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Abstract

Higher-order quantum transformations describe transformations between quan-
tum operations. Higher-order quantum transformations are used for analyzing
the properties of quantum operations, and are expected to bring further insights
to quantum mechanics. In quantum algorithms, computational tasks are usu-
ally encoded as quantum operations, and a physical realization of higher-order
quantum transformations is expected to provide a comprehensive implemen-
tation of those quantum algorithms. In this thesis, we focus on higher-order
quantum transformations on unitary operations, as many quantum algorithms
can be described by unitary operations, and general quantum operations can be
represented by unitary operations acting on an extended quantum system.

The first topic we focus on is quantum switch, a higher-order quantum trans-
formation used for the study of the causal structure of quantum operations
within quantum mechanics. We investigate the difference between the action
of quantum switch on unitary operations and that on general quantum opera-
tions beyond unitary operations, and we show that they coincide under certain
natural assumptions. This result strengthens the theoretical background for the
studies on quantum switch, and provides a physical meaning to the experimental
realization of quantum switch.

The second topic is controllization, a higher-order quantum transformation
from a unitary operation to the corresponding controlled unitary operation. It
is a quantum counterpart of the “if-clause” in classical computing. We extend
the definition of controlled unitary operations to controlled general quantum
operations and further to controlled higher-order quantum transformations. We
analyze controllization as a controlled version of a certain class of higher-order
quantum transformations, and propose a new quantum algorithm for approxi-
mate controllization without using an auxiliary system.

In the last topic, we propose a new structure of higher-order quantum trans-
formation named success-or-draw, which allows a repeat-until-success strategy.
The repeat-until-success strategy allows an exponentially decreasing failure prob-
ability for probabilistic algorithms. However, in probabilistic higher-order quan-
tum transformations, the initial input state cannot be re-used on failure, and
the applicability of a repeat-until-success strategy is not straightforward. We
mathematically identify a structure that allows re-use of the initial input state
on failure as the success-or-draw structure, and we prove that this structure
is compatible with a large class of higher-order quantum transformations. We
also analyze a higher-order quantum transformation known as unitary inver-
sion in terms of success-or-draw, and propose a protocol with a higher success
probability than previously known ones.
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Notations

e H,7Z,0: Hilbert spaces.

e L(H): The set of linear operators on H.

o )" pM: Quantum states in the Hilbert space H.
e 0;;: The Kronecker delta.

e id: The identity operation.

e |U)): The unnormalized maximally entangled state defined by (IQU)|I)) :=

>, (U1)

e Jy: The Choi operator of unitary operation U defined by Jy := |[UN)(U].
e A: A supermap.

e A: The corresponding map of the supermap .74, or a quantum operation.

e A: The Choi operator of the supermap jl



Chapter 1

Introduction

1.1 Quantum Information Processing

Quantum mechanics presents various new phenomena not exhibited in classical
mechanics such as quantum entanglement. Quantum mechanics provides a new
understanding of the fundamental principles of our world, and new technologies
not achievable within classical mechanics. Quantum information processing [1—-
4] is one of the emerging technologies utilizing various unique phenomena of
quantum mechanics for information processing. Some information processing
tasks can be more efficiently performed in quantum mechanics than in classical
mechanics. One of the most famous tasks is factoring, which can be solved
in a polynomial time using a quantum algorithm, Shor’s algorithm [5], and is
considered to have an exponential speed-up by utilizing properties of quantum
mechanics. Quantum key distribution [6] also provides secure communication
with quantum mechanics.

While developing technologies for utilizing unique properties of quantum me-
chanics is inevitable for performing quantum information processing, discovering
novel quantum algorithms including Shor’s algorithm remains an active field of
research. Quantum mechanics introduces many operations for information pro-
cessing not existing in classical mechanics such as creating a superposition of
states, but it also forbids many intuitive operations used in classical information
processing such as cloning of unknown quantum states [7]. Thus, it is important
to clarify which operations are possible within quantum mechanics.

There exist various models for quantum computing including the quantum
circuit model, measurement-based quantum computation [8,9], and adiabatic
quantum computation [10]. The quantum circuit model is widely used because
it intuitively describes information processing tasks corresponding to the clas-
sical counterpart. In the quantum circuit model, input data for information
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Figure 1.1: An example of a quantum circuit. The input state is [¢) and a
fixed auxiliary state |0). Unitary operations U;, Uy, and Us are applied on the
quantum states in order, and quantum measurements M;, M, give outcomes
represented by classical information. Each horizontal line presents a quantum
system, and the operations are applied from left to right.

processing tasks are usually encoded in quantum states, and the “program” is
described by a sequence of quantum operations as shown in Fig. 1.1.

The quantum circuit model describes quantum algorithms in an abstract
way, in the sense that transformations of quantum states are not described
by the actual time evolution generated by a Hamiltonian of the quantum sys-
tem constituting a quantum computer. Quantum algorithms are described by
a sequence of elemental operations in the quantum circuit model. The basic
building blocks of the quantum circuit model are the quantum gates, usually a
finite set of unitary operations and quantum measurements in a certain basis
often fixed in a basis called the computational basis. In many quantum algo-
rithms, a sequence of unitary operations is applied, and quantum measurements
are performed in the last step to obtain outcomes given by classical information
from the quantum states transformed by the sequence of unitary operations. For
that, unitary operations are considered to be the most basic building block for
quantum information processing.

1.2 Higher-order Quantum Operations

In spite of being widely used, describing quantum algorithms in terms of the
quantum circuit model becomes complicated when the tasks become complex
and the number of required quantum gates increases. Moreover, the develop-
ments of quantum technologies allow us to exploit larger quantum systems for
performing such complex tasks. Thus, new methods for describing quantum al-
gorithms are in demand for future developments in quantum information theory,
and many attempts have been made recently. One of the recent developments
is higher-order quantum operations [11,12]. While usual quantum operations
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describe transformations between quantum states, higher-order quantum oper-
ations describe transformations between quantum operations.

Higher-order quantum operations can be regarded as the quantum coun-
terpart of higher-order functions in many programming languages in classical
computing, and are expected to provide an alternative way of quantum pro-
gramming. Especially, in many computational tasks, the properties of the tasks
are encoded as quantum operations, instead of quantum states, in various forms,
and a physical realization of higher-order quantum operations are expected to
provide a comprehensive implementation of quantum algorithms. Also, since
quantum operations describe dynamics of quantum systems, higher-order quan-
tum operations can be used for analyzing the transformability of quantum dy-
namics, and bring further insights to quantum mechanics.

In order to understand how higher-order quantum operations are used for
quantum algorithms, here we introduce a few examples of higher-order quantum
operations. The first example of higher-order quantum operation is unitary
inversion: transforming a unitary operation into its inverse operation [13-17].
A schematic view of the problem is given in Fig. 1.2. Given a unitary operation,
its inverse operation is also a unitary operation. If the unitary operation, or
the corresponding unitary operator, is given by its classical description, such
as a matrix with all elements known, obtaining the inverse operation is simple
in principle, because the inverse of a unitary matrix can be calculated as the
transposition and complex conjugation of the original matrix. However, if the
unitary operation is given by a Hamiltonian dynamics, obtaining the inverse
operation becomes a non-trivial task because it is not possible to invert the
time evolution of a quantum system in general. Many quantum algorithms, for
example the Harrow-Hassidim-Lloyd (HHL) algorithm [18] that solves a linear
equation, use a unitary operation characterizing the problems and its inverse
operation in pairs. If it is possible to universally invert a unitary operation
without specifying its classical description, this kind of quantum algorithms can
be realized more simply because once we construct a quantum circuit of the
unitary operation characterizing the problems, its inverse operation can also be
implemented by using the same unitary operation, and it is not necessary to
construct another quantum circuit only for the inverse operation.

Another example of higher-order quantum operation is controllization: trans-
forming a unitary operation into the corresponding controlled unitary opera-
tion [17,19-25]. A controlled unitary operation is also a unitary operation and
its action is given as follows: if the control system is in state |0}, it applies the
identity operation to the target system; if the control system is in state |1), it ap-
plies the corresponding unitary operation to the target system; and if the control
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Figure 1.2: A schematic picture of an example of a higher-order quantum opera-
tion called unitary inversion. The higher-order quantum operation by a concave
box denoted by S transforms a unitary operation U into its inverse U~!. Many
algorithms use U and U~ in pairs. If this higher-order quantum operation is
implementable, we can replace the use of U1 with repetitive uses of U together
with S, instead of implementing U~! regardless of U.

system is in a superposition of |0) and |1}, it applies the coherent superposition
of the two operations. Controlled unitary operations are widely used in various
quantum algorithms including Shor’s algorithm for factoring, the HHL algorithm
for solving linear equations, and Kitaev’s phase estimation algorithm [26]. Con-
trolled unitary operations are a quantum counterpart of the “if-operation” in
classical computing, and similarly, controllization is a quantum counterpart of
the “if-clause”, which transforms an operation into an “if-operation”, in classical
computing. As the “if-clause” is a key element in classical computing, control-
lization is expected to be a useful higher-order quantum operation in quantum
computing.

Higher-order quantum operations are also used for the study of the rela-
tionship between space and time in quantum information processing. A recent
emerging topic in this category is the indefinite causal order [27-30]. Usual
situations considered for higher-order quantum operation are to use the input
operations in a fixed time order. However, if higher-order quantum operations
are considered as just a transformation between quantum operations, there is no
fundamental principle of quantum mechanics to rule out the possibility of using
input operations in superposition, which is also known as the indefinite causal
order. The simplest example of higher-order quantum operation with indefinite
causal order is quantum switch: transforming a pair of unitary operations into a
superposition of two differently ordered concatenations of the pair of input uni-
tary operations [27]. Quantum switch is shown to be not implementable within
the usual quantum circuit model, but no principle of quantum mechanics is
found to forbid the implementation of quantum switch so far. Quantum switch
is not just an academically interesting example of indefinite causal order, but
it is shown to provide certain advantages in quantum computing and quantum
communication tasks [31-36].



We have listed three examples of higher-order quantum operations and their
importance in quantum physics and quantum information processing. There are
other higher-order quantum operations that have been investigated, for example,
cloning of unitary operation [37], store and retrieve of unitary operations [38,39].
A common feature of these useful higher-order quantum operations is that they
are basically defined for unitary operations, that is, we usually focus on the
action of higher-order quantum operations on unitary operations instead of gen-
eral quantum operations. Unitary operations are one of the most fundamental
quantum operations in quantum information processing, and in many quan-
tum algorithms, tasks are encoded into unitary operations. As one of the main
reasons to utilize higher-order quantum operation is to perform the tasks of
quantum information processing, it is natural to focus on the action on unitary
operations where the tasks are encoded. However, when we actually implement
a higher-order quantum operation in a quantum circuit, for example, it is al-
ways possible to input general quantum operations instead of unitary operations
as input operations. That is, even when we only consider the action of higher-
order quantum operations on unitary operations, the action on general quantum
operations must be determined in a certain manner.

1.3 Implementing Higher-order Quantum Op-
erations

Higher-order quantum operations yield various applications if they are imple-
mented. However, it is not obvious how these higher-order quantum operations
can be implemented in quantum mechanics. A mathematical formulation of
higher-order quantum operations that is compatible with the quantum circuit
model [11,12] provides a tool for analyzing what kind of higher-order quantum
operations are implementable. Unfortunately, many of the higher-order quan-
tum operations are shown to be not implemented in an exact and deterministic
manner [16,37,38]. On the other hand, there are various attempts for imple-
menting higher-order quantum operations by relaxing certain restrictions. For
example, it is usually considered the case where multiple uses of input quantum
operations are allowed. By such relaxations, there exists a universal way for
approximately implementing higher-order quantum operations: first extract the
classical description of the input operation, for example by utilizing quantum
process tomography [40]; then calculate the output operation of the higher-order
quantum operation in a classical way; and finally implement the corresponding
output operation based on the calculated classical description. This method can
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be used to implement higher-order quantum operation with an arbitrarily small
error if enough number of uses of the input operation is allowed. However, this
method does not provide many advantages of higher-order quantum operation,
because the calculation of higher-order quantum operation is mainly performed
in a classical way. Also, this method does not implement the exact higher-order
quantum operation, because quantum process tomography cannot provide exact
classical description with a finite number of uses of the input operation.

In this thesis, we focus on the properties of three types of higher-order quan-

tum operations. Apart from its concrete formalism, finding out how to imple-
ment higher-order quantum operation is still a hard problem in general due to
the exponential nature of the Hilbert space to be analyzed. Thus, we focus on
the analysis of certain types of higher-order quantum operations, especially those
on unitary operations, and provide new understandings of the possibilities and
limitations of higher-order quantum operations. We also propose new quantum
algorithms for efficient implementations of certain higher-order quantum opera-
tions, and provide new methods for the experimental realization of higher-order
quantum operations.
Quantum Switch The first topic we focus on is quantum switch. Quantum
switch is a well-studied higher-order quantum operation as we stated, but its
definition has not been concrete in the following sense: when the two input
operations are unitary operations, the output operation is given by coherently
controlled two differently causally ordered operations; however, when two input
operations are not unitary operations, the output operation cannot be simply
extended as a coherent superposition as in the unitary case. In the definition
of quantum switch [27], the action on general quantum operations is chosen to
be the most natural one based on its Kraus representation [41]. This definition
is widely used in various studies of quantum switch on general quantum oper-
ations [33-36], but it has not been known if this definition is the only possible
definition compatible with its action on unitary operations.

In this thesis, we show that the action of quantum switch on general quantum
operations can be uniquely determined from its action on unitary operations by
adding two natural assumptions. Moreover, if either of the two assumptions is
omitted, the uniqueness does not hold. This result strengthens the theoretical
background for the studies on quantum switch, and provides a physical meaning
to the experimental realization of quantum switch because the assumptions we
pose are necessary to promise the action of quantum switch on general quantum
operations.

Controllization The second topic is controllization. Controllization has been
studied in various contexts, and there are a few quantum algorithms for con-



trollization proposed under certain assumptions. In this thesis, we seek a gen-
eral framework for understanding controllization. To this end, we first seek an
“appropriate” definition of a controlled version of general quantum operations
beyond unitary operations by extending the definition of controlled unitary op-
erations. Our definition is based on two possible physical implementations and
one axiomatic approach, and we show that all the three converge to the same
definition. We then generalize the definition of controlled quantum operations
to a controlled version of higher-order quantum operations. Based on this defini-
tion, controllization can be regarded as a controlled version of a certain class of
higher-order quantum operations called neutralization, and we can analyze the
performance of controllization within this definition. We provide a method that
reproduces certain previously known quantum algorithms for controllization [17]
within this framework. Moreover, we propose a new quantum algorithm for ap-
proximate controllization without using auxiliary system, which is not possible
in the previously known ones [17,20].

Success-or-Draw In the last topic, we propose a new structure of higher-order
quantum operations named success-or-draw for probabilistic higher-order quan-
tum operations, which allows a repeat-until-success implementation of them.
Certain higher-order quantum operations such as unitary inversion are known
to be implementable in an exact and probabilistic manner. When a probabilis-
tic algorithm is available, a straightforward method for enhancing the success
probability is to perform the same algorithm multiple times until success, i.e., a
repeat-until-success strategy. Such a strategy requires the input state to be suit-
ably prepared every time when the algorithm is repeated. In order to perform
a higher-order quantum operation, the input state on which the output opera-
tion is applied is necessary in addition to the input operations. In the classical
case, the input state can be copied and re-used multiple times. Thus, it is not
a fundamental limitation in the repeat-until-success strategy. In the quantum
case, however, the input state cannot be cloned in general [7], and moreover, the
input state will be disturbed in general regardless of success or failure. Thus,
in order to apply the repeat-until-success strategy for probabilistic higher-order
quantum operation, both copies of the input operations and the input state
are necessary in general. While the input operation can be “copied” by physi-
cally using the corresponding quantum circuit multiple times, the requirement
of cloning the input state causes the realization of repeat-until-success strategy
difficult practically in the quantum case.

In Ref. [13], an explicit quantum circuit for probabilistic unitary inversion is
presented. It utilizes certain properties characteristic to the problem of unitary
inversion and shows that it is possible to preserve the input state even when it
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fails. Thus, it is possible to perform a repeat-until-success strategy, and achieves
an exponentially decreasing failure probability for unitary inversion. However,
while they show the possibility of preserving the input state on failure on certain
problems, it is not known if a similar method can be applied to other problems.

In this thesis, we mathematically identify the structure that guarantees the
preservation of the input state on failure as the success-or-draw structure. With
the mathematical definition of the success-or-draw structure, we prove that this
structure is compatible with a large class of higher-order quantum operations.
We also analyze the problem of unitary inversion in terms of success-or-draw,
and propose a protocol with a higher success probability than previously known
ones.

1.4 Organization of This Thesis

This thesis is organized as follows. In Chapter 2, we review basic mathematical
tools used in quantum information and the formulation of higher-order quantum
operations. We then review certain higher-order quantum operations related to
our main results. In Chapter 3, we analyze the relationship between different
definitions of quantum switch and prove that they coincide under two natu-
ral assumptions. In Chapter 4, we consider controllization by constructing a
theoretical framework of general controlled quantum operations and controlled
higher-order quantum operations, and analyze the problem of controllization
within this framework. In Chapter 5, we propose a new useful structure of
higher-order quantum operations, the success-or-draw structure, and provide a
realization theorem of this structure. We also analyze the unitary inversion in
terms of the proposed structure. Chapter 6 concludes the thesis and proposes
the possible future scope for further study.



Chapter 2

Preliminary

In this chapter, we first introduce the two basic concepts of quantum informa-
tion theory, quantum states (Sec. 2.1) and quantum operations (Sec. 2.2). We
then review the mathematical formalism of higher-order quantum operations
in Sec. 2.3 and several results on higher-order quantum operations relevant to
the following chapters. In Sec. 2.5, we give a brief introduction to the indefi-
nite causal order and a characteristic higher-order quantum operation for the
indefinite causal order known as quantum switch. In Sec. 2.4, we introduce a
higher-order quantum operation known as the controllization, which we will fo-
cus on in Chapter 4. In Sec. 2.6, we introduce another higher-order quantum
operation known as the unitary inversion. The main result of Chapter 5 is in-
spired by a certain algorithm for unitary inversion, and unitary inversion will
also be analyzed in Chapter 5.

2.1 Quantum States

In this thesis, only finite-dimensional systems are considered. A quantum system
is described by a Hilbert space as H ~ C¢, where d is the dimension of the
system. The Hilbert spaces on which the vectors and operators are defined are
specified by the subscripts or superscripts, and may be omitted if it is trivial
from the context. A two-dimensional quantum system is sometimes called a
qubit.

A pure quantum state is described by a unit vector in the Hilbert space as
|t) € H. More precisely, a pure quantum state is described by a ray, that is,
two quantum states described by the vectors e|¢)) and [1)) correspond to the
same quantum state because the global phase e? is a non-physical quantity. We
define an orthonormal basis {|i) }¢= for H called the computational basis, and an
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arbitrary pure quantum state can be decomposed in this basis as |¢) = ). ¢;|i)
with complex coefficients {c;}{=; satisfying Y, |c;|* = 1.

Mixed quantum states, which are probabilistic mixtures of pure quantum
states, appear in quantum information theory naturally. A mixed state is repre-
sented by a linear operator on H as p € L(H), which is referred to as a density
operator. A pure state |1) is described by the corresponding projector |¢)v)].
A mixed state obtained by a probabilistic mixture of quantum states {p;}; ac-
cording to the probability distribution {p;}; is given by p = >, pip;. Since a
pure state is described by a positive operator |¢)(¢)| > 0 and a mixed state are
a probabilistic mixture of pure states, a general quantum state is described by
an operator p € L(H) satisfying the positivity p > 0 and unit trace Trp = 1.

Quantum coherence is an important measure for quantumness, and is consid-
ered to be a key element in quantum computing. For a quantum state, coherence
is defined for a fixed basis, usually the computational basis or the eigenbasis of
a Hamiltonian of a system, and an intuitive understanding of coherence is that
how much a quantum state is in a superposition. A quantum state is not co-
herent if its density operator is diagonal in that basis, which is a probabilistic
mixture of each basis state rather than a superposition. There exist various
measures for coherence [42], for example, the norm of the off-diagonal terms of
a density operator and the distance from non-coherent states.

Next, we consider composite quantum systems. Given two quantum systems
described by the Hilbert spaces H; ~ C% and H, ~ C%, the composite system
is represented by the tensor product H; ® H,. If the quantum states of the two
systems are given by pure states |¢1) and |i5) respectively, the quantum state of
the composite system is also a pure state and is given by [11) ® |¢2) € Hi @ Hes.
We sometimes abbreviate this state as |¢)[w) or |1)11),) for convenience. If a
pure state in the composite system can be written as a tensor product of two
independent pure states in each system as shown above, it is called a product
state. The linearity of quantum mechanics allows the linear combination of
quantum states to be a quantum state. If a pure state cannot be decomposed
as the tensor product of two pure states in each system, it is called an entangled
state. Similarly, if a mixed state can be written as a tensor product as p =
p1 ® pe € L(H1 ® Hs), it is called a product state. If a mixed state can be
written as a probabilistic mixture of product states as p = >, pi(p1); ® (p2)i, it
is called a separable state, and otherwise an entangled state.

We define a special class of bipartite states, the maximally entangled states.
Here we assume that d; = dy = d for convenience. A bipartite state is said to
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be a maximally entangled state if it can be written as

— 22 lebled) 1)

where {|e})} and {|e?)} are bases of H; and Ha, respectively. Moreover, such a
state can be written as

) =T @U)[YT) (2.2)

with some unitary operator U and the state [)7) defined by

) - %Z )i (2.3)

1=

using the computational basis {|i)}¢=+. For later convenience, we also define

the unnormalized version of maximally entangled states denoted by a dual ket
symbol | - )) defined by

d—1
U) =T @U) > i)]i) (2.4)
1=0

where |I)) = V/d|) holds.

2.2 Quantum Operations and their Represen-
tations

In this section, we review quantum operations, which describe transformations
between quantum states. We then introduce three commonly used representa-
tions of transformations in quantum information: the Kraus representation, the
Choi-Jamiotkowski representation, and the Stinespring representation.

Consider a deterministic transformation A of a quantum state p on H to a
quantum state o on K.} A transformation by a deterministic quantum operation
is described by a map .Zl, which has to preserve the properties of quantum states.

The first condition for a map A is the linearity, that is, A is a linear map
satisfying

2(?1/)1 + pop2) = pl;i(pl) + pzzl(/h)- (2.5)

IThe tilde denotes that it is a transformation between linear operators. This notation will
be discussed later when higher-order quantum operations are introduced.
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The linearity is required because if an input state p of a map Ais a probabilistic
mixture of two states p; and py with probability p; and po, namely, p = p1p1 +
p2p2, then the output state .Zt(p) should also be the probabilistic mixture of
A(pr) and A(py), namely, A(p) = p1A(p1) + p2A(ps). The second condition for
a map A is the complete positivity, that is, Ais a completely positive (CP) map
satisfying

(A®idy)(p) = 0 (2.6)

for all positive operators p > 0 € L(H®CF) with an arbitrary finite-dimensional
auxiliary space CF, where idj, denotes the identity operation on C*. The CP
condition is required due to the positivity of quantum states, if we apply the
transformation A on a part of the bipartite system H ® CF, the resulting state
should still be positive. The last condition for a map A is the trace-preserving
property, that is, Ais a trace-preserving (TP) map satisfying

Tr[A(p)] = Trp, (2.7)

for all p € L(#H). The TP condition is required because any operator with unit
trace should be transformed into an operator with unit trace and due to the
linearity. To summarize, a deterministic quantum operation is described by a
CPTP map.

Next, we introduce commonly used representations of quantum operations
in quantum information. Note that all of them are representations for linear
maps, and the linearity of quantum operations are automatically satisfied.

The first representation we introduce is the Kraus representation [41]. In
the Kraus representation, a quantum operation A transforming a quantum state

p € L(H) into another quantum state p’ = A(p) € L(K) is represented as

A(p) =" KipK], (2.8)

where {K;} is a set of linear operators on L(#H,K) and is called the Kraus
operators of the quantum operation A. The CP condition of quantum operation
is automatically satisfied, and the TP condition is given by . Kg K; = I in the
Kraus representation, where I denotes the identity operator on H.

The quantum operation for a unitary operation U is represented as u (p) =
UpU' using the corresponding unitary operator U. In this thesis, we also call
a unitary operation by the corresponding unitary operator as unitary operation
U. The Kraus representation of a unitary operation consists of a single Kraus
operator U. Note that the global phases of the Kraus operators do not affect
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the action of a quantum operation, that is, {K;} and {e K;} lead to the same
quantum operation. In general, Kraus operators of a quantum operation are not
uniquely determined. Different sets of Kraus operators of a quantum operation
exist, and there is a simple relationship between them as follows. Let {K;}""}
and { K ?:_01 represent the same quantum operation, then K = >, u}, K; holds
where (u;;) is a unitary matrix. In fact,

D KipK] = (uf, Ki)p(ugi, KL) = Y 6 KipK), = Y KipK]  (2.9)

J 11,2,] 11,2 (3
holds, and the two sets of Kraus operators represent the same quantum opera-
tion.

The second representation the Choi-Jamiotkowski representation [43,44], or
simply the Choi representation. In the Choi representation, a quantum operation
A L(H) — L(K) is represented as a linear operator on H ® K called a Choi
operator J4 defined by

Ja = (id @ A)(IDII) (2.10)

where [I)) := > |m)lm) is the unnormalized maximally entangled state in
H®H and id denotes the identity operation on the first system. This relationship
between a quantum operation (channel) and a quantum state is known as the
Choi-Jamiotkowski isomorphism or the state-channel duality. When a quantum
operation Ais given by Eq. (2.8), the corresponding Choi operator can be written

Ja= Z | KK, (2.11)

where |K;)) € H ® K is given by
1) = > (m|Kiln) - n)|m). (2.12)

mn

In contrast to the the Kraus operators, the Choi operator does not depend on
the choice of the Kraus operators and is uniquely determined by A. Given a
Choi operator J4 of a quantum operation A, the original linear map is obtained
by

Alp) = Try[Ja(p" @ I)] (2.13)

for p € H. The CP condition of quantum operation A is equivalent to the
positivity of the corresponding Choi operator as J4 > 0, and the TP condition
is equivalent to TrJ4 = I,
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For a unitary operation u (p) = UpUT, the corresponding Choi operator is
given by

Ju = (id @ U) (I (2.14)
= ([ @ U)IINIM™(I @ U') = [UNUT™. (2.15)

Note that the Choi operator for the identity operation described by the identity
operator I on H to K is given by Jig = J; = |I)){(I| on H® K, while the projector
appearing |I){(I| in Eq. (2.10) is an operator on H ® H. Due to the importance
of the identity operation in this thesis, we denote the Choi operator for the
identity operation as J4 instead of J;.

