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Abstract

In recent years, a large amount of four-dimensional event data have been obtainable
in neutron inelastic scattering experiments conducted by chopper spectrometers at Japan
Proton Accelerator Research Complex (J-PARC). As preprocessing, researchers make his-
tograms from obtained event data. At present, the researchers only empirically select bin
widths and slice conditions to obtain a two-dimensional histogram, while checking the
histogram in a visual approach. The arbitrariness of the process and human cost are signif-
icant problems. It is also an essential task to establish an automatic termination strategy
of inelastic neutron-scattering measurement to prevent redundancy of the measurement.
There is no criterion to assess whether the obtained data is sufficient in event number. By
using large-scale data, we can extract the fine features of the measurement target. How-
ever, it is not necessary to extract information beyond the resolution of the measurement
equipment. In this thesis, we propose methods to resolve these issues.

First, we propose a method that can automatically make a multidimensional his-
togram from event data. The optimization criterion is based on a cost function representing
the tradeoff between the reduction of stochastic fluctuation and extraction of the struc-
ture that the data have. In this thesis, we use artificial data to investigate the behavior
of our method. The artificial four-dimensional event data were produced, assuming neu-
tron inelastic scattering due to phonons. We applied the proposed method to both sliced
two-dimensional event data and the whole four-dimensional event data. Comparing their
results, we have found that the optimized bin widths strongly depends on the dimension-
ality of the data. Moreover, the optimal bin widths are affected by the number of events
and the magnitude of the white background noise.

Second, we propose a method to compute the termination criteria and determine
whether to continue or terminate the experiment in real time. In the proposed method,
researchers compute the optimal bin widths of a histogram for the obtained data. Regard-
ing the termination criterion, the experiment is terminated when the optimal bin widths
become smaller than the target resolutions. Since the optimal bin-width calculation can
be performed in parallel to the experiment, it is effective as a real-time stopping arrange-
ment. In numerical experiments, we dealt with real inelastic neutron-scattering data of
a typical size. As a result of the numerical experiments, the optimal bin widths decrease
as the number of events increases. Even the optimal bin widths for data downsampled to
1/5 are comparable with the resolutions limited by the sample size, choppers, and so on.
This implies excessive measurement of the inelastic neutron experiments for the moment.
Moreover, we show that Bayesian optimization (BO) is useful in searching for the optimal
bin widths.

Third, we propose a method for efficient terminating strategy while measuring
event data in real time. In general, the computational cost of bin widths optimization
grows exponentially with the number of the dimension of the data. Therefore, it is urgent
task to reduce the computational cost of the bin widths optimization. We proposed a
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method using the prior distribution of BO computed from the information about the cost
function obtained in the past. We perform numerical experiments using inelastic neutron-
scattering experiment data. As a result of numerical experiments, the proposed method
greatly improves the search efficiency of the optimal bin widths. Moreover, it is robust for
a hyper parameter.
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Chapter 1

Introduction

1.1 Background

1.1.1 Data-intensive science

Jim Gray proposed a fourth paradigm, data-intensive science. [3] This is a scientific
framework based on “big data” [4, 5, 6] and advanced computational analysis technology.
Currently, infrastructures are being actively developed to efficiently apply machine learning
to big data.[7, 8, 9] In this section, we introduce the current state of data-intensive science
and its challenges. The definition of four paradigms are as follows.

• 1st paradigm: experimental science

This paradigm empirically describes natural phenomena without advanced mathematics
and computer.

• 2nd paradigm: theoretical science

Researchers analyze the observed data and reveal the laws behind it. The laws are mainly
written in the form of differential equations. Newton’s laws of motion, Maxwell’s equations
and Schrodinger’s equation are well known. Then, for many problems, the theoretical
models grew too complicated to solve analytically, and researchers had to start simulation.
This leads to the third paradigm.

• 3rd paradigm: computational science

Researchers use computers to numerically solve nonlinear equations that cannot be solved
analytically The simulation facilitated the analysis of many-body problems. Moreover,
these simulations are generating a whole lot of data, along with a huge increase in data
from the experimental sciences.

• 4th paradigm: data-intensive science

The fourth paradigm unifies the first to the third paradigms. The world of science has
changed. Data-intensive science consists of three basic activities: capture, curation, and
analysis. The new model is optimized by using the data to be captured by instruments
or generated by simulations. The resulting information and knowledge are to be stored in
computers.
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1.1. Background Chapter 1. Introduction

Preprocessing and data integration are significant for the data to make it easier
to analyze and to reduce the volume. Scientists only get to look at their data fairly late
in this pipeline. The techniques and technologies for such data-intensive science are so
different that it is worth distinguishing data-intensive science from computational science.
Experimental and theoretical sciences have also been data-centric. However, data-intensive
science is based on “big data” and more sophisticated analysis. Various elemental technolo-
gies; data collection, organization, storage, analysis and visualization, are needed to realize
data-intensive science. Therefore, there is an urgent task to develop and integrate these
methods. There are several efforts to integrate the science of each discipline with data-
intensive science. Materials informatics (MI) is known as a field of study that applies the
principles of informatics to materials science and engineering to improve the understand-
ing, use, selection, development, and discovery of materials. In 2011, the Materials Genome
Initiative was launched in the United States. [10, 11] It was the start of the research trend
on MI all over the world. Big data generated by simulation are analyzed for material de-
velopment. The organization of these data is an important issue, and several universities
and national institutes are building material databases. In recent years, the construction
of a real-time data analysis platform has been focused on in inelastic neutron-scattering
experiments. We aim to build data-intensive methods for inelastic neutron-scattering ex-
periments in this thesis.

1.1.2 Motivation

In recent years, improvements in simulation and measurement technology have led
to the generation of “big data” in various fields. Researchers organize these data to reduce
noise and data volume. Currently, most of the preprocessing are conducted empirically by
experts. There are the problems of arbitrariness of the process and human cost. Therefore,
it is necessary to develop algorithms to automate these processes.

There are many experiments to acquire event data such as neutron scattering ex-
periments, radiation measurements, and spike measurements in neuroscience. We focus on
inelastic neutron scattering experiments in this thesis. Researcher investigate the the dy-
namical structure of materials by using inelastic neutron-scattering experiments. [12]. In
recent years, numerous event data have been obtained in inelastic neutron-scattering ex-
periments using high-power accelerator-based neutron sources such as those of ISIS, SNS,
J-PARC, and CSNS. A time-of-flight neutron spectrometer designed for inelastic scattering
measurements such as MAPS [13], MERLIN [14], HYSPEC [15], ARCS [16], 4SEASONS
[17], AMATERAS [18], and HRC [19] produces a large-scale event data. Researchers ob-
tain event data mapped on the four-dimensional (4D) space of transferred energy (E) and
momentum (q). When the measurements are independent, the process of observation of
the events can be modeled as the Poisson distribution. The data are observed with stochas-
tic fluctuations. At present, researchers create histograms to reduce the fluctuations and
analyze them [20]. If the bin widths are set to be wider, stochastic fluctuation of the event
data can be reduced by smoothing; however, the structure of the data should be lost.12,
13) Thus, selecting the best bin widths can be considered as an optimization of this trade-
off. Currently, researchers empirically select bin widths in a visual approach. Here, the
problem is that the widths are chosen for 2D datasliced from 4D data. When cutting a
2D slice, researchers arbitrarily select the slice widthsand position. These arbitrary pro-
cesses should affect the result of selecting bin widths. The arbitrariness of preprocessing
and human costs of trial and error are current problems. Therefore, we propose a method
for optimizing the bin widths of histograms for multidimensional event data. Bin widths
optimization is formulated as a minimization problem of a cost function in the proposed
method.
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Chapter 1. Introduction 1.1. Background

A practical application of the proposed method is to determine whether to ter-
minate or to continue the experiment. By using a larger amount of data, researchers can
extract more detailed features of the target materials. However, it is not necessary to ex-
tract information beyond the resolution of the measurement system. At present, there is
no criterion to assess whether the obtained data is sufficient in event number, and the mea-
surement usually becomes redundant. We propose a method to compute the termination
criteria and determine whether to terminate or continue the experiment in real time. In
the proposed method, researchers compute the optimal bin widths of a histogram for the
obtained data and terminate the experiment when the optimal bin widths become smaller
than the expected resolutions. Here, it is known that the optimal bin widths decrease as
the number of events increases.[21, 22] Since the proposed method can be executed in
parallel with the experiment, it is helpful for real-time termination decision. Moreover, we
conducted numerical experiments using a set of real experimental data and showed that
Bayesian optimization (BO)[23, 24] is efficient for searching in the optimal bin widths.
Bayesian optimization is known as a method for solving optimization problems for an ob-
jective function. Gaussian process (GP)[25] is often used in Bayesian optimization. GP is
known as a method for calculating a predictive distribution with input data. For further
efficiency, we aim to utilize the information of the cost function computed in the past.
We propose a method using the prior distribution of BO computed from the information
of the cost function obtained in the past. Regarding the proposed method, we focus on
extrapolation of the cost function in the direction of the number of the events. By extrap-
olating the cost function, we can estimate the cost function when the number of the events
increases. We introduce a prior distribution computed by the extrapolated cost function.
This prior distribution contains the information of the cost function obtained in the past.
In the proposed method, we apply BO to the joint distribution of the prior distribution
and the predictive distribution about the cost function with increased data.

