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Abstract

In this dissertation we consider initial value problems (initial boundary value problems) for
reaction-diffusion systems with rapidly growing nonlinear terms. The dissertation consists of
three chapters. In each chapter the aim is to obtain integrability conditions of initial data which
determine the existence/nonexistence of a local in time solution.

In Chapters 1 and 2 we study the reaction-diffusion system

Ou = Au+ f(u,v) in Qx (0,7),
1) O = Av + g(u,v) in Q x (0,7),
u(z,t) =v(x,t) =0 on 00 x (0,T),

u(z,0) = up(z),v(z,0) = vo(z) in Q,

where Q is the entire RY or a bounded domain in RY with C? boundary, N > 1, T' > 0 and
the initial functions ug and vg are nonnegative. If the boundary does not exist, the boundary
condition is not imposed in (1).

It is well known that the nonlinear reaction-diffusion equation

Ou = Au+ f(u) in Qx (0,7),
(2) u(z,t) =0 on 02 x (0,7),
u(z,0) =up(xr) inQ

possesses a local in time solution if uy € L*(€2). On the other hand, if ug ¢ L*>°(Q), it is
known that the existence of a solution depends on the balance between the growth rate of the
nonlinearity f and the singularity of the initial function ug. When the nonlinear terms are
polynomials such as uP, the existence and nonexistence of a local in time solution were studied
in both scalar problems and systems ([Weissler, Indiana Univ. Math. J. 1980] and [Quittner
and Souplet, Proc. Roy. Soc. Edinburgh. 2001]). In [Fujishima and Ioku, J. Math. Pures
Appl. 2018] the authors have studied (2) when Q = RY, ug > 0 and f grows rapidly such as
fu) =e", ev’ . However, when the nonlinear terms are exponential, solutions of systems have
not been well studied. In the two chapters we mainly consider (1) in the case where f and g
have an exponential or superexponential growth.

In Chapter 1 we study (1) when it becomes a weakly coupled system. Here, a weakly coupled
nonlinearity means that f(u,v) and g(u,v) depend on only v and u, respectively. In this chapter
the nonlinear terms f(u, v) and g(u,v) are considered as g(v) and f(u), respectively. Let Q = RV
and we assume that f,g € C''([0,00)) satisfy some conditions including

lim f'(s)F(s) =1and lim ¢'(s)G(s) =1
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where

Fis) = [ -7 and G(s) = /OO do

s [flo) s glo)

A typical example satisfying all the conditions is (f(u), g(v)) = (%, e""), p> 1 and ¢ > 1. It is
known that the above limits are the Holder conjugate of the growth rate of f and g ([Miyamoto,
J. Differential Equations, 2018]). We mainly consider the case where f(u) and g(v) have an
exponential or superexponential growth, and deduce existence and nonexistence results.

In Chapter 2 we study (1) with f(u,v) = eP1“TP2¥ and g(u,v) = etV where p; > 0 and
¢ > 0,4 =1,2, with (p,p2) # (0,0) and (g1,¢2) # (0,0). The domain Q is RY or a bounded
domain in R with C? boundary, N > 1. In this chapter we obtain integrability conditions of
(up, vo) which explicitly determine the existence/nonexistence of a local in time solution in all the
cases (p1,p2,q1,q2). For the existence result, we can take a wider class of initial functions than
previously suggested (when a local in time solution is considered in the sense of the definition in
this chapter). We also concretely gave an example of initial data which satisfy our integrability
conditions but do not belong to the suggested class. Moreover, applying the obtained results,
we proved existence and nonexistence results of (1) when f(u,v) and g(u,v) are both %"+,

In Chapter 3 we study the fractional in time weakly coupled reaction-diffusion system

0" u = Au+ fi(z,t,v) in Q x (0,7),
0;%v = Av + fo(z,t,u) in Q x (0,7),
u(z,t) =v(x,t) =0 on 002 x (0,T),

u(z,0) = up(z),v(x,0) = vo(z) in Q,

where 0 < a1 < as <1 and T > 0. The fractional derivative is meant in a generalized Caputo
sense. The domain € is a bounded domain in RN, N > 1, with C? boundary. We mainly
consider the case where the nonlinear terms f; and fo polynomially grow with respect to v and
u, respectively, and may have singularities with respect to x and ¢t. In this chapter we obtain
existence and nonexistence results by using methods including [Gal and Warma, HAL, 2017],
which studies a scalar case. The integrability is determined by several parameters, which describe
the balance between factors including the growth rate of f; and fo with respect to u or v and the
singularity of ug and vg. In particular, when 0 < a; = as < 1, we can explicitly determine the
existence /nonexistence of a local in time solution for all the possible combinations of constants,
which appear in our assumption. Moreover, when 0 < a1 = as < 1, fi(=z,t,v) = |[v|P*"lv and
fa(z,t,u) = |u[P?~Lu, our results correspond to the results of [Quittner and Souplet, Proc. Roy.
Soc. Edinburgh. 2001], the case where the system has integer in time derivatives, ay = ay = 1.

We mention that Chapter 1, Chapter 2 and Chapter 3 correspond to [1], [2] and [3] below,
respectively.
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Chapter 1

Weakly coupled reaction-diffusion
systems with rapidly growing
nonlinearities and singular initial
data

We study existence and nonexistence of a local in time solution for the weakly coupled reaction-
diffusion system

Ou = Au + g(v) in RY x (0,7),

0w = Av + f(u) in RY x (0,7),

(u(z,0),v(x,0)) = (ug(x),vo(x)) in RN,
where f(u) and g(v) grow rapidly, ug and vy are possibly unbounded nonnegative initial functions
in RY (N > 1) and T is a positive constant. A typical example is (f(u), g(v)) = (e*",e*"), p > 1
and ¢ > 1. We show that if (ug,vp) satisfies a certain integrability condition, then the local in

time solution exists. Moreover, we show that there exists (ug, vg) not satisfying the integrability
condition such that the solution does not exist.

Keywords: Existence and nonexistence; Local in time solutions; Weakly coupled parabolic
system; Superexponential nonlinearity.

1.1 Introduction

We study existence and nonexistence of a local in time solution for the reaction-diffusion system

Ou = Au + g(v) in RY x (0,7),
(1.1.1) O = Av + f(u) in RY x (0,7),
(ulz,0),v(,0)) = (uo(z),v0(z)) in RV,

where uy and vy are possibly unbounded nonnegative initial functions in RY (N > 1), f,g €
C1([0,00)) are nonnegative increasing functions and 7T is a positive constant. In this chapter we
mainly consider the case where f and g grow more rapidly than the exponential function. We



define F'(s) and G(s) by

F(s):= Oocéz) and G(s):= /Oogc(lz).

Throughout the present chapter we assume the following:

(1.1.2) f(8) >0, g(s) >0, f'(s) >0, ¢'(s) >0, F(s) < oo and G(s) < oo for s > 0,

(1.1.3) lim f'(s)F(s) =1 and 811_)1209’(5)67’(5) =1.

§—00

In some cases we also assume the following:

(1.1.4) There exists s; > 0 such that f'(s)F(s) <1 for s > sy,
(1.1.5) there exists sy > 0 such that ¢'(s)G(s) <1 for s > so.

A typical example is

(1.1.6) f(u)=¢e* (p>1) and g(v) =e" (¢ >1).

In this case we can show that (1.1.2)—(1.1.5) hold. See [10, Theorem 5.2]. If j—; log f(s) > 0,
then (1.1.4) holds. Hence, (1.1.4) and (1.1.5) indicate that the nonlinearities of (1.1.1) are
exponential or superexponential.

Let us introduce functional spaces and a definition of a solution of (1.1.1). Let B,(x) denote
the ball of radius p > 0 centered at z € RY. For 1 < p < oo, define the uniformly local L? space
Ly ,(RY) by

ul,p

1/p
P, RY):=Sue Ll RY):||ull.e (RN) = SUD / lu(x)Pdz < 00
ul,p oc ulp Bo(w)

The norm of L;ﬁp(]RN) is defined by HUHLZ‘z’,p(RN) i= supyern [|ull oo (g, (y))- Since HUHLZ?J(RN) =
[l oo vy, We see that Lfl’?p(RN) = L®(RY). Let Eﬁl’p(RN) denote the closure of the space of

bounded uniformly continuous functions BUC(RY) in the space ijl’ p(RN ), i.e.,

£r, (RY):= BUCRY) “n®™),
We define 2
- _le—yl*
(etA¢)($) = (47Tt) 2 /RN e Tt d’(y)dy

for ¢ € Lih p(RN ). Then, e!®¢ gives a solution for the heat equation in RY with the initial

function ¢.

Definition 1.1.1 (Classical solution). Let X, Y be Banach spaces. We call a function (u,v) €
CELRN x (0,T)) x C>1RYN x (0,7T)) a classical solution of (1.1.1) in X x Y if v and v satisfy
the equations in the classical sense in RY x (0, T), [|u(t) — e*®ug||x — 0 and [|v(t) —et®wvglly — 0
ast — 0.

In Definition 1.1.1 we do not adopt the following: ||u(t) — up||x — 0 and ||v(t) — vo|ly — O,



since [[u(t) — uo|| oo mrvy and [[v(t) — vol| Loo(my do not necessarily converge to zero.

In [17, Definition 15.1] they defined a classical L>°(R™)-solution, i.e., u € C*Y(RY x (0,T))N
C((0,T); L>=(RY)) is a classical solution for ¢ € (0,T) and ||u(t) — etAU()HLoo(RN)) —0ast—0.
Note that C((0,T); L>(RY)) C L2 ((0,T); L>°(RY)). When u is a classical L>(R")-solution,
u is a solution in the sense of Definition 1.1.1. On the other hand, if (u,v) satisfies

u(t) = e®ug + te(tfs)Ag(v(s))ds,
(1.1.7) ’ /0

t
v(t) = e + / eU=)A f(u(s))ds
0
for almost every (x,t) € RY x (0,T), then (u,v) is called an integral solution. See [17, p.78].
We can show that if (u,v) is a solution in the sense of Definition 1.1.1, then (u,v) is an integral
solution for small ¢ > 0.
We are in a position to state our existence result.

Theorem 1.1.2 (Local in time existence). Let N > 1 and p > 0, and let f,g € C*(]0,00))
be functions such that (1.1.2) and (1.1.3) hold. Let ug,vo be nonnegative measurable initial
functions. Suppose that one of the following holds:

(i) the functions ug,vo satisfy

F(up) ™™ € L}d’p(RN) for some r1 > N/2 and G(vy) ™" € Lilﬁ(RN) for some ro > N/2,

(ii) ILm f(s)F(s) >0, (1.1.5) holds and ug,vy satisfy

_N
2

F(ug)™™ € LY, (RY) for some r1 > N/2 and G(v)

ul,p € El (RN)7

ul,p

(iii) lgn g9(s)G(s) > 0, (1.1.4) holds and ug, vy satisfy

F(uo)*% € E}JLP(RN) and G(vg) ™" € Eil’p(RN) for some ry > N/2,
(iv) lgn f(s)F(s) >0, lgn 9(s)G(s) > 0, both (1.1.4) and (1.1.5) hold and ugy,vy satisfy
Flug)™% € LY ,(RY) and G(vy)~7 € LY ,(RY).

Then, there exist T > 0 and a local in time nonnegative classical solution (u,v) € C*L(RYN x
(0,7)) x CZHRN x (0,T)) of (1.1.1) in L=®(RN) x L>®(RY) in the sense of Definition 1.1.1.

Note that even though the norm is considered to be L°°(R%), the initial data can be singular.
Moreover, the solution (u,v) of (1.1.1) satisfies (1.1.7) in R x (0, 7). The convergence in the
sense of Definition 1.1.1 means that both the L>°(R") norms of the integral terms in (1.1.7) go
to zero as t — 0.

In Theorem 1.1.2 (ii) (iii) and (iv) we assume lims_,~ f(s)F(s) > 0 or lims_, g(s)G(s) > 0.
The nonlinearity uPe* (p > 1) satisfies the condition. However, e’ (p > 1) does not satisfy the
condition.

The second result is about the nonexistence of a solution.



Theorem 1.1.3 (Local in time nonexistence). Let N > 1 and p > 0, and let f,g €
C1([0,00)) be functions such that (1.1.2)-(1.1.5) hold. Then, for any 0 < r < N/2, there
exists a nonnegative measurable function ug satisfying F(ug)™" € L}Mp(RN) (resp. vy satisfying
G(vy)™" € Lil’p(RN)) such that the following holds: For each fixed a > 0, if vy € Lil’p(RN)
satisfies vg > a in RN (resp. wgy € L%Ll,p(RN) satisfies ug > a in RY), then (1.1.1) admits
no local in time nonnegative classical solution (u,v) € C*Y(RN x (0,T)) x C>HRN x (0,T))
of (1.1.1) in L= RN) x L*¥(RN) in the sense of Definition 1.1.1. Moreover, if f'(0) > 0 and

g’ (0) > 0, then the parameter a can be chosen as a > 0.

It is worth noting that the simple constant initial condition above may lead to the nonexis-
tence of a solution even in the case where a = 0 and f(0) = 0.

The two exponents 71 and rg appearing in Theorem 1.1.2 (i) are important. The problem
(1.1.1) has a classical solution if 7y > N/2 and ro > N/2. On the other hand, Theorem 1.1.3
says that if 0 < r; < N/2 or 0 < ro < N/2, there is a nonnegative initial function such that no
classical solution exists. If r; = N/2 or r9 = N/2, we need limit conditions of f and g to apply
Theorem 1.1.2 (ii) to (iv). We leave open the case where r; = N/2 or o = N/2, and the limit
conditions do not hold.

Example 1.1.4. (i) If
fu) = e and g(v) = e+,

then F(u) = e=¢" and G(v) = e~¢". Hence, (1.1.2)-(1.1.5) are satisfied. Theorem 1.1.2 (i)
tells us that the solution exists if both F(ug)™" and G(vo)™" are in L}d,p(RN) for some r > N/2.
Howewver, it follows from Theorem 1.1.3 that, for each 0 < r < N/2, there is (ug,vy) such that
F(up)™ or G(vg)™" is in Lil,p(RN) and the solution does not exist.

(i1) If f and g are given by (1.1.6), then (1.1.2)—(1.1.5) are satisfied. Therefore, the same results
as (i) hold. Moreover, if (p,q) = (1,1), then lims_oo f(s)F(s) = 1 and lims_,o g(s)G(s) = 1,
and hence Theorem 1.1.2 (ii)—(iv) are also applicable.

(iii) If

f(u) =exp(---exp(u)---) (n>21) and g(v) =exp(---exp(v)---) (m = 1),

~
ntimes mtimes

then (1.1.2)-(1.1.5) are satisfied. See [14, Section 2.3]. Therefore, the same results as (i) hold.

Let us mention related results. First we consider the reaction-diffusion equation

(1.1.8) {atu =Au+ f(u) inQx(0,7),

u(z,0) =up(z) in Q,

where we impose the Dirichlet boundary condition if €2 has a boundary. We assume that f is
of class C1. If ug € L*°(2), then it is well known that (1.1.8) has a local in time solution for
arbitrary nonlinearities. On the other hand, if ug ¢ L>°(Q2), it is known that the existence of a
solution depends on the balance between the growth rate of the nonlinearity f and the singularity
of the initial function ug. Weissler [18] studied the Dirichlet problem when € is bounded. In the
model case f(u) = |u|’"lu (v > 1) he constructed a solution when ug € L"(2) for r > J (v —1)
and r > 1, or r = § (v — 1) > 1. Baras-Pierre [2] extended results in [18]. Peral-Vézquez [15]
studied various properties of solutions when f(u) = e* and 2 is a ball. Laister et.al. [12] studied
the optimal growth rate of f. Specifically, when ug € L"(Q2) and r > 1, the solution exists if
limsup,_,., s~ H2/N) f(s) < oo, and there exists ug € L"(Q) such that the solution does not



exist if limsup, . s~ (*2/N) f(s) = 0o and » > 1. Fujishima-Ioku [10] obtained the optimal
integrability condition of the initial data if the growth rate of f is given. Suppose that the limit
(1.1.9) q:= lim f'(s)F(s)

5—00

exists and ¢ — 1 < N/2. If r > N/2, then under some additional assumptions they constructed
a solution with ug satisfying F(ug)™" € L1, p(RN ). If » < N/2, then under some additional

assumptions they showed that there exists a nonnegative ug satisfying F(ug)™" € L}, p(RN )

such that a solution does not exist. When f(u) = u”, we see that F(u)™" = Cu" =1, and hence
it is an extension for nonnegative solutions of [18]. They also obtained existence results for the
borderline case 7 = N/2. These results hold for the case ¢ = 1. The exponent (1.1.9) is the
Holder conjugate of the growth rate of f, since a formal calculation gives

(s)'

()" (s) m —
¢ = lim _F'(s) — lim RO — lim 1/(17 ff’(fS)2 ) _ 81~>cx> ) p
smoo (1/f/(s)) s=oe f(9)f"(s)  s=oeq/(q _ f&7)) 1 () _, p-1
/(1 £55) OO

and p = lims_,o0 sf7(s)/f(s) is the growth rate of f. Therefore, if ¢ = 1, then f grows faster
than any algebraic function. See the assumption (1.1.3). The exponent (1.1.9) was introduced
by Dupaigne-Farina [6]. The purpose of the chapter is to extend the result of [10] to the system
(1.1.1).

For the proof of the theorems, we introduce the reaction-diffusion system

dyu = Au+ f(u,v) in Q% (0,7),
(1.1.10) v = Av + g(u,v) in Q x (0,7),
(u(z,0),v(x,0)) = (uo(z),vo(x)) in Q.

The exponential or superexponential system (1.1.1) can be reduced into (1.1.10) with
(1.1.11) f(u,v) = Crutt®13%e and g(u,v) = Coudte20tte2,

where C; > 0 and ¢; > 0 for i« = 1,2. Then a supersolution for (1.1.1) can be constructed by
using a solution of the system (1.1.10) with (1.1.11).
We recall previous research. A typical example of (1.1.10) is

(1.1.12) f(u,v) =v? and g(u,v) = uP.

The problem (1.1.10) with (1.1.12) is called a weakly coupled system, which was studied in
[1,4,5,7-9,11,16]. See [17] for a survey. In [7, 8] initial functions are assumed to be bounded.
Quittner-Souplet [16] studied (1.1.12) with singular initial data when € is bounded. Among other
things, they proved the existence (resp. nonexistence) of a solution if (ug,vg) € L™ () x L™ ()
and

N 1 1
(1.1.13) max{p—,q—}gl, pg>T1and r,m > 1

2 1 Ty T9 1
(resp. %max{% — %,% — %} > 1, p,g > 0 and 71,72 > 1). When the domain {2 is pos-
sibly unbounded, Ishige et al. [11] constructed a solution if (ug,vg) € LZ&;O(Q) X LZZZZO(Q),



& max {ﬁ - Ll g _ i} < 1,p,q > 0and ry,r9 > 1. Here we omit the definition of L}">°(Q).

ul,p
See [11, p.6087] for details. However, it is known that Lyj () C Ly () if 1 <71 < co. Our

ul,
problem (1.1.1) can be seen as an exponential or superexponential version of (1.1.12).

Let us explain technical details. In the existence part we use change of variables. The
problem (1.1.10) with (1.1.11), which is (1.3.21), is called a strongly coupled system. Let (U, V)
be a solution of (1.3.21). Then (F~Y(U~3),G~1(V~?)) becomes a supersolution for (1.1.1),
where F~! and G~! are the inverse functions of F' and G, respectively. When a supersolution
for (1.1.1) exists, a solution can be constructed by induction method. Therefore, we can obtain
a solution of (1.1.1) if we have a solution of the system (1.3.21). In constructing a solution of the
system we use the method introduced in [11]. Specifically, we prove the existence of a solution
u of (1.1.8), where f has a polynomial growth. Then (ul/”,ul/’”?) becomes a supersolution for
the system with different (r1,72). See Proposition 1.3.1 for details. By induction method we
obtain a solution of the system, and hence we also obtain a solution of (1.1.1).

In the nonexistence part we give an initial function ug of an integral system such that the
solution does not exist. Since the singularity of ug is strong, |le!®u| Leo(ry) diverges rapidly
as t — 0. This contradicts the upper bound of HetAUOHLoo(RN) given in Lemma 1.4.2 which
holds for (ug,vg) satisfying the integrability condition in Theorem 1.1.3. Thus we obtain the
nonexistence of the solution of the integral system. Using this initial function, we prove the
nonexistence of the solution of (1.1.1). In [18] Weissler established the nonexistence result in
the scalar case. This method was refined in [2,19]. We extend the method to the system case.
A careful choice of various exponents is needed throughout the present chapter.

This chapter consists of four sections. In Section 1.2 we prove fundamental lemmas which
are used in the proof of Theorems 1.1.2 and 1.1.3. In Sections 1.3 and 1.4 we prove Theo-
rems 1.1.2 and 1.1.3, respectively.

1.2 Preliminaries

In this section we recall known results and prove some lemmas which are natural extensions of
the scalar case.
For any set X and the mappings a = a(z) and b = b(z) from X to [0,00), we say

a(x) <b(x) forall x € X

if there exists a positive constant C such that a(x) < Cb(x) for all z € X.

Lemma 1.2.1. ( [13, Corollary 3.1]) Let N > 1 and 1 < p < q¢ < oco. Then there ezists
Cy = C1(N,p,q) > 0 such that

1

_N(i_1 _N(1_1
e ulag, vy < &1 (577D 476D iy, qay

fort>0,p>0anduc Lﬁl,p(RN)'

Proposition 1.2.2. The following (i) and (ii) hold:
(i) (Subcritical case) Let N > 1, p> 1 and f € C1([0,00)). Assume that f(s) >0 for s >0 and
that f'(s) = O(sP™1) as s — oo. If¢ > 1 and q > %(p — 1), then, for a nonnegative function



wy € LY, p(RN), there exist T' > 0 and a nonnegative classical solution of

(12.1) {3tw=Aw+f(w) in B x (0,T),

w(z,0) = wo(x) in RN

in LI p(RN) in the sense of Definition 1.1.1 which satisfies

(1.2.2) |lw(t) — emonqu @®v) =0 as t—=0.

ul,p

Moreover, w € C((0,T); LY, (RY)) N LS, ((0,T); L=(RY)) N C>H(RY x (0,7)).

(i) (Critical case) Let N > 1, p > 1 and f € C'([0,00)). Assume that f satisfies the assumptions

of (i). If q :== %(p —1) > 1, then, for a nonnegative function wy € L, p(]RN), there exist T > 0

and a nonnegative classical solution of (1.2.1) in LZL (RN) in the sense of Definition 1.1.1 which

satisfies (1.2.2). Moreover, w € C([0,T); LI, p(RN)) L2 ((0,7); L®(RY) N CHLRYN x (0,T)).
Furthermore, for both of (i) and (ii), the following holds: There exists Co = Co(N,p,q,p) >0

such that

_N(1_1
(1.2.3) s, @ < ot~ F G ol g, o

for sufficiently small t > 0 and r € [q,0].

The existence result in Proposition 1.2.2 can be proved using the contraction mapping the-
orem in [3,18]. The inequality (1.2.3) is obtained in a similar way to [17]. We omit the proof.
See also [10, Propositions 2.2 and 2.3].

Remark 1.2.3. ( [10, Remark 2.2 (ii)]) Assume that all the assumptions of Proposition 1.2.2 (ii)

hold. Let a > 0 and o := % (% - é) If « satisfies max{p,q} < o < pq, then

%E}nt [[w(t )HLgl,p(RN) = 0.
Lemma 1.2.4. Let J be a function from [0,00) to itself. If J is conver, then, for a nonnegative
function ¢ € L., p(RN),

J(2(x)) < ["2(J9)(x) in RY x (0,00).

Lemma 1.2.4 follows from Jensen’s inequality. For the proof in the case of the pure power
nonlinearity see [18, Lemma 5.1].

Lemma 1.2.5. Let 1 < p < co. Then the following (i) and (ii) hold:
(i) u € Eulp(]RN) if and only if |u|P € L, HR M.

(ii) Let C > 0. Then, for any u € Eulp( Ny, max{u,C} € L’ulp( M.

Proof. The assertion (i) follows from [10, Lemma 2.2, Remark 2.1].

We prove (ii). Let u € EZIP(RN). Then there exists a sequence {u,} C BUC(RY) such that
Up — u in Lzlp(RN) as n — 0o. Put v, := max{u,,C} (n >1). We see that {v,} C BUC(R")
and that

| max{u,C} —v,| < |u—u,| =0 in L, (RY) asn — oo.

ul,p

Hence, max{u,C} € L M. O

ulp(



Proposition 1.2.6. Let f(u,v),j(u,v) € CV1([0,00) x [0,00)) satisfy the following:
Flu,0) 20, fu(u,0) 20, fo(u,v) 20, §(u,v) 20, Gu(u,v) >0 and gy(u,v) >0

foru >0 and v > 0. Let ug,vg € L}dyp(RN) be nonnegative functions. Suppose that there exist

T > 0 and nonnegative functions (u,v) € C*HRYN x (0,T)) x C>Y RN x (0,T)) such that

N

() > ePug + / =98 F(a(s), 5(s))ds,
(1.2.4) 0

for almost every (x,t) € RN x (0,T). Then there exists a solution (u,v) € C>1 (RN x (0,T)) x
C2LRN x (0,T)) of the integral system

u(t) = ePug + /t =92 f(u(s),v(s))ds in RN x (0,T),
(1.2.5) 0
v(t) = Py —I—/O =985 (u(s),v(s))ds in RY x (0,T)

which satisfies
du = Au+ f(u,v) in RN x (0,T),
O = Av + g(u,v) in RN x (0,T).
Furthermore, 0 < u(z,t) < u(x,t) in RY x (0,T) and 0 < v(x,t) < v(x,t) in RY x (0,T).

Proposition 1.2.6 is a slight generalization of [11, Lemma 2.2], and the proof is similar
to [11, Lemma 2.2]. However, we show the proof for readers’ convenience.

