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�+FMQrH2/;2K2Mib

A rQmH/ HBF2 iQ 2tT`2bb Kv bBM+2`2 ;`�iBim/2 iQ �HH i?2 T2QTH2 r?Q bmTTQ`i2/ K2
BM +QM/m+iBM; 2t+BiBM; `2b2�`+? 7Q` i?2 T�bi i?`22 v2�`b �M/ +QKTH2iBM; i?Bb i?2bBb-
2bT2+B�HHv BM i?2 /B{+mHi kyky �M/ kykR r?2M i?2 T�M/2KB+ +�K2 iQ;2i?2` rBi? �
i2Mb2 BMi2`M�iBQM�H bBim�iBQMX

h?2 }`bi T2`bQM A ?�p2 iQ K2MiBQM Bb Kv bmT2`pBbQ`- CmMǶB+?B uQFQv�K�- rBi?Qmi
r?Qb2 BMbTB`BM; 2/m+�iBQM- ;2M2`Qmb bmTTQ`i- T�iB2M+2- �M/ 2M+Qm`�;2K2Mi A +QmH/
?�p2 M2p2` }MBb?2/ �HH i?2 rQ`F /m`BM; Kv S?X.X v2�`bX "2bB/2b- A �K �HbQ T`Q7QmM/Hv
;`�i27mH 7Q` ?Bb biBKmH�iBM; �/pB+2 r?2M A r�b +QM7mb2/ BM Kv +�`22` �M/ HB72- r?B+?
?2HTb K2 }M/ Kv QrM TQbBiBQMX AM �//BiBQM- ?2 /2pQi2b ?BKb2H7 iQ i?2 /2p2HQTK2Mi
Q7 i?2 T?vbB+�H bQ+B2iB2b BM MQi QMHv C�T�M #mi i?2 r?QH2 �bB�@S�+B}+ �`2�- r?B+?
BKT`2bb2b K2 �M/ `2KBM/b K2 Q7 i?2 `2bTQMbB#BHBiv iQ mMBi2 �M/ +`2�i2 � #2ii2` `2b2�`+?
2MpB`QMK2Mi 7Q` `2b2�`+?2`b 7`QK Qm` ?QK2H�M/ �M/ 7`QK �HH Qp2` i?2 rQ`H/X

h?2`2 Bb � T�`iB+mH�` ;`QmT Q7 T2QTH2 r?Q TH�v �M 2bb2MiB�H `QH2 BM Kv `2b2�`+?
2tT2`B2M+2X h?2v �`2 Kv +QHH�#Q`�iQ`b 7Q` i?2 T�bi i?`22 v2�`b- _vmbmF2 CBMMQ- EQ@
?2B E�K�/�- a2QM; *?�M S�`F- �H2t2B �X ai�`Q#BMbFv- �M/ h2`m�FB amv�K�- r?QK A
;`2�iHv �TT`2+B�i2X qBi? i?2 ?2HT 7`QK i?2K- A ?�p2 2tTHQ`2/ p�`BQmb `2b2�`+? iQTB+b
�M/ H2�`M2/ � rB/2 `�M;2 Q7 FMQrH2/;2- r?B+? Bb 2ti`2K2Hv mb27mH 7Q` Kv 7mim`2 +�`22`
/2p2HQTK2MiX AM �//BiBQM- rQ`FBM; BM �M 2ti2MbBp2 +QHH�#Q`�iBQM �HHQrb K2 iQ BMi2`�+i
rBi? `2b2�`+?2`b Q7 /Bz2`2Mi bivH2b bQ i?�i A +QmH/ 2bi�#HBb? Kv QrMX

A �K ;`�i27mH iQ Kv b2+QM/�`v bmT2`pBbQ` J�b�?B`Q h�F�/�- �M/ JBb�Q a�b�FB-
7Q` i?2B` +QMiBMmQmb bmTTQ`i �M/ p�Hm�#H2 bm;;2biBQM QM Kv `2b2�`+? �M/ +�`22`X A
�HbQ ;2MmBM2Hv �TT`2+B�i2 �HH i?2 2t+2HH2Mi b2MBQ` `2b2�`+?2`b 7Q` i?2B` T`2+BQmb iBK2
�M/ ?2HT7mH /Bb+mbbBQM- BM+Hm/BM; 62/Q` "2x`mFQp- *?2M;+?2M; >�M- a?B SB- �M/
umbmF2 u�K�/�X

A rQmH/ HBF2 iQ i?�MF Kv +QHH2�;m2b �i i?2 lMBp2`bBiv Q7 hQFvQ 7Q` i?2B` ;`2�i ?2HT-
#2M2}+B�H /Bb+mbbBQM- �M/ Q`;�MBxBM; 2t+BiBM; �+iBpBiB2b iQ K�F2 i?2 H�#Q`�iQ`v HB72 2M@
DQv�#H2- 2bT2+B�HHv aQB+?B`Q >�b?B#�- �v�FQ Ab?BB- CmMǶv� EmK2- E�M� JQ`Br�FB- �M/
>B`Q�FB qX >X h�?�`�X "2bB/2b- A rQmH/ 2tT`2bb Kv bT2+B�H i?�MFb iQ Qm` `2bT2+i2/
b2+`2i�`B2b �M/ ;QQ/ 7`B2M/b a�vm`B L�;�MQ- _2BFQ am;Bv�K�- �M/ *?BvQ l2/� �i



_1a*1l- �M/ E�xmvQ a�r�#2 7`QK i?2 :`�/m�i2 a+?QQH P{+2- 7Q` i?2B` T�iB2Mi
�M/ ;2M2`Qmb ?2HT 7`QK i?2 /�v A �++2Ti2/ i?2 Qz2` 7`QK i?2 lMBp2`bBiv Q7 hQFvQX

A b?�HH M2p2` 7Q`;2i uB@6m *�B- uB q�M;- �M/ aBvB w?Qm r?Q iQQF K2 BMiQ i?2 }2H/
Q7 +QbKQHQ;v 7Q` i?2 }`bi iBK2- b?QrBM; K2 � b2+QM/ +?�M+2 iQ Tm`bm2 Kv �+�/2KB+
+�`22` �7i2` Kv }`bi 7�BHm`2 BM S?. �TTHB+�iBQMX

h?2 lMBp2`bBiv Q7 hQFvQ Bb �M �K�xBM; TH�+2 i?�i T`QpB/2b BM+`2/B#H2 �+�/2KB+
2MpB`QMK2Mi 7Q` K2 iQ bim/v �M/ +QM/m+i `2b2�`+?2b- rBi?Qmi r?B+? A KB;?i ?�p2
M2p2` K2i �M/ +QHH�#Q`�i2/ rBi? �HH Kv 2t+2HH2Mi +QHH�#Q`�iQ`bX h?�MFb iQ i?2 :HQ#�H
a+B2M+2 :`�/m�i2 *Qm`b2 U:a:*V T`Q;`�K- A `2+2Bp2/ 7mM/BM; iQ bmTTQ`i Kv HB72 BM
hQFvQ- �M/ K2i K�Mv ;QQ/ 7`B2M/b BM /Bz2`2Mi H�#Q`�iQ`B2bX A �K �HbQ /22THv ;`�i27mH
iQ i?2 bmTTQ`i 7`QK C�T�M aQ+B2iv 7Q` i?2 S`QKQiBQM Q7 a+B2M+2 UCaSaV �b � CaSa
72HHQr U.*V- #2+�mb2 i?2 7mM/BM; Q7 E�E1L>A �HHQr2/ K2 iQ �ii2M/ BMi2`M�iBQM�H
+QM72`2M+2b �M/ pBbBi Qi?2` BMbiBimi2b �#`Q�/ iQ 2bi�#HBb? �+�/2KB+ +QKKmMB+�iBQM �M/
TQi2MiB�H +QHH�#Q`�iBQM rBi? /BbiBM;mBb?2/ `2b2�`+?2`b- r?B+? �`2 p�Hm�#H2 2tT2`B2M+2b
7Q` Kv b+B2MiB}+ +�`22`X

A rQmH/ �HbQ i?�MF �HH i?2 7`B2M/b A K2i BM i?2b2 v2�`b 7Q` i?2B` #2�miB7mH bKBH2b �M/
+HQb2 +QMM2+iBQM i?�MFb iQ r?B+? A +QmH/ �Hr�vb F22T ?2�Hi?v �M/ TQbBiBp2 iQ `2bBbi
i?2 ;`2�i T`2bbm`2 7`QK `2b2�`+? �M/ HB72X S�`iB+mH�`Hv- A b?�HH K2MiBQM Kv `QQKK�i2b
JBM;DB2 CB�M �M/ aB`mB GB- Kv #2bi 7`B2M/b QM i?2 #�/KBMiQM +Qm`i- GB+?2M GmQ �M/
:mQ@q2B ZB�M- �M/ Qi?2` TmxxH2@bQHpBM; i2�K K2K#2`b- sB�M;+?QM; GB- J2M;bB GBm-
Cm2 q�M;- um+?2M qm- �M/ hQM; sBM;X

aT2+B�H i?�MFb �`2 2tT`2bb2/ iQ Kv 7�pQ`Bi2 bBM;2`b C�+Fv *?2mM; �M/ qm "�B-
r?Qb2 bQM;b U2bT2+B�HHv HBp2 p2`bBQMbV ?�/ bi�v2/ rBi? K2 i?`Qm;? 2p2`v bH22TH2bb
MB;?i r?2M A r�b mTb2i Q` #mbvX 1MDQvBM; i?2B` bQM;b K�F2b K2 7Q+mb �M/ 722H MQ
2tBbi2M+2 Q7 iBK2 bm+? i?�i A +QmH/ F22T QM ;QBM;X

A b?�HH 2tT`2bb K�Mv i?�MFb iQ i?2 *?B27 Q7 i?2 /Bbb2`i�iBQM /272Mb2 +QKKBii22-
EQB+?B >�K�;m+?B- �M/ Qi?2` +QKKBii22 K2K#2`b- a?QDB �b�B- J�b�?B`Q E�r�b�FB-
a?B;2FB J�ibmKQiQ- �M/ hQKQi�F2 J�ibmKm`�- 7Q` i?2B` T`2+BQmb iBK2 �M/ p�Hm�#H2
+QKK2Mib iQ i?Bb i?2bBbX

G�biHv #mi KQbi BKTQ`i�MiHv- A +�M M2p2` 2tT`2bb 2MQm;? Kv HQp2 �M/ ;`�iBim/2
iQr�`/b Kv KQi?2` sBm[BM GBm- Kv 7�i?2` GBM#�B >2- �M/ Kv bBbi2` S2Bb?�M >2 r?Q
�`2 �Hr�vb i?2`2 `2KBM/BM; K2 iQ #2 � FBM/ T2`bQM- bmTTQ`iBM; �M/ 2M+Qm`�;BM; K2
iQ b22F Kv /`2�K rBi? 2M/H2bb HQp2- T�iB2M+2- �M/ mM/2`bi�M/BM;X



�#bi`�+i

h?Bb i?2bBb Bb /2pQi2/ iQ BMp2biB;�iBM; i?2 Q`B;BM Q7 i?2 "B; "�M; BM �M
Q#b2`p�iBQM�HHv 7�pQ`2/ irQ@}2H/ BM~�iBQM�`v KQ/2H- M�K2Hv i?2 KBt2/
>B;;b@R2 BM~�iBQM KQ/2HX
AM BM~�iBQM�`v +QbKQHQ;v- `2?2�iBM; Bb � T2`BQ/ +QMM2+iBM; i?2 BM~�iBQM@
�`v T?�b2 �M/ i?2 `�/B�iBQM@/QKBM�i2/ lMBp2`b2- b2`pBM; �b i?2 Q`B;BM Q7
i?2 "B; "�M; #v T�`iB+H2 T`Q/m+iBQM �M/ i?2`K�HBx�iBQMX h?2 i2KT2`�im`2
�M/ /m`�iBQM Q7 `2?2�iBM; +�M BKT�+i p�`BQmb Q#b2`p�#H2b �M/ T?2MQK2M�
i?�i +�M T`Q#2 T?vbB+b BM i?2 p2`v 2�`Hv lMBp2`b2X _2?2�iBM; Bb � ?B;?Hv
KQ/2H@/2T2M/2Mi T`Q+2bb /m`BM; r?B+? i?2 2M2`;v i?�i /`Bp2b BM~�iBQM Bb
i`�Mb72``2/ iQ Qi?2` K�ii2` }2H/b i?`Qm;? /Bz2`2Mi K2+?�MBbKb �++Q`/BM;
iQ +QM+`2i2 KQ/2HbX :2M2`�HHv- `2?2�iBM; Bb +?�`�+i2`Bx2/ #v irQ b2[m2M@
iB�H bi�;2b 7Q` KQ/2Hb r?2`2 BM~�iBQM Bb 7QHHQr2/ #v BM~�iQM Qb+BHH�iBQM-
T`2?2�iBM; i?�i Bb /QKBM�i2/ #v MQM@T2`im`#�iBp2 T�`iB+H2 T`Q/m+iBQM-
�M/ `2?2�iBM; /m`BM; r?B+? BM~�iQM 2tT2`B2M+2b T2`im`#�iBp2 /2+�vX
h?2 KBt2/ >B;;b@R2 BM~�iBQM KQ/2H- �b � i?2Q`2iB+�HHv r2HH@KQiBp�i2/
�M/ Q#b2`p�iBQM�HHv 7�pQ`2/ BM~�iBQM�`v KQ/2H- TQbb2bb2b `B+? �M/ BMi2`@
2biBM; T?2MQK2M� �i /Bz2`2Mi bi�;2b Q7 `2?2�iBM;X 1bT2+B�HHv- i?2 KmHiB@
}2H/ M�im`2 TH�vb �M 2bb2MiB�H `QH2 BM i?2 T�`iB+H2 T`Q/m+iBQM K2+?�MBbK
i?`Qm;?Qmi i?2 r?QH2 `2?2�iBM; T`Q+2bb- r?B+? /BbiBM;mBb?2b i?2 KQ/2H
7`QK Bib irQ bBM;H2@}2H/ HBKBibX 6QHHQrBM; � #`B27 `2pB2r Q7 i?2 KBt2/
>B;;b@R2 BM~�iBQM- /Bz2`2Mi bi�;2b Q7 i?2 `2?2�iBM; T`Q+2bb BM i?Bb KQ/2H
�`2 /Bb+mbb2/ BM i?2 i?2bBb- BM+Hm/BM; i?2 }`bi bi�;2 Q7 T`2?2�iBM;- i?2
Q++m``2M+2 Q7 i�+?vQMB+ T`2?2�iBM;- �M/ i?2 T2`im`#�iBp2 `2?2�iBM;X h?2
}`bi bi�;2 Q7 T`2?2�iBM;- r?B+? Bb BMpQHp2/ BM i?2 mMBi�`Biv Bbbm2 /Bb+mb@
bBQM- Bb MQi bB;MB}+�Mi 2MQm;? iQ `2?2�i i?2 lMBp2`b2c i?2 Q++m``2M+2 Q7
i�+?vQMB+ T`2?2�iBM; 7Q` bT2+B}+ T�`�K2i2` +?QB+2b +�M `2?2�i i?2 lMB@
p2`b2 BMbi�Mi�M2QmbHvc i?2 T2`im`#�iBp2 /2+�v Q7 i?2 b+�H�`QM }2H/ �M/
>B;;b }2H/ �i i?2 H�i2 iBK2 i?�i +�M /2i2`KBM2 i?2 `2?2�iBM; i2KT2`�im`2
�M/ /m`�iBQMX h?2 /Bb+mbbBQM Bb T`2b2Mi2/ BM #Qi? i?2 CQ`/�M 7`�K2 �M/
i?2 1BMbi2BM 7`�K2X





*QMi2Mib

R AMi`Q/m+iBQM R

k AM~�iBQM d
kXR AM~�iBQM a+2M�`BQ X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 3
kXk aBM;H2@6B2H/ AM~�iBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X Rk

kXkXR *QM7Q`K�H h`�Mb7Q`K�iBQM X X X X X X X X X X X X X X X X X X X X Rj
kXkXk *H�bbB+�H "�+F;`QmM/ X X X X X X X X X X X X X X X X X X X X X X X R8
kXkXj Zm�MimK 6Hm+im�iBQM X X X X X X X X X X X X X X X X X X X X X X Rd

kXkXjXR .2+QKTQbBiBQM X X X X X X X X X X X X X X X X X X X X X R3
kXkXjXk :�m;2 AMp�`B�M+2 X X X X X X X X X X X X X X X X X X X ky
kXkXjXj SQr2` aT2+i`mK X X X X X X X X X X X X X X X X X X X X kk

kXkX9 hvTB+�H 1t�KTH2b X X X X X X X X X X X X X X X X X X X X X X X X X ke
kXkX9XR ai�`Q#BMbFv JQ/2H X X X X X X X X X X X X X X X X X X X ke
kXkX9Xk >B;;b AM~�iBQM X X X X X X X X X X X X X X X X X X X X X k3

kXj JmHiB@6B2H/ AM~�iBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X jR
kXjXR 6Q`K�HBbK X X X X X X X X X X X X X X X X X X X X X X X X X X X X X jj
kXjXk JBt2/ >B;;b@R2 AM~�iBQM X X X X X X X X X X X X X X X X X X X X j3

j S�`iB+H2 S`Q/m+iBQM �M/ _2?2�iBM; 8R
jXR S�`iB+H2 S`Q/m+iBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X 8j

jXRXR a+�H�` 6B2H/b BM hBK2@.2T2M/2Mi "�+F;`QmM/ X X X X X X X X X 89
jXRXRXR *H�bbB+�H a+�H�` 6B2H/b X X X X X X X X X X X X X X X X X 89
jXRXRXk Zm�MiBx�iBQM �M/ o�+mmK ai�i2 X X X X X X X X X X X 8e
jXRXRXj "Q;QHBm#Qp h`�Mb7Q`K�iBQM �M/ S�`iB+H2 S`Q/m+iBQM ey

jXRXk S2`im`#�iBp2 S`Q/m+iBQM X X X X X X X X X X X X X X X X X X X X X ek
jXRXj LQM@S2`im`#�iBp2 S`Q/m+iBQM X X X X X X X X X X X X X X X X X X e8

jXRXjXR S�`�K2i`B+ _2bQM�M+2 X X X X X X X X X X X X X X X X X e8
jXRXjXk h�+?vQMB+ AMbi�#BHBiv X X X X X X X X X X X X X X X X X dj

B



jXk _2?2�iBM;, *�b2 aim/v X X X X X X X X X X X X X X X X X X X X X X X X X X dN
jXkXR _2?2�iBM; BM ai�`Q#BMbFv JQ/2H X X X X X X X X X X X X X X X X X 3y
jXkXk _2?2�iBM; BM >B;;b AM~�iBQM X X X X X X X X X X X X X X X X X X X 39

9 _2?2�iBM; BM JBt2/ >B;;b@R2 AM~�iBQM JQ/2H NR
9XR 6B`bi ai�;2 Q7 S`2?2�iBM; X X X X X X X X X X X X X X X X X X X X X X X X X Nk
9Xk P++m``2M+2 Q7 h�+?vQMB+ S`2?2�iBM; X X X X X X X X X X X X X X X X X X X Ryk

9XkXR *QM/BiBQMb 7Q` h�+?vQMB+ AMbi�#BHBiv X X X X X X X X X X X X X X Rye
9XkXk 1{+B2M+v Q7 h�+?vQMB+ S`2?2�iBM; X X X X X X X X X X X X X X X RRR

9XkXkXR 1[m�iBQM Q7 JQiBQM 7Q` >B;;b S2`im`#�iBQM X X X X X RRk
9XkXkXk h�+?vQMB+ >B;;b J�bb 7Q` 1t�+i >BHH@*HBK#BM; X X X RRj
9XkXkXj S�`iB+H2 S`Q/m+iBQM h?`Qm;? h�+?vQMB+ AMbi�#BHBiv X RR8

9XkXj L2+2bb�`v .2;`22 Q7 6BM2@hmMBM; X X X X X X X X X X X X X X X X Rk9
9Xj S2`im`#�iBp2 _2?2�iBM; X X X X X X X X X X X X X X X X X X X X X X X X X X RjR

9XjXR .2+�v _�i2 X X X X X X X X X X X X X X X X X X X X X X X X X X X X Rjk
9XjXRXR "�+F;`QmM/ .vM�KB+b BM o�HH2vb X X X X X X X X X X X Rjj
9XjXRXk .2+�v _�i2 Q7 >B;;b �M/ a+�H�`QM X X X X X X X X X X Rjd

9XjXk S`2b2M+2 Q7 h�+?vQMB+ S`2?2�iBM; X X X X X X X X X X X X X X X X R9y
9XjXkXR .m`BM; i�+?vQMB+ T`2?2�iBM; X X X X X X X X X X X X X R9R
9XjXkXk �7i2` i�+?vQMB+ T`2?2�iBM; X X X X X X X X X X X X X X R9k

9XjXj �#b2M+2 Q7 h�+?vQMB+ S`2?2�iBM; X X X X X X X X X X X X X X X X R9d

8 *QM+HmbBQM R8j

� *QM7Q`K�H h`�Mb7Q`K�iBQM R8d

" :�m;2 h`�Mb7Q`K�iBQM R8N

* 1[m�iBQMb Q7 JQiBQM BM 1BMbi2BM 6`�K2 ReR

. J�i?B2m 1[m�iBQM Rej
.XR S2`im`#�iBp2 h`2�iK2Mi X X X X X X X X X X X X X X X X X X X X X X X X X Rej
.Xk 6HQ[m2i aQHmiBQM �M/ ai�#BHBiv *?�`i X X X X X X X X X X X X X X X X X X Red

1 S�`�#QHB+ *vHBM/2` 6mM+iBQM RdR

6 �B`v 6mM+iBQM Rdj

BB



: 1M2`;v .Bbi`B#miBQM #2ir22M >B;;b �M/ a+�H�`QM Rd8
:XR L2;�iBp2 a+�H�`QM _2;BK2 /m`BM; 6B`bi Pb+BHH�iBQM X X X X X X X X X X X Rde
:Xk am#b2[m2Mi Pb+BHH�iBQMb X X X X X X X X X X X X X X X X X X X X X X X X X Rde

> .2`Bp�iBQM Q7 .2+�v _�i2 Q7 >B;;b RdN

"B#HBQ;`�T?v R3j

BBB



Bp



GBbi Q7 6B;m`2b

kXR S�`�K2i2` bT�+2 7Q` /Bz2`2Mi `2;BK2b BM i?2 KBt2/ >B;;b@R2 BM~�@
iBQM KQ/2H rBi? λ = 0.01X h?2 `2/ `2;BQM Bb i?2 bi`QM;Hv@+QmTH2/
`2;BK2 r?2`2 T2`im`#�iBp2 �M�HvbBb Bb [m2biBQM�#H2 UkXRkRVX h?2 #Hm2
�M/ ;`22M `2;BQMb �`2 i?2 >B;;b@HBF2 �M/ R2@HBF2 `2;BK2b- `2bT2+iBp2HvX
h?2 #Hm2 HBM2 b�iBb}2b i?2 +QM/BiBQM 7Q` i?2 Q#b2`p2/ +m`p�im`2 TQr2`
bT2+i`mK UkXRjeV Q` UkXRjdVX X X X X X X X X X X X X X X X X X X X X X X 98

kXk G27i, �M 2t�KTH2 7Q` i?2 b?�T2 Q7 i?2 TQi2MiB�H rBi? U(ϕ, h) rBi?
KQ/2H T�`�K2i2`b (ξ,λ) = (3000, 0.01) �M/ +QMbi`�BMi UkXRjeV b�iBb}2/X
_B;?i, � b+?2K�iB+ TB+im`2 b?QrBM; i?2 HQ+�H KBMBK� �M/ K�tBK� QM
i?2 TQi2MiB�H 7`QK iQT pB2rX i?2 bQHB/ HBM2b +Q``2bTQM/ iQ HQ+�H KBMBK�
r?BH2 i?2 /�b?2/ HBM2 +Q``2bTQM/b iQ HQ+�H K�tBK�X X X X X X X X X X X 9e

jXR � b+?2K�iB+ TB+im`2 b?QrBM; i?2 `2H�iBQM #2ir22M `2?2�iBM; �M/ i?2
/m`�iBQM Q7 BM~�iBQMX h?2 #H�+F HBM2 Bb i?2 >m##H2 b+�H2 H−1X h?2
#Hm2 HBM2 +Q``2bTQM/b iQ i?2 ;`�/m�H `2?2�iBM; +�b2 r?BH2 i?2 `2/ HBM2
Bb i?2 BMbi�Mi�M2Qmb `2?2�iBM; +�b2X h?2 Q`�M;2 HBM2 Bb i?2 TBpQi b+�H2
i?�i 2Mi2`b i?2 ?Q`BxQM iQ/�vX aH �M/ a0 /2MQi2 i?2 KQK2Mib r?2M i?2
TBpQi b+�H2 2tBib �M/ 2Mi2`b i?2 ?Q`BxQM- `2bT2+iBp2HvX aG �M/ aI �`2 i?2
2M/BM; KQK2Mib Q7 BM~�iBQM BM i?2 +�b2 Q7 ;`�/m�H �M/ BMbi�Mi�M2Qmb
`2?2�iBM;- `2bT2+iBp2HvX h?2`27Q`2- i?2 /m`�iBQM Q7 BM~�iBQM 7Q` i?2 irQ
+�b2b �`2 ;Bp2M #v NG = HM(aG/aH) �M/ NI = HM(aI/aH)- `2bT2+iBp2Hv-
rBi? NG < NI X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 8k

jXk �M 2t�KTH2 Q7 M�``Qr `2bQM�M+2 7Q` i?2 φ0 ! |σφ| +�b2 BM 1[X UjX8dV
rBi? Ak = 1 �M/ q = 0.05X χk,BMB Bb i?2 BMBiB�H p�Hm2 Q7 χkX h?2 H27i
T�M2H b?Qrb i?2 2pQHmiBQM Q7 χk r?BH2 i?2 `B;?i b?Qrb i?2 Q++mT�iBQM
MmK#2` nkX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X e3

p



jXj hrQ 2t�KTH2b Q7 #`Q�/ `2bQM�M+2 7Q` i?2 φ0 ! |σφ| +�b2 BM 1[X UjX8dVX
lTT2`, Ak = 192 �M/ q = 180X GQr2`, Ak = 182 �M/ q = 162X χk,BMB

Bb i?2 BMBiB�H p�Hm2 Q7 χkX h?2 H27i T�M2Hb b?Qr i?2 2pQHmiBQM Q7 χk

r?BH2 i?2 `B;?i b?Qr i?2 Q++mT�iBQM MmK#2` nkX h?2 #2?�pBQ`b Q7 i?2
T?�b2 Q7 χk /m`BM; i?2 b?Q`i T2`BQ/ Q7 T�`iB+H2 T`Q/m+iBQM �`2 /Bz2`2Mi
#2ir22M Q// �M/ 2p2M

√
AkX X X X X X X X X X X X X X X X X X X X X X X dR

jX9 PM2 2t�KTH2 Q7 i?2 C6 /vM�KB+b /m`BM; `2?2�iBM; BM i?2 >B;;b BM~�iBQM
rBi? (ξ,λ) = (4000, 0.01)X G27i, h Qb+BHH�i2b `�TB/Hv- 2bT2+B�HHv �`QmM/
i?2 x2`Q@+`QbbBM;X _B;?i, ξ|R| b?Qrb H�`;2 bTBF2b �i i?2 KQK2Mib i?�i
+QBM+B/2 rBi? i?2 x2`Q@+`QbbBM; TQBMib Q7 h X X X X X X X X X X X X X X X 3d

9XR PM2 2t�KTH2 Q7 i?2 }`bi Qb+BHH�iBQM Q7 ξR UH27iV �M/ h U`B;?iV �7i2` i?2
2M/ Q7 i?2 KBt2/ >B;;b@R2 BM~�iBQM BM C6 rBi? (ξ,λ) = (4000, 0.01)X
*QKT�`2/ rBi? i?2 bBM;H2@}2H/ +�b2- i?2 b?�T2 x2`Q@+`QbbBM; Q7 >B;;b
Bb `2TH�+2/ #v � b2`B2b Q7 bK�HH Qb+BHH�iBQMb �`QmM/ i?2 Q`B;BMX X X X X N9

9Xk S�`�K2i2` bT�+2 7Q` i?2 KBt2/ >B;;b@R2 BM~�iBQM KQ/2H rBi? λ = 0.01X
h?2 #H�+F TQBMib U�V- U"V- �M/ U*V �HQM; i?2 #Hm2 HBM2 `2T`2b2Mi i?`22
#2M+?K�`F TQBMib +?Qb2M 7Q` 2t�KTH2b Q7 i?2 2pQHmiBQM Q7 ϕ �M/ h BM
6B;bX 9Xj �M/ 9X9- r?BH2 �HH }p2 T�`�K2i2` TQBMib Ui?`22 #H�+F �M/ irQ
;`�vV �`2 7Q` i?2 MmK2`B+�H }iiBM; BM 6B;X 9X8X X X X X X X X X X X X X X Ne

9Xj hBK2 2pQHmiBQM Q7 i?2 >B;;b }2H/ h UiQTV �M/ b+�H�`QM ϕ U#QiiQKV 7Q`
i?2 T�`�K2i2` TQBMib U�V UH27iV- U"V UKB//H2V- �M/ U*V U`B;?iV rBi?
λ = 0.01X a22 6B;X 9Xk 7Q` i?2 i?`22 T�`�K2i2` TQBMibX X X X X X X X X Nd

9X9 hBK2 2pQHmiBQM Q7 i?2 2z2+iBp2 K�bb b[m�`2/ 7Q` i?2 T?�b2 /B`2+iBQM
m2

θc 7Q` i?2 T�`�K2i2` TQBMib U�V UH27iV- U"V UKB//H2V- �M/ U*V U`B;?iV
rBi? λ = 0.01X h?2 iQT T�M2Hb b?Qr i?2 2pQHmiBQM Qp2` i?2 7mHH iBK2
`�M;2 b?QrM BM 6B;bX 9Xj- r?BH2 i?2 #QiiQK T�M2Hb �`2 K�;MB}+�iBQMb
Q7 i?2 iQT T�M2Hb �`QmM/ i?2 }`bi T2�FX X X X X X X X X X X X X X X X X Nd

9X8 S2�F �KTHBim/2 �M/ iBK2b+�H2 Q7 i?2 bTBF2 BM i?2 2z2+iBp2 K�bb b[m�`2/
m2

θc �i i?2 }`bi Qb+BHH�iBQM �7i2` i?2 2M/ Q7 KBt2/ >B;;b@R2 BM~�iBQMX
h?2 ;`22M i`B�M;H2b �M/ i?2 `2/ /BbFb �`2 i?2 MmK2`B+�HHv Q#i�BM2/
T2�F �KTHBim/2 �M/ iBK2b+�H2 Q7 i?2 K�bb bTBF2- `2bT2+iBp2Hv- r?BH2
i?2 #`QrM /�b?2/ HBM2 �M/ i?2 #Hm2 bQHB/ HBM2 �`2 �M�HviB+ 2biBK�i2b
U9XRdV �M/ U9XR3V rBi? C1 # 0.25 �M/ Ci # 2 X X X X X X X X X X X X X X N3

pB



9Xe 1pQHmiBQM Q7 i?2 b+�H�`QM U`2/V �M/ i?2 >B;;b U#H�+FV BM i?2 TQbi@
BM~�iBQM�`v 2TQ+?X h?2 T�`�K2i2`b �`2 +?Qb2M �b λ = 0.01 rBi? Q#b2`@
p�iBQM�H +QMbi`�BMi UkXRjdV b�iBb}2/X lTT2` H27i, ξ = 4000X h?2 >B;;b
2Mi2`b i?2 p�HH2v rBi? TQbBiBp2 >B;;b }2H/ p�Hm2X lTT2` `B;?i, ξ = 4100X
h?2 >B;;b 2Mi2`b i?2 p�HH2v rBi? M2;�iBp2 >B;;b }2H/ p�Hm2X GQr2` H27i,
ξ # ξN=9 r?2`2 ξN Bb /2}M2/ BM 1[X U9XjeVX >B;;b bi�vb QM i?2 ǳ?BHHǴ
/m`BM; i?2 r?QH2 T2`BQ/ Q7 ϕ > 0X GQr2` `B;?i, ξ = ξN=9(1− ε) r?2`2
ε ∼ O(10−12)X >B;;b 2tBib i?2 i�+?vQMB+ `2;BK2 ?�H7r�vX LQi2 i?�i
BM Q`/2` iQ Q#i�BM bm+? }M2@imM2/ 2pQHmiBQM MmK2`B+�HHv- � Re@/B;Bi Q`
KQ`2 T`2+BbBQM Q7 ξ Bb M22/2/- #mi i?2 p�Hm2b i?2Kb2Hp2b /Q MQi ?�p2
�Mv K2�MBM;b bBM+2 Qi?2` T�`�K2i2`b i?�i �`2 /2i2`KBM2/ #v Q#b2`p�@
iBQMb /Q MQi ?�p2 bm+? � ?B;? T`2+BbBQMX X X X X X X X X X X X X X X X X X Ry3

9Xd hBK2 2pQHmiBQM Q7 i?2 K�bb b[m�`2/ Q7 i?2 >B;;b }2H/ m2
h ≡ U,hh U#Hm2V

�HQM; rBi? i?2 >B;;b }2H/ 2pQHmiBQM U#H�+FVX h?2 T�`�K2i2`b �`2 i?2
b�K2 �b i?2 HQr2` T�M2Hb Q7 6B;X 9XeX G27i, >B;;b }2H/ bi�vb QM i?2
ǳ?BHHǴ /m`BM; i?2 r?QH2 T2`BQ/ Q7 ϕ > 0X _B;?i, >B;;b }2H/ 2tBib i?2
i�+?vQMB+ `2;BK2 ?�H7r�vX X X X X X X X X X X X X X X X X X X X X X X X X RyN

9X3 h?2 p�Hm2- N - Q7 i?2 MmK#2` Q7 i?2 >B;;b }2H/ ?�H7@Qb+BHH�iBQMb /m`BM;
i?2 ϕ < 0 T2`BQ/ 7Q` 2�+? 2t�+i ?BHH@+HBK#BM; +�b2X h?2 #H�+F /Qib
�`2 +`BiB+�H T�`�K2i2`b BM >B;;b@HBF2 `2;BK2 U"`�M+? RV �M/ i?2 `2/
7Q` R2@HBF2 U"`�M+? kVX �HH i?2 T�`�K2i2`b θ i?�i `2�HBx2 i?2 2t�+i
?BHH@+HBK#BM; ?�p2 i?2B` +Q``2bTQM/BM; N X h?2 #Hm2 HBM2 `2T`2b2Mib i?2
`2H�iBQM 1[X U9Xj3V rBi? Cmh

= 0.64 �M/ ∆φ = 2.4X X X X X X X X X X X RRR
9XN �#bQHmi2 p�Hm2 Q7 i?2 >B;;b K�bb b[m�`2/ �i i?2 ?B;?2bi TQBMi ϕ = ϕ2

BM i?2 2t�+i ?BHH@+HBK#BM; +�b2 7Q` M = M1
N U#H�+FV �M/ M = M2

N

U`2/VX h?2 bQHB/ HBM2 b?Qrb 1[X U9X9NV rBi? C1 = 0.25 �M/ C2 = 0.72X
h?2 /�b?2/ �M/ /Qii2/ HBM2b b?Qr i?2 �bvKTiQiB+ 7Q`KmH� 7Q` "`�M+?
R �M/ k BM 1[X U9X8yV- `2bT2+iBp2HvX h?2 H27i /Qi@/�b?2/ #QmM/�`v Bb
i?2 mMBi�`v #QmM/ r?BH2 i?2 `B;?i Bb ξ = 0X X X X X X X X X X X X X X X X RR8

9XRy _Qm;? 2biBK�i2 Q7 i?2 2tTQM2MiB�H �KTHB}+�iBQM 7�+iQ` Ω 7Q` 2�+? 2t�+i
?BHH@+HBK#BM; +�b2X LmK2`B+�H `2bmHib 7Q` "`�M+? R U#H�+F /QibV �M/
"`�M+? k U`2/ /QibV �`2 }ii2/ r2HH rBi? Ω # πN − 2 U#Hm2 HBM2V-
r?B+? Bb +QMbBbi2Mi rBi? 1[X U9X83VX h?2 #H�+F �M/ `2/ /�b?2/ HBM2b
`2T`2b2Mi HM

(
16π2ρiQi/m4

h,K�t
)
7Q` "`�M+? R �M/ "`�M+? k- `2bT2+iBp2HvX

h�+?vQMB+ BMbi�#BHBiv Bb 2{+B2Mi 2MQm;? iQ +QKTH2i2 T`2?2�iBM; 7Q` �Mv
N BM "`�M+? R- #mi MQi 7Q` N ≤ 4 BM "`�M+? kX X X X X X X X X X X X X RRN

pBB



9XRR h?2 2M2`;v /2MbBiv Q7 T`Q/m+2/ >B;;b ~m+im�iBQMb �b � 7mM+iBQM Q7 ξ 7Q`
5 < ξ < ξcX GB;?i ;`22M, ρδh +�H+mH�i2/ rBi? i?2 T`2+Bb2 7mM+iBQM fE(x)

BM Ωk BM 1[X U9XeyVX "Hm2 /Qii2/, ρδh BM 1[X U9XejV rBi? �TT`QtBK�i2/
f̃E(x)X _2/ /�b?2/ �M/ #H�+F /�b?2/ HBM2b �`2 �bvKTiQiB+ #2?�pBQ` BM
ξ ( ξc �M/ M ! Mc HBKBib BM 1[X U9Xe9V- `2bT2+iBp2HvX :`�v /Qii2/@
/�b?2/, C2

1ρBM7/2X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X RkR
9XRk h?2 MmK#2` Q7 2@7QH/b Q7 BM~�iBQM rBi? TBpQi b+�H2 k = 0.002 JT+−1

7Q` i?2 2t�+i ?BHH@+HBK#BM; T�`�K2i2`b i?�i �`2 Qmi Q7 bi`QM;Hv@+QmTH2/
`2;BK2 �M/ +�M +QKTH2i2 T`2?2�iBM; bQH2Hv #v i�+?vQMB+ BMbi�#BHBivX
h?2 i`B�M;H2 `2T`2b2Mib i?2 T`2/B+iBQM Q7 i?2 ai�`Q#BMbFv KQ/2HX X X X Rk9

9XRj a+?2K�iB+ TB+im`2 Q7 i?2 iBK2 2pQHmiBQM Q7 i?2 K�bb b[m�`2/ Q7 i?2
>B;;b ~m+im�iBQMX "Hm2, 2pQHmiBQM Q7 m2

h 7Q` MQM@2t�+i ?BHH@+HBK#BM;X
"H�+F, 2pQHmiBQM Q7 m2

h 7Q` 2t�+i ?BHH@+HBK#BM; �b +QKT�`BbQMX h?2
i�+?vQMB+ K�bb 7Q` i?2 >B;;b ~m+im�iBQM �HKQbi 7QHHQrb i?2 2t�+i ?BHH@
+HBK#BM; +�b2 mMiBH t = t/`QT �M/ i?2M ;2ib b?mi Qz �HKQbi BMbi�MiHvX X Rke

9XR9 .2}MBiBQM Q7 i?2 2z2+iBp2 rB/i? Q7 2�+? θN - ∆θN X :`�v #�M/b, i?2
T�`�K2i2` `2;BQM r?2`2 i?2 T`2?2�iBM; bm++2bb7mHHv }MBb?2b BM QM2 bi`QF2XRkd

9XR8 L2+2bb�`v /2;`22 Q7 }M2@imMBM; ∆θi277,N/∆θ
i
N 7Q` i?2 bm++2bb7mH i�+?v@

QMB+ T`2?2�iBM; 7Q` "`�M+? R U#H�+FV �M/ k U`2/VX h?2 }p2 #H�+F 2KTiv
i`B�M;H2b �`2 7Q` i?2 +�b2b #2vQM/ i?2 mMBi�`Biv #QmM/X AM "`�M+? k-
i?2 /�i� TQBMib 7Q` N ≤ 4 /Q MQi 2tBbi #2+�mb2 i?2 i�+?vQMB+ T`2@
?2�iBM; Bb MQi 2{+B2Mi 2p2M 7Q` i?2 2t�+i ?BHH@+HBK#BM; i`�D2+iQ`B2bX
h?2 bm//2M HB7i 7Q` N = 26 +QK2b 7`QK i?2 /2}MBiBQM Q7 ∆θiNK�t BM
1[X U9XdNV, i?2 BMi2`p�H ∆θiN BM+`2�b2b �b N BM+`2�b2b- �M/ ?2M+2
∆θiNK�t =

∣∣θiNK�t − θiNK�t−1

∣∣ mM/2`2biBK�i2b i?2 rB/i? �`QmM/ θiNK�t -
r?B+? `2bmHib BM i?2 bm//2M HB7iX X X X X X X X X X X X X X X X X X X X X X Rk3

9XRe "�+F;`QmM/ /vM�KB+b Q7 i?2 b+�H�`QM U`2/V �M/ >B;;b U#H�+FVX G27i,
(ξ,λ) = (1000, 0.01)X _B;?i, (ξ,λ) = (10, 0.01)X q?2M ξ <∼ O(10)-
i?2 7`2[m2M+v Q7 i?2 bK�HH Qb+BHH�iBQM Q7 >B;;b Bb +QKT�`�#H2 rBi? i?2
b+�H�`QM 7`2[m2M+v bQ i?2 bK�HH Qb+BHH�iBQMb ǳ/Bb�TT2�`Ǵ QM i?2 `B;?i
T�M2HX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Rjd

pBBB



9XRd *QKT�`BbQM Q7 >m##H2 b+�H2 H U#H�+F- bQHB/V �M/ i?2 /2+�v `�i2 Γδh→tt̄

U#Hm2- /�b?2/VX h?2 2pQHmiBQM Q7 i?2 b+�H�`QM U`2/V Bb QMHv 7Q` `272`2M+2X
G27i, (ξ,λ) = (4000, 0.01)X _B;?i, (ξ,λ) = (200, 0.01)X h?2 /2+�v `�i2
p�MBb?2b r?2M ϕ > 0 7Q` i?2 H�`;2 K�bb Q7 iQT [m�`Fb 7`QK >B;;b MQM@
x2`Q p2pX PMHv 7Q` ξ ∼ ξs Ub22 1[X U9XRyRVV- i?Bb +?�MM2H Bb �HHQr2/
/m`BM; ϕ > 0X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X R9k

9XR3 .2+�v iBK2 b+�H2 Q7 i?2 T`Q/m+2/ >B;;b T�`iB+H2b δh BMiQ iQT [m�`Fb
�++Q`/BM; iQ 1[X U9XRyeVX G27i, C1 = 0.25X _B;?i, C1 = 0.005X X X X X R9k

9XRN lTT2`, ρ`�/ U`2/ /�b?2/V- ρ#; U#H�+F bQHB/V- �M/ 3M2
THH

2 U#Hm2 bQHB/VX
GQr2`, w mT iQ ρ`�//ρ#; >∼ 20X G27i, ξ = 3000X _B;?i, ξ = 1000X
AMBiB�H +QM/BiBQMb �`2 ρ`�/,BMB = 9ρ#;,BMB = 90W× 3M2

THH
2
2M/X AM Q`/2` iQ

K�F2 i?2 BMi2`b2+iBQMb +H2�`2` BM i?2 mTT2` `B;?i T�M2H- i?2 2pQHmiBQM
Bb b?QrM QMHv mT iQ MTHt = 7× 107X X X X X X X X X X X X X X X X X X X X R98

9Xky G27i, `2?2�iBM; i2KT2`�im`2 Tr U#Hm2V �M/ i?2 i2KT2`�im`2 +�H+mH�i2/
rBi? QMHv �p2`�;2/ b+�H�`QM /2+�v `�i2 Tϕ U`2/V ;Bp2M BM 1[X U9XRRRVX
_B;?i, /m`�iBQM Q7 T2`im`#�iBp2 `2?2�iBM; tr U#Hm2V �M/ i?2 b+�H�`QM
/2+�v iBK2 Γ−1

ϕ U`2/VX "Qi? Tr �M/ tr �`2 /2i2`KBM2/ �i i?2 KQK2Mi
r?2M ρ#; #2+QK2b bK�HH2` i?�M 5W Q7 ρ`�/X X X X X X X X X X X X X X X X R9e

9XkR lTT2`, M2�`Hv@+`BiB+�H T�`�K2i2` /2MQi2/ �b ξncX GQr2`, 7�`@7`QK@
+`BiB+�H T�`�K2i2` /2MQi2/ �b ξfc # 1.001ξncX G27i, 2pQHmiBQM Q7 ?QKQ@
;2M2Qmb b+�H�`QM U`2/V �M/ >B;;b U#Hm2VX JB//H2, ρ`�/ U`2/ /�b?2/V-
ρ#; U#H�+F bQHB/V- �M/ 3M2

THH
2 U#Hm2 bQHB/VX _B;?i, wX h?2`2 Bb MQ

BMBiB�H `�/B�iBQM 2M2`;v BKTQb2/ 7Q` bBKTHB+BivX X X X X X X X X X X X X X R9d
9Xkk lTT2`, ρ`�/ U`2/ /�b?2/V- ρ#; U#H�+F bQHB/V- �M/ 3M2

THH
2 U#Hm2 bQHB/VX

GQr2`, w mT iQ ρ`�//ρ#; >∼ 20X G27i, ξ = 3000X _B;?i, ξ = 1000X X X X R93
9Xkj G27i, Tr rBi? U#Hm2V �M/ rBi?Qmi U#H�+FV BMBiB�H `�/B�iBQM- �M/ Tϕ =

0.2
√

ΓϕMTH U`2/VX _B;?i, tr rBi? U#Hm2V �M/ rBi?Qmi U#H�+FV BMBiB�H
`�/B�iBQM- �M/ Γ−1

ϕ U`2/VX "Qi? Tr �M/ tr �`2 /2i2`KBM2/ �i i?2 KQK2Mi
r?2M ρ#; #2+QK2b bK�HH2` i?�M 5W Q7 ρ`�/X h?2 #Hm2 HBM2b +QK2 7`QK
i?2 `2bmHib BM 6B;X 9Xky 7Q` +QMp2MB2Mi +QKT�`BbQM #2ir22M i?2 +�b2b
rBi? �M/ rBi?Qmi BMBiB�H `�/B�iBQM 2M2`;vX X X X X X X X X X X X X X X X X R9N

9Xk9 *QKT�`BbQM Q7 2@7QH/ MmK#2`b Q7 +QbKB+ 2tT�MbBQM #2ir22M i?2 2M/
Q7 BM~�iBQM �M/ i?2 2M/ Q7 `2?2�iBM;X "Hm2, MmK#2` Q7 2@7QH/ BM i?2
+�b2 rBi? BMBiB�H `�/B�iBQMX "H�+F, MmK#2` Q7 2@7QH/ BM i?2 +�b2 rBi?Qmi
BMBiB�H `�/B�iBQMX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X R9N

Bt



.XR h?2 }`bi BMbi�#BHBiv #�M/ Q7 J�i?B2m 2[m�iBQM U.XRV rBi? 0 < q ( 1 mT
iQ }`bi Q`/2`X h?2 b?�/2/ `2;BQM +Q``2bTQM/b iQ i?2 mMbi�#H2 `2;BK2
;Bp2M #v A0 = 12 �M/ 1− q < A < 1 + q �++Q`/BM; iQ 1[X U.XRjVX X X Ree

.Xk h?2 bi�#BHBiv +?�`i Q7 J�i?B2m 2[m�iBQM U.XRV rBi? q > 0 ;2M2`�i2/ #v
qQH7`�K J�i?2K�iB+�X h?2 b?�/2/ `2;BQM +Q``2bTQM/b iQ i?2 mMbi�#H2
`2;BK2bX Ai +�M #2 b22M i?�i i?2 BMbi�#BHBiv #�M/b BM A > 0 `2;BK2 �`2
+?�`�+i2`Bx2/ #v A = n2 rBi? n ∈ Z+X �b n BM+`2�b2b- i?2 #�M/rB/i?
BM q ( 1 `2;BK2 /2+`2�b2bX 6B;X .XR +Q``2bTQM/b iQ i?2 #�M/ rBi?
bK�HH2bi TQbBiBp2 A BM q ( 1 `2;BK2 �M/ Q7 i?2 b�K2 +QHQ` BM i?Bb
};m`2X h?2 #H�+F i?B+F HBM2 `2T`2b2Mib A = 2q r?B+? Bb mb27mH r?2M
+QMbB/2`BM; `2�HBbiB+ KQ/2Hb Q7 `2?2�iBM;- 2X;X BM a2+XjXRX X X X X X X X ReN

6XR �B`v 7mM+iBQMb �B(x) UH27iV �M/ "B(x) U`B;?iV rBi? `2�H p�`B�#H2X aQHB/,
TQbBiBp2 �`;mK2Mi x > 0X .�b?2/, M2;�iBp2 �`;mK2Mi −x < 0X Ai
+�M #2 b22M i?�i- 7Q` −x < 0 #Qi? 7mM+iBQMb Qb+BHH�i2 rBi? bQK2 T?�b2
/Bz2`2M+2- #mi 7Q` x > 0- i?2`2 Bb 2tTQM2MiB�H bmTT`2bbBQM BM �B(x)
r?BH2 2tTQM2MiB�H ;`Qri? BM "B(x) X X X X X X X X X X X X X X X X X X X Rd9

t



*?�Ti2` R

AMi`Q/m+iBQM

h?2 +QMp2MiBQM�H >Qi "B; "�M; i?2Q`vR +�M bm++2bb7mHHv 2tTH�BM- BM � +QKT`2?2MbBp2
K�MM2`- i?2 2tT�MbBQM Q7 i?2 lMBp2`b2- i?2 *QbKB+ JB+`Qr�p2 "�+F;`QmM/ U*J"V
`�/B�iBQM- �M/ i?2 T`BKQ`/B�H �#mM/�M+2 Q7 HB;?i 2H2K2MibX Ai /2b+`B#2b i?2 lMBp2`b2 BM
� ?Qi �M/ /2Mb2 T?�b2 /QKBM�i2/ #v i?2`K�HBx2/ `2H�iBpBbiB+ T�`iB+H2b Umbm�HHv i2`K2/
`�/B�iBQMV i?�i 2tT�M/b iQ +QQH /QrM iQ �MQi?2` T?�b2 /QKBM�i2/ #v MQM@`2H�iBpBbiB+
T�`iB+H2b Umbm�HHv i2`K2/ K�ii2`VX >Qr2p2`- i?2`2 �`2 biBHH +?�HH2M;2b 7Q` i?2 >Qi "B;
"�M; i?2Q`vX 6Q` 2t�KTH2- i?2 ?QKQ;2M2Biv- BbQi`QTv- �M/ ~�iM2bb Q7 i?2 Q#b2`p�#H2
lMBp2`b2 +�MMQi #2 M�im`�HHv T`2/B+i2/ rBi?BM Bib 7`�K2rQ`FX �HbQ- i?2 Q`B;BMb Q7
i?2 �MBbQi`QTv QM *J" �M/ b22/ ~m+im�iBQMb Q7 H�`;2 b+�H2 bi`m+im`2 UGaaV �`2 MQi
�Mbr2`2/ BM i?Bb i?2Q`vX hQ Qp2`+QK2 i?2b2 /B{+mHiB2b- i?2 BM~�iBQM�`v +QbKQHQ;v (jĜ
d)k T`QpB/2b �M 2H2;�Mi TB+im`2 7Q` i?2 p2`v 2�`Hv lMBp2`b2 r?B+? M�im`�HHv bQHp2b i?2
T`2pBQmbHv K2MiBQM2/ T`Q#H2Kb �M/ b2ib i?2 BMBiB�H +QM/BiBQMb 7Q` i?2 "B; "�M;jX h?2
2bb2M+2 Q7 i?Bb b+2M�`BQ Bb iQ 2ti2M/ i?2 T?vbB+�H iBK2 #2vQM/ i?2 "B; "�M; #v �
[m�bB@/2 aBii2` T?�b2 r?2M i?2 lMBp2`b2 2tT2`B2M+2b U�HKQbiV 2tTQM2MiB�H ;`Qri? BM
bT�+2 7Q` � bm{+B2MiHv HQM; iBK2X AM~�iBQM bi`2i+?2b i?2 bT�+2 �M/ /BHmi2b i?2 bT�iB�H
+m`p�im`2- r?B+? bQHp2b i?2 ~�iM2bb T`Q#H2K- r?BH2 i?2 H�`;2@b+�H2 ?QKQ;2M2Biv �M/
BbQi`QTv �`2 M�im`�HHv 2tTH�BM2/ #2+�mb2 i?2 Q#b2`p2/ lMBp2`b2 Bb Q`B;BM�HHv 7`QK �
bBM;H2 T�`iB+H2 ?Q`BxQM �i i?2 2�`Hv iBK2X h?2 [m�MimK ~m+im�iBQMb ;2M2`�i2/ /m`BM;
BM~�iBQM- QM i?2 Qi?2` ?�M/- b22/ i?2 *J" �MBbQi`QTv �M/ i?2 7Q`K�iBQM Q7 H�`;2@b+�H2
bi`m+im`2X

AMbi2�/ Q7 `2TH�+2K2Mi- BM~�iBQM b2`p2b �b � TQr2`7mH +QKTH2K2Mi iQ i?2 >Qi "B;
"�M; �i i?2 2�`HB2bi T2`BQ/ iQ K�F2 i?2 +QbKQHQ;v KQ/2H KQ`2 +QKTH2i2X >Qr2p2`-

Ra22 2X;X i?2 +H�bbB+ i2ti#QQFb (R- k) 7Q` /2i�BHbX
ka22 2X;X (3) 7Q` � `2pB2rX
j>2`2 i?2 i2`KBMQHQ;v 7QHHQrb 7`QK _27X (N) i?�i i?2 "B; "�M; `272`b HQQb2Hv iQ � ;�b2Qmb 2`� r2HH

#27Q`2 i?2 "B; "�M; Mm+H2QbvMi?2bBb r?2`2 i?2 lMBp2`b2 Bb MQi M2+2bb�`BHv i?2`K�HBx2/ Q` /QKBM�i2/
#v `�/B�iBQMX

R



BM~�iBQM /Q2b MQi H�bi 7Q`2p2` #2+�mb2 i?2 bi�M/�`/ 2pQHmiBQM BM i?2 >Qi "B; "�M;
i?2Q`v b?QmH/ i�F2 TH�+2 BM iBK2 �b Bi bm++2bb7mHHv /2b+`B#2b i?2 i?2`K�H ?BbiQ`v Q7
i?2 lMBp2`b2 7`QK i?2 `�/B�iBQM@/QKBM�i2/ 2TQ+? iQ i?2 T`2b2MiX 6m`i?2`KQ`2- i?2
Q#b2`p2/ T`QT2`iB2b Q7 i?2 lMBp2`b2- bm+? �b i?2 #�`vQM �bvKK2i`v- b?QmH/ �HbQ #2
;2M2`�i2/ #2ir22M BM~�iBQM �M/ i?2 "B; "�M; Mm+H2QbvMi?2bBb U""LVX LQM2i?2H2bb-
i?2 `2�HBx�iBQM Q7 BM~�iBQM Bb biBHH mM+H2�`X h?2 bi�M/�`/ BM~�iBQM�`v KQ/2Hb mbm�HHv
+QMi�BM QM2 Q` KQ`2 b+�H�` }2H/UbV +�HH2/ BM~�iQMUbV r?Qb2 p�+mmK@HBF2 2M2`;v /2MbBiv
/QKBM�i2b i?2 lMBp2`b2 �M/ /`Bp2b BM~�iBQM mMiBH � ;`�+27mH 2tBiX �7i2` i?2 2M/ Q7 BM@
~�iBQM- i?2 BM~�iQM }2H/b Qb+BHH�i2 �`QmM/ i?2 #QiiQK Q7 i?2 TQi2MiB�H- i`B;;2`BM; i?2
T�`iB+H2 T`Q/m+iBQM T`Q+2bbX .2T2M/BM; QM i?2 +QM+`2i2 BMi2`�+iBQM #2ir22M BM~�iQM
�M/ Qi?2` K�ii2` }2H/b- i?2 BM~�iQM 2M2`;v Bb i`�Mb72``2/ BMiQ `2H�iBpBbiB+ T�`iB+H2b
i?`Qm;? /Bz2`2Mi K2+?�MBbKb i?�i +�M #2 2Bi?2` T2`im`#�iBp2 Q` MQM@T2`im`#�iBp2X
h?Bb T`Q+2bb Bb +�HH2/ `2?2�iBM; Q7 i?2 lMBp2`b2 (e)- r?B+? Bb ?B;?Hv KQ/2H@/2T2M/2Mi
/m2 iQ i?2 mMFMQrM T?vbB+b �i BM~�iBQM b+�H2X �i i?2 2M/ Q7 `2?2�iBM;- �HH i?2 BM~�@
iQM 2M2`;v ;Q2b BMiQ `2H�iBpBbiB+ T�`iB+H2b i?�i BMi2`�+i rBi? 2�+? Qi?2` �M/ 2p2Mim�HHv
`2�+? i?2`K�H 2[mBHB#`BmKX h?2 lMBp2`b2 Bb i?2M /QKBM�i2/ #v `�/B�iBQM- �M/ Bib i2K@
T2`�im`2 �i i?Bb bi�;2 Bb /m##2/ `2?2�iBM; i2KT2`�im`2X am#b2[m2MiHv- i?2 2pQHmiBQM
Q7 i?2 lMBp2`b2 Bb �HQM; i?2 biQ`vHBM2 Q7 i?2 >Qi "B; "�M; i?2Q`vX

_2?2�iBM; Bb �M 2bb2MiB�H BM;`2/B2Mi 7Q` � bm++2bb7mH BM~�iBQM�`v KQ/2H �b � i`�MbB@
iBQM 7`QK �M ǳ2KTivǴ bT�+2 �7i2` BM~�iBQM iQ � `�/B�iBQM@/QKBM�i2/ lMBp2`b2 (e)X h?2
`2?2�iBM; i2KT2`�im`2 �M/ /m`�iBQM �`2 irQ Q7 i?2 KQbi +`m+B�H [m�MiBiB2b +?�`�+i2`@
BxBM; i?Bb T2`BQ/ r?B+? iB;?iHv +QMM2+i rBi? Qi?2` BKTQ`i�Mi Q#b2`p�#H2b- 7Q` 2t�KTH2-
i?2 /m`�iBQM Q7 BM~�iBQM- TQbbB#Hv #�`vQ;2M2bBb- ?B;?@7`2[m2M+v ;`�pBi�iBQM�H r�p2b-
�M/ i?2 T`Q/m+iBQM Q7 /�`F K�ii2`X S`QT2` �M�HvbBb Q7 i?2 +QbKB+ ?BbiQ`v /m`BM; `2@
?2�iBM; `2;BK2 Bb `2[mB`2/ iQ 2tT`2bb i?2 TBpQi b+�H2 Q7 +m`p�im`2 T2`im`#�iBQM BM i2`Kb
Q7 i?2 MmK#2` Q7 e@7QH/b Q7 BM~�iBQM- BM Q`/2` iQ +QM7`QMi i?2 T`2/B+iBQM Q7 BM~�iBQM
rBi? Q#b2`p�iBQM�H /�i� (Ry- RR)- #2+�mb2 i?2 i?2`K�H ?BbiQ`v #2ir22M BM~�iBQM �M/
""L /B`2+iHv �z2+ib ?Qr r2 K�T i?2 +m`p�im`2 T2`im`#�iBQM KQ/2 �i i?2 KQK2Mib
r?2M i?2v 2tBi �M/ `22Mi2` i?2 ?Q`BxQMX h?2`27Q`2- BMp2biB;�iBQM Q7 i?2 mM+2`i�BM@
iB2b /m`BM; `2?2�iBM; +�M BKT`Qp2 i?2 Q#b2`p�iBQM�H +QMbi`�BMi QM BM~�iBQM KQ/2HbX
lM7Q`imM�i2Hv- `2?2�iBM; Bb +?�HH2M;BM; iQ T`Q#29 #2+�mb2 i?2 +Q``2bTQM/BM; b+�H2 Bb
bK�HH bm+? i?�i i?2 H�i2@iBK2 MQM@HBM2�` /vM�KB+b rBHH bi`QM;Hv r�b? Qmi i?2 BM7Q`K�@
iBQM H27i #v `2?2�iBM;X h?2 i?2`K�H 2[mBHB#`BmK bi�i2 /m`BM; i?2 `�/B�iBQM@/QKBM�i2/
2`� �HbQ /BKBMBb?2b i?2 TQbbB#H2 i`�+2 Q7 `2?2�iBM;X 6BM/BM; i?2 TQi2MiB�H Q#b2`p�#H2b

9PM2 TQbbB#BHBiv Bb i?2 7mim`2 bT�+2 ;`�pBi�iBQM�H r�p2 /2i2+iQ` .1*A:P (Rk-Rj)X

k



i?�i +�M bm`pBp2 i?2 MQM@HBM2�` /vM�KB+b �M/ i?2`K�HBx�iBQM 7Q` +m``2Mi �M/ 7mim`2
2tT2`BK2Mib #2+QK2b +`m+B�H 7Q` � #2ii2` mM/2`bi�M/BM; Q7 i?2 2�`Hv lMBp2`b2X

6Q` bi�M/�`/ BM~�iBQM�`v KQ/2Hb rBi? BM~�iQM Qb+BHH�iBQMb �7i2` BM~�iBQM- `2?2�i@
BM; +�M b2[m2MiB�HHv Q++m` BM irQ +?�`�+i2`BbiB+ `2;BK2b BM ;2M2`�HX h?2 }`bi Bb
T`2?2�iBM;- r?B+? mbm�HHv BMpQHp2b b?Q`i #mi `�TB/ �M/ MQM@T2`im`#�iBp2 T`Q+2bb2b
i`�Mb72``BM; � bB;MB}+�Mi 7`�+iBQM Q7 i?2 2M2`;v 7`QK BM~�iQM iQ Qi?2` K�ii2` }2H/b
i?`Qm;? #`Q�/ T�`�K2i`B+ `2bQM�M+2 (R9ĜRd) Q` i�+?vQMB+ BMbi�#BHBiv (R3Ĝky)X h?2
b2+QM/ Bb T2`im`#�iBp2 `2?2�iBM;- r?2`2 i?2 BM~�iQM }2H/ /2+�vb T2`im`#�iBp2Hv BMiQ
Qi?2` bT2+B2b Q7 K�ii2` �M/ HQbb2b �HH Bib 2M2`;v (j-kR-kk)X h?2 KQbi bB;MB}+�Mi +QK@
THB+�iBQM Q7 `2?2�iBM; +QK2b 7`QK i?2 MQM@T2`im`#�iBp2 �M/ MQM@HBM2�` T`2?2�iBM;
`2;BK2X h?2 T�`iB+H2 T`Q/m+iBQM /m`BM; T`2?2�iBM; Bb MQM@�/B�#�iB+ �M/ Q7i2M 2tTHQ@
bBp2X �b � `2bmHi- i?2 #�+F`2�+iBQM 7`QK bm+? � pBQH2Mi T`Q+2bb iQ i?2 #�+F;`QmM/
/vM�KB+b K�v bQQM #2+QK2 bB;MB}+�Mi r?2M i?2 2M2`;v Q7 i?2 T`Q/m+2/ T�`iB+H2b
#2+QK2b +QKT�`�#H2 rBi? i?�i Q7 i?2 #�+F;`QmM/- r?B+? Bb � MQM@HBM2�` T`Q+2bbX �M
2H�#Q`�i2 MmK2`B+�H K2i?Q/ bm+? �b H�iiB+2 bBKmH�iBQM Bb Q7i2M �/QTi2/ iQ i�F2 BMiQ
�++QmMi i?2 #�+F`2�+iBQMX >Qr2p2`- i?2b2 bBKmH�iBQMb �`2 +H�bbB+�H- bQ [m�MimK 27@
72+ib �`2 M2;H2+i2/- r?BH2 bQK2 Q7 i?Qb2 2z2+ib +QmH/ #2 TQi2MiB�HHv BKTQ`i�Mi 7Q` i?2
`2b+�ii2`BM; T`Q+2bb Q7 `2H�iBpBbiB+ T�`iB+H2bX �MQi?2` 2bb2MiB�H �K#B;mBiv Q7 `2?2�iBM;
Bb i?�i i?2 p�HB/Biv Q7 i?2 ai�M/�`/ JQ/2H UaJV Q7 T�`iB+H2 T?vbB+b �`QmM/ i?2 BM~�@
iBQM b+�H2 Bb mM+H2�` bBM+2 i?2 2tBbiBM; +QHHB/2`b QM 2�`i? +�MMQi T`Q#2 bm+? � ?B;?
2M2`;v b+�H2X "mi +QMp2`b2Hv- `2?2�iBM; T`QpB/2b � 7`22 #mi TQr2`7mH ǳ+QHHB/2`Ǵ BM i?2
bFv #2+�mb2 �Mv /Bb+Qp2`v Q` Q#b2`p�iBQM 7`QK i?2 `2?2�iBM; 2TQ+? +�M b?2/ HB;?i QM
i?2 TQbbB#H2 M2r T?vbB+b �i i?�i b+�H2X h?2`27Q`2- � i?Q`Qm;? BMp2biB;�iBQM Q7 i?2
`2?2�iBM; T`Q+2bb Bb 2�;2`Hv /2bB`2/ iQ +QKT`2?2M/ i?2 ?B;? 2M2`;v T?vbB+b �M/ i?2
2�`Hv lMBp2`b2X

S�`iB+mH�` BMi2`2bi b?QmH/ HB2 BM i?2 Q#b2`p�iBQM�HHv 7�pQ`2/ KQ/2Hb #2+�mb2 2ti`�
+QMbi`�BMib �`2 M22/2/ iQ /2+`2�b2 i?2 MmK#2` Q7 KQ/2Hb �HHQr2/ #v +m``2Mi Q#b2`@
p�iBQMX h?2 bBKTH2bi pB�#H2 p2`bBQM Q7 BM~�iBQM KQ/2Hb Bb i?2 bQ@+�HH2/ bBM;H2@}2H/
bHQr@`QHH BM~�iBQM r?2`2 QMHv QM2 b+�H�` }2H/ Bb `2bTQMbB#H2 7Q` i?2 BM~�iBQM�`v /v@
M�KB+bX hrQ Q7 i?2b2 KQ/2Hb bi�M/ Qmi �b i?2 #2bi@}i +�M/B/�i2b �++Q`/BM; iQ i?2
*J" Q#b2`p�iBQM (kj)- M�K2Hv i?2 ai�`Q#BMbFv KQ/2H (j- k9) UQ` R2@BM~�iBQMV �M/
i?2 Q`B;BM�H >B;;b BM~�iBQM rBi? � MQM@KBMBK�H +QmTHBM; #2ir22M i?2 aJ >B;;b �M/
;`�pBiv (k8Ĝkd)8X h?2 7Q`K2` Bb i?2 bBKTH2bi BM~�iBQM KQ/2H 2ti2M/BM; i?2 :2M2`�H
_2H�iBpBiv U:_V #v � M2r ;2QK2i`B+ i2`K R2 rBi? QMHv QM2 T�`�K2i2`- 2[mBp�H2Mi

8a22 _27X (k3) 7Q` �HH i?2 p�`B�MibX

j



iQ � b+�H�`@i2MbQ` i?2Q`v rBi? QM2 b+�H�` /2;`22 Q7 7`22/QK +�HH2/ b+�H�`QM (j) BM �/@
/BiBQM iQ i?2 irQ i2MbQ` KQ/2b BM :_X h?2 H�ii2` B/2MiB}2b i?2 BM~�iQM rBi? i?2
QMHv b+�H�` }2H/ BM aJ- BX2X i?2 >B;;b }2H/ r?B+? ?�b #22M /Bb+Qp2`2/ �i i?2 G�`;2
>�/`QM *QHHB/2` UG>*VX J�FBM; mb2 Q7 � H�`;2 MQM@KBMBK�H +QmTHBM; #2ir22M >B;;b
�M/ ;`�pBiv- Bi }ib i?2 Q#b2`p�iBQM �b r2HH �b i?2 ai�`Q#BMbFv KQ/2HX h?2 `2?2�iBM;
T`Q+2bb2b BM i?2 ai�`Q#BMbFv KQ/2H (j- kN- jy) �M/ i?2 >B;;b BM~�iBQM (jRĜj8) ?�p2
�HbQ #22M BMi2MbBp2Hv bim/B2/ BM i?2 HBi2`�im`2X >Qr2p2`- � b2MbB#H2 lo i?2Q`v 7Q`
#Qi? KQ/2Hb Bb biBHH KBbbBM;- r?B+? KQiBp�i2b mb iQ +QMbB/2` i?2 lo 2ti2MbBQM #2vQM/
i?2KX JQ`2 /2i�BH �#Qmi bBM;H2@}2H/ bHQr@`QHH BM~�iBQM �M/ i?2 BM~�iBQM /vM�KB+b Q7
i?2b2 irQ KQ/2Hb �`2 `2pB2r2/ BM *?�Ti2` kX h?2 i?2Q`v Q7 T�`iB+H2 T`Q/m+iBQM BM �
iBK2@/2T2M/2Mi #�+F;`QmM/ �b r2HH �b i?2 `2?2�iBM; T`Q+2bb2b BM i?2 R2@BM~�iBQM �M/
i?2 >B;;b BM~�iBQM Bb `2pB2r2/ BM *?�Ti2` jX

h?Bb i?2bBb 7Q+mb2b QM � irQ@}2H/ BM~�iBQM�`v KQ/2H- M�K2Hv i?2 KBt2/ >B;;b@
R2 BM~�iBQM KQ/2H (jeĜ9y)X AM+`2�bBM; i?2 MmK#2` Q7 BM~�iQM }2H/b Bb QM2 r�v iQ
;Q #2vQM/ i?2 bi�M/�`/ bBM;H2@}2H/ bHQr@`QHH BM~�iBQM #mi �HbQ bB;MB}+�MiHv BM+`2�b2b
i?2 +QKTHB+�iBQM Q7 i?2 bvbi2KX L2p2`i?2H2bb- i?Bb KQ/2H Bb r2HH@KQiBp�i2/ BM #Qi?
T?2MQK2MQHQ;B+�H �M/ i?2Q`2iB+�H T2`bT2+iBp2bX S?2MQK2MQHQ;B+�HHv- Bi +QK#BM2b i?2
irQ Q#b2`p�iBQM�HHv KQbi 7�pQ`2/ BM~�iBQM�`v KQ/2Hb K2MiBQM2/ �#Qp2- BX2X i?2 R2@
BM~�iBQM �M/ i?2 >B;;b BM~�iBQMX AM i?2 `2;BK2 r?2`2 BbQ+m`p�im`2 KQ/2 Bb ?2�pv
�M/ >B;;b b2H7@+QmTHBM; Bb MQM@+`BiB+�H /m`BM; BM~�iBQM- i?Bb KQ/2H �Hr�vb BM?2`Bib
i?2 T`2/B+iBQMb QM i?2 b+�H�` bT2+i`�H BM/2t ns �M/ i2MbQ`@iQ@b+�H�` `�iBQ r �i *J"
b+�H2 7`QK Bib irQ bBM;H2@}2H/ HBKBib r?B+? r2HH K�i+? i?2 Q#b2`p�iBQM #v qJ�S �M/
SH�M+F (kj)X h?Bb Bb M�im`�HHv 2tTH�BM2/ #v i?2 �ii`�+iQ` #2?�pBQ` /m`BM; BM~�iBQM
i?�i 2M�#H2b mb iQ /2b+`B#2 i?Bb KQ/2H �b �M 2z2+iBp2 R2@BM~�iBQM Q` 2z2+iBp2 >B;;b
BM~�iBQM (j3-9R)X h?2Q`2iB+�HHv- i?2 KBt2/ >B;;b@R2 BM~�iBQM KQ/2H +�M #2 � +�M/B/�i2
Q7 lo@2ti2MbBQM Q7 i?2 >B;;b BM~�iBQM (jd-9k) �b i?2 +miQz b+�H2 Q7 i?2 KQ/2H Bb HB7i2/
mT iQ i?2 SH�M+F b+�H2X .m2 iQ i?2 T`2b2M+2 Q7 R2 i2`K- i?2 bi`QM; +QmTHBM; Bbbm2
/m`BM; T`2?2�iBM; BM i?2 >B;;b BM~�iBQM (j9) Bb �HbQ `2bQHp2/ (9R)- r?B+? Bb /Bb+mbb2/
2t?�mbiBp2Hv BM *?�Ti2` 9X h?2 Q`B;BM Q7 i?2 R2 i2`K Bb /Bb+mbb2/ 7`QK i?2 pB2rTQBMi
Q7 i?2 `2MQ`K�HBx�iBQM ;`QmT `mMMBM; (9jĜ9d)- �M/ Q7 b+�ii2`BM; �KTHBim/2 �M/ i?2
MQM@HBM2�` bB;K� KQ/2H (93- 9N)X h?2 /2i�BH2/ KQiBp�iBQM �M/ BM~�iBQM /vM�KB+b Q7
i?Bb KQ/2H �`2 `2pB2r2/ BM *?�Ti2` kX

h?2 BMi2`TH�v Q7 i?2 KmHiB@}2H/ M�im`2 Q7 i?2 bvbi2K �M/ p�`BQmb +QmTHBM;b #2@
ir22M BM~�iQM }2H/b �M/ aJ T�`iB+H2b ;2M2`�i2b i?2 `B+? T?2MQK2M� /m`BM; `2?2�i@
BM; BM i?2 KBt2/ >B;;b@R2 BM~�iBQM KQ/2HX .2T2M/BM; QM i?2 KQ/2H T�`�K2i2`b-

