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ABSTRACT

WIMP is one of the best dark matter (DM) candidates, and it is important to
search WIMPs throughout various parameter space. We focused on standard model
(SM) gauge singlet fermionic WIMP and figured out the role of future lepton col-
liders to search for such WIMPs. SM gauge singlet fermionic WIMP cannot have
renormalizable interaction with SM particles, and we need mediator particles which
connect WIMP and SM particles. We can separate the model by the properties of
mediators, and there are several parameter regions which are difficult to search by
LHC experiments or direct detection experiments, namely H-funnel region, Z-funnel
region and Leptophilic region. H-funnel region is, however, almost searched by re-
sent spin independent direct detection experiments (XENON 1T), and we just review
about this region.

For Z-funnel region, the WIMP mass is almost half of Z-boson mass, and phe-

nomenology is almost determined by dimension 6 operator (χ̄γµγ5χ)(H
†i
←→
DµH). There

is small region remaining uncovered by spin dependent direct detection experiments.
We discussed the detectability of Z-funnel WIMP by International Linear Collider
(ILC) using mono-photon with missing energy process. Here the main back ground
comes from the process of pair creation of neutrinos. ILC have the possibility to po-
larize electrons and positrons, and background can be reduced by setting electrons to
be right-handed polarized, and positrons to be left-handed polarized. We also found
that the effect of initial state radiation and beamsstrahlung are non-negligible, and
we analyzed Z-funnel WIMP including these collider effects.

For Leptophilic region, WIMP mainly interact with SM leptons. We assumed Z2

odd scalar mediator, which has same quantum numbers as sleptons. We also assumed
lepton flavor universality for the coupling of WIMP, mediators and leptons. There
are two types of mediators which couple with left-handed leptons and right-handed
leptons. We analyzed left type mediators and right type mediators separately, and
we found some parameter regions are detectable by future 250GeV ILC using mono-
photon signature. We also revealed that ILC detectable parameter region can explain
(g − 2)µ anomaly by combining left and right type mediators.
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Chapter 1

Introduction

Physicists have been making large effort to reveal the mysteries of universe,
and we have gradually understood what the universe is made of. Our current
understanding of universe is based on the standard model (SM) of particle
physics, which is the chiral gauge theory and has SU(3)C × SU(2)L × U(1)Y
gauge symmetry. The particle contents of SM were completed by the discovery
of new 125GeV Higgs like particle at CMS [2] and ATLAS [3] Collaborations
at Large Hadron Collider (LHC) experiment. However, there are still unsolved
problems remaining in particle physics, one of the most important problems is
the dark matter (DM) problem.

DM is unknown gravity source in the universe and its existence is supported
by various astrophysical observations and experiments. From the observation
of cosmic microwave background (CMB) we have now understood that 27% of
total energy of the universe is from DM, while ordinal matter (baryon) contri-
bution is only 5% [4]. DM cannot be explained in the framework of SM and we
need the extension of SM to explain DM problem. One of the most influential
extension is supersymmetric theory (SUSY) [5], which impose the symmetry
between fermion and boson. In SUSY, it is known that the lightest supersym-
metric particle (LSP) becomes a stable particle because of R-parity, and it is one
of the candidates of DM. The neutral components of supersymmetric partner
of the electroweak gauge bosons and Higgs are called neutralino and it is a kind
of so-called weakly interacting massive particles (WIMPs). WIMPs interact
with SM particles in some degree and they are considered to have been in the
thermal equilibrium with SM particles at the early hot universe. After a while,
they become not able to maintain the equilibrium with SM particles because
annihilation rate of DM becomes slower compared to the expansion rate of the
universe, and some of them are left behind and remaining until today. DM
created such mechanism is called thermal relic DM.

The relic abundance of WIMP can be calculated by solving Boltzmann equa-
tion, and we can predict the value of abundance with some extent of accuracy.
If WIMP is interacting with SM particles at electroweak scale and the couplings
are same order as that of SM, WIMP gives correct DM abundance observed to-
day and it is called “WIMP miracle” [6]. New physics around electroweak scale
is predicted by many models beyond SM in order to solve hierarchy problem [7],

12



and these facts make WIMPs more attractive candidates of DM.

The search for WIMP is largely divided in three types, which are direct
detection experiments, indirect detection experiments and the collider experi-
ments. At direct detection experiments, we search for local DM around the solar
system using the detector placed at the underground, looking the scintillation
caused by scattering of DM and nucleus. Indirect detection experiments are
the search for DM in the galaxies, by looking for the cosmic ray emitted by the
decay of DM or annihilation of DMs. Collider experiments are the search for
new physics by colliding highly accelerated charged particles, represented by
LHC experiments or Large Electron-Positron Collider (LEP) experiments. If
the beam energy is larger than the mass of DM and interaction of DM and col-
liding particles is strong enough, we can create DM at the collider experiments.
However, we cannot detect DM directly by the detectors, we must extract the
information by looking at only SM particles. Now LHC experiments is on-
going, and the high luminosity upgrade is planned in near future. The next
large collider experiments will be a lepton collider such as International Lin-
ear Collider (ILC) [8], Compact Linear Collider (CLIC) [9] or Circular Electron
Positron Collider (CEPC) [10]. We will discuss the detectability of WIMP at
these experiments, especially about the prospect from the future lepton collid-
ers.

Many types of WIMP have been considered in the different contexts and
models, such as SUSY, Kaluza–Klein theory [11] or little Higgs model [12]. In
this thesis, we discuss the phenomenology of WIMP by model independent way,
and focus on SM gauge singlet Majorana fermionic WIMP, which is represented
by Bino in SUSY. Here we impose Z2 symmetry on the model of SM+WIMP,
as SM particles are Z2 even and WIMP is Z2 odd to make WIMP stable. If
the additional particle is only SM gauge singlet Majorana fermionic WIMP, it
cannot have renormalizable interaction with SM particles because of the gauge
symmetry and Z2 symmetry. Since WIMP must have some interactions with
SM particles to maintain thermal equilibrium, we need other particles which
couple with WIMP and SM particles. These particles are called mediators, and
if the masses of mediator particles are heavy enough compared to electroweak
scale and DM mass, we can integrate mediator fields out, and become able
to discuss the phenomenology in the framework of effective field theory. The
Lagrangian of effective field theory contains higher dimensional operator than
mass dimension 5, and the analysis about the effective Lagrangian up to mass
dimension 6 has been done in [13]. They have revealed that there are mainly 4
uncovered regions remaining, which are H-funnel region, Z-funnel region, Lep-
tophilic region, and CP violating Higgs portal region. The former three regions
conserve CP symmetry and we will focus on these CP conserving case. These
regions are being classified by which annihilation channel works effectively in
the early universe. At H-funnel region, the mass of DM is almost half of the
mass of Higgs boson (125GeV) and the annihilation cross section of WIMPs is
largely enhanced because S-channel Higgs resonant process (χχ → h → XX)
works effectively. Here, χ is WIMP, h is SM Higgs and X is any SM parti-
cles. This resonant annihilation allows small coupling between WIMP and SM
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particles, and it becomes difficult to search for such WIMP at direct detection
because of the smallness of the coupling. At Z-funnel region, the mass of DM is
almost half of the mass of Z boson (91GeV), and the resonant annihilation via
Z boson (χχ→ Z → XX) works effectively. It becomes also difficult to search
this region by direct detection experiments for same reason. For Leptophilic
region, the DM annihilation into two SM lepton pair (χχ → ℓℓ̄) works most
effectively at the early universe. Therefore, direct detection experiments do not
work effectively because WIMP has little interaction with nucleus (quarks). In
this thesis, we will discuss the future prospect for these regions, especially the
prospect of future lepton colliders.

The structure of this thesis is as follows. In chapter 2 we will show the exis-
tence of DM and some properties of DM which we know currently. Next we will
briefly review standard cosmology and thermal history of WIMP at chapter 3
and chapter 4. In chapter 5, we will introduce the principles and techniques of
direct detection experiments, indirect detection experiments and collider exper-
iments. In chapter 6, we will introduce effective field theory of SM gauge singlet
Majorana fermionic WIMP and show current exclusion and surviving region
by various experiments. In chapter 7, we will review previous studies about
Higgs portal WIMP including H-funnel region. In chapter 8, we will discuss the
detectability of Z-funnel WIMP based on actual performance of the future lep-
ton colliders. In chapter 9, we will introduce specific mediators for Leptophilic
WIMP and discuss future prospects and other physical implications including
muon (g − 2). Finally in chapter 10, we will summarize our result from the
analysis of Z-funnel WIMP and Leptophilic WIMP. The author contributed to
the whole analysis of Z-funnel WIMP and Leptophilic WIMP.
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Chapter 2

Dark matter

The DM has been suggested by many gravitational observations and experi-
ments. The structure of this chapter is as follows. In Sec. 2.1, we will review
some of important observations which suggest DM. In Sec. 2.2, we will show
current knowledge about DM.

2.1 Existence of DM

The existence of DM is established by many observations of baryonic object
which interact with DM thorough gravity. DM was firstly hypothesized in the
late 19th century from the observation of the stars in the Milky Way [14], in
order to explain the difference between mass of the galaxy which is estimated by
the velocity dispersion of the stars in the galaxy and the mass of visible stars in
the galaxy. Later, Jacobus Kapteyn and Jan Oort also suggested the existence of
the DM by the observation of stellar motions in the local galactic neighborhood,
here they found hidden gravity source in the galactic plane. In the following
of this section we will review some important techniques and observations to
prove the existence of DM.

2.1.1 Galaxy rotation curve

We can estimate the mass of galaxy in two ways. One way is using photonic
observation of the object in the galaxy, and we can obtain the information of the
mass of the object by applying the relationship between mass and luminosity.
The second way is using the kinematics of the stellar object in the galaxy. When
we accumulate the data of the velocity and position of the stellar objects, we can
apply the Virial theorem to them, and we can estimate the amount of gravity
source. If there is discrepancy between these two values, we can conclude that
there is invisible gravity source, or DM. We show a plot for the relation between
the distance of the stars from the galactic center and the velocity of them in
Figure 2.1. Black dot is the observed data of stars, and there is discrepancy from
the expected rotation curve only from the visible object (which is mentioned as
Disk in the figure). Thus, we need another gravitational source to explain this,
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Figure 2.1: Galactic rotation curve for NGC 6503 showing disk and gas contribution
plus DM halo contribution needed to match the data. The figure is cited from [15].

and we can conclude that there is DM halo in the galaxy.

2.1.2 Gravitational lensing

Einstein’s general theory of relativity predict that the gravitational potential
can bend the light, and this can be observed by gravitational lensing. Gravita-
tional lensing is the effect that the image of the far stellar object is distorted
or multiplied by the foreground massive object, and this is firstly reported as
twin images of one quasar in 1979 [16]. This effect becomes stronger when the
foreground object becomes more massive, thus we can estimate the mass of
the object from the amount of the effect of gravitational lensing. Moreover,
physicists are able to deduce the distribution on DM by accumulating the more
images of gravitational lensing and analyzing them [17].

2.1.3 Cosmic microwave background

Cosmic microwave background (CMB) is the electromagnetic microwave radi-
ation which is observed homogeneously and isotropic in the universe. This is
considered as the remnant of early hot universe, and strong evidence of Big Bang
cosmology [18]. Although CMB is almost homogeneous and isotropic, there is
small fluctuation of the CMB [19] and Figure 2.2 shows the optical image of the
fluctuation of the CMB.
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Figure 2.2: All-sky map of the fluctuation of the CMB, created from 9 years of
WMAP data [20]

Though DM does not interact with photon because it has no electric charge,
DM can modify the shape of CMB fluctuation by its gravitational potential.
This fluctuation can be theoretically predicted by applying Λ-CDM model (c.f.
Subsec. 2.2.2), and we can extract the information from the observation of the
CMB using the expansion by spherical harmonics function. Figure 2.3 shows
the best fit by ΛCDM model using these techniques and they obtained Ωch

2 =
0.120 ± 0.001 and Ωbh

2 = 0.0224 ± 0.0001, where Ωc is the ratio between the
DM density and critical density of the universe, Ωb is that of baryon density,
and h is the scale factor of Hubble expansion rate.

Figure 2.3: Temperature power spectrum from Planck 2018 [4]. ℓ is the eigenvalue of
spherical harmonics function. Blue line is the best fit from the theoretical prediction
by Λ-CDM, and red point is the observed data with ±1σ uncertainty.

2.1.4 Structure formation

The temperature of the universe gradually decreased after the Big Bang and
nucleosynthesis, and particles were gathered by their gravitational potential.
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This leads to the formation of stars, galaxies, and cluster of galaxies. From n-
body simulation result [21], only baryonic object cannot assemble by themselves
because their gravity is weak, and we need to introduce DM to make additional
gravity potential. Also, there arose new problems called small scale problems
from this simulation. These problems point that there is discrepancy between
the actual observation of the distribution of DM and the distribution obtained
from the simulation. We do not have clear answer to this problem, and this
can be derived from the nature of DM or the effect of the interaction between
baryon.

2.2 Properties of DM

We have shown that many observations suggest the existence of DM. However,
the knowledge about the properties of DM is very limited. We will review about
a few things which we know about DM currently.

2.2.1 Darkness of DM

It is difficult to detect DM as mentioned “Dark” in its name. The constraint
on the electromagnetic charge of the DM for GeV region is [22]

qχ < 10−4
(mDM

TeV

)1/2
, (2.1)

where qχ denotes DM charge and mDM denotes DM mass. This is so small that
we can assume that DM is neutral, moreover there might be the new physics
which quantize electromagnetic charge such as Grand Unified Theory [23]. DM
also does not have SM SU(3)C interaction, but can have SU(2)L interaction.
Such DM with weak charge is one of the most motivated DM candidates (c.f.
chapter 4).

2.2.2 Coldness of DM

DM is necessary for the structure formation of the universe, and DM have to
be non-relativistic because it is trapped in the gravitational potential in the
galaxy. The CMB observations also support cold DM in order to make small
fluctuation. Λ-CDM model is the cosmology model which contain cold DM
(CDM) and cosmological constant (Λ), and this is generally accepted model
currently.

2.2.3 Stability of DM

The DM has been existing from the early stage of the universe until today.
This means that DM is stable or has very long lifetime at least more than
13Gyrs. In particle physics, the stability of the particle is often due to the
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symmetries, and some DM candidates are protected by Z2 symmetry (c.f. R-
parity in Supersymmetric model, K-parity in Kaluza-Klein model [24])

2.2.4 Mass of DM

Although We do not have a clear information about DM mass, we have lower
bound and upper bound for the mass as

10−22eV < mDM < Mgal , (2.2)

where Mgal is the mass of galaxy. The lower bound comes from the condition
that the de Broglie wave length of DM must be shorter than the scale of galaxy,
and this is given as

2π

mDMv
< O(100) pc , (2.3)

where v is the velocity of DM in the galaxy, which is estimated around 10−3

using Virial theorem.
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Chapter 3

Standard cosmology

We refer to Ref. [25] in this chapter. To make large scale structure, DM is
necessary components of the universe, and this fact assures that DM has been
existing from the early stage of the universe. The evolution of the universe
is closely related to the history of DM, and the knowledge of cosmology is
necessary to understand the nature of DM. We will briefly review the basics of
cosmology and the thermal history of the universe in this section.

3.1 Friedmann equation

The cosmological principle states that the universe is isotropic and homoge-
neous, and the Friedmann equation is derived from this principle using Einstein
equations. Let us define the scale factor a(t) as in the Robertson-Walker metric:

ds2 = dt2 − a2(t)
(

1

1− kr2
dr2 + r2dθ2 + r2 sin2 θdϕ2

)
, (3.1)

where k is the gaussian curvature of the space and takes (-1, 0, 1), and they
correspond to open, flat, and closed universe respectively. Then the Friedmann
equation is (

ȧ

a

)2

+
k

a2
=

8πGρ

3
, (3.2)

where G is Newton’s gravitational constant, ρ is mass density of universe and
we denote a(t) as a. The value of ρ which gives the curvature to be zero is
called critical energy density, and it is given as

ρc =
3H2

8πG
, (3.3)

where H ≡ ȧ/a is the Hubble parameter. Current observation gives H0 =
100h km s−1Mpc−1 where h = 0.678(9) [26], and the index 0 indicates present
value of the quantity.
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The corresponding critical density is ρc = 1.878 × 10−29 h2 g cm−3. Physicist
usually use the ratio of the energy density of the species compared to this
critical density as follows:

Ωi =
ρi
ρc
, (3.4)

where i denotes each species (e.g. baryon, radiation, and DM).

