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Abstract

While the cosmological constant and cold dark matter (⇤CDM) model succeeds in ex-
plaining the large scale structure of the universe, it contains astrophysical problems on
small scales around kpc, which represents the excess of the matter density in numerical
simulations. Ultra-Light Axion-like Particle (ULAP) generated from the dimensional
reduction in string theory is one of the famous solutions to these problems. This is be-
cause the cosmological structure below its de Broglie wavelength, which corresponds to
the relevant scale ⇠ kpc if the ULAP mass is about m ' 10

�22
eV, are smeared out by its

quantum pressure. When such a light scalar particle oscillates with an O(1) amplitude
in a potential shallower than quadratic, the large fluctuations produced by parametric
resonance can create localized dense objects, oscillons. Because of their longevity due
to the approximate conservation of the adiabatic invariant, they can survive up to the
recent universe around redshift z ⇠ O(10). One of the methods to probe the matter
structure below the scale Mpc is 21cm line, which is generated from the energy di�erence
due to the hyperfine splitting by the interaction between the electron and proton spins
in neutral hydrogen.

In this thesis, we examine the possibility to detect ULAP oscillons by the 21cm
forest, which is the consecutive absorption of the 21cm line by dark matter mini-halos.
First, to precisely estimate the e�ect of oscillons on the matter structure, we derive the
analytical formula of the oscillon power spectrum and confirm that it reproduces our
simulation results. Then, using these values, we calculate the number of intersections
of a background source with mini-halos depending on the optical depth. We find that
the oscillons can enhance the number of 21cm line absorption when the ULAP mass is
smaller than 10

�19
eV and the fraction of ULAP to dark matter is much larger than

10
�2 in the case of a monodromy type potential. These results are also applicable to any

other scalar potentials that produce long-lived oscillons.
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Chapter 1

Introduction

The nature of dark matter which dominates the matter energy density of the universe
remains a huge mystery, though various observational results suggest its existence [1, 2,
3]. Thanks to the relentless e�orts of cosmological observations over the past decades,
especially in the observations of cosmic microwave background (CMB), cosmological
constant and cold dark matter (⇤CDM) model with inflation is revealed to be the most
promising on large scales among a number of cosmological models [4, 5, 6].

However, looking into the small scales around . 1kpc, numerical simulations based
on the ⇤CDM model confronts three astrophysical problems. The first is the missing
satellite problem (e.g. [7]): the observed number of sub-halos in Milky Way sized halos
is much smaller than that of the simulation results. The second is the core cusp problem
(e.g. [8]): the observed central density profiles of dark matter halos are much shallower
than that of the simulation results. The last is the too-big-to-fail problem (e.g. [9]): the
mass of sub-halos produced in simulations is too big to fail to form bright galaxies inside
them. Because all these problems arise from the over-densities on small scales, we are
struggling to construct the dark matter model that suppresses the small scale structure
while behaves like cold dark matter on large scales.

One of the solutions to these problems is suggested from the perspective of string the-
ory which succeeds in combining quantum field theory and general relativity. Due to the
compactification of extra-dimensions and the spontaneous symmetry breaking of string
theory, the simultaneous existence of many Axion-Like Particles (ALPs) are indicated
over a vast mass range [10, 11]. Particularly, when the ALP mass is extremely small as
m ' 10

�22
eV, for example, it is called Ultra-Light Axion-like Particle (ULAP) [12] 1

and could solve the small scale problems by the quantum pressure because the de Broglie
wavelength of ULAP

�

2⇡
=

~
mv

' 1.92 kpc

✓
10

�22
eV

m

◆✓
10 km/s

v

◆
, (1.0.1)

is the same as the typical scale of the galactic center when m ' 10
�22

eV. It is indeed
proved that smoothing out the central over density by the quantum pressure solves the

1It is also called fuzzy dark matter, wave dark matter, and so on in literature. To avoid confusion
we call it ULAP in this thesis.
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Figure 2: A slice of density field of ψDM simulation on various scales at zzz=== 000...111. This scaled sequence
(each of thickness 60 pc) shows how quantum interference patterns can be clearly seen everywhere from
the large-scale filaments, tangential fringes near the virial boundaries, to the granular structure inside the
haloes. Distinct solitonic cores with radius ∼ 0.3− 1.6 kpc are found within each collapsed halo. The
density shown here spans over nine orders of magnitude, from 10−1 to 108 (normalized to the cosmic mean
density). The color map scales logarithmically, with cyan corresponding to density ! 10.

graphic processing unit acceleration, improving per-
formance by almost two orders of magnitude21 (see
Supplementary Section 1 for details).

Fig. 1 demonstrates that despite the completely
different calculations employed, the pattern of fil-
aments and voids generated by a conventional N-
body particle ΛCDM simulation is remarkably in-
distinguishable from the wavelike ΛψDM for the
same linear power spectrum (see Supplementary Fig.
S2). Here Λ represents the cosmological constant.
This agreement is desirable given the success of stan-
dard ΛCDM in describing the statistics of large scale
structure. To examine the wave nature that distin-
guishes ψDM from CDM on small scales, we res-
imulate with a very high maximum resolution of
60 pc for a 2 Mpc comoving box, so that the dens-
est objects formed of " 300 pc size are well re-
solved with ∼ 103 grids. A slice through this box
is shown in Fig. 2, revealing fine interference fringes
defining long filaments, with tangential fringes near

the boundaries of virialized objects, where the de
Broglie wavelengths depend on the local velocity of
matter. An unexpected feature of our ψDM simula-
tions is the generation of prominent dense coherent
standing waves of dark matter in the center of every
gravitational bound object, forming a flat core with
a sharp boundary (Figs. 2 and 3). These dark matter
cores grow as material is accreted and are surrounded
by virialized haloes of material with fine-scale, large-
amplitude cellular interference, which continuously
fluctuates in density and velocity generating quan-
tum and turbulent pressure support against gravity.

The central density profiles of all our collapsed
cores fit well with the stable soliton solution of the
Schrödinger-Poisson equation, as shown in Fig. 3
(see also Supplementary Section 2 and Fig. S3). On
the other hand, except for the lightest halo which
has just formed and is not yet virialized, the outer
profiles of other haloes possess a steepening loga-
rithmic slope, similar to the Navarro-Frenk-White

3

Figure 1.0.1: The simulation result taken from Refs. [13, 14] which shows the energy
density of a scalar dark matter such as ULAP at redshift z = 0.1. The density is
normalized by the cosmic mean density and the color map is logarithmically scaled from
10

�1 � 10
8 with cyan corresponding to . 10.

core cusp problem [13, 14, 15] as shown in Fig. 1.0.1 and the other problems are also
expected to be solved [16].

In general, ULAP is assumed to be generated before or during inflation and homo-
geneously distributed over the universe. However, there is a possibility that this scalar
particle exists in the form of localized dense objects, oscillons [17, 18, 19]. 2 For oscillon
formation, two conditions are necessary; the first is a potential shallower than quadratic
and the second is large fluctuations with an O(1) amplitude of ULAP. In the case of
ALPs, a lot of potentials satisfying these conditions have already been suggested (e.g.
Refs. [27, 28, 29, 30, 31, 32, 33, 34]).

The lifetime of oscillons is generally quite long because of the approximate conserva-
tion of the adiabatic charge [35, 36, 37]. The lifetime of oscillons is described as

⌧ ⇠ 20 Gyr

✓
10

�22
eV

m

◆✓
�/m

10�11

◆�1

, (1.0.2)

where � is the decay rate of oscillons. Thus, if �/m . 10
�11, the produced oscillons

can exist even in the current universe. To precisely estimate the oscillon lifetime, the
numerical simulation used to be necessary, but the analytical method to calculate the
decay rate of oscillons is developed recently in Refs. [38, 39]. While it is revealed that
oscillons from the simple cosine type potential which is often assumed in analogy with
quantum chromodynamics (QCD) axion is so small O(100)m�1 [40], in some other types

2Oscillons of the axion in quantum chromodynamics (QCD) [20, 21, 22, 23, 24] are called axitons [25,
26].
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of potentials, for example, a monodromy type potential [28, 27, 34] the resultant oscillons
are proved to be quite long-lived as & O (10

8
)m�1 [41, 42].

In the phenomenological point of view, oscillons are mainly discussed with gravita-
tional waves produced by the large fluctuations along with the oscillon formation [43, 44],
but in any cases the detection is almost impossible because of its high frequency. How-
ever, such long-lived oscillons can open new possibilities for the detection of the scalar
particle because we take advantage of the high energy density of oscillons to obtain the
clue to it.

The scale a�ected by oscillons is determined by the the distance between oscillons
and the horizon scale at the oscillon formation. Because the typical oscillon distance is
the same as the wavenumber of the parametric resonance [45, 46, 47] ⇠ m, and oscillons
are generally produced when the scale factor a becomes O(10) times larger than the
initial value determined by the condition H ' m, the comoving scale a�ected by oscillon
formation is m/

p
10 . k/a . m, that is,

15 Mpc
�1

⇣ m

10�22 eV

⌘1/2
. k . 50 Mpc

�1

⇣ m

10�22 eV

⌘1/2
, (1.0.3)

One of the methods to explore such a small scale is the 21cm line, 3 which is pro-
duced by the hyperfine splitting due to the interaction between the electron and proton
spins [48]. The 21cm line is adopted as a useful tracer of the recent universe because
neutral hydrogen is ubiquitous in the early universe after the recombination, amounting
to ⇠ 75% of the gas in the intergalactic medium (IGM). For example, the absorption
could be detected as the spectrum distortion of CMB.

If there are luminous radio rich sources such as radio quasars and gamma-ray bursts
(GRBs), the emitted continuum spectrum is consecutively absorbed by the neutral hy-
drogen; this consecutive absorption phenomenon is called 21cm forest [49, 50] in exact
analogy with the Lyman-↵ forest. The absorption could be the most e�cient when
the emission spectrum goes through the neutral-hydrogen-rich region. Such regions are
characterized by the virial temperature smaller than 10

4
K [51] which corresponds to the

mini-halo mass M . 10
7M� because under this temperature the metal-free cooling nec-

essary for the star formation becomes ine�ective and plenty of neutral hydrogen remains.
These regions during the epoch of reionization and beyond are called mini-halos.

In this thesis, we study various properties of oscillons produced from a ULAP poten-
tial by classical lattice simulation and consider the way to probe ULAP with oscillons.

First, to obtain the matter power spectrum of oscillons, we calculate the mass dis-
tribution, the energy ratio, the number density, and the average mass of oscillons after
the formation by numerical simulations. 4 Using these values, we compare the simulated
density power spectrum to the analytic formula. Then, we study their time evolution
by estimating the analytic decay rate of oscillons, which is the first time taking ULAP
oscillons including the e�ects of their decay

3There is a possibility to probe the di�erent ULAP mass range by the Lyman-↵ line, which is
produced by absorption due to the transition of an electron in a neutral hydrogen atom between the
ground state and the first excited state. However, because the precise calculation without numerical
simulation is di�cult due to the complexity of astrophysical phenomena in the low redshift universe at
z ⇠ O(1), we focus on the 21cm line in this thesis.

4Please see Refs. [52, 53, 54] for similar previous works.

6



Second, we suggest the new possibility to detect ULAP oscillons by the 21cm forest.
In the previous researches [55, 56], the contribution of ULAP to the 21cm forest is
discussed, but the possibility of ULAP oscillon formation has never been considered.
Here, we assume that dark matter of the universe is consist of unknown cold dark matter,
homogeneous ULAP, and ULAP oscillons, and calculate the di�erence in the number of
intersections with mini-halos produced by dark matter.

Throughout this thesis, we use the monodromy type potential [27, 28, 34] in which the
oscillon formation and the longevity of produced oscillons has already been confirmed [52,
42, 57], for instance. Note that the procedure in this thesis is quite general and applicable
to any other potentials that produce oscillons.

Organization of this Thesis
This thesis is composed of two parts.

Part I shows a review of the basic physics necessary for this thesis. First, in Chap. 2,
we review the basics of oscillons and their stability. Next, in Chap. 3 we introduce ULAP
from both the theoretical and phenomenological points of view and show cosmological
constraints on its mass. In Chap. 4, we briefly describe the basics of the 21cm line and
explain the subsequent absorption of the 21cm line, called 21cm forest.

Part II shows our original works based on Refs. [58, 59]. In Chap. 5, following
Ref. [58], we analytically derive the matter power spectrum of a scalar field when a part
of it exists as oscillons. Then, using a monodromy type potential as an example, we
confirm by classical lattice simulation that the analytical result is a good approximation.
Next, in Chap. 6, following Ref. [59], making use of the results of the previous section,
we focus on the 21cm forest to detect ULAP oscillons and calculate the abundance of
the 21cm absorption lines. Finally, in Chap. 7, we conclude our results.

Some of the basic formulae and simulation details relevant to this thesis are summa-
rized in Appendix A, B, C. Please see them as needed.

Notations and Conventions
We summarize the notations and conventions of this thesis below.

• Units: Unless otherwise stated, we work in the “natural” units:

~ = c = 1, (1.0.4)

where ~ is the reduced Planck constant and c is the speed of light. We adopt
the reduced Planck mass MPl = 1/

p
8⇡G where G is the gravitational constant.

Note that we sometimes use centimeter-gram-second (CGS) units following the
convention of astrophysics particularly when we mention the 21cm line.

• Metric: We use the metric with the signature ⌘µ⌫ = (+,�,�,�) in Minkowski
spacetime. When we take into account the cosmic expansion, we work in the
spatially flat Friedmann-Robertson-Walker (FRW) universe with metric

ds2 = dt2 � a2
�
dx2

+ dy2 + dz2
�
.
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• Indices: We adopt the Einstein summation convention, which sums over repeated
indices as

aibi ⌘
X

i

aibi.

Greek indices µ, ⌫, �, · · · , etc. denote the four dimensional spacetime running
over 0, 1, 2, 3, while Roman indices i, j, k, · · · , etc. denote only the three spatial
component 1, 2, 3.

• Fourier transformation: In this thesis, Fourier transformation in D dimensions is
defined by

f(x) =

ˆ
dDx

(2⇡)D
f(k)eik·x, (1.0.5)

f(k) =

ˆ
dDkf(x)e�ik·x. (1.0.6)
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Review
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Chapter 2

Oscillon

In this chapter, we review the basics of oscillon [17, 18, 19]. First, we define the adiabatic
invariant in analogy with classical mechanics [60, 35, 36] which supports the stability
of oscillons. Second, we derive the equation that the oscillon profile must satisfy and
show that a scalar field with a potential shallower than quadratic can produce oscillons.
Finally, we explain how to calculate the classical decay rate of oscillons following Refs. [38,
39].

In this chapter, we focus on the Lagrangian of a single scalar field

L =
1

2
(@µ�)

2 � V (�), (2.0.1)

and assume that the potential V (�) is dominated by the quadratic term around the
potential minimum as

V (�) =
1

2
m2�2

+ Vnl(�), (2.0.2)

to achieve a periodic motion which is necessary for oscillon formation as we will see later.

2.1 Adiabatic Invariant
In Ref. [35], oscillon is redefined as a configuration that approximately conserves the
“adiabatic invariant” which is originally introduced in classical mechanics [60]. In this
section, we derive the definition of the adiabatic invariant in scalar field theory in analogy
with classical mechanics.

First, let us consider a classical mechanical system executing a finite motion char-
acterized by some time-dependent parameter �(t). In such a system, “adiabatically”
means that �(t) varies slowly compared to the period of the finite motion T ,

T
d�

dt
⌧ �. (2.1.1)

Although the energy of the system E is not conserved in this case, there must be a
relation between � and dE/dt (the rate of change of the energy) because � is only slowly
varying. In other words, we can define a combination of E and � which remains constant
during the motion. In classical mechanics, this quantity is called “adiabatic invariant”.

10



Let us briefly derive the adiabatic invariant I in a simple classical mechanical sys-
tem. Suppose that H(p, q;�) be the Hamiltonian of the system where q and p are the
coordinate and momentum. The rate of change of the energy averaged over the period
of the motion T in which � remains constant is described by

dE

dt
=

d�

dt

1

T

ˆ
T

0

@H

@�
dt, (2.1.2)

because of the adiabaticity of �. Using Hamilton’s equation dq/dt = @H/@p, we can
define the integration over the complete range of coordinate variation during the period¸

as

T =

ˆ
T

0

dt ⌘
˛

dq

✓
@H

@p

◆�1

. (2.1.3)

Then, the integration of time in Eq. (2.1.2) is transformed into that of the coordinate q
as

dE

dt
=

d�

dt

¸
@H

@�
dq
⇣

@H

@p

⌘�1

¸
dq
⇣

@H

@p

⌘�1
. (2.1.4)

Because the adiabaticity makes � constant during one period of the motion, the Hamilto-
nian also remains constant H(p, q;�) = E and the momentum is expressed as a definite
function of the coordinate q, that is, p = p(q;E,�). Therefore, putting them and di�er-
entiating H(p, q,�) = E by �, we have

dH

d�
=
@H

@�
+
@H

@p

@p

@�
= 0. (2.1.5)

Substituting it for Eq. (2.1.4), we obtain

dE

dt
= �d�

dt

¸
@p

@�
dq¸

@p

@E
dq

, (2.1.6)

,
˛ ✓

@p

@E

dE

dt
+
@p

@�

d�

dt

◆
dq = 0. (2.1.7)

Thus, we can easily find that if we define the adiabatic invariant I as

I ⌘ 1

2⇡

˛
pdq, (2.1.8)

where the integral is taken over the path for given E and �, I remains constsant. The
coe�cient 2⇡ is taken so that the partial derivative of E coincides with the frequency
! ⌘ 2⇡/T as

2⇡
@I

@E
=

˛
@p

@E
dq = T. (2.1.9)

) @E

@I
= !.
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from Eq. (2.1.3). This is the definition of the adiabatic invariant of a system with a
single degree of freedom in classical mechanics.

