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Abstract

In this dissertation we consider initial value problems (initial boundary value problems) for

reaction-diffusion systems with rapidly growing nonlinear terms. The dissertation consists of

three chapters. In each chapter the aim is to obtain integrability conditions of initial data which

determine the existence/nonexistence of a local in time solution.

In Chapters 1 and 2 we study the reaction-diffusion system

(1)


∂tu = ∆u+ f(u, v) in Ω× (0, T ),

∂tv = ∆v + g(u, v) in Ω× (0, T ),

u(x, t) = v(x, t) = 0 on ∂Ω× (0, T ),

u(x, 0) = u0(x), v(x, 0) = v0(x) in Ω,

where Ω is the entire RN or a bounded domain in RN with C2 boundary, N ≥ 1, T > 0 and

the initial functions u0 and v0 are nonnegative. If the boundary does not exist, the boundary

condition is not imposed in (1).

It is well known that the nonlinear reaction-diffusion equation

(2)


∂tu = ∆u+ f(u) in Ω× (0, T ),

u(x, t) = 0 on ∂Ω× (0, T ),

u(x, 0) = u0(x) in Ω

possesses a local in time solution if u0 ∈ L∞(Ω). On the other hand, if u0 ̸∈ L∞(Ω), it is

known that the existence of a solution depends on the balance between the growth rate of the

nonlinearity f and the singularity of the initial function u0. When the nonlinear terms are

polynomials such as up, the existence and nonexistence of a local in time solution were studied

in both scalar problems and systems ([Weissler, Indiana Univ. Math. J. 1980] and [Quittner

and Souplet, Proc. Roy. Soc. Edinburgh. 2001]). In [Fujishima and Ioku, J. Math. Pures

Appl. 2018] the authors have studied (2) when Ω = RN , u0 ≥ 0 and f grows rapidly such as

f(u) = eu, eu
2
. However, when the nonlinear terms are exponential, solutions of systems have

not been well studied. In the two chapters we mainly consider (1) in the case where f and g

have an exponential or superexponential growth.

In Chapter 1 we study (1) when it becomes a weakly coupled system. Here, a weakly coupled

nonlinearity means that f(u, v) and g(u, v) depend on only v and u, respectively. In this chapter

the nonlinear terms f(u, v) and g(u, v) are considered as g(v) and f(u), respectively. Let Ω = RN

and we assume that f, g ∈ C1([0,∞)) satisfy some conditions including

lim
s→∞

f ′(s)F (s) = 1 and lim
s→∞

g′(s)G(s) = 1
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where

F (s) :=

∫ ∞

s

dσ

f(σ)
and G(s) :=

∫ ∞

s

dσ

g(σ)
.

A typical example satisfying all the conditions is (f(u), g(v)) = (eu
p
, ev

q
), p ≥ 1 and q ≥ 1. It is

known that the above limits are the Hölder conjugate of the growth rate of f and g ([Miyamoto,

J. Differential Equations, 2018]). We mainly consider the case where f(u) and g(v) have an

exponential or superexponential growth, and deduce existence and nonexistence results.

In Chapter 2 we study (1) with f(u, v) = ep1u+p2v and g(u, v) = eq1u+q2v, where pi ≥ 0 and

qi ≥ 0, i = 1, 2, with (p1, p2) ̸= (0, 0) and (q1, q2) ̸= (0, 0). The domain Ω is RN or a bounded

domain in RN with C2 boundary, N ≥ 1. In this chapter we obtain integrability conditions of

(u0, v0) which explicitly determine the existence/nonexistence of a local in time solution in all the

cases (p1, p2, q1, q2). For the existence result, we can take a wider class of initial functions than

previously suggested (when a local in time solution is considered in the sense of the definition in

this chapter). We also concretely gave an example of initial data which satisfy our integrability

conditions but do not belong to the suggested class. Moreover, applying the obtained results,

we proved existence and nonexistence results of (1) when f(u, v) and g(u, v) are both eu
2+v2 .

In Chapter 3 we study the fractional in time weakly coupled reaction-diffusion system
∂α1
t u = ∆u+ f1(x, t, v) in Ω× (0, T ),

∂α2
t v = ∆v + f2(x, t, u) in Ω× (0, T ),

u(x, t) = v(x, t) = 0 on ∂Ω× (0, T ),

u(x, 0) = u0(x), v(x, 0) = v0(x) in Ω,

where 0 < α1 ≤ α2 < 1 and T > 0. The fractional derivative is meant in a generalized Caputo

sense. The domain Ω is a bounded domain in RN , N ≥ 1, with C2 boundary. We mainly

consider the case where the nonlinear terms f1 and f2 polynomially grow with respect to v and

u, respectively, and may have singularities with respect to x and t. In this chapter we obtain

existence and nonexistence results by using methods including [Gal and Warma, HAL, 2017],

which studies a scalar case. The integrability is determined by several parameters, which describe

the balance between factors including the growth rate of f1 and f2 with respect to u or v and the

singularity of u0 and v0. In particular, when 0 < α1 = α2 < 1, we can explicitly determine the

existence/nonexistence of a local in time solution for all the possible combinations of constants,

which appear in our assumption. Moreover, when 0 < α1 = α2 < 1, f1(x, t, v) = |v|p1−1v and

f2(x, t, u) = |u|p2−1u, our results correspond to the results of [Quittner and Souplet, Proc. Roy.

Soc. Edinburgh. 2001], the case where the system has integer in time derivatives, α1 = α2 = 1.

We mention that Chapter 1, Chapter 2 and Chapter 3 correspond to [1], [2] and [3] below,

respectively.
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Chapter 1

Weakly coupled reaction-diffusion

systems with rapidly growing

nonlinearities and singular initial

data

We study existence and nonexistence of a local in time solution for the weakly coupled reaction-

diffusion system 
∂tu = ∆u+ g(v) in RN × (0, T ),

∂tv = ∆v + f(u) in RN × (0, T ),

(u(x, 0), v(x, 0)) = (u0(x), v0(x)) in RN ,

where f(u) and g(v) grow rapidly, u0 and v0 are possibly unbounded nonnegative initial functions

in RN (N ≥ 1) and T is a positive constant. A typical example is (f(u), g(v)) = (eu
p
, ev

q
), p ≥ 1

and q ≥ 1. We show that if (u0, v0) satisfies a certain integrability condition, then the local in

time solution exists. Moreover, we show that there exists (u0, v0) not satisfying the integrability

condition such that the solution does not exist.

Keywords: Existence and nonexistence; Local in time solutions; Weakly coupled parabolic

system; Superexponential nonlinearity.

1.1 Introduction

We study existence and nonexistence of a local in time solution for the reaction-diffusion system

(1.1.1)


∂tu = ∆u+ g(v) in RN × (0, T ),

∂tv = ∆v + f(u) in RN × (0, T ),

(u(x, 0), v(x, 0)) = (u0(x), v0(x)) in RN ,

where u0 and v0 are possibly unbounded nonnegative initial functions in RN (N ≥ 1), f, g ∈
C1([0,∞)) are nonnegative increasing functions and T is a positive constant. In this chapter we

mainly consider the case where f and g grow more rapidly than the exponential function. We
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define F (s) and G(s) by

F (s) :=

∫ ∞

s

dσ

f(σ)
and G(s) :=

∫ ∞

s

dσ

g(σ)
.

Throughout the present chapter we assume the following:

(1.1.2) f(s) > 0, g(s) > 0, f ′(s) > 0, g′(s) > 0, F (s) < ∞ and G(s) < ∞ for s > 0,

(1.1.3) lim
s→∞

f ′(s)F (s) = 1 and lim
s→∞

g′(s)G(s) = 1.

In some cases we also assume the following:

There exists s1 > 0 such that f ′(s)F (s) ≤ 1 for s ≥ s1,(1.1.4)

there exists s2 > 0 such that g′(s)G(s) ≤ 1 for s ≥ s2.(1.1.5)

A typical example is

(1.1.6) f(u) = eu
p
(p ≥ 1) and g(v) = ev

q
(q ≥ 1).

In this case we can show that (1.1.2)–(1.1.5) hold. See [10, Theorem 5.2]. If d2

ds2
log f(s) ≥ 0,

then (1.1.4) holds. Hence, (1.1.4) and (1.1.5) indicate that the nonlinearities of (1.1.1) are

exponential or superexponential.

Let us introduce functional spaces and a definition of a solution of (1.1.1). Let Bρ(x) denote

the ball of radius ρ > 0 centered at x ∈ RN . For 1 ≤ p < ∞, define the uniformly local Lp space

Lp
ul,ρ(R

N ) by

Lp
ul,ρ(R

N ) :=

u ∈ Lp
loc(R

N ) : ∥u∥Lp
ul,ρ(RN ) := sup

y∈RN

(∫
Bρ(y)

|u(x)|pdx

)1/p

< ∞

 .

The norm of L∞
ul,ρ(RN ) is defined by ∥u∥L∞

ul,ρ(RN ) := supy∈RN ∥u∥L∞(Bρ(y))
. Since ∥u∥L∞

ul,ρ(RN ) =

∥u∥L∞(RN ), we see that L∞
ul,ρ(RN ) = L∞(RN ). Let Lp

ul,ρ(R
N ) denote the closure of the space of

bounded uniformly continuous functions BUC(RN ) in the space Lp
ul,ρ(R

N ), i.e.,

Lp
ul,ρ(R

N ) := BUC(RN )
∥ · ∥

L
p
ul,ρ

(RN )
.

We define

(et∆ϕ)(x) := (4πt)−
N
2

∫
RN

e−
|x−y|2

4t ϕ(y)dy

for ϕ ∈ L1
ul,ρ(RN ). Then, et∆ϕ gives a solution for the heat equation in RN with the initial

function ϕ.

Definition 1.1.1 (Classical solution). Let X,Y be Banach spaces. We call a function (u, v) ∈
C2,1(RN × (0, T ))× C2,1(RN × (0, T )) a classical solution of (1.1.1) in X × Y if u and v satisfy

the equations in the classical sense in RN ×(0, T ), ∥u(t)−et∆u0∥X → 0 and ∥v(t)−et∆v0∥Y → 0

as t → 0.

In Definition 1.1.1 we do not adopt the following: ∥u(t)− u0∥X → 0 and ∥v(t)− v0∥Y → 0,

2



since ∥u(t)− u0∥L∞(RN ) and ∥v(t)− v0∥L∞(RN ) do not necessarily converge to zero.

In [17, Definition 15.1] they defined a classical L∞(RN )-solution, i.e., u ∈ C2,1(RN ×(0, T ))∩
C((0, T );L∞(RN )) is a classical solution for t ∈ (0, T ) and ∥u(t)− et∆u0∥L∞(RN )) → 0 as t → 0.

Note that C((0, T );L∞(RN )) ⊂ L∞
loc((0, T );L

∞(RN )). When u is a classical L∞(RN )-solution,

u is a solution in the sense of Definition 1.1.1. On the other hand, if (u, v) satisfies

u(t) = et∆u0 +

∫ t

0
e(t−s)∆g(v(s))ds,

v(t) = et∆v0 +

∫ t

0
e(t−s)∆f(u(s))ds

(1.1.7)

for almost every (x, t) ∈ RN × (0, T ), then (u, v) is called an integral solution. See [17, p.78].

We can show that if (u, v) is a solution in the sense of Definition 1.1.1, then (u, v) is an integral

solution for small t > 0.

We are in a position to state our existence result.

Theorem 1.1.2 (Local in time existence). Let N ≥ 1 and ρ > 0, and let f, g ∈ C1([0,∞))

be functions such that (1.1.2) and (1.1.3) hold. Let u0, v0 be nonnegative measurable initial

functions. Suppose that one of the following holds:

(i) the functions u0, v0 satisfy

F (u0)
−r1 ∈ L1

ul,ρ(RN ) for some r1 > N/2 and G(v0)
−r2 ∈ L1

ul,ρ(RN ) for some r2 > N/2,

(ii) lim
s→∞

f(s)F (s) > 0, (1.1.5) holds and u0, v0 satisfy

F (u0)
−r1 ∈ L1

ul,ρ(RN ) for some r1 > N/2 and G(v0)
−N

2 ∈ L1
ul,ρ(RN ),

(iii) lim
s→∞

g(s)G(s) > 0, (1.1.4) holds and u0, v0 satisfy

F (u0)
−N

2 ∈ L1
ul,ρ(RN ) and G(v0)

−r2 ∈ L1
ul,ρ(RN ) for some r2 > N/2,

(iv) lim
s→∞

f(s)F (s) > 0, lim
s→∞

g(s)G(s) > 0, both (1.1.4) and (1.1.5) hold and u0, v0 satisfy

F (u0)
−N

2 ∈ L1
ul,ρ(RN ) and G(v0)

−N
2 ∈ L1

ul,ρ(RN ).

Then, there exist T > 0 and a local in time nonnegative classical solution (u, v) ∈ C2,1(RN ×
(0, T ))× C2,1(RN × (0, T )) of (1.1.1) in L∞(RN )× L∞(RN ) in the sense of Definition 1.1.1.

Note that even though the norm is considered to be L∞(RN ), the initial data can be singular.

Moreover, the solution (u, v) of (1.1.1) satisfies (1.1.7) in RN × (0, T ). The convergence in the

sense of Definition 1.1.1 means that both the L∞(RN ) norms of the integral terms in (1.1.7) go

to zero as t → 0.

In Theorem 1.1.2 (ii) (iii) and (iv) we assume lims→∞ f(s)F (s) > 0 or lims→∞ g(s)G(s) > 0.

The nonlinearity upeu (p ≥ 1) satisfies the condition. However, eu
p
(p > 1) does not satisfy the

condition.

The second result is about the nonexistence of a solution.

3



Theorem 1.1.3 (Local in time nonexistence). Let N ≥ 1 and ρ > 0, and let f, g ∈
C1([0,∞)) be functions such that (1.1.2)–(1.1.5) hold. Then, for any 0 < r < N/2, there

exists a nonnegative measurable function u0 satisfying F (u0)
−r ∈ L1

ul,ρ(RN ) (resp. v0 satisfying

G(v0)
−r ∈ L1

ul,ρ(RN )) such that the following holds: For each fixed a > 0, if v0 ∈ L1
ul,ρ(RN )

satisfies v0 ≥ a in RN (resp. u0 ∈ L1
ul,ρ(RN ) satisfies u0 ≥ a in RN ), then (1.1.1) admits

no local in time nonnegative classical solution (u, v) ∈ C2,1(RN × (0, T )) × C2,1(RN × (0, T ))

of (1.1.1) in L∞(RN ) × L∞(RN ) in the sense of Definition 1.1.1. Moreover, if f ′(0) > 0 and

g′(0) > 0, then the parameter a can be chosen as a ≥ 0.

It is worth noting that the simple constant initial condition above may lead to the nonexis-

tence of a solution even in the case where a = 0 and f(0) = 0.

The two exponents r1 and r2 appearing in Theorem 1.1.2 (i) are important. The problem

(1.1.1) has a classical solution if r1 > N/2 and r2 > N/2. On the other hand, Theorem 1.1.3

says that if 0 < r1 < N/2 or 0 < r2 < N/2, there is a nonnegative initial function such that no

classical solution exists. If r1 = N/2 or r2 = N/2, we need limit conditions of f and g to apply

Theorem 1.1.2 (ii) to (iv). We leave open the case where r1 = N/2 or r2 = N/2, and the limit

conditions do not hold.

Example 1.1.4. (i) If

f(u) = e−u+eu and g(v) = e−v+ev ,

then F (u) = e−eu and G(v) = e−ev . Hence, (1.1.2)–(1.1.5) are satisfied. Theorem 1.1.2 (i)

tells us that the solution exists if both F (u0)
−r and G(v0)

−r are in L1
ul,ρ(RN ) for some r > N/2.

However, it follows from Theorem 1.1.3 that, for each 0 < r < N/2, there is (u0, v0) such that

F (u0)
−r or G(v0)

−r is in L1
ul,ρ(RN ) and the solution does not exist.

(ii) If f and g are given by (1.1.6), then (1.1.2)–(1.1.5) are satisfied. Therefore, the same results

as (i) hold. Moreover, if (p, q) = (1, 1), then lims→∞ f(s)F (s) = 1 and lims→∞ g(s)G(s) = 1,

and hence Theorem 1.1.2 (ii)–(iv) are also applicable.

(iii) If

f(u) = exp(· · · exp(u) · · · )︸ ︷︷ ︸
ntimes

(n ≥ 1) and g(v) = exp(· · · exp(v) · · · )︸ ︷︷ ︸
mtimes

(m ≥ 1),

then (1.1.2)–(1.1.5) are satisfied. See [14, Section 2.3]. Therefore, the same results as (i) hold.

Let us mention related results. First we consider the reaction-diffusion equation

(1.1.8)

{
∂tu = ∆u+ f(u) in Ω× (0, T ),

u(x, 0) = u0(x) in Ω,

where we impose the Dirichlet boundary condition if Ω has a boundary. We assume that f is

of class C1. If u0 ∈ L∞(Ω), then it is well known that (1.1.8) has a local in time solution for

arbitrary nonlinearities. On the other hand, if u0 ̸∈ L∞(Ω), it is known that the existence of a

solution depends on the balance between the growth rate of the nonlinearity f and the singularity

of the initial function u0. Weissler [18] studied the Dirichlet problem when Ω is bounded. In the

model case f(u) = |u|ν−1u (ν > 1) he constructed a solution when u0 ∈ Lr(Ω) for r > N
2 (ν − 1)

and r ≥ 1, or r = N
2 (ν − 1) > 1. Baras-Pierre [2] extended results in [18]. Peral-Vázquez [15]

studied various properties of solutions when f(u) = eu and Ω is a ball. Laister et.al. [12] studied

the optimal growth rate of f . Specifically, when u0 ∈ Lr(Ω) and r > 1, the solution exists if

lim sups→∞ s−(1+2r/N)f(s) < ∞, and there exists u0 ∈ Lr(Ω) such that the solution does not

4



exist if lim sups→∞ s−(1+2r/N)f(s) = ∞ and r ≥ 1. Fujishima-Ioku [10] obtained the optimal

integrability condition of the initial data if the growth rate of f is given. Suppose that the limit

(1.1.9) q := lim
s→∞

f ′(s)F (s)

exists and q − 1 < N/2. If r > N/2, then under some additional assumptions they constructed
a solution with u0 satisfying F (u0)

−r ∈ L1
ul,ρ(RN ). If r < N/2, then under some additional

assumptions they showed that there exists a nonnegative u0 satisfying F (u0)
−r ∈ L1

ul,ρ(RN )

such that a solution does not exist. When f(u) = uν , we see that F (u)−r = Cur(ν−1), and hence
it is an extension for nonnegative solutions of [18]. They also obtained existence results for the
borderline case r = N/2. These results hold for the case q = 1. The exponent (1.1.9) is the
Hölder conjugate of the growth rate of f , since a formal calculation gives

q = lim
s→∞

F ′(s)

(1/f ′(s))′
= lim

s→∞

f ′(s)2

f(s)f ′′(s)
= lim

s→∞

1/
(
1− f(s)f ′′(s)

f ′(s)2

)
1
/(

1− f(s)f ′′(s)
f ′(s)2

)
− 1

=

lim
s→∞

(s)′

(f(s)/f ′(s))′

lim
s→∞

(s)′

(f(s)/f ′(s))′
− 1

=
p

p− 1

and p = lims→∞ sf ′(s)/f(s) is the growth rate of f . Therefore, if q = 1, then f grows faster

than any algebraic function. See the assumption (1.1.3). The exponent (1.1.9) was introduced

by Dupaigne-Farina [6]. The purpose of the chapter is to extend the result of [10] to the system

(1.1.1).

For the proof of the theorems, we introduce the reaction-diffusion system

(1.1.10)


∂tu = ∆u+ f̃(u, v) in Ω× (0, T ),

∂tv = ∆v + g̃(u, v) in Ω× (0, T ),

(u(x, 0), v(x, 0)) = (u0(x), v0(x)) in Ω.

The exponential or superexponential system (1.1.1) can be reduced into (1.1.10) with

(1.1.11) f̃(u, v) = C1u
1+ε1v3+ε1 and g̃(u, v) = C2u

3+ε2v1+ε2 ,

where Ci > 0 and εi ≥ 0 for i = 1, 2. Then a supersolution for (1.1.1) can be constructed by

using a solution of the system (1.1.10) with (1.1.11).

We recall previous research. A typical example of (1.1.10) is

(1.1.12) f̃(u, v) = vq and g̃(u, v) = up.

The problem (1.1.10) with (1.1.12) is called a weakly coupled system, which was studied in

[1, 4, 5, 7–9, 11, 16]. See [17] for a survey. In [7, 8] initial functions are assumed to be bounded.

Quittner-Souplet [16] studied (1.1.12) with singular initial data when Ω is bounded. Among other

things, they proved the existence (resp. nonexistence) of a solution if (u0, v0) ∈ Lr1(Ω)×Lr2(Ω)

and

(1.1.13)
N

2
max

{
p

r1
− 1

r2
,
q

r2
− 1

r1

}
≤ 1, p, q > 1 and r1, r2 > 1

(resp. N
2 max

{
p
r1

− 1
r2
, q
r2

− 1
r1

}
> 1, p, q > 0 and r1, r2 ≥ 1). When the domain Ω is pos-

sibly unbounded, Ishige et al. [11] constructed a solution if (u0, v0) ∈ Lr1,∞
ul,ρ (Ω) × Lr2,∞

ul,ρ (Ω),
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N
2 max

{
p
r1

− 1
r2
, q
r2

− 1
r1

}
≤ 1, p, q > 0 and r1, r2 ≥ 1. Here we omit the definition of Lr1,∞

ul,ρ (Ω).

See [11, p.6087] for details. However, it is known that Lr1
ul,ρ(Ω) ⊂ Lr1,∞

ul,ρ (Ω) if 1 < r1 < ∞. Our

problem (1.1.1) can be seen as an exponential or superexponential version of (1.1.12).

Let us explain technical details. In the existence part we use change of variables. The

problem (1.1.10) with (1.1.11), which is (1.3.21), is called a strongly coupled system. Let (U, V )

be a solution of (1.3.21). Then (F−1(U−3), G−1(V −3)) becomes a supersolution for (1.1.1),

where F−1 and G−1 are the inverse functions of F and G, respectively. When a supersolution

for (1.1.1) exists, a solution can be constructed by induction method. Therefore, we can obtain

a solution of (1.1.1) if we have a solution of the system (1.3.21). In constructing a solution of the

system we use the method introduced in [11]. Specifically, we prove the existence of a solution

u of (1.1.8), where f has a polynomial growth. Then (u1/r1 , u1/r2) becomes a supersolution for

the system with different (r1, r2). See Proposition 1.3.1 for details. By induction method we

obtain a solution of the system, and hence we also obtain a solution of (1.1.1).

In the nonexistence part we give an initial function u0 of an integral system such that the

solution does not exist. Since the singularity of u0 is strong, ∥et∆u0∥L∞(RN ) diverges rapidly

as t → 0. This contradicts the upper bound of ∥et∆u0∥L∞(RN ) given in Lemma 1.4.2 which

holds for (u0, v0) satisfying the integrability condition in Theorem 1.1.3. Thus we obtain the

nonexistence of the solution of the integral system. Using this initial function, we prove the

nonexistence of the solution of (1.1.1). In [18] Weissler established the nonexistence result in

the scalar case. This method was refined in [2, 19]. We extend the method to the system case.

A careful choice of various exponents is needed throughout the present chapter.

This chapter consists of four sections. In Section 1.2 we prove fundamental lemmas which

are used in the proof of Theorems 1.1.2 and 1.1.3. In Sections 1.3 and 1.4 we prove Theo-

rems 1.1.2 and 1.1.3, respectively.

1.2 Preliminaries

In this section we recall known results and prove some lemmas which are natural extensions of

the scalar case.

For any set X and the mappings a = a(x) and b = b(x) from X to [0,∞), we say

a(x) ≲ b(x) for all x ∈ X

if there exists a positive constant C such that a(x) ≤ Cb(x) for all x ∈ X.

Lemma 1.2.1. ( [13, Corollary 3.1]) Let N ≥ 1 and 1 ≤ p ≤ q ≤ ∞. Then there exists

C1 = C1(N, p, q) > 0 such that

∥et∆u∥Lq
ul,ρ(RN ) ≤ C1

(
ρ
−N

(
1
p
− 1

q

)
+ t

−N
2

(
1
p
− 1

q

))
∥u∥Lp

ul,ρ(RN )

for t > 0, ρ > 0 and u ∈ Lp
ul,ρ(R

N ).

Proposition 1.2.2. The following (i) and (ii) hold:

(i) (Subcritical case) Let N ≥ 1, p > 1 and f̃ ∈ C1([0,∞)). Assume that f̃(s) ≥ 0 for s ≥ 0 and

that f̃ ′(s) = O(sp−1) as s → ∞. If q ≥ 1 and q > N
2 (p − 1), then, for a nonnegative function
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w0 ∈ Lq
ul,ρ(R

N ), there exist T > 0 and a nonnegative classical solution of

(1.2.1)

{
∂tw = ∆w + f̃(w) in RN × (0, T ),

w(x, 0) = w0(x) in RN

in Lq
ul,ρ(R

N ) in the sense of Definition 1.1.1 which satisfies

(1.2.2) ∥w(t)− et∆w0∥Lq
ul,ρ(RN ) → 0 as t → 0.

Moreover, w ∈ C((0, T );Lq
ul,ρ(R

N )) ∩ L∞
loc((0, T );L

∞(RN )) ∩ C2,1(RN × (0, T )).

(ii) (Critical case) Let N ≥ 1, p > 1 and f̃ ∈ C1([0,∞)). Assume that f̃ satisfies the assumptions

of (i). If q := N
2 (p− 1) > 1, then, for a nonnegative function w0 ∈ Lq

ul,ρ(R
N ), there exist T > 0

and a nonnegative classical solution of (1.2.1) in Lq
ul,ρ(R

N ) in the sense of Definition 1.1.1 which

satisfies (1.2.2). Moreover, w ∈ C([0, T );Lq
ul,ρ(R

N ))∩L∞
loc((0, T );L

∞(RN ))∩C2,1(RN × (0, T )).

Furthermore, for both of (i) and (ii), the following holds: There exists C2 = C2(N, p, q, ρ) > 0

such that

(1.2.3) ∥w(t)∥Lr
ul,ρ(RN ) ≤ C2t

−N
2

(
1
q
− 1

r

)
∥w0∥Lq

ul,ρ(RN )

for sufficiently small t > 0 and r ∈ [q,∞].

The existence result in Proposition 1.2.2 can be proved using the contraction mapping the-

orem in [3, 18]. The inequality (1.2.3) is obtained in a similar way to [17]. We omit the proof.

See also [10, Propositions 2.2 and 2.3].

Remark 1.2.3. ( [10, Remark 2.2 (ii)]) Assume that all the assumptions of Proposition 1.2.2 (ii)

hold. Let α > 0 and σ := N
2

(
1
q −

1
α

)
. If α satisfies max{p, q} < α < pq, then

lim
t→0

tσ∥w(t)∥Lα
ul,ρ(RN ) = 0.

Lemma 1.2.4. Let J be a function from [0,∞) to itself. If J is convex, then, for a nonnegative

function ϕ ∈ L1
ul,ρ(RN ),

J(et∆ϕ(x)) ≤ [et∆(Jϕ)](x) in RN × (0,∞).

Lemma 1.2.4 follows from Jensen’s inequality. For the proof in the case of the pure power

nonlinearity see [18, Lemma 5.1].

Lemma 1.2.5. Let 1 ≤ p < ∞. Then the following (i) and (ii) hold:

(i) u ∈ Lp
ul,ρ(R

N ) if and only if |u|p ∈ L1
ul,ρ(RN ).

(ii) Let C > 0. Then, for any u ∈ Lp
ul,ρ(R

N ), max{u,C} ∈ Lp
ul,ρ(R

N ).

Proof. The assertion (i) follows from [10, Lemma 2.2, Remark 2.1].

We prove (ii). Let u ∈ Lp
ul,ρ(R

N ). Then there exists a sequence {un} ⊂ BUC(RN ) such that

un → u in Lp
ul,ρ(R

N ) as n → ∞. Put vn := max{un, C} (n ≥ 1). We see that {vn} ⊂ BUC(RN )

and that

|max{u,C} − vn| ≤ |u− un| → 0 in Lp
ul,ρ(R

N ) as n → ∞.

Hence, max{u,C} ∈ Lp
ul,ρ(R

N ).
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Proposition 1.2.6. Let f̃(u, v), g̃(u, v) ∈ C1,1([0,∞)× [0,∞)) satisfy the following:

f̃(u, v) ≥ 0, f̃u(u, v) ≥ 0, f̃v(u, v) ≥ 0, g̃(u, v) ≥ 0, g̃u(u, v) ≥ 0 and g̃v(u, v) ≥ 0

for u ≥ 0 and v ≥ 0. Let u0, v0 ∈ L1
ul,ρ(RN ) be nonnegative functions. Suppose that there exist

T > 0 and nonnegative functions (ū, v̄) ∈ C2,1(RN × (0, T ))× C2,1(RN × (0, T )) such that

ū(t) ≥ et∆u0 +

∫ t

0
e(t−s)∆f̃(ū(s), v̄(s))ds,

v̄(t) ≥ et∆v0 +

∫ t

0
e(t−s)∆g̃(ū(s), v̄(s))ds

(1.2.4)

for almost every (x, t) ∈ RN × (0, T ). Then there exists a solution (u, v) ∈ C2,1(RN × (0, T ))×
C2,1(RN × (0, T )) of the integral system

u(t) = et∆u0 +

∫ t

0
e(t−s)∆f̃(u(s), v(s))ds in RN × (0, T ),

v(t) = et∆v0 +

∫ t

0
e(t−s)∆g̃(u(s), v(s))ds in RN × (0, T )

(1.2.5)

which satisfies {
∂tu = ∆u+ f̃(u, v) in RN × (0, T ),

∂tv = ∆v + g̃(u, v) in RN × (0, T ).

Furthermore, 0 ≤ u(x, t) ≤ ū(x, t) in RN × (0, T ) and 0 ≤ v(x, t) ≤ v̄(x, t) in RN × (0, T ).

Proposition 1.2.6 is a slight generalization of [11, Lemma 2.2], and the proof is similar

to [11, Lemma 2.2]. However, we show the proof for readers’ convenience.

Proof. Let u1 := 0 and v1 := 0. For n ≥ 2, define the functions un and vn by

un(t) = et∆u0 +

∫ t

0
e(t−s)∆f̃(un−1(s), vn−1(s))ds,

vn(t) = et∆v0 +

∫ t

0
e(t−s)∆g̃(un−1(s), vn−1(s))ds.

(1.2.6)

We use an induction method. Suppose that ū(x, t) ≥ un−1(x, t) and v̄(x, t) ≥ vn−1(x, t). We see

that f̃ and g̃ are nondecreasing. Then it follows from (1.2.4) and (1.2.6) that

ū(t) ≥ et∆u0 +

∫ t

0
e(t−s)∆f̃(un−1(s), vn−1(s))ds = un(t).

In the same way we can see that v̄(t) ≥ vn(t). Since ū(x, t) ≥ et∆u0 ≥ 0 = u1(x, t) and v̄(x, t) ≥
0 = v1(x, t), it follows from induction that, for n ∈ N, ū(x, t) ≥ un(x, t) and v̄(x, t) ≥ vn(x, t).

By the definitions of un and vn with n = 2 we obtain

u2(t) = et∆u0 +

∫ t

0
e(t−s)∆f̃(u1(s), v1(s))ds ≥ 0 = u1(t),

v2(t) = et∆v0 +

∫ t

0
e(t−s)∆g̃(u1(s), v1(s))ds ≥ 0 = v1(t).
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Since f̃ and g̃ are nondecreasing, we have

u3(t) = et∆u0 +

∫ t

0
e(t−s)∆f̃(u2(s), v2(s))ds

≥ et∆u0 +

∫ t

0
e(t−s)∆f̃(u1(s), v1(s))ds = u2(t),

v3(t) = et∆v0 +

∫ t

0
e(t−s)∆g̃(u2(s), v2(s))ds

≥ et∆v0 +

∫ t

0
e(t−s)∆g̃(u1(s), v1(s))ds = v2(t).

