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Abstract

The grand challenge in first-principles calculation for magnetic materials is whether we can predict
the experimental magnetic structure for a given material. Among a variety of possible functional
materials, noncollinear magnets are a fascinating playground for materials design [1,2] as they
facilitate a wide range of fundamental phenomena and possible applications.

For example, in the context of antiferromagnetic (AFM) spintronics [3] there is a particular in-
terest in noncollinear antiferromagnetism sparked by (i) its robustness against perturbations due to
magnetic fields, (ii) a quasi-absence of magnetic stray fields disturbing for instance nearby electronic
devices, and (iii) ultrafast dynamics of AFM domainwalls [4], as well as (iv) its ability to generate
large magnetotransport effects [5-7]. Hence, the optimization of AFM materials would open the
door for applications such as seamless and low-maintenance energy generation, ultrafast spintronics
and robust data retention, as well as be a guide towards advancing fundamental understanding of
magnetotransport.

However, first-principles calculations with the generalized gradient approximation (GGA) in
the framework of spin-density functional theory (SDFT) for magnetic materials have a problem:
It is still an open question how accurately SDFT-GGA can reproduce the experimental magnetic
ground state. While SDFT has been widely used in studies on various magnets [8], there has
been no systematic benchmark calculation for noncollinear AFM materials. Previous attempts
have been restricted to collinear magnetism [9] or even stricter symmetry constraints [10-12]. In
regard to noncollinear AFM materials, high-throughput calculations have been limited to setting
the experimentally determined magnetic configuration as an initial guess [13]. A recently proposed
attempt to predict magnetic structures based on a genetic evolution algorithm [14] strongly relies on
the proper prediction of the magnetic ground state by SDFT. The lack of a systematic benchmark
calculation is a consequence of the fact that it is a highly non-trivial task to investigate all the
local minima in the SDFT energy landscape. Indeed, to search for all the (meta-)stable states, we
need an exhaustive list of physically reasonable magnetic configurations for which first-principles
calculations can be performed.

To this end, we devise the so-called cluster multipole (CMP) expansion, which enables the ex-
pansion of an arbitrary magnetic configuration in terms of an orthogonal basis set of magnetic

multipole configurations. By means of the CMP expansion, a list of initial magnetic structures for
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self-consistent GGA calculations is efficiently and systematically generated. A comparison with the
experimental data collected on MAGNDATA [15] shows that the most stable magnetic configura-
tions in nature are linear combinations of only few CMPs. With this at hand, a high-throughput
calculation for all candidate magnetic structures is performed in the scope of this thesis. We bench-
mark the predictive power of CMP+SDFT with 2935 calculations, which show that (i) the CMP
expansion administers an exhaustive list of candidate magnetic structures, (ii) CMP+SDFT can
narrow down the possible magnetic configurations to a handful of computed configurations, and
(iii) SDFT reproduces the experimental magnetic configurations with an accuracy of £0.5 up. For a
subset the impact of on-site Coulomb repulsion U is investigated by means of 1545 CMP+SDFT+U
calculations revealing no further improvement on the predictive power.

The thesis is structured as follows: In Chapter 1, we take a birds eye view on magnetism and in
particular motivate the search for novel magnetic structures realized in crystalline compounds, that
feature transition metals, lanthanides and actinoides as magnetic sites. In Chapter 2, we introduce
the framework of SDFT for noncollinear magnetic structures. In Chapter 3, the multipole theory
is first developed generally to expand a vector gauge field characterized by the vector Poisson
equation. Subsequently, this theory is applied to magnetic structures in real materials to arrive at
a scheme to generate a symmetry-adapted orthogonal basis set of magnetic configurations in the
crystallographic point group. This is the so-called CMP theory. In Chapter 4 we present the central
results of this thesis. Here, we discuss a benchmark calculation of 131 materials, those magnetic
ground state is predicted in a high-throughput CMP+SDFT scheme. Moreover, we investigate
the effects of Coulomb repulsion U on the prediction of the most stable magnetic configuration,
as well as the size of the magnetic moment. Based on these practical insights, we revisit SDFT
in Chapter 5. This shall set the stage for a new question: Namely, how can we improve existing
exchange—correlation functionals in order to accurately reproduce the experimental magnetic ground
state in the framework of SDFT. A summary and outlook is presented in Chapter 6.
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Chapter 1

Introduction

KEDO—HEHEITENE

ANNEESnY

Magnetism is a truly ubiquitous phenomenon and we humans seem to be one of the few specimens
blind to it. For example, migratory birds, common chickens, honeybees, turtles, a number of
mammals, for instance horses, as well as fish and even bacteria have a sense called magnetoreception.
In other words, they can consciously perceive the direction of the magnetic field. This has already
been hunched upon by zoologists observing migratory birds in the wild. Perhaps the earliest record
of that is given by Alexander Theodor von Middendorff in 1855, who writes [16]

(...), es moge die erstaunliche Unbeirrbarkeit der Zugvogel — trotz Wind und Wetter,
trotz Nacht und Nebel — eben darauf beruhen, dass das Gefliigel immerwéahrend der
Richtung des Magnetspoles sich bewusst ist, (...). Was dem Schiffe die Magnetnadel ist,

wére dann diesen ((Seglern der Liifte)) das innere magnetische Gefiihl, (...).

The scientific proof [17] is provided by W. Wiltschko and coworkers in 1968. However, the exact
biological mechanism of detecting the magnetic field is still discussed with controversy [18] and may
differ between species. In case of migratory birds, the leading hypothesis describes photoexitation of
cryptochrome proteins to create radical pairs in the retina. This so-called radical pair mechanism is
thus expected to be located in the birds eyes and one might even coin the phrase birds see magnetic
fields.

A recent study on human magnetoreception [19] suggests humans may also unconsciously be able
to detect changes in the magnetic field surrounding them. Nevertheless, without a doubt the true
multitude of magnetic field arrangements is only accessible to humans thanks to the experimental
advances [20] made in recent decades. In particular, with the advent of neutron scattering in the

1950s, it became possible to characterize and analyze the static and dynamic spin structure of
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polymers, ferrofluids, bulk magnetic materials, superconductors, disordered and porous materials,
ceramics, biological structures etc. This long list hints towards the fact, that the magnetism is far
from a subject sui generis. Here, we shall not attempt to cover magnetism as a whole. Instead,
we focus our attention on the magnetic structures present in crystals'. In particular, compounds
featuring transition metals, lanthanides and actinoides as magnetic sites. The goal is to predict the
magnetic ground state from first-principles, therefore we must begin our discussion at the origin of
magnetism: The spin.

In realistic materials, the electronic spin is fundamentally responsible for magnetism. The origin
of the electronic spin has been discovered in 1928 by P. Dirac, when formulating his relativistic
quantum theory of the electron [21]. One might be tempted to imagine each electron simply
carrying a small bar magnet, however this picture is too classical. Already in 1919 H. van Leeuwen,
a Ph.D. student of N. Bohr, formulates the proof [22,23] that magnetism is a quantum mechanical
phenomenon and cannot be explained by means of classical Boltzmann statistics rigorously applied
to moving particles, even if they carry spin and charge. Thus, in addition to spin, proper quantum
mechanical statistics is necessary to explain magnetism in crystals. In fact, there is one more
necessary ingredient: electron—electron interaction. Only the specific details of the interaction
between electrons leads to the emergence of a finite magnetic moment, otherwise any crystal would
be magnetic [8].

Given that magnetism is a collective, quantum electrodynamic phenomenon, we need to at least
briefly recall Dirac’s theory to properly account for the spin and then solve the quantum mechanical

many-body problem with the appropriate relativistic corrections. However, as P. Dirac puts it [24],

For dealing with atoms involving many electrons the accurate quantum theory, involving
a solution of the wave equation in many-dimensional space, is far too complicated to be

practicable. One must therefore resort to approximate methods.

The way for this practical, approximate method is paved by P. Hohenberg and W. Kohn in 1964 [25]
by formulating density functional theory (DFT). They show that the ground state energy can be
expressed in terms of an energy functional of the electron density only. In a second paper [26],
W. Kohn and L. Sham obtain the now called Kohn-Sham equations, which are effective one-electron
Schrodinger-type equations, by means of the variational principle. This represents the groundwork
for the so-called local spin-density approzimation (LSDA) for exchange and correlation energies
in the framework of spin-density functional theory (SDFT), that is formulated in the early 1970s
[27-30]. The tremendous progress in the last five decades is largely dominated by extensions of
LSDA in order to account for specific correlation effects. The perhaps most widely used exchange—
correlation energy functional is the so-called generalized gradient approximation (GGA). However,
there is truly a zoo of exchange—correlation functionals among which no clear winner has emerged
in terms of applicability to real materials. Besides that, in the last five decades, advances have been

LA crystal is a highly regular solid in which atoms occupy fixed atomic positions on an underlying crystal lattice.
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MnsSn, an example noncollinear antiferromagnet

Figure 1.1: (a) Schematic ground state for positive and negative exchange coupling J;; in the
Heisenberg model yielding ferromagnetic and antiferromagnetic alignment of the spins, respec-
tively. (b) The magnetic structure of MngSnvisualizedusingV EST A1001[31].Mnhasanon —

sitemagneticdipolemoment.

made due to the increase in computational capabilities, improvement of numerical methods and a
remarkable, ever increasing material survey provided by experimentalists.

Especially the experimental insights supply a continuous stream of new, intriguing phenomena in
magnetism. One of the major sources for newly observed magnetotransport effects in crystals is the
specific alignment of magnetic moments on neighboring sites. The interaction between neighboring
magnetic sites is determined by the so-called exchange coupling, which can be computed from first-
principles by means of SDFT. In order to illustrate the effects of exchange coupling, let us consider
the arguably simplest model system of coupling spins: Namely, the Heisenberg Hamiltonian, which
reads

1
Hieis = —§ZJijSi~Sj. (1.1)
1’7.]

In this example, positive (negative) exchange coupling J;; leads to parallel (antiparallel) alignment
of neighboring spins S; and S;. As depicted in Figure 1.1 (a), this corresponds to collinear ferro-
magnetic (FM) and antiferromagnetic (AFM) ordering, respectively. Collinearity implies that site
1 and j have a common spin-quantization axis.

In a realistic material however the interplay between the arrangement of magnetic sites on the
crystal lattice and the details of the exchange coupling, may lead to more complex, noncollinear
magnetic structures. One example of a noncollinear antiferromagnet is MnsSn, as shown in Fig-
ure 1.1 (b). Here, we show only one of the two layers of magnetic Mn-sites that each form a Kagome

lattice? in this material. In the magnetic ground state, the on-site magnetic moments are rotated

2The word kagome HEH refers to a traditional japanese pattern for woven bamboo baskets that resembles stars
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Figure 1.2: (a) Yafet—Kittel spin structure. (b) First ever reported [35] spiral magnetic structure
realized in MnAuy. Visualized using tools provided on MAGNDATA [15].

by 120° with respect to their neighbour and add up to zero net magnetization. It is noncollinear
magnetic structures like this, that give rise to novel observations and which are at the heart of this
work.

In the next section, we will give a birds eye view on noncollinear magnetism. However before
that, the novice reader may appreciate some introductory works on magnetism, which cover different
aspects of the subject: Magnetism in the solid state—an introduction [32] by P. Mohn, Magnetism and
magnetic materials [33] by J. M. D. Coey, Physical inorganic chemistry: a coordination chemistry
approach [34] by S. F. A. Kettle and Theory of itinerant electron magnetism [8] by J. Kiibler.

1.1 A birds eye view on noncollinear magnetism

For a long time the discussion of magnetic order has been dominated by magnets with a collinear
ferromagnetic (FM) order, and the closely related phenomena of collinear antiferromagnetic (AFM)
and ferrimagnetic ordering. Clearly, collinear ferromagnetism is most easily observed due to its
macroscopic magnetization. In 1936 L. Néel, who was a student of P. Weiss, is famously the first
to discuss two equal, FM sublattices that are opposing each other such that the net magnetization
vanishes. The presence of a magnetic order without a resultant macroscopic magnetization is
the defining feature of antiferromagnetism. If the sublattices do not perfectly cancel each others
magnetization, one speaks of ferrimagnetism.

In hindsight, it seems curious that no earlier than 1952 Y. Yafet and C. Kittel [36] first propose
a triangular arrangement of spins, as shown in Figure 1.2 (a). Starting point of their discussion is
L. Néel’s mean-field treatment of two sublattices a and b, where one of the sublattices is further
divided into two sublattices b’ and b”, each on its own being FM. The magnetic moments of b’ and

b are canted to each other such that their combined total magnetization still fully compensates the

made up of a central hexagon and adjacent triangular.
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magnetization of sublattice a. In their paper, they suggest some materials for which an experimental
confirmation should be possible by means of the back then still rather new method of neutron
diffraction.

Indeed, neutron diffraction itself has been developed around the same time and subsequently
experiences a huge improvement in the 1970s with the advent of high-brilliance neutron sources and
the development of dedicated small-angle neutron scattering instruments [37]. Since then, many
materials have been identified to exhibit the long overlooked noncollinear magnetic ordering. The
possible alignments range from small canting with respect to a dominant FM axis to fully AFM
configurations, such that the total magnetization is zero. For the latter, we have already seen
two examples (i) the theoretically proposed Yafet—Kittel structure in Figure 1.2 (a), and (ii) the
experimentally determined magnetic structure of Mn3Sn in Figure 1.1. Moreover, Figure 1.2 (b)
shows an even more involved spiral structure spanning across multiple crystallographic unit cells
in MnAuy [35,38]. In fact, this is the first spiral structure ever reported in 1961. There have been
some early reviews by F. Keffer [39] in the Encyclopedia of Physics in 1966 and in the late 1980
by J. Coey [40] aimed at to provide an overview of compounds exhibiting noncollinear magnetism.
Nowadays, many of these measurements can be found on the database MAGNDATA [15]. In
addition to a convenient quick-look, MAGNDATA offeres access to the corresponding magnetic
cif-files [41]. This is a standard file format since 2014, which enables efficient handling of magnetic
structure data. The curious reader is invited to check out the latest entries at the database’ web
page: www.webbdcristal.ehu.es/magndata.

The origin of noncollinear magnetic ordering is quite generally the competition between differ-
ent ordering (disordering) exchange coupling mechanisms. At this point, we want to highlight that
in addition to the symmetric Heisenberg-type exchange interaction, one might encounter antisym-

metric exchange coupling, the so-called Dzyaloshinskii—Moriya interaction of the form

Hpn = %ZDH (S; % S;). (1.2)
ij
Generally, in realistic materials we expect symmetric and antisymmetric exchange coupling to be
present. If these exchange interactions can be appeased, the system relaxes to an magnetically
ordered ground state.

This stands in contrast with magnetic disorder, which is introduced by randomly distributed
magnetic impurities. These can cause random spin canting, which is categorized as spin glass. Note
however, that even systems without magnetic disorder—that feature anisotropic AFM exchange
coupling—have been shown?® to exhibit a spin glass ground state. The underlying effect, that leads
to a lack of ordering even at the ground state of the so-called Kitaev model, is found in many
realistic materials: magnetic frustration.

3This has been first proven by A. Kitaev in 2015 in one of his lectures at Caltech “A simple model of quantum
holography”, which is available for streaming.


http://webbdcrista1.ehu.es/magndata/index.php?show_db=1
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v |

Figure 1.3: Magnetic frustration. A loop of five magnetic sites which couple antiferromagnetically.

One site cannot be chosen to be spin up or down without violating one antiferromagnetic bond.

Magnetic frustration arises when all AFM exchange interactions cannot be easily appeased.
For instance, odd-membered loops with isotropic AFM exchange coupling give rise to an increased
degeneracy of the magnetic ground state. In other words, any of the bounds between neighbors is
equally likely to be the only one that is forced to remain ferromagnetically coupled, while all the rest
couples AFM. This is illustrated in Figure 1.3. As a consequence the Néel temperature, at which
the magnetic moments order antiferromagnetically, is much smaller than the absolute value of the
Curie temperature [33]. Tt is said [33] that systems featuring magnetic frustration have a tendency
towards exhibiting a noncollinear magnetic ground state. Other possible sources for noncollinear
ordering include a mixture of AFM and FM exchange coupling, electron—electron correlation etc.

Some reader might be already intrigued by this collective, quantum electrodynamic phenomenon
taking on all kind of shapes and beautiful patterns, while others pose the well-vested question: How
1s this useful, if we are barely able to detect it? So let us discuss new phenomena that have been
discovered in the context of noncollinear magnetism by looking at two concrete examples. Firstly,
the ability to experimentally detect magnetic domains and magnetic space groups without devising
neutrons. And secondly, the observation of large magneto-transport effects in MngSn.

In the 1990s, M. Fiebig and coworkers develop an experimental technique [42], where by means
of second harmonic generation in laser light magneto-optical properties are detected. In particular,
the shape of the linear response tensor is determined. Based on analysis done by W. Kleiner [6,43],
which have been recently extended by M. Seemann and coworkers [7], the magnetic space group
can be inferred from the shape of the linear response tensor. While this method lacks the ability to
determine the exact size of the on-site magnetic moment, it reveals the magnetic symmetry with
much lower effort compared to neutron diffraction. In view of material design, this method can be

used as a filter in order to identify promising magnetic structures. Further, the prior knowledge
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of the magnetic space group, when post-processing neutron scattering spectra, may give additional
guidance for the interpretation. Most noteworthy, this method can detect the relative orientation
of magnetic domains with respect to each other. This might be the key step towards application of
noncollinear magnetism in a technical devise.

We have mentioned that the allowed shape of linear response might be inferred from the magnetic
space group. It should be highlighted that usually in linear response theory only the coupling
of external magnetic fields to the magnetization is considered, where the magnetization is the
macroscopic magnetic dipole moment emerging as a sum of all on-site magnetic dipole moments.
The discussion by W. Kleiner [6,43] and M. Seemann et al. [7] is exceptional, as it allows—without
explicitly phrasing it in the language of multipole theory—linear response to occur as a result of
higher order moments, because it is based on symmetry considerations only. For instance, the
magneto-optical Kerr effect [44] describes the rotation of the spin-polarization axis of light upon
reflection off a magnetic surface. Naively, one might expect AFM surfaces generally fail to generate
Kerr rotation, because the spin-polarization interacts with the magnetization. However, in principle,
higher magnetic moments could interact with the light.

Let us point out one practical example: Starting with a nature paper [45] by S. Nakatsuji et al.
in 2015 a number of works discover large anomalous* response in Mn3Sn. Besides a large anomalous
Hall effect [45], also an anomalous Nernst effect [46] and a large magneto-optical Kerr effect [47] are
reported. As mentioned above, in Figure 1.1 the magnetic structure of MnsSn is shown. Clearly,
there is no total magnetization, when adding all magnetic moments in the unit cell, which is
encompassed by a black line. So naively one would not expect Kerr rotation to occur. However it
has been demonstrated [48] that the magnetic structure corresponds to a magnetic octupole on the
inter-atomic scale, which—like the magnetic dipole—couples to an external magnetic field. This is
one of many examples, where multipoles on the inter-atomic length scale have recently proven to be
important in order to explain emergent phenomena. Others include the toroidal magnetic moments
to explain aromagnetism [49], magnetic quadrupole in CroOg3 [50-53] and CosNbaOg [54-58], the
magnetic toroidal dipole in UNigB [59-61], magnetic toroidal octupole [62], electric and magnetic
toroidal dipoles in BiTeBr [63] and a-CuyV,Or [64-68] etc.

Finally, we allow ourselves to envision what might be possible with just the right magnet. A
recent review by V. Baltz [3] has laid out a number of promising applications in the field of AFM
spintronics. The main obstacle in detecting noncollinear AFM materials is simultaneously the main
advantages for technological application: It is quite hard to manipulate AFM structures by means of
magnetic fields and, thus, it is robust against perturbation due to external magnetic fields. These
might otherwise involuntarily interfere with the system. Inversely, there are no significant stray
fields that could potentially disturb nearby circuits or electronic devices. In technical applications

the information is not stored within the magnetic structure itself, but rather in the magnetic

4Anomalous refers to the fact that, the magnetic structure of the material—rather than an applied magnetic
field—causes other transport phenomena such as electric current.
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domain walls. Thus, the timescale at which domain walls can be switched, fundamentally limits
the speed at which information can be written. In case of FM domain walls the so-called Walker
breakdown [69] describes a precision motion above a critical magnetic field and the appearance of
a periodic component in the forward motion of the domain wall. This fundamental limit is absent
in AFM domain walls and hence AFM materials allow for ultra-fast domain wall dynamics [4].
Lastly, as we have mentioned, noncollinear AFM materials have the potential to generate large
magneto-transport effects [7]. One example is indeed Mn3Sn, where the octupole gives rise to a
magneto-optical Kerr effect, which is usually exclusively viewed as a response to a magnetic dipole.
Hence, the optimization of AFM materials would open the door for applications such as seamless
and low-maintenance energy generation, ultra-fast spintronics and robust data retention, as well as

be a guide towards advancing fundamental understanding of magneto-transport.

1.2 Scope of this thesis

So far we have briefly motivated the search for novel magnetic structures. In particular, we have
turned our attention to crystalline compounds, that feature transition metals, lanthanides and
actinoides. We have argued that magnetism is a collective, quantum electrodynamical many-body
problem, which can be discussed from first-principles in the framework of spin-density functional
theory (SDFT). Now, the grand challenge in first-principles calculation for magnetic ma-
terials is whether we can predict the experimental magnetic structure for a given
material.

This challenge stands in a context, where we witness a paradigm shift from computational
science to data-driven science. As eluded in the last section, antiferromagnetic (AFM) compounds
are a fascinating playground for material design as they facilitate a wide range of fundamental
phenomena and possible applications. However, first-principles calculations with the generalized
gradient approximation (GGA) in the framework of spin-density functional theory (SDFT) for
magnetic materials have a problem: It is still an open question how accurately SDFT-GGA can
reproduce the experimental magnetic ground state. While SDFT has been widely used in studies
on various magnets [8], there has been no systematic benchmark calculation for noncollinear AFM
materials. In the scope of this thesis such a systematic high-throughput calculation with 2935
calculations has been performed.

To this end, we devise the so-called cluster multipole (CMP) expansion, which enables the
expansion of an arbitrary magnetic configuration in terms of an orthogonal basis set of magnetic
multipole configurations. By means of the CMP expansion, a list of initial magnetic structures for
self-consistent GGA calculations is efficiently and systematically generated. With this at hand, a

systematic high-throughput calculation with 2935 calculations has been performed.

1.2.1 Outline

The thesis is structured as follows: In Chapter 1, we take a birds eye view on magnetism and in

particular motivate the search for novel magnetic structures realized in crystalline compounds, that



CHAPTER 1. INTRODUCTION 9

feature transition metals, lanthanides and actinoides as magnetic sites. In Chapter 2, we introduce
the framework of SDFT for noncollinear magnetic structures. In Chapter 3, the multipole theory
is first developed generally to expand a vector gauge field characterized by the vector Poisson
equation. Subsequently, this theory is applied to magnetic structures in real materials to arrive at
a scheme to generate a symmetry-adapted orthogonal basis set of magnetic configurations in the
crystallographic point group. This is the so-called CMP theory. In Chapter 4 we present the central
results of this thesis. Here, we discuss a benchmark calculation of 131 materials, those magnetic
ground state is predicted in a high-throughput CMP+SDFT scheme. Moreover, we investigate
the effects of Coulomb repulsion U on the prediction of the most stable magnetic configuration,
as well as the size of the magnetic moment. Based on these practical insights, we revisit SDFT
in Chapter 5. This shall set the stage for a new question: Namely, how can we improve existing
exchange—correlation functionals in order to accurately reproduce the experimental magnetic ground
state in the framework of SDFT. A summary and outlook is presented in Chapter 6.

1.2.2 Limitations

While we have made it a priority to formulate our scheme in the most general way, there are still a
number of effects that have been excluded in our considerations and may play an important role in
some materials. For instance, by taking the Born-Oppenheimer approximation [70] we effectively
neglect electron—phonon coupling. Moreover, we only aim to predict the magnetic ground state, so
the treatment of all finite temperature effects has been omitted. One rather surprising choice to
the expert reader might be that in most calculations no electron—electron correlation effects beyond
SDFT are considered. However, we deem a benchmark for GGA to be an appropriate first step and
in fact perform GGA+U calculations for specific materials. Lastly, we have constrained ourselves
to discussing commensurate, ¢ = 0 bulk magnetism without any disorder and thus surface effects,
layered materials, random magnetic impurities etc. are overlooked entirely throughout this thesis.



Chapter 2

A brief introduction to

spin-density functional theory

In this chapter, we introduce the many-body problem and its treatment, which is underlying
noncollinear magnetism and, thus, the phenomena outlined in Section 1.1. The starting point
is that, electrons move in the adiabatic field produced by nuclei in solids, which is known as Born—
Oppenheimer approximation. We shall arrive at the generalized gradient approximation (GGA) in
the framework of spin-density functional theory (SDFT) and get familiar with its ingredients.

Complete derivations have been the subject of many textbooks and shorter works of which we
may list a few for the interested reader: A bird’s-eye view of density-functional theory [71] by
K. Capelle, Theory of itinerant electron magnetism by J. Kiibler and Current density functional
theory by H. Eschrig.

2.1 The electronic Hamiltonian

Let us consider N interacting electrons that carry a spin ¢ =1 or | with kinetic energy T,/, in an
external potential V., which in the Born—Oppenheimer approximation [70] consists of the potential
vi%% (r— R,,) due to the ions located at static positions R,, and other external fields vi¢!d(r). Then,
considering the relativistic Dirac theory up to third order in powers of the kinetic energy relative
to the rest mass as it follows from the Foldy—Wouthuysen transformation [72] , we recall that the
simplest version of the theory of magnetic materials can be written with electronic states expressed
by two-component spinor functions and with the electronic Hamiltonian expressed by a 2 x 2
matrix [8]. Now, let us use m = 1/2, h = 1 and e = 2 for notational simplicity—particularly

of the Coulomb interaction U,/, of the electrons. This allows us to write the Hamiltonian of N

10
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interacting electrons in a crystal as

HU’O’ :TU’U+V0’J+UU’07 (21)
N
Tyrg = —0516 » V3, (2.2)
i=1
N
Voo = 3 _05H (1), (2.3)
=1
v (r) =D vin(r — Ry) + ol (r), (2.4)
I
Yool
o = 99 2.
v Z ri — 75 (25)
2,j=1 J
)

The only neglect at this point is the motion of nuclei and core electrons bound to that nuclei,
which can be summarized in the term ionic vibrations. We note that, neglecting the effect of
ionic vibrations translates to omitting the treatment of electron—phonon coupling. In the context of
magnetism, electron—phonon coupling is in fact the driving effect underlying structure transitions
caused by magnetic ordering. Although this is an intriguing phenomenon it is beyond the scope of
this thesis.

Here, we are particularly interested in noncollinear magnetism, which implies that the spin state
cannot be described by a single, global quantization axis. Such a mixed quantum mechanical state

can be described by a density matrix of the form

! ! ! ! !/ !
p(1r101, 7505, ..., TNON|T101, 7209, ..., TNON)

= Z caVao(riol, mhohy, .., PoN)VE (ri01, 7202, ..., P NON), (2.6)
«

where a sums over all degenerate many-particle wave functions ¥,. Here, the sum rule ) c, =1

and restriction 0 < ¢, < 1 applies. A salient ingredients of SDFT is the electron density n

n(r) = Tr{pn(r)}, (2.7a)
N

a(r)=>_d(r—mri), (2.7b)
=1

where we have defined the electron-density operator 7 in the last line. The trace entails a summation
over all spins and integration over all but one spacial coordinate. Even more important for SDFT

is the definition of a 2 x 2 spin-density matriz n(*)

(s) (s)
n)(r) = (”TT ) §)> : (2.8)

”iST) (r) ng(r)
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where the elements are obtained by sparing one spin index of being traced out, such that we obtain
n((f,)g(r) =N /dTQ...dT‘N p(ra’,ra09,..,PNON|PO, P20, ..., TNON). (2.9)
02,...,O0N

Note that, the spin-density matrix n(*) is not diagonal in general. We can establish the connection

to the electron density by introducing the trace over the remaining spin indices tr and yield

n(r) = tr {Q(S)(r)} =0 (r) + 0l (r). (2.10)
So far we have introduced the many-body problem of Equation (2.1) and the spin-density matrix

n(®) as one of the key quantities. We shall now consider how to determine the ground state of this

problem.

2.2 The two basic theorems

In 1973 U. von Barth and L. Hedin [29], shortly followed by A. Radgopal and J. Callaway [30] mod-
ified the proof of the basic theorem by P. Hohenberg and W. Kohn [25] to include spin-polarization
in a matrix formalism. They proved a direct correspondence of the ground state spin-densities to
the ground state itself for non-degenerate ground states.

We proceed by stating the two basic theorems that SDFT builds upon:

e The total energy of a many-body electron system in an external potential V' is a unique

functional of the spin-density n(®) (r): E = E[n()].

e For any many-electron system the energy functional F[n(*)(r)] has a minimum at exactly the
ground state spin-density Qés)(’l’). Hence, it is possible to apply the variational principle to
find Ey = E[@és)(r)}.

Let us devise the electronic Hamiltonian of Equation (2.1) and show above theorems intuitively
by an argument of contradiction in an back-of-the-envelope calculation. We assume some non-
degenerate ground state of the system defined by H exists and has energy Fy. It shall be described
by the density matrix py with

Eo = Tr{poH}. (2.11)

Now, let us assume there was another external potential V' to yield a different density matrix pj,
but the same spin-density n(*):

H=T+V'+U, (2.12)

Ey = Tr{p\H'}. (2.13)

Because of the general variational principle, we know that any variation to p{ will increase the

total energy of the system defined by H’. Thus, we obtain
Ey < Tr{poH'} = Tr{po(H + V' = V)} (2.14)
E\ < Ey+ Tr{po(V' = V)}. (2.15)
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Let us write these expressions more explicitly in therms of the spin-density and the external potential
with Equation (2.4). This yields

Tr{po(V' = V)} = /dr tr {n(s)(r) [v°"! () —ym(r)]} (2.16)

And repeating the same argument with primed and unprimed quantities exchanged, yields
Bl < By — / drtr {ﬂ@ () [0°" () — v°"(r)] } , (2.17)

with the same spin-density n(*). However, combining Equation (2.15) and Equation (2.17) leads to

the following contradiction:
E\ + Ey < Ey + E|. (2.18)

We therefore conclude that n(®) cannot be the same for two different external potentials V and V.
Or inversely, the ground state energy is uniquely determined by a total energy functional of the
spin-density E[n()(r)].

The Kohn-Sham equations [26], that look like single-particle Schrodinger equations, can be
derived by applying the variational principle. The effective single particle equations of noncollinear
magnets have been derived by J. Kiibler and coworkers [73,74] in 1988. Their work pointed out
that there exists a well-defined set of directions for the spins, already in the absence of spin—orbit
coupling. The latter merely couples the set of directions for the spins to the underlying lattice. We
will now introduce a central concept of DFT: the exchange—correlation energy functional.

First, let us assume we can determine single-particle functions {t;, } with eigenenergies &; below

the Fermi energy, that allow us to express the spin-density matrix as

N
S () =D igly. (2.19)
1=1

The kinetic energy can be split into the kinetic energy Ty of the non-interacting system

N
Tyl =3 [ drts (900, (r) 9 (1) (2.20)
i=1

and the part T, that is the remainder. The Coulomb interaction can also be split into the so-called

Hartree term

/
vl (r) = 25(,,0/(1,«/':8“2,', (2.21)

that explicitly depends on the electron density and the remainder U,.. These two remainder

together define the exchange—correlation energy functional E,.[n®)(r)] of SDFT:

Exc{@(s) (r)] = Txc{ﬂ(s)(r” + ch[ﬂ(s)(r)]- (2.22)
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And the exchange—correlation potential when varied w.r.t. the elements of the spin-density matrix
O r):
n'¥(r):

_ Eqe[n) (r)]

2.23
5n£,s})0(r) ( )

The choice of the exchange-correlation functional E,.[n(*)(r)] has evolved to be a large field in
itself and will be discussed in the next section.
Finally, we complete the reduction to an effective single-particle problem by stating the Kohn—

Sham equations

> 000 V2 + 05 (1)] Yio = €iothior, (2.24)
with the effective potential
V3o (1) = 05l (1) + 03 (1) + 055, (1), (2.25)

where we recall that vt

is the external potential due to the nuclei and any applied field as given in
Equation (2.4), v is the usual Hartree potential given in Equation (2.21) and v®¢ is the exchange—
correlation potential, that is defined in Equation (2.23) through the exchange—correlation energy
functional F,. discussed in the next section. Note that, the Equations (2.19), (2.24) and (2.25) can

be solved iterativly until self-consistency is reached.

2.3 Exchange—correlation functional

The simplest, yet astonishingly useful [75], exchange—correlation functional is modeled after the
homogeneous, interacting electron gas and only takes into account the local-density. It is thus

called local-density approximation (LDA).

2.3.1 Local spin-density approximation

The generalization of LDA to magnetic systems in the case of a global spin-axis, i.e. collinear mag-
netism, leads to local spin-density approximation (LSDA) [29]. The exchange—correlation energy
functional of LSDA is written as

I%MMWM:/MW%§WWWMWML (2.26)

where n(s)(r) = n%ST) and nis) (r) = nij), while n(i) = n(? = 0. This defines the exchange-

correlation potential of LSDA as

vzc,LSDA(T)_ 9 {nsLSDA( (s)  (s)

= W) e () (2.27)

) n%s):n%s)('r') ’

n(j) :nis) ()

with a =1, |.
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LSDA can be determined numerically!. In a nutshell, the

Now, the explicit expression for e
exchange part is calculated from the Hartree-Fock approximation of a spin-polarized gas and then
the correlation part is estimated by supplementing such that one obtaines the total energy of a
homogeneous, interacting spin-polarized electron gas. The main difference among LSDA functionals
by different authors lies in the approach to the underlying numerical problem.

