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Abstract

In this thesis, we study the quadrupolar phases in quantum spin systems. The spin
quadrupolar phases in the absence of the dipolar order are also known as spin nematic
phases, in analogy with the nematic phase in the liquid crystals. The spin nematic phase
has been intensively studied since 2000’s. A typical platform realizing the spin nematic or-
der is the spin-1 bilinear-biquadratic model, where the biquadratic interaction, (S; - S j)2,
written in terms of spin-1 operator, S;, is a main source for generating the quadrupole mo-
ments on the spin-1 sites. However, the system with large biquadratic interaction is elusive
in reality, since the biquadratic interaction is generated from the higher-order exchange
processes of electrons than the Heisenberg interactions, so that the former is often much
smaller than the latter and gives way to magnetic orderings. In spin-1/2 systems, more
realistic situations realizing the spin nematic phases have been proposed. In the vicinity
of the ferromagnetic phase, the bound two-magnons condense, generate the quadrupole
moments on bonds, and form the spin nematic phase. There, the kinetic motion of the
single-magnons, which destabilizes the nematic order and contributes to the magnetic or-
der, is suppressed by the competing antiferromagnetic and/or ring-exchange interactions.
Actually, some experiments have reported the possible realization of spin nematic phases
in spin-1/2 frustrated ferromagnets.

Unlike the usual magnetic orders, the quadrupolar moment does not directly couple
to the magnetic field, which makes the spin nematic order a sort of “hidden order”. Many
theoretical proposals for probing the spin nematic phase have been given, while so far they
are not fully successfully applied to experimental measurements. Moreover, the actual
search of spin nematics in materials has been done in a high magnetic field with the aim
to detect the two-magnon bound state. This restricts the search for the spin nematics
to the limited numbers of materials with small enough magnetic interactions to access
the fully-saturated state. The present study aims to add some clue for experimentally
detecting the spin nematic phase in a handy way, and to offer another platform which
allows us to find the quadrupolar phase with ease.

Firstly, we investigate the magnetic field effect on the thermodynamic properties of
spin-1 nematic phase in two-dimension. We find the characteristic field-dependence of
the peak in the specific heat that indicates the paramagnetic-to-ferroquadrupolar phase
transition temperature; the transition temperature once slightly increases in an applied
magnetic field, and decreases in a larger field. This reentrant behavior is the entropic
effect which can be understood in analogy with the Pomeranchuk effect in 3He, and may
serve as a smoking gun for experiments.

Secondly, we discuss the ground states of the spin-1 dimer-based triangular lattice
forming a bilayer to understand the nature of the ruthenium dimer materials Bag M RuzOy,
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where M is the divalent cation. In BagMRuyOyg, a pair of Ru®t-ions placed face to face
form a dimer, and the dimers form a two-dimensional triangular lattice structure. In this
family of materials, the spin-liquid-like nonmagnetic phase was recently found next to the
gapped singlet phase. There appeared a theoretical proposal that the antiferroquadrupo-
lar spin nematic phase is realized next to the singlet phase in the spin-1/2 dimer-based
triangular lattice. However, the size of the spin the ruthenium ions host is large, possibly
S =1, and the spin-1/2 dimer system may not give a proper description. Motivated by
these studies, we examined the spin-1 dimers, and find that several types of spin quadrupo-
lar phases formed by triplet dimers widely appear thanks to the larger degrees of freedom
than spin-1/2. We classify these quadrupolar phases by the internal degrees of freedom of
dimers, the staggered spin moment and vector-chirality, and argue that one of them next to
the singlet phase might correspond to the intriguing nonmagnetic phase in BagMRus0Og.

In addition, we give a theoretical support on the reason why the dimer structure has
an advantage for designing the materials with spin nematic phases. As mentioned earlier,
the major driving force of the spin nematics is the large biquadratic interaction between
triplets. By the perturbation calculation starting from the Mott insulating electronic state,
we reexamine this interaction, finding that the dimer structure actually has a route to have
a large biquadratic interaction comparable to the Heisenberg one, when some particular
geometry of the electronic hopping between dimers is considered.

Our study on spin dimers also provides some clue to unify the theoretical description
of spin-1 and spin-1/2 based nematics; we find that the low-energy physics of both the
spin-1 dimer and spin-1/2 dimer based systems are described on an equal footing, since
both are mapped to the same spin-1 hard-core bosonic model. From this finding, we set
our future perspective to describe a variety of quadrupolar/spin-nematic phases — spin
nematics of spin-1 quantum spin system, spin-1/2 system on a low-dimensional lattices
near the ferromagnetic phase or at high fields, and the dimer system — using the common
local operators, which is the set of four internal degrees of freedom of spin-1/2 dimer. In
this thesis, we investigate the spin-1/2 two-leg ladder system in a high field as a first step,
and show how the two-magnon bound state can be redescribed using the dimer-based
formulation which we adopted previously for both the spin-1 and spin-1/2 based dimer
systems without the magnetic field.
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Chapter 1

Introduction

In this Chapter, we overview the previous studies on the multipolar orders, particularly
the spin quadrupolar order known as spin nematic orders, and outline the motivation and
purpose of this thesis.

1.1 Quadrupolar order in quantum spin systems

Electrons have a variety of degrees of freedom, such as the charges, orbitals, and spins,
and there are multipole moments corresponding to those degrees of freedom, which widely
appear in the symmetry-broken phases in the condensed matters. For the charges, the
ferroelectricity appears when the electric dipoles are ordered and break the spatial inver-
sion symmetry [4]. When the orbital degrees of freedom is regarded as the pseudospin,
the orbital ordering, where electrons occupy the same kinds of orbitals of all ions with
orbital degeneracy, is the dipolar order of pseudospins [, 6]. Higher-rank multipoles, e.g.,
the electric quadrupoles and the magnetic octupoles, appear in the heavy-fermion sys-
tems [[@]. Moreover, the quantum mechanical framework of the multipole operators for
the multiple atoms or orbitals has been developed [8-17], which is actually applied to the
characterization of emergent phenomena in materials [I3].

In quantum spin systems, the quadrupolar ordering of the spins without magnetic
order has been discussed for years, which is called spin nematic order. The possibility
of the quadrupolar ordering of spins was first discussed by Blume and Hsieh using the
spin-1 model with the Heisenberg interactions S; - §; and the biquadratic interactions
(S; - Sj)2 (the bilinear-biquadratic model which we see in detail below), where S; =
t (Sf Sy Sf) is the spin-1 operator [I4]. From the mean-field approach, they proposed
that the quadrupolar orderings are realized if the biquadratic interactions are sufficiently
large. Chen and Levy analyzed the bilinear-biquadratic model with the molecular field
approximation [[5]. Andreev and Grishchuk termed this quadrupolar order spin nematics,
and they extended the concept of the quadrupolar order to the spin-1/2 systems where
the quadrupolar moments are defined by two spin-1/2’s [6].

Spin nematics owes its name to the nematic order of the liquid crystals. When the
liquid crystal molecules, which have elliptical shapes, align without the positional order
where the positions of the liquid crystals are fixed, the nematic order is realized. For the
quantum spins, the spin quadrupolar moments do not have a specific direction, and when
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the quadrupolar moments align, the spin nematic order, the spin version of the nematic
order, is realized [.

1.2 Spin nematic phases in the spin-1 systems

To write a part of this section and the next section (Sec. IZ3), we partly referred to Ref. [I7].

1.2.1 Order parameter

The order parameter of the spin nematic phases or the spin quadrupolar phases is the spin
quadrupolar moment which is the rank-2 symmetric traceless tensor and is defined as

2
Q?B::S?Sf4—5?5?——55(5—%1)&m, (1.1)

where o, 8 = x,v, z, and J,4 is the Kronecker’s delta 2. When S; is the spin-1/2 operator,
the quadrupolar operator Q?ﬁ is always zero, which can be derived by the anticommutation
relation of the spin-1/2 operators given as Sf‘S;-B + Sfo‘ = %Iéag, where I is the identity
operator. Therefore, the quadrupolar moment defined on-site (Eq. (1)) is meaningful
only for S > 1, and the quadrupolar order is typically discussed in spin-1 systems.

Since Q?ﬁ is the rank-2 symmetric traceless tensor, the number of linearly independent

components in Q*? is five. Conventionally, the five components are chosen as 8
Qv (S7)? = (s)°
! 1
QG| | G BE s
R B SESY +S)87 ’ (13)
Q; SYS7 + 575¢
@ 5757 + 575

which is a similar form to the electronic wave-function of the d-orbital.

In the light of the symmetry breaking, the spin nematic order partially breaks the SU(2)
symmetry 2. For the spin nematic order, the rotational symmetry of spins is broken, but
the time-reversal symmetry is kept since the magnetic (dipolar) order is lost. We can
confirm it in a one-site system; let us consider the spin-1 state given as

i)=Y diala). (1.4)

a=T,Y,2

!Unlike the nematic order in the liquid crystals, where the positional order is not present, the positions
of the spin quadrupolar moments are fixed on sites if we consider the lattice systems.

25 . — 1 (a=p)
af = .
0 (a+#p)
3 . af3 xQ—yQ 322 —r2
Using Q;", Q; and @ are expressed as

22 g2 1 . 222 1
QU V=5 -QM), QF T =

=33 2Q7" - Q" - Q). (1.2)

40r O(2) symmetry for the spin nematics in the spin-1/2 systems in a magnetic field.



1.2. SPIN NEMATIC PHASES IN THE SPIN-1 SYSTEMS 3

(a) (s)=0 (b) (5)#0

2z
i
x
Figure 1.1: (a) Schematic picture of the quadrupolar state (S) = 0 (left) and the spin-
component distribution (right) when d =*(1 0 0). (b) Same as (a) for the magnetic

state (S) # 0. The arrow in the spin-component distribution denotes the magnetization
along the z-axis.

Here, d; o is the complex coefficient and |«) is the time-reversal invariant basis states given
as [C7-19]

i 1
V2 V2

where |n) (n = 0,+£1) denotes the spin-1 state with S* = n. The vector representation of

) (HD) = 1=1)), ly) (IH1) +1=1)), [2) = 1[0}, (1.5)

dio, d; = ¢ iz diy di,z>, is called d-vector. Using the d-vector, the expectation value
of the spin and quadrupolar moments are given as

did. — dzd,
(i) = (Wil Sili) = —1 | didy — did. |, (1.6)
dyd, — d;‘;dz
. \dio|” = |diy|”
75 (21l —1dial’ = 13, )
(Q;) = (WilQ;lvhi) = — di ydiy +di  dix : (1.7)
di ydiz + d ,diy
di ,diy +df ,d;

When d has only the real components, [i;) is time-reversal invariant, and (S;) becomes
zero, while (Q;) have nonzero components, which expresses the spin nematic state as
shown in Fig. [(a). Once d has an imaginary component, |1;) breaks the time-reversal
symmetry, and (S;) takes nonzero values at the same time, which is the magnetic state
(see Fig. I(b)).

1.2.2 A canonical model: bilinear-biquadratic model

As was already discussed in the first stage of the studies on the spin nematics [[4, 5], one
of the main origins of the spin nematic phases are the biquadratic exchange interactions
(S;-S j)Q. This can be understood by the fact that for ¢ # j the biquadratic interactions
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(S; - Sj)2 can be rewritten using the quadrupolar operator as [I7, 19] B
) 1 1 1o 2
(Si-8S;) :§Qi'Qj_§Si'Sj+§S (S+1)°. (1.9)

To discuss the spin nematic phases in spin-1 systems, the spin-1 bilinear-biquadratic
(BLBQ) model [14, I5];

Huisg = |JSi- Sj+ K (Si- 8;)’ (1.10)
(i)

is very often used . In this model, the Heisenberg (bilinear) interactions, S; - S;, which
usually lead to the magnetic orderings, and the biquadratic interactions, (S; - S j)2, which
break the magnetic orderings and induce the quadrupolar (nematic) orderings, compete
with each other. We can see the competition between the magnetic and quadrupolar
orderings more explicitly by rewriting the Hamiltonian (Eq. (II0)) using Eq. (TY) as

K K K 5 9
(4,9)
One can naively expect that the quadrupolar phase is realized when ‘J ) < 2| or

|J| < |K|, and many analytical and numerical studies on the BLBQ models have shown
that the quadrupolar phases do appear when |J| < |K|. In order to discuss how the
magnetic properties are modified by the parameters J and K, frequently the parameters
are rewritten as J = cosf and K =sin with —7 < § < 7 and the BLBQ Hamiltonian
is rewritten as

HpLq = > [cos 0S; - S; +sinf (S, - sj)z} (1.12)
(i.9)

(see e.g., the phase diagrams in Figs. 2, [H(a)).

One-dimensional systems

Chubukov draw the ground state phase diagram of the BLBQ model on the one-
dimensional chain by the bosonization technique [Z1], where he found a gapped dimerized
phase with quadrupolar correlations in addition to the Haldane phase with a spin gap, a
gapless trimerized phase, and a ferromagnetic phase. It then became controversial whether
the non-dimerized spin nematic ordered phase exists between the dimerized phase induced
by the Berry phase and the ferromagnetic phase. The spin nematic ordered phase is the
condensate of director d, and its coupling with the Zs gauge field defined along the closed

"When i = j, Eq. () does not hold, and instead
4 2 2
Qi-Qi:§S (S+1)"=S(S+1) (1.8)

holds.

SHere, Z(i 7 is the summation over a certain pair of spins ¢ and j. In most cases, the nearest-neighbor
pairs are adopted.

"Or equivalently 0 < # < 27 depending on the articles.
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Figure 1.2: Phase diagram of the spin-1 bilinear-biquadratic model on the one-dimensional
chain. Figure is taken from Ref. [20] ((©2014 American Physical Society).

time loop gives an appropriate effective model for the quantum dynamics of d describing
the disorders of the spin nematics. It was proposed that the dimerization occurs because
the Berry phase associated with the gauge field leads to dimerization when the nematic
order is disordered by condensing the Zo disclinations [22, 23]. This phenomenon is in
analogy with antiferromagnetic Heisenberg chain with the half-integer (S = 1/2) and inte-
ger spins (S = 1), where the presence of the Berry phase makes the excitations those in the
former gapless and in the latter gapped. Hu and coworkers examined this effect in more
detail [20]; from the low-energy effective theory, they found that the spin nematic order
in the mean-field picture melts by the large quantum fluctuation and transforms to the
gapped state and that the dimerization occurs by the Berry phase effect. They confirmed
the dimerization by the density-matrix renormalization group calculations and concluded
that the non-dimerized spin nematic phase does not exist. The dimerized phase with
dominant quadrupolar correlations continues up to the boundary with the ferromagnetic
phase. This dimerized phase with nematic correlations is one of the symmetry-protected
topological phases consisting of the quadrupoles [4].

Although the non-dimerized spin nematic phase is not realized in the BLBQ models on
the single chain, Lauchli, Schmidt, and Trebst showed that the spin nematic phase appears
on the weakly-coupling two-leg ladder, where both of the interactions on the rungs and
legs are described by the BLBQ interactions [25].

Two- and Three-dimensional systems

Papanicolaou studied the ground states of the BLBQ models by the semiclassical 1/N-
expansion approach which may give a reasonably accurate description of the three-
dimensional model and pointed out the possibility of the quadrupolar ordering [27].
K. Tanaka, A. Tanaka, and Idogaki gave a rigorous proof that the BLBQ model on the
cubic lattice has the ferro-quadrupolar long-range ordered ground state when 2.664J <
K <2J < 0" [28]. Harada and Kawashima performed the quantum Monte Carlo simu-
lations and obtained the ground state properties of the model on the cubic lattice by the
extrapolation of the order parameters of the finite-temperature to zero temperature [28].
They further performed the quantum Monte Carlo simulations on the square and cubic

8The notation is changed from the original article [28] to match the above BLBQ Hamiltonian
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Figure 1.3: Studies on the spin-1 bilinear-biquadratic model in Eq. (II2) by the quantum
Monte Carlo approach. (a) Order parameter ¢ of the ground state for the square lattice.
(b) Phase diagram of at finite-temperature in the cubic lattice. Figures are taken from
Ref. [26] ((©2002 American Physical Society).

lattices when the biquadratic interaction parameter K is negative [Z6]; they identified the
nematic order parameter in the square lattice at zero temperature as shown in Fig.[=3(a),
confirming the mean-field argument [14] and semiclassical theory [27]. However, in two
dimensions, the observed broad peak at the temperature that roughly corresponds to the
development of the quadrupole moment is concluded not as a sign of the typical phase
transition. By contrast, the nematic phase of the cubic lattice is robust at finite temper-
ature (see Fig. [=3(b)), which is identified by the size scaling analysis.

The ferroquadrupolar phase on the bipartite lattices is thus well established, while
the antiferroquadrupolar phase needed to be examined in more detail. This is because
the ground states are massively degenerate “semi-ordered” states when the variational or
semiclassical methods are applied [27]. Téth and coworkers examined by the numerical di-
agonalizations the region where the semi-ordered (SO) state is realized in the semiclassical
approach [27] (See Fig. [d(a)), and obtained the results which suggest the semi-ordered
phase is the three-sublattice antiferroquadrupolar phase in the fully-quantum picture [30].
Then, the studies by the series expansion [31] and the infinite projected entangled pair
states methods [29] also indicated the presence of the three-sublattice antiferroquadrupo-
lar phase on the square lattice. Figure I(b) shows the details, where the SO region is
divided into several phases when the quantum treatment is given.

The three-sublattice antiferroquadrupolar phase can be more naturally realized on a
triangular lattice. Such studies were rather developed motivated by the triangular lat-
tice compound NiGaySy [32]. Tsunetsugu and Arikawa studied the antiferroquadrupolar
phase of the BLBQ model on the triangular lattice by the mean-field approximation and
the bosonization method [33, B34]. They investigated the bosonic excitation from the anti-
ferroquadrupolar ground states, and obtained the static and dynamical spin correlations,
finding a gapless excitation which has a linear dispersion around the I'-point. This ex-
citation leads to the non-zero spin susceptibility even at T = 0 and the specific heat
proportional to T? at low temperature. Parallelly, Liuchli, Mila, and Penc also exam-
ined the ground state and the excitation of the BLBQ model on the triangular lattice by
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Figure 1.4: Phase diagram of the spin-1 bilinear-biquadratic model on the square lattice by
(a) the semiclassical approach by Papanicolaou [27] and (b) the infinite projected entangled
pair states approach by Niesen and Corboz [29]. Figures are taken from Ref. [29] ((©2017
I. Niesen and P. Corboz, under the Creative Commons Attribution 4.0 International (CC
BY 4.0) License).

the variational method and the numerical diagonalization (Fig. I3H(a)) [I9]. They found
that the ferroquadrupolar phase appears when —37/4 < # < —0.117, and the antifer-
roquadrupolar phase is realized when 7/4 < 6 < w/2. They observed the finite spin
susceptibility at 7' = 0 and the T2 scaling of the specific heat found in Ref. [33] also in the
ferroquadrupolar phase. In their ground-state phase diagram in a magnetic field based on
the analytical and variational approaches, the 2/3-plateau region appears in the magneti-
zation process in the antiferroquadrupolar phase (Fig. I3(b)). Bhattacharjee, Shenoy and
Senthil argued by the more simple mean-field approach that instead of the noncollinear
antiferroquadrupolar phase proposed by Tsunetsugu and Arikawa, the ferroquadrupolar
phase appears for NiGayS, when the biquadratic interaction is large [35]. While this result
seems to be rather unrealistic compared to the previous ones, if one considers the effect of
the uniaxial anisotropy along the z-axis, the large easy-plane anisotropy favors the ferro-
quadrupolar order, as indicated by the cluster mean-field approach by Moreno-Cardoner et
al. [36].

We briefly mention other lattices in two and three dimensions. For the kagome lattice,
the ferroquadrupolar and antiferroquadrupolar ground states appear similarly to the case
on the square and triangular lattices [37, B8]. However, the parameter range where the
antiferroquadrupolar phase is realized is narrower. On the honeycomb lattice, the BLBQ
model has the ground state with ferroquadrupolar order similar to the case on other types
of lattices. The semiclassical analysis predicted the existence of the antiferroquadrupolar
phase on the honeycomb lattice, but the tensor renormalization group calculation showed
that the antiferroquadrupolar phase is not realized, and instead the plaquette valence-bond
solid phase appears [89]. On the pyrochlore lattice, it was proposed that the biquadratic
interactions can become large due to large electron-phonon couplings in some chromium
spinel materials ACro04 (A = Zn,Cd, Hg) with Cr3* carrying S = 3/2 [40-44], which
indicates that the magnetic properties of ACroO4 can be well described by the BLBQ
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Figure 1.5: (a) Ground state phase diagram of the spin-1 bilinear-biquadratic model on
the triangular lattice without magnetic field, where J = cosf and K = sinf. The inner
circle represents the results of the variational calculations, and the outer circle describes
the results of the numerical diagonalizations. FM, AFM, FQ, and AFQ denote the fer-
romagnetic, antiferromagnetic, ferroquadrupolar spin nematic, and antiferroquadrupolar
spin nematic phases, respectively. (b) Ground state phase diagram in a magnetic field.
Figures are taken from Ref. [T9] ((©)2006 American Physical Society).

model [A5]. The classical analog of the quantum spin nematic phase, the collinear spin
state characterized not by the magnetic moments but by the quadrupolar moments, was
discussed using the bilinear-biquadratic model with classical spins [d6]. Takata, Momoi,
and Oshikawa examined the ground state of the spin-3/2 BLBQ model on the pyrochlore
lattice and showed that the spin nematic phase exists in a high field region [47].

Thermodynamic properties

As mentioned previously (see Fig. [3), Harada and Kawashima studied the finite-
temperature properties of the BLBQ model on the square and cubic lattices without
magnetic field by the quantum Monte Carlo simulations [26]. They suggested that there
are no finite-temperature phase transitions including the Kosterlitz—Thouless type ones
in the ferroquadrupolar region on the square lattice. They also demonstrated that the
finite-temperature phase transition to the ferroquadrupolar phase occurs on the cubic
lattice.

On the triangular lattice, Stoudenmire, Trebst, and Balents studied the finite-
temperature properties of the ferroquadrupolar phase without magnetic field by the semi-
classical approximation with classical Monte Carlo simulations [49]. Their phase diagram
and the specific heat are shown in Figs. [8(a) and TB(b). The possible finite tempera-
ture phase transitions between the paramagnetic—ferroquadrupolar and ferroquadrupolar—
antiferromagnetic phases or a crossover is marked by the peaks in the specific heat. In
the present thesis, we adopt this method to the same BLBQ model and discuss the effect
of the finite magnetic field. There, we discuss shortly in Sec. 22472 that since the system
is in two dimensions, the ferroquadrupolar phase is realized not by a simple symmetry
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(a) The phase diagram and (b) the temperature dependence of the specific heat at K/J =
1.5 by the semiclassical approximation by Stoudenmire et al. (¢), (d) Specific heat C,, and
uniform susceptibility x,, calculated by the quantum Monte Carlo simulation. (¢) Results
for J = 0 by Kaul. (d) Results by V6ll and Wessel. The peak position of (c¢) differs by a
factor of 3 from (d), possibly because the factor of K and J is mistaken in the former (see
Ref. [A8]). Figures (a), (b) are taken from Ref. [@9] ((€)2009 American Physical Society).
Figures (c) and (d) are taken from Refs. [60] ((©)2012 American Physical Society) and [4%]
((©2015 American Physical Society), respectively.
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breaking transition. Kaul pointed out that the ferro-biquadratic model ¥, whose ground
state is the ferroquadrupolar order, can avoid the negative sign problem, and studied the
finite-temperature properties by the quantum Monte Carlo simulations [b0]. His results
on the specific heat and susceptibility are shown in Fig. [B(c). Voll and Wessel further
performed the quantum Monte Carlo simulations in the region where the ground states are
the ferroquadrupolar and ferromagnetic order and obtained the thermodynamic properties
and the dynamical structure factors of spin and quadrupoles [4R] as in Fig. [A(d). They
explicitly showed that the specific heat in the ferroquadrupolar phase at low-temperature
is proportional to 72, which is in agreement with the previous study by the linear flavor-
wave theory [I9], while the specific heat is linear in 7" in the ferromagnetic phase. Also,
the dispersion relations estimated from the dynamical structure factors were consistent
with the results of the flavor-wave calculations.

Field-theoretical approach

Ivanov and Kolezhuk developed the low-energy effective field theory of the spin-1 BLBQ
model on the one- and two-dimensional systems [IR]. They showed that the low-energy
dynamics of the BLBQ model with 57/4 < 6 can be described by the RP? non-linear
sigma model.

1.3 Spin nematic phases in the spin-1/2 systems

1.3.1 Quadrupolar and higher-rank multipolar orders

Spin nematic phases appear also in the spin-1/2 systems. As we mentioned above,
quadrupolar operators defined on-site is always zero in the spin-1/2 systems. However,
the quadrupolar moments can be defined on-bond which connects the two spin-1/2’s as
af «a « 2

Qili, = SirSi, t 85, iy — 3 (8i) - Siy) 0aps (1.13)
and the spin nematic order appears as the order of these on-bond spin quadrupolar mo-
ments. The possibility of this bond-nematic phase was pointed out by Andreev and Gr-
ishchuk [I6].

A representative example realizing the spin nematic phase in spin-1/2 systems is the
ferromagnetic J;—Jo Heiseberg model on the square lattice [61-565]. Motivated by the
experiments on the square lattice compounds with ferromagnetic nearest-neighbor inter-
actions and antiferromagnetic next-nearest-neighbor interactions in PbaVO(POy)s [66]
and (CuCl)LaNbyO7 [67], Shannon, Momoi, and Sindzingre studied the spin-1/2 J;—Jo—
K square lattice, where the nearest-neighbor ferromagnetic Heisenberg interactions Jp,
and the next-nearest-neighbor antiferromagnetic interactions Jo and/or the ring-exchange
interactions K compete with each other in an applied magnetic field h (Fig. I=2) [61]. They
showed that the spin nematic phase with the d-wave type quadrupolar order appears in
the vicinity of the fully-polarized ferromagnetic phase. When the interactions between J;
and Jo and/or K are frustrated, the kinetic motion of the single magnons with AS* = —1,
which contribute to the dipolar magnetic orders when condensed, is suppressed, and the

°J=0and K = —1, or § = —7/2 in the BLBQ model (Eq. (IZIm)).
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Figure 1.7: (a) Schematic phase diagram of the square lattice on the plane of Jy/|Ji| or
K/|Ji| and h/|Ji|. The insets show the energy spectra of the high-spin states expressing
the phase transitions into the spin nematic phase. (b) Energy spectrum of the frustrated
square lattice of 36 spins with J; = —1, Jo = 0.4 and K = 0, where the spin nematic
phase is realized. The inset shows that the temperature dependence of the specific heat
for the square lattice of 16 and 20 spins with the same parameters as those of the main
panel. Figures are taken from Ref. [61] ((©)2006 American Physical Society).

two-magnon bound state with AS? = —2 has lower energy than that of the single magnons.
Then, when the Bose—Einstein condensation of the magnon pair occurs, the spin nematic
phase is realized. As a result, the lowest excitation is AS = 2, and the low-lying states in
the energy spectrum which constitute the ground state have a period-2 structure, namely,
only the states with even-Siot appear as the tower of states (Fig. [3). Ueda and Totsuka
studied the same J;—Js model without K on the square lattice by modifying the interac-
tions to the strongly coupled plaquette unit with J; and Jo and the weaker interactions,
AJ1 and AJa, between these plaquettes [62]. By extending the bond-operator mean-field
theory to the plaquette unit, and by dealing with A perturbatively, they compared the exci-
tation energies of triplet and quintet to see which will close the gap first. When J; /Jy ~ —2
the quintet and the singlet condense where one may expect the condensation of bound
magnons interpreted as spin nematic order. Shindou and Momoi developed a mean-field
theory using slave-bosons, and proposed that the spin nematic phase is expressed as the
resonating valence-bond states of triplets [53].

