
a0 ≥ 0. Then we have∫

Dm
N×(0,∞)

π(p, t|α, β, a0,a1, . . . ,aN )d(p, t)/
N∏
ν=1

m∏
i=1

Γ(ai,ν)

=

∫ 1

0
tα−1e−βt

{ N∏
ν=1

Γ(t+ a0)

Γ(t+ a0 + a·,ν)

}
dt+

∫ ∞

1
tα−1e−βt

{ N∏
ν=1

Γ(t+ a0)

Γ(t+ a0 + a·,ν)

}
dt.

The first term on the right side is finite if and only if a0 > 0 or α > N since Γ(t) ∼ t−1

as t → 0. The second term on the right side is finite if and only if a·,· > α or β > 0 since∏N
ν=1 Γ(t+ a0)/Γ(t+ a0 + a·,ν) ∼ t−a·,· as t→ ∞. This completes the proof. □
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Chapter 4

Bayesian Shrinkage Approaches to
Unbalanced Problems of Estimation
and Prediction on the Basis of
Negative Multinomial Samples

4.1 Introduction

Properties of shrinkage estimators based on count variables have been extensively investigated
within the decision-theoretic framework since the seminal work of Clevenson and Zidek (1975).
For example, as briefly reviewed in Section 1 of Hamura and Kubokawa (2020b), estimation of
Poisson parameters was studied by Ghosh and Parsian (1981), Tsui (1979b), Tsui and Press
(1982), and Ghosh and Yang (1988) in various settings while Tsui (1979a), Hwang (1982), and
Ghosh, Hwang, and Tsui (1983) showed that similar results hold for discrete exponential families.
Extending the result of Tsui (1984) and Tsui (1986a), Tsui (1986b) proved that Clevenson–
Zidek-type estimators dominate the usual estimator in the case of the negagive multinomial
distribution, which is a generalization of the negative binomial distribution and is a special case
of the general distributions of Chou (1991) and Dey and Chung (1992). More recent studies
include Chang and Shinozaki (2019), Stoltenberg and Hjort (2019), and Hamura and Kubokawa
(2019b, 2020b, 2020c). On the other hand, since Komaki (2001), Bayesian predictive densities
with respect to shrinkage priors have been shown to dominate those based on noninformative
priors and parallels between estimation and prediction have been noted in the literature. In
particular, Komaki (2004, 2006, 2015) and Hamura and Kubokawa (2019b) obtained dominance
conditions in the Poisson case.

There are still directions in which these results could be generalized further. First, although
sample sizes will be unbalanced in many practical situations, some of the results are applicable
only to the balanced case. Weights in loss functions may also be unbalanced in practice (see,
for example, Section 7 of Stoltenberg and Hjort (2019)). Second, as pointed out by Hamura
and Kubokawa (2020b), decision-theoretic properties of Bayesian procedures have not been fully
studied for discrete distributions other than the Poisson distribution. Even in the Poisson case,
it was only after the work of Komaki (2015) that many Bayesian shrinkage estimators were
shown to dominate usual estimators in the presence of unbalanced sample sizes (Hamura and
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Kubokawa (2019b, 2020c)). Third, while theoretical properties of Bayesian predictive densities
for Poisson models have been investigated in several papers as mentioned earlier, relatively
few researchers (Komaki (2012), Hamura and Kubokawa (2019a)) have considered predictive
density estimation for other discrete exponential families. In this chapter, we treat these three
issues when considering Bayesian estimators and predictive density estimators based on negative
multinomial observations in unbalanced settings.

In Section 4.2, we consider the problem of estimating negative multinomial parameter vectors
under the standardized squared error loss in the general case where sample sizes, lengths of
observation vectors, and weights in the loss function may all be unbalanced. First, we generalize
Theorem 1 of Hamura and Kubokawa (2020b) to this unbalanced case and also obtain another
general sufficient condition for a general shrinkage estimator to dominate the UMVU estimator.
Then, using the method of maximum likelihood, a new empirical Bayes estimator is derived
which has a simple form as well as improves on the UMVU estimator. Finally, we present
still another dominance condition, which is applicable specifically to empirical Bayes estimators
including those based on the method of moments.

In Section 4.3, we consider the practically important problem of estimating the joint predic-
tive density of several independent multinomial tables under the Kullback-Leibler divergence.
The distribution of any one of them is specified by a set of negative multinomial probability
vectors, with each cell probability given by the product of the corresponding elements of the
vectors. The setting we consider is quite general in that two tables may be related through
a set of common overlapping probability vectors. Two simple special cases are the prediction
problems for independent multinomial vectors and for a single multinomial table. We show
that the Bayesian predictive density with respect to the Jeffreys prior is dominated by that
with respect to a generalization of the shrinkage prior considered by Hamura and Kubokawa
(2020b) under suitable conditions. Whereas Komaki (2012) investigated asymptotic properties
of Bayesian predictive densities for future multinomial observations based on current multino-
mial observations, the sample space is not a finite set in our setting and we investigate finite
sample properties of Bayesian predictive densities. Although Hamura and Kubokawa (2019a)
considered Bayesian predictive densities for a negative binomial model, where a future observa-
tion also is negative binomial and can take on an infinite number of values, they did not treat the
problem of estimating the joint predictive density of multiple negative binomial observations.

In Section 4.4, simple and illustrative simulation studies are performed. In Section 4.4.1, our
proposed empirical Bayes estimator and the UMVU estimator given in Section 4.2 are compared.
In Section 4.4.2, the Bayesian predictive densities given in Section 4.3 are compared.

In Section 4.5, predictive density estimation for the negative multinomial distribution is
discussed. Although no dominance conditions are obtained, generalizing Theorem 2.1 of Hamura
and Kubokawa (2019a), we derive two kinds of identities which relate prediction to estimation in
the negative multinomial case. In particular, the risk function of an arbitrary Bayesian predictive
density under the Kullback-Leibler divergence is expressed using the risk functions of an infinite
number of corresponding Bayes estimators under a weighted version of Stein’s loss.

4.2 Empirical Bayes Point Estimation

Let N ∈ N = {1, 2, . . . }, m1, . . . ,mN ∈ N, and r1, . . . , rN > 0. For ν = 1, . . . , N , let pν =
(pi,ν)

mν
i=1 ∈ Dmν = {(p̊1, . . . , p̊mν )

⊤|p̊1, . . . , p̊mν > 0,
∑mν

i=1 p̊i < 1} and let p0,ν = 1 − p·,ν =
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1 −
∑mν

i=1 pi,ν . Let X1, . . . ,XN be independent negative multinomial variables such that for
each ν = 1, . . . , N , the probability mass function of Xν is given by

Γ
(
rν +

∑mν
i=1 xi,ν

)
Γ(rν)

∏mν
i=1 xi,ν !

p0,ν
rν

mν∏
i=1

pi,ν
xi,ν

for xν = (xi,ν)
mν
i=1 ∈ N0

mν , where N0 = {0, 1, 2, . . . }. As pointed out by Hamura and Kubokawa
(2020b), m1, . . . ,mN may be different for example when we consider marginal distributions of
negative multinomial vectors of the same length. For some basic properties of the negative
multinomial distribution, see Sibuya, Yoshimura, and Shimizu (1964) and Tsui (1986b).

Now we assume that all the elements of p = (pν)ν=1,...,N ∈ D = Dm1 × · · · × DmN are
unknown and consider the problem of estimating p on the basis of the minimal and complete
sufficient statistic X = (Xν)ν=1,...,N = ((Xi,ν)

mν
i=1)ν=1,...,N under the standardized squared loss

function given by

Ln,c(d,p) =

n∑
ν=1

mν∑
i=1

ci,ν
(di,ν − pi,ν)

2

pi,ν
(4.2.1)

for d = ((di,ν)
mν
i=1)ν=1,...,N ∈ Rm1 ×· · ·×RmN , where n ∈ {1, . . . , N} and c = ((ci,ν)

mν
i=1)ν=1,...,N ∈

[0,∞)m1 × · · · × [0,∞)mN .
For ν = 1, . . . , N , letX·,ν =

∑mν
i=1Xi,ν . Then the UMVU estimator of p is p̂U = ((p̂Ui,ν)

mν
i=1)ν=1,...,N ,

where

p̂Ui,ν =
Xi,ν

rν +X·,ν − 1
(4.2.2)

for i = 1, . . . ,mν for ν = 1, . . . , N . (We write 0/0 = 0.) We first derive a general sufficient
condition for the shrinkage estimator

p̂(δ) = ((p̂
(δ)
i,ν )

mν
i=1)ν=1,...,N =

(( Xi,ν

rν +X·,ν − 1 + δν(X·,·)

)mν

i=1

)
ν=1,...,N

(4.2.3)

to dominate p̂U, where δ = (δν)
N
ν=1 : N0 → (0,∞)N and X·,· =

∑N
ν=1X·,ν =

∑N
ν=1

∑mν
i=1Xi,ν .

For notational simplicity, let r = min1≤ν≤n rν and r = max1≤ν≤n rν . For ν = 1, . . . , N , let
c·,ν =

∑mν
i=1 ci,ν . Let c· = min1≤ν≤n c·,ν and c = max1≤ν≤nmax1≤i≤mν ci,ν . Finally, let δ(x) =

min1≤ν≤n δν(x) and δ(x) = max1≤ν≤n δν(x) for x ∈ N0 and let ρ = infx∈N\{1} δ(x)/δ(x) ∈ [0, 1].

Theorem 4.2.1 Assume that rν ≥ 5/2 for all ν = 1, . . . , n with c·,ν > 0 and that 0 < 3c ≤ c·.
Suppose that for all ν = 1, . . . , n such that c·,ν > 0 and for all x ∈ N, we have

xδν(x) ≤ (x+ 1)δν(x+ 1). (4.2.4)

Suppose further that for all x ∈ N, one of the following two conditions are satisfied:

(i) • cδ(x+ 1) ≤ 2(r/r)2(c· − 3c)ρ implies{
2
(r
r

)2
(c· − 3c)ρ− c·

}
δ(x+ 1) + 2r

(r
r

)2
(c· − 3c)ρ ≥ 0 and (4.2.5)
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• cδ(x+ 1) > 2(r/r)2(c· − 3c)ρ implies

n
[{

2
(r
r

)2
(c· − 3c)ρ− c·

}
δ(x+ 1) + 2r

(r
r

)2
(c· − 3c)ρ

]
≥ x

{
cδ(x+ 1)− 2

(r
r

)2
(c· − 3c)ρ

}
.

(4.2.6)

(ii) • cδ(x+ 1) ≤ 2(c· − 3c)ρ implies

2(c· − 3c)ρ− (c· − rc) ≥ 0 and (4.2.7)

• cδ(x+ 1) > 2(c· − 3c)ρ implies

n{2(c· − 3c)ρ− (c· − rc)}δ(x+ 1) ≥
( n∑

ν=1

rν + x
)
{cδ(x+ 1)− 2(c· − 3c)ρ}. (4.2.8)

Then the shrinkage estimator p̂(δ) given in (4.2.3) dominates the UMVU estimator p̂U given by
(4.2.2) under the standardized squared loss (4.2.1).

Part (i) of Theorem 4.2.1 is a generalization of Theorem 1 of Hamura and Kubokawa (2020b),
who further obtained simpler conditions in specific cases. On the other hand, part (ii) is another
result of this chapter. It is worth noting that under the setting of Theorem 4.2.1, there may
exist ν = 1, . . . , n such that ci,ν = 0 < ci′,ν for some i, i′ = 1, . . . ,mν .

Next, we derive an empirical Bayes estimator based on the method of maximum likelihood.
Consider the conjugate Dirichlet prior distribution

N∏
ν=1

Dirmν (pν |ãνv, j(mν)) =

N∏
ν=1

{Γ(ãνv +mν)

Γ(ãνv)
p0,ν

ãνv−1
}
,

where v ∈ (0,∞) and where ãν ∈ (0,∞) and j(mν) = (1, . . . , 1)⊤ ∈ Rmν for ν = 1, . . . , N . It
corresponds to the Bayes estimator(( Xi,ν

rν +X·,ν − 1 + ãνv +mν

)mν

i=1

)
ν=1,...,N

of p. On the other hand, since the maximum likelihood estimator and the prior mean of p0,ν is
rν/(rν +X·,ν) and ãνv/(ãνv +mν) for ν = 1, . . . , N , a reasonable estimator of v would be

1

X·,·

N∑
ν=1

mνrν
ãν

.

Thus, we obtain the empirical Bayes estimator

p̂(ã) =
(( Xi,ν

rν +X·,ν − 1 + δ
(ã)
ν (X·,·)

)mν

i=1

)
ν=1,...,N

, (4.2.9)

where ã = (ãν)
N
ν=1 and where

δ(ã)ν (X·,·) = mν +
ãν
X·,·

N∑
ν′=1

mν′rν′

ãν′
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if X·,· ≥ 1 while δ
(ã)
ν (0) ∈ (0,∞) for ν = 1, . . . , N . This estimator was not considered by Hamura

and Kubokawa (2020b). It is of the form (4.2.3) and clearly satisfies condition (4.2.4). Whether
the other conditions hold or not depends on the choice of the hyperparameter ã. For example,

ρ =



inf
x∈N\{1}

(min1≤ν≤nmν)
(
1 +

∑N
ν′=1 rν′/x

)
(max1≤ν≤nmν)

(
1 +

∑N
ν′=1 rν′/x

) =
min1≤ν≤nmν

max1≤ν≤nmν
, if ã = (mν)

N
ν=1,

inf
x∈N\{1}

min1≤ν≤nmν +
∑N

ν′=1mν′rν′/x

max1≤ν≤nmν +
∑N

ν′=1mν′rν′/x
=

min1≤ν≤nmν

max1≤ν≤nmν
, if ã = j(N),

inf
x∈N\{1}

min1≤ν≤n

(
mν + rν

∑N
ν′=1mν′/x

)
max1≤ν≤n

(
mν + rν

∑N
ν′=1mν′/x

) , if ã = (rν)
N
ν=1,

where j(N) = (1, . . . , 1)⊤ ∈ RN .
There are other empirical Bayes estimators. For example, since the prior mean of E[X ·,·] =∑N

ν=1

∑mν
i=1 rνpi,ν/p0,ν is

∑N
ν=1

∑mν
i=1 rν/(v − 1) =

∑N
ν=1mνrν/(v − 1) when ãν = 1 and v > 1

for all ν = 1, . . . , N , one estimator of v based on the method of moments would be

1 +
1

X·,·

N∑
ν=1

mνrν .

We could also use 1+
(∑N

ν=1

∑mν
i=1 rν c̃i,ν

)
/
∑N

ν=1

∑mν
i=1 c̃i,νXi,ν for ((c̃i,ν)

mν
i=1)ν=1,...,N ∈ (0,∞)m1×

· · · × (0,∞)mN . More generally, we consider the shrinkage estimator

p̂(b̃,c̃) = ((p̂
(b̃,c̃)
i,ν )mν

i=1)ν=1,...,N =
(( Xi,ν

rν +X·,ν − 1 + b̃ν + 1/X̃(c̃(ν))

)mν

i=1

)
ν=1,...,N

, (4.2.10)

where b̃ = (b̃ν)
N
ν=1 ∈ (0,∞)N and c̃ = (c̃(ν))Nν=1 = (((c̃

(ν)
i,ν′)

mν′
i=1 )ν′=1,...,N )Nν=1 ∈ ((0,∞)m1 × · · · ×

(0,∞)mN )N and where X̃(c̃(ν)) =
∑N

ν′=1

∑mν′
i=1 c̃

(ν)
i,ν′Xi,ν′ for ν = 1, . . . , N .

Theorem 4.2.2 Under Assumption 4.6.1 given in the Appendix, the shrinkage estimator p̂(b̃,c̃)

given in (4.2.10) dominates the UMVU estimator p̂U given by (4.2.2) under the standardized
squared loss (4.2.1).

When X̃(c̃(1)) = · · · = X̃(c̃(N)) = c̃X·,·, where c̃ ∈ (0,∞), we have the following result.

Corollary 4.2.1 Assume that c̃(1) = · · · = c̃(N) = (c̃j(m1), . . . , c̃j(mN )). Then, under Assump-

tion 4.6.2 given in the Appendix, p̂(b̃,c̃) dominates p̂U under the loss (4.2.1).

In Corollary 4.2.1, it is not necessarily assumed as in Theorem 4.2.1 that rν ≥ 5/2 for all
ν = 1, . . . , n with c·,ν > 0. Moreover, for the balanced case with r1 ≥ 1, another dominance
condition can be obtained by modifying the proof of Theorem 4.2.2 given in the Appendix. See
Remark 4.6.1 for details.

Finally, in order to estimate p, we could also use the hierarchical shrinkage prior introduced
by Hamura and Kubokawa (2020b) or its generalization. However, since they considered es-
sentially the same hierarchical Bayes estimator and gave important methods of evaluating the
risk function, we do not discuss the approach further. The usefulness of hierarchical Bayes
procedures will be shown in the next section.
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4.3 Hierarchical Bayes Predictive Density Estimation

In this section, we consider predictive density estimation for the multinomial distribution. Let

L ∈ N and d(1), . . . , d(L) ∈ {1, . . . , N}. For λ = 1, . . . , L, let ν
(λ)
1 , . . . , ν

(λ)

d(λ)
∈ N be such that

1 ≤ ν
(λ)
1 < · · · < ν

(λ)

d(λ)
≤ N and let I

(λ)
0 = {0, 1, . . . ,m

ν
(λ)
1

} × · · · × {0, 1, . . . ,m
ν
(λ)

d(λ)

} and

W(λ) =
{
(ẘi)i∈I(λ)0

∣∣ẘi ∈ N0 for all i ∈ I
(λ)
0 and

∑
i∈I(λ)0

ẘi = l(λ)
}
. Now let l(1), . . . , l(L) ∈

N and let W (1), . . . ,W (L) be independent multinomial variables such that for λ = 1, . . . , L, the
probability mass function of W (λ) is given by

fλ(w
(λ)|p) = l(λ)!∏

i∈I(λ)0

w
(λ)
i !

∏
i=(ih)

d(λ)

h=1∈I
(λ)
0

{ d(λ)∏
h=1

p
ih,ν

(λ)
h

}w
(λ)
i

for w(λ) = (w
(λ)
i )

i∈I(λ)0

∈ W(λ). We consider the problem of estimating the joint probability mass

of W (1), . . . ,W (L), namely f(w|p) =
∏L

λ=1 fλ(w
(λ)|p), w = (w(λ))λ=1,...,L ∈ W = W(1) × · · · ×

W(L), on the basis of X given in the previous section under the Kullback-Leibler divergence.
The risk function of a predictive mass f̂(·;X) is given by

E
[
log

f(W |p)
f̂(W ;X)

]
,

where W = (W (λ))λ=1,...,L = ((W
(λ)
i )

i∈I(λ)0

)λ=1,...,L.

As noted in Remark 2.2 of Hamura and Kubokawa (2019a), defining a natural plug-in predic-
tive mass is not necessarily easy. Therefore, in this section, we seek a good Bayesian predictive
mass. As shown by Aitchison (1975), the Bayesian predictive mass f̂ (π)(·;X) associated with a
prior p ∼ π(p) is given by

f̂ (π)(w;X) = Eπ[f(w|p)|X]. (4.3.1)

We first consider the natural conjugate Dirichlet distribution with density

πa0,a(p) ∝
N∏
ν=1

(
p0,ν

a0,ν−1
mν∏
i=1

pi,ν
ai,ν−1

)
, (4.3.2)

where a0 = (a0,ν)
N
ν=1 ∈ RN , a = (aν)ν=1,...,N = ((ai,ν)

mν
i=1)ν=1,...,N ∈ (0,∞)m1 × · · · × (0,∞)mN ,

and a·,ν =
∑mν

i=1 ai,ν for ν = 1, . . . , N . The Jeffreys prior is a special case of the Dirichlet prior.

Lemma 4.3.1 The Dirichlet prior (4.3.2) with a0 = ((1−mν)/2)
N
ν=1 and a = (j(mν)/2)ν=1,...,N

is the Jeffreys prior.

Next we consider the following conjugate shrinkage prior. Let

πα,β,γ,a0,a(p) =

∫ ∞

0
uα−1e−βu

{ N∏
ν=1

(
p0,ν

γνu+a0,ν−1
mν∏
i=1

pi,ν
ai,ν−1

)}
du, (4.3.3)
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where α > 0, β > 0, and γ = (γν)
N
ν=1 ∈ (0,∞)N . This shrinkage prior is based on that of Section

3 of Hamura and Kubokawa (2020b) and is a slightly simplified version of the one mentioned in
the discussion of their papar.

Under the prior (4.3.2), the posterior distribution of p given X = x is proper for all x ∈
N0

m1 × · · · ×N0
mN if and only if rν + a0,ν > 0 for all ν = 1, . . . , N . Also, this condition implies

that the posterior under (4.3.3) is proper, since we have assumed that β ̸= 0 for simplicity.
In order to derive the Bayesian predictive mass with respect to (4.3.2) and that with respect

to (4.3.3) in Proposition 4.3.1, we first rewrite f(w|p). Let S(λ) = {ν(λ)1 , . . . , ν
(λ)

d(λ)
} for λ =

1, . . . , L. For ν = 1, . . . , N , let Λ(ν) = {λ ∈ {1, . . . , L}|ν ∈ S(λ)} and, for λ ∈ Λ(ν), let {h(λ)ν } =

{h ∈ {1, . . . , d(λ)}|ν = ν
(λ)
h } and let, for i = 0, 1, . . . ,mν , I

(λ)
0 (i, ν) = {(ih)d

(λ)

h=1 ∈ I
(λ)
0 |i

h
(λ)
ν

= i}.

Lemma 4.3.2 For any w = ((w
(λ)
i )

i∈I(λ)0

)λ=1,...,L ∈ W, we have

f(w|p) =
{ L∏

λ=1

l(λ)!∏
i∈I(λ)0

w
(λ)
i !

} N∏
ν=1

mν∏
i=0

pi,ν

∑
λ∈Λ(ν)

∑
i∈I

(λ)
0 (i,ν)

w
(λ)
i

.

Let

C(w) =

L∏
λ=1

l(λ)!∏
i∈I(λ)0

w
(λ)
i !

for w = ((w
(λ)
i )

i∈I(λ)0

)λ=1,...,L ∈ W. For (i, ν) ∈ N0 × {1, . . . , N} with i ≤ mν , let

si,ν(w) =
∑

λ∈Λ(ν)

∑
i∈I(λ)0 (i,ν)

w
(λ)
i

for w = ((w
(λ)
i )

i∈I(λ)0

)λ=1,...,L ∈ W. Using (4.3.1) and Lemma 4.3.2, the following expressions

for f̂ (πa0,a)(·;X) and f̂ (πα,β,γ,a0,a
)(·;X) are obtained.

Proposition 4.3.1 Suppose that rν + a0,ν > 0 for all ν = 1, . . . , N .

(i) The Bayesian predictive mass f̂ (πa0,a)(·;X) is given by

f̂ (πa0,a)(w;X) = C(w)

N∏
ν=1

Γ(s0,ν(w) + rν + a0,ν)
∏mν

i=1 Γ(si,ν(w) +Xi,ν + ai)

Γ
(∑

λ∈Λ(ν) l
(λ) + rν + a0,ν +X·,ν + a·,ν

)
N∏
ν=1

Γ(rν + a0,ν)
∏mν

i=1 Γ(Xi,ν + ai)

Γ(rν + a0,ν +X·,ν + a·,ν)

.

(ii) The Bayesian predictive mass f̂ (πα,β,γ,a0,a
)(·;X) is given by

f̂ (πα,β,γ,a0,a
)(w;X)

= C(w)

∫ ∞

0
uα−1e−βu

{ N∏
ν=1

Γ(γνu+ s0,ν(w) + rν + a0,ν)
∏mν

i=1 Γ(si,ν(w) +Xi,ν + ai)

Γ
(
γνu+

∑
λ∈Λ(ν) l

(λ) + rν + a0,ν +X·,ν + a·,ν
) }

du

∫ ∞

0
uα−1e−βu

{ N∏
ν=1

Γ(γνu+ rν + a0,ν)
∏mν

i=1 Γ(Xi,ν + ai)

Γ(γνu+ rν + a0,ν +X·,ν + a·,ν)

}
du

.
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We now compare the risk functions of f̂ (πa0,a)(·;X) and f̂ (πα,β,γ,a0,a
)(·;X).

Theorem 4.3.1 Assume that rν + a0,ν > 0 for all ν = 1, . . . , N . Assume that rν ≥ 1 for all
ν = 1, . . . , N . Suppose that{(α+ 1)γν

β + γν
− a·,ν

}
(rν − 1) ≤ xν

{
− (α+ 1)γν

β + γν
−
∑

λ∈Λ(ν)

l(λ) − a0,ν

}
(4.3.4)

for all xν ∈ N for all ν = 1, . . . , N . Then f̂ (πα,β,γ,a0,a
)(·;X) dominates f̂ (πa0,a)(·;X).

Corollary 4.3.1 If 1 ≤ rν > (mν −1)/2 >
∑

λ∈Λ(ν) l
(λ) for all ν = 1, . . . , N , then the Bayesian

predictive mass with respect to the Jeffreys prior, namely f̂ (πa0,a)(·;X) with a0 = ((1−mν)/2)
N
ν=1

and a = (j(mν)/2)ν=1,...,N , is inadmissible and dominated by the Bayesian predictive mass

f̂ (πα,β,γ,a0,a
)(·;X) with a0 = ((1−mν)/2)

N
ν=1 and a = (j(mν)/2)ν=1,...,N for some α > 0, β > 0,

and γ ∈ (0,∞)N .

4.4 Simulation Studies

4.4.1 Simulation study for the model in Section 4.2

In this section, we investigate through simulation the numerical performance of the risk functions
of point estimators of p under the standardized squared error loss given by (4.2.1). Although
there are a number of conceivable unbalanced settings, for the sake of simplicity, we only consider
some of the most uncomplicated cases. In particular, we set n = N = 2, m1 = m2 = 7, and
c = (j(7), j(7)) and focus on the effect of r1, r2, and p. As in the Poisson case (see, for example,
Hamura and Kubokawa (2019b, 2020c)), although the dominance conditions given in Section 4.2
tend to be restrictive and may not be satisfied especially when r1 and r2 are highly unbalanced,
our proposed estimator turns out to perform well in such cases also.

We compare the UMVU estimator p̂U given by (4.2.2) and the empirical Bayes estimator
p̂(ã) given in (4.2.9) with ã = j(N), namely

p̂EB =
(( Xi,ν

rν +X·,ν − 1 + 7 + 7
∑2

ν′=1 rν′/X·,·

)7
i=1

)
ν=1,2

.

Let p0(0) = (1, 1, 1, 1, 1, 1, 1)⊤/8, p0(1) = (1, 1, 1, 1, 10, 10, 10)⊤/44, and p0(2) = (10, 10, 10, 10, 1, 1, 1)⊤/44.
We consider the following cases:

(i) Let r1 = r2 = 12 and let p1 = p2 = (1− ω)p0(0) + ωp0(1) for ω = 0, 1/5, . . . , 4/5, 1.

(ii) Let r1 = r2 = 12 and let p1 = (1− ω)p0(0) + ωp0(1) and p2 = (1− ω)p0(0) + ωp0(2) for
ω = 0, 1/5, . . . , 4/5, 1.

(iii) Let r1 = 8 and r2 = 16 and let p1 = p2 = (1−ω)p0(0) +ωp0(1) for ω = 0, 1/5, . . . , 4/5, 1.

(iv) Let r1 = 8 and r2 = 16 and let p1 = (1−ω)p0(0)+ωp0(1) and p2 = (1−ω)p0(0)+ωp0(2)
for ω = 0, 1/5, . . . , 4/5, 1.
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In Cases (i) and (ii), r1 and r2 are balanced. On the other hand, they are highly unbalanced in
Cases (iii) and (iv). The parameter vectors p1 and p2 are identical for all ω = 0, 1/5, . . . , 4/5, 1
in Cases (i) and (iii) and distinct for ω = 1/5, . . . , 4/5, 1 in Cases (ii) and (iv). We obtain
approximated values of the risk functions of p̂U and p̂EB by simulation with 100, 000 replications.

The results are illustrated in Figure 4.1. It seems that p̂EB dominates p̂U in every case. In
Cases (i) and (iii), both p̂U and p̂EB have large values of risks for large ω. In Case (ii), the
risk values of p̂U are almost the same while those of p̂EB are small for large ω. On the other
hand, in Case (iv), where the amount of information from X2 is much larger than the amount
of information from X1, the results are similar to those in Cases (i) and (iii). Overall, the risk
values are smaller in Cases (i) and (ii) than in Cases (iii) and (iv) and larger in Cases (i) and
(iii) than in Cases (ii) and (iv).

4.4.2 Simulation study for the model in Section 4.3

This section corresponds to Section 4.3. As in Section 4.4.1, we focus on simple cases and in par-
ticular consider low-dimensional settings for computational convenience. We set N = 2, m1 =

m2 = 3, L = 2, d(1) = 1, d(2) = 2, ν
(1)
1 = 1, ν

(2)
1 = 1, ν

(2)
2 = 2, and l(1) = l(2) = 1. We note that

p1 is related to both the vector W (1) and the matrix W (2). We investigate through simulation
the numerical performance of the risk functions of f̂ (πa0,a)(·;X) given in part (i) of Proposition
4.3.1 and f̂ (πα,β,γ,a0,a

)(·;X) given in part (ii) of Proposition 4.3.1; more specifically, we set a0 =
(−1,−1)⊤, a = (j(3)/2, j(3)/2), α = 1, β = 1, and γ = (1, 1)⊤ and compare the Bayesian pre-

dictive mass with respect to the Jeffreys prior, namely f̂J(·;X) = f̂
(π

(−1,−1)⊤,(j(3)/2,j(3)/2)
)
(·;X),

and the Bayesian predictive mass f̂HB(·;X) = f̂
(π

1,1,(1,1)⊤,(−1,−1)⊤,(j(3)/2,j(3)/2)
)
(·;X). Let p(0) =

((1, 1, 1)⊤/4, (1, 1, 1)⊤/4), p(1) = ((1, 1, 2)⊤/6, (1, 1, 2)⊤/6), and p(2) = ((1, 1, 2)⊤/6, (2, 2, 1)⊤/6).
For each p = p(0),p(1),p(2), we consider the following cases: (I) r1 = r2 = 5; (II) r1 = 4 and
r2 = 6; (III) r1 = 6 and r2 = 4.

We obtain approximated values of the risk functions of f̂J(·;X) and f̂HB(·;X) by simulation
with 1, 000 replications. The Bayesian predictive mass f̂J(·;X) is computed by generating
2, 000 independent posterior samples while f̂HB(·;X) is computed based on a Gibbs sampler by
generating 20, 000 approximate posterior samples after discarding the first 10, 000 samples. The
percentage relative improvement in average loss (PRIAL) of f̂HB(·;X) over f̂J(·;X) is defined
by

PRIAL = 100
{
E
[
log

f(W |p)
f̂J(W ;X)

]
− E

[
log

f(W |p)
f̂HB(W ;X)

]}
/E
[
log

f(W |p)
f̂J(·;X)

]
.

Table 4.1 reports values of the risks of f̂J(·;X) and f̂HB(·;X) with values of PRIAL given in
parentheses. It can be seen from the values of PRIAL that f̂HB(·;X) has smaller values of risks
than f̂J(·;X) in every case. When p = p(0),p(2), PRIAL is smallest in Case (II) and largest
in Case (III). On the other hand, when p = p(1), f̂HB(·;X) has the largest and smallest values
of PRIAL in Cases (II) and (III), respectively.

4.5 Discussion

In this chapter, we considered the problems of estimating negative multinomial parameter vectors
and the joint predictive density of multinomial tables on the basis of observations of negative
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Figure 4.1: Risks of the estimators p̂U and p̂EB for ω = 0, 1/5, . . . , 4/5, 1 in Cases (i), (ii), (iii),
and (iv). The black squares and red circles correspond to p̂U and p̂EB, respectively.
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Table 4.1: Risks of f̂J(·;X) (J) and f̂HB(·;X) (HB). Values of PRIAL of HB are given in
parentheses.

Case p J HB

(I) p(0) 0.22 0.22 (1.13)

(I) p(1) 0.23 0.23 (1.08)

(I) p(2) 0.27 0.27 (1.40)

(II) p(0) 0.28 0.27 (1.00)

(II) p(1) 0.32 0.31 (2.78)

(II) p(2) 0.30 0.30 (1.35)

(III) p(0) 0.23 0.23 (1.34)

(III) p(1) 0.30 0.29 (0.52)

(III) p(2) 0.25 0.24 (2.02)

multinomial variables in unbalanced settings. A related problem of mathematical interest is that
of estimating the joint predictive density of future negative multinomial variables on the basis of
the current negative multinomial observations. Although no dominance result has been obtained,
we here derive identities which relate prediction to estimation in the negative multinomial case.

Let s1, . . . , sn > 0 and let Y ν = (Yi,ν)
mν
i=1, ν = 1, . . . , n, be independent negative multinomial

variables with mass functions

gν(yν |pν) =
Γ
(
sν +

∑mν
i=1 yi,ν

)
Γ(sν)

∏mν
i=1 yi,ν !

p0,ν
sν

mν∏
i=1

pi,ν
yi,ν , (4.5.1)

yν = (yi,ν)
mν
i=1 ∈ N0

mν , ν = 1, . . . , n, respectively. Consider the problem of estimating the
predictive density g(y|p) =

∏n
ν=1 gν(yν |pν), y = (yν)ν=1,...,n ∈ N0

m1 × · · · ×N0
mn , on the basis

of X given in Section 4.2 under the Kullback-Leibler divergence. As shown by Aitchison (1975),
the Bayesian predictive mass ĝ(π)(·;X) with respect to a prior p ∼ π(p) is given by

ĝ(π)(y;X) = Eπ[g(y|p)|X]

=
{ n∏

ν=1

Γ
(
sν +

∑mν
i=1 yi,ν

)
Γ(sν)

∏mν
i=1 yi,ν !

}∫
D π(p)

{∏N
ν=1

(
p0,ν

sν+rν
∏mν

i=1 pi,ν
yi,ν+Xi,ν

)}
dp∫

D π(p)
{∏N

ν=1

(
p0,νrν

∏mν
i=1 pi,ν

Xi,ν
)}
dp

,

(4.5.2)

where sν = y1,ν = · · · = ymν ,ν = 0 if ν ∈ {1, . . . , N} ∩ [n+ 1,∞), and has risk given by

R(p, ĝ(π)) = E
[
log

g(Y |p)
ĝ(π)(Y ;X)

]
. (4.5.3)

Let t1, . . . , tN : [0, 1] → (0,∞) be smooth, nondecreasing functions such that for all ν =
1, . . . , N ,

tν(0) = rν and tν(1) =

{
rν + sν , if ν ≤ n,

rν , if ν ≥ n+ 1.
(4.5.4)
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For each τ ∈ [0, 1], let Zν(τ) = (Zi,ν(τ))
mν
i=1, ν = 1, . . . , N , be independent negative multinomial

variables with mass functions

Γ
(
tν(τ) +

∑mν
i=1 zi,ν

)
Γ(tν(τ))

∏mν
i=1 zi,ν !

p0,ν
tν(τ)

mν∏
i=1

pi,ν
zi,ν ,

(zi,ν)
mν
i=1 ∈ N0

mν , ν = 1, . . . , N , respectively, and let Z(τ) = (Zν(τ))ν=1,...,N . Let Wν,k ={
(ẘi)

mν
i=1 ∈ N0

mν
∣∣∑mν

i=1 ẘi = k
}
for ν = 1, . . . , N and k ∈ N0. Let

LKL(d̃, θ) = d̃− θ − θ log(d̃/θ) (4.5.5)

for d̃, θ ∈ (0,∞). The following theorem shows that the risk function of an arbitrary Bayesian
predictive mass can be expressed using the risk functions of the corresponding Bayes estimators
of an infinite number of monomials of the unknown probabilities.

Theorem 4.5.1 Let p ∼ π(p) be a prior density. Then the risk of ĝ(π)(·;X) is expressed as

R(p, ĝ(π))

=

∫ 1

0

{ n∑
ν=1

tν
′(τ)

∞∑
k=1

1

k

∑
(wi)

mν
i=1∈Wν,k

k!∏mν
i=1wi!

E
[
LKL

(
Eπ

[ mν∏
i=1

pi,ν
wi

∣∣∣Z(τ)
]
,

mν∏
i=1

pi,ν
wi

)]}
dτ .

Theorem 3 of Hamura and Kubokawa (2020b) is related to the monomials of degree 1 in the
above expression. In the negative binomial case, the “intrinsic loss” derived by Robert (1996)
is not given by (4.5.5); see Remark 2.2 of Hamura and Kubokawa (2019a) for details.

We also have the following somewhat simpler result. Let

πM,γ̃,a0,a(p) =

∫ ∞

0

[ N∏
ν=1

{
p0,ν

γ̃ν(u)+a0,ν−1
mν∏
i=1

pi,ν
ai,ν−1

}]
dM(u), (4.5.6)

where M is a measure on (0,∞) while γ̃ = (γ̃ν)
N
ν=1 : (0,∞) → (0,∞)N . Then Corollary 4.5.1

gives an expression for the risk difference between the Bayesian predictive mass with respect to
the prior (4.5.6) and that with respect to the prior (4.3.2).

Corollary 4.5.1 The risk difference between ĝ(πM,γ̃,a0,a
)(·;X) and ĝ(πa0,a)(·;X) is expressed as

R(p, ĝ(πM,γ̃,a0,a
))−R(p, ĝ(πa0,a))

=

∫ 1

0

{ n∑
ν=1

tν
′(τ)

∞∑
k=1

1

k
E[LKL(EπM,γ̃,a0,a

[p·,ν
k|Z(τ)], p·,ν

k)− LKL(Eπa0,a
[p·,ν

k|Z(τ)], p·,ν
k)]
}
dτ .

Despite these identities, dominance conditions have not been obtained. It may be worth
noting that log{ĝ(πa0,a)(Y ;X)/ĝ(πM,γ̃,a0,a

)(Y ;X)}, whose expectation is the risk difference, is
a function only of X·,ν , ν = 1, . . . , N , and Y·,ν =

∑mν
i=1 Yi,ν , ν = 1, . . . , n. Inadmissibility of

ĝ(πa0,a)(·;X) could be studied in a future paper.
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4.6 Appendix

4.6.1 Assumptions

Let cν = max1≤i≤mν ci,ν for ν = 1, . . . , N . Let c̃
(ν)
ν = min1≤i≤mν c̃

(ν)
i,ν , c̃

(ν)
ν = max1≤i≤mν c̃

(ν)
i,ν ,

and C̃ν = (c̃
(ν)
ν /c̃

(ν)
ν )/{1 + b̃ν(c̃

(ν)
ν + c̃

(ν)
ν )} for ν = 1, . . . , N . Let A = max1≤ν≤n cν(C̃ν +

2), b̃ = min1≤ν≤n b̃ν , b̃ = max1≤ν≤n b̃ν , c̃ = min1≤ν≤n c̃
(ν)
ν , and c̃ = max1≤ν≤n c̃

(ν)
ν and let

c̃∗ = min1≤ν≤N min1≤ν′≤N min1≤i≤mν′ c̃
(ν)
i,ν′ and c̃

∗ = max1≤ν≤N max1≤ν′≤N max1≤i≤mν′ c̃
(ν)
i,ν′ . Let

A1 = max1≤ν≤n{cν(3 + 4b̃ν c̃)/(1 + 2b̃ν c̃)}.
Assumption 4.6.1 and Assumption 4.6.2 correspond to Theorem 4.2.2 and Corollary 4.2.1,

respectively.

Assumption 4.6.1

(a) c > 0.

(b) rν ≥ C̃ν + 1 and rν + b̃ν ≥ C̃ν + 2 for all ν = 1, . . . , n with c·,ν > 0.

(c) c· −A ≥ 0.

(d) For all x ∈ N, either

• c{b̃+ 1/(c̃∗x+ c̃)} − 2(r/r)2(c· −A){b̃c̃∗c̃/(b̃c̃∗c̃)} ≤ 0 implies

c·{b̃+ 1/(c̃∗x+ c̃)} − 2
(r
r

)2
(c· −A)

b̃c̃∗c̃

b̃c̃∗c̃
{r + b̃+ 1/(c̃∗x+ c̃)} ≤ 0 and

• c{b̃+ 1/(c̃∗x+ c̃)} − 2(r/r)2(c· −A){b̃c̃∗c̃/(b̃c̃∗c̃)} > 0 implies

x
[
c{b̃+ 1/(c̃∗x+ c̃)} − 2

(r
r

)2
(c· −A)

b̃c̃∗c̃

b̃c̃∗c̃

]
+ nc·{b̃+ 1/(c̃∗x+ c̃)} − 2n

(r
r

)2
(c· −A)

b̃c̃∗c̃

b̃c̃∗c̃
{r + b̃+ 1/(c̃∗x+ c̃)} ≤ 0

or

• c{b̃+ 1/(c̃∗x+ c̃)} − 2(c· −A){b̃c̃∗c̃/(b̃c̃∗c̃)} ≤ 0 implies

(c· − cr)− 2(c· −A)
b̃c̃∗c̃

b̃c̃∗c̃
≤ 0 and

• c{b̃+ 1/(c̃∗x+ c̃)} − 2(c· −A){b̃c̃∗c̃/(b̃c̃∗c̃)} > 0 implies

( n∑
ν=1

rν + x
)[
c{b̃+ 1/(c̃∗x+ c̃)} − 2(c· −A)

b̃c̃∗c̃

b̃c̃∗c̃

]
+ n(c· − cr){b̃+ 1/(c̃∗x+ c̃)} − 2n(c· −A)

b̃c̃∗c̃

b̃c̃∗c̃
{b̃+ 1/(c̃∗x+ c̃)} ≤ 0.
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Assumption 4.6.2

(a) c > 0.

(b) rν ≥ 1/(1 + 2b̃ν c̃) + 1 and rν + b̃ν ≥ 1/(1 + 2b̃ν c̃) + 2 for all ν = 1, . . . , n with c·,ν > 0.

(c) c· −A1 ≥ 0.

(d) For all x ∈ N, either

• c[b̃+ 1/{c̃(x+ 1)}]− 2(r/r)2(c· −A1)b̃/b̃ ≤ 0 implies

c·[b̃+ 1/{c̃(x+ 1)}]− 2
(r
r

)2
(c· −A1)

b̃

b̃
[r + b̃+ 1/{c̃(x+ 1)}] ≤ 0 and

• c[b̃+ 1/{c̃(x+ 1)}]− 2(r/r)2(c· −A1)b̃/b̃ > 0 implies

x
(
c[b̃+ 1/{c̃(x+ 1)}]− 2

(r
r

)2
(c· −A1)

b̃

b̃

)
+ nc·[b̃+ 1/{c̃(x+ 1)}]− 2n

(r
r

)2
(c· −A1)

b̃

b̃
[r + b̃+ 1/{c̃(x+ 1)}] ≤ 0

or

• c[b̃+ 1/{c̃(x+ 1)}]− 2(c· −A1)b̃/b̃ ≤ 0 implies

(c· − cr)− 2(c· −A1)
b̃

b̃
≤ 0 and

• c[b̃+ 1/{c̃(x+ 1)}]− 2(c· −A1)b̃/b̃ > 0 implies

( n∑
ν=1

rν + x
)(
c[b̃+ 1/{c̃(x+ 1)}]− 2(c· −A1)

b̃

b̃

)
+ n(c· − cr)[b̃+ 1/{c̃(x+ 1)}]− 2n(c· −A1)

b̃

b̃
[b̃+ 1/{c̃(x+ 1)}] ≤ 0.

4.6.2 Proofs

Here we prove Theorems 4.2.1, 4.2.2, 4.3.1, and 4.5.1, Lemma 4.3.2, and Corollary 4.5.1. We
use Lemma 4.6.1, which is due to Hudson (1978).

For (i, ν), (i′, ν ′) ∈ N × {1, . . . , N} with i ≤ mν and i′ ≤ mν′ , let δi,i′,ν,ν′ = 1 if i = i′ and

ν = ν ′ and = 0 otherwise. Let X · = (X·,ν)
N
ν=1. For ν = 1, . . . , N , let e

(N)
ν be the νth unit

vector in RN , namely the νth column of the N × N identity matrix. For ν = 1, . . . , N , let

0(mν) = (0, . . . , 0)⊤ ∈ Rmν . For ν, ν ′ = 1, . . . , N , let δ
(N)
ν,ν′ = e

(N)
ν

⊤
e
(N)
ν′ .
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Lemma 4.6.1 Let φ : N0
m1 × · · · × N0

mN → R and suppose that either φ(x) ≥ 0 for all x ∈
N0

m1 × · · · × N0
mN or E[|φ(X)|] < ∞. Then for all (i, ν) ∈ N × {1, . . . , N} with i ≤ mν , if

φ(x) = 0 for all x = ((xi′,ν′)
mν′
i′=1)ν′=1,...,N ∈ N0

m1 × · · · × N0
mN such that xi,ν = 0, we have

E
[φ(X)

pi,ν

]
= E

[rν +X·,ν
Xi,ν + 1

φ(X + ei,ν)
]
,

where X + ei,ν = ((Xi′,ν′ + δi,i′,ν,ν′)
mν′
i′=1)ν′=1,...,N .

