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Abstract

Since Gromov’s seminal paper [34], bounded cohomology has been exten-
sively studied by many authors. Although, the computation of bounded
cohomology is difficult in general. We consider the real coefficient case. The
second bounded cohomology has been relatively well studied by using a real-
valued function on a group, which is called a quasimorphism. It seems that
there have been few results on the third bounded cohomology for a while,
but several results have appeared in the last few years. In this thesis, we
study bounded cohomology and quasimorphisms on certain diffeomorphism
groups. Let us discuss three main results in this thesis.

First, we introduce the notion of G-invariant quasimorphism and study
its properties and applications. We prove Bavard’s duality theorem for G-
invariant quasimorphisms. We also study the extension problem of quasimor-
phisms. We show that Py’s Calabi quasimorphism, which is a Sympg(2,, w)-
invariant quasimorphism on Ham(X,,w), does not extend to Sympg(X,,w)
if g > 2. As a corollary, if ¢ > 2, we show that the flux homomorphism
Symp,(2,,w) — H'(2,,R) does not have a section homomorphism.

Next, we generalize the result of Brandenbursky and Marcinkowski [9].
They studied the third bounded cohomology Hj(Tys) of a certain transfor-
mation group 7j; on a complete Riemannian manifold M of finite volume.
They proved that dimg H(7T/) is infinite if (M) is “complicated enough”.
We extend their results to the case where the volume of M can be infinite.
To do this, we introduce the notion of norm controlled cohomology.

Finally, we study the third bounded cohomology H{(Gs) of the area-
preserving diffeomorphism group Gs; on a compact surface . We show that
dimg HP(Gs) is infinite for every surface . Although the case x(X) < 0 is
covered by [9], the case x(X) > 0 remains. To deal with this case, we define
a higher-degree version of Gambaudo—Ghys’ construction [30] and prove the
injectivity theorem, which is a generalization of Ishida’s result [35].
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Chapter 1

Introduction and main results

1.1 Introduction

Geometric group theory studies geometric aspects of groups. One can regard
a group as a metric space by its norm.

Definition 1.1.1. Let G be a group and e denotes the identity element of
G. A function v: G — [0,00) is a norm if it satisfies

v(gh) < v(g) + v(h) for any g,h € G,
(g71) = v(g) for any g € G,

vie) =

v(g) >0if g #e.

If one drops the condition (4), v is said to be a pseudo norm.

For finitely generated groups, which are main objects in geometric group
theory, a natural norm called the word norm is defined. In [33], Gromov
introduced the notion of hyperbolic groups. A finitely generated group is said
to be hyperbolic if the group is “negatively curved” in some sense with respect
to its word norm (Section 2.1.2). This works played a role in establishing
geometric group theory as a field of study. Various attempts have been
made to extend the notion of hyperbolic groups, for example, acylindrically
hyperbolic groups [47] (Section 2.1.3).



In [12], Burago, Ivanov, and Polterovich introduced the notion of conju-
gation invariant norms. A norm v is said to be conjugation-invariant if it
satisfies v(hgh™') = v(g) for every g,h € G. Tt gives a framework for ge-
ometric group theory for groups that are not necessarily finitely generated.
The following are typical examples of conjugation-invariant norms.

Example 1.1.2. (1) Let G be a group and [G,G] the commutator sub-
group. The commutator length cl: [G,G] — N is defined by

d(h) = min{k ’ 3f, g, gk €S, h= [flagl] cee [fk,gk]}
for every h € |G, G].

(2) Let M be a connected orientable smooth manifold. For simplicity,
assume that M is closed (i.e, compact and without boundary). Let
Diffy(M) denote the identity component of the group of diffeomor-
phisms on M. For a non-empty open subset U of M, we define the
fragmentation norm vy : Diffg(M) — N with respect to U is defined
by

vy(h) = min {k

Elfl, ce fk;gl; -5 0k - lefo(M),
h=(figfirh) - (fagrfi ), supp(gs) C U

for every h € Diffy(M).

A quasimorphism is a real-valued function ¢ on a group G such that

D(¢) = sup [¢(gh) — ¢(g) — ¢(h)] < oc.

g,heG

Quasimorphisms are useful to study conjugate invariant norms. Especially,
quasimorphisms and commutator length are closely related by Bavard’s du-
ality [3] (Theorem 2.4.8). If Diffq(M) admits a non-trivial quasimorphism,
then the fragmentation norm on Diffq(M) with respect to an open ball is un-
bounded [12]. Recently, for the closed surface ¥, with genus g > 1, Bowden,
Hensel and Webb [6] proved that the fragmentation norm on Diff((3,) is un-
bounded by constructing non-trivial quasimorphisms. In contrast, it is known
that the fragmentation norm on Diffy (M) is bounded when dim(M) # 2,4
[12, 55, 56].

A quasimorphism can be thought of as a second bounded cohomology
class. Bounded cohomology was introduced by Gromov [34] in his study of
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(simplicial) volume of Riemannian manifolds. From the viewpoint of geomet-
ric group theory, the non-triviality of bounded cohomology of groups reflects
the negatively curved nature of groups. For example, the bounded cohomol-
ogy of an acylindrically hyperbolic group is highly non-trivial [4, 28]. On the
other hand, the bounded cohomology of an amenable group is trivial.
Bounded cohomology has been extensively studied, but its computation is
difficult in general. For the real coefficient case, the first bounded cohomology
is trivial. The second bounded cohomology has been relatively well studied
by constructing non-trivial quasimorphisms. Except for the early works of
Yoshida [58] and Soma [54], it seems that there had been no work on the
third bounded cohomology for a while. However, there have been several
works on the third bounded cohomology in the last few years [24, 25, 26, 28|.
Recently, Brandenbursky and Marcinkowski proved the following theorem.

Theorem 1.1.3 ([9]). Let M be a complete Riemannian manifold with finite
volume. Let Ty denote Homeog(M, ) or Diffo(M, vol) or Symp(M,w). Set
v = (M)/Z(m (M)). If either

(1) mpr surjects onto Fy or
(2) mar is an acylindrically hyperbolic group,

then the (reduced exact) third bounded cohomology mi(TM) is uncountably
infinite-dimensional.

1.2 Main results

In this thesis, we establish three main results. First, we introduce the notion
of G-invariant quasimorphism and study its properties and applications. This
part contains joint work with Morimichi Kawasaki. Let G be a group and
H its normal subgroup. A quasimorphism ¢ on H is said to be G-invariant
if ¢p(ghg™t) = ¢(h) for every g € G and h € H. Let Q(H)® denote the
space of homogeneous G-invariant quasimorphisms. We consider a (G, H)-
commutator (g € G, h € H) and define (G, H)-commutator subgroup |G, H|
and (G, H)-commutator length clg g as the ordinary ones. We prove the
following Bavard-type duality theorem for G-invariant quasimorphisms.

Theorem 1.2.1. Assume that H = |G, H]. For any z € |G, H],

1 sup |¢(~”C)|.
2 yequme D(9)

sclg.p(x) =
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Here, sclg p(x) = lim,, o clg g(2")/n. Note that the assumption H =
|G, H] in the above theorem was removed in [38].

We also consider the extension problem of quasimorphisms. A homoge-
neous quasimorphism ¢ on H is extendable to G if there exists a homogeneous
quasimorphism v on G such that ¥|g = ¢. If a quasimorphism on H is ex-
tendable to G, it is necessary to be G-invariant. We find an example of
non-extendable G-invariant quasimorphism.

Theorem 1.2.2. Let ¥, be an oriented closed surface wits genus g > 2 and w
a symplectic form on X,. Py’s Calabi quasimorphism pp: Ham(3,, w) - R
is non-extendable to Sympy(X,, w).

We obtain the following interesting corollary from the above theorem.

Corollary 1.2.3. If g > 2, the flur homomorphism Flux,,: Symp,(X,, w) —
H'(X,;R) does not have a section homomorphism.

Note that if g = 1, the (descended) flux homomorphism Flux,: Symp,(X;,w) —
H'(31;R)/H'(31;Z) has a section homomorphism.

Next, we introduce the notion of norm controlled cohomology which is a
generalization of bounded cohomology.

Definition 1.2.4. Let G be a group and v a (pseudo) norm on G. An
inhomogeneous cochains ¢ € C™(G) is a level d norm controlled cochain if
there exist C, D > 0, for all ¢1,...,9, € G,

(g1, ... <C- i ; D.
&gy vga)l <C- min {ZV(gz)} +
#I=n—d \ €l
When d > n, let a norm controlled cochain mean a bounded cochain. Let
C™(G,v) denotes the set of level d norm controlled cochains. The norm

controlled cohomology, denoted by H (@ (G, v), is defined to be the cohomology

of the cochain complex (C"(G),d). The exact norm controlled cohomology
EH{, (G, v) is the kernel of the comparison map Hpy (G,v) — H"(G).

If v is a bounded norm, then the norm controlled cohomology H &)(G V)
is nothing but the bounded cohomology H}'(G). Our next main theorem is
the following.



Theorem 1.2.5. Let M be a complete Riemannian manifold. Let Ty denote
Homeoy (M, u), Diffo(M,vol) or Symp(M,w). Set mpr = m(M)/Z (w1 (M)).
Assume that there exists an open subset U of M with finite volume such that
the fragmentation norm vy is well-defined on Tyr. If either

(1) mar surjects onto Fy or
(2) mpr is an acylindrically hyperbolic group,
then EH(?’d)(TM) is uncountably infinite-dimensional for d = 0,1, 2.

Note that vy is well-defined on T, if the inclusion U — M is homotopy
equivalent. If M has a finite volume and U = M, this implies (a weak version
of) the result of Theorem 1.1.3.

Example 1.2.6. It is known that for most 3-manifolds, their fundamen-
tal groups are acylindrically hyperbolic [43]. On the other hand, if M is
3-dimensional and (M) is finitely generated, there exists a 3-dimensional
compact submanifold C' such that the inclusion C' — M is homotopy equiv-
alent by the Scott core theorem [52]. Hence we can find an open subset U
of M which is of finite volume and homotopy equivalent to M. Thus most
3-manifolds enjoy the assumption of the above theorem.

Finally, we consider bounded cohomology of area-preserving diffeomor-
phism groups on surfaces. First, we consider the case of the 2-disk .

Let G denote the group of area-preserving diffeomorphisms Diff (D, 0D, area)
on I which are the identity near the boundary dD. In [30], Gambaudo and
Ghys constructed a linear map I': Q(P,,) — Q(G), where Q(G) denotes the
space of homogenous quasimorphisms on a group G and P,, denotes the
pure braid group on m strands. Let B,, be the braid group on m strands
and i: P, — B, be the standard inclusion. Ishida [35] proved that the
composition map ['oi*: Q(B,,) — Q(G) is injective. He also proved that the
map EH?(B,,) - EHZ(G) induced by I"o4* is also injective, where EH;'(G)
denotes the exact bounded cohomology of G.

We generalize Ishida’s result to higher dimensional bounded cohomology
for the case of three strands. We define a map ETy: EH, (P,,) — EH,(G)
which generalizes Gambaudo-Ghys’ construction and prove the following the-
orem.

Theorem 1.2.7. The composition map ET, o i*: EH,(Bs) — EH,(G) is
mjective.



Here EH, (G) denotes the reduced exact bounded cohomology of G. As
a corollary, we obtain the following result.

Corollary 1.2.8. The dimension of W?(g) is uncountably infinite.

We also prove similar results for compact surfaces > with non-negative
Euler characteristic x(X) > 0. Let B,,(X) and P,,(X) denote the braid
group and the pure braid group on a surface Y, respectively. Let Gy, de-
note the identity component of the group of area-preserving diffeomorphisms
Diffy(X, 0%, area) on 3 which are the identity near the boundary 93. The
notation GZ is used to denote the central quotient G/Z(G) of a group G. We
define a map ET, : EHy (Pn(X)?) — EH, (Gs) instead of on EH, (Pp(X))
because Gy, is not contractible in general. Let iZ: P,,(X)? — B,,,(X)? denote
the map induced by the standard inclusion i: P,,(3) — B, (X).

Theorem 1.2.9. Let ¥ be a compact oriented surface such that x(¥) > 0.
The maps ﬁbz o (i?)*: EH, (Bn(X)?) — EH,(Gs) is injective for m =
2+ x(2).

As a corollary of Theorem 1.2.9, we obtain the following.

Corollary 1.2.10. Let 3 be a compact oriented surface such that x(%) > 0.
The dimension ofmi(gg) is uncountably infinite.

We remark that Corollary 1.2.10 is not covered by the result of Branden-
bursky and Marcinkowski. On the other hand, their result covers the case
of surfaces with negative Euler characteristics. Therefore, in some sense, our
results and theirs are complementary to each other in the case of 2-manifolds.
Namely, we obtain the following.

Theorem 1.2.11. For any compact oriented surface ¥, the dimension of
EH?(Qg) is uncountably infinite.
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Chapter 2

Preliminaries

2.1 Geometric group theory

2.1.1 Quasi-isometry
Definition 2.1.1. Let K > 1, L > 0, and f: X — Y be a map between
metric spaces (X, dx) and (Y,dy).

e The map f is called (K, L)-quasi-isometric embedding if

oy (1,22) = L < dy (@), f(22)) < Kdx(or,2) + L

for any x1, 29 € X.

e The map f has a quasi-dense image if there exists a constant C' > 0
such that for every y € Y there exists x € X such that

e The map f is a (K, L)-quasi-isometry if it is (K, L)-quasi-isometric
embedding with a quasi-dense image. We say that f is quasi-isometric
if it is (K, L)-quasi-isometric for some K and L.

e The spaces (X, dx) and (Y, dy) are said to be (K, L)-quasi-isometric if
there exists a (K, L)-quasi-isometry between X and Y. We say that X
and Y are quasi-isometric if they are (K, L)-quasi-isometric for some
K and L.

11



The following Svarc—Milnor lemma is fundamental in geometric group
theory.

Lemma 2.1.2. Assume that a group G acts on a (K, L)-quasi-geodesic space
(X, d) by isometries. If there exists a subset B C X such that

e the diameter of B is finite,
o X =U,cq9 B, and

o the set
S={9eG|g-BnB'}

is finite, where B’ is the 2L-neighborhood of B,

then G is generated by S, and the map (G,ds) — (X,d) defined by g — g -z
is a quasi-isometry for all x € X, where dg denotes the word metric on G.

In many cases, this lemma is used in the following form (Corollary 2.1.3).
A metric space is proper if any closed ball is compact. An action of a group
G on a topological space X is proper if the set {g € G | g - BN B} is finite
for all compact sets B C X. A map v: I — X on a closed segment I C R to
a metric space is a geodesic if 7 is an isometry. A metric space is a geodesic
space if any two points are connected by a geodesic.