3.2 Matter and radiation

From Friedmann equation we can derive the useful equation:

dρ

dt
+ 3H(p+ ρ) = 0 , (3.5)

where p is the pressure from the species. When the species in non-relativistic
we can neglect the pressure compared to the energy density. Such species is
called matter, and the energy density of matter scales as

ρm ≃ a−3 . (3.6)

The mass less particle or very relativistic particle has the finite pressure as
p = ρ/3. Such species is called radiation, and the energy density scale as

ρr ≃ a−4 . (3.7)

These equations suggest that the early universe was firstly dominated by the
radiation when a≪ a0, and later dominated by matter. In the limit of matter
dominant universe and k = 0, by using eq.(3.2) and eq.(3.6), we get

a(t) ≃ t2/3 (3.8)

ρm =
1

6πGt2
. (3.9)

In the limit of radiation dominant universe and k = 0, by using eq.(3.2) and
eq.(3.7), we get

a(t) ≃ t1/2 (3.10)

ρr =
3

32πGt2
. (3.11)

3.3 Thermal equilibrium

In the present universe, the radiation, or relativistic particles, consists of photon
and 3 neutrinos whose temperature are 2.75K and 1.96K respectively. In the
early universe, the temperature of the particles is much higher than today, and
other particles can be relativistic. When particles have some interaction each
other, we can assume particles are in the thermal equilibrium. The number
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density n, energy density ρ, and the pressure p of these particles can be given
by the function of temperature T as

n =


ζ(3)

π2
gT 3 (boson)

3ζ(3)

4π2
gT 3 (fermion)

(3.12)

ρ =


π2

30
gT 4 (boson)

7π2

240
gT 4 (fermion)

(3.13)

p =
ρ

3
, (3.14)

where ζ(3) = 1.20206 . . . is the Riemann zeta function of three, g is internal
degrees of freedom, when T is much larger than mass of the particles (T ≫ m).
In the non-relativistic limit (m≫ T ), the same values are given as

n = g

(
mT

2π

)3/2

exp

[
−m− µ

T

]
(3.15)

ρ = mn (3.16)

p = nT , (3.17)

wherem is the mass of particle and µ is the chemical potential of the particle. It
is good approximation to consider only relativistic particles because the energy
density and pressure of non-relativistic particles are exponentially suppressed
compared to that of relativistic particles. We can write the total energy density
of the relativistic particles (ρr) and the total pressure of the relativistic particles
(pr) as follows:

ρr =
π2

30
g∗T

4
γ (3.18)

pr =
π2

90
g∗T

4
γ , (3.19)

where Tγ is the temperature of photon and g∗ is the total number of effective
degrees of freedom for relativistic particles (mi ≪ Tγ ), and

g∗ =
∑

i=bosons

gi

(
Ti
Tγ

)4

+
7

8

∑
i=fermions

gi

(
Ti
Tγ

)4

, (3.20)

where subscript i denotes each species of particle. The time evolution of g∗ is
shown in Figure 3.1.
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Figure 3.1: The evolution of g∗ as the function of temperature in particle SM. The
figure is cited from [25]

In the early universe, the reaction rates of the particles in the thermal bath
were much greater than the expansion rate of the universe, or H, and local
thermal equilibrium was maintained. In this case we can prove that entropy
per unit comoving volume (S) is conserved from the thermodynamics. The
proof is following. Applying the second law of thermodynamics to the unit
comoving volume, we get

TdS = d(ρV ) + pdV = d[(ρ+ p)V ]− V dp , (3.21)

where V denotes physical volume. Then, the integrability condition,

∂2S

∂T∂V
=

∂2S

∂V ∂T
, (3.22)

lead to the relation of temperature, energy density and pressure,

dp =
ρ+ p

T
dT . (3.23)

Using eq.(3.21) and eq.(3.23), we find

dS =
1

T
− d[(ρ+ p)V ]− (ρ+ p)V

dT

T 2
= d

[
(ρ+ p)

T
+ const

]
. (3.24)

Then using the energy conservation law, we get

d[(ρ+ p)V ] = V dp . (3.25)

From eq.(3.23), we can conclude

d

[
(ρ+ p)V

T

]
= 0 . (3.26)
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This result mean that the entropy per comoving volume is conserved. It is
useful to define the entropy density s as

s ≡ S

V
, (3.27)

where V denote the physical volume. As already mentioned it is good approxi-
mation to consider only relativistic particles, then we get

s =
2π2

45
g∗sT

3
γ , (3.28)

where

g∗s =
∑

i=bosons

gi

(
Ti
Tγ

)3

+
7

8

∑
i=fermions

gi

(
Ti
Tγ

)3

. (3.29)

The evolution of g∗s is also shown in Figure 3.1. In the very early universe, the
temperature of all particles are common because they were in same thermal
bath, and we can replace g∗s to g∗. The conservation of S implies s ∝ a−3, and
we define the number of some species in a comoving volume by Y ≡ n/s, where
n is number density of that species.
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Chapter 4

Thermal DM

Thermal DM, often called as WIMP (weakly interacting massive particle), is
one of the best motivated DM candidates. WIMP hypothesis is that DM is
in the thermal equilibrium with SM particles in the early universe and some
WIMP remained until today through freeze out mechanism. In this chapter, we
will review the Boltzmann equation from which we can calculate the number
density of WIMP. Then we will show the solution of Boltzmann equation.

4.1 Freeze out of WIMP

Let us denote WIMP field as χ, WIMP mass as mχ and any SM particles
as X. When thermal equilibrium was accomplished, the inelastic scattering
(χχ ↔ XX) and elastic scattering (χX → χX) should have happened faster
enough than Hubble expansion rate (we show the illustration of these process
in Figure 4.1). When (χχ ↔ XX) process works effectively in the thermal
equilibrium, the WIMP constantly repeat pair creation and annihilation. For
(χχ→ XX) process, the annihilation rate can be expressed as

Γinelastic = nχ⟨σv⟩ , (4.1)

where nχ is the number density of WIMP, and ⟨σv⟩ is the thermal averaged cross
section. nχ denpend on temperature as nχ ∝ T 3/2 exp[−mχ/T ] (c.f. eq 3.15)
and Γinelastic can be same order or lower than Hubble expansion rate H as
temperature goes down. At this moment, this annihilation process does not
occur effectively, and the number of the WIMP is almost fixed. This is called
freeze out of WIMP and the temperature at which freeze out occur is called
freeze out temperature. As the freeze out temperature is much lower than
WIMP mass, we do not need to consider about creation process of WIMP
(XX → χχ). On the other hand, the elastic interaction (χX → χX) rate is
expressed as

Γelastic = nX⟨σv⟩ , (4.2)

where nX is the number density of SM particle X, and nX ∝ T 3 (c.f. eq 3.12)
because SM particles are light and relativistic at freeze out temperature. Then
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Γelastic can be enough larger than Hubble expansion rate and the temperature
of WIMP maintained same as that of SM particles.

χ

χ X

X χ

X X

χ

Figure 4.1: An illustration of inelastic (left) and elastic (right) scattering. The time
flows from left to right.

4.2 Boltzmann equation

In this section we refer to the discussions in Ref. [27]. In order to follow the
time evolution of the number density of WIMP, we need to solve Boltzmann
equation for WIMP. The general Boltzmann equation can be written in the
form as follows:

L[f(x, p⃗)] = C[f(x, p⃗)] , (4.3)

where L is Liouville operator, C is collision operator which describes the inter-
action of the particles, and f(x, p⃗) is the phase space density of WIMP which
is the function of four dimensional coordinate x and momentum p⃗. Considering
that the universe is isotropic and homogeneous, f(x, p⃗) becomes the function
of only two variables; energy of the particle E and time t. Then the number
density of WIMP is given as

nχ = g

∫
f(E, t)

d3p

(2π)3
, (4.4)

where g is inner degrees of freedom of WIMP. The time evolution of the number
density of WIMP occurs in the expanding universe, and we need to consider
covariant form of Liouville operator,

L[f(E, t)] = E
∂f(E, t)

∂t
−H|p⃗|2∂f(E, t)

∂E
, (4.5)

where H is Hubble expansion rate. Using this equation and eq.(4.4), we get

g

∫
L[f(E, t)]

E

d3p

(2π)3
=
dnχ

dt
+ 3Hnχ =

1

a3
d

dt
(nχa

3) . (4.6)

When there is no collision term, C[f ] = L[f ] = 0, and this means nχ stays
constant in time. The collision term includes many processes, let us consider
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the process (1+2↔ 3+4), where (1,2,3,4) denote the species of particles. The
collision term is given as

g

∫
C[f ]

E

d3p

(2π)3
= −

∫
d3p1

(2π)32E1

∫
d3p2

(2π)32E2

∫
d3p3

(2π)32E3

∫
d3p4

(2π)32E4

× (2π)4δ3(p1 + p2 − p3 − p4)δ(E1 + E2 − E3 − E4)

× [f1f2(1± f3)(1± f4)|M12→34|2

−f3f4(1± f1)(1± f2)|M34→12|2] , (4.7)

whereM is the amplitude of each process and (1± f) represent Pauli blocking
for fermions, Bose enhancement for bosons. Assuming T ≪ E − µ phase space
distribution f follows Maxwell-Boltzmann distribution, and f becomes so small
that we can set (1 + f) = 1. Then this equation becomes easier form as

g

∫
C[f ]

E

d3p

(2π)3
= −⟨σv⟩12→34n1n2 + ⟨σv⟩34→12n3n4 , (4.8)

where ⟨σv⟩ is thermal averaged cross section for each process. Let us assume
particles (1, 2) are WIMP, and particles (3, 4) are SM particles. Then n3 and
n4 are maintained in thermal equilibrium and

⟨σv⟩34→χχn3n4 = ⟨σv⟩34→χχn
eq
3 n

eq
4 = ⟨σv⟩χχ→34(n

eq
χ )2 , (4.9)

where the subscription neq denote the number density of the particle in the
thermal equilibrium with the temperature of SM particles. Using equations
(4.3), (4.6), (4.8) and (4.9), we get the Boltzmann equation for WIMP as

dn

dt
+ 3Hn = ⟨σv⟩(n2

eq − n2) (4.10)

where we omitted the subscription χ for n and ⟨σv⟩ is the thermal averaged
annihilation cross section of χχ → XX where X is any of SM particles. It
is useful to rewrite the equation using Y = n/s (c.f. Sec. 3.3) and x = mχ/T
instead of n and t, then we find

dY

dx
=

s⟨σv⟩
xH(x)

(Y 2
eq − Y 2) . (4.11)

4.3 Solution for Boltzmann equation

Let us consider the time evolution of the number density of WIMP which follows
eq.(4.10). When ⟨σv⟩neq ≫ H, the right side of the equation dominate the term
3Hn, and the time evolution is almost determined by ⟨σv⟩(n2

eq − n2). Suppose
that n is more than neq, then right side become negative and the number density
decrease and finally n ≃ neq achieved. Similarly, for the case when n is less than
neq, n ≃ neq achieved. These processes proceed very rapidly, and that means the
Boltzmann equation is stable and it does not depend on the initial condition of
the number density of WIMP. Next, when ⟨σv⟩neq ≪ H, WIMP decouples from
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the thermal bath of SM particles (freeze out), and the number density decrease
according to the expansion of the universe. Thus, WIMP has been remaining
until today, and it is called relic density. We show the numerical solution of
Boltzmann equation in Figure 4.2 in the plane of x and Y , here the solid line
represents the case that WIMP is in the thermal equilibrium, and dotted lines
represent the decoupling of the WIMP from the thermal equilibrium. If ⟨σv⟩ get
larger, WIMP remains in the thermal equilibrium longer, and the relic density
will decrease.

Figure 4.2: Numerical solution for the Boltzmann equation. Solid line represent the
time evolution in thermal equilibrium, dotted lines represent after freeze out. The
figure is cited from [25].

Then let us estimate relic abundance. Y decreases exponentially before
freeze-out. After freeze-out, the abundance can be written as

dY

dx
≃ − λ

x−n+2
, (4.12)

where

λ =
⟨σv⟩0s0
x2H(x)

(4.13)

and we assume ⟨σv⟩ = ⟨σv⟩0x−n and s = s0x
−3 here. If we take n = 0 as an

example, the DM abundance can be solved as

Ytoday ≃
xf
λ
, (4.14)

where the subscript ‘today’ denotes the current value. From this equation and
the relation

Ω =
mstodayYtoday

ρc
, (4.15)
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we get

Ωh2 ≃ 10−26cm3/s

⟨σv⟩
. (4.16)

Consequently, the typical cross section of weak scale ⟨σv⟩ ∼ 10−26cm3s−1 ex-
plains observed DM density, and it is known as “WIMP miracle”.
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Chapter 5

Detection of WIMP DM

The WIMP is well motivated DM, and physicists have been making large effort
to search for such particles. It is difficult to search WIMP optically because
WIMP does not have electric charge. However, WIMP at least has certain
amount of interaction with SM particles because WIMP was in thermal equilib-
rium with SM particles, and we can use this interaction to detect them. Suppose
that X is SM particles, we use (χX → χX) process at direct detection experi-
ments, (χχ→ XX) process at indirect detection experiments, and (XX → χχ)
process at collider experiments. We show this situation as an illustration in Fig-
ure 5.1. We will review the principle of each experiment in the following section.

χ

χ X

X

Direct detection

Indirect detection

Collider experiment

Figure 5.1: The illustration of the relation between the interaction and each experi-
ment.

5.1 Direct detection

Direct detection is one of the most effective detection of DM, and in this ex-
periment, we search for the WIMP at laboratory by looking the recoil of the
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nucleus and DM. The laboratory is usually located in the underground to avoid
the effect from cosmic ray, and it detect the DM which is moving in the Milky
Way. We will see the kinematics of the direct detection in the following.

5.1.1 Recoil of DM and nucleus

The recoil energy of the nucleus is given as

ER =
(mχv)

2

2mN

≃ 50keV
( mχ

100GeV

)2(100GeV

mN

)
, (5.1)

where mN is the mass of nucleus, nχ is the density of dark matter and v ≃ 10−3

is the velocity of DM around the earth. DM is almost collision less in the
Milky Way and we can determine the velocity of DM using Virial theorem. The
LUX experiment [28] or XENON experiment [29] use xenon for the nucleus and
mN ≃ 100GeV and the detectable energy threshold is few keV. Therefore the
threshold for mχ becomes around 10GeV.

5.1.2 Scattering rate

When considering the detectability of DM, the scattering rate is also important
quantity. The differential scattering rate for recoil energy per unit detector
mass is given as follows:

dR

dER

=
nχ

mN

∫
dv3vflab(v⃗)

dσ

dER

, (5.2)

where v⃗ is the velocity of DM and flab(v⃗) is the distribution function of DM by
the velocity from the rest system at the laboratory. We can calculate flab(v⃗) as

flab(v⃗) = f(v⃗ + v⃗lab) , (5.3)

where f(v⃗) is the distribution function of DM at rest system of the Milky
Way, and v⃗lab is the velocity of the earth in the Milky Way. There also direct
detection experiments to search for annual modulation by v⃗lab such as DAMA
experiment [30].

5.1.3 Scattering cross section

The differential cross section can be separated in two part as follows

dσ

dER

=
dσSD
dER

,+
dσSI
dER

(5.4)

where σSD is the spin dependent cross section and σSI is the spin independent
cross section. We will easily review these two types of cross section, which is
important for the implication of particle physics. Let us consider the effective
Lagrangian of axial vector coupling between DM and quarks as

Laxial = dAq χ̄γ
µγ5χq̄γµγ5q , (5.5)
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where dAq is the coupling for axial vector interaction, χ is fermionic DM field
and q is the SM quark field. To calculate the matrix element for the elastic
scattering of DM and nucleus, let us start from calculating the matrix element
of the quark axial vector current in nucleon. It is given as

⟨n|q̄γµγ5q|n⟩ = 2snµ∆q
n , (5.6)

where n denotes a proton or neutron, snµ is the spin of nucleon and ∆qn is the
quantity extracted by experiments. Then we can write the effective interaction
of DM and nucleons as

Laxial = χ̄γµγ5χn̄sµn
∑

q=u,d,s

2dAq ∆q
n , (5.7)

where we summed only for light quarks. For the DM with v ∼ 10−3 and mχ ∼
100GeV, the de Broglie wave length is longer than the radius of nucleus, and
this operator acts on the state of nucleus coherently. Therefore, the scattering
cross section of the DM and nucleus depends on the total spin of the nucleus,
and it is called spin dependent interaction. Then let us consider scalar type
interaction as

Lscalar = fqχ̄χq̄q . (5.8)

Then the matrix element of the current of light quarks in nucleon is

⟨n|q̄q|n⟩ =
mn

mq

fn
Tq , (5.9)

where fTq is also the parameter determined by experiments. Thus we get the
effective operator for nucleon as

Lscalar = χ̄χn̄n
∑

q=u,d,s

mn

mq

fn
Tq . (5.10)

This operator works as a number operator of the nucleon in the nucleus, and the
cross section is enhanced by the factor ∼ A2 where A is atomic mass number of
the nucleus. This is called spin independent interaction, and this put stronger
constraint than spin dependent one, because of the enhancement by A. We show
the result of Xenon 1T experiment for spin independent case [31] in Figure 5.2
and spin dependent case [32] in Figure 5.3. These are shown in the plane of
DM mass mχ and the cross section of DM and nucleon.
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Figure 5.2: The constraints for the cross section of WIMP and nucleon at spin inde-
pendent interaction. 2σ and 1σ contours are shown in yellow and green respectively.
The figure is cited from [31].

