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Abstract

For many quantum many-body-systems, internal information can be read off as
a classical quantity. Based on this idea, this thesis proposes and analyzes two
models in which a macroscopic classical-mechanical system and a quantum
many-body system are coupled, demonstrating the necessity of modeling the
external macroscopic degrees of freedom for the study of quantum many-body
systems.

The first model focuses on the setup for investigating a two-dimensional
helium system with a quartz-crystal microbalance (QCM). This setup is a typ-
ical example of a quantum many-body system on a lattice coupled with a
classical-mechanically vibrating system. We derive the equation of motion for
the QCM as a simplified platform and predict the effects of coupling with two-
dimensional *He. From the results, we find that the effective mass of the entire
system, the platform and the *He atoms, shows a linear increase and a nonlin-
ear depletion with increasing of the *He atoms. A mean-field approximation
also suggests that the latter depletion becomes largest at the half-filling num-
ber of “He atoms.

The second model assumes a magnetic insulator in which the exchange in-
teraction oscillates in time. Since the exchange interaction is responsible for
the highest energy scale in magnetic insulators, its experimental realization is

difficult. Beyond these difficulties, however, a wide variety of new phenomena



lie ahead. As an example of such a phenomenon, we predict the emergence
of long-range interactions and associated initial-state-sensitive dynamics. The
initial-state-sensitive dynamics is interesting from our original viewpoint of
quantum-classical coupled systems, as it is a sign that classical perturbations
from the outside world may cause a large back-action. Analytical and numer-
ical results show that a slight change in the initial state causes a significant
difference in the system’s time evolution when we drive the exchange interac-

tion with an appropriate amplitude.
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Chapter 1

Introduction

1.1 Partially classical open quantum systems

Experimentally probing the microscopic state of quantum many-body systems
involves coupling of the quantum system with macroscopic measuring instru-
ments and environments. It is difficult to analyze such setups by investigating
isolated quantum systems by means of the Schrédinger equation. This problem
has been partly resolved by effectively decoupling the system of interest from
the external systems and by measuring it without decoherence. For example, in
the imaging of ultracold atoms, various strategies are used to resolve the trade-
off between reducing probe-induced atom heating and increasing the imaging
resolution [!]. There are also efforts to reduce the quantum back-action asso-
ciated with measurements in the context of cavity quantum electrodynamics
(QED) and that for quantum thermodynamics [2, 3], for example.

On the other hand, some studies actively exploit the inevitable coupling be-
tween the system of interest and the external systems. In particular, studies of
open quantum systems strongly coupled to external systems has made signifi-

cant progress in recent years, leading to insights into strong-coupling quantum



thermodynamics [4] and cavity quantum electrodynamics [5, 6]. Studies on
driven open quantum systems also have revealed the relation of the injection
and the dissipation respectively of energy and particles [7-9].

The above two approaches to quantum many-body systems differ in the
way of describing the system: in the former case, one formulates all dynamical
variables quantum-mechanically; in the latter case, one can leave truly clas-
sical variables as they are. An illustrative example of such classical variables
is the electromagnetic field used for trapping cold atoms. Furthermore, many
physical quantities measured in experiments are essentially classical. We can
interpret, for example, the electric conductivity of a metal or the magnetic mo-
ment of a magnet in terms of classical electromagnetic dynamics. In such sit-
uations, the latter semi-classical description would be suitable for intuitively
understanding phenomena.

We can model such an open quantum system, which partially obeys clas-
sical mechanics, as a quantum-classical coupled system as follows; see also
Fig. 1.1. First, we have a classical-mechanical system and a quantum one, each
obeying an equation of motion individually. Second, we slightly modify each
of the equations of motion to incorporate the effects of coupling. The coupling
considered here is, for example, electromechanical coupling in piezoelectric
materials or magneto-mechanical coupling in ferromagnetic materials. The
changes in the equations of motion for the quantum-mechanical system and
the classical one correspond to classical-to-quantum perturbation and back-
action in the opposite directions, respectively. Interestingly, we can some-
times derive a renormalized equation of motion for the classical-mechanical
system by eliminating the dynamical variables for the quantum one. For such
a model, this renormalization corresponds to the second-order process through

the classical-to-quantum perturbation and the quantum-to-classical back-action.



Such treatment is not always possible, but if it is, it can have a variety of appli-
cations. As considered below, graphene and spintronic materials are concrete

examples of such a model.

1.1.1 Graphene

Graphene is roughly a coupled system of a classical elastic body following con-
tinuum mechanics and a quantum electronic system following the Dirac equa-
tion. Through the coupling, elastic deformation creates a gauge field for the
electronic system [10-12], and the behavior of the electronic system causes
properties of the elastic body to deviate from classical theory [13, 14]. The
former mechanism is closely related to strain engineering, which uses elastic
deformation to manipulate the electronic properties of graphene [15-17]. The
latter mechanism, on the other hand, contributes to the phenomenon of elastic
deformation caused by surface plasmons generated by light and other sources,
as well as to various related photomechanical effects [18-20].

If we find a renormalized equation of motion for the elastic part of graphene,
we can consider various applications. For example, known elastic anomalies
[13, 14] in graphene can be fully explained as electron-derived effects. We can
also utilize graphene as a controllable actuator by dynamically controlling its
elasticity while externally applying an electromagnetic field. It would be even
more interesting if additional electromagnetic fields and the elasticity-derived

artificial gauge field are coupled nonlinearly.

1.1.2 Spintronics materials

Spintronics materials range from typical magnetic insulators, including ferro-
magnets and antiferromagnets, to metals and superconductors, and even onto

general non-magnetic materials [21-26]. This diversity is due to the variety of
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Figure 1.1: Schematic picture of a quantum-classical coupled system. The clas-
sical system is characterized by a dynamical variable Q(¢), while the quantum
system is characterized by a dynamical variable d4(t). (a) A quantum system
that obeys the equation of motion i%d,d(t) = [4(t),Hy] and a classical system
that obeys the equation of motion Qq(t) = f[Qo] evolve independently. (b) The
classical system and the quantum system are coupled. The Hamiltonian of the
quantum system and the time evolution function of the classical system are
modified as Hy — H(Qq) and f[Qq] — f[Qo; (d(t))], respectively. Here, the Q,
dependence of Hamiltonian Hy(Q,) represents the perturbation, while the 4(t)
dependence of the time evolution function f[Q, (d(t))] represents the back-
action. (c) The equation of motion Qy(t) = f[Qo] + & fquantum[Qo], where the
quantum variables have been eliminated by some procedure and only the clas-
sical variables survive. Here, the additional term o fyyantum[Qo] represents the
renormalization from the second-order process associated with the coupling to

the quantum system.



channels through which we can access the electronic spin degrees of freedom
in matter. Of particular importance is the mechanical spin-rotation conver-
sion, which utilizes the coupling between the electron’s spin degree of freedom
and the mechanical rotation, namely the spin-rotation coupling [27]. Mechan-
ical rotation, such as global rotation and elastic deformation, is classical and
sometimes macroscopic. Therefore such spintronics materials with classical
mechanical degrees of freedom are typical quantum-classical coupled systems.

The mechanism of coupling between electron spins and mechanical ro-
tation in magnetic materials is known as the microscopic origin of the phe-
nomenon of magnetization generation from global rotational motion, formerly
known as the Barnett effect [28]. Based on the mechanism, techniques of gen-
erating spin current using angular-momentum transfer from the mechanical
rotation to electron spins have been proposed [29, 30]. On the other hand,
the Einstein-de Haas effect [31], namely the inverse Barnett effect, is known
as a fundamental technology of spintronics and has been applied to spin-flip
detection with single electron precision [32, 33].

We can also apply the renormalization method to such a mechanically ro-
tating magnetic matter. For example, there is a series of studies of electron
spins coupled internally to twisted beam-like elastic bodies [34-36]. In such
a system, apart from the spin degree of freedom of the electrons, the beam
has an intrinsic torsional rigidity in the bare state. In this case, the electronic
spins and the beam torsion are coupled by angular-momentum conservation,
and consequently, the beam acquires a renormalized torsional rigidity from a
second-order process of the beam-to-spin perturbation and the spin-to-beam
back-action. Of course, we need some approximations to eliminate the spin
degree of freedom of the electrons. However, this idea may allow us to esti-

mate the energy dispersion of beam-like ferromagnet and antiferromagnet, for

10



example, by measuring the torsional rigidity while applying a magnetic field.

1.2 Scope of this thesis

According to the previous discussion, we can formulate many experimental
systems as quantum-classical coupled systems and even describe them classi-
cally with fewer degrees of freedom. Reducing the number of degrees of free-
dom not only saves computational resources but also leads to intuitive under-
standing. Based on this viewpoint, we first consider two-dimensional *He on
a graphite substrate. Two-dimensional *He and 3He, along with bulk solid he-
lium, are interesting experimental systems for investigating two-dimensional
quantum solids of pure bosons and fermions. Experiments on two-dimensional
helium systems have traditionally employed setups of mechanical vibration,
such as torsional oscillators (TO) and quartz crystal microbalances (QCM).
However, there is still no theory that comprehensively describes such a cou-
pled system. Motivated by this, the present thesis proposes a model of two-
dimensional “*He coupled with a macroscopic classical platform.

The concept of quantum-classical coupled system motivates us to inves-
tigate yet a new problem. If the quantum system tends to equilibrate au-
tonomously, smaller classical-to-quantum perturbation would generate smaller
quantum-to-classical back-action, which is in fact closely related to the re-
laxation problem of isolated quantum systems [37]. In this case, the scatter-
ing process inside the quantum system would not be so complicated. How-
ever, if the quantum system has strong initial-state sensitivities, even a small
classical-to-quantum perturbation may generate a large quantum-to-classical
back-action. In the present thesis, we exploit long-range interactions in spin

systems which we show emerge from periodically driven exchange interac-
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tions.