Repeating the above argument, we have

0 = u1 ≤ u2 ≤ · · · ≤ un−1 ≤ un ≤ ū in RN × (0, T ),

0 = v1 ≤ v2 ≤ · · · ≤ vn−1 ≤ vn ≤ v̄ in RN × (0, T ).

Then, we can define the limit functions u and v by

u(x, t) := lim
n→∞

un(x, t) and v(x, t) := lim
n→∞

vn(x, t),

respectively. Since f̃ and g̃ are nondecreasing, it follows from the monotone convergence theorem

that (1.2.5) holds. Applying the standard regularity theory for parabolic equations, we obtain

(u, v) ∈ C2,1(RN × (0, T ))× C2,1(RN × (0, T )).

The following lemma is a system version of [10, Lemma 2.3].

Lemma 1.2.7. Let f̃(u, v) ∈ C1,1([0,∞)× [0,∞)) satisfy

f̃(u, v) ≥ 0, f̃u(u, v) ≥ 0 and f̃v(u, v) ≥ 0

for u ≥ 0 and v ≥ 0. Let T > 0 and let ū, v̄ ∈ C2,1(RN × (0, T )) ∩ L∞
loc((0, T ) : L

∞(RN )) such

that ū ≥ 0 and v̄ ≥ 0. Then the following hold:

(i) Let u0 ∈ L1
ul,ρ(RN ). Suppose that

(1.2.7) ∂tū = ∆ū+ f̃(ū, v̄) in RN × (0, T )

and

(1.2.8) lim
t→0

∥ū(t)− et∆u0∥L1
ul,ρ(RN ) = 0.

Then ū satisfies

(1.2.9) ū(t) = et∆u0 +

∫ t

0
e(t−s)∆f̃(ū(s), v̄(s))ds in RN × (0, T ).

(ii) Let u0 ∈ L1
ul,ρ(RN ). Suppose that

(1.2.10) ∂tū ≥ ∆ū+ f̃(ū, v̄) in RN × (0, T ).
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If either (1.2.8) holds or

(1.2.11) ū(t) ≥ et∆u0 in RN × (0, T ),

then ū satisfies

(1.2.12) ū(t) ≥ et∆u0 +

∫ t

0
e(t−s)∆f̃(ū(s), v̄(s))ds in RN × (0, T ).

Proof. (i) It follows from (1.2.7) that

(1.2.13) ū(t) = e(t−τ)∆ū(τ) +

∫ t

τ
e(t−s)∆f̃(ū(s), v̄(s))ds

for 0 < τ < t < T . See [17, p.77] for details. By Lemma 1.2.1 we have

∥e(t−τ)∆ū(τ)− et∆u0∥L∞(RN ) = ∥e(t−τ)∆(ū(τ)− eτ∆u0)∥L∞(RN )

≲
(
ρ−N + (t− τ)−

N
2

)
∥ū(τ)− eτ∆u0∥L1

ul,ρ(RN )

→ 0 (τ → 0).

Let χ(τ,t) be a characteristic function. It follows from the monotone convergence theorem that

lim
τ→0

∫ t

τ
e(t−s)∆f(u(s), v(s))ds= lim

τ→0

∫ t

0
χ(τ,t)(s)e

(t−s)∆f(u(s), v(s))ds=

∫ t

0
e(t−s)∆f(u(s), v(s))ds

for each (x, t) ∈ RN × (0, T ). Taking the limit of (1.2.13) as τ → 0, we obtain (1.2.9).

(ii) If (1.2.8) holds, then we can prove (1.2.12) in a similar way as above. On the other hand, if

(1.2.11) holds, then it follows from (1.2.10) that

ū(t) ≥ e(t−τ)∆eτ∆u0 +

∫ t

τ
e(t−s)∆f̃(ū(s), v̄(s))ds = et∆u0 +

∫ t

τ
e(t−s)∆f̃(ū(s), v̄(s))ds.

Taking the limit as τ → 0, we obtain (1.2.12).

1.3 Existence result

In this section we prove Theorem 1.1.2. In the proof we use a solution of the problem

(1.3.1)


∂tu = ∆u+ C1u

p1vp2 in RN × (0, T ),

∂tv = ∆v + C2u
q1vq2 in RN × (0, T ),

(u(x, 0), v(x, 0)) = (u0(x), v0(x)) in RN ,

where C1 and C2 are arbitrary positive constants. In the study of (1.3.1) the following two

exponents play an important role:

(1.3.2) A1 := 1 +
p1 − 1

r1
+

p2
r2

and A2 := 1 +
q1
r1

+
q2 − 1

r2
,

where r1 and r2 are chosen in accordance with Proposition 1.3.1.

In [11, Theorem 4.1] the existence of a solution of (1.3.1) is established when the initial data
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is in Lr1,∞
ul,ρ (RN ) × Lr2,∞

ul,ρ (RN ) which includes our space Lr1
ul,ρ(R

N ) × Lr2
ul,ρ(R

N ). However, [11,

Theorem 4.1] does not claim in which sense the initial condition is satisfied. In Proposition 1.3.1

we establish the existence of a solution in the sense of Definition 1.1.1.

Proposition 1.3.1. Let N ≥ 1 and ρ > 0. Let p1, p2, q1, q2 ≥ 1 and C1, C2 > 0. The following

(i) and (ii) hold:

(i) Let 1 ≤ r1, r2 < ∞. Suppose that

(1.3.3)
N

2
max {A1 − 1, A2 − 1} < 1.

Then for a nonnegative initial data (u0, v0) ∈ Lr1
ul,ρ(R

N ) × Lr2
ul,ρ(R

N ), there exist T > 0 and a

local in time nonnegative classical solution (u, v) ∈ C2,1(RN × (0, T ))∩L∞
loc((0, T ) : L

∞(RN ))×
C2,1(RN × (0, T )) ∩ L∞

loc((0, T ) : L
∞(RN )) of (1.3.1) in Lr1

ul,ρ(R
N ) × Lr2

ul,ρ(R
N ) in the sense of

Definition 1.1.1.

(ii) Let 1 < r1, r2 < ∞. Suppose that

(1.3.4)
N

2
max {A1 − 1, A2 − 1} = 1.

Then for a nonnegative initial data (u0, v0) ∈ Lr1
ul,ρ(R

N ) × Lr2
ul,ρ(R

N ), there exist T > 0 and a

local in time nonnegative classical solution (u, v) ∈ C2,1(RN × (0, T ))∩L∞
loc((0, T ) : L

∞(RN ))×
C2,1(RN × (0, T )) ∩ L∞

loc((0, T ) : L
∞(RN )) of (1.3.1) in Lr1

ul,ρ(R
N ) × Lr2

ul,ρ(R
N ) in the sense of

Definition 1.1.1.

The conditions (1.3.3) and (1.3.4) in Proposition 1.3.1 appear in [11, Theorem 4.1] and these

conditions are extensions of (1.1.13).

Proof. We prove (i). Let w0(x) := max{u0(x)r1 + v0(x)
r2 , 1}. We see that w0 ∈ L1

ul,ρ(RN ). We

consider the problem

(1.3.5)

{
∂tw = ∆w + P (w) in RN × (0, T ),

w(x, 0) = w0(x) in RN ,

where P (w) := r1C1w
A1 + r2C2w

A2 , C1 and C2 are positive constants given in (1.3.1) and A1

and A2 are given by (1.3.2). We can apply Proposition 1.2.2 (i) with p := max{A1, A2} and

q := 1, because P ′(w) = O(wp−1) as w → ∞ and the inequality q > N(p − 1)/2 follows from

(1.3.3). Let w be a solution of (1.3.5) given by Proposition 1.2.2 (i). Put (ū, v̄) := (w1/r1 , w1/r2).

By direct calculation we have

(1.3.6)

{
∂tū ≥ ∆ū+ C1ū

p1 v̄p2 in RN × (0, T ),

∂tv̄ ≥ ∆v̄ + C2ū
q1 v̄q2 in RN × (0, T ).

Since w is a classical solution of (1.3.5), it follows from Lemma 1.2.7 (i) that

(1.3.7) w(t) = et∆w0 +

∫ t

0
e(t−s)∆P (w(s))ds.

Let J(s) := sr1 (s ≥ 0). Since J is convex, it follows from Lemma 1.2.4 and (1.3.7) that

J(ū(t)) = w(t) ≥ et∆w0 ≥ et∆(J(u0)) ≥ J(et∆u0) in RN × (0, T ).
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Since J is strictly increasing, we have

(1.3.8) ū(t) ≥ et∆u0.

Because of (1.3.6) and (1.3.8), we can apply Lemma 1.2.7 (ii), and hence

(1.3.9) ū(t) ≥ et∆u0 + C1

∫ t

0
e(t−s)∆ū(s)p1 v̄(s)p2ds.

In the same way we can obtain

(1.3.10) v̄(t) ≥ et∆v0 + C2

∫ t

0
e(t−s)∆ū(s)q1 v̄(s)q2ds.

Let f̃(u, v) := C1u
p1vp2 and g̃(u, v) := C2u

q1vq2 . By (1.3.9) and (1.3.10) we see that f̃ and g̃

satisfy all the assumptions of Proposition 1.2.6. It follows from Proposition 1.2.6 that (1.2.5) has

a solution (u, v) ∈ C2,1(RN × (0, T )) ∩ L∞
loc((0, T ) : L

∞(RN ))× C2,1(RN × (0, T )) ∩ L∞
loc((0, T ) :

L∞(RN )). We prove the following limits:

(1.3.11) lim
t→0

∥u(t)− et∆u0∥Lr1
ul,ρ(RN ) = 0 and lim

t→0
∥v(t)− et∆v0∥Lr2

ul,ρ(RN ) = 0.

Since u ≤ ū = w1/r1 and v ≤ v̄ = w1/r2 , by (1.2.5) and Lemma 1.2.1 we have

∥u(t)− et∆u0∥Lr1
ul,ρ(RN ) ≤ C1

∫ t

0
∥e(t−s)∆w(s)

p1
r1

+
p2
r2 ∥Lr1

ul,ρ(RN )ds

≲
∫ t

0
∥w(s)

p1
r1

+
p2
r2 ∥Lr1

ul,ρ(RN )ds

=

∫ t

0
∥w(s)∥

p1
r1

+
p2
r2

L
r1(

p1
r1

+
p2
r2
)

ul,ρ (RN )

ds.

(1.3.12)

By (1.2.3) we have

(1.3.13) ∥w(s)∥
L
r1(

p1
r1

+
p2
r2
)

ul,ρ (RN )

≲ s
−N

2

{
1− 1

r1(
p1
r1

+
p2
r2
)

}
∥w0∥L1

ul,ρ(RN )

for sufficiently small s > 0. It follows from (1.3.12) and (1.3.13) that

(1.3.14) ∥u(t)− et∆u0∥Lr1
ul,ρ(RN ) ≲

∫ t

0
s
−N

2

(
p1−1
r1

+
p2
r2

)
ds∥w0∥

p1
r1

+
p2
r2

L1
ul,ρ(RN )

,

provided that t > 0 is small. By (1.3.2) and (1.3.3) we see that −N
2

(
p1−1
r1

+ p2
r2

)
= −N

2 (A1−1) >

−1. Thus, the right hand side of (1.3.14) converges to 0 as t → 0. Hence, we obtain the first

limit of (1.3.11). In the same way we can obtain the second limit of (1.3.11). Thus, (u, v) is a

local in time classical solution of (1.3.1) in Lr1
ul,ρ(R

N )×Lr2
ul,ρ(R

N ) in the sense of Definition 1.1.1.

The proof of (i) is complete.

Next, we prove (ii). Since r1, r2 > 1, there exists a small ε > 0 such that

(1.3.15) r′1 :=
r1

1 + ε
> 1, r′2 :=

r2
1 + ε

> 1 and ε <
2

N
.
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We define A′
1 and A′

2 by

A′
1 := 1 +

p1 − 1

r′1
+

p2
r′2

and A′
2 := 1 +

q1
r′1

+
q2 − 1

r′2
.

Then by (1.3.4) we have
N

2
max

{
A′

1 − 1, A′
2 − 1

}
= 1 + ε.

Let w0(x) := max{u0(x)r1
′
+ v0(x)

r2′ , 1}. It follows from Lemma 1.2.5 that w0 ∈ L1+ε
ul,ρ(R

N ).

By Proposition 1.2.2 (ii) we see that there exist a constant T > 0 and a nonnegative classical

solution w ∈ C([0, T ) : L1+ε
ul,ρ(R

N )) ∩ L∞
loc((0, T ) : L

∞(RN )) ∩ C2,1(RN × (0, T )) for the problem

(1.3.16)

{
∂tw = ∆w +Q(w) in RN × (0, T ),

w(x, 0) = w0(x) in RN ,

where Q(w) := r1
′C1w

A′
1 + r2

′C2w
A′

2 and C1 and C2 are positive constants given in (1.3.1).

Put (ū, v̄) := (w1/r′1 , w1/r′2). Then (ū, v̄) satisfies (1.3.6). In the same way by Proposition 1.2.6

the integral system (1.2.5) with f̃(u, v) = C1u
p1vp2 and g̃(u, v) = C2u

q1vq2 possesses a solution

(u, v) which satisfies (1.3.1). We prove the following limits:

lim
t→0

∥u(t)− et∆u0∥Lr1
ul,ρ(RN ) = 0 and lim

t→0
∥v(t)− et∆v0∥Lr2

ul,ρ(RN ) = 0.

Let α0 := 1+2(1+ε)/N . By α we define α := α0+δ, where δ > 0 is small and δ is defined later.

We show that Remark 1.2.3 is applicable for w if p = α0 and q = 1+ ε. By (1.3.15) we see that

max{p, q} = max{α0, 1 + ε} = α0 < α. Since α0 < α0(1 + ε) = pq and δ is small, we see that

α < pq. Since max{p, q} < α < pq, Remark 1.2.3 can be applied. Let k := (1 + ε)(2/N + 1/r1).

Then,

(1.3.17)
p1
r′1

+
p2
r′2

≤ 2

N
(1 + ε) +

1

r′1
= k and

k

α
>

1

r1
.

Note that the second inequality in (1.3.17) holds, since δ is small. Since u ≤ ū = w1/r′1 ,

v ≤ v̄ = w1/r′2 and w ≥ et∆w0 ≥ 1, it follows from (1.3.17) and Lemma 1.2.1 that

∥u(t)− et∆u0∥Lr1
ul,ρ(RN ) ≤ C1

∫ t

0
∥e(t−s)∆w(s)

p1
r1

′+
p2
r2

′ ∥Lr1
ul,ρ(RN )ds

≤ C1

∫ t

0
∥e(t−s)∆w(s)k∥Lr1

ul,ρ(RN )ds

≲
∫ t

0

(
ρ
−N

(
k
α
− 1

r1

)
+ (t− s)

−N
2

(
k
α
− 1

r1

))
∥w(s)k∥

L
α
k
ul,ρ(RN )

ds

≲
∫ t

0

(
ρ
−N

(
k
α
− 1

r1

)
+ (t− s)

−N
2

(
k
α
− 1

r1

))
s−σkds sup

0<s<t
sσk∥w(s)∥kLα

ul,ρ(RN ),

(1.3.18)

where σ := N
2

(
1

1+ε −
1
α

)
. We easily see that

−N

2

(
k

α
− 1

r1

)
> −1, −σk > −1 and − N

2

(
k

α
− 1

r1

)
− σk + 1 = 0.
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Thus,

(1.3.19)

∫ t

0

(
ρ
−N

(
k
α
− 1

r1

)
+ (t− s)

−N
2

(
k
α
− 1

r1

))
s−σkds < C

uniformly for small t > 0. Therefore, by (1.3.18), (1.3.19) and Remark 1.2.3 we see that ∥u(t)−
et∆u0∥Lr1

ul,ρ(RN ) → 0 as t → 0. In the same way we can obtain limt→0 ∥v(t)−et∆v0∥Lr1
ul,ρ(RN ) = 0.

The proof of (ii) is complete.

Lemma 1.3.2. ( [10, Lemma 3.1]) Let f ∈ C1([0,∞)) satisfy (1.1.2) and (1.1.3). Define

h(s) := f(F−1(s)). Then for any ε > 0,

h(s) ≲ s−1−ε

for sufficiently small s > 0. Moreover, if f satisfies (1.1.4) for some s1 > 0, then h(s) ≲ s−1

for sufficiently small s > 0.

Proof. Since (F−1(s))′ = −f(F−1(s)) = −h(s), we have

h′(s) = f ′(F−1(s))(F−1(s))′ = −f ′(F−1(s))h(s).

Let ε > 0. Since F−1(s) is nonincreasing with respect to s and F−1(s) → ∞ as s → 0, it follows

from (1.1.3) that

(1.3.20) sf ′(F−1(s)) = f ′(F−1(s))F (F−1(s)) ≤ 1 + ε

for sufficiently small s > 0. Then we have

h′(s)

h(s)
≥ −(1 + ε)s−1.

Integrating both sides, we have h(s) ≲ s−1−ε for sufficiently small s > 0. If f satisfies (1.1.4)

for some s1 > 0, then (1.3.20) holds with ε = 0. Thus we prove Lemma 1.3.2.

Proof of Theorem 1.1.2. We consider the initial value problem

(1.3.21)


∂tU = ∆U + C1U

1+ε1V 3+ε1 in RN × (0, T ),

∂tV = ∆V + C2U
3+ε2V 1+ε2 in RN × (0, T ),

(U(x, 0), V (x, 0)) = (U0(x), V0(x)) in RN ,

where U0 := max{F (u0)
−1/3,M1}, V0 := max{G(v0)

−1/3,M2}. Here, for i = 1, 2, εi ≥ 0, Ci > 0

and Mi > 0 and we choose them later. It follows from (1.1.3) that there exist constants m1 > 0

and m2 > 0 such that

(1.3.22) f ′(s)F (s) <
4

3
for s ≥ m1, g′(s)G(s) <

4

3
for s ≥ m2.

Let M1 > F (m1)
−1/3 and M2 > G(m2)

−1/3 be sufficiently large.

We prove (i). Since F (u0)
−r1 ∈ L1

ul,ρ(RN ) andG(v0)
−r2 ∈ L1

ul,ρ(RN ), we have U0 ∈ L3r1
ul,ρ(R

N )
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and V0 ∈ L3r2
ul,ρ(R

N ). Since r1 > N/2 and r2 > N/2, we have

(1.3.23)
N

2

(
ε1
3r1

+
3 + ε1
3r2

)
< 1 and

N

2

(
3 + ε2
3r1

+
ε2
3r2

)
< 1

by choosing ε1 > 0 and ε2 > 0 sufficiently small. By (1.3.23) we can apply Proposition 1.3.1 (i)

to (1.3.21). There exist T > 0 and a local in time classical solution (U, V ) ∈ C2,1(RN × (0, T ))∩
L∞
loc((0, T ) : L∞(RN )) × C2,1(RN × (0, T )) ∩ L∞

loc((0, T ) : L∞(RN )) of (1.3.21) in L3r1
ul,ρ(R

N ) ×
L3r2
ul,ρ(R

N ) which satisfies

(1.3.24)

0 ≤ U(x, t) ≤ w(x, t)1/(3r1) in RN × (0, T ) and 0 ≤ V (x, t) ≤ w(x, t)1/(3r2) in RN × (0, T ).

Here, w is a local in time classical solution of (1.3.5) with (p1, p2, q1, q2) = (1+ε1, 3+ε1, 3+ε2, 1+

ε2) and r1 and r2 replaced by 3r1 and 3r2, respectively. Moreover, w0(x) := max{U0(x)
3r1 +

V0(x)
3r2 , 1} ∈ L1

ul,ρ(RN ). Then we define

(1.3.25) ū := F−1(U−3) and v̄ := G−1(V −3).

Since (U, V ) is a local in time classical solution of (1.3.21), we have

(1.3.26) ∂tū = ∆ū+
4/3− f ′(ū)F (ū)

f(ū)F (ū)
|∇ū|2 + 3C1f(ū)F (ū)1−ε1/3G(v̄)−1−ε1/3.

We see that U ≥ et∆U0 ≥ F (m1)
−1/3 which implies that ū ≥ m1. By (1.3.22) we have 4/3 −

f ′(ū)F (ū) > 0. Moreover, it follows from (1.1.3) that f(s)F (s)1−ε1/3 (resp. g(s)G(s)1+ε1/3) is

increasing (resp. decreasing) for large s > 0. Then there is a constant C0 > 0 such that

f(ū)F (ū)1−ε1/3 ≥ C0 and G(v̄)−1−ε1/3 ≥ C0g(v̄).

Choosing C1 properly, we obtain

(1.3.27) ∂tū ≥ ∆ū+ g(v̄) in RN × (0, T ).

Let J(s) := F (s)−1/3 (s ≥ m1). By direct calculation we see that J is convex. It follows from

Lemma 1.2.4 that

J(ū(t)) = U(t) ≥ et∆U0 ≥ et∆(J(max{u0,m1})) ≥ J(et∆(max{u0,m1})) in RN × (0, T ).

Since J is strictly increasing, we have

(1.3.28) ū(t) ≥ et∆u0.

By (1.3.27) and (1.3.28) we can apply Lemma 1.2.7 (ii). Then we have

ū(t) ≥ et∆u0 +

∫ t

0
e(t−s)∆g(v̄(s))ds.(1.3.29)

In the same way we can obtain the inequality

(1.3.30) v̄(t) ≥ et∆v0 +

∫ t

0
e(t−s)∆f(ū(s))ds.
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Therefore, it follows from (1.3.29), (1.3.30) and Proposition 1.2.6 that there exists a solution

(u, v) ∈ C2,1(RN × (0, T ))× C2,1(RN × (0, T )) of (1.1.1). We prove the following limits:

lim
t→0

∥u(t)− et∆u0∥L∞(RN ) = 0 and lim
t→0

∥v(t)− et∆v0∥L∞(RN ) = 0.

Since V ≥ et∆V0 ≥ M2 and M2 is large, V −3 is small. Then, we can apply Lemma 1.3.2. It

follows from (1.3.24) and Lemma 1.3.2 that

u(t)− et∆u0 =

∫ t

0
e(t−s)∆g(v(s))ds ≤

∫ t

0
e(t−s)∆g(v̄(s))ds

=

∫ t

0
e(t−s)∆g

(
G−1(V (s)−3)

)
ds ≲

∫ t

0
e(t−s)∆V (s)3+ε1ds

≤
∫ t

0
e(t−s)∆w(s)

3+ε1
3r2 ds.

(1.3.31)

Let r > r2. By Lemma 1.2.1 and (1.2.3) we have

∫ t

0
∥e(t−s)∆w(s)

3+ε1
3r2 ∥L∞(RN )ds ≲

∫ t

0

(
ρ−

N
r + (t− s)−

N
2r

)
∥w(s)

3+ε1
3r2 ∥Lr

ul,ρ(RN )ds

=

∫ t

0

(
ρ−

N
r + (t− s)−

N
2r

)
∥w(s)∥

3+ε1
3r2

L

r(3+ε1)
3r2

ul,ρ (RN )

ds

≲
∫ t

0

(
ρ−

N
r + (t− s)−

N
2r

)
s
−N

2

(
3+ε1
3r2

− 1
r

)
ds∥w0∥

3+ε1
3r2

L1
ul,ρ(RN )

(1.3.32)

for sufficiently small t > 0. By (1.3.23) we have

−N

2r
> −1, −N

2

(
3 + ε1
3r2

− 1

r

)
> −1 and − N

2

(
3 + ε1
3r2

− 1

r

)
− N

2r
+ 1 > 0.

Therefore, ∫ t

0

(
ρ−

N
r + (t− s)−

N
2r

)
s
−N

2

(
3+ε1
3r2

− 1
r

)
ds → 0 as t → 0.

Thus it follows from (1.3.31) and (1.3.32) that limt→0 ∥u(t) − et∆u0∥L∞(RN ) = 0. In the same

way we can obtain limt→0 ∥v(t)− et∆v0∥L∞(RN ) = 0. The proof of (i) is complete.

Next, we prove (ii). We consider the initial value problem (1.3.21) with ε1 = 0. Since

F (u0)
−r1 ∈ L1

ul,ρ(RN ) and G(v0)
−N/2 ∈ L1

ul,ρ(RN ), it follows from Lemma 1.2.5 that U0 ∈
L3r1
ul,ρ(R

N ) and V0 ∈ L3N/2
ul,ρ (RN ). Moreover, since r1 > N/2, we have

(1.3.33)
N

2
max

{
1− 1

3r1
+

2

N
,
3 + ε2
3r1

+
2ε2
3N

}
= 1

by choosing ε2 > 0 sufficiently small. By (1.3.33) we see that (1.3.4) holds, where (p1, p2, q1, q2) =

(1, 3, 3 + ε2, 1 + ε2) and r1 and r2 are replaced by 3r1 and 3N/2, respectively. We can apply

Proposition 1.3.1 (ii). Then there exist T > 0 and a local in time classical solution (U, V ) ∈
C2,1(RN × (0, T ))∩L∞

loc((0, T ) : L
∞(RN ))×C2,1(RN × (0, T ))∩L∞

loc((0, T ) : L
∞(RN )) of (1.3.1)
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in L3r1
ul,ρ(R

N )× L
3N/2
ul,ρ (RN ) such that

(1.3.34)

0 ≤ U(x, t) ≤ w(x, t)(1+ε)/(3r1) in RN×(0, T ) and 0 ≤ V (x, t) ≤ w(x, t)2(1+ε)/(3N) in RN×(0, T ),

where w is a local in time classical solution of (1.3.16). The constant ε > 0 is chosen as in the

proof of Proposition 1.3.1 (ii). Then we define (ū, v̄) by (1.3.25) and obtain (1.3.26) with ε1 = 0.

It follows from (1.1.5) that g(s)G(s) is decreasing for s ≥ s2. Hence, there is C > 0 such that

G(v̄)−1 ≥ Cg(v̄). Moreover, since lims→∞ f(s)F (s) > 0, we have (1.3.27). Since we can obtain

∂tv̄ ≥ ∆v̄ + f(ū) in RN × (0, T )

in the same way as in the proof of (i), the inequalities (1.3.29) and (1.3.30) hold. Thus it follows

from Proposition 1.2.6 that there exists a solution (u, v) ∈ C2,1(RN × (0, T ))×C2,1(RN × (0, T ))

of (1.1.1).

We prove the following limits:

lim
t→0

∥u(t)− et∆u0∥L∞(RN ) = 0 and lim
t→0

∥v(t)− et∆v0∥L∞(RN ) = 0.

By (1.3.34) and Lemma 1.3.2 we have

u(t)− et∆u0 =

∫ t

0
e(t−s)∆g(v(s))ds ≤

∫ t

0
e(t−s)∆g(v̄(s))ds

=

∫ t

0
e(t−s)∆g

(
G−1(V (s)−3)

)
ds ≲

∫ t

0
e(t−s)∆V (s)3ds

≤
∫ t

0
e(t−s)∆w(s)

2
N
(1+ε)ds.

(1.3.35)

Let α0 := 1 + 2(1 + ε)/N . By α we define α := α0 + δ, where δ > 0 is small. When p := α0 and

q := 1 + ε, we already see in the proof of Proposition 1.3.1 (ii) that max{p, q} < α < pq. We

can use Remark 1.2.3. By Lemma 1.2.1 we have∫ t

0
∥e(t−s)∆w(s)

2
N
(1+ε)∥L∞(RN )ds

≲
∫ t

0

(
ρ−

2(1+ε)
α + (t− s)−

1+ε
α

)
∥w(s)

2(1+ε)
N ∥

L

Nα
2(1+ε)
ul,ρ (RN )

ds

≤
∫ t

0

(
ρ−

2(1+ε)
α + (t− s)−

1+ε
α

)
s−

2(1+ε)
N

σds sup
0<s<t

s
2(1+ε)

N
σ∥w(s)∥

2(1+ε)
N

Lα
ul,ρ(RN )

,

(1.3.36)

where σ := N
2

(
1

1+ε −
1
α

)
. Since

−1 + ε

α
> −1, −2(1 + ε)

N
σ > −1 and − 1 + ε

α
− 2(1 + ε)

N
σ + 1 = 0,

we have ∫ t

0

(
ρ−

2(1+ε)
α + (t− s)−

1+ε
α

)
s−

2(1+ε)
N

σds < C

uniformly for small t > 0. Thus, it follows from (1.3.35), (1.3.36) and Remark 1.2.3 that ∥u(t)−
et∆u0∥L∞(RN ) → 0 as t → 0. In the same way we can obtain limt→0 ∥v(t) − et∆v0∥L∞(RN ) = 0.
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The proof of (ii) is complete.

The existence results of (iii) and (iv) can be shown in a similar way.

1.4 Nonexistence result

Proposition 1.4.1. Let N ≥ 1, ρ > 0, 0 < r < N/2 and s0 ≥ 0. Let f(s) and g(s) be convex

C2 functions in [s0,∞) and let F1(s) :=
∫∞
s e−f(σ)dσ. Suppose that f and g have the inverse

functions and that there exists C > 0 such that f(s) ≥ Cs for s ≥ s0 and g(s) ≥ Cs for s ≥ s0.

Suppose that f and g satisfy

(1.4.1)
f ′′(s)

f ′(s)2
→ 0 (s → ∞) and

g′′(s)

g′(s)2
→ 0 (s → ∞).

Then there exists u0 ≥ s0 such that F1(u0)
−r ∈ L1

ul,ρ(RN ) and that for every T > 0 and

for every v0 ∈ L1
ul,ρ(RN ) satisfying v0 ≥ s0 in RN , there is no nonnegative solution (u, v) ∈

C2,1(RN × (0, T ))× C2,1(RN × (0, T )) of the integral system

u(t) = et∆u0 +

∫ t

0
e(t−s)∆

(
eg(v(s)) − 1

)
ds in RN × (0, T ),

v(t) = et∆v0 +

∫ t

0
e(t−s)∆

(
ef(u(s)) − 1

)
ds in RN × (0, T ).

(1.4.2)

In particular, there is no nonnegative classical solution (u, v) ∈ C2,1(RN × (0, T ))× C2,1(RN ×
(0, T )) of

(1.4.3)


∂tu = ∆u+ eg(v) − 1 in RN × (0, T ),

∂tv = ∆v + ef(u) − 1 in RN × (0, T ),

(u(x, 0), v(x, 0)) = (u0(x), v0(x)) in RN

in L∞(RN )× L∞(RN ) in the sense of Definition 1.1.1.

For the proof of Proposition 1.4.1 we need the following lemma:

Lemma 1.4.2. Let s0 ≥ 0 and let f and g be convex functions in [s0,∞) satisfying the following:

f and g have the inverse functions and there exists C > 0 such that f(s) ≥ Cs for s ≥ s0 and

g(s) ≥ Cs for s ≥ s0. Let u0, v0 ∈ L1
ul,ρ(RN ). If u0 ≥ s0 in RN , v0 ≥ s0 in RN and there exist

T > 0 and a local in time nonnegative classical solution (u, v) ∈ C2,1(RN × (0, T ))×C2,1(RN ×
(0, T )) satisfying (1.4.2), then, for k ∈ {2, 3, . . .}, there exists a constant Ck ∈ R such that

∥et∆u0∥L∞(RN ) ≤ f−1

(
k

k − 1
log

1

t
+ Ck + e−Ckt

k
k−1

)
for t ∈ (0, T ),

∥et∆v0∥L∞(RN ) ≤ g−1

(
k

k − 1
log

1

t
+ Ck + e−Ckt

k
k−1

)
for t ∈ (0, T ).