The last representation is the Stinespring representation [45]. Any quantum
operation can be realized by a unitary operation on an extended system followed
by a projective measurement, and the Stinespring representation is based on
this structure. For a quantum operation A represented by the Kraus operators
{Ki}?;ol, it is always possible to define a unitary operator U on an extended
quantum system H ® H.ux by adding an auxiliary system H,,, = C" satisfying

Ula)I0) = 3 Kol 2.16)

where {|i)}7) is an orthonormal basis of the auxiliary system. We call this U
as a purification of the Kraus representation {/;}. Similar to the Kraus repre-
sentation, the Stinespring representation is not unique. The quantum operation
A can be represented as the reduced dynamics of this unitary operation as

A(p) = Traue [U (p @ [0)X0]) U] . (2.17)

Probabilistic Quantum Operations

Probabilistic transformations of quantum states are allowed in quantum me-
chanics in addition to deterministic ones. Considering that the trace of a density
operator corresponds to the probability in the state, and the probability can-
not exceed one. The TP condition for deterministic transformation is replaced
by the trace-non-increasing (TNI) condition. That is, a probabilistic quantum
operation A : £(H) — L£(K) transforms a quantum state p into A(p), and the
probability of this transformation is given by Tr :Zl(p) < 1 in general.

One type of basic probabilistic transformations is a quantum measurement,
especially given by the positive operator-valued measurements (POVM). A POVM
consists of a set of positive operators {A;}~; satisfying Z?:_Ol A; = I, and it
transforms a quantum state p into a probability distribution given by {Tr (A;p) }:.
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A general probabilistic quantum operation is described by a set of measurement
operators {M;}!~; satisfying Z?:_OI MIM; = I, and it transforms a quantum
state p into a quantum state MipMZ»T/Tr M;Mip with probability Tr MZ»TMZ',O.
It is important that the measurement outcome is known to be 7. If the mea-
surement outcome is not given, then the resulting quantum state is given by
a probabilistic mixture calculated as Z;:Ol MipMZ-T, which is the same state
as a deterministic quantum operation given by the Kraus operators {M;}!'.
When we say probabilistic quantum operations, we also consider the case that
only certain measurement outcomes, say a set given by {0,1,...,m — 1} with
m < n, is obtained by post-selection. In this case, the Kraus operators for this
probabilistic quantum operation are given by {Mi}?;_ol, and it is easy to see
that Z;’:Ol M;Mi < I holds. We say that a probabilistic quantum operation is
succeeded if we obtain certain measurement outcomes specified in advance, oth-
erwise failed, and the success part and the failure part sum up to a deterministic
quantum operation.

The Choi operator J4 for a probabilistic quantum operation is a positive
operator J4 > 0 satisfying TricJ4 < I™. If we call this as success, and assume
that Jp > 0 is a Choi operator corresponds to failure, then it is required that
they sum up to a deterministic quantum operation, namely, J = J4+ Jp satisfies
J > 0 and TrxJ = I". Note that Jp is not uniquely determined for a J4 in

general.

2.3 Higher-order Quantum Operations

In this section, we introduce quantum supermaps, a mathematical tool for de-
scribing higher-order quantum operations [11,12]. Quantum supermaps de-
scribes transformations between quantum operations. We first present a for-
malism for quantum supermaps that are compatible with the quantum circuit
model, especially the ones that use the input operations in a fixed order. Such
quantum supermaps are called quantum combs. We also introduce quantum su-
permaps with indefinite causal order by relaxing certain requirements for quan-
tum combs. While quantum supermaps with indefinite causal order cannot be
implemented within the usual quantum circuit model, there are currently no
known physical principles that forbid their implementation, and are expected to
provide certain advantages in quantum information processing.

The conditions for quantum supermaps are usually presented in terms of
the Choi representation. It is possible to present these conditions in the Kraus
representation as we show in Appendix B. In order to avoid confusion, we mainly
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denote quantum operations with a tilde and supermaps with a double tilde in this
thesis. We may omit the tildes when it is not important to distinguish whether a
map and a supermap especially when they are referred in the subscript of a Choi
operator. For a quantum operation, we denote a map by A : L(H) — L(K) and
its Choi operator by J4 € L(H ® K). For a higher-order quantum operation
transforming a quantum operation A : L(Z,) — L(O1) to a quantum operation

A L(I,) — L(Oy), we denote the supermap as S : [L(Z,) — L(O))] —
[L(Zy) — L(Oy)]. It is possible to describe the supermap as a map transforming
the Choi operators of the input and the output quantum operations, which we
describe as S : L(Z; ® Oy) — L(Zy @ Op). The Choi operator for this supermap
is given by an operator S € L(Z; ® O; ® Zy ® Opy). Note that the order of the
Hilbert spaces may vary for convenience, and we denote the order of the Hilbert
spaces explicitly when it is ambiguous. The conditions for the supermaps in
terms of the corresponding Choi operators are given in the following.

2.3.1 Quantum Combs

The most general way to transform a set of input operations /N\l, e ,/N\K is to
insert quantum operations before and after each input operation as the quantum
circuit shown in Fig. 2.1, if the usage of the input operations is fixed and given by
this order. Let the input and the output Hilbert spaces for input operations Kk
be Z; and Oy, the corresponding Choi operators be L;, the auxiliary systems be
Ay, and the input and the output Hilbert spaces for the output operation be Z,
and Oy, respectively, as shown in the quantum circuit in Fig. 2.1 for K = 2. Let
the quantum operations inserted be & : £(Zy) — LIT1®A,),Es : LIO1®A;) —
L(IQ (024 Ag), ... ,(C:K : /:(OKfl & .AKfl) — L(IK X AK>,SK+1 : ,C(IK &® .AK) —
L(Op), and the corresponding Choi operators be Ey, Es, ..., E, Ex1. Then a

quantum comb C transforms the input operations Ay, ..., Ax as
C(Ay, .. Ag) = Expro (A @iday)0Ex o080 (A @ida,)o&r. (2.18)
In the Choi representation, the 1.h.s should be equal to

Trr, 0,10, [C(L1 @ - - @ L)', (2.19)

where C' is the Choi operator of the quantum comb C. The r.hs. is given by

T T T
Tr2101A1~~~IK0KAK (EK-HLZI;EKAK T E2A2 LITEl Al) (220)

T T T
= TrI1O1A1~“IKOKAK[(EK-HEKAK T E2A2 El Al)(Ll K- LK)T]7 (2'21)
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Figure 2.1: The most general way for implementing a quantum comb (a quantum
supermap with definite order of input operations) with two input operations Ay
and A, in the quantum circuit model.

where T4, denotes the partial transpose on A, and the equality holds because
L, are the operators on different Hilbert spaces for different k& and the partial
trace is taken on Z; and O for all £ > 1. Note that the identity operators
are omitted. Thus, the Choi operator of the quantum comb C' is given by con-
catenating the quantum operations E, ..., Fxy; and tracing out the auxiliary
systems Ay, ..., A as

C = Trany (Ex 1 B - By BA), (2.22)

In the following, we present the condition for C' by considering the conditions
for By, ..., Fxiq.

The first condition for the Choi operator of a quantum comb C' is that it is
a positive operator C' > 0. This is because every quantum operation Ek is CP,
the concatenation of them is also CP, thus the corresponding Choi operator C
is positive. The second condition for C' is given by a set of linear constraints

Ok
TI"OOC = C(K) &® 7, (223)
JOk—1
Trz, C* = 0+ D g g (2<k<K), (2.24)
%0
Tr7, OV = (TrC)——, (2.25)
0

where C%) = Trp, 0,C and C*Y = Trp, 7,C® for k = 2,..., K. These
conditions are obtained by the TP condition of each quantum operation FEj.
These conditions also indicate that the output state of the quantum comb on Zj,
does not depend on the input state of the quantum comb O for & > k, that
are the input states appear at later times. For that reason, these conditions are
known as the causal condition for quantum comb. The normalization condition is
given by Tr C' = dz,do, - - - do,.. For example, C' = ]IO®%®101®- : -®IOK®%
is a deterministic comb. It is also shown that the inverse holds [11,12], thaot
is, every operator C satisfying the positivity C' > 0 and the causal condition

Eq. (2.23)-(2.25) can be implemented by a quantum circuit shown in Fig. 2.1.
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Figure 2.2: A limited class of quantum combs that utilize all input operations,
A; and A,, in a parallel way.

The causal condition given by Eq. (2.23)-(2.25) is also known as the sequential
condition, because it assumes sequential uses of the input operations. It is also
possible to consider the case where all input operations are used in a parallel
way as shown in the quantum circuit in Fig. 2.2. In this case, it is equivalent to
the 1-slot quantum comb, where the input and output Hilbert spaces of the slot
are given by Z . =7, ® - - ® I and O := O1 ® - - - ® Of. That is, the parallel
condition is given by

IO
TI"OOO = TrOOOC & —. (226)
do
[I
TI‘IOOOC = (TI‘O)d— (227)
T

In the formulation of the quantum comb, the dimensions of the auxiliary systems
are not restricted except that they are finite. Thus, any quantum comb with
the parallel condition is simply a restricted version of a general quantum comb,
i.e., a quantum comb with the sequential condition. While the quantum comb
with the sequential condition is more general, the parallel condition has been
relatively well-studied for various reasons. The parallel condition treats all the
input operations in the same way, thus there is a higher symmetry between
the input operations. A quantum comb with the parallel condition also has
an advantage in that it can be performed in a shorter time compared to the
sequential case. Moreover, there are various physical systems that can apply the
same quantum operations to multiple quantum states, in which case the parallel
condition is achieved naturally. Note that it is also possible to consider certain
causal conditions partially parallel or partially sequential.

Probabilistic Quantum Combs

Next, we introduce the probabilistic quantum combs. Similar to the probabilis-
tic quantum operations, probabilistic quantum combs are obtained by inserting
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probabilistic quantum operations before and after each input operation. A prob-
abilistic quantum comb is implementable if there exists another probabilistic
quantum comb such that they sum up to a deterministic quantum comb. In the
Choi representation, a probabilistic quantum operation is described by a positive
operator Jy satisfying J, < J where J is the Choi operator of a deterministic
quantum operation. Similarly, a probabilistic quantum comb is described by a
positive operator S > 0 satisfying S < C' where C is the Choi operator of a
deterministic quantum comb. We usually consider a probabilistic higher-order
quantum operation with two labels, success and failure, which are represented
by S and F'. In this case, the conditions for S and F' are given by

S>0, F>0 (2.28)
S + F' is a deterministic comb. (2.29)

2.3.2 Higher-order Quantum Operations with Indefinite
Causal Order

The requirements for a quantum comb basically originate from the requirements
that it transforms input quantum operations into an output quantum operation,
and there is a causal order between the usage of each input operation. However,
the second condition is a requirement that comes from the fact that we use
the input operations in a fixed order, and it is not a fundamental restriction
for higher-order quantum operations. Instead of requiring the causal condition
of the quantum comb, or the sequential condition, we can consider a relaxed
version: a quantum supermap transforming CPTP maps into CPTP maps.

A simple example that satisfies this assumption is a probabilistic mixture of
different orders of the usage of the input operations. For simplicity, we consider
the case K = 2, where there exist only two input operations Kl and K2. In this
case, it is possible to probabilistically choose to use /N\l or /NXQ first and the other
for the second. We then obtain a quantum operation given by %(Kl oNy+ Ay o/~\1).
This is a valid higher-order quantum operation and it does not satisfy the causal
condition Eq. (2.23)-(2.25). A more non-trivial example is quantum switch [27]
which will be introduced in Sec. 2.5.

The condition for indefinite causal order in terms of the Choi representation
is not simple in general. Here we only present the case of K = 2 [29]. A
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supermap W is a valid supermap within indefinite causal order if it satisfies

W >0 (2.30)

Tro,W = Tro,0,W + Tro,0, — Tro,0,0, (2.31)
Trr,0,0,W = Tro,,0,0,W (2.32)
Trr,0,0,W = Tro,5,0,0,W (2.33)
Tr7,0,7,0,0,W = TrW. (2.34)

The condition for K = 3 is presented in Ref. [14]. While these conditions are
more complex than the sequential condition, it is invariant under the permu-
tation of input operations. Thus, even if what we focus on is the sequential
condition, it is sometimes useful to consider the indefinite causal order, which
may simplify the problem by investigating certain symmetries.

2.3.3 Higher-order Quantum Operations with Multiple
Copies of an Input Operation

We have stated the conditions for a higher-order quantum operation to be im-
plementable, in the sense that whether the transformation from a set of input
operations /N\l, e ,/NXK to the target output operation is possible. Here only a
single use of each input operation is allowed, but multiple uses of each input
operation can be considered in general.

For simplicity, we consider the transformation of an input operation A; to
an output operation AO If we are allowed to use K copies of A; and implement
AO, the correspondmg quantum supermap satisfies S A oK > AO That is,

the action of S on multiple copies of an input operation A ox is defined, but its
action on other input operations such as A1 ® A2 R R AK with all different
_/N\Z- is not necessarily defined. The positivity and the causal conditions for the
supermap S are still required for implementing this supermap. However, there
is more freedom in defining the action of the supermap, and thus a larger class
of higher-order quantum operations is implementable under the multiple copy
scenario.

2.4 Controlled Unitary Operations and Con-

trollization

In this section, we review the higher-order quantum operation known as con-
trollization [19-25], a higher-order quantum operation transforming unitary op-
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eration into its controlled version. Controllization can be considered to be a
quantum counterpart of the “if clause” in classical computing. It is shown that
controllization is not possible under certain assumptions. By relaxing some of
the assumptions, there are a few quantum algorithms for implementing con-
trollization. In this section, we review the preceding results on the problem of
controllization.

2.4.1 Controlled Unitary Operations

We first review some properties of controlled unitary operations. Controlled
unitary operations are a special class of unitary operations which can be regarded
as conditional operations. In classical computation, a conditional operation is
defined for two systems, a control system and a target system. The action of
a conditional operation is to apply an operation if the control bit is in state 1,
and do nothing if the control bit is in state 0. A controlled unitary operation
is a quantum counterpart of such a conditional operation, acting on a control
quantum system and a target quantum system. Conventionally, a controlled
unitary operation is a unitary operation that applies the target unitary operation
or the identity operation on the target system coherently depending on the
state of the control qubit. For a d-dimensional unitary operation represented
by a unitary operator U : H(:= C?) — K(:= C?), the corresponding controlled
unitary operation Cy is defined by a unitary operator Cpy : He @ H — Ko ® K
with the control systems H¢o = C? and K¢ = C? given by

Cy = [0X0| ® I + |1)1| ® " U, (2.35)

where 6 is an arbitrary phase factor. The corresponding Choi operator Je,, €
L(He ® Ke ®@H ® K) is given by

Jey = (|00)]1) 4 [11) [ U))((00[ (1| + (11|(e™ U]) (2.36)
= [00%00| ® Jig + [11Y11| ® Jy
+ 100)(11| ® [T U| + [11%00]| @ | UW(I| (2.37)

where |ii) € Ho® K¢ for i,j = 0,1 is the state of the control qubit system. The
degree of freedom of the phase factor 6y is required in the definition, because
while unitary operators U and €U with a global phase ¢ € R representing
the same unitary operation u , the corresponding controlled unitary operations
00| @ I + [1}1| ® U and |0)0] @ I + |1}1| @ €U corresponds to different
unitary operations. This phase factor cannot be determined just by specifying
the unitary operation u , even if we restrict U to be an element of SU(d), in
which case the degree of freedom of the phase factor i still remains.
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An important characteristic of the controlled unitary operation EU defined
by Eq. (2.35) is that it preserves coherence between the output states with the
control system being in |0) and |1). This coherence can be evaluated by a norm
of the off-diagonal term of its Choi operator, namely, the terms with the control
systems |00)(11| and |11)00] in Eq. (2.37). An incoherent version of a controlled
unitary operation can also be defined by the Choi operator given by

Jese = [00)(00] ® Jig + [11X11] @ Jo, (2.38)

and we call ch}s as a classically controlled version of a unitary operation rep-
resented by U. Such a classically controlled operation can be implemented by
first measuring the control qubit on the computational basis, and then applying
the unitary operation or the identity operation depending on the measurement
outcome. Note that while a generalization of coherently controlled unitary op-
eration is not straightforward, this classically controlled unitary operation can
be easily generalized to the classically controlled version of general quantum
operation A as

Jege = [00Y00| ® Jig + [11)11] @ Ja. (2.39)

2.4.2 Controllization and No-go Theorem

Controllization is a higher-order quantum operation transforming a unitary op-
eration into a corresponding controlled unitary operation. A straightforward
definition of controllization is given by a map on corresponding unitary opera-
tors as U — |0)X0|®1+|1)1|®@U. However, this map does not define a supermap,
because a unitary operation U can be described by any unitary operator of the
form €U with the global phase ¢?. To avoid inconsistency about the global
phase, a phase factor is usually introduced to cancel out the effect of the global
phase in the definition of controllization. That is, we define controllization by a
map U — [0X0| ® I + [1)X1| ® e®vU, where 0y is an arbitrary phase factor de-
pending on U. By introducing this phase factor 6y, a supermap from a unitary
operation U to a corresponding controlled unitary operation can be defined as

U Cy, (2.40)

where C v denotes the unitary operation defined by the unitary operator given by
Eq. (2.35). Note that the phase factor 6y is included in the definition Eq. (2.35).

The supermap given by Eq. (2.40) is a well-defined supermap, especially an
injection, due to the existence of the phase factor. However, it is not trivial if
this supermap can be linear for some phase factor, and its implementability in
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quantum mechanics is not obvious. In Refs. [21-24], it has been shown that this
supermap cannot be linear for any phase factor, and thus controllization is not
implementable with a single use of the input unitary operation. In Ref. [25],
controllization for a restricted set of unitary operations is investigated, and a
necessary and sufficient condition for the set of unitary operations is derived.

2.4.3 Possible Workarounds for Controllization

While exact controllization is not possible with a single use of the input unitary
operation, there are many attempts to implement controllization with certain
relaxations. Here we present two possible workarounds.

Approximate Controllization

The first attempt to implement controlled unitary operation is to implement it
in an approximate manner. In Refs. [16,17], the optimal average fidelity for
controllization has been analyzed. Here the average fidelity defined as

o @/dUF(JCg,C(JU)) (2.41)
is considered, where C denotes a (corresponding map of a) supermap and Cp :=
00| ® I + [1)}1|® U is a controlled unitary operation with a fixed phase factor.
The fidelity between the two Choi operators A, B is given by F'(A, B) := Tr[AB].
In Ref. [16], the optimal fidelity with a single use of an input operation is ob-
tained as

max F' = 1/2 (2.42)
C

by optimizing over all possible deterministic supermap C. In Ref. [17], the
optimal fidelity with multiple uses of an input operation is also obtained by
investigating the effect of fixed phase factor in the definition of fidelity, and is

shown to be 1/2, the same value as the single use case. This average fidelity
~ ~cl
is actually achievable in a classical manner, that is, the supermap U CZS

achieves this fidelity, where 525 is defined by Eq. (2.38).

Controllization for Hamiltonian Dynamics

The second attempt to implement controllization is to consider the case when

the unitary operation is given by Hamiltonian dynamics. If a unitary operation

is generated by time-independent Hamiltonian dynamics as U = eIt where we
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aux : I/d | I

Figure 2.3: The quantum circuit for approximate controllization proposed in
Ref. [20]. The initial state of the auxiliary system is given by the completely
mixed state I/d. In each iteration, a controlled swap operation, /™ controlled
swap operation, and a random Pauli operation denoted by o, are applied in
order.

set A = 1, we assume that it is possible to divide the time interval ¢ to t/n for
some n, so that we can utilize U/ = ¢t/" instead of U itself.

In Ref. [20], an algorithm implementing approximate controllization with n
uses of U™ is presented. The algorithm is described by the quantum circuit
shown in Fig. 2.3. The key element of this algorithm is to keep the auxiliary
system in the completely mixed state by randomization with the random Pauli
operations {o,}, after each iteration. The error of this algorithm is measured
by the diamond norm [3], which characterizes a distance between two general
quantum operations, between the obtained quantum operation and the target
controlled unitary operation, and is obtained as O(1/n). In the limit of large n,
this algorithm converges to exact controllization.

In Ref. [17], an algorithm implementing exact controllization with d uses
of UY? is presented, where d is the dimension of the unitary operation U. The
algorithm is described by the quantum circuit shown in Fig. 2.4. The key element
of this algorithm is the totally antisymmetric state

| Aa) : ngn D)o (2))---lo(d)), (2.43)

O’ESd

which is an invariant state under U®? as U®?|A,) = det(U)|Aq) for an arbitrary
unitary operator U. This algorithm achieves exact controllization with a finite
division of the original unitary operation.

While the two algorithms both implement controllization, their mathematical
characterization is not trivial from the presented algorithms. In Chap. 4, we
present a framework for controlled quantum operations, and a unified way for
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control
target
1/d
aux : W
|Ad> Ul/d

Ul/d

Figure 2.4: The quantum circuit for exact controllization proposed in Ref. [17].
The initial state of the auxiliary system is given by the totally antisymmetric
state |Ag).

understanding these algorithms as a result.

2.5 Quantum Switch

Quantum switch [27] is a higher-order quantum operation that transforms mul-
tiple input operations into a “coherent superposition of different orders” of the
input operations. It is an example of a higher-order quantum operation that
cannot be implemented within quantum circuit model, but there is no funda-
mental principle that forbids its implementation in quantum mechanics. For
that, quantum switch is a well-studied higher-order quantum operation in the
context of indefinite causal order, for revealing how the causal structure may
affect the quantum information processing in quantum mechanics. It is also pro-
posed as a resource for quantum information processing, as it has been shown to
provide computational advantage on certain tasks such as discriminating quan-
tum channels [31,32,46] and enhancing communications [33-36,47,48]. Here we
only consider quantum switch that uses only two input operations introduced
in Ref. [27]. The action of quantum switch can be generalized to multiple input
operations as studied in Ref. [32],

2.5.1 Definition of Quantum Switch

The action of quantum switch is to produce a coherent control of causal orders.
In Ref. [27], the action of quantum switch is originally defined on unitary oper-
ations, and then generalized to quantum operations beyond unitary operations
as follows.
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Given two unitary operations U; and Us; as input operations, a quantum
switch transforms them into the coherent control of different orders, namely, the
unitary operation given by

by using each of U; and U, only once. If the control qubit is in |0), U; is applied
on the target system first, and followed by Us, and if the control qubit is in |1),
U, is applied first followed by U;. If the control qubit is in a superposition of
|0) and |1), then the two different orders should be “superposed” in a coherent
way.

The action of quantum switch for unitary operations is defined in a natural
way, and it can be generalized to quantum operatlons other than unitary opera-
tions [27]. Given two quantum operations A; and A, with the Kraus operators
{K.;}; and {L,}; as input operations, a quantum switch transforms them into
the quantum operation given by the Kraus operators {W;;};; with

It is easy to see that if two quantum operations are unitary operations, it coin-
cides with the definition for unitary operation. While the Kraus representation
is not unique and different Kraus operators can be used for representing the same
quantum operation, this definition does not depend on the choice of Kraus op-
erators, which can be checked by using the relationship between different Kraus
operators presented in Sec. 2.2.

2.5.2 Superactivation with Quantum Switch

While the action of quantum switch on unitary operations is to simply produce
a coherent control of different order, its action on general quantum operations
is not necessarily the same.

A simple example is the case where two input operations are identical. If
the two input operations are the same unitary operation U, then the output
is the unitary operation [0)0] ® U? + [1X1| ® U? = I ® U?, or equivalently,
id®UoU. However, if the two input operations are the depolarlzlng channel
D, the output operation is different from id ® D o D = id ® D as follows [33)].
For d-dimensional system, the Kraus operators for the depolarizing channel can
be chosen as {%lUi}figl where {U;}%51 is a set of unitary operators satisfying
TrU;U] = dé; . Assuming the control qubit is in \/p|0) + /T — p|1), and the

target system is given by p, the action of the output operation of quantum switch
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on this input state is given by

(PIOXO] + (1~ Y1) @ & + /P — )01 + I1)0h & B (2.46)

If the control qubit is in |0) or |1), equivalently p = 1 or p = 0, the target system
is given by the completely mixed state I /d, which is expected as the depolarizing
channel transforms any input state into the completely mixed state I/d. This
also coincides with the case if the output operation is given by id®D. However,
if the control qubit is in a superposition of |0) and |1), the target system does
depend on the input state as Eq. (2.46) shows, and thus the action is different
from id ® D.

This result is surprising because the depolarizing channel does not transfer
any information, but when we apply the depolarizing channel twice with the
assist of quantum switch, the output operation is not a depolarizing channel
anymore, and can be used for transferring information. This phenomenon that
quantum switch enables some communication with the depolarizing channel has
been studied theoretically in Ref. [33-35], and also experimentally in Ref. [47,48].
As this phenomenon was first pointed out for quantum switch, some consider
that such enhancement in communication originates from the indefinite causal
order aspect of quantum switch. However, it is also pointed out that such a
phenomenon can happen in systems exploiting coherently controlled quantum
operations without causally indefinite elements [49, 50].

2.6 Unitary Inversion

In this section, we review the higher-order quantum operation known as unitary
inversion [13-17,38,39], a higher-order quantum operation transforming unitary
operation U into its inverse U~!. Since the inverse of a unitary operation U
is given by its Hermitian conjugate, the problem of unitary inversion can be
further divided into two higher-order quantum operations: the unitary conju-
gation, transforming a unitary operation U into its complex conjugate U*, and
the unitary transposition, transforming a unitary operation U into its transpo-
sition UT. Note that while unitary inversion is basis independent, both unitary
conjugation and unitary transposition are basis dependent, and both complex
conjugate and transposition are defined with respect to the computational basis
fiye.