9



/Bz2`2Mi K2+?�MBbKb /QKBM�i2 i?2 `2?2�iBM; T`Q+2bb (9R- 8yĜ8j)- r?B+? H2�/b iQ /B7@
72`2Mi `2?2�iBM; i2KT2`�im`2b +QMM2+iBM; Bib irQ bBM;H2@}2H/ HBKBibX �b i?2 >B;;b@
�M/ R2@BM~�iBQM +�M #2 /BbiBM;mBb?2/ #v /Bz2`2Mi `2?2�iBM; i2KT2`�im`2b (89)- Bi Bb
�HbQ �TTHB+�#H2 iQ #`2�F i?2 /2;2M2`�+v �KQM; /Bz2`2Mi KQ/2H T�`�K2i2`b BM i?2
KBt2/ >B;;b@R2 BM~�iBQM KQ/2HX *QMp2`b2Hv- 7mim`2 2tT2`BK2Mib i?�i /2i2`KBM2 i?2
`2?2�iBM; i2KT2`�im`2 +�M b2iiH2 /QrM i?2 KBtBM; `�iBQ #2ir22M i?2 >B;;b@ �M/ R2@
BM~�iBQMX "�b2/ QM i?2 Q`B;BM�H rQ`Fb (9R- 8R) BM +QHH�#Q`�iBQM rBi? _vmbmF2 CBMMQ-
EQ?2B E�K�/�- a2QM; *?�M S�`F- �H2t2B �X ai�`Q#BMbFv- �M/ CmMǶB+?B uQFQv�K�-
�M/ i?2 BM/2T2M/2Mi QM2 (8j)- i?2 `2?2�iBM; T`Q+2bb 7Q` /Bz2`2Mi T�`�K2i2` +?QB+2b
BM i?2 KBt2/ >B;;b@R2 BM~�iBQM KQ/2H Bb /Bb+mbb2/ BM *?�Ti2` 9- r?B+? +QMbiBimi2b
i?2 K�BM T�`i Q7 i?Bb i?2bBb- BM+Hm/BM; i?2 ;2M2`B+ }`bi bi�;2 Q7 T`2?2�iBM;- i�+?vQMB+
T`2?2�iBM; �i �M 2�`Hv bi�;2- �M/ i?2 T2`im`#�iBp2 `2?2�iBM; �i H�i2 iBK2X

� #`B27 bmKK�`v Q7 i?2 bi`m+im`2 Q7 i?Bb i?2bBb Bb �b 7QHHQrbX

Ç *?�Ti2` k Bb /2pQi2/ iQ i?2 `2pB2r Q7 BM~�iBQMX AM a2+X kXR- i?2 #�bB+ B/2� Q7
BM~�iBQM�`v +QbKQHQ;v Bb #`B2~v `2pB2r2/X AM a2+X kXk- i?2 bBKTH2bi +H�bb Q7
KQ/2Hb- bBM;H2@}2H/ bHQr@`QHH BM~�iBQM- Bb BMi`Q/m+2/- iQ;2i?2` rBi? i?2 BM~�iBQM
/vM�KB+b Q7 irQ ivTB+�H 2t�KTH2b- i?2 ai�`Q#BMbFv KQ/2H �M/ i?2 >B;;b BM~�@
iBQMX � `2pB2r Q7 i?2 ;2M2`�H 7Q`K�HBbK 7Q` KmHiB@}2H/ BM~�iBQM Bb T`2b2Mi2/ BM
a2+X kXj- 7QHHQr2/ #v i?2 �M�HvbBb Q7 i?2 KBt2/ >B;;b@R2 BM~�iBQMX

Ç *?�Ti2` j K�BMHv `2pB2rb i?2 i?2Q`v Q7 `2?2�iBM; �7i2` BM~�iBQMX � ;2M2`�H
/Bb+mbbBQM Q7 i?2 T�`iB+H2 T`Q/m+iBQM BM � iBK2@/2T2M/2Mi #�+F;`QmM/ Bb T`2@
b2Mi2/ BM a2+X jXR- BM+Hm/BM; T2`im`#�iBp2 �M/ MQM@T2`im`#�iBp2 T`Q+2bb2bX h?2
�TTHB+�iBQM iQ i?2 ai�`Q#BMbFv KQ/2H �M/ i?2 >B;;b BM~�iBQM Bb ;Bp2M BM a2+X jXkX

Ç *?�Ti2` 9 Bb i?2 KQbi BKTQ`i�Mi T�`i Q7 i?Bb i?2bBb r?2`2 i?2 `2?2�iBM; T`Q+2bb
Bb +QKT`2?2MbBp2Hv /Bb+mbb2/X h?2 �M�HvbBb Q7 i?2 }`bi bi�;2 Q7 T`2?2�iBM; Bb
T`2b2Mi2/ BM a2+X 9XRX h?2 Q++m``2M+2 Q7 i�+?vQMB+ BMbi�#BHBiv �M/ i?2 M2+2b@
b�`v /2;`22 Q7 }M2@imMBM; 7Q` `2�HBx�iBQM Bb /Bb+mbb2/ BM /2i�BH BM a2+X 9XkX 6Q`
i?2 +�b2b r?2`2 i�+?vQMB+ T`2?2�iBM; Bb BMbm{+B2Mi- T2`im`#�iBp2 /2+�v Q7 i?2
BM~�iQM }2H/b /QKBM�i2b i?2 H�i2@iBK2 `2?2�iBM; T`Q+2bb- r?B+? Bb BMp2biB;�i2/
BM a2+X 9XjX

Ç h?2 H�bi *?�Ti2` b2`p2b �b i?2 bmKK�`v �M/ +QM+HmbBQM Q7 i?Bb i?2bBbX

h?Bb i?2bBb �/QTib i?2 SH�M+F mMBib- BX2X c = kB = ! = 1 �M/ mb2b i?2 `2/m+2/
SH�M+F K�bb MTH = (8πG)−1/2 2tTHB+BiHvX
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*?�Ti2` k

AM~�iBQM

�b �M BM/BbT2Mb�#H2 T�`i Q7 KQ/2`M +QbKQHQ;v- BM~�iBQM `272`b iQ � [m�bB@/2 aBii2`
T?�b2 �i i?2 #2;BMMBM; Q7 i?2 lMBp2`b2X h?2 2tBbi2M+2 Q7 bm+? � T2`BQ/ Qp2`+QK2b
p�`BQmb /B{+mHiB2b 2M+QmMi2`2/ BM i?2 +QMp2MiBQM�H >Qi "B; "�M; +QbKQHQ;v- bm+? �b
i?2 ?Q`BxQM T`Q#H2K- ~�iM2bb T`Q#H2K- �M/ KQMQTQH2 T`Q#H2K (9)X AM �//BiBQM- i?2
BMBiB�H +QM/BiBQMb 7Q` i?2 i2KT2`�im`2 ~m+im�iBQMb QM *J" �M/ i?2 7Q`K�iBQM Q7 Gaa
+�M #2 M�im`�HHv ;2M2`�i2/ /m`BM; BM~�iBQMX h?2`27Q`2- i?2 BM~�iBQM b+2M�`BQ T`Q@
pB/2b �M 2H2;�Mi /2b+`BTiBQM Q7 i?2 2�`Hv lMBp2`b2- �Hi?Qm;? Km+? �K#B;mBiv `2K�BMb
�#Qmi i?2 +QM+`2i2 `2�HBx�iBQM Q7 BM~�iBQM �M/ i?2 +QMM2+iBQM #2ir22M BM~�iBQM �M/
Qi?2` Q#b2`p2/ 7�+ib bm+? �b #�`vQM �bvKK2i`v �M/ /�`F K�ii2` T`Q/m+iBQMX h2biBM;
BM~�iBQM #v /B`2+i Q#b2`p�iBQM�H 2pB/2M+2 �M/ +QMbi`m+iBM; � pB�#H2 BM~�iBQM KQ/2H
#2+QK2 irQ Q7 i?2 K�BM i�bFb BM KQ/2`M +QbKQHQ;v- r?B+? rBHH }HH i?2 #H�MF ?BbiQ`v
Q7 i?2 2�`Hv lMBp2`b2 �M/ H2�/ iQ � /22T2` mM/2`bi�M/BM; Q7 T?vbB+b �i � +m``2MiHv
mM`2�+?�#H2 ?B;? 2M2`;v b+�H2X PM2 Q7 i?2 KQbi BKTQ`i�Mi T`2/B+iBQMb Q7 BM~�iBQM Bb
i?2 T`BKQ`/B�H ;`�pBi�iBQM�H r�p2b ;2M2`�i2/ BM i?2 2�`Hv [m�bB@/2 aBii2` T?�b2 (88)
r?B+? �`2 QMHv +QMbi`�BM2/ #v i?2 MmHH Q#b2`p�iBQM (kj)X h?2 T`BK�`v i�`;2i Q7 K�Mv
QM;QBM; �M/ 7mim`2 2tT2`BK2Mib Bb iQ T`Q#2 i?2 T`BKQ`/B�H i2MbQ` KQ/2 ~m+im�iBQMb
r?Qb2 /Bb+Qp2`v rBHH #2 i?2 bKQFBM; ;mM Q7 BM~�iBQMX

h?Bb +?�Ti2` Bb � `2pB2r Q7 BM~�iBQM- BM+Hm/BM; i?2 #�bB+ B/2� Q7 BM~�iBQM�`v b+2@
M�`BQ Ua2+X kXRV- i?2 `2�HBx�iBQM Q7 BM~�iBQM BM bBM;H2@}2H/ KQ/2Hb 7Q` �M BHHmbi`�iBp2 Tm`@
TQb2 Ua2+X kXkV- �M/ KQ`2 `2�HBbiB+ KQ/2H +QMbi`m+iBQM- KmHiB@}2H/ BM~�iBQM Ua2+X kXjVX
AM i?2 H�bi b2+iBQM- �7i2` � `2pB2r Q7 i?2 ;2M2`�H 7Q`K�HBbK Q7 KmHiB@}2H/ BM~�iBQM-
bT2+B�H �ii2MiBQM Bb /`�rM iQ � bT2+B}+ irQ@}2H/ KQ/2H- M�K2Hv i?2 KBt2/ >B;;b@R2

BM~�iBQM KQ/2HX h?2 KQiBp�iBQM �M/ BM~�iBQM�`v /vM�KB+b Q7 i?Bb KQ/2H �`2 /Bb+mbb2/
BM /2i�BHX

d



kXR AM~�iBQM a+2M�`BQ
h?2 Q#b2`p2/ lMBp2`b2 r?B+? Bb ?QKQ;2M2Qmb �M/ BbQi`QTB+ �i H�`;2 b+�H2 +�M #2
r2HH /2b+`B#2/ #v i?2 7Qm`@/BK2MbBQM�H ~�i 6`B2/K�MM@G2K�ŗi`2@_Q#2`ibQM@q�HF2`
U6G_qV K2i`B+- � bQHmiBQM Q7 i?2 1BMbi2BM }2H/ 2[m�iBQMb BM :_X h?2 6G_q K2i`B+
7Q` ;2M2`�H bT�iB�H +m`p�im`2 BM � +QKQpBM; +QQ`/BM�i2 bvbi2K Bb ;Bp2M #v

ds2=−dt2 + a2(t)γijdx
idxj = −dt2 + a2(t)

[
dr2

1−Kr2
+ r2dΩ2

2

]
, UkXRV

r?2`2 γij Bb i?2 bT�iB�H K2i`B+c dΩ2
2 Bb i?2 K2i`B+ Q7 i?2 k@/BK2MbBQM�H 1m+HB/2�M

bT?2`2c K Bb i?2 bT�iB�H +m`p�im`2 T�`�K2i2` r?B+? i�F2b −1- 0- +1 7Q` ?vT2`#QHB+-
~�i- �M/ bT?2`B+�H bT�+2 rBi? +QMbi�Mi +m`p�im`2 `2bT2+iBp2Hvc �M/ a(t) Bb i?2 b+�H2
7�+iQ` r?Qb2 �#bQHmi2 bBx2 Bb `2H�i2/ iQ i?2 `�/Bmb Q7 +m`p�im`2 Q7 i?2 bT�iB�H ;2QK2i`v
BM +m`p2/ bT�+2 #mi ?�b MQ T?vbB+�H K2�MBM; BM ~�i bT�+2 #2+�mb2 QM2 +�M �Hr�vb
�#bQ`# Bi BMiQ i?2 `2/2}M2/ +QQ`/BM�i2X � KQ`2 K2�MBM;7mH [m�MiBiv Bb i?2 >m##H2
T�`�K2i2` /2}M2/ �b

H ≡ ȧ/a , UkXkV

i?�i K2�bm`2b i?2 bT�iB�H 2tT�MbBQM `�i2 Q7 i?2 lMBp2`b2X h?2 Qp2`@/Qi ˙( ) `2T`2b2Mib
i?2 /2`Bp�iBp2 rBi? `2bT2+i iQ tX h?2 >m##H2 T�`�K2i2` +?�`�+i2`Bx2b i?2 ivTB+�H
H2M;i? b+�H2 �M/ iBK2 b+�H2 Q7 i?2 2tT�M/BM; lMBp2`b2X aT2+B}+�HHv- H−1 `Qm;?Hv
2biBK�i2b i?2 bBx2 Q7 Q#b2`p�#H2 lMBp2`b2 Q` ǳ>m##H2 ?Q`BxQMǴ �b r2HH �b i?2 iBK2
rBi? r?B+? i?2 b+�H2 7�+iQ` a(t) #2+QK2b /Qm#H2 BM bBx2X � +QKQpBM; p2`bBQM Bb +�HH2/
+QKQpBM; >m##H2 ?Q`BxQM (aH)−1 r?B+? `2T`2b2Mib i?2 +QKQpBM; /Bbi�M+2 HB;?i +�M
i`�p2H rBi?BM QM2 >m##H2 iBK2 #2vQM/ r?B+? +m``2Mi +�mb�H +QMi�+i Bb 7Q`#B//2MX
�MQi?2` +QMp2MB2Mi �M/ BKTQ`i�Mi [m�MiBiv Bb i?2 +QM7Q`K�H iBK2

η ≡
∫

a−1dt =

∫
(aH)−1d HM a , UkXjV

rBi? r?B+? 1[X UkXRV +�M #2 `2r`Bii2M BM � +QM7Q`K�H 7Q`K i?�i Bb +QMp2MB2Mi 7Q`
+�H+mH�iBQM

ds2 = a2(η)

[
−dη2 +

dr2

1−Kr2
+ r2dΩ2

2

]
. UkX9V

h?2 +QM7Q`K�H iBK2 �HbQ K2�bm`2b i?2 +QKQpBM; /Bbi�M+2 i?�i HB;?i +QmH/ ?�p2 i`�p@
2H2/ bBM+2 i?2 #2;BMMBM; Q7 iBK2- `Qm;?Hv i?2 �++mKmH�iBQM Q7 i?2 +QKQpBM; >m##H2
?Q`BxQM �b b22M BM i?2 b2+QM/ 2[m�HBiv BM 1[X UkXjVX h?2`27Q`2- i?Bb /Bbi�M+2 `2T`2@
b2Mib � ǳ+QKQpBM; T�`iB+H2 ?Q`BxQMǴ #2vQM/ r?B+?- #v /2}MBiBQM- MQ +�mb�H +QMM2+iBQM
+QmH/ ?�p2 #22M K�/2 #27Q`2 i?2 T`2b2Mi KQK2MiX

3



*QMbB/2`BM; � T2`72+i ~mB/ rBi? 2M2`;v /2MbBiv ρ �M/ BbQi`QTB+ T`2bbm`2 p BM i?2
+QKQpBM; 7`�K2- Bib 2M2`;v@KQK2MimK i2MbQ` Bb r`Bii2M �b

Tµν = (ρ+ p)uµuν + pgµν , UkX8V

r?2`2 uµ Bb i?2 9@p2HQ+Biv Q7 i?2 ~mB/X h?2 2[m�iBQM Q7 bi�i2 Q7 i?2 T2`72+i ~mB/ Bb
T�`�K2i2`Bx2/ #v i?2 2[m�iBQM Q7 bi�i2 T�`�K2i2` w = p/ρ r?B+? i�F2b i?2 p�Hm2 Q7 0
7Q` UT`2bbm`2H2bbV K�ii2`- 1/3 7Q` `�/B�iBQM- �M/ −1 7Q` +QbKQHQ;B+�H +QMbi�MiX A7 i?2
lMBp2`b2 Bb /QKBM�i2/ #v i?Bb ~mB/ �M/ /2b+`B#2/ #v i?2 ;2QK2i`v BM 1[X UkXRV- i?2
1BMbi2BM }2H/ 2[m�iBQMb im`M Qmi iQ #2 i?2 7�KQmb 6`B2/K�MM 2[m�iBQMb

H2 =
1

3M2
TH
ρ− K

a2
,

Ḣ +H2 = − 1

6M2
TH
(ρ+ 3p) , UkXeV

�M/ � +QMiBMmBiv 2[m�iBQM 7QHHQrb 7`QK i?2K �b

ρ̇+ 3H(ρ+ p) = 0 , UkXdV

r?B+? Bb BM/2T2M/2Mi Q7 KX 6`QK 1[X UkXdV- i?2 `2H�iBQM #2ir22M ρ �M/ a +�M #2
/2`Bp2/

ρ ∝ a−3(1+w) , UkX3V

r?B+? b?Qrb i?2 2pQHmiBQM Q7 /Bz2`2Mi +QKTQM2Mib �b i?2 lMBp2`b2 2tT�M/b- 7Q` 2t�K@
TH2- `�/B�iBQM ρ`�/ ∝ a−4 �M/ K�ii2` ρK ∝ a−3X �M BKTQ`i�Mi [m�MiBiv +�HH2/ +`BiB+�H
/2MbBiv ρc Bb /2}M2/ �b i?2 2M2`;v /2MbBiv i?�i K�F2b K = 0- BX2X ρc ≡ 3M2

THH
2X 6Q`

i?2 +�b2 rBi? KmHiBTH2 +QKTQM2Mib rBi? /Bz2`2Mi ρi r?2`2 i?2 bm#b+`BTiBQM i /2MQi2b
/Bz2`2Mi bT2+B2b- ρ BM 1[bX UkXeV b?QmH/ #2 `2TH�+2/ #v

∑
i ρiX

6`QK i?2 HQr2` Q7 1[bX UkXeV- Bi +�M #2 7QmM/ i?�i ä < 0 �b HQM; �b w > −1/3-
r?B+? K2�Mb i?�i i?2 +QbKB+ 2tT�MbBQM Bb /2+2H2`�iBM;X h?2`27Q`2- /m`BM; � `�/B�iBQM@
/QKBM�i2/ Q` K�ii2`@/QKBM�i2/ 2TQ+?- i?2 lMBp2`b2 2tT2`B2M+2b /2+2H2`�i2/ 2tT�M@
bBQMX 6Q` w < −1/3- i?2 �++2H2`�i2/ 2tT�MbBQM Bb `2�HBx2/- BM T�`iB+mH�`- w = −1

+Q``2bTQM/BM; iQ 2t�+i /2 aBii2` bT�+2iBK2X
h?2 >Qi "B; "�M; +QbKQHQ;v �bbmK2b i?�i i?2 lMBp2`b2 Bb BMBiB�HHv /QKBM�i2/ #v

`�/B�iBQMX �b i?2 +QbKB+ 2tT�MbBQM /BHmi2b `�/B�iBQM Km+? 7�bi2` i?�M K�ii2`- i?2
lMBp2`b2 #2+QK2b K�ii2`@/QKBM�i2/ H�i2`X AM i?Bb 7`�K2rQ`F- i?2 +QbKB+ 2tT�MbBQM-
*J"- �M/ ""L �`2 +QKT`2?2MbBp2Hv 2tTH�BM2/X >Qr2p2`- i?Bb i?2Q`v bmz2`b 7`QK
bQK2 b?Q`i+QKBM;b r?B+? �`2 bmKK�`Bx2/ �b 7QHHQrbX

N



Ç >Q`BxQM S`Q#H2K h?2 Q#b2`p�#H2 lMBp2`b2 Bb ?QKQ;2M2Qmb �M/ BbQi`QTB+ �i
H�`;2 b+�H2b �b +�M #2 b22M QM *J" r?2`2 i?2 �KTHBim/2 Q7 +m`p�im`2 ~m+im�iBQM
Bb iBMv∼ 10−5 (kj)- r?B+? +�MMQi #2 M�im`�HHv 2tTH�BM2/ #v i?2 bi�M/�`/ >Qi "B;
"�M; +QbKQHQ;vX h?Bb T`Q#H2K +�M #2 b22M 2�bBHv #v +QMbB/2`BM; i?2 +QKQpBM;
>m##H2 ?Q`BxQM �M/ +QKQpBM; T�`iB+H2 ?Q`BxQMX �++Q`/BM; iQ i?2 /Bb+mbbBQM
�#Qp2- 7Q` w ≥ 0 +�b2e- Bi Bb 2�bv iQ }M/ i?�i

d

dt
(aH)−1 = − ä

ȧ2
> 0 , UkXNV

∆η =

∫ t

0

a−1dt =

∫ t

0

(aH)−1d HM a , UkXRyV

r?B+? K2�Mb i?�i #Qi? ?Q`BxQMb BM+`2�b2 KQMQiQMB+�HHv rBi? iBK2X h?Bb BKTHB2b
i?�i i?2 +�mb�HHv +QMM2+i2/ `2;BQM �i 2�`Hv iBK2 Bb Km+? bK�HH2` i?�M i?�i
Q#b2`p2/ iQ/�v- bQ Bi Bb MQi M�im`�H i?�i �HH i?2 `2;BQMb 7`QK QmibB/2 i?2 ?Q`BxQM
HQQF bQ bBKBH�` iQ i?2 QM2 BMbB/2 rBi?Qmi �Mv T`2pBQmb +�mb�H +QMi�+iX

Ç 6H�iM2bb S`Q#H2K h?2 ~�iM2bb Q7 i?2 Q#b2`p2/ lMBp2`b2 Bb �HbQ Kvbi2`BQmb
BM i?2 bi�M/�`/ >Qi "B; "�M; +QbKQHQ;vX A7 i?2 [m�MiBiB2b 2p�Hm�i2/ �i T`2b2Mi
iBK2 �`2 /2MQi2/ rBi? � bm#b+`BTi ǳyǴ- Q#b2`p�iBQM i2HHb i?�i i?2 lMBp2`b2 Bb
2ti`2K2Hv ~�i- ρ0 # ρc0X >Qr2p2`- 7`QK i?2 mTT2` Q7 1[bX UkXeV-

|1− Ω(t)| = K(aH)−2 , UkXRRV

r?2`2 Ω ≡ ρ/ρc Bb i?2 /2MbBiv T�`�K2i2`X �b HQM; �b w > −1/3- |1− Ω(t)|
Bb BM+`2�bBM; rBi? iBK2- r?B+? K2�Mb i?�i K(aH)−2 = 0 Bb MQi � bi�#H2 TQBMi
/m`BM; `�/B�iBQM@ �M/ K�ii2`@/QKBM�i2/ lMBp2`b2X LQ`K�HBxBM; a0 = 1- i?2 Q#@
b2`p�iBQM ;Bp2b |1− Ω(t0)| <∼ 0.01- r?B+? K2�Mb i?�i |1− Ω(t""L)| <∼ O(10−16)

�M/ 2p2M bK�HH2` �i 2�`HB2` iBK2X h?2`2 Bb MQ 2tTH�M�iBQM BM i?2 +QMp2MiBQM�H
>Qi "B; "�M; i?2Q`v r?v i?2 /2MbBiv T�`�K2i2` Q7 i?2 lMBp2`b2 Bb 2ti`2K2Hv
+HQb2 iQ mMBiv �i i?2 2�`Hv bi�;2X

Ç JQMQTQH2 S`Q#H2K A7 i?2 lMBp2`b2 ?�b � p2`v ?B;? i2KT2`�im`2 �i i?2
p2`v 2�`Hv bi�;2- i?2 bvKK2i`v Q7 :`�M/ lMB}2/ h?2Q`v U:lhV K�v #2 `2@
biQ`2/ bQ iQTQHQ;B+�H /272+ib- 2X;X K�;M2iB+ KQMQTQH2b- K�v #2 T`Q/m+2/ r?2M
i?2 bvKK2i`v Bb bTQMi�M2QmbHv #`QF2MX h?2b2 KQMQTQH2b �`2 bi�#H2 �M/ +�M
bm`pBp2 mMiBH i?2 T`2b2Mi- rBi? �#mM/�M+2 ivTB+�HHv ?B;?2` i?�M i?�i �HHQr2/
#v Q#b2`p�iBQMX h?2 �#b2M+2 Q7 bm+? iQTQHQ;B+�H /272+ib +�bib �MQi?2` /Qm#i QM
i?2 p�HB/Biv Q7 i?2 bi�M/�`/ >Qi "B; "�M; +QbKQHQ;v �i i?2 p2`v 2�`Hv iBK2X

eh?Bb Bb �Hr�vb i`m2 7Q` `�/B�iBQM@ �M/ K�ii2`@/QKBM�i2/ lMBp2`b2X
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h?2 Q#b2`p�iBQM Q7 H�`;2@b+�H2 ?QKQ;2M2Biv- BbQi`QTv- �M/ ~�iM2bb K�v #2 �+?B2p2/ #v
b2iiBM; bQK2 mMM�im`�H BMBiB�H +QM/BiBQMb 7Q` i?2 2�`Hv lMBp2`b2- r?B+?- ?Qr2p2`- �`2
MQi T?vbB+�HHv KQiBp�i2/ �M/ K�F2 i?2 i?2Q`v H2bb T`2/B+iBp2X AM Q`/2` iQ Qp2`+QK2
i?2b2 /B{+mHiB2b- i?2 +QM+2Ti Q7 BM~�iBQM Bb BMi`Q/m+2/ (9)X 6m`i?2`KQ`2- �b b?QrM
BM i?2 M2ti b2+iBQM- i?2 BMBiB�H T2`im`#�iBQMb 7Q` *J" �MBbQi`QTv �M/ Gaa �`2 �HbQ
M�im`�HHv ;2M2`�i2/ #v BM~�iBQMX

h?2 #�bB+ B/2� Q7 BM~�iBQM Bb iQ BMb2`i � T2`BQ/ Q7 �++2H2`�i2/ 2tT�MbBQM Uä > 0V
#27Q`2 i?2 "B; "�M;X h?Bb b+2M�`BQ +�M #2 BMimBiBp2Hv mM/2`biQQ/- QM i?2 QM2 ?�M/-
�b i?2 2tT�MbBQM /BHmi2b �HH i?2 mMr�Mi2/ 72�im`2b Q` BMBiB�H +QM/BiBQMb- BM+Hm/BM;
i?2 bT�iB�H +m`p�im`2 �M/ i?2 �#mM/�M+2 Q7 :lh `2HB+b- r?B+? bQHp2b i?2 ~�iM2bb
T`Q#H2K �M/ KQMQTQH2 T`Q#H2KX PM i?2 Qi?2` ?�M/- i?2 bBx2 Q7 +QKQpBM; >m##H2
?Q`BxQM b?`BMFb /m`BM; i?2 �++2H2`�i2/ 2tT�MbBQM- r?B+? K2�Mb i?�i i?2 +QKQpBM;
T�`iB+H2 ?Q`BxQM +QmH/ +Qp2` � H�`;2 `2;BQM �i i?2 2�`Hv iBK2 #2+�mb2 Q7 i?2 bB;MB}+�Mi
+QMi`B#miBQM 7`QK (aH)−1X A7 i?2 /m`�iBQM Q7 �++2H2`�i2/ 2tT�MbBQM Bb HQM; 2MQm;?-
i?2 Q`B;BM�HHv +Qp2`2/ `2;BQM +�M #2 �b H�`;2 �b i?2 >m##H2 ?Q`BxQM Q#b2`p2/ iQ/�v-
r?B+? bQHp2b i?2 ?Q`BxQM T`Q#H2K #2+�mb2 �HH i?2 Q#b2`p2/ `2;BQMb iQ/�v rQmH/ #2
+�mb�HHv +QMM2+i2/ BM i?2 T�biX � #`B27 [m�MiBi�iBp2 /Bb+mbbBQM Bb �b 7QHHQrbX

Ç aQHpBM; >Q`BxQM S`Q#H2K h?2 M�im`�H +QMb2[m2M+2 7`QK BM~�iBQM Uä > 0V
Bb i?�i i?2 +QKQpBM; >m##H2 ?Q`BxQM /2+`2�b2b rBi? iBK2

d

dt
(aH)−1 = − ä

ȧ2
< 0 , UkXRkV

r?B+? K2�Mb i?�i � H�`;2 +QKQpBM; pQHmK2 +QmH/ #2 BM +�mb�H +QMi�+i #27Q`2
BM~�iBQM �M/ bQK2 T�`i Q7 Bi 2tBi2/ i?2 ?Q`BxQM /m`BM; BM~�iBQMX Ai Bb i?2 +�mb�H
+QMM2+iBQM #27Q`2 BM~�iBQM i?�i 2bi�#HBb?2b i?2 H�`;2@b+�H2 ?QKQ;2M2Biv �M/
BbQi`QTv- r?B+? bQHp2b i?2 ?Q`BxQM T`Q#H2KX

Ç aQHpBM; 6H�iM2bb S`Q#H2K A7 i?2 +QKQpBM; >m##H2 ?Q`BxQM /2+`2�b2b /m`BM;
BM~�iBQM- K(aH)−2 BM 1[X UkXRRV �HbQ /2+`2�b2b rBi? iBK2X �b � `2bmHi- Ω(t) = 1

Bb MQ HQM;2` �M mMbi�#H2 TQBMi #mi �M �ii`�+iQ` /m`BM; BM~�iBQMX AM Qi?2` rQ`/b-
BM~�iBQM BM2pBi�#Hv ;2M2`�i2b �M BMBiB�H +QM/BiBQM Ω # 1 7Q` i?2 "B; "�M;- r?B+?
bQHp2b i?2 ~�iM2bb T`Q#H2KX

Ç aQHpBM; JQMQTQH2 S`Q#H2K 1p2M B7 i?2 mMr�Mi2/ `2HB+b +QmH/ #2 ;2M2`�i2/
/m`BM; � :lh T?�b2 i`�MbBiBQM �i 2�`Hv lMBp2`b2- i?2 HQM; T2`BQ/ Q7 �++2H2`�i2/
2tT�MbBQM +QmH/ /BHmi2 i?2 �#mM/�M+2 Q7 bm+? `2HB+b 2tTQM2MiB�HHv iQ � H2p2H
�HHQr2/ #v T`2b2Mi Q#b2`p�iBQM- r?B+? bQHp2b i?2 KQMQTQH2 T`Q#H2KX P7 +Qm`b2-

RR



Bi Bb M2+2bb�`v iQ F22T i?2 i2KT2`�im`2 Q7 i?2 lMBp2`b2 HQr 2MQm;? /m`BM; �M/
�7i2` `2?2�iBM; iQ T`2p2Mi i?2 T`Q/m+iBQM Q7 i?2b2 `2HB+b �7i2` BM~�iBQMX

6`QK 1[bX UkXeV �M/ ä > 0- �M BKK2/B�i2 `2bmHi Bb i?�i ρ + 3p < 0 r?B+? K2�Mb
� M2;�iBp2 T`2bbm`2 w < −1/3 i?�i Tmb?2b i?2 lMBp2`b2 iQ 2tT�M/ rBi? �++2H2`�iBQMX
h?2 r�v iQ `2�HBx2 M2;�iBp2 T`2bbm`2 Bb /Bb+mbb2/ BM i?2 M2ti b2+iBQMX AM �//BiBQM-
i?2 T`BKQ`/B�H [m�MimK ~m+im�iBQMb ;2M2`�i2/ /m`BM; BM~�iBQM TH�v �M 2bb2MiB�H `QH2
BM T`QpB/BM; i?2 Q`B;BM Q7 /2MbBiv ~m+im�iBQMb r?B+? Bb �#b2Mi BM i?2 >Qi "B; "�M;
+QbKQHQ;vX aBM+2 i?2 +QKQpBM; >m##H2 ?Q`BxQM b?`BMFb /m`BM; BM~�iBQM- i?2 [m�MimK
~m+im�iBQMb rBi? +QKQpBM; r�p2H2M;i?b +QKT�`�#H2 iQ i?2 ?Q`BxQM bBx2 BKK2/B�i2Hv
2tBi i?2 ?Q`BxQM �M/ 7`22x2 �i i?2 bmT2`?Q`BxQM b+�H2X h?2b2 ~m+im�iBQMb `2@2Mi2` i?2
>m##H2 ?Q`BxQM �i H�i2 iBK2 U7Q` 2t�KTH2- i?2 ~m+im�iBQM rBi? � +QKQpBM; r�p2H2M;i?
2[m�H iQ (a0H0)−1 2Mi2`b i?2 ?Q`BxQM iQ/�vV �M/ b22/ i?2 *J" �MBbQi`QTv �M/ Gaa
7Q`K�iBQMX aBM+2 i?2 bi�iBbiB+�H T`QT2`iB2b Q7 bm+? T2`im`#�iBQMb +�M #2 Q#b2`p2/ #v
+m``2Mi �M/ 7mim`2 2tT2`BK2Mib U2X;X (kj)V- +QMi`�biBM; i?2 i?2Q`2iB+�H T`2/B+iBQMb Q7
i?2b2 ~m+im�iBQMb iQ Q#b2`p�iBQM +�M +QMbi`�BM BM~�iBQM KQ/2HbX

"�b2/ QM i?2 #`B27 /Bb+mbbBQM �#Qp2- BM~�iBQM bQHp2b i?2 T`Q#H2Kb BM i?2 +QMp2M@
iBQM�H >Qi "B; "�M; i?2Q`v 2H2;�MiHv �M/ 2tTH�BMb i?2 Q`B;BM Q7 i?2 T2`im`#�iBQMb 7Q`
H�i2@iBK2 bi`m+im`2 7Q`K�iBQMX

kXk aBM;H2@6B2H/ AM~�iBQM
hQ `2�HBx2 BM~�iBQM- i?2 ;2M2`�iBQM Q7 M2;�iBp2 T`2bbm`2 Bb M2+2bb�`v- �b K2MiBQM2/ BM
i?2 T`2pBQmb b2+iBQMX h?2 bBKTH2bi r�v iQ /Q i?�i Bb #v BMi`Q/m+BM; � TQbBiBp2 +QbKQ@
HQ;B+�H +QMbi�Mi Λ > 0 r?B+? +`2�i2b �M 2t�+i /2 aBii2` bT�+2iBK2 r?2`2 i?2 lMBp2`b2
;`Qrb 2tTQM2MiB�HHv 7Q`2p2`X >Qr2p2`- bm+? 2tT�MbBQM /Q2b MQi ?�p2 � ;`�+27mH 2tBi
iQ +QMM2+i rBi? � bm#b2[m2Mi "B; "�M;- r?B+? +�MMQi H2�/ iQ i?2 2tBbi2M+2 Q7 i?2
Q#b2`p2/ lMBp2`b2X �MQi?2` +?QB+2 Bb iQ BMi`Q/m+2 QM2 Q` KQ`2 b+�H�` }2H/b +�HH2/ BM~�@
iQMb r?B+? /`Bp2 BM~�iBQM 7Q` � }MBi2 /m`�iBQM �M/ bKQQi?Hv +QMM2+i rBi? i?2 >Qi "B;
"�M; �7i2` i?2 2M/ Q7 BM~�iBQMX h?2 bBKTH2bi +H�bb Q7 BM~�iBQM KQ/2Hb +QMbi`m+i2/ BM
i?Bb r�v Bb +�HH2/ bBM;H2@}2H/ bHQr@`QHH BM~�iBQMd- QM r?B+? i?Bb b2+iBQM 7Q+mb2bX h?2b2
KQ/2Hb K�F2 mb2 Q7 QM2 b+�H�` }2H/ UBM~�iQMV r?Qb2 TQi2MiB�H 2M2`;v /QKBM�i2b Qp2`
i?2 FBM2iB+ QM2 /m`BM; BM~�iBQM bQ i?�i i?2 BM~�iQM bHQrHv `QHHb /QrM Bib TQi2MiB�H-

dh?2`2 �`2 Qi?2` +H�bb2b Q7 KQ/2Hb- 7Q` BMbi�M+2- F@BM~�iBQM (8e) r?B+? Bb �HbQ bBM;H2@}2H/ #mi
MQi bHQr@`QHHX h?2 KQbi ;2M2`�H 7`�K2rQ`F Q7 bBM;H2@}2H/ BM~�iBQM Bb +�HH2/ ;2M2`�HBx2/ :@BM~�iBQM
(8d- 83) r?B+? BM+Hm/2b �HH bBM;H2@}2H/ BM~�iBQM�`v KQ/2Hb rBi? b2+QM/@Q`/2` 2[m�iBQMb Q7 KQiBQM
BM � +Qp�`B�Mi 7Q`KX h?2 :2M2`�HBx2/ :�HBH2QM i?2Q`v Bb �HbQ 7QmM/ iQ #2 2[mBp�H2Mi iQ >Q`M/2bFB
i?2Q`v (8N)X
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r?B+? TH�vb � `QH2 bBKBH�` iQ � +QbKQHQ;B+�H +QMbi�Mi iQ /`Bp2 BM~�iBQMX h?2 bT2+B}+
b?�T2 Q7 i?2 TQi2MiB�H H�`;2Hv /2i2`KBM2b i?2 T`QT2`iB2b U2X;X b+�H2@/2T2M/2M+2V Q7 i?2
[m�MimK ~m+im�iBQMb r?B+? �`2 i2bi�#H2 #v Q#b2`p�iBQM3X �KQM; �HH Q7 i?2K- i?2`2
�`2 irQ KQ/2Hb i?�i �`2 2t+2TiBQM�HHv 7�pQ`2/ #v Q#b2`p�iBQM- M�K2Hv i?2 ai�`Q#BMbFv
KQ/2H (j- k9) �M/ i?2 >B;;b BM~�iBQM (k8Ĝkd)- r?B+? rBHH #2 BMi`Q/m+2/ H�i2`X

kXkXR *QM7Q`K�H h`�Mb7Q`K�iBQM
"27Q`2 +QMbB/2`BM; i?2 /vM�KB+b BM +QM+`2i2 BM~�iBQM KQ/2Hb- Bi Bb M2+2bb�`v iQ /Bb+mbb
i?2 ǳ7`�K2 Bbbm2Ǵ BM b+�H�`@i2MbQ` i?2Q`B2b #2+�mb2 i?2 BM~�iBQM KQ/2Hb /Bb+mbb2/ BM
i?Bb i?2bBb #2HQM; iQ i?Bb +H�bb Q7 ;`�pBi�iBQM�H i?2Q`B2bX h?2`2 �`2 irQ ivT2b Q7 7`�K2b
BM b+�H�`@i2MbQ` i?2Q`B2b- i?2 CQ`/�M 7`�K2 UC6V �M/ i?2 1BMbi2BM 7`�K2 U16VX AM i?2
7Q`K2`- i?2 _B++B b+�H�` �TT2�`b MQi QMHv BM i?2 1BMbi2BM@>BH#2`i U1@>V i2`K #mi �HbQ
BM bQK2 /B`2+i +QmTHBM; i2`Kb rBi? i?2 b+�H�` }2H/bX PM i?2 +QMi`�`v- B7 i?2 _B++B
b+�H�` QMHv �TT2�`b BM i?2 1@> i2`K rBi?Qmi #2BM; KmHiBTHB2/ #v �Mv 7mM+iBQM Q7 i?2
b+�H�` }2H/b- Bi Bb BM 16X h?2`2 �`2 �/p�Mi�;2b iQ +QMbB/2` bvbi2Kb BM 16 #2+�mb2 Bi
Bb KQ`2 BMimBiBp2 iQ b22 i?2 /vM�KB+b Q7 i?2 b+�H�` }2H/b bBKTHv #v i?2B` TQi2MiB�Hb BM
bm+? � 7`�K2- �M/ i?2 1BMbi2BM }2H/ 2[m�iBQMb i�F2 � bBKTH2` 7Q`K i?�M i?�i BM C6-
r?B+? bBKTHB}2b i?2 +�H+mH�iBQMX h?2`27Q`2- Bi rQmH/ #2 +QMp2MB2Mi iQ bim/v ;2M2`�H
b+�H�`@i2MbQ` i?2Q`B2b B7 i?2`2 Bb 2[mBp�H2M+2 Q` �Mv `2H�iBQM #2ir22M i?2 irQ 7`�K2bX

AM _27bX (ek-ej)- i?2 2[mBp�H2M+2 #2ir22M i?2b2 irQ 7`�K2b Bb #2�miB7mHHv T`2b2Mi2/X
*QMbB/2` � ;2M2`�H b+�H�`@i2MbQ` i?2Q`v rBi? QMHv QM2 b+�H�` }2H/ φ ;Bp2M �b Ui?Bb Bb
bm{+B2Mi 7Q` i?2 Tm`TQb2 Q7 i?Bb i?2bBbV

SC =

∫
dDx

√
−gC

[
F (RC,φ)−

1

2
∇Cµφ∇µ

Cφ

]
, UkXRjV

r?2`2 F (RC,φ) Bb �M �`#Bi`�`v 7mM+iBQM Q7 φ �M/ i?2 _B++B b+�H�` RC- �M/ D Bb i?2
/BK2MbBQM Q7 bT�+2iBK2X :2M2`�HHv bT2�FBM;- i?Bb �+iBQM Bb BM C6 #2+�mb2 i?2 �`#Bi`�`v
7mM+iBQM F (RC,φ) +�M +QMi�BM /B`2+i +QmTHBM; #2ir22M RC �M/ φX h?2`27Q`2- i?2
bm#b+`BTi ǳCǴ ?2`2 Bb iQ /2MQi2 i?2 [m�MiBiB2b BM C6 �M/ ∇Cµ Bb i?2 +Qp�`B�Mi /2`Bp�iBp2
rBi? `2bT2+i iQ gCµν X h?`Qm;? � +QM7Q`K�H i`�Mb7Q`K�iBQM Ub22 �TT2M/Bt � �M/
_27X (e9) 7Q` /2i�BHbV

g1µν(x) = e2ω(x)gCµν(x) , UkXR9V
3AM α@�ii`�+iQ` KQ/2Hb (ey- eR)- i?2 Q`B;BM�H BM~�iQM TQi2MiB�H +�M #2 �`#Bi`�`v #2+�mb2 Bib MQM@

i`BpB�H FBM2iB+ i2`K TH�vb � +`m+B�H `QH2 BM ;2M2`�iBM; i?2 Q#b2`p�iBQM�HHv 7�pQ`2/ bHQr@`QHH BM~�iBQMX

Rj



r?2`2 ω(x) Bb b2i iQ #2

ω =
1

D − 2
HM
(

2

M2
TH

∣∣∣∣
∂F

∂RC

∣∣∣∣

)
, UkXR8V

iQ K�F2 i?2 i2`Kb Q7 ?B;?2` Q`/2` /2`Bp�iBp2b +�M+2H 2�+? Qi?2` BM i?2 1BMbi2BM 2[m�@
iBQMb- Bi Bb TQbbB#H2 iQ i`�Mb7Q`K 1[X UkXRjV iQ 16X �b +�M #2 b22M BM 1[X UkXR8V- i?2
/2}MBiBQM Q7 ω +QMi�BMb ∂F/∂RC r?B+? K�v +QMi�BM M2r /2;`22b Q7 7`22/QK Qi?2`
i?�M i?2 irQ i2MbQ` KQ/2b BM :_ �M/ i?2 b+�H�` }2H/ φ- /2T2M/BM; QM i?2 7Q`K Q7
F (RC,φ)X

AM i?2 +�b2 i?�i F (RC,φ) = f(φ)RC − UC(φ) r?2`2 f(φ) �M/ UC(φ) �`2 �`#Bi`�`v
7mM+iBQMb Q7 φ- Bi Bb Q#pBQmb i?�i ω Bb QMHv � 7mM+iBQM Q7 φ bQ Bi Bb MQi � M2r /2;`22
Q7 7`22/QK- r?B+? Bb +QMbBbi2Mi rBi? i?2 Q#b2`p�iBQM BM i?2 Q`B;BM�H C6 i?�i i?2`2 Bb
MQ ?B;?2` Q`/2` /2`Bp�iBp2 iQ BM/m+2 �Mv M2r /2;`22b Q7 7`22/QKX _2/2}MBM; � M2r
b+�H�` }2H/ φ̃ �b

φ̃

MTH
≡
∫

dφ

[
(D − 2)f + 2(D − 1)(df/dφ)2

2(D − 2)f 2

]1/2
, UkXReV

i?2 �+iBQM UkXRjV Bb `2r`Bii2M �b

S1 = (bB;M)
∫

dDx
√
−g1

[
M2

TH
2

R1 − 1

2
∇1µφ̃∇µ

1φ̃− U1(φ̃)

]
, UkXRdV

r?2`2

U1(φ̃) ≡ (bB;M)
[

2

M2
TH
|f(φ)|

]− D
D−2

UC(φ) , UkXR3V

�M/ (bB;M) ≡ f/|f |X Ai Bb �bbmK2/ i?�i i?2 BMi2;`�H BM 1[X UkXReV Bb `2�H �M/ (bB;M) Bb
TQbBiBp2 iQ 2Mbm`2 i?�i i?2 FBM2iB+ i2`K ?�b i?2 `B;?i bB;MX �b +�M #2 b22M ?2`2- i?2@
Q`B2b rBi? F (RC,φ) = f(φ)RC −UC(φ) biBHH /2b+`B#2b � bvbi2K Q7 :_ THmb � +�MQMB+�H
b+�H�` }2H/ rBi? i?2 Q`B;BM�H TQi2MiB�H `2b+�H2/X

AM i?2 +�b2 i?�i ∂F/∂RC Bb biBHH � MQM@i`BpB�H 7mM+iBQM Q7 RC- i?2 i?2Q`v TQbb2bb2b
� M2r b+�H�` /2;`22 Q7 7`22/QK r?B+? Bb bBKTHv ;Bp2M �b ω UQ` � 7mM+iBQM Q7 ωVX h?Bb
Bb �HbQ +QMbBbi2Mi rBi? i?2 Q#b2`p�iBQM Q7 C6 #2+�mb2 F (RC,φ) +QMi�BMb ?B;?2`@Q`/2`
/2`Bp�iBp2b r?B+? b?QmH/ H2�/ iQ M2r /2;`22b Q7 7`22/QK r?2M `2r`BiBM; i?2 i?2Q`v
#�+F iQ QM2 rBi? b2+QM/@Q`/2` /2`Bp�iBp2b QMHvX .2}MBM; � M2r b+�H�` }2H/ iQ `2T`2b2Mi
i?2 M2r /2;`22 Q7 7`22/QK BM ω

ψ/MTH ≡
√

(D − 1)(D − 2) ω , UkXRNV

R9



i?2 �+iBQM UkXRjV Bb `2r`Bii2M �b �M 1@> i2`K THmb irQ b+�H�` }2H/b

S1= (bB;M)
∫
dDx

√
−g1

[
M2

TH
2

R1−
1

2
∇1µφ∇µ

1φ−
(bB;M)

2
e
−
√

D−2
D−1

ψ
MTH ∇1µψ∇µ

1ψ−U1(φ,ψ)

]
, UkXkyV

r?2`2

U1(φ,ψ) ≡ (bB;M)
(

2

M2
TH

∣∣∣∣
∂F

∂RC

∣∣∣∣

)− D
D−2 [

RC(φ,ψ)
∂F

∂RC
− F (φ,ψ)

]
. UkXkRV

�M/ (bB;M) ≡ (∂F/∂RC)/|∂F/∂RC| r?B+? Bb �bbmK2/ iQ #2 TQbBiBp2X >2`2- RC b?QmH/
#2 r`Bii2M BM i2`Kb Q7 φ �M/ ψ #v 1[X UkXR8VX �b � `2bmHi- bm+? � bvbi2K /2b+`B#2b
:_ THmb irQ b+�H�` }2H/b QM2 Q7 r?B+? Bb MQM@+�MQMB+�HX h?2 MQM@+�MQMB+�H FBM2iB+
i2`K Q7 ψ K2�Mb i?2 }2H/ bT�+2 bT�MM2/ #v φ �M/ ψ Bb MQM@i`BpB�H �M/ K�v TH�v �M
BKTQ`i�Mi `QH2 /m`BM; UKmHiB@}2H/V BM~�iBQM B7 Bib +m`p�im`2 Bb H�`;2 Ub22 2X;X _27X (e8)VX

hQ bmKK�`Bx2- i?2 b+�H�`@i2MbQ` i?2Q`v ;Bp2M BM 1[X UkXRjV +�M �Hr�vb #2 r`Bii2M
BM i2`Kb Q7 i?2 1@> bvbi2K rBi? QM2 Q` irQ b+�H�` }2H/b #v i?2 +QM7Q`K�H i`�Mb7Q`K�@
iBQM UkXR9V- r?B+? Bb 2ti`2K2Hv mb27mH r?2M �M�HvxBM; bm+? � bvbi2K- �b rBHH #2 b22M
BM i?2 `2bi Q7 i?Bb i?2bBbX

kXkXk *H�bbB+�H "�+F;`QmM/
*QMbB/2` � ;2M2`�H bBM;H2@}2H/ bHQr@`QHH BM~�iBQM KQ/2H BM 7Qm`@/BK2MbBQM�H bT�+2iBK2
r?Qb2 �+iBQM Bb r`Bii2M �b

S =

∫
d4x

√
−g

[
M2

TH
2

R− 1

2
∂µφ∂

µφ− V (φ)

]
, UkXkkV

r?2`2 R Bb _B++B b+�H�` �M/ φ Bb i?2 b+�H�` }2H/ i?�i �+ib �b BM~�iQM rBi? � TQi2MiB�H
V (φ)X aBM+2 +QM7Q`K�H i`�Mb7Q`K�iBQM +�M �Hr�vb i`�Mb7Q`K i?2 C6 �+iBQM BMiQ 16 (ek-
ej) �b b?QrM T`2pBQmbHv- Bi Bb bm{+B2Mi iQ bim/v i?2 bvbi2K BM 16 7`QK i?2 #2;BMMBM;X
AM i?Bb KQ/2H- i?2 2M2`;v /2MbBiv Q7 i?2 lMBp2`b2 Bb /QKBM�i2/ #v BM~�iQM φ r?B+?
/`Bp2b BM~�iBQMX 6Q+mbBM; QM � ~�i 6G_q K2i`B+ U+Q``2bTQM/b iQ K = 0 BM 1[X UkXRVV
�M/ � ?QKQ;2M2Qmb φ = φ(t)- i?2 6`B2/K�MM 2[m�iBQM �M/ 2[m�iBQM Q7 KQiBQM 7Q` φ
�`2 i?2M

3M2
THH

2 =φ̇2/2 + V (φ) , UkXkjV
φ̈+ 3Hφ̇+V,φ = 0 , UkXk9V

r?2`2 i?2 +QKK� BM bm#b+`BTi /2MQi2b T�`iB�H /2`Bp�iBp2b- 2X;X V,φ ≡ ∂V /∂φX h?2
BM~�iQM }2H/ �+ib �b � T2`72+i ~mB/ r?Qb2 2[m�iBQM Q7 bi�i2 T�`�K2i2` Bb ;Bp2M #v

wφ =
pφ
ρφ

=
φ̇2/2− V (φ)

φ̇2/2 + V (φ)
. UkXk8V
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�++Q`/BM; iQ i?2 ǳ/2}MBiBQMǴ Q7 BM~�iBQM ä > 0- Bi Bb 2�bv iQ /2`Bp2 i?�i

0 <
ä

a
= Ḣ +H2 =

1

3M2
TH

(
V − φ̇2

)
, UkXkeV

r?B+? H2�/b iQ wφ < −1/3 7`QK 1[X UkXk8VX h?2`27Q`2- iQ `2�HBx2 BM~�iBQM- i?2 TQi2M@
iB�H 2M2`;v Q7 φ Kmbi /QKBM�i2 Qp2` i?2 FBM2iB+ QM2- r?B+? Bb i?2 `2�bQM r?v i?2 M�K2
ǳbHQr@`QHH BM~�iBQMǴ Bb ;Bp2M iQ i?Bb +H�bb Q7 KQ/2HbX Ai Bb +QMp2MB2Mi iQ BMi`Q/m+2 i?2
bQ@+�HH2/ bHQr@`QHH T�`�K2i2`

ε1 ≡ −Ḣ/H2 , UkXkdV

iQ [m�MiB7v i?2 BM~�iBQM /vM�KB+bX aBM+2 Ḣ Bb #�bB+�HHv i?2 FBM2iB+ 2M2`;v Q7 φ r?BH2
H2 Bb /QKBM�i2/ #v i?2 TQi2MiB�H- ε1 Bb /2b+`B#BM; i?2 `�iBQ #2ir22M i?2KX h?2`27Q`2-
i?Bb KQ/2H `2[mB`2b ε1 ( 1 �HH i?2 iBK2 /m`BM; BM~�iBQM �M/ ε1 = 1 +?�`�+i2`Bx2b
i?2 2M/ Q7 BM~�iBQMX AM i?Bb b2Mb2- 1[X UkXk8V ;Bp2b wφ ≈ −1 /m`BM; BM~�iBQM- r?B+?
+Q``2bTQM/b iQ U�HKQbiV 2tTQM2MiB�H 2tT�MbBQM- BX2X a(t) ∝ tHt rBi? H ≈ +QMbi�MiX
�MQi?2` BKTQ`i�Mi TQBMi Bb i?�i BM~�iBQM b?QmH/ H�bi HQM; 2MQm;? iQ 2tTH�BM i?2
bBx2 Q7 i?2 ?QKQ;2M2Qmb �M/ BbQi`QTB+ lMBp2`b2 Q#b2`p2/ iQ/�v- r?B+? H2�/b iQ i?2
BMi`Q/m+iBQM Q7 i?2 b2+QM/ bHQr@`QHH T�`�K2i2` ε2 iQ /2b+`B#2 i?2 ;`Qri? `�i2 Q7 ε1X
h?2`2 �`2 b2p2`�H r�vb iQ /2}M2 ε2 �KQM; r?B+? i?2 7QHHQrBM; Bb �/QTi2/ BM i?Bb i?2bBb

ε2 ≡ ε1 −
ε̇1

2Hε1
= − Ḧ

2HḢ
= − φ̈

Hφ̇
, UkXk3V

r?2`2 1[bX UkXkjV �M/ UkXk9V �`2 mb2/ BM i?2 H�bi 2[m�HBiv r?B+? ?QH/b 7Q` +�MQMB+�H
b+�H�` }2H/bX GQM; /m`�iBQM Q7 BM~�iBQM K2�Mb bK�HH ε2 ( 1 bQ i?�i ε1 +�M `2K�BM
bK�HH 7Q` � HQM; iBK2X AM 1[X UkXk9V- bK�HH ε2 BM/B+�i2b i?�i φ̈ +�M #2 M2;H2+i2/ �M/
i?2 7`B+iBQM i2`K /QKBM�i2b i?2 2pQHmiBQM Q7 φX AM Qi?2` rQ`/b- i?2 >m##H2 7`B+iBQM
�Hr�vb T`2p2Mib φ 7`QK �++2H2`�iBM; bQ i?�i V (φ) +�M �Hr�vb #2 H�`;2` i?�M i?2 FBM2iB+
2M2`;v Q7 φX �++Q`/BM; iQ i?Bb �`;mK2Mi- 1[bX UkXkjV �M/ UkXk9V �`2 �TT`QtBK�i2/ #v

3M2
THH

2 ≈ V ≈ +QMbi. , UkXkNV
3Hφ̇+ V,φ ≈ 0 , UkXjyV

/m`BM; BM~�iBQM- r?B+? `2bmHib BM 2tT`2bbBM; i?2 bHQr@`QHH T�`�K2i2`b BM i2`Kb Q7 V (φ)

�M/ Bib /2`Bp�iBp2b

ε1 ≈
M2

TH
2

(
V,φ

V

)2

≡ εV 1 , UkXjRV

ε2 ≈ −ε1 +M2
TH
V,φφ

V
≡ −ε1 + εV 2 . UkXjkV

Re



h?2`27Q`2- 7Q` bBM;H2@}2H/ bHQr@`QHH BM~�iBQM rBi? � +�MQMB+�H FBM2iB+ i2`K- i?2 BM~�@
iBQM�`v /vM�KB+b Bb +QKTH2i2Hv /2i2`KBM2/ #v i?2 TQi2MiB�H b?�T2 Q7 i?2 BM~�iQMX
qBi? � ;Bp2M +QM+`2i2 b+�H�` TQi2MiB�H- Bi Bb TQbbB#H2 iQ 2t�KBM2 i?2 +QM/BiBQMb 7Q`
BM~�iBQM iQ Q++m`- bm+? �b εV 1 ( 1 �M/ εV 2 ( 1- �M/ +�H+mH�i2 i?2 /m`�iBQM Q7 BM@
~�iBQMX lbBM; bm#b+`BTib ǳBMBǴ �M/ ǳ2M/Ǵ iQ /2MQi2 i?2 [m�MiBiB2b 2p�Hm�i2/ �i i?2
#2;BMMBM; �M/ i?2 2M/ Q7 BM~�iBQM- i?2 +QM/BiBQM εV 1(t2M/) = 1 /2i2`KBM2b i?2 BM~�iQM
}2H/ p�Hm2 �i i?2 H�bi KQK2Mi Q7 BM~�iBQM φ2M/(t2M/)X �7i2` }tBM; φ2M/- Bi Bb 2�bv iQ
+�H+mH�i2 i?2 /m`�iBQM Q7 BM~�iBQM r?B+? Bb mbm�HHv 2tT`2bb2/ BM i2`Kb Q7 i?2 MmK#2`
Q7 2@7QH/b

NBM7 ≡ HM a(t2M/)

a(tBMB)
, UkXjjV

r?2`2 t2M/ `2T`2b2Mib i?2 BMBiB�H KQK2Mi Q7 BM~�iBQM �b 2tTH�BM2/X �b � `2bmHi- i?2
2@7QH/ MmK#2` Bb +�H+mH�i2/ �b � 7mM+iBQM Q7 i?2 BMBiB�H }2H/ p�Hm2 Q7 BM~�iQM

NBM7(φBMB) =−
∫ t2M/

tBMB

d HM a(t2M/)

a(t)
=

∫ t2M/

tBMB

Hdt =

∫ φ2M/

φBMB

H

φ̇
dφ ≈

∫ φBMB

φ2M/

dφ

MTH
√
2εV 1

. UkXj9V

lbm�HHv- i?2 MmK#2` Q7 2@7QH/b Q7 BM~�iBQM Bb `2[mB`2/ iQ #2 �`QmM/ 50 ∼ 60- r?B+?
+QMbi`�BMb i?2 BMBiB�H }2H/ p�Hm2b BM BM~�iBQM KQ/2HbX

aQ 7�`- i?2 [m�MiBi�iBp2 /Bb+mbbBQM ?�b 7Q+mb2/ QM i?2 +H�bbB+�H ?QKQ;2M2Qmb #�+F@
;`QmM/ 2pQHmiBQM Q7 i?2 bBM;H2@}2H/ bHQr@`QHH BM~�iBQM KQ/2HbX lbBM; � ?QKQ;2M2Qmb
b+�H�` }2H/ φ r?Qb2 TQi2MiB�H 2M2`;v /QKBM�i2b i?2 lMBp2`b2 /m`BM; BM~�iBQM TH�vBM;
� `QH2 bBKBH�` iQ � +QbKQHQ;B+�H +QMbi�Mi- Bi Bb TQbbB#H2 iQ `2�HBx2 � HQM; 2MQm;? [m�bB
/2 aBii2` T?�b2 i?�i bQHp2b i?`22 +`BiB+�H Bbbm2b T`Q#H2Kb BM i?2 bi�M/�`/ >Qi "B;
"�M; i?2Q`v �b /2bB`2/X L2ti- � #`B27 `2pB2r Q7 i?2 +QbKQHQ;B+�H T2`im`#�iBQM i?2Q`v
Bb ;Bp2M- b?QrBM; ?Qr iQ +�H+mH�i2 i?2 TQr2` bT2+i`mK Q7 i?2 [m�MimK ~m+im�iBQMb
;2M2`�i2/ /m`BM; BM~�iBQM r?B+? Bb /B`2+iHv `2H�i2/ iQ i?2 Q#b2`p2/ *J" �MBbQi`QTv
�M/ Gaa 7Q`K�iBQMX

kXkXj Zm�MimK 6Hm+im�iBQM
qBi? ?QKQ;2M2Qmb +H�bbB+�H #�+F;`QmM/ }2H/b- QMHv �M mMT2`im`#2/ lMBp2`b2 Bb ;2M@
2`�i2/ �7i2` BM~�iBQM- r?B+? Bb BM+QMbBbi2Mi rBi? +m``2Mi Q#b2`p�iBQMX AM Q`/2` iQ b22/
i?2 Q#b2`p2/ *J" �MBbQi`QTv �M/ Gaa 7Q`K�iBQM- [m�MimK ~m+im�iBQMb ;2M2`�i2/
/m`BM; BM~�iBQM Kmbi #2 i�F2M BMiQ �++QmMi iQ T`QpB/2 i?2 BMBiB�H +QM/BiBQMb 7Q` i?2
bm#b2[m2Mi 2pQHmiBQM Q7 i?2 T2`im`#2/ lMBp2`b2X h?2b2 [m�MimK ~m+im�iBQMb �`2 mbm@
�HHv +�HH2/ T`BKQ`/B�H T2`im`#�iBQMb- r?B+? rBHH #2 i`2�i2/ rBi?BM i?2 7`�K2rQ`F Q7

Rd



+QbKQHQ;B+�H T2`im`#�iBQM i?2Q`v BM i?2 7QHHQrBM;NX h?2 T`BKQ`/B�H T2`im`#�iBQMb �`2
�bbmK2/ iQ #2 bK�HH �M/ bmT2`BKTQb2/ mTQM � ?QKQ;2M2Qmb �M/ BbQi`QTB+ #�+F;`QmM/
UQ`- KQ`2 bT2+B}+�HHv- � ~�i 6G_q K2i`B+V- r?B+? �HHQrb Q`/2`@#v@Q`/2` +�H+mH�iBQM BM
i?2 T2`im`#�iBp2 2tT�MbBQMX AM i?Bb i?2bBb- QMHv HBM2�` T2`im`#�iBQMb �`2 +QMbB/2`2/RyX

Zm�MimK ~m+im�iBQMb BM2pBi�#Hv 2tBbi BM i?2 K2i`B+ �M/ i?2 BM~�iQM }2H/UbVX �+@
+Q`/BM; iQ i?2 ?2HB+BiB2b Q7 /Bz2`2Mi +QKTQM2Mib- i?2v +�M #2 /2+QKTQb2/ BMiQ i?`22
ivT2b- b+�H�`@- p2+iQ`@- �M/ i2MbQ`@T2`im`#�iBQMbX h?2 b+�H�` �M/ i2MbQ` T2`im`#�iBQMb
?�p2 �M BKTQ`i�Mi T`QT2`iv i?�i �HHQrb i?2 +QKT�`BbQM #2ir22M i?2Q`2iB+�H T`2/B+@
iBQMb 7`QK BM~�iBQM �M/ Q#b2`p�#H2b- BX2X bm+? T2`im`#�iBQMb #2?�pBM; +H�bbB+�HHv
�M/ `2K�BMBM; 7`Qx2M �i i?2 bmT2`?Q`BxQM b+�H2X .m`BM; BM~�iBQM- T2`im`#�iBQMb rBi?
T?vbB+�H r�p2H2M;i?b �`QmM/ i?2 ?Q`BxQM bBx2 BMBiB�HHv �`2 bi`2i+?2/ QmibB/2 i?2 >m##H2
`�/Bmb bQQM �7i2` i?2B` ;2M2`�iBQM- r?B+? H2�/b iQ i?2 7�+i i?�i i?2 [m�MimK M�im`2
UQ` MQM@+QKKmi�iBpBivV Q7 i?2b2 T`BKQ`/B�H T2`im`#�iBQMb #2+QK2b M2;HB;B#H2 (dk- dj)
�M/ i?2B` �KTHBim/2b #2+QK2 +QMbi�Mi �b bQQM �b i?2v �`2 +`2�i2/X q?2M i?2b2 KQ/2b
;`�/m�HHv `2@2Mi2` i?2 ?Q`BxQM �b i?2 >m##H2 `�/Bmb ;`Qrb �7i2` BM~�iBQM- i?2v H2�p2
BKT`BMib QM *J" �M/ Gaa i?�i +�M #2 Q#b2`p2/ #v +m``2Mi �M/ 7mim`2 Q#b2`p�iBQM-
r?B+? �HHQrb mb iQ H2�`M �#Qmi i?2 T�biX PM i?2 Qi?2` ?�M/- p2+iQ` KQ/2b �`2 �Hr�vb
/BHmi2/ #v >m##H2 2tT�MbBQM- bQ i?2v �`2 M�im`�HHv +QMbB/2`2/ bm#/QKBM�Mi �M/ M2;@
HB;B#H2X h?2`27Q`2- BM i?2 7QHHQrBM;- i?2 /Bb+mbbBQM 7Q+mb2b QM i?2 b+�H�` �M/ i2MbQ`
T2`im`#�iBQMb r?B+? �`2 `2bTQMbB#H2 7Q` i?2 Q#b2`p2/ /2MbBiv T2`im`#�iBQMb �M/ 7mim`2
2tT2`BK2Mi�H i�`;2i- T`BKQ`/B�H ;`�pBi�iBQM�H r�p2b- `2bT2+iBp2HvX

kXkXjXR .2+QKTQbBiBQM

�b K2MiBQM2/ T`2pBQmbHv- i?2 [m�MimK ~m+im�iBQMb BM i?2 K2i`B+ �M/ K�ii2` +�M #2
/2+QKTQb2/ BMiQ b+�H�`@- p2+iQ`@- �M/ i2MbQ`@ivT2- �++Q`/BM; iQ i?2B` #2?�pBQ` mM/2`
+QQ`/BM�i2 i`�Mb7Q`K�iBQMbX �i i?2 HBM2�` Q`/2`- i?2v 2pQHp2 BM/2T2M/2MiHvX h?Bb
BKTQ`i�Mi `2bmHi +�M #2 T`Qp2/ #v `2r`BiBM; i?2 +Qp�`B�Mi HBM2�` /Bz2`2MiB�H 2[m�iBQM
Q7 b2+QM/@Q`/2` 7Q` i?2 T2`im`#�iBQMb BMiQ /2+QmTH2/ 2[m�iBQMb- 2�+? Q7 r?B+? +QMi�BMb
QMHv QM2 ivT2 Q7 T2`im`#�iBQMb (ee)RRX � #`B27 /Bb+mbbBQM Q7 i?Bb T`QQ7 Bb T`2b2Mi2/ ?2`2X

*QMbB/2` �M (n+1)@/BK2MbBQM�H 6G_q bT�+2iBK2 ;2M2`�HBx2/ 7`QK 1[X UkXRV- rBi?
γij �b i?2 n@/BK2MbBQM�H bT�iB�H K2i`B+ r?B+? `�Bb2b �M/ HQr2`b i?2 bT�iB�H BM/B+2b BM
i?Bb /Bb+mbbBQMX .2MQi2 i?2 +Qp�`B�Mi /2`Bp�iBp2 rBi? `2bT2+i iQ γij �b ∇̃i- �M/ |i = ∇̃iX

Na22 2X;X _27X (ee) 7Q` �M 2t+2HH2Mi `2pB2rX
Ry>B;?2` Q`/2` T2`im`#�iBQMb bm+? �b T`BKQ`/B�H MQM@:�mbbB�MBiv �`2 �HbQ BMi2MbBp2Hv bim/B2/ BM

2X;X _27bX (edĜdR)X
RRa22 _27X (d9) 7Q` �MQi?2` �TT`Q�+? #v K�FBM; mb2 Q7 i?2 bvKK2i`v Q7 i?2 ~�i 6G_q #�+F;`QmM/X

R3



:2M2`�H b+�H�`- p2+iQ`- �M/ i2MbQ` T2`im`#�iBQMb �`2 /2MQi2/- `2bT2+iBp2Hv- �b-

aa ,

bi = ba
|i + bo

i , bo|i
i = 0 ,

cij = chh
ij + 2co

(i|j) +

(
ca
|ij −

1

n
γij∆̃ ca

)
+

1

n
γij c̃ , chhi

i = chh|i
ij = co|i

i = 0 , UkXj8V

r?2`2 ∆̃ = γij∇̃i∇̃j �M/ c̃ = cii X 6`QK i?2 /2}MBiBQM Q7 i?2 _B2K�MM i2MbQ`
(
∇̃i∇̃j − ∇̃j∇̃i

)
vk = R m

ijk vm , UkXjeV

Bi +�M #2 b?QrM i?�i �HH i?2 b+�H�` [m�MiBiB2b UmT iQ b2+QM/@Q`/2` /Bz2`2MiB�iBQMV
�TT2�` BM i?2 7QHHQrBM; 7Q`Kb

aa , bi|i = ∆̃ba , c̃ , ∆̃c̃ ,

(
cij − 1

n
γij c̃

)

|ij
=

n− 1

n

(
∆̃+ nK

)
∆̃ ca , UkXjdV

r?2`2 QMHv i?2 Q`B;BM�H b+�H�` T�`ib BM aa- bi- �M/ cij b?Qr mTX aBKBH�`Hv- i?2 p2+iQ`
[m�MiBiB2b QMHv �TT2�` BM i?2 7QHHQrBM; 7Q`Kb

aa
|i , bi , ∆̃bi = ∆̃bo

i +
[
∆̃ba + (n− 1)Kba

]

|i
, c̃|i , ∇̃i∆̃ c̃ ,

(
cij − 1

n
γij c̃

)

|j
=
[
∆̃+ (n− 1)K

]
boi +

n− 1

n
∇̃i
(
∆̃+ nK

)
ca , UkXj3V

r?2`2- /m2 iQ i?2 i`�Mbp2`b2 T`QT2`iv Q7 bo
i - co

i - �M/ chh
ij - i?2 b+�H�` T�`ib Q7 i?2b2

[m�MiBiB2b QMHv +QMbBbi Q7 i?2 b+�H�` KQ/2b �TT2�` BM 1[bX UkXj8V- �M/ i?2 p2+iQ` T�`ib
QMHv +QMbBbi Q7 p2+iQ` KQ/2bX �b 7Q` i?2 i2MbQ` [m�MiBiB2b- i?2 QMHv +QK#BM�iBQMb �`2
�b 7QHHQrb

γija
a ,

(
∇̃i∇̃j −

1

n
γij∆̃

)
aa , γij∆̃aa , γij∇̃kb

k = γij∇̃ba ,

2b(i|j) = 2bo
(i|j) + 2

(
∇̃i∇̃j −

1

n
γij∆̃

)
ba +

2

n
γij∆̃ba ,

cij , γij c̃ , γij∆̃ c̃ , c̃|ij =

(
∇̃i∇̃j −

1

n
γij∆̃

)
c̃+

1

n
γij∆̃ c̃ ,

2∇̃(i∇̃kcj)k −
2

n
c̃|ij = 2∇̃(i

[
∆̃+ (n− 1)K

]
bo
j) +

2(n− 1)

n

[(
∆̃+ nK

)
ca
]

|ij
,

∆̃ cij = ∆̃ chh
ij + 2∇̃(i

[
∆̃− (n− 1)

]
co
j) +

(
∇̃i∇̃j −

1

n
γij

)[
∆̃+ (2n− 1)K

]
ca

+
1

n
γij∆̃

[
(n− 1)Kca + c̃

]
,

γijc
km
|km =

2(n− 2)

n
∆̃(∆̃+ nK)γijc

a +
2

n
γij∆̃c̃ , UkXjNV

RN



r?2`2 i?2 i`�Mbp2`b2 �M/ i`�+2H2bb T`QT2`iB2b Q7 chh
ij �b r2HH �b i?2 i`�Mbp2`b2 T`QT2`iB2b