The following proof is a system version of [18].
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Proof. Let k ∈ {2, 3, . . .} be fixed. We prove the following:

(1.4.4) If l is odd, then


u(t) ≥ Cal−1∏l

i=1(k!ai)
kl−i

tal
{
ef(e

t∆u0) − 1
}kl

in RN × (0, T ),

v(t) ≥ Cal−1∏l
i=1(k!ai)

kl−i
tal
{
eg(e

t∆v0) − 1
}kl

in RN × (0, T ),

and

(1.4.5) if l is even, then


u(t) ≥ Cal−1∏l

i=1(k!ai)
kl−i

tal
{
eg(e

t∆v0) − 1
}kl

in RN × (0, T ),

v(t) ≥ Cal−1∏l
i=1(k!ai)

kl−i
tal
{
ef(e

t∆u0) − 1
}kl

in RN × (0, T ).

Here, al := kl + kl−1 + · · · + k + 1 = (kl+1 − 1)/(k − 1). We prove the case l = 1. Since (u, v)

satisfies the integral system (1.4.2), it is easy to show that u(t) ≥ et∆u0 ≥ s0 in RN × (0, T ).

Moreover, since ef(η) − 1 is convex in [s0,∞), it follows from Lemma 1.2.4 that

v(t) ≥
∫ t

0
e(t−s)∆

{
ef(e

s∆u0) − 1
}
ds ≥

∫ t

0

{
ef(e

(t−s)∆es∆u0) − 1
}
ds ≥ t

{
ef(e

t∆u0) − 1
}
.

We see that eg(η) − 1 ≥ g(η)k

k! ≥ Ck

k! η
k for η ≥ s0. Then it follows from Lemma 1.2.4 that

u(t) ≥
∫ t

0
e(t−s)∆

(
Ckv(s)k

k!

)
ds ≥ Ck

k!

∫ t

0
e(t−s)∆

{
sk
(
ef(e

s∆u0) − 1
)k}

ds

≥ Ck

k!

∫ t

0
sk
{
ef(e

t∆u0) − 1
}k

ds =
Ck

(k + 1)!
· tk+1

{
ef(e

t∆u0) − 1
}k

.

We can obtain the inequality corresponding to v. This proves (1.4.4) with l = 1.

We suppose that (1.4.4) holds for l = 2n− 1. By similar calculation we have

u(t) ≥ Ck

k!

∫ t

0

Ck(al−1)skal
{
eg(e

t∆v0) − 1
}kl+1

∏l
i=1(k!ai)

kl+1−i
ds

=
Ckaltkal+1

{
eg(e

t∆v0) − 1
}kl+1

k!(kal + 1)
∏l

i=1(k!ai)
kl+1−i

=
Cal+1−1tal+1

{
eg(e

t∆v0) − 1
}kl+1

∏l+1
i=1(k!ai)

kl+1−i
.

We can obtain the inequality corresponding to v. This proves (1.4.5) with l = 2n. We see that

if (1.4.5) holds for l = 2n, then (1.4.4) holds for l = 2n + 1 in the same way. By induction we

see that both (1.4.4) and (1.4.5) hold.

We are ready to prove Lemma 1.4.2. It follows from (1.4.4) and (1.4.5) that, for l ∈ {1, 2, . . .},

(
u(t)

1

kl + v(t)
1

kl

) l∏
i=1

(k!ai)
k−i ≥ C

k
k−1

− k

kl(k−1) · t
k

k−1
− 1

kl(k−1)

{
ef(e

t∆u0) − 1 + eg(e
t∆v0) − 1

}
.
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When u(x, t) ̸= 0 or v(x, t) ̸= 0 at (x, t) ∈ RN × (0, T ), by taking l → ∞ we have

(1.4.6) 2

∞∏
i=1

(k!ai)
k−i ≥ C

k
k−1 · t

k
k−1

{
ef(e

t∆u0) − 1 + eg(e
t∆v0) − 1

}
.

If u(x, t) = v(x, t) = 0 at some point (x, t) ∈ RN × (0, T ), then by (1.4.4) and (1.4.5) we see that

the right hand side of (1.4.6) is 0, and hence (1.4.6) also holds. Remark that the left hand side

of (1.4.6) converges. Indeed, we see that

log

( ∞∏
i=1

(k!ai)
k−i

)
≤

∞∑
i=1

(i+ 1) log k + log(k!)

ki
< ∞.

Then we have

ef(e
t∆u0) − 1 ≤

(
2C− k

k−1

∞∏
i=1

(k!ai)
k−i

)
t−

k
k−1 =: eCkt−

k
k−1 ,

which implies that

et∆u0 ≤ f−1
(
log
(
eCkt−

k
k−1 + 1

))
.

By the mean value theorem we see that log(a+ 1)− log a ≤ 1
a for a > 0. Thus we have

∥et∆u0∥L∞(RN ) ≤ f−1

(
k

k − 1
log

1

t
+ Ck + e−Ckt

k
k−1

)
for t ∈ (0, T ).

We can obtain the inequality corresponding to v0. The proof is complete.

We are ready to prove Proposition 1.4.1. The following method is almost the same as [10,

Theorem 1.2]. However, Proposition 1.4.1 is needed in the system case. We show the proof.

Proof of Proposition 1.4.1. Fix r < N/2 and 2 < α < N/r. Let 0 < ε < 1 be a sufficiently

small constant such that (1 + ε)αr < N . Define

(1.4.7) u0(x) :=

f−1

(
α log

1

|x|

)
if |x| < r0,

s0 if |x| ≥ r0,

where r0 > 0 is chosen to satisfy f−1 (α log(1/r0)) = s0. Then we have e(1+ε)rf(u0) ∈ L1
ul,ρ(RN ),

because (1 + ε)αr < N .

We prove that F1(u0)
−r ∈ L1

ul,ρ(RN ). By (1.4.1) there exists a large s1 > s0 such that

f ′(s) > 0 for s ≥ s1 and f ′′(s) ≤ ε(f ′(s))2 for s ≥ s1. Then we can easily see that

(1.4.8) f ′(s) ≤ f ′(s1)e
ε(f(s)−f(s1)) ≤ f ′(s1)e

εf(s) for s ≥ s1.

On the other hand, since it follows from (1.4.1) that

f ′′(s)

(f ′(s))2
e−f(s) ≤ f ′′(s)

2(f ′(s))2
e−f(s) +

1

2
e−f(s) =

1

2

d

ds

(
− 1

f ′(s)
e−f(s)

)
for s ≥ s1,

we have ∫ ∞

s

f ′′(σ)

(f ′(σ))2
e−f(σ)dσ ≤ 1

2f ′(s)
e−f(s) for s ≥ s1
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and by (1.4.8) we obtain

F1(s) =

∫ ∞

s

dσ

ef(σ)
=

1

f ′(s)
e−f(s) −

∫ ∞

s

f ′′(σ)

(f ′(σ))2
e−f(σ)dσ

≥ 1

2f ′(s)
e−f(s) ≥ 1

2f ′(s1)
e−(1+ε)f(s) for s ≥ s1.

This together with e(1+ε)rf(u0) ∈ L1
ul,ρ implies that F1(u0)

−r ∈ L1
ul,ρ(RN ).

Putting y =
√
tz, we have

∥et∆u0∥L∞(RN ) ≥ (4πt)−
N
2

∫
|y|≤r0

e−
|y|2
4t f−1

(
α log

1

|y|

)
dy

= (4π)−
N
2

∫
|z|≤r0t−1/2

e−
|z|2
4 f−1

(
α

2
log

1

t
+ α log

1

|z|

)
dz.

Let δ > 0 be a sufficiently small constant such that α/2 − δ > 1 + 2δ. Then we have t−δ/α ≤
r0t

−1/2 for sufficiently small t > 0. By calculating the integral we have

∥et∆u0∥L∞(RN ) ≥ (4π)−
N
2

∫
|z|≤t−δ/α

e−
|z|2
4 f−1

(
α

2
log

1

t
+ α log

1

|z|

)
dz

≥ f−1

((α
2
− δ
)
log

1

t

)
· (4π)−

N
2

∫
|z|≤t−δ/α

e−
|z|2
4 dz

= f−1

((α
2
− δ
)
log

1

t

)
·
(
1 +O

(
e−

t−2δ/α

8

))(1.4.9)

for sufficiently small t > 0. We prove that this yields a contradiction. Assume that there exists

a classical solution (u, v) of (1.4.2) with u ≥ 0, v ≥ 0. Then, by Lemma 1.4.2 and (1.4.9) we

have

f−1

((α
2
− δ
)
log

1

t

)
·
(
1 +O

(
e−

t−2δ/α

8

))
≤ f−1

(
k

k − 1
log

1

t
+ Ck + e−Ckt

k
k−1

)
≤ f−1

((
k

k − 1
+ δ

)
log

1

t

)(1.4.10)

for small t > 0. Here we take a sufficiently large k ∈ {2, 3, . . .} satisfying k/(k− 1)+ δ < 1+ 2δ.

Then, since α/2− δ > 1 + 2δ, we have k/(k − 1) + δ < α/2− δ. In the following, we prove that

(1.4.10) yields a contradiction. For simplicity, define a := α/2− δ, b := k/(k− 1)+ δ, c := 2δ/α

and τ := log(1/t). Then a > b and (1.4.10) implies that

(1.4.11) f−1(aτ) ·
(
1 +O

(
e−ecτ/8

))
≤ f−1(bτ)

for large τ > 0. Since (f−1(s))′′ = −f ′′(f−1(s))/f ′(f−1(s))3 ≤ 0, by the mean value theorem

and (1.4.8) we see that

f−1(aτ) ≥ f−1(bτ) +
1

f ′(f−1(aτ))
(a− b)τ ≥ f−1(bτ) +

d

eεaτ
(a− b)τ,
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where d := 1/f ′(s1), which implies that

f−1(aτ) ·
(
1 +O

(
e−ecτ/8

))
≥ f−1(bτ) +

d

eεaτ
(a− b)τ +O

(
f−1(aτ)e−ecτ/8

)
> f−1(bτ)

for large τ > 0. Note that f−1(aτ) = O(τ) for large τ > 0, since f(s) ≥ Cs for s ≥ s0. This

contradicts (1.4.11), and hence (1.4.10) yields a contradiction.

We finally prove the latter assertion of Proposition 1.4.1. Assume that there exist a constant

T > 0 and a classical solution (u, v) of (1.4.3) with u ≥ 0 and v ≥ 0 satisfying limt→0 ∥u(t) −
et∆u0∥L∞(RN ) = 0 and limt→0 ∥v(t)− et∆v0∥L∞(RN ) = 0. By Lemma 1.2.7 (i) we see that (u, v)

satisfies (1.4.2) with T replaced by a sufficiently small T ′ > 0. This is a contradiction. Thus,

we complete the proof of Proposition 1.4.1.

Lemma 1.4.3. Let a < b and let f ∈ C([a, b]) be a positive function. Then for any (m1,m2)

satisfying 0 < m1 < f(b) and m2 ≥ 0, there exists g ∈ C1([a, b]) such that the following hold:

0 < g(s) < f(s), g′(s) ≥ 0 for s ∈ [a, b], g(b) = m1 and g′(b) = m2.

Proof. Since f is continuous, there exists a sufficiently small constant δ > 0 such that f(s) > m1

for s ∈ [b−δ, b]. Put m0 := min
s∈[a,b−δ]

f(s) > 0. We can construct g ∈ C1([a, b]) satisfying g′(s) ≥ 0

for s ∈ [a, b], g(b) = m1, g
′(b) = m2, 0 < g(s) < m0 for s ∈ [a, b − δ] and 0 < g(s) ≤ m1 for

s ∈ [b− δ, b]. This g satisfies the desired conditions.

Proof of Theorem 1.1.3. We prove only the existence of u0 such that, for any v0 ∈ L1
ul,ρ(RN )

satisfying v0 ≥ a, (1.1.1) has no nonnegative classical solution. The other case can be proved in

a similar way.

Let a > 0 and 0 < ε < 1. By (1.1.3) and (1.1.4) there exists a large b > a such that

1− ε

f(s)F (s)
<

f ′(s)

f(s) + 1
and f ′(s)F (s) ≤ 1 for s ≥ b.

Then, (1 − ε)/(f(b)F (b)) < f ′(b)/(f(b) + 1). We apply Lemma 1.4.3 with (m1,m2) = ((1 −
ε)/(f(b)F (b)), (1− ε){1− f ′(b)F (b)}/(f(b)2F (b)2)). Then, there exists f1 ∈ C1([a, b]) such that

0 < f1(s) < f ′(s)/(f(s)+1) for a ≤ s ≤ b, f ′
1(s) ≥ 0 for a ≤ s ≤ b, f1(b) = (1−ε)/(f(b)F (b)) and

f ′
1(b) = (1 − ε){1 − f ′(b)F (b)}/(f(b)2F (b)2). Note that if f ′(0) > 0, then f ′(s)/(f(s) + 1) > 0

for s ≥ 0 and we can apply Lemma 1.4.3 with a = 0. Put

f̃1(s) :=

{
f1(s) if s ∈ [a, b],

1−ε
f(s)F (s) if s ∈ (b,∞).

Then f̃1(s) < f ′(s)/(f(s) + 1) for s ≥ a. Integrating both sides of this inequality, we have

(1.4.12) exp(f2(s)) := exp

(∫ s

a
f̃1(σ)dσ + log(f(a) + 1)

)
≤ f(s) + 1.

We can construct g2 in the same way. By direct calculation we see that f2, g2 are convex C2

functions in [a,∞) and that f ′
2(s) > 0 and g′2(s) > 0 for s ≥ a. Thus f2 and g2 have the inverse

functions f2
−1 and g2

−1, respectively. Moreover, there exists C > 0 such that f2(s) ≥ Cs for

s ≥ a and g2(s) ≥ Cs for s ≥ a. Note that if f ′(0) > 0 and g′(0) > 0, we can choose a = 0.
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Moreover, by (1.1.3) we see that

f2
′′(s)

f2
′(s)2

→ 0 (s → ∞) and
g2

′′(s)

g2′(s)2
→ 0 (s → ∞).

Let 0 < r < N/2. We choose r′ ∈ (r,N/2). It follows from Proposition 1.4.1 that there exists

u0 ≥ a satisfying

F2(u0)
−r′ ∈ L1

ul,ρ(RN ) with F2(s) :=

∫ ∞

s

dσ

ef2(σ)

such that for every T > 0 and for every v0 ∈ L1
ul,ρ(RN ) satisfying v0 ≥ a in RN , there is no

nonnegative solution (u, v) ∈ C2,1(RN ×(0, T ))×C2,1(RN ×(0, T )) of (1.4.2) with (f, g) replaced

by (f2, g2).

We prove that F (u0)
−r ∈ L1

ul,ρ(RN ). We see that

F2(s) =

∫ ∞

s

dσ

ef2(σ)
=

∫ ∞

s

1

ef2(σ)
· f

′
2(σ)

f ′
2(σ)

dσ ≤ 1

f ′
2(s)

∫ ∞

s

f ′
2(σ)

ef2(σ)
dσ =

1

f ′
2(s)e

f2(s)
for s > b.

Here we use f ′
2(s) = f̃1(s) =

1−ε
f(s)F (s) is nondecreasing. Thus we have

(1.4.13) F2(s)
−r′ ≥ f ′

2(s)
r′er

′f2(s) for s > b.

On the other hand, we see that (log f(s))′ ≤ 1
f(s)F (s) =

f̃1(s)
1−ε for s > b. Integrating both sides of

this inequality, we have

log f(s)− log f(b) ≤ 1

1− ε

∫ s

b
f̃1(σ)dσ ≤ 1

1− ε

∫ s

a
f̃1(σ)dσ =

1

1− ε
{f2(s)− log(f(a) + 1)} ,

which implies that f(s) ≲ exp(f2(s)1−ε ) for s > b. It follows that

(1− ε)F (s)−1 = f(s)f̃1(s) = f(s)f ′
2(s) ≲ f ′

2(s) exp

(
f2(s)

1− ε

)
for s > b.

Thus we have

(1.4.14) F (s)−r ≲ f ′
2(s)

r exp

(
rf2(s)

1− ε

)
for s > b.

Since 0 < r < r′ and f ′
2(s) ≥ 1−ε

f(b)F (b) for s > b, we have f ′
2(s)

r ≲ f ′
2(s)

r′ for s > b. Choosing

0 < ε < 1 such that r < (1− ε)r′, by (1.4.13) and (1.4.14) we see that

F (s)−r ≲ F2(s)
−r′ for s > b.

Since F2(u0)
−r′ ∈ L1

ul,ρ(RN ), we obtain F (u0)
−r ∈ L1

ul,ρ(RN ).

We prove the theorem by contradiction. Let v0 ∈ L1
ul,ρ(RN ) such that v0 ≥ a in RN . Suppose

that (1.1.1) possesses a local in time nonnegative classical solution (u, v) ∈ C2,1(RN × (0, T ))×
C2,1(RN × (0, T )) in L∞(RN )× L∞(RN ). Then by Lemma 1.2.7 (i) and (1.4.12) we obtain the
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integral inequalities

u(t) = et∆u0 +

∫ t

0
e(t−s)∆g(v(s))ds ≥ et∆u0 +

∫ t

0
e(t−s)∆

(
eg2(v(s)) − 1

)
ds in RN × (0, T ′),

v(t) = et∆v0 +

∫ t

0
e(t−s)∆f(u(s))ds ≥ et∆v0 +

∫ t

0
e(t−s)∆

(
ef2(u(s)) − 1

)
ds in RN × (0, T ′),

where T ′ > 0 is sufficiently small. By Proposition 1.2.6 there exists a local in time nonnegative

classical solution (u, v) ∈ C2,1(RN × (0, T ′)) × C2,1(RN × (0, T ′)) satisfying (1.4.2) with (f, g)

and T replaced by (f2, g2) and T ′, respectively. This contradicts the nonexistence of the solution

of (1.4.2).
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Chapter 2

Local existence and nonexistence for

reaction-diffusion systems with

coupled exponential nonlinearities

We study the reaction-diffusion system with coupled exponential nonlinearities
∂tu = ∆u+ ep1u+p2v in Ω× (0, T ),

∂tv = ∆v + eq1u+q2v in Ω× (0, T ),

u(x, t) = v(x, t) = 0 on ∂Ω× (0, T ),

u(x, 0) = u0(x), v(x, 0) = v0(x) in Ω,

where T > 0, pi ≥ 0 and qi ≥ 0 (i = 1, 2) with (p1, p2) ̸= (0, 0) and (q1, q2) ̸= (0, 0). The

domain Ω is RN (N ≥ 1) or a bounded domain in RN with C2 boundary and the initial func-

tions u0 and v0 are nonnegative and measurable. For each (p1, p2, q1, q2), we obtain integrability

conditions of (u0, v0) which explicitly determine the existence/nonexistence of a local in time

nonnegative classical solution. For the existence result, we can take a wider class of initial func-

tions than previously suggested. Our analysis can be applied to other nonlinearities including

superexponential ones.

Keywords: Reaction-diffusion systems; Existence and nonexistence; Local in time solutions;

Singular initial functions; Exponential nonlinearities.

2.1 Introduction

Let Ω be RN (N ≥ 1) or a bounded domain in RN with C2 boundary. We study existence and

nonexistence of a local in time solution for the reaction-diffusion system
∂tu = ∆u+ ep1u+p2v in Ω× (0, T ),

∂tv = ∆v + eq1u+q2v in Ω× (0, T ),

u(x, t) = v(x, t) = 0 on ∂Ω× (0, T ),

u(x, 0) = u0(x), v(x, 0) = v0(x) in Ω,

(2.1.1)
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where T > 0, pi ≥ 0 and qi ≥ 0 (i = 1, 2) with (p1, p2) ̸= (0, 0) and (q1, q2) ̸= (0, 0). We assume

that u0 and v0 are nonnegative measurable initial functions in Ω.

Let us recall previous studies. We consider the scalar problem
∂tu = ∆u+ f(u) in Ω× (0, T ),

u(x, t) = 0 on ∂Ω× (0, T ),

u(x, 0) = u0(x) in Ω,

(2.1.2)

where f ∈ C1 and Ω is possibly unbounded. It is well known that problem (2.1.2) possesses a

local in time classical solution if u0 ∈ L∞(Ω) (cf. [11,23]). On the other hand, if u0 ̸∈ L∞(Ω), it

is known that the existence of solutions heavily depends on the balance between the growth rate

of f and the singularity of u0 (cf. [11]). Weissler [27] studied (2.1.2) when f(u) = |u|p−1u (p > 1)

and Ω is bounded. He constructed a local in time solution when u0 ∈ Lr(Ω) for r > N
2 (p − 1)

and r ≥ 1, or r = N
2 (p − 1) and r > 1. He also proved that if 1 ≤ r < N

2 (p − 1), then there

exists a nonnegative initial function u0 ∈ Lr(Ω) such that, for every T > 0, (2.1.2) admits no

nonnegative solution.

We refer to previous results of the reaction-diffusion system
∂tu = ∆u+ f(u, v) in Ω× (0, T ),

∂tv = ∆v + g(u, v) in Ω× (0, T ),

u(x, t) = v(x, t) = 0 on ∂Ω× (0, T ),

u(x, 0) = u0(x), v(x, 0) = v0(x) in Ω.

(2.1.3)

Quittner-Souplet [21] studied (2.1.3), where f(u, v) = |v|p−1v, g(u, v) = |u|q−1u (p, q > 0)

and Ω is bounded. This is called a weakly coupled system. They proved the existence (resp.

nonexistence) of a local in time solution for (u0, v0) ∈ Lr1(Ω)× Lr2(Ω) and

N

2
max

{
p

r2
− 1

r1
,
q

r1
− 1

r2

}
≤ 1, p, q > 1 and r1, r2 > 1

(resp. N
2 max

{
p
r2

− 1
r1
, q
r1

− 1
r2

}
> 1, p, q > 0 and r1, r2 ≥ 1). In addition, the system (2.1.3)

is called a strongly coupled system when f(u, v) = uα1vα2 and g(u, v) = uβ1vβ2 (αi, βi > 0 for

i = 1, 2). See also [1,3–10,17,18,22]. In particular, initial functions were assumed to be possibly

unbounded in [4, 5, 10, 17]. They considered various functional spaces which initial data belong

to.

We introduce some functional spaces. Let B(x, ρ) denote the ball of radius ρ > 0 centered

at x ∈ RN . For 1 ≤ p < ∞, define the uniformly local Lp space Lp
ul,ρ(R

N ) by

Lp
ul,ρ(R

N ) :=

u ∈ Lp
loc(R

N ) : ∥u∥Lp
ul,ρ(RN ) := sup

y∈RN

(∫
B(y,ρ)

|u(x)|pdx

)1/p

< ∞

 .

For simplicity of notation we set L∞
ul,ρ(RN ) := L∞(RN ). Let Lp

ul,ρ(R
N ) denote the closure of the

space of bounded uniformly continuous functions BUC(RN ) in the space Lp
ul,ρ(R

N ), i.e.,

Lp
ul,ρ(R

N ) := BUC(RN )
∥·∥

L
p
ul,ρ

(RN )
.
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Let us go back to (2.1.2). When the nonlinear term f has a rapid growth such as eu and eu
2
,

(2.1.2) has not been well studied until recently. Fujishima-Ioku [11] has studied (2.1.2) when

u0 ≥ 0, Ω = RN and f ∈ C1([0,∞)) satisfies the following conditions:

f(s) > 0, f ′(s) > 0 and F (s) < ∞ for s > 0,

lim
s→∞

f ′(s)F (s) = 1 and there exists s0 > 0 such that f ′(s)F (s) ≤ 1 for s ≥ s0.

Here F (s) :=
∫∞
s dσ/f(σ). Typical examples are f(u) = eu, eu

2
, ee

u
. They obtained the

local in time existence (resp. nonexistence) result when F (u0)
−r ∈ L1

ul,ρ(RN ) for r > N/2 or

F (u0)
−N

2 ∈ L1
ul,ρ(RN ) (resp. F (u0)

−r ∈ L1
ul,ρ(RN ) for 0 < r < N/2). See also [14–16,24–26].

When the nonlinear terms are polynomials such as up, the existence and nonexistence of a

local in time solution were studied in both scalar problems and systems. However, when the

nonlinear terms are exponential, solutions of systems have not been well studied. For recent

studies, see [13,20].

We study (2.1.1) in all the cases (p1, p2, q1, q2), and obtain integrability conditions of initial

data which explicitly determine the existence/nonexistence of a local in time solution. In the

proof we combine and improve methods of [11] and Ishige et al. [17]. Our analysis of (2.1.1)

enables us to study other systems. For example, we can treat a system with superexponential

nonlinear terms by our results and the transformation approach in [11]. See Section 2.5.

We begin to state an existence result in RN . Define

(et∆ϕ)(x) := (4πt)−
N
2

∫
RN

e−
|x−y|2

4t ϕ(y)dy

for ϕ ∈ L1
ul,ρ(RN ). Then et∆ϕ gives the solution for the heat equation in RN with the initial

function ϕ.

Definition 2.1.1 (Classical solution in RN). Let X,Y be Banach spaces. We call a function

(u, v) ∈ C2,1(RN × (0, T )) × C2,1(RN × (0, T )) a classical solution of (2.1.1) in X × Y if (u, v)

satisfies the equations in the classical sense in RN × (0, T ), ∥u(t) − et∆u0∥X → 0 (t → 0) and

∥v(t)− et∆v0∥Y → 0 (t → 0).

In Definition 2.1.1 we do not adopt the following conditions: ∥u(t) − u0∥X → 0 (t →
0) and ∥v(t) − v0∥Y → 0 (t → 0), since we consider the case where ∥u(t) − u0∥L∞(RN ) and

∥v(t)− v0∥L∞(RN ) do not necessarily converge to 0.

Theorem 2.1.2 (Local in time existence in RN). Let N ≥ 1 and ρ > 0. Suppose that one

of the following holds:

(i) there exist r1 > N/2 and r2 > N/2 such that the nonnegative functions (u0, v0) ∈
L1
ul,ρ(RN )× L1

ul,ρ(RN ) satisfy

er1(p1u0+p2v0) ∈ L1
ul,ρ(RN ) and er2(q1u0+q2v0) ∈ L1

ul,ρ(RN ),(2.1.4)

(ii) the nonnegative functions (u0, v0) ∈ L1
ul,ρ(RN )× L1

ul,ρ(RN ) satisfy

er1(p1u0+p2v0) ∈ L1
ul,ρ(RN ) and er2(q1u0+q2v0) ∈ L1

ul,ρ(RN )(2.1.5)

with r1 = N/2 and r2 = N/2.
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Then there exist T > 0 and a local in time nonnegative classical solution (u, v) ∈ C2,1(RN ×
(0, T ))× C2,1(RN × (0, T )) of (2.1.1) in L∞(RN )× L∞(RN ) in the sense of Definition 2.1.1.

We deduce the following corollaries from Theorem 2.1.2.

Corollary 2.1.3. Let N ≥ 1, ρ > 0, p1 ≥ q1 and p2 ≥ q2. Suppose that the nonnegative

functions (u0, v0) ∈ L1
ul,ρ(RN )× L1

ul,ρ(RN ) satisfy

er1(p1u0+p2v0) ∈ L1
ul,ρ(RN ) for some r1 > N/2 or er1(p1u0+p2v0) ∈ L1

ul,ρ(RN ) with r1 = N/2.

Then there exist T > 0 and a local in time nonnegative classical solution (u, v) ∈ C2,1(RN ×
(0, T ))× C2,1(RN × (0, T )) of (2.1.1) in L∞(RN )× L∞(RN ) in the sense of Definition 2.1.1.

Corollary 2.1.4. Let N ≥ 1, ρ > 0, p1 < q1, p2 > q2 and u0, v0 ≥ 0. Suppose that one of the

following holds:

(i) p1 = 0 and q2 > 0: (2.1.4) holds for some (r1, r2) ∈ (0, N/2] × (Np2/(2q2),∞) or (2.1.5)

holds for some (r1, r2) ∈ (0, N/2]× {Np2/(2q2)},

(ii) p1 > 0 and q2 = 0: (2.1.4) holds for some (r1, r2) ∈ (Nq1/(2p1),∞) × (0, N/2] or (2.1.5)

holds for some (r1, r2) ∈ {Nq1/(2p1)} × (0, N/2],

(iii) p1 > 0 and q2 > 0: (2.1.4) holds for some (r1, r2) ∈ ((0, N/2] × (Np2/(2q2),∞)) ∪
((Nq1/(2p1),∞)× (0, N/2]) or (2.1.5) holds for some (r1, r2) ∈ ((0, N/2]×{Np2/(2q2)})∪
({Nq1/(2p1)} × (0, N/2]).

Then there exist T > 0 and a local in time nonnegative classical solution (u, v) ∈ C2,1(RN ×
(0, T ))× C2,1(RN × (0, T )) of (2.1.1) in L∞(RN )× L∞(RN ) in the sense of Definition 2.1.1.

We mention Corollary 2.1.4. In the case (i) if the former assumption holds, then we see that

e
r3

(
p2q1
q2

u0+p2v0
)
= er2(q1u0+q2v0) ∈ L1

ul,ρ(RN ), where r3 = r2q2/p2 > N/2.

If the latter assumption holds, then we see that

e
r3

(
p2q1
q2

u0+p2v0
)
= er2(q1u0+q2v0) ∈ L1

ul,ρ(RN ), where r3 = r2q2/p2 = N/2.

Thus Theorem 2.1.2 implies that there exists a nonnegative classical solution of (2.1.1) with p1,

q1 and q2 replaced by p2q1/q2, p2q1/q2 and p2, respectively. Since it is a supersolution for (2.1.1),

(2.1.1) also possesses a solution. We can obtain the other cases (ii) and (iii), and Corollary 2.1.3

in a similar argument.

Corollaries 2.1.3 and 2.1.4 hold if pi and qi (i = 1, 2) are exchanged, respectively. For

example, let q1 ≥ p1 and q2 ≥ p2. If er2(q1u0+q2v0) is in L1
ul,ρ(RN ) for some r2 > N/2 or in

L1
ul,ρ(RN ) with r2 = N/2, then (2.1.1) has a nonnegative classical solution.

It is suggested in [17, p.6105, 6106] that the existence of a solution of (2.1.1) can be obtained

from using a solution of the strongly coupled system (2.1.3). In this chapter we devise a different

transformation and deduce the existence conditions of initial data (2.1.4) and (2.1.5). Compared

to the case using the idea suggested in [17], we can take a wider class of initial data where (2.1.1)

possesses a solution in the sense of Definition 2.1.1. See Appendix 2.A for an example of initial

data. Moreover, we also obtain a nonexistence result, which is not mentioned in [17].
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Theorem 2.1.5 (Local in time nonexistence in RN). Let N ≥ 1 and ρ > 0. Then the

following (i) and (ii) hold:

(i) Let p1 ≥ q1 and p2 ≥ q2. Then for any 0 < r1 < N/2, there exist nonnegative functions

(u0, v0) satisfying er1(p1u0+p2v0) ∈ L1
ul,ρ(RN ) such that, for every T > 0, problem (2.1.1)

admits no local in time nonnegative classical solution (u, v) ∈ C2,1(RN×(0, T ))×C2,1(RN×
(0, T )) in L∞(RN )× L∞(RN ) in the sense of Definition 2.1.1.

(ii) Let p1 < q1 and p2 > q2. Put

I1 := (0, Nq1/(2p1)) if p1 > 0, I1 := (0,∞) if p1 = 0 and

I2 := (0, Np2/(2q2)) if q2 > 0, I2 := (0,∞) if q2 = 0.

Then for any (r1, r2) ∈ (I1 × (0, N/2)) ∪ ((0, N/2)× I2), there exist nonnegative functions

(u0, v0) satisfying (2.1.4) such that, for every T > 0, problem (2.1.1) admits no local

in time nonnegative classical solution (u, v) ∈ C2,1(RN × (0, T )) × C2,1(RN × (0, T )) in

L∞(RN )× L∞(RN ) in the sense of Definition 2.1.1.

Theorem 2.1.5 holds if pi and qi (i = 1, 2) are exchanged, respectively as well as Corollar-

ies 2.1.3 and 2.1.4.