Corollary 2.1.3. Let G be a group acting on a proper geodesic space X by
1sometry. Assume that this action is proper and cocompact. Then G is finitely
generated and the map G — X defined by g — ¢ - x is a quasi-isometry.

2.1.2 Hyperbolic groups

We review a definition of Gromov hyperbolic space for metric spaces. Note
that there are several equivalent definitions of hyperbolicity for geodesic
spaces (see [31] for example). Let (X, d) be a metric space.

Definition 2.1.4. For z,y, z € X, we define the Gromov product (y|z), by

(412 = 51, 2) +d(z,2) — d(y, )}

12



Definition 2.1.5. Let (X,d) be a metric space and xzy € X a base point.
For § > 0, we say that (X, d) is §-hyperbolic with respect to xq if

(m‘y>xo > min{(m‘z)loa (y’Z)xo} —0

for every z,y,z € X. The space (X, d) is said to be hyperbolic if there exists
d such that (X, d) is é-hyperbolic with respect to some base point zy € X.

It is known that the existence of § does not depend on the choice of
the base point. The following proposition states that the hyperbolicity is
quasi-isometric invariant.

Proposition 2.1.6. Let X and Y be metric spaces. Assume that X and Y
are quasi-isometric. If X is hyperbolic, then Y s also hyperbolic.

We can define a natural metric d on a connected graph I' by setting the
length of each edge to 1. In particular, for each vertices v and w, the distance
d(v, w) between v and w is represented by the minimal length of a path in T’
which connects v and w.

Remark 2.1.7. A tree (i.e., a graph without cycles) is a 0-hyperbolic space.

For a finitely generated group (G, S), we can define a graph I'(G, S) which
is called the Cayley graph.

Definition 2.1.8. For a group G with a generating set S, we define the
Cayley graph T' = T'(G,S) of G with respect to S as follows. The set of
vertices V(') is the set of elements of G. The set of edges E(I") is defined by

E(I)={{g,h} | g,h € G,3s € S, gs = h}.

Definition 2.1.9. A finitely generated group G is hyperbolic if its Cayley
graph I'(G, S) is Gromov hyperbolic for some (any) finite generating set S.

Since the quasi-isometry type of a Cayley graph does not depend on the
choice of a finite generating set and Gromov hyperbolicity is a quasi-isometric
invariant, the hyperbolicity of a group is a property of the group.

A finite group is hyperbolic. The group Z is hyperbolic since the Cayley
graph I'(Z,{£1}) is a tree and thus 0-hyperbolic. If a group G is virtually
Z (i.e., G contains a finite index subgroup which is isomorphic to Z), then
G is hyperbolic since GG is quasi-isometric to Z.

Definition 2.1.10. A hyperbolic group G is elementary if G is finite or
virtually Z. Otherwise, G is called a non-elementary hyperbolic group.

13



2.1.3 Acylindrically hyperbolic groups

In [47], Osin introduced the notion of acylindrically hyperbolic groups which
is a generalization of hyperbolic groups. We review one of the definitions of
acylindrically hyperbolic groups.

Let G be a group, H a subgroup of G, and X a subset of G. Assume
that X U H generates G. Let I'(G,X U H) denote the Cayley graph of G
with respect to the disjoint union X LI H. That is, for g € G,if s€e X N H
then g and gs in the vertex of I'(G, X LU H) are joined by two edges labeled
by s€ X and s € H.

We define a metric d: H x H — [0, c0]. We say that a path p in T'(G, X' U
H) is admissible if p does not contain the edge of the complete subgraph
I'(H,H) C T(G,XUH). For hy, hy € H, we define d(hi, hs) to be the length
of a shortest admissible path from h; to hy. If no such path exists, we set

~

d(hl, hg) = OQ.

Definition 2.1.11. We say that H is hyperbolically embedded in G with
respect to X (and write H <, (G, X)) if the graph I'(G, X U H) is hyperbolic
and the metric d is proper. We also say that H is hyperbolically embedded in
G (and write H —, Q) if H <, (G, X) for some X.

For every group G, G <, G for X = () since I'(G, G) has diameter 1 and
C/l\<h1,h2) = oo if hy # hy. If H is a finite subgroup of G, then H —, G
for XY = G. Thus we are interested in the case where H is a proper infinite
subgroup.

Definition 2.1.12. A group G is said to be acylindrically hyperbolic if there
exists a proper infinite hyperbolically embedded subgroup of G.

Example 2.1.13. Examples of acylindrically hyperbolic groups include;
e non-elementary hyperbolic groups,
e mapping class group of hyperbolic surfaces,
e most 3-manifold groups [43].
We can choose a special form as a hyperbolically embedded subgroup.

Theorem 2.1.14 ([17]). Suppose that G is acylindrically hyperbolic. Then
there exists a subgroup H of G such that H —, G and H = F» x K, where
Iy is a free group of rank 2 and K is a finite group.

14



2.1.4 Amenable groups

Amenable groups are introduced by von Neumann [57] in the study of Banach—
Tarski paradox. See [14, 29] for more information.
Let L>(G) denote the set of all bounded real-valued functions on a group
G. The set L>*(G) has a structure of R-vector space. The group G acts on
L>*(G) by
g- f(h)= flg~"h)

for all f € L*(G) and g,h € G.

Definition 2.1.15. A group G is amenable if there exists a left-invariant
mean m: L*(G) — R. That is, the map m is R-linear and satisfies the
following;:

e m(lg) =1, where 1¢: G — R, g+ 1 is the constant map,
e m(f) >0 forall f € L>®(G) that satisty f >0,
e m(g-f)=m(f) forall f e L>*(G) and g € G.

Example 2.1.16. A finite group is amenable. An abelian group is amenable
[57]. Moreover, virtually solvable groups are amenable.

Remark 2.1.17. The class of amenable groups is closed under the operations
of taking subgroups, forming quotients, forming extensions, and taking direct
unions. The smallest class of groups which contains all finite and abelian
groups, and is closed under these operations, is called elementary amenable
groups. For example, virtually solvable groups are elementary amenable.

2.2 Group cohomology

2.2.1 Group cohomology

Throughout this thesis, we only consider the cohomology with real coeffi-
cients. In this section, we define inhomogeneous complex C*(—) and homo-
geneous complex C*(—). Then we recall the correspondence between them.

Let G be a group. We consider the space of (inhomogeneous) n-cochains

C"(G) = {&: G" - R},

15



and the coboundary map  : C"}(G) — C™(G) defined by

n—1
0e(g1, s gn) = (g2, )+ (=191, gigir1 - - gn)H(=1)"g1, -, Gn1)
=1

for ¢ € C"(G) and g, ..., g, € G. The cohomology of this cochain complex
is called the (group) cohomology of G and denoted by H"(G).

There is another definition of this cohomology. A map c: G"™' — R is
said to be homogeneous if c(goh, . .., gnh) = c(go, - - ., gn) for every go, ..., gn, h €
G. The space of (homogeneous) n-cochains is

C"(G) = {c: G™ — R | ¢ is homogeneous},
and the coboundary map ¢ : C"71(G) — C™(G) is defined by

n

dc(goy -y gn) = (—1)ic(g0,...,g/]§,...,gn)
=0

for c € C"(G) and g, . . ., g, € G, where g; means that we omit the entry g;.
The cohomology of (C™(G),d) also defines H™(G).

The correspondence between an inhomogeneous cochain ¢ € C™(G) and
homogeneous one ¢ € C"(G) is the following:

6(917927 CII 7971) = 0(1791791927 -y 9192 - . gn), (221)
(90,91, -+ Gn) = (90 91,91 G2, - - - » G t1Gn)-
We call that a cochain ¢ € C"(G) is alternating if

0(90(0), . ,go(n)) = SgD(U)C(Qm . ,gn)

for any go,..., g, € G and 0 € &,,11, where sgn(o) € {£1} is the sign of o.
Let C% (G) denote the set of alternating n-cochains. Then (C%,(G),J) is a
subcomplex of (C™(G),d). It is known that the cohomology of (CZ.(G),0)
coincides with H"(G).

2.2.2 Bounded cohomology

We review the definition of bounded cohomology. We only mention the
inhomogeneous case but the homogeneous case is defined similarly. If we
consider the subcomplex

C"G) = {¢: G — R | ¢is bounded}
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of C™, the homology of the complex (C7*(G), d) is called the bounded cohomol-
ogy of G and is denoted by H(G). The natural inclusion C*(G) — C™(G)
induces the homomorphism H'(G) — H"(G) called the comparison map.
The kernel of the comparison map H{'(G) — H"(G) is called the ezact
bounded cohomology and is denoted by EH}(G).

For a cochain ¢ € CF(G), we define the norm ||é|| of ¢ by

el = sup |e(g1,---,n)l-
G

This norm induces a natural norm on H;'(G) which is also denoted by || - ||.
Let N™(G) denote the norm zero subspace of H]'(G), i.e.,

N™"(G) ={a e HY(G) | |laf = 0}.

The reduced cohomology H,(G) is defined by the quotient HJ(G)/N™(G).
The reduced ezact cohomology EH, (G) is defined by EH}*(G)/EN(G), where
EN™(G) = N"(G) N EH}(G).

We can consider the homogeneous complex Cp(G), alternating homoge-
neous and inhomogeneous subcomplex Cp . (G) and Cg,,(G), and they also
define the cohomology Hp(G).

We summarize several facts which we use later.

Lemma 2.2.1. Let G be a group and H a normal subgroup of G of finite

~Y

index. Then the inclusion map H — G induces an isomorphism H"(G) =
H"(H)Y and an isometric isomorphism H(G) = H}(H)C.

The inverse maps of those isomorphisms are given by the transfer maps
(see [11, 14]). We remark that H}(G) — H(H)® is an isometric isomor-
phism even if G/H is amenable [34].

The following theorem is known as the mapping theorem (for groups).

Theorem 2.2.2 ([34]). If ¢: G1 — G2 is a surjective group homomorphism
with an amenable kernel, then ¢*: H'(Gy) — H(G1) is an isometric iso-
morphism.

It is known that the bounded cohomology of an amenable group is trivial
in every degree. On the other hand, non-positively curved groups tend to
have highly non-trivial bounded cohomology. For example, the following
theorem is known.
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Theorem 2.2.3 ([28]). If G is an acylindrically hyperbolic group, then the
dimension of ﬁg(G) is uncountably infinite.

In particular, the third bounded cohomology of a non-elementary hyper-
bolic group is infinite-dimensional.

2.3 Diffeomorphism and homeomorphism groups

Let M be a connected, oriented smooth manifold without boundary. Let
Diff“(M) denote the group of compactly supported diffeomorphisms on M
and Diff;(M) denote the subgroup of Diff“(M) consisting of diffeomorphisms
that are isotopic to the identity. If M is compact, groups Diff°(M) and
Diff§(M) coincide with Diff (M) and Diffy (M), respectively.

Let N be a compact, connected, oriented smooth manifold which might
have boundary ON. Let Diff (N, ON) denotes the group of diffeomorphisms on
N which is identity near the boundary and Diffy (N, 9N) denote the subgroup
of Diff (N, ON) consisting of diffeomorphisms that are isotopic to the identity.
Note that Diff (N, dN) = Diff*(N) and Diffy(N, ON) = Diffé(N), where N is
the interior of N. B

For a path-connected topological group G, let G denotes the universal
cover of G, i.e., the group of path homotopy equivalent classes in the path
space of G. Note that 7 (G) can be regarded as a subgroup of G.

2.3.1 Volume-preserving diffeomorphism groups

Let M be a manifold with a volume form vol € Q"(M), where n = dim(M).
Let Dift“(M, vol) denote the volume-preserving diffeomorphism group

Dift‘(M, vol) = {f € Dift*(M) | f*vol = vol}
and Diff§(M, vol) denote its identity component, i.e.,
Diff§(M, vol) = {g € Diff*(M, vol) | 3{g'}o<i<1 C Diff*(M, vol), ¢° =id, ¢* = g}.
Definition 2.3.1. We define the (volume) flux homomorphism

Flux: Diff§(M, vol) — H"*(M;R)
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on the universal cover ]if/fg(M ,vol) of Diff(M,vol) by

Flux((0 o)) = | [ox volldr,

where
o {¢'}o<i<1 is a path in Diff§(M, vol) with ¢° = id,
o [{¢'}o<i<1] is an element of ]ﬁS(M, vol) represented by the path {¢'}o<;<1,
e X, is the (time-dependent) vector field induced by the flow {¢'}o<i<1,
e . is the interior product with respect to a vector field X.

The group I' = f‘ﬁ;{(m(Diﬁ’g(M, vol))) is called the (volume) flux group.

—_—~—

The flux homomorphism Flux induces the reduced flux homomorphism

Flux: Diff5(M, vol) — H" '(M;R)/T.

2.3.2 Symplectomorphism groups

Let M be a manifold. A 2-form w € Q%(M) is called a symplectic form if w
is non-degenerate and dw = 0. A symplectic manifold (M,w) is a manifold
M with a symplectic form w.

Let Symp*(M,w) denote the symplectomorphism group

Symp(M,w) = {f € Diff*(M) | f*'w = w}
and Sympg(M,w) denote its identity component, i.e.,
Symp§(M, w) = {g € Symp*(M,w) | 3{g'ho<t<1 C Symp®(M,w), ¢" =id, g' = g}.
Definition 2.3.2. We define the flux homomorphism
Flux,,: Sympj(M,w) — H!(M;R)

—_—

on the universal covering Symp§(M,w) of Sympg (M, w) by

Pl ({0 ocat]) = [ o,

where
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o {¢'}o<i<1 is a path in Symp§ (M, w) with PO =id,

o [{¥'}o<i<1] is an element of gf\m/pg(M,w) represented by the path
{¥"o<i<,

e X, is the (time-dependent) vector field induced by the flow {¢'}o<i<1,

e . is the interior product with respect to a vector field X.

The group I, = ﬁl&w(m(Sympg(M ,vol))) is called the flux group. The
flux homomorphism Flux,, induces the reduced flux homomorphism

Flux,,: Symp§(M,w) — HY(M;R)/T.

The kernel of the flux homomorphism Flux,,: Symp§(M,w) — H(M;R)/T
is called the Hamiltonian diffeomorphism group and denoted by Ham (M, w).

We give another description of Hamiltonian diffeomorphism groups. For
a Hamiltonian function H: M — R with compact support, we define the
Hamiltonian vector field Xy associated with H by

w(Xg,V)=—dH(V) for any V € X(M),

where X(M) is the set of smooth vector fields on M.