To extend it to scalar field theory, we need to consider a system with multiple degrees
of freedom executing a finite motion in all the coordinates. In general, the motion of
a system with multiple degrees of freedom is not strictly periodic. However, when the
canonical variables of the system are separable, in the course of a su�cient time the
system gets arbitrarily close to the given state [60]. Thus, in scalar field theory we
require that the variables are separable, which means that the gradient energy of the
system is negligible everywhere.

Given scalar field theory with a Lagrangian

V (�,�) =
1

2
m2�2

+ Vnl(�,�). (2.1.10)

Note that the potential must be quadratic except for the slowly varying term �(x) because
the system must execute a finite motion.

Let us consider the Noether current of spacetime translational transformation,

jµ ⌘ �̇@µ�� ⌘µ0L, (2.1.11)

where the dot represents the time derivative. The rate of change of this current averaged
over the period of the motion T is described by

@µjµ = (@µ�)
1

T

ˆ
T

0

@jµ

@�
dt = (@µ�)

¸
@j

µ

@�

d�

�̇¸
d�

�̇

. (2.1.12)

where we have defined
¸

as the integral over the complete range of the field and further
assumed that the space dependence of � is so weak that

����
r�
�

����⌧
1

T
, (2.1.13)

to keep the term @µ� out of the integral
¸

. Thus, the motion of � is considered to be
both periodic and homogeneous in the volume [x+ T/2,x� T/2] and the current has a
conserved quantity Jµ. Di�erentiating j⌫ (�, @µ�;�) = J⌫ with �, we obtain

dj⌫

d�
=

@j⌫

@ (@µ�)

@ (@µ�)

@�
+
@j⌫

@�
= 0, (2.1.14)

, @j⌫

@�
' �̇

@ (@µ�)

@�
, (2.1.15)

where we have ignored the non-diagonal terms because they are higher order in �̇ and
r�. Substituting it for Eq. (2.1.12), we have

@µjµ = �@µ�
¸

@(@
µ
�)

@�
d�¸

d�

�̇

, (2.1.16)
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,
˛ 

@µjµ
1

�̇
+ @µ�

@ (@µ�)

@�

�
d� = 0, (2.1.17)

,
˛ 

@µj⌫
@ (@µ�)

@j⌫
+ @µ�

@ (@µ�)

@�

�
d� ' 0, (2.1.18)

, @µ

✓˛
@µ�d�

◆
= 0. (2.1.19)

Thus, if the adiabatic invariant is defined as

I ⌘ 1

m

ˆ
d3x�̇2, (2.1.20)

we can easily find that I remains constant when we ignore the gradient term. Eq. (2.1.20)
is the definition of the adiabatic invariant in scalar field theory and we will utilize it to
describe the oscillon profile below.

2.2 Oscillon Profile
In this section, we first provide the equation that the spatial profile of oscillon should
satisfy and show that the profile equation is realized as the minimum energy state with
a given adiabatic charge. We also provide conditions for the existence of the solution as
well as the stability of oscillons against perturbations. Throughout this thesis, we focus
only on the spherically symmetric solution �(r) because it exhibits the lowest energy
configuration.

Let us begin with the Lagrangian of a single scalar field Eq. (2.0.1) which derives the
equation of motion of � as

�̈�r2�+m2�+
dVnl(�)

d�
= 0. (2.2.1)

We assume that the oscillon profile �osc(x) is well approximated by a single frequency
solution 1 as

�osc(x) = �(r) cos!t, (2.2.2)
where �(r) is the spatial oscillon profile. Substituting Eq. (2.2.2) for the equation of
motion Eq. (2.2.1), we obtain

�
�!2 �r2

+m2
�
� cos!t+

dVnl (� cos!t)

d�
= 0. (2.2.3)

Multiplying it by cos!t and taking average over the period of the motion, we have the
equation of �(r) as

r2
� =

�
m2 � !2

�
�+ 2

dUnl(�)

d�
, (2.2.4)

1The validity of the approximation of the single frequency solution with a small amplitude is proved
in Ref. [39].
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where we have defined the time averaged potential Unl(�) ⌘ Vnl (� cos!t). To obtain a
soliton configuration with finite energy, two boundary conditions are generally imposed
as

�|
r!1 = 0,

d�

dr

����
r!0

= 0. (2.2.5)

The equation Eq. (2.2.4) with the boundary conditions Eq. (2.2.5) is called the profile
equation of oscillons.

This profile equation is also derived as the solution to minimize the time-averaged
energy with a given adiabatic invariant [35]. Let us derive it by Lagrangian multiplier
method assuming �(x) = �(r) cos!t. Considering the motion subjected to the constraint
I = I0, the Lagrangian function E� with � being the Lagrangian multiplier is calculated
as

E� = E + �

✓
I0 �

1

!

ˆ
d3x�̇2

◆
, (2.2.6)

=

ˆ
d3x

✓
1� 2�

!

◆
1

2
�̇2 +

1

2
(r�)2 + 1

2
m2�2

+ Vnl(�)

�
+ �I0, (2.2.7)

=
1

2

ˆ
d3x


1

2
(r�)

2
+

1

2

�
m2

+ !2 � 2�!
�
�

2
+ 2Unl(�)

�
+ �I0, (2.2.8)

where we have used the relation Unl(�) = Vnl(�(r) cos!t) in the last line. To derive the
minimum (or maximum) energy configuration, we di�erentiate E� by � and obtain

r2
� =

�
m2

+ !2 � 2�!
�
�+ 2

dUnl(�)

d�
, (2.2.9)

which is the same as the profile equation Eq. (2.2.4) when we set � = !. Thus, oscillons
is also regarded as the minimum energy configuration for a given adiabatic invariant,
which leads to the quasi-stability of oscillons as we will discuss in the next section.

Conditions for the existence of the solution We have derived the profile equation
of oscillons above in single scalar field theory, but not all scalar potentials are allowed to
produce oscillons. The necessary condition for solutions to exist is given by

min


U(�)

�2

�
< !2 < m2. (2.2.10)

To understand this condition, let us consider Eq. (2.2.4) in three-dimensional space,

@2�

@r2
+

2

r

@�

@r
= � d

d�


1

2
!2

�
2 � U(�)

�
. (2.2.11)

where
U(�) ⌘ 1

2
m2

�
2
+ 2Unl(�). (2.2.12)

This equation is regarded as the equation of motion of a particle moving in a potential
!2

�
2/2�U(�) with r dependent friction. The intuitive picture of this equation is shown
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ΦO

r = 0

r = ∞ friction

1
2 ω2Φ2 − U(Φ)

Φ′ = 0

ΦO

r = 0

r = ∞

1
2 ω2Φ2

U(Φ)

Figure 2.2.1: An intuitive picture for the condition of oscillon potential Eq. (2.2.10). The
left figure shows that the profile equation Eq. (2.2.4) describes the motion of a particle in
the potential !2

�
2/2�U(�) with the boundary conditions Eq. (2.2.5). The right figure

shows that the profile equation has the solution only when the potential U(�) is smaller
than the mass term near the origin and larger at some point as shown in Eq. (2.2.10).

in Fig. 2.2.1. First, to reach the origin with the initial zero velocity @�/@r|
r!0

= 0, the
initial potential energy of the particle must be larger than zero, which requires the
condition U(�) > !2

�
2/2 at some point. Then, to reach the origin at r ! 1, the

kinetic energy of the particle must be compensated by the potential energy near the
origin, which requires the negative mass near the origin as ! < m. From these two
requirements, we can fined that the condition Eq. (2.2.10) is necessary for the existence
of the solution.

Note that this condition is only necessary and not su�cient. This is because large
fluctuations of the field ��/� ⇠ O(1) is also needed for oscillon formation. To calculate
the evolution of the field value, we have to perform numerical simulation and we will do
so later in Part II.

Stability condition When the scalar field follows the oscillon profile � = �osc, the
adiabatic charge Eq. (2.1.20) is the same as the total number inside the oscillon as

I =
1

!

ˆ
�̇2

osc
d3x =

!

2

ˆ
4⇡r2�(r)2dr. (2.2.13)

Related to the conservation of this total number, it is shown that oscillons are stable
only when

dI

d!
< 0, (2.2.14)

which is the well-known Vakhitov and Kolokolov stability condition [61]. This condition
can be intuitively understood by considering the limit ! ! m. In this limit, because
of the inequality Eq. (2.2.10), the oscillon solution must not exist and the adiabatic
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invariant must converge to 0. In addition, the oscillon solution must be unique for
a given I because it is the lowest energy state under a fixed I. To satisfy these two
statements, dI/d! must be negative, which indicates the stability condition of oscillons.
Please see Refs. [61, 62, 63]) for the detailed derivation.

2.3 Decay Rate
As we have seen in the previous section, because the oscillon configuration is given as
the minimum energy state with a given adiabatic charge, oscillons are generally quasi-
stable. However, this adiabatic invariance is violated by the self-interactions and they
gradually decay with the emission of self-radiation. Although various methods have
already been suggested to investigate the decay rate of oscillons [64, 65], in this thesis
we follow Refs. [38, 39] and review the calculation of the classical decay rate of oscillons

� ⌘ 1

E

����
dE

dt

���� , (2.3.1)

where E is the total energy of an oscillon. We further assume Vnl(�) = Vnl(��) in this
section unless otherwise stated.

Suppose that the scalar field is decomposed into the oscillon and its scalar radiation
⇠ as

�(t,x) = �(r) cos!t+ ⇠(t, r), (2.3.2)

where �(r) obeys the oscillon profile equation Eq. (2.2.4) and we only consider the radial
mode of ⇠ with |⇠| ⌧ � here. Substituting this expansion into the equation of motion
of �

�
@µ@

µ
+m2

�
�(t,x) = �@Vnl(�)

@�
, (2.3.3)

and using the profile equation Eq. (2.2.4), we can derive the equation of motion of ⇠ as

�
@µ@

µ
+m2

�
⇠(t, r) = �

�
@µ@

µ
+m2

�
� cos!t� @Vnl(�)

@�
, (2.3.4)

= 2
dUnl(�)

d�
cos!t� @Vnl(�)

@�
. (2.3.5)

To solve this equation, let us expand Vnl(�) around the oscillon profile as

Vnl(�) = Vnl (� cos!t) + V 0
nl
(� cos!t) ⇠ +O

�
⇠2
�
, (2.3.6)

where the dash represents the derivative with respect to �. Then, the equation of ⇠ is
rewritten as

⇥
@µ@

µ
+m2

+ V 00
nl
(� cos!t)

⇤
⇠(t, r) = 2

dUnl (�)

d�
cos!t� V 0

nl
(� cos!t) , (2.3.7)
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up to the first order of ⇠. We can calculate the oscillon decay rate by solving this
equation.

Because the frequency of the oscillation inside an oscillon is described by a single
mode and we assume Vnl(�) = Vnl(��), we can expand Vnl in a Fourier series in time as

Vnl (� cos!t) = �1

2
U0 (�)�

1X

j=2

Uj (�) cos(j!t)|j=even
, (2.3.8)

V 0
nl
(� cos!t) = �

1X

j=1

Sj (�) cos(j!t)|j=odd
, (2.3.9)

V 00
nl
(� cos!t) =

1

2
E0 (�) +

1X

j=2

Ej (�) cos(j!t)|j=even
, (2.3.10)

where

Uj(�) = �!
⇡

ˆ
⇡/!

�⇡/!

dt0 cos(j!t0)Vnl (� cos!t0) , (2.3.11)

Sj(�) = �!
⇡

ˆ
⇡/!

�⇡/!

dt0 cos(j!t0)V 0
nl
(� cos!t0) , (2.3.12)

Ej(�) = �!
⇡

ˆ
⇡/!

�⇡/!

dt0 cos(j!t0)V 00
nl
(� cos!t0) . (2.3.13)

Then, from the definition of Unl and U 0
nl

,

Unl (�) = Vnl (� cos!t) = �1

2
U0 (�) , (2.3.14)

U 0
nl
(�) = V 0

nl
(� cos!t) = �1

2
S1 (�) . (2.3.15)

Besides, expanding ⇠ in a Fourier series as

⇠(t, r) =
1X

j=3

⇠j(r) cos(j!t), (2.3.16)

the equation of motion of ⇠ Eq. (2.3.7) is calculated as

⇥
@µ@

µ
+m2

+ V 00
nl
(� cos!t)

⇤
⇠(t, r) =

1X

j=3

Sj (�) cos(j!t)|j=odd
. (2.3.17)

)
�
r2

+ 2
j

�
⇠j(r) = �Sj (�) +

1

2

1X

l=3

�
Ej+l + E|j�l|

�
⇠l(r) ⌘ �Sj, (2.3.18)
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where we have defined the e�ective mass term as j ⌘
q

(j!)2 �m2.
Considering that the right hand side of this equation equals to �Sj(�) when we

ignore the e�ective mass term 2
j
, we can derive a solution using the Green’s function

method as [39]

⇠j(r) =
cos (jr)

jr

ˆ
r

0

dr0Sj(r
0
)r0 sin (jr

0
) +

sin

r

ˆ 1

r

dr0Sj (r
0
) r0 cos (jr

0
) , (2.3.19)

without the homogeneous solutions. In the limit where r is much larger than the size of
the oscillon, the solution ⇠j is approximated as

⇠j(r) ⇡
cos (jr)

jr

ˆ
r

0

dr0Sjr
0
sin (jr

0
) =

1

4⇡

S̃j (j) cosjr

r
, (2.3.20)

where we have used the relation that the integration simply shows the Fourier transfor-
mation of Sj(r) evaluated at k = j as

S̃j(k) =

ˆ
d3r0Sj (r

0
) e�ik·r0

. (2.3.21)

Then, substituting this solution to Eq. (2.3.16) and ignoring the incoming wave part, we
obtain the time variation of the oscillon energy E as

⇠rad(t, r) ⇡ 1

4⇡r

X

j=3

S̃j (j) cos (jr � j!t) . (2.3.22)

) �(E) ⌘ 1

E

dE

dt
, (2.3.23)

= 4⇡r2@t⇠rad@r⇠rad ⌘
X

j=3

�j, (2.3.24)

where
�j ⌘ � 1

8⇡E
!jjS̃j (j)

2 . (2.3.25)

This energy variation is exponentially suppressed because S̃j (j) is constructed from
the spatially localized profile �(r). Given that the width of the oscillon profile is generally
w & O(1)m�1, the wavenumber j & m is larger than w�1. Thus, the exponential
suppression factor due to the Fourier transformation makes oscillons quasi-stable objects.

Furthermore, S̃j (j) � S̃j+1 (j+1) is generally expected because the larger j corre-
sponds to the higher order of momentum. However, this relation does not hold only if
S̃j (j) is accidentally vanished. We will see a specific example in Part II.
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Chapter 3

Ultra-Light Axion-like Particle

In this chapter, we introduce ultra-light axion-like particle (ULAP). First, we briefly
explain the original axion, quantum chromodynamics (QCD) axion [20, 21, 22, 23, 24],
which is introduced to solve strong CP problem [66, 67]. Next, we briefly explain the
theoretical motivation of axion-like particles (ALPs) and show that ultra-light ones are
fascinated as a solution to the small scale problems of astrophysics. Finally, we summa-
rize current constraints on the ULAP mass from recent works.

3.1 QCD Axion
In standard model, QCD Lagrangian generally contains a charge-parity (CP) violating
term originated from quantum anomaly as

L✓ =
g2Nf

32⇡2
✓Ga

µ⌫
G̃aµ⌫ , (3.1.1)

where g is the coupling constant in QCD, Nf is the number of fermions coupling to the
QCD gauge fields, Ga

µ⌫
is the field strength of gluons, and G̃a

µ⌫
= ✏µ⌫⇢�G⇢�/2. This term

is often called ✓ term and it is natural to assume ✓ ⇠ O(1). However, from experiments
of neutron electric dipole moment [68, 69], ✓ is revealed to be extremely small that

✓ . 10
�10. (3.1.2)

Therefore, the CP symmetry in the QCD sector is hardly broken. This discrepancy
between the theory and experiments is called strong CP problem.