The study on the spin nematic order is also motivated by the *He on graphite, where
the gapless spin-liquid-like behavior was observed [69, 60]. Momoi and Shannon performed
the instability analysis of the ferromagnetic phase and the classical Monte Carlo simula-
tions on the spin-1/2 model with multiple spin exchange interactions on the triangular
lattice [61]. They found that when the four-spin interactions are introduced, the spin
nematic state with the condensation of bound two-magnon is realized at the instability
of the ferromagnetic phase. Their classical Monte Carlo simulation also indicated the
rapid decrease of the spin correlations and the enhancement of the nematic correlations
at low temperatures. Momoi, Sindzingre and Shannon studied the ground state of the
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Figure 1.8: (a) Phase diagram obtained by the magnon instability analysis from the fully
polarized ferromagnetic phase in the saturation field on the plane of J5 and J4. The model
parameters are J = —2 and Jg = 2J5. The wave vectors and the spatial symmetries of
the n-magnon states are denoted. The inset is the first Brillouin zone, where I'-, K-, and
W-points are defined. (b) Low-energy spectrum of the multiple spin exchange model with
36 spins. The parameters are set as J = —2, Jy = 0.5, and J; = Jg = 0. (c) Energy
spectrum of the multiple spin exchange model with 36 spins near the fully-polarized state
of S = 18. The parameters are set as J = —2, J; = 1, and J5 = %J(; =0.3. I'y, I'y, and
I3 are given as I'1 = (Ror3 =1, Re =1, 0 = 1), 2 = (Ror3 =1, Rr =1, 0 = —1),
and I's = (Ryr/3 = 4,72, R = 1), respectively. Figures are taken from Ref. [68] ((©)2012
American Physical Society).

spin-1/2 model on the triangular lattice with two-spin interactions and four-spin exchange
interactions in a magnetic field aiming to describe the *He on graphite. They show that
the spin triatic order, the octupolar order of spins, is realized between the fully polarized
ferromagnetic phase and the canted antiferromagnetic phase. In the spin triatic phase, the
condensation of bound three-magnon occurs similarly to the condensation of the bound
two-magnon in the spin quadrupolar phase [62]. Momoi, Sindzingre, and Kubo showed
that the solid 3He thin film forming the triangular lattice, where each *He nucleus carries
spin-1/2, exhibits the spin nematic phase [568], by the multiple-spin exchange interactions.

The spin nematic phases have been realized near the saturation field also in one-
dimensional systems as the quadrupolar quasi-long-range order since the long-range or-
derings are suppressed by the quantum fluctuations [63-69]. Kecke, Momoi and Furusaki
studied the J;—J> chain, where the nearest-neighbor interaction J; and the next-nearest-
neighbor interaction Jo compete [64]. They constructed the n-magnon excited state by
applying s~ to the fully-polarized ferromagnetic state, and calculated their energy dis-
persions, finding that the lowest-lying excitations are almost always the multi-magnon
ones with momentum 7. Hikihara, Kecke, Momoi, and Furusaki examined the ground
states of the Ji—Jo chain with J; < 0 and J2 > 0 in a magnetic field using the numeri-
cal methods and the field-theoretical approach [66]. Similar calculations were performed
by Sudan, Liischer, and Lauchli [67]. Zhitomirsky and Tsunetsugu constructed the two-
magnon states from the full saturation, and gave an analytical treatment to describe the
spin nematic order in a high field [68]. They predicted that the spin nematic order is
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realized in a high-field region of LiCuVOy, which was later confirmed (see Fig. IT3). The
investigation aiming at a high-field region of LiCuVOy4 was performed also by Ueda and
Totsuka [70], and Sato, Hikihara and Momoi [I71].

Another example where the spin nematic phase is realized in the one-dimensional
system is the two-leg ladder. Hikihara and Yamamoto studied the Heisenberg model with
ring-exchanges in a magnetic field on the two-leg ladder, and showed that the quasi-long-
range order of the magnon-pairing is realized next to the fully-polarized ferromagnetic
phase [[72].

The studies on spin nematics are also performed on the Shastry—Sutherland lattice [73],
the orthogonal dimer system which probably describes SrCus(BOg3)2 [74]. Momoi and
Totsuka [[75] started from the limit of the decoupled dimers, and performed the pertur-
bation calculation of the inter-dimer interactions, deriving the effective hard-core boson
model where the singlet is the vacuum and the triplet with S* = 41 is the bosonic parti-
cle [76]. They showed that the strong geometrical frustration of the Shastry—Sutherland
lattice strongly suppresses the hopping of a single triplet, and instead the bound state of
triplet itinerates by the correlated hopping processes. The two-triplet bound states were
confirmed by several studies [77-79]. Wang and Batista examined the low-energy excita-
tion and the dynamics by the variational method, and found two kinds of spin nematic
phases [80]. One is the antiferroquadrupolar spin nematic phase which was already found
in Ref. [I75], and the other is the plaquette spin nematic phase which they newly found.

1.3.2 Vector-chiral orders: p-type nematics

So far, the spin nematic phases as the order of quadrupolar moments of spins, the rank-2
symmetric tensor, have been discussed. The rank-2 tensor operators can be constructed
by spin operators also in an antisymmetric form, namely, the vector-chiral operator,

Y oz _ o2 Y

S5y S5, = 87,54,

— . . p— z xX x z
Pi = Siy X Sig = | 5,85, — Si; S0, | o (1.14)

sT s — Y sT

11 Zi2 11712

can be considered as another rank-2 tensor. When the magnetic order is suppressed and
the vector-chiral correlation, (p; -pj>, develops, the vector-chiral order is realized. This
vector-chiral order is sometimes called the spin nematic order. To distinguish the order of
the quadrupolar moments and that of the vector-chiral operator, the former is called n-
type nematic order and the latter is called p-type nematic order [16] ™. The vector-chiral
order is elusive in much the same way as the n-type nematic order. In Refs. [66, 67], in
addition to the quasi-long-range orderings of the quadrupolar and higher-rank multipolar
moments, the long-range orderings of vector-chirality, s;, x s;,, are observed.

The vector-chiral ordering is actually found in two-dimensional model. Lauchli and
coworkers showed that this p-type vector chiral order is realized on the square lattice
where the antiferromagnetic Heisenberg interactions and the ring-exchange interactions
compete with each other [81]. Their phase diagram and the results of the Anderson tower
analysis are shown in Fig. 9. The distinct difference of the p-type nematic order from

10Usually, the order of s;, x S;, is simply called the vector-chiral order, and the word “spin-nematic”
is reserved for the quadrupolar order.
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Figure 1.9: (a) Schematic phase diagram of the Hamiltonian with the Heisenberg interac-
tions J = cos 6 and the ring-exchange interactions K = sin # on the square lattice. (b), (c)
Results of the numerical diagonalization on the square lattice with 40 spins. (b) Spatial
vector-chirality correlations. The bold black bond is the reference bond, and the width of
the lines on each bond is proportional to the absolute value of the correlation. (¢) Energy
spectrum of the Hamiltonian of 32 spins with K/J = 1.5, in the p-type spin nematic
phase. The inset is the result of the finite-size scaling of the spin gap, which suggests that
the spin gap becomes zero in the N — +o0o thermodynamic limit. Figures are taken from
Ref. [81] ((©2005 American Physical Society).

the n-type one is that it is not located next to the fully polarized or ferromagnetic phases,
and that the low-energy excitation is not characterized by the multi-magnon bound state.
In fact, the tower of states in Fig. [9(c) consists of AS = 1 series of states, since there
is a vector-chiral long-range order of magnetic moments that can contribute to the single
magnon excitations.

Another proposal realizing the p-type nematics in the two-dimensional system was
given by Chandra and Coleman [87], utilizing the spiral spin structure. Also, Gor’kov and
Sokol parallelly reached the similar result as Chandra and Coleman [R3].

1.4 Spin nematic phases in dimer systems

So far most of the spin nematic phases are found next to the ferromagnetic phase or in
the strong magnetic field near the saturation ™. However, recently, there have been some
studies showing that the spin nematic phases appear even without a magnetic field by
utilizing the dimer structure ™.

Totsuka, Lecheminant and Capponi examined the spin-1/2 Hamiltonian with Heisen-
berg interactions J and ring-exchange interactions K, on the two-leg ladder shown in
Fig. 10 [84]. Regarding the pair of two spins on each rung as the dimer, they map the
two-leg ladder onto the spin-1 hard-core boson chain where the dimer singlet state is the
vacuum of boson and the dimer triplet state is the boson carrying the spin-1 [85]. They

analyzed the hard-core boson model and draw a mean-field ground-state phase diagram

"The spin-1 systems can be regarded as a sort of the ferromagnetic system, where two electron spins
ferromagnetically align by the Hund’s coupling inside each magnetic ion.

12The Shastry-Sutherland lattice can be regarded as the dimer system, but the spin nematic phases on
the lattice are realized in a magnetic field.
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from Ref. [84] ((©)2012 American Physical Society).

in Fig. CI0(b), and further examined how the quantum fluctuation effect melts the mean-
field phases. Notice that although the mean-field approximation generates a fictitious
long-range order with distinct order parameters in the antiferromagnetic and chiral types
of phases, denoted as NAF-dominant and chirality-dominant ones in this phase diagram,
they give the power-low decaying correlations in reality, particular of one-dimension by
the strong quantum fluctuation. In the analysis, they noticed that the phases can be
systematically classified from two aspects; the magnetic properties of the spin-1 bosons,
and the internal degrees of freedom of the dimer bosons. The former is whether the spin-1
makes the magnetic states or the nonmagnetic, quadrupolar states. In the latter aspect,
the internal degrees of freedom given as

(8iy — 8ix) , P = 8iy X Sig, (1.15)

DO | =

q; =

are the order parameters. We adopt this classification in the present thesis.

Yokoyama and Hotta studied the ground states of two-dimensional bilayer triangu-
lar lattice that consists of dimers antiferromagnetically coupled spin-1/2’s [8G]. They
mapped the spin dimer model onto the spin-1 hard-core boson model in a way similar
to Ref. [84], and examined the hard-core boson model through the instability analysis
and the numerical diagonalization. They showed that two spin nematic ordered phases,
the three-sublattice antiferroquadrupolar order where the triplet bosons fully occupy the
dimers, and the quadrupolar order with kagome structure, are realized by introducing the
two-types of ring-exchange interactions between two neighboring dimers (Fig. II). In
contrast to the previous cases realizing the ferroquadrupolar spin nematic phase next to
the ferromagnetic phase, the antiferroquadrupolar spin nemtatic phase appears next to the
singlet phase and not related to the ferromagnetic or magnetically polarized phases here.
These phases appear because the ring exchange interaction that cyclically permutates the
inter-dimer spins in the cross geometry, denoted as Kt in Fig. [CId(a), is transformed
to the strong biquadratic interaction between the two spin-1’s occupying the neighboring
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Figure 1.11: (a) Spin-1/2 dimer triangular lattice forming a bilayer. (b) Phase diagram
on the plane of Kg and Kt fixing the parameters to be J = 1, J' = 2Ky and J” = 0.
Figures are taken from Ref. [86] ((€)2018 American Physical Society).

dimers carried by the triplet bosons. The mechanism of generating a large biquadratic
interaction by the ring exchange interactions is studied in Chap. .

The dimer system with ferromagnetically coupled spin-1/2’s shown schematically in
Fig. ITA(a) was studied by Hikihara, Misawa and Momoi, using the mean-field, analytical,
and many-variables Monte Carlo approaches [87]. In their case, the strong ferromagnetic
interactions work inside the dimers, and as in the previous cases, spin nematic phase
appears next to the ferromagnetic phase. In this phase, they showed that the inter-dimer
Heisenberg interactions, J) and Jx, are converted to the biquadratic interaction at the
second order perturbation from the strongly coupled limit of isolated ferromagnetic dimers
(fully triplet product state) even without the ring-exchange interactions.

In the context of where and how the quadrupolar moments emerge, it can be said
that these spin-dimer systems interpolate the picture of the spin-1 systems and the spin-
1/2 systems. In these spin-dimer systems, the quadrupolar moments are defined on the
strongly coupled dimer bond consisting of two spins-1/2’s, which resembles the non-dimer
spin-1/2 systems such as the ferromagnetic J;—Jo Heisenberg model on the square lattice,
where the quadrupolar moments are defined on-bond. On the other hand, if we regard the
dimer as a unit of the lattice, namely “site”, the quadrupolar moments are well-defined as
an on- “site” -operator, similarly to the spin-1 systems where the quadrupolar moments are
defined on each site. This quadrupolar picture is distinctively different from the non-dimer
spin-1/2 systems, where the spin-1/2 on each site can contribute to the several quadrupolar
moments on different bonds to which it is connected, namely, the quadrupolar moments
are not spatially distinguished or well-separated.
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Figure 1.12: (a) Two-dimensional spin-1/2 ferromagnetic (Jy < 0) dimer lattice forming a
bilayer. (b), (c) Results of many-variables Monte Carlo calculations on the square lattice
for Jg = =8, Jy = —1 and Jy = 0. (b) Jx dependence of the energy densities of the
ferromagnetic (FM), ferroquadrupolar spin nematic (SNf), and C-type antiferromagnetic
(AFM) phases. (c¢) Jx dependence of the squared values of the local total-spin moment,
T2, and those of the normalized quadrupolar moment, 3Q?/4. Figures are taken from
Ref. [87] ((©2019 American Physical Society).
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1.5 Developments of the experimental probes toward detec-
tion of the spin nematic phases

The spin nematics are one of the “hidden” orders since they are often invisible to local
magnetic probes like neutron scattering or magnetic resonances. In fact, the nematic
order parameter does not couple directly to the magnetic field so that it only shows
featureless paramagnetic-like responses to the static magnetic field. For these reasons,
most of the studies so far have focused on the dynamical properties, such as nuclear
magnetic resonance, inelastic neutron scattering, or the electron spin resonances. Here,
we introduce some of the theoretical proposals and the experimental reports related to
spin nematics.

Nuclear magnetic resonances

Sato, Momoi, and Furusaki proposed that the relaxation rate in nuclear magnetic res-
onances (NMR), 1/T1, can capture the quasi-long-range multipolar correlation of the
Tomonaga—Luttinger liquid (TLL) phase [8R]. From the effective field theory, they found
that the temperature dependences of 1/7) in a magnetic field differs between the standard
antiferromagnetic TLL phase and the multipolar TLL phase. For the former they find
1Ty ~ T2K-1 4 TY(EK)=1 where K is the TLL parameter, and regardless of the value of
K, 1/T diverges when T' — 0. By contrast, in the latter phase, the spin-1/2 ferromagnetic
J1~Jo chain shows 1/T} ~ T?5~1 and in a high-field region with 1/2 < K it decays as the
temperature is lowered. They also calculated the dynamical spin structure factors in the
p-th multipolar phase, i.e. p-magnon bound state ™, at zero-temperature. They found
that the gapless modes which mainly contribute to the longitudinal component, S**(k, w),
appear at k = +m (1 — 2M) /p, where M is the magnetization, and the transverse compo-
nent, ST~ (k,w), is gapped. This is in sharp contrast to the antiferromagnetic TLL phase,
where ST~ (k,w) is gapless.

Sato, Hikihara, and Momoi investigated the magnetic field and temperature depen-
dences of 1/T) in the quadrupolar TLL phase on the ferromagnetic J;—Jo chain [89].
They derived the analytical formula of 1/7} at finite-temperature by the field-theoretical
approach, which includes some temperature-independent parameters. They evaluated
the values of those parameters from the numerical calculations at zero temperature, and
obtained the temperature dependence of 1/T} in an explicit form, showing that in the
quadrupolar TLL phase 1/77 nonmonotonically varies with field at low-temperature; it
first decreases since the TLL parameter increases and then increases near the saturation
field as the TLL velocity approaches zero. They performed a similar calculation in the
octupolar TLL phase in the same model [90].

Smerald and Shannon developed the continuum theory of the 1/7T; focusing on the
quadrupolar fluctuations [d1]. They showed that the sharp but non-divergent cusp ap-
pears in the temperature dependence of the 1/T} at the partially-polarized paramagnetic—
antiferroquadrupolar phase transition, which is different from the divergent behavior of
1/T; at the antiferromagnetic phase transition.

13For example, p = 2 for the quadrupolar phase, where two magnons are bound.
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Inelastic neutron scattering

To understand the spin nematics from the excitation spectrum, Smerald and coworkers
focused on the inelastic neutron scattering [92, 93]. They developed the continuum field
theory, and calculated the anticipated inelastic neutron scattering spectra in the spin
nematic phases.

Electron spin resonances

Furuya proposed that the electron spin resonance (ESR) can be a useful tool for detecting
the quadrupolar TLL phase in the one-dimensional frustrated ferromagnetic chain [94]. He
disclosed how the linewidth of the ESR spectra depends on the magnetic-field-angle 6; in
the usual TLL phase with quasi-long range antiferromagnetic order, the linewidth varies
with the period of 7, while in the quadrupolar TLL phase the period of 7/2 is observed.

Furuya and Momoi extended the approach in Ref. [94] to the two-dimensional models,
and showed that the ferroquadrupolar long-range order can be detected by the frequency
shift of the electron paramagnetic resonance (EPR) peak in the ESR spectrum [95]. For
the antiferroquadrupolar long-range ordered case, the frequency shift is no longer useful,
but it can be captured instead by the additional peaks to the EPR peak, which originate
from the excitations of the bounded two-magnon and the single magnon with the finite
wave-vector.

Magnetocaloric effects

Schmidt, Thalmeier, and Shannon studied the magnetocaloric effect on the ferromagnetic
J1—J2 Heisenberg model on the square lattice [96]. They showed that between the canted
antiferromagnetic phase and the ferromagnetic phase, there is another phase which is
characterized by the two-magnon instability, which is consistent with the previous proposal
on the spin nematic order on the model [61]. They found that the magnetocaloric effect is
enhanced near the saturation field due to the large degeneracy in low-energy excitations,
which is a characteristic of the frustrated system, and predicted that the sign of the
magnetocaloric effect changes from positive to negative at the subcritical field when the
system is magnetically ordered.

Other recent proposals

Michaud, Vernay, and Mila developed the theoretical framework of inelastic light scattering
in spin-1 magnets using the two-orbital Hubbard model [97], and proposed that the Raman
scattering can be utilized for tracing a quadrupolar order.

Sato and Morisaku proposed that the laser or electromagnetic waves have the po-
tential to detect the spin nematic order [U8]. They showed that the two-magnon bound
state is excited through the two-photon absorption process by the strong THz laser. The
magnon pair carries the angular momentum 2A, and in the excitation spectrum, they can
be distinguished from the single-magnon, whose excitations occur through the one-photon
absorption process with angular momentum h.
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Figure 1.13: Results of the 'V NMR measurements of LiCuVOy at 7' = 1.3 K in various
magnetic fields of (a) H || ¢ and (b) H || b, where the peak intensity is normalized. The
black triangles denote the peak positions of the NMR spectra, which indicates that the
peak moves towards the fully-polarized state. The NMR spectra are differently colored on
the basis of the magnetic properties; gray, light red, and blue regions correspond to the
spin-density wave, spin nematic, and fully-polarized states, respectively. The region where
the internal local magnetic field, Hiy, is changed by a magnetic field but its distribution is
unchanged is sandwiched by the dash-dotted red lines. Figures are taken from Ref. [
((©2017 American Physical Society).

1.6 Experimental proposals

Candidate materials which realize the spin-nematic phase have been proposed, most of
which have Ji—Jy chain or Ji—Js square lattice structures with J; < 0 and Jy > 0.
Examples of the former are LiCuVO, [99-101], NaCuMoO4(OH) [M02], A3CusMo3012
(A = Rb,Cs) [M03, 104], and PbCuSO4(OH), [[05, I06], and those of the lat-
ter is (CuCl)LaNbQO7 [EZ], CU3V207(OH)2 'QHQO [[IJIZL UIIS], AA,VO(PO4)2 (AA/ =
Pbe, BaCd, BaZn, SrZn) [66, (09, I10]. Below, we pick up three representative examples
whose possibility of the spin nematic phases has been intensively investigated.

LiCU.VO4

One of the first candidate materials with spin nematic phase is LiCuVOy. In LiCuVOQOy,
Cu?*-ions carry the spin-1/2, and form the quasi-one-dimensional J;—Jo chain structure

with ferromagnetic J; = —1.6 meV, antiferromagnetic Jo = 3.8 meV, and ferromagnetic
interchain J = —0.4 meV interactions [99]. Svistov et al. measured the magnetization at

low-temperature in a high field and observed another phase between the phase with the
collinear structure of modulated spins at intermediate field region and the fully-polarized
phase in a saturation field [I00]. Combining the preceding theoretical proposal of the
realization of the spin nematic phase in LiCuVOy [68], they suggested the phase found is
the spin nematic phase. Orlova et al. investigated the magnetic properties in a high-field
using the 51V NMR and the magnetization measurements [I01]. As shown in Fig.I"T3,
they found the high-field region next to the saturated phase, where the width of the
NMR spectrum does not change, similarly to the fully-polarized ferromagnetic phase.
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Figure 1.14: Results of the NMR measurements of CuzV207(OH)s - 2H20. (a) NMR
spectra in various magnitudes of the magnetic field measured at 0.3-0.4 K. The magnetic
field is applied perpendicular to ab-plane. (b) Local spin polarization in various magnetic
fields. Figures are taken from Ref. [IT3] ((©)2017 American Physical Society),

They identified the region as the spin nematic phase because the spin nematic phase
has a homogeneous magnetization and no transverse magnetic order and thus the width
of the NMR lines is unchanged. A recent study on the magnetocaloric effect and the
magnetoacoustic measurement also indicated that the existence of the spin nematic phase
in a high field [I71]. Hirobe et al. measured the spin Seebeck effect in a low-field region of
LiCuVOy, and found that the effect is suppressed as the magnetic field is increased, which
they ascribed to the development of magnon-pair correlation [T12].

CU3V2 O7 (OH) 2" 2H20

A candidate of spin nematic material in two dimensions is volborthite
Cu3V,07(OH)y - 2H,0, which has spin-1/2 carried by Cu?t. The material takes
the deformed kagome lattice structure, and there are two types of Cu?*-ions whose local
environments are different [[07, 0T0X8]. It was proposed later that this system should
be understood as the coupled frustrated chains, where ferromagnetic J;—J2 Heisenberg
chains are connected by the antiferromagnetic Heisenberg interactions, rather than the
kagome lattice with spatial anisotropy [ITH]. This is because the density functional
theory calculation shows that Cu?T-ions in different environments host different orbitals,
3dz,2_,2 and 3dy2_ e,
occur; the succeeding experiment showed that all Cu ions are in the d 2_,» orbital at

respectively. However, this type of orbital orderings is unlikely to

low-temperature [IT6]. In addition, there is an experimental ambiguity in that a wide
1/3-plateau observed at 28 T < B < 74 T at 1.4 K for the single crystal [[17] was
not observed for the polycrystalline samples [IIR, ITY], and thus further investigation
on the description of this material was needed. The coupled frustrated chain model
may not properly explain all these issues. A more recent study examined the material
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Figure 1.15: Results of the magnetocaloric effect measurements of CugVo0O7(OH)s - 2H20.
Figure is taken from Ref. [I14] (©2019 Y. Kohama, H. Ishikawa, A. Matsuo, K.
Kindo, N. Shannon, and Z. Hiroi, under Creative Commons Attribution-NonCommercial-
NoDerivatives License 4.0 (CC BY-NC-ND 4.0)).



1.6. EXPERIMENTAL PROPOSALS 23

by the density functional theory based on the structural data of the single crystal and
proposed that CugVoO7(OH)y - 2H20 in a low field should be regarded as the coupled
trimers rather than as the coupled frustrated chains [T20]. There, each trimer takes
total-S = 1/2 state, and the trimers form the (effective) spin-1/2 square lattice which
has the nearest-neighbor ferromagnetic Heisenberg interactions and two kinds of next-
nearest-neighbor antiferromagnetic Heisenberg interactions as the dominant couplings.
Based on the analysis of the coupled trimer model, the absence of the 1/3-plateau in the
powder samples was explained, and the existence of the spin nematic phase just below
the 1/3-plateau was suggested, which was naively expected in Ref. [I17]. Yoshida et al.
performed the 5V NMR measurement [I'13] (see Fig. ). They observed in the vicinity
of the 1/3-plateau region the NMR spectrum similar to the one inside the plateau, which
implies the spin nematic phase, as was seen in LiCuVO, [I0I]. They also found that
the g-factor estimated in the plateau region takes about two or three times larger values
than that in the paramagnetic region [IZI], which indicates the bound multimagnon
excitations. Kohama and coworkers measured the magnetocaloric effect and the specific
heat in a magnetic field and gave a clue that there is a thermodynamic phase just before
reaching the 1/3-plateau phase [IT14] (see Fig. I1H). Combining those thermodynamic
results with the previous NMR measurements [I13, 077], they indicated that the phase
next to the 1/3-plateau phase is the spin nematic phase.

BaCdVvVO (PO4)2

Another candidate realizing the spin nematic phase on the spin-1/2 J;—J square lat-
tice is BaCdVO(POy4)2. The series of vanadium phosphates, AA’VO(PQy)2, where V4+
ion carries spin-1/2, are the examples of the spin-1/2 J;—Jy square lattice compound
with ferromagnetic J; and antiferromagnetic Jo interactions [109, IT0]. Among them,
BaCdVO(POy4)2 has a rather small Jy interaction. The crystal structure of this material
was studied by Meyer and the collaborators [I24]. The magnetic susceptibility and the
specific heat were investigated by Nath et al. using the polycrystalline sample [T09], and
the interaction parameters are estimated as J; ~ —3.6 K and Jy ~ 3.2 K. The magnetic
and thermodynamic investigations using the single-crystal sample was performed by Po-
varov and coworkers [122]. Although BaCdVO(PO,)2 undergoes the antiferromagnetic
phase transition at Ty ~ 1 K without magnetic field [109], they pointed out that be-
low 0.15 K an additional quantum phase to the antiferromagnetic phase appear near the
saturation field from the measurement of the specific heat and magnetocaloric effect, im-
plying the existence of the high-field spin nematic phase (see Fig. [I8(a)). Skoulatos et al.
performed the neutron scattering and the ac magnetic susceptibility measurements [T23].
Both measurements suggested that the spin moments are mostly fluctuating in a zero
field, and the unpolarized components of the spin moments fluctuate from 3.8 17" to 4.5 T
which is the saturation field, which suggests the realization of the spin nematic phase (see
Fig. I8(b)).

Bag MRUQ 09

Although it has not been discussed in the context of spin nematics, we introduce
BagMRusOg with divalent cation M, since it motivates us to study the spin-1 dimer
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Figure 1.16: Experimental results of BaCdVO(PQOy)s. (a) (left) Temperature dependence
of the specific heat in various magnetic fields. (right) Magnetic field dependence of the
specific heat at a variety of temperatures. The arrows in pgH = 4.5 T data in the left
column and in 7' = 0.1 K data in the right column express the additional contribution
to the specific heat, which indicates the existence of the quantum phase in a high-field at
low-temperature. (b) Temperature-magnetic field phase diagram. Figures (a) and (b) are
taken from Refs. [T22] (©)2019 American Physical Society) and [I23] ((€)2019 American
Physical Society), respectively.



1.6. EXPERIMENTAL PROPOSALS 25

) T L BN

101 BasZnRu,0g 4102 g
— e}
1 B 1 £
5] 10" =
<) 108 | . 8
2 [ i 10° &
=10° O i
2 I
2 = / 10" g
2 | ] E=
w10’ S 992030 1()28
, (&) (K2) (%
PRI B | L PRI A |
10 5 10 50 100
Temperature T (K)
Ba3MRU209
(C) "'Zn1—xC0x . . |Z'v11-)|lcray| . (d)
5 1.51-(b) A
E C o 1 AF QsL SG
2 I Zny,Coy i i (c)1
5 . . 100p-1e | ]
™ A e - | |
2 1.0_ 0.1 & [ 090 : .
= AAA ) 0.6 ! !
= :‘A%MAAAAA = *| |
— 13 0.2 i = 50} i i
2 [ * v L o4@: |
5 %k % L ]
2 a - [ ot | 00 02 o]
5 L% | L x=y=0_ | y=0.1 0. 107 ]
@ I oF SNee e ‘e
O 50""100° % 204060 80 574 576 578 58 582 584
Temperature (K) Temperature (K) a-axis length (A)

Figure 1.17: Experimental data of BagMRu20g. (a) Crystal structure. (b) Temperature
dependence of the specific heat and resistivity of M = Zn. (c) Magnetic susceptibilities
of M = Zni_,Co, (left) and M = Zn;_,Ca, (right). (d) Néel transition temperature
with respect to the length of a-axis, or the inter-dimer distance. AF, QSL, SG represent
the Néel-antiferromagnetic, (possible) quantum spin-liquid, and spin gapped phases, re-
spectively. Figures are reproduced with permission from Ref. [IZ5] ((©)2017 The Physical
Society of Japan).
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system in Chapter B. In a series of BagMRuyOg compounds [I25-132], where M =
Ca, Co, Ni, Cu, Zn, Sr, two RuOg octahedra form a dimer by face-sharing, and the dimers
construct a two-dimensional triangular lattice as shown in Fig. TT4(a). Along the inter-
layer (c-axis) direction, the Ru®" ions and M ions align as Ru-Ru-M-RuRu—-- with
the dimerized Ru ions on top of each other and M ions out of face, whereas the inter-layer
interactions between the Ru-dimer layer and the M layer do not largely affect the magnetic
properties. Actually, when M is the magnetic ion such as Co, Ni, and Cu, the conductivity
measurements suggested that the electrons can move in two-dimensional plane formed by
Ru dimers [129] and the M ions are isolated.