The problem of unitary inversion has been studied in various conditions, for
example, approximate cases or probabilistic but exact cases. Since probabilistic
but exact supermaps can always be transformed into a deterministic but approx-
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imate one by considering the probabilistic mixture of success and failure cases,
we do not focus on this difference in this section. Another important feature is
how the input unitary operations are used, especially, three types are usually
considered: parallel, sequential, and indefinite causal order.

In Ref. [51], a deterministic and exact algorithm for unitary conjugation is
presented. The complex conjugate of a unitary operation U can be obtained by
using d — 1 copies of the input unitary operation in a parallel way. Especially,
the following equality holds

Ut = viuedly, (2.47)

where V' is an isometry defined as

T > sen(0)|o(1)|o(2)) - - o(d = 1))(o(d)], (2.48)
o 1 €Sy

with the d-dimensional symmetric group Sy and permutation o. Moreover, it is
also shown in Ref. [13,14] that unitary conjugation is not possible with less than
d — 1 uses of the input unitary operation even in a probabilistic way. With these
results on unitary conjugation, the remaining difficulty for unitary inversion is
similar to the difficulty of unitary transposition. In the following of this section,
we review the unitary inversion and unitary transposition.

2.6.1 Parallel Strategy

We first review the unitary inversion and unitary transposition with parallel
uses of input operations [13,14,39]. Let K be the number of uses of the input
operation U. The optimal success probability for unitary transposition can be
obtained by the following optimization problem

max p (2.49)
st. Trzo[SJE"] = pJyr (2.50)
0<S<C (2.51)
C' is a parallel deterministic comb, (2.52)

where S and C are the Choi operator of supermaps. The first constraint defines
the action of S to be unitary transposition, and the remaining constraints are the
conditions that .S is compatible with the quantum circuit model. This optimiza-
tion problem is also known as semidefinite programming (SDP). In Ref. [14], the
optimal success probability for unitary transposition is obtained as a solution to
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\aux&

Select ———— UT|y)

Figure 2.5: The quantum circuit for unitary transposition based on port-based
teleportation. Depending on the measurement outcome of M, a selecting oper-
ation is performed to choose one quantum system and trace out the remaining.

this SDP, namely,

d>—1

poptzl_mzl_O(l/K) (253)

This success probability is achievable with a modified version of the port-based
teleportation [52,53] as the quantum circuit shown in Fig. 2.5.

The original port-based teleportation is given by the quantum circuit shown
in Fig. 2.5 without the unitary operations denoted by U. Like the usual quan-
tum teleportation, an entangled state |auz) is required as a resource, and a
measurement M is performed on the composite system of the input state |1)
and a part of |auz). The difference between the usual quantum teleportation
and the port-based teleportation is the correction part, while in the usual quan-
tum teleportation, a certain unitary operation depending on the measurement
outcome is applied to the rest of |aux) for correction, it is replaced by a se-
lecting operation in the port-based teleportation, that is, all but one system of
lauz) is traced out, and the remaining system is in the state [¢)). Due to the
simple structure of the correction part, the port-based teleportation cannot be
achieved in a deterministic and exact manner, and the port-based teleportation
used here is a probabilistic one. On the other hand, since the correction part is
given by a selecting operation, it commutes with any operation in the sense that
U oSelect = Select ol holds. Moreover, as the entangled state |auz) satisfies
(UK @ I)|auz) = (I @ (UT)®K)|auz) similar to the maximally entangled state,
we can see that the quantum circuit shown in Fig. 2.5 performs the unitary
transposition.
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For unitary inversion, while the optimal success probability is not yet known,
its upper bound can be obtained [14]. Assume that it is possible to perform
unitary inversion with success probability p with K uses of the input operations,
then it is also possible to perform unitary transposition with success probability
p with K(d — 1) uses of the input operations by a concatenation of unitary
inversion and unitary conjugation. Since the optimal success probability for
unitary transposition is given by Eq. (2.53), we obtain an upper bound for the
success probability of unitary inversion as

d*>—1
Kd-1)+d -1

Popt <1 — —1- O(1/K). (2.54)

2.6.2 Sequential Strategy

Next, we focus on the unitary inversion with sequential uses of input opera-
tions [13]. Since a parallel strategy can always be a sequential one, a higher
success probability is expected and the gap between two strategies is a theo-
retically and practically important problem. In Ref. [13], a quantum algorithm
for unitary inversion with sequential uses of the input operation is proposed.
The algorithm utilizes a repeat-until-success strategy, that is, it is an algorithm
that repeats a certain subroutine until it succeeds. For simplicity, we only con-
sider the two-dimensional unitary inversion here. The subroutine is given by the
quantum circuit shown in Fig. 2.6. The subroutine is similar to the quantum
teleportation, which generates the state X°Z7|1)) before correction, where [¢))
is the initial state and (i,7) = (0,0),(0,1),(1,0),(1,1) is the outcome of the
Bell measurement. For the two-dimensional unitary inversion shown in Fig. 2.6,
we obtain U1 X?Z7|+)) with a single use of U by a small modification to the
quantum teleportation protocol. This subroutine successfully achieves unitary
inversion if (7, 7) = (0,0), which occurs with probability p = 1/4. When it fails,
we can obtain the initial state |1)) by applying (X?Z7)~'U with an extra use of
U. Since the initial state |¢)) remains when it fails, we can repeat this subroutine
until it succeeds.
The success probability of this algorithm scales as
55

p=1- (1 _ i) =1-0(c") (2.55)

where ¢ is a constant. While this algorithm is not the optimal one for uni-
tary inversion with sequential uses, it is enough to show that there exists an
exponential gap between the parallel strategy and the sequential strategy.

The optimal success probability for unitary inversion with sequential uses is
obtained numerically using SDP [13] for some d and K. For d = 2, the optimal
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Figure 2.6: The quantum circuit for a subroutine for unitary inversion proposed
in Ref. [13]. The input state is |¢)) and the auxiliary system is set to be the
maximally entangled state |¢*). The measurement ;\v/lij is given by the Bell
measurement. If the measurement outcome is (4,7) = (0,0), the inverse UT is
successfully obtained. Otherwise, (X?Z7)~!U is applied by an extra use of U,
and the initial state [¢)) is recovered, which allows another repetition of this
subroutine.

success probability is given by 0.4286 ~ 3/7 for K = 2 and 0.7500 ~ 3/4 for
K = 3. This success probability indicates that the quantum circuit presented
in Fig. 2.6 is, in fact, not the optimal one. However, the optimal supermap
obtained by this SDP always assumes that we use all possible K copies of the
input operation, whereas the one presented in Fig. 2.6 uses less than K copies
of the input operation on average. In particular, the expected number of uses
to implement the algorithm presented by Fig. 2.6 converges to finite.
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Chapter 3

The Uniqueness of Quantum
Switch

Quantum switch [27] is a higher-order quantum operation transforming a pair of
input unitary operations into a superposition of two differently ordered concate-
nations of the pair of the input unitary operations. It is an example of quantum
control of causal orders, and has been shown to provide some computational
advantage on certain tasks such as discriminating quantum channels [31,32,46]
and enhancing communications [33-36,47,48]. When two unitary operations U;
and U, are given as input operations, a quantum switch transforms them into a
controlled unitary operation given by

W = [0X0| @ UsUy + |11 @ U, Us (3.1)

by using each of U; and U; only once. While the action of quantum switch for
unitary operations is defined in a natural way, its action for general quantum
operations is not trivial from the definition for unitary operations. In Ref. [27],
it has been shown that one possible definition that coincides with the definition
for unitary operations can be given as follows: given two quantum operations
represented by the Kraus operators {K;}; and {L,}; respectively, the output
operation of quantum switch is given by the Kraus operators {W;;};; defined by

Following this definition, many researches have been pursued. One interesting re-
sult is that quantum switch can help in enhancing communication tasks [33-35].
In particular, if two input operations are the depolarizing channels, which does
not transfer any information, the output operation is not depolarizing channel
anymore, and can be used for transferring information as stated in Sec. 2.5.2.
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target @ @
aux : pPg @

Figure 3.1: A “quantum switch” with two input operations gl and € o which uses
£ 1 twice. If both input operations are unitary operations, the output operation
is the same as Eq. (3.1). Otherwise, the output operation may be different from
the usual quantum switch of which action is given by Eq. (3.2)

The action of quantum switch on the depolarizing channels looks different from
that on unitary operations, that is, coherently controlled two differently causally
ordered operations, since a composition of two depolarizing channels is a depo-
larizing channel.

Can we assume that the action of quantum switch on general quantum op-
erations is different from the one defined by Eq. (3.2)? Actually, it is possible
if we are allowed to use the same input operation twice, for example. That is,
assume the two input operations are given by £ 1 and 82, and we are allowed
to use 51 twice. In this case, it is possible to construct a “quantum switch”
of which action on unitary operations does not change, but its action on the
depolarizing channels is different from Eq. (2.46) as we show in the following.
The assumption that quantum switch only uses the two input operations gl and
&, once is important for it to be a higher-order quantum operation with indefi-
nite causal order. In addition, we show that this assumption is necessary if we
consider its action on general quantum operations beyond unitary operations.

3.1 The Uniqueness of Quantum Switch

In this chapter, we derive the suitable action of quantum switch on arbitrary
quantum operations from its action on unitary operations.

We first present an example of a “quantum switch” of which action on the de-
polarizing channels is different from Eq. (2.46) by using the same input operation
twice. Consider the quantum circuit shown in Fig. 3.1. If both input operations
are unitary operations U; and U; on a d-dimensional system, the output oper-
ation is given by Eq. (3. ) Consider the case when both input operations are
the depolarizing channel D of which Kraus operators are glven by { U; d2 !
where {Ul}izol is a set of unitary operators satisfying Tr UZUJ = db;; such as

the generalized Pauli operators using the clock and shift operators. Similarly
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to Sec. 2.5.2, we assume the control qubit is in /p|0) + /1 — p|1), the target
system is given by p, and the auxiliary system is given by p,, then the action of
the output operation on this input state is calculated as

1
T > [plo}0] ® U;UspUUS x Tr UypaU]
1,5,k
+ (1= p)[1X1]| ® UU;pUl UL x Tr UspUf
+/p(1 = p)|0X1]| ® U;U;pUSU} x Tt UppUf + h.c]

— ool + (1 - i o & 4 YLD

which is different from Eq. (2.46).
As shown in the example above, it is not possible to uniquely derive the action

(I0X1] @ pap + [1X0] © ppa), (3.3)

on arbitrary quantum operations from its action on unitary operations without
further assumption. Here we introduce two extra but natural assumptions. Let

W be the supermap of quantum switch and W be the corresponding Choi op-
erator. The first assumption is that quantum switch uses each input operation
only once, which is equivalent to that this higher-order quantum operation is
linear in each input operation. That is, the supermap W satisfies

—~

W(Ch;h + 062;127 Blél + ﬁgQ)

= 04151ﬁ(-711, El) + 04152ﬁ(~211, 5’2) + 04251ﬁ(;12, El) + 04252ﬁ(:‘i27 E2)
(3.4)

for arbitrary complex numbers aq, as, 31, f2 and input operations le, .Zlg, B’l, Zgg.
The second assumption is that quantum switch is described by a completely CP
preserving supermap, which is equivalent to the positivity of the corresponding
Choi operator W > 0. This condition is a necessary condition for the supermap
to be physically implementable. We prove that under these two assumptions,
the action of quantum switch can be uniquely determined from its action on
only unitary operations.

Since the Choi-Jamiotkowski isomorphism is a bijection, we prove the unique-
ness of the extension of quantum switch by proving that the corresponding Choi
operator W is uniquely determined. Let the Hilbert spaces Z;, O, = C¢ for
k = 1,2 be the Hilbert spaces of the two input operations, and P, F = C?¢ be
the Hilbert spaces of the output operation as Fig. 3.2 shows. Note that P, F
can be further divided as P = P¢ ® Pr and F¢ ® Fr, where Pg, Fe = C?
corresponds to the control qubit, and Pr, Fr = C? corresponds to the target
system. Let H;, =71 ® O1 ® Zo ® Oy and Howr = Pr @ Fr @ Pe ® Fo. The
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Figure 3.2: The conceptual figure of higher-order quantum operation with in-
definite causal order such as quantum switch. A quantum switch takes unitary
operations as input operations, and output a controlled unitary operation on
Hilbert spaces P, F. The output unitary operation cannot be implemented by
using the two input unitary operations in a certain order with each unitary op-
eration used only once.

Choi operator of quantum switch W is an operator on £(H;, ® Hou). Note that
the Choi operator is define on this Hilbert space because of the assumption of
linearity. We also denote the Choi operator of quantum switch defined by the
Kraus operators given in Ref. [27] as Wy € L(H, @ Hour)- This operator can be
calculated as Wy = [Wo}Wy| with

|WO> :|00>PC~7:C |]>>77T11 |I>>O1Iz |I>>02-7:T

+ 1) pore [ D) prza 1) 007, 1) 0, 71
d—1

= Y (|ijjkik00) + |jkijik11)), (3.5)

1,5,k=0

where the Hilbert spaces for the vector in the last line is in the order of 77 ®
0,7y ROy @ Pr @ Fr @ Pc ® Fco. Note that the normalization of the Choi
operators is given by TrWW = TrIWW, = 2d3, and each elements of the matrix W}
is 0 or 1.

In this chapter, we show that the only possible W satisfies W = W, under the
following assumptions. When input operations are unitary operations denoted
by J = Jy, ® Jy,, the action of quantum switch is given by Wy as Tr;, Wy J*,
where the partial trace is on H;,. The first assumption is that quantum switch
uses each input operation only once, which is equivalent to the linearity. This
assumption is automatically satisfied by using the Choi operator defined on
Hin @ Hour- The second assumption is the positivity given by W > 0. To
summarize, the uniqueness of quantum switch is formally given by Theorem 3.1.

36



Theorem 3.1. Let Wy = |[WoXWy| where |Wy) is defined by Eq. (3.5). If there
exists W > 0 such that Try,[W (Jy, @ Juy,)] = Trin[Wo(Jy, @ Ju,)!] holds for all
Uy and Uy, then W = Wy holds.

The proof of Theorem 3.1 is given in the following sections.

3.2 The Linear Span of Unitary Operations

While the positivity is a key feature for seeking the unique extension of quantum
switch, we first focus on the linearity in this section. From the linearity, the
action on any input operations that is a linear combination of unitary operations
is given in the same way, that is, for any J € span{Jy, ® Jy,} where

span{Jy, ® Jy,} :={0 |0 =Y ¢i,i,(Ju,, ® Ju,) cini, € C}, (3.6)

11,12

the action of quantum switch on J is given by Tr;,WyJ'. For that, we consider
the operators in span{Jy, ® Jy, }. Since span{Jy, ® Jy,} = span{Jy } @span{Jy}
holds, it is enough to consider the operators in span{.Jy }.

We first summarize the results in this section: the following operators are in

span{Jy }.

L [ii)(jjl, )il € span{Ju} for i # j.
2. |igXi'y’| € span{Jy} for i # j # i’ # j' (all of them are different).
3. ij)i'j'| € span{Jy} if only two of i,7,4,j" are the same and others are

different.
4> i ligiij| € span{Jy} for k=0,...,d — 1.

- (lagXad = 133)aD), (lja)ei] = 177)ij1) € span{Jy} for i # j.

ot

The proof is given in Lemmas 3.1-3.5.

We remark that the set of the operators listed here do not span the whole
space of span{Jy} unless d = 2. There are only 2d(d — 1) + d(d — 1)(d —
2)(d —3) +6d(d—1)(d—2) +d+2d(d — 1) = d(d® — 3d + 3) elements here,
but the dimension of span{Jy} is (d*> — 1) + 1 (see Lemma C.3), which is
strictly greater than d(d® — 3d + 3) for d > 2. As we will show in Sec. 3.3 that
Theorem 3.1 can be proved by only considering the action of quantum switch on
these operators, requiring the action of quantum switch on all unitary operations
is not necessary in general to uniquely determine the action of quantum switch
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on general quantum operations. Instead, requiring the action of quantum switch
on a restricted set of unitary operations is enough for uniquely determining the
action on the rest of unitary operations and general quantum operations.

Another important fact is that the action of quantum switch on the depo-
larizing channels is determined only by the linearity, because

I 1
p ® - € span{Jy, ® Jy,} (3.7)

holds, where é is the Choi operator of the depolarizing channel. This is also
obvious because the depolarizing channel is a probabilistic mixture of uniformly
random unitary operations. Thus, the results of Refs. [33-35] can be obtained
with only the assumption of the linearity. In contrast, if we apply quantum
switch to general quantum operations, the action may not be determined from

only the linearity.
Lemma 3.1. |ii)(jj|, |ij){(ji| € span{Jy} holds fori # j.

Proof. (The same Lemma is proved in Ref. [17]) Since only the linear span is
considered, we use unnormalized quantum states for convenience. Consider the
following maximally entangled state

[Vo.6) = lid) + €”]jj) + €| KE), (3.8)

where |KK) := 3, [kk), then |¢g ¢ )ve,4| = Ju for some U and [1g s )1e.4| €
span{Jy }. Since

V0.6 XW0,0] = lii)ii] + [75)7j| + [KKXK K] (3.9)
+ e ii)jj| + e i K K| 4 9| i K K| (3.10)
+ €1\l + €| KK )ii] + eI KK)jl, (3.11)
we obtain
2 2 ]
/ do / do € |1p.6)Xabg o] = |ii)j7| € span{Jy} (3.12)
0 0

for all ¢ # j. The same calculation with the maximally entangled state
[Up,0) = lig) +€”[ji) + €| KEK), (3.13)
leads to |ij)(ji| € span{Jy} for all i # j. O

Lemma 3.2. |ij)i'j'| € span{Jy} holds for i # j #1 # j'.
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Proof. Consider the maximally entangled state

[Vo.0) = lig) +€”li'j") + | KK) (3.14)
where |KK) = |ji) + |j') + 344 sy |kk). Then the same calculation of
Lemma 3.1 proves |ij)i'j’| € span{Jy}. O

Lemma 3.3. |ij}¢'j’| € span{Jy} holds if only two of i,7,i,7 are the same
and others are different.
Proof. There are 6 cases that only two of i, 7,7, 7' are the same and others are

different. If |ij)(i’'j'| € span{Jy}, then the conjugate transpose also satisfies
|i'5')ij] € span{Jy}. Thus, it is enough to consider the following four cases

with i # j # k.

lit)(jk| € span{Jy } (3.15)
i)(jK] € span{Ju} (3.16)
lig)ik| € span{Jy } (3.17)
|ij)kj| € span{Jy} (3.18)

For each of them, consider the following maximally entangled states, and the
same calculation of Lemma 3.1 proves that they are in span{Jy}, respectively.

1. |ae) = lit) + €®|jk) + €®|LL) with |LL) := |kj) + D iz 1)

2. |thog) = lig) + €°|jk) + €?|LL) with |LL) := [ki) + D iz 10

3. [os) = li)(|7) + €°|k)) + €?|LL) with [LL) := [5)(|j) — €”|k)) + ki) +
Zl;ﬁi,j,k |”>-

4. |hog) = (i) + €|k))|j) + €?|LL) with |LL) := (|i) — e”[k))[i) + [jk) +
Zl;ﬁi,j,k W>-

O
Lemma 3.4. > .., ij)ij| € span{Jy} holds for k =0,...,d — 1.
Proof. Consider the maximally entangled state
o) = €liyi+ k). (3.19)

7

Note that we consider the d-dimensional system and |i + k) indicates |i + k (mod d)).
Then we obtain

/0 T8 Wadtwn] = 3 lvi+ Risi+ K = Y 1id)ijl € span{ir).

j=i+k
(3.20)
O]
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Lemma 3.5. (|ij)ii — |j)il). ()il — |jj)ij]) € span{Ju} holds for i # j.

Proof. Consider the maximally entangled state

V5,60 = (1) + € [7))(|2) +€15) + e (Ji) — e [5))(ld) — €[5)) + €| KK)
(3.21)

0560 = (1) + e |3))(|18) — €®2()) + e (|i) — (7)) (|8) + €®[5)) + €| KK)
(3.22)

where |[KK) := 3", ;. |kk). Here

2
/0 dordbade’™ e | , Nty o| = lig¥id] + [i)ai] — [5Xig| = |j)gil  (3.23)

2
/ ddbydpe™™ e |0 N 4| = —lig)ai| + [gi)ia| — |ja)ig] + |77l
0

(3.24)

holds, and by considering the sum and difference, we obtain
(le7)ia| = 1770, ()] = [77)25]) € span{Ju}. (3.25)
O

3.3 The Proof of Theorem 3.1

The Choi operator Wy of quantum switch that we prove is given by Eq. (3.5).
For J = |ijkl)i'j'K'l'| € L(T1 ® O1 @ T, ® O,), the action of Wy can be evaluated
as

Trin(WoJ') = (ijkl|[WoXWol|i'5'K'T') (3.26)
= (0;x[d100) + 0|k 11)) (8w (¢''00[ + Sy (K'5'11]) (3.27)

— 610,01 |100)"I'00| 4 338 |k 11K 511 ]
o+ 83100 [I1O0)K 11| + 646000 |k 11100 (3.28)

Note that for J € span{Jy, ® Jy,}, Trin(WJ') = Tr;,(WoJ') holds by assump-
tion.

Each element of W, is 0 or 1. In order to prove Theorem 3.1, it is enough
to prove that each element of W satisfies |(W);;| = 0 or 1. This is because if
an arbitrary extension W satisfies |(W);;| = 0 or 1 but W # W}, then some
elements of eW + (1 — €)W}, which is also a candidate for W, must have values
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between 0 and 1, which contradicts with the assumption that arbitrary extension
W satisfies |(W);;| =0 or 1.

The rest of the proof is divided into two parts: the first part considers the
diagonal elements of W, and the second part considers the off-diagonal elements
of W.

(First part: diagonal elements of W) Consider J = |ijkl)i'j'k'l'|, for all
i,7,k, 1, there exist i, j', k', I’ such that J € span{Jy, ® Jy,}. That is, if i = j
then let i = j/(# i) so that [ij)i'j'| € span{Jy}, and in this case, we relabel
the variables 7', j" as j. Similarly, if i = j then let i’ = j, 7' = i so that |ij)}i'j’| €
span{Jy}. (See Sec. 3.2) The same arguments hold for k,I. We then obtain the
followings for ¢« # j and k # [:

TiHYilk]) = (S5elit00) + Ga 1) (5alh00] + 0titl])  (3.29)
TOigRRYIL) = (5,0Jik00) + b K10) (5o (7100] + S, (111))  (3.30)
W(|iikI)jjlk]) = (6:k]i00) + 8;|ki11)) (8, (jk00| + 6,5 (1511]) (3.31)
W(|iikk)jjll]) = (6:1]ik00) + Oir| ki11))(65,(4100] + 050 (l511]), (3.32)

where W denotes the corresponding map of W, i.e., W(J ) = Tr,, WJ'. Also,
consider that I ® I € span{Jy, ® Jy,}, we obtain

TeW(I @ 1) = Tr(Tr,, W) = TeW = 2d°. (3.33)

By considering Egs. (3.29) — (3.33) and the positivity W > 0, we obtain the
following elements of W with i # j, k # [

(k13100 W i klLil00) = 1 for j = k (3.34)
(i7klkj11|W |ijklkj11) =1 for i = (3.35)
(ijkkikOO|W |ijkkik00) = 1 for j = k (3.36)
(ijkkkj11|W |ijkkkjll) =1 for i = k (3.37)

(iik1il00|W |iiklil00) = 1 for i = k (3.38)

(iiklkil1|W |iiklkill) = 1 for i = | (3.39)
(iikkik0O|W |iikkik00) = 1 for i = k (3.40)
(iikkkill|W |iikkkill) = 1 for i = k, (3.41)
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or equivalently,

(i71il00|Wijj1il00) = 1 for i # j,j # 1 (3.42)
(ijkikj11|W|ijkikj11) =1 for i # j, k # i (3.43)
(ij7i500|W |ijjjij00) = 1 for i # j (3.44)
(ijiiij11|W ijiiij11) = 1 for i # j (3.45)
(idilil00|W |iiilil00) = 1 for i # I (3.46)
(iikikill|W |iikikill) = 1 for i # k (3.47)
(iid34i00|W |iiiiii00) = 1 (3.48)
(iidiii 1 1|W |ididiill) = 1. (3.49)

The proof is given in the rest of this part. The number of terms in 1st, 3rd, 5th
and 7th lines (or 2nd, 4th, 6th, 8th lines) is given by d(d—1)?,d(d—1),d(d—1),d
respectively, and the total number of terms in these 8 lines is 2d3. Since Tr W =
2d3, all the other diagonal terms of W is 0, that is, (|W|¢') = 0 for all [), [¢')
not of these forms.

Remark 3.1. Before providing the proof of the first part, we show how we can
obtain the diagonal elements of W from Egs. (3.29) — (3.33) and the positivity

W > 0 with a simpler example. Consider a linear map W : £(C?) — L(C?) and
the corresponding Choi operator W € £(C*) satisfying

W(iil) = li)i| for (i,5) = (0,1),(1,0) (3.50)
TeW =2 (3.51)
W >0, (3.52)

then the matrix W can be assumed to be

a b 0 1
c d 0 0
W = 3.53
00 e f ( )
1 0 g h
with a +d + e 4+ h = 2. From the positivity W > 0, we obtain ah —1 > 0 and

a,d,e, h > 0. Here the inequality
2=a+d+e+h>2Vah+e+h>2x1+0+0=2 (3.54)

holds, and by considering the condition for the equality, we obtain a+d = 2v ad
as a necessary condition. Thus, we obtain a = d = 1 and the diagonal terms are
uniquely determined as (a,d, e, h) = (1,0,0,1).
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Now we provide the proof of Egs. (3.34) — (3.41) from Egs. (3.29) — (3.33)
and the positivity W > 0. Let

Sy = {[ifklil00) | i # j, k #1,j = k} U {|ijklkjll) | i # j.k #1,i=1} (3.55)
Sz = {|ijkkik00) | i # j,j = k} (3.56)

S = {|ijkkkj11) | i # j,i = k} (3.57)

Sy = {[iiklil00) | k # 1,i = k} (3.58)

Sy = {|iiklkill) | k # 1,0 =1} (3.59)

Se = {|iikkik00) | i = k} (3.60)

S7 = {|iikkkill) | i = k}, (3.61)

and it is enough to prove that

1T @wie) >1 (3.62)

[¥)€Sa

holds for a = 1,...,7. This is because if Eq. (3.62) holds, the inequality

7 7 @ 7
2° 2% 0 > @W) 2y ISl | [T wiwie) | =) 18] = 2d°
a=1 |[4)eS, a=1 [)€ESa a=1
(3.63)
also holds, and by considering the condition for the equality, we obtain
(YIWlp) =1 (3.64)

for all |¢) € S, for all a. Here we only prove Eq. (3.62) for a = 1,2,6. The case
of a = 4 can be proved in the same way as the case of a = 2 by considering the
symmetry between the two input operations. The rest cases a = 3,5,7 can be
proved in the same way as a = 2,4, 6, respectively, by considering the symmetry
between the action of the control qubit being 0 and 1.

