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Abstract

In this thesis, we investigate relationships between the subregular W-algebra for
sl, and the principal W-superalgebra for sly|,, in terms of their algebraic structure
and representation theory.

Firstly, we show that the Heisenberg cosets of these two (super)algebras are
isomorphic if the levels satisfy a certain“duality relation” and a “non-degenerate
condition”. This isomorphism for generic levels has been conjectured originally by
Feigin and Semikhatov [Nuclear Phys., 2004], where another construction of the

subregular W-algebra, which is denoted by Wg), was defined in terms of screening
operators.

Secondly, we enhance this duality: we prove a reconstruction type theorem,
which asserts that the Heisenberg coset of the tensor product of one of the above
'W-(super)algebras and a certain lattice vertex superalgebra is isomorphic to the
other W-(super)algebra. In the case n = 2, this reconstruction theorem states that
the N = 2 superconformal algebra is constructed from the affine vertex algebra
for sl and a certain lattice vertex superalgebra, and vice versa. This coincides
with the Kazama—Suzuki coset construction [Nuclear Phys. B, 1989] of the N = 2
superconformal algebra and its inverse construction due to Feigin, Semikhatov and
Tipunin [J. Math. Phys., 1998].

Thirdly, by using this reconstruction theorem, we describe the simple principal
W-superalgebras for sl;|,, at certain levels as simple current extensions of tensor
products of simple principal W-algebras and lattice vertex superalgebras, based on
the corresponding result for the subregular W-algebras obtained by Creutzig and
Linshaw [arXiv:2005.10234].

Finally, we use this extension description to show that the simple principal W-
superalgebra for sl;,, at those levels are rational and Cs-cofinite, and then to derive
the classification of their irreducible modules and determine their fusion rules. In
the case of n = 2, this coincides with the unitary minimal series representations of
the N = 2 superconformal algebra.
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1. INTRODUCTION

This thesis consists of three parts. In the first part (§2), we reconstruct the
screening operators for the W-algebras [G1] from the (dual of) generalized Bernstein-
Gel’fand-Gel’fand resolutions of finite dimensional simple Lie algebras, and discuss
their relationship with quantum groups. This part is based on [N1]. The second
part (§3-5) deals with the duality of the subregular W-algebra W¥(sl,,, fsu1,) for
sl, and the principal W-superalgebra We(sll‘n) for slyj,. This part is based on
[CGN]. The third part (§6-7) deals with the representation theory of W¥(sl,, fsup)
and W* (sly)n). This part is based on [CGNS]. In the below, we explain the detail.

1.1. Background. Let g be a basic classical simple Lie superalgebra, k a com-
plex number and f an even nilpotent element in g. Then one associates with the
universal affine vertex superalgebra V*(g) at level k the universal W-superalgebra
WE(g, ) via the quantum Hamiltonian redcution [KRW, FFr2]. Especially, the W-
superalgebras associated with a principal nilpotent element fpi, (which is unique
up to conjugations), are conventionally denoted by W¥(g). Affine vertex superal-
gebras and their W-superalgebras are most important families of vertex superal-
gebras due to their essential role in various aspects of representation theory, ge-
ometry, and physics. This traces back to constructions of knot invariants [W1],
extensions of the Virasoro symmetry in the 2 dimensional chiral conformal field
theories [FL1, FaZa, Za], and quantizations of the symmetries in soliton equations
[DS, FL2, FFr2, FFr7, GD]. Nowadays, their significance becomes larger, rang-
ing from the (quantum) geometric Langlands program [F2, FrGaits, AFO] and
invariants of low dimensional manifolds [CCFGH, FeGu] to invariants of 3 and 4
dimensional supersymmetric quantum field theories [AGT, BMR, CG, FrGaio, GR]
or symmetries of 6 dimensional conformal field theories [BRvR].

The celebrated Feigin—Frenkel duality [FFr4] of the principal W-algebras asso-
ciated with simple Lie algebras asserts that for all non-critical levels k£ one has an
isomorphism

Wr(g) =~ Wi(*g), (1.1)
where Fg is the Langlands dual Lie algebra of g and the dual level /£ is defined by
r(k+hV)+1RY) =1 (1.2)

with r the lacity of g and hY, (resp. “hY), the dual Coxeter numbers of g, (resp.
Lg). However, dualities for the general W-(super)algebras have been mysterious for
many years.

One of the differences between the principal W-algebras and the other types of
'W-(super)algebras is that the former do not have affine vertex subalgebras, but the
latter do. Based on the study of S-dualities among 4 dimensional N = 4 super
Yang—Mills theories, a remarkable conjecture was proposed by Gaiotto and Rapc¢ak
[GR], which asserts that the coset vertex algebras of W-superalgebras by the affine
verter subalgebras admit dualities. According to [GR], even if we consider the affine
coset of a W-algebra associated with a simple Lie algebra g, the affine coset on the
other side in the duality is not of a W-algebra associated with the Langlands dual of
g, but of a W-superalgebra associated with a certain Lie superalgebra. Therefore,
we obtain a conjectural relationship of W-algebras associated with Lie algebras and
those associated with Lie superalgebras.

Actually, the most fundamental example of these new dualities has been well-
known in both mathematics and physics literature: the duality between the Heisen-
berg cosets of V*(sly) and W(slyp5), (also known as the N = 2 superconformal
algebra, N = 2 SCA). In this case, the duality is an immediate consequence of the
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famous Kazama-Suzuki coset construction [KaSu] of the N =2 SCA. A generaliza-
tion of this particular duality has already been suggested by an impressive work of
Feigin and Semikhatov [F'S], which is the main objective of this thesis.

1.2. Feigin—Semikhatov Conjecture. In [FS], Feigin and Semikhatov introduced
a family of vertex algebras, called the ng )—algebra& which are proven to be iso-
morphic to the subregular W-algebras W¥(sl,,, fsun) [G1]. They constructed W
as subalgebras of the joint kernel of a set of screening operators acting on some
Heisenberg vertex algebras. These screening operators are associated not to the set
of simple positive roots of sl,,, but to the set of simple positive roots of sl;,. Note
that in contrast to the case of simple Lie algebras, the Borel subalgebras of sly,
are not unique up to conjugations, and neither are the sets of simple positive roots.
In [FS], the authors constructed a set of screening operators for each set of simple
positive roots.

Recall that by the Wakimoto realization [FFrl, Wakl], the affine vertex algebra
V¥(g) is also embedded into a Heisenberg vertex algebra whose image for a generic
level coincides with the joint kernel of certain screening operators. By [FFr7],
these screening operators can be seen as generators of the quantum group U, (ny)
where ny. C g is the nilpotent Lie subalgebra in the positive part. In this sense,
Uy(ny) and V¥*(g) form a commuting pair in the Heisenberg vertex algebra where
the screening operators act. This relation holds for the general W-algebras and
their screening operators, which was first observed by Feigin and Frenkel [FFr7] for
the principal W-algebras, see Remark 2.8 for the general W-algebras. Therefore,
the construction of Wg) implies a hidden connection between Wk(s[n, fsup) and
an affine vertex superalgebra V* (slin) at a certan level £ or its W-superalgebras.
They suggested an isomorphism between the Heisenberg cosets of W*(sl,,, fsup) and
W¥(sly),) whose levels (k, ) are related in a similar way as (1.2), see [FS, eqn 1.6].

To show that the Wg)—algebras constructed from different screening operators
are all isomorphic, the authors related the Heiseberg cosets of W£,2) to the same
coset vertex algebra of V' (sly),) at another level £’ by the affine vertex subalgebra

%3 (gl,). Many impressive operator product computations then suggest that the

Heisenberg cosets of the Wg)—algebras associated with different screening operators
are actually isomorphic to the latter coset algebras.

Conjecture. (Feigin and Semikhatov [F'S]) Let wp,, (resp. 7w, ), be the Heisenberg
subalgebra of W (sl,,, fsun), (resp. WF2 (slijn)). Then we have the following.

(1) For generic levels (ki, k2) € C? satisfying (k1 +n)(ka +n—1) =1,
Com (7TH1 , Wh1 (5[m fsub)) ~ Com (7TH2 , Wh2 (5[1|n)) )
(2) For generic levels (ki1,k2) € C? satisfying klﬁ + ]@,ﬁ =1,
Com ('/TH1 ) Wk (5[117 fsub)) ~ Com (Vka (g[n), Vs (5[1|n)) .

Several special cases have already proven in the literature by using explicit OPE
formulas. When n = 2, W*1 (sly, fou,) = VF1(sl) and W*2(sly)5) is the N = 2 su-
perconformal algebra. Then Conjecture (1) is essentially the well-known Kazama—
Suzuki coset construction of the N = 2 superconformal algebra [KaSu] and Conjec-
ture (2) follows from a some relation between V¥(sly5) and L1((2,1; —(k + 1)),
[BFST, CG]. When n = 3, Conjecture (2) is proven in [ACL1, Theorem 6.2].
This approach might not be applied in the higher rank cases since it is difficult to
determine explicit OPE formulas in general.

In this thesis, we prove Conjecture (1) in general by the same way as the Feigin—
Frenkel duality (1.1) was proved [FFr4]. We embed the Heisenberg cosets into
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certain Heisenberg vertex algebras and characterize them at generic levels as joint
kernels of screening operators acting on the Heisenberg vertex algebras. This is
based on the description of the W-superalgebras as joint kernel of certain screening
operator, which has been developed by Genra in terms of cohomological method
[G1]-[G2]. In §2, the screening operators for the W-algebras associated with g are
reconstructed in terms of the differentials of the (dual of) generalized Bernstein
-Gel’fand-Gel’fand resolution of the trivial representation C of g, which clarifies
their meaning.

This presentation of the Heisenberg cosets reduces the proof to a much simpler
problem, that is, identifying the Heisenberg vertex algebras and screening oper-
ators. The isomorphisms thus obtained at generic levels extend naturally to all
levels except for some “critical levels” when the Heisenberg subalgebras of the
‘W-superalgebras degenerate. In application to the representation theory of the
W-superalgebras W¥(g, f), the isomorphism in Conjecture (1) for their simple quo-
tients, which we denote by Wg(g, f) will be important. Motivated by this, we prove
the commutativity of taking coset and taking simple quotient (Corollary 5.6), which
gives the isomorphism between their simple quotients as well. To summarize, we
prove the following:

Theorem A. (Theorem 4.6 (i), Corollary 5.7 (i), [CGN]) For (ki,k2) € C* satis-
fying

<m,@>¢<n,11+1%(n+

we have isomorphisms of vertex algebras
(1) Com (ma,, WF (sl foub)) =~ Com (s, W*2(sly),,)),

n  (n—1)2
n—1 n

>,(h+nﬂb+nDL

(2) Com (7TH1 s Wk1 (s[n, fsub)) ~ Com (7TH2, Wk2 (5[1|n)) .

We note that Theorem A is proven independently by Creutzig and Linshaw
[CL4] where a large part of the conjecture of Gaiotto and Rapcdk [GR] is proven.
Their proof relies on an analysis of strong generators of the affine cosets of the
‘W-superalgebras (of type A). This enables them to describe these coset algebras as
quotients of the universal two-parameter W,-algebra W(e, A] constructed by Lin-
shaw [Lin], and to obtain isomorphisms between them. Their approach is powerful
in the regular cases. In this case, they also identified the coset algebra in Theorem
A (2) with a certain principal W-algebra, which will be used in this thesis.

1.3. Relation to Y, ,, ., and W,, ., ..-algebras. In [GR], the family of vertex
algebras, called the vertex algebras at the corner or the Y;., ., ,,-algebras (r1,72,73) €
Z%o are introduced and conjectured to enjoy a triality

leﬂ"Zu"’S = YT’Q,Tg,Tl =~ }/T377‘1,T2'

The Feigin—Semikhatov conjecture is equivalent to the case (r1,r2,73) = (1,n,0)
since Yj .1 = Com (7TH17Wk1 (s, fsub)), Y1 0,n = Com (7r1L12,V\7’€2 (5[1|n)), and Y, 1,0
= Com (Vk3 (gl,), Vs (5[1|n)), respectively. Therefore, Theorem A is equivalent to
the isomorphism Y ,, 1 =~ Y7 o,n. The proof in this thesis relates the Yj ,, 1-algebra
to the W, ,, r,-algebra introduced in [BEM] with (r1,72,73) = (0,n,1), since the
latter algebra is defined as the joint kernel of the same screening operators that
we use for the Yg,, 1-algebra. Therefore, as a byproduct, we have proved an iso-
morphism Wy, ;, r, =~ Yy, oy for (r1,72,73) = (0,n,1), which is conjectured by
Prochézka and Rapcak [PR] in general. We expect that we can prove by the same
argument more general cases Wo r, r, > Y( 5, r,, which are the coset vertex algebra
of certain W-algebra by the affine vertex subalgebra. This will be interesting since
3



the W, r,.r,-algebra is shown to act on the equivariant cohomology of the moduli
spaces of spiked instantons of Nekrasov [RSYZ], which generalizes a result of Schiff-
mann and Vasserot [SV] for the case W,, 9, which is isomorphic to the principal
‘W-algebra for gl,,.

1.4. Kazama—Suzuki cosets. The Kazama-Suzuki coset construction [KaSu],
appeared in the 1980’s as building blocks of sigma models in string theory. Mathe-
matically, it gives a family of vertex superalgeras which have the N = 2 superaonfor-
mal algebra (N = 2 SCA) as vertex subalgebras. This construction is very beneficial
since it avoids the difficulty of extending by hand the Virasoro symmetry (which
arbitrary vertex operator superalgebras possess) to the N = 2 SCA symmetry. The
idea lies in the same line as the celebrated Goddard—Kent—Olive construction of
the unitary minimal series representations of the Virasoro or N = 1 super-Virasoro
algebra [GKO1, GKO2].

For simplicity, let us consider the type A case. Then the idea of Kazama and
Suzuki is to use the tensor product of V*(sl, ) and n pairs of free fermions G,,.
Since the latter algebra carries an action of Li(gl,,), V¥T1(gl,) acts diagonally on
the tensor product, whose coset vertex superalgebra automatically has odd fields in
conformal weight % weakly generating the N = 2 SCA. The coset is conjecturally
isomorphic to the principal W-superalgebras of sl 1,,. The case n = 1 is the
relation between the N = 2 SCA and V*(sl,). We note that this relation has been
first used in [DVPYZ] to construct explicitly the unitary minimal representations
of the N =2 SCA, which is followed later by Adamovié¢ [Adl] in the mathematics
literature. However, in [Adl, DVPYZ], the authors only used an embedding of the
N = 2 SCA into the coset and the honest isomorphism (surjectivity) seems to be
established quite recently [CL3]. See [GL] for the case n = 2 and [ACL2, Corollary
14.1] for the regularity of the type A cases in general.

The idea of Kazama and Suzuki is expected to be efficient in general to con-
struct regular vertex operator superalgebras. The regularity is equivalent to the
C5-cofiniteness of the superalgebra, which ensures the finiteness of the number of
the inequivalent simple modules, and the rationality, i.e., the semisimplicity of the
module category [ABD]. Let AF be a vertex operator algebra (VOA) equipped
with a V*(g)-action where g is a reductive Lie algebra. Then take a tensor product
A* ® G, of A* and several pairs of free fermions G, generated by the natural rep-
resentation of g so that A* ® G, has a diagonal V*+1(g)-action. The coset vertex
superalgebra Com(V**1(g), A* ® G.) by the diagonal action is our new variant of
Kazama—Suzuki coset, see [Sa2| for a recent work. We expect that the regularity is
preserved under this construction.

In this thesis, we treat the case dimg = 1, when V*(g) is nothing but a rank
one Heisenberg vertex algebra. A remarkable observation was made by Feigin,
Semikhatov, and Tipunin [FST]: the coset construction of the N = 2 SCA from
the V*(sly) can be reversed, i.e., V¥(sly) can be also obtained from the N = 2 SCA
by a coset construction. These two constructions serve as a dictionary between the
representation theories of the N = 2 SCA and V¥(sly). This was used efficiently by
Adamovié¢ to determine the fusion rules of the unitary minimal series representation
of the N = 2 SCA, and furthermore, to classify the irreducible modules of the
N = 2 SCA out of unitary minimal series [Ad2]. See [Sal, KoSa, CLRW] for
recent developments in this direction and also [CR1, CR3, AP] for a similar relation
between the 3v-system and V¥ (g[m). By using lattice vertex superalgebras V7 and
V=1, our second main theorem can be stated as the following Kazama-Suzuki
type coset theorem and its Feigin—Semikhatov—Tipunin type inverse:
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Theorem B. (Theorem 4.6 (ii), (iii), Corollary 5.7 (ii), (iii), [CGN]) For (ki1,k2) €
C? satisfying (k1 +n)(ke+n—1) = 1, we have isomorphisms of vertex superalgebras

(1) WE(shyj,) = Com (77, WH (sl foub) @ V2),
(2) Wk (sl,,, foup) =~ Com (WHQ,W’% (5[1‘n) & VZ\/jl>,
(3) Wi, (slyj) ~ Com (wﬁl,wkl (5hn, foub) @ VZ),

(4) Wi (sl foun) = Com (7, Wi, (shja) @ Vo= ),

where Tt (it=1,2), is a certain Heisenberg vertex subalgebra.

This result enables us to determine the levels k& € C when the W-superalgebra
Wi (5[1|n) is regular. Moreover, we classify the irreducible modules and derive their
fusion rules explicitly at these levels.

L.5. Regularity of Wy (sl,, fsun) and Wy(sly,). Despite of its importance, the
representation theory of the W-superalgebras has not yet been understood very
much in contrast to that of the affine vertex algebras V*(g) or its simple quotient
Li(g) [Kac2, DFMS]. The difference is that the W-superalgebras are defined as
cohomologies and the defining operator product expansions among the strong gen-
erators are not known explicitly, and even worse, are non-linear in general. The
non-linearity implies that the W-superalgebras are not induced from some infinite
dimensional Lie superalgebras, which makes it difficult even to determine the irre-
ducible ordinary (i.e., highest weight) representations. On the other hand, when
the W-superalgebras are induced from some infinite dimensional Lie superalgebras,
the representation theory has been developed. The prominent example is the case
of the Virasoro vertex algebra, that is, W¥(sl,), known as the Feigin-Fuchs theory
[FFu, IK2].

The case of the principal W-algebras W¥(g), which are non-linear, has been
studied intensively by Arakawa and the Cs-cofiniteness and rationality of the simple
quotient Wy(g) at non-degenerate admissible levels are established in [Ar6] and
[Ar5], respectively. Beyond the principal cases, the Ca-cofininteness is established
for exceptional W-algebras including Wy (sl,,, fsup) [Ar6] and the rationality in those
levels has been proven under a certain assumption [AvE1], see also [Ar4, CL2] for
earlier results and [Kaw, AM] for non-exceptional cases.

In contrast to this, the regularity of the principal W-superalgebras and W-
superalgebras in general is an open problem except for the rationality of Wy(g)
with g = 0spy)y, sly2 [Adl, Ad3]. We note that they are actually induced by in-
finite dimensional Lie superalgebras called the N = 1 and N = 2 super-Virasoro
algebras, respectively.

Our third result is the regularity of the simple W-superalgebra Wy (sly),,) at
certain levels. By Theorem B (3), this follows from the corresponding result of the
simple subregular W-algebra Wy (sl,, fsup) [AVE2, CL4]. In [CL4], Creutzig and
Linshaw proved that the coset algebra of W?}};) (slp) := W7n+% (sly, fsub), (r > 3)
by 7p, is isomorphic to the principal W-algebra W, 1)(sl.) := W_H_%(s[r),
generalizing the level-rank duality for the parafermion algebra [ALY] for the case

n = 2 and [ACLI1] for the case n = 3. Moreover, they proved that the coset
Com(W, 1) (sl,), W?;}? (sl,,)) is isomorphic to a lattice vertex algebra V77 and

Wy (sla) = €D Luo(ne) @ Ve iz, 3
1€Ly
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as Wy, 1)(sl:) @V, 77 z-modules, see §7.2-7.3 for details. The modules of Wy, 1(sl)
and V7, appearing in this decomposition are very special, called simple currents
(see §1.7 below) and the regularity of the subalgebra W, 1)(sl.) ® V, 577 is equiv-
alent to that of W?‘Tl)b (sl,). By using Theorem B (4), we can derive a parallel
statement for the principal W-superalgebra W, (sl ) := W_(n_l)Jr%(s[”n).

Theorem C. (Theorem 7.4, [CGNS]) For r > 3 and n > 2, there exists an iso-
morphism of vertex superalgebras

Com (W(n,l)(5[r)7 W(.,«) (5[1‘71)) ~V /7(n+r)rZ‘
In this case, we have

Wi (slijn) ~ EZB Lyw(nw;) ® V. Gt e (1.4)
1€Ly

as W, 1)(slr) ® sz-modules. In particular, W,y(sly|,) is a simple current
extension of W, 1)(sl,) ® sz and thus is regular.

We note that the conformal vector of W(,)(sl;,) used for the regularity in Theorem
C is not the standard one in [KRW], but taken so that (1.4) gives a conformal

embedding of W, 1(sl,) ® V\/mz‘

1.6. Simple Currents. Let V be a simple (self-dual) regular VOA. The theory
of the tensor product on the category V-mod of (ordinary) V-modules has been
developed by Huang and Lepowsky in a series of works [HL1]-[HL3] and subsequent
works of Huang [H2]-[H7]. In particular, V-mod has a natural structure of modular
tensor category. In this thesis, we call the tensor product of V-modules M and N
the fusion product of M and N and write M XN in order to distinguish it from ®c.
A V-module is called a simple current if the irreducibility of an arbitrary V-module
is preserved under the fusion product with M. A simple current extension (SCE)
of V' is a VOA extension of V of the form

e=Eps, (1.5)

geqG

where {S;}Ge, is a set of simple current V-modules parametrized by a finite abelian
group G in the sense that the unit e € G corresponds to S, = V and S, XS}, ~ Syp.
Such extensions provide a realistic way of constructing new VOAs from known
ones [Ca, DLM1, DM2, La, Lil, Y], especially holomorphic VOAs [LS] or irrational
Cy-cofinite VOAs [CKL]. A notable example is the moonshine VOA V# (whose
automorphism group is the Monster group M) [H1, FLM]. Simple current exten-
sions can be used to show the regularity of the W-superalgebras, for example, the
'W-algebras related to Deligne exceptional series [Kaw], the subregular W-algebras
for sl,, [ACL1, CL4] and the principal W-superalgebras in Theorem C in this thesis.

By [HKL, CKL, CKM1, KO], given a VOA V, VOA extensions or more gener-
ally vertex operator superalgebra (VOsA) extensions are essentially commutative
superalgebra objects in the category V-mod which admits a structure of braid ten-
sor category by [HLZ1]-[HLZ8|. As in Theorem B, we naturally encounter with
VOsA extensions of VOsAs. Unfortunately, to the best of our knowledge, there is
no reference in this setting, and even for the category V-mod of a vertex operator
superalgebra V. In the super setting, the category V-mod is no longer a braided
tensor category, but is a C-linear braided monoidal supercategory whose underlying
category V-mod (whose morphisms are even) is abelian, see §6.1 for details. This
is due to the fact that parity-inhomogeneous morphisms usually do not admit ker-
nel or cokernel objects. Therefore, we begin with proving some basics like Schur’s
lemma (Lemma B.2) in this abstract super settng. (In the literature, it is proven
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for finite dimensional simple C-superalgebras [CW].) This implies that the center
of a simple vertex superalgebra is trivial (Lemma 5.1), which is also well-known for
a vertex algebra [LLi].