The remaining part consist of the following chapters. In Chapter 2, we
derive an effective Hamiltonian for two-dimensional *He coupled to a macro-
scopic and classical platform, and propose a method of estimating the mass
deficit from the associated equation of motion. In Chapter 3, we derive an
effective Hamiltonian for a spin system with periodically driven exchange in-
teractions and discuss the emergent long-range interactions as well as strong
initial-state sensitivities. Chapter 4 provides a summary, a conclusion, and

discussions.
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Chapter 2

Hard-core bosons coupled to a

platform

2.1 Background and motivation

“He and 3He are bosonic and fermionic isotopes of helium atoms, respectively,
and have provided ideal experimental playground for quantum many-body
systems [38—40]. Such a quantum nature particularly affects their quantum-
solid phases. One example is an elastic anomaly of the bulk solids [41, 42].
Another example is a variety of unusual equilibrium properties in the two-
dimensional solids, namely two-dimensional helium, realized on a graphite
substrate, e.g. liquid-crystal phase [43], incomplete superfliuidity [44], and
commensurate-incommensurate transition [45]. The two-dimensional helium

has attracted much attention in recent years for its nanofriction [46-49].

This study is a joint work with Tomoki Minoguchi (Institute of Physics, Univ. Tokyo, as of

December 2020) to be submitted (in preparation).
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In studies on nanofriction in two-dimensional helium, quartz-crystal mi-
crobalance (QCM) is often used, as in experimental studies in other film-substrate
systems [50-56]. QCM is designed for observing the film’s response under me-
chanical oscillation of the underlying substrate. The force often reaches macro-
scopic magnitudes, causing decoupling of the film from the substrate. The de-
coupling invokes an effective change in the total mass, shifting the oscillator’s
resonant frequency and quality factor. These shifts let us evaluate the film’s
properties. Such a setup can probe quantum many-body systems without di-
rectly observing the quantum many-body system of interest.

The present study aims to theorize such a mechanical-probing setup for
quantum systems. To this end, we propose a minimal model of a single-overlayer
“He atoms on a movable platform. Specifically, we consider the small-amplitude
limit, in which the overlayer receives only a small effect from the underlying
platform, and derive the total effective Hamiltonian with a proper coupling
term. The derivation is inspired by the method in Ref. [57]. The effective
Hamiltonian yields the platform’s equation of motion, by which we obtain an
effective-mass formula for the entire system. We organize the remaining sec-
tions as follows. Section 2.2 presents a theoretical overview and the results.

Section 2.3 gives a summary.

2.2 Methods and Results

2.2.1 Theoretical Overview

In this study, we formulate a situation in which *He atoms adsorbed on a
graphite substrate are coupled globally to a platform which moves under a
potential force. This formulation leads to an effective Hamiltonian in the lab-

oratory frame. First, noting that the “He atoms behave like hard-core bosons
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(HCB) on a triangular lattice due to the graphite potential and their interpar-
ticle repulsions, we describe the “He atoms on the motionless platform by the

following Hamiltonian:

Huce = - Z Jijata, (2.1)
(i,j)eE

where E denotes the set of bonds on the triangular lattice, J; ; denotes the tran-

sition amplitude at bond (i, j), and (§;, ﬁ:r) denotes the creation and annihilation

operators, respectively, satisfying the following HCB commutation relation:
[4,4F] =0;;00- 28, [4;,4;] =[af.4f]=0. (2.2)

Here we defined the number operator by 1i; := éjﬁl
Second, we describe the bare platform subject to a potential force by the
following Hamiltonian:
)
A P A
Hy = 2—1\/010 +Vo(Qo), (2.3)

where M denotes the platform mass, (P, QO) denote the position and momen-
tum operators of the platform, respectively, with the canonical commutation

relation
[Qq @ Po| = ind, (2.4)

and V;(Q,) denotes the potential followed by the platform. Here, for any space
vectors A = (A,) and B = (B,), and for any operators C= (éﬂ) and D = (Dy) that
work on space vectors, A ® B stands for the tensor with A, B, as its (y, v) com-
ponent, and correspondingly, [C‘ ® D] stands for the tensor with [éw D,] as its
(1, v) component. In addition, 1 denotes the identity tensor. In the following,

the check symbol on top of a character denotes a tensor.

15



The purpose of this section is to couple the Hamiltonians given by Eqgs. (2.1)
and (2.3) correctly. The bare platform obeys the following equation of motion
for the Hamiltonian H:

1

97 Qq(t) = —de(Qo(t))- (2.5)

This is the same as in classical mechanics. However, this equation of motion
acquires two additional terms due to the coupling, as we see in the next sec-
tion:

P Q1) ~ ~— Vi Qolt) - Y[V, Vo(Qolt)] - pvdslt),  (26)

tot

where N, mg, and M, := M+ Nmpg denote the number of particles, the boson
mass, and the total mass, respectively. We also denoted that yy := Nu/(1+Np).
The operators V and Ay denote the collective velocity and collective acceler-
ation of the N-boson system, respectively, which will be defined later. Each of
Egs. (2.5) and (2.6) is an equation of motion for a quantum mechanical oper-
ator. We identify the quantum expectation value for each of these equations
with that of the platform, which is essentially a classical object. This identifi-
cation allows us to treat the additional terms in Eq. (2.6) semiclassically.

The strategy for deriving the effective Hamiltonian is as follows. As a prim-
itive model of the HCB model on a lattice, we give an N-boson system inter-
acting in a periodic potential. Here we assume that the potential moves with
the platform. This assumption makes it impossible to perform the Wannier-
function expansion in the standard way. Therefore, we move to the center-of-
mass coordinate of (N + 1)-particles system of the N bosons and the platform,
further even move to a virtual quantum coordinate. These transformations
recover the possibility of the Wannier-function expansion. They also play a
physical role in effectively decoupling the bosons from the platform. This de-

coupling produces a small additional term as a side effect, but it is not a prob-
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lem. The decoupling also provides mathematical support for the method used

in Ref. [57].

2.2.2 Effective Hamiltonian (Result I)

Let us derive the HCB Hamiltonian (2.1) for the bosons on the QCM. We start

from the N-boson Hamiltonian by

His[ Qo) —Z b -~ Vi ] +3) 8(d, 1) (27)

n+m

where g denotes the interaction strength, and the operators {qn}ﬁjzl, {fzn}ﬁlz1 de-
note the position and momentum of the bosons, respectively, with the follow-

ing commutation relation:

18,8 P | = 16,1, (2.8)

Here, V;(4, — Q) denotes a periodic potential that moves with the platform
position Q. This offset of the potential generates the coupling; see Fig. 2.1.
We also assume a lattice structure at the minima of the potential Vg(x). For

example, in the case of the triangular lattice, we suppose that

Va(x) = %{3 —cos[k; -x]—cos [k, -x]—cos [(kl —k3) x]} (2.9)
with the wave vectors [58-60]
27 47 .
k= _(\/g,_1), k, =—(0,1), (a: lattice constant). (2.10)

\3a \V3a
Here, for a set V of sites in the lattice, we only require that Vg(x) has a mini-
mum at the position x = x; of each site i € V. From the above, we have the total

Hamiltonian in the form
Hiot = Ho + His[Qo), (2.11)

17



periodic potential V3(§, — Qo)

' bosons’ position
i ql . éz, “e

platform’s position 0, X

Figure 2.1: Schematic picture of our setup, in which the bosons with the posi-
tions §,,4,,... interact in the periodic potential Vg(x) in Eq. (2.9) fixed to the
platform with the position Q,. When the platform moves, the origin of the
potential Vg moves accordingly, and thus the position of each boson feels shifts
from x = §, to x = g, — Q in the laboratory frame.

where 1, denotes the platform Hamiltonian given in Eq. (2.3).

It would be instructive to derive the HCB Hamiltonian (2.1) on the motionless-

platform, namely for the case Q, = 0, in the standard prescription. To this end,

we start by the Hamiltonian

+23 8ld,-a,) (2.12)

n+m

In the N-boson symmetrized Hilbert space, the Hamiltonian H5[0] can be
rewritten as

h?V?
sz

A

i)+ [ dx i ),

(2.13)

Hip[0] = de ’ﬁJr(x)[— + Vp(x)

in the second-quantization language. Here we introduced the field operator

18



1(x) as satisfying

[(x), " (v)] =ihd(x - ), (2.14)
[P(x), p@)] =[P (x), 9" (v)] = 0. (2.15)

Next, we reduce the Hamiltonian to a lattice model using the Wannier-
function expansion. The Wannier-function expansion means rewriting the field
operator (x) in terms of a function w(x—x;), which is localized at the potential
minimum x = x;:

h(x) = Zw(x —x;)d;. (2.16)

ieV
Here, we also assume that the set of Wannier functions {w(x — x;)};cy satisfies
an appropriate orthonormality. In addition, (di,d:.r) denotes the new creation
and annihilation operators defined on each site i € V. Using this expansion, we

obtain the well-known Bose-Hubbard model [61]:

N a. U A . .
Hip[0] ~— Z Jijdia; + > Z”i(”i —1) (A =d}d;) (2.17)
(i,j)€E ieV
=Hpu, (2.18)

where we defined the hopping amplitude by

w(x —x;) (2.19)
B

h2v?2
Jij ::de w(x —xi)[— 7 + Va(x)

and defined the onsite interaction by

U ::%de lw(x)|*. (2.20)
Here E denotes the set of pairs of neighboring sites (bonds).

Note that the Wannier-function expansion (2.16) holds only if the bosons
occupy the lowest band formed by the periodic potential Vg(x). In experimen-

tal situations, we need to keep the environment temperature sufficiently low

19



compared to the lowest energy gap. From theoretical viewpoints, this means
that we have to choose the initial state from equilibrium states at a sufficiently
low temperature when we consider time-evolution problems.

Finally, we take the large-U limit. Under this limit, the HCB commutation
relation (2.2) results and the Bose-Hubbard Hamiltonian (2.18) reduces to the
HCB Hamiltonian (2.1):

A U—oco A
HBH—>HHCB' (221)
The above gives the standard derivation of the HCB model on a lattice (2.1)
from interacting bosons in a potential (2.12).
We rewrite the total Hamiltonian ., using center-of-mass variables to ap-
ply the above prescription even for the case with the platform’s motion. To this

end, we define new positions by

Q ::QO +;“er>’:1 QH

(2.22)
1+Nu
A QowaLl 4, _
7, =4, T Np (n=1,2,...,N), (2.23)

where p := mp/M, denotes the boson-to-platform mass ratio. Similarly, we

define new momenta by

N

P=Po+) P, (2.24)
n=1

ft, =p,—puPy (n=1,2,...,N). (2.25)

These new variables satisfy the following commutation relations as shown in

App. 2.B.1:

(@8 P]=ini, (2.26)
[fn ® nm] =iyl (2.27)

20



Using Egs. (2.22), (2.23), (2.24), and (2.25) and eliminating the variables Q,,

Py, {g,}, and {p,} yields a new expression given by

A 2 A2
. P 11, . ,
Hiot = = +Vo(Q-NuR
N 7%2 q
+§ — 4 Va(#,+ NuR +—§5A—A. 2.28
- sz B(rn U B) znim (rn rm) ( )

Here we introduced the new canonical posision and momentum operators

1 N
Ry=5) o (2.29)
n=1
N
1 ::Zfzn (2.30)
n=1
with the commutation relation
[sz@ﬁB] = iti. (2.31)

The operators Ry and Il capture a collective behavior of the bosons. See also
App. 2.B.2 for the derivation.