Let S* denote R/Z. For a (time-dependent) Hamiltonian function H: S*x
M — R with compact support and for t € S, we define a function H,: M —
R by Hy(x) = H(t,z). Let X% denote the Hamiltonian vector field associ-
ated with H; and let {¢% }er denote the isotopy generated by Xt such that
@Y =id. Let oy denote ¢k and ¢ is called the Hamiltonian diffeomorphism
generated by H. For a symplectic manifold (M, w), we define the group of
Hamiltonian diffeomorphisms by

Ham(M,w) = {p € Diff(M) | 3H € C*(S' x M) such that ¢ = oy}

2.3.3 Measure-preserving homeomorphism groups

Let M be a complete Riemannian manifold and p the measure on M which is
induced by the Riemannian structure. Let Homeog (M, i) denotes the group
of compactly supported homeomorphisms that are isotopic to the identity

and Homeo§(M, 1) denotes its universal covering. Fathi [27] defined the
mass flow homomorphism 0: Homeo§(M, 1) — Hy(M;R). For the definition

of the mass flow homomorphisms, see [27, 46]. Set I' = (71 (Homeog (M, 11))).
The map 6 induces the map 6: Homeoy(M, ) — Hy(M;R)/T.
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2.4 Quasimorphisms

2.4.1 Definitions and Properties

Definition 2.4.1. A quasimorphism ¢ is a real-valued function on a group
I' such that there exists a constant D > 0 and

|9(xy) — d(z) — 9(y)| < D

for any x,y € I'. Such a smallest D is called the defect of ¢ and denoted by
D(¢). A quasimorphism ¢ is homogeneous if ¢(x™) = ng(x) for every n € Z
and x € I'.

Let Q(I') and Q(I') denote the set of quasimorphisms on I' and the set of
homogeneous quasimorphisms on I', respectively. The sets Q(I") and Q(I")
are naturally regarded as R-linear spaces.

Example 2.4.2. e A bounded function is a quasimorphism. Thus the
set of bounded functions C}(T") on T is a linear subspace of Q(G).

e A homomorphism is a homogeneous quasimorphism with defect zero.
Thus the set of homomorphisms H!(T') is a linear subspace of Q(T).

We define a linear map @(F) — Q(T), ¢ — ¢, which is called the homog-

enization, by
3(z) = lim 27,

n—00 n

The limit exists by Fekete’s lemma. The kernel of the homogenization is the
space of bounded functions. Thus the homogenization induces an isomor-

phism Q(I')/Cy (") = Q(T').
Example 2.4.3. e (Poincaré’s rotation number [48])
Let Homeo™(S!) be the group of orientation-preserving homeomor-

phisms on the circle and Homeo™t(S!) the preimage of Homeo™ (S)
in Homeo™ (R) under the covering projection R — S = R/Z, i.e.,

Homeo™ (SY) = {f € Homeo™ (R) | ¥z € R,n € Z, f(z+n) = f(z)+n}

— —_~— +
We define the rotation number rot: Homeo (S') — R by

rot(f) = lim M

n—00 n
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This definition does not depend on the choice of z € R. The rotation
number rot is a quasimorphism and not a homomorphism.

e (Brooks’ counting quasimorphism on free groups [10])

Let Fy, = (z,y) be a free group of rank 2 and w a reduced word in
{a*t y* Y. A counting function c,: Fy — Z is defined as c,(g) being
the maximal number of disjoint copies of w in the reduced representa-
tive of g € Fy5. A counting quasimorphism is a function of the form

hu(g) = cu(g) — cu-1(g).

Let a and b be two generators of Fy. For n € Z, set w, = ab™. Then we
can show that the set of quasimorphisms {h,,, },ez are linearly inde-
pendent in Q(Fy). Therefore, the space Q(F5) is infinite-dimensional.

These examples are fundamental in the sense that there are many gen-
eralizations of them. For example, Py’s Calabi quasimorphisms we use later
are constructed from the rotation number. The counting quasimorphisms are
generalized to hyperbolic groups [21], mapping class groups [4], and surface
diffeomorphism groups [6].

We will use the following commutator calculus several times.

Lemma 2.4.4. For z,y € T and n € N, (zy)*y~2"2=2" can be written as a
product of n commutators.

Proof. Since,

2n, —2n,,—2n

(zy)>"y e =z (yx)* !

—(2n—1)x—(2n—1) L1

Y T

it is sufficient to prove that (yz)?"~ly=("=Dz=(n=1 can be written as a

product of n commutators. We prove it by the induction of n. It is clear if
n=1. Set
Q= (:L.y)Qm—ll,—@m—l)y—(Qm—l)

and
Bm _ (yx)Zm—ly—(Qm—l)g:—@m—l)

Assume that «,, and 3,, can be written as a product of m commutators.
Since

yrya, (yzy) ™ Bt

:yxy2mx2my7(2m+l)xf(2m+1)

:y$_1[$2y2ml’2m_1, xy_lem_l](yx_l)_l,
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Bm+1 can be written as a product of m + 1 commutators by the assumption.
]

It is known that the defect changes at most twice by homogenization.

Lemma 2.4.5. For every ¢ € Q(I'), D(¢) < 2D(¢).

Proof. For a,b, D € R, we write a ~p b to mean |a — b| < D.
We define ¢’ : ' — R by

¢'(w) =
Then ¢/ is anti-symmetric, i.e., ¢'(z7!) = —¢(z) for every x € T'. Since
¢'(zy) — ¢'(x) = &' (y)

=2 (6lay) — 6(z) — 6(0) — 560 — Hly™) — (7)),

D) = sup |6/(xy) — &/(x) ~ 9 (w)| < 5D(6) + 5D(6) = D(o).

zyel 2
Thus ¢’ is also a quasimorphism and D(¢) < D(¢). Since

1

8(r) — ¢ (2) = 5(6(z) + 6 ™))~y 36(0)

for every x € T', ¢ — ¢ is a bounded function. Especially, ¢ = ¢'.
For z,y € I', and n € N,

¢'((xy)™) = ¢'(2®") = ¢' (Y™") ~ap(e) ¢ ((xy)*y~>"a™>").
Thus,

i Oy)ry e G (wy)™) - ¢ - ¢ (™)

n—o00 on n—o0 2n

(2.4.1)

For an anti-symmetric quasimorphism ¢’ and a commutator ¢ = [z, y],

¢'(¢) ~spy d(x) + Py) + dla )+ oy ) =0.

By Lemma 2.4.4 that (xy)?"y~2"2~2" can be written as a product of n com-
mutators cjcy - - - ¢,. Since

¢,(0102 e 'Cn) ~(n—1)D(¢') ¢'(01) + qbl(Cz) + -+ ¢/(Cn) ~3nD(¢') 0,

23



we obtain

¢ ((zy)*y 2 z™") < (4n — 1)D(¢)
Thus the left-hand side of (2.4.1) is less than or equal to 2D(¢’). On the
other hand, the right-hand side of (2.4.1) equals |g_b/(:py) — El(x) — al(y)| —
|p(zy) — ¢(x) — d(y)|. Therefore,

D(¢) = sup |p(zy) — d(x) — ¢(y)| < 2D(¢') < 2D(¢) O

el
An exact sequence of complexes
0—Cy(l)—C*(I') —C*(I')/Cy (') = 0
induces the exact sequence
0— H'T) — Q') — HXT) — H*(I)

since H}(I') = 0 and H'(C*/Cp) = Q. Hence, the second exact bounded
cohomology EHZ(T') = Ker(HZ(T') — H?(T")) is isomorphic to Q(T')/H*(T).
The following lemma is well-known and fundamental.

Lemma 2.4.6. For every ¢ € Q(I") and z,y € T,
(1) dplxya™) = ¢(y),
(2) if zy = yz, then ¢(zy) = ¢(z) + ¢(y).
Proof. For a,b, D € R, we write a ~p b to mean |a — b| < D.
(1) For every n € N,
nd(yry ™) = ¢((yay™)") = olya"y™") ~ap) () +o(z")+o(y ™) = ne(z).

Thus we obtain
2D

[b(yzy ™) — ¢(x)] < —.

n
Since n can be taken arbitrarily large, we obtain ¢(zyz™') = ¢(y).

(2) For every n € N,
ng(xy) = ¢((zy)") = ¢(z"y") ~p ¢(z") + ¢(y") = né(x) + nd(y).

Thus we obtain 5
[6(zy) = d(z) — oY) = —.

Since n can be taken arbitrarily large, we obtain ¢(xy) = ¢(x) + ¢ (y).
0
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2.4.2 Bavard’s duality

Quasimorphisms are closely related to the commutator length. We define the
stable commutator length scl: [I',T'] — [0, 00) by

1 n
scl(x) = lim M
n—o00 n

By Fekete’s lemma, the limit exists.
Lemma 2.4.7. For any x € [I',T] and ¢ € Q(T'),
1]¢(x)|
scl(z) > = .
)= 2D0)

Proof. Note that [¢([z,y])| = |¢([z, y]) — ¢(zyz™") — ¢y~ )| < D(¢) for any

commutator [z,y] € [[',T]. If 2™ is a product of commutators ¢y, . .., ¢, then
we obtain an inequality

k

nlg(z)] = [¢(z")] < (m — 1)D(¢) + Y _ |¢(cx)| < 2mD().

k=1
and the lemma follows from it. ]

Moreover, following Bavard’s duality theorem holds.

Theorem 2.4.8 ([3]). For z € [I',T]

_ 1 [6(x)]

Remark that we regard the right-hand side as 0 if Q(I') = HY(T). As
a corollary, we can see that scl on [I',T] is identically zero if and only if
FEH}T) = Q(I)/HY(T) = 0 (ie., the comparison map HZ(T) — H*T)
is injective). There are several applications ([18, 15, 42] for example) and
generalizations [16, 37] of Bavard’s duality theorem.
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Chapter 3

G-invariant quasimorphisms
and their applications

3.1 (G-invariant quasimorphisms

Throughout this section, let G be a group and H a normal subgroup of G.

Definition 3.1.1. A quasimorphism ¢ on H is G-quasi-invariant if there
exist a constant C' > 0 such that

|¢(ghg™") — @(h)| < C

for any ¢ € G and h € H. If the constant C' can be taken by 0, ¢ is called
G-invariant.

Let CA)(H )¢ denote the set of G-quasi-invariant quasimorphisms on G and
Q(H)% denote the set of G-(quasi-)invariant homogeneous quasimorphisms
on H.

Remark 3.1.2. e Every G-quasi-invariant homogeneous quasimorphisms
are G-invariant; if ¢ is G-quasi-invariant and homogeneous, then for
every n € N,

n|¢(ghg™") —o(h)] = |p((ghg™)") —d(h")| = |p(gh"g~ ") —p(h")| < C.

Hence |¢(ghg™") — ¢(h)] < C/n for arbitrarily large n and thus ¢ is
G-invariant.

o If G = H, then Q(G)¢ = Q(G) and Q(G)¢ = Q(G).
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As is the case of ordinary quasimorphism, the (G-invariant) homogeniza-
tion Q(H) — Q(H)“ induces an isomorphism Q(H)%/CL(H) = Q(H)C.

We define the notion of a (G, H)-commutator (or a mixed commutator).
A (G, H)-commutator is an element of the form [g, h] with ¢ € G and h €
H. Note that [h,g] = [hg,h™'] is also a (G, H)-commutator. The (G, H)-
commutator subgroup |G, H] is the group generated by (G, H)-commutators.
We remark that [G, H] C H since H is a normal subgroup of G. The (G, H)-
commutator length clg g: [G, H] — N is defined by

cle.u(x) = {k‘

dg1,...,9x € G,3hy,... , hy € H,
T = [glahl]"'[gkvhk} .

We define the stable (G, H)-commutator length sclg py: |G, H] — [0,00) by

1 n
sclg () = lim CGH—(x)
n—oo n

Lemma 3.1.3. For any z € [G, H] and ¢ € Q(H)%,

sclg.m(x) >

Proof. Note that |¢([g, h])| = |¢([g, hl]) — ¢(ghg™") — ¢(h~")| < D(¢) for any
(G, H)-commutator [g, h] € [G, H]. If 2" is a product of (G, H)-commutators

C1,...,Cn, then we obtain an inequality

k

nlg(x)] = p(z")| < (m —1)D(¢) + Y _ |o(cx)| < 2mD(9).

k=1
and the lemma follows from it. ]

As is the ordinary case, we can prove the following Bavard-type duality
theorem.

Theorem 3.1.4. Assume that H =[G, H]. For any z € |G, H],
1 |9(2)|

1 = = LRl
elel®) =3 She Do)

Proof of Theorem 3.1.4 is given in the next subsection. We note that the
assumption H = [G, H| in Theorem 3.1.4 can be removed [38].
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3.2 Proof of G-invariant Bavard duality

In this section, we give the proof of Theorem 3.1.4. We use the method of
Kawasaki [36] and his idea came from [16].
For a group I', we define a set

(o)
Ar = | (T xR)~.
k=0
We denote elements of Ap by x7' - - - z7*, where zy,..., 2y € Tand sq,...,8; €

R. Set I' = [G, H]. We define a function || - ||r : Ar — R by

1
ST L ek — i — sin]  lngn]
3 - @l = N~ p (217 ™),

where [t] denotes the integer part of ¢ € R.

Proposition 3.2.1. || - ||p : Ap = R> is well-defined.

We prove Proposition 3.2.1 in Section 3.5.
We define some operations on Ar. For elements x = zi'...2}", y =
Y .yltl in Ap and A € R, we define x xy, x and x) by

— 51 Sk, t1 t
xxy =z oyt oyl
v — —Sk —S1
X =, " .. a",
A
XN = gk

Since clg g is a conjugation-invariant norm, we can confirm that for any
X,y € Ar,

[Ixyllr < [x[lr + {ly[lr,
[yxy[lr = [Ix|[r,
X[l = {x[|r-
We define the equivalent relation ~ on Ar by x ~ y if and only if ||xy||r = 0

for x,y € Ar. We denote the set Ar/ ~ by A, and the function || - ||r : Ar —
R>o on Ar induce the function || - || : A = Rsq on A. Let [x] € A denote the
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equivalent class of x € Ar. For x = [x] and y = |y] in A and A € R, we define
X +y and Ax by

X+y = [xxyl,
Ax = [xW].
Proposition 3.2.2. The above operators are well-defined.
Proposition 3.2.3. (A,| - ||) is a normed vector space.