Proof. Let u; := 0 and vy := 0. For n > 2, define the functions u,, and v, by

n(®) = o+ [ et 15,15
(1.2.6) 0

t
v (t) = g +/ e(t*S)Ag(un_l(s),vn_l(s))ds.
0

We use an induction method. Suppose that u(x,t) > u,—1(x,t) and v(z,t) > v,—1(x,t). We see
that f and § are nondecreasing. Then it follows from (1.2.4) and (1.2.6) that

t

a(t) > ePug + / U8 f(un_1(8), vn—1(s))ds = un(t).
0

In the same way we can see that o(t) > v, (t). Since @(z,t) > e®ug > 0 = uy(z,t) and o(x,t) >

0 = vi(x,t), it follows from induction that, for n € N, a(x,t) > up(z,t) and v(x,t) > v, (z,1).

By the definitions of u,, and v,, with n = 2 we obtain

t
us(t) = e®ug + / eU=)A Fuy(s),v1(s))ds > 0 = uy (t),
0

va(t) = ePug + /t et G(uy(s), v1(s))ds > 0 = vi(2).
0



Since f and § are nondecreasing, we have
us(t) = e®ug + /Ot =92 Fug(s), va(s))ds
> etPug + /Ot et =)A Fuy(s),v1(s))ds = ug(t),
(t) = ¢+ [ e I35 us(5) a5
> et [ eI (5)01(5))ds = a0

Repeating the above argument, we have

O=u; <up < - < Up_1 < up < in RY x (0,7),
O=v; <vp < - <vp_y <wv, <0 in RN x (0,7).

Then, we can define the limit functions v and v by

u(z,t) := lim wu,(z,t) and v(z,t) := lm v,(x,t),
n—oo n—oo

respectively. Since f and g are nondecreasing, it follows from the monotone convergence theorem
that (1.2.5) holds. Applying the standard regularity theory for parabolic equations, we obtain
(u,v) € C*HRYN x (0,T)) x C*HRN x (0,T)). O

The following lemma is a system version of [10, Lemma 2.3].
Lemma 1.2.7. Let f(u,v) € CH([0,00) x [0,00)) satisfy
F(u,0) >0, fulw,v) > 0 and fu(u,v) > 0

foru>0andv>0. Let T > 0 and let 4,v € C*'(RY x (0,T)) N LS,
that u > 0 and v > 0. Then the following hold:
(i) Let ug € L}lep(RN). Suppose that

((0,T) : L*®(RY)) such

(1.2.7) o = At + f(a,v) in RN x (0,T)
and

. — tA _
(1.2.8) %E}(l) Hu(t) —e uO”Lil,p(RN) =0.

Then u satisfies

t

(1.2.9) a(t) = e®ugp + / =92 f(u(s),v(s))ds in RN x (0,T).
0

(i) Let ug € L}Ll’p(RN). Suppose that

(1.2.10) o > Au+ f(u,v) in RY x (0,7).



If either (1.2.8) holds or
(1.2.11) a(t) > ePug i RY x (0,7),

then u satisfies

(1.2.12) u(t) > e®ug + / i) fla(s),v(s))ds in RN x (0,T).
0

Proof. (i) It follows from (1.2.7) that
t

(1.2.13) u(t) = e Aq(r) + / et =I)A f(u(s), v(s))ds

T

for 0 <7 <t <T. See [17, p.77] for details. By Lemma 1.2.1 we have

le®"A%(r) — €tAU0”LOO(RN) = [l 2 (a(r) - eTAUO)HLOO(RN)

—_ _N _
S (N (=17 falr) — e Puoly, @y

=0 (1 —0).

Let x(r,+) be a characteristic function. It follows from the monotone convergence theorem that

lim [ "2 f(@(s),v(s))ds=lm | (o (s)e" D2 f(T(s), v(s))ds = / =92 r(u(s), v(s))ds

T7—0 T T—0 0 0

for each (z,t) € RY x (0,T). Taking the limit of (1.2.13) as 7 — 0, we obtain (1.2.9).
(ii) If (1.2.8) holds, then we can prove (1.2.12) in a similar way as above. On the other hand, if
(1.2.11) holds, then it follows from (1.2.10) that

u(t) > et=MRe Ay 4 / i) Fla(s),v(s))ds = e®ug + / =95 fa(s), o(s))ds.

Taking the limit as 7 — 0, we obtain (1.2.12). O

1.3 Existence result

In this section we prove Theorem 1.1.2. In the proof we use a solution of the problem

Oru = Au + CruProP? in RY x (0,7),
(1.3.1) O = Av 4 Couftv?? in RY x (0,7),
(U(JE,O),U(CU,O)) = (Uo(x),’l)o(m)) in RN:

where C; and Cy are arbitrary positive constants. In the study of (1.3.1) the following two
exponents play an important role:

-1 -1
PLZ2 P2 gnd Ap=1+ B 272

™ T2 ™ 2

(1.3.2) A =1+

where r{ and ro are chosen in accordance with Proposition 1.3.1.
In [11, Theorem 4.1] the existence of a solution of (1.3.1) is established when the initial data

10



is in LE’SO(RN ) X LZ’;O(RN ) which includes our space L} p(RN ) x L* p(RN ). However, [11,

Theorem 4.1] does not claim in which sense the initial condition is satisfied. In Proposition 1.3.1
we establish the existence of a solution in the sense of Definition 1.1.1.

Proposition 1.3.1. Let N > 1 and p > 0. Let p1,p2,q1,q92 > 1 and C1,Cy > 0. The following
(i) and (i) hold:
(i) Let 1 < 1,19 < 00. Suppose that

(1.3.3) gmaX{Al — 1, A -1} < 1.

Then for a nonnegative initial data (ug,vg) € Lzlhp(RN) X Lﬁ’p

(RN), there exist T > 0 and a
local in time nonnegative classical solution (u,v) € CZL(RYN x (0,7)) N L

2 ((0,T) : L= (RY)) x
C>HRN % (0,T)) N Lis,((0,T) : L¥RN)) of (1.3.1) in Ly} (RY) x L7 (RN) in the sense of
Definition 1.1.1.

(ii) Let 1 < 11,19 < 00. Suppose that
N
(1.3.4) 5 max {4 — 1,4y~ 1} = 1.

Then for a nonnegative initial data (ug,vy) € Ezllp(RN) X E:jp(RN), there exist T > 0 and a
local in time nonnegative classical solution (u,v) € CHL (RN x (0,7)) NL2.((0,T) : L=®(RN)) x

loc
C>H RN % (0,T)) N Lis,((0,T) : L¥RN)) of (1.3.1) in Ly} (RY) x L7 (RN) in the sense of
Definition 1.1.1.

The conditions (1.3.3) and (1.3.4) in Proposition 1.3.1 appear in [11, Theorem 4.1] and these
conditions are extensions of (1.1.13).

Proof. We prove (i). Let wo(z) := max{ug(z)™ + vo(z)"2,1}. We see that wy € L}],l,p(RN)' We
consider the problem

135) {atw = Aw+ P(w) in RN x (0,T),

w(z,0) = wo(z) in RY,
where P(w) := riCiw? 4 roCowA?, C; and Cy are positive constants given in (1.3.1) and A,
and Ag are given by (1.3.2). We can apply Proposition 1.2.2 (i) with p := max{A;, A2} and
q = 1, because P'(w) = O(wP~!) as w — oo and the inequality ¢ > N(p — 1)/2 follows from

(1.3.3). Let w be a solution of (1.3.5) given by Proposition 1.2.2 (i). Put (@,7) := (w'/™,w'/"2).
By direct calculation we have

(1.3.6) o > At + CraProPz  in RY x (0,7),
o 90 > Av + Cou® v in RN x (0,7).

Since w is a classical solution of (1.3.5), it follows from Lemma 1.2.7 (i) that

t
(1.3.7) w(t) = ePwy + /0 =92 P(w(s))ds.

Let J(s) :=s" (s > 0). Since J is convex, it follows from Lemma 1.2.4 and (1.3.7) that
J(a(t)) = w(t) > ePwy > e (J(ug)) > J(e®up) in RY x (0, 7).

11



Since J is strictly increasing, we have
(1.3.8) a(t) > ePug.
Because of (1.3.6) and (1.3.8), we can apply Lemma 1.2.7 (ii), and hence
t
(1.3.9) a(t) > eBug + Oy / (=G ()71 5(5)P2 s,
0
In the same way we can obtain
t
(1.3.10) 3(t) > g + O / (=0 ()01 5 ()% s,
0

Let f(u,v) := CruP'vP? and j(u,v) := Coudv®. By (1.3.9) and (1.3.10) we see that f and §
satisfy all the assumptions of Proposition 1.2.6. It follows from Proposition 1.2.6 that (1.2.5) has
a solution (u,v) € C2(RYN x (0,7)) N L((0,T) : L®(RYN)) x CHL(RN x (0,T)) N L.((0,T) :

loc loc

L>®(RYN)). We prove the following limits:

. A . A
(1.3.11) }gl(l) |u(t) — € ’LLQ”LZ%VP(RN) =0 and }51(1) |v(t) — € UOHLB,,J(RN) =0.

Since u < @ = w'/™ and v < ¥ = w'/"2, by (1.2.5) and Lemma 1.2.1 we have

P1

t
—s +22
H’U,(t) _ €tAu0HLZ}7p(RN) < Cl/ He(t )Aw(s) D) HLEvP(RN)dS
(1.3.12) / Jw(s) Hﬂ1 @S
[ (s W1 (242 ds.
/ 1Jr 2)(RN)

By (1.2.3) we have

{1Tmlpz}
(1313) "w(s)“Lrl(%+%)(RN) 5 S l(rl +r2) HwOHL}u,p(RN)

w2

ul,p
for sufficiently small s > 0. It follows from (1.3.12) and (1.3.13) that

N (p1—1 p2

t Py
- +2
(1.3.14) ]u(t)—etAUOHLEW(RN)S/O 3 )ds||wo|| Ty

provided that ¢ > 0 is small. By (1.3.2) and (1.3.3) we see that —% (% + f—;) = —%(Al—l) >
—1. Thus, the right hand side of (1.3.14) converges to 0 as t — 0. Hence, we obtain the first
limit of (1.3.11). In the same way we can obtain the second limit of (1.3.11). Thus, (u,v) is a
local in time classical solution of (1.3.1) in LEW(RN) X Lfl’p(]RN) in the sense of Definition 1.1.1.
The proof of (i) is complete.
Next, we prove (ii). Since 71,72 > 1, there exists a small € > 0 such that
1 ’

(] 2
1.3.1 f= >1 = >1ande < —.
(1.3.15) ] e , T e and € N

12



We define A} and A} by

-1 -1
A= 14 P2 0P2 g =1 B 2
1 rh 1 )

Then by (1.3.4) we have
N
Emax{All — 1,45 -1} =1+e.

Let wo(z) := max{ug(z)™ + vo(z)?,1}. It follows from Lemma 1.2.5 that wy € E}J;(RN)

By Proposition 1.2.2 (ii) we see that there exist a constant 7" > 0 and a nonnegative classical
solution w € C([0,T) : LEFE(RN)) N L2 ((0,T) : L®(RN)) 0 C>1(RY x (0,T)) for the problem

ul,p loc
ow = A in RN x (0,7),
(1.3.16) w w+ Q(w) in (0,7)
w(z,0) = wo(x) in RV,
where Q(w) := r/Chw?t + ro'Cow?2 and C; and Oy are positive constants given in (1.3.1).

Put (@,7) := (w'/"1,w'/"2). Then (u,7) satisfies (1.3.6). In the same way by Proposition 1.2.6
the integral system (1.2.5) with f(u,v) = CruP'vP? and §(u,v) = Cou?'v? possesses a solution
(u,v) which satisfies (1.3.1). We prove the following limits:

. tA _ . A ” _
%gr(l) |lu(t) —e UOHLE,F,(RN) =0 and }g% [v(t) —e UOHLu%‘p(RN) =0.

Let o := 1+2(1+¢)/N. By o we define a := o9+ 9, where § > 0 is small and § is defined later.
We show that Remark 1.2.3 is applicable for w if p = ap and ¢ = 1 + . By (1.3.15) we see that
max{p, ¢} = max{ap,1 +e} = ap < a. Since ag < ap(l +¢&) = pg and J is small, we see that
a < pq. Since max{p, ¢} < o < pq, Remark 1.2.3 can be applied. Let k := (1 +¢)(2/N +1/r1).
Then,

2 1 k 1
(1.3.17) PLaP2 o 204e)+—=Fk and = > —.
ry Ty N T a

Note that the second inequality in (1.3.17) holds, since ¢ is small. Since u < a4 = wY/ T/l,
v<v=w"" and w > ePwy > 1, it follows from (1.3.17) and Lemma 1.2.1 that

(1.3.18)
tA ! (t—s)A AR
) = ¢l oy < o [T g7 s
e / e ()¥] 1 ey
N(E_1 _N(k_1
< (0 T1>-|- t—s 2(‘1 ’“1)) wsk ds
<[ (v (t-9) 5 g
t k_ 1 N(k_1
5/ <pN(an) . 3)2<arl)> s~7ds sup s [w(s) 5 g
0 0<s<t ul,p
where o := % (ﬁ — 7> We easily see that
N [k 1 N /(k 1
—<—>>—1, —ok > —1 and —<—>—ak+1=0.
2 \a n 2 \a n
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Thus,
t

(1.3.19) L/ <p‘N<Z_5>4—@—-@_g<5‘5>>s—ﬂds<:c
0

uniformly for small ¢ > 0. Therefore, by (1.3.18), (1.3.19) and Remark 1.2.3 we see that |u(t) —
etAuoHLT} ®~) — 0 as ¢t — 0. In the same way we can obtain limy_ [[v(t) — etAvoHLr% @&y = 0.
ul,p ul,p

=0
The proof of (ii) is complete. O

Lemma 1.3.2. ( [10, Lemma 3.1]) Let f € CY([0,00)) satisfy (1.1.2) and (1.1.3). Define
h(s) := f(F~(s)). Then for any e >0,

for sufficiently small s > 0. Moreover, if f satisfies (1.1.4) for some s1 > 0, then h(s) < s71
for sufficiently small s > 0.

Proof. Since (F~1(s)) = —f(F~!(s)) = —h(s), we have

W(s) = f'(F~H(s)(E(s)) = = f'(F~(s))h(s).

Let ¢ > 0. Since F~!(s) is nonincreasing with respect to s and F~!(s) — 0o as s — 0, it follows
from (1.1.3) that

(1.3.20) SfI(F7\(s) = F(F () F(F\(s) < 1 +¢

for sufficiently small s > 0. Then we have

W(s)

h(s) > —(1+¢)s™

Integrating both sides, we have h(s) < s717¢ for sufficiently small s > 0. If f satisfies (1.1.4)
for some s; > 0, then (1.3.20) holds with € = 0. Thus we prove Lemma 1.3.2. O

Proof of Theorem 1.1.2. We consider the initial value problem

0U = AU + C U e y3+e in RV x (0,7),
(1.3.21) 0V = AV 4 CyU3 ez 1+e2 in RY x (0,7),
(U(z,0),V(z,0)) = (Uo(z), Vo(z)) in RV,

where Uy := max{F(ug)~'/3, M1}, Vi := max{G(vo)~ /3, My}. Here, for i = 1,2, ¢; >0, C; > 0

and M; > 0 and we choose them later. It follows from (1.1.3) that there exist constants m; > 0
and mo > 0 such that

(1.3.22) f'(s)F(s) < % for s > my, ¢'(s)G(s) < g for s > mso.

Let My > F(my)~'/3 and My > G(ms)~/3 be sufficiently large.

We prove (i). Since F(ug)™"™ € Liz,p(RN) and G(vg)™" € L}LLP(RN), we have Uy € Li?p(RN)
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and Vj € Lifp(]RN). Since 11 > N/2 and ro > N/2, we have

N [ e1 3+¢& N (3 + &9 €9
1.3.23 may <1 and = £2) <1
(1.3.23) 2 <3r1+ 3rs > e < 311 +3'r2>

by choosing £; > 0 and €9 > 0 sufficiently small. By (1.3.23) we can apply Proposition 1.3.1 (i
to (1.3.21). There exist T' > 0 and a local in time classical solution (U, V) € C*1(RN x (0,7)) N
L2 ((0,T) : L(RY)) x C*LRY x (0,7)) N LE((0,T) = L>°(RY)) of (1.3.21) in Li’;}p(RN) X

Lf]ﬁp(RN ) which satisfies
(1.3.24)

0 < U(z,t) < w(z,t)/C) in RN x (0,T) and 0 < V(z,t) < w(x, )G in RN x (0, 7).

Here, w is a local in time classical solution of (1.3.5) with (p1,p2,q1,92) = (14+¢e1,3+¢€1,3+e9, 1+
€2) and 71 and rp replaced by 3r; and 3ra, respectively. Moreover, wg(z) := max{Up(z)>" +

Vo(z)32,1} € Lil’p(RN). Then we define

(1.3.25) i:=FYU™3) and 7:= G Y(V3).
Since (U,V) is a local in time classical solution of (1.3.21), we have

4/3 = f'(u)F(u)
f(@)F(a)

We see that U > e!®Uy > F(m1)~ /3 which implies that @ > my. By (1.3.22) we have 4/3 —
f'(@)F (@) > 0. Moreover, it follows from (1.1.3) that f(s)F(s)'=1/3 (resp. g(s)G(s)'+<1/3) is
increasing (resp. decreasing) for large s > 0. Then there is a constant Cy > 0 such that

(1.3.26) Oyl = At + (Va2 + 3C,f (@) F(a) /3G (w)~1—=1/3,

F(@)F(@)'=/3 > Cy and G(v)™'75/3 > Chg(v).
Choosing C properly, we obtain
(1.3.27) Ot > At + g(v) in RY x (0,7).

Let J(s) := F(s)~Y3 (s > m1). By direct calculation we see that J is convex. It follows from
Lemma 1.2.4 that

J(@(t)) = U(t) > e®Uy > ' (J(max{ug, m1})) > J(e"* (max{ug,m1})) in RN x (0,T).
Since J is strictly increasing, we have
(1.3.28) a(t) > ePug.
By (1.3.27) and (1.3.28) we can apply Lemma 1.2.7 (ii). Then we have
t
(1.3.29) a(t) > ePug +/ et =2 (5(s))ds.
0

In the same way we can obtain the inequality

(1.3.30) o(t) > e + /0 RCEI fla(s))ds.
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Therefore, it follows from (1.3.29), (1.3.30) and Proposition 1.2.6 that there exists a solution
(u,v) € C*Y RN x (0,T)) x C*H(RN x (0,T)) of (1.1.1). We prove the following limits:

. tA . . tA _
%gr(l) [w(t) — e upl| oo vy = 0 and %1_% [v(t) — e voll oo mvy = 0.

Since V' > e!®Vy > My and My is large, V2 is small. Then, we can apply Lemma 1.3.2. It
follows from (1.3.24) and Lemma 1.3.2 that

u(t) — e ug :/0 =98 g(v(s))ds </0 e8¢ (5(s))ds

t t
(1.3.31) :/ e(t_S)Ag (G_l(V(s)_3)) ds 5/ e(t—s)AV(s)3+e1d8
0 0
t 3+e¢
< / =98 (s) 32 ds.
0
Let r > ry. By Lemma 1.2.1 and (1.2.3) we have
(1.3.32)
t, N N 3+eg
/ 62 (s) 55 gy 5 [ (07 + (=) o) i
t 3+eq
— [T -9 ) ol ey ds
0 Lul’ngQ (RN)

3+eq

t 3+e
< / (p*% + (t— 3)77]\;> s 2 ( Sra. )dusoH 2 L (RY)
0
for sufficiently small ¢ > 0. By (1.3.23) we have

N N (3+e 1 N (34+e 1 N
IS P ~2) > land - & L B A )
o = T2 < 3ry r> - 2 < 3ry r) o T2

Therefore,

t
/ (;;-9 +(t— s)—%) 35 s 50 as to0.
0

Thus it follows from (1.3.31) and (1.3.32) that limy_ ||u(t) — etAUOHLoo(RN) = 0. In the same
tAUOHLoo(RN) = 0. The proof of (i) is complete.

Next, we prove (ii). We consider the initial value problem (1.3.21) with ey = 0. Since
F(up)™™ € ‘Culp( NY and G(vg)™N/? € ‘Culp( N, it follows from Lemma 1.2.5 that Uy €

Ei?p(RN ) and Vj € Eiévf (R™). Moreover, since 1 > N/2, we have

way we can obtain lim;_o ||v(t) — e

N 1-1 2 3+¢ 2¢e9
1.3.33 — — — =1

(1.3.33) 2max{ 3m N 3 +3N}

by choosing €2 > 0 sufficiently small. By (1.3.33) we see that (1.3.4) holds, where (p1, p2,q1,¢2) =
(1,3,3 + e9,1 + €2) and m and ry are replaced by 3r; and 3N /2, respectively. We can apply
Proposition 1.3.1 (ii). Then there exist 7' > 0 and a local in time classical solution (U,V) €
CPIRY x (0,T)) N LS,((0,T) - L¥(®N)) x CHL (RN x (0,7)) (1 L5, ((0,T) : L¥(RY)) of (1.3.1)
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in Lifp(RN) X Lié\’[f(RN) such that
(1.3.34)
0 < Uz, t) < w(z, t)3F)/Gr) in RN x(0,T) and 0 < V(z,t) < w(x, t)?T/GN) in RN % (0,7),

where w is a local in time classical solution of (1.3.16). The constant € > 0 is chosen as in the
proof of Proposition 1.3.1 (ii). Then we define (@, v) by (1.3.25) and obtain (1.3.26) with &1 = 0.
It follows from (1.1.5) that g(s)G(s) is decreasing for s > sa. Hence, there is C' > 0 such that
G(v)~! > Cg(v). Moreover, since lims_,« f(s)F(s) > 0, we have (1.3.27). Since we can obtain

o0 > Av + f(u) in RY x (0,7)

in the same way as in the proof of (i), the inequalities (1.3.29) and (1.3.30) hold. Thus it follows
from Proposition 1.2.6 that there exists a solution (u,v) € C*1(RYN x (0,7)) x C>Y(RN x (0,T))
of (1.1.1).

We prove the following limits:

: tA _ : tA _
%gr(l) [u(t) — e upl|Loo vy = 0 and %E}I(l) [v(t) — e ol oo (mvy = 0.

By (1.3.34) and Lemma 1.3.2 we have

— te(tfs)A -1 5) 3 S te(tfs)A $)3ds
(1.3.35) /0 0 (GHV(s)™)) ds < /0 V(s)%d

t
< / e(tfs)Aw(S)%(l+€)dS.
0

Let ap:=1+2(1+¢)/N. By a we define a := o + 9, where § > 0 is small. When p := o and
q := 1+ ¢, we already see in the proof of Proposition 1.3.1 (ii) that max{p,q} < a < pg. We
can use Remark 1.2.3. By Lemma 1.2.1 we have

t
s 2
/O =92 0(s) A oo dis

) 2(1+¢) c 2(1+4¢)
(1.3.36) S [ -0 ) o ) e s
0

L jl“p* 9 (RN)

¢ 2(1+e) 2(1+¢) 2(1+¢) 2(1+e)
< / (p_ = + (t — 5)—11:‘5) s o 7ds sup 54N57U||w(8)||LaN (RN)’
0 0<s<t ul,p

. N 1 _ 1 i
where o := 3 (1—1—5 a). Since

_1—|—€>_1 B l+e 2(1+¢)
a ’ N a N

t 2(1+¢) e 2(1+¢)
/ (pf a +(t—3)*1z)s* N %ds < C
0

uniformly for small ¢ > 0. Thus, it follows from (1.3.35), (1.3.36) and Remark 1.2.3 that ||u(t) —
etAuoHLoo(RN) — 0 as t — 0. In the same way we can obtain lim; ¢ ||v(t) — etAvoHLoo(RN) =0.

c+1=0,

we have
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The proof of (ii) is complete.
The existence results of (iii) and (iv) can be shown in a similar way. O

1.4 Nonexistence result

Proposition 1.4.1. Let N > 1, p> 0, 0 <r < N/2 and so > 0. Let f(s) and g(s) be convex
C? functions in [sg,00) and let Fy(s) = fsoo e T do. Suppose that f and g have the inverse
functions and that there exists C > 0 such that f(s) > Cs for s > sg and g(s) > Cs for s > sg.
Suppose that f and g satisfy

f"(s) g"(s)
(1.4.1) 7(s)2 — 0 (s > 00) and FIBE — 0 (s = 00).
Then there exists uy > so such that Fy(up)™" € Lil,p(RN) and that for every T > 0 and

for every vy € L’[Ehp(RN) satisfying vo > s in RN, there is no nonnegative solution (u,v) €

CELRN x (0,T)) x C2L RN x (0,T)) of the integral system

t
u(t) = eBug + / 3 () 1) ds i BY x (0.7),
(1.4.2) 0
o(t) = e g + / 0 (f0E) 1) ds in BN x (0.7),
0

In particular, there is no nonnegative classical solution (u,v) € C*Y(RN x (0,T)) x C*1(RN x

(0,7)) of

Ou = Au+ e9) — 1 in RN x (0,7),
(1.4.3) o =Av+ef™ 1 in RN x (0,T),
(u(z,0),v(x,0)) = (ug(x),vo(x)) in RN

in L®(RN) x L¥(RN) in the sense of Definition 1.1.1.
For the proof of Proposition 1.4.1 we need the following lemma:;:

Lemma 1.4.2. Let sg > 0 and let f and g be convex functions in [sy, 00) satisfying the following:
f and g have the inverse functions and there exists C > 0 such that f(s) > Cs for s > so and
g(s) > Cs for s > sg. Let ug,vg € L}Ll’p(RN). If ug > so in RN, vy > sg in RN and there exist
T > 0 and a local in time nonnegative classical solution (u,v) € C>1 (RN x (0,T)) x CZ1 (RN x

(0,7)) satisfying (1.4.2), then, for k € {2,3,...}, there exists a constant Cy € R such that

1 _k_
e o] oo vy < 7 ( log — + Cy + 60’““51) fort €(0,T),

k—1 t

1 O,
log— 4+ Ci + e “*tF=1 ) forte (0,7T).

tA -1
o0 <
[e" vl RN) =9 <k—1 ;

The following proof is a system version of [18].
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Proof. Let k € {2,3,...} be fixed. We prove the following:

a;—1 Kl
U(t) Z %tal {ef(etAUO) — 1} n RN X (O,T),

(1.4.4) If { is odd, then Hi:b(f;ﬂ) N "
o(t) > ——— ¢ {eg@t vo) 1} in RN x (0,T),

and

a;—1 Kl
U(t) 2 %tul {eg(etAU(]) — 1} iIl RN X (O,T),
(1.4.5) if [ is even, then [Tiz: (K al)

kl
v(t) > E ¢ {eﬂem“w - 1} in RN x (0, 7).