Remark 2.1.6. Using Theorems 2.1.2 and 2.1.5 and Corollaries 2.1.3 and 2.1.4, we can de-

termine the existence and nonexistence of a solution in all the cases. We consider only the

following two cases (1) and (2), since the other cases are obtained from exchanging pi and qi
(i = 1, 2), respectively. In conclusion, we cover all the cases (p1, p2, q1, q2, r1, r2).

(1) Let p1 ≥ q1 and p2 ≥ q2. If er1(p1u0+p2v0) is in L1
ul,ρ(RN ) for some r1 > N/2 or in

L1
ul,ρ(RN ) with r1 = N/2, then Corollary 2.1.3 implies that (2.1.1) has a nonnegative

classical solution. On the other hand, if 0 < r1 < N/2, then Theorem 2.1.5 (i) implies

that there are nonnegative functions (u0, v0) such that er1(p1u0+p2v0) ∈ L1
ul,ρ(RN ) and the

solution does not exist.

(2) Let p1 < q1 and p2 > q2. We divide into the following three cases. Note that when p1 > 0

and q2 = 0, we consider in a similar way to the case (ii).

(i) p1 = 0 and q2 = 0: Set S1 := (N/2,∞)× (N/2,∞), S2 := ∂S1 and S3 := ((0, N/2)×
(0,∞)) ∪ ((0,∞)× (0, N/2)). If (2.1.4) holds for some (r1, r2) ∈ S1 or (2.1.5) holds

for some (r1, r2) ∈ S2, then Theorem 2.1.2 claims that (2.1.1) has a nonnegative

classical solution. On the other hand, by Theorem 2.1.5 (ii) for each (r1, r2) ∈ S3,

there are nonnegative functions (u0, v0) such that (2.1.4) holds and the solution does

not exist. See Fig. 2.1 (i).

(ii) p1 = 0 and q2 > 0: Set S1 := ((0, N/2]× (Np2/(2q2),∞)) ∪ ((N/2,∞)× (N/2,∞)),

S3 := ((0, N/2) × (0, Np2/(2q2))) ∪ ((0,∞) × (0, N/2)) and S2 := ∂S1 ∩ ∂S3. For

this case, the same conclusions as the case (i) hold using Corollary 2.1.4 and Theo-

rem 2.1.5 (ii). See Fig. 2.1 (ii).

(iii) p1 > 0 and q2 > 0: Set S1 := ((0, N/2]× (Np2/(2q2),∞))∪ ((N/2,∞)× (N/2,∞))∪
((Nq1/(2p1),∞) × (0, N/2]), S3 := ((0, N/2) × (0, Np2/(2q2))) ∪ ((0, Nq1/(2p1)) ×
(0, N/2)) and S2 := ∂S1 ∩ ∂S3. For this case, the same conclusions as the case (i)

also hold in the same way as the case (ii). See Fig. 2.1 (iii).
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Fig. 2.1: When p1 < q1 and p2 > q2, the solution exists on S1 ∪ S2 and the nonexistence result holds on S3.

(iii) p1 > 0 and q2 > 0(ii) p1 = 0 and q2 > 0(i) p1 = 0 and q2 = 0

We consider the case where Ω is a bounded domain with C2 boundary. Let 1 ≤ p < ∞ and

let ∆Ω be the Laplace operator with the domain Dp(∆Ω) = W 2,p(Ω) ∩ W 1,p
0 (Ω). It is known

that et∆Ω is an analytic semigroup on Lp(Ω). Moreover, et∆Ω has positivity preserving and

contractibility on Lp(Ω) and there exists a positive C∞-function GΩ : Ω × Ω × (0,∞) → R
(Dirichlet heat kernel) such that

(
et∆Ωϕ

)
(x) =

∫
Ω
GΩ(x, y, t)ϕ(y)dy

for ϕ ∈ Lp(Ω) (cf. [23]). Then et∆Ωϕ gives the solution for the heat equation in Ω with the initial

function ϕ. After that, we abbreviate GΩ as G. See Proposition 2.2.10.

We state existence and nonexistence results in Ω, a bounded domain in RN (N ≥ 1) with

C2 boundary.

Definition 2.1.7 (Classical solution in a bounded domain). Let X,Y be Banach spaces.

We call a function (u, v) ∈ C2,1(Ω × (0, T )) × C2,1(Ω × (0, T )) a classical solution of (2.1.1) in

X×Y if (u, v) satisfies the boundary conditions, the equations in the classical sense in Ω×(0, T ),

∥u(t)− et∆Ωu0∥X → 0 (t → 0) and ∥v(t)− et∆Ωv0∥Y → 0 (t → 0).

Theorem 2.1.8 (Local in time existence in a bounded domain). Suppose that the non-

negative functions (u0, v0) ∈ L1(Ω)× L1(Ω) satisfy

e
N
2
(p1u0+p2v0) ∈ L1(Ω) and e

N
2
(q1u0+q2v0) ∈ L1(Ω).(2.1.6)

Then there exist T > 0 and a local in time nonnegative classical solution (u, v) ∈ C2,1(Ω ×
(0, T ))× C2,1(Ω× (0, T )) of (2.1.1) in L∞(Ω)× L∞(Ω) in the sense of Definition 2.1.7.

The assumption (2.1.6) corresponds to both of the conditions (2.1.4) and (2.1.5) in Theo-

rem 2.1.2. Indeed, if er1(p1u0+p2v0) ∈ L1(Ω) and er2(q1u0+q2v0) ∈ L1(Ω) hold for some r1 > N/2

and r2 > N/2, then u0 and v0 satisfy (2.1.6), and (2.1.1) has a local in time nonnegative classical

solution.

Theorem 2.1.9 (Local in time nonexistence in a bounded domain). The following (i)

and (ii) hold:

(i) Let p1 ≥ q1 and p2 ≥ q2. Then for any 0 < r1 < N/2, there exist nonnegative functions

(u0, v0) satisfying er1(p1u0+p2v0) ∈ L1(Ω) such that, for every T > 0, problem (2.1.1) admits
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no local in time nonnegative classical solution (u, v) ∈ C2,1(Ω× (0, T ))× C2,1(Ω× (0, T ))

in L∞(Ω)× L∞(Ω) in the sense of Definition 2.1.7.

(ii) Let p1 < q1 and p2 > q2. Put I1 and I2 in the same way as Theorem 2.1.5 (ii). Then for

any (r1, r2) ∈ (I1 × (0, N/2)) ∪ ((0, N/2) × I2), there exist nonnegative functions (u0, v0)

satisfying (2.1.4) with L1
ul,ρ(RN ) replaced by L1(Ω) such that, for every T > 0, problem

(2.1.1) admits no local in time nonnegative classical solution (u, v) ∈ C2,1(Ω × (0, T )) ×
C2,1(Ω× (0, T )) in L∞(Ω)× L∞(Ω) in the sense of Definition 2.1.7.

Theorem 2.1.9 holds if pi and qi (i = 1, 2) are exchanged, respectively.

Remark 2.1.10. Remark 2.1.6 holds if both of L1
ul,ρ(RN ) and L1

ul,ρ(RN ) are replaced by L1(Ω).

Let us mention a sketch of the proofs. First we mention the existence part. Let (u, v) be a

nonnegative solution of (2.1.1). Put a := p1u+ p2v and b := q1u+ q2v. Then (a, b) satisfies
∂ta = ∆a+ p1e

a + p2e
b in RN × (0, T ),

∂tb = ∆b+ q1e
a + q2e

b in RN × (0, T ),

a(x, 0) = a0(x), b(x, 0) = b0(x) in RN ,

(2.1.7)

where a0 := p1u0 + p2v0 and b0 := q1u0 + q2v0. On the other hand, let (U, V ) be a nonnegative

solution of 
∂tU = ∆U +

p1
η
Uη+1 +

p2
η
UV η in RN × (0, T ),

∂tV = ∆V +
q1
η
UηV +

q2
η
V η+1 in RN × (0, T ),

U(x, 0) = exp(a0(x)/η), V (x, 0) = exp(b0(x)/η) in RN ,

(2.1.8)

where η is a large positive constant. Then (a, b) := (η logU, η log V ) becomes a supersolution

for (2.1.7). By induction method we can construct a local in time nonnegative classical solution

of (2.1.7). Thus it suffices to prove the existence of a local in time nonnegative classical solution

of (2.1.8).

In [17] they have studied a supersolution for the strongly coupled system (2.1.3). The

supersolution is constructed by transforming a solution of the scalar problem ∂tw = ∆w+P (w),

where P has a polynomial growth. We use this method and prove that (2.1.8) possesses a

solution. See Proposition 2.3.1 for details. Finally, we show the following limits by integral

estimates: limt→0

∥∥a(t)− et∆a0
∥∥
L∞(RN )

= 0 and limt→0

∥∥b(t)− et∆b0
∥∥
L∞(RN )

= 0, which lead

to the existence of a local in time classical solution of (2.1.1) in the sense of Definition 2.1.1.

Theorem 2.1.8 is obtained from Theorem 2.1.2. Let (u, v) be a local in time classical solution

of (2.1.1) in RN . If Ω is bounded, then (u|Ω, v|Ω) is a supersolution and (2.1.1) has a local in

time classical solution.

We explain the nonexistence part. In the proof of Theorem 2.1.5 it is important to consider

a nonexistence result of the scalar integral problem

u(t) = et∆u0 + C

∫ t

0
e(t−s)∆eu(s)ds in RN × (0, T ),(2.1.9)

where C > 0. This is shown by contradiction. If (2.1.9) has a local in time nonnegative

solution, then ∥et∆u0∥L∞(RN ) has an upper bound depending on t. See Lemma 2.4.2 (i). On the
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other hand, we can construct a nonnegative initial function u0 satisfying a suitable integrability

condition such that ∥et∆u0∥L∞(RN ) increases faster than the upper bound as t → 0. Thus this

is a contradiction and we obtain the nonexistence result of (2.1.9). We prove Theorem 2.1.5,

using u0.

Theorem 2.1.9 is obtained from the nonexistence result of the scalar integral equation (2.1.9)

which replaced ∆ by ∆Ω and RN by Ω, respectively. Note that we use an upper bound of

∥et∆Ωu0∥L∞(Ω) which is different from the case Ω = RN . In particular, when Ω is bounded, we

cannot obtain the same upper bound of ∥et∆Ωu0∥L∞(Ω) as Ω = RN by applying the method in

RN . We use an inequality of the Dirichlet heat kernel in Ω, integral estimates and an induction

method. See Proposition 2.4.1 (ii) and Lemma 2.4.2 (ii) for details.

This chapter is organized as follows. In Section 2.2 we recall some results of the existence of

solutions and some properties of a semigroup. In Section 2.3 we prove the existence of a local

in time classical solution of (2.1.8). We use this result and prove Theorems 2.1.2 and 2.1.8.

In Section 2.4 we show the local in time nonexistence of (2.1.9) and (2.4.1) and prove The-

orems 2.1.5 and 2.1.9. In Section 2.5 we apply our results of (2.1.1) to several examples of

nonlinear reaction-diffusion systems. In Appendix 2.A we give an example of initial data which

satisfy (2.1.4) but do not belong to the class given in [17].

2.2 Preliminaries

For any set X and the mappings a = a(x) and b = b(x) from X to [0,∞), we say

a(x) ≲ b(x) for all x ∈ X

if there exists a positive constant C such that a(x) ≤ Cb(x) for all x ∈ X.

After this section, let N ≥ 1, ρ > 0 and N = {1, 2, . . .}. Moreover, Ω is assumed to be a

bounded domain in RN with C2 boundary unless otherwise noted.

Lemma 2.2.1. ( [19, Corollary 3.1]) Let 1 ≤ p ≤ q ≤ ∞. Then there exists C = C(N, p, q) > 0

such that

∥et∆u∥Lq
ul,ρ(RN ) ≤ C

(
ρ
−N

(
1
p
− 1

q

)
+ t

−N
2

(
1
p
− 1

q

))
∥u∥Lp

ul,ρ(RN )

for t > 0, ρ > 0 and u ∈ Lp
ul,ρ(R

N ).

Proposition 2.2.2. Let p > 1 and let f ∈ C1([0,∞)) be a nonnegative function. Suppose that

f ′(s) = O(sp−1) as s → ∞. Then the following (i) and (ii) hold:

(i) (Subcritical case) If q ≥ 1 and q > N
2 (p − 1), then for a nonnegative function w0 ∈

Lq
ul,ρ(R

N ), there exist T > 0 and a nonnegative classical solution w ∈ C((0, T ) : Lq
ul,ρ(R

N ))∩
L∞
loc((0, T ) : L

∞(RN )) ∩ C2,1(RN × (0, T )) such that{
∂tw = ∆w + f(w) in RN × (0, T ),

w(x, 0) = w0(x) in RN
(2.2.1)

and

lim
t→0

∥w(t)− et∆w0∥Lq
ul,ρ(RN ) = 0.(2.2.2)
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(ii) (Critical case) If q = N
2 (p− 1) > 1, then for a nonnegative function w0 ∈ Lq

ul,ρ(R
N ), there

exist T > 0 and a nonnegative classical solution w ∈ C([0, T ) : Lq
ul,ρ(R

N )) ∩ L∞
loc((0, T ) :

L∞(RN )) ∩ C2,1(RN × (0, T )) such that (2.2.1) and (2.2.2) hold.

Moreover, for both of (i) and (ii), there exists C = C(N, p, q, ρ) > 0 such that

∥w(t)∥Lr
ul,ρ(RN ) ≤ Ct

−N
2

(
1
q
− 1

r

)
∥w0∥Lq

ul,ρ(RN )(2.2.3)

for sufficiently small t > 0 and r ∈ [q,∞].

Since we can prove Proposition 2.2.2 in a similar way to [2, 23, 27], we omit the proof. See

also [11, Propositions 2.2 and 2.3].

Remark 2.2.3. ( [11, Remark 2.2 (ii)]) Suppose that all the assumptions of Proposition 2.2.2 (ii)

hold. Let max{p, q} < α < pq and σ := N
2

(
1
q −

1
α

)
. Then it follows that

lim
t→0

tσ∥w(t)∥Lα
ul,ρ(RN ) = 0.

Lemma 2.2.4. The following (i) and (ii) hold:

(i) Let J be a convex function from [0,∞) to itself. Then for a nonnegative function ϕ ∈
L1
ul,ρ(RN ),

J(et∆ϕ(x)) ≤ [et∆(Jϕ)](x) in RN × (0,∞).

(ii) Let J be a convex function from [0,∞) to itself. Let C0(Ω) denote the space of continuous

functions on Ω vanishing at ∂Ω. If J(0) = 0, then for a nonnegative function ϕ ∈ C0(Ω),

J(et∆Ωϕ(x)) ≤ [et∆Ω(Jϕ)](x) in Ω× (0,∞).

Since the assertions (i) and (ii) follow from [11, Lemma 2.4] and [27, Lemma 5.1], respectively,

we omit the proof.

Lemma 2.2.5. Let 1 ≤ p < ∞. Then the following (i) and (ii) hold:

(i) u ∈ Lp
ul,ρ(R

N ) if and only if |u|p ∈ L1
ul,ρ(RN ).

(ii) Let C > 0. If u ∈ Lp
ul,ρ(R

N ), then max{u,C} ∈ Lp
ul,ρ(R

N ).

Proof. The assertion (i) follows from [11, Lemma 2.2 and Remark 2.1].

We prove the assertion (ii). Let u ∈ Lp
ul,ρ(R

N ). Then there exists a sequence {un} ⊂
BUC(RN ) such that un → u in Lp

ul,ρ(R
N ) as n → ∞. For n ∈ N, put vn := max{un, C}. We

see that {vn} ⊂ BUC(RN ) and obtain

|max{u,C} − vn| ≤ |u− un| → 0 in Lp
ul,ρ(R

N ) as n → ∞.

Thus max{u,C} ∈ Lp
ul,ρ(R

N ).

Proposition 2.2.6. ( [17, Lemma 2.2]) The following (i) and (ii) hold:
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(i) Let f(u) ∈ C1([0,∞)) satisfy

f(u) ≥ 0 and f ′(u) ≥ 0 for u ≥ 0.

Let u0 ∈ L1
ul,ρ(RN ) be a nonnegative function. If there exist T > 0 and a nonnegative

function u ∈ C2,1(RN × (0, T )) such that

u(t) ≥ et∆u0 +

∫ t

0
e(t−s)∆f(u(s))ds

for almost every (x, t) ∈ RN × (0, T ), then there exists a solution u ∈ C2,1(RN × (0, T )) of

the integral equation

u(t) = et∆u0 +

∫ t

0
e(t−s)∆f(u(s))ds in RN × (0, T )

which satisfies

∂tu = ∆u+ f(u) in RN × (0, T ).

Furthermore, 0 ≤ u(x, t) ≤ u(x, t) in RN × (0, T ).

(ii) Let f(u, v), g(u, v) ∈ C1,1([0,∞)× [0,∞)) satisfy

f(u, v) ≥ 0, fu(u, v) ≥ 0, fv(u, v) ≥ 0, g(u, v) ≥ 0, gu(u, v) ≥ 0 and gv(u, v) ≥ 0

for u ≥ 0 and v ≥ 0. Let u0, v0 ∈ L1
ul,ρ(RN ) be nonnegative functions. If there exist T > 0

and nonnegative functions (ū, v̄) ∈ C2,1(RN × (0, T ))× C2,1(RN × (0, T )) such that

ū(t) ≥ et∆u0 +

∫ t

0
e(t−s)∆f(ū(s), v̄(s))ds,

v̄(t) ≥ et∆v0 +

∫ t

0
e(t−s)∆g(ū(s), v̄(s))ds

(2.2.4)

for almost every (x, t) ∈ RN × (0, T ), then there exists a solution (u, v) ∈ C2,1(RN ×
(0, T ))× C2,1(RN × (0, T )) of the integral system

u(t) = et∆u0 +

∫ t

0
e(t−s)∆f(u(s), v(s))ds in RN × (0, T ),

v(t) = et∆v0 +

∫ t

0
e(t−s)∆g(u(s), v(s))ds in RN × (0, T )

(2.2.5)

which satisfies {
∂tu = ∆u+ f(u, v) in RN × (0, T ),

∂tv = ∆v + g(u, v) in RN × (0, T ).

Furthermore, 0 ≤ u(x, t) ≤ ū(x, t) in RN × (0, T ) and 0 ≤ v(x, t) ≤ v̄(x, t) in RN × (0, T ).

Remark 2.2.7. Proposition 2.2.6 (i) and (ii) hold for a bounded domain. More precisely, both

of (i) and (ii) hold if RN , L1
ul,ρ(RN ) and et∆ are replaced by Ω, L1(Ω) and et∆Ω, respectively.
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Lemma 2.2.8. (cf. [11, Lemma 2.3]) Let f(u, v) ∈ C1,1([0,∞)× [0,∞)) satisfy

f(u, v) ≥ 0, fu(u, v) ≥ 0 and fv(u, v) ≥ 0 for u ≥ 0 and v ≥ 0.

Let T > 0 and let u, v ∈ C2,1(RN × (0, T )) ∩ L∞
loc((0, T ) : L∞(RN )) be nonnegative functions.

Then the following (i) and (ii) hold:

(i) Let u0 ∈ L1
ul,ρ(RN ). Suppose that

∂tu = ∆u+ f(u, v) in RN × (0, T )(2.2.6)

and that

lim
t→0

∥u(t)− et∆u0∥L1
ul,ρ(RN ) = 0.(2.2.7)

Then u satisfies

u(t) = et∆u0 +

∫ t

0
e(t−s)∆f(u(s), v(s))ds in RN × (0, T ).(2.2.8)

(ii) Let u0 ∈ L1
ul,ρ(RN ). Suppose that

∂tu ≥ ∆u+ f(u, v) in RN × (0, T )(2.2.9)

and that either (2.2.7) or the following inequality holds:

u(t) ≥ et∆u0 in RN × (0, T ).(2.2.10)

Then u satisfies

u(t) ≥ et∆u0 +

∫ t

0
e(t−s)∆f(u(s), v(s))ds in RN × (0, T ).(2.2.11)

Proof. We prove the assertion (i). It follows from (2.2.6) that

u(t) = e(t−τ)∆u(τ) +

∫ t

τ
e(t−s)∆f(u(s), v(s))ds(2.2.12)

for 0 < τ < t < T . See [23, p.77] for details. We obtain from Lemma 2.2.1 and (2.2.7) that

∥e(t−τ)∆u(τ)− et∆u0∥L∞(RN ) = ∥e(t−τ)∆(u(τ)− eτ∆u0)∥L∞(RN )

≲
(
ρ−N + (t− τ)−

N
2

)
∥u(τ)− eτ∆u0∥L1

ul,ρ(RN )

→ 0 (τ → 0).

Let χ(τ,t) be a characteristic function. By the monotone convergence theorem we have

lim
τ→0

∫ t

τ
e(t−s)∆f(u(s), v(s))ds= lim

τ→0

∫ t

0
χ(τ,t)(s)e

(t−s)∆f(u(s), v(s))ds=

∫ t

0
e(t−s)∆f(u(s), v(s))ds

for each (x, t) ∈ RN × (0, T ). Therefore, we deduce (2.2.8) by taking the limit as τ → 0 of
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(2.2.12).

We prove the assertion (ii). If (2.2.7) holds, then the inequality (2.2.11) can be obtained in

the same way as the assertion (i). On the other hand, if (2.2.10) holds, then (2.2.9) implies that

u(t) ≥ e(t−τ)∆u(τ) +

∫ t

τ
e(t−s)∆f(u(s), v(s))ds ≥ et∆u0 +

∫ t

τ
e(t−s)∆f(u(s), v(s))ds.

Taking the limit as τ → 0, we obtain (2.2.11).

Lemma 2.2.8 corresponds to [11, Lemma 2.3]. We assume that u, v ∈ C2,1(RN × (0, T )) ∩
L∞
loc((0, T ) : L∞(RN )), which is needed to obtain (2.2.12). This assumption is not assumed

in [11]. However, we do not suppose the limit condition corresponding to [11, (2.1)].

Remark 2.2.9. Lemma 2.2.8 (i) and (ii) hold for a bounded domain. This is similar to Propo-

sition 2.2.6 and Remark 2.2.7. In this case we impose the Dirichlet boundary condition on u

and v.

Proposition 2.2.10. (cf. [23, Proposition 49.10]) Let Ω be an arbitrary domain in RN (N ≥ 1).

Let y ∈ Ω, δ(y) := dist(y, ∂Ω), B := B(y, δ(y)) and denote

Ky(x, t) := (4πt)−
N
2 e−

|x−y|2
4t , x ∈ B and t > 0.

Then there exists m > 0 depending only on N such that the Dirichlet heat kernel G(x, y, t) in Ω

satisfies

G(x, y, t) ≥ Ky(x, t)−mδ(y)−N in B × (0,∞).

2.3 Existence result

In this section we prove Theorems 2.1.2 and 2.1.8. In the proof of Theorem 2.1.2 we use a

solution of the problem
∂tu = ∆u+ C1u

p0 + C2u
p1vp2 in RN × (0, T ),

∂tv = ∆v + C3v
q0 + C4u

q1vq2 in RN × (0, T ),

u(x, 0) = u0(x), v(x, 0) = v0(x) in RN ,

(2.3.1)

where p0, q0 > 1, p1, p2, q1, q2 ≥ 1 and Ci (i = 1, 2, 3, 4) are arbitrary nonnegative constants. We

assume that (u0, v0) is in Lr1
ul,ρ(R

N )× Lr2
ul,ρ(R

N ) or in Lr1
ul,ρ(R

N )×Lr2
ul,ρ(R

N ), where r1 ≥ 1 and

r2 ≥ 1. The following four exponents are key factors to study (2.3.1):

A1 := 1 +
p0 − 1

r1
, A2 := 1 +

p1 − 1

r1
+

p2
r2

,

A3 := 1 +
q0 − 1

r2
and A4 := 1 +

q1
r1

+
q2 − 1

r2
.

(2.3.2)

The existence of a solution of (2.3.1) is established in a similar manner to [17, Theorem 4.1]

when (u0, v0) ∈ Lr1,∞
ul,ρ (RN )×Lr2,∞

ul,ρ (RN ) which includes our space Lr1
ul,ρ(R

N )×Lr2
ul,ρ(R

N ). How-

ever, [17, Theorem 4.1] does not claim in which sense the initial condition is satisfied. In

Proposition 2.3.1 we establish the existence of a solution in the sense of Definition 2.1.1.
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Proposition 2.3.1. Let p0, q0 > 1, p1, p2, q1, q2 ≥ 1 and r1, r2 ≥ 1. For i = 1, 2, 3, 4, let Ci ≥ 0

and let Ai be given by (2.3.2). Then the following (i) and (ii) hold:

(i) Let 1 ≤ r1, r2 < ∞. Suppose that

N

2
max {A1 − 1, A2 − 1, A3 − 1, A4 − 1} < 1.(2.3.3)

Then for any nonnegative functions (u0, v0) ∈ Lr1
ul,ρ(R

N ) × Lr2
ul,ρ(R

N ), there exist T > 0

and a local in time nonnegative classical solution (u, v) ∈ (C2,1(RN × (0, T ))∩L∞
loc((0, T ) :

L∞(RN )))2 of (2.3.1) in Lr1
ul,ρ(R

N )× Lr2
ul,ρ(R

N ) in the sense of Definition 2.1.1.

(ii) Let 1 < r1, r2 < ∞. Suppose that

N

2
max {A1 − 1, A2 − 1, A3 − 1, A4 − 1} = 1.(2.3.4)

Then for any nonnegative functions (u0, v0) ∈ Lr1
ul,ρ(R

N ) × Lr2
ul,ρ(R

N ), there exist T > 0

and a local in time nonnegative classical solution (u, v) ∈ (C2,1(RN × (0, T ))∩L∞
loc((0, T ) :

L∞(RN )))2 of (2.3.1) in Lr1
ul,ρ(R

N )× Lr2
ul,ρ(R

N ) in the sense of Definition 2.1.1.

Proof. It suffices to prove when Ci > 0 for i = 1, 2, 3, 4.

We prove the assertion (i). Setting w0(x) := max{u0(x)r1 + v0(x)
r2 , 1}, we have w0 ∈

L1
ul,ρ(RN ). We consider the problem{

∂tw = ∆w + P (w) in RN × (0, T ),

w(x, 0) = w0(x) in RN ,
(2.3.5)

where P (w) := r1C1w
A1 + r1C2w

A2 + r2C3w
A3 + r2C4w

A4 . We can apply Proposition 2.2.2 (i)

with p = max{A1, A2, A3, A4} and q = 1, since P ′(w) = O(wp−1) as w → ∞ and the inequality

q > N(p−1)/2 follows from (2.3.3). Let w be a solution of (2.3.5) given by Proposition 2.2.2 (i).

Put (ū, v̄) := (w1/r1 , w1/r2). Direct calculations show that{
∂tū ≥ ∆u+ C1u

p0 + C2u
p1vp2 in RN × (0, T ),

∂tv̄ ≥ ∆v + C3v
q0 + C4u

q1vq2 in RN × (0, T ).
(2.3.6)

On the other hand, by (2.2.2) and Lemma 2.2.8 (i) we have

w(t) = et∆w0 +

∫ t

0
e(t−s)∆P (w(s))ds.(2.3.7)

Let J(s) := sr1 (s ≥ 0). Since J is convex, we deduce from Lemma 2.2.4 (i) and (2.3.7) that

J(u(t)) = w(t) ≥ et∆w0 ≥ et∆(J(u0)) ≥ J(et∆u0) in RN × (0, T ).

Since J is strictly increasing, we have (2.2.10). Using (2.2.10) and (2.3.6), by Lemma 2.2.8 (ii)

we have

u(t) ≥ et∆u0 +

∫ t

0
e(t−s)∆ (C1u(s)

p0 + C2u(s)
p1v(s)p2) ds.(2.3.8)
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In the same way we can obtain

v(t) ≥ et∆v0 +

∫ t

0
e(t−s)∆ (C3v(s)

q0 + C4u(s)
q1v(s)q2) ds.(2.3.9)

Put f(u, v) := C1u
p0 + C2u

p1vp2 and g(u, v) := C3v
q0 + C4u

q1vq2 . We observe from (2.3.8) and

(2.3.9) that (f, g) and (u, v) satisfy all the assumptions of Proposition 2.2.6 (ii), which implies

that (2.2.5) possesses a solution (u, v) ∈ (C2,1(RN × (0, T ))∩L∞
loc((0, T ) : L

∞(RN )))2 satisfying

(2.3.1) and

0 ≤ u(x, t) ≤ u(x, t) and 0 ≤ v(x, t) ≤ v(x, t) in RN × (0, T ).(2.3.10)

It remains to prove the following limits:

(2.3.11) lim
t→0

∥u(t)− et∆u0∥Lr1
ul,ρ(RN ) = 0 and lim

t→0
∥v(t)− et∆v0∥Lr2

ul,ρ(RN ) = 0.

Since u ≤ u = w1/r1 and v ≤ v = w1/r2 , it follows from Lemma 2.2.1 and (2.2.5) that

∥u(t)− et∆u0∥Lr1
ul,ρ(RN )

≤ C1

∫ t

0
∥e(t−s)∆w(s)

p0
r1 ∥Lr1

ul,ρ(RN )ds+ C2

∫ t

0
∥e(t−s)∆w(s)

p1
r1

+
p2
r2 ∥Lr1

ul,ρ(RN )ds

≲
∫ t

0
∥w(s)

p0
r1 ∥Lr1

ul,ρ(RN )ds+

∫ t

0
∥w(s)

p1
r1

+
p2
r2 ∥Lr1

ul,ρ(RN )ds

=

∫ t

0
∥w(s)∥

p0
r1

L
p0
ul,ρ(RN )

ds+

∫ t

0
∥w(s)∥

p1
r1

+
p2
r2

L
r1(

p1
r1

+
p2
r2
)

ul,ρ (RN )

ds.

(2.3.12)

On the other hand, by (2.2.3) we have

∥w(s)∥Lp0
ul,ρ(RN ) ≲ s

−N
2

(
1− 1

p0

)
∥w0∥L1

ul,ρ(RN )(2.3.13)

and

∥w(s)∥
L
r1(

p1
r1

+
p2
r2
)

ul,ρ (RN )

≲ s
−N

2

{
1− 1

r1(
p1
r1

+
p2
r2
)

}
∥w0∥L1

ul,ρ(RN )(2.3.14)

for sufficiently small s > 0. The inequalities (2.3.12), (2.3.13) and (2.3.14) imply that

∥u(t)− et∆u0∥Lr1
ul,ρ(RN ) ≲

∫ t

0
s
−N

2
· p0−1

r1 ds+

∫ t

0
s
−N

2

(
p1−1
r1

+
p2
r2

)
ds,(2.3.15)

provided that t > 0 is small. We observe from (2.3.2) and (2.3.3) that

N

2
· p0 − 1

r1
=

N

2
(A1 − 1) < 1 and

N

2

(
p1 − 1

r1
+

p2
r2

)
=

N

2
(A2 − 1) < 1.

Thus, the right hand side of (2.3.15) converges to 0 as t → 0. Hence, we obtain the first limit

of (2.3.11). In the same way we can obtain the second limit of (2.3.11). Thus, (u, v) is a

local in time nonnegative classical solution of (2.3.1) in Lr1
ul,ρ(R

N ) × Lr2
ul,ρ(R

N ) in the sense of
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Definition 2.1.1. The proof of the assertion (i) is complete.

We prove the assertion (ii). Since r1, r2 > 1, there exists ε > 0 such that

r′1 :=
r1

1 + ε
> 1, r′2 :=

r2
1 + ε

> 1 and ε <
2

N
.(2.3.16)

We define A′
i (i = 1, 2, 3, 4) by

A′
1 := 1 +

p0 − 1

r′1
, A′

2 := 1 +
p1 − 1

r′1
+

p2
r′2

,

A′
3 := 1 +

q0 − 1

r′2
and A′

4 := 1 +
q1
r′1

+
q2 − 1

r′2
.

Due to (2.3.4), we have

N

2
max

{
A′

1 − 1, A′
2 − 1, A′

3 − 1, A′
4 − 1

}
= 1 + ε.

