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Abstract

This thesis is devoted to a study of differential extensions of the Anderson
duals (IQ%)* to the stable tangential G-bordism theories. The cohomology
theory (IQY)* is conjectured by Freed and Hopkins [FH21] to classify defor-
mation classes of possibly non-topological invertible quantum field theories
(QFT’s). This work is motivated by this conjecture, and each of the results
has the corresponding physical interpretation.

This thesis consists of the following two parts.

e In Part 1, we construct new models for the Anderson duals (1Q¢)*
to the stable tangential G-bordism theories and their differential ex-
tensions. In a physical interpretation, an element in the differential
extension plays a role of the partition function of an invertible QFT.
Using these models, we construct differential refinements of mod-
ule structures by bordism cohomology theories and pushforwards in
(IQ%)*. Physically, these maps corresponds to the compactifications
of QFT’s.

e In Part 2, we construct transformations between differential coho-
mology theories which is induced by the Anderson duals to multi-
plicative genera. This gives us a unified understanding of an impor-
tant class of elements in the Anderson duals with physical origins.

Part 1 is based on the paper [YY21] with Kazuya Yonekura. Part 2 is based
on the paper [Yam21].
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Part 1.

1. INTRODUCTION TO PART 1

In Part 1, we construct new models for the Anderson duals (IQ2%)* to the
stable tangential G-bordism theories and their differential extensions. Freed
and Hopkins [FH21] conjectured that the generalized cohomology theory
(IQY)* classifies deformation classes of possibly non-topological invertible
quantum field theories (QFT’s) on stable tangential G-manifolds. Our model
is motivated by this conjecture, since it is made by abstractizing certain
properties of invertible QFT’s.

Associated to a generalized cohomology theory E*, its Anderson dual
([HS05, Appendix B], [FMS07, Appendix B]) is a generalized cohomology
theory which we denote by IE*. The crucial property of this theory is that



it fits into the following exact sequence for any spectra X.

(1.1)
-+ = Hom(Ey,_1(X),R) — Hom(E,_1(X),R/Z) — IE"(X)

— Hom(E,(X),R) - Hom(E,(X),R/Z) — --- (exact).

In this paper we are interested in the Anderson dual to stable tangential G-
bordism theories QF. Here G = {Ga, 54, pa}aez-, is a sequence of compact
Lie groups equipped with homomorphisms sq: G4 — Gg41 and pg: Gg —
O(d, R) for each d which are compatible with the inclusion O(d,R) < O(d+
1,R). The homology theory corresponding to QF is given by the stable
tangential G-bordism groups Q¢ (X), and the exact sequence (1.1) becomes

(1.2)
oo = Hom(QS (X),R) = Hom(QS |(X),R/Z) — (IQ°)"(X)
— Hom(Q%(X),R) — Hom(QS (X),R/Z) — --- (exact).

The starting point of this work is the following conjecture by Freed and
Hopkins.

Conjecture 1.3 ([FH21, Conjecture 8.37]). Thereis a1 : 1 correspondence’

deformation classes of reflection posi-
(1.4) {tive invertible n-dimensional fully extended} ~ (IQ9)" L (pt).
field theories with symmetry type G

There are many difficulties in Conjecture 1.3, and here we point out two
of them. First, we do not have the axioms for non-topological fully extended
QFT’s. Thus the left hand side of (1.4) is not a mathematically well-defined
object.? Second, although the cohomology theory (IQ2)* is mathematically
defined, its definition is abstract. So the right hand side of (1.4) is difficult to
treat directly, in particular from the physical point of view. Actually, those
difficulties are overcome if we are interested in topological QFT’s, and Freed
and Hopkins proves the version of Conjecture 1.3 for topological QFT’s,
where the right hand side of (1.4) is replaced by its torsion part [FH21,
Theorem 1.1].

This work is intended to overcome the second difficulty mentioned above,
and to give a new approach to Conjecture 1.3. We construct a physically
motivated model for the theory (IQ%)*, which is made by abstractizing
certain properties of invertible QFT’s. This result can be regarded as sup-
porting Conjecture 1.3. On the other hand, our results also turn out to be
mathematically interesting, in view of its relations to differential cohomology
theories.

In the rest of the introduction, we first explain the main results in Sub-
section 1.1, and then explain its physical and mathematical significances in
Subsections 1.2 and 1.3, respectively.

Here symmetry types of QFT’s in [FH21] are certain classes of G’s in this paper which
satisfy an additional set of conditions.

20n the other hand, there is the axiom system by Kontsevich and Segal [KS21] for
non-extended QFT’s which are physically reasonable. It would be interesting to prove the
modified version of Conjecture 1.3 by using it.
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1.1. A sketch of the main results. The first main result of Part 1 is the
construction of models for the generalized cohomology theory (IQ¢)* and
its differential extension. The model of (IQ¢)* is denoted by (IQR)*, and

the differential extension is denoted by (IQ§;)*. Both are defined on the
category MfdPair of pairs of manifolds. The precise definition is given in
Definition 4.22. The physical meaning of this construction is explained in
Subsection 1.2 below. For simplicity, in this subsection we concentrate on
the absolute case, and we only consider the case where G is oriented, i.e.,
the image of pg: G4 — O(d,R) lies in SO(d, R) for each d.

Let X be a manifold and let n be a nonnegative integer. The differential

group (IQ§g)"(X) consists of pairs (w, h), where

o wE QZIO(X;@d(Sym'/QgZ)Gd), i.e., wis a closed differential form
on X with values in invariant polynomials on g := gn 494> of total
degree n, where gq4 is the Lie algebra of G.

e h is a map which assigns an R/Z-value to a triple (M, g, f), where
M is a closed (n — 1)-dimensional manifold with a stable tangen-
tial G-structure with connection, which we call a differential stable
tangential G-structure and symbolically denoted by g, and a smooth
map f: M — X.

e w and h should satisfy the following compatibility condition. Sup-
pose we have two triples (M_,g_, f-) and (M4, g+, f+) as above,
and a bordism (W, gw, fir) between them, by a compact n-dimensional
manifold with differential stable tangential G-structure and a map
to X. The data of gy allows us to define a top form on W,

(1.5) cwgy (fiyw) € Q*(W),

by applying the Chern-Weil construction with respect to gy to the
coefficient of fjj,;w. We require that,

(16)  h([My. g fo]) — (M- g, /1) = /W o (fiyw) (mod Z),

To define (I2§3)"(X), we introduce the equivalence relation ~ on (I1Q5g)"(X).
We set (w,h) ~ (', h') if there exists o € Q"71(X; @d(Sym'/ngl)Gd) such
that

W =w+dao,

(L.7) W (Mg, f]) = h (Mg, f]) + /M cwy ().
We define
(18) (I96)™(X) 1= (1QG)"(X)/ ~ .

For the functor (I QER)*, we construct the structure homomorphisms R,
I and a (Definition 4.26) as well as the S'-integration map [ (Definition
4.39). The first main result of this paper concerning the differential model
is the following.
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Theorem 1.9 (Theorem 4.56). (IQ(?R)* gives a model for the generalized
cohomology theory (INF)*, restricted to the category of manifolds. Moreover,

(IQgR, R,1,a, [) is a differential extension with S*-integration of ((IQG)*, ch’).

Here the homomorphism ch’ is defined in (4.5) and coincides with the
Chern-Dold homomorphism for examples of G we are usually interested in.
For example, in the case G = SO, if we have a hermitian line bundle
with unitary connection (L, V) over X, the pair of first chern form ¢;(V) =

%Fv € 03,(X) and the holonomy functional with respect to V gives

an element (c1(V),Holy) € (IQ39)%(X). See Example 4.59 for details.
The compatibility condition (1.6) follows from the relation of curvature and
holonomy. For more examples, see Subsection 4.3.

We remark that in this paper we mainly focus on tangential G-bordism
theories, as opposed to normal G-bordism theories which we denote by 0o,
But a straightforward modification of the tangential case gives a model for
the Anderson dual to normal G-bordism theories (I QGL)*, as explained in
Subsection 4.5.

With these physically-motivated models at hand, we can sometimes un-
derstand known operations in physics regarding QFT’s as natural trans-
formations between differential cohomology theories, thus giving a math-
ematical understanding. As we now explain, the results in Section 5 and
Section 6 are such examples. In Part 2 we will see another type of natural
transformations.

Assume we have a homomorphism p: G; X Go — G5 of tangential struc-
ture groups. Typical examples arise from multiplicative tangential structure
groups G such as SO and Spin, where we set G = G; = Go = G3. On the
topological level, the homomorphism g induces the following.

e The natural transformation
(1.10) (IQ%)* (=) ® (Q92) (=) = (IQ9)" " (=),

where (2¢2)77(X) is the stable tangential Go-bordism cohomology
theory group.
e The pushforward maps for tangentially stably Gs-oriented proper

maps (p: N — X, g™°),
(1.11) (P, 9P) s (IQC2)M(N) = (IQE")" 7 (X).

We remark that our terminology “pushforward”, explained in Sub-
section 6.1, is a certain generalization of the most usual notion of
pushforwards, which is associated to multiplicative genera.

In Section 5 and Section 6, we construct differential refinements of each of
the above maps, respectively. Here, for the differential refinement (Q6¢2),

we use a tangential variant of the cycle-based model constructed by Bunke
and Schick Schréder and Wiethaup [BSSW09], which turns out to be very

—

much suited to our model of Anderson duals. The model (Q¢2) is defined in
terms of differential relative stable tangential Go-cycles, and the differential
refinements of (1.10) and (1.11) are given in terms of fiber products be-
tween differential relative stable tangential Ga-cycles and differential stable
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tangential Gi-cycles. As we explain in Subsubsection 1.2.3, in the physi-
cal interpretation, these homomorphisms correspond to compactifications of
invertible QFT’s.

1.2. Physical significance. Our results are motivated by the problem of
classification of invertible field theories, and this problem is also related
to the classification of action functionals of background fields up to local
counterterms. Let us explain some background in physics. In the follow-
ing discussion, whenever we say “manifolds”, they are always supposed to
be equipped with some differential structure such as Riemannian metric,
bundles and their connections, and so on. What differential structure we
consider should be specified in advance. Another remark is that whenever
we say “invertible field theory” in this subsection, we only consider non-
extended versions of QFT’s unless otherwise stated, as opposed to fully
extended versions of QFT’s as in [FH21|. In other words, we only consider
Hilbert spaces, amplitudes, and partition functions as explained below.

1.2.1. Some backgrounds on QFT and TQFT. Very roughly speaking, a D-
dimensional QFT (which is not extended) is a functor from some geometric
bordism category to the (super)vector space category as follows. A QFT
assigns a Hilbert space of physical states (V) to each (D — 1)-dimensional
closed manifold N. In particular, we assume that for the empty manifold
N = &, we have a canonical isomorphism H(&) ~ C. It assigns a linear map
Z(M) : H(N1) — H(N3) to each D-dimensional compact manifold M with
boundaries OM = N; LU Ny where N is a manifold which has the opposite
structure to that of Ny (such as orientation reversal), and we have assumed
that M has appropriate collar structure near the boundaries, [0, €) x N1 and
(—¢€,0] X Ny for some € > 0. We do not try to make these axioms precise, but
we remark that they are motivated by (Euclidean) path integrals in physics.

An invertible field theory is a QFT in which the Hilbert space of states
H(N) on any closed manifold N is one-dimensional, dimH(N) = 1. In-
vertible field theories play crucial roles in the study of anomalies. (See
e.g. [Freld, Monl9] for overviews.) In fact, the classification of deforma-
tion classes of invertible QFT’s in D-dimensions is believed to be the same
as the classification of anomalies in (D — 1)-dimensions.® (We will explain
what we mean by “deformation classes” in a little more detail later.) In the
context of condensed matter physics, deformation classes of invertible field
theories are also called symmetry protected topological (SPT) phases or in-
vertible phases of matter. Anomalous (D — 1)-dimensional theories appear
on the boundaries of these invertible phases and have various applications in
physics. Therefore, it is an important problem to classify invertible phases.

In the case of topological QFT (TQFT), the classification of invertible
phases has been conjectured to be given by certain cobordism groups [Kap14,
KTTW14], and later proved at least for some physically motivated classes
of structure types. It is proved under the axioms of fully extended TQFT
in [FH21], and Atiyah-Segal axioms in [Yon18]. Let S be the structure type
under consideration. For instance, we can consider manifolds equipped with

3We neglect anomalies which do not fit into the general framework, such as Weyl
anomalies. Also, there may be subtleties in reflection non-positive theories [CL20].
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Spin structures, and in that case we denote S = Spin. Then we may define a
bordism group Q‘]% (pt) of D-dimensional manifolds equipped with structure
of the type S roughly as follows. We introduce a monoid structure on the
set of (isomorphism classes of) manifolds by disjoint union, M; U Ms. The
empty manifold @ is the unit of this monoid since M U@ ~ M. Then we
divide this monoid by an equivalence relation. If a closed D-manifold M is
a boundary of some (D + 1)-manifold W, M = 0W, then it is defined to be
equivalent to the empty set, M ~ @. By using the fact that W = [0,1] x M
has the boundary OW = M U M, one can see that we get a group whose
elements are represented in terms of manifolds M as [M]. In particular, the
inverse of [M] is [M]. This group is denoted as Q% (pt).

According to [Kapl4, KTTW14, FH21, Yon18], deformation classes of
invertible TQFT’s are classified by the group Hom((Q%)(pt))tor, R/Z), where
the subscript tor means to take the torsion part of the group. The reason
that we take the torsion part is that we are considering deformation classes.
To explain this point, let us first consider the group Hom(Q%(pt),R/Z).
Then the relation between this group and the above axioms of QFT is the
following. If we are given an element h € Hom(Q3 (pt), R/Z), it means that
we can assign to each closed D-dimensional manifold M a number

(1.12) Z(M) = exp (2rv—1h([M])),

where [M] € Qf (pt) is the bordism class represented by M. Notice that
for a closed manifold OM = @, a QFT should assign a linear map Z(M) :
H(2) — H(2). Since H(D) ~ C, the quantity Z(M) can be regarded just
as a number Z(M) € C. The function which assigns a number Z(M) € C
to each closed manifold M is called a partition function in physics. From
an element h € Hom(Q$(pt), R/Z), we can construct a partition function
by (1.12).

A partition function itself does not give full data for the axioms of QFT.
However, the theorems proved in [FH21, Yon18] imply that we can construct
a TQFT from a given h € Hom(Q%)(pt),R/Z). (See Theorem 4.3 of [Yon1§]
for explicit construction in the case of Atiyah-Segal axioms.) Conversely, the
partition function of any invertible TQFT can be deformed continuously to
a partition function given by some h € Hom(Q%(pt),R/Z). Among the
elements of Hom(Q3)(pt), R/Z), the ones which come from Hom(Q3)(pt), R)
can be deformed continuously. In this way, we arrive at the classification of
deformation classes of invertible TQFT’s by Hom((Q%)(pt))tor, R/Z).

1.2.2. The exact sequence and classification of invertible phases. How about
the cases which are not necessarily topological? Freed and Hopkins have
conjectured a classification of fully extended QFT’s [FH21] in terms of the
Anderson dual of bordism groups as stated in Conjecture 1.3. The author
expect that the classification of QFT’s which are not extended is given by the
same group. Before going to discuss it, let us first explain some additional
background.

Suppose we are given a manifold X. Then we can consider a new struc-
ture given as follows. In addition to the differential structure already present
in a manifold M, we consider an additional datum f : M — X which is a
map from M to X. In the context of invertible phases and anomalies in
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physics, we can consider various types of X. If the manifold X is taken to
be the target space of a sigma model, it is relevant to sigma model anom-
alies [MN84, MN85, Thol17]. On the other hand, if X is taken to be the space
of coupling constants, it is relevant to more subtle anomalies discussed in
e.g. [TY17, STY18, ST19, LMSN18, CFLS19a, CFLS19b, HKT20]. Let us
denote the new structure type as (S, X), where S is the original one already
considered on M. Then we denote Q3)(X) := Qg’X)(pt). For appropriate
structure types S, it is known that QS gives a generalized homology theory,
and QS (X) are the generalized homology groups of X.

Given a generalized homology theory F,, we have the Anderson dual coho-
mology theory T E* satisfying the exact sequence (1.1). This exact sequence
is analogous to the one in the ordinary cohomology theory associated to the
short exact sequence of coeflicient groups 0 - Z — R — R/Z — 0.

The conjecture mentioned above, with a generalization including sigma
models and more general types of S, is as follows; deformation classes of
invertible field theories (extended or not) with the structure type (S, X) is
given by (IQ°)P+1(X), where (IQS)* is the Anderson dual of QF. Tt fits
into the exact sequence

-+ = Hom(Q3)(X),R) — Hom(Q3)(X),R/Z) — (IQ%)PH1(X)
— Hom (2%, (X),R) — Hom(Q%)_,(X),R/Z) = --- .

Let us explain physical reasons to believe that this conjecture is reasonable,
following [LOT20]. (See also [DL20] for some applications.)

First, let us consider elements of (1Q°)P+1(X) which are in the kernel
of the map (1Q°)PT!(X) — Hom(Q3, ;(X),R). We denote the homomor-
phism Hom(Q3,(X),R) — Hom(Q%(X),R/Z) as p. By the exact sequence,
the kernel is isomorphic to

(1.13) Hom(Q5(X), B/Z) /Im(p) ~ Hom((2 (pt) or, B /).

This is what we have discussed before in the case of TQFT. Any element
of Hom(Q3,(X),R/Z) gives a TQFT. The division by the image of the map
p : Hom(Q3(X),R) — Hom(Q3,(X),R/Z) is due to the fact that we are con-
sidering deformation classes. The group Hom(Q%)(X),R) is a vector space
over R, and any two elements of this group can be continuously deformed
into one another. Therefore, we should divide Hom(Q%,(X),R/Z) by Im(p)
when we consider deformation classes of TQFT’s.

Next, let us consider the physical meaning of the map (1Q%)P+1(X) —
Hom(Q3, +1(X),R). In physics, we may expect the following property of
invertible QFT. Suppose that a closed D-manifold M is the boundary of
a (D + 1)-manifold W with a collar structure (—¢,0] x M C W near the
boundary, including geometric data such that (—e, 0] has the trivial differ-
ential structure. We expect to have a closed differential (D + 1)-form Ip4q
on W (which is sometimes called an anomaly polynomial in the context of
anomalies). Tt is constructed from geometric data on W. For example, W
may have connections of some bundles from which we can construct char-
acteristic forms. Also, W is equipped with a map fir : W — X and hence
we can pullback differential forms from X to W by using fyy. The closed
form Ip4 is constructed by using such differential forms, and it is given by
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cWqy, (fiyw) which appeared in (1.5) in the case of S = G. Then, physicists
may expect that the partition function of an invertible QFT evaluated on
M = OW is given (after some continuous deformation of the theory?) by

(1.14) Z(OW) = exp (%ﬁ /W ID+1) :

When Ipy; = 0, this equation is precisely the bordism invariance of the
partition function as implied by (1.12), since [0W] = [@] by the definition
of bordism groups.

Now, by using Ip11, we can define an element of Hom(Q$,,(X),R) by

(1.15) 09 1(X) > W]+ /W Ipi1 €R

for any closed (D + 1)-manifold W. Its well-definedness (i.e. it only depends
on the equivalence class [W] rather than a representative W) is immedi-
ate from the Stokes theorem and dIpy; = 0. Moreover, for the partition
function (1.14) to be well-defined, the integral [;, Ip41 on any closed W
must be an integer since OW = & implies Z(OW) = 1. Therefore, (1.15)
is actually an element of Hom(Q‘]% 4+1(X),Z), and, equivalently, it is in the
kernel of the map Hom(Q9),(X),R) — Hom(Q¢,_,(X),R/Z). For appro-
priate (but not all)® S, the fact that any element of Hom(Q29,,(X),Z) can
be realized in this way by some Ip,; will follow from the Chern-Weil theory
and the Hurewicz theorem as we will see later in the paper. This gives the
exactness at Hom(Q%H(X),R). Also, if Ipyq1 = dJp for some Jp which is
constructed by geometric data, we get Z(0W) = exp (2mv/—1 [,;, Jp). This
kind of contribution can be continuously deformed to zero by considering a
one parameter family of QFT’s parametrized by ¢ € [0,1] as

(1.16) Ziy (M) = exp <27r\/jl . tJD> ,

so it does not contribute to the deformation classes of QFT’s. This cor-
responds to taking the equivalence classes as in (1.8). The R/Z-valued

functions h which appeared in the definition of elements of (IQ$z)™(X) cor-
respond to partition functions as Z = exp(2m/—1h), and cw,(f*@) in (1.7)
corresponds to Jp.

The author is not aware of completely general proof of the expectation
that the partition function can be expressed as (1.14). However, there are
various evidence supporting this claim. First, (1.14) is exactly what is used
in the construction of Wess-Zumino-Witten terms [WZ71] with the target

4 generic theories, there can be nonuniversal terms such as the cosmological constant
of the background Riemannian metric and the Euler number term. We need to eliminate
them by continuous deformation of the theory for the following claim to be valid. This
deformation can be done by a procedure similar to (1.16) below.

5The following statement fails when the Chern-Weil construction does not give an
isomorphism. It happens in some noncompact groups, such as SL(2,R). Thus we have
assumed that the groups G4 in this paper are compact. However, there are also groups
which are noncompact but the Chern-Weil isomorphism holds. An example is SL(2,Z)
which has a trivial real cohomology H*(BSL(2,Z),R). This group can also have anomalies
which are physically relevant [STY18, HTY19, HTY20).
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space X by extending a manifold M to W [Wit83]. In physics literature,
Chern-Simons invariants are also described by (1.14). (See Example 4.61 for
more precise discussions.) Second, invertible field theories constructed from
massive fermions in the large mass limit satisfy (1.14). (See e.g. [WY19]
for a systematic discussion). Third, other nontrivial examples of invertible
QFT’s also satisfy (1.14), such as the one relevant for the anomalies of chiral
p-form fields [HTY20]. Finally, it is possible to give a physically reasonable
derivation of a weaker version of the claim as follows. The functional deriv-
ative of the log of the partition function log Z(M) in terms of a background
field ¢ (i.e. geometric data such as Riemann metric, connections, etc.) is
given by a one-point function of some local operator O,
dlog Z(M)

d¢(x)
In theories whose low energy limits are invertible QFT’s, there is no light
degrees of freedom and all Feynman propagators are short range. Thus we
expect that the one-point function (O(z)) is given by local geometric data at
the point € M. Therefore, if two manifolds equipped differential structure,
M and M’, are homotopy equivalent, the ratio of their partition functions
is given by an integral of some local quantity. °

So far, we have argued that the exact sequence satisfied by (1Q%)P+1(X)
is physically reasonable. However, the above physical arguments do not tell
us anything about the group (192°)P+1(X) itself beyond the exact sequence.
The Anderson dual is defined in a very abstract way, and it is hard to find a
direct physical interpretation of the Anderson dual. One of our main results
stated in Theorem 1.9 is a natural isomorphism of the cohomology theory
IQC to the theory IQ(?R. Here the structure type S is taken to be a specific
kind specified by G. The cohomology theory I Q(CfR is constructed in a way
which closely follows the above physical discussions. Therefore, our results
give a very strong support of the conjecture that the deformation classes of
invertible QFT’s are given by (IQ°)P+1(X).

Although (I25$)™(X) is the group which is believed to classify the defor-

mation classes of invertible field theories, the group (IQ§;)"(X) before tak-
ing the deformation classes is also physically very relevant. When we make
background fields to dynamical fields, invertible field theories give topologi-
cally interesting terms in the action of the dynamical fields. Examples of this
kind include topological §-terms in gauge theories and Wess-Zumino-Witten

(1.17) = (0(x)). (zeM)

terms in sigma models. The elements of (IQ§z)”*!(X) which are realized
by a € Q" 1(X; @d(Sym'/ngi)Gd) in Theorem 1.9 are, in physics language,
the terms in the Lagrangian which are manifestly gauge invariant and local
in D-dimensions. These terms are gauge invariant even if we evaluate them
on a D-manifold M with boundaries, so they do not contribute to anomalies
via anomaly inflow. But they are interesting terms in the path integral.
Let us comment on reflection positivity which is an important physical
condition. In the context of partition functions, reflection positivity is the
following requirement. Consider a D-manifold M with a boundary. We

6This argument itself also applies to the case in which the theory is not invertible but
is topologically ordered. Thus this argument does not give a complete proof of the claim.
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glue M and its opposite M along their boundaries to get a closed manifold
M U M which is called a double. Reflection positivity is a requirement that
Z(M U M) is a nonnegative real number. In the case of TQFT, reflection
positivity is an important ingredient in the classification of [FH21, Yon18].
Indeed, there are counterexamples to the classification if we do not impose
reflection positivity. See [FH21, HTY20] for these examples. The parti-
tion function on a sphere SP becomes negative, Z(S”) = —1, although S
can be constructed as the double of a hemisphere. These examples have
the property that Ip,; discussed above contains %E , where F is the Euler
density which gives the Euler number of the manifold when it is integrated.
The Euler density is excluded in this paper by imposing a stability condition
which we will define later in this paper. But the stabilization is not impor-
tant for the types of G' considered in [FH21]. We will make more comments
on this point in Subsection 4.1.2.