Then we study in Appendix B, simple currents in a C-linear braided monoidal
supercategory € whose underlying category C is abelian. In this generality, simple
currents are invertible objects with respect to the tensor product. Each simple cur-
rent generates an abelian group by the tensor product, (more precisely a groupoid),
and gives rise to some filtration and decomposition of € by tensor product and
monodromy. This point of view is efficiently used to analyze the (super)category
Rep(€) of (super)module objects for a simple current extension €. For example,
see Proposition B.19 for the equivalence of the semisimplicity of € and Rep(€) and
Corollary B.20 and B.21 for the classification of simple objects in Rep(&) and the
description of the Grothendieck ring K(Rep(€)) of Rep(€&), respectively. We note
that these results are already obtained within the theory of simple regular VOAs.
The above equivalence of the semisimplicity of two categories is due to Carnahan
and Miyamoto [CaMi]. The objects in Rep(€) are called twisted modules and sim-
ple objects in Rep(€) are constructed by Yamauchi [Y]. The description of the
Grothendieck ring X(Rep(€)) in general is due to Creutzig, Kanade and McRae
[CKM1].

1.7. Fusion Rules of Simple Current Extensions by Lattice Theory. Let
be a simple Cs-cofinite %Z—graded vertex superalgebra of CF'T type and &£ a simple
current extension of V. Then the representation theory of € is controlled by that
of V. We can not expect the converse in general. However, if we replace V with
a tensor product V ® Vi where Vy, is the lattice vertex superalgebra associated
with a positive-definite integral lattice L, then we may recover the representation
theory of € from that of V. More precisely, take a sublattice N of the dual lattice
L' ={a€e Q®zL | (a,L) C Z} containing L. This defines a group of simple
currents {Vo1r}aenyz in Vo-mod. Take a group of simple currents {Sa}aen/r of
V-modules satisfying S, XSy >~ S,1p. Let € be a simple Cs-cofinite vertex operator
superalgebra of CFT type of the form

&= EB Sy ®@Vair.
aeEN/L

Then the set of simple €-modules Irr(€) and the fusion ring K(&) are determined
as follows:

Theorem D. (Theorem 6.3, [CGNS])
(1) The set of simple &-modules is in one-to-one correspondence
(&) ~ {(M,a) € x(V) x (L'/L) | pnrdv,,, = 1}/(N/L)
by (M,a) — F(M @ Varr) = ERyvgy, (M @ Vayr). In particular,
[ Irr(V)[[N'/L|
|Trr(€)] = W
and
Pic(€) ~ {(M,a) € Pic(V) x (L'/L) | dmov, ., = 1}/(N/L).
(2) Suppose that the fusion products X on V-mod and Rep(€) are exact. Then

we have an isomorphism of rings
N/L
K(E)~ | XK(V) Q ZIL'/L] (1.6)
ZIN/L]
7



where the tensor product over Z[N/L] is given by [M X S,] ® b = [M] ®
(—a+0b) forae N/L

Conversely, we may recover the fusion data of V-mod in terms of £-mod as follows:

Theorem E. (Theorem 6.5, [CGNS])

(1) The set of simple V-modules Irr(V') is in one-to-one correspondence to
{(M,a) € Trr(€) x (L'/L) | My, , MR v,., =id, (Vb€ N'/L)}/(N'/L)
by (M,a) — N so that F(N @ V) ~ M Ke Vo1 holds. In particular,

_ [T (€)[[N/ L]

and the group Pic(V) is naturally isomorphic to
{(M,a) € Pic(€) x (L'/L) | My, MR; V.., = id, (Vb€ N'/L)}/(N'/L)

(2) Suppose that the fusion products X on V-mod and Rep(€) are exact. Then
we have an isomorphism of rings
N'/L

KV)~ [x(E) Q) zL'/L] (1.7)
ZIN'/L)
where the tensor product over Z[N'/L] is given by [M Ne Voip] ® b =
[M]® (a+b) forae N'/L.

These theorems are established by Yamada and Yamauchi [YY] in the regular, non-
super cases and also essentially by Creutzig, Kanade, and McRae [CKM]1] in the
regular, super cases. But the description of the fusion rings in (2) of this form seems
new. (We note that the duality between K(V') and K(€) is also discussed in [YY].)
The exactness of the fusion product follows not only from the semisimplicity of the
the module category, but also the rigidity, i.e., the property that every module has
a left and right dual. By [CMY], if V is self-dual and every irreducible V-module
is rigid, then V-mod is rigid. In this case, Rep(€) and &-mod are also rigid, and
thus the assumption of (2) in Theorem D and E is satisfied.

The later theorem can be applied to the parafermion vertex algebra Ky (g), which
is the coset vertex algebra of the simple affine VOA L (g) by a Heisenberg vertex al-
gbera (or a certain lattice vertex algebra Vr,) and Ly (g) is a simple current extension
of Ki(g) ® VL. Then we recover the fusion rules of K(g), see [ADJR, DR, DW].

We note that the description of the whole fusion rings in Theorem D and E in

this form are very useful to comparing fusion rings of other VOsAs. We will see its
efficiency in the next subsection.
1.8. Fusion rules of W?;};D (sl,) and W, (sly},,). By [Ar2], the set of (inequivalent)
simple W, 1)(sl.)-modules is in one-to-one correspondence with that of L. (sl,),
that is, Irr(L,(\)) = {Ln(X) | A € PP(r)}. Here PP (r) is the set of dominant
integral weights of sl, at level n. Let Lw(A) denote the simple W, 1)(sl.)-module
corresponding to A € P} (r). Then by [AvEL, Cr, FKW], it satisfies the same fusion
rules as that of L, (sl,) i.e.,

Lw(\)RLw(p) ~ @ NY,(shn)Lw(v),
VEP_':_‘(T)
where the coefficient Ny u(g["v") is given by
L, (A) KLy (p) =~ @ NY (8l n)Lin (v).
VEP}:(T)
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Now, we can apply Theorem D to the SCEs in (1.3) and (1.4), respectively, and
obtain the classification of irreducible modules and the fusion rings:

Theorem F. (Theorem 7.2, Theorem 7.5, [CGNS]) Let r > 3 and n > 2.

(1) There exists a one-to-one correspondence
Lr (Wi (s1)) = {(\ @) € PL(r) x Zur | 7pjq(N) =a € Z,} | 2,

where Z, acts on PY(1r) X Ly, by m- (X, a) = (6™ (X),a +mn), (m € Z,).
The W?;};?(s[ )-module Lgyp(A, a) corresponding to (A, a) decomposes into

sub )\ a @ LW Va+n1+\/mz (18)
€Ly

as a Win1)(sl) ® Vo g-module and satisfies the fusion rules

Lab(A,0) B Las(1,0) =~ @) NY,(shn)Laws(v, a + b).

uer:(T)
The fusion ring is isomorphic to
z.
KW (s,)) ~ ) Q) Z[Zn,]
Z|Z,)

(2) There exists a one-to-one correspondence

Irr(W(r)(g[l\n)) = {()‘70') € P_ﬁ(?“) X Z(n+r)r | 7"-P/Q(/\) =ac ZT‘} /ZT"

where L, acts on PP(r) X Ly ir)r by m-(X,a) = (6™(N), a+m(n+r)), (m €
Zy). The Wy (sly},)-module Lgy(\, a) corresponding to (X, a) decomposes

mto
sp )\ a Q; LW ® VaJr(Eln:Tr))z +\/(n+7r)’rZ (19)
1€

as a W 1y (sl;) @ sz—module and satisfies the fusion rules

Lspo\a a) X LSP(,ua b) = @ N)l\/,u (g[T,TL)LSp(Va a—+ b)
I/EP_C“(’I‘)

The fusion ring is isomorphic to
Ly

:K(W(T’)(sllln)) = K(Ln(ﬁlr))®Z[Z(n+r)r]

See §7 for details. In the literature, the classification of the irreducible N = 2
SCA-modules and their fusion rules are already determined in [Ad2] and [Ad3],
respectively. The classification of the irreducible W?ﬁ)b (sly)-modules for r > 0 with
n even is established in [AvE2] based on Zhu’s theory [Zh] and their fusion rules
are determined for n even via the Verlinde formula [H5]. In [AvE2], the fusion ring
is determined to be
KW (1)) = K (L (s1n)),
which is a priori different from Theorem F (1). It turns out that the compatibility
of these two expressions can be explained by the level-rank duality between affine
9



vertex algebras [Fr, OS]. Namely, we have
Lo,

K(Lm(sl)) 2 | K(Ln(sln)) ) Z{Znm] . (n,m>2), (1.10)
Z{Zom)

see Proposition 7.1. We note that the isomorphism (1.10) restricted to certain
subalgebras K%(L,,(sl,,)) ~ K°(Ly(sly,)) where “0” means the grading mp/g = 0
part is established in [Fr, OS]. But the results in [Fr, OS] together with Theorem
D improve their results to (1.10). Then Theorem F (1) implies

Corollary G. (Corollary 7.3, [CGNS]) For r > 3, there exists an isomorphism
KW (s1n)) ~ K(Ly(s1n))-

Now, we can use this isomorphism to obtain a similar description for the principal
'W-superalgebras by Theorem B (4) and Theorem F (2):

Corollary H. (Theorem 7.7, [CGNS]) For r > 3, there exists an isomorphism
L,

KWy (shn)) =~ [ K(Lr(s10) @) Z[Zngnin) | - (1.11)
Z[Zn]

This formula gives a correct formulation of Wakimoto’s observation in his unpub-
lished manuscript [Wak2] that the fusion rules of the N = 2 SCA may somehow
resemble that of the affine algebra sly twisted by certain cyclic groups.

Interestingly, the fusion rings KX(Wy (g, f)) for rational and Cy-cofinite W-algebras
Wi (g, f) are often described by the fusion rings K(L,(g)) of the affine vertex alge-
bra of the same g at nother levels £. This is the case for the principal W-algebras
[Cr] and the subregular W-algebras ([AvE2], Corollary G).

We expect that the right hand side in the isomorphism (1.11) is also related
to some fusion ring of L,(sly),) at some level. (Note that the even part of sly,
is exactly sl, @ C, which is compatible of the right-hand side of (1.11).) But it is
known that the representation theory of L, (sly,,) at positive integer level r € Zx is
very different from the non-super cases. See [ERF, GS, KW1] for the classification
of suitable irreducible modules of L, (sly,) and [GK], [KW3]-[KW5] for character
formulas. We hope to come back to this point in our future work.

1.9. Future perspective. There are several problems left for future study.

First of all, normalized g-characters of irreducible W, (sly),,)-modules should be
interesting. In the case of n = 2, it is written in terms of theta functions [KW4, Mat]
and we expect it to hold in general. Beyond the levels considered in this thesis, the
classification of the (ordinary) irreducible Wy(sl;|,,)-modules and their g-characters
when k is a principal admissible number for sl;},, will be very interesting. The case
n = 2, the classification is established in [Ad2] and there are uncountably many
inequivalent irreducible modules. Moreover, their g-characters are described by the
Appel-Lerch sums, which are special kind of mock modular forms [Sa2]. Therefore,
the usual Verlinde formula does not apply, but a variant of it is expected to hold,
see [AC, Sa2]. It is interesting to consider its relation to the modular completion
of the g-characters [KW5]. It is natural to explore the higher rank cases, which
will be difficult in general at this moment. We may study the case n = 3 via the
Kazama—Suzuki coset construction Theorem B since the subregular W-algebra in
this case is minimal, which has very special properties [Arl] and whose relaxed
highest weight modules are classified very recently [AKR, FKR].

A certain interesting non-regular case can be found in the context of 4d-2d
correspondence which is under intensive investigation in the last decade. For the

10



subregular W-algebra Wy (sl,—1, fsub), this is the case when k=2 —p —p~!. The
subregular W-algebra at this level, also known as the B(®)-algebra [CRW] turns out
to be the chiral algebra for the Argyres-Douglas theory of type (A1, Azp—3) [ACGY]
and the representation theory has been studied [ACKR]. One can use these results
to also study the representation theory of Ws_p (;,—1y-1(sl,_1)1), which will be a
good example of the representation theory of non Cs-cofinite simple vertex operator
superalgebras.

Secondly, we would like to point out that the representation theory of the W-
(super)algebras beyond the principal cases has a new feature from the beginning.
In contrast to the representation theory of well-studied vertex operator algebras
like the affine vertex algebras, the Virasoro vertex algebra, and their conformal
extensions including lattice vertex algebras, it does not have a natural choice of
conformal structure but a family of conformal structures parametrized by good
gradings. It leads us to study the effect of the choice of conformal structures
on the representation theory of VOAs. The classification of conformal vectors
for Z-graded simple self-dual VOA of (strong) CFT type is established in [Mo],
see also [MN] for an earlier result. The choice of conformal structures changes
the category of ordinary modules and the braided tensor category structure on it
in the sense of Huang—Lepowsky. We expect that in the Cs-cofinite setting, for
conformal structures whose difference are derivations of Cartan subalgebra, the
braided tensor categories are equivalent. We expect this to happen for simple Cs-
cofinite W-algebras. In this case, the most natural choice of good gradings should
be the Dynking grading, which makes the W-algebra self-dual, a necessary property
of the rigidity of the module category.

Thirdly, the dualities among the W-superlagebras conjectured by Gaiotto-Rapcak
[GR] give a clue to understand the representation theory of the W-superalgebras,
which is widely open. As is exemplified in this work, the duality itself is not
sufficient for this purpose, but reconstruction theorems like Kazama—Suzuki coset
construction play a significant role. Since the Kazama—Suzuki coset construction
works only for Heisenberg cosets, we would like to establish a reconstruction theo-
rem for vertex superalgebras V; (i = 1,2) whose coset by affine vertex subalgebras
are isomorphic. For the W-superalgebras, we expect that the (quantum) geometric
Langlands kernel algebras [CG] or some variants play a role of “adhesive material”.
More precisely, the kernel algebra is a vertex (super)algebra, which is a conformal
extension of the affine vertex algebras used in the coset and the relative semi-infinite
cohomology of the diagonal action on the tensor product of V; and the kernel al-
gebra gives the other algebra V5, and vise versa. We have checked this construction
for the pair (W*(sl,, foub), W¥(sly|,)) studied in this thesis ([CGNS]). This con-
struction will give a certain equivalence of full subcategories of Vi-modules and
Va-modules even beyond the rational cases. This equivalence will give us a large
enough class of modules to have resolutions of objects by universal objects, like
Verma modules. See [KoSa] for the case of the N = 2 SCA. These universal objects
are never modules of simple quotients of V;, we would like to derive dualities for
the universal W-superlagebras. For this purpose, the screening kernel description
of the W-superalgebras, including affine vertex superalgebras (at generic levels) will
play an important role since some universal objects called generalized Wakimoto
representations [G2] are constructed similarly, see §2. The case of basic classi-
cal affine vertex superalgebras is already achieved and in preparation by a joint
work of the author and Genra, see [IK1, R, IMP1, IMP2]| for earlier results. Such
a description is obtained as a direct generalization of the work [FFr8] and inter-
estingly, the classical limit (to a Poisson vertex superalgebra) gives a realization
of an affine Poisson vertex superalgebra as a coordinate ring of an open cell of a

11



thick affine (super)Grassmanian, see also [FFr7, FFr8, BZF, N3]. This implies a
possible geometric realization of the W-superalgebras associated with thick affine
(super)Grassmanians.

Fourthly, the screening realization of the W-superalgebras does fail at some levels
in the sense that the screening kernels get larger than the W-superalgebras them-
selves. It already happens for the Virasoro vertex algebra and gives a construction
of the singlet algebras [Ad4], which is known as a building block of the famous
triplet W-algebra [TW], see also [Su]. The singlet algebra has several important
features. It is a simple, non Cs-cofinite vertex algebra which admits a natural
module category equipped with a rigid braided tensor category structure in the
sense of Huang—Lepowsky [CMY]. Moreover, it has a class of modules whose ¢-
characters are expressed by false theta functions. This gives a clue for the study
of the relationship of a certain modularity of g-characters (more precisely, confor-
mal blocks) and the fusion rules beyond the case of the regular VOAs [Zh, H5|, see
[CrMi] and references therein. Surprisingly, Z-linear combinations of the false theta
functions used in the g-characters appear in the so-called homological blocks in the
study of invariants of plumbed 3 manifolds, which are refinements of the Witten—
Reshetikhin—-Turaev invariants [CCFGH]. We expect that we may associate at
least with Brieskorn spheres certain modules of order 4 conformal extensions of the
singlet algebras whose reduced characters coincides with homological blocks.

Finally, returning to the context of the trialities of Gaiotto—Rapé¢ak, another
related direction worth further investigation is to show these type of trialities for
the corresponding Zhu’s algebras and associated varieties. Since these algebras and
varieties are well-known for the universal W-superalgebras (finite W-superalgeras
and Slodowy slices, respectively), the problems reduce to the relationship of taking
coset vertex algebras by affine vertex subalgebras and taking Zhu’s algebras (or
associated varieties). We expect that these two procedures commute under a suit-
able assumption. A nice corollary of this expectation is that Cs-cofiniteness will
be inherited under taking Heisenberg cosets. To the best of our knowledge, it is
established when the Heisenberg vertex algebra extends to a lattice vertex algebra
(for example, when the vertex algebra is strongly rational and self-contragradient
[Mas]) and thus the cyclic orbifold theory may apply [Mi2].

1.10. Outline. In §2, we review realizations of the affine vertex algebras and W-
superalgebras at generic levels as joint kernels of screening operators and then in
the non-super case, we show that these constructions are induced by the generalized
BGG resolutions of relevant finite dimensional simple Lie algebras, and thus prove
their compatibility. In §3, we derive a free field realization of the subregular W-
algebras and the principal W-superalgebras with a screening kernel description at
generic levels from the result in §2 and a free field realization of the affine vertex
superalgebra V”(g[l‘l) developed in Appendix A. In §4, we relate the screening
operators of the principal W-superalgebra with those of the subregular W-algebra
by the Feigin-Frenkel duality for the Virasoro vertex algebra and prove Theorem
A and B at generic levels and then at all levels except for some prohibited levels
by an argument of continuity. In §5, we prove the commutativity of taking simple
quotient and taking Heisenberg cosets, and as an application,show the assertions
in Theorem A and B for the simple quotients. Based on a detailed analysis of
basic properties of simple currents in a C-linear braided monoidal supercategories
in Appendix B, we show Theorem D and E in §6. Thereafter, by using a result of
Creutzig and Linshaw, we prove Theorem C, E and F and then Corollary G and H
in the last section.
12



2. SCREENING OPERATORS FOR W-SUPERALGEBRAS

Following [Kac3|, throughout this paper, given a vertex superalgebra V, |0)
denotes the vacuum vector, 9 the translation operator, Y (a, z) = > -1
is the field corresponding to an element a € V.

—n
nez 4(n)#

2.1. W-superalgebras. We review the definition of the (affine) W-algebras, fol-
lowing [KRW]. Let g = g% @ g' be a finite dimensional basic classical simple Lie
superalgebra over C with a non-degenerate even supersymmetric invariant bilinear
form (-|-). f € g° a nilpotent element, and a good grading of g for f

I:g= @ 95, (2.1)
JESTL
ie., a1 —Z-grading such that [g;,9;] C gi+j, (i,5 € 3Z), f € g—1 and ad f: g; —

gj—1 is injective (resp. surjective) for j > 3, (resp. j < %). Then there exists

2
a semisimple element h € g such that the grading I' of g is the eigenspace de-
composition of ad(3h). By Jacobson-Morozov Theorem, we may extend {h, f}
to an sly-triple (e, h, f) in g°. Choose a Cartan subalgebra b containing h so
that h C go. Let A be the set of roots, A, the set of positive roots such that
@aeA+ go C >0, where g, is the root space of o € A. Let I be the set of simple
roots, A; = {a € A| gy C g} and I; = INA;, (j € 3Z). Set AJ = AgNAL.
Then
A= |]a;, Ar=a7u]]a;, I=LUI,ul,
jeiz J>0

see [EK]. Denote by degra = j if o € A;. Fix a basis {e; }ier of b, a root vector
eq € g, (0 € A) so that {eq }acrua forms a (parity homogeneous) basis of g. We also
set ho = [eq,e_q] for & € A. We denote by & the parity of eq, ¢, 3 the structure
constants [eq, es] = 30 a €l g6y extended to [u,v] =37 ] ey, (u,v € g), and
normalize (-|-) so that (A|#) = 2 for the highest root 6 of g°. Let x: g — C be
a linear map defined by x(u) = (f|u) for u € g. Denote by ny = @aeAi go and
by =Hhdny.

Let V¥(g) be the universal affine vertex superalgebra associated with g at level
k € C which is generated by the fields u(z), ( u € g), satisfying the OPEs

eyl o 1) | KCulo)

z—w (z —w)?’
Fen(g>0) the charged fermion vertex superalgebra associated with g, which is
generated by the fields ¢, (2), ©*(2), (v € Asg) of parity reversed to e,, satisfying
the OPEs

(u,v € g),

Pa(2)9” () ~ %, Pa(2)pp(w) ~ 0~ o*(2)0" (w), (a,B € Asp).

By setting the degree deg.,(pa(2)) = —1 and deg., (p*(2)) = 1, (o € Asg), we
obtain a degree decomposition Fuy(g>0) = €P,,cy Fifh, where F.p = {A € Fen(g>0) |
deg  (A) = n}. Let ®(g 1) be the neutral free superfermion vertex superalgebra
associated with g1 which is generated by the fields ®4(2), (o € A1) satisfying the
OPEs
x([ea, es])
Pa(2)Pp(w) ~ o —w (o, € Ay).
The following is proven straightforwardly:

action of the loop algera Lgso := g=0((t)) on ®(g
13

Lemma 2.1. The map fo: ea(2) = daea, ,,Pa(2) + x(€a), (@ € Aso), defines an
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Given a gsol[t]]-integrable g~o((¢))-module M, the semi-infinite cohomology of
Lg~o with coeflicients in M is defined by
HF**(Lgso; M) := H* (M ® Fan(g>0), dst)
where dg = [ds(2)dz with

()= Y (D ea(@e(2) g 3 (DY) ()

aEAsg a,B,7€ASq
see [Fei]. Then the Drinfeld-Sokolov reduction cohomology functor associated with
f is defined by
H} (M) := HZ**(Lgso; M @ ®(g1))
for a V*(g)-module M where Lg~( acts on M ® @(g%) diagonally. In particular,
WE(g, f;T) = H;(Vk(g)) is naturally a vertex superalgebra and called the W-

superalgebra W* (g, f;T) associated with (g, f,T') at level k. Equivalently, W*(g, f;T")
is the vertex superalgebra defined as the cohomology the d.g. vertex superalgebra,
called the BRST complex associated with (g, f,T') at level k:

Cr(g, f3T) == V*(g) ® B(g1) ® Fun(g>0) = P V*(8) @ 0(g
neL
with differential d = [ d(z) dz, where d(z) = dst(2) + dne(2) + dy(2) and
dne(2) = Z 1 p%(2)@al2) 1 dy(2) = Z x(ea)p®(2).

a€Ay /s aEA

By [KW2], Wk (g, f;T') = H(Cp(g, f;T'),d) and when g = g, the vertex algebra
structure on W¥(g, f;T') does not depend on T, which determines only the conformal
structure [BG, AKM]. For an arbitrary V*(g)-module M, H?} (M) is naturally a

WE(g, f,T')-module. This defines a C-linear functor between the module categories

H}(?): V¥(g)-mod — W¥(g, f;T") -mod .