We prove Proposition 3.2.2 and 3.2.3 in Section 3.5.
By the Hahn-Banach theorem, we obtain the following;:

Proposition 3.2.4. For any x € A,

o(x
Il = sup 2
gea~ |9l
where A* is the dual space of A and || - ||* is the dual norm on A*.

For ¢ € A*, we define the function ¢ : I' — R by o(z) = é([xl])
Proposition 3.2.5. ¢ is a G-invariant homogeneous quasimorphism.

Proof. e (¢ is a quasimorphism)

For z,y € T,

Since (zy)*"z 2"y~ *" is a product of n commutators (see [14, Lemma2.24.]

for example),

1
lim —clgg((zy)"z™"y™") <

n—oo M

N | —

Thus .
[6(zy) — o) — 6(v)| < 51161
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e (¢ is homogeneous)

1

Since (2")! ~ 2" for z € T and ¢ : A — R is a linear map,

$(a") = ¢([(2")']) = d([2"]) = d(n[z"]) = né([z"]) = ne(z)
forx €eI' and n € Z.

e (¢ is G-invariant)

Forge G,z €T,

[p(gzg™") — é(z)]
\é([(gmg D) = é(['])]
= [&([(gzg™")"] + (=1)[z"])]

< 181 l(gg ™))y 2~
=1 Jim = clon((grg ™) )

N : 1 n
911 lim = clg:r([g. 2"))
=0. O
Proof of Theorem 3.1.4. By Proposition 3.2.4 and 3.2.5, since D(¢) < %H(ﬁ“*,

. e S 6l)
lon(a) = '] = sup £ £ < sup 5

Lemma 3.1.3 states the opposite direction. O

3.3 Extension problem

In this section, we consider the extension problem of quasimorphisms.

Definition 3.3.1. A G-invariant homogeneous quasimorphism ¢: H — R
is extendable to G if there exists a homogeneous quasimorphism ¢: G — R
such that |y = ¢

If a homogeneous quasimorphism ¢ is extendable, then ¢ is G-invariant.
Hence, G-invariance is a necessary condition to extend. Shtern [53] studied
the conditions under which a quasimorphism can be extended. By applying
his result, we obtain the following sufficient conditions to extend.
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Proposition 3.3.2 ([53, Theorem 3|). Suppose that one of the following
conditions are satisfied:

e the group homomorphism G — G/H has a section homomorphism.
e H is a finite index subgroup of G.
Then any homogeneous G-invariant quasimorphism ¢ is extendable.

Later we will give another proof of Proposition 3.3.2, including the eval-
uation of defect (Proposition 3.4.6).
We provide a convenient lemma for proving non-extendability.

Lemma 3.3.3. Let ¢ be a G-invariant quasimorphism on H. Let f and g
be elements of G satisfying

o flaf~lg ) =(9f"97N)f,
o [f.gl€H,
o o([f.g]) #0.

Then, ¢ is non-extendable to G.

Proof. Assume that ¢ is extendable to G. Let ¢ be a homogeneous quasi-
morphism on G such that |y = ¢. Then, by Lemma 2.4.6,

o(Lf,9]) = ¥([f. 9]) = (f) +9(gfg7) =0

and this contradicts the assumption. Hence ¢ is non-extendable to G. O

We give an example of non-extendable quasimorphism. Namely, we ob-
serve that Py’s Calabi quasimorphism is non-extendable.

Theorem 3.3.4. Let 3 be an oriented closed surface whose genus is greater
than one and w a symplectic form on ¥,. Py’s Calabi quasimorphism pp:
Ham(X,w) — R is non-extendable to Symp,(2,w).

We review the notion of Calabi quasimorphism. A symplectic manifold
(M,w) is eract if there exists a 1-form A € Q'(M) such that w = —dA\.
A subset X of a symplectic manifold (M,w) is displaceable if there exists
¢ € Ham(M, w) such that ¢(X)N X = (), where X is the topological closure
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of X. For an exact symplectic manifold (M,w), we recall that the Calabi
homomorphism is a function Caly,: Ham(M,w) — R defined by

1
CalM(goF)—/ / Fw™ dt.
0o Jm

The Calabi homomorphism is known to be well-defined and a group homo-
morphism. (see [13, 1, 2, 41]).

Definition 3.3.5. Let p: Ham(M,w) — R be a homogeneous quasimor-
phism. An open subset U of M has the Calabi property with respect to yu if
w|y is exact and the restriction of u to Ham (U, w) coincides with the Calabi
homomorphism Caly;.

Definition 3.3.6 ([19, 49]). A Calabi quasimorphism is a homogeneous
quasimorphism p: Ham(M,w) — R such that any displaceable open sub-
set of M has the Calabi property with respect to U.

The following properties of Py’s Calabi quasimorphism is important to
prove Theorem 3.3.4. See [50, 51] for the definition of Py’s Calabi quasimor-
phism.

Proposition 3.3.7 ([50]). Let ¥ be a closed orientable surface whose genus
is larger than one, w a symplectic form on ¥ and U an open subset of 3
which s homeomorphic to an annulus. Then U has the Calabi property with
respect to Py’s Calabi quasimorphism pp.

Let X be a closed orientable surface of a positive genus and w a symplectic
form on X. We set H = Ham(X, w) and G = Symp,(2,w). In order to prove
Theorems 3.3.4, we prepare the following elements of G = Symp, (%, w).

Since the genus of X is positive, we can take a non-separating simple
closed curve C' in ¥. Then, there are a positive number r and a symplectic
embedding ¢: (—1,1) x R/rZ — ¥ such that +({0} x R/rZ) = C. Here, the
symplectic form on (—1,1) x R/rZ is defined by dz A dy, where (x,y) is the
coordinate on (—1,1) x R/rZ.

Let € € (0,1) and let x: (—1,1) — [0,1] be a function satisfying the
following conditions.

o x(x) =0forany z € (—1,—-14+¢€)U(1—¢1),

e x(z)+x(1+2z)=1for any z € (—1,0).
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By the above conditions, we see that y(z) = 1 for any = € (—¢,¢€). Define a
function F': ¥ — R by

F(z) = {X(m) (if 2 = i(w,y) for some (z,y) € (~1,1) x R/rZ),

0 (if z ¢ Im(e)).

Since C' is non-separating, ¥ \ Im(¢) is path-connected. Thus, there exists
go € G = Symp,(3,w) such that go(c(z,y)) = t(x + 1,y) for any (z,y) €
(—1,0) x R/rZ.

Define a map fy: X — X by

2 (otherwise).

Ao = {(pp(z) (if 2 € «((—1,0) x R/rZ)),

Since fo(z) = z for any z € o((—1, —1+€)U(—€,€)) xR /rZ), fois well-defined
and fo € G = Symp,(X,w). Since x(z) + x(1 + ) =1 for any = € (—1,0),
by the definition of gy,

gof5 g5t (z) = {@F(Z) (if z € 1((0,1) x R/rZ)),

z (otherwise).

Thus, we obtain ¢z = fogofy ‘g5 Since supp(fo) C ¢((—1,0) x R/rZ) and
supp(gofy ' 95") € 1((0,1) x R/7Z), folgofs '90") = (g0f5 "9 ) fo-

Proof of Theorem 3.8.4. Since fo(gofy "90") = (90.f5 90 ") fo and pr = [fo, go] €
Ham(X, w), by Lemma 3.3.3, it is sufficient to prove that pp([fo, g0]) # 0.

By the definition of F, [, Fw > 0. By Proposition 3.3.7, Im(¢) has the
Calabi property with respect to pp. Since ¢r = fogofs *g5 and Supp(F) C
Im (),

pp([fos 90]) = pp(or) = /EFUJ > 0. 0

3.4 Comparison of commutator lengths
We compare the (G, H)-commutator length clg g with the ordinary commu-

tator lengths clg of G and cly of H. By definition, clg < clg g on [G, H],
and clg g < cly on [H, H].
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3.4.1 sclg g vs sclg
We consider a sufficient condition under which sclg i and sclg are bi-Lipschitz.

Proposition 3.4.1. Suppose that H = [G, H] and one of the following con-
ditions are satisfied:

e The group homomorphism G — G/H has a section homomorphism.
e H is a finite index subgroup of G.
Then for every x € |G, HJ,
sclg(z) < sclgu(x) < 2sclg(z).

Remark 3.4.2. We can remove the assumption H = [G, H] in Proposition
3.4.1 since the assumption H = [G, H] in Theorem 3.1.4 is removed in [38].

Example 3.4.3. Let GG be the braid group B, of n strands and H its com-
mutator subgroup [B,,, B,]. For any integer n > 4, H is a perfect group [32],
especially H = [G, H]. It is known that G/H = Z and the abelianization
map G — G/H is given by the index sum homomorphism G — Z defined
by o; — 1 fori=1,2,...,n — 1, where o; is the ¢th Artin generator. Since
there is a section homomorphism s: Z — G, the pair (G, H) satisfies the
assumptions of Proposition 3.4.1 if n > 4.

Example 3.4.4. Let (M,w) be an exact symplectic manifold. Let G be
the group Ham(M, w) of Hamiltonian diffeomorphisms and H the commuta-
tor subgroup of Ham(M,w). Let Cal: Ham(M,w) — R denote the Calabi
homomorphism.

It is known that G/H = R and the abelianization map G — G/H is given
by the Calabi homomorphism [1]. We can take a time-independent Hamil-
tonian function H: M — R such that Cal(H) = 1 (for instance, consider a
function supported on a Darboux ball). Then, the map s: R — Ham(M,w)
defined by s(t) = ¢y is a section homomorphism of Cal. Since it is known
that H is a perfect group [1], the pair (G, H) satisfies the assumptions of
Proposition 3.4.1.

Example 3.4.5. Let T? be a 2-dimensional torus and w a symplectic form
on T%. Let G be the identity component Symp,(7T? w) of the group of
symplectomorphisms of (T2, w) and H the group Ham(7? w) of Hamilto-
nian diffeomorphisms of (7%, w). Let Flux,: Symp,(7?%,w) — H(T?%R)/T,
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be the (descended) flux homomorphism. Then, Ker(Flux,) = H and H is
known to be perfect [1]. Thus, since there exists a section homomorphism of
Flux,: Symp, (7% w) — H(T%R)/T,,, G and H satisfy the assumption of
Proposition 3.4.1.

To prove Proposition 3.4.1, we prove a precise version of Proposition 3.3.2.

Proposition 3.4.6. Suppose that one of the following conditions are satis-

fied:

(1) the group homomorphism G — G/H has a section homomorphism,
(2) H is a finite index subgroup of G.

Then, for every homogeneous G-invariant quasimorphism ¢, there exists a
homogeneous quasimorphism 1 on H such that Y|y = ¢ and D(¢) < 2D(¢).

Proof of Proposition 3.3.2. Let m: G — G/H be the quotient map.

(1) Let 0: G/H — G be a section homomorphism. For g € G, we set
gg = o(r(g)) and hy = q;'g € H. We define the function ¢': G — R
by ¢'(9) = ¢(hy). Since o o7 is a homomorphism, qg,4, = ¢4, 9y, for
g1, 92 € G. Thus

¢/ (9192) — ¢'(91) — ¢'(g2)]
= |¢( g1gz) - ( g1) - ¢(h92)’
= |o(q,, a5, 9192) — D(a,, ' 91) — d(ay, 92)]
’¢(QQ1 91924y, - ¢(q;11g1) - ¢(92q;21)‘
D(¢).

Hence, ¢ is a quasimorphism with D(¢') < D(¢).

(2) We choose arepresentative  C G of the coset G/H, i.e., G =] ., qH.
Assume that e € ). For g € G, we can represent uniquely as a form
g = qghg, where g, € Q and hy, € H. We define the function ¢': G - R
by

qbg #Q;é gq

35



Since q,,4,,91920 = (45, 450919920) (2520929)
|¢/(9192) - ¢,(91) - ¢/(92)|

1
= P(hgig2q) — P(Pgig) — P(Pgaq)
70 % 924

== Z ¢(qgi,2qgngQ) - ¢(q;1291Q) - ¢(q;21quq}
q€Q

=20 > (G, 52g91520) (g 920)) — (g, 50091g20) — H (g 929)
q€Q

< D(9). =

Proof of Proposition 3.4.1. The inequality sclg(x) < sclg g(x) immediately
follows from the definitions of norms. Thus, we prove sclg g(x) < 2sclg(z)
below.

By Theorem 3.1.4, for any € > 0, there exists a G-invariant homogeneous
quasimorphism ¢ such that

SC1G7H(I) — € S

By Proposition 3.3.2, there exists an extension quS of ¢ which is homogeneous

~

and D(¢) < 2D(¢) . Therefore,

L 4() < (5(.7{) < 2sclg(x).

2D(¢) ~ D(¢)

Since € can be taken arbitrarily small, we have finished the proof. n

On the other hand, there exist an example of a pair (G, H) of groups such
that sclg g and sclg are not bi-Lipschitz.

Proposition 3.4.7. Let ¥ be an oriented closed surface whose genus is
greater than one and w a symplectic form on X. Set G = Sympy(X,w)
and H = Ham(3,w). Then sclg g and sclg are not bi-Lipschitz.
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Proof. Take fy, g0 € G as in Section 3.3. Let up denote Py’s Calabi quasi-
morphism. We observed that pp([fo, go]) > 0 in the proof of Theorem 3.3.4.
Hence, by Lemma 3.1.3, sclg z([fo, go]) > 0. On the other hand,

[fo, 90" = (folgoSo 90" )" = fi(90fo 90 )" = [ (90 f5 a5 ") = /5 9]

for any integer n. Thus,

cla([fo, 90]") = cla([fo's 90]) = 1

and hence sclg([fo, go]) = 0. O

3.4.2 sclg g vs scly

We give an example of a pair (G, H) of groups such that sclg g and scly are
not bi-Lipschitz even if the quotient group G/H finite.

Let B3 and P3 denote the braid group and the pure braid group on 3
strands, respectively. Set A = 010901 = 090109, where o and oy are the
Artin generators. Note that A? is the full twist. Set * = o}, y = 03, and
2z = A% Then P; has a presentation

Py =(z,y,z | vz = zz,yz = 2y) = Fy X Z.

Proposition 3.4.8. For G = B3 and H = P, there exists an element
a € [H, H] such that sclg g(a) =0 and scly(a) > 0.

Proof of Proposition 3.4.8. We set a = [z,y] = [0%,03] € [H, H|. Since
AaA™ = [02,0%] = a7, ¢(a) is equal to zero for every G-invariant homo-
geneous quasimorphism ¢ on [G, H]. Thus, by Theorem 3.1.4, sclg g (a) = 0.

