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Navier—Stokes Equations in a Curved Thin Domain,
Part I: Uniform Estimates for the Stokes Operator

By Tatsu-Hiko MIURA

Abstract. In the series of this paper and the forthcoming papers
[47, 48] we study the Navier—Stokes equations in a three-dimensional
curved thin domain around a given closed surface under Navier’s slip
boundary conditions. We focus on the study of the Stokes operator
for the curved thin domain in this paper. The uniform norm equiv-
alence for the Stokes operator and a uniform difference estimate for
the Stokes and Laplace operators are established in which constants
are independent of the thickness of the curved thin domain. To prove
these results we show a uniform Korn inequality and a uniform a priori
estimate for the vector Laplace operator on the curved thin domain
based on a careful analysis of vector fields and surface quantities on
the boundary. We also present examples of curved thin domains and
vector fields for which the uniform Korn inequality is not valid but a
standard Korn inequality holds with a constant that blows up as the
thickness of a thin domain tends to zero.
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1. Introduction

1.1. Problem and main results

Let T be a closed surface in R? with unit outward normal vector field n.
Also, let go and g; be functions on I' satisfying g := g1 — go > ¢ on I' with
some constant ¢ > 0. For a sufficiently small € > 0 we define a curved thin
domain . in R? with small thickness of order ¢ by

(1.1) Qe :={y+my) |y €T, egoly) <r <egi(y)}

and write T'. := T?UT} and n. for the boundary of Q). and its unit outward
normal vector field, where I'? and T'! are the inner and outer boundaries
given by T := {y + egi(y)n(y) | y € T'} for i = 0,1. In the series of this
paper and the forthcoming papers [47, 48] we consider the Navier-Stokes
equations with Navier’s slip boundary conditions

Owuf + (uf - V)u® —vAu® +Vp® = f¢ in Q. x (0,00),

divu® =0 in Q. x (0,00),

(1.2) u®-n. =0 on I':x(0,00),
[0(u®, p°)neliyy, +7eu® =0  on I'c x (0,00),

ul=0 = ug in Q..

Here v > 0 is the viscosity coefficient independent of € and . > 0 is the
friction coefficient on I'. given by

(1.3) Ye:=7L on T i=0,1,
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where 72 and v} are nonnegative constants depending on e. Also,
o(u®,p%) :=2vD(u) — p°ls, [o(u®, p°)ncltan := Pelo(u, p°)ne]

are the stress tensor and the tangential component of the stress vector on
I, where D(uf) := {Vu® + (Vuf)T}/2 is the strain rate tensor, I3 is the
3 x 3 identity matrix, n. ® n. is the tensor product of n. with itself, and
P. := I3 — n. ® n. is the orthogonal projection onto the tangent plane of
I'.. Note that [o(u®, p®)necltan = 2vP-D(uf)n. is independent of p® and the
slip boundary conditions can be expressed as

(1.4) u®-n. =0, 2vP.Du)n:+vu"=0 on TI..

Hereafter we mainly refer to (1.4) as the slip boundary conditions.

The aims of our study are to establish the global-in-time existence of
a strong solution to (1.2) for large data and to study the behavior of the
strong solution as € — 0. In this paper, however, we focus on the study of
the Stokes operator A, associated with the Stokes problem in 2. under the
slip boundary conditions

(1.5) —vAu+Vp=f, divu=0 in
' u-n. =0, 2vP.Du)n:+vu=0 on T.

and provide fundamental results on A; for the aims of our study. The goal

of this paper is to show the uniform norm equivalence for A, and its square
root of the form

- e
e Hlull ey < 1452l 120,y < ellull e,y

1.6
(16) uwe D(AR?), k=12

and the uniform difference estimate for A, and —vA of the form

(1.7) [Acu+ vAull 20, < cllullmi@q,), v € D(A:)

with a constant ¢ > 0 independent of € (see Section 2 for the precise state-
ments).

The estimates (1.6) and (1.7) play a fundamental role in the second part
[47] of our study. In [47] we prove the global existence of a strong solution
u® to (1.2) for large data uj and f© such that

Il ) 155N o 0,00122(0)) = O(eH?)



152 Tatsu-Hiko MIURA

when ¢ is sufficiently small. We also derive estimates for v with constants
explicitly depending on ¢ which are essential for the last paper [48]. To get
the global existence we show that the L?(.)-norm of A;/ ®uf is bounded
uniformly in time by a standard energy method. A key tool for the proof is
a good estimate for the trilinear term ((u®-V)u®, Acu®)2(q,) which implies

a differential inequality in time for the L?(Q)-norm of A;/ %4 similar to
the one for the two-dimensional Navier—Stokes equations. To derive that
estimate we require (1.6) and (1.7). Note that we have the H!({).)-norm of
u, not its H2(Q:)-norm, in the right-hand side of (1.7), which is important
in order to get a good estimate for the trilinear term.

Let us also mention the last part [48] of our study. We consider the thin-
film limit for (1.2) and study the behavior of the strong solution u® as e — 0
in [48]. Using the results of this paper and [47] we show that the average in
the thin direction of u® converges on I' as ¢ — 0. Moreover, we derive limit
equations on T for (1.2) by characterizing the limit of the average of u® as
a solution to the limit equations. When the thickness of €2 is € (i.e. g = 1)
and there is no friction between the fluid and the boundary T'c (i.e. 7. = 0),
the limit equations derived in [48] agree with the Navier—Stokes equations
on a Riemannian manifold

(18) 0w + Vv —v{Apgv + Ric(v)} + Vrg = f on T x (0,00),
’ divrv =0 on I x (0,00)

introduced in [12, 43, 72] and studied in many works (see e.g. [6, 9, 30,
32, 42, 51, 56, 57, 60, 66]). Here V,v is the covariant derivative of v along
itself, Ric is the Ricci curvature of I', and Ap, Vr, and divr are the Bochner
Laplacian, the tangential gradient, and the surface divergence on I' (see [48]
for details). We emphasize that the last paper [48] provides the first result
on a rigorous derivation of the surface Navier—Stokes equations on a general
closed surface in R? by the thin-film limit and that for [48] the results of
this paper and [47] are essential.

1.2. Ideas of the proofs
Let us explain the ideas of the proofs of (1.6) and (1.7) (see Section 7
for details). Since the bilinear form for (1.5) is of the form

ac(ur, uz) = 20(D(ur), D(u2)) oy + D Yelur, u2) 2
1=0,1
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due to the slip boundary conditions (see Lemma 7.1), we show that a. is
bounded and coercive uniformly in € on an appropriate function space on
). in order to get (1.6) with k =1 (see Theorem 2.4). To this end, we use
the trace inequality

lellzawsy < ™ 2lgllm.), € H' (), i=0,1

with a constant ¢ > 0 independent of ¢, which follows from a more precise
inequality given in Lemma 4.1, and the uniform Korn inequality

(1.9) lull .y < cllDW)L2 )
for u € H' ()3 which satisfies the impermeable boundary condition
(1.10) u-ne=0 on I,

and the condition that there exists a constant 5 € [0,1) independent of
such that

(1.11) [(u, 0) 2(00)| < BllullL2a) 19l 2200
for every Killing vector field v on I' (see Section 2) satisfying
(1.12) v-Vrg=0 on T,

where v is the constant extension of v in the normal direction of I' and
Vr is the tangential gradient on I' (see Section 3.1). We prove (1.9) under
the conditions (1.10) and (1.11) in Theorem 5.6. Moreover, we observe in
Theorem 5.7 that, if every Killing vector field on I" satisfying (1.12) is the
restriction on I' of an infinitesimal rigid displacement of R3, i.e. a vector
filed on R? of the form

(1.13) w(z)=axz+b, zcR3

with a,b € R3, then (1.9) holds under the conditions (1.10) and, instead of
(1.11),

(1.14) |(w, w) 20| < Bllull 2 lwll 220
for every vector field w of the form (1.13) satisfying

(1.15) wlr-n=wlp-Vrg=0 on T,
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where § € [0,1) is again a constant independent of . The proof of (1.9)
consists of two steps. First we estimate Vu to derive

(1.16) IVullfegq,) < 4ID@)|72,) + cllulfzq,)

in Lemma 5.1. To this end, we apply integration by parts twice to get

IVullZzgq.y < 20D()|72 0., —/ (u-V)u-n.dH?

€

and estimate the last term by reducing the order of the derivatives of u
on I'; with the aid of (1.10) and interpolating integrals over the inner and
outer boundaries I'Y and I'}. Next we prove the uniform estimate

(1.17) lullZ2o,) < ellVulZaq,) + el D)7z,

for a given a > 0 in Lemma 5.3 by contradiction as in the case of a flat thin
domain studied in [19]. We dilate €2 to a domain with fixed thickness and
show that a sequence of vector fields failing to satisfy (1.17) converges to
the constant extension of a Killing vector field v on I' satisfying (1.12) as
e — 0. Then we take v in (1.11) or (1.14), send ¢ — 0, and use 5 < 1 to
get a contradiction. Note that both steps are based on a careful analysis of
surface quantities of I'..

To establish (1.7) we follow the idea of the works [17, 18] on a flat thin
domain. Using (1.4) we derive the integration by parts formula

/ curlcurlu - & dz = —/ curl G(u) - ® dx
Qe Qe

+ / {curlu + G(u)} - curl ® dx
e

for ® € L?(Q.)? with curl® € L*(Q.)3, where G(u) is a vector field on €2,
whose H'(£.)-norm is uniformly bounded by that of u (see Lemmas 7.2
and 7.3). Then we combine this formula and the Helmholtz—Leray decom-
position for —vAwu on €. to get (1.7). Here the uniform estimate for G(u)
plays an important role, but its proof involves a complicated calculations
of surface quantities of ' and T'! since we construct G(u) by interpolating
surface quantities of I'Y and those of T'L.
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To prove (1.6) with k¥ = 2 we employ (1.7) and the uniform a priori
estimate for the vector Laplace operator

(1.18) lull 20,y < e (1Aull 2.y + lullme.))

for u € H?(£2)3 satisfying (1.4) (see Theorem 6.1). The proof of (1.18)
proceeds as in that of (1.16), but calculations are more involved. We first
show that the above v is approximated by H? vector fields on €. satisfying
(1.4) to assume u € H3(£2.)3 (see Lemma 6.3). Then we use integration by
parts twice to get (see Appendix A for notations)

IV2uli2(0,) = AulZz . +/F Vau: {(ne - V)Vu = ne ® Au} dH?.
Thus we intend to show the uniform estimate for the last term

(1.19) Vu: {(n. - V)Vu —n. @ Au} dH?

Ie

< ¢ (s ) + lull o IV2ull 20,y ) -

To this end, we first reduce the second order derivatives of u on I'; to the
first order ones by using (1.4). In this step we employ formulas for the
covariant derivatives of tangential vector fields on I'. given in Appendix D
to carry out calculations on I'c without a change of variables. Then we
interpolate integrals of u and its first order derivatives over I'Y and T'! to
get (1.19). For this purpose, we apply estimates for the sum and difference
of surface quantities of 'Y and those of I'! given in Section 3.2. However,
the proofs of those estimates involve complicated calculations of differential
geometry of surfaces (see Appendix C).

1.3. Literature overview

The study of the Navier—Stokes equations in thin domains has a long
history. A main subject is to prove the global existence of a strong solu-
tion for large data depending on the smallness of the thickness of a thin
domain, since a thin domain in R? with very small thickness is almost two-
dimensional. It is also important to study the behavior of a solution as
the thickness of a thin domain tends to zero in order to understand the
dependence of a solution on the thin and other directions. Raugel and
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Sell [61, 62, 63] first studied the Navier—Stokes equations in a thin prod-
uct domain @ x (0,¢) in R? with a rectangle @ and a sufficiently small
€ > 0 under the purely periodic or mixed Dirichlet-periodic boundary con-
ditions and obtained the global existence of a strong solution. Temam and
Ziane [74] generalized the results of [61, 62, 63] to a thin product domain
w x (0,¢) in R? around a bounded domain w in R? under combinations of
the Dirichlet, periodic, and Hodge boundary conditions. They also proved
that the average in the thin direction of a solution to the original equations
under suitable boundary conditions converges towards a solution to the two-
dimensional Navier—Stokes equations in w as € — 0. For further results on
the Navier—Stokes equations in three-dimensional thin product domains we
refer to [22, 23, 24, 34, 35, 49, 50] and the references cited therein.

Thin product domains appearing in the above cited papers are flat in
the sense that they shrink to domains in R? as ¢ — 0 and their top and bot-
tom boundaries are flat, but in physical problems we frequently encounter
nonflat thin domains (see [64] for examples of them). Temam and Ziane
[75] first dealt with a nonflat thin domain in the study of the Navier—Stokes
equations. Under the Hodge boundary conditions they proved the global
existence of a strong solution to the Navier—Stokes equations in a thin spher-
ical shell {z € R? | a < |2| < a + ea}, a > 0 and the convergence of its
average towards a solution of limit equations on a sphere as ¢ — 0. If-
timie, Raugel, and Sell [25] considered a flat thin domain with a nonflat top
boundary

{(«,23) €R3 | 2’ € (0,1)%, 0 < 3 < eg(’)}, g¢:(0,1)> =R

under the horizontally periodic and vertically slip boundary conditions and
obtained the global existence of a strong solution. They also compared the
strong solution with a solution to limit equations in (0,1)2. Hoang [18, 20]
and Hoang and Sell [19] generalized the existence result of [25] to a flat thin
domain with nonflat top and bottom boundaries (in [20] two-phase flows
were studied).

Let us also mention the slip boundary conditions (1.4) and the Stokes
problem (1.5). The slip boundary conditions introduced by Navier [52]
state that the fluid slips on the boundary with velocity proportional to the
tangential component of the stress vector. These conditions are considered
as an appropriate model for flows with free boundaries and for flows past
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chemically reacting walls in which the usual no-slip boundary condition is
not valid (see [76]). They also arise in the study of the atmosphere and ocean
dynamics [38, 39, 40] and in the homogenization of the no-slip boundary
condition on a rough boundary [16, 26]. The Stokes problem (1.5) under
the slip boundary conditions for a general bounded domain in R? was first
studied by Solonnikov and Sc¢adilov [69] in the L?-setting. Beirdo da Veiga
[4] considered the generalized system for (1.5) and proved the H?-regularity
estimate for a solution. The LP-theory for (1.5) in a bounded domain in R?
were established by Amrouche and Rejaiba [2]. Note that the main results
(1.6) and (1.7) of this paper are not covered by [2, 4, 69] since we show that
the constant ¢ in these estimates does not depend on the thickness of the
curved thin domain.

In this paper and the forthcoming papers [47, 48] we deal with the curved
thin domain €. of the form (1.1) which degenerates into the closed surface I'
as € — 0. Curved thin domains around hypersurfaces and lower dimensional
manifolds were considered in the study of eigenvalues of the Laplace operator
[28, 33, 67, 77] and of reaction-diffusion equations [58, 59, 78]. The series of
our works gives the first study of the Navier—Stokes equations in a curved
thin domain in R? whose limit set is a general closed surface. Our aim is
not just to generalize the shape of a thin domain, but to provide the first
result on a rigorous derivation of the surface Navier-Stokes equations (1.8)
by the thin-film limit.

Although the main purpose of this paper is to present preliminary results
for the study of (1.2), we show new results on the uniform Korn inequality
(1.9). Korn’s inequality is a basic tool in the theory of linear elasticity and
fluid mechanics and has been studied in various contexts (see [21] and the
references cited therein). The uniform Korn inequality (1.9) in a curved thin
domain in R* with & > 2 around a closed hypersurface was first given by
Lewicka and Miiller [37]. In [37, Theorem 2.2] they proved (1.9) under the
conditions (1.10) and (1.11) (see also [37, Theorem 2.1] for other conditions).
Their proof was based on a uniform Korn inequality in a thin cylinder and
Korn’s inequality on a hypersurface for which Killing vector fields on the
hypersurface play a fundamental role. In this paper we present another
proof of (1.9) under the same conditions by following the idea of the work
[19] on a flat thin domain. Moreover, we prove (1.9) by imposing (1.10) and
the new condition (1.14) under the assumption that every Killing vector
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field on T" satisfying (1.12) is the restriction on I' of an infinitesimal rigid
displacement of R3. This assumption is valid for many kinds of closed
surfaces in R? (see Remark 2.1). In particular, we can use (1.14) instead
of (1.11) for curved thin domains around the unit sphere in R3. We also
note that we take a vector field w defined on R? itself in (1.14), not the
constant extension of a vector field on I' as in (1.11). This fact is crucial
in order to relate the Stokes operator A. properly to the Stokes problem
(1.5) (see Remark 2.10). In Section 5.2 we further show that the conditions
(1.11) and (1.14) are more strict than the condition for a standard Korn
inequality related to the axial symmetry of a domain by giving examples of
both axially symmetric and not axially symmetric curved thin domains.

We also mention that we use some techniques to avoid the analysis of vec-
tor fields on the boundary I'. under local coordinate systems. In the proof
of (1.19) we need to compute the second order derivatives of u € H3(Q.)?
on I'; to reduce the order of the derivatives. To carry out such calculations
we usually take a local coordinate system of I'. or transform a part of I'.
into the boundary of a half-space, but here these choices will result in too
complicated calculations which we can hardly complete. Instead we use a
local orthonormal frame for the tangent bundle of I'. and formulas for the
covariant derivatives of tangential vector fields on I'. given in Appendix
D to work without a change of variables. The most important tool is the
Gauss formula (X - V)Y = V5 Y + (W.X - Y)n. for tangential vector fields
X and Y on I'., which expresses the directional derivative (X -V)Y in R3 in
terms of the covariant derivative V;Y on I'; and the second fundamental
form (W.X -Y)ne of I'c (see Lemma D.1). It enables us to apply formulas of
differential geometry to quantities on I'; expressed in a fixed coordinate sys-
tem of R? and to write resulting expressions in the same coordinate system.
Such an idea was also used in [10] to express intrinsically defined differen-
tial operators on a hypersurface such as the Lame operator in terms of the
global coordinate system of the ambient Euclidean space. This method is
useful to deduce properties of functions on a domain from their behavior on
the boundary since it avoids a change of variables. It also provides an easy
and understandable way to compute vector fields on surfaces without intro-
ducing local coordinate systems and differential forms. We expect that the
methods used here and in [10] will be applicable to other problems involv-
ing complicated calculations of vector fields on surfaces, especially to partial
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differential equations for vector fields on stationary or moving surfaces such
as the surface Navier—Stokes and Stokes equations (see e.g. [27, 31, 53, 65]).

1.4. Organization of this paper

The rest of this paper is organized as follows. In Section 2 we provide the
main results of this paper. Notations and basic results on a closed surface
and a curved thin domain are presented in Section 3. Section 4 gives fun-
damental inequalities and formulas for functions on the curved thin domain
and its boundary. In Section 5 we establish the uniform Korn inequality
(1.9) and compare it with a standard Korn inequality. We also derive the
uniform a priori estimate for the vector Laplace operator (1.18) in Section
6. Using the results of Sections 4-6 we prove our main results in Section
7. Appendix A fixes notations on vectors and matrices. Some auxiliary
results related to the closed surface are shown in Appendix B. In Appendix
C we provide the proofs of lemmas in Section 3 and Lemmas 5.4, 5.5, and
7.2 involving elementary but long calculations of differential geometry of
surfaces. Appendix D presents formulas for the covariant derivatives of tan-
gential vector fields on the closed surface used in Section 6. In Appendix E
we show some properties of infinitesimal rigid displacements of R? related
to the axial symmetry of the closed surface and the curved thin domain.

Most results of this paper were obtained in the doctoral thesis of the
author [45]. In this paper, however, we newly prove the uniform Korn
inequality (1.9) under the condition (1.14) and give Appendix E to study
properties of infinitesimal rigid displacements of R3 related to the axial
symmetry of a closed surface and a curved thin domain. By these new
results we can add the condition (A3) in Assumption 2.3 to consider some
curved thin domains excluded in [45]. The most important example of a
curved thin domain newly included in this paper is the thin spherical shell
Q. ={r €R3| 1< |z| <1+ ¢} under the perfect slip boundary conditions
(1.4) with 7. = 0. This kind of curved thin domain was studied by Temam
and Ziane [75] under different boundary conditions (see Remark 2.9). We
also add Section 5.2 in which we discuss the difference between the uniform
Korn inequality and a standard Korn inequality.
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2. Main Results

In this section we present the main results of this paper. The proofs of
theorems in this section will be given in Section 7.

To state the main results we first fix some notations (see also Section 3).
Let T' be a two-dimensional closed (i.e. compact and without boundary),
connected, and oriented surface in R3 with unit outward normal vector field
n and go,g1 € C*(T'). We assume that I is of class C® and there exists a
constant ¢ > 0 such that

(2.1) g:=¢g1—¢go>c on I.

Note that we do not assume gg < 0 or g; > 0 on I'. For a sufficiently small
e € (0,1] let Q2. be the curved thin domain in R3 of the form (1.1) and

Lg(QE) ={ue L*(9.)3 |divu=01in Q., u-n. =0o0nI'.}

the standard L?-solenoidal space on .. By integration by parts we observe
that the bilinear form for the Stokes probelm (1.5) is given by

(2.2) aa(ul, U2) = 21/(D(u1), D(UQ))LQ(QE) + Z ’yé(ul, UQ)L2(F2)
i=0,1
for uy, us € H'(92.)? (see Lemma 7.1). Here D(u) := {Vu+(Vu)T}/2 s the
strain rate tensor for a vector field u on €. and 72 and ~! are the friction
coefficients appearing in (1.3). Clearly, a. is symmetric.
To make a. uniformly in € bounded and coercive on an appropriate

function space, we define function spaces and impose assumptions on ’yg,
7t and T. Let

(2.3) R:={wx)=axz+bxrcR®|a,beR> wr-n=0onT}

be the space of all infinitesimal rigid displacements of R whose restrictions
on I' are tangential. Note that R is of finite dimension and that R # {0}
if and only if I' is axially symmetric, i.e. invariant under a rotation by any
angle around some line (see Lemma E.1). Let Vr the tangential gradient
operator on I' (see Section 3.1 for its definition). We define subspaces of R
by

R;:={weR|wlp-Vrgi=0onT}, i=0,1,

2.4
(24) Ry:={weR|wlr-Vrg=0onT} (g9=g1— g0).
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Note that RoNR1 C Ry. It turns out (see Lemmas E.6 and E.7) that Q. is
axially symmetric around the same line for all € € (0, 1] if Ro N Ry # {0},
while €). is not axially symmetric around any line for all ¢ > 0 sufficiently
small if R4 = {0}.

Next we define the surface strain rate tensor by Dr(v) := P(Vrv)sP on
I" for a (not necessarily tangential) vector field v on I', where P := Is—n®mn
is the orthogonal projection onto the tangent plane of I' and (Vrov)g :=
{Vrv+ (Vrv)T}/2 is the symmetric part of the tangential gradient matrix
of v (see Section 3.1 for details). Then we set

(2.5) KT):={ve HY(I')? |v-n=0, Dr(v) =0 on T},
‘ Kg(T) :={vekT)|v-Vrg=0onT}.

If T is of class C*, then v € K(I') is in fact of class C! (see Lemma B.8) and
Vxv-Y 4+ X Vyv=0onT for all tangential vector fields X and Y on T,
where Vyv := P(X - Vr)v denotes the covariant derivative of v along X.
Such a vector field generates a one-parameter group of isometries of I' and
is called a Killing vector field on I'. It is known that IC(T") is a Lie algebra
of dimension at most three. For details of Killing vector fields we refer to
[29, 55].