Proof of Theorem 4.2.1. Let ∆
(δ)
c = E[Lc(p̂

(δ),p)]− E[Lc(p̂
U,p)]. For ν = 1, . . . , N , let

ϕ(δ)ν (X ·) =


δν(X·,·)

rν +X·,ν − 1 + δν(X·,·)
, if X·,ν ≥ 1,

0, if X·,ν = 0,

so that p̂
(δ)
i,ν = p̂Ui,ν − p̂Ui,νϕ

(δ)
ν (X ·) for all i = 1, . . . ,mν . Then, by Lemma 4.6.1,

∆
(δ)
c = E

[ n∑
ν=1

mν∑
i=1

[
ci,ν

(p̂Ui,ν)
2{ϕ(δ)ν (X ·)}2 − 2(p̂Ui,ν)

2ϕ
(δ)
ν (X ·)

pi,ν
+ 2ci,ν p̂

U
i,νϕ

(δ)
ν (X ·)

]]
= E

[ n∑
ν=1

mν∑
i=1

(
ci,ν

Xi,ν + 1

rν +X·,ν
[{ϕ(δ)ν (X · + e(N)

ν )}2 − 2ϕ(δ)ν (X · + e(N)
ν )]

+ 2ci,ν
Xi,ν

rν +X·,ν − 1
ϕ(δ)ν (X ·)

)]
= E

[ n∑
ν=1

{I(δ)1,ν (X)− 2I
(δ)
2,ν (X) + 2I

(δ)
3,ν (X)}

]
,

where

I
(δ)
1,ν (x) =

∑mν
i=1 ci,νxi,ν + c·,ν
rν +

∑mν
i=1 xi,ν

{ δν
(∑N

ν=1

∑mν
i=1 xi,ν + 1

)
rν +

∑mν
i=1 xi,ν + δν

(∑N
ν=1

∑mν
i=1 xi,ν + 1

)}2
,

I
(δ)
2,ν (x) =

∑mν
i=1 ci,νxi,ν + c·,ν
rν +

∑mν
i=1 xi,ν

δν
(∑N

ν=1

∑mν
i=1 xi,ν + 1

)
rν +

∑mν
i=1 xi,ν + δν

(∑N
ν=1

∑mν
i=1 xi,ν + 1

) ,
I
(δ)
3,ν (x) =

(∑mν
i=1 ci,νxi,ν

)
δν
(∑N

ν=1

∑mν
i=1 xi,ν

)(
rν +

∑mν
i=1 xi,ν − 1

){
rν +

∑mν
i=1 xi,ν − 1 + δν

(∑N
ν=1

∑mν
i=1 xi,ν

)} ,
for x = ((xi,ν′)

mν′
i=1 )ν′=1,...,N ∈ N0

m1 × · · · × N0
mN for each ν = 1, . . . , N . Since c > 0, it follows

that
∑n

ν=1{I
(δ)
1,ν ((0

(mν))ν=1,...,N )− 2I
(δ)
2,ν ((0

(mν))ν=1,...,N ) + 2I
(δ)
3,ν ((0

(mν))ν=1,...,N )} < 0.

Fix x = ((xi,ν)
mν
i=1)ν=1,...,N ∈ (N0

m1 × · · · ×N0
mN ) \ {(0(mν))ν=1,...,N}. It is sufficient to show

that
∑n

ν=1{I
(δ)
1,ν (x) − 2I

(δ)
2,ν (x) + 2I

(δ)
3,ν (x)} ≤ 0. Let x·,ν =

∑mν
i=1 xi,ν for ν = 1, . . . , N and let

x·,· =
∑N

ν=1 x·,ν . Let cν = max1≤i≤mν ci,ν for ν = 1, . . . , N . Then for all ν = 1, . . . , n such that∑mν
i=1 ci,νxi,ν > 0, since, by (4.2.4), δν(x·,·) ≤ {(x·,·+1)/x·,·}δν(x·,·+1) ≤ {(x·,ν+1)/x·,ν}δν(x·,·+

1), we have that

I
(δ)
3,ν (x) ≤

∑mν
i=1 ci,νxi,ν

rν + x·,ν − 1

δν(x·,· + 1)

{x·,ν/(x·,ν + 1)}(rν + x·,ν − 1) + δν(x·,· + 1)
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and hence that

−I(δ)2,ν (x) + I
(δ)
3,ν (x) ≤ − c·,ν

rν + x·,ν

δν(x·,· + 1)

rν + x·,ν + δν(x·,· + 1)

+
( mν∑

i=1

ci,νxi,ν

)
δν(x·,· + 1)

[
− 1

rν + x·,ν

1

rν + x·,ν + δν(x·,· + 1)

+
1

rν + x·,ν − 1

1

{x·,ν/(x·,ν + 1)}(rν + x·,ν − 1) + δν(x·,· + 1)

]
≤ − c·,ν

rν + x·,ν

δν(x·,· + 1)

rν + x·,ν + δν(x·,· + 1)

+ cνx·,νδν(x·,· + 1)
[
− 1

rν + x·,ν

1

rν + x·,ν + δν(x·,· + 1)

+
1

rν + x·,ν − 1

1

{x·,ν/(x·,ν + 1)}(rν + x·,ν − 1) + δν(x·,· + 1)

]
,

where

1

rν + x·,ν − 1

1

{x·,ν/(x·,ν + 1)}(rν + x·,ν − 1) + δν(x·,· + 1)
≤ x·,ν + 3

rν + x·,ν

1/x·,ν
rν + x·,ν + δν(x·,· + 1)

by the assumption that rν ≥ 5/2 for all ν = 1, . . . , n with c·,ν > 0. Thus, for any ν = 1, . . . , n,

I
(δ)
1,ν (x)− 2I

(δ)
2,ν (x) + 2I

(δ)
3,ν (x)

≤ cνx·,ν + c·,ν
rν + x·,ν

{ δν(x·,· + 1)

rν + x·,ν + δν(x·,· + 1)

}2
+ 2

3cν − c·,ν
rν + x·,ν

δν(x·,· + 1)

rν + x·,ν + δν(x·,· + 1)

=
δν(x·,· + 1)[(cνx·,ν + c·,ν)δν(x·,· + 1)− 2(c·,ν − 3cν){rν + x·,ν + δν(x·,· + 1)}]

(rν + x·,ν){rν + x·,ν + δν(x·,· + 1)}2

≤
δν(x·,· + 1)[(cx·,ν + c·)δν(x·,· + 1)− 2(c· − 3c){rν + x·,ν + δν(x·,· + 1)}]

(rν + x·,ν){rν + x·,ν + δν(x·,· + 1)}2

≤
cx·,ν + c·

rν + x·,ν

{ δ(x·,· + 1)

rν + x·,ν + δ(x·,· + 1)

}2
− 2

c· − 3c

rν + x·,ν

δ(x·,· + 1)

rν + x·,ν + δ(x·,· + 1)
(4.6.1)

by the assumption that 3c ≤ c·.
For part (i), we have by (4.6.1) that for any ν = 1, . . . , n,

I
(δ)
1,ν (x)− 2I

(δ)
2,ν (x) + 2I

(δ)
3,ν (x)

≤
cx·,ν + c·

r + x·,ν

{ δ(x·,· + 1)

r + x·,ν + δ(x·,· + 1)

}2
− 2

c· − 3c

r + x·,ν

δ(x·,· + 1)

r + x·,ν + δ(x·,· + 1)

≤ 1

r + x·,ν

δ(x·,· + 1)

{r + x·,ν + δ(x·,· + 1)}2

× [x·,ν{cδ(x·,· + 1)− 2(r/r)2(c· − 3c)ρ}+ c·δ(x·,· + 1)− 2(r/r)2(c· − 3c)ρ{r + δ(x·,· + 1)}],

which is nonpositive by (4.2.5) if cδ(x·,· + 1) − 2(r/r)2(c· − 3c)ρ ≤ 0. On the other hand, if
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cδ(x·,· + 1)− 2(r/r)2(c· − 3c)ρ > 0, then, by the covariance inequality,

n∑
ν=1

{I(δ)1,ν (x)− 2I
(δ)
2,ν (x) + 2I

(δ)
3,ν (x)}

≤ 1

n

[ n∑
ν=1

1

r + x·,ν

δ(x·,· + 1)

{r + x·,ν + δ(x·,· + 1)}2
]

× [x·,·{cδ(x·,· + 1)− 2(r/r)2(c· − 3c)ρ}+ nc·δ(x·,· + 1)− 2n(r/r)2(c· − 3c)ρ{r + δ(x·,· + 1)}],

which is nonpositive by (4.2.6). This proves part (i).
For part (ii), it follows from (4.6.1) that for all ν = 1, . . . , n,

I
(δ)
1,ν (x)− 2I

(δ)
2,ν (x) + 2I

(δ)
3,ν (x)

≤ 1

rν + x·,ν

δ(x·,· + 1)

{rν + x·,ν + δ(x·,· + 1)}2
[(cx·,ν + c·)δ(x·,· + 1)− 2(c· − 3c)ρ{rν + x·,ν + δ(x·,· + 1)}]

≤ 1

rν + x·,ν

δ(x·,· + 1)

{rν + x·,ν + δ(x·,· + 1)}2

× [(rν + x·,ν){cδ(x·,· + 1)− 2(c· − 3c)ρ}+ {c· − rc− 2(c· − 3c)ρ}δ(x·,· + 1)],

which is nonpositive by (4.2.7) if cδ(x·,· + 1)− 2(c· − 3c)ρ ≤ 0. If cδ(x·,· + 1)− 2(c· − 3c)ρ > 0,
then, by the covariance inequality,

n∑
ν=1

{I(δ)1,ν (x)− 2I
(δ)
2,ν (x) + 2I

(δ)
3,ν (x)}

≤ 1

n

[ n∑
ν=1

1

rν + x·,ν

δ(x·,· + 1)

{rν + x·,ν + δ(x·,· + 1)}2
]

×
[( n∑

ν=1

rν + x·,·

)
{cδ(x·,· + 1)− 2(c· − 3c)ρ}+ n{c· − rc− 2(c· − 3c)ρ}δ(x·,· + 1)

]
,

which is nonpositive by (4.2.8). This proves part (ii). □

Proof of Theorem 4.2.2. Let ∆
(b̃,c̃)
c = E[Lc(p̂

(b̃,c̃),p)]−E[Lc(p̂
U,p)]. For ν = 1, . . . , N , let

δ̃(b̃,c̃)ν (X̃(c̃(ν))) =

{
b̃ν + 1/X̃(c̃(ν)), if X̃(c̃(ν)) > 0,

0, if X̃(c̃(ν)) = 0,

so that

p̂
(b̃,c̃)
i,ν = p̂Ui,ν −

p̂Ui,ν δ̃
(b̃,c̃)
ν (X̃(c̃(ν)))

rν +X·,ν − 1 + δ̃
(b̃,c̃)
ν (X̃(c̃(ν)))
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for all i = 1, . . . ,mν . By Lemma 4.6.1, we have

∆
(b̃,c̃)
c = E

[ n∑
ν=1

mν∑
i=1

( ci,ν
pi,ν

[ (p̂Ui,ν)
2{δ̃(b̃,c̃)ν (X̃(c̃(ν)))}2

{rν +X·,ν − 1 + δ̃
(b̃,c̃)
ν (X̃(c̃(ν)))}2

− 2
(p̂Ui,ν)

2δ̃
(b̃,c̃)
ν (X̃(c̃(ν)))

rν +X·,ν − 1 + δ̃
(b̃,c̃)
ν (X̃(c̃(ν)))

]
+ 2ci,ν

p̂Ui,ν δ̃
(b̃,c̃)
ν (X̃(c̃(ν)))

rν +X·,ν − 1 + δ̃
(b̃,c̃)
ν (X̃(c̃(ν)))

)]

= E
[ n∑
ν=1

mν∑
i=1

(
ci,ν

Xi,ν + 1

rν +X·,ν

[ {b̃ν + 1/(X̃(c̃(ν)) + c̃
(ν)
i,ν )}2

{rν +X·,ν + b̃ν + 1/(X̃(c̃(ν)) + c̃
(ν)
i,ν )}2

− 2
b̃ν + 1/(X̃(c̃(ν)) + c̃

(ν)
i,ν )

rν +X·,ν + b̃ν + 1/(X̃(c̃(ν)) + c̃
(ν)
i,ν )

]
+ 2ci,ν

p̂Ui,ν δ̃
(b̃,c̃)
ν (X̃(c̃(ν)))

rν +X·,ν − 1 + δ̃
(b̃,c̃)
ν (X̃(c̃(ν)))

)]

≤ E
[ n∑
ν=1

mν∑
i=1

(
ci,ν

Xi,ν + 1

rν +X·,ν

[ {b̃ν + 1/(X̃(c̃(ν)) + c̃
(ν)
ν )}2

{rν +X·,ν + b̃ν + 1/(X̃(c̃(ν)) + c̃
(ν)
ν )}2

− 2
b̃ν + 1/(X̃(c̃(ν)) + c̃

(ν)
ν )

rν +X·,ν + b̃ν + 1/(X̃(c̃(ν)) + c̃
(ν)
ν )

]
+ 2ci,ν

p̂Ui,ν δ̃
(b̃,c̃)
ν (X̃(c̃(ν)))

rν +X·,ν − 1 + δ̃
(b̃,c̃)
ν (X̃(c̃(ν)))

)]
.

Fix ((xi,ν)
mν
i=1)ν=1,...,N ∈ (N0

m1 × · · · × N0
mN ) \ {(0(mν))ν=1,...,N} and let x·,ν =

∑mν
i=1 xi,ν and

x̃(c̃
(ν)) =

∑N
ν′=1

∑mν′
i=1 c̃

(ν)
i,ν′xi,ν′ for ν = 1, . . . , N . As in the proof of Theorem 4.2.1, it is sufficient

to show that
∑n

ν=1 I
(b̃,c̃)
ν ≤ 0, where

I(b̃,c̃)ν =

mν∑
i=1

(
ci,ν

xi,ν + 1

rν + x·,ν

[ {b̃ν + 1/(x̃(c̃
(ν)) + c̃

(ν)
ν )}2

{rν + x·,ν + b̃ν + 1/(x̃(c̃
(ν)) + c̃

(ν)
ν )}2

− 2
b̃ν + 1/(x̃(c̃

(ν)) + c̃
(ν)
ν )

rν + x·,ν + b̃ν + 1/(x̃(c̃
(ν)) + c̃

(ν)
ν )

]
+

2ci,νxi,ν(b̃ν + 1/x̃(c̃
(ν)))

(rν + x·,ν − 1)(rν + x·,ν − 1 + b̃ν + 1/x̃(c̃
(ν)))

)
for ν = 1, . . . , n. It can be verified that for all ν = 1, . . . , n,

I(b̃,c̃)ν

≤ cνx·,ν + c·,ν
rν + x·,ν

{b̃ν + 1/(x̃(c̃
(ν)) + c̃

(ν)
ν )}2

{rν + x·,ν + b̃ν + 1/(x̃(c̃
(ν)) + c̃

(ν)
ν )}2

− 2
c·,ν

rν + x·,ν

b̃ν + 1/(x̃(c̃
(ν)) + c̃

(ν)
ν )

rν + x·,ν + b̃ν + 1/(x̃(c̃
(ν)) + c̃

(ν)
ν )

− 2
cνx·,ν
rν + x·,ν

b̃ν + 1/(x̃(c̃
(ν)) + c̃

(ν)
ν )

rν + x·,ν + b̃ν + 1/(x̃(c̃
(ν)) + c̃

(ν)
ν )

+
2cνx·,ν(b̃ν + 1/x̃(c̃

(ν)))

(rν + x·,ν − 1)(rν + x·,ν − 1 + b̃ν + 1/x̃(c̃
(ν)))

.

Now for all ν = 1, . . . , n such that cνx·,ν > 0, since

x·,ν(b̃ν + 1/x̃(c̃
(ν)))− (x·,ν + C̃ν){b̃ν + 1/(x̃(c̃

(ν)) + c̃
(ν)
ν )}

= c̃
(ν)
ν x·,ν/{x̃(c̃

(ν))(x̃(c̃
(ν)) + c̃

(ν)
ν )} − C̃ν{b̃ν(x̃(c̃

(ν)) + c̃
(ν)
ν ) + 1}/(x̃(c̃

(ν)) + c̃
(ν)
ν )

≤ c̃
(ν)
ν x·,ν/{c̃(ν)ν x·,ν(x̃

(c̃(ν)) + c̃
(ν)
ν )} − C̃ν{b̃ν(c̃(ν)ν + c̃

(ν)
ν ) + 1}/(x̃(c̃

(ν)) + c̃
(ν)
ν ) = 0,
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it follows that

2cνx·,ν(b̃ν + 1/x̃(c̃
(ν)))

(rν + x·,ν − 1)(rν + x·,ν − 1 + b̃ν + 1/x̃(c̃
(ν)))

≤ 2cν(x·,ν + C̃ν)

rν + x·,ν − 1

b̃ν + 1/(x̃(c̃
(ν)) + c̃

(ν)
ν )

rν + x·,ν − 1 + b̃ν + 1/(x̃(c̃
(ν)) + c̃

(ν)
ν )

≤ 2cν(x·,ν + C̃ν + 1)

rν + x·,ν

b̃ν + 1/(x̃(c̃
(ν)) + c̃

(ν)
ν )

rν + x·,ν − 1 + b̃ν + 1/(x̃(c̃
(ν)) + c̃

(ν)
ν )

≤ 2cν(x·,ν + C̃ν + 2)

rν + x·,ν

b̃ν + 1/(x̃(c̃
(ν)) + c̃

(ν)
ν )

rν + x·,ν + b̃ν + 1/(x̃(c̃
(ν)) + c̃

(ν)
ν )

(4.6.2)

by assumption. Therefore, letting x·,· =
∑N

ν=1 x·,ν and noting that c· − A ≥ 0, we have for all
ν = 1, . . . , n,

I(b̃,c̃)ν ≤ cνx·,ν + c·,ν
rν + x·,ν

{b̃ν + 1/(x̃(c̃
(ν)) + c̃

(ν)
ν )}2

{rν + x·,ν + b̃ν + 1/(x̃(c̃
(ν)) + c̃

(ν)
ν )}2

+ 2
cν(C̃ν + 2)− c·,ν

rν + x·,ν

b̃ν + 1/(x̃(c̃
(ν)) + c̃

(ν)
ν )

rν + x·,ν + b̃ν + 1/(x̃(c̃
(ν)) + c̃

(ν)
ν )

=
1

rν + x·,ν

b̃ν + 1/(x̃(c̃
(ν)) + c̃

(ν)
ν )

{rν + x·,ν + b̃ν + 1/(x̃(c̃
(ν)) + c̃

(ν)
ν )}2

× [(cνx·,ν + c·,ν){b̃ν + 1/(x̃(c̃
(ν)) + c̃

(ν)
ν )}

− 2{c·,ν − cν(C̃ν + 2)}{rν + x·,ν + b̃ν + 1/(x̃(c̃
(ν)) + c̃

(ν)
ν )}]

≤ 1

rν + x·,ν

b̃ν + 1/(x̃(c̃
(ν)) + c̃

(ν)
ν )

{rν + x·,ν + b̃ν + 1/(x̃(c̃
(ν)) + c̃

(ν)
ν )}2

× [(cx·,ν + c·){b̃ν + 1/(x̃(c̃
(ν)) + c̃

(ν)
ν )} − 2(c· −A){rν + x·,ν + b̃ν + 1/(x̃(c̃

(ν)) + c̃
(ν)
ν )}]

≤
cx·,ν + c·

rν + x·,ν

{b̃+ 1/(c̃∗x·,· + c̃)}2

{rν + x·,ν + b̃+ 1/(c̃∗x·,· + c̃)}2
− 2

c· −A

rν + x·,ν

b̃+ 1/(c̃∗x·,· + c̃)

rν + x·,ν + b̃+ 1/(c̃∗x·,· + c̃)
,
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which implies that

I(b̃,c̃)ν ≤
cx·,ν + c·

r + x·,ν

{b̃+ 1/(c̃∗x·,· + c̃)}2

{r + x·,ν + b̃+ 1/(c̃∗x·,· + c̃)}2
− 2

c· −A

r + x·,ν

b̃+ 1/(c̃∗x·,· + c̃)

r + x·,ν + b̃+ 1/(c̃∗x·,· + c̃)

≤ 1

r + x·,ν

b̃+ 1/(c̃∗x·,· + c̃)

{r + x·,ν + b̃+ 1/(c̃∗x·,· + c̃)}2

×
[
(cx·,ν + c·){b̃+ 1/(c̃∗x·,· + c̃)} − 2

(r
r

)2
(c· −A)

b̃c̃∗c̃

b̃c̃∗c̃
{r + x·,ν + b̃+ 1/(c̃∗x·,· + c̃)}

]
=

1

r + x·,ν

b̃+ 1/(c̃∗x·,· + c̃)

{r + x·,ν + b̃+ 1/(c̃∗x·,· + c̃)}2

×
(
x·,ν

[
c{b̃+ 1/(c̃∗x·,· + c̃)} − 2

(r
r

)2
(c· −A)

b̃c̃∗c̃

b̃c̃∗c̃

]
+ c·{b̃+ 1/(c̃∗x·,· + c̃)} − 2

(r
r

)2
(c· −A)

b̃c̃∗c̃

b̃c̃∗c̃
{r + b̃+ 1/(c̃∗x·,· + c̃)}

)
(4.6.3)

and that

I(b̃,c̃)ν ≤
c(rν + x·,ν) + c· − cr

rν + x·,ν

{b̃+ 1/(c̃∗x·,· + c̃)}2

{rν + x·,ν + b̃+ 1/(c̃∗x·,· + c̃)}2
− 2

c· −A

rν + x·,ν

b̃+ 1/(c̃∗x·,· + c̃)

rν + x·,ν + b̃+ 1/(c̃∗x·,· + c̃)

≤ 1

rν + x·,ν

b̃+ 1/(c̃∗x·,· + c̃)

{rν + x·,ν + b̃+ 1/(c̃∗x·,· + c̃)}2

×
[
{c(rν + x·,ν) + c· − cr}{b̃+ 1/(c̃∗x·,· + c̃)} − 2(c· −A)

b̃c̃∗c̃

b̃c̃∗c̃
{rν + x·,ν + b̃+ 1/(c̃∗x·,· + c̃)}

]
=

1

rν + x·,ν

b̃+ 1/(c̃∗x·,· + c̃)

{rν + x·,ν + b̃+ 1/(c̃∗x·,· + c̃)}2

×
(
(rν + x·,ν)

[
c{b̃+ 1/(c̃∗x·,· + c̃)} − 2(c· −A)

b̃c̃∗c̃

b̃c̃∗c̃

]
+ (c· − cr){b̃+ 1/(c̃∗x·,· + c̃)} − 2(c· −A)

b̃c̃∗c̃

b̃c̃∗c̃
{b̃+ 1/(c̃∗x·,· + c̃)}

)
. (4.6.4)

By (4.6.3) and (4.6.4) and by the covariance inequality, we conclude as in the proof of Theorem

4.2.1 that
∑n

ν=1 I
(b̃,c̃)
ν ≤ 0. □

Remark 4.6.1 Suppose that m1 = · · · = mN , that r1 = · · · = rN , and that c = (j(mν))ν=1,...,N .
Then, by modifying the above proof, we can show that if r1 ≥ 1, the UMVU estimator is domi-
nated by an empirical Bayes estimator for sufficiently large m1, which is related to the problem
of Section 5.1 of Hamura and Kubokawa (2020b). For example, the empirical Bayes estimator
(4.2.9) with å = j(N) corresponds to b̃ = m1j

(N) and c̃ = (((1/(Nm1r1))
mν′
i=1 )ν′=1,...,N )Nν=1. In
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this case,

I(b̃,c̃)ν =
x·,ν +m1

r1 + x·,ν

[{ m1 +Nm1r1/(x·,· + 1)

r1 + x·,ν +m1 +Nm1r1/(x·,· + 1)

}2

− 2
m1 +Nm1r1/(x·,· + 1)

r1 + x·,ν +m1 +Nm1r1/(x·,· + 1)

]
+

2x·,ν(m1 +Nm1r1/x·,·)

(r1 + x·,ν − 1)(r1 + x·,ν − 1 +m1 +Nm1r1/x·,·)

for ν = 1, . . . , n. Now suppose that r1 ≥ 1 and that r1 +m1 ≥ 4. Then for all ν = 1, . . . , n such
that x·,ν ≥ 1, (4.6.2) can be replaced by

2x·,ν(m1 +Nm1r1/x·,·)

(r1 + x·,ν − 1)(r1 + x·,ν − 1 +m1 +Nm1r1/x·,·)

≤ 2(x·,ν + 1)

r1 + x·,ν

m1 +Nm1r1/x·,·
r1 + x·,ν − 1 +m1 +Nm1r1/x·,·

≤ 2(x·,ν + 3)

r1 + x·,ν

m1 +Nm1r1/(x·,· + 1)

r1 + x·,ν − 1 +m1 +Nm1r1/x·,·

≤ 2(x·,ν + 4)

r1 + x·,ν

m1 +Nm1r1/(x·,· + 1)

r1 + x·,ν +m1 +Nm1r1/x·,·
,

where the second inequality holds even if x·,ν = x·,· since x·,· ≥ 1. This leads to a dominance
condition which is satisfied when m1 is sufficiently large.

Proof of Lemma 4.3.2. We have

f(w|p)
C(w)

=

L∏
λ=1

∏
i=(ih)

d(λ)

h=1∈I
(λ)
0

{ d(λ)∏
h=1

p
ih,ν

(λ)
h

}w
(λ)
i

=

L∏
λ=1

d(λ)∏
h=1

∏
i=(ih)

d(λ)

h=1∈I
(λ)
0

p
ih,ν

(λ)
h

w
(λ)
i

=
N∏
ν=1

mν∏
i=0

∏
λ∈Λ(ν)

∏
i∈I(λ)0 (i,ν)

pi,ν
w

(λ)
i =

N∏
ν=1

mν∏
i=0

pi,ν

∑
λ∈Λ(ν)

∑
i∈I

(λ)
0 (i,ν)

w
(λ)
i

,

which is the desired result. □

Proof of Theorem 4.3.1. In this proof, if φ is a continuous function from (0,∞) to [0,∞),
we write∫ ∞

0
dµ(u) =

∫ ∞

0
uα−1e−βu

{ N∏
ν=1

Γ(γνu+ rν + a0,ν)Γ(rν + a0,ν +X·,ν + a·,ν)

Γ(γνu+ rν + a0,ν +X·,ν + a·,ν)Γ(rν + a0,ν)

}
du,

∫ ∞

0
φ(u)dµ(u) =

∫ ∞

0
φ(u)uα−1e−βu

{ N∏
ν=1

Γ(γνu+ rν + a0,ν)Γ(rν + a0,ν +X·,ν + a·,ν)

Γ(γνu+ rν + a0,ν +X·,ν + a·,ν)Γ(rν + a0,ν)

}
du, and

EU [φ(U)] =

∫ ∞

0
φ(u)dµ(u)/

∫ ∞

0
dµ(u).

Let ∆(α,β,γ,a0,a) = E[log{f(W |p)/f̂ (πα,β,γ,a0,a
)(W ;X)}] − E[log{f(W |p)/f̂ (πa0,a)(W ;X)}].
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Then, by Proposition 4.3.1,

∆(α,β,γ,a0,a) = E
[
− log

f̂ (πα,β,γ,a0,a
)(W ;X)

f̂ (πa0,a)(W ;X)

]
= E

[
− logEU

[ N∏
ν=1

{Γ(γνU + s0,ν(W ) + rν + a0,ν)Γ
(∑

λ∈Λ(ν) l
(λ) + rν + a0,ν +X·,ν + a·,ν

)
Γ
(
γνU +

∑
λ∈Λ(ν) l

(λ) + rν + a0,ν +X·,ν + a·,ν
)
Γ(s0,ν(W ) + rν + a0,ν)

× Γ(γνU + rν + a0,ν +X·,ν + a·,ν)Γ(rν + a0,ν)

Γ(γνU + rν + a0,ν)Γ(rν + a0,ν +X·,ν + a·,ν)

}]]
. (4.6.5)

For ν = 1, . . . , N , let p̃0,ν = p0,ν and p̃1,ν = p·,ν =
∑mν

i=1 pi,ν for notational convenience. For

λ = 1, . . . , L, let W̃(λ) =
{
(ẘĩ)ĩ∈{0,1}d(λ)

∣∣ẘĩ ∈ N0 for all ĩ ∈ {0, 1}d(λ) and
∑

ĩ∈{0,1}d(λ) ẘĩ =

1
}
. Let W̃

(λ)
(j) = (W̃

(λ)

ĩ
(j))

ĩ∈{0,1}d(λ) , j = 1, . . . , l(λ), λ = 1, . . . , L, be independent multinomial

random variables with mass functions

∏
ĩ=(̃ih)

d(λ)

h=1∈{0,1}d
(λ)

{ d(λ)∏
h=1

p̃
ĩh,ν

(λ)
h

}w̃
(λ)

ĩ
(j)

,

(w̃
(λ)

ĩ
(j))

ĩ∈{0,1}d(λ) ∈ W̃(λ), j = 1, . . . , l(λ), λ = 1, . . . , L, respectively. For ν = 1, . . . , N , let

Ĩ
(λ)
0 (ν) = Ĩ

(λ)
0 (0, ν) = {(̃ih)d

(λ)

h=1 ∈ {0, 1}d(λ) |̃i
h
(λ)
ν

= 0} for λ ∈ Λ(ν). Notice that

(( ∑
i∈I(λ)0 (0,ν)

W
(λ)
i

)
λ∈Λ(ν)

)
ν=1,...,N

d
=
(( ∑

ĩ∈Ĩ(λ)0 (ν)

l(λ)∑
j=1

W̃
(λ)

ĩ
(j)
)
λ∈Λ(ν)

)
ν=1,...,N

. (4.6.6)

Then it follows from (4.6.5) and (4.6.6) that

∆(α,β,γ,a0,a) = E
[
− logEU

[ N∏
ν=1

{Γ(γνU +
∑

λ∈Λ(ν)
∑

i∈I(λ)0 (0,ν)
W

(λ)
i + rν + a0,ν

)
Γ
(
γνU +

∑
λ∈Λ(ν) l

(λ) + rν + a0,ν +X·,ν + a·,ν
)

×
Γ
(∑

λ∈Λ(ν) l
(λ) + rν + a0,ν +X·,ν + a·,ν

)
Γ
(∑

λ∈Λ(ν)
∑

i∈I(λ)0 (0,ν)
W

(λ)
i + rν + a0,ν

)
× Γ(γνU + rν + a0,ν +X·,ν + a·,ν)Γ(rν + a0,ν)

Γ(γνU + rν + a0,ν)Γ(rν + a0,ν +X·,ν + a·,ν)

}]]
= E

[
− logEU

[ N∏
ν=1

{Γ(γνU +
∑

λ∈Λ(ν)
∑

ĩ∈Ĩ(λ)0 (ν)

∑l(λ)

j=1 W̃
(λ)

ĩ
(j) + rν + a0,ν

)
Γ
(
γνU +

∑
λ∈Λ(ν) l

(λ) + rν + a0,ν +X·,ν + a·,ν
)

×
Γ
(∑

λ∈Λ(ν) l
(λ) + rν + a0,ν +X·,ν + a·,ν

)
Γ
(∑

λ∈Λ(ν)
∑

ĩ∈Ĩ(λ)0 (ν)

∑l(λ)

j=1 W̃
(λ)

ĩ
(j) + rν + a0,ν

)
× Γ(γνU + rν + a0,ν +X·,ν + a·,ν)Γ(rν + a0,ν)

Γ(γνU + rν + a0,ν)Γ(rν + a0,ν +X·,ν + a·,ν)

}]]
.
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Therefore,

∆(α,β,γ,a0,a) =
∑

(((w̃
(λ)

ĩ
(j))

ĩ∈{0,1}d(λ)
)
j=1,...,l(λ)

)λ=1,...,L∈(W̃(1)×···×W̃(1))×···×(W̃(L)×···×W̃(L))

(
[ L∏
λ=1

l(λ)∏
j=1

∏
ĩ=(̃ih)

d(λ)

h=1∈{0,1}d
(λ)

{ d(λ)∏
h=1

p̃
ĩh,ν

(λ)
h

}w̃
(λ)

ĩ
(j)]

× E
[
− logEU

[ N∏
ν=1

{Γ(γνU +
∑

λ∈Λ(ν)
∑

ĩ∈Ĩ(λ)0 (ν)

∑l(λ)

j=1 w̃
(λ)

ĩ
(j) + rν + a0,ν

)
Γ
(
γνU +

∑
λ∈Λ(ν) l

(λ) + rν + a0,ν +X·,ν + a·,ν
)

×
Γ
(∑

λ∈Λ(ν) l
(λ) + rν + a0,ν +X·,ν + a·,ν

)
Γ
(∑

λ∈Λ(ν)
∑

ĩ∈Ĩ(λ)0 (ν)

∑l(λ)

j=1 w̃
(λ)

ĩ
(j) + rν + a0,ν

)
× Γ(γνU + rν + a0,ν +X·,ν + a·,ν)Γ(rν + a0,ν)

Γ(γνU + rν + a0,ν)Γ(rν + a0,ν +X·,ν + a·,ν)

}]])
=

1∑
ĩ
(1)
1 (1)=0

p̃
ĩ
(1)
1 (1),ν

(1)
1

· · ·
1∑

ĩ
(1)

d(1)
(1)=0

p̃
ĩ
(1)

d(1)
(1),ν

(1)

d(1)

· · ·
1∑

ĩ
(1)
1 (l(1))=0

p̃
ĩ
(1)
1 (l(1)),ν

(1)
1

· · ·
1∑

ĩ
(1)

d(1)
(l(1))=0

p̃
ĩ
(1)

d(1)
(l(1)),ν

(1)

d(1)

· · ·
1∑

ĩ
(L)
1 (1)=0

p̃
ĩ
(L)
1 (1),ν

(L)
1

· · ·
1∑

ĩ
(L)

d(L)
(1)=0

p̃
ĩ
(L)

d(L)
(1),ν

(L)

d(L)

· · ·
1∑

ĩ
(L)
1 (l(L))=0

p̃
ĩ
(L)
1 (l(L)),ν

(L)
1

· · ·
1∑

ĩ
(L)

d(L)
(l(L))=0

p̃
ĩ
(L)

d(L)
(l(L)),ν

(L)

d(L)

E
[

− logEU
[ N∏
ν=1

{Γ(γνU +
∑

λ∈Λ(ν)
∑

ĩ∈Ĩ(λ)0 (ν)

∑l(λ)

j=1 δ̃
(λ)(ĩ, (̃i

(λ)
h (j))d

(λ)

h=1) + rν + a0,ν
)

Γ
(
γνU +

∑
λ∈Λ(ν) l

(λ) + rν + a0,ν +X·,ν + a·,ν
)

×
Γ
(∑

λ∈Λ(ν) l
(λ) + rν + a0,ν +X·,ν + a·,ν

)
Γ
(∑

λ∈Λ(ν)
∑

ĩ∈Ĩ(λ)0 (ν)

∑l(λ)

j=1 δ̃
(λ)(ĩ, (̃i

(λ)
h (j))d

(λ)

h=1) + rν + a0,ν
)

× Γ(γνU + rν + a0,ν +X·,ν + a·,ν)Γ(rν + a0,ν)

Γ(γνU + rν + a0,ν)Γ(rν + a0,ν +X·,ν + a·,ν)

}]]
,

where δ̃(λ)(ĩ, ĩ
′
) = 1 if ĩ = ĩ

′
and = 0 if ĩ ̸= ĩ

′
for ĩ, ĩ

′ ∈ {0, 1}d(λ) for λ = 1, . . . , L. Furthermore,
since

∑
λ∈Λ(ν)

∑
ĩ∈Ĩ(λ)0 (ν)

l(λ)∑
j=1

δ̃(λ)(ĩ, (̃i
(λ)
h (j))d

(λ)

h=1) =
∑

λ∈Λ(ν)

l(λ)∑
j=1

{1− ĩ
(λ)

h
(λ)
ν

(j)}
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for all (((̃i
(λ)
h (j))d

(λ)

h=1)j=1,...,l(λ))λ=1,...,L ∈ ({0, 1}d(1) × · · · × {0, 1}d(1)) × · · · × ({0, 1}d(L) × · · · ×
{0, 1}d(L)

) for all ν = 1, . . . , N , we can rewrite the risk difference as

∆(α,β,γ,a0,a) =

1∑
ĩ
(1)
1 (1)=0

p̃
ĩ
(1)
1 (1),ν

(1)
1

· · ·
1∑

ĩ
(1)

d(1)
(1)=0

p̃
ĩ
(1)

d(1)
(1),ν

(1)

d(1)

· · ·
1∑

ĩ
(1)
1 (l(1))=0

p̃
ĩ
(1)
1 (l(1)),ν

(1)
1

· · ·
1∑

ĩ
(1)

d(1)
(l(1))=0

p̃
ĩ
(1)

d(1)
(l(1)),ν

(1)

d(1)

· · ·
1∑

ĩ
(L)
1 (1)=0

p̃
ĩ
(L)
1 (1),ν

(L)
1

· · ·
1∑

ĩ
(L)

d(L)
(1)=0

p̃
ĩ
(L)

d(L)
(1),ν

(L)

d(L)

· · ·
1∑

ĩ
(L)
1 (l(L))=0

p̃
ĩ
(L)
1 (l(L)),ν

(L)
1

· · ·
1∑

ĩ
(L)

d(L)
(l(L))=0

p̃
ĩ
(L)

d(L)
(l(L)),ν

(L)

d(L)

E
[

− logEU
[
F
(
U, (((̃i

(λ)
h (j))d

(λ)

h=1)j=1,...,l(λ))λ=1,...,L,
( ∑

λ∈Λ(ν)

l(λ)
)N
ν=1

)]]
, (4.6.7)

where

F (u, ĩ,k) =

N∏
ν=1

[Γ(γνu+
∑

λ∈Λ(ν)
∑l(λ)

j=1{1− ĩ
(λ)

h
(λ)
ν

(j)}+ rν + a0,ν
)

Γ(γνu+ kν + rν + a0,ν +X·,ν + a·,ν)

× Γ(kν + rν + a0,ν +X·,ν + a·,ν)

Γ
(∑

λ∈Λ(ν)
∑l(λ)

j=1{1− ĩ
(λ)

h
(λ)
ν

(j)}+ rν + a0,ν
)

× Γ(γνu+ rν + a0,ν +X·,ν + a·,ν)Γ(rν + a0,ν)

Γ(γνu+ rν + a0,ν)Γ(rν + a0,ν +X·,ν + a·,ν)

]
for u ∈ (0,∞), ĩ = (((̃i

(λ)
h (j))d

(λ)

h=1)j=1,...,l(λ))λ=1,...,L ∈ ({0, 1}d(1) × · · · × {0, 1}d(1)) × · · · ×
({0, 1}d(L) × · · · × {0, 1}d(L)

), and k = (kν)
N
ν=1 ∈ N0

N .
Now fix λ∗ = 1, . . . , L, h∗ = 1, . . . , d(λ

∗), and j∗ = 1, . . . , l(λ
∗). For each (j, h, λ) ∈

N × N × {1, . . . , L} satisfying j ≤ l(λ), h ≤ d(λ), and (j, h, λ) ̸= (j∗, h∗, λ∗), fix ĩ
(λ)
h (j) ∈

{0, 1}. Let ν∗ = ν
(λ∗)
h∗ . For u ∈ (0,∞), ĩ ∈ {0, 1}, and k ∈ N0

N , let F ∗(u, ĩ,k) denote

F (u, ((̃i
(λ)
h (j))d

(λ)

h=1)j=1,...,l(λ))λ=1,...,L,k) with ĩ
(λ∗)
h∗ (j∗) = ĩ. For each ν = 1, . . . , N , let s̃∗ν (̃i) de-

note
∑

λ∈Λ(ν)
∑l(λ)

j=1{1− ĩ
(λ)

h
(λ)
ν

(j)} with ĩ
(λ∗)
h∗ (j∗) = ĩ for ĩ ∈ {0, 1}. Finally, fix k = (kν)

N
ν=1 ∈ N0

N

such that s̃∗ν (̃i) ≤ kν ≤
∑

λ∈Λ(ν) l
(λ) for all ν = 1, . . . , N for any ĩ ∈ {0, 1}. Then, by Lemma
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4.6.1,

1∑
ĩ=0

p̃ĩ,ν∗E[− logEU [F ∗(U, ĩ,k)]]

= E[− logEU [F ∗(U, 0,k)]] + p̃1,ν∗E
[
log

EU [F ∗(U, 0,k)]

EU [F ∗(U, 1,k)]

]
= E

[
− log

∫∞
0 F ∗(u, 0,k)dµ(u)∫∞

0 dµ(u)

]
+ p̃1,ν∗E

[
log

∫∞
0 F ∗(u, 0,k)dµ(u)∫∞
0 F ∗(u, 1,k)dµ(u)

]
= E

[
− log

∫∞
0 F ∗(u, 0,k)dµ(u)∫∞

0 dµ(u)

]
+ E

[ X·,ν∗

rν∗ +X·,ν∗ − 1

× log
{∫ ∞

0
F ∗(u, 0,k)

γν∗u+ kν∗ + rν∗ + a0,ν∗ +X·,ν∗ + a·,ν∗ − 1

kν∗ + rν∗ + a0,ν∗ +X·,ν∗ + a·,ν∗ − 1
dµ(u)

/

∫ ∞

0
F ∗(u, 1,k)

γν∗u+ kν∗ + rν∗ + a0,ν∗ +X·,ν∗ + a·,ν∗ − 1

kν∗ + rν∗ + a0,ν∗ +X·,ν∗ + a·,ν∗ − 1
dµ(u)

}]
.

In the following, if φ is a continuous function from (0,∞) to [0,∞), we write∫ ∞

0
dµ̃(u) =

∫ ∞

0
F ∗(u, 1,k)

γν∗u+ kν∗ + rν∗ + a0,ν∗ +X·,ν∗ + a·,ν∗ − 1

kν∗ + rν∗ + a0,ν∗ +X·,ν∗ + a·,ν∗ − 1
dµ(u),∫ ∞

0
φ(u)dµ̃(u) =

∫ ∞

0
φ(u)F ∗(u, 1,k)

γν∗u+ kν∗ + rν∗ + a0,ν∗ +X·,ν∗ + a·,ν∗ − 1

kν∗ + rν∗ + a0,ν∗ +X·,ν∗ + a·,ν∗ − 1
dµ(u), and

ẼU [φ(U)] =

∫ ∞

0
φ(u)dµ̃(u)/

∫ ∞

0
dµ̃(u).