Figure 5.3: The constraints for the cross section of WIMP and nucleon at spin
dependent interaction. 2σ and 1σ contours are shown in yellow and green respectively.
The figure is cited from [32]

5.2 Indirect detection

Indirect detection is the search for DM using the observation of cosmic ray. If
DM is very long-lived particle, some of DMs can decay into SM particles and
these particles might come to the earth as cosmic ray. The other case, if DM is
a stable particle, it can annihilate with other DM and emit SM particles.
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5.2.1 Distribution of DM in the galaxy

If the cosmic ray is charged particle, it is bent by the magnetic field in the galaxy
or the solar system, and we cannot guess the place where the cosmic ray came
from. On the other hand, neutral particles move straight in the magnetic field,
and we can get the information of the direction of origin from the observation.
Therefore, it is important to know the distribution of DM for the neutral cosmic
ray, and this distribution is also important for estimating the annihilation rate
of DM.

The estimation of the distribution includes one of the largest uncertainty in
the prediction of indirect detection. DM halo is not just spherical [33] and often
contain substructure in it. The DM density profile used today is inspired by
numerical simulation results, and the study in 1990’s [34] showed the universal
profile called Navarro-Frenk-White (NFW) profile, which is

ρNFW(r) =
ρ0(

r
rs

) [
1 +

(
r
rs

)]2 , (5.11)

where ρ0 is the constant which has the dimension of density, r is the distance
from the center of galaxy and rs is a scale radius. Some simulations and ob-
servations suggest that profile at the inner part of the galaxy is more gentle
compared to that of NFW profile as shown in Figure 5.4. In order to describe
this modification, generalized NFW profile [35] is also commonly used, which is

ρGNFW(r) =
ρ0(

r
rs

)γ [
1 +

(
r
rs

)]3−γ , (5.12)

where the case with γ = 1 corresponds to NFW profile.

Figure 5.4: DM density profile at Milky Way for selected cases. The figure is cited
from [36].
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5.2.2 Signal of DM annihilation and decay

To estimate the flux of cosmic ray from DM, we need to take into account the
property of DM in particle physics and also distribution of DM. The observed
flux per area, time, solid angle, and energy is given as

dNann

dAdt dΩ dE
=
⟨σv⟩
2m2

χ

dNX

dE

1

4π
Jann(ψ) (5.13)

for the annihilation of DM and

dNdec

dAdt dΩ dE
=

1

mχτ

dNX

dE

1

4π
Jdec(ψ) (5.14)

for the decay of DM. Here NX is the spectrum of SM particle X emitted by
annihilation or decay of DM, τ is the lifetime of DM, and Jann/dec(ψ) is the
J-factor for annihilation/decay at the angle of line of sight ψ. J-factor include
the information of DM distribution, and they are given as

Jann(ψ) =

∫
ρ2(ψ, l)dl (5.15)

Jdec(ψ) =

∫
ρ(ψ, l)dl , (5.16)

where l is the distance along the line of sight, and integration is executed along
this line.

5.2.3 Examples of indirect detection

There are several particles detected as cosmic ray, and they have advantages
and disadvantages. Photons are observed as Gamma-ray or X-ray, and they
are searched by the experiments such as Fermi LAT [37] or H.E.S.S experiment
[38]. Using photon has the advantage to be able to point back to the source
because photon moves straight, on the other hand there are backgrounds from
action of stars. Neutrinos are also neutral particles and they are observed by
the experiments such as IceCube [39]. Neutrinos have very small cross section,
and the low statics is remaining as a challenge. Other charged particles, such
as positron or proton, are observed by PAMELA [40] or AMS [41]. There is a
difficulty that we cannot point back to the source because they are charged, but
there is an advantage that there are low backgrounds.
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5.3 Collider search

WIMP DMs have some amount of interaction with SM particles, and we can
create and search for WIMP using collider. However, WIMP is stable and
neutral, and it is difficult to detect WIMP directly. In this section we will
review some ways how we detect WIMP at collider.

5.3.1 Mono jet/photon search

One of the most effective way to search WIMP is search for some SM par-
ticles with missing energy. WIMP usually has Z2 symmetry to make WIMP
stable, and WIMPs are always pair created. For hadron colliders, the process
(qq → gχχ) have the largest cross section among the process which include
WIMP pair creation and other SM particles. The gluon emitted in the el-
ementary process becomes jet and we detect this jet as a signal. We show
the Feynman diagram in Figure 5.5. For lepton colliders, the mono photon
search (e−e+ → γχχ) is effective for same reason, and the Feynman diagram is
shown in Figure 5.6. These processes have large SM back grounds coming from
(qq → gνν) or (e−e+ → γνν) process, here neutrinos are also not detected, and
these processes give same signal.

q

q̄ χ

χ

g

Figure 5.5: Feynman diagram for mono jet process

e
−

e
+ χ

χ

γ

Figure 5.6: Feynman diagram for mono photon process
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5.3.2 Invisible width

The properties of Higgs boson and Z-boson are searched by Large Electron-
Positron collider (LEP) experiments or Large Hadron Collider (LHC) experi-
ments. They are massive boson, and decay into SM particles. Considering the
decay into missing particles such as neutrinos, this decay cannot be detected
by collider experiment, and they contribute to invisible decay. Suppose that
WIMP couple with SM particles such as Higgs or Z-boson and 2mχ < mh/Z ,
where mh/Z is the mass of Higgs/Z-boson. In this case Higgs and Z-boson de-
cay into two WIMPs also contribute to their invisible width because WIMP
cannot be detected. The property of Z-boson was measured precisely by Large
Electron-Positron collider (LEP) experiment, and the total width is given as
[42]

ΓZ→any = 2.4952± 0.0023GeV . (5.17)

The invisible width of Z-boson was measured in two methods at LEP experi-
ments. The first method is using the process (e+e− toγZ), here by measuring
the distribution of photon, invisible width of Z-boson can be searched. The
other method is considering the difference between total width and measured
visible width. By these methods, Z-boson invisible width is given as [43]

ΓZ→inv = 499.0± 1.5MeV . (5.18)

The properties Higgs is being measured by LHC experiments, and constraint
on the branching ratio to invisible mode is given as [44]

Bh→inv < 0.22 . (5.19)

5.3.3 Associated particle search

The extension of SM with WIMP usually includes other particles. If WIMP is
SU(2)L charged particle, there must be charged partners of this WIMP. Such
particles usually decay into WIMP and SM particles, and if they are created
by collider experiments, it gives characteristic signals. There can be other type
of associated particles called mediator particle which interact with both of SM
particles and WIMP. In some case it is easier to search mediator particles than
search WIMP directly because mediator particles directly couple with SM par-
ticles.
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Chapter 6

SM gauge singlet Majorana fermionic
WIMP

Many physics beyond the SM include WIMP DM in its model, such as lightest
supersymmetric particle in SUSY [6], lightest Kaluza-Klein paricle in Kalza-
Klein theory [24] or lightest T-odd particle in little Higgs model [12]. However
current LHC experiments reports null signals of these new physics beyond SM,
and we should consider other possibilities for new physics and DM. In this
chapter, we will divide WIMPs by SM gauge representation and focus on SM
gauge singlet Majorana fermionic WIMP.

6.1 Classification of WIMP

To discuss WIMP model independently, it is convenient to classify WIMP by the
quantum number of SM. From the condition that WIMP does not have electric
charge and strong interaction (c.f. Sec. 2.2), quantum numbers of WIMP are
limited. WIMP must be singlet under SU(3)C and if WIMP is singlet under
SU(2)L, U(1)Y hypercharge must be 0, if WIMP is doublet under SU(2)L,
U(1)Y hypercharge must be -1/2 or +1/2, and so on. We summarize possible
SM gauge representations of WIMP at Tabletab:representaion. There is other
possibility that WIMP is a mixed state of the neutral components of different
SU(2)L representations. In the following section we will focus on SM gauge
singlet fermionic WIMP. From the view point of minimality, we also assume
this WIMP as Majorana fermion1.

6.2 SU(2)L singlet Majorana fermionic WIMP

WIMP must be stable particle and this stability is usually supported by Z2

symmetry. WIMP field appear quadratically by this symmetry, and this fea-
ture forbid WIMP to have gauge invariant interaction with SM particles by

1For Majorana fermion, please refer to Appendix.B
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Lorentz SU(3)C SU(2)L U(1)Y
scalar 1 0
or 2 −1/2,+1/2

fermion 1 3 −1, 0,+1
or 4 −3/2,−1/2,+1/2,+3/2

vector 5 −2,−1, 0,+1,+2
...

...

Table 6.1: Possible combinations of SM gauge representations of WIMP

renormalizable operator2. If we allow non-renormalizable operators, we can
write gauge invariant effective Lagrangian as

Leff = LSM +
1

2
χ̄(i/∂ −mχ)χ+

1

2

∑
a,n

Ca
Oa

Λn−4
, (6.1)

where LSM is the Lagrangian of the SM3, mχ is mass of the WIMP, Oa is non-
renormalizable operator which contain WIMP fields, Ca is the coupling of each
operator, n denotes the dimension of the non-renormalizable operator, and Λ is
the cut off scale. The factor 1/2 is for the normalization of Majorana fermion.
This effective Lagrangian is valid only for the lower energy scale than Λ. We
show the non-renormalizable operators up to dimension 6 at Table 6.2. Here We
treated SM Weyl fermions as Dirac fermions, that correspond to the notation
as follows:

FL =

(
0
fL

)
(6.2)

FR =

(
fR
0

)
, (6.3)

where FL is left handed fermions which correspond to (Q,L) and FR is right
handed fermions which correspond to (U,D,E). Here we can also think axial
vector interaction (χ̄γµγ5χ)(F̄Liγµγ5FLj) or (χ̄γµγ5χ)(F̄Riγµγ5FRj). However,
there is relationship with vector interaction such as

(χ̄γµγ5χ)(F̄RiγµFRj) = (χ̄γµγ5χ)(F̄Riγµγ5FRj) (6.4)

(χ̄γµγ5χ)(F̄RiγµFRj) = −(χ̄γµγ5χ)(F̄Liγµγ5FLj) (6.5)

and we can identify these operators by changing coupling. Other operators such
as vector interactions are prohibited by Majorana nature of DM.

The operator whose dimension is greater than 6 is highly suppressed by the
cut off scale and the contribution from such operator is small. These effective
operators are obtained by integrating out the fields of heavy particles which
are contained in ultra-violet complete models. If we assume perturbativity at

2The mass dimension of renormalizable operator is under 4. The operator whose dimension
is greater than 4 is called non-renormalizable operator.

3For the SM contents, please refer to Appendix.A
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the high energy scale, the couplings of the heavy particle and WIMP or SM
particles must be less than O(1). In that case, we can set Λ as the mass scale
of the heavy particles and Ca as less than O(1).

6.3 Surviving parameter region

Specifically, WIMPs with a mass of the order of the electroweak scale have
been studied intensively, since such a WIMP can be the key to solve natural-
ness problem of the electroweak scale. The observed relic abundance for such a
WIMP with a mass between O(1)MeV [45, 46] and O(100)TeV [47–54] can be
realized via the standard thermal freeze-out mechanism [55, 56]. In the freeze-
out scenario, the DM abundance is strongly related to the annihilation rate of
WIMPs in the early Universe with the relic density being approximately propor-
tional to the inverse of the annihilation rate. Therefore, negligible interaction
between the DM and the SM particles leads to too large DM relic abundance
and conflicts with the current observation. Thus, for this mechanism to work,
the DM should have sufficiently large interaction with the SM particles. One
can further advantageously probe the WIMP in the collider, direct and indirect
detection experiments due to the interactions. Today LHC experiments and
several direct detection experiments are ongoing, and wide parameter regions
of SM gauge singlet WIMP are explored due to this sufficiently large interac-
tion. There are, however, several exceptions cases where it is difficult to search
by LHC experiments or direct detection experiments. One possibility is that
WIMP has very small interaction with quarks or Higgs and DM abundance
is determined by the interaction with Leptons. Second possibility is that DM
annihilation takes place near the pole mass of a mediator particle or SM parti-
cle, and becomes resonant annihilation. In such a case, the annihilation rate is
drastically enhanced and the coupling between the WIMP and the SM particles
can be adequately small and can even account for the correct DM abundance
observed today. Such an example is when the WIMP mass is half of the Higgs
boson mass (H-funnel region) [1] or the Z boson mass (Z-funnel region). For
both cases, the cross section of the process (qq̄ → χχX) or (Nχ → Nχ) be-
come very small and we need to consider other processes or experiments to
search such regions. Consequently, there are three uncharted parameter regions
for CP conserving case [13]:

Dim.5 OS = (χ̄χ)|H|2 OPS = (χ̄iγ5χ)|H|2
OQ = (χ̄γµγ5χ)(Q̄iγµQj) OU = (χ̄γµγ5χ)(ŪiγµUj)

Dim.6 OD = (χ̄γµγ5χ)(D̄iγµDj) OL = (χ̄γµγ5χ)(L̄iγµLj)

OE = (χ̄γµγ5χ)(ĒiγµEj) OH = (χ̄γµγ5χ)(H
†i
←→
DµH)

Table 6.2: SM gauge invariant interaction between WIMP and SM particles [13].
Here Q denote quark doublet, U denote up type quark singlet, D denote down type
quark singlet, L denote lepton doublet, E denote lepton singlet, and H denote Higgs
doublet.
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(1) H-funnel region
In this region OS mainly contributes to the physics and DM mass
is near the half of Higgs mass.

(2) Z-funnel region
In this region OH mainly contribute to the physics and DM mass is
near the half of Z-boson mass.

(3) Leptophilic region
In this region OL,E mainly contribute to the physics.

We will discuss the future prospect of these regions by direct detection ex-
periments or collider experiments. We will review about the study including
H-funnel region at the next chapter, then move on to the analysis of Z-funnel
region and Leptophilic region, which are our study.
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Chapter 7

CP conserving Higgs portal DM

As we mentioned in chapter 6, when DM annihilation take place at the pole
mass of Higgs boson, the coupling constant between Higgs boson and DM can
be adequately small to give correct DM abundance observed today. As a result,
experimental signature become weaker and it becomes difficult to search such
DM. This occurs when DM mass is the half of Higgs boson mass and this region
is called H-funnel region. In this chapter we will focus on SM gauge singlet
Majorana fermion DM in the CP conserving Higgs portal scenario [57], where
the DM couples solely to the Higgs boson. We will review about the status of
Higgs portal DM.

7.1 Lagrangian

We focus on the Higgs portal DM, where the DM interacts with the SM particles
through the Higgs boson and the other interactions are suppressed. The effective
Lagrangian can be written as

Leff = LSM +
1

2
χ̄(i/∂ −Mχ)χ+

1

2Λ
(χ̄χ)(H†H) , (7.1)

where Mχ is the DM mass and H is SM Higgs doublet field. By taking unitary
gauge H = (0, v + h)T/

√
2 with v ≃ 246GeV being the vacuum expectation

value of the Higgs doublet field and h being the physical Higgs particle, and the
physical mass of DM is modified after electroweak symmetry breaking, which
is,

mχ = Mχ −
1

2Λ
v2 . (7.2)

Then the Lagrangian becomes

Leff = LSM +
1

2
χ̄(i/∂ −mχ)χ+

1

2Λ
(χ̄χ)(vh+

1

2
h2) . (7.3)
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Figure 7.1: Tree level annihilation of Higgs portal DM into SM particles

7.2 Relic abundance condition

We will discuss relic abundance condition in this section. The annihilation of
DM in Higgs portal occurs through several processes which are annihilation
into Higgs pair, Z-boson pair, W-boson pair, and SM fermion pair. We show
these processes diagrammatically in Figure 7.1 and there are two different types
of diagrams for annihilation into Higgs pair. The analytical formulae of these
annihilation cross section can be given as [58, 59]

σf (s;mχ,mf ) =
1

32πm2
χ

√
4m2

χ

s

√
m2

χ

s− 4m2
χ

√
1−

4m2
f

s
Σf (s;mχ,mf ) , (7.4)

where f denote the SM particle pair into which DM annihilate, s is the center
of mass energy, and

Σf (s;mχ,mf ) ≡
1

4

∑
spins

1

4π

∫
dΩ|Mf |2 (7.5)

=
s

8Λ2

1− 4m2
χ/s

(1−m2
h/s)

2 + (mhΓh/s)2
(7.6)

×


[(1 + 2m2

h/s)
2 + (mhΓh/s)

2]
(1− 4m2

Z/s+ 12m4
Z/s

2)
2(1− 4m2

W/s+ 12m4
W/s

2)
(1− 4m2

f/s)(4m
2
f/s)

(χχ→ hh)
(ZZ)

(W+W−)
(ff̄) ,

(7.7)

where Γh is the decay with of Higgs boson. For the hh final state, although there
are additional t-channel and u-channel diagrams, we have ignored them because
we are interested in H-funnel region and s-channel diagram mainly contribute
for this region.
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7.3 Invisible width of the Higgs

When 2mχ < mh, Higgs can decay into DM pair and the total width will
be different from that of SM. We have nontrivial constraint from this exotic
invisible decay mode by measuring the total decay width of Higgs boson. The
DM contribution to the invisible decay of Higgs can be calculated as

Γh→χχ =
mh

16π

v2

Λ2

(
1−

4m2
χ

m2
h

) 3
2

. (7.8)

The CMS and ATLAS experiment [60, 61] have set constraints on total decay
width of Higgs boson as Γh < 13 MeV at 95% confidence level using Higgs
decaying into 4 leptons via off shell ZZ. Although we have constraint on the
coupling of DM and Higgs from this value, we have stronger constraint using
invisible branching ratio. The DM contribution to the invisible branching ratio
of Higgs boson is given as,

Binv =
Γh→χχ

ΓSM + Γh→χχ

, (7.9)

where ΓSM = 4.21 MeV is theoretical prediction of the total decay width of
Higgs boson from SM. The best limit on the invisible branching ratio comes from
the best fit to Higgs data, and this is given as Binv < 24% at 95% confidence
level.

