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Abstract

In this doctoral dissertation, we study the feasibility of Kitaev quantum spin liquid
in two types of systems: ultracold molecular systems and high-spin systems.

We adopt pseudo-fermion functional renormalization group (PFFRG) as a nu-
merical method to address these studies. The method can handle systems with rel-
atively large system sizes, and the computational cost is independent of the range
of interactions. In addition, an extension to the general spin length S was proposed
in 2017, and this extended method can be used to calculate spin susceptibilities in
the model with arbitrary S without changing the computational cost from the case
of S = 1/2. These features are suitable for the two studies mentioned above.

Our main results for the two studies mentioned above are presented in chapter
4 and 5. In chapter 4, we discuss the feasibility of the Kitaev quantum spin liquid in
ultracold polar molecular systems trapped in the optical lattice. A microwave-based
realization of Kitaev-type interactions in this system was proposed in 2013 [S. R.
Manmana et al., Phys. Rev. B 87, 081106 (2013), A. V. Gorshkov, K. R. Hazzard, and
A. M. Rey, Mol. Phys. 111, 1908 (2013)]. Based on these proposals, we define dipolar
Kitaev model which has angle-dependent long-range spin interactions. We perform
PFFRG calculation to reveal the phase diagram of this model. The results show that
ferromagnetic (FM) order and zigzag antiferromagnetic (AFM) order are realized in
the FM and AFM dipolar Kitaev model, respectively, for all anisotropy parameters.
In order to investigate the reason why the quantum spin liquid state is not realized
in the dipolar Kitaev model, we investigate the ordering behavior while increasing
the range of the interaction from the nearest-neighbor case. As a result, the behavior
of the susceptibility shows that the Kitaev quantum spin liquid collapses quickly as
the range of the interaction increases. These results suggest that the Kitaev quantum
spin liquid is fragile against long-range interactions and cannot be realized in the
ultracold molecular systems at least based on the proposals above. This is the first
time that the feasibility of the Kitaev quantum spin liquid has been calculated on the
basis of the proposal mentioned above.

In chapter 5, we discuss the feasibility of the Kitaev quantum spin liquid in high-
spin candidate materials. We regard the Kitaev-Heisenberg model as a minimal
model of the candidate materials, and calculate the phase diagram of the spin-S
Kitaev-Heisenberg model. We perform calculation of the susceptibility of the model
with S = 1/2-5/2 and S = 50 in all parameter region. The obtained phase diagrams
of the Kitaev- Heisenberg model for S = 1/2, S = 1, and S = 50 are in general
good agreement with the previous studies on the S = 1/2, S = 1, and classical
Kitaev-Heisenberg model by other numerical methods, respectively. From the re-
sults of these calculations, we have found that the upper limit of the spin length of
the candidate material allowed for the realization of Kitaev quantum spin liquid is
S = 3/2. The phase diagram calculation of the Kitaev-Heisenberg model with a sys-
tematic change of spin S, as we have done here, has not been performed before. Our
results provide a guideline for the recent intensive search for candidate materials of
S > 1/2 Kitaev quantum spin liquid.
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Chapter 1

Introduction

1.1 Quantum Spin Liquid

Magnetism has attracted people as well as physicists, like "lodestones", ever since
the discovery of lodestones in ancient world. Magnetic materials have been used
in various tools and techniques. In spite of its long history from the discovery, the
origin of magnetism began to be clarified in early 20th century when quantum me-
chanics established. That is, magnetism is essentially a quantum mechanical phe-
nomenon. Since the microscopic origin of magnetic moments has been revealed to
be electron spins, we have been interested in what kind of magnetism they exhibit as
a result of their interactions in materials. In the study of magnetism, theoretical and
experimental researches have concerted, and they are still expanding its frontier.

In that long line of research, one of the topics that still have been studied inten-
sively is quantum spin liquid. Quantum spin liquid [1–9] is a nontrivial ground state
without symmetry breaking in which the transition to the magnetic ordered states
is precluded by sizable quantum fluctuations and strong frustration in the quan-
tum magnets. In quantum spin liquids, there are fractional excitations associated
with topological order, and intensive research has been carried out not only purely
scientifically, but also from the application side, because the robust topological quan-
tum computing against disturbance can be performed by manipulating them. How-
ever, its existence had not been rigorously proved since it was proposed in the early
1970s [10, 11]. In 1973, P. W. Anderson suggested the RVB (resonating valence bond)
states [10] and this state is one of the quantum spin liquid states. Since its proposal,
an enormous amount of studies have been conducted to prove the existence of the
quantum spin liquid ground states in materials with strong frustration. In general,
exact results are not obtained theoretically in the presence of frustration, especially
in 2 or 3 dimension. In numerical calculations, it is difficult to draw a clear conclu-
sion because the results vary depending on the method and calculation conditions,
as it is necessary to deal with small energy scales due to competing interactions.
Quantum Monte Carlo methods, which provide reliable results, often suffer from
the sign problem in the highly frustrated models. Even in experiments, to show the
realization of the spin liquid state, we have to show that no order exists, which is the
so-called "devil’s proof," and it is impossible to investigate all possibilities.

Over the past decade the study of quantum spin liquids has developed rapidly,
inspired by 2 revolutionary breakthroughs [12]. The first one is the proposal of the
Kitaev model in 2006 [13]. This model is exactly solvable and we can show that its
ground state is a quantum spin liquid. The other is a proposal in 2009 to realize
the Kitaev model in real materials [14]. The magnetic interaction proposed in Ki-
taev model is expected to be realized in the Mott insulators with strong spin-orbit
coupling, and many experiments have been carried out on iridium and ruthenium
compounds. From these two proposals, theoretical and experimental studies have
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collaborated to create a major boom in research related to Kitaev quantum spin liq-
uids. In addition, by measuring the thermal Hall coefficient in 2018, we obtained
evidence for the existence of Majorana fermions predicted by the Kitaev model in
one of the candidate materials a-RuCl3 [15, 16]. Kitaev quantum spin liquid is now
one of major topics in condensed matter physics [12, 17–23] 1.

1.2 Kitaev Quantum Spin Liquid

In this section, we briefly review 2 proposals mentioned in the previous section: the
Kitaev model [13] and the Jackeli-Khaliullin mechanism [14].

Kitaev Model

At first we introduce Kitaev model [13] 2. It is the quantum spin model with S = 1/2
on the honeycomb lattice. Its Hamiltonian is

H = � Â
µ=x,y,z

Â
hi,jiµ

JµSµ
i Sµ

j

= �Jx Â
hi,jix

Sx
i Sx

j � Jy Â
hi,jiy

Sy
i Sy

j � Jz Â
hi,jiz

Sz
i Sz

j , (1.1)

where Sµ
i and Jµ (µ = x, y, z) denotes respectively operators of the µ-component of

S = 1/2 quantum spin at site i and the coupling constant of the exchange interac-
tion on µ-bonds (see Fig. 1.1). The summation Âhi,jiµ

runs over all pairs of sites on
µ-bonds. This model is shown in Fig. 1.1. x, y, and z-bonds are colored blue, green
and red, respectively. In the Kitaev model, the quantum spins of different compo-
nents of each of the three types of bonds interact in the Ising-type interaction, which
results in the model being highly frustrated. The sites belonging to the 2 sublattices
of the honeycomb lattice are represented by black and white circles, respectively.
Hereafter, we use the unit of h̄ = kB = a = 1 in this paper. h̄, kB, and a repre-
sent the reduced Planck constant, the Boltzmann constant, and the lattice constant
of the honeycomb lattice, respectively. In general, we cannot solve frustrated quan-
tum many-body systems in two or higher dimensions. However, the Kitaev model
can be solved exceptionally rigorously, because it has a macroscopic number of the
conserved quantities. We prove it below. The Hamiltonian in Eq. [13] is rewritten by
the Pauli matrices s

µ
i as

H = � Jx

4 Â
hi,jix

sx
i sx

j �
Jy

4 Â
hi,jiy

s
y
i s

y
j � Jz

4 Â
hi,jiz

sz
i sz

j . (1.2)

We define the flux on the plaquette p as

Wp = ’
hi,jiµ2p

s
µ
i s

µ
j

= ’
i2p

s
µ̄
i , (1.3)

1In the published version [24] of Ref. [17], the chapter on the Kitaev model has been deleted.
2The name "Kitaev model" may refer to the 1 dimensional spinless fermion model for topologi-

cal superconductivity [25] also called Kitaev chain and the model with macroscopically degenerate
topologically protected ground states for quantum computation [26] also called toric code model, in
addition to the model introduced here, depending on the context.
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Jx
<latexit sha1_base64="6/QUSPOa2MLkQvGNiYDz0lPB/SI="></latexit><latexit sha1_base64="6/QUSPOa2MLkQvGNiYDz0lPB/SI="></latexit><latexit sha1_base64="6/QUSPOa2MLkQvGNiYDz0lPB/SI="></latexit><latexit sha1_base64="6/QUSPOa2MLkQvGNiYDz0lPB/SI="></latexit>

Jy
<latexit sha1_base64="l0MnFibSrotZ7GVuRbTKQPaoXS8="></latexit><latexit sha1_base64="l0MnFibSrotZ7GVuRbTKQPaoXS8="></latexit><latexit sha1_base64="l0MnFibSrotZ7GVuRbTKQPaoXS8="></latexit><latexit sha1_base64="l0MnFibSrotZ7GVuRbTKQPaoXS8="></latexit>

Jz
<latexit sha1_base64="qkT/f4C/gKdD54P16zCyBaPqkDk="></latexit><latexit sha1_base64="qkT/f4C/gKdD54P16zCyBaPqkDk="></latexit><latexit sha1_base64="qkT/f4C/gKdD54P16zCyBaPqkDk="></latexit><latexit sha1_base64="qkT/f4C/gKdD54P16zCyBaPqkDk="></latexit>

FIGURE 1.1: Kitaev model. The x, y, and z-bonds are colored blue,
green and red, respectively. The black and write circles denote sites

belonging to the two sublattices of the honeycomb lattice.

FIGURE 1.2: A plaquette of the honeycomb lattice and a Z2 flux de-
fined on the plaquette.

where µ̄ denotes the label of the bond not included in the plaquette p among the
three bonds connected to the site i. Here p denotes plaquette index. We use the
relation of the Pauli matrices and we can rewrite the first line as the second line. As
a example, we focus on the plaquette p shown in Fig. 1.2. This plaquette is composed
of sites 1-6 and bonds connecting them. We define the flux on this plaquette as

Wp = sz
1 sz

2 sx
2 sx

3 s
y
3 s

y
4 sz

4 sz
5 sx

5 sx
6 s

y
6 s

y
1

= sx
1 s

y
2 sz

3 sx
4 s

y
5 sz

6 . (1.4)

These Wp satisfy the relations:

(Wp)
2 = 1, (1.5)

[H, Wp] = 0, (1.6)
[Wp, Wp] = 0 (p 6= p0), (1.7)

for arbitrary plaquette p. Therefore, these fluxes are conserved quantities and Z2
fluxes which have the values Wp = +1 or �1. The Hamiltonian and aribitrary Wp
can be diagonalized simultaneously. We can divide Hilbert space into subspaces
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specified by a set of Z2 fluxes {Wp}. We introduce the Majorana fermion 3 operators
to decompose the spin operators into flux degrees of freedom and others:

s
µ
i = ibµ

i ci, (1.8)

where i denote the imaginary unit
p

�1. bµ
i and ci are Majorana fermion operators

and these satisfy the anti-commutation relations

{ci, cj} = 2dij, (1.9)

{bµ
i , bn

j } = 2dijd
µn, (1.10)

{ci, bn
j } = 0. (1.11)

The Hamiltonian is rewritten using these operators as

H =
i
4 Â

hi,ji
Jµij uijcicj, (1.12)

with the operators defined on the bonds

uij = ibµij
i bµij

j . (1.13)

Here hi, ji and µij represents the pairs of the nearest-neighbor sites and the spin
component corresponding to the bond connecting hi, ji. These bond operators uij
also satisfy the relation

(uij)
2 = 1, (1.14)

[H, uij] = 0, (1.15)

[uij, ukl ] = 0 (µij 6= µkl). (1.16)

Thereby, uij = ±1 and these are Z2 gauge variables. The Z2 fluxes defined in
Eq. (1.3) are rewritten by Eq. (1.8) as

Wp = ’
hi,ji2p

uij. (1.17)

The Z2 fluxes are composed of the Z2 gauge variables uij. Thereby, bµ
i Majorana

fermions constitute the Z2 gauge field defined on the bond, on the other hand ci
represents itinerant Majorana fermions. Quantum spins are fractionalized into Z2
fluxes and itinerant Majorana fermions. If we fix the distribution of the gauge fields,
the Hamiltonian Eq. (1.12) becomes quadratic in Majorana operators ci.

Thus we need to find a flux configuration {Wp} that minimizes energy to cal-
culate the ground state energy. According to the Lieb’s theorem [28], it is proved
that the expectation value of the Hamiltonian is minimized in flux-free condition
Wp = +1 (for all p), if at least two of Jx, Jy, and Jz are the same. In the original paper,
A. Kitaev performed numerical calculation to obtain the energy in various flux dis-
tribution and found that. The extra degrees of freedom of the enlarged Hilbert space

3Majorana fermions are discovered originally as real solutions of the Dirac equation by E. Majorana
in 1937 [27].
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Jx Jy Jz

Jx + Jy + Jz = const.
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Jx Jy Jz

Jx + Jy + Jz = const.
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Jx Jy Jz
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A B
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FIGURE 1.3: The ground state phase diagram in the plane Jx + Jy +
Jz = const. A phases (Ax, Ay, and Az) are gapped and B phase is

gapless.

by the introduction of the Majorana fermion operators correspond to Z2 gauge de-
grees of freedom. Different {uij} distributions are transformed by the gauge trans-
formations Di = bx

i by
i bz

i ci which keep the Hamiltonian and the flux distributions in-
variant. The Hamiltonian and the gauge transformation operators are commutative
in physical sectors of the enlarged Hilbert space. Hence, we can use a convenient set
{uij} for a given flux configuration {Wp} when calculating the energy. Now we can
set uij = +1 for all bonds and calculate ground state energy by diagonalization of
the quadratic Hamiltonian. The resulting ground state phase diagram is shown in
Fig. 1.3. We show the phase diagram in the plane with Jx + Jy + Jz = const. There
are 4 phases Ax, Ay, Az, and B phases. Three A phases (Ax, Ay, and Az) are essen-
tially the same phase and in these phases Majorana fermions ci have excitation gap.
On the other hand, the itinerant Majorana fermions have continuous excitation spec-
trum in B phase. Note that in both phases spin excitations which flip Z2 fluxes are
gapped. The spin-spin correlations in the ground state were explicitly calculated in
Ref. [29], and it was proved that the spin correlations are only between the nearest-
neighboring sites. In A phases, fractional excitations are Abelian anyons. In the limit
where one of Jx, Jy, or Jz is large, the toric code model [26] is obtained as an effective
Hamiltonian by fourth-order perturbation. In B phase, if a gap opens in the excita-
tion spectrum of the fractional excitations, they become non-Abelian anyons. On of
the way to open gap is to apply the magnetic field. We consider the magnetic field
in (1, 1, 1)-direction and perturbation

H0 = � Â
i
(hxSx

i + hySy
i + hzSz

i ). (1.18)

The additional term obtained by the third-order perturbation opens gap in the exci-
tation spectrum of the Majorana fermions. As the result, the Chern number becomes
±1 in B phase although the Chern number is zero in A phases. Therefore, these
gapped Majorana fermions indicate thermal Hall effect and its quantized Hall coef-
ficient should be half the value of normal fermions. Measurements of the thermal
Hall coefficient were carried out in 2018 and this half coefficient was actually ob-
tained [15, 16]. This is direct evidence of Majorana fermions in Kitaev magnets.
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(a) (b)

FIGURE 1.4: (a) IrO6 octahedron constituting Na2IrO3 or Li2IrO3 and
(b) edge sharing two octahedra. Iridium ions and oxygen ions are

represented by light green circles and small light blue circles.

As we have discussed, the Kitaev model is exactly solvable, and its ground state
is a quantum spin liquid in which quantum spins are fractionalized into fluxes and
Majorana fermions. Numerical methods based on the Majorana fermion represen-
tation of the Kitaev model have been developed, and the physics of the Majorana
fermions in the Kitaev model has been clarified, especially in the last decade [12].

Jackeli-Khaliullin Mechamism

Next, we review the Jackeli-Khaliullin mechanism briefly [14]. In 2009, G. Jackeli
and G. Khaliullin consider an effective Hamiltonian for Mott-Hubbard systems with
large crystalline electric field (CEF) and strong spin-orbit coupling (SOC). They as-
sumed substances represented by the chemical formula A2BO3, where A denotes al-
kali and B is transition metal atoms such as Ir or Rh whose ion has a d5-configuration.
In particular, here we consider Na2IrO3 and Li2IrO3

4 which are Kitaev magnets as
mentioned in Chap. 5. Although Jackeli and Khaliullin considered strong corre-
lation limit, A. Shitade and his collaborators discussed weak correlation limit and
proposed the quantum spin Hall effects in Na2IrO3 [32].

In these materials, the oxygen ions coordinate around the iridium ions to form
IrO6 octahedra as shown in Fig. 1.4 (a). These octahedra share edges to form a hon-
eycomb structure as shown in Fig. 1.4 (b). Due to the cubic CEF (crystalline electric
field) caused by oxygen, the d-orbitals of Ir ions are split into t2g and eg orbitals, and
the five d electrons constitute a low-spin state in which they occupy the t2g orbitals
because of large energy splitting. Due to SOC (spin-orbit coupling), the spin angular
momentum and the effective orbital angular momentum of the t2g orbital leff = �1
are coupled and it cause further level splitting into the states with jeff = 3/2 and
jeff = 1/2, where jeff denotes the effective total angular momentum. The schematic
diagram of these level splits are shown in Fig. 1.5. As shown in Fig. 1.5, four of the
five electrons in d-orbitals occupy all of the low energy jeff = 3/2 states that are
quadruply degenerate, and the remaining one takes the jeff = 1/2 state. The pair of
two states with jeff = 1/2 is a Kramers doublet and we can regard these states as
pseudo-spins.

The strong Coulomb interaction acting on these states results in a spin-orbit Mott
insulator and the effective Hamiltonian describes magnetic interactions between
jeff = 1/2 pseudo-spins. In the multi-orbital Hubbard model consisting of these

4More precisely, what we have in mind here is a-Li2IrO3 with a quasi-two-dimensional honeycomb
structure, whereas b-Li2IrO3 and g-Li2IrO3 have a three-dimensional hyper honeycomb [30] and stripy
honeycomb structure [31], respectively.
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FIGURE 1.5: Relative energy levels and level splitting in Na2IrO3 or
Li2IrO3. The horizontal thick black lines represent energy levels. The
yellow circles and the red arrows denote electrons and its spins. The

magnitude of the interactions was based on the values in Ref. [19].
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FIGURE 1.6: Schematic picuture representing two d-p-d hopping pro-
cesses. The arrangement of the ions is the same as in Fig. 1.4 (b). dyz-
and dzx-orbitals of Ir ions are colored in blue and red, respectively.
These two processes interfere and realize Kitaev-type magnetic inter-

action as a result.

orbitals, the Kitaev-type interaction is obtained by considering the limit of strong
Coulomb repulsion in Ir ions and deriving the effective model by incorporating the
electron hoppings between Ir ions as perturbations. Here, we consider the hop-
pings of electrons in Ir ions in two IrO6 octahedra that share an edge as shown in
Fig. 1.4 (b) in the perturbation process. The important contributions are the hop-
ping processes between electrons in the d-orbitals of neighboring Ir ions through the
p-orbitals of oxygens at shared edges. As an example, consider the configuration
shown in Fig. 1.6. In the figure, dyz- and dzx-orbitals are colored in blue and red,
respectively. In this case, there are two different hopping processes as shown in (a)
dyz-pz-dzx and (b) dzx-pz-dyz of Fig. 1.6, and these interfere quantum mechanically.
As a result of this interference, the Heisenberg-type interaction, which is isotropic in
spin space, is cancelled out, and the Kitaev-type interaction is realized.

This is the essence of the Jackeli-Khaliullin mechanism. Transition metal com-
pounds in the 4d and 5d electron systems are thought to satisfy the conditions for
this mechanism to be realized. Inspired by this point of view, a number of candidate
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materials for the Kitaev model have been synthesized and their properties have been
investigated intensively by various measurements [18–23].

1.3 Aim of This Dissertation

The observation of evidence of Majorana fermionic excitations in candidate materi-
als, as predicted by Kitaev, does not mean the end of research on Kitaev quantum
spin liquids. Through the study on it, many unanswered questions have emerged
and connections with other fields have expanded. Kitaev himself aims to realize
fault-tolerant quantum computation by anyons, and has proposed the Kitaev model
as a model in which required anyons appear. This can be seen in the introduction of
the original paper Ref. [13] in which the Kitaev model was proposed, and in the pre-
decessor paper Ref. [26] in which the toric code was proposed. There is still a long
way to go to realize the application of non-Abelian anyons in the Kitaev matters to
fault-tolerant topological quantum computation.

As a stepping stone to such an application, it is first necessary to study (i) fur-
ther exploration and understanding of the candidate materials and (ii) proposal of
methods to control the Majorana fermions in Kitaev quantum spin liquid states. In
addition, these issues are not independent, but closely related. In this doctoral dis-
sertation, the research will focus on (i) above.

Due to the proposal of the Jackeli-Khaliullin mechanism, which was briefly re-
viewed in the previous section, many candidate materials have been proposed and
experiments have been performed. However, in real materials, there are magnetic
interactions that are not included in the Kitaev model, such as the Heisenberg inter-
action, which is isotropic in spin space, the spin-diagonal interaction, the spin-spin
interaction beyond the nearest neighbor, and so on, due to effects and processes not
considered in the above discussion, for example distortion of IrO6 octahedra and
direct hoppings between d-orbitals in transition metals. Phase transitions to mag-
netic orders have been observed at low temperatures in almost all candidates except
H3LiIr2O6 [33]. a-RuCl3, a candidate material for which the thermal Hall effect was
measured, also undergoes zigzag antiferromagnetic ordering at low temperatures.
Therefore, the Hall coefficient was measured in the region where the ordering was
suppressed by applying magnetic field. In addition, impurities and lattice defects
inevitably appear in solids, and these induce spin-glass states.

Therefore, we investigate the feasibility of Kitaev spin liquids in ultracold atomic
systems. In these systems, the strength and type of interaction can be controlled by
irradiating a laser or other means, so that the desired interaction can be designed.
In addition, there are no impurities or lattice defects that inevitably appear in solid
materials. In particular, one of our goals is to elucidate whether Kitaev quantum
spin liquids can be realized by focusing on the proposed in Refs. [34, 35] of designing
Kitaev-type interactions in a cool polar molecular system in an optical lattice.

The other topic in this dissertation is related to the realization of quantum spin
liquids in high-spin Kitaev materials. The Kitaev model is originally a quantum spin
model with S = 1/2, but there has been a lot of research on the Kitaev model with
S > 1/2 in recent years [36–44]. In particular, there has been much interest in the
topological differences between the case where S is half odd integers and the case
where S is integers, but no exact solution has been obtained as in the case of S =
1/2. It has been rigorously shown that the Z2 fluxes are conserved quantities even
in the general case of S [45]. However, numerical calculations of specific heat and
entropy indicate that there are contributions from degrees of freedom other than the
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Z2 fluxes at low temperatures. It is considered that understanding these additional
fractionalized degrees of freedom is important to elucidate the physics of the S >
1/2 Kitaev quantum spin liquid. The mechanisms for higher-spin Kitaev model are
proposal and candidate materials for S = 1 Kitaev model [46] are proposed recently.
In addition, the candidate materials for S = 3/2 Kitaev model are also discussed
recently [47–50]. Experimental and theoretical studies on spin-S Kitaev materials
are important for both elucidating the physics of spin-S Kitaev quantum spin liquid
and exploring new spin liquid materials. In this dissertation, we consider the Kitaev-
Heisenberg model [51, 52] as a minimal model for Kitaev materials and calculate
phase diagram of spin-S Kitaev-Heisenberg model to estimate the upper bound of S
for realization of Kitaev quantum spin liquid in higher-spin candidate materials.

In order to achieve these goals, we need methods that can handle the dipole in-
teraction in ultracold polar molecular systems and the general spin length S. There-
fore, we use pseudo-fermion functional renormalization group (PFFRG) method as
our main numerical technique, which is an application of the functional renormal-
ization group for interacting fermion systems to quantum spin systems. PFFRG is
a new method developed in 2010 [53, 54], and its extension is still under active dis-
cussion. In this doctoral dissertation, we use this method to address the two topics
mentioned above.

1.4 Structure of This Dissertation

We illustrate the structure of the dissertation in order.
In Chap. 2, we describe the 1-particle irreducble (1PI) scheme functional renor-

malization group (FRG) for fermion many-body systems, which is the basis of the
PFFRG we use. First, we define the generating functionals of the Green’s functions
and the vertices, and then derive the exact flow equation. Finally, applications to
electron systems are discussed.

In Chap. 3, we explain the formulation of PFFRG we use. We derive the renor-
malization group flow equations assuming that we are dealing with Kitaev-type in-
teractions. First, we rewrite the spin Hamiltonians by introducing pseudo-fermions
and apply the fermionic functional renormalization group to it. Next, we derive a
formula to calculate the spin susceptibilities, which are observables, from the ver-
tices obtained by PFFRG. Finally, we review the extensions of PFFRG, including the
extension to general length of spin S.

In Chap. 4, we discuss the feasibility of the Kitaev quantum spin liquid in ultra-
cold polar molecular systems using PFFRG. First, we discuss the application of ultra-
cold polar molecular systems as a quantum simulator of the Heisenberg model,and
review previous studies using numerical methods including PFFRG. Then, we will
give a short description of previous studies that proposed the realization of Kitaev-
type interactions in ultracold polar molecular systems trapped in optical lattice, set
up the dipolar Kitaev model from the previous studies, and investigate the feasibil-
ity of Kitaev quantum spin liquid by PFFRG.

In Chap. 5, we discuss up to how long S it is possible to realize Kitaev quan-
tum spin liquid in high-spin candidate materials. We regard the Kitaev-Heisenberg
model as a minimal model of Kitaev materials and explain its properties, first. Then,
we review some earlier studies on it. Finally, we conduct spin-S PFFRG calculation
for spin-S Kitaev model and spin-S Kitaev-Heisenberg model.

In Chap. 6, we summarize the our main results described in Chap. 4 and Chap. 5.
Then we mention our future perspective.
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Chapter 2

The General Framework of the
Functional Renormalization Group

In this chapter, we present the general framework of the functional renormalization
group (FRG) approach. Then we review its implementation for spin systems in the
next chapter. In the first section, we review the problems of the conventional field
theoretical Wilsonian renormalization group (RG) methods and the key concept of
FRG. Subsequently, we outline the fermionic FRG scheme based on the generating
functionals along References [55, 56]. We introduce several generating functionals
and variables which parametrize RG flow. By considering derivative of the generat-
ing functionals about these variables, we derive exact RG equations for FRG. These
equations cannot be solved as they are. Therefore we expand the exact RG equation
and decompose it into coupled integro-differential equations. Finally we consider
an application to the simple correlated electron systems.

2.1 Functional Renormalization Group

The functional renormalization group (FRG or fRG) method is a refinement of the
conventional Wilsonian renormalization group (RG) method in the field theory [55–
66]. This is also called non-perturbative renormalization group (NPRG) or exact
renormalization group (ERG), depending on the context. Although FRG can be for-
mulated in either boson fields, fermion fields, or mixtures of the two, in this disserta-
tion we consider FRG in fermion systems in order to treat pseudo-fermion systems,
which will be introduced in the next chapter. Not only in the dissertation, but in gen-
eral, the problem of interacting Fermionic systems is very important in condensed
matter physics, since electrons play a leading role in solid state physics. In partic-
ular, strongly correlated fermion (electron) systems cannot be solved exactly, and
there are many unsolved problems including high-temperature superconductivity.
Solving these systems is still a central issue in condensed matter physics today. For
this reason, many computational methods for strongly correlated fermion systems
have been proposed. Since the perturbation theory is no longer justified when the
correlations between fermions are strong, calculations that are not rooted in the per-
turbation theory are necessary. In addition, various fluctuations exist in the systems
with strong correlations, and furthermore, they are interdependent. Therefore, it is
necessary to perform bias-free calculations that do not overestimate specific fluctua-
tions.

Here, we consider the conventional Wilsonian RG in fermionic field theory [67].
At first, we define the (grand) partition function by functional integral with respect



12 Chapter 2. The General Framework of the Functional Renormalization Group

FIGURE 2.1: Picture representing momentum space Wilsonian RG
procedure in fermionic field theory. kF denotes the Fermi momen-
tum and the circle drawn with a black line represents the Fermi sur-
face. Like eating a Baumkuchen by peeling it off one layer at a time,
we integrate and eliminate the fields contained in the width of dL.
This photo was taken by me placing a Baumkuchen on top of the
Fermi surface depicted on the cover of the textbook written by A. A.

Abrikosov, L. P. Gorkov, and I. E. Dzyaloshinski [68].

to fermionic fields {y} and {y} corresponding to the annihilation and creation op-
erators.

Z =
Z

DyDy e�S [y,y], (2.1)

where S [y, y] is action of the system. The details about fermionic field theory are
discussed in the next section. We introduce energy cutoff scale L and divide the
fields into those with energies greater than the cutoff ("fast fields") y> and those
with energies less ("slow fields") y<. We can derive the low energy effective action
by integration over the fast fields. Next, we calculate how the effective action of the
system changes when the cutoff is lowered from L to L � dL. This procedure can
be written symbolically as 1

Z =
Z L

DyDy e�SL[y,y] '
Z L�dL

Dy<Dy< e�SL�dL[y<,y<]. (2.2)

We can think of this as a procedure of integrating out the fields in the width of dL, as
if we were eating a Baumkuchen by peeling it off one layer at a time. This is shown
in Fig. 2.1. As shown in the Fig. 2.1, we take the Fermi energy #F (= k2

F/2m) as the
origin of the energy, and calculating the low-energy effective action corresponds to
constructing an effective theory on the Fermi surface. In this process, by calculating
how the coupling constants of the interactions of the system gm(L) (m = 1, 2, · · · )

1Precisely scale transformations are needed to keep the Gaussian measure of the functional integral
invariant.
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are transformed, we can obtain differential equations for them:

dgm(L)
dL

= CL
m . (2.3)

These are RG equations.
As shown in Eq. (2.2), the conventional Wilsonian RG is non-perturbative in con-

cept, but when actually performing the calculation and finding the right-hand sides
of the RG equations, diagrammatic calculations are required, which make it per-
turbative. Also, it is impossible to consider all diagrams, so only certain diagrams
are taken into account. Therefore, the calculation is biased in favor of only certain
processes and fluctuations. Furthermore, since only a finite number of coupling con-
stants can be taken into account, we can consider only certain points, such as the van
Hove singularity, when the Fermi surface is not isotropic. This fact also leads to a
large bias.

FRG is a method that overcomes these shortcomings. As will be explained in the
following sections, FRG allows us to obtain exact renormalization group equations
by considering differential equations for the generating functional of the Green’s
functions or interacting vertices. By expanding the obtained exact renormalization
group equations for fermionic fields, we can derive the renormalization group equa-
tions of each order. This expansion is exact because it is Taylor expansions for Grass-
mann variables, and the resulting equations include the channels of each fluctuation
with equal footing. This enable us perform unbiased calculation. We also have ac-
cess to the interaction vertices at every point to add the cutoff to the Gaussian mea-
sure of the functional integral. Thus, the FRG is non-perturbative in both concept
and equations, and can be used even when the interactions are strong, at least in
principle. When we expand the exact renormalization group equation for the gen-
erating functional for a fermionic field, an infinite hierarchy of equations appears.
So we need to truncate it at a finite order, and this truncation makes the calculation
approximate. The idea of considering the renormalization group for the generating
functional was proposed in 1973 [69]. Later, the theory was refined, and Polchinski
scheme [70], Wick-ordered scheme [57, 58], 1PI (1-particle irreducible) scheme [71],
and other theories were proposed. In this dissertation, we use the 1PI scheme. This
was proposed by C. Wetterich in 1993 [71] and is the convenient and most com-
monly used scheme. Hence, in this chapter, we mainly present the 1PI FRG scheme.
Recently, a quantitative comparison of the results of the multi-loop FRG of the two-
dimensional Hubbard model with those of the determinat quantum Monte Carlo
method is also presented [72]. Research on improving the accuracy and extending
the range of application of FRG is still being actively conducted.

2.2 Several Basics of Field Theory and Notations

This section is devoted to a very short review of the path integral (functional in-
tegral) formalism to confirm the notation and to introduce linked cluster theorem.
The author referred mainly [73] and sometimes [74]. Here we use finite temperature
formalism.

Here we consider a system described by the action

S [y, y] = S0[y, y] + Sint[y, y], (2.4)
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where S0 is the non-interacting part and Sint is the interacting part of the action. y
and y are Grassmann variables corresponding to annihilation and creation operators
of fermions, respectively. The action is a functional of these variables. In general, the
non-interacting parts of actions have the form

S0[y, y] = �(y, G�1
0 y), (2.5)

where G0 represents the one-particle (one-body) Green’s function2 of the non-interacting
system and (· · · , · · · ) means an “inner product” i.e. the sum: ( f , g) = Âx f (x)g(x)
where f and g are functions of x. Therefore,

(y, G�1
0 y) = Â

x
y(x)(G�1

0 y)(x), (2.6)

where
(G�1

0 y)(x) = Â
x0

G�1
0 (x, x0)y(x0). (2.7)

Here, x and x0 represent sets of the appropriate quantum numbers for single-
particle basis and imaginary-time/Matsubara frequency. The symbol Âx represents
summations for discrete variables in x and integrals for continuous variables in x. In
addition, the sum includes appropriate prefactors such as inverse temperature b or
volume W depend on the choice of x. We introduce the above rules for representa-
tion independent on arguments of field variables. If we consider an electron system
with translational invariance and spin-rotational invariance, one of the appropriate
choices of x is x = (iwn, k, m, a). Here, i, wn, k, m, and a are imaginary unit

p
�1,

fermionic Matsubara frequency (2n + 1)pT (n 2 Z), momentum, band index, and
spin index (spin configuration), respectively. Here T = 1/b represents temperature.
In this choice of x, the bare Green’s function is

G0(x, x0) = G0(iwn, k, m, a; iwn0 , k
0, m0, a0)

= bWdn,n0 dk,k0 dm,m0 da,a0 G0(iwn, k, m)

= bWdn,n0 dk,k0 dm,m0 da,a0
1

iwn � xkm
. (2.8)

We sometimes use " ; " instead of " , " to separate sets of arguments as above. In this
dissertation, we adopt a non-unitary definition of Fourier transformation which is
introduced in Appendix A.

We focus on the interacting part next. Generally, two-body interaction has the
form

Sint[y, y] =
1
4 Â

x1,x2,x0
1,x0

2

V(x0
1, x0

2; x1, x2)y(x0
1)y(x0

2)y(x2)y(x1). (2.9)

The factor 1/4 = 1/(2!)2 is due to anti-symmetrization of interacting matrix ele-
ments [68, 73]. It is anti-symmetric function by exchanges x1 � x2 and x0

1 � x0
2. For

example, consider a system with the interacting part of the Hamiltonian as

Hint =
1
2

Z
ddr1

Z
ddr2 Â

a,b,g,d
y†

a(r1)y†
b(r2)Uab,gd(r1 � r2)yd(r2)yg(r1). (2.10)

Here ya(r) and y†
a(r) are anihilation and creation operators of fermion at coordinate

r with spin index a. U is the matrix element of interaction and d is the dimension of

2Sometimes it is called the Green function. We call it the Green’s function here and after [75].
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the system. Corresponding interacting part of the action is

Sint =
1
2

Z b

0
dt1

Z b

0
dt2

Z
ddr1

Z
ddr2 Â

a,b,g,d

⇥ ya(t1, r1)yb(t2, r2)Uab,gd(r1 � r2)d(t1 � t2)yd(t2, r2)yg(t1, r1). (2.11)

After anti-symmetrization, the interacting part is

Sint =
1
4

Z b

0
dt0

1

Z b

0
dt0

2

Z b

0
dt1

Z b

0
dt2

Z
ddr10

Z
ddr20

Z
ddr1

Z
ddr2 Â

a10 ,a20 ,a1,a2

⇥ ya10 (t10 , r10)ya20 (t20 , r20)Va10 a20 ,a1a2(t10r10 , t20r20 ; t1r1, t2r2)ya2(t2, r2)ya1(t1, r1),
(2.12)

with

Va10 a20 ,a1a2(t10r10 , t20r20 ; t1r1, t2r2)

= Ua10 a20 ,a1a2(r1 � r2)d(t1 � t2)d(r10 � r1)d(t10 � t1)d(r20 � r2)d(t20 � t2)

� Ua20 a10 ,a1a2(r1 � r2)d(t1 � t2)d(r10 � r2)d(t10 � t2)d(r20 � r1)d(t20 � t1). (2.13)

The (grand) partition function is obtained by path integral (functional integral)
respect to the Grassmann variables y and y:

Z =
Z

DyDy e�S [y,y] . (2.14)

The integral measure DyDy sometimes contains some constant prefactors if exist.
We also define the non-interacting grand partition function Z0 as the same manner:

Z0 =
Z

DyDy e�S0[y,y] = Det

�G�1

0

�
. (2.15)

The free energy (to be precise, grand potential) is given by the natural logarithm of
partition function

F = � 1
b

ln Z , (2.16)

and that without interacting part is also given by

F0 = � 1
b

ln Z0

✓
= � 1

b
ln


Det
�

� G�1
0
 �

= � 1
b

Tr


ln
�

� G�1
0
 �◆

. (2.17)

Taking logarithm means to collect only connected Feynman diagrams i.e.

F � F0 = � 1
b Â(all connected diagrams). (2.18)

This fact is called the Linked cluster theorem [73, 74]. We can prove it easily by
replica technique introduced below.

Linked Cluster Theorem

Here we derive the theorem and introduce replica technique [73]. At first, we con-
sider n (2 N) replicas of the system. Since they do not interact, the grand partition
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function is Zn. Then we expand it as

Zn = en ln Z = 1 + n ln Z +
•

Â
m=2

1
m!

(n ln Z)m. (2.19)

At last, we continue3 n to R and take the limit after differentiation:

lim
n!0

d
dn

Zn = lim
n!0

d
dn

[en ln Z ] = ln Z . (2.20)

To calculate Zn, we introduce replica index r which runs from 1 to n. Expanding it
m-th order

✓
Z
Z0

◆n

=
1

Zn
0

Z n

’
r=1

Dy
rDyr e� Ân

r=1(S0[y
r,yr]+Sint[y

r,yr])

=
•

Â
m=0

(�1)m

m!

n

Â
r1=1

· · ·
n

Â
rm=1

⌧
Sint[y

r1 , yr1 ] · · · Sint[y
rm , yrm ]

�

0
.

(2.21)

The average h· · · i0 means
R

DyDy e�S0 · · · /
R

DyDy e�S0 = 1
Z0

R
DyDy e�S0 · · · ,

average by non-interacting action S0. We use Feynman rules and calculate sums of
diagrams. Each propagator carries a replica index r, and each connected part of di-
agrams must carry the same replica index. Therefore, the sum over the all replica
indices yield the factor nnc where nc is the number of the connected part of the di-
agram. Replica technique introduced above pick up only n linear term, and Feyn-
man diagrams proportional to n are those with only one connected part. Therefore,
replica technique means that we pick up only connected diagrams.

2.3 Generating Functionals

In this section, we introduce several kinds of generating functionals and some im-
portant functions such as the Green’s functions and the vertex functions.

Generating Functionals of the Green’s Functions

At first, we consider the source term added the action

S [y, y] ! S [y, y] � (h, y) � (y, h), (2.22)

with Grassmann variables h, h and a functional defined by it

W[h, h] =
Z

DyDy e�S [y,y]+(h,y)+(y,h). (2.23)

Defining the disconnected m-body (2m-point, m-particle) Green’s functions as

G(2m)
dc (x1, · · · , xm; x0

1, · · · , x0
m) = �hy(x1) · · · y(xm)y(x0

m) · · · y(x0
1)idc, (2.24)

3This analytic continuation have very sensitive problem related to Carlson’s theorem. Here we do
not concern mathematically rigorous discussion, and we use replica technique only for formulation.
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with h· · · idc =
R

DyDy e�S · · · , we can see that W[h, h] is a generating functional
of the disconnected Green’s functions:

G(2m)
dc (x1, · · · , xm; x0

1, · · · , x0
m) = (�1)m+1 d2mW[h, h]

dh(x1) · · · dh(xm)dh(x0
m) · · · dh(x0

1)

����
h,h=0

.

(2.25)
Disconnected Green’s functions contain not only connected parts but also discon-
nected parts. To obtain m-body (2m-particle or m-particle) Green’s functions, we
divide (2.25) by the partition function Z .

G(2m)(x1, · · · , xm; x0
1, · · · , x0

m) = (�1)m+1 1
Z

d2mW[h, h]
dh(x1) · · · dh(xm)dh(x0

m) · · · dh(x0
1)

����
h,h=0

.

(2.26)
The m-body (2m-point or m-particle) Green’s functions obtained above are defined
as

G(2m)(x1, · · · , xm; x0
1, · · · , x0

m) = �hy(x1) · · · y(xm)y(x0
m) · · · y(x0

1)i, (2.27)

with h· · · i = 1
Z
R

DyDy e�S · · · . These Green’s functions have partial diagrams
which do not necessarily connect ALL external legs although they do not have par-
tial diagrams which are not connected to ANY external legs and cancelled by Z in
the denominators.

Although we always use Green’s functions introduced above, it is convenient to
define connected Green’s functions for systematic calculation. The connected m-body
(2m-point or m-particle) Green’s functions are defined as

G(2m)
c (x1, · · · , xm; x0

1, · · · , x0
m) = �hy(x1) · · · y(xm)y(x0

m) · · · y(x0
1)ic, (2.28)

where the subscript "c" means connected parts of diagrams. Here, "connected" means
that the diagrams are connected to all external legs. By definition,

G(2)
c = G(2), (2.29)

but
G(2m)

c 6= G(2m) for m � 2. (2.30)

Hereafter, we write G instead of G(2)
c = G(2) for simplicity. The generating functional

of the connected Green’s functions is given by

G[h, h] = � ln W[h, h]

= � ln
Z

DyDy e�S [y,y]+(h,y)+(y,h), (2.31)

and it is understood by replica technique. Connected m-body (2m-point or m-particle)
Green’s functions are obtained by functional derivative

G(2m)
c (x1, · · · , xm; x0

1, · · · , x0
m) = (�1)m d2mG[h, h]

dh(x1) · · · dh(xm)dh(x0
m) · · · dh(x0

1)

����
h,h=0

.

(2.32)
This is why G[h, h] is called generating functional of connected Green’s functions or
merely generating functional.
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If there are no interactions, Gaussian integral for Grassmann variables 4 is exactly
carried out and obtain the identity

Z
DyDy e�S0[y,y]+(h,y)+(y,h) =

Z
DyDy e(y,G�1

0 y)e(h,y)+(y,h)

= Z0e�(h,G0h), (2.35)

where Z0 =
R

DyDy e(y,G�1
0 y) = Det(�G�1

0 ). Therefore,

G[h, h] = � ln Z0 + (h, G0h). (2.36)

In general case with interaction, expanding G[h, h] as a power series of the source
fields, connected Green’s functions are given by the coefficients of the series:

G[h, h] = � ln Z + (h, Gh) +
1

(2!)2 Â
x1,x2
x0

1,x0
2

G(4)
c (x1, x2; x0

1, x0
2)h(x1)h(x2)h(x0

2)h(x0
1) + · · ·

(2.37)
= � ln Z

+
•

Â
m=1

1
(m!)2 Â

x1,··· ,xm
x0

1,··· ,x0
m

G(2m)
c (x1, · · · , xm; x0

1, · · · , x0
m)h(x1) · · · h(xm)h(x0

m) · · · h(x0
1).

(2.38)

Here we define the Taylor expansion of functions of Grassmann variables [74] as

f (x1, · · · , xn) =
•

Â
m=0

1
m!

n

Â
i1,··· ,im=1

∂m f
∂xi1 · · · ∂xim

����
x=0

xim · · · xi1 , (2.39)

where f is an analytic function of Grassmann variables {x1, · · · , xn}. We derive the
above relation between G[h, h] and G(2m)

c based on this definition of Taylor expansion
formula. The m-th order terms of the Taylor expansion of the generating functional
with respect to {h} are obtained by above definition,

Â
x0

1,··· ,x0
m

1
m!

dmG[h, h]
dh(x0

m) · · · dh(x0
1)

����
h=0

h(x0
1) · · · h(x0

m), (2.40)

then performing expansion with respect to {h}, we obtain

Â
x1,··· ,xm
x0

1,··· ,x0
m

1
(m!)2

d2mG[h, h]
dh(x1) · · · dh(xm)dh(x0

m) · · · dh(x0
1)

����
h,h=0

h(x0
1) · · · h(x0

m)h(xm) · · · h(x1).

(2.41)
4Gaussian integral for Grassmann variables [73, 74] is

Z
’

i
dyidyi e� Âi,j yi Aijyj+Âi hiyi+Âi yihi = [det A] eÂi,j hi(A�1)ijhj , (2.33)

and
det A =

Z
’

i
dyidyi e� Âi,j yi Aijyj . (2.34)
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Now we consider to rearrange

h(x0
1) · · · h(x0

m)h(xm) · · · h(x1) (2.42)

to
h(x1) · · · h(xm)h(x0

m) · · · h(x0
1) (2.43)

in the manner below:

h(x0
1) · · · h(x0

m)h(xm) · · · h(x1)

= (�1)2m�1h(x1)h(x0
1) · · · h(x0

m)h(xm) · · · h(x2)

= (�1)2m�1(�1)2m�2h(x1)h(x2)h(x0
1) · · · h(x0

m)h(xm) · · · h(x3)

= · · ·

= (�1)Â2m�1
k=1 (2m�k)h(x1) · · · h(xm)h(x0

m) · · · h(x0
1), (2.44)

where

(�1)Â2m�1
k=1 (2m�k) = (�1)2m(2m�1)� 1

2 ·2m(2m�1)

= (�1)2m(2m�1)�m(2m�1)

= (�1)m(2m�1) = (�1)m. (2.45)

Therefore,

1
(m!)2 Â

x1,··· ,xm
x0

1,··· ,x0
m

d2mG[h, h]
dh(x1) · · · dh(xm)dh(x0

m) · · · dh(x0
1)

����
h,h=0

h(x0
1) · · · h(x0

m)h(xm) · · · h(x1)

=
1

(m!)2 Â
x1,··· ,xm
x0

1,··· ,x0
m

(�1)m d2mG[h, h]
dh(x1) · · · dh(xm)dh(x0

m) · · · dh(x0
1)

����
h,h=0

h(x1) · · · h(xm)h(x0
m) · · · h(x0

1)

=
1

(m!)2 Â
x1,··· ,xm
x0

1,··· ,x0
m

G(2m)
c (x1, · · · , xm; x0

1, · · · , x0
m)h(x1) · · · h(xm)h(x0

m) · · · h(x0
1). (2.46)

Generating Functional of the Vertex Functions

We introduce another generating functional by Legendre transformation. To define
Legendre transformation of the generating functional we introduce conjugate fields
{ỹ} and {ỹ} by

ỹ(x) = hy(x)ih,h

=
1

W[h, h]

Z
DyDy y(x) e�S+(h,y)+(y,h)

=
d

dh(x)
ln

Z
DyDy e�S+(h,y)+(y,h)

= �dG[h, h]
dh(x)

, (2.47)
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and

ỹ(x) = hy(x)ih,h

=
1

W[h, h]

Z
DyDy y(x) e�S+(h,y)+(y,h)

= � d

dh(x)
ln

Z
DyDy e�S+(h,y)+(y,h)

=
dG[h, h]
dh(x)

, (2.48)

where h· · · ih,h represents the average with source term 1
W[h,h]

R
DyDy e�S [y,y]+(h,y)+(y,h) · · · .