1.2.3. Compactification. We can get a QFT in (D — d)-dimensions by com-
pactification of another QFT in D-dimensions on a d-dimensional manifold.
Let us consider a d-manifold L on which we will compactify the theory. We
put a geometric structure on L. Actually, it is better to consider a family of
geometric structures on L. For example, we can consider various Riemann-
ian metrics on L and connections of a G-bundle on L, and the parameter
space may be called the moduli space of geometric structures. Usually, it
is enough for many purposes to consider a finite dimensional approximation
to the full moduli space of geometric structures. For instance, if L is a two
dimensional torus 72, we may only consider its complex structure modulus
and the total area as a finite dimensional approximation to the full moduli
space of Riemannian metrics on 72. If there is an internal symmetry group,
we may also consider holonomies of connections around cycles on T2. From
the point of view of the lower dimensional theory after compactification, the
space of these parameters are the target space of a new sigma model in lower
dimensions. If the target space of the D-dimensional theory is X, the new
target space of the (D — d)-dimensional theory may be X x ) where )Y is
such a moduli space.

Motivated by the above considerations, let us consider a fiber bundle
N — Y in which the fiber is a d-manifold L and Y is a smooth base man-
ifold. Here, Y is what we intuitively want to consider as a moduli space of
geometric structures ), but we remark that Y is just an arbitrary smooth
manifold. We assume that each fiber is equipped with a geometric structure,
and Y may be intuitively regarded as parametrizing a family of geometric
structures. (We will discuss more general situations in Sec. 5 than fiber bun-
dles, where precise definitions are also given.) If we are given an element of

(IQ§;)PTH(X), then the compactification on L with a family of geometric

structures Y may be expected to give an element of (IQgR)(D’d)H(X xY).
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This is an interpretation of (1.10). By making the target spaces more ex-
plicit, it is the transformation we construct in Section 5,

(L18)  (195)PH(X) ® (Q8)4(Y) 5 (105 P (X x V),

Here, the group Gy is the structure type of fiber manifolds L, and (262)~¢(Y)
is roughly the abelian group of fiber bundles N — Y equipped with geo-
metric structures of fiber manifolds. The abelian group structure is given
by fiber-wise disjoint union with the fixed base Y. The group G is the
structure type of (D — d)-manifolds M, and we assume that products of
manifolds (or more generally fiber bundles L. — M’ — M with base M
and fiber L) with the G; and Gy structures can be equipped with the G3
structure. For example, we can obtain a Pint D-manifold from a product
of a Pin™ d-manifold and a Spin (D — d)-manifold. This means that if a the-
ory defined on Pin"-manifolds is compactified on a Pin'-manifold, we get
a theory defined on Spin-manifolds. See [TY21, Section 2.2.7] for another
example.

We can also consider a slightly different type of compactification, which
corresponds to the construction in Section 6. Let M’ be the D-manifold
which is the fiber bundle with the base (D — d)-manifold M and the fiber
d-manifold L. The compactification obtained by the above procedure is
restricted to the case that the map M’ — X factors as M’ — M — X,
where M’ — M is the bundle projection. For some applications, it is also
useful to have a variant of the above construction. Consider a fiber bundle
p : X’ — X where the fiber is a d-manifold L with Ga-structure. By a
similar construction as above, we get a map

(1.19) (IQSHPH(X) — (1Q53) P~ D+ (x).

Here, the map M — X is uplifted to M’ — X’. A simple example is given
by compactification of brane actions in string theory. We interpret X’ as
a target spacetime manifold of string theory, M’ as the worldvolume of a
brane, and we have a map f’ : M’ — X’ which describes how the brane is
placed in X’. Now, we compactify the target spacetime from X’ to X, and
“wrap” the brane to the fiber L of X’ — X. This situation describes the
above map (1.19). The left and right hand sides describe the (imaginary part
of) the brane actions before and after the compactification, respectively.

Both of (1.18) and (1.19) are useful for describing compactification of
different types. There can be more general situations, but we do not discuss
them in this paper.

1.3. Mathematical significance. In this subsection we explain our results
from a mathematical point of view, especially its relation with the differ-
ential cohomology theories. Given a generalized cohomology theory E*, its
differential extension E*, defined on manifolds, refines £* with additional

"This map is in the form of the external product, which is recovered by the internal
product we use in Section 5 by pulling back to X x Y and multiply there. Conversely, we
can recover the internal product from the external one by pulling back by the diagonal
map.
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differential-geometric data. E* itself is also called a generalized differen-
tial cohomology theory. For example, H?(X;Z) classifies line bundles on X,
whereas H 2(X;7Z) classifies hermitian line bundles with connections on X.
See 2.2 for necessary backgrounds.

One interesting point of the construction of (IQ§g)* lies in its similarity
with the differential character group of Cheeger-Simons [CS85], which is a
model for differential ordinary cohomology theory. For the ordinary coho-
mology HZ*, there are several known models for its differential extension,
and the relevant one for us is the differential character group ﬁés(—;Z)
of Cheeger-Simons [CS85] (Example 2.14). For a manifold X, ﬁgS(X;Z)
consists of pairs (w, k), where

e A closed form w € Q7 (X),
e A group homomorphism k: Z —1(X;Z) — R/Z,
e w and k satisfy the following compatibility condition. For any ¢ €

Coon(X;Z) we have
k(9c) = (c,w)x (mod Z).
Here Z  and Cw « are the groups of smooth singular cycles and chains, re-

spectively. We immediately see that the definition of the group (IQ§z)"(X)
explained in Subsection 1.1 is analogous to that of ffgs(X ;Z). The essential
difference is the domains of A and k, which, in the physical interpretation
explained in Subsection 1.2, play the roles of the partition functions of in-
vertible QFT’s. The author feels that it is interesting that we found an
analogy of differential characters out of classifications of invertible QFT’s.
This is actually not just the analogy, but related to the Anderson self-
duality of the ordinary cohomology. By the universal coefficient theorem
we have HZ* ~ ITHZ*, with the duality element vy € THZ"(pt), equiva-
lently, the natural transformation vy : HZ* — (IQ%)*(= IZ*). The above

~

analogy allows us to construct the differential refinement 7%, : Hg(—:Z) —

(I/ZE{)*(—) = (IQF;)*(—) of the above transformation in Subsection 4.4.

1.4. The structure of Part 1. Part 1 is organized as follows. We provide
necessary preliminaries in Section 2. In Section 3 introduce the differential
cycles and related constructions which we use throughout this paper. The
first main result in this paper is in Section 4. We define the differential
models [ Q(?R and ITZ;{ in Subsection 4.1, and prove the first main result,
Theorem 1.9, in Subsection 4.2. Using these models, we give a refinement
of the transformation (1.10) in Section 5 and of the pushforward map (1.11)
in Section 6.

1.5. Notations and Conventions.

e By a topological space, we always mean a compactly generated topo-
logical space.

e By manifolds, we mean a smooth manifold with corners (Subsection
2.3). A pair of manifolds (X,Y) is a manifold X and its submanifold
Y, which is a closed subset of X. We set

C®((X,Y), (X", Y"):={f: X - X"| f is smooth and f(Y) C Y'}.
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The category of pairs of manifolds are denoted by MfdPair.
e The space of R-valued differential forms on a manifold X is denoted
by Q*(X). For a pair of manifolds (X,Y"), we set

M"(XY) ={we Q"(X) | wly =0}

e We also deal with differential forms with values in a graded real
vector space V*. In the notation Q"(—;V*®), n means the total de-
gree. In the case if V* is infinite-dimensional, we topologize it as
the colimit of all its finite-dimensional subspaces with the caoni-
cal topology, and set Q"(X;V*®) := C®(X; (AT*X @r V*)"). This
means that, any element in Q"(X;V*®) can locally be written as a
finite sum ) . & ® ¢; with § € Q™ (X) and ¢; € V"~ for some m;
for each i. The space of closed forms are denoted by Q7 (—;V'*).

e For a manifold X and a real vector space V, we denote by V the
trivial bundle V := X x V over X.

e For a topological space X, we denote by px: X — pt the map to pt.
We set X1 := (X U {x}, {x}).

e For two topological spaces X and Y, we denote by pry: X xY — X
the projection to X.

e Weset I =1[0,1].

e For a real vector bundle V over a topological space, we denote its
orientation line bundle (rank-1 real vector bundle) by Ori(V). For a
manifold M, we set Ori(M) := Ori(T'M).

e For a spectrum {E,}ncz, we require the adjoints E,, — QF,11 of
the structure homomorphisms are homeomorphisms. For a sequence
of pointed spaces {E}, }nez., with maps ¥ E), — E; |, we define its
spectrification LE' := {(LE'), }nez to be the spectrum given by

(LE')y = lim Q" E] .
k

2. PRELIMINARIES

2.1. The Anderson duals. In this subsection we collect basics on the An-
derson duals for generalized cohomology theories. For more details, see for
example [HS05, Appendix B] and [FMS07, Appendix B]. In this subsection
we entirely work with spectra. The corresponding statement for CW-pairs
(X,Y) is obtained by considering the suspension spectrum 3°°(X/Y). Re-
mark that 7$(X,Y) = m,(Z>°(X/Y)).

First note that the functor X — Hom(7.(X),R/Z) on the stable homo-
topy category of spectra Ho(Sp)°P satisfies the Eilenberg-Steenrood axioms,
so it is represented by an Q-spectrum denoted by I(R/Z). We also have
the functor X — Hom(m(X),R), and the corresponding Q-spectrum IR.
By the Hurewicz isomorphism we have Hom(7,(X),R) = H*(X;R) and IR
is isomorphic to the Eilenberg-MacLane spectrum HR. Therefore we just
take IR = HR. The morphism in Ho(Sp) representing the transformation
Hom(m.(—),R) = Hom(m.(—),R/Z) is denoted by

(2.1) m: HR — I(R/Z).

Definition 2.2 (The Anderson dual to the sphere spectrum). The Anderson
dual to the sphere spectrum, IZ, is the homotopy fiber of the map (2.1).
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Applying the homotopy fiber exact sequence, for each spectrum X we get
the following exact sequence.

(2.3)
o= H"YX;R) 5 Hom(m,_1(X),R/Z) — IZ"(X)
— H"(X;R) 5 Hom(m,(X),R/Z) — --- (exact).
Definition 2.4 (The Anderson dual to a spectrum). Let F be a spectrum.

The Anderson dual to E, denoted by IFE, is a spectrum defined as the
function spectrum from F to I7Z,

IE := F(E,IZ).
This implies that we have the following exact sequence.
(2.5)
... — Hom(E,_1(X),R) & Hom(E,_1(X),R/Z) = IE"(X)
— Hom(E,(X),R) & Hom(E,(X),R/Z) — --- (exact).

Hopkins and Singer gave a model for IZ*(X) in terms of functors be-
tween Picard groupoids in [HS05, Corollary B.17]. A symmetric monoidal
category is called a Picard groupoid if all the objects are invertible under
the monoidal product and all morphisms are invertible under the compo-
sition. For example, a homomorphism 0: A — B between abelian groups

associates a Picard groupoid (A LN B). Namely, the objects are elements of
B, and the morphism from b to b’ is given by an element a € A such that
b’ —b = d(a). The monoidal structure is given by the addition. Another class
of examples comes from spectra X = {X,,}nez. The fundamental groupoid
m<1(X,,) of its each n-th space X,, can be equipped with a structure of a
Picard groupoid, uniquely up to equivalence ([HS05, Example B.7]).

Fact 2.6 ([HS05, Corollary B.17]). Let X = {X,,}nez be a spectrum and n
be an integer. We have an isomorphism

(2.7) IZ"(X) ~ moFunpic <7r§1(X1_n), (R 24 2, R/Z)) :

where the right hand side means the group of natural isomorphism class of
functors of Picard groupoids®. The isomorphism (2.7) fits into the commu-
tative diagram,

(2.8)
Hom(m,_1(X),R/Z) 17M(X) H"(X:R

\ |

HOII](?Tn_l(X),R/Z) — WoFunpiC ('/Tgl(Xl—n), (R — R/Z)) e Hn(X,R

)
)
Here the top row is (2.3) and the bottom row is defined in the obvious way.

8In [HS05, Corollary B.17] they use (Q — Q/Z) instead of (R — R/Z). We can usc the
latter because the inclusion is an equivalence. Also note that there is an obvious typo in
the statement of [HS05, Corollary B.17], where X;_,, is written as X,_1
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In the above model, the Picard groupoid (R — R/Z) arises because we
have

1<1(IZy) ~ (Z % 0) ~ (R - R/Z).

The isomorphism (2.7) assigns, to an element IZ"(X) = [X,X"IZ], the
induced functor between the fundamental Picard groupoids. The commuta-
tivity of (2.8) is implicit in the discussion in [HS05, Appendix B.3], but this
commutativity easily follows by the fact that the homotopy fiber sequence
Y~ R/Z — IZ — HR induces the sequence (0 — R/Z) — (R — R/Z) ~
(Z - 0) - (R — 0) on the fundamental Picard groupoids of their first
spaces. The above model for I7Z is crucial to the proofs of our main results
of this paper.

In this paper, we are interested in the case where F is the stable tangential
G-bordism theory. Let G = {G4, 54, pa}dcz-, be a sequence of compact
Lie groups equipped with homomorphisms sq: G4 — Gg41 and pg: Gg —
O(d,R) for each d such that the following diagram commutes.

Gy ——~ 0(d,R)

]

Pd+1

Ggpy1 —=O(d+ L,R)
Here we use the inclusion O(d,R) < O(d + 1, R) defined by

e 32

throughout this paper. We call such G tangential structure groups. Given
G, the stable tangential G-bordism homology theory assigns the stable tan-
gential bordism group (Q%),(—). It is represented by the Madsen-Tillmann
spectrum MT(G, which is a variant of the Thom spectrum MG. For details
see for example [Frel9, Section 6.6]. In this paper we take MTG and MG
to be a spectrum (as opposed to a prespectrum) as in [HS05, (4.60)]. In this
case, the exact sequence (2.5) becomes

(2.9)
oo = Hom(Q8 [(X),R) & Hom(QG | (X),R/Z) — (IQF)*(X)
s Hom(QS(X),R) & Hom(QC (X),R/Z) — --- (exact).

Ezample 2.10. Here are some examples of tangential structure groups G and
the corresponding stable tangential G-structures.

(1) The case where G4 = {1} for all d. Since the stable tangential G-
structure is a stable tangential framing in this case, we denote this
G by fr.

(2) SO := {SO(d,R)}4 with pg and s; given by the inclusions. A stable
tangential SO-structure is an orientation with a Riemannian metric.

(3) Spin := {Spin(d)}4 with pg: Spin(d) — O(d,R) given by the double
covering of SO(d,R) composed with the inclusion, and s4 given by
the inclusion. A stable tangential Spin-structure is a Spin-structure
in the usual sense.
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(4) Let H be a compact Lie group, and set SO x H := {SO(d,R) x H}q4
with pg given by the composition of the projection SO(d,R) x H —
SO(d,R) and the inclusion, and sy given by the inclusion. A stable
tangential SO x H-structure is an orientation with a Riemannian
metric, together with a choice of principal H-bundle. This group H
is called the internal symmetry group in physics.

2.2. Generalized differential cohomology theories. In this subsection
we give a brief review of generalized differential cohomology theories, based
on the axiomatic framework given in [BS12] (see also [BS10]). A differential
extension (also called a smooth extension) of a generalized cohomology the-
ory E* is a refinement E* of the restriction of E* to the category of smooth
manifolds, which containes differential-geometric data.

Let E* be a generalized cohomology theory. Let N® be a graded vector
space over R equipped with a transformation of cohomology theories

(2.11) ch: E* — H*(—; N*).

The universal choice is N®* = E*(pt) ® R =: V3 with ch the Chern-Dold
homomorphism ([Rud98, Chapter II, 7.13]) for E.

For a manifold X, set Q*(X; N®) := C®°(X; A\T*M ®g N°®) with the Z-
grading by the total degree. Let d: Q*(X;N®) — Q**1(X; N®) be the de
Rham differential. We have the natural transformation

Rham: Q) (X; N®) — H*(X; N°®).

clo

Definition 2.12 (Differential extensions of a cohomology theory, [BS12,
Definition 2.1]). A differential extension of the pair (E*,ch) is a quadruple

(E, R,1,a), where

e [ is a contravariant functor B : Mfd°P — AbZ.
e R, I and a are natural transformations

R: B* = Q3,(— N®)

I: E*— E*

a: QY (= N*)/im(d) — E*.
We require the following axioms.

e Roa=d.
e chol =Rhamo R.
e For all manifolds X, the sequence

(2.13) BN X)L L (M N fim(d) & B(X) L B*(X) =0

is exact.

In the case N* = Vj and ch is the Chern-Dold homomorphism, we simply
call it a differential extension of E*.

Such a quadruple (E, R, I,a) itself is also called a generalized differential
cohomology theory. We usually abbreviate the notation and just write a
generalized cohomology theory as E*.
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Ezample 2.14 (Differential characters). Here we explain a model for a differ-
ential extension of HZ given by Cheeger and Simons, in terms of differential

characters [CS85]. Actually, our definition of the group (I25g)* (Definition
4.22) is analogous to it. We relate them in Subsection 4.4. For later use, we
explain the relative version. For another formulation see [BT06].

For a pair of manifolds (X,Y") and a nonnegative integer n, the group of
differential characters ﬁgs (X,Y;Z) is the abelian group consisting of pairs
(w, k), where

e A closed differential form w € Q7 (X,Y),

e A group homomorphism? k: Zo ,,—1(X,Y;Z) — R/Z,

e w and k satisfy the following compatibility condition. For any ¢ €
Coon(X;Z) we have

(2.15) k(0c) = (w,c)x (mod Z).
We have homomorphisms
Res: H(X,Y;Z) — QU (X,Y),  (w k) w
acs: Q" UX,Y)/Im(d) — HE(X,YZ), o (do, o).
and the quotient map gives
Ios: HE(X, Y Z) — HE(X,Y;Z) /Im(acs) ~ H(X, Y Z).
The quadruple (ﬁés, Rcs, Ics, acs) is a differential extension of HZ.

We can also consider the differential refinement of S!-integration maps in
E. We have the S'-integration map for differential forms,

(2.16) /: QPS8 x X N®) — Q"(X;N*)

for any manifold X, which realizes the S'-integration map in de Rham
cohomology. The sign is defined so that

(2.17) /prgﬁsl APrywx = wx
for wy € Q*(X;V) and g1 € QL (S') which represents the fundamental
class of S* for the standard orientation.

Definition 2.18 (Differential extensions with S'-integrations, [BS12, Def-
inition 2.12]). A differential extension with integration of E* is a quintuple
(E,R,I,a,[), where (E,R,I,a) is a differential extension of E* and [ is a

natural transformation
/: EY(SY x =) = E*
such that

. f o(t x id)* = — [, where t: S — S! is given by t(z) = —x for
el-1 1]/{ 1,1} = St
[ ] f Pg1t X ld =0.

9Precisely speaking in [CS85] they use normalized smooth singular cubic chains, but
we can also work in terms of the usual smooth singular chains as in [BT06].
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e The diagram

(2.19)
R
Q*(S! x X; N*) —%= E*t1(S! x X) imggl(sl X X;N*®)
il lf / il
QYX;N*) — &~ F*(X) ! E*(X) O (X N®)

e

commutes for all manifolds X.

2.3. Manifolds with corners. In this paper, we need to deal with man-
ifolds with corners. There are some variants in the definition among the
literatures. In this paper the appropriate notion is (k)-manifolds defined in
[Jan68], which we recall here.

A manifold with corners of dimension n is a paracompact topological
space M with an equivalence class of local coordinate system {V;, y; bicr,
where V; is an open subset of M for each ¢ with M = U;V;,

@i: Vi = R%j := (—o00,0]"
is a homeomorphism onto an open subset of RZ for each ¢, and
0" 0 (Vin Vi) = @i(ViN V)

is a diffeomorphism for all pairs (7, 7). In this paper, by manifolds we always
mean manifolds with corners. For a point z € M, we define the depth of x,
denoted by depth(z), to be the number of zeros in a local chart. For each
nonnegative integer k, we set

(2.20) S*(M) := {x € M | depth(z) = k}.

BEach S¥(M) has the structure of (n — k)-dimensional manifold without
boundary. The tangent bundle TM — M can be defined as a vector bundle
of rank n over M.

A map f: M — N between manifolds with corners is called smooth if,
taking a local coordinate system {V;, ¢;}icr and {Uj,v;} ey for M and N
respectively, the map ;0 fop; ! <pi’1f_1(Uj) — RIMN j5 o restriction of a
smooth map between open subsets of R1™M to RUMN for each (i, 5) € I x.J.
A smooth map f induces a vector bundle map df: TM — TN. f is called
an embedding if f is injective and df : TuM — Ty, )N is injective for all
x € M. In such a case, we also regard M as a subspace of N and call
M a submanifold of N. A smooth map f: M — N is called a submersion
if df: T,M — TyyN and df : T,S9Ph@)(X) — T, SAPU @) (X) are
surjective for all x € N.

A manifold with corners is called a manifold with faces if each x € M
belongs to the closure of depth(z)-different components of S*(M)!. For a
manifold with faces M of dimension n, the closure of a connected component
of S1(M) is called a connected face of M, which has the induced structure of

10For example, this excludes the case of the “teardrop”, the 2-dimensional disk with a
corner.
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an (n — 1)-dimensional manifold with faces. Any union of pairwise disjoint
connected faces is called a face of M.

Definition 2.21 ((k)-manifolds, [Jdn68, Definition 1]). Let k be a nonneg-
ative integer. A (k)-manifold is a manifold with faces M together with an
k-tuple (OoM, M, - - ,0k—1 M) of faces of M, satisfying

(1) QoM U--- U1 M =0M.

(2) 0;M N0;M is a face of ;M and of 9;M for i # j.

In particular, a (0)-manifold is equivalent to a manifold without boundary,
and a (1)-manifold is equivalent to a manifold with boundary. See Figure 1
for k = 2. Note that each 9; M can be empty. For I = {0 <43 < -+ <ip, <
k — 1}, the intersection Oy M := 9; M N---NJ;,, M is called an (k —m)-face
of M. Tt has the induced structure of an (k — m)-manifold so that the order
of the labels of the faces are preserved.

In this paper we are particularly interested in (0), (1) and (2)-manifolds.

oM
aOlM o//—\ 801M
801M 1 (901]\4

OoM \ ool

FIGURE 1. A (2)-manifold

3. DIFFERENTIAL STABLE TANGENTIAL (GG-STRUCTURES

In this section we introduce the differential stable tnagential G-cycles
and related constructions which we use throughout this paper. Let G =
{Gd, 84, pa}dez, be tangential structure groups.

Definition 3.1 (Differential stable G-structures on vector bundles). Let V
be a real vector bundle of rank n over a manifold M.

(1) A representative of differential stable G-structure on V is a quadruple
g = (d,P,V,1), where d > n is an integer, (P, V) is a principal Gg4-
bundle with connection over M and : P x,, R~ R“™ @V is an
isomorphism of vector bundles over M.

(2) We define the stabilization of such g by g(1) := (d + 1,P(1) :=
P xs,Gqy1,V(1),%(1)), where V(1) and 9(1) are naturally induced
on P(1) from V and ), respectively.

(3) A differential stable G-structure g on V is a class of representatives
g under the relation § ~gap g(1).

(4) Suppose we have two representatives of the forms g = (d, P, V, )
and g = (d,P,V,¢’), such that ¢ and 1’ are homotopic. In this
case, the resulting differential stable G-structures g and ¢’ are called
homotopic.
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If we forget the information of the connection V, we get the correspond-
ing notion of (topological) differential stable G-structures. For a differential
stable G-structure g, we denote the underlying topological structure by g'P.
Similar remarks apply to the various definitions below.

Definition 3.2 (Differential stable tangential G-structures). Let M be a
manifold. A differential stable tangential G-structure is a differential stable
G-structure on the tangent bundle T'M.

Definition 3.3 (Opposite differential stable tangential G-structure). Let
M be an n-dimensional manifold. Given a differential stable tangential G-
structure g represented by g = (d, P, V,%) on M with d > n, we define its
opposite differential stable tangential G-structure gop to be the one repre-

sented by Gop 1= (d, P, Y, (dgan-s ® ~idg @ idrar) o v).

Definition 3.4 (Differential stable tangential G-cycles). Let (X,Y) be a
pair of manifolds. A differential stable tangential G-cycle of dimension n
over (X,Y) is a triple (M, g, f), where M is an n-dimensional compact (1)-
manifold, ¢ is a differential stable tangential G-structure on M and f €
C®((M,0M),(X,Y)). We define isomorphisms between two differential
stable tangential G-cycles in an obvious way.