7.4 Direct detection

Direct detection sets the strongest constraint on Higgs portal DM even for the
H-funnel region. The t-channel diagram with the exchange of the Higgs boson
gives relevant contribution to the elastic scattering of DM and nucleus, and the
Feynman diagram is shown in Figure 7.2, where N denote nucleus.

χ χ

N

h

N

Figure 7.2: The diagram for the elastic scattering of DM and nucleus

The operators which are relevant to this process are given as
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Figure 7.3: Interaction of DM and gluon via quark loop

L ⊃ v

2Λ
(χ̄χ)h−

∑
q

mq

v
q̄qh , (7.10)

where q denotes SM quarks and mq is its mass. The typical momentum transfer
of this process is calculated as mµvDM ≲ O(MeV), where mµ = (mNmχ)/(mN+
mχ) is the reduced mass, and vDM is the velocity of DM in our galaxy. As this
value is very small compared to the mass of Higgs boson, we can integrate out
the Higgs field from the Lagrangian, and we get the effective Lagrangian as

Leff ⊃ −
∑
q

1

m2
h

mq

2Λ
(q̄q)(χ̄χ) . (7.11)

We have also heavy quarks in the summation, and they induce the coupling of
DM and gluons in the nucleon through the triangle diagram, which is shown in
Figure 7.3. The scattering of DM and nucleus occurs spin independently, and
the cross section of DM and nucleons are given as

σχn
SI =

1

2π

(
mµ

m2
h

)2(
fn
Λ

)2

, (7.12)

where n denote the species of nucleons (proton or neutron) and

fn ≡ mn

( ∑
q=u,d,s

fn
Tq +

2

9
fn
TG

)
(7.13)

is the nucleon matrix element (c.f. Sec 5.1 ). Previous study [1] gives current
constraints and future prospect of the Higgs portal DM including H-funnel
region, which is shown in Figure 7.4. Here λHχχ corresponds to v/λ for our
model, the solid black contour line gives correct relic abundance which agree
with PLANCK experiment, and shaded region is excluded region from Higgs
invisible decay and Xenon 1T direct detection experiment, while other colored
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dotted lines give future prospects by LZ/Xenon nT and DARWIN [62] direct
detection experiment. The black dotted lines correspond to Binv =10%, 5% and
1% respectively. The sharp peak of black line at mχ ≃ 60GeV correspond to
the H-funnel region, and they are almost excluded by current direct detection
experiment. Small region is remaining uncovered at H-funnel region, but this
region can be totally explored by LZ/Xenon nT direct detection experiments in
the near future.

Figure 7.4: Current constraint and future prospect for Higgs portal DM. The
figure is cited from [1].
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Chapter 8

Z-funnel WIMP

In this chapter, we will consider the SM gauge singlet Majorana fermion DM
(χ) in the Z-portal model [63], where the DM couples only to the Z boson.
There are only two new physics parameters in the model: the DM mass (mχ)
and the coupling constant between the DM and the Z boson (gχχZ). The
observed DM abundance and the constraint from spin-dependent direct DM
detection experiments have already excluded the most of the parameter space,
except for the Z-funnel region, namely mχ ≃ mZ/2. In the Z-funnel region,
the coupling between the DM and Z boson can be small in order to explain the
DM abundance in the present universe, and thus the constraint from the DM
direct detection experiments is still weak [64]. The main goal of this chapter is
to figure out what kind of role the future lepton colliders can play to probe the
Z-funnel DM.

The rest of this chapter is organized as follows. In Sec. 8.1, we briefly discuss
the framework of the effective Lagrangian for the SM gauge singlet Majorana
fermionic WIMP in order to introduce the Z-funnel WIMP. In Sec. 8.2, we will
discuss the current status of the Z-funnel WIMP by the relic abundance con-
dition, direct DM detection, indirect DM detection, and collider experiments.
For the analysis of the LEP experiments, we consider the mono-photon and
invisible Z decay width searches. For the mono-photon signature, we repro-
duce the background data obtained by the previous study, and then put the
constraint on the Z-funnel WIMP using the same data. In Sec. 8.3, we discuss
the sensitivity of future experiments, namely the future lepton collider (ILC)
and direct detection experiments. The sensitivity of the future lepton collider
has not been obtained by any previous studies. In Sec. 8.4, we summarize our
findings and conclude.

8.1 The Z-funnel WIMP model

We focus on the Majorana fermionic WIMP DM that is singlet under the SM
gauge symmetry. To make the WIMP stable, we impose the discrete Z2 symme-
try under which the WIMP is odd, while all the SM particles are even. In this
case, the WIMP cannot have any renormalizable interaction with the SM par-
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ticles due to the symmetries. In order to introduce a renormalizable interaction
between the WIMP and the SM particles, we have to introduce an additional
new particle called the mediator. Physics of the WIMP strongly depends on the
nature of the mediator. On the other hand, if the mediator is heavier enough
than the WIMP and the electroweak (EW) scale, we can integrate out the me-
diator from the original renormalizable Lagrangian, and physics of the WIMP
can be described by the effective Lagrangian with the cutoff scale Λ as long as
we discuss WIMP dynamics at an energy scale sufficiently lower than Λ:

LEFT = LSM +
1

2
χ̄(i/∂ −mχ)χ+ L5 + L6 + L≥7, (8.1)

where χ is the WIMP Majorana fermion field with mχ being its mass, and LSM

is the SM Lagrangian. Interactions between the WIMP and the SM particles
are described by higher dimensional operators in L5, L6 and L≥7, which involve
operators of dimension five, six, and seven or higher, respectively, which are
suppressed by Λ [65], where Λ represents a typical mass scale of the mediator.

As we are considering the singlet Majorana WIMP that interacts with the
Z boson, its interaction originates in the dimension-six operator in LEFT:

OH ≡ (χ̄γµγ5χ)(H
†iDµH)/2 + h.c., (8.2)

where H is the SM Higgs doublet field and Dµ is the covariant derivative acting
on the Higgs field [13]. By taking the unitary gauge H = (0, v + h)T/

√
2 with

v ≃ 246GeV being the vacuum expectation value of H and h being the physical
Higgs particle after the EW symmetry breaking, this operator is expanded as

L6 ⊃
gD
Λ2
OH =

gD
4Λ2

(χ̄γµγ5χ)
(
gZv

2Zµ + 2gZvhZ
µ + gZh

2Zµ
)
, (8.3)

where Z is the Z boson field, gD is a dimensionless coupling, and gZ ≡ g/ cos θW
with g and θW being the SU(2)L gauge coupling constant and the weak mixing
angle, respectively. The last three interactions on the right-hand side play neg-
ligible roles compared to the first one in the Z-funnel region, namely the region
mχ ∼ mZ/2 with mZ being the Z boson mass. Hence, we adopt the following
simple Z-portal model to discuss the Z-funnel WIMP DM quantitatively:

L = LSM +
1

2
χ̄(i/∂ −mχ)χ+

gχχZ
2

χ̄ /Zγ5χ. (8.4)

The dimensionless coupling constant gχχZ is given by gχχZ = gDgZv
2/(2Λ2), so

that its range is expected to be gχχZ ≲ 0.02 (1TeV/Λ)2. Here, we assume that
the underlying model behind the interaction in eq. (8.3) is weak-interacting,
gD ≲ 1. It is also worth pointing out here that the above simplified model
involves two new physics parameters mχ and gχχZ , so that all the results of our
discussion can be cast onto the plane spanned by the two parameters.

A concrete example of the UV theory behind the Z-portal DM is the neu-
tralino DM in the so-called “blind spot” region [66]. With an appropriate choice
of neutralino mixing parameters as well as sfermion masses, dimension-five and
dimension-six four-Fermi operators can be suppressed except the one in eq. (8.3).
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Figure 8.1: Dominant process contributing to the Z-funnel WIMP annihilation.

8.2 Present status of the Z-funnel WIMP

We discuss various constraints on the Z-funnel WIMP obtained by experiments
and observations performed so far, and figure out which parameter region of the
WIMP is still uncharted in the plane spanned by the parameters mχ and gχχZ .

8.2.1 Relic abundance condition

The annihilation of the Z-funnel WIMP is dominated by the process in Fig. 8.1,
namely χχ → Z → f̄f with f being a SM fermion. Since the WIMP is
non-relativistic at the freeze-out temperature and mχ ≃ mZ/2, this process is
enhanced by the Z boson pole. The annihilation cross section is given by [63],

σ =
nf
c

24π cos 2θW

g2χχZg
2s

(s−m2
Z)

2 +mZΓ2
Z

√
1− 4µ2

f√
1− 4µ2

χ

{
|Vf |2β2(1 + 2µ2

f )

+ |Af |2
[
β2 + 28µ2

fµ
2
χ + 12µ2

fµ
2
χ

s2

m2
Z

− 4µ2
f

(
1 + 6µ2

χ

s

mZ

)]}
, (8.5)

where we suppose the interaction between the Z boson and the fermion f as

Lint =
g

4 cos θW
f̄γµ(Vf − Afγ

5)fZµ , (8.6)

and nf
c is the color degree of freedom of the fermion f , θW is the Weinberg angle,

s is the square of center of mass energy, µf,χ = mf,χ/
√
s and β =

√
1− 4µ2

χ.

We have numerically solved the Boltzmann equation by implementing the
interaction of the Z-portal DM, adopting the result in Ref. [67] for the mass-
less degrees of freedom in the early universe (see Fig. 8.2), and using the Mi-
crOMEGAs code [68, 69]. The result of the calculation is shown in Fig. 8.3,
where three contours correspond to the cases that the Z-funnel WIMP con-
tributes to 1% (blue), 10% (purple), and 100% (red) of the dark matter abun-
dance observed today, Ωobsh

2 = 0.12 [4]. The region where the Z-funnel WIMP
abundance is more than the observed one is shaded by red, and it is thus not
favored.
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8.2.2 Constraint from the direct DM detection

The direct detection of the scattering between the DM and a nucleon mediated
by the Z boson at underground experiments gives the most promising signature
of the Z-funnel WIMP. Since the Majorana fermionic DM does not have a vector
but an axial-vector interaction with a nucleon, the scattering takes place in a
spin-dependent way, and the corresponding cross section is severely constrained
by the null results of the underground experiments. The spin-dependent scat-
tering cross section between the DM and a proton (neutron) is given by

σp (n) =
12

π
µ2
χp (n) a

2
p (n), (8.7)

where µχp (n) is the reduced mass of the DM and a proton (neutron), while ap (n)
is the scattering amplitude. A concrete expression of the amplitude is [6]

ap (n) =
gχχZ g

8m2
Z cos θW

(
∆p (n)

u −∆
p (n)
d −∆p (n)

s

)
. (8.8)

Here, ∆
p (n)
q is so-called the spin nucleon parameter, and we take the default

values, namely ∆p
u = ∆n

d = 0.842, ∆p
d = ∆n

u = −0.427, ∆p
s = ∆n

s = −0.085,
adopted in the MicrOMEGAs code [68, 69]. When the DM becomes much heav-
ier than the nucleon, the above cross section is approximately estimated to be

σp (n) ≃ g2χχZ
[
3.0 (2.3)× 10−37

]
cm2. (8.9)

At present, XENON1T [32] experiment observing the scattering with a neu-
tron gives the strongest constraint on the Z-funnel WIMP. When the Z-funnel
WIMP occupies 100 % of the observed DM density, the constraint on the scat-
tering cross section is given by σn < 1.0 × 10−41 cm2. On the other hand,
the constraint depends on the fraction of total DM density when the DM does
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5

10
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s

Figure 8.2: Massless d.o.f. in the early universe as a function of the temperature.
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Figure 8.3: The contribution of the Z-funnel WIMP in the DM density observed
today. Blue, purple and red lines correspond to 1%, 10% and 100%, respectively.
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Figure 8.4: Constraint from the direct detection. Green shaded region is not favored
by the XENON1T experiment. The red shaded region is the same as that in Fig. 8.3.

not occupy 100 % of the observed DM density, and the constraint will only be
applied to the scaled scattering cross section between the DM and a nucleon as

σeff
p (n) ≡

Ωth h
2

Ωobs h2
σp (n) , (8.10)

where Ωth is the thermal relic abundance of the Z-funnel WIMP at givenmχ and
gχχZ . The constraint from the XENON1T experiment on the (mχ, gχχZ)-plane
is shown in Fig. 8.4, which is obtained by considering σeff

n ≤ 1.0× 10−41 cm2.

Here, it is important to note that the thermal contribution Ωth h
2 is inversely

proportional to the annihilation cross section to a good approximation and hence
Ωth h

2 ∝ 1/g2χχZ , while the un-scaled scattering cross section is proportional to
the coupling constant squared as σp (n) ∝ g2χχZ , the scaled scattering cross section
σeff
p (n) is weakly dependent of the coupling gχχZ . Such an interesting behavior of
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the scaled scattering cross section originates in the fact that the relic abundance
and the un-scaled scattering cross section are governed by a single interaction.

8.2.3 Constraint from the indirect DM detection

Let us briefly discuss the indirect detection signature from the DM annihila-
tion at present universe. It is to be noted that being a Majorana fermion, the
DM candidate in our Z-portal model has a significantly suppressed annihila-
tion rate in the present universe. The DM annihilation will take place through
s-wave and/or p-wave modes. Between these two possibilities, the s-wave an-
nihilation rate of the DM is suppressed by factors of mf/mχ, while the p-wave
annihilation rate is suppressed by the relative velocity of the DM, v2rel. In the
s-wave case, the Breit-Wigner enhancement of the DM annihilation will not
work. Consequently, unlike the p-wave annihilation case, the velocity averaged
DM annihilation rate becomes negligibly small. Quantitatively, the velocity
averaged DM annihilation rate is around (10−27 cm3/s) at least below one or-
der of magnitude compared to the annihilation cross section limit put by the
Fermi-LAT dwarf spheroidal galaxy searches [70]1. In passing, we would like to
mention that the small propagator width effect may play a role in the Z-funnel
mass region and the p-wave annihilation becomes dominant. However, due to
the low relative DM velocity of O(10−3c) in the present galactic objects, the
p-wave annihilation is also strongly suppressed and confirmed to be even lower
than the s-wave contribution even for the DM mass of mχ ∼ MZ/2. Hence,
there is no significant constraint on the Z-funnel WIMP from the indirect dark
matter detection experiment.

8.2.4 Constraint from the LHC experiment

At the LHC experiment, the WIMP search has been performed through pro-
cesses where WIMPs are pair produced in association with the SM particles,
like photons (γ), gluons (g), W±, Z, h and quarks. These processes lead to large
missing transverse energy in association with mono-photon, jet(s), charged lep-
tons signal at the detector. The theoretical formulation of the DM interaction
with the SM sector is often based on the assumptions of the effective field the-
ory (EFT) with the cut-off scale Λ, where Λ is the relevant scale of the process
obtained after integrating out the heavy mediator particle, as we mentioned at
Sec. 8.1. On the other hand, in an alternative approach, the so-called simplified
scenario is assumed where the mass of the mediator particle is well within the
kinematic reach of the LHC experiment and the WIMP interaction with the
ordinary matter is determined by the WIMP mass, mediator mass along with
the couplings of the mediator with the WIMP (gχ) and the SM particles (gq).

At the LHC, while looking for the signature of the WIMPs, it is generally
assumed that the WIMP mass is relatively small compared to the the mass
of the mediator. The exclusion limit from null observation is usually given in

1This limit should further be relaxed by an order due to the uncertainty in the J-factor.
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terms of the mediator mass and the WIMP mass assuming particular values of
gχ and gq in a simplified model. This exclusion limit can be easily translated
in the EFT analysis in terms of the WIMP mass and the cut-off scale. Latest
constraints from the Run-II LHC experiment at 13TeV are given by the ATLAS
collaboration from mono-photon search [71] and mono-jet searches [72].

The LHC constraint on the Z-funnel WIMP is obtained by applying the
constraints mentioned above. It has been, however, shown that the new physics
coupling, gχχZ , greater than O(1) is excluded at 95% C.L. for the Z-funnel
WIMPmass region [73]. Since this limit is less stringent than the LEP constraint
that will be discussed next, and shall not be further discussed in our analysis.

8.2.5 Constraints from the LEP experiment

Since the signature of the Z-funnel WIMP is one of the main topics of this
thesis, we describe it in some details. There are two important search channels:
one is the mono-photon and the other is the invisible Z decay width searches.