The key assumption of J. Kiibler and coworkers [73] is that even in the case of noncollinear
magnetism, it is possible to locally diagonalize the spin-density. This leads to the generalized

LSDA for noncollinear magnetism (gLSDA). It is based on a unitary transformation U(r) of the

form
ur) = exp{ (510112, besp Givtriz) (2.28)
with
Im(nf (r))
tan = — , 2.29a
)= o) (2.290)
Re(n{) ()] + [t ()]
tanf(r) = 2\/[ e } [ e } , (2.29b)

nid (r) =i (r)

where g, with i = z,y, z are the Pauli matrices. This transformation rotates the spin-axis locally
by means of

G.(r)y=U'(r)o, Ulr). (2.30)

Finally, the exchange—correlation functional of the generalized LSDA can be written as a diagonal

matrix as follows:

ym’gLSDA(r) =vg(r)l+ AUIC’LSDA(T)QZ (r), (2.31a)

Ge(r) = 5 (07715 () 4 o7 LA () (2.31b)

Av®e(r) = % (U;CvLSDA(r) - fovLSDA(T)) , (2.31c)

where 1 is a 2 x 2 unit matrix. Here, again Equation (2.27) is used to compute v=*SPA(r) and

'I;EDA(n(TS), n(f)) is modeled after homogeneous, interacting spin-polarized electron gas.

€

In order to emphasize the connection to magnetism in general, let us present an alternative
terminology. We introduce the usual vector of Pauli matrices o = (gx,gwgz)T, that together
with the unit matrix 1 clearly forms a basis for v*¢(r). Then, the exchange-correlation energy

EILSDA[L(5) (1)] can be written in terms of the electron density n(r) = n'* (r) + n'® () and the
zc y 1

LA didactically valuable demonstration can be found in Ref. [8].
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spin-magnetization m(*) (). The latter can be seen as the length of a vector, which reads [76]

m)(r) = — up Z n((;g(r) Oas (2.32)
ap
— T {pm<5> (r)} , (2.33)

which defines the spin-magnetization operator

N
m(r)=—pp > d(r—ri)o. (2.34)
=1

There are different sign conventions in the literature, however here we chose the spin-magnetization
to oppose the spin, as is most natural from a physical perspective.
In case of LSDA and gLSDA—without loss of generality—we may construe
EgLSDA[n(r),m(s)(r)]. (2.35)

xc

It is now possible to define the exchange—correlation magnetic field B,.(r). In analogy to the
Zeeman term in the Pauli Hamiltonian, that is derived in Section A.3, the variation of F,. with
respect to the spin-magnetization m () (r), yields the components of B (r):

SEc[n, m®)
Bye,i(r) = % (2.36)
omy ()
In this alternative formulation, the effective potential in Equation (2.25) is replaced by
v (r) = v (1) + 0B _(r) + vE(7)016 — pBO - Bae(T). (2.37)

Here, the contributions to the exchange—correlation potential is split into v3°(r) and a term contain-
ing B..(r). These contributions correspond exactly to the two contributions in Equation (2.31a).
The assumption of J. Kiibler and coworkers [73], that it is possible to locally diagonalize the spin-
density, can then be reformulated saying that the exchange-correlation magnetic field B.(r) is

collinear to the local spin-magnetic moment m(*)(r) everywhere in space: m®) () || By(r).

2.3.2 Generalized gradient approximation

The homogeneous, interacting spin-polarized electron gas is a good approximation, as long as the
spin-density is slowly varying. In a realistic material, this assumption does not generally hold and in
an effort to incorporate the leading nonlocal corrections the exchange—correlation energy functional
is chosen to be not just dependent on the local spin-density, but also its gradient. Interestingly,
attempts to simply compose the exchange—correlation energy functional based on two contributions,
the original LSDA contribution and one arising from the gradient of the spin-density, fail. In

particular, this is because a number of scaling relations and sum rules are violated by this attempt.
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A more general ansatz leads to the so called generalized gradient approximation (GGA). It can

be written as
ESCA () (p)] = / dr f(n{” (r),n{ (r), Vi (r), Vn{ (r)), (2.38)

where the function f is unknown and cannot be modeled after some numerically known system,

LSDA
zc

there is no model system after which the GGA functional could be uniquely constructed, instead

in contrast to ¢ for LSDA, which is modeled after the homogeneous electron gas. In fact,
the so-called conservative philosophy of approzimations has been adopted [77]. Ie., a number of
conservation laws and scaling relations are used to obtain a suitable, but not uniquely defined GGA
functional starting from the unpolarized uniform electron gas.

In the scope of this thesis, we use the GGA functional introduced in 1996 by J. Perdew, K. Burke
and M. Ernzerhof [78]. This flavor of GGA, the so-called PBE-GGA, is presently the standard choice
particularly in condensed matter physics for multiple reasons. One of which might be that among
different proposals it is the most local [79] and another might be that it is the standard setting?
in the Vienna ab initio Simulation Package (VASP) [80,81], which is todate the most widely used

program to perform ab initio calculations.

2.4 Solving the Kohn—Sham equations

In the last section, we have roughly outlined how to arrive at an explicit expression for the exchange—
correlation energy functional and, thus, the effective potential in Equation (2.25) is fully defined
given some spin-density n(¥). Recall that, if we make an educated guess for the single-particle spinor
wave functions {t;,}, the spin-density follows from Equation (2.19). The next step is solving the
Kohn—-Sham equations given in Equation (2.24) and finding a new set of single-particle functions
{¥ir}. This is an iterative process that forms a self-consistency loop as illustrated in Figure 2.1
and can be solved numerically.

Hence, we need an appropriate ansatz for the single-particle wave functions {t;,}. However,
the popular plane wave ansatz is bound to fail, because one needs to simultaneously cope with a
diverging potential near the ions and a rather flat potential in between. This lead to the devel-
opment of pseudopotentials [82]. The basic idea is to replace the strong potential near the nuclei
with a well-behaved potential that accommodates the overall behaviour of the wave function, but
neglects strong oscillations. A generalization [83] of the early ideas from both Vanderbilt-type [84]
ultrasoft-peudopotentials [85] (USPP) and the linear-augmented plane waves [86] (LAPW) yields
the projector augmented-wave method (PAW) [87]. In 2000, D. Hobbs, G. Kresse and J. Hafner gen-
eralized the PAW method [76] to account for noncollinear magnetism in the framework® proposed
by J. Kiibler and coworkers [73]. The formalism described in Ref. [76] is implemented in the Vienna
ab initio Simulation Package (VASP) [80,81] and, thus, it is underlying calculations performed in
the scope of this thesis.

2Standard setting are chosen based on a broad applicability of the selected method.
3This has been discussed in the Section 2.3.1.
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N
na’n(r) = 2 W;;'l//ia’
i=1

Equation (2.20)

3 [—55,JV2 +v (r)] = ey vl (r) = V() + v () + v ()
o

Equation (2.26) Equation (2.25)

\__/

Figure 2.1: Spin-density functional theory self-consistency loop to solve the Kohn—Sham equa-
tions. The Hartree potential is given in Equation (2.21) and the external potential is given in
Equation (2.4).

The reader is encouraged to access one of the many pedagogical tutorials that can be found
in text and video-format provided by VASP. However, in order to be complete, let us formally
introduce the ansatz for the single-particle two-component spinor wave functions* 1;,, that are

eigenfunctions of the Kohn—Sham equation in Equation (2.24) with eigenenergy ¢;,, i.e.,
[io) = 1Bio) + 3 (I60) = 160)) Bultio). (2:39)
n

Here, 7 is shorthand for the atomic site R,,, the quantum numbers n, [ and m that label the local
basis functions® ¢n, which are solutions of the spherical (scalar relativistic) Schrédinger equation
for a nonspinpolarized atom with reference energy &,,;. (in are additional local basis functions called

pseudo partial waves, that are constructed to be dual to the projector functions p,, i.e.,
(D) = Sy (2.40)

They serve as a continuous transition from the local basis ¢,,, that is nonzero within the so-called
PAW sphere in a core radius r. around R,, and a non-local, plane wave pseudo-wave functions
z/?ig, that serves as the variational quantity in the minimization of the total energy. These can be

written as plane plane waves as follows
- 1 .
io) = —== ) _ C(r)e®T, 2.41
(i} = = Clutre (2.41)

where /€2, is the volume of the Wigner—Seitz cell.

4The single-particle two-component spinor wave functions are also referreed to as all-electron (AE) wave functions.
5The local basis functions ¢y are also referred to as all-electron partial waves.
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For any term that we would like to include into the Hamiltonian, we will henceforth need to
consider, how the operator O, which is associated with the term we want to include, acts on Vio
defined in Equation (2.39). This will be the stating point of the next section, where we will discuss

spin—orbit coupling.

2.5 Including spin—orbit coupling

The Hamiltonian introduced in Section 2.1 does not contain any relativistic corrections. In 2016,
S. Steiner and coworkers [88] published a paperS describing the details of the spin—orbit cou-
pling (SOC) implementation in VASP. It constitutes the most important relativistic correction,
as discussed in the context of Dirac theory in Section A.4.

The relativistic corrections to the 2x 2 Hamiltonian in Equation (2.1) can be derived by means of
different perturbative methods [89]. Most commonly, the Foldy—Wouthhuysen transformation [72]
is performed in orders of Fiy,/(mc?), where the kinetic energy reads Fi, = \/ﬂm —mc2.
However, for » — 0 this is not a well regularized expansion in a Coulomb potential v(r). Thus,
E. van Lenthe and coworkers [90] have proposed to expand in orders of (Exyi, +v)/(mc? —v) instead.

The 2 x 2 SOC-term can then be written as

i K(r) dvior(r)
2 r dr

H5O = o-L, (2.42)

where L is the angular momentum operator, o is the vector of Pauli matrices, v'°(r) is the Coulomb
potential of a nonspinpolarized atom and we use the units m = 1/2, A =1 as in Section 2.1. The

factor K (r) appears due to the less common choice of the expansion parameter and is given by

K(r) = (1 - “ion(r)>2 . (2.43)

c2

Here, r can be thought to be the distance between an electron at r and a nucleus at R, i.e.,
r = |r — R,|. This already anticipates that SOC is expected to be only relevant locally in close
vicinity of the nuclei.

Within the PAW method any (semi-)local operator O acting on v¥;, has a corresponding pseudo
operator O of the form [87]

0 =0+ 1) ((64l016n) = (64/01d)) (. (2.44)

nm’

5In the same paper [88], they performed a magnetic anisotropy energy calculation for Fej_,Co, and concluded
that their results prove,
hopefully beyond doubt, that magnetic anisotropy calculations are feasible within the PAW methodol-
ogy and compare very well with other methods.
The outcome of our benchmark in Chapter 4 will strongly rely on their conjecture to hold for other compounds apart

from Feq_,Coy.
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It is assumed that the effect can be neglected outside the PAW sphere and, consequently, only the
second term in Equation (2.44), that is the local contribution by construction, must be considered.
We obtain

H =3 15} (bal 2600 iy . (2.45)
nn’

Further following Ref. [88], the local basis functions, i.e.,
On(r — Ry) = Ru(|r — Rul)Yim(Q) (2.46)

are written in terms of the radial-dependence R,; and angle-dependence by means of spherical
harmonics Ylnmn’ where 7 is shorthand for the atomic site R, the quantum numbers n, [ and m
that label the solutions of the spherical (scalar relativistic) Schréodinger equation for a nonspinpo-
larized atom with reference energy €,;. That allows us to obtain” the SOC pseudo Hamiltonian of
Equation (2.42), which reads

- 1 ~ 3
Hg(?’ = 072 Z ‘pn>R?777’ Ogo’ * Lmy/ <pn’ ‘7 (247&)
nm’
Te K d ion
Ry = [ a2y () L (2.47b)
0 r dr
L, = /dQ Y (Q) LYy, (Q). (2.47¢)

With Equation (2.47a), we know how the SOC Hamiltonian acts on the variational pseudo wave
functions

Dio) =Y HE |Piar), (2.48)

which concludes this section. In the next section, we will discuss strong electron—electron correlation
effects that cannot be easily accounted for in SDFT.

2.6 Including strong electron—electron interactions beyond
SDFT

The strongly varying spin-density that lead to the development of GGA is not the only nonrela-
tivistic correction to LSDA in order to satisfactorily reproduce experimental observations. Another
effect that is difficult to account for by exchange—correlation functionals is strong electron—electron

correlation that arise particularly in 3d and 4 f-orbitals, where electrons tend to be localized. For

"We note that Eq. (8) of Ref. [88] compared to Equation (2.47b) contains a factor of 47 and lacks a factor 72,
those origin we do not understand. Moreover, in the source code of VASP version 5.4.4, the factor 47 seems not to
appear, however the factor r2, which we believe appears as Jacobi determinant, seems to be not included.
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instance, LagCuQy4 [91], NiO [92] and EusIraOr [93] are falsely predicted to be metallic for temper-
atures above the AFM phase.

In fact, LSDA and GGA represent a substantial approximation to the treatment of the Coulomb
interaction given in Equation (2.5). In order to reduce the full many-body problem to a set of
single—electron problems in a local or semi-local effective potential, it is necessary to condone a
crude approximation: An electron at position r sees only a time-averaged local spin-density @(s)(r)
and the gradient Vn(®) (r) of the other electrons. One of said examples, where DFT fails, is
(Eu;_,Ca,)2IraO7 [93]. At 2 = 0 the strong electronic correlation in the 5d Ir orbitals drives a
so-called Mott—Hubbard metal-to-insulator transition [94-96]. Upon doping x > 0 the filling of the
d-bands can be finely tuned experimentally, which leads to the realization of a doped Mott-insulating
phase.

Both phases, the Mott—Hubbard insulating phase and the doped Mott—Hubbard insulating phase,
are successfully described by a different branch in the condensed matter community that also
tries to solve the electronic Hamiltonian introduced in Section 2.1. By means of equally crude
approximations the problem is rewritten in terms of a kinetic term with hopping amplitude —¢ and
on-site Coulomb interaction Hubbard U [97]. In a commendable effort of these two communities
to join forces, methods beyond SDFT to include strong electron—electron correlation effects on top
of first-principles calculations have been developed. For instance, one approach is to include a
Hubbard correction term directly in the exchange—correlation functional (SDFT+U) [98], another
approach combines SDFT with the dynamical mean field theory (DMFT) [99-102] which leads to
the SDFT+DMFT [103-108] approach. The DMFT Hamiltonian based on SDFT can be written

s [108]

y § ! E NN § ~o o’
H=- tle’ITL zlochU'+U (0 - UU’J N1 Mim

ilo jmo’ ic ioo’
l#m
It . 4 . It 4 . .
TS st~ LS st~ S Ac (.49
l;ﬁg l;éa ilo
m m

where & =7 (]) for o =| (1), the creation (annihilation) operator é;rl_’g (éi1,0) correspond to electron

i in a localized® d- or f-orbital il o (r) with spin ¢ and orbital quantum number [, the hopping

tO’O’

amplitude 7m 1s given by

A / a7 o (1) [=600 V2 + 020, @y (1) (2.50)

- NN N BN
and the density operator reads 17, = ¢;; ,Cjm,o-

8Depending on the basis in which the Kohn-Sham equations are solved, these orbitals may not be inherently
defined. Indeed, the PAW method employed here would need a projection onto Wannier orbitals [109] before doing
DMFT calculations: {9} — {goilyg}. That allows us to define the many-body state in second quantised form:
\ilz(r) =>u é;rl,o‘p;l,a' For details see Ref. [108].
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The reason for explicitly stating Equation (2.49) at this point is to emphasize the different
terms that appear and their fundamental connection to magnetism. Although we mentioned that
magnetism is a collective phenomenon, it might not be immediately obvious how strong electron—
electron correlations induce magnetic ordering. The first term in Equation (2.49) corresponds to the
kinetic energy with the material specific dispersion relation given by SDFT through Equation (2.50).
The second term is the intra-orbital Coulomb interaction commonly referred to as Hubbard U-term.
If U is large, electrons avoid to occupy the same orbital and tend to be localized, which ultimately
leads to the Mott—Hubbard transition mentioned above. The third term introduces the inter-orbital
Coulomb repulsion U’, that describes the interaction of two opposing spins in different orbitals at
the same site. If the spins are aligned, we need to avoid double counting of the Hund’s exchange
coupling J, which is properly accounted for in the forth term. It contains a spin-flip term, that
prefers to align spins all up (or down) across orbitals. Next, the fifth term is a pair hopping with
amplitude J, which is only the same as J, if the wave functions can be chosen real. This process
is often neglected since the presence of U makes double occupation unlikely and in respect to
magnetism it has no influence. The last term is the double counting term, that has the nontrivial
task of subtracting all correlation effects already accounted for in SDFT by an appropriate choice
of Ae.

All of these parameters (U, J, and J ) present tuneable parameters in a Hamiltonian that is, in
fact, not exactly solvable in dimensions less than infinity. Powerful, though computationally expen-
sive, numerical methods can treat this model to some extend by first mapping it to the Anderson
impurity model [110,111] and then employing a suitable impurity solver [103]. Furthermore, in an
effort to avoid the parameters to be adjustable, the so-called GW approximation [112] and resulting
GW+DMFT [113,114], as well as constraint random phase approximation (cRPA) [115-117] have
been developed. More recently diagrammatic extensions of DMFT [118,119] are able to account
for non-local correlations that arise in low-dimensional systems and have shown some success in
describing critical behaviour in the vicinity of AFM phase transitions [120-124] and accounting
for vertex corrections e.g. corresponding to incommensurate spin-fluctuations in the pseudo-gap
phase of the single-band Hubbard model on a 2d square lattice investigated by the present author
in Ref. [125]. So far the applications of diagrammatic extensions of DMFT have been limited to
model calculations, but most recently fully self-consistent ab initio dynamical vertex approximation
(DT'A) [126] has been implemented.

In practice, the computational cost of these corrections increases rapidly. It is therefore practical
to start from GGA, in order to avoid the tuning parameter U in SDFT+U and only go beyond SDFT
if some observation cannot be explained otherwise. For instance, in the case of (Euj_,Ca,)2IraO7,
the present author performed a DFT+DMFT calculation [93] in order to explain an unexpected
sign change in the Seebeck coefficient. And in the present thesis, we will perform a case study
on Mn-compounds and half-filled 4 f-compounds in order to understand the importance of strong

electronic correlations in the context of magnetic structure prediction, see Section 4.2.6.
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2.7 Concluding remarks

In this chapter, we have introduced the electronic Hamiltonian, which lead to the first crude approx-
imation: We neglected ionic vibrations. Therefore, all structure transitions that might accompany
a magnetic phase transition are neglected. Next, we have outlined the strategy to define and solve
the Kohn—Sham equations for systems featuring noncollinear magnetism. Here, we briefly reviewed
the basic ideas, that were pioneered by J. Kiibler et al. [8,73]. The key assumption—which should
be seen as an approximation—is that the spin-density can always be diagonalized locally. The
most important relativistic correction in the context of magnetism, i.e., spin—orbit coupling, has
been introduced in Section 2.5. Subsequently, in Section 2.6, we emphasized that SDFT imposes
additional approximations involved in the treatment of the electron—electron interaction. Neverthe-
less, the sum of all these approximations has produced quantitative results in good agreement with
experimental observations in many instances and, thus, we believe they represent a good starting
point in predicting the magnetic ground state.

Still, the reader is encouraged to critically keep track of these approximations, as only their ap-
plication to realistic materials can prove whether or not they are indeed appropriate. In Chapter 4,
we will present a high-throughput benchmark of 131 materials including many noncollinear com-
pounds. Any lack of accuracy in assigning the correct energy to the magnetic ground state should
be occasion to question the approximations introduced in the present chapter. In the following

chapter, we will introduce the multipole theory with a focus on magnetic multipoles.



Chapter 3

Multipole theory

The expansion of fields in orders of multipole moments is a widely used concept in electromag-
netism and consequently it finds applications in many areas of physics. For instance, in classical
electromagnetism it is used to characterize radiation [127,128], in particle physics it is exploited
to describe a particle’s motion in various fields [129-131], in nuclear physics it enables the calcu-
lation of form factors [132-138] and in solid-state physics it is increasingly devised to characterize
many-body states [139-150].

The arguably most widely known application of multipole theory is the discussion of atomic
orbitals. They can be found in many text books [152,153] and their angle dependencies, i.e., the
real spherical harmonics, are shown in Figure 3.1. Let us recall that the solution of the scalar
Poisson equation with a point charge acting as a source is found by separation of variables into
a radial and a spherical problem. The scalar potential can subsequently be expressed in terms of
electric multipole moments® of order? | and integer m with — < m < [. This result leads to
the well-known atomic orbitals, which describe the probability density of an electron with angular
momentum quantum number [ and magnetic quantum number m.

In this chapter, we want to apply the multipole theory to magnetic structures in crystallographic
unit cells. In contrast to the discussion of electric multipoles of atomic orbitals, we need to consider

the vector gauge field instead of the scalar potential and arrive at time-reversal odd multipole

LAlso referred to as scalar, polar or tensor multipoles. The multitude of names for electric multipole moments
arises from its symmetry properties: It transforms like a tensor of rank [ under both proper and improper rotation.
Improper rotations are rotation followed by reflection. In other words, the electric multipole moments have a parity
of (—1)1. Such quantities are called scalar for rank 0, polar vector for rank 1 and (polar) tensors for rank greater
1. The parity is merely a result of the symmetry properties of spherical harmonics at the corresponding expansion
order. On the other hand the name electric implicitly carries the meaning of the most important symmetry property:
The electric multipole moment is invariant under time-reversal symmetry. Nevertheless, all names can be found in

literature and it is useful to know their correspondence.
2Also referred to as rank. Again, this revers to the fact that a multipole of expansion order | transforms like a

tensor of rank [.

24
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=\

Figure 3.1: Atomic orbitals. Order is increasing from top to bottom with [ = 0,1, 2, 3 corresponding
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to s, p, d and f. These are real harmonics as defined in Equation (3.38). Columns to the left

right) correspond to v (V{9 with increasing m to the left. Yjo is always real. Visualized using
lm lm
Mathematica [151].

moments®. Here, we are primarily interested in multipoles on an inter-atomic length scale. In fact,
as mentioned in Section 1.1, the discussion of magnetic structures in terms of multipole moments
has recently proven to be useful in order to explain a multitude of phenomena. Here, we will discuss
the derivation of the general form of vector gauge fields starting from Maxwell’s equations. Then,
we will arrive at specific expressions for the time-reversal odd multipoles and examine the so-called
cluster multipole theory. In the last section, we will show a complete cluster multipole expansion

for some representative structures.

3.1 The vector Poisson equation and its solution

The Maxwell equations read

V x B(r,t) = 4mj, o, (7, t) + %E(r,t), (3.1a)
E(r,t) = 4mpot (7, 1), (3.1b)
V x E(r,t) = 8 B(r,t), (3.1¢)
B(r,t) = (3.1d)

3The time-reversal odd, magnetic multipole moments have been called azial or pseudotensor multipole moments

in analogy to the terms used for electric multipoles.
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where the B and E are the magnetic and electric fields with sources j,., and piot. In general, the
charge and current densities have convective contributions, i.e., external and orbital, and bound
contributions*:

ptot(Ta t) = pconv(ry t) + V : P(’l", t)7 (343“)
. . . 0
Jtot(rat) = ]ext(rvt) +]orb(r’t) + ap(r3t) + V X M(T’t)’ (34b)

with convective charge density pconv, polarization P, magnetization M and external current j....
Here, we are interested in the static limit with no external sources such that j,., in Equation (3.1a)
becomes

3(r) = Jor (1) + V x M(7). (3.5)

Motivated by Equation (3.1d), we now make an ansatz for the magnetic field B(r) = V x A(r) in
terms of a vector gauge field A(r). By inserting into Equation (3.1a), we readily find®

V2A(r) = —4mj(r) (3.6)

in the so-called Coulomb gauge V-A(r) = 0. This is the vector Poisson equation that shall be solved
in this section. Here, we merely sketch the main steps, while for details on solving Equation (3.6)
we refer the reader to Appendix B.

First, the homogeneous vector Poisson equation is solved by rewriting the problem in terms
of spherical components and performing a separation in radial and spherical variables for each
component of the vector gauge field. Note that, A(r) is a vector and, thus, it is a rank 1 tensor
with three components. Each component is found to have a spherical dependence given in terms of
spherical harmonics Y}, (2). We then formally couple the spherical harmonics—that describe the
spherical dependence of each spherical component of the vector gauge field—with the spherical unit
vector, that describes the three degrees of freedom of coordinate space. This yields a general form

of the vector gauge field in terms of so-called vector spherical harmonics. The latter are defined as

l 1
Yo, (= > > (mlm'[pg)Yim(Qerm, (3.7)
m=—[lm/'=-—1
2 1 . 1
PYU (@) =11+ 1Y (). (3.8)
4For instance, for a Dirac spinor ¥ as introduced in Section A.2, the convective contributions read
_ 0¥ ov 32¢ _
Pconv = UB |:‘I’E - (E) ‘1’:| + W\Ij\yu (3.2)
and
- - e2A _
Gor = 1B [FVY = (VI)V], oo = 200, (3.3)

5V xVXxA= €ijk8j6klmalAm = (57Ll6jm — (slm(;jl)ajalAm = V(V . A) — V2A
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Here, Y}, () are spherical harmonics and ey, are spherical unit vectors, which are coupled to each
other via the Clebsch—Gordon coefficient (Im1m’|pg) [154]. Note that, by construction the angular
momentum quantum number | = p — 1,p,p+ 1, as p is the “total angular momentum” resulting
from coupling the rank 1 tensor ei,  and the eigenstate of the angular momentum operator I.
The Coulomb gauge acts as an additional constraint on the form of the general solution A(r), and
contributions | = p — 1 are found to always vanish in this gauge. The vector gauge field takes on

the following general form®:

Z Z { ol TPHYPI(Q) +T;’;1’1Tp1+2 YEr Q)| . (3.9)

p=1g=—p
Here, MP} are magnetic (M) multipole coefficients, T2 are magnetic toroidal (MT) multipole
coefficients. Physically, both, M and MT, multipole moments are magnetic, i.e., as we will see
momentarily they have a time-reversal odd behaviour 7 = —1. However, they are fundamentally
distinct in the sense that at expansion order p, the M multipole has a parity P = (—1)?! as can
be seen from Equation (3.7), while the MT multipole has a parity P = (—1)P™2 or equally (—1)?.
The significance of such MT multipoles is a matter of continued discussion [155]. Let us point
out here that the observable magnetic field is expressed in terms of M multipoles only, because
V x i Y”'H 1(Q) = 0. The magnetic field B(r) = V x A(r) generally reads

— _12 Z Vp(2p + 1) M2} p+2 Y2rbh(Q). (3.10)
p=0q=—p
An equivalent expression is given in Ref. [155]. Consequently, we want to broach that any magnetic
density M (r) that causes the emergence of a surrounding magnetic field carries an M multipole
moment MPE1.

More insight can be gained by determining explicit expressions for the M multipole coefficients
M;’; and the MT multipole coefficients Tg; L1 To this end, the Green’s function method and an
appropriate ansatz is employed, as discussed in Section B.3. Let us highlight some intricacies of the
derivation: Due to the general orthogonality relation for vector spherical harmonics the problem
immediately falls apart into M multipole and MT multipole solutions. The Green’s function method

yields a simple result for both types of multipoles, that reads

4m

1 3 *pl .

Mpy =571 /d TPy g (Q) - 5(r), (3.11)
+1,1 _ 3 +1y %p+1,1 .

Tpg 2p+3/d rrPTY L Q) 5(r), (3.12)

where j(r) is given by Equation (3.5).
In principle, there is no need to further rewrite these expressions, however in practice it is

useful to arrive at a formulation where the fundamental source of magnetization, i.e., the spin and

6See Appendix B.
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angular momentum, are the source of the multipoles. A lengthy exercise of algebra and partial

integration—that can be found in Section B.3—Ileads to the following expressions

Ani T X Jorn(T) p+1
M = - / Erv (Y (@) - | L) M(r)|, 3.13
= (V@) - | [ M ) (3.13)
and
Tl — e /d3rv (rPY; () - {r x TX%Z(T) +rx M(r)} L (314)
(p+1D)(2p+1 p

The first terms in brackets, that is in terms of the orbital current j,4 (7), in Equation (3.13) and
Equation (3.14), are used to describe convective contributions. For instance, one should avoid only
considering the magnetic dipole” arising due to the orbital angular momentum operator l acting on
the ith electron at position r; and instead use the definition of the convective current operator®,
which yields

N
P X Jon(T) = — un Z [16(r —r;) +6(r —r)l. (3.15)
i=1
The second terms in brackets, on the other hand, that is in terms of magnetization M(r), in
Equation (3.13) and Equation (3.14), are useful to describe fields arising from bound currents
Jm(r) = VxM(r). For instance, a set of magnetic dipoles distributed in space or a set of N intrinsic
magnetic moments due to the electronic spin give rise to the spin-magnetization M (r) = m()(r)
defined in Equation (2.32). We recall that the spin-magnetization operator is defined as given in
Equation (2.34), i.e

N
)(r) = —MBZ5(?‘—7‘i)U
i=1

Combining the last two equations with Equation (3.13) and Equation (3.14), we can write the
quantum mechanical M multipole operator M]fql and the MT multipole operator T;’; L1 for an
electron cloud as

N
4mipp /p+1/ 3 [Lo(r —r;) +6(r —r;)l]

MPL — Py * —

MP, 1 &’r v (1Y, E P +4(r—r)o|,

i=1
(3.16)
Ar a [16(r — 7)) + 6(r — )l
Tz’,’q+11 HB d3rV TPY* Z { ! T +’r'><5(’l”’l"1')0'] .
Vie+1D)(2p+1) = p+2
(3.17)
"Note that M;(r) = — ugL(r) with L(r) = %T&“{Zf\;l [26(3)(7‘ — 1) + G (r — m)i]} would neglect higher

order multipoles arising from the orbital angular momentum.
8See Section A.2 and Section B.5.
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Figure 3.2: Schematic view of the direction of Yg;l’l in the space spanned by 7 = r/r, il = r X
and i(7 x I). Inspired by Fig. A 1 in Ref. [140].

Here, the only reason we refrain from integrating over d®r by making use of the delta function
to evaluate the integral kernel at r; is that V (rPYp*q(Q)) contains an operator that has not been
applied, though this step can be explicitly done in practice without hesitation. On a different note,
this is a good opportunity to check our claim that ngl and T]f;r L1 are time-reversal odd. We recall
that, the spin magnetization and the orbital angular momentum are time-reversal odd and, thus,
Equations (3.16) and (3.17) are too. Analogous expressions have been first derived by H. Kusunose
and S. Hayami [59,140].

Let us further emphasize that V (erp*q(Q)) is a vector, which is directly connected to a vector
spherical harmonic. It is instructive to consider the direction of this vector spherical harmonic in

coordinate space. To this end, we recall the following relations

V (r"Y,q) = V/p(2p+ )P Y Db (3.18)
1

Y Q) = = (pi — i x 1) Y, (Q), 3.19

Pq Q) 2p + 1) (p 1 ) p,q( ) ( )

where # = r/r. The direction, which is schematically shown in Figure 3.2, hence depends on the
expansion order p. Based on that, it is possible to carefully construct an MT density M™ T(r; p,p")

for given expansion orders p and p’ that satisfy the following MT conditions
YooH(Q) - MY (rsp,p) = 0, (3.20a)
p'—1,1 MT, ..
Yp’q/ (Q) ' (’I" x M (Tapvp )) 7& Oa

such that the bound M multipole moment in Equation (3.13) at p vanishes, but the bound MT

moments in Equation (3.14) at p’ is finite. This is an intriguing observation, because it grants

(3.20b)

access to the manipulation of A(r) by means of a magnetic configuration with concomitant stray
fields with minimal coupling to the surrounding. An article by N. Papasimakis et al. [150] discusses
the toroidal excitations on a rudimentary level and draws a picture of a new field in its infancy.
Applications might be found in combination with the Aharonov-Bohm effect [156] in the field of
spintronics [3] and skyrmion dynamics [157,158].
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Let us emphasize that the direction of V (Tpr*q(Q)) depends on the order p, as can be readily
seen from Equation (3.19). Hence, the MT condition given in Equation (3.20) can only be satisfied
for specified orders p and p’. In other words, every magnetic toroidal multipole moment has a
corresponding finite M multipole moment at some expansion order. Consequently, it is not possible
to define a magnetic density, whose gauge vector field consists of only MT moments, although it is
possible to carefully choose at which expansion order M multipoles appear. This can be exploited in
connection with the discussion of the shape of the linear response tensor by W. Kleiner, M. Seemann
and coworkers [5,6,43,159].

A pure M multipole moment, on the other hand, can be easily constructed, invoking
rx MM(r) = 0. (3.21)

Here, MM (r) is the magnetic density corresponding to a pure magnetic multipole with no toroidal
contribution at any order in the vector gauge field.