We need to further transform the Hamiltonian (2.28). Indeed, the argument
of VB(?H+NyﬁB) in Eq. (2.28) differs by N uRy from the one in Eq. (2.12), which
disables us to apply the Wannier-function expansion straight-forwardly. To fix

this difference, we consider a unitary transformation generated by the operator

A ]_ A A A A
Uy =exp lzlog(l +Ny)(RB-HB+HB-RB)/ih]. (2.32)
This transformation maps the operators (#,, 7, Rp, Ig) to
A N N .
o H
UNrnUN =r, — 1 +N},{RB (233)
UNﬁn U]t] :ﬁn + ]/lﬁB (234)
A A A 1 .
UyRgUf, =———R 2.35
NRUN =1 N Re (2.35)
UNTIg U, =(1 + N p)Ig, (2.36)
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and hence maps the Hamiltonian (2.28) to

+ 83 o=tk (2.37)

see also Apps. 2.B.3 and 2.B.4 for the derivation. Since the fourth and fifth
terms in Eq. (2.37) have the same form as the right-hand side of Eq. (2.12),
we can safely perform the Wannier-function expansion and take the large-U
limit. Under these procedures for the Hamiltonian (2.37), we finally obtain the

effective Hamiltonian
) £ 2

P I1 A R N
+ L+ Vy(© -y Rg) + Hixcs (2.38)

Heog =
T My 2M,

Note that the operators Rg and ﬁB also have the HCB representation:
. 1 R A At s
RB 2ﬁ le'ni, HB ~ th ﬂzdk, (239)
ieV k
where di (ﬁ,’:) is the Fourier transformation of §; (ﬁj)
In the derivation of Eq. (2.38), we directly applied the discussion from
Eq. (2.12) to Eq. (2.21) and replaced the terms
N )
t;, .
Z[% + V()

n=1

+ % S o(Fn =) (2.40)

n#+m

by the lattice Hamiltonian . (2.1). To justify this replacement, we must
meet the following two conditions, in addition to the one that the environment

temperature is sufficiently low:

* The platform’s motion does not excite the bosons to higher energy bands

of the periodic potential Vj(x).

* The Hilbert space of the system is symmetrized with respect to the new

variables {#,}_, introduced in Eq. (2.23).

n=1

22



For the first condition to be true, it is essential to keep the typical frequency of
the platform Q) sufficiently small compared to that of the bosons wg. Here, the
typical frequency of the platform () is determined by its maximum accelera-
tion and that of the bosons is given by harmonic approximation of the periodic

potential Vg(x):

_ 27 VO

wpg = (2.41)

a mg

The second condition above is similar to that for the variables {qn}ﬁ’:l but is in

fact different, since {1",1}1,:]:1 and {f]n}szl are different variables. In the present

N

case, we can prove that the symmetrization for the variables {#,},_, is equiva-

lent to that for the variables {g,}_;; see App. 2.C for the proof.

2.2.3 Platform’s equation of motion (Result II)

Since we have transformed the original Hamiltonian (2.11) to the one (2.37) by

the unitary transformation (2.32), we also have to use the new operator

A (0 A A A
QY =0y QU (2.42)
:Q—VNRB (2.43)

to describe the platform’s position. With this in mind, we derive the equation
of motion for ng)(t) under the effective Hamiltonian (2.38). Here (¢) denotes
the argument in the Heisenberg picture, which we omit for brevity in the fol-

lowing. Applying the Heisenberg equation once, we obtain

- YNV (2.44)

VB(t) 3=8tRB(t). (245)



Defining the platform’s effective velocity by ng)f) = atég and applying the

same again, we arrive at

(0)

atveff — Mtot

Vé(Q_YNﬁB)_%[VB’ VO(Q_VNﬁB)]_VNAB: (2.6)
where we defined the hardcore boson’s collective acceleration by
AB(t) =9tVB(t) (246)

Equation (2.6) allows us to predict the motion of the platform coupled to the

HCB model for various shapes of the potential VO(Q(E%)). As a simple example,

we consider the case in which a linear force f,, acts on the platform:
A(0) A(0)
VO(Qeff) = _Qeff 'fext' (247)
This assumption yields the following equation:
IV =M Lo fo—ynA 2.48
Y eff — effofext VYNAB, (2.48)

where we defined the inverse effective-mass tensor by

. i [RB g VB]
= + 7/2 .
7 My N iR

(2.49)

The tensor operator M_i has a dimension of the inverse mass and gives us

information about the response to the applied force f .. We hence investigate

ext
the contribution of the first term Mgflf 0 f oy in Eq. (2.48). On the other hand,
we set aside the discussion of the second term —yyAg in Eq. (2.48) since its full
treatment will require much effort. We believe, however, that linear response
limit.

theory will allow us to analyze it in the small-f ,,

First, we can express the tensor Mgflf explicitly as a function of N:

i Ny 2
. )
= Wi, 2.50
Mei M0+NmB+(1+N/u) B (2:50)
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where
W=t (2.51)

To expand the operator Wy in fewer terms, we employ the Matsubara-Matsuda
transformation [62, 63] and convert the HCB operators to spin-1/2 operators.

First, we can rewrite the HCB hamiltonian as

Hrcs = - Z ]i,jngA;, (2.52)
(i,j)eE

At

where {(57, S )}iey denotes the spin operators with the commutation relation

[SZ S]i] +5; 5%, [S ] 26,87 (2.53)

The operators Ry and Il also acquire the spin-operator representations:
1 Az 1 A A+ S—
=5 Y xS+ S} = ) ki, (2.54)
ieV k
where S is the Fourier transformation of S¥. Using them, we can explicitly

obtain the tensor operator W in the form

We = 2aN2 Z (o —xj) ® (x; _"J')SA1‘+SAJ'_+ M, (2.55)
(i,))eE

Our next task is to calculate the expectation value of WB,

v

(Wody = s 3 (%= x)®(x—x) (7S + 31

(2.56)
(i,j)eE Mo’

where (o)) denotes the expectation value with respect to the N-boson ground-

state. To this end, we first define the quantity

Ay = 2|E|Z i—x))® (x; —x))(5 S, (2.57)

(i,j)eE
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where a denotes the lattice constant. This gives a dimensionless version of the
first term in (Wpg)y. Since its exact calculation is diffucult, we numerically es-
timate the value of Ay and approximate it by a mean-field solution. Figure 2.2
shows its exact-diagonalization estimate and the mean-field solution given by

Ay ~ ; |§|(1 - |I\\/I|)i (2.58)
for the derivation of Eq. (2.58), see App. 3.A. Since Eq. (2.58) approximates

the numerical estimate shown in Fig. 2.2 well, we deduce that

Ja® |E] x
3Ja% 1 N 1 |y
S ErvEv Lt Rl I 2.
[2 2 N( |V|)+M0] (2.60)
and that
v i Npu 2
N = 2.61
et Treid b ] KULSN (2.61)
I ,3Jmga’( N )
1= 1-s : 2.62
MO[ N T2 ( |V|)Nl4 +0(p?) (2.62)
Hence its inverse plays the role of the effective mass
. 3 Jmpa’® N .
[(Meon]™ [M0+NmB CRE™ (1 m)NmB}l. (2.63)

The first two terms in Eq. (2.63) constitute the total mass M, = My + Nmg
increasing linearly with N, while the third term indicates a nonlinear depletion
with the amplitude gg := Jmpa?/h?. In particular, the depletion is largest in the
half-filling case N/|V| = 1/2. To see this fact in a p-independent form, we define

the following quantity:

M)y =M
AN g - Mt = Mo (2.64)
mp

{1 - EgB(l - II\\/TI)

26

N. (2.65)




(b)

|=

— (1)

=

0.00 ======—=——ommm oo .

Figure 2.2: (a) Geometry of the triangular lattice used for the numerical cal-
culation. We used the open boundary condition. (b) Numerical results for the
matrix elements of Ay (broken curves) in Eq. (2.57) and the mean-field solution
(2.58) (solid curve). The method of numerical calculation is exact diagonaliza-
tion with QuSpin [64, 65]. Almost only the diagonal component is dominant,

with the maximum value around 0.125 both for Agx and A?\}y )
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10— —— g =0.33
& P —
g g =0.66
=
A — g5 =1.0
0 = gp =2.0

T T T T
0.2 0.4 0.6 0.8

N/VI

Figure 2.3: The mean-field behavior of AN.g at gg = 0.0,0.33,0.66,1.0,2.0,
where gg = 0.66 ~ 2/3 corresponds to a critical point at which the minimum

value of AN,g is not less than 0.

The quantity AN,g inherits the linear increase term and the nonlinear deple-
tion term in the effective mass [(Mg&)N]‘l in Eq. (2.63), straightforwardly
showing the nonlinearity of [(Mgflf)N]_l; see also Fig. 2.3. Hence, the effective

mass [(Mgé}N]_l behaves qualitatively the same as the quantity ANg.

2.3 Summary

In this study, we formulated the HCB model on a triangular lattice, which is an
effective model of two-dimensional “He on a movable platform, and derived
the effective Hamiltonian (2.38). We also derived the platform’s equation of
motion (2.6), from which we obtained the effective-mass formula (2.63). The
effective-mass formula includes a linearly increasing term and a depletion term
as a function of the number of particles.

We have made several assumptions for simplification in this study. First,

for a more accurate description of the two-dimensional *He, we have to adopt
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the extended HCB with off-site interaction. The importance of the off-site in-
teraction is also evident from some numerical results showing that *He atoms
on graphite give rise to a non-trivial unit cell [66, 67]. In the analysis of the
equations of motion, we have also ignored the term —yyAg. To fully calculate
the linear response regime of the external force f,,, we should take this term
into account.