Hereafter we write ỹ and ỹ as y and y, respectively, for simplicity as the general
manner of FRG [55] although the bare Grassmann fields and their averages under
source fields are confusing because of the same notation [73].

Now we introduce the generating functional of the vertex functions by Legendre
transformation:

G[y, y] = G[h, h] + (h, y) + (y, h). (2.49)

This G[y, y] is called effective action or effective potential and it obeys the relations
which are sometimes called the reciprocity relations

dG[y, y]
dy

= �h, (2.50)

and
dG[y, y]

dy
= h. (2.51)

These relations are easily checked by

d

dy(x)
G[y, y]

= Â
x0


dG[h, h]
dh(x0)

dh(x0)

dy(x)
+

dG[h, h]
dh(x0)

dh(x0)

dy(x)
+

d

dy(x)

�
h(x0)y(x0) + y(x0)h(x0)

��

= Â
x0


dG

dh(x0)
dh(x0)

dy(x)
+

dG
dh(x0)

dh(x0)

dy(x)
+

dh(x0)

dy(x)
y(x0)d(x, x0)h(x0) � y(x0)

dh(x0)

dy(x)

�

= Â
x0


dG

dh(x0)
dh(x0)

dy(x)
+

dG
dh(x0)

dh(x0)

dy(x)
� dh(x0)

dy(x)

dG
dh(x0)

+ d(x, x0)h(x0) � dG
dh(x0)

dh(x0)

dy(x)

�

= h(x), (2.52)

and

d

dy(x)
G[y, y]

= Â
x0


dG

dh(x0)
dh(x0)
dy(x)

+
dG

dh(x0)
dh(x0)
dy(x)

+
dh(x0)
dy(x)

y(x0) � h(x0)d(x, x0) � y(x0)
dh(x0)
dy(x)

�

= Â
x0


dG

dh(x0)
dh(x0)
dy(x)

+
dG

dh(x0)
dh(x0)
dy(x)

� dh(x0)
dy(x)

dG
dh(x0)

� h(x0)d(x, x0) � dG
dh(x0)

dh(x0)
dy(x)

�

= �h(x). (2.53)
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Here we use the relations Eq. (2.47), (2.48), and (2.49). Here, d(x, x0) represents
generalized delta function which is Kronecker delta for discrete variables and Dirac
delta function for continuous variables. Then we define vertex functions to check
that G[y, y] is the generating functional of vertices. The m-body (2m-point or m-
particle) one-particle irreducible (1PI) vertex functions G(2m) are defined as coeffi-
cients of the effective (renormalized) action:

Seff[y, y] = Â
m=1

(�1)m

(m!)2 Â
x1,··· ,xm
x0

1,··· ,x0
m

G(2m)(x0
1, · · · , x0

m; x1, · · · , xm)y(x0
1) · · · y(x0

m)y(xm) · · · y(x1)

+ const. (2.54)

1PI means that the diagrams cannot be disconnected by removing any single internal
propagators.
We can regard the effective action G[y, y] as the "effective action" of the system literally
as we prove later. Therefore, by definition of the vertices, we obtain the m-body 1PI
vertices by functional derivative of the effective action:

G(2m)(x0
1, · · · , x0

m; x1, · · · , xm) =
d2mG[y, y]

dy(x0
1) · · · dy(x0

m)dy(xm) · · · dy(x1)

����
y,y=0

. (2.55)

Note that the terms "irreducible" and "reducible" refer different properties depend-
ing on the context. In condensed matter physics, "irreducible"(or proper) self-energy
always refers 1PI self-energy, while "irreducible" vertices often refer two-particle ir-
reducible (2PI) vertices. For instance, irreducible vertices obtained by dynamical
mean-field theory (DMFT) are 2PI vertices[76]. Hence we must solve Bethe-Salpeter
equation in order to obtain full ("reducible") vertices. To construct Bethe-Salpeter
equation, we decompose full vertices into the integral equations of the Green’s func-
tions and the 2PI vertices from DMFT. There are three possible ways to decompose
the full vertices: particle-particle channel, direct particle-hole channel, and crossed
particle-hole channel; the results should be the same no matter which channel de-
composition we use, if calculated 2PI vertices are exact. Of course, in the most case,
calculated 2PI vertices are not exact, and the full vertices obtained from these 2PI
vertices depend on its decomposition channel. Therefore, we have to choose chan-
nel appropriate to fluctuation we focus on. The full ("reducible") vertices above are
1PI but not 2PI vertices and correspond to 1PI vertices here we discuss. FRG also
can be constructed by 2PI scheme [64]. The effective action in 2PI scheme is strongly
related to Luttinger-Ward functional [77–79].

All connected Green’s functions are constructed from tree diagrams of equal or
lower order 1PI vertex functions[56, 73]. For example, 2-particle connected Green’s
function is represented as

G(4)
c (x1, x2; x0

1, x0
2) = Â

y1,y2,y0
1,y0

2

G(x1, y0
1)G(x2, y0

2)G(4)(y0
1, y0

2; y1, y2)G(y1, x0
1)G(y2, x0

2),

(2.56)
and 3-particle connected Green’s function is also represented as G(6)

c = G3G(6)G3 +
G3G(4)GG(4)G3.
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Dyson Equation

Now we derive the relation between the generating functional of the Green’s func-
tional G and the generating functional of the vertices G what can be regarded as a
generalized Dyson equation.
At first, we consider the functional derivatives of a general fuctional f [h, h] using
the chain rule:

d f [h, h]
dy(x1)

= Â
x2


d f

dh(x2)
dh(x2)
dy(x1)

+
d f

dh(x2)
dh(x2)
dy(x1)

�

= Â
x2


� d f

dh(x2)
d2G

dy(x1)dy(x2)
+

d f
dh(x2)

d2G
dy(x1)y(x2)

�

= Â
x2


+

d f
dh(x2)

d2G
dy(x2)dy(x1)

� d f
dh(x2)

d2G
dy(x2)y(x1)

�
, (2.57)

d f [h, h]

dy(x1)
= Â

x2


d f

dh(x2)
dh(x2)

dy(x1)
+

d f
dh(x2)

dh(x2)

dy(x1)

�

= Â
x2


� d f

dh(x2)
d2G

dy(x1)dy(x2)
+

d f
dh(x2)

d2G
dy(x1)y(x2)

�

= Â
x2


+

d f
dh(x2)

d2G
dy(x2)dy(x1)

� d f
dh(x2)

d2G
dy(x2)y(x1)

�
. (2.58)

If f [h, h] = y(x3)[h, h] in Eq. (2.57),

d(x3, x1) =
dy(x3)
dy(x1)

= Â
x2


dy(x3)
dh(x2)

d2G
dy(x2)dy(x1)

� dy(x3)
dh(x2)

d2G
dy(x2)dy(x1)

�

= Â
x2


� d2G

dh(x2)dh(x3)
d2G

dy(x2)dy(x1)
+

d2G
dh(x2)dh(x3)

d2G
dy(x2)dy(x1)

�

= Â
x2


d2G

dh(x3)dh(x2)
d2G

dy(x2)dy(x1)
� d2G

dh(x3)dh(x2)
d2G

dy(x2)dy(x1)

�

= Â
x2


� d2G

dh(x3)dh(x2)
d2G

dy(x2)dy(x1)
+

d2G
dh(x3)dh(x2)

d2G
dy(x2)dy(x1)

�
.

(2.59)



2.3. Generating Functionals 23

In the same manner as above:
if f [h, h] = y(x3) in Eq. (2.57),

0 =
dy(x3)
dy(x1)

= Â
x2


dy(x3)
dh(x2)

d2G
dy(x2)dy(x1)

� dy(x3)
dh(x2)

d2G
dy(x2)y(x1)

�

= Â
x2


d2G

dh(x2)dh(x3)
d2G

dy(x2)dy(x1)
� d2G

dh(x2)dh(x3)
d2G

dy(x2)y(x1)

�

= Â
x2


d2G

dh(x3)dh(x2)
d2G

dy(x2)y(x1)
+

d2G
dh(x3)dh(x2)

d2G
dy(x2)dy(x1)

�
, (2.60)

if f [h, h] = y(x2) in Eq. (2.58),

d(x3, x1) =
dy(x3)

dy(x1)

= Â
x2


dy(x3)
dh(x2)

d2G
dy(x2)dy(x1)

� dy(x3)
dh(x2)

d2G
dy(x2)dy(x1)

�

= Â
x2


� d2G

dh(x3)dh(x2)
d2G

dy(x2)dy(x1)
+

d2G
dh(x3)dh(x2)

d2G
dy(x2)dy(x1)

�
,

(2.61)

if f [h, h] = y(x3) in Eq. (2.58),

0 =
dy(x3)

dy(x1)

= Â
x2


dy(x3)
dh(x2)

d2G
dy(x2)dy(x1)

� dy(x3)
dh(x2)

d2G
dy(x2)dy(x1)

�

= Â
x2


d2G

dh(x3)dh(x2)
d2G

dy(x2)dy(x1)
� d2G

dh(x3dh(x2)
d2G

dy(x2)dy(x1)

�

= Â
x2


� d2G

dh(x3)dh(x2)
d2G

dy(x2)dy(x1)
+

d2G
dh(x3)dh(x2)

d2G
dy(x2)dy(x1)

�
. (2.62)

These equations can be represented in matrix form

� Â
x2

0

B@

d2G
dh(x3)dh(x2)

� d2G
dh(x3)dh(x2)

� d2G
dh(x3)dh(x2)

d2G
dh(x3)dh(x3)

1

CA

0

B@

d2G
dy(x2)dy(x1)

d2G
dy(x2)dy(x1)

d2G
dy(x2)dy(x1)

d2G
dy(x2)dy(x1)

1

CA = d(x3, x1)

✓
1 0
0 1

◆
,

(2.63)
more simply, we write symbolically

�
� d2G[h, h]

 �
d2G[y, y]

 
= 1. (2.64)

Therefore, �
� d2G[h, h]

 
=
�

d2G[y, y]
 �1. (2.65)

We will use this relation later.
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Then, we derive the standard Dyson equation from the above relation (2.65). We
set y = y = 0 ( It implies h = h = 0. It is explained later.), and obtain a relation
between the Green’s function and the 1-particle vertex function,

Â
x2

G(x1, x2)G(2)(x2, x3) = 1d(x1, x3). (2.66)

Here, we define the matrices

G(x, x0) = �d2G[h, h] = �

0

B@

d2G
dh(x)dh(x0) � d2G

dh(x)dh(x0)

� d2G
dh(x)dh(x0)

d2G
dh(x)dh(x0)

1

CA

�����
h=h=0

=

0

@
�hy(x)y(x0)i �hy(x)y(x0)i

�hy(x)y(x0)i �hy(x)y(x0)i

1

A (2.67)

and

G(2)(x0, x) = dG[y, y] =

0

B@

d2G
dy(x0)dy(x)

d2G
dy(x0)dy(x)

d2G
dy(x0)dy(x)

d2G
dy(x0)dy(x)

1

CA

�����
y=y=0

(2.68)

We use the bold font to represent matrices in particle-hole (Nambu) space here, not
vectors.
From Eq. (2.66),

G(2) = G�1. (2.69)

If there are no U(1) symmetry breaking,

G(2)(x0, x) =
d2G

dy(x0)dy(x)

����
y=y=0

= G�1(x0, x). (2.70)

We define the self-energy from 1-particle vertex function:

�S = G(2) � G
(2)
0 (2.71)

= G(2) � G�1
0 (2.72)

= G�1 � G�1
0 , (2.73)

and then, Dyson equation is obtained:

G(x1, x2) = G0(x1, x2) + Â
x3,x4

G0(x1, x3)S(x3, x4)G(x4, x2). (2.74)

Here, G
(2)
0 represents the 1-particle vertex function of the non-interacting system.

In single-band system with translation invariance and spin-rotation invariance, x =
(k, s) is one of appropriate choices of quantum numbers and

G(k) = G0(k) + G0(k)S(k)G(k), (2.75)

with a shorthand notation k = (iwn, k). This is the well-known form of the Dyson
equation.
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Another Generating Functional: Effective Interaction

We introduce one more useful generating functional called effective interaction [55,
57]:

V [c, c] = � ln


1
Z0

Z
DyDy e�S0[y,y]�Sint[y+c,y+c]

�
. (2.76)

Performing the substitution

c = G0h and c = GT
0 h, (2.77)

with GT
0 (x, x0) = G0(x0, x), we obtain

V [c, c] = G[h, h] + ln Z0 � (h, G0h). (2.78)

Since the last two terms cancel the non-interacting part of G[h, h], functional deriva-
tives of the effective interaction V [c, c] generate connected Green’s functions with
bare propagators amputated from external legs. Therefore,

Sint[y, y] = 0 =) V [c, c] = 0. (2.79)

We expressed V by not only integration but also derivative:

e�V [c,c] =
1
Z0

Z
DyDy e�S0[y,y]�Sint[y+c,y+c]

=
1
Z0

e�Sint[dh ,dh ]
Z

DyDy e(y,G�1
0 y)e(h,y+c)+(h,y+c)

����
h,h=0

=
1
Z0

e�Sint[dh ,dh ]
Z

DyDy e(y,G�1
0 y)e(h,y)�(y,h)e(h,c)+(h,c)

����
h,h=0

=
1
Z0

e�Sint[dh ,dh ]
Z

DyDy e�(y,G�1
0 y)e(h,y)+(y,h)e(h,c)+(h,c)

����
h,h=0

= e�Sint[dh ,dh ]e(h,G0h)e(h,c)+(h,c)

����
h,h=0

= e�Sint[dh ,dh ]e(dc,G0dc)e(h,c)+(h,c)

����
h,h=0

= eDG0 e�Sint[c,c], (2.80)

where we define the functional Laplacian as

DG0 = (dc, G0dc) = Â
x,x0

d

dc(x)
G0(x, x0)

d

dc(x0)
. (2.81)

2.4 Derivation of Exact Flow Equations

In this section we derive the exact flow equations of the FRG. It is a paramount
equation of this dissertation. As mentioned before, considering flow equations of
the generating functionals makes it possible to obtain exact flow equations in FRG.
At first, we introduce flow parameters which play as a cutoff for mode elimination
of Wilsonian renormalization procedure. Then we derive the exact flow equations
by differential with respect to the flow parameter. Finally, we obtain the exact flow
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equations for each vertex function by expansion of the exact flow equation of the
effective action.

Flow Parameters

Recalling the general functional integral form of the partition function:

Z =
Z

DyDy e�S0[y,y]�Sint[y,y]

=
Z

DyDy e(y,G�1
0 y)e�Sint[y,y]

= Z0
⌦
e�Sint[y,y]↵

0, (2.82)

we can see that the inverse of the bare Green’s function G�1
0 plays the role of the

measure of the functional integral. Here we define h· · · i0 as the average in non-
interacting systems i.e. h· · · i0 =

R
DyDy e�S0[y,y] · · · /

R
DyDy e�S0[y,y]. For

standard Wilsonian renormalization group procedure, we introduce momentum or
energy cutoff L and divide field variables into slow (< L) and fast (> L) parts:
y = y< + y>, then perform successive mode elimination by integration with re-
spect to fast modes y>. In FRG, we also introduce cutoff L. However, we attach the
cutoff not to field variables but to integral measure:

G�1
0 ! [GL

0 ]�1 = QL, (2.83)

where Q = G�1
0 (also QL = (GL

0 )�1) and,

GL
0 = qLG0. (2.84)

Here qL is called a cutoff function. In general, the cut off functions are required to
satisfy the condition

GL
0 ⇠

(
0 for L = LUV,
G0 for L = LIR.

(2.85)

There are some choices for the cutoff function. For example, we consider the bare
Green’s function of the single-band system which has translation and spin rotation
invariance. We choose a label of the 1-particle states as x = (iwn, k, s), the bare
Green’s function has the form

G0(iwn, k, s; iwn0 , k
0, s0) = bWdss0 dn,n0 d(k � k

0) G0(iwn, k)

= bWdss0 dn,n0 d(k � k
0)

1
iwn � xk

. (2.86)

Therefore, there is the infrared (IR) singularity at Fermi surface iwn ! w(+i0) = 0
and xk = 0 which is corresponding to the non-interacting Fermi surface. The flow
parameter is introduced as the cutoff to avoid this singularity as

GL
0 (iwn, k) =

qL(k)
iwn � xk

, (2.87)

where qL(k) is a function that vanishes for |xk| ⌧ L and approaches to unity for
|xk| � L. In the beginning of the flow we set the ultraviolet (UV) cutoff LUV =
W, where W is the band width (sometimes W = • e.g. for electron gas). During
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renormalization flow we gradually reduce L to IR limit LIR. Here, LIR = 0 and it
corresponds non-interacting Fermi surface. This is called momentum cutoff scheme.
One of the simplest and often used form for the cutoff function is

qL(k) = Q(|xk| � L), (2.88)

where Q is a step function (Heaviside function).
In momentum cutoff scheme sometimes we can perform Matsubara frequency sum-
mation analytically. However, it has some drawbacks: firstly if deformation of the
Fermi surface due to self-energy occurs, non-interacting Fermi surface is no longer a
good goals of the flow; secondly if the system has no translation invariance, fourier
transformation to momentum representation is ill-defined; in addition, the processes
with small momentum transfer are suppressed in the flow calculation. We can also
use another choice called frequency cutoff scheme:

GL
0 (iwn, k) =

qL(wn)
iwn � xk

. (2.89)

It is useful in the case that the system lacks translation invariance. In frequency cut-
off scheme, LUR = • and LIR = 0. For example, sharp frequency cutoff qL(wn) =
Q(|wn| � L). In addition, mixing momentum and frequency cutoff

GL
0 (iwn, k) =

qL
⇣q

w2
n + x2

k

⌘

iwn � xk

, (2.90)

is also used. This scheme is useful for mathematical literatures because in this
scheme momentum and Matsubara frequency treated equally and it is convenient
for power counting.
More smooth functions are often used for numerics while sharp cutoff functions are
useful for analytical calculation. It is required to apply appropriate cutoff scheme
and form of cutoff functions depending on the properties of the systems, phenom-
ena, and calculation methods. The important fact is that the details of the L-dependency
of GL

0 do not matter to derive the exact flow equation, as shown later.
We denote SL as the bare action with GL

0 instead of G0, and the generating functional
GL is defined by SL as

GL[h, h] = � ln WL[h, h] = � ln
Z

DyDy e�SL[y,y]+(h,y)+(y,h), (2.91)

with

WL[h, h] =
Z

DyDy e�SL[y,y]+(h,y)+(y,h). (2.92)

The effective action with the flow parameter is defined in the same manner before:

GL[y, y] = GL[hL, hL] + (hL, y) + (y, hL), (2.93)

with the conjugate fields

y =
dGL

dh
, (2.94)
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and

y = �dGL

dh
. (2.95)

Here y and y do not depend on L. Moreover, the source fields h and h are L-
dependent in the Legendre transformation above although they do not depend on
L in the definition of GL (2.93).
More precisely, the Legendre transformation is written as

GL[y, y] = GL[hL[y, y], hL[y, y]] + (hL[y, y], y) + (y, hL[y, y]). (2.96)

And it means “if the values of y and y are given, find the values h and h which
satisfy the relation

y = �dGL[h, h]
dh

, y =
dGL[h, h]

dh
, (2.97)

and define them as hL[y, y] and hL[y, y]. Then, we define the values of GL[y, y] by
substituting the values of hL and hL for the right-hand side GL[hL, hL] + (hL, y) +
(y, hL).”
Therefore, h and h are L-dependent in the definition of GL. This is important to
derive the exact flow equation of GL[y, y]. The reciprocity relations are

hL =
dGL

dy
, hL = �dGL

dy
. (2.98)

At the first of the renormalization flow L = LUV, GL corresponds to the regularized
bare action of the system GLUV = SLUV. Then high energy contributions to the action
is renormalized in GL along the renormalization flow. At last, GL reaches the genuine
effective action GLIR = G describing physical phenomena at low energy scale.

The vertex functions are obtained by

GL(2m)(x0
1, · · · , x0

m; x1, · · · , xm) =
d2mGL[y, y]

dy(x0
1) · · · dy(x0

m)dy(xm) · · · dy(x1)

����
y,y=0

, (2.99)

and the Dyson equation is

�SL = GL(2) � [GL
0 ]�1

= [GL]�1 � [GL
0 ]�1.

(2.100)

In addition, we introduce the inverse bare propagator

QL(x, x0) = [GL
0 (x, x0)]�1, (2.101)

for a simple form of the flow equation.
Finally, we expand the effective potential:

GL[y, y] =
•

Â
m=0

A(2m)L[y, y]. (2.102)
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In the same manner of expansion Eq. (2.37), we perform Taylor expansion of the
functionals of Grassmann variables and obtain

A(2m)L[y.y] =
(�1)m

(m!)2 Â
x1,··· ,xm
x0

1,··· ,x0
m

G(2m)L(x0
1, · · · , x0

m; x1, · · · , xm)y(x0
1) · · · y(x0

m)y(xm) · · · y(x1),

(2.103)
for m � 1. Then, we calculate

A(0)L = GL[0, 0]. (2.104)

We consider the Legendre transformation again:

GL[y, y] = GL[hL, hL] + (hL, y) + (y, hL). (2.105)

We set y = y = 0, and remember the meaning of the Legendre transformation. We
find values of hL and hL satisfying

dGL

dh
= hyi = 0,

dGL

dh
= �hyi = 0.

(2.106)

The expectation values of single field variable are zero if source fields do not exist
h = h = 0. Remembering GL[0, 0] = � ln ZL,

A(0)L = GL[0, 0] = � ln ZL. (2.107)

Therefore,

GL[y, y]

= � ln ZL � (y, G(2)Ly) +
1
4 Â

x1,x2,x0
1,x0

2

G(4)L(x0
1, x0

2; x1, x2)y(x0
1)y(x0

2)y(x2)y(x1) + · · ·

= � ln ZL � (y, [GL]�1y) +
1
4 Â

x1,x2,x0
1,x0

2

G(4)L(x0
1, x0

2; x1, x2)y(x0
1)y(x0

2)y(x2)y(x1) + · · ·

= � ln ZL � (y, {[GL
0 ]�1 � SL}y)

+
1
4 Â

x1,x2,x0
1,x0

2

G(4)L(x0
1, x0

2; x1, x2)y(x0
1)y(x0

2)y(x2)y(x1) + · · · . (2.108)

This has the form corresponding to action. At initial condition (L = LUV), SLUV=0,
[GLUV ]�1 = [GLUV

0 ]�1 = QLUV, G(4)LUV = V, and G(2m)LUV = 0 (m � 3, m 2 N). V is
the anti-symmetrized 2-particle interaction of the model.
Here, let us prove

GL[y, y] �! SL[y, y] + const. (L ! LUV). (2.109)
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The proof is below:

e�GL[ỹ,ỹ] = exp
✓

�GL[h, h] � (h, ỹ) � (ỹ, h)

◆

=
Z

DyDy e�SL[y,y]+(h,y)+(y,h)�(h,ỹ)�(ỹ,h) (2.110)

Here, we introduce variable translation:

y ! y + ỹ,

y ! y + ỹ. (2.111)

Then,
Z

DyDy e�SL[y+ỹ,y+ỹ]

=
Z

DyDy e�SL
0 [y,y]�SL

0 [ỹ,ỹ]�Sint[y+ỹ,y+ỹ]e(y,QLỹ)+(ỹ,QLy)

= e�SL
0 [ỹ,ỹ]

Z
DyDy e�SL

0 [y,y]�Sint[y+ỹ,y+ỹ]

| {z }
Z0⇥e�VL [ỹ,ỹ] ! e�Sint [ỹ,ỹ]+const. (L!LUV)

e(y,QLỹ)+(ỹ,QLy)
| {z }

! 0 (L!LUV)

�! e�SL
0 [ỹ,ỹ]�Sint[ỹ,ỹ] + const. (L ! LUV). (2.112)

There are other options for flow parameters and we introduce temperature flow
scheme and interaction flow scheme in appendix B.

Direct Derivation

At first, we derive the flow equation of the generating functional GL[h, h] directly by
L-derivative [55, 65]. We can obtain simple form of L-derivative by using functional
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derivative.

d
dL

GL[h, h] = �eGL[h,h] d
dL

e�GL[h,h]

= �eGL[h,h] d
dL

Z
DyDy e(y,[GL

0 ]�1y)�Sint[y,y]+(h,y)+(y,h)

= �eGL[h,h]
Z

DyDy (y, [ĠL
0 ]�1y)e�SL[y,y]+(h,y)+(y,h)

= �eGL[h,h]
✓

� d

dh
, [ĠL

0 ]�1 d

dh

◆ Z
DyDy e�SL[y,y]+(h,y)+(y,h)

= eGL[h,h]
✓

d

dh
, [ĠL

0 ]�1 d

dh

◆
e�GL[h,h]

= eGL[h,h]
✓

d

dh
, Q̇L d

dh

◆
e�GL[h,h]

= eGL[h,h]
✓

d

dh
, Q̇L(�1)

dGL[h, h]
dh

◆
e�GL[h,h]

= eGL[h,h]

� Â

x,x0
Q̇L(x, x0)

d2GL[h, h]
dh(x)dh(x0)

+

✓
dGL[h, h]

dh
, Q̇L dGL[h, h]

dh

◆�
e�GL[h,h]

=

✓
dGL[h, h]

dh
, Q̇L dGL[h, h]

dh

◆
+ Â

x,x0
Q̇L(x, x0)

d2GL[h, h]
dh(x0)dh(x)

=

✓
dGL[h, h]

dh
, Q̇L dGL[h, h]

dh

◆
+ Tr

✓
Q̇L d2GL[h, h]

dhdh

◆
. (2.113)

This is an exact flow equation. We use the dot symbol “ · ” by representing L-
derivative hereafter. As shown before, the generating functional is expanded in the
series of source field whose coefficients are connected many-body Green’s functions.
Therefore we can obtain an infinite hierarchy of functional differential equations for
connected many-body Green’s functions. However, the isolated propagators can
lead to technical problems within scheme described here [80]. In addition, the flow
equation for Green’s functions contains one-particle reducible term, which require
more care [55].
Another choice is the exact flow equation of the effective action, which generates 1PI
vertex functions. Now we consider L-derivative of GL[y, y] using Eq. (2.96):

d
dL

GL[ỹ, ỹ] =
d

dL
GL[hL, hL] +

✓
ỹ,

dhL

dL

◆
+

✓
dhL

dL
, ỹ

◆
. (2.114)
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Unlike the above derivation of the flow equation of GL[h, h], the arguments hL and
hL of the generating functional are L-dependent. As in the same manner above,

d
dL

GL[hL, hL]

= �eGL[hL,hL] d
dL

e�GL[hL,hL]

= �eGL[hL,hL] d
dL

Z
DyDy e(y,QLy)�Sint[y,y]+(hL,y)+(y,hL)

= �eGL[hL,hL]
Z

DyDy

⇢
(y, Q̇Ly) +

✓
dhL

dL
, y

◆
+

✓
y,

dhL

dL

◆�
e�SL[y,y]+(hL,y)+(y,hL)

=
d

dL
GL[hL, hL]

����
hL,hL :fixed

� eGL[hL,hL]
⇢✓

dhL

dL
,

d

dhL

◆
+

✓
� d

dhL ,
dhL

dL

◆�
e�GL[h,h]

=
d

dL
GL[hL, hL]

����
hL,hL :fixed

�
✓

dhL

dL
, �dGL[hL, hL]

dhL

◆
+

✓
dGL[hL, hL]

dhL ,
dhL

dL

◆
. (2.115)

Here, we remember the relation Eq. (2.94) and Eq. (2.95), we obtain

d
dL

GL[hL, hL] =
d

dL
GL[hL, hL]

����
hL,hL :fixed

�
✓

dhL

dL
, ỹ

◆
�
✓

ỹ,
dhL

dL

◆
. (2.116)

Substituting it into dGL[ỹ, ỹ]/dL, we obtain

d
dL

GL[ỹ, ỹ] =
d

dL
GL[hL, hL]

����
hL,hL :fixed

=

✓
dGL[hL, hL]

dhL , Q̇L dGL[hL, hL]

dhL

◆
+ Tr

✓
Q̇L d2GL[hL, hL]

dhLdhL

◆
. (2.117)

Rewriting the right-hand-side by y and y (we omit “⇠” for simplicity),

d
dL

GL[y, y] = �(y, Q̇Ly) + Tr
✓

Q̇L d2GL[hL, hL]

dhLdhL

◆

= �(y, Q̇Ly) + Â
x,x0

Q̇L(x, x0)
d2GL[h, hL]

dhL(x0)dhL(x)

= �(y, Q̇Ly) +
1
2 Â

x,x0

⇢
Q̇L(x, x0)

d2GL[hL, hL]

dhL(x0)dhL(x)
+ Q̇L(x0, x)

d2GL[hL, hL]

dhL(x)dhL
(x0)

�

= �(y, Q̇Ly) +
1
2

Tr(Q̇Ld2GL[hL, hL])

= �(y, Q̇Ly) � 1
2

Tr{Q̇L(d2GL[y, y])�1}. (2.118)

Here

QL =

✓
QL 0
0 �(QL)T

◆
. (2.119)
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and
[QL(x, x0)]T = QL(x0, x). (2.120)

This equation Eq. (2.118) is the exact flow equation of the effective action. Sometimes
it is also called Wetterich equation [71]. This Wetterich equation is a primal equation
in FRG.

Effective Average Action

Here, we introduce another version of the Wetterich equation. We define one more
generating functional of vertex functions

GL
R [y, y] = GL[y, y] + (y, RLy), (2.121)

whose analog for bosonic fields is called effective average action [60, 71]. RL is called
a regulator function defined

RL = QL � Q, (2.122)

and its derivative is

ṘL =
d

dL
RL =

d
dL

(QL � Q) = Q̇L. (2.123)

When we consider flow equation of GL
R , the additional term (y, Ry) cancel the first

term of the Wetterich equation Eq. (2.118). Moreover, the second derivative of GL
R [y, y]

is

d2GL
R [y, y]

dy(x1)dy(x0
1)

=
d2GL[y, y]

dy(x1)dy(x0
1)

� d

dy(x0
1)

Â
x

✓
y(x)RL(x, x0

1)

◆

=
d2GL[y, y]

dy(x1)dy(x0
1)

� RL(x1, x0
1). (2.124)

Using this relation, the flow equation is rewritten as

d
dL

GL
R [y, y] = �1

2
Tr{ṘL(d2GL

R [y, y] + RL)�1}, (2.125)

where RL = diag(RL, �(RL)T). This is fermionic counterpart of the original form
of the Wetterich equation [71] 5.
At the initial condition L = LUV,

GLUV
R [y, y] = GLUV [y, y] + (y, RLUV y)

= SLUV [y, y] + (y, RLUV y) + const.

= �(y, QLUV y) + Sint[y, y] + (y, RLUV y) + const.

= �(y, Qy) � (y, (QLUV � Q)y) + Sint[y, y] + (y, RLUV y) + const.

= S [y, y] � (y, RLUV y) + (y, RLUV y) + const.
= S [y, y] + const. (2.126)

As shown above, the effective average action GL
R interpolates smoothly between the

(unregularized) bare action S and the final effective action G, while the effective
5Interestingly, in the paper proposing the Wetterich equation, "FRG" is written as the country name

in the column of the affiliation to which Wetterich belongs. Here, "FRG" is an abbreviation of Federal
Republic of Germany in English and does not mean a functional renormalization group.
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action GL interpolates between the regularized bare action SL and the final effective
action G. One may think that we should always use the effective average action GL

R .
However, the effective action GL is also useful because the inverse of the second
functional derivative of GL is the exactly Green’s function GL without addition of
RL.

Derivation by the Effective Interaction

In addition, we derive the exact flow equation of the effective interaction V and we
show another derivation of the flow equation of G using it.
With a cutoff L, the effective interaction is represented as

e�VL
= e

DGL
0 e�Sint . (2.127)

At the initial condition or the highest energy scale L = LUV, the bare Green’s func-
tion is zero due to regularization: GLUV

0 = 0. Thus VLUV = Sint. From this fact, we
can know that the effective interaction VL smoothly interpolates between the inter-
action part of the bare action Sint and the final effective interaction V .
The relation between VL and V is obtained as

e�V = eDG0 e�Sint = e
D

GL
0

+DGL
0 e�Sint = e

D
GL

0 e�VL
, (2.128)

with the soft mode bare propagator defined as

GL
0 = G0 � GL

0 . (2.129)

Now, we derive the exact flow equation of the effective interaction. In the same
manner as Eq. (2.113), we can obtain

d
dL

VL[c, c] = �eVL d
dL

e�VL

= �eVL d
dL

[e
DGL

0 e�Sint ]

= �eVL
DĠL

0
e�VL

= �eVL Â
x,x0

d

dc(x)


ĠL

0 (x, x0)
d

dc(x0)
e�VL

�

= �eVL Â
x,x0

d

dc(x)


�ĠL

0 (x, x0)e�VL dVL

dc(x0)

�

= � Â
x,x0


+

dVL

dc(x)
ĠL

0 (x, x0)
dVL

dc(x0)
� ĠL

0 (x, x0)
d2VL

dc(x)dc(x0)

�

= � Â
x,x0


+

dVL

dc(x)
ĠL

0 (x, x0)
dVL

dc(x0)
+ ĠL

0 (x, x0)
d2VL

dc(x0)dc(x)

�

= �
✓

dVL

dc
, ĠL

0
dVL

dc

◆
� Tr

✓
ĠL

0
d2VL

dcdc

◆
. (2.130)

This is Polchinski equation [70] which is the exact flow equation for the effective
interaction. Using the relation between V [c, c] and G[h, h] Eq. (2.78) and c = Gh,
c = GTh, we also obtain the flow equation for GL[h, h] Eq. (2.113).
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2.5 Hierarchy of the Flow Equation

While the exact flow equation Eq. (2.118) can be solved directly only for a few sys-
tems, we are usually interested in a few number of 1PI vertex functions in practice.
Therefore, we perform the Taylor expansion of the flow equation in powers of the
fields to obtain the hierarchy of the equations. Note that the Taylor expansions with
respect to fermion variables are exact thanks to the nilpotent property of Grassmann
variables. Hence expanded flow equations are yet "exact".
We introduced the expansion of GL[y, y] before. Hence, the left-hand side (LHS) of
Eq. (2.118)

(LHS) =
d

dL
GL[y, y] =

•

Â
m=0

d
dL

A(2m)L[y, y]. (2.131)

To expand the right-hand side (RHS) of Eq. (2.118) systematically, we introduce the
matrix

UL[y, y] = d2GL[y, y]

����
y=y=0

� d2GL[y, y]

= [GL]�1 � d2GL[y, y]

= �
•

Â
m=2

d2A(2m)L[y, y]

= �(d2A(4)L + d2A(6)L + d2A(8)L + · · · ). (2.132)

Using this matrix and expanding as geometric series6,

(d2GL[y, y])�1 =

✓
[GL]�1 � UL[y, y]

◆�1

=

⇢
[GL]�1

✓
1 � GLUL[y, y]

◆��1

= (1 � GLUL[y, y])�1GL

= (1 + GLUL + GLULGLUL + · · · )GL. (2.135)

6Here we use the formula for inverse matrix:

(AB)�1 = B�1 A�1, (2.133)

which is proved as
(AB)�1 AB = B�1 A�1 AB = B�1B = 1. (2.134)
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Substituting this into the Wetterich equation Eq. (2.118),

d
dL

GL[y, y] =
•

Â
m=0

d
dL

A(2m)L[y, y]

= �(y, Q̇Ly) � 1
2

Tr
✓

Q̇L(1 + GLUL + GLULGLUL + · · · )GL
◆

= �(y, Q̇Ly) � Tr(Q̇LGL) � 1
2

Tr
✓

GLQ̇L(GLUL + GLULGLUL + · · · )
◆

= �(y, Q̇Ly) � Tr(Q̇LGL) � 1
2

Tr
✓

GLQ̇LGL(UL + ULGLUL + · · · )
◆

= �(y, Q̇Ly) � Tr(Q̇LGL) +
1
2

Tr
✓

SL(UL + ULGLUL + · · · )
◆

.

(2.136)

Here we define the single-scale propagator

SL = diag(SL, �[SL]T) = �GLQ̇LGL, (2.137)

with
SL = �GLQ̇LGL. (2.138)

It is called the single-scale propagator because it has the factor ∂LqL(ik0, k). It is ob-
tained by the derivative with fixing self-energy as below. From the Dyson’s equation

[GL]�1 = [GL
0 ]�1 � SL, (2.139)

we can obtain the single-scale propagator 7

d
dL

GL
����
SL :fixed

=
d

dL
([GL

0 ]�1 � SL)�1
����
SL :fixed

=
d

dL
(QL � SL)�1

����
SL :fixed

= �(QL � SL)�1Q̇L(QL � SL)�1

= �GLQ̇LGL

= SL. (2.143)

7Here we use the derivative of inverse matrix. From

A�1(x)A(x) = 1, (2.140)

dA�1(x)
dx

A(x) + A�1(x)
dA(x)

dx
= 0. (2.141)

Thus,
dA�1(x)

dx
= �A�1 dA(x)

dx
A�1. (2.142)
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Finally, we compare the same order term in LHS and RHS and obtain the infinite
hierarchy of the flow equation:

d
dL

A(0)L = �Tr(Q̇LGL), (2.144)

d
dL

A(2)L = �(y, Q̇Ly) � 1
2

Tr(SLd2A(4)L), (2.145)

d
dL

A(4)L = �1
2

Tr(SLd2A(6)L) +
1
2

Tr(SLd2A(4)LGLd2A(4)L), (2.146)

d
dL

A(6)L = �1
2

Tr(SLd2A(8)L) +
1
2

Tr(SLd2A(6)LGLd2A(4)L)

+
1
2

Tr(SLd2A(4)LGLd2A(6)L) � 1
2

Tr(SLd2A(4)LGLd2A(4)LGLd2A(4)L),

(2.147)
· · · .

From zero-th order equation Eq. (2.144), we obtain the flow equation for the free
energy (grand potential):

d
dL

FL = � 1
b

Tr(Q̇LGL)

= � 1
b Â

x,x0
Q̇L(x0, x)GL(x, x0). (2.148)

Then, we calculate the flow equation for 1-particle vertex Eq. (2.145).

(LHS) =
d

dL
A(2)L[y, y] = � d

dL Â
x,x0

G(2)L(x0, x)y(x0)y(x)

= � d
dL Â

x,x0

⇢
QL(x0, x) � SL(x0, x)

�
y(x0)y(x)

= �(y, Q̇Ly) + Â
x,x0

d
dL

SL(x0, x)y(x0)y(x), (2.149)
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and

(RHS) = �(y, Q̇Ly) � 1
2

Tr(SLd2A(4)L)

= �(y, Q̇Ly) � 1
2

Tr(SLddA(4)L[y, y] � (SL)TddA(4)L)

= �(y, Q̇Ly) � 1
2 Â

y,y0

✓
SL(y, y0)dy0 dyA(4)L � SL(y0, y)dy0 dyA(4)L

◆

= �(y, Q̇Ly) � 1
2 Â

y,y0

✓
SL(y, y0)dy0 dyA(4)L + SL(y0, y)dydy0A(4)L

◆

= �(y, Q̇Ly) � Â
y,y0

SL(y, y0)dy0 dyA(4)L

= �(y, Q̇Ly) � 1
4 Â

y,y0
Â

x1,x2
x0

1,x0
2

SL(y, y0)dy0 dyG(4)L(x0
1, x0

2; x1, x2)y(x0
1)y(x0

2)y(x2)y(x1)

= �(y, Q̇Ly) � 1
4 Â

y,y0
SL(y, y0)

⇥
✓

� Â
x,x0

G(4)L(y0, x0; y, x)y(x0)y(x)

+ Â
x,x0

G(4)L(y0, x0; x, y)y(x0)y(x)

+ Â
x,x0

G(4)L(x0, y0; y, x)y(x0)y(x)

� Â
x,x0

G(4)L(x0, y0; x, y)y(x0)y(x)

◆
. (2.150)

Here, from the definition of G(4) and the anti-commutation relation of Grassmann
variable derivative,

G(4)L(y0, x0; y, x) = G(4)L(x0, y0; x, y), (2.151)

G(4)L(y0, x0; x, y) = �G(4)L(x0, y0; x, y), (2.152)

G(4)L(x0, y0; y, x) = �G(4)L(x0, y0; x, y). (2.153)

Using these relations,

(RHS) = �(y, Q̇Ly) + Â
y,y0

Â
x,x0

SL(y, y0)G(4)L(x0, y0; x, y)y(x0)y(x). (2.154)

Therefore, we obtain the flow equation for the self-energy

d
dL

SL(x0, x) = Â
y,y0

SL(y, y0)G(4)L(x0, y0; x, y). (2.155)

In the next step, we calculate the quartic term,

(LHS) =
d

dL
A(4)L =

1
4 Â

x1,x2
x0

1,x0
2

d
dL

G(4)L(x0
1, x0

2; x1, x2)y(x0
1)y(x0

2)y(x2)y(x1), (2.156)
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and

(RHS)

= �1
2

Tr(SLd2A(6)L) +
1
2

Tr[SLd2A(4)LGLd2A(4)L]

= �Tr(SLddA(6)L)

+
1
2

Tr
✓

SL 0
0 �(SL)T

◆✓
ddA(4)L ddA(4)L

ddA(4)L ddA(4)L

◆✓
GL 0
0 �(GL)T

◆✓
ddA(4)L ddA(4)L

ddA(4)L ddA(4)L

◆�

= �Tr(SLddA(6)L)

+
1
2

Tr[SLddA(4)LGLddA(4)L + (SL)TddA(4)L(GL)TddA(4)L]

� Tr[SLddA(4)LGLddA(4)L + (SL)TddA(4)LGLddA(4)L]

= �Tr(SLddA(6)L)

+ Tr[SLddA(4)LGLddA(4)L]

� Tr[SLddA(4)LGLddA(4)L + (SL)TddA(4)LGLddA(4)L]. (2.157)

Performing functional derivative in the same manner as equation for the self-energy
above,

d
dL

G(4)L(x0
1, x0

2; x1, x2)

= � Â
y1,y2
y0

1,y0
2

GL(y1, y0
1)SL(y2, y0

2)


G(4)L(x0

1, x0
2; y1, y2)G(4)L(y0

1, y0
2; x1, x2)

�
⇢

G(4)L(x0
1, y0

2; x1, y1)G(4)L(y0
1, x0

2; y2, x2) + G(4)L(x0
1, y0

1; x1, y2)G(4)L(y0
2, x0

2; y1, x2)

�

+

⇢
G(4)L(x0

2, y0
2; x1, y1)G(4)L(y0

1, x0
1; y2, x2) + G(4)L(x0

2, y0
1; x1, y2)G(4)L(y0

2, x0
1; y1, x2)

��

� Â
y,y0

SL(y, y0)G(6)L(x0
1, x0

2, y0; x1, x2, y). (2.158)

The first, second, and third line of Eq. (2.158) is particle-particle (PP) channel term,
direct particle-hole (direct PH) channel term, and exchange (crossed) particle-hole
(exchange PH) channel term, respectively.

Finally, using the relation

G(4)L(x0
1, x0

2; x3, x4) = �G(4)L(x0
1, x0

2; x4, x3) = �G(4)L(x0
2, x0

1; x3, x4) = G(4)L(x0
2, x0

1; x4, x3),
(2.159)
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FIGURE 2.2: Diagrammatic representation of the hierarchy of the flow
equations. The thick lines denote Green’s functions and the slashed
thick lines represent the single-scale propagators. The flow equation
of 2m-particle vertex contains a tadpole diagram consisting of 2(m +
1)-particle vertex. Therefore the hierarchy of equations does not close

within finite order.

we can rewrite Eq. (2.158), as

d
dL

G(4)L(x0
1, x0

2; x1, x2)

= � Â
y1,y2
y0

1,y0
2

LL(y1, y0
1; y2, y0

2)


1
2

G(4)L(x0
1, x0

2; y1, y2)G(4)L(y0
1, y0

2; x1, x2)

� G(4)L(x0
1, y0

2; x1, y1)G(4)L(y0
1, x0

2; y2, x2)

+ G(4)L(x0
2, y0

2; x1, y1)G(4)L(y0
1, x0

1; y2, x2)

�

� Â
y,y0

SL(y, y0)G(6)L(x0
1, x0

2, y0; x1, x2, y), (2.160)

with

LL(y1, y0
1; y2, y0

2) = GL(y1, y0
1)SL(y2, y0

2) + SL(y1, y0
1)GL(y2, y0

2). (2.161)

These hierarchy of the flow equations does not close at any finite orders because the
flow equation for G(2m)L has the tadpole-like diagram with G(2m+2)L. The schematic
figure of these hierarchy of flow equations are shown in Figure 2.2. The full prop-
agators are represented by thick lines and the single-scale propagators are shown
by thick slashed lines. Therefore, in numerical calculation we need truncation of
the infinite hierarchy. One of the natural truncation schemes is, so called, level-m0
truncation. In this truncation scheme, we neglect all flows for G(2m)L for m > m0.
The level-m0 truncation contains all perturbative contributions up to m0-th order in
the bare interaction. In level-1 truncation scheme, for instance, we only consider
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the flow for self-energy (& free energy), and replace G(4)L to G(4)LUV in the tadpole-
like diagram. This truncation is extremely simple, however it is useful and good
sometimes in calculation of the quantum transport phenomena [55]. More generally
used scheme is level-2 truncation in which the RG flows for G(2m)L (m � 3) are ne-
glected and G(6)L in the tadpole-like diagram in the flow for G(4)L is replaced to its
bare value, i.e. zero, in most cases. We will adopt another truncation scheme called
Katanin truncation [81] later. In addition, level-2 truncation FRG is also called as
one-loop FRG because the diagrams contain one internal fermion loop in momen-
tum space [56].

The level-2 truncation FRG framework is closely related to parquet equations.
Parquet framework [82–87] is an exact and self-consistent framework for the 2-particle
vertex and the self-energy. In the framework we decompose the 1PI vertex (full ver-
tex) as G(4) = R + g(4)

PH + g(4)
PH

+ g(4)
PP , where R is the fully irreducible vertex and

g(4)
r (r = PH, PH, PP) represent the reducible (2PI) vertices of each channel (here

PH, PH, and PP mean direct particle-hole, crossed particle-hole, and particle-particle
channels, respectively). We suppress their arguments here for ease of reading. These
reducible (2PI) vertices are reducible (2PI) only in their own channels, i.e. they are
2-particle irreducible for other channels. Thus we define irreducible vertices in each
channel as Ir = R + Âr0 6=r g(4)

r0 . These reducible (2PI) vertices are obtained by solving
self-consistent Bethe-Salpeter equations in each channel. The Bethe-Salpeter equa-
tions are represented schematically as the second line in Fig. 2.2 without d/dL in the
left-hand side and the G(6)L term in the right-hand side. In addition, the single-scale
propagator and two 2-particle vertices in the right-hand side are replaced by the full
propagator G, Ir, and G(4), respectively. Obtained vertices are used to calculate the
self-energy in Schwinger-Dyson equation and calculated self-energy is fed back to
the Bethe-Salpeter equations through G. This self-consistent procedure is the par-
quet formalism. In practice, we replace the fully irreducible vertex R with the bare
2-particle vertex G(4)LIR . This is called parquet approximation or first-order parquet
equation. The level-2 truncation FRG has the same diagrams as we can see in Fig. 2.2.
The multi-loop FRG extension is based on this fact [85–87]. The multi-loop contribu-
tions are implemented through the parquet diagrams. In 2020, using that multi-loop
extension, a quantitative comparison between the numerical results of multi-loop
FRG and the deterministic quantum Monte Carlo method for the Hubbard model
on the square lattice was performed [72]. Moreover, it is discussed that the parquet
approximation with the bare propagators and one-loop FRG are equivalent through
the problem of the X-ray absorption in metals recently [88].