) © F,

1
2

2.2. Miura maps and Screening operators. The calculation of the cohomology
H*(Ck(g, f;T),d) in [KW2] via a certain spectral sequence implies an embedding
WE(g, f;T) — V™ (g<o) ®®(gy) where the level 7 of the affine vertex superalgebra
V7™ (g<o) is given by
1 1

Tk (ulv) = k(ulv) + §ﬁg(u|v) ~ 5k (ulv), wu,v € go. (2.2)
By composing it with the natural projection V7 (g<g) — V™ (go), we obtain a
vertex superalgebra homomorphism

pi: WH(g, f3T) = V7™ (g0) @ @(g3), (2.3)

called the Miura map, which is injective by [Ar7, DKV, N2]. Following [F1, G1],
we describe the image of (2.3) at generic levels k € C as the joint kernel of certain
screening operators. By [KW2], the complex Ci(g, f;T') is quasi-isomorphic to a
subcomplex C’,j generated as a vertex subalgebra by the fields

T =uz) + Y cipieal@)e’(x)n (uE g<o),
a,BEAS

9% (2), (€ Asg), Pp(2), (B€AL).
Note that the fields J()(z), (u € g<o) generate an affine vertex superalgebra
V7 (g<o) and the fields ®3(2), (8 € A1), generate (g1 ). Thus C =V™(g<o) ®
®(g1) ® Fen4 where Fony C Fen(gso0) denotes the subalgebra generated by the

fields (), (o € Asg). Note that the complex C}f = @,50C;" has non-negative
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cohomological degrees and thus the zero-th cohomology W¥(g, f;T) ~ H O(Clj ,d)
is a vertex subalgebra of C,;". Define a weight decomposition C;" = EBnGZC/jn by
setting

wt(JW) = —2deg(u), wt(®y) =0, wt(p®) = 2deg(c) (2.4)
and wt(ab) = wt(a) + wt(b), wt(da) = wt(a) for a,b € C;f. Then the differential d
has the following weights:
wt(dst) =0, wt(dne) =1, wt(dy) =2.
Thus d preserves the decreasing filtration {F},C} = ijan]:: ;Inez and a convergent

associated spectral sequence {E®,d,}22, = grpH*(C},d) is obtained. For a €
Iog, set [o] = {B € A | B—a € ZAy} and define an irreducible go-module Cl®! by

cled = @ Cuvg, uw-vg= ch,uvv, (u € go), (2.5)
BE[a] 2
and an induced module M, of the affine Lie algebra go -, at level 7y
Ma = U(g();rk) ®U(go[t]EB(CK) (C[a] (26)

Then E} contains

EY ~V™(g0) @ B(g1), El~ P M ®d(g1)

a€lsg

1
2
as VT (go) ® @(g%)—modules. For generic k € C, the Miura map ul appears as the
inclusion W¥(g, f;T') < E¥ and moreover, a linear map d = dpe + d,, induces a
differential [d]: EY — FE{, which gives screening operators for W*(g, f;T'). More
precisely, introduce an element V, € M, ® ®(g.) by

1
3
Vo = Z v3 ® fo(ep) (2.7)
Bela]
Then the structure morphism of module Y'(?, 2): (V™ (go)®®(91))®(Ma®@®(g1)) —

(Mo @ ®(g1))((2)) induces an intertwining operator
Y (Vi 2): V™ (g0) ® B(g3) = (Mo @ B(5))(2))

for each V, by the skew-symmetry e.g. [X, Theorem 3.4.10] and thus a linear map
Sl .= /Y(Va,z)dz: V7T (go) ® O(g ). (2.8)

For generic k € C, we have [d] = @aer.,Sh and the injective homomorphism (2.3)
is extended to a short exact sequence

) — M, ® P(g

N

1
2

0 WH(g, £5T) 25 V7 (go) @ B(gy) 2255 @D Ma @ d(gy).  (29)

aclso

1
2
and in particular an isomorphism of vertex superalgebras at generic k € C

We(g, fiT) = () Ker (Sh: V™ (a0) @ @(gy) - Ma @ ®(gy)) . (210)

aclsg

2.3. Generalized Wakimoto representations for V*(g). In the case when g is
purely even, we introduce the generalized Wakimoto resolution Dl‘:‘f ’.k for an affine
W-algebra WF(g, f;T') obtained in [N1]. For this purpose, we first review gener-
alized Wakimoto representations of an affine vertex algebra V*(g) at generic level
ke C.
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Let g be a finite dimensional simple Lie algebra with a good grading (2.1) and G
a connected algebraic group with Lie algebra Lie(G) = g. By the correspondence of
Lie subalgebra of g and closed subgroups of G, there exist unique closed subgroups
N,, H, N_, B_ corresponding to the Lie subalgebras ny, h, b_ = P n_, respec-
tively. Since n_ C b_ is an ideal, we have the decomposition B_ = N_.H and thus
the principal H-bundle 7: P := N_\G — B_\G. Note that P is G-equivariant
with respect to the natural right G-action. The infinitesimal g-action on the open
subset Ny C B_\G gives rise to an algebra homomorphism

pn: U(g) — Dy, @ U(h).

Remark 2.2. We remark that in the literature pg, is derived from the right coset
construction G/N_ — G/B_, cf., [ACL2, F2, G2]. In this approach, the naive
homomorphism payn is anti-algebra homomorphism since left group actions induce
right representations of groups on the coordinate rings, and a certain automorphism
of U(g) is used implicitly to obtain an algebra homomorphism. Therefore, it is more
natural to use the left coset constructions, which induce algebra homomorphisms
directly. Thus, our notation for left/right is switched from those in the literature.

Here Dy, is the algebra of differential operators and U(h) is regarded as the
left H-invariant differential operators on the fiber 7=1(e) = H. The map pg, is
injective by [F2, §7.1.1]. We may describe pg,, more explicitly as follows. Since N,
is unipotent, the exponential map exp: ny ~ Ny gives an isomorphism of affine
varieties. By taking the coordinates {zq}aca, of ny with respect to the basis
{eataea,, we have C[N,] ~ C[ny] = Clzq|a € AL]. Then pgy, satisfies

pﬁnea = ZPﬁ 8,37

BeA,
pin(e—a Z QB 8B+Io< as (2_11)
BeAy
Phn a Z ﬂ xﬁaﬁ+haa
BeAy

for certain polynomials P2 Q% € C[Ny], (o € Ay), [F2, §5.2.5]. The map pgn
admits the following vertex algebra analogue. Let Aa, denote the 3v-system gen-
erated by the fields an(2), a%(2), (o € Ay), satisfying the OPEs

«

a2 () ~ 22 (2)ap(w) ~ 0~ 0 (2)ah(w)

and 7Ft"" the Heisenberg vertex algebra generated by the fields u(z), (u € b),
satisfying the OPEs
k+hY
@iy~ EEEA (e

Lemma 2.3 ([FFrl, Fl]). There exists an unique injective vertex algebra homo-
morphism pj: VF(g) = Aa, ® 7Tk+h such that

prlea(z)) = Y Pl(a")(2)as(2) -

BEAL
pr(e—al(2)) = Y :Qa(a")(2)ap(2) i + : ha(2)al(2) : +((eal fa)k + ca)ad(2),
BEA,
pr(ha(2)) == D Blha) : aj(2)ag(2) : +ha(2)
BeAy

for some constant ¢, € C, (a € II).
16



The realization pj, is called the Wakimoto realization of V*(g). Let wg}ghv,

B8 € b*), denote the Fock module of Rt generated by a vector |3) satisfying
b
Uy |B) = OnoB(u)|a), (ueh,n>0).

Then the Ax, ® 7r’,§+hv—modu1e WE(B) == Aa, ® ngﬁhv admits a V*(g)-module
structure through pg. It is called the Wakimoto module of highest weight 3 at level
k € C. For generic k € C, the injective homomorphism py, is extended to an exact
sequence

0— VF(g) 25 w(0) B2 Pt (—a) (2.12)
acl
where
Qo= [ V() ~ah o)z (@e ). (2.13)
Here we have used a vertex superalgebra homomorphism
priVOi(ny) = Aa,, eal(2) = Z : PPL(a*)(2)as(2) : (2.14)
BeA,

induced from the left N, -action on the open dense subset N, C B_\G
N+XN+_>N+7 (gah)'_)g_lhv
which gives rise to an algebra homomorphism U(ny) — Dy, .
The above construction is generalized to an arbitrary parabolic subalgebra of
g. In particular, we consider the case g>o C g with respect to the good grading
(2.1). In this case, let G> 0, Gy, G<o, G<o denote the closed subgroups of G

corresponding to g-o, 90, 9<0, g<o, respectively. Then we consider the principal
Go-bundle 7 : Pr = G<o\G — G<o\G, which induces an algebra homomorphism

pen,r: U(9) = Do, @ Ulgo)-

Following [G2], we embed Gs¢ — N by the decomposition Ny = Ny .G where
Nyio C G is the closed subgroup with Lie(Ny o) = ny o := go N ny and consider
the isomorphism ny = ny o ® gso = Nio.Gso = Ny, ((a,b) — exp(a)exp(b)).
Then in the above notation, we have C[N; o] ~ C[ny o] = Clza|a € AY], C[Gso] =~
Clg>o] = Clza|a € Asg), and C[N4] ~ C[N4 o] ® C[G>o]. Moreover, the formulas
(2.11) and thus Lemma 2.3 does not change under this modification. By [F1], pgn,r
satisfies

panr(ea) = > PP (2)05, (o€ Asy),
BEAo

Pin,r(u) = — Z Ca g0 +u, (U € go).
B,7€AS0
The projection 7 factors through

Go\G — N_\G

G<o\G=— B_\G

(2.15)

in a right G-equivariant way and the the projection B_\G — G<o\G is a principal
B_\G<o(~ B_ z\Gp)-bundle. Here B_, = B_ NGy is a Borel subgroup of Gy.

17



Then it follows that pg, factors through

U(g) —=

Pfin,T

Déo @ Ulgo) -

Pfin,0

Dy, ®U(h)

Here pgno: U(go) = Dn,, @ U(h) C Dy, ® U(h) is an algebra homomorphism
defined in the same way as pan, with g replaced by go. The map pan r admits the
following vertex algebra analogue.

Lemma 2.4 ([F1]). There exists an unique injective vertex algebra homomorphism
prr: VE(g) = Aa., ® V™ (go) such that the composition

P00 per: VE() = Aay, @ VT (go) = Aa, ® 7Tk+h

coincides with p, where pr, o0: V7 (go) — AAQ ®7Tb 1" s the Wakimoto realization
of V7 (go). Moreover, pr satisfies

pk T ea Z Plg * )GB(Z) 5 (Oé € A>0)a
BEASo
(2.16)
prr(u(z) =— > giag(2)aa(z)  +u(z), (u€ go)-
a,BEA>o

The realization py. r is called a generalized Wakimoto realization of V*(g). Let
Por ={Beb*| (Blay) € Z>o (Vi € I)}. For B € Py, let Lo(B) denote the
simple go-module with highest weight 8 and V{*(8) the Weyl module of gy at level
Tk

Ver(B) =U(go,r)  ®  Lo(B),
U(go[t]®CK)

where go[t] acts on Lo(8) through the projection go[t] - go and K by k. Then
Vi (B) is a V7 (go)-module and thus WE(B3) := Aa_, ® Vi*(8) admits a V*(g)-
module structure through gy r. It is called the generalized Wakimoto representation
of V¥(g) with highest weight 3 at level k € C.

2.4. Resolutions for V*(g). Here we extend the injective homomorphisms j; and
prr to exact sequences, which give resolutions of V*(g) by generalized Wakimoto
representations at generic level k € C. Let W (resp. Wy) denote the Weyl group of
g (resp. go), ¢(w) the length of w € W, w, the longest element in W, A — w o A,
(XA € b*), the dot action of w € W. We denote by M()\) (resp. My(\)) the Verma
module of g (resp. go) with highest weight A € h* and by L(X) (resp. Lo())) be the
simple quotient of M (\) (resp. My(A)). The generalized Verma module Mr(\) of
g with highest weight A € h* for the parabolic subalgebra g>¢ is defined by

Mr(A) = U(g) ®u(gs,) Lo(A),

where g>¢ acts on Lo(A) through the projection g>¢ — go. Then we have canonical
projections M(A) - Mp(A) = L(A) of g-modules and thus canonical embeddings
of their dual g-modules L(A)Y < Mp(\)Y < M(A)Y. By [Ku, Theorem 9.2.18], we
have the (horizontally exact) commutative diagram

0 = C —Cf —CY — - —Cyy— —Cyy— 0
[ I ] (2.17)
0 —C —Cryp—Cy— - — K@(w/)H 0,
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where

CY= P Mw o0, = P Mr(w ' 00),
weW weW]
fw)=i £(w)=i

Wi={we W |VYue Wy, L(wu) > l(w)},

with w) € Wy denotes the longest element. Here the first row is the dual of the
BGG resolution of the trivial g-module C and the second row is the dual of the
parabolic BGG resolution of C associated with a Levi subalgebra gy embedded into
the first row by canonical embeddings.

Next, we apply Fiebig’s equivalence [Fie] to (2.17) in order to deduce the corre-
sponding resolution for V*(g) at generic level & € C. For generic k € C, the affine
vertex algebra V*(g) admits a conformal vector

L(z) =Y Lyz "2 = m > tea(2)e(2)

neEL ia€lUA

by Sugawara construction where {e®}, C g is the dual basis of {es}o by (-]-).
Let 6k denote the full subcategory of the category of V*(g)-modules consisting of
objects satisfying the following properties: (1) h and Lo acts on M semisimply,
(2) dimU(ny)m < oo for all m € M where ny = ny @ g[t]t. For M € Ok,
let M = ®accMa be the Lg-grading decomposition and M'P C M be the g-
submodule defined by the direct sum of M, such that M, ,, = 0 for all n € Z .
By Fiebig’s equivalence [Fie], the functor

(7)'P :0 — Ogn, M > M'P,

gives an equivalence of categories of Gk and the BGG category Og, of g-modules
(see e.g. [Hum]) and the inverse is give by the induction functor

Imd®* (?): Ogn — Op, N U@E)  © N,
U(glt]eCK)

where g[t] & CK acts on N through g[t] ® CK — g @ CK and K acts by k € C.
For M € O, let M = EB/\eh*M)‘ be the h-weight decomposition, Mg = ManN
M?* and MY = @D a Homp (M, F) be the contragredient dual of M. Since
((Ind" (N))¥)tP = NV, we have (Ind*(N))¥ =~ Indd" (NV) for N € Ogy. Let
MF(\) = Ind3* (M())) be the Verma module of § with highest weight A € h* at
level k € C, and ME(A) = Ind®* (Mp())). Then M*(\),ME(A) € Oy, and their
contragradient duals are generalized Wakimoto representations
MEO)Y = WEOV), (A eb?), MO = WEN), (A€ Prg).  (218)

by [ACL2, Proposition 3.3] and [G2, Lemma A.2] respectively, see also [FFr3]. Note
that under (2.18), the canonical embedding M ()Y < M (\)Y induces a canonical
embedding

Preon: WEN) = WFE(N), (2.19)

which generalizes the Wakimoto realization pr, o,: Aa., ® V™ (go) — Aa, ® 71'§Jrv
corresponding to the case A = 0. W apply IndﬁF to (2.17) and obtain a horizontally
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exact commutative diagram

0 Hvk(g);D(})ﬁ ﬂ’le - %Déf(wg)% HD?(wO)H 0
[ Jooo ] ] (2.20)

dr,o

0 Hvk(g)iDF,OHDI&,IH HDI&,E(U)(’))H 0,

where

Df = @ WHwo0), Df;= P Wi (w'o0),
weW wGWO'
b(w)=i o(w)=i

and in particular, D§ = W*(0) and Df ; = W(0). Then by Fiebig’s equivalence,
dim Homg (V*(g), D) = dim Homg,, (C, Cy) = 1.

It follows that € = pr and er = pi.r by looking at the images of the vacuum vec-
tor [0). Similarly, we have dy = @,c; Qa, see (2.13). We note that the higher
differentials d;: D¥ — Dfﬂ with ¢ > 1 are unique up to scalar by Fiebig’s equiva-
lence and [Ku, Lemma 9.2.16] and thus the exact sequence in the first row in (2.20)
coincides with the one considered in [FFr8] up to scalar for the choices of higher
differentials. Next, consider the column arrows ¢;: D{iz — DF, (i > 0). Again by
Fiebig’s equivalence,
dimg (WEA), WF(N)) = dimo,,, (Mp(\)Y,M(A)¥) =1, A€ Py,

Thus, we have 1o = pr, 0, t1 = @ ,er Pri,0,—a and

li = @ CwPry,,0,0-1005 (i >2),

weWw]
L(w)=1

for some invertibles ¢,, € C. Finally, consider the second row. We already know
er = pr.r- Since dr is the restriction of dy = @aec1Qa to WE(0) through ¢o, we
have the decomposition dr o = @qc 1>0QE so that the diagram

WH(0) — WH(—a)

Jbo jn (2.21)

k Q. k
Wr (0) — Wr (—a)

commutes for a € Isg. Since W*(X)'P = Claj|8 € A ] ® C|)) and Wf(N)'P =
Claj|B € Aso] ® Lo()), the top component (7)'P of (2.21) is of the shape

top

Claplp € Ayl ——Clajlf € Ay & C| - a)

Jm qrien jn

Clag|B8 € Aso] —— Claj|B € Aso] @ Lo(—a)

and by (2.13),

QP = Y mult(v3)day, Vs =P(a")| - a). (2.22)
BeAL
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For a € I and 8 € [a], it follows from a} € WEN)©P that 15 = QP (ay) €
WE(—a)tP. Note that Lo(—a) is isomorphism to Cl®) in (2.5) by

N : Lo(—a) ~ Clol = @ Cug, |—a)— v,. (2.23)
pela]

Lemma 2.5. For 3 € [a], we have Ug € Lo(—a) and, moreover, 1,(T3) = vg.

Proof. The first assertion is immediate from the weight consideration. For the
second assertion, note that the (—3)-weight space of Cl*l is Homg(gg, C) and thus
1 dimensional. Since I,(7g), vg are of weight —2, it follows that I, (7g) = ca 53
for some element ¢, 3 € C. We have ¢y, = 1 since I,(7) = In(] — @) = va.
Since Q, is a residue of an V*(g)-intertwining operator, it follows that Q,, is a go-
homomorphism. Thus [u, Q!°P] = 0 for u € go. By (2.16), go acts on (C[ag\,é’ € Asq]
by
U — Z cgma;&lz, (u € go)
P,q€EA >0
Hence it follows from [u, Q'°P] = 0 that

Z u(ﬁﬁ)aag = — Z Ug [u,@ag} = — Z cﬁﬂﬂﬁ&q,

BEA>o BEA>O BYEA>0
and thus u(vg) = 3>° ca_ €j, Uy Therefore, by the simplicity of Lo(—a), cap =
Ca,o = 1. This completes the proof. O

Thus, by using a vertex superalgebra homomorphism f)§>0: VO(gso) = Aa-,

defined in the same way as (2.14), we have a decomposition QL = QLW+ qQh®
where

QL = 3 [ Y (9 en)on,2) das WE > Wi(-a),
pelel (2.24)
QL = Z Y (aptg, 2) dz: WE — W (—a).
BEAS0\[0]
In summary, (2.20) is of the shape

P oQa

0 —Vkg — D} — Df — ... %Df(wg) >

[ jp j@” j (2.25)
Prr p ®QL

0 4"”(9) %DF,OJDI&J - "Dl&,e(wg)

— 0.

2.5. Resolutions for W-algebras. We apply H})(?) to (2.25).

Proposition 2.6.

(i) ([FFr5, ACL2, G2]) There exists an isomorphism H}) (Wk(0)) ~ AA(T ®7r§+h ®
(IJ(g%) of vertex superalgebras. For \ € h*, we have an isomorphism

HP(WE(N)) 2 b 0Aps @ 7E " @ D(gy)

N|=

as Aps @ ﬂ-’;Jrhv ® (I)(g%)-modules.

(ii) There exists an isomorphism H}(WF(0)) ~ V™ (go) @ ®(g
gebras. For A € Py o, we have an isomorphism

HF(WEN) = 6,,0V5 (A) ® (g

)-modules.

%) of vertex superal-

)

1
2
as VT (go) ® @(g%
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Proof. The proof of (i) in [ACL2, Lemma 3.1, Lemma 5.2] can also be applied for
(ii), but we include the proof of (ii) for the completeness of the paper. Recall that
the complex for H;(Wlﬁ“(O)) is €= Aa., ® V™ (go) ® ®(g1) ® Fen(g>0). Since
the Lg-o-action on V7 (gg) is trivial, H;(W{f (0)) ~ H}(Aa.,) @ V™ (go) as vertex
superalgebras. Since Aa_, is a semi-regular bimodule of Lg~o by the actions pF,
ﬁ§> , [V1, V2], we have a vertex superalgebra isomorphism
U: Aas, ® @(g%) = AnL, ® @(g%)

such that

Vo (pr(u(2) ® 1+ 1® fa(u(2)) = pi(u(2)) o ¥,

Vo (g, (u(2) ®1) = (pg., (u(2)) @1+ 1@ fo(u(2))) 0 ¥,
where fy denotes the action in Lemma 2.1 by [ACL2, Proposition 4.5]. Extending
¥ to C by identity on V™ (gg) ® Fen(g>0), we obtain

H}(WE(0)) ﬁH%”(Wﬁ(O) ® ®(g1))

(2.26)

= H%+n(‘AA>o) ® VT (90) ® (I)(g%) = 5n,OVTk (90) by (I)(g%)
as vertex superalgebras since H 2 ™" (Aa_,) ~ &,,0C by [Fei]. For the second asser-
tion, note that we may take an isomorphism V7™ (go) @ ®(g1) ~ H} (W) as
V(o) @ Bgy) ~  HY(WE)
Wel o [uz) ] 2.27)
19Wa(z) = [@a(2) = Lpea, , Xllens cal)as(2)]

by the proof of [G2, Proposition 4.5]. Since the Lg-g-action on V{*(\) is trivial,
we have

[W): HP(WEN) = Hf(Aa,) ® ViF(N) = D(g3) @ V5 () (2.28)
as V™ (go)-modules where V™ (go) acts only on Vi*(A). Now, the assertion is
obvious by (2.27). O

By Proposition 2.6, we obtain from (2.29) a horizontally exact commutative
diagram

0 —Wh(g, f;T) Lh Rl L pp
pre, o[Qy
0 — W(g, ;1) 2t phlpawk — Dy — 0,
(2.29)
where
W,k v W,k Tk (™
DYk — @ .AA0+®7T§+}L ®®(g1), Dyt = @ VI (w 100)®®(9%).

weW weWy
L(w)=1 L(w)=1

By construction, the resolution DIV of Wk (g, f;T) in the first row coincides with
the Wakimoto resolution [G2, §4.3]. We call the resolution DIYY .’k in the second raw
the generalized Wakimoto resolution of W¥(g, f,T'). Note that the isomorphism
(2.23) induces an isomorphism

Mot Vo' (—a) ® ©(g1) ~ Mo ® ©(g1), (o € L),

as V7 (go) ® (g1 )-modules, see (2.6).
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Theorem 2.7. Under the isomorphisms M, (o € Isg), the exact sequence

~ T
O—>Wk(g,f, r) [Pr.r] Dg\fdk ®[Q,] D;“Afl,k
coincides with (2.9).