Finally, let us discuss the possible variations of this study. Although our
original motivation was only to theorize mechanical probing such as QCM, the
methods of deriving the effective Hamiltonian and the equation of motion may
be applicable to theories of other experimental setups. For example, one idea
would be to replace the HCB model with the fermionic Hubbard-type model
for the two-dimensional >He. Another idea would be to replace the simple
platform used in this study with an elastically deformable body, which may

allow us to consider a deformation of the lattice model.
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Appendix

2.A Mean-field approximation of Ay

In this appendix, we derive the mean-field formula

y 1 N
AN :—g2|E| Z (x,- —x]-)®(x1- —x])(Sl*S] >N (266)
(i,j)eE
1N N\,
S PR | ) 2.57
2|V|( |V|) (257

The derivation requires the following assumptions:
1. The quantity (SAI.*SA]-_>N does not depend on the direction of the bond (i, j);

2. The quantity (S:fﬁ;)N does not depend on the position of the bond (i, j).

The first assumption yields that
(S8 = (8187 = P Z (S787In, forieV, (2.67)
(i,j)eE
where } ; iep denotes taking the sum of the bonds j connected to i by the
bonds in the set E and z; denotes the coordination number (degree) of the

lattice G = (V,E). In the case of the triangular lattice, z; = 6. Using this, we

can show that

Z (x; = %) ® (x; = %)) (SF §7 )y = 3a% (S SN . (2.68)
(i,j)eE
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Adding the second assumption yields the following

AL A 1 AL A
(575 N = il Z (575N =t pn, (2.69)

(i,j)eE
where py denotes the spin stiffness. We can also approximate the spin stiffness

pn by the order parameter at zero temperature as follows:

v =g L ST ) IGE =[], (270

(i,j)eE iev

where [|1,D|2]N denotes the order parameter. The above discusson and the mean-

field solution

[lez]N:%(l—%) (2.71)

for the hard-core boson [68] yields

ey N[N
<sl.s].>N_|V|(1 IVI)' (2.72)

Substituting Egs. (2.68), (2.72) and the general relation |E| = 3|V| for the

triangular lattice |E| = 3|V, we finally obtain

. 1 L
AN =g (xi = %})® (x; =x;)(5" 5} )y (2.73)
(i.f)eE
_1 A A_
:2a2|E|Z ) xi—xp)@xi—x)(S )y (2.74)
iV | (i.feE
1 )
= 22E] 2(30 (5757 1) (2.75)
ieV
1 —
=2V ) (STS (2.76)
eV
srlt- (2.77)
2V vif .
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2.B Some detailed calculations

2.B.1 Proofs of Eqs. (2.26) and (2.27)

We show that the linear transformation given by Eqgs. (2.22), (2.23), (2.24), and
(2.25) give a canonical transformation, which preserves the canonical commu-

tation relations (2.26) and (2.27). To this end, we assume

[Qo Q?IA’O- =ihi, (2.78)
(4% D] =i10mul, (2.79)
[Q0%5,]=0, (2.80)
|4, 8 Po] =0 (2.81)
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Evaluating the commutation relations for the variables Q, P, {#,),,and {7,

n=1- n=1-’
we have
A N N
Son] | QoY o1l o ¢ .
® — m e
(9 P|=|~ P Y b, (2.82)
n=1
1 N N
= Q¥ Pol+m ) ) [4,9h.] (2.83)
’u [ m=1n=1 ~—-ou ——
ihl ihdy, 1
=ifi, (2.84)
o 1l QorrXNia,. .
(7 0] ={ 4, - °1+lel L9 p,,— 1P (2.85)
| R p
=g, - 7, ®p 2, P 2.86
& = I
= qné’pﬁm]_l_’_N Z’[ql"gi’m]—i—l_i_N [QOl?PO] (287)
i1, m1 ihd) i ikl
=ihd,m1, (2.88)
A @ A QO"'I‘ZN:NA] o A
® — m me s
[Q’“n]—[ 1+ Npu 7Py~ HPy (2.89)
& U =
- _ A ® P A @B
- 1+NH[Q0,P0]+1+N’MZ[qm,pn] (2.90)
—_—— m=1 —(——
ind 10,1
=0, (2.91)
A N
A A N Q + ZN: q raX A
[rn?Po]: n_ 0 1}11\’;1“161”1?1)0"' P (2.92)
=1
N i N N 1
— A s |_ Ao | A ® P
_Z[qn’pl] 1+NP£ZZ[qm;Pl] 1+Ny[Q0’PO] (2.93)
=1 ~— oo —— m=1 =1 ~~—o—— |
:lhbnll :ihém'li lhl
=0, (2.94)
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which proves Egs. (2.26) and (2.27).

2.B.2 Proof of Eq. (2.28)

We invert the definitions

oy Qo + P‘Z;\Izl 4,

1+Npu
. . Qo+ﬂ21§:1qn
7y =q, - T+ Ny (n=1,2,...,N),

34

(2.22)

(2.23)

(2.24)

(2.25)

(2.95)
(2.96)

(2.97)

(2.98)



directly into the total Hamiltonian (2.11). We then obtain

2
N 1 1 A a2 A .
Ho 2M0(1+N;4) (P-115) + V(@ - NuRp) (2.99)
1 1 A a2 A .
= -II — 2.1
i Tr N7~ M) +Vo(Q@ - NuRy) (2.100)
ZIKO
N 1 U ) 2
HIB[QO]:;{%[N;ﬁ 1+N}4(P_HB) +VB("n+NVRB)}
+§Zé(fn—fm) (2.101)
n+m
1 . 1 Npu [~ = \2
= I, . —-II -II
Mo b (P B) 2~/\/ltotl+z\jﬂ(ﬂp B)
1
8 PO
+ [—+VBrn+N;4RB +§Zé(rn—rm). (2.102)
n= n<m
Gathering the terms K, and K; into
N . 1 1 1 Ny a2
Ky+ K —1II
0% %1 = [2Mt0t1+N;4 2Mt0t1+Nyl(P 0)
=1/(2Miot)
+ ;- (P-1I 2.103)
e (P-11s) (
1 A A A A A
= (P - T1p)? + 2015 - (P - TI) | (2.104)
(0}
P11
P I

= , (2.105)
2~/\/ltot 2j\/ltot
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we finally arrive at

Htot = 7'20 +7'AfIB[QO] (2.1006)
) A2
7) HB A A
= — + Vi —NuR
M IMe 0( - NpuRg)
N (2.107)
7t . . P
+ n; 2_71:]3 + Vg(#, + NuRg) [+ %Mzmé(rn — ).

2.B.3 Derivation of formulas (2.33), (2.34), (2.35), and (2.36)

First, we show the formulas

N Nu .
t H
UNrnUN :Tn—mRB, (233)
Une,Ufy =, + ullg, (2.34)
using the general expression
s | .
Ap.—A _ k
e”Be™ = E EadAB (2.108)
k=0

for a set of arbitrary operators A and B. Here, we introduced the notation

adfB:=[A,[A[--[4 B]]]] (2.109)
k

for the adjoint operation. The remaining formulas

1
UNTIgUf; =(1 + NI (2.36)

immediately follow Eqgs. (2.33) and (2.34), respectively.

To show Eq. (2.33), we put
A _ CN A A A A A a
A_ﬁ(RB-HB+HB-RB), B=+#, (2.110)
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and evaluate the right-hand side of Eq. (2.108). In this case, we can show that

7, (k=0)

(ad'ag) — (2.111)
A (2. ~
PO Ry, (k2 1)

and consequently have

. . =1 R
st N (L qk
On N—;k‘(adAB)Eq.(Z“O) (2.112)
. ov (en)f s
:rn+Z kZ!V Ry (2.113)
k=1
=ty +(e”N —1)Rg (2.114)
1 )

—#, +|—— 1R 2.115

Npy .
=, — Rg. 2.116
¥y 1+N]/l B ( )

We can prove Eq. (2.111) by mathematical induction. The case of k = 0 trivially
holds. For the case of k =1, it holds that

15 _Nip..T S S
(adAB)Eq' (2'110)_21,?1[1:3 I + 11 RB,rn] (2.117)
o N
N [ A A ral A
:ﬁ _RB°TIm+TCm°RB,Tn] (2118)
m=1
o N
N A A N N N A
:ﬁ Z RB o [TCm ‘?rn]+[nm ?l’n]ORB (2119)
m=1 — —
=—ihdyul  =—ihdpy 1
=—cyRg. (2.120)
Here, assuming that
k kB
(ad’, )Eq'(zm)_( cn) Ry (2.121)



for an integer k > 2, we have

k+1pH
(ad " B)y. v = | Ry Tl + Tl - Ry, (adt B),. (2.110)] (2.122)
(_CN)k+1 . R R o
:_T[RB'HB"_HB'RB’RB] (2123)
=(—cn) 1 Rg. (2.124)
Here, we used the fact
[RB . ﬁB + ﬁB 'ﬁBIﬁB] :ﬁB o [ﬂB 6,9 sz] + [ﬁB Q,Z) RB] szB (2125)
=—ihi =—ihl
=—2ihRg. (2.126)
Equation (2.111) is thus proven by induction.
To show Eq. (2.128), we similarly put
A 2lh(ﬁB-ﬁB+ﬂB-RB), BZTAZ” (2127)
in Eq. (2.108). In this case, we can show that
. Tt (k=0)
(ad”B) =" ) (2.128)
Eq. (2.127) P
cnIlg/N (k>1)
and consequently have
Uyt y B 2.129
kz,k_ (2.127) (2.129)
PR Cﬁ’ I 2.130
=70, + ZEW B (2.130)
k=1
. L. ~
:nn+ﬁ(eN—1)HB (2.131)
=ft,, + pllg. (2.132)



In Eq. (2.128), the case of k = 0 trivially holds. For the case of k = 1, it holds

that
1 4
(adAB)Eq (2.127) Zlh[RB HB + HB RBI ﬂn] (2133)
cy 1 N
th ; Py - Tl + g - 7, 7, (2.134)
Ly
=—-NmZ (7@ 7| Xy + Mg o [, @ 72, (2.135)
m=1| ~—ou—— —_——
=10y, , 1 =ihd,, 4
CN &
=—1II;. 2.136
N1y (2.136)
Here, assuming that
. &
(adAB)Eq. o = 2 1B (2.137)
for an integer k > 2, we have
k+1 5
(ad”; B)Eq_ ) 21h[RB Ty + g - Ry, (ad, )Eq_ (2_127)] (2.138)
1 CZk\IH . . . . .
N 207 [R HB+HB'RB!HB] (2139)
k+1
o
= II;. 2.140
= Us ( )
Here, we used the fact
[RB . f‘[B + ﬁB . ﬁBiﬁB] = [IA{B Q? ﬁB] OﬂB + f‘[B o [IA{B @ ﬂB] (2141)
—_———— ————
=ikl =ihi
=2ihll. (2.142)

Eq. (2.111) is thus proven by induction.
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2.B.4 Derivation of Eq. (2.37)

We put the equations

\ Nu .
Un#, Ut =#, 1+1<tf/u 5 (2.33)

Unt, Uy =tt,, + pllg, (2.34)
N 1 .