In the scope of this thesis, we are interested in constructing all possible magnetic structures,
which can be expressed in terms of M (r). In general, it is true that M multipole gauge fields AM

and MT multipole gauge fields AMT are orthogonal to each other by construction:
AM | AMT (3.22)

with

ZZ pqrpﬂ Y1 (), (3.23)

p= Oq—*p
Z Z P+11 Yg;jl’l(Q). (3.24)
p=0q=—p

This is a result of the orthogonality of vector spherical harmonics, which reads
/ dQY 35 (Q) - YL (Q) = 5110pp00q. (3.25)

Yet, AM and AMT have different sources as seen in Equation (3.13) and Equation (3.14).
The magnetic structures associated to these sources, i.e., the magnetic structures giving rise to M
multipoles M M and MT multipoles M MT “are NOT generally orthogonal to each other:

MM g MM (3.26)

One might therefore choose to construct a basis for magnetic configurations either by expanding in
magnetic multipoles or in magnetic toroidal multipoles?. We recall that, it is possible to construct

9With this the present thesis follows a different approach than the pioneering work by M.-T. Suzuki et al. in
Ref. [48].
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Figure 3.3: The magnetic density M given in Equation (3.27) composed of four magnets pointing
counterclockwise with their north pole. The red and blue axis are symmetry axis, when reflection

is followed by time reversal operation.

magnetic densities, which completely lack MT coefficients, hence we should not construct magnetic
densities based on MT sources. In order to avoid a blind spot, we believe it is better to create all
possible magnetic densities based on the M multipole expansion. In the next section, we will solve
a toy model, which is meant to build intuition before constructing the so-called cluster multipole

expansion for magnetic structures.

3.2 Example of four bar magnets

As a little warm up exercise, let us consider four bar magnets arranged in the zy-plane such that
they obey the point group Cy4. As shown in Figure 3.3, the northpole of each magnet points counter-
clockwise. Applying the time-reversal operation flips all magnets and reflection at any of the four
planes also flips all magnets. Hence, this system has 7 = —1 and P = —1.

Let us compute the vector gauge field A(r) and the magnetic field B(r) surrounding this
configuration of magnets. To this end, we determine the M multipole coefficients and the MT
multipole coefficients devisingEquation (3.13) and Equation (3.14). The proposed arrangement of

bar magnets can be expressed by the following magnetization density:

4

M°(r) =Y m® (r — ), (3.27a)
=1

71 = —i3 = (1,0,0)7, (3.27¢)

P = —74 = (0,1,0)T. (3.27d)
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Figure 3.4: Quantitative solution of Equation (3.28) corresponding to the magnetic multipole coef-

ficients for the arrangement shown in Figure 3.3.

We compute the coefficients

dri p +1 3 * b
Mpy =5 T s / &r v (1Y () - MP(r), (3.28)

TPHLL _ —A4r Brv (pr;*q(Q)) . (r X Mb(r)) (3.29)

r Vi +1)2p+1)

using for instance Mathematica [151]. The lowest order M multipole coefficients, that are nonzero,
are obtained for the tuples (p,q) = (4,4) and (4, —4):

5
M =-M}', = —g VT, (3.30)
Higher orders appear systematically, in analogy to higher order harmonics in a Fourier analysis of
a discrete function, see Figure 3.4.
The magnetic field up to corrections O(1/r®) is obtained using Equation (3.10) and Equa-
tion (3.30):

M44

B(r) = —i6—=~ [Y51(Q) —YiL, (@] +001/r®) (3.31a)

= —zof \[ [Y5(Q) - Y5 ()] +0(1/r%). (3.31D)

€R

Here, we used that the complex conjugate of a vector spherical harmonic is given by

[ g ()] = (~)PHHHYT (). (3.32)
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Figure 3.5: Quantitative solution of Equation (3.29) corresponding to the magnetic toroidal multi-

pole coefficients for the arrangement shown in Figure 3.3.

Therefore, the magnetic field in Equation (3.31) is indeed real. Next, let us compute the leading
order MT multipole coefficient. The reader might have guessed that this arrangement of magnets
yields an MT contribution for p = 1. It renders as
4
T%:§V%. (3.33)
Again, there are higher order harmonics of this MT multipole coefficient up to infinite order, as
shown in Figure 3.5.
In summary, the vector gauge field of the configuration of magnets shown in Figure 3.3 is given
by

A(r) = AM(r) + AMT(r), (3.34a)
AM(r) = M} 15 Y@ + Y3 (@) + 00/ (3.34b)
AMT () = TH V() + TH S YE©) + 001 /+7). (3.340)

It is thus dominated by its MT contribution. The leading order multipole gauge field and magnetic
field is shown in Figure 3.6. In particular, Figure 3.6 (a) shows the magnetic hexadecapole gauge
field corresponding to p = 4 in Equation (3.34b). We see that A points in z-direction and is the
vector analog of the real spherical harmonic Y} with [ =4 and m = 4 of Equation (3.38), which is
shown in Figure 3.7 (a). In other words, Figure 3.7 (a) presents the gy, (,2_,2)-orbital. The scalar

analogs of higher order contributions that can be extracted from Figure 3.4 are shown in Figure 3.7

(b)-(d).
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(a) magnetic hexadecapole (b) magnetic toroidal dipole
gauge field gauge field

(c) magnetic field of
magnetic hexadecapole

Figure 3.6: The leading order fields emerging from the arrangement of four bar magnets. (a)
Magnetic hexagonal gauge field given in Equation (3.34b), (b) magnetic toroidal dipole gauge field
given by the firs term in Equation (3.34c), and (c¢) Magnetic field of a magnetic hexadecapole given
in Equation (3.31).
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(a (b)

Figure 3.7: Real harmonics defined by Equation (3.38), that are related to the non-zero multipole
coefficients in Figure 3.4. (a) gpy(s2—y2)-orbital withl =4m =4, (b) Il =6m =4, (c) | =8 m = 4,
and (d) { = 8 m = 8. Visualized using Mathematica [151].

The MT dipole gauge field in Equation (3.34c) also points in z-direction, yet integrated over
all angles it is orthogonal to the M multipole as expected. As already mentioned in the paragraph
below Equation (3.44), the symmetry properties for M multipoles are given by

T=-1, P=(-1)P" (3.35)
while the symmetry properties for MT multipole moments are given by
T=-1, P=(-17. (3.36)

Hence, due to the parity of the arrangement of magnets, only every second order of multipoles is
allowed to be nonzero. Consequently, the correction terms in Equation (3.34) are one order higher
than one might naively expect. We note that the calculated leading order p = 4 and 1 for M
and MT multipole gauge field, respectively, agree with the observation we made when explicitly
applying time-reversal and parity transformation to Figure 3.3 at the beginning of this section.
Let us highlight that, clearly, the same magnetic configuration gives rise to both magnetic
multipoles and magnetic toroidal multipoles. This illustrates the argument we gave in the end
of the previous section about why we focus on the magnetic multipole moments and neglect the
magnetic toroidal moments in the cluster multipole expansion, which will be the focus of the
succeeding section. Furthermore, this example illustrated that very specific linear combinations of
spherical harmonics appear in the expansion of the vector gauge field. In the subsequent section,

we will continue by generalizing this idea.

3.3 Cluster multipole expansion

In Section 3.1, we have derived the explicit form of magnetic (M) and magnetic toroidal (MT)
multipoles and applied it to an electron cloud. In the previous section, we have applied the multipole

theory to a discrete system of four bar magnets as a little warm up exercise. In the present section,



CHAPTER 3. MULTIPOLE THEORY 36

we want to apply multipole theory to real materials and, hence, our main focus is the point group

symmetry of the underlying crystal.

3.3.1 Point group harmonics

A point group is a group of symmetry operations that leave a finite object invariant. The elements
are confined to rotations and their combinations with inversion about a fixed point of that object
[160]. There are 32 crystallographic point groups, which all derive from the cubic (Oy,) or hexagonal
(Degp) point group.

Point group harmonics [161] are linear combinations of spherical harmonics that are invariant

under the action of elements of a given point group:

p

Yoy (@) = D el Ypq(Q) (3.37)

q=—p

(')

m. > can be derived system-

The determination of these linear combinations, i.e. the coefficients ¢
atically from the reduction of all irreducible representations (irrep’s) of the rotation group O(3).
Depending on the dimension of the irrep I', there are correspondingly many point group harmonics—
also referred to as basis functions or components—that are labeled by 7 in Equation (3.37).
Commonly, one distinguishes cubic harmonics and hexagonal harmonics, that are invariant
under Oy, and Dgy, respectively. Note that neither of them are exactly equivalent to the well-

known real harmonics, which read

V(@) = % (Yi—m() + (=1)™Yin () = VZ(—~1)"Re [Yiyn () (3.380)
Y () = % (Ve (Q) = (—1)™Yi () = V2(—1)™Tm [Yim ()], (3.38b)

with m > 0 in the Condon—Shortley phase convention. Instead, they are often defined as a linear
combinations of real harmonics, though being real is not a necessary condition for point group har-
monics. Another crucially different property of point group harmonics compared to real harmonics

is their behaviour in a sum of products [140]

l l

> Vi (@Y (@ = 3 V@@ + 5@V @)] + Yo @vis@)  (3.39)
m=—1 m=1

Z Yo QY5 () O T EBIE SRy ()i, () (3.40)
q=—p Iy

In 1929, H. Bethe [162] published a method to deduce cubic harmonics and a table up to order
p = 4. Since then, many iterative methods have been proposed and tables published [161,163-171].
For a recent version—in direct connection with the multipole formalism discussed in this thesis—see

Table 1 and 2 for cubic harmonics and Table 12 and 13 for hexagonal harmonics in Ref. [155] by
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order irrep ~ definition linear combination
1 T, 1 =z (11)
2y (11)’
3 z (10)
2 E, 1 3(322-1% (20)
2 (a2 —y?) (22)
Tyy 1 V3yz (21)’
2 3zx (21)
3 V3zy (22)
3 Ay, 1 V1bayz (32)°
Ty, 1 Lz(52%—3r?) v [V5(33) — V3(31)]
2 ly(sy® —3r?) — 55 [V5(33) = V3(31)']
3 32(52% —3r?) (30)
Tow 1 YPu(5y” —27) — 575 [V3(33) + V5(31)]
2 1y(52% —2?) —5v5 [~V3(33) = V5(31)']
3 Y522 —y?) (32)

Table 3.1: Cubic harmonics sorted by expansion order and irreducible representation (irrep) with

components (7).

(Im) and (Im)" correspond to real harmonics Y]
tion (3.38). See Ref. [155] for higher orders.

(e)

m

and YZEZ) given in Equa-
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S. Hayami and coworker. In Table 3.1 we provide the first three orders of the cubic harmonics for
the reader’s convenience and better understanding without immediately referring to Ref. [155].
Finally, we can make liberal use of Equation (3.40) in all expressions we have derived thus far,

because the point group harmonics are defined to be complete and orthogonal:

Z Z Yory () Vpry () = 6(2 — ) (3.41)

p=1 T'y
/dQ Vory ()Y (Q) = bppr brr7 077, (3.42)
for all expansion orders p, irreducible representations I' and components ~.

3.3.2 Multipole expansion on a point form

According to the International Tables for Crystallography [172] a point form is a set of all symmet-
rically equivalent points for a given point group. All possible point forms for a given point group
are classified into Wyckoff positions of point forms. This name has been chosen in analogy to the
Wyckoff positions of space groups. The multiplicity is the number of points in a point form. For
a general point form, the multiplicity is equal to the order of the point group. For special point
forms, on the other hand, the multiplicity is lower than the order of the point group.

A crystal may contain multiple inequivalent sites and thus multiple point forms. In the following
we will define a magnetic cluster to be a magnetic site on a point form. We can write a general

magnetization density of a magnetic cluster as

N
=Y mid®(r—ry), (3.43)
=1

where m; is the on-site magnetic dipole moment at position ;. The sum goes over all points of a
magnetic site in a point form—or in other words over all points in the magnetic cluster—where N
is the multiplicity.

The gauge field can now be written as

1 +1,1 +1,1
ZZ [ PF"/ p+1 gFﬂ/(Q) +T§F7 p+2 ygl“w ( ) : (3'44)
p=0 T'y

Here, we introduced vector point group harmonics in analogy to vector spherical harmonics and the
point group magnetic multipole moment M;’FI7 and the point group MT multipole moment 7' 11)) +L1

These can be explicitly computed by means of

N
4 +1
Vi =gy A T () mis e, (3.450)

Tp+1 1 _

= dBrd vi(r
PLy \/(p-i-l 2p+ 1) / Z "o

Q) - (r x m;) 6@ (r —ry). (3.45b)
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The imaginary unit in the definition of M;:ll7 is absorbed into the point group harmonics as we saw
in the example of four bar magnets in Section 3.2. Furthermore, the point group harmonics are
chosen real, such that we can drop the complex conjugation of V,r- ().

It is possible to compute all point group M and MT multipoles for an arbitrary magnetic con-
figuration using Equation (3.45). For notational simplicity, we express the magnetic configuration

as a ket-vector
|m> = (m17m27"’7mN)T7 (346)

where m; is the ith on-site magnetic dipole moment, which is experimentally directly observable
by e.g. neutron diffraction and arises due to the spin and/or the angular momentum. Hence, here
we take on a simplified view, that ignores higher order magnetic moments and convective effects on
the atomic scale. This is because from an experimental viewpoint we cannot measure the spin and
orbital contribution to the on-site magnetic dipole moment separately. |m) defines the magnetic
structure well-enough for our purpose, but should not be mistaken as a many-body state of NV
particles with good quantum number m; or the spin-magnetization m(r) as it was introduced in
Chapter 2. Instead, the state |m) lives in the space of all possible uniform magnetic configurations.

We can formally span this space of all possible uniform magnetic configurations by means of a

complete set of orthogonal magnetic configurations:

T
{|n> = (eg ),eg ),...,eg\,)) }, (3.47a)

L
N > In) (n] = Tanxan, (3.47Db)
n=1
N ’
(n|n')y = ZeYL) . ez(" ) = N6p. (3.47¢)

i=1
(n)

(CMP) basis of a single cluster. In contrast to a traditional multipole expansion, the cluster

Here, we define the basis vector e; "’ at position r;. We will refer to this basis as a cluster multipole
multipole expansion suspends all higher harmonics. Therefore, the maximum expansion order of
the CMP expansion and, thus, the number of elements in the CMP basis is 3V, which corresponds
to three rotational degrees of freedom of the on-site magnetic moment on N points in the point
form.

It is now our task to find a suitable choice of |n) in order to span the space of all possible uniform
magnetic configurations. To this end, let us compute the inner product of a CMP basis element

and an arbitrary magnetic configuration:

N
(njm) =" el - m;. (3.48)

i=1
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The inner product is defined through Equation (3.47¢). Let us compare this expression to a slightly
rearranged Equation (3.45a):

Mpl _

+
phy 2p +1 \/F/ d*r 8P (r — 1)V (1P Ypry (Q)) - m. (3.49)

We now identify the projection of a magnetic configuration onto a CMP basis element with the

point group M multipole moment M Pl However additionally, we want to invoke the normalization

ply*
we have imposed on the CMP basis in Equation (3.47). Let us introduce a dummy vector |u,r-)

as a first step. The components of |u,r,) are taken from Equation (3.49):

T
|u1F'y> ( 1Ty uéF’77 u}\;’Y) , (3.50)

p A p+ D
= T [ = )V (7 (). (3.51)

The next step is a Gram—Schmidt orthonormalization of |uP'7) starting from the lowest order

p=1

pI'y
iy = — ) (3.52)
<up1“’y|upl“7>
n—1
W) = [P = Y Wb T o)), (3.53)
=1
pI'y
jopry = — 108 ) (3.54)

(wt ")

This orthonormalization procedure yields 3N basis elements |[v217) of spanning the space of all
possible uniform magnetic configurations. However, we want to avoid the on-site magnetic moment
to be smaller with increasing number of magnetic sites. So we invoke Equation (3.47c) to finally

obtain
In) = VN|oP'7). (3.55)

This procedure defines the CMP basis for a single point form. This method has been originally
proposed by M.-T. Suzuki and coworkers [48,173]. In the subsequent section, we will extend this

idea to multiple point forms.

3.3.3 Multipole expansion in real materials

A real material may have multiple inequivalent magnetic sites that form independent clusters
C1,Co,...,¢q. The space of all possible uniform magnetic configurations is then spanned by the

product space of the CMP bases of all contained point forms:

{Ine,) ® Ine,) @ -+ @ [ne,y)} (3.56)
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experimental magnetic structure of GdB4 top view

L.

Figure 3.8: The experimental magnetic configuration of GdBy, as reported in Ref. [174]. The black
box indicates the boundaries of the unit cell. The structure is shown from two viewpoints visualized
using VESTA [31].

where }ncj> is the CMP basis for the jth cluster with multiplicity N (<),
Let us now define the CMP coefficient

M) = (m|ne, ), (3.57)

that is closely related to the point group M multipole coefficient M? ! as can be seen by compar-

pTy
ison of Equation (3.48) and Equation (3.49). Based on the above, an arbitrary uniform magnetic

configuration in a crystal can be expanded as

m) = [me,) @ |me,) © -+~ @ [me,) (3.58)
1 3N ()

me,) = > M |ne,) . (3.59)
n=1

At last, let us devise the CMP expansion to characterize a magnetic structures that has been
measured experimentally. We look at entry 0.9.mcif on MAGNDATA, which correspond to GdB,.
The magnetic structures has been reported in Ref. [174] and can be seen in Figure 3.8 from two
viewpoints. At first glance the magnetic configuration of GdB4, shown in Figure 3.8, closely re-
sembles the example of four bar magnets we have discussed in Section 3.2. There are 4 points in a

Gd-cluster with position r; and on-site magnetic moment m;:

71 = (0.31746,0.81746,0), 1y = (—0.49576, —0.49576, 0) (3.60a)
7y = (0.18254,0.31746,0), 1y = (0.49576, —0.49576, 0) (3.60D)
rs3 = (0.81746,0.68254,0), g = (—0.49576,0.49576, 0) (3.60c)
r4 = (0.68254,0.18254,0), iy = (0.49576,0.49576,0). (3.60d)

The ambitious reader may have implemented the calculation of the M multipole coefficients and

is able to quickly verify the result shown in Figure 3.9. This is achieved using Equation (3.28)


http://webbdcrista1.ehu.es/magndata/index.php?index=0.9
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{0, 0, 0}
{0, 0, 0. - 0.5194851, 0, 0}
{0, 0, 0.358479 - 0.3584791i, 0, 0.358479 + 0.3584791i, 0, 0}
{-0.267671+0.2705181i, 0, 0.419158, 0, 0. +0.6012981i, 0, -0.419158, 0, 0.267671 + 0.270518 i}

R N )

— q _ >

Figure 3.9: The magnetic multipole moments at different order p and magnetic quantum number ¢
as defined in Equation (3.28) for the experimental magnetic configuration of GdBy as reported in
Ref. [174] shown in Figure 3.8 and stated in Equation (3.60).

for the M multipole coefficient Mz{’ql. Interestingly, the leading order M multipole coeflicient cor-
responds to a quadrupole gauge field, instead of a hexadecapole as in the toy model despite the
superficial resemblance. And notably the coefficients M})’ql are complex. The M quadrupole gauge
field AM(r)—as defined in Equation (3.23)—is real, which can be checked by inserting M3} from
Figure 3.9 to find

1 1
AM(r) = MY 3O + O, (3.61)

and noting that YZ}J is purely imaginary. This can be inferred from some useful identities, which

are extensively used in Appendix B:

YIi(@) = p<2;+1> (pi — i# x 1) Yy 0 (), (3.62)
Pl — L

qu (Q) = p(p+ 1)lYED,q(Q)7 (3.63)

Yl Q) = — ((p + 1) + i x 1) Y, o (), (3.64)

(p+1)(2p+1)

These are derived step-by-step in Section B.7. One may also check that the leading order magnetic

field is real-valued, i.e., physical, by inserting M3}

time noting that Yza' b1 is purely real.
Turning our attention back to the CMP expansion of GdBy, we find that N = 4 Gd atoms

must yield 12 magnetic configurations in the CMP basis. These are computed by means of the

from Figure 3.9 into Equation (3.10) and this

Gram—Schmidt procedure outlined in the previous section, see Equation (3.54). The complete
CMP basis for GdBy is shown in Figure 3.10. By a closer look, one may identify |4) to be exactly
the experimental magnetic configuration shown in Figure 3.8. Consequently, the CMP coefficient of
the Gd-cluster, i.e., MéGd) = (m(caB,)4)|nca), vanishes for all n # 4 for the experimental magnetic
structure |m(GdBy)), i.e.,

ad
M (GaB,)) = Mi )| 4). (3.65)
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expansion order (p) 2P multipole
1 2 dipole
2 4 quadrupole
3 8 octupole
4 16  hexadecapole
5 32 32-pole
6 64 64-pole

Table 3.2: The naming convention of multipoles according to their expansion order p.

Compared to the M multipole coefficient ngl, the CMP coefficient M,, cannot immediately
be used to compute the gauge field or the magnetic field. Only the closely related point group
M multipole coefficients M;’Il,y given in Equation (3.45a) could be used to compute physical fields
using Equation (3.44). This is the price payed for the CMP elements to be orthogonal and must
be kept in mind, when considering the interaction of CMPs with M and MT multipoles in future
projects. Recall, that the close relation between M, and M;))llv allows each n to be traced back to
an expansion order p, irreducible representation I' and component . This allows the CMP basis
elements to be categorized. Conventionally, multipoles are named by the 2P-nomenclature shown in
Table 3.2, where 2P is often replaced by the Greek number up to p = 16. In Figure 3.10 the CMP
basis elements of GdB, are categorized by the corresponding multipole order, where by construction
the multipole order increases with n. And again we confirm that |4) in Figure 3.10 corresponds to

a quadrupole.

3.4 Magnetic domains and linear combinations of cluster

multipoles

In the previous section, we have introduced the cluster multipole (CMP) basis in a pedagogical
way. This scheme to span the space of all uniform magnetic structures in a crystal is deeply rooted
in the symmetry properties of the corresponding crystal. Another concept, that is entrenched with
the crystal symmetry of a magnetic structures, is the idea of magnetic domains. Magnetic domain
walls have been shortly touched upon in Chapter 1 and shall be connected to CMPs in the present
section. Furthermore, we will postulate a heuristic rule, which will play a key role in Chapter 4.
Here, we need to condone some hand waving arguments, but ultimately our heuristic rule will be
statistically validated. We resume on a more or less pedagogical path and introduce these concepts
with the help of a practical example.

Let us consider YMnOgs, whose experimental details can be found on MAGNDATA in entry
0.3.mcif. Figure 3.11 shows 18 magnetic configurations that correspond to the CMP basis of
YMnOQOgs. Hence, these 18 magnetic configurations span the space of possible uniform magnetic

configurations on the Mn-cluster in YMnOj3. The basis elements are categorized by their expansion


http://webbdcrista1.ehu.es/magndata/index.php?index=0.3
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Dipole

Figure 3.10: The complete cluster multipole basis for GdB, categorized by expansion order. Visu-
alized by Vesta.
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Figure 3.11: Magnetic configurations in the CMP basis of YMnOs.

T
i@
3

order from 1 to 6, i.e. from dipole to 64-pole, yet the Gram—Schmidt procedure leads to no 32-
pole. The magnetic configurations within one box—additionally to having the same expansion

order—also share the same irreducible representation (irrep).

3.4.1 Heuristic rule

We now postulate that the magnetic ground state favors either pure CMPs or linear combinations
of CMPs that combine equally weighted CMPs of the same order and same irrep.

This heuristice rule is based on the following physical intuition. From the Landau— Lifshitz
that
lowers the symmetry during a phase transition, can be written as a sum over physical irreducible

theory of second-order phase transitions we know that the change of the spin-density onl®

00” ’

representations I' and its components :

ng = gy + 00, (3.66)
an =" pPed. (3.67)
Ty
The total free energy F' can then be written in even powers of an order parameter 7:
F(p,T,n) = Fo(p,T) + ZA(F p, T Zn(m +0(y (3.68)

H,_/
n2
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where p is pressure, T is temperature, and % can be expressed by a sum of squares over components
7. According to the standard Landau theory, there is one I" for which A (p, T) must change sign
and vanish at the transition point. Therefore it is usually enough to consider the linear combination
of components v within one irrep at least when T or p is close to the transition point. However, as a
counterexample, within the lower symmetry phase (i.e., far away from the transition point), mixing
among components with different irreps may occur if no further symmetry breaking is induced.

It remains the question why we also expect CMPs of equal expansion order to be more likely
to mix. First, we recall that the point group harmonics Yir,(€2) underlying the CMP expansion
are structured as linear combinations of spherical harmonics Y}, (2) of the same order I, such that

they are invariant under the action of elements given a point group with irrep I':

l
Viry (@) = D7 el Vi (), (3.69)
m=—1

so that the CMP basis elements corresponding to a specific order [ and irrep I' always feature all
components at that expansion order. Nevertheless, at different orders the same irrep might appear.
We believe it is more likely that components of the same order mix, because the complexity of the
magnetic configuration increases with the expansion order. Counterexamples are materials where
the magnetic structure has a large collinear contribution and a small tilt introducing noncollinearity.
Following our proposed heuristic rule, we now construct equally weighted linear combinations
of CMP basis elements that have the same order and same irrep. As we have 6 pairs that fulfill
this condition, this leads to additional 12 magnetic configurations. In each instance we consider the
sum and the difference. The resulting configurations for the dipolar magnetic configurations, i.e.,
the red box in Figure 3.11), are shown in Figure 3.12. The upper (lower) row shows the addition
(subtraction) of CMPs. The last column provides a top view of the resulting magnetic configuration.
In the following we will see that the top and the bottom configurations are actually expected to
yield the same total energy and in that sense they are redundant. This is because they are different
domains of the same underlying magnetic configuration. Let us use this example to understand the

notion of magnetic domains.

3.4.2 Magnetic domains

A magnetic domain corresponds to one possible realization of a magnetic structure. Given the
paramagnetic unit cell of a material, the set of all possible symmetry operations yields the space
group (spg). In a magnetic material the spg of the paramagnetic system is often called parent spg,
in contrast to the magnetic space group (mspg). The mspg contains all symmetry operations that
consist of rotations, translations and time reversal, which leave the magnetic unit cell invariant.
When we apply an spg operation, which is not element of the mspg, we obtain a different magnetic
domain, but we explicitly do not change the magnetic structure.

Figure 3.13 presents all possible domains—or magnetic configurations obtained for one magnetic

structure. The starting point is the magnetic configuration we obtained in the top row of Figure 3.12.
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3% % w

Figure 3.12: Magnetic configurations corresponding to equally weighted linear combinations of

CMPs with order 1 and same irreducible representation for YMnOsg.

Then, an operation which is element of the parent spg combined with both positive and negative
time reversal symmetry is applied. The specific operation is written on top of each resulting
magnetic configuration. Here, the operation is given in BNS convention as used by the Bilbao
Crystallographic Server [175]. The careful reader may have noticed that the magnetic configuration
obtained by application of (x — y, —y,z,—1) exactly agrees with the magnetic configuration we
obtained in the bottom row of Figure 3.12. In other words, these two magnetic configurations
correspond to two domains of the same magnetic structure and we expect the total energy for both

of these magnetic configurations to be exactly the same.


https://www.cryst.ehu.es/cgi-bin/cryst/programs/checkgr.pl?tipog=gmag

CHAPTER 3. MULTIPOLE THEORY 48

%z, -1 y.xz,+1

X,z +1
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X xX=y,2+—,+1
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x=y,-yz-1 —yx=yz-1 —-»x=yz+1 xX=y,-yz+l

LR 3 1

Figure 3.13: Magnetic configurations corresponding to domains derived from the upper left config-

uration by application of the operation labeling the resulting magnetic configuration. The example
material is YMnOs.



Chapter 4

High-throughput benchmark
CMP+SDFT calculation

The cluster multipole (CMP) expansion for magnetic structures provides a scheme to systematically
generate candidate magnetic structures specifically including noncollinear magnetic configurations
adapted to the crystal symmetry of a given material. A comparison with the experimental data
collected on MAGNDATA shows that the most stable magnetic configurations in nature are linear
combinations of only few CMPs. Furthermore, a high-throughput calculation for all candidate
magnetic structures was performed in the framework of spin-density functional theory (SDFT). We
benchmark the predictive power of CMP+SDFT with 2935 calculations, which show that (i) the
CMP expansion administers an exhaustive list of candidate magnetic structures, (ii)) CMP+SDFT
can narrow down the possible magnetic configurations to a handful of computed configurations, and
(iii) SDFT reproduces the experimental magnetic configurations with an accuracy of 0.5 up. For a
subset the impact of on-site Coulomb repulsion U is investigated by means of 1545 CMP+SDFT+U
calculations revealing no further improvement on the predictive power.

This chapter is almost identical to our manuscript “Benchmark for ab initio prediction of mag-
netic structures based on cluster multipole theory” [176], which is co-authored by T. Nomoto,
M.-T. Suzuki and R. Arita. Text that is clarifying details or needed adjustment to be integrated in this

thesis and, thus, is not part of the published manuscript uses a different font typeface.

4.1 Methods

In this section we shortly discuss the employed methods, namely the CMP expansion and SDFT.
As the CMP expansion is a rather novel approach [48,145,177], it has been motivated and set out in
some detail in Chapter 3. However, it will be briefly summarized once again. For more background
and details of the algorithm we refer the reader to Ref. [173]. SDFT, on the other hand, is a
well established method [8,178]. It is available as part of many ab initio packages [179-184] in its

49
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generalized version [185,186], which is applicable to noncollinear AFM configurations. Here, we
chose to use VASP [80,81,179] and hence we merely elaborate on the setup details employed in this
study.

4.1.1 Cluster Multipole expansion

The reader unfamiliar with the CMP expansion may want to refer to Chapter 3. Here, we recall
that the cluster multipole (CMP) expansion for magnetic structures [48,173] provides an orthogonal
basis set of magnetic configurations, which are symmetrized based on the crystallographic point

group. In order to motivate the expansion, let us consider the vector Poisson equation:

4
V2A(r) = ——j(r), (4.1)
c
where j(r) = ¢V x M(r) is the current density and M (r) is the magnetization density. Here, the
Coulomb gauge V - A(r) = 0 is invoked and the potential outside of the magnetization density is
considered. The rotational invariance of V2 allows the vector gauge potential A(r) to be expanded
w.r.t. vector spherical harmonics Yélq [140]. Accordingly, the magnetic field B(r) = V x A(r) can
be written in terms of magnetic multipole moments M} as follows [155]
oo l
1
. 1 1+1,1
B(r)=-i)_ Y i@+ 1)MlmmYlm (Q), (4.2)
=1 m=—1
where [ is the orbital angular momentum quantum number and m magnetic quantum number.
Following M.-T. Suzuki et al. in Ref. [173] the magnetic multipole coefficients for a magnetic
)T

configuration on a point form |m) = (my, ma,....,my)" read

N
4mi [p+1 N
My, = BETE| \/ e /dgr ;mi . [V (rlYlm(Q))] 5@ (r—mr;). (4.3)

m; is a local magnetic moment on the magnetic site ¢ at position r;. For a given point group

the point form is a set of all symmetrically equivalent points and can be classified into Wyckoff
positions [172] in analogy to the Wyckoff positions of space groups. Here, N is the multiplicity of
the Wyckoff position of the point form, that constitutes the magnetic configuration. As introduced
by Ref. [173] a point form carrying a magnetic configuration is referred to as (magnetic) cluster in
the context of the CMP expansion for magnetic structures. In contrast to Ref. [173], here we do
not introduce toroidal moments.

Symmetrization according to irreducible representations of the crystallographic point group

allows for a physically meaningful expansion w.r.t. point group harmonics
r
yll"’y = Z Cl(nj)yvlmy (44)
m

where I' indicates the irreducible representation and ~ its components. Here, the tabulated coeffi-

cients [155] ¢] are chosen to be real valued. With this a virtual cluster [173] is constructed, where
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each magnetic site is assigned a magnetic moment. By mapping [y — n through a Gram-Schmidt
orthonormalization scheme the CMP basis is computed.
The CMP basis can be written as

T
{im = (e e el) ). (@5

where egn) is a unit vector of a local magnetic moment on the magnetic site . By convention
n = 1,2,3 corresponds to ferromagnetism, while n > 4 corresponds to more complicated higher
order magnetic configurations including noncollinear magnetism. The definition of |n) coincides
with {ef‘,y} in Ref. [173] up to the choice of normalization®.

In case that the period of the magnetic order coincides with that of the crystal structure, the
propagation vector of the magnetic order q is zero. The magnetic structure is said to exhibit g = 0
magnetism. Note that 3 continuous degrees of freedom of rotation of the magnetic moment per
magnetic site for a total of N magnetic sites yields 3NV linearly independent magnetic configurations
and thus n = 1,...,3N. In this work, the configuration space of ¢ = 0 magnetic structures is
explored.

The CMP basis defined in Equation (3.47) is complete

13N
N > In) (n] = lanuan, (4.6)
n=1
and obeys the orthogonality relation

Furthermore, the symmetry-adapted CMP coefficient reads
M, =" m; e = (mln) = (nm). (4.8)

In case of more than one inequivalent site exhibiting a magnetic moment, the space of all possible
magnetic configurations is spanned by

{Ine,) ® Ine,) @ -+ @ [ney)} (4.9)

where d is the number of clusters. Based on the above, an arbitrary magnetic configuration can be

n other words, egn) correspond to components of {e%} in Ref. [173] except that here Zf\f egmel(." ) — Né,ns
while in Ref. [173] <{e"} . {e"/}> = J,,,/- Also note that {efw} is labeled by pu = 1,2 representing magnetic
(M) and magnetic toroidal (MT) multipoles, respectively. As we do not expand in terms of MT multipoles, those

components appear as higher order magnetic multipoles here, and thus completeness is still ensured.
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expanded as

[m) = |me,) @ [me,) @ -+ @ [me,) (4.10)
3N ()
Ime, ) = N(CJ) Zl M |ne, ). (4.11)

Any two magnetic configurations on the same magnetic sites can be compared by an overlap, which

(mlm’) ’
Omm’ = . .
<¢<m|m> ¢<m/|m'>> (#12)

Lastly, notice that each CMP carries a definite order and irreducible representation (irrep).