2.6 Example: Single-Band Spin-Rotation and Translation In-
variant Systems

At the end of this chapter, we introduce FRG flow equations of fermions in single-
band spin-rotation and translation invariant systems [55, 59] as an example. It is
also the purpose of this section to show concrete forms of the regularized Green’s
functions and the single-scale propagators.

Full and Single-Scale Propagators

At first, we consider the regularized bare propagator GL
0 Here, x = (iwn, k, a) and

GL
0 (iwn, k, a; iwn0 , k

0, a0) = bWdn,n0 dk,k0 da,a0 GL
0 (iwn, k), (2.162)
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with

GL
0 (iwn, k) = qL(wn, k)G0(iwn, k) =

qL(wn, k)
iwn � xk

. (2.163)

Here qL(wn, k) is a general cutoff function. We can obtain the form of the regularized
full propagator GL with the self-energy SL by Dyson equation:

[GL(iwn, k)]�1 = [GL
0 (iwn, k)]�1 � SL(iwn, k)

= [qL(iwn, k)]�1[G0(iwn, k)]�1 � SL(iwn, k)

= [qL(iwn, k)]�1
✓

[G0(iwn, k)]�1 � qL(iwn, k)SL(iwn, k)

◆
. (2.164)

Therefore,

) GL(iwn, k) = qL(iwn, k)

✓
[G0(iwn, k)]�1 � qL(iwn, k)SL(iwn, k)

◆�1

=
qL(iwn, k)

iwn � xk � qL(iwn, k)SL(iwn, k)
. (2.165)

In the next step, we derive the single-scale propagator SL from its definition

SL(iwn, k) = �GL(iwn, k)Q̇L(iwn, k)GL(iwn, k). (2.166)

The regularized inverse bare propagator and its derivative are

QL(iwn, k) = [GL
0 (iwn, k)]�1 = [qL(iwn, k)]�1[G0(iwn, k)]�1 = [qL(iwn, k)]�1[iwn � xk],

(2.167)
and

Q̇L(iwn, k) =
d

dL
QL(iwn, k) = �

✓
∂LqL(iwn, k)

◆
[qL(iwn, k)]�2[iwn � xk]. (2.168)

Therefore, the single-scale propagator is

SL(iwn, k) = �GL(iwn, k)Q̇L(iwn, k)GL(iwn, k)

=


qL(iwn, k)

iwn � xk � qL(iwn, k)SL(iwn, k)

�2✓
∂LqL(iwn, k)

◆
[qL(iwn, k)]�2[iwn � xk]

=
(iwn � xk)∂LqL(iwn, k)

[iwn � xk � qL(iwn, k)SL(iwn, k)]2
. (2.169)

Now we specify the cutoff function as a sharp step function of frequency 8

qL(wn, k) = qL(wn) = Q(|wn| � L). (2.170)

The single-scale propagator is ill-defined with this choice due to the coexistence of
delta peak in the numerator

∂LqL(wn) = ∂LQ(|wn| � L) = �d(|wn| � L), (2.171)

8Later we consider zero temperature limit and Matsubara frequency become a continuous variable
strictly in the limit.
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and a discontinuity in its denominator, while this sharp cutoff function is convenient
for analytical calculation. One of the prescriptions is to choose the sharp regularized
step function Qe(x) as a cutoff function. Suppose that Qe(x) has limit (e > 0)

Qe(x)
e!0��! Q(x), (2.172)

and satisfies
∂xQe(x) = de(x)

e!0��! d(x). (2.173)

Thanks to properties above, the sharp regularized step function satisfies the relation

de(x) f (x, Qe(x))
e!0��! d(x)

Z 1

0
du f (0, u), (2.174)

for any continuous functions f . This relation does not depend on the detailed shape
of Qe(x). This is sometimes called as Morris lemma [80]. Using this lemma, the
single-scale propagator is obtained as

SL(iw, k) = � (iwn � xk)∂Lde(|wn| � L)
[iwn � xk � Qe(iwn)SL(iwn, k)]2

e!0��! �(iwn � xk)d(|wn| � L)
Z 1

0
du

1
[iwn � xk � uSL(iwn, k)]2

= �[SL(iwn, k)]�1(iwn � xk)d(|wn| � L)

✓
1

iwn � xk � SL(iwn, k)
� 1

iwn � xk

◆

= � d(|wn| � L)
iwn � xk � SL(iwn, k)

. (2.175)

There is no longer the coexistence of delta peak and discontinuity.

Spin Independent Flow Equation

For derivation of flow equations, we have to parametrize the vertex functions as
well as propagators. In general, if the system has full spin-rotational symmetry, the
vertex functions can be written as [56, 65]

G(2m)L(x̃0
1a0

1, · · · , x̃0
ma0

m; x̃1a1, · · · , x̃mam)

= Â
P2Sm

sgn(P) V(2m)L(x̃0
1, · · · , x̃0

m; x̃P(1), · · · , x̃P(m))da0
1,aP(1)

· · · da0
m,a0

P(m)
. (2.176)

Here, Sm is the symmetric group and P represents its elements. x̃ denotes the set
of appropriate quantum numbers and frequency(time) without spin projection: x =
(x̃, a). For the choice of labels in this section, x̃ = (iwn, k). V(2m) is m-particle (2m-
point) spin-independent vertex function.
Specifying m = 1,

G(2)L(x̃0a0; x̃a) = V(2)L(x̃0; x̃)da,a0

=


QL(x̃0; x̃) � SL(x̃0; x̃)

�
da,a0 , (2.177)
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and m = 2 [59] 9,

G(4)L(x̃0
1a0

1, x̃0
2a0

2; x̃1a1, x̃2a2) = V(4)L(x̃0
1, x̃0

2; x̃1, x̃2)da0
1,a1

da0
2,a2 � V(4)(x̃0

1, x̃0
2; x̃2, x̃1)da0

1,a2 da0
2,a1

.
(2.178)

Substituting these relations into 1st and 2nd order flow equations Eq. (2.155) and
Eq. (2.160) (assuming G(6) = 0 with level-2 truncation in mind) and performing
summations over spin variables, we can obtain spin-independent flow equations.
For m = 1

d
dL

SL(x̃0, x̃) = Ẫ
y,ỹ0

SL(ỹ, ỹ0)[V(4)L(x̃0, ỹ0; ỹ, x̃) � 2V(4)L(x̃0, ỹ0; x̃, ỹ)], (2.179)

and, the flow equation of G(4)L is decomposed into a part proportional to da0
1,a1

da0
2,a2

and a part proportional to da0
1,a2 da0

2,a1
. These parts are equivalent and from former

part we can obtain

d
dL

V(4)L(x̃0
1, x̃0

2; x̃1, x̃2)

= � Â
ỹ1,ỹ2
ỹ0

1,ỹ0
2

LL(ỹ1, ỹ0
1; ỹ2, ỹ0

2)


V(4)L(x̃0

1, x̃0
2; ỹ1, ỹ2)V(4)L(ỹ0

1, ỹ0
2; x̃1, x̃2)

+

⇢
�2V(4)L(x̃0

1, ỹ0
2; x̃1, ỹ1)V(4)L(ỹ0

1, x̃0
2; ỹ2, x̃2)

+ V(4)L(x̃0
1, ỹ0

2; x̃1, ỹ1)V(4)L(ỹ0
1, x̃0

2; x̃2, ỹ2)

+ V(4)L(x̃0
1, ỹ0

2; ỹ1, x̃1)V(4)L(ỹ0
1, x̃0

2; ỹ2, x̃2)

�

+ V(4)L(x̃0
2, ỹ0

2; ỹ1, x̃1)V(4)L(ỹ0
1, x̃0

1; x̃2, ỹ2)

�
. (2.180)

The first and the last lines of RHS are PP channel and exchange (crossed) PH channel
contributions, respectively. The second to forth lines, enclosed in parentheses, are
the contributions of the direct PH channel. At last, we parametrize Green’s functions
and vertices as

SL(x̃, x̃0) = SL(K) ⇥ bWd(K � K0), (2.181)

GL(x̃, x̃0) = GL(K) ⇥ bWd(K � K0), (2.182)

SL(x̃, x̃0) = SL(K) ⇥ bWd(K � K0), (2.183)

V(4)L(x̃0
1, x̃0

2; x̃1, x̃2) = V(4)L(K0
1, K0

2, K1) ⇥ bWd(K0
1 + K0

2 � K1 � K2). (2.184)

Here we use simplified notation for generalized 4-component momemta K = (iwn, k)
and d(K � K0) = dn,n0 d(k � k

0). These delta functions come from Fourier transfor-
mation (see Appendix A), and reflect energy and momentum conservation laws.
Substituting these parametrization into spin-independent flow equations Eq. (2.180)
and Eq. (2.180), we obtain

d
dL

SL(K) =
Z

dP


V(4)L(K, P, P) � 2V(4)L(K, P, K)

�
SL(P), (2.185)

9We can also decompose 2-particle vertex into spin-singlet part and spin-triplet part instead of
decomposition in the main text [89].
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and

d
dL

V(4)L(K0
1, K0

2, K1) = T L
PP(K0

1, K0
2, K1) + T L

PH,d(K0
1, K0

2, K1) + T L
PH,cr(K0

1, K0
2, K1),

(2.186)

with

T L
PP(K0

1, K0
2, K1) = �

Z
dP V(4)L(K0

1, K0
2, P)V(4)L(P, Ks � P, K1)LL(P, Ks � P),

(2.187)

T L
PH,d(K0

1, K0
2, K1) = �

Z
dP

⇢
� 2V(4)L(K0

1, P, K1)V(4)L(P + Kt, K0
2, P)

+ V(4)L(K0
1, P, K1)V(4)L(P0

2, P + Kt, P)

+ V(4)L(K0
1, P, P + Kt)V(4)L(P + Kt, K0

2, P)

�
LL(P, P + Kt),

(2.188)

and

T L
PH,cr(K0

1, K0
2, K1) = �

Z
dP V(4)L(K0

1, P � Ku, P)V(4)L(P, K0
2, K1)LL(P, P � Ku).

(2.189)

We defined Mandelstam-like variables

Ks = K0
1 + K0

2 = K1 + K2,
Kt = K0

1 � K1 = K2 � K0
2,

Ku = K0
1 � K2 = K1 � K0

2, (2.190)

and Ks, Kt, and Ku are transfer energy/momentum of PP channel, direct PH channel,
and exchange (crossed) PH channel, respectively. In addition,

LL(K, K0) = GL(K)SL(K0) + SL(K)GL(K0). (2.191)

2.7 Summary of This Chapter

In this chapter, we have reviewed the general framework of 1PI scheme FRG for in-
teracting fermion systems. First, we defined the generating functionals of the many-
particle Green’s functions and vertices. Then, in order to consider the Wilsonian
renormalization group, the infrared cutoff was introduced as the flow parameter,
and the exact renormalization group equation was obtained by performing the flow
parameter derivative on the functional.

Then, in order to consider the Wilsonian renormalization group, we introduced
the infrared cutoff as the flow parameter, and differentiated the generating function-
als with respect to it to derive the exact renormalization group equation. By Taylor
expansion of both sides of the equation for Grassmann field, we derive the flow
equations for the vertices of each order, which we have to solve in practice.

Finally, as a typical example, we presented an application to single-band systems
with spin-rotational and translational symmetries. The Hubbard model, which is a
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typical model of strongly correlated electron systems, is included in this example.
This provides the basis for the PFFRG that we use in this doctoral dissertation.
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Chapter 3

Pseudo-Fermion Functional
Renormalization Group

In this chapter, we explain pseudo-fermion functional renormalization group (PF-
FRG or pf-FRG) approach [53, 54, 90], used to obtain most results in this disserta-
tion, which is a calculation method for unraveling frustrated quantum magnetism.
At first, we give a brief overview of FRG for quantum spin systems. In section 2 and
subsequent sections, we review pseudo-fermion representation of quantum spins
and the formulation of FRG for pseudo-fermions. Some of our definitions of func-
tions and ways to explain may be little different from Johannes Reuther’s original
formulation in Ref [91]. However the resultant flow equations are the same. Al-
though there have been several studies applying PFFRG to models with Kitaev-type
interactions, there is no literature describing the PFFRG flow equations for the case
with these interactions explicitly. In this dissertation, we will perform calculations
for models with Kitaev-type interactions, so we will derive explicit flow equations
for these models in this chapter.

3.1 FRG for Spin Systems

Since the FRG can be applied if the generating functionals can be defined, it can also
be applied in systems described classical fields. Studies on the analysis of classical
spins using FRGs formulated in multicomponent classical fields have been contin-
ued mainly in the context of statistical mechanics [56, 60, 64, 66]. In a similar context,
quantum XY spin systems have been studied as hard-core boson model and quan-
tum O(2) model [92–94].

Although FRG for quantum spin systems have not been established in the con-
text of condensed matter physics, the pseudo-fermion functional renormalization
group (PFFRG) method was proposed in 2010 by J. Reuther and P. Wölfle 1, and has
been applied to many systems [53, 54, 90, 91]. As we will discuss in detail in the fol-
lowing section, we applies FRG to fermion systems by rewriting the quantum spins
as auxiliary fermions (Abrikosov fermions [98]) in PFFRG. This allows us to discuss
the competition between different ordered states and between ordered and quan-
tum spin liquid states in quantum spin systems without bias, at least in principle,
because the different interaction channels in the fermion systems are treated with
equal footings in FRG, as discussed in Chap. 2. PFFRG is a relatively new method
for quantum spin systems and its extensions are still being intensively studied. We
briefly review these developments in Sec. 3.7.

1They were originally working on the diagrammatic study of quantum spin systems using
Abrikosov fermions [53, 54, 95–97].
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Although not dealt with in this paper, another FRG for spin systems called spin
functional renormalization group (SFRG) 2 has recently been proposed and is begin-
ning to be used [101–104]. In SFRG, we consider the renormalization group equa-
tions for the generating functionals of the Green’s functions of the spin operators.
Although the Wick decomposition of the spin Green’s function is complicated, the
systematic treatment can be achieved by functional differentiation. In SFRG, unlike
the FRG introduced so far, we introduce the flow parameter L as a deformation pa-
rameter of the interaction term in the Hamiltonian. There is no interaction At the
initial condition (L = 0), and as L increases, the interaction is incorporated. Finally,
the results for the original Hamiltonian are recovered at the end of the flow (L = 1).
The SFRG also has the advantage that it can be applied directly to spin systems with
arbitrary spin length S.

Furthermore, in the end of 2020/the beginning of 20213, a new FRG for quantum
spin systems emerged in arXiv server: pseudo-Majorana functional renormalization
group (PMFRG) [105]. In this FRG, quantum spins are rewritten by SO(3) Majorana
operators and Majorana fermion FRG are performed at both zero and finite tem-
perature. The results are good agreement with that from exact diagonalization and
high-temperature series expansion. Despite its accuracy, PMFRG has the problem
that the flow diverges around T = 0. In order to reduce that divergence, multi-loop
expansion implementation is to be required.

While we are looking forward to the future development of SFRG and PMFRG
as well as PFFRG, now we return to PFFRG and explain the detailed formulation of
it that we use in this dissertation in the following section.

3.2 Auxiliary Fermion Representation

The difficulty of systematic calculations based on spin Green’s function is due to the
fact that the commutators of spin operators are not numbers but operators:

[Sµ, Sn] = i Â
l

eµnlSl, (3.1)

where eµnl is a Levi-Civita symbol. Here, µ, n, and l are indices of spin compo-
nents (x, y, z). Especially, Wick theorem of spin operators is more complicated than
that of bosons and fermions [106]. Therefore, bosonization or fermionization is de-
sired for systematic field theoretical calculation. A general way for bosonization is
Schwinger-Wigner representation [107]:

Sµ =
1
2 Â

a,a0
b†

a0 s
µ
a0aba, (3.2)

with bosonic creation and annihilation operators b†
a and ba (a, a0 =" or #) which

satisfy
[ba, b†

a0 ] = da,a0 . (3.3)

This representation is applicable to spins with arbitrary S and holds the spin commu-
tation relation Eq. (3.1). However the Hilbert space is enlarged by this representation
and it contains unphysical subspace. Hence it is required to restrict Hilbert space to

2PFFRG was also sometimes referred to as spin-FRG for a while after it was proposed [99, 100].
3The paper was submitted on December 29th in 2020, and it emerged on the arXiv web page on

January 1st in 2021.
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physical subspace satisfying
b†
"b" + b†

#b# = 2S. (3.4)

This condition is derived from the relation

S
2 = (Sx)2 + (Sy)2 + (Sz)2 =

✓b†
"b" + b†

#b#

2

◆✓b†
"b" + b†

#b#

2

◆
+ 1

�
, (3.5)

and the identity for the quantum spin

S
2 = S(S + 1). (3.6)

Boson operators in Eq. (3.2) can be replaced by fermion operators f †
a and fa only

when S = 1/2:

Sµ =
1
2 Â

a,a0
f †
a0 s

µ
a0a fa, (3.7)

and
{ fa, f †

a0} = da,a0 . (3.8)

A fermionic counterpart of the relationship Eq. (3.5) is

S
2 =

3
4
�

f †
" f" � f †

# f#
�2

=
3
4
�

f †
" f" + f †

# f#
�
. (3.9)

We use the fact that fermion occupation number is 1 or 0: ( f †
a fa)2 = f †

a fa and the
fermion commutation relation Eq. (3.8). Therefore we have to restrict the Hilbert
space to its subspace satisfying half-filling condition

f †
" f" + f †

# f# = 1. (3.10)

In most cases we deal with problems with S = 1/2 and since the fermions are eas-
ier to handle in numerical calculations based on field theory, PFFRG adopts this
fermionization sometimes called Abrikosov fermion representation [98]. Fermionic
Green’s function based on it has been used for Feynman-diagrammatic studies of
quantum spin systems [95–97]. This fermionization is also used for RVB mean-field
theory of the quantum spin liquid where fa and f †

a represent the spinon degrees of
freedom; sometimes called "parton construction" [1, 5, 6] 4.
Hamiltonians of the S = 1/2 quantum spin systems treated in this dissertation in
general have the form

H =
1
2 Â

i,j
Â
µ,n

Jµn
ij Sµ

i Sn
j , (3.11)

where i and j are site indices.
For example, in the case of the nearest-neighbor antiferromagnetic (AFM) Heisen-
berg model (J > 0)

Jµn
ij = Jijd

µn =

(
Jdµn i and j are nearest-neighbors
0 otherwise

, (3.12)

4"Parton" is firstly introduced by Richard P. Feynman to interpret high-energy hadron colli-
sions [108].
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and in the case of the ferromagnetic (FM) Kitaev model (Jx, Jy, Jz > 0)

Jµn
ij = Jµ

ijd
µn =

8
>>>><

>>>>:

�Jxdµxdµn bond between i and j is x-bond
�Jydµydµn bond between i and j is y-bond
�Jzdµzdµn bond between i and j is z-bond
0 otherwise

. (3.13)

In PFFRG, we represent quantum spins on each site like Eq. (3.7):

Sµ
i =

1
2 Â

a,a0
f †
ia0 s

µ
a0a fia. (3.14)

Fermionic creators and annihilators satisfy the commutation relation as Eq. (3.8)

{ fia, f †
i0a0} = di,i0 da,a0 . (3.15)

Due to the fermionization of spins Eq. (3.14), the Hilbert space is enlarged. Each site
has four fermionic states:

|0ii, |"ii, |#ii, |"#ii. (3.16)

The first empty state |0ii and the last doubly-occupied state |"#ii are unphysical
(S = 0) and it is required to restrict states to those corresponding to the original spin
states |"ii and |#ii, which satisfy the local half-filling constraint

Qi = 1 with Qi = f †
" f" + f †

# f# (at each site). (3.17)

Writing the Hamiltonian Eq. (3.11) by the pseudo-fermions Eq. (3.14), we obtain a
fermionic Hamiltonian which we directly treat by FRG:

H =
1
2 Â

i,j
Â
a,b

a0,b0

Â
µ,n

Jµn
ij

4
s

µ
a0asn

b0b f †
ia0 f †

jb0 f jb fia. (3.18)

For projection to physical sector of the pseudo-fermion Hilbert space fulfilling the
condition Eq. (3.17), we adopt grand canonical ensemble and introduce chemical
potential

H ! H � µ Â
i

Qi. (3.19)

In one of the exact projection schemes, we set the chemical potential

µ = �l, (3.20)

and perform the limitation l ! • after differential of the grand partition function
with respect to the fugacity in order to obtain the exact projected partition func-
tion. This scheme was used for Kondo effect and mixed-valence problem [109, 110].
Unfortunately, this projection is not applicable for lattice model considered in this
dissertation and it can be performed only in models like Kondo model and Ander-
son impurity exactly [91]. Another exact projection scheme proposed by Popov and
Fedotov is realized by setting imaginary-valued chemical potential [111]

µ = � ipT
2

. (3.21)
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In this scheme, the expectation value of an arbitrary physical quantity O calculated
with the original spin Hamiltonian hOi is equal to that calculated with the chemical
potential Eq. (3.21) hOippv due to cancellation between unphysical contribution of
the Qi = 0 (empty) sector and that of the Qi = 2 (doubly-occupied) sector. Note
that for unphysical operators i.e. operators ill-defined by the original spin operators
the expectation values of them are meaningless and hOi 6= hOippv even if calcu-
lated. With imaginary-valued chemical potentials the grand canonical Hamiltonian
is no longer hermitian and requires more computation costs than average projection
scheme introduced below although it is applicable for the lattice model considered
here [112, 113]. In order to calculate more simply, we adopt an average projection
scheme where the local half-filling condition Eq. (3.17) is replaced by the average
condition

hQii = 1. (3.22)

Due to the particle-hole symmetry (particle-hole gauge redundancy more precisely)
, this average constraint can be implemented by

µ = 0. (3.23)

In ordinal PFFRG calculation, we consider the absolute zero limit for a simpler cal-
culation (we will mention finite temperature calculation later). At first glance, ex-
act projection proposed by Popov and Fedotov (µ = �ipT/2) and average projec-
tion (µ = 0) appear to be equivalent in the T ! 0 limit, but the average under
µ = �ipT/2 and the limit T ! 0 do not necessarily commute. Nevertheless both
projections are expected to be identical at T = 0 here. It is because pseudo-fermion
number fluctuations are not allowed energetically at T = 0 [54, 91].

3.3 Parametrization of Functions

For implementation of FRG for quantum spin systems, we have to parametrize prop-
agators and vertices for the quantum numbers carried by pseudo-fermions con-
structing spins and have to introduce some methodological modifications to FRG
schemes shown in previous chapter. In ordinal FRG for fermion systems, especially
electron systems, described in the previous section, we parametrize functions in mo-
mentum space except some cases, for instance, for transport phenomena [114–116]
and for inhomogeneous systems [117]. It is the same for bosonic systems [56]. In
PFFRG for the spin Hamiltonian Eq. (3.11), we adopt real space representation i.e.
pseudo-fermions carry site indices in addition to spin indices. Therefore we take the
set of quantum numbers that specify one-particle states and frequency (or time) x as
x = (w, i, a): w, i, and a are Matsubara frequency, site index, and spin index, respec-
tively. Corresponding it, the summation is replaced as Âx = Âi Âa

R dw
2p . Remember

that we write Matsubara frequency as w hereafter because of its simplicity and con-
tinuity of the Matsubara frequency due to zero temperature limit 1

b Âw !
R dw

2p .
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Parametrization of Propagators and Self-Energy

Due to absence of a kinetic term in pseudo-fermion Hamiltonian Eq. (3.18), pseudo-
fermions are strictly localized and its bare Green’s function has the form

G0(x, x0) = G0(iw, i, a; iw0, i0, a0) = G0ia(w) ⇥ bd(w � w0)di,i0 da,a0

= G0(w) ⇥ bd(w � w0)di,i0 da,a0 , (3.24)

with
G0(w) =

1
iw

. (3.25)

Hereafter we adopt the average projection scheme µ = 0 and T ! 0 limit. In ad-
dition, we assume that all lattice sites are equivalent and omit the site indices of
propagators hereafter. This is trivial for the bare propagator and it is applicable to
all models in this dissertation. This locality of the Green’s function is also under-
stood by the local U(1) gauge redundancy [118, 119]. We can parametrize the full
propagator and pseudo-fermion self energy as the bare propagator:

G(x, x0) = G(iw, i, a; iw0, i0, a0) = Gia(w) ⇥ bd(w � w0)di,i0 da,a0

= G(w) ⇥ bd(w � w0)di,i0 da,a0 , (3.26)

and

S(x, x0) = S(w) ⇥ bd(w � w0)di,i0 da,a0 . (3.27)

Combining them, we can write

G(w) =
1

iw � S(w)
. (3.28)

Thanks to the particle-hole symmetry, a spectral function of the pseudo-fermions is
even function A(#) = A(�#) for real variable #. From the Lehmann representation
of the Green’s function,

G(w) =
Z •

�•
d#

A(#)
iw � #

=
Z •

�•
d#

A(#) ⇥ (�iw � #)
w2 + #2

= �iw
Z •

�•
d#

A(#)
w2 + #2 �

Z •

�•
d#

A(#)#

w2 + #2

= �iw
Z •

�•
d#

A(#)
w2 + #2 . (3.29)

Therefore, we can conclude that the Green’s function is odd function of the Matsub-
ara frequency and a pure imaginary function:

G(�w) = �G(w), (3.30)
G(w) 2 iR. (3.31)

The self-energy should have the same symmetry due to Dyson equation:

S(�w) = �S(w), (3.32)
S(w) 2 iR. (3.33)
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From these properties, we define a real-valued self-energy

S(w) = �ig(w). (3.34)

It corresponds to damping constant of the pseudo-fermions. From the above discus-
sion, the pseudo-fermion Green’s function with damping constant g has the form

G(w) =
1

iw + igsgn(w)
. (3.35)

Note that the damping constant involves a sign function of the Matsubara frequency
in the denominator. The retarded Green’s function GR is

GR(#) =
1

# + ig
, (3.36)

with real frequency variable #. And in real-time representation,

GR(t) =
Q(t)

i
e�t/t, (3.37)

with the pseudo-fermion lifetime t = 1/g.
For FRG flow equation, we introduce IR cutoff L. In ordinary PFFRG calculation

we adopt sharp frequency cutoff scheme i.e. we choose

qL(w) = Q(|w| � L) (3.38)

as a cutoff function. With this function, the regularized bare propagator is

GL
0 (w) =

Q(|w| � L)
iw

, (3.39)

and it satisfies

GL
0 (w) =

(
0 L = LUV = •
G0(w) L = LIR = 0.

(3.40)

In the same manner as in section 2.6, the full propagator is

GL(w) =
Q(|w| � L)

iw � Q(|w| � L)SL(w)

=
Q(|w| � L)
iw � SL(w)

=
Q(|w| � L)
iw + igL(w)

. (3.41)

In addition, the single-scale propagator can be parametrized as

SL(x, x0) = SL(w) ⇥ bd(w � w0)di,i0 da,a0 , (3.42)

and has the properties as

SL(�w) = �SL(w), (3.43)

SL(w) 2 iR, (3.44)
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due to those of the Green’s function. We can obtain a simple formula for the single-
scale propagator by Morris lemma [80] in the same way as section 2.6,

SL(w) = �GL(w)Q̇L(w)GL(w)

= � d(|w| � L)
iw � SL(w)

= � d(|w| � L)
iw + igL(w)

. (3.45)

Parametrization of Vertices

We also have to parametrize vertices, especially 2-particle vertex function. By strict
locality of all propagators, the site indices of incoming legs of vertices and corre-
sponding indices of outgoing legs have to be identical. This is also understood by
the local U(1) gauge redundancy [118, 119]. Therefore we can parametrize site in-
dices dependence of the 2-particle vertex as

G(4)L(x0
1, x0

2; x1, x2) =GL
i1i2(w0

1a0
1, w0

2a0
2; w1a1, w2a2)di01,i1 di02,i2

� GL
i1i2(w0

2a0
2, w0

1a0
1; w1a1, w2a2)di02i1 di01i2 . (3.46)

We omit the suffix (4) for parametrized 2-particle (4-point) vertex. Because it is
simpler to write and we do not treat G(2m) (m � 3) hereafter.
Applying it to the flow equations of the self-energy Eq. (2.155) and 2-particle vertex
Eq. (2.160), then we perform the summation of site indices and extract only the terms
proportional to di01,i1 di02,i2 not to di02,i1 di01,i2 for the equation of GL, we obtain

d
dL

(�i)gL(w1) ⇥ 2pd(w0
1 � w1)da0

1,a

=
Z dw0

2p Â
a0

SL(w0)


Â

j
GL

i1 j(w0a0, w0
1a0

1; w1a1, w0a0)

� GL
i1i1(w0

1a0
1, w0a0; w1a1, w0a0)

�
, (3.47)

and

d
dL

GL
i1i2(w0

1a0
1, w0

2a2; w1a1, w2a2)

= �
Z dw3

2p

dw4

2p Â
a3,a4

LL(w3, w4)

⇥


GL
i1i2(w0

1a1, w0
2a0

2; w3a3, w4a4)GL
i1i2(w3a3, w4a4; w1a1, w2a2)

� Â
j

GL
i1 j(w0

1a0
1, w4a4; w1a1, w3a3)GL

ji2(w3a3, w0
2a0

2; w4a4, w2a2)

+ GL
i1i2(w0

1a0
1, w4a4; w1a1, w3a3)GL

i2i2(w0
2a0

2, w3a3; w4a4, w2a2)

+ GL
i1i1(w4a4, w0

1a0
1; w1a1, w3a3)GL

i1i2(w3a3, w0
2a0

2; w4a4, w2a2)

+ GL
i1i2(w4a4, w0

2a0
2; w1a1, w3a3)GL

i1i2(w0
1a0

1, w3a3; w4a4, w2a2)

�
, (3.48)
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PP RPA vertex  corrections crossed PH 

direct PH

FIGURE 3.1: Diagrams representing PFFRG flow equations Eq. (3.47)
and Eq. (3.48). The gray circle and the grey square correspond the
self-energy SL = �igL and the 2-particle vertex GL, respectively. In
the diagram for the self-energy, the slashed line denotes the single-
scale propagator SL. The pair of slashed lines represents LL(w0, w00)

defined in Eq. (3.49).

with

LL(w3, w4) = GL(w3)SL(w4) + SL(w3)GL(w4). (3.49)

In order to simplify the first term in the RHS of Eq. (3.47) (PP term), We use the fact
that the integrand is symmetrical with respect to w3 and w4, and the relation

GL
i1i2(w0

1a0
1, w0

2a0
2; w1a1, w2a2) = GL

i2i1(w0
2a0

2, w0
1a0

1; w2a2, w1a1). (3.50)

This relation is derived from the identity

GL(x0
1, x0

2; x1, x2) = GL(x0
2, x0

1; x2, x1), (3.51)

that we can prove by the functional differentiation of the effective action. Applying
Eq. (3.46) to the above identity and comparing the terms proportional to di01,i1 di02,i2
in both sides, we can prove the relation Eq. (3.50). Diagrammatic representations of
Eq. (3.47) and Eq. (3.48) are shown in Figure 3.1. The fist and last terms in the RHS of
Eq. (3.48) are PP and PH ladder, respectively. The second term contains an internal
summation over all sites and it corresponds to a RPA (random phase approximation)
bubble term. This internal summation is also in the first term in the RHS of Eq. (3.47).
Remaining the third and forth terms of Eq. (3.48) are vertex correction terms.

In the RPA term, the summation with respect to the site index of the fermion
bubble (j) runs over entire lattice and induce spin correlations. Therefore this term
induces magnetic orders, i. e., it contains the leading term in 1/S-expansion. In the
limit S ! •, this is equivalent to the spin mean-field theory of classical spins [54,
91, 95, 120]. On the other hand, PP and PH ladder terms contain the leading con-
tribution of 1/N expansion for SU(N) quantum spin systems [54, 91, 120]. In the
N ! • limit, these contributions are identical to RVB mean-field theory [121, 122].
These contributions involve quantum fluctuations and induce short-range dimer-
ization and its superposition. Hence their effects compete with long-range magnetic
ordering tendencies stabilized by the RPA term and stabilize VBC (valence bond
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crystal) states, RVB states, or spin liquid states. The vertex correction terms com-
bine these contributions. Note that the above descriptions of terms are based on the
discussions in which we only consider equation with a single channel contribution
with neglecting other terms. In PFFRG with all terms, we consider the contributions
of each term unbiasedly and those of the diagrams corresponding combinations of
those contributions.
In the next step, we perform more detailed parametrization of the vertex function.
We can parametrize the vertex for the general spin Hamiltonian Eq. (3.18) or Eq. (3.18)
including off-diagonal spin interactions as

GL
i1i2(w0

1a0
1, w0

2a0
2; w1a1, w2a2) = Ẫ

µ,ñ
Gµ̃ñ,L

i1i2 (s, t, u)s
µ̃
a0

1,a1
sñ

a0
2,a2

⇥ 2pd(w0
1 + w0

2 � w1 � w2).

(3.52)

The number of independent frequencies is three and one of four frequencies is re-
stricted by energy conservation law. We can confirm this fact by the Fourier trans-
formation, see Appendix 3.7. We define independent Mandelstam-like frequency
variables s, t, and u from frequency arguments as

s = w0
1 + w0

2 = w1 + w2, (3.53)
t = w0

1 � w1 = w2 � w0
2, (3.54)

u = w0
1 � w2 = w1 � w0

2. (3.55)

These variables have properties similar to Mandelstam variables [123]. s, t, and u
are transfer frequencies of PP, direct PH, and exchange (crossed) PH channel, re-
spectively. Equations (3.53), (3.54), and (3.55) can be rewritten as

w0
1 =

1
2
(s + t + u), (3.56)

w0
2 =

1
2
(s � t � u), (3.57)

w1 =
1
2
(s � t + u), (3.58)

w2 =
1
2
(s + t � u). (3.59)

In Eq. (3.52), we introduce 4-valued variables µ̃, ñ = 0, 1, 2, 3. Recall that we in-
troduced µ, n = x, y, z before. Here, s1 = sx, s2 = sy, s3 = sz, and s0 = 12⇥2: it
2-dimensional represents an identity matrix and s0

a0
1,a1

= da0
1,a1

.
Fully parametrized 2-particle vertices in Eq. (3.52) obey the following symmetry re-
lations [119]:

Gµ̃ñ,L
i1i2 (s, t, u) 2

(
R if x(µ̃)x(ñ) = 1
iR if x(µ̃)x(ñ) = �1

, (3.60)

Gµ̃ñ,L
i1i2 (s, t, u) = Gñµ̃,L

i2i1 (�s, t, u), (3.61)

Gµ̃ñ,L
i1i2 (s, t, u) = x(µ̃)x(ñ)Gµ̃ñ,L

i1i2 (s, �t, u), (3.62)

Gµ̃ñ,L
i1i2 (s, t, u) = x(µ̃)x(ñ)Gñµ̃,L

i2i1 (s, t, �u), (3.63)

Gµ̃ñ,L
i1i2 (s, t, u) = �x(ñ)Gµ̃ñ,L

i1i2 (u, t, s), (3.64)
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where

x(µ̃) =

(
+1 if µ̃ = 0
�1 otherwise

. (3.65)

In this dissertation, we only consider diagonal spin interactions. Therefore, it is
sufficient to consider a simpler parametrization

GL
i1i2(w0

1a0
1, w0

2a0
2; w1a1, w2a2)

=

⇢
Â
µ

Gµ,L
i1i2 (s, t, u)s

µ
a0

1,a1
s

µ
a0

2,a2
+ Gd,L

i1i2 (s, t, u)da0
1,a1

da0
2,a2

�
⇥ 2pd(w0

1 + w0
2 � w1 � w2).

(3.66)

Corresponding the symmetry relations (3.60)-(3.64),

Gµ,L
i1i2 (s, t, u), Gd,L

i1i2 (s, t, u) 2 R, (3.67)

Gµ,L
i1i2 (s, t, u) = Gµ,L

i2i1 (�s, t, u), (3.68)

Gµ,L
i1i2 (s, t, u) = Gµ,L

i1i2 (s, �t, u), (3.69)

Gµ,L
i1i2 (s, t, u) = Gµ,L

i2i1 (s, t, �u), (3.70)

Gµ,L
i1i2 (s, t, u) = Gµ,L

i1i2 (u, t, s), (3.71)

Gd,L
i1i2 (s, t, u) = �Gd,L

i1i2 (u, t, s). (3.72)

For Kitaev interaction,
Gx,L 6= Gy,L 6= Gz,L, (3.73)

for XXZ interaction,

Gx,L = Gy,L 6= Gz,L, (3.74)

and for Heisenberg interaction,

Gx,L = Gy,L = Gz,L, (3.75)

as examples. From the above symmetry relations, all Gµ,L are real.
The second term in Eq. (3.66) is a pseudo-fermion density-density interaction term.
Contribution from this term is generated through the RG flow and Gd,L becomes
finite although a density-density interaction term is absent in the pseudo-fermion
Hamiltonian Eq. (3.18). This Gd,L corresponds G00,L in parametrized vertices for gen-
eral spin interaction Eq. (3.52). Furthermore spin-density interaction terms like Gµ0,L

and G0n,L become finite if the Hamiltonian has non-diagonal spin interactions.

Initial Condition

Now we parametrized all functions in the flow equations. Finally, we refer to the
initial condition. We rewrite the general pseudo-fermion Hamiltonian Eq. (3.18) as

H =
1
4 Â

i1,i2
i01,i02

Â
a1,a2
a0

1,a0
2

Â
µ,n

Jµn
i1i2
4

✓
s

µ
a0

1,a1
sn

a0
2,a2

di01,i1 di02,i2 � s
µ
a0

2,a1
sn

a0
1,a2

di02,i1 di01,i2

◆
f †
i01a0

1
f †
i02a0

2
fi2a2 fi1a1 .

(3.76)
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The corresponding pseudo-fermion action is

S [y, y] = S0[y, y] + Sint[y, y], (3.77)

with

S0[y, y] =
Z dw0

1
2p

dw1

2p Â
i01,i1

Â
a0

1,a
yi01a0

1
(w0

1)
⇥
� iw1

⇤
yi1a1(w1) ⇥ 2pdi01,i1 da0

1,a1
d(w0

1 � w1),

(3.78)

and

Sint[y, y] =
1
4

Z dw0
1

2p

dw0
2

2p

dw1

2p

dw2

2p Â
i01,i02
i1,i2

Â
a0

1,a0
2

a1,a2

Â
µ,n

Jµn
i1i2
4

✓
s

µ
a0

1,a1
sn

a0
2,a2

di01,i1 di02,i2 � s
µ
a0

2,a1
sn

a0
1,a2

di02,i1 di01,i2

◆

⇥ yi01a0
1
(w0

1)yi02a0
2
(w0

2)yi2a2(w2)yi1a1(w1) ⇥ 2pd(w0
1 + w0

2 � w1 � w2).
(3.79)

Therefore, the initial conditions for the self-energy and vertices in Eq. (3.52) of the
PFFRG flow equations are

gLUV(w) = 0, (3.80)

Gµn,LUV
i1i2 (s, t, u) =

Jµn
i1i2
4

, (3.81)

Gµ0,LUV
i1i2 (s, t, u) = G0n,LUV

i1i2 (s, t, u) = 0, (3.82)

G00,LUV
i1i2 (s, t, u) = 0. (3.83)

It is obvious that the self-energy and pseudo-fermion spin-density and density-
density interaction terms are zero in the initial pseudo-fermion action. If there is
only diagonal interactions, the initial conditions for the functions parametrized in
Eq. (3.66) are flow equations are

gLUV(w) = 0, (3.84)

Gµ,LUV
i1i2 (s, t, u) =

Jµµ
i1i2
4

, (3.85)

Gd,LUV
i1i2 (s, t, u) = 0. (3.86)

Although the vertex functions have no frequency dependence at the beginning of
the RG flow, the frequency dependence of vertices is generated along the flow.

3.4 Explicit Flow Equations

We apply the parametrization introduced in the previous section Eq. (3.66) to the
flow equations Eq. (3.47) and Eq. (3.48). Then we perform summations with respect
to spin indices and frequency integration in order to derive the flow equations for
fully parametrized vertices. Here we show the obtained flow equations explicitly.
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In the self-energy flow Eq. (3.47), the integration with respect to (Matsubara) fre-
quency w0 can be done analytically thanks to sharp frequency cutoff:

Z
dw0 SL(w0)


· · ·

�
= �

Z
dw0 d(|w0| � L)

iw0 + igL(w0)


· · ·

�

= i Â
w0=±L

1
w0 + gL(w0)


· · ·

�
. (3.87)

An explicit form of flow equation for self-energy (pseudo-fermion damping) is

d
dL

gL(w) =
1

2p

1
L + gL(L)


� 2 Â

j

⇢
Gd,L

i1 j (w + L, 0, w � L) � Gd,L
i1 j (w � L, 0, w + L)

�

+ Â
µ

⇢
Gµ,L

i1i1 (w + L, w � L, 0) � Gµ,L
i1i1 (w � L, w + L, 0)

�

+ Gd,L
i1i1 (w + L, w � L, 0) � Gd,L

i1i1 (w � L, w + L, 0)

�
.

(3.88)

For isotropic (Jx = Jy = Jz) Kitaev(-Heisenberg) model

Gx,L
i1i1 = Gy,L

i1i1 = Gz,L
i1i1 , (3.89)

due to simultaneous lattice and spin 3p/2 rotation. Hence we can simplify Eq. (3.88)
as

d
dL

gL(w) =
1

2p

1
L + gL(L)


� 2 Â

j

⇢
Gd,L

i1 j (w + L, 0, w � L) � Gd,L
i1 j (w � L, 0, w + L)

�

+ 3
⇢

Gz,L
i1i1 (w + L, w � L, 0) � Gz,L

i1i1 (w � L, w + L, 0)

�

+ Gd,L
i1i1 (w + L, w � L, 0) � Gd,L

i1i1 (w � L, w + L, 0)

�
.

(3.90)

Each term in RHS of the vertex flow Eq. (3.48) has two frequency integrals. We can
carry out one of two frequency integrations analytically on account of these delta
functions. Therefore, only one frequency integral is left in each explicit flow equa-
tions for vertices. Explicit formulae of flow equations for Gx,L, Gy,L, Gz,L, and Gd,L

are shown below:

d
dL

Gz,L
i1i2 (s, t, u) =

Z •

�•

dw0

2p


LL(w0, w0 + s)T̃ z,L

PP (s, t, u; w0)

+ LL(w0, w0 + t)T̃ z,L
PH,d(s, t, u; w0)

+ LL(w0, w0 + u)T̃ z,L
PH,cr(s, t, u; w0)

�
, (3.91)
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with

T̃ z,L
PP (s, t, u; w0) = � Gx,L

i1i2 (s, �w0
2 � w0, w0

1 + w0)Gy,L
i1i2 (s, w2 + w0, w1 + w0)

� Gy,L
i1i2 (s, �w0

2 � w0, w0
1 + w0)Gx,L

i1i2 (s, w2 + w0, w1 + w0)

+ Gz,L
i1i2 (s, �w0

2 � w0, w0
1 + w0)Gd,L

i1i2 (s, w2 + w0, w1 + w0)

+ Gd,L
i1i2 (s, �w0

2 � w0, w0
1 + w0)Gz,L

i1i2 (s, w2 + w0, w1 + w0), (3.92)

T̃ z,L
PH,d(s, t, u; w0) =2 Â

j
Gz,L

i1 j (w0
1 + w0, t, w1 � w0)Gz,L

ji2 (w2 + w0, t, �w0
2 + w0)

+ Gz,L
i1i2 (w0

1 + w0, t, w1 � w0)Gx,L
i2i2 (w2 + w0, �w0

2 + w0, t)

+ Gz,L
i1i2 (w0

1 + w0, t, w1 � w0)Gy,L
i2i2 (w2 + w0, �w0

2 + w0, t)

� Gz,L
i1i2 (w0

1 + w0, t, w1 � w0)Gz,L
i2i2 (w2 + w0, �w0

2 + w0, t)

� Gz,L
i1i2 (w0

1 + w0, t, w1 � w0)Gd,L
i2i2 (w2 + w0, �w0

2 + w0, t)

+ Gx,L
i1i1 (w0

1 + w0, w1 � w0, t)Gz,L
i1i2 (w2 + w0, t, �w0

2 + w0)

+ Gy,L
i1i1 (w0

1 + w0, w1 � w0, t)Gz,L
i1i2 (w2 + w0, t, �w0

2 + w0)

� Gz,L
i1i1 (w0

1 + w0, w1 � w0, t)Gz,L
i1i2 (w2 + w0, t, �w0

2 + w0)

� Gd,L
i1i1 (w0

1 + w0, w1 � w0, t)Gz,L
i1i2 (w2 + w0, t, �w0

2 + w0), (3.93)

T̃ z,L
PH,cr(s, t, u; w0) = � Gx,L

i1i2 (w0
2 � w0, �w1 � w0, u)Gy,L

i1i2 (w2 � w0, w0
1 + w0, u)

� Gy,L
i1i2 (w0

2 � w0, �w1 � w0, u)Gx,L
i1i2 (w2 � w0, w0

1 + w0, u)

� Gz,L
i1i2 (w0

2 � w0, �w1 � w0, u)Gd,L
i1i2 (w2 � w0, w0

1 + w0, u)

� Gd,L
i1i2 (w0

2 � w0, �w1 � w0, u)Gz,L
i1i2 (w2 � w0, w0

1 + w0, u), (3.94)

and

LL(w0, w00) = GL(w0)SL(w00) + SL(w0)GL(w00). (3.95)

Here we show only Gz,L flow equation. In the case of Gx,L and Gy,L, we can obtain
their flow equations by cyclic permutation of spin component suffixes x ! y ! z !
x on both sides of the above explicit formulae.
The explicit formula of the flow equation for Gd,L is

d
dL

Gd,L
i1i2 (s, t, u) =

Z •

�•

dw0

2p


LL(w0, w0 + s)T̃ d,L

PP (s, t, u; w0)

+ LL(w0, w0 + t)T̃ d,L
PH,d(s, t, u; w0)

+ LL(w0, w0 + u)T̃ d,L
PH,cr(s, t, u; w0)

�
, (3.96)
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with

T̃ d,L
PP (s, t, u; w0) =Gx,L

i1i2 (s, �w0
2 � w0, w0

1 + w0)Gx,L
i1i2 (s, w2 + w0, w1 + w0)

+ Gy,L
i1i2 (s, �w0

2 � w0, w0
1 + w0)Gy,L

i1i2 (s, w2 + w0, w1 + w0)

+ Gz,L
i1i2 (s, �w0

2 � w0, w0
1 + w0)Gz,L

i1i2 (s, w2 + w0, w1 + w0)

+ Gd,L
i1i2 (s, �w0

2 � w0, w0
1 + w0)Gd,L

i1i2 (s, w2 + w0, w1 + w0), (3.97)

T̃ d,L
PH,d(s, t, u; w0) =2 Â

j
Gd,L

i1 j (w0
1 + w0, t, w1 � w0)Gd,L

ji2 (w2 + w0, t, �w0
2 + w0)

� Gd,L
i1i2 (w0

1 + w0, t, w1 � w0)Gx,L
i2i2 (w2 + w0, �w0

2 + w0, t)

� Gd,L
i1i2 (w0

1 + w0, t, w1 � w0)Gy,L
i2i2 (w2 + w0, �w0

2 + w0, t)

� Gd,L
i1i2 (w0

1 + w0, t, w1 � w0)Gz,L
i2i2 (w2 + w0, �w0

2 + w0, t)

� Gd,L
i1i2 (w0

1 + w0, t, w1 � w0)Gd,L
i2i2 (w2 + w0, �w0

2 + w0, t)

� Gx,L
i1i1 (w0

1 + w0, w1 � w0, t)Gd,L
i1i2 (w2 + w0, t, �w0

2 + w0)

� Gy,L
i1i1 (w0

1 + w0, w1 � w0, t)Gd,L
i1i2 (w2 + w0, t, �w0

2 + w0)

� Gz,L
i1i1 (w0

1 + w0, w1 � w0, t)Gd,L
i1i2 (w2 + w0, t, �w0

2 + w0)

� Gd,L
i1i1 (w0

1 + w0, w1 � w0, t)Gd,L
i1i2 (w2 + w0, t, �w0

2 + w0), (3.98)

and

T̃ d,L
PH,cr(s, t, u; w0) = � Gx,L

i1i2 (w0
2 � w0, �w1 � w0, u)Gx,L

i1i2 (w2 � w0, w0
1 + w0, u)

� Gy,L
i1i2 (w0

2 � w0, �w1 � w0, u)Gy,L
i1i2 (w2 � w0, w0

1 + w0, u)

� Gz,L
i1i2 (w0

2 � w0, �w1 � w0, u)Gz,L
i1i2 (w2 � w0, w0

1 + w0, u)

� Gd,L
i1i2 (w0

2 � w0, �w1 � w0, u)Gd,L
i1i2 (w2 � w0, w0

1 + w0, u). (3.99)

We have to solve the differential equation for gL Eq. (3.88) and the integlo-differential
equations for Gx,L, Gy,L, Gz,L, and Gd,L simultaneously.