Q7 i?2 p2+iQ` KQ/2b 2Mbm`2 i?�i i?2 i2MbQ`- p2+iQ`- �M/ b+�H�` T�`ib �`2 �HbQ r2HH
b2T�`�i2/ �b BM i?2 T`2pBQmbHv bBim�iBQMbX �b � `2bmHi- i?2 2[m�iBQMb Q7 KQiBQM 7Q`
/Bz2`2Mi ivT2b Q7 T2`im`#�iBQMb �`2 /2+QmTH2/ rBi? 2�+? Qi?2` �i HBM2�` H2p2H- r?B+?
;`2�iHv bBKTHB}2b i?2 bim/v Q7 }`bi@Q`/2` T2`im`#�iBQMX

kXkXjXk :�m;2 AMp�`B�M+2

AM :_- i?2`2 �`2 /Bz2`2Mi r�vb iQ 7QHB�i2 i?2 bT�+2iBK2 �HHQr2/ #v i?2 /Bz2QKQ`@
T?BbK BMp�`B�M+2- r?B+? +Q``2bTQM/b iQ bHB+BM; i?2 bT�+2iBK2 #v � 7�KBHv Q7 bT�+2HBF2
?vT2`bm`7�+2b (Σt)|t∈R i?`2�/2/ #v � bKQQi? `2;mH�` b+�H2 }2H/ tX h?Bb b+�H�` }2H/ Bb
mbm�HHv `2;�`/2/ �b i?2 iBK2 +QQ`/BM�i2- �M/ bT�iB�H +QQ`/BM�i2b +�M �HbQ #2 �ii�+?2/
iQ i?2 bT�+2HBF2 ?vT2`bm`7�+2b Q7 +QMbi�Mi iBK2RkX � +?QB+2 Q7 7QHB�iBQM Bb mbm�HHv +�HH2/
� +?QB+2 Q7 ;�m;2- �M/ i?2 /Bz2QKQ`T?BbK BMp�`B�M+2 Bb �HbQ +Q``2bTQM/BM;Hv +�HH2/
;�m;2 BMp�`B�M+2X h?2 ;�m;2 +?QB+2 Bb BKTQ`i�Mi 7Q` bim/vBM; +QbKQHQ;B+�H T2`im`#�@
iBQMb #2+�mb2- ;2M2`�HHv bT2�FBM;- i?2 /2}MBiBQM Q7 T2`im`#�iBQMb Bb ;�m;2@/2T2M/2MiX
>Qr2p2`- i?2 T?vbB+�H [m�MiBiB2b Q` Q#b2`p�#H2b b?QmH/ MQi /2T2M/ QM i?2 +?QB+2 Q7
;�m;2X h?2`27Q`2- #27Q`2 i?2 +�H+mH�iBQM Q7 TQr2` bT2+i`� Q7 +QbKQHQ;B+�H T2`im`#�@
iBQMb- Bi Bb M2+2bb�`v iQ `2KQp2 i?2 +QM7mbBQM +�mb2/ #v ;�m;2 +?QB+2b #v }M/BM; Qmi
i?2 ;�m;2@BMp�`B�Mi T?vbB+�H [m�MiBiB2b (3y- 3R)X

h?2 K2i`B+ T2`im`#�iBQMb UM2;H2+iBM; i?2 p2+iQ` KQ/2bV QM � ~�i 6G_q K2i`B+
�`2 mbm�HHv r`Bii2M BM i?2 7QHHQrBM; 7Q`K

ds2=−(1+2Φ)dt2+2a(t)Ba
,idx

idt+a2(t)
[
(1−2Ψ)δij+2Ea

,ij+hhh
ij

]
dxidxj , UkX9yV

r?2`2 δijEa
,ij = δijhhh

ij = δjkhhh
ij,k = 0- �M/ i?2 `2H2p�Mi T2`im`#�iBQMb BM BM~�iQM �`2

ρ(t,t)= ρ̄(t) + δρ(t,t) , p(t,t)= p̄(t) + δp(t,t) , φ(t,t)= φ̄(t) + δφ(t,t) , UkX9RV

r?2`2 i?2 Qp2`@HBM2 (̄ ) /2MQi2b i?2 ?QKQ;2M2Qmb #�+F;`QmM/X 6Q` bBKTHB+Biv- i?2
MQi�iBQM ( ),i ≡ ∂i( ) Bb �/QTi2/ 7Q` i?2 bT�iB�H T�`iB�H /2`Bp�iBp2bX �++Q`/BM; iQ i?2
;�m;2 i`�Mb7Q`K�iBQM `mH2b b?QrM BM �TT2M/Bt "- Bi Bb bi`�B;?i7Q`r�`/ iQ +QMbi`m+i
�b K�Mv ;�m;2@BMp�`B�Mi [m�MiBiB2b �b TQbbB#H2 �KQM; r?B+?- ?Qr2p2`- QMHv � 72r
mMB[m2 +QK#BM�iBQMb �`2 T?vbB+�HHv K2�MBM;7mHX AM i?2 +QMi2ti Q7 BM~�iBQM- QM2 Q7
i?2 KQbi 2bb2MiB�H [m�MiBiB2b Bb i?2 ;�m;2@BMp�`B�Mi +m`p�im`2 T2`im`#�iBQM i?�i b22/b

Rkh?Bb TB+im`2 +�M #2 b22M KQ`2 +H2�`Hv BM �.J 7Q`K�HBbK (d8) r?2`2 �HH i?2 T2`im`#�iBQMb QM i?2
K2i`B+ �`2 2M+Q/2/ BM i?2 H�Tb2 Q7 iBK2- b?B7i QM i?2 bT�+2HBF2 ?vT2`bm`7�+2b- �M/ i?2 bT�iB�H K2i`B+X
JQ`2 /2i�BHb �#Qmi �.J +�M #2 7QmM/ BM i2ti#QQFb �M/ `2pB2rb- 2X;X (deĜdN)X

ky



i?2 *J" �MBbQi`QTv �M/ Gaa 7Q`K�iBQMX aT2+B}+�HHv- i?2 /2}MBiBQM Q7 i?2 ;�m;2@
BMp�`B�Mi p�`B�#H2 r?B+? +QBM+B/2b rBi? i?2 +m`p�im`2 T2`im`#�iBQM QM i?2 +QKQpBM;
bHB+BM; Uδφ = 0V Bb ;Bp2M �b

R ≡ Ψ+
H
˙̄φ
δφ . UkX9kV

h?Bb p�`B�#H2 rBHH #2 mb2/ H�i2` iQ +�H+mH�i2 i?2 b+�H�` TQr2` bT2+i`mK �M/ i?2 b+�H�`
bT2+i`�H BM/2tX � +HQb2Hv `2H�i2/ [m�MiBiv Bb i?2 +m`p�im`2 T2`im`#�iBQM /2}M2/ QM
mMB7Q`K@/2MbBiv bHB+BM; Uδρ = 0V (3R)

−ζ ≡ Ψ+
H
˙̄ρ
δρ . UkX9jV

�i bmT2`?Q`BxQM b+�H2- i?2b2 irQ +m`p�im`2 T2`im`#�iBQMb QM /Bz2`2Mi bHB+BM;b +QBM+B/2
R ≈ −ζ (3R)X PM2 +`m+B�H T`QT2`iv Q7 R UQ` ζV Bb Bib +QMb2`p�iBQM �7i2` ?Q`BxQM 2tBi
mM/2` i?2 +B`+mKbi�M+2b r?2`2 i?2`2 �`2 MQ 2ti2`M�H bQm`+2b- 7Q` BMbi�M+2- /m`BM;
bBM;H2@}2H/ BM~�iBQM- r?B+? 2Mbm`2b i?�i i?2 bm#?Q`BxQM T?vbB+b /Q2b MQi �z2+i i?2
KQ/2b QmibB/2 i?2 ?Q`BxQM mMiBH i?2B` `2@2Mi`vX h?Bb Bb i?2 `2�bQM r?v i?2 Q#b2`p2/
TQr2` bT2+i`mK Q7 i?2 +m`p�im`2 T2`im`#�iBQM ;2M2`�i2/ /m`BM; BM~�iBQM +�M #2 +QK@
Tmi2/ bBKTHv �i i?2 ?Q`BxQM 2tBi `2;�`/H2bb Q7 Bib bmT2`?Q`BxQM 2pQHmiBQMX AM i?2
+�b2 Q7 KmHiB@}2H/ BM~�iBQM r?2`2 i?Bb Bb MQi QMHv +m`p�im`2 T2`im`#�iBQM #mi BbQ+m`@
p�im`2 QM2b- TQbbB#H2 KBtBM; �KQM; i?2K +�M bTQBH i?2 +QMb2`p�iBQM Q7 +m`p�im`2
T2`im`#�iBQM �i bmT2`?Q`BxQM b+�H2- r?B+? rBHH #2 /Bb+mbb2/ b?Q`iHvX �MQi?2` mb2@
7mH ;�m;2@BMp�`B�Mi [m�MiBiv Bb i?2 bQ@+�HH2/ JmF?�MQp@a�b�FB p�`B�#H2 (3k- 3j) r?B+?
`2T`2b2Mib i?2 T2`im`#�iBQM Q7 BM~�iQM }2H/ QM � bT�iB�HHv ~�i bHB+BM; UΨ = Ea = 0V

Q ≡ δφ+
˙̄φ

H
Ψ . UkX99V

h?2b2 ;�m;2@BMp�`B�Mi [m�MiBiB2b �`2- #v /2}MBiBQM- mM+?�M;2/ mM/2` i?2 ;�m;2 i`�Mb@
7Q`K�iBQMX AM T�`iB+mH�`- R �M/ ζ `2T`2b2Mi i?2 T?vbB+�H Q` Q#b2`p�#H2 +m`p�im`2
T2`im`#�iBQM BM +Q``2bTQM/BM; ;�m;2b i?�i +�M #2 +?Qb2M 7Q` +QMp2MB2M+2 �++Q`/@
BM; iQ /Bz2`2Mi bBim�iBQMbRjX *?QQbBM; Q- QM i?2 Qi?2` ?�M/- +�M ;`2�iHv bBKTHB7v
i?2 2[m�iBQM Q7 KQiBQM 7Q` }`bi@Q`/2` b+�H�` T2`im`#�iBQMb- H2�/BM; iQ i?2 r2HH@FMQrM
JmF?�MQp@a�b�FB 2[m�iBQM (3k-3j)X h`�Mb7Q`KBM; 7`QK QM2 iQ �MQi?2` Bb Dmbi i?`Qm;?
bQK2 bBKTH2 ;�m;2 i`�Mb7Q`K�iBQM Ub22 �TT2M/Bt "VX

AM � KmHiB@+QKTQM2Mi bvbi2K- i?2`2 Bb MQi QMHv �/B�#�iB+ UQ` +m`p�im`2V T2`im`@
#�iBQM K2MiBQM2/ �#Qp2 #mi �HbQ 2Mi`QTv UQ` BbQ+m`p�im`2V T2`im`#�iBQMbX AMimBiBp2Hv

Rjh?2`2 �`2 ;2M2`�HHv MQ T`272``2/ ;�m;2b- #mi bQK2 Q7 i?2K /Q ?�p2 i?2B` QrM �/p�Mi�;2b QM i?2
ǳ;QQ/Ǵ #2?�pBQ` Q7 i?2 T2`im`#�iBQMbX a22 2X;X _27bX (ee- d9-dN-39) 7Q` /2i�BHb Q7 /Bz2`2Mi ;�m;2bX

kR



bT2�FBM;- i?2 7Q`K2` /2b+`B#2b ?Qr 2�+? +QKTQM2Mi ~m+im�i2b �++Q`/BM; iQ i?2 iQi�H
2M2`;v /2MbBiv ~m+im�iBQM rBi? i?2B` `2H�iBp2 `�iBQb mM+?�M;2/ r?BH2 i?2 H�ii2` /2@
b+`B#2 i?2 `2H�iBp2 ~m+im�iBQMb �KQM; �HH i?2 +QKTQM2Mib rBi?Qmi +?�M;BM; i?2 iQi�H
2M2`;v /2MbBivX JQ`2 bT2+B}+�HHv- �bbmKBM; i?�i i?2`2 �`2 irQ +QKTQM2Mib BM i?2
~mB/ rBi? iQi�H 2M2`;v /2MbBiv ρiQi- i?2 �/B�#�iB+ T2`im`#�iBQM Bb ;Bp2M #v i?2 T�`i
r?2`2 i?2 T`2bbm`2 Bb � mMB[m2 7mM+iBQM Q7 i?2 UbKQQi?2/V iQi�H 2M2`;v /2MbBiv �i �
`2H2p�Mi b+�H2 bm+? i?�i Ub22 2X;X _27X (38)V

δp�/ ≡
˙̄piQi
˙̄ρiQi

δρ , UkX98V

r?BH2 i?2 BbQ+m`p�im`2 T2`im`#�iBQM Bb /2}M2/ �b i?2 /2pB�iBQM 7`QK i?2 �/B�#�iB+ QM2

δp2M ≡ δp− δp�/ , UkX9eV

Q` �Hi2`M�iBp2Hv � /BK2MbBQMH2bb ;�m;2@BMp�`B�Mi 2Mi`QTv T2`im`#�iBQM +�M #2 /2}M2/
�b (3e)

S ≡ H

(
δp
˙̄p
− δρ

˙̄ρ

)
. UkX9dV

h?2`2 �`2 KQ`2 i?�M QM2 b+�H�` KQ/2b BM KmHiB@}2H/ BM~�iBQM KQ/2Hb- �KQM; r?B+?
QMHv QM2 HBM2�` +QK#BM�iBQM Bb i?2 +m`p�im`2 T2`im`#�iBQM r?BH2 Qi?2`b �`2 Q7 BbQ+m`@
p�im`2 ivT2X AM i?Bb +�b2- i?2 +m`p�im`2 T2`im`#�iBQM +Q``2bTQM/b iQ i?2 T2`im`#�iBQMb
�HQM; i?2 +H�bbB+�H BM~�iQM i`�D2+iQ`v- r?BH2 i?2 BbQ+m`p�im`2 T2`im`#�iBQMb `2T`2b2Mi
i?2 T2`im`#�iBQMb Q`i?Q;QM�H iQ BiX A7 i?2 Q`i?Q;QM�H /B`2+iBQM TQbb2bb2b � K�bb Km+?
?2�pB2` i?�M i?2 >m##H2 T�`�K2i2`- i?2 ?2�pv BbQ+m`p�im`2 KQ/2 Bb ?�`/Hv 2t+Bi2/
�M/ +�M #2 BMi2;`�i2/ QmiX :2M2`�HHv bT2�FBM;- i?2 BbQ+m`p�im`2 KQ/2b +�M b2`p2 �b
� bQm`+2 i2`K iQ i?2 �/B�#�iB+ QM2 i?`Qm;? i?2 im`MBM; `�i2 Q7 i?2 BM~�iQM- bQ B7 i?2
BM~�iQM i`�D2+iQ`v Bb +m`p2/- i?2 +m`p�im`2 T2`im`#�iBQM Bb MQ HQM;2` +QMb2`p2/ �i
bmT2`?Q`BxQM b+�H2 (3e)X lbm�HHv- i?2 BbQ+m`p�im`2 KQ/2 +�MMQi bm`pBp2 mMiBH iQ/�v
#2+�mb2 i?2 i?2`K�HBx�iBQM T`Q+2bb �7i2` BM~�iBQM r�b?2b Qmi bm+? ivT2 Q7 T2`im`#�@
iBQMbR9XAM i?2 +�b2b +QMbB/2`2/ BM i?Bb i?2bBb- BbQ+m`p�im`2 KQ/2b �`2 �Hr�vb M2;HB;B#H2-
bQ 7m`i?2` /Bb+mbbBQM Bb QKBii2/X

kXkXjXj SQr2` aT2+i`mK

PM2 Q7 i?2 KQbi BKTQ`i�Mi Q#b2`p�#H2 BM +QbKQHQ;v Bb i?2 TQr2` bT2+i`mK Q7 i?2
+m`p�im`2 T2`im`#�iBQM ∆2

R �#Qmi r?B+? KQbi /�i� +QK2 7`QK *J" �MBbQi`QTv �M/
R9a22 /Bb+mbbBQM BM 2X;X _27bX (3dĜNy)X

kk



GaaX *m``2MiHv- i?2 Q#b2`p�iBQM /2i2`KBM2b Bib �KTHBim/2 iQ #2 ∼ O(10−9) (kj)X AM
Q`/2` iQ +QM7`QMi i?2 i?2Q`v rBi? Q#b2`p�iBQM- Bi Bb 2bb2MiB�H iQ +�H+mH�i2 ∆2

R BM ;Bp2M
BM~�iBQM KQ/2Hb- i?`Qm;? r?B+? i?2 KQ/2H T�`�K2i2`b �`2 +QMbi`�BM2/X

hQ bQHp2 i?2 /vM�KB+b 7Q` i?2 }`bi@Q`/2` T2`im`#�iBQM- Bi Bb M2+2bb�`v iQ 2tT�M/ i?2
�+iBQM mT iQ i?2 b2+QM/ Q`/2`X PM i?2 +QKQpBM; bHB+BM;- Bi Bb FMQrM 7`QK 1[X UkX9kV
i?�i R = Ψ ?QH/b- �M/ bQ i?2 �+iBQM BM b2+QM/ Q`/2` Q7 +m`p�im`2 T2`im`#�iBQM Bb
;Bp2M �bR8

S =
1

2

∫
d3xdη

[
(v′)2 − (v,i)

2 +
z′′

z
v2
]

, UkX93V

r?2`2 v ≡ zR- z ≡ aφ̇/H- �M/ ( ′ ) /2MQi2b i?2 /2`Bp�iBp2 rBi? `2bT2+i iQ i?2
+QM7Q`K�H iBK2 η (3k- 3j)X Zm�MiBxBM; i?2 b+�H�` }2H/ v rBi? T`QT2` MQ`K�HBx�iBQM-
i?2 2[m�iBQM Q7 KQiBQM 7Q` Bib KQ/2 7mM+iBQM Bb 2�bBHv /2`Bp2/ �b

v′′k + (k2 − z′′/z)vk = 0 , UkX9NV

r?B+? Bb FMQrM �b i?2 JmF?�MQp@a�b�FB 2[m�iBQM (3k-3j)X �b +�M #2 b22M- i?2 >m##H2
2tT�MbBQM BM/m+2b � iBK2@/2T2M/2Mi 2z2+iBp2 K�bb −z′′/z 7Q` i?2 b+�H�` }2H/ r?B+?
2M+Q/2b i?2 BMi2`�+iBQM #2ir22M #�+F;`QmM/ bT�+2iBK2 �M/ T2`im`#�iBQMX

AM bBM;H2@}2H/ bHQr@`QHH BM~�iBQM KQ/2Hb r?B+? �`2 Q7 BMi2`2bi ?2`2- i?2 lMBp2`b2 Bb
BM � [m�bB@/2 aBii2` T?�b2 /m`BM; BM~�iBQM bQ i?2 2z2+iBp2 K�bb +�M #2 2tT`2bb2/ BM
i2`Kb Q7 i?2 bHQr@`QHH T�`�K2i2`b UmT iQ b2+QM/ Q`/2`V (NR) �b

z′′/z = a2H2(2 + 2ε1 − 3ε2 + ε22 − ε1ε2) + a2H ε̇1 − a2H ε̇2 , UkX8yV

rBi? r?B+? 1[X UkX9NV +�M #2 bQHp2/ iQ vB2H/

vk =

√
π

2
ei(ν+1/2)π/2√−ηH(1)

ν (−kη) . UkX8RV

>2`2- H(1)
ν (x) Bb i?2 >�MF2H 7mM+iBQM Q7 i?2 }`bi FBM/- �M/

ν =
1 + ε1 − ε2
1− ε1

+
1

2
. UkX8kV

AM /2 aBii2` HBKBi r?2`2 ε1 = ε2 = 0 �M/ H = +QMbi.- 1[X UkX8RV +QBM+B/2b rBi? i?2
KQ/2 7mM+iBQM 7Q` i?2 "mM+?@.�pB2b p�+mmK (Nk)

vk =
e−ikη

√
2k

(1− i

kη
) . UkX8jV

R8>2`2- i?2 bQmM/ bT22/ Q7 i?2 T2`im`#�iBQM Bb c2s = 1X G�i2` BM i?2 /Bb+mbbBQM Q7 KmHiB@}2H/
BM~�iBQM- KQ`2 /Bb+mbbBQM QM i?2 MQM@i`BpB�H bQmM/ bT22/ Bb T`2b2Mi2/X

kj



aQQM �7i2` ;2M2`�iBQM- T2`im`#�iBQMb 2tBi i?2 ?Q`BxQM �M/ 7`22x2 mMiBH i?2v `2@2Mi2`
i?2 >m##H2 ?Q`BxQM �7i2` BM~�iBQMX �i bmT2`?Q`BxQM b+�H2 |kη| → 0- 1[X UkX8RV #2?�p2b
�b

HBK
|kη|→0

vk → ei(ν−1/2)π/2 Γ(ν)

Γ(3/2)

2ν−3/2

√
2k

(−kη)1/2−ν . UkX89V

r?B+? Bb Q7 BMi2`2bi BM +QbKQHQ;vX h?2 /BK2MbBQMH2bb TQr2` bT2+i`mK Q7 +m`p�im`2
T2`im`#�iBQM ∆2

R(k) Bb /2}M2/ �b

〈RFRT〉 = (2π)3 δ(3) (F + T) 2π
2

k3
∆2

R(k) , UkX88V

r?B+? b?QmH/ #2 2p�Hm�i2/ �i i?2 ?Q`BxQM +`QbbBM; KQK2Mi- a∗H∗ = k∗X �b � `2bmHi-

∆2
R(k∗)=

k

4π2

H2

M2
THε1

|vk|2
∣∣∣∣∣
a∗H∗=k∗

# H2

8π2M2
THε1

∣∣∣∣∣
a∗H∗=k∗

# 1

24π2M4
TH

V

ε1

∣∣∣∣∣
a∗H∗=k∗

, UkX8eV

7`QK r?B+? i?2 b+�H�` bT2+i`�H BM/2t +�M #2 Q#i�BM2/ (Nj)

ns − 1 ≡ d HM∆2
R

d HM k # −4ε1 + 2ε2|a∗H∗=k∗
, UkX8dV

r?B+? Bb bHQr@`QHH bmTT`2bb2/X AM Qi?2` rQ`/b- bBM;H2@}2H/ bHQr@`QHH BM~�iBQM `2bmHib BM
� M2�`Hv b+�H2@BMp�`B�Mi b+�H�` bT2+i`mKX

�b 7Q` i?2 T`BKQ`/B�H i2MbQ` KQ/2- i?2 T`Q+2/m`2 Bb bBKBH�` (88- N9ĜNd)X aT2+B}@
+�HHv- i?2 2[m�iBQM Q7 KQiBQM 7Q` i?2 i2MbQ` KQ/2 7mM+iBQM Bb bBKTHv- BM 1[X UkX9NV-
bm#biBimiBM; z rBi? a- �M/ vk rBi? vrF ≡ ahr

F r?B+? Bb ;Bp2M #v

hhh
ij (η,t) =

√
2

MTH

∫
d3k

(2π)3
eiF·t

∑

r=+,×
εrij(F)hr

F(η) ,

hr
F(η) =hk(η)a

r
F + h∗

k(η)a
r†
−F , UkX83V

r?2`2 εrij rBi? r = +,× �`2 i?2 bvKK2i`B+ mMBi TQH�`Bx�iBQM p2+iQ`b b�iBb7vBM; εrii =
δijkiεrjk = 0 �M/ MQ`K�HBx2/ �b δijδklεrik

(
εsjl
)∗

= 2δrsX *QMb2[m2MiHv- i?2 /BK2MbBQMH2bb
i2MbQ` TQr2` bT2+i`mK Bb +�H+mH�i2/ �b

∆2
h(k∗)≡

d

d HM k 〈
(
hhh
ij

)2〉
∣∣∣∣
a∗H∗=k∗

=
8

M2
TH

k3

2π2
|hk|2

∣∣∣∣∣
a∗H∗=k∗

= 8

(
H

2πMTH

)2
∣∣∣∣∣
a∗H∗=k∗

, UkX8NV

rBi? r?B+? i?2 i2MbQ` bT2+i`�H iBHi Bb Q#i�BM2/

nt ≡
d HM∆2

h

d HM k ≈ −2ε1 , UkXeyV

k9



r?B+? Bb �HbQ bHQr@`QHH bmTT`2bb2/X �MQi?2` mb27mH [m�MiBiv Bb i?2 i2MbQ`@iQ@b+�H�`
`�iBQ r

r(k) ≡ ∆2
h(k)

∆2
R(k)

= 16ε1 . UkXeRV

�b +�M #2 b22M- i?2 bBM;H2@}2H/ bHQr@`QHH BM~�iBQM T`2/B+ib � bmTT`2bb2/ r- r?B+?
BM/B+�i2b i?�i i?2 T`BKQ`/B�H i2MbQ` T2`im`#�iBQM Bb Km+? bK�HH2` i?�M i?2 b+�H�`X
6`QK 1[bX UkXeyV �M/ UkXeRV- � +QMbBbi2M+v `2H�iBQM Q7 bBM;H2@}2H/ BM~�iBQM Bb Q#i�BM2/

r = −8nt , UkXekV

r?B+? +�M #2 QM2 Q7 i?2 r�vb iQ 7�HbB7v bBM;H2@}2H/ bHQr@`QHH +H�bb Q7 KQ/2Hb B7 �
/2pB�iBQM 7`QK Bi Bb Q#b2`p2/ BM i?2 7mim`2X

h?2 �KTHBim/2 Q7 b+�H�` TQr2` bT2+i`mK- i?2 b+�H�` bT2+i`�H BM/2t �M/ i?2 i2MbQ`@
iQ@b+�H�` `�iBQ �`2 i?`22 p2`v BKTQ`i�Mi Q#b2`p�#H2b iQ +QMbi`�BM BM~�iBQM KQ/2Hb (kj)X
h?2 +m``2Mi Q#b2`p2/ p�Hm2 Q7 b+�H�` TQr2` bT2+i`mK �KTHBim/2 �i TBpQi b+�H2 k∗ =

0.05JT+−1 Bb (kj)

∆2
R # 2.1× 10−9 , UkXejV

i?2 bT2+i`�H iBHi ns �i TBpQi b+�H2 k∗ = 0.05JT+−1 Bb (kj)

ns = 0.9649± 0.0042 �i 68W *G , UkXe9V

r?BH2 QMHv � mTT2` #QmM/ Bb Tmi QM r �b MQ i2MbQ` KQ/2 ?�b 2p2` #22M /2i2+i2/ v2i (kj)

r0.002 <∼ 0.056 �i 95W *G , UkXe8V

r?2`2 i?2 bm#b+`BTi K2�Mb i?�i Bi Bb K2�bm`2/ �i i?2 TBpQi b+�H2 k∗ = 0.002JT+−1X
6Q+mbBM; QM � H�`;2` b+�H2 7Q` r Bb #2+�mb2 T`BKQ`/B�H ;`�pBi�iBQM�H r�p2b #�bB+�HHv
?�b MQ +QMi`B#miBQM iQ *J" �MBbQi`QTv �i 3 >∼ 100 r?2`2 3 Bb i?2 KmHiBTQH2 KQK2MiX
�M BKTQ`i�Mi TQBMi Bb i?�i i?2b2 p�Hm2b /2T2M/ QM i?2 TBpQi b+�H2 +QMbB/2`2/ r?B+?
Bb /2i2`KBM2/ #v i?2 /m`�iBQM Q7 BM~�iBQM �M/ i?2 i?2`K�H ?BbiQ`v Q7 i?2 lMBp2`b2
�7i2` BM~�iBQMX h?2 T2`BQ/ �7i2` ""L ?�b �H`2�/v #22M r2HH T`Q#2/ r?BH2 i?2 T?vbB+b
#27Q`2 i?�i Bb biBHH Q7 H�`;2 �K#B;mBivX h?2`27Q`2- FMQrBM; i?2 BM~�iBQM T2`BQ/ �M/
i?2 TQbi@BM~�iBQM�`v `2?2�iBM; T`Q+2bb BM ;Bp2M KQ/2Hb Bb 2bb2MiB�H iQ BKT`Qp2 i?2
+QMbi`�BMib 7`QK Q#b2`p�iBQMX

k8



kXkX9 hvTB+�H 1t�KTH2b
aBM;H2@}2H/ bHQr@`QHH BM~�iBQM Bb bBKTH2 #mi TQr2`7mH #2+�mb2 /Bz2`2Mi T`BKQ`/B�H T2`@
im`#�iBQM bT2+i`� +�M #2 �+?B2p2/ bBKTHv #v �Hi2`BM; i?2 b?�T2 Q7 i?2 BM~�iQM TQ@
i2MiB�H- �b b?QrM T`2pBQmbHvX :Bp2M i?�i i?2 /2bB`2/ p�Hm2b �`2 b?QrM BM 1[bX UkXejV@
UkXe8V- KQ/2Hb b�iBb7vBM; i?2b2 +QMbi`�BMib +�M #2 +QMbi`m+i2/ #v K�MBTmH�iBM; i?2
TQi2MiB�H b?�T2 �HKQbi �`#Bi`�`BHv- r?B+?- ?Qr2p2`- Bb iQQ �K#B;mQmb �M/ H�+Fb KQiB@
p�iBQMX AMbi2�/- BM~�iBQM�`v KQ/2Hb rBi? 72r2` T�`�K2i2`b �M/ M�im`�H Q`B;BMb 7`QK
T�`iB+H2 T?vbB+b Q` [m�MimK ;`�pBiv �`2 Km+? KQ`2 �ii`�+iBp2X �KQM; �HH i?2 bBM;H2@
}2H/ BM~�iBQM KQ/2Hb- irQ bi�v BMbB/2 i?2 #2bi@}i `2;BK2 Q7 i?2 Q#b2`p�iBQM�HHv �HHQr2/
`2;BQM- i?2 ai�`Q#BMbFv KQ/2H rBi? QMHv QM2 KQ/2H T�`�K2i2` �M/ i?2 >B;;b BM~�iBQM
+QMbi`m+i2/ 7`QK i?2 QMHv FMQrM b+�H�` }2H/ BM aJX h?2 `2pB2r Q7 i?2 BM~�iBQM�`v
/vM�KB+b BM i?2b2 irQ KQ/2Hb Bb T`2b2Mi2/ BM i?2 7QHHQrBM;- r?B+? rBHH ?2HT iQ mM/2`@
bi�M/ i?Bb i?2bBbǶb K�BM iQTB+- i?2 KBt2/ >B;;b@R2 BM~�iBQM KQ/2HX

kXkX9XR ai�`Q#BMbFv JQ/2H

h?2 ai�`Q#BMbFv KQ/2H UQ` R2@BM~�iBQMV r�b Q`B;BM�HHv T`QTQb2/ BM _27X (j) r?2M
+QMbB/2`BM; i?2 QM2@HQQT [m�MimK +Q``2+iBQM iQ i?2 1@> �+iBQMX �b rBHH #2 b?QrM
#2HQr- ?Qr2p2`- iQ }i i?2 Q#b2`p�iBQM�H /�i�- i?2 +Q2{+B2Mi BM 7`QMi Q7 i?2 ǳ+Q``2+iBQMǴ
i2`K R2 ?�b iQ #2 2ti`2K2Hv H�`;2- r?B+? K�F2b i?2 Q`B;BM�H TQBMi Q7 pB2r #`2�F
/QrMX aQ 7�`- i?2`2 Bb MQ b�iBb7vBM; 2tTH�M�iBQM Q7 i?2 Q`B;BM Q7 i?2 R2 i2`K- #mi i?2
ai�`Q#BMbFv KQ/2H Bb biBHH QM2 Q7 i?2 KQbi �ii`�+iBp2 BM~�iBQM KQ/2Hb #2+�mb2 Q7 Bib
bBKTH2M2bb �M/ #2bi@}i Q#b2`p�iBQM�H T`2/B+iBQMbReX

h?2 �+iBQM Q7 R2@BM~�iBQM +QMbBbib Q7 QMHv irQ ;2QK2i`B+ i2`Kb BM C6 rBi?Qmi
BMi`Q/m+BM; �Mv �//BiBQM�H b+�H�` }2H/b

SC =

∫
d4x

√
−gC

[
M2

TH
2

RC +
M2

TH
12M2

R2
C

]
, UkXeeV

r?2`2 M Bb � M2r K�bb b+�H2 �M/ i?2 QMHv QM2 T�`�K2i2` BM i?Bb KQ/2HX �b Bb FMQrM
7`QK a2+X kXkXR- i?2 [m�/`�iB+ i2`K BM 1[X UkXeeV BM/m+2b � M2r b+�H�` /2;`22 Q7
7`22/QK BM 16 #2+�mb2 Q7 i?2 ?B;?2` /2`Bp�iBp2bX h?Bb b+�H�` }2H/ TH�vb i?2 `QH2 Q7
BM~�iQM �M/ Bb /m##2/ ǳb+�H�`QMǴ BM i?2 HBi2`�im`2X *QMb2[m2MiHv- M Bb mbm�HHv +�HH2/
i?2 b+�H�`QM K�bbX h?2 BM~�iBQM /vM�KB+b BM i?Bb KQ/2H Bb +H2�` �M/ bBKTH2- r?B+?
rBHH #2 b?QrM ?2`2 BM #Qi? C6 �M/ 16 7Q` +QKTH2i2M2bbX
• CQ`/�M 7`�K2 >2`2- �HH i?2 [m�MiBiB2b �`2 /2}M2/ BM C6 bQ i?2 bm#b+`BTib ǳCǴ
rBHH #2 /`QTT2/ 7Q` +QMp2MB2M+2X �bbmKBM; i?2 #�+F;`QmM/ bT�+2iBK2 iQ #2 i?2 ~�i

Rea22 2X;X _27X (N3) 7Q` �M 2t+2HH2Mi `2pB2r 7Q` f(R) i?2Q`vX a22 �HbQ _27X (NN)X

ke



6G_q K2i`B+- i?2 _B++B b+�H�` +�M #2 2tT`2bb2/ BM i2`Kb Q7 >m##H2 T�`�K2i2` �M/
Bib /2`Bp�iBp2b

R = 12H2 + 6Ḣ , UkXedV

�M/ i?2 1BMbi2BM 2[m�iBQMb �`2 ;Bp2M #v

2HḦ − Ḣ2 + 6H2Ḣ +M2H2 = 0 , UkXe3V
R̈ + 3HṘ +M2R = 0 , UkXeNV

r?2`2 R Bb i`2�i2/ �b �M BM/2T2M/2Mi b+�H�` /2;`22 Q7 7`22/QK Ub+�H�`QMV bQ i?�i
i?2 2[m�iBQMb Q7 KQiBQM 7Q` #Qi? R �M/ H �`2 F2Ti iQ #2 Q7 b2+QM/ Q`/2` BM iBK2
/2`Bp�iBp2bX .m`BM; BM~�iBQM- i?2 bHQr@`QHH �TT`QtBK�iBQMb ε1 ( 1 �M/ ε2 ( 1 �`2
p�HB/ Ur?B+? BM/B+�i2b R # 12H2 > 0V- bQ i?2 }`bi irQ i2`Kb BM 1[X UkXe3V �M/ i?2
}`bi i2`K BM 1[X UkXeNV �`2 M2;HB;B#H2X h?2 7Q`K2` H2�/b iQ � bBKTH2 `2bmHi

Ḣ # −M2/6 , UkXdyV

r?B+? ;Bp2b i?2 bQHmiBQM Q7 H �b

H #HBMB −
M2

6
(t− tBMB) , UkXdRV

r?2`2 i?2 >m##H2 T�`�K2i2` i�F2b i?2 BMBiB�H p�Hm2 HBMB ! M �i t = tBMB- r?BH2 i?2
H�ii2` +�M #2 bQHp2/ rBi? i?2 ?2HT Q7 i?2 bQHmiBQM �#Qp2 �M/ ;Bp2b

R #12H2 −M2 . UkXdkV

6Q` /m`�iBQM Q7 BM~�iBQM NBM7 = 60- i?2 BMBiB�H >m##H2 T�`�K2i2` Bb HBMB # 2
√
5M -

r?BH2 i?2 2M/ Q7 BM~�iBQM Bb b2i #v ε1 = 1 r?B+? ;Bp2b H2M/ # M/
√
6X h?2 b+�H�`QM

K�bb +�M #2 }t2/ iQ #2 M = Mc ∼ 10−5MTH #v mbBM; 1[bX UkX8eV �M/ i?2 Q#b2`p2/
�KTHBim/2 Q7 b+�H�` TQr2` bT2+i`mKX h?Bb p�Hm2 K�F2b i?2 R2 i2`K +Q2{+B2Mi mMmbm@
�HHv H�`;2- r?B+? biBHH `2K�BMb mM2tTH�BM2/X >2`2�7i2`- i?2 bT2+B}+ p�Hm2 Q7 Mc rBHH #2
�/QTi2/ 7Q` +�H+mH�iBQM (k9- j3- 9R- Ryy)

Mc ≡

√
24π2∆2

R
N2

BM7
MTH # 1.3× 10−5

(
54

NBM7

)
MTH , UkXdjV

r?2`2 ∆2
R Bb ;Bp2M BM 1[X UkXejVX

• 1BMbi2BM 7`�K2 >2`2- �HH i?2 [m�MiBiB2b rBi?Qmi bm#b+`BTi ǳCǴ �`2 /2}M2/ BM 16X
lbBM; i?2 i2+?MB[m2 BM a2+X kXkXR- i?2 b+�H�`QM }2H/ Bb /2}M2/ �b

αϕ ≡
√

2

3

ϕ

MTH
≡ HM

[
1 +

RC
3M2

]
, UkXd9V

kd



r?B+? 2Mi2`b i?2 +QM7Q`K�H i`�Mb7Q`K�iBQM �b 7QHHQrb

gµν = eαϕgCµν . UkXd8V

�b � `2bmHi- i?2 �+iBQM Bb `2r`Bii2M BM 16 �b

S =

∫
d4x

√
−g

[
M2

TH
2

R− 1

2
gµν∂µϕ∂νϕ− U(ϕ)

]
,

U(ϕ) =
3

4
M2

THM
2
(
1− e−αϕ

)2
. UkXdeV

h?Bb TQi2MiB�H Bb �bvKTiQiB+�HHv ~�i 7Q` H�`;2 ϕ `2;BK2 r?2`2 BM~�iBQM Q++m`bX .m`BM;
BM~�iBQM- αϕ! 1 bQ i?2 BM~�iQM TQi2MiB�H Bb M2�`Hv +QMbi�Mi UBM7 # 3M2

THM
2/4X qBi?

bHQr@`QHH �TT`QtBK�iBQM- i?2 >m##H2 T�`�K2i2` Bb /2i2`KBM2/ �b HBMB # M/2X :Bp2M
i?2 TQi2MiB�H BM 1[X UkXdeV- i?2 bHQr@`QHH T�`�K2i2`b /2}M2/ BM 1[bX UkXjRV �M/ UkXjkV
+�M #2 2�bBHv +�H+mH�i2/- r?B+? }t2b i?2 }2H/ p�Hm2 Q7 b+�H�`QM �i i?2 2M/ Q7 BM~�iBQM
ϕ2M/ # 0.94MTH �M/ i?2 BMBiB�H p�Hm2 ϕBMB # 5.45MTH 7Q` NBM7 # 3eαϕBMB/4 = 60X h?2
b+�H�` bT2+i`�H BM/2t �M/ i2MbQ`@iQ@b+�H�` `�iBQ �`2 �HbQ +�H+mH�i2/ �b

ns − 1 # −6εV 1 + 2εV 2 # −2/NBM7 , r # 16εV 1 # 12/N2
BM7 , UkXddV

r?B+?- 7Q` NBM7 = 60- �`2

ns # 0.967 , r # 0.003 . UkXd3V

h?2b2 T`2/B+iBQMb �`2 �miQK�iB+�HHv HQ+�i2/ BM i?2 #2bi@}i `2;BQM Q7 i?2 +m``2Mi 2t@
T2`BK2Mi�H `2bmHib (kj) rBi? QMHv QM2 KQ/2H T�`�K2i2` M }t2/ #v ∆2

R- r?B+? Bb QM2
Q7 i?2 KQbi BKTQ`i�Mi `2�bQMb iQ +QMbB/2` i?2 ai�`Q#BMbFv KQ/2HX

kXkX9Xk >B;;b AM~�iBQM

hQ +QMbi`m+i �M BM~�iBQM KQ/2H mbm�HHv `2[mB`2b i?2 BMi`Q/m+iBQM Q7 � M2r b+�H�` }2H/
7`QK bQK2 2ti2MbBQM Q7 aJ- bm+? �b :lh �M/ bmT2`bvKK2i`v UalauV- iQ b2`p2 �b
i?2 BM~�iQMX >Qr2p2`- i?2`2 Bb �M BMi2`2biBM; TQbbB#BHBiv i?�i i?2 BM~�iQM }2H/ +QK2b
7`QK aJ- bT2+B}+�HHv- i?2 >B;;b }2H/ i?�i ?�b �H`2�/v #22M /Bb+Qp2`2/ �i G>*X AM
i?Bb +�b2- MQ �//BiBQM�H b+�H�` }2H/b 7`QK M2r T?vbB+b �`2 M22/2/ iQ `2�HBx2 BM~�iBQM
BM i?2 p2`v 2�`Hv lMBp2`b2X

hQ �+?B2p2 i?Bb- � H�`;2 MQM@KBMBK�H +QmTHBM; #2ir22M >B;;b �M/ ;`�pBiv Bb `2@
[mB`2/ iQ `2M/2` i?2 >B;;b TQi2MiB�H iQ #2 ~�i 2MQm;? (k8Ĝkd)X h?2 �+iBQM Q7 i?2
>B;;b BM~�iBQM Bb r`Bii2M �b

SC =

∫
d4x

√
−gC

[(
M2

TH
2

+ ξ |HaJ|2
)
RC − gµνC ∂µH†

aJ∂νHaJ − λ |HaJ|4
]

, UkXdNV

k3



r?2`2 HaJ Bb i?2 aJ >B;;b +QKTH2t /Qm#H2i- λ Bb i?2 >B;;b b2H7@+QmTHBM;- ξ > 0 Bb i?2
MQM@KBMBK�H +QmTHBM; #2ir22M >B;;b �M/ _B++B b+�H�`RdX h?2 K�bb �M/ 2H2+i`Qr2�F
U1qV p�+mmK 2tT2+i�iBQM p�Hm2 Up2pV Q7 >B;;b �`2 M2;H2+i2/ #2+�mb2 i?2 BM~�iBQM
b+�H2 Bb Km+? ?B;?2` i?�M 1q b+�H2X q?2M bim/vBM; BM~�iBQM �M/ `2?2�iBM;- Bi Bb
bm{+B2Mi iQ rQ`F BM i?2 mMBi�`v ;�m;2 r?2`2 HaJ = h/

√
2 rBi? i?2 `2�H b+�H�` }2H/

h �b i?2 T?vbB+�H /2;`22 Q7 7`22/QKX �b � `2bmHi- 1[X UkXdNV Bb bBKTHB}2/ �b

SC =

∫
d4x

√
−gC

[(
M2

TH
2

+
ξ

2
h2

)
RC −

1

2
gµνC ∂µh∂νh− λ

4
h4

]
. UkX3yV

Ai rBHH #2 b?QrM BM i?2 7QHHQrBM; i?�i i?2 BM~�iBQM�`v /vM�KB+b BM i?Bb KQ/2H rBi?
ξ ! 1 Bb i?2 b�K2 �b i?2 ai�`Q#BMbFv KQ/2HX
• CQ`/�M 7`�K2 >2`2- �HH i?2 [m�MiBiB2b �`2 /2}M2/ BM C6 bQ i?2 bm#b+`BTib ǳCǴ
rBHH #2 /`QTT2/ 7Q` +QMp2MB2M+2X aBM+2 i?2 _B++B b+�H�` R +QMi�BMb b2+QM/@Q`/2` iBK2
/2`Bp�iBp2b Q7 i?2 K2i`B+ gµν - i?2 MQM@KBMBK�H +QmTHBM; BM 1[X UkX3yV BM/m+2b �M 2ti`�
FBM2iB+ i2`K 7Q` i?2 >B;;b }2H/ r?B+? Bb T`QTQ`iBQM�H iQ ξ ! 1X h?2`27Q`2- i?2 Q`B;BM�H
FBM2iB+ i2`K 7Q` >B;;b Bb M2;HB;B#H2 +QKT�`2/ rBi? ξh2R/2- r?B+? vB2H/b � +QMbi`�BMi
2[m�iBQM 7`QK i?2 2[m�iBQM Q7 KQiBQM 7Q` >B;;b �b (RyR)

λh2 = ξR . UkX3RV

AMb2`iBM; i?Bb +QMbi`�BMi #�+F iQ 1[X UkX3yV rBi?Qmi i?2 +�MQMB+�H FBM2iB+ i2`K 7Q`
>B;;b- i?2 `2bmHiBM; �+iBQM Bb MQi?BM; #mi i?2 ai�`Q#BMbFv KQ/2H 2t+2Ti 7Q` i?2
b+�H�`QM K�bb MQr `2TH�+2/ #v i?2 +QK#BM�iBQM Q7 ξ �M/ λ BM i?2 7QHHQrBM; 7Q`K

M2 → λ

3ξ2
M2

TH . UkX3kV

EMQrBM; i?�i M = Mc 7Q` Q#b2`p�iBQM�HHv 7�pQ`2/ BM~�iBQM- i?2 +QMbi`�BMi QM i?2
KQ/2H T�`�K2i2`b BM i?2 >B;;b BM~�iBQM Bb

ξ/
√
λ # 4× 104 . UkX3jV

A7 i?2 b2H7@+QmTHBM; Bb λ ∼ 10−2 UMQM@+`BiB+�HVR3- i?2M ξ ∼ O(103)X � bT2+B}+ p�Hm2 ξc
rBHH #2 �/QTi2/ BM i?Bb i?2bBb (9R)

ξc ≡

√
λN2

BM7
72π2∆2

R
# 4.4× 103

(
λ

0.01

)1/2(NBM7
54

)
, UkX39V

Rd*QM7Q`K�H +QmTHBM; +Q``2bTQM/b iQ ξ = −1/6X a22 �TT2M/Bt � 7Q` KQ`2 /2i�BHX
R3>2`2- +`BiB+�HBiv K2�Mb i?�i i?2 >B;;b TQi2MiB�H #2+QK2b ~�i �`QmM/ SH�M+F b+�H2- BX2X λ → 0-

r?B+? Bb mb2/ iQ +QMbi`m+i i?2 +`BiB+�H >B;;b BM~�iBQM (RykĜRy9)X AM i?Bb i?2bBb- QMHv MQM@+`BiB+�H
>B;;b BM~�iBQM Bb +QMbB/2`2/X

kN



r?2`2 ∆2
R Bb i?2 /BK2MbBQMH2bb b+�H�` TQr2` bT2+i`mK BM 1[X UkXejVX

• 1BMbi2BM 7`�K2 >2`2- QKBi i?2 bm#b+`BTib ǳ1Ǵ 7Q` i?2 [m�MiBiB2b /2}M2/ BM 16X
�;�BM- K�FBM; mb2 Q7 i?2 i2+?MB[m2 BM a2+X kXkXR- i?2 MQM@KBMBK�H +QmTHBM; +�M #2
KQp2/ iQ i?2 TQi2MiB�H �M/ MQM@+�MQMB+�H FBM2iB+ i2`K #v i?2 +QM7Q`K�H i`�Mb7Q`@
K�iBQM- H2�pBM; i?2 _B++B b+�H�` QMHv 2tBbib BM i?2 1@> i2`KX h?2 +Q``2bTQM/BM; 16
�+iBQM Bb r`Bii2M �b

gµν = Ω2gCµν ≡
(
1 +

ξh2

M2
TH

)
gCµν , UkX38V

dφ

dh
=

√
Ω2 + 6ξ2h2/M2

TH
Ω4

, UkX3eV

r?B+? `2bmHib BM �M 16 �+iBQM �b

S =

∫
d4x

√
−g

[
M2

TH
2

R− 1

2
gµν∂µφ∂νφ− V (φ)

]
,

V (φ) =
λ

4Ω4(φ)
h4(φ) . UkX3dV

.m`BM; BM~�iBQM h ! MTH/
√
ξ- 1[X UkX3eV ;Bp2b i?2 `2H�iBQM h ≈ 2tT

[
φ/
(√

6MTH
)]

bm+? i?�i i?2 TQi2MiB�H BM 1[X UkX3dV #2+QK2b i?2 b�K2 �b i?�i BM 1[X UkXdeV BM H�`;2
φ `2;BK2 rBi? M `2TH�+2/ #v

√
λ/3MTH/ξ r?B+? Bb +QMbBbi2Mi rBi? 1[bX UkX3kVX

AM +QM+HmbBQM- i?2 BM~�iBQM�`v /vM�KB+b BM i?2 >B;;b BM~�iBQM Bb 2[mBp�H2Mi iQ i?�i
BM i?2 ai�`Q#BMbFv KQ/2HX PM2 r�v iQ #`2�F i?2 /2;2M2`�+v Q7 i?2b2 irQ KQ/2Hb Bb iQ
+QMbB/2` i?2 `2?2�iBM; T`Q+2bb r?B+? /2i2`KBM2b i?2 TBpQi b+�H2 �M/- �b � `2bmHi- i?2
b+�H�` bT2+i`�H BM/2t �M/ i2MbQ`@iQ@b+�H�` `�iBQX �b rBHH #2 b?QrM H�i2`- i?2 `2?2�iBM;
T`Q+2bb2b �7i2` BM~�iBQM �`2 p2`v /Bz2`2Mi BM i?2b2 irQ KQ/2Hb- r?B+? H2�/b iQ /Bz2`2Mi
`2?2�iBM; i2KT2`�im`2b �M/ NBM7X

�Hi?Qm;? i?2 >B;;b BM~�iBQM Bb � p2`v �ii`�+iBp2 KQ/2H- b2p2`�H BKTQ`i�Mi Bbbm2b
M22/ iQ #2 i�F2M +�`2 Q7- KQbiHv +�mb2/ #v i?2 H�`;2 MQM@KBMBK�H +QmTHBM; ξ ∼ 104

√
λX

am+? � H�`;2 MQM@KBMBK�H +QmTHBM; Bb b?QrM iQ `2/m+2 i?2 i`22@H2p2H +miQz b+�H2 Q7 i?2
i?2Q`v BM i?2 p�+mmK iQ � b+�H2 Km+? HQr2` i?�M i?2 BM~�iBQM b+�H2 Λ>B;;b ∼ MTH/ξ (
MTH/

√
ξ (Ry8ĜRy3) r?B+? +�bib /Qm#ib QM i?2 BM~�iBQM�`v T`2/B+iBQM BM i?Bb KQ/2HX

h?Bb Bbbm2 r�b H�i2` `2bQHp2/ #v `2+Q;MBxBM; i?2 #�+F;`QmM/@/2T2M/2Mi +miQz b+�H2
i?�i Bb ?B;?2` i?�M i?2 /vM�KB+�H b+�H2 i?`Qm;?Qmi i?2 r?QH2 BM~�iBQM�`v T2`BQ/
BM i?Bb KQ/2H (RyN- RRy)RNX >Qr2p2`- /m2 iQ i?2 MQM`2MQ`K�HBx�#BHBiv Q7 :_- i?2`2
Bb biBHH +QMbB/2`�#H2 �K#B;mBiv r?2M `2+QMbi`m+iBM; i?2 >B;;b TQi2MiB�H �i BM~�iBQM

RN�MQi?2` TQBMi Q7 pB2r Bb /Bb+mbb2/ BM _27X (RyR)X

jy



b+�H2 7`QK i?2 HQr@2M2`;v Q#b2`p�#H2b (RRR-RRk)- r?B+? `2[mB`2b � b2MbB#H2 lo i?2Q`v
7Q` +QKT`2?2MbBp2 mM/2`bi�M/BM;X � KQ`2 b2p2`2 Bbbm2 �TT2�`b /m`BM; T`2?2�iBM;
BM i?2 >B;;b BM~�iBQMX Ai ?�b #22M b?QrM i?�i i?2 2z2+iBp2 K�bb Q7 i?2 L�K#m@
:QH/biQM2 KQ/2- r?B+? +QMbiBimi2b i?2 HQM;Bim/BM�H KQ/2 Q7 ;�m;2 #QbQMb- 2t?B#Bib
bTBFv #2?�pBQ` (j9- Ryy- RRj)- r?B+? Bb �#b2Mi BM i?2 i`�/BiBQM�H �M�HvbBb Q7 `2?2�iBM;
T`Q+2bb (R9- R8- kR- kk) BM i?2 >B;;b BM~�iBQM KQ/2H (jRĜjj)X h?Bb H�`;2 bTBF2 +�M
BM/m+2 pBQH2Mi T�`iB+H2 T`Q/m+iBQM (j9- j8) r?B+? +�M i`�Mb72` �HH i?2 BM~�iQM 2M2`;v
BMiQ ;�m;2 }2H/b rBi?BM QM2 BM~�iQM Qb+BHH�iBQMX >Qr2p2`- i?2 �KTHBim/2 Q7 i?2 bTBF2
Bb b?QrM iQ #2 2p2M H�`;2` i?�M i?2 +miQz b+�H2 Q7 i?2 i?2Q`v /m`BM; T`2?2�iBM;-
K2�MBM; i?�i i?2 i?2Q`v 2Mi2`b i?2 bi`QM;Hv@+QmTH2/ `2;BK2- bQ i?2 mbm�H i`2�iK2Mi
Bb MQi `2HB�#H2 �Mv KQ`2kyX hQ mM/2`bi�M/ r?2i?2` i?2 T`Q/m+iBQM Q7 ;�m;2 #QbQMb
Q++m`b �M/ i?2 bm#b2[m2Mi 2pQHmiBQM /m`BM; `2?2�iBM;- �M �TT`QT`B�i2 lo@2ti2MbBQM
7Q` i?2 >B;;b BM~�iBQM Bb `2[mB`2/- r?B+? Bb QM2 Q7 i?2 K�BM iQTB+b BM i?Bb i?2bBb �M/
rBHH #2 /Bb+mbb2/ BM KQ`2 /2i�BH H�i2`X

>B;;b BMbi�#BHBiv Bb �HbQ BMi2MbBp2Hv /Bb+mbb2/ #v K�Mv �mi?Q`bX A7 i?2 aJ `2MQ`@
K�HBx�iBQM ;`QmT `mMMBM; Bb p�HB/ mT iQ i?2 BM~�iBQM b+�H2 UQ` SH�M+F b+�H2V- i?2 >B;;b
b2H7@+QmTHBM; λ KB;?i `mM BMiQ � M2;�iBp2 p�Hm2 B7 i?2 iQT [m�`F K�bb mt Bb iQQ H�`;2X
PM+2 λ #2+QK2b M2;�iBp2- i?2 >B;;b TQi2MiB�H Bb mM#QmM/2/ 7`QK #2HQr bQ >B;;b #2@
+QK2b mMbi�#H2 /m`BM; BM~�iBQMX �b � `2bmHi- i?2 �M�HvbBb Q7 BM~�iBQM /vM�KB+b b?QrM
�#Qp2 Bb BMp�HB/X L2p2`i?2H2bb- i?2`2 �`2 biBHH K�Mv �ii2KTib iQ b�p2 i?2 >B;;b BM~�@
iBQMX 6Q` 2t�KTH2- Bi Bb b?QrM BM _27X (RRk) i?�i i?2 `�/B�iBp2 +Q``2+iBQM iQ i?2 >B;;b
2z2+iBp2 TQi2MiB�H +�M `2b+m2 i?2 >B;;b BM~�iBQM rBi? H�`;2 MQM@KBMBK�H +QmTHBM;X
h?2 1q p�+mmK #2+QK2b K2i�bi�#H2 /m2 iQ i?2 T`2b2M+2 Q7 � M2r p�+mmK- #mi i?2
`2?2�iBM; i2KT2`�im`2 Bb #2HB2p2/ iQ #2 ?B;? BM i?Bb KQ/2H bQ i?�i i?2 bvKK2i`v rBHH
#2 `2biQ`2/ i2KTQ`�`BHv �M/ i?2 >B;;b }2H/ rBHH 2M/ mT BM i?2 1q p2pX >Qr2p2`-
�K#B;mBiv Bb biBHH BM2pBi�#H2 #2+�mb2 Q7 i?2 +QmTHBM; #2ir22M aJ �M/ ;`�pBivX

kXj JmHiB@6B2H/ AM~�iBQM
.2bTBi2 i?2 bBKTH2M2bb �M/ TQr2` Q7 i?2 bBM;H2@}2H/ bHQr@`QHH BM~�iBQM- bBM;H2@}2H/
KQ/2Hb b22K MQi iQ #2 i?2 }M�H �Mbr2` iQ i?2 `2�HBbiB+ lMBp2`b2X 6Q` 2t�KTH2- QM2 Q7
i?2 KQbi T`QKBbBM; bBM;H2@}2H/ KQ/2Hb +QMbB/2`2/ BM i?2 T`2pBQmb b2+iBQM- i?2 >B;;b
BM~�iBQM- bmz2`b 7`QK i?2 bi`QM; +QmTHBM; T`2?2�iBM; T`Q#H2K- r?B+? rBHH #2 /Bb+mbb2/
H�i2`X h?Bb T`Q#H2K Bb mMHBF2Hv iQ #2 bQHp2/ mMH2bb i?2 lo +QKTH2iBQM UQ` 2ti2MbBQMV
Q7 i?Bb KQ/2H Bb 7QmM/X PM i?2 Qi?2` ?�M/- i?2 +�M/B/�i2b Q7 lo T?vbB+b #2vQM/

kya22 _27X (RR9) 7Q` i?2 bim/v Q7 i?Bb T?2MQK2MQM rBi? ?B;?2` /BK2MbBQM�H QT2`�iQ`bX

jR



aJ ;2M2`�HHv +QMi�BM � MmK#2` Q7 b+�H�` /2;`22b Q7 7`22/QK i?�i +QmH/ #2 `2H2p�Mi iQ
BM~�iBQM /vM�KB+b- bm+? �b bmT2`T�`iM2`b BM alau �M/ KQ/mHB }2H/b BM bi`BM; i?2Q`v
Ub22 2X;X _27bX (RR8- RRe)VX h?2`27Q`2- i?2 ;2M2`�HBx�iBQM iQ � KmHiB@}2H/ �TT`Q�+?
b22Kb iQ #2 KQ`2 `2�HBbiB+ �M/ KB;?i BKT`Qp2 i?2 lo T`QT2`iB2b Q7 i?2 bBM;H2@}2H/
KQ/2HbX

"v /2}MBiBQM- KmHiB@}2H/ BM~�iBQM KQ/2Hb +QMi�BM KQ`2 i?�M QM2 /2;`22b Q7 7`22@
/QK `2bTQMbB#H2 7Q` i?2 BM~�iBQM /vM�KB+b- bm+? �b "`�Mb@.B+F2 BM~�iBQM (RRd)- [m�bB@
bBM;H2 }2H/ BM~�iBQM (RR3)- ?v#`B/ BM~�iBQM (RRN)- �M/ KmHiBTH2 BM~�iBQM (3d- Rky)- 2i+X
lbm�HHv- BM KmHiB@}2H/ +�b2b- #Qi? +m`p�im`2 �M/ BbQ+m`p�im`2 T2`im`#�iBQMb b?QmH/
#2 i�F2M BMiQ �++QmMi- �M/ KmHiB@/BK2MbBQM�H }2H/ /vM�KB+b ;2M2`B+�HHv H2�/b iQ `B+?
T?2MQK2M� i?�i �`2 �#b2Mi BM bBM;H2@}2H/ +�b2- �b r2HH �b Km+? KQ`2 +QKTHB+�i2/
bBim�iBQM Ub22 2X;X _27X (RkR) 7Q` � `2pB2rVX a+�H�` }2H/b +�M BMi2`�+i MQi QMHv i?`Qm;?
TQi2MiB�H #mi MQM@+�MQMB+�H FBM2iB+ i2`Kb UQ` MQM@i`BpB�H T?�b2 bT�+2 bT�MM2/ #v
i?2b2 }2H/bV- r?B+? +�M �Hi2` i?2 bQmM/ bT22/ Q7 T2`im`#�iBQMb �M/ i?2 BM~�iQM i`�@
D2+iQ`v- Q` ;2M2`�i2 � MQM@i`BpB�H p�+mmK bi`m+im`2X "v b2�`+?BM; 7Q` i?2 Q#b2`p�#H2b
bm+? �b 72�im`2b QM i?2 TQr2` bT2+i`mK Q7 +m`p�im`2 T2`im`#�iBQM- MQM@:�mbbB�MBiv-
�M/ BbQ+m`p�im`2 KQ/2 rBi? KQ`2 T`2+Bb2 2tT2`BK2Mib- i?2 BM7Q`K�iBQM Q7 KmHiB@}2H/
BM~�iBQM +QmH/ #2 2ti`�+i2/X

�Hi?Qm;? KmHiB@}2H/ KQ/2Hb �`2 Q7 bB;MB}+�Mi +QKTHB+�iBQM BM � ;2M2`�H b2Mb2- i?2
bBim�iBQM KB;?i #2 bBKTHB}2/ BM bQK2 bT2+B�H +�b2b- 7Q` BMbi�M+2- B7 �M 2z2+iBp2 }2H/
i?2Q`v �TT`Q�+? Bb �TTHB+�#H2 /m`BM; BM~�iBQMX AM KQ/2Hb rBi? � H�`;2 K�bb ?B2`�`@
+?v #2ir22M /Bz2`2Mi b+�H�` }2H/b- ?2�pv QM2bkR K�v MQi #2 /QKBM�Mi +QKTQM2Mib
/m`BM; BM~�iBQM- �M/ T2`im`#�iBQMb BM i?2b2 }2H/b �`2 ?�`/Hv 2t+Bi2/X �b � `2bmHi- �
TQbbB#H2 b2T�`�iBQM Q7 ?2�pv �M/ HB;?i /2;`22b Q7 7`22/QK Bb �p�BH�#H2 bm+? i?�i � HQr@
2M2`;v 2z2+iBp2 i?2Q`v +�M #2 Q#i�BM2/ #v BMi2;`�iBM; Qmi i?2 ?2�pv KQ/2b- r?B+?
bB;MB}+�MiHv `2/m+2b i?2 +QKTH2tBiv Q7 i?2 bvbi2KX

AM i?2 `2bi Q7 i?Bb b2+iBQM- � ;2M2`�H KmHiB@}2H/ 7Q`K�HBbK (Rkk) Bb `2pB2r2/ #`B2~v �b
r2HH �b i?2 2z2+iBp2 }2H/ i?2Q`v BM KQ/2Hb rBi? K�bb ?B2`�`+?v #�b2/ QM _27bX (RkjĜ
Rk8)- 7QHHQr2/ #v i?2 BMi`Q/m+iBQM Q7 �M Q#b2`p�iBQM�HHv 7�pQ`2/ �M/ i?2Q`2iB+�HHv
KQiBp�i2/ irQ@}2H/ KQ/2H- i?2 KBt2/ >B;;b@R2 BM~�iBQM KQ/2H (jeĜ9y)X

kR.m`BM; BM~�iBQM- ǳ?2�pvǴ �M/ ǳHB;?iǴ Bb /2}M2/ #v i?2 +QKT�`BbQM rBi? >m##H2 T�`�K2i2`X

jk



kXjXR 6Q`K�HBbK
*QMbB/2` � ;2M2`�H �+iBQM 7Q` �M N @}2H/ BM~�iBQM KQ/2H BM 16 r?2`2 �HH i?2 b+�H�`
}2H/b `2bTQMbB#H2 7Q` BM~�iBQM �`2 KBMBK�HHv +QmTH2/ rBi? ;`�pBiv

S =

∫
d4x

√
−g

[
M2

TH
2

R− 1

2
γab(φ)g

µν∇µφ
a∇νφ

b − U(φ)

]
, UkX33V

r?2`2 U(φ) Bb � ;2M2`�H TQi2MiB�H 7Q` �HH i?2 b+�H�` }2H/b- gµν Bb i?2 K2i`B+ 7Q` bT�+2iBK2
r?BH2 γab(φ) Bb i?2 }2H/ bT�+2 K2i`B+ rBi? a, b = 1, 2, · · · , N - /2MQiBM; /Bz2`2Mi b+�H�`
}2H/b φaX �bbmKBM; � ~�i 6G_q #�+F;`QmM/- i?2 6`B2/K�MM 2[m�iBQM �M/ EH2BM@
:Q`/QM 2[m�iBQM �`2 ;Bp2M #v (Rkk)

3M2
THH

2 = ˙̄φ2/2 + U(φ̄) , UkX3NV
D ˙̄φa/dt+ 3H ˙̄φa + γabU,b = 0 , UkXNyV

r?2`2 φ̄a(t) �`2 ?QKQ;2M2Qmb #�+F;`QmM/ }2H/b- ˙̄φ ≡
(
γab

˙̄φa ˙̄φb
)1/2

- MQi�iBQM U,a ≡
∂U/∂φa Bb bBKBH�` iQ i?2 bBM;H2@}2H/ +�b2- �M/ � ǳ/B`2+iBQM�H /2`Bp�iBp2Ǵ Bb /2}M2/
DXa ≡ dXa+Γa

bcX
bdφ̄c rBi? Γa

bc =
1
2γ

ad(γcd,b+γdb,c−γbc,d) i?2 *?`BbiQz2H bvK#QH 7Q`
i?2 +m`p2/ }2H/ bT�+2X *Q``2bTQM/BM;Hv- � +Qp�`B�Mi /2`Bp�iBp2∇a /2}M2/ rBi? `2bT2+i
iQ γab Bb `2H�i2/ iQ i?2 /B`2+iBQM�H /2`Bp�iBp2 BM i?2 7QHHQrBM; r�v D/dt = ˙̄φa∇aX

AM � KmHiB@/BK2MbBQM�H bvbi2K- Bi Bb mb27mH iQ /2}M2 i?2 MQ`K�HBx2/ ǳ;`�/B2MiǴ
p2+iQ` T a �b r2HH �b i?2 Q`i?Q;QM�H QM2b Na `2bT2+iBp2Hv iQ +H�`B7v i?2 2pQHmiBQM (3e-
Rkj)

T a ≡ ˙̄φa/ ˙̄φ , UkXNRV
θ̇tN

a ≡ −DT a/dt , UkXNkV

r?2`2 MQ`K�HBx�iBQM 7�+iQ` θ̇t +�M #2 mM/2`biQQ/ �b i?2 �M;mH�` p2HQ+Biv UQ` im`M@
BM; `�i2V Q7 i?2 BM~�iBQM i`�D2+iQ`vX P#pBQmbHv- i?2 /B`2+iBQM T a i�M;2Mi iQ BM~�iBQM
i`�D2+iQ`v Bb mbm�HHv bQK2 HBM2�` +QK#BM�iBQM Q7 �HH i?2 b+�H�` }2H/b i?�i ;Bp2b i?2
HB;?i2bi /B`2+iBQM mM/2` i?2 BM~m2M+2 Q7 #Qi? b+�H�` TQi2MiB�H �M/ +m`p2/ }2H/ bT�+2X
Zm�MimK ~m+im�iBQMb �HQM; i?Bb /B`2+iBQM ;2M2`�i2 i?2 +m`p�im`2 T2`im`#�iBQM Q#@
b2`p2/ QM *J" r?BH2 i?Qb2 QM Na /B`2+iBQMb �`2 Q7 BbQ+m`p�im`2 ivT2X �b +�M #2 b22M
H�i2`- i?2 irQ FBM/b Q7 T2`im`#�iBQMb �`2 +QmTH2/ i?`Qm;? � #2M/BM; i`�D2+iQ`v- BX2X �
MQM@p�MBb?BM; θ̇t r?B+? Bb QM2 Q7 i?2 2bb2MiB�H /Bz2`2M+2b 7`QK i?2 bBM;H2@}2H/ +�b2X

jj



�b BM i?2 bBM;H2@}2H/ +�b2- i?2 iBK2@/2T2M/2M+2 Q7 i?2 >m##H2 T�`�K2i2` +?�`�+@
i2`Bx2b i?2 /vM�KB+b Q7 BM~�iBQM i?`Qm;? i?2 bHQr@`QHH T�`�K2i2`b (Rkj)

ε1 ≡− Ḣ

H2
=

˙̄φ2

2M2
THH

2
, UkXNjV

εa2 ≡− 1

H ˙̄φ

D ˙̄φa

dt
, UkXN9V

r?2`2- BM T�`iB+mH�`- i?2 b2+QM/ bHQr@`QHH T�`�K2i2` Bb MQ HQM;2` � b+�H�` #mi � p2+iQ`
i?�i K2�bm`2b i?2 �++2H2`�iBQM Q7 φ̄a BM /Bz2`2Mi /B`2+iBQMbX 6Q` i?2 Tm`TQb2 Q7 HQM;
2MQm;? bHQr@`QHH BM~�iBQM- QMHv bK�HH εa2 BM /B`2+iBQM T a Bb M2+2bb�`vX hQ #2 bT2+B}+-
i?2 /2+QKTQbBiBQM Q7 εa2 +�M #2 r`Bii2M �b

εa2 = ε‖2T
a + ε⊥2 N

a ≡ −
¨̄φ

H ˙̄φ
T a +

UN

˙̄φH
Na , UkXN8V

r?2`2 UN ≡ NaU,a Bb mb2/X *QMb2[m2MiHv- bHQr@`QHH BM~�iBQM +Q``2bTQM/b iQ i?2 +�b2
ε1 ( 1 �M/ ε‖2 ( 1X :Bp2M i?2 /2+QKTQbBiBQM Q7 εa2- i?2 im`MBM; `�i2 Q7 i?2 i`�D2+iQ`v
+�M #2 2tT`2bb2/ BM i2`Kb Q7 i?2 bHQr@`QHH T�`�K2i2` θ̇t = Hε⊥2 r?B+? +�M #2 H�`;2
r?BH2 F22T i?2 bHQr@`QHH BM~�iBQM mMBMi2``mTi2/X AM �M�HQ;v iQ i?2 bBM;H2@}2H/ +�b2-
1[bX UkXNjV �M/ UkXN9V +�M #2 �TT`QtBK�i2Hv 2tT`2bb2/ BM i2`Kb Q7 i?2 TQi2MiB�H U�M/
Bib /2`Bp�iBp2bV �M/- BM �//BiBQM- i?2 }2H/ bT�+2 bi`m+im`2 �b

ε1 ≈ εV 1 ≡
M2

TH
2

(
Uφ

U

)2

, UkXNeV

ε1 + ε‖2 ≈ εV 1 + ε‖V 2 ≡ M2
TH
∇φUφ

U
, UkXNdV

r?2`2 ∇φ ≡ T a∇a �M/ Uφ ≡ T aU,aX
lTQM i?2 bHQr@`QHH #�+F;`QmM/- T2`im`#�iBQMb BM K2i`B+ �M/ b+�H�` }2H/b �`2 ;2M@

2`�i2/X �b BM i?2 bBM;H2@}2H/ +�b2- i?2 b+�H�` }2H/b �M/ i?2 K2i`B+ �`2 /2+QKTQb2/
BMiQ #�+F;`QmM/ �M/ T2`im`#�iBQMb BM � bBKBH�` K�MM2`X h?2 2[m�iBQM Q7 KQiBQM 7Q`
i?2 JmF?�MQp@a�b�FB p�`B�#H2 Qa ≡ δφa + ˙̄φaΨ/H rBi? δφa(t,t) = φa(t,t)− φ̄a(t) Bb
;Bp2M #v (Rkk)

D2Qa

dt2
+3H

DQa

dt
− ∇2

a2
Qa + Ca

bQ
b = 0 ,

Ca
b ≡ ∇bU

,a − ˙̄φ2Ra
bcdT

cT d + 2ε1
H
˙̄φ
(T aU,b + TbU

,a) + 2ε1(3− ε1)H
2T aTb , UkXN3V

r?2`2 Ra
bcd = Γa

bd,c − Γa
bc,d + Γa

ceΓ
e
bd − Γa

deΓ
e
bc Bb i?2 _B2K�MM i2MbQ` 7Q` i?2 }2H/ bT�+2

�M/ i?2 bT�iB�H G�TH�+B�M QT2`�iQ` ∇2 ≡ δij∂i∂j Bb mb2/ iQ �pQB/ +QM7mbBQM Q7 BM/B+2bX

j9



�+im�HHv- 1[X UkXN3V Bb �M�HQ;Qmb iQ i?2 ;2Q/2bB+ /2pB�iBQM 2[m�iBQM BM :_X �b +�M
#22M b22M �#Qp2- MQi QMHv i?2 TQi2MiB�H #mi i?2 +m`p�im`2 Q7 i?2 }2H/ bT�+2 2Mi2`b
Ca

b bQ i?2 BM~�iQM Bb `QHHBM; �HQM; M2Bi?2` i?2 HQ+�H KBMBKmK Q7 i?2 TQi2MiB�H MQ` i?2
;2Q/2bB+b BM }2H/ bT�+2X �7i2` [m�MiBxBM; i?2 T2`im`#�iBQMb- i?2 TQr2` bT2+i`mK Bb
+�H+mH�i2/ �b (Rkk)

∆2
R =

(
H

2π

)2

γab
∂NBM7
∂φa

∂NBM7
∂φb

, UkXNNV

�M/ +QMb2[m2MiHv i?2 b+�H�` bT2+i`�H BM/2t

ns−1=−2ε1−2

[
1+

∂NBM7
∂φa

∂NBM7
∂φd

(
1

3
RabcdU;bU;c

U2
−U ;ab

U

)](
γmn∂NBM7

∂φm

∂NBM7
∂φn

)−1

,

UkXRyyV

r?2`2 NBM7 Bb i?2 2@7QH/ MmK#2` Q7 2tT�MbBQM- �M/ U;a ≡ ∇aU Bb �/QTi2/ 7Q` i?2
+Qp�`B�Mi /2`Bp�iBp2 BM i?2 }2H/ bT�+2X