4.1.2 Setup for SDFT

The ab initio calculations are performed by the Vienna Ab initio Simulation Package (VASP) in

we define as

version 5.4 [80,81,179] and the flags are set appropriate to noncollinear SDEFT-GGA calculation
including spin—orbit coupling. In practice, the flags in the INCAR file are set a follows:

e First try: ENCUT= 520, EDIFF = 10_8, ISMEAR = 0, SIGMA = 0.02, NELM = 999, LSORBIT =
True, LNONCOLLINEAR = True, NPAR = 4, LORBIT = 11, LORBMOM = True, MAGMOM= (material
dependent)

e Second try: IALGO = 58, AMIX_MAG = 0.1, BMIX_MAG = 0.0001 , ENCUT= 520, EDIFF = 1078,
ISMEAR = 0, SIGMA = 0.02, NELM = 999, LSORBIT = True, LNONCOLLINEAR = True, NPAR = 4,
LORBIT = 11, LORBMOM = True, MAGMOM= (material dependent)

e Third try: TALGO = 58, ENCUT= 520, EDIFF = 10=%, ISMEAR = 0, SIGMA = 0.02, NELM = 999,
LSORBIT = True, LNONCOLLINEAR = True, NPAR = 4, LORBIT = 11, LORBMOM = True, MAGMOM=
(material dependent)

e Fourth try: TALGO = 58, AMIX_MAG = 0.1, BMIX_MAG = 0.0001, ENCUT= 520, EDIFF = 10~F,
ISMEAR = 0, SIGMA = 0.02, NELM = 999, LSORBIT = True, LNONCOLLINEAR = True, NPAR = 4,
LORBIT = 11, LORBMOM = True, MAGMOM= (material dependent)

Finally, in the rare cases that none of the above converge we chose the most stable setting by visual
inspection of the 0SZICAR file and reduced EDIFF as needed. We note that there has been no material,
where this procedure failed to find a converged magnetic result with EDIFF < 1075,

The pseudopotentials are chosen such that d-electrons in transition metals and f-electrons in
lanthanides and actinoides are treated as valence electrons. The default exchange correlation func-
tional, i.e. generalized gradient approximation [187] by Perdew, Burke and Ernzerhof (PBE), is
used.

The VASP input is created by the aid of the Python Materials Genomics (pymatgen) pack-

age [188]. In particular, we use subroutines based on spglib [189]. The magnetic configurations
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of the CMP basis are created by a code authored by M.-T. Suzuki, which employs the TSPACE
library [190].

4.2 Results and Discussion

In this Section, we want to explore the following two main aspects:

(i) Is the CMP expansion a physically meaningful description of magnetic configurations?
Namely, here the premise for a physically meaningful description constitutes that naturally oc-
curring magnetic configurations can be characterized by one or few symmetrically related CMPs.
It can be understood in the same sense as atomic orbitals are a meaningful basis to describe elec-
trons bound to a free atom, i.e. the probability distribution of one electron is described by one or
few degenerate atomic orbitals. In fact, this analogy extents to molecular orbitals in a complex,
where the underlying spherical harmonics are symmetrized according to site symmetry.

(ii) Can SDFT predict the most stable magnetic configuration by the aid of an exhaustive list
of candidate magnetic configurations for a given crystal? In fact, the predictive power of the com-
bination of the CMP expansion and SDFT (CMP+SDFT) ought to be seen as a composition of the
following issues: (a) Is there evidence to assume that the list of candidate magnetic configurations
generated by the CMP basis is exhaustive?

(b) Can the experimentally determined magnetic configuration be found among all SDFT re-
sults? Note that the similarity between two magnetic configurations is expressed by the overlap
defined in Equation (4.12). In addition, we compare the magnetic space group, which crucially
influences physical properties.

(c) Can SDFT correctly assign the lowest total energy to the experimental magnetic configura-

tion?
4.2.1 The investigated materials and workflow

After preluding these questions, let us start by focusing on the experimental data found on MAG-
NDATA [15]. This commendable collection of meticulously gathered neutron diffraction measure-
ments and other measurements, e.g. optomagnetic response, is still growing and by no means
complete. The MAGNDATA entries used in this study were personally double-checked with the ex-
perimental references [174,191-194,194-208, 208-214, 214-220, 220-231, 231238, 238, 239, 239, 239
285,285-297,297-300, 300-306, 306-310] and the specific compounds are listed in Appendix C.

These materials explicitly contain transition metals, lanthanides and actinoides with on-site
magnetic moments and most data entries are fully AFM or show only weak ferromagnetism. The
magnetic configurations considered here possess zero propagation vector, which limits the available
data to about 400 entries in MAGNDATA. Moreover, entries corresponding to duplicates in respect
to higher temperature, pressure or external magnetic field phases are excluded from this study.
Finally, some large unit cells are omitted for efficiency reasons.

The still evolving nature of this database inclined us to take a differentiated perspective on

each entry: For some materials the size of the magnetic moment is well-determined, while the
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(a) CMP expansion of experimental magnetic configurations
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Figure 4.1: Properties of 122 experimental magnetic configurations. (a) The number of CMPs
needed to expand the experimental magnetic configuration—active CMPs—over the number of
degrees of freedom per magnetic cluster. There are 3N degrees of freedom for N sites in a magnetic
cluster, which coincides with the order of the CMP basis. The size of the circle indicates the

frequency of occurrence. (b) Orbital character of the magnetic site. (c) Crystal system.
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magnetic order could not be uniquely identified. And conversely, some materials have a well-known
symmetry, despite the lack of an exactly determined size of the magnetic moment. Therefore, in
this study a total of 131 materials are analyzed, albeit they are distinguished in 122 entries with
known magnetic order and 116 entries with known on-site magnetic moment.

Figure 4.1 (a) presents the number of CMPs needed to describe a magnetic cluster featured
in the experimental magnetic configuration over the total number of degrees of freedom in the
corresponding magnetic cluster. Here, a non-zero CMP component is a so-called active CMP
in analogy to the terminology used w.r.t. irreducible representations. The number of degrees of
freedom per cluster is naturally equivalent to the order of the CMP basis.

The data shown in Figure 4.1 (a) comprises 162 magnetic clusters in 122 materials, among
which 69 are classified to be collinear, 53 are noncollinear. In particular, 10 are coplanar and 43
are noncoplanar, as indicated by the color of the circles. Meanwhile, the size of the circle indicates
the rate of occurrence.

A well-chosen basis is able to express a configuration in terms of few non-zero components. In
this regard, remarkably 48.77% of all clusters are characterized by a single active CMP. And only
6 clusters, i.e. 3.70%, of the clusters in the experimental configurations are linear combinations of
more than three CMPs.

The construction of the CMP basis [173] might intuitively wake the expectation that the number
of active CMPs per cluster for a collinear magnetic structure is equal or less than three. Never-
theless, that could not have been generally expected for the noncollinear case. This intuition is
empirically confirmed in Figure 4.1 (a), where all collinear circles are as expected reported below
three active CMPs. In the case of noncollinear magnetic configurations, on the other hand, < 3
contributing CMPs per cluster strongly suggests that the basis is particularly well-chosen. Thus,
the CMP expansion of experimental configurations in Figure 4.1 (a) establishes the CMP basis to
be a particularly suitable basis.

The pie charts in Figure 4.1 give an overview of the composition of all 131 materials. In
particular, Figure 4.1 (b) shows the orbital character of the valence electrons on the magnetic site.
The majority of the materials features transition metals with emerging d-orbital magnetism, while
a minority of 25% observes f-orbital magnetism. Secondly, the pie chart in Figure 4.1 (c) presents
the underlying Bravais lattice and fortifies a balanced mixture comprising of all lattice types.

After we have discussed the known experimental properties, let us move on to setting up a
predictive scheme. In Figure 4.2 the computational workflow is organized in four steps: input,
setup, calculation, and analysis. The input is taken in form of (magnetic) CIF files [41] from the
database MAGNDATA.

Step 2 in Figure 4.2, the setup, includes reading the magnetic CIF files, creating the list of
candidate magnetic configurations and writing the input files for VASP by the aid of pymatgen.
Crucially, in this step the CMP basis is obtained as described in 7?7, which does not require the

experimental magnetic configuration as an input, but merely the choice of magnetic clusters.
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We presume the following heuristic rule holds:

The magnetic ground state favors either pure CMPs or linear combinations of CMPs that com-
bine equally weighted CMPs of the same order and same irrep.

We try to provide some physical intuition, why it holds in Section 3.4.1. However, more importantly,
we will present statistical evidence in the discussion of Figure 4.5 (b) and (c). Nevertheless, let us first
continue focusing on the computational workflow, that presents the core of our prediction scheme.

This heuristic rule prompts us to extend the list of inital candidate magnetic configurations by
linear combinations of same order and same irrep. Neglecting linear combinations of pairs yields
(Y — 1)Y additional guesses, for Y being the number of CMPs with same order and same irrep.

In the case of more than one magnetic cluster, d > 2, this would lead to too many additional
guesses. For the 73 materials in concern, where d > 2, we chose to combine only the exact same
multipole projected onto a different magnetic cluster. In other words, the linear combination of
CMPs with same order, same irrep and same y is taken, c.f. the last paragraph of ??. Now this
similarly leads to (Y — 1)Y additional guesses, but Y is the number of CMPs, which are distinct
only w.r.t. c;.

Step 3 in Figure 4.2, the VASP calculation, is performed as described in ??. The total number
of SDFT calculations necessary is equal to the number of candidates. The list of candidates is
composed of in total (Zj 3N (CJ’)) CMP basis magnetic configurations and accordingly many times
(Y —1)Y additional guesses. This amounts to a total of 2935 calculations including all 131 materials
in this study.

Step 4 in Figure 4.2, the analysis, involves determining characteristic quantities of each calcu-
lation. First, all possible domains of the converged magnetic configuration are computed. To that
end each space group operation combined with time reversal operations +1 is applied, which leads
to either (a) covering the magnetic configuration and thus the operation is element of the mag-
netic space group, or (b) a new magnetic domain. Considering the set of operations that leave the
magnetic configuration invariant, we determine the magnetic space group devising the IDENTIFY
MAGNETIC GROUP application on the Bilbao Crystallographic Server [175].

All calculations of a given material and their domains are cross-checked with each other in order
to filter how many distinct magnetic configurations and, thus, distinct local minima in the SDFT
total energy landscape have been identified. Quantities such as the total energy and the size of
the magnetic moment per site are averaged over all calculation corresponding to the same local
minimum. The calculation with the lowest total energy among all SDFT calculations of a given
material is the CMP+SDFT global minimum.

Note that the list of candidates created as discussed in step 3 is not free of duplicates corre-
sponding to different domains of the same magnetic configuration. In Section 3.4 the CMP basis
for YMnOs; is constructed. Then, linear combinations of CMPs and magnetic domains are eluded
by hands of that example. The candidates corresponding to different domains could be excluded to

avoid unnecessary numerical cost. This amounts to a total of 2313 unique calculations for all 131
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materials in this study, which comprise of 35.75% additional guesses.

To conclude step 4 in Figure 4.2, all possible domains are considered when computing the
overlaps of (i) the experimental and the initial candidate’s magnetic configuration, Oexp init, (ii) the
experimental and the converged SDFT calculation’s final magnetic configuration, Oexp sin, and (iii)
the initial candidate’s and the converged SDFT calculation’s final magnetic configuration, Ofp init,
as defined in Equation (4.12).

In total this study identifies 2005 CMP+SDFT local minima starting from 2313 unique candi-
dates. As mentioned, we performed 2935 calculations including some redundant candidates in this
study. Instead of excluding these redundant candidates that correspond to different domains of the
same magnetic structure, we used them to statistically analyze the reproducibility. In a nutshell, the
reproducibility is the probability to converge to the same local minimum, when repeating the SDFT
calculation. More details are described in the subsequent section. In this study the reproducibility
reaches 0.79 on a scale from 0 to 1, where 1 refers to perfect reproducibility.

4.2.2 Reproducibility

One of the core values of science as a whole is the reproducibility of a result. Especially in big data and
high-throughput calculations, the meaning of reproducibility is different than in fields such as classical
mechanics. Therefore, let us define reproducibility in the context of this study.

In Section 3.4 we have discussed that SDFT calculations starting from the same magnetic configura-
tion are expected to yield the same converged result up to numerical uncertainty. Furthermore, we have
introduced the notion of redundant candidates, that is two magnetic configurations which correspond
to different magnetic domains of the same underlying magnetic structure. Neither the CMP basis nor
the additional linear combinations that are introduced to create an exhaustive list of candidate magnetic
configurations is generally free of such a redundancy. Without loss of exhaustiveness it is possible to
avoid additional computational cost by excluding redundant candidates and only perform SDFT calcula-
tions for unique candidates. In other words, it is sufficient to pick one realization of a magnetic structure
and include it in the list of candidate magnetic configurations.

In this study, we did not filter the redundant candidates. This offers the opportunity to measure the
reproducibility. We define reproducability as the probability to end up in the same local minimum under
the condition that the initial candidates are equivalent up to their domain. Figure 4.3 visualizes how the
reproducibility is computed.

For a given material, the list of candidates is generated, represented by yellow circles. Then each
magnetic structure is given a unique number. Candidates with the same number hence correspond to
different domains of the same magnetic structure. In the following this is referred to as candidate group.
Independent SDFT calculations let each candidate fall into a local minimum in the SDFT total energy
landscape. For the converged magnetic configuration, again all possible domains are constructed. If
two SDFT results are equivalent up to their domain, they are said to have fallen into the same local
minimum. This is represented by boxes in Figure 4.3.

If we assume a bond between each candidate within a candidate group, then we expect these bonds
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1. Input

e obtain experimental magnetic configuration from MAGNDATA as .mcif file

2. Setup
e perform CMP expansion using Fortran code authored by M.-T. Suzuki (uses
TSPACE library)

e read experimental magnetic configurations and CMP basis configurations as pymat-
gen structure

e create list of initial candidate magnetic configurations incl. linear combinations of

same CMP order and irreducible representation

e write VASP input

3. Calculation

e run GGA for noncollinear magnetic magnetism in VASP

4. Analysis

e read final converged magnetic configuration as pymatgen structure
e determine key quantities:

— CMP+SDFT local minima

— compare total energy to obtain CMP+SDFT global minimum

— domains

— overlaps btw. initial, final, and experimental magnetic configurations

— magnetic space groups

Figure 4.2: Computational workflow divided in 4 steps: input, setup, calculation and analysis.

58
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Figure 4.3: An illustration of the reproducibility.

to hold even after the SDFT calculation. In other words, each candidate group should map to one local
minimum. This is the case for the magnetic structures labeled 3 and 4 in Figure 4.3. On the other
hand, if candidates are at a very unstable initial position or many narrow local minima are present, then
numerical uncertainty might indeed be enough impetus to converge to different magnetic structures.
This is shown for the magnetic structures labeled 2 in Figure 4.3, where one of the bonds is severed.
The reproducibility of one candidate group (g) is defined as

bt (4.13)

b

Tg =

where by is the total number of bonds and b,s is the number of unsevered bonds. Clearly, the mag-
netic structure labeled 1 in Figure 4.3 is not a candidate group of its own and is disregarded in the
discussion about reproducibility. Finally, for the whole database we compute the expectation value of
the reproducibility by summing over all entries and all candidate groups

(ry=>" <§g: rg) (4.14)

entries

4.2.3 The performance of candidate magnetic configurations

The high computational cost is justified, only if the list of candidates can be expected to be ex-
haustive. Let us recall that the CMP basis defined in Equation (4.5) spans the space of all possible
magnetic configurations. Each CMP is characterized by its order and irrep. First, we want to argue
that the candidate’s irrep is likely to prevail throughout the SDFT calculation. As the CMP basis
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is complete and, thus, any irrep that could be active in a given system explicitly appears in the
CMP basis, the former corroborates that the CMP basis is a good starting point.

Figure 4.4 (a) shows a histogram of the overlap of the final magnetic configuration and the
initial candidate, Ogp init- In particular, Ogn init = 1 corresponds to the candidate’s magnetic
configuration remaining almost identical during the iterations. In that case, the candidate appears
to be in close vicinity to a local minimum in the total energy landscape of SDFT. We see that the
uppermost bin, with 46.54% of all calculations, accounts for more calculations than any other bin.

On the other hand, if the candidate does not correspond to a minimum in the total energy,
the calculation is expected to yield a small overlap: Ofp init < 1. If the system converges to a
magnetic configuration, which is a linear combination of the inital candidate and another magnetic
configuration, a finite Ogy inis Occurs.

There is a related scenario in which the system converges to a magnetic configuration that is
of the same irrep, but does not including the CMP of the initial candidate. That case can be

characterized by Ofy init =~ 0 and oirep = 0, warranted the definition of the variance of the irrep

reads
d 3N()
o ~ (cifi
Giffepzz Z |M7(LCJ’mlt)|Bnn'|M7(;J I])| (415)
g3’ mn!
with

M7(LCj ,init/fin)

yleginit/fin) o (4.16a)
n d 3N c;j,init/fin ’
DD DIl T
1, irrep,, # irrep,,/
Bnn’ = Pr 7& P (416b)
0, irrep,, = irrep,,/

Here, 0jrrep is defined such that, if the same irreps appear with the same weight in the candidate’s
CMP expansion and in the CMP expansion of the converged calculation, then oiep = 0. In a
nutshell, |Mn| indicates to what percentage the n-th CMP contributes to the expansion and B,
is a boolean giving zero weight to equal irreps.

The colorbar in Figure 4.4 (a) corresponds to oiyep defined in Equation (4.15). The variance
of the irrep is less than 10%, oimep < 0.1, in 78.16% of all SDFT calculations. In other words, the
inital irrep is highly likely to be active in the final magnetic configuration.

The inset of Figure 4.4 (a) emphasizes this observation: The variance of the irrep for the
lowermost bin of Figure 4.4 (a) is shown as a histogram. Notably, the initial irrep has less than
10% deviation, i.e. girep < 0.1, in 53.95% of the calculations with Ogy init = 0.

As a more general statement, we have shown that the candidate’s irrep is statistically likely
to prevail throughout the SDFT calculation. Conversely, the most stable magnetic configuration
is less likely to be found, if the irrep is not among the list of candidates. Hence, creating a list
of candidates building upon the CMP basis is an efficient solution to assure all possible irreps are

among the candidates.
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Figure 4.4: (a) Overlap of the candidate and the final SDFT result. The overlap is defined in
Equation (4.12). The color scale indicates the variance of the irreducible representation. Inset:
The variance of the irreducible representation for the lowermost bin (see arrow). (b) The maximum
overlap of the experiment and the initial candidate w.r.t. the CMP basis. (¢) The maximum overlap
of the experiment and the initial candidate w.r.t. all candidates incl. the CMP basis and additional
guesses. The color classifies if the magnetic space group (mspg) agrees with the experimentally

determined mspg.
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From this point of view, it seems unnecessary to introduce additional guesses as candidates that
are equally weighted CMPs of same order and same irrep. However, using the experimental data
as a guide once more, the advantages of including additional guesses into the list of candidates
becomes clear.

Figure 4.4 (b) presents the maximum overlap of the CMP basis and the experiment, maxan Oinit,exp-
The histogram shows a probability density strongly peaked close to one. Additionally, there are
side peaks at 1/3 and 1/2. This bias towards 1/3 and 1/2 can be appreciated when considering the
aforementioned heuristic rule once again.

Namely, the magnetic ground state favors either pure CMPs or linear combinations of CMPs
that combine equally weighted CMPs of the same order and same irrep. An irrep can have a
dimension of 1, 2 or 3 and accordingly at each CMP order CMPs basis configurations occur in sets
of 1, 2 or 3 configurations in the expansion. Hence, favored linear combinations projected onto a
CMP basis configuration are prone to yield overlap of 1, 1/2 or 1/3.

In comparison, Figure 4.4 (c), displays the maximum overlap of initial candidate and the ex-
periment, maxay Oinit,exp, W.I.t. the complete list of candidates, which contains the CMP basis
configurations as well as additional guesses. The introduction of additional guesses, following the
heuristic rule, can effectively avoid side peaks at 1/3 and 1/2 and thus takes into account linear
combinations common in materials existing in nature.

As Figure 4.4 (a) showed, most magnetic configurations remain close to the initial magnetic
configuration. Therefore it is paramount to start from an exhaustive list of magnetic configurations.

The dark blue and light blue colors in Figure 4.4 (b) and (c) indicate, that the magnetic space
group found experimentally is identical to the magnetic space group of the candidate or not, respec-
tively. Considering all candidates, as in Figure 4.4 (c), 117 of 122 magnetic space groups agree. This
is an improved agreement rate compared to considering only the CMP basis, as in Figure 4.4 (b),
where 110 magnetic space groups agree. It is noteworthy that some magnetic space groups only
enter the list of candidates through the additional guesses.

A final argument in favor of introducing additional guesses is that in total we find 655 of 2005,
hence 32.67%, of the local minima in the SDFT energy landscape only thanks to the additional
guesses. Even among the CMP+SDFT minima with the minimum total energy 23 are thanks to
the additional guesses, as well as 15 of the (local) minima most similar to the experiment.

Therefore, with the collection of arguments mentioned above, we have justified expectation that
the list of candidate magnetic configurations is exhaustive. In the following, let us investigate
whether the experimentally determined magnetic configuration is present among all SDFT results

and how we might predict the likely experimental magnetic configuration for an unknown material.

4.2.4 Analysis of CMP+SDFT local minima

Following the workflow in Figure 4.2 all final SDFT results are scrutinized for their similarity. Some
SDFT results correspond to the same local minimum in the SDFT total energy landscape and as such
they are grouped in CMP+SDFT local minima. The overlap of each CMP+SDFT local minimum
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Figure 4.5: (a) Overlap of experiment and CMP+SDFT minimum most similar to experiment
(MaxOExp). Overlap is defined in Equation (4.12). o/x classifies if the magnetic space group
(mspg) agrees/disagrees with the experimental mspg. (b.1) total energy distribution w.r.t. mate-
rials feature d-orbital magnetism. The minima are classified in MaxOExp and remainder “not”
MaxOExp, and mspg agrees/disagrees. Inset: Q-Q plot, where ¢g maxorxp W.I.t. the distribution
of MaxOExp is compared to qg 1ot Ww.r.t. the distribution of all local minima of materials feature
d-orbital magnetism. (b.2) total energy distribution w.r.t. materials feature f-orbital magnetism.
Inset: Q-Q plot, where ¢f MaxOExp W.I.t. the distribution of MaxOExp is compared to qftor W.I.t.
the distribution of all local minima of materials featuring f-orbital magnetism.
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with the experimental magnetic configuration is computed according to Equation (4.12). The
CMP+SDFT minimum that yields the maximum overlap with the experiment maxy;,cmin} Ofin,exp
(MaxOExp) is termed to be the most similar CMP+SDFT local minimum to the experiment.
A worthwhile run should yield max{ocmin} Ofinexp & 1, entailing that MaxOExp is indeed very
similar to the experiment. Additionally, the magnetic space group (mspg) should agree with the
experimentally detected symmetry.

Figure 4.5 (a) presents max(joc min} Ofin,exp; 1-¢. the overlap of MaxOExp for 122 materials with
known experimental magnetic order. The distribution features a substantial peak at max(joc min} Ofin,exp =
1. In fact, 82.44% of MaxOExp mark max(ocmin} Ocapasp > 0.75, verifying good agreement of
one CMP+SDFT local minimum with the experiment.

Despite the large overlap, some mspg do not agree. In particular 70.99% of MaxOExp agree
w.r.t. their mspg, despite yielding maxjocmin} Ocapvasp > 0.75, see the dark blue labeled “o”.

The upper most bin in Figure 4.5 (a) accumulates 54.96% and corresponds to

{lmax }Oexm,asp > 0.96. (4.17)
Even in the upper most bin not all mspg agree, while on the other hand most CMP+SDFT local
minima with rather inadmissible

{lgl%(n} Ocap,vasp < 0.75 (4.18)
still agree w.r.t. their mspg. For instance, FeoOs has a collinear AFM structure with a small
tilting [299]. While the parent spg is R3c (167) the small tilting results in P1 (2.4) for the mspg. In
the CPM expansion, the experimental configuration is described by two CMP basis configurations of
order 5. However, they do not observe the same irreducible representation. In particular, the main
contribution is A, and the tilting is due to contributions of E,. In CMP+SDFT the most stable
configuration is pure A1, without any tilting. So that, although the overlap maxjocmin} Ocapvasp =
0.9658, the mspg predicted by CMP+SDFT is R3c (167.103) not P1 (2.4) as found experimentally.

In total 84.43% among MaxOExp yield the correct mspg. This is to say that neither the overlap
nor the mspg alone are a sufficient criterion whether the experimental configuration is correctly
predicted or not.

In comparison, only 16.17% of all CMP+SDFT minima yield the experimental mspg. However,
for 90.16% of the materials at least one CMP+SDFT minima yields the experimental mspg. As
mentioned among MaxOExp 84.43% yield the experimental mspg.

Another characteristic CMP+SDFT minimum is the CMP+SDFT global minimum, which ob-
serves the minimum total energy in SDFT. Among all CMP+SDFT global minima only 37.70%
yield the experimental mspg. This shows that the mspg of the CMP+SDFT global minima is
more likely to agree with the experimental mspg than a random CMP+SDFT minimum, but the
CMP+SDFT global minima is not adequately predicting the mspg.
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Let us continue by analyzing the SDFT total energy of the CMP+SDFT minima in more detail.
Each CMP+SDFT minimum is attributed one or more SDFT results, as multiple candidates might
converge to the same minimum. An average over these attributed SDFT results leads to the material
dependent and magnetic configuration dependent total energy of a specific CMP+SDFT minimum
FEir. The CMP+SDFT global minimum observes the minimum total energy Fin.

In order to compare the total energy across materials, we take a normalized relative total energy
that reads

(Bt — Epin) /N (4.19)

Here, N is the total number of degrees of freedom, i.e. the sum of the order of basis over all clusters
that observe a magnetic moment in SDFT in that material.

Figure 4.5 (b.1) and (b.2) present the distribution of CMP+SDFT minima over the normalized
relative total energy of materials featuring d-orbital magnetism and f-orbital magnetism, respec-
tively. The energy scale is logarithmic in units of meV. And the lowermost bin, representing the
CMP+SDFT global minima, would theoretically lie precisely at zero. However, for the obvious prac-
tical reasons, namely that log(0) — —o0, it is added at the lower edge. The remaining bins represent
the distribution of CMP+SDFT local minima pg; s 1ot A key question is, whether MaxOExp tends
to be close to the total energy minimum.

In Figure 4.5 (b.1) and (b.2) the color intensity classifies all CMP+SDFT minima according to
agreement /disagreement with the experimental mspg labeled by o/x, respectively. Additionally, the
minima are classified according to being MaxOExp or not. Overall the total energy distributions
Pd/f.tot SPan across many orders of magnitude. Albeit, pf o1 is more concentrated in the energy
range 1 meV up to 1000 meV.

The data shows that in total 43 of 122 (35.25%) of the CMP+SDFT global minima coincide
with MaxOExp. Hence, the magnetic configuration with the minimum total energy in this study
does not, at this point, identify the expected experimental configuration. Nevertheless, MaxOExp
might tend towards smaller total energy. In order to gain more insight, we ask if MaxOExp data
points follow the same distribution as an arbitrary local minimum in pg; s ¢or-

Two distributions can be compared in terms of a Q-Q plot [311], where the x-axis represents
the quantile of the reference distribution and the y-axis represents the quantile of the sample
distribution. Let us define the quantile, g, for a sample/reference distribution of local minima
{lmy}, where k = 0,.., K — 1 and the local minima (Im) are ordered by Ejp, < Ejm,,,. The
k/(K — 1) quantile gy is given by

4k = (Eimy, — Emin) /N (4.20)

Hence, the 0.5 quantile is simply the median value and the 0.1 quantile is the point that divides
the distribution such that 90% of the local minima have greater total energy.

The Inset of Figure 4.5 (b.1) shows the Q-Q plot comparing quantiles of pgMaxOExp, as the
sample distribution, with pgtot, as the reference distribution. For each data point in the smaller
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sample distribution the quantile is computed, as explained above. Subsequently, ¢4 maxOExp iS
juxtaposed against gq tot-

If the two datasets are sampled from the same underlying distribution pgMaxoExp = Pd tot, all
points align on the median. The quantile is defined on the same axis as the original distribution,
i.e. g4 MaxOExp and g ot are defined on (Ejp, — Emin) /N

The Q-Q plot in the inset of Figure 4.5 (b.1) shows significant deviation from the median.
Indeed, the slow incline up to approximately 10 meV reveals an accumulation of MaxOExp towards
lower total energy. For d-orbital magnetism we find 77.66% of MaxOExp below 1 meV. On average
each material has 4.45 CMP+SDFT local minima below 1meV. In particular, in this dataset the
material with the maximum number of CMP+SDFT local minima has 18 minima below 1meV.
This shows that CMP+SDFT successfully narrows down the possible magnetic configurations for
a new material featuring d-orbital magnetism to a handful of CMP+SDFT local minima, that are
highly likely to be close to the experimental observation.

The inset of Figure 4.5 (b.2) shows the analogous Q-Q plot for f-orbital magnetism. Here,
the quantiles basically align on the median suggesting that p;maxOExp = Pyr,tot- Moreover, for
f-orbital magnetism we find only 32.43% of MaxOExp below 1 meV. Although in case of f-orbital
magnetism the consideration of the total energy seems to fail in narrowing down the number of
possible magnetic configurations, at least the CMP+SDFT run itself proposes a set of 10 — 15
possible magnetic configurations.

The presented data opens a gateway to identifying a handful of magnetic configurations as
CMP+SDEFT local minima for a given material among which the experimentally stable magnetic
space group and exact configuration is highly likely to be found. Yet it has not been possible to
uniquely identify the ground state based on the SDFT total energy. Although CMP+SDFT yield
local minima with the experimental mspg and local minima with large overlap with the experimental

magnetic configuration, SDFT fails to assign a low total energy compared to other local minima.

4.2.5 The magnetic moment per site

Besides the magnetic configuration, the size of the on-site magnetic moment crucially influences
the magnetic properties of a material. Hence, it is interesting to ask, if the magnetic moment
estimated by SDFT is close to the experimentally determined magnetic moment per site. In the
literature [34] it is well-known that complexes containing first row transition metals with open
3d orbitals are dominated by crystal field splitting. This is referred to as strong field regime.
Further, the ground state of complexes containing Lantanides with open 4 f orbitals are dominated
by spin-orbit coupling. Complementary, this is referred to as weak field regime. Let us explore the
implications by looking closer at the element-dependence of the on-site magnetic moment.

Figure 4.6 presents the on-site magnetic moment averaged over sites within one magnetic cluster

as a function of elements sorted by increasing no. of electrons. In particular, the average magnetic
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Figure 4.6: The magnetic moment per site as a function of electrons per atom for 3d- and 4f-
orbital magnetism. (a.1) and (b.1), the experimental magnetic moment per site pexp. (2.2) and
(b.2), the magnetic moment per site of the CMP+SDFT minimum most similar to experiment w.r.t.
its magnetic configuration . (2.3) and (b.3), absolute values of the orbital angular momentum

contribution u; and the spin contribution ps to ugn.
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moment per site reads
N ()

1
He; = N Z Im;| (4.21)
i=1

and, thus, the average is taken within each magnetic cluster c;, only. The columns show the case
of 3d-orbital magnetism and 4 f-orbital magnetism, respectively.

Figure 4.6 (a.1) gives an overview of the experimental results fiexp, for 3d-orbital magnetism. We
see that within compounds featuring the same magnetic element vastly different on-site magnetic
moments are reported. This is referred to as compound dependence in the following discussion.
Overall, the maximum on-site magnetic moment per element frames a dome shape with a clear
maximum at Mn closely followed by Fe. In comparison, Figure 4.6 (a.2) shows the on-site magnetic
moment ), predicted by CMP+SDFT. Here, py, is taken to be the magnetic moment of the
magnetic configuration with MaxOExp, which has the most similar magnetic order compared to
the experiment. We can see very good agreement in the overall tendency between experiment and
CMP+SDEFT.

A strong crystal field represents a real and time reversal invariant perturbation that forces a
real-valued ground state which effectively quenches the orbital angular moment operator (L = 0)
as discussed in many text books, see e.g. Ref. [312]. Therefore the spin contribution alone is
expected to constitute the on-site magnetic moment. Fortunately, in contrast to the experiment the
numeric calculation grants direct access to the spin contribution p, ,;, and the angular momentum

contribution p; 4, to the on-site magnetic moment

By, = Hgtp + Ky th- (4.22)

Figure 4.6 (a.3) presents the absolute values ps ., and py.,. The data clearly confirms that
the angular momentum is almost entirely quenched in SDFT. Only for the heavier elements, where
spin-orbit coupling becomes more relevant 2, a small contribution is given by p; 4. In other words,
SDFT supports that for compounds with more than half-filled 3d bands the angular momentum is
only partially quenched.

The dominant p, ¢, can be directly compared to the spin-only magnetic moment in the ionic
limit. It is computed within the Russel-Saunders (or L-S) coupling scheme and is given by

o =2/5(s + 1) i (4.23)
with spin quantum number s for the total spin operator S. The total spin S of the electronic con-
figuration 3d™ with n electrons is essentially constructed by following Hund’s first rules. Albeit in
real complexes the electron configuration can be in the high spin (hs) or the low spin (ls) configura-

tion depending on the crystal field strength compared to the intra-orbital Coulomb repulsion. This

2The spin-orbit coupling is proportional to dV/dr, where V is the potential due to the ions. Hence, heavier

elements exhibit stronger spin-orbit coupling. See e.g. Ref. [8].
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(34d)

yields different spin-only magnetic moments pu,"

the form 3d"(hs/ls).