Taking Heisenberg limit (SU(2) limit) Eq. (3.75), the above equations coincide
with equations for Heisenberg spin systems shown in Ref. [54]. In addition, in the
case of XXZ limit Eq. (3.74), the above explicit equations reproduce the PFFRG equa-
tions for XXZ models in Ref. [100].

3.5 Correlation Functions

Even if we finish to solve the flow equations Eq. (3.47) and Eq. (3.48), we cannot
get the information of original spin systems directly from vertices. Consequently,
we should calculate observables of the original systems from the obtained vertices.
One of the most important observables is spin susceptibility (spin-spin correlation
function), and we can calculate it via Kubo formula as

c
µn
ij (in) =

Z •

0
dt einthTtSµ

i (t)Sn
j (0)i, (3.100)
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where ns as suffixes of c and Sj are spin component suffixes but other nus represent
bosonic Matsubara frequency. Note that we consider T ! 0 limit here, so Matsub-
ara frequency is continuous. This is why the upper limit of the integral is infinity
(b = 1/T ! •). If the spin susceptibility diverges, the system undergoes phase
transition to magnetic phase with ordering vectors corresponding with wave vectors
at which susceptibility diverges. Therefore we can investigate ordering tendency of
the system by calculation of the susceptibility and it is a central information we can
obtain from PFFRG. To calculate the spin susceptibility from PFFRG, we have to rep-
resent it in pseudo-fermion language. We introduced fermionic FRG scheme based
on fermion path-integral in the previous chapter. Hence we derive the path-integral
representation of the spin susceptibility in the pseudo-fermion field theory and then
rewrite it using vertices obtained PFFRG calculation.

Although we do not embark on, recently another way to utilize vertices calcu-
lated by PFFRG was proposed by Hering et al. By replacing the interaction and
Green’s function in the self-consistent equation in the pseudo-fermion mean-field
theory of the quantum spin liquid with those calculated by PFFRG, we can obtain
the spinon band dispersion that incorporates the effect beyond the mean-field the-
ory [124].

Path-Integral Representation of the Spin Susceptibility

Consider a general pseudo-fermion action S [y, y]. As defined in the previous chap-
ter, the (grand) partition function is obtained by

Z =
Z

DyDy e�S [y,y], (3.101)

and free energy (thermodynamic potential) is given by

F = � 1
b

ln Z . (3.102)

Here we do not take the zero temperature limit explicitly for consistency with the
formulae in the previous section. In addition, because formulae shown here hold at
arbitrary temperature.
Now we introduce a spin-conjugate field h as

Z [h] =
Z

DyDy e�S [y,y]�(h,S), (3.103)

and
F [h] = � 1

b
ln Z [h]. (3.104)

Z [h] and F [h] are partition function and free energy of the system with source field
h, respectively. The above S represents the pseudo-fermion spins. This source field
h corresponds "magnetic field": in the electron systems Zeeman term is

HZeeman = �gµB Â
i

Si · Hi, (3.105)

where g, µB, Si, and Hi are electron g-factor, Bohr magneton, electron spin on the
site i, and magnetic field at the site i, respectively. Note that the minus sign is from
negative electric charge of the electrons. We consider the field derivative of the free
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energy

�b
dF [h]
dhµ(x)

=
d ln Z [h]
dhµ(x)

=
1

Z [h]
dZ [h]
dhµ(x)

, (3.106)

�b
d2F [h]

dhµ(x)dhn(x0)
=

d2 ln Z [h]
dhµ(x)dhn(x0)

=
1

Z [h]
d2Z [h]

dhµ(x)dhn(x0)
� 1

Z [h]
dZ [h]
dhµ(x)

1
Z [h]

dZ [h]
dhn(x0)

. (3.107)

From this, we can define spin susceptibility by functional derivative [74]:

cµn(x, x0) = �b
d2F [h]

dhµ(x)dhn(x0)

����
h=0

=
d2 ln Z [h]

dhµ(x)dhn(x0)

����
h=0

=
1

Z [h]
d2Z [h]

dhµ(x)dhn(x0)

����
h=0

� 1
Z [h]

dZ [h]
dhµ(x)

1
Z [h]

dZ [h]
dhn(x0)

����
h=0

= hSµ(x)Sn(x0)i � hSµ(x)ihSn(x0)i. (3.108)

We only consider the states which have no magnetization i.e. hSµi = 0, and that
x = (t, i) represents imaginary time and site index, so

c
µn
ij (t1, t2) = hSµ

i (t1)Sn
j (t2)i. (3.109)

This is a path-integral derivation of the pseudo-fermion spin susceptibility.

Rewrite of the Susceptibility by Vertices

For further discussion we have to represent the susceptibility by the Grassmann vari-
ables corresponding to the creation and annihilation operators of pseudo-fermions
explicitly. Substituting the Grassmann variable counterpart of Eq. (3.14)

Sµ
i =

1
2 Â

a0,a
f †
ia0 s

µ
a0,a fia ! Sµ

i (t) =
1
2 Â

a0,a
yia0(t)s

µ
a0,ayia(t), (3.110)

the susceptibility Eq. (3.109) can be expressed by the pseudo-fermion 2-particle Green’s
function:

c
µn
ij (t1, t2) = hSµ

i (t1)Sn
j (t2)i

=
1
4 Â

a1,a2
a0

1,a0
2

⌦
yia0

1
(t1)s

µ
a0

1,a1
yia1(t1)yja0

2
(t2)sn

a0
2,a2

yja2(t2)
↵

=
1
4 Â

a1,a2
a0

1,a0
2

⌦
yia1(t1)yja2(t2)yja0

2
(t2)yia0

1
(t1)

↵
s

µ
a0

1,a1
sn

a0
2,a2

= �1
4 Â

a1,a2
a0

1,a0
2

G(4)(t1ia1, t2 ja2; t1ia0
1, t2 ja0

2)s
µ
a0

1,a1
sn

a0
2,a2

. (3.111)
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We can decompose the 2-particle Green’s function by the relation

G(4)(x1, x2; x0
1, x0

2) = �G(x1, x0
1)G(x2, x0

2) + G(x1, x0
2)G(x2, x0

1) + G(4)
c (x1, x2; x0

1, x0
2),

(3.112)
and the 2-particle connected Green’s function is obtained from the 2-particle ver-
tex function by the relation Eq. (2.56). As a result, we can write 2-particle Green’s
function only by 1-particle Green’s function and 2-particle 1PI vertex function

G(4)(x1, x2; x0
1, x0

2) = �G(x1, x0
1)G(x2, x0

2) + G(x1, x0
2)G(x2, x0

1)

+ Â
y1,y2
y0

1,y0
2

G(x1, y0
1)G(x2, y0

2)G(4)(y0
1, y0

2; y1, y2)G(y2, x0
2)G(y1, x0

1).

(3.113)

Therefore,

� G(4)(t1ia1, t2 ja2; t1ia0
1, t2 ja0

2)

= G(t1ia1, t1ia0
1)G(t2 ja2, t2 ja0

2) � G(t1ia1, t2 ja0
2)G(t2 ja2, t1ia0

1)

� Â
b1,b2
b0

1,b0
2

Â
i1,i2
i01,i02

Z b

0
dt3dt0

3dt4dt0
4 G(t1ia1, t3i1b1)G(t2 ja2, t4i2b2)

⇥ G(4)(t3i1b1, t4i2b2; t0
3i01b0

1, t0
4i02b0

2)G(t0
3i01b0

1, t1ia0
1)G(t0

4i02b0
2, t2 ja0

2)

= G(t1, t1)G(t2, t2)da1a0
1
da2a0

2
� G(t1, t2)G(t2, t1)dijda1a0

2
da2a0

1

� Â
b1,b2
b0

1,b0
2

Â
i1,i2
i01,i02

Z b

0
dt3dt0

3dt4dt0
4 G(t1, t3)G(t2, t4)G(4)(t3i1b1, t4i2b2; t0

3i01b0
1, t0

4i02b0
2)

⇥ G(t0
3, t1)G(t0

4, t2)dii1 dji2 di01idi02 jda1b1 da2b2 db0
1a0

1
db0

2a0
2

= G(t1, t1)G(t2, t2)da1a0
1
da2a0

2
� G(t1, t2)G(t2, t1)dijda1a0

2
da2a0

1

�
Z b

0
dt3dt0

3dt4dt0
4 G(t1, t3)G(t2, t4)G(4)(t3ia1, t4 ja2; t0

3ia0
1, t4 ja0

2)G(t0
3, t1)G(t0

4, t2).

(3.114)
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We used Eq. (3.29) above. Substituting this into susceptibility formula and summing
over spin indices, we obtain

c
µn
ij (t1, t2)

= �1
4 Â

a1,a2
a0

1,a0
2

G(4)(t1ia1, t2 ja2; t1ia0
1, t2 ja0

2)s
µ
a0

1a1
sn

a0
2a2

=
1
4

G(t1, t1)G(t2, t2) Â
a1,a2
a0

1,a0
2

da1a0
1
da2a0

2
s

µ
a0

1a1
sn

a0
2a2

| {z }
Âa1,a2

s
µ
a1a1 sn

a2a2
=tr[sµ]tr[sn]=0 (traceless)

� 1
4

G(t1, t2)G(t2, t1) Â
a1,a2
a0

1,a0
2

da1a0
2
da2a0

1
s

µ
a0

1a1
sn

a0
2a2

| {z }
Âa1,a2

s
µ
a2a1 sn

a1a2
=tr(sµsn)=tr[s0dµn+i Â3

l=1 eµnlsl]=2dµn

dij

� 1
4 Â

a1,a2
a0

1,a0
2

Z b

0
dt3dt0

3dt4dt0
4 G(t1, t3)G(t2, t4)G(4)(t3ia1, t4 ja2; t0

3ia0
1, t0

4 ja0
2)

⇥ G(t0
3, t1)G(t0

4, t2)s
µ
a0

1a1
sn

a0
2a2

= �1
2

G(t1, t2)G(t2, t1)dµndij

� 1
4 Â

a1,a2
a0

1,a0
2

Z b

0
dt3dt0

3dt4dt0
4 G(t1, t3)G(t2, t4)G(t0

3, t1)G(t0
4, t2)

⇥ G(4)(t3ia1, t4 ja2; t0
3ia0

1, t0
4 ja0

2)s
µ
a0

1a1
sn

a0
2a2

. (3.115)

We formulate PFFRG in Matsubara frequency representation and calculate vertices
in Matsubara frequency space. Hence we need transform the susceptibility to Fre-
quency space. Fourier expansion of the Green’s functions and the vertex function
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give

c
µn
ij (t1, t2)

= �1
2

1
b4 Â

w1,w2
w0

1,w0
2

e�iw1t1+iw2t2e�iw0
1t2+iw0

2t1 G(w1, w2)G(w0
1, w0

2)dµndij

� 1
4

1
b12

Z b

0
dt3dt0

3dt4dt0
4 Â

w1,w2,w3,w4,w5,w6
w0

1,w0
2,w0

3,w0
4,w0

5,w0
6

e�iw1t1+iw0
1t3e�iw2t2+iw0

2t4e�iw3t0
3+iw0

3t1e�iw4t0
4+iw0

4t2

⇥ e�iw5t3�iw6t4+iw0
5t0

3+iw0
6t0

4 G(w1, w0
1)G(w2, w0

2)G(w3, w0
3)G(w4, w0

4)

⇥ Â
a1,a2
a0

1,a0
2

G(4)(w5ia1, w6 ja2; w0
5ia0

1, w0
6 ja0

2)s
µ
a0

1a1
sn

a0
2a2

= �1
2

1
b2 Â

w1,w0
1

e�i(w1�w0
1)t1e�i(w0

1�w1)t2 G(w1)G(w0
1)dµndij

� 1
4

1
b4 Â

w1,w2
w3,w4

e�i(w1�w3)t1e�i(w2�w4)t2 G(w1)G(w2)G(w3)G(w4)

⇥ Â
a1,a2
a0

1,a0
2

G(4)(w1ia1, w2 ja2; w3ia0
1, w4 ja0

2)s
µ
a0

1a1
sn

a0
2a2

. (3.116)

Remember the parametrization of the Green’s function with respect to Matsubara
frequency Eq. (3.29). Then we conduct the Fourier transformation of the suscepti-
bility and parametrize the spin susceptibility with respect to Matsubara frequency
arguments:

c
µn
ij (in, in0) = c

µn
ij (in) ⇥ bd(n + n0), (3.117)

=
Z b

0
dt1dt2 eint1+in0t2 c

µn
ij (t1, t2). (3.118)
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Performing the integration of the second line, we obtain Matsubara frequency rep-
resentation of the susceptibility

Z b

0
dt1dt2 ein(t1�t2)c

µn
ij (t1, t2)

= � 1
2b2 Â

w1,w0
1

Z b

0
dt1dt2 e�i(w1�w0

1�n)t1e�i(w0
1�w1�n0)t2

| {z }
=b2d(w1�w0

1�n)d(n+n0)

G(w1)G(w0
1)dµndij

� 1
4b4 Â

w1,w2
w3,w4

Z b

0
dt1dt2 e�i(w1�w3�n)t1e�i(w2�w4+n)t2

| {z }
=b2d(w1�w3�n)d(w4�w2+n0)

G(w1)G(w2)G(w3)G(w4)

⇥ Â
a1,a2
a0

1,a0
2

G(4)(w1ia1, w2 ja2; w3ia0
1, w4 ja0

2)s
µ
a0

1a1
sn

a0
2a2

= �1
2 Â

w

G(w)G(w + n)d(n + n0)dµndij

� 1
4b2 Â

w,w0
G(w)G(w + n)G(w0)G(w0 � n0)

⇥ Â
a1,a2
a0

1,a0
2

G(4)(w + nia1, w0 ja2; wia0
1, w0 � n0 ja0

2)s
µ
a0

1a1
sn

a0
2a2

. (3.119)

Remember that G(4)(w + nia1, w0 ja2; wia0
1, w0 � n0 ja0

2) µ bd(w + n + w0 � w � w0 +
n0) = bd(n + n0) from the parametrization Eq. (3.52) or Eq. (3.66), we can find that
both term of Eq. (3.119) are proportional to bd(n + n0) as well as RHS of Eq. (3.117).
Thereby, we can write

c
µn
ij (in) = � 1

2b Â
w

G(w)G(w + n)dµndij

� 1
4b2 Â

w,w0
G(w)G(w + n)G(w0)G(w0 + n)

⇥ Â
a1,a2
a0

1,a0
2

G̃(4)(w + nia1, w0 ja2; wia0
1, w0 + nja0

2)s
µ
a0

1a1
sn

a0
2a2

. (3.120)

Here we use the relation n0 = �n and define G̃(4) = G(4)/bd(n + n). Now the suscep-
tibility is no longer dependent on n0. Finally, we use Eq. (3.46) and take T ! 0 limit.
Then we can conclude

c
µn
ij (in) = � 1

4p

Z •

�•
dw G(w)G(w + n)dµndij

� 1
16p2

Z •

�•
dwdw0 G(w)G(w + n)G(w0)G(w0 + n)

⇥ Â
a1,a2
a0

1,a0
2

⇢
G̃ij(w + na1, w0a2; wa0

1, w0 + na0
2)

� G̃ii(w0a2, w + na1; wa0
1, w0 + na0

2)dij

�
s

µ
a0

1a1
sn

a0
2a2

.

(3.121)
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FIGURE 3.2: Diagram representing Eq. (3.121). Oriented black thick
lines and gray squares correspond the Green’s functions G and the
vertices G̃ij, respectively. The black dots express the Pauli matrices s.

Each connected thick line has one site index i or j.

We show a diagrammatic representation of Eq. (3.121) in Fig. (3.2).

Explicit Formula of the Susceptibility

Moreover, we show more explicit formula of the spin susceptibility for diagonal spin
interactions and rewrite its integration to reduce calculation costs. Now we consider
the cutoff L again although we have ignored it from the beginning of this section.
The parametrization Eq. (3.66) for G̃L is

G̃L
i1i2(w0

1a0
1, w0

2a0
2; w1a1, w2a2) = Â

µ

G̃µ,L
i1i2 (s, t, u)s

µ
a0

1,a1
s

µ
a0

2,a2
+ G̃d,L

i1i2 (s, t, u)da0
1,a1

da0
2,a2 .

(3.122)

Substituting the above parametrization for diagonal interactions, which we treated
in this dissertation, into Eq. (3.121) and performing the summations over spin in-
dices, we can obtain the explicit formula cµn = cµµdµn, with

c
µµ,L
ij (in)

= � 1
4p

Z •

�•
dw GL(w)GL(w + n)dij

� 1
8p2

Z •

�•
dwdw0 GL(w)GL(w + n)GL(w0)GL(w0 + n)

⇥


2Gµ,L
ij (w + w0 + n, n, w � w0)

+

⇢
�Gµ,L

ii (w + w0 + n, w � w0, n) + Â
n 6=µ

Gn,L
ii (w + w0 + n, w � w0, n)

� Gd,L
ii (w + w0 + n, w � w0, n)

�
dij

�
. (3.123)

Taking Heisenberg limit Eq. (3.75), this equation corresponds to that for the Heisen-
berg model in Ref. [91]. Moreover the XXZ limit Eq. (3.74) of this formula is identical
to the susceptibility of the XXZ models in Ref. [100].
For isotropic Kitaev (-Heisenberg) case, we can use the relation Eq. (3.89) and the
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above formula can be simplified as

c
µµ,L
ij (in)

= � 1
4p

Z •

�•
dw GL(w)GL(w + n)dij

� 1
8p2

Z •

�•
dwdw0 GL(w)GL(w + n)GL(w0)GL(w0 + n)

⇥


2Gµ,L
ij (w + w0 + n, n, w � w0)

+

⇢
Gµ,L

ii (w + w0 + n, w � w0, n) � Gd,L
ii (w + w0 + n, w � w0, n)

�
dij

�
.

(3.124)

Note that all terms except Gij in the above equation are local (µ dij). Only Gij term
describes spacial dependence of the susceptibility.

The spin susceptibility is the main result of PFFRG. Especially, we can eluci-
date the full spacial structure of the static (elastic) component (in = 0) directly.
Later we perform Fourier transformation of the susceptibility ci j(in) ! c(k, in)
in order to clarify its momentum dependence. The phase transition to magnetic
ordered phases can be detected by the divergence of the static susceptibility. On
the other hand, we cannot obtain the dynamical (inelastic) components because our
formulation is based on imaginary-time (Matsubara frequency) formulation. We
have to conduct analytic continuation to obtain inelastic components of the sus-
ceptibility from in 6= 0 components. Note that the "static" susceptibility means
c(k) = c(k, in = 0) = cR(k, w = 0), where w is a real frequency and the suffix R
represents retarded correlation function, although the "static" structure factor stands
for S(k) =

R •
�• dw S(k, w). Former means "time-averaged" and latter "static" is

identical to "equal-time" (e.g. equal-time correlation function).
Furthermore, we use the explicit form of the regularized Green’s function shown

in Eq. (3.41) to make susceptibility formula simpler. If we only consider the static
component,

c
µµ,L
ij (in = 0)

=
1

2p

Z •

L
dw


1

w + gL(w)

�2

dij

� 1
2p2

Z •

L
dw

Z w

L
dw0


1

w + gL(w)

�2 1
w0 + gL(w0)

�2

⇥


4Gµ,L
ij (w + w0, 0, w � w0)

+

⇢
�Gµ,L

ii (w + w0, w � w0, 0) � Gµ,L
ii (w � w0, w + w0, 0)

+ Â
n 6=µ

Gn,L
ii (w + w0, w � w0, 0) + Â

n 6=µ

Gn,L
ii (w � w0, w + w0, 0)

� Gd,L
ii (w + w0, w � w0, 0) � Gd,L

ii (w � w0, w + w0, 0)

�
dij

�
.

(3.125)

Here we use the fact that gL(w) is an odd function of w and the symmetry Eq. (3.71).
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In addition, we rewrite the integration symmetric about w and w0 into the anti-
symmetric one. This reduces numerical cost for integration.

Susceptibility in the Momentum Space

Finally, we obtain the susceptibility in momentum space by Fourier transformation.

In ordinary Fourier transformation for itinerant fermion systems on periodic
lattices, the coordinates of underlying Bravais lattices and the position in the unit
cells are considered separately. We consider all lattice sites identical in PFFRG. The
fourier transformation of the susceptibility calculated by PFFRG is

cµn,L(k, in) =
1
N Â

i,j
e�k·(ri�rj)c

µn,L
ij (in)

=
1

Nsub
Â

i2u.c.
Â

j
e�k·(ri�rj)c

µn,L
ij (in), (3.126)

where N, Nsub, and Âi2u.c. is the number of all lattice sites, the number of sub lattices,
and the summation over sites in an arbitrary unit cell in contrast to the summation
over all sites Âj, respectively. For monoatomic cells Nsub = 1 in which the entire lat-
tice corresponds to the underlying Bravais lattice, the susceptibility is periodic with
respect to the first Brillouin zone. For polyatomic cells Nsub � 2, the susceptibility is
no longer periodic with respect to the first Brillouin zone, but to the Nsub-th Brillouin
zone often called extended Brillouin zone. The structure of the susceptibility within
the first Brillouin zone reflects spin patterns on underlying Bravais lattice and that
within the extended Brillouin zone reflects spin structures in the unit cell.
Here we parametrize the susceptibility in momentum space like in frequency space:
c(k, k

0; in) = c(k, in) ⇥ Nd(k + k). The prefactor 1/N in the first line of the above
equation is from this parametrization.

We trace the static susceptibility cµn,L(k) = cµn,L(k, in = 0), along the RG flow
and we can regard the divergence of it as signals of the onset magnetic long-range
order. The momenta at which the susceptibility diverges are characterized spin pat-
terns of the magnetic orders. The ordering scale, also called critical cutoff, Lc at
which the susceptibility diverges can be interpreted as critical temperature. As we
prove later, there is approximate relationship T ' p

2 L. Note that the divergence
of the susceptibility often appears as a breakdown of the susceptibility due to the
discrete frequency mesh in numerical calculations (we now consider T ! 0 limit
and Matsubara frequency is continuous). In contrast, signals of non-magnetic states
appear as smooth continuous susceptibility flows without significant changes to the
end of flows. We show these behaviors of the susceptibility in Fig. 3.3 schematically.

3.6 Truncation Schemes for PFFRG

We have introduced PFFRG scheme based on level-2 truncation flow. For investi-
gation of order competition in electron systems, level-2 truncation or static level-
2 truncation are often used [55, 65] and it has achieved some success. However,
for spin systems those are not enough because frustration effect and quantum fluc-
tuation are not sufficiently taken into account. They shorten the pseudo-fermion
lifetime and affect the flow through the self-energy. We must therefore incorporate
self-energy feedback into the flows beyond the level-2 truncation. A prescription
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magnetic order
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FIGURE 3.3: Schematic figure showing typical behaviors of the spin
susceptibility. kmax means the point in the momentum space at which
the susceptibility has the maximum value. The red dashed line and
green dashed dotted line indicate the phase transition to magnetic or-
dering phases. The small black arrows indicate the breakdown points
of the flow and those signal the onset of the magnetic orders. The
blue continuous line shows no breakdown. It means that there are no

magnetic order.

for this is known as Katanin truncation [81], which is used in ordinary PFFRG. In
this section, we review static approximation and level-2 truncation for our PFFRG
equations first. Then we introduce Katanin truncation.

Static PFFRG

Static approximation is the simplest approximation we can come up with first. In
this approximation we ignore the frequency dependence of the vertices:

gL(w) ! gL, (3.127)

Gµ,L
i1i2 (s, t, u) ! Gµ,L

i1i2 , (3.128)

Gd,L
i1i2 (s, t, u) ! Gd,L

i1i2 . (3.129)

As a result, from Eq. (3.88) we can obtain the equation

d
dL

gL = 0. (3.130)

We remember that at the beginning of the flow gLUV = 0 in Eq. (3.84). Hence

gL = 0 for all L. (3.131)
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This is consistent to the fact gL(w) is an odd function of w. Then
Z •

�•
dw0 LL(w0, w0) = 2

Z •

�•
dw0 GL(w0)SL(w)

= 2
Z •

�•
dw0 Q(|w0| � L)

w0
d(|w0| � L)

w0

= 2
Z •

�•
dw0 d(|w0| � L)

w02

Z 1

0
du u

= 2 Â
w0=±L

1
2w02

=
2

L2 . (3.132)

Here we use Morris lemma Eq. (2.174) to transform into the third line. Using this
relation to Eq. (3.96), we can also conclude that the density vertex Gd,L is zero at any
L. From Eq. (3.96), a frequency independent flow equation is

d
dL

Gd,L
i1i2 =

2
pL2


Â

j
Gd,L

i1 j Gd,L
ji2 � Gd,L

i1i2

�
Â
µ

Gµ,L
i1i1 + Gd,L

i1i1

��
. (3.133)

Due to the initial condition in Eq. (3.86), the right-hand side of the above equation
is zero. Therefore no finite contribution to Gd,L is generated along the flow. Conse-
quently,

Gd,L
i1i2 = 0 for all L. (3.134)

Finally, we substitute the above results in Eq. (3.91) and derive the simplified equa-
tion

d
dL

Gz,L
i1i2 =

2
pL2


Â

j
Gz,L

i1 j Gz,L
ji2 � 2Gx,L

i1i2 Gy,L
i1i2 + Gz,L

i1i2

�
Gx,L

i1i1 + Gy,L
i1i1 � Gz,L

i1i1

��
. (3.135)

We only show the equation for Gz,L
i1i2 and counterparts for Gx,L

i1i2 and Gy,L
i1i2 can be ob-

tained by cyclic permutation x ! y ! z ! x. We have to solve only these equa-
tions.

In addition, we simplify the formula of the susceptibility Eq. (3.125) as

c
µµ,L
ij =

1
2pL

dij �
1

2p2L2


2Gµ,L

ij +
�
� Gµ,L

ii + Â
n 6=µ

Gn,L
ii

�
dij

�
. (3.136)

As we mentioned above, quantum fluctuation and frustration are incorporated
through the frequency dependence of the vertices. Thereby the static approximation
is almost equivalent to the classical approximation. The resulting phase diagrams
also suggests it [125]. Recall that the RPA term corresponding to the first term in the
right-hand side of Eq. (3.135) causes the ordering tendency and is a dominant term
in static approximation. On the other hand, particle-partile and particle-hole ladder
terms corresponding to the second term in the right-hand side of Eq. (3.135) contain
the leading term of 1/N expansion and these terms contribute only small fluctu-
ation effect in static approximation. The vertex correction terms corresponding to
the third terms in the right-hand side of Eq. (3.135) connect these bubble and ladder
diagrammatic contributions. Furthermore, we later introduce PFFRG extension for
general spin length S, and only RPA terms in vertex flow equations and non-local
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terms in the susceptibility remain for classical spin limit S ! •. An approximation
leaving only RPA term in Eq. (3.135) and non-local term in Eq. (3.136) corresponds
to the mean-field approximation with the classical spin approximation:

d
dL

Gz,L
i1i2 =

2
pL2 Â

j
Gz,L

i1 j Gz,L
ji2 , (3.137)

and

c
µµ,L
ij =

1
2pL

dij �
1

p2L2 Gµ,L
ij . (3.138)

Level-2 Truncation

In level-2 truncation, we solve Eq. (3.88), Eq. (3.91), and Eq. (3.96) simultaneously
with the single-scale propagator shown in Eq. (3.45).
Thanks to the delta function in the single-scale propagator SL(w) (see Eq. (3.45)), We
can perform the integration in Eq. (3.91) and Eq. (3.96) analytically. For example, PP
channel terms of Eq. (3.91) and Eq. (3.96) have the form

Z •

�•

dw0

2p
LL(w0, w0 + s)T̃ L

PP(s, t, u; w0). (3.139)

Substituting the explicit formula of LL in Eq. (3.95), the above integration is per-
formed as

Z •

�•

dw0

2p


d(|w0| � L)
w0 + gL(w0)

Q(|w0 + s| � L)
w0 + s + gL(w0 + s)

T̃ L
PP(s, t, u; w0)

+
d(|w0 + s| � L)

w0 + s + gL(w0 + s)
Q(|w0| � L)
w0 + gL(w0)

T̃ L
PP(s, t, u; w0)

�

=
1

L + gL(L)


Q(|L + s| � L)

L + s + gL(L + s)

⇢
T̃ L

PP(s, t, u; L) + T̃ L
PP(s, t, u; �L � s)

�

+
Q(|L � s| � L)

L � s + gL(L � s)

⇢
T̃ L

PP(s, t, u; �L) + T̃ L
PP(s, t, u; L � s)

��
.

(3.140)

We think about the contribution of the step functions Q(|L + s| � L) and Q(|L �
s| � L). These are non-zero (i.e. 1) if

Q(|L + s| � L) = 1 : if

(
s > 0
s < �2L

, (3.141)

and

Q(|L � s| � L) = 1 : if

(
s < 0
s > 2L

. (3.142)

Owing to the frequency symmetries Eq. (3.68), (3.69), and (3.70), it is sufficient to
consider positive frequencies s, t, u � 0. Hence, Q(|L + s| � L) is always 1, and
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the flow equation is coupled only to itself or to the local
vertex. The explicit equation corresponding to Fig. 10 reads

d

d!
"s i1i2

! =
2
#

1
!! + $"2#

j
"s i1j

! "s ji2
! , !40"

again with a phenomenological $. It can be shown38 that Eq.
!40" reproduces the static RPA scheme and the phase dia-
gram of Sec. IV. Evidently the terms in Fig. 10 are essential
to obtain magnetism since they are the only ones that are
able to describe collective phenomena. On the other hand,
the remaining terms in Fig. 8 are only corrections that do not
modify the phase diagram qualitatively.

B. Dynamic FRG

The considerations in Sec. V B led to the conclusion that
a static approximation of the FRG equations does not allow
to calculate the central quantity governing the destruction of
long-range order: the pseudofermion spectral width $. We
will now treat the FRG equations in its full complexity and
consider the dynamics with all frequency dependences as
well as the back coupling of the self-energy into the two-
particle vertex. This will lead to a finite spectral broadening
without further assumptions. Again we make use of the trun-
cation scheme that omits all vertices higher than the two-
particle vertex. Inserting Eqs. !31", !32", !35", and !36" into
Eqs. !29" and !30", after a lengthy but straightforward calcu-
lation we end up with the flow equations and initial condi-
tions presented in the Appendix. For convenience, we write
the two-particle vertex as a function of the invariant fre-
quency variables s, t, and u,

"s/d i1i2
! !%1!,%2!;%1,%2" ! "s/d i1i2

! !s,t,u" , !41"

defined by s=%1+%2, t=%1!−%1, and u=%1!−%2. The ad-
vantage of this parametrization is that "s and "d are both
invariant under each of the transformations s!−s, t!−t,
and u!−u, which can be deduced by a careful examination
of the flow equations. This simplifies the numerics since only
positive s, t, and u have to be considered.

In order to solve these equations numerically, the continu-
ous frequencies will be discretized. We use a combination of
a linear and a logarithmic mesh. Since the two-particle ver-
tex depends on three frequencies, the computational effort
grows with the third power of the number of discrete fre-
quencies. Regarding the truncation in real space, the comput-
ing time grows with the fourth power of the length of the
longest two-particle vertex $in two dimensions, counting an
internal site summation, see Eqs. !A2" and !A3"%.

From the numerical solution, we obtain physical quanti-
ties such as the static correlation function &ij!i'=0" by con-
necting the fermion lines of the two-particle vertex,

χij(iν = 0) =

∫ ∞

0
dτ

〈

Tτ

{

Sz
i (τ)Sz

j (0)
}〉

= δij
i =0νji +

� � �

� � �
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� � �

i =0νi j

!42"
To calculate this diagram two frequency integrals have to be
performed numerically. The physical correlation function is
recovered in the limit !=0 but we also consider &ij at finite
!. Transforming &ij

! into momentum space, we obtain the
magnetic susceptibility &!!p". The results are plotted in
Figs. 11 and 12. It is seen that during the flow the Néelsus-
ceptibility $p= !# ,#"% exhibits a divergence for all g(0.55.
On the other hand, the Collinear susceptibility appears to
diverge for all g)0.55. In particular, there is no parameter
region without a magnetic instability and with a flow down
to !=0. In the present approximation, the paramagnetic
phase is obviously missing. The abrupt stop of the flow of
the susceptibilities for g*0.6 in Fig. 11 and g+0.55 in Fig.
12 can be traced to the divergence of the respective other
susceptibility. For g at the transition, i.e., between 0.55 and
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FIG. 10. FRG equation for the RPA scheme. The lines inside the
boxes indicate the connections of the external legs.
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the flow equation is coupled only to itself or to the local
vertex. The explicit equation corresponding to Fig. 10 reads
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1
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again with a phenomenological $. It can be shown38 that Eq.
!40" reproduces the static RPA scheme and the phase dia-
gram of Sec. IV. Evidently the terms in Fig. 10 are essential
to obtain magnetism since they are the only ones that are
able to describe collective phenomena. On the other hand,
the remaining terms in Fig. 8 are only corrections that do not
modify the phase diagram qualitatively.

B. Dynamic FRG

The considerations in Sec. V B led to the conclusion that
a static approximation of the FRG equations does not allow
to calculate the central quantity governing the destruction of
long-range order: the pseudofermion spectral width $. We
will now treat the FRG equations in its full complexity and
consider the dynamics with all frequency dependences as
well as the back coupling of the self-energy into the two-
particle vertex. This will lead to a finite spectral broadening
without further assumptions. Again we make use of the trun-
cation scheme that omits all vertices higher than the two-
particle vertex. Inserting Eqs. !31", !32", !35", and !36" into
Eqs. !29" and !30", after a lengthy but straightforward calcu-
lation we end up with the flow equations and initial condi-
tions presented in the Appendix. For convenience, we write
the two-particle vertex as a function of the invariant fre-
quency variables s, t, and u,

"s/d i1i2
! !%1!,%2!;%1,%2" ! "s/d i1i2

! !s,t,u" , !41"

defined by s=%1+%2, t=%1!−%1, and u=%1!−%2. The ad-
vantage of this parametrization is that "s and "d are both
invariant under each of the transformations s!−s, t!−t,
and u!−u, which can be deduced by a careful examination
of the flow equations. This simplifies the numerics since only
positive s, t, and u have to be considered.

In order to solve these equations numerically, the continu-
ous frequencies will be discretized. We use a combination of
a linear and a logarithmic mesh. Since the two-particle ver-
tex depends on three frequencies, the computational effort
grows with the third power of the number of discrete fre-
quencies. Regarding the truncation in real space, the comput-
ing time grows with the fourth power of the length of the
longest two-particle vertex $in two dimensions, counting an
internal site summation, see Eqs. !A2" and !A3"%.

From the numerical solution, we obtain physical quanti-
ties such as the static correlation function &ij!i'=0" by con-
necting the fermion lines of the two-particle vertex,

χij(iν = 0) =
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To calculate this diagram two frequency integrals have to be
performed numerically. The physical correlation function is
recovered in the limit !=0 but we also consider &ij at finite
!. Transforming &ij

! into momentum space, we obtain the
magnetic susceptibility &!!p". The results are plotted in
Figs. 11 and 12. It is seen that during the flow the Néelsus-
ceptibility $p= !# ,#"% exhibits a divergence for all g(0.55.
On the other hand, the Collinear susceptibility appears to
diverge for all g)0.55. In particular, there is no parameter
region without a magnetic instability and with a flow down
to !=0. In the present approximation, the paramagnetic
phase is obviously missing. The abrupt stop of the flow of
the susceptibilities for g*0.6 in Fig. 11 and g+0.55 in Fig.
12 can be traced to the divergence of the respective other
susceptibility. For g at the transition, i.e., between 0.55 and
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FIGURE 3.4: Flows of the static Néel (left) and collinear (right) suscep-
tibilities of J1-J2 Heisenberg model calculated by level-2 truncation.
Reprinted with permission from Ref. [54] © 2010 by the American

Physical Society.

Q(|L � s| � L) can be replaced by Q(s � 2L). Therefore,
Z •

�•

dw0

2p
LL(w0, w0 + s)T̃ L

PP(s, t, u; w0)

=
1

L + gL(L)


1

L + s + gL(L + s)

⇢
T̃ L

PP(s, t, u; L) + T̃ L
PP(s, t, u; �L � s)

�

+
Q(s � 2L)

L � s + gL(L � s)

⇢
T̃ L

PP(s, t, u; �L) + T̃ L
PP(s, t, u; L � s)

��
.

(3.143)

In direct PH terms and crossed PH terms, we can execute integrals analytically in the
same manner. After these procedures, the integro-differential equations Eq. (3.91)
and Eq. (3.96) no longer contain integrals and we can reduce the computation costs
for integration.

Here we mention the result for J1-J2 Heisenberg model on the square lattice [54].
The J1-J2 Heisenberg model is described the Hamiltonian (J1, J2 > 0)

H = J1 Â
hi,ji

Si · Sj + J2 Â
hhi,jii

Si · Sj, (3.144)

where Âhi,ji denotes a summation over all nearest-neighbor site pairs i, j and Âhhi,jii
represents a summation over all next nearest-neighbor sites i, j. Since both terms
are antiferromagnetic, this model has strong frustration. We take J1 as an energy
scale and define g = J2/J1 here. The susceptibility calculated by level-2 PFFRG is
shown in Fig. 3.4 from Ref. [54]. The left panel shows the flow of the susceptibility at
k = (p, p) and the right exhibits that at k = (p, 0). These wave vectors correspond
Néel antiferromagnetic (AFM) and collinear AFM orders respectively.

From Fig. 3.4, we may conclude that the ground state is in Néel antiferromagnetic
phase if 0  g  0.55 and collinear antiferromagnetic phase if 0.6  g. However, cal-
culations in studies by other methods suggest there is non-magnetic phase between
the two phases [126–131]. Some papers conclude that this additional non-magnetic
phase is quantum spin liquid state. In level-2 truncation in PFFRG, the effects of
quantum fluctuation and frustration are not included sufficiently in order to detect
non-magnetic phases. Level-2 truncation PFFRG overestimates ordering tendency.
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Katanin Truncation

The level-2 truncation is the most commonly used approximation in the FRG of itin-
erant electron systems [55, 65]. As mention before this truncation is not sufficient to
PFFRG,unfortunately. The pseudo-fermion lifetime is shortened by quantum fluc-
tuation and frustration. Since this effect appears in the frequency dependence of the
self-energy, feedback of the self-energy must be incorporated into the flow equation
beyond the level-2 truncation. An efficient way to improve the flow was proposed
by A. A. Katanin originally in context of the improvement of the fulfillment of Word
identities in FRG for itinerant elecrons [81]. Improved flow violates Ward identi-
ties only by the terms with overlapping loops of fourth order in the 2-particle ver-
tices although unimproved level-2 truncated flow satisfies only in the third order. In
Katanin truncation scheme, we include 2-loop contributions partially in flow equa-
tions. Here we consider Hamiltonians only with 2-particle terms i.e. quadratic for
the operators. In the pseudo-fermion language it means we only consider 2-particle
interaction ⇠ yyyy. Therefore there is no bare 3-particle term and 3-particle ver-
tex G(6)L is generated by m < 3 contributions gL and G(4)L. We generate a part
of 3-particle contributions by replacement of the single-scale propagator SL(w). In
Eq. (2.143) we defined the single-scale propagator by L-derivative of the Green’s
function while fixing the self-energy. In Katanin truncation we replace the single-
scale propagators in G(4)L flow with full L-derivative of the Green’s function:

S
L
Kat =

d
dL

GL =
d

dL
([GL

0 ]�1 � SL)�1

=
d

dL
(QL � SL)�1

= �(QL � SL)�1Q̇L(QL � SL)�1 + (QL � SL)�1ṠL(QL � SL)�1

= �GLQ̇LGL + GLṠLGL

= SL + GLṠLGL. (3.145)

In PFFRG, we have to replace

SL(w) ! SL
Kat(w) =

d
dL

GL(w)

= SL(w) +
⇥
GL(w)

⇤2
(�i)

d
dL

gL(w), (3.146)

in the flow for 2-particle vertices. We show the result of this replacement diagramat-
ically in Fig. 3.5.

This procedure generates a part of G(6)L tadpole contributions to G(4)L flow (see
Fig. 3.5). We can rewrite LL(w0, w00) defined in Eq. (3.95) as

LL
Kat(w0, w00) = GL(w0)SL

Kat(w00) + SL
Kat(w0)GL(w)

= GL(w0)


d

dL
GL(w00)

�
+


d

dL
GL(w0)

�
GL(w)

=
d

dL
⇥
GL(w0)GL(w00)

⇤
. (3.147)
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FIGURE 3.5: Diagrammatic representation of the replacement in
Eq. (3.146) for Katanin truncation and 2-loop contribution generated
from it. The single-scale propagators in the equation for GL are re-
placed by dGL/dL. This replacement generates a part of the 3-

particle vertex contributions.

This form is useful for formulation. We can also rewrite it as another useful form for
calculation,
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The first term in the above equation is the same as LL(w0, w00) in Eq. (3.95) in level-2
truncation. Hence in numerical calculation, we can perform frequency integration
analytically for the first term and the result corresponds to level-2 truncation flow
equations, and for the second term we substitute the right-hand side in the self-
energy flow Eq. (3.88) and execute integration numerically.
Note that we replace the single-scale propagators only in the flow of G(4)L. In other
words we do not change the self-energy flow equation.

If we apply an approximation in which we only leave RPA terms in flow equa-
tions for 2-particle vertices, Katanin truncation leads dressed RPA approximation [56,
61, 65, 91].

For example, we show the susceptibilities of J1-J2 Heisenberg model calculated
by Katanin truncation in Ref. [54] in Fig. 3.6. Each panel shows the flow of Néel and
collinear AFM susceptibilities at g = 0.2 (left), g = 0.55 (center), and g = 0.8 (right).
Although at g = 0.2 and g = 0.8, Néel and collinear spin susceptibilities diverge,
respectively, as calculated in level-2 truncation scheme shown in Fig. 3.4, at g = 0.55
spin susceptibilities do not diverge and stay finite without significant changes even
in L ! LIR = 0. This means there is no magnetic long-range order.
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0.6, the divergence is clearly indicated at the smallest acces-
sible !.

The absence of a nonmagnetic phase is quite unsatisfac-
tory. Obviously the spectral width comes out too small in this
approximation. However, an essential improvement is made
in the next section where we use a different truncation
scheme.

C. Katanin truncation

The only approximation that is involved in the FRG
scheme described above is the truncation procedure in the
hierarchy of differential equations. Unfortunately, the simple
truncation employed above violates conservation laws, ex-
pressed in terms of Ward identities. In order to improve the
fulfillment of Ward identities, Katanin developed a one-
particle self-consistent version of the two-loop FRG
equations.37 The basic modification there is the substitution
of the single-scale propagator S!, see Eq. !32", by the total
derivative of −G! with respect to !,

S!!i"" ! −
d

d!
G!!i"" = S!!i"" − #G!!i""$2 d

d!
#!!i"" .

!43"

It can be shown37,38 that such an approach is equivalent to an
RPA+Hartree approximation if only terms of the RPA type
!Fig. 10" are kept in the flow equation for the two-particle
vertex. In this case, Ward identities generated by spin con-
servation are fulfilled exactly. As an application in a different
context, for the reduced BCS model of superconductors ex-
act mean-field results have been reproduced.38 In particular,
in conjunction with a small symmetry-breaking external field
this scheme allows to access symmetry-broken phases.38,69,70

If one keeps the terms additional to RPA on the right-hand
side of the second flow equation !see Fig. 8 and also Ref.
60", as we do, the exact conservation property is lost but the
remaining symmetry violating terms are generated by over-
lapping loop diagrams and may be expected to be smaller
!see Ref. 37". While on the one hand, the Katanin truncation
scheme assures that the terms of an RPA+Hartree resumma-
tion are correctly included, we find that the non-RPA terms
are essential in providing just the right size of a finite
auxiliary-particle spectral linewidth. In that sense, the non-
RPA terms play a crucial role here: they control the pseudo-
fermion damping and therefore the size of the nonmagnetic
region in the phase diagram.

As described in Ref. 38 the substitution #Eq. !43"$ is made
in Eq. !30" but not in the equation, for the self-energy, Eq.
!29". In the present work, the above-mentioned small
symmetry-breaking field is not applied. This would break the
invariance of the two-particle vertex under s!−s, t!−t,
and u!−u and would generate additional terms in the spin
parametrization #Eq. !35"$. Effectively, with the substitution
#Eq. !43"$ also contributions from the three-particle vertex
are included. In the numerical implementation, in the equa-
tions for the two-particle vertex the internal bubble Pcon

! , Eq.
!A5", is replaced by the modified bubble PKat

! , Eq. !A6". Due
to the last term in Eq. !A6" which does not contain a $
function, the internal frequency integration has to be per-

formed explicitly. As a result, now the computing time grows
with the fourth power of the number of discrete frequencies.