REMARK 2.1. For w(z) = a x x + b, v € R? with a,b € R3, direct
calculations show that Dr(w) = 0 on I Hence w is Killing on T if it
tangential on I', i.e. R|r :={w|r | w € R} C KL(T'). The set R|r represents
the extrinsic infinitesimal symmetry of the embedded surface I', while I(T")
describes the intrinsic one of the abstract Riemannian manifold I'. It is
known that R|r = K(T") if T is a surface of revolution (see also Lemma E.3).
The same relation holds if I is closed and convex since any isometry between
two closed and convex surfaces in R? is a motion in R? (a rotation and a
translation) or a motion and a reflection by the Cohn-Vossen theorem (see
[71]). However, it is not known whether R|r agrees with IC(T") for a general
(nonconvex and not axially symmetric) closed surface. In particular, the
existence of a closed surface in R? that is not axially symmetric but admits
a nontrivial Killing vector field, i.e. R = {0} but IC(T") # {0}, is an open
problem (see [37, Remark 3.2]).

We make the following assumptions on the friction coefficients 7 and
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7L, the closed surface I', and the functions gy and g; (see also Remarks 2.9
and 2.10).

ASSUMPTION 2.2. There exists a constant ¢ > 0 such that
(2.6) W <ee, Al<ce
for all e € (0,1].

ASSUMPTION 2.3. Fither of the following conditions is satisfied:
(A1) There exists a constant ¢ > 0 such that

W >ce forall e€(0,1] or ~l>ce forall e€(0,1].

(A2) The relation Kq(I') = {0} holds.

A3) The relations Ry, = Ro N R1 and Ryl = Ky(T) hold, where Ryl :=
g g g g
{wlp |w € Ry}, and v =~ =0 for all ¢ € (0,1].

These assumptions are imposed in this section and Section 7. We also
impose Assumption 2.2 in Section 6. Under Assumptions 2.2 and 2.3 we
define subspaces of L?(£2.)% and H'(Q.)? by

L2(9.) if (A1) or (A2) is satisfied,
2w ﬂRgL if (A3) is satisfied,

V. :=H.NHY(Q.)3,

(2.7)

where Rj is the orthogonal complement of R, in L?(€.)3. Here we consider
vector fields in R, defined on the whole space R? as elements of L%(Q.)3 just
by restricting them on €2.. Note that RgN'R1 C L2(Q.) by Lemma E.8 and
thus R, C L2(€) under the condition (A3). Also, H. and V. are closed
in L2(Q.)% and H'(Q.)3. By P. we denote the orthogonal projection from
L?(2.)3 onto H.. Note that P. may be slightly different from the standard
Helmholtz-Leray projection from L?(£2.)3 onto L2(£).) under the condition
(A3).

Now let us present the main results of this paper. The first result is the
uniform boundedness and coerciveness of the bilinear form a. given by (2.2)
on V..
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THEOREM 2.4. Under Assumptions 2.2 and 2.3, there exist constants
g0 € (0,1] and ¢ > 0 such that

(2.8) ¢ HullF g < aelu,u) < cllullf g,
for all € € (0,e0] and u € V..

Throughout this section we fix the constant g given in Theorem 2.4 and
take € € (0,ep]. By Theorem 2.4 the bilinear form a. is bounded, coercive,
and symmetric on the Hilbert space V.. Hence by the Lax—Milgram theorem
there exists a bounded linear operator A, from V. into its dual space V. such
that

vi(Acur, ug)y, = ac(ur,uz), w1, ug € Ve,

where (-, -)y, is the duality product between V. and V.. We consider A.
as an unbounded operator on H, with domain D(A;) = {u € V. | Acu €
Hc}. Then the Lax—Milgram theory shows that A. is a positive self-adjoint
operator on H. and its square root A;/ 2 is well-defined on D(A;/ 2) = V..
Moreover,

(2.9) (Acur, u2) 20,y = (AVu1, AYV?u9) 120,
for all uy € D(A;) and ug € V., and

a4y = et
= 2|D(w) 220, + Al ey + 2l 0y

for all u € V. (see e.g. [5, 70] for details). From a regularity result for a

solution to the Stokes problem (1.5) (see [2, 4, 69]) it also follows that

(2.11) D(A) ={ueV.NnH*(Q.)? | 2vP.D(u)n. +veu =0 on T}

and Acu = —vP.Au for u € D(A:). We call A, the Stokes operator as-
sociated with (1.5) or the Stokes operator for €. under the slip boundary
conditions.

Let us give basic estimates for A;/ % with constants independent of €.

LEMMA 2.5. Under Assumptions 2.2 and 2.3, let ¢y be the constant
given in Theorem 2.4. There exists a constant ¢ > 0 such that

(2.12) cMullga.) < 1AV ull 2. < cllullm,
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for all e € (0,e0] and u € V.. Moreover, if u € D(A.), then we have

(2.13) IAY 2 120,y < cllAct]lp2(a.)-

PrROOF. The inequality (2.12) is an immediate consequence of (2.8)
and (2.10). Also, by (2.9) and Hélder’s inequality,

1A ?ullF 20,y = (u, Acw) 1200, < llull 20,y | Acull 20,y

for u € D(A;). By this inequality and (2.12) we get (2.13). O

Since A = —vP.A on H. and P. is the orthogonal projection from
L?(£2.)3 onto H,, we easily observe that

|Acu + vAul| 120,y = v[|Au — P.Aul|p2(q,)
< v[|Aulg2(q.) < cllullg2q.)
for all u € D(A,) with a constant ¢ > 0 independent of €. The next theorem

shows that the right-hand side can be replaced by the H!(£.)-norm of u
under the slip boundary conditions (1.4).

THEOREM 2.6. Under Assumptions 2.2 and 2.3, let €y be the constant
given in Theorem 2.4. There exists a constant ¢ > 0 such that

(214) HAEU + UAuHL2(Qg) < CHUHHI(QE)

for all e € (0,e0] and u € D(A,).

The inequality (2.14) is useful to derive a good estimate for the trilinear
term ((u-V)u, Acu)r2(q.), w € D(A:), which is essential for the proof of the
global existence of a strong solution to the Navier—Stokes equations (1.2).
For details, we refer to [47].

Finally, we present the uniform norm equivalence for A..

THEOREM 2.7. Under Assumptions 2.2 and 2.3, let €y be the constant
giwen in Theorem 2.4. There exists a constant ¢ > 0 such that

(2.15) Ml gz < [[Acull 2. < cllullpz,)
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for all e € (0,e0] and u € D(A,).

As a consequence of Lemma 2.5 and Theorem 2.7 we obtain an interpo-
lation inequality for a vector field in D(A;).

COROLLARY 2.8. Under Assumptions 2.2 and 2.3, let g be the con-
stant given in Theorem 2.4. Then there exists a constant ¢ > 0 such that

1/2 1/2

(2.16) lull . < ellull ooy 1l 72

for all € € (0,¢0] and u € D(A;).
PrROOF. Let u € D(A;). From (2.9) and (2.12) it follows that

lulif . < el AY?ullfe,) = cl(Aeu,u) 2, < ellAcull 2o lull 2. -

By this inequality and (2.15) we obtain (2.16). OJ
We conclude this section with two remarks on Assumption 2.3.

REMARK 2.9. The conditions of Assumption 2.3 are valid in the fol-
lowing cases:

(A1) When at least one of 72 and ~! is bounded from below by &, we may
consider any closed surface I'. In this case, however, the perfect slip
(i.e. 7z = 0) of the fluid on I'; is not allowed.

(A2) It is known (see e.g. [68, Proposition 2.2]) that there exists no non-
trivial Killing vector field on I' (i.e. K(I') = {0}) if the genus of T" is
greater than one. In this case Ky4(I') = {0} for any g = g1 — go and
we may take any nonnegative 72 and v} (bounded above by ¢). Note
that, if Iy(I') = {0}, then R, = {0} and the curved thin domain € is
not axially symmetric around any line for all € > 0 sufficiently small
(see Lemma E.7).

(A3) As mentioned in Remark 2.1, if I" is a surface of revolution or it is
closed and convex then R|r = K(I') and thus Ry|r = ICy(T) for any
g = g1 — go- Also, the relation Ro N R1 = Ry holds if, for example,
go or gy is constant. In this case we only consider the perfect slip
boundary conditions
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(2.17) u-n.=0, 2vP.D(un.=0 on TI..

A typical but important example of this case is the thin spherical shell
Qo={reR|1<|z|<1l+e} (T =52 go=0, g1 =1) around the
unit sphere S? in R? considered by Temam and Ziane [75] under the
Hodge boundary conditions

(2.18) u-n.=0, curluxn.=0 on T..
Note that, if u-n. = 0 on I';, then we have
2P.D(u)ne — curlu x n, = 2W.u on Iy,

see [41, Section 2] and Lemma B.10. Here W, is the Weingarten map
(or the shape operator) of I'. representing the curvatures of I'c (see
Section 3.2). Hence the perfect slip boundary conditions (2.17) are
different from the Hodge boundary conditions (2.18) by the curvatures
of the boundary.

We also note that, if I' = T? is the flat torus, then

Ri = {(a1,a2,0)" € R? x {0} | a1819; + azdag; = 0 on T2}, i =0,1,
Ry = Ky(T') = {(a1,a2,0)" € R? x {0} | a101g + a202g = 0 on T?}

and the conditions (A2) and (A3) were imposed in [18] and [19, 25], re-
spectively, which studied the Naiver—Stokes equations in a flat thin domain
around I' = T?.

REMARK 2.10. For a function n on I' let /) be its constant extension in
the normal direction of T', Ky(T') := {v | v € K4(T)}, and

He := L3 (%) QKQ(F)J_, Ve:=H. N H'(Q:)°.

Then we see by the uniform Korn inequality given in Theorem 5.6 that the
bilinear form a. is uniformly coercive on V. even if Assumption 2.3 is not
imposed. Since we can also show that a. is uniformly bounded on V. under
Assumption 2.2 as in Theorem 2.4, we obtain a bounded linear operator
A, from V. into its dual space induced by a.. This A., however, is not



Navier—Stokes Equations in a Curved Thin Domain, Part I 167

properly related to the Stokes problem (1.5). To see this, let u € V. such
that f := A.u € H.. Then

(2.19) ac(u, o) = (f, )12 foral ¢eV..

If (2.19) was valid for all ¢ € L2(2.) N H(£2.)3 then we could recover the
Stokes problem (1.5) from (2.19) by a standard argument (see [8, 5, 70, 73]),
but we cannot verify it because of the condition ¢ € K 4(I')* for the test
function ¢. Indeed, let ¢ € L2(£2) N HY(Q:)? and assume that it can be
decomposed into ¢ = @+ with some ® € V. and v € K4(T) (this is possible
if Kg(T') C LZ(€), but such a relation is not always valid since v € Ky(T')
does not satisfy v -n. = 0 on I'c in general). Then since (2.19) is valid for
® € V. and (f,0)72(0.) = 0 by f € He, to verify (2.19) for ¢ = & + v we
need to show that

a€(u’ rD) = QV(D(U)7 D(@))LQ(QE) + 72(“7 7j)L2(Fg) + ’Y; (’LL, T})L2(F;)

vanishes. However, the second and third terms on the right-hand side do not
vanish unless 70 = 7! = 0. The first term also does not vanish in general,
since for the constant extension v of a vector field v on I' we observe by
(3.16) that

D(v)(z) = % {Is = rW(y)} ' Vro(y) +{Vro@)} {1 — rW(y)}

forx =y+rn(y) € Q. with y € T and 7 € (ego(y),€91(y)), where W is the
Weingarten map of I' (see Section 3.1), and D(v) does not vanish on . just
by Dr(v) =0 on T (even if I' = S? and ©(x) = e3 x (x/|z|) is the constant
extension of v(y) = ez x y € K(S?) with e3 = (0,0,1)7). Thus we fail to
show (2.19) for ¢ € L2(Q:) N HY(Q:)? and it is not clear whether u is a
solution to the Stokes problem (1.5) with f = A.u. This observation implies
that the operator A. is not appropriate for the study of the Navier—Stokes
equations (1.2).

The above problem does not occur if we impose Assumption 2.3 and
consider the bilinear form a. on the function space V. given by (2.7). In
this case, for u € D(A.) and f := A.u € H. we a priori have

(2.20) az(u, o) = (f,¢)r2q.) foral ¢eV..
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Under the condition (A1) or (A2) we have V. = L2(Q:) N H'(2.)3 and
thus (2.20) implies that v is indeed a solution to the Stokes problem (1.5)
with f = A.u. If we impose the condition (A3), then V. may be smaller
than L2(Q.) N HY(Q.)3. In this case, however, since R, = Ro N Ry is of
finite dimension and contained in L2(£2.) by Lemma E.8, each ¢ € L2(Q.)N
H'(Q.)3 can be decomposed into ¢ = ® +w with some ® € V. and w € R,.
Then (2.20) holds for ® € V. and, since w € Ry is of the form w(z) =
axz+b, rcRwith a,b € R3, we easily get D(w) = 0 on R3. From this
fact and 7Y = 7! = 0 by the condition (A3) it follows that a.(u,w) = 0.
Thus (2.20) is also valid for all ¢ € L2(Q.) N HY(Q:)? under the condition
(A3).

3. Preliminaries

We fix notations on a closed surface and a curved thin domain and
give their basic properties. Notations on vectors and matrices are given in
Appendix A.

Some lemmas in this section are proved just by calculations involving
differential geometry. We give the proofs of them in Appendix C to avoid
making this section too long. Also, some results in this section are not used
in the following sections but essential for the second and third parts [47, 48]
of our study. We include them here since they easily follow from other
results used in this paper or we can prove them just by a few discussions
along with the proofs of the other results.

Throughout this paper we denote by ¢ a general positive constant in-
dependent of the parameter €. Also, we fix a coordinate system of R3 and
write z;, i = 1,2,3 for the i-th component of a point z € R? under this
coordinate system.

3.1. Closed surface

Let I be a two-dimensional closed, connected, and oriented surface in
R3. We assume that T' is of class C* with ¢ > 2. By n and d we de-
note the unit outward normal vector field of I" and the signed distance
function from I' increasing in the direction of n. Also, let k1 and ko
be the principal curvatures of I'. From the C‘-regularity of I' it follows
that n € Ce_l(F)?’ and K1,Kko € C'E_Q(F). In particular, k1 and ko are
bounded on the compact set I'. Hence we can take a tubular neighborhood
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N := {z € R3 | dist(z,T') < &}, § > 0 of T such that for each z € N there
exists a unique point 7(z) € I' satisfying

(3.1) r=m7(x)+d(x)n(r(z)), Vd(z)=n(r(z)).

Moreover, d and 7 are of class C* and C*~! on N (see [15, Section 14.6] for
details). By the boundedness of k1 and ko we also have

(3.2) ¢l <1—rri(y)<c forall yel,re(=66),i=1,2

if we take 6 > 0 sufficiently small.

Let us define differential operators on I'. We set P := I3 — n ® n and
Q:=n®non . Then P and @ are the orthogonal projections onto the
tangent plane and the normal direction of T' and satisfy |P| = 2, |Q] =1
(here we use the Frobenius norm for matrices as indicated in Appendix A),
and

la|* = |Pa|* 4+ |Qa|?, |Pa| <|a|, Pa-n=0, acR>
onT'. Also, P,Q € C*~1(I")3*3 by the C*-regularity of I'. For n € C'(T') we
define the tangential gradient and the tangential derivatives of 1 as

3

(3.3) Vrnly) == P(y)Vi(y), Dm(y) = Zﬂ'j("y)@jﬁ(y)

for y € T'and i = 1,2,3 so that Vrn = (Dyn, Dyn, D3n)’. Here 7 is a
C'l-extension of n to N with 7j|r = 1. Note that
(3.4) PVrn=Vrn, n-Vrp=0 on T.

Also, Vrn agrees with the gradient on a Riemannian manifold expressed
under a local coordinate system (see Lemma B.2). Hence the values of Vrn
and D,n are independent of the choice of an extension 7. In particular, for
the constant extension 7 := nom of 1 in the normal direction of I', we have

(3.5) Vi(y) = Vro(y), 9in(y) =Din(y), yel,i=1,2,3

since Vrr(y) = P(y) for y € T by (3.1) and d(y) = 0. In what follows,
the notation 77 with an overline always stands for the constant extension
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of a function 7 on I' in the normal direction of I'. The tangential Hessian
matrix of n € C%(T") and the Laplace-Beltrami operator are given by V%n =
(D;D;n)i; and Arn := tr[Vin] = ?:1 D?7n on I'. Note that V27 is not
symmetric in general (see Lemma 3.2).

For a (not necessarily tangential) vector field v € C1(I")? we define the
tangential gradient matrix and the surface divergence of v by

Dyvy Dyvy Djvs 3
(3.6) Vrv:=|Dyv1 Dyvy Dyvs |, divpv:=tr[Vrv] = Zini
Dsvy Dsvy  Dsvs =1

on I' with v = (v1,v9,v3)7 (note that in several papers the indices 4,j of
D;v; in Vv are reversed, see also Appendix A for our notation of Vu for
u: R3 — R3) and the surface strain rate tensor for v by

Vv + (VFU)T

(3‘7) DF(U) = P(va)sp on T, (VFU)S = 5

Also, for v € CY(TI")? and n € C(T')? we set
n-Vrui
(n-Vr)v:=|n Vroz | =(Vrv)'p on T.
n-Vrus
Note that for any C'-extension © of v to N with ¥|r = v we have

(3.8) Vrv=PVo, (n-Vp)v=[Pn)-V]s on T.

Next we define the Weingarten map W and (twice) the mean curvature H
of I' by W := —Vrn and H := tr[W] = —divrn on I'. Note that W and H
are of class C*~2 and thus bounded on T.

LEMMA 3.1. The Weingarten map W is symmetric and
(3.9) Wn=0, PW=WP=W on T.
Also, if v € CH(T')? is tangential, i.e. v-n =0 on T, then

(3.10) (Vro)n =Wwv, Viv=P(Vrv)P+ (Wov)®@n on T.
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PROOF. We see by (3.1) and (3.5) that W = —V?2d is symmetric. Also,
we have (3.9) and (3.10) by applying Vr to [n|> =1 and v-n =0 on I' and
using (3.4) and Is =P + Q. O

By (3.9) we see that W has the eigenvalue zero associated with the
eigenvector n. Its other eigenvalues are the principal curvatures k1 and ko
and thus H = k1 + k2 on I' (see e.g. [15, 36]).

The Weingarten map W appears when we exchange the tangential
derivatives and compute the gradient of the constant extension of a function
on I

LEMMA 3.2. Forn € C*(T) and i,j =1,2,3 we have
(3.11) D,D;n— D,;D;n=[WVrnlin; — [WVrnln; on T.
Here [WNrn)|; is the i-th component of the vector field WV n.

For the proof of Lemma 3.2, see e.g. [44, Lemma 2.2].

LEMMA 3.3. The matrix

Iy — d(x)W(z) = Iz — W (y)

is invertible for all x =y +rn(y) € N withy € I' and r € (=6,0), and
(3.12) {Is = rW(y)} "' P(y) = P(y){Ls — rW(y)} .
Moreover, there exists a constant ¢ > 0 such that

(3.13) ¢ Hal < {5 — rW(y)}ka’ <cla|, k=41,
(3.14) ‘Ig —{I3 — T‘W(y)}_l‘ < c|r]|

forally €T, r € (=6,6), and a € R3.
LEMMA 3.4. For allx € N we have
(3.15) Vr(z) = {Is — d(x)W(x)} " Pla).
Let n € CY(T"). Then its constant extension 7j = n o7 satisfies

(3.16) Vi(z) = {Is — d(@)W(z)} ' Vin(z), zeN
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and there exists a constant ¢ > 0 independent of n such that

(3.17) ¢ [Ven(a)] < |Vig(e)] < ¢|Ven(z)],

(3.18) |Vil(a) = Vrn(z)| < e|d(z)Ven(z)]

for allz € N. IfT is of class C3 and n € C*(T'), then we have
(3.19) 92(a)| < ¢ ([Vin(@)| + [Vin)]), weN.

Lemmas 3.3 and 3.4 are proved in Appendix C. Note that
(3.20) Vae) = — {Is — d(x)W(x)} ' W(z), z€N

by (3.16) and W = —Vrn on I
Let us give integration by parts formulas on I' (see also [11, Theorem
2.10] and [15, Lemma 16.1] for different proofs).

LEMMA 3.5. Forv € CYT)? we have
(3.21) /divrv dH? = —/(v-n)HdHQ,
r r

where H? is the two-dimensional Hausdorff measure. Moreover,
(3.22) [ D+ Dy ar = - [ meHnean?
r r

forn, & € CY(T) andi=1,2,3.

Proor. If X € CY(I')? is tangential, then we can show [ divp X dH? =
0 by a standard localization argument and an expression of divpX under
local coordinates (see Lemma B.3). By this equality and divp[(v - n)n] =
—(v-n)H on I" we get (3.21). Also, we have (3.22) by setting v = née; in
(3.21), where {ey, 2, e3} is the standard basis of R?. [J

Based on (3.22), we introduce the Sobolev spaces on I' as in [11]. For
p € [1,00] and i = 1,2, 3 we say that n € LP(I") has the i-th weak tangential
derivative if there exists n; € LP(I") such that

(3.23) / e dH? = / D(Di + EHny) dH?
T T
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for all £ € C1(T'). In this case we write D;n = n; and define
WP(T) := {n € LP(T) | D;n € LP(T) for all i = 1,2, 3},

1/p
p .
+ v f 6 17 ,
oy o= | (1) 190718,00) ™ 9 1.0)
||77HL°°F +||VF77||L°°(F if p=o0.

Here Vrn := (Dyn, Dyn, D3n)T is the weak tangential gradient of n €
WULP(T). This notation is consistent with (3.3) for a C! function on T.
Also, for n € WP(T') and v € CH(T')3, we have

(3.24) / Vrn-vdH? = — / n{divrv + (v-n)H} dH>
r r
by (3.23). We also define the second order Sobolev space
W2P(T') :={n € W"P(T') | D;D;n € LP(T) for all 4, j = 1,2,3},

(R T K
I p ,00),
HnHW?,p(r) = M 1e (1) n |
7]l wr.oe 0y + V7 num it p=oo

and W™P(T') with m > 2 similarly, and write W%P(T') := LP(I') and
H™I) := W™2(T') for p € [1,00] and m > 0. Here Vin := (D;D;n);;
for n € W2P(T). Note that W™P(I') is a Banach space. In Lemma B.4 we
see that the Sobolev spaces introduced here are equivalent to the standard
ones used in the literature of differential geometry, e.g. [3, 29]. Thus we
have the following density result by standard localization and mollification
arguments (note that we can consider C™ functions on I' only for m < ¢
since T is of class C).

LEMMA 3.6. Letm =0,1,...,¢ and p € [1,00). Then C¥(T') is dense
in W™P(T).

By Lemma 3.6 we can apply the results for C" functions on I' given in
this subsection to WP functions with m = 1,2 and p € [1,00).