In this series of materials, intriguing magnetic ground states have been reported ex-
perimentally. When M = Zn, the specific heat has no anomaly down to 2 K, and the
magnetic susceptibility takes featureless structure down to 37 mK, which is much lower
temperature than the energy of the intra-dimer interactions J ~ 150-200 K [[25, I26]
(see Figs. TTA(b), TT4(c)). For the M = Co,Ni, and Cu compounds, the inter-dimer
distances, the a-axis lengths, are shorter than that of M = Zn, and the antiferromagnetic
phase transitions at T ~ 100 K are observed [[28, [30], which are determined mainly
by the inter-dimer interactions and do not largely change depending on the magnetic
ions [T30]. In the M = Ca or Sr compounds, the inter-dimer distances are longer than
that of M = Zn, and the typical nonmagnetic singlet state is identified [27]. The mag-
netic ground states in various kinds of M are summarized in Fig. ITA(d). The difference
of the magnetic properties seems to be only in the difference of inter-dimer distances; the
nontrivial nonmagnetic phase in M = Zn with intermediate inter-dimer distance appears
between the antiferromagnetic phase and the gapped singlet phase.
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1.7 Motivations and purpose

Although the physics of the spin nematics itself has been well established, there are re-
maining issues. First, despite many theoretical proposals and experimental efforts, the
observation of the spin nematic order has been challenging, because the quadrupole mo-
ment does not directly couple to the magnetic field unlike the magnetic orders. Second,
the spin nematic order is also quite elusive in theoretical models in reality. In spin-1
systems, a large biquadratic interaction is needed to suppress the magnetic order and
to enhance the quadrupolar order. However, the biquadratic interaction is often much
smaller than the Heisenberg interaction; for example, in the Mott insulators where the
quantum magnets are realized, the typical biquadratic interaction is generated from the
higher order perturbation processes from the strong coupling limit, while the Heisenberg
interaction is from the lower order processes. Therefore, the realization of the materials
with large biquadratic interactions is not easy in this case. In spin-1/2 systems, more real-
istic situations than those in the spin-1 systems have been proposed such as the frustrated
J1—J5 models with ferromagnetic J; and antiferromagnetic Jo interactions. However, it is
not so frequent that ferromagnetic interactions are dominant in the materials. Although
some candidate materials have been proposed as we introduced in this Chapter, most of
them focus on the case at high fields where the magnetization almost saturates. This kind
of experiment is possible only for materials with small magnetic interactions because the
saturation field scales with J. From the theoretical point of view, the spin-1 nematics and
the spin-1/2-based nematics have been separately discussed in most of the cases since they
do not share the common description of the quadrupolar order parameters when defined in
terms of the original spin-1 or spin-1/2; the canonical description of the on-site quadrupo-
lar order in spin-1 systems and the conventional two-magnon bound state description in
spin-1/2 systems are seemingly disconnected.

In the present thesis, we examine these issues from several different aspects. We start
from the canonical spin-1 bilinear-biquadratic Hamiltonian and disclose the characteristic
thermodynamic properties of the ferroquadrupolar spin nematic phase, which was over-
looked in the previous studies on spin-1 nematics. We then construct the spin-dimer model
where each dimer consists of a pair of spin-1’s interacting antiferromagnetically to under-
stand the properties of BagMRus0Og. Another reason why we choose such a dimer model
is that they can become a real platform for spin nematics or quadrupolar orderings; we
find that the standard antiferromagnetic interactions might be useful to generate a variety
of phases without the aid of the ferromagnetic interactions, explicit biquadratic interac-
tions, or the high magnetic field. The large internal degrees of freedom of dimers shall
play a crucial role. The dimer description helps us to clarify how the effective interactions
that can play a similar role as the spin-1 biquadratic interaction can develop. Based on
this consideration, we finally study the conventional high field two-magnon bound state
based on the dimer description, with the perspective that the two-magnon bound state
description of spin nematics in the spin-1/2 system and the canonical spin-1 nematics can
be unified based on the language of dimers.
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Organization of this thesis

This thesis is organized as follows. In Chapter B, we study the magnetic field effect on the
thermodynamic properties of the spin-1 nematics using the spin-1 BLBQ model. Perform-
ing the numerical simulation combining the semiclassical approximation and the classical
Monte Carlo method, we find the small field-reentrant behavior of the ferroquadrupolar
phase transition; the transition temperature from the paramagnetic phase to the ferro-
quadrupolar phase once increases in an applied magnetic field, and decreases in a larger
magnetic field. We attribute this reentrant behavior to the entropic effect, which origi-
nates from the different robustness against the magnetic field between the paramagnetic
and ferroquadrupolar phases.

We study the ground states of the spin-1 dimer triangular lattice forming a bilayer in
Chapter B. We show that the low-energy manifold of the system can be described by the
spin-1 hard-core boson model, where the triplet and singlet dimers are regarded as the
boson with spin-1 and the vacuum, respectively. Performing the numerical diagonalization,
we find the multiple quadrupolar phases consisting of triplet dimers, which we classify by
the internal degrees of freedom of dimers. We discuss the possible correspondence of the
spin-1 dimer system to BasMRusOg, where the nontrivial nonmagnetic ground states are
found next to the singlet phase.

In Chapter B, we evaluate the spin-1 Heisenberg and biquadratic interactions from a
microscopic view. Performing the perturbation calculations in the strong coupling region,
we show that the biquadratic interaction can take a large value in the spin dimer structure.

We describe the spin nematic phase in spin-1/2 systems in a high magnetic field us-
ing the dimer-basis in Chapter B. We investigate the two-leg ladder system as a one-
dimensional realization of the dimer, and discuss how the two-magnon bound state is
explained in terms of the dimers.

Chapter B is devoted to the summary of this thesis.



29

Chapter 2

Magnetic field effect on the
finite-temperature properties of
spin-1 nematic phases

In this Chapter, we discuss the magnetic field effects on the finite-temperature properties
of the spin nematic phases. Using the spin-1 bilinear-biquadratic model, a canonical model
for discussing the spin nematics, we numerically examine how the finite-temperature prop-
erties of the spin nematic phase change by a magnetic field. We find a slight field-reentrant
behavior in the ferroquadrupolar phase transition, namely, the transition temperature
from the high-temperature paramagnetic phase to the ferro-nematic phase first increases
by a small magnetic field, and then decreases by a larger magnetic field, which can be
identified by the shift of the peak position of the specific heat. The mechanism of this
field-reentrant behavior is the entropy effect. When a small magnetic field is applied, the
entropy of the paramagnetic phase at high temperature region decreases, whereas that
of the ferroquadrupolar phase is kept by changing the form of the quadrupolar moment.
This reentrant behavior will give a fingerprint of the ferroquadrupolar phases, whereas it
is not seen in the antiferroquadrupolar phase transition.

2.1 Model and Method

2.1.1 Model

We consider the spin-1 bilinear-biquadratic (BLBQ) model on the triangular and square
lattices in a magnetic field,

H=>" [JSZ*.Sj—l—K(Si.Sj)Z] ~h) 8. (2.1)

1,5)

Here, S, is the spin-1 operator of site-i . The spin-1 bilinear (Heisenberg) and biquadratic
interactions, and the magnetic field along the z-axis are denoted as J, K, and h, respec-

'In this Chapter, we explicitly use & to express the quantum mechanical operators unlike Chapter B,
because we perform the one-body approximation, and quantum mechanical operators and the expectation
values calculated by the 1-body approximated wave-functions should be distinguished.
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tively 2, with J and K normalized as J? + K? = 1. The summation is taken over the
nearest-neighbor pairs of sites, (i, j), and the number of sites is denoted as N.

Hereafter, we treat this system in a one-body semiclassical picture, and thus we briefly
review the semiclassical ground states of the spin-1 BLBQ model (see also Chap. ). For
the triangular lattice, the ground state of the spin-1 BLBQ model has the ferroquadrupolar
order when K/J < tan~!(—2) with 0 < J, or K < J < 0 [I7, [9]. For the square lattice,
the ferroquadrupolar phase is realized for K < J < 0 [30]. These variational results are
qualitatively in good agreement with the results by the fully quantum approaches. When
the external magnetic field is applied parallel to the z-axis, the ferroquadrupolar phase
starts to have a magnetic moment in the z-direction, whereas the quadrupolar moment in
the zy-plane remains robust. The ferroquadrupolar phase is replaced by the ferromagnetic
phase with saturated magnetic moment at h = z(J — K), where z is the coordination
number 8.

2.1.2 Semiclassical SU(3) approximation with Monte Carlo simulation

We here adopt the semiclassical SU(3) approximation with classical Monte Carlo simula-
tion (sSU(3)-MC), proposed by Stoudenmire, Trebst, and Balents [49]. This method is the
extension of the product-state variational approach given successfully for the description
of the spin nematic ground state to finite-temperature.

Below we explain the procedure of the sSU(3)-MC method following Ref. [d9]. First,
we approximate the many-body wave function, |¥), by the product-state of the one-body
state in each site, {[¢)};_; .. y, as

N
) =@, )= S diala). (2.2)
=1

a=T,Y,z

Here |a) (o = x, 9, 2) is the time-reversal invariant basis states of spin-1 given by Eq. (IH),
d;o|* = 1. Using this ap-
proximate many-body wave function (Eq. (222)), the expectation values of the energy is

and d; o is the complex coeflicients normalized as ) _. .z
4 d

calculated as
Eguys) = (Y[ H|P)

N
= [J|d; A2+ (K~ ) |di - dy? + 1] +ind o (df xdy)F, (23)
(4,3) i=1

where d; = ! (di,x diy di,z). Then, the set of the coefficients {d;a},_; .. » is up-
dated by the typical classical Monte Carlo samplings following the canonical ensemble of
exp(—BEssu(3)). Here 3 is the inverse temperature; § = 1/(kgT'), where kg is the Boltz-
mann constant ?. Details of the classical Monte Carlo simulations are written in Sec. ZZI3.

In this Chapter, we denote the biquadratic interaction not as B but as K, because B might be
confused with the magnetic field.

3For the square and triangular lattices, z = 4 and 6, respectively.

“Hereafter we set kg = 1.
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The expectation value of the spin moment, S;, can be expressed using d; as
R d’zk,ydiaz - d:zdl7y
Si= (0] 8i| i) = =i | didio — df . (2.4)
d;k,xd%y - d;,k,ydl7$
As given in Chap. 0, the quadrupolar operator is defined as
A ey A ~B A 2
Q¥ = 8087 + 878 — 35 (5 +1) dap, (2.5)
and its vector representation is given as
A\ 2 N2
o ) - (s
A522—r2 1 A\ 2
) Q; 7 3(5) —S(S+1)
— AT —
ol B el )
Qyz KA KA
Y1 YQz z QY
Q;x g + i
Z 257 + 5287
Then, the expectation value of the quadrupolar moment is calculated as
|diol* = |di )
1
e (2112 = 1dial = |diy )
Q= (vi|Q|vi) = - 0}yl + i i) (2.7)

d;‘,ydivz + d:,zdl7y
d;‘k,zdiﬂ? + d;k,:rd%z

We remark two points on this sSU(3)-MC method. Firstly, this method is equivalent
to the approximation leaving the leading terms of the cumulant expansion of the partition

function [24];

where

dQq, = (2r)° [ d®Red;a)d(Im di,a)5< S ldial® -

a=2,Y,%

Z = Tre PH

N
_ /H A0y, (W]e P |0)

=1

N
%/Hde.e_m‘l}lHl‘m
=1
N

i=1

a=2,Y,%

)

(2.8)

(2.9)
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where 6(x) is the Dirac’s delta. This may imply that the sSU(3)-MC is merely the mean-
field treatment. However, this method has an advantage over both of the usual mean-
field calculations at finite temperature and the classical approximation on spin moments.
The usual mean-field calculations naturally assume the spatially uniform orientation of
the expectation values of spin moments, while the sSU(3)-MC allows the difference of
the wave function |¢);) or d; among all sites within the ensemble averages, which can
incorporate the spatial fluctuation effect. Also, the sSU(3)-MC can take in some amount
of the quantum fluctuation effect other than the quantum condensation effect. In the MC
sampling process, the stochastic MC average can take the inter-site quantum entanglement
into account. In particular, when the long-range order of the ground state is well described
by the product state of the unit which is locally entangled, which also applies to the present
case [, [9, B0], it is impossible to distinguish the thermal and quantum fluctuations, and
this sSU(3)-MC treatment will give a good approximation. Similarly, the sSU(3)-MC has
an advantage over the simple classical approximation, where the spins are treated as a
unit vector [[33]. The sSU(3)-MC correctly describes the quantum mechanical effect of

the biquadratic interaction (S’z .S j) which suppresses the spin moments and favors the
quadrupolar moments, while the biquadratic term classically treated favors the collinear
ordering of spins [49], which is different from the quantum quadrupolar order.

Secondly, through the sSU(3)-MC approximation, we formally simulate the classical
system with complex unit vectors (Eq. (233)), and we do not include the quantum con-
densation effect at low-temperature. In fact, as we see in Sec. EZZ2, the present descrip-
tion fails to reproduce the lowest temperature properties of the original model; the true
quantum low-energy excitation is dominated by the three kinds of the energy branches
represented by the three species of Schwinger bosons, which leads to the 72-contribution
to the specific heat [I7, 9, B3, B5]. However, the excitations described by our approach
give the constant specific heat originating from the law of equipartition of energy from the
four classical degrees of freedom. Despite these inconsistencies, we believe that our theory
captures the behavior of the model at around the phase transition point since it is already
far away from T' = 0; there, the thermal fluctuation will mask these quantum condensation
effect and instead the collective behavior of the spins and quadrupoles becomes essential.
Actually, the previous quantum Monte Carlo simulation indicates that the temperature
dependence of the specific heat is off the T?-behavior around 7' ~ T,/2 [45].

2.1.3 Basics of the Markov chain Monte Carlo simulations

Here we briefly review the basic concept of the Markov chain Monte Carlo simulations
for the calculation of the physical quantities of the (classical) many-body systems at fi-
nite temperature. To write this section (particularly Sec. ZZI231), we partly referred to
Refs. [:34-136].
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2.1.3.1 Markov-chain Monte Carlo sampling

The finite-temperature expectation values of the physical operator, O, is given as 8
dim .7# e,ﬁEn
<O> = Z:l Pn <\Iln|0‘an> ) Pn = 7 Z = Ze_ﬁEna (2'10)
n=

where dim JZ is the dimension of the Hilbert space, Z is the partition function, and E,
and |U,) are the eigenenergy and eigenstate of n-th state, respectively ®. However, in
the many-body systems which we want to deal with, dim .7# exponentially increases to
the number of sites, and practically it is too difficult to perform the above calculation of
the expectation values for large systems. Therefore, we take the Monte Carlo sampling
following the canonical ensemble e BE» ag

Nuc

<O NTm Z O”MC’ (211)

nyvc=1

where O, the physical quantity of nyc-th state generated following the canonical en-
semble, and Ny is the number of the generated states.

To properly generate the states in the Monte Carlo sampling following the canonical
ensemble, the Markov process, where the transition probability to the new state is de-
termined only by the present state, is utilized, which is called the Markov-chain Monte
Carlo (MCMC) method [I37]. In the MCMC process, regardless of the initial state, the
distribution converges to the stationary (canonical) distribution if the samplings satisfy

the following conditions ;

e Ergodicity

In the Markov process, each state can be changed into all the other states by the
finite number of times of transition processes.

e Balance condition

The following equation, i.e., balance condition, should hold;

Z (pnwn—>n’ _pn’wn’—>n> = 0; (212)
n'#n

where w,,_,, is the transition probability from the n-th state to the n’-th state. This
is derived from the Master equation for the stationary distributions.

Practically, the detailed balance condition,

PnWn—n' = Pn/Wn!—n, vn, n’ (2'13)

SFor simplicity, here we consider the system with the discrete variables. When one consider the system
with the continuous variables z, one should replace the summation ) by the integral [ dz appropriately.

5As we only consider the classical systems here, all operators can be treated as c-number.

"To be more precise, the aperiodicity should also be satisfied, but this condition can be included into
the ergodicity conditions.
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is used instead of the balance condition (Eq. (212)). Since it assumes that all of the
summands in the balance condition are zero, the detailed balance condition is a suffi-
cient condition of the balance condition ¥. To achieve the detailed balance condition, the
Metropolis method ¥ [137],

Wy = min {1, e—ﬂAE}, (2.14)

or the heat bath method,

 ehAr

where AE = E,;, — E,, are typically used ™.

The susceptibilities are calculated as follows; the specific heat, C(T), is given as T

2
and the magnetic susceptibility is calculated as
0 i ((57)%) = (577
x(T) = h (S%) = BW InZ = T . (2.17)
We also calculate the susceptibility of a-component of spin separately as
o L(872) = (5%’
x(T) = T : (2.18)
where S is the averaged value of the a-component of the spin,
1
5=+ ; S&. (2.19)

2.1.3.2 Exchange Monte Carlo method

To accelerate the convergence to the equilibrium in the MCMC process, we utilize the
exchange Monte Carlo method [I3Y]. Exchange MC is one of the extended ensemble
methods and originally introduced to resolve the problem in the spin glass systems where

8Thus, the detailed balance condition sometimes makes the MC sampling slower. In fact, acceleration
of the Monte Carlo samplings by breaking the detailed balance conditions have also been proposed [[3%].

9In the Metropolis method, a new configuration with lower energy than the present configuration is
always accepted, and one with higher energy is accepted with probability e #4F.

°In our explanation here, one may consider that we assume that the new states are always randomly
selected, and the Metropolis method and the heat bath method only differ in the transition probability.
However, to be more precise, the difference between the Metropolis method and the heat bath method is
not simply in the choice of the transition probability. The Monte Carlo update consists of two processes,
the proposal and the acceptance of the new states. In the Metropolis method, the new states are (uniform)
randomly proposed, and whether one accepts or rejects those states are executed following the probability
of the distribution. By contrast, in the heat bath method, the new states are proposed following the
probability of the distribution, and the proposed states are always accepted.

1 This is a kind of the fluctuation-response relation.
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the states generated in the MC simulations are frequently trapped in the metastable states
and do not reach the equilibrium states. In the exchange MC method, the exchanges of
the configurations among multiple replicas are incorporated into the MCMC process of
the usual update of the configurations.

Below we describe the procedure of the exchange MC method following Ref. [I39].
We prepare M noninteracting replicas which share the common Hamiltonian. Then, the
partition function of the whole system consisting of M-replicas is given as

M
Ztot = H va Zm = Ze—ﬁmEm,nm’ (220)
m=1 Nm

where f,, and Z,, (m = 1-M) are the inverse temperature and partition function of
the m-th replica, respectively, and E,, y, is the energy of the n,,-th state of the m-th
replica ™. When the information of the baths {1,---, B} is given, the probability of
finding the set of states {Ep, 5., Bm} is given as

M
1 _
P({Em,nmaﬁm}) - H p(Em,nmaBm)a p(Em,nmaﬁm) - 76 ﬁmEm’nm- (221)
m=1 m

Exchanges of two states of the replicas m and m’ are performed following the detailed

balance conditions &,

P(El,m»Bl; Tt ;Em,nmaﬁm; g Em’,nmmﬁm’; T ;EM,nMvBM)W(Em,nmv/8m|Em’,nmmﬁm’)
(1) (m) (m) (M)

= P(EhBl; tet ;Em’,nmmﬁm; te ;Em,nmyﬁmﬁ tot ;EM,nMyBM)W(Em’,nmm/8m|Em,nm7Bm’)7
1) (m) (m’) (M)

(2.22)

where W(Em n,,» Bl Emt . ,» B ) 18 the probability of exchanging the ny,-th state in m-th
replica and n,,/-th state in m/'-th replica, so the ratio of W(Emn,,, Bm|Em/ ., Bmr) and
W(Ewm' ., Bl Emonm > Bme) satisties

W(Em,nma 5m’Em’a 5m’)
W(Em’,nm/ ) ﬁm ’Em’,nm/ ’ er)
_ P(Evn, Bus i B Bmi s B B+ 5 Edinag Bm)
N P(El,npﬁl; T ;Em,nmaﬁm; T ;Em’,nmmﬁm’; T ;EM,nMyﬁM)
e*ﬁmEm/,nm, =Bt Em,nm

e_BmEmynm _ﬁm’ Em’,nm/

=e 2, (2.23)

12 Although we distinguish the energies by the index m, Enm n,, only depends on n,, and is independent
of m, since all M noninteracting replicas share the common Hamiltonian.

13This construction does not satisfy the detailed balance conditions in each step in the exact meaning.
Nevertheless, this method is faster than the method exactly satisfying the detailed balance conditions Also,
when one regards two MCSs as one set of MCS, the detailed balance condition is again satisfied.
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where

A= (/Bm’ - ﬁm) (Em,nm - Em’,nm/) . (2'24)

Therefore, to satisfy the detailed balance condition in the exchange of the replicas, we
should set the transition probability as

1 (A <0)

W(Em,nmaﬁm’Em’,nmnﬁm’) = min {LeiA} = { A) ’ (2‘25)

if we apply the Metropolis update. The procedure of MCMC simulation with replica
exchange is summarized as follows;

1. Set initial configurations of each replica.
2. Local update in each replica independently and parallelly.

3. Exchange trials of configurations of two replicas following the detailed balance con-

ditions ™.

4. Go to B.

2.2 Magnetic field effect on the finite-temperature proper-
ties of the ferroquadrupolar phase

We perform the sSU(3)-MC calculation, where each Monte Carlo step (MCS) consists of
the N-times single spin update by the Metropolis method and the succeeding replica ex-
change trials between neighboring two replicas by the Metropolis method. Starting with
independent initial configurations, we perform multiple runs (typically O(10'), depending
on the system size) and calculate the averages by the jackknife resampling. Each run in-
cludes 105-10” MCS for the equilibration and the measurements of the physical quantities,
respectively. The intervals of the temperatures between replicas are set to be equal, and
the number of replicas is 30-50, which depends on the system size. The details on the
single spin update and the jackknife resampling are given in Appendix [Al

2.2.1 Phase diagram and susceptibilities

We discuss the physical properties of the ferroquadrupolar phase at finite-temperature. In
Fig. Z2(a), we show the phase diagram on the plane of T" and h for the triangular lattice
with (J, K) = (0, —1), where the ground state is the ferroquadrupolar order [I'2, 19]. The
system size is L x L with L = 12-36 (see Fig. E0), and we take the periodic boundary
condition. The transition temperature, T, is determined by the peak position of the
specific heat. We show the temperature dependence of the specific heat C(T")/N for
various values of the magnetic field in Fig. Z2(b). When a small magnetic field, h < 1, is

1411 the exchange trials, any pairs of replicas can be exchanged, but typically the neighboring replicas
are exchanged to increase the exchange probability. Actually, exchanges between the neighboring pairs are
performed in the original paper [I39].
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Figure 2.1: Triangular lattice with L x L sites.
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Figure 2.2: Results of the sSU(3)-MC calculations in the spin-1 BLBQ model on the
triangular lattice with (J,K) = (0,—1). (a) Phase diagram on the plane of h and 7.
Squares, circles, and triangles denote the temperatures where the specific heat have a
peak, which are estimated by the Gaussian kernel approximation in the L = 12, 24, and
36 samples, respectively. (b) Temperature dependence of the specific heat C'/N for various
magnitudes of the magnetic field h. Open and filled symbols represent the results in the
L = 12 and 36 samples, respectively. Figures are taken from Ref. [0] (Copyright (©)2020,
American Physical Society).
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Figure 2.3: Temperature dependence of the magnetic susceptibilities of (a) the perpendic-
ular and (b) parallel components in the spin-1 BLBQ model on the triangular lattice with
(J, K) = (0,—1) and various magnitudes of the magnetic field h. Open and filled symbols
denote the results in the L = 12 and 36 samples, respectively. The inset in (b) shows
the temperature dependence of the magnetization density in L = 12 samples. Figures are
taken from Ref. [1] (Copyright (©)2020, American Physical Society).

applied, the peak of the specific heat moves to higher temperature, and then shifts toward
the lower temperature in a larger magnetic field. In Fig. EZ2(b), the results for L = 12
and 36 are shown together, showing that 7. becomes slightly lower and the peak intensity
becomes stronger as the system becomes larger. However, the system size dependence is
small.

In Figs. E3(a) and EZ23(b), we show the temperature dependence of the spin sus-
ceptibilities of the perpendicular and parallel components to the magnetic field, y= =
(X*(T) + x¥(T)) /2, and x?, respectively. We confirm that the susceptibility of the paral-
lel component, x?, starts to show a peak structure around 7, in an applied magnetic field,
which suggests that the magnetic moment parallel to the z-axis develops by a magnetic
field. By contrast, the susceptibility of the perpendicular component, x=*, is almost flat
and does not show a clear peak, while a tiny structure can be seen around 7, in a high field
region. We show the temperature dependence of the magnetization density, (S*), in the
inset of Fig. Z3(b). The magnetization density does not change much around the tran-
sition temperature, and that in the ferroquadrupolar phase is consistent with the known
result for the ground state, m = h/ [z (J — K)] = h/6 [[7-19].

2.2.2 Entropic effect

2.2.2.1 Low-temperature properties

The semiclassical SU(3) Hamiltonian is formally a classical one which describes the inter-
actions between the complex unit vectors d; which represents the one-body wave function
on site-i. Similarly to the case of the classical XY models |40, I47], the low-temperature
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thermodynamic quantities of the semiclassical SU(3) Hamiltonian can be evaluated by
starting from the ground states and considering the low-energy harmonic branches which
appears by taking the thermal fluctuation into consideration.

The complex d-vector on each site, d;, can be separated into the real and imaginary
parts as d; = u; + iv;, where u;, v; € R3. u; and v; satisfy the normalization condition of
the d-vector, |u;|*> + |v;|* = 1, and the overall phase can be fixed such that u; and v; are
always orthogonal, u; - v; = 0 [I6-IR]. For the ground states, regardless of the presence
or absence of the magnetic field, and the lattice geometry, u; and v; can be chosen to be
site-independent as u; = ug and v; = vo ™, and are determined analytically. The lowest
energy excitation by the thermal fluctuation can be expressed by varying these vectors of
the ground states as

u; = ug + ou;, v; = vg + ov;. (2.26)

Below we particularly discuss only the case where (J, K) = (0, —1) on the triangular lattice
without a magnetic field for simplicity, while we argue later that the results do not change
qualitatively even when the magnetic field and/or the bilinear (Heisenberg) terms. When
(J,K) = (0,—1), The ground state has the ferroquadrupolar order, and uy and vy can be
chosen as

S =

uyg = , Vo — 0. (2.27)

0

Then, the above local constraints on site-i are rewritten as

{25”20 + (5ui)2 + (5’Uz‘)2 =0 (normalization) (2.28)

dv¥ + du; - dv; =0 (overall phase fixing) '

Then, the energy evaluated by the product state of the one-body wave functions can be
rewritten up to O(62) as

Essu(3)

—Z[ul uj — ;- v])2+(ui'vj+vi-uj)2+1}
(1,4

=—2N+Z $ [( + (50%) )+ ((5ug)2+ (5@?‘)2) 4(5@5@-5@5@)}.

Y a=y,z

(2.29)

Here, the terms including duf and v are dropped using the constraints. Performing the
Fourier transform given as

N N
1 ) 1 ;
St = — 3 T, v = 3 e, (2.30)
VN i Z VN = Z

15This also holds for the case with antiferroic orderings with multiple sublattices, where there are as
many numbers of ug and vg as the numbers of sublattices.
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the energy Eqguy(3) can be diagonalized as

Essuz) = Eo + Z Ey, (2.31)
k
where
Eo= 2N, (2.32)
Ei= " [(— +2) Sufouy + (v + 2) Svgdv®y] (2.33)
a=y,z
Kz 3k ky — 3k
Ve = 2 [cos ks + cos <+2\fy) + cos (;fy)] . (2.34)

Performing the Gaussian integral, the partition function is given as ™

2
7 ~ /e_BEssU@) Hd(5u%)d(5ui)d(5v%)d(5v,’;) ~ ¢ PEo H [22 (det Ek)_;] . (2.35)
k k
where
—Vk T2
—Vk T2
det gk = (2.36)
Ve + 2
Ve + 2
Then, the statistical mechanical average of the energy density, e(7,h = 0), is
1 0 Ey
T h=0)=—(—-=InZ)=—+2kgT 2.
e(T,h=0) N<85n> N—i—kB, (2.37)
and the specific heat in the low-temperature region, ¢(7, h = 0), is
o(T h—O)—ie(Th—O)—Qk (2.38)
y 16— - 8T y 16— - B- .

We have assumed so far the case h = 0 and J = 0 with a ferroquadrupolar ground state
on the triangular lattice. However, this result is nothing but a law of equipartition of
energy, so that only the number of low-energy modes is responsible for the results, and
the same conclusion on e(7,h) and ¢(T,h) holds even when the magnetic field h or the
Heisenberg interaction J are introduced as far as the ground states remain ordered, and
only the detailed forms of Fy and Ej are modified. The results do not depend on the
lattice geometry as far as it is in two-dimension, e.g., when we consider the same model
on the square lattice.