In the case (X,Y) = pt, we use the notation (M, g) := (M, g,pn).

Definition 3.5 (CSV(X,Y)). Let (X,Y) be a pair of manifolds. We intro-
duce the equivalence relation ~ on differential stable tangential G-cycles of
dimension n over (X,Y), generated by

e Isomorphisms.

e (M,g,f)U (M,gopvf) ~ .

o (M,g,f)~ (M,q,f)if g and ¢ are homotopic (Definition 3.1 (4)).
The set of equivalence classes under ~ is denoted by C$V(X,Y). The class
of (M, g, f) is denoted by [M, g, f]. We introduce an abelian group structure
on CSV(X,Y) by disjoint union.

Next we proceed to define the bordism Picard groupoid of differential
stable tangential G-cycles. Let J C R be an interval. For an M and a differ-
ential stable tangential G-structure g on it represented by g = (d, P, V, )
with d > dim M, we define g5 to be the differential stable tangential G-
structure on J x M represented by

(36) §J = (da pr*MP7 pr}kwvapr?ﬂ\/ﬂ/’)
Definition 3.7 (Bordism between differential stable tangential G-cycles).
Let (M_,g—, f-) and (M4, g+, f+) be two differential stable tangential G-
cycles of dimension n over (X,Y). A bordism from (M_,g_, f_) to (M4, 9+, f+)
consists of the following set of data.
e An (n+1)-dimensional (2)-manifold W and a differential stable tan-
gential G-structure gy on W.
o A disjoint decomposition dgW = Jdy W U Jp + W and open neigh-
borhoods U+ of 9y +W, respectively, such that Uy NU_ = @.
e Tsomorphisms p_: (U, gwl) = ([0.€) x M- (9-)p) and g (U, gwlur,) =
((—€,0] X My, (g+)(—e0)) of (2)-manifolds with differential stable tan-
gential G-structures for some € > 0.
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e Amap fiy € C® ((W,01W),(X,Y)) such that fiy|y, = fropry, o
Y4+, respectively.
Given such a set of data, for any 0 < ¢ < e we get another set of data
by restriction. We regard them as defining the same bordism. We denote
a bordism data typically as (W, gw, fw), with the understanding that the
collar structures Uy, ¢+ are also included.

Given (M_,g—, f-) and (M4, g+, f+), we introduce the bordism relation
between two bordisms (W_, gw_, fw_) and (W4, gw,, fw,) between them
in a routine way. Namely, they are called bordant if there exists the following
set of data.

e an (n + 1)-dimensional (3)-manifold N equipped with a differential
stable tangential G-structure gy and fy € C®°((N,0:.W), (X,Y)).
e a decomposition dgN = 9o +N Uy N and O1N = 01+ N U O N
with isomorphisms dp + N ~ Wi and 01 +N ~ [0,1] x My of (2)-
manifolds.
o Collar structures near dp +/N and 01 + N which restricts to the collar
structures on W in Definition 3.7.
e Corresponding isomorphisms of differential stable tangential G-structures
on the collars, extending those on W4 in Definition 3.7.
The bordism class of a bordism (W, gw, fw): (M—,g—, f-) = (M4, g9+, f+)
is denoted by [W, gw, fw]

Definition 3.8 (hBord$V (X,Y)). Let n be a positive integer and (X, Y) be
a pair of manifolds. We define the symmetric monoidal category hBordgva (X,Y)
by the following.
e The objects are differential stable tangential G-cycles (M, g, f) of
dimension n over (X,Y).
e The morphisms from (M_,g_, f_) to (M4, g+, f+) are the bordism
classes [W, g, fw] of bordisms between them.
e The identity morphism on (M, g, f) is the cylinder (I x M, gr, fopr,;)
with the obvious collar structure.
e The monoidal product is the disjoint union, with the unit @.

Remark 3.9. The notation is due to the fact that the above category hBord$V (X,Y)
is the homotopy 1-category of an (oo, 0)-category version of it. Although we
do not introduce the higher categories, we use this notation.

The symmetric monoidal category hBord$V(X,Y) is equivalent to the
fundamental groupoid of the (—n)-th space of the Madsen-Tillmann spec-
trum via the Pontryagin-Thom construction, as follows.

Lemma 3.10. Let (X,Y) be a pair of manifolds. There is a equivalence of
symmetric monoidal categories

(3.11) hBordSY (X, Y) ~ 7«1 (L((X/Y) AN MTG)_,,),
which is natural in (X,Y).

Proof. The theorem of Pontryagin-Thom implies there is an equivalence of
symmetric monoidal categories which is natural in (X,Y),

(3.12) <1 (L(X/Y)AMTG)_,) ~ hBord¥ (X, Y).
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where hBord$ (X,Y) is obtained from hBord$Y (X, Y) by forgeting the con-
nections. In turn, the forgetful functor hBord$V (X,Y) — hBord$(X,Y) is
obviously an equivalence, so we get the result. ]

By [HS05, Example B.7], the right hand side of (3.11) is a Picard groupoid.
Thus we get the following.

Corollary 3.13. The category hBordSY (X,Y) is a Picard groupoid.

Explicitly, the inverse under the monoidal product of an object (M, g, f) is
(M, gop, f). The inverse under the composition of a morphism [W, gw, fw]: (M—,g—, f-) —
(M4, g+, f+) is essentially given by “reversing gw”. If G is such that “re-
versing” gw +— Gy makes sense so that (W, gy, fiw) is a bordism from
(M4, g4, ft) to (M_,g—, f—), this represents the required inverse. Such G
includes SO and Spin. However, for general G, for example G = 1, such
a reversal does not make sense, so the explicit description of the inverse is
complicated (given by a suitable deformation of gy on the collar). In any
case, Corollary 3.13 implies that we can take the inverse [W, gy, fw] ™! on
the level of bordism classes.

4. PHYSICALLY MOTIVATED MODELS FOR THE ANDERSON DUALS OF
(G-BORDISMS

Let G = {Gy, sq, Pd}deZzo be tangential structure groups. In this section,

we give models (IQ§R)* and (IQ§y)* of the Anderson dual to G-bordism
theory and its differential extension, respectively.

Let us define a Gg-module R, with the underlying vector space R, and

the Gg-module structure given by the multiplication via Gy 2% O(d, R) det,

{£1}.

Lemma 4.1. We have
H*(MTG;R) = @H*(Gd;RGd).
d

Here H*(Gg;Rg,) is the group cohomology of G4 with coefficient in Rg,.

Proof. Recall that the Madsen-Tillmann spectrum MTG is defined as the
direct limit of the Thom spaces of the normal bundles of the universal
bundles over (approximations of) BGy [Frel9, Section 6.6]. We see that
their orientation bundle is the pullback of the bundle EGy x¢, Rg, over
BG,. The result follows by the Thom isomorphism and the isomorphism
Hn(BGd;EGd XGy RGd) QH"(Gd;RGd). O

Lemma 4.2. Fiz a nonnegative integer d. For each integer n, we have
H*(Gg;Re,) ~ (Sym"g) @r Ra, ),
H*" NGy Rg,) = 0.

Here g, is the Lie algebra of G4 and g} is its dual. The notation (—)%
means the Gg-invariant part, where G4 acts on gq by the adjoint.

Proof. Let K4 be the kernel of the homomorphism det o pg: Gg — {£1}.
In the case where Gy = Ky, the G4-module Rg, is trivial R, and the de-
sired results follow from the Chern-Weil isomorphism for G4. In the case
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where G4 # K, apply the Hochschild-Serre spectral sequence for the group
extension

1=-Kqg— Gqg— {£1} =1

and the Gg-module R¢,. We get the isomorphism H*(G4;Rg,) ~ (H* (K4 R)®r
Rg, ) = (H*(K4;R) @ Rg,)%4. Using the Chern-Weil isomorphism for
K, we get the result. O

We denote
(4.3)
N¢ := H*(MTG;R) = lim H*(BGy; Rg,) = lim(Sym*/*g}) @r Re, ).
d d

In the case where G is oriented, i.e., the image of pg4 lies in SO(d, R) for each
d, the G4-module Rg, is trivial and N¢ is the projective limit of invariant
polynomials on g4. In general cases, N2 can be regarded as the projective
limit of polynomials on gz which change the sign by the action of Gy.

For any CW-complex X, by the Kunneth formula and the Hurewicz the-
orem we have

(4.4) H*(X; N&) =~ Hom(QF (X), R),
so the fourth arrow in (2.9) gives the transformation
(4.5) ch’: (IN)* — H*(—; N&).

In general, N¢, is not isomorphic to Vi,c = (I Q%) (pt) @ R. The relation is
the following. Let E be any spectrum. Applying the exact sequence (2.5)
to X = pt, we get the following short exact sequence,

(4.6) 0 — Ext(F,—1(pt),Z) — IE"(pt) — Hom(E,(pt),Z) — 0.
Since R is a flat Z-module, we get the short exact sequence
(4.7  0— Ext(E,—1(pt),Z2) @ R — V{; — Hom(E,(pt),Z) @ R — 0.

The group Ext(E,_1(pt),Z) ® R does not vanish in general, but it van-
ishes for example if E,,_1(pt) is finitely generated. Furthermore, we have a
canonical map

(4.8) Hom(E,(pt),Z) ® R — Hom(E,(pt), R),
and it is an isomorphism if E, (pt) is finitely generated. Thus we see that

Proposition 4.9. For any tangential structure groups G, we have a canon-
ical homomorphism

(4.10) q: Vige — N§.
It is an isomorphism if QC (pt) is finitely generated for all n.

The finiteness condition in Proposition 4.9 is satisfied in examples we are
usually interested in.

4.1. The models.
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4.1.1. The differential models. In this subsubsection, we define the models.
The definition uses a variant of Chern-Weil construction, as we now explain.

Definition 4.11. (1) Let W be a manifold and (P, V) be a principal
Gg4-bundle with connection. Let n be an even nonnegative integer
and ¢ € Ng. Apply the forgetful map'!

(4.12) Ng — Ng, = (Sym*/*g} ®r Rg, ).
to ¢ and denote by ¢4 the resulting element. We set
(4.13) cwy (9) = ewy(¢q) = da(Fv) € Qo (W5 P %, Rg,),
where Fy € Q2% _(W; P Xaq g4) is the curvature form for (P, V), and

clo
we used the identification Rg, = R of Gg-modules. This con-
struction gives a homomorphism cwy: N2 — Q) (W; P xq, Rg,).
Extending it Q*(W)-linearly, we get a homomorphism of Z-graded

real vector spaces,

(4.14) cwy: QY (W;NG&) = Q@ (W; P xg, Rg,),
which restricts to a homomorphism cwy : Q) (W3 N&) — Q) (W3 Pxg,
Ra,).

(2) If V.— W is a real vector bundle with a differential stable G-
structure g represented by g = (d, P, V, %), the isomorphism ¢ in-
duces the isomorphism v¢: P xg, Rg, ~ Ori(V). Composing the
homomorphism (4.14) with this ¢ on the coefficient, we define a
homomorphism of Z-graded real vector spaces,

(4.15) cwg i=1pocwy: QY(W;NG&) — QF(W;0ri(V)),

which restricts to the homomorphism cwg: Q% (W5 N&) — Q)

(W; Ori(V)).
In particular, if we have a differential stable tangential G-structure g on

W, the homomorphism (4.15) becomes
cwg: QY (W3 Ng) — Q(W; Ori(W)).

Remark 4.16. In Definition 4.11 (2), the homomorphism cw, actually de-
pends on g only through its homotopy class (Definition 3.1 (4)). This is be-
cause we only used 1 to construct the isomorphism ¢: P xq,R¢q, ~ Ori(V),
and it does not change when we replace 1 to a homotopic one.

Remark 4.17. Definition 4.11 admits the following generalization, which we
use in Section 5 and Section 6, as well as in the next paper [Yam21]. Let V*
be any Z-graded vector space over R. We can generalize N&, = H*(MTG;R)
in the above definition to H*(MTG;V*). Then the homomorphism (4.15)
becomes

(4.18) cwg: Q"W H*(MTG; V")) = Q"(W;0ri(V) ®r V).

The construction is basically by just applying the above procedure V*-
linearly. But we need some care because we need to allow V* to be infinite-
dimensional, since H*(MTGy; V*) # (Né,d ®r V*)*® in general. To fix this

UHere we denoted by Ga = {(Ga)ar, (sa)ar, (pd)a’}arez-, the tangential structure
groups defined by trancating G at degree d, i.e., (Gq)ar := G for ' < d and (Ga)a := Ga
for d’ > d, with (sq)ar = id for d’ > d and the other structure maps are obvious ones.
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point, in the construction corresponding Definition 4.11 (1), take a closed
manifold B with a (dim W + 1)-connected map B — BG4. Then consider

the pullback

(4.19)

H*(MTGq;V*) = H*(B; (B x¢, Ra,) ®@r V*) = @pSPH*(B; B x¢, Re,) @r V"

We have Ngd ~ H*(B;B xg, Rg,) for 0 < k < dimW. Thus we can
apply the image under the composition (4.19) to the curvature Fy to get
the Chern-Weil form. The result does not depend on the choice of B.

Suppose we are given a pair of manifolds (X,Y) and a formw € Q*(X,Y; N2).
If W is a manifold equipped with a differential stable tangential G-structure
g, given a map f € C°((W,2),(X,Y)), the homomorphism (4.15) gives

ewy(f*w) € (W, f~HY); Ori(W)).

Ifw e QF (X,Y; N&), the resulting form is closed, so the above construction

clo
induces a homomorphism

(4.20)

cw(w): Hothordgyl(X’y)((Mfagfa f*)) (M+’g+7f+)) —R
Weow Sl | v ((fw)'e),
w

for each pair of objects (M, gy, f+) in hBordel(X, Y). In particular,
applying this to (M4, g4, f1) = &, we get

(12)  ew@): Q0XY) R Wogw il o [ v ((fw)'e)
W
The map Rham(w) — cw(w) gives the isomorphism H"(X,Y; N&) ~ Hom(Q¢ (X, Y),R).

Definition 4.22 ((IQ§;)* and (IQ§3)*). Let (X,Y) be a pair of manifolds
and n be a nonnegative integer.

(1) Define (IQ§;)"(X,Y) to be an abelian group consisting of pairs

(w, h), such that

(a) wis a closed n-form w € O (X,Y; N2).

(b) h is a group homomorphism h: CS_Vl(X, Y) — R/Z.

(¢) w and h satisfy the following compatibility condition. Assume
that we are given two objects (M_,g_, f_) and (M4, g+, f1) in
hBordgfl (X,Y) and a morphism [W, g, fw] from the former
to the latter. Then we have

(4.23)
MMy, g+, f+]) = h([M—, g—, f-]) = cw(w)([W, 9w, fw]) (mod Z),
where the right hand side is defined in (4.20).

Abelian group structure on (IQ§z)"(X,Y) is defined in the obvious
way.
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(2) We define a homomorphsim of abelian groups,
(4.24) a: Q"N X, Y;Ng)/Im(d) — (I1Q53)"(X,Y)
a— (da, cw(a)).

Here the homomorphism cw(«): Cf_vl(X ,Y) — R/Z is defined by
(see Remark 4.16)

(4.25) cew(a)([M, g, f]) = /M cwy(ffa)  (mod Z).
We set
(IQGR)"(X,Y) = (1QG)"(X,Y)/Im(a).

For negative integers n, we set (IQ2§3)"(X,Y) := 0 and (IQ5)™(X,Y) == 0.
For a smooth map ¢ € C®((X,Y), (X', Y’)) between two pairs of man-
ifolds, by the pullback we get the homomorphisms ¢*: (IQ5;)"(X',Y’) —

(INGR)™M(X,Y) and ¢*: (IQG)™(X,Y') — (IQ5R)"(X,Y). Thus we get
contravariant functors,

(IS)*, (I9§R)*: MfdPair®® — AbZ.

In the case where G4 =1 for all d, i.e., the case of the stably framed bor-
dism theory QF, the corresponding Madsen-Tillmann spectrum is the sphere

*

spectrum and (IQT)* = IZ*. So in this case, we also denote (IZgg)* :=

(IQ%)* and (IZqr)* = (IQfR)*.
We sometimes say that “evaluate (w, h) on [M, g, f]” to just mean getting
the value h([M, g, f]).

—

The functor (I Q(?R)* is equipped with the following structure maps. In

Theorem 4.56, we will see that the functors R, I and a makes (IQ§z)* into
a differential extension of ((I Q%) ch’) where ch’ is defined in (4.5).

Definition 4.26 (Structure maps for (IQ§;)* and (1Q§;)*). We define the
following maps natural in (X,Y"). The well-definedness is easy by Definition
4.22.

e We denote the quotient map by
I: (IQGR)"(X,Y) = (I94R)"(X,Y).

e We define
R: (IOG)*(X,Y) = Qi (X, Y N&),  (w,h) — w.
e We define
ch’: (IQGR)*(X,Y) — H™(X,Y; N&) (~ Hom(QY(X,Y),R)), I((w,h)) — Rham(w) (— cw(w)).
e We define

p: Hom(Q (X, Y),R/Z) — (IQG)*(X,Y), hw I((0,h)),

where we regard h € Hom(Q¢ | (X,Y),R/Z) as a group homomor-
phism h: €SV (X,Y) — R/Z.
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In the physical interpretation of the group (I2$z)™(X) explained in Sub-
section 1.2, an invertible (n — 1)-dimensional QFT on manifolds equipped
with differential/st\able tangential G-structures and maps to X gives an ele-
ment (w, k) € (IQ5;)™(X). In this picture, the value exp(2m\/—1h([M, g, f]))
corresponds to the value of partition function applied to [M, g, f] € CS_VI (X).

Now we make some easy observations on these models. An important
consequence of the compatibility condition of w and A in Definition 4.22 is
the following integrality condition.

Lemma 4.27 (The integrality condition). We have

(4.28) Im(ch’) € Hom(Q%(X,Y),Z),

i.e., any element (w, h) € (IQG;)*(X,Y) induces a Z-valued homomorphism
ew(w): QY(X,Y) — Z.

Remark 4.29. The inclusion (4.28) is actually an equality by Proposition
4.30.

Proof. This follows from the condition (c) in Definition 4.22 (1) applied to
M=o. O

Now we show that IQ§y fits into the same exact sequence as in (2.9),
which is an important property of the Anderson dual.

Proposition 4.30.
For any pair of manifolds (X,Y) and integer n, the following sequence is
exact.

s Hom(QC(X,Y),R) — Hom(QC (X, Y),R/Z).
To prove Proposition 4.30, we need the following lemma.

Lemma 4.32. Let (X,Y) be a pair of manifolds and n be a nonnegative
integer. Let w € Q0 (X,Y;N&) be a closed form such that the associated

clo

homomorphism cw(w) in (4.21) is Z-valued, cw(w): QS (X,Y) — Z.
Let (M_,g—,f-) and (M4, g+, f+) be two objects in hBordS_Vl(X,Y).

Given any two morphisms [I/Vv gw, fW]v [legW’a fW’} : (M,,g,, f*) - (M+>g+v er)y
we have

(4.33) ew(w) (W, gw, fw]) = ew(@)((W', gw, fw’])  (mod Z).

Proof of Lemma 4.32. By Corollary 3.13 (also see the remarks following it),
we can take the inverse [W’, gy, fur/] ! of the morphism. We have

ew(w) (W', gwr, fw]) + ew(w) (W, gwr, fur] ™)
= cw(w) (W', gwr, fur] o (W', gwr, fr] ™)

= cw(w) (id(M+,g+7f+))
= 0,
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by the obvious additivity of cw(w) under composition of morphisms. We
also have

ew (W) (W, gw, fw]) + ew(w) (W', gwr, fwr] ™)
= ew(w) (W, gw, fw] o W', gwr, fur]™!) € Z,

by the integrality assumption of w. Combining these, we get Lemma 4.32.
O

Proof of Proposition 4.30. The composition at Hom(QS (X,Y),R) is zero by
Lemma 4.27. The other compositions are obviously zero.

First we show the exactness at Hom(Q$ |(X,Y),R/Z). Suppose that
h € Hom(Q% ,(X,Y),R/Z) satisfies I((0,h)) = 0. Then there exists a €
Q- NX,Y;Ng)/Im(d) with h = cw(a). Since the homomorphism cw(a)
lifts to an R-valued homomorphism defined by the same formula as (4.25),
we see that A is in the image from Hom(Q¢ |(X,Y),R).

Next we show the exactness at (IQ§3)"(X,Y). Suppose that I((w,h)) €
(IQ§;)™(X,Y) satisfies Rham(w) = 0. There exists a € Q" }(X,Y;N&)
such that w = da. Thus we have I((w,h)) = I((0,h — cw(«))). This implies
p(h —cw(@)) = I((w, h)).

Finally we show the exactness at Hom(Q$ (X,Y),R). It is equivalent to
the claim that ch’: (IQ$3)"(X,Y) — Hom(Q$ (X,Y), Z) is surjective. Take
any element in Hom(Q$(X,Y),Z) € Hom(QG(X,Y),R) ~ H"(X,Y;Ng)
and take a representative w € Q7 (X, Y; N&). We would like to find a group
homomorphism h: Cgfl (X,Y) — R/Z which satisfies the compatibility con-
dition in Definition 4.22 (1) (c) with w.

The compatibility condition with w already determines the value of h on
the kernel of the forgetful map Cg_vl (X,Y) = Q¢ |(X,Y). Namely, given a
differential smooth stable tangential G-cycle (M, g, f) over (X,Y") of dimen-
sion (n — 1) which is null-bordant, take any morphism [W, gw, fw]: @ —

(M, g, f)in hBordgf1 (X,Y) and set

(4.34) WM, g, f1) = ew(w)((W, gw, fw])  (mod Z).

The right hand side does not depend on the choice of [W, g, fw] by Lemma
4.32. The fact that the formula (4.34) induces a group homomorphism % on
the kernel of the forgetful map CS_VI(X, Y) = Q¢ [ (X,Y) can be checked
easily. Since R/Z is an injective group, there exists a group homomorphism
h: Cgfl (X,Y) = R/Z extending it, so we get the result. O

In Subsection 4.2 we show that I Q(?R is a model for the Andeson dual
to the G-bordism theory. The following result, combined with this result,

implies that the quadruple ((IQSg)*, R,I,a) is the differential extension of
the pair ((IQG)*,ch/) with ch’ in (4.5).

Proposition 4.35. (1) We have Roa = d.
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(2) For any pair of manifolds (X,Y), the following diagram commutes.

TG * R * °
(IQ(?R) (X7 Y) *)QCIO(X’Y;NG) .

| tham

(TG (X, V)~ H*(X,Y; Ng)
(8) For any pair of manifolds (X,Y"), the following sequence is exact.
(4.36)
(195 1 (X, ¥) L5 01X, ¥; Ng) /lm(d) & (195" (X, V) 5 (196)* (X, V) = 0.

Proof. (1) and (2) are obvious. For (3), the exactness at Q*~1(X,Y; N&)/Im(d)
easily follows from the exactness of (4.31) at Hom(Q$(X,Y),R). The re-
maining parts are exact by definition. ]

Our differential model (I2§z)* also has an S'-integration. As shown in
Theorem 4.56, it makes our model a differential extension with S*-integration
in the sense of [BS12, Definition 2.12] (Definition 2.18). Actually, as we will
see in Remark 6.17, the S'-integration map is a special case of the differential
pushforwards which we introduce in Section 6.

In order to define the S'-integration map, we need some preparation.
Let M be an n-dimensional (k)-manifold and g be a differential stable tan-
gential G-structure on M represented by g = (d, P,V,v¢) with d > n + 2.
For the 2-dimensional disk D? = {(z,y) € R?|2? + y% < 1}, let gp2 be
the differential stable tangential G-structure on D? x M represented by
gp2 = (d,pry,; P, pry,V,pri,v), where we identify R 2 T(D? x M) ~
pri,(RT"2 @ R* @ TM) = pr},(R"™ @ TM). We can take the obvious
collar structure near the boundary 9D? x M which is induced by the polar
coordinates (z,y) = (rcosf,rsinf). Then we get an isomorphism

(4.37) Ygr: priyP x,, RO~ R g T(ST x M)
such that (D?x M, gp2, fopr,,) is a bordism from @ to (S x M, gg1, fopry,)
for any f: M — X, where gg1 is represented by gs1 := (d, pr}y; P, pr;V, ¥s1).

Definition 4.38 (The bounding differential stable tangential structure).
Let M be an n-dimensional manifold and g be a differential stable tan-
gential G-structure on M represented by g = (d, P,V,v) with d > n + 2.
The bounding differential stable tangential G-structure gg1 on S' x M is
represented by

gsl = (da pI'#MP, pr}kwvﬂ/)sl)>
where g1 is defined in (4.37).