� +HQb2/@7Q`K- �M�HviB+�H 2tT`2bbBQM 7Q` i?2 HQM;@r�p2H2M;i? /2MbBiv T2`im`#�iBQMb
BM ;2M2`�H KmHiB@}2H/ KQ/2Hb ?�b #22M 7QmM/ BM _27X (Rke) rBi? bHQr@`QHH �TT`QtBK�@
iBQM- FMQrM �b i?2 JmF?�MQp@ai2BM?�`/i 7mM+iBQM�H- r?B+? T`QpB/2b � TQr2`7mH iQQH
iQ +�H+mH�i2 i?2 TQr2` bT2+i`mK Q7 /2MbBiv T2`im`#�iBQMX JQ`2Qp2`- i?2 bBim�iBQM +�M
#2 7m`i?2` bBKTHB}2/ B7 i?2`2 Bb � K�bb ?B2`�`+?v �KQM; i?2 b+�H�` }2H/b #2+�mb2 }2H/b
rBi? /Bz2`2Mi K�bb2b TH�v /BbiBM+i `QH2b /m`BM; BM~�iBQM- �HHQrBM; +H2�`2` b2T�`�iBQM
Q7 ?B;?@ �M/ HQr@7`2[m2M+v KQ/2bX GB;?i }2H/b mbm�HHv /`Bp2 i?2 2tT�MbBQM Q7 i?2 lMB@
p2`b2 /m`BM; i?2 bHQr `QHHBM; �HQM; i?2 BM~�iBQM i`�D2+iQ`v r?2`2 i?2 T2`im`#�iBQMb
+Q``2bTQM/ iQ �/B�#�iB+ KQ/2b r?BH2 i?2 ?2�pv QM2b Qb+BHH�i2 �`QmM/ Bi �M/ ;2M2`�i2
BbQ+m`p�im`2 T2`im`#�iBQMbX lM/2` i?2 �/B�#�iB+Biv +QM/BiBQMb- i?2 ?B;?@ �M/ HQr@
7`2[m2M+v KQ/2b /2+QmTH2 rBi? 2�+? Qi?2` (Rk8) bQ i?�i BMi2;`�iBM; Qmi i?2 mM2t+Bi2/
?2�pv /2;`22b Q7 7`22/QK Bb �HHQr2/X �b � `2bmHi- � HQr@2M2`;v 2z2+iBp2 }2H/ i?2Q`v
+�M #2 Q#i�BM2/ r?2`2 i?2 +�H+mH�iBQM #2+QK2b Km+? bBKTH2`X

*QMbB/2` � irQ@}2H/ +�b2 BM i?2 7QHHQrBM;- BX2X a, b = 1, 2 BM 1[X UkX33V- r?2`2
i?2`2 �`2 QMHv irQ b+�H�` KQ/2b r?B+? +�M #2 T`QD2+i2/ QMiQ i?2 /B`2+iBQMb i�M;2Mi
�M/ Q`i?Q;QM�H iQ i?2 BM~�iBQM i`�D2+iQ`v �b (3e- Rkj)

R ≡ −H
˙̄φ
Taδφ

a , UkXRyRV

F ≡ Naδφ
a , UkXRykV

r?2`2 bT�iB�HHv ~�i ;�m;2 Bb �/QTi2/X R +Q``2bTQM/b iQ i?2 +m`p�im`2 T2`im`#�iBQM
BM i?2 HB;?i /B`2+iBQM r?BH2 F i?2 ?2�pv BbQ+m`p�im`2 T2`im`#�iBQMX h?2 b2+QM/@Q`/2`

j8



�+iBQM Bb ;Bp2M �b (Rk8)

S2 =
1

2

∫
d4xa3

[
˙̄φ2

H2
Ṙ2 −

˙̄φ2

H2

(R,i)
2

a2
+ Ḟ2 − (F,i)

2

a2
−M2

277F2 − 4θ̇t
˙̄φ

H
ṘF

]
,

UkXRyjV

�M/ i?2 `2bmHiBM; 2[m�iBQMb Q7 KQiBQM 7Q` i?2 6Qm`B2` KQ/2b Q7 i?2b2 irQ /vM�KB+�H
[m�MiBiB2b �`2 �b 7QHHQrb (Rk8)

R̈+ (3 + 2ε1 − 2ε‖2)HṘ+ k2
pR = 2θ̇t

H
˙̄φ

[
Ḟ +

(
3− ε1 − ε‖2 +

θ̈t

H θ̇t

)
HF

]
, UkXRy9V

F̈ + 3HḞ + k2
pF +M2

277F = −2θ̇t
˙̄φ

H
Ṙ , UkXRy8V

r?2`2 i?2 bm#b+`BTi F 7Q` 6Qm`B2` KQ/2b Bb QKBii2/ 7Q` bBKTHB+Biv- kp = k/a Bb i?2
T?vbB+�H KQK2MimK- �M/ M2

277 = UNN +M2
THε1H

2Rabγab − θ̇2t Bb i?2 2z2+iBp2 K�bb 7Q`
F rBi? UNN ≡ NaN bU;abX Ai Bb Q#pBQmb i?�i θ̇t +QmTH2b R �M/ F QM i?2 `B;?i ?�M/
bB/2 bQ i?2v �z2+i 2�+? Qi?2` �b bQm`+2 i2`KbX h?2`27Q`2 BM T`BM+BTH2- B7 F 2= 0 �M/
θ̇t 2= 0- i?2 +QMb2`p�iBQM Q7 R �i bmT2`?Q`BxQM b+�H2 Bb MQi p�HB/ �Mv KQ`2kk- r?B+? Bb
�M 2bb2MiB�H /Bz2`2Mi 7`QK i?2 bBM;H2@}2H/ +�b2X

AM Q`/2` iQ r`Bi2 /QrM i?2 2z2+iBp2 �+iBQM BM i?2 T`2b2M+2 Q7 K�bb ?B2`�`+?v
M277 ! H �M/ MQM@p�MBb?BM; im`MBM; `�i2 θ̇t 2= 0- i?2 �/B�#�iB+Biv +QM/BiBQM (Rk8)

∣∣∣θ̈t/θ̇t
∣∣∣( M277 , UkXRyeV

b?QmH/ #2 b�iBb}2/ bQ i?�i i?2 ?B;?@7`2[m2M+v KQ/2 Bb MQi 2t+Bi2/ �M/ +�M #2 BMi2@
;`�i2/ Qmi U2p2M 7Q` |θ̇t| ! M277VX JQ`2 bT2+B}+�HHv- R �M/ F +�M #2 /2+QKTQb2/
BMiQ ?B;?@ �M/ HQr@7`2[m2M+v KQ/2b (Rk8)

Rc = R+e
iω+t +R−e

iω−t , UkXRydV
F = F+e

iω+t + F−e
iω−t , UkXRy3V

r?2`2 Rc ≡ ˙̄φR/H r?BH2 ω+ �M/ ω− `2T`2b2Mi i?2 ?B;?@ �M/ HQr@7`2[m2M+v- `2@
bT2+iBp2HvX AM bm#?Q`BxQM HBKBi �M/ rBi? bHQr@`QHH �TT`QtBK�iBQM- i?2 bQHmiBQMb Q7

kkh?Bb Bb `2+2MiHv miBHBx2/ iQ ;2M2`�i2 H�`;2 +m`p�im`2 T2`im`#�iBQM 7Q` T`BKQ`/B�H #H�+F ?QH2 US">V
T`Q/m+iBQM- 2X;X _27bX (Rkd-Rk3)X

je



1[bX UkXRy9V �M/ UkXRy8V +�M #2 7QmM/ �b (Rk8)

ω2
± = k2

p +
M2

277
2c2s

± M2
277

2c2s

√

1 + (1− c2s) c
2
s

4k2
p

M2
277

, UkXRyNV

R+ =
−2iθ̇tω+

ω2
+ − k2

p

F+ , UkXRRyV

F− =
2iθ̇tω−

ω2
− − k2

p −M2
277
R− , UkXRRRV

r?2`2 i?2 KQ/B}2/ bQmM/ bT22/ Bb /2}M2/ �b

c−2
s = 1 + 4θ̇2t /M

2
277 . UkXRRkV

�b +�M #2 b22M ?2`2- i?2 2t+?�M;2 Q7 2M2`;v #2ir22M HB;?i �M/ ?2�pv KQ/2b `2/m+2b
i?2 bQmM/ bT22/- r?B+? K�v H2�/ iQ �M 2M?�M+2K2Mi Q7 MQM@:�mbbB�MBiB2b Ub22 2X;X
_27bX (eN- dR)VX G�`;2 K�bb ?B2`�`+?v M2

277 ! k2
pc

2
s Bb `2[mB`2/ iQ K�F2 bB;MB}+�Mi

/BbiBM+iBQM #2ir22M ω+ �M/ ω−

ω2
+ ≈ M2

277
c2s

! ω2
− ≈ k2

pc
2
s + (1− c2s)

2k
4
pc

2
s

M2
277

, UkXRRjV

bm+? i?�i ?B;?@7`2[m2M+v KQ/2b 2z2+iBp2Hv /Q MQi T�`iB+BT�i2 BM i?2 /vM�KB+b Q7
HQr@7`2[m2M+v QM2b �M/ +�M #2 BMi2;`�i2/ Qmi b�72HvX *QMb2[m2MiHv- 1[X UkXRy8V ;Bp2b

F ≈ −2θ̇t
M2

2z + k2
p

Ṙc , UkXRR9V

r?B+? K2�Mb i?�i i?2 HQr@7`2[m2M+v KQ/2 Q7 i?2 ?2�pv }2H/ Bb +QMi`QHH2/ #v i?2 HB;?i
}2H/X AM bmT2`?Q`BxQM HBKBi- i?2 i`2�iK2Mi Bb biBHH bBKBH�` bQ 1[X UkXRy8V `2bmHib BM

F ≈ −
˙̄φ

H

2θ̇t
M2

277 + k2
p

Ṙ . UkXRR8V

�;�BM- i?2 ?2�pv KQ/2 Bb biBHH /2i2`KBM2/ #vRX AM +QM+HmbBQM- �b HQM; �b i?2 �/B�#�iB+
+QM/BiBQM UkXRyeV UQ` +QMb2[m2MiHv |ω̇+/ω2

+| ( 1V �M/ K�bb ?B2`�`+?v �`2 b�iBb}2/- �
HQr@2M2`;v 2z2+iBp2 }2H/ i?2Q`v +�M #2 Q#i�BM2/ #v BMi2;`�iBM; Qmi i?2 ?2�pv /2;`22
Q7 7`22/QK bQ i?�i i?2 bvbi2K Bb bB;MB}+�MiHv bBKTHB}2/X AMb2`iBM; 1[X UkXRR8V BMiQ
�+iBQM UkXRyjV- i?2 2z2+iBp2 bBM;H2@}2H/ �+iBQM Bb Q#i�BM2/ (Rk8)

S277 =
1

2

∫
d4xa3

˙̄φ2

H2

[
Ṙ2

c2s(k)
− k2

pR2

]
, UkXRReV

jd



r?2`2 i?2 bQmM/ bT22/ Bb r`Bii2M �b

c−2
s (k) = 1 +

4θ̇2t
k2
p +M2

277
, UkXRRdV

r?B+? Bb +QMbBbi2Mi rBi? 1[X UkXRRkV BM i?2 HBKBi M2
277 ! k2

pX h?2`27Q`2- bm+? �
bvbi2K Bb 2[mBp�H2Mi iQ � bBM;H2@}2H/ KQ/2H rBi? � KQ/B}2/ bQmM/ bT22/X PM2 r�v
iQ /BbiBM;mBb? � bBM;H2@}2H/ bHQr@`QHH KQ/2H rBi? cs = 1 �M/ �M 2z2+iBp2 bBM;H2@}2H/
KQ/2H rBi? cs ;Bp2M BM 1[X UkXRRdV Bb iQ HQQF �i i?2 +QMbBbi2M+v `2H�iBQM Q7 bBM;H2@}2H/
KQ/2Hb BM 1[X UkXekV r?B+? rBHH #2 KQ/B}2/ B7 cs 2= 1X LQM@:�mbbB�MBiv Q7 T`BKQ`/B�H
+m`p�im`2 T2`im`#�iBQM (ed) �M/ i?2 b?�T2 Q7 TQr2` bT2+i`mK (Rkj) �`2 �HbQ �z2+i2/
#v i?2 MQM@i`BpB�H bQmM/ bT22/X

h?2 HQr@2M2`;v 2z2+iBp2 }2H/ i?2Q`v Bb � mb27mH �TT`Q�+? i?�i K�F2b i?2 �M�HviB+�H
+�H+mH�iBQM Q7 i?2 TQr2` bT2+i`mK BM � T�`iB+mH�` +H�bb Q7 irQ@}2H/ BM~�iBQM KQ/2Hb
TQbbB#H2X h?Bb �TT`Q�+? rBHH #2 �/QTi2/ #2HQr iQ BMp2biB;�i2 i?2 BM~�iBQM /vM�KB+b
BM i?2 KBt2/ >B;;b@R2 BM~�iBQM KQ/2H (j3)X

kXjXk JBt2/ >B;;b@R2 AM~�iBQM
�b Bb b?QrM T`2pBQmbHv- i?2 ai�`Q#BMbFv KQ/2H �M/ i?2 >B;;b BM~�iBQM �`2 i?2 KQbi
T`QKBbBM; bBM;H2@}2H/ BM~�iBQM KQ/2Hb i?�i ;Bp2 T`2/B+iBQMb QM ns �M/ r r2HH K�i+?@
BM; i?2 qJ�S �M/ SH�M+F Q#b2`p�iBQMb (kj)X >Qr2p2`- i?2`2 �`2 biBHH mM�Mbr2`2/
[m2biBQMb rBi?BM i?2b2 KQ/2Hb i?�i �`2 MQi HBF2Hv iQ #2 2tTH�BM2/ rBi?BM i?2 Q`B;BM�H
7`�K2rQ`FbX h?2`27Q`2- � lo@2ti2M/2/ KQ/2H Bb /2bB`2/ iQ mM/2`bi�M/ i?2B` #2?�p@
BQ`b �M/ +QMM2+iBQMb 7m`i?2`X �KQM; K�Mv T`QTQb�Hb 7Q` lo@2ti2MbBQMkj- +QMbB/2`BM;
i?2 +QK#BM�iBQM Q7 i?2 ai�`Q#BMbFv KQ/2H �M/ i?2 >B;;b BM~�iBQM Bb QM2 M�im`�H �M/
bi`�B;?i7Q`r�`/ r�v iQ +QMbi`m+i � TQbbB#H2 lo +�M/B/�i2- BX2X i?2 KBt2/ >B;;b@R2

BM~�iBQM KQ/2H (jeĜ9y)k9X h?Bb irQ@}2H/ KQ/2H �Hr�vb BM?2`Bib i?2 Q#b2`p�iBQM�HHv
7�pQ`2/ ns �M/ r 7`QK Bib irQ bBM;H2@}2H/ HBKBib r?2M i?2 BbQ+m`p�im`2 KQ/2 Bb ?2�pv
�M/ i?2 >B;;b b2H7@+QmTHBM; Bb MQM@+`BiB+�H /m`BM; BM~�iBQM- �b rBHH #2 b?QrM H�i2`X
JQ`2Qp2`- i?2 KmHiB@}2H/ M�im`2 BM2pBi�#Hv H2�/b iQ `B+? TQbi@BM~�iBQM�`v T?2MQK@
2M�- 7Q` BMbi�M+2- /Bz2`2Mi T`2?2�iBM; �M/ `2?2�iBM; T`Q+2bb2b /2T2M/BM; QM KQ/2H
T�`�K2i2`b- r?B+? +�M T`QpB/2 � TQbbB#H2 r�v iQ /BbiBM;mBb? Bib2H7 7`QK i?2 bBM;H2@}2H/
HBKBibX

kja22 _27bX (RkNĜRjR) 7Q` Qi?2` T`QTQb�Hb Q7 i?2 lo@2ti2MbBQMb Q7 i?2 >B;;b BM~�iBQMX
k9a22 Qi?2` `2H2p�Mi bim/B2b Q7 i?Bb KQ/2H- 2X;X (Rjk-Rjj)X

j3



h?2 KBt2/ >B;;b@R2 BM~�iBQM KQ/2H Bb MQi QMHv T?2MQK2MQHQ;B+�HHv r2HH KQiBp�i2/
�b 2tTH�BM2/ T`2pBQmbHv- #mi bmTTQ`i2/ #v i?2 +QMbB/2`�iBQM 7`QK i?2Q`2iB+�H bB/2
r?B+? rBHH #2 /Bb+mbb2/ BM i?2 7QHHQrBM;X �b � bi�`iBM; TQBMi- i?2 �+iBQM Bb ;Bp2M #v

SC=

∫
d4x

√
−gCLC

=

∫
d4x

√
−gC

[(
M2

TH
2

+ξ|HaJ|2
)
RC +

M2
TH

12M2
R2

C − gµνC ∂µHaJ∂νH†
aJ −λ|HaJ|4

]
, UkXRR3V

r?2`2 i?2`2 �`2 i?`22 KQ/2H T�`�K2i2`b ξ- M - �M/ λ r?Qb2 +QMp2MiBQM �M/ T?vbB+�H
K2�MBM; Dmbi 7QHHQr /B`2+iHv 7`QK 1[bX UkXeeV �M/ UkXdNVk8X �;�BM- i?2 K�bb i2`K
7Q` >B;;b �M/ i?2 1q p2p ?�p2 #22M M2;H2+i2/keX �HbQ- i?2 >B;;b b2H7@+QmTHBM; λ ∼
O(10−2) Bb +QMbB/2`2/ iQ #2 MQM@+`BiB+�H mT iQ BM~�iBQM b+�H2X 6Q` i?2 BMp2biB;�iBQM Q7
BM~�iBQM�`v /vM�KB+b- Bi Bb bm{+B2Mi iQ 7Q+mb QM i?2 mMBi�`v ;�m;2 HaJ = h/

√
2X �b

+�M #2 2�bBHv b22M 7`QK 1[X UkXRR3V- i?2 irQ bBM;H2@}2H/ HBKBib �`2 �+?B2p2/ �b

Ç R2@HBKBi, ξ → 0 �M/ M → Mc -

Ç >B;;b@HBKBi, ξ → ξc �M/ M → ∞ -

r?2`2 Mc �M/ ξc �`2 ;Bp2M BM 1[bX UkXdjV �M/ UkX39V- `2bT2+iBp2HvX hQ b22 i?Bb KQ/2H
Bb BM/22/ � lo@2ti2MbBQM Q7 i?2 >B;;b BM~�iBQM- Bi Bb b?QrM BM _27bX (jd- 9k) i?�i
i?2 +miQz b+�H2 Q7 i?Bb i?2Q`v Bb mT iQ SH�M+F b+�H2 MTH r?B+? Bb Km+? ?B;?2` i?�M
i?�i Q7 i?2 >B;;b BM~�iBQM r?Qb2 +miQz �`QmM/ i?2 p�+mmK Bb ∼ MTH/ξX AM Q`/2` iQ
mM/2`bi�M/ i?2 +miQz b+�H2 Q7 i?2 bvbi2K UkXRR3V- Bi Bb +QMp2MB2Mi iQ BMi`Q/m+2 �M
�mtBHB�`v }2H/ χ bm+? i?�i

LC →
M2

TH
2

RC +
1

2
χ2RC −

3

4

M2

M2
TH

(
χ2 − ξh2

)2 − 1

2
gµνC ∂µh∂νh− λ

4
h4 , UkXRRNV

r?2`2- mMHBF2 i?2 >B;;b }2H/ h rBi? � +�MQMB+�H FBM2iB+ i2`K- χ Bb MQM@/vM�KB+�H bQ Bi
+�M #2 BMi2;`�i2/ Qmi iQ `2+Qp2` i?2 Q`B;BM�H G�;`�M;B�M BM 1[X UkXRR3VX h?2 1@> i2`K
�M/ i?2 +�MQMB+�H FBM2iB+ i2`K 7Q` >B;;b ?�p2 � +miQz �i MTH �miQK�iB+�HHvX aBM+2 χ
Bb Dmbi �M �mtBHB�`v }2H/ �#bQ`#BM; �HH i?2 H�`;2 MQM@KBMBK�H +QmTHBM;b- i?2 +miQz Q7
i?2 b2+QM/ i2`K Bb �HbQ SH�M+F b+�H2X h?2 2bb2MiB�H MQM@KBMBK�H +QmTHBM; ξ MQr 2Mi2`b
i?2 TQi2MiB�H- 2bT2+B�HHv ;BpBM; � +QMi`B#miBQM iQ i?2 2z2+iBp2 >B;;b b2H7@+QmTHBM;

λ277 = λ+ 3ξ2M2/M2
TH . UkXRkyV

k8aBKBH�` KQ/2H Bb bim/B2/ BM 2X;X _27X (Rj9)X
keh?2 irQ@HQQT `2MQ`K�HBx�iBQM ;`QmT 2[m�iBQMb BM i?Bb KQ/2H (Rj8) b?Qr i?�i i?2 >B;;b K�bb

mHaJ +�M #2 �b H�`;2 �b ∼ MTH/ξ �i BM~�iBQM b+�H2- #mi Bi /Q2b MQi bTQBH i?2 T`2/B+iBQMb Q7 *J"
Q#b2`p�iBQM +�H+mH�i2/ rBi? mHaJ = 0 �b r2HH �b i?2 T`2?2�iBM; T`Q+2bbX Ai Bb 2�bv iQ ;2M2`�HBx2 i?2
�M�HvbBb iQ i?2 +�b2 mHaJ 2= 0X

jN



hQ 2Mbm`2 i?2 bvbi2K Bb mM/2` +QMi`QH [m�MimK K2+?�MB+�HHv- Bi Bb `2[mB`2/ i?�i
i?2 2z2+iBp2 +QmTHBM; Bb bm{+B2MiHv bK�HH λ277 ( 1- r?B+?- mM/2` i?2 �bbmKTiBQM Q7
λ ∼ O(10−2)- BM/B+�i2b i?�i

3ξ2M2/M2
TH <∼ 4π . UkXRkRV

S2`im`#�iBpBiv Q7 i?2 bvbi2K Bb ;m�`�Mi22/ �M/ i?2 +miQz Bb mT iQ SH�M+F b+�H2 �b
HQM; �b 1[X UkXRkRV Bb b�iBb}2/- #2vQM/ r?B+? i?2 bvbi2K 2Mi2`b i?2 bi`QM;Hv@+QmTH2/
`2;BK2X h?2`27Q`2- i?2 KBt2/ >B;;b@R2 BM~�iBQM KQ/2H Bb ?2�Hi?v mT iQ MTH B7 i?2
BM2[m�HBiv UkXRkRV ?QH/b- r?B+? K2�Mb i?�i Bi +�M b2`p2 �b � lo@2ti2MbBQM Q7 i?2
>B;;b BM~�iBQMX LQi2- ?Qr2p2`- i?�i i?2 >B;;b@HBKBi rBi? M → ∞ �M/ ξ → ξc

�+im�HHv pBQH�i2b i?2 T2`im`#�iBpBiv +QM/BiBQM BM 1[X UkXRkRV- r?B+? +�M #2 mM/2`biQQ/
�b i?2 `2�bQM r?v i?2 T`2?2�iBM; T`Q+2bb Q7 i?2 >B;;b BM~�iBQM K2MiBQM2/ BM a2+X kXk
bmz2`b 7`QK i?2 bi`QM; +QmTHBM; Bbbm2 (j9)X L�Bp2Hv bT2�FBM;- Bi +�M #2 2tT2+i2/ i?�i
i?Bb Bbbm2 MQ HQM;2` 2tBbib B7 i?2 mMBi�`v #QmM/ Bb b�iBb}2/X 1t�KBMBM; r?2i?2` i?2
T`2?2�iBM; T`Q+2bb BM i?Bb irQ@}2H/ KQ/2H rBi? 1[X UkXRkRV 7mH}HH2/ biBHH 2M+QmMi2`b
i?2 b�K2 T`Q#H2K Q` MQi Bb QM2 Q7 i?2 K�BM Q`B;BM�H rQ`Fb b?QrM BM i?Bb i?2bBb �M/ rBHH
#2 /Bb+mbb2/ i?Q`Qm;?Hv H�i2`X h?2 mMBi�`v #QmM/ b?QrM �#Qp2 +�M �HbQ #2 /2`Bp2/
BM 16X S2`7Q`KBM; � +QM7Q`K�H i`�Mb7Q`K�iBQM iQ 2HBKBM�i2 i?2 [m�/`�iB+ +m`p�im`2
i2`K �M/ i?2 MQM@KBMBK�H +QmTHBM; #2ir22M >B;;b �M/ ;`�pBiv

g1µν(x) = eαϕ(x)gCµν(x) , UkXRkkV

r?2`2 i?2 M2r ǳb+�H�`QMǴ }2H/ ϕ Bb /2}M2/ �b

αϕ ≡
√

2

3

ϕ

MTH
≡ HM

(
2

M2
TH

∣∣∣∣
∂LC
∂RC

∣∣∣∣

)
, UkXRkjV

i?2 `2bmHiBM; M2r �+iBQM Bb 2tT`2bb2/ BM i2`Kb Q7 irQ b+�H�` }2H/b �b

S1 =

∫
d4x

√
−g1

[
M2

TH
2

R1 − 1

2
gµν1 ∂µϕ∂νϕ− 1

2
e−αϕgµν1 ∂µh∂νh− U1(ϕ, h)

]
,

U1(ϕ, h) =
λ

4
e−2αϕh4 +

3

4
M2

THM
2

[
1−

(
1 +

ξ

M2
TH
h2

)
e−αϕ

]2
. UkXRk9V

LQi2 i?�i i?2 /2}MBiBQM Q7 i?Bb M2r b+�H�`QM ϕ +QMi�BMb MQi QMHv i?2 b+�H�` KQ/2
BM/m+2/ #v R2

C #mi �HbQ i?2 >B;;b }2H/ /m2 iQ i?2 MQM@KBMBK�H +QmTHBM; i2`KX �b
rBHH #2 b?QrM H�i2`- i?Bb +QK#BM�iBQM +QMbi`m+i2/ 7`QK i?2 +QM7Q`K�H +QmTHBM; (ek-ej)
M2�iHv +�M+2Hb i?2 ?2�pv KQ/2b BM RC �M/ h2 /m`BM; `2?2�iBM; bQ i?�i i?2 /vM�KB+b Q7

9y



ϕ Bb ;`2�iHv bBKTHB}2/X "v 2tT�M/BM; i?2 �+iBQM BM 1[X UkXRk9V �`QmM/ i?2 ;HQ#�H KBM@
BKmK Q7 i?2 TQi2MiB�H- (ϕ, h) = (0, 0)- i?2 2z2+iBp2 >B;;b b2H7@+QmTHBM; BM 1[X UkXRkyV
b?Qrb mT- r?B+? H2�/b iQ i?2 b�K2 +QM+HmbBQM �b BM 1[X UkXRkRVX h?2 MQM@+�MQMB+�H
FBM2iB+ i2`K 7Q` i?2 >B;;b }2H/ BM i?Bb 7`�K2 +�MMQi D2QT�`/Bx2 i?2 bBim�iBQM #2+�mb2
i?2 FBM2iB+ +QmTHBM; �Hr�vb �TT2�`b �b SH�M+F@bmTT`2bb2/ i2`Kb αϕ ( 1 �`QmM/ i?2
p�+mmK (jd- 9k)X AM �//BiBQM iQ i?2 #2ii2` lo T`QT2`iv- i?2 2K2`;2M+2 Q7 i?2 MQM@
KBMBK�H +QmTHBM; �M/ i?2 R2 i2`K BM i?2 >B;;b BM~�iBQM KQ/2H Bb i?Qm;?i iQ #2
BM2pBi�#H2X PM i?2 QM2 ?�M/- i?2 MQM@KBMBK�H +QmTHBM; #2ir22M >B;;b �M/ _B++B
b+�H�` Bb M22/2/ iQ BKT`Qp2 i?2 `2MQ`K�HBx�#BHBiv Q7 i?2 2M2`;v@KQK2MimK i2MbQ` Q7
i?2 i?2Q`v (Rje- Rjd)X PM i?2 Qi?2` ?�M/- �TT2�`BM; �b i?2 QM2@HQQT +QmMi2` i2`K iQ
;`�pBiv (Rj3)- i?2 [m�/`�iB+ +m`p�im`2 i2`K �+[mB`2b � H�`;2 +Q2{+B2Mi ∼ ξ2 #v i?2
`2MQ`K�HBx�iBQM ;`QmT `mMMBM; (9jĜ9d- Rj8) #2+�mb2 i?2 #2i� 7mM+iBQM Q7 i?Bb +Q2{@
+B2Mi `2+2Bp2b � /QKBM�Mi +QMi`B#miBQM T`QTQ`iBQM�H iQ ξ2 �i QM2@HQQT H2p2H 7Q` ξ ! 1X
"2bB/2b- i?2 ǳb+�H�`QMǴ }2H/ +�M �HbQ #2 mM/2`biQQ/ iQ �TT2�` �b � TQH2 BM i?2 k@iQ@k
b+�ii2`BM; �KTHBim/2 Q7 >B;;b r?2M `2bmKKBM; Qp2` i?2 p�+mmK TQH�`Bx�iBQM /B�@
;`�Kb Q7 ;`�pBiQM (93)- �M/ �b � σ@K2bQM i?�i HBM2�`Bx2b i?2 MQM@HBM2�` bB;K� KQ/2H
`2r`Bii2M 7`QK i?2 G�;`�M;B�M Q7 i?2 >B;;b BM~�iBQM (9N)- r?B+? rBHH MQi #2 /Bb+mbb2/
?2`2 BM /2i�BHX .Bb+mbbBQM �#Qmi i?2 BKT`Qp2K2Mi Q7 i?2 1q p�+mmK K2i�bi�#BHBiv
+�M �HbQ #2 7QmM/ BM _27bX (9k- Rj8)X �b K2MiBQM2/ BM a2+X kXk- rBi?BM i?2 TQbbB#H2
`�M;2 Q7 iQT [m�`F K�bb- i?2 >B;;b b2H7@+QmTHBM; +�M im`M M2;�iBp2 �i �`QmM/ i?2
BM~�iBQM b+�H2- r?B+? H2�/b iQ �M mM#QmM/2/ TQi2MiB�H- �M/ i?2`27Q`2- BMbi�#BHBiv 7Q`
i?2 >B;;b }2H/X Ai Bb b?QrM i?�i i?2 T`2b2M+2 Q7 b+�H�`QM +�M Tmb? λ iQ #2 TQbBiBp2
�;�BM �i � ?B;?2` 2M2`;v b+�H2 B7 ξM/MTH Bb H�`;2 2MQm;? bQ i?�i i?2 >B;;b bi�#BHBiv
+�M #2 b2+m`2/ (9k) Q` � HQ+�H KBMBKmK K�v #2 /2p2HQT2/ QM i?2 b+�H�` TQi2MiB�H �M/
BM/m+2 BMi2`2biBM; +QbKQHQ;B+�H +QMb2[m2M+2b (Rj8)X

�b � #`B27 bmKK�`v- �HH i?2 BM;`2/B2Mib b?QrM BM i?2 �+iBQM UkXRR3V Q7 i?2 KBt2/
>B;;b@R2 BM~�iBQM KQ/2H �`2 i?2Q`2iB+�HHv BM2pBi�#H2- �M/ i?Bb KQ/2H +�M #2 `2;�`/2/
�b � T`QKBbBM; lo@2ti2MbBQM Q7 i?2 >B;;b BM~�iBQM rBi? � +miQz b+�H2 ∼ MTH �b HQM;
�b i?2 T2`im`#�iBpBiv +QM/BiBQM UkXRkRV Bb b�iBb}2/X AM i?2 7QHHQrBM;- � `2pB2r Q7 i?2
BM~�iBQM /vM�KB+b BM i?Bb KQ/2H Bb T`2b2Mi2/- b?QrBM; i?�i Bi Bb �M Q#b2`p�iBQM�HHv
7�pQ`2/ BM~�iBQM KQ/2H �b Bib bBM;H2@}2H/ HBKBibX

h?2 BM~�iBQM /vM�KB+b BM i?2 KBt2/ >B;;b@R2 BM~�iBQM KQ/2H +�M #2 �M�Hvx2/
bvbi2K�iB+�HHv #v i?2 KmHiB@}2H/ 7Q`K�HBbK BMi`Q/m+2/ T`2pBQmbHv rBi?BM 16 (j3-RjN)X
Ai Bb b?QrM i?�i i?2`2 Bb �M �ii`�+iQ` /m`BM; BM~�iBQM BM i?2 ξ >∼ 1 `2;BK2 r?2`2 i?2
HQr@2M2`;v 2z2+iBp2 }2H/ i?2Q`v �TT`Q�+? Bb �TTHB+�#H2 #2+�mb2 Q7 i?2 H�`;2 K�bb Q7
BbQ+m`p�im`2 KQ/2 ;2M2`�i2/ #v H�`;2 MQM@KBMBK�H +QmTHBM;X �b � `2bmHi- i?2 bvbi2K
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Bb `2;�`/2/ �b �M 2z2+iBp2 ai�`Q#BMbFv KQ/2H Q` 2z2+iBp2 >B;;b BM~�iBQMX hQ #2 b2H7@
+QMbBbi2Mi- i?2 KBt2/ >B;;b@R2 BM~�iBQM rBHH #2 `2pB2r2/ BM C6 �M/ 16 b2[m2MiB�HHvX
• CQ`/�M 7`�K2 �HH i?2 bm#b+`BTib ǳCǴ �`2 QKBii2/ 7Q` +QMp2MB2M+2X h?2 iBK2@iBK2
+QKTQM2Mi �M/ i?2 i`�+2 Q7 i?2 1BMbi2BM 2[m�iBQM �i #�+F;`QmM/ H2p2H �`2 ;Bp2M �b

3M2
THH

2 +
M2

TH
M2

(
6HḦ − 3Ḣ2 + 18H2Ḣ

)
+3ξHh

(
Hh+ 2ḣ

)
=

1

2
ḣ2 +

λ

4
h4 , UkXRk8V

−!
(

R

M2
+ 3ξ

h2

M2
TH

)
+

(
1+ξ

h2

M2
TH

)
R =

1

M2
TH

(
λh4 − ḣ2

)
, UkXRkeV

r?2`2 ! ≡ gµν∇µ∇ν Bb i?2 /Ƕ�H2K#2`i QT2`�iQ` rBi? `2bT2+i iQ gµν BM i?2 +Q``2bTQM/@
BM; 7`�K2- �M/ �;�BM i?2 _B++B b+�H�` Bb `2;�`/2/ �b �M BM/2T2M/2Mi /2;`22 Q7 7`22/QK
BM/m+2/ #v ?B;?2` Q`/2` iBK2 /2`Bp�iBp2b Q7 >m##H2 T�`�K2i2` HX h?2b2 2[m�iBQMb
`2im`M iQ 1[bX UkXe3V �M/ UkXeNV r?2M h = 0X 1p2M rBi? bHQr@`QHH �TT`QtBK�iBQM- /B@
`2+iHv bQHpBM; i?2K Bb ;2M2`�HHv /B{+mHi- bQ KQ`2 BM7Q`K�iBQM 7`QK i?2 >B;;b b2+iQ` Bb
M22/2/ iQ 7m`i?2` bBKTHB7v i?Bb b2i Q7 2[m�iBQMbX AM i?2 C6 �+iBQM UkXRR3V- i?2 2z2+iBp2
TQi2MiB�H 7Q` >B;;b Bb bBKTHv ;Bp2M #v

V277 = −ξ
2
h2R +

λ

4
h4 , UkXRkdV

7`QK r?B+? � HQ+�H K�tBKmK �M/ irQ HQ+�H KBMBK� +�M #2 7QmM/ 7Q` R > 0

R > 0 , V277,h = 0 ⇒
{
h = 0 , V277,hh < 0 ,

hp± = ±
√
ξR/λ , V277,hh > 0 ,

UkXRk3V

r?BH2 7Q` R < 0 i?2`2 Bb QMHv QM2 2ti`2KmK

R < 0 , V277,h = 0 ⇒ hp0 = 0 , V277,hh > 0 . UkXRkNV

GBF2 i?2 ai�`Q#BMbFv KQ/2H- bHQr@`QHH �TT`QtBK�iBQM `2[mB`2b R > 0 /m`BM; BM~�iBQM-
bQ i?2 /Bb+mbbBQM ?2`2 rBHH 7Q+mb QM i?2 +�b2 r?2`2 _B++B b+�H�` i�F2b � TQbBiBp2 bB;MX

AM i?2 `2;BK2 R > 0- i?2 Q`B;BM Q7 >B;;b h = 0 Bb �M mMbi�#H2 TQBMi bQ i?�i i?2
BM~�iQM Kmbi 7�HH BMiQ QM2 Q7 i?2 KBMBK� +?�`�+i2`Bx2/ #v i?2 HQr2` Q7 1[X UkXRk3VX
qBi?Qmi HQbb Q7 ;2M2`�HBiv- Bi Bb +QMp2MB2Mi iQ Dmbi �/QTi i?2 QM2 rBi? TQbBiBp2 >B;;b
}2H/ p�Hm2 �M/ QKBi i?2 ǳ±Ǵ bm#b+`BTi ?2`2�7i2` U2p2M 7Q` 16VX h�FBM; BMiQ �++QmMi
i?Bb �ii`�+iQ` bQHmiBQM iQ 2HBKBM�i2 i?2 >B;;b }2H/- 1[bX UkXRk8V �M/ UkXRkeV #2+QK2

3M2
THH

2 +
M2

TH
M2

(
6HḦ − 3Ḣ2 + 18H2Ḣ

)
=
ξ

8λ

Ṙ2

R
− 3ξ2

λ
HṘ +

3ξ2

2λ
ḢR , UkXRjyV

R̈ + 3HṘ + M̃2R =− ξ

4λ

M̃2

M2
TH

Ṙ2

R
, UkXRjRV
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r?2`2 � M2r T�`�K2i2` mM/2`biQQ/ �b i?2 2z2+iBp2 K�bb Q7 b+�H�`QM Bb /2}M2/ BM i?2
7QHHQrBM; r�v

M̃ ≡ M

(
1 +

3ξ2M2

λM2
TH

)−1/2

. UkXRjkV

h?2b2 2[m�iBQMb +�M #2 mM/2`biQQ/ �b i?2 1BMbi2BM 2[m�iBQMb Q7 i?2 bvbi2K rBi? �
+QMbi`�BMi ;Bp2M #v i?2 HQr2` Q7 1[X UkXRk3V rBi?Qmi �Mv �TT`QtBK�iBQMX �b +�M #2
2�bBHv b22M- i?2 H27i ?�M/ bB/2 UG>aV Q7 1[bX UkXRjyV �M/ UkXRjRV �`2 p2`v bBKBH�` iQ
i?�i Q7 1[bX UkXe3V �M/ UkXeNV `2bT2+iBp2Hv- 2t+2Ti i?�i i?2 K�bb M BM 1[X UkXeNV Bb
`2TH�+2/ #v M̃ BM 1[X UkXRjRVX .m`BM; BM~�iBQM- i?2 bHQr@`QHH T�`�K2i2`b /2}M2/ BM
1[bX UkXkdV �M/ UkXk3V �`2 bK�HH- BX2X

ε1 = − Ḣ

H2
( 1 , ε2 = − Ḧ

2HḢ
( 1 . UkXRjjV

�b � `2bmHi- i?2 1BMbi2BM 2[m�iBQMb BM i?2 KBMBKmK rBi? bHQr@`QHH �TT`QtBK�iBQM
#2+QK2

3M2
THH

2 + 18
M2

TH

M̃2
H2Ḣ #0 , UkXRj9V

3HṘ + M̃2R #0 , UkXRj8V

r?B+? +QBM+B/2 rBi? i?Qb2 BM i?2 ai�`Q#BMbFv KQ/2H rBi? �M 2z2+iBp2 b+�H�`QM K�bb
M̃ X *QMb2[m2MiHv- iQ K�i+? i?2 Q#b2`p2/ �KTHBim/2 Q7 b+�H�` TQr2` bT2+i`mK- Bi Bb
`2[mB`2/ i?�i

M̃ = Mc , UkXRjeV

r?B+? BM/m+2b � +QMbi`�BMi 2[m�iBQM QM i?2 KQ/2H T�`�K2i2`b BM i?2 KBt2/ >B;;b@R2

BM~�iBQM KQ/2H bQ i?�i i?2 MmK#2` Q7 BM/2T2M/2Mi T�`�K2i2`b `2/m+2b #v QM2X Ai Bb
�HbQ mb27mH iQ `2r`Bi2 i?2 +QMbi`�BMi UkXRjeV BM �MQi?2` 2[mBp�H2Mi 7Q`K (9R)

ξ2

ξ2c
+

M2
c

M2
= 1 , UkXRjdV

r?2`2 i?2 `2H�iBQM #2ir22M ξc �M/ Mc /2`Bp2/ 7`QK 1[bX UkXdjV �M/ UkX39V Bb mb2/

ξc =

√
λ

3

MTH
Mc

. UkXRj3V

h?2 �M�HvbBb �#Qp2 Bb � bB;MB}+�Mi BMbB;?i #2+�mb2 Bi BM/B+�i2b i?�i i?2 M2r irQ@
}2H/ BM~�iBQM Bb 2bb2MiB�HHv i?2 b�K2 �b Bib bBM;H2@}2H/ HBKBib- �M/ i?2`27Q`2 ;Bp2b i?2
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b�K2 T`2/B+iBQMb QM ns �M/ rX LQi2 i?�i- BM T`BM+BTH2- i?Bb Bb MQi ;m�`�Mi22/ 7Q` �HH
i?2 T�`�K2i2` `�M;2X 1bT2+B�HHv- i?2 bi�i2K2Mi Bb �Hr�vb i`m2 QMHv r?2M +QMbB/2`BM;
H�`;2 MQM@KBMBK�H +QmTHBM; �M/ MQM@+`BiB+�H >B;;b b2H7@+QmTHBM; (je- jN- 9y)kdX h?Bb
i?2bBb 7Q+mb2b QM 2t�+iHv i?2 +�b2 ξ >∼ 1 �M/ λ ∼ O(10−2) bQ i?2 2z2+iBp2 ai�`Q#BMbFv
KQ/2H T`2/B+iBQM Bb �Hr�vb p�HB/X

AM Q`/2` iQ K�F2 i?2 /Bb+mbbBQM KQ`2 +QM+`2i2 ?2`2�7i2`- Bi Bb ?2HT7mH iQ /2}M2
/Bz2`2Mi `2;BQMb BM i?2 T�`�K2i2` bT�+2 �++Q`/BM; iQ i?2 T`QT2`iB2b Q7 i?2 bvbi2KX
h?2`27Q`2- i?2 r?QH2 T�`�K2i2` bT�+2 Bb b2T�`�i2/ BMiQ irQ `2;BK2b �b 7QHHQrb,

Ç R2@HBF2 `2;BK2,

ξ2

λ
<

M2
TH

3M2
, UkXRjNV

Ç >B;;b@HBF2 `2;BK2,

ξ2

λ
>

M2
TH

3M2
. UkXR9yV

h?Bb b2T�`�iBQM +QM/BiBQM +�M �HbQ #2 `2r`Bii2M �b ξ = ξc/
√
2X �//BiBQM�HHv- pBQH�iBQM

Q7 i?2 T2`im`#�iBpBiv +QM/BiBQM UkXRkRV /2}M2b � bi`QM;Hv@+QmTH2/ `2;BK2 i?�i QMHv
+Qp2`b T�`i Q7 i?2 >B;;b@HBF2 `2;BK2 �b HQM; �b λ < 1X AM/22/- i�FBM; 1[X UkXRjeV
BMiQ �++QmMi- i?2 >B;;b@HBF2 `2;BK2 rBi?Qmi i?2 bi`QM; +QmTHBM; Bbbm2 Bb ;Bp2M #v
ξc/

√
2 # 3.1× 103

√
λ/0.01 " ξ " ξs r?2`2 ξs +?�`�+i2`Bx2b i?2 #QmM/�`v /2}M2/ BM

1[X UkXRkRV

ξs ≡
(

1

ξ2c
+

3

4π

M2
c

M2
TH

)−1/2

<∼ ξc . UkXR9RV

h?2`27Q`2- i?2`2 2tBbib � T�`�K2i2` bT�+2 rBi?BM i?2 >B;;b@HBF2 `2;BQM r?2`2 i?2
bvbi2K Bb [m�MimK K2+?�MB+�HHv mM/2` +QMi`QH mT iQ i?2 SH�M+F b+�H2 (jd- 9k) �b
2tTH�BM2/ �#Qp2 bm+? i?�i i?2 KBt2/ >B;;b@R2 BM~�iBQM KQ/2H +�M #2 `2;�`/2/ �b
� lo@2ti2MbBQM Q7 i?2 >B;;b BM~�iBQMX 6B;m`2 kXR b?Qrb i?2 T�`�K2i2` bT�+2 BM i?2
ξ@1/M TH�M2 rBi? λ = 0.01X

kdLQi2- 7Q` +QKT�`BbQM- i?�i BM i?2 KBMBK�HHv +QmTH2/ +�b2 ξ = 0- i?2 /Qm#H2 BM~�iBQM�`v h4@
R2 KQ/2H r�b }`bi +QMbB/2`2/ BM (R9y) rBi?Qmi B/2MiB7vBM; h rBi? i?2 >B;;b }2H/- �M/ Bib b+�H�`
T2`im`#�iBQM bT2+i`mK r�b /2`Bp2/ BM (R9R)X hQ Q#i�BM i?2 +Q``2+i p�Hm2 7Q` i?2 bHQT2 Q7 i?2 b+�H�`
TQr2` bT2+i`mK ns−1 �M/ iQ b�iBb7v i?2 mTT2` HBKBi QM i?2 i2MbQ`@iQ@b+�H�` `�iBQ r- pB�#BHBiv Q7 bm+?
� KQ/2H `2[mB`2b Bib H�bi ∼ 60 2@7QH/b iQ #2 BM i?2 R2@HBF2 `2;BK2 i?�i Q++m`b 7Q` M <

√
λMTH rBi?

2ti`2K2Hv bK�HH λ <∼ O(10−10)- Q` B7 h2 Bb �Hr�vb H2bb i?�M M2
TH Ui?2M i?2 }2H/ h /Q2b MQi +QMi`B#mi2

iQ BM~�iBQM �i �HHVX h?2 b�K2 +QM+HmbBQM `2K�BMb p�HB/ 7Q` 0 < ξ ( 1, ξh2/M2
TH ( 1- iQQX
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0 2 4 6
0

2

4

6

10-4Mpl /M

10
-3

�

�= 0.01

Higgs-like regime

R2-like regime

� = �c

M=Mc

� =
4�
3

Mpl
M

� 2

�c2
+
Mc 2

M 2
= 1

� 2

�
=
Mpl2

3M 2

6B;m`2 kXR, S�`�K2i2` bT�+2 7Q` /Bz2`2Mi `2;BK2b BM i?2 KBt2/ >B;;b@R2 BM~�iBQM
KQ/2H rBi? λ = 0.01X h?2 `2/ `2;BQM Bb i?2 bi`QM;Hv@+QmTH2/ `2;BK2 r?2`2 T2`im`#�@
iBp2 �M�HvbBb Bb [m2biBQM�#H2 UkXRkRVX h?2 #Hm2 �M/ ;`22M `2;BQMb �`2 i?2 >B;;b@HBF2 �M/
R2@HBF2 `2;BK2b- `2bT2+iBp2HvX h?2 #Hm2 HBM2 b�iBb}2b i?2 +QM/BiBQM 7Q` i?2 Q#b2`p2/
+m`p�im`2 TQr2` bT2+i`mK UkXRjeV Q` UkXRjdVX

• 1BMbi2BM 7`�K2 h?2 bm#b+`BTib ǳ1Ǵ 7Q` i?2 [m�MiBiB2b /2}M2/ BM 16 rBHH #2 QKBii2/
7Q` +QMp2MB2M+2X AM T`BM+BTH2- i?2 +H�bbB+�H #�+F;`QmM/ /vM�KB+b BM i?2 bvbi2K UkXRk9V
b?QmH/ #2 bvbi2K�iB+�HHv �M�Hvx2/ rBi? i?2 KmHiB@}2H/ 7Q`K�HBbK BMi`Q/m+2/ T`2pB@
QmbHv (j3)X aT2+B}+�HHv- Bi +Q``2bTQM/b iQ i?2 +�b2 N = 2 BM 1[X UkX33V rBi?

φa =

(
ϕ
h

)
, γab =

(
1 0

0 e
−
√

2
3

ϕ
Mp

)
, UkXR9kV

�M/ i?2 TQi2MiB�H ;Bp2M #v 1[X UkXRk9V- r?B+? H2�/b iQ i?2 mMBi p2+iQ`b i�M;2Mi �M/
Q`i?Q;QM�H iQ i?2 BM~�iBQM i`�D2+iQ`v �b r2HH �b i?2 im`MBM; `�i2

T a =
(
ϕ̇2 + e−αϕḣ2

)−1/2
(
ϕ̇
ḣ

)
,

Na =
(
ϕ̇2 + e−αϕḣ2

)−1/2
(
−e−

α
2 ϕḣ

e
α
2 ϕϕ̇

)
,

θ̇2t = eαϕ
(
ϕ̇2 + e−αϕḣ2

)−2 (
ϕ̇U,h − e−αϕḣU,ϕ

)2
. UkXR9jV

*QMb2[m2MiHv- i?2 2z2+iBp2 K�bb 7Q` i?2 BbQ+m`p�im`2 KQ/2 M277 BM 1[X UkXRyjV +�M #2
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6B;m`2 kXk, G27i, �M 2t�KTH2 7Q` i?2 b?�T2 Q7 i?2 TQi2MiB�H rBi? U(ϕ, h) rBi? KQ/2H
T�`�K2i2`b (ξ,λ) = (3000, 0.01) �M/ +QMbi`�BMi UkXRjeV b�iBb}2/X _B;?i, � b+?2K�iB+
TB+im`2 b?QrBM; i?2 HQ+�H KBMBK� �M/ K�tBK� QM i?2 TQi2MiB�H 7`QK iQT pB2rX i?2
bQHB/ HBM2b +Q``2bTQM/ iQ HQ+�H KBMBK� r?BH2 i?2 /�b?2/ HBM2 +Q``2bTQM/b iQ HQ+�H
K�tBK�X

+�H+mH�i2/ �b

M2
2z =

(
ϕ̇2 + e−αϕḣ2

)−1 (
e−αϕḣ2U,ϕϕ + eαϕϕ̇2U,hh − 2ϕ̇ḣU,ϕh −

α

2
ϕ̇2U,ϕ − αϕ̇ḣU,h

)

− ϕ̇2 + e−αϕḣ2

6M2
p

− eαϕ
(
ϕ̇2 + e−αϕḣ2

)−2 (
ϕ̇U,h − e−αϕḣU,ϕ

)2
, UkXR99V

r?2`2 i?2 2[m�iBQMb Q7 KQiBQM 7Q` ϕ �M/ h Ub22 �TT2M/Bt *V ?�p2 #22M mb2/X h?2
b2+QM/ i2`K Bb Km+? bK�HH2` i?�M >m##H2 /m`BM; BM~�iBQM ∝ ε1H2 ( H2X A7 i?2
bHQr@`QHH �TT`QtBK�iBQMb φ̈a ( Hφ̇a �M/ H ∼

√
U/MTH �`2 p�HB/- i?2 i?B`/ i2`K

Uim`MBM; `�i2V Bb �HbQ Km+? bK�HH2` i?�M H2X h?2 /QKBM�Mi +QMi`B#miBQM +QK2b 7`QK
i?2 b2+QM/ /2`Bp�iBp2b Q7 U(ϕ, h) BM i?2 }`bi i2`KX hQ /2i2`KBM2 i?2 /vM�KB+b- Bi Bb
BKTQ`i�Mi iQ mM/2`bi�M/ i?2 b?�T2 Q7 i?2 TQi2MiB�HX 6B;m`2 kXk b?Qrb �M 2t�KTH2 Q7
i?2 16 TQi2MiB�H U(ϕ, h)X aBKBH�` iQ i?2 bBim�iBQM BM C6- i?2`2 Bb QM2 HQ+�H K�tBKmK
�M/ irQ HQ+�H KBMBK� QM i?2 TQi2MiB�H U(ϕ, h) BM i?2 >B;;b /B`2+iBQM BM ϕ > 0 `2;BK2
r?B+? �`2 ;Bp2M �b

ϕ > 0 , U,h = 0 ⇒
{
h = 0 , U,hh < 0 ,

hp± = ±
√
3ξ(eαϕ − 1)/λM̃ , U,hh > 0 ,

UkXR98V

r?BH2 QMHv QM2 KBMBKmK BM ϕ < 0 `2;BK2

ϕ < 0 , U,h = 0 ⇒ hp0 = 0 , U,hh > 0 . UkXR9eV

Ai Bb 2�bv iQ b?Qr i?�i 1[bX UkXR98V �M/ UkXR9eV �`2 2[mBp�H2Mi iQ 1[bX UkXRk3V
�M/ UkXRkNV- `2bT2+iBp2HvX h?2`27Q`2- U(ϕ, h) b?Qrb �M �ii`�+iQ` #2?�pBQ`X aHQr@
`QHH BM~�iBQM Q++m`b BM ϕ > 0 `2;BK2 U#2+�mb2 RC > 0V- bQ i?2 BM~�iQM rBHH 7�HH BMiQ
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QM2 Q7 i?2 p�HH2vb iQ �+?B2p2 i?2 2z2+iBp2 bBM;H2@}2H/ /vM�KB+bX LQi2 i?�i- ?Qr2p2`-
#2+�mb2 Q7 i?2 MQM@i`BpB�H }2H/ bT�+2 K2i`B+ b?QrM BM i?2 �+iBQM UkXRk9V- i?2 BM~�@
iQM }2H/ �+im�HHv i`�+2b M2Bi?2` hp MQ` i?2 ;2Q/2bB+b Q7 i?2 }2H/ bT�+2- �b ?�b #22M
2tTH�BM2/ BM i?2 /Bb+mbbBQM Q7 KmHiB@}2H/ 7Q`K�HBbK T`2pBQmbHvX :Bp2M i?2 HQr2` Q7
1[X UkXR98V �M/ i?2 `2bmHib BM �TT2M/Bt *- Bi +�M #2 2�bBHv b?QrM i?�i

H2 ∼ U/M2
TH ∼ M̃2 , U,ϕϕ ∼ M2 , U,ϕh ∼

√
ξM2 , U,hh ∼ ξM2 , UkXR9dV

r?B+? K2�Mb i?�i i?2 /QKBM�Mi +QMi`B#miBQM U,hh K�F2bM277 > H 7Q` ξ >∼ 1- 2bT2+B�HHv
r?2M ξ ! 1X �b � `2bmHi- i?2 HQr@2M2`;v 2z2+iBp2 }2H/ i?2Q`v �TT`Q�+? Bb �TTHB+�#H2
iQ i?2 `2;BK2 Q7 BMi2`2biX

�b � #`B27 bmKK�`v- i?2 H�`;2 BbQ+m`p�im`2 K�bb M277 �M/ bK�HH i`�D2+iQ`v im`MBM;
`�i2 θ̇t BM i?2 �ii`�+iQ` bQHmiBQM �HHQrb �M 2z2+iBp2 bBM;H2@}2H/ /2b+`BTiBQM Q7 i?2 KBt2/
>B;;b@R2 BM~�iBQM BM 16 rBi? bQmM/ bT22/ ?�`/Hv KQ/B}2/ cs # 1- r?B+? Bb +QMbBbi2Mi
rBi? i?2 �M�HvbBb BM C6X h?2`27Q`2- Bi Bb b�72 iQ BMi2;`�i2 Qmi i?2 ?2�pv /2;`22 Q7
7`22/QK BM 1[X UkXRk9V iQ bBKTHB7v i?2 bvbi2KX � bBKTH2 r�v Bb iQ BMb2`i i?2 HQr2`
Q7 1[X UkXR98V BMiQ i?2 �+iBQM UkXRk9V r?B+? H2�/b iQ �M 2[mBp�H2Mi 7Q`K �b i?2 >B;;b
BM~�iBQM �+iBQM BM 16 #27Q`2 i?2 }2H/ `2/2}MBiBQM UkX3eV- QMHv rBi? +QmTHBM;b `2TH�+2/
#v (9R)

λ̃ ≡ λ

(
1 +

λM2
TH

3ξ2M2

)
, ξ̃ ≡ ξ

(
1 +

λM2
TH

3ξ2M2

)
. UkXR93V

*QMb2[m2MiHv- bBKBH�` iQ i?2 bBM;H2 }2H/ +�b2- i?2 +QMbi`�BMi 7`QK 1[X UkXejV ;Bp2b
√
λ̃/3MTH/ξ̃ = Mc , UkXR9NV

r?B+? `2bmHib BM 2t�+iHv 1[X UkXRjdV- �b 2tT2+i2/X
AM +QM+HmbBQM- i?2 KBt2/ >B;;b@R2 BM~�iBQM Bb 2[mBp�H2Mi iQ �M 2z2+iBp2 ai�`Q#BM@

bFv KQ/2H Q` 2z2+iBp2 >B;;b BM~�iBQM- T`2/B+iBM; i?2 KQbi Q#b2`p�iBQM�HHv 7�pQ`2/ (kj)
b+�H�` bT2+i`�H BM/2t ns �M/ i2MbQ`@iQ@b+�H�` `�iBQ r BM 1[bX UkXe9V �M/ UkXe8VX

h?Bb +?�Ti2` ?�b `2pB2r2/ i?2 T?vbB+�H TB+im`2 Q7 � T`QKBbBM; b+2M�`BQ 7Q` i?2
p2`v 2�`Hv lMBp2`b2- BM~�iBQM- �b r2HH �b i?2 `2�HBx�iBQM BM #Qi? bBM;H2@}2H/ �M/ KmHiB@
}2H/ KQ/2HbX AM~�iBQM- `2;�`/2/ �b �M �++2H2`�i2/ 2tT�MbBQM T?�b2 `B;?i �7i2` i?2
ǳBMBiB�H bBM;mH�`BivǴ- +�M r�b? Qmi i?2 BM?QKQ;2M2Qmb �M/ �MBbQi`QTB+ BMBiB�H +QM/B@
iBQMb- i?2 bT�iB�H +m`p�im`2- �M/ i?2 mMr�Mi2/ `2HB+b T`Q/m+2/ 7`QK i?2 2�`Hv iBK2-
H2�pBM; � ?QKQ;2M2Qmb- BbQi`QTB+- �M/ ~�i lMBp2`b2 �b Q#b2`p2/ iQ/�vX am+? �++2H2`@
�i2/ 2tT�MbBQM +�M #2 `2�HBx2/ BM K�Mv r�vb- �KQM; r?B+? i?Bb i?2bBb 7Q+mb2b QM i?2
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bHQr@`QHH BM~�iBQM /`Bp2M #v ?QKQ;2M2Qmb b+�H�` }2H/UbV +�HH2/ i?2 BM~�iQMX .m`BM;
BM~�iBQM- i?2 TQi2MiB�H 2M2`;v Q7 BM~�iQM /QKBM�i2b i?2 lMBp2`b2 �HKQbi �b � TQbB@
iBp2 +QbKQHQ;B+�H +QMbi�Mi i?�i T`QpB/2b i?2 M2;�iBp2 T`2bbm`2 iQ BM~�i2 i?2 bT�+2X
h?2`27Q`2- i?2 BM~�iQM bHQrHv `QHHb /QrM i?2 TQi2MiB�H rBi? H�`;2 >m##H2 7`B+iBQM �M/
M2;HB;B#H2 FBM2iB+ 2M2`;v- r?B+? Bb r?v Bi Bb +�HH2/ bHQr@`QHH BM~�iBQMX PM i?2 Qi?2`
?�M/- [m�MimK ~m+im�iBQMb mTQM i?2 ?QKQ;2M2Qmb #�+F;`QmM/ ;2M2`�i2/ /m`BM; BM@
~�iBQM �`2 2bb2MiB�H 7Q` i?2 Q#b2`p2/ *J" i2KT2`�im`2 �MBbQi`QTv �M/ Gaa 7Q`K�iBQMX
h?2b2 ~m+im�iBQMb �`2 +H�bbB}2/ BMiQ b+�H�`@- p2+iQ`@- �M/ i2MbQ`@ivT2- /2b+`B#2/ #v
i?2 +QbKQHQ;B+�H T2`im`#�iBQM i?2Q`vX h?2 b+�H�`@ivT2 T2`im`#�iBQMb �`2 `2bTQMbB#H2
7Q` b22/BM; i?2 /2MbBiv ~m+im�iBQMb BM i?2 lMBp2`b2 BKT`BMi2/ QM *J" �M/ GaaX h?2
p2+iQ`@ivT2 Bb 2tTQM2MiB�HHv bmTT`2bb2/ #v +QbKB+ 2tT�MbBQMX h?2 i2MbQ`@ivT2 T2`@
im`#�iBQMb- Q` T`BKQ`/B�H ;`�pBi�iBQM�H r�p2b- +�M T`Q/m+2 "@KQ/2 TQH�`Bx�iBQM i?�i
Bb i?2 T`BK�`v i�`;2i Q7 7mim`2 2tT2`BK2MibX .2i2+iBM; i?2 T`BKQ`/B�H i2MbQ` T2`im`@
#�iBQMb Bb MQi QMHv i?2 bKQFBM; ;mM Q7 BM~�iBQM #mi i?2 2pB/2M+2 Q7 [m�MiBx�iBQM Q7
;`�pBiv- r?B+? rQmH/ bB;MB}+�MiHv 2M?�M+2 i?2 T?vbB+�H mM/2`bi�M/BM; Q7 i?2 Q#b2`p2/
lMBp2`b2X

aBM;H2@}2H/ bHQr@`QHH BM~�iBQM Bb i?2 bBKTH2bi +H�bb Q7 BM~�iBQM KQ/2Hb i?�i +�M
2tTH�BM i?2 Q#b2`p�iBQM�H `2bmHibX h?2`2 �`2 irQ KQ/2Hb i?�i �`2 Q#b2`p�iBQM�HHv 7�@
pQ`2/ KQbi- i?2 ai�`Q#BMbFv KQ/2H �M/ i?2 >B;;b BM~�iBQMX h?2 BM~�iBQM /vM�KB+b Bb
2[mBp�H2Mi BM #Qi? KQ/2Hb- ;BpBM; i?2 #2bi@}i p�Hm2b Q7 ns �M/ r- r?BH2 i?2 `2?2�iBM;
T`Q+2bb2b Ur?B+? rBHH #2 /Bb+mbb2/ H�i2`V �`2 /Bz2`2MiX L2p2`i?2H2bb- i?2 Q`B;BM Q7 i?2
H�`;2 +Q2{+B2Mi Q7 R2 i2`K BM i?2 ai�`Q#BMbFv KQ/2H Q` i?2 lo Bbbm2b BM i?2 >B;;b
BM~�iBQM �`2 M2Bi?2` 2tTH�BM2/ b�iBb7vBM;Hv rBi?BM i?2B` Q`B;BM�H 7`�K2rQ`FbX h?2`2@
7Q`2- � b2MbB#H2 lo 2ti2MbBQM Bb bi`QM;Hv /2bB`2/ iQ bQHp2 i?2b2 T`Q#H2KbX PM2 r�v
7Q` ;2M2`�HBx�iBQM Bb iQ +QMbB/2` KmHiB@}2H/ KQ/2Hb bBM+2 KQbi T`QTQb2/ lo T?vbB+b
#2vQM/ aJ +QMi�BMb KmHiBTH2 b+�H�` }2H/b r?B+? +�M T�`iB+BT�i2 BM BM~�iBQMX � irQ@
}2H/ KQ/2H- i?2 KBt2/ >B;;b@R2 BM~�iBQM KQ/2H- Bb BMi`Q/m+2/ #v /B`2+iHv +QK#BMBM;
i?2 irQ #2bi@}i bBM;H2@}2H/ KQ/2HbX h?2 �M�HvbBb �#Qp2 b?Qrb i?�i Bi +�M b2`p2 �b �
+�M/B/�i2 Q7 lo@2ti2MbBQM Q7 i?2 >B;;b BM~�iBQM #2+�mb2 i?2 +miQz b+�H2 Bb Tmb?2/
mT iQ MTH BM i?2 T`2b2M+2 Q7 R2X �b rBHH #2 b?QrM H�i2`- i?2 T`2?2�iBM; T`Q+2bb Bb
�HbQ 7`22 7`QK bi`QM; +QmTHBM; Bbbm2 rBi? i?2 ?2HT Q7 b+�H�`QMX "2bB/2b- � MmK#2`
Q7 bim/B2b b?Qr i?�i �HH i?2 BM;`2/B2Mib BM i?Bb KQ/2H BM2pBi�#Hv �TT2�` 7`QK b2p2`�H
i?2Q`2iB+�H TQBMib Q7 pB2rX 6m`i?2`KQ`2- i?2 BM~�iBQM /vM�KB+b BM i?Bb KQ/2H +�M #2
/2b+`B#2/ �b �M 2z2+iBp2 ai�`Q#BMbFv KQ/2H Q` 2z2+iBp2 >B;;b BM~�iBQM BM i?2 `2;BK2
Q7 H�`;2 MQM@KBMBK�H +QmTHBM; �M/ MQM@+`BiB+�H >B;;b b2H7@+QmTHBM;- ;BpBM; 7�pQ`�#H2
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T`2/B+iBQMb QM *J" Q#b2`p�iBQMX h?2`27Q`2- i?2 KBt2/ >B;;b@R2 BM~�iBQM KQ/2H Bb
BM/22/ � HBF2Hv lo@2ti2MbBQM Q7 i?2 >B;;b BM~�iBQMX

h?2 `2K�BMBM; BKTQ`i�Mi [m2biBQM Bb ?Qr iQ +QMM2+i i?2 KBt2/ >B;;b@R2 BM~�iBQM
rBi? i?2 bm++2bb7mH >Qi "B; "�M; +QbKQHQ;v- BX2X i?2 `2?2�iBM; T`Q+2bb �7i2` BM~�iBQM-
r?B+? Bb 2bb2MiB�H iQ }M�HHv /2i2`KBM2 i?2 TBpQi b+�H2 Q7 +m`p�im`2 T2`im`#�iBQM iQ
+QM7`QMi i?2 T`2/B+iBQM Q7 BM~�iBQM rBi? Q#b2`p�iBQMX h?Bb [m2biBQM rBHH #2 /Bb+mbb2/
BM i?2 `2bi Q7 i?Bb i?2bBb �b i?2 K�BM iQTB+X
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*?�Ti2` j

S�`iB+H2 S`Q/m+iBQM �M/ _2?2�iBM;

_2?2�iBM; Bb �M 2bb2MiB�H T�`i 7Q` � bm++2bb7mH BM~�iBQM�`v mMBp2`b2 KQ/2H- i?`Qm;?
r?B+? ?B;?@2M2`;v `2H�iBpBbiB+ T�`iB+H2b �`2 T`Q/m+2/ �M/ i?2`K�HBx2/ BM i?2 ǳ2KTivǴ
bT�+2 #v i`�Mb72``BM; i?2 BM~�iQM 2M2`;v iQ Qi?2` K�ii2` }2H/b- +QMp2`iBM; i?2 +QH/
lMBp2`b2 BMiQ � `�/B�iBQM@/QKBM�i2/ QM2 �7i2` i?2 [m�bB@2tTQM2MiB�H 2tT�MbBQMk3X
1p2Mim�HHv- �HH i?2 /2;`22b Q7 7`22/QK BM aJ �`2 TQTmH�i2/- �M/ i?2 lMBp2`b2 2pQHp2b
BM i?2 r�v /2b+`B#2/ #v i?2 +QMp2MiBQM�H >Qi "B; "�M; i?2Q`vX �b �M BMi2;`�H T�`i
Q7 i?2 +QbKB+ i?2`K�H ?BbiQ`v i?�i Bb ?B;?Hv �z2+iBM; i?2 2biBK�iBQM Q7 i?2 `2[mB`2/
/m`�iBQM Q7 BM~�iBQM- i?2 BMp2biB;�iBQM Q7 `2?2�iBM; Bb M2+2bb�`v iQ bi`2M;i?2M i?2 Q#@
b2`p�iBQM�H +QMbi`�BMib QM BM~�iBQM (Ry- RR)kN #v �++m`�i2Hv 2tT`2bbBM; i?2 TBpQi b+�H2
Q7 +m`p�im`2 T2`im`#�iBQM BM i2`Kb Q7 i?2 e@7QH/ MmK#2` Q7 BM~�iBQM Ub22 6B;X jXRVX
>Qr2p2`- `2?2�iBM; bmz2`b 7`QK i?2 /B{+mHiv Q7 /2i2+iBQM /m2 iQ i?2 r�b?@Qmi 2z2+ib
QM i?2 i`�+2 Q7 `2?2�iBM; T?vbB+b 7`QK i?2`K�HBx�iBQM �M/ H�i2@iBK2 MQM@HBM2�` 2pQ@
HmiBQMX h?2`27Q`2- mM/2`bi�M/BM; `2?2�iBM; �M/ b22FBM; TQbbB#H2 `2H2p�Mi Q#b2`p�#H2b
�`2 Q7 ;`2�i bB;MB}+�M+2jyX

_2?2�iBM; T`Q+2bb Bb ?B;?Hv KQ/2H@/2T2M/2MiX lbm�HHv- Bi Bb `2[mB`2/ iQ Q++m`
�#Qp2 i?2 b+�H2 Q7 � 72r J2o (R89-R88) BM Q`/2` MQi iQ bTQBH i?2 bm++2bb Q7 2tTH�BMBM;
i?2 �#mM/�M+2 Q7 HB;?i T`BKQ`/B�H 2H2K2Mib #v ""LX �++Q`/BM; iQ i?2 +m``2Mi mM/2`@
bi�M/BM;- `2?2�iBM; Bb ;2M2`B+�HHv +?�`�+i2`Bx2/ #v irQ b2[m2MiB�H bi�;2b 7Q` KQ/2Hb
r?2`2 i?2 2M/ Q7 BM~�iBQM Bb 7QHHQr2/ #v i?2 +Q?2`2Mi Qb+BHH�iBQM Q7 BM~�iQMjRX h?2
}`bi bi�;2 Bb T`2?2�iBM;- r?B+? Bb b?Q`i #mi 2{+B2Mi iQ i`�Mb72` 2M2`;v 7`QK BM~�iQM

k3AMbi2�/- � T�`iB+mH�` +H�bb Q7 BM~�iBQM KQ/2Hb +�HH2/ r�`K BM~�iBQM (R9k-R9j) T`Q/m+2b T�`iB+H2b
/m`BM; BM~�iBQM- #mi Bi bmz2`b 7`QK Qi?2` T`Q#H2Kb (R99)X

kNa22 2X;X _27bX (R98ĜR9d) 7Q` 7QHHQr@mT bim/B2bX
jyaQK2 TQbbB#H2 r�vb iQ T`Q#2 `2?2�iBM; �`2 T`QTQb2/- bm+? �b #v i?2 2[m�iBQM Q7 bi�i2 Q7 i?2 2�`Hv

lMBp2`b2 �M/ `2?2�iBM; i2KT2`�im`2 i?`Qm;? T`BKQ`/B�H ;`�pBi�iBQM�H r�p2 #�+F;`QmM/ (Rk-Rj)- �M/
T`Q#BM; i?2 ;`�pBi�iBQM�H r�p2b T`Q/m+2/ 7`QK T`2?2�iBM; U2X;X _27bX (R93ĜR8j)VX

jRa22 Qi?2` TQbbB#BHBiB2b rBi?Qmi BM~�iQM Qb+BHH�iBQM- 2X;X BMbi�Mi T`2?2�iBM; (R8e) �M/ `2?2�iBM;
i?`Qm;? ;`�pBi�iBQM�H T�`iB+H2 T`Q/m+iBQM (R8dĜRey) BM KQ/2Hb /Bb+mbb2/ BM- 2X;X _27bX (8e- 8d-ReR)X
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6B;m`2 jXR, � b+?2K�iB+ TB+im`2 b?QrBM; i?2 `2H�iBQM #2ir22M `2?2�iBM; �M/ i?2 /m@
`�iBQM Q7 BM~�iBQMX h?2 #H�+F HBM2 Bb i?2 >m##H2 b+�H2 H−1X h?2 #Hm2 HBM2 +Q``2bTQM/b
iQ i?2 ;`�/m�H `2?2�iBM; +�b2 r?BH2 i?2 `2/ HBM2 Bb i?2 BMbi�Mi�M2Qmb `2?2�iBM; +�b2X
h?2 Q`�M;2 HBM2 Bb i?2 TBpQi b+�H2 i?�i 2Mi2`b i?2 ?Q`BxQM iQ/�vX aH �M/ a0 /2MQi2
i?2 KQK2Mib r?2M i?2 TBpQi b+�H2 2tBib �M/ 2Mi2`b i?2 ?Q`BxQM- `2bT2+iBp2HvX aG �M/
aI �`2 i?2 2M/BM; KQK2Mib Q7 BM~�iBQM BM i?2 +�b2 Q7 ;`�/m�H �M/ BMbi�Mi�M2Qmb `2@
?2�iBM;- `2bT2+iBp2HvX h?2`27Q`2- i?2 /m`�iBQM Q7 BM~�iBQM 7Q` i?2 irQ +�b2b �`2 ;Bp2M
#v NG = HM(aG/aH) �M/ NI = HM(aI/aH)- `2bT2+iBp2Hv- rBi? NG < NI X

iQ `2H�iBpBbiB+ T�`iB+H2b i?`Qm;? bQK2 /QKBM�Mi MQM@T2`im`#�iBp2 T`Q+2bb2b bm+? �b
#`Q�/ T�`�K2i`B+ `2bQM�M+2 (R9ĜRd) Q` i�+?vQMB+ BMbi�#BHBiv (R3Ĝky) r?2`2 i?2 MmK@
#2` Q7 T`Q/m+2/ T�`iB+H2b ;`Qrb 2tTQM2MiB�HHvX h?2b2 K2+?�MBbKb mbm�HHv BMpQHp2
MQM@HBM2�` T`Q+2bb2b 7`QK #�+F`2�+iBQM i?�i +QKTHB+�i2 i?2 r?QH2 +�H+mH�iBQM �M/ `2@
[mB`2 bQT?BbiB+�i2/ MmK2`B+�H K2i?Q/bX h?2 b2+QM/ bi�;2 Bb T2`im`#�iBp2 `2?2�iBM;
U2H2K2Mi�`v i?2Q`v Q7 `2?2�iBM;V- /m`BM; r?B+? i?2 BM~�iQM 2tT2`B2M+2b T2`im`#�iBp2
/2+�v BMiQ Qi?2` K�ii2` }2H/b �M/ HQb2b �HH i?2 2M2`;v (j- kR- kk)X aBM+2 i?2 #�+F`2@
�+iBQM +�M i2`KBM�i2 i?2 T`2?2�iBM; #27Q`2 �HH i?2 BM~�iQM 2M2`;v Bb i�F2M �r�v BM
KQbi +�b2b- i?2 bvbi2K 2p2Mim�HHv 2Mi2` i?2 T2`im`#�iBp2 `2;BK2 bQ i?�i i?2 T2`im`@
#�iBp2 /2+�v Q7 BM~�iQM /QKBM�i2b i?2 `2bi Q7 `2?2�iBM; �M/ /2i2`KBM2 i?2 `2?2�iBM;
i2KT2`�im`2 r?2M i?2 >m##H2 T�`�K2i2` /`QTb #2HQr i?2 /2+�v `�i2 Q7 i?2 BM~�iQMX