2.2.2.2 Calculation of the entropy

The sSU(3)-MC calculation we performed is given for 0.2 < T To evaluate the thermody-
namic entropy from the results of the calculation, we need to extrapolate these numerical

1Here, ~ means that the difference of the constant multiplications is allowed.
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Figure 2.4: Temperature dependence of the energy density of the spin-1 BLBQ model on
the triangular lattice with (J, K') = (0, —1) in various values of the magnetic field in the
L = 24 samples. Symbols represent the results of the sSU(3)-simulations, and the lines at
lower temperature denote the energy densities evaluated by fitting the sSU(3)-MC results.
Figures are taken from Ref. 0] (Copyright (©)2020, American Physical Society).

results down to zero temperature. Based on the estimation above, the energy in the
low-temperature region can be expressed as

e(T,h) = e(0,h) + 2ksT + a(h)T?"™), (2.39)

where ¢(0, h) is the ground state energy of Eggys) given in Refs. [17, 19, 30], and a(h)T7)
with «(h) > 1 is the correction term for expressing the higher-temperature region. The
actual values of a(h) and y(h) are evaluated by fitting the calculated energy data. The
results of the fitting are shown in Fig. Z4. Then, the specific heat density is given as

0

o(T,h) = (T, h) = 2kp + a(h)y(h)yTY M1 (2.40)

and the entropy density is calculated as

c(]’ h) QkB / (){(h) V(h) h
— S A — = —~ 7N 7 7( ) 1

T okp

T/
0
the low-energy modes. In fact, the original spin-1 BLB(Q Hamiltonian is known to exhibit

The first term, dT”, diverges, which is the artifact of the classical treatment of

T? scaling of the specific heat at sufficiently low temperatures, which originates from
the excitation of three-colored Schwinger bosons [19, B3, 48, b0]. This kind of quantum
condensation effect is not taken into consideration in Fggys), and instead the classical
divergent term appears as an artifact. However, because it contributes to all of the cases
as common constant shift where the above discussion holds regardless of the values of h and
J, this term no longer plays an important role in discussing the higher temperature region
where we are focusing. Thus we drop this diverging term, and deal with the following
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Figure 2.5: Temperature dependence of (a) the entropy density 5(7, h) and (b) the energy
density e(T, h) in the spin-1 BLBQ model on the L = 24 triangular lattice with (J, K) =
(0, —1) and various magnitudes of the magnetic field h. The shaded area in (a) shows the
region where the reentrant occurs in the L = 24 samples. Figures are taken from Ref. [I]
(Copyright (©)2020, American Physical Society).

values ™;

S(T,h) = (T, h) — / B ar (2.42)
0

In Fig. Z3(a), we show the temperature dependence of §(T',h) in a small magnetic
field in the L = 24 sample, and together the temperature dependence of the energy
density, e(T,h) of the L = 24 sample in Fig. EH(b). In the ferroquadrupolar phase at
lower temperature, the entropy density §(7,h) remains almost unchanged or shows a
slight increase in a magnetic field, whereas $(7,h) in the paramagnetic phase at higher
temperature decreases when the magnetic field is applied. By contrast, the energy density
decreases by a nearly constant values with A common to both the paramagnetic and
ferroquadrupolar phases, which is confirmed by the paramagnetic response to the magnetic
field in both phases (see the inset of Fig. EZ3(b)). Thus, when we consider the Helmholtz
free energy, f(T,h) = e(T,h) —T5(T, h), the ferroquadrupolar phase becomes more stable
in a small magnetic field region than the paramagnetic phase by the entropic effect, and
the reentrant behavior occurs.

2.2.3 Magnetic field dependence of the quadrupolar moments

To see how the microscopic properties are affected by the magnetic field, we investigate
the magnetic field dependence of the quadrupolar moments. At T = 0, the d-vector of
the ferroquadrupolar ground state consists only of the real component and freely fluctuate

17We note that this expression is a formal one in the exact meaning since the second term in the right
hand side diverges.
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Figure 2.6: (a) Schematic picture of the d-vectors in the ferroquadrupolar ground states
at h = 0 (left) and h # 0 (right). At h = 0, the real d-vector can point to an arbitrary
direction. At h # 0, the d-vector fluctuates inside xy-plane. (b) Distribution of the spin-
component for the ferroquadrupolar ground states in various values of the magnetic field.
Figure (b) is taken from Ref. [} (Copyright (©)2020, American Physical Society).

(see the left panel of Fig. EM(a)). When the magnetic field along the z-axis is applied to
the ferroquadrupolar ground state, the d-vector lies inside the zy-plane as shown in the
right panel of Fig. ZB(b) ™, namely, the (semiclassical) ground state has d; , = 0 and is
expressed as

N
U) =) Idi),  |di) =dy|2) +dyly) . (2.43)
=1

This is because the Zeeman term is proportional to <d2‘7$di7y — d;?‘vydi@), and couples to z-
and y-components of the d-vector, but not to the z-components [I'7, T9]. To gain the energy
by the Zeeman term, the system tries to maximally develop d; , and d;,, and resultantly
suppresses d; .. The d;, and d;, components acquire the imaginary components, and
the spin-component distribution in the z < 0 space shrinks and that in the z > 0 space
expands (see Fig. Z8(b)), which reflects the emergent finite magnetic moment along the
z-axis (z > 0).

For the quadrupolar moments, we can see the different behavior of each component of
Q;, whose formula is given in Eq. (227), against a magnetic field at 7' = 0, namely, Q"
and szﬂf can have nonzero values, whereas QY and Q7* become zero due to d; ., = 0.
Therefore, we can prepare two types of the mean squared quadrupolar moments, Q?n and

Q2 ., whose expressions are given as

(@) @ (2.44)

N

2
Qin -

18Here, the ‘plane’ is C2, spanned by the two complex component vectors. When only the real compo-
nents are used, this zy-plane is equivalent to R*, and the ‘plane’ means the ‘hyperplane.’
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Figure 2.7: Temperature dependence of (a) Q_?n (Eq. (224)) and (b) Q2,, (Eq. (243)) for
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the triangular lattice with L = 12. The inset in (b) is the enlarged picture of small @
Figures are taken from Ref. [l] (Copyright (©)2020, American Physical Society).

Sut = % [(Qyz)2 + (Q”)Q] : (2.45)

where Q% is the averaged value of the quadrupolar moment such as
1N
Q=52 (2.46)
i=1

By definition, Q_?n # 0 and qut = 0 hold in the ferroquadrupolar ground states in a
magnetic field.

In Figs. E7(a) and EZ4(b), we show the temperature dependence of Q_?n and qut in
various magnitudes of the magnetic field. Without a magnetic field, all components in
Q,, and thus Q?n and qut are equivalent, and their behaviors at finite-temperature are
almost the same. When a magnetic field is applied, Q?n once increases and then decreases
in a larger field at 1 < h. In contrast, qut at finite-temperature, which has a small
but finite value thanks to the thermal fluctuation which gives a finite d; , monotonically
decreases by applying a magnetic field. At 1 < h, Qzut almost becomes zero even at finite-
temperature. These temperature dependencies of the quadrupolar moments suggest the
crossover phenomenon from the low magnetic field region at A < 1 to the high magnetic
field region at 1 < h. In a low field, Q_?n can develop by selecting the xy-plane, while all
quadrupolar fluctuations start to be suppressed by applying a larger magnetic field. In
Fig. I8, we show the spin-component distribution at finite-temperature with and without
magnetic field. At T'= 0.2 with h = 1, the distribution taking a gourd-shape, which is to
be contrasted to that at T'= 0.5 with h = 1, suggests the development of the fluctuation
in zy-plane with finite magnetic moment along the z-axis. In a larger field of h = 4, both
of the distributions at high and low temperature regions have similar forms.

To identify that the reentrant behavior of the specific heat by the magnetic field is
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Figure 2.8: Distribution of the spin-component for the ferroquadrupolar phase at finite-
temperature in various values of the magnetic field. Figure is taken from Ref. [1] (Copyright

(©2020, American Physical Society).
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Figure 2.10: Temperature dependence of the squared quadrupolar moment, Q?, in various
magnitudes of the magnetic field in the L = 24 triangular lattice (error bars are not
shown).

due to the development of the quadrupolar moments, we estimate the temperature deriva-
2
in M@
oT

. In

tive of the in-plane components of the mean squared quadrupolar moments,
)2

in

Fig. 2Z9(a), we show the temperature dependence of on the triangular lattice with

L = 36 in various magnitudes of the magnetic field, estimated by the Gaussian kernel
2
approximation. When a small magnetic field is applied, the bottom positions of jﬁ“,

where the quadrupolar moments most largely develop, moves toward the higher temper-
ature. Then, the bottom positions go down to the low temperature at larger magnetic

00?2
fields. Figure 2Z9(b) shows the magnetic field dependence of the bottom positions of &

in the L = 36 samples, which is similar to the T-h phase diagram in Fig. Z2(a). This
result is consistent with the reentrant behavior captured by the peak positions of the spe-
cific heat, which ensures that the reentrant behavior can be ascribed to the development
of the quadrupolar moments.

In a low field, the entropy in the ferroquadrupolar phase is almost unchanged as shown
in Fig. B3, while the in-plane and out-of-plane components of the quadrupolar moments
changes by applying a magnetic field (see Fig. EZ4. To check the relation between the
entropy and the quadrupolar moments, we evaluate the squared quadrupolar moment,

Q> — (thyz)? N (Q3z2—r2>2 N (sz)z X (QyZ)z X (sz)z. (2.47)

In Fig. 10, we show the temperature dependence of Q2 when changing the magnetic field
in the L = 24 samples. We find that Q? is almost unchanged in a low field, h < 1.5, which

19Here, we first calculate the average of QZ,, and then calculate the derivative of the average.
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Figure 2.11: Square lattice with L x L sites.

will directly connect to the constant entropy against a low field . Therefore, one can say
that the whole value of the entropy is determined by the sum of each component rather
than only the in-plane components, Q_izn. Nevertheless, the contribution from Q_?n to the
fluctuation, or the entropy, also becomes larger when Q_?n becomes larger by applying a
small field.

2.2.4 Discussions and remarks
2.2.4.1 Independence of the lattice geometry

Here we show that the lattice geometry does not have a qualitative impact on the ther-
modynamic properties of the ferroquadrupolar phases, which indicates that this entropic
effect is not due to the geometrical frustration effect. In addition to the calculation on the
triangular lattice discussed above, we also performed the sSU(3)-MC simulation on the
L x L square lattice with L = 8-32 (see Fig. EC11). The parameters are set as K/J = 2
with J, K < 0, namely (J, K) = (=1//5,—2/v/5), where the semiclassical ground state
has the ferroquadrupolar order [30]. In Fig. ZT%(a), we show the phase diagram on the
plane of h and T, which indicates the small reentrant behavior by applying the magnetic
field at h < 0.25. The temperature dependence of the specific heat C(T")/N in the L = 32
sample in various magnitudes of the magnetic field is shown in Fig. ZZT2(b), which shows
that the peak position first shifts toward the higher temperature and then goes toward
the lower temperature by a larger magnetic field.

In the same manner with the case of the triangular lattice, we estimate the energy
density e(T,h) at lower temperature by fitting the sSU(3)-MC data, and the entropy
density 5(7T,h). In Fig. ZT3(a), we show the energy density e(T, h).

In Figs. Z14(a) and ZT4(b), we show the temperature dependence of the spin sus-
ceptibility perpendicular and parallel to the magnetic field along the z-axis, xy* and x?,
respectively. The temperature dependence of the mean squared quadrupolar moments,
Q_izn and Q2 ,, are shown in Figs. E4(c) and BT4(d), respectively. One can confirm that
these results are qualitatively the same as the ones in the triangular lattice (see Figs. 223,

2ONote that other effects than the quadrupolar moments will become stronger in a larger magnetic field
as h ~ 3.0, where Q? deviates from the one in a lower field.
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Figure 2.12: Results of the sSU(3)-MC simulation in the spin-1 BLBQ model on the
square lattice with K/J = 2 and J, K < 0. (a) Phase diagram on the plane of h and 7.
Squares, circles, and triangles represent the peak positions of the specific heat estimated
by the Gaussian kernel approximation in the L = 8, 16, and 32 samples, respectively. (b)
Temperature dependence of the specific heat of the L = 32 samples in various values of
the magnetic field. Figures are taken from Ref. [{] (Copyright (©)2020, American Physical
Society).
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We show the temperature dependence of the temperature derivative of Qs , 3T

d0Q?
with and without the magnetic field in Fig. 218(a), and the bottom position of (%:n in

0Q%,
ar

Fig. ZT3(b). Similarly to the case of the triangular lattice, the bottom positions of
shows the small reentrant behavior.

In Fig. EI6, we show the temperature dependence of Q2 when changing the magnetic
field on the L = 32 square lattice. As in the triangular lattice, @ does not change much
in a low field region, h < 0.5, which would lead to the (almost) constant entropy in the
ferroquadrupolar phase at low temperature.

2.2.4.2 Properties of the ferroquadrupolar phase transition

Both of the original quantum Hamiltonian and the semiclassical Hamiltonian have the
continuous symmetry, and the Mermin—Wagner theorem prohibits the finite-temperature
phase transition that breaks the continuous symmetry [142]. However, the specific heat
has a peak structure at T, which is also seen in the QMC calculations [4R8, b0]. This
implies that the correlations actually develop, and topological phase transition like the
Berezinskii-Kosterlitz-Thouless (BKT) transition [I43-I45] occurs. Actually, the exci-
tation generating the topological defects with half-vortex and anti-(half)vortex was dis-
cussed in the low-dimensional spin-1 BLBQ models [I8], and Pohle et al. numerically

studied its dynamics and thermodynamics semiclassically and observed the generation of
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Figure 2.13: Results of the sSU(3)-MC calculation on the square lattice with L = 32. The
parameters of the spin-1 BLBQ model are set as K/J = 2 and J,K < 0. (a) Energy
density e(T,h). (b) Energy density e(T,h) from T = 0. Lines in the lower temperature
is the energy estimated by fitting the sSU(3)-MC data shown with symbols. (¢) Entropy
density $(7T,h). Figures are taken from Ref. [0] (Copyright (€)2020, American Physical
Society).
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Figure 2.14: Results of the sSU(3)-MC calculation on the square lattice with K /J = 2 and
J, K <0, in the L = 32 sample. (a), (b) Temperature dependence of the spin susceptibility
(a) perpendicular to the magnetic field, y* and (b) parallel to the magnetic field, x*. The
inset in (b) is the temperature dependence of the magnetization density, (S*%). (c), (d)
Temperature dependence of the mean squared quadrupolar moment. (c¢) Q2 and (d)
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The inset in (d) is the enlarged view of small Q2 region. Figures are taken from Ref. [I]
(Copyright (©)2020, American Physical Society).
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Figure 2.15: (a) Temperature dependence of ——=2 in various magnetic fields on the L = 32

square lattice estimated by the Gaussian kernel approximation. (b) The magnetic field
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Figure 2.16: Temperature dependence of the squared quadrupolar moment, Q?, in various
magnitudes of the magnetic field in the L = 32 square lattice (error bars are not shown).
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the pair of half-vortex—anti-vortex in the ferroquadrupolar phase transition without mag-
netic field [T46]. Similar half-vortex—antivortex structure is observed also on the antiferroic
SU(3)-point in the spin-1 BLBQ model on the triangular lattice [T47]. In that case, the
transition temperature of the topological phase transition is generally slightly lower than
that of the peak position of the specific heat. On the other hand, the absence of the BK'T
transition was suggested by the quantum Monte Carlo simulation for the ferroquadrupolar
region of the spin-1 BLBQ model on the square lattice without a magnetic field, where
they did not observe the algebraic decay of the correlation functions, which is characteris-
tic of the topological phase below the BKT transition temperature. We consider that the
system has the SU(2) symmetry without magnetic field, and to be exact the BKT phase
transition does not occur. However, according to the homotopy group analysis [[48], the
generation of the topological defects consisting of the nematic directors itself is still allowed
like the generation of the Zy vortex in the classical Heisenberg model on the triangular
lattice [149, T50], where the correlation functions decay exponentially. In the simulation
in the spin-1 ferroquadrupolar region, this type of topological phase transition, which is
slightly different from the exact BK'T transition, may occur. In a magnetic field, the sym-
metry of the system is broken down to O(2), and then the topological phase transition
with the pair of half-vortex—anti-vortex, which now can be called the BKT transition,
occurs.

In the actual materials, even when well described by the two-dimensional model, there
are small but finite inter-layer interactions which connect the two-dimensional layers.
Then, the finite-temperature phase transition to the ferroquadrupolar phase, and resultant
field-reentrant behavior will be observed.

2.2.4.3 Correspondence to other entropic effects—Pomeranchuk effect in *He

The field-reentrant behavior found in the ferroquadrupolar phase transition in the spin-
1 BLBQ model is due to entropic effect, and one can find the correspondence to other
entropic phenomena. The most representative one will be the Pomeranchuk effect in
3He [151, 152]. In ®He, the liquid phase can be identified as the Fermi liquid with 7-
linear entropy, and the solid phase is regarded as the assembly of the spin-1/2 nuclei with
weak interactions, and its entropy is constant unless the contribution of phonons becomes
nonnegligible at higher temperature. Then, unlike the typical materials, where the solid
phase has a smaller entropy than the liquid phase, the entropy of the solid phase, Ssolid,
becomes larger than that of the liquid phase, Siiquid, in the low-temperature region. From
the Clausius—Clapeyron equation along the first-order transition lines between the solid
and liquid phases given as

) = ~ Osolid (2.48)

(dP > _ Stiquid — Ssolid
Viiquid - Vvsolid ’

where WViquia and Vioiq are the volumes of the liquid and solid phases of 3He, respec-
tively, the coexistence curve of the solid and liquid phases have a negative slope shown
in Fig. ZT7(a) 2. As a result, one can cool the system by applying a pressure, which is
known as the Pomeranchuk effect.

2'For the volume, Violia < Viiquia holds.
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Figure 2.17: Correspondence between the Pomeranchuk effect in *He and the reentrant
behavior in spin-1 ferro-nematics. (a) Pressure-temperature phase diagram of *He. Figure
is taken from Ref. [I51] (Copyright ©)1997, American Physical Society). (b) Schematic
(—h)-T phase diagram in spin-1 ferro-nematics. The negative slope at 7' < 0.3 K in (a)
where the entropy of the solid phase is larger than that of the liquid phase corresponds
to the negative slope in the (—h)-T phase diagram in (b) where the reentrant behavior is
observed.

Table 2.1: Correspondence between *He and spin-1 nematics.

SHe  spin-1 nematics

solid

paramagnet

liquid ferroquadrupole

pP.Vv

—h-(57)
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If we make correspondence between the enthalpy term, +PV, in 3He, and the Zeeman
term, —h (S*), in our spin-1 system, the Pomeranchuk effect can explain our reentrant
behavior. The negative slope of the coexistece curve in *He corresponds to the negative
slope in the reentrant region of the ferroquadrupolar—paramagnetic phase boundary in
the (—h)-T phase diagram of the spin-1 BLBQ model, although the former is the first-
order phase transition and the latter is possibly of second-order. Here, the decrease in
entropy per unit, volume in *He and spin in spin-1 nematics, essentially works to raise
the temperature. The correspondence between these two phenomena are summarized in
Table 2.

The entropic phenomena similar to the Pomeranchuk effects can also be seen in other
situations. The similar field-reentrant behavior in the phase transition between the UUD
phase of the triangular lattice and the paramagnetic phase has been observed in the classi-
cal [[53, T54] and quantum [[55] magnets on the triangular lattice. In the quantum magnet
CsoCuBry, for example, the quantum fluctuation effect in a frustrated geometry similarly
works in a similar manner as the quantum fluctuation of the quadrupolar moments in
the spin-1 ferro-nematics. Also, in YbInCuy, a Kondo lattice compound, the Fermi liquid
phase at low temperature with larger volume has a smaller entropy than the local moment
phase at high temperature, and it was proposed that the first-order isostructural phase
transition from the local moment phase to the Fermi liquid phase can cool the system
similarly to the Pomeranchuk effect [IH6-158].

2.2.4.4 Antiferroquadrupolar phase on the triangular lattice

We briefly discuss the magnetic field effect on the finite-temperature properties of the anti-
ferroquadrupolar phase on the triangular lattice. Semiclassically, the antiferroquadrupolar
ground state is realized at 0 < J < K on the triangular lattice [I'7, 19, 33, B4]. In the
antiferroquadrupolar phase without magnetic field, the three-sublattice structure given as

N/3

¥) = Q) (Idia) @ |dip) @ |di.0)) (249)

is formed, where i, represents the lattice site with the index of the y-sublattice (y =
A,B,C), and |d;a) = |2), |di) = |y), and |d;c) = |2), for example 2 [I7, 19, 33, B34].
When the magnetic field is applied at T' = 0, two of three sublattices, |d;,) = |z) and
|diy) = |y), acquire the magnetization along the z-axis with the complex coefficients in the
d-vector and fluctuate inside the zy-plane similarly to the case of the ferroquadrupolar
phase in an applied field, whereas |d;.) = |z) is unchanged.

We perform the sSU(3)-MC calculation on the triangular lattice with K/J = 2 and
J,K >0, or (J,K) = (1/v/5,2//5), where the variational ground state is the antifer-
roquadrupolar order [I4, 09, B3, B4]. The system size is L x L with L = 12 to 36 (see
Fig. £1). We show the temperature—magnetic field phase diagram in a low-field region
in Fig. IR(a). In contrast to the case of the ferroquadrupolar phase, T, monotonically
decreases as the magnetic field is applied. We can see the shift of T, more clearly by the

22The word ‘for example’ means that other choices such as (|dia),|diB),|dic)) = (|z),|2),|y)) are
allowed.
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Figure 2.18: Results of the sSU(3)-MC simulation for the antiferroquadrupolar phase
on the triangular lattice. The parameters are set as K/J = 2 with J, K > 0, namely
(J,K) = (1/v/5,2/v/5). (a) Phase diagram on the plane of h and 7. (b) Temperature
dependence of the specific heat C(T")/N in several values of the magnetic field with L = 12
(open) and 36 (filled). Figures are taken from Ref. 1] (Copyright (©)2020, American
Physical Society).

temperature dependence of the specific heat shown in Fig. ZI8(b). In the ferroquadrupo-
lar phase, d-vectors freely fluctuate without magnetic field, and an applied magnetic field
favors the fluctuation inside xy-plane. By contrast, in the antiferroquadrupolar phase,
the d-vectors in A- and B-sublattices are always fixed inside the zy-plane regardless of
the absence or presence of the (low) magnetic field. Then, one could ascribe the absence
of the reentrant behavior to the pinning of the relative positions of the d-vectors among
different sublattices. Therefore, we find that the reentrant behavior is characteristic of the
ferroquadrupolar phase.

2.3 Summary of this Chapter

In this chapter, we found the characteristic field dependence of the ferroquadrupolar phase
transition in the spin-1 bilinear-biquadratic model. Using the semiclassical SU(3) approx-
imation combined with the classical Monte Carlo simulation, we numerically examined
the magnetic field effect on the finite-temperature properties of the spin nematic phases
in the spin-1 bilinear-biquadratic models. For the ferroquadrupolar phase, the peak po-
sition of the specific heat, which indicates the transition to the ferroquadrupolar phase,
once moves toward the higher temperature, and then toward the lower temperature in a
higher magnetic field. This small reentrant behavior by a magnetic field is ascribed to
the entropic effect, which results from the different robustness between the paramagnetic
and ferromagnetic phases against the magnetic field. In the paramagnetic phase at high
temperature, the spins align when a magnetic field is applied, and the entropy rapidly
decreases. By contrast, in the ferroquadrupolar phase at low temperature, the quadrupo-
lar fluctuations remain when the spin moment is induced in a magnetic field, by making
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use of the in-plane fluctuation perpendicular to the magnetic field, where the entropy is
retained. We also confirmed that this reentrant behavior is not due to geometrical frus-
tration effect, and does not occur in a low-field region in the antiferroquadrupolar phase
transition. We consider that measuring the field dependence of the specific heat with the
featureless magnetic susceptibility may give a thermodynamic clue to detect the spin-1
ferroquadrupolar phase in experiments.
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Chapter 3

Multiple quadrupolar phases in
the spin-1 dimer triangular lattice

In this Chapter, we show that several kinds of the quadrupolar phases appear in the
bilayer triangular lattice consisting of antiferromagnetic spin-1 dimers. We derive the
low-energy effective model of the spin-1 dimer triangular lattice in terms of the spin-1
hard-core bosons. In a dimer unit, the spin quintet state at high energy is excluded from
the basis, and the remaining triplet and singlet states are represented by the hard-core
boson with spin-1 and the vacuum, respectively, and the intra-dimer and inter-dimer mag-
netic interactions are transformed into several types of the interactions and kinetic terms
of bosons. By numerically analyzing the effective model, we find three different classes of
the quadrupolar phases of spin-1 bosons in addition to the trivial ferromagnetic/antiferro-
magnetic orderings. After clarifying the details of the phase diagrams, we finally discuss
the possible relevance of our findings to BagMRusOg, where M is the divalent cation.

3.1 Overview

We deal with a lattice model whose unit is a dimer consisting of two spin-1’s. The dimers
align parallelly and form a bilayer triangular lattice as shown in Fig. Bdl. The following
Hamiltonian is considered;

H= /Hintra + Hintera (31)
N
Hintra — Z |:Jszl . Sig + B (521 . Siz)Q] ) (32)
=1
Hinter = Z Z [J/Si—y . S]'Y + J”Si,y : Sj.—y] ) (33)
(4,5) y=1,2

where S;, denotes the spin-1 operator of the y-th site on the i-th dimer, and N denotes
the number of dimers. The summation (7, j) is taken over the nearest-neighbor dimer
pairs, and for the site indices v, we take 1 = 2 and 2 = 1. We consider the intra-dimer
bilinear (Heisenberg) and biquadratic interactions, J and B, respectively, with J, B > 0,
and the inter-dimer Heisenberg interactions, J' and J”.

Here, we describe the outline of the present Chapter. In Sec. B2, using the perturba-



CHAPTER 3. MULTIPLE QUADRUPOLAR PHASES IN THE SPIN-1 DIMER
58 TRIANGULAR LATTICE

Figure 3.1: Bilayer triangular lattice consisting of spin-1 dimers. Figure is taken from
Ref. [2] (Copyright (©)2020, American Physical Society).

tion calculations, we transform the original spin Hamiltonian in Eq. (8) to the effective
Hamiltonian of spin-1 hard-core bosons. Then the effective Hamiltonian is analyzed by
the numerical diagonalization method on a finite-size cluster. The magnetic properties of
the effective model are described in terms of the spin-1 operators, S.

After disclosing the overall features of the model, we analyze the low-lying states,
namely, Anderson tower of states in Sec. BZ3. There, we find that a series of the order
parameters based on the spin-1 bosons, &, is not enough to classify several different types
of the quadrupolar orderings we found in the phase diagram. We then go back to the
original spin model and additionally introduce the operators, g and p, on a dimer bond
other than S.

In Sec. B4, we discuss the difference among the aforementioned quadrupolar phases
classified in Sec. B3. Possible relevance to the Ru-dimer materials BagMRusOg is dis-
cussed in Sec. B3, and the summary of this Chapter is given in Sec. BM.

3.2 Effective spin-1 hard-core bosonic model

3.2.1 Derivation of the effective Hamiltonian of spin-1 bosons
3.2.1.1 Low-energy states of spin-1 dimers

First we consider an isolated spin-1 dimer whose local Hamiltonian is Hintra (1dimer) =
JS;, - Si, + B(Si, - Si,)°. The energy eigenstates are classified into singlet (|s)), triplet
(|t)), quintet (|g)) . The eigenenergies of these three multiplets |a) (o = s,t,q), e(a), are
given as

e(s) = —2J +4B,
e(t)=—-J+ B,
e(q) =J+ B. (3.4)

The B/J dependence of these energy eigenvalues are shown in Fig. B2(a). When B/J
is small, the singlet is the ground state. When 1/3 < B/.J, the ground state is replaced

!Quintets are also called quintuplets.
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Figure 3.2: (a) B/J dependence of the energy eigenvalues of Hintra of one spin-1 dimer.
s, t, and ¢ are the singlet, triplet, and quintet states, respectively. (b) B/J dependence of
the energy eigenvalues of Hinra of two disconnected spin-1 dimers, namely, J = J” = 0.
(o, B) (a0, B = s,t,q) denotes the eigenstates of the pair of two-dimers. Figures are taken
from Ref. [?] (Copyright (©)2020, American Physical Society).

by the triplet. The quintet states remain as high-energy excited states in the parameter
region we consider.