UvRgUT = Rg, 2.35
NAXBYN 1+N]/£ B ( )

UNTIgUf, =(1 + NI, (2.36)

directly into the expression

) )

. P I . .

Hiot = - +Vo(Q - NuR
N ﬁz q

+Z[ﬁ+VB(n+N,¢RB) +5 ) Slbu—u) (2.28)
n=1 nzm
to show that
A2 )
NP P 11 R
UnHiot UR +——+ Vp(Q - ynRp)

+%Zé(?n—?m). (2.37)

First, the {#,}-dependent terms in Eq. (2.28) are transformed as

N
A A A R A g . R A
On|Vo(Q~NpuRg)+ ) Vilfy+ NuRe)+5 ) ok, —#,) [0} (2.143)
n=1 n#m
3 g
:VO(Q—VNRB)+;VB(Tn)+§;5(Tn—rm), (2.144)

where Py = Np/(1 + Nyu). Second, the remaining {7, }-dependent terms are
transformed as

| S mn & a2
Oy|-—2—+ gt = =B 4 n 2.145
NI 2 M, szB N~ oM szB ( )
0 n=1 0 n=1
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We then have Eq. (2.37). Here, Eq. (2.145) is derived from

o L (OnT1sUy) (2.146)
N 2~/\/ltot N 2~/\/ltot NTBEN .
L N (2.147)
2JVltot l/l B .
1 A2
= — (1 + NI, 2.148
2Mo( )1 ( )
A N 7,-\(2 A-I- 1 N A A+ 2
n _ A
Uy szB T Z(UNnn 1) (2.149)
n=1 n=1
N
1 A \2
:%Z(ﬁnwnB) (2.150)
n=1
N
1 2 1 ~2
=— Y 72+ —(2+Null. 2.151

2.C Indistinguishability of identical particles

We show that symmetrizing the Hamiltonian (2.11) with repsect to the vari-
ables {f]n}fj:l also means that for the variables {i‘n}fj:l. To this end, we express

the linear transformation given by Egs. (2.22), (2.23), (2.24), and (2.25) in the
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matrix notation:

Q| Ao Ao Ao || Qo
. A.l'o A.“ Al.'N q.l , (2.152)
Nl |ANo AN ANN||dN
_ - _ =A - -
P Boo Boi -+ Bon||Po
T B?O B?'l Bf'N ’A’_l (2.153)
fin| |Bno Bwni By N ||PN
=B
We then take the basis

Q )=Q >®i{]ﬁ[zﬁ*< )[10) (2.154)

024N ) - 0 YN | | q, , :

which is symmetrized with respect to any variables. Here, the field operator

1,[3+(q) satisfies the condition
[P(a), p"(q)] =ito(q-q), (2.155)
[¥(a), $(q)] =[$"(q), %" (q))] = 0. (2.156)

The dynamical variables {(qn,;an)}szl are also expressed as

(2.157)

’

qn=Jondq1mqu Qo 4x)4.,(Qor--- ax

P, :fondql---qu Qo an ) (=i1V,)(Qoy- - 4] - (2.158)
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First, we can show that

, 1 i
ry _det[A] J dQOdql qu
X |A_1Qo,---,A_1qN>qn (A_IQO,...,A_quI, (2.159)
., 1 r
Tty _det[A] J dQOdql qu
x |A Qg ..., A7 qN) (=B, ) (AT Qy, ..., AT gy l; (2.160)

see also a later paragraph (Proof of Eqs. (2.159) and (2.160)). This means
N N
n= n=1

that taking the variables {#,},_, instead of {g,, effectively replaces the ba-
sis |QO,...,qN> by |A71Q,...,A71qy). These bases have generally different ex-

change symmetries:

|Q0,...,ﬂ,...,ﬂ,...,q1\,) (2.161)
:|Q0,...,ﬂ,...,ﬂ,...,ql\,% (1<k<I<N) (2.162)
IA7'Qq,..., A qy,...,AT q,,..., A7 qy) (2.163)
=1A7'Qy,...,A™q,,..., A7 q,,..., A7 qy). (1<k<I<N) (2.164)

Here, we show that these symmetries are actually equivalent. Indeed, it holds
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that

N
[A_l QO]qk(_)ql - [A_l]k’,O QO * Z [A_l ]k’,m A
—— mik,lR/_/
=1 :—’4

* [A_l]k’,k 1+ [A_l]k’,l Uk
_

—u =—p
=Qp— NVﬁB = [A_l QO](Aflqk)H(A*I‘Iz)'
N
[A_lqk']qﬁqz - [A_l]kf,o Qo+ Z [A_l]k’,m T
—_— mzk, I —
=1 =01 ,m
* [A_l]k’,k T [A_l]k’;l I
- =
=0k & =0k’ 1
Q+apy (K=K
=1Qo +1 (k" =k) = [A_lqk’](A’lqk)H(Aflqz)-
Qo +4x (k"=1)

(2.165)

(2.166)

(2.167)

(2.168)

In other words, exchanging the variables q, and g, is equivalent to exchang-

ing the variables A™'q, and A™!q,. From this fact, we can safely perform the

second-quantizaton procedure for the Hamiltonian both in the {(i]n,ﬁn)}fj:l-

representation and the {(#,, ﬁn)}ﬁlzl—representation.

Proof of Eqs. (2.159) and (2.160)

Suppose that F(Q,,...,4y) is an arbitrary function of the variables Q, and

{g,)_,. First, let the state |QO,...,qN> give one of its eigenstates:

F(QO"'"QN)|Q01-~;L]N>:F(QQ,-..,qN)'QO,...,xN>.
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Here F(Qy,...,qy) is the symmetrized version of F(Q,,...,qy) with respect to

{,)"_,. The matrix element of F(Qy,...,§y) is therefore given by

(Q0 a7, ak|F(Qo - 4n) | Q0 - ) (2.170)
=F(Qy,q7--aN){Q0, 47, an|Q0, 41+ AN )- (2.171)

Second, we can take a unitary representation which satisfies

UQ,U"=A

>
>

o (2.172)

Ug, Ut =Aq4,; (1<n<N) (2.173)

see also a later paragraph (Unitary representation of linear canonical trans-

formation). Using the unitary representation and assuming the ansatz solu-

tion
U1Qo 41, ay) =T 1Q0 @1 dN)» (2.174)
we have
(Q a7, a4k F(Qo 1 4n) Q0 41 aN) (2.175)
=(Q(, 47, a%| UTUF(Qo 4y, an) U U| QG 41, - 4k ) (2.176)

:(<Q8,qi/,...,q,’\’, U+)P(AQ0,Aq1,...,AqN)(U|Q6,q;,...,q’N>) (2.177)
=|T12(Q0, - A% F(AQo, Ady,..., Ady)1Q0, Y- AN (2.178)
=\ TPEAQY, A}y, AGN) Qe @) G 1Q0 G ) (2.179)

Noting that F(Qq, 4y, ..., §y) is arbitrary and comparing Egs. (2.171) and (2.179),

we have

F(Qy 41 4n) =F(AQq, A}, ..., Agy), (2.180)
QU@ Q T @) = TAQU G e GO Gy (2.181)
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Equation (2.180) specifically means that

Qo Qo
‘?1 _ 4! q.l
_ZIN_ N

and therefore
(Qp,x7], o x1Qp, X1, xN)
=| TP (ATTQy, A Xy, , AT AT QY A X, AT X
=|J P det[A](Qg, x7,....x{1Qp,x],..., xY)-

[
=1

Here, we used the general formula
A—l 7 A—l 7 A—] 7 A—l ) A—l ) A—l )
(A7 Qy, X{seees Xyl AT Qo AT X, L AT XY)

=det[A](Q(,x],..., XN |Qp X1, XN )-

We then have
1
T = ——
vdet[A]
and obtain
1

U|Q0,x1,...,xN): |A_1Q6,A_1x’1,...,A_le\, )

\/det[A]

Unitary representation of linear canonical transformation

(2.182)

(2.183)
(2.184)

(2.185)

(2.186)

(2.187)

(2.188)

(2.189)

Equations (2.22), (2.23), (2.24), and (2.25) give a type of linear canonical trans-

formation represented by

fp—)Q::A

>
[l

~

f f f
D Avjdip ) Avjdps ) Apjd;
i=1 j=1 j=1

f f f
p—P:=Bp= ZBl,jﬁjrZBZ,jﬁj"“’Znyjﬁj .
j=1 j=1 j=1
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Here g = (41,42,...,qf)T and p = (ﬁl,ﬁz,...,ﬁf)T denote f-dimensional dynam-

ical variables, each component of which satisfies
[4i, 9] = iho; , (2.191)
and A, B are real matrices. In this case, it holds that
ABT =1, (2.192)

where I is the identity matrix. We use the fact to prove that any linear canonical
transformation accompanies the corresponding unitary representation.
To this end, we first show Eq. (2.192). Evaluating the commutation relation

A

of the dynamical variables (Q,P), we have

f f
[QzP]] = ZAi,kﬁk:ZBj,lﬁz (2.193)
k=1 =1
fof
= ZZAi,kBj,l [fik:ﬁll (2.194)
k=1 I=1 N
=ihoy)
f
:ihZAi,k(BT)k,j. (2.195)
k=1

If Eq. (2.190) gives a canonical transformation, it must also hold that

QB = it . (2.196)
We then have the condition
ABT =1 (2.192)

for the matrices A, B to give a canonical transformation in the representation

(2.190).
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Using Eq. (2.192), we try to represent the transformation (2.190) by a uni-

tary representation

qg—-UqU", (2.197a)
p-UpUT (2.197Db)
with the ansatz
. 1 & 5
U =exp EZZCi’j(Qiﬁj+ﬁj{?i)/ih _ odlel (2.198)
i=1 j=1