The most famous solution to strong CP problem is Peccei-Quinn (PQ) mechanism [66,
67]. In this mechanism, we impose an additional global U(1) chiral symmetry, which
makes all fermions coupling to QCD gauge fields symmetric in the chiral rotation

qi ! ei�5↵iqi. (3.1.3)

Because the quantum anomaly Eq. (3.1.1) cannot retain physical meaning due to this
symmetry, the strong CP problem is solved. This symmetry is often called Peccei-Quinn
symmetry U(1)PQ.
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Because particles that relates to the PQ mechanism are still not observed, U(1)PQ

symmetry must be spontaneously broken at least on a scale much higher than the elec-
troweak scale. When the PQ symmetry is spontaneously broken at some scale v, the PQ
field, which has a PQ charge ↵, is written as

�PQ =
1p
2
vei↵a/v. (3.1.4)

where the phase field a is the Nambu-Goldstone boson called QCD axion. As a result,
the ✓ term is deformed to

L✓ =
g2Nf

32⇡2

⇣
✓ � a

v

⌘
Ga

µ⌫
G̃aµ⌫ . (3.1.5)

Because the QCD axion has shift symmetry due to the U(1)PQ symmetry, this term can
be safely removed from the Lagrangian [70]

After the QCD phase transition, the QCD axion acquires potential by a non-perturbative
e�ect. With the dilute gas approximation [71] it is derived as

V (a) = m2F 2

⇣
1� cos

a

F

⌘
, (3.1.6)

where m / F�1 is the QCD axion mass and F = v/Nf is the decay constant of the QCD
axion.

The lower bound on F is obtained by the observation of the supernova SN1987A [72,
73, 74] as F & 10

8
GeV, which corresponds with m ' 10

�2
eV. On the other hand,

the upper bound on the decay constant depends on the scale of inflation of the early
universe. When inflation occurs before PQ symmetry breaking, because the field value
of the QCD axion is uniform due to the exponential expansion of space by inflation,
we can take an arbitrary scale of F if we tune the initial amplitude of the QCD axion.
However, If the inflation scale is higher than the PQ symmetry scale, we have to take
into account two cosmological constraints. The first is the domain wall problem [75].
Because the potential Eq. (3.1.6) has Z(Nf ) symmetry, domain walls are produced after
the QCD axion acquires mass. In this case, because the energy density of domain walls
follows ⇢DW / t�1, Nf = 1 must be satisfied not to overclose the universe. The second
is the overclosure of the universe by the coherent oscillations of the axion. Because the
variance over the entire universe of the initial amplitude of the QCD axion is randomized
as h(a/F )

2i = ⇡2/3, the decay constant is constrained to avoid the overclosure of the
universe as F . 10

12
GeV according to previous researches [76, 77, 78]. 1 This constraint

corresponds to m ⇠ 10
�6

eV. Thus, the typical scale of the QCD axion is
10

8
GeV . F . 10

12
GeV , 10

�6
eV . m . 10

�2
eV.

3.2 Axion-like Particle
In this section, first, we briefly introduce axion-like particle (ALP) in the theoretical
point of view. Next, we focus on the phenomenological aspects of ALP, which is highly
motivated in terms of astrophysical problems on small scales if it is ultra-light.

1This constraint is much stronger if we further consider the radiative axion emitted from the string-
wall system [79].
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3.2.1 Theoretical Motivation
In string theory, plenty of massless scalar fields is predicted when the ten-dimensional
spacetime is compactified into observable four dimensions. Here, we first give a simple
example that a massless scalar field is created by spacetime compactification. Please see
Refs. [11, 16] for more reviews.

Let us consider four-dimensional Minkowski spacetime plus extra fifth dimensional
space which is compactified into a circle. When the theory includes a massless scalar
field  in these five dimensions, we can expand it in Fourier series as

 (x�
) =

X

n

�n (x
µ
) einx

4
/R, (3.2.1)

where � = 0, · · · 4 denotes the spacetime index in five dimensions and R is the radius of
the compact dimension. Then, the total action in five dimensions is reduced to

ˆ
d5x@� @

� =

ˆ
d4x

ˆ
2⇡R

0

dx4
�
@µ @

µ + @4 @
4 
�
, (3.2.2)

=

ˆ
d4x

X

n

✓
@µ�

†
n
@µ�n +

n2

R2
�†
n
�n

◆
, (3.2.3)

in four dimensions. Therefore, we can find that the compactification gives us a massless
scalar mode (n = 0) and massive ones separated by 1/R in mass. This result is fairy
intuitive because to create a massless mode in four dimensions from a massless scalar
field with �5 = (@µ@µ + @4@4) = 0, @4@4 = 0 should be satisfied for the massless
mode. This condition only holds for n = 0, which corresponds to the massless mode.

In higher dimensional space like string theory, much more massless fields are generally
expected. We do not mention the details here because it is beyond our scope, but those
fields created from the dimensional reduction of massless fields in the ten-dimensional
string spectrum are called axion-like particles.

Those particles are originally generated as massless, but the shift symmetry which
supports its massless could be non-perturbatively violated. Suppose an ALP field as ✓
periodic in 0� 2⇡, the e�ective Lagrangian is parameterized as

L =
F 2

2
(@µ✓)

2 � ⇤
4U(✓), (3.2.4)

where F is a ULAP parameter, often called the decay constant in analogy with the
QCD axion. Because the shift symmetry is violated non-perturbatively in this case, ⇤
is represented as

⇤
4
= µ4e�S, (3.2.5)

where S ⇠ 2⇡/↵G ⇠ O(100) is the instanton action with ↵G being the Standard Model
gauge coupling on the grand unified energy scale MG ⇠ 1.1 ⇥ 10

16
GeV. If ALP arises

from the superpotential of string instantons, the scale µ is determined by the Planck
scale (the scale of string theory) and supersymmetry (SUSY) breaking scale FSUSY as

µ4 ⇠ FSUSYM
2

Pl
. (3.2.6)

21



Therefore, ALP mass m is represented by

m =
⇤

2

F
⇠ F 1/2

SUSY
MPl

F
e�S/2. (3.2.7)

The range of FSUSY is roughly 10
4
GeV . F 1/2

SUSY
. 10

18
GeV and that of the decay

constant is
10

16
GeV . F . 10

18
GeV. (3.2.8)

Substituting these values into Eq. (3.2.7), we can find that string theory allows a vast
range of ALP mass mainly due to the suppression of supersymmetry. In the next sub-
section, we focus on ultra-light ALPs, m ⇠ 10

�22 � 10
�21

eV, and see why ULAP is
fascinating in the point of astrophysics.

3.2.2 Phenomenological Motivation
ALPs with extremely light mass, known as ultra-light axion-like particle (ULAP), are
motivated as the solution to astrophysical problems. Here, we briefly explain these
astrophysical problems and show why ULAP can solve these problems. See also Ref. [80]
for a review of astrophysical problems on small scales.

Regardless of the success of ⇤CDM model on large scales, it contains three astro-
physical problems on small scales . O(10) kpc.

1. Missing satellite problem
The first is the missing satellite problem. In the simulations of Milky Way sized
dark matter halos based on the ⇤CDM paradigm, the number of subhalos greatly
exceeds the observed values [7, 81]. While we can expect the existence of thousands
of subhalos by recent high resolution simulations [82, 83, 84, 85, 86], only ⇠ 50

dwarf satellites are found to orbit within Milky Way [87]. Even though recent
observations have discovered about O(10) more satellites (e.g., [88, 89]), there still
remains a large discrepancy between the simulations and the observations.

2. Core-cusp problem
The second is the core-cusp problem. While N -body simulations of ⇤CDM model
which only includes dark matter predict that the density profiles around the center
of dark matter halos are steep as ⇢(r) / r�↵ with ↵ ⇠ 0.8�1.4 (e.g., [90, 91, 92]),
many observations of low mass galaxies suggest ↵ ⇠ 0 � 0.5 (e.g., [93, 94, 95]).
In Fig. 3.2.1, we show the rotation curve of dark matter halos with a maximum
velocity Vmax ' 40 km/s. From this figure, the theoretical prediction rises more
rapidly than the observational values well fitted by the cyan line because of the
central over-density. This tension between the cusp profiles in simulations and core
profiles in observations is called core-cusp problem.

3. Too-big-to-fail problem
The third is the too-big-to-fail problem. Because the largest satellites predicted
from the simulations are massive enough to produce bright galaxies inside them,
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Figure 9

The Cusp-Core problem. The dashed line shows the naive ⇤CDM expectation (NFW, from
dark-matter-only simulations) for a typical rotation curve of a Vmax ⇡ 40 km s�1 galaxy. This
rotation curve rises quickly, reflecting a central density profile that rises as a cusp with ⇢ / 1/r.
The data points show the rotation curves of two example galaxies of this size from the LITTLE
THINGS survey (Oh et al. 2015)), which are more slowly rising and better fit by a density profile
with a constant density core (Burkert 1995, cyan line).

prediction.

2.3. Too-Big-To-Fail

As discussed above, a straightforward and natural solution to the missing satellites problem

within ⇤CDM is to assign the known Milky Way satellites to the largest dark matter

subhalos (where largest is in terms of either present-day mass or peak mass) and attribute

the lack of observed galaxies in in the remaining smaller subhalos to galaxy formation

physics. As pointed out by Boylan-Kolchin, Bullock & Kaplinghat (2011), this solution

makes a testable prediction: the inferred central masses of Milky Way satellites should be

consistent with the central masses of the most massive subhalos in ⇤CDM simulations of

Milky Way-mass halos. Their comparison of observed central masses to ⇤CDM predictions

from the Aquarius (Springel et al. 2008) and Via Lactea II (Diemand et al. 2008) simulations

revealed that the most massive ⇤CDM subhalos were systematically too centrally dense to

host the bright Milky Way satellites (Boylan-Kolchin, Bullock & Kaplinghat 2011, 2012).

22 Bullock • Boylan-Kolchin

Figure 3.2.1: The figure of core-cusp problem taken from Ref. [80]. The horizontal axis
shows the distance from the galactic center and the vertical axis shows the rotation
velocity. The dashed line shows the theoretical prediction derived from dark matter only
simulations (NFW profile) while the cyan one does the density profiles with a constant
core. The data points shown by gray and magenta dots [99] are better fit by the cyan
line [100].

we can test the consistency of properties of the observed satellites to numerical
simulations. In Milky Way, for example, it is revealed that the predicted central
density of the most massive subhalos is much more concentrated than the known
satellites [96, 9]. However, even if such massive subhalos indeed reside in Milky
Way, why do galaxies fail to form in such massive subhalos, yet form in satellites
with lower mass? That is why this problem is called too-big-to-fail problem. Simi-
lar results are subsequently obtained in Andromeda [97] and the Local Group [98].

All these problems are caused by the over-densities on small scales. Thus, a mechanism
to suppress the small scale structure of the universe is necessary to solve them.

Within ⇤CDM paradigm, one of the most common solutions is baryonic physics. Be-
cause of the stellar feedback from supernova explosions, the central cusps of dark matter
halos could be wiped out [101, 102]. Recent high-resolution hydrodynamical simulations
suggest that supernova-driven blowouts produce core-like density profile depending on
the halo mass [103, 104] as shown in Fig. 3.2.2. For the smaller galaxies subject to too-
big-to-fail problem which cannot be solved by the supernova feedback, other interactions
of baryons such as tidal stripping and disk shocking can reduce the central overdensity
and would solve the too-big-to-fail problem [105, 106, 107, 108]. However, it is important
to note that the simulation results fairly depends on various parameters in galaxy for-
mation modeling. Depending on their modeling, some papers do not exhibit cores [108],
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Figure 13

The impact of baryonic feedback on the inner profiles of dark matter halos. Plotted is the inner
dark matter density slope ↵ at r = 0.015Rvir as a function of M?/Mvir for simulated galaxies at z
= 0. Larger values of ↵ ⇡ 0 imply core profiles, while lower values of ↵ . 0.8 imply cusps. The
shaded gray band shows the expected range of dark matter profile slopes for NFW profiles as
derived from dark-matter-only simulations (including concentration scatter). The filled magenta
stars and shaded purple band (to guide the eye) show the predicted inner density slopes from the
NIHAO cosmological hydrodynamic simulations by Tollet et al. (2016). The cyan stars are a
similar prediction from an entirely di↵erent suite of simulations from the FIRE-2 simulations
(Fitts et al. 2016; Hopkins et al. 2017, Chan et al., in preparation). Note that at dark matter core
formation peaks in e�ciency at M?/Mvir ⇡ 0.005, in the regime of the brightest dwarfs. Both
simulations find that for M?/Mvir . 10�4, the impact of baryonic feedback is negligible. This
critical ratio below which core formation via stellar feedback is di�cult corresponds to the regime
of classical dwarfs and ultra-faint dwarfs.

the mass in stars formed (Governato et al. 2012; Di Cintio et al. 2014). If galaxies form

enough stars, there will be enough supernovae energy to redistribute dark matter and create

significant cores. If too many baryons end up in stars, however, the excess central mass

can compensate and drag dark matter back in. At the other extreme, if too few stars are

formed, there will not be enough energy in supernovae to alter halo density structure and

the resultant dark matter distribution will resemble dark-matter-only simulations. While

the possible importance of supernova-driven blowouts for the central dark matter structure

of dwarf galaxies was already appreciated by Navarro, Eke & Frenk (1996) and Gnedin &

Zhao (2002), an important recent development is the understanding that even low-level star

formation over an extended period can drive gravitational potential fluctuations that lead

to dark matter core formation.

This general behavior is illustrated in Figure 13, which shows the impact of baryonic
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Figure 3.2.2: The figure of baryonic feedback to density profiles of dark matter halos
taken from Ref. [80]. The horizontal axis shows the stellar mass M⇤ normalized by the
host halo mass Mhalo and the vertical axis shows ↵ with ⇢ / r↵ at r = 0.015rvir.The
gray shaded region shows the theoretical prediction of the NFW profile. The magenta
stars show the result of NIHAO hydrodynamical simulations [110] guided by the purple
shaded region and cyan ones do the similar results from FIRE-2 simulations [111, 112].

while others obtain cores in galaxies with all stellar masses [109].
Another approach to solve the small scale problems is to slightly modify the property

of cold dark matter. One of the prominent candidates is ULAP [12, 113, 114, 115], which
is a scalar particle with an extremely small mass as 10�22�10

�21
eV. In this case, because

the de Broglie length of ULAP is estimated as

�

2⇡
=

1

mv
= 1.92 kpc

✓
10

�22
eV

m

◆✓
10 km/s

v

◆
, (3.2.9)

where v is the velocity of ULAP, the quantum pressure is expected to smear out the the
small scale structure below the ULAP Jeans scale.

Indeed, it is suggested that the three astrophysical problems are solved in this model.
As for the core-cusp problem, N -body and hydrodynamical simulations show that ULAP
produces a core profile near the halo center [14, 13, 15] because the soliton-like objects
are created by the balance between the quantum pressure and gravitational forces. This
solitonic object is often called “dilute axion star” in contrast to “dense axion star” which
refers to oscillons [116, 117]. This is because the self-interactions which support oscillons
are generally much stronger than the gravitational forces due to the Planck scale sup-
pression, which leads to the smaller radius and higher density of oscillons. Thus, these
two kinds of objects are similar but distinct. The comparison between simulation results
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and observations of dwarf spheroidal galaxies suggests that the best-fit ULAP mass is
about 10

�22
eV.

The other problems are also expected to be solved mainly because the structures
below the Jeans scale of ULAP is suppressed by the wave property of scalar fields. This
leads to the suppression of the matter power spectrum and a smaller number of halos.
For the missing satellite problem, the further reason is that subhalos are more susceptible
to tidal disruption. Because of the wave property, matter even within the tidal radius
can tunnel through the potential barrier and be disrupted. Therefore, small subhalos
cannot stably exist in ULAP halos. For the too-big-to-fail problem, another reason is
that the subhalo masses are observationally estimated by the maximum circular velocity
of baryons, which is generally smaller in ULAP than CDM [118]. This could result in
the estimation of the smaller subhalo masses.

As such, ULAP is considered to be a strong candidate for dark matter and hence
various constraints are suggested. In the next section, we will show major constraints
on the ULAP mass and abundance.

3.3 Constraints
In this section, we exhibit constraints on ULAP mass. Here, we do not include the axion
photon coupling

� ga�
4
aFµ⌫F̃

µ⌫ , (3.3.1)

which is generated when PQ fields have an interaction with Electromagnetic field Fµ⌫

because this coupling is not assumed in this thesis. Besides, although various fitting
results based on the observed dark matter profiles are suggested, we focus only on the
cosmological constraints mainly because of the astrophysical uncertainties. Please see,
for example, Refs. [119, 120, 121, 122] for the fitting results.