(Case 1: S7)  In this case, we show the following inequality holds

H<¢|W|¢>:( 1T <ijklil00|W|z’jklilOO>)< 11 (z’jk;lkj11|W|ijkzlkj11>)

:( 1T (z’kklilOO]W\z’kklilOO)) ( 11 (kz'lklz'11|W|kilkli11>>

ik kA ik kA
= I (ikklit0o|W |ikklil00) (kilkiil 1|W|kilklil1) > 1. (3.65)
itk kAl
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arbltrary 1, k, | satisfying ¢ # k, k # | because of Eq. (3.29). By considering the
positivity of the submatrix

(< 2kl|W|,¢}zkl> < zkl|W|¢1kl>) _ << zkl|W|wzkl> 1
< zkl’W‘wzkl> < zkllW‘wzkl> 1 < zkl‘W|¢zkl

we obtain the inequality
(W3t W 5a) (Wi W [1030) > 1, (3.67)

which completes the proof of Eq. (3.65).
(Case 2: S3)  In this case, we show the following inequality holds

I @wie) = T (ijkkikoo|W |ijkkikoo)

>) >0, (3.66)

|Y)€Ss i#j,j=k
= H<¢zk|W|¢zk> = H<¢zk|W|¢zk><¢m|W|¢kz> >1,  (3.68)
ik i<k

where we define |1;x) := |ikkkik00) for i,k =0,...,d — 1. Since (¢;x|W |tp;) =
1 holds arbitrary i, k satisfying i # k because of Eq. (3.30), we consider the
positivity of the submatrix

(Wi W i) (Wi W )\ (i W [ti) 1
(<¢ki|W|¢ik> <¢ki|W|¢kz‘>) - ( 1 <¢ki|W|¢ki>) 20, (369

and obtain

(Wi W [ik) (Uoni W [hg) = 1 (3.70)

for any ¢ # k, which completes the proof of Eq. (3.68).
(Case 3: Sg) In this case, we show the following inequality holds

[T @wIwiw) = [[(iikkikoo|W|iikkiko0) = | [ (kkkkkkOO|W |kkkkkE00) > 1
[¢)€eSy i=k k
(3.71)

Let [¢y) := |kkkkkkOO) for £ = 0,...,d — 1, then (¢|Wlip) = 1 holds for
k # k' because of Eq. (3.32). By considering the positivity of the submatrix
(olWlo) — (WolWlhr) -+ (oW tha-1)

(lWleo) Wl W) |

, (3.72)
(Va1|W o) (Ya1|W 1) -+ (a1 |W|tha-1)
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we obtain Eq. (3.71).

In total, we uniquely determined the diagonal elements of W.

(Second part: off-diagonal elements of W) Here we show that every element
of W satisfies [(W);;| = 0 or 1. From the positivity, if a diagonal element is 0,
then all the elements of that row or column is 0. Therefore, we can assume that
W is given by

Tr,, Wt = (ikl|[WXW |15k T (3.73)
= aijkli’j’k’l’éjk5j’k’|il00><i/l/00| -+ bijkli’j’k’l’(sil5z"l’|kj11><k,j/11|
+ cijkli’j’k’l’éjk(si’l’|il00><k/j/11| + dijkli’j’k’l’éiléj’k’|kj]-1><7:/l/00’ (374)

with |aijkli/j’k’l’|> |bijkli’j’k’l’|7 ’Cijklz”j’k’l’|7 |dz’jkzli’j’k’l’| < L (Cf- Eq. (3-28)) As we
mentioned, it is enough to show that all of the absolute values of them (with
non vanishing kronecker delta) are 1. Considering that there are at most (2d*)?
non-zero elements, this is also equivalent to show that ||[W]|; = (24%)?, where
||W||1 denotes the element-wise 1-norm in this chapter (i.e. sum of absolute
values of all elements in the computational basis). Since ||[W]|; < (2d%)? is
trivial, we prove ||W||; > (24%)? in the following.

Remark 3.2. Before proceeding to the proof, we briefly explain the key idea of
the proof (by adding an extra assumption which makes the proof much simpler).
Let J = 3w [17ROG 'R, then [|[W][y > [|Tr,,WJ'||; holds because of
the triangle inequality. Assume that J € span{Jy, ® Jy,} (which is the extra
assumption and is not true), then the r.h.s. can be evaluated using Tr;,, W J' =
TriyWoJt as

Wl > ([ TeaW Iy = || TeaWo 'l = (2d°)%, (3.75)
which completes the proof.

In order to evaluate ||W]|;, we first provide a grouping of |ijki)i'j'k'l'| =
lig)i'j'| @ |kIXE'l'|, which covers all possible elements and also satisfies that
each group is in span{Jy, ® Jy,}. See Sec. 3.2 for the proof that they are in
span{Jy, ® Jy,}. We first classify |ij)(i’j’| into the following groups. (i, j,7, '
are assumed to be different by default)

1. If all ¢, 4,4, j" are different, or if only two of them are the same, or i =
J,i' =7 ori=jj =14, then we use |ij)}i'j'| € span{Jy, ® Jy,}.

2. Ifi=4,j=jori=i=j=j, thenweuse ., |ij)ij| € span{Jy, ®
Ju, }-
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3. Ifi=j3=4ori=j=j5ori=14d=j orj=1i = j then we use
(lig)ail = [77)7i0), (lgeXei] — 155)ig]) € span{Jy, @ Jus, }-

We denote the three groups as GGy, Gy and Gj3 respectively. To make the state-
ment clear, we provide the definitions explicitly as follows:

G ={ligXd'j'| |i#j#7 # 7,
ori=ji+#1i #j (and the remaining 5 patterns),

ori=j,i=fi#d ori=jj=di%#;j}, (3.76)
=itk
Gy = {Jig )il — 175050, l7a)ei] = 135)ig] | @ # 5} (3.78)

The number of elements of each group is given by

|G1] = d(d —1)(d —2)(d — 3) + 6d(d — 1)(d — 2) + 2d(d — 1) (3.79)

=d(d—1)(d* +d—4), (3.80)
|G| = d, (3.81)
|Gs| = 2d(d — 1). (3.82)

Note that |G1| + d|G3| + 2|G3| = d* holds. The same grouping is chosen for
|EL)K'l'|. By considering the triangle inequality and that the three groups has
no overlap, we obtain

3
W= >0 > [T (3.83)

a,b=1 JEG.®Gy

Moreover, since all J considered here satisfies J € span{Jy, ® Jy,}, we can
evaluate the r.h.s. with Tr;,, W J' = Tr;,, Wy J*.

The summation »_ ;. o ||Tri,WJ*|1 for each a,b is evaluated as follows.
See Appendix A for calculations. Note that it is enough to consider only 6 cases
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that satisfy a < b because of the symmetry between the two systems.

> TeaW Il = 2d(d — 1)(2d* + 2d° — 18d° + 11d + 8), (3.84)
JeG1®G1

> T W Iy = 2d(d — 1)(2d” — d — 4), (3.85)
JEG1RG2

> T Wt = 2d*(d + 1), (3.86)
JeGoRGo

> || TeiW Iy = 4d(d — 1)(4d” — 5d — 2), (3.87)
JeG1RGs

> T Wy = 4d(d — 1)(d + 2), (3.88)
JeGoR®G3

> T W' = 16d*(d — 1). (3.89)
JEG3RG3

By using these equations, ||W]|; is evaluated as
W1y > (2d°)?, (3.90)

which completes the prove of Theorem 3.1.
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Chapter 4

Controlled Quantum Operations,
Controlled Quantum Combs, and
Controllization

A quantum version of a conditional operation is a controlled unitary operation.
Even though a controlled version of a unitary operation is well-defined, it has
been shown that universal controllization of unitary operations maintaining full
coherence is not implementable with a single use of the unitary operation within
quantum mechanics [21-24]. This no-go theorem of universal controllization of a
unitary operation restricts quantum programming, since whenever the controlled
unitary operation is used in a quantum algorithm, controllization has to be
performed based on the description of each unitary operation. There are several
preceding researches on controllization of unitary operations by relaxing the
situation of the no-go theorem.

In this chapter, we analyze the problem of universal controllization as con-
trolled higher-order quantum operations. Introduction of well-defined controlled
versions of general quantum operations and higher-order quantum operations
provides a novel tool for quantum programming, in addition to the standard
controlled unitary operations.

In Sec. 4.1, we first seek an “appropriate” definition of a controlled general
deterministic quantum operation for utilizing controlled quantum operations in
quantum computation by extending the definition of controlled unitary opera-
tions. In our definition, controlled quantum operations with different degrees
of coherence are defined with a Kraus operator contributing to the coherence.
The coherence of a controlled quantum operation is evaluated by the trace norm
of an off-diagonal term of its Choi operator. If the Hilbert-Schmidt norm of
the Kraus operator contributing to the coherence is 0, it is classically controlled
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(no coherence), and if it is 1, it is fully coherently controlled as in the case
of standard controlled unitary operations, and controlled quantum operations
with intermediate coherence are also included. For each quantum operation,
the maximal Hilbert-Schmidt norm of the operator is determined, which we call
the most coherently controlled quantum operation. In Sec. 4.2, we discuss the
relationship between quantum switch and controlled quantum operations based
on our definition.

In Sec. 4.3, we further extend our definition to a controlled version of quan-
tum combs. We then show that universal controllization can be regarded as
a controlled version of a neutralization comb, a quantum comb transforming
any quantum operations into the identity operation. A controlled neutralization
comb can perform a transformation from a quantum operation to its controlled
version, although the maximal coherence may not be guaranteed in general.

The idea of controlled neutralization comb provides a unified way of under-
standing and analyzing controllization. By utilizing the most coherently con-
trolled neutralization combs, the quantum algorithms presented in Sec. 2.4 can
be understood in a way as presented in Sec. 4.4.1. We also propose a new quan-
tum algorithm for universal controllization which can be implemented without
any auxiliary system. The new algorithm for universal controllization we present
in Sec. 4.4.2 and Sec. 4.4.3 is based on randomization using the Pauli operations
and the Clifford operations, respectively. We evaluate both randomizations, and
we show that the randomization using the Pauli operations performs better than
the randomization using the Clifford operations.

4.1 Controlled Quantum Operations

4.1.1 Controlled Quantum Operations Based on Physical
Implementations

We seek an appropriate definition of controlled quantum operations by gener-
alizing the definition of the controlled unitary operations preserving coherence
Je, instead of the incoherent version Jegs. In this section, we consider two possi-
ble generalizations based on two different implementation schemes of controlled
unitary operations, and both generalizations emerge to the same definition.
The first definition of the controlled quantum operation is based on the
Stinespring representation [45] of a quantum operation, which is represented by
the quantum circuit shown in Fig. 4.1. For a quantum operation A represented
by the Kraus operators given by {K;}! ,, it is always possible to define a unitary
operator U on an extended quantum system H ® H.u by adding an auxiliary
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) " H —
Hawe | U = ) A
0) —D

Figure 4.1: A quantum circuit for Stinespring representation of a quantum oper-
ation. A quantum operation A : £(H) — £(K) can be implemented by adding
an auxiliary system H,,.x in a state |0) to an initial state |¢)) on H and applying
a unitary operation U on the joint system H ® H.ux. The unitary operator U is
called purification of the Kraus operators of A.

system Hau = C" satisfying
Ul)]0) = Kilu)]i) (4.1)
i—1

for an arbitrary state ) € H, where {|i)}", is an orthonormal basis of the
auxiliary system. Note that we take a particular U such that the summation
over i starts from 1 instead of 0 in the r.h.s. of Eq. (4.1) to treat each Kraus
operator K; for ¢ = 1,...,n equally. This choice is equivalent to taking the
Kraus operators {K;}" , with Ky = 0. We call this U as a purification of the
Kraus operators {K;}. The quantum operation A can be represented as the
reduced dynamics of this unitary operation as

A([)]) = Trau [U (J4)¢] @ 00 UT] . (4.2)

Considering the controlled unitary operation defined by Eq. (2.36), the Choi
operator of the controlled unitary operation of the purification Eq. (4.1) is given
by JCU c £<HC X ]CC ® H X IC ® Haux ® Kaux) as

Jey = (100}12)[00) + [11) D7 [£)103) ) (0017100 + (111D~ (K 1(041) (4:3)

where |mm)|X))|0n) is a tensor product of |mm) € He ® K¢, | X)) € H@® K
and |0n) € Haux @ Kaux. We omitted the global phase dependence in Eq. (4.3),
since it can be absorbed in the choice of the Kraus operators. By tracing out
the auxiliary system Haux ® Kaux, the Choi operator of the reduced dynamics is
obtained as

Traux(Je, ) = 100)00] @ Jig + [11)(11] @ J4. (4.4)

This is the classically controlled quantum operation defined by Eq. (2.39). Even
when A is a unitary operation whose Kraus operator is given by a single element
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set {K; = V} of a unitary operator V, the construction of the Choi operator
based on Eq. (4.1) derives Jegs instead of Je¢, which preserves coherence.

The loss of coherence here originates from ignoring the freedom in the pu-
rification of the identity operation applied in the case that the control qubit is
|0). In other words, there is an asymmetry that the identity operation is imple-
mented without purification while Ais. The general form of the Kraus operators
of the identity operation is given as {K; = o,I} satisfying 3, o> = 1. The
corresponding purification Uy of these Kraus operators of the identity operation
is given by

Uo)|0) = ) 3 ). (4:5)

Here Uy is a unitary operator acting non-trivially only on the auxiliary system
Haux- We consider that Uy is applied when the control qubit is |0) instead of
I on H ® Haux in the controlled quantum operation. Then the corresponding
unitary operator of the controlled operation (NZU,UO is

Cu,u, = [0)0] ® Uy + |11 @ U. (4.6)

The corresponding Choi operator is given as

Jeowy = 2 (al00)| 1) + D1 ) (@3 4001{(T] + (LK) @ [0)05], (4.7)

ij=1

By tracing out the auxiliary system H.ux ® Kaux, We obtain

Trawcles, = 9 (al00)ID) + 11D ) (0 0011 + (LUK (48)
The corresponding quantum circuit is shown in Fig. 4.2. We take the definition
given by Eq. (4.8) as the first definition of a controlled quantum operation. For a
given quantum operation, controlled quantum operations with different degrees
of coherence can be defined by changing the set of Kraus operators {K;} and
coefficients {a;}.

In the appendix of Ref. [49], a definition of a controlled quantum operation is
introduced in terms of purification with an environment. They obtained a similar
representation of ours where «; = (i|Up|0) in Eq. (4.8) is given by (i|eg) with
an initial state of the environment |¢) in their definition. The main difference
between the definition of Ref. [49] and our definition is that we explicitly choose
a certain type of Kraus operators { K;}, satisfying Ky = 0. By this choice of
the Kraus operators and the corresponding purification U, the quantum circuit

o1



a|0) + 5[1)

V) vl W

10) — Uo —

Figure 4.2: A definition of controlled quantum operation based on the Stine-
spring representation. There is extra freedom by introducing U, applied to the
auxiliary system depending on the state of the control qubit, which can be re-
garded as a purification of the identity operation. Given a fixed U, controlled
quantum operations with all possible degrees of coherence for a given quantum
operation A are implementable by only changing Uj.

shown in Fig. 4.2 can implement controlled quantum operations with all possible
degrees of coherence by just choosing the coefficients {a;} or equivalently Uy.
We will analyze this point at the end of Sec. 4.1.2.

The second definition of a controlled quantum operation is to use an addi-
tional dimension, based on the implementation of a controlled unitary operation
in the optical interferometer system [22,23,30,54,55]. Consider a composite of
quantum states of the control qubit «|0) 4+ £|1) and the target state [¢)). We
assume that the control qubit and the target state are encoded into the a single
photon. That is, the control qubit is encoded into the polarization of a pho-
ton as o|H) + B|V), where |H) and |V') denote the horizontal and the vertical
polarization, and the target state is encoded into other degrees of freedom of
the same photon such as the orbital angular momentum or the transverse spa-
tial mode, which is represented by the Hilbert space H. A unitary operation
represented by U € L(H) can be realized by an optical element which acts on
the addition degrees of freedom but not the polarization, and the corresponding
controlled unitary operation EU can be implemented with the optical interfer-
ometer shown in Fig. 4.3a. The polarization of the photon controls its path
via polarization beam splitters, and the optical elements corresponding to U is
placed in the lower path. If the polarization of the photon is in |V'), the photon
pass through the lower path and U is applied on the target state [¢). If the
polarization of the photon is in |H), the photon pass through the upper path,
and the vacuum state pass through the optical elements corresponding to U
which remains to be the vacuum state. Thus, the resulting quantum state is
given by o|H)|y) + 5|V)U|y), and the action of the controlled unitary opera-
tion is obtained. By considering the vacuum state |v), which is ignored in the
formulation of optical elements, a unitary operation U on the Hilbert space H
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(a) (b)

Figure 4.3: (a) An implementation of a controlled unitary operation in an optical
interferometer [22,23]. The optical element PBS denotes a polarization beam
splitter, and the polarization |H) and |V) control the routing of the optical
path. The lower path has an optical element acting on the additional degrees
of freedom, which corresponds to the unitary operation U acting on the target
system. (b) An equivalent quantum circuit to the optical interferometer by
introducing the vacuum state |v). The control qubit |0) and |1) correspond to the
polarization |H) and |V'). The target state |¢’) is a quantum state embedded in a
one-dimension larger Hilbert space |¢') € H@®C that is equivalent to the original
target state [¢) € H as [¢0') = [¢) + OJv). The auxiliary state is given by the
vacuum state |v) € H @ C, and the unitary operation U = U @ |[v)v| € L(H®C)
does not change the vacuum state |v).

can be regarded as a unitary operation U embedded into a one-dimension larger
Hilbert space H & C as U = U @ |v)(v|. The optical interferometer shown in
Fig. 4.3a with the unitary operation U can be regarded as the quantum circuit
shown in Fig. 4.3b with the unitary operation U.

An embedded unitary operation U is transformed to the corresponding con-
trolled unitary operation 5(7 by the optical interferometer shown in Fig. 4.3.
This transformation is represented by the following function f, namely,

f(Jz) = [00X00| ® Jg + [11)}11] ® Jg + |00X11| @ [IW(U| + h.c. (4.9)
= [00)00] ® Jg + [11X11]| ® Jg + [00)11] @ |I) ((vv].J5) + h.c., (4.10)

where |U)) = |U)) + |vv) by definition of the embedded space, and the second
equality holds because of (vv|U)) = 1. Note that the function f only depends
on Jg, which is uniquely determined for a unitary operation.

This optical interferometer implementation for a controlled unitary operation
can also be extended for general quantum operations. A quantum operation A
can be extended to A of a larger dimensional system by extending the Kraus op-
erators as K; = K; @ a;|v){v], where coefficients {o;} satisfying >, |o;|> = 1 are
necessary so that {l_(,} is also a Kraus representation of a quantum operation.
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For a quantum operation given by the Kraus operators { K;}, the controlled ver-
sion given by the optical interferometer shown in Fig. 4.3 is uniquely determined
by the Choi operator f(Jz) as

F(J2) = 100)00| @ Jig + [11)}11] @ J 5 + [00)(11] @ | T) ((vv|J5) + hc.  (4.11)
= > (ail00) ) + M) [ K3)) + aslg)fov))

X (e (0] (1] + (LK + o (€] (vo]), (4.12)

where |£) = |00) + |11) is a vector in He ® Ke. Assuming that the input
state of this extended operation does not contain the vacuum state, that is,
it is orthogonal to [teu)|v), Where [thn) is an arbitrary state of the control
qubit, the third term in each bracket does not affect the result, and Eq. (4.12)
is equivalent to Eq. (4.8).

The two different definitions emerge to the identical one given by

Jossoes = 3 (@al00)| 1) + [10) 1K) ) (@i 00171 + (1K) (413)

(2

We stress that a characteristic property of this definition of a controlled quantum
operation J K is that it cannot be uniquely determined by the Choi operator
J 4, but depends on both the choice of the Kraus operators { K;} and the coeffi-
cients {c;}. This is in contrast to the classical controlled version of a quantum
operation Jcﬂs, which is uniquely determined for A.

4.1.2 Axiomatic Definition of Controlled Quantum Op-
erations

In this section, we define a controlled quantum operation in an axiomatic man-
ner. We show that we can derive the definition of the form given in Eq. (4.13)
from a small number of axioms. We consider that a controlled quantum opera-
tion should satisfy the following three criteria.

Axiom 4.1 (Axioms for controlled quantum operations). The action of a con-
trolled quantum operation of a deterministic quantum operation A satisfies the
following three azioms.

1. If the state of the control qubit is |0) or |1), the state of the control qubit
remains unchanged after applying the controlled quantum operation.

2. If the state of the control qubit is |0), the identity operation is applied to
the target system.
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3. If the state of the control qubit is |1), the quantum operation A is applied
to the target system.

The form of the controlled quantum operation given by Eq. (4.13) can be
derived from just these three axioms as follows. A general form of the Kraus
operators of a quantum operation on a composite system consisting of a control
system and a target system is written by

L; = [0X0] @ A; + [0X1] @ B; + [1)0] ® C; + [1X1| ® D;
€ L(He ®H, Ke®K) (4.14)

Due to the first axiom, terms in L; that change the control qubit state must
vanish as B; = C; = 0. To satisfy the second axiom, each A; must be propor-
tional to identity, that is, 4; = o;I with Y. |a;|*> = 1 is required. The third
axiom implies that {D;} is a Kraus representation of A. Therefore, the Kraus
operator of the controlled quantum operation has to be in a form of

where > |o;|? = 1 and {K;} is a Kraus representation of A. The quantum
operation given by the Kraus operators {L;} is equivalent to that of Eq. (4.13).

A controlled quantum operation is characterized by the parameters {«;}
and { K}, but not all different combinations of these correspond to all different
controlled quantum operations in general, namely, these parameters are redun-
dant. In the following, we provide a parameterization that uniquely determines
a controlled quantum operation. By expanding Eq. (4.13), we obtain

Jeicies = Jege 4 |00)11] @ [1H(K] + [11)(00] @ | K)}(L], (4.16)

where Jcﬂs is a controlled quantum operation of A without coherence defined by
Eq. (2.39) and K is the operator given by K = Y ofK,. As a Choi operator
uniquely determines a quantum operation, the operator K fully specifies one
controlled quantum operation of A without redundancy. Note that the operator
K corresponds to the transformation matrix introduced in Ref. [49]. In the

~K ~
following, we use the definition of the controlled quantum operation C , for A
with a choice of K =), afK; for A as

Jese = Jege + [00Y11] ® [D)(E] + [11)(00] @ [K (). (4.17)

Now we show that the quantum circuit shown in Fig. 4.2 can implement
controlled quantum operations with all possible degrees of coherence for a given
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quantum operation by choosing only the coefficients {a;} or equivalently Uj.
More precisely, given a fixed set of Kraus operators {K;}" , with K, = 0, for
any set of the Kraus operators { K}, with K = 0 and coefficients {a/}}7_,
with 37 o[> = 1, we can choose {a;} with 37 |a;* = 1 to make the two
resulting controlled quantum operations to be equivalent. This property implies
that we can represent all possible controlled quantum operations for a given
quantum operation by any choice of the Kraus operators with our definition
given by Eq. (4.8).

Since {K;}i, and {K}}7., represent the same quantum operation, K =
>_; w;; K holds with a unitary matrix (u;). Note that if n # m, we pad with
K;, KJ’~ = 0 to make the number of the Kraus operators to be the same. In
order to implement the controlled quantum operation with K = > _.(a’) K],
by considering 3 (a})* K} = > _(aj) u}; /i, we can choose oy = >, aluj;
when the Kraus operators are given by {K;}I",. For n < m, > I, |a;|* may
be smaller than 1, we pad {K;}, to {K;}I", with K; = 0 for n < i < m.
However, since we assumed K, = 0, we can re-define the coefficient |ag|?* by
lao? + 3207, 1 || to satisfy 37 o[> = 1. Note that the phase of ag can be
chosen arbitrarily as the corresponding Kraus operator is Ky = 0. For n > m,
oo lail* = 1 is satisfied by construction. Thus, for a given set of the Kraus
operators { K; }, with Ky = 0, we can choose only the coefficients {c; } to define
controlled quantum operations with all possible degrees of coherence, and it also
indicates that the quantum circuit shown in Fig. 4.2 can be used to implement

corresponding all possible controlled quantum operations.

4.1.3 Most Coherently Controlled Quantum Operation

The controlled quantum operation defined by ai contains different types of con-
trolled quantum operations including the classically controlled version of quan-
tum operations depending on the choice of K. However, in quantum information
processing, keeping coherence or superposition of states is important. Thus, we
consider a characterization of the most coherently controlled quantum operation
in this section.