1.1.3 Inelastic neutron-scattering experiments

The neutrons have no electric charge, but have a significant magnetic moment.
Neutron scattering is caused by the interaction between magnetic moment of electrons or
the nuclear force of the atoms. Neutrons have a high transmission rate, and are suitable
for identifying the location and structure of light elements such as hydrogen and lithium.
We can measure the atomic configuration and dynamics inside a solid simultaneously by
using inelastic neutron-scattering experiments. This is applied for elucidating the structure
of superconductivity.[26, 27, 28]．We show the outline of the inelastic neutron-scattering
experiments below, and the process of the experiment in Fig. 1.2 and Fig. 1.3

The neutron beam is monochromatized by a Fermi chopper [29] and injected into
a solid sample. Let the momentum of an incident neutron as !ki and, the energy of an
incident neutron as Ei =

!2|ki|2
2mN

. Here, k, mN , and ! represents the wavenumber, the mass
of the neutron, and the conversion Planck’s constant, respectively. Let the momentum of
an scattered neutron as !kf and, the energy of an scattered neutron as Ef = !2|ki|2

2mN
. We

can calculate the change of momentum and energy before and after the scattering as ∆Q
and ∆E. We consider that the incident neutrons are scattered by the nuclei in the solid.
Let the momentum of an scattered neutron as !kf and, the energy of an scattered neutron
as Ef = !2|ki|2

2mN
. Then, we can calculate the change of momentum and energy before and

after the scattering as ∆Q and ∆E as follows.

∆Q = !(ki − kf +G)

∆E = Ei − Ef (1.1)
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1.1. Background Chapter 1. Introduction

Figure 1.1: A schematic view of 4SEASONS.[1]

Here, G represents the reciprocal lattice vector. In J-PARC, researchers obtain large
amount of event data (∆E,∆Q) mapped on 4D space. We describe the way to calcu-
late the wavenumber vectors ki，kf . From De Broglie’s equation, we obtain

k =
mv

! . (1.2)

Here, we define m, v, and k as mass, velocity, and wavenumber vector of a matter, re-
spectively. We can calculate wavenumber vector k from the velocity of the neutron v by
using Eq. (1.2), Regarding time-of-flight method, researchers measure scattering angles
and flighting time to calculate the velocity of the neutron.[30, 31] In previous devices,
researchers had to set the location of the detectors for trials. On the other hand, 4SEA-
SONS (Fig. 1.1) has detectors arranged in a spherical shape, and can detect a wide range
of scattering angles. In addition, 4SEASONS has succeeded in utilizing multiple incident
energies Ei during a single measurement [32, 17]. Therefore, the experimenter can perform
measurement with a wider range of momentum space more efficiently than before. The
experimenter can detect neutrons up to 300 meV with medium resolution. Since we can
perform experiments with high efficiency with 4SEASONS, there are a large amount of
inelastic neutron scattering data in J-PARC. However, researchers empirically select bin
widths in a visual approach and make a histogram. It is an urgent task to develop a method
for optimizing the bin widths for multidimensional event data. In addition, the redundancy
of measurements is also a critical issue.

1.1.4 Time-of-flight method

The principle of time-of-flight (TOF) method [33, 34] of a pulsed neutron source is
shown in Fig. 1.3. Neutrons fly a certain distance and are selected to be irradiated onto a
sample at a speed suitable for the opening interval of a monochromatic chopper. Scattered
neutrons are detected by detectors surrounding the sample. Opening of the chopper timing
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dynamics
�����

ℏ"! ,	%! ℏ"" ,	%"

neutron

Figure 1.2: The process of inelastic neutron-scattering experiments. Let the momentum
of an incident neutron as !ki and, the energy of an incident neutron as Ei =

!2|ki|2
2mN

. Let
the momentum of an scattered neutron as !kf and, the energy of an scattered neutron
as Ef = !2|ki|2

2mN
. Here, k, mN , and ! represents the wavenumber, the mass of the neutron,

and reduced Planck constant, respectively. We can calculate the change of momentum and
energy before and after the scattering as ∆Q and ∆E in Eq. (1.1).

The energy and momentum transitions can be computed from the total flight time, since the
distance of each flight is known. Specifically, the magnitude and energy of the wavenumber
vectors can be calculated as follows

ki =
m

!
L1 − L3

tchm
, (1.3)

kf =
m

!
L2

td − ts
, (1.4)

Ei =
1

2
m

(
L1 − L3

tchm

)
, (1.5)

Ef =
1

2
m

(
L2

td − ts

)
. (1.6)

Thus energy transition !ω is writtens as

!ω = Ei − Ef . (1.7)

Here, mN is the mass of the neutron, L1, L2 and L3 are the distance from the source
to the sample, the sample to the detector, and the chopper to the sample, respectively
tchm, ts, and td are the flight time of a neutron from the source to the chopper, sample,
and detector, respectively. By using TOF method, researchers observe the information
of intensity I(td,φ). Currently, the researchers mainly treat the peak information about
the intensity for analysis in inelastic neutron-scattering experiments. Peak information is
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extracted for the data transformed the form of histogram. The tchm depends on the velocity
(energy) of the incident neutron. Since the neutrons fly to the sample at the same speed,
ts is also determined. The equation for the energy resolution is given as follows

(
∆!ω
Ei

)2

=

(
2∆tchm
tchm

)(
1 +

L1

L2

)2

+

(
2∆tm
tchm

)(
1 +

L3

L2

)2

. (1.8)

Here, ∆tchm and ∆tm are opening interval time of the chopper, and the time width of the
neutron pulse at the source location. For simplicity, we show the case of !ω = 0. Strictly
speaking, error terms of L2 due to sample size and detector size are also exists, however
it is ignored for simplicity. Momentum resolutions depend on the size and arrangement of
the detection devices.

Figure 1.3: (a) A schematic view and (b) a TOF diagram of a conventional chopper
spectrometer at a pulsed neutron source.[2] Neutrons selected by a chopper are injected
into a solid and scattered neutrons are detected by detectors.

1.1.5 Density estimation

In probability and statistics, density estimation is the construction of an estimate
λ̂t, based on observed data, of an unknown underlying rate. [35, 36, 37, 38] The data are
randomly sampled from the underlying rate λt shown in Fig. 1.4. A variety of approaches
to density estimation are used, including parametric methods such as Gaussian mixture
model and nonparametric methods such as kernel density estimation. The most basic form
of density estimation is a rescaled histograms.
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A very natural use of density estimates is in the informal investigation of the prop-
erties of a given set of data. Density estimates can give valuable indication of such features
as skewness and multimodality in the data. An important aspect of density estimation
is data visualization. Density estimation is also frequently used in anomaly detection or
novelty detection if an observation lies in a very low-density region, it is likely to be an
anomaly or a novelty.

In statistics, the mean integrated squared error (MISE) is used in density estimation.[39]
The MISE of an estimate of an unknown probability density is given by Among several
plausible optimizing principles, such as the Kullback-Leibler divergence[40] or the Hellinger
distance[41], we adopt, here, MISE for measuring the goodness-of-fit of an estimate to the
unknown underlying rate.

MISE =

∫
E[(λ̂t − λt)

2]dt (1.9)

E refers to the expectation over different realizations of point events given λt. In
this thesis, we estimate λ̂t as a histogram, and explore a method to select the bin size that
minimizes the MISE. We describes the detail about the method in Chapter. 2.

Figure 1.4: Problem setting of density estimation. Researchers estimate the unknown
underlying rate λ(t) from obtained event data.

We discuss an error in the optimal bin widths search and a fluctuation in bin
height. In the proposed method, we conduct grid search. Therefore, an error corresponding
to the grid size can exist. In other words, you can improve the accuracy by selecting small
grid size. Moreover, we can reduce the computational cost by using summed-area talbes
(SAT) [42] when performing a grid search. As increasing the number of events in a bin,
we can reduce the fluctuation of the bin height. In current inelastic neutron scattering
experiments, since the purpose of the experiment is peak estimation, researchers do not
consider the reduction of the fluctuation.
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1.2 Summary of contributions

We summarize the contributions of our work.