Here we demand that the generating matrix ¢; ; is real for the operator U to be

unitary. First, the unitary operator (2.198) acts on 4; as follows:
NP |
A 77t _ = gk A
U4,U" = E adf (4. (2.199)

Here, we used the notation (2.109) and used the formula (2.108). We can eval-

uate the values of the array {adé[ ](qi) inductively as follows. For the case
¢ k=0
of k = 0, it holds that
adS () = di (2.200)
For the case of k =1, it holds that
1 (A | 0 (4.
adl (4 =|dlcl.adl () (2.201)
1 L
= ;;cj,k (471 + Bedj i) (2:202)
]: =
—Zihék,iq]
f
=) (-0);id (2.203)
j=1
f
= X(—CT)I-,]@]-. (2.204)
j=1
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Under the assumption that

k=1 I=1 j=1 —_—
~2ihSy 4
f f
=) () ) [, i
k=1 =1
L T\k T
:;;[(_C ) ]i,j[_c ]j,kq"
f
— Z[(_CT)k+l i,]ﬁj;

which fact is independent of the value of k. From the above, we have

adk 9i Z[‘C k]z]q]

for all k > 0 and obtain

[o¢]

[L.h.s of Eq. (2.199) ]:kzkl Z[ k]iﬂi

[l
—
]
>

o
|
0
~
~
[ —
(AN
~

We can also evaluate the value of Up;U" in the same way:
o5 Lo,
k!
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(2.205)

(2.206)

(2.207)

(2.208)

(2.209)

(2.210)

(2.211)

(2.212)

(2.213)

(2.214)



For the case of k = 0, we have

adly, (59 =|Glcl.add (90|

Here, assuming that

adg[] b Z[ kL]pJ

for a value of k > 2, we immediately have

ady! (99 =| el adhy (1)

c]

1 fof f
=ﬁZZcHZ[ apo+ prd )]

k=11=1  j=1
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(2.215)

(2.216)

(2.217)

(2.218)

(2.219)

(2.220)

(2.221)

(2.222)

(2.223)

(2.224)



which fact is independent of the value of k. From the above, we have

f
adé[c](ﬁi) - Z[ck]i,jﬁj (2.225)
j=1
for all k > 0 and obtain
) f
[Lhs of Bq. (2.214)] = Z% Z[(—CT)k]i’JpJ- (2.226)
k=0 " | j=1
f
- Z[exp(c)]i,jﬁj. (2.227)
j=1

We then arrive at the condition

exp(c) =A, (2.228a)

exp(-c) =B. (2.228b)
Note that the condition (2.228) is consistent with ABT = I because
-T T
[exp(c)] :exp(—c ) (2.229)

Equation (2.198) and the additional condition (2.228) give the unitary repre-

sentation of the linear canonical transformation (2.190).
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Chapter 3

XXZ model with periodically

driven exchange interactions

3.1 Background and motivation

Periodically driven quantum many-body systems constitute a class between
time-independent systems and general time-dependent systems, having a math-
ematical structure that can be solved by reducing them to time-independent
systems. This provides a hint for designing Hamiltonians with new quantum
states as stationary states, which would not be realized in bare time-independent

systems. This technique is called Floquet engineering in reference to the Floquet

theory [69], which is a general theory for time-periodic systems and has con-
tributed to generation of new gauge fields in the optical lattice [70-77] and
deformation of the band structure of graphene [78-85], for example.

This study is a joint work with Seiji Yunoki (RIKEN, CEMS, as of December 2020) to be

submitted (in preparation).
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The starting point of the Floquet engineering is to represent the periodically
driven system in terms of a time-independent effective Hamiltonian. Using
the Floquet theory, given a time-periodic Hamiltonian #(t) = H(t + T), we can
construct a generator of time evolution over one cycle of H(t), which is called
the Floquet Hamiltonian. In the short-period limit T — 0, or equivalently in the
high-frequency limit Q) := 27t/T — oo, the Floquet Hamiltonian coincides with

the average Hamiltonian given by

. 1 T
Have :z—f dt H(t). (3.1)
T 0

Therefore, the average Hamiltonian is often referred to as the effective (Flo-
quet) Hamiltonian and is denoted by H,.

It is important, however, to note that we can in general obtain a number of
effective Hamiltonians. In other words, for a given periodic Hamiltonian 7:((t),

there are a generally infinite number of effective Hamiltonians

P :%LTdt (OF(E) - iha, 101 (1) (3.2)
each of which is specified by the unitary transformation 2/(t). The average
Hamiltonian (3.1) is only a spacial case in which U(t) is the identity operator.
Out of the infinitely large set {/(t)}, we should choose one that is appropriate
to the purpose of research, especially when investigating nonlinear effects of
driving forces in interacting many-body systems.

One example of such nonlinear effects is correlated tunneling in interact-
ing bosons, which was predicted theoretically by Rapp et al. [86] for the Bose-
Hubbard model with time-dependent on-site interactions and was demonstrated
experimentally by Meinert et al. [87] using the corresponding cold-atom sys-

tem. Correlated tunneling can only be described by H,g under a specific choice

of U(t). The driven Bose-Hubbard model used in Refs. [86, 87] is given by the

53



time-dependent Hamiltonian

H(t)=-] ) ala;+ Z#ﬁi(ﬁi—l), (3.3)

)

where d;r and 4; are the bosonic creation and annihilation operators at the site
i,A; = a+al is the number operator, and the on-site interaction U(t) oscillates in

time as U(t) = U + 6U sinQt. Adopting the unitary transformation

. 16U o
L{(t):exp[zmcosﬂtzini(ni—l)l, (3.4)

we obtain the effective Hamiltonian

w==T Y AlToAs)+ ) Sl 1), (35)

{i,7) i

where Jy(x) is the zeroth-order Bessel function of the first kind and
A; ;= (0U/hQ) x (f; — 1)) (3.6)

is the scaled particle-number difference between sites i and j.
In this Hamiltonian, the elementary processes describing the movement of

particles are governed by effective bond operator

A (eff)

b; ;"

= a1 Jo(A; j)d; +h.c (3.7)

for each bond (i, j). Let n; := (\V|7;|V) be the expectation value of the number
operator 7; on site i under the state |\W). We can expect the dynamics through
A,,j due to the bond operator B:e]ff) depending on the spatial distribution of
n;. For example, for a bond (i, j), the process of changing the particle number
distribution from (n;,n;) = (0,1) to (n;,n;) = (1,0) always takes place with a
constant amplitude —J because [J3(0) = 1. On the other hand, for the same
bond, the process of changing from (n;,1;) = (1,1) to (n;,n;) = (2,0) takes place
with an amplitude | x J5(6U/#C)). When the value of (6U/hQ)) is set to a zero
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of the Bessel function Jj(x), the latter process is strongly suppressed while the
former process is intact. This complex state dependence is one of the features
of correlated tunneling. If we averaged the original Hamiltonian 7(t) as in
Eq. (3.1) by choosing the identity for Z(t), we would only find a trivial time-
independent part of H(t):

Fave=-1Y_dtdy+ ) Zii(i;-1) (3.8

(.7 i

from which we would not be able to derive correlated tunneling. This demon-

strates that the choice of Z/(t) is essential for the observation of target phenom-

ena.
When the total Hamiltonian is written as H(t) = Hy+V() such that Ozn/Q dtV(t) =
0, we should utilize the unitary transformation in the form
. bar .,
U(t) =T exp|- EV(t )| (3.9)

which reduces to Eq. (3.4) in the case of the Hamiltonian (3.3). Combining this
with Eq. (3.2), we obtain the interaction term as in

T
Ve == TL dt [U(HoU (1) —Ho). (3.10)

Note that the driving term in Eq. (3.3) acts on each site i, whereas the resulting
interaction in Eq. (3.5) acts on each bond (i, j). This motivates us to investigate
a possibility of finding, out of a driving two-body interaction, an effective long-
range interaction of the form (3.10).

In the present study, we indeed find a four-site interaction out of an XXZ
model in which the longitudinal exchange interaction is periodically driven
with constant amplitude. In the resulting model, we observe a state-selective
localization, that is, a limited number of Ising-like product states become fixed

points of the dynamics generated by the effective Hamiltonian. This means
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that under the basis of the Ising-like product states, we observe dynamics that
strongly depends on the initial state. Such an initial-state-dependent dynamics
has also been reported as the quantum scar, which is one of the mechanisms

preventing the thermal equilibration of quantum many-body systems [88, 89].

3.2 Methods and Results

3.2.1 Emergent long-range interactions (Result I)

We consider an XXZ model with periodically driven longuitudinal exchange

interactions on an arbitrary lattice, whose Hamiltonian is given by

. Ji N . A
At =—5 ) (857 +5; s;)—JH(t)ZSfSJ?, (3.11)
(@) (@)
where ], and J(t) = f|| + 0] cos Qt are the transverse and longuitudinal compo-
nents of the exchange interaction, respectively, and {$ Z’i} are the spin operators

satisfying [SA:F,SA]_] 0; ]Sf and [S?, S+ )] =+9; S+ Here, the symbol }_; ;y indi-

cates summation over all the bonds on the lattice.

In the present case, for the unitary transformation (3.9) we choose

Z/A{(t) =exp [_1A51n0t2<1,]> SAZZSA]Z , (312)
where
oJ
A= — 1
0 (3.13)

is the dimensionless amplitude of the driving force and thus the effective Hamil-

tonian (3.2) takes the form

. ] . . A _ o
Het(A) =~ Z[sjjo(Azi,j)sj +he]-Jj ngs;; (3.14)
o5 o)
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see App. 3.A for the derivation. Here,

Zii= Zs,f—Zs,-j (3.15)
(ki) (k.j)
is the local staggered magnetization around the bond (i, j). Note that ) ; Ok
denotes summation of Oy for all sites that are connected to i.