[Tiy (Kla)¥
Here, a; := k' + k"' + .-+ k+1 = (K" —1)/(k — 1). We prove the case [ = 1. Since (u,v)

satisfies the integral system (1.4.2), it is easy to show that u(t) > e"®ug > s¢ in RY x (0, 7).
Moreover, since /(" — 1 is convex in [sg, 00), it follows from Lemma 1.2.4 that

v(t) > /Ot o(t=5)A {6f(eSAuo) _ 1} ds > /Ot {ef(e(f*S)AeSAuo) _ 1} ds >t {ef(etAUO) — 1} )

We see that e9(1) — 1 > 91

) > Ck— k for n > so. Then it follows from Lemma 1.2.4 that

b Cku(s)* ol s N k
oz 58 () [ o e

ck [t & A k Ck A k
> 2 f(e"Pug) _ _ gkl ) f(efPu) .
= /0 s {e 1} ds CESY] t {e 1}

We can obtain the inequality corresponding to v. This proves (1.4.4) with [ = 1.
We suppose that (1.4.4) holds for [ = 2n — 1. By similar calculation we have

kl+1

k tck(alfl)sk:al eg(etAvo)_l
o pom o)

u(t) > -

( ) k" Hézl(k!ai)k“l_z
1+1

Chavghar+1 {eg(emvo) — 1}k Cu+1—1par {eg(emvo) — 1}

Bl(kap + 1) TTiy (Klag) 0 [T (klag )k

kl+1

We can obtain the inequality corresponding to v. This proves (1.4.5) with [ = 2n. We see that
if (1.4.5) holds for [ = 2n, then (1.4.4) holds for [ = 2n + 1 in the same way. By induction we
see that both (1.4.4) and (1.4.5) hold.

We are ready to prove Lemma 1.4.2. It follows from (1.4.4) and (1.4.5) that, for [ € {1,2,...},

(0

N\H

l .
il) H k]az - 2 Cﬁ_kl(:—l) . t%_k‘l(lj—l) {ef(etAUO) -1 4 eg(etAUO) . 1} '
=1
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When u(z,t) # 0 or v(z,t) #0 at (z,t) € RN x (0,7, by taking [ — oo we have
(1.4.6) o[[(klar) ™ > 7 - e {eﬂ@muo) 1 es(ettu) 1} .
i=1

If u(z,t) = v(z,t) = 0 at some point (z,t) € RY x (0,T), then by (1.4.4) and (1.4.5) we see that
the right hand side of (1.4.6) is 0, and hence (1.4.6) also holds. Remark that the left hand side
of (1.4.6) converges. Indeed, we see that

log <ﬁ(k!ai)ki> < i (i + 1)log7? + log(k!) .

kl
i=1 =1

Then we have
o0

ef (€ Pu0) 1 < <2C'_kil H(k!ai)ki> R = ec’“t_%,
i=1
which implies that
k
ePug < 1 (log (eth—m + 1>> .

By the mean value theorem we see that log(a + 1) — loga < é for @ > 0. Thus we have

k 1 ke
e || poo vy < £ (k — log -+ Ci + e_cktkk1> for t € (0, 7).

We can obtain the inequality corresponding to vg. The proof is complete. O

We are ready to prove Proposition 1.4.1. The following method is almost the same as [10,
Theorem 1.2]. However, Proposition 1.4.1 is needed in the system case. We show the proof.

Proof of Proposition 1.4.1. Fix r < N/2 and 2 < o < N/r. Let 0 < € < 1 be a sufficiently
small constant such that (1 + ¢)ar < N. Define

1
[t <alog |x|> if |z| < 7o,

S0 if |x| > o,

(1.4.7) up(z) =

where rg > 0 is chosen to satisfy f~! (alog(1/rg)) = so. Then we have e(1+e)7f(w0) ¢ L1 p(]RN),
because (1 +e)ar < N.
We prove that Fj(ug)™" € Lil’p(RN). By (1.4.1) there exists a large s; > sp such that

f'(s) > 0 for s > s and f(s) < e(f'(s))? for s > s1. Then we can easily see that
(1.4.8) F(s) < f(s1)efFE=I60) < (1)) for s > 5.

On the other hand, since it follows from (1.4.1) that

F') g« I gy L g 1 d <_ 1 —f(s))
(f/(s))ge < 2(f’(s))26 + 5€ =51 f’(s)e for s > s1,

we have

= o)t 1
/S (f’(a))Qe do < 2f’(s)e for s > s
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and by (1.4.8) we obtain

_ * do _ 1 —f(s o f”(o’) —f(o
Fl(s)‘/s O = F)° f()‘/s Flot

1 e f(s) > 1 e~ () f(8) for g > 1.

2f(s) ~ 2f'(s1)

This together with e(1te)rf(u0) ¢ Ly, , implies that Fi(ug)™" € L,
Putting y = v/tz, we have

ly|?
le" || ooy > (4mt) ™2 / O <a10g >dy
ly|<ro Y|

N 2|2 1
= (47r)_? / e_Tf log + alog
|z|<rot—1/2 2 | ’

Let § > 0 be a sufficiently small constant such that a/2 — & > 14 25. Then we have ¢~/ <
rot~1/2 for sufficiently small ¢ > 0. By calculating the integral we have

v

(RM).

ul,p

Ek 1
le" B uo|| oo vy > (4m)~ 2/ e f (2log +a10g‘ |>

2] <t=5/

(1.4.9) > 1 ((O‘ - 5) log1> (4m)" % /ZKM/Q - g

(G- s)ee) - (150 (2

for sufficiently small ¢ > 0. We prove that this yields a contradiction. Assume that there exists
a classical solution (u,v) of (1.4.2) with w > 0,v > 0. Then, by Lemma 1.4.2 and (1.4.9) we
have

A CREHRCH Cay)
(1.4.10) . ) . k 1
< ft (k: 1logt+Ck+eth’“—1> <f! (<l<:—1+6> logt>

for small ¢ > 0. Here we take a sufficiently large k € {2,3, ...} satisfying k/(k— 1)+ < 1+ 20.
Then, since a/2 — ¢ > 1+ 2§, we have k/(k —1) + 0 < a/2 — 0. In the following, we prove that
(1.4.10) yields a contradiction. For simplicity, define a := /2 -6, b:=k/(k—1)+ 6, c:= 2/«
and 7 := log(1/t). Then a > b and (1.4.10) implies that

(1.4.11) FYar) - (1+0 (efe”/g)) < f~(br)

for large 7 > 0. Since (f~1(s))" = —f"(f~%(s))/f (f~(s))® < 0, by the mean value theorem
and (1.4.8) we see that

f~Yar) > f71(b7) + (a—b)r > fLbr) + -

_r
f'(f=Har))
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where d := 1/f"(s1), which implies that

Fiar)- (140 (7)) > £ ) +

for large 7 > 0. Note that f~!(ar) = O(7) for large 7 > 0, since f(s) > Cs for s > sg. This
contradicts (1.4.11), and hence (1.4.10) yields a contradiction.

We finally prove the latter assertion of Proposition 1.4.1. Assume that there exist a constant
T > 0 and a classical solution (u,v) of (1.4.3) with v > 0 and v > 0 satisfying lim; o |Ju(t) —
etAUOHLoo(RN) = 0 and lim;_ ||v(t) — etAUOHLoo(RN) = 0. By Lemma 1.2.7 (i) we see that (u,v)
satisfies (1.4.2) with T replaced by a sufficiently small 7/ > 0. This is a contradiction. Thus,
we complete the proof of Proposition 1.4.1. ]

- nrro (/7 ar)e /%) > 1 (br)

Lemma 1.4.3. Let a < b and let f € C([a,b]) be a positive function. Then for any (mq,m2)
satisfying 0 < my < f(b) and mo > 0, there exists g € C'([a,b]) such that the following hold:
0<g(s) < f(s), g'(s) 20 fors € [a,b], g(b) = my and g'(b) = my.

Proof. Since f is continuous, there exists a sufficiently small constant 6 > 0 such that f(s) > m;
for s € [b—40,b]. Put mg := I[nin }f(s) > 0. We can construct g € C*([a, b]) satisfying ¢/(s) > 0

s€la,b—6
for s € [a,b], g(b) = m1, ¢'(b) = ma, 0 < g(s) < myg for s € [a,b— ] and 0 < g(s) < my for
s € [b—0,b]. This g satisfies the desired conditions. O

Proof of Theorem 1.1.3. We prove only the existence of ug such that, for any vy € L}, p(RN )
satisfying vp > a, (1.1.1) has no nonnegative classical solution. The other case can be proved in
a similar way.

Let @ >0 and 0 < e < 1. By (1.1.3) and (1.1.4) there exists a large b > a such that

1—c _ f(s)
F)F(s) = f(s)+1

Then, (1 —¢)/(f(0)F(b)) < f'(b )/)( ((

and f'(s)F(s) <1 for s >b.

1). We apply Lemma 1.4.3 with (mq,m2) = ((1 —
e)/(f(B)F(b)), (1 —e){1— f'(b)F(b)}/(f(b)?F(b)?)). Then, there exists f; € C*([a,b]) such that
)< f'(s)/(f(s)+1)fora < s <b, fi(s) >0fora<s<b, f1(b) = (1—¢)/(f(b)F (b)) and

fib) = (1= e){1 = f'())F(b)}/(f(b)*F(b)?). Note that if f'(0) > 0, then f'(s)/(f(s) +1) >0
1.4.3 w

for s > 0 and we can apply Lemma ith a = 0. Put

) if s € [a, ],
fi(s) : {f(sl)FE(s) if s € (b, 00).

) +
f

Then fi(s) < f'(s)/(f(s) + 1) for s > a. Integrating both sides of this inequality, we have

(1.4.12) exp(fa(s)) := exp (/S fi(o)do + log(f(a) + 1)> < f(s)+1

We can construct gs in the same way. By direct calculation we see that fo,gs are convex C?
functions in [a,00) and that f5(s) > 0 and g5(s) > 0 for s > a. Thus fo and g have the inverse
functions fo ! and go~', respectively. Moreover, there exists C' > 0 such that fa(s) > Cs for
s > a and ga(s) > Cs for s > a. Note that if f(0) > 0 and ¢’(0) > 0, we can choose a = 0.
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Moreover, by (1.1.3) we see that

f2"(s) 92" (s)
f2'(s)? 92'(s)?

Let 0 < r < N/2. We choose 1’ € (r, N/2). It follows from Proposition 1.4.1 that there exists
ug > a satisfying

— 0 (s = o0) and

— 0 (s = 00).

*® do
r N : o
Fy(up)™ € Lulp(R ) with Fy(s) := /S @)
such that for every T" > 0 and for every vy € Lul p(RN ) satisfying vo > a in RY, there is no
nonnegative solution (u,v) € C>H(RY x (0,T)) x C>1 (RN x (0,T)) of (1.4.2) with (f, g) replaced
by (f2792)‘

We prove that F(ug)™" € L., SR N). We see that
= ds [ 1 o), _ 1 [} i
= — = . < =

F2(8) /s efg(o') /S €f2(0) fé(a) do = fé(s) \ ef?(o') do fé(3)6f2(3) for s > b.
Here we use f4(s) = fi(s) = )_}f( 7 is nondecreasing. Thus we have
(1.4.13) Fy(s)™" > fh(s)" e 2 for s > b
On the other hand, we see that (log f(s)) < f(s)lF(S) = f (s) for s > b. Integrating both sides of
this inequality, we have

log () log f(8) < /f1 dagl_/ fulo)do = 1 {fa(s) ~ log(f(a) + 1)}

which implies that f(s) < exp(F 2(s )) for s > b. It follows that

(1= )P(s)™ = F(9)fi(5) = F(9)13(5) S Fils) exp ({Q) for s > b

Thus we have

(1.4.14) F(s)™" < f5(s) exp <7"1fz_(i)> for s > b.

Since 0 < r < 7" and fi(s) > ﬁ for s > b, we have f3(s)" < fi(s)” for s > b. Choosing
0 < e < 1such that » < (1 —¢e)r’, by (1.4.13) and (1.4.14) we see that

F(s)™" < Fy(s)™" for s > b.

(RM).
RM) such that vy > a in RV, Suppose

that (1.1.1) possesses a local in time nonnegative classical solution (u,v) € C*1(RY x (0,7)) x
C>Y RN x (0,7)) in L¥(RY) x L>®(RM). Then by Lemma 1.2.7 (i) and (1.4.12) we obtain the

Since Fy(ug)™" € L p(RN) we obtain F(ug)™" € L}, y

We prove the theorem by contradiction. Let vg € L} ul p(
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integral inequalities

t t
u(t) = e®ug —I—/ et )R g(u(s))ds > ePug + / elt=9)8 (692(”(5)) - 1) ds in RY x (0,7"),
0 0

t t
u(t) = ey +/ U9 f(u(s))ds > ePug +/ elt=s)A (efQ(“(S)) - 1) ds in RN x (0,7"),
0 0

where T > 0 is sufficiently small. By Proposition 1.2.6 there exists a local in time nonnegative
classical solution (u,v) € C*L(RY x (0,7")) x C>L (RN x (0,T")) satisfying (1.4.2) with (f,g)
and T replaced by (f2, g2) and T”, respectively. This contradicts the nonexistence of the solution
of (1.4.2). O
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Chapter 2

Local existence and nonexistence for
reaction-diffusion systems with
coupled exponential nonlinearities

We study the reaction-diffusion system with coupled exponential nonlinearities

Opu = Au + ePrutrv in Q x (0,7),
O = Av + eftutev in Q x (0,7),
u(x,t) =v(x,t) =0 on 90 x (0,7),

u(z,0) = up(z),v(x,0) = vo(x) in Q,

where T > 0, p; > 0 and ¢; > 0 (i = 1,2) with (p1,p2) # (0,0) and (q1,92) # (0,0). The
domain © is RY (N > 1) or a bounded domain in RY with C2? boundary and the initial func-
tions up and vy are nonnegative and measurable. For each (p1,p2, g1, g2), we obtain integrability
conditions of (up,vp) which explicitly determine the existence/nonexistence of a local in time
nonnegative classical solution. For the existence result, we can take a wider class of initial func-
tions than previously suggested. Our analysis can be applied to other nonlinearities including
superexponential ones.

Keywords: Reaction-diffusion systems; Existence and nonexistence; Local in time solutions;
Singular initial functions; Exponential nonlinearities.
2.1 Introduction

Let © be RY (N > 1) or a bounded domain in RY with C? boundary. We study existence and
nonexistence of a local in time solution for the reaction-diffusion system

Opu = Au + ePrtr2v in Q x (0,7),
(2.1.1) Orw = A + etrrree? in Q% (0,7),
u(z,t) =v(x,t) =0 on 90 x (0,7,

u(z,0) = up(z),v(x,0) = vo(x) in Q,
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where T'> 0, p; > 0 and ¢; > 0 (i = 1,2) with (p1,p2) # (0,0) and (¢1,g2) # (0,0). We assume
that up and vg are nonnegative measurable initial functions in €2.
Let us recall previous studies. We consider the scalar problem

0w = Au+ f(u) in Qx (0,7),
(2.1.2) u(z,t) =0 on 02 x (0,7),
u(z,0) =up(z) in Q,

where f € C' and § is possibly unbounded. It is well known that problem (2.1.2) possesses a
local in time classical solution if ug € L>°(Q2) (cf. [11,23]). On the other hand, if ug ¢ L*°(Q2), it
is known that the existence of solutions heavily depends on the balance between the growth rate
of f and the singularity of uq (cf. [11]). Weissler [27] studied (2.1.2) when f(u) = |u[P~tu (p > 1)
and Q is bounded. He constructed a local in time solution when ug € L"(Q2) for r > %(p -1)
andr > 1, or r = %(p — 1) and r > 1. He also proved that if 1 < r < %(p — 1), then there
exists a nonnegative initial function ug € L"(€2) such that, for every T' > 0, (2.1.2) admits no
nonnegative solution.

We refer to previous results of the reaction-diffusion system

Ou = Au+ f(u,v) in Q x (0,7),
(2.13) 0w = Av + g(u,v) in Q x (0,7),
u(z,t) =v(x,t) =0 on 90 x (0,7,

u(x,0) = up(z),v(z,0) = vo(x) in Q.

Quittner-Souplet [21] studied (2.1.3), where f(u,v) = [v|P~ v, g(u,v) = |[ulTtu (p,q > 0)
and 2 is bounded. This is called a weakly coupled system. They proved the existence (resp.
nonexistence) of a local in time solution for (ug,vg) € L™ () x L"(Q2) and

—,—}Sl, p,qg>1and rq,ro > 1

(resp. %max{% - %, - %} > 1, p,g > 0 and r1,72 > 1). In addition, the system (2.1.3)
is called a strongly coupled system when f(u,v) = u®v®? and g(u,v) = u”"v* (o, B > 0 for
i =1,2). See also [1,3-10,17,18,22]. In particular, initial functions were assumed to be possibly
unbounded in [4,5,10,17]. They considered various functional spaces which initial data belong
to.

We introduce some functional spaces. Let B(z,p) denote the ball of radius p > 0 centered

at € RN, For 1 < p < oo, define the uniformly local L? space L p(]RN ) by

1/p
Lﬁlp(]RN) =Que Ll (RY):|jul (RN) i= SUD / |u(z)Pdx < o0
’ e yeRN \J/B(y.p)

For simplicity of notation we set Ly} p(RN ) := L®(RN). Let Eﬁl’ p(]RN ) denote the closure of the

space of bounded uniformly continuous functions BUC(R) in the space Lﬁl’ p(RN ), i.e.,

7, (RN} = BUC@Y) Wan®,

ul,p
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Let us go back to (2.1.2). When the nonlinear term f has a rapid growth such as e* and 6“2,
(2.1.2) has not been well studied until recently. Fujishima-Ioku [11] has studied (2.1.2) when
up >0, Q =RY and f € C(]0, 00)) satisfies the following conditions:

f(s) >0, f'(s) >0 and F(s) < oo for s >0,
lim f'(s)F(s) =1 and there exists so > 0 such that f'(s)F(s) <1 for s > so.

5—00

2

Here F(s) := [“do/f(c). Typical examples are f(u) = e*, e, e°". They obtained the

local in time existence (resp. nonexistence) result when F(ug)™" € L, p(]RN) for > N/2 or

F(uo)_% € E}Ll’p(RN) (resp. F(up)™" € Lzldyp(]RN) for 0 <7 < N/2). See also [14-16,24-26].

When the nonlinear terms are polynomials such as v, the existence and nonexistence of a
local in time solution were studied in both scalar problems and systems. However, when the
nonlinear terms are exponential, solutions of systems have not been well studied. For recent
studies, see [13,20].

We study (2.1.1) in all the cases (p1,p2,q1, q2), and obtain integrability conditions of initial
data which ezplicitly determine the existence/nonexistence of a local in time solution. In the
proof we combine and improve methods of [11] and Ishige et al. [17]. Our analysis of (2.1.1)
enables us to study other systems. For example, we can treat a system with superexponential
nonlinear terms by our results and the transformation approach in [11]. See Section 2.5.

We begin to state an existence result in RY. Define

(@20)(a) = (amt) [ oty

for ¢ € Lil, p(]RN ). Then e*®¢ gives the solution for the heat equation in R with the initial

function ¢.

Definition 2.1.1 (Classical solution in R"). Let X,Y be Banach spaces. We call a function
(u,v) € C2HRYN x (0,T)) x C>HRY x (0,T)) a classical solution of (2.1.1) in X x Y if (u,v)
satisfies the equations in the classical sense in RY x (0,7), ||u(t) — e"®uol|x — 0 (t — 0) and
lv(t) — etPuglly — 0 (t — 0).

In Definition 2.1.1 we do not adopt the following conditions: ||u(t) — ugpllx — 0 (¢t —
0) and [[v(t) — volly — 0 (¢ — 0), since we consider the case where |lu(t) — uo|| o ®n) and
[v(t) = voll oo vy do not necessarily converge to 0.

Theorem 2.1.2 (Local in time existence in RY). Let N > 1 and p > 0. Suppose that one
of the following holds:

(i) there exist 1y > N/2 and r9 > N/2 such that the nonnegative functions (ug,vo) €

Lihp(RN) X Lzlj,l,p(RN) satisfy

(2.1.4) enteruotrw) ¢ b, (RN) and en(@votev) ¢ L, (RY),

(ii) the nonnegative functions (ug,vy) € Lil,p(RN) X Lihp(RN) satisfy

(2‘1.5) en(mug-{—pgvo) e ‘Cil,p(RN) and er2(q1uo+q2vo) c ‘C}Ll,p(RN)

with r1 = N/2 and ro = N/2.
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Then there exist T > 0 and a local in time nonnegative classical solution (u,v) € C*1 (RN x
(0,7)) x C*HRN x (0,T)) of (2.1.1) in L=®(RY) x L>®(RY) in the sense of Definition 2.1.1.

We deduce the following corollaries from Theorem 2.1.2.

Corollary 2.1.3. Let N > 1, p > 0, p1 > ¢q1 and pa > qo. Suppose that the nonnegative
functions (ug,vy) € LilP(RN) X Lilp(RN) satisfy

er(PLuotpavo) ¢ L}d,p(RN) for some v, > N/2 or e'(Pruotpavo) ¢ Ellmp(]RN) with 11 = N/2.

Then there exist T > 0 and a local in time nonnegative classical solution (u,v) € C*1(RYN x
(0,7)) x C*HRN x (0,T)) of (2.1.1) in L=®(RYN) x L>®(RY) in the sense of Definition 2.1.1.

Corollary 2.1.4. Let N > 1, p > 0, p1 < q1, p2 > q2 and ug,vg > 0. Suppose that one of the
following holds:

(i) pr =0 and g2 > 0: (2.1.4) holds for some (r1,72) € (0, N/2] x (Np2/(2g2),0) or (2.1.5)
holds for some (r1,r2) € (0, N/2] x {Npa/(2¢2)},

(ii) p1 > 0 and g2 = 0: (2.1.4) holds for some (r1,r2) € (Nq1/(2p1),00) x (0, N/2] or (2.1.5)
holds for some (ri,m2) € {Nq1/(2p1)} x (0,N/2],

(iii) pr > 0 and g > 0: (2.1.4) holds for some (ri,r2) € ((0,N/2] x (Npa/(2¢2),0)) U
((Ng1/(2p1),00) x (0, N/2]) or (2.1.5) holds for some (r1,72) € ((0, N/2] x{Np2/(2¢2)})U
{Na1/(2p1)} x (0, N/2]).

Then there exist T > 0 and a local in time nonnegative classical solution (u,v) € C*1(RYN x
(0,7)) x C*HRN x (0,T)) of (2.1.1) in L=®(RYN) x L>®(RY) in the sense of Definition 2.1.1.

We mention Corollary 2.1.4. In the case (i) if the former assumption holds, then we see that

o ( P291
em( s u0+p21)o) _ em(Qwo-ﬁ-Qwo) c L’LllJl,p(RN)7 where 73 = 7‘2q2/p2 > N/2.

If the latter assumption holds, then we see that

P21
67‘3( s u0+p21’0) — er2(qiuotaavo) o ﬁtl,p(RN)a where 73 = r2g2/p2 = N/2.

Thus Theorem 2.1.2 implies that there exists a nonnegative classical solution of (2.1.1) with pq,
q1 and ¢ replaced by p2q1/q2, p2q1/q2 and po, respectively. Since it is a supersolution for (2.1.1),
(2.1.1) also possesses a solution. We can obtain the other cases (ii) and (iii), and Corollary 2.1.3
in a similar argument.

Corollaries 2.1.3 and 2.1.4 hold if p; and ¢; (i = 1,2) are exchanged, respectively. For
example, let g1 > p1 and go > po. If e2(@1u0t@v0) g ip L}Ll’p(RN) for some ro > N/2 or in
E}% p(RN ) with ro = N/2, then (2.1.1) has a nonnegative classical solution.

It is suggested in [17, p.6105, 6106] that the existence of a solution of (2.1.1) can be obtained
from using a solution of the strongly coupled system (2.1.3). In this chapter we devise a different
transformation and deduce the existence conditions of initial data (2.1.4) and (2.1.5). Compared
to the case using the idea suggested in [17], we can take a wider class of initial data where (2.1.1)
possesses a solution in the sense of Definition 2.1.1. See Appendix 2.A for an example of initial
data. Moreover, we also obtain a nonexistence result, which is not mentioned in [17].
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Theorem 2.1.5 (Local in time nonexistence in RY). Let N > 1 and p > 0. Then the
following (i) and (ii) hold:

(i) Let p1 > q1 and p2 > q2. Then for any 0 < ry < N/2, there exist nonnegative functions
(ug,vo) satisfying et Pruotpavo) ¢ LiLP(RN) such that, for every T > 0, problem (2.1.1)
admits no local in time nonnegative classical solution (u,v) € C*1 (RN x (0,T)) x C*H (RN x
(0,7)) in L>®(RN) x L=¥(RY) in the sense of Definition 2.1.1.

(ii) Let p1 < q1 and pa > q2. Put

I :=(0,Nq1/(2p1)) ifp1 >0, I:=(0,00) if p1 =0 and
I5 :=(0,Np2/(2g2)) if g2 >0, Io:=(0,00) if g2 =0.

Then for any (r1,r2) € (11 x (0, N/2)) U ((0,N/2) x I3), there exist nonnegative functions
(up,vo) satisfying (2.1.4) such that, for every T > 0, problem (2.1.1) admits no local
in time nonnegative classical solution (u,v) € C>H RN x (0,T)) x CPL RN x (0,T)) in
L>®(RYN) x L®(RY) in the sense of Definition 2.1.1.