• Multidimensional Bin-Width Optimization for Histogram and Its Application to
Four-Dimensional Neutron Inelastic Scattering Data

We have proposed a method for optimizing bin widths for multidimensional event data on
the basis of a histogram bin-width optimization method.[21] Since the multidimensional-
ization of the bin-width optimization algorithm increases the number of parameters to be
optimized, the computational cost increases. We have also proposed a method of reducing
the computational cost. We generated event data from a dispersion relation by using Pois-
son sampling. First, to verify the validity of our method, we applied it to the 2D event data
sliced from 4D event data. Second, we applied it to the whole 4D event data and compared
the results of 2D bin-width optimization and 4D bin-width optimization. As a result, the
optimal bin widths of the whole high-dimensional data and those of the data sliced from
the high-dimensional data did not agree with each other. The result implies that the bin-
width optimization should be performed for all of the high-dimensional data. In addition,
since it is difficult for researchers to visually process 4D data, the proposed method is
effective. Third, the optimal bin widths increase as the number of pieces of data increases
or the magnitude of the white BG noise decreases. By using our method, we can eliminate
arbitrariness in preprocessing and select the optimal bin widths for multidimensional event
data. Regarding the contribution to machine learning, we formulate multidimensional cost
function for bin-width optimization. Original content can be found in Ref. [22]

• Automatic Termination Strategy of Inelastic Neutron-scattering Measurement Using
Bin-width Optimization

To prevent a redundant measurement in inelastic neutron-scattering measurement, we pro-
posed a strategy to determine whether to terminate the measurement. In the proposed
method, researchers compute approximate optimal bin widths as the stopping criteria
in real time. When the optimal bin widths become smaller than the target resolutions,
the experiment can be terminated. In numerical experiments, we dealt with real inelastic
neutron-scattering data. In this study, we computed the cost function for real data of an
inelastic neutron-scattering experiment for the first time. The optimal bin widths decrease
as the number of data pieces increases. Moreover, we showed that Bayesian optimization
is effective for searching for the optimal bin widths, especially when the number of data
pieces is large. The cost function can be computed in parallel, and the computational re-
sources can be saved by using BO. The estimated computational cost is not too significant
to perform the stop-continue decision during the measurement. This work is planned to
submit to a journal.

• Efficient Bayesian Bin-width Optimization for On-going Event Measurement

we proposed a strategy to determine efficiently whether to terminate or continue the mea-
surement. As a criterion for determining the termination, we focused on the optimal bin
widths of a histogram. For efficient termination judgment, it is necessary to improve the
efficiency of bin widths optimization. We proposed a method using the prior distribution of
BO computed from the information of the cost function obtained in the past. As a result
of numerical experiments, it was found that the proposed method greatly improves the
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search efficiency of the optimal bin widths. It was also found that the proposed method
is robust for HP. Regarding contributions to machine learning, we formulate a Bayesian
optimization method which incorporates information extracted from another domain as a
prior distribution in optimal termination problems. This work is planned to submit to a
journal.

1.3 Overview of this thesis

With respect to the structure of this thesis, we describe the bin widths optimization
of multidimensional histograms in Chapter 2. In Chapter 3 and 4, we describe a proposal of
an efficient termination strategy for event measurement. In Chapter 5 and 6, we conclude
our contributions and present our future prospects.
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Chapter 2

Multidimensional Bin-Width
Optimization for Histogram and Its
Application to Four-Dimensional
Neutron Inelastic Scattering Data

2.1 Introduction

Event data often appear in many experimental methods such as neutron scat-
tering experiments[12, 43, 44, 45, 46], radiation measurements[47, 48, 49, 50], and spike
observation[51, 52, 53] in neuroscience. Generally, these data are smoothed by a histogram
or a kernel in the process of data analysis.[54, 55, 56] In this paper, we treat smooth-
ing by a histogram as the simplest case of such smoothing. With regard to neutron in-
elastic scattering experiments, researchers obtain event data mapped on four-dimensional
(4D) space of energy and momentum. At Japan Proton Accelerator Research Complex (J-
PARC), there are high-intensity Fermi chopper[29] spectrometers such as “4SEASONS”[17],
“AMATERAS”[18], and “HRC”[19]. In recent years, numerous pieces of event data have
been obtained in neutron inelastic scattering experiments by operating the chopper spec-
trometers. Researchers use the software called “Utsusemi”[20] to make histograms, while
empirically adjusting the bin widths for the reduction of noise and data volume. If the
bin widths are set to be wider, stochastic fluctuation of the event data can be reduced by
smoothing; however, the structure of the data should be lost.[57, 58] Thus, selecting the
best bin widths can be considered as an optimization of this tradeoff. Currently, researchers
empirically select bin widths in a visual approach. Here, the problem is that the widths are
chosen for 2D data sliced from 4D data. When cutting a 2D slice, researchers arbitrarily
select the slice widths and position. These arbitrary processes should affect the result of
selecting bin widths. The arbitrariness of preprocessing and human costs of trial and error
are current issues.

To solve these problems, we focus on the fact that the neutron count in a spe-
cific region follows a Poisson distribution.[59] Several bin-width optimization methods
have been proposed in neuroscience, although they have limited applicability for 1D spike
sequences.[21, 60] These methods are used for estimating the firing rate, which represents
the spike count of neurons per unit time. For the spike time series obtained in many exper-
iment trials, it is known that the spike count in a specific time interval follows a Poisson
distribution.[61, 62, 63] Therefore, we tried to develop a method applicable to multidi-
mensional event data such as those obtained from neutron inelastic scattering experiments
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on the basis of previous research in the field of neuroscience. In this study, we propose a
method for automatically optimizing bin widths for whole multidimensinal data.

The structure of this chapter is as follows. In Sect. 2.2, we formulate a method for
optimizing multidimensional bin widths. In Sect. 2.3, we show numerical experiments using
artificial data to investigate the behavior of the proposed method. The method is applied
to 4D artificial event data obtained by Poisson sampling.[64] The validity of our method
is verified in the following steps. First, we apply the proposed method to 2D data sliced
from 4D event data. Second, we apply it to the whole 4D event data and compare the
results of 2D bin-width optimization and 4D bin-width optimization. We have found that
the optimized bin widths strongly depends on the dimensionality of the data. Third, we
compute the optimal bin widths by changing the number of data pieces and the magnitude
of white background (BG) noise. It is shown that the optimal bin widths increase as the
number of data pieces decreases or the magnitude of the white BG noise increases. In Sect.
2.4, we discuss the relationship between the optimal bin widths and the number of pieces
of event data as well as the magnitude of white BG noise. The conclusion of this paper is
provided in Sect. 2.5.

2.2 Method

2.2.1 Bin-width optimization for one-dimensional event data

First, we introduce the bin-width optimization method for 1D event data.[21] Let
us assume that n pieces of event data ti ∈ [0, T ] (1 ≤ i ≤ n) are obtained in the obser-
vation interval [0, T ]. Here, let λ(t) be a true probability density function that the event
data follow. Then, the performance of the estimator λ̂(t) for λ(t) is evaluated using the
mean integrated squared error (MISE) in Eq. (1). In statistics, MISE is used in density
estimation[39]. There is Kullback–Leibler (KL) divergence[40] as a criterion for estimation
accuracy, but when estimating a probability density with a histogram, KL can be infinite.
[54] In this case, we use MISE.

MISE =
1

T

∫ T

0
E

[(
λ̂(t)− λ(t)

)2
]
dt (2.1)

Here, E[·] represents the expectation over different realizations of event data given λ(t).
When the observation interval is equally divided into N parts and the estimator λ̂(t) is
limited to the form of the histogram of the bin width ∆ = T

N , Eq. (2.1) can be expressed
as

MISE =
1

N

N∑

i=1

1

∆

∫ ∆

0
EPoisson

[(
θ̂i − λ(t+∆(i− 1))

)2
]
dt,

where EPoisson[·] :=
∞∑

ki=0

P (ki|n∆θi)[·]. (2.2)

Here, θ̂i represents the height of the i th bin. θ̂i can be written as θ̂i =
ki
n∆ by using the

number of counts ki in the i th bin. Using the parameter θi = 1
∆

∫ ∆
0 λ(t + ∆(i − 1))dt,

which is the average of λ(t) in the i th bin, the probability distribution P (ki|n∆θi) can be
written as Eq. (2.3). In Eq. (2.3), we assume that the data generation process is a Poisson
process.

P (ki|n∆θi) =
(n∆θi)ki

ki!
exp(−n∆θi) (2.3)
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Since E[θ̂i] = θi holds for any i, θ̂i is the unbiased estimator of the parameter θi. Hereafter,
we denote λ(t + (i − 1)∆) in Eq. (2.2) as an average over an ensemble of segmented
probability density functions {λ(t)}, t ∈ [0,∆], and EPoisson[·] as E[·].