On the other hand, we can prove that scly (o) > 0 as follows. Set ¢ = h,,0
pr,, where h,, is the homogenization of h,, for w = zyz~'y~" and pr,: P3 &
Fy x Z — F; is the first projection homomorphism. Since ¢,([z,y]") = n
and c,-1([z,y]") =0,

¢(@) = hy([z,y]) = 1.

Therefore, by Theorem 2.4.8,
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3.5 Appendix

In this subsection, we finish the proof of Proposition 3.2.1 and 3.2.3. For
x,y € I, let 2¥ denote the conjugation yzy~!.

Lemma 3.5.1. For any zy,...,x, € I' and integers ny, ... ,ng,my,...,my €
Z,

k
g (@i . ap )t ) < Z |mi — nilclg ()
=1

=

Proof. Since

(2t o)l

=x, "y ey e ey )
=z, "y e T e
=z, "y ey xR (a T
=x, "yl

S (T a

where y; = (2} .. )7
k k
n ng\—1,.m m mi;—n;
clou((zf ... ap®) ™ o) < 5 clgp(x™™™) < g |mi—n;|cleg g (z;).
i=1 =1
O
Lemma 3.5.2. For xy,...,x, € ' and integers ny,...,ng,my,...,my € Z,

(2t ) T @) T e

15 a product of k commutators.
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Proof. There exists elements yy, ...y, € (x1,..., ;) such that

(... mzk)_l(:pgnl .. .ka’“)_lx?ﬁml . a:Z’“erk
T e L .xZ’“er’“
L T e T e e R AL
=2, "y () M ™y MRy e
(e
=[yk, zp*] .- [yr, 27" O

Proof of Proposition 3.2.1. Fix an element zi'---z;* € Ag. Define a se-
quence (ap)nen by a, = clg (] Lsin] x,&s’m). By Fekete’s lemma, it is suf-
ficient to prove that there exist a constant C such that a1y, < apy +a, +C
for all m,n € N. By Lemma 3.5.1,

Amtn = clg H( Ls1(m+n)] o ]Esk(m-f—n)j)
< clg p(alEmitam | glamltlsnly

+ clg,u ((z; LS””MS”” T S METC ST Rl

k
< clg (it glmiteendy LS g ().
=1

Set M; = |s;m| and N; = |s;n]. Therefore, by Lemma 3.5.2,

Am4n — Ay — Qp

k
< CIG H( M+ C.e LL’iVIkJrNk) + Z ClG,H(mz‘)

i=1
—CIGH( Ml. S(Z}]C\/[k) —ClGH< Nl. I]kvk)
k
<clgnu ((:inl ) T @) T ()N .xé/[”N"')) + Z cle.m(x;)
i=1

k
<k+ Y can(x).

i=1
Lemma 3.5.3. For any x € Ar and A\, Ay € R,

[xP1+A2) o ga) 52|10 = 0

39



S1 .52

Proof. Assume that x is represented by x7'z3? ... xF € Ag. Set p; = [nA;s;],
¢ = [nXas;|, and r; = |nAys; + nAgs;|. By Lemma 3.5.1 and 3.5.2,

cog(xl . (@) T @2l

<clg gy .. k(@ gt
Felgu(al T )
K
<> deu(@) + k< +oo.
=1

Here, we used that |(p; + ¢;) — r;] < 1. Therefore,

||X(>\1+>\2) % xA1) 5 (A2) ||g

1
= nh—{go ﬁclng(:U? (T )T

= 0. O
Lemma 3.5.4. Forx € Ar and X € R,
XM e = (ALl

Proof. We set x = a7 ...aF. If A = § is a positive rational number, where
p, q are positive integers, then by considering subsequences,

||X(>\)||F — 7}13)10 ECIG,H(Z'PSWJ mxkxsknb

]‘ S1Nn SLM
= lim —CIG’H(Z'%p ! J...a:,Ep K J)

. D [s1in] [skn]
= lim —cl
et anG,H(xl )
= Allx][r.
We consider the case A\ = —1. By Lemma 3.5.3 we obtain ||x("Vx|| =
[x©] = 0 and it means that [x("Y] = [x]. Therefore ||x=V| = x| = |||

and we complete the proof for the case when A is a rational number.
Since Lemma 3.5.1 implies that the function A ~ ||[x1)|| is continuous, we
complete the proof. O

40



Proof of Proposition 3.2.2. Assume that [x;] = [xo] and [y;] = [y2] for xq,%a,y1,y2 €
Ar.

HX1 * Y1 % Xg *Y2HF
= [[x1 % y1 * Y2 x Xo||p
< lxa xy1 x Y2 * x|+ [Jxe x Xl

= [ly1 * yal[r + [[x1 xX2[lp = 0

Thus [x; x y1] = [x2 * yal.
Assume that elements xi,xy € Ar satisfy [x;] = [xo]. For any A € R, by
Lemma 3.5.4,

XY 5 xS e = [ (1 % %2) Ve = [A][[x1 % %ol [p = 0
Thus [x{V] = xV]. O

Proof of Proposition 3.2.3. By Lemma 3.5.3 and 3.5.4, for any A\, Ao, A € R
and x € A,

(A1 + A2)x = Aix + Aox, ||Ax]| = |A|]|x]]
For any x = [x] and y = [y] in A, where x,y € Ar,

X+y=[x*xy]|=Xxxxyxx] =[y*x] =y +x.

The other axioms of a normed space can be confirmed easily. O]
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Chapter 4

Norm controlled cohomology of
transformation groups

4.1 Norm controlled cohomology

4.1.1 Definition

We introduce the notion of norm controlled cohomology which is a generaliza-
tion of bounded cohomology. Note that a similar generalization of bounded
cohomology is studied for finitely generated groups and its word length, which
is called the polynomially bounded cohomology (see [45] for example).

Definition 4.1.1. For a cochain ¢ € C"(G) and a function p: G™ — [0, c0),
we say that ¢ is Lipschitz with respect to p if there exist constants C, D > 0
such that for every ¢q,...,9, € G

e(gr, - 9n)] < C - g1, 9n) + D.

Definition 4.1.2. A normed group (G,v) is a pair of a group G and a norm
v on G. For a normed group (G,v) and non-negative integers n and d, we

define C_’&)(G, v) as follows.

e Ifn > d, we define C’&)(G, v) as the set of Lipschitz cochains ¢ € C™(G)
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with respect to v, q), where v, ) : G™ — [0, 00) is defined by

Vin,d) (91, ce ,gn) = Icl{Tllinn} {Z V(gi)}

#]:%ld el

: e

= _omin{ulg) o ulgn) + oo+ 0(g) + o+ 090}

1<, < <ig<n

o If d > n, we define C’&)(G, v) = CMG).
Note that ¢ € C_’(%)(G, v) implies

1c(g1, -, )| S C - {v(g1) + - +v(ga)} + D

and ¢ € C’("n_l)(G, v) implies

(g1, -2 g0)| < C-min{v(g1), ..., v(g,)} + D.

Lemma 4.1.3. For any integer d > 0, (C{(G,v),0) is a subcomplez of
(C™(G),0).

Proof. Tt is sufficient to prove that E(O&YI(G, v)) C O&)(G7 v) for the case
n—1>d.
Let g1, ..., 9, be elements in G. It is easy to see that

V(nfl,d)(g% o) < V(n,d)(gl ey n)s
V(n—l,d)(.gl; R agn—l) S V(n,d) (gl) v 7977,)

Since v(g:igi+1) < v(gi) + v(gi+1),
Vin-1,d) (915 - - - 9iGit1s - -+ In) < Vina)(91s - - - Gir Git1s - - - Gn)

fori=1,2,...,n—-1.
Therefore, for ¢ € C’&;l(G, v),

|55(91779n>|
n—1
< |é(ga, .-y gn)| + Z 160915+ GiGiv1s - -5 gn) |+ 1E(g1s - -+, 1)
=1
§(n+1){CV(n,d) glaagn)+D} U
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Definition 4.1.4. For a normed group (G, v) and an integer d > 0, we define
the morm controlled cohomology H(’d)(G, v) of level d to be the cohomology

of the cochain complex (Cy (G, v),0).

Note that the complexes {C’&)(G , V) }n.a can be seen as a filtered complex,
Le., Clp(G,v) C Cyy (G v) ifd > d.

By the correspondence (2.2.2), we can define the homogeneous norm con-

trolled cochain complex C7j (G, v) as the set of cochain ¢ € C"(G) which
satisfies the following: there exist constants C, D > 0 such that

e(gr,-.9)] < C - min {Zv(g;ﬁgo} +D.
#I=n—d \ 1€l

We can also define the inhomogeneous (resp. homogeneous) alternating sub-
complex C (G, v) (resp. Cfy 1,(G,v)) and they also define the cohomol-

ogy Hy (G, v).

Example 4.1.5. Let Z" be the free abelian group of rank n. For a positive
integer [ < n, define a (pseudo) norm v; on Z" by

vi(my,...,my,...,my) = |mq| + -+ |my

formi,...,m, € Z. Now we compute H,, (Z"). Note that H,(G) = H, (G, v)
Ker(6: C_‘(ld) — C_’(Qd)) is the set of Lipschitz homomorphisms with respect to
v.

We define a homomorphism ¢;: Z" — R by ¢;(mq,...,my,...,m,) = m,.
Hom(Z",R) = R™ is generated by ¢1,...,¢,. It is easy to see that ¢; is
Lipschitz with respect to v for i < I and not for ¢ > I. Thus, H, (Z") is
generated by ¢, ..., ¢; and isomorphic to R'.

Norm controlled cohomology provides a framework for relative quasimor-
phisms (Figure 4.1). Let (G,v) be a normed group. A relative quasimor-
phism with respect to v is a real-valued function ¢ on G such that there exist
constants C, D > 0 with

[6(gh) — ¢(9) — &(h)| < C - min{v(g),v(h)} + D

for all g, h € G. Relative quasimorphisms appear in the context of symplectic
topology (see [20] for example). Let Q(G,v) denote the space of relative
quasimorphisms on (G, ). An exact sequence of complexes

0— CH(G,v) = C*(G) = C*(I')/C{(G,v) = 0
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coboundary

quasimorphisms bounded cohomology
generalize generalize
relative quasimorphisms norm controlled cohomology
coboundary

Figure 4.1: Relationship between norm controlled cohomology and other
notions

induces the exact sequence

0 — HY(G) = Q(G,v)/CHG) — HE\(G,v) — H*(G)
since H y(Gv) = H!(G) = 0. Hence, EH( ) (G) = Ker(H(Zl)(G, v) —
H(@)) is isomorphic to Q(G, v)/(CHG) + HY(G)).

Example 4.1.6. For the following cases, EHZ(G) is trivial but EH2 ) (G.v)
is non-trivial for a certain norm v.

e G is the identity component of the group of symplectomorphisms Symp§ (R?", wy)
of the standard symplectic space (R*", w,) with compact support [36].

e ( is the infinite braid group B, [40].

e ( is the Hamiltonian diffeomorphism group Ham(7*X, x R?") of T*%, X
R?", where %, is a closed surface of genus g > 1 [7].

4.1.2 Functoriality

We show that our cohomology is a functor for a certain category.

Definition 4.1.7. Let (G,vg) and (H, vg) be normed groups. A homomor-
phism ¢: G — H is said to be Lipschitz if there exist C, D > 0 such that for
all g € G,

vu(6(g)) < C-valg) + D.

Definition 4.1.8. We define the category NGrp of normed groups as fol-
lows.
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e The objects Ob(NGrp) are normed groups.

e The morphisms Mor(INGrp) are Lipschitz homomorphisms ¢: (G, vg) —
(H,vy) between normed groups (G, vg) and (H,vy).

The composition of morphisms is the composition of group homomor-
phisms, and hence the associativity holds. For every (G,v) € Ob(NGrp),
there exists the identity idg : (G,v) — (G, v) in Mor(NGrp). Hence NGrp
is a category.

Let H{y) denote the correspondence from a norm group (G, v) to Hpy (G, v).

Proposition 4.1.9. The correspondence H(”d s a contravariant functor from
the category of normed groups NGrp to the category of real vector spaces
Vectg.

Proof. Let ¢: (G,vg) — (H,vg) be a Lipschitz homomorphism. It induces

the linear map ¢*: Cy (H, vy) — é&)(G, vg) by

(g1, -5 9n) = c(P(91),- -, d(gn))

since Vim,a)(0(91),---,0(9n)) < C - Vama)(91,---,9n) + D, where C' and D
are the Lipschitz constants of ¢. B )
Let By (G) denote Im(6: C&YI(G, ve) — Cly (G, ve)) and Zgy (G) denote
Ker(d: C_’&)(G, vG) — C_’Zf;)'l(C{7 va))- Noteithat Hiy (G, ng = Z&)(G)ZB&)(G).
We have to show that ¢* (27 (H)) C Z{;(G) and ¢ (Bf, (H)) C Bfg (G).

(d) (d)
The former follows immediately. The latter is proved as follows. For ¢ €

B&)(H), there exists ¢ € C_’(’gl(H, vi) such that 6¢ = ¢ For gi,..., 9, € G,

(b*é(gl, Ce ;gn)
=0(g1), > 9(gn))
=0c(d(g1), -, 0(gn))

=awwgwu¢@mw+7&%mmxnwm%wwﬁmnw¢@m>
+<_1)n5/(¢<g1)7 R (b(gnfl))
= é/(¢(92>7 ce 7¢(gn)) + Z E/(gb(gl)v ce 7¢(gigi+1)7 ce 7¢(gn))

(g O(ga))

—

%
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Therefore, ¢ induces the linear map ¢*: H{y (H,vy) — Hpy (G, ve). O

If two norms on the same group are bi-Lipschitz, then they defines the
same norm controlled cohomology.

Corollary 4.1.10. Let G be a group with (pseudo) norms vy and vy. If
both idg: (G,v1) — (G,1a) and idg: (G,va) — (G,v1) are Lipschitz, then
ide: Hiy(G,v2) — Hiy (G, v1) is an isomorphism.

Proof. Let ¢ denote idg: (G,1v1) — (G,1n) and ¢ denote idg: (G,12) —
(G,11). Note that ¢ o ¢ is the identity morphism idg,,) for (G,v) €
Ob(NGrp). Thus, ¢* o ¢*: Hpy (G,11) — Hpy (G,11) is the identity. Sim-
ilarly, ¢* o ¢": Hpy (G 1a) — Hp (G, 1) is also the identity. Therefore,
idg = ¢": Hpy (G, v2) = Hiy (G, 1) is an isomorphism. O

4.2 Norm controlled cohomology of transfor-
mation groups

4.2.1 Brandenbursky—Marcinkowski’s construction

We briefly review the construction of Brandenbursky and Marcinkowski [9].
Let M be a complete Riemannian manifold with a finite volume and p the
measure on M associate to the Riemannian structure. Fix a base point
z € M. Let Homeog (M, 1) denotes the group of homeomorphisms of M with
compact support that are isotopic to the identity and preserve the measure
p. Recall that 7y, denotes the quotient group m (M, 2)/Z (w1 (M, z)), where
Z(G) denotes the center of a group G.