Theorem 2.1.5 holds if p; and ¢; (i = 1,2) are exchanged, respectively as well as Corollar-
ies 2.1.3 and 2.1.4.

Remark 2.1.6. Using Theorems 2.1.2 and 2.1.5 and Corollaries 2.1.8 and 2.1.4, we can de-
termine the existence and nonexistence of a solution in all the cases. We consider only the
following two cases (1) and (2), since the other cases are obtained from exchanging p; and g;
(1 = 1,2), respectively. In conclusion, we cover all the cases (p1,p2,q1,q2,71,72).
(1) Let p1 > q1 and pa > q2. If er1(Pruotpvo) o 4p Lil’p(RN) for some r1 > N/2 or in
Lil’p(RN) with m = N/2, then Corollary 2.1.3 implies that (2.1.1) has a nonnegative
classical solution. On the other hand, if 0 < r1 < N/2, then Theorem 2.1.5 (i) implies
that there are nonnegative functions (ug,vo) such that e’ (Priotp2vo) ¢ L}Ll’p(RN) and the
solution does not exist.

(2) Let p1 < q1 and p2 > q2. We divide into the following three cases. Note that when p; > 0
and g2 = 0, we consider in a similar way to the case (ii).

(i) p1 =0 and g2 = 0: Set S; := (N/2,00) X (N/2,00), Sz := 051 and S5 := ((0,N/2) x
(0,00)) U ((0,00) x (0,N/2)). If (2.1.4) holds for some (ri,72) € S1 or (2.1.5) holds
for some (r1,72) € S, then Theorem 2.1.2 claims that (2.1.1) has a nonnegative
classical solution. On the other hand, by Theorem 2.1.5 (ii) for each (ri,72) € Ss,
there are nonnegative functions (ug,vg) such that (2.1.4) holds and the solution does
not exist. See Fig. 2.1 (i).

(i1) p1 =0 and g2 > 0: Set Sy := ((0, N/2] x (Np2/(2¢2),00)) U ((N/2,00) x (N/2,00)),
S3 = ((0,N/2) x (0,Np2/(2¢2))) U ((0,00) x (0, N/2)) and Sy := 0S1 N dS3. For
this case, the same conclusions as the case (i) hold using Corollary 2.1.4 and Theo-
rem 2.1.5 (ii). See Fig. 2.1 (ii).

(iii) p1 > 0 and g2 > 0: Set Sy := ((0, N/2] x (Np2/(2g2),00)) U ((N/2,00) x (N/2,00)) U
((Nq1/(2p1),00) x (0,N/2]), S3 = ((0,N/2) x (0, Npa/(2g2))) U (0, Ng1/(2p1)) x
(0,N/2)) and Sy := 051 N 0Ss. For this case, the same conclusions as the case (i)
also hold in the same way as the case (ii). See Fig. 2.1 (iii).
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Fig. 2.1: When p1 < q1 and p2 > g2, the solution exists on S; U S2 and the nonexistence result holds on Ss.

We consider the case where  is a bounded domain with C? boundary. Let 1 < p < oo and
let A be the Laplace operator with the domain D,(Aq) = W2P(Q) N Wol’p(Q). It is known
that €2 is an analytic semigroup on LP(Q2). Moreover, e!22 has positivity preserving and
contractibility on LP(2) and there exists a positive C*°-function Gg : @ x Q x (0,00) — R
(Dirichlet heat kernel) such that

(e"22¢) (z / Gol(z,y,t)(y)dy

for ¢ € LP(Q) (cf. [23]). Then e*22¢ gives the solution for the heat equation in € with the initial
function ¢. After that, we abbreviate Gq as G. See Proposition 2.2.10.

We state existence and nonexistence results in €, a bounded domain in RY (N > 1) with
C? boundary.

Definition 2.1.7 (Classical solution in a bounded domain). Let X,Y be Banach spaces.
We call a function (u,v) € C*1(2 x (0,7)) x C%1(Q x (0,T)) a classical solution of (2.1.1) in
X xY if (u,v) satisfies the boundary conditions, the equations in the classical sense in 2 x (0, 7)),
u(t) — et®eug|x — 0 (t — 0) and ||v(t) — et®2ug|ly — 0 (t — 0).

Theorem 2.1.8 (Local in time existence in a bounded domain). Suppose that the non-
negative functions (ug,vo) € L*(Q) x LY() satisfy

(2.1.6) ez (Pruotpavo) ¢ LY() and e (@1uotaw) ¢ LY(Q).

Then there exist T > 0 and a local in time nonnegative classical solution (u,v) € C%1(Q x
(0,7)) x C*L(Q x (0,T)) of (2.1.1) in L>®(Q) x L>®(Q) in the sense of Definition 2.1.7.

The assumption (2.1.6) corresponds to both of the conditions (2.1.4) and (2.1.5) in Theo-
rem 2.1.2. Indeed, if e(Pruotp20) ¢ [1(Q) and er2(@uotazvo) ¢ L1(Q) hold for some 1 > N/2
and 79 > N/2, then ug and vy satisfy (2.1.6), and (2.1.1) has a local in time nonnegative classical
solution.

Theorem 2.1.9 (Local in time nonexistence in a bounded domain). The following (i)
and (ii) hold:

(i) Let p1 > q1 and p2 > q2. Then for any 0 < r1 < N/2, there exist nonnegative functions
(ug, vo) satisfying e’ (PreotP2v0) ¢ LY(Q) such that, for every T > 0, problem (2.1.1) admits
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no local in time nonnegative classical solution (u,v) € C>1(Q x (0,T)) x C*1(Q x (0,T))
in L®(Q) x L>®(Q) in the sense of Definition 2.1.7.

(i1) Let p1 < q1 and py > qa2. Put Iy and Iy in the same way as Theorem 2.1.5 (ii). Then for
any (r1,7m2) € (I1 x (0, N/2)) U ((0,N/2) x I3), there exist nonnegative functions (ug,vo)
satisfying (2.1.4) with L}Ll,p(RN) replaced by L'(Q) such that, for every T > 0, problem
(2.1.1) admits no local in time nonnegative classical solution (u,v) € C*1(Q x (0,T)) x
C?HQ x (0,T)) in L>=(Q) x L>®(R) in the sense of Definition 2.1.7.

Theorem 2.1.9 holds if p; and ¢; (i = 1,2) are exchanged, respectively.

Remark 2.1.10. Remark 2.1.6 holds if both of Liz7p(RN) and £111l,p

(RN are replaced by L*(9).

Let us mention a sketch of the proofs. First we mention the existence part. Let (u,v) be a
nonnegative solution of (2.1.1). Put a := pyu + pov and b := qiu + gav. Then (a,b) satisfies

0ra = Aa + pre® + paeb in RY x (0,7),
(2.1.7) Oib = Ab+ qre® + gaeb in RY x (0,7),
a(x,0) = ap(w),b(x,0) = bo(x) in RV,

where ag := prug + pavo and by := qrug + g2vp. On the other hand, let (U, V) be a nonnegative
solution of

aU = AU + 2yt 4 P2y in RY x (0, 7),
n n

(2.1.8) oV = AV + Lyny 4 By in RY x (0, 7),
n n

U(z,0) = exp(ag(z)/n), V(x,0) = exp(bo(x)/n) in RV,

where 7 is a large positive constant. Then (a@,b) := (nlogU, nlogV) becomes a supersolution
for (2.1.7). By induction method we can construct a local in time nonnegative classical solution
of (2.1.7). Thus it suffices to prove the existence of a local in time nonnegative classical solution
of (2.1.8).

In [17] they have studied a supersolution for the strongly coupled system (2.1.3). The
supersolution is constructed by transforming a solution of the scalar problem dyw = Aw+ P(w),
where P has a polynomial growth. We use this method and prove that (2.1.8) possesses a
solution. See Proposition 2.3.1 for details. Finally, we show the following limits by integral
estimates: lim;_q Ha(t) — etAaoHLoo(RN) = 0 and lim;_,q Hb(t) - etAboHLoo(RN) = 0, which lead
to the existence of a local in time classical solution of (2.1.1) in the sense of Definition 2.1.1.

Theorem 2.1.8 is obtained from Theorem 2.1.2. Let (u, v) be a local in time classical solution
of (2.1.1) in RN, If Q is bounded, then (u|q,v|q) is a supersolution and (2.1.1) has a local in
time classical solution.

We explain the nonexistence part. In the proof of Theorem 2.1.5 it is important to consider
a nonexistence result of the scalar integral problem

t
(2.1.9) u(t) = ePug + C/ et=92eu)gs in RN x (0,7),
0

where C' > 0. This is shown by contradiction. If (2.1.9) has a local in time nonnegative
solution, then ”etAU()HLoo(RN) has an upper bound depending on ¢. See Lemma 2.4.2 (i). On the
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other hand, we can construct a nonnegative initial function wug satisfying a suitable integrability
condition such that ||e!“ug| Loo(rnN) increases faster than the upper bound as ¢ — 0. Thus this
is a contradiction and we obtain the nonexistence result of (2.1.9). We prove Theorem 2.1.5,
using ug.

Theorem 2.1.9 is obtained from the nonexistence result of the scalar integral equation (2.1.9)
which replaced A by Aq and RY by , respectively. Note that we use an upper bound of
[|etAoug|| Lo() Which is different from the case 2 = RY. In particular, when € is bounded, we
cannot obtain the same upper bound of ”etAQUOHLoo(Q) as 0 = RN by applying the method in
RY. We use an inequality of the Dirichlet heat kernel in €, integral estimates and an induction
method. See Proposition 2.4.1 (ii) and Lemma 2.4.2 (ii) for details.

This chapter is organized as follows. In Section 2.2 we recall some results of the existence of
solutions and some properties of a semigroup. In Section 2.3 we prove the existence of a local
in time classical solution of (2.1.8). We use this result and prove Theorems 2.1.2 and 2.1.8.
In Section 2.4 we show the local in time nonexistence of (2.1.9) and (2.4.1) and prove The-
orems 2.1.5 and 2.1.9. In Section 2.5 we apply our results of (2.1.1) to several examples of
nonlinear reaction-diffusion systems. In Appendix 2.A we give an example of initial data which
satisfy (2.1.4) but do not belong to the class given in [17].

2.2 Preliminaries
For any set X and the mappings a = a(x) and b = b(z) from X to [0, 00), we say
a(z) <b(x) forall x € X

if there exists a positive constant C such that a(x) < Cb(x) for all z € X.
After this section, let N > 1, p > 0 and N = {1,2,...}. Moreover, Q) is assumed to be a
bounded domain in RY with C? boundary unless otherwise noted.

Lemma 2.2.1. ( [19, Corollary 3.1]) Let 1 < p < q < oo. Then there exists C = C(N,p,q) > 0
such that

1

_N(i_1 _N(1_1
”etAuHLZl’p(RN) < C (,0 (:D q) +t 2 (p Q>> HUHLZl,p(RN)
fort>0,p>0anduc LP, (RV).

ul,p

Proposition 2.2.2. Let p > 1 and let f € C*(]0,00)) be a nonnegative function. Suppose that
f'(s) = O(sP~Y) as s — co. Then the following (i) and (ii) hold:

(i) (Subcritical case) If ¢ > 1 and ¢ > Y (p — 1), then for a nonnegative function wy €

LZZ p(RN), there exist T > 0 and a nonnegative classical solutionw € C((0,T) : LZZ p(RN))ﬂ
L5 ((0,T) L®(RM)) N C?2H RN x (0,T)) such that
(2.2.1) Ow = Aw + f(w) inRY x (0,T),
w(z,0) = wo(z) in RV
and
: tA -
(2.2.2) lim [lw(t) — e woll s, @) = 0.
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(ii) (Critical case) If ¢ = %(p— 1) > 1, then for a nonnegative function wy € E?d’p(RN), there
(RM)) N L5, ((0,T) :

exist T > 0 and a nonnegative classical solution w € C([0,T) : L Toe

ul,p
L®(RM)) N O RN x (0,T)) such that (2.2.1) and (2.2.2) hold.

Moreover, for both of (i) and (ii), there exists C = C(N,p,q,p) > 0 such that

_N(1_1
(2.2.3) lw®)llr, @y < Ct HG T)HonLzl,,,(Rm

for sufficiently small t > 0 and r € [q, ].

Since we can prove Proposition 2.2.2 in a similar way to [2,23,27], we omit the proof. See
also [11, Propositions 2.2 and 2.3].

Remark 2.2.3. ( [11, Remark 2.2 (ii)]) Suppose that all the assumptions of Proposition 2.2.2 (ii)

hold. Let max{p,q} < a < pq and o := % (% - é) Then it follows that

. _
lim ¢7Jw ()| e, @) = 0.

Lemma 2.2.4. The following (i) and (ii) hold:

(i) Let J be a convex function from [0,00) to itself. Then for a nonnegative function ¢ €
Lthp(RN))

J(e2 () < [2(J9)|(x) in RN x (0, 00).

(ii) Let J be a convex function from [0,00) to itself. Let Cy(S2) denote the space of continuous
functions on Q vanishing at 9. If J(0) = 0, then for a nonnegative function ¢ € Cy(S2),

J(eBeg(x)) < [22(J9)](x) in 2 x (0,00).

Since the assertions (i) and (ii) follow from [11, Lemma 2.4] and [27, Lemma 5.1], respectively,
we omit the proof.

Lemma 2.2.5. Let 1 < p < co. Then the following (i) and (ii) hold:

(i) ueLr

ul’p(RN) if and only if lulP € £}, (RYN).

ul,p

(ii) Let C > 0. Ifu € Ezl’p(RN), then max{u,C} € L'Zl’p(RN).

Proof. The assertion (i) follows from [11, Lemma 2.2 and Remark 2.1].

We prove the assertion (ii). Let u € EZL p(RN ). Then there exists a sequence {u,} C
BUC(RY) such that u,, — u in Lﬁlyp(RN) as n — oo. For n € N, put v, := max{u,,C}. We
see that {v,} € BUC(R") and obtain

| max{u,C} —v,| < |u—u,| — 0 in Lfbl’p(RN) as n — oo.

Thus max{u,C} € ['Zl,p(RN)‘ O

Proposition 2.2.6. ( [17, Lemma 2.2]) The following (i) and (ii) hold:

35



(i) Let f(u) € C(]0,00)) satisfy
f(u) >0 and f'(u) >0 for u>0.

Let ug € L}Ll’p(RN) be a nonnegative function. If there exist T > 0 and a nonnegative

function w € C>1 (RN x (0,T)) such that
t
a(t) > ePug + / et =B f(u(s))ds
0

for almost every (x,t) € RN x (0,T), then there exists a solution u € C>* (RN x (0,T)) of
the integral equation

u(t) = e®ug + / t =98 f(u(s))ds in RN x (0,T)
0

which satisfies
Ou = Au+ f(u) in RN x (0,T).
Furthermore, 0 < u(z,t) < wu(x,t) in RN x (0,7T).
(ii) Let f(u,v),g(u,v) € CHL([0,00) x [0,0)) satisfy
flu,0) 20, fulu,v) 20, folu,v) 20, g(u,v) 20, gu(u,v) =0 and gy(u,v) = 0

foru>0 and v > 0. Let up,vg € Lllj,l p(]RN) be nonnegative functions. If there exist T > 0
and nonnegative functions (,v) € C>H (RN x (0,T)) x C*L (RN x (0,T)) such that

(2.2.4)

for almost every (z,t) € RN x (0,T), then there exists a solution (u,v) € C>H(RN x
(0,7)) x C*Y(RYN x (0,T)) of the integral system

u(t) = e®ug + / t et =I)A f(u(s),v(s))ds in RN x (0,T),
(2.2.5) 0
v(t) = ePug +/0 =98 g(u(s),v(s))ds in RN x (0,T)

which satisfies

Ou = Au+ f(u,v) in RN x (0,T),
o = Av+ g(u,v) in RY x (0,7).
Furthermore, 0 < u(z,t) < @(x,t) in RN x (0,T) and 0 < v(x,t) < v(x,t) in RN x (0,7).

Remark 2.2.7. Proposition 2.2.6 (i) and (ii) hold for a bounded domain. More precisely, both

of (i) and (ii) hold if RV, LllLLp(RN) and e® are replaced by Q, LY(Q) and e, respectively.
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Lemma 2.2.8. (cf. [11, Lemma 2.3]) Let f(u,v) € CY1([0,00) x [0,00)) satisfy
flu,v) >0, fu(u,v) >0 and fy(u,v) >0 foru>0 andv > 0.

Let T > 0 and let ,v € C*Y(RN x (0,T)) N L.((0,T) : L=®(RYN)) be nonnegative functions.

loc
Then the following (i) and (ii) hold:
(i) Let ug € Lil,p(RN)' Suppose that
(2.2.6) o = Au+ f(w,v) inRY x (0,T)
and that
. — tA _
(2.2.7) %g% |lu(t) —e uo||L111.l,p(RN) =0.
Then w satisfies
t
(2.2.8) u(t) = ePug + / et =B f(u(s),v(s))ds in RY x (0,7).
0
(ii) Let ug € L}LLP(RN). Suppose that
(2.2.9) ou > Au+ f(u,v) inRY x (0,T)

and that either (2.2.7) or the following inequality holds:
(2.2.10) a(t) > e®ug in RN x (0,7).

Then w satisfies
t
(2.2.11) a(t) > ePug + / et=)A f(u(s),v(s))ds in RY x (0,T).
0
Proof. We prove the assertion (i). It follows from (2.2.6) that

(2.2.12) a(t) = A7) + / et =B f(u(s), v(s))ds

for 0 <7 <t <T. See [23, p.77] for details. We obtain from Lemma 2.2.1 and (2.2.7) that

—)A— A —7T)A (= A
e 72a(r) — e ug | e rry = [l 2 @(r) — €™ uo) | Lo rr)
— _N _ A
S (7N (=17 ) far) — e Puolly, vy
—0 (r—0).
Let X (71 be a characteristic function. By the monotone convergence theorem we have
¢

lim [ "2 f(@(s),v(s))ds=lm | x(rp(s)e D2 f(a(s),v(s))ds = / =92 r(u(s),v(s))ds

T7—0 T T—0 0 0

for each (x,t) € RY x (0,T). Therefore, we deduce (2.2.8) by taking the limit as 7 — 0 of
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(2.2.12).
We prove the assertion (ii). If (2.2.7) holds, then the inequality (2.2.11) can be obtained in
the same way as the assertion (i). On the other hand, if (2.2.10) holds, then (2.2.9) implies that

a(t) > e 1Ag(r) + / =92 f(wu(s),v(s))ds > ePug + / =92 f(u(s), v(s))ds.

T T

Taking the limit as 7 — 0, we obtain (2.2.11). O

Lemma 2.2.8 corresponds to [11, Lemma 2.3]. We assume that 7,5 € C>'(RY x (0,7)) N
L2 ((0,7) : L=(RY)), which is needed to obtain (2.2.12). This assumption is not assumed
in [11]. However, we do not suppose the limit condition corresponding to [11, (2.1)].

Remark 2.2.9. Lemma 2.2.8 (i) and (ii) hold for a bounded domain. This is similar to Propo-
sition 2.2.6 and Remark 2.2.7. In this case we itmpose the Dirichlet boundary condition on u
and .

Proposition 2.2.10. (cf. [23, Proposition 49.10]) Let Q be an arbitrary domain in RN (N > 1).
Let y € Q, §(y) := dist(y,09), B := B(y,d(y)) and denote

N lz—y|?

Ky(x,t) == (4nt)"2e” 4 , x € B andt > 0.

Then there ezists m > 0 depending only on N such that the Dirichlet heat kernel G(x,y,t) in
satisfies

G(z,y,t) > Ky(z,t) —md(y)™ in B x (0,00).

2.3 Existence result

In this section we prove Theorems 2.1.2 and 2.1.8. In the proof of Theorem 2.1.2 we use a
solution of the problem

Oy = Au + CruP® + CouProP?  in RN x (0,T),
(2.3.1) 0w = Av + C3v® 4+ Cyu®o®  in RN x (0,7),

u(z,0) = up(z),v(x,0) = vo(x) in RV,

where po,qo0 > 1, p1,p2,q1,92 > 1 and C; (i = 1,2, 3,4) are arbitrary nonnegative constants. We

assume that (ug,vp) is in Lzllvp(RN) X L’l’j’p(RN) or in Ezll’p(RN) X Eﬁp(RN), where 71 > 1 and

ro > 1. The following four exponents are key factors to study (2.3.1):

—1 —1
A=1+2"0 gy=10 B 2
(2.3.2) " noor
Ag=1+072 and Ay =14+ 84272
T2 1 T2

The existence of a solution of (2.3.1) is established in a similar manner to [17, Theorem 4.1]
when (ug,vo) € LZ&:;O(RN) X L:j:;o (R™) which includes our space LE’p(RN) X LZ?p(RN). How-
ever, [17, Theorem 4.1] does not claim in which sense the initial condition is satisfied. In

Proposition 2.3.1 we establish the existence of a solution in the sense of Definition 2.1.1.
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Proposition 2.3.1. Let pg,q0 > 1, p1,p2,q1,q2 > 1 and ri,79 > 1. Fori=1,2,3,4, let C; > 0
and let A; be given by (2.3.2). Then the following (i) and (ii) hold:

(i) Let 1 <rq,ry < 0co. Suppose that

N
(233) EmaX{Al—1,A2—1,A3—1,A4—1} < 1.
Then for any nonnegative functions (ug,vy) € Lzll’p(]RN) X L;2l7p(RN), there exist T > 0
and a local in time nonnegative classical solution (u,v) € (C*1(RN x (0,7)) N L2 ((0,T) :

loc
L®(RM)))2 of (2.3.1) in L:Lll’p(]RN) X L;217P(RN) in the sense of Definition 2.1.1.

(ii) Let 1 <r,7me < co. Suppose that

N
(234) EmaX{Al—l,Ag—l,Ag—1,144—1}:1.
Then for any nonnegative functions (ug,vy) € Ezllvp(]RN) X E:j,p(RN), there exist T > 0
and a local in time nonnegative classical solution (u,v) € (C*Y (RN x (0,T7))N L2 ((0,T) :

loc
L®(RNM))? of (2.3.1) in LEP(RN) X L:fl’p(RN) in the sense of Definition 2.1.1.

Proof. It suffices to prove when C; > 0 for i = 1,2, 3, 4.
We prove the assertion (i). Setting wg(z) := max{up(x)™ + vo(x)"2,1}, we have wy €

Lil, p(RN ). We consider the problem
(2.3.5) Oyw = Aw + P(w) in RN x (0,7),
w(z,0) = wy(z) in RY,

where P(w) := r1Crw™ + r1Cow?? 4+ roCw? + roCywAt. We can apply Proposition 2.2.2 (i)
with p = max{A1, As, A3, A4} and ¢ = 1, since P'(w) = O(wP™!) as w — oo and the inequality
g > N(p—1)/2 follows from (2.3.3). Let w be a solution of (2.3.5) given by Proposition 2.2.2 (i).
Put (@,7) := (w'/™,w'/"?). Direct calculations show that

(236) {atu > Au+ CyaP + CouP'oP2  in RY x (0,7),

040 > Av + C3v% + Cyu®p%  in RN x (0,7).

On the other hand, by (2.2.2) and Lemma 2.2.8 (i) we have

(2.3.7) w(t) = ePwy + /t =92 P (w(s))ds.
0

Let J(s) :=s" (s > 0). Since J is convex, we deduce from Lemma 2.2.4 (i) and (2.3.7) that
J(@(t)) = w(t) > ePwy > e (J(ug)) > J(ePup) in RY x (0, 7).

Since J is strictly increasing, we have (2.2.10). Using (2.2.10) and (2.3.6), by Lemma 2.2.8 (ii)
we have

t
(2.38) a(t) = eBu + [ (Cua(s) + Can(s) o(5)) ds.
0
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In the same way we can obtain
¢

(2.3.9) T(t) > e vy + / =92 (Cm(s)® + Cyu(s)1T(s)®) ds.
0

Put f(u,v) := CruP? + CouP'vP? and g(u,v) := C3v? + Cyu?v?. We observe from (2.3.8) and
(2.3.9) that (f,g) and (@, v) satisfy all the assumptions of Proposition 2.2.6 (ii), which implies
that (2.2.5) possesses a solution (u,v) € (CZHRY x (0,T)) N L2 ((0,T) : L>=(RY)))? satisfying
(2.3.1) and

(2.3.10) 0 < u(z,t) <u(x,t) and 0<ov(z,t) <o(z,t) in RY x (0,7).

It remains to prove the following limits:

. tA — 1 — LA T =
(2.3.11) llg% lu(t) — e UOHLE,,;(RN) =0 and llg% |lv(t) —e UOHLU%W(RN) 0.
Since u <% = w'/™ and v = w!/"2 it follows from Lemma 2.2.1 and (2.2.5) that

A
lu(t) = ol @)

P14 P2

<cl/ =8 (s) | 7y RN)ds—i—Cz/ e 2(s) Ay s

(2.3.12) n
< [ )R gy s+ [ ) s

S NGy e H” Gy s
( (RY)

On the other hand, by (2.2.3) we have

_N(_L
2.3.13) (g ey S 52 0 funlly, ey
and
(2.3.14) lo iy 58 R wollpy, vy
Lyt (RN)

for sufficiently small s > 0. The inequalities (2.3.12), (2.3.13) and (2.3.14) imply that

t N opo-1 t _N(pi-1, P
(2.3.15) ||u(t)—etAu0||Lr% (RN) S/ s 2 m ds+/ s 2( 1 +r2)ds7
utsp 0 0

provided that ¢t > 0 is small. We observe from (2.3.2) and (2.3.3) that

191—1+P2>:N

N po - 1 (
1 T9 2

2 1

N
(A1—1)<1 and 2< A2—1)<1.
Thus, the right hand side of (2.3.15) converges to 0 as t — 0. Hence, we obtain the first limit
of (2.3.11). In the same way we can obtain the second limit of (2.3.11). Thus, (u,v) is a

local in time nonnegative classical solution of (2.3.1) in L] p(}RN ) x Ly p(]RN ) in the sense of
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Definition 2.1.1. The proof of the assertion (i) is complete.
We prove the assertion (ii). Since ri,79 > 1, there exists € > 0 such that

T1 T9 2
2.3.1 1= 1, vh = 1 and —.
(2.3.16) ] 1+€> , T 1_{_€> an 6<N
We define A} (i =1,2,3,4) by
1 1
Ap=1 4 By 2 P2
LS ™ Ta
- —1
Aéizl—i-qo, and Ag::1+q—,1—|—qz/ .
T2 ™ 2

Due to (2.3.4), we have

N
Emax{A'l—1,A’2—1,Ag—1,A21—1}:1—1—5.