The operator ZAZ-,]- produces a new type of long-range interaction. First, the
operator Z; j involves many spins that depends on the underlying lattice struc-
ture. In fact, if the lattice is given on a square lattice of dimension d, ZAi,j is
written as the sum of §,f over 4d pieces of sites, since the coordination number
is given by 2d (see Fig. 3.2.1). Second, ZAZ-,]- has the following property. Let the
value of the parameter A be one of the innumerable zeros of the Bessel function
Jo(x), i.e., Ay with Jy(A,) = 0. If the operator ZAi’j produces the eigenvalue +1
in the argument of jO(A,\ZAi,j) when H,q(A,) acts on a quantum state |¥), then
it holds that

Hesr(A)|9) = Jj ) S787|W). (3.16)
5

Since ZAZ-,]- is written in terms of SA,‘?, let us choose the set of Ising-like product
states as the representation basis hereafter. We can then classify all basis states
into two types depending on the eigenvalue of ZAi’j, states for which the eigen-
value is either 1 or —1 and hence Eq. (3.16) holds, and the other states for which

Eq. (3.16) does not hold.
We formulate it more specifically as follows. First, we break down the

Hamiltonian into two terms:

Hei(A) =HY (A)+ H'™"S, (3.17)
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Figure 3.2.1: Range of action of Z,-y]- for a bond (7,j) in (a) a one-dimensional
chain and (b) a two-dimensional square lattice. The gray letters inside the

circles indicate the sites they are connected to either site i or site j.

where
\ )i R . .
R (A) == ) [STT0(AZ,)S; + (+ < -)] (3.18)
()
lsing ._ _ 7T 5z 4z
S DI (3.19)
(ij)

Let H'*I"8 be the set of Ising-like product states that can be realized on a given
lattice; see Eq. (3.25) below for an example of S = 1/2. Then an arbitrary state
|W) € H'"8 can be classified into two types depending on whether or not it

satisfies the vanishing condition

HEY(A)) W) = 0. (3.20)

Isi Isi
Let ﬁosmg be the set of the former, and ﬁlsmg be the set of the latter. The con-

.. . o . ; Isi Isi
dition (3.20) gives the decomposition into the direct sum Hsing = f)osmg ® fmg.

By casting the condition (3.20) into the form
1 .
exp [ﬁHeH(A/\) X tl (W) oc W) (3.21)
for an arbitrary t € R, we realize that the state |V) e f)gsmg is a fixed point of
the dynamics generated by Het(A,). In other words, Heg(A) creates dynamics

such that only the states |\WV) € f){)smg are selectively localized.

58



3.2.2 Spin-1/2 chain: analytical discussion (Result II)

In order to investigate the state-selective localization more specifically, we now
analyze an S = 1/2 chain of length L under the periodic boundary condition.

The two terms (3.18) and (3.19) in the effective Hamiltonian (3.14) now reads

L
. J . R .
R (A) =5 Y [$596(AZ;ii1)S5 + (+ & )] (3.22)
i=1
. L
Flsing = _f, Zs‘fs‘fw (3.23)

respectively, where S;4.1=5; and

ZAi,H_l = SAI-Z_l —SAI-Z-I-SAI-Z+1 _§i2+2' (324)
Let us denote each element of HI"8 as
L
) = @) i) = lm, ma, ..., my), (3.25)

I=1

where [m;) is either of the local eigenstates |+), |-) defined by §]Z |£) = £|+)/2
and m = (mq,m,,...,mp) in the label of the state |\V,,). In this case, the condition

(3.20) for |W) is equivalent to the condition
bii+1(A2) W) = 0 (3.26)
for every bond (i,i + 1), where we introduced the effective bond operator

biis1(A) = ST T(AZ; 111)S5, + (+ < —) (3.27)

Since the bond operator ?Ji,iﬂ acts on the four spinsati—1,7,i+1,i+2, we can

focus on the 16 pieces of four-site states
|Piic1) = |mi_y,mi,miy, miso), (3.28)
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out of the state |\¥,,) given by

|\I]m> = |mll"'1mi—2>® |17[)i,i+1>® |mi+3;-u,mL>; (329)

reducing the condition (3.26) to

bi i1 (A)|Yii41) = 0. (3.30)

First, we can classify the 16 four-site states into two groups: a group of 8
states satisfying |m;,;) = |[+) and a group of 8 states satisfying |m,,,) = |-). For

any state |11[11-’1-+1> in the former group, it holds that

1 1+1 |l;b1 z+1> SA;jO(AZAi,iH 1+1 |ll)z z+1> (3-31)

In this case, since SH1 |1,bi,1-+1> is also one of the 16 four-site states, it is an eigen-

state of 7, (AZi,i+1 ), and thus we have
ST T(AZ; 1) Sty i1 ) o STST i1 ) (3.32)

with the corresponding eigenvalue as the proportionality factor. In the same

way, for any state |1,bi,i+1> in the latter group, since it holds that

bi i1 (A) |, 1+1> Si Jo(AZ;11)81, |l/’i,i+1>- (3.33)
and since §i++1 |zpl-,z-+1> is an eigenstate of jO(AZAi,iH), we have

Si Jo(AZii1)87, |l/)i,i+1> o< 58 |7~/’i,i+1>- (3.34)
Putting these two together, we obtain

1 1+1 |11b1 1+1> j X l;i,i+l(0) |11Di,i+1> (3'35)

with the proportionality coefficient J.

60



V010 | | OH-0:0- | | 010030~  OHO-0:0-

GLO0-0- | | GLO0:0- | | 0000 00030

VR0 | | 0FH00H0- | | 0000 0000

OHO—0=0- | | OH0—0=0- | | 000~ -OrHO—0s0-

o oL e B Y,
by b, by

Figure 3.2.2: Classification of 2% = 16 possible Ising-like product states in four
consecutive sites (a cluster). The three groups Iy, t;, and Iy, shown in the figure
correspond to the states given by Eqs. (3.36), (3.37), and (3.38), respectively. In
each cluster state, the two sites enclosed in a dashed rectangle correspond to

the bond (7,7 +1).

Table 3.2.1: The right-hand side of Eq. (3.35) for cases |gbi,i+1> € I, 1y, Biye
J bii1 (0)[ii1) T xbi i1 (0)| i)
|$i,i41) € o | Jo(A) € Jo(A)h

|¢i,i+1> el |1 €y
i i+v1) € by | It depends. 0 0
|le,1+1> X p

Eho

ey

We then classify the 16 four-site states further into three groups; see Fig. 3.2.2:

hO ::{ |+; +,— _>1 |+1 -+, _>l |_’ + - +>’ |_’ -t +>}’ (336)
=+ +—+) =+ =) =+ =) (3.37)
by ::{ |mi_1; ++ mi+2>l |mi—1) RN mi+2>}mi,1:i,m,»+2:i- (338)

The behavior of .7, I;,-,iH(O) |71Di,i+1>: and J x Ei,i+1(0) |11bi’,-+1> on the right-hand
side of Eq. (3.35) is shown in Table 3.2.1. Therefore, setting A = A yields
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X 0 for [1;ir1) € o ® D
bi i1 (A i) = : (3.39)

biis1(0)[Wiiv1)  for [P is1) €y
From the above, we know that the four-site state |¢);;,;) satisfying the local
vanishing condition (3.30) is given by the union set lip @ .. On this basis,
we can also construct a state |\W,,) that satisfies the global vanishing condition
(3.20). In the next section, we verify numerically that such a state |\¥,,) actually

satisfies Eq. (3.20).

3.2.3 Spin-1/2 chain: numerical discussion (Result III)
Let us consider the following two product states:

|AO> = |—, R R N R R R R R R +>; (340)

|A1> = |_1 ->=>>->->-Hh -+ 45+ +> (341)

on L = 16 finite-size chain. The former (3.40) is a state with one domainwall
at the bond (8,9) and is contained in ﬁf)smg because [, 1) € bk @ Iip holds
for every bond (n,n+ 1) € E. The latter (3.41) is a state in which the spins
at the bond (8,9) (the position that the underline indicates) are flipped and is
contained in ﬁllsmg because the bonds (7,8) and (9,10) satisfy |¢;g) € I} and
|1h9,10) € Iy.

These two states |Ap) and |A;) only differ in the partial state at the bond
(9,10), which may be negligible in the thermodynamic limit L — oco. The slight
difference, nevertheless, generates largely different time-evolution dynamics
due to the fact that one state belongs to f){)smg and the other state belongs to
ﬁllsmg. To see this, we estimate the value of SZ(t) := <‘P(t)|§,§|‘l’(t)> and the

half-chain entanglement entropy given by
S1a(t) = Te[~pra(t)log pr (1), (3.42)
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where

ua(t) = Tercuero| V(D)W (1) | (3.43)
The state vector at time t is given by

(1) =T exp UO ‘f—;'ﬂm] (O, (3.44)
which we numerically estimated by the package QuSpin [90, 91]. We chose the
parameters in the Hamiltonian (t) so that the effective Hamiltonian Hg(A )
well approximates the dynamics and that the condition Jy(A,) ~ 0 holds.

Figure 3.2.3 shows our estimates of the spatial profile of S7(t) at several
times for the initial states |A() and |A;) and for the frequencies (2 = 10.0, 8.0, 6.0, 4.0.
The difference in them demonstrates that the change from |A() to |A;) makes
a significant difference in the time evolution; the spin configuration remains
almost constant for |Aj) but decays for |[A;). This is a direct consequence of
the fact that the initial state |A() is a fixed point of the dynamics.

Figure 3.2.4 shows the time evolution of S;/,(t) for the same set of initial
states and the frequencies () = 10.0,8.0,6.0,4.0. Each of the panels (a) and
(b) shows a plateau-like behavior, which is considered as a kind of Floquet
prethermalization, and indicates the scope how precisely the effective Hamil-
tonian Heg(A ) captures the time evolution.

We made a similar estimation for the following two product states:

|B0> = |_l -+t +++ -+ + 1 +>; (345)

By)=|-—-—-—-+++—-+—-—-—++++). (3.46)

These also form a situation that one belongs to fy and the other belongs I
with a slight difference at the bond (8,9) (the position where the underline in

Eq. (3.46) indicates). Figure 3.2.5 shows estimates of the spatial profile of S7(t)
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Figure 3.2.3: Numerical estimation of S7(t). Here, the value of

corresponds to the spin state |+), while the value of S7(t)
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Q=10.0
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------ Q=60
Q=100
Q=280
Q=60
Q2=06.0

S#(t) = +0.5

1

corresponds

to the spin state |-). The calculation conditions are set so that A = 2.4048, and

hence J;(A) ~ 0 holds with the fixed values Jy=-1.0,], =-0.75 and i =1. The

left panel (a) shows the result for the initial state |W(0)) = |Ag) and the right

panel (b) shows that for the initial state |W(0)) = |Ay).
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Figure 3.2.4: Numerical estimation of S;/;(t). The calculation conditions are
the same as that of Fig. 3.2.3. The left panel (a) shows the result for the ini-
tial state |W(0)) = |[Ag) and the right panel (b) shows that for the initial state
|W(0)) = |Ay). The gray vertical lines indicate the times when we took the snap-

shots shown in Fig. 3.2.3.

at several times for the initial states |By) and |B;) and for the frequencies () =
10.0,8.0,6.0,4.0. Figure 3.2.6 shows the time evolution of S;/,(¢) for the same
set of initial states and the frequencies (2 = 10.0,8.0,6.0,4.0. The behaviors
shown in Figs. 3.2.5 and 3.2.6 are qualitatively similar to those in Figs. 3.2.3
and 3.2.4.