Then we have

1∑
ĩ=0

p̃ĩ,ν∗E[− logEU [F ∗(U, ĩ,k)]]

= E
[
− log

∫∞
0 dµ̃(u)∫∞
0 dµ(u)

− log

∫∞
0 F ∗(u, 0,k)dµ(u)∫∞

0 dµ̃(u)
+

X·,ν∗

rν∗ +X·,ν∗ − 1
log ẼU

[F ∗(U, 0,k)

F ∗(U, 1,k)

]]
= E

[
− log

∫∞
0 dµ̃(u)∫∞
0 dµ(u)

− log ẼU
[F ∗(U, 0,k)

F ∗(U, 1,k)

kν∗ + rν∗ + a0,ν∗ +X·,ν∗ + a·,ν∗ − 1

γν∗U + kν∗ + rν∗ + a0,ν∗ +X·,ν∗ + a·,ν∗ − 1

]
+

X·,ν∗

rν∗ +X·,ν∗ − 1
log ẼU

[F ∗(U, 0,k)

F ∗(U, 1,k)

]]
. (4.6.8)

Notice that for all u ∈ (0,∞),

F ∗(u, 0,k)

F ∗(u, 1,k)
=

N∏
ν=1

Γ(γνu+ s̃∗ν(0) + rν + a0,ν)Γ(s̃
∗
ν(1) + rν + a0,ν)

Γ(γνu+ s̃∗ν(1) + rν + a0,ν)Γ(s̃∗ν(0) + rν + a0,ν)

=
Γ(γν∗u+ s̃∗ν∗(0) + rν∗ + a0,ν∗)Γ(s̃

∗
ν∗(1) + rν∗ + a0,ν∗)

Γ(γν∗u+ s̃∗ν∗(1) + rν∗ + a0,ν∗)Γ(s̃∗ν∗(0) + rν∗ + a0,ν∗)

=
γν∗u+ s̃∗ν∗(1) + rν∗ + a0,ν∗

s̃∗ν∗(1) + rν∗ + a0,ν∗
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since s̃∗ν∗(0) = s̃∗ν∗(1) + 1. It follows that

log ẼU
[F ∗(U, 0,k)

F ∗(U, 1,k)

kν∗ + rν∗ + a0,ν∗ +X·,ν∗ + a·,ν∗ − 1

γν∗U + kν∗ + rν∗ + a0,ν∗ +X·,ν∗ + a·,ν∗ − 1

]
= log ẼU

[kν∗ + rν∗ + a0,ν∗ +X·,ν∗ + a·,ν∗ − 1

s̃∗ν∗(1) + rν∗ + a0,ν∗

γν∗U + s̃∗ν∗(1) + rν∗ + a0,ν∗

γν∗U + kν∗ + rν∗ + a0,ν∗ +X·,ν∗ + a·,ν∗ − 1

]
= log ẼU

[{
1 +

kν∗ − s̃∗ν∗(1) +X·,ν∗ + a·,ν∗ − 1

s̃∗ν∗(1) + rν∗ + a0,ν∗

}{
1− kν∗ − s̃∗ν∗(1) +X·,ν∗ + a·,ν∗ − 1

γν∗U + kν∗ + rν∗ + a0,ν∗ +X·,ν∗ + a·,ν∗ − 1

}]
= log ẼU

[
1 +

{kν∗ − s̃∗ν∗(1) +X·,ν∗ + a·,ν∗ − 1}γν∗U
{s̃∗ν∗(1) + rν∗ + a0,ν∗}(γν∗U + kν∗ + rν∗ + a0,ν∗ +X·,ν∗ + a·,ν∗ − 1)

]
(4.6.9)

and that

X·,ν∗

rν∗ +X·,ν∗ − 1
log ẼU

[F ∗(U, 0,k)

F ∗(U, 1,k)

]
=

X·,ν∗

rν∗ +X·,ν∗ − 1
log ẼU

[
1 +

γν∗U

s̃∗ν∗(1) + rν∗ + a0,ν∗

]
≤ log ẼU

[
1 +

X·,ν∗

rν∗ +X·,ν∗ − 1

γν∗U

s̃∗ν∗(1) + rν∗ + a0,ν∗

]
, (4.6.10)

where the inequality follows since 0 ≤ X·,ν∗/(rν∗ +X·,ν∗ −1) ≤ 1 by assumption. By integration
by parts,

(α+ 1)

∫ ∞

0
udµ̃(u) =

∫ ∞

0

[
(α+ 1)uαe−βu

{ N∏
ν=1

Γ(γνu+ rν + a0,ν)Γ(rν + a0,ν +X·,ν + a·,ν)

Γ(γνu+ rν + a0,ν +X·,ν + a·,ν)Γ(rν + a0,ν)

}
× F ∗(u, 1,k)

γν∗u+ kν∗ + rν∗ + a0,ν∗ +X·,ν∗ + a·,ν∗ − 1

kν∗ + rν∗ + a0,ν∗ +X·,ν∗ + a·,ν∗ − 1

]
du

=

∫ ∞

0

(
uα+1e−βu

{ N∏
ν=1

Γ(γνu+ rν + a0,ν)Γ(rν + a0,ν +X·,ν + a·,ν)

Γ(γνu+ rν + a0,ν +X·,ν + a·,ν)Γ(rν + a0,ν)

}
× F ∗(u, 1,k)

γν∗u+ kν∗ + rν∗ + a0,ν∗ +X·,ν∗ + a·,ν∗ − 1

kν∗ + rν∗ + a0,ν∗ +X·,ν∗ + a·,ν∗ − 1

×
[
β +

N∑
ν=1

γν{ψ(γνu+ rν + a0,ν +X·,ν + a·,ν)− ψ(γνu+ rν + a0,ν)}

−
N∑
ν=1

γν{ψ(γνu+ s̃∗ν(1) + rν + a0,ν)− ψ(γνu+ kν + rν + a0,ν +X·,ν + a·,ν)

+ ψ(γνu+ rν + a0,ν +X·,ν + a·,ν)− ψ(γνu+ rν + a0,ν)}

− γν∗

γν∗u+ kν∗ + rν∗ + a0,ν∗ +X·,ν∗ + a·,ν∗ − 1

])
du

=

∫ ∞

0

(
u2
[
β +

N∑
ν=1

γν{ψ(γνu+ kν + rν + a0,ν +X·,ν + a·,ν)− ψ(γνu+ s̃∗ν(1) + rν + a0,ν)}

− γν∗

γν∗u+ kν∗ + rν∗ + a0,ν∗ +X·,ν∗ + a·,ν∗ − 1

])
dµ̃(u).
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Therefore, by Lemma 7 of Hamura and Kubokawa (2020b),

(α+ 1)

∫ ∞

0
udµ̃(u) ≥

∫ ∞

0
u2[β + γν∗{ψ(γν∗u+ kν∗ + rν∗ + a0,ν∗ +X·,ν∗ + a·,ν∗ − 1)

− ψ(γν∗u+ s̃∗ν∗(1) + rν∗ + a0,ν∗)}]dµ̃(u)

≥
∫ ∞

0
u2
{
β + γν∗

kν∗ − s̃∗ν∗(1) +X·,ν∗ + a·,ν∗ − 1

γν∗u+ kν∗ + rν∗ + a0,ν∗ +X·,ν∗ + a·,ν∗ − 1

}
dµ̃(u)

≥ (β + γν∗)

∫ ∞

0
u2

kν∗ − s̃∗ν∗(1) +X·,ν∗ + a·,ν∗ − 1

γν∗u+ kν∗ + rν∗ + a0,ν∗ +X·,ν∗ + a·,ν∗ − 1
dµ̃(u),

where the third inequality follows since kν∗ ≥ s̃∗ν∗(0) = s̃∗ν∗(1) + 1, and this implies that

ẼU
[ U2

γν∗U + kν∗ + rν∗ + a0,ν∗ +X·,ν∗ + a·,ν∗ − 1

]
≤ (α+ 1)/(β + γν∗)

kν∗ − s̃∗ν∗(1) +X·,ν∗ + a·,ν∗ − 1
ẼU [U ].

(4.6.11)

When Xν∗ ≥ 1, we have, by (4.3.4),{(α+ 1)γν∗

β + γν∗
− a·,ν∗

}
(rν∗ − 1) ≤ Xν∗

{
− (α+ 1)γν∗

β + γν∗
− kν∗ − a0,ν∗

}
,

which implies that

γν∗
(α+ 1)/(β + γν∗)

kν∗ − s̃∗ν∗(1) +X·,ν∗ + a·,ν∗ − 1
≤ 1− X·,ν∗

rν∗ +X·,ν∗ − 1

kν∗ + rν∗ + a0,ν∗ +X·,ν∗ + a·,ν∗ − 1

kν∗ − s̃∗ν∗(1) +X·,ν∗ + a·,ν∗ − 1

(4.6.12)

since kν∗ ≥ s̃∗ν∗(1) + 1. From (4.6.11) and (4.6.12), it follows that when Xν∗ ≥ 1,

ẼU
[ γν∗U

2

γν∗U + kν∗ + rν∗ + a0,ν∗ +X·,ν∗ + a·,ν∗ − 1

]
≤ γν∗

(α+ 1)/(β + γν∗)

kν∗ − s̃∗ν∗(1) +X·,ν∗ + a·,ν∗ − 1
ẼU [U ]

≤
{
1− X·,ν∗

rν∗ +X·,ν∗ − 1

kν∗ + rν∗ + a0,ν∗ +X·,ν∗ + a·,ν∗ − 1

kν∗ − s̃∗ν∗(1) +X·,ν∗ + a·,ν∗ − 1

}
ẼU [U ],

which can be rewritten as

X·,ν∗

rν∗ +X·,ν∗ − 1
ẼU
[ U

kν∗ − s̃∗ν∗(1) +X·,ν∗ + a·,ν∗ − 1

]
≤ ẼU

[ U

kν∗ + rν∗ + a0,ν∗ +X·,ν∗ + a·,ν∗ − 1

(
1− γν∗U

γν∗U + kν∗ + rν∗ + a0,ν∗ +X·,ν∗ + a·,ν∗ − 1

)]
or

ẼU
[ X·,ν∗

rν∗ +X·,ν∗ − 1

γν∗U

s̃∗ν∗(1) + rν∗ + a0,ν∗

]
≤ ẼU

[ {kν∗ − s̃∗ν∗(1) +X·,ν∗ + a·,ν∗ − 1}γν∗U
{s̃∗ν∗(1) + rν∗ + a0,ν∗}(γν∗U + kν∗ + rν∗ + a0,ν∗ +X·,ν∗ + a·,ν∗ − 1)

]
. (4.6.13)
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Thus, by (4.6.8), (4.6.9), (4.6.10), and (4.6.13),

1∑
ĩ=0

p̃ĩ,ν∗E[− logEU [F ∗(U, ĩ,k)]] < E
[
− log

∫∞
0 dµ̃(u)∫∞
0 dµ(u)

]
= E[− logEU [F ∗(U, 1,k − e

(N)
ν∗ )]]. (4.6.14)

Finally, applying (4.6.14) to (4.6.7) sequentially, we obtain

∆(α,β,γ,a0,a) < · · · < 0.

This completes the proof. □

Proof of Theorem 4.5.1. By (4.5.1), (4.5.2), and (4.5.3),

R(p, ĝ(π)) = E
[
log
{ n∏

ν=1

(
p0,ν

sν

mν∏
i=1

pi,ν
Yi,ν

)}]
+ E

[
− log

∫
D π(p)

{∏N
ν=1

(
p0,ν

sν+rν
∏mν

i=1 pi,ν
Yi,ν+Xi,ν

)}
dp∫

D π(p)
{∏N

ν=1

(
p0,νrν

∏mν
i=1 pi,ν

Xi,ν
)}
dp

]
, (4.6.15)

where Y1,ν = · · · = Ymν ,ν = 0 if ν ∈ {1, . . . , N} ∩ [n + 1,∞). The first term on the right of
(4.6.15) is

E
[
log
{ n∏

ν=1

(
p0,ν

sν

mν∏
i=1

pi,ν
Yi,ν

)}]
=

n∑
ν=1

(
sν log p0,ν +

mν∑
i=1

sν
pi,ν
p0,ν

log pi,ν

)
=

n∑
ν=1

sν

∞∑
k=1

1

k

(
− p·,ν

k + p·,ν
k

mν∑
i=1

k
pi,ν
p·,ν

log pi,ν

)
=

n∑
ν=1

sν

∞∑
k=1

1

k

∑
(wi)

mν
i=1∈Wν,k

k!∏mν
i=1wi!

{
−

mν∏
i=1

pi,ν
wi +

( mν∏
i=1

pi,ν
wi

) mν∑
i=1

wi log pi,ν

}
. (4.6.16)

On the other hand, since tν is a constant if ν ∈ {1, . . . , N} ∩ [n+ 1,∞),

E
[
− log

∫
D π(p)

{∏N
ν=1

(
p0,ν

sν+rν
∏mν

i=1 pi,ν
Yi,ν+Xi,ν

)}
dp∫

D π(p)
{∏N

ν=1

(
p0,νrν

∏mν
i=1 pi,ν

Xi,ν
)}
dp

]
=

∫ 1

0

{ ∂

∂τ
E[− logG(τ,Z(τ))]

}
dτ

=

∫ 1

0
E
[ n∑
ν=1

tν
′(τ)

{ Z·,ν(τ)∑
k=1

1

tν(τ) + k − 1
+ log p0,ν

}
{− logG(τ,Z(τ))} −

∂G

∂τ
(τ,Z(τ))

G(τ,Z(τ))

]
dτ ,

(4.6.17)

where

G(τ, ((zi,ν)
mν
i=1)ν=1,...,N ) =

∫
D
π(p)

[ N∏
ν=1

{
p0,ν

tν(τ)
mν∏
i=1

pi,ν
zi,ν
}]
dp

98



for ((zi,ν)
mν
i=1)ν=1,...,N ∈ N0

m1 × · · · × N0
mN and where Z·,ν(τ) =

∑mν
i=1 Zi,ν(τ) for ν = 1, . . . , N

for each τ ∈ [0, 1].
Fix τ ∈ [0, 1]. Then

E
[{∂G

∂τ
(τ,Z(τ))

}
/G(τ,Z(τ))

]
= E

[ ∫
D
π(p)

[{ N∑
ν=1

tν
′(τ) log p0,ν

} N∏
ν=1

{
p0,ν

tν(τ)
mν∏
i=1

pi,ν
Zi,ν(τ)

}]
dp/G(τ,Z(τ))

]
= −

n∑
ν=1

tν
′(τ)

∞∑
k=1

1

k
E
[ ∫

D
π(p)

[
p·,ν

k
N∏

ν′=1

{
p0,ν′

tν′ (τ)

mν′∏
i=1

pi,ν′
Zi,ν′ (τ)

}]
dp/G(τ,Z(τ))

]
= −

n∑
ν=1

tν
′(τ)

∞∑
k=1

1

k

∑
(wi)

mν
i=1∈Wν,k

k!∏mν
i=1wi!

E
[ ∫

D
π(p)

[( mν∏
i=1

pi,ν
wi

) N∏
ν′=1

{
p0,ν′

tν′ (τ)

mν′∏
i=1

pi,ν′
Zi,ν′ (τ)

}]
dp

/G(τ,Z(τ))
]
. (4.6.18)

On the other hand, by Lemmas 2.1 and 2.2 of Hamura and Kubokawa (2019a), we have for any
ν = 1, . . . , n,

E
[{ Z·,ν(τ)∑

k=1

1

tν(τ) + k − 1
+ log p0,ν

}
{− logG(τ,Z(τ))}

]

= E
[{ Z·,ν(τ)∑

k=1

1

k

Z·,ν(τ) · · · {Z·,ν(τ)− k + 1}
{tν(τ) + Z·,ν(τ)− 1} · · · {tν(τ) + Z·,ν(τ)− k}

+ log p0,ν

}
{− logG(τ,Z(τ))}

]
=

∞∑
k=1

1

k
p·,ν

kE[E[− logG(τ,Z(τ))|Z ·(τ) + ke(N)
ν ]− {− logG(τ,Z(τ))}],

where Z ·(τ) = (Z·,ν(τ))
N
ν=1. Now, fix k ∈ N. Let W ν , ν = 1, . . . , N , be mutually indepen-

dent multinomial variables such that for each ν = 1, . . . , N , the probability mass function of
W ν |Z·,ν(τ) is given by

Z·,ν(τ)!∏mν
i=1wi,ν !

mν∏
i=1

(pi,ν
p·,ν

)wi,ν

for (wi,ν)
mν
i=1 ∈ Wν,Z·,ν(τ). Let W ∗

ν , ν = 1, . . . , N , be independent multinomial variable with
mass functions

k!∏mν
i=1w

∗
i,ν !

mν∏
i=1

(pi,ν
p·,ν

)w∗
i,ν
,
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(w∗
i,ν)

mν
i=1 ∈ Wν,k, ν = 1, . . . , N , respectively. Then, for any ν = 1, . . . , N ,

E[− logG(τ,Z(τ))|Z ·(τ) + ke(N)
ν ]

= E[− logG(τ, (W ν′ + δ
(N)
ν,ν′W

∗
ν′)ν′=1,...,N )|Z ·(τ)]

=
∑

(w∗
i,ν)

mν
i=1∈Wν,k

k!∏mν
i=1w

∗
i,ν !

{ mν∏
i=1

(pi,ν
p·,ν

)w∗
i,ν
}
E[− logG(τ, (W ν′ + δ

(N)
ν,ν′ (w

∗
i,ν)

mν
i=1)ν′=1,...,N )|Z ·(τ)]

=
∑

(w∗
i,ν)

mν
i=1∈Wν,k

k!∏mν
i=1w

∗
i,ν !

{ mν∏
i=1

(pi,ν
p·,ν

)w∗
i,ν
}
E[− logG(τ, (Zν′(τ) + δ

(N)
ν,ν′ (w

∗
i,ν)

mν
i=1)ν′=1,...,N )|Z ·(τ)]

and therefore

E[E[− logG(τ,Z(τ))|Z ·(τ) + ke(N)
ν ]]

=
1

p·,νk

∑
(wi)

mν
i=1∈Wν,k

k!∏mν
i=1wi!

( mν∏
i=1

pi,ν
wi

)
E[− logG(τ, (Zν′(τ) + δ

(N)
ν,ν′ (wi)

mν
i=1)ν′=1,...,N )].

Since k is arbitrarily chosen, it follows that

E
[{ Z·,ν(τ)∑

k=1

1

tν(τ) + k − 1
+ log p0,ν

}
{− logG(τ,Z(τ))}

]
=

∞∑
k=1

1

k

{ ∑
(wi)

mν
i=1∈Wν,k

k!∏mν
i=1wi!

( mν∏
i=1

pi,ν
wi

)
E[− logG(τ, (Zν′(τ) + δ

(N)
ν,ν′ (wi)

mν
i=1)ν′=1,...,N )]

−
∑

(wi)
mν
i=1∈Wν,k

k!∏mν
i=1wi!

( mν∏
i=1

pi,ν
wi

)
E[− logG(τ,Z(τ))]

}

=
∞∑
k=1

1

k

∑
(wi)

mν
i=1∈Wν,k

k!∏mν
i=1wi!

( mν∏
i=1

pi,ν
wi

)
E
[
− log

G(τ, (Zν′(τ) + δ
(N)
ν,ν′ (wi)

mν
i=1)ν′=1,...,N )

G(τ,Z(τ))

]
.

(4.6.19)
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Finally, combining (4.6.15), (4.6.16), (4.6.17), (4.6.18), and (4.6.19), we obtain

R(p, ĝ(π)) =

∫ 1

0

[ n∑
ν=1

tν
′(τ)

∞∑
k=1

1

k

∑
(wi)

mν
i=1∈Wν,k

{ k!∏mν
i=1wi!

×
(
−

mν∏
i=1

pi,ν
wi +

( mν∏
i=1

pi,ν
wi

) mν∑
i=1

wi log pi,ν

+
( mν∏

i=1

pi,ν
wi

)
E
[
− log

G(τ, (Zν′(τ) + δ
(N)
ν,ν′ (wi)

mν
i=1)ν′=1,...,N )

G(τ,Z(τ))

]
+ E

[ ∫
D
π(p)

[( mν∏
i=1

pi,ν
wi

) N∏
ν′=1

{
p0,ν′

tν′ (τ)

mν′∏
i=1

pi,ν′
Zi,ν′ (τ)

}]
dp/G(τ,Z(τ))

])}]
dτ

=

∫ 1

0

[ n∑
ν=1

tν
′(τ)

∞∑
k=1

1

k

∑
(wi)

mν
i=1∈Wν,k

{ k!∏mν
i=1wi!

× E
[
LKL

(G(τ, (Zν′(τ) + δ
(N)
ν,ν′ (wi)

mν
i=1)ν′=1,...,N )

G(τ,Z(τ))
,

mν∏
i=1

pi,ν
wi

)]}]
dτ .

Thus,

R(p, ĝ(π))

=

∫ 1

0

{ n∑
ν=1

tν
′(τ)

∞∑
k=1

1

k

∑
(wi)

mν
i=1∈Wν,k

k!∏mν
i=1wi!

E
[
LKL

(
Eπ

[ mν∏
i=1

pi,ν
wi

∣∣∣Z(τ)
]
,

mν∏
i=1

pi,ν
wi

)]}
dτ ,

which is the desired result. □

Proof of Corollary 4.5.1. By Theorem 4.5.1, we have

R(p, ĝ(πM,γ̃,a0,a
))−R(p, ĝ(πa0,a))

=

∫ 1

0

{ n∑
ν=1

tν
′(τ)

∞∑
k=1

1

k

∑
(wi)

mν
i=1∈Wν,k

k!∏mν
i=1wi!

E
[
LKL

(
EπM,γ̃,a0,a

[ mν∏
i=1

pi,ν
wi

∣∣∣Z(τ)
]
,

mν∏
i=1

pi,ν
wi

)

− LKL
(
Eπa0,a

[ mν∏
i=1

pi,ν
wi

∣∣∣Z(τ)
]
,

mν∏
i=1

pi,ν
wi

)]}
dτ .
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Fix τ ∈ [0, 1], ν = 1, . . . , n, and k ∈ N. Then∑
(wi)

mν
i=1∈Wν,k

k!∏mν
i=1wi!

E
[
LKL

(
EπM,γ̃,a0,a

[ mν∏
i=1

pi,ν
wi

∣∣∣Z(τ)
]
,

mν∏
i=1

pi,ν
wi

)

− LKL
(
Eπa0,a

[ mν∏
i=1

pi,ν
wi

∣∣∣Z(τ)
]
,

mν∏
i=1

pi,ν
wi

)]
=

∑
(wi)

mν
i=1∈Wν,k

k!∏mν
i=1wi!

E
[
EπM,γ̃,a0,a

[ mν∏
i=1

pi,ν
wi

∣∣∣Z(τ)
]
−Eπa0,a

[ mν∏
i=1

pi,ν
wi

∣∣∣Z(τ)
]

−
( mν∏

i=1

pi,ν
wi

)
log
{
EπM,γ̃,a0,a

[ mν∏
i=1

pi,ν
wi

∣∣∣Z(τ)
]
/Eπa0,a

[ mν∏
i=1

pi,ν
wi

∣∣∣Z(τ)
]}]

.

Note that ∑
(wi)

mν
i=1∈Wν,k

k!∏mν
i=1wi!

E
[
EπM,γ̃,a0,a

[ mν∏
i=1

pi,ν
wi

∣∣∣Z(τ)
]
− Eπa0,a

[ mν∏
i=1

pi,ν
wi

∣∣∣Z(τ)
]]

= E[EπM,γ̃,a0,a
[p·,ν

k|Z(τ)]− Eπa0,a
[p·,ν

k|Z(τ)]]

and that for all (wi)
mν
i=1 ∈ Wν,k,

EπM,γ̃,a0,a

[ mν∏
i=1

pi,ν
wi

∣∣∣Z(τ)
]
/Eπa0,a

[ mν∏
i=1

pi,ν
wi

∣∣∣Z(τ)
]

=

∫ ∞

0

{ N∏
ν′=1

Γ(γ̃ν′(u) + tν′(τ) + a0,ν′)

Γ(γ̃ν′(u) + tν′(τ) + a0,ν′ + Z·,ν′(τ) + a·,ν′ + δ
(N)
ν,ν′k)

}
dM(u)

∫ ∞

0

{ N∏
ν′=1

Γ(γ̃ν′(u) + tν′(τ) + a0,ν′)

Γ(γ̃ν′(u) + tν′(τ) + a0,ν′ + Z·,ν′(τ) + a·,ν′)

}
dM(u)

/

N∏
ν′=1

Γ(tν′(τ) + a0,ν′)

Γ(tν′(τ) + a0,ν′ + Z·,ν′(τ) + a·,ν′ + δ
(N)
ν,ν′k)

N∏
ν′=1

Γ(tν′(τ) + a0,ν′)

Γ(tν′(τ) + a0,ν′ + Z·,ν′(τ) + a·,ν′)

= EπM,γ̃,a0,a
[p·,ν

k|Z(τ)]/Eπa0,a
[p·,ν

k|Z(τ)],

where Z·,ν′(τ) =
∑mν′

i=1 Zi,ν′(τ) for ν
′ = 1, . . . , N . It follow that∑

(wi)
mν
i=1∈Wν,k

k!∏mν
i=1wi!

E
[
LKL

(
EπM,γ̃,a0,a

[ mν∏
i=1

pi,ν
wi

∣∣∣Z(τ)
]
,

mν∏
i=1

pi,ν
wi

)

− LKL
(
Eπa0,a

[ mν∏
i=1

pi,ν
wi

∣∣∣Z(τ)
]
,

mν∏
i=1

pi,ν
wi

)]
= E[LKL(EπM,γ̃,a0,a

[p·,ν
k|Z(τ)], p·,ν

k)− LKL(Eπa0,a
[p·,ν

k|Z(τ)], p·,ν
k)].

This completes the proof. □
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Chapter 5

Bayesian Predictive Density
Estimation for a Chi-Squared Model
Using Information from a Normal
Observation with Unknown Mean
and Variance

5.1 Introduction

Suppose that X and V are independently distributed according to the normal and Chi-squared
distributions Np(µ, (r0/η)Ip) and (r′0/η)χ

2(n1) with densities

p(x|µ, η) = (η/r0)
p/2

(2π)p/2
exp

(
− η/r0

2
||x− µ||2

)
, x ∈ Rp, and

p1(v|η) =
(1/2)n1/2

Γ(n1/2)
vn1/2−1(η/r′0)

n1/2 exp
(
− η/r′0

2
v
)
, v ∈ (0,∞),

respectively, for known p ∈ N = {1, 2, . . . } and r0, r
′
0, n1 > 0 and unknown µ ∈ Rp and η ∈

(0,∞). Suppose that for known s′0, n2 > 0, W is an unobservable Chi-squared variable with
distribution (s′0/η)χ

2(n2) which is independent of (X, V ). We consider the problem of estimating
the density of W , namely

p2(w|η) =
(1/2)n2/2

Γ(n2/2)
wn2/2−1(η/s′0)

n2/2 exp
(
− η/s′0

2
w
)
, w ∈ (0,∞),

on the basis of the observation of (X, V ) under the Kullback-Leibler loss. The risk function of
a predictive density p̂2(·;X, V ) is

R((µ, η), p̂2) = E
(X,V,W )
(µ,η)

[
log

p2(W |η)
p̂2(W ;X, V )

]
.

Such a situation arises, for example, if X1, . . . ,XN1 and Y 1, . . . ,Y N2 are independently dis-
tributed as Np(µ, (1/η)Ip) and if we want to estimate the predictive density of

∑N2
i=1 ||Y i −
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Y ||2, where Y = (1/N2)
∑N2

i=1 Y i, based on the sufficient statistics X = (1/N1)
∑N1

i=1Xi and∑N1
i=1 ||Xi − X||2. On the other hand, since r′0/η and n1 can be any positive real numbers,

V may be viewed as a gamma variable. Throughout this chapter, however, we assume that
r0 = r′0 = s′0 = 1 for simplicity.

For a prior π(µ, η) for the unknown parameters (µ, η), the associated Bayesian predictive

density p̂
(π)
2 (·;X, V ) is given by

p̂
(π)
2 (w;x, v) = E(µ,η)|(X,V )

π [p2(w|η)|(X, V ) = (x, v)]

=
(1/2)n2/2

Γ(n2/2)
wn2/2−1Eη|(X,V )

π

[
ηn2/2 exp

(
− η

2
v
)∣∣∣(X, V ) = (x, v)

]
.

The Jeffreys prior for the model where only V is observed is π0(µ, η) = η−1, which corresponds
to the unbiased estimator V/n1 of the variance 1/η in the sense that 1/Eπ0 [η|X, V ] = V/n1. As

in Liang and Barron (2004), it can be shown that p̂
(π0)
2 (·;X, V ) is uniformly optimal among the

predictive densities which are equivariant with respect to the transformations of Section 2 of Stein

(1964). In particular, for any a0 < n1/2, it improves upon p̂
(πa0 )
2 (·;X, V ) for πa0(µ, η) = η−a0−1,

which, when a0 = −p/2, coincides with the Jeffreys prior for the present model where both X
and V are observed. In this chapter, as in Maruyama and Strawderman (2012), we consider the
hierarchical shrinkage prior

πb,a(µ, η) =

∫ 1

0
πb,a(µ, γ, η)dγ, (5.1.1)

where

πb,a(µ, γ, η) = Np(µ|0p, [{(1− γ)/γ}/η]Ip)(1− γ)b−1γ−a−1η−a−1

=
(1− γ)b−p/2−1γp/2−a−1ηp/2−a−1

(2π)p/2
exp

(
− η

2

γ

1− γ
||µ||2

)
for b > 0 and a < p/2. We compare the two predictive densities p̂

(π0)
2 (·;X, V ) and p̂

(πb,a)
2 (·;X, V ).

In particular, in Section 5.3, we obtain conditions under which p̂
(πb,a)
2 (·;X, V ) dominates p̂

(π0)
2 (·;X, V ).

An important feature of the problem is that the distribution of X depends on the unknown
location parameter µ while the distribution of W does not depend on µ. As will be shown later,

p̂
(π0)
2 (·;X, V ) is a function only of V but p̂

(πb,a)
2 (·;X, V ) does depend on X. Thus, dominance of

p̂
(πb,a)
2 (·;X, V ) over p̂

(π0)
2 (·;X, V ) is analogous to the result of Stein (1964) that when estimating

the variance 1/η under the standardized squared error loss, the unbiased estimator V/n1 can be
improved upon by using additional information from X.

Although Stein (1964) considered a truncated estimator, it was shown by Brewster and Zidek
(1974) that the unbiased estimator is dominated by a smooth generalized Bayes estimator also.
Kubokawa (1994) showed that these improved estimators can be derived through the unified
method of Integral Expression of Risk Difference (IERD). Maruyama (1998) gave a class of
priors including that of Brewster and Zidek (1974) to improve on the unbiased estimator when
the mean of the normal distribution is equal to zero. Related hierarchical priors have been shown
to be useful in estimating location parameters in the presence of an unknown scale parameter
(Maruyama and Strawderman (2005, 2020a, 2020b)).
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Bayesian predictive densities have been widely studied in the literature since Aitchison (1975)
showed their superiority to plug-in predictive densities. Komaki (2001) proved for a normal
model with unknown mean that the Bayesian predictive density against the uniform prior is
dominated by that against a shrinkage prior as in estimation problems. Parallels between es-
timation and prediction were investigated by George, Liang and Xu (2006, 2012) and Brown,
George and Xu (2008) in terms of minimaxity and admissibility. Kato (2009) and Boisbunon
and Maruyama (2014) considered the case of unknown mean and variance. Prediction for a
2 × 2 Wishart model was considered by Komaki (2009). Prediction for a gamma model when
the scale parameter is restricted to an interval was considered by L’Moudden, Marchand, Kortbi
and Strawderman (2017).

5.2 Bayesian Predictive Densities

In this section, the Bayesian predictive densities with respect to the priors π0 and πb,a given in
Section 5.1 are derived. The choice of the hyperparameter b in πb,a is discussed.

We first consider p̂
(π0)
2 (·;X, V ) for the noninformative prior π0(µ, η) = η−1.

Proposition 5.2.1 The Bayesian predictive density p̂
(π0)
2 (·;X, V ) is given by

p̂
(π0)
2 (w;X, V ) =

1

B(n1/2, n2/2)

V n1/2wn2/2−1

(V + w)(n1+n2)/2
.

We note that this predictive density does not depend on X. Moreover, it is identical to the
predictive density with respect to the observation V ∼ (1/η)χ2(n1) and the prior η ∼ η−1. Its
superiority to the corresponding plug-in predictive density is discussed in Aitchison (1975).

On the other hand, p̂
(πb,a)
2 (·;X, V ) actually depends on the normal variable X.

Proposition 5.2.2 The Bayesian predictive density p̂
(πb,a)
2 (·;X, V ) for the hierarchical prior

πb,a in (5.1.1) is given by

p̂
(πb,a)
2 (w|X, V ) =

wn2/2−1

B(n1/2 + p/2− a, n2/2)

∫ 1

0

(1− γ)b−1γp/2−a−1

(V + w + γ||X||2)(n1+n2)/2+p/2−a
dγ∫ 1

0

(1− γ)b−1γp/2−a−1

(V + γ||X||2)n1/2+p/2−a
dγ

.

Because of the integrals in the above expression, the risk function of p̂
(πb,a)
2 (·;X, V ) is hard to

evaluate in general.
If we choose b = n1/2, then the integral in the denominator can be simplified to

B(n1/2, p/2− a)

V n1/2(V + ||X||2)p/2−a
(5.2.1)

by Lemma 2 of Boisbunon and Maruyama (2014). This choice corresponds to that in Section
2.1 of Maruyama and Strawderman (2005). On the other hand, in this case, the integral in the
numerator becomes, by Lemma 2 of Boisbunon and Maruyama (2014),

1

(V + w)(n1+n2)/2(V + w + ||X||2)p/2−a

∫ 1

0
(1− γ)n1/2−1γp/2−a−1

(
1− ||X||2

V + w + ||X||2
γ
)n2/2

dγ

(5.2.2)
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and involves the hypergeometric function, which shows the greater complexity of the prediction
problem. However, the above integral can be evaluated as in the proof of Lemma A2 of Boisbunon
and Maruyama (2014), which is crucial for our proof of Theorem 5.3.1 for general n2.

There is another case where we can analytically examine the risk function of p̂
(πb,a)
2 (·;X, V ).

Suppose that b = 1. Then p̂
(πb,a)
2 (·;X, V ) becomes, by Lemma 5.5.1 in the Appendix,

p̂
(π1,a)
2 (w;X, V ) =

wn2/2−1

B(n1/2 + p/2− a, n2/2)

∫ 1

0

γp/2−a−1

(V + w + γ||X||2)(n1+n2)/2+p/2−a
dγ∫ 1

0

γp/2−a−1

(V + γ||X||2)n1/2+p/2−a
dγ

= p̂
(π0)
2 (w;X, V )

∫ ||X||2/(V+w+||X||2)

0

γp/2−a−1(1− γ)(n1+n2)/2−1

B(p/2− a, (n1 + n2)/2)
dγ∫ ||X||2/(V+||X||2)

0

γp/2−a−1(1− γ)n1/2−1

B(p/2− a, n1/2)
dγ

. (5.2.3)

Therefore,

lim
||x||2→∞

p̂
(π1,a)
2 (w;x, V ) = p̂

(π0)
2 (w;X, V ),

which shows that we can apply the method of IERD of Kubokawa (1994). In order to prove The-
orem 5.3.2 given later, we use the expression (5.2.3) and apply the argument of Kato (2009). Fi-

nally, it is interesting to note that for a = p/2−1, the Bayesian predictive density p̂
(π1,a)
2 (·;X, V )

can be expressed in closed form as

p̂
(π1,p/2−1)

2 (w;X, V ) =
n1 + n2
n1Γ(n2/2)

V n1/2wn2/2−1

(V + w)(n1+n2)/2

1−
( V + w

V + w + ||X||2
)(n1+n2)/2

1−
( V

V + ||X||2
)n1/2

. (5.2.4)

That we can obtain this simple predictive density is one of the important features of our pre-
diction problem.

5.3 Dominance Conditions

In this section, we provide sufficient conditions for p̂
(πb,a)
2 (·;X, V ) to dominate p̂

(π0)
2 (·;X, V ) in

the two cases b = n1/2 and b = 1. In particular, conditions on the other hyperparameter a are
obtained.

We first consider the case b = n1/2. Let

(c1, c2) =


(Γ(n1/2)Γ((n1 + n2)/2 + p/2− a)

Γ((n1 + n2)/2)Γ(n1/2 + p/2− a)
− 1, 1

)
, if n2 ≤ 2,( p/2− a

(n1 + n2)/2− 1
,
n2
2

)
, if n2 > 2.
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Theorem 5.3.1 Suppose that b = n1/2 and a < p/2. If the inequality

p/2− a

c2

{
ψ
(n1 + n2

2
+
p

2

)
− ψ

(n1
2

+
p

2

)}
≤
∫ 1

0
(1− ρ)(n1+n2)/2+p/2−1 1

ρ

{
1− 1

(1 + c1ρ)(n1+n2)/2

}
dρ (5.3.1)

is satisfied, then R((µ, η), p̂
(πb,a)
2 ) ≤ R((µ, η), p̂

(π0)
2 ) for all µ ∈ Rp and η ∈ (0,∞). Equality can

hold only if µ = 0p.

The integral appearing in the right-hand side of (5.3.1) is not a big problem. First, we can
numerically calculate the integral since it does not involve the unknown parameters. Second,
the integral can actually be evaluated analytically to obtain simpler sufficient conditions.

Corollary 5.3.1 Assume that b = n1/2 and a < p/2.

(i) If

ψ
(n1 + n2

2
+
p

2

)
− ψ

(n1
2

+
p

2

)
≤ c2
p/2− a

n1 + n2 + p+ 2

n1 + n2 + p

[
1− 1

{1 + 2c1/(n1 + n2 + p+ 2)}(n1+n2)/2

]
,

then p̂
(πb,a)
2 (·;X, V ) dominates p̂

(π0)
2 (·;X, V ).

(ii) Suppose that either n2 ≤ 2 and

ψ
(n1 + n2

2
+
p

2

)
− ψ

(n1
2

+
p

2

)
<

(n1 + n2)c2
n1 + n2 + p

ψ
(n1 + n2

2

)
− ψ

(n1
2

)
or n2 > 2 and

ψ
(n1 + n2

2
+
p

2

)
− ψ

(n1
2

+
p

2

)
<

(n1 + n2)c2
n1 + n2 + p

2

n1 + n2 − 2
.

Then p̂
(πb,a)
2 (·;X, V ) dominates p̂

(π0)
2 (·;X, V ) for any 0 ≤ a < p/2 sufficiently close to

p/2.

When n2 = 2, condition (5.3.1) is actually necessary and sufficient for p̂
(πn1/2,a

)

2 (·;X, V ) to

dominate p̂
(π0)
2 (·;X, V ).

Corollary 5.3.2 Assume that b = n1/2, a < p/2, and n2 = 2.

(i) p̂
(πb,a)
2 (·;X, V ) dominates p̂

(π0)
2 (·;X, V ) if and only if

p/2− a

n1/2 + p/2
≤
∫ 1

0
(1− ρ)n1/2+p/2 1

ρ

(
1− 1

[1 + {(p/2− a)/(n1/2)}ρ]n1/2+1

)
dρ. (5.3.2)

(ii) When n1 = 2, p̂
(πb,a)
2 (·;X, V ) dominates p̂

(π0)
2 (·;X, V ) if and only if 0 ≤ a < p/2.
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Next we consider the case of b = 1.

Theorem 5.3.2 Assume that b = 1, 0 ≤ a < p/2, and n1 > 2. Then R((µ, η), p̂
(πb,a)
2 ) ≤

R((µ, η), p̂
(π0)
2 ) for all µ ∈ Rp and η ∈ (0,∞). Equality holds if and only if µ = 0p and a = 0.

For the special case of (5.2.4), we can obtain another sufficient condition.

Theorem 5.3.3 Suppose that b = 1 and a = p/2 − 1 for p ≥ 2. Then R((µ, η), p̂
(πb,a)
2 ) ≤

R((µ, η), p̂
(π0)
2 ) for all µ ∈ Rp and η ∈ (0,∞). Equality holds if and only if p = 2 and µ = 0p.

5.4 Simulation Study

In this section, we investigate through simulation the numerical performance of the risk func-

tions of the Bayesian predictive densities p̂O2 (·;X, V ) = p̂
(π0)
2 (·;X, V ) and p̂

(b,a)
2 (·;X, V ) =

p̂
(πb,a)
2 (·;X, V ) for b ∈ {n1/2, 1} and a ∈ {0, p/2 − 1}. We consider the following cases: (i)

(n1, n2) = (3, 3); (ii) (n1, n2) = (3, 5); (iii) (n1, n2) = (5, 3); (iv) (n1, n2) = (5, 5). We set p = 14.
When b = 1, the conditions of Theorem 5.3.2 are satisfied for both a = 0 and a = p/2 − 1.
On the other hand, when b = n1/2, the condition of part (i) of Corollary 5.3.1 is satisfied if
a = p/2− 1 but not if a = 0, which can be verified numerically.

The risk function of p̂O2 (·;X, V ) is a constant independent of the unknown parameters (µ, η)

while that of p̂
(b,a)
2 (·;X, V ) depends on (µ, η) only through θ = η||µ||2. For θ ∈ {0, 20, 40, 60}, we

obtain approximated values of the risk function of p̂
(b,a)
2 (·;X, V ) by the Monte Carlo simulation

with 100, 000 replications. The integrals are calculated via the Monte Carlo simulation with
10, 000 replications.

The results are illustrated in Figure 5.1. The constant risk of p̂O2 (·;X, V ) is not the same for

each case. For each b ∈ {n1/2, 1}, the risk values of p̂
(b,p/2−1)
2 (·;X, V ) are smaller than those of

p̂
(b,0)
2 (·;X, V ) when θ = 0 but larger when θ = 60. The risk values of p̂

(n1/2,0)
2 (·;X, V ) are larger

than those of p̂
(1,0)
2 (·;X, V ) when θ = 0 but smaller when θ = 60; on the other hand, the risk

values of p̂
(n1/2,p/2−1)
2 (·;X, V ) are close to those of p̂

(1,p/2−1)
2 (·;X, V ) for all θ ∈ {0, 20, 40, 60}.

Since by Theorem 5.3.2 the values of the risk functions of p̂O2 (·;X, V ) and p̂
(1,0)
2 (·;X, V ) at θ = 0

coincide, that the blue triangles are not on the horizontal lines when θ = 0 will be due to Monte

Carlo error. Finally, p̂
(n1/2,0)
2 (·;X, V ) does not seem to dominate p̂O2 (·;X, V ) with the value of

a too small, for the black squares lie far above the horizontal lines when θ = 0.

5.5 Appendix

Useful lemmas are given in Section 5.5.1. Propositions 5.2.1 and 5.2.2, Theorems 5.3.1, 5.3.2,
and 5.3.3, and Corollaries 5.3.1 and 5.3.2 are proved in Section 5.5.2. Let N0 = {0, 1, 2, . . . }.

5.5.1 Lemmas

Lemma 5.5.1 For any ξ1, ξ2, c > 0, it holds that∫ 1

0

γξ1−1

(1 + cγ)ξ1+ξ2
dγ =

1

cξ1

∫ c/(1+c)

0
γξ1−1(1− γ)ξ2−1dγ.
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Figure 5.1: Risks of the predictive densities p̂O2 (·;X, V ) and p̂
(b,a)
2 (·;X, V ) in the following cases:

(i) (n1, n2) = (3, 3); (ii) (n1, n2) = (3, 5); (iii) (n1, n2) = (5, 3); (iv) (n1, n2) = (5, 5). We set
p = 14. The horizontal lines show the constant risk of p̂O2 (·;X, V ). The black squares, red circles,
blue triangles, and green pluses correspond to (b, a) = (n1/2, 0), (n1/2, p/2−1), (1, 0), (1, p/2−1),
respectively.
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Proof. We have∫ 1

0

γξ1−1

(1 + cγ)ξ1+ξ2
dγ =

∫ c

0

λξ1−1/cξ1

(1 + λ)ξ1+ξ2
dλ =

1

cξ1

∫ c/(1+c)

0
γξ1−1(1− γ)ξ2−1dγ,

which is the desired result. □

Lemma 5.5.2 For any ξ1, ξ2,1, ξ2,2, c > 0, we have∫ 1

0
(1− γ)ξ2,1−1γξ1−1

(
1− c

1 + c
γ
)ξ2,2

dγ

≥ B(ξ2,1 + ξ2,2, ξ1)×


1 +

{Γ(ξ2,1)Γ(ξ2,1 + ξ2,2 + ξ1)

Γ(ξ2,1 + ξ2,2)Γ(ξ2,1 + ξ1)
− 1
} 1

1 + c
, if ξ2,2 ≤ 1,(

1 +
ξ1

ξ2,1 + ξ2,2 − 1

1

1 + c

)ξ2,2
, if ξ2,2 > 1.

Proof. Suppose first that ξ2,2 ≤ 1. Then, by Lemma 3 of Boisbunon and Maruyama (2014),
we have for all γ ∈ (0, 1)(

1− c

1 + c
γ
)ξ2,2

≥ (1− γ)ξ2,2 +
(
1− c

1 + c

)
{1− (1− γ)ξ2,2}.

Therefore, ∫ 1

0
(1− γ)ξ2,1−1γξ1−1

(
1− c

1 + c
γ
)ξ2,2

dγ

≥ B(ξ2,1 + ξ2,2, ξ1) +
1

1 + c
{B(ξ2,1, ξ1)−B(ξ2,1 + ξ2,2, ξ1)}

= B(ξ2,1 + ξ2,2, ξ1)
[
1 +

{Γ(ξ2,1)Γ(ξ2,1 + ξ2,2 + ξ1)

Γ(ξ2,1 + ξ2,2)Γ(ξ2,1 + ξ1)
− 1
} 1

1 + c

]
.

Next suppose that ξ2,2 > 1. Then, by Jensen’s inequality, it follows that∫ 1

0
(1− γ)ξ2,1−1γξ1−1

(
1− c

1 + c
γ
)ξ2,2

dγ

= B(ξ2,1 + ξ2,2, ξ1)

∫ 1

0

(1− γ)ξ2,1−1γξ1−1

B(ξ2,1 + ξ2,2, ξ1)

(
1− γ + γ − c

1 + c
γ
)ξ2,2

dγ

= B(ξ2,1 + ξ2,2, ξ1)

∫ 1

0

(1− γ)ξ2,1+ξ2,2−1γξ1−1

B(ξ2,1 + ξ2,2, ξ1)

(
1 +

1

1 + c

γ

1− γ

)ξ2,2
dγ

≥ B(ξ2,1 + ξ2,2, ξ1)
(
1 +

1

1 + c

ξ1
ξ2,1 + ξ2,2 − 1

)ξ2,2
This completes the proof. □

Lemma 5.5.3 For any ξ1, ξ2, c > 0, we have∫ 1

0
{log(1 + cρ)}ρ

ξ1−1(1− ρ)ξ2−1

B(ξ1, ξ2)
dρ =

∫ 1

0

(1− ρ)ξ1+ξ2−1

ρ

{
1− 1

(1 + cρ)ξ1

}
dρ.
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Proof. The hypergeometric function F satisfies

F (a′, b′; c′; z′) =
∞∑
s=0

Γ(a′ + s)Γ(b′ + s)Γ(c′)

Γ(a′)Γ(b′)Γ(c′ + s)s!
(z′)s

=
Γ(c′)

Γ(b′)Γ(c′ − b′)

∫ 1

0

tb
′−1(1− t)c

′−b′−1

(1− z′t)a′
dt

for a′ > 0, c′ > b′ > 0, and z′ < 0. Therefore,∫ 1

0
{log(1 + cρ)}ρ

ξ1−1(1− ρ)ξ2−1

B(ξ1, ξ2)
dρ−

∫ 1

0

(1− ρ)ξ1+ξ2−1

ρ

{
1− 1

(1 + cρ)ξ1

}
dρ

=

∫ 1

0

(∫ 1

0

cρ

1 + cρt
dt
)ρξ1−1(1− ρ)ξ2−1

B(ξ1, ξ2)
dρ−

∫ 1

0

(1− ρ)ξ1+ξ2−1

ρ

{∫ 1

0

ξ1cρ

(1 + cρt)ξ1+1
dt
}
dρ

=

∫ 1

0

{ 1

B(ξ1, ξ2)

∫ 1

0

cρξ1(1− ρ)ξ2−1

1 + ctρ
dρ− ξ1

∫ 1

0

c(1− ρ)ξ1+ξ2−1

(1 + ctρ)ξ1+1
dρ
}
dt

=
ξ1c

ξ1 + ξ2

∫ 1

0
{F (1, ξ1 + 1; ξ1 + ξ2 + 1;−ct)− F (ξ1 + 1, 1; ξ1 + ξ2 + 1;−ct)}dt = 0,

which proves Lemma 5.5.3. □

Lemma 5.5.4 For any ξ1, ξ2 > 0, we have

ψ(ξ1)− ψ(ξ2) =

∞∑
i=0

ξ1 − ξ2
(i+ ξ1)(i+ ξ2)

.

Proof. Let C = limi→∞
(∑i

j=1 1/j − log i
)
. Then

ψ(ξ1)− ψ(ξ2) =
{
− 1

ξ1
− C +

∞∑
i=1

(1
i
− 1

i+ ξ1

)}
−
{
− 1

ξ2
− C +

∞∑
i=1

(1
i
− 1

i+ ξ2

)}
=

∞∑
i=0

( 1

i+ ξ2
− 1

i+ ξ1

)
=

∞∑
i=0

ξ1 − ξ2
(i+ ξ1)(i+ ξ2)

,

which shows Lemma 5.5.4. □

Lemma 5.5.5 Let ξ1 > 0 and 1 < ξ2,1 < ξ2,2. Let, for i ∈ {1, 2},

Fi(q) =

∫ q

0

γξ1−1(1− γ)ξ2,i−1

B(ξ1, ξ2,i)
dγ, q ∈ (0, 1).