Let X(I') be a function space on I' such as C"(I") and W™P(T"). We
define the space of all tangential vector fields on I" whose components belong
to X(T') by X([,TT) := {v € X(I')? | v-n=0o0n I'}. Then W™P(T, TT)



174 Tatsu-Hiko MIURA

is a closed subspace of W™P(I')? for m > 0 and p € [1,00]. Also, for
v e WLP(T,TT) with p € [1, 00] we have

(3.25) / divpo dH? = — / (v-n)HdH* =0

r r
by (3.23) with & = 1 (note that Vp{ = 0 on T if £ is constant). When
m < £—1 and p # oo, an element of W™P(I', TT') is approximated by C*~!
tangential vector fields on I.

LEMMA 3.7. Letm=0,1,...,4—1 andp € [1,00). Then C*~Y(T,TT)
is dense in W™P(I',TT).

PROOF. Letv € W™P(I,TT) C W™P(I')3. By Lemma 3.6 we can take
a sequence {7 }2°, in C*(T")® that converges to v strongly in W™P(T')3. For
each k € N let vy, := Py, on I'. Then v, € C'Z—l(I‘,TI‘) since P is of class
C'~! on I". Moreover, since v is tangential on I', we have v — v, = P(v —0j,)
on I' and thus

v = vgllwmery < cllv = lwmery =0 as k— oo

by the C*~l-regularity of P on I' and the strong convergence of {0k}, to
v in W™P(I")3. Hence the claim is valid. [J

3.2. Curved thin domain

From now on, we assume that the closed surface I' is of class C°. Let
g0, 91 € C*(T") such that g := g1 — go satisfies (2.1). For € € (0, 1] we define a
curved thin domain €. in R3 by (1.1),i.e. Q. = {y+rn(y) |y €T, ego(y) <
r < eg1(y)}. Since gy and g; are bounded on T, there exists € € (0, 1] such
that £]g;| < 6 on I" for ¢ = 0,1, where § > 0 is the radius of the tubular
neighborhood N of T' given in Section 3.1. Hence Q. C N and the lemmas
in Section 3.1 are applicable in . for all ¢ € (0,£]. In what follows, we
assume € = 1 by replacing g; with ég; for i =0, 1.

Let I'? and I'! be the inner and outer boundaries of . defined as I't =
{y +egi(y)n(y) | y € T}, i = 0,1. Then the whole boundary of €. is
[. :=T2UT!. Note that I'c is of class C* by the C°-regularity of T' and
90, g1 € C*(I"). We use this fact in the proof of a uniform a priori estimate
for the vector Laplace operator (see Section 6).
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Let us give surface quantities on I'.. We define vector fields on I' by

(3.26) ri(y) = 1T — 20,0 W ()} Vegi(y).
i n(y) —etiy)
W= T mwr

(3.27) n

oy =

fory € T and @ = 0,1. Then 7! is tangential on I by (3.4), (3.12), and
Pa-n=0onT for a € R®. Also, 7! and n! are bounded on I' uniformly in
¢ along with their first and second order tangential derivatives.

LEMMA 3.8.  There exists a constant ¢ > 0 independent of € such that
(3.28) Wl <o Dpri)l < e [DDyTi(y)] < e
(3.29) 72(y) = Vrgiy)| < e, |Vrri(y) — VEgi(y)| < ce
forallyel,i=0,1, and k,1 =1,2,3. We also have
(3.30) i)l =1, [Dpni(y)l <e, |DDyni(y)] < e
(3.31) n2(y) +nz(y)l < e, [Venl(y) + Vrni(y)| < ee
forallyel,i=0,1, and k,1 =1,2,3.

We present the proof of Lemmas 3.8 in Appendix C.

Let ne be the unit outward normal vector field of I'.. For ¢ = 0,1 the

direction of n. on I'? is the same as that of (—1)""!% since the signed distance
function d from I' increases in the direction of n.

LEMMA 3.9. Let 7l =n' o be the constant extension of nt. Then

(3.32) ne(z) =al(xr), el i=0,1.

PROOF. We observe in Lemma B.5 that, if we define

n —Tp

(3.33) = (I3 — W) 'Vrh, np:=——-— on T

V1 |2

for h € C1(T) satisfying |h| < 6 on T, then the constant extension of ny, is
a unit normal vector field of the parametrized surface

(3.34) Ly ={y+h(y)n(y) |y €T}
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Setting h = g; in Lemma B.5 and noting that the direction of n. on T is
the same as that of (—1)"17 for i = 0,1 we obtain (3.32). O

As in Section 3.1, we set P. := I3s—n.®n. and Q). := n.®n. on I'. and
define the tangential gradient and the tangential derivatives of ¢ € C!(T.)
by Vr.¢ := P.V@ and D5 := Y7 [P];0;% on Te, i = 1,2,3, where @ is
any Cl-extension of ¢ to an open neighborhood of T'. with @|p. = ¢. For
u = (ur,ug,u3z)’ € CY(I'.)® we define the tangential gradient matrix and

the surface divergence of u by

& £ 13
Diuy Dijuz Djus
.— £
Vr.u:= | D5ui DSuy DSus |, divp u:=tr[Vr_ ul E D5y
D5u su2  DSu
3wl 3u2 LJ3U3

on T.. Also, for u € CY(T'.)3 and ¢ € O(T'c)3 we write

@ - Vr.u
(¢ - Vr)u:= | ¢ -Vru | =(Vr.u)'¢ on T..
(V2 VFEUB
Note that, as in the case of I', we have

(3.35) Vr.u=P.Vu, (¢ -Vr)u=][P.p)-V]a on I,

for any C'-extension 7 of u to an open neighborhood of T'. with @|r, = u.
We also define the Weingarten map W, and (twice) the mean curvature H,

of I'c as W, := —Vp.n. and H. := tr[W.] = —divp.n. on I'.. Then by
Lemma 3.1 we have
(3.36) Wl=PW.=W.P.=W. on [I..

The weak tangential derivatives of functions on I'c and the Sobolev spaces
W™P(T',) are also defined as in Section 3.1.

By the expression (3.27) of the unit outward normal n. to I';, we can
compare the surface quantities of I'. with those of I'.

LEMMA 3.10. There exists a constant ¢ > 0 independent of € such that

(3.37) ‘ng(x) —(=1)"! {n(z) — eVrg(z) }’ < e,

(3.38) ‘PE(:E) - F(x)} < ce, |Q€ - (‘T)‘

(3.39)  [We(w) = (-)™'W(2)| < e, [He(z)— (- >l+1H< )| < ee,
(3.40) DEW.(2) — (1) D, W (a )\ <
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for all x € I‘é, 1=0,1, and 7 = 1,2,3. In particular, W, H, and Q;WE
with j = 1,2,3 are uniformly bounded in € on I'c (note that |P:| = 2 and
|Q:| =1 onT;).

We can also compare the surface quantities of I'Y and T'L.
LEMMA 3.11.  There exists a constant ¢ > 0 independent of € such that

(3.41) |Fe(y +eg1(y)n(y)) — Fe(y + ego(y)n(y))| < ce,
(3.42) |Ge(y +eg1(y)n(y)) + Ge(y + ego(y)n(y))| < ce

forallyel, F. = P.,Q., and G, = WE,HE,Q?W‘E with j =1,2,3.

The proofs of Lemmas 3.10 and 3.11 are given in Appendix C. Note
that, in (3.42), the sum of the surface quantities on I'? and I'! related to
ne, not the difference of them, is of order £. This is because the direction
of n. on I'Y is the opposite to that of n. on T'L.

Next we give a change of variables formula for an integral over €).. For
functions ¢ on Q. and 7 on I'Y, i = 0,1 we use the notations

(343)  ©Hy,r) = ely+rn(y)), yeT, re(eg(y).eo1(y)),
(3.44) nt(y) =nly +egi(W)n(y)), yeT.

Let J = J(y,r) be a function given by

(3.45) Sy, 7) = detlls —rW(y)] = {1 = rr1(y) {1 = rra(y)}
for y € T and r € (—6,6). By (3.2) and k1, ke € C3(T") we have

oJ

(3.46) < Jyr) <e, ‘g(w) <c

—

(3.47) Sy, ) =1 < ¢lr|

for all y € T' and r € (—6,6). Note that J is the Jacobian appearing in the
change of variables formula

€g1(y)
(3.48) A@mmzﬁf ety o)) e )

go(y
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for a function ¢ on €. (see e.g. [15, Section 14.6]). The formula (3.48) can
be seen as a co-area formula. From (3.46) and (3.48) it immediately follows
that

egi(y
349 el < | / PP dr dH2(y) < ellelg
590@/

for ¢ € LP(Q)), p € [1,00). In the sequel we frequently use this inequality
and the following estimates for the constant extension 77 = now of a function
non .

LEMMA 3.12. For p € [1,00) we have n € LP(T) if and only if 7 €
LP(Q.), and there exists a constant ¢ > 0 independent of € and n such that

(3.50) VPl ey < il cegon) < Pl o).
Moreover, n € WYP(T) if and only if 7 € WYP(Q.) and we have

(3.51) P Inllwraay < llwis@) < P nllwer)-

PROOF.  Since 7(y, ) = n(y) for y € T and € (g0(y), <91 (1)),

J / NP drat ) =< [ ol a4t ).

By this equality, (2.1), and (3.49), we get (3.50). Similarly,
VPVl oy < IVAllzegan) < P Venllem
by (2.1), (3.17), and (3.49). This inequality and (3.50) yield (3.51). O
We also give a change of variables formula for an integral over T

LEMMA 3.13. For ¢ € LY(T'Y), i = 0,1 let gog be given by (3.44). Then

350 [ e i@ = [ G a1+ 2wk i)
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with ¢ given by (3.26). Moreover, if ¢ € LP(T), p € [1,00), then gog €
LP(T) and
(3.53) Hellzoy < llefllzam < ellellos.
where ¢ > 0 is a constant independent of € and .

Proor. In Lemma B.6 we show the change of variables formula

/F o(x) dH2(z) = /F 5 () (9, BV T ()2 dH2(y)

for ¢ € LY(T'},), where 73, and T, are given by (3.33) and (3.34) with h €
CH(T) satisfying |h| < § on T' and gogb(y) = ¢y + h(y)n(y)) for y € T.
Setting h = eg;, i = 0,1 in the above formula we obtain (3.52). Also, (3.53)
follows from (3.28), (3.46), and (3.52). O

4. Fundamental Inequalities and Formulas

Let us give fundamental inequalities and formulas for functions on 2.
and I';. For a function ¢ on . and z € Q. with y = 7(x) € T let

(@1)  Onple) = (Alx) - V)ple) = - (ply +rn(y)))

r=d(z)

be the derivative of ¢ in the normal direction of I". Note that 9,7 = (7 -
V)i = 0 in €. for the constant extension 7 = now of n € C1(I').
First we show Poincaré and trace type inequalities on €)..

LEMMA 4.1. There exists a constant ¢ > 0 such that
(42)  lelsn < ¢ (7710l iy +l0npliaen) )
@3) Nl < o (e Plelimn + e Plonelr,)
for all e € (0,1], ¢ € WIP(Q,) with p € [1,00), and i = 0, 1.

PrROOF. We prove (4.2) and (4.3) for i« = 0. The proofs for i = 1 are
the same. We use the notations (3.43) and (3.44). Since

#
F00)) = ). O (5,r) = (Bup) )
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for y € I and 7 € (ego(y),€91(y)) by (4.1), we have

(4.4) ) =ghw) + [ | 0uP P

From (4.4) and Holder’s inequality it follows that

eq1(y)

1/p
0% (g, 7)] < |h(y)] + ce' 71/ (/ (D) (y, 7) P df) :

go(y)

Noting that the right-hand side is independent of r, we integrate the p-th
power of both sides of this inequality with respect to r to get

€g1(y) i
@s) [ i ar
£g0(y)

g0(y)

4 £g1(y) b - 3
<cleldwr+e [ @l nprdr). yer.
S
We integrate both sides with respect to y and use (3.49) to have

1o 0y < ¢ (2Nt o + 1000 1Ry ) -

Applying (3.53) to the first term on the right-hand side we obtain (4.2).
Next let us prove (4.3). As in the proof of (4.5), we use (4.4) to get

g0(y) ego(y)

) eg1(y) ) eg1(y)
<efe / Gy, )P dr + €7 / |(Onp)f (PP dF
€

for all y € I'. Here the function g(y) on the left-hand side comes from the
integration with respect to r. Integrating both sides of the above inequality
with respect to y and using (2.1) and (3.49) we obtain

Y G 2 A LR P

We apply (3.53) to the left-hand side of this inequality to get (4.3). O
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Next we present two results for a vector field u: €, — R3 satisfying the
impermeable boundary condition

(4.6) u-ne=0 on I,

LEMMA 4.2. Fori=0,1 letu € L*(T%)? satisfy (4.6) on L. Then

(4.7) w-n=cu-7., |u-n|<celul on T,

where 7% is given by (3.26) and ¢ > 0 is a constant independent of ¢ and u.

PROOF. The first equality of (4.7) follows from (3.27), (3.32), and (4.6)
on I'"Y. Also, we get the second inequality of (4.7) by the first one and
(3.28). O

LEMMA 4.3. There exists a constant ¢ > 0 such that

(48) < e (lulBaq,) + lullzz@o Vel 2. )

/ (w-V)u-ne dH>

g

for all e € (0,1] and u € H?*(Q.)? satisfying (4.6).

Note that the second order derivatives of u do not appear in (4.8), al-
though we need u € H?(Q.)? to confirm Vu|r, € L?(92.)3*3. We use (4.8)
in the proof of Lemma 5.1 below, where in fact u € C?(£.)3, and also in the
last part of our study [48, Lemma 4.14], where we only have u € H2())3.

ProOOF. Noting that u is tangential on I'. by (4.6), we use (3.35) to
get

(u-Vu-n.=(u-Vr)u-n. =u-Vr_(u-n:) —u- (u-Vr,)ne

on I'.. The first term on the right-hand side vanishes by (4.6) (note that
the tangential gradient on I'. depends only on the values of a function
on T.). Also, (u-Vr)n. = —Weu by —Vr.n. = W, = WI. Hence
(u-V)u-n, =u-Weuon I'; and

(4.9) /(u-V)u-nEdH2: w- WeudH? = Z/ u- Weu dH2.
ri

e e i=0,1
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To estimate the right-hand side we interpolate the integrals over T'? and T’}
to produce an integral over ).. Let

Fily) = /1 + )P WEiy), i=0.1,
@10) Py = (= W) RO~ )~ )R},

p(y,r) =uf(y,r) - Fy,r)u (y,7)J (y,7)

for y € T and r € [ego(y),e91(y)] with 7, i = 0,1 and J given by (3.26)
and (3.45). Here and hereafter we use the notations (3.43) and (3.44) and
sometimes suppress the arguments y and r. By (4.10) we have

[w- Weuld(y)( /1 + 2|78 () 2T (y,295(y)) = (—1)o(y, 29i(y))

for y € I and 7 = 0,1. From this relation and (3.52) we deduce that

Z/uWu ) dH? (z)

1=0,1

(4.11) - / (o c01() — o(y. g0(y))} AH2(y)

/ /6 W o ) dr dH?(y).

To estimate the integrand on the last line we use (3.46) to get

a5 < e{ (191+[50]) WP + PR}

By (3.28) and the uniform boundedness in € of W, on I'; (see Lemma 3.10),
we see that Fy and F) are bounded on I' uniformly in €. Thus

(4.13) IF(y,r)| < %{(r —ego(y) + (equ(y) — )} = ¢

eg\y

for y € T" and r € [ego(y),e91(y)]. Also,

oF _ A
(4.14) ‘W‘ Sce ' [WEL AW+ <\/1+52|Tg12 - 1> Wl

i=0,1
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by OF/0r = (eg) ' (Fy + Fp) and (4.10). We observe by the mean value
theorem for the function /1 + s, s > 0 and (3.28) that

: e
(4.15) 0</1+eri(y))?—-1< 5’7—;@”2 <ce?, yel.

We apply this inequality, (3.42) with G. = W,, and the uniform bounded-
ness in € of W, on I'. to the right-hand side of (4.14) to obtain

<c¢ forall yel,relego(y),eq1(y)]

OF
4.1 —
@10 |G
From (4.12), (4.13), and (4.16), we deduce that

(4.17) ‘g—f(y, T)

< o(Ju(y r) 2+ |[wf][(Vu)l] (7))
for y € T and 7 € [ego(y),£91(y)]. Thus, by (4.9), (4.11), and (4.17),

£g1
§c// (102 + | (V)] ) dr a2
I' Jego

and we apply (3.49) and Holder’s inequality to the right-hand side to obtain
(4.8). O

/ (w-V)u-ne dH?

€

Let us give two formulas on I'. from the slip boundary conditions
(4.18) u-ne =0, 2vP.D(u)n.+vu=0 on I,

which are crucial for the proofs of a uniform a priori estimate for the vec-
tor Laplace operator on €. (see Theorem 6.1) and the uniform difference
estimate for the Stokes and Laplace operators (2.14).

LEMMA 4.4. Fori=0,1letu € H*(Q)? satisfy (4.18) on T'L. Then
(4.19) P.(n. - V)u=—-W.u— %u on T,

(4.20) ne X curlu = —n, X {ns X (2W5u + %u)} on Tt
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PROOF. Taking the tangential gradient of u - n. = 0 on I': we have
(4.21) (Vr.u)n. = —(Vr.no)u = Weu on TC.

By 2D(u) = Vu + (Vu)T, (3.35), and (4.21), we have 2P.D(u)n. = Weu +
P-(ne - V)u on I't. This equality and (4.18) give (4.19).

To prove (4.20) we see that the vector field n. x curlu is tangential on
I':. By this fact, (3.35), (4.19), and (4.21),

ne x curlu = P(n. x curlu) = Po{(Vu)ne — (Vu) n.}
= (Vp,u)ne — Pe(ne - V)u = 2W_u + %u
on I'.. The equality (4.20) follows from the the above equality and the

identity a x (a x b) = (a - b)a — |a|?b with a = n. and b = 2W.u + v~ 1.,
since ne - u=mn. - Weu =0 and |n.|> =1on 'L O

5. Korn’s Inequality on a Curved Thin Domain

In this section we establish the uniform Korn inequality (1.9) on €.
that is essential for the uniform coerciveness of the bilinear form a. given
by (2.2). We also compare it with a standard Korn inequality for simple
examples of (..

5.1. Uniform Korn inequality on a curved thin domain

The goal of this subsection is to show the uniform Korn inequality under
suitable assumptions for a vector field u on €2.. First we give a uniform L?2-
estimate for Vu on 2.

LEMMA 5.1. There exists a constant cx,1 > 0 independent of € such
that

(5.1) IVulZ2i.) < 4IDW)[720.) + cxallullizo.
for all e € (0,1] and u € H* ()3 satisfying (4.6).
Let us prove an auxiliary density result.

LEMMA 5.2. Let u € HY(Q:)? satisfy (4.6). Then there exists a se-
quence {ug}32, in C*(Q:)® such that uy satisfies (4.6) for each k € N and
limg oo |0 — UkHHl(QE) =0.
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ProOOF. We follow the idea of the proof of [5, Theorem IV.4.7], but
here it is not necessary to localize a vector field on €).. For x € N we define

i) = ——{(d(z) — ego(@))(@) + (71 (2) — d(2))n(x)},

 eg(x)

where n and n! are given by (3.27) and 7 = 1 o m denotes the constant
extension of a function 7 on I'. Then 7 € C?(N)3 by the regularity of
I', go, and g;. Moreover, n = n. on I'c by Lemma 3.9. Hence if u €
H1(Q.)? satisfies (4.6), then we have u-7 € H} () and w := u— (u-7)7 €
H'(Q.)3. Since I'; is of class C*, there exist sequences {px}22, in C°(£.)
and {wg}22, in C*(Q.)3 such that

Jim w7t — @rll o) = Jim |w — w1,y = 0.

Here C2°(€.) is the space of all smooth and compactly supported functions
on Q.. Therefore, setting uy, := @pi +wy — (wy - 7)7 € C?(Q.)? we see that
Uk - ne = up - =@, =0 on I'; for each k € N and

lu —ugll ) = (w7 — )i+ (w —wg) — {(w —wg) - 230l g,
< e (lu-n—grllg o + lw —willgro,y) — 0

as k — oo (note that u = (u-n)n +w and w-n = 0 in Q. and ¢ is
independent of k). O

PROOF OF LEMMA 5.1. Tt is sufficient to show (5.1) for all u € C?(£.)3
satisfying (4.6) by Lemma 5.2 and a density argument. Then we can carry
out integration by parts twice to get

Vu : (Vu)T dx
Qe

— / (div u)2 dx + {(w-V)u-nes — (u-nz)divu} dH?>.

Since (divu)? >0 in Q. and u - n. = 0 on I';, the above equality implies

/ Vu : (Vu) dz 2/ (u-V)u-ne dH>

1> €
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By this inequality and |Vu|? = 2|D(u)|> — Vu : (Vu)T in Q., we have

Vul, < 20000 ey~ [ (wr V)u-near

Ie

Noting that u € C?(Q.)? satisfies (4.6), we apply (4.8) to the last term and
use ab < (a? + b?)/2 for a,b > 0 to obtain

1
IVullZz,) < 21D, + elullzzq,) + 51Vullz2 .-
Hence (5.1) follows. O

Next we show a uniform L?-estimate for v by the L?-norms of Vu and
D(u) on €. Recall that for a function 7 on I" we denote by 77 = no 7 its
constant extension in the normal direction of I

LEMMA 5.3. For given o > 0 and ( € [0,1) there exist constants ex =
ex(a, ) € (0,1] and ck 2 = cx2(a, §) > 0 such that

(5.2) ullZ2(q,y < allVulZaq, + crall D)7z,
for all e € (0,ex] and u € HY(Q.)? satisfying (4.6) and

(5.3) |(u, 0) r2(q.)

Here Ky(I') is the function space on T' given by (2.5).

< Bllull 2o llvll 2.y for all v e Ky(T).

A geometric interpretation of the condition (5.3) for the uniform Korn
inequality is given in [37, Remark 3.1]. Also, we observe in Section 5.2 that
(5.3) is indeed necessary for the uniform Korn inequality.

To prove Lemma 5.3 we transform integrals over (). into those over the
domain €27 with fixed thickness by using the following lemmas (note that
we assume §2; C N by scaling go and g1).

LEMMA 5.4. Fore € (0,1] let
(5.4) D.(X) = n(X) +ed(X)n(X), X € Q.

Then ®. is a bijection from €y onto Q. and

(5.5) / playde=c | £(X)J(x(X), d(X)) " I (7(X), ed(X)) dX
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for a function ¢ on ., where £ :== p o ®. on Q; and J is given by (3.45).
Moreover, if p € L*(.), then &€ € L*(Q1) and there exist constants c1,cy >
0 independent of € and ¢ such that

(5.6) e ell7z,) < €72y < e llelli2 0.y
If in addition ¢ € H*(S).), then ¢ € H'(Q4) and
5.7) Vellaiqy = ¢ (|IPVE 2 + e 210nE)2
(5. e IVeliz o, 2 e r2an) 7€ 108l ) -

where 0p,& = (R - V)E on Q1 and ¢ > 0 is a constant independent of € and
©.