Let wo(z) := max{ug(z)™" + vo(z)"?’,1}. Then Lemma 2.2.5 implies that wy € .C}I;(RN). By

Proposition 2.2.2 (ii) there exist 7" > 0 and a nonnegative classical solution w € C([0,7) :
LEERNY) N LR ((0,T) : L2(RYN)) N C2HRY x (0,T)) for the problem

ul,p loc

Ow = A in RN x (0,7),
a1 =D+ Q(w) iRV x (0,7)
w(z,0) = wy(z) in RY,
where Q(w) := r/Chrwdt + r/Cow?2 + 1o/ Csw™s + ro/ Cyws. Put (u,v) := (wl/”ll,wl/ré).

Then (u,v) satisfies (2.3.6), (2.3.8) and (2.3.9). Thus Proposition 2.2.6 (ii) implies that (2.2.5)
with f(u,v) := CruP? + CouP'vP? and g(u,v) := C3v? + Cyuf*v? possesses a solution (u,v) €
(CZHRY x (0,T)) N L. ((0,T) : L°(RY)))? which satisfies (2.3.1) and (2.3.10).

We prove (2.3.11). Put ap :=1+42(1 +¢)/N and a := ag + §, where § > 0 is a sufficiently
small constant chosen later. We show that Remark 2.2.3 can be applied for w with p = ag and
g=1+e¢e. By (2.3.16) we see that ap > 14+ 2/N > 1+ ¢, and hence max{p, ¢} = ap < a. Since
ap < ap(l +¢) = pg and ¢ is small, we obtain o < pg. Thus max{p,q} < a < pg holds and
Remark 2.2.3 can be applied. Let k := (14 ¢)(2/N + 1/r1). By (2.3.4) we have
(2.3.18) P20t g oand L2

ri’ — N ry’ roorh T

Since 0 is small, we obtain

ko1
(2.3.19) s o

o T1

The inequalities u < @ = w/™, v <7 = w2, w > ePwy > 1, (2.3.18) and (2.3.19) along with
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Lemma 2.2.1 imply that

lu(t) = ol 1 gy

P1
<cl/ e w(s) ¥ RN)dHcQ/ e 2u(s) Ty s
(2320) < (Cl + 02)/0 He(t_S)Aw(S)kHLEYP(RN)dS
t E_ 1 N(k_1
_N(E_L _N(E_ 1
< (a Tl)—{— t—s 2(@ ’“1)) u}sk a ds
<[ (o (t-9) 5
Ll N(k_ 1 N(k_ 1
S/ (p N(a rl) +(t—s) 2 (a r1)> s~%ds - sup s7F|w(s)|%. (RN)>
0 0<s<t ul,p
where o := % (%JFE — 7> We easily see that
N 1 N 1
<k—)<1,ak:<1 and(k—>+ak:1.
2 \a n 2 \a n
Thus
t k_ 1 N(k_1
(2.3.21) / <p‘N(a‘m> +(t— s)_2(a_m)> s 7%ds < C
0

uniformly for small ¢ > 0. Then due to (2.3.20) and (2.3.21), Remark 2.2.3 implies that
|u(t) — etAu0|

L (RY) converges to 0 as t — 0. We can obtain lim;_,q Hv( — et vo‘ "2 (RN)

0 in the same way. Therefore, the proof of the assertion (ii) is complete. O

Proof of Theorem 2.1.2. Let ag := piug + pavg and by := grug + gavg. We recall that if (u, v)

satisfies (2.1.1), a = pyu + pav and b = qiu + gov, then (a,b) satisfies (2.1.7).

zl ];2) # 0. Assume that (2.1.7) possesses a local in
1 ¢

time nonnegative classical solution (a,b) € (C*L(RYN x (0,7)) N LS.((0,T) = L>®°(RN)))2

We consider the case where det (

a

-1
L®(RN) x L®(RM) in the sense of Definition 2.1.1. Then <:) = <p1 p2> <b

) satisfies
q1 42
(2.1.1) and

(2.3.22) }E%H“(t) —etAuOHLw(RN) =0 and }%Hv(t) - =0.

UOHLOO(RN)
Moreover, Lemma 2.2.8 (i) implies that (a,b) satisfies

t
a(t) = e ag —I—/ et=s)A (plea(s) —i—pgeb(s)) ds in RN x (0,7),
(2.3.23) 0

t
b(t) = by +/ el=9)A (qle“(s) + qgeb(s)) ds in RY x (0,7).
0

We obtain from (2.3.23) that (u,v) satisfies (2.2.5) with f(u,v) = eP1¥tP2V and g(u,v) :=
e U Ta2v and hence u > 0 and v > 0.

On the other hand, if det <]q91 ?) = 0, then there exists A > 0 such that (q1,q2) =
1 Q2
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(Ap1, Ap2). Since (2.1.4) holds for some 1 > N/2 and ro > N/2, or (2.1.5) holds with r; = N/2
and 79 = N/2, there exist 7' > 0 and a nonnegative classical solution @ € C*!(RY x (0,T)) of

t
a(t) = e®ag + (pr + pg)/ e(t=9)Agmax{A1}als) gs in RN x (0,7)
0

which satisfies

(2.3.24) lim [[a(t) - e ag| oo mvy = 0.

The existence result follows from [11, Theorem 1.1 and Proposition 2.4]. By Proposition 2.2.6 (i)
there exists a solution a € C>*(RY x (0,7)) of

t
a(t) = emao + / elt=s)A (plea(s) —i—pge/\“(s)) ds in RY x (0,7)
0

which satisfies 0 < a <@ in RY x (0,7). Putting

t t
u(t) e etAuo-f-/ e(tfs)Aea(S)dS and U(t) — etAv[)—i—/ e(tfs)Ae)\a(s)dS’
0 0
we have a = pju + pov, and hence (2.1.1) holds. We observe that (2.3.24) yields (2.3.22).

Therefore, it suffices to prove the existence of a local in time nonnegative classical solution
(a,b) € (CZHRY x (0,T)) N LZ((0,T) : L¥(RN)))? of (2.1.7) in L®(RY) x L>(RY) in the

sense of Definition 2.1.1 when det <§1 §2> # 0.
1 Q2

We choose 7 > max{2/N,1} and consider the problem (2.1.8). Put U := exp (ap/n) and
Vo := exp (bo/1).

We prove the assertion (i). Since (2.1.4) holds for some 7y > N/2 and ro > N/2, we see that
(Uo, Vo) € LZ;}p(RN) X LZ;;(RN). By direct calculation we have (2.3.3). Since n > max{2/N, 1},
we can apply Proposition 2.3.1 (i) to (2.1.8). Then there exist 7' > 0 and a local in time classical
solution (U, V) € (C*H (RN x (0, T))N L5, ((0,T) : L>(RY)))? of (2.1.8) in L} (RY) x L (RY)

loc ul,p
which satisfies

(2.3.25) 0 < U(x,t) < w(z, t)/7 and 0 < V(x,t) < w(z, )7 in RY x (0,7).

Here w is a local in time classical solution of (2.3.5) with P(w) = (p171 + q1r2)w Y/ 4 (pary +
goro)w' TV and wo(z) = max{Uy(z)"* + Vp(z)"2,1} € Ly, ,(RY). Since U > etAUy > 1 and
V > etAV, > 1, we can define

(2.3.26) (@,b) := (nlogU, nlogV).
Since (U,V) is a local in time classical solution of (2.1.8), we have

(2327 {@a > AT+ pre® +poeb  in RY x (0,7),

b > Ab+ q1e® + gae®  in RY x (0, 7).
Let J(s) := e¥/" (s > 0). We see that J is convex. It follows from Lemma 2.2.4 (i) that

J@(t)) = U(t) > Uy = e®(J(ag)) > J(e®ap) in RN x (0,7).
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Since J is strictly increasing, we have
(2.3.28) a(t) > eay.

Combining (2.3.27) and (2.3.28), we deduce from Lemma 2.2.8 (ii) that
t

(2.3.29) a(t) > e®ag +/ elt=9)A ( ™) 4 poetls >) ds.

0
In the same way we can obtain

t - _
(2.3.30) b(t) > by +/ elt=9)A (qlea(s) + Qer(S)> ds.

0
Therefore, using (2.3.29) and (2.3.30), we observe from Proposition 2.2.6 (ii) that there exists
a solution (a,b) € (C*Y(RY x (0,7)) N LE.((0,7) : L=(RY)))? of the integral system (2.3.23)
satisfying

(2.3.31) 0 < a(z,t) <a(z,t) and 0<b(x,t) <b(z,t) in RY x (0,7).

It remains to prove the following limits:

. tA o . tA _
(23.32)  lim [la(t) — e"ao|| oo gy = 0 and Tim [[b(t) — €"2bo| o vy = 0.
Combining (2.3.23), (2.3.25), (2.3.26) and (2.3.31), we obtain
¢ B _
(1(75) _ etAao < / e(t—s)A (plea(s) +p2eb(s)> ds
0
¢
(23.33) — [ IR U s) 4 paV (5 ds
0
t 1 1
< / 92 (pra(s)7T + paw(s)7 ) ds.
0
This along with Lemma 2.2.1 and (2.2.3) yields
(2.3.34)
la(t) = €2 ao]| o )
t a1 t 1
Spl/o e 2 w(s) ™ | Loo vy ds +p2/ e w(s) 72 || oo ®N)ds
t, N N b, N N
[ (T ) o, s+ [ (575 4 7 [0, ey
0 Lp

1 1

< [( ) dsfuo| (s 25 ) 5 dsfuo |
2r _ ' ' T 27 _ g I8 T
N/o (p L+ (t—s) 1)3 ldSHwOHLiz,p(RN)—’_/O (p 2+ (t—s) 2)3 QdSHwOHL}d’p(RN)

for sufficiently small ¢ > 0. Since r; > N/2 and r2 > N/2, we have
b, N NN\ N bty n NN\ N

/ (p 4+ (t—s) 4’“1>s trids — 0 and / (p 2+ (t—s) 4Tz)s trads — 0 ast — 0.
0 0

Thus we deduce from (2.3.33) and (2.3.34) that ||a(t) — etAaoHLOO(RN) converges to 0 as t — 0.
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We can obtain limy_,q Hb(t) — etPby
is complete.

We prove the assertion (ii). We consider (2.1.8) again. Due to (2.1.5) and Lemma 2.2.5 (i),
we get (Up, Vo) € EZ?pﬂ(RN) X EZ?/Z(]RN). By direct calculation we have A; = 1+ 2/N for
i =1,2,3,4, and hence (2.3.4) holds. We can apply Proposition 2.3.1 (ii). Then there exist 7' > 0
and a local in time classical solution (U, V) € (CZL(RY x (0,7)) N L.((0,T) : L=®(RM)))? of

loc
(2.1.8) in LL"*(RN) x LI*(RN) such that

HLOO(RN) = 0 in the same way. The proof of the assertion (i)

(2.3.35) 0 < Ul(x,t),V(x,t) < wla,t)?3F/ O 0 RN % (0,T),

where w is a local in time classical solution of (2.3.17). The constant ¢ > 0 is chosen as
in the proof of Proposition 2.3.1 (ii). Then we define (a,b) in the same way as (2.3.26) and
obtain (2.3.27). By (2.3.29), (2.3.30) and Proposition 2.2.6 (ii) there exists a solution (a,b) €
(CZHRYN x (0,7)) N L2((0,T) : L®(RY)))? of (2.3.23) satisfying (2.3.31). We prove (2.3.32).

In the same way as (2.3.33) we obtain from (2.3.35) that

2(1+4¢€)

t
(2.3.36) a(t) — ePag < (p1 —|—p2)/ =98 (s) " ds.
0

Put ap:=1+4+2(1+¢)/N and o := o + 6, where § > 0 is sufficiently small. When p = o and
q = 1+ ¢, we already see in the proof of Proposition 2.3.1 (ii) that max{p, ¢} < a < pq. Thus
we can apply Remark 2.2.3. It follows from Lemma 2.2.1 that

¢
/ He(t_s)Aw(s) o ds
0 L>(RN)
t _2(+e) _1+4e 2(1+4¢)
(2.3.37) S / (p o 4 (t—s) ) lw(s)  ~ | - ds
0 LI0F ®N)
t _2(0+4e) _14e _2(1+e) 2(1+¢) 2(1+e)
= / (P )T ) s s sup 5 s Y g,
0 0<s<t ul.p
where o := % (1_1% — l) Since
1+e¢ 2(1+¢) +e 2(1+¢)
1, <1 and =1,
5 N an 5 N

we have

t 2(1+4¢) € 2(1+4¢)
/ (p_ a —i—(t—s)_lz )s_ N 9ds < C
0

uniformly for small £ > 0. Then due to (2.3.36) and (2.3.37), Remark 2.2.3 implies that ||a(t) —
e'®ag | 100 (rvy converges to 0 as t — 0. We can obtain lim; o [[b(t) — €2bg|| vy = 0 in the
same way. Therefore, the proof of the assertion (ii) is complete. O

Proof of Theorem 2.1.8. Define

fio () = uo(x) ifxeQ, and () = vo(x) ifxeq,
0 if € RV\ Q 0 if z € RN\ Q.
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Let p > 0. We prove e 2 (Priiotpato) ¢ £l p(RN). Since 2 (Pruotp2v0) _ 1 ¢ LY(Q), there exists a
sequence {f,} C C°(2) such that

(2.3.38) fn— ¢ (Pruotpavo) _ LY(Q) as n — oo.

Here we call C°(Q) the space of C*°-functions with compact support in Q. For n € N, define

fa(z)+1 ifxeQ,
1 if x € R\ Q.

Since {f,} C C(2), we see that {g,} € BUC(RY). Due to (2.3.38), we have

[z

gn — €2 (Priotp2to) iy L}d,p(RN) as n — 0o,

hence ez (P1i0+p2%0) ¢ cl p(]RN). We obtain 2 (@170+e2%) ¢ cl p(RN) in the same way. Theo-

rem 2.1.2 (ii) implies that there exist 77 > 0 and a nonnegative local in time classical solution
(U, V) € CPLRN x (0,T)) x C>1 RN x (0,T)) of (2.1.1) in L>®(RY) x L>®(RY) satisfying

t
Ut) = ety +/ e(t=5)A U (s)+p2V () 15 in RN x (0,7),
(2.3.39) 0
V(t) = e + / el=9)8enU) eV (s)gs in RN x (0,7).
0

By the maximum principle for the heat equation we have
(2.3.40) ey > e®oug in Q x (0,7)

and
t t

(2.3.41) / AU 422V (3) g > / =90 Ula() 2V Ial) ds in 0 x (0, T).
0 0

Combining (2.3.39), (2.3.40) and (2.3.41), we obtain

¢
Ula(t) > ety + / (=580 Ul +22VIa () 45 in O x (0, ).
0
Since we obtain
t
Via(t) > etfoy, +/ elt=9)8acalla(s)+eVials)gs in O x (0,7)

0

in the same way, Proposition 2.2.6 (ii) and Remark 2.2.7 imply that (2.2.5) with f(u,v) =
eP1utP2 and g(u,v) 1= eM¥T92Y possesses a solution (u,v) € C*H(Q x (0,T)) x C>1(Q x (0,T))
satisfying (2.1.1) in  x (0,7). It remains to prove the following limits:

. tA . tA

lim ||u(t) — e QUOHLOQ(Q) =0 and lim|v(t) —e QUOHLOO(Q) =0.

t—0 t—0

Using 0 < u(z,t) < Ulqg(z,t) and 0 < v(z,t) < V]g(x,t) in Q x (0,7), (2.3.39) and (2.3.41), we
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deduce that

0

t
u(t) — eBoy </ (t=s)Aq cp1Ula(s)+p2Vla(s) g4 S/ e(t=3)Ap1U(s)+p2V (s) 74
= U(t) —e®ipg — 0 in L°(RY) as t — 0,

hence Hu(t) - etAﬂuoHLoo(Q) converges to 0 as t — 0. We have lim;_,q Hv(t) - etAQUOHLOO(Q) =

0
in the same way. O

2.4 Nonexistence result

Proposition 2.4.1. Let 0 < r < N/2 and C > 0. Then the following (i) and (ii) hold:

i) There exists a nonnegative function ug in RY satisfying e™° € L1, (RN) such that, for
ul,p

every T > 0, there is no nonnegative solution u € C*1 (RN x (0,T)) of (2.1.9).

(i) There exists a nonnegative function ug in Q satisfying e™° € L'(Q) such that, for every
T > 0, there is no nonnegative solution u € C*1(Q x (0,T)) of

¢
(2.4.1) u(t) = e2ug + C/ elt=9)%8acu) g jn O x (0,T).
0

Proposition 2.4.1 (i) follows from [11, Theorem 1.2]. In this proposition we establish the
nonexistence result in a bounded domain. We prove both of the assertions (i) and (ii) for
convenience. Let us introduce the following lemma.

Lemma 2.4.2. Let C > 0. Then the following (i) and (ii) hold:

i) Let ug € L}, (RN) be a nonnegative function. Suppose that there exist T > 0 and a local
ul,p
in time nonnegative classical solution u € C*Y (RN x (0,T)) of (2.1.9). Then it follows
that

1
||€tAU()||Loo(]RN) < loga forte (0,T).

(ii) Let ug € L'(2) be a nonnegative function. Suppose that there exist T > 0 and a local in
time nonnegative classical solution u € C**(Qx (0,T)) of (2.4.1). Then fork € {2,3,...},
there exists a constant C), € R such that

1 b
HetA”UOHLOO(Q) < log n +Cr + e_o’ctkfl fort e (0,T).

k—1

Proof. Since the assertion (i) follows from [11, Lemma 4.1], we omit the proof. To prove
the assertion (i), we use the developed argument of Fujita [12, Theorem 2.2] and Weissler [28,
Theorem 1]. The proof of the assertion (ii) is based on [27].

We prove the assertion (ii). Let k € {2,3,...} be fixed and let 0 < ¢ < T. We show that for
each [ € N,

{C(t—¢e)}n {exp(emﬂuo) — l}kl
[Tia (Klai)*™

(2.4.2) ult) > in Q x (,T),
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where a; == k! + K7V 4+ k4 1= (K - 1)/(k - 1).
We prove the case [ = 1. Since u satisfies (2.4.1) and e®—1 is convex in [0, c0), Lemma 2.2.4 (ii)
yields

t
u(t) > C’/ et=5)Aa {exp(eSAQuo) - 1} ds
€

t
> C/ {exp(e(t_S)AQeSAﬂuo) - 1} ds > C(t —¢) {exp(emﬁug) —1}.

This together with ¢*(*) > “(T,)k in Q x (g,T), and Lemma 2.2.4 (ii) imply that

t k Ck+1 it X
u(t) > C’/6 eli=9)%e (u(l:') > ds > i /E elt=9)he {(s —e)k (exp(eSAQuo) -1) }ds

Ccktt ot k
> i / (s —e)k {exp(emﬂuo) —1} ds =
° 3

ka+1

Gy (9 el ou) — 1",

This proves (2.4.2) with [ = 1.
We suppose that (2.4.2) holds for | = n. Applying e*(*) > u(]:!)k, (2.4.2) and Lemma 2.2.4 (ii),
we have

kn+1

t k kan+1 pt (o _ ~\kan tAq — 1}
(t—s)A u(s) C (s—¢) {exp (e uo)
U(t) Z C/E e @ < k' dS Z k' 5 H?Zl(k!ai)kn+17i dS

_{CO(t - g) trantl Lexp (eAoug) — l}kn+l _A{C(t —e)}*+r {exp (etBong) — 1}

Kl (kap + 1) [T, (Rlag) I (klag R

k‘"+l

This implies that (2.4.2) holds for I = n + 1. By induction we see that (2.4.2) holds for each
leN.
We are ready to prove Lemma 2.4.2 (ii). It follows from (2.4.2) that for [ € N,

! ,i k1
u(t) ¥ (Klas)* ™ = (0™ 76 {exp (¢*ug) — 1} in Q x (0, 7).
=1

Here we take the limit as ¢ — +0. If u(x,t) # 0 at (z,t) € Q x (0,T), then by taking [ — co we
obtain

o

(2.4.3) [](a) " = (CtF {exp (¢ ug) — 1} .
=1

If u(x,t) = 0 at some point (z,t) € Q x (0,7), then (2.4.2) implies that the right hand side of
(2.4.3) is 0, and hence (2.4.3) also holds. Remark that the left hand side of (2.4.3) converges.
Indeed, we have

- i — (i+1)1 log (!
log (H(k!ai)k ) < Z (i+1) ngl:Jr og(k!) < 0.
i=1 i=1
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Then we have

k O —i k k
exp (etAQuo) —-1< (C_k—l H(kz!ai)k ) N eckt_m,

=1

which implies that
etPoyy < log (ec’“t_% + 1) .

We observe from the mean value theorem that log(a + 1) — loga < é for a > 0. Thus we obtain

1 _k_
le 2o || ooy < log — + Ci + e"“MFT for t € (0,T).

k-1
This proves Lemma 2.4.2 (ii). O
Proof of Proposition 2.4.1. The proof is by contradiction. We construct an initial function
ug and suppose that there exist T > 0 and a local in time nonnegative classical solution u

satisfying (2.1.9) for the assertion (i), or (2.4.1) for the assertion (ii).
We prove the assertion (i). Choose « such that 2 < o < N/r and define

1
(2.4.4) up(x) := max {alog Ek O} .

x
Then we have e"™0 € L1, p(RN). We choose € > 0 such that a/2 — ca > 1. Putting y = vz, we
obtain

2
0] gy = (4m) % [ e Log (1) dy

(2.4.5) POy

z 2 [e%
= (4%)_% / el log (t_5|z]_o‘) dz.
B(0,t—1/2)

We observe from the choice of € that t=¢ < t1/2 for 0 < ¢ < 1. Then we deduce that

0] gy = (@) % [ e g (82 s
(RY) B(0,t—¢)

2
]

(2.4.6) > (477)_%10g (t_3+m>/ e 4 dz
B(0,t—°)

= (% - 504) log% . (1 +0 (e_t726/8>>

for sufficiently small ¢ > 0. This along with Lemma 2.4.2 (i) yields

1 « 1 —2¢
A. — > (== . —t7E/BY )
(2.4.7) IOgCt* (2 504) logt (1—1—0(@ ))
Let 7 :=log(1/t). Due to (2.4.7), we have

1+ %logé > (% —ca) - (140 (7))

for sufficiently large 7 > 0. Taking the limit as 7 — oo, we obtain 1 > «/2—e«. This contradicts

49



the choice of .
We prove the assertion (ii). Without loss of generality, we suppose that 0 € Q. Choose p
and « such that

0<p<0(0)/3, 2<a< N/r,

where 6(0) = dist(0,99). Define ug by (2.4.4) and we have e™° € L(Q). Let y € B(0,p). We
show that B(0,p) C B(y,d(y)). If z € B(0, p), then we have

2
2=yl <[]+ Iyl < 20 < 26(0)
It follows from the triangular inequality that
dist(y, 0) > dist(0,00) — |y|,

which implies that 6(y) > 26(0)/3. Thus we obtain |z — y| < d(y) for z € B(0, p). Hence, we
deduce that B(0, p) C B(y,d(y)). This together with Proposition 2.2.10 implies that there exists
m > 0 depending only on N such that for every y € B(0, p),

G(z,y,1) > Ky(x,t) —md(y)™™ in B(0,p) x (0,00).
Since d(y) > 2§(0)/3, it follows that for every y € B(0, p),

G(z,y,t) > Ky(x,t) —m(26(0)/3)"
(2.4.8) lo—yl?

= (dnt)"2e i — M; in B(0,p) x (0,00),

where M, := m(26(0)/3) ™. We choose £ > 0 such that /2 —ea > 1 again. Let ¢ := min{p, 1}.
In a similar calculation of (2.4.5) and (2.4.6) we obtain from (2.4.8) that for sufficiently small
t>0,

250l ey 2 [ G0 D001y

2
(2.4.9) > / {(47@)%1 - Ml} log (y|=*) dy
B(0,¢)
o 1 —t72¢/8
2(5—5a>10g¥(1+0(6 )>_M27

where My := M, fB(o 0 108 (lyl=®) dy < co. Then (2.4.9) together with Lemma 2.4.2 (ii) implies
that

(2.4.10)

1 k o 1 —2e
log = —Ch H>(,_ )1 7-<1 <—t /8)>—M
k—lOgt+Ck+e t = (5 ca ogt +0 (e 9

for sufficiently small ¢ > 0. Here we take a large k € {2,3,...} such that k/(k — 1) < a/2 — ea.
Setting 7 := log(1/t), we observe from (2.4.10) that

% + (Ck + e_c’“_%T> /T > (% — aa) : (1 +0 (e’eww)) — M/

for sufficiently large 7 > 0. Taking the limit as 7 — oo, we obtain k/(k — 1) > «/2 — ea. This
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contradicts the choice of k. O

Proofs of Theorems 2.1.5 and 2.1.9. We prove Theorem 2.1.5 (i). We consider the case
where p; > 0. Let 0 < r; < N/2. By Proposition 2.4.1 (i) there exists a nonnegative function ag
in RV satisfying e"1% ¢ Lilv p(RN ) such that, for every T' > 0, there is no nonnegative solution

a € C*YRY x (0,T)) of the scalar integral problem
t
(2.4.11) a(t) = e®ayg +p1/ et=8¢13) s in RN x (0,7).
0

Setting ug(z) := ag(x)/p1 and vg(z) := 0, we obtain et (Pruotp2v0) ¢ L}Ll’p(RN).

The proof is by contradiction. Suppose that problem (2.1.1) possesses a local in time non-
negative classical solution (u,v) € C>H(RY x (0,T)) x C>Y(RN x (0,T)) in L>®(RY) x L>®(RN).
Putting @ := p1u + pov, we have

oa > Aa+pre® in RY x (0,7).