MISE =
1

∆

∫ ∆

0

〈
E
[
(θ̂ − λ(t))2

]〉
dt (2.4)

The quadratic term of Eq. (2.4) can be decomposed as

MISE =
〈
E
[
(θ̂ − θ)2

]〉
+

1

∆

∫ ∆

0

〈
(λ(t)− θ)2

〉
dt. (2.5)

The first term is the stochastic fluctuation of the estimator θ̂ around its expected mean
value θ (= E[θ̂]), and the second term is the averaged fluctuation of λ(t) around its section
average θ. We also expand the second term of Eq. (2.5) as

1

∆

∫ ∆

0

〈
(λ(t)− θ)2

〉
dt =

1

∆

∫ ∆

0

〈
(λ(t)− ⟨θ⟩)2

〉
dt−

〈
(θ − ⟨θ⟩)2

〉
(2.6)

=
1

T

∫ T

0
(λ(t)− ⟨θ⟩)2dt−

〈
(θ − ⟨θ⟩)2

〉
. (2.7)

Since the first term in Eq. (2.7) does not depend on the bin width ∆, we eliminate it from
MISE and let the cost function Cn(∆) be Eq. (2.9). Then, the bin width that minimizes
the cost function is taken as the optimal bin width.

1

n2
Cn(∆) := MISE− 1

T

∫ T

0
(λ(t)− ⟨θ⟩)2dt (2.8)

=
〈
E[(θ̂ − θ)2]

〉
−

〈
(θ − ⟨θ⟩)2

〉
(2.9)

The second term in Eq. (2.9) represents the fluctuation of the expected mean value θ
around the ensemble average ⟨θ⟩, where ⟨·⟩ means the average operation for all bins. Since
⟨θ⟩ is unobservable, it is eliminated by using Eq. (2.10), which is the decomposition rule
for an unbiased estimator θ̂.

〈
E

[(
θ̂ −

〈
E[θ̂]

〉)2
]〉

=
〈
E[(θ̂ − θ)2]

〉
+
〈
(θ − ⟨θ⟩)2

〉
(2.10)

From Eqs. (2.9) and (2.10), the following equation is obtained.

1

n2
Cn(∆) = 2

〈
E[(θ̂ − θ)2]

〉
−
〈
E

[(
θ̂ −

〈
E[θ̂]

〉)2
]〉

(2.11)

Since the number of counts in the i th bin follows a Poisson distribution[65] and the esti-
mator of bin height is denoted as θ̂i =

ki
n∆ , the next equation holds.

E[(θ̂ − θ)2] =
1

n∆
E[θ̂] (2.12)

Then, the cost function only has the terms of the estimator θ̂.

1

n2
Cn(∆) =

2

n∆

〈
E[θ̂]

〉
−
〈
E

[(
θ̂ −

〈
E[θ̂]

〉)2
]〉

(2.13)

Cn(∆) =
2⟨E[k]⟩ − ⟨E [(k − ⟨E[k]⟩)]⟩

∆2
(2.14)
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In Eq. (2.14), we apply θ̂i = ki
n∆ . We obtain the estimated cost function Ĉn(∆) of the

observable value ki.

Ĉn(∆) =
2k̄ − v

∆2
(2.15)

k̄ =
n

N
, v =

1

N

N∑

i=1

(ki − k̄)2 (2.16)

The steps of the algorithm are as follows.

1. Assume that n pieces of event data are obtained in the observation interval of
length T .

2. Set the bin width ∆ (number of bins: N = T
∆). Compute the number of counts

ki in the i th bin (1 ≤ i ≤ N).

Then, compute v by using k̄ = n
N , as in Eq. (2.17).

v =
1

N

N∑

i=1

(ki − k̄)2 (2.17)

3. Compute Ĉn(∆) defined by

Ĉn(∆) =
2k̄ − v

∆2
. (2.18)

Repeat steps 2 and 3 above to find the bin width ∆ that minimizes Ĉn(∆), and
let this be the optimal bin width.

2.2.2 Multidimensionalization of bin-width optimization algorithm

Let us consider the case in which n pieces of event data are mapped on Rd and the
observation area is equally divided into N d-dimensional rectangular parallelepipeds just
as in the 1D case [bin widths: (∆1,∆2, ...,∆d)]. Assuming that the number of counts in
the i th bin is ki, we can compute the estimator of the cost function Ĉn(∆1,∆2, ...,∆d) in
the same way as for 1D event data.

Ĉn(∆1,∆2, ...,∆d) =
2k̄ − v

(∆1∆2...∆d)2
(2.19)

k̄ =
n

N
, v =

1

N

N∑

i=1

(ki − k̄)2 (2.20)

For multidimensional event data, let the bin widths that minimize Ĉn(∆1,∆2, ...,∆d) by
changing bin width (∆1,∆2, ...,∆d) be the optimal bin widths. The estimator of the height
of the i th bin is θ̂i =

ki
n∆1∆2...∆d

.

2.2.3 Reducing computational cost by using cumulative sum

Computational cost increases when the algorithm is multidimensionalized, and
therefore it is necessary to reduce the cost. Using the summed-area table (SAT) algorithm,
we can reduce the cost to compute the number of counts in a bin.[42] We show an outline
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of the SAT algorithm in Fig. 2.1. To apply the SAT algorithm, it is necessary to make
event data into a sufficiently fine histogram. In the following, we show a concrete method
for reducing the computational cost for 1D data. The method below can be expanded to
the data of two or more dimensions.

A : 1-dimensional case

(a)  Compute “raw” count data !"

#$ 	= '( − '$

#$#* #+

B : 2-dimensional case

…

#" = '(,(	 − '$,( − '(,$ + '$,$

(b)  Compute cumulative sum '" (c)-1  Set the bin width ∆ (for example, ∆	= 2∆0"1)

(c)-2  Compute the number of counts in 2th bin

(b)  Compute cumulative sum '",3 (c)-1  Set the bin widths ∆$,∆4
(c)-2  Compute the number of counts in 2th bin
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Figure 2.1: Steps of the SAT algorithm. A(a)–A(c) show 1D case. B(a)–B(c) show 2D case.
If we do not use the SAT algorithm, we have to check whether each event is in each bin.
Since this computational cost is proportional to the number of pieces of event data, the
SAT algorithm is effective when the number of pieces of event data is large.

1. Assume that n pieces of event data are obtained in the observation interval of
length T .

2. Define the value of the minimum unit of bin width as ∆min and limit the area for
searching for the optimal bin width to a positive integer multiple of ∆min. Note that the op-
timal bin width is limited within the group of

{
c∆min|1 ≤ c ≤ T

∆min

}
, as described below.

We divide the observation interval into Nmax = T
∆min

in width ∆min. Let ai (1 ≤ i ≤ Nmax)
be the number of pieces of event data in the i th bin. Here, ai represents the number of
pieces of “raw" event data obtained from the experiment, and ki represents the number
of pieces of count data after setting a certain bin against the “raw" event data. Here, we
define the term “raw" count data as an array a.

3. As a preparation for reducing the computational cost in step 4, compute the
cumulative sum Ai as Ai =

∑i
j=1 aj . The number of counts in an arbitrary section in the

observation interval can be computed as the difference in cumulative sums. By using the
cumulative sum, the computational cost in step 4 can be reduced.

4. Fix an integer c in the range 1 ≤ c ≤ Nmax
2 , set the bin width ∆ to ∆ = c∆min,

and equally divide the observation interval into N (= T
∆). In our approach, we compute
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the number ki of counts in the i th bin as a difference of the elements of cumulative sum
A (Fig. 2.1A(c)–2) and obtain v by using k̄ = n

N as Eq. (2.20).

v =
1

N

N∑

i=1

(ki − k̄)2 (2.21)

5. Compute Ĉn(∆) as

Ĉn(∆) =
2k̄ − v

∆2
. (2.22)

Repeat steps 4 and 5 while changing the integer c within 1 ≤ c ≤ Nmax
2 , find the

bin width ∆ that minimizes Ĉn(∆), and define this as the optimal bin width.

Basically, we explore all pairs of bin widths (∆1,∆2, ...,∆d) to find the optimal bin
widths in the d-dimensional case, as shown in Fig. 2.1B(c)–2.

!"
!#

!$

a
&$:

&":

Figure 2.2: (Color online) Assumed diatomic body-centered-cubic lattice model. The mass
of a white atom is M1 and that of a gray atom is M2. The lattice constant is a, and the
spring constants corresponding to the first to third neighboring interactions are α1–α3.

2.2.4 Computational cost and memory usage

We discuss about the computational complexity and memory usage of the proposed
method. In this paper, we chose naive implementation and nearest neighbor search for
comparison The results are shown in table 2.1. In the proposed method, the computational
cost and memory usage mostly depend on the maximun division number in each direction.
On the other hand, the computational cost depend on the maximun division numbers and
the number of events, and the memory usage mostly depends on the number of events.
There is a trade-off between computational cost and memory usage. As the number of
dimensions increases, SAT uses more memory, however, ndata and nNN should be bottleneck
of the computational cost.