LEMMA 5.5. Fore € (0,1] let ®.: Q1 — Q¢ be the bijection given by

(5.4). Also, let uw € H(Q)3. Then U :=uo ®. € H'(Q)? and (5.7) holds
with ¢ and & replaced by u and U, respectively. Moreover,

(5:8) = D@)Ese,
> ¢ (|[PRAU)SP| 2, + & 21000 - Dli3ay))

where F.(U)s = {F.(U) + F.(U)T}/2 is the symmetric part of
(5.9) F(U) = (13 - de)_l (13 - dW) VU on O
and ¢ > 0 is a constant independent of € and wu.

We give the proofs of Lemmas 5.4 and 5.5 in Appendix C.

ProOOF oF LEMMA 5.3. Following the idea in the case of a flat thin
domain [19, Lemma 4.14], we prove (5.2) by contradiction.

Assume to the contrary that there exist a sequence {ej}7°, of positive

numbers with limy_..ex = 0 and vector fields ux € H'(Q,)? satisfying
(4.6) on I';, , (5.3), and

(610)  luelfage,) > alVarlia,) +EID@) g, ) ke
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For each k € N let ®,, be the bijection from € onto ., given by (5.4) and
Uy = up o ®,, € HY(Q1)3. Also, let F., (Uy) be given by (5.9). We divide
both sides of (5.10) by € and use (5.6)—(5.8) to get

101220,y > ca (IPVUR 20, + € 210U 2 2(0r))
+ o ([ PFe (U5 20y) + €1 210a Uk - M22(0) -
Since [|Ugl[z2(q,) > 0, we may assume
(5.11) 1UkllL2@) =1, k€N
by replacing Uy with Ug/||Uk||z2(q,). Then
(5.12) PVUK|[;2 0, + € 2 100Ukl 20 < ca™,
(5.13) | P, (U SPHL2 )+ €0 2 N0n(Us - ) 172y < k™!
and {Ug}22, is bounded in H'(€2;)3 by (5.11), (5.12), and
VU = |[PVUL + [QVUL,  [QVUL| = [n® 8,U%| = [0.U3]

in Q. By these facts and the compact embedding H'(2;) — L?(£1), we
see that {Uy}72, converges (up to a subsequence) to some U strongly in
L?(9.)? and weakly in H*(Q.)3. Thus, by (5.11),

(5.14) 1Ull2(0,) = kh_{go 1Ukll 20, = 1-

Moreover, since {Uy,}32, converges to U weakly in H!(£4)? and

by (5.12), we have 9,U = 0 in €, i.e. U is independent of the normal
direction of I'. Hence, setting v(y) := U(y + go(y)n(y)) for y € T, we can
consider U as the constant extension of v, i.e. U = v in ;.

Now we claim that v € KCg(I"). If this claim is valid, then

(5.16) |(uk, 0) 20, )| < Blluklz2oo) 19l 2., ), k€N
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with 8 € [0,1) since we assume that uy satisfies (5.3). We express this
inequality in terms of Uy and send k — oco. Let

(5.17) op(X) = J(n(X),d(X) " I (n(X), erd(X)), X € Q.

Then by (5.5) and Uy = ug o @, on ; we have

(uk; D) 2(0.,) = €k /91 Uy - (00 P, ) dX.
Here v 0o ®,, = v in Q since 7 o ®,, = 7 in Q; by (5.4). Moreover, since
pe(X) = J(1(X),d(X)) ™ = J(n(X),d(X)) " {J(7(X), erd(X)) — 1}
for X € Q;, we observe by (3.46), (3.47), and |d| < ¢ in £ that
(518)  lpn(X) = J(r(X), (X))} < esild(X)] < ceg — 0
as k — oo uniformly in X € ;. By these facts and the strong convergence

of {Up}22, to U = in L*(94)3, we have

lim e, (uk,@)Lz(QEk) = lim (Ug - 0)pr dX

k—o0 k—o0 N

o2 (x (), d(-)) " dX.
1951

Moreover, the last term is of the form

/ / W2 (y,r) " Iy, ) dr dH2(y) = / o(v)o(y)? dH3(y)
90(y) r

by (3.48) with € = 1. Therefore,

(5.19) lim e, (u, 0) r2(0,,) = 19200172y

k—o0
By the same arguments we have

1/2

(5.20) kh_{goEi;lHUkH%%QEk) = klll{)loglzl||5||%2(9€k) = lg"?vl1 2y

We divide both sides of (5.16) by ex, send k — oo, and use (5.19) and (5.20)
to get ||gl/2fu||%2(r) < ﬂ||g1/2v||%2(r). By this inequality, 8 < 1, and (2.1),
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we find that v =0 on I' and thus U = v = 0 in €, which contradicts (5.14).
Hence (5.2) is valid.

It remains to show v € K4(T). First we note that v € HY(T)? by
v =U € H'()? and Lemma 3.12. To verify the other conditions for
v € Ky(T'), we use the impermeable condition (4.6) on I';, for u; and the
relations (5.13) and (5.15) for U.

Let us prove v-n =0 on I'. We have

1Uk = 0l 2ry) < ¢ (1Uk — 0l r2¢0,) + 100Ukl L20r)) » k€N
by (4.3) with e =1 and 0,,v =0 in ;. Thus

(5.21) T U — o],y = 0

by the strong convergence of {Uy}?2, to ¥ = U in L?(4)% and (5.15).
On the other hand, since uy, satisfies (4.6) on I';,, we can use (4.7) to get
|ug - 1| < ceglug| on T'g,, or equivalently, |Uy - n| < ce|Ug| on I'y for each
k € N. By this inequality, (4.3) with ¢ = 1, and the boundedness of {Uj}32,
in H'(Q1)3, we find that

Uk - 2llp2ryy < cskllUkllzz@yy < cerllUkllar,) — 0

as k — oo. Combining this with (5.21) we obtain v -7 = 0 on I'j, which
yields v-n = 0 on I' since v and 7n are the constant extensions of v and n
in the normal direction of I'.

Next we verify Dr(v) = 0onI'. Since F;, (Uy) is given by (5.9), {Ux}72,
converges to U = v weakly in H'(£;)3, and

‘{13 — epd(X)W(X)} T - 13‘ < cep|d(X)| < cep — 0
as k — oo uniformly in X € Q; by (3.14), we have
lim P (Uy) = (13 - dW) Vo = Vv weakly in L2(9)3%3.
Here the last equality follows from (3.16). Thus we get

lim PE, (U)sP = ?(vpv) P =Dr(v) weakly i L2(2)™.
—00
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Moreover, limy_, o H?Fsk(Uk)SﬁHLQ(Ql) = 0 by (5.13). Hence Dr(v) =0 in
2y and we obtain Dr(v) =0 on T

Lastly, let us prove v - Vrg = 0 on I'. Hereafter we use the notations
(3.43) and (3.44) (with e = 1). For each k € N, since uy, satisfies (4.6) on
I'c,, we have uy - %Eik = sgluk - 71 on Fék, i = 0,1 by (4.7). This equality
yields Uy, - ?gk = E;lUk -7 on 'Y, or equivalently, U,gﬂ. : Tgk = a,;lU,EJ. “m on
I' for : = 0,1. Hence
(5.22) Uy 7k = Uk 0 ey = g ULy - = Uf o nllpaqry.-

£

Moreover, since a*(y,r) = n(y) for y € T and 7 € (go(y), 91(y)),

1(y)
Vs m ) = Who m) = [ 5 ()
91(y)
- / 00 (Us - 1) (g, 7).
90(y)

By this equality, Holder’s inequality, (3.49), and (5.13), we have

" 4 ) 91(y) o 2 )
0 n = nllaey = [ [ 00 mF e ar ) art(y
g

0(y)
< | 0n(Uk - )[|72(0,) < cerk™".
Applying this inequality to the right-hand side of (5.22) we get
(5.23) UE -7l = Ubg 2 ey S ck ™2 =0 as k— oc.

€k

Also, by (3.28), (3.29), and (3.53), we see that

|Uf, - 7 — v Vrgillamy
<NUE; = v) -7 llza) + v - (72, = Vgl
<c <||U;372~ —vllz2@) + €k||UHL2(F))
<c (HUk — 0l p2(riy + 5kHUHL2(r)> :

Since the right-hand side tends to zero as k — oo by (5.21),

lim HU]gZ-'Tgk—U'vng”L2(p):0, i:(],l.
k—o0 ’
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By this equality, (5.23), and g = g1 — go on I', we obtain |[v- Vrg||r2(r) = 0.
Hence v - Vrg = 0 on I' and we conclude that v € ICy(I"). O

By Lemmas 5.1 and 5.3 we get the uniform Korn inequality on 2.

THEOREM 5.6. For 8 € [0,1) there ezist exg € (0,1] and cxg > 0
such that

(5.24) lullFr o, < cxpl D)7z,
for alle € (0,ex 5] and uw € H' () satisfying (4.6) and (5.3).

PrROOF. Let cx1 > 0 be the constant given in Lemma 5.1. Also,
let ex € (0,1] and cx2 > 0 be the constants given in Lemma 5.3 with
a:=1/2ck ;. For € € (0,ex] let u € H'(Q.)? satisfy (4.6) and (5.3). By
(5.1) and (5.2) we have

IVullZ2 0.y < 4+ eracr2) D)7z, + cxaal Vulliz .-
Since a = 1/2¢ck 1, the above inequality implies that
(5.25) IVulZ20.) < epall D)2y, o1 =204+ cxicka).
From this inequality and (5.2), we further deduce that
(5.26) lullFeiq.) < ca2l D)7z, ca2 = 2(2¢5) + cxp)-

By (5.25) and (5.26) we get (5.24) with e g 1= e and cx g 1= cg1+cp2. O

Let R4 be the space of infinitesimal rigid displacements of R3 given by
(2.4). We show that (5.24) holds under another condition if ICy(I") agrees
with Rg|r := {w|r | w € Ry} (see also Remark 2.1).

THEOREM 5.7.  Suppose that Ry|r = Ky4(I'). Then for 3 € [0,1) there
exist constants €3 € (0,1] and cxp > 0 such that the inequality (5.24)
holds for all e € (0,ek 5] and u € HY(Q:)? satisfying (4.6) and

(5.27) }(u,w)Lz(Qe) < Bllull 2wl  for all w € Ry.



Navier—Stokes Equations in a Curved Thin Domain, Part I 193

Note that w € Ry in (5.27) has an explicit form w(z) = a x z + b for
x € R3, which is essential for the proof of Theorem 5.7.

PRrROOF. The proof is the same as that of Theorem 5.6 if we show that
the statement of Lemma 5.3 is still valid under the condition (5.27) instead
of (5.3). Assume to the contrary that there exist a sequence {e;}72, of
positive numbers convergent to zero and vector fields uy € H*(Q., )3, k € N
satisfying (4.6) on I';,, (5.10), and (5.27). Let ®., be the bijection from
Qy onto €, given by (5.4) and Uy, := uy o ®., € H'(Q1)3. Then, after
replacing Uy, with Uy /||Uk|lr2(q,), We can show as in the proof of Lemma
5.3 that {Uy}2°, converges (up to a subsequence) strongly in L?*(€2;)3 to
the constant extension @ of some v € ICy(I") and

(5.29) [9l2000) = Jim [0kl = 1.
Now we can take w € R, such that w|r = v on I' by the assumption

Rylr = Ky(T'). Then since uy, satisfies (5.27) and w € Ry,

(5:29)  |(unw) iz, | < Bluklizzn, el 2y, b EN.

Let oy, be the function on ; given by (5.17). Then by (5.5) we get

(uk, w)r2(q.,) = Ek/ﬂ U - (wo @, )y dX.
1

Since w € Ry is of the form w(x) = a x x + b with a,b € R3,

w(®, (X)) =a x {m(X) +exd(X)n(X)} + b
= w(m(X)) +erd(X){a x n(X)}

for X € ;. Hence by |d| < ¢ and || =1 in ©; we have
|lwo®,, —womn|=¢ek|dlaxn) <cep— 0

as k — oo uniformly on ;. By this fact, (5.18), and the strong convergence
of {Ui}2, to v in L%()3, we get

lim agl(uk,w)m(ﬂ%) = /Q o (wom)J(n(-),d(-)) "t dX.

k—o0
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To the right-hand side we further apply (3.48) with ¢ = 1. Then since
m(y+rn(y)) =y for y € I" and r € (go(y),91(y)) and since w|r = v on T,
we obtain

k—o0

fim <7 (w0, = [ 9(0)00) - wl) dH20) = "2

In the same way we can show that

1/2U||%2(r)-

. -1 2 T -1 2 —

m e luglzag,, ) = lm e lwllzzg, ) = llg
Thus, as in the proof of Lemma 5.3, we can derive v = 0 on I' by dividing
both sides of (5.29) by e, sending k — oo, and using the above equalities,
B < 1,and (2.1). This implies v = 0 on €, which contradicts (5.28). Hence
the statement of Lemma 5.3 holds under the condition (5.27) instead of
(5.3). O

REMARK 5.8. The uniform Korn inequality (5.24) was first established
by Lewicka and Miiller [37, Theorem 2.2] under the condition (5.3). They
combined a uniform Korn inequality on a thin cylinder and Korn’s inequality
on a surface to prove (5.24). In Theorem 5.6 we gave a more direct proof of
(5.24) under the same condition.

The condition (5.27) under the assumption Ry|r = ICy(I") is a new con-
dition for the uniform Korn inequality (5.24). Note that we take a vector
field w € Ry, defined on R? itself in (5.27), not its restriction on I' as in
[37]. Due to this fact, Theorem 5.7 under the assumption R, = ICy(I") gives
an improvement of [37, Theorem 2.3] which shows Korn’s inequality with a
constant of order e~ 1.

As we mentioned in Remark 2.1, we have R|pr = K(I') and thus Ry|r =
ICq(I') for any g if I' is axially symmetric or it is closed and convex. In
particular, Theorem 5.7 is applicable for curved thin domains around the
unit sphere S? in R3.

5.2. Difference between the uniform and standard Korn inequal-
ities
In this subsection we discuss the difference between the uniform Korn
inequality (5.24) and a standard Korn inequality related to the axial sym-
metry of a domain.
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For a fixed € € (0, 1] let
R.:={w(x)=axz+bxeR®|abeR> w, -n.=0onT.}.

The set R. stands for the axial symmetry of €., i.e. R, # {0} if and only
if Q. is axially symmetric around some line (see Lemma E.1). It appears
in the following standard Korn inequality with a constant depending on a
domain (see also [2, 4, 69]).

LEMMA 5.9. For fized € € (0,1] and 5 € [0,1) there exists a constant
ce > 0 depending on € (and (3) such that

(5.30) [ullmr .y < cellD(w)ll 2o,

for all w € HY(Q)? satisfying (4.6) and

(5.31) |(u, w)LQ(QE)‘ < Bllullrz@llwllL2@y  for all w € Re.

PROOF. The proof is much easier than those of Theorems 5.6 and 5.7
since we fix ¢ and do not use a change of variables. By (5.1) it suffices
to show [ull 2. < ccllD(u)lr2(q, for all u € H'(Q.)? satisfying (4.6)
and (5.31). Assume to the contrary that there exists uy € H'()? that
satisfies (4.6), (5.31), |luxllz2(.) = 1, and ||D(ug)|| 2.y < k= for k € N.
Then {u}3°, is bounded in H'(£2.) by (5.1) and thus converges (up to a
subsequence) to some u strongly in L?(:)? and weakly in H'(£.)3 by the
compact embedding H'(.) < L*(£2.). Moreover, {ug|r.}32, converges to
ulp, strongly in L?(I'.)® by the trace inequality (5.32) given below (note
that we fix ). By these facts, we get D(u) = 0 in . and v -n. =0 on I';,
which shows u € R, and also [lu2(.) = 1. Now we have (5.31) with u
and w replaced by u; and u by the assumption on u; and u € R.. Then we
send k — oo to get 1 < 3, which contradicts # € [0,1). Hence the claim is
valid. [J

LEMMA 5.10. There exists a constant ¢ > 0 such that
1/2

(5:32)  leliewy) < ¢ (572 lellzn) + 19l oo, 10nel5g,))

for all e € (0,1] and p € HY(Q.), where O = (i - V).
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PROOF. The proof is the same as that of (4.3), and here we use
e9i(y) 9
FWP =@l + [ (PP

T

and 0|¢%/0r = 20%(9,p)f for y € T and r € (ego(y),e91(y)) instead of
(4.4), where we used the notations (3.43)—(3.44). O

The constant ¢, in (5.30) may blow up as ¢ — 0 (see [19, Corollary
4.11] for the case of a flat thin domain). To see this, we use a vector field
introduced in [37, Section 4] as a counterexample to (5.24).

LEMMA 5.11.  Suppose that KCg(I") # {0}. Let v € Ky(I'), v # 0 and
(5.33) 0¥ (x) = {Is — d(z)W(z)} v(z) + € {v(x) - Vrgo(z)} n(z)

for x € N. Then v® satisfies (4.6) for all € € (0,1]. Moreover, there exist
constants c,c2 > 0 and €, € (0,1] depending on v such that
(5.34) 1Nl e = eve™?, D) L2, < e
for all e € (0,g,].

This result was shown in [37, Section 4]. An alternative proof in our
notations can be found in the arXiv version of this paper [46].

From Lemma, 5.11 it immediately follows that c. blows up if K4(I') # {0}
and . is not axially symmetric for all € € (0, 1] sufficiently small. Let us
give an example.

LEMMA 5.12. Let I' = S? be the unit sphere in R? and
goW) =y, gW)=y2+2, y=(y1,42,93) €5
Then for all e € (0,1] the curved thin domain
Q. ={rylye S 1+eys<r<1+e(y2+2)}

s not azially symmetric around any line. Also, there exist constants ¢y > 0
and g, € (0,1] such that the constant c. given in Lemma 5.9 with any
B €[0,1) satisfies

(5-35) Ce > cbs_l
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for all e € (0,ep] and thus ¢ — 0o as e — 0.

PrOOF. First note that g(y) = yo —y3 +2 > 2 — /2 for all y € S2.
Using the spherical coordinate system

5% = {(sin ¥, cos ¥, sin ¥y sin ¥z, cos V1) | 91 € [0, 7], Y2 € [0, 27]}
we can express the inner boundary of ). as

2 = {(p(01) cos Vo, p(v1) sinda, (1)) | ¥ € [0,7], V2 € [0,27]},
©(01) := (1 +ecosvy)sin?dy, ®(I1):= (14 ecosdy)cosv;.

Thus I'? is axially symmetric around the x3-axis. Since I'? is not a sphere,
it is not axially symmetric around other lines (see Remark E.4). Similarly,
we see that the outer boundary I'! is axially symmetric only around the
xo-axis. Hence (). is not axially symmetric around any line, i.e. R, = {0}
for all € € (0,1] (see Lemma E.1).

Next let us prove (5.35). Since I' = 52, we have

(5.36) R={w(x)=axz,zcR|acR}, K(S?) =R|s.

Let v € K(S?) be of the form v(y) = a x y, y € S? with a € R3. Then since
Vrg(y) = P(y)(es — e3) for y € S%, where {ey, 2, e3} is the standard basis
of R3, and v is tangential on S?,

v(y) - Vrg(y) =v(y) - (2 —e3) = {(e2 —e3) x a} -y, ye S

Hence v - Vrg = 0 on S? if and only if @ = a(ey — e3) with a € R, i.e.
Kg(5%) = {avo | a € R} # {0}, wo(y) = (e2 —e3) xy, ye S

Let v be the vector field given by (5.33) with v = vg. Also, let ¢}, ¢, and &,
be the constants given in Lemma 5.11 and €3 := €,,. Then v° satisfies (4.6)
and (5.34) for all € € (0,¢p] by Lemma 5.11. Moreover, since R, = {0}, the
condition (5.31) with any 5 € [0,1) is automatically satisfied. Hence we can
apply (5.30) and (5.34) to v® to get

cve'? <o) < e D)2, < coche™?

for all ¢ € (0,¢,). This inequality yields (5.35) with ¢, := c}/c2. O
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By Lemmas 5.11 and 5.12, we find that the axial asymmetry of a curved
thin domain is not sufficient for the uniform Korn inequality (5.24). Next
we give an example of an axially symmetric curved thin domain for which
¢ blows up.

LEMMA 5.13. Let I' = S? be the unit sphere in R? and

o) =v5, ay)=y+1, y=(y1,y2,y3) €S>

Then for all € € (0,1] the curved thin domain
(5.37) Q. ={rylye S 1+eyl<r<l+e(ws+1)}

1s axially symmetric only around the xs-axis. Moreover, there exist con-
stants ¢, > 0 and €, € (0,1] such that the constant c. given in Lemma 5.9
with any B € [0,1) satisfies (5.35) for all € € (0,ep] and thus c. — oo as
e — 0.

PROOF. Since g = g1 — go = 1 on S?, we have Vrg = 0 on S? and

Ry=R={w(x)=axz, R acR},

(5.38) Ky(S?) = K(5?) = R|ge.

Also, as in the proof of Lemma 5.12, we see that the inner and outer bound-
aries of (). are axially symmetric only around the zs-axis. Hence (). is
axially symmetric only around the xz-axis and

(5.39) R.={ows | a e R}, w3(z)=e3xz, zcR>3

for all € € (0,1] by Lemma E.1, where e3 = (0,0,1)7.
Next we prove (5.35). Let e; = (1,0,0)” and

wl(:r) =eXrTr, TcE R3, U1 = w1|S2 € ,Cg(82) \ {O}»

and v° be the vector field given by (5.33) with v = v;. Then v® satisfies
(4.6) and (5.34) by Lemma 5.11. Let us show that v® satisfies the condition
(5.31) for (5.30). For y € S? we have

n(y) =y, W(y)=-Vrn(y)=—-Ply), Wkv(y)=-vi(y),
Vrgo(y) = 2ysP(y)es, vi1(y) - Vrgo(y) = 2y3v1(y) - e3 = 2y2y3



Navier—Stokes Equations in a Curved Thin Domain, Part I 199

since vy is tangential on S? and go(y) = y3. Also, d(x) = |z| — 1 and
n(x) = n(x/|x|) for z € N. By these formulas, v¢ is of the form

x T2x3 X o3 T
(5.40) v (x) = || <61 X —> + 2¢ — =wi(x) + 2¢ —

|| |z[? [x] jz[? [x]
for z € N and thus v*(z) - w3(z) = —z123 and (v°, w3)2(q.) = 0. Hence v*

satisfies (5.31) with any § € [0,1) by (5.39). Since v° also satisfies (4.6), we
can apply (5.30) to v°. Thus we get (5.35) by (5.30) and (5.34) as in the
proof of Lemma 5.12. [J

As we observed in the above proof, the vector field v of the form (5.40)
satisfies the condition (5.31) for the standard Korn inequality (5.30), but
the uniform Korn inequality (5.24) is not valid for v®. Let us directly show
that v® does not satisfy the condition (5.3) or (5.27) with any 3 € [0, 1) for
(5.24).

LEMMA 5.14. Let Q. and v¢ be the curved thin domain and the vector
field of the form (5.37) and (5.40), respectively. Then for each € [0,1)
there exists a constant eg € (0,1] such that v* does not satisfy (5.3) or
(5.27) for all e € (0,e4].

PROOF. Let v® be the vector field of the form (5.40), i.e.