CMB

Because ULAP behaves like dark energy before it starts to oscillate at H ' m, the
proportions of the components are changed before and after the oscillation, which sig-
nificantly a�ects the CMB spectrum. When the onset of the oscillation is before the
radiation-matter equality Heq ' 10

�28
eV, the hight of the CMB acoustic peaks on

small scales are amplified due to the decrease of the dark matter component. On the
other hand, when the onset of the oscillation is after the radiation-matter equality, mainly
the positions of the acoustic peaks are a�ected because the change of the abundance of
dark energy alters the cosmic expansion rate. In Ref. [123], it is shown that the ULAP
abundance ⌦� must obey ⌦�/⌦DM  0.05 at 95% confidence level with ⌦DM being the
relic abundance of dark matter when the ULAP mass is in the range of

10
�32

eV  m  10
�25.5

eV. (3.3.2)

Because the ULAP mass is too small to oscillate enough even in the current universe
for m . 10

�32
eV, we cannot constrain the smaller mass region, which suggests the

possibility of ULAP dark energy. Please see Fig. 3.3.1 for the details of the constraint.
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Figure 3.3.1: The constraint on the ULAP mass ma taken from Ref. [123]. The colored
regions show the marginalized 2� and 3� contours limiting the ratio of ULAP to the
total dark matter energy density ⌦a/⌦d as a function of ma. The red regions are favored
by CMB-only constraints, while grey regions also take the large-scale structure data into
account.
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Figure 3.3.2: The constraint on the ULAP mass m and the fraction of ULAP F =

⌦�/⌦DM by Lyman-↵ forest taken from Ref. [125]. The colored regions indicating 2�
and 3� confidence levels are favored with a physically motivated prior on the thermal
evolution of the intergalactic medium. Note that the region of m < 10

�22
eV is simply

extrapolated.

Lyman-↵ forest

Because ULAP suppresses the gravitational growth below its Jeans scale, the suppres-
sion of the matter power spectrum a�ects the signals of the Lyman-↵ forest which is a
useful tracer for the small scale structure around ⇠ O(1) Mpc. Recent results of hydro-
dynamical and N -body simulations [124, 125] suggest that when the ULAP abundance
⌦� obeys ⌦�/⌦DM � 0.3 , the ULAP mass should satisfy

m & 10
�21

eV. (3.3.3)

This constraint is the most stringent among all that does not take account of the photon-
axion interaction, but note that this constraint highly depends on baryonic modeling.
The details of the constraint is shown in Fig. 3.3.2.

UV-luminosity function

Similarly to the constraint of the Lyman-↵ forest, the constraint from the UV-luminosity
function also uses the suppression of the small scale structure by ULAP. Because of this
suppression, the number of high-z galaxies is also suppressed and the UV-luminosity func-
tion, which provides the number density of star-forming galaxies per absolute magnitude,
is altered. In Ref. [126], the study of UV-luminosity function in the range z = 6 � 10

concludes that the ULAP mass must be

m & 10
�23

eV, (3.3.4)
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when ⌦�/⌦DM � 0.5 at more than 8� significance.

Dynamical Heating of the Milky Way

Starts in globular clusters or dwarf galaxies are torn apart by dynamical evolutionary
processes of the stellar system and orbiting as a stellar stream at present. When these
streams pass by massive objects, the velocity dispersion of the streams increases by the
gravitational interaction. In contrast to the case of CDM that the number of halos gets
smaller with decreasing galactic radius, perturbations become more e�ective because of
the wave property of ULAP. Ref. [127] focuses on globular clusters in the Milky Way
and points out that ULAP mass must satisfy

m > 1.5⇥ 10
�22

eV, (3.3.5)

when the profile of the Milky Way is described by the ULAP core.

Superradiance

If massive scalar fields exist in the theory, they can be exponentially produced by the
superradiance instability around spinning black holes (called Kerr black holes) with mass
⇠ (Gm)

�1. Then, they form bound states around them and extract energy and angular
momentum from the Kerr black holes by Penrose process [128] as they infall. Therefore,
the spinning black holes should not be observed if ULAP with a corresponding mass
exists in the theory. In Refs. [129, 130, 131],

6⇥ 10
�13

eV < m < 2⇥ 10
�11

eV, (3.3.6)

with F & 10
13

GeV is excluded by solar mass black holes and roughly 10
�17 � 10

�16
eV

with F & 10
16

GeV is also excluded by supermassive black holes. As we mentioned, this
constraint does not depend on whether ULAP exists as dark matter or not and is quite
generic in the theory with ultra-light scalar fields. See Refs. [129, 132] for more details.
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Chapter 4

21cm Line

Thanks to the greatest e�orts of observations, the cosmological structure up to the
scale & O(1) Mpc has already been probed. The small scale is mainly explored by
the Lyman-↵ forest, which is produced by consecutive absorption due to the transition
of an electron in a neutral hydrogen atom between the ground state (n = 1) and the
first excited state (n = 2). Recently further e�orts to probe smaller scale structure
are made and one of the methods is 21cm absorption line, which is produced by the
hyperfine splitting due to the interaction between the electron and proton spins in a
neutral hydrogen atom [48]. Because neutral hydrogen is ubiquitous in the early universe
before reionization z ⇠ 6, the 21cm line is generally adopted as the useful tracer of the
universe before reionization z . 6.

In this chapter, we will review some of the basic formulae of 21cm line to be used in
Chap. 6 in Part II. First, we derive general formulae in a two-level system: the radiative
transfer equation and the optical depth from a specific intensity. Second, we explain the
basics of 21cm line and then discuss the 21cm forest at last.

Here, we only consider a two-level system and denote the lower index 0, 1 to represent
the value of the ground and excited state, respectively. Note that the system of units is
CGS unit in this chapter following the convention in astronomy. Thus, h, c, kB represents
Planck constant, speed of light, and Boltzmann constant, respectively.

4.1 Radiative Transfer Equation
To understand the basics of 21cm line, let us calculate the evolution of a specific intensity
I⌫ , which represents the radiative flux per frequency per unit solid angle. The radiative
transfer equation for I⌫ is

1

c

dI⌫(x, t;n)

dt
= �↵⌫(x, t;n)I⌫(x, t;n) + ⌘⌫(x, t;n), (4.1.1)

where ↵⌫ is the specific extinction which represents the absorption of the system, and ⌘⌫
is the specific emissivity which represents the radiation from the system. Defining the
optical depth as

⌧⌫(s) ⌘
ˆ

s

↵⌫ (x(t), t;n(t)) d(ct), (4.1.2)
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where the integration is taken over the path of the incoming flux, we can simplify the
radiative transfer equation Eq. (4.1.1) as

dI⌫(x, t;n)

d⌧⌫
= �I⌫(x, t;n) +

⌘⌫(x, t;n)

↵⌫(x, t;n)
. (4.1.3)

To solve this equation, we have to consider the three processes: the absorption,
spontaneous emission, and stimulated emission. Because the relation between the energy
density and the specific intensity is given by

I⌫ =
c

4⇡
⇢(⌫), (4.1.4)

the e�ect on the specific intensity in a two-level system is derived as

dI⌫ = � dI⌫ |Abs
+ dI⌫ |Sti + dI⌫ |Em , (4.1.5)

= h⌫10


�B01 (⌫10)

⇢ (⌫10)

4⇡
n0�a(⌫) + B10 (⌫10)

⇢ (⌫10)

4⇡
n1�e(⌫) + A10n1�e(⌫)

�
d(ct),

= h⌫10


�1

c
(B01 (⌫10)n0�a(⌫)� B10 (⌫10)n1�e(⌫)) I⌫ ++A10n1�e(⌫)

�
d(ct).

(4.1.6)

where ⌫10 is the frequency di�erence between the two states and �a(⌫),�e(⌫) are the line
profile of the incoming and emitted flux, respectively. Then, assuming that the profile
functions satisfy �(⌫) = �a(⌫) = �e(⌫) for simplicity, we have

↵⌫(x, t;n) =
h⌫10
c

[B01 (⌫10)n0(x, t)� B10 (⌫10)n1(x, t)]�(⌫), (4.1.7)

=
h⌫10
c

B01n0


1� B10(⌫)n1(x, t)

B01(⌫)n0(x, t)

�
�(⌫), (4.1.8)

=
h⌫10
c

n0(x, t)A10

c3

8⇡h⌫3
10

g1
g0


1� g0

g1

g1
g0

exp

✓
� h⌫10
kBTs(x, t)

◆�
�(⌫), (4.1.9)

' g1
g0

hc2A10

8⇡kB⌫10

n0(x, t)

Ts(x, t)
�(⌫). (4.1.10)

and
⌘⌫(x, t;n)

↵⌫(x, t;n)
' 2⌫2

10

c2
kBTs(x, t), (4.1.11)

where we have used Einstein relations Eq. (A.0.6) and characterized the number density
fraction between n0 and n1 by Ts � h⌫10/kB (we will look into details of Ts in the next
section).

When the radiation follows the Planck distribution, we can define the brightness
temperature by Rayleigh-Jeans approximation as

Tb (⌫) '
c2

2kB⌫2
I⌫ , (4.1.12)
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with h⌫ ⌧ kBTb, which is the case for the 21cm line. Using this relation, we can solve
Eq. (4.1.3) as

dTb(⌫)

d⌧⌫
= �Tb(⌫) +

⇣⌫10
⌫

⌘2
Ts (x, t) . (4.1.13)

) �Tb ⌘ Tb (⌫,x(⌧⌫), ⌧⌫)� Tb (⌫,x(0), 0) , (4.1.14)

=
�
1� e�⌧⌫

� ⇣⌫10
⌫

⌘2
Ts � Tb (⌫,x(0), 0)

�
. (4.1.15)

Therefore, when Ts < Tb, the brightness temperature should be decreased, which shows
that the photons from the background sources are absorbed by the neutral hydrogen. On
the other hand, when Ts > Tb, the brightness temperature is enhanced by the emission
of the 21cm photons from the neutral hydrogen.

4.2 Spin Temperature
In the following sections, we focus on 21cm line and introduce various relations that will
be used in Part II.

As we mentioned at the beginning, the 1s state of neutral hydrogen is splitted into
two states by the spin-spin interaction between the nucleon and electron. Because of its
simple structure, the energy di�erence between these two states are precisely determined
as

�E =
8

3

e2

2a0
gp

mp

MPl

↵2

em
' 5.8⇥ 10

�6
eV, (4.2.1)

where e is the electric charge, a0 is the Bohr radius,gp = 5.56, and ↵em = 1/137. Because
this energy di�erence corresponds to the wavelength of 21cm, the emission (or absorp-
tion) line by the transition between these states is called 21cm line. The situation is
roughly described in Fig. 4.2.1.

To calculate the brightness temperature, we need to estimate the number density ratio
between the excited state n1 and the ground state n0. The common way to describe
it is the spin temperature Ts [133]. Assuming that the neutral hydrogen follows the
Boltzmann distribution, the spin temperature Ts is defined as

n1

n0

⌘ g1
g0

exp

✓
� h⌫10
kBTs

◆
⌘ 3 exp

✓
�T⇤

Ts

◆
, (4.2.2)

where g1 = 3, g0 = 1 are the degrees of freedom of the excited state and the ground
state of neutral hydrogen respectively, and T⇤ ⌘ h⌫10/kB ' 68 mK.

As we mentioned, in a two-level system of neutral hydrogen the three processes,
spontaneous emission, excitation, and stimulated emission, should be taken into account.
The rate of spontaneous emission has already been calculated as A10 = 2.85⇥ 10

�15
s
�1.

This rate ⇠ 10
7 year per particle is too small for the emission to be observed in laboratory

experiments, but in the cosmological context where plenty of neutral hydrogen exists,
this interaction highly matters.

The transition rate of the other two processes depends on the details of interactions,
so we briefly focus on each of them below.
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Figure 4.2.1: The picture of 21cm line. The 1s state of neutral hydrogen is splitted by
the spin-spin interaction of the proton and the electron and each state numbered by 0

and 1 has 1 and 3 degrees of freedom, respectively. The energy di�erence between them
is precisely calculated as �E ' 5.87 µeV, which corresponds to ⌫10 ' 1.42 GHz and
�10 ' 21.11 cm.

Collisions

First, let us consider collisional processes of neutral hydrogen. The angular momentum
of neutral hydrogen, i.e. the spin in the case of the 1s state, is altered by collisions with
other spinful particles. In the early universe, there are three main processes of collision
interactions: H �H, e �H, and p �H collisions. Each interaction a�ects the number
density of n0 and n1 so that the spin angular momentum in the system is conserved.
Suppose that the deexcitation rate of these collisional processes per excited particle is
defined as C10, it is decomposed into three parts,

C10 = nHI
HH

10
+ ne

eH

10
+ np

pH

10
, (4.2.3)

where HH

10
,eH

10
, and pH

10
are the cross sections of H �H, e�H, and p�H collisions,

respectively and nHI , ne, and np are the number densities of the neutral hydrogen,
electrons, and protons, respectively. As we can find from Fig. 4.2.2 showing the values
of ’s, the cross section of e�H and p�H collisions are larger than that of the H �H
collision. However, their contribution to C10 is generally negligible because the fraction
of free electrons and protons before the reionization on which we generally focus in the
21cm line context is smaller than nHI . Thus, we will ignore the e�ect of the e�H and
p�H collisions, that is, we approximate

C10 ' nHI
HH

10
. (4.2.4)

In a similar way, we also define the excitation rat as C01.

Background Photons

The second is an interaction with background photons, which makes neutral hydrogen
being excited or deexcited. The primary source of the background photons is CMB.
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1.2. THE SPIN TEMPERATURE 5

Figure 1.1: De-excitation rate coefficients for H-H collisions (dashed line), H-e� collisions
(dotted line), and H-p collisions (solid line). Note that the net rates are also proportional to
the densities of the individual species, so H-H collisions still dominate in a weakly-ionized
medium. Reproduced from Furlanetto, S. R. & Furlanetto, M. R. “Secondary ionization and
heating by fast electrons, Monthly Notices of the Royal Astronomical Society, vol. 404, pp.
1869-1878. Copyright OUP 2007.

where k i

10 is the rate coefficient for collisional spin de-excitation in collisions (with units of
cm3 s�1). The total xc is the sum over all relevant species i, including collisions with (1)
neutral hydrogen atoms, (2) free electrons, and (3) protons.

These rate coefficients can be calculated by the quantum mechanical cross sections of the
relevant processes [29, 7, 8]. We will not list them in detail but show the rates in Figure 1.1.
Although the atomic cross-section is small, in the unperturbed IGM collisions between neu-
tral hydrogen atoms nearly always dominate these rates because the ionized fraction is small.
Free electrons can be important in partially ionized gas; collisions with protons are only im-
portant at the lowest temperatures.

Given the densities relevant to the IGM, collisional coupling is quite weak in a nearly
neutral, cold medium. Thus, the local density must be large in order for this process to
effectively fix TS. A convenient estimate of their importance is the critical overdensity, dcoll,
at which xc = 1 for H–H collisions:

1+dcoll = 0.99


k10(88 K)

k10(TK)

� ✓
0.023
Wbh2

◆ ✓
70

1+ z

◆2
, (1.15)

where 88 K is the expected IGM temperature at 1+ z = 70.1 In the standard picture, at
redshifts z < 70, xc ⌧ 1 and TS ! Tg ; by z ⇠ 30 the IGM essentially becomes invisible.

1Note that this is smaller than the CMB temperature at this time, because the IGM gas cools faster (due to
adiabatic expansion) once Compton scattering becomes inefficient at z ⇠ 150.

Figure 4.2.2: The cross section of e � H, p � H, and H � H collisions reproduced
from [134]. The dotted, solid, and dashed lines represent e � H, p � H, and H � H
collisions, respectively.

1 As we define the Einstein coe�cients in Appendix. A, we define the transition rates
for the excitation and stimulated emission by B01(⌫)⇢CMB(⌫) and B10(⌫)⇢CMB(⌫). Here,
⇢CMB(⌫) is the energy density of CMB following the Planck distribution.

Lyman-↵ photons

The transition via Lyman-↵ energy levels which are the energy di�erence between the
2p state and the 1s state a�ect the number density of neutral hydrogen. Because of the
electric dipole selection rules, the di�erence of the total angular momentum must satisfy
�F = 0, 1 except for the transition F = 0 ! 0 being prohibited. This e�ect is called
Wouthuysen–Field e�ect [135, 136].

The Lyman-↵ photons are mainly created from stars, but the star formation process
within z . 30 strongly depends on the astrophysics and contains uncertainties. Thus, we
ignore the Lyman-↵ contribution for just simplicity in this thesis in Part II. We define
the excitation and deexcitation rates as P01 and P10, respectively.

Finally, let us comment on the variation of the fraction of neutral hydrogen. So far
we have focused on the process that does not change the total number density of neutral

1We ignore the contribution from the emission of 21cm line as the background sources because it is
small compared to CMB.
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hydrogen nHI ⌘ n0 + n1, but the fraction of neutral hydrogen changes as the evolution
of the universe due to the ionization e�ects. Thus, nHI is indeed written as

nHI(t) = xHI(t)nH , (4.2.5)

where nH is the number density of the total hydrogen and xHI is the time-depending
neutral fraction of hydrogen. However, the time variation of xHI is ignorable in most of
the epoch of 21cm line observations. Therefore, we ignore it throughout this thesis.