In Figure 4.6 (a.3) ug?’i)n is displayed as a reference for various possible electronic configurations.

in the ionic limit for electronic configurations of

Here, we assumed octahedral complexes for the crystal field splitting. the The maximum magnetic
moment is consistent with the experiment and CMP+SDFT calculation realized for Mn?* or Fe3+
in the ionic limit. Additionally, the ionic limit already hints towards possible reasons for the
observed compound dependence. Namely, we expect the formal oxidation state and the crystal
field strength to introduce compound dependence. Further compound dependence arises due to the
exact symmetry including small distortions as introduced by the Jahn-Teller effect and the choice
of ligands via the nephelauxetic effect, which describes the delocalization of metal electrons through
covalent bonds with the ligands.

Let us now move on to the case of compounds featuring lanthanides shown in the right column
of Figure 4.6. As mentioned, in the weak field regime spin-orbit coupling is strong compared to
the crystal field effect. Therefore the orbital angular momentum operator L cannot be neglected
and the magnetic moment is computed in the j-j coupling scheme in terms of the total angular
momentum J. In the ionic limit, the electronic ground state can be determined following all three
Hund’s rules 3 for a given shell configuration 4™ with n electrons. The magnetic moment in terms

of the total angular momentum quantum number j then reads

pi = gi\Vi(j+1)us (4.24)

with the Landé g-factor (g;). Representative, we compute the magnetic moment ,u%{ i)on for all 3+
ions. Note that in fact, Eu?* for instance is expected to resemble Ga3* because both have a 4f7
electronic configuration.

Figure 4.6 (b.1) shows the experimental results pe

to uﬁl{ i)on. Similar to the 3d-orbital magnetism, different compounds featuring the same magnetic

element observe vastly different ,ugi];), however the origin must be different as we will see. A

(i{,) for 4 f-orbital magnetism in comparison

comparison to the CMP+SDFT results presented in Figure 4.6 (b.2) shows good agreement of the
overall characteristic behaviour. In both, experiment and CMP+SDFT, the magnetic moment is
just below the ionic limit and a small (large) dome forms in the less (more) than half-filled region.

Noticeably, the compound dependence in the CMP+SDFT results is reduced compared to the
experiment. By a more detailed analysis of the experimental data, the compound dependence in
4 f-orbital magnetism is revealed to arise when long-range order cannot be established very well
experimentally. SDFT naturally assumes a well-established long-range order by design as it is a

zero temperature method. Specific cases are considered in the discussion of Figure 4.7.

3For instance, the 3+-ion for Er has 4f11 and thus 3 unpaired spins yielding s = 3/2. The orbital angular
momentum is maximized when orbitals with magnetic quantum number m; = 3,2,1 are singly occupied yielding
|l = 6 and L=I. Finally the total angular momentum J = S + L for more than half-filling, i.e. quantum number

j = 15/2. The ground state term-symbol reads 4115/2.
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Figure 4.6 (b.3) shows the absolute value of the spin and orbital contributions (uiﬁ? and ugiﬁ?)

(4f)

in SDFT. As a reference, we plot a fictitious spin-only 4 11 0,

ul(zll{l)_ion in the ionic limit for 3+ ions:

/j‘iilIfI)I—ion =2 S(S + 1) B, (425)
uz(,ﬁi’ﬁ)_ion = VIl +1) ps. (4.26)

and orbital-only magnetic moment

Prominently, the destructively (constructively) coupling for less (more) than half-filling is confirmed
and visualized. Further, the spin contribution uftf;z very closely aligns with the ionic limit. This can
be expected as 4f electrons barely delocalize by covalently bonding with the surrounding ligands.
The orbital contribution ul(j?,? shows a clearly reduced value compared to ul(jll{l)_ion. This might be
interpreted as partial quenching of L in SDFT, which is supported by the observation that the
reduction of ul(i’;l)_ion is stronger for lighter elements.

So far it has become clear that there is no systematic overestimation of the on-site magnetic
moment by CMP+SDFT. However naively one might anyways expect a general underestimation
due to the lack of treatment of strong electronic correlation effects in SDFT, albeit strong electronic
correlation is expected in particular in 3d and 4 f-bands. As we will see in the following, the data
defies this general expectation of an underestimated on-site moment. To this end, let us compare
tth and flexp compound-wise, or rather cluster-wise for all compounds.

Figure 4.7 juxtaposes the average magnetic moment per site u, of the magnetic configuration
with MaxOExp and the experimentally measured magnetic moment per site fioxp. If for a magnetic
cluster pitn = pexp, the data point is in close vicinity to the median and the size of the magnetic
moment per site is well-estimated. In Figure 4.7 (a), each cluster c; is represented by a star,
whose color indicates the orbital character of the magnetic site and the number of points indicates
which magnetic element forms the cluster. For instance, the 5-pointed dark red star corresponds
to a Mn-cluster, since Mn atom has five 3d electrons. At first sight, there is no general over- or
underestimation seen in the scatter plot.

Moreover, the data suggests that the uncertainty of SDFT is reflected in the absolute deviation
of |tgh — fexp|, rather than some relative deviation of the magnetic moment |pyh — fexpl/|fth + Hexp |-
Indeed, 51.90% of the magnetic moments are within £0.5 yug, and beyond 77.22% obey | tnh — flexp| <
1 pup. Concomitantly, in the small magnetic moment regime, that is approximately p < 2 ug, no
reliable prediction is possible. In the mid to high magnetic moment regime, on the other hand, a
mostly accurate prediction is made.

There is an accumulation of 3d data points within 2 ug < un, < 5pup, whose center of mass
closely aligns with the median. However, an apparent lack of precision leads to a wide spread around
the median. Despite another accumulation of 4 f data points in the range of 6 ug < py, < 10 up
showing similarly a high accuracy with a center of mass near the median, we also see many outliers
with 4 f-orbital character across the entire range of the on-site magnetic moments.

The specific group of three outliers at 4 up < plexp < 5 pp and 7 pup < pn < 8 up correspond to
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Er-clusters in ErsSnsO7, ErsRusO7 and ErsPtoOr, listed from left to right. In the ionic limit, the
ground state electronic configuration of Er3* is 415 /2 with the Landé g-factor (g;) of 6/5. Therefore,
u%ﬁfgon is estimated to be 9.58 up using Equation (4.24). We see that pn of the three outliers are
considerably less than pyrrion. In fact, the three outliers are known candidates for realizing a spin
liquid phase due to the presence of magnetic frustration, as described in Ref. [273], [226] and [274]
and hence present highly non-trivial cases.

The two outliers with u, > 9 up correspond to Ho-clusters. Both data points are contributed
by the same material HoMnOg, which contains two inequivalent Ho-sites on top of a Mn-cluster.
The latter orders at T' = 78.5K and is well-estimated by CMP+SDFT with pgi\(/{)ﬂ) = 3.32 up and
uEth) = 3.47 ug. On the other hand, experimentally ordering of the two Ho-clusters is subject to
controversy [285,313-316]. It seems unclear from an experimental perspective whether one or both
Ho-sites order even down to approximately 2 K. Generally, the long range ordering of magnetic
moments on Ho-sites is suggested to occur at much lower temperature compared to Mn-sites. As
mentioned above, a strict comparison of the SDFT result to fiexp is inappropriate in the case
that proper long-range ordering cannot be established experimentally. Nevertheless, SDFT can be
compared to the ionic limit, similar to the discussion on the three materials containing Er. The

ground state electronic configuration of Ho®* is °Ig, which yields u%ﬁ?i)on = 10.61 up as an estimate.
To conclude, in HoMnOj3 the /LEEO) of the Ho-clusters lie below u%ﬁol)on and a strict comparison to

(Ho)
Hexp

In Figure 4.7 (b), again fun and fiexp, are compared, but additionally the color indicates whether

is inappropriate.

or not the compound is expected to be frustrated. Here, the expectation of frustration is based on
whether nearest neighbors form rings of odd number of magnetic sites. Assuming AFM coupling
this geometrically leads to magnetic frustration. Hence, we take advantage of the database being
specifically focused on antiferromagnets. Furthermore, rings of even number of magnetic sites could
potentially also yield a magnetically frustrated system, if the AFM coupling is anisotropic, such
as in the Kitaev model. We hence note, that the definition of expected frustration used here is
imprecise and only suitable for a quick superficial classification.

Figure 4.7 (b) shows that indeed the well-estimated 4 f-clusters in the large magnetic moment
regime are not expected to feature magnetic frustration. The discussed group of three outliers on
the other hand are expected to be frustrated. Data points with 4 f-orbital character in the small
magnetic moment regime puy, < 2 pup are likewise expected to be magnetically frustrated and are
not particularly well-estimated. Although, we expect that py), is overestimated when the system
is frustrated, many clusters that are expected to be magnetically frustrated are not necessarily
overestimated. And some outliers are—at least in the approximate definition employed here—mnot
expected to be frustrated. However, as we have seen for HoMnO3 there might be other non-trivial
phenomena preventing a proper long-range order. Hence, the geometrically expected magnetic
frustration is not a sufficient indicator for overestimation of the magnetic moment.

Figure 4.7 (c) displays the filling on a colormap from 0 to 1, where 0.5 correspond to half-filling.
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Here, the filling is defined as the ratio between the number of d or f electrons in each magnetic
atom and the number of orbitals. For the number of electrons, we consider the charge neutral state,
i.e., the ionized state is not taken account. Less (more) than half-filled 4f and 5f-clusters appear
in the underestimated (overestimated) region.

Figure 4.7 (d) addresses the number of magnetic clusters present in a specific compound. The
data points corresponding to single cluster (red), and multiple clusters (blue) appear to be evenly
distributed. Let us divert the attention towards data points with u, = 0. It should be noted that
these are not paramagnetic solutions. Two scenarios can yield us, ~ 0: Either another cluster
bears most of the on-site magnetic moment, or the spin contribution to the magnetic moment g
is canceled by the orbital contribution to the magnetic moment ;.

Figure 4.7 (e) shows the normalized orbital contribution

K
| + L]

in SDFT to the total magnetic moment ug, = |pg + ;. Below the median in the small magnetic

(4.27)

moment regime, indeed many clusters with less than half-filled orbitals observe p; /(|| +|pe,]) = 0.5.
In these instances, p, and p; adopt opposing signs and thus the contributions in fact cancel.
Clusters of heavier lanthanides are well-estimated solely as a result of including p;. Considering,
once more Figure 4.6 (b.3) and a comparison of Figure 4.6 (a.1) and Figure 4.6 (a.2), the agreement
between experiment and SDFT could be improved, if the orbital angular momentum would be less
quenched in SDFT.

4.2.6 CMP+SDFT+U case study

Hitherto we have discussed the effects of spin—orbit coupling and crystal field splitting on magnetism
in compounds with 3d and 4 f-orbital character and omitted the careful treatment of another impor-
tant energy scale in these systems: the electron—electron correlation due to intra-orbital Coulomb
repulsion U. There are various extensions to include electronic correlation beyond SDFT: For
instance, SDFT+U [98], SDFT+DMFT [103-108], self-consistent ab initio DT'A [126] and other
diagrammatic extensions beyond DMFT [118,119]. In fact, these methods have brought impor-
tant insight in the properties of many compounds closely related to the ones under investigation
here [93,317-319], in particular w.r.t. Mott—Hubbard localization.

A full treatment of electron—electron correlations from first-principles for all materials introduces
various challenges and is beyond the scope of this paper. While it is in principle possible to
estimate the parameter U from first-principles by means of constraint random phase approximation
(cRPA) [116,117], the computational cost of this procedure is immense. Therefore, albeit we aim at
the prediction of the magnetic ground state from first-principles, we must resort to introducing U
as an adjustable parameter in this section. In particular, we will screen U = 2, 3,4 €V for d-orbitals
in Mn and U = 4,6,8¢eV for f-orbitals of Eu and Gd in accordance with the range of typical
U-values used in literature [317,319]. Although this amounts to 1545 additional CMP+SDFT+U

calculations, we caution the reader, that our efforts to include U may not be conclusive enough to
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Figure 4.8: Average magnetic moment per Mn-site of the CMP+SDFT+U minimum most similar

to the experiment w.r.t. its configuration py, compared to the experimentally measured magnetic

moment per site pezp. (2) U =0¢eV, (b) U =2¢eV, (c) U =3¢V, (d) U =4eV.
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be generalized to statements about the importance of strong electronic correlations in regard to the
prediction of the magnetic ground state.

We have chosen to perform CMP+SDFT-+U calculations for all materials containing a single
Mn-cluster, because of the following reasons: (i) It is a well-defined subgroup of 28 materials,
which is near the minimum sample size necessary to obtain statistically significant results. (ii) The
compounds are not prone to poor localization due to magnetic frustration in connection with strong
spin-orbit coupling, so that the comparison with the experiment stands on solid grounds. (iii) For
U = 0 the size of the magnetic moment is over- or underestimated depending on the material, as
shown in Figure 4.8 (a). Therefore, we can clearly distinguish if the theoretical magnetic moment
ttn gets closer to the experimental value fioxp With increasing U or if g, increases regardless of
whether it was already overestimated for U = 0. (iv) The total energy distribution pyn MaxOExp
of the CMP+SDFT minimum that yields the maximum overlap with the experiment (MaxOExp)
for U = 0 has a strong bias towards the energy minimum. In other words, there is room to
improve if MaxOExp were to always agreed with the CMP+SDFT global minimum and also room
to deteriorate if PMn,MaxOExp Were to spread across a wider range of energy.

Furthermore, we have chosen to perform CMP+SDFT—+U calculations for all materials contain-
ing FEu and Gd, which are the following four compounds: EuTiOg, EuZrOj3, GdVO4, GdB4. That
is because these 4 f-elements are close to half-filling, where the orbital contribution to the on-site
magnetic moment y; vanishes, as can be confirmed in Figure 4.6 (b.3). Thus, spin—orbit coupling is
of no importance in these systems and furthermore the crystal field splitting is expected to be small,
because the strongly localized 4 f-orbitals are well-shielded by the outer 3d and 4s-orbitals. Hence,
we expect the Coulomb interaction U to predominantly determine the dynamics of f-electrons in
these compounds.

The two main questions are as follows: (i) Does including U improve the prediction of the most
stable magnetic structure, and (ii) will the estimation of the on-site magnetic moment improve upon
introducing U? Without further ado let us present the results of CMP+SDFT+U for compounds
containing Mn, Eu and Gd.

We find that CMP+SDFT+U identifies the same local minima as CMP+SDFT with different
relative total energy to each other. Thus, MaxOExp is the same at any value of U. Moreover, the
range of the total energy distribution pyn tot is U-independent and ranges from O meV to 1000 meV.
Hence, we ask if MaxOExp tends to have the lowest total energy and if this tendency is increased
by increasing U. We note that for the limited number of materials investigated the total energy
distribution of MaxOEXp pun,Max0OExp for U = 0,2 eV ranges from 0 meV to approximately 5meV.
Additionally the distribution of pnin,MaxOExp is skewed towards lower total energy compared to
PMntot- On the other hand, for U = 3,4eV pyn MaxOExp reaches close to 1000meV, while it
remains skewed towards lower total energy. In other words, introducing U does not assign the
correct total energy to the true magnetic ground state found in the experiment in this data. In

fact, increasing U reduces the tendency for MaxOExp to have a particularly low total energy.
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Let us now discuss the estimation of the on-site magnetic moment. Figure 4.8 (a) - (d) shows
the average on-site magnetic moment i, of MaxOExp for all materials containing a single Mn-
cluster for U = 0,2,3 and 4, respectively. The grey lines labeled d4hs (high spin), d3 and d4ls
(low spin) correspond to the spin-only contribution of Mn with formal oxidation 3+ and 4+, i.e.
4 and 3 d-electrons, in an octahedral ligand-field [34], same as in Figure 4.6 (a.3). We see that
increasing U never decreases p,. For each compound we distinguish whether the crystal contains
loops of odd number of magnetic sites and is thus expected to be frustrated. This is indicated by
the color of the marker. The shape of the marker implies if the compound contains oxygen. Note
that GGA is known to cause overbinding of oxygen to transition metals [320-323]. The effect of
increasing U most strongly increases puy, of frustrated compounds containing no oxygen that are
far away from the high spin state for U = 0eV. The increase of 4, also seems to occur—though
less pronounced—in compounds that satisfy only one of the conditions. That is either compounds
that are expected to be frustrated albeit containing oxygen or compounds lacking oxygen, although
they are not expected to be frustrated.

We speculate that the overbinding of the ligand oxygen could lead to a very strong crystal
field splitting. This may protect the low spin state for instance of the compounds near puy, =
2.5 up. Furthermore, we intuitively expect frustration to reduce the size of the magnetic moment,
because not all AFM bonds can be satisfied simultaneously and the cost of not satisfying a bond is
proportional to the size of the on-site magnetic moment. Introducing U has a localizing effect and
might cause intra-atomic effects to become prevalent over frustration. The on-site magnetic moment
is reduced compared to the ionic limit due to delocalization of the Mn-electrons for instance onto
the ligands. Moreover, itinerancy may lead to a reduced py, compared to the ionic limit depending
on the partial density of states. Thus, there are various reasons for the on-site magnetic moment
ranging from 1pup to 5pup. In the investigated Mn-compounds the agreement of jign With frexp
corroded by introducing U by means of GGA+U.

The CMP+SDFT+U results for EuTiO3, EuZrOs;, GdVO,, GdB, similarly show no improve-
ment by introducing U. In fact, for EuTiO3, EuZrOs, GdAVO, the magnetic ground state is falsely
predicted to be ferromagnetic for U > 4eV. Again the same local minima are found, so that in these
cases MaxOFExp observes increasing total energy by increasing U relative to the CMP+SDFT+U
global minimum at each U-value. For GdB4 the CMP+SDFT+U global minimum is AFM along
c-direction for all U-values, while the experimental structure is a hexadecapole in the ab-plane.
However, U = 0eV these two magnetic structures are almost degenerate with 0.5 meV difference
in total energy and for increasing U the system increasingly prefers the out-of-plane magnetic
structure.

The on-site magnetic moment is increased with increasing U for all four compounds containing
Eu and Gd. As can be seen in Figure 4.7 (a) around piexp =~ 7 uB, the size of p, is slightly under-
estimated for U = 0 for all four compounds. Thus, the estimates of u, = 6.95 ug,6.98 ug, 7.04 ug
and 7.10 ug for U = 8eV for EuTiO3, EuZrOs, GdVO, and GdBy4, respectively, are closer to
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the experimental values pexp = 6.93 ug,7.30 up,7.00 ug and 7.14 up than for U = 0eV py =
6.30 B, 6.67 up,6.87 up and 6.91 ug. Let us note that other 4 f-compounds observe slightly over-
estimates on-site magnetic moment and we suspect for these compounds increasing U would also
increase [ih-

Instead of focusing on effects of strong electronic correlations, we speculate that the prediction
of the true experimental magnetic ground state could be improved by a different choice of exchange—
correlation functional. We would like to point out one recent example of a detailed SDFT+U study
[324] on LiOsO3 and NaOsOjs testing other exchange—correlation functionals thus far implemented
in VASP, including local spin-density approximation (LSDA), PBE’s improved version for solids
(PBEsol), the strongly constrained appropriately normed (SCAN) meta-GGA functional and hybrid
functional HSE06. By means of scanning different U-values including predicted ones from cRPA, Liu
et al. found that none of the considered functionals is capable to simultaneously predict the correct
magnetic ground state for LiOsO3 and NaOsOs comparing the total energy of two energetically
favorable configurations. The treatment of exchange—correlation effects in all of these functionals
hitherto implemented in VASP have the underlying assumption that locally the spin-density can
be diagonalized. Schematically, an electron thus only couples to an exchange—correlation magnetic
field (B,.) that is parallel to its own magnetization. In the last two decades, some—perhaps too
poorly noticed—work [325-337] has been done to extend SDFT to include the so-called spin-torque

effect, which couples the electron’s spin to B, including antisymmetric terms.

4.3 Concluding Remarks

This study is a benchmark of an ab initio prediction of the magnetic ground state using a novel
approach termed CMP+SDFT. This scheme devises a combination of the cluster multipole (CMP)
expansion and the spin-density functional theory (SDFT) for noncollinear magnetism. We find that
materials existent in nature are well-described in terms of only few CMPs and infer the CMP basis
to be a suitable basis for magnetic configurations. Additionally, the experimental data suggests that
the magnetic ground state favors either pure CMPs or linear combinations of CMPs having the same
expansion order and same irreducible representation. Guided by this heuristic rule an exhaustive
list of initial candidate magnetic configurations for ab initio calculations in the framework of SDFT
is created.

A high-throughput calculation of 2935 ab initio calculations using VASP led to a handful of
CMP+SDFT local minima corresponding to different possible magnetic configurations for each
material. 90.16% of materials yield the experimental magnetic space group for at least one of
the CMP+SDFT local minima. Furthermore, the maximum overlap between the experimental
magnetic configuration and the CMP+SDFT local minima exceeds 0.75—with 1 corresponding to
equivalence—in 70.99% of all materials.

An ab initio prediction of the most stable magnetic configuration in the experiment is guided by
a comparison of the total energy in SDFT using GGA of the the possible magnetic configurations



CHAPTER 4. HIGH-THROUGHPUT BENCHMARK CMP+SDFT CALCULATION 78

for each material. In particular, the local minimum with the larges overlap with the experiment
(MaxOExp) is expected to yield the lowest total energy. Indeed, for materials featuring magnetic
sites with d-orbital magnetism, MaxOExp is in great majority of the cases less than 1 meV above
the so-called CMP+SDFT global minimum. On the other hand, the same could not be confirmed
for f-orbital magnetism. In fact, MaxOExp for f-orbital magnetism shows no tendency towards
lower total energy. The implementation of GGA-PBE [76] used in this study did not necessarily
assign the lowest total energy to the local minimum with the larges overlap with the experiment.

We have further investigated the effect of including strong electronic correlations on the level
of SDFT+U for materials containing a single Mn-cluster, Eu-cluster or Gd-cluster. Our results
show that for the materials we investigated introducing U has a rather unfavorable influence on the
prediction for both, the magnetic ground state and the size of the magnetic moment. In the end
of 4.2 E, we speculate that the prediction of the true experimental magnetic ground state could be
improved by a different choice of exchange—correlation functional that accounts for the spin-torque
effect [325-337], as opposed to focusing on effects of strong electronic correlations.

As far as we know, the only other scheme that aims at the prediction of noncollinear magnetic
structures is based on an genetic algorithm by Zheng and Zhang [14]. In their approach only the
fittest magnetic structures of each generation survive, which is decided based on the total energy
of the magnetic structure. Thus, currently it converges to the global minimum corresponding to a
theoretical magnetic ground state that is not necessarily the true magnetic ground state found in
the experiment. On the other hand, in CMP+SDFT we yield a set of magnetic configurations that
are local minima of the total energy, which is very likely to include the magnetic ground state as
we have demonstrated in this paper. Hence, we want to emphasize that CMP+SDFT succeeded to
significantly narrow down the number of possible magnetic ground states. This is achieved thanks
to a list of candidate magnetic configurations that is tailored to account for details of the symmetry
of the crystallographic unit cell. In fact, CMP theory enables SDFT to identify local minima from
a feasible number of candidate magnetic configurations, that put data screening and AFM material
design within reach. On average, in this study we performed only 2935/131 = 22.4 for each material,
while in Ref. [14] they performed 30 calculations in each generation. In order to ensure convergence,
they ran the evolution for 30 generations which amounts to 900 calculations for one material. This
comparison of the number of calculations that are necessary to find the theoretical magnetic ground
state, emphasizes that our list of candidates—the CMP basis combined with our heuristic rule and
omitting the magnetic configurations corresponding to different magnetic domains of the same
magnetic structure—is well-suited to search the space of all possible magnetic configurations.

In addition, this study showed that the on-site magnetic moment could be estimated surprisingly
well by GGA without including U. The precision of the predicted magnetic moment is estimated to
be roughly £0.5 ug. Some outliers arise from a lack of long-range order in the experiment. This can
be due to extremely low transition temperatures and magnetic frustration. Despite some explainable

outliers, the prediction shows no major systematic over- or underestimation of the on-site magnetic
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moment in GGA. In contrast to the experiment, the SDFT calculation grants additional insight
into the balance of spin contribution and orbital angular momentum contribution to the total
magnetic moment. The first row transition metals prove to be well-described by Russel-Saunders
coupling applicable within the strong field regime. In other words, the orbital angular momentum
is quenched and the spin-only ionic limit can be used as a reference. The case of lanthanides, on the
other hand, is representative for systems in the weak field regime. The on-site magnetic moment
is well-described in the j-j coupling scheme. In the end of 4.2 D, we speculate that GGA might
have slightly overestimates the crystal field effects compared to the strength of spin-orbit coupling.
Some related discussions of GGA causing an overbinding of ligand oxygen can be found in the
literature [320-323]. This could explain why materials governed by crystal field splitting—such as
the compounds with d-orbital magnetism—are assigned more appropriate total energy by GGA.
Yet, materials governed by spin-orbit coupling—such as lanthanides—the experimental magnetic
configuration is not assigned the lowest total energy by GGA. The balance between spin-orbit
coupling and crystal field splitting becomes particularly crucial for lighter 4 f-elements and heavier
3d-elements, where the orbital angular momentum is only partially quenched.

We want to end by putting this study into a bigger context and providing an outlook into future
works. The starting point of this study was the experimental database MAGNDATA [15]. It conve-
niently facilitated testing and benchmarking of our ab initio scheme to predict the magnetic ground
state. Generally, experimental databases [338-347] not only facilitate testing and benchmarking
of theoretical methods, but also data mining in the experimentally explored chemical space. In-
deed, for some nonmagnetic functional materials an informed search and optimization has led to
promising discoveries [348-360]. However so far, apart from few pioneering works [9-13] that are
constrained to specific cases, these breakthroughs in material design have not yet been matched
by similar advances with respect to AFM materials. Certainly one of the major obstacles is that
compared to databases of crystal structures with more than 200000 entries, MAGNDATA has to
date a modest amount of about 1130 entries. This is because the experimental determination of the
magnetic configuration is much more involved than that of the crystal structure. Given this situa-
tion, it is an urgent challenge to construct a large-scale computational database of AFM materials.
The presented benchmark provides a crucial step in laying a solid foundation for the construction
of such a computational database of AFM materials. We are optimistic that ab initio calculations
will soon be able to reliably predict the magnetic ground state. Based on that, our CMP+SDFT
scheme will be able to construct a computational database of magnetic materials with a feasible
amount of computational effort. On top of that database, model calculations—using for instance
the Liechtenstein method [361-363]—can lead to useful insights in particular w.r.t. the spin wave
dispersion and critical temperatures of magnetic phase transitions. Finally, let us note that many
magnetic transitions are accompanied by structural transitions. And it might prove imperative to
follow a scheme of successively relaxing the atomic position and the magnetic ground state. In

the current study we avoided this obstacle by using the atomic positions obtained experimentally.
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However, in view of material design, the ability to treat experimentally unknown crystal structures

will be of great use.



Chapter 5

Spin-density functional theory

revisited

In Chapter 2, the basic concept of spin-density functional theory (SDFT) has been introduced. It
represents a practical approximation in order to solve the 2 x 2 Hamiltonian derived from Dirac’s
theory of the relativistic electron briefly presented in Appendix A. We have continuously tried
to caution the reader that the approximations must stand the test of time, and should not be
accepted without skepticism. The benchmark presented in Chapter 4 indeed reveals that first-
principles calculations with the generalized gradient approximation (GGA) in the framework of
SDFT for noncollinear magnetism could not accurately reproduce the total energy landscape when
varying the magnetic structure. In this chapter, we want to review some literature on first-principles
approaches to noncollinear magnetism, which has not received much attention by the community.

We start by recalling that in 1988 J. Kiibler and coworkers [73, 74] have extended the local
spin-density approach (LSDA) to noncollinear magnetism by assuming that the spin-density could
always be diagonalized locally, see Section 2.3.1. That is, an electron at position r with spin-
magnetic moment m(s)(r) sees only a time-averaged local exchange—correlation (xc) magnetic field
B,.(r), which happens to be always parallel to the magnetic moment: m() () || By.(r).

In 1999, this assumption is criticized by L. Kleinman [325] because neither LSDA nor GGA
can reproduce the experimental wave vector of the spiral-spin-density-wave ground state in ~y-Fe
[364—-366]. Due to this limitation, he proposes an additional term for the xc energy functional, which
introduces off-diagonal elements to the xc correlation potential v*¢ in Equation (2.31a). While this
early work discusses the connection between spiral-spin-density-waves and the off-diagonal elements
of the spin-density, the first numerical results of GGA with the proposed correction term [367] fail
to improve the results for the ground state of v-Fe [367]. Thus, there remained a lack of convincing
data or any proof that these terms are important. We recall that in 2000, J. Kiibler’s approach to
noncollinear magnetism has been implemented in VASP [76], which we use in our calculations.
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Still in 2000, K. Capelle and L. N. Oliveira [368] also propose an xc correlation potential with
off-diagonal elements and bring these in connection with the local spin-magnetization. They provide
some theoretical arguments reasoning that the Kleinman functional is incomplete and probably fails
because of that. In fact, shortly before that, in 1997, K. Capelle and E. K. U. Gross [369] have
shown that the xc functional of SDFT is identical to current-DFT on a certain set of densities.
A followup work in 2001 [326] combines these findings [368,369] and K. Capelle, G. Vignale and
B. L. Gyorfty derive the equation of motion for the spin degrees of freedom within time-dependent
SDFT in the absence of relativistic effects. They formulated the so-called zero-torque theorem:

/dgr m) (r,t) X Bye(r,t)

0, (5.1)

that states that B,. cannot give rise to a net torque on the system. The zero-torque theorem
can be used as an exact constraint when constructing new xc functionals. Perhaps even more
interestingly, in the same paper [326], they show that in the static limit with no external magnetic
field the divergence of the tensor-valued zc spin-current J,.. is generated by the component of
B,.(r) perpendicular to m(®) (r), i.e.,

V - Joo(r) = 2 us(m)(r) x Bao(r)). (5.2)

Here, we have introduced the xc spin-current J(r), which is defined as the difference between the

expectation value of the spin-current operator

2

N
P _iHMB o .
Jop = —1 . Z: [080a6(r —7;) +0(r — 7r;)0008] , (5.3)

with respect to the Kohn—Sham (KS) wave functions 1;, and with respect to the many-body state
defined by the density matrix p in Equation (2.6): J,.(r) = J¥%(r) — J(r). In other words, the xc
spin-current is the anomalous orbital current that carries spin instead of electric charge. The inner
product V - J is thereby defined to act on the second index of J, i.e. 0gJo3. Equation (5.2) proves
that J. Kiibler’s assumption, i.e., m()(r) || B.(r), holds exactly for compounds with zero xc spin-
current everywhere, i.e., J () = 0. This renders any xc functional that assumes m(®) (r) || By(r)
improper for the study of spin dynamics.

In order to overcome this serious limitation, the community has been working towards a gen-
eralized xc functional [327,370-374] for noncollinear magnetism, which has lead to a noteworthy
publication [328] by S. Sharma, E. K. U. Gross and coworkers in 2007. They employ the optimized
effective potential (OEP) method, where the xc functional depends explicitly on the KS single-

1

particle functions'. In their implementation they formulate a so-called ezact exchange (EXX)

functional, which is an exchange-only treatment that employs the Fock energy:

u_EEXX [Wi0] :_7/d3 /d?’ /i (r);(r /Wi(’“/)_ (5.4)

Ir — |

LConsequently, the xc functional implicitly depends on the spin-density.
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Figure 5.1: Sin-magnetization density m(r) and exchange—correlation magnetic field B, (r) field
obtained using the local spin-density approximation (LSDA) and exchange-only exact exchange
(EXX) functionals for an unsupported Cr-monolayer in Néel state. Reprinted figure with permission
from S. Sharma et al., Phys. Rev. Let., vol. 98, no. 19, p. 196405, 2007. [328]

This is then applied to a Cr-monolayer and compared to the gLSDA results, as shown in Figure 5.1:
The top row shows the spin-magnetization m(*) (r) and the xc magnetic filed B.(r) in gLSDA.
We see that the magnetization is large in the vicinity of the nuclei indicated by the color code.
The inter-atomic non-collinearity is obtained by a change of direction in B.(r) mainly located in
the interstitial regions. Overall B,.(r) appears quite homogeneous in gLSDA, which is indicated
by a monotonous color. The bottom row of Figure 5.1 shows the m(*)(r) and B,.(r) of the EXX
result. First of all, the spin-magnetization is not locally aligned with the xc¢ magnetic field, i.e.,
m®) (r) [f Bye(r). Then, |m)(r)| and |B.(r)| show flower-like patterns in the magnitude around
the nuclei, that remind us of the shape of vector spherical harmonics. To our knowledge, there has
been no work on combining the magnetic multipole description with the formulation of exchange—
correlation functionals. In view of this result, this might be worth pursuing in future works. Lastly,
we note that B.(r) of EXX is much less homogenous compared to gLSDA and that the change of
direction is not restricted to the interstitial regions of the Cr-monolayer.