Definition 4.39 (The S'-integration map for (IQ§;)*). Let n be a non-
negative integer. We define the following map natural in (X,Y),

/ L (I9G)" (ST X (X, Y)) — (I9G)"(X.Y),

by mapping (w, h) to ([ w, [ h), where (see Remark 4.42)
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e [w is the image of w under the S Lintegration of differential forms
(2.16).
e We define the homomorphism [ h: CS¥,(X,Y) — R/Z by

(4.40) </ h) ([M, g, f]) := —h([S* x M, gg1,idg1 x f]).

Here gq1 is given by Definition 4.38.

The natural transformation [ induces a natural transformation on the topo-
logical level, also denoted by

(4.41) / LIS (S X —) — (I95)7(-).

We call them the S'-integration map for (IQER)* and (IQdGR)*, respectively.

Remark 4.42. The minus sign in (4.40) is due to the fact that the assign-
ment g — gg1 does not preserve the bordism relation. Rather, we need an
additional automorphism on R4"~1@T(S* x M) for objects which reverses
the orientation. Also we have

(4.43) Wy ( / w> = / CW(gyy) o1 (@)

Using these, the compatibility of the pair ([ w, [ h) can be checked easily.

4.1.2. The models in terms of equivalent Picard subgroupoids of hBord“Y (—).
In the definition of the model I QER so far, we have used the Picard groupoid
hBordgv(—). However, in some cases the partition function h is naturally
defined only for objects of a Picard subgroupoid of it, and it has enough
information to define an element in [ Q(?R.

Let D C hBordSY1 (X,Y) be a Picard subcategory such that the inclusion
is an equivalence. We define Cp C Cgfl (X,Y) to be the subgroup generated
by the isomorphism classes of objects in D. Then, consider the following
group.

Definition 4.44 ((IQgRD)"(X, Y) and (IQC?R,D)"(X, Y)). In the above set-

—

tings, we define (IQS 5)"(X,Y) and (IQER,D)H(Xv Y) to be the abelian

groups defined by replacing hBordgf1 (X,Y) with D and Cgfl (X,Y) with
Cp in Definition 4.22.

Thus, an element in (IQER’D)”(X, Y') is a pair (w, hp) where w € Q% (X, Y; N&)

clo

as before, but the domain of hp is now smaller, hp: Cp — R/Z. We show
that the resulting groups are isomorphic.

Proposition 4.45. The obvious forgetful maps by the restriction of h,

(4.46) fgt: (10G)"(X,Y) = (IRG )" (X, Y)
(4.47) fgt: (1Q5R)"(X,Y) = (I p)"(X,Y)

are isomorphisms.
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Proof. We can construct the inverse of (4.46) easily as follows. Given an ele-
ment (w, hp) € (IQgRD)"(X, Y'), we need to extend hp to h: Cffl(X, Y)—
R/Z. Since D — hBorde1 (X,Y) is an equivalence, any object in hBordgfl (X,Y)
is bordant to an object in D. By the compatibility condition in Definition
4.22 (1) (c), we are forced to define the value of h using such a bordism.
The well-definedness follows from the fact that D < hBord$Y, (X,Y) is full,

and the compatibility of (w,hp). It is obvious that this assignment gives
the inverse of (4.46). The result for (4.47) also follows from this. O

A typical class of examples of such situations is the following. In the
context of unitary QFT’s in physics, we are usually interested in G with the
following properties. First we require that the image of py contains at least
SO(d,R),

(4.48) SO(d,R) C pa(Gla).

Next we require that the following commutative diagram is a pullback dia-
gram,

pd

(4.49) Ga O(d, R)

|
P
Gar1 255 0(d + 1,R)
In Example 2.10, (2), (3) and (4) satisfy these assumtions, but (1) does not.
For G satisfying these properties, we define

Definition 4.50. Let M be an n-dimensional manifold. A physical tangen-
tial G-structure on M is a triple gpn = (P, V, ), where
e The quadruple (n, P,V,%) is a representative of differential stable
G-structure (Definition 3.1) for TM. In particular, there is no sta-
bilization of T'M.
e We have a Riemannian metric on TM induced from the standard
metric on P x ,, RUMM by the isomorphism ¢ : P x ,, R4 M ~ T L.
The connection induced on P x,, REMM ~ T) from V coincides
with the Levi-Civita connection of the Riemannian metric.

A physical tangential G-structure can be regarded as a differential stable
tangential G-structure in the obvious way. Then, we define hBordeq(X JY)
to be the full subcategory of hBorde1 (X,Y) spanned by the objects with
physical tangential G-structures. It is a standard fact that the inclusion is
an equivalence, by the requirements (4.48) and (4.49). We remark that any
morphism in hBorde}i (X,Y) can be represented by a bordism with physical
tangential G-structure by the same reason.

We often encounter such situations. For example in [FH21], they require
the conditions (4.48) and (4.49) in the definition of “symmetry types”. Also
see Examples 4.67 and 4.69 below. Since they are so typical, we use the

notations (IQgh)* and (IQgh)* for the groups in Definition 4.44 in the case
D= hBord?ph(—).
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We also encounter another type of D in Section 5. There, we use Pi-
rard subgroupoids spanned by objects (M, g, f) such that f satisfies certain
transversality conditions.

4.2. The proof of the isomorphism (IQ§;)* ~ (IQ9)*. In this subsec-
tion we prove the main result of this section, Theorem 4.56.

First we relate our models with functors from the bordism Picard cat-
egories. Recall that, as explained in Subsection 2.1, a homomorphism

0: A — B between abelian groups associates a Picard groupoid (A KN B).
Given an element (w,h) € (IQ§3)"(X,Y), we get the associated functor of
Picard groupoids,

(4.51) Fopy: hBord(Y,(X,Y) — (R — R/Z)

by F(w,h)(M7g7 f) = h([M,g, f]) on ObjeCtS and F(w,h)([vvﬂ aw, fW]) =
cw(w)([W, gw, fw]) on morphisms. Moreover, given two elements (w, h) and
(w', 1), and an element o € Q"1 (X, Y; N&)/Im(d) so that (w', h/)—(w, h) =
a(a), we get the associated natural transformation,

(452) Fal F(MJFL) = F(w/7h/)7

by Fo(M,g, f) = cw(a)(M, g, f). Summarizing, we get the following.

Lemma 4.53. The assignment (4.51) and (4.52) gives a symmetric monoidal
functor

(4.54)
Foeyy: (971X, Y5Ng) Tm(d) % (195" (X, Y)) — Punpic (hBord(¥, (X, Y), (R = R/Z))
which is natural in (X,Y). Here Funpi. is regarded as a symmetric monoidal

category. In particular, passing to the isomorphism classes of objects, we get
the following natural transformation of functors MfdPair°® — Ab,

(455)  F: (I0G,)"(~) — moFunpic (hBordfj_Vl(—), R — R/Z)) .
Now we show the main result of this section.
Theorem 4.56. There is a natural isomorphism of the functors MfdPair®® —
AbZ,
F: IO, ~ 1Q°,
which fits into the following commutative diagram.

(4.57)
0 — Ext(QF_(-), 2) — (10§y)" —2~ Hom (9 (=), Z) —> 0

n

0 — Ext(Q¢ ,(-),Z) — (IQF)" —— Hom(QG(-),Z) —=0

n

Moreover, the quintuple (IQdGR, R,I,a, [) in Definitions 4.26 and 4.39 is a
differential extension of ((I QG)*,Ch’) with integration, where ch’ is defined
in (4.5). In particular, if QG (pt) is finitely generated for all n, it gives a
differential extension with integration, with respect to the Chern-Dold homo-
morphism ch: (IQC)* — H*(—; e )-
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Proof. With Lemma 4.53 in hand, the proof is essentially the same as a part
of the proof of [HS05, Proposition 5.24]. By Fact 2.6, there is an isomorphism

(4.58)
(INC)™(X,Y) ~ moFunpic(r<y (L((X/Y) A MTG)1_y), (R — R/Z))

natural in (X,Y’). Combining the isomorphism (4.58) and Lemma 3.10 with
the transformation (4.55), we get the natural transformation F': I Q(?R ~
IQC. Moreover, by construction it makes the diagram (4.57) commutative.
Evaluating on each (X,Y), the bottom row of (4.57) is exact by (2.9), and
the top row is also exact by Proposition 4.30. By the five lemma, we see
that F' gives the desired natural isomorphism. -

For the remaining statement, the fact that (I QdGR, R, I,a) is a differential
extension follows from Proposition 4.35. For the S'-integration [, as we
will see in Remark 6.17, [ is a special case of the differential pushforwards
in Section 6. The statement on the S'-integration follows by Theorem 6.12.
But we also remark that it is easy to give a direct proof in this case, using the
fact that the bounding stable fr-structure gg1 on S' = S! x pt in Definition
4.38 defines the element in Q' (S') which maps to the suspension of the unit
in QF(S!, pt) and maps to the trivial element in Q¥ (pt). The last statement
follows from Proposition 4.9. This completes the proof. U

4.3. Examples of elements in (IQ2§;)*. In this subsection, we give ex-

amples of elements in (IQ§;)*(—) along with the corresponding invertible
QFT’s. In this subsection we only list examples. In the subsequent paper
[Yam21] we will give topological characterization of some of the examples.

Ezample 4.59 (The holonomy theory (1)). In this example we consider G =
SO. Fix a manifold X and a hermitian line bundle with unitary connection
(L,V) over X. Then we get an element

(c1(V), Holy) € (I259)2(X).

Here,
e (V)= %Fv € 02 (X) is the first Chern form of V. Identifying
R with the degree-zero component of Ng,, we regard Q2 (X) C

02, (X; NSo)-

e The homomorphism Holy: Clsov (X) = R/Z is given by the ho-
lonomy along the closed curve in X. More precisely, an element
[M,g, f] in ClSOv (X)) consists of a closed oriented one-dimensional
manifold M with a map f € C*°(M, X), together with additional in-
formation on metric and connection. Regarding it just as an oriented
closed curve in X, we define Holy ([M, g, f]) to be the holonomy of

(L, V) along the curve, by identifying R/Z ~ U(1).

Ezample 4.60 (The holonomy theory (2)). In this example we consider G =
SO x U(1). Here U(1) is the internal symmetry group explained in Example
2.10 (4). We have an element

(1® c1, Hol) € (I959°VW)2(p).
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Here,
e We have NS.O><U(1) = (Lilnd

The first Chern polynomial ¢; € ((Sym(u(l))*)U(l))2 gives the ele-

ment 1 ® ¢1 € Q2 (pt; S.O><U(1)) = NSQOXU(I).

e The homomorphism Hol: CISOXU(I)V(pt) — R/Z is given by the ho-

lonomy of the internal U(1)-connection. More precisely, an element

[M, g in Cls OxU()v (pt) consists of a closed oriented one-dimensional

manifold M with a principal U(1)-bundle with connection, together
with other data. We define Hol([M, g]) to be the holonomy of the
U(1)-connection, by identifying R/Z ~ U(1).

Ezample 4.61 (The classical Chern-Simons theory). Fix a compact Lie group
H and an element A € H"(BH;Z). The corresponding classical Chern-
Simons theory ([Fre95], [Fre02]) is an invertible QFT on (n — 1)-dimensional
manifolds equipped with orientations and principal H-bundle with connec-
tion. This generalizes Example 4.60, which corresponds to ¢; € H?(BU(1);Z).
Its partition functions are given by the Chern-Simons invariants of H-
connections. Here we recall its definition.

Let A\g € H*(BH;R) be the R-reduction of the element A. Consider the
category Cy of triples (P, M,V), where P — M is a smooth principal H-
bundle over a manifold and V is a H-connection on P. We fix the following
data.

(1) An object (£,B,Vg) which is (n + 1)-classifying, i.e., any object
(P,M,V) in Cy with dim M < n admits a morphism to (£, 5, Vg¢),
and any such morphisms ¢; and ¢o are smoothly homotopic. By the
theorem of Narasimhan-Ramanan [NR61] such an object exists.

(2) A differential lift A € H"(B;Z) of the element A € H"(B;Z) ~

~

H™(BH;Z) such that R(\) = cwy,(Ag) € Q7 (B). Here H"(—;Z)

clo
is the differential ordinary cohomology group, for example given by

the Cheeger-Simons model explained in Example 2.14.

The Chern-Simons invariants are defined using the pushforward in dif-
ferential ordinary cohomology HZ. In terms of the Cheeger-Simons model
HZ¢s in Example 2.14, the pushforward map (pas, 0)«: Hdim MHL(M 7)) —
H Y(pt; Z) ~ R/Z for a closed oriented manifold (M, o) is given by the eval-
uation on the fundamental cycle.

Definition 4.62 (The Chern-Simons invariants). Let A € H"(BH;Z) and fix
the data (1) and (2) above. Let M be an (n—1)-dimensional closed manifold
equipped with an orientation op; and a principal H-bundle with connection
(P,V). Choose a morphism ¢: (M, P, V) — (£,B,Ve) in Cy. We define
the Chern-Simons invariant of (M, o0, P,V) by

(4.63) hes, (M, 0, P,V) = (par,0)+¢" A € H' (pt; Z) ~ R/Z.
The value (4.63) does not depend on the choice of ¢.

The classical Chern-Simons theory corresponds to the element

(4.64) (1@ Ag, has;) € (T5R )™ (pt).

(Sym(so(d, R)))5OR) @ (Sym(u(1))")V)
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Here 1® AR is as in Example 4.60, and hcgX is regarded as a homomorphism
from CSO7HY (pt).

Now we analyze the dependence on the choice of a lift Xof Ain (2). By the
axioms of differential cohomology (Definition 2.12), we see that two choices
A1 and g differs by an element in H"~(B;R) ~ H"1(BH;R), i.e., there
exists an element o € H"1(B;R) with

(4.65) acs(a) = A; — Ag.

In particular, if n is even, the lift A is unique because H °dd(BH:R) = 0.
In general it is possible that the difference (4.65) is nonzero, and in such a
case the two elements (4.64) constructed from them are different. But they
define the same element in (IQE%XH)"(pt),

I(1® Az, hesg ) = 1(1® Aw, hesg ) € (T25R™1)" (pt).
This is because
(1@ Ag, hosg ) = (1@ Ar, hesg ) = a(1® ).

Here the domain of a in (4.24) in this case is Q"7 (pt; N§o, p)/Imd =
(H*(BSO;R) ®@g H*(BH;R))""!. Thus we see that, the deformation class

(4.66) I(1® Ag, hos;) € (TR )™ (pt).

is independent of the choice of the lift by

Ezample 4.67 (The theory of massive free complex fermions). In this ex-
ample we consider G = Spin®. Let k be a positive integer. Recall that we

have constructed a model (IQgh)* in Subsubsection 4.1.2 which is isomor-

—

phic to (I Q(?R)* by Proposition 4.45. We are going to construct an element
N2k

. Spin€

in <I Qph .

Given a closed (2k—1)-dimensional manifold M with a physical tangential
Spin®-structure g (Definition 4.50), we set

n(Dyr) + dimker Dy
2

n(M,g) :=1(Dy) = eR.
where D)y is the Spin®-Dirac operator on M with respect to g and n(Dys) €
R is its eta invariant. Note that we have used the assumption that the
connection in g is compatible with the Levi-Civita connection.

Recall that the Atiyah-Patodi-Singer index theorem ([APS76], [APS75a],
[APST75b]) says that, if (W, gw) is a compact 2k-dimensional manifold with
boundary with a collar structure equipped with a geometric Spin®-structure
which is compatible with Levi-Civita connection, we have

(4.68) Indaps (D) — /W Todd(gw) — TH(OW, dgw).
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Here the left hand side of (4.68) is the Atiyah-Patodi-Singer index of the
Dirac operator on W, which is an integer. Thus, regarding 7 as a homomor-

1 C
pingy

S
phism 7: Cp(pt) — R/Z with D = hBord,, " (pt), we get the element

—\ 2k e\ 2K e 2k
((Toddlae. ) € (19587 ) o0 = (19587 (o0) = (19587) ™ (o0

This example can be generalized to include target spaces. Fix a manifold
X and a hermitian vector bundle with unitary connection (E, h V) over
X. Then, using the reduced eta invariants 7y for Dirac operators twisted
by the pullback of (E,hF, VE), we get the element

—— \ 2k _— \ 2k
((Ch(VE) ® Todd)| ok, Ty r) € (miﬁm ) (X) ~ (mﬁg“) (X).

o\ 2k
Its deformation class in <I Qiﬁm ) (X) only depends on the class [E] €
KY(X).

Ezample 4.69 (The theory of massive free real fermions). Here we consider
the real version of Example 4.67. Now G = Spin. We consider the theory
on (8m + 3)-dimension with nonnegative integer m, the dimension where
the difference from Example 4.67 appears. On Spin manifolds, the Atiyah-
Patodi-Singer index theorem (4.68) becomes

(4.70) Indaps(Dw) = /W Algw) — n(0W, dgw ).

Moreover, if dimW = 4 (mod 8), the APS index is an even integer. This
allows us to define the element

1 ~ 1. — 8m+4 Spin) 84 S M
<2A|8m+4a 277) € <IQPE ) (pt) = (Iﬂpﬁ ) (pt) =~ (IQdII){ ) (pt)-

4.4. The refinement of the Anderson self-duality in HZ. In this sub-
section, we relate our model IZgRr with the ordinary cohomology theory. The
ordinary cohomology theory HZ is Anderson self-dual, with the self-duality
element vy € [HZ, IZ)], whose multiplication gives the isomorphism HZ ~
THZ. Using the obvious analogy of the Cheeger-Simons differe/ntEﬂ charac-
ter model 1’{205 (Example 2.14) and our differential model IZgg, we can
refine vy : HZ — IZ to a transformation 4R : ﬁés(—; Z) — (I/ZdR)*(—).

In order to define gr, we remark the following. Let (w, k) € f]gs (X,Y;Z).
Then we get a group homomorphism also denoted by the same symbol k
(here fry = fr in the obvious sense),

E:Cr (X,Y) = R/Z

by, given a (differential) smooth stable tangential fr-cycle (M, g, f) of dimen-
sion (n —1) over (X,Y’), choosing any representative ty; € Zoo n—1(X,Y;Z)
of the fundamental class and applying k to tp;. This value does not depend
on the choice of tj; because of the compatibility condition for (w, k).
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Definition 4.71 (J4gr and yqr). For a pair of manifolds (X,Y) and n € Z,
we define a homomorphism

A Hi(X,Y;2) — (IZqr)"(X,Y)

by sending an element (w, k) to (w, k). The compatibility condition (Defini-
tion 4.22 (1) (c)) for the pair (w, k) follows from the compatibility condition
(2.15) for the pair (w, k).

We easily see that we have aqr = R © acs, so it induces the homomor-
phism on the quotient,

Nin s HYX, Y Z) = (IZqr)"(X,Y).

We also easily see that these homomorphisms are functorial, so gives natural
transformations Yar : Hig(—;Z) — 12}y and yar: HZ* — IZ}; between
functors MfdPair®® — AbZ.

Proposition 4.72. Under the isomorphism [Zqr ~ IZ in Theorem 4.56,
the natural transformation yqr coincides with the self-duality map vy : HZ —
17.

To show Proposition 4.72, we need to describe the Anderson self-duality
homomorphism g : HZ — IZ in the model of IZ by Hopkins-Singer (Fact
2.6). We work in the category of CW-pairs. We use the topological variant
of the framed bordism Picard groupoid hBord!™ (X, Y )top, which is defined
for any CW-pair (X,Y), by requiring the map to (X,Y) continuous rather
than smooth in Definition 3.8. By the theorem of Pontryagin-Thom, we
have an equivalence

(4.73) hBord® | (X, Y )iop =~ m<1 (L(X/Y))1-n).

Lemma 4.74. Let (X,Y) be a CW-pair. Choose a functor of Picard groupoids,

(4.75)

Txy: hBord™ | (X,Y)sop — (C’n(X, Yi2)/Bo(X,YZ) S Zo 1(X,Y Z)) :

where Cy, Z, and B, denote the singular chains, cycles and boundaries, by

choosing fundamental cycles on objects and morphisms of hBordgfl(X, Y )top-
Given a singular cohomology class [c] € H"(X,Y;Z), Take a representa-

tive by a singular n-cocycle c € Z™(X,Y;Z). Consider the functor of Picard
groupoids,

(4.76)  eve: (Cn(X,Y;Z)/Bn(X,Y;Z) 9, Zn,l(X,Y;Z)) 5 (Z—0),

defined by the evaluation of ¢ on morphisms. Then the natural isomorphism
class of the composition of the functors ev.oTx y is independent of the choice
of Txy and the cocycle c representing [c|, and defines a homomorphism

(4.77)
H™(X,Y;Z) — moFunpic (hBordf{_l(X, Y )ops (Z — 0)) ~ IZV(X,Y)

[c] = [eveo Tx y],
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where the last isomorphism use the Fact 2.6 and the equivalences (Z — 0) ~
(R — R/Z) and (4.73). Moreover, the homomorphism (4.77) coincides with
the transformation given by the Anderson self-duality element,

v HY (X, Y Z) — 1Z"(X,Y),

Proof. The first claim is easy, because both the natural isomorphism classes
of the functors Tx y and ev, are independent of the choices. We can easily
check that the homomorphism (4.77) is functorial and compatible with the
relative coboundary maps, thus defining a transformation HZ — IZ of
cohomology theories on CW-pairs.

Since we have [HZ, IZ) = IZ°(HZ) = Hom(ng(HZ),Z) = Z and we have
[HZ,IZ] = @n[Hva 17, by the vanishing of phantoms Jim [HZyp, I Zp—1] =
0 ([Rud98, Chapter III, Theorem 4.21]), the transformation of cohomology
theories HZ — I7Z on CW-pairs are classified by its value on pt. We can
easily check that the transformation given by (4.77) coincides with vy on
pt, thus we conclude that it coincides with vy as a transformation of coho-
mology theories. This finishes the proof. O

Now we prove Proposition 4.72.

Proof of Proposition 4.72. Here we use the model @HS of the ordinary
differential cohomology theory in terms of differential cocycles [HS05]. An
element in ﬁﬁS(X, Y';Z) is represented by a triple (¢, hg,w) € Z™(X,Y;Z) X
C"1(X,Y;R) x Q% (X,Y) such that dhg = ¢ — w (as smooth singular R-
cochains). Such a triple is called a differential cocycle. The forgetful functor

I is given by
I: Hi(X,Y;Z) — H"(X, Y Z), ([, hg,w]) — [d].

The models ]:/IZHS and I/{zcs are isomorphic with the isomorphism given
by
(4.78) His(X,Y;Z) ~ HE(X, Y3 Z), [c, hg,w] — (w, h),
where we set h := hg (mod Z): Z,—1(X,Y;Z) — R/Z, and its restriction
t0 Zoon—1(X,Y;Z) is denoted by the same symbol.

Assume that we are given an element (w,h) € HEg(X,Y;Z). Take a

differential cocycle (¢, hg,w) which maps to (w,h) under the map (4.78).
Then consider the diagram of functors,

(4.79)
(coo,n(X,Y;Z) /Boon(X,Y3Z) % Zog 1 (X, Y Z)) e L (Z - 0)

(R —-R/Z)

Here the top arrow is the restriction of (4.76) to smooth singular chains,
and the rightdown arrow is given by the evaluation of h on objects and w
on morphisms. We can easily check that the two compositions of functors
in (4.79) are naturally isomorphic, with natural transformation given by
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hg. Moreover, by definition of Jqr we see that the functor (4.51) F5 (. n)
associated to the element J4g(w, h) € fZZR(X ,Y') satisfies

ESywh) = €V(wh) © Too XY,
where T, xy denotes an obvious smooth singular version of the fuctor
(4.75). As explained in Subsection 4.2, the isomorphism IZqggr ~ I7Z sends
the class vqr([w, h]) to the class of the associated functor Fy . (., n)- By the
natural isomorphism between two compositions in (4.79) and Lemma 4.74,

together with the equivalence (Coo (X, Y;Z)/Boon(X,Y; Z) 5 Zoom—1(X,Y;Z)) ~
(Ch(X,Y;2)/B,(X,Y;Z) N Zn-1(X,Y;7Z)), we see that the class of the
functor F5 ., ») coincides with the class vy ([c]). This completes the prooé

4.5. The normal case. So far we have focused on the tangential G-bordism
theories and its Anderson duals. However, by a straightforward modifica-

tion, we can construct the corresponding models for the Anderson duals

(I QGL)* to the normal G-bordism theories Q¢ corresponding to the Thom
spectrum MG. In this subsection we outline the construction.

Definition 4.80 (Differential stable normal G-structures on vector bun-
dles). Let V be a real vector bundle of rank n over a manifold M.

(1) A representative of differential stable normal G-structure on V is a
quadruple g = (d, P,V,), where d > n is an integer, (P,V) is
a principal Gg_p,-bundle with connection over M and 9: (P x,, .
R4™) @V ~ R? is an isomorphism of vector bundles over M.

(2), (3) We define the stabilization of such g+ in the same way as Definition
3.1, and a differential stable normal G-structure g on V is defined
to be a class of representatives under the stabilization relation.