When the time scale of these three processes are much shorter than the Hubble
expansion rate, we can safely assume that these three processes are in equilibrium. In
this case, because the rate of change of the number density are equal to each other,

ṅ0 = ṅ1, (4.2.6)
, (C01 + P01)n0 � B10(⌫)⇢CMB(⌫)n1 = (C10 + P10 + A10)n1 � B01(⌫)⇢CMB(⌫)n0.

(4.2.7)

Using the relation that T⇤ is much smaller than T�, TK , T↵ and the Einstein relation
derived in Appendix A, we can derive the spin temperature as

T�1

s
=

C10T
�1

K
+ P10T�1

c
+ A10T�1

⇤
C10 + P10 + A10 +B10(⌫)⇢CMB(⌫)

, (4.2.8)

'
T�1

�
+ xcT

�1

K
+ x↵T�1

↵

1 + xc + x↵

, (4.2.9)

where

xc ⌘
C10

A10

T⇤

T�

' HH

10
nHI(x)

A10

T⇤

T�

, (4.2.10)

x↵ ⌘ P10

A10

T⇤

T�

. (4.2.11)

From this formula, we can find that the spin temperature is determined by the process
that gives the strongest coupling among the three processes.

4.3 21cm Forest
So far, we have discussed the general features of 21cm line. In this section, we explain
what is the 21cm forest and its advantages on the 21cm line.

Generally, in the context of the 21cm line we use CMB as a backlight because it is
ubiquitous around the universe and contains a vast range of frequencies. However, it is
very challenging to determine the cosmic structure by CMB observations of 21cm lines
mainly because of the observational di�culties. The amplitude of foregrounds of both
galactic and extra-galactic sources is several orders of magnitude larger than the signals.
Thus, further detailed simulations and analytical developments are necessary for those
foregrounds to be safely removed. In addition, as you can see from Eq. (4.1.15) the
spin temperature must be di�erent from the CMB temperature Ts 6= T� to observe the
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Figure 4.3.1: Mock spectra of radio sources at z = 10 (left) and z = 8 (right) taken from
Ref. [49]. In both cases, a source (with luminosity equal to Cygnus A) is placed at the
appropriate redshift and observed by an SKA-class instrument.

absorption or emission process by neutral hydrogen. This condition makes observations
impossible during certain epochs before the reionization z & 6.

An important alternative to the CMB is a radio rich source as a backlight, such
as quasars or gamma-ray bursts (GRBs). The advantage of this method is the ease
of observations because of the high signal-to-noise ratio of the bright source with the
typical temperature ⇠ 10

11�12
K much higher than that of CMB. Besides, the 21cm

line is always observed as absorption against the source because Ts ⌧ Tb always holds.
In this case, photons from the source are subsequently absorbed by IGM, cosmic web,
and mini-halos, which creates a number of consecutive absorption lines in the spectrum
due to the redshift. This phenomenon is called 21cm forest in analogy with Lyman-↵
forest [49, 50, 137]. Especially in the case of mini-halos, because the typical line width
⇠ kHz produced by thermal broadening is distinguishable by observations, it enables us
to resolve detailed information on small scales. The key problems of observations of the
21cm forest are the existence of background sources and the IGM temperature. We will
discuss them in Sec. 6.5 in Part II.
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Chapter 5

Oscillon Power Spectrum

The cosmological e�ects of oscillons have long been discussed mainly with gravitational
waves generated at oscillon formation and phenomenology of long-lived oscillons in the
recent universe has never been considered. In this chapter, to discuss the e�ects of
oscillons on the recent universe, we analytically derive the power spectrum produced
by oscillons and confirm the agreement between the analytical result and the result of
lattice simulations.

Here, we assume that ULAP consists of a coherently oscillating part and an oscillon
part, that is, the power spectrum of ULAP P� on a comoving scale k is decomposed as

P�(k) = Pcoh(k) + Posc(k), (5.0.1)

where Pcoh(k) and Posc(k) are the matter power spectrum of the coherent part and the
oscillon part, respectively. We only focus on Posc(k) in this chapter defined as

h�tot (k) �tot (k0
)i = (2⇡)3 � (k + k0

)Posc(k), �tot(k) =

ˆ
d3x�tot(x)e

�ik·x, (5.0.2)

where �tot is the energy fraction of all oscillons to the total energy density of ULAP (will
be defined in Sec. 5.1).

Throughout this chapter, we will use the position x and the wavenumber k as the
comoving value unless otherwise stated.

5.1 Analytical Formula
In this section, we analytically derive the oscillon power spectrum Posc(k) to be compared
with the simulation result later in Sec. 5.3. First, we roughly estimate the power spectrum
ignoring oscillon sizes and the energy conservation in the horizon. Second, we calculate
the more precise formula which coincides with the rough estimation except for some
overall factors. Although we only focus on oscillons in this section, the procedure here
is also applicable to all kinds of compact objects, such as primordial black holes, ultra-
compact mini halos, and so on.

37



5.1.1 Rough Estimation
First, to clarify the overall picture, we roughly estimate the analytical formula of the
power spectrum of oscillons. In this subsection, we make two assumptions for simplicity,

• we ignore the size of oscillons and treat them as point-like particles.

• oscillons are completely randomly distributed in the entire universe.

Note that in the actual case the second assumption is partially incorrect and we will take
it into account in the next subsection.

Let us consider a box with a comoving volume V in which the number of oscillons
with the energy Ei is represented by Ni. Because of the second assumption, Ni follows
the Poisson distribution, i.e.

h(Ni � hNiiN) (Nj � hNjiN)iN = hNiiN�ij, (5.1.1)

where hiN shows statistical average over Ni. The density contrast of oscillons to ULAP
is represented by

�tot = rosc

P
i
NiEi � h

P
i
NiEiiN

h
P

i
NiEiiN

, (5.1.2)

where rosc is the energy fraction of oscillons to all ULAP defined as

rosc ⌘
h
P

i
NiEiiN
⇢�

. (5.1.3)

with ⇢� being the total energy density of ULAP. Then, defining the physical number
density of oscillons as

nosc =

P
i
hNiiN
a3V

, (5.1.4)

the oscillon power spectrum is derived as

Posc(k) = V h�2iN , (5.1.5)

= V
r2
osc

h
P

i
NiEii2N

X

i,j

EiEj h(Ni � hNiiN) (Nj � hNjiN)iN , (5.1.6)

= V
r2
osc

h
P

i
NiEii2N

X

i

E2

i
hNiiN , (5.1.7)

=
r2
osc

nosca3
hE2i
hEi2

. (5.1.8)

where we have defined the average of the oscillon energy and squared oscillon energy as

hEi ⌘
P

i
Ei hNiiNP
i
hNiiN

,
⌦
E2
↵
⌘
P

i
E2

i
hNiiNP

i
hNiiN

. (5.1.9)

From this formula, we can find that the power spectrum is inversely proportional to the
comoving number density of oscillons nosca3 except for the factor r2

osc
when the oscillon
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energies are monotonic. This simple result P (k) = const on all scales is the typical
feature of the Poisson power spectrum.

In the following subsection, we will consider the more realistic situation where the
above two assumptions are slightly violated and show that these e�ects suppress the
Poisson power spectrum at some corresponding scale.

5.1.2 Precise Calculation
In this subsection, to estimate the oscillon power spectrum more precisely we include
two more factors: the oscillon size and the violation of the random distribution over the
horizon as opposed to the previous subsection. The discussion in this subsection is more
general than that of the previous subsection Eq. (5.1.8) which would be reproduced in
the limit where the e�ects of these two factors are negligible.

For analytical calculations, we approximate the spatial oscillon profile as a Gaussian
function.

� (x;xi) = � (r;xi) cos!t, (5.1.10)

' �0 exp

✓
�a2r2

2R2

◆
cos!t. (5.1.11)

where ! is the oscillation frequency, xi is the comoving position of the i-th oscillon,
and r = |x� xi|. We assume that the positions of oscillons are not correlated. The
central amplitude of the oscillon �0 and the physical radius of the oscillon R should
be determined by the fitting to the analytical solution derived from Eq (2.2.4). The
Gaussian fitting does not work well when the oscillon profile is flat-top. This kind of
profile is realized, for example, when the central amplitude is close to the extremum,
which results in the field remaining for a long time before beginning to roll. In this case,
the cuto� scale k/a ⇠ R�1of the oscillon power spectrum would be changed as we will
see later.

Then, the energy density of a single oscillon in the FRW universe is

⇢osc (x;xi) '
1

2

"✓
d�

dt

◆2

+
1

a2

✓
d�

dr

◆2

+m2�2

#
, (5.1.12)

' 1

2
�(r)2


!2

sin
2 !t+

✓
a2r2

R4
+m2

◆
cos

2 !t

�
, (5.1.13)

' !2
�

2

0

2
exp

✓
�a2r2

2R2

◆
, (5.1.14)

where we have ignored the spatial gradient term in the last line because the energy
density of the oscillon is dominant in ar < R. Defining the oscillon fraction to the total
ULAP energy density as

�osc(x;xi) ⌘
⇢osc(x;xi)

⇢�
, (5.1.15)

where ⇢� is the total energy density of ULAP, the oscillon fraction in k-space is calculated
by Fourier transformation as
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�osc(k;xi) =

ˆ
�osc(x;xi)e

�ik·xd3x, (5.1.16)

' !2
�

2

0

2⇢�

✓
⇡
R2

a2

◆3/2

exp

✓
�ik · xi �

k2R2

4a2

◆
, (5.1.17)

' Ei

⇢�a3
exp

✓
�ik · xi �

k2R2

4a2

◆
. (5.1.18)

where Ei is the total energy of the i-th oscillon defined by

Ei ⌘ a3
ˆ 1

0

d3x⇢osc (x;xi) '
!2

�
2

0

2

�
⇡R2

�3/2
. (5.1.19)

Considering a large comoving volume V = L3 which contains Nosc oscillons, the total
fraction of the oscillons to ULAP is obtained by summing over all oscillons,

�tot(k;xi) =

NoscX

i=1

�osc (k;xi) . (5.1.20)

Then, the expected value of the oscillon power spectrum is given by averaging over the
all positions of the oscillons as

Posc(k) ⌘
 

NoscY

i=1

ˆ
d3xi

V

!
|�tot (k;xi)|2

V
, (5.1.21)

=
1

(⇢�a3)
2

1

V

 
NoscY

i=1

ˆ
d3xi

V

!�����

NoscX

i0=1

Ei0 exp

"
�ik · xi0 �

k2R (Mi0)
2

4a2

#�����

2

. (5.1.22)

To perform the integration, we need to make a practical assumption: there is a
comoving scale (R/a <)Ls < L inside which the total energy of oscillons conserves.
This assumption naively reflects the energy conservation inside the horizon at oscillon
formation and will be confirmed in Sec. 5.3. Besides, just for simplicity, we further
assume that the number of oscillons in each volume L3

s
is equal as Ns ⌘ Nosc/ (L/Ls)

3.
First, let us consider fluctuations on a comoving scale larger than Ls, that is, kLs < 1.

In this case, we can safely ignore the exponential factor in Eq. (5.1.22)

exp

"
�k2R (Mi)

2

4a2

#
, (5.1.23)

and only the phase factor matters.

 
NoscY

i=1

ˆ
d3xi

V

!�����

NoscX

i0=1

Ei0e
�ik·xi

�����

2

=

 
NoscY

i=1

ˆ
d3xi

V

!
NoscX

i0,i00=1

Ei0Ei00e
�ik·(xi0�xi00 ). (5.1.24)
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Because of the random distribution of the oscillon positions, we can seperately consider
each direction. Let us consider the x direction, for example, and define the j-th region of
the volume V in x direction as [(j � 1)Ls, jLs] for j = 1, · · · , L/Ls and the position and
the oscillon energy of the i-th oscillon in the j-th region as xij, Eij, respectively. Using
the integration

ˆ
jLs

(j�1)Ls

dxij

Ls

e�ikxij ⌘ ✏e�ijkLs , ✏ ⌘ 1

ikLs

�
1� e�ikLs

�
, (5.1.25)

the phase factor in x dimension is calculated as
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ˆ
dxi

Ls

!
NoscX

i0,i00=1

Ei0Ei00e
�ik(xi0�xi00 ) (5.1.26)
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i=1

E2
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1�

✓
2

kLs

◆2

sin
2

✓
kLs

2

◆#
, (5.1.30)

where we have used the energy conservation in the box Ls as
NsX

i=1

Eij = Es, (5.1.31)

and
L/LsX

j=1

e�ijkLs = 0. (5.1.32)

The first, second, and third term in the third line correspond to the terms of i0 = i00 and
j0 = j00, i0 6= i00 and j0 = j00, and j0 6= j00, respectively. In three dimenstions, the overall
sum

P
L/Ls is replaced by

P
(L/Ls)

3

and the power spectrum in k < 2⇡/Ls becomes

Posc(k) =
1

(⇢�a3)
2

Nosc hE2i
V

"
1�

✓
2

kLs

◆2

sin
2

✓
kLs

2

◆#
, (5.1.33)

where the bracket hi represents the ensemble average over Nosc oscillons.
On the other hand, when we consider the fluctuations on a scale smaller than Ls,

that is, kLs > 1, we should take into account the exponential factor of the oscillon
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profile while the suppression factor ✏ converges to 0. Thus, we can easily calculate the
integration in this case as

 
NoscY

i=1

ˆ
d3xi

V

!�����

NoscX

i0=1

Ei0e
�ik·xi

�����

2

= Nosc

*
E2

exp

"
�k2R (E)

2

2a2

#+
. (5.1.34)

The above formula coincides with Eq. (5.1.33) when kR/a < 1 < kLs. Therefore,
defining the physical number density of oscillons nosc and the energy ration of oscillons
to ULAP rosc as

nosc ⌘
Nosc

a3V
, rosc ⌘

noschEi
⇢�

, (5.1.35)

the power spectrum of oscillons is approximated as

Posc(k) =
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2
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◆2
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kLs

2

◆#
, (5.1.37)

where we have ignored the fluctuations around the ensemble average because they vanish
in the large limit of V .

This power spectrum has three qualitative features.

• k ⌧ L�1

s
: On a scale smaller than the energy conservation scale Ls, the oscillon

power spectrum is proportional to k2 as calculated above. This cuto� scale Ls is
roughly estimated by the horizon size at oscillon formation, but more precisely it
should be determined by lattice simulation.

• L�1

s
⌧ k ⌧ (R/a)�1: On a scale between the energy conservation scale Ls and the

comoving oscillon size R/a, both suppression factors are ignored and the power
spectrum is almost a constant. This formula reproduces the simple Poisson dis-
tribution of oscillons Posc ⇠ r2

osc
/(nosca3) which is obtained when xi is randomly

distributed in the previous section.

• (R/a)�1 ⌧ k: On a scale smaller than the comoving oscillon size R/a, the power
spectrum is exponentially cut o� because we have assumed the oscillon profile
as a Gaussian function. A di�erent form of the profile, of course, a�ects the k-
dependence of the cuto�.

These three features are realized if the assumptions are satisfied that oscillons with the
size ⇠ m�1 are randomly produced inside the horizon and the total energy on a scale
larger than the horizon scale is conserved. Let us verify these assumptions by classical
lattice simulation in the next section.
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Figure 5.2.1: The shape of the ULAP potential Eq. (5.2.1) for various p’s. The quadratic
potential is realized when p = �1 and the potential gets shallower than quadratic as p
gets larger.

5.2 Simulation Setup
In this section, we explain the setup of the classical lattice simulation to calculate the
oscillon power spectrum. As the ULAP potential, we choose the monodromy type po-
tential [28, 27, 34] for instance,

V (�) =
m2F 2

2p

"
1�

✓
1 +

�2

F 2

◆�p
#
, (5.2.1)

where m is the ULAP mass and F is the ULAP decay constant. The oscillon formation
with p > �1 (except for p = 0) has already been confirmed in Refs. [57, 42] and the long
lifetime of resultant oscillons is also investigated in Refs. [41, 38, 39]. We will confirm the
validity of the analytical formula of the oscillon power spectrum Eq. (5.1.37) in various
p’s. Note that any potentials should be fine with the discussion below if it can produce
oscillons.

5.2.1 Simulation Parameters
In our simulations, the units of the field, time, and space, etc. are taken to be F and
m�1, that is,

�̄ ⌘ �

F
, ⌧̄ ⌘ m⌧, x̄ ⌘ mx, . . . etc. (5.2.2)

where the overline denotes the dimensionless program variables and ⌧ is the conformal
time. In this normalization, the energy of an oscillon E is normalized as

E =
m

F 2
E, (5.2.3)
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Table 5.1: Simulation parameters. Note that we also simulate in two dimensions only
for p = �1/2.