1bb2MiB�HHv- #Qi? MQM@T2`im`#�iBp2 �M/ T2`im`#�iBp2 T`Q+2bb2b Q7 T�`iB+H2 T`Q/m+@
iBQM /Bb+mbb2/ ?2`2 +�M #2 �ii`B#mi2/ iQ � iBK2@/2T2M/2Mi 2z2+iBp2 K�bb UQ` 7`2@
[m2M+vV Q7 i?2 }2H/b iQ #2 T`Q/m+2/X am+? � bBim�iBQM mbm�HHv �`Bb2b 7`QK +QmTHBM;b
�KQM; /Bz2`2Mi }2H/b Q` � iBK2@/2T2M/2Mi #�+F;`QmM/ bT�+2iBK2X aBM+2 i?2 2z2+iBp2
K�bb2b �`2 /B`2+iHv `2H�i2/ iQ i?2 /2}MBiBQM Q7 p�+mmK bi�i2 Q7 i?2 }2H/b- � iBK2@
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/2T2M/2Mi K�bb `2bmHib BM � iBK2@/2T2M/2Mi p�+mmK bi�i2jk BMbi2�/ Q7 � mMB[m2 QM2-
bQK2iBK2b +�HH2/ BMbi�Mi�M2Qmb p�+mmKX *QMb2[m2MiHv- bm+? � }2H/ +�MMQi �Hr�vb
bi�v BM Bib ǳp�+mmKǴ- r?B+? BM/B+�i2b � T�`iB+H2 T`Q/m+iBQM T`Q+2bb BM i?2 +�b2 r?2`2
i?2 K�bb +?�M;2b MQM@�/B�#�iB+�HHv rBi? iBK2 #2+�mb2 T�`iB+H2 MmK#2` Bb Dmbi �M �/B@
�#�iB+ BMp�`B�MiX PM i?2 Qi?2` ?�M/- i?2 MQi�iBQM Q7 ǳT�`iB+H2Ǵ K�v MQi #2 T?vbB+�HHv
r2HH@/2}M2/ BM � iBK2@/2T2M/2Mi #�+F;`QmM/X � mMBp2`b�H +QM+2Ti Q7 ǳT�`iB+H2Ǵ /Q2b
MQi �Hr�vb 2tBbi UMQ` M2+2bb�`vV #2+�mb2 Bi ;2M2`�HHv /2T2M/b QM i?2 bi�i2 Q7 KQiBQM
Q7 Q#b2`p2`b Q` /2i2+iQ`b- 2p2M BM JBMFQrbFB bT�+2iBK2 (RekĜRe9)X h?2 Bbbm2 Q7 i?2
/2}MBiBQM Q7 p�+mmK- i?2`27Q`2- Bb +`m+B�H 7Q` i?2 /Bb+mbbBQM Q7 T�`iB+H2 T`Q/m+iBQMX

h?Bb +?�Ti2` `2pB2rb T�`iB+H2 T`Q/m+iBQM BM � iBK2@/2T2M/2Mi #�+F;`QmM/ �M/ Bib
�TTHB+�iBQM iQ `2?2�iBM; �7i2` i?2 2M/ Q7 BM~�iBQMX h?2 ;2M2`�H i?2Q`v Q7 bm+? T�`iB+H2
T`Q/m+iBQM Bb #`B2~v T`2b2Mi2/ BM a2+X jXR- 7QHHQr2/ #v Bib �TTHB+�iBQM iQ T2`im`#�iBp2
�M/ MQM@T2`im`#�iBp2 T�`iB+H2 T`Q/m+iBQMX AM T�`iB+mH�`- BM i?2 MQM@T2`im`#�iBp2 +�b2-
KQ`2 �ii2MiBQM Bb /`�rM iQ i�+?vQMB+ BMbi�#BHBiv #2+�mb2 Bi TH�vb �M BKTQ`i�Mi `QH2
/m`BM; T`2?2�iBM; BM i?2 KBt2/ >B;;b@R2 BM~�iBQM KQ/2H- QM2 Q7 i?2 K�BM Q`B;BM�H
rQ`Fb T`2b2Mi2/ BM i?Bb i?2bBbX AM a2+X jXk- i?2 `2?2�iBM; T`Q+2bb2b BM irQ bT2+B�H +�b2b
�`2 bim/B2/- M�K2Hv BM i?2 ai�`Q#BMbFv KQ/2H �M/ i?2 >B;;b BM~�iBQMX LQi�#Hv- BM i?2
>B;;b BM~�iBQM +�b2- i?2 bi`QM; +QmTHBM; Bbbm2 /m`BM; T`2?2�iBM; Bb /Bb+mbb2/- r?B+?
[m2biBQMb i?2 p�HB/Biv Q7 i?2 `2?2�iBM; T`Q+2bb �i i?2 p2`v #2;BMMBM; bi�;2- bQ 7m`i?2`
BMp2biB;�iBQM Q7 i?2 bm#b2[m2Mi 2pQHmiBQM BM i?Bb KQ/2H rBHH #2 QKBii2/X

jXR S�`iB+H2 S`Q/m+iBQM
S�`iB+H2 T`Q/m+iBQM Bb BM2pBi�#Hv BMpQHp2/ K�Mv T?vbB+�H T`Q+2bb2b Q7 ;`2�i BMi2`2bi-
bm+? �b #H�+F ?QH2 2p�TQ`�iBQM (Re8- Ree)- a+?rBM;2` 2z2+i (Red)- �M/ `2?2�iBM; �7i2`
BM~�iBQMX AM i?2 +�b2 Q7 `2?2�iBM;- i?2 BM~�iQM }2H/UbV Q` i?2 +Q``2bTQM/BM; /2;`22UbV
Q7 7`22/QK b2`p2b �b � #�+F;`QmM/ 2M2`;v bQm`+2 Q7 i?2 T�`iB+H2 T`Q/m+iBQM #v p�`vBM;
i?2 2z2+iBp2 K�bb2b Q7 i?2 T`Q/m+2/ }2H/b- r?B+? `2bmHib BM i?2 +?�M;2 Q7 p�+mmK
bi�i2 Q` T`Q/m+iBQM Q7 T�`iB+H2bX h?`Qm;? bm+? � T`Q+2bb- i?2 BM~�iQM }2H/ i`�Mb72`b
Bib 2M2`;v iQ `2H�iBpBbiB+ T�`iB+H2b iQ `2?2�i i?2 lMBp2`b2X

"27Q`2 i?2 �TTHB+�iBQM iQ +QM+`2i2 KQ/2Hb- i?2 #�bB+ B/2� �M/ +�H+mH�iBQM Q7 T�`iB+H2
T`Q/m+iBQM rBi? iBK2@/2T2M/2Mi 2z2+iBp2 K�bb rBHH #2 BMi`Q/m+2/- #�b2/ QM r?B+? i?2

jkAM >2Bb2M#2`; TB+im`2 r?B+? Bb mb2/ BM i?Bb i?2bBb- bBM+2 i?2 [m�MimK bi�i2 Bb iBK2@BM/2T2M/2Mi-
� KQ`2 �TT`QT`B�i2 /2b+`BTiBQM Bb i?�i � bi�i2 #2BM; i?2 p�+mmK �i QM2 KQK2Mi +�MMQi `2K�BM �b
i?2 p�+mmK Q7 i?2 bvbi2K 7Q` �HH iBK2 /m2 iQ i?2 +?�M;2 Q7 i?2 QT2`�iQ`bX L2p2`i?2H2bb- i?2 T?`�b2
ǳiBK2@/2T2M/2Mi p�+mmKǴ rBHH #2 mb2/ bQK2iBK2b �M/ b?QmH/ #2 mM/2`biQQ/ BM i?2 b2Mb2 2tTH�BM2/
�#Qp2X
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T`Q/m+iBQM T`Q+2bb2b +�M #2 +H�bbB}2/ BMiQ T2`im`#�iBp2 �M/ MQM@T2`im`#�iBp2 `2;BK2bX
AM i?2 MQM@T2`im`#�iBp2 `2;BK2- 7m`i?2` +H�bbB}+�iBQM +�M #2 K�/2 �++Q`/BM; iQ i?2
`2�HBx�iBQM K2+?�MBbKb- bm+? �b T�`�K2i`B+ `2bQM�M+2 �M/ i�+?vQMB+ BMbi�#BHBivX AM
i?2 7QHHQrBM;- i?2 K�BM BMi2`2bi HB2b BM i?2 T`Q/m+iBQM Q7 b+�H�` T�`iB+H2b BM � iBK2@
/2T2M/2Mi #�+F;`QmM/X h?2 /Bb+mbbBQM Bb K�BMHv #�b2/ QM _27bX (e9- Re3)X

jXRXR a+�H�` 6B2H/b BM hBK2@.2T2M/2Mi "�+F;`QmM/
h?2 B/2� �M/ +�H+mH�iBQM ?2`2 �`2 #�b2/ QM i?2 i?2Q`v Q7 [m�MimK }2H/b BM � iBK2@
/2T2M/2Mi #�+F;`QmM/X aT2+B}+�HHv- �7i2` i?2 2M/ Q7 BM~�iBQM- i?2 BM~�iQM }2H/ 2tBib
i?2 bHQr@`QHH `2;BK2 �M/- �b � ivTB+�H 2t�KTH2- bi�`ib iQ Qb+BHH�i2 +Q?2`2MiHvX aBM+2
i?2 BM~�iQM 2M2`;v biBHH /QKBM�i2b i?2 lMBp2`b2- Bib MQM@i`BpB�H 2pQHmiBQM T`2/QKB@
M�MiHv �z2+ib i?2 [m�MimK }2H/b BM i?Bb #�+F;`QmM/X h?Bb 2z2+i +�M #2 bmKK�`Bx2/
BM � ;2M2`�H 7Q`K Q7 i?2 2[m�iBQM Q7 KQiBQM 7Q` b+�H�` }2H/bX �7i2` [m�MiBxBM; i?2
b+�H�` }2H/b- i?2 T�`iB+H2 T`Q/m+iBQM +�M #2 BMi2`T`2i2/ �b i?2 KBtBM; Q7 TQbBiBp2 �M/
M2;�iBp2 KQ/2b BM/m+2/ #v i?2 iBK2@/2T2M/2Mi 2z2+iBp2 K�bb2b- �b rBHH #2 b?QrM BM
i?2 7QHHQrBM;X

jXRXRXR *H�bbB+�H a+�H�` 6B2H/b

*QMbB/2` � b+�H�` }2H/ χ(t,t) rBi?Qmi ?QKQ;2M2Qmb #�+F;`QmM/ T�`i �b i?2 i�`;2i
7Q` T`Q/m+iBQM r?Qb2 2[m�iBQM Q7 KQiBQM +�M ;2M2`�HHv #2 r`Bii2M �b

−!χ(t,t) +m2
277(t)χ(t,t) = 0 . UjXRV

hQ BHHmbi`�i2 i?Bb TQBMi- i?`22 bBKTHB}2/ #mi ivTB+�H 2t�KTH2b �`2 +QMbB/2`2/ BM i?2
7QHHQrBM;X
• 1t�KTH2 PM2 AM JBMFQrbFB bT�+2iBK2- � K�bbH2bb }2H/ χ(t,t) Bb /B`2+iHv +QmTH2/
iQ � ?QKQ;2M2Qmb b+�H�` }2H/ φ(t) rBi? �M 2z2+iBp2 TQi2MiB�H V (φ) r?B+? Bb KBMBKBx2/
�i σφX h?2M i?2 +Q``2bTQM/BM; �+iBQM �`QmM/ σφ �7i2` i?2 b?B7i φ− σφ → φ Bb

S =
1

2

∫
d4x

[
φ̇2 −m2

φφ
2 − ηµν∂µχ∂νχ− g2φ (φ+ σφ)

2 χ2
]
, UjXkV

r?2`2 ηµν Bb i?2 JBMFQrbFB K2i`B+- V (φ) Bb �bbmK2/ iQ #2 [m�/`�iB+ �`QmM/ σφ- �M/
gφ Bb � bK�HH +QmTHBM; +QMbi�MiX h?2 2[m�iBQM Q7 KQiBQM 7Q` χ(t,t) Bb i?2M

χ̈−∇2χ+m2
277(t)χ = 0 , UjXjV

r?2`2 m2
277(t) ≡ g2φφ

2(t) + 2g2φσφφ(t) + g2φσ
2
φX h?Bb Bb 2t�+iHv BM i?2 b�K2 7Q`K �b

1[X UjXRVX h?2 Qb+BHH�iBQM Q7 φ(t) �`QmM/ i?2 KBMBKmK BM/m+2b � iBK2@/2T2M/2Mi
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2z2+iBp2 K�bb 7Q` χ(t,t) r?B+? Bb `2bTQMbB#H2 7Q` i?2 T`Q/m+iBQM Q7 χ@T�`iB+H2b �b rBHH
#2 b?QrM H�i2`X h?2`27Q`2- B7 i?2 BM~�iQM }2H/ /B`2+iHv +QmTH2b iQ Qi?2` K�ii2` }2H/b-
T�`iB+H2 T`Q/m+iBQM rBHH Q++m` /m`BM; i?2 +Q?2`2Mi Qb+BHH�iBQM T?�b2 �7i2` i?2 2M/ Q7
BM~�iBQMX �+im�HHv- Bi Bb 2�bv iQ b?Qr 7`QK 1[X UkXk8V i?�i i?2 +Q?2`2MiHv Qb+BHH�iBM;
φ(t) rBi? i?2 [m�/`�iB+ TQi2MiB�H−m2

φφ
2 +�M #2 mM/2`biQQ/ �b � +QM/2Mb�i2 Q7 K�bbBp2

T�`iB+H2b rBi? K�bb mφ �M/ x2`Q KQK2MimKX h?2 T�`iB+H2 T`Q/m+iBQM Bb i?2M i?2
/2+�v Q7 bm+? T�`iB+H2b BMiQ i?2 i�`;2i }2H/ χ(t,t)X
• 1t�KTH2 hrQ AM � +m`p2/ bT�+2iBK2- � b+�H�` }2H/ χ(t,t) rBi? K�bb mχ Bb
MQM@KBMBK�HHv +QmTH2/ rBi? ;`�pBivX h?2 `2H2p�Mi T�`i Q7 �+iBQM Bb ;Bp2M #v

S =
1

2

∫
d4x

√
−g
[
ξχ2R− gµν∂µχ∂νχ−m2

χχ
2
]
, UjX9V

r?2`2 ξ Bb i?2 MQM@KBMBK�H +QmTHBM; r?B+? +�M i�F2 �Mv `2�H p�Hm2X �bbmKBM; i?2
~�i 6G_q #�+F;`QmM/- i?2 2[m�iBQM Q7 KQiBQM 7Q` χ(t,t) Bb �b 7QHHQrb

χ̈+ 3Hχ̇−∇2χ/a2 +m2
277(t)χ = 0 , UjX8V

r?2`2 m2
277(t) ≡ m2

χ − ξR(t) `2+2Bp2b i?2 +QMi`B#miBQM 7`QK MQM@KBMBK�H +QmTHBM;X
h?Bb 2[m�iBQM Bb Q7 i?2 b�K2 7Q`K �b 1[X UjXRVX h?mb- i?2 MQM@�/B�#�iB+ p�`B�iBQM
Q7 R(t) +�M �HbQ #2 `2bTQMbB#H2 7Q` T�`iB+H2 T`Q/m+iBQM �b HQM; �b i?2 KQ/2b rBi?
r�p2H2M;i?b +QKT�`�#H2 Q` H�`;2` i?�M i?2 +m`p�im`2 b+�H2 k2

p
<∼ |ξR| �`2 +QMbB/2`2/X

AM i?2 b?Q`i r�p2H2M;i? HBKBi k2
p ! |ξR|- i?2 MQM@KBMBK�H +QmTHBM; Bb M2;HB;B#H2X

• 1t�KTH2 h?`22 AM JBMFQrbFB bT�+2iBK2- � MQM@+�MQMB+�H b+�H�` }2H/ χ1(t,t) Bb
+QmTH2/ rBi? � ?QKQ;2M2Qmb b+�H�` }2H/ φ(t) i?`Qm;? i?2 FBM2iB+ i2`K

S = −1

2

∫
d4x f 2

M+(φ)η
µν∂µχ1∂νχ1 . UjXeV

"v `2/2}MBM; � M2r }2H/ χ = fM+(φ)χ1- i?2 FBM2iB+ i2`K Bb +�MQMB+�HBx2/ �M/ �M
2z2+iBp2 K�bb i2`K �TT2�`b

S = −1

2

∫
d4x

[
ηµν∂µχ∂νχ−m2

277(t)χ
2
]
, UjXdV

r?2`2 m2
277(t) ≡ f̈M+(φ)/f 2

M+(φ)X h?2 2[m�iBQM Q7 KQiBQM 7Q` χ(t,t) Bb i?2M M�im`�HHv
i?2 b�K2 �b 1[X UjXRVX AM Qi?2` rQ`/b- � MQM@+�MQMB+�H FBM2iB+ i2`K i?�i K�v �`Bb2
BM � +QM7Q`K�H i`�Mb7Q`K�iBQM +�M �HbQ BM/m+2 T�`iB+H2 T`Q/m+iBQM 2z2+iBp2Hv �b �
iBK2@/2T2M/2Mi K�bb i2`KX

h?2 i?`22 2t�KTH2b �#Qp2 K�v BKTHv i?�i 1[X UjXRV Bb � ;2M2`�H 7Q`K Q7 i?2
2[m�iBQM Q7 KQiBQM 7Q` }2H/b i?�i �`2 +QmTH2/ iQ ;`�pBiv Q` Qi?2` ?QKQ;2M2Qmb }2H/b
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i?`Qm;? i?2 TQi2MiB�H Q` i?2 FBM2iB+ i2`KX 1p2M B7 i?2 i�`;2i }2H/ ?�b � ?QKQ;2M2Qmb
T�`i �M/ b2H7@BMi2`�+iBQM- i?2 T2`im`#�iBp2 2tT�MbBQM +�M biBHH `2bmHi BM i?2 b�K2 7Q`K
2t+2Ti i?�i m277(t) +QMbBbib Q7 MQi QMHv R(t) Q` φ(t) #mi i?2 ?QKQ;2M2Qmb T�`i Q7
i?2 i�`;2i }2H/X Ai Bb Q#pBQmb i?�i i?2 2M2`;v Q7 χ(t,t) Bb MQi +QMb2`p2/X h?2 iBK2@
/2T2M/2Mi 2z2+iBp2 K�bb i?2M b2`p2b �b �M 2M2`;v bQm`+2- bQ χ(t,t) #2+QK2b � /`Bp2M
Qb+BHH�iQ` r?Qb2 �KTHBim/2 +�M #2 �KTHB}2/ B7m277(t) Bb �TT`QT`B�i2Hv +?Qb2MX "2bB/2b-
Bi Bb 2�bv iQ ;2M2`�HBx2 i?2b2 2t�KTH2b iQ K�bbBp2 i�`;2i }2H/ +�b2bX 6Q` i?2 Tm`TQb2
Q7 i?Bb i?2bBb- Bi Bb bm{+B2Mi iQ 7Q+mb QM bm+? ivT2 Q7 2[m�iBQMb �b 1[X UjXRV 7Q` i?2
bim/v Q7 T�`iB+H2 T`Q/m+iBQMX

jXRXRXk Zm�MiBx�iBQM �M/ o�+mmK ai�i2

h?2 �+iBQM 7Q` χ(t,t) BM � +m`p2/ bT�+2iBK2 rBi? +Q``2bTQM/BM; 2[m�iBQM Q7 KQ@
iBQM UjXRV +�M #2 r`Bii2M �b

Sχ = −1

2

∫
d4x

√
−g
(
gµν∂µχ∂νχ+m2

277(t)χ
2
)
, UjX3V

r?2`2 m277(t) +�M `2bmHi 7`QK +QmTHBM;b rBi? ?QKQ;2M2Qmb }2H/b Q` ;`�pBiv- �b 2t@
TH�BM2/ T`2pBQmbHvX q?2M +QMbB/2`BM; � ~�i 6G_q K2i`B+ �b #�+F;`QmM/ bT�+2iBK2-
i?Bb �+iBQM +�M #2 7m`i?2` bBKTHB}2/ #v mbBM; i?2 +QM7Q`K�H iBK2 η BM 1[X UkXjV BMbi2�/
Q7 i?2 T?vbB+�H iBK2 tX "v `2/2}MBM; χ̃ ≡ a(η)χ- i?2 �+iBQM UjX3V #2+QK2b

Sχ =
1

2

∫
d3xdη

[
χ̃′2 − (∇χ̃)2 − m̃2

277χ̃
2
]
≡
∫

d3xdη Lχ̃ , UjXNV

r?B+? Bb bBKTHv i?2 �+iBQM 7Q` � b+�H�` }2H/ χ̃(η,t) BM JBMFQrbFB bT�+2iBK2 rBi? �
iBK2@/2T2M/2Mi 2z2+iBp2 K�bb /2}M2/ #v

m̃2
277(η) ≡ a2(η)

[
m2

277(η)−R(η)/6
]
. UjXRyV

h?2 +Q``2bTQM/BM; 2[m�iBQM Q7 KQiBQM 7Q` χ̃(η,t) Bb i?2M

χ̃′′ −∇2χ̃+ m̃2
277(η)χ̃ = 0 . UjXRRV

h?2 #2M2}i iQ rQ`F rBi? 1[X UjXRRV Bb i?�i i?2 2z2+i 7`QK >m##H2 2tT�MbBQM Bb
7Q`K�HHv �#b2Mi bQ i?2 bvbi2K +�M #2 bBKTHv �M�Hvx2/ �b B7 BM JBMFQrbFB bT�+2iBK2X
h?mb- i?2 +�MQMB+�H [m�MiBx�iBQM +�M #2 /QM2 BM i?2 mbm�H r�vX :Bp2M i?2 G�;`�M;B�M
Lχ̃- i?2 +QMDm;�i2 KQK2MimK 7Q` χ̃ Bb /2}M2/ �b

π̃(η,t) ≡ δLχ̃/δχ̃
′ = χ̃′ . UjXRkV
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6Q` � `2�H b+�H�` }2H/ χ̃(η,t)- Bi +�M #2 2tT�M/2/ BM 6Qm`B2` KQ/2b �b

χ̃(η,t) =
∫

d3k

(2π)3
eiF·tχ̃(η,F) , UjXRjV

r?2`2 χ̃(η,F) +�M #2 ;2M2`�HHv r`Bii2M �b

χ̃(η,F) = uk(η)aF + u∗
k(η)a

†
−F , UjXR9V

rBi? k = |F|- �M/ a†F �M/ aF �`2 i?2 +`2�iBQM �M/ �MMB?BH�iBQM QT2`�iQ`b- `2bT2+iBp2Hv-
b�iBb7vBM; i?2 +QKKmi�iBQM `2H�iBQMb

[
aF, a

†
T
]
= (2π)3δ(3) (F − T) , [aF, aT] =

[
a†F, a

†
T
]
= 0 . UjXR8V

aBM+2 i?2 b+�H�` }2H/ χ̃(η,t) �M/ Bib +QMDm;�i2 KQK2MimK π̃(η,t) b?QmH/ b�iBb7v i?2
+�MQMB+�H +QKKmi�iBQM `2H�iBQMb

[χ̃(η,t), π̃(η,v)] = iδ(3)(t − v) , [χ̃(η,t), χ̃(η,v)] = [π̃(η,t), π̃(η,v)] = 0 , UjXReV

i?2 q`QMbFB�M iQ MQ`K�HBx2 i?2 KQ/2 7mM+iBQM uk(η) Bb i?2M

W [uk, u
∗
k] = uku

∗
k
′ − u′

ku
∗
k = i . UjXRdV

h?2 +QKKmi�iQ` 7Q` i?2 6Qm`B2` KQ/2b +�M �HbQ #2 7QmM/ 2�bBHv

[χ̃(η,F), π̃(η,T)] = iδ(3)(F + T) , [χ̃(η,F), χ̃(η,T)] = [π̃(η,F), π̃(η,T)] = 0 , UjXR3V

r?2`2 Bi Bb � THmb bB;M BM i?2 .B`�+ /2Hi� 7mM+iBQM QM i?2 `B;?i ?�M/ bB/2 QTTQbBi2 iQ �
KBMmb bB;M �b BM 1[X UjXR8VX AMb2`iBM; i?2 6Qm`B2` i`�Mb7Q`K�iBQM #�+F iQ 1[X UjXRRV
H2�/b iQ i?2 2[m�iBQM Q7 KQiBQM 7Q` i?2 KQ/2 7mM+iBQM

u′′
k + ω̃2

k(η)uk = 0 ,

ω̃2
k(η) ≡ k2 + m̃2

277(η) , UjXRNV

r?2`2 i?2 2z2+iBp2 7`2[m2M+v Bb �HbQ iBK2@/2T2M/2Mi /m2 iQ m̃277(η)X hQ mM/2`bi�M/ i?2
p�+mmK bi`m+im`2 �M/ T�`iB+H2 T`Q/m+iBQM T`Q+2bb- Bi Bb M2+2bb�`v iQ bQHp2 1[X UjXRNV-
�M 2[m�iBQM 7Q` T�`�K2i`B+ Qb+BHH�iQ`X >Qr2p2`- �M�HviB+�H bQHmiBQMb 7Q` i?Bb ivT2 Q7
2[m�iBQMb �`2 QMHv FMQrM 7Q` HBKBi2/ +�b2b- QM2 Q7 r?B+? Bb i?2 r2HH@FMQrM J�i?B2m
2[m�iBQM Ub22 �TT2M/Bt .V i?�i Bb mb27mH 7Q` i?2 bim/v Q7 `2?2�iBM;X L2p2`i?2H2bb-
� ;2M2`�H /Bb+mbbBQM �#Qmi i?2 p�+mmK bi�i2 BM i?2 T`2b2M+2 Q7 � iBK2@/2T2M/2Mi
7`2[m2M+v ω̃k(η) Bb biBHH TQbbB#H2 �M/ #2M2}+B�HX

8d



G2i |η00〉 /2MQi2 i?2 MQ`K�HBx2/ p�+mmK bi�i2 �i bQK2 KQK2Mi η = η0 �bbQ+B�i2/
rBi? i?2 KQ/2 7mM+iBQM uk �M/ i?2 T�B` Q7 +`2�iBQMf�MMB?BH�iBQM QT2`�iQ`b a†F �M/ aFX
"v /2}MBiBQM- |η00〉 Bb �M 2B;2Mbi�i2 Q7 i?2 �MMB?BH�iBQM QT2`�iQ` rBi? p�MBb?BM; 2B;2M@
p�Hm2 aF|η00〉 = 0 �b r2HH �b i?2 >�KBHiQMB�M QT2`�iQ` 7Q` i?2 bvbi2K rBi? i?2 KBMBK�H
2B;2Mp�Hm2X �b mbm�H- i?2 >�KBHiQMB�M +�M #2 Q#i�BM2/ #v � G2;2M/`2 i`�Mb7Q`K�iBQM
Q7 i?2 G�;`�M;B�M Lχ̃ BM 1[X UjXNV �b

Ĥχ̃ =
1

2

∫
d3x

[
π̃2 + (∇χ̃)2 + m̃2

277χ̃
2
]
,

=
1

2

∫
d3k

(2π)3

[
Fk(η)aFa−F +F ∗

k (η)a
†
Fa

†
−F +

(
a†FaF + aFa

†
F

)
Ek(η)

]
, UjXkyV

r?2`2 (̂ ) Bb mb2/ 7Q` >�KBHiQMB�M iQ /BbiBM;mBb? 7`QK i?2 >m##H2 T�`�K2i2` H- �M/

Ek(η) ≡ |u′
k|

2 + ω̃2
k(η) |uk|2 ,

Fk(η) ≡ u′2
k + ω̃2

k(η)u
2
k . UjXkRV

PM i?2 QM2 ?�M/- i?2 2tT2+i�iBQM p�Hm2 Q7 Ĥ BM p�+mmK bi�i2 |η00〉 �i iBK2 η = η0 Bb
bBKTHv +�H+mH�i2/ �b

〈η00|Ĥχ̃(η0)|η00〉 =
1

2
(2π)3δ(3)(0)

∫
d3k

(2π)3
Ek(η0) , UjXkkV

r?2`2 i?2 /Bp2`;2M+2 Bb /m2 iQ i?2 BM}MBi2 iQi�H pQHmK2 Q7 bT�+2- bQ i?�i i?2 +QKQpBM;
2M2`;v /2MbBiv Bb ;Bp2M #v

ρ(η0) =
1

2

∫
d3k

(2π)3
Ek(η0) , UjXkjV

r?B+? b?QmH/ #2 KBMBKBx2/X Ai Bb 2�bv iQ b?Qr i?�i Ek(η0) Bb KBMBKBx2/ B7 i?2 KQ/2
7mM+iBQM b�iBb}2b i?2 7QHHQrBM; +QM/BiBQMb mT iQ �M mMBKTQ`i�Mi �`#Bi`�`v T?�b2

uk(η0) = 1/
√

2ω̃k(η0) , u′
k(η0) = −i

√
ω̃k(η0)/2 . UjXk9V

h?2 `2bmHiBM; >�KBHiQMB�M �i i?Bb KQK2Mi #2+QK2b

Ĥχ̃(η0) =
1

2

∫
d3k

(2π)3

(
a†FaF + aFa

†
F

)
ω̃k(η0) ,

=
1

2

∫
d3k

(2π)3

(
2a†FaF + (2π)3 δ(3)(0)

)
ω̃k(η0) , UjXk8V

r?2`2- QM i?2 b2+QM/ HBM2- i?2 }`bi i2`K +Q``2bTQM/b iQ i?2 Q++mT�iBQM MmK#2` QT2`@
�iQ` r?B+? p�MBb?2b r?2M b�M/rB+?2/ #v 〈η00| �M/ |η00〉 r?BH2 i?2 b2+QM/ Bb i?2 x2`Q@
TQBMi 2M2`;vX >Qr2p2`- i?Bb +�MMQi �Hr�vb ?QH/ i`m2 7Q` � iBK2@/2T2M/2Mi ω̃k(η)X
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AM Qi?2` rQ`/b- i?2 KQ/2 7mM+iBQM uk(η) +�MMQi KBMBKBx2 Ek(η) BM i?2 mTT2` Q7
1[X UjXkRV r?BH2 b�iBb7vBM; 1[X UjXRNV 7Q` �HH i?2 iBK2X PM i?2 Qi?2` ?�M/- |η00〉 Bb �M
2B;2Mbi�i2 Q7 Ĥχ̃(η0) QMHv B7 Fk(η0) = 0- BX2X `2[mB`BM; i?�i

u′2
k (η0) + ω̃2

k(η0)u
2
k(η0) = 0 , UjXkeV

r?Qb2 bQHmiBQM Bb 7Q`K�HHv r`Bii2M �b

uk(η) ∝ 2tT
[
±i

∫ η

ω̃k(η1)dη1

]
. UjXkdV

P#pBQmbHv- i?2 +QM/BiBQMb UjXk9V b�iBb7v 1[X UjXkeV bQ |η00〉 Bb BM/22/ � p�+mmK bi�i2 �i
i?2 KQK2Mi η = η0X >Qr2p2`- Bi Bb 2�bv iQ b?Qr i?�i i?2 bQHmiBQM UjXkdV Bb ;2M2`�HHv
MQi i?2 bQHmiBQM 7Q` 1[X UjXRNV mMH2bb ω̃k(η) = +QMbiX AM Qi?2` rQ`/b- |η00〉 +�MMQi
`2K�BM �b i?2 2B;2Mbi�i2 Q7 Ĥχ̃ r?BH2 b�iBb7vBM; 1[X UjXRNV 7Q` �HH i?2 iBK2X

AM bmKK�`v- i?2 ǳp�+mmKǴ BM � ;2M2`�H iBK2@/2T2M/2Mi #�+F;`QmM/ Bb BMbi�Mi�@
M2Qmb �M/ MQi mMB[m2X h?2`2 Bb MQ T`272``2/ +?QB+2 Q7 T?vbB+�H p�+mmK bi�i2 7Q` �HH
iBK2 �M/- i?2`27Q`2- i?2 +QM+2Ti Q7 ǳT�`iB+H2Ǵ BM bm+? #�+F;`QmM/X AMimBiBp2Hv bT2�F@
BM;- 7Q` 2t�KTH2- BM � ;2M2`�H +m`p2/ bT�+2iBK2- i?Bb �K#B;mBiv +QK2b 7`QK i?2 }MBi2
b+�H2 /2i2`KBM2/ #v i?2 7Qm`@/BK2MbBQM�H +m`p�im`2X h?2 KQ/2b rBi? b+�H2b Km+?
bK�HH2` i?�M i?2 +m`p�im`2 b+�H2 +�MMQi ǳ722HǴ i?2 MQM@i`BpB�H ;2QK2i`v Q7 i?2 bT�+2@
iBK2- bQ i?2 bBim�iBQM Bb bBKBH�` iQ JBMFQrbFB #�+F;`QmM/X >Qr2p2`- 7Q` KQ/2b rBi?
b+�H2b +QKT�`�#H2 Q` H�`;2` i?�M i?2 +m`p�im`2 b+�H2- i?2 +?�M;2 Q7 i?2 #�+F;`QmM/
;2QK2i`v #2+QK2b bB;MB}+�Mi- �M/ i?2 TH�M2 r�p2 �TT`QtBK�iBQM mb2/ BM JBMFQrbFB
bT�+2iBK2 Bb MQ HQM;2` p�HB/ bQ i?�i i?2 mbm�H /2}MBiBQM Q7 � HQ+�HBx2/ T�`iB+H2 �b �
r�p2T�+F2i 7�BHb �i H�`;2 b+�H2bX

AM bQK2 bT2+B�H +�b2b- 7Q` 2t�KTH2 r?2M i?2 +?�M;2 Q7 m̃277(η) Bb bHQr 2MQm;?-
i?2`2 K�v #2 � #2ii2`jj +?QB+2 Q7 p�+mmK- +�HH2/ �/B�#�iB+ p�+mmKX h?Bb T`2b+`BTiBQM
`2HB2b QM i?2 qE" �TT`QtBK�iBQMX �bbmKBM; i?2 �Mb�ix Q7 i?2 bQHmiBQM Q7 1[X UjXRNV
iQ #2 BM i?2 7Q`K

uk(η) =
1√

Wk(η)
2tT

[
i

∫ η

Wk(η1)dη1

]
, UjXk3V

Bi +�M #2 7QmM/ i?�i Wk(η) Kmbi b�iBb7v i?2 7QHHQrBM; +QM/BiBQM

W 2
k = ω̃2

k −
1

2

[
W ′′

k

Wk
− 3

2

W ′2
k

W 2
k

]
. UjXkNV

jja22 _27bX (e9- Re3) 7Q` /2i�BHbX
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A7 i?2 #�+F;`QmM/ ω̃k(η) p�`B2b �/B�#�iB+�HHv- BX2X i?2 ivTB+�H iBK2 b+�H2 Q7 #�+F;`QmM/
2pQHmiBQM Km+? H�`;2` i?�M i?�i Q7 i?2 KQ/2 7mM+iBQM uk- 1[X UjXkNV +�M #2 i`2�i2/
�b � `2+m``2M+2X h?2 x2`Qi? Q`/2` Bb (0)Wk = ω̃k r?BH2 i?2 b2+QM/ Q`/2` Bb

(2)Wk = ω̃k

(
1− 1

4

ω̃′′
k

ω̃3
k

+
3

8

ω̃′2
k

ω̃4
k

)
, UjXjyV

r?B+? Bb p�HB/ mM/2` i?2 +QM/BiBQM Q7 �/B�#�iB+Biv

−1

4

ω̃′′
k

ω̃3
k

+
3

8

ω̃′2
k

ω̃4
k

( 1 . UjXjRV

AM T`BM+BTH2- Bi Bb TQbbB#H2 iQ `2�+? �`#Bi`�`v Q`/2` Q7 `2+m``2M+2 #mi MQi M2+2bb�`vX
h?Bb b2`B2b Bb �M �bvKTiQiB+ b2`B2b r?2`2 i?2 i2`Kb Q7 ?B;?2` Q`/2` BM+`2�b2 bi`B+iHv
KQ`2 bHQrHv i?�M i?Qb2 Q7 HQr2` Q`/2` �b ;QBM; iQ i?2 BMi2`2bi2/ HBKBi #mi i?2 bmK@
K�iBQM /Bp2`;2bX 6Q` i?Bb FBM/ Q7 �bvKTiQiB+ b2`B2b- i?2`2 mbm�HHv 2tBbib �M QTiBK�H
i`mM+�iBQM Q`/2` r?2`2 i?2 2``Q` `2�+?2b KBMBKmKj9X h?2 �/B�#�iB+ p�+mmK �i η = η0

Bb i?2M /2i2`KBM2/ #v TmiiBM; i?2 QTiBK�H Q`/2` bQHmiBQM (N)Wk #�+F BMiQ i?2 �Mb�ix
iQ }M/ Qmi i?2 N @i? Q`/2` KQ/2 7mM+iBQM (N)uk(η) �M/ `2[mB`BM; i?2 2t�+i bQHmiBQM
uk(η) iQ b�iBb7v i?2 BMBiB�H +QM/BiBQMb

uk(η0) =
(N)uk(η0) , u′

k(η0) =
(N)u′

k(η0) . UjXjkV

LQi2 i?�i i?2 �/B�#�iB+ p�+mmK Bb �M 2t�+i bi�i2 BM i?2 b2Mb2 i?�i i?2 �TT`QtBK�i2/
KQ/2 7mM+iBQM (N)uk(η0) Bb Dmbi 7Q` i?2 K�i+?BM; �i η = η0- �b b?QrM �#Qp2X h?2
[m�MiBx2/ }2H/ Bb biBHH i?2 2t�+i KQ/2 7mM+iBQM uk(η)X h?2 K�i+?BM; �HbQ K�F2b i?2
�/B�#�iB+ p�+mmK MQi mMB[m2 #2+�mb2 i?2 K�i+?BM; T`Q+2bb +�M #2 i�F2M �i /Bz2`2Mi
η 2= η0X PM+2 ω̃k Bb +QMbi�Mi- �HH i?2 p�+mmK T`2b+`BTiBQMb +QBM+B/2X

jXRXRXj "Q;QHBm#Qp h`�Mb7Q`K�iBQM �M/ S�`iB+H2 S`Q/m+iBQM

*QMbB/2` irQ T2`BQ/b �`QmM/ η = η0 �M/ η = η1 r?2M i?2 #�+F;`QmM/ 2pQHp2b �/B�#�i@
B+�HHvX �b � `2bmHi- i?2`2 2tBbi b2MbB#H2 +QM+2Tib Q7 U�/B�#�iB+V p�+mmK U�M/ T�`iB+H2V
�i i?2b2 KQK2Mib r?B+? �`2 /2MQi2/ #v |η00〉 �M/ |η10〉X h?2 KQ/2 7mM+iBQM �bbQ+B�i2/
rBi? i?2 7Q`K2` Bb uk(η) �b T`2pBQmbHv K2MiBQM2/- r?BH2 wk(η) /2MQi2b i?2 KQ/2 7mM+@
iBQM 7Q` i?2 H�ii2` iQ;2i?2` rBi? � M2r T�B` Q7 +`2�iBQMf�MMB?BH�iBQM QT2`�iQ`b b†F �M/
bFX *QMb2[m2MiHv- i?2`2 �`2 irQ /Bz2`2Mi 2tT�MbBQMb 7Q` i?2 [m�MimK }2H/ χ̃(η,F) �b

χ̃(η,F) = uk(η)aF + u∗
k(η)a

†
−F = wk(η)bF + w∗

k(η)b
†
−F . UjXjjV

j9a22 2X;X /Bb+mbbBQM QM �M �Hi2`M�iBp2 K2i?Q/ #�b2/ QM aiQF2b T?2MQK2MQM (ReN-Rdy)X
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:2M2`B+�HHv- i?2 KQ/2 7mM+iBQM wk(η) �bbQ+B�i2/ rBi? |η10〉 +�M #2 r`Bii2M �b

wk(η) = αkuk(η) + βku
∗
k(η) , UjXj9V

r?2`2 αk �M/ βk �`2 +QKTH2t +QMbi�Mib +�HH2/ i?2 "Q;QHBm#Qp +Q2{+B2Mib r?B+? b?QmH/
b�iBb7v i?2 MQ`K�HBx�iBQM +QM/BiBQM

|αk|2 − |βk|2 = 1 . UjXj8V

�M/ wk(η) �HbQ b�iBb}2b i?2 b�K2 7Q`K Q7 BMBiB�H +QM/BiBQMb UjXk9V �i η = η1 �b Bi
KBMBKBx2b i?2 >�KBHiQMB�M �i i?�i KQK2MiX �++Q`/BM;Hv- Bi Bb 2�bv iQ b?Qr i?�i i?2
irQ T�B`b Q7 +`2�iBQM �M/ �MMB?BH�iBQM QT2`�iQ`b b�iBb7v i?2 7QHHQrBM; `2H�iBQM

bF = α∗
kaF − β∗

ka
†
F . UjXjeV

h?2b2 `2H�iBQMb UjXj9V �M/ UjXjeV �`2 FMQrM �b "Q;QHBm#Qp i`�Mb7Q`K�iBQM (RdR)X
h?2 "Q;QHBm#Qp i`�Mb7Q`K�iBQM Bb mb27mH iQ +H�`B7v i?2 `2H�iBQM #2ir22M /Bz2`2Mi

p�+mmK bi�i2bX 6Q` 2t�KTH2- +QMbB/2` i?2 bi�i2 |η00〉 �M/ i?2 >�KBHiQMB�M UjXkyVX
aBM+2 uk(η) b�iBb}2b i?2 BMBiB�H +QM/BiBQMb UjXk9V- i?2 2tT2+i�iBQM p�Hm2 Q7 >�KBHiQMB�M
�i η = η0 Bb ;Bp2M #v 1[X UjXkkV rBi? Ek(η0) `2TH�+2/ #v ω̃k(η0)X h?2`27Q`2- i?2`2
Bb MQ T�`iB+H2 T`2b2Mi �i i?Bb iBK2 #mi QMHv x2`Q@TQBMi 2M2`;vX AM i?2 >2Bb2M#2`;
TB+im`2- i?2 bi�i2 Bb }t2/ #mi i?2 QT2`�iQ`b 2pQHp2X �i � H�i2` KQK2Mi η = η1- i?2
>�KBHiQMB�M +�M #2 2tT`2bb2/ �b i?2 }`bi HBM2 Q7 1[X UjXk8V 2t+2Ti 7Q` η0- aF- �M/ a†F
`2TH�+2/ #v η1- bF- �M/ b†F `2bT2+iBp2Hv- #2+�mb2 wk(η) �HbQ b�iBb}2b i?2 b�K2 7Q`K Q7
BMBiB�H +QM/BiBQMb UjXk9V �i η = η1X A7 MQr i?2 >�KBHiQMB�M Bb b�M/rB+?2/ #v |η10〉- Bi
QMHv H2�/b iQ i?2 b�K2 `2bmHi �b #27Q`2- BX2X QMHv i?2 2tBbi2M+2 Q7 x2`Q@TQBMi 2M2`;vX
>Qr2p2`- i?2 bi�i2 Bb biBHH |η00〉 bQ i?2 2tT2+i�iBQM p�Hm2 Q7 Ĥχ̃(η1) Bb i?2M +�H+mH�i2/
�b 7QHHQrb

〈η00|Ĥχ̃(η1)|η00〉 =
1

2

∫
d3k

(2π)3
〈η00|b

†
FbF + bFb

†
F|η00〉ω̃k(η1) ,

= (2π)3 δ(3)(0)

∫
d3k

(2π)3

(
|βk|2 +

1

2

)
ω̃k(η1) , UjXjdV

r?2`2 i?2 "Q;QHBm#Qp i`�Mb7Q`K�iBQM UjXjeV ?�b #22M �TTHB2/ �M/ (2π)3δ(3)(0) +QK2b
7`QK i?2 BM}MBi2 bT�iB�H pQHmK2X �b � `2bmHi- T�`iB+H2b �`2 T`Q/m+2/ BM i?2 bi�i2 |η00〉
�b i?2 bvbi2K 2pQHp2b BM iBK2 �M/ i?2 +QKQpBM; 2M2`;v /2MbBivj8 Q7 i?2 T`Q/m+2/
T�`iB+H2b �i η = η1 Bb ;Bp2M #v

ρχ̃ =

∫
d3k

(2π)3
|βk|2ω̃k(η1) . UjXj3V

j8>2`2- i?2 x2`Q@TQBMi 2M2`;v Bb bBKTHv bm#i`�+i2/X >Qr2p2`- Bi +�M #2 b22M i?�i i?2 x2`Q@TQBMi
2M2`;v Bb iBK2@/2T2M/2Mi bQ bBKTH2 bm#i`�+iBQM K�v #2 MQi DmbiB}2/X a22 _27X (Re3) 7Q` KQ`2 /2i�BHX
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�b +�M #2 b22M +H2�`Hv- i?2 "Q;QHBm#Qp +Q2{+B2Mi βk Bb /B`2+iHv `2H�i2/ iQ i?2 +QKQpBM;
MmK#2` /2MbBiv Q7 i?2 T`Q/m+2/ T�`iB+H2b BM i?2 7QHHQrBM; r�v

nχ̃ =

∫
d3k

(2π)3
nk =

∫
d3k

(2π)3
|βk|2 , UjXjNV

r?2`2 nk = |βk|2 Bb i?2 Q++mT�iBQM MmK#2` Q7 χ̃ BM KQK2MimK bT�+2X LQi2 i?�i
B7 |βk|2 /2+`2�b2b bHQr2` i?�M k−3 7Q` H�`;2 k- i?2 BMi2;`�iBQM �#Qp2 /Bp2`;2b- r?B+?
BM/B+�i2b i?�i i?2 "Q;QHBm#Qp i`�Mb7Q`K�iBQM Bb MQi r2HH@/2}M2/X

6`QK �#Qp2- i?2 T?vbB+�H BMi2`T`2i�iBQM Q7 i?2 "Q;QHBm#Qp i`�Mb7Q`K�iBQM +�M #2
mM/2`biQQ/ �b 7QHHQrbX A7 ωk i2M/b iQ #2 +QMbi�Mi BM i?2 7�` T�bi �M/ 7�` 7mim`2- r2HH@
/2}M2/ p�+mmK bi�i2b �Hr�vb 2tBbi �M/ i?2 TQbBiBp2@ �M/ M2;�iBp2@7`2[m2M+v KQ/2b
2tT (∓iω̃kη) UQ` KQ/2 7mM+iBQMbV �`2 r2HH b2T�`�i2/ 7`QK 2�+? Qi?2`X >Qr2p2`- B7
ωk(η) Bb iBK2@/2T2M/2Mi BM bQK2 KB//H2 T2`BQ/- i?2b2 irQ KQ/2b �`2 KBt2/ U�b BM
1[X UjXj9VV �M/ p�+mmK ~m+im�iBQMb �`2 2t+Bi2/- r?B+? `2bmHib BM T�`iB+H2 T`Q/m+iBQMX

�7i2` `2pB2rBM; i?2 i2+?MB[m2 Q7 "Q;QHBm#Qp i`�Mb7Q`K�iBQM iQ +�H+mH�i2 i?2 T`Q@
/m+iBQM Q7 b+�H�` T�`iB+H2b BM � iBK2@/2T2M/2Mi #�+F;`QmM/- i?Bb i2+?MB[m2 rBHH #2
�TTHB2/ iQ irQ ivT2b Q7 T�`iB+H2 T`Q/m+iBQM BM i?2 7QHHQrBM;- i?2 T2`im`#�iBp2 �M/ i?2
MQM@T2`im`#�iBp2 T`Q/m+iBQM i?�i �`2 BKTQ`i�Mi 7Q` i?2 BMp2biB;�iBQM Q7 `2?2�iBM; �i
TQbi@BM~�iBQM�`v 2TQ+?X

jXRXk S2`im`#�iBp2 S`Q/m+iBQM
S2`im`#�iBp2 T�`iB+H2 T`Q/m+iBQM Bb `2H2p�Mi r?2M i?2 +QmTHBM; #2ir22M i�`;2i }2H/b
�M/ i?2 #�+F;`QmM/ }2H/ Bb r2�F 2MQm;?X 6Q` 2t�KTH2 BM 1[X UjXRNV- i?2 T2`im`#�iBp2
T`Q/m+iBQM Q++m`b r?2M i?2 2z2+iBp2 K�bb |m̃277(η)| Bb Km+? bK�HH2` i?�M i?2 BMi2`2bi2/
b+�H2 k bQ i?�i Bi +QmH/ #2 i`2�i2/ �b T2`im`#�iBQMX h?2 /Bb+mbbBQM ?2`2 Bb K�BMHv #�b2/
QM i?2 /Bb+mbbBQM BM _27bX (Re- e9- R8N- Rdk)X

_2r`Bi2 1[X UjXRNV �b

u′′
k + ω2

kuk = −
[
m̃2

277(η)−m2
χ

]
uk ≡ Sχ̃(η)uk ,

ω2
k ≡ k2 +m2

χ , UjX9yV

r?2`2 m̃2
277(η) +�M +QMi�BM /Bz2`2Mi ivT2b Q7 +QMi`B#miBQMb �b 2tTH�BM2/ �i i?2 #2@

;BMMBM; Q7 i?Bb b2+iBQM- BM+Hm/BM; i?2 K�bb Q7 χ- i?2 MQM@KBMBK�H +QmTHBM;- �M/ i?2
+QmTHBM; rBi? Qi?2` }2H/bX h?2`27Q`2- i?2 T2`im`#�iBp2 T�`iB+H2 T`Q/m+iBQM Bb p�HB/
r?2M χ(η,t) Bb HB;?i �M/ i?2 +QmTHBM;b rBi? #�+F;`QmM/ �`2 r2�FX h?Bb 2[m�iBQM +�M

ek



#2 bQHp2/ #v i?2 :`22MǶb 7mM+iBQM K2i?Q/ iQ;2i?2` rBi? Bi2`�iBQM /m2 iQ i?2 bK�HHM2bb
Q7 Sχ̃X �bbmKBM; i?2 #QmM/�`v +QM/BiBQMb

{
uk(η) = e−iωkη/

√
2ωk , η → −∞ ,

uk(η) = αke−iωkη/
√
2ωk + βkeiωkη/

√
2ωk , η → +∞ ,

UjX9RV

r?2`2 αk �M/ βk �`2 MQi?BM; #mi i?2 "Q;QHBm#Qp +Q2{+B2Mib MQ`K�HBx2/ �b 1[X UjXj8V-
i?2 bQHmiBQM Q7 1[X UjX9yV Bb r`Bii2M �b

uk(η) =
1√
2ωk

e−iωkη +
1

ωk

∫ η

−∞
bBM [ωk (η − η̃)]Sχ̃(η̃)uk(η̃)dη̃ , UjX9kV

7`QK r?B+? i?2 "Q;QHBm#Qp +Q2{+B2Mib �i η → +∞ +�M #2 /2`Bp2/ �b

αk = 1 +
i√
2ωk

∫ +∞

−∞
eiωkηSχ̃(η)uk(η)dη ,

βk = − i√
2ωk

∫ +∞

−∞
e−iωkηSχ̃(η)uk(η)dη . UjX9jV

"2+�mb2 Sχ̃(η) Bb T2`im`#�iBQM- i?2 BMi2;`�iBQM UjX9kV +�M #2 bQHp2/ #v Bi2`�iBQMX :Bp2M
i?2 x2`Qi? Q`/2` u(0)

k (η) = e−iωkη/
√
2ωk r?B+? +Q``2bTQM/b iQ αk = 1 �M/ βk = 0- i?2

M2ti Q`/2` Bb Q#i�BM2/ #v Dmbi bm#biBimiBM; u(0)
k (η) 7Q` uk(η) BM 1[X UjX9jV- bQ i?2

H2�/BM; +QMi`B#miBQM iQ +QKQpBM; MmK#2` /2MbBiv Q7 T`Q/m+2/ T�`iB+H2b �i η → +∞
�`2 Q7 b2+QM/ Q`/2` BM Sχ̃(η) �b

nχ̃ =

∫
d3k

(2π)3
|βk|2 =

1

8π2

∫ ∞

0

k2dk

ω2
k

∫∫ +∞

−∞
dη1dη2 e−2iωk(η1−η2)Sχ̃(η1)Sχ̃(η2) . UjX99V

AM i?2 K�bbH2bb +�b2 r?2`2 mχ = 0- i?Bb BMi2;`�iBQM +�M #2 7m`i?2` bBKTHB}2/ #2+�mb2
ω2
k `2/m+2b iQ k2 �M/ +�M+2Hb i?�i QM i?2 MmK2`�iQ`X �b � `2bmHi- i?2 +QKQpBM; MmK#2`

/2MbBiv Q7 i?2 T`Q/m+2/ K�bbH2bb T�`iB+H2b Bb ;Bp2M �b

nχ̃,Kχ=y =
1

16π

∫ +∞

−∞
S2
χ̃(η)dη . UjX98V

h?2 `QH2 Q7 i?2 K�bb Bb iQ bmTT`2bb i?2 T�`iB+H2 T`Q/m+iBQM T`Q+2bb- r?B+? +�M #2 KQ`2
+H2�`Hv b22M BM +QM+`2i2 2t�KTH2b H�i2`X h?2 +Q``2bTQM/BM; +QKQpBM; 2M2`;v /2MbBiv
Q7 i?2 T`Q/m+2/ T�`iB+H2b ρχ̃ +�M �HbQ #2 +�H+mH�i2/X aBM+2 1[X UjX9yV Bb HBM2�` BM uk-
i?Bb T`Q+2bb +Q``2bTQM/b iQ QM2 T�`iB+H2 7`QK i?2 bQm`+2 /2+�vBM; BMiQ irQ χ̃ T�`iB+H2b-
BX2X ṅχ̃ = −2ṅ#;X h?2 /2+�v `�i2 Q7 i?2 #�+F;`QmM/ }2H/ Bb i?2M

Γ#;→χ̃χ̃ = −ṅ#;/n#; = ṅχ̃/(2n#;) , UjX9eV

ej



r?2`2 i?2 bm#b+`BTi ǳ#;Ǵ /2MQi2b i?2 T�`iB+H2 7`QK i?2 #�+F;`QmM/ bQm`+2 i?�i /2+�vbX
6Q` 2t�KTH2- BM 1[X UjXkV- i?2 BMi2`�+iBQM ∆Lφ→χχ = −g2φσφφχ

2 BM/m+2b i?2 /2+�v Q7
QM2 φ@T�`iB+H2 BMiQ irQ χ@T�`iB+H2bX

P#b2`pBM; i?�i Sχ̃(η) Bb ;Bp2M #v i?2 bK�HH ;2M2`�H +QmTHBM;b #2ir22M χ �M/ Qi?2`
}2H/b- Bi BM/B+�i2b i?�i i?Bb T2`im`#�iBp2 �TT`Q�+? +�M #2 �TTHB2/ BM #Qi? C6 �M/
16X 1bT2+B�HHv BM i?2 H�ii2`- �MQi?2` r�v iQ Q#i�BM i?2 /2+�v `�i2 Bb +�H+mH�iBM; i?2
S@K�i`Bt Q7 i?2 +Q``2bTQM/BM; T`Q+2bb rBi? 62vMK�M /B�;`�K �b /QM2 BM [m�MimK
}2H/ i?2Q`v BM JBMFQrbFB bT�+2iBK2X h?2 FMQrM `2bmHi 7Q` i?2 i`22@H2p2H /2+�v `�i2
Q7 φ BMiQ K�bbH2bb χ pB� ∆Lφ→χχ = −g2φσφφχ

2 +�H+mH�i2/ BM i?Bb r�v Bb

Γφ→χχ =
g4φσ

2
φ

8πmφ
, UjX9dV

r?B+? Bb +QMbi�Mi �M/ BM/2T2M/2Mi Q7 i?2 MmK#2` /2MbBiv Q7 i?2 T`Q/m+2/ T�`iB+H2bX
h?Bb /2+�v `�i2 +�M #2 b?QrM iQ +QBM+B/2 rBi? i?2 `2bmHi Q#i�BM2/ BM i?2 }`bi K2i?Q/X

hQ BM+Q`TQ`�i2 i?2 T2`im`#�iBp2 /2+�v BMiQ `2?2�iBM; �7i2` BM~�iBQM- i?2 /2+�v
`�i2 Bb Q7i2M i`2�i2/ �b � 7`B+iBQM i2`K BM i?2 2[m�iBQM Q7 KQiBQM 7Q` i?2 BM~�iQM }2H/-
7Q` BMbi�M+2- BM 1[X UkXk9V i?2 bBM;H2@}2H/ +�b2

φ̈+ (3H + Γφ→χχ) φ̇+ V,φ = 0 . UjX93V

aBM+2 i?2 T`Q/m+2/ K�bbH2bb UQ` mχ ( mφV χ@T�`iB+H2b �`2 `2H�iBpBbiB+- �++Q`/BM;Hv-
i?2 "QHixK�MM 2[m�iBQM 7Q` i?2 `�/B�iBQM 2M2`;v /2MbBiv ρ`�/ �M/ i?2 6`B2/K�MM
2[m�iBQM �`2 ;Bp2M �b

ρ̇`�/ + 4Hρ`�/ = Γφ→χχρφ , UjX9NV
3M2

THH
2 = ρφ + ρ`�/ . UjX8yV

�b � `2bmHi- T2`im`#�iBp2 `2?2�iBM; i`�Mb72`b i?2 2M2`;v Q7 BM~�iQM BMiQ Qi?2` `2H�@
iBpBbiB+ T�`iB+H2b mMiBH i?2 +QKTH2iBQM Q7 T2`im`#�iBp2 `2?2�iBM; r?B+? Bb +?�`�+i2`Bx2/
#v i?2 KQK2Mi r?2M i?2 >m##H2 2tT�MbBQM `�i2 7�HHb #2HQr i?2 /2+�v `�i2 Q7 BM~�@
iQM- /2MQi2/ �b trX �7i2` i?�i- i?2 lMBp2`b2 Bb /QKBM�i2/ #v `�/B�iBQM bQ i?2 2M2`;v
/2MbBiv Bb `2H�i2/ iQ i?2 i2KT2`�im`2 Q7 i?2 lMBp2`b2 �b

3M2
THH

2(tr) = ρ`�/(tr) = π2grT
4
r /30 , UjX8RV

r?2`2 Tr Bb QM2 Q7 i?2 KQbi BKTQ`i�Mi [m�MiBiB2b BM `2?2�iBM; /2}M2/ �b i?2 `2?2�iBM;
i2KT2`�im`2- �M/ gr = 106.75 Bb i?2 2z2+iBp2 MmK#2` Q7 `2H�iBpBbiB+ bT2+B2bX aBM+2
H(tr) = Γφ→χχ- Bi H2�/b iQ

Tr =

(
90

grπ2

)1/4√
MTHΓφ→χχ # 0.54

√
MTHΓφ→χχ . UjX8kV

e9



�b 7Q` i?2 BMi2`�+iBQM- ∆Lφφ→χχ = −g2φφ
2χ2/2- i?2 b+�ii2`BM; `�i2 ivTB+�HHv /2@

+`2�b2b 7�bi2` i?�M i?2 >m##H2 `�i2 /Q2b �b i?2 �KTHBim/2 Q7 φ #2+QK2b bK�HH2` bQ
i?Bb T`Q+2bb bQQM #2+QK2b BM2{+B2Mi- r?B+? K2�Mb i?�i i?Bb +?�MM2H +�MMQi `2?2�i
i?2 lMBp2`b2 #v Bib2H7X h?2`27Q`2- BM i?2 KQ/2H r?2`2 σφ = 0- i?2 +?�MM2H φ→ χχ Bb
�#b2Mi �M/ Bi Bb HBF2Hv i?�i i?2 `2?2�iBM; M2p2` +QKTH2i2b bQH2Hv rBi? i?2 b+�ii2`BM;
φφ → χχX A7 i?2`2 �`2 Qi?2` r�vb 7Q` i?2 BM~�iQM iQ /2+�v- 2X;X iQ HB;?i 72`KBQMb-
i?2M `2?2�iBM; i?2 lMBp2`b2 Bb biBHH TQbbB#H2X

_2?2�iBM; i?`Qm;? T2`im`#�iBp2 T�`iB+H2 T`Q/m+iBQM Bb mbm�HHv `272``2/ iQ �b i?2
2H2K2Mi�`v i?2Q`v Q7 `2?2�iBM; (kR- kk)- r?B+? TH�vb � pBi�H `QH2 �i i?2 H�bi bi�;2 Q7
`2?2�iBM; BM KQbi +�b2b- /2i2`KBMBM; i?2 `2?2�iBM; i2KT2`�im`2X "27Q`2 2Mi2`BM; i?2
T2`im`#�iBp2 `2;BK2 �b i?2 BM~�iQM Qb+BHH�iBQM #2+QK2b bK�HH- KQ`2 2{+B2Mi T�`iB+H2
T`Q/m+iBQM T`Q+2bb2b �`2 Q7 BMi2`2biX

jXRXj LQM@S2`im`#�iBp2 S`Q/m+iBQM
h?2 T2`im`#�iBp2 �TT`Q�+? BMi`Q/m+2/ �#Qp2 7�BHb r?2M i?2 +QK#BM�iBQM Q7 i?2 +Qm@
THBM;b �M/ i?2 �KTHBim/2 Q7 #�+F;`QmM/ Qb+BHH�iBQM Bb H�`;2- 7Q` 2t�KTH2- |ξR| >∼ 1X
AM i?Bb `2;BK2- i?2 MQM@T2`im`#�iBp2 2z2+ib bm+? �b T�`�K2i`B+ `2bQM�M+2 �M/ i�+?v@
QMB+ BMbi�#BHBiv /QKBM�i2 i?2 T�`iB+H2 T`Q/m+iBQM T`Q+2bb2b- H2�/BM; iQ ?B;?Hv 2{+B2Mi
T�`iB+H2 T`Q/m+iBQMX _2?2�iBM; i?`Qm;? bm+? MQM@T2`im`#�iBp2 T�`iB+H2 T`Q/m+iBQM Bb
mbm�HHv `272``2/ iQ �b T`2?2�iBM; (R9-Re)X �Hi?Qm;? T`2?2�iBM; Bb b?Q`i �M/ +�MMQi �7@
72+i i?2 `2?2�iBM; i2KT2`�im`2 Km+?- pBQH2Mi T`2?2�iBM; K�v H2�p2 BKT`BMib QM Qi?2`
Q#b2`p�#H2b- bm+? �b i?2 2[m�iBQM Q7 bi�i2 Q7 i?2 2�`Hv lMBp2`b2 �M/ ?B;?@7`2[m2M+v
;`�pBi�iBQM�H r�p2b i?�i K�v #2 /2i2+i2/ BM i?2 7mim`2- �b K2MiBQM2/ T`2pBQmbHvX
h?2 +�H+mH�iBQM Q7 T�`iB+H2 T`Q/m+iBQM +�M #2 `2�HBx2/ rBi?BM i?2 7`�K2rQ`F Q7 i?2
"Q;QHBm#Qp i`�Mb7Q`K�iBQM BMi`Q/m+2/ T`2pBQmbHv rBi? KQ`2 +�`27mH i`2�iK2MiX h?2
/Bb+mbbBQM BM i?2 7QHHQrBM; Bb K�BMHv #�b2/ QM _27bX (R9- Re- Rd- Re3) 7Q` T�`�K2i`B+
`2bQM�M+2 �M/ _27bX (Rdj- Rd9) 7Q` i�+?vQMB+ BMbi�#BHBiv- bT2+B}+�HHv 7Q+mbBM; QM i?2
+�b2 r?2`2 i?2 #�+F;`QmM/ }2H/ �+ib �b � ?�`KQMB+ Qb+BHH�iQ` rBi?Qmi +QMbB/2`BM;
#�+F`2�+iBQMX

jXRXjXR S�`�K2i`B+ _2bQM�M+2

S�`�K2i`B+ `2bQM�M+2 Bb #�b2/ QM i?2 i?2Q`v Q7 i?2 J�i?B2m 2[m�iBQM- 2bT2+B�HHv i?2
bi�#BHBiv +?�`i b?QrM BM �TT2M/Bt .X :2M2`�HHv bT2�FBM;- T�`�K2i`B+ `2bQM�M+2 +�M
#2 +H�bbB}2/ BMiQ irQ ivT2b �++Q`/BM; iQ i?2 rB/i? Q7 i?2 `2bQM�M+2 #�M/b- M�``Qr
�M/ #`Q�/ `2bQM�M+2X �b iQ #2 b?QrM- i?2 7Q`K2` +�M #2 mM/2`biQQ/ �b �M ǳ2M@
?�M+2/ p2`bBQMǴ Q7 T2`im`#�iBp2 /2+�v #v "Qb2 +QM/2Mb�iBQM 2z2+i (Rd8) r?B+? H2�/b

e8



iQ � [m�HBi�iBp2Hv /Bz2`2Mi `2bmHi 7`QK i?2 T2`im`#�iBp2 T�`iB+H2 T`Q/m+iBQM- r?BH2 i?2
H�ii2` �b i?2 bm++2bbBp2 b+�ii2`BM;b Q7 i?2 KQ/2 7mM+iBQM QM T�`�#QHB+ TQi2MiB�Hb (Re)X

qBi?Qmi HQbb Q7 ;2M2`�HBiv- +QMbB/2` 1[X UjXRV rBi? m2
277(t) ≡ g2φφ

2(t)+2g2φσφφ(t)+

g2φσ
2
φ �b b?QrM BM 1t�KTH2 PM2 BM H�bi b2+iBQMje rBi? mχ = 0X h?2 iBK2@/2T2M/2M+2

+QK2b 7`QK i?2 }`bi �M/ b2+QM/ i2`Kbc i?2 7Q`K2` /QKBM�i2b r?2M |φ| ! |σφ| r?BH2
i?2 H�ii2` /QKBM�i2b B7 |φ| ( |σφ|X h?2 MQM@KBMBK�H +QmTHBM; +�b2 Bb +QKTH2i2Hv
�M�HQ;Qmb iQ i?2 H�ii2`X Zm�MiBxBM; i?2 χ(t,t) }2H/

χ(t,t) =
∫

d3k

(2π)3
eiF·t

[
χk(t)aF + χ∗

k(t)a
†
−F

]
, UjX8jV

i?2 2[m�iBQM Q7 KQiBQM 7Q` χk(t)- �++Q`/BM; iQ 1[X UjXRV- +�M #2 r`Bii2M BM � ~�i
6G_q #�+F;`QmM/ �b

{
χ̈k + 3Hχ̇k +

[
k2
p + g2φφ

2(t)
]
χk = 0 , φ0 ! |σφ| ,

χ̈k + 3Hχ̇k +
[
k2
p + g2φσ

2
φ + 2g2φσφφ(t)

]
χk = 0 , φ0 ( |σφ| .

UjX89V

6Q` bBKTHB+Biv- i?2 >m##H2 2tT�MbBQM Bb M2;H2+i2/ BM i?2 7QHHQrBM;jd �M/ #`B27 /Bb+mb@
bBQM QM bm+? 2z2+i rBHH #2 T`2b2Mi2/ bm#b2[m2MiHvX h?2M- i?2 #�+F;`QmM/ }2H/ φ(t)

+�M #2 �bbmK2/ iQ i�F2 i?2 7QHHQrBM; bBKTH2 7Q`K

φ(t) = φ0 bBM(mφt) , UjX88V

r?2`2 φ0 > 0 Bb i?2 +QMbi�Mi �KTHBim/2 �M/ mφ Bb i?2 K�bb Q7 φ(t)X �b � `2bmHi-
1[X UjX89V +�M #2 `2r`Bii2M BM i?2 b�K2 7Q`K �b J�i?B2m 2[m�iBQM U.XRV BM �TT2M/Bt .

χk,zz + [Ak − 2q +Qb(2z)]χk = 0 , UjX8eV

r?2`2 i?2 /BK2MbBQMH2bb p�`B�#H2b z- Ak �M/ q �`2 ;Bp2M #v




Ak=k2/m2

φ + 2q , q=g2φφ
2
0/(4m

2
φ) , z=mφt, φ0 ! |σφ| ,

Ak=4
(
k2 + g2φσ

2
φ

)
/m2

φ , q=4g2φσφφ0/m2
φ , z=mφt/2 + π/4, φ0 ( |σφ| .