Typically we use 64 frequencies and discard all two-
particle vertices with a spatial extent larger than seven lattice
spacings in each direction. Note that this truncation corre-
sponds to a system with 14%14 sites and periodic boundary
conditions because the longest bond in such a system extends
over 7%7 sites. Exploiting lattice symmetries we end up
with approximately 2.5·106 coupled differential equations.
The numerically determined coupling functions and self-
energies are inserted into Eq. !42" to calculate the suscepti-
bilities shown in Fig. 13. In the course of the flow, the Néel
susceptibility for g=0.2 shows a pronounced increase while
the Collinear one stays very small, see Fig. 13!a". Obviously
at that degree of frustration, the system is in the Néel phase.
However, we do not observe a real divergence of the suscep-
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The absence of a nonmagnetic phase is quite unsatisfac-
tory. Obviously the spectral width comes out too small in this
approximation. However, an essential improvement is made
in the next section where we use a different truncation
scheme.
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pressed in terms of Ward identities. In order to improve the
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!Fig. 10" are kept in the flow equation for the two-particle
vertex. In this case, Ward identities generated by spin con-
servation are fulfilled exactly. As an application in a different
context, for the reduced BCS model of superconductors ex-
act mean-field results have been reproduced.38 In particular,
in conjunction with a small symmetry-breaking external field
this scheme allows to access symmetry-broken phases.38,69,70

If one keeps the terms additional to RPA on the right-hand
side of the second flow equation !see Fig. 8 and also Ref.
60", as we do, the exact conservation property is lost but the
remaining symmetry violating terms are generated by over-
lapping loop diagrams and may be expected to be smaller
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scheme assures that the terms of an RPA+Hartree resumma-
tion are correctly included, we find that the non-RPA terms
are essential in providing just the right size of a finite
auxiliary-particle spectral linewidth. In that sense, the non-
RPA terms play a crucial role here: they control the pseudo-
fermion damping and therefore the size of the nonmagnetic
region in the phase diagram.

As described in Ref. 38 the substitution #Eq. !43"$ is made
in Eq. !30" but not in the equation, for the self-energy, Eq.
!29". In the present work, the above-mentioned small
symmetry-breaking field is not applied. This would break the
invariance of the two-particle vertex under s!−s, t!−t,
and u!−u and would generate additional terms in the spin
parametrization #Eq. !35"$. Effectively, with the substitution
#Eq. !43"$ also contributions from the three-particle vertex
are included. In the numerical implementation, in the equa-
tions for the two-particle vertex the internal bubble Pcon
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!A5", is replaced by the modified bubble PKat
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to the last term in Eq. !A6" which does not contain a $
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Typically we use 64 frequencies and discard all two-
particle vertices with a spatial extent larger than seven lattice
spacings in each direction. Note that this truncation corre-
sponds to a system with 14%14 sites and periodic boundary
conditions because the longest bond in such a system extends
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with approximately 2.5·106 coupled differential equations.
The numerically determined coupling functions and self-
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The absence of a nonmagnetic phase is quite unsatisfac-
tory. Obviously the spectral width comes out too small in this
approximation. However, an essential improvement is made
in the next section where we use a different truncation
scheme.

C. Katanin truncation

The only approximation that is involved in the FRG
scheme described above is the truncation procedure in the
hierarchy of differential equations. Unfortunately, the simple
truncation employed above violates conservation laws, ex-
pressed in terms of Ward identities. In order to improve the
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fermion damping and therefore the size of the nonmagnetic
region in the phase diagram.
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in Eq. !30" but not in the equation, for the self-energy, Eq.
!29". In the present work, the above-mentioned small
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to the last term in Eq. !A6" which does not contain a $
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with the fourth power of the number of discrete frequencies.
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particle vertices with a spatial extent larger than seven lattice
spacings in each direction. Note that this truncation corre-
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conditions because the longest bond in such a system extends
over 7%7 sites. Exploiting lattice symmetries we end up
with approximately 2.5·106 coupled differential equations.
The numerically determined coupling functions and self-
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bilities shown in Fig. 13. In the course of the flow, the Néel
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FIGURE 3.6: Flow of the Néel and collinear susceptibilities at g =
0.2 (left), g = 0.55 (center), and g = 0.8 (right). The wave vectors
k = (p, p) and k = (p, 0) are correspond to Néel and collinear AFM
order, respectively. Reprinted with permission from Ref. [54] © 2010

by the American Physical Society.

Comparison with Other Methods

Now we present a brief comparison of the results of PFFRG and other numerical
methods. First of all, we show the temperature dependence of the uniform sus-
ceptibilities obtained by PFFRG and high-temperature series expansion (HTSE) in
Fig. 3.7. Figure (a) and (b) show uniform susceptibility of the Heisenberg model
on the hyperkagome lattice with ferromagnetic (FM) and antiferromagnetic (AFM)
exchanges, respectively. In both figures, pf-FRG, high-T series, and dlog Pade repre-
sent pseudo-fermion functional renormalization group (PFFRG), 16th-order high-
temperature series expansion, and high-order differential Dlog Padé approxima-
tions to the high-temperature series, respectively. Temperature dependence of the
PFFRG susceptibilities are calculated by the relation Eq. (3.150) in the next section.
The inset of Fig. 3.7 (b) shows the comparison in a wide temperature range. All
lines overlap and no differences can be seen. We can conclude that in the high tem-
perature region, PFFRG is in good agreement with the results of HTSE from these
comparisons.

Second, we show a comparison of the susceptibilities obtained with PFFRG and
exact diagonalization (ED) in Fig. 3.8. Figure (a) and (b) show the temperature de-
pendence of the susceptibilities of a AFM Heisenberg dimer and a J1-J2 Heisenberg
hexamer with J1 = 1 and J2 = 0.5, respectively. We can see that the susceptibility of
PFFRG is quantitatively different from that in ED at low temperature.

Moreover, we calculate susceptibility of the Kitaev model by PFFRG and com-
pare the result with the uniform susceptibility from quantum Monte Carlo + continuous-
time quantum Monte Carlo (QMC+CTQMC) calculation in Ref. [133]. The results is
shown in Fig. 3.9. We use the same calculation condition in Sec. 5.6 and consider
isotropic (Jx = Jy = Jz = J) FM Kitaev model with the energy unit J. L-dependence
of the results from PFFRG is rescaled by the relation between L and T in Eq. (3.150).
The data from QMC+CTQMC in Ref. [133] are extracted by WebPlotDigitizer [134].
As we can see in the figure, T = 0 PFFRG (1-loop + Katanin truncation) cannot
describe the decrease of the susceptibility in low temperature.

From comparisons above, we can conclude that the susceptibilities calculated by
PFFRG (1-loop + Katanin truncation) are consistent with other methods at high tem-
peratures, but have a quantitative (sometimes qualitative) discrepancy at low tem-
perature. For further comparison, next, we show a comparison of the phase bound-
aries obtained by PFFRG and quantum Monte Carlo (QMC) in Fig. 3.10. This figure
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FIG. 3. Top panel: Uniform susceptibility of a Heisenberg AFM
on the hyperkagome lattice. Shown is the convergence of pf-FRG
calculations with system size L. Systems of even length are found
to approach the thermodynamic limit from above, odd system sizes
from below, leaving a well-defined sliver of finite-size uncertainty
between the two largest system sizes (L = 9 and L = 10) indicated
by the opaque red shading. Bottom panel: Comparison with high-
temperature series expansion results obtained from a state-of-the-art
16th-order expansion in the inverse temperature [47]. To go beyond
the convergence regime of the bare series (blue line), high-order
differential Dlog Padé approximants to the series are provided (green
and orange lines). The inset shows a comparison of the pf-FRG and
high-temperature expansion results over a wide temperature range
with no discernible difference between the two approaches.

FIG. 4. Susceptibility of the Heisenberg ferromagnet on the
hyperkagome lattice (with a coupling strength that is assumed to
be equal to the antiferromagnet). The arrow indicates the breakdown
point of the flow upon onset of ferromagnetism.

This breakdown of the RG flow at the magnetic transition
traces back to the fact that we enforce SU(2) spin-rotational
symmetry in the flow equations at all times (in order to keep the
computational effort manageable); at the magnetic transition
it is, of course, precisely this SU(2) spin-rotational symmetry
that is spontaneously broken and as a consequence leads to
a disruption of the hitherto smooth RG flow. Although we
cannot cross the phase transition into the magnetically ordered
phase, we can still locate the magnetic transition with high
accuracy and determine the type of developing magnetic order
from the static k-space-resolved magnetic susceptibility just
above the transition (see the next section). Returning to the
pf-FRG data of Fig. 4, we again find a systematic finite-size
behavior. Within the resolution of our frequency/temperature
discretization, the breakdown of the flow occurs at the same
frequency/temperature point, but the clearly noticeable growth
of the susceptibility with increasing system size indicates a
slight movement of the divergence to higher temperatures for
larger system sizes. Comparing our pf-FRG results with the
high-temperature series expansion, we again find the pf-FRG
data to closely track the series results down to the temperature
regime where the bare series is found to diverge (roughly at
200 K) and good quantitative agreement for the actual physical
divergence of the susceptibility recovered from Dlog Padé
approximants of the series.

III. HYPERKAGOME SYSTEMS

We now turn to a discussion of the magnetic orders and
(additional) spin liquid regimes induced by next-nearest and
third-nearest-neighbor couplings introduced in the generalized
Heisenberg model (1). Let us first consider the hyperkagome
system and turn to the kagome system in the next Ssection.

A. J1- J2 model

As a first step we consider the pure Heisenberg model
augmented by a next-nearest-neighbor coupling along the
angled bonds, which we parametrize by the coupling strength
J2 and therefore refer to this model also as the J1J2 model.
We calculate the phase diagram for arbitrary sign (i.e.,
antiferromagnetic and ferromagnetic) and relative strength of
the couplings J1 and J2 by parametrizing the two couplings
by an angle α ∈ [0,2π ) as J1 = cos(α) and J2 = sin(α).
For the two-dimensional kagome system it is well known
that such a next-nearest-neighbor coupling can stabilize a
variety of magnetic orders (depending on the relative coupling
strength), and we expect similar physics to be at play also
for the three-dimensional hyperkagome system at hand. To
identify possible magnetic orders we calculate the static
k-space-resolved magnetic susceptibility

χ (k) = 1
N

∑

i,j

eik(Ri−Rj )〈Sz
i S

z
j

〉
, (12)

that can again be rewritten in terms of the pseudofermions and
therefore extracted from pf-FRG calculations in a straightfor-
ward manner. A specific magnetic ordering leads to a char-
acteristic divergence pattern of the k-space-resolved magnetic
susceptibility in momentum space that typically allows one
to reconstruct the real-space magnetic ordering. Practically,
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A. J1- J2 model

As a first step we consider the pure Heisenberg model
augmented by a next-nearest-neighbor coupling along the
angled bonds, which we parametrize by the coupling strength
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We calculate the phase diagram for arbitrary sign (i.e.,
antiferromagnetic and ferromagnetic) and relative strength of
the couplings J1 and J2 by parametrizing the two couplings
by an angle α ∈ [0,2π ) as J1 = cos(α) and J2 = sin(α).
For the two-dimensional kagome system it is well known
that such a next-nearest-neighbor coupling can stabilize a
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strength), and we expect similar physics to be at play also
for the three-dimensional hyperkagome system at hand. To
identify possible magnetic orders we calculate the static
k-space-resolved magnetic susceptibility

χ (k) = 1
N

∑

i,j

eik(Ri−Rj )〈Sz
i S

z
j

〉
, (12)

that can again be rewritten in terms of the pseudofermions and
therefore extracted from pf-FRG calculations in a straightfor-
ward manner. A specific magnetic ordering leads to a char-
acteristic divergence pattern of the k-space-resolved magnetic
susceptibility in momentum space that typically allows one
to reconstruct the real-space magnetic ordering. Practically,

235138-5

FIGURE 3.7: Temperature dependence of the uniform susceptibilities
calculated by PFFRG and HTSE of the Heisenberg model with (a) FM
and (b) AFM couplings on the hyperkagome lattice. pf-FRG, high-T
series, and dlog Pade mean pseudo-fermion functional renormaliza-
tion group (PFFRG), 16th-order high-temperature series expansion,
and high-order differential Dlog Padé approximations to the high-
temperature series, respectively. The inset shows the comparison in a
wide temperature range. Reprinted with permission from Ref. [132]

© 2016 by the American Physical Society.
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Figure 2. (Free) energy, heat capacity per spin and static suscepti-
bilities of the Heisenberg dimer obtained via PMFRG at � = 0 as a
function of temperature. Displayed in grey are the results obtained
by exact diagonalization [i.e. Eq. (61)], as well as the finite temper-
ature spin susceptibilities of the PFFRG in black. Each data point
corresponds to a fully converged flow with respect to � as demon-
strated in the exemplary plot at T = 0.1. The relevant energy scale
for all quantities is determined by J = 1.

divergencies. It is an interesting question to which degree the
recently developed multi-loop generalizations of the (PF)FRG
[62, 63], can be a possible cure to this problem.

Fortunately, as the unphysical divergence in the PMFRG
flow only occurs at � = 0 and for T = 0, there are other
options to extract physically meaningful results without go-
ing beyond the flow equations presented in this work. First,
it is still possible to detect magnetic phases, heralded by di-
vergences at finite � as we have tested for the J1 � J2 square
lattice Heisenberg model (data not shown).

We devote the rest of the discussion to a second option,
which is the restriction to finite temperatures. As explained
above, this can be expected to suppresses the unphysical di-
vergence and we indeed find all vertices and flowing suscep-
tibilities converge towards � ! 0, see Fig. 2 for T = 0.1.

B. Dimer and hexamer at finite temperature

Results for the physical finite-T susceptibility of the dimer
at � = 0 are shown in Fig. 2. The difference between the exact
result and the PMFRG increases with decreasing temperature,

in agreement with the discussion in the previous subsection.
For T � 0.2, we find a very close agreement between the
susceptibility obtained via PMFRG and the exact result (solid
lines) from Eq. (61). In the same figure, we also show anal-
ogous results of the PFFRG, where the presence of unphysi-
cal states seriously compromises the accuracy of the results at
any temperature scale. This well-known shortcoming of the
PFFRG has no known resolution. One approach, the Popov-
Fedotov projection scheme, suppresses unphysical states in
exact calculations of observables upon the introduction of an
imaginary chemical potential. However, producing a quarter-
period shift of Matsubara frequencies [57, 69], this option has
so far not been integrated in the PFFRG in a satisfactory man-
ner.

Besides the magnetic susceptibility, our solution of the free
energy flow equation enables us to compute a variety of re-
lated thermodynamic observables, such as the energy per spin
and the heat capacity, also displayed in Fig. 2. We observe
good agreement at large enough temperatures. At intermedi-
ate scales T ' 0.5, the quality of the thermodynamic quanti-
ties from the PMFRG decreases as can be seen most clearly
from the overestimation of the energy per spin or the under-
estimation of the peak in the heat capacity. These inaccu-
racies likely stem from the underestimation of the Majorana
self-energy at small frequencies, a known problem in pseudo-
fermion FRG approaches to spin systems of small dimension-
ality [32].

Analogous results are obtained for larger spin clusters such
as the Heisenberg hexamer, a hexagon of six equivalent spins
with nearest and next-nearest neighbor interactions, J1 = 1
and J2 = 0.5 respectively. As shown in Fig. 3, the PM-
FRG results are in good agreement with ED at not too small
temperatures. The susceptibilities are generally more accu-
rate than the thermodynamic properties. The susceptibility
obtained via PFFRG shows large deviations at all tempera-
tures. We emphasize again that small spin clusters are partic-
ularly challenging within the FRG framework since its built-in
mean-field limits are generally not expected to describe such
systems accurately. On the other hand, mean-field approaches
perform better in higher-dimensional systems. The FRG is,
hence, expected to reach its full potential for larger or even in-
finite systems to which we move on in the following section.

IX. APPLICATION: FRUSTRATED SPIN SYSTEMS IN 2D

We now turn to the application of the PMFRG to two-
dimensional, frustrated and translational invariant Heisenberg
spin models described by Hamiltonian (1). We first study the
J1 � J2 Heisenberg model on a square lattice with the pa-
rameter choice J2 = 0.5 (where the system is expected to
be non-magnetic) and then turn to the triangular lattice model
with only nearest neighbor interaction, J2 = 0. We work at
finite temperature T > 0 throughout and directly in the ther-
modynamic limit. Thus, as a technical modification from the
previous section, we are required to limit the range ofvertices
to |ri � rj |  L, measured in units of the nearest-neighbor
distance [22]. Beyond this distance, vertices (and thus con-
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Figure 3. PMFRG results for the Heisenberg hexamer in analogy to
Fig. 2.

The corresponding PFFRG results of the spin susceptibility are
included in the insert.

nected Green functions) are set to zero. We take L ' 10 large
enough such that our results are converged in L. We study
the same observables as in the previous section but report the
uniform static susceptibility �/N instead of �ij . In contrast to
the previous section, we plot these observables over � = 1/T .

Our PMFRG results for the square lattice are shown in Fig.
4 (dots). We compare to the high-temperature series expan-
sion (HTSE, dashed line) [82] and its 4,5 Padé approximant
(solid line) with an extended range of stability � � 2 [85], to
which our data is in reasonable agreement. We are not aware
of T > 0 tensor network results for the chosen model, but de-
pict the iPEPS ground state energy E0/N = �0.495 from
Ref. [83] (dotted line). Finally, we remark that when ap-
plied to the unfrustrated nearest-neighbor Heisenberg model
(J2 = 0, data not shown), the PMFRG results agree only to
the first order HTSE but deviate strongly from higher order
and Monte Carlo data already for T = 1. The likely reason is
that for the current level of truncation of flow equations, the
FRG is known to violate the Mermin-Wagner theorem [46],
and does, hence, not accurately capture the onset of magnetic
order at T = 0 in an unfrustrated Heisenberg system.

In Fig. 5, we show the PMFRG results for the triangular
lattice nearest neighbor Heisenberg model (dots). Agreement
to the HTSE data [84] (dashed line, up to 12th order) and its
6,6 Padé approximant is similar as in the J1�J2 square lattice
Heisenberg model of Fig. 4. In the temperature range for

Figure 4. PMFRG results (dots) for the J1�J2 square lattice Heisen-
berg model at J2/J1 = 0.5. The panels depict the single site contri-
bution to the interaction correction to the free energy, internal energy,
heat capacity and uniform susceptibility (top to bottom). The HTSE
data (dashed line, up to 9th order) is taken from Ref. [82], its 4,5
Padé approximant is shown as a solid line. The iPEPS result for the
ground state energy E0/N = �0.495 from Ref. [83] is indicated as
a dotted line.

which the Padé-HTSE is shown, its accuracy was confirmed
by recent experiments [86] and tensor network results [87].

X. CONCLUSION AND OUTLOOK

In this work, we proposed a FRG approach to spin-1/2
quantum magnets with spin operators rewritten in the SO(3)
Majorana representation. Compared to the established PF-
FRG based on representing spins by complex fermions, our
PMFRG method comes with a number of important concep-
tual differences, both on a technical level as well as regarding
the scope for applications. First, as the Majorana nature of
the spin representation is essential, we derived general FRG
flow equations for generic interacting Majorana Hamiltoni-
ans. These could potentially be useful for other applications
[88]. Second, the SO(3) Majorana representation avoids the
unphysical states inherent in the complex fermion represen-
tation and instead features a redundant description of spin
states reflected in a fixed artificial degeneracy. As a conse-
quence, the truncation of flow equations is the only physical
approximation made in the PMFRG. This explains why the
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FIGURE 3.8: Temperature dependence of the susceptibilities calcu-
lated by PFFRG and ED of a (a) AFM Heisenberg dimer and a (b)
J1-J2 Heisenberg hexamer with J1 = 1 and J2 = 0.5. In figure (a),
pf-fRG and pm-fRG represent pseudo-fermion functional renormal-
ization group (PFFRG) and pseudo-Majorana functional renormaliza-
tion group, respectively. In figure (b), the same legend as in figure (a)
is applied (There are only ED and pf-fRG plots). These figures are

from Ref. [105].



3.6. Truncation Schemes for PFFRG 79

 0

 2

 4

 6

 8

 10

 0.1  1  10

r(
k=
0,

 ii
=0

)

Z

PFFRG
QMC+CTQMC

FIGURE 3.9: A comparison of temperature dependence of the uni-
form susceptibilities of the isotropic FM Kitaev model obtained by
PFFRG and QMC+CTQMC. QMC+CTQMC data is from Ref. [133]

and we extract data from the article by WebPlotDigitizer [134].

shows a L-D phase diagram of the antiferromagnetic XXZ model on the square lat-
tice. Hamiltonian of the AFM XXZ model is given as

H = J Â
hi,ji

(Sx
i Sx

j + Sy
i Sy

j + DSz
i Sz

j ). (3.149)

FRG, RPA0, RPA+, and QMC in the figure represent PFFRG, PFFRG with only RPA
diagrams without the self-energy, PFFRG with only RPA diagrams with the self-
energy, and quantum Monte Carlo, respectively. It can be seen that PFFRG overesti-
mates the phase boundary at finite L (or temperature). In addition, the XXZ model
defined in Eq. (3.149) acquires full SU(2) symmetry and becomes the Heisenberg
model at D = 1. Therefore finite temperature phase transitions are prohibited, as
claimed by Mermin-Wagner theorem. The phase boundaries obtained by QMC re-
flect this properties. As we can see in Fig. 3.10, solutions by PFFRG (with 1-loop +
Katanin truncation) violate Mermin-Wagner theorem near D = 1.

However, the Tc (Lc) obtained by PFFRG is in good agreement with the results
of QMC. In order to support that, we present another example. We show in Tab. 3.1 a
comparison of the Néel temperatures of the J1-J3 AFM Heisenberg model on the sim-
ple cubic lattice obtained by PFFRG and QMC from the previous study in Ref. [135].
J1 and J3 are the nearest-neighbor and third-nearest-neighbor AFM Heisenberg ex-
changes, respectively. For PFFRG results, the relation Eq. (3.150) is used to obtain
Tc from Lc. We can see that Néel temperatures from PFFRG and QMC are in good
agreement with the results. The calculation results by PFFRG can generally repro-
duce the relative differences in Lc due to the differences in parameters. This feature
is proven numerically also for other models. Furthermore, it is known that the solu-
tion calculated PFFRG well reproduce the ground state phase boundaries between
magnetic ordered phases and between ordered phase and magnetically disordered
phase e.g. VBC, nematic, and spin liquid phases (e.g. in Ref. [136], see also the
comparison in the Chap. 5).
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FIG. 5. (Color online) Critical flow parameter !c as a function
of the anisotropy parameter " near the isotropic point. The errors of
the QMC data are smaller than the size of the symbols.

in the Ising limit. Nevertheless, except for the direct vicinity
of the transition at " = 1, the spin-FRG scale !c qualitatively
follows the dependence of Tc on the anisotropy. For " �
2.0 the FRG critical scale !c even provides a reasonable
quantitative estimate for Tc, whereas in the easy-plane regime
FRG results deviate by roughly a factor of 2 from the QMC
estimates. Thus except for the Ising limit the interpretation of
the critical scale !c as a critical temperature Tc has to be taken
with great caution.

The strongest deviations between the critical scale extracted
from the spin-FRG and the QMC result are found close to the
isotropic point " = 1, where the FRG yields a finite critical
temperature in violation of the Mermin-Wagner theorem.27

Nonetheless the " dependence of Tc obtained in the spin-FRG
shows a kinklike feature at " = 1, which is not observable in
the RPA0 calculation and is only very weak in the RPA+.
One may argue that at T = 0 ordering indeed occurs and
hence the nonzero critical scale obtained from spin FRG does
not violate the Mermin-Wagner theorem. We note, however,
that the isotropic Heisenberg model is gapless and it is not
clear which energy scale !c thus represents. A more plausible
way to understand the data is that the truncated spin FRG
fails to capture a significant part of the physics of collective
fluctuations that would be needed to restore Tc = 0.

C. Auxiliary fermion self-energy

Closer inspection of the RPA data for !c reveals that
RPA+ shows a (weak) kink at " = 1 while the RPA0 data
are monotonically increasing. The main difference between
the two methods is the generated self-energy of the auxiliary
fermions. Thus a more detailed analysis of this quantity in the
spin-FRG may lead to some insights.

The auxiliary fermion self-energy generated in the spin
FRG is not a physical quantity, since the auxiliary fermion
Green’s function connects physical and unphysical sectors
of the fermionic Hilbert space. Nevertheless, analyzing the
self-energy sheds some light on the shortcomings of the
spin-FRG and the differences to other methods. At the end of
the flow, near !c, the frequency-dependent self-energy γ !(ω)
shows a peak structure (see Fig. 6), where the maximum
occurs at ω ≈ "J at least for " � 1. In this regard, the
FRG self-energy qualitatively differs from the one found in
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FIG. 6. (Color online) Generated self-energy at the end of the
FRG flow, i.e., at ! = !c, for different values of ". During the flow
the peak builds up and moves in from higher frequencies.

self-consistent RPA,46 which has a peak near zero frequency.
The delayed generation of the self-energy in the FRG may
be the reason why the self-consistent RPA of Ref. 46 and the
RPA+ implemented here do not agree although the same class
of diagrams is kept in both approaches.

For a two-site system the exact auxiliary fermion self-
energy can be calculated40 at vanishing chemical potential
from a Lehmann representation yielding γ ∼ 1/ω. However,
for this case the self-energy generated by the FRG possesses
the same form as for the 2D model considered here (see
Refs. 44 and 48), i.e., with a peak at nonzero frequency whose
position depends on !. This difference possibly originates
from an incorrect description at small frequencies. Based on
this hypothesis, we can give an argument why the spin-FRG
critical scales agree with the QMC results for Tc in the Ising
limit. Here, the flow diverges already at larger scales !. As
the self-energy enters the flow equations via the propagators
∼ 1/[ω + γ (ω)], its form for ω � ! only weakly affects the
flow. However, for " ≈ 1, the flow reaches smaller scales
and this influence becomes more and more important. This
qualitatively explains the good agreement in the Ising limit and
may to some extent (more discussion is given further below)
account for the failure of the method to correctly describe the
critical temperature near the isotropic point and, in particular,
the violation of the Mermin-Wagner theorem. Here a stronger
(or singular) self-energy at small frequencies would help to
avoid the divergence of the flow at a nonzero scale. We note that
in self-consistent studies in the auxiliary fermion language46

the results could be improved by an artificially introduced
stronger suppression of the auxiliary fermion spectral function
at small frequencies. Similarly in the spin FRG, a manipulation
towards a larger self-energy at small frequencies would
lead to a critical temperature Tc = 0 at the Heisenberg point
and therefore the fulfillment of the Mermin-Wagner theorem,
but the critical temperature especially in the easy-plane regime
would be strongly affected and vanishing, too.

V. DISCUSSION

The goal of this paper was a comparison of spin-FRG
results with those of other methods to perform a qualitative
and quantitative assessment of the spin FRG. We were able to

214406-6

FIGURE 3.10: L-D phase diagram of the AFM XXZ model on the
square lattice obtained PFFRG and QMC. FRG, RPA0, RPA+, and
QMC in the figure represent PFFRG, PFFRG with only RPA diagrams
without the self-energy, PFFRG with only RPA diagrams with the self-
energy, and quantum Monte Carlo, respectively. Reprinted with per-

mission from Ref. [99] © 2012 by the American Physical Society.

TABLE 3.1: Néel temperature Tc of the J1-J3 AFM Heisenberg model
on the simple cubic lattice obtained by PFFRG and QMC. Reprinted
with permission from Ref. [135] © 2016 by the American Physical So-

ciety.

J3/J1 0 0.20 0.40 0.60 0.80

PFFRG 1.05(5) 1.43(7) 1.67(8) 1.94(9) 2.36(10)
QMC 0.946(1) 1.371(1) 1.7675(10) 2.143(1) 2.5039(5)
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3.7 Futher Extensions

We have introduced PFFRG scheme for Hamiltonian with S = 1/2 and only di-
agonal spin interactions. Our PFFRG is formulated at zero temperature (but using
Matsubara frequency representation) and zero magnetic field. We adopt 1-loop +
Katanin truncation scheme and therefore we cannot calculate expectation value of
the product of three or more spin operators directly. In this section, we mention fur-
ther extensions of PFFRG. The following two subsections for finite temperature and
spin-S systems are relevant to this dissertation, and in particular the extension to the
spin-S systems is used to study the spin-S Kitaev-Heisenberg model in chapter 5.
The remaining parts of this section is devoted to mention other extensions beyond
scheme we delivered through this chapter.

Finite Temperature

PFFRG is formulated in Matsubara frequency representation but we take the limit
T ! 0. Therefore PFFRG calculation is executed at zero temperature and entropic
effect is not included. PFFRG was extended to finite temperature in J. Reuther’s
doctoral dissertation [91]. In T 6= 0 we cannot use average projection µ = 0 and we
must use µ = � ipT

2 . This projection breaks time-reversal symmetry and hermitian
property of the pseudo-fermion Hamiltonian. Because of this the computational
costs increase enormously. However, qualitative behavior of the susceptibility is not
changed. This is the reason why finite temperature PFFRG has not been used after
Reuther’s dissertation.

As we mentioned before, there is an approximate relation between

T ' p

2
L, (3.150)

in our PFFRG scheme. This relation is mentioned in Ref. [135]. In this paper the
factor p/2 is obtained by the comparison between PFFRG with only RPA terms and
conventional mean-field theory in spin language (this is argued in the note in the
reference list). In appendix C, we develop this argument further and prove that the
factor is valid not only in mean-field theory but also in the leading order of high-
temperature expansion. In addition, in Ref. [118, 137] PFFRG for SU(N) Heisenberg
model is formulated (as mentioned later) and Eq. (3.150) is also proved in N ! •
limit.

Spin-S Systems

The pseudo-fermion representation of spin Eq. (3.14) can be applied only to S = 1/2
spins. For spins with S � 1/2 it is suggested to introduce multi-flavor fermions
with 2S + 1 flavors [138]. In this Hilbert space single-occupancy condition and half-
filling condition is not the same for S > 1/2, unfortunately. Therefore we cannot use
average projection µ = 0. A simpler and more convenient for PFFRG extension is
proposed by M. Baez and J. Reuther [139]. In this extension, we put 2S spins with
S = 1/2 on each site and construct spins with S by superposition of those like

Si =
2S

Â
k=1

Si,k, (3.151)
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where k is flavor index. In this formulation, we consider extended Hilbert space and
require the projection to the subspace satisfying highest weight condition |Si| = S.
To represent spins by fermions we introduce pseudo-fermion operators like Eq. (3.14),

Sµ
i =

1
2 Â

a,a0

M

Â
k=1

f †
ia0ks

µ
a0a fiak, (3.152)

with M = 2S. Those fermion operators satisfy the anti-commutation relation like
Eq. (3.15)

{ fiak, f †
i0a0k0} = dii0 daa0 dkk. (3.153)

There are two constraints: (i) maximal spin length condition |Si| = S and (ii) single-
occupancy condition Qik = 1. Though both constraints can be implemented by
imaginary-value chemical potential [140], we adopt more simpler projection. The
latter is easily implemented µ = 0 as the same manner as S = 1/2 PFFRG. For
fulfillment of the former constraint we introduce a level repulsion term later. We
consider PFFRG for fermions with flavor indices fiak and f †

iak.
As can seen in Eq. (3.152) and Eq. (3.153), the flavor indices behave like site indices.
Thereby we can conclude that it is sufficient that di0i ! di0idk0k for all parametrization
and we can obtain the almost same flow equations for S = 1/2 Eq. (3.88), Eq. (3.91),
and Eq. (3.96). Then we assume that the vertices do not depend on flavor indices
like their initial conditions:

Gµ,L
i1i2,k1k2

! Gµ,L
i1i2 , (3.154)

Gd,L
i1i2,k1k2

! Gd,L
i1i2 . (3.155)

The remaining internal summations over flavor indices can be performed easily

M

Â
k=1

! M. (3.156)

As a result, there is no flavor index in the entire flow, while the term contains site
summation in Eq. (3.88) and the RPA term in Eq. (3.91) and Eq. (3.96) obtain addi-
tional prefactor M. In classical limit S ! •, M also becomes infinite because M = 2S
and the flow equations diverge. Therefore it is required to rescale the vertices. For
system with M we rescale

G ! Ḡ = MG. (3.157)

Finally we obtain the explicit flow equations corresponding to Eq. (3.88), Eq. (3.91),
and Eq. (3.96) as,

d
dL

gL(w) =
1

2p

1
L + gL(L)


� 2 Â

j

⇢
Ḡd,L

i1 j (w + L, 0, w � L) � Ḡd,L
i1 j (w � L, 0, w + L)

�

+
1
M Â

µ

⇢
Ḡµ,L

i1i1 (w + L, w � L, 0) � Ḡµ,L
i1i1 (w � L, w + L, 0)

�

+
1
M

⇢
Ḡd,L

i1i1 (w + L, w � L, 0) � Ḡd,L
i1i1 (w � L, w + L, 0)

��
,

(3.158)
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d
dL

Ḡz,L
i1i2 (s, t, u) =

Z •

�•

dw0

2p


LL(w0, w0 + s)T̃ z,L

PP (s, t, u; w0)

+ LL(w0, w0 + t)T̃ z,L
PH,d(s, t, u; w0)

+ LL(w0, w0 + u)T̃ z,L
PH,cr(s, t, u; w0)

�
, (3.159)

with

T̃ z,L
PP (s, t, u; w0) =

1
M

⇢
� Ḡx,L

i1i2 (s, �w0
2 � w0, w0

1 + w0)Ḡy,L
i1i2 (s, w2 + w0, w1 + w0)

� Ḡy,L
i1i2 (s, �w0

2 � w0, w0
1 + w0)Ḡx,L

i1i2 (s, w2 + w0, w1 + w0)

+ Ḡz,L
i1i2 (s, �w0

2 � w0, w0
1 + w0)Ḡd,L

i1i2 (s, w2 + w0, w1 + w0)

+ Ḡd,L
i1i2 (s, �w0

2 � w0, w0
1 + w0)Ḡz,L

i1i2 (s, w2 + w0, w1 + w0)

�
,

(3.160)

T̃ z,L
PH,d(s, t, u; w0) =2 Â

j
Ḡz,L

i1 j (w0
1 + w0, t, w1 � w0)Ḡz,L

ji2 (w2 + w0, t, �w0
2 + w0)

+
1
M

⇢
Ḡz,L

i1i2 (w0
1 + w0, t, w1 � w0)Ḡx,L

i2i2 (w2 + w0, �w0
2 + w0, t)

+ Ḡz,L
i1i2 (w0

1 + w0, t, w1 � w0)Ḡy,L
i2i2 (w2 + w0, �w0

2 + w0, t)

� Ḡz,L
i1i2 (w0

1 + w0, t, w1 � w0)Ḡz,L
i2i2 (w2 + w0, �w0

2 + w0, t)

� Ḡz,L
i1i2 (w0

1 + w0, t, w1 � w0)Ḡd,L
i2i2 (w2 + w0, �w0

2 + w0, t)

+ Ḡx,L
i1i1 (w0

1 + w0, w1 � w0, t)Ḡz,L
i1i2 (w2 + w0, t, �w0

2 + w0)

+ Ḡy,L
i1i1 (w0

1 + w0, w1 � w0, t)Ḡz,L
i1i2 (w2 + w0, t, �w0

2 + w0)

� Ḡz,L
i1i1 (w0

1 + w0, w1 � w0, t)Ḡz,L
i1i2 (w2 + w0, t, �w0

2 + w0)

� Ḡd,L
i1i1 (w0

1 + w0, w1 � w0, t)Ḡz,L
i1i2 (w2 + w0, t, �w0

2 + w0)

�
, (3.161)

T̃ z,L
PH,cr(s, t, u; w0) =

1
M

⇢
� Ḡx,L

i1i2 (w0
2 � w0, �w1 � w0, u)Ḡy,L

i1i2 (w2 � w0, w0
1 + w0, u)

� Ḡy,L
i1i2 (w0

2 � w0, �w1 � w0, u)Ḡx,L
i1i2 (w2 � w0, w0

1 + w0, u)

� Ḡz,L
i1i2 (w0

2 � w0, �w1 � w0, u)Ḡd,L
i1i2 (w2 � w0, w0

1 + w0, u)

� Ḡd,L
i1i2 (w0

2 � w0, �w1 � w0, u)Ḡz,L
i1i2 (w2 � w0, w0

1 + w0, u)

�
,

(3.162)
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and

d
dL

Ḡd,L
i1i2 (s, t, u) =

Z •

�•

dw0

2p


LL(w0, w0 + s)T̃ d,L

PP (s, t, u; w0)

+ LL(w0, w0 + t)T̃ d,L
PH,d(s, t, u; w0)

+ LL(w0, w0 + u)T̃ d,L
PH,cr(s, t, u; w0)

�
, (3.163)

with

T̃ d,L
PP (s, t, u; w0) =

1
M

⇢
Ḡx,L

i1i2 (s, �w0
2 � w0, w0

1 + w0)Ḡx,L
i1i2 (s, w2 + w0, w1 + w0)

+ Ḡy,L
i1i2 (s, �w0

2 � w0, w0
1 + w0)Ḡy,L

i1i2 (s, w2 + w0, w1 + w0)

+ Ḡz,L
i1i2 (s, �w0

2 � w0, w0
1 + w0)Ḡz,L

i1i2 (s, w2 + w0, w1 + w0)

+ Ḡd,L
i1i2 (s, �w0

2 � w0, w0
1 + w0)Ḡd,L

i1i2 (s, w2 + w0, w1 + w0)

�
,

(3.164)

T̃ d,L
PH,d(s, t, u; w0) =2 Â

j
Ḡd,L

i1 j (w0
1 + w0, t, w1 � w0)Ḡd,L

ji2 (w2 + w0, t, �w0
2 + w0)

+
1
M

⇢
� Ḡd,L

i1i2 (w0
1 + w0, t, w1 � w0)Ḡx,L

i2i2 (w2 + w0, �w0
2 + w0, t)

� Ḡd,L
i1i2 (w0

1 + w0, t, w1 � w0)Ḡy,L
i2i2 (w2 + w0, �w0

2 + w0, t)

� Ḡd,L
i1i2 (w0

1 + w0, t, w1 � w0)Ḡz,L
i2i2 (w2 + w0, �w0

2 + w0, t)

� Ḡd,L
i1i2 (w0

1 + w0, t, w1 � w0)Ḡd,L
i2i2 (w2 + w0, �w0

2 + w0, t)

� Ḡx,L
i1i1 (w0

1 + w0, w1 � w0, t)Ḡd,L
i1i2 (w2 + w0, t, �w0

2 + w0)

� Ḡy,L
i1i1 (w0

1 + w0, w1 � w0, t)Ḡd,L
i1i2 (w2 + w0, t, �w0

2 + w0)

� Ḡz,L
i1i1 (w0

1 + w0, w1 � w0, t)Ḡd,L
i1i2 (w2 + w0, t, �w0

2 + w0)

� Ḡd,L
i1i1 (w0

1 + w0, w1 � w0, t)Ḡd,L
i1i2 (w2 + w0, t, �w0

2 + w0)

�
, (3.165)

T̃ d,L
PH,cr(s, t, u; w0) =

1
M

⇢
� Ḡx,L

i1i2 (w0
2 � w0, �w1 � w0, u)Ḡx,L

i1i2 (w2 � w0, w0
1 + w0, u)

� Ḡy,L
i1i2 (w0

2 � w0, �w1 � w0, u)Ḡy,L
i1i2 (w2 � w0, w0

1 + w0, u)

� Ḡz,L
i1i2 (w0

2 � w0, �w1 � w0, u)Ḡz,L
i1i2 (w2 � w0, w0

1 + w0, u)

� Ḡd,L
i1i2 (w0

2 � w0, �w1 � w0, u)Ḡd,L
i1i2 (w2 � w0, w0

1 + w0, u)

�
.

(3.166)

For the formula of the susceptibility Eq. (3.123), we adopt the above treatment in
the same manner as the flow equations. In the rescale of the susceptibility, we pay
attention to the relationship cG being dimensionless. Therefore we rescale c so as
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not to break this relationship:

cG =
c

M
MG = c̄Ḡ. (3.167)

The susceptibility is rescaled as c ! c̄ = c/M. The explicit formula is

c̄
µµ,L
ij (in)

= � 1
4p

Z •

�•
dw GL(w)GL(w + n)dij

� 1
8p2

Z •

�•
dwdw0 GL(w)GL(w + n)GL(w0)GL(w0 + n)

⇥


2Ḡµ,L
ij (w + w0 + n, n, w � w0)

+
1
M

⇢
�Ḡµ,L

ii (w + w0 + n, w � w0, n) + Â
n 6=µ

Ḡn,L
ii (w + w0 + n, w � w0, n)

� Ḡd,L
ii (w + w0 + n, w � w0, n)

�
dij

�
. (3.168)

In the classical limit S ! •, only the terms containing site summations in the flow
equations and the non-local term in the susceptibility remain finite and it is consis-
tent to the approximation introduced to static PFFRG.
If L ! LIR = 0, these flow equations correspond to Luttinger-Tisza method [141,
142]. This equivalence is proved in Ref. [139, 143].

For example, we consider antiferromagnetic (AFM) Heisenberg model with gen-
eral S on honeycomb lattice [139]. The Hamiltonian is

H = J1 Â
hi,ji

Si · Sj, (3.169)

where Âhi,ji denotes a summation over all nearest-neighbor site pairs i, j. We rewrite
this Hamiltonian using Eq. (3.151) and Eq. (3.152),

H = J1 Â
hi,ji

✓ M

Â
k=1

Si,k

◆
·
✓ M

Â
k0=1

Sj,k0

◆
+ A Â

i

✓ M

Â
k=1

Si,k

◆2

. (3.170)

The additional last term is level repulsion term with A  0 and it projects systems
onto |Si| = S sector.
The calculated static susceptibilities are shown in Fig. 3.11 from the paper written
by Baez and Reuhter [139]. Fig. 3.11 (a) show the static susceptibility of S = 3/2
system at the momentum at which cL(k) has the maximum value with some values
of A. Fig. 3.11 (b) is the counterpart of S = 1/2 system. In both figures, the energy
unit is J1. One may think that the level repulsion term does not affect to S = 1/2
systems although in Fig. 3.11 (b) the susceptibility varies slightly for different values
of A. This is true for the original spins. However in pseudo-fermion representation,
pseudo-fermions interact via density-density channel as well as spin-spin channel,
and the susceptibility difference is generated from pseudo-fermion interactions. In
other words, the difference of the value A corresponds to the difference of the initial
value of the vertices in pseudo-fermion language although in S = 1/2 spin repre-
sentation the level repulsion term is merely constant energy shift. Each inset shows
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FIG. 4. Flowing PFFRG susceptibility for the nearest-neighbor honeycomb Heisenberg antiferromagnet with onsite level repulsion terms
[see Eq. (27)]. In the main plots and in all subsequent figures, the susceptibility χ"(k) (RG scale ") is given in units of 1/J1 (J1). In the
insets, energy scales are in units of

√
A2 + J 2

1 to compensate for energy renormalization effects in " (see text for details). (a) Flow behavior
of the susceptibility for the nearest-neighbor model at S = 3/2 and varying negative values of A (due to almost diverging susceptibilities, the
RG flow is not shown below the critical " scale). Depicted is the maximal susceptibility component in k space which, here, corresponds to
antiferromagnetic Néel order on the honeycomb lattice. (b) Same as in (a) but with S = 1/2. (c) Susceptibility for J2/J1 = 0.1, S = 1/2, and
positive level repulsion terms A � 0.

the spin-3/2 case, the flow remains qualitatively unchanged
and shifts in " can again be compensated by keeping√

A2 + J 2
1 constant [inset in Fig. 4(b)].

Additional calculations also confirm the absence of any
qualitative changes in the RG flow for finite second-neighbor
interactions J2 and varying S. In particular, phase boundaries
between different magnetic phases or melting transitions
into nonmagnetic phases are never found to be affected by
A. We therefore conclude that at least for the honeycomb
Heisenberg model our above assumption is correct. Based on
our experience with quantum spin systems on different lattices,
we anticipate that also a wider class of spin models shares this
property. For the spin-1/2 case, our analysis further shows
that the average treatment of the pseudofermion constraint in
previous PFFRG studies was justified.

Another interesting situation arises when A is positive. In
this case, the energy levels in the highest angular momentum
sector undergo the largest relative increase, until above a
certain threshold of A, lower subspaces should become
energetically preferred. The situation for J2/J1 = 0.1 and
S = 1/2 is depicted in Fig. 4(c), where the absolute value
of A is varied within similar ranges as in Figs. 4(a) and 4(b)
but with a positive sign. Upon increasing A we first observe
a decrease of the critical ", followed by a sudden drop of the
susceptibility at A ≈ 0.35, and almost vanishing responses
above this value. We interpret this behavior as a consequence
of promoting the unphysical zero or doubly occupied states.
When A is sufficiently large, the ground state resides entirely
in the unphysical sector of the Hilbert space. Since these
states carry S = 0 and do not contribute to the magnetic
susceptibility, the response is expected to vanish.

III. ANTIFERROMAGNETIC J1- J2 HEISENBERG MODEL
ON THE HONEYCOMB LATTICE

A. Phase diagram in the J2/J1-S plane via PFFRG

We now apply the spin-S generalization of the PFFRG
method discussed in the last section to the antiferromagnetic
J1-J2 Heisenberg model on the honeycomb lattice as illustrated

in Fig. 1. The Hamiltonian is given by

H = J1

∑

〈ij〉
SiSj + J2

∑

〈〈ij〉〉
SiSj , (28)

where 〈ij 〉 denotes a pair of nearest-neighbor sites while 〈〈ij 〉〉
indicates second-neighbor sites. The corresponding exchange
couplings are J1 > 0 and J2 � 0, respectively. The ratio of the
two couplings is denoted by g = J2/J1.

Numerically solving the PFFRG equations for varying
parameters in the g-S plane we obtain the phase diagram
shown in Fig. 5(a). For S = 1/2, we reproduce the phases
that have previously been found within PFFRG, see Ref. [29]:
an extended nonmagnetic phase at g ≈ 0.2 . . . 0.6 is framed
by an antiferromagnetic phase at 0 � g � 0.2 and an in-
commensurate spiral phase at g � 0.6. When S is increased,
the phase diagram changes drastically. Already at S = 1, the
nonmagnetic phase is completely eaten up by spiral magnetic
long-range order. This leads, in total, to three magnetically
ordered phases at S = 1: an antiferromagnetically ordered
regime at 0 � g � 0.19 and two spiral phases S1 and S2
at 0.19 � g � 0.53 and g � 0.53, respectively, whose nature
will be discussed in more detail below. While this sequence of
phases persists for larger values of S, the locations of the two
phase transitions shift towards the classical values 1/6 and 0.5,
see Fig. 5(a).

To demonstrate the onset of magnetic long-range order for
all spin lengths S � 1, we show in Fig. 5(b) the PFFRG flow
of the susceptibility for the highly frustrated case g = 0.3 and
varying values of S. While at S = 1/2 we do not observe an
instability feature as " is decreased, hinting at a magnetically
disordered phase, for all values S � 1, we find pronounced
cusps at " ≈ 0.2 associated with the onset of a numerically
uncontrolled, oscillating flow behavior. Within PFFRG, such
features indicate that in the thermodynamic limit the system
would run into a magnetic instability. The point in k space at
which this breakdown occurs further determines the type of
magnetic order. With increasing S the susceptibility grows and
the cusp becomes more pronounced, signaling an increase of
the ordered magnetic moment.
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FIGURE 3.11: (a) S = 3/2 and (b) S = 1/2 PFFRG susceptibility
of AFM Heisenberg model on the honeycomb lattice with various A.
Energy unit is the Heisenberg interaction J1. Insets show re-calculated

susceptibilities with energy unit
q

J2
1 + A2. Reprinted with permis-

sion from Ref. [139] © 2017 by the American Physical Society.

the susceptibilities re-calculated by rescaling the energy unit J1 !
q

J2
1 + A2. As

we can see in the inset, the calculated susceptibility curves for all A correspond to
the curve for A = 0. Hence we can conclude that even without the additional level
repulsion term, a projection to the largest-S subspace is made naturally to maximize
the energy gain of the magnetic interaction. Additional calculations confirm this
conclusion [139].

Other Extensions

At last, we mention other extensions briefly.