For a subgroup 7x, of Homeog (M, 1), they constructed amap I'y : Hp (mpr) —
Hp (Tur) as follows. Let C' denote the cut locus of z. For x € M and g € Ty,
such that z ¢ C and g(z) ¢ C, we define (g, z) € m (M, z) by the concate-
nation of the geodesic between z and z, the path defined by {¢"(z)}o<i<1,
where {g'}o<i<1 is an isotopy of g with ¢" = id and ¢' = g, and the geodesic
between g(z) and z. Then 7(g,z) is defined uniquely up to center for any
choice of isotopies. Thus it defines an element of 7.

Since the measure p(C) of the cut locus C'is zero and the map y(f,-): M —
7 has essentially finite image for f € Ty, we can define the map ® gy, : C"(7pr) —
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C"(Tu) by

Bt () (Go, -+ ) = /M (g0, 2), -+ 1(gu ) dp(2)

for c € C™(my) and go, ..., gn € Tar. The map I'™: H™(my) — H™(Tyy) is
defined as the induced map from ®gy,. If ¢ € CJ(7ys) is a bounded cochain,
then ®pp/(c) is also a bounded cochain since

[@5ar(€)(gos - -+ gn)| < le]| - vol(M) < 400

for any go,- - ,9n € my. Hence ®py induces the map I'}: Hy (mar)
H}(Tar). We also obtain the map of the exact part ET}: EH] (my)

_)
%

4.2.2 Infinite volume case

We consider the above construction for the case that M has infinite volume.
In this case, the map ® gy is well-defined on Cj, 414 (75s) since we consider com-
pactly supported homeomorphisms. On the other hand, the image ®pz/(c)
of a bounded cochain ¢ € Cj () might not be a bounded cochain. We
prove that, however, the image is a norm controlled cochain with respect to
a fragmentation norm (Proposition 4.2.5).

Let H,/(G) denote the norm controlled cohomology of level zero Hg, (G, v).
In this section, we prove the following theorem.

Theorem 4.2.1. Let Ty, be Homeog (M, i), Difty(M, vol) or Sympg(M,w).
Assume that there exists an open subset U of M with finite volume such that
vy is well-defined on Tyr. If either

(1) wp surjects onto Fy or
(2) mar is an acylindrically hyperbolic group,

then
dim EH), (Tar) > dim EH, (F3).

We give the definition of fragmentation norm.
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Definition 4.2.2. Let U be an open subset of M. Let Sy denote the set of
elements h € Ty, that satisfy the following condition: there exists an isotopy
{h'}o<i<1 of h such that supp(h’) C U for every t € [0,1]. We define the
fragmentation norm vy with respect to U on Ty by

E|f7, GTM,EVLZ' GSU,<i: 1,,]{7)
g=(frthafy) - (fy  hafe)

for g € Ty. If no such decomposition of g exists, we define vy (g) = +00. We
call that vy is well-defined on Ty if vy(g) < +oco for all g € Tyy.

vy(g) = min {k‘

Example 4.2.3. Let M be a manifold, U a non-empty open subset of M,
and ¢: U — M the inclusion.

e Let 7a be Homeog (M, i) and T its universal covering. In [27], Fathi
defined the homomorphism 0: %M — Hy(M;R) and 0 induces the mass
flow homomorphism 6: Tp; — Hy(M;R)/T, where I' = (m(Tar)).
Since Ker(f) has the fragmentation property [27], vy is well-defined on
Ker(0).

e Let Ty be Diff§(M, vol) and Flux: Ty — H?'(M;R)/T denotes the
volume flux homomorphism, where I' is the volume flux group. Since
Ker(Flux) has the fragmentation property (an unpublished result of
W. Thurston, see Banyaga’s book [2]), vy is well-defined on Ker(Flux).

e Let Ty be Symp§(M,w) and let Flux,,: Tay — H)(M;R)/T,, denote the
symplectic flux homomorphism, where I',, is the symplectic flux group.
Since Ker(Flux,,) has the fragmentation property [1], vy is well-defined
on Ker(Flux,).

Note that H? denotes the (de Rham) cohomology with compact support
and H? defines a covariant functor.

Example 4.2.4. Let M, U, and v: U — M be as above.

e Let Ty = Homeof (M, p). 1If in: Hi(U;R) — Hy(M;R) is surjective,
we can see that vy is well-defined on Ty, as follows. For g € Ty, there
exists h € Homeo§(U, u) such that 6(g) = 0(h). Thus g = (gh™)h
is written as a product of the conjugation of the elements of Sy since
h € Sy and gh™' € Ker(6).
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o Let Ty = Diff§(M, vol). Ifi*: H 1 (U;R) — H ' (M;R) is surjective,
we can see that vy is well-defined on 7, by the same argument.

e Let Ty = Symp§(M,w). If i*: HY(U;R) — H!(M;R) is surjective, we
can see that vy is well-defined on 73, by the same argument.

Now we prove that we obtain norm controlled cochains by Brandenbursky—
Marcinkowski’s construction.

Proposition 4.2.5. For c € Cp,\ (7ur), there exists C' > 0 such that

|Pprr(c)(go, - 9n)| < C - min {wvy(g; g]>}

0<i<j<n
for all go,...,gn € Ty In particular, ®pp(c) € C’Z}%l),ah(TM, vy).

Proof. We fix i and j (0 <4 < j <n). Assume that vy(g; 'g;) = m. Then
we can write g;lgj = (fi ' hafy) .. (f honfm), where hy, € Sy and fi, € Ty
for k =1,...,m. Take an isotopy {g¢!}; of ¢g; and isotopies {h%}, ..., {ht, }t
for hy, ..., hy, such that supp(hl) C U for every t € [0,1] and k = 1

We define g} = G(frthif) - (f 'Rt fm). Then {45} is an isotopy of gj-
Set

= |J supp ((9)'g) = | supp ((Fr'BEf1) - (f b)) -
0<t<1 0<t<1
Note that Uj; C fi(U)U---U fi(U). If 2 & Uy, gij(x) = gj(x) for ev-
ery t € [0,1]. Thus v(gi,z) = 7(gj,z) € my. Since ¢ is alternating,
c(v(g0, ), ..., 7(gn,x)) = 0. Therefore,

[ @1 (€)(g0s -+ s gn)| < VOU(Usy) - [lel| < m - vol(U) - [|ef|.

Since we can arbitrarily take i and j, the inequality holds for C' = vol(U) -
ell- O

Remark 4.2.6. For d < n — 1, the map ®pyr: CF i (mar) — C(nd),alt<TM7 vy) is
well-defined. However, if d = n—1, ®pj; does not induce the map HJ'(my) —
Hp, 1y (Tar, vu) because the image of Bfl, ) (mar) might not be in BE, ) (Tar).
On the other hand, if d < n — 1, ®py induces Hy (ma) — H (TM,VU)
Especially, if d = 0, then ®pys: Cf ) (mar) = Cy 1 (Tr) induces H (mar) —
H} (Tar) for any n > 2.
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We prove the following key lemma which corresponds to [9, Lemma 3.3].

Lemma 4.2.7. Let U C M be an open subset such that vy is well-defined
on Tyr. Assume that there exists an injection i: Fy — my. Let a and b
be generators of Fy. Let o and B be two loops in M representing i(a) and
i(b). Suppose that o and B are contained in U. Then there exists a family
of Lipschitz homomorphisms pe: (Fa,vo) — (T, vy) for e € (0,1) such that
there exists A > 0, for every c € EH], (myr),

tim |62 (BT, () — A ()] = 0.
Here, vy: Fy — [0,00) is the trivial norm defined by

{0 (w: 1F2)>

The maps ©* and p: represent the induced maps i*: EH(my) — EHP(F3)
and pf: EH) (my) — EH) (Fy) = EH(Fy).

vo(w) =

Proof. We can prove in the same way as [9, Lemma 3.3]. Let N(«) denote
a tubular neighborhood of a in U and take a diffeomorphism n,: N(a) —
St x B"1(1). Here B"'(r) denotes the (n—1)-ball in R with radius r. Let
A(a) denote n ' (ST x B"71(1—¢)). We define an element p.(a) € Tpy which
“rotates” every point in A, one lap in the direction of S* and fixes outside of
N(a) (see [9] for more details). Similarly, we define N(38) C U, B, and p.(b) €
Tar- Thus we obtain the representation p.: Fy — Ty. Since supp(p.(w)) is
contained in U for any w € Fy, the map p.: (Fy, v9) — (Tar, vy) is a Lipschitz
homomorphism. By the functoriality of the correspondence H ) (Proposition
4.1.9), the map p;: EH] (Ty) — EHj(my) is induced.
For wy, ..., w, € F;, we have

:0:<EPVU (C))(w07 s >wn> = /M C(V(pE(wO)v ZL’), s 77(p6(wn)7 I))dﬂ(x>

Let B.(a) and B(f) denote N () — Ac(a) and N(5)— A(B) respectively. We
calculate this integral by decomposing M into 5 parts; A, := A () N A(f),
A% := A(a) — N(B), A® := A.(B) — N(a), B. := B.(a) U B(3), and their
exterior M — (N(a) UN(p)).

The exterior part is 0 and it turns out that A? and AP part are also
0. The A, part is calculated to be p(A.)i*(c) and the B, is bounded by
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w(Be)llc||. Hence the claim follows from pu(A.) AmaalN u(N(a) N N(B)) > 0

and p(B,) =400, O

We give the proof of Theorem 4.2.1. The proof is inspired by [9].

Proof of Theorem 4.2.1. First, we prove for the case (1). Let p: myy — F3
be a surjection. Assume that dim(M) > 3. Then there exists an injection
i: Fy — mpy such that poi = idp,. If dim(M) = 2, we can find an injection
i: Fy — )y, and there exists a retraction p: my — F5, we use this p instead
of the given p. If necessary we retake U to be containing o and 8 in Lemma
4.2.7.

Note that EH], (Tar) O Im(ET,, op*) = Hy(Fy)/Ker(ET,, op*). For
d € Ker(ETL,,, op*), set ¢ = p*(d) € EHJ(mpr). Since i* o p* = id, i*(c) =
i* o p*(d) = d.

By Lemma 4.2.7, there exist A > 0 and a family of representation {p.}
such that

Tim [[02(BT. (¢)) — A" ()| = 0.

Since ET,, (c) = ET',, o p*(d) = 0, ||*(c)|| = ||d|| = 0. Hence Ker(ET,,, o
p*) C EN"(F;). Therefore,

dimg (Hg‘(Fg) / Ker(ET,, o i*)) > dimg (EH{](FQ) / EN”(F2)> — dimg EH, (F)

and we complete the proof for (1).

Next, we prove for case (2). If dim(M) = 2, we can use the argument in
the proof of (1). Thus we can assume that dim(M) > 3. Let j: Fox K — mpy
be a hyperbolic embedding. We define s: F, — Fy x K by r(z) = (x,id) for
x € Fyand i: Fy — 7y by i = jos. Since we assumed that dim(M) > 3,
¢ is injective. If necessary we retake U to be containing o and  in Lemma
4.2.7.
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The induced map j*: EH](my) — EHJ(Fy x K) is surjective [28]. Since
s*: EH]'(Fy x K) — EHJ'(F,) induces an isomorphism, i* = j* o s* is also
surjective.

ET,,
EHy (my) — EH (Tu)

7 .
Pe

EH} (F)

Note that FH] (Ty) O Im(ET,,) = Hy(my)/ Ker(ET,,). Let ¢ €
EHy (mar). If ET,,(c) = 0, then [[i*(c)|]| = 0 by Lemma 4.2.7. Thus
Ker(ET,,) C Ker(q o i*), where q: EH}(Fy) — EH,(F,) is the quotient
map. Therefore,

dimg (Hg‘(wM) / Ker(EFl,U)) > dimg (EH:(FQ) / Ker(q o i*)) .

Since g o ¢* is surjective, FH'(Fy)/ Ker(qoi*) = EH, (F,) and we complete
the proof. O

Corollary 4.2.8. Suppose M and U satisfy the assumption in Theorem
4.2.1. Then EH?d)(TM, vy ) is uncountably infinite-dimensional ford = 0,1, 2.

Proof. Since the dimension of mg(Fg) is uncountably infinite [54], by Theo-
rem 4.2.1, EH; (Ta) = EH}) (Tar, vir) is also uncountably infinite-dimensional.
For d = 1,2, There is the natural map EH?d)(TM,l/U) — EH(?’O)(TM,VU)
induced by the inclusion CF)(Tar,vv) — Ciyy(Tarsvy). Since Ppy(c) €
O(?)d)(TM,VU) for ¢ € C3(ma) by Proposition 4.2.5, this map surjects onto
Im(ET,,) C EH} (Ta). We can see that the dimension of Im(ET,,,) is un-
countably infinite in the proof of Theorem 4.2.1, thus EH (?’d) (Tar, vy) is also
uncountably infinite-dimensional. O]
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Chapter 5

Bounded cohomology of
area-preserving diffeomorphism
groups

5.1 Gambaudo—Ghys’ construction

In this section, we define a generalized Gambaudo—Ghys’ construction. See
9, 30, 35] for more information about Gambaudo—Ghys’ construction.

Let M be a manifold. Let X,,(M) denote the configuration space of m
points in M, i.e.,

Xo(M) ={(z1,..., ) € M™ | z; # x;if i # j}.

Note that X, (M) is a codimension 0 submanifold of M™. The fundamental
group of X,,(M) is called the pure braid group on m strands on M and
denoted by P,,(M). Let &,, denote the symmetric group of m symbols. We
consider the action of &,, on X,,,(M) by the permutation. The fundamental
group of X,,(M)/6,, is called the braid group on m strands on M and
denoted by B,,(M). There exists a short exact sequence

1— P,(M)— B,(M) =&, — 1.