UjX8dV

je�b K2MiBQM2/ 2�`HB2`- i?2 �M�HvbBb ?2`2 +�M #2 ;2M2`�HBx2/ iQ i?2 +�b2 r?2`2 i?2 i�`;2i }2H/
?�b � ?QKQ;2M2Qmb T�`i �M/ b2H7@BMi2`�+iBQMX AM i?�i +�b2- i?2 T�`iB+H2b �`2 `2bQM�MiHv T`Q/m+2/
#v i?2 Qb+BHH�iBQM Q7 Bib QrM ?QKQ;2M2Qmb T�`iX a22 2X;X i?2 /Bb+mbbBQM BM _27bX (R9- Re) 7Q` +�b2
rBi? T`2b2M+2 Q7 λφ/4- �M/ BM _27X (Rd) r?2`2 i?2 +QM7Q`K�HHv BMp�`B�Mi i?2Q`v λφ4/4+ g2φφ

2χ2/2 Bb
�M�Hvx2/ 7Q` i?2 T`Q/m+iBQM Q7 #Qi? φ@ �M/ χ@T�`iB+H2bX

jdh?2 bBim�iBQM BM 1[X UjXRRV K�v BM/B+�i2 i?�i Bi Bb TQbbB#H2 iQ �pQB/ i?2 +QbKB+ 2tT�MbBQM #mi i?2
MQM@i`BpB�H iBK2@/2T2M/2M+2 Q7 a(t) �M/ i?2 mb�;2 Q7 η +�M bTQBH i?2 bBKTH2 #2?�pBQ` Q7 φ(t) Q` R(t)
BM i?2 2z2+iBp2 K�bb- �b BKTHB2/ BM 1[X UjXRyVX �MQi?2` FBM/ Q7 }2H/ `2/2}MBiBQM 7Q` bBKTHB}+�iBQM Bb
/Bb+mbb2/ BM i?2 #`Q�/ `2bQM�M+2 +�b2X

ee



h?2`27Q`2- i?2 �M�HvbBb BM �TT2M/Bt . Bb �TTHB+�#H2 iQ i?2 T�`iB+H2 T`Q/m+iBQM T`Q@
+2bb2b i?`Qm;? T�`�K2i`B+ `2bQM�M+2X �++Q`/BM; iQ /Bz2`2Mi HQ+�iBQMb Q7 i?2 T�`�K@
2i2`b Q7 BMi2`2bi BM i?2 bi�#BHBiv +?�`i BM 6B;X .Xk- i?2 /Bb+mbbBQM Bb +�i2;Q`Bx2/ BMiQ
irQ /Bz2`2Mi `2;BK2b- M�``Qr �M/ #`Q�/ `2bQM�M+2X
• L�``Qr _2bQM�M+2 *QMbB/2` K�t{gφφ0, gφ|σφ|} ( mφ- r?B+? K2�Mb i?�i q ( 1X
h?Bb +�b2 Bb rBi?BM i?2 M�``Qr `2bQM�M+2 `2;BK2X �b /Bb+mbb2/ BM �TT2M/Bt .- i?2
BMbi�#BHBiv #�M/b b?Qrb mT r?2M Ak # n2 rBi? n ∈ Z+ �KQM; r?B+? i?2 KQbi
BKTQ`i�Mi QM2 Bb n = 1 #2+�mb2 Bib rB/i? Bb i?2 H�`;2bi 1 − q <∼ Ak <∼ 1 + qX 6Q`
i?2 +?QB+2 Q7 k rBi?BM i?Bb BMbi�#BHBiv #�M/- i?2 bQHmiBQM ;`Qrb 2tTQM2MiB�HHv χk(t) ∝
2tT

[
µ(1)
k z
]
- r?2`2- �++Q`/BM; iQ 1[X U.XR8V- i?2 BMbi�#BHBiv BM/2t µ(1)

k Bb ;Bp2M #v

µ(1)
k #

[
q2/4−

(√
Ak − 1

)2]1/2
#






[
q2/4− (k/mφ − 1)2

]1/2
, φ0 ! |σφ| ,

[
q2/4− (2k/mφ − 1)2

]1/2
, φ0 ( |σφ| ,

UjX83V

7`QK r?B+? Bi +�M #2 2ti`�+i2/ i?�i `2bQM�M+2 QMHv Q++m`b BM i?2 KQ/2b rBi? p2`v
M�``Qr `�M;2 Q7 KQK2MimK





(1− q/2)mφ <∼ k <∼ (1 + q/2)mφ , φ0 ! |σφ| ,

(1/2− q/4)mφ <∼ k <∼ (1/2 + q/4)mφ , φ0 ( |σφ| .
UjX8NV

AM #Qi? +�b2b- i?2 K�tBK�H BMbi�#BHBiv BM/2t Bb µ(1)
k,K�t = q/2 r?2M i?2 T`Q/m+2/

T�`iB+H2b �`2 QM@b?2HH- BX2X k = mφ �M/ k = mφ/2- `2bT2+iBp2HvX �b � `2bmHi- i?2 MmK#2`
/2MbBiv nk Q7 i?2 K�tBK�HHv T`Q/m+2/ KQ/2b χk ;`Qrb �b ∝ 2tT

[
2µ(1)

k,K�tz
]
= 2tT(qz)

#2+�mb2

nk =
ωk,277
2

(
|χ̇k|2

ω2
k,277

+ |χk|2
)

− 1

2
, UjXeyV

r?2`2 ωk,277(t) Bb i?2 2z2+iBp2 7`2[m2M+v 7Q` χkX �i i?2 b�K2 iBK2- Qi?2` Qz@b?2HH
T�`iB+H2b rBi? k ± ∆k r?2`2 ∆k ∼ q �`2 �HbQ T`Q/m+2/X PM2 2t�KTH2 Q7 M�``Qr
`2bQM�M+2 7Q` i?2 φ0 ! σφ +�b2 Bb b?QrM BM 6B;X jXkX

AM T�`iB+mH�` 7Q` i?2 +�b2 φ0 ( |σφ|- Bi +�M #2 +QKT�`2/ rBi? i?2 T2`im`#�iBp2
/2+�v T`Q+2bb φ→ χχ BM/m+2/ #v i?2 BMi2`�+iBQM∆Lφ→χχ = −g2φσφφχ

2 iQ mM/2`bi�M/
i?2B` /Bz2`2M+2X AM i?2 T2`im`#�iBp2 `2;BK2- i?2 /2+�v `�i2 Bb ;Bp2M #v 1[X UjX9dV 7Q`
mχ = 0- r?B+? `2bmHib BM 2tTQM2MiB�H /2+�v Q7 MmK#2` /2MbBiv Q7 φ #mi MQi 2tTQM2MiB�H
;`Qri? Q7 i?�i Q7 χX >Qr2p2`- BM i?2 M�``Qr `2bQM�M+2 +�b2- i?2 2tTQM2MiB�H ;`Qri?
`�i2 Q7 nχ Bb ;Bp2M �b µ(1)

k,K�tmφ # 2g2φσφφ0/mφ- �++Q`/BM; iQ i?2 �M�HvbBb �#Qp2X
h?2`27Q`2- Bi +�M #2 }`biHv MQiB+2/ i?�i i?2b2 irQ 2z2+ib K�v +Q2tBbi #mi /QKBM�i2

ed
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6B;m`2 jXk, �M 2t�KTH2 Q7 M�``Qr `2bQM�M+2 7Q` i?2 φ0 ! |σφ| +�b2 BM 1[X UjX8dV
rBi? Ak = 1 �M/ q = 0.05X χk,BMB Bb i?2 BMBiB�H p�Hm2 Q7 χkX h?2 H27i T�M2H b?Qrb i?2
2pQHmiBQM Q7 χk r?BH2 i?2 `B;?i b?Qrb i?2 Q++mT�iBQM MmK#2` nkX

/Bz2`2Mi iBK2 `2;BK2bX q?2M φ0 >∼ g2φσφ/(16π) Bb b�iBb}2/ �i 2�`Hv iBK2- M�``Qr
`2bQM�M+2 Bb KQ`2 BKTQ`i�Mi �M/ i?2 MmK#2` /2MbBiv Q7 χ ;`Qrb 2tTQM2MiB�HHv #2+�mb2
i?2 ;`Qri? `�i2 µ(1)

k,K�tmφ Bb H�`;2` i?�M Γφ→χχX �b i?2 2M2`;v Q7 φ /2+`2�b2b /m2
iQ T�`iB+H2 T`Q/m+iBQM U�M/ +QbKB+ 2tT�MbBQMV- φ0 #2+QK2b bK�HH 2MQm;? i?�i i?2
T2`im`#�iBp2 /2+�v `�i2 2t+22/b i?2 2tTQM2MiB�H ;`Qri? `�i2 Q7 M�``Qr `2bQM�M+2-
r?B+? K2�Mb i?�i i?2 �KTHBim/2 φ0 /2+�vb �i � iBK2 b+�H2 b?Q`i2` i?�M i?�i M2+2bb�`v
7Q` M�``Qr `2bQM�M+2 iQ Q++m`X aBM+2 i?Bb KQK2Mi- i?2 T2`im`#�iBp2 /2+�v TH�vb �
KQ`2 BKTQ`i�Mi `QH2X h?2 b2+QM/ /Bz2`2M+2 #2ir22M i?2 irQ 2z2+ib Bb i?�i QMHv
QM@b?2HH T�`iB+H2b �`2 +QMbB/2`2/ BM i?2 7Q`K2` #mi #Qi? QM@b?2HH �M/ Qz@b?2HH χ �`2
T`Q/m+2/ BM i?2 H�ii2` �b K2MiBQM2/ T`2pBQmbHvX h?2 i?B`/ Bb i?�i i?2 ;`Qri? Q7
nχ Bb T`QTQ`iBQM�H iQ nχ Bib2H7 BM i?2 M�``Qr `2bQM�M+2 +�b2- BX2X 2M?�M+2/ #v "Qb2
+QM/2Mb�iBQM 2z2+i- r?BH2 i?2 T2`im`#�iBp2 /2+�v Bb MQiX h?Bb +�M #2 `Qm;?Hv b22M BM
i?2 7QHHQrBM; r�vX A7 i?2 2z2+iBp2 /2+�v `�i2 Bb 2M?�M+2/ #v i?2 "Qb2 2z2+i- Bi +�M #2
2biBK�i2/ �b

Γφ→χχ,277 ∼ 2Γφ→χχnk , UjXeRV

r?2`2 i?2 7�+iQ` 2 +QK2b 7`QK i?2 T`Q/m+iBQM Q7 irQ χ@T�`iB+H2b- �M/ nk ! 1 Bb
�bbmK2/ bQ i?�i bm+? 2z2+i Bb bB;MB}+�MiX �++Q`/BM; iQ 1[X UjX8NV- 7m`i?2` �bbmK2
i?�i QMHv T�`iB+H2b rBi? k # mφ/2 �`2 T`Q/m+2/ rBi? ∆k # qmφ/2 �b i?2 rB/i?X
h?2M i?2 Q++mT�iBQM MmK#2` BM KQK2MimK bT�+2 +�M #2 2biBK�i2/ �b

nk=mφ/2 #
nχ

(4πk2∆k)/(2π)3
# 2π2φ0

g2φσφ

nχ

nφ
, UjXekV

r?2`2 nφ = mφφ2
0/2 ! 1 +�M #2 2z2+iBp2Hv mM/2`biQQ/ �b i?2 MmK#2` /2MbBiv Q7 φ BM

i?2 +QM/2Mb�i2 BM/m+2/ #v i?2 +Q?2`2Mi Qb+BHH�iBQMX �b � `2bmHi- QMHv �7i2` bQK2 T2`BQ/

e3



r?2M � +2`i�BM �KQmMi Q7 χ@T�`iB+H2b ?�p2 #22M T`Q/m+2/ nχ >∼ g2φσφnφ/(2π2φ0)- i?2
Q++mT�iBQM MmK#2` +�M #2 H�`;2 2MQm;? iQ ?�p2 bB;MB}+�Mi 2z2+iX h?2 2[m�iBQM 7Q`
i?2 +QKQpBM; MmK#2` /2MbBiv Q7 χ@T�`iB+H2b Bb i?2M ;Bp2M �b

ṅχ # 2Γφ→χχ,277 nφ # Γφ→χχ
8π2φ0

g2φσφ
nχ =

πg2φσφφ0

mφ
nχ , UjXejV

7`QK r?B+? Bi Bb 2�bv iQ b22 i?�i nχ ;`Qrb 2tTQM2MiB�HHv rBi? � ;`Qri? `�i2∼ µ(1)
k,K�tmφ

�b b?QrM BM i?2 M�``Qr `2bQM�M+2X 62`KBQMb- QM i?2 +QMi`�`v- /Q MQi 2tT2`B2M+2 bm+?
2M?�M+2K2Mi #2+�mb2 Q7 S�mHB T`BM+BTH2X

aQ 7�`- i?2 >m##H2 2tT�MbBQM Bb M2;H2+i2/ BM i?2 �M�HvbBbX >Qr2p2`- BM KQ`2
`2�HBbiB+ +�b2b- H 2= 0- 2X;X /m`BM; `2?2�iBM;- r?B+? K�v �z2+i i?2 `2bQM�M+2 T�`iB+H2
T`Q/m+iBQM T`Q+2bbX Ai +�M #2 b22M 7`QK �#Qp2 i?�i i?2 M�``Qr `2bQM�M+2 b?QmH/
#2 b2MbBiBp2 iQ bm+? 2z2+i #2+�mb2 i?2 BMbi�#BHBiv #�M/ Bb M�``Qr �b BM 1[X UjX8NVX
h?2 2tT�MbBQM Q7 i?2 lMBp2`b2 `2/b?B7ib i?2 KQK2MimK Q7 i?2 KQ/2 7mM+iBQMb �b k/a-
r?B+? rBHH 2�bBHv KQp2 i?2 `2bQM�Mi KQ/2b Qmi Q7 i?2 BMbi�#BHBiv #�M/ iQ i2`KBM�i2 i?2
T`Q+2bbX PM i?2 Qi?2` ?�M/- i?2 +QbKB+ 2tT�MbBQM �M/ i?2 T2`im`#�iBp2 Q` `2bQM�Mi
/2+�v Q7 φ `2/m+2 i?2 �KTHBim/2 φ0 �b b?QrM BM 1[X UjX93VX h?2`27Q`2- i?2 2tTQM2MiB�H
;`Qri? `�i2 µ(1)

k,K�tmφ b?QmH/ �i H2�bi 2t+22/ 3H 7Q` i?2 M�``Qr `2bQM�M+2 iQ #2
+QMbB/2`2/X 6`QK �MQi?2` TQBMi Q7 pB2r (Rde)- � /�KTBM; i2`K BM i?2 J�i?B2m 2[m�iBQM
/BKBMBb?2b i?2 BMbi�#BHBiv #�M/b BM M�``Qr `2bQM�M+2 `2;BK2X

Ai Bb �HbQ rQ`i? K2MiBQMBM; i?�i i?2 `2b+�ii2`BM; Q7 T`Q/m+2/ T�`iB+H2b +�M �HbQ
`2KQp2 i?2Kb2Hp2b 7`QK i?2 BMbi�#BHBiv #�M/b /m2 iQ b2H7@BMi2`�+iBQM BM bQK2 +�b2bX
h?2 #�+F`2�+iBQM 7`QK +`2�i2/ T�`iB+H2b +�M �HbQ +?�M;2 i?2 T�`�K2i2`b Ak �M/ q

iQ T`2p2Mi M�``Qr `2bQM�M+2 7`QK +QMiBMmBM;X PM+2 i?2 M�``Qr `2bQM�M+2 #2+QK2b
BMbm{+B2Mi /m2 iQ bQK2 Q` �HH Q7 i?2b2 2z2+ib- i?2 T2`im`#�iBp2 /2+�v i�F2b Qp2` �M/
+QKTH2i2b `2?2�iBM;X

AM +QM+HmbBQM- M�``Qr `2bQM�M+2 K�v /QKBM�i2 i?2 `2?2�iBM; T`Q+2bb #27Q`2 i?2
T2`im`#�iBp2 `2?2�iBM; i�F2b Qp2`- #mi Bi Bb T`2iiv ǳ7`�;BH2Ǵ �M/ b2MbBiBp2 iQ K�Mv
Qi?2` 7�+iQ`b- 2X;X +QbKB+ 2tT�MbBQMX

• "`Q�/ _2bQM�M+2 *QMbB/2` gφφ0 ! mφ - r?B+? K2�Mb i?�i q ! 1 X h?Bb +�b2
+Q``2bTQM/b iQ i?2 #`Q�/ `2bQM�M+2 `2;BK2- r?B+? Bb Km+? KQ`2 2{+B2Mi i?�M i?2
M�``Qr `2bQM�M+2X AM i?2 KQ/2Hb +QMbB/2`2/ BM 1[bX UjX8dV- Bi Bb 2�bv iQ b22 i?�i
A > 2q - r?B+? +Q``2bTQM/b iQ i?2 `2;BQM �#Qp2 i?2 i?B+F #H�+F HBM2 BM 6B;X .XkX h?2
#`Q�/ `2bQM�M+2 `2;BK2 i?2M `272`b iQ A >∼ 2q ! 1 r?2`2 i?2 rB/i?b Q7 BMbi�#BHBiv
#�M/b �`2 H�`;2- r?B+? 2M�#H2b KQ/2b rBi? � #`Q�/ `�M;2 Q7 k iQ 2tT2`B2M+2 2tTHQbBp2
T`Q/m+iBQM- 2bT2+B�HHv r?2M 2q Bb +HQb2 iQ A- BX2X bK�HH kX AM i?Bb b2Mb2- i?2 HQr2` Q7

eN



1[X UjX8dV Bb Q7 H2bb BMi2`2bi i?�M i?2 mTT2` #2+�mb2 A ! 2q Bb �Hr�vb i`m2 7Q` i?2
7Q`K2` /m2 iQ φ0 ( |σφ|X h?2`27Q`2- i?2 7QHHQrBM; /Bb+mbbBQM 7Q+mb2b QM i?2 H�ii2`
+�b2X

AM #`Q�/ `2bQM�M+2- T�`iB+H2 T`Q/m+iBQM Q++m`b 2p2`v iBK2 r?2M i?2 �/B�#�iB+
+QM/BiBQM 7Q` ω2

k,277(t) = k2 + g2φ2(t) Bb pBQH�i2/-
∣∣ω̇k,277/ω

2
k,277
∣∣ >∼ 1 , UjXe9V

r?B+? Q++m`b �`QmM/ i?2 x2`Q@+`QbbBM; TQBMib Q7 φ(t)- BX2X t # nπ/mφ r?2`2 n ∈ ZX �i
i?2b2 KQK2Mib- ωk,277 #2+QK2b p2`v bK�HH #2+�mb2 2q Bb �HKQbi �b H�`;2 �b Ak- �M/ i?2
KQ/2 7mM+iBQM χk Bb bB;MB}+�MiHv 2M?�M+2/- Dmbi HBF2 brmM; mT #v i?2 HQr 7`2[m2M+vX
hrQ 2t�KTH2b Q7 #`Q�/ `2�bQM�M+2 �`2 b?QrM BM 6B;X jXjX .m`BM; 2�+? ?�H7@Qb+BHH�iBQM
Q7 φ(t)- i?2 KQ/2 7mM+iBQM χk Qb+BHH�i2b K�Mv iBK2bX PMHv �`QmM/ i?2 x2`Q@+`QbbBM;
TQBMib Q7 φ(t)- i?2 7`2[m2M+v Q7 χk +?�M;2b /`�biB+�HHv iQ bK�HH p�Hm2 �M/ T�`iB+H2
MmK#2` BM+`2�b2b `�TB/HvX :Bp2M 1[X UjXe9V- i?2 KQK2MimK `�M;2 i?�i 2tT2`B2M+2b
2tTQM2MiB�H ;`Qri? +�M #2 7QmM/ �b

k2 <∼
[
g2φmφφ0φ(t)

]2/3 − g2φφ
2(t) , UjXe8V

r?2`2 +Qb(mφt) # 1 ?�b #22M mb2/X h?2`27Q`2- i?Bb T�`iB+H2 T`Q/m+iBQM +?�MM2H Bb
QT2M2/ r?2M 0 < φ(t) <

√
mφφ0/gφ - �M/ i?2 `B;?i ?�M/ bB/2 `2�+?2b K�tBKmK �i

φ(t) = φ∗ = 3−3/4
√

mφ0/gφ # q−1/4φ0/3 - r?B+? H2�/b iQ i?2 K�tBK�H KQK2MimK
`�M;2 i?�i 2tT2`B2M+2b `2bQM�Mi T`Q+2bb- 0 < k < k#`,K�t #

√
gφmφφ0/2 X h?2

ivTB+�H KQK2MimK Q7 i?2 T`Q/m+2/ T�`iB+H2b /m`BM; i?2 K�BM T�`i Q7 #`Q�/ `2bQM�M+2
|φ| <∼ 2φ∗ +�M #2 2biBK�i2/ �b

k ∼ k∗/2 =
√

gφmφφ0/2 = mφq
1/4/

√
2 ∼ gφφ∗ . UjXeeV

�b � `2bmHi- i?2 T`Q/m+2/ T�`iB+H2b �`2 Q7 ivTB+�H KQK2Mi� Km+? H�`;2` i?�M i?2 K�bb
Q7 i?2 #�+F;`QmM/ }2H/ mφ #mi Km+? bK�HH2` i?�M gφφ0- r?B+? BM/B+�i2b i?�i- rBi?BM
i?2 b?Q`i T`Q/m+iBQM T2`BQ/- i?2 ivTB+�H 2M2`;v b+�H2 Q7 i?2b2 T�`iB+H2b Bb ω∗ ∼ k∗ X
�M/ i?2 ivTB+�H iBK2 b+�H2 Q7 bm+? � T2`BQ/ +�M �HbQ #2 2biBK�i2/ �b ∆t∗ ∼ 2φ∗/φ̇ #
1/
√

gφmφφ0 # k−1
∗ ∼ ω−1

∗ X �b +�M #2 b22M BM 6B;X jXj- T�`iB+H2 T`Q/m+iBQM QMHv
Q++m`b /m`BM; bm+? � b?Q`i iBK2 �M/ i?2 Q++mT�iBQM MmK#2` `2K�BMb mM+?�M;2/ r?2M
ωk,277 +?�M;2b �/B�#�iB+�HHvX �MQi?2` Q#b2`p�iBQM Bb i?�i- i?2 T?�b2 Q7 χk /m`BM; i?2
MQM@�/B�#�iB+ T2`BQ/ #2?�p2b /Bz2`2MiHv 7Q` BMbi�#BHBiv #�M/b +?�`�+i2`Bx2/ #v Q//
�M/ 2p2M

√
A - r?B+?- `Qm;?Hv bT2�FBM;- Bb /2i2`KBM2/ #v i?2 `�iBQ #2ir22M T2`BQ/b

Q7 χk(z) �M/ +Qb(2z) X

dy
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6B;m`2 jXj, hrQ 2t�KTH2b Q7 #`Q�/ `2bQM�M+2 7Q` i?2 φ0 ! |σφ| +�b2 BM 1[X UjX8dVX
lTT2`, Ak = 192 �M/ q = 180X GQr2`, Ak = 182 �M/ q = 162X χk,BMB Bb i?2 BMBiB�H p�Hm2
Q7 χkX h?2 H27i T�M2Hb b?Qr i?2 2pQHmiBQM Q7 χk r?BH2 i?2 `B;?i b?Qr i?2 Q++mT�iBQM
MmK#2` nkX h?2 #2?�pBQ`b Q7 i?2 T?�b2 Q7 χk /m`BM; i?2 b?Q`i T2`BQ/ Q7 T�`iB+H2
T`Q/m+iBQM �`2 /Bz2`2Mi #2ir22M Q// �M/ 2p2M

√
AkX

q?2M i?2 +QbKB+ 2tT�MbBQM Bb i�F2M BMiQ �++QmMi- i?2 KQK2MimK �M/ i?2 �KTHB@
im/2 φ0 rBHH i?2M #2 `2/b?B7i2/ bm+? i?�i i?2 bvbi2K /Q2b MQi `2K�BM BM QM2 BMbi�#BHBiv
#�M/ #mi DmKT Qp2` K�Mv /Bz2`2Mi #�M/b- r?B+? K�F2 i?2 `2;mH�` #`Q�/ `2bQM�M+2 #2@
+QK2 biQ+?�biB+ `2bQM�M+2 (Re)X ǳaiQ+?�biB+Ǵ K2�Mb i?�i i?2 T?�b2 Q7 χk �`QmM/ 2�+?
x2`Q@+`QbbBM; TQBMi Q7 φ(t) #2?�p2b biQ+?�biB+�HHv- mMHBF2 i?2 QM2 b?QrM BM 6B;X jXj-
r?B+? H2�/b iQ � T2+mHB�` 72�im`2 Q7 i?2 MmK#2` Q7 χ@T�`iB+H2b- M�K2Hv Q++�bBQM�H
/2+`2�b2 /m`BM; i?2 T`Q/m+iBQM T`Q+2bbX h?2 biQ+?�biB+ `2bQM�M+2 +QMiBMm2b mMiBH q
UQ` i?2 �KTHBim/2 Q7 φ(t)V �M/ >m##H2 T�`�K2i2` H #2+QK2 bK�HH 2MQm;?X h?2M i?2
bvbi2K K�v bi�v BM QM2 BMbi�#BHBiv #�M/ �M/ `2�HBx2 bi�M/�`/ #`Q�/ `2bQM�M+2X

hQ +�H+mH�i2 i?2 `�i2 Q7 2tTQM2MiB�H ;`Qri? Q7 χk �i 2�+? `2bQM�M+2- Bi Bb BKTQ`@
i�Mi iQ }M/ �M �M�HviB+�H r�v iQ bQHp2 i?2 2[m�iBQM Q7 KQiBQM 7Q` χkX AM _27X (Re)-
i?2 `2bQM�M+2 Bb bm++2bb7mHHv BMi2`T`2i2/ �b bm++2bbBp2 b+�ii2`BM; Q7 χk QM T�`�#QHB+
TQi2MiB�HbX �b �M�Hvx2/ T`2pBQmbHv- i?2 �/B�#�iB+ +QM/BiBQM Bb pBQH�i2/ QMHv r?2M
|φ(t)| <∼ 2φ∗- bQ i?2 �/B�#�iB+ bQHmiBQM Bb p�HB/ QmibB/2 i?Bb `2;BK2X _2r`Bi2 i?2 mTT2`

dR



Q7 1[X UjX89V #v `2/2}MBM; Xk(t) = a3/2χk(t) �b

Ẍk + Ω2
X,kXk = 0 ,

Ω2
X,k = k2

p+g2φφ
2(t)− 3

4
H2 − 3

2

ä

a
, UjXedV

r?2`2 i?2 H�bi irQ i2`Kb BM ΩX,k(t) �`2 �+im�HHv M2;HB;B#H2 �7i2` BM~�iBQM BM i?2 +B`@
+mKbi�M+2 +QMbB/2`2/ ?2`2X .2MQiBM; i?2 KQK2Mib Q7 x2`Q@+`QbbBM; Q7 φ(t) �b tj rBi?
j = 1, 2, 3, · · · - i?2 �/B�#�iB+ bQHmiBQM #27Q`2 �M/ �7i2` tj +�M #2 `2bT2+iBp2Hv r`Bii2M
�b

X(j)
k (t) =

α(j)
k√

2ΩX,k

e−i
∫ t ΩX,k(t1)dt1 +

β(j)
k√
2ΩX,k

ei
∫ t ΩX,k(t1)dt1 , UjXe3V

X(j+1)
k (t) =

α(j+1)
k√
2ΩX,k

e−i
∫ t ΩX,k(t1)dt1 +

β(j+1)
k√
2ΩX,k

ei
∫ t ΩX,k(t1)dt1 , UjXeNV

r?2`2 αkǶb �M/ βkǶb �`2 MQi?BM; #mi i?2 "Q;QHBm#Qp +Q2{+B2Mib r?B+? �`2 +QMbi�Mi
rBi?BM i?2 �/B�#�iB+ `2;BK2X AM i?2 pB+BMBiv Q7 t = tj- i?2 �TT`QtBK�iBQM φ2(t) ≈
φ2
0m

2
φ(t−tj)2 Bb p�HB/- bQ 1[X UjXedV /2b+`B#2b � r�p2 b+�ii2`2/ #v � T�`�#QHB+ TQi2MiB�H

d2Xk

dτ 2
+ (κ2j + τ 2)Xk = 0 , UjXdyV

r?2`2 τ ≡ k∗(t − tj) �M/ κj ≡ kp(tj)/k∗(tj) X h?2 ;2M2`�H bQHmiBQM 7Q` i?Bb 2[m�iBQM
Bb ;Bp2M �b

Xk(τ) = α̃(j)
k W

(
−
κ2j
2
,
√
2τ

)
+ β̃(j)

k W

(
−
κ2j
2
,−

√
2τ

)
, UjXdRV

r?2`2 W (a, x) Bb i?2 T�`�#QHB+ +vHBM/2` 7mM+iBQM Ub22 �TT2M/Bt 1V r?BH2 α̃(j)
k �M/ β̃(j)

k

�`2 �`#Bi`�`v +QMbi�MibX h?2 �bvKTiQiB+ 7Q`K Q7 Xk(τ) 7Q` |τ | ! 1 +�M +QMM2+i i?2
�/B�#�iB+ bQHmiBQMb BM t < tj �M/ t > tj `2;BK2b- r?B+? ;Bp2b

β(j+1)
k # i

2

(√
1 + e−πκ2

j − e−πκ2
j/2 − 1√

1 + e−πκ2
j − e−πκ2

j/2

)
e−iϑk/2β(j)

k

− i

2

(√
1 + e−πκ2

j − e−πκ2
j/2 +

1√
1 + e−πκ2

j − e−πκ2
j/2

)
eiϑk/2α(j)

k , UjXdkV

r?2`2 ϑk = �`;Γ(1/2− iκ2j/2) X �b � `2bmHi- i?2 MmK#2` /2MbBiv �7i2` tj Bb ;Bp2M #v

n(j+1)
k =

∣∣∣β(j+1)
k

∣∣∣
2

#
(
1 + 2e−πκ2

j + 2e−πκ2
j/2

√
1 + e−πκ2

j +QbΘ(j)

)
n(j)
k UjXdjV

dk



r?2`2 n(j)
k = |β(j)

k | ! 1 Bb �bbmK2/ �M/ |α(j)
k |2 − |β(j)

k |2 = 1 Bb mb2/- �M/

Θ(j) = 2

∫ tj

0

ΩX,k(t)dt− ϑk − �`;α(j)
k + �`; β(j)

k , UjXd9V

r?Qb2 `�M/QKM2bb +�mb2b i?2 biQ+?�biB+ #2?�pBQ` Q7 i?2 #`Q�/ `2bQM�M+2 BM i?2 T`2b@
2M+2 Q7 +QbKB+ 2tT�MbBQMX 6Q` i?2 ;`Qri? Q7 nk MQi iQ #2 bmTT`2bb2/- Bi Bb `2[mB`2/
i?�i

κ2j =
Ak/a2 − 2q

2
√
q

<∼ π−1 , UjXd8V

r?B+? +QBM+B/2b rBi? i?2 T`2pBQmb 2biBK�iBQMX h?2 BMbi�#BHBiv BM/2t QM i?2 2tTQM2Mi
n(j+1)
k = 2tT

(
2πµ(j)

k

)
n(j)
k Bb /2}M2/ �b

µ(j)
k =

1

2π
HM
(
1 + 2e−πκ2

j + 2e−πκ2
j/2

√
1 + e−πκ2

j +QbΘ(j)

)
, UjXdeV

r?2`2 κ2j ∝ g−1
φ bQ #`Q�/ `2bQM�M+2 Bb +H2�`Hv � MQM@T2`im`#�iBp2 2z2+iX h?2 H�`;2bi

BMbi�#BHBiv BM/2t Bb ;Bp2M #v +QbΘ(j) = 1 �b

µk,K�t # 1

2π
HM
(
1 + 2 + 2

√
2
)
# 0.28 . UjXddV

h?2 �#Qp2 T`Q+2bb Bb bBKTHv � b+�ii2`BM; Q7 r�p2b b+�ii2`2/ #v � T�`�#QHB+ TQi2MiB�H- bQ
#`Q�/ `2bQM�M+2 +�M #2 mM/2`biQQ/ �b � bm++2bbBp2 b+�ii2`BM;b Q7 bm+? FBM/X h?2 }M�H
;`Qri? `�i2 b?QmH/ i?2M #2 i?2 �++mKmH�iBQM Q7 `�i2b Q7 � MmK#2` Q7 bm+? T`Q+2bb2b-
r?B+? Bb MQi /Bb+mbb2/ BM /2i�BH ?2`2X

AM +QM+HmbBQM- biQ+?�biB+ `2bQM�M+2 T`QpB/2b �M 2{+B2Mi T`2?2�iBM; +?�MM2H �i i?2
p2`v #2;BMMBM; Q7 `2?2�iBM;- 2p2M BM i?2 T`2b2M+2 Q7 +QbKB+ 2tT�MbBQMX �b i?2 2M2`;v
Q7 φ(t) /2+`2�b2b /m2 iQ >m##H2 2tT�MbBQM �M/ 2M2`;v HQbb 7Q` T�`iB+H2 T`Q/m+iBQM-
#`Q�/ `2bQM�M+2 2p2Mim�HHv `2K�BMb BM QM2 BMbi�#BHBiv #�M/ BMbi2�/ Q7 DmKTBM; Qp2`
K�Mv �M/ +2�b2b �b q #2+QK2b iQQ bK�HHX h?2M- M�``Qr `2bQM�M+2 i�F2b Qp2` �i H�i2
T`2?2�iBM;X >Qr2p2`- i?2 #�+F`2�+iBQM 7`QK i?2 T`Q/m+i Q7 #`Q�/ `2bQM�M+2 �M/ i?2
2tT�MbBQM Q7 i?2 lMBp2`b2 +QKTHB+�i2 i?2 bBim�iBQM Q7 M�``Qr `2bQM�M+2- �b K2MiBQM2/
T`2pBQmbHvX LmK2`B+�H +�H+mH�iBQM Bb M2+2bb�`v iQ i`�+2 i?2 2pQHmiBQM Q7 i?2 bvbi2K
�++m`�i2HvX

jXRXjXk h�+?vQMB+ AMbi�#BHBiv

h?2 J�i?B2m 2[m�iBQM �HHQrb �MQi?2` TQbbB#BHBiv iQ `2�HBx2 MQM@T2`im`#�iBp2 T�`iB+H2
T`Q/m+iBQM �i T`2?2�iBM;- BX2X i�+?vQMB+ BMbi�#BHBiv- r?B+? +�MMQi #2 b22M BM i?2 irQ

dj



+�b2b +QMbB/2`2/ 2�`HB2` #2+�mb2 Ak > 2qX AM i?2 bBim�iBQM r?2`2 i?2 BMi2`�+iBQM #2@
ir22M #�+F;`QmM/ �M/ i�`;2i }2H/ Bb ∆L = −g2φσφφχ

2 QMHv i?�i ;Bp2b �M 2z2+iBp2
K�bb m2

277(t) = 2g2φσφφ(t)- i�+?vQMB+ BMbi�#BHBiv K�v Q++m` �M/ H2�/ iQ 2tTQM2MiB�H
T�`iB+H2 T`Q/m+iBQM B7 g2φσφφ0 Bb H�`;2 2MQm;?X Ai rBHH #2 b?QrM H�i2` i?�i i?Bb BMbi�#BH@
Biv TH�vb �M BKTQ`i�Mi `QH2 /m`BM; T`2?2�iBM; BM i?2 KBt2/ >B;;b@R2 BM~�iBQM KQ/2HX
h?2`27Q`2- KQ`2 +�H+mH�iBQM /2i�BH Bb T`2b2Mi2/ ?2`2X aQK2iBK2b i�+?vQMB+ BMbi�#BHBiv
Bb 2tT2+i2/ iQ #2 2p2M KQ`2 2{+B2Mi i?�M T�`�K2i`B+ `2bQM�M+2 #2+�mb2 i?2 H�ii2`
mbm�HHv `2[mB`2b K�Mv Qb+BHH�iBQMb iQ }M�HHv �KTHB7v i?2 T�`iB+H2b r?BH2 i?2 7Q`K2`
+�M �+?B2p2 i?2 b�K2 rBi?BM QM2 Qb+BHH�iBQM 7Q` KQ/2b rBi? H�`;2 g2φσφφ0 Umbm�HHv
+QKT�`2/ rBi? KQK2MimK #mi � KQ`2 +�`27mH /Bb+mbbBQM Bb M22/2/ �M/ ;Bp2M #2HQrVX

qBi? i?2 BMi2`�+iBQM K2MiBQM2/ �#Qp2- i?2 2[m�iBQM Q7 KQiBQM 7Q`Xk(t) = a3/2χk(t)

i?2M #2+QK2b

Ẍk + Ω2
X,kXk = 0 ,

Ω2
X,k = k2

p +m2
277(t)−

3

4
H2 − 3

2

ä

a
, UjXd3V

r?2`2- �;�BM- i?2 H�bi i2`Kb BM ΩX,k(t) Bb M2;HB;B#H2 /m`BM; `2?2�iBM;X �b φ(t) Qb@
+BHH�i2b- Ω2

X,k(t) +�M i�F2 M2;�iBp2 p�Hm2 B7 2g2φσφφ0 > k2
pX .m`BM; bm+? � T2`BQ/ i?2

�KTHBim/2 Q7 χk ;`Qrb 2tTQM2MiB�HHv- r?BH2 QmibB/2 i?2 �/B�#�iB+ bQHmiBQM Bb p�HB/X
h?2 i`2�iK2Mi ?2`2 Bb bBKBH�` iQ i?2 +�b2 BM #`Q�/ `2bQM�M+2- M�K2Hv +QMM2+iBM; i?2
irQ �/B�#�iB+ `2;BK2b rBi? QM2 i�+?vQMB+ T2`BQ/ BM #2ir22MX

h?2 KQK2Mib r?2M ΩX,k(t) 2Mi2`b �M/ 2tBib i?2 M2;�iBp2 `2;BK2 �`2 /2MQi2/ �b
t2Mi2`(k) �M/ t2tBi(k)- `2bT2+iBp2HvX AM Qi?2` rQ`/b- ΩX,k(t2Mi2`(k)) = ΩX,k(t2tBi(k)) =

0 - �M/ ΩX,k(t) < 0 /m`BM; t2Mi2`(k) < t < t2tBi(k) X h?2 �/B�#�iB+ +QM/BiBQM Ub22
1[X UjXkNVV 7Q` ΩX,k(t) Bb ;Bp2M �b

∣∣∣∣∣
Ω̈X,k/ΩX,k − 3Ω̇2

X,k/(2Ω
2
X,k)

2Ω2
X,k

∣∣∣∣∣( 1 , UjXdNV

r?B+? Bb b�iBb}2/ 7Q` KQbi iBK2 2t+2Ti 7Q` i?2 bK�HH pB+BMBiv Q7 t2Mi2`(k) �M/ t2tBi(k)

#2+�mb2 ΩX,k �TT`Q�+?2b �M/ +`Qbb2b x2`Q �`QmM/ i?2b2 KQK2Mib- H2�/BM; iQ bi`QM;
pBQH�iBQMX .2}M2 i?2 iBK2 r?2M i?2 �/B�#�iB+ +QM/BiBQM UjXdNV Bb pBQH�i2/ �b t−2Mi2` <

t < t+2Mi2` �M/ t−2tBi < t < t+2tBi �`QmM/ t = t2Mi2`(k) �M/ t = t2tBi(k)- `2bT2+iBp2HvX
h?2M �/B�#�iB+ bQHmiBQMb �`2 p�HB/ QmibB/2 i?2b2 iBK2 `�M;2b bQ i?2v +�M #2 r`Bii2M

d9



BM /Bz2`2Mi iBK2 `2;BK2b- t < t−2Mi2` - t+2Mi2` < t < t−2tBi - t > t+2tBi - `2bT2+iBp2Hv �b

Xk(t)=
αk√
2ΩX,k

2tT
(
−i

∫ t

t0

ΩX,k(t
′)dt′

)
+

βk√
2ΩX,k

2tT
(
i

∫ t

t0

ΩX,k(t
′)dt′

)
, UjX3yV

Xk(t)=
ak√

2|ΩX,k|
2tT
(
−
∫ t

t2Mi2`(k)
|ΩX,k(t

′)|dt′
)
+

bk√
2|ΩX,k|

2tT
(∫ t

t2Mi2`(k)
|ΩX,k(t

′)|dt′
)

, UjX3RV

Xk(t)=
α̃k√
2ΩX,k

2tT
(
−i

∫ t

t2tBi(k)
ΩX,k(t

′)dt′
)

+
β̃k√
2ΩX,k

2tT
(
i

∫ t

t2tBi(k)
ΩX,k(t

′)dt′
)

, UjX3kV

r?2`2 i?2 "Q;QHBm#Qp +Q2{+B2Mib αk, βk, ak, bk, α̃k �M/ β̃k �`2 �TT`QtBK�i2Hv +QM@
bi�Mij3 �M/ t0 Bb �M BMBiB�H iBK2 r?2M αk �M/ βk �`2 /2}M2/X h?2 MQ`K�HBx�iBQM
+QM/BiBQMb �`2 ;Bp2M #v |αk|2 − |βk|2 = 1- akb∗k − a∗kbk = i- �M/ |α̃k|2 − |β̃k|2 = 1X

h?2b2 bQHmiBQMb #`2�F /QrM /m`BM; t−2Mi2` < t < t+2Mi2` �M/ t−2tBi < t < t+2tBi 7Q` r?B+?
2t�+i bQHmiBQM Bb M22/2/ iQ BKTQb2 �TT`QT`B�i2 K�i+?BM; +QM/BiBQMb �i t = t2Mi2`(k)

�M/ t2tBi(k) #2ir22M i?2 �/B�#�iB+ bQHmiBQMb bm+? i?�i i?2 H�i2@iBK2 Q++mT�iBQM MmK#2`
nk = |β̃k|2 T`Q/m+2/ #v i?2 MQM@�/B�#�iB+ +?�M;2 Q7 ΩX,k(t) +�M #2 Q#i�BM2/ �b BM
i?2 #`Q�/ `2bQM�M+2 +�b2X 6Q` i?Bb Tm`TQb2- i?2 i`B+F BMi`Q/m+2/ BM _27X (Rdj) U�HbQ
BM i?2 G�M/�m@GB7b?BixǶb i2ti#QQF (Rd9)V Bb �/QTi2/ iQ }M/ i?2 2t�+i bQHmiBQM �i i?2
KQK2Mib Q7 x2`Q@+`QbbBM; Q7 ΩX,k(t)X AM i?2 7QHHQrBM;- i?2 KQ/2 2[m�iBQM UjXd3V Bb
bQHp2/ r?2M i?2 �/B�#�iB+ +QM/BiBQM Bb pBQH�i2/ iQ /2i2`KBM2 i?2 ǳi`�Mb72` K�i`B+2bǴ
#2ir22M i?2 "Q;QHBm#Qp +Q2{+B2MibX

6B`bi- i?2 K�i+?BM; +QM/BiBQM �i t # t2Mi2`(k) Bb 2t�KBM2/X 6Q` t bm{+B2MiHv +HQb2
iQ i?2 x2`Q@+`QbbBM; TQBMi- t = t2Mi2`(k)- h�vHQ` 2tT�MbBQM +�M #2 �TTHB2/ iQ Ω2

X,k �b

Ω2
X,k ≈ 0 +

d(Ω2
X,k)

dt

∣∣∣∣
t=t2Mi2`(k)

[t− t2Mi2`(k)] ≡ Ãk [t− t2Mi2`(k)] , UjX3jV

rBi? Ãk < 0- bQ i?�i i?2 2[m�iBQM Q7 KQiBQM 7Q` Xk #2+QK2b

Ẍk + Ãk [t− t2Mi2`(k)]Xk ≈ 0 . UjX39V

h?Bb 2[m�iBQM Bb i?2 b�K2 �b i?2 bi�iBQM�`v a+?`ƺ/BM;2` 2[m�iBQM rBi? � HBM2�` TQ@
i2MiB�HX h?2 2t�+i bQHmiBQM iQ Bi Bb FMQrM iQ #2 �B`v 7mM+iBQMb Ub22 �TT2M/Bt 6V-
BX2X

Xk(t) = B̃1k�B
(
Ã1/3

k [t2Mi2`(k)− t]
)
+ B̃2k"B

(
Ã1/3

k [t2Mi2`(k)− t]
)
, UjX38V

j3AM ;2M2`�H- i?2 MQi�iBQMb αk �M/ βk �`2 ivTB+�HHv mb2/ 7Q` "Q;QHBm#Qp +Q2{+B2Mib bQ i?2v �HbQ
�TT2�` KQ`2 i?�M QM2 iBK2b BM i?2 T`2pBQmb b2+iBQMb- #mi i?2v b?QmH/ MQi +�mb2 +QM7mbBQM- r?B+?
b?QmH/ #2 mM/2`biQQ/X ai`B+iHv bT2�FBM;- "Q;QHBm#Qp +Q2{+B2Mib +�M #2 iBK2@/2T2M/2Mi #mi- BM i?2
�/B�#�iB+ +�b2- i?2v �`2 �TT`QtBK�i2Hv +QMbi�Mi �b mb2/ i?`Qm;?Qmi i?Bb i?2bBbX

d8



r?2`2 B̃1k �M/ B̃2k �`2 +QKTH2t +QMbi�MibX 6Q` t < t2Mi2`(k)- i?2 �`;mK2Mi BM 1[X UjX38V
Bb M2;�iBp2- i?2M i?2 H2�/BM; i2`K Q7 i?2 �bvKTiQiB+ 2tT�MbBQM Q7 i?2 �B`v 7mM+iBQM
�i
∣∣∣Ã1/3

k [t2Mi2`(k)− t]
∣∣∣! 1 `2�/b

Xk(t) →
|Ãk|1/6√
2πΩX,k

[(
1− i

2
B̃1k +

1 + i

2
B̃2k

)
2tT

(
−i

∫ t

t2Mi2`(k)
ΩX,k(t

′)dt′
)

+

(
1 + i

2
B̃1k +

1− i

2
B̃2k

)
2tT

(
i

∫ t

t2Mi2`(k)
ΩX,k(t

′)dt′
)]

. UjX3eV

PM i?2 Qi?2` ?�M/- 7Q` t > t2Mi2`(k)- i?2 �`;mK2Mi BM 1[X UjX38V Bb TQbBiBp2- bQ- rBi? i?2
H2�/BM; i2`K Q7 i?2 �bvKTiQiB+ 2tT�MbBQM Q7 i?2 �B`v 7mM+iBQM �i Ã1/3

k [t2Mi2`(k)− t] !
1- 1[X UjX38V Bb �TT`QtBK�i2/ �b

Xk(t)→
|Ãk|1/6√
2π|ΩX,k|

[
B̃1k√
2

2tT
(
−
∫ t

t2Mi2`(k)
|ΩX,k(t

′)|dt′
)
+
√
2B̃2k2tT

(∫ t

t2Mi2`(k)
|ΩX,k(t

′)|dt′
)]

. UjX3dV

qBi? i?2b2 `2bmHib- i?2 �/B�#�iB+ bQHmiBQMb QM #Qi? bB/2b Q7 t = t2Mi2`(k)- BX2X 1[bX UjX3yV
�M/ UjX3RV- +�M #2 +QMM2+i2/ i?`Qm;? B̃1k �M/ B̃2kX Ai b?QmH/ #2 MQi2/ i?�i- iQ /Q
bQ- Bi Bb `2[mB`2/ i?�i i?2`2 Bb � `2;BK2 r?2`2 #Qi? �/B�#�iB+ +QM/BiBQM �M/ h�vHQ`
2tT�MbBQM Q7 ΩX,k(t) �`2 p�HB/- r?B+? BKTHB2b i?�i i?2 7QHHQrBM; +QM/BiBQMb b?QmH/ #2
b�iBb}2/

∣∣∣Ã1/3
k [t2Mi2`(k)− t]

∣∣∣! 1,
∣∣∣Ãk

∣∣∣!
1

2

d2(Ω2
X,k)

dt2

∣∣∣∣
t=t2Mi2`(k)

|t− t2Mi2`(k)| , UjX33V

�b r2HH �b 1[X UjXdNV- r?B+? rBHH #2 +QM+`2i2Hv 2t�KBM2/ BM i?2 /Bb+mbbBQM QM i�+?vQMB+
T`2?2�iBM; BM i?2 KBt2/ >B;;b@R2 BM~�iBQM KQ/2H (8R)X �++Q`/BM; iQ 1[bX UjX3yV-
UjX3RV- UjX3eV- �M/ UjX3dV- i?2 K�i+?BM; +QM/BiBQMb 7Q` t < t2Mi2`(k) �M/ t > t2Mi2`(k)

�`2 ;Bp2M `2bT2+iBp2Hv �b
(
αk

βk

)
=

|Ãk|1/6

2
√
π

(
(1− i)eiθk (1 + i)eiθk

(1 + i)e−iθk (1− i)e−iθk

)(
B̃1k

B̃2k

)
, θk ≡

∫ t2Mi2`(k)

t0

ΩX,k(t)dt , UjX3NV

(
ak
bk

)
=

|Ãk|1/6

2
√
π

(√
2 0
0 2

√
2

)(
B̃1k

B̃2k

)
. UjXNyV

>2`2 θk Bb i?2 T?�b2 �++mKmH�iBQM 7`QK t0 iQ i?2 2Mi`v Q7 i?2 i�+?vQMB+ `2;BK2X �b �
`2bmHi Q7 1[bX UjX3NV �M/ UjXNyV- i?2 i`�Mb72` K�i`Bt #2ir22M (αk, βk)

) �M/ (ak, bk)
)

Bb i?2M
(
ak
bk

)
=

1

2
√
2

(
(1 + i)e−iθk (1− i)eiθk

2(1− i)e−iθk 2(1 + i)eiθk

)(
αk

βk

)
. UjXNRV

de



AM � bBKBH�` r�v- i?2 K�i+?BM; +QM/BiBQM �i t # t2tBi(k) +�M #2 Q#i�BM2/X 6Q`
t bm{+B2MiHv +HQb2 iQ i?2 x2`Q@+`QbbBM; TQBMi �i i?2 2M/ Q7 i?2 i�+?vQMB+ `2;BK2-
t = t2tBi(k)- �;�BM h�vHQ` 2tT�MbBQM Q7 Ω2

X,k Bb p�HB/- �TT`QtBK�i2Hv ;BpBM;

Ω2
X,k ≈ 0 +

d(Ω2
X,k)

dt

∣∣∣∣
t=t2tBi(k)

[t− t2tBi(k)] ≡ C̃k[t− t2tBi(k)] , UjXNkV

rBi? C̃k > 0- bQ i?�i i?2 2[m�iBQM Q7 KQiBQM 7Q` Xk #2+QK2b

Ẍk + C̃k[t− t2tBi(k)]Xk ≈ 0 . UjXNjV

AM i?2 b�K2 r�v �b /QM2 �#Qp2- i?2 2t�+i bQHmiBQM Bb 2tT`2bb2/ BM i2`Kb Q7 i?2 �B`v
7mM+iBQMb-

Xk(t) = D̃1k�B
(
C̃1/3

k [t2tBi(k)− t]
)
+ D̃2k"B

(
C̃1/3

k [t2tBi(k)− t]
)

, UjXN9V

r?2`2 D̃1k �M/ D̃2k �`2 +QKTH2t +QMbi�MibX PM+2 KQ`2- #27Q`2 i?2 2tBi Q7 i�+?vQMB+
`2;BK2- i?2 �bvKTiQiB+ 2tT`2bbBQMb Q7 i?2 KQ/2 7mM+iBQMb 7Q`

∣∣∣C̃1/3
k [t2tBi(k)− t]

∣∣∣! 1

+�M #2 r`Bii2M �b

Xk(t) →
C̃1/6
k√

2πΩX,k

[(
1 + i

2
D̃1k +

1− i

2
D̃2k

)
2tT

(
−i

∫ t

t2tBi(k)
ΩX,k(t

′)dt′
)

+

(
1− i

2
D̃1k +

1 + i

2
D̃2k

)
2tT

(
i

∫ t

t2tBi(k)
ΩX,k(t

′)dt′
)]

. UjXN8V

PM i?2 Qi?2` ?�M/- �7i2` i?2 2tBi- 1[X UjXN9V +�M #2 �TT`QtBK�i2/- 7Q` C̃1/3
k [t2tBi(k)−

t] ! 1 - �b

Xk(t)→
C̃1/6

k√
2π|ΩX,k|

[
D̃1k√

2
2tT
(∫ t

t2tBi(k)
|ΩX,k(t

′)|dt′
)
+
√
2D̃2k 2tT

(
−
∫ t

t2tBi(k)
|ΩX,k(t

′)|dt′
)]

. UjXNeV

"v K�i+?BM; i?2 2tTQM2Mib- i?2 �/B�#�iB+ bQHmiBQMb QM #Qi? bB/2b Q7 i?2 2tBi- BX2X
1[bX UjX3RV �M/ UjX3kV- +�M #2 +QMM2+i2/ rBi? i?2 +QMbi�Mib D̃1k �M/ D̃2k `2bT2+iBp2Hv
�b

(
α̃k

β̃k

)
=

C̃1/6
k

2
√
π

(
1 + i 1− i
1− i 1 + i

)(
D̃1k

D̃2k

)
, UjXNdV

(
ak
bk

)
=

C̃1/6
k

2
√
π

(
0 2

√
2eΩk√

2e−Ωk 0

)(
D̃1k

D̃2k

)
, Ωk ≡

∫ t2tBi(k)

t2Mi2`(k)
|ΩX,k(t)|dt . UjXN3V

>2`2 Ωk Bb i?2 ǳT?�b2Ǵ �++mKmH�iBQM /m`BM; i?2 i�+?vQMB+ `2;BK2 7`QK t2Mi2`(k) iQ
t2tBi(k)- r?B+? Bb `2bTQMbB#H2 7Q` i?2 2tTQM2MiB�H ;`Qri? Q7 i?2 T�`iB+H2 MmK#2`X *QM@
b2[m2MiHv- rBi? 1[bX UjXNdV �M/ UjXN3V- i?2 i`�Mb72` K�i`Bt #2ir22M (ak, bk)

) �M/

dd



(α̃k, β̃k)) Bb 2�bBHv 7QmM/ iQ #2
(
α̃k

β̃k

)
=

1

2
√
2

(
(1− i)e−Ωk 2(1 + i)eΩk

(1 + i)e−Ωk 2(1− i)eΩk

)(
ak
bk

)
. UjXNNV

1p2Mim�HHv- +QK#BMBM; 1[bX UjXNRV �M/ UjXNNV H2�/b iQ i?2 /2bB`2/ i`�Mb72` K�i`Bt
#2ir22M i?2 irQ T�B`b Q7 "Q;QHBm#Qp +Q2{+B2Mib #27Q`2 �M/ �7i2` i?2 i�+?vQMB+ `2;BK2
�b

(
α̃k

β̃k

)
=

(
e−iθk(eΩk + e−Ωk/4) ieiθk(eΩk − e−Ωk/4)

−ie−iθk(eΩk − e−Ωk/4) eiθk(eΩk + e−Ωk/4)

)(
αk

βk

)
. UjXRyyV

�b � `2bmHi- i?2 Q++mT�iBQM MmK#2` Q7 i?2 T`Q/m+2/ T�`iB+H2b rBi? � ;Bp2M k +�M #2
+QKTmi2/ �b

nk =
∣∣∣β̃k
∣∣∣
2

=
∣∣−ie−iθkαk(e

Ωk − e−Ωk/4) + eiθkβk(e
Ωk + e−Ωk/4)

∣∣2 . UjXRyRV

�b mbm�H- i?2 BMBiB�H +QM/BiBQM rBi?BM i?2 �/B�#�iB+ `2;BK2 Bb b2i iQ #2 p�+mmK- BX2X
αk = 1 �M/ βk = 0- r?B+? bBKTHB}2b i?2 2tT`2bbBQM �#Qp2 �b 7QHHQrb

nk =
∣∣∣β̃k
∣∣∣
2

=
∣∣eΩk − e−Ωk/4

∣∣2 ≈ e2Ωk , UjXRykV

r?2`2- BM i?2 H�bi HBM2- Bi Bb �bbmK2/ i?�i i?2 i�+?vQMB+ BMbi�#BHBiv bi`2M;i? Bb bi`QM;
Ωk ! 1 7Q` i?2 ;Bp2M k- bQ i?2 2tTQM2MiB�H bmTT`2bb2/ i2`K Bb QKBii2/- r?B+? Bb +QM@
bBbi2Mi rBi? i?2 2tT2+i�iBQM 7`QK i?2 bBKTH2 �/B�#�iB+ �TT`QtBK�iBQM- nk # 2tT(2Ωk)-
#2+�mb2 i?2 �/B�#�iB+ �TT`QtBK�iBQM +�MMQi �++m`�i2Hv i`�+2 i?2 bK�HH i2`KX

6`QK i?2 /Bb+mbbBQM �#Qp2- iQ ?�p2 bi`QM; 2MQm;? i�+?vQMB+ 2z2+i Ωk > 1- Bi Bb
`2[mB`2/ i?�i kp ( |m277| BM Q`/2` iQ T`QpB/2 H�`;2 �KTHBim/2 |ΩX,k| BM i?2 i�+?vQMB+
`2;BK2 �M/ HQM; /m`�iBQM Q7 i?Bb T2`BQ/- r?B+? 2Mbm`2b bB;MB}+�Mi +QMi`B#miBQM iQ ΩkX
AM bm+? � +�b2- i?2 Q++mT�iBQM MmK#2` nk 7Q` i?2b2 KQ/2b ;`Qrb `�TB/HvX >Qr2p2`-
�Hi?Qm;? i?2 Q++mT�iBQM MmK#2` Bb H�`;2` 7Q` KQ/2b rBi? bK�HH2` kp- i?2 +QMi`B#m@
iBQM 7`QK i?2b2 KQ/2b iQ i?2 2M2`;v /2MbBiv- r?B+? Bb Q7 KQ`2 T?vbB+�H BKTQ`i�M+2-
rBHH #2 bmTT`2bb2/ #v i?2 bK�HH k Bib2H7 #2+�mb2 i?2 pQHmK2 2H2K2Mi Q7 T?�b2 bT�+2
Bb T`QTQ`iBQM�H iQ k2dkX h?2`27Q`2- Bi Bb 2tT2+i2/ i?�i i?2 ivTB+�H KQK2MimK Q7
i?2 T`Q/m+2/ T�`iB+H2b i?�i +QMbiBimi2 i?2 KQbi Q7 2M2`;v /2MbBiv rBHH #2 Q7 Q`/2`
kp/|m277| ∼ O(10−1) − O(1) X AM Qi?2` rQ`/b- bi`QM; i�+?vQMB+ BMbi�#BHBiv b?QmH/
MQi #2 +?�`�+i2`Bx2/ bQH2Hv #v Ωk #mi i?2 2M2`;v /2MbBiv Q7 i?2 T`Q/m+2/ T�`iB+H2b-
�Hi?Qm;? i?2 7Q`K2` K�v #2 mb2/ 7Q` `Qm;? 2biBK�iBQM +QMp2MB2MiHvX AM i?2 bi`QM;
BMbi�#BHBiv +�b2- i?2 #�+F;`QmM/ 2M2`;v rBHH #2 i`�Mb72``2/ �r�v 2ti`2K2Hv `�TB/Hv-
+�mbBM; � b?�`T /2+`2�b2 Q7 φ0 - r?B+?- BM im`M- `2/m+2b Q` i2`KBM�i2b i?2 i�+?vQMB+

d3



BMbi�#BHBiv T`Q+2bbX h?2 +QbKB+ 2tT�MbBQM 2z2+i BM KQ`2 `2�HBbiB+ KQ/2Hb Bb i?2`27Q`2
MQi BKTQ`i�MiX 6Q` i?2 KQ/2 Xk rBi? H�`;2 k2

p
>∼ m2

277 - Bi Bb Q#pBQmb i?�i i?2 i�+?v@
QMB+ 2z2+i rBHH #2 M2;HB;B#H2 Q` /Bb�TT2�` +QKTH2i2HvX 1bT2+B�HHv r?2M kp Bb bHB;?iHv
bK�HH2` i?�M i?2 �KTHBim/2 Q7 i?2 2z2+iBp2 K�bb- i?2 i�+?vQMB+ `2;BK2 Bb bQ bK�HH �M/
i?2 i`�MbBiBQM iBK2 Bb bQ b?Q`i i?�i i?2 �/B�#�iB+ bQHmiBQM /m`BM; i?2 i�+?vQMB+ T2`BQ/
K�v MQi 2p2M 2tBbiX

h?2 MQM@T2`im`#�iBp2 T�`iB+H2 T`Q/m+iBQM T`Q+2bb2b �`2 2{+B2Mi BM KQbi +�b2b bm+?
i?�i i?2 2M2`;v /2MbBiv Q7 i?2 T`Q/m+ib ;`Qrb `�TB/Hv BM i?Bb `2;BK2- r?B+? Bb /2b+`B#2/
#v i?2 `2bmHib b?QrM T`2pBQmbHvX h?2b2 �M�HviB+�H 2biBK�iBQMb +�M +H2�`Hv b?Qr i?2
#2?�pBQ` Q7 i?2 MmK#2` /2MbBiv �M/ 2M2`;v /2MbBiv Q7 i?2 T`Q/m+2/ T�`iB+H2b- �M/ i?2
i2M/2M+v Q7 i?2 7mim`2 2pQHmiBQM Q7 i?2 bvbi2KX A7 i?2 MQM@T2`im`#�iBp2 T`Q+2bb H�bib
HQM; 2MQm;?- i?2 2M2`;v /2MbBiv Q7 i?2 T`Q/m+2/ T�`iB+H2b +�M #2+QK2 +QKT�`�#H2
rBi? i?�i Q7 i?2 #�+F;`QmM/ }2H/bX aBM+2 i?2M- i?2 #�+F`2�+iBQM ;`�/m�HHv ;2ib KQ`2
�M/ KQ`2 BKTQ`i�Mi �b H�`;2 �KQmMi Q7 T`Q/m+2/ T�`iB+H2b i�F2 T�`i BM i?2 MQM@HBM2�`
BMi2`�+iBQMb rBi? #�+F;`QmM/ }2H/b- bm+? �b `2b+�ii2`BM; r?B+? +�M `2/Bbi`B#mi2 i?2
KQK2Mi� Q7 i?2 T�`iB+H2bX q?2M i?2b2 2z2+ib �`2 MQ HQM;2` M2;HB;B#H2- � bQT?BbiB+�i2/
MmK2`B+�H i2+?MB[m2 Bb M22/2/- bm+? �b H�iiB+2 bBKmH�iBQM- iQ 7mHHv BM+Q`TQ`�i2 i?2
T�`iB+H2 T`Q/m+iBQM T`Q+2bbX

jXk _2?2�iBM;, *�b2 aim/v
hvTB+�H ivT2b Q7 T2`im`#�iBp2 �M/ MQM@T2`im`#�iBp2 T�`iB+H2 T`Q/m+iBQM T`Q+2bb2b ?�p2
#22M BMi`Q/m+2/ BM /2i�BH BM i?2 H�bi b2+iBQM- r?B+? T`QpB/2b � TQr2`7mH iQQH iQ BMp2biB@
;�i2 i?2 `2?2�iBM; T`Q+2bb BM i?2 2�`Hv lMBp2`b2 �7i2` i?2 2M/ Q7 BM~�iBQMX _2?2�iBM;-
�b i?2 +`m+B�H i`�MbBiBQM T2`BQ/ #2ir22M BM~�iBQM �M/ >Qi "B; "�M;- Bb p2`v BKTQ`i�Mi
7Q` �++m`�i2Hv }tBM; i?2 TBpQi b+�H2 Q7 +m`p�im`2 T2`im`#�iBQM Q#b2`p2/ QM *J"- �M/
�HbQ ?�b � HQi Q7 +QMM2+iBQM rBi? Qi?2` T?vbB+b BM i?2 2�`Hv lMBp2`b2 bm+? �b ;`�pB@
i�iBQM�H r�p2b �M/ #�`vQ;2M2bBbX h?2`27Q`2- ;Bp2M �M BM~�iBQM KQ/2H- Bi Bb M2+2bb�`v
iQ +H�`B7v i?2 �K#B;mBiv /m`BM; i?Bb T2`BQ/ �b Km+? �b TQbbB#H2 BM Q`/2` iQ +QM7`QMi
2tBbiBM; 2tT2`BK2Mi�H /�i� �M/ b22F TQbbB#H2 Q#b2`p�#H2b BM i?2 7mim`2X

>2`2- i?2 `2?2�iBM; T`Q+2bb2b BM i?2 ai�`Q#BMbFv KQ/2H �M/ i?2 >B;;b BM~�iBQM
�`2 /Bb+mbb2/ #v �TTHvBM; i?2 K2i?Q/b BMi`Q/m+2/ T`2pBQmbHvX h?2 }M�H `2?2�iBM;
i2KT2`�im`2 Q7 i?2 ai�`Q#BMbFv KQ/2H rBHH #2 ;Bp2MX �b 7Q` i?2 >B;;b BM~�iBQM-
/m2 iQ i?2 bi`QM; +QmTHBM; Bbbm2- i?2 p�HB/Biv Q7 i?2 i?2Q`v �i i?2 p2`v #2;BMMBM; Q7
`2?2�iBM; Bb [m2biBQM2/- bQ i?2 i`�/BiBQM�H i`2�iK2Mi rBi? T�`�K2i`B+ `2bQM�M+2 �M/

dN



T2`im`#�iBp2 T�`iB+H2 T`Q/m+iBQM rBHH MQi #2 /Bb+mbb2/ BM /2i�BHX AMbi2�/- i?2 +�mb2 Q7
bm+? Bbbm2 rBHH #2 T`2b2Mi2/- r?B+? Bb #2M2}+B�H 7Q` i?2 BMp2biB;�iBQM Q7 i?2 }`bi bi�;2
Q7 T`2?2�iBM; BM i?2 KBt2/ >B;;b@R2 BM~�iBQM KQ/2H BM i?2 M2ti +?�Ti2`X

jXkXR _2?2�iBM; BM ai�`Q#BMbFv JQ/2H
h?2 BM~�iBQM /vM�KB+b BM i?2 ai�`Q#BMbFv KQ/2H (j) ?�b #22M /Bb+mbb2/ BM *?�Ti2` k-
r?B+? b?Qrb i?�i i?2 BM~�iBQM�`v T`2/B+iBQMb BM i?Bb KQ/2H }i i?2 `2bmHib Q7 +m``2Mi
Q#b2`p�iBQM (kj) p2`v r2HH B7 i?2 QMHv QM2 KQ/2H T�`�K2i2` i�F2b i?2 p�Hm2 M = Mc X
�7i2` i?2 2M/ Q7 BM~�iBQM- i?2 `2?2�iBM; T`Q+2bb #2;BMb (j- kN- jy- Rdk)X *QMbB/2` i?2
�+iBQM UkXeeV rBi? �M �//BiBQM�H K�bbBp2 b+�H�` }2H/ χ rBi? MQM@KBMBK�H +QmTHBM; U�b
;Bp2M BM 1[X UjX9V BM 1t�KTH2 hrQV

SC =
1

2

∫
d4x

√
−gC

[
M2

THRC +
M2

TH
6M2

R2
C + ξχ2RC − gµνC ∂µχ∂νχ−m2

χχ
2

]
, UjXRyjV

r?2`2 i?2 i�`;2i }2H/ χ(t,t) Bb i`2�i2/ �b T2`im`#�iBQM �M/ T`Q/m+2/ /m`BM; `2?2�iBM;X
�b HQM; �b ξ Bb MQi p2`v +HQb2 iQ −1/6- i?2 K�BM `2?2�iBM; +?�MM2H Bb i?2 /2+�v Q7
b+�H�`QM BMiQ χ@T�`iB+H2b (Rdd)jNX AM i?2 7QHHQrBM;- i?2 `2?2�iBM; T`Q+2bb Bb /Bb+mbb2/
BM #Qi? C6 �M/ 16X AM i?2 7Q`K2`- i?2 T�`iB+H2 T`Q/m+iBQM +�M #2 mM/2`biQQ/ �b i?2
`2bmHi Q7 iBK2@/2T2M/2Mi #�+F;`QmM/ bT�+2iBK2- r?BH2 BM i?2 H�ii2`- Bi `2bmHib 7`QK
i?2 2z2+iBp2 K�bb ;Bp2M #v � #�+F;`QmM/ b+�H�` }2H/X
• CQ`/�M 7`�K2 �HH i?2 bm#b+`BTib ǳCǴ �`2 QKBii2/ 7Q` +QMp2MB2M+2X 6QHHQrBM; i?2
b�K2 T`Q+2/m`2 7`QK 1[X UjX3V- i?2 KQ/2 7mM+iBQM uk 7Q` χ̃ = aχ ?2`2 Q#2vb i?2 b�K2
2[m�iBQM �b 1[X UjX9yV rBi? Sχ̃ ;Bp2M #v

Sχ̃(η) = (ξ + 1/6) a2(η)R(η) +
[
1− a2(η)

]
m2

χ , UjXRy9V

r?2`2 i?2 iBK2 p�`B�#H2 ?�b #22M i`�Mb7Q`K2/ iQ +QM7Q`K�H iBK2 η �M/ a(η) Bb i?2
b+�H2 7�+iQ` BM ~�i 6G_q K2i`B+X Ai +�M #2 b22M i?�i- �7i2` i?2 C6 /vM�KB+b Q7 R(η)

�M/ a(η) �`2 /2i2`KBM2/ BM i?2 ai�`Q#BMbFv KQ/2H /m`BM; `2?2�iBM;- i?2 T`Q/m+iBQM Q7
χ@T�`iB+H2b +�M #2 +�H+mH�i2/ rBi? K2i?Q/b BMi`Q/m+2/ 2�`HB2`X .Bz2`2Mi T`Q/m+iBQM
+?�MM2Hb +�M #2 `2�HBx2/ /2T2M/BM; QM i?2 p�Hm2 Q7 MQM@KBMBK�H +QmTHBM; ξX 6Q` [mBi2
H�`;2 |ξ| >∼ 3 rBi? mχ = 0 Q` |ξ| >∼ 10 rBi? mχ ∼ O(M)- #`Q�/ `2bQM�M+2 +�M Q++m` iQ
�KTHB7v i?2 i�`;2i }2H/ 2tTQM2MiB�HHv (N3)- 7Q` r?B+? i?2 /2i�BH2/ /Bb+mbbBQM Bb QKBii2/
?2`2X h?2 `2�bQM- �b ?�b #22M 2tTH�BM2/ �i i?2 2M/ Q7 i?2 /Bb+mbbBQM Q7 T�`�K2i`B+

jN_27X (Rd3) +QMbB/2`b i?2 +�b2 r?2`2 i?2 b+�H�`QM /2+�vb BMiQ irQ ;�m;2 #QbQM pB� i`�+2 �MQK�Hv
Q7 2M2`;v@KQK2MimK i2MbQ` �i QM2@HQQT H2p2HX h?Bb Bb i?2 /QKBM�Mi +?�MM2H r?2M b+�H�` }2H/b �`2
QMHv +QM7Q`K�HHv +QmTH2/ rBi? ;`�pBiv- BX2X ξ = −1/6X

3y



`2bQM�M+2- Bb i?�i i?2 �KTHBim/2 Q7 R(η) rBHH /2+`2�b2 `�TB/Hv /m2 iQ 2M2`;v HQbb-
bQ i?2 `2bQM�M+2 #2+QK2b M�``Qr �M/ }M�HHv T2`im`#�iBp2 `2?2�iBM; i�F2b Qp2` �M/
/2i2`KBM2b i?2 `2?2�iBM; i2KT2`�im`2 �i H�i2 iBK2X 6Q` p2`v H�`;2 |ξ|- i�+?vQMB+
T`2?2�iBM; K�v �HbQ #2 TQbbB#H2- #mi i?2 +QMbB/2`�iBQM Q7 bm+? mMM�im`�HHv H�`;2 |ξ|
?2`2 H�+Fb ;QQ/ KQiBp�iBQMX h?2`27Q`2- i?2 /Bb+mbbBQM #2HQr 7Q+mb2b QM bK�HH |ξ| <∼ 1X
6Q` i?2 b�K2 `2�bQM- K�BM BMi2`2bi HB2b BM H�i2 iBK2 �M/ i?2 T2`im`#�iBp2 /2+�v `�i2
Q7 i?2 #�+F;`QmM/X

AM C6- i?2 b+�H�` /2;`22 Q7 7`22/QK `2bTQMbB#H2 7Q` BM~�iQM Bb ?B//2M BM i?2 _B++B
b+�H�` r?Qb2 MQM@i`BpB�H /vM�KB+b Bb /2i2`KBM2/ #v i?2 1BMbi2BM 2[m�iBQMb UkXe3V
�M/ UkXeNVX .Bz2`2Mi 7`QK BM~�iBQM- M2 ! |Ḣ|, H2 Bb b�iBb}2/ /m`BM; `2?2�iBM;- bQ
1[X UkXe3V +�M #2 `2r`Bii2M �b

2HḦ − Ḣ2 +M2H2 = −6H2Ḣ ≈ 0 , UjXRy8V

r?2`2 i?2 7`B+iBQM i2`K −6H2Ḣ Bb i`2�i2/ �b T2`im`#�iBQM- r?B+? H2�/b iQ i?2 bQHmiBQM

H # 4

3t

[
1 +

4

3H2M/t
+

bBM(Mt)

Mt

]−1

+Qb2
(
M

2
t

)
, UjXRyeV

r?2`2 H2M/ # M/
√
6 Bb i?2 >m##H2 T�`�K2i2` �i i?2 2M/ Q7 BM~�iBQM- BX2X i?2 #2;BM@

MBM; Q7 `2?2�iBM;- �b /Bb+mbb2/ BM *?�Ti2` kX "2bB/2b- i?2 b2+QM/ i2`K BM i?2 b[m�`2
#`�+F2ib +�M �+im�HHv #2 M2;H2+i2/ /m2 iQ i?2 H�i2 iBK2 �TT`QtBK�iBQM Mt ! 1- #mi
i?2 i?B`/ i2`K b?QmH/ #2 F2Ti #2+�mb2 Bib +QMi`B#miBQM iQ i?2 iBK2 /2`Bp�iBp2 Q7 H
Bb BKTQ`i�MiX h?2 iBK2 �p2`�;2 Q7 H ;Bp2b 〈H〉�p2 = 2/(3t) r?B+? K2�Mb i?�i i?2
lMBp2`b2 Bb 2z2+iBp2Hv K�ii2`@/QKBM�i2/ BM � iBK2@�p2`�;2/ b2Mb2X h?2M i?2 b+�H2
7�+iQ` +�M #2 bQHp2/ 2�bBHv �b

a(t) # t2/3
[
1 +

2 bBM(Mt)

3Mt
+

8

9H2M/t

]
, UjXRydV

r?2`2 i?2 T`QTQ`iBQM�H 7�+iQ` ?�b #22M `2KQp2/ 7Q` +QMp2MB2Mi bBM+2 i?2 �#bQHmi2 bBx2
Q7 a(t) ?�b MQ T?vbB+�H K2�MBM; BM i?2 ~�i 6G_q K2i`B+X �;�BM i?2 i?B`/ i2`K BM
i?2 b[m�`2 #`�+F2ib +�M #2 M2;H2+i2/X �b 7Q` 1[X UkXeNV- #v `2/2}MBM; R → a3/2R iQ
bBKTHB7v i?2 bBim�iBQM- Bi Bb 2�bv iQ }M/ i?�i

R # −4Mt−1 bBM(Mt) , UjXRy3V

mT iQ H2�/BM; Q`/2`X h?2`27Q`2- bBKBH�` iQ K�Mv bBM;H2@}2H/ BM~�iBQM KQ/2Hb- i?2
BM~�iQM /2;`22 Q7 7`22/QK Qb+BHH�i2b �7i2` BM~�iBQM �M/ bm+? Qb+BHH�iBQM BM/m+2b T�`iB+H2
T`Q/m+iBQM iQ `2?2�i i?2 lMBp2`b2X h?Bb Qb+BHH�iBM; b+�H�` /2;`22 Q7 7`22/QK Bb MQi?BM;

3R



#mi i?2 b+�H�`QMX h?2 2tT`2bbBQM UjXRy3V +�M �HbQ #2 /2`Bp2/ rBi? H(t) �M/ a(t) 7QmM/
�#Qp2X

*QMbB/2` bQK2 KQK2Mi �i H�i2 iBK2 t0 ! M−1 �7i2` K�Mv b+�H�`QM Qb+BHH�iBQMb
�M/ bQK2 /m`�iBQM ∆t = (t − t0) bm+? i?�i t0 ! ∆t ! M−1X h?2M- i?2 _B++B b+�H�`
�M/ i?2 b+�H2 7�+iQ` +�M #2 7m`i?2` �TT`QtBK�i2/ �b

R(t) # −4M

t0
bBM(Mt) ,

a(t) # 1 +
2

3Mt0
bBM(Mt) , UjXRyNV

rBi? T`QT2` MQ`K�HBx�iBQM- �M/ bQ i?2 +QM7Q`K�H iBK2 dη # dtX aBM+2 ξ Bb bK�HH-
i?2 iBK2 /2`Bp�iBp2 Q7 T�`iB+H2 MmK#2` /2MbBiv ṅχ̃ r?B+? Bb BKTQ`i�Mi iQ Q#i�BM i?2
b+�H�`QM /2+�v `�i2 +�M #2 +�H+mH�i2/ BM � T2`im`#�iBp2 r�v i?`Qm;? 1[X UjX99VX 6`QK
i?2 �TT`QtBK�iBQM �#Qp2- i?2 T`Q/m+i Q7 bQm`+2 i2`K BM i?2 iBK2 BMi2;`�iBQM +�M #2
r`Bii2M �b