8.2.5.1 Mono-photon search

Since DM cannot be directly captured by collider detectors, we search for it
indirectly through, for instance, the observation of a recoiled SM particle against
the DM pair production. Among various channels to search for the DM, the
mono-photon process (e−e+ → χχγ) is known to be one of the most efficient
channels at the lepton colliders. The mono-photon signal in the framework
of the Z-funnel WIMP in eq. (8.4) is from Feynman diagrams shown in Fig. 8.5
(the top-left diagram), where the photon line which is not directly touched onto
other lines means that it can be from either initial electron or positron line.

On the other hand, there are several SM processes contributing to the mono-
photon channel as backgrounds against the signal. One of such backgrounds
is an irreducible one from the neutrino pair production associated with a photon
(e−e+ → ν ν̄ γ), whose diagrams are also shown in Fig. 8.5. The Bhabha scatter-
ing process with a photon emission (e−e+ → e−e+γ) can also be a background if
both electron and positron at the final state go to the beam pipe direction. This
background is, fortunately, reduced efficiently by considering only events with a
large photon transverse momentum in the analysis. Other possible backgrounds
come from the neutrino pair production associated with more than a photon
(e−e+ → ν ν̄ γs). These contributions is taken into account as the initial state
radiation effect, as will be discussed below. Finally, multi photon productions
from the e−e+ annihilation (e−e+ → γs) can be backgrounds if some photons
are failed to detect, though these are not significant compared to the irreducible
background under an appropriate event selection [74]. We therefore only con-
sider the irreducible background as the one against the mono-photon signal.

As mentioned above, we take the Initial state radiation (ISR) effect
into account to evaluate the signal and the background. This is the effect that
the incident electron and positron emit soft photons just before the collision so

53



e−

e+

χ

χ

γ

Z Z

γ

νe,µ,τ

νe,µ,τ

e−

e+

γ

e−

e+

νe

νe

e−

e+

γ
W±

W±

νe

νe

Figure 8.5: Feynman diagrams for the signal process (top-left) and irreducible back-
ground processes (others) of the mono-photon search at lepton collider experiments.
Here, the photon line which is not directly touched onto other lines indicate that the
photon can be from either electron or positron line at the initial state.

that the beam energy (thus, the collision energy) effectively diminishes. Among
various methods to evaluate the effect, we adopt the one that was used for the
mono-photon search at the LEP experiment [75]. Here, the ISR effect is involved
through the function F (x) with x being x = Eout/Ein, and the function F (x)
gives the energy (Eout) distribution of the electron or positron (that originally
has the energy of Ein) after it experienced the ISR. Its explicit form is

F (x) = eβ(3/4−γE)β(1− x)β−14(1 + x2)− β [(1 + 3x2) ln x+ 2(1− x)2]
8Γ(1 + β)

, (8.11)

where γE ≃ 0.577 is the Euler constant and β = α [2 log(Ein/me) − 1]/π. The
ISR effect described by the function F (x) is convoluted with the cross sections
of the signal and the background processes that are discussed above.

We also take the detector effect into account to evaluate the signal and the
background. A produced energetic photon is detected at the electromagnetic
calorimeter, in which the photon causes an electromagnetic shower, creating a
cascade of electron-positron pairs and bremsstrahlung photons. The electrons
and positrons lose energy through ionization and are eventually stopped. The
calorimeter measures this energy loss, which enables us to measure the energy
of the original photon. Since the measurement owes to the stochastic process,
it associates with an uncertainty caused by the number fluctuation in the de-
velopment of cascade showers. This effect emerges as the stochastic term in
the resolution of the calorimeter, and it is proportional to the square root of
the photon energy due to the property of the fluctuation. In addition, there
is another term in the resolution called the constant term, which is from the
calibration. The resolution of the electromagnetic calorimeter is therefore given
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by

σ(Eγ)

Eγ

=
a√
Eγ

+ b, (8.12)

where Eγ is the photon energy coming into the calorimeter and σ(Eγ) is the
resolution which depends on Eγ. The values of a and b are shown in Table 8.1.

On the experimental data, in order to put a constraint on the Z-funnel
WIMP, we consider the result of the Delphi collaboration based on the 650 pb−1

integrated luminosity data corrected during the running of 180–209GeV, which
is shown in Fig. 8.6 as black points [76]. On the other hand, on the theoretical
prediction, we have analytically calculated the differential cross sections of the
processes in Fig. 8.5, numerically integrated the cross sections with convoluting
the ISR effect in eq. (8.11), and taking the detector effect summarized in Ta-
ble 8.1 into account in order to evaluate the number of the signal and background
events and compare them to the above experimental data. Here, we have used
the observed total decay width of the Z boson (ΓZ = 2.4952± 0.0023GeV [43])
in the Z-boson propagator to calculate the cross sections and neglected the con-
tribution to the width from the new physics process Z → χχ. This is because
the new physics contribution is negligibly smaller than other SM contributions
when the coupling is gχχZ ≤ O(1) due to the threshold suppression,mZ ≃ 2mχ.

2

We have confirmed that the number of the background event obtained in the
above method is well consistent with the one in Ref. [77] (blue histograms in
Fig. 8.6), verifying our analysis method to put the constraint on the Z-funnel
WIMP.

We have compared the theoretical prediction with the observed data of the
single photon energy distribution, and set the upper limit on the Z-funnel

Polar angle Energy threshold Efficiency Resolution

45◦ < θ < 135◦ xγ > 0.06 (1) 0.043⊕ 0.32/
√
Eγ

12◦ < θ < 32◦ xγ > 0.1 (2) 0.03⊕ 0.12/
√
Eγ ⊕ 0.11/Eγ

3.8◦ < θ < 8◦ xγ > 0.3 (3) 0.0152⊕ 0.135/
√
Eγ

Table 8.1: The simplified detector modeling. Here xγ ≡ Eγ/Ebeam with Eγ and
Ebeam being the photon and beam energies. For the resolution of detector Eγ is
written in GeV unit. The efficiencies denoted by (1) to (3) are as follows: First,
(1) Increasing linearly from 52 % at Eγ = 6GeV to 77 % at 30GeV and then to
84 % at 100GeV, and then multiplied by the efficiency of the subsequent analysis
which is increasing linearly from 41 % at 6GeV to 78 % at 80GeV and above. Next,
(2) Increasing linearly from 93 % at 10GeV to 100 % at 15GeV and above, and the
analysis efficiency is the product of a linear function , increasing from 57 % at 10GeV
to 75% at 100GeV, and a constant 89%. In addition, imposing an energy dependent
angular cut θ > (28− 80xγ). Last, (3) 48 % and imposing energy dependent angular
cut θ > (9.2− 9xγ).

2In fact, the new physics contribution to the total Z boson decay width is comparable to
or even smaller than the experimental uncertainty of the total decay width when gχχZ ≤ 1.
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Figure 8.6: The number of the mono-photon event at the LEP experiment. Black
points are observed data, while blue histograms are simulated data shown in Ref. [77].

WIMP signal at 90% confidence level. We have included only the statistical
uncertainty and neglected the systematic uncertainty, and thus the ∆χ2 was
defined as

∆χ2 ≡
∑ (Ni −NObs

i )2

NObs
i

, (8.13)

where i is the index of the energy bin, while Ni is the number of signal plus
background events in the i-th energy bin, andNBG

i is the number of the observed
event in the same energy bin. Our analysis is performed assuming that this χ2

follows the χ2 distribution of one degree of freedom. The result of the analysis,
namely the parameter space that is not favored by the mono-photon search at
the LEP experiment, is shown in Fig. 8.6 as a blue shaded region.

8.2.5.2 Invisible Z decay

When the DM mass mχ is less than half of the Z boson mass mZ/2, the Z
boson can decay into a pair of DMs in addition to ordinary decay channels
into SM particles. Hence, it is possible to search for the DM by observing the
invisible decay width of the Z boson. In the framework of the Z-funnel WIMP
in eq. (8.4), this new physics contribution to the width is predicted as follows:

Γ(Z → χχ) =
g2χχZmZ

24π

(
1−

4m2
χ

m2
Z

)3/2

. (8.14)

The SM process decaying into a neutrino pair also contributes to the invisible
decay width, and it is proportional to the number of the neutrino flavors Nν .
The invisible decay width of the Z boson is experimentally determined using
lepton collider experiments by comparing the total decay width and observable
partial decay widths of the Z boson. At present, the invisible decay width is
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Figure 8.7: The constraint from the LEP experiment. The blue shaded region is not
favored by the mono-photon search at the experiment, while the purple one is not
favored by the Z boson invisible width search. Other constraints from the DM relic
abundance and direct DM detection are also shown as red and green shaded regions.

observed to be Γ
(Z)
inv = 499.0± 1.5MeV at the LEP experiment [78], and this is

equivalent to Nν = 2.9840± 0.0082 [42]. Though this does not allow DM with
mχ ≤ mZ/2, in order to get conservative limit on mχ, we assume that the new
physics contribution to the invisible decay width as Γ(Z → χχ) ≤ 1.5MeV, or
in other words, ∆Nν ≤ 8× 10−3 with ∆Nν being the new physics contribution
to the number of the neutrino flavors [79]. The constraint from the invisible
Z decay width search at the LEP experiment is shown in Fig. 8.7 as a purple
shaded region, where it is obtained by requiring the constraint Γ(Z → χχ) ≤
1.5MeV.

8.2.6 Present status of the Z-funnel WIMP

Present status of the Z-funnel WIMP is summarized in Fig. 8.7, where all im-
portant constraints from the DM relic abundance, direct DM detection, and
collider experiment are shown as various shaded regions. It is seen from the
figure that the uncharted parameter space indeed exists at the Z-funnel WIMP
region. We will quantitatively discuss in the next section that what kind of
role the future lepton collider (ILC) experiment play to prove this uncharted
parameter space.

8.3 Future prospect of the Z-funnel WIMP

We discuss how the future lepton collider (ILC) as well as direct dark matter
detection (XENONnT, LZ, etc.) experiments play important roles to search
for the Z-funnel WIMP by quantitatively figuring out the sensitivity of these
experiments on the uncharted model parameter space spanned by mχ and gχχZ .
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8.3.1 Search at the ILC experiment

At the ILC experiment, important research channels are again the mono-photon
and the invisible Z decay width searches. Since the analysis at the ILC exper-
iment has many overlaps with that of the LEP experiment in Sec. 8.2.5, we
mainly discuss the difference between these two experiments in some details.

8.3.1.1 Mono-photon search

As the ILC is a high-luminosity linear lepton collider, the Beamsstrahlung
effect becomes important in addition to the ISR one. This effect is explained as
follows. When the electron and positron beams collide with each other, the en-
ergy distribution of each beam bunch is not monochromatic at the initial beam
energy but described by the function having a long tail at the low energy region.
This is because, when the electron and positron beams are closer, the beams
come under the influence of the electromagnetic fields of each other and lose
their energies through the bremsstrahlung process. We involve this effect using
the formula developed in Refs. [80–82]. With x ≡ E/Ein, where Ein is original
beam energy and E is the energy of each particle after Beamsstrahlung, the the
energy distribution function of the electrons and positrons can be written [82]

ψe(x) = e−Nγ

[
δ(x− 1) +

e−ηx

x(1− x)
h(Nγη

1/3
x )

]
, (8.15)

where the distribution function is normalized to be
∫ 1

0
dxψe(x) = 1, and Nγ =√

3σzνcl(1 + Υ2/3), ηx = (1/x − 1)κ, h(u) =
∑∞

n=1 u
n/[n!Γ(n/3)], respectively.

Γ(x) is the gamma function, νcl = 5α2Υ/(2
√
3 reγ0), Υ = 5reγ0N/{6ασz(σx +

σy)}, and κ = 2/(3Υ). Here, α is the fine structure constant, re ≃ 2.82×10−15m
is the classical electron radius, γ0 = Ein/(mec

2) withme being the electron mass
and N is the total number of electrons/positrons in a bunch, and σx,y,z are the
beam size. For the case of ILC, N ≃ 2 × 1010, σx = 729 nm, σy = 7.7 nm
and σz = 0.3mm, respectively, referring to the values in the technical design
report of the ILC experiment [8]. For the case of the circular collider experiment
(LEP), we can ignore this effect, because the shape of the beam is broad enough.

The ILC experiment has the option to control the Polarization of electron
and positron beams. The size of the beam polarization is defined as

Pi ≡
N i

R −N i
L

N i
R +N i

L

, (8.16)

where the subscript i denotes the species of the particle (electron or positron),
and N i

R/L is the number of the right/left-handed particle. At the ILC ex-

periment, the polarization can be as large as Pe− = ±0.8, Pe+ = ±0.3 [8] at
maximum.

The method to take theDetector effect into account at the ILC experiment
is essentially the same as that adopted for the LEP experiment. At the ILC
experiment, the parameters for the detector effect is summarized in Table 8.2.
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Polar angle Energy threshold Efficiency Resolution

| cos θ| < 0.98 10GeV 100% 0.011⊕ 0.166/
√
Eγ

Table 8.2: Parameters for the detector effect. Eγ is the photon energy in GeV unit.

In order to estimate the capability (expected sensitivity) of the ILC experi-
ment to explore the Z-funnel WIMP, we assume that the experiment accumu-
lates 1 ab−1 data with the polarization of (Pe− , Pe+) = (0.8,−0.3) and another
1 ab−1 data with (Pe− , Pe+) = (−0.8, 0.3), thus 2 ab−1 in total, during the run-
ning of the 250GeV center of mass energy. On the other hand, on the theoretical
prediction, we take the same procedure as the one adopted in Sec. 8.2.5.1. Only
the difference between the two procedures is that the Beamsstrahlung effect in
addition to the ISR effect is also convoluted with the signal and background
cross sections, and the detector effect is taken into account with the parameters
shown in Table 8.2, to evaluate the number of the signal and background events
and compare them to the experimental data. Resultant cross sections including
all the ISR, Beamsstrahlung, detector effects are shown in Fig. 8.8, where both
the signal (mχ = 40GeV & mχ = 50GeV with gχχZ = 1) and the background
cross sections are depicted with several choices of the beam polarization.

We have compared the theoretical prediction with the expected ILC data by
the method different from the one adopted in Sec. 8.2.5.1 (LEP analysis). This
is because the so-called systematic uncertainty (denoted by δ in this thesis)
is expected to be important to evaluate the capability of the ILC experiment
properly to explore the Z-funnel WIMP. Since it is difficult to evaluate the sys-
tematic uncertainty rigorously before the experiment start and the uncertainty
may have a correlation among the bins, we use an appropriate single energy bin
for the likelihood analysis with the systematic uncertainty being δ =0.1% and
1%. The target energy bin is selected so that the photon energy is in between
10GeV to X GeV with X being determined to maximize the significance at
each DM mass. Then, the likelihood is defined by the following equation:

∆χ2 = Max

(
{N(X)−NBG(X)}2

δNBG(X)2 +NBG(X)

∣∣∣∣ 10GeV ≤ Eγ ≤ X GeV

)∣∣∣∣
Right

+Max

(
{N(X)−NBG(X)}2

δNBG(X)2 +NBG(X)

∣∣∣∣ 10GeV ≤ Eγ ≤ X GeV

)∣∣∣∣
Left

, (8.17)

whereN(X) is the expected number of signal plus background events in between
10GeV to X GeV, while NBG(X) is the expected number of the background
event in the same energy range. δNBG(X) concerns the systematic uncertainty,
which will be estimated as a product of a given uncertainty (δ = 0.1% or
1%) and the number of background event (NBG(X)). The subscripts ”Right”
and ”Left” denote the polarizations (Pe− , Pe+) = (0.8,−0.3) and (Pe− , Pe+) =
(−0.8, 0.3), respectively. For reference, the value of X making ∆χ2 maximum
is shown in Fig. 8.9 as a function of the DM mass for the beam polarization
(Pe− , Pe+) = (−0.8, 0.3) and (0.8,−0.3). The result of the analysis, namely the
expected sensitivity of the ILC experiment to prove the uncharted Z-funnel
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Figure 8.8: Signal (mχ = 40GeV & mχ = 50GeV with gχχZ = 1) and the back-
ground cross sections including all the ISR, Beamsstrahlung, detector effects with sev-
eral choices of the beam polarization, (Pe− , Pe+) = (0, 0), (0.8,−0.3), and (−0.8, 0.3).
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Figure 8.9: The value of X making ∆χ2 in eq. (8.17) maximum as a function of the
DM mass mχ for the beam polarization (Pe− , Pe+) = (−0.8, 0.3) and (0.8,−0.3).

WIMP region by the mono-photon search is shown in Fig. 8.10 as orange dotted
lines.

8.3.1.2 Invisible Z decay

At the ILC experiment, the precision of the Z boson width measurement could
be improved if the so-called Giga-Z option is available. The expected sensitively
of the measurement for the total Z boson decay width has been estimated
to be δΓZ = ±1MeV [83]. For reference, we also show the sensitivity of the
measurement to search for the Z-funnel WIMP in Fig. 8.10 as a purple dotted
line, which is obtained by requiring Γ(Z → χχ) ≤ 1MeV. It is seen from
the figure that the invisible Z boson width measurement covers the uncharted
parameter region of the Z-funnel WIMP with the same magnitude as those of
the above mono-photon search as long as the DM mass is less than half of the
Z boson.