(4) We define the homotopy relation between two such g*’s also in the
same way.

Definition 4.81 (Differential stable normal G-structures). Let M be a man-
ifold. A differential stable normal G-structure is a differential stable normal
G-structure on the tangent bundle T'M.

Then, the various objects introduced in Section 3 can be modified to the
normal case easily. We get the notion of differential stable normal G-cycles
L
(M, g*, f), the abelian groups Cffv (X,Y), the bordism relations and the
L
Picard groupoids hBordSV (X,Y).
First note that we have
o1 = H'(MG;R) = lim H*(Gg; Rg,) = lim(Sym*/?g}) @k Rg,) 7.
d d

The proof is the same as that of Lemma 4.1, where now the Madsen-Tillmann
spectrum MTG is replaced by the Thom spectrum M G. Note that we have
N¢ = Ng.. This is because the orientation bundles of a vector bundle
and its normal bundle are canonically identified. We use the transformation
analogous to (4.5),

(4.82) ch': (IQ€7)* — H*(—; N&. ) ~ Hom(QS" (—),R).
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The variant of the Chern-Weil construction in Definition 4.11 also applies
to the normal settings. Given a differential stable normal G-structure g-
on a vector bundle V' — W, by the same procedure to the tangential case
in Definition 4.11 we get a homomorphism

(4.83) cwyu: QO (W NgL) — Q(W;0ri(V)).

Applied to V = TW, (4.83) induces the homomorphisms corresponding to
(4.20) and (4.21).

Definition 4.84 ((IQg’g)* and (IQdei)*). Let (X,Y) be a pair of manifolds
and n be a nonnegative integer.

(1) Define (IQdGPf)”(X,Y) to be an abelian group consisting of pairs
(w, h), such that
(a) wis a closed n-form w € Qf (X,Y;Nél).
L
(b) h is a group homomorphism h: CS_VI(X, Y) — R/Z.
(¢) wand h satisfy the compatibility condition analogous to Defini-
L
tion 4.22 (1) (c) with respect to morphisms in hBorde1 (X,Y).
e define a homomorphsim of abelian groups
(2) We defi h phsim of abelian groups,
a: Q" (X,Y;NgL) /Im(d) — (19§ )"(X,Y)
a— (do, cw(a)).
We set

(IQGR)"(X,Y) = (I9§;)"(X,Y)/Im(a).

For negative integer n we set (IQgpf)"(X, Y):=0and (IQg;)”(X, Y):=0.

The structure homomorphisms I, R, a and p, and the S'-integration map
J, are also defined in the same way as Definitions 4.26 and 4.39. We can
check that the following sequence is exact,

Hom(QS, (X,Y),R) = Hom(QS™ (X, Y),R/Z) & (10§ )"(X,Y)
e Hom(QG" (X,Y),R) — Hom(QC" (X,Y),R/Z)  (exact).
The normal version of Theorem 4.56, which says that the above I Qdcg is

indeed a model for 1", and that the quintuple (IQ§S7R,I7a, [) is its

differential extension of ((I QGL)*, ch’ ) with Sl-integration, can be shown

by the exactly same proof, replacing MTG with MG.

5. THE MULTIPLICATIONS BY THE BORDISM COHOMOLOGY THEORIES

Assume we are given three tangential structure groups G; := {(G;)q4, (si)d, (Pi)d}dezzo

for e = 1,2, 3, and a homomorphism
(5.1) 2 Gy x Gy — G

of tangential structure groups, inducing a morphism between the Madsen-
Tillmann spectra,

(5.2) MTGy A MTGy — MTGs.
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Here a homomorphism (5.1) is defined in a fairly obvious way, whose precise
definition is given in Remark 5.8 below. It consists of group homomorphisms
(G1)a % (G2)ar = (G3)gyqr, which are compatible with the structure homo-
morphisms (s;)4, (pi)a’s and the multiplicative structure on O. There are
many interesting examples as follows.

Ezxample 5.3. (1) An important class of examples arises from multiplica-
tive G, where MTG is a ring spectrum. In this case we set G = G =
G9 = (3. For example O, SO, Spin and fr are equipped with the
natural multiplicative structure.
(2) The case G = G3 = Pin™ and Gy = Spin.
(3) For any G, we have a homomorphism G X fr — G. Here recall
that fr = {1}4ez. The group homomorphism Gy x frg = Gy X
1 = Gy is the composition sgiq—1 0 -+ 0 sq of the stabilization
homomorphisms in G. Actually, as we will see in Remark 6.17,
the differential pushforwards we introduce in Section 6 in this case

recovers the S'-integration map [ of IQ§; (Definition 4.39).

In general, if we have a morphism of spectra
t: E1 N Ey — Es,

we get the following morphism on the Anderson duals.

ItAid
(5.4) [E3 N By~ [(By N By) A By 2 1B,
Here It is the Anderson dual to ¢, and the second arrow is the evaluation
on Fy (recall I(Ey A Eq) = [Eq A E2,IZ]). Applying (5.4) to (5.2), we get
the morphism

(55) IMTG3ANMTGy — IMTGH,
inducing the following homomorphism for each pair of integers (n,r),
(5.6) (1Q9)"(X,Y) @ (Q92) 7" (X) = (IQ9)""(X,Y),

which is natural in (X, Y"). The purpose of this section is to get its differential
refinement,

(57)  (I95)"(X,Y) @ (20) T(X) = (195" (X,Y).

Here, for (652)” (X) we use a cycle-model constructed by Bunke and Schick
Schréder and Wiethaup [BSSW09], which we explain in Subsection 5.1.
Before proceeding, we explain the rough idea of the construction. A

particularly nice class of elements in (2¢2)~"(X) are represented by cycles
of the form (p: N — X, g,), where p is a fiber bundle whose fibers are closed
r-dimensional manifold and g, is a differential stable Ga-structure on the
relative tangent bundle. The multiplication (5.7) by such an element is given

as follows. For an object [M, gar, f] € clGv

n—r—1
w([M,gm, fl xx [p: N = X, g)) € Cfgﬁ)V(X, Y') by the fiber product over
X (the pullback of the bundle) in a fairly obvious way. Then, for an element

(w,h) € (IQ?&)”(X,Y), we assign an element in (IQ(%){)”_”(X, Y) whose

(G1)v
n—r—1

(X,Y), we can define an object

evaluation on [M,gn, f] € C (X,Y) is given by the evaluation of h
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on this fiber product. As explained in Subsubsection 1.2.3, in a physical
interpretation, this process corresponds to compactification of QFT’s.

Remark 5.8. Here we give the definition of homomorphism p: G1 x Gg —
G in (5.1). p consists of group homomorphisms pgq: (G1)qg x (G2)ar —
(G3)gra for each (d,d") with the following conditions.

(1) For any (d,d’), the following diagram commutes.

Hq,dq!

(5.9) (G1)a x (G2)ar (G3)arar
l(ﬁl)dx(ﬁﬂd/ \L(PS)(H-J
O(d,R) x O(d',R) —— O(d + d',R)

where the bottom arrow is the diagonal map in O.

(2) For any (d,d’), the left diagram below commutes, and the right di-
agram commute up to confugation by an element of (G3)grq41 in
the unit component.

(5.10)
(G1)a x (G2)ar
l(31)d><id

Ha,a/ K, qr

(G3)dtar (G1)a x (G2)a (G3)a+a
l(53)d+d/ lidx(sz)d/ i(5:3)4+d/

Ha1,d’ B, a’
(G % (G2)a 5 (Ga)aras1 (Gr)a % (Go)ap1 —5 (Ga)ararsr

Here, for Condition (2), we may as well assume only the homotopy-
commutativity also for the left diagram in order to produce the morphism
of Madsen-Tillmann spectra in (5.2). However, the strict-commutatibity is
satisfied in most of the examples of interest. (In contrast to this, for the
right diagram we can only expect the homotopy-commutatibity by the obvi-
ous reason. ) We choose the above formulation to simplify the construction
below.

5.1. A preliminary—A cycle-model for ((/25)* following [BSSWO09].
Bunke and Schick Schréder and Wiethaup [BSSW09] gave a model for a

differential extension of (QG*)* (normal G-bordism cohomology theory, rep-
resented by M G). They provide the detail for the case of complex bordisms,
but as they note, their construction directly generalizes to any G. Moreover,

their construction can be modified to give a model for (Q¢)* (tangential G-
bordisms). In this subsection we briefly explain it. For further details see
[BSSW09]. Remark that sometimes we use different definitions from those
for corresponding objects in [BSSW09] in order to make it compatible with
the conventions in the main body of this paper. The differences are not
essential.

Definition 5.11 (Stable relative tangent bundles). Let p: N — X be a
smooth map between manifolds with relative dimension r := dim N —dim X.
Let us choose (k, ¢), where ¢: R* — p*T'X is a map of vector bundles over N
such that ¢@®dp: RFGT,N — Tp(z)X is surjective for all x € N. Given such
(k, ¢), we define the associated stable relative tangent bundle for p associated
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to (k,®) to be the following real vector bundle of rank (k + r) over N.
T(¢,p) :=ker(¢ ® dp: R¥ & TN — p*TX).

Using stable relative tangent bundles, we define the relative version of
differential stable tangential G-structures as follows.

Definition 5.12 (Differential stable relative tangential G-structures). Let
p: N — X be a smooth map between manifolds.

(1) A representative of differential stable relative tangential G-structure
on p consists of g, = (k,¢, P,V,1), where (k,¢) is a choice as in
Definition 5.11, P is a principal G4,-bundle over N and ¢: Px¢, .
R¥+" ~ T(¢,p) is an isomorphism of vector bundles over N.

(2) For such a g,, we can define its stabilization g,(1) in the obvious
way.

(3) A differential stable relative tangential G-structure g, on p is a class
of such representatives under the relation g, ~ g,(1).

In particular, if p: N — X is a submersion, we can take ¢ = 0: RF —
p*TX and we have T'(0,p) = R¥ @ T(p), the stabilization of the relative
tangent bundle T'(p) := kerdp. Thus a differential stable G-structure (Def-
inition 3.1) on T'(p) can be regarded as a special case of differential stable
relative tangential G-structure on p. But note that the latter notion is more
general.

Recall that our manifolds are allowed to have corners. To define the
differential stable relative tangential G-cycles, we need to use the following
class of maps between manifolds with corners.

Definition 5.13 (Neat maps, [HS05, Appendix C]). A smooth map p: N —
X between manifolds is called meat if it preserves the depth of points, and
the map

(5.14) dp: ToN/TyS*(N) = Ty (X)) Ty S™(X)
is an isomorphism for all points z € N, where k := depth(z) = depth(p(x)).

For example, the map px: X — pt is neat only if X has no boundary.
The map [0,00) — [0,00), @ — 2, is not neat. We collect necessary facts
on neat maps in Subsubsection 5.2.1 below. As we explain there, neatness

guarantees a nice theory on fiber products.

Definition 5.15 (Differential stable relative tangential G-cycles). Let X be
a manifold and r be an integer. A differential stable relative tangential G-
cycle of dimension r over X is a pair ¢ = (p: N — X, g,), where p is a proper
neat map with relative dimension r and g, is a differential stable relative
tangential G-structure on p. A representative of differential stable relative
tangential G-cycle of dimension r over X is a pair ¢ := (p: N — X,gp),
where g, is now a representative.

Definition 5.16 (Differential stable relative tangential G-bordism data).
Let X be a manifold and r be an integer. A Differential stable relative
tangential G-bordism data of dimension r is a differential relative stable
tangential G-cycle b= (g: W =R x X, g,) of dimension r over R x X such
that ¢ is transverse (Definition 5.28) to {0} x X and ¢~ !((—o0,0] x X) is
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compact. It defines a differential relative stable tangential G-cycle b =
(q|q*1({0}><X)>gq|q*1({0}><X)) over X by Proposition 5.29.

On the topological level, we have the Chern-Dold homomorphism
(5.17) ch: (Q9)7(X) —» H"(X;V3s).

A differential relative stable tangential G-cycle ¢ over X represents a class
[c] € ()™ (X), so we get a class ch([d]) € H"(X; Vie)-

On the differential level, the homomorphism (5.17) is refined as follows.
Applying (5.17) to the identity element idyrg € (%)Y (MTG), we have an
element ch(idyrg) € H(MTG; V(;G). Given a differential relative stable
tangential G-cycle ¢ = (p: N — X, gp) over X, by the Chern-Weil construc-
tion in Remark 4.17 with coefficient V* = Vi, we get!?

(5.18) cwy, (ch(idara)) € QU(N; Ori(T(p)) ®r Ve )-

Here we abuse the notation to write Ori(T'(p)) := Ori(T'(¢, p)) for any choice
of a representative of g,, since the orientation bundle for stable relative
tangent bundles do not depend on the choice of ¢.

We would like to integrate it along the fiber of p: N — X. Note that un-
less p is a submersion, the resulting form on X is singular, so we need to deal
with differentiable currents Q* . Recall that in general the fiber integration
of differentiable current along the map p: N — X is the following.

(5.19) pri Qo (N3 Or(T(p)) — 251(X).

Here we choose the sign of the integration (5.19) so that it is compatible
with the left Q°(X)-module structure, i.e.,

(5.20) nAp(w) =p(p*nAw)

for any n € Q°*(X) and Q* _ (N;Ori(T'(p))). Remark that it is different from
the sign convention on the Sl-integration in (2.16) and (2.17). We set
(5.21) T(c) := pi(ewg, (ch(idymra))) € Q-5 (X3 Ve)-

This current represents the class ch([¢]) under the isomorphism between the
de Rham and the currential cohomologies.

Definition 5.22 ((Sia)*—cycles). Let X be a manifold and r be an integer.
An (QE) "-cycle over X is a pair (¢, «), where ¢ is an r-dimensional dif-
ferential relative stable tangential G-cycle over X and o € Q770 !(X; Vie)
such that
(5.23) R(c,a) :=T(c) —da € Q7" (X; Vc).

The role of « in Definition 5.22 is to replace T'(¢) with a smooth differential
form, without changing the cohomology class.

The set of isomorphism classes of (2¢) "-cycles over X is denoted by

(ZQC)~"(X). It has a structure of an abelian semigroup by the disjoint
union on cycles and the addition on currents.

12The element (5.18) can be understood as follows. It induces a degree-preserving R-
linear homomorphism from N¢& to Q*(N;Ori(T(p))). This homomorphism coincides with
cwy, in (4.15).
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For an r-dimensional bordism data b = (¢: W =R x X, gq), we define
(5.24)

T(b) = /( o (ewe, (ch(idar7e)) g1 ((—sonix)) € Q01X Vle).

Then we can show that (b, (b)) € (ZQC)~"(X).

Definition 5.25 ((@)*(X)) Let X be a manifold and r be an inte-

ger. On (ZQC)™"(X) we introduce the equivalence relation ~ generated
by (0b,T(b)) ~ 0 for a bordism data b. We define

Q%) (X) = (209" (X)/ ~ .
We denote the class of (¢, a) in (@)*T(X) by [¢, a].

We can define the structure maps R, a and [ for (65 )*(X) in an analogous

way to [BSSWO09]. The fact that the quadruple (Q¢, R, a,I) is a differential
extension of Q¢ can be easily checked as in the normal case.

5.2. The differential multiplication by (2¢2)*. Now assume we are
given a homomorphism p: G1 X G2 — G3. The definition of the transforma-
tion (5.7) uses the fiber products between differential relative stable tant-
gential Ga-cycles and differential stable tangential Gi-cycles. To form the
fiber products, we want to restrict our attention to differential stable tangen-
tial Gy-cycles (M, g, f) with f satisfying certain transversality conditions.
For this, the result of Subsubsection 4.1.2 is useful. In Subsubsection 5.2.1
below, we construct a certain equivalent subcategory of hBord(Gl)v (X,Y)
consisting of objects with a suitable transversality. This point is techmcal
and the reader who is willing to admit the existence of a nice subcategory
to form fiber products can go directly to Subsubsection 5.2.2.

5.2.1. A technical point : The construction of hBord(Gl)v(X Y)se. There
are substantial technicalities concerning fiber products between manifolds
with corners. For example see [Joy12]'3. But recall that we required the
neatness (Definition 5.13) of the map in Definition 5.15. As we explain now,
the theory on fiber products is very simple for neat maps.

First we explain a useful local picture of neat maps. The following lemma
directly follows by Definition 5.13.

Lemma 5.26. Let p: N — X be a neat map between manifolds. Let x € N
be any point. Then there exist open neighborhoods x €V CN and p(x) €
U C X, mamfolds without boundames V and U with embeddings V. — 1%
and U — U a smooth map p: VU extending plyv such that

e L(U)=V, and

e D is transverse to corners of U.

13Be careful that “smooth” in this paper corresponds to “weakly smooth” in [Joy12].
The neatness in Definition 5.13 implies the “smoothness” in that paper. Using this, it is
also possible to obtain the results in this subsubsection by applying the results in [Joy12,
Section 6]. But since neat maps can be treated in an elementary way, we take a direct
approach here.
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Conversely, neatness is characterized by this local property.

In the following we call a set of data appearing in Lemma 5.26 a local
extension of p. If we have a smooth map f: M — U from another manifold,
the property p~!(U) = V implies that

(5.27) M xy Ve MxgV

as a topological space. Using (5.27), we can reduce the local theory on fiber
products between a smooth map f: M — X and a neat map p: N — X to
the case where N and X are boundaryless.

Now we introduce the transversality condition.

Definition 5.28 (Transversality between smooth maps). Let f: M — X
and p: N — X be smooth maps. We say that f is transverse to p or f and
p are transverse, if for any points © € M and y € N with f(z) = p(y) = z,
we have
(1) The images of df : T,M — T.X and dp: TyN — T.X span T, X, and
(2) The images of df : T,,S*(M) — T,S7(X) and dp: T, S (N) — T.57(X)
span T,57(X). Here k, j and [ are the depths of the corresponding
points.

If p is neat, the condition (2) in Definition 5.28 is equivalent to the con-
dition that the images of df : T,,S*(M) — T,X and dp: T,N — T, X span
T.X. This implies that, in a local extension in Lemma 5.26, the transver-
sality of f and p is equivalent to the transversality of f and p.

Proposition 5.29. Let f: M — X be a smooth map and p: N — X be a
neat map. Assume f is transverse to p, and we assume one of the following
condition for f.
(1) f is an embedding.
(2) M is equipped with a structure of (k)-manifold with (OoM, M, --- ,0x_1 M),
and there exists a collar structure near each 0;M on which f is con-
stant in the collar direction.

Then in the fiber product

(5.30) Mxx NN
oo
mM— . x

the space M x x N is equipped with a canonical structure of manifold with
corners so that

S*(M xx N) = S¥(M) xx N,

and the map p is neat. Moreover in the case (2) above, M xx N is also
equipped with a canonical structure of (k)-manifold with 0;(M xx N) =
@-M XX N.

Proof. We can reduce to the case where N and X are boundaryless as ex-
plained above, and for such cases this result is well-known and easy to prove.
We also remark that a part of this proposition follows from [HS05, Appendix
C.22]. |
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Now we define the subcategory hBordS")Y (X,Y)geof hBord\¢Mv (X,Y).

Definition 5.31 (hBordﬁfl)V (X,Y)tze). Let (X,Y) be a pair of manifolds

and ¢ = (p: N — X, g,) be a differential stable relative tangential Go-cycle
over X. We define a Picard subcategory hBord &Y (X,Y)geof hBord ¢ (X,Y)
spanned by objects (M, g, f) with the following conditions.

(1) There exists a collar structure near M of M on which the restriction
of the map f: (M,0M) — (X,Y) is constant in the collar direction.
(2) The map f: M — X is transverse to p: N — X.

In particular if p is a submersion, we have hBord{1Y (X, Y )i = hBord{$1Y (X,Y).
Proposition 5.29 implies the following.

Corollary 5.32. For any object (M,g, f) € hBordel)v(X,Y)mg with ¢ =
(p: N = X, gp), the fiber product M x x N is equipped with a structure of a
(1)-manifold with (M x x N) = OM x x N, with map f: (M xx N,d(M x x
N)) = (N,p~'(Y)).

Given a pair of manifolds (X,Y"), We say that a differential stable relative
tangential Ga-cycle ¢ = (p: N — X, gp) is transverse to Y if the underlying

map p is transverse to Y. Remark that (Q2¢2)"(X) is generated by (¢, o)
with ¢ satisfying this transversality.

Lemma 5.33. If C is transverse to Y, the inclusion hBordel)v(X7 Y)ie C
hBord (S (X,Y) is an equivalence.

Proof. Tt is enough to show that any elements in the relative bordism group
Q%1(X,Y) can be represented by an object in hBordﬁfl)V(X, Y)se Take
any element e € QG1(X,Y). First we consider its image of the boundary
map, Oe € QWGle(Y). Applying Proposition 5.29 case (1) to the embedding
t:Y — X and p: N — X, we get a canonical structure of a manifold
with corners on p~1(Y) so that the map p: p~*(Y) — Y is neat. We claim
that we can represent de by a smooth map fy: My — Y transverse to
p: p1(Y) = Y. Indeed, using the homotopy equivalence Y ~ Y, it is easy
to reduce to the genericity of transversality in the case without boundary.
By the transversality of p: N — X with ¢: Y < X, we see that the
composition ¢ o fy: My — X is transverse to p: N — X. This also implies
that the map fy o pry, : (—=1,0] x My — X is transverse to p: N — X,
and we use it as a collar of the desired object. Now that we have defined
the maps on the collar, the desired object in hBordgnG 1)V(X ,Y) e which
represents fs can be obtained by reducing to the case where N and X are
boundaryless as before, and using the usual genericity of transversality in
the relative form. O

By Lemma 5.33, fixing ¢ which is transverse to Y, we can apply the ma-
chinery of Subsubsection 4.1.2 to the equivalent Picard subcategory hBord,(S Vv (X,Y)e
We use the notation VY (X,Y)qe for the corresponding subgroup of ¢y (X,Y),

which is denoted by Cp with D = hBord'S 1)V(X ,Y )4z in Subsubsection
4.1.2.
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5.2.2. The differential multiplication by (Q2)*. Now we proceed to con-
struct the transformation (5.7). Let (X,Y’) be a pair of manifolds and let
¢ = (p: N = X,gp) be a differential stable relative tangential G-cycle of
dimension r which is transverse to Y. First we define a functor between
bordism Picard categories, essentially given by the fiber product over X
composed with the homomorphism pu, but technically speaking we need to
take a little care regarding stabilizations. In order to define a functor, we
need the following additional choices (which eventually yields the same ho-
momorphisms between C%V’s).
e A representative ¢ = (p: N — X, gp) of ¢ with g, = (k, ¢, Py, Vi, ¥p),
and we require that k is even.
e A subbundle H, C RF & TN over N which induces a splitting RF @
TN = H, & T(6.p).
e A Riemannian metric g?et on X.

Then we define a functor

(5.34)  xx(G Hp, g%): hBord'CYY, (X,Y )4z — hBord'CY)¥ (N, p~1(Y)),

as follows. For an object (M, gnr, f) in hBordgl(ilT)_Vl (X,Y)4e, we consider
the fiber product M x x N and use the notation of maps as in (5.30). Then
by Corollary 5.32, M xx N is a smooth (1)-manifold with (M xx N) =
OM x x N of dimension (n—1). Moreover, the horizontal subbundle H, and

the Riemannian metric g¢°* gives the identification'*

(5.36) RF @ T(M xx N)~p*TM @ f*T(¢,p).

Take a representative gy = (d, P, Vs, ¥ar) for gpr so that d >n—r =
dim M +1. We use the following isomorphism ¥ defined by the composition,
- Rd—(n—’r‘—l)-i-k fa T(M X x N) — Kd—(n—r) D Rk @R@ T(M X x N)

i
(5.37) ZP, i) g R o RF @ T(M xx N)

B30, (Rd=(n=1+1 @ F*TM) @ F* ker (o, f).

1The identification (5.36) is explicitely given as follows. Notice that TM and TN are
equipped with Riemannian metrics by the data gar, gp, g%°* and H,. This gives a splitting
of vector bundles over M x x N of the form
(5.35) PTM @& f*TN =T(M xx N) & H'.
(po

The restriction of df — dp: p*TM & f*TN —
(df —dp)|g: H ~ (po f)"TX.

f)*TX to H' is an isomorphism,

Denote by h*: R¥ @ TN — T(¢,p) the projection induced by H,. Then the map (5.36)
is given by mapping an element

(v,m,n) eRFST(M xx N)CR*®&TM o TN
to the element
(m+ P ((F = dp) @), B (.74 P e (A — )| (6()))) )

We can check that this is indeed an isomorphism. Here we note that when p is a submer-
sion, the resulting identification (5.36) does not depend on the choice of g%¢°* because the
splitting (5.35) becomes the obvious one induced by Hp.
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Here the second map flips R* and R (the “flip” is necessary to make a
functor). Then the representative gys x x gp of differential stable tangential
G3-structure on M X x N is defined to be

(5.38)
Gnr %x Gp o= (d+ e pra (77 (Par, V) % (P, 9,) ) 000 (7 (o) x T2 (35)) ) -

Here for the last item we use the obvious isomorphism of the associated
bundles given by the commutativity of (5.9). Then by the commutativity
of the left square of (5.10) we have (gar xx gp)(1) = (gm(1)) X x gp. Thus,
denoting the resulting differential stable tangential Gs-structure by gy X x
gp, we can define the following object of hBordglCigl)V(N ,p Y Y)).