The rest of this subsection is devoted to prove the theorem. Since Dll/\f ék =
V7 (go) ® ®(g1) and @i D;Afl’k ~ DPoer., Ma ® ®(gy), it suffices to show (i)

3
[pr.r] = i and (ii) [QL] = S for a € I under 7,.
Proof of (ii). Here, we show [QL] = SL, (o € I.(). By weight consideration, we
have [QF] = [Q2'™ + QL] = [QLY]. By (2.25) and (2.26), we have under the
isomorphism (2.28)

> bk (ea)vs| = | D (B (es) + falep)vs| = | D falep)vs| . (2.30)
Belal pelal Bela]
We note that in the second equality p%_ (es) goes to zero by HZ10(Ax_,) ~ C

due to weight consideration. Now, we obtain the equality [px,r] = p since Qg’(l) is

the residue of the intertwining operator associated with the left-hand side in (2.30)
and u}; is the one associated with the right-hand side. O

To show (i), recall from §2.2 that the BRST complex Ci(g, f;T') is quasi-isomorphic
to the subcomplex C;7 = V™ (g<o) ® P(g1) ® F} C Ck(g, f;T). Thus the map
[ﬁﬁr}: WE(g, f;T) — V7 (90)®® (g} ) is identical to the restriction [ﬁﬁr]: HO(CF,d)
— Ho(élj, d) where élj =An., ®V7™(go) ® 2(g1) ® Fen(g>0)- Recall that pk s
constructed via a spectral sequence associated with a filtration of F.C’,ir induced
by weights (2.4). To relate [pyp] to py, we introduce a weight decomposition
é,j = EBnEzCN’,in by setting

wt(po) = —2deg(a), wt(a)) = 2deg(a) = —wt(aq)

and (2.4). Then the map pir: C}F — CN’,;" preserves the weights and the differential
d preserves the decreasing filtration {Ian’,;Ir = @D;>n O;:—,j}nez as is the caseNOf
C;F. Note that the spectral sequence {E7}5%, associated with the filtration F.C;f
collapses at r = 1 since

Ep = HE ™ (LgsoiAn., @ V*(90) @ D(g3)) = 6,0V ™ (80) © B(gy)-

1 1

2 2

Proof of (ii). The map pgr: C; — C}¥ induces a map [py,r]1: EY — EY, which is
[pr,r]i: V™ (go) © ®(g1) = V7™ (g0) © (g1).

By (2.9) and the collapsing of the spectral sequences, it suffices to show [p r]; = id.

By definition, pr,r on ®(gy1) is the identity, so is [pr,r]1 on ®(g1). By (2.16), we

have

erli(fu(2)]) = fulz) = D st ah(x)aa(2) s = pa(2)¢”(2) 2)

a,BEASo

=] = | Y ciplap(x)aa(z): —: pal2)e”(2) )

a,BEASo

for u € go. By weight consideration, the second term is equal to 0 by H = +° (Aa,)
= C. Thus [pg,r]1 =id on V7 (go). This completes the proof. O
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Remark 2.8. Recall that the first differentials in the first row in (2.17) are as-
sociated with the simple root vectors {e;}icr. By [Kos], {e;}icr is interpreted ge-
ometrically as the infinitesimal action of the nilpotent Lie subalgerba ny on the
space of functions Cy ~ C[Ny]. Similarly, Feigin and Frenkel interpreted that
the screening operators {Qa, }ier in (2.25) are generators of the quantum group

Ug(ny) with ¢ = eﬁ, which is deformation of the enveloping algebra U(ny)
[FFr6, FFr7, FFr8]. In this sense, V¥(g) and Uy(ny) form a commuting pair in
the free field algebra Df = Aa, ® 7T§+v. After the Drinfeld-Sokolov reduction, this
implies that W (g, f;T') and U,(n.) form a commuting pair in the free field algebra
ng’k = AA& ®7T§+v ® @(g%). In the same way, recalling that the first differentials
in the second row in (2.17) are associated with the simple root vectors {e;}icr.,,
we find that W*(g, f;T) and U,(g=0) form a commuting pair in the vertex algebra
DY =V (g0) ® (g, ).

3. FREE FIELD REALIZATION OF W* (s[4 1, foub) AND W¥(sly 11, forin)

Here we derive a free field realization of the subregular W-algebra W¥(sl,, 41, fsub)
and the principal W-superalgebra W* (801 jn+1, fprin)-

3.1. Subregular W-algebras. We describe the isomorphism (2.10) more explicitly
in the case g = sl,, ;1 with a subregular nilpotent element fy,,. By using the natural
representation sl, ;1 < End(C"*!) and the elementary matrices e; ; € End(C"*1),
the Cartan subalgebra h C sl,,11 is spanned by h; = €;; — €;41,i41, (1 = 1,...,n).
The normalized invariant bilinear form (-|-) on sl,4; is given by (ulv) = tr(uv),
which induces an isomorphism v: h = h*. Then the set of simple roots of sl, is
I ={a;}, where a; = v(h;) € b*. Set
n
Fo = ;em,i, = ﬁ S (n— i+ 1)(in+i - 2h.

=1

n

The element fs,p is a subregular nilpotent element (which is unique up to con-
jugation) and the adjoint action ad, of x gives a good Z-grading I'sup: sl,11 =
@Z;in +15[n+1’d whose weighted Dynkin diagram is

0 1 1 1 1
a1 a2 Ap—2 Qp—-1 Qn

The associated W-algebra W¥(sl,, 1, faun) = WF(sl, 11, foun; Dsup) is called the
subregular W-algebra of type sl,, ;1.
The Lie subalgebra sl,, 1,0 decomposes as

5[n+1,0 = 5[26_‘(3170 ) 3, 5[;6_(:170 = Span{el, hl, fl}; 3= Span{flg, hg, ey hn},

where EQ = ho+ %hl and e; = ey 2, f1 = e2,1. The Lie subalgebra 3 is commutative
and 5[;‘?1’0 is isomorphic to sly by

5[2 :%5[:16_:_1170, e,h,f Hel,hl,fl.
The restriction of 7, (2.2) on sl,,11 ¢ is

(k+n+1D(ulv), woves,

T(ulv) = ¢ (k+n—1)(uv), wve slfffl’o,
0, ue3 ve 5[:?4(&1’07
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since the dual Coxeter number of sl,, 11 is hY = n + 1. Therefore, the affine vertex
algebra V7 (sl,,11 o) decomposes as

V7 (slyp1,0) = VF 7 (sly) @ ottt (3.1)

where ﬂf*"“ is the Heisenberg vertex algebra associated with 3 at level k+n+1,
see §A.1. Since

[ao] = {ag, a1 + as}, [o] ={ai}, i=3,...,n, (3.2)
the screening operators (2.8) for W¥(sl,, 1, fsup) are
/Y(vai, z2)dz: VT (slyq110) = Mo, 1=2,...,n, (3.3)
First, consider (3.3) in the case i = 3,...,n. The orthogonal decomposition

5=3 ©3i 3 =Chi, 3 ={hej|ai(h)=0}
induces the decomposition of the Heisenberg vertex algebra

ﬂ_;chnJrl ~ ﬂ_fj-n+l ® W;+n+1.

By (3.1) and (3.2), we have an isomorphism of V7= (sl,, 41 o)-modules

M, -~ Ma, = Vk+n71(5[2) ® ﬂ_;j—n-{-l ® ﬂ,k-ﬁ-n-‘rl

i iy

Vo, 10) ©10) @ | — @)

i

and thus
/Y(vai,z) dz = / cemFmrr [ ei®) gy (3.4)
Next, consider (3.3) in the case @ = ay. By Lemma 2.3, we have an embedding
poty s VI (sly) o My, @ mg ™Y,
e(z) = B(z), h(z) = —2:7(2)B(2) : +a(2),
F(z) = =0 9(2)B(2) : +(k +n = 1)07(2) +7(2)a(2),

which gives an isomorphism for generic k
VEn=lisl,) ~ Ker </ : B(z)e” e S e) gy My, @ 7t 5 My, ®7r§jf;+1) .

by (2.12). Here Mgy, is the 8v-system vertex algebra generated by the even fields
B(z),~v(z) with OPEs
1
BN (w) ~ . B)Bw) ~ 0 ~ A (r(w),
and 7F+7+1 is the Heisenberg vertex algebra generated by an even field a(z) with
an OPE
2(k+n+1)
(z —w)?
Then it follows from (3.1) and the isomorphism of vertex algebras
71_K/’:+n+l l> ﬂ_é:—&-n—&-l ® 7_r;c+n+1

a(z)a(w) ~

() alz), aa(2) o a2) — al), @ilz) o hulz), (1=3,...,m),

that we have a vertex algebra embedding
Potiro: VT (8lny10) = Mo, @ mp T, (3.5)
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which gives an isomorphism for generic k

h,—a1

(3.6)

VT (5[n+1’0) ~ Ker (/ . ﬁ(z)e—iwiﬂ Ja(z) cdz: Mg, ® ﬂ.é-l-n-i-l — My, ®7Tk+n+1)

It gives a V™ (sl,41,0)-module structure on My, ®7r€tf;;1. Let ]\7(12 bea V7™ (sl,41,0)-
submodule generated by the subspace

Clozl = C| — ) @ Cy—1)| — a2).
Lemma 3.1. For generic k, M,, ~ Ma2 as V7 (sl,,41,0)-modules.

Proof. The linear map
C[a2] 1> @[QQ]’ Vay 7 | - a2>v Vai+as 77 _7(*1)‘ - 042>
gives an isomorphism as (sl,,11 o-modules. By the universality of the induced mod-

ules, it induces a surjective V7 (sl,,41,0)-module homomorphism M,, — Maz. It
is an isomorphism for generic k since Cl*2! is simple as a sl,,; 1 o-module. O

Under the realization (3.6), Lemma 3.1 implies the identification

/Y(va2,z) dz = / cemmmr ) gy (3.7)
By (2.10), (3.4) and (3.7), we conclude

W (sl foun) = ) Ker(/Y(vat,Z)dz: V7 (sl p1.0) — Mm)
1=2

n
~ ﬂ Ker(/ cemFmrr @) gy Im(psi,,,, o) = Mai>.
i=2

Therefore, the composition T; of (2.10) and (3.5) gives the following free field
realization of the subregular W-algebra:

Theorem 3.2. We have an embedding Y1 : WE(sl, 11, foup) < M, ® ﬂ,’f‘”‘hv
of vertex algebras for an arbitrary k € C and moreover, for generic k the image
coincides with

Im(Y,) = ﬂ Ker/Qi(z)dz
i=1

where
Qu(2) = B(z)e  man J @) Qu(z) = e Fmm [ 1 (i =2, n).

3.2. Principal W-superalgebras. We describe the isomorphism (2.10) more ex-
plicitly in the case g = sly|,,1; with a principal nilpotent element. We use the
natural representation slyj,4; < End(C!"*1), (e.g. [Kacl, §2]). Let {e;}ics de-
note the standard basis of C!"*! with index sets

J=JgulJ;, Jy={0}, Ji={1,...,n+1},

where e; is even, (resp. odd), if i € Jg, (vesp. i € Jy), and let e; ; € gl(C!"*1) be
the elementary matrix. Then the Cartan subalgebra b C sly|,, 1 is spanned by

ho = 76070 — 61’1, hz = em- — €i+171‘+1, (’L = 1, e ,Tl).
The normalized invariant bilinear form (-|-) on sly|,4; is given by the supertrace

(ulv) = —str(uv). It induces an isomorphism v: h = h*. Then the set of the
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simple roots is I = {a;}" , where a;; = v(h;) € h*. Set

n n+1 n+ 1
fprin = ZeiJrl,iu x = Z ( 5 1+ 1) €i,i — €0,0-
i=1

=0

The element fprin is an even principal nilpotent element (which is unique upt to
conjugation) and ad, gives a good Z-grading ['pyin : 8|11 = D), 5l jnt1,a Whose
weighted Dynkin diagram is

0 1 1 1 1
&—O0— - —O0—O0—0.
@Q aq Ap—-2 OQp—-1 OQn

The associated W-superalgebra W¥ (sl |, 1) := W¥ (801,41, fprin; Dprin) is called the
principal W-superalgebra of type sly),, 1.
The Lie subalgebra sy, 41,0 decomposes as
5[1‘71"!‘170 = s[IiT?H-l,O 2] 3 5FF|§L+1,O = Span{eo, h07 h17 f0}7 b= Span{h27 h3a ceey hn}v
where eg = €91, fo = e1,0, and hy = hy — ho. The Lie subalgebra 3 is commutative
and 5[5?2 +1,0 is isomorphic to the Lie superalgebra gl |, by
~ d
L: gl - 5[§C|n+1,0
Ev1,EB29,E19,E51 +— —(ho+ h1),7h1, €0, fo.

The restriction of 7 on sly |, 410 is

(k 4+ n)(ulv), u, v € 3,
e(ulv) = § (kw1 + kaka) (7 (W) V), w,v € 8B4 o,
0, u€E3 vE 5[§T§+LO,

where k1 = —(k +n), ko = (K +n) + 1 since the dual Coxeter number of sl;),,1; is
hY = n. Then the affine vertex superalgebra V7« (5l1jn41,0) decomposes as

VT (slyjnt1,0) = VE(ghy) @ my ", (3.8)

where Kk = k1K1 + koko and ﬂ'f"’” is the Heisenberg vertex algebra associated with
3 at level k + n, see also §A.2. Since

1) = {1, 0 + a1}, [ou] ={au}, i=2,...,n, (3.9)
the screening operators (2.8) for W¥(sly,, 1) are
/Y(vai,z)dz: V™ (sljns1,0) = Mo, i=1,...,n. (3.10)
First, consider (3.10) in the case i = 2,...,n. The orthogonal decomposition

slijpt10=b; ®bi, by =Chy, b = Span{eq, fo,h | h € b, a;(h) = 0}
induces the decomposition of the affine vertex superalgebra V7 (sly|,,41,0)
V7 (sl p41,0) = VT (hi) @ Wéjrn

By (3.8) and (3.9), we have an isomorphism of V7= (sl;,, 41 9)-modules

Mo, = Mo, =V (b)) @mg ™

hi,—o
Voy [0) ® | — a).

and thus
/Y(va“z) dz = / =L O P V™ (hi) ®7T§i+" — Mm (3.11)
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Next, consider (3.10) in the case n = 1. By Proposition A.1, we have a homomor-
phism

patyyyt VE(aly) = My, , @ 787,

1

which is injective by Lemma A.2 and gives an isomorphism
V”(9[1|1)

~ Ker (/ : b(Z)ekJan J(x1+x2)(2) s dz Jw’g[l‘1 ®ﬂ.f€ K2 _y ]\4’9[”1 K:H(QXIJFXQ)

(3.12)

for k # —n by Proposition A.5. Here Mg[u , is the be-system vertex superalgebra

and 757" is the Heisenberg vertex algebra generated by even fields x1(2), x2(2)

with OPEs (A.1). Then it follows from (3.8) and the isomorphism of vertex algebras

wg"'" = LSV

ap(2) = —(x1 +x2)(2), a1(2) P Xa(2), @a(2) = ha(2) + (x1 + x2)(2)
al(Z)th(Z), (i:3a"'an)7

that we have a vertex superalgebra embedding

p5[1\n+1,0: VTk (5[1|n+1,0) — Mg[”l ® 7-‘-k—‘rn7 (313)

k+n

which gives an isomorphism for k # —n
V7k (5[1|n+1,0>

~ Ker (/ : b(z)e_k%z Jeol) o gy Mg, , ®7rk+" — Mgy, , ® T tn

h,—ao

) (319)

Then it gives a V7 (sly},,41,0)-module structure on Ma1 = Mg, ® wk+" L We
have an isomorphism

M, ~ VF @ altn (3.15)
z,

as V7 (slyj11,0) =~ V¥(glh1) @ 7¥*"-module for k ¢ Q by Lemma A.3, (1) and

Proposition A.4. Note that as a V7 (sly},,41,0)-module, Ma1 is generated by a
501 n+1,0-submodule

Clal = €| - a1) ® Ce_y)| — ).
Lemma 3.3. For k ¢ Q, we have M, ~ M,, as V' (501)n+1,0)-modules.

Proof. It follows from (3.15) and the sl;,41 g-module isomorphism

Cleal = @[0‘1], Vay = | —01), Vagta, = —C—1)| — a1).

Under the realization (3.14), Lemma 3.3 implies the identification

/Y(val,z)dz = / cem S ) gy, (3.16)
By (2.10), (3.11) and (3.16), we conclude

5[1|n+1 m Ker </ ’Uai,Z) dz: VT (5[1\77,-‘,-1,0) — Ma7)

~ m Ker </ e e L gy Im(psll‘nﬂ,o) — Maz) .
i=1
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The composition ¥y of (2.10) and (3.13) gives the following free field realization of
the principal W-superalgebra:

Theorem 3.4. We have an embedding ¥y : Wk(5[1|n+1) = Mg, ® 7r],;+” of
verter superalgebras for an arbitrary k € C and moreover, for generic k the image
coincides with

Im(¥,) = ﬂ Ker/Qi(z)dz
i=0

where
Qo(z) = b(2)e mn /@) . Qi(z) = e mm S @) (i =1,... n).

4. DUALITIES IN COSET VERTEX ALGEBRAS

4.1. Coset vertex algebras. Given a vertex superalgebra V and a subalgebra
W C V, the subspace

Com(W,V):={acV |VbeW, Y(b,2)Y(a,w) ~ 0},

is a vertex subalgebra, called the coset vertex superalgebra of the pair (V, W).
We consider the coset vertex algebra of the pair (W*(sl,11, fsub), TH,) Where
mp, is a Heisenberg vertex subalgebra generated by the field

n

Hi(2) =w)(2)—: B(2)v(2):;, wy = n—1|— 1 Z(n —i+1)a. (4.1)
i=1

on Mgy, ® 7r’,;+hv. Note that wy represents the first fundamental coweight of s, 1 1.

It defines a field on W¥*(sl,,1 1, fsun) by Theorem 3.2 since H;(z) lies in the kernels
of the screening operators [ Q;(z)dz, (1 <1i < n).

We describe the coset vertex algebra Com (7TH17W’“(5[”+1, fsub)) in terms of
screening operators for generic k. Let Ly = Zx & Zy be a Z-lattice equipped with a
bilinear form (-|-) given by (ax + by|cx + dy) = ac — bd, 7, the Heisenberg vertex
algebra associate with the commutative Lie algebra L, ®7 C, (§A.1), and

VL1 = @ TLy,mzx+ny
(m,n)€z?
the lattice vertex superalgebra associated with L; and the vertex subalgera

Vayy = @TLl,n(aﬁy)'
nez

The Friedan—Martinec—Shenker bosonization [F2, Chapter 7] gives a vertex algebra
embedding

TQ: M5[2 — Vr_;_y
B(z) s e @)
v(2) = — : a(z)e” JEFVE)
whose image is equal to the kernel of the screening operator [ : el #() . gz

Im(Y2) = Ker (/ cel ) gy Vaoty = @ﬂ'Ll,(nJrl)erny) .

nez
By composing it with T; in Theorem 3.2, we obtain a vertex algebra embedding

Y i=To0 Y1 WH(shyr, faun) < Vagy @ mg T, (4.2)
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whose image for generic k coincides with

Im(Y) =Ker/ el *®) 4z n Ker/ - o w7 J (1= (knt ) (@+y))(2) . g,

N m Ker/ cemmT S ai(®) gy
i=2

Let 75t c 7y, @ 7r§+"+1 be the Heisenberg vertex subalgebra generated by
ag(2) =x(2), ai(z) = (o1 — (k+n+1)(z+y))(2),

ai(z) = ai(z), (1=2,...,n).

(4.3)

Since Y5 induces an isomorphism

k 1 ~ k 1
TH, ® ﬂ.a+n+ e ® 7rb+n+

1® a;(z) —~ 1®a((z), (i=0,...,n),
Hi(z) @1 = wi(z) —y(2),

we have Com (7rH1 Vigy ® 71-§+n+1) = 7T§+n+1. Therefore, T restricts to

YT: Com (my ,Wk 5hut1, foun)) = 7TE+n+la 4.4
1 «

and thus we obtain the following proposition.

Proposition 4.1. For generic k € C, we have an isomorphism of verter algebras
COI’H (7TH1 9 Wk (5[n+17 fsub))

~ Kerﬂff+n+1 / : ef ao(2) :dzN ﬂ Kerﬂff+n+1 / e k+71l+1 Jai() tdz.

=1

Similarly, we consider the coset vertex (super)algebra of the pair (W*(sly,, 1), 7r,)
where 7y, is a Heisenberg vertex subalgebra generated by the field

Hy(2) = wy (2)+ :b(2)c(2) :;, wy = —% Z(n — i+ 1oy. (4.5)
i=0

on Mg[m ® 7r§+hv. Note that wy represents the 0-th fundamental coweight of

slijns1- It defines a field on Wk(5[1|n+1) by Theorem 3.4 since Hy(z) lies in the
kernels of the screening operators [ Q;(z)dz, (0 <14 < n).

We describe the coset vertex (super)algebra Com (g, W*(slyj,,41)) in terms
of screening operators for generic k. Let Z = Z¢ a Z-lattice equipped with a
bilinear form (mg¢|ng) = mn, 7z the Heisenberg vertex algebra associate with the
commutative Lie algebra Z ®z C, (§A.1), and

the lattice vertex superalgebra associated with Z. By the boson-fermion correspon-
dence, e.g. [FBZ, Chapter 5], we have an isomorphism

~

Wy M9I1\1 — Vz
b(z) cel 00
c(z) = el )
Composing it with T; in Theorem 3.4, we obtain a vertex algebra embedding
U:.=Uy0Wy: Wk(ﬁ[l‘n+1) —Vz® ﬂ_lthrn’ (46)
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whose image for generic k coincides with

Im(¥) = Ker/ ot J(@o—(k+tn)®)(2) . 1. A ﬂ Ker/ e @) gy
i=1

(4.7)
Let 77%*" CVz® 7rk+” be the Heisenberg vertex subalgebra generated by
~ 1 ~ 1
Bole) =~ -a0(2) + 00, Bil) =~ —aul), (i =1,..0)
Since U5 induces an isomorphism
TH, ® 77’”” B A 7rk+"
1®Bz() — Bi( ), (1=0,...,n)
Hy(z)@1l — wi(z)+¢(2),
we have Com (7rH2, Vz ® 7rk+”) = 77?”. Therefore, ¥ restricts to
¥: Com (WHZ,Wk(5[1|n+1)) — 7r§+”, (4.8)

and thus we obtain the following proposition.

Proposition 4.2. For generic k, we have an isomorphism
Com (7TH2,W 5[1\n+1 ﬂ Ker k+n / : efgl(Z) s dz.