Moreover, since (u, v) satisfies ||u(t) _etAUOHLoo(RN) — 0 and [Jv(?) _etAUOHLoo(RN) —0(t—0),
we obtain |[a(t) — etAaQHLoo(RN) — 0 (t = 0). Thus Lemma 2.2.8 (ii) implies that

¢
a(t) > e®ag +p1/ et=92¢3) g5 in RN x (0,77),
0

where 7" > 0 is sufficiently small. By Proposition 2.2.6 (i) there exists a nonnegative solution
a € CPYRYN x (0,T)) of (2.4.11) with T replaced by T’. This contradicts the nonexistence
result of (2.4.11).

Next we consider the case where p; = 0. Since (p1,p2) # (0,0), po > 0. Choose « such
that 2 < @ < N/r; and put up(xz) := 0 and vo(x) = max{p%log ﬁ,()}. Then we obtain
eri(piuotpavo) < 11 RM).

ul,p
The proof is also by contradiction. Suppose that problem (2.1.1) possesses a local in time

nonnegative classical solution (u,v) € O (RN x(0,T))x C*Y (RN x (0, T)) in L>®(RY)x L= (RN).
Since (u,v) satisfies |lu(t) — etAU[)HLoo(RN) — 0 (t - 0), Lemma 2.2.8 (i) implies that

On the other hand, it follows from Lemma 2.2.4 (i) that

—0 (t—0).

t
/ (=92 p20(s) g
Lo (RN)

0

t t t
/ e(tfs)Aepgv(s)dS > / e(tfs)Aep2esAU0dS > / ep2(€(t—s)AesAv0)d8 > t6p2etAvO.
0 0 0

Then we have

> tepg”etAfuoHLoo(RN)‘

(2.4.12) ‘
Loo(RN)

t
/ e(tfs)Aepgv(s)dS
0
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We obtain in a similar manner to (2.4.6) that for sufficiently small ¢ > 0,

tA 1
log (tem”e ”0“L°°<RN>) = p2 | ]| ) — 105

(2.4.13) L2 1
« N z

> ——ca) - A4r 2/ e 1 dz—15 - log—,

{(2 ) ( ) B(O,tfs) } t

where ¢ > 0 is sufficiently small such that a/2 —ea > 1. Thus it follows from (2.4.12) and
(2.4.13) that

This is a contradiction. Therefore, the proof of Theorem 2.1.5 (i) is complete.
We prove Theorem 2.1.5 (ii). It suffices to prove only the case where (r1,72) € I x (0, N/2),
since one can prove the other case in the same way. We can choose « such that

t
/ e(tfs)Aepzv(S)dS — 00 (t — 0)
0

Loo(RNY)

2<a<N/ry (ifp1 =0), 2<a<N/rgand rapi/q <N (if p1 > 0).

Define (ug,vg) by wup(x) = max{(%log |71‘,0} and vg(z) := 0. Then (2.1.4) holds. When
g2 > 0, we can prove the assertion (ii) in a similar argument in the proof of the assertion (i),
the case where p; > 0. When g3 = 0, we can also prove the assertion (ii) by considering
[20, Proposition 4.1] with f(s) = qis and g(s) = p2s. We omit the details. Finally, both of
Theorem 2.1.9 (i) and (ii) can be obtained in a similar way using Remark 2.2.9. O

2.5 Applications

In this section we apply our study to the existence and nonexistence results of the reaction-
diffusion systems below. We leave the proofs to readers.
We consider the n-component system

Opup = Auy + ePriuntprzuzt+pintn in RN x (0,7),

Opug = Aug + eP21atpa2uzt+p2ntin in RN x (0,7),
(2.5.1)

Oy, = Auy, + ePr1tTPn2uzt+pnntin in RN x (0,7),

u1(z,0) = u10(2), .., un(z,0) = upo(r) in RV,

where n > 3, T" > 0 and p;; > 0 (1 < 4,5 < n). We assume that for each i = 1,2,...,n,
(pi1, pi2s - - -, Pin) # (0,0,...,0). The initial functions u;o (i = 1,2,...,n) are nonnegative and
measurable.

In this case the following existence and nonexistence results can be established:

(i) (Existence) Suppose that one of the following holds:

(a) there exist r1,72,...,7, > N/2 such that the nonnegative initial functions belonging

to Lil,p(RN) satisfy

(2.5.2) exp {ri(piru1,0 + pi2u20 + - - - + Pintno)} € L}Ll’p(RN) fori=1,2,...,n,
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(b) the nonnegative initial functions belonging to qud, p(]RN ) satisfy

N .
exp {2(pz'1u1,0 + Digu2,0 + - - +pmun,0)} € ‘Cil,p(RN) fori=1,2,...,n.

Then there exist 7' > 0 and a local in time nonnegative classical solution (u1,uz, ..., u,) €
(C*HRN x (0,T)))" of (2.5.1) which satisfies

(2.5.3) Lim {|u; (£) — "2l poo@yy =0 fori=1,2,....n.

(ii) (Nonexistence) The following (a) and (b) hold:

(a) Suppose that there exists i € {1,2,...,n} such that p;; > py; for each i’ # i and
j = 1,2,...,n. Then for any 0 < r; < N/2, there exist nonnegative functions
(w1,0,u2,0, - -, Unyp) satisfying exp {rj(pi1u1,0 + pi2u2,0 + - + Pintino)} € Lil,p(RN)
such that, for every T' > 0, problem (2.5.1) admits no local in time nonnegative
classical solution (u,us,...,u,) € (CZH (RN x (0,T)))" of (2.5.1) satisfying (2.5.3).

(b) Suppose that there exists i € {1,2,...,n} such that p;; > p;; for each ¢/ # i. Then for

any 0 < r; < N/2, there exist nonnegative functions (u1,,u2y0,...,un,) satisfying
(2.5.2) for some r1,...,7-1,7i41,...,7n > N/2 such that, for every T' > 0, prob-
lem (2.5.1) admits no local in time nonnegative classical solution (u1,us, ..., u,) €

(C*HRN x (0,T)))" of (2.5.1) satisfying (2.5.3).

The assertions (i) and (ii) (a) correspond to Theorem 2.1.2 and Theorem 2.1.5 (i), respectively.
On the other hand, the assertion (ii) (b) does not correspond to Theorem 2.1.5 (ii). When n > 3,
it is not easy to give an explicit condition for the existence and nonexistence results.

We consider the system with superexponential nonlinearities

dyu = Au + ew*+° in RY x (0,7),
(2.5.4) v = Av + e+ in RN x (0,7),
U(.’IZ, 0) = ’LL[)((L'), ’U(l’, 0) = UO(x) in RNa

where T > 0 and the initial functions ug and vy are nonnegative and measurable. In this case
also the existence and nonexistence results can be established. Combining our results and the
transformation approach in [11], we obtain the existence of a local in time nonnegative classical
solution of (2.5.4). Let F(s) := [° e~"do and let (U, V) be a nonnegative classical solution of

U = AU + UV in RN x (0,7),
oV = AV 4 UtV in RY x (0,7),
U('x: 0) = UO(x)v V(CL‘,O) = ‘/0(1') in RN7

where (Up, Vp) := (—log F(ug), —log F(vg)). Then (z,v) := (F~'(e”Y),F~*(e™")) becomes a
supersolution for (2.5.4), and hence we can construct a solution. The nonexistence result is
obtained from the nonexistence result of the scalar problem Oyu = Au + e’ See [11, Theo-
rems 1.2 and 5.2] for details.

(i) (Existence) Suppose that one of the following holds:
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(a) there exists r > N/2 such that the nonnegative initial functions satisfy

(2.5.5) F(ug) " F(vg) ™" € Ly ,(RY),

(b) the nonnegative initial functions satisfy

Fug)™% F(u)~7 € £L, (RV).
Then there exist 7' > 0 and a local in time nonnegative classical solution (u,v) € C*! (RN x

(0,7)) x C>HRN x (0,7T)) of (2.5.4) in L>(R™) x L>(R") in the sense of Definition 2.1.1.

(ii) (Nonexistence) For any 0 < r < N/2, there exist nonnegative functions (ug, vg) satisfying
(2.5.5) such that, for every 7' > 0, problem (2.5.4) admits no local in time nonnegative
classical solution (u,v) € C*HRYN x (0,T)) x C>1 (RN x (0,T)) in L>®(RY) x L=®(RY) in
the sense of Definition 2.1.1.
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Appendix

2.A Initial data and their range for the existence result

In [17] the following idea is suggested. They construct a local in time nonnegative classical
solution (U, V) of the system

U = AU + UrLtlyr: in RV x (0,7),
(2.A.1) OV = AV 4 Unyaetl in RV x (0,7),
U(x,0) = e® V(z,0)=e0® in RN,

Put w:=logU, v :=log V. Since (u,v) satisfies

oyt > AT + P %P2 in RN x (0,7),
O > AT + e@™Fa2? in RN x (0,7),

(2.1.1) has a local in time nonnegative classical solution.
Since (p1,p2) # (0,0), (q1,92) # (0,0), U(x,0) > 1 and V(x,0) > 1, we obtain in a similar
manner to the proof of Proposition 2.3.1 that if

(2.A.2)
N
("0, e™) e L} (IR{N) x L3 (RN) for some 1 < 71,7y < 00 satisfying — max b + pﬁ, & + kel <1
ubp ub,p 2 2] ro T1 )
or
(2.A.3)
N
(e"0,e™) e £t (RY) x £72 (RYN) for some 1 < 1,79 < 00 satisfying — max LA p—Q, KO - 1,
ubhp ubp 2 1 ro'T1 To

then (2.A.1) possesses a local in time nonnegative classical solution. The following proposition
refers to the range of initial data for the existence result.

Proposition 2.A.1. Then the following (i) and (ii) hold:

(1) Ifup >0 and vy > 0 satisfy (2.A.2) (resp. (2.A.3)), then (2.1.4) holds for some ri > N/2
and ry > N/2 (resp. (2.1.5) holds with r = ry = N/2).

(ii) Let p; > 0 and q; > 0 for i = 1,2. Then there exist nonnegative functions (ug,vo) such
that (2.1.4) holds for some r1 > N/2 and ro > N/2 but (2.A.2) does not hold.

By Theorem 2.1.2 and the assertion (i) we can take a wider class of initial data where (2.1.1)
has a solution in the sense of Definition 2.1.1 comparing to the idea in [17]. On the other hand,
by the assertion (ii) we can give an example of (ug, vp) such that we can prove that (2.1.1) has a
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solution in the sense of Definition 2.1.1 due to Theorem 2.1.2 but cannot prove the same result
using the idea in [17].

Proof. We prove the assertion (i). Suppose that (ug, vg) satisfies (2.A.2). Putr’ :=1/ (% + %)
By (2.A.2) we have 7 > N/2. Since we see that

"1 2\ _ ! r1/(r'p1) (N ! r2/(r'p2) MmN
1/(r’p1) + 1/(r/p2) =1, e"P1uo ¢ Lulz,p (RY) and e"P2%0 ¢ Ly, (RY),
it follows from Holder’s inequality that " (Pruo+p2v0) ¢ L1, p(RN ). We can obtain ¢ (a140+a2v0) ¢
Ly ,(RY), where v := 1/ (% + z—z) > N/2 in the same way. Since we can obtain (2.1.5) from
(2.A.3) in a similar way, details are omitted.

We prove the assertion (ii). Let 1 < a < 2 be chosen later. Put

(2.A.4)

1 « 1
up(x) := max { ———  log ,0} and vg(x) := max{ log ,0} ,
() {max{pl,ql} |z| (z) max{p2, g2} |z —¢]

where ¢ := 1 (if N = 1) and ¢ := (0,0,...,0,1) € RY (if N > 2). By direct calculation (2.1.4)
holds for sufficiently small 1 > N/2 and ro > N/2. On the other hand, we prove that (2.A.2)

does not hold when 1 < a < 2 is sufficiently large. If (e“0,e") € Lzll’p(RN) X LZQLP(RN), then
we have
roa roQx
2.A.5 MY N and — 2% N,
( ) maX{pla Ch} maX{p27 QZ}

which imply that

N
(pl_|_p2>>06< P1 + P2 )and
Lo T 2 \max{p1,q1} max{pa, q2}
q1 q2 « q1 q2
e + .
(7"1 7“2) 2 <maX{p1,Q1} maX{Psz})

If p1 > ¢1 and p» > g2, then we see that & (ﬂ—l—p—Q) > «a > 1, and hence (2.A.2) does

T1 T2

not hold. If p; < ¢1 and ps > ¢o, then maxf;hql} + maxfpgmz} > 1 holds. Thus we obtain

[0

S (maxf;hql} + maxﬁf%%}) > 1 by choosing 1 < a < 2 sufficiently large. Then (2.A.2) does not

hold. The same conclusion can be said for the other cases. OJ

In [17, Theorem 4.1] they consider strongly couple systems when the initial functions belong
to LZ&:;O(]RN) X L;";:ZO(RN) (1 < rq,79 < 00). This theorem corresponds to [17, Theorem 3.1].
Set (up,vp) as (2.A.4). Then [17, Theorem 4.1] cannot be applied. Indeed, if (e"0,e") €
LI (RN) x LT#°°(RN), then (2.A.5) also holds. Since we deduce % max {% R A

ul,p ul,p re’ ry
in the same way, the assumptions corresponding to [17, Theorem 3.1 (i) and (ii)] do not hold.
Moreover, choosing 1 < a < 2 so large and using a similar evaluation in [23, p.274], the
assumption corresponding to [17, Theorem 3.1 (iii)] does not hold. In conclusion, (2.A.4) is
an example of initial data where (2.1.1) has a solution in the sense of Definition 2.1.1 but the
existence result in [17] cannot be obtained.
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Chapter 3

Local existence and nonexistence for
fractional in time weakly coupled
reaction-diffusion systems

We study a fractional in time weakly coupled reaction-diffusion system in a bounded domain with
the Dirichlet boundary condition. The domain is imbedded in an N-dimensional space and it has
C? boundary, and fractional derivatives are meant in a generalized Caputo sense. The system
can be referred to as a standard reaction-diffusion system in two components with polynomial
growth. We obtain integrability conditions on the initial state functions which determine the
existence/nonexistence of a local in time mild solution.

Keywords: Local in time solutions; Caputo fractional derivative; Singular initial functions;
Uniqueness; Cauchy sequences; Semigroup estimates.
3.1 Introduction

Let Q be a bounded domain in RY, N > 1, with C? boundary. We study existence and
nonexistence of a local in time solution of the fractional in time weakly coupled reaction-diffusion

system
0 u = Au+ fi(z,t,v) in Q x (0,7),
(3.1.1) 07%v = Av + foz,t,u) in Q x (0,7),
o u(x,t) =v(x,t) =0 on 90 x (0,7),

u(z,0) = up(z),v(x,0) = vo(x) in Q,

where 0 < a1 < ag < 1 and T > 0. The fractional derivatives ;! and 9y are meant in a
generalized Caputo sense, i.e.,

t
ofu(t) = ! ] /0 (t—s) “Osu(s)ds for 0 < a < 1,

'l -«
where I' denotes the usual Gamma function. In the present chapter we suppose the following;:

N
Assumption A. Let 1 < p1,p2 < 00, q1,¢2 € (1,00] N <2,oo], mi € [0,a1) and mg € [0, ag2)
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be given constants. There exist nonnegative functions ¢; € L% () and ¢y € L%(Q) such that
the following hold:

(F1) fori=1,2, fi(z,t,-) : R — R is a measurable function such that

[file, 8, )] < ci) - 7™ (L £ [€])P* for £ € R, ae. (2,1) € 2 x (0, 00),

(F2) for i =1,2, f; satisfies the local Lipschitz condition

[filw,t,€) = filw,t.n)| < ci(x) 7™ (L+ €] + )" 7' E —nl for & R,
a.e. (z,t) € Qx (0,00).

Let us start with classical equations, &« = 1. We consider the scalar problem

Ou=Au+ f(u) inQx(0,T),
(3.1.2) u(z,t) =0 on 02 x (0,7),
u(z,0) = up(zr) in Q,

where f € C! and Q is a (possibly unbounded) smooth domain. It is well known that the problem
(3.1.2) possesses a local in time classical solution for a general nonlinear term f if ug € L%(£2)
(cf. [7,16]). On the other hand, in the case where ug ¢ L°°(2), the existence of solutions heavily
depends on the balance between the growth rate of f and the singularity of ug (cf. [7]). In
Weissler [20], (3.1.2) was studied when f(u) = |u|P~!u, p > 1, and Q is bounded. A local in

N
time solution was constructed when ug € L"(Q2) for r > §(p —1)andr>1,0rr = E(p -1)

N
and r > 1. It was also shown that if 1 <r < E(p — 1), then there exists a nonnegative initial

function ug € L"(Q2) such that, for every T > 0, (3.1.2) admits no nonnegative solution.
Next, we consider the reaction-diffusion system

Opu = Au+ fi(u,v) in Q x (0,7),
(3.1.3) O = Av + fo(u, v) in Q x (0,T),
u(z,t) = v(x,t) =0 on 99 x (0,T),

u(z,0) = up(z),v(x,0) = vo(x) in Q.

Quittner-Souplet [15] studied (3.1.3), where fi(u,v) = [v|P* 1o, fo(u,v) = [u[P?~1u (p1,p2 > 0)
and 2 is bounded. This is called a weakly coupled system. The existence (resp. nonexistence)
of a local in time solution was proved when (ug,vg) € L™ (2) x L"(Q2) and

1
—,—}Sl, p1,p2 > 1and ri,rg > 1

1 1
{171 — —,ZQ — } > 1, p1,p2 > 0 and ri,79 > 1). Moreover, weakly and
2 "M T2

strongly coupled variants of system (3.1.3) were studied in [4-6,11,13,19]. They assumed that

N
(resp. — max

initial functions may have singularities.
We obtain integrability conditions of (ug,vp) which determine the existence/nonexistence of
a local in time solution of (3.1.1). In the proof we combine methods of Gal-Warma [9] and
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Quittner-Souplet [15,16].
To define a mild solution, we recall the Wright type function [10] defined by

D,(2) = E for 0 1 and C.
(2) 2 T (—an+1-a) or0<a<landze€

This is also sometimes called the Mainardi function and studied in [14,18,22]. It follows from
[2,10] that

o
(3.1.4) Bo(t) >0 fort >0 and / Do (t)dt = 1.
0

We prove our nonexistence result using (3.1.4). It is a key point that the function ®,(¢) is
nonnegative and integrable. Moreover, it is well known ( [10]) that

L(p+1)

forp>—-land O<a<1l1.
I'(ap+1) P

o
(3.1.5) / P, (t)dt =
0
Next, we consider functional spaces. Let 1 < r < co. We denote by W*7(Q) the Sobolev
space (resp. the Sobolev-Slobodeckii space) if k is an integer (resp. if k is not an integer). We
also denote by D(12) the space of C*°-functions with compact support in Q. Put Xo(r) := L"(Q2)
and X, (r) := W2"(Q) N Wy (Q), where W, () is the closure of D(Q) in W"(Q). Let A
be the Laplace operator with the domain D(A) = X;(r). Then A generates a C° analytic
semigroup in Xy by [16, Examples 51.4 (i)]. Let X_1(r) be the completion of Xy(r) endowed
with the norm [z|y () = |(w + A)7'@|x,(r), where w € R satisfies that w + A : X1(r) —
Xo(r) is an isomorphism ( [16, p.466, 467]). For 0 < 6 < 1, set Xy(r) := (Xo(r), X1(r))p and
X_149(r) == (X_1(r), Xo(r))s, where (-, -)g is the complex interpolation functor if § = 3 and the

real interpolation functor (-, -)g  otherwise. Due to [16, Theorem 51. 1 (i) and Examples 51.4 (i)],
we have Xy, (1) = Xp,(r) if =1 <60y <6y <1,

(3.1.6) Xo(r) = W?T(Q) if 0 >0, and Xy(r) = (X_g(r"))" if 6 <0,

1 1
where 7’ is the conjugate exponent of r, i.e., — + — = 1. We denote X " by the (topological) dual
r

space if X is a Banach space. We write X — Y 17% X is continuously embedded in Y. Moreover,
X =Y means that X —< Y and ¥ — X.

We are ready to introduce some operators related to fractional derivatives. Let 0 < 6 < 1
and 1 < r < co. We observe from [16, Theorem 51.1 (iv)] that the operator A also generates a
C? analytic semigroup in Xy(r), which is denoted by S(¢). For 0 < o < 1 and ¢ > 0, we define

Sa(t) : Xo(r) — Xo(r), Pu(t) : Xo(r) — Xg(r)

Sa(t)w := /OOO O, (7)S(TtY)wdr,

(3.1.7) o
P,(t)w := at"‘_l/ 7O (7)S(TtY)wdr
0

for w € Xp(r). Note that if w € L" () for some 1 < r < oo, then we can also define in the same
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way as (3.1.7) (cf. [9]). Moreover, by definition the operator S, is strongly continuous, i.e.,
(3.1.8) lim ||.S, (t)w —w||x =0 for w e X,
t—0

where X = Xp(r),0<f<land 1 <r <oo,or X =L"(Q), 1 <r < oc.

Definition 3.1.1 (Mild solution). By a mild solution of (3.1.1) on [0,7") we mean that the
measurable functions (u,v) have the following properties:

(a) u(t) =u(-,t) € LYQ) and v(t) = v(-,t) € L}(Q) for t € (0,T),
(b) fi(t,v(t)) = fi(-,t,v(-,t)) € LY(Q) and fao(t,u(t)) = fo(-, t,u(-,t)) € L}(Q) for almost all
t e (0,7),

t t
(c) /0 1f1(s,v(8))ll 1 (q) ds < oo and /0 [1f2(s, u(s))l 1) ds < oo for t € (0,T),

(d) the functions (u,v) satisfy
u(t) = Sa, (t)ug +/0 P, (t—s)fi(s,v(s))ds in Qx (0,T),
v(t) = Sa, (t)vo +/0 P, (t — s) fa(s,u(s))ds in Q x (0,T),

where the integral terms are absolutely converging Bochner integrals in L'(),
(e) the initial functions (ug,v) satisfy
|u(t) — uollri () =0 (t—0) and |[v(t) —volpr2() = 0 (¢t — 0)
for (ug,vo) € L™(Q) x L™(Q), if 1 <ry,719 < 00.
It follows from (3.1.8) and [9, Remark 3.1.2] that the property of Definition 3.1.1 (e) holds

if and only if

(31.9)  lim [[u(t) — Sa, (tuolrs (@) =0 and i [u(t) — Sa (t)e0l| ey = O,

which are equivalent to the convergence in the norms of the integral terms in Definition 3.1.1 (d)
to 0.
We are ready to state our main results.
Theorem 3.1.2 (Local in time existence). Let N > 1, 0 < a1 < as <1, 1 < p1,p2 < o0,
N
q1,42 S (1700] N <

2
Assumption A holds. Put

N 1 1 N
po(n L L) m g

T2 1 q1 631

N 1 1 N 1
Ri=— (B =)+ ™ (-2 ) -2 (- =) L
2 T9 T1 q1 (65)] a9 2 (&

Suppose that one of the following holds:

,oo}, 1 < r,re < 0o, m € [0,a1) and my € [0,a0). Suppose that
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(a) max{P,Q,R} <1,
(b) a1 = a2 and max{P,Q,R} =1,
(¢) a1 < ag and max{P,Q,R} =1, where we also suppose that m; € (0,1) when P = 1.

Then for any (ug,vg) € L™(Q) x L™(R), there exist T > 0 and a unique local in time mild
solution (u,v) of (3.1.1) in the sense of Definition 3.1.1 on the interval [0,T").

We also obtain the following nonexistence result.

Theorem 3.1.3 (Local in time nonexistence). Let N > 1,0 < a1 < ay < 1,0 < p1,p2 < o0,
q1,q2 € [1,00], 1 < 11,19 <00, m1 € [0,a1) and mg € [0,a3). Put

Na 1 1 m N [« 1 1 m
Q1:=1<m—+)+2 and Q2::< 1p2—+>+2.
T T2 Q2 Q9 2 \agr1 12 @

Put P and R in the same way as in Theorem 3.1.2. Suppose that max{P, Q1, Q2, R} > 1. Then
there exist nonnegative functions (ci1, ca2, ug,vo) € LI () x L92(Q)x L™ () x L™ (§2) such that, for
every T > 0, the problem (3.1.1) with fi(x,t,v) = c1(x)-t~™vPL and fo(z,t,u) = co(x) -t~ m2uP?
admits no local in time nonnegative mild solution (u,v) in the sense of Definition 3.1.1 on the
interval [0,T).

If 1 < p1,p2 < oo, then the nonlinear terms fi(z,t,v) = ci(x) - t7™ P and fo(x,t,u) =
ca(x) - t7™2uP? mentioned in Theorem 3.1.3 satisfy Assumption A with R replaced by [0, 00).
We deduce the following corollary from Theorems 3.1.2 and 3.1.3.

Corollary 3.1.4. Let N > 1 and 0 < ay = ag < 1. Then the following are true:

N
(i) Let 1 < p1,p2 < 00, q1,q2 € (1,00 N <2,oo], 1 < r,rg < oo, mp € [0,c1) and

ma € [0,a2). Suppose that Assumption A holds. Put P and Q in the same way as in
Theorem 3.1.2. If max{P,Q} < 1, then for any (ugp,vo) € L™ () x L™(), there exist

T > 0 and a unique local in time mild solution (u,v) of (3.1.1).

(ii) Let 0 < p1,p2 < 00, q1,q2 € [1,00], 1 < 11,79 < 00, my € [0,c1) and mg € [0,a0). If
max{P, Q} > 1, then there exist nonnegative functions (ci, ca, up,vg) € LI (Q) x L2(Q) x
L™ (Q) x L™(Q) such that, for every T > 0, the problem (3.1.1) with fi(z,t,v) = c1(x) -
=P and fo(x,t,u) = co(z) - t~"2uP? admits no local in time nonnegative mild solution

(u,v).