(i) F2
−1(ω)/F1

−1(ω) is nondecreasing in ω ∈ (0, 1).

(ii) There exist 0 < ω < ω < 1 such that F2
−1(ω)/F1

−1(ω) is strictly increasing in ω ∈ (ω, ω).

Proof. Part (i) follows from Lemma 2 of Kato (2009). For part (ii), we need only show
that F2

−1(ω)/F1
−1(ω) is not constant in ω ∈ (0, 1). Suppose that there exists C0 ∈ R such

that F2
−1(ω)/F1

−1(ω) = C0 for all ω ∈ (0, 1). Then C0 = limω→1{F2
−1(ω)/F1

−1(ω)} = 1.
Therefore, we have that F2

−1 = F1
−1 and hence that F2 = F1. This is a contradiction. □
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Lemma 5.5.6 Let h ∈ N and ξ ≥ 1. Then for all τ > 0,

∂

∂τ

Γ((h+ 1)τ)Γ(τ + ξ)

Γ(τ)Γ((h+ 1)τ + ξ)

{
= 0, if ξ = 1,

< 0, if ξ > 1.

Proof. By Gauss’s multiplication formula, we have

Γ((h+ 1)τ)Γ(τ + ξ)

Γ(τ)Γ((h+ 1)τ + ξ)

=
Γ(τ + ξ)

Γ(τ)

(2π){1−(h+1)}/2(h+ 1)(h+1)τ−1/2

(2π){1−(h+1)}/2(h+ 1)(h+1)τ+ξ−1/2

∏h
i=0 Γ(τ + i/(h+ 1))∏h

i=0 Γ(τ + ξ/(h+ 1) + i/(h+ 1))

=
1

(h+ 1)ξ
Γ(τ + ξ)

Γ(τ + (ξ + h)/(h+ 1))

h∏
i=1

Γ(τ + i/(h+ 1))

Γ(τ + (ξ + i− 1)/(h+ 1))

for all τ > 0. Therefore, by Lemma 5.5.4,

∂

∂τ
log

Γ((h+ 1)τ)Γ(τ + ξ)

Γ(τ)Γ((h+ 1)τ + ξ)

= ψ(τ + ξ)− ψ
(
τ +

ξ + h

h+ 1

)
+

h∑
i=1

{
ψ
(
τ +

i

h+ 1

)
− ψ

(
τ +

ξ + i− 1

h+ 1

)}
=

(ξ − 1)h

h+ 1

∞∑
j=0

{ 1

(j + τ + ξ)
(
j + τ + ξ+h

h+1

) − 1

h

h∑
i=1

1(
j + τ + i

h+1

)(
j + τ + ξ+i−1

h+1

)}
for all τ > 0. Fix j ∈ N0 and τ > 0. Then, by Jensen’s inequality,

1

(j + τ + ξ)
(
j + τ + ξ+h

h+1

) − 1

h

h∑
i=1

1(
j + τ + i

h+1

)(
j + τ + ξ+i−1

h+1

)
≤ 1

(j + τ + ξ){j + τ + (ξ + h)/(h+ 1)}
− 1

(j + τ + 1/2){j + τ + (ξ − 1)/(h+ 1) + 1/2}

=
(−ξ)(j + τ) + (1/2){(ξ − 1)/(h+ 1) + 1/2} − ξ(ξ + h)/(h+ 1)

(j + τ + ξ){j + τ + (ξ + h)/(h+ 1)}(j + τ + 1/2){j + τ + (ξ − 1)/(h+ 1) + 1/2}
< 0.

This completes the proof. □

5.5.2 Proofs

Proof of Proposition 5.2.1. Since the joint posterior density of (µ, η) is proportional to

ηn1/2+p/2−1 exp
(
− η

2
V
)
exp

(
− η

2
||X − µ||2

)
,

the marginal posterior of η is proportional to

ηn1/2+p/2−1 exp
(
− η

2
V
)∫

Rp

exp
(
− η

2
||X − µ||2

)
dµ = (2π)p/2ηn1/2−1 exp

(
− η

2
V
)
.
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Therefore, the posterior mean of p2(w|η) is

p̂
(π0)
2 (w|X, V ) =

(1/2)n2/2

Γ(n2/2)
wn2/2−1

∫∞
0 η(n1+n2)/2−1e−η(V+w)/2dη∫∞

0 ηn1/2−1e−ηV/2dη

=
(1/2)n2/2

Γ(n2/2)
wn2/2−1Γ((n1 + n2)/2)/{(V + w)/2}(n1+n2)/2

Γ(n1/2)/(V/2)n1/2
,

which is the desired result. □

Proof of Proposition 5.2.2. Let πb,a(γ) = (1 − γ)b−1γ−a−1 for γ ∈ (0, 1). Then the joint
posterior density of (µ, η) is proportional to∫ 1

0
πb,a(γ)

( γ

1− γ

)p/2
ηn1/2+p−a−1 exp

(
− η

2
V
)
exp

{
− η

2

( γ

1− γ
||µ||2 + ||X − µ||2

)}
dγ.

Note that

γ

1− γ
||µ||2 + ||X − µ||2 = ||µ− (1− γ)X||2

1− γ
+ γ||X||2.

Then the marginal posterior of η is proportional to∫ 1

0
πb,a(γ)

( γ

1− γ

)p/2
ηn1/2+p−a−1 exp

(
− η

2
V
)(∫

Rp

exp
[
− η

2

{ ||µ− (1− γ)X||2

1− γ
+ γ||X||2

}]
dµ
)
dγ

= (2π)p/2
∫ 1

0
πb,a(γ)γ

p/2ηn1/2+p/2−a−1 exp
{
− η

2
(V + γ||X||2)

}
dγ.

Therefore, the Bayesian predictive density p̂
(πb,a)
2 (·|X, V ) is given by

p̂
(πb,a)
2 (w|X, V )

(1/2)n2/2

Γ(n2/2)
wn2/2−1

=

∫ 1

0
πb,a(γ)γ

p/2
[ ∫ ∞

0
η(n1+n2)/2+p/2−a−1 exp

{
− η

2
(V + w + γ||X||2)

}
dη
]
dγ∫ 1

0
πb,a(γ)γ

p/2
[ ∫ ∞

0
ηn1/2+p/2−a−1 exp

{
− η

2
(V + γ||X||2)

}
dη
]
dγ

=

∫ 1

0
πb,a(γ)γ

p/2 Γ((n1 + n2)/2 + p/2− a)

{(1/2)(V + w + γ||X||2)}(n1+n2)/2+p/2−a
dγ∫ 1

0
πb,a(γ)γ

p/2 Γ(n1/2 + p/2− a)

{(1/2)(V + γ||X||2)}n1/2+p/2−a
dγ

,

from which the desired result follows. □

Proof of Theorem 5.3.1. Let ∆ = R((µ, η), p̂
(πn1/2,a

)

2 ) − R((µ, η), p̂
(π0)
2 ). By Propositions

5.2.1 and 5.2.2 and by (5.2.1) and (5.2.2), we have

∆ = E
(X,V,W )
(µ,η)

[
log

p̂
(π0)
2 (W ;X, V )

p̂
(πn1/2,a

)

2 (W ;X, V )

]
= E

(X,V,W )
(µ,η)

[
logB

(n1 + n2
2

,
p

2
− a
)
+
(p
2
− a
)
log

V +W + ||X||2

V + ||X||2

− log

∫ 1

0
(1− γ)n1/2−1γp/2−a−1

(
1− ||X||2

V +W + ||X||2
γ
)n2/2

dγ
]
.
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It follows from Lemma 5.5.2 that for all x ∈ Rp, v ∈ (0,∞), and w ∈ (0,∞),∫ 1

0
(1− γ)n1/2−1γp/2−a−1

(
1− ||x||2

v + w + ||x||2
γ
)n2/2

dγ

≥ B
(n1 + n2

2
,
p

2
− a
)(

1 + c1
v + w

v + w + ||x||2
)c2

.

Therefore,

∆ ≤ E
(X,V,W )
(µ,η)

[(p
2
− a
)
log

V +W + ||X||2

V + ||X||2
− c2 log

(
1 + c1

V +W

V +W + ||X||2
)]

= E
(X,V,W )
(µ,η)

[(p
2
− a
)
log

ηV + ηW + ||√ηX||2

ηV + ||√ηX||2
− c2 log

(
1 + c1

ηV + ηW

ηV + ηW + ||√ηX||2
)]

.

Let k = n1/2, l = n2/2, m = p/2, andm′ = m−a = p/2−a. Let Z ∼ Po(θ/2) for θ = η||µ||2 and
let Ṽ , W̃ , and T̃ be independently distributed as χ2(n1), χ

2(n2), and χ
2(p+ 2Z), respectively.

Then since (ηV, ηW, ||√ηX||2) d
= (Ṽ , W̃ , T̃ ) and since the expectation of the logarithm of a

Chi-squared variable with ν > 0 degrees of freedom is log 2 + ψ(ν/2), it follows that

∆ ≤ EZ
θ

[
E

(T̃ ,Ṽ ,W̃ )|Z
θ

[
m′ log

Ṽ + W̃ + T̃

Ṽ + T̃
− c2 log

(
1 + c1

Ṽ + W̃

Ṽ + W̃ + T̃

)∣∣∣Z]]
= EZ

θ [D1(Z) +D2(Z)], (5.5.1)

where

D1(z) = m′{ψ(k + l +m+ z)− ψ(k +m+ z)}, z ∈ N0,

and

D2(z) = E
ρZ |Z
θ [−c2 log(1 + c1ρZ)|Z = z], z ∈ N0,

for a random variable ρZ such that ρZ |Z ∼ Beta(k + l,m+ Z). By Lemma 5.5.3,

D2(z) = −c2
∫ 1

0
{log(1 + c1ρ)}

ρk+l−1(1− ρ)m+z−1

B(k + l,m+ z)
dρ

= −c2
∫ 1

0

(1− ρ)k+l+m+z−1

ρ

{
1− 1

(1 + c1ρ)k+l

}
dρ

for all z ∈ N0. Therefore, by Lemma 5.5.4, limz→∞{D1(z) +D2(z)} = 0. Fix z ∈ N0. Then

{D1(z + 1) +D2(z + 1)} − {D1(z) +D2(z)}

= m′
( 1

k + l +m+ z
− 1

k +m+ z

)
− c2

∫ 1

0

(1− ρ)k+l+m+z−1(−ρ)
ρ

{
1− 1

(1 + c1ρ)k+l

}
dρ

= − lm′

(k +m+ z)(k + l +m+ z)
+ c2

∫ 1

0
(1− ρ)k+l+m+z−1

{
1− 1

(1 + c1ρ)k+l

}
dρ.

Therefore,

D1(z + 1) +D2(z + 1) ⋛ D1(z) +D2(z) if and only if f(k +m+ z) ⋛ lm′/c2
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for the function f defined by

f(ζ) = ζ(ζ + l)

∫ 1

0
(1− ρ)ζ+l−1

{
1− 1

(1 + c1ρ)k+l

}
dρ, ζ ∈ (0,∞).

Furthermore, by integration by parts

f(ζ) = ζ

∫ 1

0
(1− ρ)ζ+l ∂

∂ρ

{
1− 1

(1 + c1ρ)k+l

}
dρ =

∫ 1

0
ζ(1− ρ)ζ−1(1− ρ)l+1 (k + l)c1

(1 + c1ρ)k+l+1
dρ

=
[
− (1− ρ)ζ(1− ρ)l+1 (k + l)c1

(1 + c1ρ)k+l+1

]1
0
+

∫ 1

0
(1− ρ)ζ

∂

∂ρ

{
(1− ρ)l+1 (k + l)c1

(1 + c1ρ)k+l+1

}
dρ

for all ζ ∈ (0,∞) and thus f is an increasing function. Finally, D1(0)+D2(0) ≤ 0 by assumption.
Hence, we conclude that D1(z)+D2(z) ≤ 0 for all z ∈ N0 with strict inequality for some z ∈ N0.
This completes the proof. □

Proof of Corollary 5.3.1. Let k = n1/2, l = n2/2, m = p/2, m′ = p/2− a. We show that

m′

c2
{ψ(k + l +m)− ψ(k +m)} ≤

∫ 1

0
(1− ρ)k+l+m−1g(ρ)dρ, (5.5.2)

where

(c1, c2) =


(Γ(k)Γ(k + l +m′)

Γ(k + l)Γ(k +m′)
− 1, 1

)
, if l ≤ 1,( m′

k + l − 1
, l
)
, if l > 1,

and where g : (0, 1) → [0,∞) is the function defined by

g(ρ) =
1

ρ

{
1− 1

(1 + c1ρ)k+l

}
=

1

ρ

∫ 1

0

[ ∂
∂t

{ −1

(1 + c1ρt)k+l

}]
dt =

∫ 1

0

(k + l)c1
(1 + c1ρt)k+l+1

dt, ρ ∈ (0, 1).

(5.5.3)

For part (i), since for all ρ ∈ (0, 1)

g′(ρ) =

∫ 1

0

−(k + l + 1)(k + l)c1
2t

(1 + c1ρt)k+l+2
dt,

g is a convex function. Therefore, by Jensen’s inequality,∫ 1

0
(1− ρ)k+l+m−1g(ρ)dρ = B(1, k + l +m)

∫ 1

0

ρ1−1(1− ρ)k+l+m−1

B(1, k + l +m)
g(ρ)dρ

≥ B(1, k + l +m)g
( 1

k + l +m+ 1

)
=

1

k + l +m

∫ 1

0

(k + l)c1
[1 + {c1/(k + l +m+ 1)}t]k+l+1

dt

=
k + l +m+ 1

k + l +m

[
1− 1

{1 + c1/(k + l +m+ 1)}k+l

]
,
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the right-hand side of which is greater than or equal to the left-hand side of (5.5.2) by assumption.
To prove part (ii), note that

lim
m′→0

g(ρ)

m′ = lim
m′→0

c1
m′

∫ 1

0

k + l

(1 + c1ρt)k+l+1
dt = (k + l) lim

m′→0

c1
m′

= (k + l)


∂

∂m′

∣∣∣
m′=0

Γ(k)Γ(k + l +m′)

Γ(k + l)Γ(k +m′)
, if l ≤ 1,

1

k + l − 1
, if l > 1,

= (k + l)

ψ(k + l)− ψ(k), if l ≤ 1,
1

k + l − 1
, if l > 1,

Then

lim
m′→0

c2
m′

∫ 1

0
(1− ρ)k+l+m−1g(ρ)dρ

= c2

{∫ 1

0
(1− ρ)k+l+m−1dρ

}
(k + l)

ψ(k + l)− ψ(k), if l ≤ 1,
1

k + l − 1
, if l > 1,

=
(k + l)c2
k + l +m

ψ(k + l)− ψ(k), if l ≤ 1,
1

k + l − 1
, if l > 1,

from which the desired result follows. □

Proof of Corollary 5.3.2. Let ∆ and D1(z), D2(z), z ∈ N0, be defined as in the proof of

Theorem 5.3.1. For part (i), note that equality holds in (5.5.1) when n2 = 2. Then if p̂
(πn1/2,a

)

2

dominates p̂
(π0)
2 , we have ∆|µ=0p ≤ 0, which implies D1(0) +D2(0) ≤ 0. This proves the “only

if” part. The “if” part follows from Theorem 5.3.1. For part (ii), note that by (5.5.3), the
right-hand side of (5.3.2) divided by p/2− a is∫ 1

0
(1− ρ)n1/2+p/2

(∫ 1

0

(n1 + 2)/n1

[1 + {(p− 2a)/n1}ρt]n1/2+2
dt
)
dρ.

Since the above integral is increasing in a, we need only show that equality holds in (5.3.2) when
a = 0. Suppose that n1 = 2 and that a = 0. Let m = p/2. Then, by integration by parts,

1

p/2− a

∫ 1

0
(1− ρ)n1/2+p/2 1

ρ

(
1− 1

[1 + {(p/2− a)/(n1/2)}ρ]n1/2+1

)
dρ
}

=

∫ 1

0

(1− ρ)m+1

mρ

{
1− 1

(1 +mρ)2

}
dρ =

∫ 1

0
(1− ρ)m+1

{ 1

1 +mρ
+

1

(1 +mρ)2

}
dρ

=

∫ 1

0

(1− ρ)m+1

1 +mρ
dρ+

1

m
− m+ 1

m

∫ 1

0

(1− ρ)m

1 +mρ
dρ =

1

m
− 1

m

∫ 1

0
(1− ρ)mdρ =

1

m+ 1
,

which equals 1/(n1/2 + p/2). Thus, we have proved the desired result. □
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Proof of Theorem 5.3.2. By (5.2.3), we have

R((µ, η), p̂
(π1,a)
2 )−R((µ, η), p̂

(π0)
2 ) = E

(X,V,W )
(µ,η)

[
log

p̂
(π0)
2 (W ;X, V )

p̂
(π1,a)
2 (W ;X, V )

]
= ∆(n1 + n2)−∆(n1),

where, for each n ∈ {n1, n1 + n2},

∆(n) = E
(X,Un)
(µ,η)

[
− log

∫ ||X||2/(Un+||X||2)

0

γp/2−a−1(1− γ)n/2−1

B(p/2− a, n/2)
dγ
]

for the random variable Un which is V if n = n1 and V +W if n = n1 + n2. Let θ, Z, and T̃ be
defined as in the proof of Theorem 5.3.1. Then for n ∈ {n1, n1 + n2}, ∆(n) can be written as

∆(n) = EZ
θ [D(n;Z)],

where

D(n; z) = E
(T̃ ,Ũn)|Z
θ

[
− log

∫ T̃ /(Ũn+T̃ )

0

γp/2−a−1(1− γ)n/2−1

B(p/2− a, n/2)
dγ
∣∣∣Z = z

]
, z ∈ N0,

for an independent variable Ũn ∼ χ2(n).
Fix z ∈ N0. Then for each n ∈ {n1, n1+n2}, since {T̃ /(Ũn+T̃ )}|(Z = z) ∼ Beta(p/2+z, n/2),

it follows that

D(n; z) = −
∫ 1

0

{
log

∫ q

0

γp/2−a−1(1− γ)n/2−1

B(p/2− a, n/2)
dγ
}qp/2+z−1(1− q)n/2−1

B(p/2 + z, n/2)
dq

= −
∫ 1

0
(logω)

B(p/2− a, n/2)

B(p/2 + z, n/2)
{Fn

−1(ω)}z+adω,

where

Fn(q) =

∫ q

0

γp/2−a−1(1− γ)n/2−1

B(p/2− a, n/2)
dγ

for q ∈ (0, 1). Therefore, D(n1 + n2; z) ⋚ D(n1; z) if and only if∫ 1

0
(logω)

[
1− C(z)

{ Fn1
−1(ω)

Fn1+n2
−1(ω)

}z+a]
dPz(ω) ⋛ 0, (5.5.4)

where

C(z) =
B(p/2− a, n1/2)

B(p/2 + z, n1/2)
/
B(p/2− a, (n1 + n2)/2)

B(p/2 + z, (n1 + n2)/2)

and where Pz is the probability measure with density

B(p/2− a, (n1 + n2)/2)

B(p/2 + z, (n1 + n2)/2)
{Fn1+n2

−1(ω)}z+a, ω ∈ (0, 1).
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Since a < p/2 and n1 > 2 by assumption, it follows from Lemma 5.5.5 that Fn1+n2
−1(ω)/Fn1

−1(ω)
is nondecreasing in ω ∈ (0, 1) and strictly increasing in ω ∈ (ω, ω) for some 0 < ω < ω < 1.
Thus, since ∫ 1

0

[
1− C(z)

{ Fn1
−1(ω)

Fn1+n2
−1(ω)

}z+a]
dP (ω) = 0,

the left-hand side of (5.5.4) is, by the covariance inequality, greater than zero if z + a > 0 and
equal to zero if z + a = 0, from which the desired result follows. □

Proof of Theorem 5.3.3. Let θ and Z be defined as in the proof of Theorem 5.3.1. Then,
by the proof of Theorem 5.3.2,

R((µ, η), p̂
(π1,p/2−1)

2 )−R((µ, η), p̂
(π0)
2 )

= EZ
θ

[[
−
∫ 1

0

{
log

∫ q

0

(1− γ)n/2−1

B(1, n/2)
dγ
}qp/2+Z−1(1− q)n/2−1

B(p/2 + Z, n/2)
dq
]n=n1+n2

n=n1

]
= EZ

θ

[[
−
∫ 1

0
[log{1− (1− q)n/2}]q

p/2+Z−1(1− q)n/2−1

B(p/2 + Z, n/2)
dq
]n=n1+n2

n=n1

]
=

∞∑
h=1

1

h
EZ

θ

[[ ∫ 1

0

qp/2+Z−1(1− q)(h+1)(n/2)−1

B(p/2 + Z, n/2)
dq
]n=n1+n2

n=n1

]
.

Therefore,

R((µ, η), p̂
(π1,p/2−1)

2 )−R((µ, η), p̂
(π0)
2 )

=
∞∑
h=1

1

h
EZ

θ

[[B(p/2 + Z, (h+ 1)(n/2))

B(p/2 + Z, n/2)

]n=n1+n2

n=n1

]
=

∞∑
h=1

1

h
EZ

θ

[[Γ(p/2 + Z + n/2)Γ((h+ 1)(n/2))

Γ(p/2 + Z + (h+ 1)(n/2))Γ(n/2)

]n=n1+n2

n=n1

]
=

∞∑
h=1

1

h
EZ

θ

[ ∫ (n1+n2)/2

n1/2

{ ∂

∂τ

Γ(p/2 + Z + τ)Γ((h+ 1)τ)

Γ(p/2 + Z + (h+ 1)τ)Γ(τ)

}
dτ
]
.

Thus, by Lemma 5.5.6, we have R((µ, η), p̂
(π1,p/2−1)

2 ) ≤ R((µ, η), p̂
(π0)
2 ). Equality holds if and

only if p = 2 and µ = 0p. This completes the proof. □
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Chapter 6

On Global-Local Shrinkage Priors
for Count Data

6.1 Introduction

High-dimensional count data appears in a variety of scientific fields including genetics, epidemi-
ology and social science. It is frequently observed in such data that many of those counts are
very small and nearly zero except for some outliers. For example, in crime statistics where we
divide the area of interest into small sub-regions, the number of occurrences of specific crime is
likely to be small or zero in many sub-regions, while it is still important to detect “hotspots”,
i.e., the regions of the unexplained high crime rate. In this context, the Poisson-gamma model
is obviously inappropriate, for the gamma prior shrinks all the observations uniformly, including
the large signals that should be kept unshrunk, which might result in overlooking such mean-
ingful regions. The desirable prior should account for both small and large signals and realize
the flexible shrinkage effects on Poisson rates.

The prior of this type has been studied as global-local shrinkage prior for the Gaussian ob-
servations. The sparse signals of high-dimensional continuous observations are detected by the
horseshoe prior, which exhibits the aforementioned property of shrinkage, being comparable to
the variable selection (Carvalho et al. (2010)). It is extended to the three-parameter beta distri-
bution for more flexible modeling of sparseness (Armagan et al. (2011)). In hierarchical models,
such priors have been adopted for random effect distributions in small area estimation (Tang et
al. (2018)) or default Bayesian analysis (Bhadra et al. (2016)). For recent developments, see,
for example, Bhadra et al. (2019) and the references therein.

While extensively studied for Gaussian data, the global-local shrinkage priors have not been
fully developed for count data, although Poisson likelihood models with hierarchical structure
are widely used in applications such as disease mapping (see, for example, Wakefield (2006)
and Lawson (2013)). The theory related to the Poisson likelihoods has been well developed
(e.g., Brown et al. (2013) and Yano et al. (2019)), but not necessarily from the viewpoint of
global-local shrinkage. The standard Bayesian models for count data is of Poisson-gamma type;
the gamma prior for the Poisson rate shows the similarity to the global-local shrinkage prior
if one assumes further hierarchical prior on the gamma scale parameters. In this context, the
use of heavy-tailed hierarchical priors has already been practiced (e.g., Zhu et al. (2019)), but
the research on the general, statistical property of such priors has been limited. The theoretical
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properties of the Bayes estimators of those models have been investigated partially by Datta
and Dunson (2016) with the focus on (a generalized version of) the three-parameter beta prior
for the analysis of zero-inflated count data. Our research is also concerned with the global-local
shrinkage for count data, but especially from the rigorous viewpoint of heavy-tail property, which
ensures the large signals are less or not at all affected by the shrinkage effect.

The objective of our research is to consider the effect of the hyperprior on the Bayes estima-
tors (posterior means) of Poisson rates in terms of the robustness property. In doing so, we first
define the concept of tail-robustness for the Bayes estimators mathematically. A robust Bayes
estimator should keep large signals unshrunk, while retaining the strong shrink effect on small
signals towards prior means, which is the tail-robustness we assess by our main theorem. In
Section 6.2, Theorem 6.2.1 and Corollary 6.2.1 give sufficient conditions for the tail-robustness.

Requiring the tail-robustness for the Bayes estimators helps us restrict the class of priors we
should use. The conditions in Theorem 6.2.1 reveal the importance of local shrinkage, or the
individual scale parameter of gamma distribution customized for each Poisson rate, and support
the use of two classes of hyperpriors proposed in Section 6.3: the inverse-gamma prior and
the newly-introduced extremely heavy-tailed prior. The inverse-gamma prior is a well-known
distribution and easy to be integrated into the model. The asymptotic bias for large signals
is shown to be negligible, hence the inverse-gamma prior is “approximately” tail-robust. The
extremely heavily-tailed prior is a new class of probability distributions, whose density function is
derived so as to satisfy the conditions for tail-robustness. In contrast to the inverse-gamma prior,
this prior is exactly tail-robust. Both priors are conditionally conjugate for most of parameters
in the model, which allows the fast and efficient posterior analysis by Gibbs sampler.

In the numerical study, we observe the properties of tail-robustness theoretically guaranteed
for those priors, while the standard Poisson-gamma model suffers from the overly-shrunk Bayes
estimators for outliers. The difference of two proposed priors are empirically confirmed in this
numerical study; the inverse-gamma prior is better in the point estimations for small signals,
having more shrinkage effect toward prior mean, while the extremely heavy-tailed prior is suc-
cessful in quantifying the uncertainty for large counts, as shown in the coverage rates of posterior
credible intervals. Despite this difference, both priors perform almost equally in the analysis of
the actual crime data in Japan by detecting the hotspots of crimes that are overlooked in the
Poisson-gamma models.

The rest of this chapter is organized as follows. In Section 6.2, we consider theoretical argu-
ment regarding tail robustness and derive sufficient conditions for local priors to hold tail robust-
ness. In Section 6.3, we propose two local priors and provide efficient posterior computation algo-
rithms using Gibbs sampling. We also discuss some properties of the implied marginal priors and
posteriors of Poisson rate. Section 6.4 is devoted to the numerical experiments for the extensive
comparison of the proposed priors and other commonly-used priors/estimators under the various
settings. The application to the real data of crimes in Tokyo metropolitan area, Japan, is dis-
cussed in Section 6.5. The step-by-step sampling algorithm, technical details regarding the proofs
of Theorem 6.2.1 and Proposition 6.7.1, motivation of the EH prior, and other computational
issues in the main text are given in the Appendix. Finally, R code implementing the proposed
method is available at GitHub repository (https://github.com/sshonosuke/GLSP-count).
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6.2 Tail-Robustness Under Count Response

6.2.1 Hierarchical models for count data

Our model has the following hierarchical representation; the m observations y1, . . . , ym are con-
ditionally independent and modelled by, for i = 1, . . . ,m,

yi|λi ∼ Po(ηiλi), λi|ui ∼ Ga(α, β/ui), ui ∼ π(ui), (6.2.1)

where Po(ηiλi) is the Poisson distribution with rate ηiλi, and Ga(α, β/ui) the gamma distribu-
tion with shape α and rate β/ui, whose (conditional) mean is α/(β/ui). In addition, ηi ∈ (0,∞)
is offset and known, (α, β) ∈ (0,∞)2 are the hyperparameters, and ui ∈ (0,∞) is a local scale
parameter. The offset term, ηi, can be any known constant in general; in practice, it is flexibly
modeled by regression with the log link function, as we examine in Section 6.5. In what follows,
we assume ηi = 1 for simplicity. The two rate parameters of the gamma prior, β and u−1

i , control
the global and local shrinkage effects, respectively. Under this model, the Bayes estimator of
Poisson rate λi we consider is the posterior mean

λ̃i = E
[ ui
β + ui

(α+ yi)
∣∣∣yi],

= yi − E
[ β

β + ui

(
yi −

αui
β

)∣∣∣yi] (6.2.2)

where the expectation is taken with respect to the marginal posterior of ui, so that the condi-
tional posterior mean of λi shrinks yi toward the prior mean αui/β. Throughout this chapter,
we consider proper priors for ui only. The use of improper priors for ui results in the im-
proper marginal of λi, and the posterior distribution of λi would not successfully reflect the
prior information, failing to shrink the Bayes estimator satisfactory.

6.2.2 Tail-robustness of the posterior mean

The appropriate choice of prior π(ui) is discussed in terms of the shrinkage effect realized in the
Bayes estimator λ̃i. As stated in the introduction, the estimator should not be shrunk toward
prior mean when the large signal is observed. This property is named as the tail-robustness (e.g.
Carvalho et al. (2010)). The tail-robustness is mathematically defined as the property that

lim
yi→∞

|λ̃i − yi| = 0. (6.2.3)

This means that the (mean) absolute error loss tends to zero as yi → ∞. For fixed ui, the
Bayes estimator (α+ yi)/(1 + β/ui) clearly loses the tail-robustness, which motivates the study
of hierarchical prior for ui. Throughout this chapter, our primal interest is in this property
defined in (6.2.3), but we note that there have been other definitions of tail-robustness related
to various loss functions. We discuss in details the difference of tail-robustness concepts in the
Appendix.

To consider the tail-robustness, the next theorem is useful in evaluating the asymptotic bias
limyi→∞(λ̃i − yi) for a variety of priors.
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Theorem 6.2.1 Assume that π(·) is strictly positive and continuously differentiable. Suppose
that π(·) satisfies the following two conditions:∫ 1

0
|uπ′(u)|du <∞, (A1)

ξ ≡ lim
u→∞

uπ′(u)

π(u)
exists in [−∞,∞]. (A2)

Then the asymptotic bias of λ̃i is 1 + ξ, that is,

lim
yi→∞

(λ̃i − yi) = 1 + ξ.

The asymptotic bias of λ̃i under yi → ∞ can be characterized by the tail behaviour of the
mixing distribution π(·). This condition is similar to but significantly different from that of
Gaussian response (e.g. Tang et al. (2018)). It is immediate from Theorem 6.2.1 that ξ = −1 is
the sufficient condition for the estimator to be tail-robust, which is summarized in the following
corollary.

Corollary 6.2.1 Under the conditions (A1) and

lim
u→∞

uπ′(u)

π(u)
= −1, (A3)

the Bayes estimator λ̃i is tail-robust and satisfies |λ̃i − yi| → 0 as yi → ∞.

The crucial assumption in the above corollary is (A3), which describes the desirable tail
behavior of the marginal prior distribution of λi. In fact, (A3) is sufficient for ψ(u) = uπ(u)
to be slowly varying as u→ ∞, i.e., limu→∞ ψ(κu)/ψ(u) = 1 for all κ > 0 (e.g., see Seneta (1976),
equation (1.11)). It further implies that, for the marginal prior p(λi) =

∫∞
0 Ga(λi|α, β/ui)π(ui)dui,

we have λip(λi) ∼ λiπ(λi) as λi → ∞ under the regularity condition that justifies the inter-
change of the limit and integral. In other words, under this assumption, the marginal densities
of λi and ui are asymptotically equivalent in the tail as density functions.

An example of priors that satisfies assumption (A3) is π(u) ∝ 1/u. In many cases, (A3)
requires priors to be of this from; see Section 6.7.5. However, this prior is improper. In other
words, π(·) have to be as heavy-tailed as improper priors for λ̃i to be tail-robust. On the other
hand, (A1) is merely a technical requirement for the proof.

One notable feature of Corollary 6.2.1 is that the sufficient conditions for the tail-robustness,
(A1) and (A3), are independent of the values of hyperparmeters α and β. This setting about
hyperparameters is a great contrary to other approaches, e.g., Proposition 1 of Datta and Dunson
(2016) where the tail-robustness is discussed for the limiting values of hyperparameters, i.e.,
β → ∞ or β → 0.

6.3 Global-Local Shrinkage Priors for Count Data

6.3.1 Proposed priors

Under the hierarchical model (6.2.1), we propose two families of priors for ui. Each of them is
indexed by a hyperparameter γ ∈ (0,∞), which will be estimated in practice.
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The first prior is the inverse gamma (IG) prior given by

πIG(ui; γ) =
γγ

Γ(γ)

1

ui1+γ
e−γ/ui , (6.3.1)

where γ > 0. This is the density of the IG(γ, γ) distribution. It is clearly proper and con-
ditionally conjugate, which simplifies the posterior computation by Markov chain Monte Carlo
methods. From Theorem 6.2.1, it holds that limyi→∞(λ̃i−yi) = −γ, indicating that the IG prior
approximately satisfies the tail-robustness when γ is small. The shape and rate parameters are
identical in (6.3.1), so that we have E[1/ui] = 1, and the global parameter β can be interpreted
as the marginal rate parameter of the gamma distribution for λi, i.e., the global shrinkage factor.

Next, we newly introduce a conjugate prior. The extremely heavy-tailed (EH) prior is defined
by the density

πEH(ui; γ) =
γ

1 + ui

1

{1 + log(1 + ui)}1+γ
(6.3.2)

for γ > 0. The EH prior can be seen as a modification of the scaled-beta prior; the details on
the connection to the EH prior is discussed in the Appendix. The additional logarithm function
in (6.3.2) contributes to the integrability of the density function. The use of log-term is often
seen in the literature of decision-theoretic statistical theory (for example, see Maruyama and
Strawderman (2020a), Remark 4.1). This prior is proper because∫ ∞

0
πEH(u; γ)du =

[
− {1 + log(1 + u)}−γ

]∞
0

= 1.

The notable property of the EH prior is that it satisfies the condition of Corollary 6.2.1;

uπEH
′(u; γ)

πEH(u; γ)
= u

{
− 1

1 + u
− 1 + γ

1 + log(1 + u)

1

1 + u

}
→ −1

as u→ ∞. Hence, the EH prior is exactly tail-robust.
The densities and tail-behaviors of the proposed priors are summarized in Table 6.1 together

with those of the Gauss hypergeometric (GH) prior considered in Datta and Dunson (2016).
The GH prior is dependent on the global rate parameter β, but its density tail (the asymptotic
functional form of density as ui → ∞) is independent of β and identical to that of the half-
Cauchy prior (Carvalho et al. (2010)). The density tail of the EH prior is heavier than those
of the GH and IG priors regardless of γ. This difference originates from the log-term of the EH
density and contributes to the exact tail-robustness of the EH prior.

Density kernel of ui Density tail as ui → ∞

GH(1/2, 1/2, γ, 1/β) u
−1/2
i (1 + ui)

−γ(β + ui)
γ−1 u

−3/2
i

IG(γ, γ) u
−(γ+1)
i e−γ/ui u

−(γ+1)
i

EH(γ) (1 + ui)
−1{1 + log(1 + ui)}−(1+γ) u−1

i (log ui)
−(1+γ)

Table 6.1: Densities of GH, IG and EH priors

Finally, we note the parametrization by κ = 1/(1 + u) ∈ (0, 1), which also clarifies the
difference of the proposed priors from others. The implied density of the EH prior in the scale of
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κ is πEH(κ) = γκ−1/{1 + log(1/κ)}1+γ . This expression shows that the EH prior can be viewed
as an extension of the improper beta prior, Beta(0, 1). The resulting EH prior is proper; the
additional log-term in the density of the EH prior ensures the propriety. Other class of priors,
including the half-Cauchy prior, remain in the class of beta distributions in κ-scale and do not
involve the log-term in their densities.

6.3.2 Posterior computation

The computation of the Bayes estimator is based on the Markov chain Monte Carlo method.
Because the proposed priors are mostly conditionally conjugate, sampling from most of the
conditional posterior distributions is straightforward. In this subsection, we mention the essential
strategies of the sampling methods. We provide the detailed step-by-step Gibbs sampling in the
Appendix.

We first discuss the parameters (λ1:m, α, β), which are common to and always included in
all the models regardless of the choice of prior for ui. Note that we assign prior distributions
for α and β in practice. In this research, we consider the gamma priors; α ∼ Ga(aα, bα) and
β ∼ Ga(aβ, bβ). We adopt aα = bα = aβ = bβ = 1 as default choices, which will be used
in the numerical studies in Sections 6.4 and 6.5. When the model is of Poisson-gamma type
and the local parameters ui are fixed, the posterior analysis can be done by sampling the above
parameters. It is noted that the gamma prior for β is conditionally conjugate whereas the gamma
prior for α is not. However, using the augmentation technique by Zhou and Carin (2013), we
can derive an efficient Gibbs sampling method as provided in the Appendix.

For the model with the IG prior, the scale parameter ui has a known conditional posterior,
while the conditional posterior of the hyperparameter γ is difficult to directly sample from.
Although several computationally-sophisticated options are available for the sampling of γ, we
here simply use the random-walk Metropolis-Hastings method with uniform prior γ ∼ U(ε1, ε2)
for fixed small ε1 > 0 and large ε2 > 0. We set ε1 = 0.001 and ε2 = 150 as a default choice.

The new EH prior is not conditionally conjugate for ui, despite its simple closed-form of the
density function in (6.3.2). To develop an efficient sampling algorithm, we introduce a novel
augmentation approach using two positive valued latent variables vi and wi, given by

πEH(ui; γ) =

∫∫
(0,∞)2

πEH(ui, vi, wi; γ)dvidwi,

where

πEH(ui, vi, wi; γ) = Ga(ui|1, vi)Ga(vi|wi, 1)Ga(wi|γ, 1)

=
wγ−1
i vwi

i

Γ(γ)Γ(wi)
exp {−wi − vi(1 + ui)} .

Using the above expression, it is observed that the full conditional distribution of ui is the
generalized inverse Gaussian (GIG) distribution. We can also obtain familiar forms of the
conditional posterior distributions of the other parameters, (vi, wi), where the details are given in
the Appendix. For the shape parameter γ in the EH prior, we assign gamma prior γ ∼ Ga(aγ , bγ)
which is conditionally conjugate. We use aγ = bγ = 1 for simplicity as a default choice.
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6.3.3 Marginal prior distributions for λi

In this section, the marginal density of λi is computed to consider its behavior in the limit of
λi → ∞ and λi → 0. The tail property of the marginal density is the same as that of the prior
of ui. Information on the behavior of the marginal density of λi around zero is also important
to understand the amount of shrinkage effect toward zero, which has not been discussed up to
this point in this chapter. In general, the marginal prior distribution for λi is given by

p(λi;α, β, γ) =

∫ ∞

0

βα/ui
α

Γ(α)
λi

α−1e−(β/ui)λiπ(ui; γ)dui

=
βα

Γ(α)

∫ ∞

0

1

xα
e−β/xπ(λix; γ)dx.

We continue the computation of this density for the two classes of priors: πIG and πEH.
For the IG prior π(ui; γ) = πIG(ui; γ), we have

p(λi;α, β, γ) =
(β/γ)α

B(α, γ)

λi
α−1

{1 + (β/γ)λi}α+γ
, (6.3.3)

which implies the beta distribution, i.e.,

(β/γ)λi
1 + (β/γ)λi

∼ Beta(α, γ).

From (6.3.3), we have p(λi;α, β, γ) = O(λi
−1−γ) as λi → ∞. For sufficiently small γ, the

marginal prior of λi can be heavily-tailed, being almost equivalent to λi
−1 in the tail. This ob-

servation is coherent with the γ-dependent asymptotic bias of the Bayes estimator, limyi→∞(λ̃i−
yi) = −γ. It should also be noted here that, due to the heavy tail of this density, the prior mean
does not exist if γ ≤ 1. This can be confirmed by the direct computation or the fact that the
prior mean of ui is not finite under this condition. In this situation, it is difficult to interpret
the prior from the viewpoint that the estimator is shrunk toward the prior mean. For those who
prefer the prior with finite mean, we recommend the modification of the IG prior to IG(γ+1, γ),
γ > 0, which instead increases the asymptotic bias slightly to −γ − 1.

In contrast, the density at the origin depends on the value of α. In particular, limλi→0 p(λi;α, β, γ) =
∞ for α < 1, while the limit becomes a positive constant for α = 1 and zero for α > 1. This fact
gives a clue to the interpretation of the choice of, or the posterior inference for, hyperparameter
α.

For the EH prior, the marginal density is evaluated around zero as follows: For π(ui; γ) =
πEH(ui; γ),

p(λi;α, β, γ) =
βαγ

Γ(α)

∫ ∞

0

e−β/x

xα
1

1 + λix

1

{1 + log(1 + λix)}1+γ
dx

→ βαγ

Γ(α)

∫ ∞

0

e−β/x

xα
dx

=

{
(α− 1)−1βγ if α > 1

∞ if α ≤ 1
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as λi → 0 by the monotone convergence theorem. Thus, limλi→0 p(λi;α, β, γ) > 0 and increasing
as α → 0, implying the shrinkage of small signals toward the global prior mean. For the tail
property, we have

lim
λi→∞

p(λi;α, β, γ)

πEH(λi; γ)
=

βα

Γ(α)

∫ ∞

0

e−β/x

xα

[
lim

λi→∞

1 + λi
1 + λix

{ 1 + log(1 + λi)

1 + log(1 + λix)

}1+γ]
dx

=
βα

Γ(α)

∫ ∞

0

e−β/x

xα+1
dx = 1.

Therefore, p(λi;α, β, γ) ∼ πEH(λi; γ) ∼ γλi
−1(log λi)

−1−γ as λi → ∞, which means that the
marginal prior p(λi;α, β, γ) is proper but has a sufficiently heavy tail so that the model can
accommodate large signals. For the computation to verify the result above, see the Appendix.

The marginal distributions of λi with α = β = 2 under the proposed IG and EH priors with
γ = 1 and γ = 0.5 as well as the GH prior with γ = 1 are visually illustrated in Figure 6.1. It
shows that the IG prior with γ = 0.5 has almost the same tail-behavior as the GH prior since
the tail-behavior of the density of ui under the IG prior with γ = 1 is equivalent that of GH as
confirmed in Table 6.1. Moreover, the figure reveals that the density tail under the EH prior is
heavier than those under the IG and GH priors, which is consistent with Table 6.1.
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Figure 6.1: Left: Marginal densities of λi with α = β = 2 under the Gauss hypergeometric prior (GH)
with γ = 1, inverse-gamma priors with γ = 1 (IG1) and γ = 0.5 (IG2), and extremely heavily-tailed
priors with γ = 1 (EH1) and γ = 0.5 (EH2). The GH and EH densities are evaluated by the Monte Carlo
integration. Right: The marginal densities of the five prior distributions in the tail. The vertical axis is
logarithmic.
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6.3.4 Marginal posterior distributions for λi

We briefly describe the flexibility of the proposed prior distributions compared with the common
gamma prior for λi. Since the conditional posterior distribution of λi given ui is Ga(yi + α, 1 +
β/ui) under the model (6.2.1), the marginal posterior distribution of λi is obtained as the
mixture of the gamma distribution with respect to the marginal posterior distribution of ui.
Note that the use of the gamma prior distribution for λi leads to the posterior distribution
Ga(yi + α, 1 + β). We set α = β = 2 and show the marginal posterior density of λi with
several values of yi in Figure 6.2. It is observed that under the moderate signal such as yi = 1,
the posterior distributions of λi are almost the same among the conventional gamma prior and
the proposed global-local shrinkage priors. On the other hand, under large values of yi, the
posterior densities of the proposed methods are significantly different from one based on the
gamma prior, which shows the flexibility of the proposed priors against large signals and is
consistent with tail-robustness property given in Theorem 6.2.1. However, the posterior density
with the conventional gamma prior is not sensitive to large signals, which leads to the over-
shrinkage of estimators. As noted in the previous section, the hyperparameter γ in the inverse
gamma (IG) distribution is directly related to the asymptotic bias, and Figure 6.2 shows that
the IG prior with the smaller γ produces heavier-tailed posterior density functions than that
with the larger γ.

6.4 Simulation Study

We here investigate the finite sample performance of the proposed method together with some
existing methods. We generated the independent sequence of counts from yi ∼ Po(λiηi) for
i = 1, . . . ,m with m = 200. The adjustment term ηi was generated from U(1, 5), and assumed
to be known. For the generating process for λi, we considered the mixture: λi ∼ (1−ω)f0+ωf1,
where f0 and f1 denote distributions of moderate and large signals, respectively. Note that ω
denotes the proportion of large signals (outliers). For the settings of f0 and f1, we adopted the
following four scenarios:

(I) f0 = Ga(2, 2), f1 = Ga(10, 2)

(II) f0 = 0.75Ga(2, 2) + 0.25δ(1), f1 = Ga(10, 2)

(III) f0 = 0.5Ga(2, 2) + 0.5δ(1), f1 = Ga(10, 2)

(IV) f0 = U(0, 2), f1 = 4 + |t3|,

where U(0, 2) is the uniform distribution on [0, 2] and t3 is the t-distribution with 3 degrees of
freedom. In scenarios (II) and (III), the moderate signals are more concentrated around 1 and
have less variation, in comparison to the continuous prior Ga(2, 2) in scenario (I). We define the
outlying and non-outlying values of λi’s as those generated from f1 and f0, respectively. In each
scenario, we considered two scenarios of ω, namely, ω = 0.05 and 0.1.