Let w0(x) := max{u0(x)r1
′
+ v0(x)

r2′ , 1}. Then Lemma 2.2.5 implies that w0 ∈ L1+ε
ul,ρ(R

N ). By

Proposition 2.2.2 (ii) there exist T > 0 and a nonnegative classical solution w ∈ C([0, T ) :

L1+ε
ul,ρ(R

N )) ∩ L∞
loc((0, T ) : L

∞(RN )) ∩ C2,1(RN × (0, T )) for the problem{
∂tw = ∆w +Q(w) in RN × (0, T ),

w(x, 0) = w0(x) in RN ,
(2.3.17)

where Q(w) := r1
′C1w

A′
1 + r1

′C2w
A′

2 + r2
′C3w

A′
3 + r2

′C4w
A′

4 . Put (ū, v̄) := (w1/r′1 , w1/r′2).

Then (u, v) satisfies (2.3.6), (2.3.8) and (2.3.9). Thus Proposition 2.2.6 (ii) implies that (2.2.5)

with f(u, v) := C1u
p0 + C2u

p1vp2 and g(u, v) := C3v
q0 + C4u

q1vq2 possesses a solution (u, v) ∈
(C2,1(RN × (0, T )) ∩ L∞

loc((0, T ) : L
∞(RN )))2 which satisfies (2.3.1) and (2.3.10).

We prove (2.3.11). Put α0 := 1 + 2(1 + ε)/N and α := α0 + δ, where δ > 0 is a sufficiently

small constant chosen later. We show that Remark 2.2.3 can be applied for w with p = α0 and

q = 1+ ε. By (2.3.16) we see that α0 > 1 + 2/N > 1 + ε, and hence max{p, q} = α0 < α. Since

α0 < α0(1 + ε) = pq and δ is small, we obtain α < pq. Thus max{p, q} < α < pq holds and

Remark 2.2.3 can be applied. Let k := (1 + ε)(2/N + 1/r1). By (2.3.4) we have

p0
r1′

≤ 2

N
(1 + ε) +

1

r1′
= k and

p1
r′1

+
p2
r′2

≤ k.(2.3.18)

Since δ is small, we obtain

k

α
>

1

r1
.(2.3.19)

The inequalities u ≤ ū = w1/r′1 , v ≤ v̄ = w1/r′2 , w ≥ et∆w0 ≥ 1, (2.3.18) and (2.3.19) along with
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Lemma 2.2.1 imply that

∥u(t)− et∆u0∥Lr1
ul,ρ(RN )

≤ C1

∫ t

0
∥e(t−s)∆w(s)

p0
r1

′ ∥Lr1
ul,ρ(RN )ds+ C2

∫ t

0
∥e(t−s)∆w(s)

p1
r1

′+
p2
r2

′ ∥Lr1
ul,ρ(RN )ds

≤ (C1 + C2)

∫ t

0
∥e(t−s)∆w(s)k∥Lr1

ul,ρ(RN )ds

≲
∫ t

0

(
ρ
−N

(
k
α
− 1

r1

)
+ (t− s)

−N
2

(
k
α
− 1

r1

))
∥w(s)k∥

L
α
k
ul,ρ(RN )

ds

≤
∫ t

0

(
ρ
−N

(
k
α
− 1

r1

)
+ (t− s)

−N
2

(
k
α
− 1

r1

))
s−σkds · sup

0<s<t
sσk∥w(s)∥kLα

ul,ρ(RN ),

(2.3.20)

where σ := N
2

(
1

1+ε −
1
α

)
. We easily see that

N

2

(
k

α
− 1

r1

)
< 1, σk < 1 and

N

2

(
k

α
− 1

r1

)
+ σk = 1.

Thus ∫ t

0

(
ρ
−N

(
k
α
− 1

r1

)
+ (t− s)

−N
2

(
k
α
− 1

r1

))
s−σkds < C(2.3.21)

uniformly for small t > 0. Then due to (2.3.20) and (2.3.21), Remark 2.2.3 implies that∥∥u(t)− et∆u0
∥∥
L
r1
ul,ρ(RN )

converges to 0 as t → 0. We can obtain limt→0

∥∥v(t)− et∆v0
∥∥
L
r2
ul,ρ(RN )

=

0 in the same way. Therefore, the proof of the assertion (ii) is complete.

Proof of Theorem 2.1.2. Let a0 := p1u0+ p2v0 and b0 := q1u0+ q2v0. We recall that if (u, v)

satisfies (2.1.1), a = p1u+ p2v and b = q1u+ q2v, then (a, b) satisfies (2.1.7).

We consider the case where det

(
p1 p2
q1 q2

)
̸= 0. Assume that (2.1.7) possesses a local in

time nonnegative classical solution (a, b) ∈ (C2,1(RN × (0, T )) ∩ L∞
loc((0, T ) : L∞(RN )))2 in

L∞(RN ) × L∞(RN ) in the sense of Definition 2.1.1. Then

(
u

v

)
:=

(
p1 p2
q1 q2

)−1(
a

b

)
satisfies

(2.1.1) and

lim
t→0

∥∥u(t)− et∆u0
∥∥
L∞(RN )

= 0 and lim
t→0

∥∥v(t)− et∆v0
∥∥
L∞(RN )

= 0.(2.3.22)

Moreover, Lemma 2.2.8 (i) implies that (a, b) satisfies

a(t) = et∆a0 +

∫ t

0
e(t−s)∆

(
p1e

a(s) + p2e
b(s)
)
ds in RN × (0, T ),

b(t) = et∆b0 +

∫ t

0
e(t−s)∆

(
q1e

a(s) + q2e
b(s)
)
ds in RN × (0, T ).

(2.3.23)

We obtain from (2.3.23) that (u, v) satisfies (2.2.5) with f(u, v) := ep1u+p2v and g(u, v) :=

eq1u+q2v, and hence u ≥ 0 and v ≥ 0.

On the other hand, if det

(
p1 p2
q1 q2

)
= 0, then there exists λ > 0 such that (q1, q2) =
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(λp1, λp2). Since (2.1.4) holds for some r1 > N/2 and r2 > N/2, or (2.1.5) holds with r1 = N/2

and r2 = N/2, there exist T > 0 and a nonnegative classical solution a ∈ C2,1(RN × (0, T )) of

a(t) = et∆a0 + (p1 + p2)

∫ t

0
e(t−s)∆emax{λ,1}a(s)ds in RN × (0, T )

which satisfies

lim
t→0

∥a(t)− et∆a0∥L∞(RN ) = 0.(2.3.24)

The existence result follows from [11, Theorem 1.1 and Proposition 2.4]. By Proposition 2.2.6 (i)

there exists a solution a ∈ C2,1(RN × (0, T )) of

a(t) = et∆a0 +

∫ t

0
e(t−s)∆

(
p1e

a(s) + p2e
λa(s)

)
ds in RN × (0, T )

which satisfies 0 ≤ a ≤ a in RN × (0, T ). Putting

u(t) := et∆u0 +

∫ t

0
e(t−s)∆ea(s)ds and v(t) := et∆v0 +

∫ t

0
e(t−s)∆eλa(s)ds,

we have a = p1u + p2v, and hence (2.1.1) holds. We observe that (2.3.24) yields (2.3.22).

Therefore, it suffices to prove the existence of a local in time nonnegative classical solution

(a, b) ∈ (C2,1(RN × (0, T )) ∩ L∞
loc((0, T ) : L∞(RN )))2 of (2.1.7) in L∞(RN ) × L∞(RN ) in the

sense of Definition 2.1.1 when det

(
p1 p2
q1 q2

)
̸= 0.

We choose η > max{2/N, 1} and consider the problem (2.1.8). Put U0 := exp (a0/η) and

V0 := exp (b0/η).

We prove the assertion (i). Since (2.1.4) holds for some r1 > N/2 and r2 > N/2, we see that

(U0, V0) ∈ Lηr1
ul,ρ(R

N )×Lηr2
ul,ρ(R

N ). By direct calculation we have (2.3.3). Since η > max{2/N, 1},
we can apply Proposition 2.3.1 (i) to (2.1.8). Then there exist T > 0 and a local in time classical

solution (U, V ) ∈ (C2,1(RN×(0, T ))∩L∞
loc((0, T ) : L

∞(RN )))2 of (2.1.8) in Lηr1
ul,ρ(R

N )×Lηr2
ul,ρ(R

N )

which satisfies

0 ≤ U(x, t) ≤ w(x, t)1/ηr1 and 0 ≤ V (x, t) ≤ w(x, t)1/ηr2 in RN × (0, T ).(2.3.25)

Here w is a local in time classical solution of (2.3.5) with P (w) = (p1r1+ q1r2)w
1+1/r1 +(p2r1+

q2r2)w
1+1/r2 and w0(x) := max{U0(x)

ηr1 + V0(x)
ηr2 , 1} ∈ L1

ul,ρ(RN ). Since U ≥ et∆U0 ≥ 1 and

V ≥ et∆V0 ≥ 1, we can define (
a, b
)
:= (η logU, η log V ) .(2.3.26)

Since (U, V ) is a local in time classical solution of (2.1.8), we have{
∂ta ≥ ∆a+ p1e

a + p2e
b in RN × (0, T ),

∂tb ≥ ∆b+ q1e
a + q2e

b in RN × (0, T ).
(2.3.27)

Let J(s) := es/η (s ≥ 0). We see that J is convex. It follows from Lemma 2.2.4 (i) that

J(a(t)) = U(t) ≥ et∆U0 = et∆(J(a0)) ≥ J(et∆a0) in RN × (0, T ).

43



Since J is strictly increasing, we have

a(t) ≥ et∆a0.(2.3.28)

Combining (2.3.27) and (2.3.28), we deduce from Lemma 2.2.8 (ii) that

a(t) ≥ et∆a0 +

∫ t

0
e(t−s)∆

(
p1e

a(s) + p2e
b(s)
)
ds.(2.3.29)

In the same way we can obtain

b(t) ≥ et∆b0 +

∫ t

0
e(t−s)∆

(
q1e

a(s) + q2e
b(s)
)
ds.(2.3.30)

Therefore, using (2.3.29) and (2.3.30), we observe from Proposition 2.2.6 (ii) that there exists

a solution (a, b) ∈ (C2,1(RN × (0, T )) ∩ L∞
loc((0, T ) : L

∞(RN )))2 of the integral system (2.3.23)

satisfying

0 ≤ a(x, t) ≤ a(x, t) and 0 ≤ b(x, t) ≤ b(x, t) in RN × (0, T ).(2.3.31)

It remains to prove the following limits:

lim
t→0

∥∥a(t)− et∆a0
∥∥
L∞(RN )

= 0 and lim
t→0

∥∥b(t)− et∆b0
∥∥
L∞(RN )

= 0.(2.3.32)

Combining (2.3.23), (2.3.25), (2.3.26) and (2.3.31), we obtain

a(t)− et∆a0 ≤
∫ t

0
e(t−s)∆

(
p1e

a(s) + p2e
b(s)
)
ds

=

∫ t

0
e(t−s)∆ (p1U(s)η + p2V (s)η) ds

≤
∫ t

0
e(t−s)∆

(
p1w(s)

1
r1 + p2w(s)

1
r2

)
ds.

(2.3.33)

This along with Lemma 2.2.1 and (2.2.3) yields

∥a(t)− et∆a0∥L∞(RN )

≤ p1

∫ t

0
∥e(t−s)∆w(s)

1
r1 ∥L∞(RN )ds+ p2

∫ t

0
∥e(t−s)∆w(s)

1
r2 ∥L∞(RN )ds

≲
∫ t

0

(
ρ
− N

2r1 + (t− s)
− N

4r1

)
∥w(s)∥

1
r1

L2
ul,ρ(RN )

ds+

∫ t

0

(
ρ
− N

2r2 + (t− s)
− N

4r2

)
∥w(s)∥

1
r2

L2
ul,ρ(RN )

ds

≲
∫ t

0

(
ρ
− N

2r1 + (t− s)
− N

4r1

)
s
− N

4r1 ds∥w0∥
1
r1

L1
ul,ρ(RN )

+

∫ t

0

(
ρ
− N

2r2 + (t− s)
− N

4r2

)
s
− N

4r2 ds∥w0∥
1
r2

L1
ul,ρ(RN )

(2.3.34)

for sufficiently small t > 0. Since r1 > N/2 and r2 > N/2, we have∫ t

0

(
ρ
− N

2r1 + (t− s)
− N

4r1

)
s
− N

4r1 ds → 0 and

∫ t

0

(
ρ
− N

2r2 + (t− s)
− N

4r2

)
s
− N

4r2 ds → 0 as t → 0.

Thus we deduce from (2.3.33) and (2.3.34) that
∥∥a(t)− et∆a0

∥∥
L∞(RN )

converges to 0 as t → 0.
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We can obtain limt→0

∥∥b(t)− et∆b0
∥∥
L∞(RN )

= 0 in the same way. The proof of the assertion (i)

is complete.

We prove the assertion (ii). We consider (2.1.8) again. Due to (2.1.5) and Lemma 2.2.5 (i),

we get (U0, V0) ∈ LNη/2
ul,ρ (RN ) × LNη/2

ul,ρ (RN ). By direct calculation we have Ai = 1 + 2/N for

i = 1, 2, 3, 4, and hence (2.3.4) holds. We can apply Proposition 2.3.1 (ii). Then there exist T > 0

and a local in time classical solution (U, V ) ∈ (C2,1(RN × (0, T )) ∩ L∞
loc((0, T ) : L

∞(RN )))2 of

(2.1.8) in L
Nη/2
ul,ρ (RN )× L

Nη/2
ul,ρ (RN ) such that

0 ≤ U(x, t), V (x, t) ≤ w(x, t)2(1+ε)/(Nη) in RN × (0, T ),(2.3.35)

where w is a local in time classical solution of (2.3.17). The constant ε > 0 is chosen as

in the proof of Proposition 2.3.1 (ii). Then we define (a, b) in the same way as (2.3.26) and

obtain (2.3.27). By (2.3.29), (2.3.30) and Proposition 2.2.6 (ii) there exists a solution (a, b) ∈
(C2,1(RN × (0, T )) ∩ L∞

loc((0, T ) : L
∞(RN )))2 of (2.3.23) satisfying (2.3.31). We prove (2.3.32).

In the same way as (2.3.33) we obtain from (2.3.35) that

a(t)− et∆a0 ≤ (p1 + p2)

∫ t

0
e(t−s)∆w(s)

2(1+ε)
N ds.(2.3.36)

Put α0 := 1 + 2(1 + ε)/N and α := α0 + δ, where δ > 0 is sufficiently small. When p = α0 and

q = 1 + ε, we already see in the proof of Proposition 2.3.1 (ii) that max{p, q} < α < pq. Thus

we can apply Remark 2.2.3. It follows from Lemma 2.2.1 that∫ t

0

∥∥∥e(t−s)∆w(s)
2(1+ε)

N

∥∥∥
L∞(RN )

ds

≲
∫ t

0

(
ρ−

2(1+ε)
α + (t− s)−

1+ε
α

)
∥w(s)

2(1+ε)
N ∥

L

Nα
2(1+ε)
ul,ρ (RN )

ds

≤
∫ t

0

(
ρ−

2(1+ε)
α + (t− s)−

1+ε
α

)
s−

2(1+ε)
N

σds · sup
0<s<t

s
2(1+ε)

N
σ∥w(s)∥

2(1+ε)
N

Lα
ul,ρ(RN )

,

(2.3.37)

where σ := N
2

(
1

1+ε −
1
α

)
. Since

1 + ε

α
< 1,

2(1 + ε)

N
σ < 1 and

1 + ε

α
+

2(1 + ε)

N
σ = 1,

we have ∫ t

0

(
ρ−

2(1+ε)
α + (t− s)−

1+ε
α

)
s−

2(1+ε)
N

σds < C

uniformly for small t > 0. Then due to (2.3.36) and (2.3.37), Remark 2.2.3 implies that ∥a(t)−
et∆a0∥L∞(RN ) converges to 0 as t → 0. We can obtain limt→0 ∥b(t) − et∆b0∥L∞(RN ) = 0 in the

same way. Therefore, the proof of the assertion (ii) is complete.

Proof of Theorem 2.1.8. Define

ũ0(x) :=

{
u0(x) if x ∈ Ω,

0 if x ∈ RN \ Ω
and ṽ0(x) :=

{
v0(x) if x ∈ Ω,

0 if x ∈ RN \ Ω.
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Let ρ > 0. We prove e
N
2
(p1ũ0+p2ṽ0) ∈ L1

ul,ρ(RN ). Since e
N
2
(p1u0+p2v0) − 1 ∈ L1(Ω), there exists a

sequence {fn} ⊂ C∞
c (Ω) such that

fn → e
N
2
(p1u0+p2v0) − 1 in L1(Ω) as n → ∞.(2.3.38)

Here we call C∞
c (Ω) the space of C∞-functions with compact support in Ω. For n ∈ N, define

gn(x) :=

{
fn(x) + 1 if x ∈ Ω,

1 if x ∈ RN \ Ω.

Since {fn} ⊂ C∞
c (Ω), we see that {gn} ⊂ BUC(RN ). Due to (2.3.38), we have

gn → e
N
2
(p1ũ0+p2ṽ0) in L1

ul,ρ(RN ) as n → ∞,

hence e
N
2
(p1ũ0+p2ṽ0) ∈ L1

ul,ρ(RN ). We obtain e
N
2
(q1ũ0+q2ṽ0) ∈ L1

ul,ρ(RN ) in the same way. Theo-

rem 2.1.2 (ii) implies that there exist T > 0 and a nonnegative local in time classical solution

(U, V ) ∈ C2,1(RN × (0, T ))× C2,1(RN × (0, T )) of (2.1.1) in L∞(RN )× L∞(RN ) satisfying

U(t) = et∆ũ0 +

∫ t

0
e(t−s)∆ep1U(s)+p2V (s)ds in RN × (0, T ),

V (t) = et∆ṽ0 +

∫ t

0
e(t−s)∆eq1U(s)+q2V (s)ds in RN × (0, T ).

(2.3.39)

By the maximum principle for the heat equation we have

et∆ũ0 ≥ et∆Ωu0 in Ω× (0, T )(2.3.40)

and ∫ t

0
e(t−s)∆ep1U(s)+p2V (s)ds ≥

∫ t

0
e(t−s)∆Ωep1U |Ω(s)+p2V |Ω(s)ds in Ω× (0, T ).(2.3.41)

Combining (2.3.39), (2.3.40) and (2.3.41), we obtain

U |Ω(t) ≥ et∆Ωu0 +

∫ t

0
e(t−s)∆Ωep1U |Ω(s)+p2V |Ω(s)ds in Ω× (0, T ).

Since we obtain

V |Ω(t) ≥ et∆Ωv0 +

∫ t

0
e(t−s)∆Ωeq1U |Ω(s)+q2V |Ω(s)ds in Ω× (0, T )

in the same way, Proposition 2.2.6 (ii) and Remark 2.2.7 imply that (2.2.5) with f(u, v) :=

ep1u+p2v and g(u, v) := eq1u+q2v possesses a solution (u, v) ∈ C2,1(Ω× (0, T ))× C2,1(Ω× (0, T ))

satisfying (2.1.1) in Ω× (0, T ). It remains to prove the following limits:

lim
t→0

∥∥u(t)− et∆Ωu0
∥∥
L∞(Ω)

= 0 and lim
t→0

∥∥v(t)− et∆Ωv0
∥∥
L∞(Ω)

= 0.

Using 0 ≤ u(x, t) ≤ U |Ω(x, t) and 0 ≤ v(x, t) ≤ V |Ω(x, t) in Ω× (0, T ), (2.3.39) and (2.3.41), we
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deduce that

u(t)− et∆Ωu0 ≤
∫ t

0
e(t−s)∆Ωep1U |Ω(s)+p2V |Ω(s)ds ≤

∫ t

0
e(t−s)∆ep1U(s)+p2V (s)ds

= U(t)− et∆ũ0 → 0 in L∞(RN ) as t → 0,

hence
∥∥u(t)− et∆Ωu0

∥∥
L∞(Ω)

converges to 0 as t → 0. We have limt→0

∥∥v(t)− et∆Ωv0
∥∥
L∞(Ω)

= 0

in the same way.

2.4 Nonexistence result

Proposition 2.4.1. Let 0 < r < N/2 and C > 0. Then the following (i) and (ii) hold:

(i) There exists a nonnegative function u0 in RN satisfying eru0 ∈ L1
ul,ρ(RN ) such that, for

every T > 0, there is no nonnegative solution u ∈ C2,1(RN × (0, T )) of (2.1.9).

(ii) There exists a nonnegative function u0 in Ω satisfying eru0 ∈ L1(Ω) such that, for every

T > 0, there is no nonnegative solution u ∈ C2,1(Ω× (0, T )) of

u(t) = et∆Ωu0 + C

∫ t

0
e(t−s)∆Ωeu(s)ds in Ω× (0, T ).(2.4.1)

Proposition 2.4.1 (i) follows from [11, Theorem 1.2]. In this proposition we establish the

nonexistence result in a bounded domain. We prove both of the assertions (i) and (ii) for

convenience. Let us introduce the following lemma.

Lemma 2.4.2. Let C > 0. Then the following (i) and (ii) hold:

(i) Let u0 ∈ L1
ul,ρ(RN ) be a nonnegative function. Suppose that there exist T > 0 and a local

in time nonnegative classical solution u ∈ C2,1(RN × (0, T )) of (2.1.9). Then it follows

that

∥et∆u0∥L∞(RN ) ≤ log
1

Ct
for t ∈ (0, T ).

(ii) Let u0 ∈ L1(Ω) be a nonnegative function. Suppose that there exist T > 0 and a local in

time nonnegative classical solution u ∈ C2,1(Ω×(0, T )) of (2.4.1). Then for k ∈ {2, 3, . . .},
there exists a constant Ck ∈ R such that

∥et∆Ωu0∥L∞(Ω) ≤
k

k − 1
log

1

t
+ Ck + e−Ckt

k
k−1 for t ∈ (0, T ).

Proof. Since the assertion (i) follows from [11, Lemma 4.1], we omit the proof. To prove

the assertion (i), we use the developed argument of Fujita [12, Theorem 2.2] and Weissler [28,

Theorem 1]. The proof of the assertion (ii) is based on [27].

We prove the assertion (ii). Let k ∈ {2, 3, . . .} be fixed and let 0 < ε < T . We show that for

each l ∈ N,

u(t) ≥
{C(t− ε)}al

{
exp(et∆Ωu0)− 1

}kl∏l
i=1(k!ai)

kl−i
in Ω× (ε, T ),(2.4.2)
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where al := kl + kl−1 + · · ·+ k + 1 = (kl+1 − 1)/(k − 1).

We prove the case l = 1. Since u satisfies (2.4.1) and es−1 is convex in [0,∞), Lemma 2.2.4 (ii)

yields

u(t) ≥ C

∫ t

ε
e(t−s)∆Ω

{
exp(es∆Ωu0)− 1

}
ds

≥ C

∫ t

ε

{
exp(e(t−s)∆Ωes∆Ωu0)− 1

}
ds ≥ C(t− ε)

{
exp(et∆Ωu0)− 1

}
.

This together with eu(s) ≥ u(s)k

k! in Ω× (ε, T ), and Lemma 2.2.4 (ii) imply that

u(t) ≥ C

∫ t

ε
e(t−s)∆Ω

(
u(s)k

k!

)
ds ≥ Ck+1

k!

∫ t

ε
e(t−s)∆Ω

{
(s− ε)k

(
exp(es∆Ωu0)− 1

)k}
ds

≥ Ck+1

k!

∫ t

ε
(s− ε)k

{
exp(et∆Ωu0)− 1

}k
ds =

Ck+1

(k + 1)!
· (t− ε)k+1

{
exp(et∆Ωu0)− 1

}k
.

This proves (2.4.2) with l = 1.

We suppose that (2.4.2) holds for l = n. Applying eu(s) ≥ u(s)k

k! , (2.4.2) and Lemma 2.2.4 (ii),

we have

u(t) ≥ C

∫ t

ε
e(t−s)∆Ω

(
u(s)k

k!

)
ds ≥ Ckan+1

k!

∫ t

ε

(s− ε)kan
{
exp

(
et∆Ωu0

)
− 1
}kn+1∏n

i=1(k!ai)
kn+1−i ds

=
{C(t− ε)}kan+1

{
exp

(
et∆Ωu0

)
− 1
}kn+1

k!(kan + 1)
∏n

i=1(k!ai)
kn+1−i =

{C(t− ε)}an+1
{
exp

(
et∆Ωu0

)
− 1
}kn+1∏n+1

i=1 (k!ai)
kn+1−i

.

This implies that (2.4.2) holds for l = n + 1. By induction we see that (2.4.2) holds for each

l ∈ N.
We are ready to prove Lemma 2.4.2 (ii). It follows from (2.4.2) that for l ∈ N,

u(t)
1

kl

l∏
i=1

(k!ai)
k−i ≥ (Ct)

k
k−1

− 1

kl(k−1)
{
exp

(
et∆Ωu0

)
− 1
}

in Ω× (0, T ).

Here we take the limit as ε → +0. If u(x, t) ̸= 0 at (x, t) ∈ Ω× (0, T ), then by taking l → ∞ we

obtain

∞∏
i=1

(k!ai)
k−i ≥ (Ct)

k
k−1
{
exp

(
et∆Ωu0

)
− 1
}
.(2.4.3)

If u(x, t) = 0 at some point (x, t) ∈ Ω × (0, T ), then (2.4.2) implies that the right hand side of

(2.4.3) is 0, and hence (2.4.3) also holds. Remark that the left hand side of (2.4.3) converges.

Indeed, we have

log

( ∞∏
i=1

(k!ai)
k−i

)
≤

∞∑
i=1

(i+ 1) log k + log(k!)

ki
< ∞.
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Then we have

exp
(
et∆Ωu0

)
− 1 ≤

(
C− k

k−1

∞∏
i=1

(k!ai)
k−i

)
· t−

k
k−1 =: eCkt−

k
k−1 ,

which implies that

et∆Ωu0 ≤ log
(
eCkt−

k
k−1 + 1

)
.

We observe from the mean value theorem that log(a+1)− log a ≤ 1
a for a > 0. Thus we obtain

∥et∆Ωu0∥L∞(Ω) ≤
k

k − 1
log

1

t
+ Ck + e−Ckt

k
k−1 for t ∈ (0, T ).

This proves Lemma 2.4.2 (ii).

Proof of Proposition 2.4.1. The proof is by contradiction. We construct an initial function

u0 and suppose that there exist T > 0 and a local in time nonnegative classical solution u

satisfying (2.1.9) for the assertion (i), or (2.4.1) for the assertion (ii).

We prove the assertion (i). Choose α such that 2 < α < N/r and define

u0(x) := max

{
α log

1

|x|
, 0

}
.(2.4.4)

Then we have eru0 ∈ L1
ul,ρ(RN ). We choose ε > 0 such that α/2− εα > 1. Putting y =

√
tz, we

obtain ∥∥et∆u0∥∥L∞(RN )
≥ (4πt)−

N
2

∫
B(0,1)

e−
|y|2
4t log

(
|y|−α

)
dy

= (4π)−
N
2

∫
B(0,t−1/2)

e−
|z|2
4 log

(
t−

α
2 |z|−α

)
dz.

(2.4.5)

We observe from the choice of ε that t−ε < t−1/2 for 0 < t < 1. Then we deduce that∥∥et∆u0∥∥L∞(RN )
≥ (4π)−

N
2

∫
B(0,t−ε)

e−
|z|2
4 log

(
t−

α
2 |z|−α

)
dz

≥ (4π)−
N
2 log

(
t−

α
2
+εα
)∫

B(0,t−ε)
e−

|z|2
4 dz

=
(α
2
− εα

)
log

1

t
·
(
1 +O

(
e−t−2ε/8

))(2.4.6)

for sufficiently small t > 0. This along with Lemma 2.4.2 (i) yields

log
1

Ct
≥
(α
2
− εα

)
log

1

t
·
(
1 +O

(
e−t−2ε/8

))
.(2.4.7)

Let τ := log(1/t). Due to (2.4.7), we have

1 +
1

τ
log

1

C
≥
(α
2
− εα

)
·
(
1 +O

(
e−e2ετ/8

))
for sufficiently large τ > 0. Taking the limit as τ → ∞, we obtain 1 ≥ α/2−εα. This contradicts
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the choice of ε.

We prove the assertion (ii). Without loss of generality, we suppose that 0 ∈ Ω. Choose ρ

and α such that

0 < ρ < δ(0)/3, 2 < α < N/r,

where δ(0) = dist(0, ∂Ω). Define u0 by (2.4.4) and we have eru0 ∈ L1(Ω). Let y ∈ B(0, ρ). We

show that B(0, ρ) ⊂ B(y, δ(y)). If z ∈ B(0, ρ), then we have

|z − y| ≤ |z|+ |y| < 2ρ <
2

3
δ(0).

It follows from the triangular inequality that

dist(y, ∂Ω) ≥ dist(0, ∂Ω)− |y|,

which implies that δ(y) > 2δ(0)/3. Thus we obtain |z − y| < δ(y) for z ∈ B(0, ρ). Hence, we

deduce that B(0, ρ) ⊂ B(y, δ(y)). This together with Proposition 2.2.10 implies that there exists

m > 0 depending only on N such that for every y ∈ B(0, ρ),

G(x, y, t) ≥ Ky(x, t)−mδ(y)−N in B(0, ρ)× (0,∞).

Since δ(y) > 2δ(0)/3, it follows that for every y ∈ B(0, ρ),

G(x, y, t) > Ky(x, t)−m(2δ(0)/3)−N

= (4πt)−
N
2 e−

|x−y|2
4t −M1 in B(0, ρ)× (0,∞),

(2.4.8)

where M1 := m(2δ(0)/3)−N . We choose ε > 0 such that α/2−εα > 1 again. Let c := min{ρ, 1}.
In a similar calculation of (2.4.5) and (2.4.6) we obtain from (2.4.8) that for sufficiently small

t > 0, ∥∥et∆Ωu0
∥∥
L∞(Ω)

≥
∫
B(0,c)

G(0, y, t)u0(y)dy

≥
∫
B(0,c)

{
(4πt)−

N
2 e−

|y|2
4t −M1

}
log
(
|y|−α

)
dy

≥
(α
2
− εα

)
log

1

t
·
(
1 +O

(
e−t−2ε/8

))
−M2,

(2.4.9)

where M2 := M1

∫
B(0,c) log (|y|

−α) dy < ∞. Then (2.4.9) together with Lemma 2.4.2 (ii) implies

that

k

k − 1
log

1

t
+ Ck + e−Ckt

k
k−1 ≥

(α
2
− εα

)
log

1

t
·
(
1 +O

(
e−t−2ε/8

))
−M2(2.4.10)

for sufficiently small t > 0. Here we take a large k ∈ {2, 3, . . .} such that k/(k − 1) < α/2− εα.

Setting τ := log(1/t), we observe from (2.4.10) that

k

k − 1
+
(
Ck + e−Ck− k

k−1
τ
)
/τ ≥

(α
2
− εα

)
·
(
1 +O

(
e−e2ετ/8

))
−M2/τ

for sufficiently large τ > 0. Taking the limit as τ → ∞, we obtain k/(k − 1) ≥ α/2− εα. This
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contradicts the choice of k.

Proofs of Theorems 2.1.5 and 2.1.9. We prove Theorem 2.1.5 (i). We consider the case

where p1 > 0. Let 0 < r1 < N/2. By Proposition 2.4.1 (i) there exists a nonnegative function a0
in RN satisfying er1a0 ∈ L1

ul,ρ(RN ) such that, for every T > 0, there is no nonnegative solution

a ∈ C2,1(RN × (0, T )) of the scalar integral problem

a(t) = et∆a0 + p1

∫ t

0
e(t−s)∆ea(s)ds in RN × (0, T ).(2.4.11)

Setting u0(x) := a0(x)/p1 and v0(x) := 0, we obtain er1(p1u0+p2v0) ∈ L1
ul,ρ(RN ).