8.3.2 Search at future direct DM detection

The sensitivity of the direct DM detection to search for the Z-funnel WIMP is
also improved in the near future. The LUX-ZEPLIN (LZ) experiment is one of
such next-generation direct DM detection experiments, and it is possible to test
the spin-dependent scattering cross section between the WIMP and a neutron
down to 2.7 × 10−43 cm2 when mχ ≃ 45GeV [84]. The other next-generation
experiment, the XENONnT experiment, has also very good sensitivity; the
scattering cross section down to 2.2 × 10−43 cm2 can be probed when mχ =
50GeV [85]. Importantly, these experiments can cover the entire uncharted
region of the Z-funnel WIMP shown in Fig. 8.7, as seen in Fig. 8.10 as dotted
black lines.
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Figure 8.10: The expected sensitivity of the ILC experiment through the mono-
photon search (orange dotted lines) and the invisible decay width searches (pur-
ple dotted line). The expected sensitives of the direct DM detection experiments,
XENONnT and LZ experiments, are also shown as black dotted lines. We concerned
90% C.L here.

8.3.3 Future prospects of the Z-funnel WIMP

Future prospects of the Z-funnel WIMP is summarized in Fig. 8.10, where ex-
pected sensitivities of future experiments to explore the WIMP, namely those
by the mono-photon search and the invisible Z decay width search at the ILC
experiment as well as the future direct DM detection experiments (XENONnT
and LZ), are shown by various dotted lines. It is seen from the figure that all
the future experiments are more or less probe the uncharted parameter region
of the Z-funnel WIMP. We will discuss it in more details in the next section.

8.4 Summary of the Z-funnel WIMP

We have presented the expected sensitivity to search for the Z-funnel WIMP at
the future lepton collider (ILC) experiment. We have adopted the effective oper-
ator method where the interaction between the singlet Majorana WIMP (χ) and
the Z boson is interacted via the dimension-six operator (χ̄γµγ5χ)(H

†iDµH)/2+
h.c. The final result of our analysis thus is parametrized by only two new physics
parameters; WIMP mass (mχ) and effective WIMP-Z coupling (gχχZ).

Through this study, we discussed the possibility of probing the Z-funnel
WIMP with its mass region of 35−55GeV using the mono-photon plus missing
energy signal at the future lepton collider (ILC) experiment. We have done a
comprehensive signal-background analysis of the searches considering various
collider features, such as the beam polarization, beamsstrahlung, initial-state-
radiation and detector effects. While doing this analysis we have taken into
account other important constraints on the parameters of this scenario coming
from the mono-photon and Z-invisible width searches at the LEP experiment.
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The 90% C.L. expected limit is shown on the (mχ, gχχZ)-plane for the ILC
experiment at the 250GeV running with 2 ab−1 integrated luminosity. We have
performed an analysis including the systematic uncertainty of the experiment by
estimating ∆χ2 with the 0.1% and 1% uncertainties, and presented the result
on the plane. This limit is compared with those obtained by the Z invisible
width measurement, direct DM detection and relic abundance of the WIMP.

It is important to mention that the direct DM detection experiments such as
XENON1T have put a severe constraint on the Z-portal WIMP. In fact, if the
WIMP is a dominant component of the DM in the present universe and thus we
adopt the assumption of the standard local DM density ρDM = 0.3GeV/cm3 for
the WIMP, the current constraint from the XENON1T experiment has already
excluded the reach of the future lepton collider. As discussed in Sec. 8.2.2, how-
ever, the direct DM search constraint critically depends on assumption. For
instance, if the coupling gχχZ is larger and the WIMP is only a subdominant
component of the DM in the present universe, the present direct DM detection
cannot cover the mass range mχ ∈ [42, 46]GeV. In addition, there is potentially
a large astrophysical uncertainty in the local DM density, which also signifi-
cantly affects the reach of the direct DM detection experiments. The future
lepton colliders such as ILC can probe the WIMP DM without such uncertain-
ties.

We have also studied the future prospect to search for the Z-funnel WIMP at
the direct DM detection, and found that it is possible to discover the WIMP even
if we assume conservative cosmological setup, namely the WIMP contributes to
the DM density of the present universe in part according to its thermal relic
abundance. If the future direct detection experiment discovers the WIMP, the
role of the future lepton collider becomes particularly important, as it provides
unique opportunity to identify the character of the WIMP. In conclusion, this
study reveals the prospect of the Z-funnel WIMP detection in the future lepton
collider, which is the most conservative test and confirmation of the WIMP.
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Chapter 9

Leptophilic WIMP

In this chapter, we consider the SM gauge singlet Majorana fermion DM (χ) in
Leptophilic models, where the DM couples only to the SM leptons. In the EFT
framework, relevant operators for the Leptophilic WIMP are written as

OL = (χ̄γµγ5χ)(L̄iγµLj) (9.1)

OE = (χ̄γµγ5χ)(ĒiγµEj). (9.2)

Since DM and the SM leptons are fermionic, mediator particles that give the
above interactions from renormalizable theory must be scalar or vector. In or-
der to make vector mediators massive, we need another scalar field, and so we
concentrate on the scalar mediator case from the viewpoint of minimality. The
scalar mediator particle must be odd under the new Z2 symmetry and must
carry the exact quantum numbers of the SM leptons, as we will discuss later
in more details. In the minimal renormalizable extension of the SM, one can
either have three generations of the SU(2)L doublet scalar mediator correspond-
ing to the left-handed leptons or three generations of the SU(2)L singlet ones
corresponding to the right-handed SM leptons. It is to be mentioned that we
will only consider lepton flavor blind interactions of the DM particle for sake
of simplicity. The comprehensive analysis of such Leptophilic WIMP models
including the future lepton collider analysis has not been done in any previous
studies.

This chapter is organized as follows. In section 9.1, we describe the La-
grangian for the SM gauge singlet Majorana fermionic WIMP and its Lep-
tophilic interaction via the scalar mediators by explaining all the relevant pa-
rameters of the potential. Next, in section 9.2, we discuss all the relevant con-
straints at present including the vacuum stability condition, the relic abundance
condition and constraints from the LEP and LHC experiments. We show the
allowed parameter space for each model that satisfy all the present constraints.
In section 9.3, we show the sensitivity of future colliders to explore the presently
surviving parameter space in each model with an emphasis on the mono-photon
search at the ILC 250GeV experiment. Finally, in section 9.4, we briefly discuss
the combined model scenario consisting both the doublet and singlet mediators.
Here, we present the calculation for anomalous muon magnetic moment and
show the the allowed model parameter region that is capable of explaining the
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Mediator Type Spin SU(3)C SU(2)L U(1)Y Z2

Scalar 0 1 1 −1 −1
Scalar 0 1 2 −1/2 −1
Vector 1 1 1 −1 −1
Vector 1 1 2 −1/2 −1
Vector 1 1 1 0 +1

Table 9.1: Possible quantum numbers of the mediator for the Leptophilic WIMP

experimental anomaly, and discuss the role of the future lepton collider to test
the region. Lastly, in section 9.5 we summarize our findings and conclude.

9.1 Minimal models of the Leptophilic WIMP

We consider minimal and renormalizable models to explore the interaction of
a singlet Majorana fermion WIMP that only talks to the SM leptons. In the
simplest system composed of the WIMP and the SM particles, no renormalizable
interaction exists due to the presence of the SM gauge symmetry and the newly
imposed Z2 symmetry making the WIMP stable. The WIMP (SM particles) is
charged odd (even) under the Z2. Hence, an additional new particle (mediator)
is introduced. Possible quantum numbers of the mediator for a renormalizable
interaction between the WIMP and the SM leptons are shown in Fig.9.1.

Renormalizable models including a vector mediator are, however, compli-
cated in general, for it should contain the “Higgs mechanism” to make the
mediator massive and not a few new (chiral) fermions must be introduced to
make the models anomaly free. We therefore focus on the models including a
scalar mediator; the mediator particle is either a SU(2) scalar doublet with U(1)
hypercharge −1/2 (Q = T3 + Y ) which we named left-(handed) mediator, or a
SU(2) scalar singlet with U(1) hypercharge −1, namely right-mediator. Anal-
ogous to the three generation of the SM leptons, for each case, there are three
scalar mediators corresponding to each lepton flavor. For the sake of simplicity,
we consider a flavor-universal scenario and define the scalar masses by only one
degenerate mass parameter. We will explain it later in more details.

In the following sections, we will discuss phenomenology of individual model
perspective with left- or right-mediators. The effect of introducing both types
of the mediators is also discussed in Sec. 9.4 including its motivation.

9.1.1 Left-mediator model

Left-mediator is the SU(2) scalar doublet that has charged and neutral com-
ponents analogous to the left-handed charged-lepton and neutrino in the SM.
The complete Lagrangian for the left-mediator consists of two additional parts
besides the usual SM Lagrangian (LSM) and the kinetic terms of the WIMP
and the scalar mediator. These are respectively the interaction between the

65



WIMP and the mediator (LDML) and the scalar potential (VL) describing the
self-interaction of the new scalar doublet and its interaction with the Higgs
boson:

LL = LSM +
1

2
χ̄
(
i/∂ −mχ

)
χ+ (Dµ

LL̃i)
†(DLµL̃i) + LDML − VL(H, L̃i), (9.3)

LDML = −yLL̄iL̃iχ+ h.c,

VL = m2
L̃
|L̃i|2 +

λL
4
|L̃i|4 + λLH |L̃i|2|H|2

+ λ′LH (L̃†
iτ

aL̃i)(H
†τaH) + [

λ′′LH
4

(L̃†
iH

c)2 + h.c.].

where a summation over the repeated indices is implicitly assumed, and the
index i spans lepton flavors (e, µ, τ). Additionally, χ describes the Leptophilic
WIMP field, Li is the SM lepton doublet, H is the Higgs doublet (Hc ≡ iσ2H

∗),
L̃i is the scalar mediator doublet whose quantum numbers matches with Li, τ

a

is Pauli matrices and Dµ
L is the covariant derivative acting on the mediator L̃i.

Since we are assuming lepton flavor universality, the Lagrangian parameters
yL, mL̃, λL, λLH , λ

′
LH and λ′′LH are common in different flavors. To avoid sizable

contribution to tiny neutrino masses, we impose the lepton number symmetry.
This is equivalent to assign the lepton number to the mediator particle, and
the term proportional to λ′′LH is prohibited. After the electroweak symmetry
breaking with v ≃ 246GeV being the vacuum expectation value of the Higgs
field, the physical mass of the each component of the scalar mediator is

m2
ẽL

= (λLH + λ′LH)
v2

2
+m2

L̃
, (9.4)

m2
ν̃L

= (λLH − λ′LH)
v2

2
+m2

L̃
, (9.5)

with L̃i = (ν̃i, ẽL i)
T . The nomenclature of the physical masses are done in

analogy to the superpartners of the leptons in supersymmetric SMs (sleptons).

9.1.2 Right-mediator model

Akin to Left-mediator model, one can write down the full Lagrangian for the
right-mediator where instead of a doublet the mediator is a SU(2) singlet with
the same quantum number as the right-handed SM charged leptons:

LR = LSM +
1

2
χ̄
(
i/∂ −mχ

)
χ+ (Dµ

RR̃i)
†(DRµR̃i) + LDMR − VL(H, R̃i), (9.6)

LDMR = −yRĒiR̃iχ+ h.c,

VR = m2
R̃
|R̃i|2 +

λR
4
|R̃i|4 + λRH |R̃i|2|H|2,

where Ei describes the SM charged lepton singlet, R̃i is the scalar mediator
singlet whose quantum numbers resembles Ei and D

µ
R is the covariant deriva-

tive acting on the mediator R̃i. Here also, we consider all the parameters yR,
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mR̃, λR and λRH to be the same for different lepton flavors. Taking the same
nomenclature as above, the physical mass for the right-mediator is given by

m2
ẽR

= λRH
v2

2
+m2

R̃
. (9.7)

9.2 Present status of the Leptophilic WIMP

In this section, we discuss all relevant theoretical and experimental constraints
imposed to the Leptophilic models defined in the previous section, and figure out
the present status of the Leptophilic WIMP by integrating all the constraints.

9.2.1 Theoretical constraint

Since we introduce new scalar fields (mediators) in the Leptophilic WIMP mod-
els, the stability of the scalar potential has to be ensured. The complete scalar
potential for the model includes the SM Higgs potential in addition to VL,

V Full
L (H, L̃) = µ2|H|2 + λ

4
|H|4 + VL(H, L̃), (9.8)

where the explicit form of VL is given in eq. (9.3). First, we obtain the following
constraints because of the request that the potential is bounded from below:

λ > 0, λL > 0,
√
λλL > 2 (|λ′LH | − λLH). (9.9)

Next, since the Z2 symmetry should not be broken after the electroweak symme-
try breaking to make the WIMP stable at present universe, the scalar mediator
should not develop any vacuum expectation value. Hence, we obtain the other
constraint from the request that the masses in eq. (9.5) must be positive:

−λm2
L̃
/(2µ2) > |λ′LH | − λLH . (9.10)

Here, v is replaced by v = (−4µ2/λ)1/2. It is then possible to prove that our
vacuum, namely the potential minimum with the vacuum expectation value of
H being ⟨H⟩ = (0, v/

√
2)T and that of the scalar mediator being ⟨L̃⟩ = 0,

becomes a global one if the constraints written in eq.(9.9) and eq.(9.10) are
satisfied.

Akin to the left-mediator model discussed above, the constraints making our
vacuum stable in the right-mediator model is summarized as follows:

λ > 0, λR > 0,
√
λλR > −λRH , −λm2

R̃
/(2µ2) > −λRH . (9.11)

It makes our vacuum being stable, namely the global minimum of the potential.

67



Figure 9.1: Some illustrative Feynman diagrams for self-annihilation and co-
annihilation processes to calculate the relic abundance of the WIMP in the
left-mediator model. Red colored vertices corresponds to Yukawa coupling yL,
while magenta vertices are proportional to the scalar coupling λLH . For the
right mediator model, ẽL is replaced by ẽR and there is no neutral partner.

9.2.2 Relic abundance

In the Leptophilic WIMP models, when the scalar mediator is much heavier
than the WIMP, the WIMP only annihilates into the SM leptons and con-
tributes to the relic abundance, as shown by the top-left diagram in Fig. 9.1
for the left-mediator model. In this limit, the WIMP annihilation cross sec-
tion only depends on the WIMP mass (mχ), the mediator mass (mẽL & mν̃L or
mẽR) and the Yukawa coupling (yL or yR) for the left- or right-mediator model,
respectively. On the other hand, when the mediator mass and the WIMP
mass are degenerate within 10%, the relic density is controlled by so-called
co-annihilation processes [86], which is summarized in Appendix. C in more de-
tails. The scalar quartic couplings between the mediator and the SM Higgs
also become important in this limit for the relic density calculation, as shown
by several diagrams in Fig. 9.1 for the left-mediator model. In our analysis,
we scanned over the model parameter space considering both the limits that
yield the correct relic abundance by the WIMP self-annihilation and the co-
annihilation processes. The relic density is calculated numerically using the
code micrOMEGAs-v5 [69].

Uncertainty at the relic density calculation due to the SM thermodynamics
has recently been estimated in refs. [67, 87], where it shows that the uncertainty
of the effective massless degrees of freedom can be as large as 10%, depending
on the temperature of the universe. This in turn induces O(5%) uncertainty
of the WIMP density during the freeze-out. We have thus incorporated this
uncertainty in the micrOMEGAs code using the data provided by ref. [87].
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9.2.3 Direct and Indirect detections

Direct DM detection is known to be very powerful to search for various WIMP
candidates. The detection, however, relies on the scattering between WIMP
and nucleus, so that it is not efficient for the Leptophilic WIMPs. One might
think that such a scattering emerges radiatively through one-loop diagrams
where the SM leptons are propagating in the loop, and it still might enable
us to search for the Leptophilic WIMP. The scattering cross section of such a
process, however, turns out to be too small to be detected at the present and
near future detectors when the Leptophilic WIMP is a Majorana fermion [88].
Hence, we do not include any constraints from the direct WIMP detection in
our analysis.

On the other hand, the WIMP annihilation cross section for a singlet Ma-
jorana WIMP is p-wave suppressed, namely the annihilation cross section is
suppressed by the incident WIMP. It is therefore insignificant at the present
universe, and the indirect detection constraint is also irrelevant in the models.

9.2.4 Mediator production at the LEP and LHC experiments

It is difficult to directly probe the Leptophilic WIMP at the current Large
Hadron Collider (LHC) since it only interacts with the SM lepton and it is a
gauge singlet. However, the mediator particle is a charged scalar and thus it
is accessible both at the lepton and hadron colliders. The LEP experiment [89]
has searched for supersymmetric charged sleptons which decays dominantly to
a SM lepton and a bino-like Lightest Supersymmetric (SUSY) Particle (LSP)
neutralino. For the right-handed smuon pair-production, the LEP experiment
excluded smuon masses below 94GeV [90] for a neutralino-smuon mass gap
above 10 GeV. This is a model-independent bound on leptonic charged scalars,
and thus we impose this constraint on the right-mediators and as a conservative
limit on the left-mediators. The excluded region is shown as the gray-shaded
area in Fig. 9.2.