We considered the estimation of λi using the following six priors/methods:

• IG: The proposed method with inverse gamma prior for ui.

• EH: The proposed method with extremely heavy tailed prior for ui.

• GH: Gauss hyper-geometric prior proposed by Datta and Dunson (2016)
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Figure 6.2: Marginal posterior distributions for λi with α = β = 2 based on the conventional
gamma prior (PG), the proposed inverse gamma prior with γ = 1 (IG1) and γ = 0.5 (IG2),
and the proposed extremely heavy-tailed prior with γ = 1 (EH1) and γ = 0.5 (EH2). Each row
corresponds to a difference value of yi ∈ {1, 5, 10, 15}.
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• PG: Using gamma distribution for λi, known as Poisson-gamma model.

• KW: Nonparametric empirical Bayes method (Kiefer and Wolfowitz (1956); Koenker and
Mizera (2014)).

• ML: Maximum likelihood (non-shrinkage) estimator, i.e., yi.

We assigned prior distributions for the hyperparameters in the two proposed methods, as
illustrated in Section 6.3.2. In the GH method, the hyperparameters were estimated by the
empirical Bayes method recommended in Datta and Dunson (2016), and then 3,000 posterior
samples were generated directly from the posterior distribution of λi with the estimated hyper-
parameters. We assigned gamma priors for the hyperparameters in the PG method, and used
the prior distributions given in Section 6.3.2 for the hyperparameter in the IG and EH methods.
The three methods require the computation by Markov chain Monte Carlo method; for each
dataset, we generated 3,000 posterior samples after discarding 500 samples as a burn-in period.
We computed point estimates of λi, where we used the posterior mean as point estimation in
the first four methods. The performance of these point estimators are evaluated by the mean
squared errors (MSE) and mean absolute percentage error (MAPE) defined as the averaged
values of (λ̂i−λi)

2 and |λ̂i−λi|/λi, respectively. These measures were calculated separately for
outlying and non-outlying values of the true λi’s. We also computed 95% credible intervals of
λi based on the first four Bayesian methods, and evaluate the performance using the coverage
probability (CP) and average length (AL). We repeated the process for 1,000 times to report
the averages of MSE, MAPE, CP and AL below.

In Table 6.2, we presented the averaged values of the MSEs and MAPEs in all the scenarios.
For non-outlying values, we can see that the PG and KW methods perform quite well while
the proposed IG method is quite comparable. For non-outlying values, the performance of the
three methods, IG, KW and ML are quite comparable and better than the other methods in
MSE. However, it should be noted that the EH performs best in MAPE. These results would
show that the shrinkage effects of the proposed methods successfully realized for small signals.
On the other hand, for outlying values, the point estimates of both PG and KW methods tend
to be worse than ML as predicted theoretically; the PG and KW methods are not tail-robust
in general and are expected to produce over-shrunk estimates. In contrast, the proposed IG
and EH methods as well as the GH method provides better performance than the PG and KW
methods for outliers, as designed. Among the three methods, the EH method provides the best
performance in all experiments, which is consistent with the tail-robustness property of the EH
method, as discussed in Section 6.3, noting that the IG and GH methods does not necessarily
hold the property.

In Table 6.3, we reported averaged values of the CPs and ALs of 95% credible intervals of
the four Bayesian methods. It is observed that all the method provides reasonable CP for non-
outlying values whereas the CP of the PG method is seriously smaller than the nominal level
for outlying values, which also shows the serious over-shrinkage property of the PG method. On
the other hand, the proposed methods and the GH method show much higher CPs, while the
CP of the EH method is much closer to the nominal level than that of the IG method. It is also
observed that the performance of the EH and GH methods are quite comparable in both CP
and AL.

We checked the performance of the Markov chain Monte Carlo sampling algorithm for the
IG, EH and IG methods under scenario (I) with ω = 0.1. The averaged values of the inefficiency
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factors of λ1, . . . , λm under the IG, EH and PG methods were 1.17, 4.39 and 1.01, respectively.
It shows that the resulting inefficiency factors seems acceptable, but that of the EH method is
slightly higher than those of the other methods possibly because the number of latent parameters
used in the Gibbs sampling of the EH method is large compared with the other methods. In the
Appendix, we report the additional simulation studies with large sample size, namely, m = 400,
and computation time of the four Bayesian methods.

Table 6.2: Averaged values of mean squared errors (MSE) and mean absolute percentage error
(MAPE) in non-outlying (-n) and outlying (-o) areas under four scenarios with m = 200 and
ω ∈ {0.05, 0.1}.

Scenario ω IG EH GH PG KW ML

(I) 0.05

MSE-n 0.24 0.28 0.42 0.25 0.26 0.40
MSE-o 3.30 2.86 2.80 3.86 3.08 2.84
MAPE-n 0.64 0.57 0.65 0.63 0.67 0.62
MAPE-o 0.21 0.19 0.19 0.23 0.21 0.19

(I) 0.1

MSE-n 0.26 0.29 0.42 0.28 0.28 0.40
MSE-o 2.99 2.76 2.69 3.01 2.58 2.73
MAPE-n 0.64 0.58 0.65 0.63 0.67 0.61
MAPE-o 0.20 0.19 0.19 0.20 0.19 0.19

(II) 0.05

MSE-n 0.22 0.27 0.43 0.23 0.23 0.40
MSE-o 3.46 2.90 2.80 4.31 3.06 2.84
MAPE-n 0.58 0.52 0.61 0.57 0.60 0.58
MAPE-o 0.22 0.20 0.19 0.24 0.21 0.19

(II) 0.1

MSE-n 0.24 0.28 0.43 0.27 0.24 0.40
MSE-o 3.05 2.79 2.78 3.13 2.60 2.81
MAPE-n 0.59 0.54 0.62 0.59 0.62 0.58
MAPE-o 0.20 0.19 0.19 0.20 0.19 0.19

(III) 0.05

MSE-n 0.19 0.26 0.43 0.21 0.18 0.40
MSE-o 3.79 3.03 2.90 5.02 3.17 2.94
MAPE-n 0.50 0.47 0.57 0.50 0.48 0.55
MAPE-o 0.23 0.20 0.19 0.26 0.21 0.20

(III) 0.1

MSE-n 0.22 0.28 0.44 0.26 0.20 0.41
MSE-o 3.09 2.78 2.80 3.25 2.54 2.82
MAPE-n 0.53 0.50 0.58 0.53 0.51 0.55
MAPE-o 0.20 0.19 0.19 0.21 0.19 0.19

(IV) 0.05

MSE-n 0.21 0.27 0.40 0.21 0.20 0.40
MSE-o 2.38 1.97 2.01 2.71 2.52 2.07
MAPE-n 22.06 14.75 12.49 20.71 24.00 0.63
MAPE-o 0.25 0.22 0.22 0.27 0.25 0.22

(IV) 0.1

MSE-n 0.23 0.28 0.42 0.24 0.23 0.40
MSE-o 2.12 1.95 2.02 2.14 2.03 2.07
MAPE-n 2.79 2.05 1.74 2.59 2.66 0.63
MAPE-o 0.23 0.22 0.22 0.23 0.21 0.22
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Table 6.3: Coverage probabilities (CP) and average lengths (AL) of 95% credible intervals in
non-outlying (n) and outlying (o) areas under four scenarios with m = 200 and ω ∈ {0.05, 0.1}.

Scenario ω IG EH GH PG IG EH GH PG

(I)
0.05

n 96.0 96.2 95.6 96.6 1.93 2.01 2.32 1.99
o 88.1 91.7 94.3 80.8 5.57 5.81 6.27 4.83

0.1
n 96.3 96.4 95.7 96.6 2.01 2.05 2.33 2.10
o 90.7 92.4 94.8 88.7 5.71 5.83 6.25 5.20

(II)
0.05

n 96.2 96.3 95.5 96.9 1.90 2.02 2.36 1.98
o 87.0 91.7 94.6 77.0 5.49 5.75 6.23 4.65

0.1
n 96.4 96.4 95.5 96.8 2.00 2.07 2.37 2.12
o 90.2 92.3 94.8 87.3 5.71 5.83 6.28 5.12

(III)
0.05

n 96.7 96.4 95.4 97.3 1.88 2.04 2.40 1.97
o 84.8 90.9 94.1 69.9 5.42 5.73 6.23 4.47

0.1
n 96.9 96.5 95.3 97.1 1.98 2.09 2.40 2.12
o 89.8 92.2 94.8 86.0 5.69 5.82 6.27 5.03

(IV)
0.05

n 93.9 95.6 95.4 95.2 1.89 2.01 2.29 1.91
o 84.5 91.4 94.3 77.5 4.35 4.83 5.33 3.80

0.1
n 94.7 95.8 95.5 95.7 1.99 2.05 2.33 2.04
o 88.0 91.6 94.6 85.8 4.51 4.85 5.32 4.13

6.5 Data Analysis

We apply the proposed method to the analysis of crime data by the generalized linear model
with Poisson likelihood and random effects. This model has been adopted for various datasets
in applied statistics; examples include the modeling of areal count data in disease mapping
(Lawson (2013)). In such application, Poisson rate λi (defined below) is not just an adjustment
of areal effects but the parameter of interest as the intrinsic relative risk of region i (e.g. Li et
al. (2010)). Here we incorporate such idea of covariate adjustment into crime risk modeling.

The dataset consists of the numbers of police-recorded crime in Tokyo metropolitan area, pro-
vided by University of Tsukuba and publicly available online (“GIS database of number of police-
recorded crime at O-aza, chome in Tokyo, 2009-2017”, available at https://commons.sk.tsukuba.ac.jp/data_en).
In this study, we focus on the number of violent crimes in m = 2855 local towns in Tokyo
metropolitan area in 2015. For auxiliary information about each town, we adopted area (km2),
population densities in noon and night, density of foreign people, percentage of single-person
household and average duration of residence, which all help adjustment of the crime risk. Let yi
be the observed count of violent crimes, ai be area and xi be the vector of standardized auxiliary
information in the i-th local town. We are interested in the crime risk adjusted by the auxiliary
information and, to this end, we employ the following Poisson regression model:

yi|λi ∼ Po(λiηi), ηi = exp(log ai + xi
⊤δ), (6.5.1)

independently for i = 1, . . . ,m, where δ is a vector of unknown regression coefficients. Under
the model (6.5.1), the random effect for local town i, λi, can be interpreted as adjustment risk
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factor that is not be explained by the auxiliary information. In most local towns, the offset term
explains the variations of crime rates, hence the adjustment risk factor is expected to be small.
Yet, the adjustment risk might be extremely high in some local towns, and we want to detect
such districts. This is precisely where the global-local shrinkage priors fit, for which we employed
the proposed the IG and EH priors for λi. We adopted N(0, 100) as a prior distribution of each
component of δ; we found the following result was robust to the choice of prior variance. For
posterior inference, we simply use a Gibbs sampling in which the posterior samples of λ1, . . . , λm
and δ are iteratively drawn from their full conditional distributions. Conditional on δ, we can
still use the posterior computation algorithm for λi provided in Section 6.3.2. On the other
hand, given λi’s, the full conditional distribution of δ is not a familiar form. The detailed
algorithm customized for sampling of δ is based on the independent Metropolis-Hasting method
and given in the Appendix. For comparison, we also applied the common gamma distribution
for λi as considered in Section 6.4, which is again denoted by PG in what follows. Regarding
other methods used in Section 6.4, the GH prior cannot be directly applied in this case since
the specification method for hyperparameters recommended in Datta and Dunson (2016) is
reasonable only when there is no adjustment terms. Similarly, the KW method is not applicable
in this situation. Therefore, we will focus on the comparison of the proposed priors with the
standard Gamma prior. In each Gibbs sampler, we generated 20,000 posterior samples after
discarding 3,000 posterior samples as burn-in.

We first computed posterior means of risk factor λi based on the three methods. The spatial
pattern of the estimates is shown in Figure 6.3. It is observed that the proposed two priors, IG
and EH, produce almost the same estimates. We can confirm that the proposed EH method
provides similar estimates of λi in most areas and successfully detected several local towns whose
risk factors are extremely high. In contrast, such extreme towns are less emphasized, or not
detected at all, by the PG method because the PG method seriously underestimates the true
risk factors. More direct comparisons of estimates based on the purposed methods and the PG
method are presented in Figure 6.4, which indicates the underestimation property of the PG
method more clearly.

We then detected ten local towns with the largest posterior means of λi. For these towns,
we computed 95% credible intervals of λi based on the three methods, as shown in the left
panel of Figure 6.5. This panel clearly shows the over-shrinkage problem of the PG method in
both point estimation (posterior means) and interval estimation (posterior credible intervals);
the posterior credible intervals computed by the PG method tends to be narrow and further
emphasizes the underestimated results. We also randomly selected another ten local towns with
moderate estimates of λi and gave 95% credible intervals in the right panel of the same figure.
The difference of the three methods is almost negligible for these towns. These observations
exemplify that the proposed methods can avoid the over-shrinkage problem for large signals
while their performance in the other towns are almost the same as the standard PG method.

6.6 Discussion

It should be emphasized again that the global-local shrinkage priors for sequence of counts
developed in this article are based on the new concept of tail-robustness, that is clearly different
from other definitions and non-trivial for many prior densities. We provided sufficient conditions
for this desirable tail-robustness property and, specifically, proposed two tractable global-local
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Figure 6.3: Posterior means of risk factors λi based on IG, EH and PG methods.
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Figure 6.4: Scatter plot of posterior means of risk factors λi based on IG, EH and PG methods.
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Figure 6.5: 95% credible intervals for areas with highest 10 posterior means (left) and for
randomly selected 10 areas with moderate posterior means (right) of adjusted risk factors.
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shrinkage priors. As illustrated by the simulated and real data examples, the models with these
priors could actually show the tail-robustness as predicted by theory, and are expected to be
applied in the studies of high-dimensional counts.

The settings of our study are critically dependent on the Poisson likelihoods, whose mean
and variance are equal. Conditionally, both prior mean and variance, λi, are controlled by the
common local parameter ui under the gamma prior Ga(α, β/ui), affecting both the baseline
of shrinkage and the amount of shrinkage. This property is not seen in the Gaussian case,
where the local parameter appears in the prior variance only and controls the amount of local
shrinkage, which makes the role of local parameters clear and interpretable. In this sense, the
local parameter in (6.2.1) might be less interpretable, while it is also this setting that enables
us to carry out posterior computation easily and has been studied intensively in the literature
(e.g. Datta and Dunson (2016)). It would be an interesting future research to pursue an
alternative setting for hierarchical modeling of sequence of counts under which the role of the
local parameters is properly restricted and interpretable.

From the viewpoint of methodological research, this chapter is primarily focused on the
point and interval estimation of the Poisson rate. The high-dimensional counts can be cast as
other statistical problems such as multiple testing. The detailed investigation for such directions
would extend the scope of this chapter, but we leave it to a valuable future study.

The newly-introduced EH prior is motivated as the probability distributions that satisfy
the conditions given in Theorem 6.2.1, hence hold tail-robustness. However, the class of priors
that meet those conditions is not limited to that of the EH priors. In theory, the priors with
tail-robustness can be extended to

π(ui) ∝
ui

γ1−1

(1 + γ2ui)γ1
1

{1 + γ3 log(1 + γ4 + ui)}1+γ5
,

which is also proper and tail-robust. The hyperparameters (γ1, γ2, γ3, γ4, γ5) increases the flexi-
bility of the model and could improve the EH prior equipped with a single parameter γ. However,
the posterior inference under this prior is challenging due to the intractable normalizing constant
that involves those hyperparameters. The full-Bayes inference for the hyperparameters is not
as straightforward as that of the EH prior. The inference with fixed hyperparaemters is feasible
by utilizing the same parameter augmentation in Section 6.3.2, but always raises the problem of
hyperparameter tuning. We leave the development of this extension to the future work, which
could be useful in more structured models for count data.

6.7 Appendix

6.7.1 Posterior computation algorithm

We here provide details of the posterior computation algorithm under the proposed two priors,
IG and EH priors, under the hierarchical model (6.2.1). The contents consists of three parts,
algorithms for sampling from the common parameters in (6.2.1), parameters related to the IG
prior and parameters related to the EH prior.

Sampling of the common parameters (λ1:m, α, β).

• The full conditional of λi is Ga(yi+α, ηi+β/ui) and λ1, . . . , λm are mutually independent.
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• The full conditional of β is Ga(mα+ aβ,
∑m

i=1 λi/ui + bβ).

• The sampling of dispersion parameter α can be done in multiple ways. We take the strategy
of Zhou and Carin (2013) by working on the conditional, negative binomial likelihood of
α by marginalizing λi out. The conditional posterior density of α is proportional to

ψα(α)

m∏
i=1

Γ(yi + α)

Γ(α)

(
β

β + ηiui

)α

= ψα(α)

m∏
i=1

yi∑
νi=1

|s(yi, νi)|ανi

(
1 +

ηiui
β

)−α

,

where ψα(α) is the prior density of α and s(yi, νi) is the Stirling’s number of the second
kind, and the summation collapses to one if yi = 0. The integer-valued variable νi is
considered a latent parameter that augments the model and allows Gibbs sampler. Thus,
we need to sample from the full conditionals of α and ν1:m.

– The conditional of α is Ga(
∑m

i=1 νi + aα,
∑m

i=1 log(1 + ηiui/β) + bα).

– If yi = 0, then νi = 0 with probability one. Otherwise, the conditional posterior
probability function of νi is proportional to |s(yi, νi)|ανi , from which we can sample
based on the distributional equation νi =

∑yi
j=1 dj , where dj (j = 1, . . . , yi) are

independent random variables distributed as Ber (α/(j − 1 + α)).

Sampling of parameters related to IG prior

• The full conditional of ui is IG(γ + α, γ + λiβ) and u1, . . . , um are mutually independent.

• The full conditional of γ is proportional to

fγ(γ) =
γmγ

{Γ(γ)}m
( m∏

i=1

1

ui

)γ
exp

(
−γ

m∑
i=1

1

ui

)
I(ε1 ≤ γ ≤ ε2).

We sample the candidate of γ, denoted γ∗, from the distribution of min{ε2,max{ε1, Z}},
Z ∼ N(γ̃, σ2), with tuning parameter σ > 0, where γ̃ is the current value of γ, and accept
it with probability min{1, fγ(γ∗)/fγ(γ̃)}, where we assume that the correction factor based
on the asymmetric proposal density can be ignored.

Sampling parameters related to the EH prior

The latent parameters, (vi, wi), are marginalized out except for the sampling of ui (Partially
collapsed Gibbs sampler, van Dyk and Park (2019)).

• The full conditional of ui is GIG(1 − α, 2vi, 2βλi), where GIG(a, b, p) is the generalized
inverse Gaussian distribution with density π(x; a, b, p) ∝ xp−1 exp{−(ax + b/x)/2} for
x > 0.

• The full conditional of (vi|wi) is Ga(1 + wi, 1 + ui). The conditional posterior of wi with
vi marginalized out is Ga(1 + γ, 1 + log(1 + ui)).

• Under gamma prior γ ∼ Ga(aγ , bγ), the full conditional of γ (with (vi, wi) marginalized
out) is Ga(aγ +m, bγ +

∑m
i=1 log{1 + log(1 + ui)}).
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6.7.2 Lemmas

In this section, we provide two lemmas which will be used in the proof of Theorem 6.2.1 in the
next section. The following lemma is useful for proving Proposition 6.7.1 as well.

Lemma 6.7.1 Let 0 < M1 < M0 < ∞. Let h0(·) and h1(·) be nonnegative integrable functions
defined on (M0,∞) and (0,M1), respectively, and let 0 < φ(·) < 1 be a strictly increasing
function defined on (0,∞). Suppose that

∫∞
M0

h0(u)du > 0. Then

lim
y→∞

∫ M1

0
{φ(u)}yh1(u)du/

∫ ∞

M0

{φ(u)}yh0(u)du = 0.

Proof. We have

lim sup
y→∞

∫ M1

0
{φ(u)}yh1(u)du/

∫ ∞

M0

{φ(u)}yh0(u)du

≤ lim sup
y→∞

{φ(M1)

φ(M0)

}y
∫ M1

0
h1(u)du/

∫ ∞

M0

h0(u)du

= 0

by assumption. □

Lemma 6.7.2 The assumptions of Theorem 6.2.1 imply the following:∫ ∞

0

|uπ′(u)|
(β + u)α

du <∞, (6.7.1)

lim
u→∞

uπ(u)

(β + u)α
= lim

u→0

uπ(u)

(β + u)α
= 0. (6.7.2)

Proof. We first note that if π(·) is to be proper, we must have ξ ∈ [−∞, 0] since otherwise
π(·) would be eventually increasing so that∫ ∞

N
π(u)du ≥

∫ ∞

N
π(N)du = ∞

for some N > 0. By (A1) of the main text, we have∫ 1

0

|uπ′(u)|
(β + u)α

du ≤
∫ 1

0

|uπ′(u)|
βα

du <∞.

If ξ > −∞, then |uπ′(u)| = O(π(u)) as u→ ∞ and hence∫ ∞

1

|uπ′(u)|
(β + u)α

du ≤
∫ ∞

1

|uπ′(u)|
βα

du <∞.

On the other hand, if ξ = −∞, then there exists N > 0 such that π′(u) < 0 for all u ≥ N and
therefore

∞ > lim sup
M→∞

∫ M

N
π(u)du = lim sup

M→∞

[
Mπ(M)−Nπ(N) +

∫ M

N
{−uπ′(u)}du

]
≥ lim sup

M→∞

[
−Nπ(N) +

∫ M

N
{−uπ′(u)}du

]
= −Nπ(N) +

∫ ∞

N
|uπ′(u)|du
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by integration by parts. Thus, (6.7.1) follows. To prove (6.7.2), note that for any 0 < δ < 1 <
M <∞, we have [

uπ(u)
]M
δ

=

∫ M

δ
π(u)du+

∫ M

δ
uπ′(u)du

by integration by parts. Then, since the right-hand side of the above equation converges as δ → 0
and as M → ∞, there exist c0, c̊ ∈ [0,∞) such that limu→0 uπ(u) = c0 and limu→∞ uπ(u) = c̊.
If c0 > 0 or c̊ > 0, then u−1 = O(π(u)) as u→ 0 or as u→ ∞ in contradiction to the assumption
that π(·) is proper. Thus, c0 = c̊ = 0 and (6.7.2) follows. □

6.7.3 Proof of Theorem 6.2.1

In this section, we prove Theorem 6.2.1.

Proof of Theorem 6.2.1. We prove the result by using (6.7.1), (6.7.2), and (A2). Since
the posterior density of ui given yi is proportional to W (ui)π(ui), where W (ui) = W (ui; yi) =
ui

yi/(1 + ui/β)
yi+α, the difference between yi and λ̃i is

yi − λ̃i =

∫ ∞

0

yi − αui/β

1 + ui/β
W (ui)π(ui)dui

/∫ ∞

0
W (ui)π(ui)dui, (6.7.3)

which is finite by the propriety of the posterior. By making the change of variables t =
(ui/β)/(1 + ui/β), we have

yi − λ̃i =

∫ 1

0
{yi − (yi + α)t}g(t)dt

/∫ 1

0
g(t)dt,

where g(t) = g(t; yi) = tyi(1− t)α−2π(βt/(1− t)). Note that, by integration by parts and (6.7.2),

(α+ 1)

∫ 1

0
tg(t)dt =

∫ 1

0
(α+ 1)(1− t)αtyi+1(1− t)−2π

(
β

t

1− t

)
dt

=
[
− (1− t)α+1tyi+1(1− t)−2π

(
β

t

1− t

)]t=1

t=0

+

∫ 1

0

[
(1− t)α+1tyi+1(1− t)−2π

(
β

t

1− t

)
×
{yi + 1

t
+

2

1− t
+
∂

∂t
log π

(
β

t

1− t

)}]
dt

= (yi + 1)

∫ 1

0
(1− t)g(t)dt+ 2

∫ 1

0
tg(t)dt

+ β

∫ 1

0

t

1− t

{
π′
(
β

t

1− t

)
/π
(
β

t

1− t

)}
g(t)dt,

or ∫ 1

0
{yi − (yi + α)t}g(t)dt = −

∫ 1

0
g(t)dt− β

∫ 1

0

t

1− t

{
π′
(
β

t

1− t

)
/π
(
β

t

1− t

)}
g(t)dt.
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Then, by making the change of variables ui = βt/(1− t), we obtain

yi − λ̃i = −1− β

(∫ 1

0
g(t)dt

)−1 ∫ 1

0

t

1− t

{
π′
(
β

t

1− t

)
/π
(
β

t

1− t

)}
g(t)dt

= −1−
∫ ∞

0
H(ui)uiπ

′(ui)dui

/∫ ∞

0
H(ui)π(ui)dui,

where the integrands are absolutely integrable by (6.7.1) and

H(ui) = H(ui;β) =

(
ui/β

1 + ui/β

)yi 1

(1 + ui/β)α
.

Now, suppose first that ξ > −∞. Then, for any M > 0,

|yi − λ̃i + 1 + ξ| (6.7.4)

≤
∫ ∞

0

∣∣∣ξ − uiπ
′(ui)

π(ui)

∣∣∣H(ui)π(ui)dui

/∫ ∞

0
H(ui)π(ui)dui (6.7.5)

=

∫∞
0 H(ui)h1(ui)dui∫∞
0 H(ui)h0(ui)dui

≤
∫M
0 H(ui)h1(ui)dui∫∞

M+1H(ui)h0(ui)dui
+

∫∞
M H(ui)h1(ui)dui∫∞
0 H(ui)h0(ui)dui

,

where hk(ui) = |ξ−uiπ′(ui)/π(ui)|kπ(ui) for k = 0, 1. The first term in the fourth line converges
to zero as yi → ∞ by Lemma 6.7.1. On the other hand,

lim sup
M→∞

sup
yi∈{0,1,2,... }

∫∞
M H(ui)h1(ui)dui∫∞
0 H(ui)h0(ui)dui

= lim sup
M→∞

sup
yi∈{0,1,2,... }

∫∞
M

∣∣ξ − uiπ
′(ui)/π(ui)

∣∣H(ui)h0(ui)dui∫∞
M H(ui)h0(ui)dui

≤ lim sup
M→∞

sup
ui∈(M,∞)

∣∣∣ξ − uiπ
′(ui)

π(ui)

∣∣∣ = lim
ui→∞

∣∣∣ξ − uiπ
′(ui)

π(ui)

∣∣∣ = 0.

Thus,

lim sup
yi→∞

|yi − λ̃i + 1 + ξ| ≤ lim sup
M→∞

lim sup
yi→∞

∫M
0 H(ui)h1(ui)dui∫∞

M+1H(ui)h0(ui)dui

+ lim sup
M→∞

lim sup
yi→∞

∫∞
M H(ui)h1(ui)dui∫∞
0 H(ui)h0(ui)dui

≤ 0 + 0 = 0.

Next, suppose that ξ = −∞. Then for any M > 0, there exists N > 0 such that
−uπ′(u)/π(u) > M for all u ≥ N . Therefore,

yi − λ̃i + 1 = −
∫ N
0 H(ui)uiπ

′(ui)dui∫∞
0 H(ui)π(ui)dui

−
∫∞
N H(ui)uiπ

′(ui)dui∫∞
0 H(ui)π(ui)dui

≥ −
∫ N
0 H(ui)uiπ

′(ui)dui∫∞
0 H(ui)π(ui)dui

+M

∫∞
N H(ui)π(ui)dui∫∞
0 H(ui)π(ui)dui

→M
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as yi → ∞ by Lemma 6.7.1. Thus, since M is arbitrary, we conclude that

lim
yi→∞

(λ̃i − yi) = −∞ = 1 + ξ.

This completes the proof. □

6.7.4 Related tail-robustness properties

We here discuss two related tail-robustness properties of the posterior mean λ̃i. One variant is
based on the ratio of the estimator and observation and given by

lim
yi→∞

|λ̃i − yi|
yi

= 0, (6.7.6)

which we name weak tail-robustness. It is obvious that the strong tail-robustness implies the weak
one. The left-hand-side in (6.7.6) is the mean absolute percentage error (MAPE) loss function,
which is frequently used in practice to evaluate the inferential/predictive performance of the
models for count data. In this sense, the weakly tail-robust estimator λ̃i is asymptotically optimal
in MAPE (Section 3.3.2, Berry et al. (2019)). Note that the Bayes estimator (α+yi)/(1+β/ui)
with fixed ui does not satisfy the property (6.7.6).

We provide conditions for weak tail-robustness in the following proposition.

Proposition 6.7.1 Suppose that π(·) is strictly positive. Then, under the model (6.2.1), we
have

lim
yi→∞

|λ̃i − yi|
yi

= 0.

i.e., the Bayes estimator is weakly tail-robust.

Proof. From (6.7.3), we have

λ̃i − yi
yi

= −
β
∫∞
0 (β + ui)

−1W (ui)π(ui)dui∫∞
0 W (ui)π(ui)dui

+
α

yi

∫∞
0 ui(β + ui)

−1W (ui)π(ui)dui∫∞
0 W (ui)π(ui)dui

(6.7.7)

for yi ∈ {1, 2, . . . }, where

W (ui) =W (ui; yi) =
ui

yi

(1 + ui/β)yi+α
.

The second term on the right-hand side of (6.7.7) converges to zero as yi → ∞ since ui/(β+ui) ≤
1 for all ui ∈ (0,∞). On the other hand, by Lemma 6.7.1,∫∞

0 β(β + ui)
−1W (ui)π(ui)dui∫∞

0 W (ui)π(ui)dui
(6.7.8)

=

∫∞
M β(β + ui)

−1W (ui)π(ui)dui∫∞
M W (ui)π(ui)dui

×
∫∞
0 β(β + ui)

−1W (ui)π(ui)/
∫∞
M β(β + ui)

−1W (ui)π(ui)dui∫∞
0 W (ui)π(ui)dui/

∫∞
M W (ui)π(ui)dui

∼
∫∞
M β(β + ui)

−1W (ui)π(ui)dui∫∞
M W (ui)π(ui)dui

141



as yi → ∞ for every M > 0. Furthermore, uniformly in yi,

0 ≤
∫∞
M β(β + ui)

−1W (ui)π(ui)dui∫∞
M W (ui)π(ui)dui

≤ β

β +M
→ 0 as M → ∞.

Thus, we have proved the desired result. □

The key implication of this proposition is that, for fixed hyperparameters, the weak tail-
robustness can be achieved for almost all priors for ui. It suggests that the tail-robustness
property in the main document and the weak tail-robustness property look similar but is sub-
stantially different properties.

Another concept of tail-robustness is

lim
yi→∞

λ̃i
α+ yi

= 1. (6.7.9)

The denominator is a part of the Bayes estimator (α+ yi)/(1 + β/ui). This definition requires
that the coefficient ui/(β + ui), viewed as a shrinkage factor, degenerates at 1 as yi → ∞
(Proposition 1, Datta and Dunson (2016)). It is trivial that the Bayes estimator with fixed ui
does not satisfy the property, but the weak tail-robustness leads to the tail-robustness of this
type. Hence, by Proposition 6.7.1, the use of any strictly positive prior of ui also leads to this
tail-robustness.

6.7.5 Connection to the tail-robustness of three-parameter beta priors

The EH prior emerges in the course of examination of tail-robustness under the scaled-beta or
three-parameter beta (TPB) distributions (Armagan et al. (2011)), known as a flexible class of
priors for scale parameters. The density is given by

π(ui; a0, b0, ϕ0, γ0) ∝
ui

a0−1

(1 + ϕ0ui/β)γ0(1 + ui/β)a0+b0−γ0
, (6.7.10)

where a0, b0, ϕ0, and γ0 are all positive constants. For count data and Poisson likelihood,
Datta and Dunson (2016) considered this prior with a0 = b0 = 1/2 and ϕ0 = β. Although the
TPB prior (6.7.10) is flexible, it does not satisfy assumption (A3) in Corollary 6.2.1 and is not
strongly tail-robust for any choice of hyperparameters. Under the prior (6.7.10), by Theorem
1, the asymptotic bias is limyi→∞(λ̃i − yi) = −b0 < 0, negatively biased and dependent on its
hyperparameter b0. Similar to the inverse-gamma prior, the approximate tail-robustness for the
TPB prior is justified by the limiting case of b0 → 0; with γ0 = γ, a0 = 1 + γ, and β = ϕ0 = 1
in (6.7.10), we obtain

π(ui; γ) ∝
uγi

(1 + ui)1+γ
, γ > −1. (6.7.11)

In return for the tail-robustness in the limit, however, it is inevitable for the prior in (6.7.11)
to be improper. The EH prior can be viewed as the limit γ → ∞ modified by the multiplied
log-term for propriety.
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6.7.6 Evaluation of the marginal of λi with EH prior

We evaluate the limit of the marginal density of λi implied by the EH prior.

p(λi;α, β, γ)

πEH(λi; γ)
=

βα

Γ(α)

∫ ∞

0

e−β/x

xα
1 + λi
1 + λix

{ 1 + log(1 + λi)

1 + log(1 + λix)

}1+γ
dx

To compute the limit at λi = ∞, note that

lim
λi→∞

1 + λi
1 + λix

{ 1 + log(1 + λi)

1 + log(1 + λix)

}1+γ
=

1

x

for each x > 0. The result in the main text is verified by the dominated convergence theorem.
To see this, evaluate the integrand for λi ≥ 1 as

1 + λi
1 + λix

{ 1 + log(1 + λi)

1 + log(1 + λix)

}1+γ
≤ 2

x
exp

(
(1 + γ)

[
log{1 + log(1 + λis)}

]s=1

s=x

)
=

2

x
exp

{
(1 + γ)

∫ 1

x

1

s

λis

1 + λis

1

1 + log(1 + λis)
ds
}

≤


2

x
if x ≥ 1

2

x
exp

{
(1 + γ)

∫ 1

x

1

s
ds
}

if x < 1

≤ 2

x
+

2

x
exp

{
(1 + γ)

∫ 1

x

1

s
ds
}
=

2

x

(
1 +

1

x1+γ

)
in which we find the bounding function that is integrable as∫ ∞

0

e−β/x

xα
2

x

(
1 +

1

x1+γ

)
dx <∞

for large λi > 1.

6.7.7 Additional simulation results

We here provide additional simulation results under a larger sample size (m = 400), where the
other settings are the same as ones in the main document. The results are shown in Tables 6.4
and 6.5. We can see that the results are not very different from Tables 6.2 and 6.3 in the main
document.

We also assessed the computation time of the proposed methods, IG and EH, and two
existing Bayesian methods, GH and PG. Using scenario (I) given in the main document with
ω = 0.1, we evaluated the computation time under m ∈ {200, 400}. For each m, 3000 posterior
samples were generated after discarding the first 500 burn-in samples. The computation time is
reported in Table 6.6, where the experiment was performed on a PC with 3.2 GHz 8-Core Intel
Xeon W 8 Core Processor with approximately 32GB RAM. From Table 6.6, we can see that the
computation time of the proposed methods, IG and EH, are quite comparable with that of PG,
and are considerably smaller than that of GH. Moreover, as the number of (local) parameters
in the four models linearly increase with m, their computation time would also linearly increase
with m, which is partly supported by the results in Table 6.6.
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Table 6.4: Averaged values of mean squared errors (MSE) and mean absolute percentage error
(MAPE) in non-outlying (-n) and outlying (-o) areas under four scenarios with m = 400 and
ω ∈ {0.05, 0.1}.

Scenario ω IG EH GH PG KW ML

(I) 0.05

MSE-n 0.24 0.27 0.42 0.25 0.25 0.40
MSE-o 3.29 2.93 2.80 3.88 2.88 2.85
MAPE-n 0.64 0.57 0.65 0.62 0.67 0.61
MAPE-o 0.21 0.20 0.19 0.23 0.20 0.19

(I) 0.1

MSE-n 0.26 0.28 0.43 0.28 0.27 0.40
MSE-o 3.05 2.85 2.80 3.02 2.51 2.84
MAPE-n 0.65 0.59 0.66 0.63 0.68 0.61
MAPE-o 0.20 0.19 0.19 0.20 0.19 0.19

(II) 0.05

MSE-n 0.21 0.26 0.43 0.23 0.22 0.40
MSE-o 3.40 2.92 2.77 4.35 2.85 2.80
MAPE-n 0.59 0.53 0.61 0.57 0.60 0.58
MAPE-o 0.21 0.20 0.19 0.24 0.20 0.19

(II) 0.1

MSE-n 0.23 0.28 0.43 0.27 0.24 0.40
MSE-o 3.09 2.83 2.80 3.17 2.46 2.83
MAPE-n 0.59 0.54 0.62 0.58 0.61 0.58
MAPE-o 0.20 0.19 0.19 0.20 0.18 0.19

(III) 0.05

MSE-n 0.19 0.25 0.43 0.21 0.17 0.40
MSE-o 3.56 2.94 2.76 4.87 2.84 2.80
MAPE-n 0.50 0.48 0.58 0.51 0.49 0.55
MAPE-o 0.22 0.20 0.19 0.26 0.20 0.19

(III) 0.1

MSE-n 0.21 0.27 0.44 0.26 0.19 0.40
MSE-o 3.14 2.83 2.80 3.34 2.41 2.82
MAPE-n 0.52 0.49 0.58 0.53 0.49 0.55
MAPE-o 0.21 0.19 0.19 0.21 0.18 0.19

(IV) 0.05

MSE-n 0.21 0.26 0.40 0.21 0.20 0.40
MSE-o 2.38 1.97 2.00 2.67 2.37 2.07
MAPE-n 2.38 1.65 1.36 2.19 2.14 0.63
MAPE-o 0.25 0.22 0.22 0.26 0.24 0.22

(IV) 0.1

MSE-n 0.23 0.27 0.42 0.24 0.23 0.40
MSE-o 2.09 1.91 1.99 2.10 1.90 2.04
MAPE-n 2.42 1.77 1.45 2.19 2.30 0.63
MAPE-o 0.23 0.22 0.22 0.23 0.20 0.22
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Table 6.5: Coverage probabilities (CP) and average lengths (AL) of 95% credible intervals in
non-outlying (n) and outlying (o) areas under four scenarios with m = 400 and ω ∈ {0.05, 0.1}.

Scenario ω IG EH GH PG IG EH GH PG

(I)
0.05

n 95.7 96.3 95.7 96.7 1.91 2.00 2.33 1.99
o 88.4 91.0 94.5 80.7 5.61 5.72 6.25 4.81

0.1
n 96.1 96.5 95.7 96.6 1.99 2.05 2.34 2.10
o 90.6 92.0 94.7 88.3 5.76 5.78 6.26 5.19

(II)
0.05

n 95.8 96.4 95.5 96.9 1.88 2.02 2.36 1.98
o 87.6 90.9 94.6 76.4 5.56 5.67 6.25 4.63

0.1
n 96.2 96.6 95.5 96.8 1.97 2.07 2.37 2.12
o 90.1 91.6 94.7 86.8 5.76 5.78 6.29 5.11

(III)
0.05

n 96.2 96.5 95.3 97.3 1.85 2.03 2.40 1.97
o 85.9 90.4 94.8 70.9 5.49 5.64 6.24 4.45

0.1
n 96.5 96.6 95.4 97.1 1.95 2.09 2.40 2.12
o 89.8 91.7 94.8 85.5 5.73 5.75 6.28 5.00

(IV)
0.05

n 93.7 95.6 95.4 95.2 1.88 2.00 2.29 1.92
o 84.2 90.8 94.5 78.3 4.31 4.73 5.30 3.79

0.1
n 94.5 95.8 95.5 95.8 1.98 2.05 2.33 2.03
o 88.2 91.7 94.6 86.5 4.51 4.79 5.33 4.13

Table 6.6: Computation time (seconds) of the four Bayesian methods withm = 200 andm = 400.
In all the methods, 3000 posterior samples were generated after discarding the first 500 samples.

m IG EH GH PG

Computation Time
200 2.00 5.49 19.24 1.75
400 3.92 11.06 38.18 3.65
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6.7.8 Metropolis-Hastings method for Poisson regression

The estimation of Poisson regression model in Section 6.5 requires the sampling of regression
coefficients δ, in addition to λi and other parameters. The new step of sampling δ is added to
the existing MCMC algorithm in Appendix, as described here.

Consider the conditionally independent counts y1, . . . , ym that follow

yi ∼ Po(λiηi), ηi = exp{xi
⊤δ},

where λi is a random, individual effect, xi is the p-vector of covariates and δ is the coefficient
vector. If the likelihood has a known offset term ai as yi ∼ Po(aiλiηi), then read λi in the
equation above as aiλi. We are interested in the posterior analysis of (λ1:m, δ) (and the other
parameters) by Gibbs sampler. For λi, the gamma prior is conditionally conjugate; if λi ∼
Ga(α, β/ui), then the conditional posterior of λi is Ga(α + yi, β/ui + ηi). With offset ai, the
conditional posterior is Ga(α + yi, β/ui + aiηi). The sampling of the other parameters is not
affected by the introduction of regression and offset terms. In this note, we explain the sampling
of δ by MCMC method.

The independent Metropolis-Hastings method can be tailored for the model with conditional
posterior density that is analytically available or, at least, numerically evaluated. For the Poisson
regression model, we assume the normal prior N(µ0,Σ0) for δ. Conditional on λ1:m and current
δold, we generate the candidate δnew from the proposal distribution, which is defined as the
posterior distribution derived from the approximate likelihood,

δ̂ ∼ N(δ, Σ̂),

for some known δ̂ and Σ̂. Then, denote ηnewi = exp{xi
⊤δnew} and ηoldi = exp{xi

⊤δold}, and
accept δnew with probability

min

{
1,

m∏
i=1

Po(yi|λiηnewi )N(δ̂|δold, Σ̂)

Po(yi|λiηoldi )N(δ̂|δnew, Σ̂)

}
(6.7.12)

and set δ = δnew. Otherwise, set δ = δold.
The approximate normal likelihood is obtained as the Taylor expansion of the log-likelihood

around the mode. The log-likelihood of this model is

ℓ(δ) =

m∑
i=1

log

(
λyii
yi!

)
+ yi log(ηi)− λiηi

= const.+

m∑
i=1

yi(xi
⊤δ)− λie

xi
⊤δ

The first and second derivatives are

∂ℓ(δ)

∂δ
=

m∑
i=1

yixi − λie
xi

⊤δxi and
∂ℓ(δ)

∂δ∂δ⊤
= −

m∑
i=1

λie
xi

⊤δxixi
⊤

Then, we obtain δ̂ as the solution of the first order condition,

∂ℓ(δ)

∂δ
= 0(p), i.e.,

m∑
i=1

yixi =

m∑
i=1

λie
xi

⊤δxi (6.7.13)
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where 0(p) is the p-vector of zeros. The precision is obtained by

Σ̂
−1

= − ∂ℓ(δ)

∂δ∂δ⊤

∣∣∣∣
δ=δ̂

=

m∑
i=1

λie
xi

⊤δ̂xixi
⊤ (6.7.14)

The computation of δ̂ needs the numerical solver of the nonlinear equation above. It should be
noted that we do not have to solve this equation exactly, for the solution δ̂ is used to construct
the approximate, proposal distribution. The sampling from the proposal is justified by the
acceptance-rejection step, no matter what the proposal distribution is used.

In summary, the sampling of δ takes the following steps. Conditional on δold and the other
parameters,

(i) Compute δ̂ and Σ̂ by Equations (6.7.13) and (6.7.14).

(ii) Generate δnew from the proposal distribution N(µ,Σ), where

Σ = (Σ̂
−1

+Σ0
−1)−1, µ = Σ(Σ̂

−1
δ̂ +Σ0

−1µ0).

(iii) Set δ = δnew with probability given in Equation (6.7.12). Otherwise, set δ = δold.
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Chapter 7

Shrinkage with Robustness:
Log-Adjusted Priors for Sparse
Signals

7.1 Introduction

Developing new classes of continuous prior distributions that realize the shrinkage effect of
variable-selection type on location parameters has been an important research topic in the last
few decades, especially in the context of the analysis of high-dimensional datasets to properly
express one’s prior belief on “few large signals among noises”. As pointed out by Carvalho et
al. (2009), we can express such belief explicitly via the parameterization of shrinkage effect in
the Bayes estimator that shrinks the observed signals to zero or baseline. This parametrization
opens the path to crafting the new class of continuous priors that mimic the discrete mixture for
variable selection, namely, the spike-and-slab priors (Ishwaran and Rao (2015)), which is more
desirable in the high-dimensional context than the existing shrinkage priors (e.g. Strawderman
(1971); Berger (1980); Park and Casella (2008)). In addition to shrinking the negligible noises
toward zero, the desirable prior here should also define the Bayes estimator that is robust to
outlying large signals in the sense that such signals are kept unshrunk in the posterior analysis.
This property is typically called tail-robustness (e.g. Carvalho et al. (2010)), and the aim of
this research is to define a new class of shrinkage priors with strong tail-robustness.

The aforementioned parametrization describes both shrinkage effect and tail robustness im-
plicitly assumed in the prior of interest. Suppose we observe yi ∼ N(θi, 1) independently for
i = 1, . . . , n and the prior is given by θi ∼ N(0, τui) (and τ = 1, for simplicity) and ui ∼ π(ui).
Then, the Bayes estimator of true signal θi is written as (1−E[κi|yi])yi, where κi = 1/(1 + ui).
It is this parameter, κi, that controls the amount of shrinkage in the Bayes estimator. In the
presence of sparse signals, the standard choice of priors for κi’s has been the beta distribution
(Armagan et al. (2011); Pérez et al. (2017)), originated from the half-Cauchy distribution (Gel-
man (2006), or horseshoe prior; Carvalho et al. (2009, 2010)) given by π(κi) ∝ κb−1

i (1− κi)
a−1,

κi ∈ (0, 1), with positive a and b. The appropriate modeling of shrinkage and robustness is then
translated into the choice of extremely small shape parameters (a, b). This preference on the
choice of hyperparameters is, however, against the finding of Bai and Ghosh (2019); in order to
guarantee the desirable posterior concentration for both small and large signals, a can be ex-
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tremely small (a = 1/n) but b must be sufficiently large (b ≥ 1/2), which clarifies the limitation
of the class of beta distributions.