28



Chapter 2. Multidimensional Bin-Width Optimization for Histogram and Its Application
to Four-Dimensional Neutron Inelastic Scattering Data

2.3. Results

computational cost memory usage
naive O(ndata

∏d
i=1Ni logNi) O(ndata)

NN O(nNN
∏d

i=1Ni logNi) O(ndata)

SAT O(
∏d

i=1Ni logNi) O(
∏d

i=1Ni)

Table 2.1: The computational complexity and memory usage of the naive implementation
(naive), nearest neighbor search (NN), and proposed method (SAT). d, ndata, nNN , Ni

represents the dimension, number of events, number of the events in the nearest cell, the
maximun division number in i-th direction, respectively. We assume that Ni, ndata, nNN

are sufficiently larger than d.

2.2.5 Error and fluctuation of bin widths optimization

We discuss an error in the optimal bin widths search and a fluctuation in bin height
In the proposed method, we set the minimum units of bin widths and conduct grid search.
Therefore, an error corresponding to the minimum unit can exist in each direction. The
variance of the bin height θ̂ follows the θ

n∆ . As increasing the number of events in a bin, we
can reduce the fluctuation of the bin height. In current experiments, since the purpose of the
experiment is peak estimation, researchers do not consider the reduction of the fluctuation.
The peaks correspond to the dispersion relation. Researchers perform parameter estimation
of the Hamiltonian by using the information of the dispersion relation.

2.3 Results

2.3.1 Applying the proposed method to artificial data

We dealt with the physical model shown in Fig. 2.2, and applied the proposed
method to event data generated from the model. We used a diatomic cubic lattice model
for which the masses of atoms at the corners and center of each unit cell are different.
The first to third neighboring elastic interactions were taken into account. Let the lat-
tice constant be a and the masses of the atoms be M1 and M2. We defined the elastic
constants corresponding to the first, second, and third neighboring interactions as α1, α2,
and α3, respectively. Using this model, we derived the probability density P (E, qx, qy, qz)
that the event data follow. The detailed derivation is shown in Appendix. A.1 In this
paper, P (E, qx, qy, qz) was calculated with M1 = 2 × 10−26[kg], M2 = 4 × 10−26[kg],
α1 = 100[N/m], α2 = 200[N/m], α3 = 300[N/m], and the event data were generated by
Poisson sampling [64] to follow P (E, qx, qy, qz).

First, we set the values of the minimum units of the bin widths to make “raw"
count data. The values of minimum units of the bin widths in the energy direction and
the momentum directions are set to be ∆min,E = 23

7 ,∆min,qx = ∆min,qy = ∆min,qz = 1
70 ,

respectively. To verify the validity of our method, we applied it to the 2D count data sliced
from the “raw" count data. Figures 2.3(a)–2.3(c) are 2D slices of P (E, qx, qy, qz), and Figs.
2.3(d)–2.3(f) are 2D slices of 4D “raw" count data. The total number of pieces of event
data, n, is 10, 000, 000. Figures 2.4(a)–2.4(c) show the corresponding optimal histograms
computed from count data shown in Figs. 2.3(d)–2.3(f), respectively. Here, Figs. 2.3(a)–
2.3(c) are sliced from − 9

35 ≤ qy, qz < −17
70 , 0 ≤ qx, qz < 1

70 , and 1196
7 ≤ E < 1219

7 , 17
70 ≤

qx < 9
35 , respectively. Figures 2.3(d) and 2.4(a) are sliced from −2

7 ≤ qy, qz < −17
70 . Figures

2.3(e) and 2.4(b) are sliced from − 2
70 ≤ qx, qz < − 1

70 . Figures 2.3(f) and 2.4(c) are sliced
from 1173

7 ≤ E < 1242
7 , 8

35 ≤ qx < 19
70 . The optimal bin widths for the sliced count data

are (∆E = 23
7 ,∆qx = 4

70) in the qx-E plane, (∆E = 23
7 ,∆qy = 1

70) in the qy-E plane,
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(a) (b) (c)

(d) (e) (f)

Figure 2.3: (Color online) (a)–(c) 2D slices of the 4D probability distribution P (E, qx, qy, qz)
calculated from the dynamical model. (d)–(f) 2D slices of 4D event data generated by the
probability distribution P (E, qx, qy, qz). Here, (a) is sliced from − 9

35 ≤ qy, qz < −17
70 . (b)

is sliced from 0 ≤ qx, qz < 1
70 . (c) is sliced from 1196

7 ≤ E < 1219
7 , 17

70 ≤ qx < 9
35 . (d) is

sliced from −2
7 ≤ qy, qz < −17

70 . (e) is sliced from − 2
70 ≤ qx, qz < − 1

70 . (f) is sliced from
1173
7 ≤ E < 1242

7 , 8
35 ≤ qx < 19

70 .

and (∆qy = 12
35 ,∆qz = 12

35) in the qz-qy plane. The optimal bin widths for the slice are
much larger in the qz-qy plane than in the qx-E plane and qy-E plane. Figures 2.5(a)–(c)
are 2D cost functions obtained by applying the proposed method to 2D count data (Figs.
2.3(d)–2.3(f)).

Second, we applied the proposed method to all the 4D count data as shown in Figs.
2.4(d)–2.4(f). Figures 2.4(d)–2.4(f) are sliced from −2

7 ≤ qy, qz < −17
70 , −

2
70 ≤ qx, qz < − 1

70 ,
and 1173

7 ≤ E < 1242
7 , 8

35 ≤ qx < 19
70 , respectively. Figures 2.5(d)–2.5(f) are 2D slices of a

4D cost function Ĉ(∆E ,∆qx ,∆qy ,∆qz). Figures 2.5(d)–2.5(f) represent Ĉ(∆E ,∆qx ,
3
70 ,

3
70),

Ĉ(∆E ,
3
70 ,∆qy ,

3
70), and Ĉ(237 ,

3
70 ,∆qy ,∆qz), respectively. Comparison of the results of 2D

[Figs. 2.4(a)–2.4(c)] and 4D bin-width optimizations [Figs. 2.4(d)–2.4(f)] shows that the
2D and 4D optimizations are not exactly the same. We conducted an additional numerical
experiment to verify the validity of the selected the values of the minimum units of bin
widths. Fixing the other bin widths to their optimal values, we computed the cost function
more finely in the qx direction. Here, we set the value of the minimum unit of the bin width
in the qx direction to ∆min,qx/8 (= 1

560), and the result is shown in Fig. 2.6. As a result,
the optimal bin width computed in this experiment ∆qx = 1

28 is close to 3
70 .
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(a) (b) (c)

(d) (e) (f)

Figure 2.4: (Color online) (a)–(c) 2D histograms made by applying the proposed method
to 2D event data in Figs. 2.3(d)–2.3(f), respectively. The optimal bin widths of (a) are
(∆E = 23

7 ,∆qx = 4
70). The optimal bin widths of (b) are (∆E = 23

7 ,∆qy = 1
70). The optimal

bin widths of (c) are (∆qy = 12
35 ,∆qz = 12

35). (d)–(f) 2D slices of a 4D histogram made by
applying the proposed method to 4D count data. (d) is sliced from −2

7 ≤ qy, qz < −17
70 . (e)

is sliced from − 2
70 ≤ qx, qz < − 1

70 . (f) is sliced from 1173
7 ≤ E < 1242

7 , 8
35 ≤ qx < 19

70 .

2.3.2 Investigating properties of proposed method for number of pieces
of event data and magnitude of background noise

To investigate the behavior of the proposed method against data, we conducted nu-
merical experiments. In this paper, we focused on the tendency of the obtained optimal bin
widths and the robustness of the proposed method against data. While we systematically
changed the magnitude of white BG noise and the number of pieces of data, we applied
the proposed method to the numerical-experiment data. In the 2D case, we used a proba-
bility distribution P (E, q) by adding white BG noise to the intensity function I(E, q, 0, 0)
and normalizing it. We defined rBG as the ratio of the sum of the white BG noise to the
magnitude of the white BG noise MBG and P (E, q) as follows.

rBG =
2πEmaxMBG

2πEmaxMBG + a
∫ Emax

0

∫ π
a
−π

a
I(E, q, 0, 0)dEdq

(2.23)

In this experiment, the values of the minimum units of the bin width in the en-
ergy direction and the momentum directions were ∆min,E = 1.15 and ∆min,q = 0.005,
respectively. Figure 2.7(a) shows the probability distribution for rBG = 0. Figures 2.7(b)–
2.7(d) are “raw" count data for rBG = 0, rBG = 0.50, and rBG = 0.86, respectively. We
computed the product of optimal bin widths ∆E∆q for each data under the condition
rBG, n = 100, 000 as shown in Fig. 2.8. We also show the results under the conditions
n,rBG = 0 and rBG = 0.317 in Figs. 2.9 and 2.10, respectively. We performed the same
experiments done to obtain Figs. 2.8–2.10 for the whole 4D event data. The corresponding
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(a) (b) (c)