4.2. A conjecture of Feigin and Semlkhatov.
Theorem 4.3. Let k1, ks € C be generic levels satisfying the relation
(k1 +n+1)(ka+n)=1. (4.9)
Then we have an isomorphism
Com (7, , WH (sl41, foub)) = Com (7, WF2 (sl ),41)) -

Proof. For simplicity, set (hy,hy) = (n+ 1,n). For ky, ks € C satisfying (4.9), we
have an isomorphism
71'21—%lv I

a;(z) = Bi(z), (i=0,...,n),

since both of the Gram matrices for {&;}}, and {ﬁl ', are

0 1 2 -+ n—1 n

0 1 - 0 .- 0 0
-k 2k —K .- 0 0

2 0 —k 2k --- 0 0
n—1 0 0 o .- 2K —K
n 0 0 0o - -k 2K

where k = k1 + hy. By applying the Feigin—Frenkel duality for the Virasoro vertex
algebras (cf. [FBZ, Chapter 15]), we have

1 & _
Ker ,, yny / te kbR Jau) tdz = Ker y, qny / el @il2) dz, (i=1,...,n—1),
T~ T~

-1 Otn(Z) ~
Kerﬂkﬁhlv / e T"‘IMV)J :dz = Ker kﬁh /:efo‘"(z) 1dz,
@
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for generic ky. Hence, for generic k1, ko € C satisfying (4.9),

Com (7rHl,Wk1 (5[,L+1,fsub)) ~ ﬂ Ker x, iny / cel@i2) . gy
i=0 a
n

~ ﬂ Ker x,iny / e/ B . 4z ~ Com (7TH2,Wk2 (5[1|n+1))
i=0 B
by Proposition 4.1 and Proposition 4.2. O

4.3. Reconstruction theorem. Let T, C Wk(5[n+1,fsub) ®Vz be the Heisen-
berg vertex subalgebra generated by the field

Hi(2) = ¢(2) — Hi(2) = =) (2) + y(2) + 6(2), (4.10)

see also (4.1). Next, consider the lattice Zv/—1 C C, i.e., the lattice Z1, spanned
by v, equipped with a bilinear form (-|-), which satisfies (mwy|ny) = —mn. Let
7 =1z be the Heisenberg vertex algebra associated with the abelian Lie algebra

C ®y Z~/—1 and
Vw1 =Pty
new

the lattice vertex superalgebra associated with Z./—1. Let 7z C Wk (lijnt1) ®
V=1, be the Heisenberg vertex subalgebra generated by the field

ﬁg(z) = (2) + Ha(2) = wy (2) + ¢(2) + ¥(2), (4.11)
see also (4.5).

Theorem 4.4. Let ki, ko € C be generic levels satisfying (4.9).
(i) W (5041, foup) =~ Com (wﬁz, Wh2 (sl 1) ® Vzﬁ),
(”) Wk2 (5[1|n+1) ~ Com (ﬂ-ﬁl ) Wkl (5[n+1> fsub) & VZ) .

Proof. For sl 1, (resp. slij,41), let by (resp. h2), denote the Cartan subalgebra,
hY, (vesp. hy), its dual Coxeter number, {a;} ,, v(resp. {Bi}iy), the set Sf simple
roots and «;(z) the corresponding fields on 7rl,:1+h1 , (resp. B;(z) on w§§+h2 ).

First, we show (1). By (4.6), we have a vertex superalgebra embedding

V@id: W (sljp) @ Voo = V@ mp2 ™ @ Vg . (4.12)
Let Vz(p4y) C Vz ® V5, /=1 be the lattice vertex subalgebra corresponding to the

sublattice Z(¢ + ) C Z + Z+/—1 and

Vxiy CVz® W’;jJrhz ®Vzy=1

the vertex subalgebra generated by V7z444) and the Heisenberg vertex subalgebra
Txy generated by the fields

1 1

X(Z) = —mﬁﬂ(z) + ¢(Z)’ Y(Z) - m

Bo(z) +¥(2).
Let ma CVz ® 7T§§+h; ® Vy, /=1 be the Heisenberg vertex subalgebra generated by

the fields
Ai(2) = Bi(z) — d(2) —(2), Ai(2) = Bi(2), (i=2,...,n).

It follows from



that Vxi1y @ ma C Vz ® 7T§;+h2v ®@ V=1 By (4.11), we have
Com (WH27VZ ® 7T§§+h¥ ® VZﬁ) =Vxyiy @ my,
and thus (4.12) implies
Com (ﬂfb,WkQ (shjpt1) ® VZ\/_ﬁ) — Vxiy ®@ma,

whose image for generic ko coincides with
U ®id (Com (ﬁfb, W2 (sl 1) ® VZﬁ))

. __1 »
:Ker/ sl X g n Ker/ te keths S X4 (@) 2 dz

I 7ﬁ1 AI z
N ﬂKer/:e *"2+”2f ():dz
i=2

by (4.7). Since (A1 + X +Y) ) [n(¢ +¢)) = 0, we have
Ker/ . e—ﬁi% JAX4E)

— @ (Kerwx,y / . 87 ko+hy J(A1+X+Y)(2) . dz) \n((ﬁ + ¢)>
(=1

neZ

:@(Kerﬂ}(,y [ e d) n( -+ 1))
(=1)

neZ

= Ker/ el (A XAY)(2) L g

by the Feigin—Frenkel duality for the Virasoro vertex algebras, (cf. [FBZ, Chapter
15]). Similarly, we have

_ 1 (x .
Ker/ te h2ths J A=) tdz = Ker/ el Ai2) dz, i1=1,...,n.
Therefore, we have

(¥ ®id) (Com (ﬂﬁz,WkQ (shijnt1) ® VZ\/—T))

:Ker/ cel X3 1 dz Ker/ el (MHXAG) gy 0 ﬂKer/ el 4 g,
i=2
Now (i) follows from the above equality, (4.3), and the isomorphism

k1 +h¥

VX+Y X TA l) Vm-i—y ® 7Th1

X(z) = x2(2), Y(z)—uy(z), Ai(z)— —ﬁai(z), (i=1,...,n).

Next, we will show (ii) in the same way as the proof of (1). By (4.2), we have a
vertex superalgebra embedding

T @id : Wo (k1 foub) @ Ve < Vory @ gt T @ V!
Let V3 be the vertex superalgebra generated by the fields : el £9(2) . where

() = 2(2) + y(2) + 6(2),
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and wp the Heisenberg vertex subalgebra generated by the fields

7y(Z) - ¢(Z)7 1= O;
Bilz) = { an(2) — (b + W)z +)(2), i =1,
a;(z), i=2,...,n.

k1

Then we have Com (W;Il7vx+y ® 7rh1+h1v ® VZ) = V; ® g and thus

Y ®id : Com (wﬁl,wkl (811 jng1s foun) ® VZ> < V3 @ s,

whose image for generic k; coincides with

Ker/ : eI(BO"";)(Z) dz N ﬂKer/ : e_’”*l’ll JBi() 1 dz
i=1

= Ker/ A DIO R e ﬂKer/ cel Bil®) 1 dy
i=1
by (4.3) and the Feigin-Frenkel duality for the Virasoro vertex algebras. Now (ii)
follows from the above equation, (4.7) and the isomorphism

~ A\
VZ®7TB — V_71;®7T§§+h2

1

Lol ESR) L oS . B -
e i e 5 i(2) — Fo 1 hY

Bi(z), (i=0,...,n).
O

4.4. Dualities for Non-critical levels. Let V be a finite dimensional vector space
over C. A family of vector subspaces {W <}, ¢ is called continuous if they are of the
same dimension d € Z>g and the induced map C — Gr(d, V') to the Grassmannian
manifold is continuous [T]. For a Z-graded vector space V = @, ., V,, such that
dimV,, < oo, (n € Z), a family of graded vector subspaces {W®},cc, (W* =
D,z W), is called continuous if the homogeneous subspaces {W }aec, (n € Z),
are continuous families. The following principle is obvious, but useful to generalize
a result at generic levels to all levels, see [AFO].

Lemma 4.5. Let V = @, .,V be a Z-graded vertex superalgebra with dimV,, < oo,
(m € Z). Let {Wllaec, {W2}aec be Z-graded vertex (super)subalgebras which
form continuous families as vector spaces. If W) = W2 on some open dense subset
U C C, then WL =W2 for all a € C as vertex superalgebras.

Define z; € Q, (i = 1,2), by
1 2
(z1,22) = (—n—|—7— n ) (4.13)

n n+1l
and, set K; :={—h}, S; := {—h),z;}. Then we have the following.

Corollary 4.6. Let k1, ks € C satisfy (4.9)
(’L) For ky GC\Sl and ko E(C\Sg,

Com (T‘-lewkl (5[n+la fsub)) ~ Com (WHzasz (5[1|n+1)) ’
(i) For ki € C\ Ky and ko € C\ Ko,
W (5141, fsub) = Com (Wﬁszk2 (sljnt1) ® Vzﬁ) ;
(iii) For ki € C\ Ky and k2 € C\ Ko,

WF*2 (sl ,,41) = Com (ﬂ-fjlvwkl (8lhs1, fsub) ® Vz) .
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Proof. We show (i). First, note that the pair (z1,x2) in (4.13) satisfies (4.9). Recall
that non-degenerate Heisenberg vertex algebras are all isomorphic if and only if
their ranks are equal and that they have the conformal gradings by the Segal-
Sugawara conformal vector with finite dimension homogeneous subspaces. Next,
note that the excluded level (k1, k2) = (z1, z2) is exactly when the Heisenberg vertex
algebras 7y, 7p, degenerate. Therefore, {Com(m,, W* (sl 11, foun)) b irec\s, 18
a continuous family of vertex algebras inside a non-degenerate Heisenberg vertex
algebra of rank n + 1 by (4.4) and so is {Com(m,, W*2 (511, 11) ryecys, Dy (4.8).
They are isomorphic if a generic level (ki, ko) with (4.9), i.e., all values for k; €
C\ 51, (equivalently ko € C\ Sz by (4.9)), except for countably many values. Thus
we may apply Lemma 4.5 with C replaced by C\ S;. This completes the proof. (ii)
and (iii) are proved in the same way. O

5. DUALITY FOR THE SIMPLE QUOTIENTS

We show that the simplicity is inherited under taking coset vertex algebras.
We apply it to show the commutativity of taking Heisenberg cosets and taking
simple quotients, see [CKLR, Li2] for earlier literature. In this section, a vertex
superalgebra is always defined over C and of countable dimension.

We begin with Schur’s lemma for vertex superalgebras, see e.g. [LLi, Proposition
4.5.5] for the purely even case.

Lemma 5.1. For a simple vertex superalgebra V , the center is trivial, i.e.,
Com(V, V) = CJ0).

Proof. Take a nonzero parity homogeneous element a € Com(V, V). Since a(,) €
Endy (V), we have a(,,y € Cidy if a is even and a(,,) € CII if a is odd by Lemma B.2.
It follows from the identity a(_1)|0) = a, a € C|0) if a is even. Suppose that a is odd.
By the same identity, a = a(_1)|0) € CII|0) and thus we may assume a(_;) = II
without loss of generality. Since a € Com(V, V), [0) = IT?(0) = %[a(_1),a—1)] = 0,
a contradiction. Therefore, Com(V, V)1 = 0. This completes the proof. O

The following observation is straightforward to show, but very useful.

Proposition 5.2. (¢f. [CL3, Theorem 8.1, Remark 8.3]) Let A be a vertex superal-
gebra, B C A a simple vertex subalgebra and C C A, an arbitrary vertex subalgebra
such that B® C C A. Suppose that A decomposes as

A~ Br@Cy
AEA
as B ® C-modules where A is a set with 0 € A labeling a set of inequivalent simple
B-modules {Bx}xen with By = B and a set of C-modules {Cx}xen with Co = C.
Let As be an arbitrary quotient Ag as verter superalgebras.Then W C Ag and
D := Com(B, A;) is a quotient of C. Moreover, As decomposes as

Ag ~ @ By ® D,
el
as B ® D-modules where Dy, (A € A), is a quotient of Cx as a C-module which is
naturally a D-module.

Next, we consider a criterion for the simplicity of the coset vertex superalgebra
of a pair of simple vertex superalgebras.

Lemma 5.3. Let V be a vertex superalgebra and M a V-module. Let m € M be a
vacuum-like vector, i.e., satisfies agym = 0 for alla € V, n > 0. Then the C-linear
map
Fpn: V=M a—=a_pm
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18 a V-module homomorphism.

Proof. We need to show (a(n)b)(—1ym = any(b—1ym) for all a,b € V and n € Z,
which are special cases of [LLi, Proposition 4.5.6]. O

Let W C V be simple vertex superalgebras such that V' is semisimple as a

W-module: .
V=W,
AEA
where A is an index set that labels the inequivalent simple W-modules W), appear-
ing in V, and WA is the W-submodule spanned by all the simple W-submodules
isomorphic to Wy. We may assume 0 € A and Wy = W.

Lemma 5.4. The subspace W() is isomorphic to W @ Com(W, V') as a W-module.
In particular, Wy has the structure of a verter superalgebra.

Proof. Since /V[70 is semi-simple as a W-module, we have Wg = @,c; Mo for some
W-submodules M, (o € A) all isomorphic to W as W-modules. By Lemma
5.1, Com(W, W) = C|0) and thus the space of vacuum-like vectors in M, is one
dimensional. Note that the vacuum-like vectors in V' with respect to W is nothing
but Com(W, V). Therefore, the linear map

W@COHI(VV, V) %/Wo, WU W)U
is an isomorphism of W-modules by Lemma 5.3. O

Now we have a criterion for the simplicity of Com(W, V).

Proposition 5.5. Let W C V be simple vertex superalgebras. Suppose that V is
semisimple as a W-module and W @ Com(W, V') has a conformal vector w which
is also a conformal vector of V. Then Com(W,V) is also simple.

Proof. Take a nonzero ideal 3 C Com(W, V') and let J C V denote the ideal of V
generated by J. We show

TN (W @ Com(W,V)) =W @ 9. (5.1)
Indeed, by [LLi, Proposition 4.5.6], we have
7= Spanc{apyu|a €V, uel, neZ}. (5.2)

Then by using the conformal field Y (w, z) = Y, o Lnz~ "2 and the skew-symmetry

Y (a, 2)u = —(—1)%e* -1y (u, —2)a,
we have
/j\: Span(c{u(n)a | uel aeV, ne Z} = Z Zj(n)WA
AEANEZ
Note that for u € Com(W, V'), the linear map a(,) restrict to a W-homomorphism
Wy — V. By Lemma B.2, we have J(H)WA C (W ® Com(W, V))(n)w,\ C W,\ and
thus
7N (W ® Com(W,V)) = Spanc{uya |u€d, a € W@ Com(W,V), ncZ}
=W®7J.

Since V is simple, J=7V and thus J = Com (W, V). This completes the proof. [

Corollary 5.6 ([CKLR, Proposition 3.2, Theorem 2.9]). Let V = ®,czVy be
a conformal vertex operator superalgebra and m C 'V a simple Heisenberg vertex
subalgebra generated by a subspace H C Vi of primary fields. Suppose the following
conditions:
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(1) V=@®rcsesW(V), Q(V):={aeV |VheH, h(())a = A(h)a}.
(2) For each A € H*, the conformal degrees of Q\(V)are bounded from below.
Then, we have
(i) m acts on V' semisimply:
Vo~ @ TR Cy, OC):= {a eV | hmya =6, 0A(h)a, Yh € H,n > 0} (5.3)
AT
(ii) For an arbitrary simple quotient V. — Vs, m C Vi and 7 acts on Vs semisimply
Vi @ meCs, Cfi={aeVi|hma=0dnoA(h)a, Yh e H,n>0}. (54)
AEH*

Moreover, each C5 is a simple quotient of Cx as a Co = Com(w,V)-module, which
is naturally a C§ = Com(7, Vy)-module.

Proof. The proof of (i) in [FLM, Theorem 1.7.3] when V is purely even applies in
this general setting. We show (ii). Let w € V denote the conformal vector of V'
and w, € 7 the conformal vector of m by the Segal-Sugawara construction. Since H
consist of primary vector with respect to w, w? lies in Com(w, V') and is a conformal
vector. Therefore, we may apply Proposition 5.2. Then it remains to show that C’g
is a simple Com(m, V)-module. By Proposition 5.5, C§ is simple. The same proof
applies for C§, A € H*. O

Let Wi (slyt1, foun), (resp. Wi (slyj41)), denote the (unique) simple quotient
of W*(sl, 41, fsun), (resp. WF(slyj,41)). By [KRW, KW2], W¥(sl,,11, fsun) (resp.
WF¥(sly|,41)) is semisimple as a 7, -module (resp. 7p,-module), so is the simple
quotient Wi (sln11, foun), (resp. Wi(slyj,41) @ Vzﬁ). The following is immediate
from Corollary 4.6 and Corollary 5.6.

Corollary 5.7. Let k1, ko € C satisfy (4.9).
(i) For ky € C\ Sy and kg € C\ Sz,

Com (75, Wi, (8tnt1, foun)) = Com (75, Wi, (8l jn41))
(ii) For ky € C\ Ky and ks € C\ Ko,
Wi, (811, foun) =~ Com (wﬁ2,wk2 (8lijs1) @ VZH) ,
(#ii) For ky € C\ Ky and k2 € C\ Ko,
Wi, (84 ns1) ~ Com (wﬁl,wkl (b1, foun) ® VZ) .

6. FUSION RULES OF LATTICE COSETS

6.1. Vertex superalgebras and their modules. In this section, we consider a
%Zzo—graded vertex operator superalgebra of CFT type, i.e., a vertex superalgebra
with a Virasoro field L(z) = Y _, L,2~""2 such that Lo acts on V semisimply
and gives the %Zzo—grading
V=P Va, Vi= D Via. Via=VinWa),
AELZsg A€LZs,

for i € Zo(= Z/27Z) such that dim(Va) < oo for all A and Vy = C|0). Note that

the decomposition
V= @VA@ @ Va (6.1)
A€Z Aei+z

nez
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does not necessarily give the parity decomposition. If the decomposition (6.1) agrees
with the parity decomposition V' = V5 & Vi, then we call V' of correct statistics.
Otherwise, we call V' of wrong statistics.

From now on, we always assume the %Zzo—graded vertex operator superalgebra
V to be simple and Cs-cofinite. We start with clarifying what we mean by a category
of V-modules and what properties it has in general, following the works of Huang
[H2]-[H7], Huang-Lepowsky [HL1]-[HL3], Huang-Lepowsky—Zhang [HLZ1]-[HLZS],
[HKL], and [CKM1]. For this purpose, we view V as a superalgebra object (see
Remark B.14) of a suitable module category of the subalgebra V5 7 := @z Vo A-
Therefore, we make a short digression on Vg .

Note that V5 is a Z>g-graded vertex operator algebra of CFT type, char-
acterized as the fixed-point subalgebra of V with respect to the finite abelian
group generated by the twist Oy := 2™ € Endc(V)g and the parity involution
Py =idy; —idy; € Endc(V)g. Hence, V; 7 is simple and Cy-cofinite by [DM1] and
[Mi2], respectively. Let 1§ z-mod denote the category of grading-restricted general-
ized V5 z-modules, see [CKM1, Definition 3.1], ([HLZ1] for the non-super case). By
[H7, Theorem 3.24, Proposition 4.1], V5 z-mod is a C-linear finite abelian category.
In particular, Vg z-mod satisfies Assumption 1 and 4 in Appendix B. Moreover,
Vo z-mod has a structure of a braided tensor category by [H7, Theorem 4.13], see
also [CKM1, §3] for a detailed review. By [HLZ2, Proposition 4.26], the fusion
product X on Vj z-mod is right exact. Let 8§(V§ z-mod) denote the superization
of V5 z-mod, see Remark B.14. Then 8(Vj z-mod) is a braided tensor supercate-
gory satisfying Assumption 1,2 and 4 and that the fusion product X is right exact.
Therefore, the vertex superalgebra V' is an algebra object of 8(V5 z-mod), see also
Remark B.13. Then, by [CKM1, Theorem 3.65], the supercategory Rep®(V) con-
sisting of (categorical) V-module objects in 8§(Vj z-mod) coincides with the super-
category V-mod of grading-restricted generalized V-modules as C-linear additive
supercategories. Moreover, the braided monoidal supercategory structure thus in-
duced on V-mod coincides with the one in the sense of Huang—Lepowsky—Zhang,
whose existence is not a priori guaranteed by [H7]. Now, the following is clear (see
also Appendix B).

Lemma 6.1. The supercategory V-mod is C-linear monoidal supercategory whose
underlying category is an abelian category satisfying Assumption 1,2, and 4 in Ap-
pendiz B and whose fusion product X is right exact. Moreover, if the supercategory
V-mod is rigid, then X is exact.

Remark 6.2. The exactness of W holds without rigidity if V-mod is semisimple.
Even if V-mod is semisimple, the rigidity of V-mod is important in the theory of
vertex algebras since it is necessary for V-mod to be a modular tensor category. In
the literature, the rigidity of V-mod is established for a Z>q-graded simple vertex
operator algebra of CFT type equipped with a non-degenerate invariant bilinear form
by Huang [H6, Theorem 3.8].

6.2. Simple current extensions by Lattice. Here we study simple current ex-
tensions of tensor products of vertex superalgebras and lattice vertex superalgebras
under suitable conditions.

Let Vi be the lattice vertex superalgebra associated with a positive-definite
integral lattice L of finite rank with a bilinear form (:|-): L x L — Z. It is a simple
%—graded vertex operator superalgebra of CFT type. It is well-known that Vj is
rational and Cy-cofinite and that the set of irreducible Vi -modules is Irr(Vz-mod) =
{Vasr | a € L'/L} with fusion product Vo1 X Viyp >~ Voypir, where L' = {a €
Q@®z L | (a|L) C Z}, (see e.g. [DLM2]). In particular, we have Irr(Vi-mod) =
Pic(Vz-mod) ~ L' /L (as groups) and thus Vz-mod is rigid. The monodromy among
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them is given by My, , v, = ™% (see e.g. [CKL]). By abuse of notation,
an element a € L’ also denotes the corresponding element in quotients L'/N by
subgroups N C L’

Let V be a simple, Cs-cofinite, %Zzo—graded vertex operator superalgebra, then
so is the tensor product V ® V. The monoidal supercategory V ® Vi-mod is
naturally equivalent to the Deligne product (V-mod)®(Vz-mod). Indeed, we have
a natural superfunctor (V-mod)®(Vz-mod) — V ® Vi-mod such that M®N +—
M ® N(= M ®c¢ N). Since every weak Vi-module is complete reducible, it admits
a quasi-inverse

(V@ Vy)mod =~ (V-mod)®(Vg-mod)
M — @ Qu(M)BV, 11, (6.2)
ael’/L
where
Qo(M) :={m & M | hgym = dp0(alh)m,(Vh € C®z L)} C M.