In this research, we consider the extension of beta-type shrinkage priors to strengthen the
prior tail-robustness. Specifically, we propose the following modified version of the beta prior:

π(κi) ∝ κb−1
i (1− κi)

a−1 (1− log κi)
−(1+γ) , (7.1.1)

where γ > 0 is a newly introduced hyperparameter. The use of logarithm in the density slightly
“slows down” the divergence of the density as κi ↓ 0 and, in fact, makes the density kernel
above integrable even if b = 0, as shown in Theorem 7.2.1. This distribution allows the stronger
tail-robustness than the beta prior by setting b = 0, while remaining in the class of proper priors.

The use of logarithm term in the density function to define the new class of distributions
has motivated many research on posterior inference. They include the analysis of ultra-sparse
signals (Bhadra et al. (2017)), robust regression (Gagnon et al. (2020)), and admissibility
(Maruyama and Strawderman (2020a)). The shrinkage with robustness– our research goal– has
also been considered in Womack and Yang (2019) as the heavy-tailed extension of the horseshoe
prior. A similar log-adjusted method was employed in Hamura et al. (2020a) for the analysis
of high-dimensional counts. The key difference of our research from the listed literature is the
focus on the robustness of Bayes estimator; we proved the superiority of the proposed prior to
existing ones explicitly via improvement of the mean squared error for large yi, as summarized
in Theorem 7.2.2, and support this theoretical property by the extensive simulation study in
Section 7.3.

Among the variants of probability distributions that involve the log-term, the novel feature
of the prior of our interest is its potential of further generalization, by which one may modify
the proper prior “as robust as possible”. Although the prior in (7.1.1) becomes improper with
γ = 0, we can multiply another log-term as

π(κi) ∝ κb−1
i (1− κi)

a−1 (1− log κi)
−1 {1 + log(1− log κi)}−(1+γ) ,

which is proper again even if b = 0 as long as γ > 0. Notably, we can repeatedly iterate this
process of extension; if γ = 0 in the above equation and the density becomes improper, then the
reciprocal of another log-term, 1 + log{1 + log(1− log κi)}, can be multiplied to the density to
regain the proper prior. It is expected, and verified later in Theorem 7.2.4, that such extension
provides the stronger tail-robustness and makes the choice of γ less sensitive to the posterior
analysis. Furthermore, as discussed in Sections 7.4 and 7.5.8, the limit of repeated extensions by
log-terms is the discrete mixture of two point masses, i.e., the spike-and-slab prior, in the sense of
convergence in distribution. This result on the limiting distribution could justify the proposed
prior as the continuous alternative to the ideal, but inefficient or infeasible in computation,
discrete priors of variable selection type.

The Bayes estimator under the proposed priors has no closed form, even if global scale τ is
fixed, due to the intractable normalizing constant. Yet, the estimator can be evaluated fast by
simulation. The proposed prior density admits the integral representation, or the augmentation
by latent variables that follow gamma-shape Markov processes, by which the full conditional
posteriors of those parameters and latent variables become normal, (inverse) gamma or gener-
alized inverse Gaussian distributions. Sampling from those distributions is trivial, and the full
posterior analysis becomes available by the simple but efficient Gibbs sampler.

The rest of this chapter is organized as follows. In Section 7.2, we define the log-adjusted
shrinkage prior and its extension, and provide the theoretical properties, the improvement of the
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mean squared errors of Bayes estimators, and the Gibbs sampler by augmentation. Simulation
studies and data analysis follow in Section 7.3, with the extensive comparative analysis with the
existing shrinkage priors. We conclude this chapter in Section 7.4 with the further discussion on
the limiting distribution of repeated extensions by multiplying the iterated log-terms for both
shrinkage and robustness.

All proofs and technical details are given in the Appendix.

7.2 Log-Adjusted Shrinkage Priors

7.2.1 The proposed prior and its properties

Suppose we observe an n-dimensional vector (y1, . . . , yn), that yi|θi ∼ N(θi, 1) independently for
i = 1, . . . , n. To estimate signals (θ1, . . . , θn) that are potentially sparse, we adopt locally adap-
tive shrinkage priors known as global-local shrinkage priors (Polson and Scott (2012a, 2012b);
Bhadra et al. (2016)) given by

θi|τ, ui ∼ N(0, τui) and ui ∼ π(ui), for i = 1, . . . , n, (7.2.1)

where both τ and (u1, . . . , un) are all positive. Here, τ is the global shrinkage parameter that
shrinks all θi’s toward zero uniformly, while ui is the local scale parameters and customizes the
shrinkage effect for each individual i. For simplicity, we assume τ = 1 to focus our theoretical
development on the priors for local scale parameters. We propose the following modified version
of the scaled beta distribution:

π(ui) = C(a, b, γ)−1ua−1
i (1 + ui)

−(a+b) {1 + log(1 + ui)}−(1+γ) , (7.2.2)

where C(a, b, γ) is a normalizing constant. Note that the class of distributions defined by density
(7.2.2) includes the scaled beta distributions (Armagan et al. (2011)) as the density of γ = −1
and positive a and b. The hyperparameters, (a, b, γ), determine the functional form of the
density around the origin and in the tails. Shape parameters a and b control shrinkage effect
and tail robustness for Bayes estimators, respectively, and both parameters should be set to
small values in order to achieve the desirable shrinkage and robustness properties. Specifically,
we set a = 1/n, following Bai and Ghosh (2019), to realize the strong shrinkage effect on noises
and set b = 0 to attain the strong tail robustness. Note again that setting b = 0 in the original
scaled beta distribution leads to an improper prior, thereby it cannot be adopted as shrinkage
priors in practice. The new parameter γ also affects the tail behavior of the density as b does,
but it would have less impact on posterior analysis. We may either fix γ subjectively to a certain
value, such as γ = 1, or take the fully Bayesian approach by considering the prior for γ as we
discuss in the subsequent section. The new priors for θi under (7.2.1) with the log-adjusted
scaled beta distribution (7.2.2) is named log-adjusted shrinkage priors. In what follows, we
demonstrate properties of the proposed prior with general hyperparameters, (a, b, γ), but the
priors of our interest and recommendation are those with a = 1/n and b = 0.

We first provide important properties of the proposed shrinkage prior for θi in the theorem
below.

Theorem 7.2.1 The log-adjusted shrinkage prior for θi, π(θi), satisfies the following properties.

1. π(θi) is proper if a > 0, b ≥ 0 and γ > 0.
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2. lim|θi|→0 π(θi) = ∞ for a ≤ 1/2.

3. π(θi) ∝ |θi|−2b−1L(|θi|) under |θi| → ∞, where L(·) is a slowly varying function satisfying
limM→∞ L(Mu)/L(M) = 1 for all u > 0.

It is notable that the prior is proper even if b = 0 from the first property; this is obviously due
to the additional log-term in (7.2.2). The second property is the same as that of the original
beta prior, which indicates that the proposed prior has the density with the spike around the
origin and holds strong shrinkage property. It also means that the additional log-term does
not change the shrinkage property of the original beta-type prior. From the third property, our
proposal of setting b = 0 results in the extremely heavy tailed prior distribution for θi, whose
tail is heavier than even the Cauchy distribution. Such heavy-tailed properties are essential for
strong-tail robustness, as shown in Theorem 7.2.2.

Figure 7.1 shows the examples of the log-adjusted beta distribution given in (7.1.1), in the
scale of κi = 1/(1 + ui), for different choices of hyperparameter γ. When compared with beta
density Beta(1/2, 1/2), which is the half-Cauchy distribution in the scale of ui and realizes the
horseshoe prior, the log-adjusted shrinkage densities have steeper spike as κi → 0, reflecting its
tail property introduced by the additional log-term. The shrinkage effect is also affected by this
additional term in the density, but the densities with moderate values of γ, such as γ = 0.5 or γ =
1, show the similar speed of divergence toward κi as the beta density does. These observations
imply that, with the appropriate choice of hyperparaemters, the log-adjusted shrinkage prior
can introduce the strong tail-robustness without losing the horseshoe-type shrinkage effect.

In order to clarify the importance of setting b = 0, we next examine the posterior tail-
robustness under the proposed prior by computing the posterior mean squared error for large yi.
Denote the posterior mean squared error under a prior π(θi) by MSEπ(θi|yi) = Eπ[(θi− yi)

2|yi].
We evaluate the mean squared error of the proposed class of priors in the following theorem
based on the representation of posterior mean squared error by the marginal likelihood (e.g., see
Polson (1991)).

Theorem 7.2.2 Under the log-adjusted shrinkage priors for θi with hyperparameters a > 0, b ≥
0 and γ > 0, and under the beta-type prior (a > 0, b > 0 and γ = −1), it holds that

MSEπ(θi|yi) = 1 +
2

y2i
(1 + b)(1 + 2b) + o

(
1

y2i

)
, (7.2.3)

where yi
2o(1/yi

2) → 0 as |yi| → ∞.

We first note that the above approximation formula of mean squared error is independent of
γ, thereby the same formula holds for the original beta-type shrinkage prior for θi. Moreover,
Theorem 7.2.2 shows that the leading term of the posterior mean squared error for large signals
is increasing in b, which clearly suggests that the best choice is b = 0. The proper log-adjusted
shrinkage prior can attain the ideal mean squared error by setting b = 0, outperforming in the
mean squared error the proper beta-type shrinkage prior for which we always have to set b > 0.

The posterior mean squared error for large yi has also been calculated for other shrinkage
priors. Theorem 7 of Bhadra et al. (2017) provided the posterior mean squared error of the
horseshoe+ prior πHS+ as

MSEπHS+(θi|yi) = 1 + 3

(
2

yi2

)
+ o

(
1

yi2

)
,
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Figure 7.1: The prior density for the shrinkage factor κi given in (7.1.1) under the log-adjusted
shrinkage prior with a = 1/2 and b = 0. The four densities represent the cases of γ = 0.1
(red), 0.5 (blue), 1 (green) and 2 (pink). The density of beta distribution Beta(1/2, 1/2) (black)
is equivalent to the half-Cauchy prior in the scale of ui and realizes the horseshoe prior. The
log-adjusted shrinkage priors have the steep increase toward κi = 0 for tail-robustness, while
maintaining its spike around κi = 1 for strong shrinkage if we choose moderate values of γ, such
as γ = 0.5 or γ = 1.
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which is, as |yi| → ∞, inevitably larger than the posterior mean squared error of our proposed
prior in (7.2.3) with b = 0.

7.2.2 Posterior computation

Although the Bayes estimator of θi for the log-adjusted shrinkage prior is not analytically avail-
able, there is an efficient yet simple Markov chain Monte Carlo algorithm for posterior com-
putation. The full conditional posteriors of parameters, θi’s, ui’s and τ , become well-known
distributions after the appropriate augmentation by latent variables described below. The con-
ditional posterior density of hyperparameter γ is complex due to the intractable normalizing
constant C(a, b, γ), but the sampling from its distribution is feasible by the accept-reject algo-
rithm. The rest hyperparameters are fixed as a = 1/n and b = 0.

The prior density of ui in (7.2.2) has the following augmented expression:

π(ui; γ) =
1

C(a, b, γ)

∫ ∞

0

∫ ∞

0
ua−1
i

vγi e
−vi

Γ(1 + γ)

wvi+a+b−1
i e−wi(1+ui)

Γ(vi + a+ b)
dwidvi, (7.2.4)

where wi and vi are latent variables for data augmentation. Given γ, the augmented posterior
distribution is proportional to

π(τ)
n∏

i=1

N(yi|θi, 1)N(θi|0, τui)
1

C(a, b, γ)
ua−1
i vγi e

−vi
wvi+a+b−1
i e−wi(1+ui)

Γ(vi + a+ b)
,

where π(τ) denotes a prior distribution of τ . We assign an inverse-gamma prior for τ and set
π(τ) = IG(τ |cτ0 , dτ0), which leads to conditional conjugacy. It is immediate from the expression
above that all the full conditional distributions are of normal or (inverse) gamma distributions,
so that we can efficiently carry out Gibbs sampling by generating posterior samples from those
distributions. The procedure of Gibbs sampler is summarized as follows:

Algorithm 7.2.1 (Gibbs sampling algorithm) Suppose γ is fixed. The Gibbs sampler al-
gorithm, or the list of the full conditional distributions of the local and global parameters under
the log-adjusted shrinkage prior, is summarized as follows:

• Generate τ from IG(n/2 + cτ0 ,
∑n

i=1 θi
2/(2ui) + dτ0).

• Generate θi from N(yi/{1 + 1/(τui)}, 1/{1 + 1/(τui)}) for i = 1, . . . , n.

• Generate ui from the generalized inverse Gaussian full conditional distribution p(ui|θi, wi, τ) ∝
ui

−1/2+a−1 exp[−{2wiui + (θi
2/τ)/ui}/2] for i = 1, . . . , n.

• Generate (vi, wi) by the following two steps:

– Generate vi from the conditional distribution marginalized over wi, namely p(vi|θi, τ, yi),
which is Ga(1 + γ, 1 + log(1 + ui)), for i = 1, . . . , n.

– Generate wi from the full conditional distribution, p(wi|vi, θi, τ, yi), which is Ga(vi +
a+ b, 1 + ui) for i = 1, . . . , n.
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We next consider incorporating the estimation of γ into the algorithm above. Let C(γ) =
C(a, b, γ) be the normalizing constant of π(ui) in (7.2.2), which is defined by

C(γ) =

∫ ∞

0

ua−1(1 + u)−(a+b)

{1 + log(1 + u)}1+γ
du =

∫ 1

0

(1− κ)a−1κb−1

(1− log κ)1+γ
dκ, (7.2.5)

where κ = 1/(1 + u), a = 1/n and b = 0. Due to this intractable normalizing constant in the
prior, the direct sampling from the full conditional of γ is challenging and even infeasible. We
circumvent this problem by constructing upper and lower bounds for the normalizing constant,
which allows for the independent Metropolis-Hastings algorithm by providing the bounds of
the acceptance probability with arbitrary accuracy. This approach is similar to the alternating
series method (Devroye (1981, 2009)) and widely used in, for example, the sampling from the
Polya-gamma distribution (Polson et al. (2013)). Our sampling procedures are briefly sketched
in the following. Details of the bounds of the acceptance probability, w and w, and some remarks
about the sampling procedures are provided in Section 7.5.3.

We use the gamma prior Ga(aγ0 , b
γ
0) for γ. The proposal distribution is Ga(aγ1 , b

γ
1), whose

parameters are given by

aγ1 = aγ0 + na and bγ1 = bγ0 +

n∑
i=1

log{1 + log(1 + ui)}.

Denote the current state at an iteration of the Markov Chain Monte Carlo algorithm by γ, and
the candidate drawn from the proposal by γ′. The acceptance probability A(γ → γ′) is bounded
below and above by w and w. Both are functions of (a, γ, γ′,K) and converge to A(γ → γ′)
as K → ∞, where K controls the precision of the approximation and can be set as large as
necessary. The procedure of the independent Metropolis-Hastings sampling is summarized as
follows.

Algorithm 7.2.2 (Sampling from the full conditional of γ) The steps for generating γ
from its full conditional distribution is summarized as follows: given the current sample γ,

(i) Generate γ′ from the proposal Ga(aγ1 , b
γ
1).

(ii) Generate U ∼ U(0, 1).

(iii) Given K, evaluate w and w. Then,

• If U < w, accept γ′ as the sample of this iteration.

• If U > w, reject γ′ and keep γ as the sample of this iteration.

• Otherwise (w < U < w), increase K and redo step 3.

7.2.3 Generalization using iterated logarithm

Following the motivation given in the introduction, the log-adjusted shrinkage prior is further
extended to the more general class of distributions. As the (scaled) beta distributions is extended
to the log-adjusted version by the multiplicative log-term, this generalization is naturally realized
by the use of finitely iterated logarithmic functions.
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For z ≥ 1, let f1(z) ≡ f(z) ≡ 1 + log(z). Then, the iterated logarithm is defined inductively
by fL+1(z) ≡ f(fL(z)) for L = 1, 2, . . . . Define the extended version of the modified scaled beta
priors with parameter γ > 0 by

π(ui; γ, L) ∝
ua−1
i

(1 + ui)a+b

{
L−1∏
k=1

1

fk(1 + ui)

}
1

fL(1 + ui)1+γ
, (7.2.6)

where a > 0 and b ≥ 0 are constant (We again recommend a = 1/n and b = 0). The corre-
sponding prior for the shrinkage factor κi = (1 + ui)

−1 is given by

π(κi; γ, L) ∝ κb−1
i (1− κi)

a−1

{
L−1∏
k=1

1

fk(1/κi)

}
1

fL(1/κi)1+γ
.

The prior for θi induced by this distribution as the scale mixture of normal is named iteratively
log-adjusted shrinkage prior.

When L = 1, this prior is precisely the original log-adjusted shrinkage prior discussed in the
previous subsections. We require that b = 0 for the improvement from the beta-type prior, but
the priors are still proper if only γ > 0, as shown in the following theorem. As order L increases,
the tails of the density for θi becomes heavier, while remaining in the class of proper priors,
from which we expect the stronger tail-robustness of the Bayes estimators.

Theorem 7.2.3 The following properties hold under the iterative log-adjustment.

1. The iteratively log-adjusted shrinkage prior for θi with finite L holds the same properties
given in Theorem 7.2.1.

2. Suppose that b = 0. Then, for any 0 < ε < 1, the prior probability of the log-adjusted beta
distribution for κi falling in the interval (0, ε) tends to 1 as L→ ∞; namely

lim
L→∞

∫ ε

0
π(κi; γ, L)dκi = 1.

The first property indicates that the iterative log-adjustments do not change the original prop-
erties of the proposed prior, including integrability, density spike around the origin and heavier
tails. The second statement shows the convergence of the iterated log-adjusted shrinkage prior
to the point mass on κi = 0 in distribution as L→ ∞. In the limit, the proposed prior does not
shrink the outliers at all. However, losing the shrinkage effect at all is not desirable, and we fix
L at some finite value so that the prior density keeps the steep spike around zero.

Although it is difficult to draw the density functions of the iteratively log-adjusted shrinkage
priors as in Figure 7.1 for the intractable normalizing constant, the newly-multiplied log-terms
can easily be evaluated and shown in Figure 7.2. It is clear in the top figure that function
fL(1 + u) is increasing in u, but converges to the constant function as L → ∞, which are also
verified in Section 7.5.4. This observation implies that the marginal effect of log-terms being
multiplied to the prior is diminishing as L increases. The bottom figures displays the reciprocal
of the iterative log-terms in the scale of κi, which are actually multiplied to the original log-
adjusted shrinkage prior. The lower densities near κi = 0 moderates the spike and makes the
density integrable, while the iterative log-term is unity around κi = 1 and affects the shrinkage
effect less.
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Figure 7.2: The functions fL(1+ui) (top) and 1/fL(1/κi) (bottom) with L = 1 (red), 2 (blue), 5
(green), 10 (pink) and 100 (light green). It is evident that the repeated application of operation
f makes the function closer to constant. In the bottom figure, the decrease of functions as κi → 0
moderates the divergence of the prior density around zero and contributes to the integrability
of the iteratively log-adjusted shrinkage priors.
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The posterior mean squared error under the iteratively log-adjusted shrinkage prior can also
be computed in the similar way as in the proof of Theorem 7.2.2.

Theorem 7.2.4 The posterior mean squared error under the iteratively log-adjusted shrinkage
prior satisfies, for b = 0,

MSEπ(θi|yi) = 1 +
1

yi2/2

{
1− 3a/2

yi2/2
+

L−1∑
k=1

1

fk(1 + yi2/2)
· · · 1

f1(1 + yi2/2)

+ (1 + γ)
1

fL(1 + yi2/2)
· · · 1

f1(1 + yi2/2)

}
+ o
( 1

yi2

)
, (7.2.7)

where yi
2o(1/yi

2) → 0 as |yi| → ∞.

Theorem 7.2.4 derives the higher-order terms of yi that is ignored in the mean squared error
under the original log-adjusted shrinkage prior in Theorem 7.2.2, whose leading term is simply
1 + 2/y2i . We summarize our findings on the derived mean squared error in the following three
points. First, this result reveals that the effect of hyperparameters a and γ is limited to the
higher-order terms, which is consistent with the result of Theorem 7.2.2. In addition, the choice
of hyperparameter γ is less sensitive to the Bayes estimator if L is large. Secondly, there is no
difference in the mean squared errors under the original and iteratively log-adjusted shrinkage
priors in the order of 2/y2i , while both priors are still superior to the beta-type shrinkage priors
in the mean squared error in the tail. Finally, increasing the order L has no negative effect on
the point estimation so long as the posterior mean squared error under large signals is concerned.
In fact, it is difficult to understand whether one increment of L increases or decreases the mean
squared error in this expression; it is determined together with the values of yi and γ. We revisit
this issue partially in the simulation studies in Section 7.3.

The posterior computation with the iteratively log-adjusted shrinkage prior is also straight-
forward. The parameter augmentation given in (7.2.4) can be generalized for the new density
of ui in (7.2.6) as, ignoring the normalizing constant,

π(ui; γ, L) ∝
∫
(0,∞)L+1

ua−1
i e−tiLuiGSL(ti,0:L|γ)dti,0:L, (7.2.8)

where ti,0:L = (ti0, ti1, . . . , tiL) and GSL(ti,0:L|γ) is the joint density of a non-stationary Markov
process defined by

GSL(ti,0:L|γ) = Ga(ti0|1 + γ, 1)Ga(ti1|ti0 + 1, 1)× · · ·
×Ga(ti,L−1|ti,L−2 + 1, 1)Ga(tiL|ti,L−1 + a+ b, 1).

The density of ui is the shape mixture of density kernel of gamma distribution by a gamma-
shape Markov process. The integral expression above defines latent variables til’s and gives the
following tractable full conditional distributions for Gibbs sampler.

Algorithm 7.2.3 (Gibbs sampler for local parameters under ILAS prior) The sampling
steps for local parameters ui and t0:L are summarized as follows:

• The full conditional distribution of ui is GIG(−1/2 + a, 2tiL, θ
2
i /τ).
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• The full conditional distribution of t0:L has the compositional form,

Ga(ti,0|1 + γ, fL(1 + ui))Ga(ti,1|ti,0 + 1, fL−1(1 + ui))× · · ·
×Ga(ti,L−1|ti,L−2 + 1, f1(1 + ui))Ga(ti,L|ti,L−1 + a+ b, 1 + ui),

thereby the random samples can be sequentially generated.

The above procedure can be incorporated into Algorithm 7.2.1, which enables us to efficiently
generate posterior samples of θi. It is worth noting that ti,k, k ≤ L− 1, are not used to generate
samples of {ui, θi, τ}.

The shrinkage priors with logarithm terms in their densities have been studied in various
ways. We considered the prior distributions proposed in Bhadra et al. (2017) and Womack
and Yang (2019) and confirmed that their prior densities could be extended in a similar way by
repeatedly multiplying the additional terms to the density function. However, such iterative op-
eration is extremely complex, compared with the simple recursive construction of the additional
terms in this research, fL+1(z) = 1 + log fL(z), that defines the log-adjusted shrinkage priors.

7.3 Numerical Study

7.3.1 Simulation study

We illustrate finite-sample performance of the Bayes estimators under the proposed priors and
other shrinkage priors proposed in the recent research in various situations of true sparse signals.
We generated n = 200 observations from yi ∼ N(θi, 1), where θi is a true signal. We adopted
the following two scenarios for θi:

(I) θi ∼
ω

2
δ(c) +

ω

2
δ
(
− c
2

)
+ (1− ω) δ(0),

(II) θi ∼
ω

2
N(c, 1) +

ω

2
N
(
− c
2
, 1
)
+ (1− ω) δ(0),

where δ(x) denotes the one-point distribution on x. Weight ω controls the sparsity level in the
signals θi; smaller value of ω leads to more sparsity. c is the locations of non-null signals. We
considered six settings of ω and c as the combinations of ω ∈ {0.1, 0.2, 0.3} and c ∈ {6, 9}.

For the simulated dataset, we applied three types of proposed priors: the log-adjusted shrink-
age prior with a = 1/n, b = 0 and γ = 1 (denoted by LAS), an adaptive version of the log-
adjusted shrinkage prior with a fully Bayesian approach for γ (denoted by aLAS), and the
iteratively log-adjusted shrinkage prior with a = 1/n, b = 0, γ = 1 and L = 3, denoted by ILAS.
As competitors, we also applied the Horseshoe prior (HS; Carvalho et al. (2010)), normal-beta
prime prior (NBP; Bai and Ghosh (2019)), Dirichlet-Laplace prior (DL; Bhattacharya et al.
(2015)), Horseshoe+ prior (HS+; Bhadra et al. (2017)). To implement the posterior analysis
with the Horseshoe+ and Dirichlet-Laplace priors, we employed R package “NormalBetaPrime”
(Bai and Ghosh (2019, 2020)) with default settings, such as the use of uniform prior on (1/n, 1)
for the global scale parameter. For the other models, we adopted τ ∼ C+(0, 1/n). In applying all
the priors, we generated 1000 posterior samples after discarding the first 1000 samples as burn-in
period, and computed posterior means of θi. The squared error losses of the posterior means θ̂i,
give by

∑n
i=1(θ̂i − θi)

2, were calculated and averaged over 500 replications of simulations.
The results are reported in Table 7.1. It shows that the methods are comparable when ω

is small and the true signals are very sparse. On the other hand, as ω increases, the proposed
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priors get appealing compared with the other methods. This result is consistent with Theorems
7.2.2 and 7.2.4 and reflects the fact that the proposed priors have heavier tails to accommodate
large signals. It is also observed that the proposed three methods are almost equally successful
and it is difficult to discuss their superiority. Focusing the comparison on the performance
of LAS and aLAS, the benefit from estimating the adjustment parameter γ could be limited
possibly because of the trade-off between flexibility of data-adaptive selection of γ and inflation
of uncertainty arising from estimating γ. Finally, LAS and ILAS perform quite similarly in
every setting, which could be related to the fact that these two priors differ only in the form of
the slowly varying part. It can also be explained by their mean squared errors in the tails that
are exactly the same up to the order of 1/yi

2.

Table 7.1: Comparison of averaged values of squared error losses of the posterior mean estimates
of θi under the fixed log-adjusted shrinkage (LAS) prior, the adaptive LAS prior (aLAS), the
iteratively log-adjusted shrinkage prior (ILAS) of order three (EH-IL), the Horseshoe prior (HS),
the normal-beta prime prior (NBP), the Dirichlet-Laplace prior (DL), and the Horseshoe+ prior
(HS+). The lowest averaged squared error loss for each setting (in rows) is in bold.

c omega LAS aLAS ILAS HS NBP DL HS+

0.1 52.5 55.0 52.5 55.9 55.7 62.7 54.2
6 0.2 90.6 89.9 90.7 96.6 107.6 120.5 102.7

0.3 124.3 121.3 124.2 126.4 159.5 177.9 150.5

0.1 43.3 47.9 43.0 49.4 41.7 50.9 41.4
9 0.2 68.6 71.5 68.6 87.7 76.2 95.5 73.7

0.3 92.5 94.3 92.5 117.8 110.4 137.5 105.3

0.1 47.9 51.1 47.6 50.9 49.3 56.2 48.2
6 0.2 84.3 84.7 84.4 92.2 98.4 112.4 94.1

0.3 113.5 111.8 113.7 120.5 143.1 164.8 135.7

0.1 43.9 48.6 43.7 49.2 41.7 49.2 41.6
9 0.2 71.6 74.5 71.6 88.6 78.3 93.6 76.0

0.3 96.0 97.7 96.3 119.0 113.2 136.2 108.6

7.3.2 Example: Prostate cancer data

We demonstrate real-data application of the proposed priors using a popular prostate cancer
dataset in Singh et al. (2002). In this dataset, there are gene expression values for n = 6033
genes for m = 102 subjects, with m1 = 50 normal control subjects and m2 = 52 prostate cancer
patients. The goal of this analysis is to identify genes that are significantly different between the
two groups. We first conduct t-test for each gene to compute the test statistics t1, . . . , tn, and
then transform them to z-scores through zi = Φ−1(F t

m−2(ti)), where Φ(·) is the standard normal
distribution function and F t

k(·) is the distribution function of t-distribution with k degrees of
freedom. For the resulting z-scores, z1, . . . , zn, we applied the following model:

zi = θi + εi, εi ∼ N(0, 1), i = 1, . . . , n.
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We again compare the same seven priors for θi as in the previous subsection. Based on 5000
posterior samples after discarding the first 5000 samples, we computed posterior means of θi.
In Table 7.2, we presented top 10 genes selected by Efron (2010) and their estimated effect size
θi on prostate cancer. The absolute value of each effective size estimate is largest for aLAS,
because of its strong tail-robustness. However, the estimates of all the seven methods do not
differ drastically from one another.

Table 7.2: The z-scores and the effect size estimates based on posterior means for the top 10
genes selected by Efron under the seven priors.

Gene z-score LAS aLAS ILAS HS NBP DL HS+

610 5.29 4.87 5.00 4.58 4.89 4.90 4.58 4.88
1720 4.83 4.29 4.52 4.11 4.33 4.36 4.09 4.40
332 4.47 3.98 4.13 3.68 3.86 3.88 3.62 3.89
364 -4.42 -3.85 -4.09 -3.59 -3.80 -3.90 -3.64 -3.76
914 4.40 3.78 3.98 3.63 3.79 3.85 3.58 3.30
3940 -4.33 -3.78 -4.00 -3.46 -3.71 -3.76 -3.50 -3.61
4546 -4.29 -3.70 -3.91 -3.37 -3.40 -3.64 -3.36 -3.56
1068 4.25 3.61 3.86 3.35 3.45 3.67 3.34 3.66
579 4.19 3.61 3.81 3.33 3.33 3.54 3.27 3.55
4331 -4.14 -3.61 -3.80 -3.28 -3.27 -3.54 -3.14 -3.42

7.4 Discussion

In this research, the repeated multiplication of the log-terms to the density is proven successful
in defining the new class of distributions that are continuous, proper and extremely heavy-tailed.
Although the focus of this research is on tail-robustness, it is also natural to consider the idea
of log-adjustment to define the stronger shrinkage effect. To be precise, the doubly log-adjusted
shrinkage prior, whose density in the scale of κi is given by,

π(κi;α,β, L) ∝ κi
−1(1− κi)

−1

×

{
L−1∏
l=1

fl

(
1

κi

)−1

fl

(
1

1− κi

)−1
}
fL

(
1

κi

)−(1+α)

fL

(
1

1− κi

)−(1+β)

is of great interest. We proved that, as iteration L increases, for any bounded sequence of
hyperparameters (αL, βL), the prior, π(κi;αL, βL, L), converges in distribution to the point
masses on {κi = 0} and {κi = 1}, i.e., the spike-and-slab prior. For the details of the proof, see
Section 7.5.8. The resemblance to the degenerate prior shown in this result could justify the use
of iteratively log-adjusted priors as the continuous alternative of the degenerate variable-selection
priors. Although the finite-sample properties of Bayes estimators under the prior above is not
developed here, the posterior inference with this prior is feasible by the same augmentation we
proved for the iteratively log-adjusted priors. We believe that the priors with iterated logarithm
is the promising future research in exploring the class of shrinkage priors with logarithms.
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7.5 Appendix

7.5.1 Proof of Theorem 7.2.1

This proof can be obtained as the special case of the proof of Theorem 7.2.3 with L = 1 given
in Section 7.5.5.

7.5.2 Proof of Theorem 7.2.2

We first provide a useful lemma. For details, see, for example, the discussion at the end of
Section 1.2 of Seneta (1976).

Lemma 7.5.1 Let L(u) be a strictly positive and continuously differentiable function of u > 0.
Suppose that

lim
u→∞

uL′(u)

L(u)
= 0.

Then the function L(u) is slowly varying as u→ ∞, that is, limM→∞ L(Mv)/L(M) = 1 for all
v > 0.

We will suppress the subscript i and write u, θ, and y for ui, θi, and yi, respectively, for
notational simplicity. Let p(θ) and m(y) denote the marginal densities of θ and y under the
log-adjusted shrinkage prior π(u) ∝ ua−1(1 + u)−a−b{1 + log(1 + u)}−(1+γ). We define S(u) as

S(u) =
( u

1 + u

)a+b{
1 + log(1 + u)

}−(1+γ)
, (7.5.1)

so that π(u) = C−1u−b−1S(u) with normalizing constant C =
∫∞
0 u−b−1S(u)du. From Lemma

7.5.1, it can be shown that S(·) is a slowly varying function.
We first note that the posterior mean squared error can be written as

MSEπ(θ|y) = 1 +
1

m(y)

∂2m(y)

∂y2
,

since the second order derivative of m(y) can be expressed as

∂2m(y)

∂y2
=

∫ ∞

−∞

[ ∂2
∂y2

1√
2π

exp
{
− (y − θ)2

2

}]
p(θ)dθ

=

∫ ∞

−∞
{−1 + (θ − y)2} 1√

2π
exp

{
− (y − θ)2

2

}
p(θ)dθ.

On the other hand, since y|u ∼ N(0, 1 + u), we have that

m(y) =
1√
2π

∫ ∞

0

1√
1 + u

exp
(
− y2/2

1 + u

)
π(u)du

and hence that

∂2m(y)

∂y2
= − 1√

2π

∫ ∞

0

1

(1 + u)3/2
exp

(
− y2/2

1 + u

)
π(u)du

+
y2√
2π

∫ ∞

0

1

(1 + u)5/2
exp

(
− y2/2

1 + u

)
π(u)du.
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Therefore, by making the change of variables u = (y2/2)v, it follows that

1

m(y)

∂2m(y)

∂y2
=

2

y2
2I(y, 5/2)− I(y, 3/2)

I(y, 1/2)
, (7.5.2)

where

I(y, k) =

∫ ∞

0

{ y2/2

1 + (y2/2)v

}k
v−b−1 exp

{
− y2/2

1 + (y2/2)v

}
S
(y2
2
v
)
dv

for k ∈ {1/2, 3/2, 5/2}. We here use the following asymptotic evaluation of the integral I(y, k):

lim
|y|→∞

I(y, k)/S(y2/2) = Γ(b+ k), (7.5.3)

for which the proof is given later. Using this result, (7.5.2) can be approximated as

1

m(y)

∂2m(y)

∂y2
/
2

y2
=

2Γ(b+ 5/2){1 + o(1)} − Γ(b+ 3/2){1 + o(1)}
Γ(b+ 1/2){1 + o(1)}

∼ (1 + b)(1 + 2b)

as |y| → ∞, which is the desired result.
Finally, we give the proof of (7.5.3). Let M = y2/2 and define hM (v, k) by

hM (v, k) =
( M

1 +Mv

)k
v−b−1 exp

(
− M

1 +Mv

)S(Mv)

S(M)
.

Then it holds that I(y, k)/S(y2/2) =
∫∞
0 hM (v, k)dv. Note that

S(Mv)

S(M)
= va+b

( 1 +M

1 +Mv

)a+b{ 1 + log(1 +M)

1 + log(1 +Mv)

}1+γ
.

Then, for any M ≥ 1 and v ≥ 1, we have

hM (v, k) ≤ v−k−b−1va+b
( 1 +M

1 +Mv

)a+b{ 1 + log(1 +M)

1 + log(1 +Mv)

}1+γ
≤ 2a+bv−k−b−1.

Next, for any M ≥ 1 and v ≤ 1,

1 + log(1 +M)

1 + log(1 +Mv)
= exp

{∫ 1

v

M

1 +Mt

1

1 + log(1 +Mt)
dt
}

≤ exp
(∫ 1

v

1

1/M + t
dt
)
=

1/M + 1

1/M + v
≤ 2

1/M + v
.

Then, it follows that, for M ≥ 1 and v ≤ 1,

hM (v, k) =
e−1/(1/M+v)

(1/M + v)k
va−1

(1/M + 1

1/M + v

)a+b{ 1 + log(1 +M)

1 + log(1 +Mv)

}1+γ

≤ e−1/(1/M+v)

(1/M + v)k+a+b
va−12a+b 21+γ

(1/M + v)1+γ

≤
(

sup
x∈(0,∞)

e−1/x

xk+a+b+1+γ

)
2a+b+1+γva−1 <∞
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noting that the function e−1/x/xk+a+b+1+γ is bounded in (0,∞). Therefore, from the dominated
convergence theorem, we have

lim
M→∞

∫ ∞

0
hM (v, k) =

∫ ∞

0
v−k−b−1 exp(−1/v)dv = Γ(b+ k),

which proves (7.5.3).

7.5.3 Details on sampling from γ given in Algorithm 7.2.2

We describe and justify the algorithm of the independent Metropolis-Hastings method for sam-
pling hyperparameter γ by evaluating the upper and lower bounds of the intractable normalizing
constant. The normalizing constant of the log-adjusted shrinkage prior, which is dependent on
γ, is given by the integral

C(γ) = C
(
a =

1

n
, b = 0, γ

)
=

∫ 1

0

κ−1(1− κ)1/n−1

(1− log κ)1+γ
dκ =

∫ ∞

0
g(x; γ)dx, (7.5.4)

where g(x; γ) = (1− e−x)1/n−1(1+ x)−1−γ for x > 0; the last integral is obtained by the change
of variables κ = e−x. This is bounded above and below by, with any K > 0 and N = K3,

U(γ,K) =
(1− e−1/K)1/n

(1/n)e−1/K
+

(1− e−K)1/n−1

γ(1 +K)γ

+

N∑
j=1

K2 − 1

KN
g
(1 + (j − 1)(K2 − 1)/N

K
; γ
)

L(γ,K) =
(1− e−1/K)1/n

(1/n)(1 + 1/K)γ
+

1

γ(1 +K)γ
+

N∑
j=1

K2 − 1

KN
g
(1 + j(K2 − 1)/N

K
; γ
)

i.e., L(γ,K) ≤ C(γ) ≤ U(γ,K) for any (γ,K). In addition, these bounds can be as tight as
desired if one increases K; we prove L(γ,K) → C(γ) and U(γ,K) → C(γ) as K → ∞ in Lemma
7.5.2 at the end of this section. These bounds are utilized in implementing the independent
Metropolis-Hasting algorithm, where the acceptance probability is dependent on the intractable
normalizing constant and cannot be directly computed, but their upper and lower bounds are
available with arbitrary accuracy.

The prior for γ is the gamma distribution, γ ∼ Ga(aγ0 , b
γ
0). Each likelihood π(ui; γ) can

be approximated by γa exp{−γ log(1 + log(1 + ui))} with a > 0 so that the gamma prior be-
comes conjugate. The proposal distribution is the posterior distribution with the approximate
likelihoods, or γ ∼ Ga(γ|aγ1 , b

γ
1), where

aγ1 = aγ0 + na, and bγ1 = bγ0 +

n∑
i=1

log(1 + log(1 + ui)),

and we set a = 1/n. Denote the current state by γ, and the candidate drawn from the proposal
by γ′. The acceptance probability is

A(γ → γ′) =
{ C(γ)
C(γ′)

}n
(
γ

γ′

)n(1/n)

,
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which is not evaluated directly due to the intractable constant C(γ)/C(γ′). We bound these
constants to obtain the upper and lower bounds of the acceptance probability. The bounds of
the acceptance probability are defined by

w(γ, γ′,K) =
{ L(γ,K)

U(γ′,K)

}n γ

γ′
and w(γ, γ′,K) =

{U(γ,K)

L(γ′,K)

}n γ

γ′
,

and satisfy

w(γ, γ′,K) ≤ A(γ → γ′) ≤ w(γ, γ′,K).

The definitions of w(γ, γ′,K) and w(γ, γ′,K) above are used in the sampling algorithm given in
Algorithm 7.2.2.

The bounds, U(γ,K) and L(γ,K), are obtained by a straightforward application of the
Riemann approximation, and their properties are verified by the following lemma.

Lemma 7.5.2 Let g(·), g
K
(·), and gK(·), K = 1, 2, . . . , be integrable functions defined on (0,∞)

satisfying 0 ≤ g
K
(x) ≤ g(x) ≤ gK(x) <∞ for all x ∈ (0,∞). Assume that g(·) is nonincreasing

on (0,∞). Let 0 < x
(K)
0 < · · · < x

(K)
lK

<∞ for K = 1, 2, . . . and assume that limK→∞ x
(K)
0 = 0

and that limK→∞ x
(K)
lK

= ∞. Suppose that limK→∞
∫ x

(K)
0

0 gK(x)dx = limK→∞
∫∞
x
(K)
lK

gK(x)dx = 0

and that limK→∞
∑lK

j=1(x
(K)
j − x

(K)
j−1){g(x

(K)
j−1)− g(x

(K)
j )} = 0. Then

0 ≤
∫ x

(K)
0

0
g
K
(x)dx+

lK∑
j=1

(x
(K)
j − x

(K)
j−1)g(x

(K)
j ) +

∫ ∞

x
(K)
lK

g
K
(x)dx

≤
∫ ∞

0
g(x)dx

≤
∫ x

(K)
0

0
gK(x)dx+

lK∑
j=1

(x
(K)
j − x

(K)
j−1)g(x

(K)
j−1) +

∫ ∞

x
(K)
lK

gK(x)dx <∞ (7.5.5)

for all K = 1, 2, . . . and∫ ∞

0
g(x)dx = lim

K→∞

{∫ x
(K)
0

0
g
K
(x)dx+

lK∑
j=1

(x
(K)
j − x

(K)
j−1)g(x

(K)
j ) +

∫ ∞

x
(K)
lK

g
K
(x)dx

}

= lim
K→∞

{∫ x
(K)
0

0
gK(x)dx+

lK∑
j=1

(x
(K)
j − x

(K)
j−1)g(x

(K)
j−1) +

∫ ∞

x
(K)
lK

gK(x)dx
}
. (7.5.6)

Proof. The inequalities in (7.5.5) are trivial. We obtain (7.5.6) since

0 ≤
∫ x

(K)
0

0
gK(x)dx+

lK∑
j=1

(x
(K)
j − x

(K)
j−1)g(x

(K)
j−1)

+

∫ ∞

x
(K)
lK

gK(x)dx−
lK∑
j=1

(x
(K)
j − x

(K)
j−1)g(x

(K)
j )

=

lK∑
j=1

(x
(K)
j − x

(K)
j−1){g(x

(K)
j−1)− g(x

(K)
j )}+

∫ x
(K)
0

0
gK(x)dx+

∫ ∞

x
(K)
lK

gK(x)dx→ 0
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as K → ∞ by assumption. □

In our problem, where function g is given in (7.5.4), the condition in the lemma,

lim
K→∞

lK∑
j=1

(x
(K)
j − x

(K)
j−1){g(x

(K)
j−1)− g(x

(K)
j )} = 0,

is satisfied. To see this, observe that limK→∞{max1≤j≤lK (x
(K)
j − x

(K)
j−1)}g(x

(K)
0 ) = 0, and that

the grid becomes sufficiently fine when K → ∞.

7.5.4 Properties of iterated logarithmic functions

We here give some properties of iterated logarithmic functions related to Figure 7.2 in the
following lemma.

Lemma 7.5.3 For x > 1,

(i) fL(x) > 1.

(ii) fL(x) is increasing in x.

(iii) fL+1(x) < fL(x) (decreasing in L at each point x).

(iv) lim
L→∞

fL(x) = 1.

Proof. The first and second properties follow immediately from the definition of fL. The
third property is verified by the inequality z − 1 > log z for z > 1. To prove the last property,
fix x > 1 and write aL = fL(x). Then this sequence is decreasing and bounded below by 1.
Therefore, it has a limit a = limL→∞ aL in [1,∞). Now, by the definition of fL+1, we have
aL+1 = 1 + log aL. Letting L→ ∞, we have a = 1 + log a, which shows that a = 1. □

7.5.5 Proof of Theorem 7.2.3

As in the proof of Theorem 7.2.2, we suppress the subscript i. Here we write π(u) and π(κ) for
π(u; γ, L) and π(κ; γ, L) and use p(θ) to denote the marginal density of θ under this prior. Let

S(u) =
( u

1 + u

)a+b{ L−1∏
k=1

1

fk(1 + u)

} 1

{fL(1 + u)}1+γ

and let C =
∫∞
0 u−b−1S(u)du, so that π(u) = C−1u−b−1S(u). Then S(u) is a slowly varying

function from Lemma 7.5.1. Note that the above definition of S(u) is not identical to that in
Section 7.5.2. Also, let

π0(κ) = π0(κ;L) =
∂

∂κ

[ 1

{fL(1/κ)}γ
]
=
γ

κ

{ L−1∏
k=1

1

fk(1/κ)

} 1

{fL(1/κ)}1+γ
.

Then we have ∫ 1

0
π0(κ)dκ = 1.
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Integrability (the first property in Theorem 7.2.1)

The inequality, κb(1− κ)a−1π0(κ) ≤ (1− κ)a−1π0(κ), shows the integrability of π(κ) in (0, 1/2),∫ 1/2

0
(1− κ)a−1π0(κ)dκ ≤

{
sup

κ∈(0,1/2)
(1− κ)a−1

}∫ 1/2

0
π0(κ)dκ <∞

and the integrability in (1/2, 1),∫ 1

1/2
(1− κ)a−1π0(κ)dκ ≤

∫ 1

1/2
(1− κ)a−12γdκ <∞.

Spike around the origin (the second property in Theorem 7.2.1)

By the monotone convergence theorem,

C
√
2πp(θ) =

∫ ∞

0

u−1/2+a−1

(1 + u)a+b

{ L−1∏
k=1

1

fk(1 + u)

} e−θ2/2u

{fL(1 + u)}1+γ
du

≥
∫ 1

0

u−1/2+a−1

2a+b

{ L−1∏
k=1

1

fk(2)

} e−θ2/2u

{fL(2)}1+γ
du→ ∞ (7.5.7)

as θ → 0 for a ≤ 1/2.