In the perturbation calculation, we start from the limit of decoupled dimers, namely,
Hinter = 0. There, the ground state is the product state of singlet on each dimer when
B/J < 1/3, and the product state of triplet when 1/3 < B/J. We introduce the inter-
dimer interactions as a perturbation, Hinter 7 0, up to second order with respect to J'/J
and J”/J, and then the effective interactions between two neighboring dimers mainly
appear. Therefore, we need to justify the exclusion of quintets for the pairs of isolated

two dimers, whose states are labeled as a- and S-multiplets (a, 8 = s,t,q). Their energies
E(a, B) are

E(s,q) = —J + 5B,

E(t,t) = —2J + 2B,

E(t,q) = 2B,

E(q,q) =2J + 2B, (3.5)

and B/J dependence of E(a, ) is shown in Fig. B2(b). When B/J < 2/3, the two-dimer
states including quintets have larger energies than the states without quintets. Based
on the reasonable assumption that B/J is not so large, the effective Hamiltonian for the
low-energy manifold of states including only singlets and triplets can be constructed.

In the second-order perturbation processes between two neighboring dimers, the inter-
mediate high-energy states have at least one quintet, as we can see from the examples of
the second-order perturbation processes shown in Fig. B3. Figure BZ3(a) shows the pro-
cesses where the two-dimer state |s,tg) goes back to the same state via the excited states
including the quintets, |to, qo), |t+1,9-1), and |t_1,q+1). Here, |s) is the singlet state, and
|t,) and |q,) are the triplet and quintet states with S* = p, respectively. In Fig. B3(b), we
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Figure 3.3: Examples of the second-order perturbation processes. (a) Processes where
|s,to) goes back to the same state. (b) Processes where two triplets with S* = +1 and
8% = —1 are exchanged, which contribute to the biquadratic interactions between two
triplet dimers, (S;-8;). Figures are taken from Ref. [2] (Copyright (©)2020, American
Physical Society).

show the processes where two triplet dimer state with S* = +1 and §* = —1, |t41,t_1),
is transformed into |t_1,t41) through the excited states, |s,qo), |qo,s), and |qo,qo). The
details of the perturbation calculations are written in Appendix B. The low-energy basis
consisting of singlet and triplet states can be described in terms of the spin-1 hard-core
bosons. The singlet state corresponds to the vacuum, and the triplet states correspond
to the hard-core bosons with spin-1 with the constraint of no double occupancy on a
dimer. This type of treatment is equivalent to the bond-operator approach which was first
developed for the spin-1/2 dimer systems [[5Y, [60] and later extended to spin-1 dimer
systems [I61, [62] and also to general spin-S dimer systems [I63]. For the bond-operator
representation, we choose here the time-reversal invariant form of the basis states {|t; o)}

(a = z,y, z) given as

i

|ti,x> = 5 (|+170> - |07 +1> - ’07 _1> + ’_170>)7
tia) = 5 (H1,0) = 10,1 + [0, ~1) ~ |-1,0))
[ti2) = ——= (|41, —1) — |1, +1)). (3.6)

V2

Here, the dimer states written on the right hand side, |p1, 12), denote the ones with S7 =
p1 and S7, = pg. Detailed information on the bond-operator approach and the expression
of the original spin operators S;, with the bosonic operators are given in Appendix B.

3.2.1.2 Effective model

The triplet state with a-component, |¢; o), which is equivalent to the state where the spin-
1 boson with a-component occupies the dimer, is described as b; . 10). Here |0) is the
vacuum expressing the singlet state and b; o 1s the creation operator of the spin-1 boson
with a-component. The second order perturbation calculation in J'/J and J"”/J gives the
effective Hamiltonian described the above bosonic operator, Heg, as,

Het = Eo + Hy+ He + Hp + Hy + Hyg + Hi + Habody (3.7)
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:—,uan, (3.8)
Ht—tz Z ( —I—hc) (3.9)

(i) =2,
Hp = PZ > (blab)a+hc), (3.10)
Yy a=x,y,2

Hy :VZW% (3.11)
(i.d)

Hy=JT) 8i-Sjnin, (3.12)
(i:d)

M =B (8:i-8;)” nin;. (3.13)

(6.7)
Here,

> bl bia (3.14)

a=x,Y,z

is the number operator, and the hard-core condition, n; = 0 or 1 is imposed on the number
operator. The operator §; is the spin-1 operator of i-th boson, where

S =1 capyb! b, (3.15)
By

and €44, is the Levi-Civita symbol. We note that this spin-1 operator of i-th boson, S;,
is different from the spin-1 operator defined on the original bilayer spin model, S;. . This
effective Hamiltonian has the SU(2) symmetry of the triplet bosons [84-86], which is kept
as far as the magnetic field or some anisotropic interactions are not introduced [164] .

The parameters appearing in the effective Hamiltonian Heg are obtained by the per-
turbation calculations, and are expressed using the parameters of the original Hamiltonian

H as

Eg = (—2J +4B) N, (3.16)
= J+3B+27(30i3) (J —J"?, (3.17)
t= % (J =J", (3.18)
P = —% (J' —=J"), (3.19)
V= [27 (;10_ B) 9(J i 3B) 92,1] (/= "), (3:20)
J:%(J’+J”)+ {—3(Ji3B)+1;J] (7 —J")?, (3.21)

2In other words, it is different from the magnon-BEC in a magnetic field, where the SU(2) symmetry
is broken.
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4 (
9(J+3B) 144J

B= J =g (3.22)
Here, z is the coordination number. The terms with u, t, P and J contains the terms
derived from the zeroth- and first-order perturbation processes, while the ones with V' and
B include only the terms originating from the second-order perturbation processes.

We note that the whole effective Hamiltonian of the second order perturbation also
includes the 3-dimer interaction term, Hspodqy. We compared the ground state energies of
the original Hamiltonian, # (Eq. (B)), and of the effective Hamiltonian, Hex (Eq. (872))
with and without Hapoqy, using a small cluster. Then we find that this H3peqy term does
not play an important role, and thus hereafter we discard Hapogy for simplicity. Detailed
information on the evaluation of this H3peqy term is given in Appendix B. Furthermore,
we see shortly that the other terms derived in the second order perturbation processes in
Eq. (B2) do not change the majority of the phases diagram, which allows us to discuss
only the roles of t, P, and J.

3.2.1.3 Numerical diagonalization of the Hamiltonian

We analyze this effective model using the numerical diagonalization method ®. In the nu-
merical diagonalization, the Hamiltonian of the quantum many-body system is expressed
with certain many-body basis states {[®;)};_; .. gim .z a8

dim 7
Ho= > |i) (@il H|D;) (D]
ij=1
(@1[H[®1) - (L1 H[Pdim ) (@]
:(|q>1> |q>dim%&>> : : ’
(Pgim 2 [H|P1D) - (Pgim e |H|Patim 7)) \(Petim 7]
(3.23)
and the Hamiltonian matrix,
(1| H|P1) (1| H|Pdim 2)
H = : : ; (3.24)
(Paim | H|P1) -+ (Pdim | H|Pdim )

is numerically diagonalized. The j-th eigenvalue of H, Ej, is the j-th energy eigenvalue.

le

)

Using the corresponding eigenvectors of Ej, : , the j-th eigenstate is expressed

Cj dim 7
as |¥;) = Zf;nf%cﬂ |®;) ¥, The expectation value of physical quantities O for j-th

3The word ‘exact’ diagonalization is generally used, but the meaning of ‘exact’ here is ‘numerically
exact’.

4The number of indices i can often be reduced from dim 5# by the block diagonalization using the
conserved quantities such as S¢..
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eigenstate [¥;), (O);, is calculated as 8
(0); = (¥;|0[¥;). (3.25)

To diagonalize the Hamiltonian matrix, we used the Lanczos method [I63] to obtain the
information of the ground states, and the thick-restart Lanczos method [I66, I67] to
obtain the low-energy excited states 8. The details of these algorithms are explained in

Appendix Q.

3.2.1.4 Physical quantities

In analyzing the ground state properties of the effective model H.gs, we calculate the
following physical quantities using the numerical diagonalization method. The boson
density per dimer denoted as

| N
=N Z (i), (3.26)
i=1
and the structure factor of the boson density given as

1 N
=% jg: ) el (rimmi), (3.27)

The magnetic properties of the effective model is analyzed by the spin and quadrupolar
structure factors of spin-1 bosons,

N
1 .
S(k) = N Z (S; - Sjninj) e*(Ti=ri) (3.28)
i,j=1
1 |
Qk) = N Z (Qi - Qjniny) ek (rimmi), (3.29)

~

J=1

where Q; is the five-component vector representation of the quadrupolar operator of spin-1
bosons, whose explicit form is given in terms of S; as

Qv (87)? = (87)°

i 1

Q|| F S-S+
< $$+$$
o SiST + SIS;

In a system where the spin-1 operator is defined on each site such as the spin-1 BLBQ
model, the quadrupolar operator Q; is the “on-site” operator. By contrast, in a system
which has a spin-1/2 on each site, the quadrupolar operator is the “on-bond” operator, in
need of constructing a spin-1 from two spin-1/2’s [, 61]. In our spin-1 dimer system, each

"We implicitly assume that the eigenvectors |¥) are normalized, |||¥)|| = 1.
SWe also performed the full-diagonalization when the size of the matrix is small.
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dimer has two spin-1 operators, S;, and S;,, and the spin-1 operator expressing the triplet
states, 8;, is defined on a dimer bond, whose constituents are the two spin-1 operators,
S;, and S;,. Therefore, one can also set the “on-bond” type spin-1 quadrupolar operator
on dimer bonds as

Q% — 595° + 5752 — 2(8i, - Siy) bus, (3.31)

112 1119 11712 3

just like the spin-1/2 cases. Then, one finds that Q; and Q; , are equivalent for the triplet
states, namely,

(tal @y, 1t8) = (tal Q7" [t5) (3.32)

holds for a, B, i, v = x,y, z. In the same way, when the “on-bond” type spin-1 operator is
defined on dimer bonds as

Sha = iy + Siy. (3.33)
S; and S;,, equivalently work for the triplet states, namely,
(talSE, [ts) = (talS]Its) (3.34)

holds for o, B, u = x, vy, 2.

In our effective Hamiltonian, the number of spin-1 bosons per dimer can vary from
0 to 1, unlike the spin-1 BLBQ models where the spin-1 operator always exists on every
site [[9]. The spin-1 BLBQ model can be regarded as the limiting case with (n;) = 1 in our
bosonic model, because these two models have the same definitions of the spin (Eq. (B13))
and quadrupolar operators (Eq. (8330)). Thus, we can utilize the analysis performed in
the spin-1 BLBQ models for our bosonic model. There are the SU(3) points in the spin-1
BLBQ models. At these points, the three components of the spin-1 operator &; given in
Eq. (B13) and the five components of the quadrupolar operator Q; defined in Eq. (B=30)
form the eight elements of the SU(3) Lie algebra. It is known that the quantum phase
transitions between the magnetic and the spin quadrupolar (nematic) phases occur. In
the numerical calculations, these transitions are characterized by the point where the spin

and quadrupolar structure factors, S(k) and Q(k) = gQ(kz) (Egs. (B228), (8729)) take the

same values. Therefore we make use of this normalized quadrupolar structure factor Q(k)
so as to determine the quantum phase transitions between the magnetic and quadrupolar
phases of spin-1 bosons.

3.2.2 Results of the S =1 bosonic model
3.2.2.1 Ground state phase diagram

We perform the numerical diagonalization of Heg on the N = 12 triangular lattice ?, where
we take the periodic boundary condition. The lattice geometry is shown in Fig. B4(a),
and the first Brillouin zone of the triangular lattice is given in Fig. B2(b). The primitive

"The coordination number z is 6.
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(@) (b)

Figure 3.4: (a) The geometry of the N = 12 triangular lattice. Bold lines represent the
12-site cluster, and dotted lines connect the sites under the periodic boundary condition.
The vectors a; and ag are the primitive vectors of the triangular lattice. (b) The first
Brillouin zone of the triangular lattice in the reciprocal space. Dots denote the wave
numbers we consider in the calculation for the N = 12 triangular lattice. The vectors by
and bo are the reciprocal lattice vectors corresponding to a1 and as, respectively.

vectors, a1 and ao, are given as

1
a; = <é> ., as = \% , (3.35)

2
and the corresponding reciprocal lattice vectors, b; and by, are given as B8
27 0
bi=| 2m |, by= |47 |. (3.36)

V3 V3

The characteristic points in the reciprocal space, I'-, K-, and M-points are given as

I =(0,0), K= (4;,0), M = <7r\7/r§> (3.37)

The phase diagrams varying J'/J and J”/J are shown in Fig. BH(a) for the fixed value
of B/J = 0.2 and Fig. BA(b) for B/J = 0.4. When J' ~ J"” > 0, the antiferromagnetic
(AFM) phases appear owing to the antiferromagnetic interactions J > 0 between the
spin-1 bosons. The AFM phases are divided into the solid and Bose—Einstein Condensate
(BEC) phases by the boson density, (n;) ~ 1 (AFM-solid) and (n;) < 0.9 (AFM-BEC).
When J' ~ J” < 0, the ferromagnetic (FM) phases, FM-solid with (n;) ~ 1 and FM-BEC
with (ny) < 0.9, are stabilized owing to the ferromagnetic interactions J < 0 between the
spin-1 bosons. When J'—.J” < 0 or J'—J" > 0, two different kinds of the ferroquadrupolar
(FQ) phases of spin-1 bosons, FQ-BEC and FQ-p-BEC phases, are realized over a wide
parameter region. Throughout the phase diagrams both at B/J = 0.2 and B/J = 0.4,
we do not find a spatial structure of the bosonic numbers, namely, the structure factors
of the boson density N (k) take the maximum values at I-point, which suggests that the
bosons uniformly distribute over the system, and that the translational symmetry breaking

8The vectors a; and b; satisfy a; - b; = 276; ;.
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Figure 3.5: Ground-state phase diagrams of the spin-1 dimer triangular lattice at (a)
B/J = 0.2 and (b) 0.4 on the plane of J'/J and J”/J, determined by the analysis of
the results of the numerical diagonalization of the low-energy effective model of the spin-1
bosons with N = 12. Filled and open circles denote the first- and second-order phase tran-
sitions, respectively, and the phase transitions between FM-BEC and FQ-p-BEC phases
is weakly first-order. FM, AFM, FQ denote the ferromagnetic, antiferromagnetic, and
ferroquadrupolar phases, respectively. (n;) ~ 1 and (n;) < 0.9 correspond to the solid
and BEC phases of bosons, respectively. The boson (triplet) density is expressed by the
colors in the phase diagrams. The spin nematic (SN) phase is enclosed in the small J'/J,
J"/J region marked with the red square in (b). (¢) Phase diagram on the plane of J'/J
and B/J at J' = J”. The horizontal lines with the value of B/J fixed correspond to
the J' = J” diagonal lines of the phase diagrams in (a) and (b). Figures are taken from
Ref. [2] (Copyright (©)2020, American Physical Society).
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long-range orderings of bosonic degrees of freedom, or the particle orderings, do not occur.

We determine the phase boundaries on the basis of the particle-number and magnetic
properties. As for the former, the phases are separated by whether the bosons (almost)
fully occupy the dimers, (n;) ~ 1, and form a system equivalent to the quantum spin-1
system (solid), or the bosons are partially occupied, (n;) < 0.9, and form a BEC state. As
for the magnetic properties, the phases are classified by what types of correlations develop,
which is identified by S(k) and Q(k). The values of S(k) and Q(k) are dependent on the
bosonic density, (n;), but the spatial modulations of spin and quadrupolar correlations are
the purely magnetic ones, because (n;) is almost uniform in space as we mentioned above.
The existence of the long-range orders is examined in Sec. BZ3.

3.2.2.2 J' =J" line

We start from J’ = J” = 0, where the ground state is the product state of the isolated
dimers. As we see from the parameters shown in Egs. (89), (81M), (B), (B13), the
parameters t, P, V, and B are the linear or quadratic functions of (J' — J”). Therefore,
these parameters exactly become zero along the J' = J” line, namely, the inter-dimer
interactions, Hinter, cancel out due to the frustration effect except for the Heisenberg
interaction between spin-1 bosons, 7.

At B/J = 0.2, the singlet product state, or (n;) = 0, is the ground state when J' = J".
We evaluate the end point of these singlet ground states in the following procedure. Along
the J' = J” line, the effective Hamiltonian of spin-1 bosons (Eq. (B21)) is reduced to the
following one;

N
Hj’:JN = —,uZm +._728¢ -Sjnmj, (3.38)
=1 (4,3)

with y = —J+3B and J = J’. The second term in the right hand side, J Z(i,ﬁ S;-Sjnin;,
works as effective attractive interactions between spin-1 bosons because this term gains the
magnetic interaction energy when two neighboring dimers are occupied by spin-1 bosons.
Then, we can confirm a first-order phase transition between FM/AFM-solid phase with
(n¢) = 1 and singlet phase with (n;) = 0. We obtain the phase boundary by comparing
the energies of two phases, F1(IN) and Ey(IV), where the following relationship holds;

Ei(N) = Eo(N) — uN + 3Nepond.- (3.39)

Here, eponq is the energy per bond evaluated from the ground state of the spin-1 Heisenberg
model, J 3 ;» Si - Sj, on the N = 12 triangular lattice (see Fig. Bd(a)). We show the
resultant phase diagram on the plane of J'/J = J”/J and B/J in Fig. B3(c). The (n:) =0
singlet phase shown as the straight line in Fig. BH(a) shrinks toward smaller |.J’| value as
the biquadratic interaction B/J increases, and the line disappears at B/J = 1/3. When
1/3 < B/J, the FM/AFM solid phase with (n;) = 1 appears on the whole J" = J” line.
The singlet state in the phase diagram at B/J = 0.2 (Fig. B3H(a)) is realized not only
on the J' = J” line, but spans over a finite range of |J' — J”|. It is confirmed by the
instability analysis discussed in Sec. B4.
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3.2.2.3 Ferromagnetic and antiferromagnetic phases

At B/J = 0.2, the FM and AFM phases spread from the endpoints of the singlet phase
appearing at J' ~ J” which we discussed right above. Figure BH shows the total energy
density e,1, and the partial energy densities, e, ep, e 7, and ep, the triplet density (n;), and
the structure factors of spins and quadrupoles at I'-, K-, and M-points in the reciprocal
space. Here, ex corresponds to the contribution from Hyx in Eq. (BZ), e.g., e; is the
contribution from H; (Eq. (B9)). We change the value of J'/J with the fixed values of
J"/J = —0.2 and +0.1. When J”/J = —0.2, a jump in the physical quantities is observed
at the transition point around J'/J = —0.1 from the FM-solid phase to the FQ-p-BEC
phase. The FM-solid phase gains a large amount of energy from e; compared to other
phases, which suggests that the Heisenberg interactions J play a dominant role to stabilize
the FM-solid phase (see Fig. B@(a)). Actually, in this phase, the spin structure factor S(k)
has a peak at the I'-point, whereas S(k) in the other points and Q(k) remain small, which
is shown in Fig. BB(c). In the FM-solid phase, the bosons are fully occupied, i.e., (n;) = 1.

When we change the parameter .J'/.J keeping J”/J = 40.1 constant, the boson density
(n¢) < 0.55 does not change much and the BEC state is realized. The phase transitions
along this J”/J = +0.1 line are second-order. When 0.3 < J’/J, the spin structure factor
S(k) at the K-point begins to overwhelm the quadrupolar structure factor Q(k) at the I'-
point. Following the treatment given in Ref. [19] (see Sec. BZ14 for details), we identify
this phase as the AFM-BEC phase. According to the analysis, the phase boundaries
shown in Fig. BA are separated into first- and second-order phase transitions, denoted by
the filled and open circles, respectively 2.

3.2.2.4 Ferroquadrupolar phases

We confirmed two kinds of quadrupolar phases in the phase diagram, FQ-BEC in J' < J”
region and FQ-p-BEC in J' > J”. As shown in Figs. B8(e) and BH(f), both of the boson
density (n;) and the quadrupolar structure factor Q(k) decrease down to zero at the phase
boundary where the singlet phase is realized, which indicates that the phase transition
is of second-order. In the FQ-p-BEC phase, another order parameter starts to increase,
which is Q(k = K).

In Figs. B, we show the two-point correlations of quadrupolar moments between
site-1 and site-j, (Q1 - Q;) for both of FQ-BEC and FQ-p-BEC phases. In the FQ-
BEC phase, the quadrupolar correlation almost uniformly develops in space, while in
the FQ-p-BEC phase, the quadrupolar correlations between the nearest-neighbor sites
are suppressed and those between the next-nearest-neighbor sites ferroically develops,
namely, the quadrupolar correlation develops in the period of twice the lattice spacing.
This three-sublattice-like configuration of the quadrupolar moments is reflected in the
peak of the quadrupolar structure factor Q(k) at the K-point. We also show the two-
point correlations of boson densities between site-1 and site-j, (nin;) in Fig. B, which
suggests that the bosons almost uniformly distribute in space. Thus it is indicated that the
three-sublattice-like structure of @ seen in FQ-p-BEC phase is not due to the spatially-
modulated distribution of bosons, but is realized purely by the correlation effect of the

9There are also some boundaries regarded as the weak first-order phase transitions.
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Figure 3.6: J'/J dependence of the physical quantities at B/J = 0.2. (a)-(c) Results at
J"]J =—0.2. (d)—(f) Results at J”/J = +0.1. (a), (d) Total energy density e,n, and the
energy densities of some terms in the effective model, e;, ep, ez, and eg. (b), (¢) Boson
density (n¢). (c), (f) Spin (Eq. (8328)) and quadrupolar (Eq. (BZ29)) structure factors at
I'-, K-, and M-points in the reciprocal space. For the quadrupolar structure factors, the
normalized value Q(k) = %Q(k) is shown to compare the spin and quadrupolar structure
factors. Figures are taken from Ref. [2] (Copyright (©)2020, American Physical Society).
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Figure 3.7: Two-point correlations between site-1 and site-j at (J'/J,J"/J) = (—=0.2,0.2)
in FQ-BEC phase and at (J'/J,J"/J) = (0.2,—-0.2) in FQ-p-BEC phase for B/J = 0.2.
(a), (b) the quadrupolar correlations (Q; - Q;). (c), (d) the boson density correlations
(nin;). The areas of the circles are proportional to the absolute values of the correlations,
|(Q1 - Qj)l|, or [(nin;)|. Blue and red circles appeared in (a) and (b) denote the signs of
the quadrupolar correlations (Q; - Q;), negative and positive, respectively. Figures are
taken from Ref. [2] (Copyright (©)2020, American Physical Society).
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spin degrees of freedom, &;. There, the nearest-neighbor correlations of the quadrupolar
moments are suppressed, whereas the next-nearest-neighbor ones are ferroic.

3.2.2.5 Caseof B/J =04

Next we discuss the case B/J = 0.4, where the chemical potential ;1 becomes positive. As
we discussed above, the singlet phase appearing at B/J = 0.2 no longer exists, and when
the inter-dimer Heisenberg interactions, J’' and J”, are introduced, the product state of the
triplet dimer at J' = J” = 0 transforms into the phases we discussed above. In Fig. BR,
we show the J'/J dependence of the energy densities, boson density, and the spin and
quadrupolar structure factors, which is to be compared with Fig. B8 for B/J = 0.2 case.
We observe the first-order phase transitions between the FM-solid and the FQ phases. In
the FQ-BEC phase, the boson density is stable around (n;) ~ 0.55, indicating that the
overall nature of the BEC phase does not qualitatively change by B/J. We note that the
smaller J' and J” region at B/J = 0.4 includes the spin nematic phase, which should be
distinguished from both of the FQ-BEC phase and the FQ-p-BEC phases (see Sec. B3 in
detail).

3.2.2.6 Order of perturbation

The interaction parameters in the effective bosonic model (Egs. (BI8)—(B=22) contains the
zeroth-, first- and second-order perturbation terms. When we discard the second-order
perturbation terms, V and B disappear. In order to see how much the second-order terms
qualitatively contribute to the ground state phase diagram, we additionally perform the
numerical diagonalization limiting the interaction parameters up to the first order in J'/J
and J”/J on the N = 12 triangular lattice. The resultant phase diagram on the plane of
J'/J and J"/J at B/J = 0.2 and 0.4 are shown in Figs. B9(a) and B™(b), respectively.
These phase diagrams are qualitatively identical to the ones in Fig. B, which indicates
that the second-order perturbation terms such as V' and B do not play a significant role in
the phase diagrams. It is also suggested that the second-order terms involving three-sites,
H3body, neglected for simplicity, do not seem to change the phase diagram qualitatively.

3.3 Long-range orders and classifications of multiple
quadrupolar phases

So far, using the spin-1 bosonic language, we have discussed the magnetic properties of
the spin-1 dimer triangular lattice based on the results of the numerical diagonalization
of the effective model on the N = 12 triangular lattice. As the numerical diagonalization
is performed on the small finite size cluster, one should carefully examine the finite-size
effect and the existence of the symmetry-breaking long-range orders. However, in the
present case, the finite-size effect is expected to be negligible. This is because, in the
previous study on the same effective model in Ref. [86] which is exactly equivalent to
the spin-1/2 dimer model on the same lattice as ours, the finite-size effect turned out
to be almost negligible; the phase boundaries obtained by the results of the numerical
diagonalization with N = 12 and those obtained by the analytical results for arbitrary
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Figure 3.8: J'/J dependence of the physical quantities at B/J = 0.4. (a)-(c) Results at
J"]J = —=0.1. (d)—(f) Results at J”/J = +0.2. (a), (d) Total energy density e,n, and the
energy densities of some terms in the effective model, e;, ep, ez, and eg. (b), (¢) Boson
density (n¢). (c), (f) Spin (Eq. (8328)) and quadrupolar (Eq. (BZ29)) structure factors at
I'-, K-, and M-points in the reciprocal space. For the quadrupolar structure factors, the
normalized value Q(k) = %Q(k) is shown to compare the spin and quadrupolar structure
factors. Figures are taken from Ref. [2] (Copyright (©)2020, American Physical Society).
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Figure 3.9: Phase diagrams of the effective model on the plane of J'/J and J"/J,
whose interaction parameters are limited up to the first order in J'/J and J”/J at (a)
B/J =0.2 and (b) B/J = 0.4. The phase diagrams are obtained by analyzing the results
of the numerical diagonalization on the N = 12 triangular lattice. Figures are taken from
Ref. [2] (Copyright (©)2020, American Physical Society).

N quantitatively agree well. Therefore, here we only need to discuss whether there is
a true symmetry-breaking long-range order in each phase appearing in Sec. B2. For
this purpose, we performed the Anderson tower analysis [I68], calculating the low-energy
excitation spectra by the thick-restart Lanczos method [I66, [67].

3.3.1 Basics of the Anderson tower analysis

Before we discuss the long-range orders in our spin-1 dimer triangular lattice, we briefly

M is one of the

review the Anderson tower analysis. The Anderson tower analysis [T6]
unbiased tool for detecting the long-range orders in the ground states of the quantum
many-body systems from the calculations of the finite-size clusters. In their energy spectra,
the low-lying states or the quasi-degenerate joint states (QDJS) can appear as the lowest-
energy levels which scale as a linear function of Siot(Stot + 1). The QDJS imply the
existence of the long-range order breaking the continuous symmetry ™ [I68, I'70-174],
where the slope collapses in proportional to 1/N, where N is the system size.

In the numerical analysis, the Anderson tower analysis was introduced to show the
long-range orderings in the ground state of the spin-1/2 antiferromagnetic Heisenberg
model on the triangular lattice [I'70, I'71], and later applied to demonstrate the absence of
the long-range orderings of the ground state of the spin-1/2 antiferromagnetic Heisenberg
model on the kagome lattice [I'75]. When the energy spectrum forms the low-lying states,
the symmetries of the low-lying states are examined to determine the possible symmetry
breaking in the ground-states. The QDJS consists of the energy eigenstates with specific

10T his is also called as ‘tower-of states analysis’, etc.

1 As we describe the QDJS as a function of Siot(Stot + 1), hereafter we implicitly assume the spin
systems and the continuous symmetry broken is SU(2). However, the Anderson tower analysis can be
applied also to SU(N) systems. Then, Stot(Stot + 1), the Casimir operator in SU(2) group, is replaced by
the Casimir operator of SU(N) systems. For example, see Ref. [169] for the SU(4) symmetric case.
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Figure 3.10: Low-energy spectra with respect to S(S + 1) in the (a) FQ-BEC, (b) FQ-p-
BEC, and (c) AFM-solid phases for the N = 12 cluster. Filled circles and triangles denote
the eigenstates whose momenta are characterized by the I'- and K-points in the reciprocal
space, and the momenta of the eigenstates with open circles are not determined in our
calculations. The eigenstates on the solid lines in (a) and (c¢) will collapse and construct
the degenerate ground states in the N — 400 thermodynamic limit, which indicates the
long-range orders. Figures are taken from Ref. [2] (Copyright (€)2020, American Physical
Society).

spatial symmetries such as the translational symmetry and the reflection symmetry re-
flecting the symmetry-breaking long-range orders. For example, when the 120° Néel order
is realized on the triangular lattice, the sublattice spins form a biaxial rotator which is
characterized by the spin component perpendicular to the rotating plane, and there appear

250t + 1 states in each Sior-sector 2.