(Mng,f) XX (E7Hpvg§e‘;) = (M XX Nv.gM XX gpyf)'

For morphisms in hBordfﬁlr)_V1 (X,Y)te, note that we can always take rep-

resentatives whose underlying maps to X are transverse to p and satisfy
the condition (2) in Proposition 5.29. Then the corresponding morphisms

in hBordgﬁll)v (N,p~1(Y)) is defined in a similar way by the fiber product
over X using Proposition 5.29, but in this case we do not insert the “flip” in
(5.37). Then we can easily check that we get the functor (5.34) as desired.

As a result, we get a group homomorphism between C“¥’s. Notice that
the homotopy class (Definition 3.1 (4)) of the representative (5.38) does not
depend on the choice of H, or g¥°. Moreover, recall that we have assumed
that k is even. If we use the two-fold stabilization §(2) := (g(1))(1), by the
homotopy commutativity of (5.10) we see that (gar X x gp)(2) and gar X x
(gp(2)) are homotopic. Thus, for a differential stable relative tangential
Go-cycle ¢, we get a group homomorphism

(5.39) xx€: CY (X, V)ie = L9V (N p L (Y)).

n—r—1 n—1

using any choice of (¢, Hp,, g%°") lifting ¢ as above. Recall that we have

N, = Hom(Q¢ (pt),R) and Ve = Q%,(pt) ® R. Thus the homomorphism
1: G1 x Gy — G3 induces the homomorphism

(5.40) 7% Ngs ®Vls, = N&*

QG2
for each p and gq.
Definition 5.41. Let Z be a manifold. We define the linear maps
(5.42) A QU(Z;NG,) @ Y (Z; Via,) = Q" (25 Ng, ),
N X(Z;NG,) @ Q7L (Z;Via,) — QU0 (25 NG ),
by the wedge product on forms and currents, and the homomorphism g in

(5.40) on the coefficients.

By the definition of the functor (5.34), for any morphism [W, gw, fi] in
hBord\CYY, (X, Y )4 and w € Q7 (N, p~}(Y); Ng, ), we have
(5.43)
ew(w) (W, gw, fiw] xx (& Hy, gx*)) = ew(pi(w A ewg, (ch(idarra,) (W, gw, fw]),
where (¢, Hy, g%°") is any choice lifting ¢, cwg, (ch(idyra,)) € QO(N; Ori(T(p)) ®r
oc,) 1s defined in (5.18) and py is the fiber integration of currents (5.19).
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In the right hand side of (5.43), we use the obvious currential version of
(4.20). We use this generalization throughout the rest of the paper.

In particular, for w € QF (X,Y; N, ), we have
(5.44)

cw(w) o ps (W, gw, fw] xx (€ Hp, gX")) = cw(w A T(@)([W, gw, fw])-
Here we denoted the functor p, on the bordism Picard categories over
(N,p~1(Y)) to (X,Y) given by the composition of p. We will use the same
notation for the corresponding homomorphism between C (G1)vg,

Now we proceed to define the multiplication (5.7). First, we define the
multiplication of each element (¢,a) € (ZQ2)~"(X) such that the un-
derlying map p is transverse to Y C X. Given such an element, we set

(mgi )""(X,Y) to be the group in Definition 4.44 for D = hBord'“)Y, (X, V).
Tt is isomorphic to (IQdGé)" "(X,Y) by Proposition 4.45 and Lemma 5.33.

Definition 5.45. Let (X,Y) be a pair of manifolds and r be an integer.

Given (¢,a) € (ZQ62)"(X) such that ¢ is transverse to Y, we define a
linear map

(5.46) xx(@a): (195)"(X,Y) = (I96)" " (X, V),

by sending (w, h) to (w A, R([¢, @), (€, a)«h), where
(5.47) (@ a)uh = hop, o (xx?) — ew(w Ay a): COV% (X, Y )ne — R/Z.

n—r—1
The compatibility condition for (w A, R([¢,a]), (¢, a)«h) is checked as
follows. Take a morphism [W, gw, fw]: (M_,g-,f-) — (My,9+,f+) in
hBord“)v (X,Y)4e We have, choosing any (¢, Hp, g'2°"),
[

n—r—1
hops ([My, g1, hy] = [M-, g—.f-]) xx €) = ew(w) o ps (W, 9w, fw] xx (€, Hp, gX))
= ew(w Ay T(©)) (W, gw, fw])
by the compatibility of (w,h) and (5.44). Moreover we have
ew(w Ay @) ([My; gy, h] = [M, g f]) = ew(w Ay (T(€) — R([, ) (W, 9w, fw])
by (5.23). Thus we get the desired compatibility.

Lemma 5.48. The composztwn of the map (5.46) with the isomorphism
(IQGl)” "(X,)Y) ~ (IQdaﬁ)” "(X,Y) in Proposition 4.45 only depends on
the class [c, a) € (QG2) "(X) of (¢, ).

Proof. By Definition 5.25, it is enough to check that for any r-dimensional
bordism data b = (g: W — RxX, gq) and any element [M, g, f] € CflGlr) (XY
we have

(5.49)

ho (alo). (M. 9. f) xx ) = ew (w A, T®)) (M. 9. f])  (mod Z).

To check it, take an object (M,g, f) € hBord ©))v (X,Y), 5 representing

n—r—1
met

[M,g, f] and a data (b, Hy, g2") lifting b, where we require g% to be a
cylindrical metric induced by some ¢° on X. Then we can construct a
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bordism over (X,Y) (in the sense of Definition 3.7) from @ to (M, g, f) xx

(9b, Hylo, g), essentially by “(M, g, )% x (pr3 (5, Hyy 9855 (oo 0px) )
Here the fiber product over X is extended to this case in the obvious way,
and we need a suitable deformation to have a collar structure. Since any
choice are bordant, we abuse the notation and denote the resulting morphism

. G *x (] me
in ABord'“Y)Y (X,Y) by . [(M,g, f) xx (prx((b, Hq,ng&)k—oo,o]xx))]
Now the compatibility condition of (w, h) implies that

ho (glo)- (M, g, ] x 9b) = ew(w) (4. | (M., £) xx (pric((b Hys g8l se1) ) |)

On the other hand, (5.21) and (5.24) implies that the right hand side is
equal to the right hand side of (5.49). This completes the proof. O

Thus, we can define the following.

Definition 5.50. Let (X,Y") be a pair of manifolds. We define a linear map

—

(5.51) (TG (X,Y) ® (Q52) " (X) = (105" " (X, Y).

(mod Z).

by sending (w, h)®[E, a] to (w, h)x x (G, a) € (IQS)" " (X,Y) ~ (IQ5H)" (X, Y).

This does not depend on the representative (¢, «) by Lemma 5.48.

Finally we show the following.
Theorem 5.52. The map (5.51) refines the transformation (5.6) defined by
(5.4).
Proof. We use the arguments in Subsection 4.2. Recall that for an element
(w,h) € (IQ§R)N(X,Y) we associated a functor F{, ) in (4.51). By the

proof of Theorem 4.56, the isomorphism [ Q(?R ~ IQC is given by mapping
I((w,h)) to the natural isomorphism class of Fi, ).

Take any element (¢, «) € (ZSSCT?)_T(X ) such that ¢ is transverse to YV
and (w, h) € (INS3)"(X,Y), so that we get (w, h)-[¢,a] € (TQGR)" " (X,Y).

Then we claim that the restriction to hBordfﬁlr)_Vl(X , YY)z of the associated
functor (4.51),

(553) F(w,h){aa} : hBOI‘dgLCilr)_vl (X, Y)mg — (R — R/Z),

is naturally isormorphic to the composition,

(5.54)

hBord “VY (X, Y )se

n—r—1

p*O(XX(E»Hp79r§Et))

< Fw v
hBord\“¥¥ (X, v) 242 (R — R/Z),

for any choice of (¢, Hp, g%°") lifting ¢. Indeed, we have a natural isomor-
phism given by the transformation Fi,x,o. Here wA o € Q"X Y N¢)
is now a differential current, and the definition of the natural transformation
(4.52) is extended to currents in the obvious way.

We use the equivalence of Picard groupoids in Lemma 3.10. By recalling
the Pontryagin-Thom construction, we see that the first arrow in (5.54)
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is naturally isomorphic to the induced functor on m<i((—)—_p4ry1) to the
following compostion of maps of spectra.

diagAid
e

(5.55) (X/Y)ANMTG, (X/)Y)ANXT AMTG,

NI, (X/Y) A ST MT Gy A MTG,
M (X)Y) A ST MTG.

The Anderson dual to this composition is the definition of the multiplication
by [c] € (2%2)7"(X) on the topological level (5.6) defined by (5.4). This
completes the proof. O

6. DIFFERENTIAL PUSHFORWARDS

Let pu: G1 x Go — G35 be a homomorphism of tangential structure groups
as in Section 5 (Remark 5.8). In this section, we introduce the differential
refinement of pushforward maps associated to p. Here, what we call the
pushforwards here is a generalization of pushforward maps (also called inte-
grations) associated to multiplicative genera, which we explain in Subsection
6.1. For each pair of manifolds (X,Y") and differential relative stable tan-
gential G-cycle (Definition 5.15) ¢ = (p: N — X, g,) of dimension r over X
whose underlying map p is a submersion, we define a homomorphism which
we call the differential pushforward map along ¢,

—

(6.1) G (1050 (N, p (V) = (195" (X,Y),

which refines the topological pushforward map defined for a topological rel-

ative stable tangential Go-cycle ¢ = (p: N — X, gyP),

(6.2) et (IQ9)M(N,p 1 (Y)) = (IQ°)" (X, Y),

by the general procedure in Subsection 6.1 applied to the morphism I MTG3sA
MTGy — IMTG, in (5.5) associated to u. Actually, the homomorphism
(6.1) is given by a straightforward modification of the multiplication by

QG2 in Section 5. As we explain in Remark 6.17, we can recover the S'-
integration map [ of IQ¢; (Definition 4.39) as a special case of the con-
struction in this section. Also we explain in Remark 6.18 that if we use

—

the obvious currential version of I Q(?R, we can generalize the results in this
section to the case where p is not necessarily a submersion.

6.1. Generalities on topological pushforwards. Here we introduce the
definition of (topological) pushforward maps which we use in this paper.
This is a generalization of the most common notion of pushforward maps
associated to multiplicative genera. We only explain the tangential version,
but the normal version also works by just replacing MTG to MG.

The setting is the following. Assume we have tangential structure groups
G and two spectra F and F, together with a homomorphism of spectra,

(6.3) w: EAMTG — F.
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We claim that (6.3) defines, for a topological relative stable G-cycle ¢ =
(p: N = X, g,) of dimension r, a homomorphism

(6.4) co: EM(N,p1(Y)) = F" "(X,Y),

which we call the (topological) pushforward map along c.

For simplicity we first explain the absolute case, ¥ = &. Given ¢ =
(p: N — X, g,t,Op) as above, choose an embedding t: N — RF x X over X
(i.e., pry ot = p) for k large enough. Choose a tubular neighborhood U of
N in R¥ x X with a vector bundle structure 7: U — N. Then g,°® induces
a homotopy class of stable normal G-structures g#‘ P 41 the vector bundle
m: U — N. Thus we get the (universal) Thom element for this vector bundle
in QF,

v(g-P) € (Q9) " (Thom(r: U — N)).

The pushforward map (6.4) is defined as the following composition.

(6.5)
‘v Litop L — esus _
E"(N) 29, otk (Thom(n: U — N)) 4 FP*=7(Thom(RF x X — X)) S55P, prer(x),

where the first multiplication uses p, and the middle arrow is associated to
the open embedding ¢: U — RF x X.

In the general case Y # &, the definition is basically the same, but we
need to be careful because (R¥ x Y)N7~1(N\p~!(Y)) # @ in general. This
subtlety does not arise when p is a submersion, because we can take m to be
a map over X. In general, we need to perturb the map p by a homotopy so
that p is transverse to the inclusion ¥ — X. Then we can take the choices
above so that (R¥ x Y) Nz~ 1N\ p~(Y)) = @. Applying this procedure to
the morphism IMTG3 AN MTGy — IMTG, in (5.5), we get the topological
pushforward maps (6.2).

An important class of the examples of homomorphisms (6.3) comes from
multiplicative genera, i.e., homomorphisms of ring spectra

(6.6) G: MTG — E,

for multiplicative G and E. In this case, G induces a MT'G-module structure
on F,

(6.7) ug: EANMTG — E.

Applying the construction in this subsection to pg, we recover the usual
pushforward in E for tangentially G-oriented proper maps.

6.2. The differential pushforwards. Now let us fix a homomorphism
w: G1xGe — G3. We construct the differential pushforward maps (6.1). Ac-
tually, we have already prepared the necessary ingredients in Section 5. Re-
call that, given a differential relative stable tangential Go-cyclec = (p: N —
X, gp) of dimension r such that p is transverse to Y C X, we defined a group
homomorphism (5.39)

xxC: CN (X, Y )z = CLEYT (N, 71 (1)),

n—r—1 n—1
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If p is a submersion, we have Cr(ﬁlr)fl(X Y )ie = Cr(ﬁlr)fl(X ,Y). Also recall
that we have (5.18)

ewg, (ch(idrre,)) € Q°(N; Ori(T(p) @r Via, ),

Given w € Q*(N,p Y{(N); N¢,,), using the wedge product in Definition 5.41
and the fiber integration (5.19), we have

(6.9) Pi(w A v, (eh(idarra,))) € (X, Y5 NE, ).
If p is a submersion, the element (6.8) is in Q""" (X,Y; Ng, ).

Definition 6.9 (The differential pushforward maps associated to p: G1xG2 — G3).
Let (X,Y) be a pair of manifolds and n and r be nonnegative integers

such that n > r. For each differential relative stable tangential Ga-cycle

¢ = (p: N = X,gp) of dimension r over X whose underlying map p is a
submersion, we define a homomorphism which we call the differential push-
forward map along ¢,

(6.10) Gt (TOGR)" (N, p™ (V) = (TR (X, Y),
by mapping (w, k) to (pi(w Ay cwg, (ch(idarra,))), ¢xh), where
(6.11) &b = ho (xx0): C%V% (X,Y) - R/Z.

The compatibility condition for the pair (pi(w A, cwg, (ch(idyre,))), Ch)
can be checked by the same way as the corresponding compatibility checked
for Definition 5.45, by using (5.43) instead of (5.44).

Theorem 6.12. The differential pushforward map (6.10) refines the topo-
logical pushforward map (6.2) defined by (6.5).

Proof. Let us fix an element (w,h) € (IQdGFg’{)"(N,p_l(Y)). As we did in
the proof of Theorem 5.52, the proof is given by checking the natural iso-
morphism class of the functor (4.51) associated to the element ¢.(w,h) €

(105" (X, V),

(6.13) Fa(om: hBord'@VY (X, Y) = (R — R/Z),

coincides, under the equivalence in Lemma 3.10, with the element in
moFunpic (m<1 (L((X/Y) AMTG1)1-n+r), R = R/Z)),

specified by the topological pushforward (6.2).

Recall that the group homomorphism (5.39) between C“¥’s comes from
the functor between the bordism Picard groupoids (5.34),
(6.14) x x (¢, Hy): hBord' )Y, (X, V) — hBord'“*¥ (N, p~1(V)),
by choosing additional data of (¢, Hp) lifting ¢ (In the case here p is submer-
sion, so we do not need the choice of a Riemannian metric g3°* as remarked
at the end of Footnote 14). We easily see that the functor (6.13) coincides

with the following composition.

(6.15)
c, F,
hBord GVY, (X, v) ZXE), Borq(@)v (v, pt(v)) S (R s R/Z).

n—r—1
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On the other hand, the topological pushforward map (6.2) is defined as
the composition (6.5). On the level of spectra, this homomorphism is given
by the Anderson dual of the composition

(6.16)
MTGy ASH(X/Y) 2% MTGy A (Thom(r: U — N)/x~ (p~ 1 (Y)))
— MTGy ASF"MTGy A (N/p~1(Y))
N k=T A TG A (N~ YY),

where the second morphism is the classifying map of the stable normal
G-structure g2 on m: U — N and the identity on MTG,. Recalling
the Pontryagin-Thom construction, we see that the functor between the

fundamental Picard groupoids
m<1(L((X/Y) A MTG1)1-nir) = 7<t(L(N/p~H(N)) A MTG3)1-)

induced by (6.16) is naturally isomorphic to the fiber product functor (6.14)
under the equivalences in Lemma 3.10. This completes the proof. ]

Remark 6.17. We can recover the Sl-integration map [ of I QS;R (Definition
4.39) as a special case of the construction in this section. As explained in
Example 5.3 (3), for any G we have a canonical homomorphism G x fr —
G. Let X be a manifold. The bounding (differential) stable tangential fr-
structure gg1 on S' = S' x pt in Definition 4.38 induces the differential
stable relative tangential fr-structure on pry: X x S — X. We easily see
that the differential pushforward along this differential stable relative fr-
cycle coincides with the S' integration map, but up to sign. The difference
of the sign is due to the fact that the suspension multiplies S' from the
left. This difference also appears in the difference between the signs for the
Sl-integration on forms in (2.16), (2.17) and the fiber integration in (5.19),
(5.20).

Remark 6.18. We have only defined differential pushforwards for proper
submersions. This requirement is necessary for the element (6.8) to be a
differential form. Actually, we can get refinements of pushforwards along
general differential stable relative cycles if we introduce currential refine-
ment of IQ®’s. In general, currential refinements of cohomology theories
are axiomatized by simply replacing forms to currents in Definition 2.12.
Such refinements are used for example in [FL10] in the case of K-theory.
In our case, it is obvi/og that we obtain the currential refinement of IQC,
which we denote by 1Q__, by just allowing w in (w, h) to be closed currents.

Then, given any differential stable relative Go-cycle ¢ = (p: N — X, gp)
of dimension r over X such that p is transverse to Y C X, by the same
construction we get the refinement of the pushforward map,

(6.19) & (195" (N,p~ (V) = (IRCL )" " (X, Y).

We remark that in the construction we use the obvious currential version of
Subsection 4.1.2.
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Part 2.
7. INTRODUCTION TO PART 2

In Part 1, we constructed a model [ foR of IQY and its differential ex-

—

tension [ QgR by abstractizing certain properties of invertible QFT’s. Part
2 is devoted to their relations with multiplicative genera. We show that
pushforwards (also called integrations) in generalized differential cohomology
theories allow us to construct differential refinements of certain cohomology
transformations which arise from the Anderson dual to multiplicative genera
and the module structures of the Anderson duals. This gives us a unified
understanding of an important class of elements in the Anderson duals with
physical origins.

First, we explain the motivations of Part 2. As we saw in Part 1, the differ-

ential group (IQ§y)"(X) consists of pairs (w, k), wherew € Q% (X; H*(MTG;R))

clo
with total degree m, and h is a map which assigns R/Z-values to differen-

tial stable tangential G-cycles of dimension (n — 1) over X, which satisfy
a compatibility condition with respect to bordisms. For example, given a
hermitian line bundle with unitary connection over X, the pair of the first
Chern form and the holonomy function gives an element for G = SO and
n = 2 (Example 4.59). Similarly, given a hermitian vector bundle with uni-
tary connection, we can construct even-degree elements for G = Spin® using
the reduced eta invariants of twisted Dirac operators (Example 4.67). Then,
a natural mathematical question arises: what are these elements mathemati-
cally? Tt is natural to expect a topological characterization of these elements.
Questions of this kind also appears in [FH21, Conjecture 9.70]. Part 2 is
devoted to this question. Actually, these examples are special cases of the
general construction in this paper which we now explain.

Now we explain the general settings. In this paper, the tangential struc-
ture groups G = {Gq, Sd, pd }dez-, is assumed to be multiplicative, i.e., the
corresponding Madsen-Tillmann spectrum MTG is equipped with a struc-
ture of a ring spectrum. Assume we are given a ring spectrum F with a
homomorphism of ring spectra,

G: MTG — E.

such G is also called a multiplicative genus, and examples include the usual
orientation 7: MTSO — HZ and the Atiyah-Bott-Shapiro orientations ABS
K and ABS: MTSpin — KO.

On the topological level, a ring homomorphism G: MTG — FE gives push-
forwards in E for proper G-oriented smooth maps. Pushforwards in differen-
tial cohomology, or differential pushforwards, are certain differential refine-
ments of topological pushforwards. Basically, they consist of corresponding
maps in E for each proper map with a “differential E-orientation”. The for-
mulations depend on the context. To clarify this point, in Part 2 we use the
differential extension Eyg of E constructed by Hopkins-Singer [HS05], and
use the formulation of differential pushforwards in that paper. Throughout
Part 2, we assume that E is rationally even, i.e., E2k+1(pt) ® R = 0 for any
integer k. In this case, by [Upml5] there exists a canonical multiplicative

: MTSpin® —
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structure on the Hopkins-Singer’s differential extension E’fls(—; LE) associ-
ated to a fundamental cycle 1p € Z9(E;Vp). The theory of differential
pushforwards gets simple in this case. This point is explained in Subsection
8.1 and Appendix A. Of course our result applies to any model of differen-
tial extension E of E which is isomorphic to the Hopkins-Singer’s model.
Practically, most known examples of differential extensions are isomorphic
to Hopkins-Singer’s model (see Footnote 15). The holonomy functions are
examples of differential pushforwards in the case 7: MTSO — HZ, and the
reduced eta invariants are those for ABS: MTSpin® — K by the result of
Freed and Lott [FL10] and Klonoff [K1o08].

Let n be an integer such that E1~"(pt)®R = 0. As we show in Subsection
8.3, the above data defines the following natural transformation,

(7.1) g Bis(—;em) ® TE"(pt) — (195,)" " (—),

on Mfd°? (Definition 8.29).
The main result of Part 2 is the following topological characterization of
the transformation (7.1).

Theorem 7.2. AIn the above settings, let X be a manifold and k be an in-
teger. For € € EXy(X;up) and B € IE™(pt), the element I(®g(e ® B)) €
(IQEY+7(X) = [ Xt A MTG, SF 17 coincides with the following compo-
sition,

(7.3) XTAMTG L9 shp A p ™ sk By sktngy,
Here we denoted e := I(€) € E¥(X).

As we will see in Subsection 8.4, the transformations ®,(— ® ygz) and
Paps(— ®vk) in (7.1), where vz € THZO(pt) and v € IK%(pt) are the
Anderson self-duality elements of HZ and K respectively, recovers the above
mentioned examples. Applying Theorem 7.2, we get the desired topological
characterization of such examples.

Part 2 is organized as follows. We construct the natural transformation
(7.1) and prove Theorem 7.2 in Subsection 8.3. We explain some examples
in Subsection 8.4. As we explain in Subsection 8.1, there are certain sub-
tleties regarding the formulations of differential pushforwards. In Appendix
A, we collect the necessary results concerning differential pushforwards for
submersions when FE is rationally even.

8. PUSHFORWARDS IN DIFFERENTIAL COHOMOLOGIES AND THE
ANDERSON DUALITY

8.1. Preliminary—Differential pushforwards in the Hopkins-Singer
model. In this subsection, we briefly explain the differential extensions of
generalized cohomology theories constructed by Hopkins-Singer and the dif-
ferential pushforwards (called integration in [HSO05]) in that model. We
explain it in more detail in Appendix A.

On the topological level, a ring homomorphism G: MTG — FE gives push-
forwards in E for G-oriented proper smooth maps. For proper smooth maps
p: N — X of relative dimension r := dim N — dim X with (topological)
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stable relative tangential G-structures g;;)p , we get the corresponding push-
forward map,

(8.1) (P, gp")s: E*(N) = E*"(X).

In particular in the case X = pt, for a closed manifold M of dimension n
with a stable tangential G-structure ¢g'°P, we get

(par, 9w E*(M) — E*"(pt).

There are notions of differential refinements of the pushforward maps in
E. For example see [HS05, Section 4.10], [BSSW09, Section 2] and [Bun12,
Section 4.8 — 4.10]. Basically, they consist of corresponding maps in E
for each proper map with a “differential E-orientation”. The formulations
depend on the context. In this paper, we adopt the one by Hopkins-Singer!®.