Slowly varying density (the third property in Theorem 7.2.1)

By the change of variables u = (θ2/2)v, it follows that

p(θ) =
C−1

√
2π

∫ ∞

0
u−1/2−b−1e−(θ2/2)/uS(u)du

=
C−1

√
2π

(θ2
2

)−1/2−b
∫ ∞

0
v−1/2−b−1e−1/vS

(θ2
2
v
)
dv.

Now for θ2/2 ≥ 1, we have

S((θ2/2)v)

S(θ2/2)
= va+b

{ 1 + θ2/2

1 + (θ2/2)v

}a+b

×
{ L−1∏

k=1

fk(1 + θ2/2)

fk(1 + (θ2/2)v)

}{ fL(1 + θ2/2)

fL(1 + (θ2/2)v)

}1+γ

≤ 2a+bmax{1, 1/vL+γ}

since

1 + θ2/2

1 + (θ2/2)v
≤ 1

v

1 + θ2/2

θ2/2
≤ 2

v

and since for all k = 1, . . . , L,

fk(1 + θ2/2)

fk(1 + (θ2/2)v)
≤ 1
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when v ≥ 1 while

fk(1 + θ2/2)

fk(1 + (θ2/2)v)
= exp

{∫ t=1

t=v

∂

∂t
log fk(1 + (θ2/2)t)dt

}
= exp

{∫ t=1

t=v

1

fk(1 + (θ2/2)t) · · · f1(1 + (θ2/2)t)

θ2/2

1 + (θ2/2)t
dt
}

≤ exp
(∫ t=1

t=v

dt

t

)
= 1/v

when v < 1. Thus, by the dominated convergence theorem, we obtain

p(θ)

S(θ2/2)
∼ C−1

√
2π

(θ2
2

)−1/2−b
Γ
(1
2
+ b
)

as |θ| → ∞, where S(θ2/2) is a slowly varying function of |θ|. This completes the proof of the
first statement of Theorem 7.2.3.

Convergence to the degenerate distribution (the second property in Theorem 7.2.3)

To prove the second statement of Theorem 7.2.3, we have that

lim
L→∞

∫ ε

0
π0(κ;L)dκ = lim

L→∞

[ 1

{fL(1/κ)}γ
]ε
0
= lim

L→∞

1

{fL(1/ε)}γ
= 1 (7.5.8)

for all 0 < ε < 1. Hence,

0 = lim sup
L→∞

∫ 1

κ
π0(κ̃;L)dκ̃ ≥ lim sup

L→∞

∫ 1

κ
κπ0(κ;L)dκ̃ = lim sup

L→∞
{κ(1− κ)π0(κ;L)} ≥ 0,

or, equivalently, limL→∞ π0(κ;L) = 0, for all κ ∈ (0, 1). Now, set b = 0. Then, for any 0 < ε < 1,
the probability of (ε, 1) under the prior π(κ;L) = π(κ; γ, L) ∝ (1− κ)a−1π0(κ;L) is

∫ 1

ε
π(κ;L)dκ =

∫ 1

ε
(1− κ)a−1π0(κ;L)dκ∫ 1

0
(1− κ)a−1π0(κ;L)dκ

≤

∫ 1

ε
(1− κ)a−1π0(κ;L)dκ{

inf
κ∈(0,1/2)

(1− κ)a−1
}∫ 1/2

0
π0(κ;L)dκ

.

The numerator on the right side converges to zero as L → ∞ by the dominated convergence
theorem since π0(κ;L) ≤ γ/ε for all ε < κ < 1 and π0(κ;L) → 0. Also, it follows from (7.5.8) that∫ 1/2
0 π0(κ;L)dκ → 1 as L → ∞. Thus, limL→∞

∫ ε
0 π(κ;L)dκ = limL→∞{1−

∫ 1
ε π(κ;L)dκ} = 1,

which is the desired result.

7.5.6 Proof of Theorem 7.2.4

As in the previous section, we suppress the subscript i. Let π(u), S(u), and C be as in Section
7.5.5.

The formal proof of Theorem 7.2.4 is completely analogous to that of Theorem 7.2.2 since

− 3a/2

y2/2
+

L−1∑
k−1

1

fk(1 + y2/2) · · · f1(1 + y2/2)
+

1 + γ

fL(1 + y2/2) · · · f1(1 + y2/2)
= o(1)
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as |y| → ∞. In the following, we informally derive the expression (7.2.7) using integration by
parts.

First, π(u) is approximated by π̃(u) = π(u)e−ε/u for some small ε > 0 in the sense that

MSEπ(θ|y)− 1 ≈ MSEπ̃(θ|y)− 1. (7.5.9)

Denote by m̃(y) the marginal density of y under the prior C̃−1π̃(u), where C̃ =
∫∞
0 π̃(u)du.

Then, as in the proof of Theorem 7.2.2, we have that

MSEπ̃(θ|y) = 1 +
m̃′′(y)

m̃(y)

and that

m̃(y) =
C̃−1

√
2π

∫ ∞

0

1√
1 + u

exp
(
− y2/2

1 + u

)
π̃(u)du.

Now, by integration by parts,

m̃′′(y) =
C̃−1

√
2π

∫ ∞

0

{ y2

(1 + u)2
− 1

1 + u

} 1√
1 + u

exp
(
− y2/2

1 + u

)
π̃(u)du

=
C̃−1

√
2π

{[ 2√
1 + u

exp
(
− y2/2

1 + u

)
π̃(u)

]∞
0

−
∫ ∞

0

2√
1 + u

exp
(
− y2/2

1 + u

)
π̃′(u)du

}
= −2

C̃−1

√
2π

∫ ∞

0

1√
1 + u

exp
(
− y2/2

1 + u

)
π̃′(u)du.

Therefore, by the change of variables u = (y2/2)v, we obtain

MSEπ̃(θ|y) = 1− 2

∫ ∞

0

1√
1 + u

exp
(
− y2/2

1 + u

)
π̃′(u)du∫ ∞

0

1√
1 + u

exp
(
− y2/2

1 + u

)
π̃(u)du

= 1− 2

∫ ∞

0

√
y2/2

1 + (y2/2)v
exp

{
− y2/2

1 + (y2/2)v

}
π̃′
(y2
2
v
)
dv

∫ ∞

0

√
y2/2

1 + (y2/2)v
exp

{
− y2/2

1 + (y2/2)v

}
π̃
(y2
2
v
)
dv

. (7.5.10)

Now, if |y| is sufficiently large, it follows that√
y2/2

1 + (y2/2)v
exp

{
− y2/2

1 + (y2/2)v

}
≈ 1√

v
exp

(
− 1

v

)
(7.5.11)

and that

π̃
(y2
2
v
)
≈ π

(y2
2
v
)
≈ C−1

(y2
2

)−1
v−1S

(y2
2

)
(7.5.12)
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since S(u) is a slowly varying function. Furthermore, since

π̃′(u)

π̃(u)
− ε

u2
=
π′(u)

π(u)
= −1

u
+

a

u(1 + u)
−

L−1∑
k=1

1

fk(1 + u)
· · · 1

f1(1 + u)

1

1 + u

− (1 + γ)
1

fL(1 + u)
· · · 1

f1(1 + u)

1

1 + u

and since fk(1 + u), k = 1, . . . , L, are slowly varying functions, it also follows that

π̃′((y2/2)v)

π̃((y2/2)v)
≈ − 1

y2/2

1

v
+

a

(y2/2)2
1

v2
−

L−1∑
k=1

1

fk(1 + y2/2)
· · · 1

f1(1 + y2/2)

1

y2/2

1

v

− (1 + γ)
1

fL(1 + y2/2)
· · · 1

f1(1 + y2/2)

1

y2/2

1

v
(7.5.13)

for sufficiently large |y|. Substituting (7.5.11), (7.5.12), and (7.5.13) into (7.5.10) yields

MSEπ̃(θ|y) ≈ 1− 2

∫∞
0 v−1/2e−1/vv−1{π̃′((y2/2)v)/π̃((y2/2)v)}dv∫∞

0 v−1/2e−1/vv−1dv

≈ 1 + 2
{ 1

y2/2

1

2
− a

(y2/2)2
1

2

3

2

+
L−1∑
k=1

1

fk(1 + y2/2)
· · · 1

f1(1 + y2/2)

1

y2/2

1

2

+ (1 + γ)
1

fL(1 + y2/2)
· · · 1

f1(1 + y2/2)

1

y2/2

1

2

}
(7.5.14)

since Γ(1/2 + k) =
∫∞
0 v−1/2−k−1e−1/vdv for k = 0, 1, 2. Finally, combining (7.5.9) and (7.5.14)

yields (7.2.7).

7.5.7 Derivation of the augmentation (7.2.8) and Gibbs sampling given in
Algorithm 7.2.3

Let u > 0, c0 > 0, and c1, . . . , cL ≥ 0. We first note that, for any positive (t0, t1, . . . , tL),

1

(1 + u)cL

L∏
k=1

1

{fk(1 + u)}cL−k

=
Ga(t0|c0, 1)

Ga(t0|c0, fL(1 + u))

Ga(t1|t0 + c1, 1)

Ga(t1|t0 + c1, fL−1(1 + u))
× · · ·

× Ga(tL−1|tL−2 + cL−1, 1)

Ga(tL−1|tL−2 + cL−1, f1(1 + u))

Ga(tL|tL−1 + cL, 1)

Ga(tL|tL−1 + cL, 1 + u)
e−tLu. (7.5.15)

The denominator in the right is in fact the probability density of t0:L ∈ (0,∞)L+1;∫
(0,∞)L+1

Ga(t0|c0, fL(1 + u)) · · ·Ga(tL|tL−1 + cL, 1 + u)dt0:L = 1.
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From (7.5.15), we obtain

1

(1 + u)cL

L∏
k=1

1

{fk(1 + u)}cL−k

=

∫
(0,∞)L+1

{
Ga(t0|c0, 1)Ga(t1|t0 + c1, 1)× · · ·

×Ga(tL−1|tL−2 + cL−1, 1)Ga(tL|tL−1 + cL, 1)e
−tLu

}
dt0:L (7.5.16)

Expression (7.5.16) gives the augmentation(7.2.8) by setting c0 = 1 + γ, c1 = · · · = cL−1 = 1,
and cL = a+ b. Moreover, the full conditional distributions of the latent variables in Algorithm
7.2.3 are obtained from (7.2.8) and (7.5.15).

7.5.8 Properties of doubly log-adjusted shrinkage priors in Section 7.4

In this section, we prove the results stated in the discussion of Section 7.4. For α, β > 0, consider
the density of the doubly log-adjusted prior given by

π(κ;α, β, L) ∝ π0(κ;α,L)π0(1− κ;β, L), κ ∈ (0, 1),

where

π0(κ; γ, L) =
∂

∂κ

[ 1

{fL(1/κ)}γ
]
=
γ

κ

{ L−1∏
k=1

1

fk(1/κ)

} 1

{fL(1/κ)}1+γ

as defined in Section 7.5.5 (or, this is the iteratively log-adjusted shrinkage prior with a = 1
and b = 0 in (7.2.6)), and let F (κ;α, β, L) denote the corresponding distribution function. For
0 < ε < 1, let

R(ε;α, β, L) =
F (ε;α, β, L)

1− F (1− ε;α, β, L)

be the ratio of the prior probability of κ ∈ (0, ε) to that of κ ∈ (1 − ε, 1). Proposition 7.5.1
summarizes the fundamental properties of π(κ;α, β, L).

Proposition 7.5.1 The prior π(κ;α, β, L) satisfies the following properties.

1.
∫ 1
0 π(κ;α, β, L)dκ <∞.

2. (a) If 0 < ε ≤ 1/2, then R(ε;α, β, L) is increasing in β and decreasing in α.

(b) limβ→0R(ε;α, β, L) = 0 and limα→0R(ε;α, β, L) = ∞.

(c) R(ε;α, β, L) ⋛ 1 if and only if α ⋚ β.

3. For two arbitrary bounded sequences of positive real numbers, αL and βL, L = 1, 2, . . . , we
have limL→∞{F (1− ε;αL, βL, L)− F (ε;αL, βL, L)} = 0 if 0 < ε < 1/2.
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4. The prior density of u = (1− κ)/κ can be expressed as

π(u;α, β, L) ∝ 1

u

∫
(0,∞)L+1

{
Ga(r0|1 + α, 1)Ga(r1|r0 + 1, 1)× · · ·

×Ga(rL−1|rL−2 + 1, 1)Ga(rL|rL−1, 1)e
−rLu

}
dr0:L

×
∫
(0,∞)L+1

{
Ga(s0|1 + β, 1)Ga(s1|s0 + 1, 1)× · · ·

×Ga(sL−1|sL−2 + 1, 1)Ga(sL|sL−1, 1)e
−sL/u

}
ds0:L.

Proof. Let π̃0(κ; γ, L) = π0(κ; γ, L)/γ. Then property 1 follows immediately by∫ 1

0
π̃0(κ;α,L)π̃0(1− κ;β, L)dκ

≤
∫ 1

0
π̃0(κ;min{α, β}, L)π̃0(1− κ; min{α, β}, L)dκ

= 2

∫ 1/2

0
π̃0(κ;min{α, β}, L)π̃0(1− κ;min{α, β}, L)dκ

≤ 4

∫ 1/2

0
π̃0(κ;min{α, β}, L)dκ <∞.

For property 2, we start from the proof of 2-(a) and 2-(b) with the focus on β. Note that

R(ε;α, β, L) =

∫ ε
0 π̃0(κ;α,L)π̃0(1− κ;β, L)dκ∫ 1

1−ε π̃0(κ;α,L)π̃0(1− κ;β, L)dκ
=

∫ ε
0 π̃0(κ;α,L)π̃0(1− κ;β, L)dκ∫ ε
0 π̃0(κ;β, L)π̃0(1− κ;α,L)dκ

.

Then we have{∫ ε

0
π̃0(κ;β, L)π̃0(1− κ;α,L)dκ

}2 ∂

∂β
R(ε;α, β, L)

=

∫ ε

0
π̃0(κ;α,L)π̃0(1− κ;β, L){− log fL(1/(1− κ))}dκ

∫ ε

0
π̃0(κ;β, L)π̃0(1− κ;α,L)dκ

−
∫ ε

0
π̃0(κ;α,L)π̃0(1− κ;β, L)dκ

∫ ε

0
π̃0(κ;β, L)π̃0(1− κ;α,L){− log fL(1/κ)}dκ

> [{− log fL(1/(1− ε))} − {− log fL(1/ε)}]

×
∫ ε

0
π̃0(κ;α,L)π̃0(1− κ;β, L)dκ

∫ ε

0
π̃0(κ;β, L)π̃0(1− κ;α,L)dκ.

The right-hand side is nonnegative for 0 < ε ≤ 1/2. Thus, R(ε;α, β, L) is increasing in β for
0 < ε ≤ 1/2. In addition,

0 ≤ R(ε;α, β, L) =

∫ ε
0 π0(κ;α,L)π0(1− κ;β, L)dκ∫ ε
0 π0(κ;β, L)π0(1− κ;α,L)dκ

≤ β/α

1− ε

{ L−1∏
k=1

fk(1/(1− ε))
}
{fL(1/(1− ε))}1+α

∫ ε
0 π0(κ;α,L)dκ∫ ε
0 π0(κ;β, L)dκ

=
{ L−1∏

k=1

fk(1/(1− ε))
}
{fL(1/(1− ε))}1+α

∫ ε
0 π0(κ;α,L)dκ

α(1− ε)

β

{fL(1/ε)}−β
→ 0
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as β → 0.
To prove 2-(a) and 2-(b) for α, note that R(ε;α, β, L) = 1/R(ε;β, α, L) for any α, β > 0

and any 0 < ε < 1. From this fact, it is immediate that R(ε;α, β, L) → ∞ as α → 0 and that
R(ε;α, β, L) is decreasing in α for 0 < ε ≤ 1/2.

To prove property 2-(c), we first assume 0 < ε ≤ 1/2. Because R(ε;α, α;L) = 1 for any ε ∈
(0, 1) by definition and it is increasing in the second α, we have 1 = R(ε;α, α;L) < R(ε;α, β, L)
for α < β. Similarly, we have R(ε;α, β, L) < 1 for α > β. To extend this result to 1/2 < ε < 1,
we first confirm that R(1 − ε, α, β, L) > 1 for α < β, which implies

∫ 1−ε
0 π0(κ;α, β, L)dκ >∫ 1−ε

0 π0(κ;β, α, L)dκ. Then, observe that

R(ε;α, β, L) =

∫ ε
0 π0(κ;α, β, L)dκ∫ ε
0 π0(κ;β, α, L)dκ

=
1−

∫ 1
ε π0(κ;α, β, L)dκ

1−
∫ 1
ε π0(κ;β, α, L)dκ

=
1−

∫ 1−ε
0 π0(κ;β, α, L)dκ

1−
∫ 1−ε
0 π0(κ;α, β, L)dκ

> 1.

The same argument applies to α > β. Thus, we conclude for any 0 < ε < 1 that R(ε;α, β, L) ⋛ 1

if and only if α ⋚ β, which completes the proof of 2-(c).
For the proof of property 3, let F0(κ; γ, L) denote the distribution function of the prior

π0(κ; γ, L). Select M > 0 large enough so that 0 < αL < M for all L ≥ 1. Then we have

1 ≥ F0(ε;αL, L) =

∫ ε

0
π0(κ;αL, L)dκ = {fL(1/ε)}−αL ≥ {fL(1/ε)}−M → 1 (7.5.17)

as L→ ∞. Next,

F (1− ε;αL, βL, L)− F (ε;αL, βL, L) =

∫ 1−ε

ε
π(κ;αL, βL, L)dκ =

I(ε;αL, βL, L)

I(0;αL, βL, L)
,

where

I(ω;α, β, L) =

∫ 1−ω

ω
π0(κ;α,L)π0(1− κ;β, L)dκ

for ω ∈ [0, 1] and α, β > 0. Now suppose 0 < ε < 1/2 and let U be a uniform random variable
on the interval (ε, 1− ε). Then it follows from the covariance inequality that

I(ε;αL, βL, L)

1− 2ε
= E[π0(U ;αL, L)π0(1− U ;βL, L)]

= E
[ αL

1− U

{ L−1∏
k=1

1

fk(1/U)

} 1

{fL(1/U)}1+αL

× βL
U

{ L−1∏
k=1

1

fk(1/(1− U))

} 1

{fL(1/(1− U))}1+βL

]
≤ E

[ αL

1− U

{ L−1∏
k=1

1

fk(1/U)

} 1

{fL(1/U)}1+αL

]
× E

[βL
U

{ L−1∏
k=1

1

fk(1/(1− U))

} 1

{fL(1/(1− U))}1+βL

]
= Ĩ(ε;αL, L)Ĩ(ε;βL, L),
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where

Ĩ(ε; γ, L) = E
[ γ

1− U

{ L−1∏
k=1

1

fk(1/U)

} 1

{fK(1/U)}1+γ

]
= E

[ γ
U

{ L−1∏
k=1

1

fk(1/(1− U))

} 1

{fL(1/(1− U))}1+γ

]
for γ > 0. Furthermore,

(1− 2ε)Ĩ(ε; γ, L) =

∫ 1−ε

ε

κ

1− κ
π0(κ; γ, L)dκ ≤ 1− ε

ε
{F0(1− ε; γ, L)− F0(ε; γ, L)}

for all γ > 0. On the other hand, letting

h(κ; γ, L) = γ
{ L−1∏

k=1

1

fk(1/κ)

} 1

{fL(1/κ)}1+γ

for κ ∈ (0, 1) and γ > 0. Noting that h is increasing in κ, we obtain

I(0;αL, βL, L) ≥
∫ ε

0
π0(κ;αL, L)βL

{ L−1∏
k=1

1

fk(1/(1− ε))

} 1

{fL(1/(1− ε))}1+βL
dκ

= F0(ε;αL, L)h(1− ε;βL, L) =
F0(ε;αL, L)

1− 2ε

∫ 1−ε

ε
h(1− ε;βL, L)dκ

≥ F0(ε;αL, L)

1− 2ε

∫ 1−ε

ε

ε

κ
h(κ;βL, L)dκ =

F0(ε;αL, L)

1− 2ε

∫ 1−ε

ε
επ0(κ;βL, L)dκ

=
ε

1− 2ε
F0(ε;αL, L){F0(1− ε;βL, L)− F0(ε;βL, L)}.

Thus, we conclude by (7.5.17) that

F (1− ε;αL, βL, L)− F (ε;αL, βL, L)

≤ 1

1− 2ε

(1− ε

ε

)2 1− 2ε

ε

{F0(1− ε;αL, L)− F0(ε;αL, L)}{F0(1− ε;βL, L)− F0(ε;βL, L)}
F0(ε;αL, L){F0(1− ε;βL, L)− F0(ε;βL, L)}

=
(1− ε)2

ε3
F0(1− ε;αL, L)− F0(ε;αL, L)

F0(ε;αL, L)
→ 0

as L→ ∞.
For part 4, note that the unnormalized density of u = (1− κ)/κ based on π0(κ;α,L)π0(1−

κ;β, L) is

αβ

u

{ L−1∏
k=1

1

fk(1 + u)

} 1

{fL(1 + u)}1+α

{ L−1∏
k=1

1

fk(1 + 1/u)

} 1

{fL(1 + 1/u)}1+β
.

Then, apply the integral representation in (7.5.16) to the two products of functions of 1+u and
1 + 1/u with cL = 0, cL−1 = · · · = c1 = 1 and c0 ∈ {1 + α, 1 + β} to obtain the desired result.

□
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Chapter 8

Log-Regularly Varying Scale Mixture
of Normals for Robust Regression

8.1 Introduction

The robustness to outliers in linear regression models has been well-studied for its importance,
and the research on theory and methodology for robust statistics has been accumulated in the
past years. Yet, the modeling of error distributions in practice to accommodate outliers has
not advanced significantly from Student’s t-distribution. In modern applied statistics, where
data are enriched by massive observations, the more extreme outliers are expected to arrive,
and the more likely, and significantly, the inference of regression coefficients and scale parameter
is affected by such outliers. Our research aims to contribute to the development of novel error
distributions for outlier-robustness which we believe are still in demand.

In the full posterior inference, the concept of robustness is not limited to the point esti-
mation, but targets the whole posterior distributions of parameters of interest. Also known as
outlier-proneness or outlier-rejection, the posterior robustness defines the property of posterior
distributions that the difference of posteriors with and without outliers diminishes as the values
of outliers become extreme (O’Hagan (1979)). The series of research on posterior robustness has
revealed both the (sufficient) conditions for error distributions to achieve the robustness, and
the specific model that meets such conditions; see the detailed review by O’Hagan and Pericchi
(2012). The recent studies introduced the concept of regularly varying density functions (An-
drade and O’Hagan (2006, 2011)), which was later extended to log-regularly varying functions
(Desgagné (2015); Desgagné and Gagnon (2019)), and provided the robustness conditions for
the partial and whole posteriors of interest to be unaffected by outliers. As an error distribution
whose density function is log-regularly varying, Gagnon et al. (2020) proposed log-Pareto trun-
cated normal (LPTN) distribution, which replaced the thin-tails of normal distribution by those
of heavily-tailed log-Pareto distribution. Despite its desirable property of robustness, the class
of LPTN distributions has hyperparameters that are difficult to tune and/or estimate, such as
the truncation point of Gaussian tail, that could result in the efficiency loss in practice. Another
issue in such distribution is the difficulty in posterior computation; unlike t-distribution, direct
sampling from the conditional posteriors is infeasible, and one has to rely on Metroplis-Hastings
algorithm, which may result in the increased computational cost.

We, in contrast, explore a different class of error distributions that have received less at-
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tention in the literature. Following Box and Tiao (1968), we model the error distribution by
the finite mixture of two components; one has thinner tails such as normal distributions, and
the other is extremely heavily-tailed to accommodate potential outliers. While remaining in the
general class of scale mixture of normals (West (1984)), this simple, intuitive approach to the
modeling of outliers contrasts the literature listed above, where the error is modeled by a single,
continuous distribution. The structure of finite mixture helps controlling the effect of outliers on
the posteriors of parameters of interest, while allowing the conditional conjugacy for posterior
computation. For these theoretical and practical utilities, the finite mixture models have been
routinely practiced in applied statistics (see, for example, Carter and Kohn (1994), West (1997),
Frühwirth-Schnatter (2006) and Tak et al. (2019)). In this research, we specifically focus on
this class of error distributions in proving the posterior robustness.

For the heavily-tailed distribution that comprises the finite mixture, Student’s t-distribution
is still regarded thin-tailed for its outlier sensitivity. We propose the use of distributions that has
been utilized in the robust inference for high-dimensional count data (Hamura et al. (2020a)) for
their extremely-heavy tails. This is another scale mixture of normals by the gamma distribution
with the hierarchical structure on shape parameters, which allows the posterior inference by a
simple but efficient Gibbs sampler. The tails of such distributions are heavier than those of
Cauchy distribution; this tail property is consistent with those of other heavily-tailed distribu-
tions considered for posterior robustness, including LPTN distributions.

The finite mixture of the thinly-tailed and heavily-tailed distributions used as the error dis-
tribution in linear models, which we name the extremely heavily-tailed error (EHE) distribution,
is proved to achieve the whole posterior robustness. The wider class of error distributions in-
cluding the EHE distributions is considered, but the error distribution that attains the posterior
robustness is shown to be the proposed EHE distribution only. The posterior robustness real-
ized by the EHE distributions is extensively compared with the other alternatives in simulation
study, showing its competence in point and interval estimations.

Another notable feature of the EHE distributions is that the posterior robustness is guaran-
teed for the variety of priors on regression coefficients and scale parameter. The assumptions for
the posterior robustness do not exclude the unbounded prior densities for regression coefficients.
Such prior distributions include the shrinkage priors for high-dimensional regression, e.g., horse-
shoe priors (Carvalho et al. (2009, 2010)). We illustrate the utility of the robustness with the
shrinkage prior for regression coefficients in the empirical studies for Boston housing dataset
that is suspected to be contaminated with possible outliers. Likewise, in another example of the
famous diabetes data, we confirm that the loss of efficiency by the introduction of heavily-tailed
distribution is minimal even in the absence of outliers.

The rest of this chapter is organized as follows. In Section 8.2, we introduce the new error
distribution and describe its use in linear regression models. We also provide theoretical robust-
ness properties regarding the posterior distribution. The algorithm for posterior computation is
provided in Section 8.3 with the discussion on its computational efficiency. In Section 8.4, we
carry out simulation studies to compare the proposed method with existing ones. In Section 8.5,
we illustrate the proposed method using two famous datasets. Finally, we conclude with further
discussions in Section 8.6.
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8.2 A New Error Distribution for Robust Bayesian Regression

8.2.1 Extremely heavy-tailed error distribution

Let yi be a response variable and xi be an associated p-dimensional vector of covariates, for
i = 1, . . . , n. We consider a linear regression model, yi = xi

⊤β+σεi, where β is a p-dimensional
vector of regression coefficients and σ is an unknown scale parameter. The error terms, ε1, . . . , εn,
are directly linked to the posterior robustness; it is well-known that modeling those errors simply
by Gaussian distributions makes the posterior inference very sensitive to outliers.

To achieve the posterior robustness, we introduce a local random variable ui and assume that
the error distribution is conditionally Gaussian, as εi|ui ∼ N(0, ui). Under this setting, when an
outlier arrives, then the higher value of local variable explains such outlier and keeps the posterior
distribution of (β, σ) unchanged. A typical choice of the distribution of ui is the inverse-gamma
distribution, which leads to the marginal distribution of εi being the t-distribution. However,
as shown in Gagnon et al. (2020) and our main theorem, this choice does not hold desirable
robustness properties of the posterior distribution even when the distribution of εi is Cauchy
distribution.

The model for the local scale variable ui studied in this research is given by the mixture of
two components as follows;

ui =

{
u1i if zi = 0

u2i if zi = 1

where Pr[zi = 1] = 1 − Pr[zi = 0] = s with mixing probability s ∈ [0, 1]. These variables
independently follow different distributions defined below:

u1i ∼ Ga(a, a), u2i ∼ H(·; γ) (8.2.1)

with fixed value a and unknown parameter γ > 0. The second, newly-introduced H-distribution
is defined by the proper density,

H(u; γ) =
γ

1 + u

1

{1 + log(1 + u)}1+γ
, u > 0,

Preparing two distributions in modeling of the variance structure in the form (8.2.1) is based
on the same modeling philosophy of Box and Tiao (1968); the first component generates non-
outlying errors and the second component is supposed to absorb outlying errors. For non-
outlying part, we set a > 0 to be a large value such that the variance of Ga(a, a) is very small;
the point mass on unity is included in our model as the limit of a → ∞. In what follows, we
adopt a = 108 as a default choice. In contrast, as the model for outlying errors, the second
component H(·; γ) is extremely heavily-tailed since H(u; γ) ≈ u−1(log u)−1−γ as u→ ∞, which
is known as log-regularly varying density (Desgagné (2015)). This property is inherited to the
error distribution and plays an important role in the robustness properties of the posterior
distribution.

Under the formulation (8.2.1), the marginal distribution of εi is obtained as

fEH(εi) = (1− s)

∫ ∞

0
N(εi; 0, u1i)Ga(u1i; a, a)du1i + s

∫ ∞

0
N(εi; 0, u2i)H(u2i; γ)du2i, (8.2.2)

where N(εi; 0, u) is the normal density with mean zero and variance u. Both components are
the scale mixtures of normals, and the first component is the normal-gamma distribution in
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general (Griffin and Brown (2010)), but in our application, it is essentially the standard normal
distribution for a > 0 is set to a large value. The second component does not admit any closed-
form expression. To handle with this component in posterior computation, as we see later in
Section 8.3.1, we utilize the augmentation of H-distribution by a couple of gamma-distributed
state variables. By this augmentation, the posterior inference for this model is straightforward.

A notable property of the new error distribution is its extremely heavy tails shown in the
following proposition, with the proof left in the Appendix.

Proposition 8.2.1 The density (8.2.2) satisfies

fEH(x) ≈ |x|−1(log |x|)−1−γ

for large |x| if s > 0.

The above proposition indicates that the density of the EHE distribution is a family of log-
regularly varying functions. In addition, the tails of the EHE density are heavier than those of
Cauchy distribution; fC(x) ≈ |x|−2. This property follows that the EHE distribution directly
inherits the heavy tails of the mixing H-distribution in the second component of the density
(8.2.2). In what follows, we call the new error distribution (8.2.2) extremely heavily-tailed error
(EHE) distribution.

The density in (8.2.2) is shown in Figure 8.1 for s = 0.05, 0.1 and 0.2, with the standard
normal density. It is observed that the shape of the EHE distribution is very similar to one of
the standard normal distribution around the origin, whereas the tail gets heavier as s increases.
Figure 8.2 shows the cumulative distribution functions (CDFs) of H-distributions and the EHE
distributions to emphasize their tail property. The tails of the proposed EHE distributions are
heavier than those of Cauchy distribution, as seen in the right panel. This fact is also confirmed
via the comparison of CDFs of H- and inverse-gamma distributions in the left panel. Owing to
these properties of the EHE density, we can achieve robustness properties for the entire posterior
distribution as shown in Theorem 8.2.1.

8.2.2 Robustness properties

We here consider theoretical robustness properties of the posterior distribution based on the
proposed EHE distribution. To this end, we consider a wider class of error distributions which
includes the proposed distribution as a special case, defined by replacing H(u; γ) in (8.2.2) with

H(u; γ, δ) = C(δ, γ)
1

(1 + u)1+δ

1

{1 + log(1 + u)}1+γ
, u > 0, (8.2.3)

where C(δ, γ) is a normalizing constant, and δ ≥ 0 is an additional shape parameter. Note
that the distribution in (8.2.3) reduces to the proposed distribution in (8.2.2) under δ = 0.
This parameter is also related to the decay of the density tail of (8.2.3), that is, H(u; γ, b) ≈
u−δ−1(log u)−1−γ . Hence, the tail gets heavier as δ decreases, and the EHE distribution with
δ = 0, in fact, has the heaviest tail in this class of distributions. Among this general class in
(8.2.3), we show later in Theorem 8.2.1 that only the proposed error distribution with δ = 0
attains the robustness property. This theorem also clarifies the difference from t-distributions
with degree of freedom ν, the density tails of which is u−ν−1 and lighter than those of the
proposed distribution even when ν = 1 (Cauchy tail).
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Figure 8.1: Densities of the proposed error distribution with a = 108, γ = 1 and s ∈
{0.05, 0.1, 0.2} and the standard normal error distribution. The intractable integral of the second
component is computed by the Monte Carlo integration.

For simplicity, we fix γ in what follows, but the same property holds if the support of γ
is compact. Let D be the set of the observed data. To discuss the posterior robustness, we
target the unnormalized posterior distribution of (β, σ) under the general error distribution
with (8.2.3),

πδ(β, σ|D) =

∫ n∏
i=1

σ−1fEH{σ−1(yi − xi
⊤β); s, γ, δ}π(Φ)ds, (8.2.4)

where Φ = {β, σ2, s} and π(Φ) is a joint prior distribution of Φ. Next, to analyze the effect
of outliers explicitly, we assume that each outlier goes to infinity at its own specific rate. More
precisely, the observed value of responses is parametrized by ω as yi = yi(ω) for some i’s, and
|yi(ω)| → ∞ as ω → ∞. Let D∗ be the set of non-outlying observations; yi is independent
of ω for i ∈ D∗. The posterior robustness is defined as the diminishing difference of posteriors
conditional on D and D∗ as ω → ∞. The formal statement of posterior robustness for our model
is given below. For the detailed proof, see the Appendix.

Theorem 8.2.1 For the unnormalized posterior density given in (8.2.4), it holds that

πδ(β, σ|D) → πδ(β, σ|D∗) as ω → ∞, (8.2.5)

for any (β, σ) ∈ K if and only if δ = 0, where K is a compact set.

We note again that the general error distribution with δ = 0 is exactly the proposed EHE dis-
tribution, so that the above theorem indicates that the desirable robustness property is achieved
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Figure 8.2: Left: Cumulative distribution functions of scale distributions, H(u; γ) for γ ∈
{0.5, 1.0, 2.0}, and the inverse gamma distribution with shape and scale 0.5. Right: The empiri-
cal cumulative distributions of the EHE distributions with γ = 1 and s = 0.1, 0.5, 0.8 computed
by the Monte Carlo integration, compared with the distribution function of Cauchy distribution.

only under the proposed EHE distribution among the general class of error distributions with
the mixing distribution in (8.2.3).

As clarified in the proof of Theorem 8.2.1, the ratio of the two unnormalized posteriors
converges to the function of σ and δ if δ > 0. The same asymptotic ratio is obtained for
t-distribution with degree-of-freedom δ. In other words, the posterior robustness cannot be
attained by the finite mixture with t-distribution.

The main theorem shows the uniform convergence of the posterior distribution with outliers
to one without outliers on a compact set. Although this result is proved with almost no assump-
tion other than the model structure, we can also prove other variations of posterior robustness
seen in other literature with appropriate conditions. Examples include the convergence with
normalized constant and convergence in distribution by introducing additional assumptions on
the models and priors. The explicit benefit of the version of posterior robustness in our the-
orem is the minimal set of assumption required for the priors on β and σ2, and the posterior
robustness is valid for any proper priors, even if the density is unbounded. In fact, unbounded
density functions are common in some advanced but widely adopted shrinkage priors, such as
the horseshoe priors (Carvalho et al. (2010)). Thus, the theoretical framework of this research
guarantees the posterior robustness for the boarder and important class of statistical problems,
including the high-dimensional regression by shrinkage as an important example.
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8.3 Posterior Computation

8.3.1 Gibbs sampler by augmentation

An important property of the proposed EHE distribution (8.2.2) is its computational tractability,
that is, we can easily construct a simple Gibbs sampling for posterior inference. Note that
the error distribution contains two unknown parameters, s and γ, and we adopt conditionally
conjugate priors given by s ∼ Beta(as, bs) and γ ∼ Ga(aγ , bγ). The conditionally conjugate
priors can also be found for main parameters, β and σ2, and we use β ∼ N(Aβ,Bβ) and
σ−2 ∼ Ga(aσ, bσ). The multivariate normal prior for β can be replaced with the scale mixture
of normals, such as shrinkage priors, which is discussed later in Section 8.3.3.

To derive the tractable conditional posteriors, we need to keep the likelihood conditionally
Gaussian with scale ui. For this purpose, we need to rely on a set of latent variables, zi, u1i
and u2i, to obtain a hierarchical expression of ui. Now, the scale parameter is written as
ui = (1 − zi)u1i + ziu2i, where zi, u1i and u2i are mutually independent and distributed as
zi ∼ Ber(s), u1i ∼ Ga(a, a) and u2i ∼ H(u2i; γ) as in (8.2.1). The conditional conjugacy for
(β, σ2) follows immediately from the Gaussian likelihoods, and the conditional posteriors are
normal and inverse gamma, given ui.

The full conditional distributions of the other parameters and latent variables in the EHE
distribution are not any well-known distribution, but we can utilize the following integral ex-
pression of density H(u2i; γ) as

H(u2i; γ) =

∫∫
(0,∞)2

Ga(u2i; 1, vi)Ga(vi;wi, 1)Ga(wi; γ, 1)dvidwi,

namely, the random variable u2i following the density H(u2i; γ) admits the mixture representa-
tion: u2i|(vi, wi) ∼ Ga(1, vi), vi|wi ∼ Ga(wi, 1) and wi ∼ Ga(γ, 1), which enables us to easily
generate samples from the full conditional distribution of (u2i|vi, wi) and (vi, wi|u2i).

The latent state (vi, wi) is useful in deriving the conditional posterior of u2i, and one can
derive the Gibbs sampler with latent (vi, wi) as the part of the Markov chain, although (vi, wi)
is totally redundant in posterior sampling of the other parameters. We, instead, marginalize
(vi, wi) out when sampling γ, s, u1i’s and zi’s from their conditional posteriors. This modification
of the original Gibbs sampler simplifies the sampling procedure, and even facilitates the mixing,
while targeting the same stationary distribution (Partially collapsed Gibbs sampler, van Dyk
and Park (2019)). The algorithm for posterior sampling is summarized as follows.

Summary of the posterior sampling

- Sample β from the full conditional distribution N(B̃Ã , B̃), where

B̃
−1

= Bβ
−1 + σ−2X⊤DX, Ã = Bβ

−1Aβ + σ−2X⊤DY

with D = diag(u−1
1 , . . . , u−1

n ).

- Sample σ−2 from Ga(ãσ, b̃σ), where

ãσ = aσ + n/2, b̃σ = bσ +

n∑
i=1

(yi − xi
⊤β)2/2ui
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- Sample zi from Bernoulli distribution; the probabilities of zi = 0 and zi = 1 are propor-
tional to (1− s)N(yi;xi

⊤β, σ2u1i) and sN(yi;xi
⊤β, σ2u2i), respectively.

- The full conditional distributions of s and γ are given by Beta(ãs, b̃s) and Ga(ãγ , b̃γ),
respectively, where ãs = as +

∑n
i=1 zi and b̃s = bs + n −

∑n
i=1 zi, ãγ = aγ + n and

b̃γ = bγ +
∑n

i=1 log{1 + log(1 + u2i)}.

- For each i, independently, sample u1i from GIG(a + 1/2, 2a, (yi − xi
⊤β)2/σ2) if zi = 0

or from Ga(a, a) if zi = 1, where GIG(p, a, b) denotes the generalized Gaussian inverse
distribution with the density of the form, f(x) ∝ xp−1 exp{−(ax+ b/x)/2}.

- For each i, independently, sample (vi, wi) first in a compositional way; sample wi from
Ga(1 + γ, 1 + log(1 + u2i)) and (vi|wi) as Ga(1 + wi, 1 + u2i). Then, sample u2i from
GIG(1/2, 2vi, (yi − xi

⊤β)2/σ2) if zi = 1 or from Ga(1, vi) if zi = 0.

8.3.2 Efficiency in computation

A possible reason that the finite mixture has attracted less attention in the past research on
posterior robustness is, as mentioned in Desgagné and Gagnon (2019), the increased number of
latent state variables introduced by augmentation, and the concern for the potential inefficiency
in posterior computation. It is the same concern seen in Bayesian variable selection (George
and McCulloch (1993)); the finite mixture model for the prior on regression coefficients results
in the necessity of stochastic search in the high-dimensional model space, hence causes the slow
convergence of Markov chains and the costly computation. It is clear in the above algorithm,
however, that the use of finite mixture as error distributions is completely different from the
variable selection in terms of the model structure and free from such computational problem.
Unlike the variable selection, the membership of each i to either of the two components in
our model is independent of one another, which facilitates the stochastic search in 2n possible
combination of the model space. This fact also shows that the sampling of (zi, u1i, u2i, vi, wi)
can be done completely in parallel across i’s, hence our algorithm is scaled and computational
feasible for the dataset with extremely large n.

We, again, emphasize that the use of the finite mixture is designed for controlling the effect
of outliers on the other parameters of interest, and we focus on the inference for regression
coefficients and scale parameter, not on the outlier detection. Although this view has already
been clarified, and supported, by the posterior robustness in Theorem 8.2.1, we further discuss
the utility of finite mixture approach by the extensive comparison with other models by the
simulation study in Section 8.4.

8.3.3 Robust Bayesian variable selection with shrinkage priors

When the dimension of xi is moderate or large, it is desirable to select a suitable subset of
xi to achieve efficient estimation. This procedure of variable selection would also be seriously
affected by the possible outliers, by which we may fail to select suitable subsets of covariates.
For a robust Bayesian variable selection procedure, we introduce shrinkage priors for regression
coefficients. Here we rewrite the regression model to explicitly express an intercept term as
yi = α + xi

⊤β + εi, and consider a normal prior α ∼ N(0, Aα) with fixed hyperparameter
Aα > 0. For the regression coefficients β, we consider a class of independent priors expressed as
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a scale mixture of normals given by

π(β) =

p∏
k=1

∫ ∞

0
N(βk; 0, σ

2τ2ξk)g(ξk)dξk, (8.3.1)

where g(·) is a mixing distribution, and τ2 is an unknown global parameter that controls the
strength of the shrinkage effects. Examples of the mixing distribution g(·) includes the expo-
nential distribution leading to the Laplace prior of β (Bayesian Lasso, Park and Casella (2008)),

and the half-Cauchy distribution for ξ
1/2
k which results in the horseshoe prior (Carvalho et al.

(2009, 2010)). The robustness property of the resulting posterior distributions is guaranteed
for those shrinkage priors; Theorem 8.2.1 does not require any conditions other than the prior
propriety.

In terms of posterior computation, the key property is that the conditional distribution of βk
given ξk under (8.3.1) is a normal distribution, so the sampler given in Section 8.3.1 is still valid
with minor modification. Specifically, the sampling steps from the full conditional distributions
of α, β, σ2 and ξ1, . . . , ξp are modified or added as follows:

- Sample α from N(Ãα
−1B̃α, Ãα

−1), where

Ãα = Aα + σ−2
n∑

i=1

ui
−1, B̃α = σ−2

n∑
i=1

ui
−1(yi − xi

⊤β).

- Sample β from N(Ãβ
−1X⊤DỸ , σ2Ãβ

−1), where

Ỹ = Y − αj(n), Ãβ = Λ−1 +X⊤DX, with Λ = τ2diag(ξ1, . . . , ξp).

- Sample σ−2 from Ga(ãσ, b̃σ), where

ãσ = aσ + (n+ p)/2, b̃σ = bσ +
n∑

i=1

(yi − xi
⊤β)2/2ui + β⊤Λ−1β.

- Sample ξk for each k and τ2 from their full conditionals. Their densities are proportional to
N(βk; 0, σ

2τ2ξk)g(ξk) and π(τ
2)
∏p

k=1N(βk; 0, σ
2τ2ξk), respectively, where π(τ

2) is a prior
density for τ2.

The full conditional distributions of α and β are familiar forms owing to the normal mixture
representation of the EHE distribution as well as the shrinkage priors. The sampling of ξk and
τ2 depends on the choice of shrinkage priors, but the existing algorithms in the literature can
be directly imported to our method.

In Section 8.5, we adopt the horseshoe prior for regression coefficients with the EHE distribu-
tion for the error terms. We here provide the details of sampling algorithm under the horseshoe
model. The horseshoe prior assumes that

√
ξk ∼ C+(0, 1) independently for k = 1, . . . , p and

τ ∼ C+(0, 1), where C+(0, 1) is the standard half-Cauchy distribution with probability density
function given by p(x) = 2/π(1 + x2) for x > 0. Note that they admit hierarchical expressions
given by ξk|λk ∼ IG(1/2, 1/λk) and λk ∼ IG(1/2, 1/2) for ξk, and τ2|ν ∼ IG(1/2, 1/ν) and
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ν ∼ IG(1/2, 1/2) for τ2. Then, the full conditional distributions of ξk and τ2 as well as the
latent parameters λk and ν are given by

ξk|− ∼ IG

(
1,

1

λk
+

β2k
2τ2σ2

)
, λk|− ∼ IG

(
1, 1 +

1

ξk

)
τ2|− ∼ IG

(
p+ 1

2
,
1

ν
+

1

2σ2

p∑
k=1

β2k
ξk

)
, ν|− ∼ IG

(
1, 1 +

1

τ2

)
.

8.4 Simulation Studies

We here carry out simulation studies to investigate the performance of the proposed method
together with existing methods. We generated n = 300 observations from the linear regression
model with p = 20 covariates, given by

yi = β0 +

p∑
k=1

βkxik + σεi, i = 1, . . . , n,

where β0 = 0.5, β1 = β4 = 0.3, β7 = β10 = 2, σ = 0.5 and the other coefficients are set to 0. Here
the vector of covariates (xi1, . . . , xip) were generated from a multivariate normal distribution with
zero mean vector and variance-covariance matrix having (k, ℓ)-element equal to (0.2)|k−ℓ| for
k, ℓ ∈ {1, . . . , p}. Regarding the error term, we adopted the following contamination structure:

εi ∼ (1− ω)N(0, 1) + ωN(µ, 1), i = 1, . . . , n,

where ω is the contamination ratio and µ is the location of outliers. We considered all the
combinations of ω ∈ {0, 0.05, 0.1} and µ ∈ {5, 10, 15, 20}, which leads to 9 scenarios in total
since ω = 0 with arbitrary µ leads to the same structures of εi, namely no contamination.