Even with this intriguing result, the search for an appropriate xc functional for noncollinear
magnetism is far from over [329,330,375,376] and is continuously fueled by the increasing importance
of the spin-torque in spintronics [377]. We want to highlight works by F. G. Eich, S. Pittalis,
G. Vignale and E. K. U. Gross [331, 332] in 2013, that discuss the extension of xc functionals
including the gradient of the spin-magnetization V -m(*)(r). Then, in 2017, S. Pittalis, G. Vignale
and F. G. Eich have published a complete formalism [333] for combining spin-DFT and current-DFT

to spin-current-DFT. This is based on the introduction of four potentials via minimal substitution
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that can be performed on existing functionals: The scalar xc potential v,. = dE,./don(r), the
Abelian xc vector gauge potential A,.; = 0E,./dj;(7), the non-Abelian xc vector potential Agg’ij =
(5EIC/5J%‘7/ and the xc magnetic field By.; = 5Ewc/6ml(-s)('r'). However, they mention that in their
formulation these fields do not behave as standard Maxwellian fields, in the sense that B,. #
(V x Ao,

A year later, in 2018, S. Sharma, E. K. U. Gross, A. Sanna and J. K. Dewhurst propose a simple
method to avoid unphysical xc magnetic fields B,. by removing the sources. In periodic systems
the energy functional is then given in terms of the density n(r), the curl of the spin-magnetization
V x m()(r) and the total magnetization M, which appear as boundary terms:

Exc[n(r),m(s)(r)] — E;{ [n(r), V x m®) (r), M]. (5.5)

In this source-free formulation the xc gauge field appears formally as Azzl = 0E /5(V xm)(r));.
The source-free xc magnetic field hence satisfies B5 = V x A3/, The variable conjugate to the
boundary term M is the external gauge field A.,;, which therefore has to be included in the
calculation. The new constraint can be readily implemented by means of shifting the original xc
magnetic field by the divergence of a scalar field:

1

BSf - B.L(,
zC + A

Vo, (5.6)
where the scalar field ® is given by the Poisson equation
V2®(r) = —47V - B,.(T). (5.7)

An implementation is freely available in the ELK code [181] and has been applied to at least
11 compounds, which are mainly pnictides. The results show that the removal of the source term
enhances the noncollinearity in B;i compared to B,.. In their work, they have decided to introduce
an intra-orbital Coulomb interaction U within the f-orbitals, in order to obtain an on-site magnetic
dipole moment comparable to the experiment.

The current challenge seems to be that extensive tests are run on GGA functionals? and meta-
GGA functionals [378], those applicability is limited to systems with no divergence of the static
spin-current. This seems to be equivalent to the suppression of on-site magnetic multipole moments
as formulated in Chapter 3. The community working towards the formulation of xc functionals that
appropriately accounts for the xc magnetic field seems to be in pursuit of including electron—electron
correlation effects directly into the xc functional [334-337,379,380]. This includes extensions em-
ploying the Hubbard model as well as new formulations of the xc functional including dipole—dipole
interaction terms based on the Hartree energy functional.

Finally, let us create a connection to our results. We employ a similar trick as we used in

Section B.5 in order to obtain the relation between the convective orbital current operator and the

2For instance the present work.
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orbital angular momentum operator. That is we take the cross product of r with the spin-current

operator and yield
1
_ PB S(r—ry) +6(r —r l 5.8
EY e ostr—r) +ir—r)e ol (5.8)

Then, let us recall the general expression for the spin—orbit term, which is discussed in Section 2.5
and Section A.4, and reads

1 K(r) dvion
Hso = ) .

-1 .
r dr 7 (5.9)

The spin—orbit coupling is the inner product of o and I, so we can now see that the spin—orbit
coupling is proportional to Tr{r x :7} = Zaﬁ,y €apyTB X JAM, which corresponds to taking the trace
over Equation (5.8). Hence, we have drawn a direct connection between the spin—orbit coupling and
the static spin-current tensor. Based on Equation (5.2) and m(®)(r) || Bu.(r), we speculate that
the spin-current tensor is not properly predicted and, thus, the spin—orbit coupling is not obtained
correctly in our calculations. In fact, our results presented in Chapter 4 indicate that the prediction
of the experimental magnetic ground state is particularly difficult in compounds exhibiting strong
spin—orbit coupling compared to crystal field splitting.



Chapter 6

Summary and Outlook

The main goal of this thesis is to predict magnetic structures from first-principles to enable material
design. We aim to be self-contained by deriving the multipole theory and introducing the cluster
multipole (CMP) theory [173] in an easily digestible way. Then, the spin-density functional theory
(SDFT) [28-30] is introduced with a particular focus on noncollinear magnetism and extensive
benchmark calculations [176] are performed.

The noncollinear magnets at the heart of this work are ¢ = 0 magnetic structures with transition
metals, lanthanides and actinoides as magnetic sites. We show that the CMP basis is a natural
choice for magnetic structures by a comparison to experimental data. The analysis prompts us to
setup a heuristic rule: The magnetic ground state favors either pure CMPs or linear combinations
of CMPs that combine equally weighted CMPs of the same expansion order and same irreducible
representation. Based on this, we formulate a scheme to predict magnetic structures from first-

principle calculations by

e creating an exhaustive list of candidate magnetic structures that is comprised of the CMP basis
and linear combinations according to our heuristic rule, but omitting all magnetic structures
that correspond to different magnetic domains of the same magnetic structure. That is we

reject all candidates that are equivalent based on symmetry considerations.

e devising the generalized gradient approximation (GGA) in the form proposed by Perdew,
Burke and Ernzerhof (PBE) [187] as implemented in VASP version 5.4 [80,81] for noncollinear
magnetism [179] in the framework of SDFT proposed by J. Kiibler [8,73] using experimentally
determined lattice parameters and atomic positions.

The theoretical magnetic ground states of 131 compounds are computed without input of the ex-
perimentally known magnetic configurations. The comparison between the theoretical prediction
and the experimental data revealed that in 90% of the materials one of the local minima in the total

energy functional has the correct magnetic space group. The magnetic anisotropy is relatively well
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predicted in compounds with magnetism emerging in 3d-orbitals. In other words, there is a clear
tendency that the lowest total energy in SDFT is assigned to the experimental magnetic ground
state. On the other hand, the magnetic anisotropy lacks accuracy in compounds with 4 f-orbital
magnetism, which are representative of systems with strong spin—orbit coupling. Furthermore, we
compare the theoretical size of the on-site magnetic moment with the experimental one. Interest-
ingly, we find no systematic over- or underestimations in PBE-GGA, which stands in contrast to
the expectation due to the neglect of strong electronic correlation effects in the 3d and 4 f-orbitals.
The accuracy is approximately +£0.5 ug. A smaller benchmark on 28 compounds containing Mn as
magnetic sites and 4 compounds containing either Eu or Gd is employed to investigate the impact
of intra-orbital Coulomb repulsion on the level of GGA+4U. It shows that the on-site magnetic mo-
ment is enhanced by increasing U, particularly in frustrated systems and in the absence of oxygen,
indifferent to whether the on-site magnetic moment is over- or underestimated at U = 0. Addi-
tionally, the magnetic anisotropy prediction of GGA+U seems to be lessened compared to GGA,
which suggests that the current implementation cannot capture the sensitive balance between the
energy scales of spin—orbit coupling, electronic correlation effects, and crystal field splitting.
Nevertheless, CMP+SDFT can successfully narrow down the possible magnetic configurations to
a handful of computed configurations with minimal computational effort by creating an exhaustive
list of candidate magnetic configurations. This presents a major step towards the prediction of
the magnetic ground state as can be emphasized by a comparison with the, to the best of our
knowledge, only other method attempting to predict the magnetic ground state from first-principles:
The genetic algorithm by F. Zheng and P. Zhang [14]. While they need to perform about 900
calculations to find the theoretical ground state, CMP+SDFT needs on average 22.4 calculations
per materials. Furthermore, they find one magnetic structure with the lowest total energy, and thus
strongly depend on the accuracy of the devised first-principle method. CMP+SDFT on the other
hand, obtains a well-defined set of local minima, which enabled us to point out shortcomings of
the state-of-the-art SDFT implementations for noncollinear magnetism. Our analysis strengthened
a dwelling criticism [325,326] on a fundamental assumption widely employed in first-principles
calculations, i.e., the exchange—correlation magnetic field is assumed to be locally aligned with the
spin-magnetization. In this thesis, we review recent literature on exchange—correlation functionals
treating noncollinear magnetism, which establishes a relation of the antisymmetric coupling of the
exchange—correlation magnetic field with the spin-magnetization and the static spin-current tensor.
We then formulate a direct connection to the spin—orbit coupling term in the effective Kohn—Sham
Hamiltonian. Based on our benchmark calculation, we speculate that the magnetic anisotropy
prediction might be significantly enhanced when devising an exchange—correlation functional that

allows off-diagonal terms in the spin-density.
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6.1 Future perspective

An immediate followup project is to test whether devising an exchange—correlation functional that
allows off-diagonal terms in the spin-density improves the prediction of the magnetic ground state
in our scheme. We hence need to either use a current implementation of an exchange—correlation
functional that treats the exchange—correlation magnetic field on a more general footing, or we
need to extend the current version of VASP to account for it. Finally, we can test if the magnetic
anisotropy prediction is improved compared to the benchmark [176] presented in this thesis.

At that occasion, it would be interesting if we can use a source-free exchange—correlation mag-
netic field [328] and, thus, obtain the exchange—correlation gauge potential. That would allow us
to obtain the on-site multipoles of the gauge field from first-principles. Conversely, it might be
possible to combining the magnetic multipole description with the formulation of an exchange—
correlation functionals. The extraction of multipoles of the gauge field from first-principles can be
combined with recent attempts to promote magnetic multipoles to take on the role of a proper
order parameter. It seems feasible to find explicit expressions to relate the multipoles of the gauge
field with linear response of the system. Recent works [381,382] that point in this direction are
done by H. Kusonose, S. Hayami and coworkers. Intriguing questions in this context are (i) how do
multipoles interact with each other, and (ii) how do multipoles on the atomic scale interact with
multipoles on the inter-atomic scale, i.e., with cluster multipoles.

In fact, also cluster multipoles might be directly connected to the linear response, or at least to
the shape of the linear response tensor as shown by the case study on Mn3Si [48]. This can be done
by exploiting the analysis provided by W. Kleiner, M. Seemann and coworkers [5,6,43,159] based on
the magnegic Laue group. Furthermore, we recall that in Section 3.3.2 we took on a simplified view,
that ignores higher order magnetic moments and convective effects on the atomic scale. In contrast
to the experiment, our calculations enabled us to separately consider the spin contribution to the
on-site magnetic moment as a source for the cluster multipole and the orbital current as a source for
the cluster multipole. In particular, in 4 f-materials it may be interesting to separately expand the
bound spin and convective angular momentum in the cluster multipole expansion and ask in what
linear combinations bound cluster multipoles and convective cluster multipoles appear. Yet another
extension to the cluster multipole theory, that will greatly increase the applicability of the theory,
is the generalization to the nonstatic case by formulating a Bloch-type wave of cluster multipoles.
This could describe the spin-spiral wave as it appears in v-Fe or, to put it more generally, open the
possibility to discuss g # 0 magnetic structures.

Finally, let us recall that the main goal of this thesis has been to predict magnetic structures
from first-principles to enable material design. It is paramount to formulate design criteria for new
magnetic compounds that could find applications in spintronics or energy generation. These crite-
ria may be based on insights acquired by answering questions raised in this section. Moreover, the
present CMP+SDFT scheme should be extended to compute the electronic response, which requires

tools commonly available to the DFT community to be adapted to the treatment of noncollinear
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magnetism. In order to name one example, it would be highly desirable to compute symmetry-
adapted Wannier orbitals to obtain a localized basis, that obeys the magnetic space group symmetry
of the crystal. Currently, the generation of symmetry-adapted Wannier orbitals is only available for
the paramagnetic space group symmetry of the crystal [383,384]. Furthermore, calculations at finite
temperature would open the possibility to discuss phase transitions. This may be done by employ-
ing model calculations on top of the first-principles calculation, using for instance the Liechtenstein
method [361-363] in order to compute the spin-wave dispersion and critical temperatures of mag-
netic phase transitions. This will be particularly useful when we create a computational database
of magnetic materials. Preferably, the database should be based on crystals that are found in
crystal structure optimization, instead of experimentally determined lattice parameters and atomic
positions. This is to achieve independence of whether a material has already been experimentally
realized, which can be highly challenging. The first project [385] to combine CMP+SDFT with
the so-called minima hopping method [386], which is a crystal structure optimization method, is
currently in its final stage: T. Yu and coworkers have proposed a design scheme for electrides' and
this project shows how a previously unknown material could be designed step-wise by optimizing
the crystal structure, predicting the magnetic ground state and finally computing specific material
properties such as magnon spectra.

IElectrides are materials with intersticial electrons, which are not bound to a nuclei but form ionic bound within
the crystal. Their very low work function and intriguing magnetic and topological nature make them very interesting
potential functional materials.
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Appendix A

Dirac theory

The time dependent Schrodinger equation
.0
1ha|\lf(t)) = H|T(t)) (A1)

is not compatible with relativity due to the choice of the Hamiltonian and the fixed number of

particles! it describes. In Dirac theory [21] time and space coordinates r = (x!, 22, 23) are put on

equal footing by the ansatz

0
ih—W¥ = v A2
ih= HpV¥, (A.2)
Hp = (—ie;0; + pm), (A.3)
where the relativistic dispersion relation E = \/p?c? + m2¢* must be satisfied. Here, 9; = 9/ (83:1)
is the derivative and defines the momentum as usual via p = —iV.

A small calculation, that we will do in a moment, yields the algebra for «; and 3:

{O{i,()éj} = 251']', (A4)
{i, 8} =0, (A.5)
gr=1, (A.6)

where {a;, oj} = ya; + aja; is the anticommutator and 6;; = 1 if 4 = j and zero otherwise. For

the sake of readability and simplicity let us switch to natural units h = ¢ = 1 and derive above

IKlein’s paradox shows that the Dirac equation can be interpreted as a single-particle theory only as long as there
are no external forces and energies which are comparable to the mass scale m.
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statements. The small calculation goes as follows:

E? =p° +m® = —0;0; + m®, (A7)
H3, = (i0ti0; + Bm) (ia;0; + Bm) (A.8)
= — aiaj(')iaj —i (Oélﬁ + B(Jéi) mo; + ﬁQ m2. (A9)
—_—— N——— \,1./
=0,0; =0 =

By comparing the first and the last line we straightforwardly obtain Equations (A.4) and (A.5).
Equation (A.6) on the other hand is obtained by exploiting that 9;0; is symmetric in indices 1, j

and hence without loss of generality we can symmetrize oo = (a5 + aj0y) /2. We find
Oliajaiaj = 81(91
1
5 (aiaj + ajai) 8i6j = 62J(’)¢8J
(aiaj + OéjOéi) 81‘8]‘ = 2%82»8]»,
(OZiOéj + ajai) = {O[i,Olj} = 2(5”

The last line corresponds to Equation (A.6).

The algebra defined in Equations (A.4) to (A.6) can be fulfilled by 4 x 4 matrices and no lower
dimension. The Dirac spinor ¥ consequently has 4 elements that are not corresponding to 3 + 1
dimensions of space-time. The interpretation of the elements ¥, with v = 1,2, 3,4 depends on the

chosen representation. In the non-relativistic limit—that we are interested in in the scope of this

thesis—the appropriate representation of the matrices a; and 3 is the so-called Dirac representation:

0 o loxa 0
i = B = 5 A14
@ (O’i 0) 6 ( 0 —12><2> ( )
0 1 0 —i 1 0 1 0
01 (1 0> )02 (1 0 ) 703 (0 _1> y 12x2 <0 1) ( )

with Pauli matrices o;.

A.1 Solution of the Dirac equation

Let us now find the solution of the Dirac equation in order to gain a physical interpretation of ¥,,.

Starting point is a plane wave ansatz

UM (t,r) = e PPy, (B, p), (A.16)
O (t,7) = EP)y (B, p). (A.17)

~—

Here, the first line corresponds to a solution with positive energy corresponding to electrons prop-

agating forward in time. The second line describes an unbound electron in vacuum with negative
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energy, which was difficult to interpreter at the time. Today, this is known to describe the antipar-
ticle of electrons: positrons.

In the rest frame p = 0, E = m we obtain four solutions by plugging in Equations (A.16)
and (A.17) in Equation (A.3)

<_i(3at — i 1w 0; + /Bul/m) \I/l(jr/*)(m’ 0) =0. (A.18)

Without normalization we find
ut = (1,0,0,0)7,u? = (0,1,0,0)7, v = (0,0,1,0)",v? = (0,0,0,1). (A.19)

In other words, in the rest frame electrons have nonzero components in v = 1,2 and positrons in
v = 3,4. The solutions in Equation (A.19) u® and v® gained an additional label s. A rotation about
the z-axis shows that v = 1,3 correspond to spin up (s=1), while v = 2,4 correspond to spin down
in the rest frame (s=2) in Equation (A.19).

The general solution of the non-interacting Dirac equation can finally be obtained by applying

a Lorentz boost to the Dirac spinor of the rest frame. Normalization then leads to:

W (1 p) = e L ((EEm)et) (A.20)
2m(m+E) \ o-p ¢°

G (1) = ei(Etpr‘); TP X . (A.21)
2m(m + E) \ (£ +m)x®

Here, we introduce the two-component spinors ¢® and x® with s = 1,2. The so-called large com-
ponent spinor @' = (1,0)T and p? = (0,1)7, and the small component spinor x* = (1,0)T and
x? = (0,1)T. This description will become transparent by deriving the Pauli Hamiltonian in Sec-
tion A.3.

A.2 Electromagnetic coupling

The relativistic formulation of Maxwell’s equations introduces the field tensor F*¥, which is com-
posed of E and B and can be defined via the four-vector gauge field A* = ($, A) as

FH = gAY — 0¥ A¥. (A.22)
Then, the Maxwell’s equations read
OHFHY = ¥ (A.23)
0" €pvoptop =0, (A.24)
where we combine the electric charge p and the electric current j in j* = (p,7). In order to

couple electrons to an electromagnetic field one would usually introduce a source term j*A,, into

the Hamiltonian. In the Dirac theory, the current reads

ji(rt) = e(\IIT(r7 HY(r,t), \I'T(r, Ha¥(r,t)). (A.25)
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Conveniently, writing Hp + j“ A, yields exactly the same as performing the so-called minimal

substitution in Hp:

0 0 . .
En — En +iep, 0; — 9; —ieA;. (A.26)
Finally, the four-vector vector gauge field can be computed by means of the Poisson equations
V24 = —4np, (A.27)
VZA = —4nj. (A.28)

Note that, performing minimal substitution on Equation (A.2), c.f. Equation (A.40), we can

write
1 .0 .
U(r,t)=— |B|if= —ep | — Ba(—=iV —ecA)| U(r,t). (A.29)
m ot
By defining the Dirac adjoint spinor
U =vlg, (A.30)
we can obtain an analogous expression from the adjoint of the Dirac equation and perform the Gor-
don decomposition, see Ref. [8] p. 44 ff, to obtain new expressions for the density and current based
on the original definition. Both are split into the convective term?, which are reminiscent of the

current and density of spinless, nonrelativistic electrons, and the internal (or bound) contributions.

The density reads

P = Pconv + Pint (A3la)
oL ov 2 -
conv — —i V——— | U 7\1“:[’, A.31b
P 1“‘3{615 <8t> ]+m (A-31b)
Pint = -V 137 (A?)lC)
and the current reads
j = jconv + jintv (A32)
. . - — e?A -
Jeony = ipB [TVE — (VI)U] + — U, (A.33)
oP
Jint = VXM + —, (A.34)
ot
where pp = e/(2m) is the Bohr magneton, and we defined the magnetization M and polarization
P
e - -1
P=-V(-ia)¥ ug, (A.35b)

2From Latin convehere, to carry together. The convective term includes the dynamic, unbound contributions to
the density and the current. In Section 3.1, it appears as orbital angular momentum current to obtain 77.
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with |gs| = 2 and the 4 x 4 matrix

g (‘B f) . (A.36)

A.3 Pauli Hamiltonian

The Pauli Hamiltonian is the non-relativistic limit of Equation (A.3) when electromagnetic coupling

is introduced. The final result reads

0
i— = auli'¥s A
18t50 Hpaulip ( 37)
V2
HPauli = _% + €¢ — UB (L + 25) - B. (A38)

Without further ado, let us introduce electromagnetic coupling by minimal substitution:

0 a . .

oy - g +iep, 0; — 0; —ieA;, (A-39)
i%\II =HpV +Hint 0, (A.40)
Hint = —ec; Ai + e (A.41)

This defines the interacting problem with interacting Dirac Hamiltonian Hp + Hn:.
Next, we go to the non-relativistic limit by assuming F — m < m. It is reasonable to split off

the rest mass and start with the ansatz:

U(t,r)=e e(t.7) (A.42)
x(t,7)
With Equation (A.40) we find two equations:
i%f = —ig;0;x — eo; A;x + edy, (A.43)
% .
5 = —i0;0;0 + 2mx — ed; Ao + epx (A.44)

In Equation (A.44), we can neglect i%—’f x Ex < 2my and assume weak potential e¢ < m and
yield
1
x(t,r) = 2 (—=iV —eA) p(t,r) < o(t,r). (A.45)
Here, we see the justification to call x small component spinor and ¢ large component spinor. This

can be plugged into Equation (A.43) to obtain:
.0p 1

iss =5l (-iV - eA)]? o + edy (A.46)
1
=5 |(-iV —eA)’ —co B} o+ edy. (A.47)
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Here we used the identity o;0; = d;; + i€;j,0, with the antisymmetric Levi Cevita symbol €;;; in

the following steps

[0 (-iV - eA)]2 = (A.48)
= 005 (—10; — eAy) ( Aj) (A.49)
= 03 (—i0; — eAy) (i ) +iejpop (—10; — eA;) (—10; — eA;) . (A.50)

Note that in the second term in the last line we can drop the symmetric part as €;;; is fully

antisymmetric

(—18,» — eAZ) (—iaj — 6Aj> f(T)
= —0:0;f(r) +ie[A; (0;f (r )) -(3-f( )] +ief(r) (9id;) + e AiA; f(r) (A.51)
= (—10; — eAy) (—i8; — eA;) =2 ie (9;A;) . (A.52)

And then we introduce the magnetic field B = V x A in order to write its components as
Bk = eijkaiAj. (A53)

With this we can write Equation (A.50) as Equation (A.47).
Finally, we assume a constant magnetic field to write A = (B x r) /2 and let A be weak and
fulfill Coulomb gauge V - A = 0 in order to write:

(-iV —eA)? ~ -V? —¢(r x p)- B. (A.54)

This approximation is obtained by the following steps

(—iV —eA)® f(r) (A.55)
= —sz(r) +ieV(Af(r)) +ieAV(f(r)) + ezéf/f(r) (A.56)
= —V2f(r)+ ie%%~V(f(r)) +ie V_(;4) f(r) (A.57)
= —V2f(r)+ie(B xr)-V(f(r)). (A.58)

(rxV(f(r)))-B

The last step is possible because B is constant. Using p = —iV we obtain Equation (A.54).

The weak constant field approximation Equation (A.54) can be plugged into Equation (A.47).
Considering the definition of the Bohr magneton up = e/(2m) as well as introducing angular
momentum L = (r x p) and spin S = 20 we obtain the final result. That is the Pauli Hamiltonian
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for the large component ¢(t,r):

1
i%tp(tﬂ“) ~ o [-V?—e(rxp)-B—eo-B]otr)+epp(t,r) (A.59)
—[—22+e¢—i(rxp)-B—i o -Blo(t,r) (A.60)
2m n—~— %7
1B HB

= HPauli @(tv ’I") (A61)

V2
HPauli — _% + 6¢ — UB (L + 2S) . B (A62)

A.4 Relativistic corrections

In the preceding section we have seen how decoupling the large and small components of a Dirac
spinor in the nonrelativistic limit can leads to the Pauli Hamiltonian. This enabled us to highligh
some of its physical content. The systematic expansion in a series of powers of Ey;,/m has been
worked out by Foldy and Wouthuysen [72]. Here, Ey, = y/m? + p?> — m. The goal is to find a
block-diagonal H’ by use of a unitary transformation ¥’ = "W such that
iy — S (e 5 — 105w — (A.63)
ot ot ' '
For H = Hp + H;n: this can be done iteratively, where systematically the remainder is on the
order of O(-L.) in iteration n. In other words, the Hamiltonian after iteration n has the form

mm

HM = Bm + EM + O™, where O™ = O(-L;). After 3 iterations one finds

(3) (p— eA)2 p*
HY =6 |m+ - +ep—PBupo-B (A.64)
2m 8m3
. e 1
e )
——~ V-E 3 A.
+ 8m2V + O (A.66)

The first line yields the Pauli Hamiltonian in the weak constant field limit, where Equation (A.54)
holds, plus a relativistic correction of the kinetic energy. The second line reduces to the spin-
orbit coupling term, when focusing on static sperical potentials V(r) yielding E = —%% and
(V x E)=0. Then (r x p) becomes L. The last term arises as a correction due to the fluctuations

of the position of an electron® and is called Darwin term.

3Consider an electron at & with (67) = 0 but ((§7)2) > 0. This entails a shift in the electrostatic energy according

to
11

e(6(m + 62)) = e(r) + §V2q§§((57')2) ~eg(r) + SV BL (A.67)

In the last step we used that the fundamental uncertainty is of the order of the Compton wavelength {(61)2) ~ 1/m?.
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We summarize the Hamiltonian with all relativistic corrections in the weak constant field limit

with a static spherical potential:

0
1§\Iﬂ = [Hk:in + Hmag + HV + HSO + HDarwin] \11/7 (A68a)
v? p*

Hyin =B {m “om Sm?’} ) (A.68b)
Hnmg = _ﬁ ,UB(L + 25) . B7 (AGSC)
HV = €V, (A.68d)

dVv
o= g () 2o (hs0)

e (d&*V
HDarwin = SW ((1’/‘2) . (A68f)

Although this is the traditional way to obtain relativistic corrections, there are some works
claiming Fi,/m cannot be guaranteed to be small everywhere in space for Coulomb potentials.
Indeed, for r — oo we find Fyj, becomes a large positive number. In principle, a bound electron
would only render a finite expectation value at » = 0 for I = 0, i.e. the s-orbital, for which there
is no spin—orbit coupling. Nevertheless, it is numerically not a well-posed problem, if the Hamilton

operator is regularized by the wave function. Hence, as discussed in Ref. [90] it is better to expand

Egint+V

m 2m—V *

A.5 Radial Dirac equation and spinor harmonics
Let us discuss the which operators commute with
Hy =Hp+Hy =o-p+ Bm+eV(r). (A.69)

One finds the total angular momentum operator

[H., J?] =0, (A.70)
(M, T3] =0, (A.71)
J=L+8, (A.72)

gives rise to such constants of motion, but not L and S individually. The eigenvalue of J? and J3
are denoted by j(j + 1) and m,, respectively. One less often discussed operator is the spin—orbit

operator K, that defines a further conserved quantity:
[H., K] =0, (A.73)

o-L+1 0 )

A.74
0 —o-L—-1 ( )

K:B(E.LH):(

Y, =0;Do; (A75)
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The eigenvalue of K is given as

K=+ + %), (A.76)

where qualitatively the sign of x relates to antiparallel (k > 0) or parallel (x < 0) alignment of the
spin to the angular momentum in the nonrelativistic limit. In other words sign(x) also determines
thesigninj:lj:%

The eigenspinors of #, are thus characterized by three quantum numbers: j, m; and sign(x). It

is possible to write these eigenspinors in terms of linear combinations of products of the eigenvectors

1
gﬂ=G> gﬁ=G> (A7)

& m, of spin with s = 3
and the spherical harmonics Y;,, () with the relevant Clebsch-Gordan coefficients

s l
1L 1 .
Yo (= > > {Imugms|jmg) Yim, (D€ g m, (A.78)
Ms=—8m;=—

11
ygﬂl =Y ;0 (Q)jzy1, (A.79)

— 11
Yl =Y (@ (A.80)
Here, we introduce the so-called spinor harmonics yg-s,iff(”)]. These stand in exact analogy to vector

spherical harmonics, which we will use extensively in multipole theory. In a nutshell, for vector
spherical harmonics we obtain linear combinations of products of the spherical basis ey, and the
spherical harmonics Y},, (€2) with the relevant Clebsch-Gordan coefficients, see Equation (B.4). One
useful property of the spinor harmonics is that

o If.ygs:';g;l(n)] _ yg:ns;gn(ﬁ)] (A.81)

We can now separate the angular- and the radial-dependence of the Dirac spinor, that satisfies

M (1) = BSOS (), (A.82)

Jmy
by the ansatz
) sign(x) sign(#)] ¢y
Wiy = (P 0 ) = (S ). (A9
ij7 (’I") lf(r)y]m7 (Q)
Plugging eq into eq with eq. this yields

g(r)ygs:fn(ﬁ)] (Q) _ psign(k) g(r)ygs:fn(n)]((l)
g lseml oy | = Eims | s : . (A.84)
if(r)y () j

Jjm;

[oc-p+ S+ eV(r)] (
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It is possible to rewrite o - p by inserting (o - #)? = 1ax2 and obtain

o-p=(oc-7)o-p (A.85)
L
:a-f'<r-p+ia~) (A.86)
r
1 0
—c-p-(-i= —ic-L A.
o 'rr< ig, —io > (A.87)
:a.fi[—gw(a.LH)} (A.88)
r aor N————
+x for yl*l
Here, weused L =7 x p, p= —iV and V = f'% - %(f' x L), as well as % = %%r— % Therefore

the ansatz yields two differential equations

VO 40l i g (o k)] il )
_ E§ign(n)g(r)y[§ign(’$)] (A89)

Jm; Jm;

! 0 [sign (k)] : [—sign(k)]
o [—arr +(o-L+ 1)] 90 Y, V() = ml]if (1) Y5,

which simplify to
1 8 K sign(k
20 = - < oo won
10 K sign(x
{‘raﬁ * } g(r) = [m+ B3 —ev(m)] £(r) (4.92)

for the radial dependence. These coupled equations can now be solved numerically. For a compar-
ison of such a fully relativistic calculation, with the first order relativistic corrections discussed in
Section A.4 see Ref. [90].



Appendix B

Details of solving the vector

Poisson equation

We want to solve the vector Poisson equation
V2A(r) = —4nj(r), (B.1)
in Coulomb gauge
V- -A=0. (B.2)

Here, j(r) is the static current, that could for instance arise due to the orbital angular momentum

or spin.

B.1 General form of the vector gauge field

We want to shown that any solution of Equation (B.1) must have the form

P yp+ 1 ,r.p+2 pq

o0 p
1 1
Ar)=>">" {Mpl YEL(Q) + To — Y Pt ()] (B.3)

p=1q=—p

where MP} are magnetic (M) multipole coefficients, T2+ are magnetic toroidal (MT) multipole

coefficients and Yi}q(Q) are the vector spherical harmonics, defined as

l 1
Yo=Y > (imind|pg)Yim (e, (B.4)
m=—lm/=—1
PYL(Q) =11+1)YL (). (B.5)

Here, Y7,,(Q) are spherical harmonics and ey, are spherical unit vectors, which are coupled to
each other via the Clebsch—Gordon coefficient (Im1lm'|pq). Note that by construction the angular

101
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momentum quantum number | = p —1,p,p+ 1. A closer look at the Clebsch—Gordon coefficient
reveals that p is a sort of total angular momentum arising from coupling of the angular momentum
[ with an intrinsic angular momentum of value 1.1

Let us begin by solving the homogeneous vector Poisson equation:

V2A(r) =0, (B.6)

We note that A = (A%, AY, A*)T has three components. Here, it is better to write A in terms of

rank 1 spherical tensors, because V2 satisfies rotational symmetry. We hence write
A=A""¢ey. (B.7)

with contravariant components

1
Al = —— (A% —{4Y), B.8a
75 (A7 —iaY) (B.52)
A0 = A7 (B.8b)
1
AT = — (A" +14Y B.8c
ol ) (B.8c)
and spherical unit vectors given by Cartesian unit vectors as
1
e = ——— (e +iey), B.9a
n=-s ( v) (B.9a)
€10 = €z, (ng)
1 .
el_1= 7 (e; —iey). (B.9¢)
Inversely Cartesian components are given in terms of spherical components as
1
AT = — (AL — Al | B.10a
75 ( ) (B.10a)
:
AY = —— (AT 4 Al | B.10b
o ) (3100
A7 = A", (B.10c)

The implications of Equation (B.6) for the spherical component A become clear by inserting
Equation (B.10):

VPAT=0 = V2 (AT - AT =0, (B.11a)
VA =0 = V2 (A4 A =0, (B.11b)
V247 =0 - V240 = 0. (B.11c)

IThis intrinsic angular momentum is often called spin, although it has no connection to the electronic spin. In

fact, it merely reflects the 3 linearly independent directions of coordinate space by means of m’ = —1,0, 1.
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Since V2 is a linear operator, it is ok to add and subtract Equation (B.11a) and Equation (B.11b).
This yields

v2AM™ =0 (B.12)

for all m = —1,0, 1 independently.

Next, we follow a seperation ansatz for each component
A (p) = R (r)Y 1™ (), (B.13)

where R (r) describes the radial dependency of the component A and Y™ () the angular

dependency. The operator V? can be written in radial and angular contributions as

1

Vi=V24 ﬁvg, (B.14a)
5 107 19 ,0

VT = ;w’f‘ = TTET E, (B14b)
5 1 0 . ) 1 0?