Corollary 3.1.4 implies that we can explicitly determine the existence/nonexistence of a so-
lution when a; = ag. Our conditions cover all the cases (p1,p2, q1, g2, m1, m2) in Assumption A.
Moreover, Corollary 3.1.4 leads to the following pure power case result, which corresponds to [15].

Corollary 3.1.5. Let N > 1 and 0 < ay = ag < 1. Then the following are true:
(i) Let 1 < py,p2 < o0 and 1 < ry,re < oco. Put

75::]\7(171_1) and é:z?(m—:L).

2 T9 T ™ 9

If max{P, Q} < 1, then for any (ug,vo) € L () x L™(Q), there exist T > 0 and a unique
local in time mild solution (u,v) of (3.1.1) with fi(z,t,v) = |[v|P*"lv and fo(x,t,u) =
|u|P2~ L.
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(ii) Let 0 < p1,p2 < o0 and 1 < ri,re < oo. If max{ﬁ, é} > 1, then there are nonnegative
functions (ug,vp) € L™(Q) x L™ () such that, the problem (3.1.1) with fi(x,t,v) = v
and fa(z,t,u) = uP? has no local in time nonnegative mild solution on any time interval.

Let us recall fundamental properties of scalar problems. Fractional in time parabolic equa-
tions with nonlinear terms have not been well studied until recently. Gal-Warma [9] has studied
the fractional in time scalar problem

(3.1.10) {B?U—AU+f(w,t,u) in Q x (0,7,

u(z,0) = up(z) in Q,

where A is a differential operator which generates a strongly continuous semigroup on L?(2).
Detailed results can be found in [1,3,8,12]. Let 1 < p < oo and ¢q1,¢q2 € [1,00] be given
constants. In [9] the authors assumed that there exists a nonnegative function ¢ € Ly, 4, such
that the following hold:

(F1’) f(z,t,-) : R — R is a measurable function such that

|f(z,t,8)| < c(z,t) (14 |£])P for £ € R, ae. (z,t) € Q x (0,00),

(F2’) f satisfies the local Lipschitz condition
€)= F )] < el 1) (1 €]+ )P e —n] for €5 € R, ae. (2,8) € Q x (0, 00)

Here Lg, 4, denotes the Banach space defined by

to a3
qi.q2 = § €1 Q2 x (0,00) = R measurable, |||z, , = sup (/ le(-, )%, (Q)d5> < oo
t1,t2€(0,00), 121
0<ta—t1<1

for g1 € [1,00] and g2 € [1,00) with the obvious modifications when g = co. Proposition 2.2.2 of
9, p.21, 22] states the following existence result. Let 0 < a < 1,1 < p < o0, q1 € [1,00]N (54, ]

1
and go € [ —,00|. The constant 54 is related to the LP-L? estimate of the semigroup generated
«

by A. Assume (F1’) and (F2%). If

-1 1 1
5A<p +>+<1and1§p,r<oo,or
r q1 Qg2

-1 1 1
BA<p —|—>—|—:1and1<p,r<oo,
r q1 aq2

then for any uy € L"(Q), there exist T' > 0 and a unique local in time solution of (3.1.10). Note
that if Q is a bounded domain in RN, N > 1, with C? boundary, A = A and f(z,t,u) = |u|P"'u,
p > 1, then B4 = —, 1 = g2 = oo and hence this result corresponds to the existence part in [20].

In [9, Remark 5.0.2], based on [20,21], they conjectured the nonexistence of a local in time
solution of (3.1.10) in the super-critical case

(3.1.11) B4 <p;1+1> Loy



We give an affirmative answer to the conjecture when A = A. Section 3.5 is devoted to this
nonexistence result.

Let us explain a sketch of the proofs. The main points of the proofs are Cauchy sequences
for the existence part, including

t
(3.1.12) U (t) = Say (t)uo + /0 Py, (t —s)f1(s,vn—1(s))ds,

(3.1.13) Un(t) = Sa, (t)vo + /0 P, (t — s) fa(s, un—1(s))ds

for n > 2, uy = v; = 0, and the contradiction argument for the nonexistence part.

For the existence part by induction method we can show that if T > 0 is sufficiently small,
then {u,}5°; and {v,}72, are Cauchy sequences. Then limits u and v of the sequences exist
and (u,v) is a mild solution of (3.1.1) in the sense of Definition 3.1.1. In order to show that
these are indeed Cauchy sequences, it is crucial to find various exponents including 61, 62 and
fs. However, it is not obvious how to find these exponents. Section 3.3 addresses this aspect.

For the nonexistence part we construct initial data (ug,vg). Assume that (3.1.1) has a local
in time nonnegative mild solution (u,v). Since the singularity of the constructed functions are
strong, the norm of at least one integral term in Definition 3.1.1 (d) diverges as t — 0, which
follows from estimates of S, (t) and P,(t). This is a contradiction. It is known (cf. [16, p.440])
that there exists a positive C*°-function Gq : 2 x ©Q x (0,00) — R (Dirichlet heat kernel) such
that

(5(t)6) (x) = /Q Galz,y,)(y)dy

for ¢ € L"(2), 1 <r < oco. After that, we abbreviate G as G. Since G has a lower bound with
respect to ¢, we obtain estimates of S, (t) and P,(t) from (3.1.7).

This chapter is organized as follows. In Section 3.2 we give and recall some properties of
Sa(t), Py(t) and the Dirichlet heat kernel. In Sections 3.3 and 3.4 we use these properties and
prove Theorems 3.1.2 and 3.1.3, respectively. In Section 3.5 we give a nonexistence result for
scalar problems. In Section 3.6 we discuss our results and explain possible future problems
ensuing from the current analysis.

3.2 Preliminaries
For any set X and the mappings a = a(z) and b = b(x) from X to [0, 00), we say
a(z) <b(x) forallx e X

if there exists a positive constant C' such that a(z) < Cb(zx) for all x € X.

Proposition 3.2.1. Let0<a<1l,1<r<oo and -1 <0y <0y <1. Then the following are
true:

(i) If 62 — 61 < 1, then there exists C' > 0 such that
|Sa(t)w|x,, () < C”ta(@l_(h)\lleg1 (r)

fort >0 and w € Xp, (r).
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(ii) If 61 > —1 or 63 < 1, then there exists C > 0 such that
|t1_apa(t)w|Xg2(r) < Cta(91_92)\w!){91 (r)

fort >0 and w € Xy, ().

Proof. We prove (i) in a similar manner to [9, Proposition 2.2.2]. Using (3.1.5), (3.1.7) and [15,
Theorem 51.1 (iv)], we have

m@m%@gﬁquﬂmwmmwm
S [ @ulr)r Ol ydr
0

:ta(0192)\w|X91(r)/ q)a(T)Tel*e?dT
0

_ '@ +6,-6y) 4 (0105

- )
I'(1+ a6 —62)) ’w‘Xel )-

We can obtain the assertion (ii) in the same way as the assertion (i). O

Lemma 3.2.2. Let0<a; <as<land0<T <oo. Fori=1,2,let0<6;<1,1<r; <o
and I1; C Xo(r;) (= L™(2)). Suppose that for i =1,2,

k(1L;) := {u|u|}i(ri) cu €1, u# O}

is precompact in Xo(r;). Then there ezists a continuous and nondecreasing function g : (0,T) —
(0,00), depending on «;, 0;, r; and 11; (i = 1,2) such that the following are true:

(i) Fori=1,2, the following is true:
|Sai(t)u|X0i(7’i) < g(t)- t_a29i|u|X0(Ti) for0<t<T andu € 1II;.
(ii) We have limy_,o g(t) = 0. Fori = 1,2, the function w; = w;(t) defined by
(wr(£)) 2 = g(t) - ="

has the properties

. . _ min{6,05} _ _min{f,09}
%H% w;i(t) =0 and min < ¢t 20; < w(t) <t 2max{fifa],
_>

Proof. Define

hi(t,u) := \S’al(t)ub(g1 (Tl)c()_lta191|“|)_(é(r1) for (t,u) € (0,T) x II;\{0},
h1(t) :=sup {hi(s,u) : s € (0,t], u € IH\{0}} fort € (0,T),

where Cy(= C) > 0 is the constant from Proposition 3.2.1 (i). We observe from [9, Lemma A.0.2]
that 0 < hy < 1, limy 0 h1(t) = 0 and

|Sar (8l (r1) < Coha(£) -t ful xy )
< Cohy(t) - t~220 |ul xo(ry) for 0 <t <T and u € II;.
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Put hs in the same way. We set
g(t) := max {hil(t)’}g(t)’ t5a291,t5a292} ’
min{917 02}

2 max{@l, 92} '
It suffices to prove the estimates of w;(t) for i = 1,2. Since g(t) > t°*2%1 we obtain

where ¢ :=

1
wi(t) = g(t) @20 -t <170 fort > 0.

On the other hand, let 0 < ¢t < min{7,1}. Due to hi,hs < 1, we have g(t) < 1 and hence
wi(t) >t. If t > 1, then g(t) = t%*2max{01.02}  Thys it follows that

1_5max{91,92} 1_min{01,92}

wi(t) =t o1 =t 201

Therefore, we deduce the desired estimate of w;(¢). We can obtain the estimate of wa(t) in the
same way. O

Proposition 3.2.3. ( [16, Proposition 49.10]) Let N > 1 and let 2 be an arbitrary domain in
RN, There exist constants ¢, > 0 and cy > 2 depending only on N, such that the Dirichlet heat
kernel G(x,y,t) in  satisfies

|z

G(x,y,t) > 1t 2

fort >0 and z,y € Q such that

dist(z,00) > coVt and |z —y| < Vt.

3.3 Existence result

N
Proposition 3.3.1. Let N > 1, 0< a1 < az <1, 1< p1,p2 <00, q1,q2 € (1,00] N <2,oo],

1 < ri,rg < 0o, my € [0,a1) and mg € [0,a0). Put P, Q and R in the same way as in
Theorem 3.1.2. If max{P,Q, R} < 1, then there exist (s1,02,21,22), (s2,61,23,24) € (0,1) X
(0,1) x (1,00) x (1,00) such that

1 2 1 1 1 1 2 1
(3.3.1) Z—N(l—sl)za,a—&-%zzand E—N%SZQ,
(3.3.2) 151 — my — praebs + (g — aq)f; > 0,
(3.3.3) mi + pragbsy <1,
(3.3.4) 01 < s1,

1 2 1 1 1 1 2 1
(3.3.5) ;S—N(l—SQ):E,g—&-%:gand E_NQISZZ’
(3.3.6) Qg82 — mg — paanby > 0,
(3.3.7) 02 < s2.

Moreover, if max{P, Q,R} = 1, then there exist (s1, 02,21, 22), (s2,01,23,24) € (0,1) x (0,1) x
(1,00) x (1,00) such that (3.3.1)~(3.3.7) hold with (3.3.2) and (3.3.6) replaced by cvys1 —my —
pragbs + (e — 1)1 > 0 and agse — ma — paciafy > 0, respectively.
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N 1 N /1 1
Proof. Suppose that max{P,Q,R} < 1. Forl-— (1— — ) <s<min< 1,1 — — | — = — | ¢,
2 r1 2 \¢1 n
put
N (p 1 1) 1 1 2 1
Oo(s) = — [ ——+ =) — —(1—25), = —(1—5s)+ — and
2(5) 2p1 <7‘2 T Q1 pl( ) z1(s) N( ) 1
1 1 { 1 1 + 2 (1 )}
= — _— = — — S .
z(s)  mlm @ N
We see that

1 1 1 1 /1 1 1 1 1
maxq —, — ¢ < <land maxs —|———1],0; < <—(1-—.
a m z1(s) Pt \" a1 z(s)  p1 0

Hence, z1(s) € (1,00) and z3(s) € (1,00). Let (s1,02,21,22) = (s,02(s),21(s), 22(5)). By
direct calculation we have (3.3.1). In the same way we derive (3.3.5) with (s2,61,23,24) =
(8,01(3), 23(5), 24(8)), where

- N [ po 1 1) 1 . 1 2 . 1
0(8)=—|———+— | ——(1-35), — = —(1-35)+ — and
13) 2p2 (7'1 e Q2 P2( ) 23(8) N( ) )
1 1 {1 1 n 2 (1 ~)}
= —q———+—(1-35
24(8) p2lr2 @ N
N 1 N /(1 1
forl— —[(1—— ) < 8§ <minql,1——(——— . Moreover, we see that (3.3.3) and
2 T2 2\ 7

(3.3.6) follow from P < 1 and Q < 1, respectively.
Substituting (s1, 02, s2,601) = (s,02(s), §,61(5)) into (3.3.4) and (3.3.7), we obtain

N (p 1 1) 1 i
3.3.8 A L R Y
( ) 2py <7“2 Qi pl( )

N [ po 1 1) 1 »
3.3.9 — =4+ =] ——(1-35)<s.
( ) 2p2 <7"1 T2 Q2 102( )

We show that the inequality (3.3.8) holds with s = max{l - — (1 - > ,} and § =

min{l,l _N (1 — 1)} Since P < 1, we have

2\ nr
N 1 N 1 1 1
(Pl_1+) <(Pl_+) <<1_ml) <1
2p1 \ 12 q 2p1\r2 1@ p1 ai
N N 1 N
Moreover, it follows from ¢1,q2 € (1,00 N <,oo] that — (]91 -1+ ) < — < 1-
2 2p1 \r2 @ 2ry
N /1 1 N 1
— | — —— ). Thus (3.3.8) holds when s =1—— [ 1 — — |. Since P < 1, the left hand side of
2 q2 T2 2 71
N 1
(3.3.8) is negative when s = m Therefore, (3.3.8) holds with s = max {1 - — <1 - > , ml}
a1 2 T a1
- . N /(1 1 . . .
and § = min< 1,1 — Sl In the same way the inequality (3.3.9) holds with s =
q2 T2

min 1,1—5 i—i and 5§ = max 1—5 1—l ,@ .
2 \q1 n 2 re ) as
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We divide the possibilities into two cases: a1 = ag and a1 < as.
Let a; = . Since P < 1, we obtain (3.3.2). Put

N 1 N /1 1
L= (maxd1——~(1—-—=), 220 mindr 1= (= - =) 1),
2 r) 2\¢1 n
1 1
Iy = (max{l—N(l—1),m},min{1,l—N<—>}> and R:=1; x Is.
2 ro ) s 2 \q@2 12

The area of (s, §) satisfying (3.3.8) and (3.3.9) is the shaded portion on the graphs. See Fig. 3.1.
Due to the above calculation results, the position of R is as shown in the left figure, but not as
shown in the right one. Thus there exists (s, §) € R such that (3.3.8) and (3.3.9) hold.

A S A

/)
)
i - / —

v S

Fig. 3.1: Possible relative positions of the rectangle R and sector defined by (3.3.8)-(3.3.9).

It remains to consider §; and 0. We observe from (3.3.8) and (3.3.9) that 62(s) < 1 and
01(5) < 1. If 65(s) < 0, then we replace 02 = 65(s) with 62 = ¢ > 0, where ¢ is sufficiently small
such that ays; — m1 — piase > 0 and € < §. We see that (3.3.1), (3.3.2), (3.3.3) and (3.3.7)
hold. If #1(§) < 0, then we can replace 601(8) with 6; € (0,1) in the same way.

Let a1 < an. We recall that

(81,(92,21,22) = (8,92(8),21(8)722(8)) and (82,91,23,24) = (§, 91(5),23(5),24(§)).
1

1 1 1

We divide the possibilities into two cases: (i) B 4= >0and (i) P22, <o
Tt T2 g2 . T2 g2

We prove (i). It follows that (3.3.1), (3.3.3), (3.3.5) and (3.3.6) hold. The inequality (3.3.2)

is equivalent to

N (pL 1 1

N 11\ 1 Fm-t+d)+m-1

(3.3.10) - (m — ) 1-3) LR
2pp \ 11 T2 @2 o

P2 -2t
N 1 N/1 1
which holds with (s,3) = (max{1— > (1—— ), ™V mind1,1-2 (= - 2} 4). I
2 ri) o 2 \q@2 12

N 1
deed, the right hand side of (3.3.10) is negative when s = m (resp. when s = 1— 5 1——)),
o1 1

1 1
since P < 1 (resp. since R < 1). On the other hand, since L + — > 0, the left hand side

Tt T2 Q2
of (3.3.10) is positive.
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The area of (s, §) satisfying (3.3.8), (3.3.9) and (3.3.10) is the shaded portion on the graphs.
See Fig. 3.2. Here, R is defined in the same way as when a3 = as. Due to the above calculation
results, the position of R is as shown in the left figure, but not as shown in the right one. Thus
there exists (s, 5) € R such that (3.3.8), (3.3.9) and (3.3.10) hold.

"\ "\
Viiia

R/ ’ P
.. _J .
/ A/

Fig. 3.2: Possible relative positions of the rectangle R and the strip defined by (3.3.8)-(3.3.10).

N

It remains to consider §; and f. We observe from (3.3.8) and (3.3.9) that #(s) < 1 and
01(5) < 1. If O2(s) < 0 or 01(8) < 0, then it is sufficient to replace it/them in the same way as
when a1 = as.

We prove (ii). Let € > 0 be sufficiently small. Put

N 1 N (1 1
s:=maxsl——(1—— ,@ 4+e€el; and §:=minq1,1 — — | — — — —ec€lh
2 1 a1 2 q2 2

Due to #1(5) < 0 in this case, we replace 61 = 6,(5) with #; = . It follows that (3.3.1),
(3.3.3) and (3.3.5) hold. Since #; = ¢ is sufficiently small, s > ¢ > 0 and § > @, we obtain

ob)
(3.3.4) and (3.3.6). The inequality (3.3.2) is equivalent to (3.3.10) with the left hand side
replaced by €. Then by max{P,R} < 1 we deduce (3.3.2). Moreover, since (3.3.8) holds with

N 1 N (1 1
(s,5) = [maxq1l——(1—— ,@ ,mn<1,1————— , (3.3.8) also holds with
2 r) o 2 \q@ 7o

N 1 N/1 1
(5,8) = (max{1— = (1—- =), ™y cmind1,1 -2 (2 - 2 )L —¢2).
2 r) o 2\

It remains to consider #3. We observe from (3.3.8) that 6(s) < 1. If O2(s) < 0, then it is
sufficient to replace it in the same way as when a1 = «s.
Since we can prove the case where max{P, Q, R} = 1 in a similar way, we omit the proof. [

Lemma 3.3.2. Suppose that a1 < ag and max{P,Q, R} < 1 hold in particular in the assump-
tions of Proposition 3.3.1. Let s1 € (0,1) be chosen in Proposition 3.53.1. Put

1_E(ﬂ_i+ 1>_m

2 \r2 r1 q1 az

1— ar
a2

S =

If s1 > S, then the following are true:

N 1
(i) There exists s3 € (0,1) such that 1 — 5 (1 - 7“) < 83 < S and that 03 := 0s(s3) > 0,
1
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where O5(s) is defined in the proof of Proposition 3.5.1.
(ii) 92(81) > 0.

Proof. By direct calculation we have piagfa(S) = a1 S — my. It follows from P < 1 that

N 1
S > " Then 62(S) > 0 holds. Note that R < 1 yields 1 — > <1 — > < §. Choosing
o1 1

N 1
max {1 -5 (1 - ) ,ml} < s3 < § sufficiently large, we obtain 65(s3) > 0. Moreover, we
™ a1

N 1
max{1—2<1—>,m1}<83<8§51<1.

1 a1

see that

Thus s3 € (0,1) holds. Since 62(s) is increasing with respect to s, we have 6a(s1) > 02(s3) > 0.
The proof is complete. O

Proof of Theorem 3.1.2. Set u; := 0 and v1 := 0. For n > 2, define the functions u,, and v,
by (3.1.12) and (3.1.13), respectively. We introduce the Banach space defined by

Yorr = {u € L ((0,T], Xo(r)) : [[ully, ,.r = S(up)t”eIU(t)IXem < OO}
te(0,T

for0<f<1l,1<r<ooandT > 0.

We prove the case (a). Choose (s1,02, 21, 22) and (s2, 61, 23, z4) as in Proposition 3.3.1.

We consider the existence part. Let 7' > 0. Assume that (un—1,vn—-1) € Yo,y 7 X Yo,1r0 7
We obtain from Proposition 3.2.1 that for 0 <t < T,

t
10201 ’Un|X91 (r1) < o201 |Say (t)UO‘Xel (r) + o261 / | Po, (t — s) f1(s, v”—l(s))‘Xal (rl)ds
(3.3.11) 0

t
5 |UO‘X0(T1) +ta291 /O (t - 3)a1(81_91)_1’f1(87vn—l(s))‘Xsl—l(m)ds'

It follows from (3.1.6) and the first equality of (3.3.1) that X;_, (1)) < L*1(Q), which implies
that L*1(Q) — X, _1(r1). By the last inequality of (3.3.1) we have Xg,(r2) < L??(€2). Then
we can deduce from Assumption A and (3.3.1) that for 0 < s < ¢,

[f1(8,0n1(8)) s, ) S NF1(8 0n1 () lLer ) < Hlew - s7™H (1 + a1 ()P 1 @)

<s " leallza@ll(1+ fon-a ()P 22

LP1(9Q)
(3.3.12) =" el @lIL + lon-1($)1I17x2 (g
S5 lletllLa @)t + [vn-1(s)] 1;92(”)
1y —p1 ol
S s mi—prasbs HCIHqu(Q)Hl + |Un—1‘HZ})/192YT2,T7

71



which yields

t
10201 / (t— 3)(11(51—61)—1‘]01(5, vn,l(s))|X3171(T1)ds
0

t
St [ (e gm0ty oy o1+ I, | ds
0 2,72,

< lletllzn@+ Pn-allf, o mmesteriosal®

1
x/ (1 — s)(s1=00) =1 g=mi=prazls g
0

(3.3.13)

for 0 <t < T. Here we use ay(sy —01) —1 > —1 and 0 < my + pyagfs < 1, which follow from
(3.3.4) and (3.3.3), respectively. Combining (3.3.2), (3.3.11) and (3.3.13), we have u,, € Yp, ,, 7.
We can obtain v, € Yy, ,, 7 in the same way. By induction we derive (un,vn) € Yp, 11,7 X Yoy 101
for n > 1.

We divide the possibilities into two cases: (i) a1 = ag, or oy < a9 and s; < S, and
(ii) a1 < ag and s; > S. In the case (ii) we also choose s3 and put 3 as in Lemma 3.3.2.
Moreover, let us introduce the Banach space defined by

Y92,93,T2,T = {u € L?(?C((O,T],XQQ (TQ) N X93 (TQ)) : ”uHYeQ,eL@,,rz,T = maX{HUHYGZmQ.T? ”uHYeg,rz,T} < OO} .
In a similar way to (3.3.11), (3.3.12) and (3.3.13) we obtain

(3.3.14)

9 0y, 12

t
< t6¥293|Sa2 (t)UO|X93 (r2) + t02093 /0 ‘Pag (t — S)fQ(S7 un,l(s))b{eg (T2)d8
0 ¢ 0
S ’v0|X0(r2) 4 402 3/0 (t o S)a2(52— 3)—1|f2(s,un,l(s))|X5271(T2)d8

t
S ’v0|X0(r2) + t04293 /0 (t — 5)02(82—93)—15_m2—172a291 . ||CQ||Lq2(Q) Hl + |un,1|‘ %ledeS

< [volxg(ry) + llellae @11 + ’Un—ﬂ”%l,rﬂ - gers2mmam P20y

1
X / (1 _ S)a2(82_93)_18_m2_p2a201dS.
0

Here we apply sa > 0y = 03(s1) > 02(s3) = 03, which follows from (3.3.7) and Lemma 3.3.2.
Then u,,—1 € Yy, », 7 leads not only to v, € Y, », 7 but also to v, € Yp, ,, 7. Thus v, € Yo, g5 ro. 7
for n > 1.

We consider the rest of the existence part only in the case (i). In the case (ii) it can be
proved by replacing Yy, ., 7 and Yy, ,, 7, with Yy, g. -, 7 and Yy, g, », 1., TESpectively.
In a similar way there exist C'1 > 0 and C > 0 such that for n > 2,

(3.3.15)
|tns1 — unHYal,rl,T

< ClTawl—m1—p1a292+(a2—a1)91HclHqu(Q)Hl + |on| + |Un71|||p1—1

Ygz,T2’T ||Un — Un—1 ||Y92,7‘2,T7

—ma—paasf 1
lvns1 — /UnHYQQ,TQ,T < G572 (eo || Lz ()| 1+ [un| + |un71‘”%1ﬂj”“n - Un*1||Y91,r1,T'
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Put U := 2max { luallvy, vy va||y927702)T} and choose a sufficiently small time 7} > 0 such that

Oyt s e oy ) (1 4+ 20 <
(3.3.16)

N — DN~

C2T*04252—m2—1?204291||02||Lq2(ﬂ)(1 + 2U)p2_1 <
Note that T} is independent of n. By induction together with (3.3.15) and (3.3.16) we have

[unllyy, y.m. <U for n > 1,

lvnllvey vy, <U for n > 1,

1
(8.3.17) funer = unllvi, oy 2. < GlHon = Vnallvsy . form 22

[vn+1 — UnHYeQ,rQ,T* < §||un - un_]-”Yél,'rl,T* for n = 2.

By iteration in (3.3.17) the sequences {u,}>2, and {v,}:2; are Cauchy in the Banach spaces
Yy, r.,1. and Yy, ., 1., respectively. Consequently, there exist limits u € Yy, », 7, and v € Y, ,, 7,
such that

(3.3.18) ’n,h—)Igo [un —ullyy, ., 7, = 0 and nh_)rgo [vn = vllvey .z =0

We show that the limits v and v have all the properties of Definition 3.1.1 on [0, 7). Prop-
erty (a) immediately follows from u € Yy, ,, 7. and v € Yy, ,, .. We obtain in the same way as
we deduce (3.3.12) that

T T
/ 1f1(s,0(s)) L1 () ds 5/ 1f1(s, v(s))ll =1 () ds
0 0

Yo5,rg,Tx

Ty
5 / SfmlprCMaQ . Hclqul(Q)Hl 4 |UHP1 ds
0

(T*)l—ml—maz@z o

YGQYTQ,T* :

e lalia+ )
Here we use mj + pjasgfy < 1 by (3.3.3). Since the same is true for fo, (u,v) satisfies the
properties (b) and (c).