For the simulation dataset, we applied the robust regression methods with the EHE distribu-
tion, the LPTN distribution (Gagnon et al. (2020)), and t-distribution with ν degrees of freedom.
When using the EHE distribution, we adopted a simple method with setting γ = 1 (denoted by
EH), and the adaptive version with γ estimated (aEH) by assigning prior distribution. In the
LPTN distribution, we need to specify the tuning parameter ρ ∈ (2Φ(1) − 1, 1) ≈ (0.6827, 1),
and adopted two cases, ρ = 0.9 and ρ = 0.7, denoted by LP1 and LP2, respectively. Regarding
the t-distribution, we considered ν = 1 corresponding to Cauchy distribution (denoted by C),
ν = 3 (T3) and an adaptive version by assigning a discrete prior for ν (denoted by aT). We also
employed the standard normal distribution (denoted by N). We implemented all the methods in
Bayesian ways by assigning prior distributions: βk ∼ N(0, 1000) and σ−2 ∼ Ga(1, 1). Under the
EHE distribution, t-distributions and normal distribution, we generated the posterior samples
of βk by Gibbs sampler. On the other hand, we generated posterior samples under the LPTN
distribution by the random-walk Metropolis-Hastings algorithm as adopted in Gagnon et al.
(2020), in which the step sizes were set to 0.05. For each model, we generated 3000 posterior
samples after discarding the first 1000 posterior samples.

Based on the posterior samples, we computed posterior means as well as 95% credible inter-
vals of βk for k = 1, . . . , p. The performance of the point and interval estimation was assessed
using square root of mean squared errors (RMSE), coverage probabilities (CP) and average
length (AL) based on 500 replications of the simulation, and these values were averaged over
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β0, . . . , βp. In addition, we evaluated the efficiency of the sampling schemes by computing the
average of inefficient factors (IF) of the posterior samples.

In Table 8.1, we reported the values of these performance measures in 9 scenarios. When
ω = 0 (no outlier), as predicted, the normal distribution provides the most efficient result in all
measures while the other methods are slightly inefficient. However, the proposed method (EH
and aEH in the table) performs almost in the same way as the normal distribution. This is an
empirical evidence that the efficiency loss of the EHE distribution is very limited owing to the
normal component in the mixture. In the other robust methods, MSEs are slightly higher than
the that of the normal distribution and CPs are smaller than the nominal level.

In the other scenarios, where outliers are incorporated in the data generating process, the
performance of the normal distribution breaks down, and the robustness property is highlighted
in the performance measures of the other models. In particular, the EHE distribution with fixed
γ (EH) performs quite stably in both point and interval estimation. The adaptive version (aEH)
also works reasonably well, but the performances is slightly worse at the cost of estimation of
γ, thereby the estimation of γ may not be beneficial. The LPTN model with ρ = 0.9 (LP1)
shows reasonable performance, but its CPs tend to be smaller than the nominal level. The other
LPTN model with ρ = 0.7 (LP2) greatly worsens the accuracy of point estimation, implying
the sensitivity of the choice of hyperparameter ρ to the posteriors. The other models (C, T
and aT) also suffer from the larger MSE values, which might relate to the lack of posterior
robustness under the t-distribution family. The results of interval estimation severely depend on
the degree-of-freedom parameter, as the Cauchy and t3-distributions produce too narrow/wide
credible intervals.

In terms of computational efficiency, it is remarkable that the IF values of the EHE methods
are small and comparable with those of the t-distribution methods, which shows the efficiency
of the proposed Gibbs sampling algorithm. On the other hand, the IFs of the LPTN models
are very large due to the use of Metropolis-Hastings algorithm. To obtain the reliable posterior
analysis under the LPTN models, one needs to increase the number of iterations drastically, or
to spend more effort tuning the step-size parameter. The performance of LPTNs is improved
under the simpler settings of less predictors, p = 10, but the overall result of comparison of 8
models remains almost the same. See the Appendix for this additional experiment.

8.5 Real Data Examples

The posterior robustness of the proposed EHE distribution is demonstrated via the analysis of
two real datasets: Boston housing data and diabetes data. The goal of statistical analysis here is
the variable selection with p = 29 and p = 64 predictors in the presence of outliers. Our robust-
ness scheme is a prominent part of such analysis by allowing the use of unbounded prior densities
for strong shrinkage effect– specifically the horseshoe priors we discussed in Section 8.3.3– while
protecting the posteriors from the potential outliers. The former dataset is suspected to be
contaminated by some outliers, where the difference of the proposed EHE distribution and the
traditional t-distribution is emphasized. In contrast, the latter dataset is free from extreme
outliers, by which we discuss the possible efficiency loss caused by the use of EHE distributions.

In our examples, we consider robust Bayesian inference using the proposed method with
taking account of variable selection, since the number of covariates is not small in two cases.
Specifically, we employed the horseshoe prior as described in Section 8.3.3. For comparison, we
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Table 8.1: Average values of RMSEs, CPs, ALs and IFs of the proposed extremely-heavy tailed
distribution with γ fixed (EH) and estimated (aEH), log-Pareto normal distribution with ρ = 0.9
(LP1) and ρ = 0.7 (LP2), Cauchy distribution (C), t-distribution with 3 degrees of freedom (T3)
and estimated degrees of freedom (aT), based on 500 replications in 9 combinations of (100ω, µ).
All values except for IFs are multiplied by 100.

(100ω, µ) EH aEH LP1 LP2 C T3 aT N
(0, –) 6.25 6.26 6.61 7.92 7.76 6.70 6.48 6.25
(5, 5) 6.99 7.60 7.07 8.22 8.04 7.17 7.42 10.68
(10, 5) 9.09 8.63 8.82 9.46 8.32 8.27 9.63 15.73
(5, 10) 6.53 6.77 6.76 8.03 7.85 6.85 7.14 18.56

RMSE (10, 10) 7.03 7.54 7.08 8.27 7.98 7.30 9.73 29.20
(5, 15) 6.58 6.74 6.79 8.15 7.88 6.84 7.00 26.76
(10, 15) 6.99 7.26 7.02 8.32 7.90 7.09 10.07 43.70
(5, 20) 6.50 6.63 6.70 8.02 7.78 6.75 6.90 35.56
(10, 20) 6.94 7.12 6.96 8.29 7.79 6.94 10.19 58.22
(0, –) 95.0 95.0 89.6 72.6 88.3 93.3 94.4 95.1
(5, 5) 94.9 92.7 92.1 78.2 89.5 94.5 95.7 91.5
(10, 5) 93.3 91.9 91.6 80.1 90.5 93.8 94.4 90.1
(5, 10) 95.0 94.3 92.1 77.4 90.0 95.6 97.8 90.6

CP (10, 10) 94.8 93.5 93.4 78.7 92.0 97.1 98.2 90.6
(5, 15) 95.1 94.6 92.2 76.2 90.0 95.6 98.4 90.6
(10, 15) 94.7 93.8 93.2 78.6 92.3 97.7 99.2 90.3
(5, 20) 95.0 94.7 92.0 76.2 90.5 95.9 98.7 90.3
(10, 20) 94.6 94.1 93.3 78.0 92.5 98.0 99.6 90.3
(0, –) 24.6 24.6 23.0 18.5 24.6 24.6 25.0 24.6
(5, 5) 27.6 27.5 26.1 21.7 26.2 27.7 30.4 36.3
(10, 5) 31.7 30.6 31.1 24.9 28.1 31.9 37.2 44.2
(5, 10) 25.8 26.0 25.1 20.6 26.1 27.8 33.9 58.6

AL (10, 10) 27.3 27.8 27.4 22.1 28.0 32.6 49.1 77.3
(5, 15) 25.8 25.9 25.1 20.3 26.1 27.9 35.9 83.1
(10, 15) 27.1 27.3 26.9 22.1 27.9 32.8 60.1 113.3
(5, 20) 25.6 25.7 24.8 20.2 26.0 27.7 37.2 109.2
(10, 20) 27.0 27.1 26.7 21.7 27.9 32.9 69.4 149.4
(0, –) 1.01 1.44 45.25 54.19 4.65 2.11 1.86 0.98
(5, 5) 2.23 5.03 42.73 52.94 4.30 1.96 1.80 0.99
(10, 5) 3.73 5.36 40.53 51.92 3.98 1.86 1.82 0.98
(5, 10) 1.99 3.46 43.56 53.41 4.26 1.90 1.79 0.98

IF (10, 10) 3.10 5.35 41.73 52.69 3.86 1.70 1.93 0.98
(5, 15) 1.98 3.13 43.58 53.52 4.23 1.88 1.76 0.98
(10, 15) 3.13 4.62 42.30 52.80 3.84 1.66 2.07 0.98
(5, 20) 1.97 2.93 43.84 53.50 4.21 1.88 1.75 0.98
(10, 20) 3.11 4.23 42.45 52.84 3.80 1.65 2.18 0.98
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also applied Bayesian regression with the normal and t-error distribution, where the degrees of
freedom is also estimated, while using the horseshoe prior for regression coefficients. In these
three model, we assign the same prior distribution as in Section 8.4. Note that the horseshoe
prior can be easily incorporated into the regression models with both normal and t-distribution,
and efficient Gibbs sampling methods can be used. On the other hand, it is not straightforward
to incorporate such priors into the robust method with the LPTN distribution, thereby we
omitted it from the comparison. In all the methods, we generated 5000 posterior samples after
discarding the first 2000 posterior samples as burn-in.

8.5.1 Boston housing data

We first consider the famous Boston housing dataset (Harrison and Rubinfeld (1978)). The
response variable is the corrected median value of owner-occupied homes (in 1,000 USD). The
covariates in the original datasets consist of 14 continuous-valued variables about the information
of houses, such as longitude and latitude, and 1 binary covariate. After standardizing the
continuous covariates, we also create squared values of those, which results in p = 29 covariates
in our models. The sample size is n = 506.

To see the presence of outliers, we first applied a simple linear regression model to the dataset
with Gaussian error distribution and compute standardized residuals, which are shown in the left
panel of Figure 8.3. Large residuals in the figure imply the possible outliers in the dataset, which
thereby affects the inference of regression coefficients and makes the analysis by the standard
Gaussian regression model implausible.

In the proposed error distribution, the effect of possible outliers is reflected on the posterior of
s, i.e., mixture proportion of the extremely heavy-tailed distribution. The trace plot of posterior
samples of s under the EHE model is presented in the right panel of Figure 8.3. Since all the
sampled values are bounded away from 0, it suggests that a certain proportion of the heavy-
tailed distribution to take account of the outliers shown in the left panel. Other than the default
prior s ∼ Beta(1, 1), we also applied slightly more informative priors, Beta(1, 5) and Beta(1, 9),
based on the prior belief that s should be small, but the results were almost the same for all the
parameters.

The posterior means and 95% credible intervals of the regression coefficients based on the
three methods are shown in Figure 8.4. It shows that the results of the normal error model
are quite different from those of t- and H-distributions. The difference of estimates becomes
visually clear especially for the significant covariates– if we define the significance in the sense
that the 95% credible intervals do not contain zero– as the result of proneness/sensitivity to
the representative outliers observed in Figure 8.3. Comparing the models with the t- and H-
distribution, they select the same set of covariates by significance, but the lengths of posterior
credible intervals in the EHE model are shorter than those in the t-distribution model. In
fact, the average interval lengths in the EHE and the t-distribution models are 1.01 and 1.13,
showing the efficiency of the EHE model. This finding is consistent with the simulation results
in Section 8.4.

8.5.2 Diabetes data

We next consider another famous dataset known as Diabetes data (Efron et al. (2004)). The
data contains information of 442 individuals and 10 covariates regarding individual information

186



●

●

●
●

●

●
●

●

●
●

●●

●

●
●●
●
●●

●

●

●

●●●

●

●
●●
●●

●

●

●
●

●

●●

●●●

●
●
●
●

●

●●
●
●

●

●
●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●●
●

●
●

●

●●●
●●

●

●

●
●
●
●
●

●

●

●

●

●
●
●
●
●●

●
●●

●

●

●

●

●

●
●

●
●

●

●

●
●

●

●●

●

●●

●

●
●●

●

●
●
●
●
●

●●●●
●

●●

●
●●

●●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●
●
●

●

●

●

●

●

●

●

●●

●

●

●
●

●●

●

●
●
●●

●

●

●●

●

●
●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●●
●

●

●

●

●●
●●●

●

●

●

●

●

●

●
●

●

●

●●
●

●

●

●

●

●

●●

●

●

●

●●
●●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●
●

●
●
●●

●

●

●

●

●●

●

●

●

●
●

●

●

●

●
●
●
●●

●

●

●

●

●

●●

●

●

●
●

●

●

●●

●
●

●

●

●
●

●
●

●
●
●

●●●●

●

●●●

●

●

●●

●
●●
●●
●

●

●

●

●

●
●

●

●

●
●
●
●

●

●
●

●●
●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●●

●
●

●●

●

●
●
●

●

●

●
●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●●●

●

●●

●

●

●

●
●
●

●

●

●
●

●

●
●

●

●

●
●

●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●●
●
●

●

●

●

●●

●
●
●

●

●
●

●

●

●

●
●

●

●
●

●
●

●
●
●
●

●●
●

0 100 200 300 400 500

−
6

−
4

−
2

0
2

4
6

sample index

st
an

da
rd

iz
ed

 r
es

id
ua

l

95% interval
99% interval

0 5000 10000 15000
0.

05
0.

10
0.

15
0.

20
0.

25
0.

30

replication

m
ix

in
g 

pr
op

or
tio

n

Figure 8.3: Standardized residuals (left) and trace plot of s (mixing proportion) in the proposed
EHE distribution (right), obtained form the Boston housing data.

(age and sex) and several medical measures. We consider the same formulation of linear model
as in Efron et al. (2004); the set of predictors consists of the original 10 variables, 10 main
effects, 45 interactions, and 9 squared values, which results in p = 64 predictors in the model.

Similarly to the analysis of Boston housing data, we check the standardized residuals com-
puted under the standard linear regression model, which was presented in the left panel of
Figure 8.5. Few outliers are confirmed in the dataset as most of residuals are included in the
99% interval, which strongly supports the standard normal assumption in this example. In the
main analysis by a regression models with horseshoe prior and three error distributions of nor-
mal, t- and EHE distributions, we generated 5000 posterior samples after discarding the first
2000 posterior samples as burn-in.

The right panel of Figure 8.5 shows the trace plot of posterior samples of s. All the sampled
values are very close to zero, as expected from the residual plot in the left panel of Figure 8.5.
For the small weight s is inferred from the data, the heavy-tailed component of the finite mixture
is regarded “redundant” for this dataset. The same sensitivity analysis on the choice of priors
for s is done as in the previous section, but we find no significant change to the results.

To see the possible inefficiency of using the EHE models for the dataset without outliers,
the posterior means and 95% credible intervals of the regression coefficients are reported in
Figure 8.6. The results of the three models are comparable; the predictors selected by significance
are almost the same under the three models. The only notable difference is that the credible
intervals produced by the t-distribution model is slightly larger than those of the other two
methods. This indicates the loss of efficiency in using the t-distribution method under no
outliers, as also confirmed in the simulation results in Section 8.4. In contrast, the difference
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Figure 8.4: Posterior means and 95% credible intervals of the regression coefficients in the
normal regression with normal distribution error (N), the proposed EHE distribution, and the
t-distribution (T) with estimated degrees of freedom, applied to the Boston housing data.

in the credible intervals of the Gaussian and EHE models is hardly visible in the figure. We
conclude from this finding that the choice of the EHE model is a safe option; even if no outlier
exists, the efficiency loss in estimation is minimal.

8.6 Discussions

While we focused on the inference for the regression coefficients and scale parameter in this
research, it is also of great interest to employ the predictive analysis based on the proposed model.
Because H-distribution, as well as many log-regularly varying distributions, is too heavily-
tailed to have finite moments, the posterior predictive mean under the EHE models do not
exist. In predictive analysis, one needs to consider the posterior predictive medians or other
alternatives for the point prediction. In uncertainty quantification, the second component of the
EHE distribution could have a significant impact on the posterior predictive credible intervals
for its heavy tails. In practice, it is important to monitor the posterior of mixing weight s to
interpret the predictive analysis.

The use of the proposed method is not limited to the linear regression models, but can be
immediately applied to other Gaussian models such as graphical models or state space models.
Even under these highly-structured models, we are able to develop an efficient posterior compu-
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Figure 8.5: Standardized residuals (left) and trace plot of s (mixing proportion) in the proposed
EHE distribution (right), obtained form the Diabetes data.

tation algorithm by utilizing the hierarchical representation of the proposed error distribution.
The similar theoretical robustness properties may also be confirmed for those models.

8.7 Appendix

8.7.1 Lemmas

We provide two lemmas used in the proofs of Proposition 8.2.1 and Theorem 8.2.1.

Lemma 8.7.1 Let α(·) and β(·) be continuous, positive, and integrable functions defined on
(0,∞). Suppose that limu→∞ β(u)/α(u) = ρ ∈ [0,∞]. Then

lim
z→∞

∫ ∞

0
N(z|0, u)β(u)du

/∫ ∞

0
N(z|0, u)α(u)du = ρ.

Proof. We can assume that ρ <∞; if ρ = ∞, then we can exchange the definitions of α(·) and
β(·), and this reduces to the case of ρ = 0. Let γ(·) be either α(·) or β(·). We can also assume
without loss of generality that u−1/2α(u) and u−1/2β(u) are integrable. To see this, observe
that, for any η > 0, there exist ε > 0 satisfying

0 ≤
∫ ε
0 N(1|0, u)γ(u)du∫∞
0 N(1|0, u)γ(u)du

< η/2
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Figure 8.6: Posterior means and 95% credible intervals of the regression coefficients in the
normal regression with normal distribution error (N), the proposed EHE distribution, and the
t-distribution (T) with estimated degrees of freedom, applied to the Diabetes data.

and, for these η and ε, there also exists δ > 0 such that 0 ≤ 1 − e−δ/ε < η/2. Hence, for all
z ≥ 1, the covariance inequality implies∫ ε

0 N(z|0, u)γ(u)du∫∞
0 N(z|0, u)γ(u)du

= E[χ(0,ε)(Uz)]

≤
E[exp{(z2 − 1)/(2Uz)}χ(0,ε)(Uz)]

E[exp{(z2 − 1)/(2Uz)}]

=

∫ ε
0 N(1|0, u)γ(u)du∫∞
0 N(1|0, u)γ(u)du

where χ(0,ε)(x) is the indicator function (χ(0,ε)(x) = 1 if x ∈ (0, ε) and 0 otherwise) and the
density of random variable Uz is proportional to N(z|0, u)γ(u). Finally, we have∣∣∣∫∞

0 N(z|0, u)γ(u)e−δ/udu∫∞
0 N(z|0, u)γ(u)du

− 1
∣∣∣ ≤ ∫ ε

0 N(z|0, u)γ(u)du∫∞
0 N(z|0, u)γ(u)du

+

∫∞
ε N(z|0, u)γ(u)(1− e−δ/u)du∫∞

ε N(z|0, u)γ(u)du

≤
∫ ε
0 N(1|0, u)γ(u)du∫∞
0 N(1|0, u)γ(u)du

+ 1− e−δ/ε

< η,
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which shows the difference of γ(u) and e−δ/uγ(u) is ignorable in u → ∞. This result verifies
that, if u−1/2γ(u) is not integrable, then we can replace γ(u) by e−δ/uγ(u).

Again, assume ρ < ∞ and both u−1/2α(u) and u−1/2β(u) are integrable. Let M > 0. Then
we have ∣∣∣∫∞

0 N(z|0, u)γ(u)du∫∞
M N(z|0, u)γ(u)du

− 1
∣∣∣ ≤ ∫M

0 N(z|0, u)γ(u)du∫∞
M+1N(z|0, u)γ(u)du

≤
{e1/(M+1)

e1/M

}z2/2
∫M
0 u−1/2γ(u)du∫∞

M+1 u
−1/2γ(u)du

→ 0

as z → ∞ since u−1/2γ(u) is assumed to be integrable on (0,∞). Therefore,∫∞
0 N(z|0, u)β(u)du∫∞
0 N(z|0, u)α(u)du

≈
∫∞
M N(z|0, u)β(u)du∫∞
M N(z|0, u)α(u)du

(8.7.1)

as z → ∞. Furthermore, uniformly in z,∣∣∣ ∫∞
M N(z|0, u)β(u)du∫∞
M N(z|0, u)α(u)du

− ρ
∣∣∣ ≤ ∫∞

M |β(u)/α(u)− ρ|N(z|0, u)α(u)du∫∞
M N(z|0, u)α(u)du

≤ sup
u>M

∣∣∣β(u)
α(u)

− ρ
∣∣∣

→ 0 (8.7.2)

as M → ∞ by assumption. Combining (8.7.1) and (8.7.2) gives the desired result. □

Lemma 8.7.2 Let M,v > 0. Then we have

(a)
1 + log(1 +M)

1 + log(1 +Mv)
≤ max{1, v−1},

(b) lim
M→∞

1 + log(1 +M)

1 + log(1 +Mv)
= 1.

Proof. The inequality in part (a) is trivial when v ≥ 1; the left-hand-side is bounded by 1.
For the case of v < 1, first observe that

1 + log(1 +M)

1 + log(1 +Mv)
= exp

(∫ 1

v

[ ∂
∂t

log{1 + log(1 +Mt)}
]
dt
)

= exp
{∫ 1

v

1

1 + log(1 +Mt)

M

1 +Mt
dt
}

for all v > 0. Then it is immediate from this expression that

1 + log(1 +M)

1 + log(1 +Mv)
≤ exp

(∫ 1

v

1

t
dt
)
= v−1
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for v < 1. For part (b), we use the same expression to obtain

lim
M→∞

1 + log(1 +M)

1 + log(1 +M/v)

= exp
{

lim
M→∞

∫ 1

v

1

1 + log(1 +Mt)

M

1 +Mt
dt
}

= 1

by the dominated convergence theorem. □

8.7.2 Proof of Proposition 8.2.1

Here we prove Proposition 8.2.1. We show that

lim
|x|→∞

fEH(x)

|x|−1(log |x|)−1−γ
= A

for some constant A > 0. Since

lim
|x|→∞

∫∞
0 N(x; 0, u)Ga(u; a, a)du∫∞
0 N(x; 0, u)H(u; γ)du

= 0

by Lemma 8.7.1, we can assume s = 1. Then we have for sufficiently large |x|
fEH(x)

|x|−1(log |x|)−1−γ
=

∫ ∞

0

N(x; 0, u)H(u; γ)

|x|−1(log |x|)−1−γ
du

=

∫ ∞

0

1√
2π

1√
u
e−x2/(2u) γ|x|

1 + u

{ log |x|
1 + log(1 + u)

}1+γ
du

=

∫ ∞

0

1√
2π

1√
v
e−1/(2v) γx2

1 + x2v

{ log |x|
1 + log(1 + x2v)

}1+γ
dv,

where the last equality follows by making the change of variables u = x2v. Now, by part (a) of
Lemma 8.7.2, the integrand is bounded by

1√
2π

1√
v
e−1/(2v) γ

v

{ log |x|
1 + log(1 + x2)

1 + log(1 + x2)

1 + log(1 + x2v)

}1+γ

≤ γ√
2π

e−1/(2v)

v3/2

(1
2
max{1, v−1}

)1+γ
=
γ/21+γ

√
2π

e−1/(2v)

v3/2
max{1, v−(1+γ)}

≤ γ/21+γ

√
2π

{v−3/2e−1/(2v) + v−5/2−γe−1/(2v)},

where the right-hand side is an integrable function of v ∈ (0,∞) which does not depend on x.
By part (b) of Lemma 8.7.2, the integrand converges to

1√
2π

1√
v
e−1/(2v) γ

v

{
lim

|x|→∞

log |x|
1 + log(1 + x2)

1 + log(1 + x2)

1 + log(1 + x2v)

}1+γ
=
γ/21+γ

√
2π

v−3/2e−1/(2v)

as |x| → ∞ for each v ∈ (0,∞). Thus, by the dominated convergence theorem, we obtain

lim
|x|→∞

fEH(x)

|x|−1(log |x|)−1−γ
=

∫ ∞

0

γ/21+γ

√
2π

v−3/2e−1/(2v)dv =
γ

21+γ
.

This complete the proof.
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8.7.3 Proof of Theorem 8.2.1

Let yn = D and yk = D∗. Let K = {i ∈ {1, . . . , n}|yi ∈ yk} and L = {1, . . . , n} \ K. Let

f1(z) =

∫ ∞

0
N(z|0, u)H(u; γ, δ)du,

f0(z) =

∫ ∞

0
N(z|0, u)Ga(u; a, a)du,

and f(z) = sf1(z) + (1− s)f0(z) for z ∈ R, so that the ratio of p(β, σ|yn) to p(β, σ|yk) is

p(β, σ|yn)

p(β, σ|yk)
=
p(yk)

p(yn)

π(β, σ)
∏n

i=1 f((yi − xi
⊤β)/σ)

π(β, σ)
∏

i∈K f((yi − xi
⊤β)/σ)

=
p(yk)

∏
i∈L f(yi)

p(yn)

∏
i∈L

f((yi − xi
⊤β)/σ)/σ

f(yi)

∝
∏
i∈L

f((yi − xi
⊤β)/σ)/σ

f(yi)
.

We prove that the right-hand side converges to σ2|L|δ uniformly in (β, σ) ∈ K as ω → ∞ for
any nonempty compact set K ⊂ Rp × (0,∞). For this purpose, it is sufficient to show that

f((yi − xi
⊤β)/σ)/σ

f(yi)
→ σ2δ

uniformly in (β, σ) ∈ K as ω → ∞ for every i ∈ L. Fix i ∈ L. Let M = sup(β,σ)∈K |xi
⊤β| ∈

[0,∞). Let σ = inf(β,σ)∈K σ ∈ (0,∞) and σ = sup(β,σ)∈K σ ∈ (0,∞). Assume without loss of
generality that ω is sufficiently large so that |yi| ≥ 2M + 1.

We first consider the case of s = 1. Then

f((yi − xi
⊤β)/σ)/σ

f(yi)
=
f1((yi − xi

⊤β)/σ)/σ

f1(yi)

=
1

σ

∫∞
0 N((yi − xi

⊤β)/σ|0, u)H(u; γ, δ)du∫∞
0 N(yi|0, u)H(u; γ, δ)du

=
|yi − xi

⊤β|
σ2|yi|

∫∞
0 v−1/2e−1/(2v)H((|yi − xi

⊤β|2/σ2)v|γ, δ)dv∫∞
0 v−1/2e−1/(2v)H(|yi|2v|γ, δ)dv

,

where the last equality follows by making the change of variables u = (|yi − xi
⊤β|/σ)2v in the

numerator and by making the change of variables u = |yi|2v in the denominator. Therefore,∣∣∣f((yi − xi
⊤β)/σ)/σ

f(yi)
− σ2δ

∣∣∣ ≤ σ2δ
∫∞
0 v−1/2e−1/(2v)H(|yi|2v|γ, δ)G(v)dv∫∞

0 v−1/2e−1/(2v)H(|yi|2v|γ, δ)dv
,

where

G(v) = G(v;β, σ, γ, δ, yi, xi) =
∣∣∣ |yi − xi

⊤β|
σ2(1+δ)|yi|

H((|yi − xi
⊤β|2/σ2)v|γ, δ)

H(|yi|2v|γ, δ)
− 1
∣∣∣

=
∣∣∣ |yi − xi

⊤β|
|yi|

( 1 + |yi|2v
σ2 + |yi − xi

⊤β|2v

)1+δ[ 1 + log(1 + |yi|2v)
1 + log{1 + (|yi − xi

⊤β|2/σ2)v}

]1+γ
− 1
∣∣∣
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for v > 0. Note that

F1(v) ≤
|yi − xi

⊤β|
|yi|

( 1 + |yi|2v
σ2 + |yi − xi

⊤β|2v

)1+δ[ 1 + log(1 + |yi|2v)
1 + log{1 + (|yi − xi

⊤β|2/σ2)v}

]1+γ
≤ F2(v),

where

F1(v) =
|yi| −M

|yi|

{ 1 + |yi|2v
σ2 + (|yi|+M)2v

}1+δ( 1 + log(1 + |yi|2v)
1 + log[1 + {(|yi|+M)2/σ2}v]

)1+γ
,

F2(v) =
|yi|+M

|yi|

{ 1 + |yi|2v
σ2 + (|yi| −M)2v

}1+δ( 1 + log(1 + |yi|2v)
1 + log[1 + {(|yi| −M)2/σ2}v]

)1+γ
.

Then

G(v) ≤ |F1(v)− 1|+ |F2(v)− 1|.

Therefore, ∣∣∣f((yi − xi
⊤β)/σ)/σ

f(yi)
− σ2δ

∣∣∣
≤ σ2δ

∫∞
0 v−1/2e−1/(2v)H̃(v){|F1(v)− 1|+ |F2(v)− 1|}dv∫∞

0 v−1/2e−1/(2v)H̃(v)dv
, (8.7.3)

where

H̃(v) =
H(|yi|2v|γ, δ)
H(|yi|2|γ, δ)

.

The right-hand side of (8.7.3) is independent of (β, σ). We have that limω→∞(|F1(v) − 1| +
|F2(v)− 1|) = 0 for each v > 0 and that for |yi| ≥ 1,

v−1/2e−1/(2v)H̃(v) = v−1/2
( 1 + |yi|2

1 + |yi|2v

)1+δ{ 1 + log(1 + |yi|2)
1 + log(1 + |yi|2v)

}1+γ
e−1/(2v){

≤ 21+δv−1/2−1−δ max{1, v−(1+γ)}e−1/(2v)

→ v−1/2−1−δe−1/(2v) as ω → ∞

for all v > 0 by Lemma 8.7.2. Furthermore,

|F1(v)− 1|+ |F2(v)− 1| ≤ 2 + |F1(v)|+ |F2(v)| ≤ 2{1 + F2(v)}

and, since |yi| ≥ 2M + 1 > M , we have

F2(v) =
|yi|+M

|yi|

{ 1 + |yi|2v
σ2 + (|yi| −M)2v

}1+δ( 1 + log(1 + |yi|2v)
1 + log[1 + {(|yi| −M)2/σ2}v]

)1+γ

≤ 2
{ 1

σ2
+

|yi|2

(|yi| −M)2

}1+δ(
1 +

log 1+|yi|2v
1+{(|yi|−M)2/σ2}v]

1 + log[1 + {(|yi| −M)2/σ2}v]

)1+γ

≤ 2
( 1

σ2
+ 4
)1+δ[

1 +
∣∣∣ log 1 + |yi|2v

1 + {(|yi| −M)2/σ2}v

∣∣∣]1+γ
,
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where ∣∣∣ log 1 + |yi|2v
1 + {(|yi| −M)2/σ2}v

∣∣∣
=
∣∣∣ ∫ 1

(|yi|−M)2/(|yi|σ)2

|yi|2v
1 + |yi|2vt

dt
∣∣∣ ≤ ∫ max{1,(|yi|−M)2/(|yi|σ)2}

min{1,(|yi|−M)2/(|yi|σ)2}

1

t
dt

≤ max{1, (|yi| −M)2/(|yi|σ)2} −min{1, (|yi| −M)2/(|yi|σ)2}
min{1, (|yi| −M)2/(|yi|σ)2}

=
|(|yi|σ)2 − (|yi| −M)2|

min{(|yi|σ)2, (|yi| −M)2}
≤ (|yi|σ)2

(|yi| −M)2
+

(|yi| −M)2

(|yi|σ)2
≤ (2σ)2 + (1/σ)2.

Thus, by the dominated convergence theorem, the right-hand side of (8.7.3) converges to zero
as ω → ∞.

Next we consider the case of s ∈ (0, 1). Then we have

f((yi − xi
⊤β)/σ)/σ

f(yi)
=
f1((yi − xi

⊤β)/σ)/σ

f1(yi)

s+ (1− s)
f0((yi − xi

⊤β)/σ)

f1((yi − xi
⊤β)/σ)

s+ (1− s)
f0(yi)

f1(yi)

.

Therefore,∣∣∣f((yi − xi
⊤β)/σ)/σ

f(yi)
− σ2δ

∣∣∣ ≤ σ2δ
∣∣∣f((yi − xi

⊤β)/σ)/σ

f(yi)σ2δ
− 1
∣∣∣

≤ σ2δ
[{∣∣∣f1((yi − xi

⊤β)/σ)/σ

f1(yi)σ2δ
− 1
∣∣∣+ 1

}

×
{∣∣∣s+ (1− s)

f0((yi − xi
⊤β)/σ)

f1((yi − xi
⊤β)/σ)

s+ (1− s)
f0(yi)

f1(yi)

− 1
∣∣∣+ 1

}
− 1
]
.

By the result for s = 1,

sup
(β,σ)∈K

∣∣∣f1((yi − xi
⊤β)/σ)/σ

f1(yi)σ2δ
− 1
∣∣∣ ≤ 1

σ2δ
sup

(β,σ)∈K

∣∣∣f1((yi − xi
⊤β)/σ)/σ

f1(yi)
− σ2δ

∣∣∣→ 0

as ω → ∞. On the other hand,

∣∣∣s+ (1− s)
f0((yi − xi

⊤β)/σ)

f1((yi − xi
⊤β)/σ)

s+ (1− s)
f0(yi)

f1(yi)

− 1
∣∣∣ ≤ ∣∣∣ s

s+ (1− s)
f0(yi)

f1(yi)

− 1
∣∣∣+ 1− s

s

f0((yi − xi
⊤β)/σ)

f1((yi − xi
⊤β)/σ)

.

(8.7.4)

Since limu→∞Ga(u|a, a)/H(u|γ, δ) = 0,

lim
z→∞

f0(z)

f1(z)
= lim

z→∞

∫∞
0 N(z|0, u)Ga(u|a, a)du∫∞
0 N(z|0, u)H(u|γ, δ)du

= 0
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by Lemma 8.7.1 and the first term on the right side of (8.7.4) converges to zero as ω → ∞. Since
f0(z) = f0(|z|) and f1(z) = f1(|z|) are nonincreasing functions of |z| and sinceM ≤ |yi|/2 ≤ |yi|,
it follows that

f0((yi − xi
⊤β)/σ)

f1((yi − xi
⊤β)/σ)

≤ f0((|yi| −M)/σ)

f1((|yi|+M)/σ)
=
f0((|yi| −M)/σ)

f1((|yi| −M)/σ)

f1((|yi| −M)/σ)

f1((|yi|+M)/σ)

≤ f0((|yi| −M)/σ)

f1((|yi| −M)/σ)

f1(|yi|/(2σ))
f1(|yi|/(σ/2))

,

where

lim
ω→∞

f0((|yi| −M)/σ)

f1((|yi| −M)/σ)
= 0.

Furthermore,

f1(|yi|/(2σ))
f1(|yi|/(σ/2))

=

∫∞
0 N(|yi|/(2σ)|0, u)H(u; γ, δ)du∫∞
0 N(|yi|/(σ/2)|0, u)H(u; γ, δ)du

=
σ

4σ

∫∞
0 N(|yi||0, v)H(v/(2σ)2; γ, δ)dv∫∞
0 N(|yi||0, v)H(v/(σ/2)2; γ, δ)dv

→
(4σ
σ

)1+2δ

as ω → ∞ by Lemma 8.7.1 since

H(v/(2σ)2; γ, δ)

H(v/(σ/2)2; γ, δ)
=
{1 + v/(σ/2)2

1 + v/(2σ)2

}1+δ[1 + log{1 + v/(σ/2)2}
1 + log{1 + v/(2σ)2}

]1+γ
→
(4σ
σ

)2(1+δ)

as v → ∞ by Lemma 8.7.2. Thus, we conclude that

sup
(β,σ)∈K

∣∣∣f((yi − xi
⊤β)/σ)/σ

f(yi)
− σ2δ

∣∣∣→ 0

as ω → ∞.

8.7.4 Additional experiment in simulation study

The LPTN models are estimated by the random-walk Metropolis-Hastings algorithm, which
requires many iterations in posterior sampling for convergence. While keeping the fairness in
the number of iterations, we conduct another experiment that favors the LPTN models by partly
eliminating the convergence issue in the LPTN models. The additional simulation study is based
on the same settings in Section 8.4, except that the number of predictors is now p = 10.

The results are summarized in Table 8.2. The IFs of the LPTN models are improved, but still
significantly higher than the others. The LPTN model with ρ = 0.9 improves the accuracy of
point and interval estimations and is now competitive with the proposed models, while the other
LPTN model with ρ = 0.7 still provides interval estimates with lower coverage probabilities. This
result illustrates the difficulty in tuning the hyperparameters in the class of LPTN distributions,
which contrasts the proposed model with no hyperparameter that is sensitive to the posterior
result.
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Table 8.2: Average values of RMSE, CP and AL of the proposed extremely-heavy tailed dis-
tribution with fixed γ (EH) and estimated gamma (aEH), log-Pareto normal distribution with
ρ = 0.9 (LP1) and ρ = 0.7 (LP2), Cauchy distribution (C), t-distribution with 3 degrees of
freedom (T3) and estimated degrees of freedom (T), based on 500 replications in 9 combinations
of (100ω, µ) with p = 10. All values are multiplied by 100.

(100ω, µ) EH aEH LP1 LP2 C T3 aT N
(0, –) 6.12 6.14 6.40 7.68 7.69 6.58 6.36 6.13
(5, 5) 6.75 7.40 6.76 7.95 7.78 6.95 7.31 11.61
(10, 5) 8.63 8.68 8.63 9.36 8.10 8.31 10.22 18.84
(5, 10) 6.34 6.57 6.45 7.66 7.63 6.66 6.98 20.63

RMSE (10, 10) 6.97 7.49 6.84 8.00 7.90 7.31 10.39 35.83
(5, 15) 6.44 6.60 6.49 7.76 7.78 6.73 6.99 30.97
(10, 15) 6.77 7.09 6.62 7.92 7.76 6.90 10.54 53.29
(5, 20) 6.46 6.60 6.56 7.68 7.80 6.74 6.84 39.81
(10, 20) 6.85 7.06 6.70 8.04 7.81 6.83 10.37 70.04
(0, –) 94.8 94.8 93.0 84.6 87.6 92.7 94.4 94.8
(5, 5) 94.9 92.1 94.3 86.0 89.2 94.2 95.4 88.1
(10, 5) 93.4 90.8 92.1 86.6 90.2 92.9 92.9 85.9
(5, 10) 95.3 94.3 94.6 86.7 89.9 95.8 97.6 86.4

CP (10, 10) 94.1 92.6 94.6 87.4 91.1 96.8 97.6 86.1
(5, 15) 94.8 93.7 94.1 86.6 88.9 95.0 98.0 86.3
(10, 15) 94.6 93.7 94.7 87.1 91.6 97.6 98.7 86.6
(5, 20) 94.4 94.1 93.4 86.4 89.6 95.0 98.4 86.4
(10, 20) 93.8 93.1 94.2 85.7 90.5 97.4 99.4 86.3
(0, –) 23.8 23.8 23.5 22.5 23.9 23.9 24.2 23.8
(5, 5) 26.3 26.3 25.8 24.1 25.2 26.6 29.4 35.0
(10, 5) 29.7 29.3 30.0 26.6 27.1 30.6 36.4 43.0
(5, 10) 24.9 25.0 25.1 23.9 25.2 26.7 32.5 56.4

AL (10, 10) 26.3 26.7 27.2 25.0 27.0 31.3 48.4 75.1
(5, 15) 25.0 25.1 25.1 23.8 25.2 26.9 34.8 80.8
(10, 15) 26.1 26.2 26.6 24.9 26.9 31.3 58.6 109.5
(5, 20) 24.9 24.9 24.9 23.6 25.2 26.8 35.5 105.0
(10, 20) 25.9 26.0 26.4 24.6 26.6 31.2 66.7 144.1
(0, –) 1.02 1.56 28.10 40.69 4.35 2.10 1.85 0.98
(5, 5) 2.36 5.33 27.47 39.81 4.06 1.97 1.83 0.98
(10, 5) 4.21 5.91 27.77 38.83 3.79 1.87 1.88 0.98
(5, 10) 2.17 3.77 27.66 40.14 4.02 1.89 1.82 0.98

IF (10, 10) 3.53 5.70 27.28 38.91 3.71 1.71 2.02 0.98
(5, 15) 2.20 3.47 27.68 40.19 3.98 1.89 1.80 0.97
(10, 15) 3.54 5.02 27.37 39.38 3.68 1.68 2.13 0.97
(5, 20) 2.16 3.20 27.75 40.42 4.01 1.89 1.80 0.98
(10, 20) 3.51 4.68 27.39 39.65 3.63 1.67 2.22 0.98
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Part IV

Conclusion
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Chapter 9

Conclusion

In Part II of the thesis, we derived Bayesian shrinkage estimators and predictive density esti-
mators and proved that they dominate usual procedures under suitable conditions. We first
considered in Chapter 2 the problem of simultaneously estimating parameters of independent
Poisson distributions in the presence of possibly unbalanced sample sizes. We broadened the
class of shrinkage priors of Komaki (2015) to include the proper priors of Clevenson and Zidek
(1975). By using Lemma 5 of Komaki (2015) to evaluate integrals, we obtained sufficient con-
ditions under which the corresponding Bayes estimators dominate the ML estimator for the
standardized squared error loss and which are applicable to priors not considered in Theorem 1
of Komaki (2015). We compared symmetric priors with asymmetric priors depending on sample
sizes both analytically and through application to real data and saw that the former lead to het-
erogeneous estimators which shrink the ML estimator more toward the origin when sample sizes
are smaller. Next, in Chapter 3, we considered the case of negative multinomial observations.
We showed that empirical Bayes and hierarchical Bayes estimators of negative multinomial prob-
ability vectors dominate the UMVU estimator under suitable conditions. Since the denominator
of each component of the UMVU estimator is not a constant in contrast to the Poisson case,
additional complication arose in examining the risk function of the empirical Bayes estimator.
We found that this complication can be overcome when the row dimension of the observation
matrix is large enough. In order to obtain a generalized Bayes estimator which dominates the
UMVU estimator, we introduced a class of hierarchical shrinkage priors for negative multino-
mial parameters constructed by imitating those for Poisson parameters as used by Clevenson
and Zidek (1975) and Komaki (2015). Although we were mainly concerned with balanced cases,
we utilized the method developed by Komaki (2015), who considered an unbalanced problem.
Part (2) of Lemma 5 of Komaki (2015) has a direct counterpart in our negative multinomial
case. On the other hand, it was an inequality that we used as a counterpart to the equality
in part (1) of that lemma. In chapter 4, we went on to consider the problems of estimating
negative multinomial parameter vectors and the joint predictive density of multinomial tables
on the basis of observations of negative multinomial variables in unbalanced settings. We first
obtained new conditions for empirical Bayes estimators to dominate the UMVU estimator and
then showed that our hierarchical shrinkage priors are useful in deriving improved Bayesian
predictive densities for multinomial observations. Predictive density estimation for the negative
multinomial distribution was also discussed. Finally, in Chapter 5, we considered the predictive
density estimation problem under the Kullback-Leibler divergence which corresponds to the clas-
sical and suggestive result of Stein’s phenomenon for the estimation of a normal variance with
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unknown mean. We provided a class of Bayesian shrinkage predictive densities and showed that
they dominate the minimum risk equivariant predictive density under appropriate conditions.

In Part III of the thesis, we considered fully Bayesian posterior inference based on heavy-
tailed distributions. First, in Chapter 6, we discussed global-local shrinkage priors for analyzing
sequence of counts. We showed that the asymptotic bias of a Bayes estimator of a Poisson
rate can be characterized by the tail behavior of the corresponding local prior. We obtained
a general sufficient condition for tail-robustness. Then we proposed priors which satisfy the
sufficient condition approximately or exactly and, in particular, introduced extremely heavy-
tailed priors. Moreover, we introduced a novel augmentation approach using latent variables to
develop an efficient posterior computation algorithm for Bayesian inference. We demonstrated
the proposed methods through simulation and an application to a real dataset and observed the
theoretically guaranteed tail-robustness property. The theoretical results are related to those in
Part II. For example, when we consider the Poisson part in the hierarchical representation of
the negative multinomial distribution as a likelihood, the extremely heavy-tailed priors can be
viewed as special cases of the shrinkage priors for negative multinomial parameters we used in
Part II. Augmentation approaches using latent gamma variables are also useful in the context
of decision theory. Conversely, Properties (iii) and (iv) of Proposition 3.3.1 are analogous to
the tail-robustness property considered in Chapter 6. Next, in Chapter 7, we broadened the
class of the extremely heavy-tailed priors of Chapter 6 in order to achieve desirable shrinkage
and robustness properties for the case of normal observations. The novel feature of the prior of
our interest is its potential of further generalization, by which one may modify the proper prior
“as robust as possible”. We confirmed that the marginal density of our proposed prior has a
spike around the origin so that our prior has a large shrinkage effect on noises. We proved the
superiority of the proposed prior to existing ones explicitly via improvement of the mean squared
error for a large signal. This theoretical property was supported by extensive simulation studies.
Although our prior has an intractable normalizing constant, we showed that we can sample from
the posterior distribution of a hyperparameter by using the accept-reject algorithm. Finally, in
Chapter 8, we proposed a new approach to robust Bayesian linear regression by introducing the
extremely heavy-tailed error distribution for the noise terms. More specifically, we considered
the finite mixture of two components with thin and heavy tails as the error distribution and, for
the heavily-tailed component, we used the novel class of distributions as considered in Chapters
6 and 7. Since both components are expressed as scale mixtures of normals, we can easily
construct a simple Gibbs sampling for posterior inference. We proved the robustness to outliers
of the posterior distributions under the proposed models. The improved performance of our
model was shown in simulation and empirical studies.
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