(In what follows, we will write ® also for ® by abuse of notation.) In particular,
Pic(V) decomposes into the product

Pic(V) x Pic(Vy) @ Pic(V @ V), (M,Vatr) = M ® Voqir. (6.3)

Let N be a sublattice of L’ containing L and consider a categorical simple current
extension (&, pe) of V ® V, of the form

E= P €= P Su®Vais (6.4)

a€N/L a€N/L

for some finite subgroup {Sa}aeny/ 1 of Pic(V) satisfying (S1) in §B.5 together with
02 = id and ¢ 0g, = O¢,,,. Note that (S2) in §B.5 is automatically satisfied
since Irr(Vy) = Pic(Vy) forms a group. In this case, the categorical simple current
extension € is a simple, Cs-cofinite, %Zzo—graded vertex operator superalgebra by
[CKM1, Theorem 3.42], and Rep’(&) is equivalent to &-mod as C-linear braided
monoidal supercategories, (see [Ca, HKL] for the purely even cases). We note that
the larger monoidal supercategory Rep(€) is equivalent to a supercategory of certain
twisted E-modules, see [YY]. We apply a general theory in §B.5. Recall that the
simple currents {Sg}qeny/z in V-mod give a monodromy decomposition

V-mod = @ V-mody,
de(N/L)Y
where (N/L)" = Homg,,(N/L,C*) and V-mod,, is the full subcategory of V-mod
consisting of objects M such that Mg, » = ¢(a)ids, gy, (@ € N/L). Let ¢

denote the character ¢ € (N/L)Y associated with M. Similarly, the simple currents
{VasL}aen/r in Vz-mod give a monodromy decomposition

Vimod= (P Vi-mod,.
$e(N/L)Y

In this case, Vz-modg is semisimple and
Irr(V-mody) = {Vb+L ]b e L'/L, ™V=1@) = 4(q), (Ya € N/L) } .

The group homomorphism L' — (N/L)Y (a — €2™V~1(al*)) induces an isomorphism
L'/N' ~ (N/L)¥. Then we have Irr(Vz-mody) = {Vigyr | b € L'/L, b = ¢ €
L'/N'}. By (6.2), the supercategory of &-local V' ® Vz-modules is

(VeVy)mod’~ @ (V-mod)y ® (Vz-mod)y-1. (6.5)
$E(N/L)Y
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Theorem 6.3. (cf. [CKM1, YY])

(i) The set of simple &-modules (in Rep®(€)) is in one-to-one correspondence
rr(€) = {(M,a) € x(V) x (L'/L) | pmdv,,, = 1}/(N/L)

by (M,a) = F(M @ Varr) = ERygy, (M Q@ Vayr). In particular,

| e (V)[IN/ L]

Irr(8)| = ————

and
Pic(€) =~ {(M,a) € Pic(V) x (L'/L) | ¢pdv,,, = 1}/(N/L).

(i) Suppose that the fusion product ® on V-mod and Rep(&) are exact. Then we

have an isomorphism of rings
N/L

KE)~ | XK(V) Q) ZIL'/I] (6.6)
Z|N/L)
where the tensor product over Z[N/L] is given by [M K S,] ® b = [M]® (—a + b)
forae N/L
Proof. (i) follows from Corollary B.20. For (ii), note that K(Vg) ~ Z[L'/L],
([Vaxr] — a). Since X(&) and X(Vy) are (N/L)Y-graded Z[N/L]-algebras by
Theroem B.12, the fusion algebra K ((V ® V1,)-mod") is a diagonal N/L-invariant
subalgebra
K ((V @ Vi,)-mod®) =~ (K(V) @ K(Vy,))N'*
~ (K(V) @ ZIL'/L)NMF
Hence, by Corollary B.21 the induction functor € Ky gy, ® induces an isomorphism
X&) ~ K ((V & Vg)-mod®) /3
where J is generated by
M|@b—[MKS,] ® (a+Db)
for M € Ob(V-mod), a € N/L, b € L' /L. This implies (6.6). O
Therefore, we obtain a concrete description of the fusion data of €-modules in

terms of V. Let us consider a converse description. Note that by (S2), the monoidal
superfunctor F: (V-mod) ® (Vz-mod) — Rep(€) gives embeddings

V-mod — Rep(€), N — F(N® VL),
Vi-mod — Rep(€), N~ F(VRN),
as C-linear monoidal supercategories and thus, we may consider V-mod and Vz-mod

as subcategories of Rep(€). We use the abbreviation, e,g., M K¢ V(= M K¢
F(V R V,qyp)) for M € Ob(Rep(€)) and a € L' /L.

Lemma 6.4. Every simple object N in Rep(€) is isomorphic to M Wg V41, for
some M € Irr(€) and a € L'/L. Moreover, the set of such pairs (M,a) forms an
N'/L-torsor by

b.(M,a) = (M R¢ Vyrp,a—0b), (be N'/L).
Proof. By Proposition B.19 (ii), we have N ~ F(M ® V,1,) for some M € Irr(V)
and a € L' /L. Since F is mononoidal, we may decompose
?(M ® Va+L) ~ .‘T(M ® ‘/bJrL) &g Va7b+L (67)

for any b € L'/L. By using the isomorphism L'/N’ ~ (N/L)Y, we may take
be L'/L so that M ® V., is E-local and thusF(M ® Vp41) € Irr(€). This proves
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the first part of the statement. The element b € L'/L in th decomposition (6.7)
such that M ® V,. 1, is €-local are uniquely determined up to N’/L. This implies
the second part of the statement. O

Since objects of Rep(€) are pairs (uar, M) of M € Ob(V-mod ® Vi-mod) and
a morphism par: € Mygy, M — M of V-mod ® Vz-mod, we have two family of
monodromy actions

MN’. = MN@VL,O; (N € Ob(V—mod)), MVaJrL’. = MV®VQ+L’., (CL € LI/L)

Clearly, any object N in the subcategory V-mod C Rep(€) has trivial monodromy
with Va+L7 (a S ZV//I/)7 i.e., MV(L#»LPI}:(N@VL) = id(V®Va+L)|Z|V®VL (N®VL)- Con-
versely, any simple object in Rep(€&) satisfying this monodromy-free property lies
in V-mod. This implies the following theorem.

Theorem 6.5. (cf. [CKM1, YY])
i) The set of simple V -modules Irr(V) is in one-to-one correspondence to
(1)
{(M,a) € rx(€) x (L'/L) | My, , mm; Vi, = 1d, (¥0 € N'/L)}/(N'/L)

by (M,a) — N so that F(N @ V) ~ M Kg V1 holds. In particular,

[ Irr(E)||V/ L)
I =<
| rr(V)‘ ‘N//L‘

and the group Pic(V) is naturally isomorphic to
{(M,a) € Pic(€) x (L'/L) | My, , MV, =id, (vb€ N'/L)}/(N'/L)
(ii) Suppose that the fusion product K on V-mod and Rep(€) are exact. Then we

have an isomorphism of rings
N'/L

K(V)~ [x(E) Q) zL'/L] (6.8)
Z[N'/L]
where the tensor product over Z|N'/L] is given by [M Re Vo 1] ®b = [M]|® (a+b)
forae N'/L.

Proof. (i) is immediate from Lemma 6.4. We show (ii). By Lemma 6.1, every
object in Rep(€&), (resp. &-mod), has finite length. Thus, we may take a basis of
K(Rep(€)), (resp. E-mod), by Irr(Rep(€), (resp. Irr(€)). Then by Lemma 6.4, we
have a natural isomorphism

K(Rep(€)) ~ K(&) Q) K(Vi)~xK(€) &) ZIL'/L].
Z[L'/N] Z[L'/N]
Note that K (Rep(&)) is an (N'/L)Y-graded ring by the monodromy action of
{VasL}aenr/r whose trivial grading part is spanned by Irr(V'), we obtain the as-
sertion. 0

We end up this subsection by giving two sufficient conditions for the exactness
of the fusion products of V-mod and Rep(€).

Lemma 6.6. The monoidal superfunctor X on Rep(€) is exact if one of the fol-
lowing conditions holds:

(i) V-mod is semisimple.

(i) V is self-dual and V-mod is rigid.

Proof. (i) is obvious since Rep(&) is also semisimple by Proposition B.19. We

show (ii). By assumption V-mod is rigid and thus so is V ® Vz-mod. Since the

induction functor ¥ maps rigid objects to rigid objects, simple objects in Rep(€)

(resp. Rep®(€)) is rigid by (i). Since V is self-dual, V & V7, is self-dual. Tt implies
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that € is also self-dual since S, ® V4 has a contragradient module S_, ® V_,4 1
inside €. The assertion follows from [CMY, Theorem 4.4.1] since every object
Rep(&) (resp. Rep®(€)) has finite length. O

7. FUSION RULES OF W-ALGEBRAS AT RATIONAL LEVELS

Here we study the fusion rules of the subregular W-algebra Wy (sl,,, fsub) and
the principal W-superalgebra Wy (sly,,) in the rational cases.

7.1. Fusion rules of L,,(sl,,) and level-rank duality. In this subsection, we
review the fusion rules of the simple affine vertex algebra associated with sl,, in
the rational cases. Let h denote the Cartan subalgebra of sl,, {a) ?:_11 the set of
simple coroots, {ai}?:]l the set of simple roots, w; the i-th fundamental weight,
and p = Z;le @, the Weyl vector of sl,,. Then {a;}!"}' (vesp. {a)}}'"}!) forms
a basis of h* (resp. b), which are naturally identified by the normalized invariant
bilinear form (-|-) on h (see also §3.1).

Let Q = Q(An—1) = @?:_11 Za; denote the root lattice of sl,, P = P(A,_1) =
@?;11 Zw; the weight lattice, Py = P (A,_1) = @?;11 Z>ow; the set of integral
dominant weights. Then by setting wy = 0, {w@; }iez, forms a set of representatives
of P/Q in P and P/Q = Z,, (w; — i), gives an isomorphism of abelian groups.

Let L,,(sl,,) denote the simple affine vertex algebra of sl,, at level m € C, which
is the unique simple quotient of the universal affine vertex algebra V¥(sl,). If
m € Zso, then L, (sl,) is regular [DLM2], equivalent to say, rational and Cy-
cofinite [ABD]. (See also [FrZh] for the rationality). By [FrZh], the set of irreducible
modules is one-to-one correspondence with the set

n—1
P:T(n) = {)\ = Z a;w; € PJr(An,l)
=1

n—1
Z a; < m}
i=1

by
P (n) >~ Irr(Ly (sl,)), A= Li(X)

where Ly () is the (unique) simple quotient of the Verma module M™()) of V¥ (sl,,)
with highest weight \ at level m, see §2.4. Note that the group homomorphism

WP/QP—»P/Q’:Zn, AZ'—>Z, (71)
induces the following decomposition

PP (n) = || PP(n)s,  P{(n)ii=m5)0(0).
i€Zn

Let N ;M(;[nm) denote the fusion rule of L,,(sl,), i.e., the non-negative integer
given by

LR Ly(p) = @ NX (k) L (v). (7.2)
)

veEPT (n

The explicit formula for NY , (;[nm) is given by the Kac—Walton formula [DFMS,
§16.2], see also [Gep, W2] for the relations to Schubert calculus and quantum
cohomology ring of Grassmannians. By [Fu], the group of simple currents is
Pic(Ly,(sly)) = {Lm(nw;)}icz, and is isomorphic to Z, by L., (nw;) — 4, which
induces a Z,-action on Irr(L,,(sl,)) by fusion product. More explicitly,

Ly (nw;) B Ly (A) = L (' (X)), A € P (n), (7.3)

where o is the cyclic permutation o(w;) = w;11 for i € Z,
For later purpose, we recall the level-rank duality between L, (sl,) and L, (sl,,)
for n,m > 0, [Fr, OS]. The isomorphism C"" ~ C™ ® C™ induces an embedding
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of Lie algebras sl, @ sl,, — sl,,,, and thus Ly, (sl,) ® Ly (sly,) < Li(shyn). Tt is a
conformal embedding and gives a finite decomposition

Li(stam) ~ @B Lm(A) @ Ln(X)

AGPf(n)o

as Ly, (s0,) ® Ly, (sl,,)-modules where A — A* denotes the transpose. More precisely,
let C,, ., denote the set of Young digrams lying in the n x m rectangle. Then we
have an embedding P (n) < Cpm, (A = Y,z ail\i = U"'a;R;) where R;
denote the column of boxes of height i. (R, is identified with the empty set.) Then
the transpose A — A! is just the transpose of Young diagrams, e.g.,

P_?_(3)9A0—|—A1 + 3Ay = EEB] i) ﬁ :A0+A3—|—A4EP_?_(5)

Note that 7p/q(A) = £(A) € Z, where £()\) denotes the number of boxes of
the Young diagram of A. By the Frenkel-Kac construction, we have an embed-
ding Li(slym) ~ Voa,,._) < Vznm. Then Com(Li(slnm), Vznm) ~ V. fmmz With
VomZ — 7™, (an/nm — (a,a,--- ,a)) and we have

Vgnm ~ @ Li(A) ® V\/%-i-\/nmz
A€ Lmm

as Ll(slnm)®V\/WZ—modules. Now, by the branching law of L, (A,) as an L,,(sl,,)®
L, (sl,)-module [OS, Theorem 4.1], we obtain

a—~L(X\)
Vnm ~ P P LoV @Lue T (\Y) OV ey amz (7.4)
a€Lnpm )\EP_;_”(n)a

as Ly, (sl,) ® Ly (shy) ® V. mmz-modules. Thus, &, , 1= Com (L, (sl,), Vzam) is a
simple current extension of Ly (sly,) ® V. mmz,

Com(Lm(sln), Vznm) ~ @ Ln(nAa) ® V\/%+\/mz
a€ZLm

of order m. Therefore, by Theorem 6.3, we have
Irr (€ ) {()\,a) € (PL(m) X Znm) | Tpj(A) = a € Zm} Y/

where Zj,, acts on P}(m) X Zpm by - (X a) = (6"(X),a +1rn), (r € Zp). Let
M(), a) denote the simple &,, ,-module corresponding to (A, a). Then we have an
isomorphism of C-algebras

K(Em,n) =~ (K(Ln(shn)) QZ[Zm] Z[anDva M(X, a) = Lyn(A) ® [a].
Now, (7.4) implies the decomposition
Vi >~ @ Lin(\) @ M(X', (V)
AEPT(n)
as Ly, (sl,,) ® &, n-modules. This gives an one-to-one correspondence
Ir (Lo (s6) = Tr(Emn),  Lin(A) = MY, £(N))

between irreducible modules, which implies a braided-reverse equivalence of braided
tensor categories between Ly, (sl,,)-mod and &,, ,-mod by [CKM2]. Thus we obtain
the following isomorphism between the fusion algebras.
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Proposition 7.1. We have an isomorphism of rings
L,

K(Lm(sly)) ~ | K(Ln(sly)) ® Z| L] ;L\ = L,(\) @ [6(N)].
Z[Zm]

7.2. Fusion rules of principal W-algebras. The (simple) principal W-algebra
Wi (sl,.) is Cy-cofinite if the level k € C is a non-degenerate admissible number, i.e.,
of the form -

kp,qu’r‘i’ﬁa paq€Z207 (7’+p,r+q):1,
by [Ar4]. In this case, W(sl,) is also denoted by W, ,(sl,) and is rational by
[Ar5]. The set Irr(W(, q)(sl;)) of irreducible W, 4)(sl;) is determined by [Ar2] and
the fusion rules are determined by [AvEL, Cr, FKW]. In the case (p,q) = (n,1),

Irr(W(,,,1)(sl;)) is in one-to-one correspondence to P} (r) by
P (r) = Irr(W( 1)(sl.)), A= Lw(A),
where Lyw(A) = H® (L, , (A — (kn1 +7)p)) and H°(?) denotes the “—7-reduction

functor introduced in [FKW]. The conformal dimension of Ly () is given by the
formula

AIA+2p)
Py QAT20) 7.5
A 2(kn,l I 7,,) ( |p) ( )
The fusion rules are given by
L) BLw(n) = P N (shn) Lo (),
I/EPi’(’I‘)

Therefore, we have an isomorphism of fusion algebras

K(Ln(sl)) = KWy (sh),  Ln(A) = Lw(N). (7.6)
and the group of simple currents is

PiC(W(ml)(E[T)) = {Lw(nwi)}iezr ~ ZT, Lw(nw,) — 1.

7.3. Fusion rules of subregular W-algebras. The (simple) subregular W-algebra
Wi (sl fsub) is Co-cofinite if the level k € C is of the form

n+r
n—1’
by [Ar4]. In this case, we denote Wy, (sl,,, fsup) also by Wf‘rl)b (sl,) for simplicity. In
the rest of this subsection, we assume r > 3. In this case, by [CL1, Theorem 9.4],
we have an isomorphism of vertex algebras

ky == —n+ r € Lo, (n+r,n—1)=1

Com (m , wig)b(s[n)) ~ Wi 1y (shr). (7.7)
and moreover,
Com (Wi 1) (s1), Wi (81) ) 2= Vi (7.8)
Wf‘rl)b(s[n) ~ @ Lw(nw;) ® V\}%-s-\/mz- (7.9)
€L,

Since Lyw(nw;), (i € Z,), is a simple current of W, 1)(sl;), (7.9) shows that

W?;l)b(sln) is a simple current extension of W, 1)(sl;) ® V. 57z of order 7. Since

Win,1)(sl:) and V, 574 are rational, so is W?‘Tl)b(s[n) by Proposition B.19. It is im-

mediate that every simple ordinary module of a simple Cs-cofinite vertex operator

superalgebra of CFT type is also Ca-cofinite. Since W, 1)(sl;) and V574 are Ca-

cofinite, so is W?;‘)b (sln) as a Wiy, 1)(sl;) ® Vs z-module and thus is Co-cofinite as
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a vertex algebra. We note that the rationality for > 0 is proven independently in
[AvE2] by the analysis of Zhu’s algebra.
By the results in §6.2, the decomposition (7.9) gives the following description of

the set of irreducible W?;‘? (sl,)-modules.

Theorem 7.2. Forr > 3, there exists a one-to-one correspondence
(WP (s1,)) = { (A a) € PP(r) X Zy | pjo(N) = a € Z,} / Z.,

where Zy acts on PY(r) X Zny by m - (X,a) = (6™(N),a +mn), (m € Z,). The
W?;‘;’(EI )-module Lg,p(\, a) corresponding to (A, a) decomposes into
sub )\ a @ LW ® Va+n1 +\/WZ (710)
V€L
as a Wy, 1)(sl;) ® V. iz z-module and satisfies the fusion rules
Lab(A,0) B Los(i,0) =~ @) NX,(shn)Laws(v, a + b).
uer:(T)
Proof. By (7.5), we have hm = in(r—i)/2r. Hence the monodromy My, (nw,) Lw())
is
—iT A 2m /1
MLW (nw;),Lw(A) — P/Q( )a CT =€
Thus Lw(A) ® Ve /mrz is local for the simple currents Lw(nw;) ® Vai /mrg
(i € Z,) if and only if
'/TP/Q()‘) =a € Z,
where a € Z,, is seen as an element of Z, by the natural projection Z,, — Z,.
Therefore, the assertions follow from Theorem 6.3. O

By Proposition 7.1, Theorem 7.2 implies the following, cf. [AvE2].
Corollary 7.3. The one-to-one correspondence
Irr(Ly(sl,)) = Tr(Wi (sha)), - Lin(A) = Laup(A', €(N)),
gives an isomorphism of fusion rings
K(Lp(shn)) =~ KW (sLn))-

7.4. Principal W-superalgebras. By the Kazama—Suzuki coset construction Corol-
lary 5.7 for the simple quotients, the decomposition (7.9) implies a description of
principal W-superalgebras as a simple current extension of the tensor product of a
principal W-algebra and a lattice vertex superalgera. For simplicity, we write

W(r)(5[1|n) W —(n—1)4 1= 1( [1|n)7 r € Z>o, (n +r,n— 1) =1.
Theorem 7.4. Forr > 3, there exists an isomorphism of vertex superalgebras

Com (\/\7(,171)(5[07 W(T) (5[1‘,1)) ~V (Cr=ryA

In this case, we have as isomorphism

Wi (sly1,) >~ Lyw(nw;) @V (nemi 7.11
(r (sl EZB wnw) @ Veini s (7.11)

as Wn,1)(sl,) ® V\/mz—modules. In particular, W,y(sly,) is a simple current
extension of W(nyl)éslr) OV mgryrz ond thus is Cs-cofinite and rational.

Proof. Note that the element nH; is identified with the element /nr, a generator
of y/nrZ. Then we may write (7.9) as

unb @ @ LW nwl X ﬂ-arJrz

€Ly a€EZ
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where 77511 is the Fock module such that H; ) acts by a € C. Let ¢ denote the
Heisenberg field in 7z C V3 corresponding to 1 € Z. Then the Heienberg field
P(z) = (n+r) (nHy(2) +r¢(z)) is orthogonal to H;(z). We have isomorphisms

?ﬁ)b (sl,) @ Vg ~ @ @ Lw(nw;) ®7ra7+z®7rf
€Ly a,bEL

(7.12)
= @ @ LW le1 ® Trb ar—i ® me?:—:)i:ﬁ—i-rb
€Ly a,bEZ
as Wy, 1)(sl) ® 71 @ 7)Y _modules. Thus, by Corollary 5.7,
Wiy (sty) = Com (212, Wi (st,) @ V2

ntr (7.13)

~ D PLwln=) 0w

i€Z, a€Z
This implies the first assertion since Com(W,, 1y (sl;), Wy (shjn)) =~ @rep ™ E;LI:);P)\

is a lattice vertex superalgebra V. NoEmr s Now the second assertion follows from
rewriting the decomposition (7.13) as W, 1)(sl;) ® 7"+7)%-modules into the one
as W 1)(sly) @ V. Ve z-modules. The third assertion follows from the same
argument as in the case of the subregular W-algebra, see the argument just after
(7.9). O

We note that the W, 1)(sl,) ® V gy z-module

Zé.; LW nwz) ® V ((nn-%—::; +WZ,
which looks like a “reversed gluing” has also a natural structure of vertex superalge-
bra. Indeed, it is also isomorphic to W,(sly,). In the case n = 2, the isomorphism
of these two extensions coincides with the famous automorphism of the N = 2 SCA,
which maps the strong generators to
L(z) = L(2), J(z) = —J(2), GT(2)— GT(2).

Here L(z) is the Virasoro field, J(z) the Heisenberg field, and G*(z) are primary
odd fields of conformal weight % weakly generating the N = 2 SCA, see e.g. [Sal].
This isomorphism for W, (sly,,) follows from a general theorem of Shimakura [Shi
describing isomorphisms between simple current extensions of a vertex algebra and
automorphisms of lattice vertex algebra V. Neror [DN] appearing in the decom-
position.

By the results in §6.2, Theorem 7.11 implies the following description of the set
of irreducible W, (sly},,)-modules.