2

v¥(x) = wi(z) +eu(z), wi(z)=e xz, ulx)= %%

x

for z € N. Then w; € R, and vy := wi|g2 € K4(S?) by (5.38). Since
wy -u = 0in N, we have

say e =l

101122 (. = llwrll 220, + €% llullzz )

Also, by v1(z) = vi(x/|z|) = |z| " *wi(z) for z € N,

_ |wi(z)|? 2 / i ()"
42 e = - '
(5 ) (U ,Ul)LQ(QE) /QE |$| dz, ||U1||L2(QE) Q. ’$’2 dx
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Since w; # 0, the first equalities of (5.41) and (5.42) show that v® does not
satisfy (5.3) or (5.27) with 8 = 0 for all € € (0,1]. Now let 8 € (0,1). For
r =ry € Q, with y € S? we have

(5.43) 1<|zg|=r<1+2, re(l+ey;l+ey;+1)

and we deduce from (5.42) and (5.43) that

_ 1 2 - 2
(544) (%020 2 g Il 191ll22q.) < horllzz,)-

Also, we easily get Hw1||%2(96) > c1e and Hu||%2(95) < c9e with constants
c1,¢2 > 0 independent of € by the change of variables and (5.43). Hence
HuH%Q(QE) < C3Hw1H%2(QE) with ¢z := c2/c1, and we see by this inequality
and the second equality of (5.41) that

(5.45) 10| 2 (@) < (1 + e36®) 2 lwnll 2 )

Now since 3 € (0, 1) there exists a constant eg € (0, 1] such that

(5.46) B(1+e3e) (1 4+2e) <1, B+ e3ed)/? < 1_}_;28 <1

for all € € (0,e5]. Then by (5.41), (5.45), and (5.46) we get
Bllvll 2oy lwill 2.y < B(1 + 6352)1/2““)1”%2(98)
< w2,y = 05 wi) 2.
and, by (5.44), (5.45), and (5.46),
Bllv 2oy lo1ll 220 < B(1 + 6362)1/2““}1”%2(95)
< ﬁ”wl”%ms) < (v%,01)12(0.)-

Hence v¢ fails to satisfy (5.3) with v = vy € Ky(S?) and (5.27) with w =
wy € Ry for all € € (0,e5]. O

Lemmas 5.13 and 5.14 show that the conditions (5.3) and (5.27) for the
uniform Korn inequality (5.24) can be more strict than the condition (5.31)
for the standard Korn inequality (5.30) even if a curved thin domain is
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axially symmetric. Note that it may also happen that the condition (5.27)
is the same as (5.31). For example, if Q. = {x € R3 |1 < || < 1+ ¢} is a
thin spherical shell, then

Ry=R.=R={w(x)=axz, 2zcR|acR?
for all € € (0, 1] and thus the condition (5.27) is the same as (5.31).

REMARK 5.15. The authors of [37] constructed the vector field of the
form (5.33) and proved (5.34) under the assumption K4(I') # {0} to show
that the uniform Korn inequality (5.24) fails to hold without the condition
(5.3). Based on that result they mentioned at the end of [37, Section 4] that
the constant c. in (5.30) blows up as € — 0 even if the limit surface I" is not
axially symmetric. Indeed, if I is not axially symmetric, then €, is also not
axially symmetric for all ¢ € (0, 1] sufficiently small (see Lemma E.7) and
we get (5.35) as in the proof of Lemma 5.12. However, as we mentioned
in Remark 2.1, it is not known whether there exists a closed surface in R?
that is not axially symmetric but admits a nontrivial Killing vector field,
ie. R = {0} but £(I') # {0}. To avoid this problem, we presented the
concrete examples of curved thin domains around the unit sphere in R? for
which the relations (5.36) hold and ¢. blows up as ¢ — 0 in Lemmas 5.12
and 5.13. Note that the comment at the end of [37, Section 4] is valid for
curved thin domains in R?, since every smooth closed curve in R? has a
nontrivial tangential vector field of constant length as a nontrivial Killing
vector field.

6. Uniform a Priori Estimate for the Vector Laplace Operator

The purpose of this section is to prove the following uniform a priori
estimate for the vector Laplace operator on {2, under the slip boundary
conditions (4.18).

THEOREM 6.1. Under Assumption 2.2, there exists a constant ¢ > 0
independent of € such that

(6.1) lull 200y < ¢ (AUl 200y + Ul a1 (0)

for all e € (0,1] and u € H?*(Q:)? satisfying (4.18).
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First we give an approximation result for a vector field in H?(£2.)? sat-
isfying (4.18). To this end, we consider the problem

62) {—V{Au +V(dive)} +u=f in Q.

u-ne =0, 2vP.D(u)n.+~vu=0 on I,

for a given data f: Q. — R3. The bilinear form for (6.2) is given by

ac(uy,ug) := QI/(D(ul), D(UQ))LQ(QE) + (ul,u2)L2(Qs)

+ > Ai(ur, ug) g2
i=0,1

for uy,us € H'(2.)? (see Lemma 7.1).

LEMMA 6.2. Fore € (0,1] let f € L*(Qc)%. Suppose that the inequali-
ties (2.6) are valid. Then there exist a unique solution u € H*(Q.)3 to (6.2)
and a constant c. depending on € such that

(6.3) lull 2.y < el fllz2(.)-
If in addition f € H'(Q.)? then u € H3(Q.)3.

Note that it does not matter how the constant ¢, in (6.3) depends on
€ since we apply Lemma 6.2 just for approximation of a vector field on €2,
(see Lemma 6.3).

PRrOOF. Let H} ;(€%) := {u € H'(Q)* | u-n. =0 on I'.}, which is a
closed subspace of H'(€2.)3. By (5.1), we easily find that

(64) ”u||12111(§25) < CdE(uv U), u € H}L,O(QE)

with a constant ¢ > 0 independent of €. On the other hand, for ¢ = 0,1 we
have '72‘”“”%2(1“2) < c||u||§{1(96) by (2.6) and (4.3). From this inequality and
|D(u)| < |Vu| in €. it follows that

(6.5) ae(u,u) < C||U||§{1(Qs)a u < Hrlz,o(Qa)'

Since @ is bounded and coercive on H) 4(€%) by (6.4) and (6.5), the Lax—
Milgram theorem shows that there exists a unique weak solution u €
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H} o(Q) to (6.2) in the sense that dc(u,®) = (f, ®)r2(s2) for all & €
H%,O(QE). Moreover, since f € L2?(£2.)3, we can get u € H?*(Q)? and
(6.3) by a standard localization argument and a method of the difference
quotient. Here we omit the proof since it is the same as the proofs of [4,
Theorem 1.2] and [69, Theorem 2] which established the H?-regularity of
a weak solution to the Stokes problem in a general bounded domain under
the slip boundary conditions.

The H3-regularity of u for f € H'(Q.)? is proved by induction and
a localization argument as in the case of a general second order elliptic
equation shown in [14, Section 6.3, Theorem 5]. Note that here we require
the C*-regularity of I'., see the arguments in [4, 69]. [J

Using Lemma 6.2, we show that a vector field in H?(£2.)? is approxi-
mated by those in H3(Q.)? under the slip boundary conditions (4.18).

LEMMA 6.3. Fore € (0,1] let u € H?(2.)? satisfy (4.18) and suppose
that the inequalities (2.6) are valid. Then there exists a sequence {ug}3
in H3(Q.)? such that uy satisfies (4.18) for each k € N and limg_.o ||u —

ukHHQ(QE) =0.

PROOF. Letu € H?(Q.)? satisfy (4.18) and f := —v{Au-+V(divu)}+
u € L*(£2.)3. Then we can take a sequence {f;}72; in C2°(€2)? that con-
verges to f strongly in L?(£2.)3. For each k € N let u, € H3(Q.)? be
a unique solution to (6.2) with data f; € C°(€.)? given by Lemma 6.2.

Then wy, satisfies (4.18). Moreover, since u — uy is a unique weak solution
to (6.2) with data f — f,

lu = ukll g2y < cellf = fllre@) — 0 as k— o0

by (6.3) and the strong convergence of {fx}?°, to f in L*(.)3 (note that
¢ does not depend on k). OJ

Now let us prove Theorem 6.1. As in Section 3.1, for a function space
X(T:) on T'. we denote the space of all tangential vector fields on T’z of
class X by X(I'.,TT.) = {u € X(I'.)® | u-n. =0onT.}. We define
the covariant derivative Vou := P.(v- V)@ = P.(v - Vr,)u on I'; for u €
HYT.,TT.) and v € L*(T.,TT:), where @ is any H'-extension of u to
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an open neighborhood of I'. with a|p. = u. We use the formulas for the
covariant derivatives given in Appendix D.

PROOF OF THEOREM 6.1. Let u € H?(Q.)® satisfy (4.18). Since
HUH%IQ(QE) = Hu||§11(95) + HV2U||%2(QE), it is sufficient for (6.1) to show that

(6.6) IVl < ¢ (I8ula) + I3 a,) -

Moreover, by Lemma 6.3 and a density argument, we may assume that u
belongs to H3(£2.)% and satisfies (4.18), and thus u|p, € H*(T¢,TT.). By
ue H 3(95)3 we can carry out integration by parts twice to get

6.7) [IV?ull2gq,) = 1Aullf2(q,

+ [ Vu:{(n.-V)Vu—n.® Au} dH>.
Ie

Here (n. - V)Vu denotes a 3 x 3 matrix whose (7, j)-entry is given by
[(ne : V)Vu]w =Ne V(@Zuj), i,j = 1, 2, 3.

Let us estimate the boundary integral in (6.7). Our goal is to show

(6.8) Vu: {(n.-V)Vu —n. @ Au} dH?

L.

< ¢ (ullfpq,) + Nullm @ IV2ul 2, ) -
Since u satisfies (4.18) and u and Wu are tangential on I'c, we have
(6.9) (Vu)Tne =(ne - Vu=-Woau—Fu+En. on I';

by (4.19), where 4. := 7. /v and & = (ne - V)u - ne = Vu : Q..

The first step for (6.8) is to reduce the second order derivatives of u on
I'. coming from (n. - V)Vu — n. ® Au to the zeroth and first order ones
by using (6.9) and the formulas for the covariant derivatives on I'z given in
Appendix D. More precisely, we show that

4
(6.10) / Vu:{(ng-V)Vu—n5®Au}dH2:Z/ o dH?,
k=1"Te

€
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where
o1 = 2V We - ut (Vu)We + 7.V} : Po(Vu) P,
@9 := W.Vu: (Vu)P. + H.(Vu : Q.)*

(6.11) —2(u - divp, We 4+ 2Vu : Wo)(Vu @ Q:),
p3 = —(Wg’u — H.WZ2u) - u,
¢4 = =3 (2W2u — 2H.Wu — 4. Hou) - u.

In (6.11), Vp_ W, - u is a 3 x 3 matrix with (¢, j)-entry

3
(6.12) (Ve We - ulij ==Y (D§Weljp)ur, 4,5 =1,2,3
k=1

and divp_W; is a vector field with j-th component

3
(6.13) [dive, Wely := > D§[Weliy, j=1,2,3.
=1

Using a partition of unity on I'. we may assume that u|p. is compactly
supported in a relatively open subset O of I'. on which we can take a local
orthonormal frame {71, 2} (see Appendix D). Then

(6.14) Vu:{(ne V)Vu—n. ® Au}

= (V)T : [{(ne - V)Vu} —Au@n] = + 2+ 13
on O since {71, 72, n:} is an orthonormal basis of R?, where
(6.15) n;i = (Vu) ' - [{(ne - V)Vu} 1 — (Au®@n)m)], i=1,2,
(6.16) n3 = (Vu)Tng - [{(ne - V)Vu} ne — (Au® n)ng].
In what follows, we carry out calculations on O. By (D.2) and 7; - n. = 0,

(VU)TTZ‘ = (- V)u= Vfu + (Weu - 73)ne,

(6.17)
(Au @ ng)m = (1 - ne)Au = 0,

where vj = v;_, i = 1,2. For j = 1,2,3 let Tij and nl be the j-th

components of 7; and n.. Then the j-th component of {(n. - V)Vu}T7; is
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of the form

3 3
Z ng 8k81u] 7’ = Zn T3 * V)(&ku]) = Zn’;(n . VFE)(akUj)

k=1 k=1 k=1

:Z 7i - V) (nE0ui) — (1; - Vr.nF)opu;}

I
/'\?r

r){(ne - V)uj} = {(7i - Vro)ne - Viu,

by (3.35) and P.7; = 7; (also note that the tangential derivatives depend
only on the values of functions on I';). Hence

{(n. - V)Vu}'r; = (15 - V) {(ne - VIu} — {(7 - Vr.)ne - V}iu.
By (6.9), (D.2), —Vr.n. = W. = WX, and
(6.18) (1 - Vi )ne = (V) Tr = —Wer,

we further observe that

(6.19) {(n--V)Vul'r; = —V;(Weu) — 3% V;u + V. u — EWery
+ {(_fﬂ}tlgW€u + VF;;&E) . Ti}ng.

Note that the first four terms on the right-hand side of (6.19) are tangential
on I'.. From (6.15), (6.17), and (6.19) we deduce that

m = {§f(W€u) + %?iu - v?/‘/s’riu + §€W€Ti} ’ vfu
+ (Wew - i) { (=¥ Weu + Vr, &) - 7i}

for i = 1,2. Since W.u and Vr_£. are tangential on I'c and {71, 72} is an
orthonormal basis of the tangent plane of I'c, by the above equality and
(D.9)—(D.11) we obtain

(6.20) m +1m2 = _{VFE (Weu) + YeVr.u — WEVFEU} : (VFEU)PE
—&(Vrou: We) + Weu - (—4-Weu + V&)
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To calculate 73 we see that the j-th component of {(n. - V)Vu}n. for
j=1,2,3 is of the form

3
Z n¥ (OpOpui)nl = tr[Q-V2u;] = tr[V3u;] — tr[P.V?u,]
kJ=1

= Au; — Z P-(V?u;)7i - 7 — Po(Vu)ne - ne
i=1,2

= AUJ' — Z {(7‘1 . V)VUJ} * Ty

i=1,2
by PI' = P., P.1; = 7;, and Pen. = 0. From this equality and
{(ri- V)Vu;} -1 = {(7i - V) Vu,} - 7
= (Ti . VFE)(VUJ' . Ti) — V’U,j . (Ti . VFE)TZ'
= (i - Ve ){(7i - V)ui} = {(7 - V)7 - Vi,

by (3.35) and P.7; = 7, we deduce that

{(TLE : V)Vu}Tns
= Au— Y [(7- Ve ){(7 - V)u} = {(7 - V)7 - V).

i=1,2

Moreover, since (Au ® ng)ne = (ne - ne)Au = Au, it follows that

(6.21) {(n.-V)Vu}'n. — (Au®n)n.
== [(m- Ve {7 - V)u} = {(r: - V)7 - V).

i=1,2
By (6.9), (6.18), and (D.2) we also observe that
(ri - Ve ) {(7i - V)u} = (75 - Vi) {Viu+ (Weu - 75)n. }
=V;Viu— (Weu- 1)Wery + {W.Viu -7+ 7 - Vi, (Weu - 7) } ne
and

{(m-Vr.)m-Viu= [{V T+ (Weri - mi)ne} - V] u
= Vvﬁ u— (Weri - 73) (Weu + Feu) + (Weu - Vit + EWor; - Ti) Ne.
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We substitute these expressions for (6.21) and use (D.7), (D.9), and

Z {Ti . VFE(WeU . Ti) — Weu - vfn} = Z vi(wau) © T
i—1,2 i=1,2

= diVFE (Wau),

which follows from (D.5) and (D.8), and

Z (Wau . TZ‘)WETZ‘ = Wa Z (WEU . Ti)Ti = Wgu
i=1,2 1=1,2

due to the facts that W.u is tangential on I'. and that {7i,72} is an or-
thonormal basis of the tangent plane of I'c. Then we have

(6.22) {(ne - V)Vu}n. — (Au® n.)n.

=— Z (ﬁfﬁfu — v%jnu) + W2u — H-W.u — 3. Hou
i=1,2

—{Vr.u: W, +divp, (Weu) — EHeIne.

Hence by (6.9), (6.16), and (6.22) we get

(6:23) ms= > (ViViu-Veiru) - (Weu + Fou)
i=1,2

- (WEQU — HWeu — ’%ng) : (WEU + ’%u)
—&A{Vrou: W, +divp, (Weu) — EH. }.

Now we observe by (3.35) and direct calculations that
Vr.u: (Vr.u)P. = P.(Vu) : P.(Vu)P. = Vu : PI P.(Vu)P..
Since P = P2 = P., the above equality implies that
(6.24) Vr.u: (Vp.u)P: = Vu : P-(Vu)P-..
By the same calculations with (3.35) and (3.36) we have

Vr.(Weu) : (Vru)Pe = {Vp W, -u+ (Vp u)W:} : (Vr u)P:

(6.25)
={Vr.W.-u+ (Vu)W.} : P.(Vu)Fx,
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where the matrix Vp_ W, - u is given by (6.12), and

W.(Vr.u) : (Vru)P. = W.(Vu) : (Vu)Px,

(6.26)
Vru: W, =Vu: We.

Also, it is easy to get (recall that divp_ W is given by (6.13))

Weu - Vi & = divp, (§Weu) — Edivr, (Weu),
(6.27) divp,(Wew) = w - divp, W, + V. u : We
= -divp, W, + Vu : W,.

By (6.14), (6.20), (6.23)-(6.27), WI = W,, and & = Vu : Q., we get

(6.28) Vu: {(n. - V)Vu —n. @ Au} dH?
Ie

= Z / (vaﬁu — W%;Tiu) - (Weu + Aeu) dH?
i=1,27Te

4
1
+/ (59014‘ E QOk) dH2+/ divrs(é'EWeu) dH2,
I k=2 .

with 1, ..., ¢4 given by (6.11). Moreover, we apply (D.13) to the first
term on the right-hand side and use (D.10), (6.24), and (6.25) to have

S — 1
> / (vjviu - v%jnu> - (Weu + Au) dH? = 5 / o1 dH2.
1> FE

i=1,2

Also, since & Weu = (Vu @ Qo)Weu € WHY(T,, TT.) by u € H3(Q.)? and
Q-,W. € C%(I'.)3*3, we can apply (3.25) to {.We.u to find that the last
term of (6.28) vanishes. Hence we obtain (6.10).

The second step for (6.8) is to show that

(6.29) ‘/r prdH?| <c <HUH%{1(QE) + HUHHl(Qg)HVQUHL'Z(QE))
for k=1,2 and

(6.30)

/ @kdﬁﬂ < clulZqy, k=34
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with a constant ¢ > 0 independent of €. The estimate (6.30) for k = 4 is an
easy consequence of (2.6), (4.3), and the uniform boundedness of W, and
H. on I'; (see Lemma 3.10):

‘ / a4 dH?
e

Let us prove (6.29) for k = 1. Here the idea is the same as that of the proof
of Lemma 4.3: using (3.52), we rewrite the boundary integral

/5 z) dH?(x Z/ﬂ"’l )Y dH%(x)

1=0,1

< cellullZer,) < ellullq,

=) /sm y+egi(y)n(y) I (y,ei(y))\/ 1 + 2|7i(y) 2 dH?(y)

i=0,1

as the integral over I' of the form
J4®1+ 2o )n(0) = 1y + cquln)} ()

//g " (@l + i) dr aH2(y),

where ®4 is a function on (). such that

1 (y + egi(y)n(y))

= (=" o1y +egiy)n(v) I (v, e9i(y)\/ 1 + 2|7 (y) |2

for y € I' and ¢ = 0,1. Then we estimate the last integral by showing an
appropriate estimate for ®; on €).. The point is that the sign of ®; on I'?
is opposite to that of ®; on I'! -, which enables us to write the sum of the
integrals of o1 over T'Y and T'! as the integral over I of the difference of the
values of ®; on T'Y and T'l. Also, to get an appropriate estimate for ®;, we
use the comparison results for the surface quantities of 'Y and I'} given in
Lemma 3.11.

In what follows, we use the notations (3.43) and (3.44). Also, we always
take the arguments y € I" and r € [ego(y), 91 (y)] and sometimes suppress



Navier—Stokes Equations in a Curved Thin Domain, Part I 211

them. We define

F(y,r) = Egty) {(r —ego)) W (y) — (eqr(y) — ) WE o)},
0 = (= em) 3 = (em() ~ )32}

where 7 :=~! /v, i = 0,1, and

1

l —
G = 2oty

{(r = 2g0(9)) (D5 W) ()
~ (e1(y) = ) (D5 W)y ()}
for j,k,1 =1,2,3. Then
(6.31) [VrWe u+ (Vu)We + 7. Vult(y)
= (=)"™G - + (V)P F + 5(Vu)(y,£6i(y))
for i = 0,1, where G - u? is a 3 x 3 matrix with (j, k)-entry

3
G - uﬁ]jk = ZGéku?, jk=1,2,3.
=1

Moreover, by (2.1), (2.6), (3.42) for W, and D5W, with j = 1,2,3,
(6.32) Ir—egi(y)| <egly) <ce, i=0,1

and the uniform boundedness in € of W, and Q;W6 on I'. (see Lemma 3.10),
we have

0 -
(6.33) n(y,r)| + ‘8—Z(y,r) <c, n=FGY.7

with a constant ¢ > 0 independent of €. We also define

1

R(y,r) := W{(T —ego(y)) PE1(y) + (eg1(y) — ) PLo(w) ),

Si(y) =1+ 2| W)2 P (y), i=0,1,

1

S(y,r) = W{(T —eg90(y))S1(y) + (e91(y) — ) So(¥) }
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where 70 and 72 are given by (3.26). Then, for i = 0, 1,
(6.34) 1+ &2[7i(y) 2 [P-(Vu) PSi(y) = [R(Vu)'S)(y,£g:(y)).
Moreover, by (3.41) for P., (4.15), (6.32), and |P.| = 2 on I';, we have

0
(6.39 )l + |50 < 0=

Now let J be given by (3.45) and
D1 (y,r) == —2[{G - u* + (VW)'F +5(Vu)*} : R(Vu)*S](y,r)J (y, 7).

Then we see by (6.11), (6.31), and (6.34) that
1(y,20i(w)) = (=1 h ()T (0. €0i(v)\/ 1 + 27 ) 2
for y € I' and ¢ = 0,1 (note that here we use (3.44) for ¢1). Hence

/ r)dH*(z) = ) / p1(x) dH? (x

1=0,1

/ (@15, 201 (1) — B1(y. cg0(y))} FHE(w)

-/ / %1 ) dr dH(y)

by (3.52). Moreover, it follows from (3.46), (6.33), and (6.35) that

0P

| < AP+ (Vo + (] + [(Vu)P DIV}

with some constant ¢ > 0 independent of £ (here we also used Young’s
inequality). By the above relations, (3.49), and Hélder’s inequality,

/ 1 dH?

€g1
< 0/ {161 + (VW) * + ([u?| + [(Va)* )| (Vu)*[} dr dH?
' Jego

< ¢ (1wl ) + Nullm oo 1920l 2, -
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Thus the inequality (6.29) for £ = 1 is valid. By the same arguments we
can prove (6.29) for £k =2 and (6.30) for k& = 3.

Finally, we obtain (6.8) by (6.10), (6.29), and (6.30), and we apply (6.8)
to (6.7) and then use ab < (a® + b%)/2 for a,b > 0 to get

1
IVl 2,y < [AulF2q,) + §||VQUH%2(Q€) + cflullF ),
which yields (6.6). Hence the inequality (6.1) is valid. O
7. Proofs of the Main Results

In this section we establish Theorems 2.4, 2.6, and 2.7. First we give an
integration by parts formula related to the slip boundary conditions (4.18).