• Off-diagonal spin interaction
In this dissertation we treat only diagonal spin interactions. Therefore we can-
not apply our PFFRG to systems with non-diagonal spin interactions like G
terms in extended Kitaev-Heisenberg model and Dzyaloshinskii-Moriya inter-
action directly. The Dzyaloshinskii-Moriya interaction was partially included
in PFFRG by M. Hering and J. Reuther in 2017 [144, 145]. Then in 2019, F. L.
Buessen and his collaborators extended PFFRG to treat general non-diagonal
interactions [119].

• Dynamical susceptibility
In PFFRG study, the dynamical susceptibility is calculated in probably only
one literature [146]. PFFRG is formulated in Matsubara frequency representa-
tion and it can calculate c

µn,L
ij (in) directly. Thus we have to perform analytic

continuation numerically to obtain retarded susceptibility. In Ref. [146], it was
done by Padé approximation, but there are inevitable artificial discontinuities.
Therefore the authors of that paper assumed the formula of the dynamical sus-
ceptibility and performed fitting to obtain it.

• Cluster PFFRG
We consider an infinite system and assume that all sites are identical in our
formulation. In 2014, J. Reuther and R. Thomale studied the bilayer Heisenberg
model by extending PFFRG to cluster systems [146]. This cluster PFFRG uses
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small spin clusters as the staring point of the flow. Another extension was
proposed by D. Roscher and his collaborators in 2019 [147].

• Magnetic field and magnetization
We do not consider magnetic field in PFFRG introduced in this chapter (see
our general Hamiltonian Eq. (3.11)). In addition, we cannot calculate mag-
netization and susceptibility in ordered phase because we formulate FRG in
phases with no symmetry breaking. PFFRG in magnetic field and ordered
phase was conducted only in J. Reuther’s dissertation [91]. In this case, we
have to add magnetization terms proportional to the Pauli matrices to the self-
energy, which is proportional to an identity matrix in spin space. Besides, the
numerical costs increase greatly due to broken time-reversal symmetry. It is
said that the computational complexity is 2048 times that of ordinary PFFRG
for Heisenberg interaction [119].

• SU(N) Heisenberg model
PFFRG for SU(N) Heisenberg spin systems are extended by F. L. Buessen and
D. Roscher and their collaborators in real space [137] and in momentum space [148]
in 2018. We can implement the real space extension by replacement of pref-
actors in flow equations as the same manner of spin-S extension we present
above.

• VBC and nematic order
We calculate only 1-particle and 2-particle vertices in 1-loop FRG even if we
use Katanin truncation to include 2-loop correction partially. In general, m-
particle Green’s function can be obtained from tree diagrams composed of
Green’s functions and vertices of m-th order or less. Because this, we can-
not calculate the susceptibility of the ordered state where the order operator
is given by the product of two or more spins, directly. However, prescriptions
for calculating those order, valence-bond crystal (VBC) order and nematic or-
der for example, have been presented since the proposal of PFFRG [54]. In
this prescription, we add a spin quadratic perturbation term corresponding
to order which we investigate. For example, we consider the plaquette order
in J1-J2 Heisenberg model on the square lattice described by the Hamiltonian
Eq. (3.144). The perturbation term is

Hp = d Â
ix ,iy

⇥
(�1)ix Six ,iy · Six+1,iy + (�1)iy Six ,iy · Six ,iy+1

⇤
, (3.171)

where ix and iy are site indices along the x-axis and y-axis, respectively. We
set the perturbative energy d is much smaller than J1 and J2. The expectation
value

⌦
Âix ,iy [(�1)ix Six ,iy · Six+1,iy + (�1)iy Six ,iy · Six ,iy+1]

↵
is the order parameter

of the plaquette order. We define the susceptibility as

cL
p =

J1

d

|CL
1 � CL

2 |
CL

1 + CL
2

, (3.172)

with the equal-time correlation function

CL
1 = hSix ,iy · Six+1,iyip, (3.173)

CL
2 = hSix+1,iy · Six+2,iyip, (3.174)



88 Chapter 3. Pseudo-Fermion Functional Renormalization Group

where the expectation h· · · ip means expectation value under the Hamiltonian
H + Hp. We calculate RG flow with the Hamiltonian H + Hp and trace the
susceptibility of the plaquette order Eq. (3.172) along the flow. If this suscep-
tibility diverges we conclude that there is onset of the plaquette order. This
method have been used to investigate various orders [54, 135, 149–153].

• Multi-loop PFFRG
In 2018, PFFRG was extended to include 2-loop contributions by M. Rück and
T. Reuther [154]. Then, multi-loop extension is done by J. Thoenniss and his
collaborators [155] and D. Kiese and his collaborators [156] simultaneously in
2020. Recently, multi-loop FRG for itinerant electron systems showed results
which quantitatively coincide with the results by parquet approximation and
deterministic quantum Monte Carlo [72]. It is expected that the accuracy of
PFFRG also will be improved by multi-loop extension.

3.8 Summary of This Chapter

This chapter have been devoted to a detailed review to the PFFRG we used. First, we
introduced the auxiliary fermionic representation of quantum spins, and discussed
the projection from the enlarged Hilbert space to its physical subspace. Second,
we parametrized the Green’s functions and the vertices. Unlike the examples in
Sec. 2.6, in PFFRG we use real-space representation. Based on this parametrization,
we derive the explicit PFFRG flow equations for the models with the Kitaev-type
interactions which are treated in this dissertation.

Then, We have also introduced Katanin truncation in order to incorporate the
effects of frustration and quantum fluctuations into the flow equations. The static
limit was also discussed. The main result calculated by PFFRG is the spin suscepti-
bility. We define the spin susceptibility in a path integral representation and derive
its formula using the Green functions and the vertices obtained by PFFRG.

Finally, a short review of each of the PFFRG extensions was given. In particular,
the extensions for the finite temperature case and for the general spin-S case were
explained in detail. These extensions are used in studies in the dissertation.
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Chapter 4

Dipolar Kitaev Systems

In this chapter, we discuss the realization of Kitaev quantum spin liquids in systems
of molecular gases pinned in optical lattices rather than in solids. We can design
various interactions in the polar molecular systems due to its high controllability.
First, we confirm that these systems can be used as quantum simulators for the
Heisenberg model. This model has a long-range interaction which has roots in the
dipolar-dipolar interaction between polar molecules. Therefore it is required to use
numerical methods for large-size calculation. We then introduce previous studies by
PFFRG. Next, we mention the implementation of Kitaev type interaction using mi-
crowave dressing proposed in 2013 [34, 35]. And then, we define the dipolar Kitaev
model based on these proposals and reveal the ground state phase diagram of the
model using PFFRG. The main part of this chapter will be submitted as Ref. [157].

4.1 Ultracold Polar Molecules as Quantum Simulators

Ultracold polar molecular systems are one of the "hot" themes in condensed matter
physics [158–161]. Experimental study on the control of ultracold polar molecules
has made great progress since 2000s [162–181]. Various bialkali molecules have been
created by Feshbach resonance: KRb [162], Cs2 [163], Rb2 [164], LiCs [165, 166],
RbCs [174, 175], NaK [176, 179, 180] , NaRb [177], and NaLi [178]. Even in the
last few years, new molecules have been produced intensively. Since 2006, before
the production of these molecules, the research using these polar molecules as quan-
tum simulators, by manipulating their interactions, has been carried out [34, 35,
182–191]. The idea of a quantum simulator is to simulate one quantum system us-
ing another controllable quantum system. The basic idea originated from Richard
P. Feynman [192]. As another application of polar molecules, their application to
quantum computation is also expected and being intensively studied [193–199].

This chapter focuses in particular on the application of ultracold polar molecu-
lar systems trapped in optical lattices as quantum simulators of the spin systems.
Here we introduce a model called "dipolar Heisenberg (XXZ) model" which is ultra-
cold polar molecular realization of the quantum Heisenberg (XXZ) model and we
mention calculation for it by PFFRG. Then we refer to the realization of Kitaev-type
interaction in those systems and our calculation for "dipolar Kitaev model", which
is the implementation of the Kitaev model in polar molecular system, to clarify fea-
sibility of the Kitaev quantum spin liquid. Before we discuss the feasibility of it, we
examine the size dependence of PFFRG results and check how large system size we
should take. After that, we discuss the realization of the quantum spin liquid by
calculating the spin susceptibilities with changing the parameters.
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4.2 Dipolar Heisenberg Model

We consider an ultracold polar molecular (KRb or LiCs, for example) system con-
fined to a two dimensional plane and each molecule is pinned in a deep optical
lattice. [34, 35, 185, 191] In order to simulate spin systems, here the optical lattice is
deep enough to localize each molecule in each site although generally we can con-
sider Hubbard [182, 187] and t-J [185, 186, 200] -type models to allow molecules to
hop. The non-interacting Hamiltonian describing each molecule is

H0 = BvN � Edz. (4.1)

Each molecule can be treated by a rigid motor with angular momentum N, dipole
moment d, and rotational constant Bv. The symbol E in Eq. (4.1) represents DC
electric field along z-axis. We assume the system extends in the xy-plane with the z-
axis oriented perpendicular to it. In E = 0, we can take the simultaneous eigenstates
of the square of the total angular momentum N

2 and the z-component of the angular
momentum Nz with each eigenvalue N(N + 1) and M, respectively, as eigenstates
of the Hamiltonian Eq. (4.1). We denote these eigenstates as |N, Mi. If we turn on
E, the eigenstates |N, MiE=0 adiabatically connect |N, MiE 6=0. There is dipole-dipole
interaction between molecules and its Hamiltonian is written as

Hd-d =
1
2

i 6=j

Â
i,j

Hij, (4.2)

with

Hij =
di · dj � 3(di · r̂ij)(dj · r̂ij)

r3
ij

. (4.3)

Here, rij is the vector connecting the site i and the site j, and rij is its norm denoting
the distance between sites i and j. In addition, r̂ij is normalized vector r̂ij = rij/rij.
This Hij can be expanded with the spherical harmonics as

Hij = �
p

6
r3

ij

2

Â
m=�2

(�1)mC2
�m(qij, fij)T2

m(di, dj), (4.4)

where

Cl
m(qij, fij) =

r
4p

2l + 1
Ylm(qij, fij). (4.5)

The components of rij in the spherical coordinates are denoted as (rij, qij, fij) and
Ylm(qij, fij) is spherical harmonics with polar angle qij and azimuthal angle fij. T2

m is
an operator defined as

T2
±2(di, dj) = d±

i d±
j , (4.6)

T2
±1(di, dj) =

d0
i d±

j + d±
i d0

jp
2

, (4.7)

T2
0 (di, dj) =

d+
i d�

j + d�
i d+

j + 2d0
i d0

jp
6

, (4.8)
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with ladder operators

d±
i = ⌥

dx
i + idy

jp
2

, (4.9)

d0
i = dz

i . (4.10)

Therefore, the operator T2
m(di, dj) changes M of the two molecules on the sites i and

j by m. According to Ref. [34], for r ⇠ 0.4 µm, d2/r3 ⇠ 1 (100) kHz in KRb (LiCs)
molecules, and Bv ⇠ 1 GHz from Ref. [185]. We have to select two rotational states
and regard them as "spin" degrees of freeedom, for example |"i = |1, 0i and |#i =
|0, 0i, to derive a spin Hamiltonian (with S = 1/2). Finally, it is required to project
Hilbert space to the subspace spanned by {|"i, |#i} and it is justified by sufficient
large E. According to Ref. [185], this condition is achievable for 40K87Rb, and for
7Li133Cs required E is even lower. We define the spin operator Si = (Sx

i , Sy
i , Sz

i ) as
the usual spin operator with S = 1/2. In this case, the terms in the Hamiltonian
Eq. (4.4) not conserving Sz

i are strongly off-resonant. Hence we can drop these terms
and only C2

0 term contributes. As a result, we obtain

Hij = �
p

6
r3

ij
· (�1)0 ·

r
4p

5
·
r

5
16p

(3 cos2 qij � 1)
| {z }

Y20(qij,fij)

· 2p
6

⇢
1
2

✓
S+

i S�
j + S�

i S+
j

◆
+ S0

i S0
j

�

| {z }
T2

0 (di ,dj)

= (1 � 3 cos2 qij)Si · Sj. (4.11)

Here, our lattice expands in xy-plane and qij = p/2. Therefore,

Heff =
1
2

i 6=j

Â
i,j

Si · Sj

r3
ij

. (4.12)

This is a dipolar antiferromagnetic Heisenberg Hamiltonian.

4.3 Numrical Study for Quantum Dipolar Spin Systems

In 2017, H. Zou, E. Zhao, and V. Liu defined the dipolar XXZ (h 6= 1) and Heisenberg
(h = 1) model on the square lattice as

H =
J
2

i 6=j

Â
i,j

1 � 3(r̂ij · d̂)

r3
ij

(Sx
i Sx

j + Sy
i Sy

j + hSz
i Sz

j ), (4.13)

with the exchange anisotropy h, and performed tensor renormalization group (TRG)
calculation as well as spin wave and Schwinger boson mean-field calculation [201].
Here, they considered the case DC electric field points in the general direction called
"dipole tilting angle" (q, f) and introduced the vector d̂ = (cos f sin q, sin f sin q, cos q).
d̂ controls spatial anisotropy of interaction. They calculated phase diagram mainly
for h = 1 (dipolar Heisenberg model) by changing q and f as parameters, and found
4 phases; Néel AFM, stripe, spiral, and quantum paramagnetism. As well, Y. N. Yao
and his collaborators perform density matrix renormalization (DMRG) calculation
for the Hamiltonian Eq. (4.13) on the Kagome and triangular lattice and they found
quantum spin liquid behavior near h = 1 and q = 0 in 2018 [191]. However, in both
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TRG and DMRG, calculation is limited to small system size due to (quasi-) long-
range property of the dipole interaction 1. We have to truncate interaction for unit
cell size L and the bond dimension D [201] and small cluster size and small bond di-
mension are insufficient to describe spiral orders in which the ordering wave vector
locates incommensurate points. Indeed, Zou and his collaborators could not per-
form TRG calculation beyond f ⇠ 20� due to that. Later, E. Zhao who is one of the
authors of the above paper Ref. [201], conducted studies to clarify the ground state
phase diagrams of the dipolar Heisenberg model on the square lattice [202] and the
triangular lattice [125] by PFFRG together with A. Keleş, in order to overcome this
limitation. By PFFRG, they calculated the spin susceptibility in all range of q and
f (the range of f was reduced by lattice symmerty) and elucidated that there are
competing orders Néel AFM, stripe, and spiral order and spin liquid phase near the
boundary between Néel AFM and stripe/spiral orders on the square lattice, and in
the triangular lattice there is no 120� AFM order phase and there is quantum para-
magnetic phase instead of that phase. As shown by them, PFFRG is good numerical
method for quantum dipolar spin systems because we can treat large size systems
in 2 or 3 dimension to consider (quasi-) long-range interaction and describe incom-
memsulate magnetic orders. There is no difference in computational costs between
to treat a system with nearest-neighbor interaction and to treat a systems with long-
range interaction, for PFFRG if the system sizes are the same. For these reasons, in
this chapter we choose PFFRG as a numerical method to investigate quantum dipo-
lar spin systems.

4.4 Realization of Kitaev-type Interactions

For the realization of the quantum spin systems in the ultracold polar molecular sys-
tems described above, we can only obtain limited variety of interactions. In 2013, it
was proposed that we can control each coefficient C2

�m in Eq. (4.4) independently by
making linear combinations of molecular rotation states by microwave radiation [34,
35]. In addition, a general spin-S Hamiltonian can also be realized by selecting 2S + 1
disjoint sets of |N, Mi for each molecule and coupling them within each set by mi-
crowave fields. Therefore, we can obtain a large variety of spin Hamiltonians by mi-
crowave dressing. As an example, S = 1/2 Kitaev-like bond-dependent Ising-type
interaction is realized by controling the coefficients C2

�m and coupling 25 rotational
states [34, 35]: the states |"i and |#i are made by linear coupling of 12 and 13 states

�
|2, �1i, |2, 0i, |2, 2i, |3, �1i, |3, 1i, |3, 2i,

|3, 3i, |4, �4i, |4, �3i, |4, �1i, |4, 1i, |4, 3i
 

, (4.15)

and
�
|0, 0i, |1, �1i, |1, 0i, |1, 1i, |2, �2i, |2, 1i, |3, �3i,

|3, �2i, |3, 0i, |4, �2i, |4, 0i, |4, 2i, |4, 4i
 

, (4.16)

1In 2-dimensional systems, the dipole interaction ⇠ 1/r3 is quasi-long-range, strictly speaking:

lim
R!•

Z R

a
d2r

1
r3 (4.14)

converge, where a is a lattice constant as a natural short-range (ultraviolet) cutoff.
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respectively. The coefficients and more detailed procedures are written in Ref. [35].
In the next chapter we define "dipolar Kitaev model" based on the proposal in this
paper. The realization of Kitaev model in polar molecular systems was also sug-
gested in 2006 [183]. This realization is perturbative although the implementation
in Ref. [35] is based on dipole-dipole interaction directly. Thereby, the latter im-
plementation has stronger interaction and easier to access experimentally. Note
that the interactions are still long-range in the implementation of spin-spin interac-
tions described in this chapter because these interactions have roots in the dipole-
dipole interaction between polar molecules. The dipole Kitaev model is not ex-
ception (see Eq. (4.17) in the next section) as well as the dipolar Heisenberg (XXZ)
model Eq. (4.13). Consequently it has long-range interaction in addition to nearest-
neighbor Kitaev-type interaction. It is not clear whether Kitaev quantum spin liquid
is stabilized or not in the model with long-range interaction because spin-spin cor-
relations beyond nearest-neighbors strictly vanish in the original Kitaev model [13,
29]. In Ref. [35], authors remark on this point:

While in some cases long-range corrections are weak enough to ensure the sur-
vival of the desired phases, it is an open question whether this holds for the
present example.

There is no studies on the phase diagram of the proposed model and it has not been
clarified whether quantum spin liquid is realized until now. The goal in this chapter
is to unravel whether Kitaev quantum spin liquid realizes in dipolar model and
polar molecules can be used as a quantum simulator of the Kitaev model, by PFFRG
calculation. If so, we also have to clarify the difference with the quantum spin liquid
state in the original Kitaev model. If not, it is also our aim to clarify what happens
in the dipolar model and to suggest modified implementation for the realization of
Kitaev quantum spin liquid in ultracold polar molecular systems.

4.5 Dipolar Kitaev Model

In this section, we define the dipolar Kitaev model based on the works in Ref. [34, 35]
as a model for a S = 1/2 quantum simulator realized in ultracold polar molecular
systems trapped in deep hexagonal optical lattice:

H =
1
2

i 6=j

Â
i,j

Hij,

Hij = � 1
3r3

ij

⇢
Jx[1 � 2 cos

✓
2Fij �

4p

3

◆
]Sx

i Sx
j

+ Jy[1 � 2 cos
✓

2Fij �
2p

3

◆
]Sy

i Sy
j

+ Jz[1 � 2 cos
�
2Fij

�
]Sz

i Sz
j

�
. (4.17)

We modify two points from a suggested Hamiltonian in Ref. [35]. First, we consider
the case Jx 6= Jy 6= Jz though Jx = Jy = Jz in Ref. [35]. It can be considered that
anisotropic Jx 6= Jy 6= Jz is easily implemented thanks to the controllability of the
polar molecular systems. Second, we relabel the bond directions (x, y, z) for con-
venience in numerical calculations. Here, rij is the vector connecting from site i to
site j and rij = |rij| is its norm, as defined in Sec. 4.2. We set the lattice constant
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FIGURE 4.1: Schematic figure showing the definition of rij and Fij in
the dipolar Kitaev model Eq. (4.17)

as unity. Here we define the lattice constant as a length of a bond, not as a length
of the primitive vectors of underlying Bravais lattice. The angle Fij is defined as
the angle of rij measured from the x-axis. These definitions are shown in Fig. 4.1.
Another representation of Fij is the argument of the complex number rij,x + irij,y
i.e. Arg(rij,x + irij,y) in the complex x + iy plane where rij,x and rij,y are the x- and
y-component of the vector rij (see Fig. 4.1). The summation Âi,j runs over all sites
with the constraint i 6= j. This model has the angle-dependent Ising-type interaction
which is dipolar generalization of the original Kitaev model. Let us focus on the site
labeled i in Fig. 4.1 and consider the interaction between nearest-neighbors sites. At
first, we consider the nearest-neighbor site connected with the site i by a blue bond.
In this case, rij = 1 and Fij = � 5p

6 and

1 � 2 cos
✓

2Fij �
4p

3

◆
= 3, (4.18)

1 � 2 cos
✓

2Fij �
2p

3

◆
= 0, (4.19)

1 � 2 cos
�
2Fij

�
= 0. (4.20)

Hence the two-site interaction Hamiltonian in Eq. (4.17) is Hij = �JxSx
i Sx

j . In the
same manner, the interactions between the site i and the nearest-neighbor site con-
nected by a green (Fij = �p

6 ) and red (Fij = p
2 ) bond are Hij = �JySy

i Sy
j and

Hij = �JzSz
i Sz

j , respectively. Therefore, the interactions between nearest-neighbor
sites are consistent with the original Kitaev model [13]. Then we consider the in-
teraction between the next-nearest-neighbors. As an example, we focus on the site
labeled as j in Fig. 4.1. The distance between two sites is rij =

p
3 and the angle is

Fij = p
3 . Thus,

1 � 2 cos
✓

2Fij �
4p

3

◆
= 2, (4.21)

1 � 2 cos
✓

2Fij �
2p

3

◆
= �1, (4.22)

1 � 2 cos
�
2Fij

�
= 2, (4.23)
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and the interaction is

Hij = � 1
9
p

3
[2JxSx

i Sx
j � JySy

i Sy
j + 2JzSz

i Sz
j ]. (4.24)

The magnitude of the interaction reduces by 1/(
p

3)3 = 1/(3
p

3) ' 1/5 relative to
the nearest-neighbor interaction. As shown in Eq. (4.24), interactions of each spin
component change its signs and magnitudes depending on positions of interacting
sites beyond nearest-neighbor. For this reason, the model appears to be highly frus-
trated.

4.6 Size Dependence and Finite Size Scaling

Hereafter, we perform PFFRG calculation to obtain the spin susceptibility. We con-
sider the case Jx = Jy 6= Jz in Eq. (4.17) and introduce the anisotropy parameter a
(0  a  3/2) as

Jx = Jy = ±Ja,
Jz = ±J(3 � 2a), (4.25)

where the upper sign is for ferromagnetic (FM) case, the lower one is for antifer-
romagnetic (AFM) case. We take J as the energy unit (J = 1). In PFFRG calcula-
tion, we used 64 positive frequencies with logarithmic mesh between wmin ' 10�4

and wmax = 250, and 212 L-points with Li+1/Li = 0.95 and LUV = 500. We
benchmarked our PFFRG codes by reproduction of previous studies about mod-
els with Heisenberg-type interaction on square [54] and honeycomb [139] lattice
and Kitaev-Heisenberg model on honeycomb lattice [136]. Our codes are designed
for openMP+MPI hybrid parallelization and the calculations were performed in
Oakbridge-CX in the Information Technology Center, The University of Tokyo, Oakforest-
PACS in Center for Computational Sciences, University of Tsukuba and in the In-
formation Technology Center, The University of Tokyo, and MASAMUNE-IMR in
Center for Computational Materials Science, Institute for Materials Research, To-
hoku University, and sekirei (system B) in the Supercomputer Center, the Institute
for Solid State Physics, the University of Tokyo.

For numerical simulation of models with long-range interaction, there is a well-
established method called "Ewald sum" [203, 204]. Indeed, Monte Carlo studies of
classical Heisenberg dipolar lattice systems 2 on the square, triangular, honeycomb,
and Kagome lattices was performed by this trick [205]. However, this trick cannot be
implemented in PFFRG formulated in the real space directly 3. Thus, at first, we con-
duct calculation while changing the cluster size L to examine the convergence. We
consider FM case and set the anisotropy parameter at isotropic point a = 1 because
we can reduce calculation costs largely for lattice symmetry. We show calculated
static spin susceptibility for various system sizes in Fig. 4.2. For the case a = 1 the
system has the symmetry related simultaneous lattice and spin 3p/2 rotation (along
a3-axis for lattice and (1, 1, 1)-direction for spin). It is sufficient to calculate czz for

2Note that this model

H =
1
2

i 6=j

Â
i,j


Si · Sj

r3
ij

� 3
(Si · rij)(Sj · rij)

r5
ij

�
, (4.26)

is different from the dipolar Heisenberg model described in Eq. (4.13) introduced before in this chapter
for the realization of the quantum Heisenberg model in ultracold polar molecules.

3In the papers for dipolar Heisenberg model [125, 202], authors do not mention this point
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FIGURE 4.2: Calculated static spin susceptibilities (z-component)
with different L. (a) L = 0 to 1, and (b) L = 0.175 to 0.6.
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FIGURE 4.3: Schematic figure showing the definition of the cluster
with L (L = 2, 4, and 6). If we regard site locating center of the figure
and labeled i0 as the reference site, the cluster with L = 2, 4, and 6 are
sets of sites surrounded by dotted line, dashed line, and thick line,

respectively.

this reason. cxx and cyy are obtained by 3p/2 and �3p/2 rotation of czz in the
momentum space, respectively. The argument kmax is the wave vector at which the
susceptibility has maximum value. The behavior of susceptibility shown in Fig. 4.2
indicate that the system undergoes phase transition to magnetic order (see Fig. 3.3)
and its ordering wave vector corresponds to kmax. As we show later, kmax = (0, 0)
and it corresponds FM order. L denotes the distance from the site at the center of
the cluster to the farthest site. This distance is defined by the length of the shortest
path on the lattice connecting the two sites. Thereby it characterizes system size of
the cluster. The clusters with different Ls (L = 2, 4, and 6) are shown in Fig. 4.3,
for example. N denotes the number of sites in each cluster. As we mention in the
footnote in Sec. 4.3, the dipolar interaction ⇠ r�3 is convergent (more precisely ab-
solutely convergent) in two dimensional systems. Thus, as L increases the suscepti-
bility converges, but slowly. To confirm this behavior we show an enlarged section
of L = 0.175 to 0.6 in Fig. 4.2 (b).

To obtain ordering scale (critical cutoff) Lc of the L ! • system, we estimated it
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FIGURE 4.4: (a) czz,L/L2�h vs. L for L = 16, 24, 32 and various
values of h for finite size scaling. (b) Ordering scale Lc vs. inverse of
cluster sites 1/N. The red circles with error bars indicate calculated
breakdown scales and the blue triangle shows its estimated value by
finite size scaling with h = 0.75. The error bars reflect the spacing of

the L-mesh.

by finite-size scaling. If cL satisfies a scaling relation we know well for the suscepti-
bility at finite temperature,

cL
L

L2�h = fc

✓
L1/n

����
L � Lc

Lc

����

◆
, (4.27)

where cL
L and fc are susceptibility calculated by PFFRG in size-L cluster and scaling

function of susceptibility, respectively. h and n are critical exponents. As we can see
in the above relation, if L = Lc, cL

L /L2�h has the same value for any L. We used
the data of L = 16, 24, 32, and plotted czz/L2�h for L while changing the value of h.
When all the data crossed at one point, that point was determined as the estimated
value of Lc. The result of the finite size scaling and obtained Lc are shown in Fig. 4.4.
From finite size scaling as shown in Fig. 4.4 (a), we obtain an estimated ordering
scale Lc ⇡ 0.215 and the exponent h ⇡ 0.75. Here, some uncertainty remains at
the intersections because we use a coarse L-mesh to reduce computation costs. We
plot obtained values of Lc for 1/N in Fig. 4.4 (b). The red circles with error bars
represent Lc obtained from the flow of the susceptibility shown in Fig. 4.2 and the
blue triangle indicates Lc ⇡ 0.215 obtained by finite size scaling shown in Fig. 4.4
(a). The critical exponent h ⇡ 0.75 obtained by finite size scaling is large. Our model
Eq. (4.17) has Z6 symmetry in spin space at a = 1. It is known that the exponent
is the same with its value of the Ising model h = 0.25 from studies on 6-state clock
model [206–208] 4. We can consider that this difference in the critical exponent is
caused by the difference between L and T. It is not strange that finite temperature
calculation and zero temperature calculation with cutoff L yield different exponents,
although both act as infrared cutoffs and they satisfy the relation Eq. (3.150) in high
energy/high temperature region. There was no significant change when the finite-
size scaling was redone by replacing the definition of L with L =

p
N. From Fig. 4.2

4More precisely, there are intermediate BKT (Berezinskii-Kosterlitz-Thouless) phase [209–211] be-
tween ordered and disordered phases in 6-state clock model and classical Kitaev-Heisenberg model.
The exponent h varies form 1/4 (at the boundary between disordered and BKT phases) to 1/9 (at the
boundary between BKT and ordered phases).
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FIGURE 4.5: Calculated static spin susceptibilities (z-component) of
(a) the nearest-neighbor AFM Heisenberg model and (b) the Kitaev

model with different L.

and Fig. 4.4, we can conclude that L � 10 � 12 is sufficient to examine whether
the system is ordered or not, and that Lc deviates only the order of 0.01J from the
estimate obtained by finite size scaling. We set L = 20 for further calculation.

In addition, we show the size dependence of the susceptibility for the nearest-
neighbor AFM Heisenberg model on honeycomb lattice and the original Kitaev model
in Fig. 4.5, for comparison. The susceptibility of the AFM Heisenberg model (Fig. 4.5
(a)) converges when L � 8 and indicates the phase transition (to Néel order). Note
that spins have full SU(2) symmetry in the Heisenberg model and do not order ac-
tually due to Mermin-Wagner theorem [212]. It is an artifact of PFFRG which over-
estimates ordering tendency [99]. On the other side, The susceptibility of the Kitaev
model (Fig. 4.5 (b)) seems to converge even if L = 2. This reflects the fact that
there are only the nearest-neighbor spin correlations in Kitaev quantum spin liquid
state [13, 29]. Comparing the size dependence shown in Fig. 4.2 and Fig. 4.5, we can
see that the convergence in the dipolar Kitaev model is very slow.

4.7 Susceptibilities for Various Anisotropy Parameters

In the next step, we calculated the spin susceptibility of the model while changing
the anisotropy parameter a and the sign of interaction. In the isotropic case a = 1,
only the 1/6 region of the system should be dealt with due to the symmetry, so that
the calculation cost can be reduced. However, three times the area in the isotropic
case must be calculated if a 6= 1. Therefore we set L = 20 to reduce computational
costs. In this case, we have to solve about 1.65 ⇥ 108 coupled integro-differential
equations.

At first, we consider FM case i.e. upper sign in Eq. (4.25). Calculated L-dependence
of the static susceptibilities for some a is shown in Fig. 4.6. If a 6= 1, cxx and cyy are
related by symmetry and we can get one from the other by reversing the sign of
kx, while cxx and czz are not related. Therefore we calculated czz and cxx. At the
isotropic point a = 1, these two components have the same values as shown in
Fig. 4.6 (f). If 0  a < 1, czz,L have larger values than cxx,L (Fig. 4.6 (a)-(e)) because
the interaction between z-components of spins is dominant. On the other hand,
cxx,L is larger than czz,L for 1 < a  3/2. We can see that the system undergoes a
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FIGURE 4.6: Calculated static spin susceptibilities czz,L and cxx,L vs.
L for some velues of a in the FM case. The results for a = 0.1, 0.2, 0.4,

0.6, 0.8, 1.0, 1.2, and 1.4 are shown in (a)-(h), in order.
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phase transition to magnetic ordered phase for all a. We show the momentum de-
pendence of the susceptibilities at each critical cutoff Lc in Fig. 4.7. In each plot, the
inner hexagon and the outer hexagon represent the first and the extended (second)
Brillouin zone, respectively. The relationship between the magnetic order and the
peak position of the susceptibility is summarized in Fig. 5.14 in the next chapter. We
conclude that the ground state of the system is in FM ordered phase for all a.
Next we calculate the homogeneous susceptibility cL obtained as

cL(k = 0, in = 0) = Â
µ

cµµ,L(k = 0, in = 0), (4.28)

and calculate Curie-Weiss scale LCW by fitting of its inverse. The Curie-Weiss scale
is defined [136] as

cL(k = 0, in = 0) µ
1

L � LCW
, (4.29)

and it is a counterpart of the Curie-Weiss temperature. We show the Curie-Weiss
fitting for some a, ordering scale and Curie-Weiss scale vs. a in Fig. 4.8. At large
L the susceptibility obeys Curie-Weiss law (Fig. 4.8 (a)), while it deviates from the
Curie-Weiss fitting due to quantum effects in low energy region (Fig. 4.8 (b)). We can
see that the magnitude relationship between Lc and LCW is reversed near isotropic
point a = 1 in Fig. 4.8 (c). This means that near a = 1 the frustration becomes strong.
For further understanding the change in the intensity of frustration, we calculated
frustration parameter f obtained as

f =
|LCW|

Lc
, (4.30)

in Fig. 4.8 (d). This is a phenomenological parameter originally defined by A. P.
Ramirez in 1994 [213]. The same definition as Ref. [136] is adopted here for f . The
system has strong frustration if f � 5 � 10. Now f has its maximum at a = 1. All
three components of the quantum spin interact with the same intensity for isotropic
case, so we can see that f is maximum. However, the maximum f is only about
1.4. We can assume that there is no point of strong frustration, even in the case of
Jx 6= Jy 6= Jz, and therefore the quantum spin liquid state is unlikely to be realized,
because f is too small at any a. The system is considered to be FM ordered for all Jx,
Jy, and Jz in FM case.

Now let us move on to the AFM case in which we use lower signs in Eq. (4.25).
As the above FM case, we calculated the static spin susceptibilities and plot its L-
dependence in Fig. 4.9, and its momentum dependence at the critical cutoff Lc in
Fig. 4.10. Even in AFM case, the spin and lattice symmetries are same with those
in FM case. Thus we can obtain cyy,L(k, in) from cxx,L(k, in) by kx $ �kx. As we
can see these figures, the zigzag AFM order is realized and the spin liquid state does
not appear in all a. The corresponding peak position in extended Brillouin zone and
a schematic spin pattern of the zigzag order is shown in Fig. 5.14 and Fig. 5.2 in the
next chapter, respectively. Also as in FM case, we performed Curie-Weiss fitting and
estimate the Curie-Weiss scale LCW through it. Then we calculated the frustration
parameter f and show these results in Fig. 4.11. the general trend is the same with
FM case altough the Curie-Weiss scale is slightly smaller. Therefore, we can conclude
that the ground state is zigzag AFM order for all Jx, Jy, and Jz in AFM case.
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FIGURE 4.7: Momentum dependence of the static susceptibilities
czz,L and cxx,L at the ordering scale L = Lc. We consider FM
case. The results for a = 0.1, 0.2, 0.4, 0.6, 0.8, 1.0, 1.2, and 1.4 are
shown in (a)-(h), in order. For each a, left panel and right panel show

czz,Lc(k, in = 0) and cxx,Lc(k, in = 0), respectively.



102 Chapter 4. Dipolar Kitaev Systems

(a) (b)

-1

 0

 1

 2

 3

 4

 0  0.5  1  1.5  2

1/
rR

(k
=0

, i
i=

0)

R

_=0.1
_=0.4
_=0.6
_=0.8
_=1.0

 0.2

 0.3

 0.4

 0.5

 0.6

 0  0.2  0.4  0.6  0.8  1  1.2  1.4

R

_

ordering scale RcCurie-Weiss scale RCW

 0

 2

 4

 6

 8

 10

 0  1  2  3  4  5

1/
rR

(k
=0

, i
i=

0)

R

_=0.1
_=0.4
_=0.6
_=0.8
_=1.0

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

 0  0.2  0.4  0.6  0.8  1  1.2  1.4
f=

|R
C

W
|/R

c
_

(c) (d)

FIGURE 4.8: L-dependence of inverse of uniform static spin suscepti-
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(critical cutoff) Lc and Curie-Weiss scale LCW, and (d) frustration pa-
rameter f vs. anisotropy parameter a. All panels show the results for

FM dipolar Kitaev model.

4.8 Collapse of the Kitaev Quantum Spin Liquid

The ground state is FM/zigzag AFM order in dipolar Kitaev model whose inter-
actions are long-ranged, though that in the original Kitaev model with only the
nearest-neighbor exchange interactions is quantum spin liquid. Recall that the nearest-
neighbor interactions in the dipolar Kitaev model are the same as those in the Kitaev
model. So how are these two models connected with each other? What causes the
breakdown of the quantum spin liquid state? To find the answers to these questions,
we introduce the range of interaction Lint as an additional parameter and consider
the dipolar Kitaev model with Lint,

H =
1
2

1krijkbLint

Â
i,j

Hij,

Hij = � J
3r3

ij

⇢
[1 � 2 cos

✓
2Fij �

4p

3

◆
]Sx

i Sx
j

+ [1 � 2 cos
✓

2Fij �
2p

3

◆
]Sy

i Sy
j

+ [1 � 2 cos
�
2Fij

�
]Sz

i Sz
j

�
, (4.31)

where the summation Â
1krijkbLint
i,j means the summation over all sites for each of i

and j with constraint 1  krijkb  Lint. The norm krijkb is defined as the shortest



4.8. Collapse of the Kitaev Quantum Spin Liquid 103

 0

 10

 20

 30

 40

 50

 60

 70

 0  0.2  0.4  0.6  0.8  1

rR
(k

m
ax

, i
i=

0)

R

rzz

rxx

 0
 5

 10
 15
 20
 25
 30
 35
 40
 45

 0  0.2  0.4  0.6  0.8  1

rR
(k

m
ax

, i
i=

0)

R

rzz

rxx

 0

 20

 40

 60

 80

 100

 0  0.2  0.4  0.6  0.8  1

rR
(k

m
ax

, i
i=

0)

R

rzz

rxx

 0
 10
 20
 30
 40
 50
 60
 70
 80

 0  0.2  0.4  0.6  0.8  1

rR
(k

m
ax

, i
i=

0)

R

rzz

rxx

 0

 10

 20

 30

 40

 50

 60

 70

 0  0.2  0.4  0.6  0.8  1

rR
(k

m
ax

, i
i=

0)

R

rzz

rxx

 0
 1
 2
 3
 4
 5
 6
 7
 8

 0  0.2  0.4  0.6  0.8  1

rR
(k

m
ax

, i
i=

0)

R

rzz

rxx

 0

 2

 4

 6

 8

 10

 12

 14

 0  0.2  0.4  0.6  0.8  1

rR
(k

m
ax

, i
i=

0)

R

rzz

rxx

 0

 2

 4

 6

 8

 10

 12

 14

 0  0.2  0.4  0.6  0.8  1

rR
(k

m
ax

, i
i=

0)

R

rzz

rxx

(a) α=0.1 (b) α=0.2

(c) α=0.4 (d) α=0.6

(e) α=0.8 (f) α=1.0

(g) α=1.2 (h) α=1.4

FIGURE 4.9: Calculated static spin susceptibilities czz,L and cxx,L vs.
L for some velues of a in the AFM case. The results for a = 0.1, 0.2,

0.4, 0.6, 0.8, 1.0, 1.2, and 1.4 are shown in (a)-(h), in order.
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(b) α=0.2(a) α=0.1

(c) α=0.4 (d) α=0.6

(e) α=0.8 (f) α=1.0

(g) α=1.2 (h) α=1.4
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FIGURE 4.10: Momentum dependence of the static susceptibilities
czz,L and cxx,L at the ordering scale L = Lc. We consider AFM
case. The results for a = 0.1, 0.2, 0.4, 0.6, 0.8, 1.0, 1.2, and 1.4 are
shown in (a)-(h), in order. For each a, left panel and right panel show

czz,Lc(k, in = 0) and cxx,Lc(k, in = 0), respectively.
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FIGURE 4.11: L-dependence of inverse of uniform static spin sus-
ceptibility 1/cL(k = 0, in = 0) with Curie-Weiss fitting for some a
values in (a) L 2 [�0.5, 5] and (b) L 2 [�0.25, 0.8]. (c) The ordering
scale (critical cutoff) Lc and the absolute value of Curie-Weiss scale
LCW, and (d) frustration parameter f vs. anisotropy parameter a. All

panels show the results for AFM dipolar Kitaev model.

bond connection between sites i and j on the honeycomb lattice. If either sites i or j
is the reference site i0 at the center of the cluster, then Lint matches the definition of L
(See Fig. 4.3). If Lint = 1, this Hamiltonian becomes the Kitaev model Eq. (1.1), and
it corresponds to the dipolar Kitaev model Eq. (4.17) if Lint = L. Here we consider
FM isotropic case and we define Jx = Jy = Jz = J. We conducted PFFRG calculation
while changing Lint from 1 to L, and show the static susceptibility czz,L at the kmax
in Fig. 4.12. We take L = 20 cluster for Lint � 2 though L = 10 for Lint because
there is no significant size dependence in the exact Kitaev model case (see Fig. 4.5
(b)). In Fig. 4.12, we only display the susceptibility for L � Lc for the model with
Lint � 6 for clarity. It is difficult to conclude from Fig. 4.12 at which Lint the system
becomes ordered. Thus, we adopt the size dependence of the on-site susceptibility
czz,L

ii (in = 0) as a clearer criterion for ordering. Recently, it was pointed out that if
the system is ordered, the on-site susceptibility appears to be size-dependent, other-
wise it is not [214]. We calculate the on-site susceptibility for different Lint as shown
in Fig. 4.13. We can see size dependence of the on-site susceptibility of the system
with Lint = 3 or Lint = 4. Hence we can conclude that the system undergoes phase
transition to magnetic order for Lint = 3 or 4. Further, by fitting we obtained the
Curie-Weiss scale and the frustration parameter shown in Fig. 4.14. The plots are
connected by lines in the figure for eye guide though Lint is a discrete parameter.
The system is not ordering for Lint  2 and there is no Lc in Fig. 4.14 (a), although
Curie-Weiss fitting can be performed whether the system is ordered or not. From
around Lint = 5, both Lc and LCW begin to asymptotically approach the value of
Lint = L. This behavior can be seen also in the Lint-dependence of the frustration
parameter in Fig. 4.14 (b). In the region Lint  2, which is grayed out in the figure, f
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FIGURE 4.13: System size dependence of the on-site susceptibility
czz,L

ii (in = 0) for the systems with (a) Lint = 1, (b) Lint = 2, (c) Lint =
3, and (d) Lint = 4



4.8. Collapse of the Kitaev Quantum Spin Liquid 107

(a) (b)

 0

 0.05

 0.1

 0.15

 0.2

 0.25

 0.3

 0  5  10  15  20

R

Lint

ordering scale RcCurie-Weiss scale |RCW|  0

 0.5

 1

 1.5

 2

 0  5  10  15  20

f=
|R

C
W

|/R
c

Lint

FIGURE 4.14: (a) The ordering scale (critical cutoff) Lc and the ab-
solute value of Curie-Weiss scale LCW, and (b) frustration parameter
f of isotropic FM dipolar Kitaev model vs. Lint. Lint represents the
range of interaction in the model, and the distance between sites is
discrete because it is defined in units of bonds, but the plots are con-

nected by lines for eye guide.

is ill-defined because Lc does not exist. This region corresponds to f = • because
the ordering is hindered by strong frustration. In the next step, we investigate the
momentum dependence and the spatial dependence of the susceptibilities for each
Lint shown in Fig. 4.15. In the figures for each parameter, the left panel exhibits the
momentum dependence in the extended Brillouin zone, on the other hand the right
panel shows the susceptibility in the real space viewed horizontally from the y < 0
direction. For Lint  2, the susceptibilities have no breakdown points, therefore we
plot the susceptibilities at L = LIR. On the other hand, for Lint � 3, we show sus-
ceptibilities at L = Lc. At Lint = 1, the Hamiltonian Eq. (4.31) is strictly identical
to the Kitaev model, and czz,LIR

ij has finite values only if j = i or the case j is the
nearest-neighbor of i connected by z-bond, strictly. Thereby the momentum depen-
dence of czz,LIR(k) has a cosine-curve shape in the ky-direction and the susceptibility
czz,LIR(k) has the maximum on the line ky = 0 (see Fig. 4.15 (a)). As Lint increases
from 1, the figure shows that the region with the maximum susceptibility shrinks
rapidly. We can see that the regions eventually shrink at k = 0 point, resulting in the
peak of the FM order.

These results indicate that the Kitaev spin liquid state collapses with increas-
ing Lint. From this, we may consider that the long-range interactions breaks Kitaev
quantum spin liquid states. More precisely, there are two-type differences between
the dipolar Kitaev model and the Kitaev model:

• The dipolar Kitaev model has (quasi-) long-range interaction.

• In the dipolar Kitaev model, generally complex (Sx
i Sx

j , Sy
i Sy

j , Sz
i Sz

j -mixed) in-
teractions between spins at sites farther apart than the nearest neighbor are
observed.

If for the latter reason the spin liquid is destabilized, then designing another in-
teraction by microwave irradiation may realize it. However, according to previous
studies of the K1-K2 model (Kitaev model + the next-nearest-neighbor Kitaev interac-
tions) [215], the Kitaev spin liquid is fragile to the next-nearest-neighbor interaction,
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FIGURE 4.15: The momentum dependence of the static susceptibility
(left panels) and the susceptibility in real space (right panesl) with
several Lint: (a)-(h) show the results of the isotropic FM dipolar Kitaev

model with Lint = 1-6, 8, and 10, respectively.
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even if it is a Kitaev-type interaction. If we set

K2 =
1

3
p

3
, (4.32)

in K1-K2 model (K1 = 1) as the dipolar Kitaev model, this parameter is in ordered
phase. In the case of the dipolar Kitaev model, it is not yet ordered at Lint = 2, but
it is also ordered at Lint = 3 (see Fig. 4.12). Therefore, in the dipolar Kitaev model,
we conclude that the Kitaev spin liquid is not realized due to the long-range nature
of the interaction. This is quite different from the dipolar Heisenberg model. In the
dipolar Heisenberg model, the long-range interaction strengthen frustration of the
system and the spin liquid states appear as a result [125, 201, 202]. On the other
hand, the long-range interaction weaken the frustration and the system is ordered
for all anisotropy parameters.

Because the long-range nature of the interaction destroys the Kitaev spin liquid,
it is difficult to design another interaction by microwave, as long as it is rooted in the
dipole interaction, to realize the Kitaev quantum spin liquid. Since the Kitaev spin
liquid is more robust to the next nearest neighbor Heisenberg interaction than to the
next nearest neighbor Kitaev type interaction [215], if possible, the Kitaev quantum
spin liquid may be realized by designing an interaction such that the long-range
interaction is closer to the Heisenberg interaction.

4.9 Summary of This Chapter

In this chapter, we discussed the feasibility of the Kitaev quantum spin liquid in
ultracold polar molecular systems trapped in the optical lattice, based on the real-
ization of Kitaev-type interactions proposed in previous studies [34, 35]. First, we
introduced the dipolar Heisenberg/XXZ model and its realization in these systems.
Then we briefly reviewed the proposals for the realization of Kitaev-type interac-
tions by laser-induced linear coupling of rotational levels in the molecules.

Based on these proposals, we defined the dipolar Kitaev model. The interactions
that appear in this model are derived from dipole interactions between molecules,
and have long-range nature. The interactions between the nearest-neighboring sites
are consistent with the Kitaev-type interaction, but those between sites farther than
the next-nearest-neighbor are more complicated.

We have applied PFFRG to this model to investigate the ground state at each
anisotropy parameter. The results show that FM order and zigzag AFM order are
realized in the FM and AFM dipolar Kitaev model, respectively, for all anisotropy
parameters. Next, we investigated the ordering behavior while increasing the range
of the interaction from the nearest-neighbor case. As a result, the behavior of the
susceptibility shows that the Kitaev quantum spin liquid state quickly collapses and
the system undergoes magnetic ordering as the range of the interaction increases.