Hopkins and Singer gave a model of differential extensions, which we
denote by E’}"IS(—; tg), for any spectrum FE, in terms of differential function
complezes. In general we choose a Z-graded vector space V*, and a singular
cocycle 1p € ZO(E;V*®) = m Z™(Ey; V®). Then for each n and for each
manifold X, we get a simplicial complex called differential function complexz,

(En; Ln)X = (E, L)fa

consisting of differential functions X x A®* — (Ep;ty). This complex has a
filtration filty(E; )X, s € Z>o. The differential cohomology group is defined
as (it is denoted by E(n)™(X;¢) in [HS05]),

Eﬁs (X ;1) := mofilto(E;0)X.

In particular this means that an element in EES(X ;¢) is represented by
a differential function (c¢,h,w): X — (En;ty), consisting of a continuous
map c¢: X — E,, a closed form w € Q (X;V*) and a singular cochain
h € C"}(X;V*) such that §h = c*1,, — w as smooth singular cocycles.

A particularly important case is when V = V3 and 1 € Z°(E; V) is the
fundamental cocycle, i.e., a singular cocycle representing the Chern-Dold
(ilaracter of E. In this case the associated differential cohomology groups
Efis(X;up) satisfies the axioms of differential cohomology theory in [BS10].
The isomorphism class of the resulting group is independent of the choice
of the fundamental cocycle tg, with an isomorphism given by a cochain
cobounding the difference.

In [HS05, Section 4.10], a differential pushforward is defined simply as

maps of differential function spaces'S,

(8.2) G: (MTG_ A (En)" Vo(enrra)—r U (te)n) — (B tp)n—r,

15 particular we use the differential extension EHS. Practically this is not restric-
tive. We are assuming F is rationally even and multiplicative, so EHS is equipped with a
canonical multiplicative structure by [Upm15]. Thus, when the coefficients of E are count-
ably generated, we can apply the uniqueness result in [BS10, Theorem 1.7] to conclude
that any other multiplicative differential extension (defined on the category of all smooth
manifolds) is isomorphic to Eus.

16This point is important in the proof of Proposition 8.17, which is the main ingredient
of the proof of the main result (Theorem 7.2). This is the reason why we want to use the
Hopkins-Singer’s formulation.
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refining the map MTG A (E,)* SN A (En)*t 2l S E. Here we are
taking V = V2, and the cocycle Vg(tpra) € Z°(MTG; V) is obtained by
applying Vg: Vasrg — Vi on the coefficient of ty;rg. Then'?, the map G
associates to every proper neat map of p: N — X of relative dimension r
with a differential (tangential) BG-orientation g]I;S with a map

(8.3) (P, gi19).: Ejg(Nsep) — Ejg’ (X;em),

called the differential pushforward map.

As we explain in Appendix A.2 and A.3, the definition of (the tangen-
tial version of) differential BG-oriented maps in [HS05] differs from the
differential stable relative G-structure in Definition 5.12. Fix a funda-
mental cocycle tyre € Z°(MTG; Viro). Given a proper smooth map
p: N — X, a topological tangential BG-orientation consists of a choice of
embedding N < RY x X for some N, a tubular neighborhood W of N
in RY x X with a vector bundle structure W — N, and a classifying map
W := Thom(W) — MTGy_,. A differential tangential BG-orientation ggs
consists of its lift to a differential function

(8.4) t(ggs) = (c,h,w): W — (MTGN_r, (trrra) N—r),

Then the map (8.3) is given by (8.2) and the Pontryagin-Thom construction.
The resulting pushforward maps depend on the various choices.

However, using the assumption that F is rationally even, in the case where
p is a submersion the situation is simple. First of all, the relative tangent
bundle T'(p) = ker(T'N — T'X) makes sense, and we restrict our attention to
the case where we are given a differential stable G-structure g, on T'(p) (as
opposed to the more general notion of differential stable relative tangential
G-structure on p in Definition 5.12). Then, associated to such g, there is a
canonical set of choices of ggls which gives the same map (8.3). We explain
this point in details in Appendix A. We call such gI},IS a lift of g, (Definition
A.44). The map (8.3) defined by any choice of a lift g;IS of gy is the unique
map denoted by

(8.5) (P, gp)s = (p,ggs)*: Eis(Nig) = Eis" (X5 ug).

We simply call it the differential pushforward map (Definition A.40 and
Proposition A.45).

In the case where p: N — X is a submersion and equipped with a differ-
ential stable G-structure g, on T'(p), there is also the corresponding push-
forward map on the level of differential forms. The Chern-Dold character of
the multiplicative genus G € E°(MTG) is the element

(8.6) ch(G) € HY(MTG;Vp).

For example, for G = 7: MTSO — HZ, the Chern-Dold chacacter is trivial,
1. For G = ABS: MTSpin® — K and G = ABS: MTSpin — K, the Chern-

Dold characters are the Todd polynomial and the A polynomial, respectively.

17As we explain in Appendix A.2, this process needs some additional choices of
cochains. By the assumption that E is rationally even, the resulting map on the dif-
ferential cohomology level does not depend on the choices.
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Applying the Chern-Weil construction in (4.18), we get the Chern-Dold
character form for the relative tangent bundle,

(8.7) ewy, (ch(G)) € Q4o (W Ori(T (p)) @ V).
Using this, the pushforward map on Q*(—;V}2) is given by

(8.8) /N/X — ANewg, (ch(G)): Q"(N;Vg) — Q"7 (X VE).

Restricted to the closed forms, the induced homomorphism on the coho-
mology, H"(N;Vg) — H""(X;Vg), is compatible with the Chern-Dold
character for E and the topological pushforward (8.1). The differential push-
forward map in (8.5) is compatible with the map (8.8) (tangential version
of (A.19)).

In particular, if X = pt, for every n-dimensional differential stable tan-
gential G-cycle (M, g) over pt, the differential pushforward map (8.5) is

(8.9) (a1 9)«: Efig(Miep) — Efg™(pti ).

As we explain in the last part of Appendix A.1, an important property of
the pushforward is the following Bordism formula, relating the pushforward
of differential forms (8.8) on the bulk and the differential pushforward (8.9)
on the boundary.

Fact 8.10 (Bordism formula, [Bun12, Problem 4.235]). For any morphism
W, gw]: (M_,g-) — (M4+,g+) in hBordSYl(pt), the following diagram
commautes.

R )[W —Acwg(ch(G)) S

Ejs(Wi i) "(pt: V) -
l(*if\z_)@i}fw_,_ J{a
~ ~ (Pym_,9-)+®(Pry 9+ )+ ~
Efig(M-;1p) & Efg(My ;) - B (pt)

(W5 Vg

For example, in the case G = 7: MTSO — HZ, the nontrivial degree of
pushforwards (pps, g)«: Hdim M+ (M, 7Z) — f]l(pt; Z) ~ R/Z are called the
higher holonomy function which appears in the definition of Chern-Simons
invariants. In terms of the Cheeger-Simons model of HZ in terms of differ-
ential characters [CS85], it is given by the evaluation on the fundamental
cycle. In particular for the case dim M = 1 it is the usual holonomy, and the
Bordism formula is satisfied because of the relation between the curvature
and the holonomy for U(1)-connections.

In the case § = ABS: MTSpin® — K, Freed and Lott [FL10] con-
structed a model of K in terms of hermitian vector bundles with hermit-
ian connections, and the refinement of pushforwards when dim M is odd,
(pr,9)«: I?O(M) — K- dim M (pt) ~ R/Z, is given by the reduced eta in-
variants. The Bordism formula is a consequence of the Atiyah-Patodi-Singer
index theorem.

8.2. Differential Pushforwards in terms of functors. As a prepara-
tion to the main Subsection 8.3, in this subsection we translate the data of
differential pushforwards into functors from hBord“Y (—).
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Definition 8.11. In the above settings, let X be a manifold, k£ be an integer
and € € EE(X;ugp). Let n be an integer with k +n — 1 > 0. Then define
the functor of Picard groupoids,

(8.12) Tge: hBordgfnfl(X) — (VE_” N E‘%@”(pt; LE)) ,

by the following.

e On objects, we set

(8.13) Toe(M, g, f) == (pr, 9)oS* (@) € Elg™(pt; o)

e On morphisms, we set

Tg (W, gw, fw]) := cw(R(€) A ch(G)) (W, gw, fw])-
Here R(e) € QF_(X;V2) is the curvature of € and we use (4.20).

clo
The well-definedness of the functor follows by the Bordism formula in Fact
8.10.

As is easily shown by the Bordism formula, the formula (8.13) defines the
homomorphism

(8.14) Tge: CEY,_1(X) = Eig" (ot ).

As expected, the transformation (8.12) is induced by the first arrow in
(7.3). To show this, first remark that for any spectrum F and its any
fundamental cycle v, the forgetful functor gives the equivalence of Picard
groupoids,

(8.15) < ((Fur)B) ~ w1 (F),

where the left hand side means the simplicial fundamental groupoid, whose
objects are differential functions tn¢: pt — (F;tp)p, and morphisms are
bordism classes of differential functions t;: I — (F;tp),. The right hand
side is the fundamental groupoid for the space F),, which is equipped with
the structure of a Picard groupoid by [HS05, Example B.7].

We have a functor of Picard groupoids,

(8.16) ev: m<1 ((E, LE)E’LJ — (Vb:" % E%@n(pt; LE)) )

given by assigning the element [t] € Eﬁg"(pt; tg) for an object and the

integration of the curvature R([t;]) € QL."(I; V) for a morphism.

Proposition 8.17. The functor (8.12) of Picard groupoids is naturally iso-
morphic to the following composition,
(8.18)

hBordCY, | (X) = met(L(XT A MTG)y ) L9 e (Br_p) — (Vb?" 2 B (ot LE)) :

where the first arrow is the equivalence in Lemma 3.10, and the last arrow
is the composition of (8.15) and (8.16).

Proof. Choose a differential function ¢(€): X — (FEk;(tg)r) representing

e. For each object (M, g, f) in hBordefnfl(X)7 choose a Hopkins-Singer’s
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differential G-structure ¢"° lifting g. By the discussion in Appendix A.2
and its tangential variant in Appendix A.3, we get a functor

(8.19)
hBord(Y, (X) = m<1((Ek)" A MTG1_p—n; (1) U Vg (trs16)1—k-n)™).

Indeed, for objects, given (M, g, f) with the chosen lift ¢"S, denote the un-
derlying embedding and tubular neighborhood by M c U c RY. We have
differential functions f*t(€): M — (F;up); and t(¢"%): U — (MTG; LMTG)N—(k+n—1)-
Applying the (M T G-version of the) left vertical arrow of (A.28) to them and
using the open embedding U — RN (the Pontryagin-Thom collapse), we get
the differential function pt — (Ex A MTG1—g—n; (tE)r U Vg (tmra)1—k—n)-

For morphisms [W, gw, fw]: (M_,g—, f-) — (M4, g+, f+), choose any
representative (W, gw, fir) and smooth map py: W — I (not necessarily
a submersion) so that it coincides with a collar coordinates of each objects
(Mg, g+, f+) near the endpoints, respectively. The structure gy induces
Jpw» in particular the topological structure g,tf;},’, on py. Take any Hopkins-
Singer’s differential tangential BG-oorientation ggusj (Appendix A.3) for py
which coincides with the chosen lifts at the boundary, and whose underlying
map classifies g;,(‘)/g. Then applying the same procedure as that we did for
objects above, we get a differential function I — (Exy A MTG1_g—_p; (tE)r U
Vo(emre)1—k—n) which restricts at the boundary to the ones assigned to
objects above. Since any of the choices we have made is unique up to
bordisms, the resulting morphism in the right hand side of (8.19) is uniquely
determined. This gives the desired functor.

By Definition 8.11 and Proposition A.45, the functor 7§ ¢ coincides with
the composition of (8.19) with

(8.20)
m<1 (B A MTG—k—n; (1)K U Vg (trrc)1—k-n)"") 5, r<1((E5ep)it,,)
R (VJE" % B (pt; LE)) .

The fact that it is naturally isomorphic to (8.18) is just the cosequence of the

fact that e and Q\ are refinements of e and G, respectively. This completes
the proof. O

8.3. The construction and the proof. In this main subsection, we con-
struct the transformation 7.1 and give a proof to Theorem 7.2. In this
subsection, we fix an integer n so that VEP” = 0. As a preparation, we show
that there exists a canonical homomorphism'®

(8.21)  s: IE"(pt) — Homey, ((V,;” 2 B (pt; LE)) (R — R/Z)) ,

18The existsnce of a canonical pairing IE~"(pt) ® Eﬁg”(pt;ug) — R/Z is used in
[FMS07, Proposition 6], in particular in the last arrow of the second line of the proof of
that proposition. They do not state any condition on E, but they use the assumption
V2~"™ = 0 implicitely.
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where Homgy denotes the group of chain maps of complexes of abelian
groups. Indeed, by [HS05, (4.57)], we have a canonical isomorphism!’

(8.22) ker (R: Biis(—im) = Qo(— VE) ) = B (5 R/2).

Here, for any abelian group G, the cohomology theory E*(—;G) is repre-
sented by the spectrum EG := E A SG, where SG is the Moore spectrum.
As explained there, this is because the differential function complexes can
be fits into the homotopy Cartesian square [HS05, (4.12)]. Applied to pt
and x = 1 —n, we get the identification

(8.23) EL5™(pt; i) = ker (R: B (pts 1) — VEI*") ~ E~"(pt; R/Z).

An element § € TE"(pt) = [E, X" IZ] induces the element g € [EG, X"IZA
SG] for any G, and using IZ A SR ~ HR and IZ A SR/Z ~ IR/Z, we get
the induced homomorphisms on pt, which we also denote as

(8.24) Pr: V" =E"(pt;R) = R,
(8:25) By Eiis" (bt 16) = BT (PG R/Z) — R/L,

The homomorphism (8.24) coincides with the one obtained by the map
IE™"(X) — Hom(E,(X),R) in (2.5). The homomorphism (8.21) is given
by mapping j to the pair (8g,Bg/z). The well-definedness follows by the
construction.

On the other hand, by Fact 2.6, we have an isomorphism for any spectra
E,

(8.26) IEn(pt) ~ moFunp;. (7T§1(E1,n), (R — R/Z)) .
By (8.15), (8.16) and (8.26), we get a homomorphism
(8.27) evy: moFunpic ((Vb?" 4 E\%Ign(pt; LE)> ,(R— R/Z)) — TE™(pt).

It directly follows from the definition of the identification (8.22) that we
have

(8.28) id =ev.os: IE"(pt) - IE™(pt).

Definition 8.29 (®g). In the settings explained in the introduction?’, for
each manifold X we define a homomorphism of abelian groups

(8.30) Og: Efg(X;em) © TE™(pt) — (I0G,) (X)),

by the following. For € € EI’?IS(X;LE) and 8 € IE"(pt), set Pgle® B) =

(Br(R(€) Ach(G)), Br/z © Tge) € (INGR)FT™(X), where
o The element Sr(R(€)Ach(G)) € lel'k(X; ) 1s obtained by apply-
ing (8.24) on the coefficient of R(e)Ach(G) € QF (X; H*(MTG; V).

® Bryz 0 Tge is the composition of (8.14) and (8.25).

19T his isomorphism does not follow from the axiom of differential cohomology theory
in [BS10]. For more on this point, see [BS10, Section 5].
20Recall that we assumed E*~"(pt) ® R = 0 there.
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The fact that the pair (Br(R(€) A ch(G)), Br/z(Tge)) satisfies the compati-
bility condition follows from the well-definedness of (8.21) and the fact that
15 e in Definition 8.11 is a functor.

Now we prove Theorem 7.2.

Proof of Theorem 7.2. We use the argument in Subsection 4.2. Recall that,
for an element (w, h) € (I/Qg{)N(X) we associated a functor F{y, ) hBord%v_l(X) —
(R — R/Z) in (4.51). The natural isomorphism
(8.31) 19 ~ 105,
where for the former we use the model of IZ by Fact 2.6, was given as follows.
Using Lemma 3.10, we have (IQ6)N (X) = moFunpic (wSl(hBordgV_ (X)) = (R R/Z)).
The map (8.31) is given by mapping the isomorphism class of the functor
Flon to I(w,h) € (IQG)N (X).
Now fix € € EI’}S(X; tg) and B € IE™(pt). By Definitions 8.29 and 8.11,
the functor associated to @g(e® 3) coincides with the following composition.

(8.32)

Tge -n a4 7l-n
Fa, o) hBord?Y, | (X) 225, (VE 2 B (pt; ug) R — R/Z).

s(8)=(Br.Br/z)
O R

Combining this with Proposition 8.17 and (8.28), we see that, under the
equivalence hBordefn_l(X) ~ 1< (L(XT ANMTG)1-k—n), (8.32) coincides
with

Tt (L(XT AMTG)1_jen) L9 ner(Br_n) 2 (R = R/Z),

up to a natural isomorphism. This completes the proof of Theorem 7.2. [
8.4. Examples.

8.4.1. The holonomy theory (1) : Example 4.59. Here we explain the “Ho-
lonomy theory (1)” in Example 4.59. This corresponds to the case E = HZ,
G =71: MTSO — HZ is the usual orientation, and n = 0.

Recall that, given a manifold X and a hermitian line bundle with unitary
connection (L, V) over X, we get the element

—

(8.33) (c1(V), Holy) € (IQ59)*(X).

On the other hand, in the case E = HZ we have the canonical choice of
an element in THZ’(pt), namely the Anderson self-duality element vy €
THZ(pt). Thus we have the homomorphism

@ (— @ yi): HA(X:Z) — (IQ5)%(X).

—2
Using the model of HZ in terms of hermitian vector bundles with U(1)-
connections (for example see [HS05, Example 2.7]), the pair (L, V) defines
a class [L, V] € H*(X;Z). We have the following.
Proposition 8.34. We have the following equality in (IQ59)%*(X),
(8.35) (c1(V),Holy) = ®,([L, V] @ vg).
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Moreover, the element I(c1(V), Holy) € (IQ59)%(X) coincides with the fol-
lowing composition,

multi

AN 2y A Bz Y 27 2 s

Xt AMTSO

Proof. The last statement follows from (8.35) and Theorem 7.2. The equal-
ity (8.35) follows from the fact that the self-duality element vy induces the
canonical isomorphism fll(pt; 7) ~ R/7Z and H°(pt;Z) ~ R, together with
the following well-known facts about HZ (for example see [HS05, Section
2.4]). The clement [L, V] € H%(X;Z) satisfies

YH © R([Lv V]) - Cl(V) € Q2(X)’

and, given amap f: M — X from an oriented 1-dimensional closed manifold
(M, g), the pushforward (par, g)«: H*(M;Z) — H'(pt; Z) 25 R/Z

YH © (vag)*f*[L, V} = HOlf*v.
O

8.4.2. The classical Chern-Simons theory : Example 4.61. Here we explain
the classical Chern-Simons theory which appeared in Example 4.61. This
is essentially a generalization of Subsection 8.4.1, corresponding to the case
E=HZ,G =71: MTSO — HZ is the usual orientation, and n = 0.

Recall that, given a compact Lie group H and an element A € H"(BH;Z),
the corresponding classical Chern-Simons theory of level A is defined by
choosing an (n + 1)-classifying object (£,8,V¢) in the category of man-
ifolds with principal H-bundles with connections, and fixing an element
NeH ™(B;Z) lifting A. Then we have the element

(8.36) (1® g, hes, ) € (TIQ5R)"(pt),
whose equivalence class in (I QﬁgXH )™(pt) does not depend on the lift Y

Proposition 8.37. The element I(1® g, hcs;) € (IQﬁgXH)"(pt) coincides
with the following composition,

AAT multi

BH* A MTSO 225 S"HZ A HZ =5 S"HZ, 5 S 7.

Proof. The classifying map induces an equivalence <1 (L(Bt*AMTSO),,_1) ~
7<1(L(BH* AMTSO),_1). Moreover, by the pullback of the universal con-
nection Vg it is refined to a functor of Picard groupoids,

(8.38) hBord39,(B) = hBord393H (pt)

which is naturally isomorphic to the above one under the equivalences hBord5?, (X) ~
7'('31([1()(Jr N MTSO)n_l)
We have the element

(8.39) @, (A@ ) € (I959)"(B).

Recall that an element (w, h) € (IQz)™(X) associates a functor Flaom: hBordg_Vl(X ) —
(R — R/Z) by (4.51). We claim that the functors associated to the elements
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(8.39) and (8.36) are related by

F,
(8.38) (1®Ar:hess)

F : hBord$©, (B) ——% hBord>97# (pt) ——2= (R — R/Z).

@, (A@vH)
Indeed, this follows from the fact that the Chern-Simons invariants are given

by the pushforward in differential ordinary cohomology (4.63). Applying
Theorem 7.2 to the element (8.39), we get the result. O

8.4.3. The theory of massive free complex fermions : Example 4.67. Here we
explain the example of the theory on massive free complex fermions which
appeared in Example 4.67. This example corresponds to the case £ = K,
G = ABS: MTSpin® — K and n = 0.

Recall that, given a hermitian vector bundle with unitary connection
(W, V") over a manifold X, we get an element

—— \ 2 ——— \2k
((Ch(VY) @ Todd)|ok, Tgw ) € <m§§‘“) (X) ~ <IQ§PR1“ ) (X).

On the other hand, in the case E = K we have the canonical choice of an
element in TK%(pt), namely the self-duality element vx € IK%(pt). Thus
we have the homomorphism

(8.40) Paps(— @ yk): K*(X) — (1@”)2’“0{).

Using the model of K in terms of hermitian vector bundles with unitary
connections by Freed-Lott ([FL10]), we have the class [W,h"V, VW 0] €

K9(X) ~ K2k(X).

Proposition 8.41. We have the following equality in (IQignc)%(X),
(8.42) ((Ch(V™) @ Todd)|ak, igw) = Pass([W, h", V7, 0] ® vk ).

Moreover, the element I((Ch(VY)® Todd)|a, fgw) € (IQ5PM)2E(X) coin-
cides with the following composition,

X A MTSpin® LAPS, g\ e multhy g Bott, ok pr I, 2k 7.

~

Proof. The last statement follows from (8.42) and Theorem 7.2. Denote
the Bott element by u € K~2(pt). The equality (8.42) follows from the
fact that the self-duality element g induces the canonical isomorphism
I?l(pt) ~ R/Z and K°(pt) ~ Z, together with the following facts about K
in [FL10]. The element [W, 2", VW 0] € K°(X) satisfies

R(W,h", V7 0]) = Ch(V") € Q°(X; ViZ) = Q°(X; Ru, u™']),

and, given a map f: M — X from an oriented (2k — 1)-dimensional closed

manifold with a physical Spin®-structure (M, g), the pushforward (pas, g)«: K0 (M) —

K—2k+1(pt) is given by
(par: @) £ W B VY 0] = fjgw (M, g, f) - uF € K= (pt) = (R/Z) - uF.
O
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Remark 8.43. In the examples in this subsection, we used the Anderson self-
duality elements in TE™(pt) for E = HZ, K. However, the results in this
subsection do not use the self-duality, and indeed there are many other inter-
esting examples given by non-self-duality elements in 7 E™(pt). For example,
in the analysis of anomalies of the heterotic string theories in [TY21], we
encounter such examples when F = TMF and E = KO((q)) with the Witten
genus G = Wit: MTString — TMF and G = Witgpin: MTSpin — KO((q)).

APPENDIX A. DIFFERENTIAL PUSHFORWARDS FOR PROPER SUBMERSIONS

As mentioned in Subsection 8.1, there are certain subtleties regarding the
formulations of differential pushforwards. In this appendix, we explain that
there is a nice theory on differential pushforwards for proper submersions
under the assumption that E is rationally even. The author believe that
the results in this Appendix well-known among experts. It is convenient to
start with multiplicative differential extensions E which are not necessarily
the one given by the Hopkins-Singer. The minimal requirements for the
differential extension £ are,

e For real vector bundles V' — X over manifolds, the properly sup-
ported differential cohomology groups

(A1) Evopyx (V)

are defined with a module structure over E*(X ), so that they refine
properly supported cohomologies and forms.

o If we have a vector bundle W — N and we have an open embedding
t: W — V in the total space of another vector bundle V" — X, we
have the corresponding map

b - E;TOP/N(W) — E;I‘Op/X(V)’

refining the topological and form counterparts.
e We have the desuspension map,

desusp: ESIOP/X(R’“ x X) = E*F(X),

refining the topological and form counterparts.

Since we are assuming FE is rationally even, the Hopkins-Singer’s differ-
ential extension Ejiq(—;tp) admits a canonical multiplicative structure by
[Upm15], and the above properties are also satisfied.

A.1. The normal case. In this subsection we explain the normal case. The
content of this subsection basically follows the unpublished survey by Bunke
[Bun12, Section 4.8-4.10]. Let G and F be multiplicative with F rationally
even, and assume we are given a homomorphism of ring spectra,

(A.2) G: MG — E,

where MG is the Thom spectrum. Then for each real vector bundle V' of
rank 7 over a topological space X equipped with a stable G-structure gt°pP,
we get the Thom class v € E™(V), where we denote V' := Thom(V'). Its
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multiplication gives the Thom isomorphism E*(X) ~ E**"(V). Its Chern-
Dold character is an element ch(v) € H"(V; V). We set

Td(v) = /V " ch(v) € HY(X;0ri(V) ®@g Va).