LEMMA 7.1. Foru; € H?(2)3 and uz € H*(Q:)? we have

(7.1) / {Aut + V(divun)} - us de
Qe
_ 9 D(ul):D(UQ)dx—f—Q/ (D(u1)ne] - us dH2.
QE 1>
In particular,

1// Auy -ugdr = =2v [ D(uy): D(ug)dx
> QE

— Z’yé/ u1~quH2

i=0,1 i
if uy satisfies divu; = 0 in Qc and (4.18), and if ug satisfies (4.6).

PROOF. Since Auy + V(divuy) = 2div[D(u1)] in Q,

(7.2) / {Au; + V(divuy)} - ugdx = 2/ div[D(u1)] - ug dx.
Qe Qe
Moreover, for A € HY(Q.)3*3 and v € H'(£2:)3 we have

/ diVA~udx:/ (ATnE)-ude—/ A Vudzx

€ € €



214 Tatsu-Hiko MIURA

by integration by parts. Applying this with A = D(u1) and u = ug to (7.2)
and using D(u1)? = D(u1) and D(uy) : Vugz = D(u1) : D(ug), we obtain
(7.1). O

By Lemma 7.1, we see that the bilinear form for the Stokes prob-
lem (1.5) is given by (2.2), i.e. ac(ui,uz) = 2U(D(U1),D(U2))L2(QE) +
Zi:m ’yg(Ul,Ug)LZ(Fg) for u1,us € H'(Q.)2. Now we impose Assumptions
2.2 and 2.3 and define the function spaces H,. and V. by (2.7). Let us show
that a. is uniformly bounded and coercive on V..

PROOF OF THEOREM 2.4. Let u € V.. Then ’yé”u”%z(ri) < cHu||§{1(QE)
for i = 0,1 by (2.6) in Assumption 2.2 and (4.3). Comb?ning this with
|D(u)| < |Vu| in €., we get the right-hand inequality of (2.8).

Let us prove the left-hand inequality of (2.8). First we suppose that the
condition (Al) of Assumption 2.3 is satisfied. Without loss of generality,
we may assume 70 > ce for all € € (0, 1]. For u € V. we use (4.2) with i = 0
and then apply 70 > ce and (5.1) (note that u € V. satisfies (4.6)) to get

lullZ2qc,) < ¢ (Nul3aqm) + EID@ B, + 2 lula,)

< crae(u, u) + e2e”|u 22

with constants c1,co > 0 independent of e. We set g1 := 1/4/2cy and
take € € (0,¢1] in the above inequality to get ||u\|%2(96) < 2ciac(u,u). By
this inequality and (5.1) we also have ||Vu||%2(96) < cae(u,u). These two
inequalities imply the left-hand inequality of (2.8).

Next we suppose that the condition (A2) or (A3) of Assumption 2.3 is
satisfied. Then u € V. satisfies (4.6) and (5.3) (resp. (5.27)) with 8 = 0
under the condition (A2) (resp. (A3)). Hence Theorems 5.6 and 5.7 imply
that there exist ex € (0,1] and ck o > 0 such that

lull o, < cxol D)z, < cxoae(u,u)

for all € € (0,ek 0], i.e. the left-hand inequality of (2.8) holds.
Therefore, the theorem is valid with ey := min{ej,exo}. O

As in Section 2, we fix the constant g given in Theorem 2.4 and denote
by A. the Stokes operator for {). under the slip boundary conditions for
e € (0,e0).
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Next we derive the uniform difference estimate (2.14) for A, and —vA.
For this purpose, we give an integration by parts formula for the curl of a
vector field on Q.. Let n? and n! be the vector fields on I' given by (3.27)
and

(7.3) Wi(z) = —{Is — al(z) ® n'(z)}Val(z), z € N,i=0,1.

Here n. =n! om, ¢ =0,1 is the constant extension of n’. Let

(7.4)

(@) 1= —{ (dle) = o)) nt ) — (e (@) - dw) @)},
e = —{ (1) — () Eale) + (o) — ) bl .
W(w) 1= —{ (dla) — 2go(@) W2 (@) — (o1 () = d(a)) W2(a)}

for x € N. From these definitions and Lemma 3.9 it follows that
(7.5) iy = (—1)"n,, @:%% W = (-1)""W. on Tt
for i = 0,1. For u: Q. — R? we define G(u): Q. — R3 by

G(u) := G1(u) + Ga(u),

(7.6) N
Gl(u) = 2711 X WU, GQ(U) = T~L2 X U.

LEMMA 7.2. Suppose that the inequalities (2.6) are valid. Then
(7.7) |G| < clul,  [VGW)] < c(|u] +[Vu]) in Q
for all u € C*(Q)3, where ¢ > 0 is a constant independent of € and wu.

Lemma 7.2 is proved just by direct calculations and the application of
the results given in Section 3. We give its proof in Appendix C.

LEMMA 7.3. The integration by parts formula

(7.8) / curlcurlu - ¢ dx

:—/ curlG(u)-tI)d:c+/ {curlu + G(u)} - curl ® dx
€ QE
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holds for all u € H*(Q.)? satisfying (4.18) and ® € L*(Q:)? with curl ® €
L2(92.)3.

The proof of (7.8) is the same as in the case of a flat thin domain (see
the proofs of [17, Lemma 2.3] and [18, Lemma 5.2]). Here we give it for the
completeness.

Proor. By standard cut-off, dilatation, and mollification arguments,
we can show as in the proof of [73, Chapter 1, Theorem 1.1] that for ® €
L%(Q)? with curl ® € L?*(9.)? there exists a sequence {®;}3° | in C>(Q,)3
such that

kli»n;o 1@ — ®pllr20.) = kli»rgo [curl @ — curl @[ 2.y = 0.

Thus, by a density argument, it suffices to show (7.8) for ® € C*°(Q.)3.
Let u € H?(Q.)? satisfy (4.18) and ® € C*(£2.)3. Then

(7.9) / curlcurlu - @ dz
= / (ne x curlu) - ® dH> +/ curlu - curl ® dx

by integration by parts. Since u satisfies (4.18),
ne X curlu = —ng X {nE X (QWE’U, + Eu)}
v
= —ng X (2131 x W+ fig x u) = —n: X G(u)

on I'. by (4.20), (7.5), and (7.6). Hence integration by parts yields

/ (e x curlu) - B dH2 —/Fa{na X Gu)} - & dH?

€

= [ {G(u)-curl® — curl G(u) - &} dx.
Qe

Substituting this for (7.9) we obtain (7.8). O

Now let us prove (2.14). We follow the idea of the proof of a similar
estimate for a flat thin domain given in [17, Theorem 2.1] and [18, Corollary
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5.3]. Main tools are the integration by parts formula (7.8) and the standard
HelmholtzLeray projection from L?(€2.)? onto L2(£).) which we denote by
L.. It is well known (see [5, 8, 70, 73]) that for each u € L?(Q.)3 the
Helmholtz—Leray decomposition

u=1Lu+Vqg in L*Q)3 LeueL2(Q), Vge L2(Q)t

holds, where ¢ € H'(Q.) is a weak solution to the Neumann problem of
Poisson’s equation

9
one

Ag=divu in £, =u-n. on I..

Note that L. may differ from the orthogonal projection P. from L?(Q.)3
onto the closed subspace H. given by (2.7) under the condition (A3) of
Assumption 2.3. In this case we require a little more discussions to establish
(2.14).

PrROOF OF THEOREM 2.6. We first show that
(7.10) [vAu — vL:Aul| 20,y < c|lullg1(q.)

for all € € (0, 0] and u € D(A,) with a constant ¢ > 0 independent of ¢ and
u. It follows from the Helmholtz—Leray decomposition

vAu=vLAu+Vq in L*(Q)° (vLeAu,Vq)r2q.) =0
with ¢ € H'(Q.) and Au = —curlcurlu in Q. by divu = 0 that

|lvAu — I/]LEAuH%Q(QE) = (vAu — vL:Au, V) 120,

= —v(curl curlu, vq)L?(Qs)‘

Noting that curl Vg = 0 in €, we apply (7.8) with & = Vq to the last term
to get

—v(curlcurlu, Vq)12(q.) = v(curl G(u), Vq) r2(q,)
< VGl 200 IVl 2.
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with G(u) given by (7.6). Since the inequalities (2.6) hold by Assumption
2.2, we can apply (7.7) to the right-hand side of this inequality. Hence (note
that Vg = vAu — vL.Au)

v = vLeAul ) < el VG 20 | Vall 2.y

< cllull g1 o) llvAu — VL Aul| 2,

and (7.10) is valid. If the condition (A1) or (A2) of Assumption 2.3 is sat-
isfied, then L. agrees with the orthogonal projection P. onto H. = Lg(Qs).
Hence

(7.11) Acu = —vP.Au= —vL.Au in L*(Q)%, wue D(A.)

and (2.14) follows from (7.10).

Next we suppose that the condition (A3) of Assumption 2.3 is satisfied.
Then A.u = —vP.Au € He = L2(Q.) N R;- for w € D(A;), where R, is
the space of infinitesimal rigid displacements of R? given by (2.4). In this
case, however, we still have (7.11). To see this, let w € Ry. Then w belongs
to LZ(€2) by the assumption R, = Ro N Ry and Lemma E.8 and thus
(LeAu, w)r2(0.) = (Au, w)12(q,) since L is the orthogonal projection from
L*(Q.)3 onto L2(€2). Moreover, under the assumptions R, = RoN'R; and
72 =41 =0, the vector fields u € D(A.) and w € R, satisfy (note that w
is of the form w(x) = a x z + b)

divu =0, D(w)=0 in £,
u-n. =0, P.Dun.=0, w-n.=0 on I
by (2.11) and Lemma E.5. These equalities and (7.1) yield
(Au,w)r2(,) = =2(D(u), D(w)) 2y + 2(D(w)ne, w)r2(r,) = 0.

Hence (LeAu,w)r2(q,) = 0 for all w € Ry, i.e. L-Au € L2(Q:)N R; = H..
Now since the Helmholtz—Leray decomposition
Au=LAu+V§ in L*(Q)?
L.Au € H., V§e L2(Q)t cH:
holds and P, is the orthogonal projection from L?(€.)? onto H., it follows

that P.Au = P.L.Au = L.Au in L?()3 for u € D(A.). Thus the relation
(7.11) holds and (2.14) again follows from (7.10). O
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Finally, we prove the uniform norm equivalence (2.15) for A..

PROOF OF THEOREM 2.7. Let u € D(A.). Since u satisfies the slip
boundary conditions (4.18) by (2.11), we can use (2.14) and (6.1) to get

lull g2,y < ¢ (1Aull 2. + lull o)
< c(lAcull 2.y + 1Acu + vAu L2, + lull i q.))
< c ([ Acull 2.y + llullgra.)) -

Applying (2.12) and (2.13) to the second term on the last line we obtain
the left-hand inequality of (2.15). Also, by (2.14),

[Acullz2(0.) < [[Acu + vAul[ 120,y + [[VAU| 1200.) < cllullg2(q.)-

Hence the right-hand inequality of (2.15) holds. O
Appendix A. Notations on Vectors and Matrices

In this appendix we fix notations on vectors and matrices. For [,m € N,
we consider a vector a € R™ as a column vector and express ¢ € R™ and a
matrix A € RX™ as

ay Ay o A

Qm, All to Alm

We denote the i-th component of a by a; or sometimes a’ or [a;, and write
A;j or [A];; for the (7, j)-entry of A. Also, we denote the transpose of A by
AT and, when [ = m, the symmetric part of A by Ag := (A + AT)/2 and
the m x m identity matrix by I,,,. The tensor product of vectors a € R! and
b € R™ is given by

a1b1 <. albm al b1
a®b:= , a4 = , b=

aiby -+ aby, a bm,
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For three-dimensional vector fields v = (uq, UQ,Ug)T and ¢ on an open set
in R3 let

Orur  Orug  Orug v Vuy
Vu:= | 0ouy Ooug Oous |, (¢ -V)u:=|¢ -Vus| = (Vu)Tcp,
83u1 8311,2 83U3 (2 Vu?,

and |V2u|? := Z?,j,k:l |6i8juk|2, where 9; = 0/0x;. Also, for a 3 x 3 matrix-
valued function A = (A4;;);; on an open set in R? we set

[diVA]l 3
divA:= | [divA] |, [divA];:=) A5, j=123.
[div A3 i=1

We define the inner product and the norm of matrices 4, B € R3*3 by
A:B:=tr[ATB] = Z?:1 AFE;-BE; and |A| :== VA : A, where {Ey, Es, Es}
is an orthonormal basis of R3. Note that A : B does not depend on a
choice of {E, Eo, F3}. In particular, taking the standard basis of R? we
get A : B = ij:l AijB;j and thus A : B = B : A = AT © BT and
AB:C =A:CBT =B : ATC for A,B,C € R>3. Also, for a,b € R? we
have |a ® b| = |al[b|.

Appendix B. Auxiliary Results Related to a Closed Surface

This appendix gives some auxiliary results related to a closed surface.
The results of this appendix are well known or easily proved by direct calcu-
lations, so we briefly explain the proofs and omit details here. For detailed
calculations, see the arXiv version of this paper [46].

Let T be a closed, connected, and oriented surface in R? of class C*
with ¢ > 2. We use the notations given in Section 3.1. First we give some
properties of the Riemannian metric of T'.

LEMMA B.1. Let U be an open set in R?, p: U — T' a C* local
parametrization of I', and K a compact subset of U. Then there exists a
constant ¢ > 0 such that

(B.1) |0s;1u(8)| < ¢, |05,05,1u(s)| < ¢ forall sek,i,j=1,2.
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We define the Riemannian metric § = (6;5)i; of T’ by

— T o Os 11 Osyp2 - Osy 13
(B2)  6(s) = Vau(s){Vou(s)}T, Vo i= (aw Dtz Dot

for s € U and denote by 6= = (09), ; the inverse matriz of 6 (note that 0
and 0= are symmetric). Then

(B.3) 0%(s)| < ¢, 105,0%(s)| <e¢, ¢ P<detf(s)<c
foralls e K, i=1,2, and k = £1. Moreover,

(B.4) cHal> <07 (s)a-a < clal?

for all s € K and a € R?.

PROOF. The inequalities (B.1) and (B.3) follow from the C*-regularity
of pon U, 85,071 = —071(9,,0)0~" and det @ > 0 in U, and the compactness
of K in U. Also, for s € U and a = (a1,a2)” € R?, we see that X(s,a) :=
Z?J:l 0" (s)a;Os, 1(s) vanishes if and only if @ = 0. Hence |X(s,a)|* =
6=1(s)a - a is strictly positive for a # 0 and it is bounded from above and
below by positive constants on the compact set K x S, where S is the unit

circle in R%. Hence (B.4) follows. [J

Next we see that the differential operators on I' given in Section 3.1
agree with those defined in differential geometry.

LEMMA B.2. Let U be an open set in R? and pu: U — T a C* local
parametrization of I'. For n € CYT) let ° := nou on U. Then the
tangential gradient of n defined by (3.3) is expressed as

2

(B.5) Vrn(u(s)) = Y 07 (s)0s,n°(s)0s,1(s), s €U
i,j=1

PRrOOF. Noting that {0, 1u(s), Os,t(s), n(p(s))} is a basis of R3 for s €
U, we can easily get (B.5) by 95,7’ (s) = 0s,u(s) - Vrn(u(s)) for i = 1,2 and
n-Vrm=0onI. [
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LEMMA B.3. Let U be an open set in R? and pu: U — T a C* local
parametrization of T'. The surface divergence of X € C*(I',TT) defined by
(3.6) is locally of the form

(B.6)  diveX(u(s)) = \/ﬁ 0., (X(5)Vdet005)), s €U,

where X(s) := 232':1 0% ()0, pu(s) - X (pu(s)) fori=1,2.

Proor. We write 1°(s) := n(u(s)), s € U for a function n on T' and
suppress the argument s € U. Let X = (X1, Xo, X3)7 so that divpX =
Zi:l D, Xj on I'. Then it follows from (B.5) for n = X}, that

3 2 2
(diVl’uX)b = Z Z Hij(asin)asj,uk = Z eijasiXb : 85]%/“

k=14,j=1 ij=1

Since we can show X’ = Z?:l Xiasiu as in the proof of Lemma B.2, we
substitute this for the above equality. Also, we compute the right-hand
side of (B.6) by using Jacobi’s formula 9, (detf) = tr(6=10s,0) det§ and
tr(0710;,0) = 2 Z?,k:l 07505, 05, 1 - Os;p- Then, by comparing the resulting
expressions, we find that (B.6) is valid. O

Let us consider the equivalence of the Sobolev spaces on T'.

LEMMA B4. Letpe€[l,00] and m=0,1,...,¢.

(a) Let pu: U — T be a C* local parametrization of T with an open subset
U of R%. Also, let  be a function on I' compactly supported in pu(U)
and )’ :=nop onU. Thenn € W™P(T) if and only if n> € WP (U),
and

(B.7) ' lwmo@y < Inllwmaem) < clln’lwme@)-

In particular, if n € WYP(T'), then (B.5) holds on U and

(B.8) NV Loy < IVl Loy < el Vel o),
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where Von° = (95,1, 05,7°)T is the gradient of n° in s € R2.

(b) Let n be a function on T'. Thenn € W"™P(T") if and only if (§€n) op €
WmP(U) for any C* local parametrization p: U — T with an open
subset U of R? and any € € CY(T") compactly supported in u(U).

This result seems to be well known, but we cannot find the literature
which gives an explicit proof based on the definition (3.23) of the weak
tangential derivative. Here we give the outline of the proof when m = 0,1, 2
for the readers’ convenience.

PROOF. The statement (b) follows from (a) and a localization argu-
ment with a partition of unity on I', which consists of C* functions on I'
since T is of class C*. Let us show (a) when m = 0,1,2 (the higher order
case can be shown similarly). In what follows, we write & :=¢oponlU
for a function £ on I". Also, let K be a compact subset of U such that 7 is
supported in p(K).

When m = 0, we have (B.7) for p # oo by the definition of the surface
integral and (B.3). Also, [[9]|per) = ||77bHLoo(U) if p = 0.

Let m =1 and n € WHP(T'). For i = 1,2 and ¢ € C}(U) we set

X(u(s) = — 2 g u(s), sev

\/det 0(s)
and extend X to I' by zero outside p(U). Then X € C*(T',TT) and
/ nbasigods = /ndivaal’H2 :/Vpn-XdH2
U r r
= /U{GSiu (V) Yo ds
by (3.24), (B.6), and X -n =0 on I'. Hence
(B.9) 85, = Os.p- (V) on U, i=1,2
and we get ” € WP(U) and the left-hand inequality of (B.8) by (B.1) and
(B.3), since n € WHP(T") is supported in pu(K).

Conversely, let ° € WP(U). We define v(y(s)) by the right-hand side
of (B.5) for s € U and extend v to I' by zero outside of u(U). Then
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v € LP(T)? by (B.1) and (B.3), since 7)” is supported in K. For k = 1,2,3 let
vy, be the k-th component of v. We prove D;n = v, on I' by verifying (3.23).
Let £ € CH(T') be a test function in (3.23). Since 7 is supported in u(K),
we may assume that £ is so. We set Y := £Pej, on I', where {ej, ez, e3} is
the standard basis of R3. Then Y belongs to C!(T, TT') and is supported in
w(K), and divrY = D €+E&Hny on I'. Hence, by (B.6) for Y and integration
by parts with respect to s;,

2
- / n(Dy€ + EHny) dH? = Z/ (3Si77b)Yi\/ det 6 ds.
r i=1 /U

Moreover, Y* = Z?:l Qijﬁsj,u Yh=¢ Z?Zl Hijasjuk on U, where py is the

k-th component of y, since Y = {Pe; on I' and 05, is tangent to I'. Hence

2
~ [ e e art = [ 37 690 | € Vaerdas
I U

ij=1

and the right-hand side is equal to fF vR€ dH? since v is given by the right-
hand side of (B.5). Therefore, D;,n = v on I for k£ = 1,2,3 and we obtain
n € WHP(T') and the right-hand inequality of (B.8) by (B.1) and (B.3), since
17” € WhP(U) is supported in K.

Now let m = 2 and n € W2P(T). To prove i° € W2P(U), it suffices to
consider asiasjnb for i,j = 1,2. For ¢ € C1(U) we set

©(5)0s; bk (s)

Z(p(s)) = ETI0)

Os,uu(s), seU k=1,2,3

and extend Zj, to I' by zero outside u(U) to get Z, € C1(I', TT). Note that
here Z; does not mean the k-th component of a vector field Z. Then, by
(B.6) for Zj and (B.9), we can show that

3
- [ @)opds ==Y [ (D @m)d.pds
U k=1 U

—J+ / (84,05, 10 (Vrn) Yo ds,
U
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where J = — Y77 _, Jr-(Dyn) divr Zy, dH?. Moreover, we have

3
7= [ Ve Zuart = [ o (T o mleds

by (3.24) with v = Z;, and Z - n =0 on I'. Hence
- [ @uoupds = [ [0 ((VR0P00) + 0.0, 0 (VoYL ds
for all p € CL(U), which shows that

05,05, = Ds, - { (Vi) D51} + 05,0511 - (V) on U

Therefore, ° € W?P(U) and the left-hand inequality of (B.7) holds by (B.1)
and (B.3), since n € W2P(T) is supported in u(K).

Conversely, suppose that 7° € W2P(U). Let us show n € W2P(T).
It is sufficient to deal with D, D;n for k,I = 1,2,3. By the proof in the
case m = 1, we observe that D;n is supported in u(U) and (D;n)’ =
Zij:l Gij(asinb)asj,ul on U. Thus, using again (B.6) for Y = {Pey, we
can get — [ Dyn(Dy€ + EHng) dH? = [ A& dH? for all ¢ € CH(T) as in
the case m = 1, where we set

2
A= 0"7(0,,{09(0s,1)0s, )0, . on U

i7j7i/7jl:1

and extend Ay to I' by zero outside u(U). Hence D;,.Dynp = Ay on I' by
(3.23), and we get n € W2P(T') and the right-hand inequality of (B.7) by
(B.1) and (B.3), since 1° € W2P(U) is supported in K. [I

We give two lemmas related to a parametrized surface used in the proofs
of Lemmas 3.9 and 3.13. For h € C(T") with |h| < 6 on T let

(B.10) Ty == {y + h(y)n(y) |y €T} C R’

Note that I'y, C N by |h| < 6 on I' (see Section 3.1). We also define

n—mTp

(B.11) = (I3 — kW) 'Vrh, nj:= ——— on I.

VIt
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Note that 75, -n = 0 on I'. We assume that the orientation of I'j, is the same
as that of T".

LEMMA B.5.  The constant extension of ny, in the normal direction of
I' gives the unit outward normal vector field of T'y,.

PROOF. Let iy, = npom be the constant extension of ny,. Since |np| =1
on I' and the direction of ny, is the same as that of n, it is sufficient to show
that ny is perpendicular to the tangent plane of I',.

Let u: U — T be a local parametrization of I' with an open set U of
R? and pp(s) = pu(s) + h(u(s))n(u(s)) for s € U. Then py, is a local
parametrization of I'y, and {0Js, pun(s), Os,pun(s)} is a basis of the tangent
plane of I'j, at up(s). Hence to show that ny, is perpendicular to the tangent
plane of I'y, it suffices to prove

(B.12) np(pn(s)) - Os pn(s) =0, seU k=1,2.