Theorem 7.5. There exists a one-to-one correspondence
T (W (sly0)) ~ {(Aa) € PP(F) X Zyinye | 7pj0(N) = a € Z,.} / Z.,

where Zy acts on PP(r) X Ziniryr by m-(X,a) = (6™(N),a+m(n+r)), (m € Z;).
The W,y (sl }n,)-module Lgy(, a) corresponding to (A, a) has a decomposition

sp )\ @ Zé.; LW ® Va«}»(i:‘i:;r)')z +mz (714)

as a W, 1)(sl,) ® sz—module and satisfies the fusion rules

Lop(Xa) ML (p.b) = € NX,(skn)Lap(v,a+b)
DGPJ:‘(T)

The proof is very similar to that of Theorem 7.2 and thus we omit it.
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Corollary 7.6.
(i) The fusion ring of W,y(sly,) is isomorphic to
Ly

K(W(T)(sllln)) = K<Ln<5[r)>®Z[Z(n+r)r]

(ii) The number of inequivalent simple Wi, (sly,,)-modules is ("").
(iii) The group of simple currents of W(,)(sly,)-modules is
Pic(Wiy (shijn)) = {Lsp(0,ar) Yaez,, ., = Znir, Lgp(0,ar) — a.
We give another description of Irr(W(,)(sl,)) in terms of P} (n). It follows from
(7.11) and (7.12) that

COHl(W( )<5[1‘”) WSub 5[ ® VZ @ﬂ- (n+7)a = V(n+r)nZ

a€Z
as vertex algebras. Hence, we have
sub
e é.; ag% Lw(nw:) @ Viewnina iy z @ Voae i vatin 2
= Ls,(0,ar) @V
agi,_ pl0:ar) T +Vn(ntr) Z

sub

as Wy (sly),) ® sz—modules. Thus, W‘(T) (sl,) ® Vz is an order n + r simple
current extension of W,y(slyj,) @ V. NcEar Since V7 is a holomorphic vertex
operator superalgebra,

W?%)( sl )-mod ~ ?:)b( n)-mod ® Vz-mod, M +— M ® Vg

is an equivalence of braided tensor categories. Then Theorem 6.5 implies the fol-
lowing.

Theorem 7.7. There exists a one-to-one correspondence
II‘I“(W(T) (5[1‘71)) ~ {()\,a) € Pj;(n) X Z(n+r)n | WP/Q()\) = —ac Zn} /Zn

where Zy, acts on PL.(n) X Zpiryn by m-(X,a) = (6™(AX),a—m(n+7)), (m € Zy).
Let Lsw(A, a) denote the W, (sly),,)-module corresponding to (X, a). Then we have
an isomorphism of rings

Zn

KWy (s11n) = | K(Li(510)) Q) ZlZo(nsny] |+ Lsw(ha) = Le(A) @ [a].
Z[Z.]

APPENDIX A. FREE FIELD REALIZATION FOR V"(gly;)

We study a free field realization of the universal affine vertex superalgebra
V*(glyj1). We also realize it as the kernel of a certain screening operator.

A.1. Heisenberg vertex algebra. We use the language of the A\-bracket for ver-
tex superalgebras, cf. [DK]. For a finite dimensional commutative Lie algebra b
over C with a symmetric bilinear form x, the Heisenberg vertex algebra i asso-
ciated with h at level x is defined by the vertex algebra generated by the fields
uw(z) =,z u(n)z*”’l, (u € b), satisfying the OPEs

K(u,v)
u(z)v(w) ~ m,
If k is non-degenerate, my is simple, called a non-degenerate Heisenberg vertex
algebra. The dimension dim b of b is equal to that of subspace of 7y with conformal
47

u,v € h.



degree 1, called the rank of m. For p e b, let mg  denote the Fock module of my,
with highest weight pu, generated by a highest vector |u) satisfying

u(n)|/”'> = 5n,0M(U)\M>7 n >0, u€bh.
If we have a non-degenerate bilinear form (+|-) on b, then b is identified with b* by
h— (v(h): b = (h|h')). For k = k(:|-), we write 7§, (resp. wé)u) instead of 77,
(resp. 7y ,), and denote by a(z) =}, a2 " = v @) (2) for v € h*. We
call 7r§ the Heisenberg vertex algebra associated with b at level k.

A.2. Wakimoto representations of 5[(1|1)H. Let gly}; denote the Lie superal-
gebra End(CH') with Lie superbracket
[I,y] =Y — (71)9’3le,7 zvyEEnd((clll)v
where 7 € Zy = {0, 1} denotes the parity of + € End(C!'). Let {E; ;}1<; j<2 denote
the elementary matrices of gl;; = End(C'"), b = CE11 ®CEy5, ny =CEy 2 and
_ = CE, ;. Note that the parity of Fj;; is 1+ j. For an even supersymmetric
invariant bilinear form « on gly|;, there exist unique k1, k2 € C such that
k= kik1 + kaka,

where k1(x|y) = strein(zy) and ro(zly) = —%strg[ll1 (ad(z) ad(y)), and stry(?)
denotes the supertrace over a vector superspace V. The non-zero parings of x are:

K(E11|EB11) = ki + ke, K(Ea2|E2) = —ki + ko,

K(E11|Ea2) = —k2, K(E132|E21) = k1.
Define x; € b* by

Xi(Ejj) = (1", 5, i,j€{1,2}.

We identify b with h* by x1, under which E; ; is identified with x;, (i = 1,2), since
w1(Eii|Ejj) = xi(Ejj). Let 757" := mp~" be the Heisenberg vertex algebra

associated with b at level kK — ko, which is freely generated by fields x;(z), (i = 1,2),
with OPEs

(k — ko) (Bl Ejj) .
Xi(z)Xj(w) ~ (Z_,uj)zg = , Lj=12 (Al)
Let V*(gly}1) denote the universal affine vertex superalgebra associated with sly|; at

level , which is freely generated by the fields z(z) = Y, o, )z "1, (z € glij)
with OPEs

st ~ 2 By e gty

If k1 # 0, then it admits the Segal-Sugawara conformal field

T(z) := 2—]1{1<1 ;1/52 C(Bra(z) + EQ’Q(Z))Q e El,l(,z)2 e EQ’Q(Z)Q ) A2)

—: ELQ(Z)EQJ(Z) N EQJ(Z)ELQ(Z) : ),

whose central charge is 0, i.e., the superdimension of gl;;.

Let Mgr, , be the be-system vertex superalgebra, which is generated by odd fields
b(z), c(z) satistying the OPEs
1
b(z)e(w) ~ P b(2)b(w) ~ 0 ~ ¢(2)e(w).

The following proposition follows from direct calculations.
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Proposition A.1. There exists a homomorphism of verter superalgebras
p: Vr (g[m) — Mg, @ 77", which satisfies

E12(2) = b(2),  E2.1(2) =1 c(z) (xa(2) + x2(2)) : +k10c(2),
Ei11(2) = — 1 c(2)b(2) : +x1(2),  Ea2(2) —: c(2)b(z) : +x2(2).
We denote a V* ( 1‘1) -module M,

1— ko
2K2

(A.3)

® "2 by W". Note that T'(z) maps to

1)1

1 0c(z) b(z) : + fatxe)(2)? 4 x1(2)? 1 = x2(2) 1 +0(x1 + x2)(2)) -

o

Lemma A.2. p is injective for all k.

Proof. Define conformal gradlngs A on V" ( 1‘1) and W" by setting

A(|0)) = Ale-1)|0) =
A(x—1)|0)) = A(5(71)|0>) =A(xi-pl0) =1, zegl, i=12
and A(An)B) = A(A)+A(B) —n—1. We choose the set A of homogeneous strong
generators to be {X(71)|0>}Xeg[1‘1 for V“(g[m) and {b—1)|0), ¢(—1)[0), x1(=1)|0),
(—=1)|0)} for W*. Then the associated standard filtrations are

(A.4)

F,V := Span a?—m)“ _n)|0>a € A, ZA By <n,r>0,n; >0
J

for V=V* (g[m), W* respectively and their associated graded superspaces

grpV = @ 1V
n=0 n

admit a structure of Poisson vertex superalgebra [Ar3, Li3]. Since p preserves the
gradings A by (A.3), p induces a homomorphism of Poisson vertex superalgebras

grpp: grpV" (9[1|1) — grpW".
We have
grpV (gly) =C[0"Ei; |1 <1i,j <2, n € Lz,
grpW" =C[0"b,0"c,0"x; | i =1,2, n € Zx>o],
where 9" A is the image of %A(,n,l)m) € Faay4aV in Fa(a)4nV/Fa(a)4n-1V-
Next, define weight gradings wt on grpV" (g[1|1) and grpW" by setting
wt(O"E1 2) = wt(0"b) = wt(9"¢) =0
wt(0"E; ;) = wt(0"Eq1) = wt(0"x;) =1, i=1,2
and wt(AB) = wt(A)+wt(B). They yield filtrations G,V = Span{A € V;wt(4) <

n} on grpV for V.= grpV*= (gly)), grpW*. Since {GnVAGnV} C GuinV[A, th
associated graded superspace

@

ngV @

n=0 an

also has a structure of Poisson vertex superalgebra. Since grpp preserves the weight
gradings by (A.3), grpp induces a homomorphism of Poisson vertex superalgebras

graerpp: graerp V" (9[1\1) — grgerpW",
Eio—b, Eziw c(x1+x2)
Ei,i = Xis 1= 17 27
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where A denotes the image of A € th(A)V in th(A)V/th(A),lv by abuse of
notation. Since grogryp is injective, so is p. O
By using p in Proposition A.1, the W*-module

Wh = Mg, @787 2, e’

becomes a V* (gly|;)-module, which we call the Wakimoto representation of al(1]1),
with highest weight u, (cf. [F1]).

A.3. Wakimoto representations at generic level. Here we study the Waki-
moto representations W7 for generic level . Let

i = p(Ei;), i=1,2.
Consider the highest, (resp. lowest), Verma module of gl
anfe =U (g[1|1) ®u(os) Cone, n,ee€C,
where by := Span{E; 2, N, E}, (resp. b_ := Span{F2 1, N, E}), with

1
N := §(E1,1 —Es5), E:=FEi1+Es>

and Cu, ¢ is the one dimensional by-module such that Ej o, (resp. Ea1), acts by
0, N by n, and E by e. If e # 0, then they are irreducible and we have an
isomorphism V,;’: e =V, 1. 1f e =0, then they are only indecomposable and we
have the following short exact sequences

0= Ans1 = Vi = A, =0 (A.5)

where A, = Cwy,, (¢ € C), is the one dimensional gly;-module such that Ey 2, Ea 1,
FE acts by 0, and N acts by q.
Define the V*(gl;;)-modules

‘A/n:‘,:éﬁ = U(g[(lu)ﬂ) ®U(g[1‘17,{'+) Vn:‘,:ev Az = U(g[1|1,;<;) ®U( An

0[1\1,n,+)

Lemma A.3 ([CR2]). (i) If e # 0, then Vnﬂfcz" is irreducible for = ¢ Q, and there
exists an isomorpshim

Vi e VL
(i) If e =0, then f/nie" admits the following short exact sequence for ky # 0
0— A%, — ané“ — A% 0. (A.6)

(iii) A% is irreducible for ki # 0.

Proof. We include the proof for the completeness of the paper, following the ar-
gument in [CR2, Sec. 3.2]. We may assume k; # 0. For (i), the isomorphism
Vb, =V, . induces an isomorphism V[, ~V =7 . The conformal dimension of

1®vpe € Vnﬂfé’"” with respect to (A.2) is

1 1— ko
Apei=— 249 1).
, 2k1< T e’ + 2en F )

Suppose that ‘A/nfcz“ is reducible. Then we have a nontrivial V*(gl;|;)-module ho-
momorphism

an/:: — ancj”, In' en+Z,

and thus A, = Ay, o+ for some j € Zso, that is, ;=(n'—n) = j. Since n'—n € Z,

it is impossible when = ¢ Q, in which case ané” is irreducible. This completes

the proof of (i). For (iii), note that the conformal dimension of 1 ® w, € A
with respect to (A.2) is always 0. Suppose that Af is reducible. Then we have a
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nontrivial V*(gly;)-module homomorphism
Vn't)’g — A% or Vn_,:g — A5 el
such that the image of 1 ® vy, o is not contained in Cw,,. It is impossible since the

conformal dimension of 1®wv, ¢ € Vnﬁ}“ is 0. Thus A” is irreducible for k; # 0. For
(ii), (A.5) induces an exact sequence of V*(gl;;)-modules

Rl anfd" — A =0

by the right exactness of the tensor functor U(g?[(1|1)n) QU gty t) (7). The map
Agil — anén is also injective by (iii) for k; # 0. This completes the proof of
(i). O

Proposition A.4. We have an isomorphism

Wi =V e

of V* (9[1\1) -modules where n(u) = % — 1, e(p) = p1 — pg for %f) ¢ Qif
e(u) # 0 and for ki # 0 if e(u) = 0.

Proof. Define a conformal grading A on W7 by A(|u)) =0 and (A.4):
Wy =EPw, (A7)
>0
Then the subspace W/ = C|u) © Ce_p|p) is a gl(1]1) . 4-module, which is iso-
e(uw) DY
Vet = Wi
Un(p),e(p) = c(*l)|:u>’ E172vn(ﬂ)15(#) = "U/>

Thus, by the universality of the induced modules, we have a V*(gl;;)-module
homomorphism

morphic to V (),

r— K K
VnW’eM — WE, .- (A.8)

If 1 # pa, then the map (A.8) is injective by Lemma A.3 (1). If py = fi2, then
(n(p), e(u)) = (=n—1,0). Tt follows from (A.6) that the singular vectors of V) | 0

for k1 # 0 belong to the subspace A_,, C A’jm which is clearly embedded by (A.8).
Thus the map (A.8) is injective by Lemma A.3 (2) also in this case. Therefore, the
map (A.8) is injective for generic x for any highest weight p € h*.

Define a conformal degree A of Vni(:;,e(u) by A(Vn_(#) e(ﬂ)) =0, A(Xp) =1,
(X € glyy), and A(X(,—1)Y) = A(X) + A(Y) +n + 1. Then the map (A.8)
preserves the conformal gradings by Proposition A.1. Now its surjectivity follows
from the equality of the characters:

ch [Vn’(u) e(#)] 2 [T(1+a™( +q") 2 = ch[Wp).
n=1
Thus (A.8) is an isomorphism. O

A 4. Resolution. For a — x1 + X2 € b*, define an intertwining operator S(2) :
W -) we (n+1)a(( ))a (kl ?é 0), b,

S(z) =: b(z)efﬁ =)
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where

e Sz 1 An) __y, 1 amy .,
ce F ’_Tanp<kzlz m— )exp(lﬁz — , (A.9)

n<0 n>0

K
—no

and T_, is the translation operator m — ﬂf(n+1)a sending the highest weight
vector to the highest weight vector and commuting with all x;¢,), ¢ = 1,2, n # 0.
By direct calculation, one can show that the residue

S = /S(z)dz

satisfies S(u(_1)[0)) = 0, u € gly;. It follows that S is a V*(gl;|;)-module homo-
morphism from W¥,_, to Wf(n+1)a (cf. [F1)).

Using Wakimoto representations, we can extend the injective morphism p to a
long exact sequence as in the following proposition.

Proposition A.5. The sequence
0= Vo(glyy) D WE S WE, = s WE L DW= (A0)
is a complex of V"(gly|;)-modules and ezact for ki # 0.

Proof. To show that (A.10) is a complex, we have to show (1) Im(p) C Ker(S) and
(2) So 8 =0. (1) follows from S(z(_1|0)) = 0, z € gly;. To show (2), notice
that we can extend the vertex superalgebra W* to the direct sum of W*-modules
D,,~0 WE, by setting

O

Y(| —na),z)=1e F Jatz) :7

where | — na) is a fixed non-zero highest weight vector of 7%, (see (A.9)). This is
due to k(na, ma) =0 for n,m > 0 (cf. [FBZ, Chap. 5]). Then S is the 0-th mode
Qo) of the field corresponding to @ = b(_1)| — a). By the Jacobi identity of the
A-bracket, we have

SoS(a) = [Q\Quallax=p=0 = %HQAQ]HMGHA:M:O =0, aeW:r,,.

Thus S o S = 0 follows.
It is clear that the complex (A.10) preserves the conformal gradings (A.7). In
particular, the subcomplex of conformal grading 0 is isomorphic to

0=2A > Vig2Vaog—= =2V, g2V, 10—,
which is a complex of glyj;-modules. Since S(| —na)) = 0 and S(c(_ )| — na)) =
| — (n+1)a), it is a successive composition of (A.5), and thus exact. Now it follows

that the complex (A.10) for ki # 0 is a successive composition of (A.6) since A"

—no

(n > 0), are irreducible for k; # 0. Thus (A.10) is exact. O

APPENDIX B. CATEGORICAL ASPECTS OF SIMPLE CURRENTS

We study the theory of simple currents of vertex operator algebras purely in a
categorical manner, following [CKL, CKM1].

B.1. Preliminaries. A supercategory C is a category enriched by the category of
Zs-graded sets , [BE]. By definition, for objects M, N, L in €, the set of morphisms
Home(M, N) carries a Zy-grading
Home (M, N) = @ Home (M, N);

i€Z

and the composition of morphisms preserves the Zq-grading by addition
o: Home(M, N); x Home(L, M); — Home (L, N)iyj, (f,9)— fog.
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The underlying category C of C is defined as the category whose objects are the
same as C and whose morphisms are the even morphisms of €. For an additive
supercategory C such that C is an abelian category, by a subquotient object in C
we mean one in the underlying category C. We use the notion of simplicity as well.
We stress that we use this terminology even if C is an abelian supercategory, that
is, an additive supercategory such that every (parity-inhomogeneous) morphism in
C admits a kernel and cokernel.

Let € be an essentially small, C-linear, monoidal supercategory whose underlying
category is abelian. We denote by

K:CxC—€ (M,N)»MXN
the monoidal product superfunctor with unit object 1e, by
lo:1lcMe Sse, (Iny:1e MM = M),
Te: oMle = e, (ra: MX1le = M),
Aene: oK(o K o) 55 (s o) Ko, (AMJV,L:M&(N&L)i(M&N)&L),

the structual natural isomorphisms of superfunctors satisfying the pentagon and tri-
angle axioms, see [BK, EGNO]. The last one is called the associativity isomorphism.
Here we use the convention that the parity of a parity-homogeneous morphism f is
denoted by f and the composition of two parity-homogeneous morphisms (f1, f2),

(91,92) in € x € is given by (=1)%291(f1 g1, fags).
For an object M € Ob(€), a right dual of M is a triple (M*, ek, i) of M* €

Ob(€) and even morphisms
R M RM — e, ify:le > MR M*, (B.1)

satisfying the rigidity axioms. A left dual of M is similarly defined to be a triple
(*M, ek, i) consisting of *M € Ob(€) and even morphisms

eyt MR*M — 1e, i :1le - "M X M. (B.2)
By [EGNO, Proposition 2.10.15], right (left) duals are unique up to even isomor-
phisms if they exist. The category € is called rigid if every object in C has a right
and left dual. We call an object M of € an invertible object if it admits a left and
right dual such that the morphisms in (B.1) and (B.2) are isomorphisms.
Lemma B.1. For an invertible object S, the superfunctors
SXe:C—C M—SKM,
oeXS:C—>C M—MXS,
are exact.
Proof. Since the proofs for S X e and e X S are similar, we prove only for S X e.
Note that any object lies in the image of S X e since for any object M € Ob(C),
SKR(S*NM)~ (SRS )XM~1e KM ~ M.
Now, take a short exact sequence in €
0—-M-—N-—L—O0.
We show that the complex
0—>SKM—->SKN—=SKL—=0 (B.3)

is exact. For the left exactness of (B.3), it suffices to show that for any object
A € Ob(C), the induced complex

0 — Home(A, S® M) — Home(A, S X N) — Home(A, S K L) (B.4)

53



is exact. Indeed, by the left exactness of Home(A, e), we have the exact sequence
0 — Home(A, M) — Home(A, N) — Home(A, L). (B.5)
Then, by the functoriality of the following isomorphisms
Home (A, M) ~ Home (A, 1le X M) ~ Home(A, (*SXS) X M)
~ Home(A4,"S X (S X M)) ~ Home(SX A, SK M),
(see [EGNO, Proposition 2.10.8]), the exactness of (B.5) implies that of
0 — Home(SXA,SXK M) — Home(SXA,SKN) - Home(SXKA,SKL).

Replacing A by S* X A in S X A, we conclude that (B.4) is exact. We can prove
the right exactness of (B.3) in a similar way by showing the exactness of

0 — Home(SX L, A) - Home(S K N, A) — Home(S X M, A)
for any object A € Ob(€) and thus we omit it. This completes the proof. O

(B.6)

We call a simple invertible object a simple current following the terminology of
the theory of vertex algebra. By Lemma B.1, a simple current exists if and only if
the unit object 1¢ is simple.

Assumption 1. The unit object 1¢ is simple.

A braided monodial supercategory is a monoidal supercategory € equipped with
a natural isomorphism of superfunctors, called the braiding,

Reo: (0K e) = (eRe)o0, (Ryyn: MXN = NXM),
where o is the superfunctor
c:CxC—=CxC (M,N)— (N,M),

under which every parity-homogeneous morphism (f, g) maps to (—l)f@ (g9, f). The
natural isomorphism R, . is required to satisfy the hexagon identity. The natural
isomorphism

M o ::fRi.: (eXe) = (eKe), (Mpyn: MXN = MKXN)

is called the monodromy. 1t is straightforward to check that, in a braided monoidal
supercategory, the existence of a right dual implies that of a left dual and vice
versa. Indeed, given a right dual (M*, %, i) of an object M, the triple (M*, elf o
R;j ares Raa+ 0 i%y) defines a left dual of M and conversely, given a left dual
(*M, ek, i%), a triple (*M, %, o Ras s, RX/})*M oik,) defines a right dual.

One of the simplest examples of braided monoidal supercategory is the supercat-
egory SVectc of vector superspaces over C of at most countable dimension equipped
with the tensor product M X N = M ®c N and the braiding

RM7N1M®CN—>N®CM, m®n>—>(—1)ﬁmn®m.

Obviously, the supercategory C is C-linear and its underlying category C is abelian.
Note that the supercategory SVectc admits a natural parity reversing endofunctor
II, which exchanges the parity of objects.

In this paper, we make the following assumption on our monoidal supercategory
C in consideration:

Assumption 2. Every object in C has a structure of a C-vector superspace of at
most countable dimension, the forgetful functor € — SVectc is a C-linear exact
faithful superfunctor, and there exists an involutive autofunctor Ile of C which
coincides with the parity reversing autofunctor I of SVectc through the forgetful
functor. In addition, each C-vector superspace of morphisms in C has a finite
dimension.
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Such a situation naturally appears when we consider module categories of suit-
able superalgebras over C like vertex operator superalgebras or Hopf superalgebras
consisting of modules of at most countable dimension. The existence of the forgetful
functor implies Diximir’s lemma (or Schur’s lemma) for €.

Lemma B.2.

(i) For non-isomorphic simple objects M, N € Ob(C), Home(M, N) = 0.

(ii) For a simple object M € Ob(C), Ende(M)s = Cidps and Ende(M); = 0 or
CII for some odd isomorphism II such that II? = id ;.

Proof. Tt is easy to see that (i) and the first assertion in (ii) follow from the argu-
ment in the purely even case, see e.g. [Wal, §1.2]. For the second one in (ii), we
suppose Ende(M); # 0 and take a nonzero morphism f € Ende(M);. We prove
Ende(M); = Cf. Since f? is an even isomorphism, we may assume that f? = ide
by rescalling. Then it suffices to show g = & f for g € Ende(M)7 such that g2 = ide.
Let a € C be the scalar such that fg = aide. Since ide = f(fg)g = afg = a?ide,
we obtain @ = 1. Then, by fg = +ide and (fg)(gf) = ide, we have fg = gf.
Now, we have (f + g)(f —g) = f2 — ¢> = 0, which implies that f + g = 0 or
f — g =0. This completes the proof. O

In practice, the case dim¢ Ende(M); = 1 occurs when € is a module category of
a C-superalgebra A = Aj® A7 and an object M = My® M7 satisfies f: My ~ Mj as
Ag-modules. In this case, an isomorphism (f, f~1): M = Mg®M; ~ M;® My = M
as Ag-modules has odd parity and it might define an isomorphism as A-modules,
see [CW, §3.1].