Index p

�3/4 �1/2 2

Box Size L 32 1024 32 16

Grid Size N 1024
3

32768
2

1024
3

1024
3

Time Step �⌧̄ 8.0⇥ 10
�3

4.0⇥ 10
�3

8.0⇥ 10
�3

8.0⇥ 10
�3

Final Time 81.0

Initial Value �
0

12⇡ 5⇡ 5⇡/2 7⇡/10

Threshold ⇢
th

0.05 0.025 0.05 0.01

because of the relation E =
´
⇢oscd3x = F 2/m

´
⇢̄oscd3x̄.

Then, the equation of motion of �̄ is represented by

�̄00
+ 2

a0

a
�̄0 � �̄�̄+ a2

@V

@�̄
= 0, V =

1

2p

h
1�

�
1 + �̄2

��p
i
. (5.2.4)

where the dash denotes the derivative with respect to ⌧ .
As the initial condition, we take the initial Hubble parameter as Hi = 1/2t = m

because we are interested in ULAP which starts to oscillate in the radiation dominated
era. The initial scale factor is set to be unity as ai = 1, which produces ā = ⌧̄ in the
radiation dominated universe. The initial field value and its derivative are set as

�̄i(x) = �
0
[1 + ⇣(x)] , �̄i(x)

0
= 0. (5.2.5)

where �
0

is chosen to maximize the oscillon fraction (see Appendix C.2 for the details)
shown in Table. 5.1. ⇣(x) is the initial noise defined by the scale-free power spectrum

h⇠ (k) ⇠ (k0
)i = (2⇡)3�3(k + k0

)
2⇡2

k3
P⇠, (5.2.6)

with a small constant P⇠ = 2.1⇥ 10
�9 just for reference 1.

Other simulation parameters are shown in Table 5.1. Note that we perform simula-
tions of p = �1/2 in both two and three dimensions to correctly calculate the behavior
on large scale.

1Note that this definition slightly changes in two dimension as

h⇠ (k) ⇠ (k0
)i = (2⇡)2�2(k + k0

)
2⇡

k2
P⇠.
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Figure 5.2.2: The intuitive picture of the method of the oscillon identification. When
the energy density at the orange point (xi, yj, zk) is larger than ⇢̄th, we take the average
to calculate the midpoint value and identify the blue box regions as the oscillon. This
method can include the tails of oscillon profiles to some extent.

We utilize our own lattice simulation code in which the time evolution is calculated
by the fourth-order symplectic integration scheme and the spatial derivatives are calcu-
lated by the fourth-order central di�erence scheme. The details of the classical lattice
simulation we use are explained in Appendix B. We impose the periodic boundary con-
dition on the boundary and have confirmed that the results hardly depend on the box
size.

5.2.2 Oscillon Identification
To calculate the oscillon power spectrum, we need to identify oscillons in the simulation
box. In this subsection, we show how to identify oscillons and their energies in our
simulations.

First, we assume that regions where the energy density ⇢ is larger than some threshold
value ⇢

th

⇢ > ⇢
th
, (5.2.7)

are oscillons. The threshold value shown in Table 5.1 is chosen so that ⇢
th
= ↵⇢

th
(⌧ end)

where ↵ is O(0.1) parameter and⌧ end is the end of the simulation. Then, to include
the contribution from the tail of the oscillon profile correctly, we also regard one more
grid outside the connected region of ⇢ > ⇢

th
as oscillons. The intuitive picture of this

identification method is show in Fig. 5.2.2.
Following this method, the energy of an oscillon in D dimensional space is estimated
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by summing over the energy density inside the identified region as

E =

X

xi2Vosc

⇢(xi)

✓
āL

N

◆D

, (5.2.8)

where the sum is over the grid inside the oscillon volume Vosc. The number of oscillons
inside the simulation box Nosc is counted as the number of disconnected regions with
⇢ > ⇢

th
.

We define the energy ratio of oscillons to the total energy of ULAP, the normalized
physical number density of oscillons n̄osc, and the average energy of the oscillons hEi as

rosc ⌘
P

Nosc

i
Ei

⇢(āL)D
, nosc =

Nosc

(āL)D
, hEi = 1

Nosc

NoscX

i

Ei. (5.2.9)

Note that in these expressions we replace the statistical average of the number of oscillons
in Eq. (5.1.8) with the simulation value. Because of the contribution from the surface
region, the threshold value and the spatial resolution slightly change hEi and hence rosc.
We have confirmed that the estimation of rosc di�ers less than 5% even if we vary the
spatial resolution and the threshold value by a factor of 2. Please see Appendix C.1 for
the details.

5.3 Simulation Result
In this section, we exhibit the results of our classical lattice simulations and confirm that
the results coincide with the analytical formula Eq. (5.1.37).

5.3.1 Energy Distribution of Oscillons
To calculate the oscillon power spectrum Eq. (5.1.37), we need to derive the energy
distributions of oscillons numerically. Here, we exhibit them and summarize the related
values. We have simulated in each setup three times with di�erent random seeds to
reduce the stochastic noise.

The energy distributions of oscillons at the simulation end in three dimensions are
shown in Fig. 5.3.1. We only exhibit the result of p = �1/2, 2 to avoid redundancy, but
the same figure is also obtained for p = �3/4 and the two-dimensional case. From these
figures, we can find that the smaller p leads to the larger E. This is mainly because the
potential of p = 2 is shallower than that of p = �1/2 as shown in Fig. 5.2.1. As you
can see from the profile equation Eq. (2.2.4), when we fix !, the central amplitude must
be larger in a shallower potential. In other words, when we fix the central amplitude, !
must be larger in a shallower potential. That is why the shallower potential, i.e., smaller
p, generally produces larger oscillons. 2

Using these mass distributions, we calculated rosc, nosc, hEi for each p, which are
summarized in Table 5.2. We will use these results to calculate the analytical formula of

2Note that this explanation is not always correct because the size of produced oscillons is also a�ected
by other parameters such as the initial amplitude and the shape of the potential.
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Figure 5.3.1: The left and right figures show the simulation results of the energy distri-
bution of oscillons for p = �1/2, 2, respectively. The vertical axis shows the probability
distribution and the horizontal axis shows the normalized energy of oscillons. The sta-
tistical error of each bar is calculated by

p
Ni/(Nosc�bi) where Ni is the number of data

in the i-th bin and �bi is the width of the i-th bin.

the oscillon power spectrum in the next subsection. From the value of nosc, the typical
comoving distance between oscillons is estimated as

�
nosca

3
��1/3 ⇠ m�1

am
' 10

2
kpc

⇣ m

10�22 eV

⌘1/2
, (5.3.1)

where am is the scale factor at the simulation start H = m when the current scale
factor is normalized as 1. Thus, there is approximately one oscillon per 102 kpc with the
physical size ⇠ m�1 ' 0.1 pc when m = 10

�22
eV.

Table 5.2: The summary of the simulation results only in three dimensions.

Index p

�3/4 �1/2 2

rosc 0.73 0.69 0.60

noscā3 0.98 0.83 0.79

hEi 2100 570 47

5.3.2 Power Spectrum of Oscillons
In this subsection, we show the result of numerical calculations of the power spectrum
after oscillon formation to validate the analytical estimation of the power spectrum
Eq. (5.1.37). We only show the results of p = �1/2 here, but similar results are also
obtained for p = �3/4 and 2.
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In Fig. 5.3.2, the purple and green dots show the simulation results of the power
spectrum at the end of the simulation when the oscillon formation has already finished.
The red line shows the analytical power spectrum Eq. (5.1.37) based on the oscillon dis-
tribution calculated in the previous section Fig. 5.3.1 with the cuto� scale in Eq. (5.1.37)
being 2⇡/ (amLs) = 0.35m. From this figure, we can easily find that the numerical power
spectra (purple and green dots) are well approximated by the analytical formula (red
line).

As we discussed in Sec. 5.1.2, the power spectrum consists of three parts. The cen-
ter plateau region corresponds to the Poisson distribution of the oscillons discussed in
Sec. 5.1.1. The agreement between the analytical and numerical calculation suggests
that the oscillons are produced randomly inside the horizon. On the scale smaller than
the oscillon size k/am & O(10)m, the power spectrum decreases following the expo-
nential oscillon profile. Because the dimensional di�erence of the spherically symmetric
Laplacian of the oscillon profile equation Eq. (2.2.4) leads to the smaller friction and the
smaller oscillon size in two dimensions, the two-dimensional result does not match the
analytical formula at large k.

On the scale larger than Ls, the power spectrum decreases because of the energy
conservation as we discussed in Sec. 5.1.2. This suppression, however, does not hold in
the small k. For the three dimensional result (green dots), this is because the periodic
boundary condition produces correlations on large scales that should not be correlated.
This possibility is confirmed by the fact that the deviation scale heavily depends on
the simulation box size. On the other hand, because the result of two dimensions does
not depend on the box size, the deviation could have a physical meaning. One of the
possibilities is that the total energy fluctuation inside each horizon produced by the
fluctuation of the oscillon formation rate could result in another source of the Poisson
noise. Because the assumption Eq. (5.1.31) does not hold in this case, we can find that
the sum of the third term in Eq. (5.1.29) is replaced by

������

L/LsX

j=1

Esje
�ijkLs

������

2

, (5.3.2)

where Esj is the total energy in the j-th box. When we assume that Esj randomly
fluctuates �Esj/Es & O(1) ⇥ 10

�2 (see Fig. (C.2.1) in Appendix (C)), the contribution
of the violation of the energy conservation is estimated as

|✏|2 E2

s

������

L/LsX

j=1

�Esj

Es

e�ijkLs

������

2

⇠ E2

s

L

Ls

⇥ 10
�2. (5.3.3)

When it is divided by
P

Nosc

i
Ei, we can find that this contribution is roughly 10

�2 times
smaller than the power spectrum of the original plateau region, which reproduces the
simulation result in Fig. 5.3.2.
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Figure 5.3.2: The comparison of simulation results and the analytical formula Eq. (5.1.37)
of the oscillon power spectrum. The purple and green dots show the simulation results
in two and three dimensions, respectively, and the red line shows the analytical formula
with ks/am = 0.35m.
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Chapter 6

Detection of Oscillons of Ultra-Light
Axion-like Particle by 21 cm Forest

In this chapter, we suggest that the long-lived ULAP oscillons could be detected by
21cm forest, the consecutive absorption of 21cm line. First, in Sec. 6.1, we analytically
derive the matter power spectrum under the situation where the ULAP oscillons are
present in the universe following the previous chapter. Next, in Sec. 6.2 we calculate the
abundance of mini-halos using the power spectrum. Then, defining the halo and baryon
profiles in Sec. 6.3, we calculate the abundance of 21cm absorption lines in Sec. 6.4.
Finally, Sec. 6.5 is devoted to discussing the result.

Throughout this section, we use the same potential as the previous one

V (�) =
m2F 2

2p

"
1�

✓
1 +

�2

F 2

◆�p
#
, (6.0.1)

with p > �1 (except for p = 0). We assume that dark matter of the universe is consist
of unknown cold dark matter, homogeneous ULAP, and ULAP oscillons as

⌦DM = ⌦CDM + ⌦ULAP, (6.0.2)
= ⌦CDM + (⌦homo + ⌦osc) . (6.0.3)

For later use, we define the fraction of ULAP to dark matter fULAP as

⌦ULAP ⌘ fULAP⌦DM. (6.0.4)

Note that the discussion in this chapter is applicable to any ULAP models if the
decay rate of the oscillons is so small that we can observe them around z ⇠ O(10). All
cosmological parameters in this paper are extracted from the result of Planck 2018 [6].

6.1 Matter Power Spectrum
First, in this section, we estimate the matter power spectrum of the dark matter consists
of unknown cold dark matter, homogeneous ULAP, and ULAP oscillons following the
calculation of the previous chapter.
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The matter power spectrum P (k) is decomposed as

P (k, t) = PCDM(k, t) + PULAP(k, t), (6.1.1)
= PCDM(k, t) + [Pcoh(k, t) + Posc(k, t)] . (6.1.2)

where Pcoh(k, t) and Posc(k, t) show the matter power spectra of homogeneous ULAP
and ULAP oscillons, respectively, and we have assumed that the homogeneous part and
the oscillon part are not correlated.

We calculate PCDM(k, t)+Pcoh(k, t) from AxionCAMB code [123] originated from the
public Boltzmann code CAMB [138, 139] in which the initial fluctuations of ULAP are
treated as adiabatic fluctuations . Because ULAP suppresses the small scale structure,
the matter power spectrum is also suppressed on scales smaller than ULAP Jeans scale
kJ . Because the sound speed of ULAP is cs ' k/ (ma) [140, 141], the Jeans scale at the
matter-radiation equality aeq ⇠ 1/3400 is estimated as

kJ ⇠
p
⇢eq

csMPl

aeq ⇠
Heq

kJ
ma2

eq
, (6.1.3)

, kJ ⇠
�
mHeqa

2

eq

�1/2
=
�
mHma

2

m

�1/2
= mam. (6.1.4)

where the lower index m shows the onset of the oscillation of ULAP Hm ' m and we
have used the relation a / t1/2 / H�1/2. Then,

H2

m
⇠ ⇢m

M2

Pl

✓
1

aeq

◆3✓aeq
am

◆4

= H2

0
⌦m

aeq
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, (6.1.5)
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◆1/4
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✓
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0
⌦maeq
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◆1/4

. (6.1.6)

) kJ ⇠
�
m2H2

0
⌦maeq

�1/4 ⇠ 7

⇣ m

10�22 eV

⌘1/2
hMpc

�1. (6.1.7)

The results of the calculation of PCDM + Pcoh at z = 10 is shown in Fig. 6.1.1.
As we can find from these figures, the matter power spectrum is suppressed from the
derived Jeans scale Eq. (6.1.7) compared to the ⇤CDM result PCDM + Phomo < P⇤CDM,
which generally reduces the number of 21cm absorption. The mass dependence of the
suppression scale, that is, Jeans scale, can be easily confirmed from the left figure. On
the other hand, when the ULAP mass is fixed with, for example, m = 10

�22
eV, the

suppression gets more e�ective as fULAP gets larger.
In the following subsections, we calculate the power spectrum of oscillons to be added

to PCDM + Pcoh including two extra e�ects: the partial decay of produced oscillons and
the gravitational growth of the isocurvature fluctuations.

6.1.1 Oscillon Decay
First, let us consider the decay process of the produced oscillons. As we discussed in
Sec. 2.3, the oscillon distribution evolves because oscillons are getting smaller by emitting
the self-radiation.
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Figure 6.1.1: The matter power spectrum of ULAP at z = 10 when all ULAP is coher-
ently oscillating. The left figure shows the case of the fixed ULAP fraction fULAP = 0.5
and the right does that of the fixed ULAP mass m = 10

�22
eV for instance.

Following the calculation in Sec. 2.3, we analytically derive the oscillon decay rate �

as in Fig. 6.1.2. In this calculation, we only consider �3 in Eq. (2.3.24), which roughly
means that we expand the potential up to the fourth-order of �/F . As we mentioned in
Sec. 2.3, poles, where the decay rate is extremely small, could be compensated by the
higher-order terms, such as �5,�7, · · · , and so on. Thus, we should consider p only whose
poles hardly a�ect the evolution of the oscillon distribution. Therefore, to exclude the
e�ect of small decay rate at the poles we use p = �3/4 hereafter whose smallest decay
rate is smaller than that of poles for instance.

Using this decay rate, we can evolve the oscillon distribution from the formation
time. The simulation result and the evolved distributions are shown in Fig 6.1.3. The
simulation setup is shown in Sec. 5.2. Because of the poles around ! ' 0.78, the energy
distribution is split into two peaks, but this does not a�ect the calculation of the oscillon
power spectrum much.

6.1.2 Gravitational Growth
The second is the growth of the fluctuations in the radiation and matter dominated era.
In the parameter region of ULAP mass m & 10

�28
eV where we are interested, oscillons

are produced in the radiation dominated era. The fluctuations linearly grow after the
matter-radiation equality and the oscillon power spectrum in the matter dominated era
(t > teq) is

Posc(k, t) =

✓
3

2

a

aeq

◆2

Posc (k, tform) , (6.1.8)

where Posc (k, tform) is the oscillon power spectrum around oscillon formation calculated
from Eq. (5.1.37) and the simulations and aeq ' 1/3400 is the scale factor at the matter-
radiation equality.

Considering these two e�ects, the oscillon matter power spectrum at z = 10 is calcu-
lated as shown in Fig. 6.1.4. In the figure, we also take into account the non-linearity of
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Figure 6.1.2: The decay rate of oscillons for various p’s. The vertical axis shows the decay
rate of oscillons and the horizontal axis shows the oscillation frequency of the scalar
field inside the oscillon. The upper limit of ! is determined by the oscillon coniditon
Eq. (2.2.14).