Definition A.3 (Differential Thom classes, Td(7), homotopy). Let V' be
a smooth real vector bundle over a manifold M of rank r equipped with a
stable G-structure g*°P.

(1) A differential Thom class U € E"

P
I(v) € ETrop/M(V) is the Thom class for (V, g*°P).

rop /M(V) is an element such that

p
(2) For such a v, we define
(A.4) Td(D) := R(V) € Q) (M; Ori(V) @r Vi)
V/M

(3) A homotopy between two differential Thom classes 7y and 7 is a
differential Thom class 7y € ETrop/(IXM)(I x V) for pry,V with

p
Vrlgiyxv = V; for i = 0,1 such that
(A.5) Td (D7) = pri, Td(p).

The homotopy class of 7 is denoted by [7].

In particular, if 7y and 77 are homotopic, we have Td(7y) = Td(71). Thus
we use the notation Td([]) € QO (M;Ori(V) @g V2).

clo

Lemma A.6. Let M and (V,g*P) be as before, and v be the Thom class
for (V,¢'°P). Assume we are given an element w € QY (M;Ori(V) @r V)
such that Rham(w) = Td(v).
(1) There exists a differential Thom class U with Td(V) = w.
(2) The set of homotopy classes [U] of differential Thom classes with
Td([7]) = w is a torsor over

H=Y(M;O0ri(V) @g V2)

(A7) Td(v)Ua(E-1(M))

Proof. The proof is in [Bunl2, Problem 4.186], and essentially the same
proof appears in [GS21, Proposition 49] in the case of KO-theory. We need
the orientation bundles here because we allow G to be un-oriented. O

If V is equipped with a stable differential G-structure g, applying the
Chern-Weil construction (4.18) to ch(G) € H*(MG; V2), we have

(A8) cw,y(ch(G)) € QO (M; Ori(V) ®r V).

This satisfies Rham(cwy(ch(G))) = Td(v).

For (V, gv) of rank r represented by gy = (d, P,V,1: P x,, R? ~ R @
V) with d > r 4 1, we associate a differential stable G-structure grey on
R @® V which is represented by (d, P,V,v: P x,, R ~ R 1 R V)).
top top .

v » we define gpoy, in the same way.

For a topological stable G-structure g
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If we have a homotopy class of diffential Thom classes [Vrgy] for (R &

[ o

defines a well-defined homotopy class of differential Thom classes for (V, gy,").
Moreover, by Lemma A.6, the above integration gives a bijection between
the sets of homotopy classes of diffential Thom classes for (R@®V, gﬁgv) and

for (V, gi®). :

V. gﬁgv), the integration

Proposition A.9. 2! There exists a unique way to assign a homotopy class
[U(g)] of differential Thom classes U(g) € E;?gll;}/M(V) to every real vector
bundle with differential stable G-structure (V, g) — M such that the following

three conditions hold.

(1) It is compatible with pullbacks.

(2) We have [p[V(grav)] = [P(gv)]-

(3) We have cwy(ch(G)) = Td([P(g)])-
Moreover, the resulting homotopy class [V(g)] only depends on the homotopy
class (Definition 3.1 (4)) of differential stable G-structure g.

Proof. By the condition (2), it is enough to consider only (V,g) such that
g is represented by a representative of the form g = (rank(V), P, V, ), i.e.,
without stabilization.

The proof basically follows that for [Bunl2, Problem 4.197]. Suppose
we have (V,g) of rank r over M with dim M = n with a representative
g = (r, P,V,1). Take a manifold B with an (n+1)-connected map B — BG,.

We can factor the classifying map for P as M L B — BG, with f smooth.
Take a G,-connection Vi on the pullback P — B of the universal bundle,
and denote by the resulting differential G-structure on V := P xq, R" by
gy. We have maps fp: P — P and fy: V — V covering f. We may assume

that gy pulls back to g by (f, fp, fv)-

The difference of any two choices of the homotopy classes [V(gy)] of differ-

ential Thom classes on (V, gy) is measured by an element in ,ﬁ;:éi;ﬂgg%ﬁ(g;)

by Proposition A.6. The pullback map f*: H~(B; Ori(V)@rV2) — H 1 (M;Ori(V)®g
V2) is zero because B — BG, is (n+1)-connected and we have H 1 (BG,; (EG, xg,
Rg,) ®r V) = 0 since E is rationally even. Thus, taking any homotopy

class [(gy)] of differential Thom classes for (V, gy), the pullback

(A.10) fvlv(gy)]

defines a homotopy class of differential Thom classes for (V,g) which does
not depend on the choice of [F(gy)]. By the condition (1) and (2), we are
forced to define the required homotopy class as

(A.11) w(9)l := fvlvlgv)l,

211 the proof we use the assumption that E is rationally even. However, by a small
modification of the proof, this assumption can be weakened to H™'(MG;Vg) = 0. As a
result, the results in this subsection hold under this weaker condition. The same remark
applies to Proposition A.35.
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by taking any [V(gy)] on (V, gv).

We need to check that the element (A.11) does not depend on the other
choices made above. But this easily follows from the cofinality of such
choices. Namely, given two choices with the underlying manifolds f;: M —
B; for i = 1,2, we may take another B with maps ¢;: B; — B so that
g1 0 fi = g2 0 fa, and other data on B which pulls back to those given on
B;. From this, we conclude that the elements (A.11) defined using B; and
By coincide with the one defined using B, so the element (A.11) is well-
defined. By the arguments so far, they satisfy the required conditions and
the uniqueness.

For the last statement, changing a differential stable G-structure g on V'
to a homotopic one amounts to changing the vector bundle map fy: V —
VY by a homotopy while fixing f and fp in the above procedure. Pulling
back the homotopy class [¥(gy)] by such a homotopy, we get a homotopy of
differential Thom classes between the differential Thom classes pulled back
at the endpoints. This completes the proof. O

Now we turn to differential pushforwards for proper submersions. Let
p: N — X be a proper submersion between manifolds of relative dimension
r, and assume it is equipped with a differential stable normal G-structure
gy (Definition 4.80) on the relative tangent bundle T(p). Take a represen-
tative §pl = (k,P,V,) of gpL. It induces a differntial stable G-structure on
P xg,_, R¥=" which we denote gp, represented by gp = (k — r, P,V,id).
By Proposition A.9 we have a differential Thom class whose homotopy class
[V(gp)] is canonically determined,

(A.12) v(gp) € EN 0 (P X, RFT)

If we stabilize k to k + 1, the homotopy classes of (A.11) are related as
Proposition A.9 (2).

Now, choose an embedding ¢: N < R¥ x X over X (i.e., pry ot = p) for
k large enough, a tubular neighborhood W of N in R¥ x X with a vector
bundle structure W — N so that it is a map over X (this is possible because
p is a submersion). Replacing k larger if necessary, choose an isomorphism
Yw: W~ P Xxqg,_. RF=" of vector bundles over N so that the isomorphism

i

(P xg,_ . RF™Y @ T(p) M W @& T(p) ~ R* is homotopic to ¥. The
isomorphism 1y induces a differential stable G-structure gy on W, and
the element (A.12) induces a differential Thom class on (W, gy) denoted by

(A.13) Dgw) == viyP(gp) € EET ().

We consider the composition,

(A14) Br(N) 2 Brbor(w) 5 Brthor (RE x X) S5 Bror(x),

where the first map uses the module structure of the properly supported E7
and the middle arrow is induced by the open embedding W < R* x X.

Proposition A.15. The composition (A.14) only depends on the differential
stable normal G-structure g;- on T(p).
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Proof. The above procedure includes the following ambigiuities : the choice
of U(gp) representing [U(gp)] and the choice of the data of embedding with
a tubular neighborhood and an isomorphism vy,. The independence on ¥y
directly follows from the last statement of Proposition A.9.

First we show the independence on the choice of U(gp), with the other data
fixed. Since its homotopy class [U(gp)] is fixed by Proposition A.9, any two

choices 7;(gp), i = 0,1, are connected by a homotopy Uy € Elﬁr};/(zxm(] X

(P xg,_, RF=7)). Tts pullback by v gives a homotopy Drxw = Uy Ur
between the corresponding differential Thom classes on (W, gy/). Denote
the inclusion by é;: N ~ {t} x N < I x N for t = 0,1. Consider the

following commutative diagram,
(A.16)

n ./\R(Dfxw - . f(sz)/(IxX) n—r .f(lxx)/x Nt — .
QI x N V) Tk (1 Wi V) (1 x X V) DX n 1 x v

R RT R a
(desusp)o(idyx¢)« 17—
[

En(I x Ny 2o prtkor (I x W) EnT(I x X) EnT(X)

prop/(IxN)

The commutativity of the middle square is because the vector bundle struc-
ture W — N is a map over X. The commutativity of the right square is by
the homotopy formula ([BS10, Lemma 1]).

Take any element & € E™(N). Then the image of pryé € E™(I x N) under
the composition of the bottom arrows in (A.16) is equal to the difference of
the elements in E"""(X ) obtained by applying to € the composition (A.14)
using 7y(gp) and 71 (gp). By the commutativity of (A.16), it is enough to
check that the element R(prye) € Q7 (I x N;Vz) maps to zero under the
composition of the top arrows in (A.16). Indeed, since W — N is a map
over X, we can factor the upper middle horizontal integration in (A.16) on
I x N, and the result is equal to

awm [ pricR(@ A [ R(Oraw).
(IxX)/X J(IXN)/(IxX) (IxW)/(IxN)

and by (recall (A.5))

/ R0rew) = Td(Prxw) = priyTd(@o(gr)),
(IxW)/(IxN)

so (A.17) is equal to

/ pry / R(&) A Td(Fo(gp)) = O,
(IxX)/X N/X

as desired. Thus we conclude that, fixing the data of an embedding with a
tubular neighborhood, the composition (A.14) only depends on the homo-
topy class [U(gp)].

Now consider the stabilization of the embeddings, increasing k to (k + 1)
and W to R @ W. By the condition (2) in Proposition A.9 and the result
so far, we also conclude that the composition (A.14) is invariant under this
stabilization.
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The desired independence of (A.14) on the remaining choices is also
proved in a parallel way, by choosing corresponding objects on the cylin-
der so that they restrict to stabilizations of the given ones on the endpoints.
This completes the proof of Proposition A.15.

O

Thus we define the following.

Definition A.18. Let p: N — X be a proper submersion of relative di-
mension r, equipped with a differential stable normal G-structure g;' on the
relative tangent bundle T'(p). We define the differential pushforward map,

(p, g )« EM(N) — E"7"(X)

to be the composition (A.14). This does not depend on any choices by
Proposition A.15.

By the construction, the following diagram commutes.

(A.19)
R
/—\
n— °\ /: a n I n n .
Q"=H(N; V) /im(d) E™(N) E™(N) QL (N V)
lfzv/x ~Aewgy (ch(G)) l(p,g,f)* img;*mp)* lfN/x —hew, 1 (ch(9))
n—r— LAWE a_ pn-r I n—r n—r .
Q 1(X7VE)/1m(d) —F (X) E (X) cho (X7VE)
\E/

In this sense, Definition A.18 refines the pushforwards on E* and Q*(—; V).
An important property of differential pushforwards is the Bordism for-
mula [Bun12, Problem 4.235], which says that if we have a bordism (W, gi7,): (M_, g%) —
(M, gi), the differential pushforwards at the boundary can be computed
by the integration of the characteristic form on the bordism. Its normal
variant is stated in the form we use in this paper as Fact 8.10. To prove it,
we need to consider differential pushforwards for proper maps which is not
submersions, namely boundary defining functions W — I. The result easily
follows by the homotopy formula ([BS10, Lemma 1]). For the details of the
proof we refer [Bun12, Problem 4.235].

A.2. Differential pushforwards in Hopkins-Singer’s differential ex-
tensions. Now we turn to the Hopkins-Singer’s differential extensions. As
we explain, the definition of differential pushforwards in [HS05] differs from
the one in Subsection A.3. In this subsubsection, we clarify their relation in
the settings of our interest (Proposition A.33).

Fix fundamental cocycles tp € ZO(E;V2) and tyg € Z°(MG; V) for
E and MG, respectively. Since F is rationally even, the Hopkins-Singer’s
model EI*_‘IS(—; tp) admits a canonical multiplicative structure by [Upml15].
We briefly explain it here. We only explain the even-degrees. The remain-
ing cases are induced by requiring the compatibility with the S!-integration.
Let n and m be even integers, and denote by ppm: En A Ep — Epyp, a mul-
tiplication map. We need to choose a reduced cochain ¢, € 6’”+m’1(En A
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E,.; V) so that
(A.20) 0Cnm = tn U lm — W lbntm-

Since F is rationally even, we have ﬁ"*mfl(En A Ep; Vi) = 0 by the proof
of [BS10, Lemma 3.8]. Thus any two choices of such cochains ¢, differ

by a coboundary. Using c¢,,, we get the map of differential function spaces
([HS05, Remark 4.17]),

(A.21) (En A (LE)n U (LE)m)M — (E; LE)Q/{,’_m,
for any manifold M. Also choose a natural cochain homotopy B: Q"(—) ®
Qm(—) — C"tm=1(~) cobounding the difference between A on forms and U
on singular cochains as in [HS05, (3.8)], [Upm15, Section 6]. Any two such
choices are naturally cochain homotopic. It induces the map

(A.22) (E; )M x (B;1p)M = (Ey A Ep; (18)n U (t)m)™,
for any M. Combining (A.21) and (A.22), we get the multiplication map,
(A.23) -t ERg(M;1p) © ERg(M; 1) — ERE™(M; ).

This does not depend on any of the choices above. For a real vector bundle
V — M, in the same way we get a map using the properly supported
differential functions ([HS05, Section 4.3])

(A.24) (B up)M x (Byup)Y, — (B;m)Y,

n+m»

which gives the module structure,

(A.25) = Es(M;up) ® Efs prop/n(Vite) — Eﬁ's"fgrop/M(V; LE).

As we mentioned in Subsection 8.1, Hopkins-Singer’s normal differential
BG-orientations are defined in terms of differential functions to (MG; tarq)-
A differential pushforward is defined by fixing a map of differential function
spaces

(A.26) Q\: (MG,T N (En)+; Vo(ima)—r U LE) = (E;tB)n—r-

whose underlying map factors as MG_, A (E,)* N m A (E,)* HAorn,
E,_,. Here Vg: Vo — V2 is induced by G, so that Vg(tme) € ZO9(MG; V)
represents ch(G). We can take a ¢g € C~H(MG;V2) so that dcg = G*1g —

Vg (tme), and it is determined up to coboundary because H-1{(MG; V) = 0
We may take (A.26) to be the composition

(A.27)
(A.21)

G: (MG_y AN(En) T3 Vg(tma)—r U (tE)n) = (E—r A Ep; (tg)—r U (tg)n) ——

(Ea LE)TL—T‘;
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where the first map uses c¢g. Let V. — M be a real vector bundle, and
consider the following diagram.
(A.28)

(MG;emc)Y, x (Byup)M (E;i5)Y, x (E;up)M

T | e

(MG N (En) "5 Vg (tmg)—r U (LE)n)V — (E_r N Ep; (Lp)—r U (LE)H)V — (B LE)X T

g

Here the top horizontal arrow uses cg, the left vertical arrow uses the cochain
homotopy B, and the remaining arrows are as before. The two triangles
commute. The square does not commute on the level of differential function
spaces, but we can easily check that the difference is a coboundary so the
induced maps on the differential cohomology level,

(A.29) (MG)ﬁapmp/M(V; wiG) @ Efig(M;ug) — E;Ig;mp/M(V; LE)

are the same. Using the top factorization of (A.28), we see that (A.29)
factors as

(A.30)
(MG)ﬁ;prop/M(V; tve) ® Eig(M;eg) — Eﬁg,pmp/M(V; tp) ® Efig(M;1g) — Eﬁg;rop/M(V; LE)

To put them into the picture in Subsection A.1, apply the discussions
there in the case £ = MG and G = id: MG — MG. Assume that we have
a proper submersion p: N — X equipped with a differential stable normal
G-structure gf; on the relative tangent bundle T'(p), represented by §ZJ; =
(k, P,V,%). A Hopkins-Singer’s normal differential BG-orientation ([HS05,
Section 4.9.2]) ng M5 consists of choices of an embedding N < RF x X over
X, a tubular neighborhood with a vector bundle structure W — N, an
isomorphism Yy : W ~ P xqg, . RF~" as in Subsection A.1 (in general
W — N is not required to be a map over X), and a lift of a classifying map
for the induced G-structure (W, gf,lo/p) on W — N to a differential function

t(gp5): W — (MGh_r; (t016)k—r). Then, the differential function (gp")

represents a differential Thom class for (W, g%(;p),

(A.31) (K5 ™5)) € (M)l (W3 ta16),

where we denoted by {(c, h,w)) the differential cohomology class represented
by a differential function (¢, h,w). Now we define the following.

Definition A.32. Let p: N — X be a proper submersion between mani-
folds of relative dimension r, and assume it is equipped with a differential
stable normal G-structure ng on T(p). A Hopkins-Singer’s normal differ-

ential BG-orientation ng’HS is said to be a lift of ng if, in the notations
above,

e The vector bundle structure W — N is a map over X, and
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e The homotopy class [<1€(ngL HS)>} of the differential Thom class

< (gpL HS)> is the one associated to gy by Proposition A.9 (applied
to E = MG).

In particular, this means that,

oy ) =18 (1) = [ ().

where ch(idyg) € HY(MG; Vie).

Now assume we are given an element € € EﬁS(N; tg). Then, in [HS05,
Section 4.10] the differential pushforward of € is formulated as follows. Take
a differential function ¢(e): N — (F;.), representing €. Apply the left

bottom composition of (A.28) for the vector bundle W — N to the pair

(t (g;‘ HS),t( €)) to get a differential function in (E; LE)n+k7T. By the open

REx X
n+k—r’

and this represents the desired element (p, gy ").e € Eﬁg’“(X; tg). By the
discussion so far, the result is the same if we use the top right composition
n (A.28), and it is given by the composition (A.30). Then we see that
the above definition of (p, gf,‘ ’HS)*€ exactly translates into the definition of
differential pushforwards (A.14) in the Subsection A.1. Thus we conclude
that

embedding W — R* x X we get a differential function in (E,tg)

Proposition A.33. In the settings of Deﬁmtwn A.32, the differential push-
forward map (p, gp) : EHS(N Lg) — Eng(X tg) in Definition A.18 ap-
1 ,HS

)

*

plied to EHS(—, Lg) coincides with the differential pushforward map (p, gp
in [HS05] as long as we use g;"HS lifting gj.

A.3. The tangential case. Now we explain the tangential variants of the
last Subsections A.1 and A.2. The constructions and verifications are par-
allel to the normal case, so we go briefly.

In this case, we are given a homomorphism of ring spectra,

(A.34) G: MTG — E,

where MTG is the Madsen-Tillmann spectrum. MTG is constructed as a
direct limit of Thom spaces of stable normal bundles to the universal bun-
dles over approximations of BGy’s, so classifies vector bundles with stable
normal G-structures. Then for each real vector bundle V of rank r over a
topological space X equipped with a topological stable normal G-structure
gtP we get the Thom class v € E"(V), whose multiplication gives the
Thom isomorphism E*(X) ~ E**" (V).

We formulate the notion of differential Thom classes as a differential re-
finements of the Thom classes, as well as differential forms Td(7) and ho-
motopies in the same way as Definition A.3. By the exactly the same proof,
the classification result of differential Thom classes corresponding to Lemma
A.6 also holds in the case here. The Chern-Dold character for (A.34) is an
element ch(G) € HY(MTG;Vy). If V.— M is equipped with a stable nor-
mal G-structure g, the characteristic form (A.8) is replaced by the form
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cw,1(ch(G)), where we use the Chern-Weil construction in (4.83). Then,
the same proof as that of Proposition A.9 shows the following.

Proposition A.35. There exists a unique way to assign a homotopy class
[U(gh)] of differential Thom classes v(g*) € E;?EgYM(V) to every real vector
bundle with differential stable normal G-structure (V, gL) — M such that

the following three conditions hold.

(1) It is compatible with pullbacks.

(2) We have [4[0(9ga)] = [P(g7)]-

(8) We have CWyL (ch(G)) = Td([p(g1))) := fV/M R(@(gh)).
Moreover, the resulting homotopy class [D(gh)] only depends on the homo-
topy class (Definition 4.80 (4)) of differential stable normal G-structure g=.

Let p: N — X be a proper submersion between manifolds of relative di-
mension r, equipped with a differential stable G-structure g, on the relative
tangent bundle T'(p) represented by g, = (d, P, V, ). Choose an embedding
t: N — RF x X over X for k large enough, a tubular neighborhood W of N
in R* x X with a vector bundle structure W — N so that it is a map over
X (this is possible because p is a submersion). Then we get an isomorphism

(A.36) Yw: (P xg,R) @ W ~ R @ T(p) @ W ~ R

of vector bundles over N. As a result, we get a differential stable normal
G-structure gﬁ, on the vector bundle W — N, represented by ﬁﬁ, = (d-—
n+k, P,V,yw). For gﬁh Proposition A.35 assigns a differential Thom class
whose homotopy class is canonically determined,
~ Sk—

(A.37) v(giv) € Ehror, /(W)
We consider the composition,

> 'D@J' ) A — xS _ desusp 5,
(A.38) E"(N) —% Eg:g’lj/](,(W) Ly Eg;’;/)Q(R’f x X) 2B Brer(x).

The following proposition can be shown in the same way as Proposition
A.15.

Proposition A.39. The composition (A.38) only depends on the differential
stable G-structure g, on T(p).

Proposition A.39 allows us to define the following.

Definition A.40. Let p: N — X be a proper submersion between mani-
folds of relative dimension r, equipped with a differential stable G-structure
gp on the relative tangent bundle T'(p). We define the differential pushfor-
ward map,

(p.gp)e: E"(N) = E" (X))
to be the composition (A.38).

Now we turn to the Hopkins-Singer’s models as in Subsection A.2. Take
fundamental cocycles tgp and tpypg for E and MTG, respectively. As ex-
plained there, Ejiq(—; ¢tg) admits a canonical multiplicative structure. In the
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normal case, a differential pushforward is defined by a map of differential
function spaces

(A.41) 6: (MTG_T N (En)Jr; Vg(LMT(;)_T U LE) — (E; LE)n—r

whose underlying map factors as MTG_, A (E,)t —— N B A (B,)+ £y
E,_,. By the same argument to the normal case, the map (A.41) induces
the map of differential cohomologies for any real vector bundle V' — M,

(A42)
(MTG)HS prop/M(V LMTG) X EHS(M LE) — EHS prop/M(V LE) & EHS(M LE> = EHS prop/M(V; LE).

Let p: N — X be a proper submersion between manifolds of relative
dimension r, equipped with a differential stable G-structure g, on the rel-
ative tangent bundle T'(p) represented by g, = (d, P,V,v). A Hopkins-
Singer’s tangential differential BG-orientation ggs consists of choices of
an embedding N C R* x X, a tubular neighborhood W, a vector bun-
dle structure W — N as in the first part of this subsection (in general
W — N is not required to be a map over X), and a lift of a classifying
map for (W gL 'P) of the induced normal structure to a differential func-
tion t( Sy W — (MTGg—r; (trrc)k—r). Then, the differential function

t(gp ) represents a differential Thom class for (W, gL fopy.
(A.43) (t(gy)) € MTG)’fIsrpmp/N(W; LMTG)-

Now we define the following.

Definition A.44. In the above settings, Hopkins-Singer’s tangential dif-
ferential BG-orientation ggs is said to be a lift of g, if, in the notations
above,

e The vector bundle structure W — N is a map over X, and
e The homotopy class [(t(ggs)ﬂ of the differential Thom class <t(gzl,{s)>

is the one associated to gf/‘-, by Proposition A.35 (applied to E =
MTG).

In particular, this means that,

vy (ehdar) = TA(G]) = [ R ().

where ch(idyre) € HY(MTG, Verra)-

Let us take € € EﬁS(N; tg). By the same procedure as in the last para-
graph of Subsection A.2, the tangential variant of [HS05, Section 4.10] using
the map (A.41) and the open embedding W < R* x X produces the element
(p, 9%).@ € Efig"(X;1p). We get

Proposition A.45. In the settings of Definition A.44, the differential push-
forward map (p, gp)«: EHS(N LE) — EEST(X vg) in Definition A.40 applied
to Eﬁs(—; Lg) coincides with the tangential variant of the differential push-
forward map (p, gg )« in [HSO5] as long as we use gHS lifting gp.
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Thus we conclude that the differential pushforward maps in Definition
A .40 for Eﬁs(—; tg) comes from maps between differential function spaces
(A.41). As we mentioned in Footnote 16, this is the reason why we want to
use the Hopkins-Singer’s formulation.
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