The results implies that by flipping a pair of spins on a bond we can switch
the total state back and forth between ﬁ{fing and 5115ing. Hence, it is also possible
to guess from the measurement of S7(t) whether the initial state |\V(0)) belongs

Isin Isin
to H, 8 or 1 8,
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Figure 3.2.5: Numerical estimation of S7(t). Here, the value of

corresponds to the spin state |+), while the value of S7(t)

-0.5

Q=100
Q=80
Q=60
...... 0 =40
Q=100
Q=80
Q=60
------ Q=40
Q=100
Q=80
Q=60
Q=40

S#(t) = +0.5

1

corresponds

to the spin state |-). The calculation conditions are set so that A = 2.4048, and

hence J;(A) ~ 0 holds with the fixed values Jy=-1.0,], =-0.75 and i =1. The

left panel (a) shows the result for the initial state |\W(0)) = |[By) and the right

panel (b) shows that for the initial state |W(0)) = |By).
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Figure 3.2.6: Numerical estimation of S;/;(t). The calculation conditions are
same as that of Fig. 3.2.5. The left panel (a) shows the result for the initial state
|W(0)) = |Bp) and the right panel (b) shows that for the initial state |W(0)) =
IB1). The gray vertical lines indicate the times when we took the snapshots

shown in Fig. (3.2.5).
3.3 Summary

In the present work, we show that driven longitudinal exchange interactions
in the XXZ model lead to long-range transverse exchange interactions in the
Floquet picture, and results in a state-selective localization in which limited
Ising-like product states are fixed points of the dynamics. Especially in the
one-dimensional case with S = 1/2 and arbitrary length L, we show the long-
range transverse interactions reduce to four-site interactions and specify the
condition for a given Ising-like product state to be the fixed point. We also
show some examples of such a localizable product state and numerically veri-
fied that these are actually fixed points of the dynamics.

The driving protocol presented in the present study may be experimentally
realized in magnetic insulators by a technique of controlling magnetism with

ultrafast electric fields [92]. In addition to such experimental approaches, it is
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also interesting to investigate the state-selective localization as a quantum scar
[88, 89], which prevents thermal equilibration in isolated quantum many-body
systems. The state-selective localization proposed in this study has a common
feature to the quantum scar in that the dynamics is strongly dependent on
the initial state. It is desirable that the model given in this study be properly
extended to describe experimental situations and to investigate the quantum

scar in more details.
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Appendix

3.A Derivation of the Effective Hamiltonian

In this appendix, we present a detailed derivation for Hei(A) in Sec. 3.2.1. First,
we decompose the original Hamiltonian given by Eq. (3.11) into H(t) = Ho+V(t)
such that ™ ¢ V() = 0 holds. Then, for

\ Ji A A A
Ho=-=) (5187 +575)-]i Zsizs;, (3.47)
5 (i.j)
V(t)z—é]cothZﬁfﬁf, (3.48)
)
we find the unitary transformation (3.9) in the form

A bt .,
U(t) =T exp|— EV(t ) (3.49)
=exp[-iAsinQt Y 1y SESF] (3.50)

where A is given by Eq. (3.13). We then find Eq. (3.14) by substituting it into

the formula

Heii(A) :ZQ—NL dt U(t)HU (1) (3.51)

Let us thereby evaluate U(t)HolU (t). Because of the commutation relation

[S7,U(t)] = 0, we obtain

- §7§;)5[+(t)_]‘|| Zszsz (3.52)
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Furthermore, using the formula

e_iABeiA = i(—nz‘)” (adA)nB, (3.53)
n=0 )

where adA - B = [A,B], for any pair of operators A and B, one of the terms in

the square parentheses in Eq. (3.52) can be written as

S aia < (—iyn PRI
U(HS;S; u’f(t):z( ) (Astt)”(adZ(k,l)Si >slz) (s;s].) (3.54)

n!
n=0
:Z( ') (AsinQt)"SH(Z; )"s?].— (3.55)
n=0 :
:SA;rexp[—iAsithxZA,-,]-]SA._, (3.56)

where ZAI-,]- is given by Eq. (3.15).
We can prove the equality between Egs. (3.54) and (3.55) by induction as

follows. If we accept
ad SA(k)éZ §+§_ = SA+ ZA' i é_ 3.57
Z(k,l) z VY] i°j i ( z,]) Ji (3.57)

for a non-negative integer m, we obtain

(k) A m+l, A . A N
(aolzw> S )Sf) (s;s]. ):Z[s§ 18,8 (2, "S5 (3.58)
(kD)
A+ s 5 "
=2x; [Z<k,z>(5l,i—5l,j)5z ](Zi,j) 5] (3.59)
=57 (Z;;)" 1S (3.60)

For the equality between Eq. (3.58) and Eq. (3.59), we mainly use the symmetry
of exchanging the indices k and I. For the equality between Eq. (3.59) and

Eq. (3.60), we use the decomposition of the sum given by

2 X Z@k’l = ZZ@]{J, (3.61)

(k1) k- (kD)
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where ) iy Oy denotes summation of Oy for all sites that are connected to i.

Since Eq. (3.57) trivially holds for m = 0, it holds for any non-negative integers.

In exactly the same way, we obtain

A

Uu)s: SA]+LA{ (1) SAi_exp[+iAsithxZAi,j]SAj+.
Hence, we find

Z;{(t)ﬂoa-r(t):—% Z[S+ —1Astt><Zz]S + ] ]HZS
5 (i)
Using the integral formula [93]
1 27

5 dg e 50 = 7.(z), foraeR

in Eq. (3.63), we arrive at

where Jy(x) is the zeroth-order Bessel function of the first kind.
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Chapter 4

Conclusion

4.1 Summary and Conclusion

In this thesis, we have shown that proper modeling of quantum-classical cou-
pled systems allows us to theorize several experimental results and predict
new phenomena. In Chapter 2, we derived an effective Hamiltonian for two-
dimensional *He coupled with a movable platform and obtained an effective-
mass formula from the platform’s equation of motion. In Chapter 3, we showed
that long-range interactions that emerge in a spin system lead to initial-state-
sensitive dynamics.

In quantum-classical coupled systems, as introduced in Chapter 1, it is of-
ten crucial to derive the coupling Hamiltonian correctly. For such problems,
Chapter 2 provides a straight-forward solution. We derived the Hamiltonian
for two-dimensional *He fixed on a movable platform in Chapter 2. Such a sys-
tem with fixation is a typical example of a strongly-coupled system, in which
the perturbation theory fail. We instead defined a lattice model on a moving
coordinate, unraveled the quantum classical parts by a coordinate transforma-

tion, and straight-forwardly derived an ideal coupling Hamiltonian.

72



The model discussed in Chapter 3 contains no explicit classical degrees of
freedom and does not constitute a quantum-classical coupled system. How-
ever, to reproduce the results in Chapter 3, we need classical apparatuses for
periodically driving the exchange interactions in the magnetic insulator, for
generating slightly different initial states, and for measuring the physical quan-
tities. We therefore need to attach classical systems externally to the quantum
system in question. Such external systems and the quantum model treated in
Chapter 3 should constitute a quantum-classical coupled system as a whole.
It also raises the issue of designing the external systems to some classical-to-
quantum perturbation or measure a specific physical quantity by quantum-to-
classical back-action.

From the above, each of Chapters 2 and 3 makes the following contributions
to the framework of quantum-classical coupled systems proposed in Chapter 1.
Chapter 2 presents an experimentally inspired example of quantum-classical
coupled systems, together with an entire effective Hamiltonian and a renor-
malized classical equation of motion. Hence, this chapter provides a means
of probing a quantum system coupled to a classical system through the classi-
cal part. Chapter 3 predicts non-equilibrium dynamics in a class of quantum
many-body systems. To reproduce such non-equilibrium dynamics, we need to
design a specific classical system and couple it with the quantum system. This
chapter, therefore, raises the issue of designing the classical part in a quantum-

classical coupled system.

4.2 Discussions and Future Prospects

It would be interesting to compare our concept of quantum-classical coupled

systems with similar studies. In Chapter 2, we treated both two-dimensional
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“He and a movable platform as a quantum system according to the method
proposed in Ref. [57]. It is indeed a way of composing a quantum-classical
coupled system. However, according to some methodological studies [94-98],
we should be cautious about such a composition. First, there are two natural
properties that a quantum-classical coupled system must satisfy: the two sys-
tems evolve in time independently and correctly when uncoupled; the equa-
tion of motion for the two systems are subject to nontrivial modifications due
to the coupling. Methodological studies of quantum-classical coupling date
back to Anderson’s proposal in Ref. [94], which claimed to satisfy such prop-
erties. Unfortunately, it turned out that quantum-to-classical back-action does
not occur in his formulation [95, 96], and other studies have shown the same
shortcoming in a mathematically rigorous manner [97, 98]. However, it turned
out that a more technical approach eliminates this problem and allows us to
incorporate quantum-to-classical back-action properly [99-102]. We may need
to show that our method is equivalent to the methods proposed in Refs. [94,
—102] in the next.

It would also be interesting to apply our concept of quantum-classical cou-
pled systems to more fundamental problems, such as quantum thermodynam-
ics and quantum information. One example is a quantum autonomous ma-
chine [103-107], which is coupled only to two heat baths. It behaves like a
quantum heat engine subjected to external driving. In such a system, the quan-
tum system should have a strong back-action on each heat bath, leading to the
idea of probing the quantum system only from the behavior of the heat baths.
Another example is a driven dissipative system with a heat bath and a driver
[7-9, —116]. In the context of the driven dissipative system, one often as-
sumes that the heat bath has dynamical variables, while the driver does not.

Such a driver without dynamical variables approximates a system in which the

74



back-action received from the quantum system is infinitely small. To justify
this approximation, we have to formulate all external systems as heat baths
with degrees of freedom and derive a similar model. Our framework may also

be useful for such justification studies.
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