The proof is by contradiction. Suppose that problem (2.1.1) possesses a local in time non-

negative classical solution (u, v) ∈ C2,1(RN × (0, T ))×C2,1(RN × (0, T )) in L∞(RN )×L∞(RN ).

Putting a := p1u+ p2v, we have

∂ta ≥ ∆a+ p1e
a in RN × (0, T ).

Moreover, since (u, v) satisfies ∥u(t)−et∆u0∥L∞(RN ) → 0 and ∥v(t)−et∆v0∥L∞(RN ) → 0 (t → 0),

we obtain ∥a(t)− et∆a0∥L∞(RN ) → 0 (t → 0). Thus Lemma 2.2.8 (ii) implies that

a(t) ≥ et∆a0 + p1

∫ t

0
e(t−s)∆ea(s)ds in RN × (0, T ′),

where T ′ > 0 is sufficiently small. By Proposition 2.2.6 (i) there exists a nonnegative solution

a ∈ C2,1(RN × (0, T ′)) of (2.4.11) with T replaced by T ′. This contradicts the nonexistence

result of (2.4.11).

Next we consider the case where p1 = 0. Since (p1, p2) ̸= (0, 0), p2 > 0. Choose α such

that 2 < α < N/r1 and put u0(x) := 0 and v0(x) := max
{

α
p2

log 1
|x| , 0

}
. Then we obtain

er1(p1u0+p2v0) ∈ L1
ul,ρ(RN ).

The proof is also by contradiction. Suppose that problem (2.1.1) possesses a local in time

nonnegative classical solution (u, v) ∈ C2,1(RN×(0, T ))×C2,1(RN×(0, T )) in L∞(RN )×L∞(RN ).

Since (u, v) satisfies ∥u(t)− et∆u0∥L∞(RN ) → 0 (t → 0), Lemma 2.2.8 (i) implies that∥∥∥∥∫ t

0
e(t−s)∆ep2v(s)ds

∥∥∥∥
L∞(RN )

→ 0 (t → 0).

On the other hand, it follows from Lemma 2.2.4 (i) that∫ t

0
e(t−s)∆ep2v(s)ds ≥

∫ t

0
e(t−s)∆ep2e

s∆v0ds ≥
∫ t

0
ep2(e

(t−s)∆es∆v0)ds ≥ tep2e
t∆v0 .

Then we have ∥∥∥∥∫ t

0
e(t−s)∆ep2v(s)ds

∥∥∥∥
L∞(RN )

≥ te
p2∥et∆v0∥L∞(RN ) .(2.4.12)
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We obtain in a similar manner to (2.4.6) that for sufficiently small t > 0,

log

(
te

p2∥et∆v0∥L∞(RN )

)
= p2

∥∥et∆v0∥∥L∞(RN )
− log

1

t

≥

{(α
2
− εα

)
· (4π)−

N
2

∫
B(0,t−ε)

e−
|z|2
4 dz − 1

}
· log 1

t
,

(2.4.13)

where ε > 0 is sufficiently small such that α/2 − εα > 1. Thus it follows from (2.4.12) and

(2.4.13) that ∥∥∥∥∫ t

0
e(t−s)∆ep2v(s)ds

∥∥∥∥
L∞(RN )

→ ∞ (t → 0).

This is a contradiction. Therefore, the proof of Theorem 2.1.5 (i) is complete.

We prove Theorem 2.1.5 (ii). It suffices to prove only the case where (r1, r2) ∈ I1× (0, N/2),

since one can prove the other case in the same way. We can choose α such that

2 < α < N/r2 (if p1 = 0), 2 < α < N/r2 and r1αp1/q1 < N (if p1 > 0).

Define (u0, v0) by u0(x) := max
{

α
q1

log 1
|x| , 0

}
and v0(x) := 0. Then (2.1.4) holds. When

q2 > 0, we can prove the assertion (ii) in a similar argument in the proof of the assertion (i),

the case where p1 > 0. When q2 = 0, we can also prove the assertion (ii) by considering

[20, Proposition 4.1] with f(s) = q1s and g(s) = p2s. We omit the details. Finally, both of

Theorem 2.1.9 (i) and (ii) can be obtained in a similar way using Remark 2.2.9.

2.5 Applications

In this section we apply our study to the existence and nonexistence results of the reaction-

diffusion systems below. We leave the proofs to readers.

We consider the n-component system

∂tu1 = ∆u1 + ep11u1+p12u2+···+p1nun in RN × (0, T ),

∂tu2 = ∆u2 + ep21u1+p22u2+···+p2nun in RN × (0, T ),
...

∂tun = ∆un + epn1u1+pn2u2+···+pnnun in RN × (0, T ),

u1(x, 0) = u1,0(x), . . . , un(x, 0) = un,0(x) in RN ,

(2.5.1)

where n ≥ 3, T > 0 and pij ≥ 0 (1 ≤ i, j ≤ n). We assume that for each i = 1, 2, . . . , n,

(pi1, pi2, . . . , pin) ̸= (0, 0, . . . , 0). The initial functions ui,0 (i = 1, 2, . . . , n) are nonnegative and

measurable.

In this case the following existence and nonexistence results can be established:

(i) (Existence) Suppose that one of the following holds:

(a) there exist r1, r2, . . . , rn > N/2 such that the nonnegative initial functions belonging

to L1
ul,ρ(RN ) satisfy

exp {ri(pi1u1,0 + pi2u2,0 + · · ·+ pinun,0)} ∈ L1
ul,ρ(RN ) for i = 1, 2, . . . , n,(2.5.2)
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(b) the nonnegative initial functions belonging to L1
ul,ρ(RN ) satisfy

exp

{
N

2
(pi1u1,0 + pi2u2,0 + · · ·+ pinun,0)

}
∈ L1

ul,ρ(RN ) for i = 1, 2, . . . , n.

Then there exist T > 0 and a local in time nonnegative classical solution (u1, u2, . . . , un) ∈
(C2,1(RN × (0, T )))n of (2.5.1) which satisfies

lim
t→0

∥ui(t)− et∆ui,0∥L∞(RN ) = 0 for i = 1, 2, . . . , n.(2.5.3)

(ii) (Nonexistence) The following (a) and (b) hold:

(a) Suppose that there exists i ∈ {1, 2, . . . , n} such that pij ≥ pi′j for each i′ ̸= i and

j = 1, 2, . . . , n. Then for any 0 < ri < N/2, there exist nonnegative functions

(u1,0, u2,0, . . . , un,0) satisfying exp {ri(pi1u1,0 + pi2u2,0 + · · ·+ pinun,0)} ∈ L1
ul,ρ(RN )

such that, for every T > 0, problem (2.5.1) admits no local in time nonnegative

classical solution (u1, u2, . . . , un) ∈ (C2,1(RN × (0, T )))n of (2.5.1) satisfying (2.5.3).

(b) Suppose that there exists i ∈ {1, 2, . . . , n} such that pii > pi′i for each i′ ̸= i. Then for

any 0 < ri < N/2, there exist nonnegative functions (u1,0, u2,0, . . . , un,0) satisfying

(2.5.2) for some r1, . . . , ri−1, ri+1, . . . , rn > N/2 such that, for every T > 0, prob-

lem (2.5.1) admits no local in time nonnegative classical solution (u1, u2, . . . , un) ∈
(C2,1(RN × (0, T )))n of (2.5.1) satisfying (2.5.3).

The assertions (i) and (ii) (a) correspond to Theorem 2.1.2 and Theorem 2.1.5 (i), respectively.

On the other hand, the assertion (ii) (b) does not correspond to Theorem 2.1.5 (ii). When n ≥ 3,

it is not easy to give an explicit condition for the existence and nonexistence results.

We consider the system with superexponential nonlinearities
∂tu = ∆u+ eu

2+v2 in RN × (0, T ),

∂tv = ∆v + eu
2+v2 in RN × (0, T ),

u(x, 0) = u0(x), v(x, 0) = v0(x) in RN ,

(2.5.4)

where T > 0 and the initial functions u0 and v0 are nonnegative and measurable. In this case

also the existence and nonexistence results can be established. Combining our results and the

transformation approach in [11], we obtain the existence of a local in time nonnegative classical

solution of (2.5.4). Let F (s) :=
∫∞
s e−σ2

dσ and let (U, V ) be a nonnegative classical solution of
∂tU = ∆U + eU+V in RN × (0, T ),

∂tV = ∆V + eU+V in RN × (0, T ),

U(x, 0) = U0(x), V (x, 0) = V0(x) in RN ,

where (U0, V0) := (− logF (u0),− logF (v0)). Then (u, v) :=
(
F−1(e−U ), F−1(e−V )

)
becomes a

supersolution for (2.5.4), and hence we can construct a solution. The nonexistence result is

obtained from the nonexistence result of the scalar problem ∂tu = ∆u + eu
2
. See [11, Theo-

rems 1.2 and 5.2] for details.

(i) (Existence) Suppose that one of the following holds:
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(a) there exists r > N/2 such that the nonnegative initial functions satisfy

F (u0)
−rF (v0)

−r ∈ L1
ul,ρ(RN ),(2.5.5)

(b) the nonnegative initial functions satisfy

F (u0)
−N

2 F (v0)
−N

2 ∈ L1
ul,ρ(RN ).

Then there exist T > 0 and a local in time nonnegative classical solution (u, v) ∈ C2,1(RN×
(0, T ))×C2,1(RN ×(0, T )) of (2.5.4) in L∞(RN )×L∞(RN ) in the sense of Definition 2.1.1.

(ii) (Nonexistence) For any 0 < r < N/2, there exist nonnegative functions (u0, v0) satisfying

(2.5.5) such that, for every T > 0, problem (2.5.4) admits no local in time nonnegative

classical solution (u, v) ∈ C2,1(RN × (0, T ))×C2,1(RN × (0, T )) in L∞(RN )× L∞(RN ) in

the sense of Definition 2.1.1.
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Appendix

2.A Initial data and their range for the existence result

In [17] the following idea is suggested. They construct a local in time nonnegative classical

solution (U, V ) of the system
∂tU = ∆U + Up1+1V p2 in RN × (0, T ),

∂tV = ∆V + U q1V q2+1 in RN × (0, T ),

U(x, 0) = eu0(x), V (x, 0) = ev0(x) in RN .

(2.A.1)

Put u := logU , v := log V . Since (u, v) satisfies{
∂tu ≥ ∆u+ ep1u+p2v in RN × (0, T ),

∂tv ≥ ∆v + eq1u+q2v in RN × (0, T ),

(2.1.1) has a local in time nonnegative classical solution.
Since (p1, p2) ̸= (0, 0), (q1, q2) ̸= (0, 0), U(x, 0) ≥ 1 and V (x, 0) ≥ 1, we obtain in a similar

manner to the proof of Proposition 2.3.1 that if

(eu0 , ev0) ∈ Lr1
ul,ρ(R

N )× Lr2
ul,ρ(R

N ) for some 1 ≤ r1, r2 < ∞ satisfying
N

2
max

{
p1
r1

+
p2
r2

,
q1
r1

+
q2
r2

}
< 1

(2.A.2)

or

(eu0 , ev0) ∈ Lr1
ul,ρ(R

N )× Lr2
ul,ρ(R

N ) for some 1 < r1, r2 < ∞ satisfying
N

2
max

{
p1
r1

+
p2
r2

,
q1
r1

+
q2
r2

}
= 1,

(2.A.3)

then (2.A.1) possesses a local in time nonnegative classical solution. The following proposition

refers to the range of initial data for the existence result.

Proposition 2.A.1. Then the following (i) and (ii) hold:

(i) If u0 ≥ 0 and v0 ≥ 0 satisfy (2.A.2) (resp. (2.A.3)), then (2.1.4) holds for some r1 > N/2

and r2 > N/2 (resp. (2.1.5) holds with r1 = r2 = N/2).

(ii) Let pi > 0 and qi > 0 for i = 1, 2. Then there exist nonnegative functions (u0, v0) such

that (2.1.4) holds for some r1 > N/2 and r2 > N/2 but (2.A.2) does not hold.

By Theorem 2.1.2 and the assertion (i) we can take a wider class of initial data where (2.1.1)

has a solution in the sense of Definition 2.1.1 comparing to the idea in [17]. On the other hand,

by the assertion (ii) we can give an example of (u0, v0) such that we can prove that (2.1.1) has a
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solution in the sense of Definition 2.1.1 due to Theorem 2.1.2 but cannot prove the same result

using the idea in [17].

Proof. We prove the assertion (i). Suppose that (u0, v0) satisfies (2.A.2). Put r
′ := 1/

(
p1
r1

+ p2
r2

)
.

By (2.A.2) we have r′ > N/2. Since we see that

1/

(
r1
r′p1

)
+ 1/

(
r2
r′p2

)
= 1, er

′p1u0 ∈ L
r1/(r′p1)
ul,ρ (RN ) and er

′p2v0 ∈ L
r2/(r′p2)
ul,ρ (RN ),

it follows from Hölder’s inequality that er
′(p1u0+p2v0) ∈ L1

ul,ρ(RN ). We can obtain er
′′(q1u0+q2v0) ∈

L1
ul,ρ(RN ), where r′′ := 1/

(
q1
r1

+ q2
r2

)
> N/2 in the same way. Since we can obtain (2.1.5) from

(2.A.3) in a similar way, details are omitted.

We prove the assertion (ii). Let 1 < α < 2 be chosen later. Put

u0(x) := max

{
α

max{p1, q1}
log

1

|x|
, 0

}
and v0(x) := max

{
α

max{p2, q2}
log

1

|x− ξ|
, 0

}
,

(2.A.4)

where ξ := 1 (if N = 1) and ξ := (0, 0, . . . , 0, 1) ∈ RN (if N ≥ 2). By direct calculation (2.1.4)

holds for sufficiently small r1 > N/2 and r2 > N/2. On the other hand, we prove that (2.A.2)

does not hold when 1 < α < 2 is sufficiently large. If (eu0 , ev0) ∈ Lr1
ul,ρ(R

N ) × Lr2
ul,ρ(R

N ), then

we have

r1α

max{p1, q1}
< N and

r2α

max{p2, q2}
< N,(2.A.5)

which imply that

N

2

(
p1
r1

+
p2
r2

)
>

α

2

(
p1

max{p1, q1}
+

p2
max{p2, q2}

)
and

N

2

(
q1
r1

+
q2
r2

)
>

α

2

(
q1

max{p1, q1}
+

q2
max{p2, q2}

)
.

If p1 ≥ q1 and p2 ≥ q2, then we see that N
2

(
p1
r1

+ p2
r2

)
> α > 1, and hence (2.A.2) does

not hold. If p1 < q1 and p2 > q2, then p1
max{p1,q1} + p2

max{p2,q2} > 1 holds. Thus we obtain

α
2

(
p1

max{p1,q1} + p2
max{p2,q2}

)
> 1 by choosing 1 < α < 2 sufficiently large. Then (2.A.2) does not

hold. The same conclusion can be said for the other cases.

In [17, Theorem 4.1] they consider strongly couple systems when the initial functions belong

to Lr1,∞
ul,ρ (RN ) × Lr2,∞

ul,ρ (RN ) (1 ≤ r1, r2 < ∞). This theorem corresponds to [17, Theorem 3.1].

Set (u0, v0) as (2.A.4). Then [17, Theorem 4.1] cannot be applied. Indeed, if (eu0 , ev0) ∈
Lr1,∞
ul,ρ (RN )×Lr2,∞

ul,ρ (RN ), then (2.A.5) also holds. Since we deduce N
2 max

{
p1
r1

+ p2
r2
, q1r1 + q2

r2

}
> 1

in the same way, the assumptions corresponding to [17, Theorem 3.1 (i) and (ii)] do not hold.

Moreover, choosing 1 < α < 2 so large and using a similar evaluation in [23, p.274], the

assumption corresponding to [17, Theorem 3.1 (iii)] does not hold. In conclusion, (2.A.4) is

an example of initial data where (2.1.1) has a solution in the sense of Definition 2.1.1 but the

existence result in [17] cannot be obtained.
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Chapter 3

Local existence and nonexistence for

fractional in time weakly coupled

reaction-diffusion systems

We study a fractional in time weakly coupled reaction-diffusion system in a bounded domain with

the Dirichlet boundary condition. The domain is imbedded in an N -dimensional space and it has

C2 boundary, and fractional derivatives are meant in a generalized Caputo sense. The system

can be referred to as a standard reaction-diffusion system in two components with polynomial

growth. We obtain integrability conditions on the initial state functions which determine the

existence/nonexistence of a local in time mild solution.

Keywords: Local in time solutions; Caputo fractional derivative; Singular initial functions;

Uniqueness; Cauchy sequences; Semigroup estimates.

3.1 Introduction

Let Ω be a bounded domain in RN , N ≥ 1, with C2 boundary. We study existence and

nonexistence of a local in time solution of the fractional in time weakly coupled reaction-diffusion

system 
∂α1
t u = ∆u+ f1(x, t, v) in Ω× (0, T ),

∂α2
t v = ∆v + f2(x, t, u) in Ω× (0, T ),

u(x, t) = v(x, t) = 0 on ∂Ω× (0, T ),

u(x, 0) = u0(x), v(x, 0) = v0(x) in Ω,

(3.1.1)

where 0 < α1 ≤ α2 < 1 and T > 0. The fractional derivatives ∂α1
t and ∂α2

t are meant in a

generalized Caputo sense, i.e.,

∂α
t u(t) =

1

Γ(1− α)

∫ t

0
(t− s)−α∂su(s)ds for 0 < α < 1,

where Γ denotes the usual Gamma function. In the present chapter we suppose the following:

Assumption A. Let 1 < p1, p2 < ∞, q1, q2 ∈ (1,∞] ∩
(
N

2
,∞
]
, m1 ∈ [0, α1) and m2 ∈ [0, α2)
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be given constants. There exist nonnegative functions c1 ∈ Lq1(Ω) and c2 ∈ Lq2(Ω) such that

the following hold:

(F1) for i = 1, 2, fi(x, t, ·) : R → R is a measurable function such that

|fi(x, t, ξ)| ≤ ci(x) · t−mi(1 + |ξ|)pi for ξ ∈ R, a.e. (x, t) ∈ Ω× (0,∞),

(F2) for i = 1, 2, fi satisfies the local Lipschitz condition

|fi(x, t, ξ)− fi(x, t, η)| ≤ ci(x) · t−mi(1 + |ξ|+ |η|)pi−1|ξ − η| for ξ, η ∈ R,
a.e. (x, t) ∈ Ω× (0,∞).

Let us start with classical equations, α = 1. We consider the scalar problem
∂tu = ∆u+ f(u) in Ω× (0, T ),

u(x, t) = 0 on ∂Ω× (0, T ),

u(x, 0) = u0(x) in Ω,

(3.1.2)

where f ∈ C1 and Ω is a (possibly unbounded) smooth domain. It is well known that the problem

(3.1.2) possesses a local in time classical solution for a general nonlinear term f if u0 ∈ L∞(Ω)

(cf. [7,16]). On the other hand, in the case where u0 ̸∈ L∞(Ω), the existence of solutions heavily

depends on the balance between the growth rate of f and the singularity of u0 (cf. [7]). In

Weissler [20], (3.1.2) was studied when f(u) = |u|p−1u, p > 1, and Ω is bounded. A local in

time solution was constructed when u0 ∈ Lr(Ω) for r >
N

2
(p − 1) and r ≥ 1, or r =

N

2
(p − 1)

and r > 1. It was also shown that if 1 ≤ r <
N

2
(p − 1), then there exists a nonnegative initial

function u0 ∈ Lr(Ω) such that, for every T > 0, (3.1.2) admits no nonnegative solution.

Next, we consider the reaction-diffusion system
∂tu = ∆u+ f1(u, v) in Ω× (0, T ),

∂tv = ∆v + f2(u, v) in Ω× (0, T ),

u(x, t) = v(x, t) = 0 on ∂Ω× (0, T ),

u(x, 0) = u0(x), v(x, 0) = v0(x) in Ω.

(3.1.3)

Quittner-Souplet [15] studied (3.1.3), where f1(u, v) = |v|p1−1v, f2(u, v) = |u|p2−1u (p1, p2 > 0)

and Ω is bounded. This is called a weakly coupled system. The existence (resp. nonexistence)

of a local in time solution was proved when (u0, v0) ∈ Lr1(Ω)× Lr2(Ω) and

N

2
max

{
p1
r2

− 1

r1
,
p2
r1

− 1

r2

}
≤ 1, p1, p2 > 1 and r1, r2 > 1

(resp.
N

2
max

{
p1
r2

− 1

r1
,
p2
r1

− 1

r2

}
> 1, p1, p2 > 0 and r1, r2 ≥ 1). Moreover, weakly and

strongly coupled variants of system (3.1.3) were studied in [4–6, 11, 13, 19]. They assumed that

initial functions may have singularities.

We obtain integrability conditions of (u0, v0) which determine the existence/nonexistence of

a local in time solution of (3.1.1). In the proof we combine methods of Gal-Warma [9] and
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Quittner-Souplet [15,16].

To define a mild solution, we recall the Wright type function [10] defined by

Φα(z) :=
∞∑
n=0

(−z)n

n!Γ(−αn+ 1− α)
for 0 < α < 1 and z ∈ C.

This is also sometimes called the Mainardi function and studied in [14, 18, 22]. It follows from

[2,10] that

Φα(t) ≥ 0 for t ≥ 0 and

∫ ∞

0
Φα(t)dt = 1.(3.1.4)

We prove our nonexistence result using (3.1.4). It is a key point that the function Φα(t) is

nonnegative and integrable. Moreover, it is well known ( [10]) that∫ ∞

0
tpΦα(t)dt =

Γ(p+ 1)

Γ(αp+ 1)
for p > −1 and 0 < α < 1.(3.1.5)

Next, we consider functional spaces. Let 1 < r < ∞. We denote by W k,r(Ω) the Sobolev

space (resp. the Sobolev-Slobodeckii space) if k is an integer (resp. if k is not an integer). We

also denote by D(Ω) the space of C∞-functions with compact support in Ω. Put X0(r) := Lr(Ω)

and X1(r) := W 2,r(Ω) ∩ W 1,r
0 (Ω), where W 1,r

0 (Ω) is the closure of D(Ω) in W 1,r(Ω). Let ∆

be the Laplace operator with the domain D(∆) = X1(r). Then ∆ generates a C0 analytic

semigroup in X0 by [16, Examples 51.4 (i)]. Let X−1(r) be the completion of X0(r) endowed

with the norm |x|X−1(r) := |(ω + ∆)−1x|X0(r), where ω ∈ R satisfies that ω + ∆ : X1(r) →
X0(r) is an isomorphism ( [16, p.466, 467]). For 0 < θ < 1, set Xθ(r) := (X0(r), X1(r))θ and

X−1+θ(r) := (X−1(r), X0(r))θ, where (·, ·)θ is the complex interpolation functor if θ =
1

2
and the

real interpolation functor (·, ·)θ,r otherwise. Due to [16, Theorem 51. 1 (i) and Examples 51.4 (i)],

we have Xθ1(r) ↪→ Xθ2(r) if −1 ≤ θ2 ≤ θ1 ≤ 1,

Xθ(r) ↪→ W 2θ,r(Ω) if θ ≥ 0, and Xθ(r)
.
= (X−θ(r

′))′ if θ < 0,(3.1.6)

where r′ is the conjugate exponent of r, i.e.,
1

r
+

1

r′
= 1. We denote X ′ by the (topological) dual

space if X is a Banach space. We write X ↪→ Y if X is continuously embedded in Y . Moreover,

X
.
= Y means that X ↪→ Y and Y ↪→ X.

We are ready to introduce some operators related to fractional derivatives. Let 0 ≤ θ ≤ 1

and 1 < r < ∞. We observe from [16, Theorem 51.1 (iv)] that the operator ∆ also generates a

C0 analytic semigroup in Xθ(r), which is denoted by S(t). For 0 < α < 1 and t > 0, we define

Sα(t) : Xθ(r) → Xθ(r), Pα(t) : Xθ(r) → Xθ(r)

by 
Sα(t)w :=

∫ ∞

0
Φα(τ)S(τt

α)wdτ,

Pα(t)w := αtα−1

∫ ∞

0
τΦα(τ)S(τt

α)wdτ
(3.1.7)

for w ∈ Xθ(r). Note that if w ∈ Lr(Ω) for some 1 ≤ r < ∞, then we can also define in the same
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way as (3.1.7) (cf. [9]). Moreover, by definition the operator Sα is strongly continuous, i.e.,

lim
t→0

∥Sα(t)w − w∥X = 0 for w ∈ X,(3.1.8)

where X = Xθ(r), 0 ≤ θ ≤ 1 and 1 < r < ∞, or X = Lr(Ω), 1 ≤ r < ∞.

Definition 3.1.1 (Mild solution). By a mild solution of (3.1.1) on [0, T ) we mean that the

measurable functions (u, v) have the following properties:

(a) u(t) = u(·, t) ∈ L1(Ω) and v(t) = v(·, t) ∈ L1(Ω) for t ∈ (0, T ),

(b) f1(t, v(t)) = f1(·, t, v(·, t)) ∈ L1(Ω) and f2(t, u(t)) = f2(·, t, u(·, t)) ∈ L1(Ω) for almost all

t ∈ (0, T ),

(c)

∫ t

0
∥f1(s, v(s))∥L1(Ω) ds < ∞ and

∫ t

0
∥f2(s, u(s))∥L1(Ω) ds < ∞ for t ∈ (0, T ),

(d) the functions (u, v) satisfy

u(t) = Sα1(t)u0 +

∫ t

0
Pα1(t− s)f1(s, v(s))ds in Ω× (0, T ),

v(t) = Sα2(t)v0 +

∫ t

0
Pα2(t− s)f2(s, u(s))ds in Ω× (0, T ),

where the integral terms are absolutely converging Bochner integrals in L1(Ω),

(e) the initial functions (u0, v0) satisfy

∥u(t)− u0∥Lr1 (Ω) → 0 (t → 0) and ∥v(t)− v0∥Lr2 (Ω) → 0 (t → 0)

for (u0, v0) ∈ Lr1(Ω)× Lr2(Ω), if 1 ≤ r1, r2 < ∞.

It follows from (3.1.8) and [9, Remark 3.1.2] that the property of Definition 3.1.1 (e) holds

if and only if

lim
t→0

∥u(t)− Sα1(t)u0∥Lr1 (Ω) = 0 and lim
t→0

∥v(t)− Sα2(t)v0∥Lr2 (Ω) = 0,(3.1.9)

which are equivalent to the convergence in the norms of the integral terms in Definition 3.1.1 (d)

to 0.

We are ready to state our main results.

Theorem 3.1.2 (Local in time existence). Let N ≥ 1, 0 < α1 ≤ α2 < 1, 1 < p1, p2 < ∞,

q1, q2 ∈ (1,∞] ∩
(
N

2
,∞
]
, 1 < r1, r2 < ∞, m1 ∈ [0, α1) and m2 ∈ [0, α2). Suppose that

Assumption A holds. Put

P :=
N

2

(
p1
r2

− 1

r1
+

1

q1

)
+

m1

α1
, Q :=

N

2

(
p2
r1

− 1

r2
+

1

q2

)
+

m2

α2
and

R :=
N

2

(
p1
r2

− 1

r1
+

1

q1

)
+

m1

α2
+

(
1− α1

α2

){
1− N

2

(
1− 1

r1

)}
.

Suppose that one of the following holds:
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(a) max{P,Q,R} < 1,

(b) α1 = α2 and max{P,Q,R} = 1,

(c) α1 < α2 and max{P,Q,R} = 1, where we also suppose that m1 ∈ (0, α1) when P = 1.

Then for any (u0, v0) ∈ Lr1(Ω) × Lr2(Ω), there exist T > 0 and a unique local in time mild

solution (u, v) of (3.1.1) in the sense of Definition 3.1.1 on the interval [0, T ).

We also obtain the following nonexistence result.

Theorem 3.1.3 (Local in time nonexistence). Let N ≥ 1, 0 < α1 ≤ α2 < 1, 0 < p1, p2 < ∞,

q1, q2 ∈ [1,∞], 1 ≤ r1, r2 < ∞, m1 ∈ [0, α1) and m2 ∈ [0, α2). Put

Q1 :=
Nα1

2α2

(
p2
r1

− 1

r2
+

1

q2

)
+

m2

α2
and Q2 :=

N

2

(
α1p2
α2r1

− 1

r2
+

1

q2

)
+

m2

α2
.

Put P and R in the same way as in Theorem 3.1.2. Suppose that max{P,Q1,Q2,R} > 1. Then

there exist nonnegative functions (c1, c2, u0, v0) ∈ Lq1(Ω)×Lq2(Ω)×Lr1(Ω)×Lr2(Ω) such that, for

every T > 0, the problem (3.1.1) with f1(x, t, v) = c1(x) ·t−m1vp1 and f2(x, t, u) = c2(x) ·t−m2up2

admits no local in time nonnegative mild solution (u, v) in the sense of Definition 3.1.1 on the

interval [0, T ).

If 1 < p1, p2 < ∞, then the nonlinear terms f1(x, t, v) = c1(x) · t−m1vp1 and f2(x, t, u) =

c2(x) · t−m2up2 mentioned in Theorem 3.1.3 satisfy Assumption A with R replaced by [0,∞).

We deduce the following corollary from Theorems 3.1.2 and 3.1.3.

Corollary 3.1.4. Let N ≥ 1 and 0 < α1 = α2 < 1. Then the following are true:

(i) Let 1 < p1, p2 < ∞, q1, q2 ∈ (1,∞] ∩
(
N

2
,∞
]
, 1 < r1, r2 < ∞, m1 ∈ [0, α1) and

m2 ∈ [0, α2). Suppose that Assumption A holds. Put P and Q in the same way as in

Theorem 3.1.2. If max{P,Q} ≤ 1, then for any (u0, v0) ∈ Lr1(Ω) × Lr2(Ω), there exist

T > 0 and a unique local in time mild solution (u, v) of (3.1.1).

(ii) Let 0 < p1, p2 < ∞, q1, q2 ∈ [1,∞], 1 ≤ r1, r2 < ∞, m1 ∈ [0, α1) and m2 ∈ [0, α2). If

max{P,Q} > 1, then there exist nonnegative functions (c1, c2, u0, v0) ∈ Lq1(Ω)×Lq2(Ω)×
Lr1(Ω) × Lr2(Ω) such that, for every T > 0, the problem (3.1.1) with f1(x, t, v) = c1(x) ·
t−m1vp1 and f2(x, t, u) = c2(x) · t−m2up2 admits no local in time nonnegative mild solution

(u, v).

Corollary 3.1.4 implies that we can explicitly determine the existence/nonexistence of a so-

lution when α1 = α2. Our conditions cover all the cases (p1, p2, q1, q2,m1,m2) in Assumption A.

Moreover, Corollary 3.1.4 leads to the following pure power case result, which corresponds to [15].

Corollary 3.1.5. Let N ≥ 1 and 0 < α1 = α2 < 1. Then the following are true:

(i) Let 1 < p1, p2 < ∞ and 1 < r1, r2 < ∞. Put

P̃ :=
N

2

(
p1
r2

− 1

r1

)
and Q̃ :=

N

2

(
p2
r1

− 1

r2

)
.

If max{P̃, Q̃} ≤ 1, then for any (u0, v0) ∈ Lr1(Ω)×Lr2(Ω), there exist T > 0 and a unique

local in time mild solution (u, v) of (3.1.1) with f1(x, t, v) = |v|p1−1v and f2(x, t, u) =

|u|p2−1u.
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(ii) Let 0 < p1, p2 < ∞ and 1 ≤ r1, r2 < ∞. If max{P̃, Q̃} > 1, then there are nonnegative

functions (u0, v0) ∈ Lr1(Ω) × Lr2(Ω) such that, the problem (3.1.1) with f1(x, t, v) = vp1

and f2(x, t, u) = up2 has no local in time nonnegative mild solution on any time interval.