(d) (e) (f)

Figure 2.5: (Color online) (a)–(c) 2D cost functions obtained by applying the proposed
method to 2D count data in Figs. 2.3(d)–2.3(f), respectively. (d)–(f) 2D slices of a
4D cost function Ĉ(∆E ,∆qx ,∆qy ,∆qz). (d) represents Ĉ(∆E ,∆qx ,

3
70 ,

3
70). (e) represents

Ĉ(∆E ,
3
70 ,∆qy ,

3
70). (f) represents Ĉ(237 ,

3
70 ,∆qy ,∆qz). In this experiment, the value of the

minimum unit of the bin width in the energy direction was ∆min,E = 23
7 , and those in the

momentum directions were ∆min,qx = ∆min,qy = ∆min,qz = 1
70 .

results are shown in Figs. 2.11–2.13. In these experiments, the value of the minimum units
of the bin width in the energy direction was ∆min,E = 5.75, and those in the momentum
directions were ∆min,qx = ∆min,qy = ∆min,qz = 0.025. In the 4D case, rBG is expressed as

rBG =
2πEmaxMBG

2πEmaxMBG + a
. (2.24)

As can be seen in Figs. 2.8–2.13, the optimal bin widths tend to increase as the total
number of pieces of event data decreases or the magnitude of white BG noise increases.
From Figs. 2.8–2.13, we can confirm that the proposed method extracts optimal bin widths
almost uniquely in the case of a large amount of event data and a small magnitude of white
BG noise.

2.4 Discussion

In this section, we discuss the results of the numerical experiments conducted in
the previous section. First, we discuss how the cost function depends on the bin widths by
using Eqs. (19) and (20). We obtain

Ĉn(∆1,∆2, ...,∆d) ∝ − 1

∆

N∑

i=1

(ki
2 − 2ki) + const, (2.25)

and ∆ = ∆1∆2...∆d.
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Figure 2.6: (Color online) Line plot representing the cost
C(∆min,E ,∆qx , 3∆min,qy, 3∆min,qz). ∆qx is limited within the group of
{i∆min,qx/8|1 ≤ i ≤ 280}. Here, ∆min,qx is equal to 1

70 , as described in Sect. 3. C1,i,3,3

represents C(∆min,E , i∆min,qx/8, 3∆min,qy, 3∆min,qz), (1 ≤ i ≤ 280). C1,20,3,3 achieves the
minimum value of the cost function. The line plot is shown within 1 ≤ i ≤ 100.

Since the value of the cost function decreases as the first term of Eq. (25) decreases,
we obtained bin widths that increase 1

∆

∑N
i=1(ki

2 − 2ki). There is a tradeoff between an
increase in (ki

2− 2ki), corresponding to increasing bin widths, and an increase in 1
∆

∑N
i=1,

corresponding to decreasing bin widths. Figures 2.8–2.13 show that the optimal bin widths
increase as the total number of event data decreases or the magnitude of white BG noise
increases. These results can be interpreted as the total number of event data being small
or the magnitude of white BG noise being large and the effect of increasing (ki

2 − 2ki)
in the first term of Eq. (25) becoming dominant. In other words, the effect of smoothing
becomes dominant.

Second, we discuss discrete patterns in the cost functions. In the cost functions
shown in Fig. 2.5, the cost functions abruptly change when the bin widths change. For
example, a sudden change can be seen around (∆E = 552

7 ,∆qx = 12
35) in Fig. 2.5(a). The

change in bin widths is continuous, whereas the change in the number of bins is discrete. By
changing the bin widths, the number of bins may change. At this time, the value of the cost
function greatly changes and results in discrete patterns. Not only the bin widths but also
the locations of the slices and the slice widths affect the result. In Fig. 2.4, we compared
the result of bin-width optimization for 4D data and 2D data sliced from the 4D data.
The results for the two cases were different from each other. When slicing data, researchers
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(a) (b)

(c) (d)

Figure 2.7: (Color online) The dispersion relation and the data. (a) represents the prob-
ability distribution P (E, q) for rBG = 0. (b), (c), and (d) “raw" count data of rBG = 0,
rBG = 0.50, rBG = 0.86, respectively. We set the total number of pieces of event data, n,
100, 000, and the values of the minimum units of the bin width in the energy direction and
momentum directions were ∆min,E = 1.15 and ∆min,q = 0.005, respectively.

arbitrarily set the slice widths. Thus, the number of counts in 2D data changes, and the
change greatly affects the optimal bin widths. For example, in the histogram for the 2D
slice data in Figs. 2.4(a)–2.4(c), the optimal bin widths of Fig. 2.4(c) are extremely large.
The total numbers of pieces of event data in Figs. 2.3(d)–2.3(f) are 18380, 18214, and 869,
respectively. The large estimated optimal bin widths are large owing to the extremely small
number of pieces of event data. Empirical choices of slice and bin widths may sometimes
cause such a serious problem.

Third, we discuss the robustness of the proposed method against local minimums
and data. According to the results shown in Figs. 2.5(d)–2.5(f) and 2.6, the cost function
has several local minimums, although the landscape of the cost function is globally smooth.
In this paper, we conducted a grid search. Since experimental data have probabilistic
fluctuation and noise, we conducted numerical experiments to investigate the robustness
of the proposed method against data. In particular, we focused on the number of pieces
of event data and the magnitude of white BG noise. From Figs. 2.8–2.13, we argue that
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Figure 2.8: (Color online) rBG represents the ratio of white BG noise, defined as Eq. (23).
The horizontal label in each histogram shows the product of optimal bin widths ∆E∆q.
The vertical label in each histogram shows the frequency of obtaining ∆E∆q, and the bin
width of each histogram is ∆min,E∆min,q. In this experiment, we set the total number of
pieces of event data as n = 100, 000. We set the value of the minimum units of the bin
width in the energy direction as ∆min,E = 1.15 and that in the momentum direction as
∆min,q = 0.005.
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Figure 2.9: (Color online) n represents the total number of pieces of event data. The
horizontal label in each histogram shows the product of optimal bin widths ∆E∆q. The
vertical label in each histogram shows the frequency of obtaining ∆E∆q, and the bin width
of each histogram is ∆min,E∆min,q. In this experiment, we set rBG = 0. We set the value
of the minimum units of the bin width in the energy direction as ∆min,E = 1.15 and that
in the momentum direction as ∆min,q = 0.005.
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Figure 2.10: (Color online) n represents the total number of pieces of event data. The
horizontal label in each histogram shows the product of optimal bin widths ∆E∆q. The
vertical label in each histogram shows the frequency of obtaining ∆E∆q, and the bin width
of each histogram is ∆min,E∆min,q. In this experiment, we set rBG = 0.317. We set the　
value　 of the minimum　 units of the bin width in the energy direction as ∆min,E = 1.15
and that in the momentum direction as ∆min,q = 0.005.
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Figure 2.11: (Color online) rBG represents the ratio of white BG noise, defined as Eq.
(24). The horizontal label in each histogram shows the product of optimal bin widths
∆E∆qx∆qy∆qz . The vertical label in each histogram shows the frequency of obtaining
∆E∆qx∆qy∆qz , and the bin width of each histogram is ∆min,E∆min,qx∆min,qy∆min,qz . In
this experiment, we set the total number of pieces of event data as n = 1, 500, 000. We set
the value of the minimum units of the bin width in the energy direction as ∆min,E = 5.75
and those in the momentum directions as ∆min,qx = ∆min,qy = ∆min,qz = 0.025.
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Figure 2.12: (Color online) n represents the total number of pieces of event data. The
horizontal label in each histogram shows the product of optimal bin widths ∆E∆qx∆qy∆qz .
The vertical label in each histogram shows the frequency of obtaining ∆E∆qx∆qy∆qz , and
tne bin width of each histogram is ∆min,E∆min,qx∆min,qy∆min,qz . In this experiment, we
set rBG = 0. We set the value of the minimum units of the bin width in the energy direction
as ∆min,E = 5.75 and those in the momentum directions as ∆min,qx = ∆min,qy = ∆min,qz =
0.025.
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Figure 2.13: (Color online) n represents the total number of pieces of event data. The
horizontal label in each histogram shows the product of optimal bin widths ∆E∆qx∆qy∆qz .
The vertical label in each histogram shows the frequency of obtaining ∆E∆qx∆qy∆qz , and
the bin width of each histogram is ∆min,E∆min,qx∆min,qy∆min,qz . In this experiment, we
set rBG = 0.201. We set the value of the minimum units of the bin width in the energy
direction as ∆min,E = 5.75 and those in the momentum directions as ∆min,qx = ∆min,qy =
∆min,qz = 0.025.
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the proposed method is robust in the case of a large amount of event data and a small
magnitude of white BG noise.