B.2. Block decomposition and Monodromy filtration by Simple currents.
Let € be a monoidal supercategory as in §2.1 equipped with a braided monoidal
supercategory structure. Here we study decompositions and filtrations on € induced
by simple currents. Take a simple current S € Ob(C). We set

SR(SE(---(SKS)---), (n>1),
Sn:: 1@, (n:O),
S*R(S*E (- (S*RS*)---), (n<—1).

Since simple currents are closed under taking left, (right), dual and monoidal prod-
uct by [EGNO, Proposition 2.11.3], S™, (n € Z), are simple currents and satisfy

SRS~ St (S~ ST

Then by (B.6), we have

Ende(M) ~ Ende(S" K M), (M € 0b(C)).
Lemma B.3. The map

Ende(M) — Ende(S" X M), f+— idg Xf (B.7)
is an isomorphism of C-superalgebras.
Proof. Tt is straightforward to show that the map

Ende(S" X M) — Ende (ST"K(S"RM)), [+ idg-» K(idgr Kf)
is an inverse of (B.7) under the natural isomorphisms
Ende (S XK (S" X M)) ~ Ende ((S™" R S") X M)
~ Ende(le X M) ~ Ende(M).
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By Lemma B.3, the monodromy
Mgn pr = Rpzsn 0 Rgn pr € Ende(S™ K M)
defines a unique element mg(n) € Ende(M)° satisfying
Mgn pr = idgn K mg(n).

Proposition B.4. The endomorphism mg(n) is invertible and moreover

ms(n) =ms(1)"  (n €Z).

Proof. We show the assertion for n > 1 by induction on n. By the hexagon identity,
the following diagram commutes.

sn.M R, sm

R
(SRS HRM —" 3 MK (SR S"1) (SRS 1R M

zi T:

S (S"1 K M) S (S"1 K M)
AR R | ~ ~ Tam®
S® (MRS 1) S (MK S"1)

| 1

(SEM)RS™ ! — 3 (MRS)KS" ' — 5 (SKM)R S .
RXid RN id

Here all the isomorphisms without symbols are associativity isomorphisms. Then
the morphisms in the bottom are composed as

(fRMys X idSn—l) o (:RS,M X idSn—l) = MS,M X idSn—l
= (ids&?’ﬂs(l)) X idSn—l .

Now, we may use the naturality of the associativity /e e and the braiding R e to
conclude Mgn py = idgn Bmg(1)™ since

Msn p = Rz sm 0 Rgn m
= Ag gn—1 0 (idg I Rgn-1 pr) © ‘A;’]J-W’Sn—l
o (Mg, Midgn-1) 0 Ag pr.gn-1 0 (ids B Rgn-1 p/) 0 A;}S,,L,IM
= (idsn Rmg(1)) 0 Ag gn-1,ar © (ids B Rgn—1 11) 0 A}/ guos
o Agarsn1 0 (ids M Rgn-1ar) 0 AG sy
= (idgn Rmg(1)) 0 Ag gn-1 ar © (ids ®Mgn-1,a1) 0 Aggus 5
= (idgn Rmg(1)) 0 Ag gn-1,ar 0 (ids B(idgn—1 Rmgs(1)" ™)) 0 Ag 1 5
= idgn Kmg(1)".
Similarly, we can show mg(—n) = mg(—1)" for n > 1. Thus it remains to prove
mg(1)mg(—=1) =idas .
For this, note that by using the same argument as above, we obtain that
Msms+ v = idsms+ M(ms(1)ms(—1)).

Then S X S* ~ 1¢ and My, » = idy mas (see [Kas, Proposition XIIL. 1.2]) implies
the assertion. This completes the proof. O

Proposition B.5. An object M € Ob(C) admits the generalized eigenspace decom-

position of mg(1)
M= Mo,
acC*
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where
Mo = | Malnl, Ma[n] :=Ker(ms(1) — a)".

HEZEO

Proof. 1t is immediate that we have
M> Y M,=& M, (B.8)
acC* acC*

and that {M,[n]}nez., defines a filtration My[p] C Mylg], (p < q). Thus it re-
mains to prove the equality of (B.8). For this, we use the multiplication of mg(1)
on Ende(M). Since the C-vector superspace Ende(M) is finite dimensional by
Assumption 2, the multiplication of mg(1) gives a generalized eigenspace decom-
position

Ende(M) = €D Ende(M)a,
aecC*
Ende(M)y :={f € Ende(M)s | (ms(1) —a)"f =0, (Vn>0)}.
This gives the decomposition idys = Y m. Thus we obtain
M=idyM=> maMC > M,
gl et
This completes the proof. O

We introduce full subcategories Co[n] C €, (a € C*,n € Z>() defined by
Cu[n] :== {M € Ob(C) | (mg(1) — a)"lidy = 0}.
For a fixed oo € C*, they give a filtration
Cal0] C Cafl] C -+ C Cq = | €alnl. (B.9)
n>0

Then by Proposition B.5, we have the following block decomposition of C:

e=p e (B.10)
acC*

We call it the monodromy decomposition of € by S and (B.9) the monodromy
filtration of € by S.

Proposition B.6. (i) Any object M in C,[m]| is an extension
00— M — M — My —0

for some My € Ob(C,[0]) and My € Ob(C,[m — 1]).
(i) We have
K: Co[m] x Cg[n] — Caplm + nJ.

Proof. (i) is immediate from the definition of €,[m]. We prove (ii). Take M €
0b(Cq[m]) and N € Ob(Cg[n]). Let us write the monodromy operator mg(1) for
M as mg (1) for clarity. By using the same diagram in the proof of Proposition
B.4, we obtain
Mg, mmny = ids K(ms,m (1) Kms n(1)),
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and thus mg yrn (1) = mg (1) ®mg n(1). Now the assertion holds since

(mg v (1) — aB)mtntt
= (ms,m (1) ®mg n(1) — al@)m+n+1

= ((ms.m(1) — a) Rmg n(1) + aidp B(ms v (1) — 8))"

m+n+1 m+n+1
=3 (M k) - ) By (1) s (1) - )
k=0

=0.
Corollary B.7. The full subcategory

elo] := P Cal0]

aeC*
is a braided monoidal supercategory.

Remark B.8. If the simple current S is of finite order S™ ~ le, then the decom-
position (B.10) holds without Assumption 2. Indeed, by the complete reducibility of
representations of finite abelian groups, mg(1)™ = 1 implies the block decomposition

¢ ::e[o]:: 6{) ea[OL

a€Z/nZ
where L, — C*, [1] = *™/" (cf. [CKL, Lemma 3.17]).

Next, we generalize (B.10) to a simultaneous decomposition by simple currents
{Sy}4ec parametrized by a group G, i.e., Sy ® S}, ~ Sgp, (9,h € G). Since C is
braided, we have

Sy~ 8y ® S, ——— S, K S, ~ Sy,

Sg:5h
and G is necessarily abelian. As the functoriality of M, o implies that each mon-
odromy operator mg, (1) on M € Ob(C) lies in the center of Ende (M), the abelian
group G acts on M by g — mg, (1), (g € G). We denote by G¥ := Homg,p (G, C*)
the dual of G and introduce full subcategories Cyp CC, (¢ €GY), by

Cy = {M € Ob(M) | Vg € G, (ms, (1) = 6(9))" = 0, (VN > 0)}.
Then Proposition B.5 and the proof of Proposition B.6 implies the following imme-
diately.
Theorem B.9. The supercategory C admits a decomposition
c=p es
PeGY
as additive supercategories and the monoidal product respects the decomposition,
i.e., X: (3¢ X ew — e¢¢.

Finally, we consider the case that G is finitely generated. In this case, by the
fundamental theorem of finitely generated abelian group, we have G ~ Gg, x Z"
for some finite abelian group Gg, and non-negative integer n > 0. Then the dual
group GV is G¥ ~ Gy, x (C*)™. Let Cyalp] C C, (¢ € Gf,, a € (C*)", p € Z2),
denote the full subcategory whose objects consist of M € Ob(€C) such that -

ms, (1) = ¢(g), (Vg € Gan), (ms1, — i)’ | =0, (1 <Vi<n),

where 1;, (1 <7 < n), denotes the generator of the i-th component of Z" C G. For
each (¢, a) € GV, we have Cy o[p] C Cy alq] if ¢ —p € Z2, and define

Con = J Copalp):
pEZgO
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Then we have the following:

Theorem B.10. Assume that the group G is finitely generated. Then,
(i) the supercategory C admits a decomposition

C= @ Cha- (B.11)

(p,a)EGY

and the monoidal product respects the filtration, i.e.,

X: Coalp] x Cypla] = Coyp,aplp + 4l
(i) the full subcategory

el == P Cualo]
(p,a)eGY
is naturally a braided monoidal subsupercategory,
(i11) every object in Cy o[p] is expressed as an extension of certain objects in Cgy o[0]
and objects in Cy o[(p1,- -+ ,p; — 1, -+ ,pn)| for some j.

We call the decomposition (B.11) the monodromy decompositions by G and the
filtration {Cy o [p]} the monodromy filtration by G.

Remark B.11. By Theorem B.10 (iii), every simple object lies in C[0]. Thus € =
C[0] holds if C is semisimple. Equivalently, C # C[0] implies that the supercategory
C is not semisimple.

B.3. Fusion rings. Let C be a braided monoidal supercategory as in §2.2 with
Assumption 1 and 2. Let X(C) denote its Grothendieck group, which is generated
over Z by isomorphism classes [M] of objects M in €. Note that, if every object in
C of finite length, then the set Irr € of simple objects of € gives a Z-basis of K(C).
From now on, we assume the following condition:

Assumption 3. The bifunctor X: € x € — C is biezact.

Then K(€) is a commutative ring by
K(C) x X(€) — K(€), ([M],[N]) — [MXN]

and is called the fusion ring of ¢ We remark that X(€) does not have a natural
Zo-graded structure. The set of simple currents in €, denoted by Pic C, is naturally
an abelian group by X and we regard the group ring Z[Pic €] as a subring of K(C).

Suppose that we have a set of simple currents {S;} e parametrized by a finitely
generated abelian group G as in §B.2. By Theorem B.10 (i), (ii), the fusion ring is
GV-graded

K(€) = @ K(€).
£eGY
By Theorem B.10 (iii), the embedding C[0] C € induces an isomorphism K(C[0]) ~
K(C). Finally, we note that K(C) is a Z[G]-algebra, where Z[G] denotes the group
ring of G, by
Z|G] x X(€) = X(©), (g,[M]) =[Sy X M].

Before we remark a criterion for the Z[G]-freeness of X(C), we recall that Lemma
B.1 implies that G acts on Irr € by

GxIrr€@—TIrrC, (g,M)— S,XM.

Then it is clear that if every object in € is of finite length, then X(€) is free over
Z|G] if and only if the G-action on Irr € is free. Thus we have proved the following
proposition:

Proposition B.12. For a set of simple currents {Sq}gcc in C parametrized a
finitely generated abelian group G, the fusion rings K(C[0]) and K(C) are GV -graded
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Z|G]-algebras. Moreover, the embedding C[0] C C gives an isomorphism K(C) ~
K(C[0]) as GY-graded Z|G]-algebras. If every object in C is of finite length, then
K(C) is free over Z[G] if and only if the G-action on Irr C is free.

B.4. Algebra objects and Induction functor. Following [CKM1], we review
the notion of (unital, associative, commutative) algebra objects and their module
objects in a braided monoidal supercategory, originally introduced by [KO] in the
purely even case. We note that the authors of [CKM1] deal with superizations of
non-super categories (see Remark B.14), but the proofs apply to our setting.

Let C be a braided monoidal supercategory as in §B.3.

Remark B.13. In this subsection, we may replace Assumption 3 by a weaker one,
that is, the bifunctor X is right exact.

An algebra object in € is a triple (&, ug,¢), (or € for simplicity), consisting of
& € Ob(C) and even morphisms pg € Home(E, &)y and ¢ € Home(1e, €)5 satisfying
the following commutative diagrams:

(A0) The morphism ¢: 1¢ — & is injective.

(A1) Unity

leRe -2, e

Lne
s €.

(A2) Associativity

ide Mpe

EX(ERE) eme L ¢

eReREe L eme,

(A3) Commutativity
EmE 2t emeE

Lne
N €.

Remark B.14.

(1) A typical example of our braided monoidal supercategory is the superization SC
of a braided abelian monoidal category C, whose objects are pairs M = (Mg, M7) of
M; € Ob(C). This induces a Za-graded structure on the set of morphisms. In this
case, an algebra object in 8C is called a superalgebra object in C, see [CKM1].

(2) For an application to extensions of vertex superalgebras, the condition

Home(le, 8) >~ Ende(le)
is often assumed so that the extended vertex superalgebra is of CFT type.
An E-module is a pair (M, uar), (or M for simplicity), consisting of M € Ob(C)

and an even morphism pp; € Home (€ X M, M)g satisfying the following commuta-
tive diagrams:
(M1) Unity

X
le ® M 24, e 5 0y

\ lMM
I
M.
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(M2) Associativity
ide X
ER(ERM) LM e M 6y

A&,S,]\ll Y

(ERE)R M % e .

An E-module (M, ppr) is called local if it further satisfies the following commutative
diagram:

(M3) Locality
Me, m
EXM ———EXM

% Jj\é'l:b M

A morphism of &-modules from (M, pupr) to (N, un) is a morphism f € Home (M, N)
satisfying the following commutative diagram:

e M- e N

par | Lnw

M—1 N

Let Rep(€) denote the supercategory of &-modules with morphisms of &-modules,
and Rep” (&) the full subcategory of Rep(€) consisting of local &-modules.

Although Rep(€) is just a C-linear additive supercategory, the underlying cate-
gory Rep(€) is an abelian category. Furthermore, by the existence of the involutive
autofunctor Ile, every parity-homogeneous morphism in Rep(€) admits kernel and
cokernel objects. The same is true for Rep”(€). Each Rep(€) and Rep’(€) admits
a natural monoidal structure in the following way [CKM1, §2]. Consider the two
compositions

Ae,e.m Nidx
o

£: X (MK N) (ERM)RN 229N g N,
£ ER (MR N) 22V, e R N 29N ey N

—1

ATt ;
TMEN MR (ER N BN R N,

Then M Xe¢ N is defined by M K¢ N := Coker(&; —&2), which is an object of C. Let
N, N denote the canonical surjection M XN — M K¢ N. The &-module structure
puren: EX(MNe N) - M Xg N is the unique even morphism, which makes the
diagram

ER(MON)—" s MEN

ide gnM'Nl lnM,N
&R (M Re N) 222Y 0 R N.

commutes for i = 1,2. The associativity A, ,: elg (oK o) ~ (o )X @ is given

by the family of unique even morphisms A&N,L : MXe (NKe L) ~ (MXe N)Xe L
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for M, N, L € Ob(Rep(€)), which make the following diagram commute:

MR(N®L) 2% (RN
idar ‘an’L\L J{nJW,N
MR (NXe L) (MXe NYK L
M, NR ¢ Ll o lm\mg N,L
M,N,L

M&g(N@gL)g)(M&gN)&gL

The unit object of Rep(€) and Rep®(€) is € equipped with even natural morphisms

lf:S&gozo, ré. oeXcE ~e

given by the family of unique even morphisms I§,: EXe M ~ M and r§;: MXg € ~
M, which make the following diagrams commute:

-1

eRM M s M MEE M e M

ne.w | H mre | H
l& T&

ENe M —2 5 M MK & M M.

The braiding Re,e on € induces a braiding iR‘f},

unique even morphisms fR%L N MXNeg N~ NRXe M, which make the diagram

on Rep®(€), which is a family of

R, N
MXN— NXM
NM,N lnN,I\l

R]‘EW’N
MXe N——— NXeg M
commute. To summarize, we obtain the following.

Theorem B.15 ([CKM1, Theorem 2.53]). The supercatregory Rep(€) (resp. Rep®(€))
is naturally a C-linear additive (resp. braided) monoidal supercategory such that the
underlying categoty Rep(€), (resp. Rep’(€)) is an abelian category.

For M € Ob(€), we define an E-module (F(M), pugar)) by
F(M) := ER M,

pran: ER(ER M) ~ (€RE) R M “890, e 5y,

We also define a superfunctor I: € — Rep(€) by M +— (F(M), ug(ary) and F(f) :=
ide Xf € Hompep(e)(F(M),F(N)) for f € Home(M,N). The superfunctor J is
called the induction functor and enjoys the following property.

Theorem B.16 ([CKM1, Theorem 2.59]). The induction functor F: € — Rep(&)
is a C-linear, additive, strong monoidal superfunctor.

Let C° denote the full subcategory of € consisting of objects M € Ob(C) such

that Mg ar = ide . We call CO the category of &-local objects.
Theorem B.17 ([CKM1]). We have the following.

(1) The supercategory C° is a braided monoidal subsupercategory of C.

(2) For M € Ob(R), the object F(M) lies in Rep®(€) if and only if M € Ob(C°).

(3) The restriction of F to C° gives a braided monoidal superfunctor

F:C% — Rep®(€).
Proof. By [CKM1, Theorem 2.67], C° is a C-linear additive braided monoidal su-
percategory, Thus to show (1), it remains to show that C° is closed under kernel
and cokernel, which immediately follows from the exactness of £ Xe in Assumption
3. (2) is [CKM1, Proposition 2.65] and (3) is [CKM1, Theorem 2.67]. O
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At last, the induction functor ¥ is related to the forgetful functor
G: Rep(€) = C, (M, un) — M.
by the Frobenius reciprocity:

Proposition B.18 ([CKM1, Lemma 2.61]). The superfunctor G: Rep(€) — €
is right adjoint to the superfunctor F: € — Rep(&), that is, we have a natural
isomorphism

Hompgep(e) (F(N), M) ~ Home(N, §(M)),

for M € Ob(Rep(€)) and N € Ob(C). More explicitly, for f € Home(N,G(M)),
the corresponding morphism of E-modules is given by

FN)=EXN - M, allmw— upy(a® f(m)).

B.5. Categorical simple current extensions. Let C be a braided monoidal su-
percategory as in §B.2; satisfying Assumption 1-3 and the following assumption.

Assumption 4. FEvery object in C has finite length.

Let € be an algebra object in € of the form

=S,

geG

where {S;}gecc C PicC is a set of simple currents parametrized by a finite abelian
gorup G with S, = 1¢. Here e € G denotes the unit of G. We call € a categorical
simple current extension of 1e. In the rest of this subsection, we assume

S1) the product ug restricts to a non-zero morphism S,X.S;, — S, for g, h € G,
g g
(S2) the action of G on Irr € is fixed-point free.

Note that these assumptions imply S, ~ S} if and only if g = h.

Proposition B.19. Suppose (S1) and (S52).

(1) If M is a simple object in C, so is F(M) in Rep(E).

(2) For a simple object M in Rep(€), there exists a simple object N in € such
that M ~ F(N) in Rep(E).

(3) For simple objects M and N in C, we have F(M) ~ F(N) in Rep(&) if and
only if we have M ~ S, N for some g € G.

(4) The supercategory C is semisimple if and only if Rep(€) is semisimple. In
this case, C° C € and Rep®(€) C Rep(&) are also semisimple.

Proof. Although these statements are well-known in the theory of vertex algebras,
(see e.g., [CKMI1, Proposition 4.5]), we include a proof for the completeness of
the paper. First we prove (1). Let M be a simple object in €. Then F(M) =
BgecSy ¥ M and all summands are pairwise non-isomorphic by (S2). Let N be a
nonzero subobject of F(M) in Rep(€). Since N is a semisimple object in €, it has
a simple subobject which is isomorphic to S, X M for some g € G. By (S1), the
structure morpihsm g5 a7y restricts to an isomorphism Sy, X (.S, X M) = Shg XM
for any h € G. Since N is closed under the E-action, it contains ), .« i (ar) (Sn X
(Sg®M)) = BreaShg®M = F(M). This proves (1). Then (2) and (3) follow from
(1) and Proposition B.18. Finally, we show (4). Assume that Rep(€) is semisimple
and take N € Ob(C). Since F(N) is semisimple, we have

el
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for some simple objects N; in Rep(€) indexed by a finite set I. Then by (2), we
may replace N; by F(NV;) for some simple objects N; in €. Thus,

M c F(N)~EPFN;) =P S, BN
el i€l
geG

Since Sy X N; are all simple objects in €, N is semisimple. To prove the converse,
assume that C is semisimple. Since every object in € has finite length, so does every
object in Rep(&€). Thus to show that Rep(€) is semisimple, it suffices to show the
splitting of any short exact sequence

0—N; =>N—=Ny—=0 (B.12)

in Rep(€) where Ny, Ny are simple. By (2), we may assume N; = F(N;) for some
simple object N; € Ob(€). If F(Ny) # F(Nz), then Sy X Ny % S, K& Ny for all
g,h € G in C. This implies the splitting of (B.12) in Rep(€). Thus we may assume
F(Ny) =~ F(N3) and moreover N := N; = Ny from the beginning. Since G is a
finite abelian group, it is isomorphic to some direct product of cyclic groups [[; Z, .
Then it suffices to show the splitting in the case of G = Z,, for some n € Z~q. Let S,
denote the simple current corresponding to p € Z,,. Since the space of intertwining
operators I ( Ssl pg;%%) is one dimensional, we may take its basis by the intertwining
operator
SIR(S,RN)~(S1RS,)’IN ~ 511 KN

used in the definition of F(NN). On the other hand, the restriction of the &-module
structure of N gives an intertwining operator S; XN — N. Along with the de-
composition N ~ F(N) @ F(N) in €, the intertwining operator is expressed by the

matrix: A
F
K= (JW 4 )

where F = Ziez” Eitq1;and A= Ziez" a;E;11; for some a; € C. Since S} ~ le,
we have ). a; = 0. Then it is straightforward to check that K is conjugate to the
matrix K with a; = 0 for all 7. This implies that we may take a decomposition
N = F(N) @ F(N) in € which is preserved by the action of S; C €. Since the
other action of S, C € is obtained from the action of S; via iteration, the above
decomposition of N is actually the decomposition as an E-module. The remaining
statements in (4) are now obvious. This completes the proof. O

In particular, we have the following.

Corollary B.20. The induction functor F: C — Rep(€) induces the following
natural identifications:

(1) Irr(Rep(€)) ~ Irr(€) /G and Pic(Rep(€)) ~ Pic(C)/G;

(2) Trr(Rep®(€)) ~ Trr(€%) /G and Pic(Rep®(€)) ~ Pic(C?)/G.

Since the induction functor is a monoidal superfunctor, we may write the fusion
ring of Rep(€) in terms of C.

Corollary B.21. Suppose (S1) and (52). If the superfunctor K¢ is exact, then the
induction functor F: C — Rep(€) induces the following isomorphisms of rings:

(1) K(Rep(€)) ~ K(C)/T where I = ((M] —[SqgRM] | g€ G,M € Ob(C));

(2) K(Rep®(€)) ~ K(€°)/I° where I° = ((M]—[S,®M] | g € G, M € Ob(C°)).

Proof. (1) follow from Proposition B.19. (2) follows from (1) and Theorem B.17.
]
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