Let us recall fundamental properties of scalar problems. Fractional in time parabolic equa-

tions with nonlinear terms have not been well studied until recently. Gal-Warma [9] has studied

the fractional in time scalar problem{
∂α
t u = Au+ f(x, t, u) in Ω× (0, T ),

u(x, 0) = u0(x) in Ω,
(3.1.10)

where A is a differential operator which generates a strongly continuous semigroup on L2(Ω).

Detailed results can be found in [1, 3, 8, 12]. Let 1 ≤ p < ∞ and q1, q2 ∈ [1,∞] be given

constants. In [9] the authors assumed that there exists a nonnegative function c ∈ Lq1,q2 such

that the following hold:

(F1’) f(x, t, ·) : R → R is a measurable function such that

|f(x, t, ξ)| ≤ c(x, t) (1 + |ξ|)p for ξ ∈ R, a.e. (x, t) ∈ Ω× (0,∞),

(F2’) f satisfies the local Lipschitz condition

|f(x, t, ξ)−f(x, t, η)| ≤ c(x, t) (1+ |ξ|+ |η|)p−1|ξ−η| for ξ, η ∈ R, a.e. (x, t) ∈ Ω× (0,∞).

Here Lq1,q2 denotes the Banach space defined by

Lq1,q2 :=

c : Ω× (0,∞) → R measurable, ∥c∥Lq1,q2
:= sup

t1,t2∈(0,∞),
0≤t2−t1≤1

(∫ t2

t1

∥c(·, s)∥q2Lq1 (Ω)ds

) 1
q2

< ∞


for q1 ∈ [1,∞] and q2 ∈ [1,∞) with the obvious modifications when q2 = ∞. Proposition 2.2.2 of

[9, p.21, 22] states the following existence result. Let 0 < α < 1, 1 ≤ p < ∞, q1 ∈ [1,∞]∩(βA,∞]

and q2 ∈
(
1

α
,∞
]
. The constant βA is related to the Lp-Lq estimate of the semigroup generated

by A. Assume (F1’) and (F2’). If

βA

(
p− 1

r
+

1

q1

)
+

1

αq2
< 1 and 1 ≤ p, r < ∞, or

βA

(
p− 1

r
+

1

q1

)
+

1

αq2
= 1 and 1 < p, r < ∞,

then for any u0 ∈ Lr(Ω), there exist T > 0 and a unique local in time solution of (3.1.10). Note

that if Ω is a bounded domain in RN , N ≥ 1, with C2 boundary, A = ∆ and f(x, t, u) = |u|p−1u,

p > 1, then βA =
N

2
, q1 = q2 = ∞ and hence this result corresponds to the existence part in [20].

In [9, Remark 5.0.2], based on [20, 21], they conjectured the nonexistence of a local in time

solution of (3.1.10) in the super-critical case

βA

(
p− 1

r
+

1

q1

)
+

1

αq2
> 1.(3.1.11)
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We give an affirmative answer to the conjecture when A = ∆. Section 3.5 is devoted to this

nonexistence result.

Let us explain a sketch of the proofs. The main points of the proofs are Cauchy sequences

for the existence part, including

un(t) = Sα1(t)u0 +

∫ t

0
Pα1(t− s)f1(s, vn−1(s))ds,(3.1.12)

vn(t) = Sα2(t)v0 +

∫ t

0
Pα2(t− s)f2(s, un−1(s))ds(3.1.13)

for n ≥ 2, u1 = v1 = 0, and the contradiction argument for the nonexistence part.

For the existence part by induction method we can show that if T > 0 is sufficiently small,

then {un}∞n=1 and {vn}∞n=1 are Cauchy sequences. Then limits u and v of the sequences exist

and (u, v) is a mild solution of (3.1.1) in the sense of Definition 3.1.1. In order to show that

these are indeed Cauchy sequences, it is crucial to find various exponents including θ1, θ2 and

θ3. However, it is not obvious how to find these exponents. Section 3.3 addresses this aspect.

For the nonexistence part we construct initial data (u0, v0). Assume that (3.1.1) has a local

in time nonnegative mild solution (u, v). Since the singularity of the constructed functions are

strong, the norm of at least one integral term in Definition 3.1.1 (d) diverges as t → 0, which

follows from estimates of Sα(t) and Pα(t). This is a contradiction. It is known (cf. [16, p.440])

that there exists a positive C∞-function GΩ : Ω× Ω× (0,∞) → R (Dirichlet heat kernel) such

that

(S(t)ϕ) (x) =

∫
Ω
GΩ(x, y, t)ϕ(y)dy

for ϕ ∈ Lr(Ω), 1 ≤ r ≤ ∞. After that, we abbreviate GΩ as G. Since G has a lower bound with

respect to t, we obtain estimates of Sα(t) and Pα(t) from (3.1.7).

This chapter is organized as follows. In Section 3.2 we give and recall some properties of

Sα(t), Pα(t) and the Dirichlet heat kernel. In Sections 3.3 and 3.4 we use these properties and

prove Theorems 3.1.2 and 3.1.3, respectively. In Section 3.5 we give a nonexistence result for

scalar problems. In Section 3.6 we discuss our results and explain possible future problems

ensuing from the current analysis.

3.2 Preliminaries

For any set X and the mappings a = a(x) and b = b(x) from X to [0,∞), we say

a(x) ≲ b(x) for all x ∈ X

if there exists a positive constant C such that a(x) ≤ Cb(x) for all x ∈ X .

Proposition 3.2.1. Let 0 < α < 1, 1 < r < ∞ and −1 ≤ θ1 ≤ θ2 ≤ 1. Then the following are

true:

(i) If θ2 − θ1 < 1, then there exists C > 0 such that

|Sα(t)w|Xθ2
(r) ≤ Ctα(θ1−θ2)|w|Xθ1

(r)

for t > 0 and w ∈ Xθ1(r).
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(ii) If θ1 > −1 or θ2 < 1, then there exists C > 0 such that

|t1−αPα(t)w|Xθ2
(r) ≤ Ctα(θ1−θ2)|w|Xθ1

(r)

for t > 0 and w ∈ Xθ1(r).

Proof. We prove (i) in a similar manner to [9, Proposition 2.2.2]. Using (3.1.5), (3.1.7) and [15,

Theorem 51.1 (iv)], we have

|Sα(t)w|Xθ2
(r) ≤

∫ ∞

0
Φα(τ)|S(τtα)w|Xθ2

(r)dτ

≲
∫ ∞

0
Φα(τ)τ

θ1−θ2tα(θ1−θ2)|w|Xθ1
(r)dτ

= tα(θ1−θ2)|w|Xθ1
(r)

∫ ∞

0
Φα(τ)τ

θ1−θ2dτ

=
Γ(1 + θ1 − θ2)

Γ(1 + α(θ1 − θ2))
tα(θ1−θ2)|w|Xθ1

(r).

We can obtain the assertion (ii) in the same way as the assertion (i).

Lemma 3.2.2. Let 0 < α1 ≤ α2 < 1 and 0 < T < ∞. For i = 1, 2, let 0 < θi < 1, 1 < ri < ∞
and Πi ⊂ X0(ri) (= Lri(Ω)). Suppose that for i = 1, 2,

κ(Πi) :=
{
u|u|−1

X0(ri)
: u ∈ Πi, u ̸= 0

}
is precompact in X0(ri). Then there exists a continuous and nondecreasing function g : (0, T ) →
(0,∞), depending on αi, θi, ri and Πi (i = 1, 2) such that the following are true:

(i) For i = 1, 2, the following is true:

|Sαi(t)u|Xθi
(ri) ≲ g(t) · t−α2θi |u|X0(ri) for 0 < t < T and u ∈ Πi.

(ii) We have limt→0 g(t) = 0. For i = 1, 2, the function wi = wi(t) defined by

(wi(t))
−α2θi = g(t) · t−α2θi

has the properties

lim
t→0

wi(t) = 0 and min

{
t, t

1−min{θ1,θ2}
2θi

}
≤ wi(t) ≤ t

1− min{θ1,θ2}
2max{θ1,θ2} .

Proof. Define{
h1(t, u) := |Sα1(t)u|Xθ1

(r1)C
−1
0 tα1θ1 |u|−1

X0(r1)
for (t, u) ∈ (0, T )×Π1\{0},

h1(t) := sup {h1(s, u) : s ∈ (0, t], u ∈ Π1\{0}} for t ∈ (0, T ),

where C0(= C) > 0 is the constant from Proposition 3.2.1 (i). We observe from [9, Lemma A.0.2]

that 0 ≤ h1 ≤ 1, limt→0 h1(t) = 0 and

|Sα1(t)u|Xθ1
(r1) ≤ C0h1(t) · t−α1θ1 |u|X0(r1)

≲ C0h1(t) · t−α2θ1 |u|X0(r1) for 0 < t < T and u ∈ Π1.
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Put h2 in the same way. We set

g(t) := max
{
h1(t), h2(t), t

δα2θ1 , tδα2θ2
}
,

where δ :=
min{θ1, θ2}
2max{θ1, θ2}

.

It suffices to prove the estimates of wi(t) for i = 1, 2. Since g(t) ≥ tδα2θ1 , we obtain

w1(t) = g(t)
− 1

α2θ1 · t ≤ t1−δ for t > 0.

On the other hand, let 0 < t < min{T, 1}. Due to h1, h2 ≤ 1, we have g(t) ≤ 1 and hence

w1(t) ≥ t. If t ≥ 1, then g(t) = tδα2 max{θ1,θ2}. Thus it follows that

w1(t) = t
1− δmax{θ1,θ2}

θ1 = t
1−min{θ1,θ2}

2θ1 .

Therefore, we deduce the desired estimate of w1(t). We can obtain the estimate of w2(t) in the

same way.

Proposition 3.2.3. ( [16, Proposition 49.10]) Let N ≥ 1 and let Ω be an arbitrary domain in

RN . There exist constants c1 > 0 and c2 ≥ 2 depending only on N , such that the Dirichlet heat

kernel G(x, y, t) in Ω satisfies

G(x, y, t) ≥ c1t
−N

2

for t > 0 and x, y ∈ Ω such that

dist(x, ∂Ω) ≥ c2
√
t and |x− y| ≤

√
t.

3.3 Existence result

Proposition 3.3.1. Let N ≥ 1, 0 < α1 ≤ α2 < 1, 1 < p1, p2 < ∞, q1, q2 ∈ (1,∞] ∩
(
N

2
,∞
]
,

1 < r1, r2 < ∞, m1 ∈ [0, α1) and m2 ∈ [0, α2). Put P, Q and R in the same way as in

Theorem 3.1.2. If max{P,Q,R} < 1, then there exist (s1, θ2, z1, z2), (s2, θ1, z3, z4) ∈ (0, 1) ×
(0, 1)× (1,∞)× (1,∞) such that

1

z1
− 2

N
(1− s1) =

1

r1
,

1

q1
+

p1
z2

=
1

z1
and

1

r2
− 2

N
θ2 ≤

1

z2
,(3.3.1)

α1s1 −m1 − p1α2θ2 + (α2 − α1)θ1 > 0,(3.3.2)

m1 + p1α2θ2 < 1,(3.3.3)

θ1 < s1,(3.3.4)

1

z3
− 2

N
(1− s2) =

1

r2
,

1

q2
+

p2
z4

=
1

z3
and

1

r1
− 2

N
θ1 ≤

1

z4
,(3.3.5)

α2s2 −m2 − p2α2θ1 > 0,(3.3.6)

θ2 < s2.(3.3.7)

Moreover, if max{P,Q,R} = 1, then there exist (s1, θ2, z1, z2), (s2, θ1, z3, z4) ∈ (0, 1)× (0, 1)×
(1,∞)× (1,∞) such that (3.3.1)–(3.3.7) hold with (3.3.2) and (3.3.6) replaced by α1s1 −m1 −
p1α2θ2 + (α2 − α1)θ1 ≥ 0 and α2s2 −m2 − p2α2θ1 ≥ 0, respectively.
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Proof. Suppose that max{P,Q,R} < 1. For 1−N

2

(
1− 1

r1

)
< s < min

{
1, 1− N

2

(
1

q1
− 1

r1

)}
,

put

θ2(s) :=
N

2p1

(
p1
r2

− 1

r1
+

1

q1

)
− 1

p1
(1− s),

1

z1(s)
:=

2

N
(1− s) +

1

r1
and

1

z2(s)
:=

1

p1

{
1

r1
− 1

q1
+

2

N
(1− s)

}
.

We see that

max

{
1

q1
,
1

r1

}
<

1

z1(s)
< 1 and max

{
1

p1

(
1

r1
− 1

q1

)
, 0

}
<

1

z2(s)
<

1

p1

(
1− 1

q1

)
.

Hence, z1(s) ∈ (1,∞) and z2(s) ∈ (1,∞). Let (s1, θ2, z1, z2) = (s, θ2(s), z1(s), z2(s)). By

direct calculation we have (3.3.1). In the same way we derive (3.3.5) with (s2, θ1, z3, z4) =

(s̃, θ1(s̃), z3(s̃), z4(s̃)), where

θ1(s̃) :=
N

2p2

(
p2
r1

− 1

r2
+

1

q2

)
− 1

p2
(1− s̃),

1

z3(s̃)
:=

2

N
(1− s̃) +

1

r2
and

1

z4(s̃)
:=

1

p2

{
1

r2
− 1

q2
+

2

N
(1− s̃)

}

for 1 − N

2

(
1− 1

r2

)
< s̃ < min

{
1, 1− N

2

(
1

q2
− 1

r2

)}
. Moreover, we see that (3.3.3) and

(3.3.6) follow from P < 1 and Q < 1, respectively.

Substituting (s1, θ2, s2, θ1) = (s, θ2(s), s̃, θ1(s̃)) into (3.3.4) and (3.3.7), we obtain

N

2p1

(
p1
r2

− 1

r1
+

1

q1

)
− 1

p1
(1− s) < s̃,(3.3.8)

N

2p2

(
p2
r1

− 1

r2
+

1

q2

)
− 1

p2
(1− s̃) < s.(3.3.9)

We show that the inequality (3.3.8) holds with s = max

{
1− N

2

(
1− 1

r1

)
,
m1

α1

}
and s̃ =

min

{
1, 1− N

2

(
1

q2
− 1

r2

)}
. Since P < 1, we have

N

2p1

(
p1
r2

− 1 +
1

q1

)
<

N

2p1

(
p1
r2

− 1

r1
+

1

q1

)
<

1

p1

(
1− m1

α1

)
< 1.

Moreover, it follows from q1, q2 ∈ (1,∞] ∩
(
N

2
,∞
]
that

N

2p1

(
p1
r2

− 1 +
1

q1

)
<

N

2r2
< 1 −

N

2

(
1

q2
− 1

r2

)
. Thus (3.3.8) holds when s = 1−N

2

(
1− 1

r1

)
. Since P < 1, the left hand side of

(3.3.8) is negative when s =
m1

α1
. Therefore, (3.3.8) holds with s = max

{
1− N

2

(
1− 1

r1

)
,
m1

α1

}
and s̃ = min

{
1, 1− N

2

(
1

q2
− 1

r2

)}
. In the same way the inequality (3.3.9) holds with s =

min

{
1, 1− N

2

(
1

q1
− 1

r1

)}
and s̃ = max

{
1− N

2

(
1− 1

r2

)
,
m2

α2

}
.
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We divide the possibilities into two cases: α1 = α2 and α1 < α2.

Let α1 = α2. Since P < 1, we obtain (3.3.2). Put

I1 :=

(
max

{
1− N

2

(
1− 1

r1

)
,
m1

α1

}
,min

{
1, 1− N

2

(
1

q1
− 1

r1

)})
,

I2 :=

(
max

{
1− N

2

(
1− 1

r2

)
,
m2

α2

}
,min

{
1, 1− N

2

(
1

q2
− 1

r2

)})
and R := I1 × I2.

The area of (s, s̃) satisfying (3.3.8) and (3.3.9) is the shaded portion on the graphs. See Fig. 3.1.

Due to the above calculation results, the position of R is as shown in the left figure, but not as

shown in the right one. Thus there exists (s, s̃) ∈ R such that (3.3.8) and (3.3.9) hold.

O
s

R

s
~

O
s

s
~

R

Fig. 3.1: Possible relative positions of the rectangle R and sector defined by (3.3.8)-(3.3.9).

It remains to consider θ1 and θ2. We observe from (3.3.8) and (3.3.9) that θ2(s) < 1 and

θ1(s̃) < 1. If θ2(s) ≤ 0, then we replace θ2 = θ2(s) with θ2 = ε > 0, where ε is sufficiently small

such that α1s1 − m1 − p1α2ε > 0 and ε < s̃. We see that (3.3.1), (3.3.2), (3.3.3) and (3.3.7)

hold. If θ1(s̃) ≤ 0, then we can replace θ1(s̃) with θ1 ∈ (0, 1) in the same way.

Let α1 < α2. We recall that

(s1, θ2, z1, z2) = (s, θ2(s), z1(s), z2(s)) and (s2, θ1, z3, z4) = (s̃, θ1(s̃), z3(s̃), z4(s̃)).

We divide the possibilities into two cases: (i)
p2
r1

− 1

r2
+

1

q2
> 0 and (ii)

p2
r1

− 1

r2
+

1

q2
≤ 0.

We prove (i). It follows that (3.3.1), (3.3.3), (3.3.5) and (3.3.6) hold. The inequality (3.3.2)

is equivalent to

N

2p2

(
p2
r1

− 1

r2
+

1

q2

)
− 1

p2
(1− s̃) > s+

N
2

(
p1
r2

− 1
r1

+ 1
q1

)
+ m1

α2
− 1

1− α1
α2

,(3.3.10)

which holds with (s, s̃) =

(
max

{
1− N

2

(
1− 1

r1

)
,
m1

α1

}
,min

{
1, 1− N

2

(
1

q2
− 1

r2

)})
. In-

deed, the right hand side of (3.3.10) is negative when s =
m1

α1
(resp. when s = 1−N

2

(
1− 1

r1

)
),

since P < 1 (resp. since R < 1). On the other hand, since
p2
r1

− 1

r2
+

1

q2
> 0, the left hand side

of (3.3.10) is positive.
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The area of (s, s̃) satisfying (3.3.8), (3.3.9) and (3.3.10) is the shaded portion on the graphs.

See Fig. 3.2. Here, R is defined in the same way as when α1 = α2. Due to the above calculation

results, the position of R is as shown in the left figure, but not as shown in the right one. Thus

there exists (s, s̃) ∈ R such that (3.3.8), (3.3.9) and (3.3.10) hold.

O
s

R

s
~

O
s

s
~

R

Fig. 3.2: Possible relative positions of the rectangle R and the strip defined by (3.3.8)-(3.3.10).

It remains to consider θ1 and θ2. We observe from (3.3.8) and (3.3.9) that θ2(s) < 1 and

θ1(s̃) < 1. If θ2(s) ≤ 0 or θ1(s̃) ≤ 0, then it is sufficient to replace it/them in the same way as

when α1 = α2.

We prove (ii). Let ε > 0 be sufficiently small. Put

s := max

{
1− N

2

(
1− 1

r1

)
,
m1

α1

}
+ ε ∈ I1 and s̃ := min

{
1, 1− N

2

(
1

q2
− 1

r2

)}
− ε ∈ I2

Due to θ1(s̃) < 0 in this case, we replace θ1 = θ1(s̃) with θ1 = ε. It follows that (3.3.1),

(3.3.3) and (3.3.5) hold. Since θ1 = ε is sufficiently small, s ≥ ε > 0 and s̃ >
m2

α2
, we obtain

(3.3.4) and (3.3.6). The inequality (3.3.2) is equivalent to (3.3.10) with the left hand side

replaced by ε. Then by max{P,R} < 1 we deduce (3.3.2). Moreover, since (3.3.8) holds with

(s, s̃) =

(
max

{
1− N

2

(
1− 1

r1

)
,
m1

α1

}
,min

{
1, 1− N

2

(
1

q2
− 1

r2

)})
, (3.3.8) also holds with

(s, s̃) =

(
max

{
1− N

2

(
1− 1

r1

)
,
m1

α1

}
+ ε,min

{
1, 1− N

2

(
1

q2
− 1

r2

)}
− ε

)
.

It remains to consider θ2. We observe from (3.3.8) that θ2(s) < 1. If θ2(s) ≤ 0, then it is

sufficient to replace it in the same way as when α1 = α2.

Since we can prove the case where max{P,Q,R} = 1 in a similar way, we omit the proof.

Lemma 3.3.2. Suppose that α1 < α2 and max{P,Q,R} < 1 hold in particular in the assump-

tions of Proposition 3.3.1. Let s1 ∈ (0, 1) be chosen in Proposition 3.3.1. Put

S :=
1− N

2

(
p1
r2

− 1
r1

+ 1
q1

)
− m1

α2

1− α1
α2

.

If s1 ≥ S, then the following are true:

(i) There exists s3 ∈ (0, 1) such that 1 − N

2

(
1− 1

r1

)
< s3 < S and that θ3 := θ2(s3) > 0,
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where θ2(s) is defined in the proof of Proposition 3.3.1.

(ii) θ2(s1) > 0.

Proof. By direct calculation we have p1α2θ2(S) = α1S − m1. It follows from P < 1 that

S >
m1

α1
. Then θ2(S) > 0 holds. Note that R < 1 yields 1 − N

2

(
1− 1

r1

)
< S. Choosing

max

{
1− N

2

(
1− 1

r1

)
,
m1

α1

}
< s3 < S sufficiently large, we obtain θ2(s3) > 0. Moreover, we

see that

max

{
1− N

2

(
1− 1

r1

)
,
m1

α1

}
< s3 < S ≤ s1 < 1.

Thus s3 ∈ (0, 1) holds. Since θ2(s) is increasing with respect to s, we have θ2(s1) > θ2(s3) > 0.

The proof is complete.

Proof of Theorem 3.1.2. Set u1 := 0 and v1 := 0. For n ≥ 2, define the functions un and vn
by (3.1.12) and (3.1.13), respectively. We introduce the Banach space defined by

Yθ,r,T :=

{
u ∈ L∞

loc((0, T ], Xθ(r)) : ∥u∥Yθ,r,T
:= sup

t∈(0,T )
tα2θ|u(t)|Xθ(r) < ∞

}

for 0 < θ < 1, 1 < r < ∞ and T > 0.

We prove the case (a). Choose (s1, θ2, z1, z2) and (s2, θ1, z3, z4) as in Proposition 3.3.1.

We consider the existence part. Let T > 0. Assume that (un−1, vn−1) ∈ Yθ1,r1,T × Yθ2,r2,T .

We obtain from Proposition 3.2.1 that for 0 < t < T ,

tα2θ1 |un|Xθ1
(r1) ≤ tα2θ1 |Sα1(t)u0|Xθ1

(r1) + tα2θ1

∫ t

0
|Pα1(t− s)f1(s, vn−1(s))|Xθ1

(r1)ds

≲ |u0|X0(r1) + tα2θ1

∫ t

0
(t− s)α1(s1−θ1)−1|f1(s, vn−1(s))|Xs1−1(r1)ds.

(3.3.11)

It follows from (3.1.6) and the first equality of (3.3.1) that X1−s1(r
′
1) ↪→ Lz′1(Ω), which implies

that Lz1(Ω) ↪→ Xs1−1(r1). By the last inequality of (3.3.1) we have Xθ2(r2) ↪→ Lz2(Ω). Then

we can deduce from Assumption A and (3.3.1) that for 0 < s < t,

|f1(s, vn−1(s))|Xs1−1(r1) ≲ ∥f1(s, vn−1(s))∥Lz1 (Ω) ≤ ∥c1 · s−m1(1 + |vn−1(s)|)p1∥Lz1 (Ω)

≤ s−m1 · ∥c1∥Lq1 (Ω)∥(1 + |vn−1(s)|)p1∥
L

z2
p1 (Ω)

= s−m1 · ∥c1∥Lq1 (Ω)∥1 + |vn−1(s)|∥p1Lz2 (Ω)

≲ s−m1 · ∥c1∥Lq1 (Ω)|1 + |vn−1(s)||p1Xθ2
(r2)

≤ s−m1−p1α2θ2 · ∥c1∥Lq1 (Ω)∥1 + |vn−1|∥p1Yθ2,r2,T
,

(3.3.12)
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which yields

tα2θ1

∫ t

0
(t− s)α1(s1−θ1)−1|f1(s, vn−1(s))|Xs1−1(r1)ds

≲ tα2θ1

∫ t

0
(t− s)α1(s1−θ1)−1s−m1−p1α2θ2 · ∥c1∥Lq1 (Ω)∥1 + |vn−1|∥p1Yθ2,r2,T

ds

≤ ∥c1∥Lq1 (Ω)∥1 + |vn−1|∥p1Yθ2,r2,T
· tα1s1−m1−p1α2θ2+(α2−α1)θ1

×
∫ 1

0
(1− s)α1(s1−θ1)−1s−m1−p1α2θ2ds

(3.3.13)

for 0 < t < T . Here we use α1(s1 − θ1)− 1 > −1 and 0 < m1 + p1α2θ2 < 1, which follow from

(3.3.4) and (3.3.3), respectively. Combining (3.3.2), (3.3.11) and (3.3.13), we have un ∈ Yθ1,r1,T .

We can obtain vn ∈ Yθ2,r2,T in the same way. By induction we derive (un, vn) ∈ Yθ1,r1,T ×Yθ2,r2,T
for n ≥ 1.

We divide the possibilities into two cases: (i) α1 = α2, or α1 < α2 and s1 < S, and
(ii) α1 < α2 and s1 ≥ S. In the case (ii) we also choose s3 and put θ3 as in Lemma 3.3.2.
Moreover, let us introduce the Banach space defined by

Yθ2,θ3,r2,T :=
{
u ∈ L∞

loc((0, T ], Xθ2(r2) ∩Xθ3(r2)) : ∥u∥Yθ2,θ3,r2,T
:= max

{
∥u∥Yθ2,r2,T

, ∥u∥Yθ3,r2,T

}
< ∞

}
.

In a similar way to (3.3.11), (3.3.12) and (3.3.13) we obtain

tα2θ3 |vn|Xθ3
(r2)

≤ tα2θ3 |Sα2(t)v0|Xθ3
(r2) + tα2θ3

∫ t

0
|Pα2(t− s)f2(s, un−1(s))|Xθ3

(r2)ds

≲ |v0|X0(r2) + tα2θ3

∫ t

0
(t− s)α2(s2−θ3)−1|f2(s, un−1(s))|Xs2−1(r2)ds

≲ |v0|X0(r2) + tα2θ3

∫ t

0
(t− s)α2(s2−θ3)−1s−m2−p2α2θ1 · ∥c2∥Lq2 (Ω)∥1 + |un−1|∥p2Yθ1,r1,T

ds

≤ |v0|X0(r2) + ∥c2∥Lq2 (Ω)∥1 + |un−1|∥p2Yθ1,r1,T
· tα2s2−m2−p2α2θ1

×
∫ 1

0
(1− s)α2(s2−θ3)−1s−m2−p2α2θ1ds.

(3.3.14)

Here we apply s2 > θ2 = θ2(s1) > θ2(s3) = θ3, which follows from (3.3.7) and Lemma 3.3.2.

Then un−1 ∈ Yθ1,r1,T leads not only to vn ∈ Yθ2,r2,T but also to vn ∈ Yθ3,r2,T . Thus vn ∈ Yθ2,θ3,r2,T
for n ≥ 1.

We consider the rest of the existence part only in the case (i). In the case (ii) it can be

proved by replacing Yθ2,r2,T and Yθ2,r2,T∗ with Yθ2,θ3,r2,T and Yθ2,θ3,r2,T∗ , respectively.

In a similar way there exist C1 > 0 and C2 > 0 such that for n ≥ 2,

∥un+1 − un∥Yθ1,r1,T

≤ C1T
α1s1−m1−p1α2θ2+(α2−α1)θ1∥c1∥Lq1 (Ω)∥1 + |vn|+ |vn−1|∥p1−1

Yθ2,r2,T
∥vn − vn−1∥Yθ2,r2,T

,

∥vn+1 − vn∥Yθ2,r2,T
≤ C2T

α2s2−m2−p2α2θ1∥c2∥Lq2 (Ω)∥1 + |un|+ |un−1|∥p2−1
Yθ1,r1,T

∥un − un−1∥Yθ1,r1,T
.

(3.3.15)
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Put U := 2max
{
∥u2∥Yθ1,r1,T

, ∥v2∥Yθ2,r2,T

}
and choose a sufficiently small time T∗ > 0 such that

C1T∗
α1s1−m1−p1α2θ2+(α2−α1)θ1∥c1∥Lq1 (Ω)(1 + 2U)p1−1 ≤ 1

2
,

C2T∗
α2s2−m2−p2α2θ1∥c2∥Lq2 (Ω)(1 + 2U)p2−1 ≤ 1

2
.

(3.3.16)

Note that T∗ is independent of n. By induction together with (3.3.15) and (3.3.16) we have

∥un∥Yθ1,r1,T∗
≤ U for n ≥ 1,

∥vn∥Yθ2,r2,T∗
≤ U for n ≥ 1,

∥un+1 − un∥Yθ1,r1,T∗
≤ 1

2
∥vn − vn−1∥Yθ2,r2,T∗

for n ≥ 2,

∥vn+1 − vn∥Yθ2,r2,T∗
≤ 1

2
∥un − un−1∥Yθ1,r1,T∗

for n ≥ 2.

(3.3.17)

By iteration in (3.3.17) the sequences {un}∞n=1 and {vn}∞n=1 are Cauchy in the Banach spaces

Yθ1,r1,T∗ and Yθ2,r2,T∗ , respectively. Consequently, there exist limits u ∈ Yθ1,r1,T∗ and v ∈ Yθ2,r2,T∗

such that

lim
n→∞

∥un − u∥Yθ1,r1,T∗
= 0 and lim

n→∞
∥vn − v∥Yθ2,r2,T∗

= 0.(3.3.18)

We show that the limits u and v have all the properties of Definition 3.1.1 on [0, T∗). Prop-

erty (a) immediately follows from u ∈ Yθ1,r1,T∗ and v ∈ Yθ2,r2,T∗ . We obtain in the same way as

we deduce (3.3.12) that∫ T∗

0
∥f1(s, v(s))∥L1(Ω)ds ≲

∫ T∗

0
∥f1(s, v(s))∥Lz1 (Ω)ds

≲
∫ T∗

0
s−m1−p1αθ2 · ∥c1∥Lq1 (Ω)∥1 + |v|∥p1Yθ2,r2,T∗

ds

=
(T∗)

1−m1−p1α2θ2

1−m1 − p1α2θ2
· ∥c1∥Lq1 (Ω)∥1 + |v|∥p1Yθ2,r2,T∗

.

Here we use m1 + p1α2θ2 < 1 by (3.3.3). Since the same is true for f2, (u, v) satisfies the

properties (b) and (c).

We mention the properties (d) and (e). We divide the possibilities into the same two cases

as in the existence part.

In the case (i) it follows that

α1s1 −m1 − p1α2θ2 > 0.(3.3.19)

Indeed, when θ2 = θ2(s1), (3.3.19) follows from P < 1 (resp. s1 < S) if α1 = α2 (resp. if

α1 < α2). On the other hand, when θ2 = ε, i.e., θ2(s1) ≤ 0, (3.3.19) follows from the choice of

ε in the proof of Proposition 3.3.1. Then in the same way as (3.3.15) with θ1 replaced by 0 we

can evaluate ∥∥∥∥∫ t

0
Pα1(t− s) (f1(s, vn(s))− f1(s, v(s))) ds

∥∥∥∥
Lr1 (Ω)

≤ C1(T∗)
α1s1−m1−p1α2θ2∥c1∥Lq1 (Ω)∥1 + |vn|+ |v|∥p1−1

Yθ2,r2,T∗
∥vn − v∥Yθ2,r2,T∗

,

(3.3.20)
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which converges to zero as n → ∞, by (3.3.18).