Figure 6.1.3: The probability density of the oscillon mass distribution derived from
the lattice simulation which contains ⇠ 10

5 oscillons. The blue region shows the oscil-
lon distribution at the formation time, and the green and red regions show the dis-
tribution at mt = 10

7 and mt = 10
9, respectively. The width of the i-th bin is

�bi ⌘ 10
14/5

�
10

(i+1)/50 � 10
i/50
�

and statistical error of the simulation result is given
by

p
Ni/(Nosc�bi) where Ni is the number of data in the i-th bin and Nosc is the total

number of data.
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Figure 6.1.4: The matter power spectrum of oscillons when fULAP = 0.5 at z = 10. The
blue, green, and red lines show the oscillon matter power spectrum of m = 10

�22
eV, m =

10
�21

eV, and m = 10
�20

eV respectively. We truncated the matter power spectrum at
the point where the oscillon number equals to 10 because the fluctuation of a single os-
cillon is non-linear. These regions are plotted as dashed lines. Note that the exponential
cuto� on the right side of the figure k/a ⇠ m is because of the radius of a oscillon. We
also plotted the matter power spectrum of ⇤CDM model as the black line for comparison.

the energy density of oscillons. The linear matter power spectrum must be truncated at
least below the scale where the oscillon number is smaller than 2 because the fluctuation
is non-linear in that scale. Thus, we cut o� the power spectrum on the scale kcut where
the number of oscillons equals to 10 as nosc(2⇡/kcut)3 = 10, for instance. These lines are
shown as dotted lines in Fig. 6.1.4.

6.2 Halo Mass Function
From the power spectrum we derived in the previous section, we can calculate the number
of mini-halos that a�ects the abundance of 21cm absorption lines. In this chapter, we
use the Press-Schechter formalism [142] to calculate the halo-mass function. Although
the Sheth-Tormen mass function [143] is more precise in a low redshift, the situation is
currently unclear for z ⇠ 10. Thus, we use the Press-Schechter formalism in this chapter
and briefly review it below.

First, we define the coarse-grained fluctuation as

�cg(x, R) ⌘
ˆ

d3x�(x)W (x, R), (6.2.1)
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Figure 6.2.1: The halo-mass function when fULAP = 0.5. The red, green, and blue
lines show the result of m = 10

�20
eV, m = 10

�21
eV, and m = 10

�22
eV. The solid

and dashed lines show the halo mass function with ULAP oscillons and without ULAP
oscillon respectively. We also plotted the halo-mass function of ⇤CDM model as the
black line for comparison.

where x is the comoving coordinate and R is the comoving coarse-grained scale. We use
the real space top-hat function as the window function W (x, R) described as

W (x, R) =
3

4⇡R3
⇥ (R� |x|) . (6.2.2)

) W (k, R) =
3

(kR)3
(sin kR� kR cos kR) (6.2.3)

Assuming that the energy density fraction follows the Gaussian distribution, the prob-
ability that we can find the over-dense region where �cg > �c ' 1.686 in the linear
perturbation theory is

P (> �c) =
1p

2⇡�(R)

ˆ 1

�c

exp

✓
�

�2
cg

2�(R)2

◆
d�cg, (6.2.4)

where �(R) is the coarse-grained variance where

�(R)
2 ⌘ h�2

cg
(x, R)i =

ˆ
P (k) |W (kR)|2 d3k. (6.2.5)

Because the coarse-grained comoving radius R is related to the halo mass M as

M =
4⇡R3

3
⇢m0, (6.2.6)
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we can take � as the function of M instead of R. Then, the comoving number density
of halos with the mass M is calculated from the Press-Schechter formalism as

n(M, z)dM = 2
⇢m0

M

@P (> �c)

@M
dM, (6.2.7)

=

r
2

⇡

⇢m0

M

�c
�(M)2

exp

✓
� �2

c

2�(M)2

◆ ����
@�(M)

@M

���� dM. (6.2.8)

The calculation results are shown in Fig. 6.2.1. When ULAP without oscillons exists
as dark matter, the number of halos is suppressed compared to the CDM case because
of the quantum pressure of ULAP as shown in dashed lines. On the other hand, the
solid lines which exhibit the halo-mass function with ULAP oscillons are always larger
than the corresponding dashed lines, because of the amplification of the matter power
spectrum by ULAP oscillons. They are even larger than that of the CDM case depending
on the ULAP mass.

6.3 Halo Profile
6.3.1 Dark Matter Profile
The dark matter halo profile at the low redshift is well described by the Navarro, Frenk,
and White (NFW) profile [144, 145], 1

⇢DM(r) =
⇢DM0

r/rs (1 + r/rs)
2
⌘ ⇢DM0

xy (1 + xy)2
. (6.3.1)

where rs is the scale parameter, x, y are defined as x ⌘ r/rvir, y ⌘ rvir/rs, and rvir is the
virial radius. y is often called the concentration parameter and fitted in Ref. [146] 2 as

y =
14.8

1 + z

✓
M

1.3⇥ 1013h�1M�

◆�0.14

, (6.3.2)

where we set M as the virial mass, M� = 1.33⇥ 10
33

kg is the solar mass, and h = 0.68
is the normalized Hubble parameter here.

The virial radius rvir is calculated by the spherical collapse model [148], which derives

rvir =

✓
M

4⇡

3
⇢m(z)�

◆1/3

, (6.3.3)

= 0.53 kpc

✓
M

108h�1M�

◆1/3✓
⌦m0

⌦m

�

18⇡2

◆�1/3✓
1 + z

10

◆�1

. (6.3.4)

where � ⌘ 18⇡2
+82d� 39d2, and d ⌘ ⌦m(z)� 1. ⇢m(z) is the matter energy density at

the redshift z and ⌦m(z) = ⇢m(z)/⇢c(z) where ⇢c(z) is the critical energy density at the
redshift z. From the above relations, the central energy density ⇢DM0 is determined as

⇢DM0 =
M´

rvir

0

⇥
r/rs (1 + r/rs)

2
⇤�1

d3r
. (6.3.5)

1We will discuss the validity of the NFW profile later in Sec. 6.5
2This fitting contains large uncertainty. See also [147, 145]
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6.3.2 Gas Profile
For simplicity, we make two assumptions on the gas within halos.

• Isothermal: The gas within halos is isothermal because it is virialized. Defining the
virial temperature as hKi = (3/2)kBTvir where hKi is the time-averaged kinetic
energy per particle of the system, the virial theorem leads to

Tvir = �hVtoti
3kB

' µ

2kB

GM

rvir
. (6.3.6)

Here kB is the Boltzmann constant and µ = 1.22mp is the mean molecular weight
of the gas [51]. 3

• In hydrostatic equilibrium: At the distance r from the origin, the gas pressure
P (r) and the gravitational force are balanced [149],

dP (r)

dr
= �GM(r)

r2
⇢g(r), (6.3.7)

where ⇢g(r) shows the gas profile. The gas pressure is easily calculated from the
equation of state as

P (r) =
⇢g(r)

µ
kBTvir. (6.3.8)

From the above two assumptions, the gas profile ⇢g(r) is

⇢g(r) = ⇢g0 exp


� µ

2kBTvir

�
vesc(0)

2 � vesc(r)
2
��

, (6.3.9)

where

vesc(r)
2
= 2

ˆ 1

r

GM(r̃)

r̃2
dr̃ =

2GM

rvir

log(1 + xy)

x
h
log(1 + y)� y

1+y

i . (6.3.10)

The normalization of the gas profile ⇢g0 is determined by the ratio of the baryon energy
density ⌦b and matter energy density ⌦m as

Mg

M
=

⌦b

⌦m

, , ⇢g0 =
�

3

y3eA´
y

0
(1 + t)A/tt2dt

⌦b

⌦m

⇢m(z), (6.3.11)

where
A ⌘ 3y

log(1 + y)� y/(1 + y)
. (6.3.12)

From all above calculations, the number density profile of the neutral hydrogen is
derived as

nHI(r) = 0.74⇥ ⇢g(r)

mp

, (6.3.13)

where we assume that the all hydrogen is not ionized and completely neutral.
3We ignore the O(1) coe�cient of the gravitational potential.
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6.4 Absorption Abundance
Finally, let us derive the depending on the optical depth ⌧ . From Eq. (4.1.10), defining
the total number density in the two-level system as

ntot = n0 + n1 = n0

✓
1 +

n1

n0

◆
'
✓
1 +

g1
g0

◆
n0, (6.4.1)

the optical depth defined by ⌧ ⌘ ↵⌫ct is calculated as

⌧(⌫;n) ⌘
ˆ
↵⌫cdt =

✓
1 +

g0
g1

◆�1 hc2A10

8⇡kB⌫10

ˆ
ntot(x, t)

Ts(x, t)
�(⌫)d(ct), (6.4.2)

where the integration is taken along the direction of photons. Thus, the optical depth
of a mini-halo is obtained by the integration of the absorption coe�cient over the entire
distance as

⌧(⌫,M,↵) =
3hc2A10

32⇡kB⌫10

ˆ
Rmax

�Rmax

nHI(r)

TS(r)
�(⌫)dR, (6.4.3)

where ↵ is the impact parameter, h is Planck constant, ⌫10 = 1420 MHz, c is the speed
of light, R =

p
r2 � ↵2 is the coordinate along the line of sight, and

�(⌫) =
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⇡b

exp


�c2 (⌫2/⌫2

10
� 1)

b2

�
,

✓
b ⌘ 2kBTvir

mp

◆
(6.4.4)

is the line profile function. Here we only consider the Doppler broadening e�ect due to
the thermal dispersion of the neutral hydrogen.

From the above relations, we can derive the number of systems intersected with the
optical depth greater than ⌧ per redshift interval as

dN(> ⌧)

dz
= (1 + z)2

dr

dz

ˆ
Mmax

Mmin

n(M, z)⇡↵(⌧)2dM, (6.4.5)

where dr/dz = c/H(z) is the comoving line element and ↵(⌧) shows the maximum
physical radius where the optical depth exceeds ⌧ . As the halo mass function, we will
use the matter power spectrum derived in Sec. 6.1.

The upper and lower bounds of the integration have a great e�ect on the abundance.
The minimum mass of the minihalo Mmin should be determined by the Jeans scale of
IGM, which leads to

Mmin =
4⇡⇢m(z)

3

✓
5⇡kBTIGM

3Gµ⇢m(z)

◆3/2

' 3.58⇥ 10
5h�1M�

✓
TIGM/K

1 + z

◆3/2

. (6.4.6)

where TIGM is the IGM temperature. The IGM temperature around z ⇠ 10 is still
unclear because of the uncertainties of the astrophysics. In this paper, we choose TIGM =
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10 K, 100 K which avoid recent constraints on TIGM [150, 151]. 4

The maximum mass Mmax is determined by the condition

Tvir (M) > 10
4
K. (6.4.7)

Below this temperature, the star formation becomes ine�cient because of the weakness
of the metal-free gas cooling [143, 153]. The corresponding mini-halo mass is about
3⇥ 10

7M�.
The result of the calculation is shown in Fig. 6.4.1. All dashed lines (ALP without

oscillons) are smaller than the CDM case because the number of mini-halos is suppressed
by homogeneous ULAP as mentioned in Sec. 6.1. On the other hand, the solid lines (ALP
with oscillons) are larger than the dashed lines due to the enhanced number of mini-halos
with 10

6M� . M . 10
7M�. Because the number of intersections is smaller than 1 when

m . 10
�21eV even for ULAP oscillons with TIGM = 10 K, it could be di�cult to observe

the di�erence of the 21cm absorption lines in this range. The range becomes smaller
when the IGM temperature is larger as shown in the lower figure of Fig. 6.4.1, but this
result still contains various uncertainties in TIGM and the mini-halo profile. Thus, we
should wait for observational and theoretical progress for more precise estimation.

6.5 Discussion
6.5.1 Detectable Parameter Regions
To constrain the ULAP parameters from the di�erence of the optical depth, we need to
perform Fisher analysis. However, because the above calculation also includes the un-
certainties of the IGM temperature and the halo profile discussed in the next subsection,
we instead plotted the parameter region of ULAP that is essentially detectable by 21cm
forest in Fig. 6.5.1, considering the following conditions.

• ULAP abundance: Because the energy density of ULAP is in proportional to a�3

like the matter, we can determine the total energy density of ULAP from the
relation

⇢ULAP(t) =
1

2
m2F 2

✓
� (tend)

F

◆2✓a (tend)

a(t)

◆3

, (6.5.1)

where the parameters with the simulation end time tend are evaluated by the lattice
simulation. Thus, we can constrain the ULAP parameters by requiring fULAP < 1,
which excludes the blue region in Fig. 6.5.1. Note that this constraint would be
changed depending on the initial value of the ULAP. It would be stricter when the

4The IGM temperature must be at least larger than the adiabatic temperature of the matter com-
ponent. Because the matter temperature decreases adiabatically / a�2 after the decoupling from the
radiation via the Compton scattering around z ' 150 [152] without other heating, the adiabatic tem-
perature is estimated as

Tad ' 2.73

1 + 150
(1 + z)2 ' 1.8⇥ 10

�2
(1 + z)2 K,

which is also excluded by recent observations around z ⇠ 10 [150, 151].
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initial amplitude becomes larger than our simulation value �i/F = 12⇡, and vice
versa.

• Oscillon lifetime: The produced oscillons must live up to the observation time
(z = 10 in this paper) because the density fluctuation may be smeared out after
the oscillon decay due to the self-radiation. This constraint for p = �3/4 is shown
as the red region in Fig. 6.5.1.

• Observations of matter power spectrum: The matter power spectrum on the large
scale k . O(1) Mpc

�1 is precisely determined by many observations, such as
Planck [6], DES [5], and SDSS [154, 155]. Thus, we constrain the ULAP parameters
by the condition Posc(1/Mpc) > P⇤CDM(1/Mpc) as the green region in Fig. 6.5.1.
We did not include the Lyman-↵ constraint discussed in Refs. [124, 125] here
because it is not obvious whether the produced oscillons a�ect the result of their
simulations.

• The amplitude of the oscillon matter power spectrum: To detect the di�erence
between the ULAP oscillon and the ordinary ⇤CDM, the amplitude of the oscillon
matter power spectrum must be at least larger than that of ⇤CDM model. Thus,
the region Posc(kcut) < P⇤CDM(kcut) is conservatively excluded where kcut is the
cut-o� wavenumber mentioned in Sec. 6.1. This constraint is shown as the orange
region in Fig. 6.5.1 and we find that ULAP is detectable if fULAP � 10

�2.

6.5.2 Mini-halo Profile
When p = �3/4, the average oscillon energy at z = 10 is determined from Eq. (5.2.3)
and the simulation result as

hEi ⇠ 6⇥ 10
6M�

✓
F

1015 GeV

◆2✓
10

�22
eV

m

◆
. (6.5.2)

while the interested mini-halo mass range is 106M� . M . 10
7M�. The contours of the

constant oscillon mass 106M� and 10
7M� are plotted in Fig. 6.5.1 as black dotted lines.

Between these lines, the NFW profile may not describe the internal structure of the mini-
halo well because the mini-halo mass is almost the same as the produced oscillon mass.
In this case, the mini-halo profile becomes more centered by oscillons, which results in
more absorption abundance near the mini-halo center. However, it is unclear whether
oscillons are disrupted by the gravitational force in the matter dominated era. Thus, we
used the NFW profile here and we will work on the gravitational stability of oscillons in
future work.

6.5.3 Number of Bright Sources
Finally, we briefly comment on the existence of observable radio-loud sources in z & 10

by the next generation observatory, Square Kilometer Array (SKA). Using Eq. (4.1.15)
with ⌧ ⌧ 1, the flux density di�erence by the absorption is represented by ⌧F with F
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being the flux density of the background source. To observe the absorption line with
the signal-to-noise ratio S/N = 5, the minimum necessary background flux density is
calculated as [49, 137]

F = 10.4 mJy

✓
0.01

⌧

◆✓
S/N

5

◆✓
1 kHz

�⌫

◆1/2✓
5000 m

2/K

Ae↵/Tsys

◆✓
100 hr

tobs

◆1/2

, (6.5.3)

where ⌧ is the target 21cm optical depth, �⌫ is the frequency resolution, Ae↵/Tsys is the
ratio of the e�ective area to the system temperature, and tobs is the observation time. 5

Recently, the radio loud sources around z ⇠ 6 with a flux & O(10) mJy have been
confirmed [156, 157] and a simple estimation indicates 10

4 ⇠ 10
5 quasars around z ' 10

in the whole sky per redshift interval [158, 55, 56]. Besides, Population (Pop) III stars
have been proposed to produce GRBs [159, 160, 161, 162], which could be unique sources
in the high-redshift universe. These possibilities support the importance of studies on
the 21cm forest.