2.5 Conclusion

We have proposed a method for optimizing bin widths for multidimensional event
data on the basis of a histogram bin-width optimization method.[21] Since the multidimen-
sionalization of the bin-width optimization algorithm increases the number of parameters
to be optimized, the computational cost increases. We have also proposed a method of
reducing the computational cost.

We generated event data from a dispersion relation by using Poisson sampling.
First, to verify the validity of our method, we applied it to the 2D event data sliced
from 4D event data. Second, we applied it to the whole 4D event data and compared
the results of 2D bin-width optimization and 4D bin-width optimization. As a result, the
optimal bin widths of the whole high-dimensional data and those of the data sliced from
the high-dimensional data did not agree with each other. The result implies that the bin-
width optimization should be performed for all of the high-dimensional data. In addition,
since it is difficult for researchers to visually process 4D data, the proposed method is
effective. Third, the optimal bin widths increase as the number of pieces of data increases
or the magnitude of the white BG noise decreases. By using our method, we can eliminate
arbitrariness in preprocessing and select the optimal bin width for multidimensional event
data.
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Chapter 5

Conclusion

In recent years, a large amount of four-dimensional event data have been obtainable
in neutron inelastic scattering experiments conducted by chopper spectrometers. Regarding
preprocessing, researchers empirically select bin widths and make histograms from obtained
event data. The arbitrariness of the process and human cost are significant issues. It is
also an essential task to establish an automatic termination strategy of inelastic neutron-
scattering measurement to prevent redundancy of the measurement. There is no criterion
to assess whether the obtained data is sufficient in event number. By using large-scale data,
we can obtain the fine features of the measurement target. However, it is not necessary to
extract information beyond the resolution of the measurement equipment. In this thesis,
we proposed methods to resolve these problems.

First, we proposed a method for optimizing bin widths for multidimensional event
data on the basis of a histogram bin-width optimization method.[21] Since the multidimen-
sionalization of the bin-width optimization algorithm increases the number of parameters
to be optimized, the computational cost increases. We have also proposed a method of
reducing the computational cost. As a result of numerical experiments, the optimal bin
widths of the whole high-dimensional data and those of the data sliced from the high-
dimensional data did not agree with each other. The result implies that the bin-width
optimization should be performed for all of the high-dimensional data. In addition, since
it is difficult for researchers to visually process 4D data, the proposed method is effective.
The optimal bin widths increase as the number of pieces of data increases or the magnitude
of the white BG noise decreases. By using our method, we can eliminate arbitrariness in
preprocessing and select the optimal bin width for multidimensional event data.

Second, we proposed a strategy to determine whether to terminate the measure-
ment. In the proposed method, researchers compute approximate optimal bin widths as
the stopping criteria in real time. When the optimal bin widths become smaller than the
target resolutions, the experiment can be terminated. In this study, we computed the cost
function for real data of an inelastic neutron-scattering experiment for the first time. The
optimal bin widths decrease as the number of data pieces increases. Moreover, we showed
that BO is effective for searching for the optimal bin widths, especially when the number
of data pieces is large. The cost function can be computed in parallel, and the computa-
tional resources can be saved by using BO. The estimated computational cost is not too
significant to perform the stop-continue decision during the measurement.

Third, we proposed a strategy to determine efficiently whether to terminate the
measurement. As a criterion for determining the termination, we focused on the optimal
bin widths of a histogram. For efficient termination judgment, it is necessary to improve the
efficiency of bin widths optimization. We proposed a method using the prior distribution of
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BO computed from the information of the cost function obtained in the past. As a result
of numerical experiments, it was found that the proposed method greatly improves the
search efficiency of the optimal bin widths. It was also found that the proposed method is
robust for HP.

The proposed methods are applicable not only inelastic neutron-scattering exper-
iments for all general multidimensional event data. In this thesis, we focus on histogram,
however, there are several methods that can achieve higher accuracy than histograms. For
instance, kernel density estimation (KDE)[66, 67, 56] is suitable for fitting smooth under-
lying rate. KDE has a problem of computationally complexity, but, GPU acceleration for
KDE is being studied.[68, 69, 70] There is a study for applying KDE to 2D small-angle
scattering experiment data.[71]
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Future view

6.0.1 Formulation of kernel density estimation

In this chapter, we introduce kernel density estimation (KDE) as a future view.
KDE is more computationally expensive than histograms, but high estimation accuracy is
expected. We consider the case where N events x1,x2, ...,xN are independently generated
from the true distribution q(x). We attempt to estimate the true distribution q(x) by
using the observed data x1,x2, ...,xN . In KDE, kernel functions are superimposed on data
points. We treat Gaussian kernel with covariance matrix Σ.

Let kernel function, density estimator, and likelihood as k(x|µ, p̂−i(x|Σ), and
lLOO(Σ|x1,x2, ...,xN ) as follows

k(x|xi,Σ)
1

(2π)d/2|Σ|1/2
exp

(
−1

2
(x− xi)

TΣ−1(x− xi)

)
, (6.1)

p̂−i(x|Σ) :=
1

N − 1

N∑

j ̸=i

k(x|xj ,Σ), (6.2)

lLOO(Σ|x1,x2, ...,xN ) :=
N∏

i=1

p̂−i(xi|Σ). (6.3)

The problem of density estimation comes down to the maximization of the log likelihood
L(Σ) as follows

L(Σ) = log lLOO(Σ|x1,x2, ...,xN ) (6.4)

6.0.2 Sequential update algorithm for the covariance matrix

As the size of the covariance matrix increases, the computational cost increases, and
grid search should become difficult. In this section, we consider the selection of a covariance
matrix using a sequential update algorithm. [72] We derive a stationary condition by partial
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differentiation of the log likelihood with the covariance matrix.

∂L(Σ)

∂Σ−1
=

N∑

i=i

1

p̂−i(xi|Σ)
1

N − 1

N∑

j ̸=i

[
k(xj |xi,Σ)

∂

∂Σ−1
log k(xj |xi,Σ)

]

=
N∑

i=i

1

p̂−i(xi|Σ)
1

N − 1

×
N∑

j ̸=i

k(xj |xi,Σ)
1

2

[
Σ− (xj − xi)(xj − xi)

T
]

(6.5)

From Eq. (6.5), assuming ∂L(Σ)
∂Σ−1 = 0, we obtain a self-consistent equation as follows

Σ =
1

N(N − 1)

N∑

i=1

1

p̂−i(xi|Σ)

N∑

j ̸=i

k(xj |xi,Σ)(xj − xi)(xj − xi)
T . (6.6)

6.0.3 Nearest neighbor search

Each update with the Eq. (6.6) takes computational cost of O(N2). Therefore, we
consider an approximation for the summation for the index j, using only the neighboring
data points. Specifically, regarding a real number r > 0, we use data points that satisfy
the following inequality.

(xj − xi)
TΣ−1(xj − xi) ≤ r (6.7)

6.1 Numerical experiments

We applied KDE to real data of a neutron scattering experiment. In this exper-
iment, we ignore information about qy and qz direction and focus on E–qx space. The
number of total events which are downsampled from the original data is 2768. The data
and the density estimation result are shown in Fig. 6.1. Figure. 6.2 shows the results for
the exact computation of Eq. (6.6) and the approximation with r = 15, 20

The results of numerical experiments show that KDE achieves a smooth density
estimation. It is also shown that neighbor search is effective for reducing computational
cost. In addition to neighbor search, the computational efficiency is improved by using
GPU. In the future, GPU accelerated KDE is expected to play an important role in neutron
scattering data.
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Chapter 6. Future view 6.1. Numerical experiments

(a) (b)

(c) (d)

Figure 6.1: (a) is a 2D scatter plot of the inelastic neutron-scattering data. The number
of events is 2768. (b)–(d) are the results of kernel density estimation for (a). We change
the upper bound of the color bar for (b)–(d).