3.3.2 Anderson tower analysis in the spin-1 dimer triangular lattice and
classification of multiple phases

3.3.2.1 Internal degrees of freedom of the FQ phases

In Figs. B10(a)—(c), we show the low-energy spectra in the FQ-BEC, FQ-p-BEC, and
AFM-solid phases, respectively. For the cases of the FQ-BEC (Fig. B10(a)) and the
AFM-BEC (Fig. B10(c)) phases, we confirm the clear QDJS depicted by the solid lines.
In Fig. B10(a), the QDJS consist of all Sieg-sectors, Sior = 0,1,2,3, -+, where each St
sector has only one state with I'-point, which characterizes the U(1) uniaxial rotator type
excitation. This low-lying state is clearly different from the one known for the spin-1
ferroquadrupolar (ferro-nematic) ordered phase, where the QDJS is constructed only by
the even Sio-sectors with I'-points [I7] (cf. see Fig. BT3(a)). This implies that the
quadrupolar moment Q; is insufficient for the classification of the multiple quadrupolar
phases of spin-1 bosons appearing in the dimer systems. In fact, the quadrupolar moment

12The trivial degeneracy for each Siot is not considered.
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Table 3.1: Classification of multiple phases using the order parameters q, p, S, and 9O,
and the types of boson distributions, solid (S) or liquid (L). FQ-BEC phase corresponds to
the F-nematic phase in Ref. [84]. Table is reproduced from TABLE I in Ref. [2] (Copyright
(©2020, American Physical Society).

Phases (q) (p) (S) (Q) Boson
SN (n-nematic) 0 0 0 #0 S
Chiral (p-nematic) 0 20 0 #0 L
M O(S) r#0(L) 0 #0 #0 SorlL
AFM 0(S)or#0(L) #0 #0 #0 SorlL
FQ-BEC 0 0 0 0 L
Q?‘B defined on a dimer bond can be decomposed as
Qqﬁzf 3{(6](1 +pp>+(qq +pp)]—265 N (3.40)
( 4 1 19 1 17 7 47 7 3 (0% (3]

where g; and p; are the internal degrees of freedom of a dimer [84], namely, the staggered
spin operator of the two spins and the vector-chiral spin operator,

1
qizi(sil—sb)a pi:Sil XSiz' (341)
These two operators are related to the annihilation and creation operators of spin-1 bosons
in our model as b; o < ¢* —ipy*, and bj-’ o X @ +ipg¥, respectively ™ When at least (q;) # 0
or (p;) # 0 holds, we obtain (Q;) # 0, while the inverse is not always fulfilled. The

structure factors of these operators are set as

N
1 1k: ri—nr
N(k) = szz—:l q; - q;)e® i), (3.44)
1 N
Clk) =+ > by py) o), (3.45)
i,7=1

respectively.

We give the classification of the quadrupolar phases of spin-1 bosons in terms of these
internal degrees of freedom in Table BXl. The conventional spin nematic (SN) phase seen
in the spin-1 BLBQ models has (Q;) # 0 with other magnetic order parameters vanishing,
and takes place only when the distribution of the (single) boson is a solid and the boson

1370 be precise,
bo i V3
b 2\/5 2\/5

hold. Here, ~ means that this formula is derived under the approximation neglecting the quintet states.
Equivalently,

(¢ —ipf), bl,~—

(gi" +ipi’) (3.42)

@l = (bf’a - bi,a) . P~ % (bj’a + bi,a) (3.43)

hold.
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cannot move around. Here, the quadrupolar order (Q;) # 0 is generated neither by
(g;) # 0 nor by (p;) # 0, but is generated by (qf‘qf> # 0 or (Sf‘Sf> # 0 ™. When
(p;) # 0 and (g;) = (S;) # 0, the vector-chiral degrees of freedom condenses, and form
a nematic order where all kinds of the magnetic orderings are suppressed. This vector-
chiral ordered phase is often called p-nematic phase, which is distinguished from the SN
phase (n-nematic phase). In the SN (n-nematic) phase, the Anderson tower of states are
formed only by the multiple Siot-sectors in units of multi-bosons. In that case, only the
bound multi-boson states are allowed as the quasiparticles [I7, b1, 62]. By contrast, in
the vector-chiral (p-nematic) phase, the standard single-magnon excitations are allowed,
and the low-lying states consist of all of the Siq-sectors [R1].

The typical magnetic phases, the FM and AFM phases, are supported by (S;) # 0 &,
In the FQ-BEC phase, (g;) # 0 and (p;) = 0, where the spin moments induced on the two
spins on dimers always take an antiparallel state, and keep the dimer unit nonmagnetic,
namely, (8;) = 0. The spin moments form a ferromagnetic long-range order inside each
two-dimensional layer.

Based on the above classification, the FQ-BEC phase can be regarded as the F-nematic
phase found in the spin-1/2 two-leg ladder [84], where the ferroic ordering of the staggered
spin moments (g, - q;) > 0 is realized, and the SU(2) symmetry is broken down to U(1).
In Fig. BT, we show the triplet density (n;) and the structure factors when J'/.J is varied
from the FQ-BEC (J'/J < 0.15), the FQ-p-BEC (0.15 < J'/J < 0.25), to the AFM-BEC
(0.25 < J'/J) phases. The FQ-BEC phase is characterized by the enhancement of N (k)
at the I-point. In the FQ-p-BEC phase, not only N (k) at the K-point but also C(k) at
the I'-point take large values. When the phase changes from the FQ-p-BEC phase into
the AFM-BEC phase, C(k) decreases.

We show the tower of states in the FQ-p-BEC phase in Fig. BI0(b), which exhibits an
intriguing structure. If we take in all the states below the upper dotted line as the low-lying
states, the structure of the low-lying states is consistent with the biaxial rotator, indicating
the 120° Néel ordering. However, the low-lying excitetd states here are not well separated
from the states with higher energies. By contrast, in the AFM-solid phase, we can confirm
the clear tower of states structure with (2S¢ + 1) degenerate states shown in Fig. BI0(c),
suggesting the 120° Néel order of S = 1 moments. It may be expected that a sort of 120°
Néel ordering of g;,-moment compatible with the geometry of the triangular lattice, which
is similar to the FQ-BEC phase (see Table B1). There, the 120° long-range order of S;,
inside each layer is realized, and each dimer is kept nonmagnetic. This state corresponds
to the NAF phase in the spin-1/2 two-leg ladder sytstem in Ref. [84]. Alternatively, we
can also focus only on the lowest energy eigenstates in each Syp-sector on the lower broken
line. Then, the St = 0,3,6,--- states at the I'-point and the Syt = 1,2,4,5, - states
at the K-point imply the p-type nematic property, which is similar to the p-type nematic

1We implicitly assume o # 3 here.
'5To be more precise, in the AFM phase, (S;) = 0, but the space-modulated spin moment

N
1 ig-r;
Sq = N igzl eImi S, (346)

takes a nonzero value. The modulated spin moment is merely the linear combination of §;, and we include
it into (8;) = 0 in a broader sense.
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Figure 3.11: J'/J dependence of (a) the triplet density, and (b) the structure factors at the
I'-, K-, and M-points. N (k) (Eq. (8324)) and C(k) (Eq. (323)) that provide the detailed
information on teh magnetic properties of the spins S;  inside the dimers are also shown.
J'/J is changed from the FQ-BEC (J'/J < 0.15), the FQ-p-BEC (0.15 < J'/J < 0.25), to
the AFM-BEC (0.25 < J'/J) phases. Figures are taken from Ref. [2] (Copyright (€)2020,
American Physical Society).
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Figure 3.12: Schematic pictures of the (a) FM, (b) AFM, (c¢) FQ-BEC, (d) FQ-p-BEC,
and (e) SN phases. The black arrow on each site denotes the spin moment carried by the
site-i~, and the red arrow and blue ellipses represent the spin and quadrupolar moments
of the i-th dimer, respectively.

order in the spin-1/2 system on the square lattice, where even Siu-sector has k = (0,0)
momentum and odd Siee-sector has the (7, 7)-momentum [&1] ™. As shown in Fig. B,
both of g, and p; have large correlations, which is consistent with the tower of states
structure which contains both of the 120° Néel antiferromagnetic and the vector-chiral
properties. One possible scenario is that the 120° Néel ordering is realized in each layer,
but the spin moments do not fully align between the layers. However, when we consider
the fact that the 120° Néel antiferromagnetic order in the spin-1/2 Heisenberg model on
the triangular lattice is somewhat subtle because of the small magnetic moments [I76],
such type of the ordering might be unstable as a symmetry-breaking long-range order in
our system where the active local spin moments are likely to be small. Then, the 120°
Néel order of g will be hindered by the intra-dimer quantum fluctuations, where either a
pure vector-chiral ordering or a more exotic spin liquid state might be realized.
In Fig. BT2, we summarize the multiple phases by showing their schematic pictures.

3.3.2.2 Spin nematic phase at the small J'/J and J”/J region

Besides these two FQ phases, FQ-BEC and FQ-p-BEC, we confirm a conventional ferro-
quadrupolar spin nematic (SN) phase at 1/3 < B/J in a small J'/J and J”/J region,
which can only be found by the tower of states analysis. We show in Fig. BI3(a) the
low-lying states consisting of even Sioi-sector, which suggests the ferroquadrupolar SN
phase on the triangular lattice breaking the SU(2) symmetry [I7]. The phase boundary
between the SN phase and the FQ-BEC phase is determined by the level crossing of the

SHere we discuss the low-lying states utilizing the similarity to the ones in Ref. [&1]. To more clearly
discuss the existence of the p-type property, more detailed symmetry analysis of the low-lying states might
be needed.
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Figure 3.13: (a) Low-energy excitation spectrum plotted against S(S+1) at J'/J = 0.01,
J"/J = —0.01, and B/J = 0.4. (b) Phase diagram in the small J'/J and J”/J region
at B/J = 0.4, which enlarges the region marked with the red square at the center of
Fig. BH(b). The phase boundaries are determined both by the crossing of Sty = 1 and
2 states (filled circle), and by the structure factor (open circle). J'/J dependence of the
physical quantities for J”/J = 0.01 in this phase diagram is shown in Fig. BT4. Figures
are taken from Ref. [2] (Copyright (©)2020, American Physical Society).

Siot = 1 and 2 lowest excited states. We show the structure factors in Fig. BI4(b). The
quadrupolar structure factor Q(k) at the I'-point increases without the increase of N (k)
at the I-point inside the SN phase, and in the FQ-BEC phase at J'/J < —0.015, N (k)
at the I'-point has a large value and Q(k) at the I'-point decreases. The triplet density
(ny) in the SN phase is (ny) ~ 1, which is in agreement with the SN phase in the spin-1
BLBQ model. When B/J takes a large value, the spin-1 dimer state which has the lowest
energy is the triplet, replacing the singlet state at small B/J, and as a result, the spin-1
bosons fully occupy the sites and the small inter-dimer interactions .JJ' and J” play a role
of exchanging the spin-1 bosons and realizing the SN phase.

We show the physical quantities when the interdimer interactions J'/J, J”/J are small
at B/J = 0.4. The J'/J dependence of the low-energy excited states at J”/J = 0.01 is
shown in Fig. BTd(a); in its inset, the spin gaps of AS =1 and AS = 2 are given. When
we change J'/J, the energy levels of the excited states with Siot = 1 and Siot = 2 cross
at J'/J ~ —0.01, which implies the quantum phase transition from the FQ-BEC phase to
the spin nematic (SN) phase. We can confirm the phase transition also in the variation of
the structure factors given in Fig. BI4(b), where N (k) at the I'-point decreases and Q(k)
at the I-point increases at J'/J ~ —0.01.

As we increase J'/J, the excited state with Syt = 1 again has a lower energy than the
excited state with Siot = 2. This indicates that the quantum phase transition from the
SN phase to the AFN phase occurs, where Q(k) at the I-point has a smaller value, and
S(k) at the K-point become larger.

In Fig. BT4(c), we show the partial ground-state energy of several terms in the effective
model. When the ground state is the FQ-BEC phase at J'/J < —0.01, the hoppings, e,
and the pair-creation/annihilation of bosons, ep, play an important role in realizing the
phase. When —0.01 < J'/J < 0, the ground state turns into the SN phase, where the pair-
fluctuation effect of P is still significant. Here, the pair-creation and annihilation term
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Figure 3.14: Results at B/J = 0.4 with fixed J”/J = 0.01. (a) Low-energy excited states
of Siot = 0, 1,2 sectors with respect to J’/.J. The level crossing of the lowest excited states
with Siot = 1 and 2, which is extracted from the main panel, are seen more clearly in the
inset. When J' ~ —0.01, the Sio; = 2 state is the lowest excited state, which signals the
spin nematic orderings typically found in the spin-1 BLBQ models. (b) Spin (Eq. (B3228)),
quadrupolar (Eq. (8329)), and staggered spin (Eq. (844)) structure factors at the I'-, K-,
and M-points. (c) The partial energy from some terms in the effective Hamiltonian, e,
ep, ez, and ep. (d) Boson density (n;). Figures are taken from Ref. [?] with the legend
in (c¢) modified from the capital letters (E.) to the small letters (es) (Copyright (©)2020,
American Physical Society).



3.4. DISCUSSIONS 81

generates the effective biquadratic interactions between the neighboring spin-1 bosons,
whereas the explicit biquadratic interaction term Hpg in the effective Hamiltonian does
not much contribute to the formation of the SN, which can be confirmed by the fact that
eg is almost zero in the SN phase. In the AFM phase, the Heisenberg interaction term,
Hj, largely gains the energy. In Fig. BT4(d), we show the J’/J dependence of the boson
density, (n;), where (n;) increases to (n;) ~ 1 around the transition from the FQ-BEC to
the SN phases.

3.4 Discussions

3.4.1 Origins of the quadrupolar moments on dimers

As we can see in Figs. B8 and B3R, the pair-creation and annihilation term, Hp, in our
effective Hamiltonian of spin-1 bosons, plays a dominant role in the FQ-BEC and FQ-p-
BEC phases. In order to elucidate how Hp works, we set the interaction parameters as
J" = —J" so as to eliminate the Heisenberg term, H 7. Then, the effective Hamiltonian
up to the first-order perturbation in J'/J and J”/.J is reduced to

Hquaa = Hy —l—Ht—l-'Hp

— Z ni + Z S [(t]abja+ PoblL) + e (3.47)

a x?y7

Performing the Fourier transform as
po_ 1 ik pf
bio = N zk:el ", 0 (3.48)

the Hamiltonian is rewritten as

quad Z Z |: Nk — <b—li.c,abk7a + bk,ab;ﬂ:,a>
k oa=z,y,z

+ Py, (bLabT_k’a + b,kabk,a)] + const., (3.49)

where 7, is given as

ky k ky —V3k
M = 2 [cos ks + cos (—i_z\f?’lj) + cos (ﬁ’)] . (3.50)

Using the Bogoliubov transformation given as
Br,a ~ [cosh@ sinh@ bk (3.51)
BT_k,a ~ \sinhé cosh@ bT_,wé '

Py,
te — p

with

tanh 20 = (3.52)
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Figure 3.15: Energy bands of the eigenstates of the Hamiltonian (Eq. (824)) at B/J = 0.2
when (a) J'—J” <0 and (b) J'—J” > 0. The parameters in the quadratic Hamiltonian,
i, t, and P, whose original forms are given in Eqs. (BI17), (BIX), (8319), are used at the
first-order level. Figures are taken from Ref. [2] (Copyright (©)2020, American Physical
Society).

the Hamiltonian Hqyaq is diagonalized as [I'77]

Hauad = Z Z €k </8;£,’a/6k,o¢ + 5k,a5£’a) + const., (3.53)

k a=z,y,z

where the particle-hole symmetric energy bands, €k, are given as

e = j:%\/(tnk — ) — (P> (3.54)

We show in Figs. BT3(a) and BT4(b) the energy bands eg/J at B/J = 0.2 for J'— J" <0
and J' —J"” > 0, respectively. When the bottom of the energy band reaches the zero level,
the instability occurs. Then the [g-bosons of the corresponding wave number condenses
and construct a BEC phase. This instability takes place when we increase J = —J"
only up to |J' —J"|/J ~ 0.05, which is compatible with the results of the numerical
diagonalization that the product state of singlet dimers immediately replaced by the FQ
phases along the J’ = —.J” line. The energy band & takes the minimum values at the
I-point for J' — J” < 0, while it is minimized at the K-point when J' — J” > 0. The
former case corresponds to the uniform FQ ordering of FQ-BEC phase, and the latter
well describes the three-sublattice-like configuration of the quadrupolar moments in the
FQ-p-BEC phase (see Fig. BT(b)).

3.4.2 Classification of “spin-nematic” phases

Conventionally, we identify a standard SN phase in the spin-1 system by the absence of the
local sublattice spin ordering and the developments of the quadrupolar ordering. As we
mention in Chapter 0, the spin-1 BLBQ model hosts the SN phase when | 7| < |B], in which
case the magnetic order is suppressed. The tower of states consists of Siot = 0,2,4,---,
suggesting that the bound two-magnon pairs spontaneously break the SU(2) symmetry in
the thermodynamic limit.

The condensation of the bound two-magnon in spin-1/2 systems is another series of
the spin nematics [61, 68]. The bound two- or multi-magnons can move around, which
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is expressed by the quadrupolar order parameter as (bj ib;[} = 1(ss;) = Qei2? £ (T,
Near the fully-saturated ferromagnetic phase, the two-magnon pair instability can occur;
the adjacent bosons with §* = +1 and §* = —1 fluctuate in pair or exchange, and form
a quadrupolar moments and consequently the S = —1 boson moves in space. This is
equivalent to the BEC of spin-2 bosons in cold atoms consisting of S = 0 and 2 sectors [I78].
For particular models where the Siot = 1 sector is excluded from the low-energy manifold,
this type of spin nematic phase can be realized without magnetic field, which is identified
by the tower of states reflecting the bound multi-bosons like the spin-1 systems [61], 58, 62].

The aforementioned two kinds of n-nematic order is possible only when the spin-1
bosons are bound by the large quantum fluctuations, basically in a strong magnetic field
or with the strong ferromagnetic interactions ™.

The other class of the spin nematic phase known so far is the p-type spin nematic phase
found in the spin-1/2 systems [I6, 66, 67, 81|. The vector-chiral moment p; = S;; x S,
(Eq. (B41)), condenses and generates a spin nematic order, with the sublattice magnetic
moments suppressed. Then, the vector-chiral order breaks the SU(2) symmetry down to
the U(1) symmetry forming a uniaxial rotator, and the tower of states is formed by one
state of each Siot-sector, which suggests the BEC by a one-magnon instability.

In the one-dimensional and two-dimensional dimer systems, the quadrupolar moment
lives on a dimer bond. When we vary the model parameters, we can tune the boson
density from zero to one. When the bosons are fully occupied, (n;) = 1, the situation is
the same as the one of the spin-1 systems, and the SN phase of the spin-1 type appears.
When (n;) < 1, the quadrupolar ordering of spin-1 bosons, the FQ-BEC phase or F-
nematic phase, appears. In the FQ phases, an isolated magnon condenses owing to the
hopping and pair-creation/annihilation terms of bosons, and the SU(2) symmetry is broken
down to U(1), which is similar to the spinor-BEC in cold atoms [I79], and shares the
common property with the p-type nematic phase. As the § = 1 dimer always remains
nonmagnetic, it could be considered as a sort of “nematic” order in terms of the § =1
boson. When we separately focus on the upper and lower layers carrying the spin moments
in the bilayer lattice, a ferromagnetic sublattice long-range order is realized in each layer,
while the overall spin moments in units of a dimer is killed by the quantum flctuations
inside the dimers. This kind of ordering is probably a different phase from the inter-
layer antiferromagnetic and the intralayer ferromagnetic orderings derived by the mean-
field analysis, where the large spin moments are present in the spin-1/2 ferromagnetic
dimers [87].

We discussed in Sec. B33 the FQ-p-BEC phase, where the large vector-chiral correla-
tion and the 120° intralayer magnetic correlation develop, while keeping the dimer unit
nonmagnetic. There are two possible scenarios; in a mean-field treatment, these two cor-
relations are incompatible, while our approach fully taking in the quantum many-body
effect may provide a new possibility that these two kinds of orders coexist. The other is
the absence of the local spin moments, so that the p-type vector-chiral order may be sta-
bilized. Within our present study, the low-energy excited states are not clearly separated

1"Here, the fully saturated ferromagnetic state is regarded as the vacuum, and the boson operator bj N
creates a magnon with S = —1. 6 is the relative phase between two magnons. 7

18Fither the inter-site interactions (mainly in spin-1/2 systems) or the intra-site Hund’s couplings
(mainly in spin-1 systems) is possible.
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into those of the biaxial or uniaxial rotators, namely, whether the SU(2) symmetry is fully
broken or broken only down to U(1).

3.4.3 Exchange processes of S =1 moments

(a) spin-1/2 dimer

1T 3 ring exchange X T
<>
4 T

2TX

t1
2
S (J"8;-8;) N
Y -— v’
'l” “\ ’f" “\
J"

) spin-1 bond

O.ss

) spin-1 dimer
J, @
T a7 palr—creatlon
(T:r)—. AP/bi,a(bj,(y annihilation

Figure 3.16: Three types of the fluctuations which contribute to the stabilization of the
spin nematic phase. The spin-1/2 and spin-1 are denoted by the single and double ar-
rows, respectively. (a) In the spin-1/2 dimer systems, the ring-exchange interactions
which changes the spin configurations (1,2,3,4) < (2,3,4,1) in the upper panel (see
Refs. [B, 86]). The interaction (J"s; - sj)2, where s; is the spin-1/2 operator, appears in
the second order perturbation process (see Refs. [87, IR0]), and plays a similar role. (b)
Fluctuation between two rigid spin-1’s, where 8; is the spin-1 operator, by the biquadratic
interaction (S; - Sj)z. (c) In the spin-1 dimer system, the pair-creation/annihilation terms
(P) (Eq. (B10)) mainly work, which are generated by the first-order term in J' and J”.
Figures are taken from Ref. [2] (Copyright (©)2020, American Physical Society).

Previous studies on the spin-1/2 dimer systems showed that the origin of the spin ne-
matic phases in the spin-1/2 dimer systems is the ring-exchange interactions between
the neighboring dimers, which permutate the four spin-1/2’s along the twisted path,
(1,2,3,4) — (2,3,4,1) [, B6] (see Fig. B18(a)). In the situation, when the two spin-1/2’s
on a dimer form an S = 1 triplet, the ring-exchange interactions along the twisted path
exchanges two spin-1’s on the neighboring dimers of (Sf, Sj) = (+1,—1) with (=1, +1).
This exchange process works in the same manner as the biquadratic interactions between
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two spin-1’s, B (S; - Sj)Q, and when all of the dimers in the system take the triplet S =1
states, the system is equivalent to the spin-1 bilinear biquadratic model formed by the
triplet.

In the spin-1/2 ferromagnetic dimer model [87], it is demonstrated that the inter-dimer
Heisenberg interactions J’ and J’ (J) and Jy in their notation, respectively) operated
twice through the second-order perturbation process play an essential role to generate the
spin nematic order. As we show in the schematic picture in Fig. BI6(a), this second-
order process plays a similar role to the ring-exchange interactions, and contributes to the
effective biquadratic interactions between triplet dimers [87, I80]. In this case, they need
large J’ and J” couplings since the spin nematic order realized there needs to overwhelm
the stable ferromagnetic phase.

In our spin-1 dimer system, the pair-creation and annihilation effect (Eq. (B10)) creates
an off-diagonal condensation of two spin-1 pair with §* = +1 and §* = —1 through the
processes shown in Fig. BI8(c). When this pair fluctuation is operated twice, the same
effect as the biquadratic interaction between spin-1 bosons takes place. The advantageous
point of this process is that this effect is a first-order process in the inter-dimer interactions,
and will be generated more easily than the biquadratic interaction B itself or the ring-
exchange interactions.

Although in Refs. [87, 080], they did not discuss it in terms of spin-1 bosons, we
can also regard the second-order perturbation term in J' and J” in the spin-1/2 dimer
systems that gives the effective biquadratic interactions between triplets as the pair-
creation/annihilation process of bosons. Nevertheless, the pair-creation and annihilation
effect in our spin-1 dimer system should be stronger than that in the spin-1/2 dimer sys-
tems, which is indicated by the construction of triplet state in a spin-1 dimer (Eq. (BH)),
which consists of twice as many terms as the one consisting of two spin-1/2’s ™. This
indicates that the entanglement between two & = 1 dimers could be more easily increased.
We consider that this should be an origin of various quadrupolar phases in our spin-1
dimer system.

3.5 Possible relevance to Ru-dimer materials

Here, we discuss the possible relevance to the actual dimer compounds BagMRusOg in-
troduced in Sec. [CA. We expect that the Ru®* ion will carry S = 1 for some reasons. The
ruthenium ion Ru®T takes 4d® configuration on tay orbitals with high spin state due to
strong Hund’s couplings, and in fact the band structure calculation of M = Co indicates
that the possibility of the “low-spin” state with S = 1/2 proposed in Ref. [I&1] is ex-
cluded [182]. This probably imply that the Ru ion takes S = 3/2 moment owing to the 4d*
configuration, and indeed there has been an attempt to understand the magnetic suscepti-
bility of M = Ca by S = 3/2 model with the biquadratic interaction [I83]. Meanwhile, the
experimental results suggest that the magnetic moments are suppressed, and take smaller

¥n a spin-1/2 dimer, the triplet states are given as

i 1 i
=/ :ﬁ(lT,ﬂHi,U), |tz>:—ﬁ(lT,¢>+|¢,T>), (3.55)

where |1) and [|) are the eigenstates of s* with s* = 4+1/2 and —1/2, where s is the spin-1/2 operator.

|tz) (I =45 Ity)



CHAPTER 3. MULTIPLE QUADRUPOLAR PHASES IN THE SPIN-1 DIMER
86 TRIANGULAR LATTICE

values, for example, 1.0-1.5 up for M = Ni, and 1.16-1.44 pp for M = Cu [I28, [30]. Tt
is expected that the three-fold degenerate t9, orbitals are split into two-fold degenerate e,
orbitals and an a4 orbital, and the a4 orbitals of Ru®* ions in a dimer strongly hybridize,
so that the one singlet is formed in a dimer and reduces the magnetic moment of Ru®" to
S = 1 effectively. Even if the spin moments of Ru®" are more likely to be S = 3/2 than
S =1, only the septet states with Siot = 3 are added in the highest energy levels, and our
treatment in the low-energy manifold holds.

The Heisenberg interactions .J, J’, and J” are usually antiferromagnetic, and we can
naively consider that the longer inter-dimer distance gives the smaller inter-dimer inter-
actions, J’ and J”. In the phase diagram at B/J = 0.2, if we make the inter-dimer
interactions stronger starting from the center with J' = J” = 0 toward the upper right
direction, the ground state of the spin-1 dimer triangular lattice changes from the singlet,
the FQ-p-BEC, to the AFM phases. This is consistent with the results in experiments,
(Ca,Sr) — (Zn) — (Co,Ni, Cu). When we assume that the ground state of the M = Zn
compound corresponds to the FQ-p-BEC phase, it can be suspected that the absence of
the phase transition and the suppression of the magnetic order down to lowest temper-
ature might be compatible with the ambiguous structure of the low-lying states in this
phase which cannot be simply ascribed to any type of the symmetry-breaking long-range
orderings known so far.

3.6 Summary of this Chapter

In this Chapter, we found a variety of quadrupolar phases formed by triplet dimers in
a spin-1 dimer triangular lattice forming a bilayer. When the dimers are decoupled,
the dimer takes the singlet state at small B/J and the triplet state at large B/J. We
perturbatively took in the inter-dimer Heisenberg exchange interactions, J' and J” up
to the second order, and derived a low-energy effective model described by the hard-core
bosons, where the dimer singlet is the vacuum and the dimer triplet is the boson with spin-
1. The dominant part of the effective Hamiltonian of bosons is constructed by the hoppings
of bosons, t, and the pair-creations and annihilations of bosons, P, in addition to the
chemical potential of bosons, i, and the Heisenberg exchange interactions between spin-1
bosons, J. The dimer bosons are introduced to the system by u, and the ¢-term plays a
role to form a BEC structure. The ferromagnetic and antiferromagnetic phases are realized
owing to the Heisenberg interaction J with J < 0 and J > 0, respectively. When ¢ and
P are large at J' ~ —J”, the ferroquadrupolar-BEC (FQ-BEC) and FQ-p-BEC phases
appear, where the quadrupolar moments on a dimer condense, which has a similarity
to the anisotropic superfluidity in cold atoms [I79]. In addition, when 1/3 < B/J, we
observed the typical spin-1 nematic phase, which is the same as the one found in the spin-1
bilinear-biquadratic models, in a small inter-dimer interaction region, because almost all
dimers are occupied by the spin-1 bosons which are exchanged by the pair-fluctuation
effect of P. Finally we discussed the possible correspondence to the spin dimer material
BagMRus0Og, where the nontrivial nonmagnetic behavior in M = Zn may correspond
to our FQ-p-BEC phase with the 120°-correlation of the spin moments and the p-type
vector-chiral correlation.
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Chapter 4

Microscopic evaluation of the
spin-1 biquadratic interactions by
the perturbation calculation

In this Chapter, related to the Chapter B, we discuss the microscopic origin of the spin-1
biquadratic interaction, which induces the spin nematic orders. By decomposing the two
spin-1 into two pairs of electrons with spin-1/2, we perform the perturbation calculation
up to the fourth order from the strong coupling limit. We deal with two cases, the four-
site-one-orbital system aiming at the spin-1/2 dimer system, and the two-site-two-orbital
system which models the degenerate e4 orbital in the transition metal ions. In the former
case, we find that only the ring-exchange process at the fourth-order perturbation along
the twisted exchange path contributes to the biquadratic interaction, and it can give as
large a biquadratic interaction as the Heisenberg interaction. By contrast, in the latter
case, we find the biquadratic interaction is small.