5Note that the frequency resolution of SKA �⌫SKA ' 1 kHz is much larger than the width of the
absorption lines due to the thermal broadening

�⌫thermal(z)

⌫10(z)
' 1.3⇥ 10

�5

✓
Tvir

103 K

◆
<

�⌫SKA

⌫10(z)
' 7.0⇥ 10

�7
(1 + z).
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Figure 6.4.1: The adundance of 21cm absorbers. The upper and lower figures show the
case of TIGM = 10 K, 100 K respectively. The horizontal axis shows the optical depth
and the vertical axis does abundance of the number of systems intersected with the
optical depth ⌧ per redshift interval. The red, green, and blue lines show the result of
m = 10

�20
eV, m = 10

�21
eV, and m = 10

�22
eV. and the solid and dashed lines show

the halo mass function with ULAP oscillons and without ULAP oscillon respectively.
We also plotted the result of ⇤CDM model as the black line for comparison.
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Figure 6.5.1: The detectable parameter region by 21cm forest with ULAP oscillons.
The horizontal and vertical axis show the ULAP mass and the ULAP decay constant,
respectively. The blue region is excluded because the ULAP abundance fULAP is larger
than 1 when the initial amplitude of ULAP is �i/F = 12⇡. The red region shows the
case that the lifetime of produced oscillons for p = �3/4 is smaller than the cosmic time
at z = 10. The green region is excluded by the condition Posc(1/Mpc) > P⇤CDM(1/Mpc)

because the matter power spectrum on the large scale . O(1) Mpc
�1 is constrained by

observations. The orange region is excluded by Posc(kcut) < P⇤CDM(kcut) where kcut is
the cut-o� wavenumber determined by the number of oscillons as mentioned in Sec. 6.1.
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Chapter 7

Conclusions

In this thesis, we have studied the formation and evolution of ULAP oscillons and sug-
gested a possibility to detect ULAP oscillons by 21cm line.

In Part I, we briefly reviewed the basics of oscillons, ULAP, and 21cm line necessary
for the following discussion.

In Part II, we have calculated the power spectrum of oscillons both analytically and
numerically and derived their cosmological implications by the 21cm forest.

In Chap. 5, we have analytically derived the oscillon power spectrum for the first
time and confirmed that the formula coincides with the simulations. We have found that
the oscillon power spectrum is well described by the plateau of Poisson distribution cut
by two e�ects: the energy conservation inside the horizon / k2 on small scales and the
exponential cuto� due to the oscillon size on large scales. We used a monodromy type
potential for instance, but the analytical formula derived in this section is applicable to
any local objects that are produced inside the horizon.

In Chap. 6. we have focused on the 21cm forest for the ULAP detection and calculated
the number of intersections with mini-halos partially consist of ULAP oscillons. We found
that the number of intersections could be a�ected when the ULAP mass is m . 10

�19
eV

and the ULAP fraction is fULAP � 10
�2 where the matter power spectrum can be

changed. Unlike the previous researches, because the Poisson-like power spectrum is cut
o� by the energy conservation on large scales, we can focus on the phenomenologically
interesting region m ⇠ 10

�22
eV in this case. Besides, because the oscillons produce large

fluctuations, ULAP can be detectable even if fULAP is smaller than 1. The method used
in this thesis is also applicable to all ULAP models which produce long-lived oscillons.

Before closing this thesis we should mention the interaction between other fields. In
this thesis, we only considered the self-interactions, but of course, ULAP could have
an interaction with other fields, such as the electromagnetic field. In this case, because
the decay rate becomes larger, the lifetime of oscillons could become much smaller. If
oscillons emit the relativistic ULAP when they completely decay, the relativistic ULAP
smears out the small structure like warm dark matter, which may give us another con-
straint on ULAP to consider. Such possibilities would be investigated in future work.
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Appendix A

Einstein Coe�cients

In a two-level system, there are three processes that we should take into consideration;
spontaneous emission, absorption, and stimulated emission. The intuitive picture of
these processes is shown in Fig. A.0.1. Let us consider them in order and derive the
Einstein relation to be used in the following section.

The first is spontaneous emission. Generally, the higher state decays to the lower
state as emitting photons. When we define Einstein A coe�cient as A10, which represents
how many photons are spontaneously emitted from the higher state per second per unit
volume, the rate of change of n1 is written by

ṅ1 = �A10n1, (A.0.1)

where the dot represents the time derivative.
The second and third processes are absorption and stimulated emission. In the

absorption process, the lower state is excited to the higher one by the absorption of
radiated photons. This process is described by Einstein B coe�cient B01(⌫), which
represents the same meaning as A10 when multiplied by the energy density per frequency
of radiated photons ⇢(⌫). In the stimulated emission process, photons are emitted from
the higher state by radiated photons and the Einstein coe�cient is given by B10(⌫).
Then, the rate of change by these processes is written as

ṅ0 = �B01(⌫)⇢(⌫)n0, ṅ1 = �B10(⌫)⇢(⌫)n1. (A.0.2)

Two Level System

18

l 2準位系の遷移には、⾃然放出・吸収・誘導放出の 3つがある

l 21cm 線の場合、⾃然放出・誘導放出の遷移に影響を与える過程として collision・CMB・Lyman-
dの 3つがある

Absorption

0

1

Spontaneous 
Emission

Stimulated 
Emission

Figure A.0.1: The three processes in a two-level system.
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When these three processes are in equilibrium, the rate of change becomes zero and

0 = ṅ0 = �ṅ1 = [A10 +B10(⌫)⇢(⌫)]n1 � B01(⌫)⇢(⌫)n0. (A.0.3)

) ⇢(⌫) =
A21n2

B12n1 � B21n2

=
A12/B12

n1B12/(n2B21)� 1
. (A.0.4)

When the radiated photons follow the Planck’s law, ⇢(⌫) is written as

⇢(⌫) =
8⇡h⌫3

c3
1

exp

⇣
h⌫

kBT

⌘
� 1

. (A.0.5)

On the other hand, because in an equilibrium system particles obey Boltzmann distribu-
tion n = g exp (�h⌫/kBT ) with g and T being degrees of freedom and the temperature
of n, we can derive the Einstein relation as

A10
B10(⌫)

=
8⇡h⌫3

c3
,

g0B01(⌫)

g1B10(⌫)
= 1, (A.0.6)

where g0, g1 are the degrees of freedom of n0, n1.

79



Appendix B

Classical Lattice Simulation

In this section, we briefly explain the basics of the classical lattice simulation we use
in Part II. To derive the generalized formula, we will consider both in physical and
conformal time and D dimensional space. Then, the FRW metric is represented by

gµ⌫ = a2Ad⌧ 2 � a2
DX

i=1

dx2

i
. (A = 0� 1, D = 1� 3) (B.0.1)

In the following explanation, we use a dash 0 to denote the derivative of physical time
when A = 0 and conformal time when A = 1.

We simplify the explanation by only considering a single scalar field with Lagrangian

L =
1

2
gµ⌫@µ�@⌫�� V (�), (B.0.2)

but the application to multi-scalar fields or complex scalar fields is fairly straightforward.

B.1 Time Evolution
First, we discuss the time evolution scheme of the simulation because it deeply relates
to the formulation of equations of motion. We use the symplectic integration scheme
for the time evolution because it exactly conserves the Hamiltonian of the system. In
this section, we show the simple derivation of the symplectic integration scheme in the
second-order, often called “leapfrog” method, and its application result in the fourth-
order.

Because equations of motion are second-order di�erential equations, let us consider
a second-order di�erential equation simplified as

d2�

dt2
= f [� (t)]. (B.1.1)

In the leapfrog method, we regard it as series of first-order di�erential equations as
d�

dt
= ⇡ (t) , (B.1.2)

d⇡

dt
= f [� (t)]. (B.1.3)
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As for �, for example, one of the most simple numerical solution is just expanding it in
Taylor series and erasing �(t) by taking the sum, that is,

�

✓
t+

�t

2

◆
= � (t) + �̇ (t)

�t

2
+

1

2!
�̈(t)

✓
�t

2

◆2

+ · · · , (B.1.4)

�
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t� �t

2

◆
= � (t)� �̇ (t)

�t

2
+

1

2!
�̈(t)

✓
�t

2

◆2

� · · · , (B.1.5)

) �(t+
�t

2
) = �(t� �t

2
) +

h
�̇ (t) +O

�
�t2
�i

�t, (B.1.6)

= �(t� �t

2
) +

⇥
⇡(t) +O

�
�t2
�⇤

�t. (B.1.7)

Obtaining the equation of ⇡ in a similar way, we can derive the formalism of the second-
order symplectic integration scheme as

�(t+
�t

2
) = �

✓
t� �t

2

◆
+
⇥
⇡(t) +O

�
�t2
�⇤

�t, (B.1.8)

⇡(t) = ⇡(t��t) +

✓
f


�

✓
t� �t

2

◆�
+O

�
�t2
�◆

�t. (B.1.9)

As you can see from these equations, the future value at is calculated by the value between
the future and the previous ones in a staggered way. That is why this integration scheme
is called “leapfrog” method.

The application of the leapfrog method to a higher order is developed in Ref. [163].
We omit details of the derivation because of its complexity, but the formula is written
as

� (t+ ci�t) = � (t+ ci�1�t) + ⇡ (t+ di�1�t) ci�t, (B.1.10)
⇡ (t+ di�t) = ⇡ (t+ di�1�t) + f [� (t+ ci�t)] di�t, (B.1.11)

where i = 1, · · · , 4 (i� 1 should be taken as 4 when i = 1) and

c1 = c4 =
1

2

1

2� 21/3
, c2 = c3 =

1

2

1� 2
1/3

2� 21/3
, (B.1.12)

d1 = d3 =
1

2� 21/3
, d2 = � 2

1/3

2� 21/3
, d4 = 0. (B.1.13)

We use this fourth-order formulation in simulations for the time evolution executed in
Sec. 5.

B.2 Equations of Motion
As we saw in the previous section, because we use the symplectic integration scheme in
the simulation, we should evolve the fields by Hamilton’s equation. When the Lagrangian
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is give by Eq. (B.0.2), the momentum density conjugate to �(x) is defined by

⇡ ⌘ @
p
�gL
@�0 = aD�A�0. (B.2.1)

Then, Hamiltonian density is derived as
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�gL, (B.2.2)
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Therefore, Hamilton’s equations are obtained as

�0
=
@H
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⇡
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, (B.2.4)

⇡0
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where we approximate �� by the fourth-order central di�erential scheme, which is cal-
culated as, for example, in the x direction,

@2�(xi)

@x2
' ��i�2 + 16�i�1 � 30�i + 16�i+1 � �i�2

12�x2
, (B.2.6)

where the lower indices show x positions �i�2 = �(xi � 2�x), etc. and �x is the grid
spacing. We evolve these two Hamilton’s equations by Eqs. (B.1.10), (B.1.11) in our
simulation code.

B.3 Initial Conditions
Finally, let us summarize how we set the initial conditions in our simulation. Here, we
denote the simulation start time as the lower index i.

When the parameter of the equation of state is expressed by w, the scale factor in
the flat universe is described by

a(t) =

✓
t

ti

◆ 2
3(1+w)

, (B.3.1)
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3(1 + w)

1

t
, ⌧ =

ˆ
t

0

dt

a(t)
=
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1 + 3w

�
t2
i
t1+3w

� 1
3(1+w) . (B.3.2)

where the dot represents the physical time derivative and t and ⌧ are physical and
conformal time, respectively.

In lattice simulation of FRW universe, two parameters, the initial scale factor ai and
the initial time ti, should be determined by hand to set the initial condition.

• The scale factor at the beginning of the simulation is generally normalized as 1,
that is,

ai = 1. (B.3.3)
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• The initial time is often determined by the condition Hi = cm where c is some
constant, which roughly corresponds to the time of the onset of the oscillation of
a scalar field with mass m.

Hi = cm, (B.3.4)

, ti =
2

3mc(1 + w)
. (B.3.5)

In conformal time,
⌧i =

3(1 + w)

1 + 3w
ti =

2

mc(1 + 3w)
. (B.3.6)

Under these condition, the evolution of the scale factor and Hubble parameter are cal-
culated as 1

a =


3c(1 + w)

2
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� 2
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2
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In this thesis, we simulate in the radiation dominated universe, i.e. w = 1/3, and use
c = 1 for the initial time.

1Note that the relation between t and ⌧ is simplified as

t

ti
=


c(1 + 3w)

2
m⌧

� 3(1+w)
1+3w

.
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Appendix C

Simulation Result

In this Appendix, we explain how the change of the threshold values ⇢
th

and the initial
field values �

m
a�ects our simulation results shown in Sec. 5.2. To reduce the compu-

tational time, we use di�erent simulation parameters shown in Table C.1. Note that we
performed the same calculations in two dimensions only for p = 2 and confirmed similar
results.

C.1 Threshold Dependence
First, to observe the threshold dependence of simulation quantities, we show a result of
the time evolution of the oscillon number Nosc and the oscillon energy ratio rosc varying
the threshold value ⇢

th
. One of the results of, for example, p = �1/2 and �

0
= 5⇡ is

shown in Fig. C.1.1.
The left figure shows the number of oscillons. After the formation around ⌧ ⇠ 20,

Nosc slightly decreases until ⌧ ⇠ 40 because of the damping of fluctuations by the gradient
term and the cosmic expansion and the merger of the produced oscillons. By the end of
the simulation Nosc becomes stable independent of the threshold values.

The right figure shows the time evolution of the fraction of oscillons to the total

Table C.1: Simulation parameters. Note that we also simulate in two dimensions only
for p = �1/2.

Index p

�3/4 �1/2 2

Box Size L 8 4 4

Grid Size N 512
3

256
3

256
3

Time Step �⌧̄ 4.0⇥ 10
�3

4.0⇥ 10
�3

4.0⇥ 10
�3

Final Time 81.0 121.0 121.0
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Figure C.1.1: The time evolution of the number (left figure) and energy ratio (right
figure) of oscillons. The red, green, and blue lines represent ⇢

th
= 0.025, 0.05, 0.1,

respectively.

energy rosc. As the same as Nosc, the energy ratio also becomes stable around ⌧ ⇠ 40.
Although rosc gets smaller slightly when we use larger ⇢

th
because of the tails of oscillon

profiles, rosc at the simulation end hardly depends on the threshold values.
From these two figures and other simulation results, we can conclude that the change

of the threshold value by a factor of O(1) we use with our oscillon identification method
hardly a�ect our simulation results.

C.2 Initial Field Value Dependence
Next, we examine the dependence of rosc on the initial field value �

0
by changing the

initial field value and show how we determine �
0

in Sec. 5.2.
Before the result, we briefly explain the mechanism of the fluctuation growth that

deeply relates to oscillon formation. When the background field coherently oscillates as
/ cosmt, the Fourier component of the field �k generally follows the well-known Mathieu
equation,

d2

d(mt)2
�k + [Ak � 2q cos(2mt)]�k = 0, (C.2.1)

where Ak and q depend on the shape of the potential of the field. It is well known that the
field value �k is exponentially amplified when Ak ' 1, 22, · · · , and so on. This instability
is called parametric resonance [45, 46, 47] and the major process to produce oscillons.
The oscillon formation becomes e�ective when the perturbations with the wavelength of
the oscillon size are amplified enough by the parametric resonance. If these instabilities
amplify the perturbations up to O(1), oscillon can be formed.

On the other hand, �k is also exponentially amplified when the second term of
Eq. (C.2.1) is negative. This instability is called tachyonic instability because the ef-
fective mass becomes negative, which hinders the coherent oscillation necessary for the
oscillon formation. In the case of the potential we use Eq. (5.2.1), the e�ective mass
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Figure C.2.1: The oscillon energy ratio with di�erent index p and initial field value �
0
.

The error bars show the variance over three times of simulations with di�erent random
seeds.

becomes negative only when

@2V

@�2
< 0 , �

F
>

1p
1 + 2p

⌘ �c

F
. (C.2.2)

Thus, when p > �1/2, the tachyonic instability occurs and could prevent the oscillon
formation.

Based on the above discussion, let us see Fig. C.2.1 which shows rosc as a function
of �

0
for each p. For a small �

0
, rosc ends up in zero because the instability growth is

too small for oscillon formation. For a larger �
0
, rosc gets larger because the parametric

resonance becomes more e�ective. For p  �1/2, rosc converges on a plateau of which
typical field value is defined as the initial field value in Sec. 5.2. On the other hand,
because the tachyonic instability amplifies the modes di�erent from the oscillon size
when p > �1/2, the subsequent oscillon formation is hindered. Therefore, the oscillon
formation rate has a peak at some value of �

0
and we define it as the initial field value

in Sec. 5.2. 1 Note that we perform the same analysis in two dimensions with p = �1/2
and obtain �

0
= 5⇡.

1To confirm the e�ect of tachyonic instability, we calculate rosc with smaller initial noise P⇠ for p = 2.
When �0 is larger than the peak value, rosc increases because the small initial noise delays the tachyonic
instability. On the other hand, when �0 is not more than the peak value, rosc decreases because �0 is
small enough to avoid the tachyonic instability and the small noise just results in a smaller amount of
oscillons. This result is consistent with the e�ect of tachyonic instability.
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