Moreover, since np,(pn(s)) = np(u(s)) for s € U by m(un(s)) = u(s) € T,
the equality (B.12) is equivalent to n’ - Ogy bl = TZ - Og o, on U for k =1,2,
where 7° := n o u for a function 7 on T', and this equality holds since both
sides are equal to ds, i - (Vrh)® by

Ot = (Is — W), + {0511 - (Vrh)’In® on U
and by (B.11), 77 -n* = 0, and (W7T)* = W’. O

LEMMA B.6. For ¢ € L'(T'},) we have the change of variables formula
B13) [ @) a0 = [ ATV RGP )
h

where @&L(y) : (y + h(y)n(y)) fory € T'. Also, J and 13, are given by

=
(3.45) and (B.11).

To prove Lemma B.6 we use the tangential gradient of ¢ € C*(I'},) given
by

(B.14) Vr,e(x) == {Is — np(z) @ np(z) } Ve(x), x € Iy,

where ¢ is an arbitrary extension of ¢ to IV satisfying @|r, = ¢.
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PROOF. By a localization argument, it is sufficient to show

(B.15) Vdet 8, = J(u,hop)/(1+ |mhopl|?)detd on U,

where p: U — I is a local parametrization of I' with an open subset U of
R?, pj, := p+ (hn) o p1 is a local parametrization of I';, on U, and # and 6,
are the Riemannian metrics of I' and T'j, given by (B.2).

In what follows, we write 7°(s) := n(u(s)), s € U for a function n on T
and suppress the argument s € U. Let h = h o 7 be the constant extension
of h. First we prove

(B.16) (1 —|(Vr,h) o up|?) det 8, = J(u, B°)? det 0.
Since Vpup = V(I3 — W) + Vh> @ n” by pp, = p+ h°n’,
0n = Vepn(Vsun) = Veu(ls — PW2(Vep)" + VB @ Vb
by (Vsp)n” =0, W’n® = 0, and |n"|? = 1. Hence
det(0), — Vb’ @ VB®) = det[Vou(ls — W) (Vo).
Let 9,:1 be the inverse matrix of 6. Then
det(6), — Vsh* @ Vsh?) = {1 — (6, 1Vsh°) - V B’} det 6y,

by det(Ir4+a®b) = 14a-b for a,b € R2. Moreover, since h” = hou = houy,,
we have (0, 'V ") - Vsh* = |(Vr, k) o us|? by the local expression (B.5) of
Vphﬁ on I',. Also, setting

=(3). e ()
we have A, = A(I3 — K"W”) and thus, by calculating det[A4;A}],
det[V (I3 — W) (Vo) '] = J (1, h*)? det 6.
Hence (B.16) follows from the above relations.
Let 7, and nj, be given by (B.11). Next we show

1

- 2
(B.17) 1— |V, h(y + h(y)n(y))|” = IENEAIER

yel.
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Hereafter we suppress the argument y of functions on I'. We see by (3.16),
d(y + hn) = h, and 7(y + hn) = y that Vh(y + hn) = 7,. By this equality,
(B.14), np(y + hn) = np, and 73, - n = 0, we can get (B.17). Hence (B.15)
holds by (B.16) and (B.17). O

REMARK B.7. Toshow Lemma B.6 we used (3.16) which will be proved
in Appendix C. Note that we do not apply Lemma B.6 to show (3.16).

Let us give a regularity result for a Killing vector field on I'.

LEMMA B.8. IfT is of class C* with £ > 3 and v € HY(T',TT) satisfies
Dr(v) =0 on T', where Dr(v) is given by (3.7), then v is of class C*~3 on
I'. In particular, v is smooth if I is smooth.

PROOF. Let v € HY(T,TT) satisfy Dr(v) =0 on I'. Then
(B.18) Vo + (Vo) = (Wo) @ n4n o (Wo)

on I' by (3.10), PT = P, and Dr(v) = 0, and we get diveo = 0 on I" by
taking the trace of (B.18). Moreover, by (B.18) we have

Vrvi = =D,v +nWov+ [Wuljn on T,i=1,23,

where D;v = (D,;v1, D;v2, D;,v3)T. Using this relation and (3.23), and ap-
plying (3.11), divpv =0, v-n =0, and WT = W on I, we can get

(Vroi, Vré) 2y = —(Ve(niH) - 0,€) 2y for all € € C*(T).

Since C2(T") is dense in H'(I') by Lemma 3.6, this equality shows that v;
is a weak solution to Apv; = Vr(n;H) - v on I', which is expressed under a
local parametrization p: U — I by

3
(le s, v2) det) z:bfv]b on U,

2

where U is an open set in R?, § and 6! = (¢);, are the Riemannian
metric of T' and its inverse, and v! := v; o yu and b‘g = [D;(niH)] o p on
U. Then since § and 6~! are of class C*~! and bg is of class C*~3 on U
by the Ct-regularity of T' (see Section 3.1), we have v? € H*(U’) with
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any bounded open subset U’ of U with U’ C U by the elliptic regularity
theorem (see [14, 15]) and a bootstrap argument. Hence v] € C*~3(U) by
the Sobolev embedding theorem (see [1]), which shows that v = (vy, ve,v3)T
is of class C*~3 on T. O

REMARK B.9. To prove Lemma B.8 we used Lemma 3.6, which is
shown by Lemma B.4 and localization and mollification arguments. Note
that of course we do not use Lemma B.8 to get Lemma 3.6.

Finally, we show that the perfect slip boundary conditions
u-n=0, 2PD(un=0 on T
are different by the curvatures of I' from the Hodge boundary conditions
u-n=0, curluxn=0 on T
for u: Q — R3, where Q is a bounded domain in R3 with 0Q =T.
LEMMA B.10. Suppose that u € C1 ()3 satisfies u-n =0 on T. Then

(B.19) 2PD(u)n —curlu x n =2Wu on T.

PROOF. Since 2D(u) = Vu+ (Vu)? and curlu x n = (Vu)I'n— (Vu)n
under our notation for Vu (see Appendix A), and since curlu x n is tan-
gential on I'; i.e. curlu x n = P(curlu x n) on I', we have

2PD(u)n — curlu x n = 2P(Vu)n = 2(Vru)n = 2Wu
on I' by (3.8) and (3.10), i.e. (B.19) is valid. O

Appendix C. Proofs of Auxiliary Lemmas

The purpose of this appendix is to give the proofs of the lemmas in
Section 3 and Lemmas 5.4, 5.5, and 7.2 involving elementary but long cal-
culations of differential geometry of the surfaces I', T'Y, and T'}.

As in Appendix B, let I" be a closed, connected, and oriented surface in
R3 of class C* with ¢ > 2. First we prove the lemmas in Section 3.1.
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PrRoOOF OF LEMMA 3.3. Since W has the eigenvalues zero, k1, and ko,

det[I3 — rW(y)] = {1 — rr1(y) H1 — rK2(y)} > 0

for y € I' and r € (=6,6) by (3.2). Hence I3 — rW(y) is invertible. Also,
(3.12) follows from (3.9).

Let us prove (3.13) and (3.14). We fix and suppress y € I'. Since W is
real and symmetric by Lemma 3.1 and has the eigenvalues k1, k2, and zero
with Wn = 0, we can take an orthonormal basis {1, 72,n} of R? such that
Wt = ki1, 1 = 1,2. Then

(I3 — TW)kTZ‘ =(1- rmi)kn, (I3 — rW)kn =n

for r € (=6,6), i = 1,2, and k = +1. By these relations and (3.2), we can
easily get (3.13) and (3.14). O

ProOOF OoF LEMMA 3.4. For z € N we have n(z) = z — d(x)n(n(x))
and —Va(n(z)) = W(z) by (3.1), nor =fnomin N, (3.5) with 7(x) € T,
and —Vrn = W on I'. There relations and Vd = fno 7w in N imply

Vr(z) = P(x) + d(x)Vr(x)W(z), ie. Vr(z)A(x)= P(z),

where A := I3 —dW is invertible in N by Lemma 3.3. Hence we have (3.15)
by the above equality and (3.12).
Let n € C(T') and 7 = n o 7 be its constant extension. Then

Vii(z) = Vr(2)Vii(n(z)) = Az) ™ P(a)Vrn(r(z))

by 7(x) = f(n(z)) and w(x) € I for x € N, (3.5), and (3.15). Hence (3.16)
follows from the above equality, (3.4), and Vrn(r(z)) = Vry(z). We also
have (3.17) and (3.18) by (3.13), (3.14), and (3.16).

Now let T be of class C2® and n € C?(T). For i = 1,2,3 we differentiate
both sides of (3.16) with respect to x; to get

(C.1) Vi = (0,A7) Vi + A79,(Vr) in N,

To estimate the right-hand side we differentiate A~'A = I3 with respect to
x; and use A = I3 + dW and Vd = n to get

(C.2) §A~L = A1 (mW + daiW)A’l in N.
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The right-hand side of (C.2) is bounded on N by (3.13), (3.17), and the
Cl-regularity of W since I is of class C3. By this fact, (3.13), (3.17), and
(C.1), we obtain (3.19). O

Next we assume that I' is of class C° and prove the formulas and in-
equalities in Section 3.2 for the surface quantities of I'? and T'}.

PROOF OF LEMMA 3.8. First note that, since W € C3(I')3*3 by the
CP-regularity of T and gg, g1 € C*(T'), they are bounded on I' along with
their first and second order tangential derivatives.

Let 7¢ and n¢, i = 0,1 be the vector fields on I' given by (3.26) and
(3.27). The first inequalities of (3.28) and (3.29) immediately follow from
(3.13) and (3.14). To show the second inequalities, we set
(C.3) Ri(y) == {Is —egi(y)W(y)}~', yer
and apply Dy, k= 1,2,3 to RL(I3 —eg;W) = I3 on T to get
(C4) Dy RL = eR{(Dy,g)W + ¢iDyW}R. on T.

Hence it follows from (3.13) that
(C.5) |IDR!|<ce on T

with a constant ¢ > 0 independent of e. We apply (3.13), (3.14), and (C.5)
to D,7¢ = (D, R\)Vrg; + RL(D,,Vrg) to get |D, 7| < ¢ and
D7z = D Vrgl < (D4R Vrgil + |(RE = I5)(D;, Vrg)| < ce

on I' for k£ = 1,2,3. Hence the second inequalities of (3.28) and (3.29) are
valid. We further apply D;, [ =1,2,3 to (C.4) and use (3.13) and (C.5) to
get |D,D; Rt| < cs on T. Using this, (3.13), and (C.5) to

D\ Dy7i = (DD R)Vrg; + (D RY (D, Vrg:)
+ (D RL)(Dy Vrgi) + Re (D1 Dy Vrgi),
we obtain the third inequality of (3.28).

Next we show (3.30) and (3.31). We have the first equality of (3.30) by
(3.27) and the other inequalities by (3.28). To prove (3.31) let

; 1
b= —Y——, i=0,1, =nl =02 o= —nlsl 49270
,rlE 1_'_82‘7_82‘2 SOE 776 /r’E 3 T]E € 776 €
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so that n! +nl = p.n +e7. on I'. We deduce from (3.28) that |7-| < ¢ and
|Vr7:| < conT with a constant ¢ > 0 independent of €. Also,

2
€
|90€|§?HT61|2—|7'€0|2‘§C62 on I

by the mean value theorem for (1 + s)~'/2, s > 0 and (3.28). Since

e2(Vpri)rt

= tlele o T,i=0,1,
(1+&2|ri[?)3/2

Vit = -
we have |Vre.| < c£? on T by (3.28). Applying the above inequalities to
n? +nl = p.n + e we obtain (3.31). O

Proor or LEMMA 3.10. Throughout the proof we write ¢ for a general
positive constant independent of € and denote by 7 = 1 o m the constant
extension of a function n on I'. First note that 7, P, and W are bounded
on N independently of € along their first and second order derivatives by
(3.17), (3.19), and the C®-regularity of I'. In the sequel we use this fact
without mention.

For i = 0,1 let 7! and n’ be given by (3.26) and (3.27), and

i () = 1
R = e E

By the mean value theorem for (14 s)~1/2, s >0 and (3.28) we have

-1, z€N.

2

17 (z)|* < ce?, x € N.

We also differentiate ¢ and use (3.17), (3.19), and (3.28) to get

(C.6) ()] <

(C.7) 10208 ()| < ce?, z €N, |a| =1,2,

where 9 = 9{105205° for a = (a1, a9, a3) € Z3 with a; > 0, j = 1,2,3.
The inequality (3.37) follows from (3.28), (3.29), and (C.6), since

on I'c by (3.27) and (3.32). We also have (3.38) by (3.37) and the definitions
of P, Q, P-, and Q..
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Next we prove (3.39). For x € N we set

P (x) = (~1)1*! {wé(w)ﬁ(f”) T jfi(,ﬁ(x)p } |

Then it follows from (3.17), (3.19), (3.28), (C.6), and (C.7) that
(C.8) |00®L (x)] < e, z€N,|a|=0,1,2.

Since il = (—1)""1n + ®L in N, we see by (3.20) that
. ) N1 .
Vil = (—1)%(13 —dW) W+ Ve in N

Moreover, since ﬁ; is an extension of ng|pé to N, the Weingarten map of I‘é
is given by W, = —P.Va! on I'.. Thus the above equality yields

(C.9) W, = Ps{(—l)iHEZW - vq>§} on T
where RL is given by (C.3), and it follows from (3.9) that
W, — (—1)"177] < ](p - ﬁ)ﬁiw\ + ]F(E; . zg)W) 4PV

on I'. By this inequality, (3.13), (3.14), (3.38), and (C.8), we get the first
inequality of (3.39). Also, the second inequality of (3.39) follows from the
first one since H = tr[W] and H, = tr[IW,].

Let us show (3.40). Based on (C.9) we define an extension of W|r; to
N by Wi = F;{(—l)iHEZW — V@é} in N, where P! := I3 — nl ® n’ on
I'. Let

L= (<) (PL- PRIV,
iy = (_1>z‘+1ﬁ(ﬁg - 13>W, Fly = —PL.Vo!

in N so that W7 = (—1)"™'W + S33_, F! | in N by (3.9). Then

3

€10 o =Y (| (- aw) |

3
DWW+ 0;F!,
k=1 k=1

ik
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in N for j =1,2,3 by (3.16). To estimate the last term, we see that
P.-P=(-1)(ned +d on) -0 ®d in N
by 7t = (=1)"!n + @ in N and the definitions of P and P!. Hence
‘F; — ?’ < ce, ‘ajﬁz — 8JF‘ < ce in N

by (C.8), and we see by these inequalities, (3.13), (3.14), (3.17), (C.5), and
(C.8) that |8JF;k| < ce in N. Applying this inequality and (3.14) to (C.10),
we get

(C.11) ]aj’vv;(x) - (—1)i+1m(x)) < ¢(|d(z)| +¢), z€N.

Now we observe that DSW. = S [P jkang on I'L since Wg is an ex-
tension of Ws\rg to N. From this fact and D;W = Zi:l P, D, W on I' by
(3.4), we deduce that

| D5We. — (1)1 D;W|
3
< ; (‘ [PE - P]jkakwg

on I't for j =1,2,3. Applying (3.38) and (C.11) with |d| = €|g;| < ce on '
to the right-hand side, we obtain (3.40). O

+ ’ij {@Wg - (—1)i+1Q14—W}D

Proor or LEMMA 3.11. We fix and suppress the argument y of func-
tions on I'. Since P(y+egon) = P(y+egin) = P for the constant extension
P = Por of P, we have

[Po(y +egin) = Py +2gom)| < 3 | [P = P|(y + egim) .
i=0,1

To the right-hand side we apply (3.38) to get (3.41) for F. = P.. Using
(3.38)—(3.40) we can show the other inequalities in the same way. OJ

Now let us give the proofs of Lemmas 5.4 and 5.5.

PROOF OF LEMMA 5.4. Let ®. be the mapping given by (5.4), i.e.
O (X) :=7(X)+edX)n(X), X €.
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We see by (3.1) that @ is a bijection from € onto €. with inverse
o () == w(x) + e Yd(2)n(z), = €Q..
Moreover, by Vd =n in N, (3.9), (3.15), and (3.20), we have
Vo (X) = {I3 — d(X)W(X } {I3 — ed(X)W(X)} P(X) +eQ(X)

for X € Q4. Since W has the eigenvalues zero, k1, and ko with Wn =0 on
I, we can take an orthonormal basis {71, 72, 7(X)} such that

W(X)Tl = Ri(X)Ti = Ki(W(X))Ti, ?(X)TZ = T, Q(X)TZ =0
for each X € 0y and ¢ = 1,2. Then for ¢ = 1,2 we have
[VO(X)]ri = {1 = d(X)ri(m(X))} {1 = ed(X)ri(m (X))} 7.
Also, [V®.(X)]n(X) =en(X) by Pn =0 and @n =n on I'. Thus
det VO (X) = eJ(7(X),d(X)) 1 I(r(X),ed(X)), X e

and we obtain (5.5). Moreover, when ¢ € L?(€,),
lelZa,) =€ /Q E(X) 2T (r(X), d(X)) ' T (m(X),ed(X)) dX
1

with £ := ¢ o ®. on Q; by (5.5) and thus (5.6) follows from (3.46).
Let ¢ € HY(Q.). Then the right-hand inequality of (5.6) yields

(C.12) e IVelZa(. = cll(Ve) 0 @cll72(0,)-
To estimate the right-hand side we observe that
Vo (2) = {13 — d(z)W(x)} " {Iz — e 'd(@)W(2)} P(x) + e 'Q(x)

for x € Q. by Vd = n in N, (3.9), (3.15), and (3.20). In this equality, we
set x = @ (X) with X € Q1. Then it follows from d(®.(X)) = ed(X) and
(P (X)) = w(X) that

Vo (2:(X)) = A-(X)P(X) +6*1@(X)7 X €y,

(C.13)
A(X) = {I3 — ed(X)W(X)} " {I — d(X)W(X)} .
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Let £ = o ®. on ;. In what follows, we carry out calculations in ; and
omit the argument X € ;. We have

(Vo) o®. = [(VO1) 0 &.]VE = PAVE + 7 1(9,6)n

by (C.13), QVE = (0,€)n, and A.P = PA., which follows from (3.9) and
(3.12). Then we see by PA. = A_P and (3.13) that

(V) 0 @.|? = |PAVE| + e72((0,6)0]% > ¢ [PVE[* + e 2008

By this inequality and (C.12) we get (5.7). Also, £ € H'(1) by (5.6) and
(5.7) since |VE2 = |PVE[* + [QVE]” and |[QVE| = [9,¢]. O

To prove Lemma 5.5 we present an auxiliary result.

LEMMA C.1. Let 11,72,n9 € R3 and A € R3*3 satisfy
(C.14) Ino| =1, mno-mi=ng-7 =0, Ang=ATng=0.
Then for B:= A+ 1 ® ng + ng ® 12 + cng ® ng with ¢ € R we have

(C.15) |B]2 = |A]> + |71 + |7 + |c|*.

PROOF. By direct calculations with |ng| = 1, ng-m, = 0, and ATng = 0,
B'B=ATA+ 71 ®m+ (1] +|cf*)no @ ng
+ (AT1) @ ng +no @ (A1) + (12 @ ng + no @ 7).
Hence |B|? = tr[BT B] is of the form
|BI* = AP + |m2” + (In[* + [¢[*)Ino]* + 2(AT71) - no + 2¢(72 - no).

Since |ng| =1, 7 -ng = 0, and (AT7) -ng = 71 - (Ang) = 0 by Ang = 0, we
conclude by the above equality that (C.15) is valid. O

PROOF OF LEMMA 5.5. Let ®. be the bijection from €21 onto €. given
by (5.4). For u € H'(Q.)? we see by Lemma 5.4 that U := uo®, € H'(;)3
and (5.7) holds with ¢ and ¢ replaced by w and U.
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Let us show (5.8). We carry out calculations in ; and suppress the

argument X € €y unless otherwise stated. Noting that
QVU =ae [(VO)a), (VUO)Ta=(r-V)U =0,U,
we observe by (C.13) and A.P = PA. that
(Vu)o®,. = PE.(U) +e 'n®08,U, F.(U):=AVU.
Moreover, by Is = P+ @Q on I' and 0,7 = 0 in €y with n = n, P,
PFE.(U) = PF.(U)P + PE.(U)Q = PE.(U)P + [?FE(U)ﬁ} ® @,
OnU = 0, |PU + (U - 2)n| = POU + {0,(U - n)}n.
By these relations and D(u) = (Vu)s = {Vu + (Vu)T}/2, we get

Du)o®. =A+71 ®@ng+ny@7+e {0, (U -7)lng @ n,

_ _ 1
A= PF.(U)sP, m == P{F.U)n+ e 19U}, ng:=n.

Moreover, since Pn = PTn = 0 on I, we see that A, 71, 7, and ng satisfy

(C.14). Hence we can apply (C.15) to B = D(u) o &, to get
[D(u) 0 @cf* > |AP? +7%|0,(U - )|

in ;. We deduce from this inequality and (5.6) that

S D@ 2(q,) = e (141320, + €200V - ) F2ay ) -

Since A = PF.(U)sP and F.(U) = A.VU is of the form (5.9), we have (5.8)

by the above inequality. [

Finally, we prove Lemma 7.2 for the vector field G(u) given by (7.6).

ProOF oF LEMMA 7.2. For a function n on I' we denote by 7 =now
its constant extension in the normal direction of I'. Let ngvand n! be the
vector fields on T given by (3.27) and W2, W2, 7y, fig, and W the functions
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on N given by (7.3) and (7.4). We observe by (3.17), (3.19), (3.30), and
90,91 € 04(F> that

(C.16)  |0%7L(z)| <e¢, |0%gi(x)|<e¢, € N,i=0,1,]al=0,1,2,

where 9 = 07195205° for @ = (a1, a9, a3)T € Z3 with a; > 0, j = 1,2,3
and ¢ > 0 is a constant independent of €. Also,

(C.17) Wiz)| <e, [pWi(z)|<e¢, z€N,i=0,1,k=1,2,3
by (C.16). It follows from (2.6), (C.16), (C.17) and

(C.18) 0 <d(z) —ego(x) <eg(z), 0<eg(z)—d(x)<eg(zx)
for x € Q) that

(C.19) Ini| <e¢, |ng| <ce, ’W‘ <c¢ in Q..

Applying (C.19) to (7.6) we obtain the first inequality of (7.7).
To prove the second inequality of (7.7), we estimate the first order deriva-
tives of n1, no, and W. We differentiate n; to get

Vi = %n@ (R +al)+ A in N
by Vd = n, where A; is a 3 X 3 matrix-valued function given by
Ay = —% ®ny — %(Vgo ® 0L+ Vg ®nl)
" %{(d — o)Vl — (g1 — d)VA2}.
We observe by (2.1), (C.16), (C.18), and (C.19) that A; is bounded on 2.
uniformly in €. By this fact, (2.1), and (3.31), we have

1
(C.20) Vi | < §|ﬁ2 +ni+]41 <c in Q..
Similarly, by Vd =7 in N, (2.1), and (C.16)—(C.19),
1 1 0
Vig = —n® (7—%; — 7—%2) + Ao,
€g v v

—~ 1
oW = ;ﬁk(WEO +WH+ By, k=1,2,3
g
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in N, where Ay and Bj are the matrix-valued functions bounded on €2
uniformly in €. Thus we use (2.1), (2.6), and (3.30) to Vng to get

(C.21) |Viig| <

0 1
70(% —i:%) +1]4s <c¢ in Q..
£g

Also, we see by (3.16) that
WO+ W = {2+l @ a2 — il @ (72 )} (13 — ) Vend
(1~ o) (I~ W) (Tend + Vrnd)
and thus [W? + W2| < cs in N by (3.13), (3.30), and (3.31). Hence
(C.22) ‘a,ﬁ‘ < $|W£+W€1\+|Bk\ <c¢ in Q,k=1,23

Here we also used (2.1) and the uniform in € boundedness of By on €. in
the second inequality. Noting that G(u) is given by (7.6), we apply (C.19)-
(C.22) to VG(u) to obtain the second inequality of (7.7). O

Appendix D. Formulas for the Covariant Derivatives

In this appendix we present formulas for the covariant derivatives of
tangential vector fields on an embedded surface in R? used in the proof of
Theorem 6.1.