4.1 Overview

In the spin-1 systems, a main source of the spin nematic order is the spin-1 biquadratic
interaction [I9, B3]. When the biquadratic interaction becomes large and breaks the mag-
netic order, the ferroquadrupolar or antiferroquadrupolar spin nematic order is realized.
Here we microscopically evaluate the biquadratic interaction by splitting the spin-1 into
two electrons with spin-1/2. The biquadratic interaction is a product of four spin oper-
ators, and naively it is derived from the fourth-order perturbation calculation from the
strong coupling limit in the electronic system.

We perform the perturbation calculations up to the fourth-order for the two cases
shown in Fig. B, the four-site—one-orbital system in Sec. B2 and the two-site—two-orbital
system in Sec. B23 ™. We discuss the difference between the two cases and other possible
schemes to have a larger biquadratic interaction in Sec. E4. Sec. B3 is the summary of
this Chapter.

!We note that a part of the contents in Sec. =2 is briefly mentioned in Ref. [I=d].
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Figure 4.1: Schematic pictures of the lattice geometries that we deal with. (a) Four-
site—one-orbital system. The site-1 and 2 on the left and the site-3 and 4 on the right
respectively form the dimers. (b) Two-site-two-orbital system. Each site has two degen-
erate orbitals a and (. Figure is drawn referring to Ref. [3].

4.2 Four-site-one-orbital system

4.2.1 Setup and fourth-order perturbation calculation

In the first case, we consider the single-orbital Hubbard model on the four-site system
with half-filling,

H = — Z tij (C;UC]‘J + hC) + UZ”@T”@M (41)

(ir3),0

where C;{ »/Ci,o represents the creation/annihilation operator of an electron with spin-o
(0 =1,1) on site-i, and n;, = cz »Ci,o denotes the number operator. The transfer integrals
ti; in the first term are set as t13 = toq = t, t14 = o3 = t/, and t12 = t34 = ¢ as shown in
Fig. B(a). The on-site Coulomb repulsion is denoted as U.

In the strong coupling limit U — +o00, each site has one electron, and the low-energy
manifold of states are described by four localized spin-1/2’s. From this limit, we in-
troduce perturbatively the effect of electron hoppings, ¢;;. Performing the perturbation
calculation up to the fourth order in terms of t;;/U by the Schrieffer-Wolff canonical
transformation [I85, I86], we obtain the effective Hamiltonian of the localized spin-1/2’s,
Hest- The effective Hamiltonian is divided into two terms by the order of the perturbation
as

Ho = HE) + 4, (4.2)

where H(™ is the term from the n-th order perturbation. We note that the third-order
perturbation terms cancel out and do not contribute to the effective Hamiltonian.

As is well known, the second-order perturbation processes give the Heisenberg inter-

3When one sees Fig. 2(a) in Ref. [3], one may consider that two of three (2b4s) processes are the
‘disconnected’ processes, but all three (2b4s) processes should be regarded as the ‘disconnected’ processes.
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1b2s 2b4s (disconnected)T 1 ,
_ X,

2b3s — 4bas

Figure 4.2: Perturbation processes at the fourth order classified by the numbers of bonds
and sites involved in the processes. Bold lines denote the bonds where the electrons hop.
Figure is drawn referring to Ref. [3] 8.

action,

9 ..
’Héﬁ) = Z Jijsi . Sj, Jij = . (43)
(6,9)

1)

The effective Hamiltonian derived at the fourth-order, H(H, can be categorized into

four kinds as follows;

/HSE) _ ,HgbeS) + ,H‘(jfb?;s) + H,gfb45) + Hééflfb4s). (44)

Here, we classify the perturbation processes at the fourth-order by the numbers of bonds

b7S) Consists of the perturbation pro-

and sites contributing to the processes, namely, 7-[2?;
cesses where the m-bonds and n-sites are involved. For example, in the process (1b2s),
one bond (1b) and the two sites at the edges of the bond (2s) contribute to the perturba-
tion process. The schematic pictures of these four kinds of the fourth-order perturbation
processes are shown in Fig. B2. The (4b4s) process, where four bonds and all sites are
involved in the fourth-order processes, gives the effective interactions including the four-

body interactions called the ring-exchange interactions, which are expressed as

4bds 1
Héff V= —ch Z Si - 8j
(i<j)€a,b,c,d
+ 4Kc Z [(8a - 8b) (8¢~ 8a) + (Sa - 8d) (86~ 8c) — (Sa - Sc) (8p - 8a)]
[a—b—c—d]
(4.5)
o 2Oto‘tbtbctcdtda

Ke = —rtoe, (4.6)

Here, C is the closed loop formed by four-sites as a—b—c—d—a. The similar fourth-order per-
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Figure 4.3: Schematic picture of the projection of the spin-1/2 system onto the spin-1
system by pairing two spin-1/2’s.

also in Ref. [T91]. The ring-exchange interactions from the (4b4s) processes can be
classified into three kinds by the choice of C, which are depicted in Fig. 2. When
(a,b,c,d) = (1,2,4,3), the standard ring-exchange process appears, which we denote as R
here. When we choose (a, b, c,d) = (1,2,3,4), the process denoted as R’ is given, and the
case of (a,b,c,d) = (1,3,2,4) is denoted as T 9.

4.2.2 Projection onto the triplet subspace

We next transform this effective Hamiltonian Heg which is described by the spin-1/2
operators into the one expressed in terms of the spin-1 operators. This transformation
can be achieved by the projection of the effective Hamiltonian H.g onto the space spanned
by the triplet states consisting of neighboring two spin-1/2’s as

Hett = P1HerP1, (4.7)

where P; is the projection operator onto the triplet states. Then, there appear two kinds
of the interactions between two spin-1’s, the Heisenberg (bilinear) interaction, .J, and the

biquadratic interaction, B. These interactions consist of the contributions from the terms
(2) (nbms)

of the effective spin-1/2 Hamiltonian, H gz and H as
J=d+ Y J™, B=Y B, (4.8)
n,m n,m
Here, the contribution from Hgf) is denoted as Jo, and that from ’Hé;bms) is expressed as

J inbms) or Bi”bms). For the Heisenberg interaction, J, each contribution is expressed as

P (t2 + (t’)2)

J2 = #7 (49)
J(1b25+2b3s) o _8t4 -8 (t/)4 + 4t2 (t//)Q +4 (t/)Q (t”)z 4.10
4 - U3 9 ( ° )
2
R) _ Kr _ 4¢2 (")
=y S

4The coupling constants described as Kr, Kr/, and Kt correspond to hi, ha, and hs in Ref. [ran],
respectively.
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R! Kp/ 4(t)2 (¢")?
S 5R:_()U3()’ (4.12)
(Ty _ 4K1 16¢2 (t’)2

Ja 5 U3

(4.13)

Note that the (4b4s) processes are further divided into R, R/, and T. The biquadratic
interaction appears only from the process-T, which is given as
4ot ()?

B{" = 2Ky = — (4.14)

We can see the reason why only the T-process contributes to the biquadratic interac-
tion, and R- and R’-processes do not, in terms of the process of spin flips. The matrix

z

representations of the Heisenberg and the biquadratic interactions in the S7,; = 0 subspace

are given as

11 0\ [(+1,-1
S8 =(+1,-1) 0,0) |-1,+D) [ 1 0 1 0.0 |, (4.15)
0 1 —1) \(=1,+1]
o —1 1\ [(+1,-1
(si-sj)Q:(|+1,—1> 0,0) |—1,+1>) 12 1 0.0 |, (16
1 -1 2 ) \(=1, 41

respectively. Here, |S7,85) = |[+1,—-1), [0,0), and |—1,+1), where |S7,S5) is the two
spin-1 state with S and S5. are chosen as the three basis states. Then, one can see that

(41, -1]8; - 8| ~1,41) = (~1, 41|, - 8| +1,~1) = 0, (4.17)
(+1,-1 ‘ (S, 8;) ’ —1,41) = (1,41 ‘ (S;-S8;)? ’ +1,-1) =1 £0, (4.18)

hold. This means that the biquadratic interaction exchanges |+1,—1) and |—1,+1),
whereas the Heisenberg interaction cannot. Here we go back to the perturbation processes
by decomposing two spin-1’s with S* = +1 and §* = —1 into spin-1/2’s as [+1) = [, 1)
and |—1) = [],]), where [1) and |]) are the spin-1/2 state with s* = +1/2 and —1/2,
respectively. In Fig. B4(a), we show an example of the process-T, where two spin-1’s
with §* = 41 and §% = —1 are exchanged through this process, which means that the
process-T can contribute to the biquadratic interaction between spin-1’s. By contrast, the
process-R and R’ only change the |S7,S5) = |+1, —1) state into the |0,0) state as shown
in Fig. 4(b), and cannot generate the spin-1 biquadratic interaction. If one wants to ex-
change |+1) and |—1) through the perturbation process, one needs to move two electrons
with up spin on the site-1 and 2 on the left side to the site-3 and 4 on the right side, and
those with down spin on the site-3 and 4 to the site-1 and 2. In process-T, electrons hop
only between the left and right sides and do not hop between the two sites on either left
or right. In contrast, electrons hop between two-sites on left /right sides in process-R and
R/, which disturbs the exchanges of |+1) and |—1). One might consider that the (2b4s)
processes shown in Fig. B4(c) can also exchange |4+1) and |—1) and contribute to the
biquadratic interactions. However, the (2b4s) processes consist of two independent pro-
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Figure 4.4: (a) An example of the electron hoppings in the (4b4s)-T process that exchanges
S§% = +1 and §* = —1 spin-1’s, which contributes to the biquadratic interaction between
two spin-1’s. (b) An example of the electron hoppings in the (4b4s)-R process which
only transforms (S7,85) = (+1, —1) into (0,0), not reaching (—1,+1). (c) An example of
the electron hoppings in the disconnected (2b4s) process which exchanges §* = +1 and
S* = —1 spins. However, the two kinds of the processes shown above and below cancels
out with each other and do not generate the biquadratic interaction when U’ = 0. Figures
(a) and (c) are drawn on the basis of Ref. [3].

cesses at the second order, which we express as “disconnected processes”, and they cancel
out overall. This cancellation is reasonable, since if it does not occur, one could create
numbers of interactions between two pairs of electron spins chosen arbitrarily no matter
how far apart they were. We show the ¢/U dependence of the Heisenberg interaction J
and the biquadratic interaction B, and B/J in Fig. B3(a), which indicates that the values
of B and J become the same order at U/t < 5, which is not too unrealistic.

We note that the projection given in Eq. (EZ7) is equivalent to leaving the interactions
only between spin-1 bosons in the spin-1 hard-core boson description of the spin-1/2 dimer
systems [84-86]. The spin-1 hard-core boson Hamiltonian transformed from the spin-1/2
dimer Hamiltonian is given as

:—uan—f—tZ > (bl ja+hc)+PZ S (babla+he) + VY

Oé LY,z l])a T,Y,2 (Z,j>
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Figure 4.5: (a) The Heisenberg interaction J and the biquadratic interactions B as a
function of t/U (Eq. (ER)) at U’ = 0,1,2. The parameters are set as t = ' = ¢’ = 1.
(b) The contribution to J and B from various types of the perturbation processes as a
function of U/t. Figures are taken from Ref. [3] ((©)2018 The Physical Society of Japan
(J. Phys. Soc. Jpn. 87, 023702.)).

and we focus only on the last term ®. The other terms are included in either of

PiHes (1 —P1), (1 = P1) HetP1, and (1 — Py) Hesr (1 — P1).

4.2.3 An extension: intradimer Coulomb interaction

We consider a naive extension of this four-site—one-orbital case. We add to the Hubbard
Hamiltonian the intra-dimer Coulomb interaction given as

Hir = U’ (n1n2 + n3n4) . (4.20)

Then, two disconnected paths in the (2bd4s) process get connected, and the biquadratic
interactions from (2b4s) are generated as

4 4
ST _ M 2t 1 (4.21)
4 2 v uv-u U+U )’ '

Also, some terms already appearing when U’ = 0 are modified by introducing the finite-U’
as

Ty _ 16¢2 (t’)z

I = T =T (4.22)

®To be more precise, the V term is also left after the projection, but this term does not contribute
to the magnetic interaction. Also, the p term is generated from the difference of the energy between the
singlet and triplet states, which appears using both of P1HegP1 and (1 — P1) Her (1 — P1).
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(2b3s;U7) 1,0 1 1
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J4 6 ( ) |: U3 + U2 (U _ U’):| ( )

The evaluation of J and B for the case of U’ # 0 are also shown in Fig. E3(a), and the
contribution from each perturbation process to J and B at U’ = 1 is shown in Fig. BH(b).
When U’ # 0 is introduced, the value of B/.J is almost unchanged at large U region, while
it is slightly suppressed at smaller U.

4.3 Two-site-two-orbital system

4.3.1 Setup

We consider the two-orbital Hubbard Hamiltonian also known as the Kanamori Hamilto-
nian |92, 193] with half-filling on two-site system as shown in Fig. E7T(b),

Z Z tuV(l“Uc]ya—i—hC)—i—UZ Z N A Mg,

7]> M V= a:ﬁ i H= OL,B
+ U (iagnigy + niagnips) + Y (U = Ju) niaonipo

7 7 o

+ Z Jr (CIa,TCi,ﬁvTCl'L,g,J,Ci,a,J, + C;r,a,iciﬁvic;r,ﬁ;rci,aﬁ)

+ Z Jp ( Ci a1 i, /5’ch04¢015¢ + CI,B 16, aicjﬁ 1€i, a,T> (4.25)

Here, cj o (Cipo) is the creation (annihilation) operator of an electron with spin-o on

p-orbital (u = a, B) of site-i, and n; ;o Ciu,o is the number operator. The transfer

= C;r,u,a
integral between the p-orbital of site-i and the v-orbital of site-j is described as tfj”. Here,

=79 = ¢t and 15 = tJ¢ = /. The two degenerate orbitals in each site, o and $,
are orthogonal B and the t"”-path in Sec. disappears. When two electrons occupy the
same orbital on one site, they feel the intra-orbital Coulomb interaction, U. Two electrons
on the different orbitals on the same site gains the energy of the inter-orbital Coulomb
interaction U. In each site, there is the Hund’s coupling, Jg, which favors the formation of
the triplet states by two electron spins on the different orbitals, and the pair-hopping effect,
Jp. When the crystal has the rotational symmetry, the relations given as U = U’ + 2Jy

and Jg = J, hold [194].

4.3.2 Fourth-order perturbation calculation

Similarly to Sec. B2, we perform the fourth-order perturbation calculation from the strong
coupling limit of tfj” = 0. However, the situation becomes more complicated than that
in Sec. B32. In the case of the spin-1/2 dimer, the low-energy manifold of states only
consists of the states where each site (orbital) is occupied by one electron. By contrast,

SEven when they are not orthogonal, we can take the linear combinations of the two orbitals such that
they become orthogonal.
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Figure 4.6: (a) Energy eigenvalues and eigenstates categorized by the number of electrons
in each site. The low-energy states {|m)} consist of the (2 + 2)-electron states, and the
(4 + 0)- and (1 + 3)-electron states are the excited states {|l}}. (b) An example of the
perturbation process of (4b4s)-T (see Fig. B4 (a)). Owing to the Hund’s coupling, several
states hybridize through the perturbation process. Figures are taken from Ref. [3] ((©)2018
The Physical Society of Japan (J. Phys. Soc. Jpn. 87, 023702.)).
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in the present case, the states where two electrons occupy the same orbital in both sites
such as |7,7) = |[Tada,Tpds) should also be regarded as the low-energy states, because
the intra-orbital Coulomb interaction U and the inter-orbital Coulomb interaction U’ are
different by 2., which are usually much smaller than U and U’ . From this perspective,
we denote the states where n; and n; electrons occupy the site-i and j respectively as
“(n; + nj)-electron state”. All of the states are categorized into either of the (2 + 2)-,
(34 1)-, (1+3)-, (44 0)-, and (0 + 4)-electron states. The (2 + 2)-electron states are the
low-energy states, and the other states are the excited states. We show the classification
of the (n; + n;)-electron states with their energies in Fig. B8(a). As the Jy and J, terms
hybridize the s*-basis states, some of the states are described by the linear combinations
of the multiple s*-basis states. In the hybridization by Jy and J,, the spins effectively
flip and hop inside the sites, which generates the additional paths to the perturbation
processes of the electron hoppings between two sites as shown in Fig. B8(b).

After performing the perturbation calculation up to the fourth order and obtaining
the effective Hamiltonian, Heg, we project Heg onto the subspace spanned by the two-site
states where both sites take the triplet states as Hegr = P1HegP1 in a similar manner to
the case of two spin-1/2 dimers. Then, the Heisenberg and biquadratic interactions J
and B are obtained. The contribution to the spin-1 Heisenberg interaction appears at the
second order, which is given as

P (t2 + (t’)2>

4.26
U+ Jg ( )

Jo =

The fourth-order perturbation terms generate the Heisenberg and biquadratic interactions.
The contribution of each path to the Heisenberg interaction is given as

12 4

I =2 ()2 | - - (427
! ( ) (U+JH)2(U—2JH—JP) (U —-2Jg — Jp) (U+ Jn) ( )
(2bas)  th+ [ 8 6 2
Jy = - 3 T 2 + 2>
2 L (U+Jg) U+Jg)"(U~Jg) U+ Jg) (U~ Jg)"]
(4.28)
(102 _ @) 8 _ 6 _ 2 -
4 2 | U+Jp)? WU+In)?U=Jy) (U+Ju)U=Jx)?]’
(4.29)
Ji2b3s) _ t2 (t/)2 _ 16 - 5 12
U+ Ju) U+ Ju)” (U —-2Jg — Jp)
- A (4.30)

(U + Ju) (U = 2Jg — J,)* |

In contrast to the spin-1/2 dimer system, the biquadratic interaction is generated from

"The perturbation calculation regarding these states where two electrons feel the intra-orbital Coulomb
interaction in each site as the excited states was performed in Ref. [I95].



4.3. TWO-SITE-TWO-ORBITAL SYSTEM 97

the several paths in this case, and the contributions are given as

(T) _ 2 (;\2 12 4
By =t"(t)" |- 5 - 2
(U+Ju)* (U —4Jg — J,)  (U—4Jg — J,)* (U + Jg)
N 4 B 12
U+ J)* (U =Jy) U+ Jg)* U =2y —J,)
— 1 (4.31)
(U =20y — J,)* (U +Jy) | '
Bi2b4s) _ 4+ ) 4 N 6
2 (U+Ju)* U+ Jy)* (U = 5Jy +2J,)
6 2
+ 2 + 2
(U+JH) (U—5JH—2Jp) (U+JH)(U—5JH+2JP)
2
+ 2 + 2
(U+JH)(U—5JH—2JP) (U+JH) (U—JH)
2 3
+ 2 + 2
(U+Jug)(U—=Jug)” U+ Jg)” (U —3Jn)
1
+ ; 4.32
(U + Jg) (U = 3Jg)? (4.32)
B(1b2s) _ 4 (t/)4 |: 4 _ 6 _ 2
4 2 U+Ju)? U+Jg)?U—Ju) (U+Jyg)U—Jy)?
3 1
+ 5 + 2] ) (4.33)
(U—l—JH) (U—SJH) (U—l—JH)(U—BJH)
BES) 2 (¢? [ 8 B 6 B 2
U+Jn)’  (U+JIun)*(U=3Jy) (U+Jg) (U -3Jy)?
B 12 B 4
(U +Jg)? (U =20y —Jp)  (U+Jy) (U —2Jy — J,)?
12 4
+ 5 + 5| (4.34)
U+ ) (U —4Jg —Jy)  (U+Jg) (U —4Jy — Jp)

We show in Fig. B7(a) the Jy/t dependence of J and B. We can confirm that the
contribution to the Heisenberg interaction from the fourth-order perturbation term, Jy, is
ferromagnetic and partially cancels the antiferromagnetic contribution of the second-order
term, Js. The contribution to the Heisenberg interaction from each term is estimated in
Fig. B74(b). For the biquadratic interaction, the contribution mainly comes from two paths,
(2b4s) and (4b4s)-T as shown in Fig. B74(b). The former gives the positive biquadratic
coupling, and the latter gives the negative one. The coupling constant B is positive on a
whole, whose value becomes small because of the cancellation of the contributions from
(2b4s) and (4b4s)-T. As a result, the value of B/J becomes smaller in contrast to the case
of the spin-1/2 dimers. We note that even when we take the Jgz — 0 limit in this case, the
result does not match the one in Sec. B2 with U’ — U. This is because only the present
case properly deals with low-energy manifold in the U’ ~ U region by constructing the
low-energy states by all of the (2 + 2)-electron states.
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Figure 4.7: (a) The evaluation of the Heisenberg and biquadratic interactions, J and B.
The parameters are set as t =t =1, J, = 0, and U = 6. (b) The contribution to the
Heisenberg and biquadratic interactions from each process. Figures are taken from Ref. [B]
((©2018 The Physical Society of Japan (J. Phys. Soc. Jpn. 87, 023702.)).
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Figure 4.8: (a) Schematic picture of the three-orbital system with two degenerate orbitals
and one orbital with a higher energy by A (drawn referring to Ref. [B]). (b) Typical
fourth-order perturbation process via the excited states drawn referring to Ref. [T96].

4.4 Discussion

We have performed the fourth-order perturbation calculations for the two cases so far, the
four-site-one-orbital system which aims at the spin-1/2 dimers (Sec. B2), and the two-
site-two-orbital system mimicking the eg-orbital in the transition metal ions (Sec. B3).
As a result, the former case will give the comparable value of B to J, while B is much
smaller than J for the latter case. Then, when we just construct the spin-1 systems
by the two-orbital Mott insulator and deal with the magnetic interactions with purely
electronic origin, the biquadratic interaction does not become large enough to realize the
spin nematic phases.

One possible way to overcome this issue in Sec. B=3 was proposed by Mila and
Zhang [196]. They additionally considered one quasi-degenerate orbital in each site which
takes a higher energy by the crystal field splitting, A, which seems to be realized when
the three-fold degenerate tp4-orbitals in the crystal field with octahedral symmetry split
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Figure 4.9: The schematic picture of the dimer covering of the ferromagnetic Ji—Jo square
lattice.

into the doubly-degenerate e, orbitals and the ai4 orbital by the trigonal distortion. They
showed that the second-order perturbation processes through the orbital with higher en-
ergy gives the ferromagnetic Heisenberg interaction, which suppresses the antiferromag-
netic one. At the fourth order, the perturbation proceesses similar to (4b4s)-T path,
where one of the two degenerate orbital and the orbital with higher energy are involved
and the hoppings ¢ and tex are used as shown in Fig. BZ8(b), appears. Then, they found
that the biquadratic interaction generated by the fourth order processes takes a relatively
larger value, although they did not take all of the possible perturbation processes into
consideration.

Also, we have only treated the Heisenberg and biquadratic interactions of the purely
electronic origin, while there are some other sources of the biquadratic interactions. The
most representative one might be the electron-phonon interactions, which in fact can
generate the large biquadratic interactions in the spinels [40, 41, @5], although the situation
will become far complicated.

On the other hand, in the spin-1/2 dimer system, the biquadratic interaction can
take a large value, and the spin nematic order will be realized once the dimers take the
triplet state. To generate the triplet state, the ferromagnetic interactions inside the dimers
are needed. One way to make the system ferromagnetic is applying a strong magnetic
field [61, 58, 66, [72]. Another way is utilizing the superexchange processes via the ligand
ions. When two transition metal ions and the ligand ion in between are placed forming 90°,
the superexchange interaction between two magnetic ions are ferromagnetic according to
the Kanamori-Goodenough rule [[97, T98]|. This situation is similar to the aforementioned
scheme given by Mila and Zhang [I[Y6].

In the spin-1/2 systems, it has been proposed that the spin nematic order is realized
in the ferromagnetic J1—Jo models [61, 64, 66, 67]. The origin of the spin nematic order
appearing there is ascribed to the frustration effect which suppresses the kinetic motion of
the single-magnons. Meanwhile, based on our perturbation calculations, we could under-
stand its microscopic origin as follows; we can break the system into the pieces of dimers
similarly to the lattices where the dimers are well-defined [84-87] (see Fig. B9), and then
the J; and J» exchange interactions will work as the (4b4s)-T process between two dimer
bonds, which generates the effective biquadratic interaction. As each dimer bond favors
the triplet dimer state by the ferromagnetic Jp, the effective biquadratic interactions create
the spin nematic order.
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4.5 Summary of this Chapter

In this Chapter, we microscopically evaluated the spin-1 Heisenberg (bilinear) and bi-
quadratic interactions. We separate the two spin-1’s into the two pairs of electrons, each
of which carries the spin-1/2, and performed the perturbation calculations in the four
electron systems up to the fourth order from the strong coupling limit. We dealt with
two cases, the four-site—one-orbital system and the two-site-two-orbital system. For the
former case, which aims at the spin-1/2 dimer system, we found that the biquadratic in-
teraction is generated only by the ring-exchange processes at the fourth-order where all
four electrons cyclically hop along the twisted paths. The biquadratic interaction in this
case can take a large value, which will lead to the possible design of the spin nematic
order by making use of the dimer structure. By contrast, for the latter case aiming at the
degenerate e4 orbitals in the transition metal ions, the biquadratic exchange is suppressed
when we only treat the two-orbital system and the electronic origin.
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Chapter 6

Summary

In this thesis, we discussed the quadrupolar phases in quantum spin systems from several
viewpoints, aiming at finding another clue to probe the spin nematic phase, and offering
a platform to realize the quadrupolar phases without difficulties.

First, we investigated the magnetic field effect on the finite-temperature properties
of spin-1 nematic phases using the bilinear-biquadratic model, a canonical model of spin
nematics. Combining the semiclassical approximation and the classical Monte Carlo sim-
ulation, we found that the characteristic field dependence of the specific heat in ferro-
quadrupolar phase transition, which will add a thermodynamic hint for detecting spin-1
ferro-nematics in experiments. The peak of the specific heat which implies the phase tran-
sition from the paramagnetic phase at high temperature to the ferroquadrupolar phase
first goes up in an applied magnetic field, and then decreases in a larger field. The reen-
trant behavior is ascribed to the entropic effect owing to the quantum fluctuation effect of
the quadrupolar moments. Both the paramagnetic and ferroquadrupolar phases respond
to the magnetic field paramagnetically, which causes the constant shift of the energy by
the Zeeman term in both phases. However, when the system acquires the magnetization,
spins align and easily loses its entropy in the paramagnetic phase, whereas the quadrupo-
lar phase keeps its entropy by fluctuating inside the plane perpendicular to the magnetic
field, which relatively stabilizes the ferroquadrupolar phase.

Next, we studied the ground-state properties of the bilayer triangular lattice formed
that consists of spin-1 dimers. Our direct motivation was understanding the nontrivial
nonmagnetic phase in the vicinity of the singlet phase with finite gap in BagMRu2Og,
where M is the divalent cation. We derived the effective Hamiltonian in a spin-1 hard-
core boson language which describes the low-energy properties of the original spin-1 dimer
system. There, the triplet dimer states are identified as the spin-1 bosons, and the singlet
state is the vacuum of the boson. By the numerical diagonalization of the effective model,
we found three kinds of the quadrupolar phases formed by the spin-1 bosons. These
quadrupolar phases are supported by the pair-creation and annihilation effect of bosons,
which generates the effective biquadratic interactions between spin-1 bosons. We further
classified these quadrupolar phases by the internal degrees of freedom of dimers, and one
of the three phases turned out to be the spin nematic phase which is the same as the one
found in the spin-1 bilinear-biquadratic model. Another quadrupolar phase next to the
singlet phase may explain BagMRu2Og.
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Additionally, we discussed why the spin dimer system is a suitable platform to realize
the spin nematic phases. We took in the effect of electron hopping perturbatively from
the Mott insulating limit, and derived the biquadratic interaction between triplet dimers.
We found that the large biquadratic interaction between triplets can have a comparable
value to the Heisenberg interaction when we adopt the dimer structure, which should be
contrasted to the typical spin-1 systems with small biquadratic interactions. So far, it
has been considered that realizing the spin nematic phases in usual spin-1 materials is
difficult. Therefore, investigating the finite-temperature properties or the observables in
the spin-1 nematic phases has not been directly connected to the experimental observation
of the spin nematic phases in the spin-1 systems, while the investigation itself is important.
Our results suggested that the spin-1 nematic phases can be realized in the spin dimer
materials, which will allow us to utilize the finite-temperature properties of the spin-1
nematics. Our results on the magnetic field effect on the spin-1 nematic phases in the
bilinear-biquadratic model can also be exploited when we deal with the spin-1 nematics
in the dimer systems.