Since we focus on the coherence between the different states of the control
qubit, we investigate the (block) off-diagonal term of the corresponding Choi
operator of a controlled quantum operation. Especially, we consider the off-
diagonal term of the Choi operator indicating coherence of a controlled quantum
operation given by

Ach - Jcﬁ - JCJc“ls. (418)
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The trace norm of Ach corresponds to a distance measure between quantum
operations [56]. We regard that the controlled quantum operation that has
the largest norm of the off-diagonal term, which can be also interpreted to be
the most distant one from the classically controlled version, as the quantum
mechanically most coherent one. Here AJCﬁ has only two non-zero eigenval-

ues A\ = £v/d/Tr [KTK] and the corresponding two eigenstates are given by
(1/v/d)|00) @ |I)) £+ (1/VTrKTK)|11) ® |K)). Thus, we obtain the Schatten
p-norm' of this operator || X|| = /Tr[|X|"] as

HA‘]Cfpr = 25Vd\/Tr [KTK]. (4.19)

According to Eq. (4.19), Ej with maximum quantum coherence (in the sense
of the Schatten p-norm) is obtained by maximizing the Hilbert-Schmidt norm of
K. In order to calculate the Hilbert-Schmidt norm, we introduce the orthogonal
Kraus operators {K ;} as follows. For any quantum operation .71, we can take
a set of mutually orthogonal Kraus operators { K ;7L satisfying Tr K'K ;=0
for all « # j. Explicitly, {Kj};”:l can be obtained by first calculating the Choi
operator of :Zl, and then performing the spectral decomposition on the Choi
operator. Note that the number of the Kraus operator in the orthogonal Kraus
representation {K;}7, satisfies m < n where n is the number of the Kraus
operators in an arbitrary Kraus representation {K;}! ;. We can rewrite K =

Y arK;as K =Y, B K; with
Tr KTK;
Tr K,L Kz
by defining K; = 0 for m < i < n when m < n. The coefficients {3;} satisfy
S 1BiIF < 1 and this can be shown as follows. Since {K;} and {K;} represent

the same quantum operation, K; = ijl uinj holds with a unitary matrix
(ui;). Then we obtain

SOIBP =D el fuig Giem = Y sl < e =1 (4.21)
j=1 i=1 i=1

ij=1
where 0;<,, denotes a step function, namely, d,<,,, = 1 for ¢ < m and otherwise
Oi<m = 0.

By using the orthogonal Kraus operators {K;}, the Hilbert-Schmidt norm of
K is represented as

KK =Y |8 KK, D IBF < 1. (4.22)

IThe trace norm corresponds to p = 1.
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We define a subset of the index of the orthogonal Kraus operators {K;} of a
quantum operation A with the maximum Hilbert-Schmidt norm as

Amax = {Z ’ \V/], Tr KzTK,L Z Tr KJTKJ} . (423)
It is clear from Eq. (4.22) that the operator K for the maximum coherence
is obtained by appropriately choosing the coefficients {«;} for the orthogonal
Kraus operators with the maximum Hilbert-Schmidt norm as

K=Y oK, > |af’=1 (4.24)

ieAnlax 4

We can construct an orthogonal Kraus representation of A which includes K
as one of the Kraus operator. In other words, K is one of the possible Kraus
operators of A which has the maximum Hilbert-Schmidt norm. In the follow-
ing, we call a controlled quantum operation of A described with the maximum
Hilbert-Schmidt norm of K as the most coherently controlled quantum operation.
In particular, when the maximal Hilbert-Schmidt norm of K is 1, we refer such
a controlled quantum operation to as the fully coherently controlled quantum
operation. The controlled unitary operations given by Eq. (2.37) is the fully
coherently controlled quantum operation as expected.

Remark that the definition of a controlled quantum operation can be gener-
alized by replacing the identity operation applied when the control qubit state
is |0) with another general quantum operation, such as the depolarizing chan-
nel. Such kinds of controlled quantum operations are considered in Ref. [49,50].
However, it is difficult to evaluate the coherence in general for such cases, and
it is not clear what can be regarded as the most coherently controlled quantum
operation. Nevertheless, the most coherently controlled quantum operation can
be easily extended if another quantum operation described by a single Kraus
operator, e.g., an isometry V', is applied when the control qubit state is |0),
instead of the identity operation. In this case, by replacing the identity operator
by the isometry V in Eq. (4.15), all the calculation directly follows, and the
eigenvalue to calculate Eq. (4.19) becomes ++/Tr [VIV]/Tr [KTK]. Since the
TP condition is given as VIV = I for deterministic quantum operations, we

obtain the same value of coherence as Eq. (4.19).

4.2 Relationship between Controlled Quantum
Operations and Quantum Switch

Recently, the effects of a quantum switch [27] on general quantum operations
have been extensively analyzed. It is reported that quantum switch enhances
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the communication capacity of the input channels, including the completely
depolarizing channel [33,35,48] (Sec. 2.5). While some consider the enhance-
ment is due to the indefinitely causally ordered aspect of quantum switch, others
claim that such a phenomenon can happen in systems exploiting coherently con-
trolled quantum operations without causally indefinite elements [49,50]. In this
section, we investigate the relationship between controlled quantum operations
and quantum switch based on our definition of controlled quantum operations.

In Ref. [49], it is pointed out that the action of quantum switch on the
depolarizing channels presented in Ref. [33] can be obtained by considering con-
trolled depolarizing channels. That is, by taking K = é[ in our definition for
controlled quantum operations, the action of concatenation of two controlled
depolarizing channels (with one of them having inverted control qubit, namely,
applying the depolarizing channel if control qubit is in |1) and do nothing if in
|0)) is equivalent to the action of quantum switch on depolarizing channels. In
order to avoid confusion, we denote the controlled quantum operatlon of A with
inverted control qubit as c 4 in this section. That is, C. A= =X,oC AO© X. where
X . denotes the Pauli X operation (NOT operation) on the control qubit. To
simplify the problem, here we consider only two-dimensional case. The Kraus
operators for the depolarizing channel Dis given by {%Ui}?zo, where o; denotes
the Pauli operators as o9 = I,00 = X,00 = Y,03 = Z. The Choi operator of
the output quantum operation of quantum switch is calculated as

I I
100X00] @ 5 + [11X11] @ 5 +100) 11|®Z ~loioW(ojoi| + hec.

7]

= [00)(00| ® g + 111 © g + (J00)(11] + [11%00]) @ i|1>><<1\ (4.25)

by using the commutation relation of the Pauli operators. The resulting quan-
~olL
tum operation of concatenation of two controlled depolarizing channels, C, o

Cg = 5g o EODL, is given by
1 1
100)00| ® 3 + [11)11| ® 3 + [00)(11| @ |L)(K| + |11X00| @ |K)(L|, (4.26)

where K and L denotes the Kraus operators defining the controlled quantum
operation. It is easy to see that the two resulting quantum operations coincide
if we take K = L = 11 as Ref. [49] pointed out.

In Ref. [57,58], the authors pointed out that while the input state passes
through both depolarizing channels in quantum switch case, it passes through
only a single depolarizing channel in the controlled depolarizing channel case. In
fact, the action of both cases coincides because concatenations of depolarizing
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channels are depolarizing channel. Moreover, the authors pointed out that the
concatenation of two controlled depolarizing channel is different from a single
controlled depolarizing channel. In our formalism, this fact is also obvious.
Assuming that the two depolarizing channels are characterized by K7, K5, then
the concatenated one is characterized by Ky K. While K5 K is a Kraus operator
for the concatenated channel, such a product does not cover the whole set of
Kraus operators of the concatenated channel. For example, for the depolarizing
channel case, while %I is a Kraus operator of a single channel, it cannot be a
product of two Kraus operators of the depolarizing channel, i.e., of the form
Ky K, with K, Ky being the Kraus operators of the depolarizing channel.

In this section, we also show that if the input quantum operation is different
from the depolarizing channel, such coincidence does not happen in general, not
only because the concatenation of two channels is not the same as the original
one, but also the coherent term cannot be the same. In particular, we consider
the case where the input quantum operation Ais given by the Kraus operators
{a;o;}3_, with a; > 0 satisfying >~ a? = 1. Note that the depolarizing channel
corresponds to a; = 1/2 for all . The action of quantum switch on this quantum
channel is given by

100%(00] ® Jaoa + |[11)11] @ Ja04 + |00)11| ® B + [11X00] @ B} (4.27)
where the off-diagonal term B is given by

B = Zocﬂ[))«fl + 2[(apar)? — (apas)?]| X N(X|

+2[(agaz)” = (a0’ [Y Y| + 2[(anas)” — (ae)’]|Z)( 2] (4.28)
On the other hand, if we consider the concatenation of two controlled versions,
which are characterized by K, L, respectively, the resulting quantum operation

~ol, ~K
C4 oCy is given by

|00X00] @ J4 + |11)11]| ® J4 + [00)11| @ |L)(K| + [11)00] @ |K)(L|. (4.29)

Here the two operators K, L have to satisfy
K = Zﬁi(aiai) Z 16> < 1, (4.30)
L= Z%’(Oﬁgz‘) Z l* < 1, (4.31)
and thus, we obtain

WK = DB ciag|oios]. (432)
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From Eq. (4.28), we can see that unless o; = 1/2 for all i or o; = 1 for one
1 and otherwise 0, which correspond to the depolarizing channel and the Pauli
operations, respectively, at least one of |o;)){(o;| for i # 0 remains. Assuming that
|o1)){(o1] remains. Then, in order to let the same term in Eq. (4.32) be non-zero,
it is required that oy, 81,71 # 0. Also, the term |I){(| in Eq. (4.28) is non-zero,
and it is required that ag, 8y, v # 0 from Eq. (4.32). However, this indicates
that the term |o¢)){(o1| is also non-zero in Eq. (4.32), where such term does not
exist in Eq. (4.28). Thus, the two resulting quantum operations can coincide
only if the input operation is the depolarizing channel or the Pauli operations
among the quantum operation given by the Kraus operators {a;o;}3_.

If we consider the controlled version of the concatenation of two channels,
C ALO 4 © Eio 4, the diagonal terms coincide, but the coherent term still cannot
coincide. The concatenation of two quantum channel J 4,4 is given by {a/o;}3_,
where

ay= > af (4.33)

o = /2(p1)? + 2(aas)? (4.34)
oy = /2(apn)? + 2(aras)? (4.35)
(Xé = \/2(0(0063)2 + 2(@10&2)2 (436)

Here the two operators K, L have to satisfy
K=Y Bilajo) Y I8 <1, (4.37)
L= i%(agaz‘) zz: il <1, (4.38)
and thus, we obtain

Z%B*a Hoaol. (4.39)

Similarly, we can see that unless a; = 1/2 for all i or oy = 1 for one ¢ and
otherwise 0, i.e., the depolarizing channel and the Pauli operations, the two
resulting quantum operations cannot coincide. Note that here the coherence
between two quantum channels to be concatenated is allowed as we consider
the controlled version of A o .Zl, ie., 52 4~ This also includes the case of the
concatenation of two independently controlled channel, i.e. 5? o 851, because
if K1 and K5 are the Kraus operators for the quantum operatlon A then it is
also possible to choose K = KK, as a Kraus operator for Ao A. The inverse
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is not possible in general, and unless coherent control of DoDis allowed, the
controlled depolarizing channel does not have the same action as the output
operation of quantum switch, that is, there exists no Ki, Ko, L1, Ly such that

~OL2 ""OLl

G 0o 0Cp 0Cp' coincide with Eq. (4.25).

4.3 Controlled Quantum Combs

In this section, we extend the definition of controlled quantum operations to
controlled quantum supermaps, especially controlled quantum combs. We con-
sider a quantum comb S transforming N quantum operations :Zlk c L(Hop—1) —
L(Hay) for k=1,..., N to atarget quantum operation Ay : £(Ho) — L£(Hon+1)
as Fig. 4.4 shows. The Choi operator of this quantum comb S satisfies

5$>0 (4.40)

Trop 1S = Trzk,2k+15(2kﬂ) ® —

, 4.41
™ (4.41)

for k=0,1,..., N and S®**D := Try. 15 5y 1.S. While we usually use the Choi
operator as a mathematical description for quantum combs, quantum combs can
also be described by the Kraus operators {.5;} as

S(J)=>_8.JS], (4.42)

with S; € L(H1 @ Ho ® -+ @ Han, Ho @ Hani1). The Kraus representation and
the Choi representation are related as

S = Z ERE (4.43)

Note that the condition for S; is not ). S;r S; = I, which is the condition for a
quantum operation to be TP. Instead, the conditions for S; are determined by
the conditions given by Eq. (4.41). In Appendix B, we rewrite this condition in
terms of the Kraus operators.

In the following, we define the controlled version of a quantum comb analo-
gous to the case of quantum operations given by Eq. (4.17) presented in Sec. 4.1.
In the definition of a controlled quantum comb, it is not straightforward to define
an identity comb, which corresponds to the identity operation for defining con-
trolled quantum operations. Here we consider the following quantum comb as
the identity comb. Assuming that dim Hop = dim Hay 1, we define the identity
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Figure 4.4: A quantum comb with N input quantum operations. The k-th

input quantum operation is a quantum operation transforming a state on Hop_1
to Hog. The resulting quantum operation is a quantum operation transforming
a state on Hy to Honi1.

0(contr0|)| ..... 2N+1(control)
0| 1% 3 4 2N-1 2N [2N+1

Figure 4.5: A controlled quantum comb. The initial and the final Hilbert spaces
of the control system belongs to the initial and the final Hilbert spaces of the

quantum comb.

comb Sid as a quantum comb that transfers the state in Hox to Horyr1 without
any change for all k. The action of this quantum comb is given by

Sia(A1 @ @ Ay) = Ay o--- 0 A. (4.44)
This identity comb can also be represented as
Sia(J) = KiJK], (4.45)

where K4 is the corresponding Kraus operator given by

Kig = <®<<I|2k,2k+1> D)ool )an41.2841- (4.46)

k=0

Note that the following arguments of this section can be generalized to the case
that the quantum comb is described by a single Kraus operator, instead of this
identity comb.

Analogous to the controlled quantum oper~ation defined by Eq. (4.17), we

define the controlled version of quantum comb Cs as in Fig. 4.5 by the following
Choi operator

CE = |00)00| ® Sig + [11X11| ® S
+ [00)(11} & [1)}(K ]+ |11)00] @ [K))({], (4.47)
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where K = Y, a;K; with 3, a;]> = 1 and S is the Choi operator of the
identity comb. If we trace out the final system Hoy,1, which includes the
control qubit system, the third and fourth terms vanishes. Thus, it is clear if
the quantum comb to be controlled satisfies the sequential condition given by
Eq. (4.41), the controlled version also satisfies the same condition and is a valid
quantum comb.

Moreover, as in the quantum operation case, we can define the most coher-
ently controlled quantum comb in terms of the operator K by

K=Y oK, Y |a*=1, (4.48)

1€ Bmax i
where {K;} is an orthogonal Kraus representation of the quantum comb S and

By i= {i ‘ vj, KK > TR R (4.49)

4.3.1 Neutralization Comb and Controlled Quantum Op-
erations

In this section, we investigate the relationship between controlled quantum op-
erations and controlled quantum combs. We consider a class of quantum combs
which we call neutralization combs, i.e., quantum combs transforming any input
quantum operation into the identity operation. A quantum comb N which takes
N quantum operations :le, e ,.ZlN as inputs is a neutralization comb if

NA @ @ Ay) = id. (4.50)

Note that the condition given by Eq. (4.50) does not uniquely determine a
neutralization comb, and there are many quantum combs satisfying Eq. (4.50)
forming a class of neutralization combs.

When we have quantum operations .le, e ,;lN as input operations of a
controlled neutralization comb, the resulting quantum operation is a controlled
quantum operation of .ZlN 0---0 ;ll. That is, if the control qubit is in |0), the
controlled quantum operation applies the identity operation, and if the control
qubit is in 1), it applies Ay o---0 A, (See Axiom 4.1) From now on, for
adopting the standard notation of controlled quantum operations, we exchange
the state of the control qubit when the identity comb is applied and when a
neutralization comb is applied. Namely, we apply the neutralization comb if the
control qubit is in |0) and apply the identity comb if the control qubit is in |1), so
that the role of the control qubit of the resulting controlled quantum operation
coincides with the standard definition of controlled quantum operations.
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mput A
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Figure 4.6: A neutralization comb with a single input quantum operation A
defined by Eq. (4.51) with N = 1. Any input state of H, is sent to the output
state without any change regardless of the quantum operation A.

One way to implement a neutralization comb is to apply the input quantum
operations on the auxiliary system, and then discarding the auxiliary system.
Mathematically, this neutralization comb is described as

N - |]>><<]’O,2N+1 ® szn ® IHOM? (451)

where H;, = ®2V:1 How—1, Hour = ®2V:1 Hor and p € L(H;,) is a quantum state
that is initially prepared in the auxiliary system. The corresponding quantum
circuit of this neutralization comb for N = 1 is shown in Fig. 4.6.

It would be the first guess to simply use this neutralizing comb for defining a
most coherently controlled neutralization comb and then obtain the most coher-
ently controlled quantum operation. However, the most coherently controlled
neutralization comb does not necessarily provide the most coherently controlled
quantum operation in general. For example, consider the neutralization comb
given by Eq. (4.51) for N = 1. When Ais a single unitary operation described
by U, the corresponding most coherently controlled operation is given by the
controlled unitary operation Cyy defined as Eq. (2.35). However, it is shown that
the controlled unitary operation is not implementable in this situation [21-24],
regardless of how the controlled neutralization comb is defined.

While universal controllization is not possible in this case, the most coher-
ently controlled neutralization comb can implement the action of the most coher-
ently controlled quantum operation by restricting the set of the input quantum
operations. One example of such a restricted set is the set of unitary opera-
tions of which one of the eigenstates of the unitary operator U is given, that is,
{U | Uhp) = e?v|y)} where |1) is an eigenstate and 6y is an arbitrary phase.
Note that the implementation of a controlled unitary operation in the optical
interferometer system (Fig. 4.3) can be regarded as a special case where the
eigenstate |¢) is given by the vacuum state |v).

Consider the controlled neutralization comb given by Eq. (4.51). It is easy
to see that if we set the auxiliary state to be p = [1))¢], the controlled unitary
operation is implemented. Mathematically, this neutralization comb is described
by N = [I)(I]os® |} |1®12. Only the eigenvector which has the maximal norm
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target

aux : [1) @

Figure 4.7: Quantum circuit for the controlled neutralization defined by
Eq. (4.52). If the unitary operator U has an eigenstate |1), this quantum circuit
exactly implements the corresponding controlled unitary operation.

contributes for the most coherently controlled comb. In this case, it is possible
to choose any elements as |Ky)) = |I)o3®|1)1 ® |¢)2 with an arbitrary state |¢).
By requiring the controlled version of the identity operation id : £(H) — L(K)
is still an identity operation id : £L(He®@H) — L(Kc®K), we obtain |¢) = |1*),
and the corresponding fully coherently controlled neutralization comb is given
by

Cy = [00)(00] ® N + |11)(11] @ |I)(]
+ [00)(11] @ [Ko){(| + [11)X00[ @ [I))}{( Ko, (4.52)
[Ko)) = [)os ® [} @ [¢7)a. (4.53)

A quantum circuit for this implementation of the neutralization comb is shown
in Fig. 4.7. The action of this controlled neutralization comb Cy for U is given
as

T3, Howe [N (JUN(U |12)"]
= [00X00| @ Jig + [11)(11] @ Jr + [11X00] @ (U [12(| I Kolo123)| U™ D12 + h-c.
— 00)(00] @ Jig + |11)11] ® Jyr + |11)(00] ® e~ UW(I]os + h.c. (4.54)

where the last equality holds because of

(U 2| Ko)or2s = [1))os ZW(I @ UT)[py*)
= [D)os _(il(U @ Dy

= [I)ose™ . (4.55)
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4.4 Universal Controllization utilizing Controlled
Neutralization Comb

4.4.1 Neutralization Comb for Multiple Copies of an In-
put Unitary Operation

In this section, we show that the algorithm for controllization of divisible unitary
operations presented in Sec. 2.4.3 (Fig. 2.4) can be reproduced by using the idea
of neutralization comb. For simplicity, we consider the case that the input uni-
tary operation is described by a d-dimensional unitary operator U, and by using
this unitary operation n times to implement the controlled quantum operation
|OX0| ® I + |1)X1] ® U™. Note that in this case, the output of the identity comb
is given by U™.

We assume that the neutralization comb is achieved by preparing an auxiliary
state and then tracing out the auxiliary system, which can be written as

N = [I)(I]o2n+1 ® prs @ Lrps- (4.56)

The controlled version of this neutralization comb is described by |Ky)) = A|I) ®
|) ® |¢) with arbitrary states |¢), |¢) and a normalization constant |A| < 1.
The action of this controlled comb is
Tty4,, 00 [On ((UNCUTP™) '] = 100)00] @ Jiq + [LIN11] @ Jyro
+ 1100 @ [U™) (Kol (|(T7)"))
+ 0011} @ ({(U)" D) (U™ (4.57)

The resulting controlled unitary operation is required to be

100X00] © Jia + [TIX11] @ Jym + [11X00] @ [U")I| + [00)X11] @ [I)(U"],

(4.58)
and the condition for the off-diagonal term is given by
()" D) = 1), (4.59)
or equivalently,
AU & Ie)([9) @ 16)| =1 (4.60)

Notice that the maximally entangled state can be written as |I)) = >, |ii) =
> lwidr), where {|i;)} is an arbitrary basis, the off-diagonal coherence term
can be evaluated as

MI|(UE" @ Ie) () @ [6)) = Me™[(U=")]v) (4.61)
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and its absolute value is |A|[(¢*|(U®™)[¢))|. This can achieve 1 only if |\| = 1
and [¢) = €PU%"|¢). Thus, we obtain the necessary condition that |¢) is
invariant under the action of U®". This condition is equivalent to the existence
of a one-dimensional invariant subspace of U®™, which, by considering the Schur-
Weyl duality, happens if and only if n is a multiple of d = dimU. Thus, the
necessary condition for most (and fully) coherently controlled unitary operation
given by Eq. (4.58) to be implementable, i.e., n is a multiple of d, is derived. This
condition is also the sufficient condition, because the quantum circuit shown in
Fig. 2.4 of Sec. 2.4.3 implements the controlled unitary operation.

For completeness, the Choi operator for the most coherently controlled neu-
tralization comb is given by

Civ = [00)00] ® N + [11)(11] ® |I)(I]
+[00)11] @ [Ko){(I| + [11X00[ @ [I))}{( Ko, (4.62)
150) = [[)o2n+1 ® |[Ad)r,, @ [Ad)2ou:- (4.63)

Here |Ay) is the d-dimensional totally antisymmetric state satisfying U®?|A,) =
(det U)|Ay) for all U € U(d) given by

1
[Ad) = Nz > sgu(0)|o(1)|o(2)) -+ [o(d)), (4.64)

T 0ESy

where S, is the d-dimensional symmetric group and o denotes a permutation.

Remark that in this section, we assume that the Choi operator of the neutral-
ization comb has the form of Eq. (4.56), which is implemented by first preparing
a quantum state on the auxiliary system, and discard the auxiliary system at
the end. If we further restrict the initial state of the auxiliary state to be a pure
state, the necessity of the requirement for the initial auxiliary state to be a one-
dimensional invariant state is trivial since it is equivalent to an invariant pure
state. However, if preparing a mixed state for the initial state of the auxiliary
system is allowed, the maximally mixed state, I/d, is invariant under the ac-
tion of unitary operations. Although the invariant states exist both in the pure
and the mixed states, only the pure invariant state can contribute to exactly
implementing the fully coherently controlled unitary operation. However, in ap-
proximate cases, the maximally mixed state has been utilized for implementing
controlled divisible unitary operation with a randomization algorithm shown in

Ref. [20] (Fig. 2.3 of Sec. 2.4.3).
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Figure 4.8: Quantum circuit for the basis randomization comb. The input
quantum operation is A, and the action of the basis randomization comb is
given by applying a pair of unitary operations, U; randomly chosen from a set

{U;} and its inverse Uf, before and after the quantum operation A.

4.4.2 Basis Randomization Comb with the Pauli Opera-
tors

In this section and the next section, we consider an approximate neutralization
comb employing random unitary operators, which we call a basis randomization
comb. The idea of employing random unitary operators to implement control-
lization of a unitary operation described by Hamiltonian dynamics was intro-
duced in Ref. [20], where randomization is applied to an auxiliary system of
which initial state is prepared in the maximally mixed state (see also Sec. 2.4.3
and Fig. 2.3). Here we show that a similar effect can be implemented by ap-
plying randomization to the target system directly instead of using an auxiliary
system. We consider the two-dimensional case d = 2 for simplicity.

While the introduction of a basis randomization comb is intended to apply
to infinitesimal Hamiltonian dynamics, i.e., a unitary operation close to the
identity operation for obtaining the approximate controllization of Hamiltonian
dynamics, the definition of a basis randomization comb is valid for any quantum
operation. A generalization of the basis randomization comb for general d-
dimensional systems is also straightforward.

Consider a quantum operation A : £(H; = C2) — L(H, = C2) of which
Choi operator is given by

3

Ja= ) clo)ol, (4.65)

,5=0

where {0;}2_ represents the set of the Pauli operators and {c;; };; are coefficients.

We consider the basis randomization comb 7~25 implemented by the quantum
circuit shown in Fig. 4.8 for a set of unitary operators S := {U;}. The unitary
operators composing the set S are not necessary to be mutually orthogonal in
general. We assume a unitary operator in the set is chosen uniformly randomly
with probability 1/|S] for simplicity. We analyze the cases for two sets for S,
a set consists of the Pauli operators in this section and another set consists of
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the Clifford operators in Sec. 4.4.3. The action of 7%5 on A denoted as (A)g is
given by

(As=—=> U U o Aol (4.66)

|5|Ues

which is implemented by applying a pair of unitary operations, U; randomly

chosen from a set {U;} and its inverse Uj, before and after the quantum operation

A. The Choi operator of the basis randomization comb R is given by

Rs = g7 S Uil ® [USUL . (4.67)
U;es
The Choi operator of the quantum operation transformed by the basis random-

ization comb 7%5 for the input quantum operation Ais given by

=3 Y cplUloUUl o Ui, (4.68)
UieS jk
We investigate the action of the basis randomization comb with a set of the
Pauli operators Sp := {0;}?_, in this section. A set of the Pauli operators Sp
forms a 1-design [59,60]. In the next section, we analyze the basis randomization
comb with a set of the Clifford operators S¢, which forms a 1-; 2- and 3- de-
sign [59,60] to investigate the difference caused by the sets of unitary operators
used in the basis randomization comb.
By using the commutation relation of the Pauli operators, the Choi operator
of the resulting quantum operation J 4 sp 18 calculated as

= Z ciil o (o). (4.69)

Thus, the basis randomization comb with Sp transforms the quantum operation
A to the quantum operation (A)g, of which Choi operator is given by

Jiays, = Coo - Jia + ¢ Ix + coz - Jy + 330 Jz (4.70)

We first consider a class of unitary operations given by infinitesimal Hamil-

tHét

tonian dynamics of a time-independent Hamiltonian H as dU = e *"°*. For a

unitary operation 6 described by a unitary operator U = e *#% = [ — {H§t +
O(4t?), the Choi operator of the resulting operation by the basis randomization
comb Cgg is calculated as

J<5U |I I| + Z —ZUTH%&)U»« |

+ ) I —zajHai(St) + O(6t?). (4.71)
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We see that the approximate neutralization for any unitary operation in this class
with an error of O(dt?) is realized if the second and third terms in Eq. (4.71)
vanish.