From these results, we conclude that the Kitaev quantum spin liquid is very frag-
ile against long-range interactions in the proposals. This is difficult to realize Kitaev
quantum spin liquid with dipolar-Kitaev interaction and long-range Kitaev interac-
tion. It is necessary to propose another realization of the Kitaev quantum spin liquid
in dipole systems.

After the proposal of Kitaev-type interaction in ultracold polar molecular sys-
tems by microwave irradiation in 2013, the calculation based on this proposal has
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not been performed, and whether Kitaev quantum spin liquid state is actually re-
alized has remained an open question. We addressed this issue with PFFRG and
elucidated the above results for the first time.
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Chapter 5

Spin-S Kitaev-Heisenberg Model

In this chapter, we now discuss the realization of the Kitaev quantum spin liquid
state in solids. In particular, we focus on the Kitaev quantum spin liquid with higher-
spin. Recently, the higher-spin Kitaev model has attracted much theoretical attention
in terms of conserved quantities and excitations. In addition, the realization of Ki-
taev interaction in materials with S = 1 and S = 3/2 spins has been proposed
recently. In general, if the spin length S is large, quantum fluctuation is suppressed
and magnetic orders is stabilized. Therefore, we would like to evaluate how long
S is allowed in candidate materials to realize spin liquid state. Although there are
various effects and interactions in real materials, we focus on, in this chapter, the
Kitaev-Heisenberg model, which is a minimal model for the candidate compounds.
We discuss the above evaluation based on the spin-S PFFRG calculation. The main
part of this chapter will be submitted as Ref. [216].

5.1 High-spin Kitaev Model

The Kitaev model is a model for S = 1/2 spins originally, and exact solutions for
S > 1/2 have not been obtained so far. In S = 1/2 Kitaev model, the original spin
degrees of freedom fractionalize into Majorana fermion and Z2-flux. It is proved that
the Z2-flux is also a local conserved quantity and the spin-spin correlation is limited
in the nearest-neighbor for arbitrary flux distribution [45]. However, other fraction-
alized degrees of freedom are still unknown. It is clarified that even if S > 1/2 the
entropy is released in halves as the temperature decreased and the specific heat has
a double-peak behavior as that in S = 1/2 numerical studies [36–38] This fact means
that in low temperature other degrees of freedom contribute to the specific heat in
addition to Z2-flux. Low-energy excitations and magnetic responses are intensively
studied, especially for S = 1 systems, recently [36, 39–44].

In the toric code limit (Jz � Jx, Jy), there is clear difference between integer spin
and half-odd integer spin [217]. The effective model in this limit corresponds to the
toric code model [26] if S is half-odd integer, although if S is integer the ground state
is topologically trivial. The toric code model is well-understood and what we are
really interested in is the isotropic case Jx = Jy = Jz for non-Abelian anyons.

In addition, the mechanisms for higher-spin Kitaev model are proposal recently.
Materials with chemical formula A3Ni2XO6 (A =Li, Na and X =Bi, Sb) are candi-
date materials for S = 1 Kitaev model [46]. The candidate materials for S = 3/2
Kitaev model are CrI3, CrBr3, CrSiTe3, and CrGeTe3 [47–50]. Experimental and the-
oretical studies on high-spin Kitaev materials are important not only for material
science but also for understanding of high-spin Kitaev quantum spin liquid.

Generally speaking, non-Kitaev interactions cause magnetic ordering and quan-
tum fluctuations in the ordered phases are suppressed for high-spin systems. This
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means in higher-spin systems the quantum spin liquid is hard to be stabilised. There-
fore, it is important to estimate the upper bound of S for realization of quantum spin
liquid in these materials. In this chapter we focus on this estimation by PFFRG and
we treat the Kitaev-Heisenberg model, introduced in the next section, as a minimal
model for the candidate materials.

5.2 Kitaev-Heisenberg Model (S = 1/2)

In the candidate materials, the Kitaev-type interaction is considered to be realized
owing to the Jackeli-Khaliullin mechanism [14]. There are, however, other magnetic
interactions due to various effects: direct overlap between d-orbitals, deformation of
octahedrons, and so on. A minimal model for the candidate materials is the Kitaev-
Heisenberg model (J-K model)

H = K Â
µ

Â
hi,jiµ

Sµ
i Sµ

j + J Â
hi,ji

Si · Sj, (5.1)

on the honeycomb lattice. K and J are the coupling constants of Kitaev interaction
(we set Jx = Jy = Jz = K) and isotropic Heisenberg interaction. The summation Âhi,ji
runs over all nearest-neighbor pairs of sites, and the summation Âhi,jiµ

runs over all
pairs of sites on µ-bond (see Fig. 1.1). This model was suggested as a minimal model
for iridium oxides A2IrO3 (A=Na, Li) originally [51]. In Jackeli-Khaliullin mecha-
nism described in Chap. 1, FM Kitaev interaction (K < 0) is obtained via quantum
interference between 2 Ir-O-Ir exchange paths. In addition, AFM Heisenberg inter-
action (J > 0) can be finite by direct d-d overlap and onsite Coulomb repulsion in
oxigen p-orbitals. Therefore, these interactions are often parametrized as

K = �2a,
J = (1 � a), (5.2)

by a 2 [0, 1]. At a = 0 the Hamiltonian Eq. (5.1) becomes the AFM Heisenberg
model, at a = 1 the model is the isotropic FM Kitaev model on the other hand.
Based on this parametrizeation, several numerical studies clarified that the spin liq-
uid state is stable in the range ' (0.8, 1] [51, 136, 218, 219]. In addition to spin
liquid phase, there is two magnetic ordered phase: Néel and stripy AFM, and their
boundary locate a ' 0.4. Even so, experimental results suggest zigzag AFM ordered
ground state in Na2IrO3 [220–224], and incommensurate spiral ordered ground state
in Li2IrO3 [224–226]. To describe the property of Na2IrO3, two types of extensions
of Kitaev-Heisenberg model were proposed 1: (i) inclusion of Heisenberg interac-
tion beyond the nearest-neighbors [229], (ii) considering full parameter region of
Eq. (5.1) [52]. In this chapter we concentrate on the latter extension 2. There are 4
patterns in the latter extension: (K < 0, J > 0) described in Eq. (5.2), (K > 0, J > 0),
(K > 0, J < 0), and (K < 0, J < 0). These signs of couplings are explained by
inclusion of t2g-eg hopping process [52]. Although the incommensurate spiral order
in Li2IrO3 cannot be explained, the homogeneous susceptibility obtained from this
Kitaev-Heisenberg model fits very well with the experimental magnetic susceptibil-
ity for both Na2IrO3 and Li2IrO3. Hence we treat the Kitaev-Heisenberg model as a
minimal model for candidate materials in this chapter.

1Model obtained by the first principle calculations are in Ref. [227, 228].
2For Li2IrO3, the extension including the next-nearest FM Heisenberg and AFM Kitaev interactions

were proposed to explain the incommensurate order [120].



5.2. Kitaev-Heisenberg Model (S = 1/2) 113

In addition, the Kitaev-Heisenberg model on other lattices, especially triangular
lattice, are also intensively studied and their phase diagrams contain rich physics [230–
237] although not covered in this chapter.

Before showing our calculation for S � 1/2 Kitaev-Heisenberg model, we devote
the rest of this section and the next 2 successive sections to review results of previous
studies on S = 1/2, 1, and • (classical) Kitaev-Heisenberg models.

Phase diagram by ED

J. Chaloupka, G. Jackeli, and G. Khaliullin proposed the original Kitaev-Heisenberg
model (K < 0, J > 0) in 2010 [51] and the full parameter Kitaev-Heisenberg model
in 2013 [52]. They calculated the phase diagrams of those models by exact diagonal-
ization (ED) in the same papers. Here we review their resulting phase diagram in
Ref. [52]. They introduced the energy scale A and parametrized couplings as

A =
p

K2 + J2,
K = A sin j,
J = A cos j. (5.3)

The Hamiltonian Eq. (5.1) is rewritten as

H = A Â
µ

Â
hi,jiµ


2 sin j Sµ

i Sµ
j + cos j Si · Sj

�
. (5.4)

The range of introduced angle j is [0, 2p), and there are 4 obvious points at which
the Hamiltonian becomes exactly solvable models:

• j = 0 : AFM Heisenberg model

• j = p : FM Heisenberg model

• j = p
2 : AFM Kitaev model

• j = 3p
2 : FM Kitaev model.

The ground states of AFM and FM Heisenberg model are Néel AFM and FM state 3,
respectively, and the ground state of both the AFM and FM Kitaev models is quan-
tum spin liquid. In addition, there are 2 more special points:

• j = 3p
4 : "hidden" AFM Heisenberg model

• j = 7p
4 : "hidden" FM Heisenberg model.

At these points, we can obtain pure AFM/FM Heisenberg model by 4-lattice trans-
formation introduced in Ref. [238]. In this transformation, we divide the system into
4 sublattices 1-4 and consider the sublattice-dependent spin rotation:

1. S̃i = S

2. S̃i = (Sx
i , �Sy

i , �Sz
j )

3. S̃i = (�Sx
i , Sy

i , �Sz
i )

4. S̃i = (�Sx
i , �Sy

i , Sz
i ),
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FIGURE 5.1: Sublattices for 4-sublattice transformation. Sites in each
sublattice represented by circles, squarse, triangles, and pentagons.
Two sites on the diagonal of the honeycomb lattice belong to the same

sublattice and each sublattice is a large honeycomb lattice.

simultaneously. These 4 sublattices are shown in Fig. 5.1 Then we obtain

H = ± A
2 Â

µ
Â

hi,jiµ

S̃i · S̃j, (5.5)

at j = 3p
4 (+) and 7p

4 (�). The Hamiltonian can be exactly solved in both cases, and
the ground states are Néel AFM at j = 3p

4 and FM state at j = 7p4 in rotated spin
language. Then we re-rotate spins to the original ones and can obtain the ground
states of the original spin representation: zigzag AFM at j = 3p

4 and stripy AFM
at j = 7p

4 . The schematic spin patterns of these obtained ordered ground states are
shown in Fig. 5.2.

Let us move on to the numerical results of 24-site ED calculation in Ref. [52]. The
resulting phase diagram is shown in Fig. 5.3. The ground state energy EGS and its
second derivative with respect to j are shown. The phase boundaries are decided
by the peak positions in the second derivative. There are 2 spin liquid states near the
AFM Kitaev point j = p

2 and the FM Kitaev point j = 3p
2 (we distinguish the spin

liquid realized in the AFM case from that realized in the FM case), and 4 magnetic
ordered states mentioned in discussion above. We can see that the FM Kitaev spin
liquid is more stable than AFM one although at the exact Kitaev point (J = 0 i.e.
K = ±1) the ground states with K = +1 and K = �1 are connected by unitary
transformation and have same EGS [13]. The regions of AFM and FM Kitaev spin
liquid are about [0.49p, 0.51p] and [1.4p, 1.58p], respectively. These differences are
due to the nature of the surrounding ordered states [52]. Néel and zigzag ("hidden"
Néel AFM) orders near j = p

2 are highly quantum, on the other hand FM and stripy
AFM ("hidden" FM) orders near j = 3p

2 are rather classical which are less favorable
than the Kitaev quantum liquid state energetically.

PFFRG results for the original Kitaev-Heisenberg model

In this section, we refer one more studies on the S = 1/2 Kitaev-Heisenberg model.
The PFFRG calculation on the original (i.e. K < 0 and J > 0) Kitaev-Heisenberg
model (in 112-site cluster) was performed in Ref. [136]. The result is shown in
Fig. 5.4. While the title of the paper is "Finite-temperature phase diagram of the

3Note that the honeycomb lattice is bipartite and the ground state of the AFM Heisenberg model
on it is Néel AFM state.
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Néel AFM zigzag AFM

stripy AFM FM

FIGURE 5.2: Schematic figures of the spin patterns of ordered states
in Kitaev-Heisenberg model on the honeycomb lattice. 2 sublattices
are represented by black and white circles. Spins in the direction of
the quantization axis (which is set to the left in the figure) are shown

in blue, and spins in the opposite direction are shown in red.

components depending on the sublattice index. This trans-
formation results in the ~S Hamiltonian of the same form as
(1), but with effective couplings ~K ¼ K þ J and ~J ¼ #J,
revealing a hidden SUð2Þ symmetry of the model at
K ¼ #J (where the Kitaev term ~K vanishes). For the
angles, the mapping reads as tan ~’ ¼ # tan’# 1.

Phase diagram.—In its full parameter space, the KH
model accommodates 6 different phases, best visualized
using the phase-angle ’ as in Fig. 1(a). In addition to the
previously discussed [16,22,23] Néel-AF, stripy-AF, and
SL states near ’ ¼ 0, # !

4 , and # !
2 , respectively, we

observe 3 more states. First one is ‘‘AF’’ (K > 0) Kitaev
spin-liquid near ’ ¼ !

2 . Second, the FM phase broadly
extending over the third quadrant of the ’ circle. The
FM and stripy-AF states are connected [see Fig. 1(a)] by
the 4-sublattice transformation, which implies their iden-
tical dynamics. Finally, near ’ ¼ 3

4!, the most wanted
phase, zigzag AF, appears occupying almost a quarter of
the phase space. Thanks to the above mapping, it is under-
stood that the zigzag and Néel states are isomorphic, too.

In particular, the ’ ¼ 3
4! zigzag state is identical to the

Heisenberg-AF state of the fictitious spins [24].
To obtain the phase boundaries, we have diagonalized

the model numerically, using a hexagonal 24-site cluster
with periodic boundary conditions. The cluster is compat-
ible with the above 4-sublattice transformation and ’ $ ~’
mapping. As seen in Fig. 1(b), the second derivative of the
GS energy EGS with respect to the ’well detects the phase
transitions. Three pairs of linked transition points are
found: ’ ð88&; 92&Þ and (# 76&, #108&) for the spin
liquid-order transitions around ' !

2 , and (162&, #34&) or
the transitions between ordered phases.
The transitions from zigzag-AF to FM, and from stripy-

AF to Néel-AF are expected to be of first order by sym-
metry; the corresponding peaks in Fig. 1(b) are indeed very
sharp. The spin liquid-order transitions near ’ ¼ # !

2 lead
to wider and much less pronounced peaks, suggesting a
second- (or weakly first-) order transition [16]. On the
contrary, liquid-order transitions around ’ ¼ !

2 show up
as very narrow peaks; on the finite cluster studied, they
correspond to real level crossings. The nature of these
phase transitions remains to be clarified [25].
While at J ¼ 0 (i.e.,’ ¼ ' !

2 ) the sign ofK is irrelevant
[21], the stability of the AF- and FM-type Kitaev spin
liquids against J perturbation is very different: the SL
phase near !

2 (# !
2 ) is less (more) robust. This phase

behavior is related to a different nature of the competing
ordered phases: for the !

2 SL, these are highly quantum
zigzag and Néel states, while the SL near # !

2 is sand-

wiched by more classical (FM and ‘‘fluctuation free’’ stripy
[16]) states which are energetically less favorable than the
quantum SL state.
Exchange interactions in Na2IrO3.—Having fixed the

parameter space (K > 0, J < 0) for the zigzag phase, we
turn now to the physical processes behind the model (1).
Exchange interactions in Mott insulators arise due to vir-
tual hoppings of electrons. This may happen in many
different ways, depending sensitively on chemical bond-
ing, intra-ionic electron structure, etc. The case of present
interest (i.e., strong spin-orbit coupling, t52g configuration,

and 90&-bonding geometry) has been addressed in several
papers [8,11,16,26]. There are the following four physical
processes that contribute to K and J couplings.
Process 1: Direct hopping t0 between NN t2g orbitals.

Since no oxygen orbital is involved, 90& bonding is irrele-
vant; the resulting Hamiltonian isH1 ¼ I1Si ( Sj with I1 ’
ð23 t0Þ2=U [16]. Here, U is the Coulomb repulsion between

t2g electrons. Typically, one has t0=t < 1, when compared
to the indirect hopping t of t2g orbitals via oxygen ions.
Process 2: Interorbital NN t2g # eg hopping ~t. This is

the dominant pathway in 90& bonding geometry since
it involves strong tpd" overlap between oxygen-2p
and eg orbitals; typically, ~t=t) 2. The corresponding
Hamiltonian is [11]
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components depending on the sublattice index. This trans-
formation results in the ~S Hamiltonian of the same form as
(1), but with effective couplings ~K ¼ K þ J and ~J ¼ #J,
revealing a hidden SUð2Þ symmetry of the model at
K ¼ #J (where the Kitaev term ~K vanishes). For the
angles, the mapping reads as tan ~’ ¼ # tan’# 1.

Phase diagram.—In its full parameter space, the KH
model accommodates 6 different phases, best visualized
using the phase-angle ’ as in Fig. 1(a). In addition to the
previously discussed [16,22,23] Néel-AF, stripy-AF, and
SL states near ’ ¼ 0, # !

4 , and # !
2 , respectively, we

observe 3 more states. First one is ‘‘AF’’ (K > 0) Kitaev
spin-liquid near ’ ¼ !

2 . Second, the FM phase broadly
extending over the third quadrant of the ’ circle. The
FM and stripy-AF states are connected [see Fig. 1(a)] by
the 4-sublattice transformation, which implies their iden-
tical dynamics. Finally, near ’ ¼ 3

4!, the most wanted
phase, zigzag AF, appears occupying almost a quarter of
the phase space. Thanks to the above mapping, it is under-
stood that the zigzag and Néel states are isomorphic, too.

In particular, the ’ ¼ 3
4! zigzag state is identical to the

Heisenberg-AF state of the fictitious spins [24].
To obtain the phase boundaries, we have diagonalized

the model numerically, using a hexagonal 24-site cluster
with periodic boundary conditions. The cluster is compat-
ible with the above 4-sublattice transformation and ’ $ ~’
mapping. As seen in Fig. 1(b), the second derivative of the
GS energy EGS with respect to the ’well detects the phase
transitions. Three pairs of linked transition points are
found: ’ ð88&; 92&Þ and (# 76&, #108&) for the spin
liquid-order transitions around ' !

2 , and (162&, #34&) or
the transitions between ordered phases.
The transitions from zigzag-AF to FM, and from stripy-

AF to Néel-AF are expected to be of first order by sym-
metry; the corresponding peaks in Fig. 1(b) are indeed very
sharp. The spin liquid-order transitions near ’ ¼ # !

2 lead
to wider and much less pronounced peaks, suggesting a
second- (or weakly first-) order transition [16]. On the
contrary, liquid-order transitions around ’ ¼ !

2 show up
as very narrow peaks; on the finite cluster studied, they
correspond to real level crossings. The nature of these
phase transitions remains to be clarified [25].
While at J ¼ 0 (i.e.,’ ¼ ' !

2 ) the sign ofK is irrelevant
[21], the stability of the AF- and FM-type Kitaev spin
liquids against J perturbation is very different: the SL
phase near !

2 (# !
2 ) is less (more) robust. This phase

behavior is related to a different nature of the competing
ordered phases: for the !

2 SL, these are highly quantum
zigzag and Néel states, while the SL near # !

2 is sand-

wiched by more classical (FM and ‘‘fluctuation free’’ stripy
[16]) states which are energetically less favorable than the
quantum SL state.
Exchange interactions in Na2IrO3.—Having fixed the

parameter space (K > 0, J < 0) for the zigzag phase, we
turn now to the physical processes behind the model (1).
Exchange interactions in Mott insulators arise due to vir-
tual hoppings of electrons. This may happen in many
different ways, depending sensitively on chemical bond-
ing, intra-ionic electron structure, etc. The case of present
interest (i.e., strong spin-orbit coupling, t52g configuration,

and 90&-bonding geometry) has been addressed in several
papers [8,11,16,26]. There are the following four physical
processes that contribute to K and J couplings.
Process 1: Direct hopping t0 between NN t2g orbitals.

Since no oxygen orbital is involved, 90& bonding is irrele-
vant; the resulting Hamiltonian isH1 ¼ I1Si ( Sj with I1 ’
ð23 t0Þ2=U [16]. Here, U is the Coulomb repulsion between

t2g electrons. Typically, one has t0=t < 1, when compared
to the indirect hopping t of t2g orbitals via oxygen ions.
Process 2: Interorbital NN t2g # eg hopping ~t. This is

the dominant pathway in 90& bonding geometry since
it involves strong tpd" overlap between oxygen-2p
and eg orbitals; typically, ~t=t) 2. The corresponding
Hamiltonian is [11]
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Heisenberg model containing 2 spin-liquid and 4 spin-ordered
phases. The transition points (open dots on the ’ circle) are
obtained by an exact diagonalization. The gray lines inside the
circle connect the points related by the exact mapping (see text).
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FIGURE 5.3: Ground state phase diagram of the Kitaev-Heisenberg
model obtained by 24-site ED calculation with the ground state en-
ergy EGS and its second derivative with respect the parameter j.
The phases labeled "liquid" are Kitaev quantum spin liquid phase.
Reprinted with permission from Ref. [52] © 2013 by the American

Physical Society.
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RAPID COMMUNICATIONS

FINITE-TEMPERATURE PHASE DIAGRAM OF THE . . . PHYSICAL REVIEW B 84, 100406(R) (2011)

the classically ordered state (without any dressing). In our
calculations, the absence of (quantum) fluctuations at this
point is indicated by remarkably sharp response peaks [see
Fig. 1(c)]. For α > 0.5 we observe a pronounced decrease
of the peaks. The phase transition from the s-AFM phase to
the spin-liquid phase around the Kitaev limit is rather subtle
to detect in our calculations. Around the previously reported
quantum critical point10,20 at α ≈ 0.8 we observe a smooth
evolution of the susceptibility profile into the one expected for
the SL phase: a pure cos-type susceptibility, reminiscent of the
purely nearest-neighbor correlations in this phase.21

Finite-temperature physics. To make a connection between
the flow parameter " and the temperature T , we follow a line
of thought discussed by Honerkamp and Salmhofer:22 Both
the flow parameter " and the temperature T act as infrared
frequency cutoffs. While the former is implemented as a sharp
cutoff in the continuous frequency space, the latter allows
a description in terms of discrete Matsubara frequencies,
where the smallest mesh point sets a lower bound of the
energy resolution. Even though the precise cutoff procedures
associated with " and T are hence quite different, we find
that the identification of the two scales leads to qualitatively
correct results; quantitative uncertainties possibly enter in our
estimates of the ordering instability and its critical scale "c.
We note that our numerical simulations are restricted to finite
system sizes and thus indicate a finite (magnetic) ordering scale
even for models with continuous spin symmetry (α = 0 and
α = 0.5), seemingly violating the Mermin-Wagner theorem
(MWT) applicable in the thermodynamic limit. However,
since the microscopics of any material more often than not
relieve the MWT conditions, due to imperfect symmetry
or weak three-dimensional (3D) coupling, the estimated "c

should provide a good qualitative description of the ordering
temperature Tc as observed in experiment.

At high temperatures, we find that the homogeneous
susceptibility calculated from the RG flow for various " nicely
reproduces the expected CW behavior χ = C/(" − "CW),
as shown in Fig. 2, which allows to extract rather precise
numerical estimates for the CW scale "CW (Fig. 3). Notably,
we observe that the CW scale changes sign—indicating a
transition of the dominant exchange from AFM to FM—at ap-
proximately α ≈ 0.68, which is still deep in the magnetically
ordered regime. Such a change of the dominant exchange is
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FIG. 2. (Color online) The inverse susceptibility 1/χ as obtained
from pseudofermion FRG calculations for various coupling parame-
ters α. The solid lines indicate fits to a CW law.
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already suggestive from a semiclassical analysis of (1), which
gives TCW = −3/4 + 5α/4 and thus indicates a sign change at
approximately α = 0.6. This supports that the cutoff " indeed
retains the features of a temperature parameter and that " can
be used to deduce finite-temperature properties of model (1).

We can now investigate whether a substantial frustration
builds up as one interpolates between the spin-dominated
(unfrustrated) Heisenberg regime to the orbital-dominated
(strongly frustrated) Kitaev regime. A commonly used mea-
sure for frustration is the ratio between CW and ordering scale,
the so-called frustration parameter

f = |$CW|/Tc ≈ |"CW|/"c , (2)

with a small value f � 5 indicating the absence of frustration,
and systems with f � 10 being commonly referred to as
highly frustrated.1 We estimate the ordering scale "c from
the breakdown of the RG flow, as shown in Fig. 4 for the full
parameter range α except for a region around the transition
between the s-AFM phase and the SL (α ≈ 0.8), where our
approach does not allow to reliably calculate the transition
temperature. As shown in Fig. 5, we observe a rather constant
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extrapolation below the ordering transition down to T = 0. A regime
of enhanced numerical uncertainties is seen near α ≈ 0.8. The inset
shows the RG flow of the magnetic susceptibility versus cutoff ".
The arrows indicate the "c where the RG flow breaks down.
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FIGURE 5.4: L-a phase diagram of the Kitaev-Heisenberg model with
K < 0 and J > 0 calculated by PFFRG. The definition of a is in Eq. 5.2.
Inset shows L dependence of the spin susceptibility, czz,L(kmax, in =
0) in our definition, at a = 0, 0.5, and 1. The black arrows in the inset
indicate ordering scales. Reprinted with permission from Ref. [136] ©

2011 by the American Physical Society.

Heisenberg-Kitaev model", they used the same PFFRG that is introduced in this
dissertation. The flow parameter L is regarded as the temperature T by the rela-
tion Eq. (3.150). By this relation, the finite temperature phase diagram can be dis-
cussed by considering L roughly as temperature. The definition of a is the same
with Eq. 5.2. Note that a = 0 and a = 1 is identical with j = 0 and j = 3p

2 in
Eq. (5.4), respectively. The "hidden" FM point at j = 7p

4 corresponds with a = 0.5
The phase diagram at L = 0 is consistent to that obtained by ED [51], DMRG [218],
and j = 0 to j = 3p

2 in Fig. 5.3. Inset shows the flow of the static spin susceptibility
czz,L(kalpha, in = 0) with the wave vector kmax at which the susceptibility has the
maximum value, at a = 0, 0.5, 1. At the point a = 1, the Hamiltonian is identical
with FM Kitaev model and the susceptibility does not diverge up to L = LIR, while
at a = 0 and 0.5, the susceptibility occurs breakdown and it indicates the onset of
the phase transition to Néel and stripy AFM ordered phase, respectively. The black
arrows in the inset of Fig. 5.4 indicate the ordering scales Lc which is regarded as
the transition temperature Tc. Actually, the model recovers the complete SU(2) sym-
metry at a = 0 and 0.5 and it should not show a phase transition to ordered phases
at finite temperatures according to Mermin-Wagner theorem [212]. If we regard the
cutoff L as the temperature T, the flows of the susceptibility in the inset contrary to
Mermin-Wagner theorem. It is an artifact of PFFRG pointed out in Ref. [99], in which
the comparison between the phase diagrams of the XXZ model on the square lat-
tice obtained by the quantum Monte Carlo and PFFRG are performed. These flows
(a = 0 and 1) coincide with the susceptibility flows in Fig. 4.5 except for constants
resulting from different calculation conditions. In addition, note that the boundary
between the stripy AFM and the Kitaev spin liquid phases is somewhat ambiguous
in Fig. 5.4. This is because it is difficult to judge whether the susceptibilities obtained
by PFFRG diverge or not near the phase boundary.
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FIG. 1. (a) Phase diagram of the spin-1 Kitaev-Heisenberg
model with α ∈ [0, 2π ] on an infinite cylinder with Ly = 4. The
black line is the energy of the ground state per site, and the blue
line is the entanglement entropy by cutting the cylinder along a ring.
The bond dimension used in iDMRG is χ = 1000. (b) and (c) are
the zoom-in plots of the spin liquid phases around α = 0.5π and
1.5π , respectively. The black solid lines are the ground state energy
per site with calculations initialized in the spin liquid phases, and
the black dashed lines are the ground state energy per site with cal-
culations initialized in the corresponding nearby symmetry-broken
phases. The blue lines are the entanglement entropy with similar
meaning. The phase boundaries are determined by the discontinuous
points of the first-order derivatives of the energy of the lowest energy
states with respect to α. Insets: The spin-spin correlations 〈Sx

i Sx
0〉 of

each phase in real space with 0 sites marked by the red squares.

where K = 2 sin(α) and J = cos(α) with α ∈ [0, 2π ] are the
Kitaev and Heisenberg exchange couplings, respectively, Ŝγ

i
is the γ (= x, y, z) component of the spin-1 operators on site
i, and 〈i, j〉γ denotes the nearest neighbor coupled by the γ
link.

We use an infinite DMRG (iDMRG) method [42,43] on
an infinite cylinder with circumference Ly = 4 unit cells to
get the phase diagram with respect to the parameter α. The
translational invariant building block of the infinite cylin-
der we use has two unit cells in the x direction along the
cylinder to be compatible with the symmetry-broken phases.
Figure 1(a) shows the phase diagram with the ground state
energy per site and the von Neumann entanglement entropy
S = −

∑
β &2

β ln&2
β , where &β’s are the Schmidt values on

the bond of the matrix product state (MPS) cutting the infinite
cylinder into two halves along a ring. There are four magnetic
ordered phases with spontaneous symmetry breaking: Néel
phase for α in [1.83π , 2π ] and [0, 0.494π ], zigzag phase
in [0.506π , 0.87π ], ferromagnetic phase in [0.87π , 1.485π ],
and stripy phase in [1.514π , 1.83π ], respectively. The insets
of Fig. 1(a) give the real-space correlation function 〈Ŝx

i Ŝx
0〉 for
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FIG. 2. Entanglement spectrum εβ with momentum ky around the
cylinder of the ground states with (a) α = 1.485π in ferromagnetic
phase, (b) α = 1.486π in spin liquid, (c) α = 1.513π in spin liquid,
and (d) α = 1.514π in stripy phase. All of these α points are the
nearest points to the phase transitions in the order of 0.001π .

each ordered phase, with 0 sites marked by red squares. The
black dot (circle) on each lattice site represents the positive
(negative) sign of the correlation and the sizes of the dots
and circles are proportional to their absolute values. The spin
symmetry-breaking directions of the shown states are along
the x direction, i.e., 〈Ŝx

i 〉 %= 0. At α = 0.5π and α = 1.5π , the
Heisenberg term J = 0, thus the Hamiltonian is pure Kitaev
with K = 2 and −2, respectively. Two extended spin liquid
phases exist around these pure Kitaev points in the region
[0.494π , 0.506π ] and [1.485π , 1.514π ] with details shown in
Figs. 1(b) and 1(c). In the spin liquids, the quantum frustration
from the Kitaev coupling terms dominates, thus no magnetic
order appears. The static correlations are short range to the
nearest neighbors in the spin liquid as plotted in the insets of
Figs. 1(b) and 1(c). The regions of the spin liquid phases are
smaller than that of the same model with spin-1/2 [16,44].
The results of iDMRG indicate that the transitions between
spin liquid and its nearby symmetry-broken phases are first-
order phase transitions. By initializing the calculation from
each phase and moving towards the phase transition points,
we could find a crossing in the energy lines, as shown by the
solid and dashed black lines in Figs. 1(b) and 1(c). This is a
key feature of the first-order phase transitions [45].

The entanglement spectrum also shows different structures
in the spin liquid and magnetically ordered phases. The cylin-
der has translational symmetry along the y direction, thus the
Schmidt states are eigenstates of the momentum ky in the y
direction and the corresponding entanglement energy levels
εβ = −2 ln &β can be labeled with ky. The entanglement
spectra near the phase transition point from the ferromagnetic
phase to spin liquid are plotted in Figs. 2(a) and 2(b), and
from spin liquid to stripy magnetic ordered phase are given in
Figs. 2(c) and 2(d). In the ordered phases, the entanglement
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FIGURE 5.5: Ground state phase diagram of the S = 1 Kitaev-
Heisenberg model by DMRG (iDMRG) calculation. The parameter a
coincides with j in Eq. (5.4). Reprinted with permission from Ref. [40]

© 2020 by the American Physical Society.

5.3 S = 1 Kitaev-Heisenberg Model

Recently, X-Y Dong and D. N. Sheng calculated the ground state phase diagram of
S = 1 Kitaev-Heisenberg model by DMRG (infinite DMRG) on an infinite cylin-
der with circumference 4 unit cells [40]. Their resulting phase diagram is shown in
Fig. 5.5. Here, E on the left axis represents energy, and S on the blue axis on the right
represents entanglement entropy by cutting the cylinder along a ring 4. a is identi-
cal with j in Eq. (5.4). There are 4 ordered phases and 2 quantum liquid phases as
S = 1/2 case. The types of magnetic orders are the same and only the boundaries
between them are shifted. The AFM and FM Kitaev quantum spin liquid regions
are [0.494p, 0.506p] and [1.485p, 1.514p], respectively. The spin liquid phase is nar-
rower than that at S = 1/2 5. The entanglement entropy shows a clear difference
between the ordered and quantum spin liquid phases. It can also be seen that entan-
glement entropy is smaller in the "classical" FM and stripy AFM phases than in the
AFM and zigzag AFM phases.

5.4 Classical (S = •) Kitaev-Heisenberg Model

Finally we review the finite temperature phase diagram of the classical Kitaev-Heisenberg
model in Ref. [207, 208]. In 2013, the same year that the Kitaev-Heisenberg model
was proposed, C. Price and N. B. Perkins published the Monte Carlo study on the
classical Kitaev-Heisenberg model and the obtained finite temperature phase dia-
gram is shown in Fig. 5.6. The definition of j is the same as that in Eq. (5.4) and "N",
"Z", "F", and "S" represent Néel AFM, zigzag AFM, FM, and stripy AFM ordered
phase, respectively. These 4 magnetic orders in the figure are identical with S = 1/2
and S = 1 cases. However, the spin liquid phases near j = p

2 and 3p
2 annihilated.

At these Kitaev points, the classical energies of 4 ordered states mentioned above

4Entanglement entropy S is confusing with the lengh of spin S. However, the entanglement entropy
does not appear in subsequent sections.

5According to the previous section, the AFM and FM Kitaev spin liquid regions are respectively
[0.49p, 0.511p] and [1.4p, 1.58p] at S = 1/2.
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along the 90◦ Ir-O-Ir paths. This is the dominant pathway in
a 90◦ geometry since it involves strong tpdσ overlap between
the p orbitals on oxygen and the eg orbitals on iridium ions.
Remarkably, these hopping processes also introduce the Kitaev
interaction, but with a different sign.

Following Ref. 21, we consider the most general extension
of the KH model: both the Kitaev and the Heisenberg
interactions can change sign. The Hamiltonian of the extended
model is

H = A



2 sin φ
∑

〈ij〉γ

S
γ
i S

γ
j + cos φ

∑

〈ij〉
SiSj



 , (11)

where the relative strengths of the effective interactions
between Ir magnetic moments are described by the phase angle
φ, defined in the interval (0,2π ), and the overall energy scale
A =

√
J 2

K + J 2
H . The phase space of the original KH model is

covered by the values of φ from 3π/2 to 2π .
Using MC simulations, we investigate the finite-

temperature properties of this extended model (11) and present
the finite-temperature phase diagram in Fig. 10. In its full
parameter space, the extended KH model accommodates four
different classical phases. In addition to the Néel and the stripy
phases present in the phase diagram (Fig. 9), FM and zigzag
phases appear in Fig. 10 in a wide range of values of φ.
The previously missing zigzag magnetic order is found to
occupy almost a quarter of the phase space of the extended
model. Our findings are in agreement with the ground-state
phase diagram of the quantum model (11) obtained by exact
diagonalization.21 However, as we already discussed above,
the classical model does not support the spin-liquid phases
present in the quantum model.

The finite-temperature properties of the extended model
are very similar to the finite-temperature properties of the
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FIG. 10. (Color online) Phase diagram of the extended classical
KH model (11). The regions designated by N S, Z, and F are the
regions of the phase diagram where the Néel, stripy, zigzag, and FM
orders persist. Each red circle designates a lower critical temperature
Tc1 for the value of φ for which the model was explicitly simulated.
For each value of φ, the critical value of Tc1 was determined through
the crossings of Binder’s cumulant curves; the red line extrapolates
between these points. The critical phase is shown in blue. The upper
boundary of the blue critical region was determined by finding the
temperature Tc2 for which the value of the critical exponent η exceeds
0.25. The blue line extrapolates between each computed point. The
error bars of the calculated quantities are smaller than the size of the
circles representing the data points.

original KH model. Both the transition between the zigzag
and the FM orders and the transition between the Néel and the
stripy orders are first-order phase transitions. In the extended
parameter space, the points with a continuous symmetry are
φ = 0,3π/4,π,7π/4. The intermediate phase is present for the
whole parameter space of the extended model except for the
points where the continuous symmetry is restored and at
the special points φ = π/2 and 3π/2 because of frustration.
The similarities between the finite-temperature properties
of the original and the extended KH models are not surprising.
The above mentioned four-sublattice spin transformation2

permits a mapping of the AF stripy phase to the FM phase
and of the AF Néel phase to the zigzag phase.

According to the fit of the uniform magnetic susceptibility
presented in Ref. 21, φ $ 111◦ ± 2◦ $ 0.62π ± 0.01π for
Na2IrO3 and φ $ 124◦ ± 4◦ $ 0.69π ± 0.03π for Li2IrO3.
Using these values, we get the following estimates for the
Néel temperatures: Tc1 $ 0.16 which is equivalent to about
17.7 K for Na2IrO3, and Tc1 $ 0.19 which is equivalent
to about 21 K for Li2IrO3. Both values are close to the
experimental value TN $ 15 K obtained for both Na2IrO3
and Li2IrO3 compounds.7,9,10 Our estimates for the upper
boundary of the critical phase are Tc2 = 0.18 for Na2IrO3 and
Tc2 = 0.22 for Li2IrO3 which is equivalent to about 20 and
24.5 K, respectively. This gives the estimates for the width of
the critical phase to be about 2.3 K and 3.5 K for Na2IrO3
and Li2IrO3, respectively. We also note that our prediction
for the two phase transitions is in good agreement with the
specific heat data obtained for Na2IrO3 and Li2IrO3.9,10 In
both works the specific heat data show the anomaly above
the Néel temperature to be at about T = 18–20 K, indicating
the presence of a higher-temperature transition. In addition,
just above TN the entropy obtained by integrating the &C/T
versus T data for both Na2IrO3 and Li2IrO3 is significantly
reduced.7,9 Both observations are in line with our prediction
of a critical phase above the magnetically ordered phase.

V. CLASSICAL HONEYCOMB HEISENBERG
ANTIFERROMAGNET WITH A CUBIC ANISOTROPY

To complete this study, we also investigate the nature of
the finite-temperature phase transitions of the honeycomb
Heisenberg antiferromagnet in which the cubic anisotropy is
included explicitly. In this case, the model is defined by the
Hamiltonian

Hc = JH

∑

〈ij〉
SiSj − D

∑

i

[(
Sx

i

)4 +
(
S

y
i

)4 +
(
Sz

)4]
, (12)

where D denotes the strength of the cubic anisotropy. The
positive sign of the anisotropy, D > 0, determines that spins
tend to align along the cubic axes and not in the diagonal
directions of the lattice which correspond to D < 0. Because
of the cubic anisotropy, the model (12) shows no full rotational
symmetry. The spin projections in the (111) plane again
will favor six directions as in the case of the KH model.
Here we explore by MC simulations whether or not the
finite-temperature properties of models (1) and (12) are similar.

Let us discuss the thermodynamic properties of the model
(12). At T = 0 and in the absence of anisotropy, the ground
state of the model (12) is determined by the Néel order
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FIGURE 5.6: Finite temperature phase diagram of the classical Kitaev-
Heisenberg model calculated by Monte Carlo simulation. "N", "Z",
"F", and "S" denote Néel AFM, zigzag AFM, FM, and stripy AFM
phases, respectively. Blue shaded regions represent critical phase.
Reprinted with permission from Ref. [208] © 2013 by the American

Physical Society.

degenerate and spectrum of spin excitations has zero modes [45, 239]. Therefore the
order-by-disorder mechanism does not work at these points and no transition to the
ordered phase occurs. In addition to these points, there are 4 more special points in
the phase diagram as we discussed before: AFM and FM Heisenberg points j = 0
and p, and "hidden" AFM and FM Heisenberg points j = 3p

4 and 7p
4 , respectively.

At these points the Hamiltonian acquires a perfect SU(2) symmetry and magnetic
ordering does not occur at finite temperature according to the Mermin-Wagner theo-
rem. The transitions between zigzag AFM and FM phases and stripy AFM and Néel
AFM phases are first-order phase transitions and these boundaries are indicated by
vertical lines. The shaded blue areas in the figure represent the intermediate phase.
This phase is the critical phase and the Berezinskii-Kosterlitz-Thouless (BKT) tran-
sition [209–211] occurs at its finite temperature boundaries [207]. This critical phase
is identical with the critical phase in 6-state clock model and its critical exponent h
is 1/4 at upper phase boundary ant 1/9 at lower boundary [206]. In the Fig. 5.6,
the upper phase boundary is defined at the location where the critical exponent h
reaches 1/4, and lower one is determined by Binder parameter crossing.

So far, we have explained the nature of the Kitaev-Heisenberg model and re-
viewed several previous studies on its phase diagram. One of our aims in this
chapter is to examine the connection between these quantum and classical phase
diagrams of the Kitaev-Heisenberg model. Our calculation results are shown in the
next section.

5.5 Spin-S Kitaev Model in PFFRG

Before moving on to the results of the phase diagram of the spin-S Kitaev-Heisenberg
model, we present the results for the high-spin Kitaev model by the PFFRG. We ap-
ply the spin-S extension described in Sec. 3.7 to the flow equations for the Kitaev-
type interaction. Of particular interest to us is the difference between the half-odd
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FIGURE 5.7: (a) Flow of the static susceptibility czz,L(kmax = 0, in =
0) and (b) the Matsubara frequency dependence of the pseudo-

fermion damping ('self-energy) of spin-S Kitaev model.

and integer spins. We extend our PFFRG calculation to spin-S Kitaev model as de-
scribed in Sec. 3.7 for the Heisenberg model. We introduce flavor index k, k0 and put
2S spins on each site for spin-S model. The Hamiltonian is

H = �|K| Â
hi,jiµ

✓ 2S

Â
k=1

Sµ
ik

◆✓ 2S

Â
k0=1

Sµ
jk0

◆
. (5.6)

Here we set K < 0 and J = 0 in Eq. (5.1) to consider (isotropic) FM Kitaev model.
Using |K| as a unit of energy, we performed PFFRG calculations with varying S. In
PFFRG calculation, we used 64 positive frequencies with logarithmic mesh between
wmin ' 10�4 and wmax = 250, and the internal frequency integration was carried out
with a mesh more than twice as dense. We use the cluster with L = 12 (235 sites).
In addition we take 212 L-points with the ratio Li+1/Li = 0.95 and LUV = 500.
We benchmarked our spin-S PFFRG codes by reproduction of previous studies on
the spin-S Heisenberg model on the honeycomb lattice [139]. Our codes are de-
signed for openMP+MPI hybrid parallelization and the calculations were performed
in Reedbush and Oakbridge-CX in the Information Technology Center, The Univer-
sity of Tokyo, Oakforest-PACS in Center for Computational Sciences, University of
Tsukuba and in the Information Technology Center, The University of Tokyo, and
sekirei (system B) in the Supercomputer Center, the Institute for Solid State Physics,
the University of Tokyo.

The flows of the susceptibilities for various S are shown in Fig. 5.7 (a). The sus-
ceptibilities after breakdown show non-physical oscillations at low L, so they are
not displayed below appropriate L(< Lc) for readability. The susceptibilities show
anomalous behavior. They show breakdown behavior at low L for S is more than
3/2 or 2. Especially, that of S = 50 system indicates strong divergence. These be-
haviors coincide with those in magnetic ordered phases. Even if S = •, there is
no ordering at the Kitaev points as we mentioned in the previous section through
the review of the earlier studies on the classical Kitaev-Heisenberg model. There-
fore, the spin susceptibility should not diverge actually and we can consider that
this breakdown behavior is an artifact of spin-S PFFRG extension. So do the sus-
ceptibilities obtained by spin-S PFFRG show ordering phenomena for artifacts? If
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FIGURE 5.8: The momentum dependence of static susceptibility
czz,L(k, in = 0) at L = LIR ⇠ 0 in (a)-(c), and at L = Lc in (d)-
(k). (a)-(k) show the results of spin-S Kitaev model with S = 1/2-5,
and S = 50, respectively. The inner and outer hexagons represent the

first and second Brillouin zone.

so, the susceptibilities should have peak at the wave vectors corresponding to the
ordering vectors. We show the momentum dependence of the susceptibilities for
various S in Fig. 5.8. We plot the susceptibilities czz,L(k, in = 0) at L = LIR ⇠ 0 for
S = 1/2-3/2 systems and at L = Lc for S � 2 because there are the clear breakdown
scales Lc in the flow for S � 2 systems. As the same manner with the figures shown
in the previous chapter, we show the first and second (extended) Brillouin zones by
inner and outer hexagons, respectively. As shown in the figure, the susceptibilities
have cosine-shape for all S, and this fact means the spin-spin correlation is finite
only between spins on nearest-neighboring sites. This is the very character of the
Kitaev quantum spin liquid. Indeed, this nearest-neighbor correlation for general
S can be proved exactly [45]. The previous studies on other spin liquid states by
spin-S PFFRG [139, 240] show transitions from spin liquids to the ordered phases as
S increases. In addition, the ordered states for large-S are predicted by other meth-
ods, Luttinger-Tisza method and Monte Carlo simulation, for example. Hence this
artifact does not appear. However, for the Kitaev model which does not indicate or-
dering even with S = •, the spin-S extension of PFFRG causes artificial breakdowns
for large S. In spin-S extension of PFFRG explained in Sec. 3.7, the difference of spin
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length results only in the prefactors in the flow equations and all terms in the vertex
flow equations except the RPA terms are weakened by the prefactor 1

2S in spin-S sys-
tems. In the limit S ! •, only the RPA terms remain in the flow equations. These
RPA terms induce ordering tendency and the breakdown of the flow. The cause of
this artifact is that the effect of this RPA term cannot be suppressed by other terms
for large S. This discussion reveals an important fact. We can speculate that this arti-
fact indicates that the quantum fluctuations are weak in Kitaev quantum spin liquid
with S � 2, and the system is easily ordered by other magnetic interactions.