We also gave a hint for discussing the spin nematics in the spin-1 and spin-1/2 systems
in a unified description; mapping the spin dimer system to the hard-core boson model
allows us to deal with the low-energy properties of the spin-1 dimer and the spin-1/2
dimer systems equivalently. Based on this, we finally described the spin-1/2 system in
the terms of the spin dimers, and examined the two-leg ladder system as an example to
explain how the two-magnon bound states near the saturation are redescribed using the
dimer-basis. As a future prospect, various kinds of spin quadrupolar or nematic phases
in different systems will be united in terms of the dimer-basis with internal degrees of
freedom.
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Appendix A

Details on the Monte Carlo
simulation

In this Appendix, we note the details on the numerical methods used in the Monte Carlo
simulations.

A.1 Details on the random sampling

Since the d-vector has three complex, or six real components, we need to randomly choose
one point from the five-dimensional unit hypersphere in updating d. For the random
sampling from the unit hypersphere, we randomly choose six real numbers r; (i = 1-6)
following the standard distribution ¥, and then normalize it [T99], namely,

(A1)

We adopt r; as the six real components of the d-vector with |d| = 1.

To generate random variables following the standard distribution, we utilize the Box—
Muller method [200]. Let 2 and y be the uniform random numbers in an open section
(0,1). Then, z; and zy defined as

2] = mcos (27Ty)7 29 = msin (27Ty), (AQ)

are the random numbers independently following the standard distribution.

A.2 Jackknife resampling

To calculate the averages and error bars in the Monte Carlo simulations, we use the
jackknife resampling method. Here we write down the process of the jackknife resampling
method (see e.g., Ref. [201]).

!The standard distribution is the normal distribution whose average is 0 and variance is 1.
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Let the number of the samples n and the data set {xl}l:1 - We calculate n kinds
of averages, where i-th sample z; is excluded in the i-th average, Z(i). The explicit form
of z(7) is given as

(i) = — > (A.3)

(i), (A.4)
and the jackknife variance o2 is given by

o?=(n—-1) (z(i) — )% (A.5)

n

2The average in the jackknife resampling Z is obviously equal to the simple average — E ;.
n
i=1
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Appendix B

Appendix on the analysis of spin-1
dimer triangular lattice

In this Appendix, we note the details on Chapter B.

B.1 Details on the perturbation calculation

Here we denote the quasi-degenerate perturbation theory, which is used for calculating
the effective Hamiltonian. This method discussed below is based on the Schrieffer—Wolff
transformation [I85, RG], the diagonalization of the Hamiltonian matrix by the unitary
transformation, but the unitary transformation is cut off by some order in the unitary
matrix.

The details of the calculations of the inter-dimer Hamiltonian Hinter and the matrix
elements for the perturbation calculation in the spin-1 dimer system are also given.

B.1.1 Quasi-degenerate perturbation theory

In this section, we explain the quasi-degenerate perturbation theory referring to Ref. [IR6].

B.1.1.1 Overview

Taking some basis {|n)}, the Hamiltonian # can be represented in the matrix form H.
The unitary-transformed Hamiltonian of H, H , using the anti-Hermitian matrix, .S, can
be expanded as follows (cf. Baker—-Campbell-Hausdorff theorem);

H=e¢SHetS

H 4 [H,S] + o [H,5], 8]+ (B.1)

When the basis {|n)} is separated into two parts, the low-energy part denoted as {|m)}
and the high-energy part denoted as {|l)}, the Hamiltonian matrix H can be separated
into three parts as

H=Hy+ H| + Hs. (B.2)
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Figure B.1: Schematic view of the Hamiltonian matrices.

Here, Hy is the diagonal matrix, and H; and Hy is the block-diagonal and block-offdiagonal
matrices, respectively. As Hy is diagonal for {|n)}, Hy is regarded as the unperturbed
Hamiltonian, and H; and Hs, which are offdiagonal matrices for {|n)}, is the perturba-
tion Hamiltonian. The schematic picture of these Hamiltonian matrices are expressed in
Fig. B. Then, the unitary-transformed Hamiltonian H, can be separated into block-
diagonal part, fldiag and the block-offdiagonal part, ﬁoﬁ‘diag. ﬁdiag and ﬁoﬁ‘diag are ex-

pressed as
- 1 1
Hgiag = (Ho + H1) + [Ha2, S] + a1 [[Ho + H1,S], 5]+ 30 [[[H2,S],S],S]+---, (B.3)
- 1 1
Hoffdiag = H2 + [HO + Hl,S] + ? [[HQ,S] ,S] + ? [[[Hﬂ +H1,S] vS] vS] +oy (B'4)

respectively. Assuming that the anti-Hermitian matrix S is expanded as
S = S(l) + 5(2) + 5(3) o (B.5)

where S is the n-th order of the perturbation Hamiltonian, H; and/or Ha, ﬁdiag and

Hgiag can be rearranged by the order of perturbation. The expressions up to 2nd order

are as follows;
i -Hdiag
Oth: Hy, 1st: Hp, 2nd: % [[Ho, SW],sW].
. I:Ioffdiag
Ist: Hy + [Ho, SW], 2nd: [Hy, S@] + [Hy, SW].
The block-diagonalization of the Hamiltonian matrix, namely, setting ﬁogdiag zero up to

a certain order, corresponds to the calculation of the effective Hamiltonian to the order.

B.1.1.2 Effective Hamiltonian up to 2nd order

We write down the matrix elements of the effective Hamiltonian up to the 2nd order. At
1st order, the Hamiltonian H; becomes the effective Hamiltonian of the 1st order as it is;

(m|HW|m') = (m|Hy|m') (B.6)
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At the 2nd order, 1st order term of flogdiag should be zero;
Hy + [HO>S(1)] =0, (B.7)

and using this relation, the matrix elements of the effective Hamiltonian are calculated as

(ml Oty =1 3 (<m|H§|ll>_ <z5|52|m'> . <m|H;|z>_ <Z\5m>> . (BS3)

l

By setting ﬁoffdiag to be zero at each order, the effective Hamiltonian at the higher-order
can be calculated succeedingly.

B.1.2 Details on the derivation of the effective Hamiltonian

Here we write down the matrix elements in the calculation of the effective Hamiltonian.

B.1.2.1 Calculation of the inter-dimer interactions

Combining the above equations, the inter-dimer interactions can be systematically calcu-
lated. For example, S;, - S, which is a part of J'-term, for S, = 0 sector is calculated
as follows;

Si1 : Sj1 ‘Sa 5>

1 _ _ 2 z
_ (5?r s) © S5 |s) + S, |s) © S5 s>) + S5 s) ® S, |s)

11

() () ) ()
+ (ﬂ !to>> (ﬂ |to>>
V3 V3
2

2 2
= —glt+ito1) = g1, t4) + g lto to) (B.9)

Si1 : Sj1 ‘Sat0>

J

_ z (-2 10) (S e laad) + (Sl ) (5 ) — e
+ (ﬁ yto>> Qg (V215 + !qo>)>
_ 1

1 1 1
=% lt41,t-1) — 7 [t41,q-1) + 7 [t 1,t41) — 7 lt—1,q+1)

1
= (S; s) ® S3 [to) + 55, s) @ S} \to)) + S5, Is) ® S5, [to)

2 V2
=+ g |t07 8) + ? ’t(), QO> ) (BlO)
Si1 : Sj1 ‘t075>
1 _ _ . 2
=3 (Sj1 lto) ® S, [s) + Sy [to) ® S;g s)) + Sf, [to) ® S5, |s)

= (G 1) (S 1) = (e +lg) (- Z )]
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(o) (0]

[ti1,t-1) —

1

1 1
= o) — bt g1t
NG \[|CI+1 1) — f' 1Lty1) — \/€|q 1,t41)

2 V2
+§|5at0>+?’%,to>, (B.11)
Siy 'Sjl 0. to)

1 _ — z gz
= 5 (St 1t0) © 55, [to) + S, Ito) ® S5, It0) ) + %, Ito) © 55, Ito)

=5 |55 () = las) ) (=5 (1t-2) +la-1))

1 % \}5
n (\2 (It-1) + IQ—1>)> <\}§ () = |q+l>)>]
+ (5= (V218 + 1)) ) (== (V219) + lao))

b+ T ) — 3 lar ) — 2 lasnaor)
4 +1,0-1 A +1,49-1 4(J+1, -1 4Q+1,Q—1

it = ) Sl tan) — | )
1 —1,041 4 —1,4+1 4 qd—1,0141 1 qd—1,4+1

2 V2 V2 1
+§|5,3>+?|5»QO>+?|QO78>+*

3 |Qan0> 5 (B]_Q)

Siy - S [t1,-1)
= % (Sif |ti1) ® S5 [t-1) + S5, [t41) © ST \t_1>) + S7 |t41) ® S [t-1)
1 2 1 1 2 1 1
= 3 [l Qs + (= b+ o)+ o ) (b s o) — o) |
+ (50l ) (5 e +laoa)

1| ) 2| ) 1| to) + ! |55 q0)
= — = o) — = s, 8) — —|s — s
2Q+27QQ 3 ) \/6 » L0 3\/§ » 40
+ 1 |t >+1’t to) L |t )
JE— S — R —
\/6 0 4 0, %0 4\/3 0,40
+ ! |90, 8) + ! |90, to) 1| )
o= yS - = ) vy )
3\/§QO 4\/3(]0 0 12 q0, 40

1 1 1 1
- !t+1,t—1> +t2 t41,9-1) — ) |q4+1,t-1) + 1 |94+1,q-1) , (B.13)
Siy - S \t 1, t41)
1
- 5( [t-1) ® S, [t1) + S lt-1) © S5, |t+1>)+s-z [t1) © S5, [t41)
1
— 5| (5194 gl = T lan) ) (= boh+ s o)+ b ) + (la-2)) (~ )
1 1
# (5l o) (5 e +lae) >)
2 1 1 1
= —3ls8)+—=ls, to, s to. to) + —= |to,
3|53> \/6|$ to) + 3\/§|SQO> \/6|0 s) + \0 0) + 4\/§’0(I0>



B.1. DETAILS ON THE PERTURBATION CALCULATION 125

+ |90, 5) ! |90, to) 1| ) 1| )

= 78_7 ) S b -5 —4)

3\/56]0 4\/5%0 12QOQO 26]2Q+2

1|t ti1) 1|t >+1| t >+1| ) (B.14)
1 —1, 041 4 —1,4+1 46]71, +1 4(171,%1. .

B.1.2.2 Matrix elements

The matrix elements of the inter-dimer Hamiltonian projected onto the low-energy man-
ifold of states consisting only of singlets and triplets, which correspond to (m|Hi|m’) in
the above formulation, are given as follows (S, = 0 sector as an example);

L s.s) s, to) [to, 5) [t0, to) [t41,t21) t1t1) |
4 4 4
0 O 0 g(JI_JII) _g (JI_J//) _g(J,_JH)
4
0 0 S (7 =" 0 0 0
4
0 —(J =J" 0 0 0 0
4 3 1 1
S (S =) 0 0 0 S (I ST+
4 1 1
B (J = J") 0 0 ; (S 4+ T") =5 T+ ") 0
1
—5 (' =) 0 0 5+ 0 —5 (")
(B.15)

Also the ones which connect the low-energy states and the excited states including the
quintet states, which correspond to (m|Hs|l) and (I|Hz|m') in the aforementioned formu-



APPENDIX B. APPENDIX ON THE ANALYSIS OF SPIN-1 DIMER
126 TRIANGULAR LATTICE

lation, are expressed as follows (57, = 0 sector as an example);

| [ 1s;5) Is;to) lto,s) lto;to) [ty1,t-1) [t-1,t41) ]

2v/2 2 2
(s, qol 0 0 0 \3[ \3f \3f
2v2 V2 V2
LR Of L R N
2v/2
<t0,QO| 0 —_— 0 0 0 0
2v/2
(g0, to] 0 0 3f 0 0 0
2
<t+1,q_1‘ 0 —% 02 0 0 0
<q_1,t+1‘ 0 0 —% 0 0 0 X (J/ — J”) . (Blﬁ)
2
<t71,q+1| 0 —% 02 0 0 0
<q+1,t_1‘ 0 0 —% g 01 01
{q0, qo] 0 0 0 2 -z =
31 16 6
(q+1,q-1| 0 0 0 _% 2 0
1
<Q—1,CI+1\ 0 0 0 D) 0 9
<Q+2,q72| 0 0 0 0 -1 0
(g-2.q42 || 0 0 0 0 0 —1

We note that the Hamiltonian conserves total-S%, and S7, = +3, +4 states in the two-

dimer system do not need to be considered within our calculations.

B.2 Bond-operator approach to spin-1 dimer systems keep-
ing the time-reversal symmetry

Here we show the bond-operator approach of the spin-1 dimer systems. Although the
bond-operator approach for a spin-1 dimer was constructed already in Refs. [I61-163], the
approach there breaks the time-reversal symmetry. We modify those approaches to the
time-reversal invariant form. First, we write down the multiplet states of spin-1 dimers
keeping the time-reversal symmetry. Using the time-reversal invariant basis states of a
spin-1 given in Eq. (IZH), the singlet, triplet and quintet states of a single spin-1 dimer is

written as
5) = jg (I, 2) + 9, ) + |2, 2) (B.17)
1
ta) =~ %5(157 18,7) , (B.18)

1
405) = =75l 6) +180)) + (V2= 1) dap e ) (B.19)
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respectively, where «, 3,7 = x,y, 2. We can construct 10 states from the above expres-
sions . However, only nine states of those are the linearly independent because there are
only nine states in {|a, 5)}. Here, |s) and |¢aq) are linearly dependent, and we construct
two linearly independent quintet states, |gzq2_,2) and [gg2_.2), as the linear combinations
of three |gaa) states. The forms of |g3,2_,2) and |gg2_.2) are given as, for instance,

322 r2) = —= (20022) — laus) — layu)) = —\}6 (212,2) — |2,2) — |1, 1)),

-5

|go2—y2) = 7 (I922) = lgyy)) = —\}5 (lz,2) = ly,9)) - (B.20)

In the above case, we take (o, 8,7) = (2,2, y). Besides |t,) and |gag), we use |s), |g3a2_2),
and ]q52_72>, as a basis states for the bond-operator expression of SZ-C: , namely, we properly
choose the basis states |g3,2_,2), and |gg2_,2) depending on the component of the spin
operator, o 2,

We regarded the singlet state as a vacuum in the main text, while in the bond-operator
approach here, we redefine the vacuum as the state where there are not any multiplets.
Then, we do not use b;, and bz’a, and instead we use s; /s;r and ti,a/t;a as the anni-
hilation/creation operators of the singlet state and the triplet state with a-component,
respectively, and ¢; o/ qu, ., as the ones of the quintet state with a-component 8 The bond-
operator form of the spin-1 operators Sf; (= 1,2) of the i-th dimer is written in the

following form;

V2 i i
Sﬁ = 1% (t;{,asi — Szti,a) - 5 Z Eaﬁfyt;/gti,ﬁ/ - ﬁ (ngaz_rzti,a - t;a(h,?;a?fr?)
By

i f f i t
) Z (qi,aﬁti,ﬂ - ti,ﬁqi,aﬁ) ) Z Capvl; opdiyya

B#a By
1
- 5 Z EaBy (6]:’52,72(11‘,57 - QJy/aFYQi,,BQf'yQ) ) (B24)
By

V2 i i
ng = —1% (t;asi — Sjti,a) - § Z Eaﬁyt}:gti,'y + % <Q;3a2_r2ti,a - tj,aan;a?fﬂ)
By

i t t i t
+ 3 Z (qi,aﬁti,ﬁ - tz’,ﬁqz‘,aﬁ) ) Zgaﬁvqi,aﬁqma

B#a By
i
- 5 Z Eafy <QZ’52,72Qi,ﬂ’y - qZJ'rﬂ,YQi,,BQ—'yQ) . (B'25)
Byy

110 states: |S>7 |tz>a ‘ty>v ‘tz>7 |qII>7 |qyy>7 |q22>a ‘qzy>7 |Qy2>v |qu> By construction, ‘qaﬁ> = |Q5(¥>
holds.

*In an explicit form, we use |gs,2_,2) and |g,2_.2) for St, |g3y2—r2) and |g.2_,2) for Sﬁ’“, and |gs,2_,2)
and |g,2_,2) for S7 , respectively.
3For example, when we set the vacuum as |0),

sH10) =), sils) =10), (B.21)
th,10) = [tin), tiw|tiz) =10), (B.22)
quy 0) = [qi,ey) » Qiwy 1Giey) = [0), (B.23)

hold.
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0 02 04 06 08 1
B/

Figure B.2: (a), (b) Examples of the second-order perturbation processes among three
dimers. (a) Process of the ‘correlated hopping’, and (b) pair-creation of spin-1 bosons.
Dotted ellipses represent the pair of dimers where the perturbation term Hiyter Operates. s,
t, and ¢ denote the singlet, triplet, and quintet states of the spin-1 dimer, respectively. (c)
B/ J dependence of the Hiptya of the three isolated spin-1 dimers. (v, 8,7) (o, 8,7 = 8,t,q)
expresses the state where «, (-, and y-multiplets exist. Figures are taken from Ref. [2]
(Copyright (©)2020, American Physical Society).

B.3 Effect of the three-dimer interactions

In the main text, we discarded the three-dimer interactions Hgpoqy. Here we evaluate the
effects of these three-dimer interactions.

First, we mention some details on the H3p,04y, Whose origin is the second-order pertur-
bation processes involving the three dimers. In Figs. B(a) and (b), we give two instances
of these second-order processes, where s, t, and ¢ represent the singlet, triplet, and quin-
tet states, respectively. The Process in Fig. B2(a) is similar to the correlated hoppings
appearing in the Heisenberg model on the Shastry—Sutherland lattice [I75, [76]. The one in
Fig. BZA(b) shows the pair-creation of spin-1 bosons (triplets).

When we deal with these perturbation processes over three dimers, we see the validity of
expressing the low-energy states only by the singlet and triplet states. We show the energy
diagram of the three isolated spin-1 dimers (J' = J” =0), E(«, 8,7) with «, 8, = s,t,q,
in Fig. BJ(c). We find that at B/J = 0 the (s,s,q) and (¢,t,t) states are degenerate,
while these two states are well separated in introducing a small B/J > 0.

Then, we compare the energies of the ground states of the effective Hamiltonian H.g
(Eq. (872)) with and without the three-dimer term H3},04y, and those of the original spin-1
dimer Hamiltonian H (Eq. (B)). We performed the numerical diagonalization on the nine-
dimer triangular lattice under the periodic boundary condition. The results at B/J = 0.2
are shown in Fig. B33(a) and (b), and those at B/J = 0.4 are shown in Fig. B33(c) and
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(d). The inter-dimer interaction parameters are fixed as (J' + J”)/J = +0.2 and —0.2.
We see that the energies of Heg with H3poqy do not always take closer values to those of ‘H
than those of Heg without Hszpedqy though Heg with Hapoaqy fully incorporate the effect of
the second-order perturbation terms. We found that the energies are in good agreement
with each other when |J'/J|,|J"/J| < 0.2. When either J'/J or J”/J takes a large value,
the effective model might not qualitatively reproduce the original model. This would be
because the three-dimer interactions which appear at the higher order perturbation terms
in J'/J and J”/J may cancel out the ones appearing at the second order.

As we mentioned in the main text, the overall structure of the phase diagram is de-
termined by the terms up to the first order, and the second-order perturbation terms do
not qualitatively affect on the ground state properties. Therefore, even when Hzpoqy = 0,
the results are not largely changed. The benefit of dealing with the Hamiltonian Heg in
a simpler form is that it exactly corresponds to the spin-1 boson model derived from the
spin-1/2 dimer models [R4, 86|, and thus the two kinds of the models with different spin
quantum numbers can be treated on an equal footing.
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Figure B.3: J'/J dependence of the energies of the ground states of the effective boson
model Heg with (open square) and without (open circle) the three-dimer interactions
Hsbody, and of the original spin model #H (filled triangle) on the nine-dimer triangular
lattice under the periodic boundary condition at (B/J, (J'+ J") /J) = (a) (0.2, +0.2), (b)
(0.2,-0.2), (c) (0.4, 40.2), and (d) (0.4, -0.2). Figures are taken from Ref. [P] (Copyright
(©2020, American Physical Society).



131

Appendix C

Details on the numerical
diagonalizations

In this Appendix, we note the details on the numerical diagonalization methods used in
this thesis, the Lanczos method and the thick-restart Lanczos method.

C.1 Lanczos method

C.1.1 Overview

Lanczos method [165] is the Arnordi method for the Hermite matrices [202]. The Arnordi
method is the application to the Krylov subspace of the Rayleigh—Ritz method, a method
calculating the approximated eigenvalues and eigenvectors of a matrix, A. The Krylov
subspace is spanned by the vectors calculated by multiplying A to some initial vector, v,
namely, {'v, Av, A%v, - -- }

C.1.2 Algorithm

Let the initial vector ug, and we calculate {O‘i}i:l,m m and {Bi} m—1 88 follows;

=1,

v = Auy, (C.1)

oy = tui_l’v, (C 2)

5l = ||'U ;U1 — ﬂiflui,QH s (C 3)
1

u; = — (v — o1 — Bim1ui—2) . (C.4)
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Then, the tridiagonal matrix consisting of {O‘i}i:L..- m and {Bi}

el et
a1 B 0 . 0
B a1 B
Tm=10 B . . o | (C.5)
U
0 . 0 Bmfl m

is diagonalized. This iteration process is repeated until the eigenvalues of T}, converge.
Then, the eigenvalues of {ei}izl,-~~,m’ gives the eigenvalues of the original matrix. Using
the eigenvector of T}, corresponding to e;, y,, the eigenvectors of the original matrix, w;,
is given by calculating the Ritz vector,

wi:(uo up um_1> Y- (C.6)

It should be noted that the eigenvalues and eigenvectors found in this standard Lanczos
method are usually correct only for a few smallest (or largest) eigenvalues.

C.1.3 Remarks

In the iteration process of the Lanczos method, theoretically, the Lanczos vectors {u; } (=0,
are orthonormalized. Practically, however, the orthogonality of the Lanczos vectors some-
times breaks down, and we need to reorthonormalize the Lanczos vectors using some
methods such as the Gram—Schmidt reorthonormalization.

The standard Gram—Schmidt reorthonormalization correctly gives a set of the or-
thonormalized vectors in theory (Algorithm m). However, numerically, the conventional
Gram—Schmidt reorthonormalization sometimes does not work well due to the round-off
errors. Thus, in practice, the modified Gram—Schmidt orthonormalization method (Algo-
rithm B) is applied to reorthonormalize the vectors [202]. Algorithms M and B are cited
from Ref. [202].

Algorithm 1 Algorithm of the standard Gram—Schmidt reorthonormalization.
for i =1,n do
v; = a;
for j=1,7—1do
vi = v; — (‘a; e)) €
i — Ug i €5) €4

end for
(X
€e; =
il
end for

C.2 Thick-restart Lanczos method

C.2.1 Overview

The thick-restart Lanczos method is an algorithm to calculate the multiple eigenvalues
and eigenvectors of the real symmetric matrices proposed by Wu and Simon [I66, 167).
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Algorithm 2 Algorithm of the modified Gram—Schmidt reorthonormalization.

for i =1,n do
v

€, = —
vl
for j=i+1,ndo
v;=v;— ('v; &) e
end for
end for

Instead of using one vector in the usual Lanczos method (Sec. C), this method uses a
set of multiple vectors, which ensures the accuracy of the multiple eigenvalues and the
eigenstates. Also, the iteration process is cut off at some numbers, and the generated
vectors are reused as the set of the initial vectors in the next iteration process.

The thick-restart Lanczos method is mathematically equivalent to the implicitly restart
Lanczos method [T67].

C.2.2 Algorithm

We write the algorithm of the thick-restart Lanczos method following Ref. [167]. Let the
number of vectors in the restart, or the numbers of eigenvalues and eigenvectors we want,
k, and the largest number of iterations, or the number of the linearly independent vectors
in the Krylov subspace, m.

C.2.2.1 First step

First we perform the standard Lanczos method. Let the initial vector ug, and we calculate
{ai}i:17,..7m and {6j}j:1,~--,m—1' Here we keep all of the Lanczos vectors {uk}k:(],n-,m
and perform the modified Gram—Schmidt reorthonormalization. Then, we construct the

tridiagonal matrix T}, using the sets of {ai},_; ... ,, and {B;},_;, ., ; as

ar B 0 0
B a1 B
Tn=10 B "~ " 0 | (C.7)
S
0 0 ﬁm—l m,

and diagonalize T,,. The eigenvalues of T,, is written as e;, and the eigenvector corre-
sponding to e; is written as y,. m x k matrix using y, is defined as ¥ = (y1 yk,).

C.2.2.2 Restart

Next we restart the Lanczos calculations. The quantities in the restart process is dis-
tinguished from those in the first step by using e. We keep k-pairs of eigenvalues and

eigenvectors {(e;, y;)} . k» and calculate the set of the approximated eigenvectors of A,

i=1,-
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{ﬁ‘i}i:(),-u k—1 @8

Then, k-th vector, uy, is set as

U = U,

and k + 2-th vector, @41, is calculated as

dk—H = t'&kv (: tukAuk) s

Upy1 =

v = A'&k (: Auk) y

Br+1 =

k+1

k-1
U — Qpy1ly — § Bir1;
=0

)

k—1

1=0

1 . N N
3 <v — Qpr1ug — Z Bit1W;

(C.13)

Notice that there is a difference from the standard Lanczos method in the calculation of

tg+1. Then we perform the same iteration as the standard Lanczos method, namely, we

calculate

fori=k+2,k+3,---.
given by

Tiyi =

v = At;-q,

&; = "i1v (= "1 Ad)

Bi = H’U — QU1 — Bi1Ui—2

1

%

I

U; = (’U — Q1 — 5i—1ﬁi—2> ;

(C.14)
(C.15)

(C.16)

(C.17)

However, we diagonalize not the tridiagonalized matrix but Tkﬂ-

Ty,

Bms 0

Bm's dri1 Prs1 O

0,

Br+1  Oky2  Bryo
0 Breo

0

0 Brri

0

Bryi—1
gy

(C.18)
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Here, Tk, 0,,, and s are given as

eg 0 - 0
Ty = YT, Y = (_) 2 |
. c. . t. . 0
0 0 €L
0
Op = | m,
0
0 . 0
Y1 . Yim
s:=1Y m=| : =1 |, (C.19)
0 : 0
1 Yk 1 Yem
respectively. To unify the notations, we introduce &; and §; (i=1,---,k) as
&; = e, Bi = BmYim: (C.20)
and then TkH is rewritten as
G 0 - 0 B 0 . 0
@2 . BQ 0 cee 0
) 0 . .
A 0 &, B 0 0
Thvi=1| . . ) AB R . (C.21)
Bi B2 - Br Gk Brn
0 -+« - 0 Bppy 0
S ) Brria
0 v oo 0 .- 0 Brrio1 O

We diagonalize TkH, and obtain the eigenvalues and eigenvectors.

When we perform the restart again, T, is replaced by Tm, and perform the same cal-
culation written above. When the eigenvalues are converged for 77, the set of eigenvectors
of the original matrix, {wi}izl’“_ k18 calculated using the Lanczos vectors {ﬁ’i}izo,--- i1

and the eigenvectors of T}, Witizi o
<w1 ’lUk) = (ﬂo USINREE 'al—l) (?h yk) ~ (C.22)

C.2.3 Remarks

Similarly to the standard Lanczos method, the reorthonormalization of the Lanczos vec-
tors are sometimes needed because of the round-off errors, and the way of the reorthonor-
malization affects the calculation results in the thick-restart Lanczos method. According
to Ref. [167], “full reorthonormalization”, in which all of the Lanczos vectors are re-
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orthonormalized, correctly gives all the eigenvalues and the eigenvectors. Also, in “partial
reorthonormalization”, where a part of the Lanczos vectors are reorthonormalized, only
the eigenvalues are correctly calculated. In our calculation, “full reorthonormalization” is

performed.
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