Sχ̃(η1)Sχ̃(η2) # − 4m̃4

9M2t20

[
eiM(t1+t2) −eiM(t1−t2) −e−iM(t1−t2) +e−iM(t1+t2)

]
, UjXRRyV

r?2`2 i?2 +QKTH2t 7Q`K Bb mb2/ BMbi2�/ Q7 i`B;QMQK2i`B+ 7mM+iBQMb 7Q` +�H+mH�iBQM
+QMp2MB2M+2 �M/ m̃2 ≡ m2

χ + 3(ξ + 1/6)M2X *QK#BMBM; rBi? 2tT[−2iωk(t1 − t2)] BM
1[X UjX99V- i?2 iBK2 BMi2;`�iBQM Q7 i2`Kb rBi? (2ωk+M) BM i?2 2tTQM2Mi H2�/b iQ .B`�+
/2Hi� 7mM+iBQM δ(2ωk +M) i?�i p�MBb?2b #2+�mb2 ωk > 0 �M/ M > 0X h?2`27Q`2- QMHv
i?2 i2`Kb rBi? 2tT[−i(2ωk −M)(t1 − t2)] bm`pBp2X �b � `2bmHi- i?2 iBK2 /2`Bp�iBp2 Q7
MmK#2` /2MbBiv Bb +�H+mH�i2/ �b

ṅχ̃(t) #
1

π

m̃4

9M2t20

∫ +∞

0

dk
k2

k2 +m2
χ

δ (2ωk −M) ei(2ωk−M)t ,

=
1

2π

m̃4

9M2t20

(
1−

4m2
χ

M2

)1/2

. UjXRRRV

L�im`�HHv- i?2 iBK2 /2`Bp�iBp2 Q7 i?2 2M2`;v /2MbBiv Q7 b+�H�`QM Bb ρ̇#; # −Mṅχ̃/2 -
r?BH2 i?2 iBK2@�p2`�;2/ #�+F;`QmM/ 2M2`;v /2MbBiv +�M #2 �TT`QtBK�i2/ �b 〈ρ#;〉�p2 ≈
4M2

TH/(3t
2
0)- r?B+? ;Bp2b i?2 #�+F;`QmM/ /2+�v `�i2 �b

Γ#;→χ̃χ̃ =
ρ̇#;

〈ρ#;〉�p2
=

1

8π

m̃4

3M2
THM

(
1−

4m2
χ

M2

)1/2
mχ*M−−−−→ 3

16π

M3

M2
TH

(
ξ +

1

6

)2

. UjXRRkV

�b +�M #2 b22M- i?2 K�bb mχ bmTT`2bb2b i?2 /2+�v `�i2 �M/ i?2 /2+�v +?�MM2H Bb
7Q`#B//2M 7Q` M < 2mχ X h?2 `2?2�iBM; i2KT2`�im`2 7Q` i?2 +�b2 mχ ≈ 0- �++Q`/BM;
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iQ 1[X UjX8kV- Bb i?2M

Tr # 0.54

√
3

8π

(
ξ +

1

6

)(
M

MTH

)3/2

MTH , UjXRRjV

r?B+? +QBM+B/2b rBi? i?2 `2bmHi +�H+mH�i2/ BM _27X (Rdd- RdN)X 6Q` KBMBK�HHv +QmTH2/
+�b2 ξ = 0- Tr ∼ 109 :2oX

• 1BMbi2BM 7`�K2 �HH i?2 bm#b+`BTib ǳ1Ǵ �`2 QKBii2/ 7Q` +QMp2MB2M+2X :Bp2M i?2 C6
�+iBQM UjXRyjV- Bi Bb 2�bv iQ +QM7Q`K�HHv i`�Mb7Q`K iQ 16X h?2 `2bmHiBM; �+iBQM Bb Dmbi
i?2 b�K2 �b i?2 16 �+iBQM BM i?2 KBt2/ >B;;b@R2 BM~�iBQM KQ/2H- BX2X 1[X UkXRk9V-
2t+2Ti i?�i h(t) Bb `2TH�+2/ #v χ(t,t) �M/ i?2 >B;;b TQi2MiB�H −λh4/4 #v i?2 K�bb
i2`K −m2

χχ
2/2 X JQ`2Qp2`- /m`BM; `2?2�iBM;- α|ϕ| ( 1 Bb b�iBb}2/ bQ bK�HH }2H/

�TT`QtBK�iBQM 7Q` ϕ Bb p�HB/- r?B+? /B`2+iHv `2bmHib BM ϕ(t) ∝ bBM(Mt)X AM �//BiBQM-
i?2 +QmTHBM; #2ir22M ϕ �M/ χ +QK2b 7`QK i?2 +QM7Q`K�H 7�+iQ` BM FBM2iB+ i2`K �M/
K�bb i2`K Q7 χ �b r2HH �b i?2 TQi2MiB�HX aBM+2 mχ ( M - i?2 H2�/BM; +QMi`B#miBQM
7`QK i?2 TQi2MiB�H Bb ∆L = ξM2ϕχ2/(αM2

TH) i?�i- #v `2T2�iBM; i?2 T`Q+2/m`2 �#Qp2-
vB2H/b

Γ =
3

16π

ξ2M3

M2
TH

, UjXRR9V

r?B+? Bb �HKQbi i?2 b�K2 �b 1[X UjXRRkV 2t+2Ti 7Q` i?2 1/6X �+im�HHv- i?2 +QmTHBM;
i?`Qm;? FBM2iB+ i2`K ;Bp2b i?2 +QMi`B#miBQM Q7 1/6- r?B+? +�M #2 b22M 2X;X BM _27X (R3y)X
h?Bb i2`K rBHH ;Bp2 /QKBM�Mi 2z2+i B7 |ξ| ( 1X PM i?2 Qi?2` ?�M/- i?2 /2+�v `�i2
+�H+mH�i2/ ?2`2 +QBM+B/2b rBi? i?�i BM 1[X UjX9dV �b 2tT2+i2/X h?2`27Q`2- i?2 T2`im`@
#�iBp2 T�`iB+H2 T`Q/m+iBQM BM � iBK2@/2T2M/2Mi #�+F;`QmM/ +�M BM/22/ #2 mM/2`biQQ/
�b i?2 [m�MimK K2+?�MB+�H /2+�v Q7 i?2 K�bbBp2 T�`iB+H2b rBi? x2`Q KQK2MimK 7`QK
i?2 +Q?2`2Mi Qb+BHH�iBQM Q7 #�+F;`QmM/ }2H/X

:Bp2M i?2 `2?2�iBM; i2KT2`�im`2- i?2 /m`�iBQM Q7 BM~�iBQM +�M #2 +�H+mH�i2/X
_2r`Bi2 i?2 2@7QH/ MmK#2` Q7 BM~�iBQM �b

NBM7 = HM
(
a2M/
ak

)
= HM

(
a0MTH
k

)
+ HM

(
a2M/
ar

)
+ HM

(
ar
a0

)
+ HM

(
Hk

MTH

)
,

= HM
(
a0MTH
k

)
−∆Nr + HM

[
T0

Tr

(
g0
gr

)1/3
]
+ HM

(
Mc

2MTH

)
, UjXRR8V

r?2`2 a2M/ = a(t2M/)- a0- �M/ ar /2MQi2 i?2 b+�H2 7�+iQ` �i i?2 2M/ Q7 BM~�iBQM- T`2b2Mi-
�M/ i?2 2M/ Q7 `2?2�iBM;- `2bT2+iBp2Hv- �M/ k Bb i?2 TBpQi b+�H2 r?BH2 ak �M/Hk # Mc/2

�`2 i?2 +Q``2bTQM/BM; b+�H2 7�+iQ` �M/ >m##H2 T�`�K2i2` bm+? i?�i k = akHk X h?2
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b2+QM/ i2`K ∆Nr `2T`2b2Mib i?2 /m`�iBQM Q7 `2?2�iBM; T`Q+2bb BM i2`Kb Q7 2@7QH/
MmK#2`X >2`2- Bi ?�b #22M BKTHB+BiHv �bbmK2/ i?�i i?2 i?2`K�HBx�iBQM �7i2` `2?2�iBM;
Bb `2�HBx2/ rBi?BM QM2 >m##H2 iBK2 �M/ i?2 iQi�H 2Mi`QTv Bb +QMb2`p2/ #2ir22M i?2
2M/ Q7 i?2`K�HBx�iBQM �M/ iQ/�vX �i T`2b2Mi �M/ i?2 2M/ Q7 `2?2�iBM;- i?2 2z2+iBp2
MmK#2` Q7 `2H�iBpBbiB+ bT2+B2b �`2 ;Bp2M #v g0 = 43/11 �M/ gr = 106.75 - `2bT2+iBp2Hv-
rBi? +Q``2bTQM/BM; i2KT2`�im`2b T0 # 2.7K �b Q#b2`p2/ �M/ Tr U∼ 109 :2o BM i?2
ai�`Q#BMbFv KQ/2H rBi? KBMBK�HHv +QmTH2/ b+�H�` }2H/VX 6m`i?2`KQ`2- i?2 TBpQi b+�H2
Bb +?Qb2M iQ #2 k/a0 = 0.002 JT+−1 �b BM _27X (kj)9yX qBi? i?2 2M/ Q7 `2?2�iBM;
+?�`�+i2`Bx2/ #v H # Γ#;→χ̃χ̃- i?2 /m`�iBQM Q7 `2?2�iBM; +�M #2 7QmM/ �b ∆Nr # 18 X
�b � `2bmHi- i?2 2@7QH/ MmK#2` Q7 BM~�iBQM BM i?2 ai�`Q#BMbFv KQ/2H Bb ;Bp2M #v (89)

NBM7 # 54 . UjXRReV

aBM+2 i?2 `2?2�iBM; T`Q+2bb Bb #�bB+�HHv T2`im`#�iBp2 BM i?2 ai�`Q#BMbFv KQ/2H
#2+�mb2 i?2 BMi2`�+iBQM Bb 2bb2MiB�HHv ;`�pBi�iBQM�H- i?2 `2?2�iBM; i2KT2`�im`2 Bb `2H@
�iBp2Hv HQr �M/ i?2 /m`�iBQM Bb i?mb HQM;- `2bmHiBM; BM ǳb?Q`iǴ BM~�iBQMX h?Bb 72�im`2
T`QpB/2b QM2 r�v iQ /BbiBM;mBb? i?2 ai�`Q#BMbFv KQ/2H 7`QK Qi?2` BM~�iBQM�`v KQ/2Hb
r?Qb2 BM~�iBQM�`v T`2/B+iBQM Bb i?2 b�K2 �b i?2 7Q`K2`- 2X;X i?2 >B;;b BM~�iBQMX

jXkXk _2?2�iBM; BM >B;;b AM~�iBQM
h?2 `2?2�iBM; T`Q+2bb BM i?2 >B;;b BM~�iBQM Bb `�i?2` MQM@i`BpB�HX PM2 BKTQ`i�Mi
`2�bQM Bb i?�i i?2 aJ >B;;b }2H/ +QmTH2b rBi? �HH Qi?2` aJ }2H/b- 2bT2+B�HHv i?2
bi`QM; +QmTHBM;b rBi? [m�`Fb �M/ ;�m;2 #QbQMb- r?B+? 2M�#H2b i?2 >B;;b }2H/ iQ
/2+�v Km+? KQ`2 2{+B2MiHv i?�M i?2 b+�H�`QM /Q2b BM i?2 ai�`Q#BMbFv KQ/2HX h?2
i`�/BiBQM�H K2i?Q/b iQ bim/v `2?2�iBM; BM i?2 >B;;b BM~�iBQM �`2 +�``B2/ Qmi BM 2�`HB2`
rQ`Fb (jRĜjj)- r?2`2 Bi Bb 7QmM/ i?�i i?2 `2bQM�Mi T`Q/m+iBQM Q7 i?2 i`�Mbp2`b2 KQ/2 Q7
i?2 r2�F ;�m;2 #QbQMb Bb i?2 /QKBM�Mi +?�MM2H Q7 `2?2�iBM;X >Qr2p2`- Bi Bb `2+Q;MBx2/
H�i2` i?�i i?2 2z2+iBp2 K�bb Q7 i?2 HQM;Bim/BM�H KQ/2 Q7 i?2 ;�m;2 #QbQMb b?Qrb
H�`;2 bTBFv 72�im`2b +QMi`B#mi2/ #v i?2 >B;;b }2H/ p2HQ+Biv �M/ �++2H2`�iBQM /m2 iQ
i?2 T`2b2M+2 Q7 H�`;2 MQM@KBMBK�H +QmTHBM; ξ ∼ O(103)- r?B+? BM/m+2b 2p2M KQ`2
2{+B2Mi T�`iB+H2 T`Q/m+iBQM i?�i +�M +QKTH2i2 `2?2�iBM; [mB+FHv (j9- j8)9RX >Qr2p2`-
i?2 2M2`;v b+�H2 Q7 i?2b2 bTBF2b �+im�HHv 2t+22/b i?2 +miQz b+�H2 Q7 i?2 i?2Q`v /m`BM;
`2?2�iBM;- �b K2MiBQM2/ 2�`HB2`- r?B+? +�bib /Qm#i QM i?2 p�HB/Biv Q` `2HB�#BHBiv Q7 Bib
T`2/B+iBQMbX

9yh?2 ∆2
R �M/ ns − 1 r2`2 T`2b2Mi2/ BM _27X (kj) 7Q` k = 0.05 JT+−1- bQ N0.05 = NBM7 − 3.2 r?2`2

NBM7 Bb ;Bp2M BM 1[X UjXRReV 7Q` k = 0.002 JT+−1X
9Rh?Bb T?2MQK2MQM Bb �HbQ MQiB+2/ BM _27bX (RRj-R3R)X a22 +QKK2Mib BM _27X (j9)X
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AM i?2 7QHHQrBM;- i?2 Q`B;BM Q7 bm+? bTBF2b Bb /Bb+mbb2/ BM #Qi? C6 �M/ 16X .m2 iQ
i?2 lo Bbbm2 BM i?Bb bBim�iBQM- Bi Bb �K#B;mQmb iQ BMp2biB;�i2 i?2 bm#b2[m2Mi `2?2�iBM;
T`Q+2bb 7m`i?2`- bQ bm+? �M�HvbBb Bb MQi T`2b2Mi2/ BM i?Bb i?2bBbX

hQ bim/v i?2 #2?�pBQ` Q7 i?2 2z2+iBp2 K�bb Q7 i?2 HQM;Bim/BM�H KQ/2 Q7 r2�F ;�m;2
#QbQMb �M/ Bib T`Q/m+iBQM- Bi Bb bi`�B;?i7Q`r�`/ iQ /B`2+iHv BMi`Q/m+2 i?2 `2�HBbiB+
al(2)L × l(1)Y ;�m;2 }2H/bX >Qr2p2`- 7Q` i?2 T`2b2Mi Tm`TQb2 �M/ bBKTHB+Biv- Bi Bb
bm{+B2Mi iQ bim/v i?2 +�b2 Q7 � HQ+�H l(1) ;�m;2 }2H/ #2+�mb2 i?2 KQbi BKTQ`i�Mi
2z2+i ?2`2 ?QH/b i`m2 BM i?2 `2�HBbiB+ +�b2X �+im�HHv- Bi +�M #2 2p2M bBKTH2` iQ Dmbi
BMp2biB;�i2 i?2 T?�b2 /B`2+iBQM Q7 i?2 >B;;b }2H/ i?�i b2`p2b �b i?2 L�K#m@:QH/biQM2
UL:V KQ/2 iQ +QMbiBimi2 i?2 HQM;Bim/BM�H KQ/2 Q7 i?2 ;�m;2 }2H/- #mi ?2`2 i?2 7mHH
p2`bBQM Q7 HQ+�H l(1) +�b2 Bb b?QrM 7Q` +QKTH2i2M2bbX h?2`27Q`2- +QMbB/2` i?2 C6 �+iBQM
BM 1[X UkXdNV THmb � HQ+�H l(1) ;�m;2 }2H/ Aµ �b 7QHHQrb

SC =

∫
d4x

√
−gC

[(
M2

TH
2

+ ξ |HaJ|2
)
RC − gµνC DµH†

aJDνHaJ − λ |HaJ|4

−1

4
gµρC gνσC FµνFρσ

]
, UjXRRdV

r?2`2 Fµν = ∂µAν − ∂νAµ �M/ Dµ = ∂µ − igAAµ X h?Bb �+iBQM Bb BMp�`B�Mi mM/2`
i?2 i`�Mb7Q`K�iBQM Aµ → Aµ − ∂µθ �M/ HaJ → e−igAθHaJ - r?2`2 i?2 }2H/ θ(t,t)
BM T?�b2 /B`2+iBQM Q7 aJ >B;;b TH�vb � `QH2 �b L: KQ/2X AM i?2 7QHHQrBM; /Bb+mbbBQM-
i?2 mMBi�`v ;�m;2 HaJ = h/

√
2 rBHH #2 mb2/ �b #27Q`2X

• CQ`/�M 7`�K2 Ai Bb +QMp2MB2Mi iQ QKBi �HH i?2 bm#b+`BTib ǳCǴ BM i?2 T`2b2Mi
/Bb+mbbBQMX AM i?2 6Qm`B2` bT�+2-

Aµ(t, t) =
∫

d3k

(2π)3
eiF·tAµ(F, t) , UjXRR3V

i?2 �+iBQM 7Q` Aµ- rBi? i?2 iBK2@+QKTQM2Mi A0 2HBKBM�i2/ #v i?2 +QMbi`�BMi 7`QK Bib
2[m�iBQM Q7 KQiBQM- i?2M +�M #2 `2r`Bii2M BM irQ T�`ib �b 7QHHQrb

SAT =

∫
dt

d3k

(2π)3

[a
2
|�̇T |2 −

a

2

(
k2
p +m2

A

)
|�T |2

]
,

SAL =

∫
dt

d3k

(2π)3

[
a

2

m2
A

k2
p +m2

A

|ȦL|2 −
a

2
m2

A|AL|2
]

, UjXRRNV

r?2`2 m2
A ≡ g2Ah

2- �M/ i?2 bT�iB�H T�`i Q7 Aµ Bb /2+QKTQb2/ BMiQ i`�Mbp2`b2 �M/
HQM;Bim/BM�H KQ/2b �b � = �T +FAL/k X �b +�M #2 b22M �#Qp2- i?2 i`�Mbp2`b2 KQ/2
#2?�p2b Dmbi bBKBH�`Hv �b χ BM i?2 T`2pBQmb b2+iBQM- #mi i?2 HQM;Bim/BM�H KQ/2 `2+2Bp2b
+QMi`B#miBQM 7`QK i?2 >B;;b iQ i?2 FBM2iB+ i2`KX .2}MBM; fM+(t) = mA

√
a/(k2

p +m2
A) -
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�++Q`/BM; iQ 1t�KTH2 h?`22 �i i?2 #2;BMMBM; Q7 i?Bb +?�Ti2`- i?2 2z2+iBp2 K�bb Q7
AL Bb KQ/B}2/ r?2M +�MQMB+�HBxBM; i?2 FBM2iB+ i2`K �b

m2
L,277 = m2

A − f̈M+/fM+ , UjXRkyV

r?2`2 f̈M+/fM+ BMi`Q/m+2b iBK2 /2`Bp�iBp2b Q7mA BM i?2 2z2+iBp2 K�bb- r?B+? Bb /Bz2`2Mi
7`QK i?2 i`�Mbp2`b2 KQ/2 +�b2 �M/ TH�vb �M 2bb2MiB�H `QH2 iQ ;2M2`�i2 i?2 H�`;2 bTBF2bX
Ai Bb MQi M2+2bb�`v iQ b?Qr i?2 +QKTH2i2 2tT`2bbBQM 7Q` m2

L,277 #2+�mb2 i?2 /QKBM�Mi
+QMi`B#miBQM +�M #2 7QmM/ #v �M�HvxBM; i?2 KQiBQM Q7 h(t) /m`BM; `2?2�iBM;X hQ b22
i?�i- Bi Bb #2ii2` iQ i�F2 i?2 bK�HH }2H/ HBKBi kp ! mA- H2�/BM; iQ

− f̈M+
fM+

→ −9

4
H2 − 3

2
Ḣ − 3H

ḣ

h
− ḧ

h
. UjXRkRV

h?Bb 2tT`2bbBQM +�M #2 7m`i?2` bBKTHB}2/ #v i?2 2[m�iBQM Q7 KQiBQM 7Q` h �i #�+F@
;`QmM/ H2p2H /2`Bp2/ 7`QK 1[X UjXRRdV �b

ḧ+ 3Hḣ− ξRh+ λh3 = 0 , UjXRkkV

7`QK r?B+? Bi +�M #2 b22M i?�i ξ ! 1 BM/m+2b � H�`;2 2z2+iBp2 K�bb ξ|R| ! H2 7Q` i?2
>B;;b }2H/ bm+? i?�i Bi Qb+BHH�i2b `�TB/Hv �7i2` BM~�iBQMX _2TH�+BM; ḧ BM 1[X UjXRkRV
rBi? 1[X UjXRkkV- Bi #2+QK2b

− f̈M+
fM+

→ −9

4
H2 − 3

2
Ḣ − ξR + λh2 , UjXRkjV

r?2`2- 7Q+mbBM; QM i?2 `2;BK2 Q7 x2`Q@+`QbbBM; Q7 h(t)- i?2 /QKBM�Mi +QMi`B#miBQM
+QK2b 7`QK i?2 i?B`/ i2`K rBi? ξ ! 1X h?2`27Q`2- � bB;MB}+�Mi 2M?�M+2K2Mi �TT2�`b
/m2 iQ i?2 T`2b2M+2 Q7 H�`;2 MQM@KBMBK�H +QmTHBM;- r?B+? +�M �HbQ #2 mM/2`biQQ/
�b �M 2M?�M+2K2Mi iQ i?2 p2HQ+Biv �M/ �++2H2`�iBQM Q7 >B;;b �`QmM/ x2`Q@+`QbbBM;
BM 1[X UjXRkkVX *QMb2[m2MiHv- i?2 2z2+iBp2 K�bb Q7 i?2 HQM;Bim/BM�H KQ/2 Q7 ;�m;2
}2H/ #2+QK2b bTBFv- BM/m+BM; 2ti`2K2Hv 2{+B2Mi T�`iB+H2 T`Q/m+iBQMX PM2 2t�KTH2 Bb
b?QrM BM 6B;X jX9X

• 1BMbi2BM 7`�K2 h?2 b�K2 T?2MQK2MQM +�M #2 7QmM/ BM 16X h?2 QMHv /Bz2`2M+2 Bb
i?�i m2

A Bb /BpB/2/ #v � +QM7Q`K�H 7�+iQ`- r?B+? /Q2b MQi �Hi2` i?2 K�BM +QM+HmbBQMX
aBM+2 i?2 +�H+mH�iBQM Bb U�HKQbiV i?2 b�K2 �b �#Qp2 (j9)- Bi rBHH #2 QKBii2/ ?2`2 iQ
�pQB/ `2/mM/�M+vX Ai +�M #2 2biBK�i2/ i?�i i?2 �KTHBim/2 Q7 i?2 bTBF2 BM i?2 2z2+iBp2
K�bb Q7 i?2 HQM;Bim/BM�H KQ/2 Q7 i?2 ;�m;2 }2H/ �i i?2 #2;BMMBM; Q7 T`2?2�iBM; Bb

mbT = ∆t−1
bT ∼

√
λMTH , UjXRk9V
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6B;m`2 jX9, PM2 2t�KTH2 Q7 i?2 C6 /vM�KB+b /m`BM; `2?2�iBM; BM i?2 >B;;b BM~�iBQM
rBi? (ξ,λ) = (4000, 0.01)X G27i, h Qb+BHH�i2b `�TB/Hv- 2bT2+B�HHv �`QmM/ i?2 x2`Q@
+`QbbBM;X _B;?i, ξ|R| b?Qrb H�`;2 bTBF2b �i i?2 KQK2Mib i?�i +QBM+B/2 rBi? i?2
x2`Q@+`QbbBM; TQBMib Q7 h X

r?B+? Bb Km+? H�`;2` i?�M i?2 +miQz b+�H2 Q7 i?2 i?2Q`v (j9)X h?Bb T?2MQK2MQM Bb i`m2
BM 2Bi?2` 7`�K2X h?2 Q`B;BM Bb ξ ! 1 r?B+?- BM C6- Bb i?2 H�`;2 MQM@KBMBK�H +QmTHBM;
Q7 >B;;b iQ ;`�pBiv r?BH2- BM 16- KQ/B}2b i?2 bi`m+im`2 Q7 i?2 FBM2iB+ i2`K Q7 >B;;bX
6Q`imM�i2Hv- i?2 T?vbB+b �`2 B/2MiB+�H- +QMM2+i2/ #v i?2 +QM7Q`K�H i`�Mb7Q`K�iBQM (ek-
ej) BMi`Q/m+2/ BM a2+X kXkX

A7 � bTBF2 Q7 bm+? � H�`;2 b+�H2 /Q2b MQi bTQBH i?2 p�HB/Biv Q7 i?2 i?2Q`v- Bi +2`i�BMHv
BM/m+2b 2ti`2K2Hv pBQH2Mi T�`iB+H2 T`Q/m+iBQM- 2t+BiBM; T�`iB+H2b rBi? KQK2MimK ∼
mbT i?�i +QMi`B#mi2 KQbi Q7 i?2 2M2`;v /2MbBiv Q7 T`Q/m+2/ T�`iB+H2bX �b � `2bmHi- i?2
2M2`;v /2MbBiv Q7 T`Q/m+2/ AL +�M #2 `Qm;?Hv 2biBK�i2/ �b ρAL ∼ m4

bT ∼ λ2M4
TH r?B+?

Bb Km+? H�`;2` i?�M i?2 BM~�iBQM b+�H2 ∼ M2
cM

2
TH B7 λ Bb MQM@+`BiB+�HX *QMb2[m2MiHv-

Bi Bb �`;m2/ i?�i i?2 T�`iB+H2 T`Q/m+iBQM T`Q+2bb +�mb2/ #v i?2 bTBF2b +�M /2TH2i2
i?2 BM~�iQM 2M2`;v rBi?BM Dmbi QM2 >B;;b Qb+BHH�iBQM �M/ +QKTH2i2 T`2?2�iBM; (j9)X
P7 +Qm`b2- i?2 i?2`K�HBx�iBQM �M/ i?2 #�+F`2�+iBQM �`2 MQi i�F2M BMiQ �++QmMi BM
i?2 +QMbB/2`�iBQMX � MmK2`B+�H bim/v b?QmH/ #2 BMpQHp2/ iQ ?�p2 � +QKT`2?2MbBp2
mM/2`bi�M/BM;X >Qr2p2`- bm+? � H�`;2 b+�H2 Bb BM/22/ HBF2Hv iQ `mBM i?2 `2HB�#BHBiv
Q7 i?2 i?2Q`v- r?B+? bi`QM;Hv BKTHB2b i?�i � lo@2ti2M/2/ i?2Q`v Bb /2bB`2/ iQ ;Bp2
mM�K#B;mQmb Q#b2`p�iBQM�H T`2/B+iBQMb QM BM~�iBQM �M/ `2?2�iBM;X AM i?Bb b2Mb2- Bi
Bb r2HH@KQiBp�i2/ iQ +QMbB/2` i?2 lo@2ti2M/2/ KQ/2H- i?2 KBt2/ >B;;b@R2 BM~�iBQM
KQ/2H- #2+�mb2- �b 2tTH�BM2/ BM i?2 T`2pBQmb +?�Ti2`- Bib +miQz b+�H2 Bb Tmb?2/ mT
iQ SH�M+F b+�H2 #v R2 �M/- �b rBHH #2 b?QrM BM M2ti +?�Ti2`- i?2 bTBF2 b+�H2 rBHH #2
H�`;2Hv HQr2`2/ �HbQ #v R2- r?B+? 2Mbm`2b i?2 p�HB/Biv Q7 i?2 i?2Q`2iB+�H T`2/B+iBQMb
BM i?Bb KQ/2HX

h?Bb +?�Ti2` ?�b `2pB2r2/ i?2 i?2Q`v Q7 T�`iB+H2 T`Q/m+iBQM BM � iBK2@/2T2M/2Mi

3d



#�+F;`QmM/ �M/ Bib �TTHB+�iBQM iQ `2?2�iBM; BM irQ T`QKBbBM; bBM;H2@}2H/ KQ/2Hb BM
Q`/2` 7Q` i?2 T`2T�`�iBQM Q7 /Bb+mbbBQM �#Qmi i?2 `2?2�iBM; T`Q+2bb BM i?2 KBt2/ >B;;b@
R2 BM~�iBQM KQ/2H �b i?2 K�BM iQTB+ BM i?Bb i?2bBbX :2M2`�HHv bT2�FBM;- i?2 2z2+ib Q7
MQM@i`BpB�H #�+F;`QmM/ /vM�KB+b +�M #2 mM/2`biQQ/ BM � mMB}2/ K�MM2` �b � iBK2@
p�`vBM; 2z2+iBp2 K�bb Q7 i?2 i�`;2i }2H/b �b BM 1[X UjXRV- BM+Hm/BM; � ;2M2`�H +m`p2/
bT�+2iBK2- � ?QKQ;2M2Qmb }2H/- �M/ � MQM@+�MQMB+�H FBM2iB+ i2`K- r?B+? +�M #2
2M+QmMi2`2/ BM p�`BQmb BM~�iBQM�`v KQ/2HbX � iBK2@/2T2M/2Mi 2z2+iBp2 K�bb BM/B+�i2b
i?�i i?2 p�+mmK bi�i2 Q7 i?2 i�`;2i }2H/ Bb MQi mMB[m2- �M/ i?2 TQbBiBp2@ �M/ M2;�iBp2@
7`2[m2M+v KQ/2b �`2 KBt2/- 2bT2+B�HHv r?2M i?2 iBK2@/2T2M/2M+2 Bb MQM@�/B�#�iB+-
iQ r?B+? i?2 T�`iB+H2 T`Q/m+iBQM Bb �ii`B#mi2/X �++Q`/BM; iQ i?2 ivT2 �M/ bBx2 Q7
+QmTHBM;b- i?2 T�`iB+H2 T`Q/m+iBQM T`Q+2bb2b +�M #2 +�i2;Q`Bx2/ BMiQ T2`im`#�iBp2 �M/
MQM@T2`im`#�iBp2 QM2bX h?2 7Q`K2` Bb i`2�i2/ rBi? T2`im`#�iBQM i?2Q`v �M/ Bb �#H2
iQ `2+Qp2` i?2 `2bmHi +�H+mH�i2/ BM [m�MimK }2H/ i?2Q`vX h?2 H�ii2` Bb ;Qp2`M2/ #v
i?2 J�i?B2m 2[m�iBQM �M/ +�M 7m`i?2` #2 +H�bbB}2/ BMiQ M�``Qr `2bQM�M+2- #`Q�/
`2bQM�M+2- �M/ i�+?vQMB+ BMbi�#BHBivX

AM i?2 irQ BM~�iBQM�`v KQ/2Hb +QMbB/2`2/ ?2`2- i?2 ai�`Q#BMbFv KQ/2H �M/ i?2
>B;;b BM~�iBQM- i?2 BM~�iQM /2;`22 Q7 7`22/QK +Q?2`2MiHv Qb+BHH�i2b �7i2` i?2 2M/ Q7
BM~�iBQM- BM/m+BM; T�`iB+H2 T`Q/m+iBQM iQ `2?2�i i?2 lMBp2`b2X AM i?2 7Q`K2`- i?2
`2?2�iBM; T`Q+2bb Bb K�BMHv T2`im`#�iBp2- �M/ i?2 `2?2�iBM; i2KT2`�im`2 Bb `2H�iBp2Hv
HQrX AM i?2 H�ii2` +�b2- i?2 H�`;2 MQM@KBMBK�H +QmTHBM; H2�/b iQ i?2 T2+mHB�` #2?�pBQ`
Q7 >B;;b /m`BM; `2?2�iBM;- BX2X b?�`T i`�MbBiBQMb �i 2�+? x2`Q@+`QbbBM;X �b � `2bmHi-
i?2 2z2+iBp2 K�bb Q7 i?2 HQM;Bim/BM�H KQ/2 Q7 ;�m;2 }2H/b Bb ;`2�iHv 2M?�M+2/ �M/
b?Qrb H�`;2 bTBF2b- BM/m+BM; 2ti`2K2Hv pBQH2Mi T�`iB+H2 T`Q/m+iBQM i?�i +�M +QKTH2i2
T`2?2�iBM; `�TB/HvX >Qr2p2`- bm+? `2?2�iBM; T`Q+2bb �M/ Bib T`2/B+iBQMb �`2 �K#B;mQmb
�M/ [m2biBQM�#H2 /m2 iQ i?2 lo Bbbm2 `2bmHi2/ 7`QK i?2 HQr +miQz b+�H2 �M/ H�`;2 bTBFv
K�bb Q7 i?2 HQM;Bim/BM�H KQ/2 Q7 ;�m;2 }2H/bX aBM+2 i?2 bTBF2 b+�H2 2t+22/b i?2 +miQz
Q7 i?2 i?2Q`v- Bi Bb /B{+mHi iQ 2Mbm`2 Bib p�HB/BivX h?2`27Q`2- � lo@2ti2M/2/ >B;;b
BM~�iBQM Bb /2bB`2/ 7`QK i?Bb TQBMi Q7 pB2rX

h?2 KBt2/ >B;;b@R2 BM~�iBQM KQ/2H +�M #2 �M 2t+2HH2Mi +�M/B/�i2 �b i?2 lo@
2ti2MbBQM Q7 >B;;b BM~�iBQMX PM2 Q7 i?2 KQbi BKTQ`i�Mi `2�bQMb Bb i?�i i?2 +miQz
b+�H2 Bb HB7i2/ iQMTH i?�MFb iQ i?2 T`2b2M+2 Q7 i?2 R2 i2`KX �M/ i?2 BM~�iBQM /vM�KB+b
BM i?Bb KQ/2H +�M #2 mM/2`biQQ/ �b �M 2z2+iBp2 ai�`Q#BMbFv KQ/2H Q` 2z2+iBp2 >B;;b
BM~�iBQM- bQ Bi Bb 7�pQ`2/ #v i?2 +m``2Mi Q#b2`p�iBQMX >Qr2p2`- i?Bb Bb MQi 2MQm;?
7Q` � bm++2bb7mH BM~�iBQM KQ/2HX h?2 `2?2�iBM; T`Q+2bb b?QmH/ �HbQ #2 BMp2biB;�i2/
+�`27mHHv BM Q`/2` iQ mHiBK�i2Hv b2iiH2 /QrM i?2 lo Bbbm2 �M/ BKT`Qp2 i?2 Q#b2`p�@
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iBQM�H +QMbi`�BMib- r?B+? Bb i?2 K�BM bm#D2+i Q7 i?Bb i?2bBb �M/ rBHH #2 /Bb+mbb2/ BM
i?2 7QHHQrBM; +?�Ti2` #�b2/ QM i?2 Q`B;BM�H rQ`Fb (9R- 8R- 8j)X

3N



Ny



*?�Ti2` 9

_2?2�iBM; BM JBt2/ >B;;b@R2

AM~�iBQM JQ/2H

h?2 KBt2/ >B;;b@R2 BM~�iBQM KQ/2H- �b � lo@2ti2M/2/ +�M/B/�i2 Q7 i?2 >B;;b BM~�@
iBQM- b?Qrb BKT`Qp2/ lo T`QT2`iB2b r?BH2 F22TBM; i?2 Q#b2`p�iBQM�HHv 7�pQ`2/ BM~�@
iBQM T`2/B+iBQMb (jeĜ9y-9k)- r?B+? bi`QM;Hv KQiBp�i2b i?2 BMp2biB;�iBQM Q7 i?2 `2?2�iBM;
T`Q+2bb �7i2` i?2 KBt2/ >B;;b@R2 BM~�iBQM r?B+? T`QpB/2b i?2 BMBiB�H +QM/BiBQMb 7Q`
i?2 >Qi "B; "�M; BM i?Bb KQ/2HX h?2 K�BM Tm`TQb2 Bb iQ +�`27mHHv 2t�KBM2 i?2 TQb@
bB#H2 2tBbi2M+2 Q7 mMr�Mi2/ lo Bbbm2b /m`BM; `2?2�iBM; �b BM i?2 >B;;b BM~�iBQM (j9)-
�M/ iQ +H�`B7v i?2 �K#B;mBiv BM i?2 BM~�iBQM T`2/B+iBQMb /m2 iQ i?2 mM+2`i�BMiv BM
`2?2�iBM; bQ i?�i i?2 Q#b2`p�iBQM�H +QMbi`�BMib QM i?2 #`Q�/ T�`�K2i2` bT�+2 BM i?Bb
KQ/2H +�M #2 BKT`Qp2/- i?`Qm;? r?B+? i?2 /2;2M2`�+v #2ir22M i?2 irQ@}2H/ KQ/2H
�M/ Bib bBM;H2@}2H/ HBKBib +�M #2 #`QF2MX h?2 /Bb+mbbBQM ?2`2 7Q+mb2b QM T�`�K2i2`b
QmibB/2 i?2 bi`QM;Hv@+QmTH2/ `2;BK2 BM 6B;X kXR- BX2X rBi? +QM/BiBQM UkXRkRV b�iBb}2/X

�b rBHH #2 b?QrM b?Q`iHv- i?2 2z2+iBp2 bBM;H2@}2H/ /2b+`BTiBQM Q7 i?2 KQ/2H Bb MQ
HQM;2` p�HB/ /m`BM; `2?2�iBM;X h?2 KmHiB@}2H/ /vM�KB+b Q7 i?2 irQ b+�H�` /2;`22b Q7
7`22/QK #2+QK2b +`m+B�H iQ /2i2`KBM2 i?2 2pQHmiBQM Q7 i?2 bvbi2K- r?B+? H2�/b iQ
`B+? `2?2�iBM; T?2MQK2M� #mi ;`2�i +QKTHB+�iBQM- 2bT2+B�HHv �i i?2 #B7m`+�iBQM TQBMi
�`QmM/ i?2 ;HQ#�H KBMBKmK (ϕ, h) = (0, 0) BM i?2 TQi2MiB�H Ub22 6B;X kXkVX "�b2/
QM i?2 Q`B;BM�H rQ`Fb (9R- 8R- 8j)- /Bz2`2Mi bi�;2b Q7 `2?2�iBM; rBi? /Bz2`2Mi KQ/2H
T�`�K2i2`b rBHH #2 /Bb+mbb2/ BM /2i�BH9kX h?2 }`bi bi�;2 Q7 T`2?2�iBM; BMpQHp2b i?2
bTBFv 72�im`2b BM i?2 2z2+iBp2 K�bb Q7 i?2 HQM;Bim/BM�H KQ/2 Q7 ;�m;2 #QbQMbX Ai +�M
#2 �M�HviB+�HHv b?QrM i?�i i?2 2M2`;v b+�H2 Q7 i?Qb2 bTBF2b Bb H�`;2Hv r2�F2M2/ #v i?2
KmHiB@}2H/ /vM�KB+b BM i?2 T`2b2M+2 Q7 R2 bQ i?�i i?2 T�`iB+H2 T`Q/m+iBQM �bbQ+B�i2/
rBi? i?Bb T?2MQK2MQM #2+QK2b BM2{+B2Mi iQ ?�p2 bB;MB}+�Mi 2z2+ib /m`BM; T`2?2�i@
BM; (9R)X h?2`2 �`2 irQ TQbbB#BHBiB2b 7Q` i?2 bm#b2[m2Mi 2pQHmiBQM- i?2 Q++m``2M+2 Q7

9kS`2?2�iBM; T`Q+2bb BM bBKBH�` KQ/2Hb Bb bim/B2/ BM- 2X;X _27X (R3k)X

NR



i�+?vQMB+ T`2?2�iBM; i?�i +�M +QKTH2i2 T`2?2�iBM; �HKQbi BMbi�Mi�M2QmbHv (8yĜ8k)-
�M/ T2`im`#�iBp2 `2?2�iBM; i?�i TH�vb �M 2bb2MiB�H `QH2 B7 i?2 i�+?vQMB+ BMbi�#BHBiv Bb
BM2{+B2Mi 2MQm;? Q` bBKTHv �#b2Mi (8j)X h?2 +QM/BiBQMb 7Q` 2{+B2Mi i�+?vQMB+ T`2@
?2�iBM; �`2 /2`Bp2/- �M/ i?2 `2?2�iBM; i2KT2`�im`2 7Q` /Bz2`2Mi KQ/2H T�`�K2i2`b BM
#Qi? +�b2b Bb 7QmM/- r?B+? Bb /QM2 #v +QK#BMBM; �M�HviB+�H �M/ MmK2`B+�H K2i?Q/bX
AM i?2b2 bim/B2b- i?2 #�+F`2�+iBQM 7`QK i?2 T`Q/m+2/ T�`iB+H2b iQ i?2 #�+F;`QmM/
/vM�KB+b Bb MQi +QMbB/2`2/ #2+�mb2 i?2 �M�HvbBb Bb K�BMHv �M�HviB+�H r?BH2 bQT?BbiB@
+�i2/ MmK2`B+�H +QKTmi�iBQM Bb M22/2/ iQ +QMbB/2` i?2 MQM@HBM2�` 2z2+ib +QMbBbi2MiHvX
L2p2`i?2H2bb- i?2 bim/v Bb HBKBi2/ iQ i?2 `2;BK2 r?2`2 i?2 #�+F`2�+iBQM Bb MQi BK@
TQ`i�Mi �M/ i?2 �M�HviB+�H `2bmHib ?�p2 +H2�` T?vbB+�H K2�MBM; 7Q` mM/2`bi�M/BM; i?2
bBim�iBQMX h?2`27Q`2- i?2 T?`�b2 ǳ+QKTH2i2 T`2?2�iBM;Ǵ mb2/ ?2`2�7i2` K2�Mb i?�i i?2
2M2`;v /2MbBiv Q7 i?2 T`Q/m+2/ T�`iB+H2b /m`BM; T`2?2�iBM; #2+QK2b +QKT�`�#H2 rBi?
i?�i Q7 #�+F;`QmM/- BMbi2�/ Q7 +QKTH2i2Hv /2TH2iBM; i?2 2M2`;v Q7 BM~�iQMX JQ`2
/2i�BH rBHH #2 /Bb+mbb2/ BM i?2 +Q``2bTQM/BM; b2+iBQMX �MQi?2` +QM+2`M K�v #2 `2@
H�i2/ iQ i?2 `2MQ`K�HBx�iBQM ;`QmT `mMMBM; Q7 i?2 KQ/2H T�`�K2i2`b- bm+? �b λ �M/
i?2 M2;H2+i2/ >B;;b K�bbX 1bT2+B�HHv- �b b?QrM BM _27X (Rj8)- i?2 >B;;b K�bb K�v
#2+QK2 �b H�`;2 �b ∼ MTH/ξ �i BM~�iBQM b+�H2- r?B+? K�v ?�p2 MQM@i`BpB�H 2z2+ib QM
i?2 +m``2Mi `2bmHibX >Qr2p2`- Bi Bb MQi i?2 +�b2- �b +�M #2 b22M BM i?2 +H2�` �M�HvbBb
BM i?2 b�K2 _27X (Rj8)X

h?2 +?�Ti2` Bb +QMbi`m+i2/ �b 7QHHQrbX �i i?2 #2;BMMBM; Q7 2�+? /Bb+mbbBQM- i?2
#�+F;`QmM/ /vM�KB+b 7Q` i?2 +Q``2bTQM/BM; bi�;2 �`2 �M�Hvx2/- r?B+? +QMbiBimi2b i?2
#�bBb Q7 bm#b2[m2Mi BMp2biB;�iBQM QM `2?2�iBM;X h?2 #2?�pBQ` Q7 bTBFv 72�im`2b BM i?2
2z2+iBp2 K�bb Q7 L: KQ/2 Bb +H�`B}2/ BM a2+X 9XR- T`QpBM; i?�i i?2 bBM;H2@}2H/ lo
Bbbm2 /Bb�TT2�`b BM i?2 KBt2/ >B;;b@R2 BM~�iBQM KQ/2HX AM a2+X 9Xk- � +QKT`2?2MbBp2
�M�HviB+�H BMp2biB;�iBQM iQ;2i?2` rBi? MmK2`B+�H +�H+mH�iBQM Q7 i?2 i�+?vQMB+ T`2?2�i@
BM; BM i?Bb KQ/2H Bb T`2b2Mi2/- BM+Hm/BM; i?2 +QM/BiBQMb 7Q` Q++m``2M+2- 2{+B2M+v- �M/
i?2 M2+2bb�`v /2;`22 Q7 }M2@imMBM;X 6BM�HHv- BM a2+X 9Xj- T2`im`#�iBp2 `2?2�iBM; Bb /Bb@
+mbb2/ BM i?2 +�b2 r?2`2 i?2 i�+?vQMB+ BMbi�#BHBiv Bb mM�#H2 iQ +QKTH2i2 T`2?2�iBM;-
/2i2`KBMBM; i?2 }M�H `2?2�iBM; i2KT2`�im`2 �M/ /m`�iBQMX

9XR 6B`bi ai�;2 Q7 S`2?2�iBM;
aBKBH�` iQ i?2 >B;;b BM~�iBQM +�b2 (j9)- �i i?2 }`bi bi�;2 Q7 T`2?2�iBM; BM i?2 KBt2/
>B;;b@R2 BM~�iBQM KQ/2H- i?2 T�`iB+H2 T`Q/m+iBQM Bb BM/m+2/ #v i?2 bTBF2b 2t?B#Bi2/ BM
i?2 2z2+iBp2 K�bb Q7 i?2 T?�b2 /B`2+iBQM Q7 >B;;b UQ` i?2 L: KQ/2V i?�i +QMbiBimi2b

Nk



i?2 HQM;Bim/BM�H KQ/2 Q7 ;�m;2 #QbQMbX AM i?2 bBM;H2@}2H/ +�b2- /m2 iQ i?2 H�`;2 MQM@
KBMBK�H +QmTHBM; ξ ! 1- i?2 K�bb b+�H2 Q7 i?2 bTBF2b ∼

√
λMTH Bb Km+? ?B;?2` i?�M

i?2 +miQz b+�H2 Q7 i?2 i?2Q`v∼ MTH/ξ - r?B+? Bb +QMbB/2`2/ Qmi Q7 [m�MimK K2+?�MB+�H
+QMi`QH �M/ i?2 T2`im`#�iBQM i?2Q`v Bb 2tT2+i2/ iQ 7�BHX >Qr2p2`- rBi? i?2 BM+HmbBQM
Q7 R2 i2`K- i?2 bBim�iBQM Bb b?QrM �M�HviB+�HHv �M/ MmK2`B+�HHv iQ +?�M;2 bB;MB}+�MiHv
#v i?2 KmHiB@}2H/ M�im`2- BX2X +QMbB/2`�#H2 `2/m+iBQM Q7 i?2 bTBF2 b+�H2 (9R)X PM i?2
QM2 ?�M/- i?Bb `2bmHi +QM}`Kb i?�i i?2 lo Bbbm2 BM i?2 bBM;H2@}2H/ +�b2 MQ HQM;2`
2tBbib BM i?Bb lo@2ti2M/2/ KQ/2H- r?BH2 QM i?2 Qi?2` ?�M/- Bi T`Qp2b i?�i i?2 bTBF2
T`2?2�iBM; Bb 7�` 7`QK bm{+B2Mi iQ +QKTH2i2 T`2?2�iBM;X Pi?2` `2?2�iBM; K2+?�MBbKb-
i?2`27Q`2- �`2 M22/2/ iQ `2?2�i i?2 lMBp2`b2 �7i2` KBt2/ >B;;b@R2 BM~�iBQMX

h?2 �M�HvbBb #2HQr 7Q+mb2b QM i?2 ;HQ#�H l(1) >B;;b r?B+? Bb bm{+B2Mi 7Q` i?2
T`2b2Mi Tm`TQb2- #mi Bi Bb 2tT2+i2/ i?�i i?2 +QM+HmbBQM `2K�BMb mM+?�M;2/ 7Q` i?2
7mHHv ;�m;2/ al(2)L×l(1)Y +�b2X h?2`27Q`2- i?2 ǳ>B;;bǴ }2H/ Bb r`Bii2M BM i?2 7Q`K

HaJ(t,t) = h(t)eiθh(t,t)/
√
2 , U9XRV

BM i?2 �+iBQM UkXRR3V r?2`2 i?2 L: KQ/2 θh(t,t) Bb i`2�i2/ �b T2`im`#�iBQMX AM Q`/2`
iQ bim/v [m�MimK +`2�iBQM Q7 i?Bb L: KQ/2 /m2 iQ i?2 bTBF2b- i?2 K�BM ;Q�H Bb i?2M
iQ }M/ Qmi i?2 #2?�pBQ` Q7 Bib 2z2+iBp2 K�bbX
• CQ`/�M 7`�K2 >2`2- �HH i?2 bm#b+`BTib ǳCǴ 7Q` C6 �`2 QKBii2/ 7Q` bBKTHB+BivX qBi?
1[X U9XRV- i?2 `2H2p�Mi T�`i Q7 i?2 G�;`�M;B�M BM C6 `2�/b

√
−gL ⊃ −1

2

√
−gh2gµν∂µθh∂νθh =

1

2
θ̇2c −

1

2a2
(∇θc)2 +

1

2

f̈M+
fM+

θ2c , U9XkV

r?2`2 i?2 +�MQMB+�H }2H/ θc �M/ fM+(t) �`2 /2}M2/ �b

θc(t,t) ≡ a3/2(t)h(t)θh(t,t) ≡ fM+(t)θh(t,t) , U9XjV

BM i?2 ~�i 6G_q #�+F;`QmM/- r?B+? Bb � bT2+B�H +�b2 Q7 1t�KTH2 h?`22 �i i?2 #2@
;BMMBM; BM *?�Ti2` jX �b � `2bmHi- i?2 2z2+iBp2 K�bb Q7 i?2 +�MQMB+�HBx2/ L: KQ/2
Bb ;Bp2M #v

m2
θc = − f̈M+

fM+
= −9

4
H2 − 3

2
Ḣ +

V277,h
h

∼ −ξR , U9X9V

r?2`2 i?2 2[m�iBQM Q7 KQiBQM 7Q` >B;;b ?�b #22M mb2/ 7Q` bBKTHB}+�iBQM �M/ i?2
2z2+iBp2 TQi2MiB�H V277 Bb ;Bp2M BM 1[X UkXRkdVX AM i?2 H�bi 2biBK�iBQM- i?2 /QKBM�Mi
+QMi`B#miBQM Bb 2�bBHv 7QmM/ iQ #2 BM i?2 b�K2 7Q`K �b i?2 bBM;H2@}2H/ +�b2 rBi? ξ ! 1X
h?2`27Q`2- Bi Bb BKTQ`i�Mi iQ mM/2`bi�M/ i?2 #�+F;`QmM/ 2pQHmiBQM Q7 R(t) BM i?2 irQ@
}2H/ +�b2 r?B+? Bb /2i2`KBM2/ #v 1[bX UkXRk8V �M/ UkXRkeVX

Nj
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6B;m`2 9XR, PM2 2t�KTH2 Q7 i?2 }`bi Qb+BHH�iBQM Q7 ξR UH27iV �M/ h U`B;?iV �7i2` i?2
2M/ Q7 i?2 KBt2/ >B;;b@R2 BM~�iBQM BM C6 rBi? (ξ,λ) = (4000, 0.01)X *QKT�`2/ rBi?
i?2 bBM;H2@}2H/ +�b2- i?2 b?�T2 x2`Q@+`QbbBM; Q7 >B;;b Bb `2TH�+2/ #v � b2`B2b Q7 bK�HH
Qb+BHH�iBQMb �`QmM/ i?2 Q`B;BMX

�M�HQ;Qmb iQ i?2 bBM;H2@}2H/ +�b2- i?2 bTBF2b �`2 2tT2+i2/ iQ �TT2�` r?2M2p2` h
�TT`Q�+?2b � x2`Q@+`QbbBM; TQBMiX PM2 2t�KTH2 Q7 i?2 2pQHmiBQM Q7 ξR �M/ h BM i?2B`
}`bi Qb+BHH�iBQM �7i2` i?2 2M/ Q7 i?2 KBt2/ >B;;b@R2 BM~�iBQM Bb b?QrM BM 6B;X 9XR-
r?B+? b?Qrb i?�i i?2 �++2H2`�i2/ i`�MbBiBQM Q7 >B;;b �`QmM/ h # 0 BM i?2 bBM;H2@}2H/
+�b2 #2+QK2b b2p2`�H bK�HH Qb+BHH�iBQMb �i i?2 Q`B;BM /m2 iQ i?2 T`2b2M+2 Q7 R2X h?Bb
Q#b2`p�iBQM �HHQrb �M�HviB+�H +�H+mH�iBQM Q7 i?2 #2?�pBQ` Q7 _B++B b+�H�` �M/ >B;;b
rBi? bBKTH2 �TT`QtBK�iBQMX JQ`2 BKTQ`i�MiHv- i?2 H27i T�M2H Q7 6B;X 9XR b?Qrb Km+?
`2;mH�` #2?�pBQ` Q7 R(t) rBi? Km+? bK�HH2` �KTHBim/2 i?�M i?�i BM 6B;X jX9- r?B+?
BKTHB2b i?�i i?2 bTBFv 72�im`2b BM m2

θc Kmbi #2 r2�F2M2/ bB;MB}+�MiHvX hQ #2 bT2+B}+-
1[X UkXRkeV +�M #2 r`Bii2M BM i?2 7QHHQrBM; 7Q`K r?2M h # hp0 = 0

−!R +M2R # 0 , U9X8V

r?2`2 i?2 2M2`;v Q7 >B;;b Bb �TT`QT`B�i2Hv �bbmK2/ iQ #2 M2;HB;B#H2 /m`BM; i?2 bK�HH
Qb+BHH�iBQMb �`QmM/ i?2 Q`B;BM- r?B+? BM/B+�i2b i?�i R(t) Bb �+im�HHv � ?�`KQMB+ Qb+BH@
H�iQ` rBi? 7`2[m2M+v M BM i?Bb T2`BQ/ BMbi2�/ Q7 M̃ - BX2X R(t) ∝ bBM(Mt) `2;�`/H2bb Q7
i?2 +QbKB+ 2tT�MbBQM rBi?BM i?2 }`bi Qb+BHH�iBQMX h?2 �KTHBim/2 Q7 i?Bb Qb+BHH�iQ` Bb
i?2M 2bb2MiB�H 7Q` i?2 /2i2`KBM�iBQM Q7 i?2 bTBF2 b+�H2 Q7 m2

θc X h?2 bBKTH2bi r�v iQ /Q
i?�i Bb iQ i`�+2 i?2 2M2`;v Q7 i?2 bvbi2KX aBM+2 i?2 2M2`;v Q7 >B;;b �i i?Bb KQK2Mi Bb
M2;HB;B#H2- i?2 iQi�H 2M2`;v Bb M�im`�HHv /QKBM�i2/ #v i?2 b+�H�`QM Qb+BHH�iBQM #2+�mb2
i?2`2 ?�b MQi #22M �Mv T�`iB+H2 T`Q/m+iBQM �i i?Bb bi�;2X h?2 2M2`;v HQbb +QKT�`2/
rBi? i?2 #2;BMMBM; Q7 BM~�iBQM Bb bBKTHv /m2 iQ i?2 >m##H2 7`B+iBQM- r?B+? +�M #2
�bbmK2/ iQ #2 �M mM/2i2`KBM2/ +QMbi�Mi +Q2{+B2Mi

ρR = C2
1ρBM7 , U9XeV
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r?2`2 C1 +�M #2 }t2/ #v }iiBM; i?2 MmK2`B+�H +�H+mH�iBQMX h?Bb i�bF Bb H27i iQ i?2
/Bb+mbbBQM BM 16 BM i?2 7QHHQrBM;X

• 1BMbi2BM 7`�K2 �HH bm#b+`BTib ǳ1Ǵ rBHH #2 QKBii2/ 7Q` +QMp2MB2M+2X aBM+2 i?2
>B;;b }2H/ `2K�BMb mM+?�M;2/ BM i?2 +QM7Q`K�H i`�Mb7Q`K�iBQM UkXRkkV- i?2 `2H2p�Mi
T�`i Q7 i?2 G�;`�M;B�M BM 16 +�M #2 Q#i�BM2/ bBKTHv #v BMb2`iBM; h → heiθh BMiQ i?2
�+iBQM UkXRk9V- r?B+? H2�/b iQ

√
−gL ⊃ −1

2

√
−ge−αϕh2gµν∂µθh∂νθh =

1

2
θ̇2c −

1

2a2
(∇θc)2 +

1

2

f̈M+
fM+

θ2c + · · · , U9XdV

r?2`2 i?2 +�MQMB+�H }2H/ θc(t,t) �M/ fM+(t) �`2 /2}M2/ �b

θc(t,t) ≡ a3/2(t)e−αϕ(t)/2h(t)θh(t,t) ≡ fM+(t)θh(t,t) . U9X3V

�b +�M #2 b22M- i?2 QMHv /Bz2`2M+2 7`QK i?2 +�b2 BM C6 Bb i?�i i?2 +QM7Q`K�H 7�+iQ`
BM 1[X UkXRkkV 2Mi2`b i?2 /2}MBiBQM Q7 fM+(t)X aBKBH�`Hv- i?2 2z2+iBp2 K�bb Q7 i?2 L:
KQ/2 Bb 2�bBHv `2�/ Qz �b

m2
θc = − f̈M+(t)

fM+(t)
= −α

2
U,ϕ +

eαϕ

h
U,h −

3

4

U

M2
TH
+

5

24

1

M2
TH

(
ϕ̇2 + e−αϕḣ2

)
, U9XNV

r?2`2 i?2 #�+F;`QmM/ 2[m�iBQMb U*XeV- U*XdV- �M/ U*X3V BM �TT2M/Bt * ?�p2 #22M
mb2/ iQ bBKTHB7v i?2 bBim�iBQMX q?BH2 i?2 H�bi irQ i2`Kb �`2 �Hr�vb Q7 i?2 Q`/2` Q7 i?2
>m##H2 T�`�K2i2`- i?2 }`bi irQ i2`Kb +�M #2 Km+? H�`;2` ∼ ξM2 r?2M i?2 b+�H�` }2H/
i`�D2+iQ`v /2pB�i2b 7`QK i?2 p�HH2v UkXR98VX �;�BM- i?2 /2i�BH2/ 2pQHmiBQM Q7 b+�H�`QM
�M/ >B;;b Bb 2bb2MiB�H iQ /2i2`KBM2 i?2 T`QT2`iB2b Q7 m2

θc bQ i?2 #�+F;`QmM/ �M�HvbBb
BM 16 Bb M2+2bb�`v 7Q` i?2 bim/v iQ T`Q+22/X

AM 16- i?2 irQ b+�H�` /2;`22b Q7 7`22/QK 7Q` BM~�iQM #2+QK2 KQ`2 2tTHB+Bi �b BM i?2
�+iBQM UkXRk9VX h?2 2z2+iBp2 bBM;H2 }2H/ /2b+`BTiBQM #`2�Fb /QrM /m`BM; `2?2�iBM;c
i?2`27Q`2- i?2 7mHH 2[m�iBQMb Q7 KQiBQM 7Q` ϕ �M/ h b?QrM BM �TT2M/Bt * b?QmH/
#2 i�F2M BMiQ �++QmMiX :Bp2M 1[bX U*XeV- U*XdV- �M/ U*X3V- Bi +�M #2 b22M i?�i i?2
bvbi2K Bb ?B;?Hv +QKTHB+�i2/ /m2 iQ i?2 +QmTHBM;b #2ir22M b+�H�`QM �M/ >B;;b- bQ
MmK2`B+�H `2bmHib K�v #2 M22/2/ iQ ;�BM �M BMimBiBQM Q7 i?2 /vM�KB+b 7Q` �M�HviB+�H
mM/2`bi�M/BM;X 6B;m`2b 9Xj 2t?B#Bi ivTB+�H 2t�KTH2b Q7 2pQHmiBQM Q7 h UiQT T�M2HbV �M/
ϕ U#QiiQK T�M2HbV 7Q` i?`22 #2M+?K�`F TQBMib b?QrM BM 6B;X 9Xk r?B+? �`2 bT2+B}+�HHv
+?Qb2M �b,

U�V ξ/ξc # 0.9996, Mc/M # 0.0282 ↔ ξ = ξs # 4439, MTH/M # 2.17× 103-

U"V ξ/ξc # 0.9975, Mc/M # 0.0709 ↔ ξ = 4430, MTH/M # 5.45× 103-
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6B;m`2 9Xk, S�`�K2i2` bT�+2 7Q` i?2 KBt2/ >B;;b@R2 BM~�iBQM KQ/2H rBi? λ = 0.01X
h?2 #H�+F TQBMib U�V- U"V- �M/ U*V �HQM; i?2 #Hm2 HBM2 `2T`2b2Mi i?`22 #2M+?K�`F
TQBMib +?Qb2M 7Q` 2t�KTH2b Q7 i?2 2pQHmiBQM Q7 ϕ �M/ h BM 6B;bX 9Xj �M/ 9X9- r?BH2
�HH }p2 T�`�K2i2` TQBMib Ui?`22 #H�+F �M/ irQ ;`�vV �`2 7Q` i?2 MmK2`B+�H }iiBM; BM
6B;X 9X8X

U*V ξ/ξc # 0.9208, Mc/M # 0.39 ↔ ξ # 4089, MTH/M = 3× 104-

r?B+? b�iBb7v i?2 Q#b2`p�iBQM�H +QMbi`�BMi UkXRjdVX LQi2 i?�i T�`�K2i2` TQBMi U�V HB2b
QM i?2 #QmM/�`v iQ i?2 bi`QM;Hv@+QmTH2/ `2;BK2X h?2 BMBiB�H +QM/BiBQM 7Q` 6B;bX 9Xj
Bb Dmbi #27Q`2 i?2 2M/ Q7 BM~�iBQM �b ϕ = 1.2MTH- ϕ̇ = 0- r?BH2 h b�iBb}2b ∂U/∂h = 0

�M/ ḣ = 0 �i t = 0- #mi Bi ?�b #22M +QM}`K2/ i?�i i?2 `2bmHib `2K�BM mM+?�M;2/ B7
H�`;2` MmK#2` Q7 e@7QH/b #27Q`2 i?2 2M/ Q7 BM~�iBQM Bb i�F2MX �b b?QrM BM 6B;bX 9Xj- i?2
b+�H�` }2H/b �`2 QM+2 i`�TT2/ BM i?2 QMHv M�``Qr p�HH2v 7Q` ϕ < 0 rBi? i?2 iBK2 b+�H2
∼ M−1 �M/ i?2 h }2H/ Qb+BHH�i2b `�TB/Hv rBi? i?2 2z2+iBp2 K�bb b[m�`2/ ∼ α|ϕ|ξM2

�`QmM/ i?2 bi`2�KHBM2 hp0 = 0 �i i?2 #QiiQK Q7 i?2 p�HH2vX h?2 7`2[m2M+v Q7 i?2
>B;;b }2H/ +�M #2 p2`v H�`;2 B7 α|ϕ| ∼ 1X 6B;m`2b 9X9 b?Qr i?2 iBK2 2pQHmiBQM Q7 m2

θc

7Q` Qm` #2M+?K�`F T�`�K2i2`b U�V- U"V- �M/ U*VX Ai Bb bi`�B;?i7Q`r�`/ iQ b22 i?�i
i?2 2z2+iBp2 K�bb ;2ib H�`;2` r?2M ϕ ;2ib M2;�iBp2 �M/- �i i?2 b�K2 iBK2- h # 0X
�HbQ- KQ`2 Q` H2bb- i?2 bTBFv b?�T2 biBHH �TT2�`b 2p2M BM i?2 +�b2 r?2`2 i?2 R2 i2`K
Bb T`2b2MiX >Qr2p2`- i?2 �KTHBim/2 �M/ rB/i? �`2 Q#pBQmbHv /Bz2`2Mi 7`QK i?2 bBM;H2@
}2H/ +�b2X Ai +�M #2 Q#b2`p2/ i?�i i?2 ?2B;?i Q7 i?2 bTBF2b ;2ib HQr2` �M/ i?2B` rB/i?
;2ib rB/2` �b M UQ` ξV /2+`2�b2b- BX2X KQ`2 R2@HBF2 +�b2X h?Bb Bb M�im`�H #2+�mb2
MQ bTBF2b b?QmH/ #2 2tT2+i2/ BM i?2 R2@HBKBiX JQ`2 bT2+B}+�HHv- i?2 ?2B;?ib �M/ i?2
rB/i?b Q7 i?2 bTBF2b 7Q` �HH }p2 T�`�K2i2` TQBMib BM 6B;X 9Xk �`2 b?QrM �b � 7mM+iBQM

Ne
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6B;m`2 9Xj, hBK2 2pQHmiBQM Q7 i?2 >B;;b }2H/ h UiQTV �M/ b+�H�`QM ϕ U#QiiQKV 7Q` i?2
T�`�K2i2` TQBMib U�V UH27iV- U"V UKB//H2V- �M/ U*V U`B;?iV rBi? λ = 0.01X a22 6B;X 9Xk
7Q` i?2 i?`22 T�`�K2i2` TQBMibX
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6B;m`2 9X9, hBK2 2pQHmiBQM Q7 i?2 2z2+iBp2 K�bb b[m�`2/ 7Q` i?2 T?�b2 /B`2+iBQM m2
θc

7Q` i?2 T�`�K2i2` TQBMib U�V UH27iV- U"V UKB//H2V- �M/ U*V U`B;?iV rBi? λ = 0.01X h?2
iQT T�M2Hb b?Qr i?2 2pQHmiBQM Qp2` i?2 7mHH iBK2 `�M;2 b?QrM BM 6B;bX 9Xj- r?BH2 i?2
#QiiQK T�M2Hb �`2 K�;MB}+�iBQMb Q7 i?2 iQT T�M2Hb �`QmM/ i?2 }`bi T2�FX
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6B;m`2 9X8, S2�F �KTHBim/2 �M/ iBK2b+�H2 Q7 i?2 bTBF2 BM i?2 2z2+iBp2 K�bb b[m�`2/
m2

θc �i i?2 }`bi Qb+BHH�iBQM �7i2` i?2 2M/ Q7 KBt2/ >B;;b@R2 BM~�iBQMX h?2 ;`22M
i`B�M;H2b �M/ i?2 `2/ /BbFb �`2 i?2 MmK2`B+�HHv Q#i�BM2/ T2�F �KTHBim/2 �M/ iBK2b+�H2
Q7 i?2 K�bb bTBF2- `2bT2+iBp2Hv- r?BH2 i?2 #`QrM /�b?2/ HBM2 �M/ i?2 #Hm2 bQHB/ HBM2
�`2 �M�HviB+ 2biBK�i2b U9XRdV �M/ U9XR3V rBi? C1 # 0.25 �M/ Ci # 2 X

Q7 M BM 6B;X 9X8- mM/2` i?2 Q#b2`p�iBQM�H +QMbi`�BMi UkXRjdVX h?2 rB/i? Q7 i?2 bTBF2b
Bb /2}M2/ �b i?2 7mHH rB/i? �i ?�H7 K�tBKmKX h?2`27Q`2- i?2 MmK2`B+�H `2bmHib b?Qr
i?�i i?2 bTBF2b #2+QK2 KQ`2 ǳbTBFvǴ �b i?2 bvbi2K #2+QK2b KQ`2 >B;;b@HBF2- #mi 2p2M
�i i?2 #QmM/�`v ξ = ξs Q7 i?2 bi`QM;Hv@+QmTH2/ `2;BK2- i?2 �KTHBim/2 Q7 i?2 bTBF2 Bb
H�`;2Hv r2�F2M2/ +QKT�`2/ rBi? i?2 QM2 BM i?2 >B;;b BM~�iBQMX

qBi? i?2 Q#b2`p�iBQM �#Qp2- i?2 �M�HviB+�H mM/2`bi�M/BM; Q7 i?2 #2?�pBQ` Q7 i?2
bTBF2b +�M #2 2�bBHv 7QmM/ rBi? �TT`QT`B�i2 �TT`QtBK�iBQM �b 7QHHQrbX .m`BM; BM~�@
iBQM- i?2 2M2`;v /2MbBiv Q7 i?2 lMBp2`b2 Bb /QKBM�i2/ #v i?2 TQi2MiB�H BM 1[X UkXRk9VX
qBi? i?2 2z2+iBp2 bBM;H2@}2H/ +QM/BiBQM- BX2X i?2 p�HH2v 7Q` ϕ > 0 ;Bp2M BM i?2 HQr2`
Q7 1[X UkXR98V- i?2 �bvKTiQiB+ TQi2MiB�H ?2B;?i 7Q` αϕ! 1 Bb i?2M

UBM7 = 3M2
THM̃

2/4 . U9XRyV

PM i?2 Qi?2` ?�M/- bK�HH }2H/ �TT`QtBK�iBQM Bb p�HB/ /m`BM; `2?2�iBM;- BX2X α|ϕ| ( 1-
r?B+? ;`2�iHv bBKTHB}2b i?2 TQi2MiB�H U(ϕ, h) #v 2tT�M/BM; Bi �`QmM/ i?2 Q`B;BM

U(ϕ, h) ≈ λ

4
h4 +

1

2
M2

(
ϕ− ξh2

αM2
TH

)2

. U9XRRV

6Q+mbBM; QM i?2 `2;BK2 ϕ < 0 r?2`2 i?2 bTBF2b �TT2�`- i?2`2 Bb QMHv QM2 KBMBKmK
�HQM; hp0 = 0 �b b?QrM BM 1[X UkXR9eV �M/ 6B;X kXk- r?2`2 i?2 TQi2MiB�H Bb

U(ϕ, h = 0) = U0(ϕ) = M2ϕ2/2 , U9XRkV

N3



r?B+? H2�/b iQ i?2 K�bb Q7 i?2 b+�H�`QM �`QmM/ i?2 p�HH2v

m2
ϕ = M2 . U9XRjV

h?2`27Q`2- i?2 b+�H�`QM }2H/- �b Bb �HbQ b?QrM T`2pBQmbHv BM i?2 �M�HvbBb BM C6- #2?�p2b
bBKTHv �b � ?�`KQMB+ Qb+BHH�iQ` rBi? K�bb M BM i?Bb `2;BK2- r?B+? ?2HTb iQ 2biBK�i2
i?2 /m`�iBQM Q7 ϕ < 0 `2;BK2- Q` 2[mBp�H2MiHv- i?2 rB/i? Q7 i?2 bTBF2bX aBM+2 i?2 TQ@
i2MiB�H 2M2`;v �HbQ /QKBM�i2b i?2 FBM2iB+ QM2 r?2M ϕ }2H/ +HBK#b mT i?2 p�HH2v /m`BM;
ϕ < 0 �M/ `2�+?2b Bib K�tBK�H �KTHBim/2 ϕ = ϕ1 < 0- i?2 TQi2MiB�H 2M2`;v U9XRkV �i
i?2 }`bi Qb+BHH�iBQM +�M #2 `2H�i2/ iQ UBM7 BM i?2 7QHHQrBM; r�v

U0(ϕ1) = C2
1UBM7 , U9XR9V

r?B+? vB2H/b

α|ϕ1| = C1
M̃

M
= C1

√
λM2

TH
3ξ2M2 + λM2

TH
. U9XR8V

>2`2 C1 " 1 `2T`2b2Mib i?2 /BbbBT�iBQM Q7 i?2 TQi2MiB�H 2M2`;v 7`QK i?2 TH�i2�m `2;BQM
/m`BM; BM~�iBQM iQ ϕ `2�+?BM; i?2 H�`;2bi M2;�iBp2 p�Hm2 ϕ1 �7i2` � ?�H7 Qb+BHH�iBQMX
qBi? i?2 `2H�iBQM b?QrM �#Qp2- i?2 K�tBK�H �KTHBim/2 Q7 i?2 2z2+iBp2 K�bb m2

θc -
r?B+? +Q``2bTQM/b iQ i?2 ?2B;?i Q7 bTBF2b- +�M #2 2biBK�i2/ �i i?2 TQBMi (ϕ, h) =

(ϕ1, 0) �b

(
mbT

θc

)2 # M2



C1

2
(6ξ + 1)

M̃

M
− C2

1

16

(
M̃

M

)2


 , U9XReV

r?2`2- �b +�M #2 +?2+F2/- i?2 /QKBM�Mi +QMi`B#miBQM +QK2b 7`QK i?2 b2+QM/ i2`K
BM 1[X U9XNV 7Q` ξ ! 1X 6Q` H�`;2` M(>

√
λMTH/ξ)- i?Bb `2bmHi ;Bp2b

(
mbT

θc

)2 #
C1

√
3λMMTHX LQi2 i?�i BM i?Bb 2tT`2bbBQM 7Q` bm{+B2MiHv H�`;2 M #

√
λMTH �M/

ξ > ξs9j 7Q` r?B+? i?2 bBM;H2@}2H/ >B;;b BM~�iBQM �TT`QtBK�iBQM ;2ib #2ii2`- i?2
7Q`KmH� BM i?2 >B;;b BM~�iBQM +�b2 Bb `2+Qp2`2/

(
mbT

θc

)2 #
√
3C1λM2

TH (j9)- r?B+? Bb
+QMbBbi2Mi rBi? i?2 2tTH�M�iBQM BM *?�Ti2` k i?�i i?2 >B;;b BM~�iBQM �+im�HHv 2Mi2`b
i?2 bi`QM;Hv@+QmTH2/ `2;BK2 BM 6B;X kXRX h�FBM; i?2 Q#b2`p�iBQM�H +QMbi`�BMi UkXRjdV
BMiQ �++QmMi- 1[X U9XReV #2+QK2b

(
mbT

θc

)2 ≈ C1

√
3λ(M2 −M2

c )MTH , U9XRdV

7Q` ξ ! 1X AM i?2 >B;;b@HBF2 `2;BK2- M ! Mc bQ i?2 bTBF2b K�v #2 H�`;2- r?BH2 BM
i?2 R2@HBF2 `2;BK2- M # Mc r?B+? bmTT`2bb2b i?2 ?2B;?i Q7 i?2 bTBF2bX �b K2MiBQM2/

9jh?2b2 T�`�K2i2`b Q#pBQmbHv /Q MQi `2bT2+i i?2 T2`im`#�iBpBiv +QM/BiBQM 1[X UkXRkRVX

NN



�#Qp2- i?2 /m`�iBQM Q7 i?2 }`bi bTBF2 Bb /2i2`KBM2/ #v i?2 T2`BQ/ r?2M i?2 b+�H�`QM
bi�vb BM i?2 ϕ < 0 `2;BK2- BX2X ∼ M−1 X h?2`27Q`2- i?2 rB/i? Q7 i?2 bTBF2b +�M #2
bBKTHv 2biBK�i2/ �b

∆tbT = CiM
−1 . U9XR3V

�;�BM- i?2 7Q`KmH� 7Q` i?2 >B;;b BM~�iBQM ∆tbT # (
√
λMTH)−1 +�M #2 `2+Qp2`2/ �i

M #
√
λMTH r?2M i?2 bBM;H2@}2H/ >B;;b BM~�iBQM �TT`QtBK�iBQM ;2ib #2ii2`X LQi2

i?�i 1[bX U9XReV �M/ U9XR3V �`2 MQi p�HB/ �Mv KQ`2 r?2M M bB;MB}+�MiHv 2t+22/b i?2
bTBF2 iBK2b+�H2 BMp2`b2 BM i?2 >B;;b BM~�iBQM +�b2 M !