We further consider a quantum operation given by U = e~#* and apply the
basis randomization comb with Sp for each time interval §t = ¢/n where n is the
number of division of the Hamiltonian dynamics in the duration time ¢. In this
case, by considering 60U = I —iHt — H?5t*/2 + O(6t3) as the unitary operator
for each time interval, we obtain Jis),, with coeflicients defined by Eq. (4.70)

as

coo = 1+ [(TrH)? — d(TrH?))6t* /d* + O(6t*)

c11 = (TrHX)?5t% /d* + O(5t*)

cor = (TrHY )25t /d? + O(ot*)

cs3 = (TrHZ)?6t% /d* + O(5t?). (4.72)

When the basis randomization comb is applied n times, the resulting quantum
operation is given by ((6U)g,)". Since any multiplication of Pauli operations
results also a Pauli operation, the Choi operator of this operation can be de-
composed in the form of Eq. (4.70), namely,

C[()P) Jz’d + Cgp) JX + CgP) Jy -+ C:(gP) Jz. (473)

with the coefficients

AP =14 %[(Tr]—!)? - d(TrH2)]2—22
+ %{[(TrHY —d(TrH?)P? + (TrHX)* + (TtHY)* + (TrHY) ]}Z;
+O(-y) (4.74)
P 1 o 12 1
A n(TrHX) 2 + O( 5) (4.75)
P = %(TrHY)Q(t; +0(— 1 2) (4.76)
AP = ! (el Z)? d—z +0(— i 5). (4.77)

Thus, for large enough n, the basis randomization comb with Sp transforms any
unitary operation generated by Hamiltonian dynamics to

id+ O(1/n), (4.78)
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which is close to the identity operation, and thus this basis randomization comb
is an approximate neutralization comb if it is applied to a unitary operation
generated by Hamiltonian dynamics with a small enough interval ¢/n n times.

The controlled version of (a single element of) this basis randomization comb
Chrs,, is given by an operator Ky as

Crs, = |00X00| ® Rs, + [11)}11] & [1))}({]
+100)(11] @ [Ko (1| + [11)00] & [I)}{Ko- (4.79)

Note that the corresponding Kraus representation is given by {30; ® a;r }, and
Ky is in the form of Ky = 3> ofo; ® ol with 3, |a;|* = 1. The action of Rg,,
on the Choi operator of an arbitrary unitary operation |[U)(U| is

Tria R, (IUNU])"] = [00X00] @ Jipys,, + [11X11] @ i
+[11)(00] ® (U1 IN(Kol|U) + hec., (4.80)

and ((U*||Ko)) in the off-diagonal coherence term is evaluated as

(U1Ko) = (The(l @ Uy) - Za oi)1 @ (07)2)([ 1)1 @ |1))23)
f| Za (0]U0:)1 @ L) (1 T)or @ | I)23)

= §|Z ;i (o]Ua:))os, (4.81)

where the subscripts denote the indices of the Hilbert spaces of the target system.

By requiring the most coherently controlled identity operation on the target
system to be the identity operation in the extended system including the control
system, i.e., [ — |0X0| @ I + |1)X1| ® I, Eq. (4.81) should satisfy

—’Z@ TIU@ 03 = ’[»03,
» ;=2 (4.82)

Thus, the coefficients are a; = 1/2 for all i, and the operator K; is uniquely
determined as

1
K0:1(1®I+X®X+Y®Y+Z®Z), (4.83)
and we obtain

(UKo Z—IZ (o]Uo))o (4.84)
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Figure 4.9: A quantum circuit for the controlled basis randomization comb. The
input quantum operation is ;Zl, and the action of the basis randomization comb
is given by applying a pair of controlled unitary operations Cp, chosen uniform
randomly from a set {U;} and its inverse CZ,Z, before and after the quantum
operation A. By repeating this circuit n times, the controlled unitary operation

of Hamiltonian dynamics U = e *#* is implemented with an error of O(1/n)

with the global phase factor 0y = (TrH/d)t.

A Kraus representation of this most coherently controlled neutralization comb
is given by

{l0
0
0
0

I+ 1X1|®IxI,

XX +[Il|®I®I,

OleYeY +|Il|elal,

0®ZZ+ 1)1 @I}, (4.85)

- — —

and one possible implementation in the quantum circuit is shown in Fig. 4.9.

When we apply the controlled basis randomization comb n times, since this
comb does not change the state of the control qubit, the term corresponding to
Eq. (4.81) is evaluated as

1
T n
I® E(Z ol Uay)"|I)). (4.86)
For the case U = =% = [ — jH§t — H?6t?/2 + O(6t3) with §t = t/n, we have
LS olUo) = 1 iot(E S ol How) — 26225 S ol H200) + O(6t?)
4T A M
1
=1 —i6t(TrH)I/d — 551&2(Tr15l2)1/d +O(6t%), (4.87)

and we obtain

1 ,
E(Z olUg;)" = e TH/DL L O(1/n). (4.88)
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Finally, we obtain the Choi operator of the quantum operation transformed
from U = e~ by the controlled basis randomization comb with Sp as

100)(00| ® Jig + |11)(11] @ Jy + [11X00| @ [ TH/DUW(T| + h.c. + O(1/n),
(4.89)

which converges to the (fully coherently) controlled unitary operation, that is
Coine = [0X0| @ I + [1)(1] ® el(TH/Dte=iHt in the limit of n — oo.

4.4.3 Basis Randomization Comb with the Clifford Op-
erators

In the previous section, we considered the basis randomization using a set of
the Pauli operators Sp, for erasing the terms of O(6t) in Eq. (4.71). The Choi
operator of the resulting operation by the basis randomization comb given by
Eq. (4.68) is of the form 3, (Ul @ UT)J(U] @ UT)!. Since the Choi operator of
the identity operation, |I)){I], is the fixed point of [dU(Ut®@ UT)- (UT @ UT),
it is expected that this integral transforms any Choi operator approximately to
[ XL

The corresponding effect can be achieved for 3. (Uf @ UT) - (U} @ UT) if we
choose the set S = {U;} to be a 2-design (by definition of 2-design) [60]. Thus,
the basis randomization by a 2-design may perform better than a 1-design, that
is, the Pauli operators. In this section, we analyze the basis randomization comb
employing a 2-design using a set of the Clifford operators of a 1-qubit system.

We first summarize the properties of the Clifford group that we use in the
following [61]. Clifford group G¢ is the group of the operators by whom conju-
gation transforms any Pauli operator into another Pauli operator, that is,

YU € Sp, YV € G¢, VUVT € Sp. (4.90)
Note that the Clifford group has a trivial center Z
7 = {£I,+il, /11, +e35 T}, (4.91)

of which element can only change the global phase, and thus, we only consider
R, the residue class of G¢ divided by Z as R¢ := G¢/Z. Since the set of the
Pauli operators Sp is a normal subgroup of R¢, we can define the residue group
Recyp = Re/Sp.

The representative elements of R¢/p are given by the following six operators
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Re/p = {V,}, where o denotes a permutation among {1, 2, 3},

Via=1 (4.92)
10
Vi) = (0 2) (4.93)
1 ei% e*i%
%m:7§€ﬁ i (4.94)
1 /1 1
Visn) = 7 <1 _1) (4.95)
1 /1
Viies) = E <1 —i) (4.96)

1 1 1
Vs = E <z —i) . (4.97)

The Choi operator Jy 4y, of the quantum operation A transformed by the

it}
basis randomization comb with the set of the Clifford operators R¢ is given by

3
1
S = 55 Y Y cnlelViewieiNolVie Ve (4.98)
k‘,l:OO"L‘ESP V}'GRc/p

Since VjTaij and VjTJle are Pauli operators by definition of the Clifford oper-
ators, we obtain

3
1
T =52, > calVioVviov) (4.99)
i=0 Vj€Rc/p

By using the following equation for the Pauli operators U;(= o;) with i =
0,1,2,3,

Vo UVINVEUVI = Uy M Us (4.100)

where we set (0) = 0, we obtain

C11 + Cog + C33

J<~A)Rc = coo * Jig + (JX + Jy + Jz). (4.101)
With the depolarizing channel 13, the Choi operator of the resulting operation
is also represented as

c11 + ¢y +c 4
S Myr, = <Coo - %) Jia + 5 (€11 + ¢ + c33) Jp. (4.102)

3
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Similar to the case of the basis randomization comb with Sp, we consider the
quantum operation given by a time-independent Hamiltonian H., i.e., U = e~*H¢,
and apply the basis randomization comb for each time interval 6t = ¢/n. When
the basis randomization with Rq is applied n times, the Choi operator of the

resulting operation is given by
C(()C)Jid + CgC)JX + Cgc)Jy —+ Céo) Jz. (4103)
with the coefficients

1
A =14 E[(TrH)2 - d(Tﬂﬁ)}E

+ #{[(Trﬂ )? —d(TrH*)]” + %[(TrHX)Q +(TtHY)? + (TeHY )] Z_i
o O<%> (4.104)

2

1 t 1
A = 9 = 9 = 3—[(TrHX)2 + (TrHY)? + (TrHY)Q]ﬁ +0(=). (4.105)
n n

The coefficient of J;4 coincides with that for the case with Sp up to the order
1/n. However, the basis randomization comb with Rc performs worse than the
case with Sp in the sense that the coefficient of J;4 is smaller, when the terms
of O(1/n?) are considered. The basis randomization comb with R¢ transforms
any unitary operation generated by Hamiltonian dynamics to

id+ O(1/n), (4.106)

which is close to the identity operation with an error of O(1/n), and thus this
basis randomization comb is an approximate neutralization comb.

The most coherently controlled version of (a single element of) the basis
randomization comb CRRC is determined by an operator K| similar to the case
of Sp. The Kraus representation of the basis randomization comb with R is
given by {\/%Ui ® U] | U; € Re}. Since the dimension of the linear span of
L(C?*® C?) is 16 while this set contains 24( > 16) elements, this set of operators
is over-complete. Thus, it is necessary to derive another Kraus representation
with a set of orthogonal Kraus operators for proceeding our analysis. The span
of the Kraus operators is invariant under the swap operation Us,,, between the
first and the second Hilbert space, because any element is of the form K =
Yol ® U;r with U; € Re, and Usgyap K Usyap is also in the span. Thus, the
span is in the d(d 4+ 1)/2 = 10 dimensional symmetric subspace. By calculating
the spectral decomposition of the Choi operator corresponding to this Kraus
representation, we can check that the Kraus operators actually span the 10-
dimensional symmetric subspace. Specifically, the Kraus operators are given
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by

1
{Ko=1(I0I+X@X+Y QY +282),Ki,.... Ko}, (4.107)

where { K} is a set of orthogonal operators in the symmetric subspace satisfying
TrK/K; =1/3 for i = 1,...,9. Note that TrK} Ky = 1. Thus, the off-diagonal
coherent term of the most coherent controlled comb is characterized by

KD:E(I®I+X®X+Y®Y+Z®Z), (4.108)
which coincides to the case with the basis randomization with the Pauli opera-
tors?. This indicates that the maximum off-diagonal coherent term is the same
for controllization of the basis randomization comb with Sp and Ro for up to
O(1/n) approximation.

Since the basis randomization comb with Rs does not behave better than
the one with Sp for Hamiltonian dynamics with the terms of up to O(1/n), and
the coherent terms of both cases coincide, we conclude that using the Clifford
operators for randomization does not improve controllization of Hamiltonian
dynamics. Moreover, the analysis of the terms with O(1/n?) shows that the
performance of the basis randomization with Rs as approximate neutralization

turns out to be worse than that of Sp in general. That is, the difference of the
coefficients given by Eq. (4.74) and Eq. (4.104) satisfies

1
P — o0 = 53 (@ +d3+ ) >0, (4.109)
where
1 t?
dy = 3[2(TrHX)2 — (TrHY)? — (TrHZ)Q]ﬁ (4.110)
1 t?
dy = §[2(TrHY)2 — (TrHX)? — (TrHZ)Q]ﬁ (4.111)
1 t?
ds = §[2(TI~HZ)2 — (TrHX)? — (TrHY)Q]ﬁ. (4.112)
This difference can be understood by rewriting Eq. (4.70) as
c11 +cm+c 4
Jays, = (Coo - %) Jig + 3 (c11 + ca2 +c33) Jp
1 1
+ 5(2011 —Cag — c33)Jx + 5(2022 —c11 — c33)Jy + 5(2033 —c11 — C)Jz.
(4.113)

2Precisely, the global phase is not uniquely determined by maximizing the Hilbert-Schmidt
norm of the operator, and e* K for any real parameter 6 is also a candidate instead of K.
We choose 8 = 0 by requiring the most coherently controlled version of the identity operation
to be also the identity operation, i.e., I — [0X0| ® I + |1X1| ® I.
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Compared to Eq. (4.102), there are extra terms of Pauli operations which con-
tributes to the coefficient of the identity operation, as the identity operation can
be obtained by applying the same Pauli operation twice. In conclusion, it is
enough to use Sp for the task of controllization of Hamiltonian dynamics using
the most coherently controlled basis randomization comb.

4.5 Conclusion

We have defined a controlled quantum operation of a general deterministic quan-
tum operation based on two physical implementations and a set of axioms, which
coincide with each other. We then analyzed the coherence between the quan-
tum operations on different control qubit states, and gave a characterization of
the controlled quantum operations that maximize the coherence, which we call
the most coherently controlled quantum operation. This definition of controlled
quantum operation is extended to quantum combs, and we defined controlled
quantum combs and the most coherently controlled quantum combs.

We investigated a relationship between quantum switch and controlled quan-
tum operations with our definition. We also showed a relation between controlled
quantum operations and controlled quantum combs, by introducing the neutral-
ization combs. We presented a method to analyze controllization, and provided
a new algorithm for approximate controllization of divisible unitary operations
using the basis randomization combs. We also evaluated the performance of
the basis randomization combs employing the Pauli operators and the Clifford
operators, and showed that the randomization by the Pauli operators performs
better in this controllization algorithm.
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Chapter 5

Success-or-Draw Implementation
of Probabilistic Higher-order
Quantum Operations

Implementing higher-order quantum operations within quantum mechanics is
not straightforward and often impossible, especially in an exact and determinis-
tic manner. In order to implement higher-order quantum operations, two types
of relaxations are usually considered: approximate implementation and proba-
bilistic implementation. The approximate implementation of higher-order quan-
tum operations has an advantage, as such an implementation is always available
by utilizing quantum process tomography [40]. However, the figure of merit,
usually evaluated by the average fidelity F', for the method based on quantum
process tomography is expected to scale as 1 —1/poly(N) given N uses of the in-
put operation. The probabilistic implementation, on the other hand, can achieve
a success probability converges to one exponentially, if it is possible to perform a
repeat-until-success strategy, namely, perform independent trials until succeed.
However, such a strategy requires the initial resource, the input quantum oper-
ations and the input quantum state, to be prepared for every trial. In quantum
mechanics, cloning of the unknown input state is forbidden by the no-cloning
theorem [7], and transformations usually disturb the input state [4,62] regard-
less of success or failure. Thus, performing independent trials for probabilistic
higher-order quantum operations is not straightforward in general.

In this chapter, we propose a structure for probabilistic higher-order quan-
tum operations called “success-or-draw” (Fig. 5.1a). In a usual probabilistic
higher-order quantum operation, the input state is lost when it fails, because
an unknown quantum operation is applied to the state in general. We pro-
pose a probabilistic higher-order quantum operation which “keeps” the input
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Figure 5.1: Success-or-draw higher-order quantum operations have a structure

that the output state remains in the initial state when the higher-order quantum
operation fails. Since the initial state is not altered on failure, one can re-iterate
this higher-order quantum operation to obtain an exponentially decreasing fail-
ure probability. Fig. 5.1a represents the action of a success-or-draw higher-order
quantum operation: when it succeeds, the target operation f (Zj{ ) is applied; and
when it draws, the identity operation id is applied. Fig. 5.1b illustrates a repeat-
until-success strategy which is allowed by the success-or-draw structure.

quantum state on failure, or we call it a draw as we are able to perform an-
other trial when it happens as shown in Fig. 5.1b. In Sec. 5.1, we provide a
mathematical formulation of the success-or-draw structure. In Sec. 5.2, we show
that the success-or-draw structure can be achieved for a large class of higher-
order quantum operations. In Sec. 5.3, we analyze unitary inversion with the
success-or-draw structure. We show that a better success probability is achiev-
able compared to the previously known value [13] for unitary inversion with two
uses of an input unitary operation, and that the success-or-draw structure is not
possible for unitary inversion with a single use of an input unitary operation.

5.1 The Success-or-Draw Structure

Consider a probabilistic higher-order quantum operation, especially a proba-
bilistic comb, transforming unitary operations {{{} into CPTP maps {f(U)},
where f is a supermap of which output is guaranteed to be a CPTP map for
any input unitary operation. In usual settings of a probabilistic higher-order
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quantum operation, this problem is formulated by the constraints

SU) =pufU) (5.1)
S$>0,F>0 (5.2)

S + F is a deterministic comb,

where S and F are the probabilistic combs describing the action of the higher-
order quantum operation on success and failure, respectively, and S and F' are
the corresponding Choi operators.

For the success-or-draw higher-order quantum operation, the action on fail-
ure is also determined, and extra constraints on F are required. For the con-
venience of the following discussions, we also assume that the input unitary
operation U is used K times. Since any unitary operation must be transformed
into the identity operation on failure to guarantee the draw property, the corre-
sponding constraints are given by

S = pot @) (5.4)
NU™) xid (5.5)
S>0,N>0 (5.6)

S + N is a deterministic comb, (5.7)

where id denotes the identity operation, indicating that the input state does not

change on failure. Here we use N instead of F to denote that it corresponds to
draw instead of failure.

5.2 Universal Construction of Success-or-Draw
on Unitary Operations

Theorem 5.1 presents the realizability of success-or-draw higher-order quantum
operation. A pictorial interpretation of Theorem 5.1 is given by Fig. 5.2.

Theorem 5.1. Given a probabilistic comb transforming d-dimensional unitary
operations {U} to CPTP maps {f(U)} as Sy : U — puf(U). Then there exist

e > 0 and a set of probabilistic combs S and N summing up to a deterministic
comb, which actions are given by

S U™ s epu f @) (5.8)

N:u (1 — epy)id. (5.9)
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Figure 5.2: A pictorial interpretation of Theorem 5.1. We consider the case when
there exists a probabilistic comb (upper) that transforms a unitary operation
U into a CPTP map f (Zj{) for all d-dimensional unitary operations U, and its
action is arbitrary on failure. Theorem 5.1 states that in this case, there exists
a d-slot probabilistic comb (lower) that performs the same action on success,
and performs the identity operation on failure/draw, which corresponds to the
preservation of the input state.

The details of the proof is given in Appendix C. In order to prove Theo-
rem 5.1, we first prove Lemma C.1 and Lemma C.2, which indicate that it is
enough to prove another theorem presented in the Applendix C, Theorem C.1.
Here we state the sketch of the proof.

Sketch of the proof. The proof is constructive. We present a construction of
S and N, the Choi operators of S and N , from S;, the Choi operator of S;.
The requirements for the combs are given by Egs. (5.4)-(5.7), which need to be
satisfied simultaneously.

Lemma C.1 provides a sufficient condition of the neutralization condition
Eq. (5.5). The neutralization condition Eq. (5.5) is difficult to utilize for many
reasons, for example, the probability for neutralization is not constant in general.
In Theorem 5.1, the probability of neutralization can depend on U. A direct
way to rewrite Eq. (5.5) is to add new variables {qy} that corresponds to the
probability depend on U and rewrite as

= ~QK

NU ) =q-id. (5.10)

Since the corresponding Choi operators are positive, and that for r.h.s. is a
rank-1 operator, this condition can be reduced to an inequality of the form

=~ ~oK

NU ) <c-id, (5.11)
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where ¢ is a constant determined by the normalization conditions. This condition
is equivalent to the one given by Eq. (5.5), but it is still difficult to analyze
because it is necessary to consider all unitary operations. Note that in numerical
analysis, it is possible to use this condition directly as in Sec. 5.3. In Lemma C.1,
we provide a sufficient condition by considering a symmetric subspace, that is,
5{®K is invariant under permutations of each input unitary operations.

Lemma C.2 provides a characterization of the Choi operator of a probabilistic
comb transforming unitary operations to CPTP maps, which is the assumption
of Theorem 5.1. We consider a Hermitian basis which consists of an identity
operator and traceless operators, and show that the decomposition of the cor-
responding Choi operator consists of only certain terms. Using a basis with
an identity operator and traceless operators is convenient for considering the
causal condition given by Eqgs. (2.23)-(2.25), because the traceless terms help in
determining which terms do not affect the causal condition.

By considering Lemma C.1 and Lemma C.2, it is enough to prove another
theorem, Theorem C.1, in order to prove Theorem 5.1. The proof of Theorem C.1
can be further divided into two parts: the first part presents a construction of
the Choi operators S and the partial trace of N given by NPI® = Trp N
from Sy; the second part is mainly separated into Lemma C.4, which presents a
construction of N from NZ0ZO,

In the first part of the proof, we first present a trivial set of Choi operators S
and F from S;, where F' is a Choi operator which does not necessarily satisfy the
neutralization condition Eq.(5.5) for N, but satisfies all the remaining conditions
given by Egs. (5.4),(5.6),(5.7). Moreover, F' also has a similar decomposition
given by Lemma C.2. We then present a construction of N2Z© from F, where
the neutralization condition is also satisfied in addition to the positivity Eq. (5.6)
and the causal conditions Eq. (5.7). The positivity of N70Z? is satisfied by taking
the operator to be a strictly positive full-rank operator, and the main difficulty is
to satisfy the causal condition and the neutralization condition simultaneously.
The decomposition given by Lemma C.2 is convenient for the causal condition
in the sense that it is possible to add certain traceless terms that do not affect
the causal condition, and we give a class of Choi operators that satisfies the
causal condition. Then, we show that among this class of Choi operators, it is
possible to cancel the terms that do not satisfy the neutralization condition by
using the properties of the symmetric subspace considered in Lemma C.1. Thus,
it is possible to satisfy the causal condition and the neutralization condition
simultaneously.

In the second part of the proof, we construct N from NZ0ZO. In this part, the
causal condition and the neutralization condition are easily satisfied because the
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Figure 5.3: The constructed success-or-draw comb in the proof of Theorem C.1
has an extra structure: it uses one copy of the unitary operation at first, and
then uses the remaining d — 1 copies of the unitary operation in parallel.

condition is similar to the first part. On the other hand, the positivity condition
becomes difficult. Unlike in the first part, since the target operation is the
identity channel of which Choi operator is rank-1, the Choi operator N cannot
be a full-rank operator, which is robust in positivity. To solve this problem, we
consider a subspace of the Hilbert space that N is on, and we show a construction
of N that lies in this subspace and is a strictly positive full-rank operator in the
subspace. Thus, the positivity of NV can be satisfied. We remark that when the
indefinite causal order is considered, the construction of N from NZZ© can be
replaced by a simpler one by exploiting the symmetry as Remark C.1, and a
higher success probability can be achieved in general.

]

While we only require that S+ N is a deterministic comb, that is, the input
operations are used in a sequential way, the construction shown in the proof of
Theorem C.1 (Eq. (C.36)) satisfies an extra condition

](’)2(93~'Od

Tro, (S + N) = Tro,05-0,0,(S + N) @ Ji1

(5.12)

This condition shows that the comb can be decomposed into two blocks as the
quantum circuit shown in Fig. 5.3: the first block uses only a single unitary
operation, while the second block uses the remaining d — 1 unitary operations
in parallel. Such a structure indicates that while the number of uses increases
with d, the depth of this comb is constant as two. Note that we can assume
this structure if we only consider non-zero success probability, and in general,
adding this assumption would decrease the success probability.
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Figure 5.4: The success-or-draw protocol for unitary inversion. When the uni-
tary operation can be used twice, the optimal success probability for success is
1/3, whereas that of the optimal success-or-resetting protocol is 1/4. In either
case, the output on failure is the identity operation, which means the initial
input state is preserved and it is possible to run the same protocol again with
extra uses of the input unitary operation.

5.3 Unitary Inversion with the Success-or-Draw
Structure

In this section, we analyze the probabilistic unitary inversion with the success-
or-draw structure of a higher-order quantum operation. We only consider the
two-dimensional case d = 2 in this section. The optimal success probability can
be obtained by the following SDP

max p (5.13)

st Trro[S(Jy,**)"] = pJy (5.14)
Trro[N(Ju, %)) < d¥ Jiq (5.15)
S>0,N>0 (5.16)

S + N is a deterministic comb, (5.17)

where {U;} is a finite set of unitary operators that the corresponding Choi
operators forms a basis of the linear span of span{J3*} (see Refs. [13, 14]).
Note that Lemma C.1 is not used because it is a sufficient condition and may
lower the success probability.

For K = 2, Theorem 5.1 indicates that the optimal success probability is
positive as p > 0. A numerical solution to this SDP shows that the optimal
success probability is p = 1/3. In Ref. [13] (Sec. 2.6.2), an explicit quantum
circuit with the success-or-draw structure is presented which success probability
is 1/4. One difference between the optimal success-or-draw protocol we numer-
ically obtained and the protocol presented in Ref. [13] is that the latter is not
only a success-or-draw protocol, but it has another feature: it can be regarded

85



as a success-or-resetting protocol. The latter protocol uses a single copy of a
unitary operation to obtain its inverse, and when it fails, it results in a state
that is “resettable” to be the input state by another unitary operation. While
such a success-or-resetting protocol usually has a lower success probability, it
has an advantage as we can choose whether to continue the protocol by resetting
after we know if it succeeded.