In the case (ii) it follows from Lemma 3.3.2 (ii) that θ2 = θ2(s1). Since s3 < S, we have

α1s3 −m1 − p1α2θ3 = α1s3 −m1 − p1α2θ2(s3) > 0.(3.3.21)

Then we obtain in the same way as (3.3.11), (3.3.12) and (3.3.13) with θ1 and (s1, θ2, z1, z2) =

(s1, θ2(s1), z1(s1), z2(s1)) replaced by 0 and (s3, θ3, z1(s3), z2(s3)), respectively that

|un+1 − un|Xθ1
(r1)

≤ C1(T∗)
α1s3−m1−p1α2θ3∥c1∥Lq1 (Ω)∥1 + |vn|+ |vn−1|∥p1−1

Yθ3,r2,T∗
∥vn − vn−1∥Yθ3,r2,T∗

≤ C1(T∗)
α1s3−m1−p1α2θ3∥c1∥Lq1 (Ω)∥1 + |vn|+ |vn−1|∥p1−1

Yθ2,θ3,r2,T∗
∥vn − vn−1∥Yθ2,θ3,r2,T∗

,

which implies that∥∥∥∥∫ t

0
Pα1(t− s) (f1(s, vn(s))− f1(s, v(s))) ds

∥∥∥∥
Lr1 (Ω)

≤ C1(T∗)
α1s3−m1−p1α2θ3∥c1∥Lq1 (Ω)∥1 + |vn|+ |v|∥p1−1

Yθ2,θ3,r2,T∗
∥vn − v∥Yθ2,θ3,r2,T∗

.

(3.3.22)

Both (3.3.18) and (3.3.20) (or (3.3.22)) enable us to take the limit of (3.1.12) as n → ∞ in

L1(Ω). Since we can take the limit of (3.1.13) in a similar way, we deduce the integral system

in Definition 3.1.1 (d). For the last property (e), it suffices to prove (3.1.9). In the case (i) it

follows from (3.3.13) with θ1 and vn−1 replaced by 0 and v, respectively and (3.3.19) that

∥u(t)− Sα1(t)u0∥Lr1 (Ω)

≲
∫ t

0
(t− s)α1s1−1|f1(s, v(s))|Xs1−1(r1)ds

≲ ∥c1∥Lq1 (Ω)∥1 + |v|∥p1Yθ2,r2,T∗
· tα1s1−m1−p1α2θ2

∫ 1

0
(1− s)α1s1−1s−m1−p1α2θ2ds

→ 0 (t → 0).

(3.3.23)

In the case (ii) we observe from considering (3.3.13) and (3.3.19) that (3.3.23) also holds with

s1 and θ2 replaced by s3 and θ3, respectively. Moreover, in both cases (i) and (ii) since we can

obtain limt→0 ∥v(t) − Sα2(t)v0∥Lr2 (Ω) = 0 in a similar way, (3.1.9) holds. Thus (u, v) possesses

the desired properties of Definition 3.1.1.

We consider the uniqueness of the mild solution only in the case (i). In the case (ii) it can

be proved by replacing Yθ2,r2,T with Yθ2,θ3,r2,T . We can derive the uniqueness from calculations

similar to (3.3.15). Indeed, let T ∈ (0, T∗] and let (u, v), (ũ, ṽ) ∈ Yθ1,r1,T × Yθ2,r2,T be any two

mild solutions of (3.1.1) with the same initial data (u0, v0). In a similar way to deduce (3.3.15)

it follows that

∥u− ũ∥Yθ1,r1,T
≤ C1T

α1s1−m1−p1α2θ2+(α2−α1)θ1∥c1∥Lq1 (Ω)∥1 + |v|+ |ṽ|∥p1−1
Yθ2,r2,T

∥v − ṽ∥Yθ2,r2,T
,

∥v − ṽ∥Yθ2,r2,T
≤ C2T

α2s2−m2−p2α2θ1∥c2∥Lq2 (Ω)∥1 + |u|+ |ũ|∥p2−1
Yθ1,r1,T

∥u− ũ∥Yθ1,r1,T
.

(3.3.24)
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We see that there exists a sufficiently small time T̂ ∈ (0, T ] such that

C1T̂
α1s1−m1−p1α2θ2+(α2−α1)θ1∥c1∥Lq1 (Ω)∥1 + |v|+ |ṽ|∥p1−1

Yθ2,r2,T
≤ 1

2
,

C2T̂
α2s2−m2−p2α2θ1∥c2∥Lq2 (Ω)∥1 + |u|+ |ũ|∥p2−1

Yθ1,r1,T
≤ 1

2
.

By this together with (3.3.24) we have u(·, t) ≡ ũ(·, t) and v(·, t) ≡ ṽ(·, t) for t ∈ [0, T̂ ]. We

obtain from a standard continuation argument (cf. [17]) that the uniqueness over the whole

interval [0, T∗] holds.

We prove the cases (b) and (c). Choose (s1, θ2, z1, z2) and (s2, θ1, z3, z4) as in Proposi-

tion 3.3.1. We divide the possibilities into two cases: (i) α1 = α2, or α1 < α2 and s1 ≤ S and

(ii) α1 < α2 and s1 > S.
We consider the existence part in the case (i). Set Π1 := {u0} ⊂ Lr1(Ω) and Π2 := {v0} ⊂

Lr2(Ω). Let 0 < T < ∞. We can apply Lemma 3.2.2 and consider the constructed functions g

and wi (i = 1, 2). For i = 1, 2, put

Ywi,θi,ri,T :=

{
u ∈ L∞

loc((0, T ], Xθi(ri)) : ∥u∥Ywi,θi,ri,T
:= sup

t∈(0,T )
(wi(t))

α2θi |u(t)|Xθi
(ri) < ∞

}
.

(3.3.25)

Lemma 3.2.2 (ii) implies that the spaces Ywi,θi,ri,T , i = 1, 2, are Banach spaces. Note that for

i = 1, 2, Ywi,θi,ri,T ⊂ Yθi,ri,T follows if 0 < T < ∞. Define the functions (un, vn) in the same

way as in the case (a). Assume that (un−1, vn−1) ∈ Yw1,θ1,r1,T × Yw2,θ2,r2,T . In the same way as

(3.3.11) and (3.3.13) we have for 0 < t < T ,

(w1(t))
α2θ1 |un|Xθ1

(r1)

≤ (w1(t))
α2θ1 |Sα1(t)u0|Xθ1

(r1) + (w1(t))
α2θ1

∫ t

0
|Pα1(t− s)f1(s, vn−1(s))|Xθ1

(r1)ds

≲ |u0|X0(r1) + (w1(t))
α2θ1

∫ t

0
(t− s)α1(s1−θ1)−1|f1(s, vn−1(s))|Xs1−1(r1)ds

and

(w1(t))
α2θ1

∫ t

0
(t− s)α1(s1−θ1)−1|f1(s, vn−1(s))|Xs1−1(r1)ds

≲ (w1(t))
α2θ1

∫ t

0
(t− s)α1(s1−θ1)−1s−m1(w2(s))

−p1α2θ2 · ∥c1∥Lq1 (Ω)∥1 + |vn−1|∥p1Yw2,θ2,r2,T
ds

≤ ∥c1∥Lq1 (Ω)∥1 + |vn−1|∥p1Yw2,θ2,r2,T
· (g(t))p1−1 · tα2θ1

∫ t

0
(t− s)α1(s1−θ1)−1s−m1−p1α2θ2ds

= ∥c1∥Lq1 (Ω)∥1 + |vn−1|∥p1Yw2,θ2,r2,T

· (g(t))p1−1 · tα1s1−m1−p1α2θ2+(α2−α1)θ1

∫ 1

0
(1− s)α1(s1−θ1)−1s−m1−p1α2θ2ds.

(3.3.26)

We recall that limt→0 g(t) = 0 and α1s1−m1−p1α2θ2+(α2−α1)θ1 ≥ 0. Hence, un ∈ Yw1,θ1,r1,T .

We can obtain vn ∈ Yw2,θ2,r2,T in the same way. By induction we derive (un, vn) ∈ Yw1,θ1,r1,T ×

75



Yw2,θ2,r2,T for n ≥ 1. In a similar way there exist C3 > 0 and C4 > 0 such that for n ≥ 2,

∥un+1 − un∥Yw1,θ1,r1,T
≤ C3(g(T ))

p1−1Tα1s1−m1−p1α2θ2+(α2−α1)θ1

· ∥c1∥Lq1 (Ω)∥1 + |vn|+ |vn−1|∥p1−1
Yw2,θ2,r2,T

∥vn − vn−1∥Yw2,θ2,r2,T
,

∥vn+1 − vn∥Yw2,θ2,r2,T
≤ C4(g(T ))

p2−1Tα2s2−m2−p2α2θ1

· ∥c2∥Lq2 (Ω)∥1 + |un|+ |un−1|∥p2−1
Yw1,θ1,r1,T

∥un − un−1∥Yw1,θ1,r1,T
.

Put V := 2max
{
∥u2∥Yw1,θ1,r1,T

, ∥v2∥Yw2,θ2,r2,T

}
and choose a sufficiently small time T∗∗ > 0

such that

C3(g(T∗∗))
p1−1T∗∗

α1s1−m1−p1α2θ2+(α2−α1)θ1∥c1∥Lq1 (Ω)(1 + 2V )p1−1 ≤ 1

2
,

C4(g(T∗∗))
p2−1T∗∗

α2s2−m2−p2α2θ1∥c2∥Lq2 (Ω)(1 + 2V )p2−1 ≤ 1

2
.

We deduce the analogue of (3.3.17) in Yw1,θ1,r1,T∗∗ × Yw2,θ2,r2,T∗∗ instead of Yθ1,r1,T∗ × Yθ2,r2,T∗ .

Therefore, there exist limits u ∈ Yw1,θ1,r1,T∗∗ and v ∈ Yw2,θ2,r2,T∗∗ such that

lim
n→∞

∥un − u∥Yw1,θ1,r1,T∗∗
= 0 and lim

n→∞
∥vn − v∥Yw2,θ2,r2,T∗∗

= 0.

We consider the case (ii). Let s3 = S and θ3 = θ2(s3), where θ2(s) is defined in the proof

of Proposition 3.3.1. It follows from P < 1, or P = 1 and m1 > 0 that s3 > 0 and θ3 ≥ 0

hold. By this together with S < s1 < 1 and θ(s1) < 1 we have s3 ∈ (0, 1) and θ3 ∈ [0, 1). Let

0 < T < ∞. In a similar way to Lemma 3.2.2 we can construct a continuous and nondecreasing

function g : (0, T ) → (0,∞) such that

|Sα1(t)u0|Xθ1
(r1) ≲ g(t) · t−α2θ1 |u0|X0(r1), |Sα2(t)v0|Xθ2

(r2) ≲ g(t) · t−α2θ2 |v0|X0(r2) and

|Sα3(t)v0|Xθ3
(r2) ≲ g(t) · t−α2θ3 |v0|X0(r2) for 0 < t < T ,

limt→0 g(t) = 0, and limt→0wi(t) = 0 for i = 1, 2, 3, where (wi(t))
−α2θi = g(t) · t−α2θi . Put

Yw1,θ1,r1,T , Yw2,θ2,r2,T and Yw3,θ3,r2,T in the same way as (3.3.25). Then it follows that (un, vn) ∈
Yw1,θ1,r1,T × Yw2,θ2,r2,T for n ≥ 1. Let us introduce the Banach space defined by

Yw2,θ2,w3,θ3,r2,T

:=
{
u ∈ L∞

loc((0, T ], Xθ2(r2) ∩Xθ3(r2)) : ∥u∥Yw2,θ2,w3,θ3,r2,T
:= max

{
∥u∥Yw2,θ2,r2,T

, ∥u∥Yw3,θ3,r2,T

}
< ∞

}
.

We observe from a similar manner to (3.3.14) that un−1 ∈ Yw1,θ1,r1,T leads not only to vn ∈
Yw2,θ2,r2,T but also to vn ∈ Yw3,θ3,r2,T . Thus vn ∈ Yw2,θ2,w3,θ3,r2,T for n ≥ 1. We omit the

rest of the existence part, since it can be proved by replacing Yw2,θ2,r2,T and Yw2,θ2,r2,T∗ with

Yw2,θ2,w3,θ3,r2,T and Yw2,θ2,w3,θ3,r2,T∗ , respectively.

We can obtain in a similar way to the case (a) that u and v have the properties (a)-(d) of

Definition 3.1.1 on [0, T∗∗). In the case (i) it follows that α1s1 − m1 − p1α2θ2 ≥ 0. Then we
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deduce from (3.3.26) by replacing θ1 and vn−1 with 0 and v, respectively that

∥u(·, t)− Sα1(t)u0∥Lr1 (Ω)

≲
∫ t

0
(t− s)α1s1−1|f1(s, v(s))|Xs1−1(r1)ds

≲ ∥c1∥Lq1 (Ω)∥1 + |v|∥p1Yw2,θ2,r2,T∗∗
· (g(t))p1−1 · tα1s1−m1−p1α2θ2

∫ 1

0
(1− s)α1s1−1s−m1−p1α2θ2ds

→ 0 (t → 0).

(3.3.27)

In the same way it follows that limt→0 ∥v(t)−Sα2(t)v0∥Lr2 (Ω) = 0. In the case (ii) we observe from

considering (3.3.26) that (3.3.27) also holds with s1, θ2 and Yw2,θ2,r2,T∗∗ replaced by s3, θ3 and

Yw3,θ3,r2,T∗∗ , respectively. Thus (u, v) is a mild solution of (3.1.1) in the sense of Definition 3.1.1

on [0, T∗∗).

Note that in the case of (ii) how to derive the limit corresponding to (3.3.27) differs between

when R < 1 and when R = 1. When R < 1, by considering (3.3.11) and (3.3.12) we can

evaluate

∥u(·, t)− Sα1(t)u0∥Lr1 (Ω) ≲
∫ t

0
(t− s)α1s3−1|f1(s, v(s))|Xs3−1(r1)ds

≲
∫ t

0
(t− s)α1s3−1∥f1(s, v(s))∥Lz1 (Ω)ds,

where z1 = z1(s3) ∈ (1,∞). On the other hand, when R = 1, since z1 = z1(s3) = 1, the

inequality |f1(s, v(s))|Xs3−1(r1) ≲ ∥f1(s, v(s))∥Lz1 (Ω) does not hold. Then we use the Lp-Lq

estimate of the heat semigroup ( [16, Proposition 48.4 (c)-(e)]) and deduce that

∥Pα1(t− s)f1(s, v(s))∥Lr1 (Ω)

≤ α1(t− s)α1−1

∫ ∞

0
τΦα1(τ)∥S(τ(t− s)α1)f1(s, v(s))∥Lr1 (Ω)dτ

≲ α1(t− s)α1−1

∫ ∞

0
τΦα1(τ) · τ

−N
2

(
1− 1

r1

)
(t− s)

−N
2
α1

(
1− 1

r1

)
∥f1(s, v(s))∥L1(Ω)dτ

= α1(t− s)α1s3−1∥f1(s, v(s))∥L1(Ω)

∫ ∞

0
τ s3Φα1(τ)dτ

=
α1Γ(s3 + 1)

Γ(α1s3 + 1)
(t− s)α1s3−1∥f1(s, v(s))∥L1(Ω).

Here we apply (3.1.5) and S = 1− N

2

(
1− 1

r1

)
, which follows from R = 1. Thus we have

∥u(·, t)− Sα1(t)u0∥Lr1 (Ω) ≲
∫ t

0
(t− s)α1s3−1∥f1(s, v(s))∥L1(Ω)ds.

We also obtain the uniqueness of the mild solution in the space Yw1,θ1,r1,T∗∗ × Yw2,θ2,r2,T∗∗

through an argument similar to (3.3.24). We omit the details.
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3.4 Nonexistence result

Proof of Theorem 3.1.3. Without loss of generality, we suppose that 0 ∈ Ω. Choose ρ > 0

such that B(0, ρ) ⊂ Ω, where B(0, ρ) denotes the ball of radius ρ > 0 centered at 0.

We prove the case where max{P,R} > 1. Let 0 < l <
N

q1
if 1 ≤ q1 < ∞, l = 0 if q1 = ∞

and 0 < k <
N

r2
. Note that k is chosen to be sufficiently large and the same is valid for l when

1 ≤ q1 < ∞. Put

c1(x) := |x|−l, c2(x) := 1, u0(x) := 0 and v0(x) := |x|−kχB(0,ρ)(x),

where χB(0,ρ) is a characteristic function. Then (c1, c2, u0, v0) ∈ Lq1(Ω)×Lq2(Ω)×Lr1(Ω)×Lr2(Ω)

holds.

The proof is by contradiction. Assume that there exists T > 0 such that the problem (3.1.1)

with f1(x, t, v) = c1(x) · t−m1vp1 and f2(x, t, u) = c2(x) · t−m2up2 possesses a local in time

nonnegative mild solution (u, v) in the sense of Definition 3.1.1 on [0, T ). Let 1 < τ < 2 and

let s > 0 be sufficiently small. Let |x| ≤
√
sα̃

2
, where α̃ = α1 or α̃ = α2. Then we can apply

Proposition 3.2.3 and obtain

(S(τsα2)v0) (x) =

∫
{|y|<ρ}

G(x, y, τsα2)|y|−kdy ≥
∫
{|y−x|<

√
τsα2}

G(x, y, τsα2)|y|−kdy

≥ c1

∫
{|y−x|<

√
τsα2}

(τsα2)−
N
2 |y|−kdy ≳ s−

N
2
α2

∫
{|y−x|<

√
τsα2}

|y|−kdy

≥ s−
N
2
α2

(
√
τsα2 +

√
sα̃

2

)−k ∫
{|y−x|<

√
τsα2}

dy ≳ s−
k
2
α̃.

Due to (3.1.4) and (3.1.7), we have

(Sα2(s)v0) (x) ≥
∫ 2

1
Φα2(τ) (S(τs

α2)v0) (x)dτ ≳
∫ 2

1
Φα2(τ)dτ · s−

k
2
α̃

and hence

Sα2(s)v0 ≳ s−
k
2
α̃χ

B

(
0,

√
sα̃

2

)(3.4.1)

for sufficiently small s > 0.

Let t > 0 be sufficiently small and let
t

3
≤ s ≤ t

2
, |x| <

√
sα1

2
and 1 < τ < 2. Then for

|y| <
√
sα̃

2
,

|x− y| <
√
sα1 ≤

√
(t− s)α1 <

√
τ(t− s)α1 .

Using Proposition 3.2.3, we obtain

G(x, y, τ(t− s)α1) ≳ τ−
N
2 (t− s)−

N
2
α1 ≳ s−

N
2
α1(3.4.2)
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for |y| <
√
sα̃

2
. It follows from (3.4.1) and (3.4.2) that

(S(τ(t− s)α1)f1(s, Sα2(s)v0)) (x) =

∫
Ω
G(x, y, τ(t− s)α1)|y|−ls−m1 ((Sα2(s)v0)(y))

p1 dy

≳ s−m1− k
2
p1α̃

∫{
|y|<

√
sα̃

2

}G(x, y, τ(t− s)α1)|y|−ldy

≳ s−
l
2
α̃−m1− k

2
p1α̃−N

2
α1

∫{
|y|<

√
sα̃

2

} dy

≳ s−
l
2
α̃−m1− k

2
p1α̃−N

2
α1+

N
2
α̃,

which yields

(Pα1(t− s)f1(s, Sα2(s)v0)) (x) ≥ α1(t− s)α1−1

∫ 2

1
τΦα1(τ) (S(τ(t− s)α1)f1(s, Sα2(s)v0)) (x)dτ

≳ (t− s)α1−1s−
l
2
α̃−m1− k

2
p1α̃−N

2
α1+

N
2
α̃

≳ (t− s)α1−1t−
l
2
α̃−m1− k

2
p1α̃−N

2
α1+

N
2
α̃.

Here we use s ≤ t

2
. By direct calculation we have

∫ t

0
(Pα1(t− s)f1(s, Sα2(s)v0)) (x)ds ≥

∫ t
2

t
3

(Pα1(t− s)f1(s, Sα2(s)v0)) (x)ds

≳ tα1− l
2
α̃−m1− k

2
p1α̃−N

2
α1+

N
2
α̃

and ∥∥∥∥∫ t

0
Pα1(t− s)f1(s, Sα2(s)v0)ds

∥∥∥∥r1
Lr1 (Ω)

≳
∫
{
|x|<

√
sα1
2

} tr1(α1− l
2
α̃−m1− k

2
p1α̃−N

2
α1+

N
2
α̃)dx

≳ t
N
2
α1+r1(α1− l

2
α̃−m1− k

2
p1α̃−N

2
α1+

N
2
α̃).

Taking the limit as l → N

q1
(if 1 ≤ q1 < ∞) and k → N

r2
, we deduce that

N

2
α1 + r1

(
α1 −

l

2
α̃−m1 −

k

2
p1α̃− N

2
α1 +

N

2
α̃

)
→

{
α1r1(1− P) when α̃ = α1,

α2r1(1−R) when α̃ = α2.

Thus we obtain
∥∥∥∫ t

0 Pα1(t− s)f1(s, Sα2(s)v0)ds
∥∥∥r1
Lr1 (Ω)

→ ∞ as t → 0. By Definition 3.1.1 (d)

we have v(t) ≥ Sα2(t)v0 in Ω× (0, T ), which yields∥∥∥∥∫ t

0
Pα1(t− s)f1(s, v(s))ds

∥∥∥∥
Lr1 (Ω)

≥
∥∥∥∥∫ t

0
Pα1(t− s)f1(s, Sα2(s)v0)ds

∥∥∥∥
Lr1 (Ω)

→ ∞ (t → 0).

This contradicts the property of Definition 3.1.1 (e).

We prove the case where max{Q1,Q2} > 1. Let 0 < l̃ <
N

q2
if 1 ≤ q2 < ∞, l̃ = 0 if q2 = ∞
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and 0 < k̃ <
N

r1
. Note that k̃ is chosen to be sufficiently large and the same is valid for l̃ when

1 ≤ q2 < ∞. Put

c1(x) := 1, c2(x) := |x|−l̃, u0(x) := |x|−k̃χB(0,ρ)(x) and v0(x) := 0.

Then (c1, c2, u0, v0) ∈ Lq1(Ω)× Lq2(Ω)× Lr1(Ω)× Lr2(Ω) holds.

The proof is also by contradiction. As in the case where max{P,R} > 1, we assume that

there exists a local in time nonnegative mild solution (u, v) in the sense of Definition 3.1.1. We

obtain in the same way as we deduce (3.4.1) that

Sα1(s)u0 ≳ s−
k̃
2
α1χ

B
(
0,

√
sα1
2

)(3.4.3)

for sufficiently small s > 0.

We prove the case where Q1 > 1. Let t > 0 be sufficiently small and let
t

3
≤ s ≤ t

2
,

|x| <
√
sα1

3
and 1 < τ < 2. It follows from Proposition 3.2.3 and (3.4.3) that

(S(τ(t− s)α2)f2(s, Sα1(s)u0)) (x) =

∫
Ω
G(x, y, τ(t− s)α2)|y|−l̃s−m2 ((Sα1(s)u0)(y))

p2 dy

≳ s−
N
2
α2

∫
{|y−x|<

√
τsα2}

|y|−l̃s−m2 ((Sα1(s)u0)(y))
p2 dy

≳ s−
N
2
α2− l̃

2
α1−m2− k̃

2
p2α1

∫
{|y−x|<

√
τsα2}

dy

≳ s−
l̃
2
α1−m2− k̃

2
p2α1 .

Note that we apply |y| ≤ |y − x| + |x| <
√
τsα2 +

√
sα1

3
≤

√
sα1

2
, since s is sufficiently small.

Then by s ≤ t

2
we have

(Pα2(t− s)f2(s, Sα1(s)u0)) (x) ≥ α2(t− s)α2−1

∫ 2

1
τΦα2(τ) (S(τ(t− s)α2)f1(s, Sα1(s)u0)) (x)dτ

≳ (t− s)α2−1s−
l̃
2
α1−m2− k̃

2
p2α1

≳ (t− s)α2−1t−
l̃
2
α1−m2− k̃

2
p2α1 .

By direct calculation we get∫ t

0
(Pα2(t− s)f2(s, Sα1(s)u0)) (x)ds ≥

∫ t
2

t
3

(Pα2(t− s)f2(s, Sα1(s)u0)) (x)ds ≳ tα2− l̃
2
α1−m2− k̃

2
p2α1

and ∥∥∥∥∫ t

0
Pα2(t− s)f2(s, Sα1(s)u0)ds

∥∥∥∥r2
Lr2 (Ω)

≳
∫
{
|x|<

√
sα1
3

} t
r2

(
α2− l̃

2
α1−m2− k̃

2
p2α1

)
dx

≳ t
N
2
α1+r2

(
α2− l̃

2
α1−m2− k̃

2
p2α1

)
.
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Taking the limit as l̃ → N

q2
(if 1 ≤ q2 < ∞) and k̃ → N

r1
, we deduce that

N

2
α1 + r2

(
α2 −

l̃

2
α1 −m2 −

k̃

2
p2α1

)
→ α2r2(1−Q1) < 0.

Thus we obtain
∥∥∥∫ t

0 Pα2(t− s)f2(s, Sα1(s)u0)ds
∥∥∥r2
Lr2 (Ω)

→ ∞ as t → 0. This contradicts the

property of Definition 3.1.1 (e) in a similar way to the case where max{P,R} > 1.

We prove the case where Q2 > 1. Let t > 0 be sufficiently small and let
t

3
≤ s ≤ t

2
,

|x| <
√
sα2

2
and 1 < τ < 2. Then for |y| <

√
sα2

2
,

|x− y| <
√
sα2 ≤

√
(t− s)α2 <

√
τ(t− s)α2 .

Due to Proposition 3.2.3, we have

G(x, y, τ(t− s)α2) ≳ τ−
N
2 (t− s)−

N
2
α2 ≳ s−

N
2
α2(3.4.4)

for |y| <
√
sα2

2
. Considering in the same way as in the case where max{P,R} > 1, we obtain

from (3.4.3) and (3.4.4) that

(S(τ(t− s)α2)f2(s, Sα1(s)u0)) (x) ≳ s−
l̃
2
α2−m2− k̃

2
p2α1 ,

which yields

(Pα2(t− s)f2(s, Sα1(s)u0)) (x) ≳ (t− s)α2−1t−
l̃
2
α2−m2− k̃

2
p2α1 .

Moreover, this leads to∥∥∥∥∫ t

0
Pα2(t− s)f2(s, Sα1(s)u0)ds

∥∥∥∥r2
Lr2 (Ω)

≳ t
N
2
α2+r2

(
α2− l̃

2
α2−m2− k̃

2
p2α1

)
.

Taking the limit as l̃ → N

q2
(if 1 ≤ q2 < ∞) and k̃ → N

r1
, we deduce that

N

2
α2 + r2

(
α2 −

l̃

2
α2 −m2 −

k̃

2
p2α1

)
→ α2r2(1−Q2) < 0.

Thus we obtain
∥∥∥∫ t

0 Pα2(t− s)f2(s, Sα1(s)u0)ds
∥∥∥r2
Lr2 (Ω)

→ ∞ as t → 0. This contradicts the

property of Definition 3.1.1 (e). Therefore, the proof is complete.
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3.5 Nonexistence result for scalar problems

In this section we apply our study to the nonexistence of a local in time solution of the scalar

problem 
∂α
t u = ∆u+ f(x, t, u) in Ω× (0, T ),

u(x, t) = 0 on ∂Ω× (0, T ),

u(x, 0) = u0(x) in Ω.

(3.5.1)

We obtain the following nonexistence theorem.

Theorem 3.5.1. Let N ≥ 1, 0 < α < 1, 0 < p < ∞, q1 ∈ [1,∞], q2 ∈
(
1

α
,∞
]
and 1 ≤ r < ∞.

Suppose that (3.1.11) holds with βA =
N

2
. Then there exist nonnegative functions c(x, t) ∈ Lq1,q2

and u0 ∈ Lr(Ω) such that, for every T > 0, the problem (3.5.1) with f(x, t, u) = c(x, t)·up admits

no local in time nonnegative mild solution u in the sense of Definition 3.1.1 (more precisely, in

the sense of [9, Definition 3.1.1]) on the interval [0, T ).

Since we can prove in the same way as in the proof of Theorem 3.1.3, we leave the proof to

readers. Note that we only solve the nonexistence conjecture in [9] when the nonlinear term f

is separable with respect to x, t and u.

Remark that if 1 ≤ r <
N

2
(p−1), then there exists a nonnegative initial function u0 ∈ Lr(Ω)

such that, the problem (3.5.1) with f(x, t, u) = up has no local in time nonnegative mild solution

on any time interval. Hence, our nonexistence result corresponds to [20]. In conclusion, for

scalar problems and systems with pure power nonlinear terms, the existence/nonexistence results

correspond to [20] and [15], respectively.

3.6 Discussion

In this chapter we consider a local in time solution of a time fractional weakly coupled reaction-

diffusion system in two components with possibly distinct fractional orders. In Theorems 3.1.2

and 3.1.3 we derive the integrability conditions on the initial state functions for the local in

time existence and nonexistence results. The parameters P, Q, Q1, Q2 and R describe the

balance between the factors: the growth rates (resp. the singularities) of the nonlinear terms

with respect to u or v (resp. x and t), the singularities of the initial data, and the fractional

exponents. For instance, the larger the growth rates p1 and p2 become, the larger these five

parameters become. Then Theorems 3.1.2 and 3.1.3 imply that the existence result is less likely

to hold, and that the nonexistence result is more likely to hold. The integrability is determined

by max{P,Q,R} and max{P,Q1,Q2,R} in the existence and nonexistence part, respectively.

When α1 = α2, the equalities P = R and Q = Q1 = Q2 hold. Therefore, as seen in Corol-

lary 3.1.4, we can explicitly determine the existence/nonexistence of a solution. The threshold in-

tegrability condition on initial data, which is a pair (r1, r2), is defined by max{P,Q} = 1. When

m1 > 0 and m2 > 0, the larger α1 and α2 become, the wider the space of initial data for the exis-

tence result becomes. On the other hand, when α1 < α2, the inequalities max{Q1,Q2} ≤ 1 < Q
and max{P,R} ≤ 1 can occur. In this case since Theorems 3.1.2 and 3.1.3 cannot be applied,

we cannot determine whether the problem (3.1.1) possesses a local in time solution or not. We

mention the following points:
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1. In Theorem 3.1.3 even if we assume Q > 1, we cannot obtain the nonexistence result, since

the inequality (3.4.3) does not hold with α1 replaced by α2 on the right hand side. If this

is true, we can evaluate (S(τ(t− s)α2)f2(s, Sα1(s)u0)) (x) in the same way as in the case

where max{P,R} > 1. Hence, we can get the nonexistence result even if Q > 1.

2. If we assume max{Q1,Q2} < 1 instead of Q < 1, then Proposition 3.3.1 does not hold.

In particular, the inequality max{Q1,Q2} < 1 does not lead to (3.3.6) and (3.3.9) with

(s, s̃) =

(
min

{
1, 1− N

2

(
1

q1
− 1

r1

)}
,max

{
1− N

2

(
1− 1

r2

)
,
m2

α2

})
. Thus we cannot

obtain the existence result under this assumption.

The author conjectures that the nonexistence result does not hold in the above case, since

the former point is a greater reason. In the existence result it seems that the solvability of

the problem (3.1.1) in the above case may hold by using a functional space different from the

Banach spaces introduced in the proof of Theorem 3.1.2.

Possible future problems ensuing from the current analysis are as follows:

1. What are the consequences of the problem (3.1.1) with a different boundary condition or

situation, e.g. the Neumann boundary condition, the boundary condition where u and v

are non-zero positive bounded functions, and the situation where the boundary is broken

into parts with a condition of a different type set on each?

2. What happens to a local in time solution of (3.1.1) as α → 1−? Given that (3.1.3) is

the limit of (3.1.1) as α → 1−, is it possible to show that the estimates obtained by this

chapter approach those known for (3.1.3)? If not, which is more conservative and why?

3. For the problem (3.1.1), what is the solvability when one equation has an integer in time

derivative and the other has a fractional in time derivative?
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