- B 14
Vos ot Ve T i) 0 (B-L4c)

We plug the seperation ansatz of Equation (B.13) and Equation (B.14) component-wise into the
homogeneous Poisson equation Equation (B.11) and obtain

1 / /
[Vi + rzvg] R™ (r) Y™ (Q) =0, (B.15a)

VQle’ (7“) V2 Ylm’ (Q)
2 Vry __va _
T R (r) Y1im'(Q) Ci,. (B.15Db)

Since the first term in Equation (B.15b) depends only on r and the second only on €, this can
only hold for all r and €2, if the terms equal a constant C;. This yields two separate differential

equations:
V2R (r) = CLR™(r), (B.16)
VY™ (Q) = —CL Y™ (Q). (B.17)

First let us solve for the radial dependence R!™(r). Equation (B.16) has two solutions, which

we find by following the ansatz

RI™ (r) = Aj™ 7 (B.18a)
1O gt I(L+ 1) A (B.18b)
ror2 1 ! ’

S O =1(1+1) (B.18c)
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and
o’ B
RI™ (r) = rll+1 :
19 B™ B
T or2 L {+1) |

Next, we solve Equation (B.17), once again by a seperation ansatz
v = X[ 0)21 (9),
that separate the polar angle § and azimuthal angle ¢:

VA (Q) = (1 + )Y,
[ 1 0 . 0 1 62]

an - 1m’ 1m’
sm@ o0 " Vas T g a2 N O @)

= —I(l+ D)X} (0)BI™ (o),

- 1 10 . 0] i
sin” () X 0) [sin 090 sin (9)80] X;™(9)
+1(14 1) sin? (9) = —#ﬁqﬂm/(@) = Ch.

& (p) 09

We obtain two differential equations, that read:

L () = —catl™ )
0p?
Sml( ) % sin (9)% X[ (0) + 11+ D)X (0)
= Singlw)chzlm,(G)-
We can solve Equation (B.22) with an educated guess:
B} (ip) = VR,
Additionally we know the boundary condition
"™ () = B™ (p + 2m),
which puts further constraints on Cs:
i/ Co2m = £im27 meZ

— C’gzm.
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(B.19a)

(B.19b)

(B.19¢)

(B.20)

(B.21a)

(B.21b)

(B.21c)

(B.22)

(B.23)

(B.24)

(B.25)

(B.26a)
(B.26b)
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Finally, the polar differential equation given in Equation (B.23) must be solved. We substitute

with & = cos (0) and use

sin? (0) = 1 —cos® () = 1 — 22, (B.27a)
0 1 0
Oz sin() 90 (B-27b)
: 9 o0 0 50
sin (0)% = sin” (0) Er (1-=z )815' (B.27¢)

This yields

0

51— ~ | P @ =~ + DR @), (B.28)

which is a differential equation known to be solved by the Legendre polynomials PZIJL”/(,T) Jointly

the spherical dependence is written in terms of spherical harmonics
Vit (@) = @0 (0) Py (cos® (0)) (B.29)

for each component At hus, any solution of Equation (B.6) can be written as

1
> A (r,Q)erm (B.30a)
m'=—1

A(r)

1m’

Z Z Z 7‘ lem Q)elm’ + B }/lm(Q)elm/ (B30b)

=0 m=—Im'=-1

Here we note that, physically we expect A(r) to vanish when r — oo, as well as for » — 0. Therefore
the first (second) term in Equation (B.30b) describes A(7) within (outside) the current j(r). We
are interested in the latter and set All]]; =0.

We have mentioned that the spherical unit vectors ey,  are spherical tensors of rank 1. This
means the product Yi,,,(Q)eq,, can be treated as if two angular momenta 1 and I are coupling.
As is known for instance from the coupling of spin and orbital angular momentum, the coupling is

formally done via Clebsch—Gordon coefficients:

Yim(Q)eim = Z Z (Im1m/|pq) Y“( ). (B.31)

p=0g=—p

Here, vector valued eigenfunctions Y;lq(Q) of the angular momentum operator ! are introduced.
The inverse relation of Equation (B.31) serves as a definition of these so-called wvector spherical

harmonics:

l 1
Yé)lq(Q): Z Z <lm1m/|pQ>)/lm(Q)elm’a (B32)

m=—Ilm’'=-—1

Pyl (Q) =11+1)YL (). (B.33)
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as was stated in Equation (B.4) and Equation (B.5).
In addition to introducing vector spherical harmonics, we redefine the expansion coefficients in
Equation (B.30b), in order to swallow the Clebsch-Gordan coefficients:

00 1
Z Z B (lm1m/|pg) = M (81p—1 + 61p + G1ps1) - (B.34)

=0 m'=-1

Here, we used that |l + 1| < p, which is a property of (Im1m/|pg). Thus, A(r) can be written as:

c© p o l 1 1m’
A(r) = Z Z Z Z Z rllfl (Im1m/|pg) Y () (B.35a)
p=0qg=—p =0 m=—Im/'=-1

oo oo 1
= Z Z Z M;é};{ (5l,p71 + 5l,p + 5l,p+1) 7al+1Y£71q(Q):| (B35b)

p=0q=—p
1 1
1 1 +1,1 +1,1
+M}, e YD (Q)+ M, ngq (Q)] . (B.35¢)

We will now proof that only the terms containing the M multipole coefficient ngl and the MT
multipole coefficient MIZ,’q+ L1 which we will denote by Té’; L1 to highlight the difference, are actually
compatible with the Coulomb gauge given in Equation (B.2). To this end, we will use the following
three relations that can be derived from Equation (B.4) [140]:

Y1) = p<2;+1> (b — i X 1) Yy 0(9), (B.36)
Pl — L

qu (Q) = p(p+ 1)lYED,q(Q)7 (B.37)

Yrol(Q) = ! (p+ )i + i x 1) Yy 4(9), (B.38)

(p+1)(2p+1)

where # has unit length. These are derived step-by-step in Section B.7. Furthermore, we recall
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some useful identities:

V:f'%—%(%xl), (B.39)

= ; (B.40)
r=+r-r, (B.41)

o =1, (B.42)
l=—-irxV, (B.43)

(P x 1) =0, (B.44)
(7 x 1) - = 2i, (B.45)
(#x1)- (7 x1) =17, (B.46)
1= 0, (B.47)
(Fx1)-1=0 (B.48)
P () = RT) (5.9

The first factor in Equation (B.35¢), namely M{j’q_l’lr%Yggl’l(Q), can be investigated by ap-

plying V onto f (r)Yggl’l(Q), where f(r) is an arbitrary function of r that commutes with I:

V- (f(r)Y? ()

L0 i 1 o
= [Tar - ;(r X l)] f(r)m (pr —ir x 1) Y, 4(Q)
= 19(2;—&-1) [f“aarp’f‘ - if%(f x 1) — %(f* x1)-7p— %(i’ x 12| f(r)Yyq(Q)

=S ta@ |20 2L o, (5.50)

The equality in the last line can only hold if
of(r) _p—1

o . f(r) (B.51a)
— f(r) =717t (B.51b)

However in Equation (B.35¢c) we see the radial dependence is 7~7. Hence, MF ! must be zero for
all p and ¢, in order to be compatible with the gauge condition.

The next factor in Equation (B.35¢) is M2} —~ Ygé (©). We follow the same procedure:

V- (OVERO) = [0 =16 x| S0ty (@) =0

for all f(r) because 7 -1 =0 and (# x I) -1 = 0. This term can appear without any restrictions.
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Finally, the factor Th 1 1 Yp—|r1 () is investigated:

+1,1 _|.0 i —llp+ 17 +ir x 1
V- UOVE ) = |55 - 160 0] 1) =Sy, 0
-1 o .0, ..
= TESCTES) [(p+1)&+1&r-(rxl)
XD D)+ 16 O] )Y, (@)
(p+1) [0 p+2 B
o+ P s =0 (8.52)
1
= f) =15 (B.53)
This is consistent with the radial dependence in Equation (B.35c).
In summary, we have shown that
1y p—1,1 1 Ygt;rl Q)
V- (PYP Q) =V (f(n)YR Q) =V - —m | =0 (B.54)

is necessary to satisfy Coloumb gauge. Together with Equation (B.35¢) this shows that that any

solution of Equation (B.1) must have the form

1
1 1,1 +1,1
=33 [ vne g v

p=0q=—p

This is equivalent to Equation (B. 3) at the beginning of this section, except for the range of p. We
will see in the following that M{2 -1 s = T,3" = 0. However, before we can move on to find explicit
expressions for the coefficients M] pl Tp+1 and TF pH 1. we introduce the Green’s function method.

B.2 Green’s function method

In this section we will show that the Green’s function can be expanded in spherical harmonics as
follows:

G(r,r') = ey QPH Y ()Y (), (B.55)

p=04q=—p

where r~ = min(r,7’) and r~ = min(r, r’). This is motivated by the scalar Poisson equation

V3iG(r,r') = —4wé® (r — '), (B.56)
with a point source
O —p) = %25(7" —1")8(cos(6) — cos(0')5(p — @), (B.57a)

P

ST V()Y (9) = d(cos(8) — cos(8))3(6 — &). (B.57b)
p=0gq

=—p
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In the subsequent section, we will in particular make use of the radial differential equation

(TQVT —plp+ 1)) gp(r, r') = —4xnd(r — r'), (B.58)
with the solution
dn P
/ <
gp(r,7') = 2p + 142F17 (B.59)

Starting point is the following ansatz:

= Z Z GPQ(T»T/,Q/)YZNI(Q)» (B.GO)

p=04g=—p

Gpq(r,r', Q) = /dQ o Y, (). (B.61)

Plugging this into Equation (B.56) yields

1 = e
(Vg + ﬂvé) Z Z Gpg(r, 7', Q)Y () =

p=0q=—p
1 *
— dm 5 Z Z Ve ()Y (), (B.62)
p=04g=—p

where we can compare for each p and ¢ individually to obtain the differential equation

1 1
(V?“ + ﬂvgz) Gpg(r, 7', Q) = —dm—

7“'2

S(r — 1YY (). (B.63)

Both sides of the equation should have the same angular dependence. Noting that the radial and

angular contributions are separated on the right hand side, we yet again take a separation ansatz
Gpg(r, 1", Q) = gp(r, 7)Y, (), (B.64)
and plug it into Equation (B.63) to obtain Equation (B.58)
(r*V2 —p(p+1)) gp(r,r’) = —4ms(r —1').

For r # r’ the solution is quickly determined, as we have seen in the homogeneous case from
Equation (B.16) to Equation (B.19). It yields

Ap(r')ﬁ <7

— gp(r,1") = (B.65)

By(r")rP ol <r

The radial solutions are linked to the cases r > 7' and r < 7/, because of diverging behaviour that

could occur when r — co and r — 0, respectively.
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In contrast to the homogeneous equation discussed before, here we need to consider the case
when r = r/, where §(r — r’) = 1 First, we note that the dimension of g,(r,r’) is known to be
[length™1]. Therefore, the dependence on r’ must compensate r, in order to obtain the correct
dimensionality. Furthermore, we assume g,(r,7’) to be continuous:

1 1
Ap("’/)’f'/p = Bp(T')m = Cp; (B66)
TP
= gp(r,r’) = Cprp%. (B.67)
>

The constant C), is determined by integrating Equation (B.58) from 7’ — € to r’ + €, which yields
r =7’ in the limit € — 0:

r'+e r'+e
lim dr [r“‘vf —plp+ 1)] gp(r,7") = —4m lim dré(r —r'), (B.68a)
e—=0 [/ e—0 J,/_,
li T/Hd 9,29 _ (p+1)| gp(r,r") = —4 (B.68b)
lim . "a " g PP gp(r,r") = —4m, .
lim 7"22 (r,r") o = —4rw (B.68c)
o " ar e ’ ’
Ip o P
. 20 T 29 T _
C !13(1) l?‘ orrptb| .. or et _ j o (B.634)
47

That yields Equation (B.59) and Equation (B.55) by using Equation (B.64)

_ 4 r’;
S 2p 41t

Grr) =3 Y AT vy ().

2 1 p+1 7 pq
p=0g=—p P+ ™

gp(T, ')

B.3 General form of multipole coefficients

In this section we show that the magnetic (M) multipole coefficient M;’ql and the magnetic toroidal

(MT) multipole coefficient T%+! can be written as

4ri ; X Jorn(T) p+1
pl _ _ Brv (rPY (Q)) - orbr /4 M(r)|, B.69
and
—47 T X Jorp(T)
TPrLL — /d3rv rPY* (Q -[rxorb+r><Mr]. B.70
- (p+1D2p+1) (%5 (D) p+2 (r) (B.T0)
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From Section B.1 we know that any solution A(7) of the vector Poisson equation in Equa-

tion (B.1) must have the form presented in Equation (B.3). Let us for the moment set

1
§(ripa) = Mpy—, (B.71a)
1
. _ pHla
C(T7PQ) - qu ’f’p+2 bl (B?lb)

and start with the following educated guess:

o0 p

A(r)=> "3 [Erpa)YBa(Q) + ((rip) YEH(Q)] . (B.72)

p=0gq=—p

We plug Equation (B.72) into Equation (B.1) and use Equation (B.14) for V? = V2 + L Vg,
under consideration of Equation (B.21a), which allows us to determine the eigenvalue of V?z by
means of VY 5L1(Q) = —I(1+ 1)V (Q):

= {[o5 e

Prq

+ o2 CEURED gy ytte)h — —ami(r). (.73)

By construction vector spherical harmonics satisfy the orthogonality relation
/ AQY 55 (Q) - Y1 (Q) = 6116pp0oq. (B.74)

Hence, when we multiply Y}%(Q) onto Equation (B.73) from the left and integrate over df2, we

can use Equation (B.74) in order to evaluate the sum over p and ¢. This yields

[VE PP+

2 } &(r; PQ)oLp + [Vi _ (P+1)(P+2)]

r2

(i PQiL s =~ [ AQY (@) 3(r). (BT
The problem breaks up into the cases L = P,
[r*V2 — P(P +1)] £(r; PQ) = —4m r? / dQY 3o (Q) - §(r), (B.76)
which corresponds to the magnetic multipole, and the case L = P + 1,
[r2V2 — (P + 1)(P +2)] ¢(r; PQ) = —4nm1° /dQ Yo Q) - 4(r) (B.77)

which corresponds to the magnetic toroidal multipole.
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The green’s function method introduced in Section B.2 showed that

[r2Vf —plp+ 1)] gp(r,r') = —4né(r —r'), (B.78)
47 P
/ P
9p(r 1) = 5 e (B.79)

for v < r, see Equation (B.58) and Equation (B.59). When we multiply Equation (B.78) with
r? [dQY YR (V) - 4(r'), we can integrate over [ dr’ on the left and rewrite [r'2dr’ [ as [ d*r/

on the left. Hence, we obtain

47 1 " .
[T2V£ 7p(p + 1)] mrl)‘f‘l /d3fr/ T,pYP}(DQI (Q/) . J(’,"I)
= —4mr? / dQY 3o (Q) - 5(r). (B.80)
This can be compared with Equation (B.76) when p = P and ¢ = Q. Thus, we find
. — 1 4m 3. ,.pv*pl O/ i
€rimn) = Sy [ YO ) (B.51)
47 : " .
=gy e ) (B.82)

In the last line we used Equation (B.71a) &(r; pq) = MP!

1
pq rPFL"
Similarly, after multiplying Equation (B.78) with r [dQ'Y *P+1 1(Q)4(r") and integrating

over [dr’, a comparison with Equation (B.77) with p =P +1 and q = @ yields

1 . .

C(r;pq) = ) 2]9 3 /d3r’ r/p+1Y p+1 1(Q )- j(r’), (B.83)
4

T;qul,l — 2p_7::3 /d3’l" Tp+1Y;5+1’1(Q) . j(T‘), (B84)

where we used Equation (B.71b), i.e., {(r;pg) = Th™! s

Although Equation (B.82) and Equation (B.84) already present a path to compute the gauge
field A(7) for any current j(7), we will now make somewhat lengthy gymnastics to obtain the form
of the coefficients proposed at the beginning of this section in Equation (B.69) and Equation (B.70).
To this end we need the following identities:

p+1 pl

N 1,1 _
—ir X qu “\pri e (B.85)

iV x (rPHY PN = (2p4-3), ] ’:L Yl (B.86)
(r x qu) ==Y (rxj), (B.87)
(rxjn)=rx(VxM)=V(r M)—[l+r V|M, (B.88)

V (1Y) = V/p(2p + 1)rP7 Y21 (B.89)
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where j,, =V x M.

We start to compute the M multipole coefficient by using the complex conjugate of Equa-
tion (B.85) in Equation (B.82), and subsequently we rewrite 7 = 7P~1# and use Equation (B.87)
to interchange the cross product. Lastly, Equation (B.89) is used to obtain the first term in Equa-
tion (B.69):

47 . .
Mot / d*reY Q) - 5(r) (B.902)
dPror? (7 x YIEUHQ)) - (e B.90b
(2p+1 p+1/ Pq ()) J() ( )
= —i PrrP Yy P ENQ) - (e x G (r B.90c
<2p+1p+1/ 2@ x () (5.90c)
S Br v (17Y,,) - (r % §(r)) (B.90d)
2p+1/plp+1) B o '
Starting again from Equation (B.90c), we use Equation (B.88) to obtain
4m
MPr = - /d31'rp_1Y*p_1’1 Q) (rxgn,), B.91a
= Q) (7 % () (B912)
4
=—i i /dgr rp_lY;’;_l’l(Q)
Vp+1(p+1)

AV(r-M(r))—[1+r- V] M(r)] (B.91b)

By means of partial integration we find that
/dgrrp_lY;g_l’l(Q) V(r-M(r /dSTV Y RN Q)) - M (r) (B.92a)
(B.92Db)

due to Equation (B.54). And similarly, through partial integration we find that

(p—1) /d3rrp*1Y;§_1’1(Q) -M(r) =
- /d% Y P LNQ) - [BM () + (r- V) M(r)] . (B.93)

This renders

4 1)
Mp = i NCESCES) il p1+ /d% LY () M (). (B.94)
p+1)(p+1

Lastly, Equation (B.89) is used to obtain the second term in Equation (B.69):

4i 1
zw;;ql:_%ill,/p+ /d3 V (Y (Q) - M(r). (B.95)
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Next, we compute the MT multipole coefficient starting from Equation (B.84). By means of
partial integration, we find

/d%« Py PR Q) (W x M (r)) = /dSrM(r) (W x Py () (B.96)

The curl of the vector spherical harmonic can further be evaluated by means of Equation (B.86).

Subsequently we can use Equation (B.85) and 7P# = 7P~ !# once again to obtain the following

expression:
ot = 2T [ gty i o) ) (B.97)
L pq J .
4
- e (9 ey @) 399

— i [ 2 / PPy Q) - M (r) (B.99)
= 4r, /m /d3rr1’—1 (rx Y32 0HQ)) - M(r) (B.100)

Interchanging the cross product renders a minus and using Equation (B.89) yields the second term
in Equation (B.70):

Tt = i [ [t o) 101

3 Py * (r r)).
m/drvwm)) (r x M(r))

Finally, we will derive the first term in Equation (B.70). First, we find

er:%{rx(rxjm)+r[V~(r><M)]+V><(rzM)}. (B.102)

Let us highlight that the vector spherical harmonics are no operators and therefore do not act on
anything to the right?. Thus, by use of Equation (B.36), we find

*p—1,1 A *p—1,1
Y ! r=r- Y n (B.103)
T
= m [p’r‘ + i (T‘ X l)} pq (B104)

[ P *
= Y B.1
2p+1 P4 (B.105)

We plug in Equation (B.102) into Equation (B.101), whereby the last term is a vanishing boundary

term. Then, we use Equation (B.105), before we once again device partial integration and use

2In particular, here we shall not use Equation (B.45), which here reads (# x 1) - r = 2ir.
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Equation (B.89) in the last step:

ﬁ?m:—mu%gf/¢»w*Y$*HQ»0xAﬂm>
= —4r, / /d3r Tp_leg_l’l(Q)

5 {"“ X (1 X G (1) +7 [V - (rx M(r))]} (B.106)

;“vg+/@%WFugg*%m~vxwxjmwm
\/:\/;/dg rrPY(Q) [V - (r x M) (B.107)

v;+/¢%w*yglﬂm~wxwxjAﬂﬂ
\/:\/;/d?’rv (rPY () - (r x M(r)) (B.108)

2vg+1/¢%wlYglﬂm~vxvijﬂﬂ
ﬁl;r\/zp/dzawply;glal(m - (r x M(r)) (B.109)

A comparison of Equation (B.109) and Equation (B.101) yields

/dSTrp_lY;fz’_l’l(Q) (rx M(r)) = I% d*r rp_lY;f]’_l’l(Q) e x(rxg,()]. (B.110)

Using Equation (B.110) directly in Equation (B.101) we find

T”+1 L= —4m, /pi—ll)— 1 /d3r rple;f;fl’l(Q) - (r x M(r))
:—47r,/pi1p+2/d3 PP Y PR Q) e x (r x gy, (7)) (B.111)

Finally, once more using Equation (B.89) in the inverse direction and replacing j,,(r) by Jo.(7),
we obtain the first term of Equation (B.70):

TPHLL A

1
N SV B

B.4 Why there are no monopole gauge fields or monopole

/dng (erp*q(Q)) e x (P X Jo ()]

magnetic fields

Here, we argue why we can drop p = 0 in Equation (B.3). First, we note that in both, Equa-
tions (B.69) and (B.70), the integrant contains a factor V (r’Yg,), which is zero because Yy is a
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constant. Then, perhaps one is skeptic of the divergence 1/4/0 in MJ} in Equation (B.69). However
in Equation (B.3), we see that Ygé appears at p = 0. And Ygé = 0 and hence independent of the
M multipole coefficient for p = 0 A(r) is always zero, i.e., M{} = 0. Later in Section B.6 it is easily
possible to check that the magnetic field also vanishes at p = 0. Thus, without loss of generality

we can drop p = 0.

B.5 Multipole coefficients for an electron cloud

Next, we want to express the magnetic (M) multipole coefficient and the magnetic toroidal (MT)
multipole coefficient of a many-body wave function of N electrons. So first we recall the formalism
introduced in Section 2.1. Specifically, we need the spin-magnetization of a many-body state given
in Equation (2.34), i.e.

N
m(r) = —pp > d(r—ri)o.
i=1
This allows us to define the spin-magnetization current as
I =V x m)(r) (B.112)

The orbital current operator would read?3

N
Jorn(T) =i Y [Vo(r —ri) +6(r — 1) V], (B.115)

i=1

which relates to the orbital angular momentum through

N
T X Jom (1) = = Y [16(r — i) + 6(r — )] (B.116)
i=1
Thus, we can obtain the static current using
j(r) =Tr {pﬁ'(?“)} , (B.117)
3(P) = Fu (1) + G (r)- (B.118)

The next step is defining the quantum mechanical operator for the M and MT multipole co-
efficients. Let us use Equation (B.69) and Equation (B.70), which were derived in the previous

30ne may want to consider the following simplified picture:

. e elh 2

Jorb(r) = ev(r) = -—2p(r) = —ifp(r). (B.113)
2m 2m h

le|h

2m?

Note that pup = h =1 and I(r) = r X p(r) to obtain

P X Gou, (1) = —2 pupl(r). (B.114)
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section:
4ri T X Jorp (1) p+1
= &PrV (rPYy(Q)) - ob M(r)|,
Pq % +1/ TV (r pal ) o0 + 1) » (r)
Tg;_l,l /d3,r,v ,',.I)Y (Q)) |:/’a X Lorb(lr.) + r X M(r)} .
Vp+1)( 2p +1) D+ 2

We replace the classical expressions with the appropriate quantum mechanical operators and yield:

é)ql _ ;lzlfli \/m/d?’ pr* Q) - Z [[15(7“ - Ti}))j:i(" — )l Yo — m)a] 7

i=1

(B.119)
N
Tﬁ;m 4 pp /d3rV R Z [ [Lo(r — i) +6(r —73)l] 7 X S(r — ri)o'] .
Vi +1)(2p+1) — p+2
(B.120)

This can be used to obtain the expectation value of the multipole coefficients by means of
1_ rpl
gy = {piia ), (B.121)
+1,1 _ Fp+1,1
T =T {pt (B.122)

Note that V (erp*q(Q)) contains an operator that has not been applied. Thus, it would be a
misleading notation to execute [d’r and write V (rfY,(9)). Together with Equation (B.3),

1 1 +1,1 1 +1,1
- Z Z |: Prq /r.p-i—l Yp (Q)+TI§)II ’f'p+2 qu (Q) )

p=1g=—p
this yields a general expression for the vector gauge field of an electron cloud.

B.6 Magnetic field of a general vector gauge field

The original assumption to obtain the vector Poisson equation from the Maxwell equations states
that

B =V x A. (B.123)

We found the vector gauge field in Coulomb gauge V - A = 0 generally has the form given in
Equation (B.3), that reads

oo p
1
_ 1 1,1 +1,1
A(T) _Z Z {Mpq p+1Yp (Q)+Tz§); 7p+2 qu (Q) )



APPENDIX B. DETAILS OF SOLVING THE VECTOR POISSON EQUATION 118

where here we start from p = 0 in order not to presume that the magnetic field has no monopole
contribution. But the argument in Section B.4 can be followed to see that every contribution at
p = 0 always vanishes.

It is also generally true that

yrii p_91, B.124
+ r o or } r) (B-1242)
yribt —iyel [P P B.124
Vo Yt =i [ [ 2, (B.121h)
for arbitrary function f(r). We hence see that
11| —
V x [TpHYf;q } =0 (B.125)

and the magnetic field must be given in terms of magnetic multipoles only. The general form of

the magnetic field reads

e o] p
B=> Y MV x [ pHY”l(Q)} (B.126)
p=0q=—p
0 p
=—iy > /pp+1)ME p+2 Y2rtbl(Q). (B.127)
p=0g=—p

Here, again the M multipole coefficients are given by

4mi /d3rV pr* ))

rxjorb(r) p+1
pq_ 2+ 1 + M(r)

p(p+1) p

as derived in Section B.3. Finally, we see that /p(2p + 1)M5q1 is zero at p = 0.

B.7 Generating vector spherical harmonics

G pFl yri! (B.128a)
2p+ Y w1y

In this section, we derive

£Y,, = /p(p+1)YE] (B.128b)
1
(7 % £y = i(p+1) Y, [P Ly (B.128¢)

2p+1 P4 2p+1
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N |47 m
r }/P(I = ? Z(_l) Yl,—memqu (B129a)

=— > (10p0|L0) (LM1m|pq)YLarem (B.129b)

L,Mm
= Z (10p0[L0) YL (B.129¢)
— (10p0|(p — 1)0) Y211 — (10p0[p0) Y'2! — (10p0|(p + 1)0) Y B (B.129d)

Yho 11 [P+l p+1 1 (B.129¢)
2p+ Y iy

For the first equal sign, we used the definition of # in

\/EZ )1Y1 _qeq. (B.130)

To get to the second line, we used the product of two spherical harmonics,i.e.,

2
YimY,q = 1+mz Z NiCh) ” (L0pO|L0) (LM E(—m)|pg) Yinr. (B.131a)

L=0M=

1>

In the third line, we use the definition of vector spherical harmonics, eq. (B.4). In the fourth line,
we explicitly write down the sum over L, since it can only go over the values p£1 and p, due to the
rules of angular momentum coupling. Finally, in the last line, we evaluat the three Clebsch—Gordan
coefficients, one of which is zero. Next, we see that

£Y,, = szypqem (B.132a)

= Z\/ (p+1) m)Im|pq) Yp g—mem (B.132b)

m

=p(p+ 1Y, (B.132c)

For the first equal sign, we simply write £ in terms of its spherical components. In the second line,

we use the fact that this angular momentum acts like a ladder operator, i.e.,

Uy Ypq = (=1)"V/p(p + 1) {p(q + m)1(=m)|pq) Yp,q+m (B.133a)
"Ypq = /p(p + 1) (p(q — m)Im|pq) Yy, g—m. (B.133b)

eq. (B.133b) Finally, in the last line we use the definition of a vector spherical harmonics.

In order to derive (7 x €)Y}, eq. (B.128c), we look at the components of the resulting vector V':

(Px )Yy =V=V"e_ +V%+VTe, (B.134)
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We can start by investigating V ~:
VT =i(#% — T O)Y,, = i(fol™ + 7 00) Yy, (B.135)
where we pull down the index of #. Next, we write 7, in terms of spherical harmonics, which reads
R 47 " 47 . 47
P — /?qu — ?(_1)‘1)/1,_(1 Py = ,/?qu, (B.136)
as well as evaluate how ™ acts on Y4, as written in eq. (B.133b):
\/ = V/p(p+ 1) (plg + 1)1(~1)|pg) YioYp,g+1
. 71'
+iy/ 5 Ve +1) (pl0lpg) Y11 Y g (B.137)

Now we evaluate the product of two spherical harmonics, as detailed in eq. (B.131a):

N sy Z [ = (10p01£0) (LM 10]p(q + 1)) (p(a + )1(~1)lpg) Yias
L=0M=
+ (10p0[LO) (LM 1(—1)|pg) (pql0lpq) Y1 (B.138)

We can now perform the sum over both L and M. First, since the magnetic quantum numbers have
to match in each Clebsch—Gordan coefficient, M is uniquely determined (and if the necessary value
for M should lie outside its range of —L < M < L, the corresponding Clebsch—Gordan coefficient

is zero anyway):

Vo =ivpp+1) z[ (10p0|0) (L (g + 1)10[p(q + 1) (p(a + )1(=1)|pa) Y2441

+ (10p0[LO) (L(q + 1)1(=1)|pg) (pq10lpq) Y1 4+1 (B.139)

Second, due to the first Clebsch—Gordan coefficient in each term, the value of L is constrained to
be either L = p+ 1 or L = p. However, by actually calculating those Clebsch—Gordan coefficients,
we see that the one for I = p actually vanishes. Therefore, we can perform the sum over L simply

by using two values, p £ 1:
VT =iyplp+1) [* (10p0[(p — 1)0) {((p — 1)(g + 1)10[p(q + 1)) {p(q + 1)1(=1)|pg) Yp—1,4+1

+ (10p0[(p — 1)0) ((p — 1) (g + 1)1(—=1)|pg) {pq10|pq) Yp—1,4+1

— (10p0[(p + 1)0) {(p + 1)(¢ + 1)10[p(g + 1)) {(p(q + 1)1(—=1)|pq) Yp11.441

+ (10p0[(p + 1)0) {(p + 1)(¢ + 1)1(—=1)|pq) (pq10|pq) p+1q+1] (B.140)
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The next step is to evaluate the Clebsch—Gordan coefficients. As we already mentioned, the first

one in each row only exists for L =p £+ 1:

- 2171-)&-1’ L=p-1
(10p0] L0) = { 0, L=p (B.141)
+1
prir L=p+l

This means we can write:

p(p+1)

Vo=
W21

(VP ((p = Dla+ D)100p(g + 1)) (plg + DL-=D)Ipa) Y1401

=P {(p—1)(qg+11(=1)|pq) (pql0lpg) Yp—1,4+1

—Vp+1{(p+1)(qg+1)10[p(g + 1)) (p(g + 1)1(=1)|pg) Ypi1,q41
+vp+ 1{(p+1)(g+ 1)1(-1)[pg) (pg10[pg) Yp+1,4+1 (B.142)

Since the first two Clebsch—-Gordan coefficients are multiplied by a spherical harmonic Y,_1 441,
the allowed values for g are: —(p—1) < g+ 1 < p— 1. Otherwise, the spherical harmonic vanishes.
Under this assumption, we can evaluate the first two lines of coefficients:

((p = 1)(g+1)10[p(q + 1)) (p(q + 1)1(—=1)|pq) (B.143)

_p+1l [p—qg—1Dp—q)
—{(p—1)(g+1)10|p(q + 1)) (p(q + 1)1(—1)|pg) = D \/ 2(2p - 1)(p+1)

In the third and fourth line, we have Clebsch—Gordan coefficients multiplied by a spherical harmonic
of type Yp4+1,4+1- This means, the allowed values for ¢ are: —(p+1) < ¢+ 1 < p-+ 1. Under this

assumption, we can again evaluate the coefficients:

((p+ 1)(g + 1)10[p(g + 1)) (p(q + 1)1(=1)|pg) (B14)
— P+ 1{(p+1)(g+1)1(=1)|pq) (pg10|pq) = — Jlr : \/p(p + q;(rZZl))ipg q+2)

This drastically simplifies the expression for V ~:

- (p—g—1p—2q) . [(p+a+D(p+qg+2)
Vo =ilp+ 1)\/2(22?+ (2p = 1)Yp71,q+1 +1p\/ 2Gp T (@1 3) Yoi1.g41 (B.145)

Now we perform a rather unintuitive step, which will however lead to a nice result: we pull out
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certain factors from underneath the square root:

—q—1)(p—q)
1),/ Y,
ip+1y/3, +1\/ p(2p— 1) Phet

[pH+T [(p+ag+Dp+q+2)
+ Y, B.146
P 9p ¥ 1\/ 2p+ 1)(2p+3) Prhatt ( )

The reason for this is that now we can write the large square root again as a Clebsch—Gordan

coefficient:
~(p-1<gt+1<p-1 [(p—qg—1)(p—q)
{((p = D(g+1)1(=1)[pg) = \/ 20— 1) (B.147a)
~(+D<g+i<p+t [(p+Hg+1)(p+q+2)
((p+1)(g+1)1(=1)|pg) = \/ 20 £ D) (2p 1 3) (B.147D)

which leads to:

Vo =ip+1) 2pp+ {0 = Da+ DUD)pa) Yoo 41

p+1
2p+1

To see why this is useful, let us list the components of a vector spherical harmonic:

+ip ((p+ (g + DU=D)Ipg) Ypt1,441 (B.148)

(llg+D1(-1)|pq) Ye,g41, m'=—-1
(Vo)™ = (€q10]pg) Yeq, m' =0 (B.149)
(lg — )1|pqg) Yo q-1, m' =1

This means, the minus-component of (#* x £)Y,,, which we denoted as V™, is exactly the minus-

component of two vector spherical harmonics! In particular, we find

. D 11— , . [pt+1
= 1 ye— 1L
% i(lp+1) ( )" +ip o 1

251 ¥ he (yrrhhy- (B.150)

pq

With a similar, albeit tedious, calculation, we can calculate the other components of (7 x £)Y,, as

well:
VO =ilp-+ 1)y /57 (0 = D10lpa) Yoo g
+ipy 2+ Da10lpa) Yy (B.151)
VE =i+ 1)y 5 (= Dla = D1 Yo
Fipy 5+ 1)(g — D11pg) Vg0 (B.152)

2p+1
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This means, our final result is:

(Fx )Yy, =V e_+V'+V'ey

P yp-11 +ip p+1 yrHLl

B.1
2p+1" P4 2p+1° P4 (B.153)

=i(p+1)

which completes the proof.