For K = 1, we prove that the optimal success probability is p = 0, which
means it is not possible to have a success-or-draw structure. The proof is given
in Appendix D. This result gives an explicit example that a success-or-draw
structure is not available.

In Theorem 5.1, we show that it is possible to obtain a success-or-draw
protocol with K = d uses of the input unitary operation, and this results shows
that K = d — 1 uses is not enough for d = 2. We conjecture that it is not
possible to obtain a success-or-draw protocol with K = d — 1 uses of the input
unitary operation in Theorem 5.1 for general d. One reason for this conjecture
is that in the construction of the success-or-draw protocol in Theorem 5.1, the
totally antisymmetric state plays an important role, and such a state only exists
in a d qudit system.

5.4 Conclusion

We have introduced a new structure for probabilistic higher-order quantum op-
erations which we name success-or-draw structure. A probabilistic higher-order
quantum operation with the success-or-draw structure can amplify its success
probability by using multiple copies of the input quantum operation in a se-
quential manner, which scales exponentially to one in the number of uses. We
presented a mathematical formulation for the success-or-draw higher-order quan-
tum operation. We considered the case where the input quantum operation is
a unitary operation, and we proved that any probabilistic higher-order quan-
tum operation transforming unitary operations into CPTP maps is compatible
with the success-or-draw structure by adding the number of uses of the unitary
operation.

We then analyzed the problem of the two-dimensional unitary inversion.
When two uses of an input unitary operation are allowed, Theorem 5.1 guar-
antees the existence of a non-trivial solution to this problem, and we obtained
the optimal solution numerically using SDP. A success-or-draw protocol for this
problem was also presented previously in Ref. [13], and our numerical calcula-
tion shows that a higher success probability can be achieved if we only require
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the success-or-draw structure. We also proved that a success-or-draw strategy
does not exist with a single use of an input unitary operation.
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Chapter 6

Conclusion and Future Scope

In this thesis, we considered three topics on higher-order quantum operations:
the uniqueness on the definition of quantum switch; a framework for controlled
quantum operations and higher-order quantum operations and controllization;
and the success-or-draw structure for probabilistic higher-order quantum op-
erations. We provided new methods for the analysis of higher-order quantum
operations, which can be used as fundamental building blocks for further the-
oretical studies of higher-order quantum operations. We also contribute to the
experimental realization of higher-order quantum operations by proposing new
quantum algorithms for efficient implementations of certain higher-order quan-
tum operations.

In the first topic, we analyzed the uniqueness of the definition of quantum
switch, and provided a comprehensive background for the studies on quantum
switch. We proved that even if we only define the action of quantum switch on
only unitary operations, its action is also uniquely defined on general quantum
operations by setting the requirements of the single use and the positivity of the
corresponding Choi operator, which is necessary for its physical implementation.

Besides quantum switch, many higher-order quantum operations are only
defined for unitary operations such as unitary inversion. In Ref. [17], it is proven
that the action of two-dimensional unitary inversion is uniquely extended to
general quantum operations under the extra requirements of the single use and
the positivity of the corresponding Choi operator. However, it is not known if
there exist other higher-order quantum operations of which uniqueness of the
extension can be shown except for trivial cases. Quantum switch with more than
two input operations is such an example. In the proof for quantum switch with
two input operations, we reduced the problem of the uniqueness to a problem
of counting. A similar method may be possible even if a greater number of
input operations is considered, but the counting may become more difficult. It
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is not known whether there exist other methods for proving the uniqueness. A
general method for proving the uniqueness of a certain function is to consider the
difference between a candidate and the target function, and prove the difference
vanishes. However, this method does not work well in our case because when
the difference is considered, it is not obvious how the positivity condition of the
Choi operator can be used.

When multiple uses of an input operation are allowed, the action on uni-
tary operation cannot be uniquely determined for general quantum operations
in general. In particular, if a higher-order quantum operation can be imple-
mented with K uses of an input operation, then if more than K uses is allowed,
the uniqueness does not hold because it is always possible to discard a certain
number of input operations. Even though, if it is possible to restrict the form of
supermap using certain assumptions such as the positivity of the Choi operator,
the analysis of the performance of higher-order quantum operation becomes eas-
ier since it is enough to perform an optimization on a restricted set of supermap.

The positivity condition for the Choi operator of a supermap is always nec-
essary if we focus on the ones that are compatible with quantum mechanics.
We believe that the developments of methods for utilizing the positivity con-
dition leads to a better understanding and analysis of higher-order quantum
operations.

In the second topic, we proposed a consistent definition of the controlled ver-
sion of general quantum operations based on physical and axiomatic approaches,
and then extend the definition to the controlled version of higher-order quantum
operations. By utilizing the proposed definitions, we analyzed the problem of
controllization and proposed a new quantum algorithm for controllization which
requires no auxiliary system. The proposed quantum algorithm for controlliza-
tion utilizes a randomization based on the Pauli operations. We also evaluated
a similar algorithm based on the Clifford operations, and we show that the
randomization based on the Pauli operations performs better in our algorithm.

One difference between controllization and other higher-order quantum op-
erations like unitary inversion is that the target operation is not uniquely deter-
mined. That is, there is some freedom to define the phase factor of a controlled
unitary operation in controllization. Recently, the difficulty of controllization is
also analyzed by investigating the topological structure in the freedom of the
phase factor [63], and it is shown that exact controllization with multiple uses
of an input unitary operation is only possible in a similar method presented in
Sec. 4.4.1 under certain assumptions. Meanwhile, the quantum algorithm we
proposed in Sec. 4.4.2 implements controllization with an arbitrarily small error
if enough division of the input unitary operation is allowed. The phase factor is
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determined by the trace of the corresponding Hamiltonian, which is well-defined
only if an arbitrary division of the unitary operation is possible.

The new quantum algorithm we proposed in Sec. 4.4.2 shows that allow-
ing arbitrary division of the input unitary operation, equivalently considering
higher-order quantum operations based on Hamiltonian dynamics instead of
unitary operations, presents various advantages. Here, we utilized a structure
with repetition to capture the problem within the usual framework of higher-
order quantum operations. However, a more general kind of higher-order trans-
formations between Hamiltonian dynamics can be considered, and there is no
framework for analyzing this kind of higher-order transformations yet. A gen-
eral framework for higher-order transformations between Hamiltonian dynamics
provides more power for quantum information processing, and it is worth trying
to develop such a framework.

In the third topic, we proposed a new structure named success-or-draw
for probabilistic higher-order quantum operations, which allows a repeat-until-
success implementation of them. With the success-or-draw structure, a proba-
bilistic higher-order quantum operation can amplify its success probability expo-
nentially to one by increasing the number of uses of an input quantum operation.
We provided a mathematical formulation and we showed that a large class of
probabilistic higher-order quantum operations can incorporate such a structure.
In particular, any probabilistic higher-order quantum operation transforming
unitary operations into CPTP maps can obtain the success-or-draw structure
by adding the number of uses of the unitary operation.

We provided a recipe for constructing the success-or-draw higher-order quan-
tum operations in our proof, but the provided recipe is not efficient in general.
In particular, in order to satisfy the positivity condition of the Choi operator,
we constructed the Choi operator to be a full-rank operator on a certain sub-
space. In the unitary inversion, the Choi operator that achieves the optimal
success probability, which was obtained numerically, has a lower rank than the
one used in our construction. However, it is not obvious if there are other meth-
ods for satisfying the positivity condition. It is an open question if there exists
a better recipe for constructing a success-or-draw higher-order quantum opera-
tions and a universal bound on the change of the probability by requiring the
success-or-draw structure.

We hope that our results contribute to the developments of quantum informa-
tion processing utilizing higher-order quantum operations from both theoretical
and experimental aspects.

90



Acknowledgment

First of all, T would like to express my deepest gratitude to my supervisor
Prof. Mio Murao for her continuous supports and patient supervision through-
out the past five years. She provided me with invaluable guidance and fruitful
ideas and brought significant improvements to my research. Next, I would like
to express my gratitude to Dr. Akihito Soeda for his insightful comments and
advice. I am grateful for all suggestions and discussions throughout the collabo-
rations with Dr. Marco Thilio Quintino and Dr. Shojun Nakayama. My research
would not have been possible without them. I would like to thank all members
of Murao Group, Dr. Jisho Miyazaki, Dr. Kotaro Kato, Dr. Atsushi Shimbo,
Dr. Hayata Yamasaki, Dr. Ryosuke Sakai, Wataru Yokojima, Atsushi Okamoto,
Yutaka Hashimoto, Kosuke Matsui, and Satoshi Yoshida for interesting conver-
sations and discussions.

Apart from the group, I would like to offer my special thanks to Prof. Masahito
Hayashi, Prof. Oscar Dahlsten, and Prof. Giulio Chiribella for accepting my visit
to their groups. They provided me with fruitful discussions and opportunities
to extend my research experience.

Finally, I would like to express my appreciation to Advanced Leading Grad-
uate Course for Photon Science (ALPS) for broadening my knowledge and the
financial supports.

91



Appendix A

Evaluation of the Summation in
the Proof of Theorem 3.1

We evaluate the summation ) ;. o, ||Tri, W.J!||; for each a, b in the following.
Note that it is enough to consider only 6 cases that satisfy a < b because of the
symmetry between the two systems. In the following, when we take summation
on J, it also indicates the summation on the corresponding variables in the form
ligkl)i' 5 KT

(Case 1: G4 ® G1) In this case, the equality

ST W = Y gkl WYW[E KT (A1)
JeG1®G JeG1®G
= > (18585 [i100)7" 1001 + ||0u S [k LLYK 511 |y
JeG1®G
+ 1|165x00|2100XK 5 11| |1 + [|0a00 |k 11" 1°00] |]1), (A.2)

holds. Moreover, the summation over the 1st and 2nd terms or the 3rd and 4th
terms are equal because of the symmetry, and thus we only evaluate the 1st and
3rd terms here.

For the 1st term of Eq. (A.2), the equality

> 1650w [H00XIT00] s = > b (A.3)

JeEG1®G JeEG1®G1

holds. In order to evaluate the summation, we consider the following two cases.
If j # j', there are d(d — 1)(d — 2)(d — 3) + 5d(d — 1)(d — 2) + 2d(d — 1)
possible choices on (i, 7,4, 5') and for each choice of (i, 7,4, '), there are only
(d—2)(d—3)+5(d—2)+2 possible choices on (k, 1, k',l") because k = j, k' = j'
is necessary for non-vanishing kronecker delta. Similarly, if j = j’, there are
d(d — 1)(d — 2) possible choices on (i, 7,4, 5') and for each choice of (i, 7,7, j'),
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there are (d — 1)(d — 2) possible choices on (k,l,k’,l"). For the 3rd term of
Eq. (A.2), the equality

> EmOu [HOONE 11|y = > Swdur (A4)
JEG1®C: JEG1®G)
holds. Similarly, if j # ', there are d(d — 1)(d — 2)(d — 3) 4+ 5d(d — 1)(d — 2) +
d(d — 1) possible choices on (i, j,7,j') and for each choice of (i, 7,4, j'), there
are (d —2)(d — 3) + 5(d — 2) 4+ 1 possible choices on (k,I,k',I'). If j =4', there
are d(d — 1)(d — 2) + d(d — 1) possible choices on (i, j, 7', j') and for each choice
of (,4,7,7"), there are (d — 1)(d — 2) 4+ (d — 1) possible choices on (k,,k",1").
In total, we obtain

> T Iy

JeG1R®G

- 2 Z 6jk:6j’k’ + 2 Z 5jk5i’l’ (A5)
JeG1®G JeG1®G

= 2d(d — 1)(2d* + 2d* — 18d* + 11d + 8). (A.6)

(Case 2: G1 ® G3) In this case, the equality

> T W L

JeG1®G2
d—1 —
=> > HZ ijk, k +m||[WYW||i'j'k, k +m)||, (A7)
JEGlm 0 k=0

—1
=) Z HZ 80,7k 1, k4 m, 007, k4 1m0, 00| + 6 Ot g | 11 )11

JeGr m=0 =
+ 5]1<;5/1<;+m|2 k +m,00)kj' 11| + 0; p+mOjk kg1 k +m,00])|1  (A.8)
= Z Z (01057 + 0 kb mO ktm + 0jk0ir krm + OiformOjrk) (A.9)
JeG1 myk

holds. The summation over the 1st and 2nd terms or the 3rd and 4th terms are
equal, and thus we only evaluate the 1st and 3rd terms here.

The summation over the 1st term of Eq. (A.9) can be evaluated as d*(d —
1)(d —2), because for each k,m =0,...,d — 1, there are (d — 1)(d — 2) possible
choices on (i,7,4,7') due to j = 7/ = k. The summation over the 3st term of
Eq. (A.9) can be evaluated as follows: for each k =0,...,d— 1, if m = 0, there
are (d — 1)(d — 2) + (d — 1) possible choices on (i, 7,7, j'), and if m # 0, there
are (d — 2)(d — 3) 4+ 5(d — 2) + 1 possible choices on (i, 7,4, 7).
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In total, we obtain

> T WL

JeG1®G2

=2{d*(d - 1)(d—2)+d[(d—1)(d —2) + (d — 1)]
+d(d—1)[(d—2)(d—3)+5(d—2)+1]} (A.10)

=2d(d—1)(2d* — d — 4). (A.11)

(Case 3: G5 ® G3)  In this case, the summation is evaluated as

> T WL
JeG20G2
d—1 d—1

= Z Z (Oitnk0itnk + i ktmOiktm + Oitn k0iktm + OikrmOigns) (A12)

n,m=0 i,k=0

d—1 d-1
=2 Z Z (OitnOitnk + Oitn kOiktm) (A.13)
n,m=0¢,k=0
= 2(d® + d*) = 2d*(d + 1). (A.14)

(Case 4: G;®(G3) Here we consider G3 with only the elements of the form

|kl)(kk| — |l)k|. The elements of the other form can be evaluated in the same
way since the two input systems are symmetric. We denote this group as G,
that is,

Gy = (kL) (kK| — |11k | & # 1) (A.15)

and the following equality holds

ST W =2 ) [T W I (A.16)
JeG1®G3 JeG1®GY

In this case, the summation can be evaluated as

S WTeaW Tl = >0 GGRUWYW [ kE) — (gl [WXW [Tk | |
J€G1®G/3 JeG1 k#l
(A7)

= 37 S T 11(8548,4]i100)i'KOO| — 8:8;]il00)'k00])
JEG1 k#l

+ (0ubirk kj11)(Ej"1L] — b |LF11)111])
+ (88055 100k 11| — 80,14 ]3l00)15'11])
+ (8udk | k1IN ROO| — 3365 |Lj1INROO])||1 (A.18)
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=Y > (116;56)7k|il00Xi' 00| — 6164]i100)i’ k00| ||y
JeG1 k#l

1 0ubark k1INE G 11| = 8380, 111N 11 ||
11655001 |100) e 11| — 65181,|i00X 1511 |y
)

A 110011 kg 11)(3 ROO| — 05264115 11)(i"k00] ] 1) (A.19)
= Z Z((;jk(sj’k + 5jl5j’l + 25@151‘% + 5jk;6i’k + 6jl(5i/k; + 5@15]‘/]4; + 5@15]‘/1) (AQO)
JeGy kAl
=2 Z Z((Sjkéj’k + 0l + Oi0ik + 6510k, (A.21)
JEG kAl

where the third equality holds because the states of control qubits are different,
the forth equality holds because k # [, and the last equality holds because
the summation over the 1st and 2nd, 4th and 7th, 5th and 6th terms are the
same respectively. For each (k,1), by counting the number of possible choices of
(,7,',7"), we obtain

> T WL

JEGI QG

=2d(d — 1) > (60k + Sudink + S0k + 056:1) (A.22)
JeG,

=2d(d — 1) x {[(d —1)(d — 2)] + [(d — 2)(d — 3) + 5(d — 2) + 2]
+[(d=1)(d—=2)+(d—1)]+[(d—2)(d—3)+5(d—2)+ 1]} (A.23)
= 2d(d — 1)(4d* — 5d — 2), (A.24)

and thus, we obtain

> T Wy = 4d(d — 1)(4d® — 5d — 2). (A.25)
JEG1®G3

(Case 5: G2 ®G3)  Asin the case 4, we consider G instead, and using the
following equality:

ST W =2 Y | Ten W)y (A.26)
JeG2®Gs JeG23GY

In this case, the summation can be evaluated as

d—1 d—1
S NTranW I =Y I (i 4 m K WYW i i+ m, kk)
JEGL®G) k#£l m=0 =0
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d—1 d-1

=3 YD GipmkGim k[ 00)]ik00] = Gy m 18 1| H100)(iK00] ||
k#l m=0 =0
1D Sabilk, i+ m, LYK, i+ m, 11| — Sudill, i + m, 1117 + m, 11|
1D Gt kit i00) e, i + 1, 11| = B4 183 | #1001, & + m, 11|

1Y 0adismilk, i+ m, 1LY iRO0] — 820 4mall, i +m, 11)(ik00|||;  (A.28)

d-1
= Z Z (OigmkOitmk + Oitm i Oirmy + Ourbir + dirdin
kAl myi=0
+ Gitmk0ik + Oitm i0ik + 0it0itm e + 0itOitm,) (A.29)
—dd—1) % [d+d+0+0+1+1+1+1] (A.30)
— 2d(d—1)(d +2). (A.31)

Here, the second equality holds because the states of control qubits are different,
the third equality holds because k # [, and the fourth equality holds by counting
the number of possible choices of (i, j,4', j') for each (k,[). In total, we obtain

> T W' = 4d(d — 1)(d + 2). (A.32)
JEG2®G3

(Case 6: G3®G3) In this case, we divide the first G5 into two groups, i.e.,
GY and GY, where G defined by Eq. (A.15) is the one used in cases 4 and 5,
and GY is defined as the remaining of G, that is,

Gy = {lgafil — 137X | i # 5} (A.33)
Here we evaluate both G ® G and G% ® GY, and the result can be obtained by

ST W =20 > [TeaWI i+ > [[TeW ' ). (A34)
JEG3RG3 JeGLRGY JeGY®GY

We first consider the summation over G ® G%, which is evaluated as
> T WL
JeGLRGY

= ST [kl W ik — (a0 W YW fiilk)
iAj kAl
k[ ikR) + (i [tk (A.35)
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= > I(0adin — 0;02)|i100)(ik00] — (503 — 6164)[7100)(jk00])||x
ikt

+ [(0adix — 65051) [kj L1XKi1L| — (05di — 056;5) |17 11)1i11])|[2
11858 [TTO0NRTLL] — 8500, |100YELL] — 8540, 00N EFLL| + 6,08, 100N 1L))| |
+ |[(050ik |7 11)(GK00| — 0504|157 11)(ik00[ — 05103k |k 11)(jRO0| + 05105|1711)7K00] ||y

(A.36)

= > 300 + 30,00 + 306k + 3805k + 2676k + 6505 + Suda (A.37)
i, k£l

= Z 20;10ik + 05105 + 040y (A.38)
i, k£l

=2d(d — 1) +2d(d — 1)* = 2d*(d — 1), (A.39)

where the second equality holds because the states of control qubits are different,
and the third equality holds because ¢ # j and k # [. Similarly, the summation
over G4 ® G can be evaluated as

> WL
JeGERGY
= D GERIWXW [Jiikk) — (Gill|[W )W | |iilk)

i kAl

— GIkUIWXW [ijkk) + Gl [WXW[ijlk) 1 (A.40)

= > (Owbix — a6 — djudjk + 6:6;1)|7100)ik00])| |y

i kAl
+ ||(5j15ik|ki11><ki11| — 5ﬂ5ik|li11><lill| — jl5ik|kj11></€j11| + 5jl5ik|lj11><ljll|)||1
+ [|(0i0ik | JL00X k11| — 6;101] 7100)(1111] — 6504 | 7100) K7 1L| + 051041 |7100)(1511]) |1
+ (05001 | ki1 1)(ek00| — 65105 [1i11)(ik00] — 0526 1,|kj11)(ek00] + 65205[ L7 11)(ik00] |1

(A1)
= Z 20,101 + 04105 + 051055 + 205105
it kAl
+ 40,0i% + 0it0ir + 0jx0ik + 20105 + 0104 + 010,k (A.42)
= Z 45jl6ik + 20,101 + 25ﬂ5j1 + 25jl5ik + 0,05 + 5jk;5jk; (A43)
it kAl
—d(d— D)4 +2d-1)+2d—1)+2+(d—1)+ (d—1)] (A.44)
= 6d*(d — 1) (A.45)

where the second equality holds because the states of control qubits are different.
For the third equality, the expansion can be done for all but the first term using
i # 7 and k # [. For the first term, there exists some patterns where more than
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one terms of kronecker deltas are non-zero, for example, d;;0,; and d;0; can be
non-zero simultaneously. However, since they have same sign, the expansion is
possible and the third equality holds.

In total, we obtain

> T W' = 16d*(d — 1). (A.46)
JeG3RGs

Finally, we have evaluated all terms in Eq. (3.83), and we obtain
W1 > (2d°)?, (A.47)

which completes the prove of Theorem 3.1.
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Appendix B

The Kraus Representation for
Quantum Combs

For the completeness, we derive the conditions for an N-slot quantum comb S:
LH1@Hs® - @Han) — L(Ho®Han1) in terms of the Kraus representation,
instead of the Choi representation. Let {K;} be the Kraus operators of S, that
is,

S(J)=> KJK], (B.1)

with K; € L(H1 ® -+ ® Haon, Ho @ Han41). Since the positivity condition of
a quantum comb given by Eq. (4.40) is automatically satisfied, the remaining
condition to be derived is the causal condition given by Eq. (4.41).
We first consider the causal condition given by Eq. (4.41) for k = N, that is,
Iy
Tr2N+1S = (TI"QN’QN_HS) X d_ (BQ)
2N
In order to rewrite this condition, we first consider the following condition which
is equivalent to Eq. (B.2), that is, the equality

Troon—1(Ao ® Bran—1 ® Ioy)Tron 1S
Iy

= Troon—1(A0 ® Bran—1 ® Ion)Tronon415 ® .
oN

=C- IQN (B?))

holds for any Ay € L(Ho) and Bian—1 € L(H1 ® -+ @ Hany—1) and a complex
number depending on Ay, By.an,, where Tro.on_1 denotes the partial trace taken
over Ho ® H1 ® -+ @ Hony_1. By rewriting the Choi operator S in terms of the
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Figure B.1: (Above) An N-slot quantum comb S which takes N quantum opera-
tions Ay for k =1,2,--- | N as input operation. (Below) The (/N — 1)-slot quan-
tum comb 8" ; L(H1 @M@+ @ (Han—2@Han)) = L(Ho® (Han-1 @ Hant1))
induced from the N-slot quantum comb S. The (N — k)-slot quantum comb
g’(k) for k=1,2,---, N — 1 is defined by repeating this procedure.

Kraus operators { K}, we obtain an equivalent condition, that is, the equality
Troan—1(Ao ® Bran—1 ® Ion)Tron 1S
= Z \EXK |on - Tron [|k><k/|2NTr1;2N—1(Bl;QN—l ® Ihy) Z KJ(AO ® I2N+1)Kz‘] ;

k!
(B.4)
holds for any Ay € L(Ho) and Bian—1 € L(H1 ® -+ ® Han—1). Thus, we
obtain the condition in terms of the Kraus operators {K;}, namely, for any

linear operators Ay € L(Ho) and Byoy-1 € L(H1 ® -+ ® Han-1), the following
equality holds

Trion—1[(Bran-1 ® Ioy) Z KJ(AO ® Ioni1) K = ¢ L, (B.5)

where ¢ is a complex number given by the trace of the 1.h.s. divided by dsy.
An N-slot quantum comb S can be redefined as an (N-1)-slot quantum

~(1
comb denoted by sV L(H1® - @ Honoa @ Hoyn_y) = L(Ho @ Hbn_y) with
/2N—2 = HQN_Q & HQN and H/QN—l = HQN_l & H2N+1, as shown in Flg B.1.
The corresponding Kraus operators {KZ-(I)} are given as

KY = Ki|Ioy-1))an—12N-1, (B.6)

(2

where Ki(l) can be understood as the operator K; with its domain Hsn_1 been
moved to the range. Recursively, we can define an (N-k)-slot quantum combs

~(k ~(k
3 ), and its Kraus operators {Ki(k)} of 3 are given as

Ki(k) = Ki|lan—2k+1) @ |[Ion—2k13)) ® -+ @ [Lan_1)). (B.7)
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We also let g(o) — S and Ki(O) = K;.

Then the condition Eq. (B.5) can be transformed to the condition for S'(k)
with k¥ = 0,1,..., N — 1, which correspond to the condition Eq. (4.41) with
N — k, as shown in the following. Note that Eq. (B.5) corresponds to the case
of k = 0. For all liner operators Ay and Bj.an_2k_1, there is a complex number
c¢ such that

TT1;2N—2k—1[(Bl;2N—2k—1 X IH(k>) Z Ki(k)T(AO ® [ic<k))K¢(k)] = ¢ Iyw, (B'8)
with H*) = ®f:0 Hon—o, KF) = ®sz Hon 2141 The remaining condition given
by Eq. (4.41) is the one for k = 0, and it is equivalent to

TI‘,C(N)S = [H(N), (Bg)

when all other conditions given by Eq. (4.41) are satisfied. Since this condition
is similar to the TP condition of a map from H®™) to K™ it can be written
with <<IO|Ki(N) as y . Ki(N)T|IO>><<IO|SfN) = I;;v), equivalently, we obtain

Treen Y KT (1 To)(Toloo ® Tan1)Ki = Ty, (B.10)

As the positivity of the quantum comb Eq. (4.40) is automatically satisfied,
the condition for quantum comb in terms of the Kraus representation is given
by Eq. (B.8) with £ =0,1,..., N — 1 and Eq. (B.10).
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Appendix C

The Proof of Theorem 5.1

We first clarify the notations. Let d := dz, = do, for 4,5 > 1, and dy =
dz, = do,. For Lemma C.1, we define the following operators. Note that we
consider the case where K uses of an input unitary operation is allowed in
Lemma C.1. We first define the permutation operator PZ and P® that permute
systems Z = Z1Zy - - - I and O = 0,0, --- O according to the permutation
o. The permutation of input operations is given by PZ° := PZ @ P9 which
simultaneously permute the input system and the output system of a single
input operation according to the permutation o. The symmetric subspace of

input operations IO is given by
Mo, => PIP=>"PIer’ (C.1)

For Lemma C.2, we define a set of Hermitian operators {gi}fial that forms
the operator basis for d-dimensional Hermitian operators, with gy = I, others
being traceless, and the orthogonality Trg;g; = dé;; holds [64]. For example,
the Pauli matrices for d = 2, and Gell-Mann matrices for d = 3 are these sets
of Hermitian operators. We also define the set for dy-dimensional Hermitian
operators as {hi}fial. In Lemma C.2, we rewrite the condition that a comb
transforms unitary operations to CPTP maps in terms of the Choi operator and
the Hermitian operator basis.