If dimM > 3, it is known that the inclusion X,,(M) — M™ induces an
isomorphism P, (M) — m(M™) = (M) x -+ x (M) [5, Theorem 1.5].
Thus we are especially interested in the case of dim M = 2. Note that B,,(D)
is the ordinary Artin braid group B,, and P,,(ID) is the pure braid group P,,.
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Set G = Diff (D, D, area) and fix a base point zZ = (z1, ..., 2,) € X,(D).
For simplicity, we assume that D) is equipped with the standard area form
(i.e., geodesics are straight lines). For every g € G and almost every 7 =
(21,...,xm) € X,n(D), we define a pure braid v(g,z) € P, as follows. We
take an isotopy {¢'}o<i<1 of g such that ¢° = idp and g' = g. We define a
loop I({¢'},Z): [0,1] = X,,(D) in X,,(D) as follows.

{(1 — 3t)ZZ + 3t$i}i:1 ..... m (0 S t S 1/3)

[{g'}, D)) = { {g* (@) biztrom (1/3 <t <2/3)
{3=3t)g(x:i) + (3t —2)zi ic1..m (2/3<t <1

We define v(g,z) as the element of m(X,,(D), 2) represented by the loop
[({¢'},Z). The above definition of v(g,Z) does not depend on the choice of
an isotopy {¢'}o<i<1 since G is contractible. If there exist i and j (1 < i <
j < m) such that

(1 —3s)z; + 3sx; = (1 — 3s)z; + 3sz;
for some s € [0,1/3] or
(3= 39)g(a) + (35 — 2)2 = (3 — 39)g(z;) + (35 — 2)z,

for some s € [2/3,1], then (g, Z) is not defined. Although, for any ¢g € G,
such points z € X, (D) consist a measure zero subset in X,,,(D). Here, X,,(D)
is equipped with the volume form induced by D™.

For ¢ € CP(P,,), we define a map T'y(c): "™ — R by

~

Ty(c)(gos - - - s 9n) = /EX . c(v(90,7), - ,7(gn, T))dT (5.1.1)

for go, ..., gn € G. Since cis bounded and the map = +— ¢(v(go, Z), . . ., Y(gn, T))
is defined on a full measure subset in X,,(D), a map I'y(c) is well-defined.

Lemma 5.1.1. For every ¢ € C}(P,), fb(c) is a bounded homogeneous
cochain. Moreover, the map I'y: CJ'(P,,) — CJ'(G) is a cochain map.

Proof. Since R
To(c)(go: - - 5 gn)| < VOl(Xn (D)) - [|¢los
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for every go, ..., gn € G, Ty(c) is bounded. Since v(gh,z) = v(g, h - )v(h, T)
for g,h € G (where G acts on X,,(ID) by the diagonal action),

To(c)(gohs - - guh) = / c(1(goh ). - A (guh, ))d7
z€Xm (D)
- / (/g0 - 2V T, .. Ao - By (B, B))d
ze€Xm (D)

= / c(v(g0,h-Z), ..., ¥(gn, h - T))dz.
£€Xom (D)

Since the action by h preserves the volume form, ['(c)(goh, - - . , gnh) = L(¢)(go, - - - , gn)
and hence T'(c) is homogeneous. By definition, the map I' and the cobound-
ary map 0 are commutative. Thus I" is a cochain map. O

By Lemma 5.1.1, the map I'y: Cy(Py) — Cp(G) induces the homomor-
phism
Ty: HY(P,) — HG).

We also define a map I': C"(P,,) — C™(G) on the ordinary cochain com-
plex by the equation (5.1.1). In this case, the well-definedness of the map
['(c): g™ — R is not trivial since ¢ € C"(P,,) is not necessarily bounded.

Lemma 5.1.2. For ¢ € C"(P,,), the map T'(c): G"*!' — R is well-defined.

Proof. Fix g € G and an isotopy {¢'}o<i<1 of g. Let ga € Diff (D™) denote
the diffeomorphism on D™ induced by the diagonal action of g on D™. The
length L(I) of the loop | = I({¢'}, T) is represented as

L) = d(a.9) +dlg-7.2)+ [ @)l

where d is the metric on D™ and X! denotes the time-depended vector field
on D™ generated by the isotopy {g¢4 }o<i<1 of ga. The continuous map D™ x
[0,1] — R defined by (z,t) — ||(X")z|| has a maximum value M since D™ x
[0,1] is compact. Thus we obtain

L(l) < 2diam(D™) + M (5.1.2)

and hence L(l) has a uniform upper bound for a fixed isotopy {¢'} (i.e., the
function T — L(I({¢'}, 7)) is bounded).

56



Set X = X,,,(D) and R = diam(X) (= diam(D™)). Let X be the universal
cover of X. The group P, = m (X, z) acts on X by the deck transformation.
Since the covering map X = X is an immersion, X inherits a Riemannian
metric d. The metric space (X,d) is a (1,¢)-quasi-geodesic space for any
e > 0. Let Z € X be a base point and set

B={ieX)|d2) <R}

By definition, B has a finite diameter and X = Uwe p, V- B. Since the action

of P,, on X is discrete, the set {y € P, | v+ B' N B'} is finite, where B’ is
the 2e-neighborhood of B. Hence, by Lemma 2.1.2, the space (X, d) and the
group P,, with the word length (Wlth respect to a finite generating set S) are
quasi-isometric. Thus there exist constants K > 1 and C' > 0 such that

Iv(g,2)lls < K - L(I({g'}, 7)) + C, (5.1.3)

where || - ||s denotes the word length with respect to S. By (5.1.2) and
(5.1.3), the function z +— ||y(g,Z)||s is bounded. This means that there
are a finite number of possible patterns of elements that v(g, ) can take,
i.e., the map v(g,): X,,(D) — P,, has a finite image. Therefore, the
map c(...,7(gi,*),...): Xpn(D) = R is integrable and the map I'(c) is well-
defined. O

The map I': C"(P,,)) — C™(G) induce the map I': H*(P,,) — H"(G).

The maps ETy,: EH}(P,,) — EH}G) and ET,: EH,(P,,) — EH,(G) are
also induced.
Remark 5.1.3. Let H ), denote the identity component of the group of measure-
preserving homeomorphisms Homeog (M, i) on a complete Riemannian man-
ifold M with the measure p induced by the Riemannian metric. In [9],
Brandenbursky and Marcinkowski also considered maps I'y: Hj'(m M) —
H}'(Hp) and T': H™(m M) — H"(H) and proved that ﬁi("HM) is infinite-
dimensional if 71 (M) is complicated enough. In our setting, we cannot prove
the well-definedness of I': H"(P,,) — H"(Hp) as Lemma 5.1.2. However,
we can define the map T'y: HJ'(P,,) — H}'(Hp) and prove that Fi(%]]])) is
infinite-dimensional, in the same way as in Corollary 5.2.3.
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5.2 Generalized Ishida’s theorem

In this section, we prove the following theorem which is a generalization of
the result of Ishida [35].

Theorem 5.2.1. The composition map ﬁb_o i*: EH, (Bs) — @Z(g) is
injective. Equivalently, the restriction map ETy: EH, (Ps)?* — EH,(G) is
mjective.

Here EH, (G) denotes the reduced exact bounded cohomology of G' and
EH, (Ps)P* denotes the subspace of EH, (Ps) which is invariant under the
conjugation of Bs. To prove this theorem, we use the following key lemma.

Lemma 5.2.2. There exist a constant A > 0 and a family of homomorphisms
{pe: P3 = G}locec1 such that
lpe (ETy 0 i*(w)) — A - " (u)|| = 0

lim
e—40
for any w e EH,(Bs).

Before we prove Lemma 5.2.2, we give the proof of Theorem 5.2.1 from
Lemma 5.2.2.

Proof of Theorem 5.2.1. By Lemma 2.2.1, the inclusion i: P; — Bj induces
an isomorphism i*: EH, (Bs) — EH, (Ps)%. In particular, i*: EH, (Bs) —
EH, (Ps) is injective.

Let u € EH,(Bs) be a non-trivial class. It means that ||u|| > 0 and
li*(w)|| > 0 since i* is injective. By Lemma 5.2.2, |ET} o i*(u)| > 0 and
it means that ET, o i* is injective. This argument also implies that the
restriction map I'y: EH, (P3)P — EH, (G) is also injective. O

As a corollary of Theorem 5.2.1, we obtain the following result.
Corollary 5.2.3. The dimension of W?(g) 18 uncountably infinite.

Proof. By Theorem 2.2.3, the dimension of mi(Bg, /Z(Bs)) is uncountably
infinite since B3/Z(B3) = PSL(2,7) is non-elementary hyperbolic. The quo-
tient map Bs — Bs/Z(Bs) induces isomorphism H}'(Bs) — H}(Bs/Z(Bs))
by Theorem 2.2.2. Since H3(B3) = 0 and H3(PSL(2,Z)) = 0, EH}(Bs)
and FH}(Bs/Z(Bs)) are also isomorphic. Therefore, by Theorem 5.2.1,
mi(Diff (D, area)) is also uncountably infinite-dimensional. O
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€ €
V12 V23

Figure 5.1: Open subsets in D
Now we prove the key lemma. The strategy of the proof comes from [9]
and the method is inspired by [35].

Proof of Lemma 5.2.2. Recall that z = (21, 2, 23) denotes the base point of
X;3(D). For simplicity, we assume that area(D) = 1. For each €, we take open
subsets Uf (i = 1,2,3) in D such that

] ZZ'GUf,
o UiNU; =0ifi+#j,and
e area(U¢) =1 — ¢, where U = Uy U Us U US.

Moreover, we take open subsets W7, and V)5 of D which are diffeomorphic
to a disk such that

e Uy UUs C Wi, C V5 and
o VoNUs=0.

We also take W3, and Vi similarly (see Figure 5.1). Finally, we take open
disks Wi,3 and V|55 to be VIS, U Vg C Wihs C Vs,

We define p.: P; — G as follows. Set a1 = 012, ay = 0% and a3 = A2
Then P; has a presentation

Ps = (a1, a9, a3 | a1as = azaq, azas = azas) = FyH X 7.
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For open disks V' and W such that W C V, let gyw € G denote a dif-
feomorphism which rotates W once such that supp(gvw) C V. We define
pe: P3 = G by pelar) = gvi,wy,, pe(az) = gvg,ws, and pe(as) = gv, we,,-
Note that pc(as)|we,, = idwe,,. Since supp(pc(a1)) C ViS5 C Wiy, pe(a1) and
pe(as) are commutative. Similarly, p.(az) and p.(a3) are also commutative.
Thus p. is well-defined.

For v = [¢| € EH, (Bs), p(ET, 0 i*(u)) € EH, (Ps) is the cohomology
class of a cochain defined by

(a07 SRR an) = 2€X3(D) 0(7(p6<a0>7 f)v cee 77(p6(an)7 j))d‘f

for ag, ..., q, € Ps.

We calculate v(pe(«), ) € P3 for « € Py and & = (21,22, 23) € X3(D).
To describe it, we prepare several notions. We call that z € X3(D) is an
e-good point if all of x1, x5 and x5 are in U¢. Otherwise, we call that z is
an e-bad point. We say that an e-good point Z is of type (p,q,r) if Ui has
p points, Us has ¢ points and U5 has r points out of =1, xo and z3. For
example, if z1,z9 € Uf and z3 € US, then 7 is of type (2,0, 1).

We define homomorphisms s;: P3 — Z (i = 1,2,3) by s;(a;) = d;; for
1 <i4,j < 3, where ¢;; is the Kronecker delta. For each type (p,q,r), we
define a homomorphism ¢y, : P3 — P35 by

\

a type (1,1,1),
(A2)s1(@)+s3(e) type (3,0,0) or (2,1,0),
(A2)s2(a)+s3(a) type (0,0,3) or (0,1, 2),
bl = (S vpe (03,0), (.2.)
(0.2>$1(06)(A2)83(a) type (2, 0, 1),
(02)52(04)(A2)83(04) type (1,0,2),
(02)sl(a)(A2)82(a)+83(0‘) type (0,2,1),
\(02>sz(a)(A2)51(a)+53(0‘) type (1,2,0),

where o denotes o; or oy and A? denotes the full twist.
Our main observation is the following. For any e-good point z € X, (D)
of type (p, q,r), there exists a braid 3(Z) € Bs such that

V(pe(er, 7)) = B(Z)Ppgr (@) B(T)
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Figure 5.2: A braid y(p.(a1az),Z) when Z is of type (0,2,1)

for every av € P3. We can see this as follows. Let Z be of type (p,q,r). If
p+q <1 v(p(ar), ) is trivial. If p+ ¢ = 2, v(pc(a1),T) is a conjugate of
o2 If p+q =3, v(p(a1),T) is a conjugate of A%2. We can apply the same
argument for v(p.(az), ) by changing p+q to g+r. For any type, v(pc(as), %)
is a conjugate of A%, By noting that A? commutes with any braid, we obtain
(5.3.1). See also Figure 5.2.

Let X, . denote the set of e-good points in X3(ID) of type (p,q,7) and Y
denote the set of e-bad points. We define cochains ¢, ., ¢5- € Cy*(F3) by

o(0sco) = [ elrlpfon). ). (o). D)

pqr

(g, ..., an) = /eye c(Y(pe(ap), ), ...,y (pe(an), T))dT
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for ag, ..., a, € P;. Note that

PL(ETy 0" (u)) = Y [che] +[cy] € EHy(Py).

p,q,r

For ¢ € C™(B3) and € Bs, let §-c € C"(Bs) denote the cochain defined
by
(B0, -5 9m) = (BB~ BB T)-

for v,...,vn € Bs. For any type (p,q,7),

C;qr(a()? Oy = /X€ c(ﬂ(f)qbpw(ao)ﬁ(f)_l, e »B(*’f)gbpqr(o‘n)ﬁ(j)_l)dj

pqr

= Z vol ({f € X3(D) | ﬁ(j) - 5}) (ﬁ : C)(¢pqr<a0)> trt ¢pqr(an))

BEB3
for ay, ..., a, € P3. Since [§ - ¢|] = [¢] = u for any § € Bs,

[c,,] = Vol(X5,) - ¢ (i* (). (5.2.2)

pgr pgr p

If (p,q,7) = (1,1,1), since ¢11; = id and by (5.2.2),
[c11] = vol(X7yy) - " (u) = 3! - area(Uy) area(Us) area(Us) - i*(u).

If (p,q,r) # (1,1,1), by (5.3.1), the homomorphism ¢, factors through
the abelian subgroup (0, A?) 22 72 of Ps. Since Z? is amenable, EH, (Z?) =
0. Thus ¢, = 0 and hence [c;,,.| = 0 by (5.2.2).

pgr

By the definition of ¢,
|5 (s - -+ )| < vol(Y)]e||oo-
Since vol(Y¢) = vol(X3(D))—vol(UxUxU*®) = 1—(1—¢€)?, lim. 10 ||[c$]|| =
! Therefore, by setting A = lim,_, o 3! - area(Us) area(Us) area(U$),

lim |92 (BT, 0 d°(w) = A-i*(w)]| = 0. O
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5.3 The case of other surfaces

In this section, we apply the argument in the previous section to the other
surface cases.