(a)
Figure 6.2: Log likelihood computed by updating the covariance matrix for each iteration.
“Exact” is computed without approximation. r = 15 and r = 20 represent the result of ap-
proximation using Eq. 6.7. The covariance matrices at 50 iterations for “Exact”, r = 20, and
r = 15 are = [[6.5, 0.13], [0.13, 0.18]], [[6.1, 0.096], [0.096, 0.22]] and [[4.8, 0.10], [0.10, 0.24]],
respectively. The computational cost for r = 15 and r = 20 are about 30% and 36% of
“Exact”.
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Appendix

A.1 Derivation of the probability density P (E, qx, qy, qz) in Chap-
ter 2

For a triplet of integers (n,m, l), the position of the atom of mass M1 is Rn,m,l =
naex + maey + laez. Here, ej is the unit vector in the j-axis direction. Define vectors
hj ,nj ,pj , which represent the relative positions of neighboring atoms, as

h1 =
a

2
(ex + ey + ez), h2 =

a

2
(−ex + ey + ez),

h3 =
a

2
(−ex − ey + ez), h4 =

a

2
(ex − ey + ez),

hj = hj−4 − aez, (5 ≤ j ≤ 8),

n1 = aex, n2 = aey, n3 = aez,

nj = −nj−3, (4 ≤ j ≤ 6),

p1 = a(ex + ez), p2 = a(ey + ez), p3 = a(−ex + ez),

p4 = a(−ey + ez), p5 = a(ex + ey), p6 = a(−ex + ey),

p7 = −p5, p8 = −p6, p9 = −p3,

p10 = −p4, p11 = −p1, and p12 = −p2. (A.1)

In Eq. (A.1), let ĥj , p̂j , and n̂j be the unit vectors in the hj , pj , and nj directions,
respectively. With respect to the atoms of masses M1 and M2, Eq. (A.2) is obtained using
the equation of motion. Here, u1 and u2 are the displacement vectors of atoms whose
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masses are M1 and M2, respectively.

M1ü1(r1, t) = α1

8∑

j=1

[
(u2(r1 + hj , t)− u1(r1, t)) · ĥj

]
ĥj

+ α2

6∑

j=1

[(u1(r1 + nj , t)− u1(r1, t)) · n̂j ] n̂j

+ α3

12∑

j=1

[(u1(r1 + pj , t)− u1(r1, t)) · p̂j ] p̂j

(r1 = Rn,m,l)

M2ü2(r2, t) = α1

8∑

j=1

[
(u1(r2 + hj , t)− u2(r2, t)) · ĥj

]
ĥj

+ α2

6∑

j=1

[(u2(r2 + nj , t)− u2(r2, t)) · n̂j ] n̂j

+ α3

12∑

j=1

[(u2(r2 + pj , t)− u2(r2, t)) · p̂j ] p̂j

(r2 = Rn,m,l + hk, (1 ≤ k ≤ 8)) (A.2)

Here, we simplify Eq. (A.2) to Eq. (A.3).

M1ü1(r1, t) = α1

8∑

j=1

[
(∆u(2, 1)(hj))) · ĥj

]
ĥj

+ α2

6∑

j=1

[(∆u(1, 1)(nj)) · n̂j ] n̂j

+ α3

12∑

j=1

[(∆u(1, 1)(pj)) · p̂j ] p̂j

(r1 = Rn,m,l)

M2ü2(r2, t) = α1

8∑

j=1

[(
∆u(1, 2)(hj)

)
· ĥj

]
ĥj

+ α2

6∑

j=1

[(∆u(2, 2)(nj)) · n̂j ] n̂j

+ α3

12∑

j=1

[(∆u(2, 2)(nj)) · p̂j ] p̂j

(r2 = Rn,m,l + hk, (1 ≤ k ≤ 8)) (A.3)

We assume the solution of Eq. (A.3) as Eq. (A.4).

(
u1(r1, t)

u2(r1 + hk, t)

)
=

⎛

⎜⎜⎜⎜⎜⎜⎝

u1x(q)
u1y(q)
u1z(q)

u2x(q)eiq·hk

u2y(q)eiq·hk

u2z(q)eiq·hk

⎞

⎟⎟⎟⎟⎟⎟⎠
ei(q·r1−ωt)

(1 ≤ k ≤ 8) (A.4)
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Then, ∆u(2, 1)(hj)，∆u(1, 1)(nj)，∆u(1, 1)(pj)，∆u(1, 2)(hj)，∆u(2, 2)(nj)，∆p(2, 2)(pj)
in Eq. (A.3) can be denoted as Eq. (A.5).

∆u(2, 1)(hj) =

⎛

⎝
u2x(q)eiq·hj − u1x(q)
u2y(q)eiq·hj − u1y(q)
u2z(q)eiq·hj − u1z(q)

⎞

⎠ ei(q·r1−ωt)

∆u(1, 1)(nj) =

⎛

⎝

(
eiq·nj − 1

)
u1x(q)(

eiq·nj − 1
)
u1y(q)(

eiq·nj − 1
)
u1z(q)

⎞

⎠ ei(q·r1−ωt)

∆u(1, 1)(pj) =

⎛

⎝

(
eiq·pj − 1

)
u1x(q)(

eiq·pj − 1
)
u1y(q)(

eiq·pj − 1
)
u1z(q)

⎞

⎠ ei(q·r1−ωt)

∆u(1, 2)(hj) =

⎛

⎝
u1x(q)eiq·hj − u2x(q)
u1y(q)eiq·hj − u2y(q)
u1z(q)eiq·hj − u2z(q)

⎞

⎠ ei(q·r2−ωt)

∆u(2, 2)(nj) =

⎛

⎝

(
eiq·nj − 1

)
u2x(q)(

eiq·nj − 1
)
u2y(q)(

eiq·nj − 1
)
u2z(q)

⎞

⎠ ei(q·r2−ωt)

∆u(2, 2)(pj) =

⎛

⎝

(
eiq·pj − 1

)
u2x(q)(

eiq·pj − 1
)
u2y(q)(

eiq·pj − 1
)
u2z(q)

⎞

⎠ ei(q·r2−ωt) (A.5)

We obtain Eq. (A.6) from Eq. (A.3) and Eq. (A.5).

(
u1(Rn,m,l, t)

u2(Rn,m,l + hk, t)

)
=

⎛

⎜⎜⎜⎜⎜⎜⎝

u1x(q)
u1y(q)
u1z(q)

u2x(q)eiq·hk

u2y(q)eiq·hk

u2z(q)eiq·hk

⎞

⎟⎟⎟⎟⎟⎟⎠
ei(q·Rn,m,l−ωt),

(1 ≤ k ≤ 8).

Then, we obtain − ω2Mu = Du,

M = diag(M1,M1,M1,M2,M2,M2),

u =

⎛

⎜⎜⎜⎜⎜⎜⎝

u1x(q)
u1y(q)
u1z(q)
u2x(q)
u2y(q)
u2z(q)

⎞

⎟⎟⎟⎟⎟⎟⎠
. (A.6)

Here, q = (qx, qy, qz) ∈ R3, −π
a ≤ qx, qy, qz ≤ π

a . Using Eq. (A.6), we find solutions
that satisfy u ̸= 0, ω ≥ 0. When calculating the neutron scattering intensity, it is necessary
to consider the neutron scattering lengths of the nucleus of each atom, the displacement
vectors u1 and u2, and the relative angle of the scattering vector q to the polarization vec-
tor. However, because we focus on optimizing bin widths in this paper, these contributions
are not taken into consideration. We simply obtain the intensity function I(E, qx, qy, qz)
by superimposing the Lorentzian of width 3[meV] centered on !ω(q) (! is the converted
Planck’s constant). By normalizing I(E, qx, qy, qz) in the range of −π

a ≤ qx, qy, qz ≤ π
a and

0 ≤ E ≤ Emax[meV], we obtain the probability distribution P (E, qx, qy, qz). We generate
event data to follow P (E, qx, qy, qz). In this paper, we set Emax = 230[meV].
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A.2 Matrix D in Eq. (A.6)

D in Eq. (A.6) is represented as Eq. (A.7) by using symmetric matrices DA and
DB.

D =

(
DA DB

DB DA

)
(A.7)

The elements of DA and DB are as follows.

DA
1,1 = −8

3
α1 − 4α2 sin

2
(qxa

2

)
− 2α3 {(1− cos(qza) cos(qxa)) + (1− cos(qxa) cos(qya))}

DA
2,2 = −8

3
α1 − 4α2 sin

2
(qya

2

)
− 2α3 {(1− cos(qxa) cos(qya)) + (1− cos(qya) cos(qza))}

DA
3,3 = −8

3
α1 − 4α2 sin

2
(qza

2

)
− 2α3 {(1− cos(qya) cos(qza)) + (1− cos(qza) cos(qxa))}

DA
1,2 = −2α3 sin(qxa) sin(qya)

DA
1,3 = −2α3 sin(qxa) sin(qza)

DA
2,3 = −2α3 sin(qya) sin(qza)

DB
1,1 =

8

3
α1 cos

(qxa
2

)
cos

(qya
2

)
cos

(qza
2

)

DB
2,2 = DB

1,1, DB
3,3 = DB

1,1

DB
1,2 = −8

3
α1 sin

(qxa
2

)
sin

(qya
2

)
cos

(qza
2

)

DB
1,3 = −8

3
α1 sin

(qxa
2

)
cos

(qya
2

)
sin

(qza
2

)

DB
2,3 = −8

3
α1 cos

(qxa
2

)
sin

(qya
2

)
sin

(qza
2

)

(A.8)

Using the symmetry of DA and DB, we obtain all the elements of D.
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