In order to prove Theorem 5.1, we first consider Lemma C.1 and Lemma C.2,
which shows that it is enough to prove another theorem given as Theorem C.1.

Lemma C.1. If Trro (129 NTIZO ) o Ji4, then N neutralizes all unitary oper-

sym sym

ations as /\NV/(ZTIQ@K) o id.

Proof. Note that the if condition is equivalent to Trzo(IIZ0 NTIZO ) < d¥ J,,,

sym sym
due to the normalization condition TrN < d¥d,.
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For any input channel Jy, Jy®% < d¥T holds and A := d¥T — J,;%% > 0.
Thus

= Trzo|(IL5 NIILO V(A + Jy®F)] Jd*" :
= Trzo|(I55 NTIED VA + Trzo (1550 NTIED ) Jy %] /d*F. (C.4)

Since the 1.h.s is a rank-1 operator, the operators in the r.h.s. are positive, and

Ju® is in the symmetric subspace, namely, J;®* = nyOmJU®K nyom, we obtain
TI'I@[N(JU@K)T] = Trzo[(Hfmenffm)(JU@)K)T X Jid, (C5)
~ K ~
that is, N(L{® ) o id. O
Lemma C.2. If a one-slot probabilistic comb StIOIlOlOO transforms unitary op-
erations to CPTP maps, then 5301101 = TrooStIOIlOlOO has a decomposition
satisfying
JEL dj—1d?-1
SPRot = N ® Trz, SO + Z Z az‘jhiIO ® [gjzl ® I°]
i=1 j=1
dZ-1421

+> ) Bkt e [IP @ ¢, (C.6)

i=1 j=1
where {a;;} and {B;;} are real coefficients.

Proof. The Choi operator 5501101 can always be decomposed as

I d2—1421

1Zo
SpROr = a ® TrIOStIOIlOl + Z Z Oéijhizo ® [gfl ® I9]

d3—142-1 d3—1 421

20D Bkt @ IR @ g+ 3 3 ki @ o7 @ 6]

i=1 j=1 i=1 jk=1

i=1 j=1

(C.7)

and it is enough to show that v;;, = 0 for all 7,5,k > 1.
From the assumption, Trz, o, [STF1P190(JE)101] is proportional to the Choi

operator of a CPTP map, which satisfies

Tro, Trz, 0, [SEE OO (JTYO] o [P0 (C.8)
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where [ is the partial trace of the Choi operator of a CPTP map. Thus, Sf“zlol
satisfies

Trz, o, [STT O (JTYIO] o [P0, (C.9)

Moreover, for any operator O in the linear span of span{Jy} := {O | O =
> ¢idu,, ¢i € C}, the condition

Trz, o, [SPTOH (OT) O] o TF0 (C.10)

holds because of the linearity.

Next, we show that g; ® gi, € span{Jy} for all j,k > 1 are in the linear span
of span{Jy}. From Lemma C.3 shown below, the dimension of the linear span
is given by dimspan{Jy} = (d* —1)? + 1, and one basis for this span is given by
9; @ g with j,k > 0. Note that gy = I5. On the other hand, ¢, ® I and I ® g;
for i > 1 are not in span{Jy }, because of the TP property and the unitality of
unitary operations, respectively. Thus, the remaining d*—2(d?—1) = (d*>—1)2+1
elements, especially g; ® g with j,k > 1 and I ® I, are in the linear span of
span{Jy }.

Since g; ® g € span{Jy} for all j,k > 1, by substituting S7°*"'“" with the
decomposition Eq. (C.7), we obtain ), %jkhiI“ o I% for all j,k > 1. Thus,
Vijt = 0 is required for all 7, j, &k > 1, which proves the Lemma.

O

Lemma C.3. The dimension of the linear span of span{Jy} = {O | O =
S cidu,, ¢ € Chis (A2 —1)2 + 1.

Proof. The vectorization of Jy = |UWU| = (U @ N|IN(I|(UT @ I) is given by
(Ut e DT @ (U |I) = |U*) ® |U), and the dimension of span{Jy} is
equivalent to the dimension of span{|U*)) @ [U)} = {0 | O = Y, ¢|U*)) ®
|U)),c; € C}. In order to obtain the dimension, we consider the projector of
|U*) ® |U)), and integrate over all unitary operations U as

Q=/dU(IU*>><<U*|®!U>><<U!)- (C.11)

Then the dimension is given by the rank of ). Consider the substitution of
U — VU with arbitrary V and the invariance of the Haar measure, () satisfies

Q:/dU(V*@I@V@J)(yU*»«U*\®|U>><<U|)(VT®1®VT®I) (C.12)
=(V'eIVeRVIeIeViel). (C.13)
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For convenience, we denote the space that V' and V* acting on by A and the
remaining by B, then @) satisfies the commutation relation

Q, (U oU) @ I%] =0 (C.14)
for all unitary operators U. The irreducible representation of (U* ® U) is given
by

Ur@U =U, @ U,, (C.15)
where the corresponding dimensions are given by d; = d> — 1 and dy = 1 for

U, and U, respectively, and the projectors onto the corresponding subspaces are
P :=1—¢" and P, := ¢*. From Schur’s lemma, Q can be decomposed as

2
Q=> Pleqy (C.16)
k=1
and since P{! are projectors, @ is evaluated as
2 pa
Q=Y Eeturi e (€17)
k=1

& PI? A B / 11AB

= d_k®T1"A[(Pk ® I7)| QW] (C.18)

k=1

where |Q')(Q'|*P is an arbitrary maximally entangled state between A and B.
The second equality holds because of the partial trace on A. Let the maximally
entangled state |Q')?? be

2 d;—1

QW=D Loy ela)® (C.19)

=1 a=0
where [ = 1,2 are the label for the irreducible representations and « for the
basis in F,. Note that there is no multiplicity subspace in this case. Then

dr—1
(B IP)Q@NY = [k a) @ |k, a)”, (C.20)

a=0
Tea (P © I7)|QWQ'1'7] = B, (C.21)

and thus ) can be written as
1 1
Q:Zd—kP,f®P,f:ﬁPf‘®Pf+Pf®PQB. (C.22)
k=1

The rank of Q is (d*>—1)2+1, and thus the dimension of span{Jy} is (d>—1)2+1.
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By considering Lemma C.1 and Lemma C.2, it is enough to prove the fol-
lowing Theorem C.1 in order to prove Theorem 5.1.

Theorem C.1. Given a one-slot probabilistic comb ST with dimT, =
dimO; = d and dimZy = dim Oy = dy. If Stzozlo1 = TrOOStI“LOlOO has a
decomposition satisfying

d2—142_1
% C
Sphor — n ® Trg, S0 + Z Z ahi® ® g7 @ 1]
=1 j=1
d2—142_1
+D D Bl eIt ©g) (C.23)

i=1 j=1

with coefficients {ay;} and {B;;}, then there exists ¢ > 0 and a d-slot comb
C = S+ N satisfying

Trzo[S(JSDT] = eTrz, 0, [S: L] (C.24)
Trzo (550, NIIZO ) o< Jiq. (C.25)

The proof of Theorem C.1 consists two parts: the first part presents the

NI()IO

construction of := Trp,N; the second part presents the construction of

N from N70ZO by applying Lemma C.4 shown below.

Proof of Theorem C.1. Let the Choi operator S corresponds to success be

]ZQ Os IIdOd

S = £ ST 010 @ —— @ ® —

(C.26)

Then the condition S > 0 and Eq. (C.24) is satisfied. The remaining conditions
can be classified into the positivity condition N > 0, the causal condition that
C' = S+ N is a deterministic comb, and the neutralization condition Eq. (C.25).

We first show the idea to construct N satisfying the causal condition. One
candidate of the Choi operator corresponding to failure, i.e. a Choi operator
satisfies the causal condition that C' = S 4 F' is a deterministic comb, is given

by

202 JZiOa J%0

1
F = FLohio: R
& ] & & ] & ]

(C.27)
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where

pano, _ P nno (C.28)
- ; .
JToT10: 17 di—1d2-1
L et TS a0 19
0 =1 j=1

d2—1 421
DD SNV Ol (©.29)

i=1 j=1

This F' summed up with S satisfies the causal condition by construction, but
it does not satisfy the neutralization condition Eq. (C.25). Thus, it is enough
to construct N > 0 that satisfies the following conditions

[©

Tro,N — N9 — =0 (C.30)
[Ok—l
Trz, N® — N¢-D — =0 (3<k<d) (C.31)
IO 01
Tr;,N® - N g — = A FRDO _ phl —) (C.32)
%0
Trg, N — (TrN)d— =0 (C.33)
0
ZO ZTO JIOOO ZTO ZTO
HsymNHsym = dO ® TrIOOO [HsymNHsym] (C34)

where N@ := Trp,0,N and NV .= Trp, 7, N® for k=2,....d.

We divide the proof into two parts, by introducing the operator N7Z© :=
Tro,N. In the first part of the proof, we show the existence of N7Z¢ and the
neutralization condition Eq. (C.34) is replaced by

]I
HZO NIQZOHIO — ® TrIO [HIO NZQIOHZO ] (035)
0

sym sym d sym sym

In the second part of the proof (Lemma C.4), we construct the desired N from
NZTIO Tn both constructions, the following three conditions are considered: the
positivity, the causal condition, and the neutralization condition.
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(First part: construction of N2Z9) Let N7ZO he

ToZO 1 770, o 179 [740a
NDIO . ~ [ToTi0: I~ S
d TRy
]’IO IIQOQ [Id(’)d
e QT §FDO0 o ...
8{ ) ® 1rz,5; ® 1 K - ® 1
]IQOQ _[Idod
T T o
—i—i;aijhi()@[gjl@]l]@ p Q- ® 7
T104 JZaOa
T T 16)
+ Z(—aij)hf@T@[gf@I @@ —
7,71
IIQOQ IIdOd
7 I o
+Zﬁijhi0®[ll®gjl]® — 8 ®—
i,7>1
IOQ 11303 _[Idod
o
+ Y Buayph @ log, © 67 @ log, © — @ —— @ —
i,>1,k2
T T O 7, 19 7, 19
+ D Byl @ o, ® g @i, ® — )@ ®lg, @ — ¢,
1,5>1,ky
(C.36)
where the summation on k;L = (km1s kmas - - - km.m) denotes the summation on
{ki; =0,...,d*—1} for each term, and coefficients a,, ;- are determined in the

following.

(Positivity) The positivity of NZZ9 is trivial for small enough e. That is,
since N9 is of the form N%Z® = [/d?+ N’ where N’ does not depend on &,
there exists € > 0 such that N2Z© ig strictly positive.

(Causal condition) Here we show that the causal conditions Egs. (C.30)-
(C.33) are satisfied. We first remark that the 1st, 2nd, 3rd and 5th lines sum
up to F, and we can write N2Z€ as NOZ0 — 4 F/ + 3% F! where F!
corresponds to the 4th line, and Fj, ..., F) correspond to the 6th to the last
line. Then it is enough to show that all F" € {F]},_s23 4 satisfies

194
Tro, F' — F''¥9® — =0 (C.37)
Ok_1
Trz, F'® — F'é-D g IT =0 (2<k<d) (C.38)
%0
Trg, F'Y — (TrF’)d— =0, (C.39)
0

where F"4) .= Trp,0,F" and F'*~V .= Try, 7, F'® for k=2,...,d.
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It is trivial that Eq. (C.37) is satisfied for all F’. It is also trivial to see that
Egs. (C.38),(C.39) are satisfied for F!. Thus, we consider Egs. (C.38),(C.39) for
Fj, ..., Fj. We can see that the L.h.s. of these equations are always of the form
Trr, .. (F Tro, F'®1 fe "), and F), satisfies these conditions when m < k
because F, already has the term £, In order to satisfy these conditions for

d
m > k, we assume that the coefficients a,, ,~ satisfy

A ki = Wil 1 gk = 0 fOT Koy = 0, (C.40)

which is compatible with the following arguments on the neutralization condi-
tion. By choosing these coefficients, Trz, .. F), = 0 is satisfied and Egs. (C.38),(C.39)
are also satisfied.

(Neutralization condition) Now we present a construction of coefficients Qo i
such that Eq. (C.35) is satisfied. This condition is satisfied independently for
the 1st line, 2nd line, the sum of 3rd and 4th lines, and the sum of the rest. First
of all, it is trivial that the 1st line and the 2nd line satisfy the condition, as they

have ™ in the system Zy. The sum of the 3rd and 4th lines vanishes on ITZ5 |

i.e. satisfies the condition with the r.h.s. being 0, because 1120 P, M P, 1120 =

sym sym

20 MTIZO holds for any permutation o and an arbitrary operator M. For the

sym sym
sum of 5th line and after, we see that for each ¢,7 > 1, it can be written as

ﬁijhl-zo ® Cj Wlth

I o T509 [Idod
192 J%30s JZda0Oa
Io
+Za2k29k21 T ® g, ® oo —
4+t
o T. 102 7 ]9
# sy 0410, 6 e el o5 (Ca

:[[zl®112®,,,®[zd+za2k29k21®gk22®1—13®...®[zd

k2
+Zadkd‘gkd1®gkd2®gkd3® ®gkdd]
kg
JO2 JOa
e — @—] (C.42)

In the following, we show that the neutralization condition is satisfied for each
i,7, by showing that C; vanishes on I1Z9 as [1Z9 C,11Z9 = 0.

sym sym sym

Here, we choose the coefficients {a,, ,~ } such that the first term is the d qudit
(unnormalized) totally antisymmetric state d?Ag = d¢|Ag)(Aq|. Such coefficients
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are available as follows. Note that we assumed Eq. (C.40) in the causal condition
part. Since g;, ® g;, ® ---g;, forms a basis, any operator including Ay can
be written as Eilh 77777 iy BirsinigGin @ Giy @ =+ @ Giy- However, the coefficients
{a,,,: } have the constraint given by Eq. (C.40) and cannot cover arbitrary
operators. Especially, it lacks the terms ¢;, ® [ ® - - - ® I with i1 # 0. The totally

antisymmetric state satisfies Tro . 4Ay = I1, and the coefficients corresponding

to these terms that containing only one traceless operator g;, are actually 0.
Thus, there exists a set of {a,, ,~ } satisfying Eq. (C.40) and that Eq. (C.42) can

be evaluated as

04T o (0 o 1 19 T o 10
Now we show that C; vanishes on Hffm Consider that Hffm S, PO =
>, P @ PP and P(,I\Ad> = sgn(o)|Aq), TIZ5 (A7 ® MP)IIZO | can be evaluated

as

290 (AT @ MO)ZS, = AT ® Z sgn(o) PE1MP| Z sgn(a’)PY]  (C.44)

sym sym
=AT® Af?M;?Ag (C.45)

Also, the equation
Tr ATMPAG = (Adlgd* @ I @ - - @ 19| Ay) (C.46)
=Tr gO1 =0 (C.A47)

holds because gJQ1 are traceless for j > 1. Thus, we obtain A7MPA? = 0 and
nyOmC nyom =0 for j > 1.

(Second part: construction of N from N70Z®) We apply Lemma C.4 shown
below. The operator d*N%I® = [ + ¢N’ corresponds to M48 = [ + M,
d™'N corresponds to M4 and systems A, B, C' correspond to Zy, Z @ O, O,
respectively.

]

Lemma C.4. Let Ha, Hp, Ho =~ Ha be Hilbert spaces with dimensions dy, dg, dy,
12 be a projector on L(Hp), and J4¢ = do¢™ be the mazimally entangled state
on Ha ® He. Given an operator M' € L(Ha @ Hp), there exists € > 0 such

that the following holds. If MAB = I 4+ cM' satisfies

M#4B >0 (C.48)
IA

2 MAPTIE = — T AP MABTIE (C.49)
0
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there exists an operator MAPC € L(H4 ® Hp @ He) satisfying

MABC > 0 (C.50)

TroeMABC = MAP (C.51)

T2 MABCTIE = d—Jgéc © TracIl? MAPCTIP. (C.52)
0

Proof. Let {h;} with hy = I be a Hermitian basis for H4 and Hc. Let MP :=
FTraht MAB so that MAP =37 hi' @ M holds. Note that with this decom-
p081t10n the condition Eq. (C.49) is given by [IZ MAPTIP = [4 @ 18 MPTIP and
B MPIB = 0 for i # 0.
For simplicity of the proof, we give a construction of M4B¢ first as
1
MABC .= J2C o TP MPTI® + d—(r“ ® 19) @ NP MPT%
A B sBT[B o 7C
o Z MeoliMPiif o1

i>1

1
= @I+ Y aghi @ b)) @ NP MPTY

d() k>0 i>0,5>1
+— Z (bt @I+ > aphl @hS) @ IEMITTP, (C.53)
k>0 1>0,7>1

where {a;;} are complex numbers determined in the following. It is easy to see
that the causal condition Eq. (C.51) and the neutralization condition Eq. (C.52)
are satisfied, and the remaining condition for M4B¢ is the positivity.

In order to guarantee the positivity, we first consider the support given by
the projector

[y, = (o)A @ 0° + 14° 0 1% (C.54)

with the projector ¢+ = Ji4/dy, then obtain parameters {a;;,} so that MABC
is on this support, and finally show that M4BC is positive with small enough
e. The condition I, MABCIl,,, = MABC is satisfied if the following equality
holds

(¢+)AC<hA ®_[C+ Z O(ljkhA ® hC>_[AC (hA ® ]C + Z azgkhA ® hC)
i>0,7>1 i>0,5>1

(C.55)

or equivalently

T A, = Ay, (C.56)
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with Ay == h @ I¢ + > 0451 agpht @ hS. Since {a;j,} can be any complex
numbers, the restrictions for { A} are given by

for all k,%’. In order to satisfy ¢™ A, = A, A should be decomposed as Ay, =
do—1

|97 Xax|, where |ay) is an unnormalized vector. Let [ay) = D> 0 " aff%mn},

then the condition for agf,)@ is that
do—1

Te(hw @ DA = Y (al)) (mlhw|n) = o, (C.58)

m,n=0

for k, k' =0,...,d3 — 1. Here, the d? parameters a,,, can be chosen freely, and
there are d3 linear (and independent due to the orthogonality of /) constraints,
thus, there exists a feasible a,,, Ag, and a;j;. Therefore, Il,,, M ABcﬂsup =
MABC holds.

For M#B = I, a possible M4BC is given by

1
MARC = JAC @ TP 4 14 1P = M, (C.59)
0

For MAB = I 4+ eM’, the corresponding M4B¢ can be written as

MABC = MABC " (C.60)

where M” is an operator only depends on M’, because the construction of M45¢

given by Eq. (C.53) is linear in M“5. The non-zero minimum eigenvalue is given

by

min (Y[ MAF) = min (M W) + e (M V)], (C.61)
‘¢>€Hsup |w>€Hsup
since gy, M ABCHSUP = MABC is satisfied. The minimum eigenvalue on the

support Iy, is given by minimizing the |¢) with vectors only on Il,,, in which
case the first term is strictly positive, especially larger than 1/dy. Thus, there
exists € > 0 such that the minimum eigenvalue on Iy, is greater than 0, and
the positivity of MA4BC is guaranteed.

O

Remark C.1. In the second part for the proof of Theorem C.1 (mostly equiv-
alent to Lemma C.4), the condition Eq. (C.30) (Eq. (C.51)) is assumed which
corresponds to the causal condition that the corresponding Choi operator is a
sequential supemap or quantum comb. However, when the indefinite causal or-
der is allowed, this causal condition can be relaxed and the construction of N
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from N70Z9 can be replaced as follows instead of Lemma C.4. The conditions for
an indefinite causal order supermap are that the corresponding Choi operator
is positive, and that when the input operations are CPTP maps, the output
operation is also a CPTP map. Here we consider a subset of such supermaps of
which Choi operators satisfy the following condition:

Tro,C = Y p,C2™° (C.62)

where p, are probabilities summing up to 1, and CTZ° denotes a sequential
supermap where the order of input operations are permuted with respect to
the permutation . This is a strictly stronger condition than that of general
indefinite causal order supermaps, but many quantum supermaps satisfy this
condition such as quantum switch.

Let N20IO .= PIO(NToIO)PIO he the probabilistic comb with the order of
input operatlons permuted by 0. We define N as

. 1 oy IO I IO T IO ZTO O
N := (N|ZN0 ijh”l'[sym N;ZNO L0 @ h®
zg>1
(C.63)
[IO 7O ToZO Z(’) [OO I IO €L [OO
N' Z TrlonsymN ’ Hsym 0 Znsym N ° Hsym dO
hIO 1 7O ToZOTTZO h;?o
i 0 A
+ ZJZ>1 /rh] d ® N' (TrIOHsymN Hsym) ® dO (C64)
o lJIOOO ® — Z T HI(’) NIOI(’)HIO ZH NIQZ(’) HJ_ ® ‘[OO
- dO N' Iy sym sym sym sym dO
(C.65)

where the coefficients 7,; are determined by J;q = %I ® I+ % Zijzl nijhi @ hy;.
In the first equality, we also use the fact that if an operator is permutation
invariant, it is block diagonal in Hffm and HsLym, that is, the off-diagonal terms
Vanishes as

HIO Z NZOIO sym HIO Z PIO NIOIO PZO)(I HIO ) (066)

sym N‘ sym N' sym
1
= IZ0, S (NTTO) (PZO — TG, ) (C.67)
_ 17120 ZI(’) 7O TO
Hsym(N 0 )(Hsym Hsym) 0. (068)

By this construction, the positivity of N is preserved because both terms in
Eq. (C.63) are positive, and the neutralization condition 1129 NTIZO = J,;/dy®

sym sym
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Trz,0,11L5, NIIED is also satisfied. To see the causal condition can be satisfied,

we first note that

1
Tro,N = + > NETO (C.69)
holds. Since there exists an operator S such that Trp,(S + N) satisfies the
sequential condition (which is actually given by Eq. (C.26)), by defining 7% .=

PIO(Trep,S)PLC, CHI0 .= SHIO0 4 NTIO and p, = 1/N!, we can see that the
causal condition Eq. (C.62) is satisfied.
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Appendix D

Impossibility of Success-or-Draw
for Unitary Inversion with a
Single Input Operation

For the two-dimensional unitary inversion, we show that it is not possible to
have a success-or-draw structure if we have only a single use of the input unitary
operation. Especially, we show the only solution to the following SDP is p =
0. Note that we denote d = 2 in order to clarify that it corresponds to the

dimension.
max p (D.1)
s.t. Tr11(91 [SJUT] = pJU—l (DQ)
Trz,0,[NJy'] < dJig (D.3)
S>0,N>0 (D.4)
I
TYOO(S + N) = Tr(gloo(s + N) & ] (D5)
I%o
TI‘ZlOlOO(S + N) = Tl"(S + N>7 (D6)

Proof. Assuming that {p,S, N} is a solution to this SDP, then for any U,
{p,(UB @ U®)S(UT @ U%), U1 NU'} is also a solution to this SDP, because
it satisfies all of the conditions. By defining S' = [dU (U @ U?)S(UR @ U)
and N’ = [dUUR NU"', we obtain {p, S’, N’} which is also a solution to this
SDP. Thus, without loss of generality, we can assume the following commutation
relation

(S, UR @ U] =0, (D.7)
[N, U"] = 0.
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From the second commutation relation Eq.(D.8) and Schur’s lemma, N can
be decomposed as

"

N = NDO100 - (D.9)
Consider Eq. (D.3) with U = I, we obtain
e
dJig > Trg, 0, [( NP9 @ 7)@ 7 (D.10)
= Trp, [N, (D.11)
and N%01% can be decomposed as
NP = NO' g JIe% /d (D.12)

as follows. Let N700100 — 3™ . 1nTo0100) )y o1 Gince J;,; is rank-1, Bq. (D.11)
indicates that Tre, [n2091 ) nf1 | o J;y holds for all i. Consider the Schmidt

i
decomposition [n20?1%) = o aij|a]I-°O°) ® |b§?1), then Tre, [n209190)nfo1%| =

>, Lo ? ]aJI-OOO >(aJI-°O°\ is proportional to the rank-1 operatorJ;;, which means the

only possible solution is that [n;*?1%) = [(¢+)P%) @ [bT') where |¢pF)o*| =
Jia/d is the maximally entangled state. Thus, N%091% can be decomposed as
Eq. (D.12).

On the other hand, we can show
S = pJPOr @ JE (D.13)

as follows. Note that Jy = dip~ = d|yp" )~ | where |¢p~) = (1/+/2)(|01) — |10))
is a maximally entangled state also known as the singlet state. From Eq.(D.7)
and Schur’s lemma, S can be decomposed as S = ST ® JE /d. Let ST =
S pil s (5799 | and consider Eq. (D.2). Since the r.h.s. of Eq. (D.2) is rank-1,
it is necessary for every ¢ that

JLOO
Trz,0, (|57 Ns7% @ =) ia] o< Jia (D.14)

holds, where we choose U = I in Eq. (D.2). Consider the Schmidt decomposition
|sT0O1) = > qijlag)™ ®@Y|b;)°t, where {|a;)} and {|b;)} are some basis and the

Pauli operator Y is added for convenience. Then Eq. (D.14) become
D ailag)® @ [b) @ oc [T (D.15)
J

and thus |s7

direct calculation, and Eq. (D.13) is proved.

)(s7091| is proportional to Jy. The constant factor is obtained by

116



By using the causal conditions, we obtain

10 %0 @ IO o
Trz,0,(S + N) = Trz,0,0,(S + N) ® = Tr(S + N)T =P @ %
(D.16)
and since S is given by Eq. (D.13), we obtain
NTOL = [POL _ pd J7oO, (D.17)

On the other hand, Eq. (D.12) indicates N7 = N© @ [%0/d, and the only
possible solution with Eq. (D.17) is p = 0.
[l
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