Let X be a compact surface with an area form. For simplicity, we assume
that area(X) = 1. We set Gy, = Diffy(X, 0%, area) and fix a base point
zZ € X,,(X). For an isotopy {¢'}o<i<1 of g € Gz and T € X,,,(2), we can define
the loop 1({¢'},Z): [0,1] = X,,(X) as in the case of the disk but we should
use geodesics in X instead of straight lines in ID. Since the measure of the cut
locus of z is zero, the loop I({g'}, Z) is defined for almost every z € X,,(2).
Let v({¢'},Z) denote an element of m(X,,(X),z) & P, (X) represented by
the loop 1({¢'}, Z). In general, v({g'}, Z) depends on the choice of an isotopy
{¢'}. However, v({¢'},Z) is determined up to center since the image of
the map ef: m(Gs,ids) — m (X (2),2) induced by the evaluation map
e;: G — X,(X),9g — g -z is contained in the center Z(P,,(X)). Thus it
defines an element of P,,(3)? and we write this element as v(g, ). Recall that
G# denotes the central quotient G/Z(G). In this way, we can define maps
TZ: CM(Pp(%)?) = C(Gs) and TZ: C™(P,,(£)%) — C"(Gx) as in the case
of the disk since the arguments in Lemma 5.1.1 and 5.1.2 also go well for ¥
instead of . Hence they induce the map ﬁbZ: EH,(P,(X)?) — EH, (Gs).

In this setting, we can prove the following injectivity theorem.

Theorem 5.3.1. Let ¥ be a compact oriented surface such that x(X) > 0.
The maps ﬁbz o (i?)*: EH, (Bn(X)?) — EH,(Gs) is injective for m =
2+ x(X).

For the sphere case, Ishida [35] proved a similar result of Theorem 5.3.1
for n = 2 not only for four strands but also for m strands (m > 4). For the
torus case, Brandenbursky, Kedra, and Shelukhin [8] proved Theorem 5.3.1
for n = 2. As in the case of the disk, we obtain the following.

Corollary 5.3.2. Let ¥ be a compact oriented surface such that x(¥X) > 0.
The dimension ofﬁi(gg) is uncountably infinite.

By combining Corollary 5.3.2 and the result of Brandenbursky—Marcinkowski
[9] (Theorem 1.1.3), we obtain the following.

Theorem 5.3.3. For any compact oriented surface X, the dimension of
EHZ’(gz) is uncountably infinite.
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Proof. If x(¥) > 0, by Corollary 5.3.2, W?(QE) is infinite-dimensional.
If x(¥) < 0, m(X) is a non-elementary hyperbolic group. Therefore, by

Theorem 1.1.3, W?(gg) is infinite-dimensional. O

5.3.1 For a disk

We prove the central quotient version of Lemma 5.2.2. We remark that
PZ = (ay,as) = Fy. We define s;: P — Z (i = 1,2) by s;(a;) = d;5.

Lemma 5.3.4. There exist a constant A > 0 and a family of homomorphisms
{pe: P — Gplocec1 such that

Tim [{ (BT o ()" () = A+ (%) ()] = 0

for any w € FH,(BZ).

Proof. We define open subsets U, VF and W¢ as in Lemma 5.2.2. We define
Pe PBZ — Gp by pE(a1> = Vi, Wi and pe(a2> = GVa3,Was- We define s;: P3Z -
Z (i =1,2) by s1(01?) = 1, s1(02%) =0, s2(01?) =0, and so(0,%) = 1.

For any type (p,q,r), we define ¢,,,: P¥ — PZ by

« type (1,1,1),
(02)1®  type (2,0, 1) or type (0,2, 1),
(62)%2@)  type (1,0,2) or type (1,2,0),

e otherwise

Ppgr(a) = (5.3.1)

for a € P{, where o denotes o or oy. The rest part of the proof the is the
same with the proof of Lemma 5.2.2. O

5.3.2 For a sphere

Let S denote the 2-sphere. We summarize some facts on the braid group on
S we use later. See [5, 22, 30, 44] for more details.

The inclusion D — S induces the projection B,, — B,,(S) and let §;
denote the image of o; by this projection. It is known that the kernel of
this projection is normally generated by o109+ - - 0202, 10 o+ 0201. The
natural map X, 1(D) — X,,(S) induces the map P,,_1 — P, (S) and it is
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known to be surjective. The center Z(P,,(S)) of P,(S) is generated by the
full twist €2 = (6102 - - 6,,_1)™ and &2 has order two.

We consider in particular the case m = 4. Then Py(S) = Fy x Z/2Z. In
particular, Py(S)Z is isomorphic to a free group of rank 2 and generated by
6,2 and &5°. Note that full twists of three strands are also in the center, i.c.,

(0102)° = (0205)° = &2 € Z(P4(S)).

Lemma 5.3.5. There exist a constant A > 0 and a family of homomorphisms
{pe: Py(S)? — Gs}ocee1 such that

lim [|p:(ET, o (i%)*(u)) — A - (i%)*(u)]| = 0

.

for any u € EH, (B4(S)?).

Proof. For each €, we take open subsets Uf (i = 1,2,3,4) in S so that
o 2z, € U,
e UfNUs =0 ifi#j, and
e arca(U¢) =1 — ¢, where U = Uy UUS U US U UJ.

Moreover, we take open subsets W7, and V{5 of S which are diffeomorphic to
a disk so that

o UUU; C Wi, C Vi,
o V5NUS =10, and
o ViENUL=0.

We also take W and Vi3 similarly (see Figure 5.3). We define p.: P4(S)? —
G as in the case of the disk for generators 8,2 and 652 of P4(S)Z . We define
s1,52: Py(S)? = Z by s1(61%) =1, 51(62°) = 0, 52(6:°) = 0 and s5(5%) = 1.

We calculate y(p.(a),z) € Py(S)? for a € Py(S)? and 7 € X,(S). We
call that = (21, xe, x3,24) € X4(S) is an e-good point if all of x1, xo, x3 and
x4 are in U¢. We say that an e-good point T is of type (p,q,r,s) if Uf has p
points, Us has ¢ points, Us has r points and UJ has s points out of z;, xs,
3, and x4.
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Figure 5.3: Open subsets in S

Let X¢ ., denotes the set of e-good points Z is of type (p,q,r,s). We

pgrs
define a cochain ¢ ., € Cp'(P4(S)?) by

s+ 0) = [ clr(pul00). ), 2 (plan).2))da

pqrs

for ag, ..., € P4(S)?. In order for [¢,,,] to be non-zero, by an argument

similar to the proof of Lemma 5.2.2, both W7, and Wy, must contain ex-
actly two points since the full twist of three or four strands is in the center
Z(Py(S)). Thus, if (p,q,r,s) is not (1,1,1,1), (0,2,0,2) or (2,0,2,0), then
I:C;qTS:I = 0'

Let & € X4(S) be an e-good point of type (1, 1,1, 1), (0,2,0,2) or (2,0, 2,0).
For 71,79 € Py(S)? and 8 € B4(S)?, we write v, ~p 2 if 71 = By287". For
a € P4<S)Z7

o type (1,1,1,1),
fy<pe(a)7;f) ~3 (612)51(a)+82(a) type (072,0’ 2),
(61%)()(85%)*@) type (2,0,2,0),

where 8 = 3(Z) € B4(S)? is a braid which depends only on Z. Hence, we
can prove [Coy0) = [C5090] = 0 and

[f111) = vol(Xiiqq) - (ZZ)*(U)
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by an argument similar to the proof of Lemma 5.2.2. Therefore,

lim [|p:(ET, o (i%)*(u)) — A - (i%)*(u)| = 0

e—40

by setting

A= lir£04! -area(Uy) area(Us ) area(Us) area(Uy). O
e—

5.3.3 For a torus

Let T denote the 2-torus. We only mention the case of two strands. See
8, 44] for more details. Recall that Z = (21, 22) denotes the base point of
X5(T). We define a braid a; so that it moves z; to the meridian direction
and rotates once and does not move z,. We define a braid b; so that it moves
z1 to the longitude direction and rotates once and does not move z,. We

define ay and by similarly by exchanging the role of z; and 2. It is known
that Py(T) = F, x Z% and Py(T)? = F,. Namely, the set {a;, b} generates
Po(T)? and {ajas,bibs} generates Z(Po(T)).

Lemma 5.3.6. There exist a constant A > 0 and a family of homomorphisms
{pe: Po(T)? — Grlocee1 such that

lim [|p:(ET, o (i%)*(u)) — A - (i%)"(u)]| = 0

e—+0

for any u € EH, (By(T)?).

Proof. For each €, we take open subsets Uf (i = 1,2) in T so that
o z; € Uf,
e UsNUSs =0, and
e arca(U¢) =1 — ¢, where U¢ = Uf U Us.

Moreover, we take open subsets W¢ and V) of T which are diffeomorphic to
an annulus so that

e U CW;CV),
e UsNVE=1(, and
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u;
21
Uy
Figure 5.4: Figure 5.5: Open subsets in T

o V¢ and V7 contain a meridian.

We also take W and V)¢ similarly but to contain a longitude (see Figure 5.6
and 5.5).

We define p.: Po(T)? — Gr as follows. We take an isotopy {g!} which
rotates W once and whose support is contained in V. For the generator
ay € Py(T)?, we define p.(a;) = g. We also define p(b;) similarly.

We call that z = (z1,22) € X3(T) is an e-good point if both x; and x4
are in U¢. We say that an e-good point = is of type (p,q) if Uf has p points
and Uj has ¢ points out of z; and z5.

Let € X5(T) be an e-good point of type (p, q). We take an isotopy {g’}
defined above. For 71,79 € Po(T)? and 3 € By(T)?, we write v, ~p5 72 if
1 = B2~ . Then v({gL},z) € Po(T) is calculated as follows.

e (p=0),
Y({ge}, @) ~p a1 (p=1),
a1G2 (p = 2),

where § = ((Z) € By(T) is a braid which depends only on z. Thus we can
see that v(p.(a1),7) € P2(T)? to be

Y(pe(ar), ) ~g {al b=1)

e  (otherwise).
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Similarly, we can see that

by (q = 1)7
e  (otherwise).

’7(p6(b1)7 j) ~6 {

Hence, for o € Py(T)?, y(pe(a), T) ~5 aif Z is of type (1,1). By an argument
similar to the proof of Lemma 5.2.2, we can prove that

lim |p2(BT; o (i%)*(w)) = A+ (i%)*(w)]| = 0

e——+0

by setting A = lim,_, 12! - area(U{) area(Us). O

5.3.4 For an annulus

Let A denote the annulus S* x [0, 1]. The braid group B,,(A) on A is isomor-
phic to the inverse image 7~%(&,,) of the subgroup &,, C &,,41 of &,,41 by
the projection 7m: Bpy1 — Spp1 [39] since the “pillar” in A x [0, 1] can be
seen as a “fixed” strand (Figure 5.3.4). Namely, the pure braid group P,,(A)
on A is isomorphic to the ordinary pure braid group P,,,; thus we identity
them.

Lemma 5.3.7. There exist a constant A > 0 and a family of homomorphisms
{pe: Py(A)? — GaYoceer such that

lim [|p}(ET, o (i%)*(u)) — A - (i%)*(u)| = 0

e—+0

for any v € EH, (By(A)?).

Proof. For each ¢, we take open subsets Uf (i = 1,2) in A so that
o 2 € Uj,
e UrNUS =0 and
e arca(U¢) =1 — ¢, where U = U U Us.

Moreover, we take open subsets Wy and V| of A which are diffeomorphic to
an annulus so that

o U C W CVy,
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Vi Vs

Figure 5.6: The 2-braid ;2 on A Figure 5.7: Open subsets in A

o UsNVf =0 and
e the inclusion map W{ — A induces an isomorphism 7 (W5) — 71 (A).

We also take Wy and Vy similarly (Figure 5.7).

We define p.: Py(A)? — G, as follows. Recall that Py(A)? = PZ is
freely generated by 0,2 and 0,2, We take an isotopy {g¢} which rotates Wf
once and whose support is contained in V. For 01?2 € Po(A)?, we define
pc(01?) = gi. We also define p,(02?) similarly.

We call that Z = (z1,22) € X3(A) is an e-good point if both x; and 9
are in U¢. We say that an e-good point z is of type (p,q) if Uf has p points
and Us has ¢ points out of z; and z5.

Let = € X3(A) be an e-good point pf type (p,q). If (p,q) # (1,1), we can
see that v(p. (), Z) = e for any o € P,(A)?. By an argument similar to the
proof of Lemma 5.2.2, we can prove that

: * Tl VAL o IS —
tim [l (BT o (1) (u) ~ A- ()" ()| = 0
by setting A = lim,_, ¢ 2! - area(Uy) area(Us). O

5.3.5 Proof of the injectivity theorem
We complete the proof of Theorem 5.3.1 and Lemma 5.3.2.
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Proof of Theorem 5.3.1. By Lemmas 5.3.4, 5.3.5, 5.3.6, and 5.3.7, we can
prove Theorem 5.3.1 by the same argument in the proof of Theorem 5.2.1. [

Proof of Corollary 5.3.2. As we saw in the proof of Corollary 5.2.3, ﬁi’(BgZ)
is uncountably infinite-dimensional. Since B2(A) is a finite index subgroup
of By and Z(By(A)) = Z(Bs), EH,(By(A)?) is also uncountably infinite-
dimensional.

It is known that B,(S)? is isomorphic to the mapping class group MCG(%g 4)
of the four-punctured sphere ¥4 (see [5]). It is also known that MCG (X 4)
surjects onto PSL(2,Z) and its kernel is Z/27Z x 7Z/2Z (see [23]). Thus
MCG(X0,4) is quasi-isometric to PSL(2,Z). Since PSL(2,Z) is non-elementary
hyperbolic, MCG(%y4) is also. Hence, by Theorem 2.2.3, m2(34(8)2) =
W?(M CG(%3p4)) is also uncountably infinite-dimensional.

Set G = By(T)?. Then G has a presentation

G={abc|lad*=0=c"=1)

[44, Exercise 6.3]. Since the Cayley graph of G is quasi-isometric to a trivalent

tree, G is a non-elementary hyperbolic group. Hence FH i(G) is uncountably
infinite-dimensional. Therefore, we can prove as with Corollary 5.2.3. O]
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