Appendix C

Experimental data

Table 1 contains a list of MAGNDATA [15] entries used in this study. Each 0.xxx.mcif label is
linked to its web-entry [387] and the corresponding experimental reference. The purpose of Table 1
is to allow quick access to the experimental data. Furthermore, the inequivalent magnetic sites that
constitute magnetic clusters are listed as well. For each cluster, the experimental on-site magnetic
moment flexp, the LSDA+CMP on-site magnetic moment 4, and the individual contribution from
spin and orbital angular momentum in LSDA+CMP pug and gy are presented. The number of
degrees of freedom, that is directly related to the number of magnetic configurations in the CMP
basis, is given, as well as the number of active CMPs in the experimental magnetic configuration.

Note that some entries either lack jiexp or the number of active CMPs. This is because fol-
lowing the experimental references we could not validate some of the information due to various
reasons. Some examples, where fiexp could not be confirmed, include among others: 0.110.mcif
CraO3—here, the order was determined using second harmonic generation—0.113.mcif NiCOsg,
0.114 .mcif MnCO3z—here, the magnetic moment was given an arbitrary value. On the other hand,
there are entries, where the exact magnetic order could not be confirmed. For instance, 0.154.mcif
ErsRusO7, where MAGNDATA commented that not all possible alternative models seem to have
been checked, or 0.155.mcif CaMnGeyQOg, where there is some controversy around the proposed
magnetic order [227,228].

124
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Table 1: Experimental data.

0.1.mcif LaMnOg Ref. [191]

cluster Hexp [hth s I active CMP  dgr. of free-
dom

Mn 3.87 3.51 3.53 0.01 2 12

0.3.mcif LiCazOsOg Ref. [282]

cluster Hexp Ihth s 7 active CMP  dgr. of free-
dom

0O 0.0 0.10 0.09 0.01 0 24

Os 2.2 1.59 1.68 0.09 1 6

0.4.mcif CraNiO4 Ref. [292]

cluster Hexp Lhth Lhs 10 active CMP  dgr. of free-
dom

Cr 1.40 2.67 2.69 0.02 2 12

Ni 1.64 1.42 1.25 0.17 2 6

0.5.mcif CryS3 Ref. [293]

cluster Hexp [hth Ihs I active CMP  dgr. of free-
dom

Cr 1.19 2.64 2.66 0.02 2 3

Cr 1.19 2.63 2.65 0.01 2 3

Cr 1.19 2.64 2.66 0.02 6

0.6.mcif YMnOg3 Ref. [297]

cluster Hexp Lhth s I active CMP  dgr. of free-
dom

Mn 2.90 3.45 3.47 0.02 2 18

0.7.mcif ScMnOj; Ref. [297]

cluster Hexp Lhth Lhs 10 active CMP  dgr. of free-
dom

Mn 3.03 3.37 3.39 0.02 2 18

0.9.mcif GdBy Ref. [174]

cluster Hexp Lhth s 10 active CMP  dgr. of free-
dom

Gd 7.14 6.91 6.83 0.07 1 12



http://webbdcrista1.ehu.es/magndata/index.php?index=0.1
http://webbdcrista1.ehu.es/magndata/index.php?index=0.3
http://webbdcrista1.ehu.es/magndata/index.php?index=0.4
http://webbdcrista1.ehu.es/magndata/index.php?index=0.5
http://webbdcrista1.ehu.es/magndata/index.php?index=0.6
http://webbdcrista1.ehu.es/magndata/index.php?index=0.7
http://webbdcrista1.ehu.es/magndata/index.php?index=0.9
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0.10.mcif DyFeOgs Ref. [192]

cluster Hexp Lhth s I active CMP  dgr. of free-
dom

Dy 1.0 - — = —— — 0 24

Fe 1.04 - == - = - = 0 24

0.12.mcif Uz(AlsRu)4 Ref. [207]

cluster Hexp Lhth s I active CMP  dgr. of free-
dom

U 2.50 1.09 1.50 2.59 5 18

0.13.mcif CagMnCoOg Ref. [212]

cluster Hexp [hth s 0 active CMP  dgr. of free-
dom

Co 0.66 0.02 0.02 0.0 1 6

Mn 1.93 2.49 2.47 0.01 1 6

0.15.mcif MnFy Ref. [224]

cluster Hexp Lhth Lhs 10 active CMP  dgr. of free-
dom

Mn 4.6 4.53 4.53 0.00 1 6

0.16.mcif EuTiO3 Ref. [232]

cluster Hexp Lhth s W active CMP  dgr. of free-
dom

Eu 6.92 6.29 6.63 0.33 2 6

0.17.mcif FePOy4 Ref. [239]

cluster Lexp Lhth s W active CMP  dgr. of free-
dom

Fe 4.15 3.98 3.96 0.01 3 12

0O 0.0 0.13 0.13 0.00 0 12

O 0.0 0.12 0.12 0.0 0 12

0.18.mcif Ba(MnAs)s Ref. [244]

cluster Hexp Lhth s I active CMP  dgr. of free-
dom

Mn 3.88 3.63 3.61 0.01 1 6



http://webbdcrista1.ehu.es/magndata/index.php?index=0.10
http://webbdcrista1.ehu.es/magndata/index.php?index=0.12
http://webbdcrista1.ehu.es/magndata/index.php?index=0.13
http://webbdcrista1.ehu.es/magndata/index.php?index=0.15
http://webbdcrista1.ehu.es/magndata/index.php?index=0.16
http://webbdcrista1.ehu.es/magndata/index.php?index=0.17
http://webbdcrista1.ehu.es/magndata/index.php?index=0.18
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0.19.mcif TiMnOg Ref. [248]

cluster Hexp Lhth s I active CMP  dgr. of free-
dom

Mn 4.55 4.34 4.34 0.00 1 6

0.20.mcif MnTey Ref. [255]

cluster Hexp [hth s I active CMP  dgr. of free-
dom

Mn 4.27 4.07 4.03 0.03 1 12

0.21.mcif NiPbOs Ref. [258]

cluster Hexp [hth s I active CMP  dgr. of free-
dom

Ni 1.69 - — = - —— - —— 0 12

0.22.mcif DyBy Ref. [263]

cluster Hexp Lhth s I active CMP  dgr. of free-
dom

Dy 9.8 8.45 4.65 3.79 1 12

0.23.mcif CagMnyO7 Ref. [269]

cluster Hexp Lhth s I active CMP  dgr. of free-
dom

Mn 2.67 2.54 2.56 0.02 1 12

0.24.mcif LiMnPOy4 Ref. [276]

cluster Hexp Lhth s I active CMP  dgr. of free-
dom

Mn 3.9 4.49 4.49 0.0 2 12

0.25.mcif NaOsOs Ref. [277]

cluster Hexp Lhth Lhs 10 active CMP  dgr. of free-
dom

Os 1.0 0.87 0.93 0.06 2 12

0.26.mcif TmAgGe Ref. [27§]

cluster Hexp Lhth Lhs 10 active CMP  dgr. of free-
dom

Tm 6.44 - — = - — = - — = 0 24



http://webbdcrista1.ehu.es/magndata/index.php?index=0.19
http://webbdcrista1.ehu.es/magndata/index.php?index=0.20
http://webbdcrista1.ehu.es/magndata/index.php?index=0.21
http://webbdcrista1.ehu.es/magndata/index.php?index=0.22
http://webbdcrista1.ehu.es/magndata/index.php?index=0.23
http://webbdcrista1.ehu.es/magndata/index.php?index=0.24
http://webbdcrista1.ehu.es/magndata/index.php?index=0.25
http://webbdcrista1.ehu.es/magndata/index.php?index=0.26
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0.27.mcif Y(FeyGe)s Ref. [279]

cluster Hexp Lhth s I active CMP  dgr. of free-
dom

Fe 0.63 1.98 1.92 0.05 2 12

Fe 0.63 1.96 1.90 0.06 2 12

0.28.mcif LiFe(SiO3)s Ref. [280]

cluster Hexp Lhth s I active CMP  dgr. of free-
dom

Fe 4.67 4.07 4.05 0.01 3 12

0 0.0 0.15 0.15 0.0 0 12

0 0.0 0.14 0.14 0.0 0 12

0O 0.0 0.14 0.14 0.00 0 12

0 0.0 0.14 0.13 0.00 0 12

0.30.mcif YbMnOj; Ref. [283]

cluster Hexp Ihth s I active CMP  dgr. of free-
dom

Yhb 0.0 1.15 0.36 0.79 0 12

Mn 3.25 3.30 3.32 0.01 2 18

0.36.mcif NiFy Ref. [286]

cluster Hexp Lhth Lhs 10 active CMP  dgr. of free-
dom

Ni 2.00 1.76 1.57 0.18 2 6

0.37.mcif U3A128i3 Ref. [287]

cluster Hexp Lhth s L active CMP  dgr. of free-
dom

U 0.16 0.18 1.52 1.70 1 3

U 0.16 0.16 1.49 1.64 1 3

U 1.29 0.44 1.76 2.20 4 12

0.39.mcif NaNdsRuOg Ref. [288]

cluster Hexp Ihth s I active CMP  dgr. of free-
dom

Nd 2.24 0.82 2.75 3.51 3 12

Ru 1.61 1.53 1.46 0.07 2 6



http://webbdcrista1.ehu.es/magndata/index.php?index=0.27
http://webbdcrista1.ehu.es/magndata/index.php?index=0.28
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0.43.mcif HoMnOj3 Ref. [285]

cluster Hexp Lhth s I active CMP  dgr. of free-
dom

Ho 4.17 9.35 3.73 5.62 1 6

Ho 1.31 9.32 3.75 5.57 1 12

Mn 3.31 3.47 3.49 0.02 2 18

0.45.mcif LagNiOy4 Ref. [291]

cluster Hexp Lth s I active CMP  dgr. of free-
dom

Ni 1.68 1.28 1.15 0.12 2 12

0.50.mcif TiMnOg3 Ref. [294]

cluster Hexp Lhth Lhs 10 active CMP  dgr. of free-
dom

Mn 3.9 4.34 4.34 0.00 1 6

0.56.mcif BasCoGeyO7 Ref. [295]

cluster Hexp Lhth Lhs 10 active CMP  dgr. of free-
dom

Co 2.89 2.74 2.52 0.21 2 6

0.58.mcif Al,CoOy4 Ref. [296]

cluster Hexp Lhth s W active CMP  dgr. of free-
dom

Co 1.9 2.68 2.50 0.18 1 6

0.64.mcif MnV,04 Ref. [298]

cluster Lexp Lhth s W active CMP  dgr. of free-
dom

Mn 4.2 4.21 4.20 0.00 1 6

A% 1.29 1.63 1.67 0.04 3 12

0.66.mcif FeyO3 Ref. [299]

cluster Hexp [hth s I active CMP  dgr. of free-
dom

Fe 4.22 3.58 3.56 0.02 2 12



http://webbdcrista1.ehu.es/magndata/index.php?index=0.43
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0.72.mcif CaMnBis Ref. [300]

cluster Hexp Lhth s I active CMP  dgr. of free-
dom

Mn 3.73 3.95 3.86 0.09 1 6

0.73.mcif SrMnBiy Ref. [300]

cluster Hexp [hth s I active CMP  dgr. of free-
dom

Mn 3.75 4.01 3.91 0.09 1 6

0.74.mcif MngCuN Ref. [301]

cluster Hexp [hth s I active CMP  dgr. of free-
dom

Mn 2.47 2.91 2.90 0.01 - —— - ——

0.76.mcif CryTeOg Ref. [302]

cluster Hexp Lhth s I active CMP  dgr. of free-
dom

Cr 2.45 2.64 2.68 0.03 1 12

0.77.mcif TbngQ 07 Ref. [304]

cluster Hexp Lhth s I active CMP  dgr. of free-
dom

Tb - — = - — = - = - — = 7 12

0.78.mcif Ni(NOg)g Ref. [303}

cluster Hexp Lhth s I active CMP  dgr. of free-
dom

Ni 1.33 - - - 0 24

Ni 1.33 - - — 0 24

0.79.mcif CalrOs Ref. [305]

cluster Hexp Lhth s I active CMP  dgr. of free-
dom

Ir - — = - —— - —— - —— 1 6

0.80.mcif UsInPdy Ref. [306]

cluster Hexp Lhth s W active CMP  dgr. of free-
dom

U 1.40 1.10 1.60 2.70 1 12



http://webbdcrista1.ehu.es/magndata/index.php?index=0.72
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0.81.mcif UsSnPdy Ref. [306]

cluster Hexp Lhth s I active CMP  dgr. of free-
dom

U 1.89 1.06 1.66 2.73 1 12

0.83.mcif LiFeP5,O7 Ref. [239]

cluster Hexp [hth s I active CMP  dgr. of free-
dom

Fe 4.62 4.09 4.07 0.01 2 6

0 0.0 0.10 0.10 0.00 0 6

0.88.mcif LiNiPOy Ref. [307]

cluster Hexp [hth s 0 active CMP  dgr. of free-
dom

Ni 2.22 1.72 1.53 0.19 2 12

0.89.mcif Ba(MnBi)s Ref. [308]

cluster Hexp Lhth s I active CMP  dgr. of free-
dom

Mn 3.83 3.97 3.88 0.09 1 6

0.95.mcif LiFePOy Ref. [239]

cluster Hexp Lhth Lhs 10 active CMP  dgr. of free-
dom

Fe 4.19 3.72 3.55 0.17 1 12

0.96.mcif CoSOy4 Ref. [309]

cluster Hexp Lhth s 10 active CMP  dgr. of free-
dom

Co 3.21 2.82 2.59 0.23 3 12

0.97.mcif Fe(SbO2)y Ref. [310]

cluster Hexp Lhth s I active CMP  dgr. of free-
dom

Fe 3.68 3.70 3.55 0.14 3 12

0.101.mcif MnyGeOy Ref. [193]

cluster Hexp Lhth s W active CMP  dgr. of free-
dom

Mn 3.02 4.43 4.43 0.0 2 12

Mn 4.5 4.44 4.44 0.0 1 12



http://webbdcrista1.ehu.es/magndata/index.php?index=0.81
http://webbdcrista1.ehu.es/magndata/index.php?index=0.83
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http://webbdcrista1.ehu.es/magndata/index.php?index=0.101
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0.105.mcif ErVO;s Ref. [194]

cluster Hexp [hth s 1 active CMP  dgr. of free-
dom

Er 8.2 6.89 2.41 4.47 1 12

A% 1.47 0.07 0.08 0.03 2 12

0.106.mcif DyVOs3 Ref. [194]

cluster Hexp Lhth s I active CMP  dgr. of free-
dom

Dy 7.76 8.43 4.65 3.77 2 12

Vv 1.45 1.68 1.70 0.03 2 12

0.107.mcif HoyGeyO7 Ref. [195]

cluster Hexp Lhth s 10 active CMP  dgr. of free-
dom

Ho 9.05 9.12 3.75 5.38 3 24

0.109.mcif MnzPt Ref. [196]

cluster Hexp Lhth s W active CMP  dgr. of free-
dom

Mn 2.93 3.12 3.09 0.02 3 9

0.110.mcif CroO3 Ref. [197]

cluster Lexp Lhth s W active CMP  dgr. of free-
dom

Cr - — = - —— - — - —— 1 12

0.111.mcif NboCosOg Ref. [198]

cluster Hexp [hth s 1 active CMP  dgr. of free-
dom

Co 3.0 2.62 2.43 0.19 1 12

Co 3.0 2.77 2.38 0.38 1 12

0.112.mcif FeBOj3 Ref. [199]

cluster Hexp [hth s I active CMP  dgr. of free-
dom

Fe 4.7 3.91 3.89 0.02 1 6
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0.113.mcif NiCOj Ref. [200]

cluster Hexp Lhth s I active CMP  dgr. of free-
dom

Ni - — = - — = - — —— 1 6

0.114.mcif CoCOj3 Ref. [20]]

cluster Hexp [hth s I active CMP  dgr. of free-
dom

Co - == - — = - = - = 1 6

0.115.mcif MnCOs Ref. [202]

cluster Hexp Ihth s I active CMP  dgr. of free-
dom

Mn - — = - —— - — - = 1 6

0.116.mcif FeCOj3 Ref. [203]

cluster Hexp Lhth s I active CMP  dgr. of free-
dom

Fe - — = - — = - — - = 1 6

0.117 .mcif LuFeO3 Ref. [204]

cluster Hexp Lhth s 7 active CMP  dgr. of free-
dom

Fe 2.90 3.64 3.61 0.05 2 18

0 0.0 0.12 0.12 0.00 0 18

0.118.mcif BasCo5ClOq3 Ref. [205]

cluster Hexp Lhth s 10 active CMP  dgr. of free-
dom

Co 0.61 0.69 0.63 0.05 1 12

Co 2.21 2.67 2.59 0.08 1 12

Co 0.35 0.23 0.19 0.04 1 6

0 0.0 0.26 0.26 0.00 0 36

0.119.mcif CoSesO5 Ref. [206]

cluster Hexp Lhth s I active CMP  dgr. of free-
dom

Co 3.20 2.82 2.55 0.27 2 12
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0.121 .mcif LigCO(SO4)2 Ref. [208}

cluster Hexp Lhth s I active CMP  dgr. of free-
dom

Co 3.33 2.90 2.62 0.28 3 6

0.122.mcif LisMn(SOy4)2 Ref. [208]

cluster Hexp [hth s I active CMP  dgr. of free-
dom

Mn 4.58 4.52 4.52 0.0 3 6

0.125.mcif MnGeOj3 Ref. [209]

cluster Hexp [hth s I active CMP  dgr. of free-
dom

Ge 0.0 0.10 0.10 0.00 0 6

Mn 4.6 3.65 3.66 0.00 1 6

0.126.mcif NpCos Ref. [210]

cluster Hexp Lhth s I active CMP  dgr. of free-
dom

Np 0.5 0.04 1.35 1.31 1 6

0.128.mcif FeSO4F Ref. [211]

cluster Hexp Lhth Lhs 10 active CMP  dgr. of free-
dom

Fe 4.32 4.06 4.04 0.01 1 6

0.130.mcif Cu3M02 09 Ref. [213]

cluster Hexp Lhth s 10 active CMP  dgr. of free-
dom

Cu 0.08 - —— - — - — = 2 12

Cu 0.62 0.62 0.52 0.09 2 12

Cu 0.62 0.55 0.51 0.03 2 12

O 0.0 0.22 0.22 0.00 0 12

0.131.mcif Mn(C3N3)s Ref. [214]

cluster Hexp Lhth s I active CMP  dgr. of free-
dom

Mn 5.01 4.41 4.42 0.00 1 6
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0.132.mcif FG(CQNg)Q Ref. [214]

cluster Hexp Lhth s I active CMP  dgr. of free-
dom

Fe 4.11 3.73 3.51 0.22 2 6

0.133.mcif Ni3B7C1013 Ref. [215]

cluster Hexp [hth s I active CMP  dgr. of free-
dom

Ni 1.65 1.79 1.56 0.23 1 12

Ni 0.79 1.70 1.47 0.23 1 12

Ni 0.79 0.16 0.11 0.07 1 12

0.137.mcif Vgcu207 Ref. [216]

cluster Hexp Lhth Lhs 10 active CMP  dgr. of free-
dom

Cu 0.93 0.54 0.48 0.06 2 12

0.138.mcif CrBiOgs Ref. [217]

cluster Hexp Lhth Lhs 10 active CMP  dgr. of free-
dom

Cr 2.04 2.63 2.67 0.04 1 6

Cr 2.04 2.64 2.68 0.04 1 6

0.140.mcif Lu(FeyGe)s Ref. [218]

cluster Hexp [hth s ] active CMP  dgr. of free-
dom

Fe 0.44 1.93 1.86 0.06 2 12

Fe 0.44 1.79 1.73 0.05 2 12

0.141.mcif ThGey Ref. [219]

cluster Hexp Lhth s 7 active CMP  dgr. of free-
dom

Tb 7.55 7.73 5.74 1.99 1 6

Tb 9.45 7.73 5.81 1.92 1 6

0.142.mcif FepsTeOg Ref. [220]

cluster Hexp Lhth Lhs L active CMP  dgr. of free-
dom

Fe 4.19 3.82 3.79 0.02 1 12



http://webbdcrista1.ehu.es/magndata/index.php?index=0.132
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http://webbdcrista1.ehu.es/magndata/index.php?index=0.138
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0.143.mcif CroTeOg Ref. [220]

cluster Hexp Lhth s I active CMP  dgr. of free-
dom

Cr 2.45 2.64 2.68 0.03 1 12

0.146.mcif EuZrOs Ref. [221]

cluster Hexp [hth s I active CMP  dgr. of free-
dom

Eu 7.3 6.67 6.75 0.08 2 12

0.148.mcif LiLasRuOg Ref. [222]

cluster Hexp [hth s I active CMP  dgr. of free-
dom

Ru 2.20 1.82 1.84 0.01 2 6

O 0.0 0.12 0.11 0.00 0 12

O 0.0 0.11 0.11 0.00 0 12

0 0.0 0.10 0.10 0.00 0 12

0.149.mcif Nd3 (AlgRu)4 Ref. [223]

cluster Lexp Lhth s W active CMP  dgr. of free-
dom

Nd 2.09 0.19 3.22 3.41 2 18

Ru 0.0 0.13 0.11 0.01 0 18

0.150.mcif NiSy Ref. [225]

cluster Hexp Ihth s I active CMP  dgr. of free-
dom

Ni 0.98 0.47 0.44 0.03 1 12

0.154.mcif EryRupO7 Ref. [226]

cluster Hexp Lhth s 7 active CMP  dgr. of free-
dom

Er 4.5 7.56 2.66 4.89 - — = - — =

Ru 2.0 1.36 1.23 0.12 - — = - — =

0.155.mcif CaMn(GeOs)s Ref. [228]

cluster Hexp Lhth Lhs L active CMP  dgr. of free-
dom

Mn 4.18 4.43 4.43 0.0 - — = - — =
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0.157.mcif YbaSnyO7 Ref. [229]

cluster Hexp Lhth s I active CMP  dgr. of free-
dom

0O 0.0 0.09 0.12 0.02 0 6

Yhb 1.04 1.54 0.53 1.01 2 12

0.158.mcif YbQTiQO7 Ref. [230}

cluster Hexp Lhth s I active CMP  dgr. of free-
dom

Yhb 0.89 1.54 0.53 1.00 2 12

0.159.mcif DyCoOs3 Ref. [231]

cluster Hexp [hth s 0 active CMP  dgr. of free-
dom

Dy 9.08 8.83 4.73 4.12 2 12

0.160.mcif ThCoO3 Ref. [231]

cluster Hexp Lhth s I active CMP  dgr. of free-
dom

Th 8.26 7.69 5.74 1.95 12

Co 0.0 0.15 0.14 0.00 12

0.163.mcif MnPS; Ref. [233]

cluster Hexp Lhth s W active CMP  dgr. of free-
dom

Mn 4.43 4.25 4.25 0.00 2 6

0.164.mcif YoMnCoOg Ref. [234]

cluster Lexp Lhth s W active CMP  dgr. of free-
dom

Mn - - - — - 3 6

Co - == - — = - = - — = 3 6

0.165.mcif StMnVHOs5 Ref. [235]

cluster Hexp [hth s I active CMP  dgr. of free-
dom

Mn 3.31 4.34 4.34 0.00 3 6

Mn 3.31 4.34 4.34 0.00 3 6
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0.167.mcif ngMgQSb3014 Ref. [236]

cluster Hexp Lhth s I active CMP  dgr. of free-
dom

Nd 1.78 0.73 2.96 3.69 4 9

0.168.mcif FeaHyNFg Ref. [237]

cluster Hexp [hth s I active CMP  dgr. of free-
dom

Fe 4.12 3.93 3.81 0.12 3 12

Fe 3.12 4.09 3.92 0.16 1 12

0.169.mcif UsAsy Ref. [238]

cluster Hexp [hth s 0 active CMP  dgr. of free-
dom

U 1.90 0.66 1.69 2.36 6 18

0.170.mcif U3P4 Ref. [238]

cluster Hexp Lhth s I active CMP  dgr. of free-
dom

U 1.47 0.43 1.61 2.04 6 18

0.171.mcif DyScOs Ref. [240]

cluster Hexp Lhth Lhs 10 active CMP  dgr. of free-
dom

Dy 9.46 8.88 4.77 4.12 2 12

0.173.mcif Pr3(AlsRu)s Ref. [241]

cluster Hexp Lhth s 10 active CMP  dgr. of free-
dom

Pr - - - - 2 18

0.177.mcif Mn3zGaN Ref. [242]

cluster Hexp Lhth s I active CMP  dgr. of free-
dom

Mn 1.17 2.59 2.57 0.01 3 9

0.178.mcif CoF, Ref. [243]

cluster Hexp Lhth s W active CMP  dgr. of free-
dom

Co 2.6 2.91 2.62 0.29 1 6
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0.180.mcif MnPSes Ref. [245]

cluster Hexp [hth s I active CMP  dgr. of free-
dom

Mn 4.74 4.22 4.20 0.01 1 6

0.187.mcif CeMnAsO Ref. [246]

cluster Hexp [hth s I active CMP  dgr. of free-
dom

Ce 0.7 0.41 0.60 1.01 1 6

Mn 3.3 3.53 3.48 0.05 1 6

0.189.mcif CeMny(GeOs)s Ref. [247]

cluster Hexp [hth s 0 active CMP  dgr. of free-
dom

Mn 4.61 4.41 4.41 0.00 2 12

0.191.mcif BaCuF, Ref. [249]

cluster Hexp Lhth s I active CMP  dgr. of free-
dom

Cu 0.83 - — = - —— - —— 0 6

0.192.mcif RbFesFg Ref. [250]

cluster Hexp Lhth Lhs 10 active CMP  dgr. of free-
dom

Fe 3.99 4.06 3.93 0.12 1 12

Fe 4.29 3.93 3.84 0.10 3 12

0.193.mcif LiCoPOy Ref. [251]

cluster Lexp Lhth s W active CMP  dgr. of free-
dom

Co - — = - —— - —— - —— 1 12

0.194.mcif U(SiPt), Ref. [252]

cluster Hexp [hth s I active CMP  dgr. of free-
dom

U 1.67 0.86 1.66 2.52 1 6

0.198.mcif GAVO, Ref. [253]

cluster Hexp Ihth s I active CMP  dgr. of free-
dom

Gd 7.0 6.87 6.83 0.03 1 6
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http://webbdcrista1.ehu.es/magndata/index.php?index=0.192
http://webbdcrista1.ehu.es/magndata/index.php?index=0.193
http://webbdcrista1.ehu.es/magndata/index.php?index=0.194
http://webbdcrista1.ehu.es/magndata/index.php?index=0.198
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0.199.mcif MnsSn Ref. [254]

cluster Hexp [hth s I active CMP  dgr. of free-
dom

Mn 2.99 3.18 3.15 0.03 3 18

0.203.mcif Mn3Ge Ref. [256]

cluster Hexp Ihth s I active CMP  dgr. of free-
dom

Mn 2.99 2.74 2.71 0.02 - — = - — =

0.204.mcif CagMnReOg Ref. [257]

cluster Hexp Ihth s I active CMP  dgr. of free-
dom

Mn 4.33 4.17 4.14 0.05 3 6

Re 0.21 0.20 0.46 0.25 2 6

0.211.mcif CapMnOy4 Ref. [259]

cluster Hexp Lhth Lhs 10 active CMP  dgr. of free-
dom

Mn 2.4 2.54 2.56 0.02 1 12

0.212.mcif SroMn3z(AsO)s Ref. [260]

cluster Hexp Lhth s 10 active CMP  dgr. of free-
dom

Mn 3.4 3.55 3.53 0.01 1 6

0.215.mcif BaNiy(POy4)s Ref. [261]

cluster Hexp Lhth s W active CMP  dgr. of free-
dom

Ni 2.00 1.72 1.55 0.17 2 6

0.219.mcif CoySi04 Ref. [262]

cluster Hexp Lhth s W active CMP  dgr. of free-
dom

Co 3.87 2.59 2.40 0.18 3 12

Co 3.35 2.76 2.54 0.22 1 12

0O 0.0 0.12 0.12 0.0 0 12



http://webbdcrista1.ehu.es/magndata/index.php?index=0.199
http://webbdcrista1.ehu.es/magndata/index.php?index=0.203
http://webbdcrista1.ehu.es/magndata/index.php?index=0.204
http://webbdcrista1.ehu.es/magndata/index.php?index=0.211
http://webbdcrista1.ehu.es/magndata/index.php?index=0.212
http://webbdcrista1.ehu.es/magndata/index.php?index=0.215
http://webbdcrista1.ehu.es/magndata/index.php?index=0.219
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0.220.mcif MnsSiO4 Ref. [264]

cluster Hexp Lhth s I active CMP  dgr. of free-
dom

Mn 3.84 4.44 4.44 0.0 3 12

Mn 4.67 4.45 4.45 0.0 2 12

0.221.mcif FesSiOy4 Ref. [265]

cluster Hexp Lhth s I active CMP  dgr. of free-
dom

Fe 4.44 3.57 3.46 0.11 3 12

Fe 4.4 3.73 3.59 0.14 1 12

0 0.0 0.10 0.10 0.0 0 12

0.222.mcif MnCuAs Ref. [266]

cluster Hexp Lhth s W active CMP  dgr. of free-
dom

Mn 3.6 3.68 3.67 0.01 1 6

0.228.mcif ThCo, Ref. [267]

cluster Lexp Lhth s W active CMP  dgr. of free-
dom

Co 1.19 1.28 1.16 0.12 1 9

Co 1.3 1.28 1.11 0.17 1 3

Tb 8.3 7.10 5.61 1.49 1 6

0.229.mcif BasMnSisO7 Ref. [268]

cluster Hexp Lhth s I active CMP  dgr. of free-
dom

Mn 4.1 4.39 4.39 0.0 1 6

0.230.mcif K3CoP207 Ref. [270]

cluster Hexp Lhth Lhs 10 active CMP  dgr. of free-
dom

Co 3.03 2.77 2.55 0.21 1 12



http://webbdcrista1.ehu.es/magndata/index.php?index=0.220
http://webbdcrista1.ehu.es/magndata/index.php?index=0.221
http://webbdcrista1.ehu.es/magndata/index.php?index=0.222
http://webbdcrista1.ehu.es/magndata/index.php?index=0.228
http://webbdcrista1.ehu.es/magndata/index.php?index=0.229
http://webbdcrista1.ehu.es/magndata/index.php?index=0.230
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0.235.mcif PrMnySbOg Ref. [271]

cluster Hexp [hth s I active CMP  dgr. of free-
dom

Pr 2.2 1.63 1.93 3.56 1 12

Mn 5.1 4.43 4.43 0.0 1 6

Mn 5.1 4.44 4.44 0.00 1 6

Mn 5.1 4.41 4.40 0.00 1 12

0.236.mcif Ca(AlyFe), Ref. [272]

cluster Hexp Lhth s 10 active CMP  dgr. of free-
dom

Fe 0.71 3.26 3.11 0.15 2 12

0.237.mcif ErsSnyO7 Ref. [273]

cluster Hexp Lhth s W active CMP  dgr. of free-
dom

Er 4.38 7.87 2.72 5.14 1 12

0.238.mcif Er,Pt,07 Ref. [274]

cluster Lexp Lhth s W active CMP  dgr. of free-
dom

Er 4.80 7.73 2.70 5.03 1 12

0.239.mcif LiCagRuOg Ref. [275]

cluster Hexp [hth s 1 active CMP  dgr. of free-
dom

0O 0.0 0.10 0.1 0.00 0 24

Ru 2.8 1.78 1.80 0.02 1 6

0.290.mcif CeCuy Ref. [281]

cluster Hexp Lhth s 7 active CMP  dgr. of free-
dom

Ce 0.33 0.04 0.31 0.36 1 6

0.318.mcif TmoMnCoOg Ref. [284]

cluster Hexp Lhth s I active CMP  dgr. of free-
dom

Tm 2.17 5.03 1.62 3.40 3 12

Mn 2.82 3.35 3.38 0.03 2 6

Co 2.82 0.14 0.11 0.04 2 6



http://webbdcrista1.ehu.es/magndata/index.php?index=0.235
http://webbdcrista1.ehu.es/magndata/index.php?index=0.236
http://webbdcrista1.ehu.es/magndata/index.php?index=0.237
http://webbdcrista1.ehu.es/magndata/index.php?index=0.238
http://webbdcrista1.ehu.es/magndata/index.php?index=0.239
http://webbdcrista1.ehu.es/magndata/index.php?index=0.290
http://webbdcrista1.ehu.es/magndata/index.php?index=0.318

APPENDIX C. EXPERIMENTAL DATA 143

0.408.mcif PrSi Ref. [289]

cluster Hexp Lhth s I active CMP  dgr. of free-
dom

Pr 2.80 0.11 2.23 2.15 2 12

0.409.mcif TmNi Ref. [290]

cluster Hexp [hth s I active CMP  dgr. of free-
dom

Tm 5.89 4.35 1.35 2.99 2 12



http://webbdcrista1.ehu.es/magndata/index.php?index=0.408
http://webbdcrista1.ehu.es/magndata/index.php?index=0.409
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