The LHC experiment has also looked for such a simplified scenario where
charged sleptons with 100% branching ratio (BR) to its SM lepton partner and
bino-like LSP are produced. After the run 2 of the LHC at 13 TeV center of
mass energy, the ATLAS collaboration has reported the 95% exclusion limit on
the left and right-handed sleptons at 139 fb−1 luminosity [91] for the slepton-
neutralino mass difference more than 80 GeV. Dedicated search for compressed
spectra where the slepton-neutralino mass difference become as low as 550 MeV
for a slepton mass around 70 GeV has also been done [92] and the 95% C.L.
exclusion limit is presented. In Fig. 9.2, we show this excluded region for the
smuon pair production as yellow and green shaded region for the left and right-
handed smuons respectively. The earlier limit from the 8TeV run of the LHC
experiment has also been included in the contours. Here, we would like to
remind us that we only consider the degenerate, flavor universal case and there-
fore we use the most-sensitive smuon search limit on the models as the strongest
one.
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Figure 9.2: The 95% C.L. exclusion limit on the smuon-neutralino mass plane from
the smuon pair production at the LEP-II and LHC (8 and 13 TeV runs) experiments.

9.2.5 Higgs to Diphoton

With the accumulation of more data, the LHC Higgs data has been updated
with unprecedented accuracy and it shows an increasing affinity to the SM
value. In our model, the tree-level Higgs decay branching will exactly follow
the SM value. However, the left and right charged mediator can significantly
contribute to the loop induced Higgs to diphoton decay mode [93–95]. The
latest constraint on the Higgs to diphoton signal strength is given by the CMS
collaboration as µγγ = 1.18+0.17

−0.14 [96]. The signal strength is defined as the ratio
of the Higgs production cross-section times its BR to the gamma gamma mode
with the corresponding SM value. Since, the exotic charged mediator does not
contribute to the production channel and considering that the total decay width
only changes negligibly due to the diphoton mode, the signal strength in our
case can be approximated as the ratio between the partial decay width of the
Higgs to diphoton decay to its SM value. Now, the charged mediator coupling
to the SM Higgs is given by the scalar quartic couplings (λLH + λ′LH) for the
left-mediator and λRH for the right-mediator. In fact, the partial decay width
is be written as [97],

Γ(h→ γγ) =
GF α

2m3
h

128
√
2π3

∣∣∣∣∣∑
i

Ai(τi)

∣∣∣∣∣
2

, (9.12)

where GF is the Fermi constant, α is the fine structure constant, mh is the mass
of the Higgs boson, and τi is defined as τi = m2

h/(4m
2
i ) with mi being the mass

of a loop particle. The amplitude from various particles are given as follows:

AW = ghWWF1(τW ),

Af = NcQ
2
fghffF1/2(τf ),

AẽL = (λLH + λ′LH)(m
2
Z/mẽL)F0(τẽL),

AẽR = λRH(m
2
Z/mẽR)F0(τẽR), (9.13)
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Figure 9.3: The region region shaded by red color depicts the excluded parameter
space at 95% C.L. limit from the present Higgs to di-photon decay width measurement
(left) and the electroweak precision (oblique T-parameter) constraint (right).

where ghii denote the coupling between the particle i and the Higgs boson in the
SM and Nc is the color charge degree of freedom. Functions Fi(τ) are written

F1(τ) = [2τ 2 + 3τ + 3(2τ − 1)f(τ)]/τ 2,

F1/2(τ) = −2[τ + (τ − 1)f(τ)]/τ 2,

F0(τ) = [τ − f(τ)]/τ 2,
f(τ) = arcsin2(τ 1/2) θ(1− τ)

− (1/4) log2
(
1 +
√
1− τ−1

1−
√
1− τ−1

− iπ
)
θ(τ − 1). (9.14)

In Fig. 9.3 (left), we show the excluded parameter space in the charged mediator
mass vs its coupling to the Higgs boson at the 95% C.L. as a red-shaded region.

9.2.6 Oblique Parameter

In the left-mediator case, the scalar mediator is a doublet under the SM SU(2)L
gauge group. Therefore, it can significantly contribute to the self-energy correc-
tion of the SM gauge bosons. Hence, an additional constraint from the oblique
T-parameter value that combines the electroweak precision data should be con-
sidered [98–100]. It is important to notice that unlike the usual inert Higgs
doublet extensions, here the T-parameter puts a stringent constraint on the
mass splitting between the charged and the neutral left-mediator due to the
absence of the additional scalar quartic term proportional to λ′′LH . The latest
value of T-parameter from new physics is restricted to be ∆T = 0.05±0.06 [90].
The T-parameter is defined as αT = ΠWW (0)/m2

W −ΠZZ(0)/m
2
Z with ΠWW (0)

and ΠZZ(0) being the self-energies of the W and Z bosons at zero momen-
tum transfer. The contribution from each left mediator particle can be written
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as [101]

∆T =
1

16π2αv2

(
m2

ẽL
+m2

ν̃

2
−

m2
ẽL
m2

ν̃

m2
ẽL
−m2

ν̃

log
m2

ẽL

m2
ν̃

)
. (9.15)

In Fig. 9.3 (right panel), we show the 95% exclusion limit on the charged vs the
charged to neutral mass difference plane. As is evident from the figure that one
can not get a mass gap larger than 80 GeV for all charged scalar mass value.

9.2.7 Present status of the Leptophilic WIMP

Following all the constraint on the previous subsections, we set the range of
scan for the model parameters. First of all, we restrict that the mediator mass
is greater than the WIMP mass, i.e. mχ < {mẽL,,mν̃L ,mẽR}, and fix the quartic
parameters λLL, λRR = 1 which do not contribute to any physical observables
and only required to be positive from the vacuum stability conditions given in
section 9.2.1. The other relevant parameters are varied in the scan as follows:

−1 ≤ λLH ≤ 1,

−1 ≤ λ′LH ≤ 1,

0 ≤ yL ≤ 1,

1GeV ≤ mχ ≤ 2TeV,

90GeV ≤ mẽL ≤ 2TeV, (9.16)

for the left-mediator model. On the other hand, in the right-mediator model,
the relevant model parameters are varied in the scanning as follows:

−1 ≤ λRH ≤ 1,

0 ≤ yR ≤ 1,

1GeV ≤ mχ ≤ 2TeV,

90GeV ≤ mẽR ≤ 2TeV. (9.17)

In order to figure out the present status of the Leptophilic WIMP, we have
performed the parameter scanning in each model (according to the above scan-
ning range) taking the relic abundance condition as well as constraints from the
Higgs to diphoton and the oblique T-parameter measurements into account. For
the Higgs to diphoton and the oblique T-parameter constraints, we have directly
used the 95% C.L. exclusion contours on our scanned parameter space. For the
relic abundance condition for the WIMP, because the experimental uncertainty
of the dark matter relic abundance is much weaker than the uncertainty in the
theoretical calculation that comes from the massless degrees of freedom in the
early universe, we have considered the 2σ uncertainty in the theoretical calcu-
lation and choosing the central value of Ωh2 = 0.120 obtained by the PLANCK
experimental data. Concerning constraints from the mediator production at the
LEP and LHC experiments, we have directly applied their 95% C.L. exclusion
contours on the result of the aforementioned scanning, as seen in Fig. 9.4.
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Figure 9.4: Allowed parameter space at 95% C.L. from theoretical and experimental
constraints on the (mχ,mẽL)- and (mχ,mẽR)-planes for the left-mediator (top panel)
and right-mediator (bottom panel) models, respectively See text for more details.

In Fig. 9.4, we show the allowed parameter space for the correct relic abun-
dance in the (mẽL(ẽR) −mχ) plane for both the left and right-mediator models.
The region spread by points are allowed by the present relic abundance condi-
tion and constraints from the Higgs to diphoton and the oblique T-parameter
measurements at 95% C.L. It is evident from the figure that at large WIMP
mass, only degenerate masses for the WIMP and the mediator can satisfy the
correct relic abundance via the co-annihilation mechanism. On the other hand,
as the WIMP mass increases, the Yukawa coupling needs to be large enough
to keep the annihilation cross-section around 1 pb since the annihilation cross-
section is proportional to y4L (y

4
R)/m

2
χ unless the co-annihilation comes into play.
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In the left-mediator model, the co-annihilation takes the dominant role when
the WIMP mass is mχ > 500GeV, while for the right-mediator case, it ap-
pears beyond 400GeV. The presence of an additional degree of freedom (ν̃L)
in the left-mediator case helps in allowing larger WIMP mass with the correct
relic abundance via the self-annihilation mechanism of the WIMP. In the co-
annihilating degenerate mass region, the scalar quartic coupling of the mediator
become effective and the correct relic abundance for the large WIMP mass is
achieved for the largest value of the scalar coupling λLH (RH) ∼ 1 which renders
an upper bound on the co-annihilating mass range at 1.5TeV. Furthermore,
the region spread by red points in the figure depicts the excluded region by the
direct searches of the scalar mediator at the LHC experiment described in sec-
tion 9.2.4. As expected, the self-annihilation region has largely been excluded
by the direct searches, while the co-annihilation region survives and will become
important to probe in future lepton colliders, as we show in the following section
in details.

9.3 Future prospects of the Leptophilic WIMP

We discuss the prospect of probing the Leptophilic WIMP at future colliders,
the High-luminosity LHC (HL-LHC) and the international linear collider (ILC).

First of all, the future projection of the Higgs to diphoton decay mode
predicts that it will reach an accuracy at around 2% level at the HL-LHC [102].
Therefore, the coupling of the charged scalar mediators to the Higgs will be
further constrained. In Fig. 9.5, we show the projected limit from the Higgs to
diphoton searches at the HL-LHC experiment assuming that the uncertainty
will be reduced to 2% while the central value being equal to the SM value. On
the other hand, currently there are no projected reach that has been reported
by the HL-LHC working group for the direct slepton production search.

When the WIMP mass is lower than half of the center of mass energy,
the mono-γ channel works effectively because relatively large yL/R couplings
are needed to achieve the observed relic density. However, when the WIMP
mass and the mediators masses are degenerate, it become difficult to search
for the WIMP using the mono-γ channel because yL/R can be small due to the
coannihilation mechanism. In such a case, we can use the channel with the pair
production of the mediator particles associated with an additional high energy
photon. The mediator particles will finally decay into an electron/positron
and a WIMP. If the masses of the WIMP and the mediator particles are highly
degenerate, they emit soft electron/positron and that channel can be counted as
a mono-photon event. Then, the cross section of this channel is not suppressed
by yL/R anymore because of the existence of the Drell-Yan process, and we
can obtain a severe constraint also for the co-annihilation region. The main
background comes from the mono-photon associated with the pair production
of neutrinos.

We have calculated the cross sections of the signal and the background events
for each energy bin by integrating the analytic formula of the differential cross
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Figure 9.5: The region shaded by red color depicts the projected reach of the param-
eter space at 95% C.L. from the future sensitivity of the Higgs to di-photon decay
width measurement at the HL-LHC experiment. See text for details.

section involving all the ISR, Beamsstrahlung, and detector effects discussed in
Chapter 8. The result is shown in Fig. 9.6, where the region spread by points are
the presently surviving parameter space at 95% C.L., namely the same as the
one spread by green points in Fig. 9.4, while the region spread by magenta points
in the figure is the 95% C.L expected reach at the 250GeV ILC experiment
with 500 fb−1 luminosity obtained by the mono-photon search assuming 0.1 %
systematic uncertainty. To perform the signal-background analysis for the ILC
searches, we followed the approach in the previous chapter 8. It can be seen
from the figure that the projected reach for the Leptophilic WIMP mass at
95% C.L from the mono-photon search analysis is around 110GeV. Since the
improvement of the Higgs to diphoton decay width measurement at the HL-
LHC experiment unfortunately affects little about the model parameter region,
in particular the one with the EW scale WIMP and mediator. If anything, the
search of the direct mediator production will be more important than the Higgs
decay width search at the HL-LHC experiment especially when the WIMP and
mediator are well above the EW scale, playing a complementary role to the ILC
search.

9.4 Combined model with left- and right-mediators

We briefly discuss the consequences of considering the combined mediator sce-
nario in this section. The Lagrangian containing both the mediators is as fol-
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lows:

L = LSM + LDM + (DµLL̃i)
†(Dµ

LL̃i)

+(DµRẼi)
†(Dµ

RẼi)− V (ϕ, L̃i, Ẽ) . (9.18)

V (ϕ, L̃, Ẽ) = VL(ϕ, L̃i) + VR(ϕ, Ẽ) + λLR(L̃
†
i L̃i)(Ẽ

†
i Ẽi)

+(AmiẼiL̃
†
iϕ+ h.c.) (9.19)

LDM =
1

2
χ̄
(
i/∂ −mχ

)
χ− (yLχ̄L̃iLi + yRχ̄ẼiEi + h.c) , (9.20)

where, ‘A’ is a dimensionless parameter contributing to the trilinear scalar cou-
pling, mi is the mass of the SM leptons (e, µ, τ), and the other parameters are
the same as in Sec. 9.1. After the electroweak symmetry breaking, the ‘A’ term
cause the mixing between the two mediators (ℓ̃iL, ℓ̃iR), (ℓ̃i = ẽ, µ̃, τ̃). From the
condition that the diagonalized mass of the mediators must be positive,∣∣∣∣Avmτ√

2

∣∣∣∣ < mτ̃Lmτ̃R . (9.21)

When yL/mL̃ ≫ yR/mR̃ or yL/mL̃ ≪ yR/mR̃ is satisfied, this combined model
is nothing but the left- or right-mediator model, respectively, because the other
mediator decouples from low energy physics. Even in the case where yL/mL̃ ≃
yR/mR̃ is satisfied, we can conclude that the effect to left or right-mediator
model is limited. This is explained as follows. We can roughly estimate ⟨σv⟩ ∝
2(yL/mL̃)

4+(yR/mR̃)
4, and the deviation from the left or right-mediator model

is maximized when 2(yL/mL̃)
4 ≃ (yR/mR̃)

4 is satisfied. It means yL/mL̃ or
YR/mR̃ can be maximally 15% less than that of the left or right-mediator model.

Important motivation for going beyond the minimal single mediator mod-
els to the combined one is the explanation of the anomalous muon magnetic
moment as addressed below. There is a long-standing discrepancy in the the-
oretical and experimental results of the (g − 2)µ that hints towards some new
physics effect to the SM calculation. Currently, the discrepancy from the SM
prediction is given by ∆aµ ≡ aexpµ − aSMµ = 261(63)(48)× 10−11 [26], where the
first error is from experiment, and the second is from theory. This difference
is already at 3.3 σ level with a possible indication of new physics. If the dis-
crepancy persists in the future experimental results which are currently being
explored at the Fermilab and J-PARC, this will be a smoking-gun signature of
the EW new physics.

The Leptophilic DM and the mediator couple to the SM leptons directly
inducing the anomalous magnetic moment to them. The contribution from the
Leptophilic DM with a single mediator comes from the diagrams shown in the
upper panel of Fig. 9.7 (a) and (b). These can be calculated as follows [103]:

∆aL/Rµ = −
Y 2
L/R

16π2

m2
µ

m2
µ̃L/R

f(r) = −65× 10−11 × Y 2
L/R

(
90GeV

mµ̃L/R

)2

f(r),

f(r) =
1− 6r + 3r2 + 2r3 − 6r2 log r

6(1− r)4
, (9.22)
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where r ≡ m2
χ/m

2
µ̃L/R

and the function f(r) takes a value in between zero and

one when 0 < r < 1. This, however, always gives a negative contribution to ∆aµ
and thus it is difficult to explain the muon (g − 2) anomaly from the models.

On the other hand, the combined model involving both the mediators yields
an additional contribution to ∆aµ through diagrams in Fig. 9.7 (c) and (d). By
using the mass insertion approximation, these contribution is given by [104],

∆aL+R
µ = −YLYRA

16π2

v mχm
2
µ√

2m2
µ̃L
m2

µ̃R

f(x, y), (9.23)

f(x, y) = xy

[
−3 + x+ y + xy

(x− 1)2(y − 1)2
+

2x log x

(x− y)(x− 1)3
− 2y log y

(x− y)(y − 1)3

]
,

where x ≡ m2
µ̃L
/m2

χ and y ≡ m2
µ̃R
/m2

χ. The function f(x, y) takes a value in
between zero and one when 1 < x, y. ∆aL+R

µ can be either positive or negative,
and be much larger than those in the previous one in eq. (9.22) thanks to the
existence of the ‘A’ term. We show the value of the parameter required to
explain the present muon (g − 2) anomaly in Fig. 9.8. Here, we assume the
relation yL/3 = yR and mẽL = mẽR (top panel) or yL = yR/3 and again mẽL =
mẽR (bottom panel). For the former case, considering that the contribution
of the right mediator to the DM annihilation is limited, and thus we plot the
contour of ‘A’ on the plot of the top panel in Fig. 9.4 (top panel). For the latter
case, we plot the contour on the plot of the bottom panel of the same figure. We
have confirmed numerically that if ‘A’ is O(10), the vacuum is always stable,
and importantly such a region is in the reach of the ILC experiment.