In the next step, we examine whether there is a difference between the case where
S is a half-odd integer and the case where S is an integer. In Fig. 5.7 (b) we show
the frequency dependence of the pseudo-fermion damping (' the self-energy) at
L = LIR for some S. As S increases, it only shows the behavior of converging
without depending on the even and odd of 2S. For more detailed examination, we
discuss the S dependence of the vertices. We fix L = LIR and only consider ver-
tices Gz and Gd between two nearest-neighbor sites connected by z-bond Gz,LIR

i0iz
(s, t, u)

and Gd,LIR
i0iz

(s, t, u). Here i0 represents the reference site (see Fig. 4.3) and iz repre-
sent the site connected to i0 by z-bond. To plot the frequency dependence, we fix
one of the three frequencies s, t, and u. Due to the symmetry between s and u in
Eq. (3.71) and Eq. (3.72), we fix u = wmin and consider only s and t. We show
Gz,LIR

i0iz
(s, t, u = wmin)|S=1/2 � Gz,LIR

i0iz
(s, t, u = wmin)|S=1, Gz,LIR

i0iz
(s, t, u = wmin)|S=1/2 �

Gz,LIR
i0iz

(s, t, u = wmin)|S=3/2, Gz,LIR
i0iz

(s, t, u = wmin)|S=1/2 � Gz,LIR
i0iz

(s, t, u = wmin)|S=2,
and Gz,LIR

i0iz
(s, t, u = wmin)|S=1/2 � Gz,LIR

i0iz
(s, t, u = wmin)|S=5/2 in Fig. 5.9 (a), (b), (c),

and (d), respectively. In our PFFRG we use the logalithmic meshes for frequen-
cies. Therefore we plot vertices with respect to the integers ns and nt which specify
the frequencies as s = w(ns) and t = w(nt), where w(·) is our frequency mesh.
We also show Gd,LIR

i0iz
(s, t, u = wmin)|S=1/2 � Gd,LIR

i0iz
(s, t, u = wmin)|S=1, Gd,LIR

i0iz
(s, t, u =

wmin)|S=1/2 � Gd,LIR
i0iz

(s, t, u = wmin)|S=3/2, Gd,LIR
i0iz

(s, t, u = wmin)|S=1/2 � Gd,LIR
i0iz

(s, t, u =

wmin)|S=2, and Gd,LIR
i0iz

(s, t, u = wmin)|S=1/2 � Gd,LIR
i0iz

(s, t, u = wmin)|S=5/2 in Fig. 5.10
(a), (b), (c), and (d), respectively. From these figures, we cannot find the difference
between half-odd integers and integers of S. Similar results are obtained for the ver-
tex functions at other frequency points and for the anisotropic Kitaev model, which
is close to the toric code limit. As we mentioned in the spin-S extension of PFFRG,
the difference of spin length results only in the prefactors in the flow equations.
Thereby, it is expected that the topological difference between the Kitaev model with
half-odd integer and integer spins is not reflected to the flow in this extension.

From the calculations in this section, we can conclude that (i) while the spin-spin
correlation is finite only between nearest-neighbor spins, PFFRG with simple spin-S
expansion leads to artificial breakdowns of the susceptibility flow for large S, and
(ii) this method cannot describe topological difference between half-odd integer and
integer spin Kitaev model. Thus this spin-S PFFRG is not suitable for investigating
topological properties of the spin-S Kitaev model. However, we believe it is useful
for studying order competitions. In the next section, we discuss the phase diagrams
of spin-S Kitaev-Heisenberg model obtained PFFRG.

5.6 Kitaev-Heisenberg Model with General Spin Length S

In this section, we discuss the results obtained by PFFRG calculation for spin-S
Kitaev-Heisenberg model, and we elucidate how large S is allowed in order to real-
ize the Kitaev quantum spin liquid in materials.
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FIGURE 5.9: The differences in spin vertex Gz,LIR(s, t, u) of the spin-S
Kitaev model with different S are shown for frequency. We set s =
w(ns), t = w(nt), and u = wmin. (a)-(d) show the difference between
S = 1/2 and S = 1, S = 1/2 and S = 3/2, S = 1/2 and S = 2, and

S = 1/2 and S = 5/2 systems, respectively.
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FIGURE 5.10: The differences in density vertex Gd,LIR(s, t, u) of the
spin-S Kitaev model with different S are shown for frequency. We set
s = w(ns), t = w(nt), and u = wmin. (a)-(d) show the difference
between S = 1/2 and S = 1, S = 1/2 and S = 3/2, S = 1/2 and

S = 2, and S = 1/2 and S = 5/2 systems, respectively.
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Here we treat the Hamiltonian Eq. (5.4) and introduce a dimensionless parameter
x 2 [0, 1) as

x =
j

2p
. (5.7)

We set A as a unit of energy. For spin-S calculation we introduce the flavor indices
in the Kitaev term as in Eq. (5.6) and in the Heisenberg term as in Eq. (3.170). We
calculate the susceptibility in the case S = 1/2, 1, 3/2, 2, 5/2, and 50. S = 50 is con-
sidered to be large enough to compare with the classical spin result [240]. We solve
about 1.45 ⇥ 107 coupled integro-differential equations simultaneously for each x
and S. We used 64 positive frequencies with logarithmic mesh between wmin ' 10�4

and wmax = 250, and the internal frequency integration was carried out with a mesh
more than twice as dense. We use the cluster with L = 10 (166 sites). This is smaller
than in the previous section to calculate with many parameter values. In addition
we take 250 L-points with the ratio Li+1/Li = 0.96 and LUV = 500. Here we
use a slightly finer mesh than in the previous section for more precise values of Lc.
Our calculations were performed in Reedbush and Oakbridge-CX in the Information
Technology Center, The University of Tokyo, Oakforest-PACS in Center for Compu-
tational Sciences, University of Tsukuba and in the Information Technology Center,
The University of Tokyo, and sekirei (system B) in the Supercomputer Center, the
Institute for Solid State Physics, the University of Tokyo.

At first of the results, we show the behavior of the susceptibility flow for each
S at some selected j values separately in Fig. 5.11 ((a) x = 0.1, (b) 0.24, (c) 0.25,
(d) 0.26, (e) 0.35, and (f) 0.55) and Fig. 5.12 ((a) x = 0.7, (b) 0.74, (c) 0.75, (d) 0.76,
(e) 0.85, and (f) 0.95) for the convenience of the page. For the sake of visibility, the
susceptibilities after divergence are truncated with appropriate small L. The mo-
mentum dependences of the susceptibilities at each x are shown in Fig. 5.13. We
discuss the behavior of the susceptibility czz,L(kmax, in = 0) in Fig. 5.11 and Fig. 5.12
from x = 0.1 shown in Fig. 5.11 (a). The susceptibilities for all S show obvious di-
vergence or breakdown and this indicates phase transition to the Néel AFM order
(see Fig. 5.13 (a) ). At x = 0.24 and x = 0.26 shown in Fig. 5.11 (b) and (d), respec-
tively, the susceptibilities for S = 1/2 and S = 1 do not indicate phase transitions
though those for S � 3/2 show breakdown. This means that at x = 0.24 and 0.26
the Kitaev-Heisenberg model with S = 1/2 and S = 1 in the spin liquid state near
AFM Kitaev point x = 0.25. At exact AFM Kitaev point x = 0.25 in Fig. 5.11 (c),
the susceptibilities for S = 1/2-3/2 do not show the breakdown while others do.
Of course this is an artifact mentioned in the previous section. Actually all suscep-
tibilities should not show the breakdown. At x = 0.35 and 0.55 all susceptibility
flows indicate phase transition shown in Fig. 5.11 (e) and (f), and these correspond
to the phase transition to the zigzag and FM orders, respectively. At x = 0.7, all
susceptibilities except S = 1/2 show clear divergence in Fig. 5.12 (a). S = 1/2 and
S = 1 susceptibilities at x = 0.74 show smooth flows although those of S � 3/2 do
not show. At x = 0.75 (Fig. 5.12 (c)) and 0.76 (Fig. 5.12 (d)), the flows for S = 1/2-
3/2 do not diverge and others show obvious breakdown. Finally, all flows shown
in Fig. 5.12 (e) and (f) indicate clearly phase transitions to magnetic orders: stripy
(x = 0.85) and Néel (x = 0.95) AFM order (see Fig. 5.13 (m) and (p)).

Next we discuss the momentum dependence of the susceptibilities shown in
Fig. 5.13. The peak positions corresponding to each magnetic order are shown in
Fig. 5.14. The positions of peaks are represented by filled red circles and the relative
intensities of the peaks in each order are represented by the size of circles. We show
that of S = 1/2 systems here because those of S � 1 are similar to that of S = 1/2.
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FIGURE 5.11: The susceptibility flows of spin-S Kitaev-Heisenberg
model with S = 1/2-5/2 and S = 50. (a)-(f) correspond to the flows

at x = 0.1, 0.24, 0.25, 0.26, 0.35, and 0.55, respectively.
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FIGURE 5.12: The susceptibility flows of spin-S Kitaev-Heisenberg
model with S = 1/2-5/2 and S = 50. (a)-(f) correspond to the flows

at x = 0.7, 0.74, 0.75, 0.76, 0.85, and 0.95, respectively.
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We show the susceptibilities at L = Lc in Fig. 5.13 (a), (e)-(h), (m)-(p), and those at
L = LIR in Fig. 5.13 (b)-(d), (i)-(l) in Fig. 5.13, according to Fig. 5.11 and Fig. 5.12.
Let us see from x = 0.1 in Fig. 5.13 (a). The peaks on each corner of the extended Bril-
louin zone clearly indicate Néel AFM order. Similarly the momentum dependence
at x = 0.95 shown in Fig. 5.13 (p) shows Néel AFM order.

In addition, the momentum dependence at x = 0.35 in Fig. 5.13 (e), x = 0.55 in
Fig. 5.13 (h), and x = 0.85 in Fig. 5.13 (m) indicate clear zigzag AFM, FM, and stripy
AFM orders, respectively. Because these points are located deeply in each ordered
phase. x = 0.25 (Fig. 5.13 (c)) and x = 0.75 (Fig. 5.13 (k)) are AFM and FM Kitaev
points and the susceptibilities have cosine-shape momentum dependences. At x =
0.24 and x = 0.26, we can see the intermediate momentum dependence between
Néel ordered state and AFM Kitaev spin liquid state and AFM spin liquid state and
zigzag AFM state, respectively. At x = 0.7, strong FM peak shown in x = 0.55
tend to broaden into a cosine form in FM Kitaev spin liquid state. At x = 0.74 and
x = 0.76 near FM Kitaev point, we can see the intermediate momentum dependence
between FM ordered state and FM Kitaev spin liquid state and FM spin liquid state
and stripy AFM state, respectively. In addition, the phase boundaries between the
zigzag AFM and FM phases, and stripy and Néel AFM phases are located between
x = 0.44 and x = 0.45, and x = 0.91 and x = 0.92, respectively. We can see that the
peak positions are switched at these boundaries.

Here we show the full L-x diagrams for each S in Fig. 5.15. We show the finite L
phase boundaries of the Néel AFM, zigzag AFM, FM, and stripy AFM by the black,
green, blue, and pink lines. Points at which flows do not show breakdown are in-
dicated the filled red circles at L = 0. These regions denote Kitaev quantum spin
liquid phases and "QSL" in the figure is an acronym for quantum spin liquid. For
S � 2, there is no points at which the susceptibilities have smooth flows. Actually,
there is no magnetic order at x = 0.25 and 0.75 even in S = •. Thus we indicate
breakdown scales at these points by the red open circles for S � 2. The phase bound-
aries between ordered phases in Figs. 5.15 (a), (b), and (f) are in good agreement with
those of previous studies shown in Figs. 5.3, 5.5, and 5.6, respectively. In the phase
diagram for S = 1/2 and S = 1, it is found that the region of the spin liquid state is
wider than the previous studies (see Figs. 5.3, 5.5). This is because, in addition to the
difference in the system size, it is more difficult to distinguish the spin liquid state
from the ordered states near the phase boundaries in the PFFRG than in methods of
the previous studies. We referred to the behavior of flow shown in Ref. [240] and its
supplemental material for the decision of breakdown. If it is still difficult to make a
judgment in the phase boundaries, we calculate a dimensionless quantity f defined
as 6

f =

✓
A
2S

◆2

Â
L


czz,L+dL(kmax, in = 0) � czz,L(kmax, in = 0)

�2

, (5.8)

in the supplemental material of Ref. [125] and determined that the flow breaks down
if f � 0.5. This evaluation criterion is a value determined from the fitting of figures
in the supplemental material of Ref. [125] using WebPlotDigitizer [134] and empir-
ical rules when applied to other systems. Note that here c and G mean c̄ and Ḡ in
Eq. (3.167), respectively, for the spins with S > 1/2. Thus, they are rescaled us-
ing M = 2S. f is small when there is no breakdown in the flow, and takes a large
value when there is breakdown in the flow because the susceptibility vibrates after
breakdown. In addition, in our calculation shown in Fig. 5.15 (f), the susceptibility

6Be careful not to confuse them with the frustration parameter in the previous chapter.
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(a) ξ=0.1 (b) ξ=0.24 (c) ξ=0.25 (d) ξ=0.26

(e) ξ=0.35 (f) ξ=0.44 (g) ξ=0.45 (h) ξ=0.55

(i) ξ=0.7 (j) ξ=0.74 (k) ξ=0.75

(m) ξ=0.85 (n) ξ=0.91

(l) ξ=0.76

(o) ξ=0.92 (p) ξ=0.95

FIGURE 5.13: (a)-(p) Momentum dependence of the spin suscepti-
bility czz,L(k, in = 0) of the S = 1/2 Kitaev-Heisenberg model at
x = 0.1, 0.24, 0.25, 0.26, 0.35, 0.44, 0.45, 0.55, 0.7, 0.74, 0.75, 0.76,
0.85, 0.91, 0.92, and 0.95, respectively. We show the susceptibilities
at L = Lc in (a), (e)-(h), (m)-(p), and those at L = LIR in (b)-(d),
(i)-(l). The inner and outer hexagons represent the first and second

Brillouin zone.



5.6. Kitaev-Heisenberg Model with General Spin Length S 129

Néel AFM zigzag AFM

stripy AFM FM

kx
<latexit sha1_base64="nRswYm5E86jtkKs74KIhA61MbkI="></latexit><latexit sha1_base64="nRswYm5E86jtkKs74KIhA61MbkI="></latexit><latexit sha1_base64="nRswYm5E86jtkKs74KIhA61MbkI="></latexit><latexit sha1_base64="nRswYm5E86jtkKs74KIhA61MbkI="></latexit>

ky
<latexit sha1_base64="snMhedmmyIVPYDL6tkpKeu28QBg="></latexit><latexit sha1_base64="snMhedmmyIVPYDL6tkpKeu28QBg="></latexit><latexit sha1_base64="snMhedmmyIVPYDL6tkpKeu28QBg="></latexit><latexit sha1_base64="snMhedmmyIVPYDL6tkpKeu28QBg="></latexit>

FIGURE 5.14: The positions of the susceptibility peaks in the momen-
tum space corresponding to each magnetic order. The inner and outer
hexagons denote the first and the second (extended) Brillouin zones.
Filled red circles represent the positions of peaks and the relative in-
tensities of the peaks in each ordered phase are represented by the

size of circles.

shows breakdown behavior at six special points x = 0, 0.25, 0.375, 0.5, 0.75, and
0.875 due to two artifacts: the artifacts appearing in the calculation of the spin-S Ki-
taev model and the artifacts that violate the Mermin-Wagner theorem introduced in
the explanation of Fig. 5.4. However, for the position of the phase boundaries and
the shape of the phases, Fig. 5.15 (f) is in good agreement with Fig. 5.6. The range
of x = 0.75 (j = 3p

2 ) to x = 1 (j = 0) in Fig. 5.15 (a) is roughly consistent with the
phase diagram of the previous study by PFFRG shown in Fig. 5.4. However, there
is a difference near the boundary between the Néel AFM and stripy AFM phases.
It is considered that this is because L-mesh (and frequency mesh, possibly) which
we use is more sparse. We can see that the quantum spin liquid state survives in
S = 3/2. This is in contrast to other systems where spin liquids survive only up to
S = 1/2 or S = 1 [139, 240]. It can be attributed to the exactly solvable nature and
strong frustration of the Kitaev model.

To show the relationship between the spin length S and the spin liquid state in
detail, the S-x phase diagram obtained from the above results is shown in Fig. 5.16.
The region where the spin liquid state was predicted by PFFRG is shaded in light
red. "QSL" in the figure denotes quantum spin liquid. In the case of S = 1/2 [52]
and S = 1 [40], the phase boundary between the spin liquid state and the other
orders expected in the previous work is shown by black dashed lines. In addition,
the region shaded in dark red is obtained by scaling the region shaded in light red to
match the region of the S = 1/2 spin liquid state obtained in the earlier study [52].
In this region, the quantum spin liquid state can be expected from both previous
research and our calculation. We can conclude that the quantum spin liquid state
survives up to S = 3/2 at least for K < 0. Recently, the realization of AFM Kitaev
spin liquid is proposed for S = 3/2 two-dimensional candidate materials CrSiTe3
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FIGURE 5.15: (a)-(f) L-x phase diagrams of the S = 1/2-5/2 and
S = 50 Kitaev-Heisenberg model, respectively. QSL means quantum

spin liquid.
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FIGURE 5.16: S-x phase diagram of the spin-S Kitaev-Heisenberg
model. The region where the spin liquid state was predicted by our
PFFRG calculation is shaded in light red. In the region enclosed by
the dashed line, the spin liquid state was predicted by previous stud-
ies on the S = 1/2 and S = 1 Kitaev-Heisenberg model. The region
shaded in dark red is obtained by scaling the region shaded in light
red to match the region of the S = 1/2 spin liquid state obtained in

the previous study.
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and CrGeTe3 under epitaxial strain by ED with parameters obtained by the first-
principle calculation [49]. These candidate material includes the off-diagonal spin
interactions and anisotropy. These off-diagonal terms does not stabilize the spin
liquid states, but rather destabilizes it [241]. Therefore, the Kitaev quantum spin
liquid near x = 0.25 is also expected to survive to S = 3/2 in a narrow range.

5.7 Summary of This Chapter

In this chapter, we have investigated the realization of Kitaev quantum spin liq-
uids in candidate materials with general spin length. We have regarded the Kitaev-
Heisenberg model as the minimal model of the Kitaev materials, and calculated
phase diagram of the spin-S Kitaev-Heisenberg model by using spin-S extension
of PFFRG.

At first, we calculated the susceptibility flow of the spin-S Kitaev model. As a
result of our calculation, breakdown behaviors appeared in the flows of the suscep-
tibility of S � 2 cases, which seemed to suggest phase transition to magnetic order.
However, it is known that in the Kitaev model with general S, the spin correlations
exist strictly only between the nearest-neighboring sites and the system does not un-
dergo ordering. In fact, the spatial structure of the susceptibility we have calculated
is also finite only between the nearest-neighboring sites. Therefore, we can conclude
that this breakdown-like behavior is an artifact of spin-S PFFRG. We can speculate
that this artifact indicates that the quantum fluctuations are weak in Kitaev quan-
tum spin liquid with S � 2, and the system is easily ordered by other magnetic
interactions. This can be understood from the fact that the spin-S PFFRG reduces
the magnitude of the quantum fluctuation terms in the flow equations by a factor of
1/2S.

In addition, there is no difference in the results of the spin-S PFFRG calculation
when S is half-odd-integer and when S is integer. Since the extension of PFFRG
to general spin length introduced in Sec. 3.7 produces only monotonic changes in
the prefactors of each term in the flow equations, we can conclude that this simple
extension does not reflect the differences in topology between half-odd-integer spins
and integer spins.

Next, we calculated the phase diagram of the spin-S Kitaev-Heisenberg model
with S = 1/2 � 5/2 and S = 50. The obtained phase diagrams of the Kitaev-
Heisenberg model for S = 1/2 and S = 1 are in general good agreement with
the previous studies by other numerical methods. The phase diagram for S = 50
is in good agreement with the previous study on the classical Kitaev-Heisenberg
model by Monte Carlo simulation, except for six special points: four of the six spe-
cial points are points where the system recovers continuous symmetry, and the other
two are points where the system becomes the Kitaev model. As a result of system-
atic calculations with different S, for S  3/2, both the AFM and FM Kitaev spin
liquid regions have a finite extent. For S � 2, no region showing Kitaev spin liquid
state was found. Therefore, we believe that S = 3/2 gives an upper bound on the
spins possessed by the candidate materials in which Kitaev quantum spin liquid is
realized.

The phase diagram calculation of the Kitaev-Heisenberg model with a system-
atic change of spin S, as we have done here, has not been performed before. This is
the first study of the application of spin-S PFFRG to the Kitaev-Heisenberg model.
Moreover, the PFFRG calculations for the Kitaev-Heisenberg model with S = 1/2
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have been performed for all parameter regions in this dissertation, whereas the pre-
vious study on the Kitaev-Heisenberg model by PFFRG elucidated the phase dia-
gram for the region j = 3p

2 (x = 0.75) to j = 2p (x = 1). The results we have
obtained here provide a guideline for the recent intensive search for candidate ma-
terials of S � 1/2 Kitaev quantum spin liquid.
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Chapter 6

Summary and Perspective

In this doctoral dissertation, we have mainly focused on two studies related to the
feasibility of Kitaev quantum spin liquids. In one, we discussed its feasibility in ul-
tracold polar molecular systems trapped in the optical lattice, based on the realiza-
tion of Kitaev-type interactions proposed in previous studies [34, 35]. In the other,
we have investigated the realization of Kitaev quantum spin liquids in candidate
materials with general spin length.

We used PFFRG (pseudo-fermion functional renormalization group) as a numer-
ical method to tackle these problems. PFFRG has the advantage of being able to
handle relatively large quantum systems even if the system has long-range interac-
tions. Even if the interactions are long-range in nature, the computational cost is
not different at all from the case with only nearest-neighbor interactions. In addi-
tion, a simple extension to large-S can be implemented using the extension method
proposed in 2017 [139], and this results in only the difference of prefactors in the
flow equation. Thus, the computational cost is the same as for S = 1/2 PFFRG. The
PFFRG we used and its extensions are summarized in Chap. 3.

In Chap. 4, we have introduced the dipolar Kitaev model as a realization of
Kitaev-type interaction by microwave irradiation in ultracold polar molecular sys-
tems. This model has a (quasi-) long-range spin interaction because it originates
from the dipole interactions between polar molecules. The Kitaev-type interaction
is observed between the nearest-neighboring sites, but between sites farther apart
than the nearest-neighboring sites, the interaction is complicated with SxSx SySy,
and SzSz mixing depending on the angle between interacting sites. We calculate the
susceptibility using PFFRG with the sign and anisotropy of the spin interaction as
parameters, and find that the ferromagnetic order is observed for all anisotropy pa-
rameters in the case of ferromagnetic interaction, and the zigzag antiferromagnetic
order is observed for all anisotropy parameters in the case of antiferromagnetic in-
teraction.

Furthermore, in order to investigate the reason why the quantum spin liquid
state is not realized in the dipolar Kitaev model, we introduced an artificial range
of interactions and investigated the susceptibility when approaching the dipolar Ki-
taev model with long-range interactions from the Kitaev model with only nearest-
neighbor interactions. The frustration weakens as the range of interactions is ex-
tended, and the spin liquid state realized in the Kitaev model is quickly destroyed.
This is in contrast to the dipolar Heisenberg model, which obtains frustration stronger
than the nearest-neighbor Heisenberg model due to its long-range nature, and hosts
quantum spin liquids.

Considering also the previous study suggesting that the Kitaev quantum spin
liquid is fragile against the next-nearest-neighbor Kitaev interaction, it can be con-
cluded that the dipolar Kitaev model does not realize the quantum spin liquid due to
its long-range nature of the interaction. Therefore, it is necessary to propose another
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realization of the Kitaev quantum spin liquid for ultracold polar molecular systems.
After the proposal of Kitaev-type interaction in ultracold polar molecular systems by
microwave irradiation in 2013, the calculation based on this proposal has not been
performed, and whether Kitaev quantum spin liquid state is actually realized has
remained an open question. We addressed this issue with PFFRG and elucidated
the above results for the first time.

In Chap. 5, we have performed PFFRG calculations for the spin-S Kitaev model
and the spin-S Kitaev-Heisenberg model using an extension of the PFFRG method
to large-S. First, we calculated the susceptibility of the original Kitaev model while
varying the spin length S. As a result, breakdown-like behaviors of the susceptibility
appear for about S � 2 systems. It has been proved that the Z2 fluxes are conserved
quantities in the Kitaev model with general S, and this means that only the spin
correlations between nearest-neighboring sites are finite. It has been also found that
the classical Kitaev model corresponding to S = • case does not undergo magnetic
ordering and there is no order-by-disorder phenomena. Indeed, also in our calcula-
tion the susceptibilities for general S are finite only between the nearest-neighboring
sites though they indicate breakdown behavior. For these reasons, this behavior is
considered to be an artifact of our method. However, we believe that this artifact
indicates an important trend. The large-S effect weakens the magnitude of the terms
in the flow equations that cause quantum fluctuations by a factor of 1/2S, without
changing the strength of the RPA terms that cause ordering. We can speculate that
this artifact indicates that the quantum fluctuations are weak in Kitaev quantum spin
liquid with S � 2, and the system is easily ordered by other magnetic interactions.

Next, we investigated whether the self-energy and interaction vertices in spin-S
PFFRG show any difference between half-odd integer spins and integer spins. The
results showed that these differences did not appear. In extension of PFFRG for
large-S, the difference in S appears only in the monotonic change of the prefactors of
each term in the flow equations. Therefore, it is considered that our calculation does
not incorporate the topological structure due to the difference in S.

Finally, we have calculated the phase diagram of the spin-S Kitaev-Heisenberg
model for S = 1/2 � 5/2 and S = 50 spins. The obtained phase diagrams for
S = 1/2 and S = 1 cases are in good agreement with previous studies using
other methods, except that the regions where the spin liquid state is realized are
widely evaluated. This is due to the fact that it is difficult to determine whether
the susceptibility flows indicate breakdown or not near boundaries between mag-
netic ordered phase and quantum paramagnetic phase. In addition, the phase dia-
gram of the Kitaev-Heisenberg model for S = 50 spins is in general agreement with
the phase diagram of the classical Kitaev-Heisenberg model obtained by the Monte
Carlo method, except for a few special points. From the results of these calculations,
we have found that the upper limit of the spin length of the candidate material al-
lowed for the realization of Kitaev quantum spin liquid is S=3/2. Of course, there
are spin non-diagonal interactions in the candidate materials that are not included
in the Kitaev-Heisengerg model, but they generally destabilize the quantum spin
liquid state.

The phase diagram calculation of the Kitaev-Heisenberg model with a systematic
change of spin S, as we have done here, has not been performed before. PFFRG and
its large-S extension have enabled us to do such calculations. Moreover, the PFFRG
calculations for the Kitaev-Heisenberg model with S = 1/2 have been performed for
all parameter regions in this dissertation, whereas the Kitaev term is ferromagnetic
and the Heisenberg term is antiferromagnetic in the previous study on this model
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using PFFRG. The results we have obtained here provide a guideline for the recent
intensive search for candidate materials of S � 1/2 Kitaev quantum spin liquid.

We close the dissertation with a few perspectives. We concluded that it is diffi-
cult to realize Kitaev quantum spin liquid with dipole interaction in ultracold polar
molecular systems in Chap. 4. One possible solution is to design the long-range
part of the interaction to be Heisenberg-like, since the Kitaev quantum spin liquid
is robust against Heisenberg interactions between next-nearest-neighbor sites. Pro-
posals for the realization of Kitaev-type interactions in cooled atomic systems by
other mechanisms have been made, and the feasibility of quantum spin liquids in
these models should also be investigated in detail. Due to their high controllabil-
ity, implementations of the high-spin Kitaev model in these systems have also been
proposed.

Related to the contents of Chap. 5, our next interest is in effects such as non-
diagonal spin interactions and single-ion anisotropy. These effects are important in
real materials. The large-S PFFRG used here can also incorporate these effects. As an
example, even in the effective models obtained using ab initio calculation for CrSiTe3
and CrGeTe3, which have been proposed as S = 3/2 Kitaev materials, these terms
are present in a non-negligible magnitude [49]. PFFRG has also been used to study
frustrated quantum magnets in three dimensions [118, 135] because of its ability to
calculate systems with large system sizes, and we are also considering calculations
for three-dimensional Kitaev materials.

We also hope to see the development of the PFFRG method used in this disser-
tation itself. PFFRG is a relatively new method, proposed in 2010, and its extensions
are still being actively studied. Just recently, two groups have simultaneously pro-
posed a multi-loop extension of PFFRG. In the context of itinerant electron systems, a
quantitative comparison of the results of the multi-loop FRG of the two-dimensional
Hubbard model with those of the determinat quantum Monte Carlo method is also
presented [72]. The multi-loop extension is expected to improve the accuracy of the
PFFRG calculations. Finally, as mentioned at the end of Chap. 3, PFFRG in magnetic
fields and at finite temperatures is rarely performed due to the enormous computa-
tional cost. We hope to solve this problem by improving the performance of com-
puters and proposing prescriptions. In particular, the calculation of Kitaev quantum
spin liquid in magnetic field is very important for the discussion of non-Abelian
anyons and spin current generation.





139

Appendix A

Fourier Transformation

For systematic counting of prefactors, we define Fourier transformation as a non-
unitary transformation in this dissertation. Here we only consider frequency depen-
dence of functions for simplicity (other arguments of the functions are not written
explicitly) and present the definition of the Fourier transformation use in this disser-
tation.

The Green’s function is defined as

G(t, t0) = �hy(t)y(t0)i. (A.1)

We usually define the Fourier expansion of field variables as

y(t) =
1p

b
Â
wn

e�iwnty(wn), (A.2)

y(t) =
1p

b
Â
wn

eiwnty(t). (A.3)

For systematic formulation of FRG, we define those as

y(t) =
1
b Â

wn

e�iwnty(wn), (A.4)

y(t) =
1
b Â

wn

eiwnty(t). (A.5)

In the context of the field theory, this definition is often used. We define Fourier
expansion in momentum space in similar way (but the signs of exponents are oppo-
site). In this definition, one summation corresponds one prefactor. This fact enables
us to construct FRG equations systematically for arbitrary sets of 1-particle state la-
bels and frequencies.
Green’s function in frequency space is obtained as

G(t, t0) = �hy(t)y(t0)i

=
1
b2 Â

wn,wn0

e�iwnt+iwn0 t0
⇢

�hy(wn)y(wn0)i
�

=
1
b2 Â

wn,wn0

e�iwnt+iwn0 t0
G(wn, wn0). (A.6)
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Fourier transformation is performed as
Z

dt
Z

dt0 G(t, t0)eiwmt�iwm0 t0
(A.7)

=
1
b2

Z
dt

Z
dt0 Â

wn,wn0

eiwmt�iwm0 t0
G(wn, wn0)eiwnt�iwn0 t0

=
1
b2 Â

wn,wn0

Z
dt ei(wm�wn)t

�Z
dt0 e�i(wm0�wn0 )t0

�
G(wn, wn0)

=
1
b2 Â

wn,wn0


bd(wm � wn)

�
bd(wm0 � wn0)

�
G(wn, wn0)

= G(wm, wm0). (A.8)

If homogeneous (translational invariant)1, i.e.

G(t, t0) = G(t � t0), (A.9)

we can obtain the relation between G(wn, wn0) and G(wn):

G(wn, wn0) =
Z

dt
Z

dt0 eiwnt�iwn0 t0
G(t � t0)

t�t0=t00
=

Z
dt00

Z
dt0 eiwn(t00+t0)�iwn0 t0

G(t00)

=

✓Z
dt0 ei(wn�wn0 )t0

◆✓Z
dt00 eiwnt00

G(t00)

◆

= bd(wn � wn0)G(wn). (A.10)

We can regard this relation as the result of energy conservation.

1In Matsubara frequency representation, this condition is always satisfied because we consider ther-
mal equilibrium states.
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Other Flow Parameters

Here we review temperature flow and interaction flow schemes although we adopt
cutoff flow scheme of FRG in the main text of this dissertation. These two ap-
proaches have their own advantages and disadvantages which are different from
cutoff flow scheme.

B.1 Temperature Flow

We can choose temperature as a flow parameter of FRG [242]. Local symmetries
are not broken in temperature flow. Therefore, the corresponding Ward identities
satisfaction is improved at least in the exact flow1.

In general, bare action is written like

S [y, y] = �T Â
n,x,x0

y(iwn, x0)Q(iwn; x0, x)y(iwn, x)

+
T3

4 Â
x1,x2,x0

1,x0
2

Â
n1,n2,n0

1,n0
2

V(iwn0
1
, x0

1, iwn0
2
, x0

2; iwn1 , x1, iwn2 , x2)

⇥ y(iwn0
1
, x0

1)y(iwn0
2
, x0

2)y(iwn2 , x2)y(iwn1 , x1)

⇥ d(wn1 + wn2 � wn0
1
� wn0

2
). (B.1)

Here, x is set of the appropriate quantum numbers for single-particle basis, and
the summations include appropriate prefactors except temperature. Now we repre-
sent temperature explicitly.
We want to shift all temperature dependence of the bare action to the quadratic term
i.e. Gaussian integral measure Q.
Rescaling field variables as

y
0
= T3/4y, (B.2)

y0 = T3/4y, (B.3)

1In general, conserving approximation which satisfies macroscopic conservation lows, does not
necessarily satisfy the Ward identities derived from microscopic conservation lows.
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we obtain

S 0T[y
0, y0]

✓
= S [y, y]

◆

= �T�1/2 Â
x,x0,n

y
0
(iwn, x0)Q(iwn, x0, x)y0(iwn, x)

+
1
4 Â

x1,x2,x0
1,x0

2

Â
n1,n2,n0

1,n0
2

V(iwn0
1
, x0

1, iwn0
2
, x0

2; iwn1 , x1, iwn2 , x2)

⇥ y
0
(iwn0

1
, x0

1)y
0
(iwn0

2
, x0

2)y0(iwn2 , x2)y0(iwn1 , x1).
(B.4)

In this scheme, explicit temperature factor is pushed onto the 1-body term of the
action as a flow parameter. Defining a new (inverse) bare propagator as

Q0T(iwn, x0, x) = T�1/2Q(iwn, x0, x), (B.5)

we can write the action as

S 0T[y
0, y0] = � Â

x,x0,n
y

0
(iwn, x0)Q0T(iwn, x0, x)y0(iwn, x)

+
1
4 Â

x1,x2,x0
1,x0

2

Â
n1,n2,n0

1,n0
2

V(iwn0
1
, x0

1, iwn0
2
, x0

2; iwn1 , x1, iwn2 , x2)

⇥ y
0
(iwn0

1
, x0

1)y
0
(iwn0

2
, x0

2)y0(iwn2 , x2)y0(iwn1 , x1).
(B.6)

Prime “ 0 ” means the function defined by the new fields y0 and y
0, and the suffix T

means the function with a flow parameter T. Now temperature dependence of all
functions in the bare action is shifted to the new measure Q0T. In the representation
using new field (y

0, y0), we omit prefactors T with frequency summations.

Before discussion about general m-body propagators and vertices, let us check
that temperature T satisfies general properties for flow parameters. For simplicity,
we consider single-band systems with translational and spin-rotational symmetry.
Due to Fourier transformation we can obtain

⇥
Q0T(iwn, k)

⇤�1
= G0T

0 (iwn, k) =
T1/2

iwn � xk

= T1/2G0(iwn, k). (B.7)

Flow parameters L have to satisfy the condition

GL
0 =

(
0 L = LUV initial condition
singular L = LIR final condition.

(B.8)

At xk = 0 and n = 0, the Green’s function is

G0T
0 (ipT, k) =

T1/2

iw0
=

T1/2

ipT
=

1
ip

· 1
T1/2 . (B.9)

This propagator satisfy the condition Eq. (B.8) with initial parameter TUV = +•.
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Note that the final condition is satisfied only in fermion systems because the small-
est absolute value of fermionic Matsubara frequency2 is pT. In other word, T1/2 is
regularization function like frequency cutoff function qT(wn).

Now, let us derive the relations between conventional propagators and temper-
ature rescaled propagators. For this purpose, we derive the relations between non-
rescaled generating functionals and rescaled generating functionals in the tempera-
ture flow. We have to note that

S [y, y] = S 0T[y
0, y0], (B.10)

therefore,

W[h, h] =
Z

DyDy e�S [y,y]+(h,y)+(y,h)

=
Z

Dy
0Dy0 e�ST [y

0,y0]+T�3/4(h,y0)+T�3/4(y,h)

=
Z

Dy
0Dy0 e�S 0T [y

0,y0]+(h0,y0)+(y
0,h0)

= W 0T[h0, h0], (B.11)

where

h0 = T�3/4h, (B.12)

h0 = T�3/4h. (B.13)

From this relation, the generating functional of connected Green’s functions satisfies

G[h, h] = � ln W[h, h] = � ln W 0T[h0, h0] = G 0T[h0, h0]. (B.14)

2Note that the smallest absolute value of bosonic Matsubara frequency is zero.
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Thus,

T2m�1 Â
wn1 ,··· ,wnm
wn0

1
,··· ,wn0m

G(2m)
c (x1, · · · , xm; x0

1, · · · , x0
m)

= �T2m�1 Â
wn1 ,··· ,wnm
wn0

1
,··· ,wn0m

hy(x1) · · · y(xm)y(x0
m) · · · y(x0

1)ic

= T2m�1 Â
wn1 ,··· ,wnm
wn0

1
,··· ,wn0m

(�1)m d2mG[h, h]
dh(x1) · · · dh(xm)dh(x0

m) · · · dh(x0
1)

����
h=h=0

= T2m�1 Â
wn1 ,··· ,wnm
wn0

1
,··· ,wn0m

(�1)m

T3m/4 · T3m/4
d2mG 0T[h0, h0]

dh0(x1) · · · dh0(xm)dh0(x0
m) · · · dh0(x0

1)

����
h0=h0=0

= T(m�2)/2 Â
wn1 ,··· ,wnm
wn0

1
,··· ,wn0m

(�1)m d2mG 0T[h0, h0]

dh0(x1) · · · dh0(xm)dh0(x0
m) · · · dh0(x0

1)

����
h0=h0=0

= �T(m�2)/2 Â
wn1 ,··· ,wnm
wn0

1
,··· ,wn0m

hy0(x1) · · · y0(xm)y
0
(x0

m) · · · y
0
(x0

1)ic

= Â
wn1 ,··· ,wnm
wn0

1
,··· ,wn0m

T(m�2)/2G0(2m)T
c . (B.15)

This is the relationship between the conventional Green’s functions and the Green’s
functions in new field representation regularized temperature factor [243].
Set m = 1,

G(2) = T�1/2G0(2)T. (B.16)

This is consistent with Eq. (B.7). Now let us consider the generating functional of 1PI
vertex functionals in the temperature flow. As the same manner above, performing
Legendre transformation

G0T[y
0, y0] = G 0T[h0, h0] + (h0, y0) + (y

0, h0)

= G[h, h] + (T�3/4h, T3/4y) + (T3/4y, T�3/4h)

= G[y, y], (B.17)

we can conclude
G[y, y] = G0T[y

0, y0]. (B.18)
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From the definition of the vertex functions by Taylor expansion,

G[y, y] = � ln Z +
•

Â
m=1

T2m�1 Â
wn1 ,··· ,wnm
wn0

1
,··· ,wn0m

G(2m) y, · · · , y| {z }
m pieces

y, · · · , y| {z }
m pieces

= � ln Z +
•

Â
m=1

T2m�1 Â
wn1 ,··· ,wnm
wn0

1
,··· ,wn0m

G(2m) y
0, · · · , y

0
| {z }

m pieces

y0, · · · , y0
| {z }

m pieces

⇥T�3m/2

= � ln Z +
•

Â
m=1

Â
wn1 ,··· ,wnm
wn0

1
,··· ,wn0m

T(m�2)/2G(2m) y
0, · · · , y

0
| {z }

m pieces

y0, · · · , y0
| {z }

m pieces

= � ln Z +
•

Â
m=1

Â
wn1 ,··· ,wnm
wn0

1
,··· ,wn0m

G0(2m)T y
0, · · · , y

0
| {z }

m pieces

y0, · · · , y0
| {z }

m pieces

. (B.19)

Therefore,
G(2m) = T�(m�2)/2G0(2m)T. (B.20)

Set m = 1, this relation is consistent with Dyson equation:

G(2)G(2) = 1 ! G0(2)TG0(2)T = G(2)T�1/2 ⇥ T1/2G(2) = G(2)G(2) = 1. (B.21)

From the relation
G(2) = [G(2)

0 ]�1 � S, (B.22)

we can obtain the relation for self-energy:

G(2) = [G(2)
0 ]�1 � S ! T1/2G0(2)T = [T�1/2G0(2)T

0 ]�1 � S

= T1/2[G0(2)T
0 ]�1 � S

= T1/2[G0(2)T
0 ]�1 � T1/2[T�1/2S]

= T1/2[G0(2)T
0 ]�1 � T1/2S0T. (B.23)

Thus
G0(2)T = [G0(2)T

0 ]�1 � S0T, (B.24)

and
S = T1/2S0T. (B.25)

From these relations, we can write full propagator:

⇥
G0(2)T⇤�1

(iwn, k) = G0(2)T(iwn, k)

= [G0(2)T
0 ]�1(iwn, k) � S0T(iwn, k)

= T�1/2(iwn � xk) � S0T(iwn, k)

= T�1/2


iwn � xk � T1/2S0T(iwn, k)

�
,

#

G0(2)T(iwn, k) =
T1/2

iwn � xk � T1/2S0T(iwn, k)
. (B.26)
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At last, we derive the single-scale propagator:

d
dT

Q0T(iwn, k) =
d

dT
T�1/2(iwn � xk)

= � 1
2T3/2 (iwn � xk) + T�1/2 iwn

T

=
1

2T3/2 (�iwn + xk + 2iwn)

=
iwn + xk

2T3/2 , (B.27)

thus

S0T(iwn, k) = �G0(2)T(iwn, k)

✓
d

dT
Q0T(iwn, k)

◆
G0(2)T(iwn, k)

= � T1/2

iwn � xk � T1/2S0T(iwn, k)
· iwn + xk

2T3/2
T1/2

iwn � xk � T1/2S0T(iwn, k)

= �1
2

T�1/2(iwn + xk)⇥
iwn � xk � T1/2S0T(iwn, k)

⇤2 . (B.28)

B.2 Interaction Flow

In this section we review interaction flow scheme which is a FRG scheme choosing
magnitude of interaction as a flow parameter [244].

In general, bare action is written like

S = � Â y[G0]
�1y +

1
4 Â Vyyyy. (B.29)

Here, we do not write arguments of field operator for simplicity.
We introduce uniform scaling factor of the Grassmann variables:

y
0
= l�1/2y, (B.30)

y0 = l�1/2y. (B.31)

This factor l acts as a flow parameter in the interaction flow.
As a result, the full action is transformed as

Sl = � Â y
0
l�1[G0]

�1y0 +
1
4 Â l2Vy

0
y

0
y0y0

= � Â y
0
[Gl

0 ]�1y0 +
1
4 Â l2Vy

0
y

0
y0y0. (B.32)

Here, we define the bare propagator in the interaction flow as

Gl
0 = lG0. (B.33)

Note that interaction is transformed as

V ! l2V. (B.34)
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In the interaction flow scheme, we set l = 0 initially and calculate toward l = 1. At
the initial condition l = 0, interaction is not taken into account. At the end of flow
l = 1, on the other hand, Gl

0 is corresponds G0 and the interaction fully contributes
to action.
In the same manner as the case of temperature flow, we can derive the relation be-
tween non-rescaled functions and scaled functions in the interaction flow:

G(2m) = l�mG(2m)l, (B.35)

G(2m) = lmG(2m)l. (B.36)

The full and single-scale propagators are given as

Gl(iwn, k) =
l

iwn � xk � lSl(iwn, k)
, (B.37)

Sl(iwn, k) =
iwn � xk

[ik0 � xk � lSl(iwn, k)]2
. (B.38)

Interaction flow has great advantage. If we neglect self-energy correction, the
propagators has the same form at each step in the flow and each one-loop integral
needs to be done only once. This property reduce computational costs. However,
this l cannot regularize infrared divergence of the propagators. Nevertheless, if
problems are suitable to this scheme, we can obtain results similar to cutoff scheme
with less computation.
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Appendix C

Approximate Relation T ' p
2 L

Here we prove that the relation T ' p
2 L is valid not only in mean-field theory but

also in the leading order of high-temperature expansion.
We consider the mean-field theory of Heisenberg model under external field H.

The Hamiltonian is
H = Â

hi,ji
JijSi · Sj � Â

i
H · Si. (C.1)

To perform mean-field approximation, we define the mean-field on the site i

H
MF
i = � Â

j
JijhSji + H, (C.2)

and the effective Hamiltonian on the site i

HMF
i = �H

MF
i · Si. (C.3)

Now we can calculate the magnetization on the site i as

Mi = |hSii| =
ÂS

m=�S m e
HMF

i m
T

Tr[e�HMF
i /T]

=
ÂS

m=�S m e
1
T HMF

i m

ÂS
m=�S e

1
T HMF

i m
= S · BS

✓
HMF

i S
T

◆
(C.4)

with HMF
i = |HMF

i |. Here, BS(x) is the Brillouin function and it has the asymptotic
forms

BS(x) ⇡
(

S+1
3S x � (2S2+2S+1)(S+1)

90S3 x3 (x ! 0)

1 (x ! +•)
. (C.5)

Considering ferromagnetic case (Mi = M) 1, the mean-field is homogeneous
(site-independent) and we can write it as

HMF = HMF
i = � Â

j
Jij M + H (C.6)

= �J(0)M + H. (C.7)

Here, we define the Fourier transformation of the magnetic interaction as

J(k) = Â
j

e�ik·(ri�rj) Jij. (C.8)

1It is for simplisity.
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2 L

Therefore, FM magnetization is given by the self-consistent equation

M = S · BS

✓
S(H � J(0)M)

T

◆
. (C.9)

Now we consider high temperature regime where the argument of the Brillouin
function BS is sufficiently small. We adopt the asymptotic behavior of the Brillouin
function and iterative expansion to the 2nd order of T�1

M = S · S + 1
3S

· SH
T

� S · S + 1
3S

· SMJ(0)
T

� S · (2S2 + 2S + 1)(S + 1)
90S3

✓
S(H � J(0)

T

◆3

=
S(S + 1)

3T
H � S(S + 1)J(0)

3T
M + O(T�3)

=
S(S + 1)

3T
H � [S(S + 1)]2 J(0)

9T2 H + O(T�3). (C.10)

The first term gives Curie’s law. The second term is correction term from high tem-
perature expansion. Defining homogeneous FM susceptibility by M = cH, the ex-
plicit form of the susceptibility in high temperature regime is given by

c ' S(S + 1)
3T

� [S(S + 1)]2 J(0)
9T2 . (C.11)

In order to clarify the relation between temperature T and RG cutoff scale L,
we consider high energy regime in PFFRG. To compare mean-field theory, we adopt
static approximation and consider only RPA term in direct particle-hole channel.
The reduced flow equations are shown in Eqs. (3.137) and (3.138). Here we consider
the Heisenberg-type interaction which is isotropic in spin space, so we define Gs,L

ij as
(see Eq. (3.75))

Gs,L
ij = Gx,L

ij = Gy,L
ij = Gz,L

ij . (C.12)

We rewrite Eqs. (3.137) and (3.138) by Gs,L
ij :

d
dL

Gs,L
ij ' 2

pL2 Â
l

Gs,L
il Gs,L

l j , (C.13)

and
cL

ij ' 1
2pL

dij �
1

p2L2 Gs,L
ij , (C.14)

respectively. Here we omit the spin component indices of the susceptibility because
c = cxx = cyy = czz. Defining Fourier transformation of the spin vertex by

Gs,L(k) = Â
j

e�ik·(ri�rj)Gs,L
ij , (C.15)

the homogeneous susceptibility (k = 0) is given by

cL =
1

2pL
� 1

p2L2 Gs,L(0). (C.16)
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In high energy regime, we can assume that Gs,L
ij does not change a lot from initial

condition i.e. bare interaction

Gs,L
ij ⇡ Gs,LUV

ij =
1
4

Jij (if L � Jij). (C.17)

Therefore, we can obtain an approximate form of the susceptibility in high energy
regime

cL ⇡ 1
2pL

� 1
4p2L2 J(0). (C.18)

Now we compare it with mean-field result eq. (C.11) with S = 1/2

c ' 3
4

· 1
3T

� 9
16

· 1
9T2 J(0)

=
1

4T
� 1

16T2 J(0). (C.19)

Surprisingly, above 2 equation have the same form if we set

T =
p

2
L. (C.20)

We obtain the scaling factor connecting T and L. Of course, this relation is valid
only in high temperature/high energy region. Therefore we represent T ' p

2 L in
this dissertation.
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