Let T be a closed, connected, and oriented surface in R? of class C3. We
use the notations given in Section 3.1. For X € CY(I',TT) and Y € C(T', TT)
we define the covariant derivative of X along Y by

(D.1) VyX: =P -V)X on T,

where X is a C'-extension of X to an open neighborhood of I' with X|r = X.
Since Y is tangential on I', we have (Y - V)X = (Y - Vr)X on I by (3.8).
Thus the value of Vy X does not depend on the choice of an extension of
X.

LEMMA D.1. For X € CY(T,TT) and Y € C(I',TT) we have

(D.2) Y -VX=Y VD)X =VyX+(WX-Y)n on T,
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where X is any Cl-extension of X to an open neighborhood of T.

PrOOF. We have (Y - V)X -n=WX Y on I by applying Y - Vr to
X -n = 0. By this relation and (D.1) we get (D.2). O

The formula (D.2) is called the Gauss formula (see e.g. [7, 36]). Let us
give fundamental relations of the covariant derivative.

LEMMA D.2. The following equalities hold on I':

e For X € CYT,TTI"), Y, Z € C(T,TT), and n,& € C(I),

(D.3) vnYJréZX = WVYAX + §VZX

e For X ¢ CYT',TT), Y € C(T,TT), and n € CY(T),

(D.4) Vy(nX) = (Y- Vr)X +nVyX.

e For X,Y € CYT',TT) and Z € C(T,TT),

(D.5) Z-Vp(X-Y)=VzX-Y + X -VzY.

e For X,Y € CYT,TT) and n € C*(T),

(D.6) X -Vp(Y V) — Y- Vr(X - Vig) = (?XY - vyx) v

PrROOF. We easily get (D.3)-(D.5) by (D.1) and (D.2). Also, writing
the left-hand side of (D.6) as the sum of {(X - V)Y — (Y - Vp)X} - Vry
and Zij:l X;Y;(D,D;n — D;D;n), and using (3.11), (D.2), and Z -n =0
on I for Z =Vrn, X,Y, we can show (D.6). O

Lemma D.1 shows that V is the Riemannian (or Levi-Civita) connection
on I' (see e.g. [7, 36]). Note that (D.6) stands for the torsion-free condition
[X,Y] =VxY — VyX, where [X,Y] := XY — Y X is the Lie bracket of X
and Y.
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Let O be a relatively open subset of I'. If O is sufficiently small, then
by the C3-regularity of I' we can take C? vector fields 7, and 7 on O such
that {71 (y), 72(y)} is an orthonormal basis of the tangent plane of I at each
y € I'. We call the pair {71, 72} of such vector fields a local orthonormal
frame for the tangent bundle of I" on O, or simply a local orthonormal frame
on O. Note that

(D.7) H=uW]=Wn -n+Wmn-7n on O

since {71,72,n} is an orthonormal basis of R and Wn = 0 on I'. We
express several quantities related to the tangential gradient matrix of tan-
gential vector fields on I' in terms of the covariant derivatives and the local
orthonormal frame.

LEMMA D.3. Let {ri, 7} be a local orthonormal frame for the tangent
bundle of T' on a relatively open subset O of I'. For X, Y € CY(T',TT') we
have

(D.8) divp X = Z ViX -7,
i=1,2
(D.9) ViX W =Y ViX -Wr=> WV,X 7,
i=1,2 i=1,2
(D.10) VX : (ViY)P =) VX VY,
i=1,2
(D.11) WVrX : (ViY)P =Y Vi, X VY
i=1,2

on O, where V; .=V, fori=1,2.
PROOF. We carry out calculations on O. By (3.4) and (D.2) we have

(VFX)TTZ' = (Ti . VF)X = le + (WX . Ti)n, 1= 1, 2,

(D.12) .
(VrX)'n=(n-Vp)X =0.
Since {71, 72,n} forms an orthonormal basis of R?,

divp X = tr[VrX] = Z (VrX) 7 -7+ (Ve X)Tn - n.
i=1,2
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The equality (D.8) follows from this equality and (D.12). We also have
(D.9) by applying (D.12), W = W, and Wn = 0 to

VX W= (VeX)": W = > (VeX) i Wi+ (Ve X) - Wn,
i=1,2

Next we observe by (D.12), PT' = P, Pn =0, and PV,;Y = V,Y that
(VrY)P| 7 = P[(VrY)Tr] = P{ﬁy (WY - n)n} =Y
for i = 1,2. We apply this equality, (D.12), and V;Y -n =0 to
VrX : (VeY)P = (Ve X)" : [(VrY)P]"

= (VrX) 7 - [(VeY)P" 7 + (Ve X) n - [(VrY) P] "
i=1,2

to find that (D.10) holds. Similarly, we can prove (D.11) if we use
W X)) = (Wr - Vo)X =V X + (WX -Wr)n
and [W(VrX)]"n=0by Wl =W, Wn =0, and (D.2). O

We also give an integration by parts formula for the covariant derivatives
along vector fields of a local orthonormal frame.

LEMMA D.4. Let {ri, 72} be a local orthonormal frame for the tangent
bundle of T' on a relatively open subset O of I' and V; := V,, fori =1,2.

Suppose that X € C*(T,TT) and Y € CY(I',TT) are compactly supported
i O. Then we have

D13) Y /F (ViViX = Vg, X) Y an?

i=1,2
S Z /VZ-XVMHQ.
T

i=1,2

PROOF. The proof is the same as that of [55, Proposition 34|, so we
omit it (see also the arXiv version of this paper [46] for details). (J

REMARK D.5. Since C*(T,TT) is dense in H™(T',TT) for m = 0,1,2
by Lemma 3.7 and the C3-regularity of I', the formulas given in this ap-
pendix are also valid if we replace C™ (I, TT) with H™(I",TT).
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Appendix E. Infinitesimal Rigid Displacements on a Closed Sur-
face

In this appendix we show several results on infinitesimal rigid displace-
ments of R3 related to the axial symmetry of a closed surface and a curved
thin domain.

Let T be a C? closed, connected, and oriented surface in R?® and R the
set of the form (2.3) which consists of infinitesimal rigid displacements of
R3 with tangential restrictions on T.

LEmMA E.1. Let w(z) = axx+b e R. If w # 0, then a # 0,
a-b=0, and I is azially symmetric around the line parallel to the vector a
and passing through the point b, := |a|~2(a x b). Conversely, if I is axially
symmetric around the line parallel to a # 0 and passing through b e R3,
then w(z) = a x (z —b) € R\ {0}.

This result is well known, so here we give the outline of the proof. See
the arXiv version of this paper [46] for details.

PROOF. Suppose first that w(z) = a x z+b € R and w # 0. If
a=0,thenb-n=w-n=0onTI and thus b = 0 since I is closed. Hence
a # 0 if w # 0. Also, the flow map z(-,t): R® — R? generated by w # 0,
i.e. a solution to (9x/0t)(X,t) = w(z(X,t)) with z(X,0) = X € R3 is
given by the combination of a translation by #(b- E3)Es with Fs := a/|al
and a rotation through the angle |a|t around the axis parallel to E3 and
passing through b,. Thus the relation a-b = 0 and the axial symmetry of I'
follow from the compactness of I and the fact that I' is preserved under the
action of z(-,t) if w € R. Similarly, we can show the converse statement for
w(z) =ax (x—0b).O

LEMMA E.2. Letw(x) =axz+be R satisfy w #0. Then

(E.1) W(yw(y) = Ay)w(y), axnly)=-Ayw(y), yeTl

with some A(y) € R. Here W = —Vrn is the Weingarten map of T.

PROOF. Since w(z) =a xx+b € R and w # 0, Lemma E.1 implies
that a # 0, a-b = 0, and I is axially symmetric around the line parallel to a
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and passing through b, = |a|=2(a x b). Also, since a x b, = —b by a-b =0,
we have w(x) = ax (z—b,). Hence, by a translation along b, and a rotation
of coordinates, we may assume that I' is axially symmetric around the x3-
axis and w(z) = afez x x), where a = |a| > 0 and e3 = (0,0,1)7. We may
further assume @ = 1, i.e. a = eg and w(z) = e3 x = by replacing w with
a~'w. Under these assumptions, I' is represented as a surface of revolution

I'={u(s,9)|sel0,L], ¥ €[0,2n]},
(s, ¥) = (p(s) cos, p(s)sind, P(s)).

Here v(s) = (¢(s),0,1(s)) is a C? curve parametrized by the arc length

€ [0,L], L > 0 such that ¢(s) > 0 for s # 0, L. We may further assume
that for s = 0, L if ¢(s) = 0 then ¢/(s) = 0, otherwise I is not of class C?
at the point

11(s,9) = (p(s) cos ¥, (s)sin ¥, 1(s)) = (0,0,%(s)), ¥ € [0, 2n].
By the arc length parametrization of v we have
(E.3) {P' ()Y +{¥'(5)}* =1, se[o,L].

Let y = u(s,”) € I'. Hereafter we suppress the arguments of p and its
derivatives. We deduce from (E.3) and

(E.2)

¢'(s) cos ¥ —p(s)sind
(E.4) Osp=| ¢'(s)sind |, Oypu= | @(s)cosd | =w(y),
¥'(s) 0
where the last equality is due to w(y) = es X y, that
' (s) cos ¥
Ospu x gp = p(s) [ —¢'(s)sind |, |Ospt x Oypu| = (s).
¢'(s)

Suppose that ¢(s) > 0. Without loss of generality, we may assume that the
direction of Osp X Oyp is the same as that of n(y). Then

' (s) cos v

/

—_— ' (s) sindd
Oslt X O

’ 2 19/~L| 90()

E5)  nly) = n(u(s,0)) = 2L 200k _
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and we differentiate both sides with respect to ¢ and use —Vrn =W = W7
and (E.4) to get W(y)w(y) = AMy)w(y) with A(y) = ¢'(s)/p(s). We also
have e3 x n(y) = —A(y)w(y) by (E.4) and (E.5). Hence (E.1) is valid when
©(s) > 0 (note that we assume a = e3).

Now for s = 0,L suppose that ¢(s) = 0. Then ¢'(s) = 0 by our
assumption and thus the tangent plane of I' at the point

Yy = ,LL(S, 19) = (90(5) cos ¥, 90(5) sind, Q[}(5)) = (Oa O7w(5))> v e [07 27T]

is orthogonal to the zz-axis. Hence n(y) = +e3 and a x n(y) = 0 by the
assumption a = e3. Moreover, w(y) = 0 by (E.4) and ¢(s) = 0. By these
facts we conclude that (E.1) holds for any A\(y) € R. O

LEMMA E.3. IfT is of class C° and R # {0}, then K(T') = R|r. Here
K(T') is the space of Killing vector fields on T' given by (2.5).

PrOOF. For w(z) = ax x+b we have Vw + (Vw)” = 0 in R? and thus
Dr(w) =0 on T by Vrw = PVw and P? = P. Thus, if w is tangential on
I, then w € K(I'), i.e. Rr C K(T).

Suppose that I' is a sphere in R?. By a translation we may assume that
I is centered at the origin. Then R|r = {w(y) = axy,y € T' | a € R3}
is a three-dimensional subspace of IC(I"), while the dimension of (I") is at
most three (see [55, Theorem 35]). Thus K(I') = R|r.

Next suppose that I' is not a sphere. Since I' is axially symmetric by
R # {0} and Lemma E.1, as in the proof of Lemma E.2 we may assume
that I' is axially symmetric around the x3-axis, i.e.

(E.6) {w(y) =clesxy),yeT|ceR} CRlp, e3=(0,0,1)T.

We may further assume that I' is a surface of revolution of the form (E.2)
with C% functions ¢ and v satisfying (E.3) and ¢(s) > 0 for s # 0, L. Then
the Gaussian curvature of I' is given by

(E.7) K (u(s,9)) = —ilg)), s€(0,L), € [0,2n],

see e.g. [54, Section 5.7]. We use this formula later. Also,

(E.8) ' (s)@"(s) + ' (s)9"(s) =0, s€(0,L)
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by (E.3). Let X € K(T") be of the form
X (u(s, 9)) = X (5, 0)0spa(5,9) + X (5, 0)00(s, 0)

for s € [0,L] and ¥ € [0,2n]. Note that X € C*(I',TT') by Lemma B.8,
since I is of class C®. Also, for all Y, Z € C(I', TT') we have

Y-VP)X-Z+Y - (Z-VP)X =2Dp(X)Y - Z=0 on T
by PY =Y, PZ =7, and Dr(X) =0 on I'. Noting that
(Dspt - V)X = (0 X%) st + X011 4 (0s X ) Ogp + XV 0,09

by (Osp - V)X = 05(X o ) and a similar relation holds for (9yu - V)X,
we substitute dsu and dyp for Y and Z in the above equality and then use
(E.3), (E.4), and (E.8) to find that

(E.9) 0sX* =0, OyX*+¢?0,X" =0, @?09X? + /X =0.

If X* =0 then XV = ¢ is constant by the second and third equations of
(E.9) (note that ¢ > 0 on (0, L) and X is of class C?). In this case,

X(y) = cOyu(s,9) = c(es x y) € Rlr, y=p(s,9) €T

by (E.4) and (E.6). Let us show that each X € K(T') is of this form (here
the arguments are essentially the same as in [13, Section 74]). Assume to
the contrary that X*® # 0. By the first equation of (E.9), X* = X*(9) is
independent of s. Since X* continuous and X?* # 0, it does not vanish on
some open interval I C [0,27]. Also,

X)Ly PEX0)
Loy XY o)

for s € (0, L) and 9 € [0, 27| by the second and third equations of (E.9) and
©(s) > 0 for s # 0, L. Since X is of class C?, we have 9y0s XV = 0,05X".
Thus the above equations imply that

DX (s,0) =

2 s
‘()iff—(é? =p(s)¢"(s) = {¢'(s)}*, se€(0,L),9el
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Noting that the left-hand side is independent of s and ¢ is of class C°, we
differentiate both sides of this equality with respect to s to get

p(s)"(s) = &' (s)¢"(s) =0, s €(0, L)
Now we observe by this equality and (E.7) that

g . e8¢ (s) = ¢ (s)¢" ()
s o) = =Rk

for s € (0, L) and 9 € [0, 27], which shows that K is constant on the whole
surface I' since K and p are continuous on I' and [0, L] x [0,27]. Hence
I' is a sphere by Liebmann’s theorem (see e.g. [54, Section 6.3, Theorem
3.7]), which contradicts our assumption that I' is not a sphere. Thus K(T")
contains only vector fields of the form w(y) = c(ez X y), y € I with ¢ € R,
which means that IC(I') C R|r by (E.6). Since R|r is a subspace of K(I'),
we conclude that K(I') = R|r. O

=0

REMARK E.4. By the proof of Lemma E.3 we see that
e R = {0} if I' is not axially symmetric,

e the dimension of R is one if ' is axially symmetric but not a sphere,
and

e the dimension of R is three if I' is a sphere.

In particular, if I' is axially symmetric around some line and it is not a
sphere, then it is not axially symmetric around other lines.

Now we assume again that ' is of class C? and take go,g1 € C(T)
satisfying (2.1). Let Ro, R1, and R4 be the subspaces of R given by (2.4)
and Q. the curved thin domain of the form (1.1) with boundary I';. As in
Section 3.2, we scale g; to assume |g;| < 6 on I' for i« = 0,1, where § is the
radius of the tubular neighborhood N of T given in Section 3.1, and thus
Q. C N for all € € (0,1].

LemMA E.5.  For an infinitesimal rigid displacement w(z) =a X z+b
of R? with a,b € R? the following conditions are equivalent:
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(a) For all € € (0,1] the restriction of w on 'z satisfies w|p, - n. = 0 on
r..

(b) There exists a sequence {ex}72, of positive numbers such that

lim e, =0, wlr,, ‘ne, =0 on Ty forall keN
k—o0 k

(¢) The vector field w belongs to Ro N R.

PROOF. For e € (0,1] and i = 0,1 let 7! be given by (3.26). Then

(_1)i+1 n(y) B 57—;(3/)

1+ €2|Ti(y)|27 y+egi(y)n(y) € FZ
15

ne(y +egi(y)n(y)) =

with y € T’ by Lemma 3.9. Moreover, for w(z) = a X x + b we have

w(y +egi(y)n(y)) = w(y) +cgi
{axn(y)} n(y) =0

Hence the condition w|p: - ne. = 0 on I'% is equivalent to
(E.10) wlp -n —ew|p -7t —2gi(axn) -1 =0 on T.

Let us prove the lemma. The condition (a) clearly implies (b). We show
that (b) yields (c). Suppose that (b) is satisfied. Then, by (E.10),

wlp - n — epwr - Tgk —e2gi(a x n) -r;'k =0 on T

for k € Nand i = 0,1. Letting k¥ — oo in this equality we get w|p-n =0 on
I by (3.28). Hence w € R and w|r - 72, + exgi(a x n) - 72, =0 on I'. Since
{7,122, converges to Vrg; uniformly on I' by (3.29), we send k — oo in
this equality to get w|p - Vpg; =0 on I for ¢ = 0,1. Thus w € RoNRy, i.e.
(c) is valid.

Let us show that (c) implies (a). If w = 0 then (a) is trivial. Suppose
that w # 0 belongs to Ro N Ry. Let € € (0,1] and ¢ = 0,1. Since the
condition w|p; - ne =0 on ' is equivalent to (E.10) and w € RgNR1 C R
satisfies w|r - n = 0 on T', it is sufficient for (a) to show that

(E.11) w(y)-7i(y) =0, {axn(y)}-7i(y)=0 forall yeT.
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Hereafter we fix and suppress the argument y. If w = 0, then a x n = 0
by (E.1) and (E.11) follows (note that we can apply Lemma E.2 by w # 0).
Suppose w # 0. Then w is the eigenvector of W corresponding to the
eigenvalue A by (E.1). Since W has the eigenvalues k1, k2, and zero with
Wn =0and w # n by w-n = 0, we have A = k1 or A = k9. Without
loss of generality, we may assume A = k1, i.e. Ww = kjw. Then since
1—egik1 > 0 and I3 —eg;W is invertible by |¢g;| < 6 on T, (3.2), and Lemma
3.3, we have

(E.12) (I3 —egiW) tw = (1 — egikr) w.
We use (3.26), WT' =W, (E.12), and w - Vrg; = 0 by w € R; to get
(E.13) w-rl = (I3 —eg;W)'w - Vrg; = 0.
Moreover, by (E.1) with A = k; and (E.12),
(I3 — egsW) Ha x n) = —k1(I3 — egiW) " tw = —k1 (1 — egiry) .

Using this equality we get (a x n) - 72 = 0 as in (E.13). Hence (E.11) holds
and we have w|p: - n. = 0 on Il for all e € (0,1] and i = 0,1, i.e. (a) is
valid. [

By Lemmas E.1 and E.5, we observe that the nontriviality of Rg N Ry
implies the uniform axial symmetry of €)..

LEMMA E.6. If there exists a vector field w(z) =ax x+b€ RoNRy
such that w # 0, then a # 0, a-b =0, and Q¢ is azially symmetric around
the line parallel to a and passing through by = |a|=2(a x b) for all € € (0, 1].

PrOOF. Let w(x) =axxz+b€ RyNRy. Then w|1~é “ne =0 on It
for each € € (0,1] and ¢ = 0,1 by Lemma E.5. Hence if w # 0 then Lemma
E.1 implies that a # 0, a-b = 0, and both I'? and I'! are axially symmetric
around the line parallel to @ and passing through b,, which yields the same
axial symmetry of Q.. [

Also, the triviality of R, yields the axial asymmetry of ().

LEMMA E.7. If R, = {0}, then there exists a constant € € (0,1] such
that Q¢ is not azially symmetric around any line for all e € (0, £].
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PROOF. We prove the contrapositive statement: if there exists a se-
quence {e;}72; convergent to zero such that Q, is (and thus I'? and I'},
are) axially symmetric around some line [;, for each k£ € N, then R, # {0}.

Suppose that such a sequence {e;}7° ; exists and that for each k € N the
line I3, is of the form I, = {say, + by, | s € R} with ay, b, € R3, aj, # 0, i.e. Iy
is parallel to a; and passing through by. Replacing ay with ay/|ax| we may
assume ay € S? for all k € N without changing .. Since ). is contained in
the bounded set N for all € € (0, 1], there exists an open ball Br centered
at the origin of radius R > 0 such that )., C Bpr for all £ € N. Then,
by the axial symmetry of ()., around the line [, the intersection [ N Bgr
is not empty: otherwise the ball generated by the rotation of B through
the angle 7 around [;; does not intersect with Br and thus )., C Bp is not
axially symmetric around l;. Hence we may assume by € [l N Br for all
k € N by replacing by, with b, — sa, for an appropriate s € R. Now {a}32,
and {by}72, are bounded in R3 and thus converge (up to subsequences) to
some a € S? and b € R3, respectively.

Let us prove w(z) := a x (z —b) € Ry. For k € Nand i = 0,1 let 77,
be the vector field on I' given by (3.26) and wy(x) := ax x (v — by), = € R3.
Then, by (3.29) and ay, — a, by — b as k — oo,

(E.14) lim 77, (y) = Vrgi(y), lim wi(y) =w(y), yel.

k—oo k—o0
For each k € N and ¢ = 0, 1, since Fék is axially symmetric around the line
I, Lemma E.1 implies that wk’l“gk ‘ng, = 0on I, . By the proof of Lemma

E.5 (see (E.10)) this condition is equivalent to
(E.15) wk|r - n — epwgr - Tgk —e2gi(a x n) - Ték =0 on I.

We send k — oo in (E.15) to get w|r-n =0 on I' by (E.14) and a — a.
Thus w € R. Next we subtract (E.15) for ¢ = 1 from that for ¢ = 0 and
divide the resulting equality by ;. Then since wg|r - n does not depend on
1, we have

wilr - (12 = 72) +ep(ar x n) - (17l —gor2) =0 on T.

We send k — oo in this equality and use (E.14) and a;, — a to get w|p-Vrg =
0onT by g=g1 —go. Hence w € R,. Since w # 0 by a € S?, we obtain

Ry # {0}. O
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Finally, we give a relation between Ro N Ry and L2(£2.).
LEMMA E.8. We have RoNRy C L2(Q.) for all £ € (0,1].

PROOF. Ifw(r) =axxz+b€ RoNRy, then divw = 0 in R3 by direct
calculations and w|r, - ne = 0 on 'z by Lemma E.5, i.e. w € L2(Q.). O
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