9.5 Summary of the Leptophilic WIMP

Minimal and renormalizable models for a singlet Majorana fermion WIMP that
interacts only with the SM leptons via the scalar mediator(s) have been con-
sidered. We have performed an extensive analysis taking all robust theoretical
and present experimental constraints into account to show the feasibility of
the models. To start with, we have considered two distinct models; each has
one type of the single scalar mediator: one is a doublet and the other one is
a singlet under the SU(2)L symmetry of the SM. Our choice of a Majorana
fermion WIMP makes it necessary for the mediators to carry the exact same
quantum numbers as their SM lepton partners. We have considered the degen-
erate flavor-blind scenario for the sake of simplicity, so that a single mass and
coupling parameters will define those of all the three generations of the scalar
mediator.

The most important constraint comes from the relic abundance of theWIMP.
We figure out the allowed parameter space at 95% C.L. to the experimental
limit, including an additional theoretical uncertainty that comes from the SM
thermodynamics in the early universe. The relic abundance constraint was fur-
ther accompanied by a theoretical one, such as the vacuum stability, and elec-
troweak precision data, the Higgs precision data, and all relevant direct search
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limits from the LEP and LHC run-II experiments. Our analysis show that at
the large WIMP mass only coannihilation mechanism with the mediator particle
can survive the relic abundance constraint and the largest allowed mass for the
WIMP and the mediator can be around 1.5TeV. We have also showed that the
direct search limit on the scalar mediators only discard a part of the parameter
space that contributes to the relic abundance via the self-annihilation region for
the WIMP mass below 300GeV and WIMP-mediator mass gap above 80GeV.

As a next step, we have discussed the possibility of probing the unexplored
parameter region at future colliders, specifically at the ILC experiment. We
have done a signal-background analysis for the mono-photon search at the ILC
experiment, and showed that the ILC-250GeV can indeed pin-down the WIMP
mass around 110GeV with almost degenerate WIMP-mediator mass. For the
degenerate case, we have also included the pair production of the scalar medi-
ators as well that will contribute non-negligibly to the mono-photon signal.

We have also considered the combined model scenario where both the dou-
blet and the singlet scalar mediators contribute to the relic abundance of the
WIMP. Introduction of a third degree of freedom to the WIMP co-annihilation
decreases the largest allowed mass of the WIMP down to 1.2 TeV. In the light
of the anomalous magnetic moment of the muon, this combined model should
be considered as the minimal scenario. Since, without the presence of both the
mediator particles, it is impossible to explain the present discrepancy on the
muon (g − 2). We have shown that we have ample parameter space that can
simultaneously explain both the relic abundance of the WIMP and the muon
(g − 2) anomaly. Moreover, we have repeated the ILC mono-photon analysis
for the combined model as well, and found that the ILC-250 will be able to
probe the aforementioned parameter space favored by the relic abundance and
the muon (g−2) data. If the muon anomaly persists in the future experimental
data, then the ILC experiment may confirm or discard the model hypothesis.
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Figure 9.6: The region spread by points are the presently surviving parameter space
at 95% C.L., the same as the one spread by green points in Fig. 9.4 for the left (top
panel) and right (bottom panel) mediator models, respectively. The region spread
by magenta points is the 95% C.L expected reach at the 250GeV ILC experiment
with 500 fb−1 luminosity by the mono-photon search assuming 0.1 % systematic un-
certainty.
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Figure 9.7: Diagrams (a) and (b) contribute to the muon (g−2) for the left-mediator
model. Similar diagrams for the right-mediator model can be found by swapping L
by R. Diagrams (c) and (d) contribute to the muon (g − 2) for the combined model.
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Figure 9.8: The contour of the ‘A’ parameter required to explain the present muon
(g − 2) anomaly assuming yL/3 = yR and mẽL = mẽR (top panel), or that assuming
a differential coupling relation yL = yR/3 but the same mass relation mẽL = mẽR .
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Chapter 10

Conclusion

The existence of DM has been confirmed by various astrophysical observations,
and physicist have been making large effort to search the identity of DM. WIMP
is one of the best DM candidates, and it assures some interaction with SM
particles from the assumption that WIMP was in thermal equilibrium with SM
particles at the early universe. We can utilize this interaction to detect WIMP
at indirect detection experiments, direct detection experiments, and collider
experiments. Today we are in the situation where we cannot detect any signal
of new physics beyond SM, and we analyzed WIMP by model independent way.

When considering WIMPs model independently, it is effective to classify
WIMPs by its gauge representaion of SM, and we focused SM gauge singlet
WIMP. Such WIMP cannot have renormalizable interaction with SM particles
and we need to introduce mediator particles which connect WIMP and SM par-
ticles. If mediators are heavy enough compared to WIMP mass and electroweak
scale, we can integrate out mediator fields and get effective Lagrangian which
only contain WIMP and SM particles. There are unexplored region remaining
for CP conserving effective operators, these are H-funnel region, Z-funnel region
and Leptophilic region. It is difficult to search these regions by LHC experi-
ments or direct detection experiments, we discussed about future prospect for
these regions.

At Chapter 8, we have presented the expected sensitivity of the Z-portal
WIMP at the future lepton colliders. We have adopted the effective operator
method where the interaction between the singlet Majorana WIMP (χ) and the
Z boson is mediated via the dimension-six operator (χ̄γµγ5χ)(H

†iDµH)/2+h.c.
The final result of our analysis is parametrized by only two parameters, the
WIMP mass (mχ) and the effective WIMP-Z coupling (gχχZ). We discussed
the possibility of probing the Z-funnel WIMP mass region (35-55 GeV) us-
ing the mono-photon plus missing energy signal at the future lepton colliders.
We have done a comprehensive signal-background analysis of the mono-photon
searches considering various collider features, such as beam polarization, beam
breamsstrahlung, initial-state-radiation and detector effects. While doing this
analysis we have considered other important constraints on the parameters of
this scenario coming from the mono-photon searches, Z-invisible width obtained
from the LEP data. This limit is combined with the ones obtained from the
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Z-invisible width measurement, direct detection, and relic abundance of the
WIMP. We have done a realistic estimation including the systematic uncertain-
ties for the ILC beam. To do so, we estimate the ∆χ2 with 0.1% and 1%
systematic uncertainties. The collective 90% C.L. bound for all the cases for a
250GeV ILC beam with 0.1% and 1% systematic uncertainties has also been
presented.

At chapter 9, we also presented the expected sensitivity of Leptophilic WIMP
at future lepton colliders. We assumed specific mediators, namely Z2 odd scalar
mediators which couple to WIMP and SM leptons. There are two different type
of mediators: left mediators which couple to WIMP and left-handed leptons,
and right mediators which couple to WIMP and right-handed leptons. Here we
introduced three generations of mediators for left and right mediators, and we
imposed lepton flavor universality on the operators.

There are several parameters, which are couplings of the operators, WIMP
mass (mχ), left mediator mass (mẽL) and right mediator mass (mẽR). We
scanned the parameter region where the perturbativity holds, by considering
relic abundance condition and collider experiments. The results are shown in
(mχ,mẽL)-plane for left mediator case, and (mχ,mẽR)-plane for right mediator
case. There is lower limit and upper limit on WIMP mass from the condition
that WIMP gives correct DM abundance observed today, and we found that
the bulk region lies on mχ < 500 GeV and mẽL < 600 GeV for left mediator
case, and mχ < 400 GeV and mẽR < 400 GeV for right mediator case. When
mχ ≃ mẽL or mχ ≃ mẽR is satisfied, so-called co-annihilation mechanism works,
and even higher mass region can explain current DM abundance.

The mediators has been searched in the context of slepton search at LEP
or LHC experiments through pair production of sleptons via Drell-Yan process.
LHC experiments put constraints on the large area of bulk region, but when
WIMP and mediator particle have similar mass, it becomes difficult to search
mediator particles. For the lepton colliders, WIMP directly couple with electron
and positron, and we can search these WIMPs more effectively. We revealed
that WIMP with mχ < 110GeV can be searched by 250GeV ILC using mono-
photon plus missing energy process.

We also analyzed Leptophilic WIMP introducing left and right mediator
simultaneously, and in this case WIMP and mediators cause anomalous muon
magnetic moment (g − 2) because of the existence of ‘A’ term. Recent studies
report anomaly in muon (g−2) and we find that for the most of bulk region can
explain this anomaly with proper ‘A’ term. Importantly, we have shown that
there are detectable parameter regions by ILC which can also explain muon
(g − 2) anomaly.
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Appendix A

Standard Model

A.1 SM contents

SM is a chiral gauge theory under SU(3)C × SU(2)L × U(1)Y . It contains
three generations of chiral fermions, three gauge bosons which mediate gauge
interactions, and Higgs boson which generate the mass of SM felmions and
SU(2)L gauge bosons. Left-handed charged lepton (e.g. electron) and neutrinos
form the SU(2)L doublet and left-handed up-type quark and left-handed down-
type quark form SU(2)L doublet. On the other hand right-handed fermions
are SU(2)L singlets. SU(3)C interaction governs strong interaction, and all
quarks are SU(3)C triplet. Electric charge is defined as Q = Y + T 3 where Y
is the charge of U(1)Y interaction and T 3 is the isospin of SU(2)L interaction.
We show the table of SM particles on TableA.1. Here, subscript L/R denote
left/right-handed fermions and i denotes the flavor of fermions. W a

µ is SU(2)L
gauge bosons and a spans 1,2 and 3. W 1

µ and W 2
µ form charge eigenstates as

follows:

W±
µ =

1√
2
(W 1

µ ∓ iW 2
µ) . (A.1)

The fields of photon and Z-boson can be written in the linear combination of
Bµ and W 3

µ as

Aµ = W 3
µ sin θW +Bµ cos θW (A.2)

Zµ = W 3
µ cos θW −Bµ sin θW , (A.3)

where θW is Weinberg angle which follows the equation:

e = g sin θW = g′ cos θW =
gg′√
g2 + g′2

, (A.4)

where e is electromagnetic coupling, g is SU(2)L coupling and g′ is U(1)Y cou-
pling.
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Particle Spin SU(3)c SU(2)L U(1)Y Q

Li =

(
νi
eiL

)
1/2 1 2 −1/2

(
0
−1

)
Ei = eiR 1/2 1 2 −1 −1

Qi =

(
uiL
diL

)
1/2 3 2 1/6

(
2/3
−1/3

)
Ui = uiR 1/2 3 1 2/3 2/3
Di = diR 1/2 3 1 −1/3 −1/3
Bµ 1 1 1 0 0
W a

µ 1 1 3 0 (−1, 0,+1)
Gµ 1 8 1 0 0

H =

(
H+

H0

)
0 1 2 1/2

(
1
0

)

Table A.1: Particle contents of the SM

A.2 Electroweak symmetry breaking

The Lagrangian of Higgs sector can be written as

LH = |DµH|2 − V (H) , (A.5)

where Dµ ≡ ∂µ + ig(1/2)σaW
a
µ + ig′(1/2)Bµ is covariant derivative, and V (H)

is the potential term, which is

V (H) = µ2|H|2 + λ|H|4 . (A.6)

If µ2 < 0, the global minimum point shift from |H| = 0. Then the Higgs
field gain vacuum expectation value (VEV), such as

⟨H⟩ =
√
−µ2

2λ
≡ v√

2
. (A.7)

Taking unitary gauge, the Higgs field can be written as

H =
1√
2

(
0

v + h

)
, (A.8)

where h is physical Higgs field. Then SU(2)L and U(1)Y gauge bosons gain the
mass term from the kinetic term of Higgs field, as follows:

|DµH|2 ⊃
∣∣∣∣(∂µ + i

2
gσaW

a
µ +

i

2
g′Bµ

)
1√
2

(
0
v

)∣∣∣∣
=

v2

8

∣∣∣∣( gW 1
µ − igW 2

µ

−gW 3
µ + g′Bµ

)∣∣∣∣2
=

v2

8
[g2(W 1

µ)
2 + g2(W 2

µ)
2 + (gW 3

µ − g′Bµ)
2] (A.9)

= m2
WW

+W− +
m2

Z

2
ZµZ

µ , (A.10)
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where

mW =
gv

2
(A.11)

mZ =

√
g2 + g′2v

2
. (A.12)

As we can see from this derivation, photon field Aµ does not gain the mass from
Higgs VEV and stays mass less. SM fermions gain their mass from Yukawa
couplings with Higgs field, and these are follows

LYukawa = Γu
ijQ̄iH

cUj + Γd
ijQ̄iHDj + Γe

ijL̄iHEj + h.c. , (A.13)

where Hc ≡ iσ2H
∗ is charge conjugation of Higgs field, Γ denote each Yukawa

coupling and subscript (i, j) means generations of fermion.
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Appendix B

Majorana fermion

We can define 4 components Majorana fermion as

ψ =

(
−iσ2η∗
η

)
(B.1)

where η is left handed weyl fermion. For Majorana fermion, following equation
is satisfied:

ψ = ψc ≡ Cψ̄T , (B.2)

where subscript c means charge conjugation, and C ≡ iγ2γ0 is charge conjuga-
tion matrix. C satisfies following equations:

C = −C−1 = −C† (B.3)

C−1γµC = −γµT (B.4)

We can show vector current vanish for Majorana fermion as following:

ψ̄γµψ = ψ̄cγµψc (B.5)

= ψTγ0C†γ0γµCγ0ψ∗ (B.6)

= −
[
ψTγ0C†γ0γµCγ0ψ∗]T (B.7)

= ψ̄CTγµTCψ (B.8)

= −ψ̄γµψ (B.9)

= 0 (B.10)

We can also show tensor current vanish for Majorana fermion as following:

ψ̄σµνψ = ψ̄cσµνψc (B.11)

= ψTγ0C†γ0σµνCγ0ψ∗ (B.12)

= −
[
ψTγ0C†γ0σµνCγ0ψ∗]T (B.13)

= −ψ̄CTσTµνCψ (B.14)

= −ψ̄σµνψ (B.15)

= 0 (B.16)
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where

σTµν ≡ i

2
[γµT , γνT ] . (B.17)

We will show that neutral dirac fermion is equivalent to two Majorana fermions
next. Suppose dirac fermion feild as ψD, then the Lagrangian can be written as

L = ψD(i/∂ −m)ψD . (B.18)

We can difine two Majorana fields as

ψ1 =
ψD + ψc

D√
2

(B.19)

ψ2 = i
ψD − ψc

D√
2

(B.20)

and they satisfy Majorana conditions

ψ1 = ψc
1 (B.21)

ψ2 = ψc
2 (B.22)

Then the Lagrangian can be written as

L = ψD(i/∂ −m)ψD (B.23)

=
1

2
ψD(i/∂ −m)ψD +

1

2
ψc
D(i/∂ −m)ψc

D (B.24)

=
1

2
ψ1(i/∂ −m)ψ1 +

1

2
ψ2(i/∂ −m)ψ2 (B.25)
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Appendix C

Co-annihilation

There are some exception cases that standard calculation of relic abundance
(c.f. Chapter 4) fails. One case is called co-annihilation, and it happens when
the DM mass and mediator mass are nearly degenerated. Let us denote medi-
ator particles as χ1,...N and DM as χ0, and mass of WIMP as m0 and mass of
mediators as m1,...N . If the mass difference, δm = mi>0 −m0 is large compared
to freeze out temperature, mediator particles are not in thermal bath and play
no significant role. However if δm is similar to freeze out temperature, mediators
also appear in the thermal bath and other channel become important.

For standard calculation, the annihilation process of DM (χ0χ0 ↔ XX)
determine the freeze out temperature, where X is any SM particle. If mediators
are in thermal bath, following processes also happen:

χiχj ↔ XX (C.1)

χiX ↔ χjX (C.2)

χi ↔ χjXX , (C.3)

where we also assume that mediator particles and WIMP are Z2 odd under Z2

symmetry. After the freeze out, these mediators decay into χ0 and SM particles,
and we can effectively consider these mediators as DM. The Boltzmann equation
for DM and mediators can be written as [86]

dni

dt
= −3Hni −

∑
j,X

[⟨σijv⟩(ninj − neq
i n

eq
j )

−(⟨σ′
ijv⟩ninX − ⟨σ′

jiv⟩ninX)

−Γij(ni − neq
i )] , (C.4)

where the cross sections are defined as

σij = σ(χiχj → XX) (C.5)

σ′
ij = σ(χiX → χjX) (C.6)

Γij = σ(χi → χjXX) . (C.7)

The current relic abundance is determined by the summation of ni, because
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mediators finally decay into DM. The effective Boltzmann equation can be ob-
tained by taking summation of eq.(C.4)

dn

dt
= −3Hn−

∑
i,j=0

⟨σijv⟩(ninj − neq
i n

eq
j ) (C.8)

where n is defined as

n ≡
∑
i

ni . (C.9)

For the Leptophilic WIMP case, WIMP and mediators are Z2 odd particles,
and if there masses are similar, they cause co-annihilation. In that case, there
are additional annihilation process as we have shown in Fig.9.1, and DM can
achieve observed relic abundance even with small couplings.
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