We mention the properties (d) and (e). We divide the possibilities into the same two cases
as in the existence part.

In the case (i) it follows that

(3.3.19) a1S1 — My —p1a202 > 0.

Indeed, when 02 = 63(s1), (3.3.19) follows from P < 1 (resp. s1 < S) if a1 = ag (resp. if
a1 < ag). On the other hand, when 6y = ¢, i.e., 02(s1) <0, (3.3.19) follows from the choice of
¢ in the proof of Proposition 3.3.1. Then in the same way as (3.3.15) with 6; replaced by 0 we
can evaluate

l/f&@—ﬁﬂﬁwwdﬁ)—ﬁﬁwwﬁﬂk
0 Lr1(Q)

— — —1
< Cy(To) ™1 7™ P29 ey || pay (11 + [on| + ol ., 2 1on = vlIve, 1y

(3.3.20)
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which converges to zero as n — oo, by (3.3.18).
In the case (ii) it follows from Lemma 3.3.2 (ii) that 3 = 02(s1). Since s3 < S, we have

(3.3.21) Q183 — My —p1a203 = X183 — M1 — p1a292(33) > 0.

Then we obtain in the same way as (3.3.11), (3.3.12) and (3.3.13) with 6; and (s1, 62, 21, 22) =
(s1,02(81), 21(81), 22(s1)) replaced by 0 and (s3, 03, z1(s3), 22(s3)), respectively that

‘un‘i‘l - un’Xgl (Tl)

< Cl(T*)a153—m1—P1a203HCIHqu(Q)Hl + |vn| + ‘Un—IW}O%;;)T* |vn, — vn_l“Y93,r2,T*
—m1—prab 1
< CUT) 2P e | Loy @ 1T+ fonl + [onalllY,_, 2 1o = vneallva, o, 0y

which implies that

/f&@—@UN&%@D—ﬁ®w$mds
0 Lr1(Q)

—m1—prazf -1
< Oy (L) P08 e oy 1+ o]+ [l o =l 0 e,

(3.3.22) ‘

Both (3.3.18) and (3.3.20) (or (3.3.22)) enable us to take the limit of (3.1.12) as n — oo in
LY(9). Since we can take the limit of (3.1.13) in a similar way, we deduce the integral system
in Definition 3.1.1 (d). For the last property (e), it suffices to prove (3.1.9). In the case (i) it
follows from (3.3.13) with #; and v,—; replaced by 0 and v, respectively and (3.3.19) that

[u(t) = Sa,y (t)uoll L (@)

t
< / (t— 5)als1—1|f1 (s, v(s))|X5171(r1)d8
(3.3.23) 0

1
S ||Cl||L41 (Q)Hl + |7}|| %QH,T* . $a1s1—mi—prazf; /0 (1 _ S)a1sl—18—m1—p1a26‘2d5

—0 (t—0).

In the case (ii) we observe from considering (3.3.13) and (3.3.19) that (3.3.23) also holds with
s1 and 69 replaced by s3 and 63, respectively. Moreover, in both cases (i) and (ii) since we can
obtain limy_o [|[v(t) — Sa, (t)vollLr2 () = 0 in a similar way, (3.1.9) holds. Thus (u,v) possesses
the desired properties of Definition 3.1.1.

We consider the uniqueness of the mild solution only in the case (i). In the case (ii) it can
be proved by replacing Yy, ,, 7 with Yp, g, », 7. We can derive the uniqueness from calculations
similar to (3.3.15). Indeed, let T' € (0,7] and let (u,v), (%, 0) € Yy, r,. 7 X Yo, r,,7 be any two
mild solutions of (3.1.1) with the same initial data (ug,vg). In a similar way to deduce (3.3.15)
it follows that

(3.3.24)

. —mi—prasd —a1)0 ~pi—1 -
HU _ uHY(Ql,'rl,T < O Ts1—m—proa 2+ (2—ar) IHCIHqu(Q)Hl + ”U| + ‘UH’I;}%‘Q’T”U — ’UHYG%W’T,

- —mo— 0 ~ -1 ~
v = Bllvg, .y < CoT**2 7277220 o | oo () 11 + [ul + [l Ml —llyg, e
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We see that there exists a sufficiently small time T’ € (0,7 such that

lealﬁfm1fp1a292+(azfa1)01 el Lo (Q)Hl + |v] + |1~)|Hp1—1 <

YGQ,TQ,T ’

I o
T2 12020 | ) [1 4 ] + a2 <

N =N =

By this together with (3.3.24) we have u(-,t) = @(-,t) and v(-,t) = o(-,t) for t € [0,7]. We
obtain from a standard continuation argument (cf. [17]) that the uniqueness over the whole
interval [0, 7] holds.

We prove the cases (b) and (c). Choose (s1,02,21,22) and (s2,01, 23,24) as in Proposi-
tion 3.3.1. We divide the possibilities into two cases: (i) a1 = ag, or a3 < ag and s; < S and
(i) a1 < g and s1 > S.

We consider the existence part in the case (i). Set ITj := {uo} € L™ () and Iy := {w} C
L (Q). Let 0 < T < co. We can apply Lemma 3.2.2 and consider the constructed functions g
and w; (i =1,2). For i = 1,2, put

(3.3.25)

Ywiﬁm’i,T = {u € L?gc((ovTLX@i (Tl)) : HuHYwi,Gi,ri,T = . S(%I;)(wi(t))aﬁi’u(tﬂxei(h‘) < OO} :
(0,

Lemma 3.2.2 (ii) implies that the spaces Yy, g, r, 7, @ = 1,2, are Banach spaces. Note that for
i =1,2, Y, 0,77 C Yo, r, 7 follows if 0 < T < oco. Define the functions (uy,vy) in the same
way as in the case (a). Assume that (un—1,0n—1) € Y, 01,01, X Yus 00,0, 7. In the same way as
(3.3.11) and (3.3.13) we have for 0 <t < T,

(w1 (0 ], (r

t
< (wi(£))*2%|Say (E)uol Xy, (r1) + (wl(t))a261/0 [Py (t = 5) f1(s, vn-1(5)) Ly, (1) 5
t
< |u0|X0(T1) + (wl(t))a201 /0 (t— 5)@1(51—91)—1|f1 (s,vn,l(s)ﬂxsﬁl(rl)d&’

and
(3.3.26)
t
(wl(t))oc291 /O (t — 3)011(31791)*1“]01(37 Un—l(s))|X31_1(r1)dS

t
5 (wl(t))a291 / (t — 3)041(51791)*1377711 (wg(s))*szQHQ . Hcl”qu (Q)Hl + ”Un_1|||];/1
0

wg,09,19,T

t
< el par (Q)Hl + |U”_1|‘|Z;/1w2,92,r2,T . (g(t))plfl . 40201 /0 (t— S)m(51791)*187m1*p1a202d8

= Nl oo 10+ fon B,

1
: (g(t))pl_l . talsl_ml—p1a292+(0¢2—01)91 /0 (1 _ 8)a1(81_91)_18_m1_p1a202d3_

We recall that lim;—,¢ g(t) = 0 and a151 —mq —pragba+ (as — )by > 0. Hence, uy, € Yy, 0,007
We can obtain v, € Y, g, r,,7 in the same way. By induction we derive (un,vn) € Y, 0,,0,7 X
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Yz 00,70, for n > 1. In a similar way there exist C'3 > 0 and Cy > 0 such that for n > 2,
[tnt1 = tnlly,, o, 0 < Calg(T))Pr =TTt mmmpraztat(az=an)éy

—1
etz @I+ ol + lon tlIZ o = vactllva g

P2—1Ta282—m2—p2@291

an-l-l - vnHYu;Q,ez,TQ,T < 04(9(T))

-1
T T N R MY
Put V := 2max{\|u2|]yw1’9177,1j, ||v2Hyw2’02‘7,27T} and choose a sufficiently small time Ty, > 0

such that

Calg(To )P, 08 restalenanli |, ) (14 2V <

Ca(g(Tus) P2 Ty 025272720200 0| gy ) (1 4 2V)P2 7 <

N =N =

We deduce the analogue of (3.3.17) in Yy, 0, 11 7. X Y0000 1., instead of Yy, 7, % Yo, o 7,
Therefore, there exist limits u € Yy, ¢, r, 7. and v € Yy, 9, r, 7., such that
= 0.

Tim [, — ully, =0and lim [lv, — oy,

1501571, T 2,092,709, Tx

We consider the case (ii). Let s3 = S and 03 = 02(s3), where 6a(s) is defined in the proof
of Proposition 3.3.1. It follows from P < 1, or P = 1 and my > 0 that s3 > 0 and 63 > 0
hold. By this together with S < s; < 1 and 6(s1) < 1 we have s3 € (0,1) and 63 € [0,1). Let
0 <T < oco. In a similar way to Lemma 3.2.2 we can construct a continuous and nondecreasing
function ¢ : (0,7") — (0, 00) such that

[Se (B0 x5, () S 9(8) - 72 w0 () |Sas (B0l xp, (ra) S 9(E) - £ 00] xy ) and
|Sa3 (t)U0|X93(T‘2) S g(t) ’ t_a293|U0|X0(7’2) for 0 <t < T7

lim;_0g(t) = 0, and lim; o w;(t) = 0 for i = 1,2,3, where (w;(t))~*2% = g(t) - t=*2%. Put
Yo, 00017 Yeog 0,007 a0d Yoy, g », 7 in the same way as (3.3.25). Then it follows that (up,v,) €
Yo ,01,m,7 X Yo 00,00, 7 for n > 1. Let us introduce the Banach space defined by

Yw2,92,w3,9377“27T
= {u € L?c?c((ovT]vXHQ (TQ) N X93 (TQ)) : ||u||}/1u2,92,u}3,93,7‘2‘T = maX{||uHYw2,92,r2,T7 ”u”YwS,eS,rz,T} < OO} .

We observe from a similar manner to (3.3.14) that u,—1 € Y, g, 7 leads not only to v, €
Yis,00,m0,7 but also to vy, € Yi, 0500,7- Thus v, € Yo, 05 005,05,m,7 for n > 1. We omit the
rest of the existence part, since it can be proved by replacing Yy, 9,7 and Yy, g, r, 7, With
Yw2,92,w3,93,r2,T and Y’LUQ,QQ,’U)S,GS,TQ,T*? respeCtiVGIY'

We can obtain in a similar way to the case (a) that u and v have the properties (a)-(d) of
Definition 3.1.1 on [0,T%). In the case (i) it follows that ays; — mj — p1agfy > 0. Then we
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deduce from (3.3.26) by replacing 6; and v,—1 with 0 and v, respectively that

(3.3.27)
Hu(v t) - Soq (t)uo”Lrl ()

t
< /0 (t—5)01131—1’]1'1(5,'U(s))|X5171(T1)dS

1
< letllpa (Q)Hl + ‘v|||§’/1w2,927r27T** . (g(t))Pl—l . $0181—m1—p1anbs A (1- S)a1sl—18—m1—p1a292ds

=0 (t—0).

In the same way it follows that lim¢ ¢ [|[v(t) —Sa, (t)vol| 72 (@) = 0. In the case (ii) we observe from
considering (3.3.26) that (3.3.27) also holds with s1, 62 and Yy, g, r, 7., replaced by s3, 3 and
Yis 05,707, » Tespectively. Thus (u,v) is a mild solution of (3.1.1) in the sense of Definition 3.1.1
on [0, Tyy).

Note that in the case of (ii) how to derive the limit corresponding to (3.3.27) differs between
when R < 1 and when R = 1. When R < 1, by considering (3.3.11) and (3.3.12) we can

evaluate
t
1) — S (Butol| s () < /0 (t— )57 fu(5, 0(5))x., (S
t
< /0 (£ — )15 1) £y (s, 0(3)) | s gy s,

where 21 = z1(s3) € (1,00). On the other hand, when R = 1, since z; = z1(s3) = 1, the
inequality |f1(s,v(s))|x,, 1) S [f1(s;v(s))l|L=1() does not hold. Then we use the LP-L9
estimate of the heat semigroup ( [16, Proposition 48.4 (c)-(e)]) and deduce that

[Poy (8 = ) f1 (s, 0(s)) [ L1 )
<at - S)‘”l/ 7o, (T)[[S(T(t = 5)*") fi(s, v(s)) | Lri (@) dT
0

<ot — 5! /0 Y o) ) (= ) s, () ey

~

= an(t — 7557 fy (5, 0(8)) | 1oy /0 958, (1)dr

ail'(s3+1) B
~ Tlass 009" M) e,
N 1
Here we apply (3.1.5) and § =1 — e <1 — >, which follows from R = 1. Thus we have
r1

t
[ul-t) = Saq (D)uollLr @) S /0 (t =) Y| fi(s,0(5) | 2o ds.

We also obtain the uniqueness of the mild solution in the space Yy, g,.r1 7o, X Yo 00,00,
through an argument similar to (3.3.24). We omit the details. O
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3.4 Nonexistence result

Proof of Theorem 3.1.3. Without loss of generality, we suppose that 0 € 2. Choose p > 0
such that B(0, p) C €2, where B(0, p) denotes the ball of radius p > 0 centered at 0.
N
We prove the case where max{P,R} > 1. Let 0 <l < — if1 < ¢ < o0, =01if ¢ = 0
qn
N
and 0 < k£ < —. Note that k is chosen to be sufficiently large and the same is valid for [ when

)
1 <q1 < oo. Put

ci(z) = ||, ea(x) =1, up(x) := 0 and vy(z) = "r‘_kXB(O,p)(x),

where X (g ) is a characteristic function. Then (c1, ca, ug, vo) € L% (Q)x L%(Q2)x L™ () x L" ()
holds.

The proof is by contradiction. Assume that there exists 7" > 0 such that the problem (3.1.1)
with fi(z,t,v) = c1(z) - t7™oP and fo(x,t,u) = co(x) - t~™2uP? possesses a local in time
nonnegative mild solution (u,v) in the sense of Definition 3.1.1 on [0,7"). Let 1 < 7 < 2 and

Sa

let s > 0 be sufficiently small. Let |z| <
Proposition 3.2.3 and obtain

, where @ = a1 or @ = ag. Then we can apply

(S(rs*)u0) (2) = [

Gla,y, 75|y Fdy > / Gz, y, 75%) |y~ dy
{lyl<p}

{ly—z|<vTs2}

(r5%2) % [y Fdy > s~ F / ly|~*dy

> c /
{ly—z|<vTso2} {ly—z|<vTs*2}

—\ —k
> 5720 (\/TSTQ—F \/S»> / dy
2 {ly—a|<v/7s°2}

Due to (3.1.4) and (3.1.7), we have

S

[N

Vv

a

IV
[o}}

2 2
(S ()10) (2) > / Doy (1) (S(75%2)0p) (2)dr 2 / Doy ()7 -5~

and hence
_kg4
(3.4.1) Say(8)vo 2 8 2QXB 0. VsS
T2
for sufficiently small s > 0.
t t a1
Let ¢ > 0 be sufficiently small and let B <s < X x| < and 1 < 7 < 2. Then for

vV s&
9

lyl <

|z —y| < Vs < \/(t—s)n < \/7(t — s)°.

Using Proposition 3.2.3, we obtain

(3.4.2) G(z,y,7(t —s)*) 27~
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(67

°_ 1t follows from (3.4.1) and (3.4.2) that

for |y| <

(S(7(t = 8)*) f1(s, Sas (s)v0)) (x) = /QG(LIJ, Y, 7(t = 5)* )yl ™7™ ((Saq (5)v0) () dy

ko -
zs_ml_2p1a/ _ G(gp,y,T(t—s)al)’m_ldy
{m<¥}

which yields

2
(Pay (t = 8) f1(5, Sas (s)00)) () 2 ar(t — s)™ 7 /1 T®0, (1) (S(7(t = 5)*) f1(5, Saz (s)v0)) (x)dT

1 la—my—Epa N 4N

(t —s) lgm 20 mmgpia— 5oty
i N

2 2

[N}

Qz

VoV

t . .
Here we use s < 3 By direct calculation we have

/0 (Pay (t — )£1(5 S (3)00)) (2)ds > / * (Pay(t — $) f1(5, Sy (5)10) (2)ds

I~ N N ~
> ta1—fa m1—5p104—*a1+7

and

/0 Pay (t — 8)£1(5, Sy (5)00

Lr1(Q) /{x|<\/7}
N

> t2 a1+r1(a1—fa m1—*p1a—*a1+ a)_

N N
Taking the limit as | — — (if 1 < ¢; < 00) and k — —, we deduce that
q1 T2

N ( l k N N~) {051?”1(1—73) when & = aq,
1 204*7711 —

01+ 1 —oha— o+ a
2 2 2 2 C¥27"1(1 — R) when & = Q9.

Thus we obtain

fg P, (t— S)fl(S,SQQ(S)Uo)dSH;l @ — o0 as t = 0. By Definition 3.1.1 (d)
1
we have v(t) > Sy, (t)vg in Q x (0,T"), which yields

— oo (t—0).
L"1(Q)

[e%} (t - S)fl (S, Saz (S)UO)dS

H/ot Poy (t = ) f1(s,v(s))ds

L"1(Q) B ‘

This contradicts the property of Definition 3.1.1 (e).

- N B
We prove the case where max{Q;,Q2} > 1. Let 0 <l < —if 1 < g2 <00,l=01if g = o0
q2
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- N - -
and 0 < k < —. Note that k is chosen to be sufficiently large and the same is valid for [ when
1
1 < g < oo0. Put

—I

c(z) =1, co(x) :=|z|™", uo(x) := |x]*l~€XB(07p)(a:) and vo(z) := 0.

Then (¢, c2,up,v0) € L9 () x L2(Q2) x L™ () x L™() holds.

The proof is also by contradiction. As in the case where max{P, R} > 1, we assume that
there exists a local in time nonnegative mild solution (u,v) in the sense of Definition 3.1.1. We
obtain in the same way as we deduce (3.4.1) that

_k
(3.4.3) Say(8)uo 2 QC”XB@, o)
for sufficiently small s > 0.
t t
We prove the case where Q; > 1. Let ¢ > 0 be sufficiently small and let 3 < s < 3

s

lz| < and 1 < 7 < 2. It follows from Proposition 3.2.3 and (3.4.3) that

(S(7(t = 8)*2) fa(s, Say (s)u0)) () = /QG(% g, 7t = )2y 75T ((Sas (5)u0) (9))F* dy

s [y ~'s 72 ((Saq (5)u0) (y))™ dy

vl

Vv

a2
/{Iyw<v75“2}

N i k
g 22—z —m2— 3P / dy
{ly—z|<vTse2}

i k
gz~ m2—gp2al

Vv

Vv

Note that we apply |y| < |y — x| + |z| < V752 + , since s is sufficiently small.

< —
= <

t
Then by s < 5 e have

2
(Pas (t = 5).f2(s, Sy (5)u0)) (2) > an(t — 5)** 7" /1 T, (1) (S(7(t = 8)*2) f1(8, Sey (8)u0)) (w)dT
(t— 5)0‘2_13_%~

1, tag—ma—k
(t_s)az ly—ga1—ma—gpao

E
a1—me—35p201

VoV

By direct calculation we get

/ (Bualt = )15, 5 5)00)) (21 = [

(P (t — ) f2(5, San (5)u0)) (x)ds 2 102~ 501 —ma=3p2cn

and

I E
r2 (a2—§a1—m2—§p2a1> dx

/O POQ (t - S)f2(sa Sa1 (S)UO)dS

T2
2 | t
Lr2(Q) {|x|< @}

N l k
> t5011+7"2 (a2—§a1—m2—§P2a1)
Z .
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- N - N
Taking the limit as | - — (if 1 < g2 < o0) and k — —, we deduce that
a2 1

N [ k
Eal + 79 (Oég — §a1 — ey — 2p2a1) — aora(l — Qq) <0.

Thus we obtain

fg P,,(t— S)fg(s,S’al(s)uo)der; @ — o0 as t — 0. This contradicts the
T2

property of Definition 3.1.1 (e) in a similar way to the case where max{P, R} > 1.
t t

We prove the case where Qs > 1. Let ¢ > 0 be sufficiently small and let 3 <s < -

[\

a2 502

and 1 < 7 < 2. Then for |y| < 5

x| <

|z —y| < Vs%2 < \/(t —5)%2 < \/T(t — 5)°2.

Due to Proposition 3.2.3, we have

S

(344) Gla,y,7(t—5)") 27 2 (L —8) 2% 25 2™

\/ §%2

for |y| < . Considering in the same way as in the case where max{P,R} > 1, we obtain
from (3.4.3) and (3.4.4) that

(S(7(t = 5)°2) fals, Saq (s)0)) () Z 572

E
Qa—ma2—5p20
)

which yields _ _
(Poo (t = 5) fo(s, Saq (5)u0)) (x) 2 (¢ — )21~ 702~ M2 5p201,

Moreover, this leads to

" Noagtry az*L‘OAQ*mQ*Epzal
> 42 2 2 )
~Y

/0 Pa(t — ) 2(5, Sy (5)110)ds

L72(Q)

- N ~ N
Taking the limit as | - — (if 1 < g2 < 00) and kK — —, we deduce that

a2 1
N ] k
50&2 + 7o (Ozg — 50[2 — Mo — 2p2041) — 0427"2(1 — QQ) < 0.
Thus we obtain Hfg P,,(t— 8)f2(578a1(5)uo)d8H22 @ — oo as t — 0. This contradicts the
)
property of Definition 3.1.1 (e). Therefore, the proof is complete. O
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3.5 Nonexistence result for scalar problems

In this section we apply our study to the nonexistence of a local in time solution of the scalar
problem

Ofu = Au+ f(x,t,u) in Qx (0,7T),
(3.5.1) u(z,t) =0 on 99 x (0,7),
u(z,0) = up(x) in Q.

We obtain the following nonexistence theorem.

1
Theorem 3.5.1. Let N >1,0<a<1,0<p<oo, q €[1l,00], q2 € <,oo] and 1 <r < oo.
a

Suppose that (3.1.11) holds with Ba = g Then there exist nonnegative functions c(z,t) € L, 4,
and ug € L"() such that, for every T > 0, the problem (3.5.1) with f(x,t,u) = c(x,t)-uP admits
no local in time nonnegative mild solution u in the sense of Definition 3.1.1 (more precisely, in
the sense of [9, Definition 3.1.1]) on the interval [0,T).

Since we can prove in the same way as in the proof of Theorem 3.1.3, we leave the proof to
readers. Note that we only solve the nonexistence conjecture in [9] when the nonlinear term f
is separable with respect to z, t and w.

N
Remark that if 1 <r < 5@_ 1), then there exists a nonnegative initial function ug € L" ()

such that, the problem (3.5.1) with f(z,¢,u) = «? has no local in time nonnegative mild solution
on any time interval. Hence, our nonexistence result corresponds to [20]. In conclusion, for
scalar problems and systems with pure power nonlinear terms, the existence/nonexistence results
correspond to [20] and [15], respectively.

3.6 Discussion

In this chapter we consider a local in time solution of a time fractional weakly coupled reaction-
diffusion system in two components with possibly distinct fractional orders. In Theorems 3.1.2
and 3.1.3 we derive the integrability conditions on the initial state functions for the local in
time existence and nonexistence results. The parameters P, Q, Q1, Q2 and R describe the
balance between the factors: the growth rates (resp. the singularities) of the nonlinear terms
with respect to u or v (resp. x and t), the singularities of the initial data, and the fractional
exponents. For instance, the larger the growth rates p; and ps become, the larger these five
parameters become. Then Theorems 3.1.2 and 3.1.3 imply that the existence result is less likely
to hold, and that the nonexistence result is more likely to hold. The integrability is determined
by max{P, Q,R} and max{P, Q1, Q2, R} in the existence and nonexistence part, respectively.

When a1 = ag, the equalities P = R and Q@ = Q1 = Qs hold. Therefore, as seen in Corol-
lary 3.1.4, we can explicitly determine the existence/nonexistence of a solution. The threshold in-
tegrability condition on initial data, which is a pair (r1,72), is defined by max{P, Q} = 1. When
m1 > 0 and mg > 0, the larger a; and as become, the wider the space of initial data for the exis-
tence result becomes. On the other hand, when a1 < ag, the inequalities max{Q;, Q2} <1< Q
and max{P, R} <1 can occur. In this case since Theorems 3.1.2 and 3.1.3 cannot be applied,
we cannot determine whether the problem (3.1.1) possesses a local in time solution or not. We
mention the following points:
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1. In Theorem 3.1.3 even if we assume Q > 1, we cannot obtain the nonexistence result, since
the inequality (3.4.3) does not hold with «; replaced by s on the right hand side. If this
is true, we can evaluate (S(7(t — s5)*?)fa(s, Sa, (s)uo)) (x) in the same way as in the case
where max{P, R} > 1. Hence, we can get the nonexistence result even if Q > 1.

2. If we assume max{Q;, Q2} < 1 instead of @ < 1, then Proposition 3.3.1 does not hold.
In particular, the inequality max{Q;, Q2} < 1 does not lead to (3.3.6) and (3.3.9) with

N /1 1 N 1
(s,5) = (min{1,1— —(——— )y ,max<¢1l——(1— — ,@ . Thus we cannot
2\qn n 2 ry) Qg

obtain the existence result under this assumption.

The author conjectures that the nonexistence result does not hold in the above case, since
the former point is a greater reason. In the existence result it seems that the solvability of
the problem (3.1.1) in the above case may hold by using a functional space different from the
Banach spaces introduced in the proof of Theorem 3.1.2.

Possible future problems ensuing from the current analysis are as follows:

1. What are the consequences of the problem (3.1.1) with a different boundary condition or
situation, e.g. the Neumann boundary condition, the boundary condition where v and v
are non-zero positive bounded functions, and the situation where the boundary is broken
into parts with a condition of a different type set on each?

2. What happens to a local in time solution of (3.1.1) as @« — 177 Given that (3.1.3) is
the limit of (3.1.1) as @ — 17, is it possible to show that the estimates obtained by this
chapter approach those known for (3.1.3)? If not, which is more conservative and why?

3. For the problem (3.1.1), what is the solvability when one equation has an integer in time
derivative and the other has a fractional in time derivative?
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