√
λMTHX �HbQ BM 6B;X 9X8- i?2

�M�HviB+�H 2biBK�i2b U9XRdV �M/ U9XR3V �`2 b?QrM rBi? C1 # 0.25 �M/ Ci # 2 }ii2/
rBi? i?2 K2�bm`2/ T2�F �KTHBim/2 �M/ iBK2b+�H2 Q7 i?2 bTBF2bX h?2 ;`22M i`B�M;H2b
�M/ i?2 `2/ /BbFb �`2 i?2 p�Hm2b Q7 i?2 �KTHBim/2 �M/ i?2 iBK2b+�H2 2biBK�i2/ 7`QK
i?2 MmK2`B+�H iBK2 2pQHmiBQM- `2bT2+iBp2Hv- r?BH2 i?2 #`QrM /�b?2/ HBM2 �M/ i?2 #Hm2
bQHB/ HBM2 �`2 i?2 T`2/B+iBQMb Q7 i?2 �M�HviB+ 2biBK�i2b U9XRdV �M/ U9XR3V- `2bT2+iBp2HvX
Ai +�M #2 b22M i?�i i?2 MmK2`B+�H `2bmHib +QBM+B/2 rBi? i?2 �M�HviB+ 2biBK�i2b r2HHX �
`Qm;? 2biBK�i2 Q7 C1 +QmH/ ?2HT iQ mM/2`bi�M/ i?2 }ii2/ p�Hm2X 6Q` i?2 bBM;H2@}2H/
>B;;b@ Q` R2@BM~�iBQM- i?2 TQi2MiB�H b?�T2 #2+QK2b ∝ (1−e−αϕ)2X h?mb- i?2 bHQr@`QHH
+QM/BiBQM K�t{|ε1|, |ε2|} < 1 #`2�Fb /QrM �i i?2 KQK2Mi e−αϕ = 2

√
3 − 3 r?2M i?2

BM~�iQM TQi2MiB�H 2M2`;v Bb # 0.287 iBK2b Bib p�Hm2 �i i?2 TH�i2�mX h?Bb p�Hm2 Bb Dmbi
+HQb2 iQ # 0.25 7QmM/ T`2pBQmbHv- bQ Bi Bb 2tT2+i2/ i?�i bBKBH�` T?vbB+�H TB+im`2 �TTHB2b
BM i?2 irQ }2H/ +�b2X

�b � `2bmHi- i?2 ?2B;?i Q7 i?2 bTBF2 b?QrM BM 1[X U9XRdV +�M MQ HQM;2` 2t+22/ i?2
+miQz b+�H2 Q7 i?2 i?2Q`v ∼ MTH BM i?2 KBt2/ >B;;b@R2 BM~�iBQM KQ/2H- r?B+? 7m`i?2`
+QM}`Kb i?�i i?Bb irQ@}2H/ KQ/2H Bb 7`22 7`QK i?2 lo Bbbm2b 2M+QmMi2`2/ BM i?2 >B;;b
BM~�iBQM �M/ b2`p2b �b � T`QKBbBM; lo@2ti2MbBQM +�M/B/�i2 Q7 i?2 H�ii2`X

>�pBM; i?2 �M�HviB+�H #2?�pBQ` Q7 i?2 }`bi bTBF2 BM m2
θc �7i2` i?2 2M/ Q7 i?2 KBt2/

>B;;b@R2 BM~�iBQM- i?2 2biBK�iBQM Q7 T�`iB+H2 T`Q/m+iBQM BM/m+2/ #v bm+? � bTBF2
#2+QK2b TQbbB#H2- r?B+? Bb 2bb2MiB�H iQ 2t�KBM2 i?2 2{+B2M+v Q7 i?Bb T`2?2�iBM; +?�M@
M2HX S�`iB+H2 T`Q/m+iBQM 7`QK bm#b2[m2Mi Qb+BHH�iBQMb Bb M2;H2+i2/ #2+�mb2 i?2 K�BM
BMi2`2bi HB2b BM i?2 2z2+i Q7 i?2 bi`QM;2bi bTBF2 i?�i �TT2�`b BM i?2 bBM;H2@}2H/ >B;;b
BM~�iBQMX

6Q` i?2 2biBK�i2 Q7 T�`iB+H2 T`Q/m+iBQM 7`QK MQM@�/B�#�iB+ +?�M;2 Q7 2z2+iBp2
K�bb- i?2 i2+?MB[m2 BMi`Q/m+2/ BM *?�Ti2` j +�M #2 mb2/X aT2+B}+�HHv BM i?2 +�b2
Q7 � bi`QM; bTBF2 r?B+? Bb HBF2 .B`�+ /2Hi� 7mM+iBQM- � bT2+B�H TQBMi Bb i?�i i?2`2 Bb �
DmKT BM i?2 DmM+iBQM +QM/BiBQMb 7Q` i?2 }`bi@Q`/2` /2`Bp�iBp2 Q7 KQ/2 7mM+iBQMb- Dmbi
�b bQHpBM; i?2 a+?`ƺ/BM;2` 2[m�iBQM rBi? � /2Hi� TQi2MiB�HX h?2 K�BM ;Q�H Bb biBHH iQ

Ryy



}M/ i?2 "Q;QHBm#Qp +Q2{+B2Mi βk i?�i Bb /B`2+iHv `2H�i2/ iQ i?2 Q++mT�iBQM MmK#2`
Q7 T`Q/m+2/ T�`iB+H2b rBi? KQK2MimK kX h?2 ;2M2`�H `2bmHib 7Q` bm+? � +�b2 +�M #2
7QmM/ BM i?2 �TT2M/Bt * Q7 _27X (R3j)X A7 i?2 bi`QM; bTBF2 Bb /2b+`B#2/ #v i?2 7QHHQrBM;
+Qb?@ivT2 bTBF2 7mM+iBQM

m2
θc(t) =

m

2∆t

1

+Qb?2(t/∆t)
, U9XRNV

�M/ i?2 T`Q/m+2/ }2H/ Bb BM i?2 p�+mmK 7Q` t → −∞- Bib MmK#2` /2MbBiv �7i2` i?2
bTBF2 Bb i?2M ;Bp2M #v

nθc =

∫
d3k

(2π)3
fθc , fθc = +Qb2

(π
2

√
1 + 2m∆t

)/
bBM?2(πk∆t) . U9XkyV

aBM+2 i?2 7mHH rB/i? �i ?�H7 K�tBKmK Bb mb2/ iQ 2biBK�i2 ∆tbT- Bi K�v #2 B/2MiB}2/
�b ∆tbT = ∆t × 2 HM

(√
2 + 1

)
X qBi?

(
mbT

θc

)2 # m/(2∆t)- i?2 2M2`;v /2MbBiv Q7 i?2
T`Q/m+2/ T?�b2 /B`2+iBQM +�M #2 �TT`QtBK�i2Hv +�H+mH�i2/ �b

ρθc #
∫

d3k

(2π)3
kfθc ∼ 4.5× 10−3∆t−4

bT # 2.8× 10−4

(
Ci
2

)−4

M4 , U9XkRV

r?2`2 i?2 +QbBM2@b[m�`2/ BM i?2 MmK2`�iQ` Q7 1[X U9XkyV iQ #2 0.5X99 h?2 2biBK�i2
U9XkRV Bb BM �;`22K2Mi rBi? i?2 ;2M2`�H `2bmHi 7Q` T�`iB+H2 +`2�iBQM BM +QbKQHQ;v Q#@
i�BM2/ BM _27X (R8N) �M/ rBi? KQ`2 /2i�BH2/ 2tT`2bbBQM 7Q` i?2 `�i2 Q7 T�`iB+H2 +`2�iBQM
BM _27X (Rdk)X AM T�`iB+mH�`- i?2 T�`iB+H2 T`Q/m+iBQM 2{+B2M+v b?QmH/ `2�+? K�tBKmK
�i i?2 #QmM/�`v iQ i?2 bi`QM;Hv@+QmTH2/ +QM/BiBQM M #

√
4π/λM̃ - ;BpBM; i?2 2M2`;v

/2MbBiv

ρθc # 4.5× 102
(

λ

0.01

)−2(Ci
2

)−4

M̃4 # 7.6× 10−8

(
λ

0.01

)−2(Ci
2

)−4

M̃2M2
TH , U9XkkV

r?B+? Bb Km+? bK�HH2` i?�M i?2 2M2`;v /2MbBiv +�``B2/ #v i?2 BM~�iQM Dmbi �7i2` i?2
2M/ Q7 BM~�iBQM ρBM7 # UBM7 = 3M2

THM̃
2/4X 6Q` bK�HH2` M - i?2 2M2`;v /2MbBiv Q7 i?2

T?�b2 /B`2+iBQM #2+QK2b 2p2M bK�HH2`X LQi2 i?�i i?Bb /Bb+mbbBQM /Q2b MQi `2Hv QM
i?2 Q#b2`p�iBQM�H +QM/BiBQM UkXRjdVX h?2`27Q`2 Bi +�M #2 +QM+Hm/2/ i?�i- 2p2M r?2M
R2 i2`K Bb �//2/ bQ i?�i i?2 +miQz b+�H2 Q7 i?2 i?2Q`v #2+QK2b MTH- i?2 bTBF2 biBHH
�TT2�`b �M/ Bb � `2�H T?vbB+�H T?2MQK2MQM- #mi i?2 T`2?2�iBM; Q7 i?2 lMBp2`b2 /Q2b
MQi +QKTH2i2 rBi? i?2 T`Q/m+iBQM Q7 i?2 L: #QbQMb 7`QK � bBM;H2 bTBF2X

AMp2biB;�iBQM Q7 i?2 2z2+iBp2 K�bb Q7 i?2 L: KQ/2 7Q` i?2 KBt2/ >B;;b@R2 BM@
~�iBQM KQ/2H #�b2/ QM _27X (9R) Bb T`2b2Mi2/ �#Qp2- }M/BM; i?�i i?2 2z2+iBp2 K�bb

99AM 7�+i- 7Q` M ! M̃ - i?2 T�`�K2i2` /2T2M/2M+2 m∆t ∼
(
mbT

θc

)2
(∆tbT)

2 ∝ MTH/M K�F2b i?2
�`;mK2Mi Q7 i?2 +QbBM2 7mM+iBQM Km+? H�`;2` i?�M mMBivX

RyR



2t?B#Bib bTBF2b Qp2` i?2 T`2?2�iBM; T`Q+2bb �b BM i?2 >B;;b BM~�iBQM (j9)X h?2 `2@
K�`F�#H2 /Bz2`2M+2 Bb i?�i i?2 +miQz b+�H2 Q7 i?Bb lo@2ti2M/2/ KQ/2H Bb HB7i2/ iQ
MTH i?�MFb iQ i?2 b+�H�`QM Q`B;BM�i2/ 7`QK i?2 R2 i2`K- r?BH2 i?2 2M2`;v b+�H2 Q7
i?2 bTBF2 (mbT

θc
)2 Bb bm#bi�MiB�HHv bmTT`2bb2/ �M/ r2HH #2HQr i?2 +miQz �b 7QmM/ T`2@

pBQmbHv- +QMi`�`v iQ i?2 +�b2 Q7 i?2 >B;;b BM~�iBQM- r?B+? 2Mbm`2b i?2 `2HB�#BHBiv Q7
i?2 i?2Q`2iB+�H T`2/B+iBQMb BM i?Bb KQ/2HX h?2 T`QT2`iB2b Q7 i?2 bTBF2b �`2 r2HH /2@
b+`B#2/ #v i?2 �M�HviB+ 7Q`KmH� U9XRdV �M/ U9XR3V r?B+? b?Qrb i?�i i?2 �KTHBim/2
Q7 i?2 bTBF2b #2+QK2b HQr2` �M/ i?2 rB/i? #2+QK2b H�`;2` r?2M i?2 KQ/2H Bb KQ`2
R2@HBF2X *QMp2`b2Hv- i?2 bTBF2 Bb ?B;?2` �M/ b?�`T2` r?2M i?2 bvbi2K �TT`Q�+?2b i?2
>B;;b@HBKBiX h?2 KQ/2H Bb ?2�Hi?v 2p2M �i i?2 #QmM/�`v ξ = ξs- �M/ i?2 T`QT2`iB2b Q7
i?2 bTBF2b BM i?2 >B;;b BM~�iBQM �`2 `2+Qp2`2/ QM+2 i?2 T�`�K2i2` Bb /22T BMbB/2 i?2
bi`QM;Hv@+QmTH2/ `2;BK2X h?2`27Q`2- i?2 bTBFv #2?�pBQ` Q7 i?2 L: KQ/2 Bb +QM+Hm/2/
�b � ;2MmBM2 T?vbB+�H T?2MQK2MQM �bbQ+B�i2/ rBi? i?2 T`Q/m+iBQM Q7 i?2 HQM;Bim/BM�H
KQ/2 Q7 ;�m;2 #QbQMbX

�++Q`/BM; iQ i?2 2biBK�iBQM BM 1[X U9XkyV- 2p2M BM i?2 2ti`2K2 +�b2 rBi? i?2 T�@
`�K2i2`b #2BM; QM i?2 #QmM/�`v iQ i?2 bi`QM;Hv@+QmTH2/ `2;BK2- i?2 T`Q/m+2/ 2M2`;v
/2MbBiv Q7 L: #QbQM Bb Km+? bK�HH2` i?�M i?2 iQi�H 2M2`;v /2MbBiv Q7 i?2 lMBp2`b2X
h?mb- i?2 `2?2�iBM; +�MMQi #2 +QKTH2i2/ rBi?BM QMHv QM2 bTBF2 Ub22 1[X U9XkkVVX h?Bb
+QM+HmbBQM Bb b?�`THv /BbiBM+i 7`QK i?2 QM2 BM i?2 >B;;b BM~�iBQMX �Hi?Qm;? i?2 �M�H@
vbBb Bb ;Bp2M 7Q` i?2 ;HQ#�H l(1) b+�H�` HaJ- Bi Bb 2tT2+i2/ i?�i i?2 +QM+HmbBQM `2K�BMb
mM+?�M;2/ 7Q` i?2 `2�HBbiB+ al(2)L ×l(1)Y +�b2X �b � `2bmHi- �b rBHH #2 b?QrM H�i2`-
i?2 bm#b2[m2Mi 2pQHmiBQM Q7 i?2 lMBp2`b2 rBi? Qi?2` `2?2�iBM; K2+?�MBbKb bm+? �b
i�+?vQMB+ BMbi�#BHBiv (8yĜ8k) �M/ T2`im`#�iBp2 /2+�v Q7 i?2 b+�H�`QM �M/ >B;;b (8j)
b?QmH/ #2 i?2 K�BM +?�MM2H Q7 i?2 /2TH2iBQM Q7 i?2 BM~�iQM [m�Mi�X aBKBH�` �M�HvbBb
+�M #2 /QM2 BM Qi?2` lo@2ti2MbBQM KQ/2Hb Q7 i?2 >B;;b BM~�iBQMX

9Xk P++m``2M+2 Q7 h�+?vQMB+ S`2?2�iBM;
.2bTBi2 i?2 +HQb2 `2H�iBQM rBi? i?2 >B;;b BM~�iBQM- i?2 T`2?2�iBM; K2+?�MBbKb �`2
bm`T`BbBM;Hv /Bz2`2Mi BM i?2 KBt2/ >B;;b@R2 BM~�iBQM KQ/2HX AM i?2 >B;;b BM~�iBQM-
`2?2�iBM; Bb /`Bp2M #v i?2 TQbi@BM~�iBQM�`v Qb+BHH�iBQM Q7 i?2 aJ >B;;b }2H/X JQ`2
bT2+B}+�HHv- i?2 Qb+BHH�iBQM rBi? H�`;2 MQM@KBMBK�H +QmTHBM; ξ ! 1 BM/m+2b ?B;? bTBF2b
BM i?2 2z2+iBp2 K�bb Q7 i?2 HQM;Bim/BM�H KQ/2b Q7 r2�F ;�m;2 #QbQMb (j9) �b b?QrM BM
i?2 T`2pBQmb +?�Ti2`- r?B+? K�v +QKTH2i2 `2?2�iBM; 2t+2TiBQM�HHv [mB+FHv `2;�`/H2bb
Q7 i?2 TQbbB#H2 lo Bbbm2bX h?Bb T?2MQK2MQM Q++m`b #27Q`2 i?2 `2bQM�Mi T`Q/m+iBQM Q7
i?2 i`�Mbp2`b2 KQ/2 Q7 r2�F ;�m;2 #QbQMb bim/B2/ BM 2�`HB2` rQ`Fb (jRĜjj)X >Qr2p2`-
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�b b?QrM T`2pBQmbHv- i?2 KmHiB@}2H/ /vM�KB+b BM i?2 KBt2/ >B;;b@R2 BM~�iBQM KQ/2H
2bb2MiB�HHv +?�M;2b bm+? � bBim�iBQM- H�`;2Hv r2�F2MBM; i?2 pBQH2Mi T�`iB+H2 T`Q/m+iBQM
BM/m+2/ #v bTBF2bX h?mb- i?2 +QM+HmbBQM 7Q` bTBF2 T`2?2�iBM; MQ HQM;2` ?QH/b (9R)-
r?B+? +�M #2 b22M BM i?2 �M�HviB+�H `2bmHib Q7 i?2 2M2`;v /2MbBiv Q7 T`Q/m+2/ T�`iB+H2b
BM 1[X U9XkkVX �i i?2 b�K2 iBK2- i?2 lo Bbbm2 BM i?2 >B;;b BM~�iBQM Bb +QKTH2i2Hv
�pQB/2/ #2+�mb2 Q7 i?2 ?B2`�`+?v #2ir22M i?2 +miQz ∼ MTH �M/ i?2 bTBF2 b+�H2 BM
1[X U9XRdVX

h?2 BM2{+B2M+v Q7 bm+? bTBF2 T`2?2�iBM; BM i?2 KBt2/ >B;;b@R2 BM~�iBQM KQ/2H
M�im`�HHv bm;;2bib i?2 M2+2bbBiv iQ B/2MiB7v i?2 /QKBM�Mi T`Q+2bb 7Q` i?2 +QKTH2iBQM
Q7 `2?2�iBM; BM bm#b2[m2Mi 2pQHmiBQMX aQQM �7i2` i?2 rQ`F (9R)- "2x`mFQp 2i �HX (8y)
MmK2`B+�HHv b?Qr2/ i?�i- rBi? bQK2 bT2+B�H +?QB+2b Q7 KQ/2H T�`�K2i2`b BM i?2 >B;;b@
HBF2 `2;BK2- i?2 T`2?2�iBM; BM i?Bb KQ/2H +QmH/ #2 +QKTH2i2/ #v i�+?vQMB+ BMbi�#BHBiv
Q7 i?2 UT?vbB+�HV >B;;b }2H/ �M/ i?2 HQM;Bim/BM�H KQ/2b Q7 r2�F ;�m;2 #QbQMb `B;?i
�7i2` i?2 }`bi bi�;2 K2MiBQM2/ �#Qp2X h?2 b?�T2 Q7 i?2 irQ@/BK2MbBQM�H TQi2MiB�H Q7
i?2 UT?vbB+�HV >B;;b }2H/ h �M/ i?2 b+�H�`QM ϕ +QMbBbib Q7 i?2 irQ TQi2MiB�H p�HH2vb BM
ϕ > 0 `2;BK2 r?2`2 BM~�iBQM i�F2b TH�+2 �M/ i?2 TQi2MiB�H ?BHH #2ir22M i?2K �i h = 0-
�b b22M BM 6B;X kXk- 7Q`KBM; � #B7m`+�iBQM TQBMiX A7 �TT`QT`B�i2 KQ/2H T�`�K2i2`b �`2
+?Qb2M- i?2 bvbi2K +�M +HBK# mT i?2 TQi2MiB�H ?BHH �`QmM/ h = 0 /m`BM; i?2 Qb+BHH�iBQMb
Q7 ϕ �`QmM/ i?2 Q`B;BMX �b � `2bmHi- i?2 /vM�KB+b Q7 i?2 #�+F;`QmM/ }2H/b �i `2?2�iBM;
�b � r?QH2 #2+QK2b +?�QiB+ BM i?2 b2Mb2 BMi`Q/m+2/ BM _27X (R39) Ub22 �HbQ _27X (R38)VX
�HbQ- i?2 >B;;b }2H/- �b r2HH �b i?2 HQM;Bim/BM�H KQ/2b Q7 ;�m;2 #QbQMb- �`2 i�+?vQMB+
BM i?Bb `2;BK298X h?mb- i�+?vQMB+ T`2?2�iBM; +�M i�F2 TH�+29e- �M/ Bi Bb BM/22/ 7QmM/
iQ #2 bi`QM; 2MQm;? iQ +QKTH2i2 T`2?2�iBM; �i bQK2 T�`�K2i2` TQBMib BM _27X (8y)X
h?Bb TQbbB#BHBiv Bb BMi`B;mBM;- #mi Bi Bb MQi [m�MiBi�iBp2Hv +H2�` r?B+? +?QB+2b Q7 KQ/2H
T�`�K2i2`b �HHQr i?Bb i�+?vQMB+ T`2?2�iBM; �M/ ?Qr Km+? }M2@imMBM; Bb M22/2/ �KQM;
i?2K mMiBH � /22T2` mM/2`bi�M/BM; Q7 i?Bb T?vbB+�H TB+im`2 Bb Q#i�BM2/ BM _27X (8R)X

PM i?2 Qi?2` ?�M/- bm+? � irQ@/BK2MbBQM�H TQi2MiB�H b?�T2 U2X;X BM 6B;X kXkV
K�v `�Bb2 bQK2 bm#iH2iB2b BM i?2 7QHHQrBM; bim/v- r?B+? b?QmH/ #2 +H�`B}2/ #27Q`2
T`Q+22/BM; iQ i?2 /2i�BH2/ /Bb+mbbBQM Q7 i�+?vQMB+ T`2?2�iBM;X AM Q`/2` iQ 7Q+mb QM
i?2 /vM�KB+b Q7 i?2 T?vbB+�H >B;;b }2H/- � bBKTHB}2/ KQ/2H Bb �/QTi2/- i�FBM; Bi �b �
`2�H bBM;H2i }2H/ hX �b K2MiBQM2/ �#Qp2- i?Bb iQv KQ/2H �TT�`2MiHv b?Qrb irQ /BbiBM+i
i`�D2+iQ`B2b �HQM; i?2 p�HH2vb Q7 i?2 b+�H�` TQi2MiB�H BM i?2 `2;BK2 ϕ > 0X Ai Bb i?2M

98�+im�HHv- i?2 i�+?vQMB+ 2z2+i 2tBbib 2p2M B7 i?2 BM~�iQM +�MMQi +HBK# mT i?2 ?BHH 2t�+iHv- �b
�H`2�/v b22 BM 6B;X 9X9 r?2`2 m2

θc
Qb+BHH�i2b #2ir22M TQbBiBp2 �M/ M2;�iBp2 p�Hm2b BM ϕ > 0 `2;BK2X

9eh�+?vQMB+ T`2?2�iBM; r�b }`bi bim/B2/ BM i?2Q`B2b rBi? bTQMi�M2Qmb bvKK2i`v #`2�FBM; (R3Ĝky)X
h�+?vQMB+ BMbi�#BHBiv 7Q` i?2 bT2+i�iQ` }2H/ +�M �HbQ #2 BM/m+2/ #v H�`;2 }2H/ bT�+2 +m`p�im`2- b22-
2X;X _27X (R3e)X
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M�im`�H iQ b22 i?�i i?Bb KQ/2H ;Bp2b `Bb2 iQ /QK�BM r�HHb BM i?2 >B;;b /B`2+iBQM /m`BM;
Q` �7i2` BM~�iBQMX >Qr2p2`- i?2b2 /QK�BM r�HHb �`2 Dmbi i2KTQ`�`v BMbi2�/ Q7 #2BM;
bi�iB+ �b BM � bBM;H2i b+�H�` }2H/ i?2Q`v rBi? � /Qm#H2@r2HH TQi2MiB�H �M/ rBHH /Bb�TT2�`
BM i?2 ~�i bT�+2iBK2 HBKBi r?2M ϕ → 0X h?2v p�MBb? 2p2M /m`BM; `2?2�iBM; r?2M
b+�H�`QM 2Mi2`b i?2 M2;�iBp2 `2;BK2 ϕ < 0X LQi2 �HbQ i?�i i?2 `2�HBbiB+ aJ >B;;b }2H/
/Q2b MQi vB2H/ �Mv /QK�BM r�HHb 2Bi?2`X

�MQi?2` BKTQ`i�Mi TQBMi i?�i M22/b +H�`B7vBM; Bb i?�i i?2 #�+F`2�+iBQM 7`QK T`Q@
/m+2/ T�`iB+H2b iQ i?2 #�+F;`QmM/ }2H/b Bb MQi i�F2M BMiQ �++QmMi BM i?2 7QHHQrBM;
b2KB@�M�HviB+�H BMp2biB;�iBQM- r?B+? Bb i?2 K�BM HBKBi�iBQM Q7 i?2 T`2b2Mi bim/vX L2p@
2`i?2H2bb- i?2 bim/v ?2`2 7Q+mb2b QM i?2 }`bi b+�H�`QM Qb+BHH�iBQM- `B;?i �7i2` i?2 }`bi
bi�;2 Q7 T`2?2�iBM; BM i?2 T`2pBQmb b2+iBQM- r?2M i?2 i�+?vQMB+ BMbi�#BHBiv Bb 2tT2+i2/
iQ #2 i?2 bi`QM;2bi �M/ 2ti`2K2Hv 2{+B2Mi +?�MM2H Q7 T�`iB+H2 T`Q/m+iBQM- bQ i?�i i?2
#�+F`2�+iBQM +�M #2 M2;H2+i2/ i2KTQ`�`BHvX �b TQBMi2/ Qmi BM _27X (8y) �M/ b?QrM
H�i2` BM i?2 H�iiB+2 bBKmH�iBQM BM _27X (8k)9d- 2p2M B7 i?2 KQ/2H T�`�K2i2`b /Q MQi
�HHQr i�+?vQMB+ T`2?2�iBM; �i i?2 }`bi b+�H�`QM Qb+BHH�iBQM- i�+?vQMB+ BMbi�#BHBiv +�M
biBHH #2 2z2+iBp2 �i bm#b2[m2Mi Qb+BHH�iBQMbX AM bm+? +�b2b- i?2 #�+F`2�+iBQM Q7 T`Q@
/m+2/ T�`iB+H2b QM i?2 #�+F;`QmM/ b+�H�` }2H/ /vM�KB+b +�M #2 BKTQ`i�Mi- �M/ i?2
bBKTHB}2/ i`2�iK2Mi BM i?2 T`2b2Mi /Bb+mbbBQM Bb MQi /B`2+iHv �TTHB+�#H2X 6m`i?2`KQ`2-
BM i?Bb b2+iBQM- i?2 T`2?2�iBM; Bb +QKTH2i2/ B7 i?2 2M2`;v /2MbBiv Q7 T`Q/m+2/ T�`iB+H2b
#2+QK2b +QKT�`�#H2 iQ i?2 #�+F;`QmM/ 2M2`;v /2MbBiv #2+�mb2 i?2 i?2`K�HBx�iBQM Q7
i?2 T`Q/m+2/ T�`iB+H2b �M/ i?2 i`�MbBiBQM Q7 i?2 lMBp2`b2 iQ i?2 `�/B�iBQM@/QKBM�i2/
bi�;2 rBi?Qmi H�i2@iBK2 b+�H�` }2H/ U`2V/QKBM�iBQM Bb MQi BMp2biB;�i2/X

AM i?2 7QHHQrBM;- i?2 BMbi�#BHBiv Q7 i?2 T?vbB+�H >B;;b }2H/ Bb �M�Hvx2/ rBi? #Qi?
�M�HviB+�H �M/ MmK2`B+�H K2i?Q/bX 6B`biHv- i?2 +QM/BiBQMb QM KQ/2H T�`�K2i2`b rBi?
r?B+? i?2 i�+?vQMB+ 2z2+i Bb T`QKBM2Mi �`2 7QmM/ �M/ b2`p2 �b i?2 +`BiB+�H BM;`2/B2Mi
7Q` i?2 bm#b2[m2Mi /Bb+mbbBQMX a2+QM/Hv- #�b2/ QM i?2b2 T�`�K2i2` +?QB+2b- i?2 2{@
+B2M+v Q7 i?2 i�+?vQMB+ BMbi�#BHBiv Bb �M�Hvx2/- �M/ +�H+mH�iBQM Q7 i?2 2M2`;v /2MbBiv
Q7 T`Q/m+2/ T�`iB+H2b Bb T`2b2Mi2/- r?B+? Bb M2+2bb�`v 7Q` i?2 2biBK�i2 Q7 i?2 /2;`22 Q7
}M2@imMBM; M22/2/ iQ +QKTH2i2 T`2?2�iBM; bQH2Hv #v i?2 i�+?vQMB+ BMbi�#BHBiv BM i?2
H�bi T�`i Q7 i?2 /Bb+mbbBQMX

h?Bb /Bb+mbbBQM +�M #2 +�``B2/ Qmi BM 2Bi?2` C6 Q` 16- #mi �b rBHH #2 #`B2~v b?QrM
b?Q`iHv- i?2 �M�HvbBb BM irQ 7`�K2b Bb bQK2r?�i i?2 b�K2 BM � i`BpB�H r�v #2+�mb2
KQbi �ii2MiBQM Bb /`�rM iQ i?2 `2;BK2 h # 0X
• CQ`/�M 7`�K2 >2`2- i?2 bm#b+`BTib ǳCǴ �`2 QKBii2/ 7Q` +QMp2MB2M+2X �b BM a2+X 9XR-
i?2 2[m�iBQM Q7 KQiBQM 7Q` R(t) Bb ;Bp2M �b 1[X U9X8VX h?2`27Q`2- i?2 #2?�pBQ` Q7 i?2

9d_27X (8k) b?Qr2/ mT QM �`sBp QM i?2 b�K2 /�v �b _27X (8R)X h?2 `2bmHib �`2 MQi BM +QM~B+iX
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_B++B b+�H�` Bb bi`�B;?i7Q`r�`/ R(t) ∝ bBM(Mt) r?2`2 i?2 +QbKB+ 2tT�MbBQM +�M #2
b�72Hv M2;H2+i2/ rBi?BM QM2 Qb+BHH�iBQMX h?Bb bBKTH2 7Q`K MQi QMHv ?QH/b 7Q` R(t) < 0

�b T`2pBQmbHv #mi 7Q` i?2 +�b2 Q7 BMi2`2bi ?2`2 #2+�mb2 h # 0 QM i?2 ?BHH r?2`2 i?2
bi`QM;2bi i�+?vQMB+ BMbi�#BHBiv Q++m`bX �b � `2bmHi- i?2 2[m�iBQM Q7 KQiBQM 7Q` i?2
T?vbB+�H >B;;b }2H/ Bb i?2 b�K2 �b 1[X UjXRkkV Q` �TT`QtBK�i2Hv

ḧ+ 3Hḣ− ξRh ≈ 0 , U9XkjV

r?2`2 ?B;?2`@Q`/2` i2`Kb BM h �`2 M2;H2+i2/X h?2 2z2+iBp2 K�bb −ξR(t) Bb Q`/BM�`v
/m`BM; R(t) < 0 #mi Q#pBQmbHv #2+QK2b i�+?vQMB+ r?2M R(t) > 0- r?B+? Bb i?2 p2`v
Q`B;BM Q7 i?2 i�+?vQMB+ BMbi�#BHBiv BM i?2 >B;;b }2H/X _2+�HHBM; 1[X U9X9V- i?2 /QKBM�Mi
+QMi`B#miBQM iQ i?2 2z2+iBp2 K�bb Q7 i?2 L: KQ/2 i�F2b 2t�+iHv i?2 b�K2 7Q`K-
BM/B+�iBM; i?�i +QKT�`�#H2 bi`2M;i? Q7 i�+?vQMB+ BMbi�#BHBiv b?QmH/ �HbQ #2 7QmM/ BM
i?2 HQM;Bim/BM�H KQ/2 Q7 r2�F ;�m;2 #QbQMbX h?Bb rBHH #2 /Bb+mbb2/ BM KQ`2 /2i�BH
H�i2`X

�b K2MiBQM2/ �#Qp2- i?2 bBim�iBQM /2b+`B#2/ ?2`2 Bb i`BpB�HHv i?2 b�K2 �b i?�i
BM 16- r?B+? +�M #2 2�bBHv b22M BM i?2 /2}MBiBQM Q7 ϕ BM i?2 +QM7Q`K�H i`�Mb7Q`K�@
iBQM UkXRkjVX 1tTHB+BiHv- Bi +�M #2 `2r`Bii2M �b

eαϕ = 1 +
R

3M2
+
ξh2

M2
TH

, U9Xk9V

r?2`2 i?2 H�bi i2`K QM i?2 `B;?i ?�M/ bB/2 +�M #2 /`QTT2/ B7 h # 0X J2�Mr?BH2- bK�HH
}2H/ α|ϕ| ( 1 Bb ;QQ/ �TT`QtBK�iBQM /m`BM; `2?2�iBM;- bQ eαϕ # 1+αϕX �b � `2bmHi-
� bBKTH2 `2H�iBQM +�M #2 7QmM/ R(t) # 3M2αϕ(t) BM i?2 bBim�iBQM +QMbB/2`2/ ?2`2X AM
Qi?2` rQ`/b- R(t) Bb #�bB+�HHv 2[mBp�H2Mi iQ ϕ(t) BM 16- r?B+? Bb i?2 `2�bQM r?v Bi Bb
b�B/ iQ #2 i`BpB�HX

h?mb- Bi Bb bm{+B2Mi iQ 7Q+mb QM i?2 �M�HvbBb BM 16 �b 7QHHQrbX

• 1BMbi2BM 7`�K2 am#b+`BTib ǳ1Ǵ �`2 �HH QKBii2/ 7Q` bBKTHB+BivX AM i?2 TQbi@
BM~�iBQM�`v 2TQ+?- i?2 2z2+iBp2 bBM;H2@}2H/ /2b+`BTiBQM Bb MQ HQM;2` pB�#H2 �M/ i?2 bvb@
i2K Q#2vb i?2 6`B2/K�MM 2[m�iBQM U*XeV- i?2 2[m�iBQMb Q7 KQiBQM 7Q` b+�H�`QM U*XdV-
�M/ i?2 >B;;b }2H/ U*X3VX �b K2MiBQM2/ T`2pBQmbHv- bK�HH }2H/ �TT`QtBK�iBQM Bb p�HB/
bQ Bi Bb +QMp2MB2Mi iQ rQ`F QM i?2 bBKTHB}2/ TQi2MiB�H BM 1[X U9XRRVX 6Q` ϕ > 0- i?2
TQi2MiB�H Bb /2b+`B#2/ #v i?2 p�HH2vb i?�i �`2 +QMiBMm2/ 7`QK i?2 BM~�iBQM�`v i`�D2+@
iQ`v �M/ i?2 ?BHH �i h = 0 #2ir22M i?2KX h?2 p�HH2vb T`QpB/2 � `2H�iBQM #2ir22M i?2
>B;;b }2H/ �M/ i?2 b+�H�`QM i?`Qm;? i?2 HQr2` Q7 1[X UkXR98V �b

h2 = h2
p± # 3ξM̃2αϕ/λ , U9Xk8V

Ry8



r?2`2 αϕ( 1 Bb mb2/X h?2 TQi2MiB�H �HQM; i?2 p�HH2v Bb i?2M ;Bp2M #v

U(ϕ, hp±) = Up(ϕ) = M̃2ϕ/2 , U9XkeV

rBi? i?2 2z2+iBp2 K�bb 7Q` i?2 p�HH2v �M/ i?2 ǳBbQ+m`p�im`2Ǵ K�bb UQ` i?2 >B;;b K�bbV
#2BM;

m2
ϕ,p ≡ Up,ϕϕ = M̃2 , m2

h ≡ U,hh = 6αξM2ϕ . U9XkdV

PM i?2 +QMi`�`v- B7 i?2 b+�H�` }2H/b +HBK# mT i?2 ?BHH �i h = 0 BM i?2 `2;BK2 ϕ > 0-
i?2 TQi2MiB�H i?2M #2+QK2b

U(ϕ, h = 0) = U?BHH(ϕ) = M2ϕ2/2 , U9Xk3V

r?B+? Bb i?2 b�K2 �b U0(ϕ) BM 1[X U9XRkV- �M/ i?2 K�bb2b �`2 �HbQ ;Bp2M bBKBH�`Hv

m2
ϕ = M2, m2

h = −3αξM2ϕ, U9XkNV

r?2`2 i?2 H�ii2` Bb 2t�+iHv i?2 b�K2 �b i?�i BM C6 �b 2tT2+i2/- T`QpB/BM; i?2 bQm`+2
Q7 i�+?vQMB+ BMbi�#BHBiv bBM+2 m2

h < 0X PM i?2 Qi?2` ?�M/- i?2 #2?�pBQ`b Q7 ϕ �M/ h

BM i?2 `2;BK2 ϕ < 0 �`2 bBKTHv Qb+BHH�iBM; BM i?2 QMHv QM2 p�HH2v hp0 = 0 rBi? K�bb2b
;Bp2M `2bT2+iBp2Hv �b

m2
ϕ = M2 , m2

h = 3αξM2|ϕ| , U9XjyV

r?B+? Bb T�`iHv b?QrM BM T`2pBQmb b2+iBQMX
h?2b2 2tT`2bbBQMb �`2 mb27mH 7Q` i?2 �M�HviB+ 2biBK�i2 Q7 i?2 /vM�KB+b BM i?2

T`2?2�iBM; bi�;2- r?B+? rBHH #2 bim/B2/ bm#b2[m2MiHvX LQi2 i?�i BM #Qi? +�b2b m2
h !

m2
ϕ ?QH/b 7Q` 2�`Hv `2?2�iBM; mMH2bb ξ <∼ 1X

9XkXR *QM/BiBQMb 7Q` h�+?vQMB+ AMbi�#BHBiv
.m`BM; BM~�iBQM- i?2 b+�H�`QM �M/ i?2 >B;;b }2H/ bHQrHv `QHH /QrM i?2 TQi2MiB�H �HQM;
i?2 p�HH2v /2b+`B#2/ #v i?2 HQr2` Q7 1[X UkXR98V BM ϕ > 0 `2;BK2 /`BpBM; i?2 [m�bB@
2tTQM2MiB�H 2tT�MbBQM Q7 i?2 lMBp2`b2X �7i2` i?2 2M/ Q7 BM~�iBQM- i?2 irQ }2H/b
Qb+BHH�i2 �`QmM/ i?2 ;HQ#�H KBMBKmK (ϕ, h) = (0, 0) �M/ bi�`i iQ `2?2�i i?2 lMB@
p2`b2X �i i?2 }`bi bi�;2 Q7 T`2?2�iBM;- b+�H�`QM ϕ +HBK#b mT i?2 p�HH2v /2b+`B#2/ #v
1[X UkXR9eV BM ϕ < 0 `2;BK2 r?BH2 i?2 >B;;b h `�TB/Hv Qb+BHH�i2b �`QmM/ Bib Q`B;BM
rBi? bK�HH �KTHBim/2X h?2 bTBF2 T`2?2�iBM; /m`BM; i?Bb ?�H7@T2`BQ/ Q7 ϕ ?�b �H`2�/v
#22M bim/B2/ BM a2+X 9XR- }M/BM; i?�i i?2 2{+B2M+v Bb M2;HB;B#H2X �7i2` i?�i- i?2 b+�H�`
}2H/b +QK2 #�+F iQ i?2 ;HQ#�H KBMBKmK �M/ 2M+QmMi2` i?2 #B7m`+�iBQM TQBMi BM i?2
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>B;;b /B`2+iBQM i?�i ;Bp2b i?2 /BbiBM+iBp2 72�im`2 BM i?2 2pQHmiBQM Q7 i?2 bvbi2K- �b
b22M BM 6B;X kXkX

qBi?Qmi }M2@imMBM; BM i?2 KQ/2H T�`�K2i2`b Ur?B+? Bb `272``2/ iQ �b ǳmbm�HǴ +�b2b
#2HQrV- i?2 irQ b+�H�` }2H/b �;�BM 2Mi2` QM2 Q7 i?2 p�HH2vb BM ϕ > 0 `2;BK2 rBi? bK�HH
�M/ `�TB/ Qb+BHH�iBQMb BM i?2 >B;;b /B`2+iBQM �b TQBMi2/ Qmi BM _27X (9R- RjN)93X Ai Bb
2�bv iQ b22 7`QK 1[bX U9XkdV �M/ U9XjyV i?�i ϕ(t) Bb bHQrHv Qb+BHH�iBM; �`QmM/ i?2 Q`B;BM
rBi? irQ /Bb+`2i2 7`2[m2M+B2b M �M/ M̃ BM i?2 `2;BK2b ϕ < 0 �M/ ϕ > 0- `2bT2+iBp2HvX
h?Bb b?Qrb i?2 ?B2`�`+?v #2ir22M i?2 7`2[m2M+B2b Q7 b+�H�`QM �M/ >B;;b /m`BM; i?2
Qb+BHH�iBQM T2`BQ/- �b K2MiBQM2/ 2�`HB2`X

_2K�`F�#Hv- �b TQBMi2/ Qmi BM _27X (8y)- B7 i?2 KQ/2H T�`�K2i2` Bb +?Qb2M +�`27mHHv-
i?2 >B;;b }2H/ +�M F22T h # 0 r?2M i?2 b+�H�`QM 2pQHp2b 7`QK M2;�iBp2 iQ TQbBiBp2
}2H/ p�Hm2- BX2X i?2 BM~�iQM +HBK#b mT i?2 ?BHH BM ϕ > 0 `2;BK2X *QMb2[m2MiHv- i?2
>B;;b }2H/ 722Hb i�+?vQMB+ BMbi�#BHBiv /m`BM; i?Bb T2`BQ/- r?B+? Bb i?2 K�BM iQTB+
BM i?Bb b2+iBQMX LQi2 �HbQ i?�i i?2 hQ/�@"`mK2` M2+2bb�`v +`Bi2`BQM (R33- R3N) 7Q`
i?2 �TT2�`�M+2 Q7 +H�bbB+�H ;HQ#�H /vM�KB+�H +?�Qb BM i?2 #�+F;`QmM/ }2H/ 2pQHmiBQM
/2i ||U,ϕh|| < 0 Bb 7mH}HH2/ BM i?Bb `2;BK2X

6B;m`2b 9Xe b?Qr 7Qm` 2t�KTH2b Q7 i?2 }2H/ 2pQHmiBQM Q#i�BM2/ MmK2`B+�HHvX h?2b2
};m`2b �`2 Q#i�BM2/ #v bQHpBM; i?2 7mHH ?QKQ;2M2Qmb 2[m�iBQMb Q7 KQiBQM �M/ 6`B2/@
K�MM 2[m�iBQM rBi?Qmi �Mv bK�HH }2H/ �TT`QtBK�iBQMX h?2 mTT2` T�M2Hb b?Qr �
`2�HBx�iBQM Q7 i?2 ǳmbm�HǴ +�b2bX h?2v +H2�`Hv b?Qr i?�i 2p2M r?2M i?2 BM~�iBQM i�F2b
TH�+2 rBi? h > 0- i?2 >B;;b }2H/ +�M /2p2HQT #Qi? TQbBiBp2 �M/ M2;�iBp2 }2H/ p�Hm2b
�i i?2 }`bi Qb+BHH�iBQM Q7 i?2 b+�H�`QM /m`BM; `2?2�iBM;X h?2 HQr2` T�M2Hb b?Qr i?2
?BHH@+HBK#BM; +�b2 rBi? }M2@imMBM;X AM i?2 KQbi }M2@imM2/ +�b2- Bi Bb TQbbB#H2 iQ +HBK#
/QrM iQ i?2 Q`B;BM h = 0 rBi?Qmi 7�HHBM; BMiQ i?2 TQi2MiB�H p�HH2vb /m`BM; i?2 T2`BQ/
r?2M ϕ > 0X AM � H2bb }M2@imM2/ +�b2- /m2 iQ i?2 i�+?vQMB+ BMbi�#BHBiv Q7 i?2 >B;;b
}2H/- i?2 bvbi2K 7�HHb BMiQ QM2 Q7 i?2 TQi2MiB�H p�HH2vb- �M/ i?2 >B;;b }2H/ Qb+BHH�i2b
rBi? � `2H�iBp2Hv H�`;2 �KTHBim/2X 6B;m`2b 9Xd b?Qr i?2 2pQHmiBQM Q7 i?2 K�bb b[m�`2/
Q7 i?2 >B;;b }2H/ BM i?2 +�b2b Q7 i?2 HQr2` T�M2Hb BM 6B;bX 9XeX h?2v 2tTHB+BiHv b?Qr
i?�i i?2 >B;;b }2H/ Bb i�+?vQMB+ /m`BM; i?2 ?BHH@+HBK#BM; 2TQ+?X

h?2 /2`Bp�iBQM Q7 i?2 +QM/BiBQM 7Q` ?BHH@+HBK#BM; Bb #�b2/ QM i?2 Q#b2`p�iBQM Q7
6B;bX 9XeX .m`BM; i?2 }`bi b+�H�`QM Qb+BHH�iBQM BM i?2 `2;BK2 ϕ < 0- i?2 >B;;b }2H/
2pQHmiBQM +�M #2 +?�`�+i2`Bx2/ #v i?2 MmK#2` Q7 Bib Qb+BHH�iBQMb �`QmM/ i?2 Q`B;BM
h = 0 �M/ #v Bib }M�H T?�b2 r?2M i?2 b+�H�`QM +QK2b #�+F iQ i?2 Q`B;BM- r?B+? Bb
/2MQi2/ �b t = t2Mi2`,0X �b i?2 T�`�K2i2` ξ Q` M +?�M;2b +QMiBMmQmbHv- i?2 T?�b2 �HbQ
+?�M;2b +QMiBMmQmbHvX 1t�+i ?BHH@+HBK#BM; Q++m`b r?2M i?2 T?�b2 Bb +HQb2 iQ � KmHiBTH2

93aBKBH�` #2?�pBQ`b �`2 �HbQ 7QmM/ BM Qi?2` KQ/2Hb (R3d)X
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6B;m`2 9Xe, 1pQHmiBQM Q7 i?2 b+�H�`QM U`2/V �M/ i?2 >B;;b U#H�+FV BM i?2 TQbi@
BM~�iBQM�`v 2TQ+?X h?2 T�`�K2i2`b �`2 +?Qb2M �b λ = 0.01 rBi? Q#b2`p�iBQM�H +QM@
bi`�BMi UkXRjdV b�iBb}2/X lTT2` H27i, ξ = 4000X h?2 >B;;b 2Mi2`b i?2 p�HH2v rBi? TQb@
BiBp2 >B;;b }2H/ p�Hm2X lTT2` `B;?i, ξ = 4100X h?2 >B;;b 2Mi2`b i?2 p�HH2v rBi? M2;@
�iBp2 >B;;b }2H/ p�Hm2X GQr2` H27i, ξ # ξN=9 r?2`2 ξN Bb /2}M2/ BM 1[X U9XjeVX >B;;b
bi�vb QM i?2 ǳ?BHHǴ /m`BM; i?2 r?QH2 T2`BQ/ Q7 ϕ > 0X GQr2` `B;?i, ξ = ξN=9(1 − ε)
r?2`2 ε ∼ O(10−12)X >B;;b 2tBib i?2 i�+?vQMB+ `2;BK2 ?�H7r�vX LQi2 i?�i BM Q`/2`
iQ Q#i�BM bm+? }M2@imM2/ 2pQHmiBQM MmK2`B+�HHv- � Re@/B;Bi Q` KQ`2 T`2+BbBQM Q7 ξ Bb
M22/2/- #mi i?2 p�Hm2b i?2Kb2Hp2b /Q MQi ?�p2 �Mv K2�MBM;b bBM+2 Qi?2` T�`�K2i2`b
i?�i �`2 /2i2`KBM2/ #v Q#b2`p�iBQMb /Q MQi ?�p2 bm+? � ?B;? T`2+BbBQMX

Q7 πX h?2`27Q`2- i?2 T�`�K2i2` Bb `2H�i2/ iQ i?2 MmK#2` Q7 Qb+BHH�iBQMb Q7 i?2 >B;;b
}2H/ /m`BM; i?2 T2`BQ/ r?2M ϕ < 0X h?2 7`2[m2M+v UQ` K�bbV Q7 i?2 >B;;b Qb+BHH�iBQM
�M/ i?2 iBK2 /m`�iBQM Q7 i?2 b+�H�`QM #2BM; BM i?2 `2;BK2 ϕ < 0 +�M #2 2biBK�i2/
rBi? 1[X U9XjyV �b

∆tQb+ #
1

2

2π

M
=

π

M
, m2

h = 3αξM2|ϕ(t)| , U9XjRV

r?B+? Bb +HQb2Hv `2H�i2/ iQ i?2 rB/i? Q7 bTBF2b BM i?2 K�bb Q7 i?2 HQM;Bim/BM�H KQ/2
Q7 i?2 ;�m;2 #QbQMbX ai`B+iHv bT2�FBM;- i?2 K�bb Q7 i?2 >B;;b }2H/ /m`BM; i?Bb T2`BQ/
Bb iBK2@/2T2M/2Mi- #mi ?2`2 Bi Bb mb27mH iQ BMi`Q/m+2 � MmK2`B+�H +QMbi�Mi Q7 Q`/2`
Q7 mMBiv- Cmh

- iQ 2biBK�i2 i?2 �p2`�;2/ >B;;b K�bb /m`BM; i?2 T�`i Q7 Bib Qb+BHH�iBQM
r?2M ϕ < 0 �b

mh = M(3ξα)1/2〈|ϕ(t)|1/2〉�p2 = Cmh
M(3ξα|ϕ1|)1/2 , U9XjkV
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6B;m`2 9Xd, hBK2 2pQHmiBQM Q7 i?2 K�bb b[m�`2/ Q7 i?2 >B;;b }2H/ m2
h ≡ U,hh U#Hm2V

�HQM; rBi? i?2 >B;;b }2H/ 2pQHmiBQM U#H�+FVX h?2 T�`�K2i2`b �`2 i?2 b�K2 �b i?2
HQr2` T�M2Hb Q7 6B;X 9XeX G27i, >B;;b }2H/ bi�vb QM i?2 ǳ?BHHǴ /m`BM; i?2 r?QH2 T2`BQ/
Q7 ϕ > 0X _B;?i, >B;;b }2H/ 2tBib i?2 i�+?vQMB+ `2;BK2 ?�H7r�vX

r?2`2 i?2 ?B;?2bi TQBMi �i ϕ1(< 0) �7i2` i?2 }`bi x2`Q@+`QbbBM; Bb ;Bp2M BM 1[X U9XR8VX
�b � `2bmHi- i?2 2p�Hm�iBQM Q7 i?2 �++mKmH�i2/ T?�b2 Q7 i?2 >B;;b }2H/ Qb+BHH�iBQM
/m`BM; i?Bb T2`BQ/ Bb bBKTHv mh∆tQb+ = πCmh

(3C1ξM̃/M)1/2X h?2M- Bi +�M #2 +QMD2+@
im`2/ i?�i i?2 2t�+i ?BHH@+HBK#BM; Q7 i?2 b+�H�`QM �7i2` }`bi Qb+BHH�iBQM ?�TT2Mb r?2M
i?2 7QHHQrBM; +QM/BiBQM Bb b�iBb}2/

Nπ −∆φ = πCmh

√
3C1ξM̃/M , U9XjjV

r?2`2 N ∈ Z+ `2T`2b2Mib Q7 i?2 MmK#2` Q7 ?�H7@Qb+BHH�iBQMb Q7 i?2 >B;;b }2H/- �M/
∆φ < π Bb � bK�HH T?�b2 b?B7i M22/2/ 7Q` i?2 2t�+i ?BHH@+HBK#BM;X lbBM; 1[X UkXRjkV
�M/ M̃ = Mc- i?2 2[m�iBQM �#Qp2 +�M #2 `2r`Bii2M �b

N =
∆φ

π
+ Cmh

√
3C1ξ

(
1− 3

λ

M2
c

M2
TH
ξ2
)1/4

, U9Xj9V

=
∆φ

π
+ (3λ)1/4Cmh

√
C1

MTH
M

(
1− M2

c

M2

)1/4

, U9Xj8V

BM i2`Kb Q7 ξ �M/ M - `2bT2+iBp2HvX h?2M- ξ +�M #2 bQHp2/ BM i2`Kb Q7 N �b

ξN =

√
λ

6

MTH
Mc

[
1±

√

1− 4

3λC4
mh

C2
1

M2
c

M2
TH

(
N − ∆φ

π

)4
]1/2

, U9XjeV

r?2`2 ǳ+Ǵ +Q``2bTQM/b iQ i?2 >B;;b@HBF2 `2;BK2 r?BH2 ǳ−Ǵ i?2 R2@HBF2 `2;BK2X >2`2@
�7i2`- T�`�K2i2`b ξN �M/ i?2 +Q``2bTQM/BM; MN(ξN) UQ#i�BM2/ i?`Qm;? 1[X UkXRjdVV
i?�i +�M `2�HBx2 2t�+i ?BHH@+HBK#BM; BM i?2 }`bi b+�H�`QM Qb+BHH�iBQM �`2 `272``2/ iQ �b
i?2 ǳ+`BiB+�H T�`�K2i2`bǴX AMi`Q/m+BM; � M2r T�`�K2i2` θ �b

+Qb θ ≡ ξ/ξc , bBM θ ≡ Mc/M , (0 < θ < π/2) , U9XjdV

RyN



bQ i?�i Bi b�iBb}2b 1[X UkXRjdV- 1[X U9Xj9V +�M #2 `2r`Bii2M �b

N =
∆φ

π
+ Cmh

√
3C1ξc
2

bBM(2θ) . U9Xj3V

>2`2 0 < θ < π/4 +Qp2`b i?2 >B;;b@HBF2 `2;BK2 UBM+Hm/BM; i?2 MQM@T2`im`#�iBp2
`2;BK2V r?2`2�b π/4 < θ < π/2 +Qp2`b i?2 R2@HBF2 `2;BK2X qBi? i?Bb T�`�K2i2`Bx�@
iBQM- irQ `2;BK2b +�M #2 i`2�i2/ QM i?2 b�K2 7QQiBM;X 6`QK 1[X U9Xj3V- i?2 K�tBK�H
MmK#2` Q7 i?2 >B;;b ?�H7@Qb+BHH�iBQMb BM i?2 ϕ < 0 T2`BQ/ Bb 2biBK�i2/ �b

NK�t # Cmh

√
3C1ξc/2 # 40Cmh

, U9XjNV

BM 2Bi?2` i?2 >B;;b@HBF2 �M/ R2@HBF2 `2;BK2- i?�i �HbQ +Q``2bTQM/b iQ i?2 MmK#2` Q7
i?2 2t�+i ?BHH@+HBK#BM; +�b2b BM 2�+? `2;BK2X

qBi? i?2 ?2HT Q7 i?2b2 `2H�iBQMb- �HH i?2 T�`�K2i2`b i?�i `2�HBx2 i?2 2t�+i ?BHH@
+HBK#BM; +�M #2 7QmM/ MmK2`B+�HHvX 6B;m`2 9X3 b?Qrb i?2 T�`�K2i2` θ �M/ i?2 +Q`@
`2bTQM/BM; MmK#2` Q7 >B;;b ?�H7@Qb+BHH�iBQMb /m`BM; i?2 ϕ < 0 T2`BQ/ 7Q` i?2 2t�+i
?BHH@+HBK#BM;X Ai Bb 2�bv iQ b22 i?�i 1[X U9Xj3V ;Bp2b � [m�HBi�iBp2Hv ;QQ/ 2tTH�M�iBQM
QM i?2 �TT2�`�M+2 Q7 i?2 ?BHH@+HBK#BM; #2?�pBQ`X h?2 K�tBK�H N Bb MmK2`B+�HHv 7QmM/
iQ #2 NK�t = 26- r?B+? Bb 2tTH�BM2/ #v i�FBM; Cmh

# 0.64X �+im�HHv- 7Q` /22T >B;;b@
HBF2 `2;BK2 M ! Mc- 1[X U9Xj8V T`QpB/2b � bm`T`BbBM;Hv bBKTH2 `2H�iBQM #2ir22M i?2
+QMb2+miBp2 T�`�K2i2`b �b

MN/MN+1 ≈ (N + 1)2/N2 , U9X9yV

r?BH2 bBKBH�`Hv- 1[X U9Xj9V H2�/b iQ

ξN/ξN+1 ≈ N2/(N + 1)2 , U9X9RV

7Q` i?2 T�`�K2i2`b BM /22T R2@HBF2 `2;BK2 ξ ( ξcX h?2`27Q`2- QM+2 � +`BiB+�H T�`�K2i2`
Bb 7QmM/- i?2 M2ti T�`�K2i2` p�Hm2 7Q` 2t�+i ?BHH@+HBK#BM; +�M #2 B/2MiB}2/ 2�bBHv
i?`Qm;? i?2b2 `2H�iBQMbX

LQi2 i?�i rQmH/ i?2 +QbKB+ 2tT�MbBQM �M/ +QmTHBM; #2ir22M i?2 b+�H�`QM �M/
i?2 >B;;b }2H/ #2 M2;H2+i2/- bQ i?�i b+�H�`QM Qb+BHH�iBQMb #2+QK2 ?�`KQMB+ �M/
i?Qb2 Q7 i?2 >B;;b }2H/ [m�bB@?�`KQMB+ rBi? i?2 �/B�#�iB+�HHv +?�M;BM; 7`2[m2M+v
mh(t) ∝ |ϕ(t)|1/2- �M 2biBK�i2 Q7 i?2 MmK2`B+�H +QMbi�Mi Cmh

rQmH/ #2 Q#i�BM2/ �b
Cmh

= π−1
∫ π

0

√
bBMx dx = 4π−1/2 Γ(3/4)/Γ(1/4) ≈ 0.7628 @ MQi � #�/ �TT`QtBK�iBQMX

>Qr2p2`- i?2 θ T�`�K2i2`b 7Q` i?2 2t�+i ?BHH@+HBK#BM; BM 6B;X 9X3 �`2 +�H+mH�i2/ rBi?
Km+? ;`2�i2` T`2+BbBQMX
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6B;m`2 9X3, h?2 p�Hm2- N - Q7 i?2 MmK#2` Q7 i?2 >B;;b }2H/ ?�H7@Qb+BHH�iBQMb /m`BM; i?2
ϕ < 0 T2`BQ/ 7Q` 2�+? 2t�+i ?BHH@+HBK#BM; +�b2X h?2 #H�+F /Qib �`2 +`BiB+�H T�`�K2i2`b
BM >B;;b@HBF2 `2;BK2 U"`�M+? RV �M/ i?2 `2/ 7Q` R2@HBF2 U"`�M+? kVX �HH i?2 T�`�K2i2`b
θ i?�i `2�HBx2 i?2 2t�+i ?BHH@+HBK#BM; ?�p2 i?2B` +Q``2bTQM/BM; N X h?2 #Hm2 HBM2
`2T`2b2Mib i?2 `2H�iBQM 1[X U9Xj3V rBi? Cmh

= 0.64 �M/ ∆φ = 2.4X

AM 6B;X 9X3- i?2 +`BiB+�H T�`�K2i2`b 7Q` i?2 2t�+i ?BHH@+HBK#BM; T`2b2Mi iQ #2 +H�b@
bB}2/ BMiQ irQ #`�M+?2b +Q``2bTQM/BM; iQ i?2 >B;;b@HBF2 �M/ R2@HBF2 `2;BK2bX h?2v
rBHH #2 `272``2/ iQ �b "`�M+? R �M/ "`�M+? k- `2bT2+iBp2HvX �++Q`/BM;Hv- i?2b2 +`BiB+�H
T�`�K2i2`b rBHH #2 H�#2H2/ �b θiN UQ` M i

N - ξiNV rBi? i = 1, 2 #2BM; i?2 H�#2H 7Q` 2�+?
#`�M+? 7`QK MQr QMX "�b2/ QM i?2 /Bbi`B#miBQM Q7 i?2b2 T�`�K2i2`b- Bi Bb �HbQ +QMp2@
MB2Mi iQ /2b+`B#2 i?2 bvbi2K rBi? M1

N UQ` (M1
N)

−1V 7Q` "`�M+? R �M/ ξ2N 7Q` "`�M+? kX
AM "`�M+? R- �b (M1

N)
−1 BM+`2�b2b- N ;Q2b 7`QK R iQ ke- �M/ BM "`�M+? k- �b ξ2N

BM+`2�b2b- N ;Q2b 7`QK R iQ keX AM i?2 7Q`K2` +�b2- i?2 bK�HH MmK#2` Q7 >B;;b Qb+BH@
H�iBQMb 7Q` � bK�HH2` (M1

N)
−1 Bb /m2 iQ i?2 bK�HH ∆tQb+X AM i?2 H�ii2` +�b2- i?2 bK�HH

MmK#2` Q7 >B;;b Qb+BHH�iBQMb 7Q` � bK�HH2` ξ2N `2bmHib 7`QK i?2 bK�HH mh 2p2M rBi?
H�`;2 ∆tQb+X LQi2 i?�i T�`�K2i2`b rBi? N < 8 BM "`�M+? R HB2 rBi?BM i?2 bi`QM;Hv@
+QmTH2/ `2;BK2 rBi? 1[X UkXRkRV �M/ rBHH MQi #2 +QMbB/2`2/ �Mv 7m`i?2`X aQ 7�`- �HH i?2
T�`�K2i2` p�Hm2b i?�i `2�HBx2 i?2 2t�+i ?BHH@+HBK#BM; ?�p2 #22M 7QmM/X "v /2}MBiBQM-
i?2v H2�/ iQ 7mHH i�+?vQMB+ BMbi�#BHBiv Q7 i?2 >B;;b �7i2` i?2 b2+QM/ x2`Q@+`QbbBM; Q7
ϕX AM i?2 7QHHQrBM;- i?2 2{+B2M+v Q7 bm+? BMbi�#BHBiv Bb 2biBK�i2/ �M/ 2t�KBM2/ iQ
b22 r?2i?2` T`2?2�iBM; +�M #2 +QKTH2i2/ rBi?BM i?2 }`bi b+�H�`QM Qb+BHH�iBQM bQH2Hv
#v i?Bb 2z2+iX

9XkXk 1{+B2M+v Q7 h�+?vQMB+ S`2?2�iBM;
h?2 +�H+mH�iBQM Q7 i?2 2{+B2M+v Q7 i?2 i�+?vQMB+ BMbi�#BHBiv BM i?2 2t�+i ?BHH@+HBK#BM;
+�b2 Bb T`2b2Mi2/ ?2`2 iQ bim/v i?2 TQbbB#BHBiv Q7 +QKTH2iBM; T`2?2�iBM; #v i?Bb T?2@
MQK2MQMX S�`�K2i2`b �`2 i?2M +?Qb2M iQ #2 i?2 +`BiB+�H T�`�K2i2`b i?�i `2�HBx2 bm+?

RRR



+�b2bX h?2 +�p2�i ?2`2 Bb i?�i #�+F`2�+iBQM Bb MQi i�F2M BMiQ �++QmMi- �b K2MiBQM2/
T`2pBQmbHv- �M/ ?2M+2 i?2 `2bmHib ;Bp2M ?2`2 /Q MQi `2~2+i i?2 2t�+i 2pQHmiBQM Q7 i?2
bvbi2K #mi ;Bp2 �M 2biBK�i2 QM r?2i?2` Q` MQi i?2 2M2`;v /2MbBiv Q7 i?2 T`Q/m+2/
T�`iB+H2b +�M #2 +QKT�`�#H2 iQ i?�i Q7 i?2 #�+F;`QmM/X AM T�`iB+mH�`- Bi Bb MQi 2t@
�KBM2/ r?2i?2` i?2 2M2`;v /2MbBiv Q7 i?2 ?QKQ;2M2Qmb }2H/ Qb+BHH�iBQM +QKTH2i2Hv
/Bb�TT2�`b Q` r?2i?2` i?2 T`Q/m+2/ T�`iB+H2b �`2 i?2`K�HBx2/X Ai Bb �bbmK2/ i?�i
QM+2 i?2 2M2`;v /2MbBiv Q7 i?2 T`Q/m+2/ T�`iB+H2b #2+QK2b +QKT�`�#H2 iQ i?�i Q7 i?2
r?QH2 bvbi2K- #�+F`2�+iBQM Bb bB;MB}+�Mi 2MQm;? iQ /`�BM i?2 `2K�BMBM; Qb+BHH�iBQM
2M2`;v BMiQ T�`iB+H2b- �M/ i?2 bvbi2K �TT`Q�+?2b i?2 i?2`K�H bi�i2X

9XkXkXR 1[m�iBQM Q7 JQiBQM 7Q` >B;;b S2`im`#�iBQM

�b i?2 }`bi bi2T- i?2 2pQHmiBQM Q7 ~m+im�iBQMb �`QmM/ i?2 ?QKQ;2M2Qmb #�+F;`QmM/
Q7 i?2 b+�H�`QM �M/ i?2 >B;;b }2H/ Bb BMp2biB;�i2/X h?2 HBM2�`Bx2/ 2[m�iBQMb Q7 KQiBQM
7Q` i?2 ~m+im�iBQM Q7 b+�H�`QM δϕk �M/ >B;;b δhk BM i?2 6Qm`B2` bT�+2 �`2 ;Bp2M #v
1[bXU*XRkV �M/ U*XRjV BM �TT2M/Bt *X �i i?Bb KQK2Mi- i?2 /Bb+mbbBQM 7Q+mb2b QM i?2
T?vbB+�H >B;;b }2H/ U�M/ b+�H�`QMV- �M/ M2;H2+ib i?2 T?�b2 /B`2+iBQM Q7 i?2 >B;;b }2H/
Q` i?2 ;�m;2 }2H/b r?B+? rBHH #2 #`B2~v /Bb+mbb2/ H�i2`X _2/2}MBM; irQ M2r }2H/b
δ̃ϕk ≡ a3/2δϕk �M/ δ̃hk ≡ a3/2δhk iQ `2KQp2 i?2 >m##H2 7`B+iBQM i2`Kb- i?2 2[m�iBQMb
Q7 KQiBQM #2+QK2

¨̃δϕk+

(
k2p + U,ϕϕ − α2

2
e−αϕḣ2 − 9

4
H2 − 3

2
Ḣ

)
δ̃ϕk

= −αe−αϕḣ ˙̃δhk +

(
3α

2
He−αϕḣ− U,ϕh

)
δ̃hk, U9X9kV

¨̃δhk+

(
k2p + eαϕU,hh +

3α

2
Hϕ̇− 9

4
H2 − 3

2
Ḣ

)
δ̃hk

= α
(
ϕ̇ ˙̃δhk + ḣ ˙̃δϕk

)
−
(
3α

2
Hḣ+ αeαϕU,h + eαϕU,ϕh

)
δ̃ϕk, U9X9jV

r?2`2 i?2 `2K�BMBM; 7`B+iBQM i2`Kb �M/ i?2 +QmTHBM; #2ir22M i?2 irQ ~m+im�iBQMb �`2
TH�+2/ QM i?2 `B;?i ?�M/ bB/2X h?2b2 i2`Kb +QK2 7`QK i?2 MQM@+�MQMB+�H FBM2iB+ i2`K
�M/ Qz@/B�;QM�H 2H2K2Mib BM i?2 K�bb K�i`BtX

�Hi?Qm;?- BM T`BM+BTH2- i?2 7mHH KQ/2 2[m�iBQMb U9X9kV �M/ U9X9jV +�M #2 bQHp2/
MmK2`B+�HHv- Bi +Qbib iQQ Km+? iQ BMp2biB;�i2 i?2 r?QH2 T�`�K2i2` bT�+2X AMbi2�/-
�M�HviB+�H 2p�Hm�iBQM Q7 i?2 T�`�K2i2` /2T2M/2M+2 Q7 i?2 2{+B2M+v Q7 i?2 i�+?vQMB+
T`2?2�iBM; Bb +QM/m+i2/X LQi2 i?�i- bBM+2 U,ϕϕ # M2 > H2, |Ḣ|, ḣ2/M2

TH- i?2 b+�H�`QM
}2H/ /Q2b MQi 2tT2`B2M+2 i�+?vQMB+ BMbi�#BHBivX JQ`2Qp2`- bBM+2 ḣ = U,h = U,ϕh = 0

?QH/b BM i?2 2t�+i ?BHH@+HBK#BM; +�b2- i?2 KBtBM; #2ir22M i?2 b+�H�`QM �M/ >B;;b
~m+im�iBQMb p�MBb?2bX h?2`27Q`2- i?2 b+�H�`QM ~m+im�iBQMb �`2 M2p2` �KTHB}2/ /m`BM;

RRk



i?Bb T2`BQ/X 6Q` i?Bb `2�bQM- /Bb+mbbBQM 7Q+mb2b QMHv QM i?2 >B;;b ~m+im�iBQM δ̃hk

?2`2�7i2`X
h?2 KQ/2 2[m�iBQM 7Q` i?2 >B;;b ~m+im�iBQMb U9X9jV +�M #2 7m`i?2` bBKTHB}2/X

aBM+2 i?2 KBtBM; #2ir22M >B;;b �M/ b+�H�`QM ~m+im�iBQMb p�MBb?2b �b K2MiBQM2/
�#Qp2- Bi Bb b�72 iQ QKBi i?2 i2`Kb BMpQHpBM; i?2 b+�H�`QM ~m+im�iBQMbX �HbQ- �7i2` BM@
~�iBQM- i?2 #�+F;`QmM/ p�Hm2 Q7 αϕ U�M/ h/MTHV �`2 �i KQbi O(10−1)X *QMb2[m2MiHv-
i?2 MQM@+�MQMB+�H T�`i Q7 i?2 >B;;b FBM2iB+ i2`K BM 1[X UkXRk9V /Q2b MQi TH�v �Mv
BKTQ`i�Mi `QH2 �b 2tT(αϕ) # 1X AM �//BiBQM- i?2 i�+?vQMB+ K�bb /B`2+iHv +QKBM; 7`QK
i?2 TQi2MiB�H /QKBM�i2b Qp2` i?2 Qi?2` ǳK�bbǴ i2`Kb bQ i?2 H�ii2` �`2 M2;H2+i2/ BM
i?2 7QHHQrBM; �`;mK2MibX h�FBM; i?2 BM2[m�HBiB2b |U,hh| ! M2 > M̃2 # H2, |Ḣ| BMiQ
�++QmMi- i?2 >m##H2 BM/m+2/ i2`Kb �`2 M2;HB;B#Hv bK�HH +QKT�`2/ iQ i?2 i�+?vQMB+
K�bb Q7 i?2 >B;;b }2H/X JQ`2Qp2`- 7`QK i?2 6`B2/K�MM 2[m�iBQM U*XeV- Bi +�M #2 b22M
i?�i Hϕ̇ < MTHH2X AM T�`iB+mH�`- bBM+2 i?2 2M2`;v /2MbBiv Q7 i?2 bvbi2K Bb KQbiHv
biQ`2/ BM i?2 TQi2MiB�H BM H�i2 ?BHH@+HBK#BM; T2`BQ/ Ur?2M T�`iB+H2 T`Q/m+iBQM Bb i?2
KQbi 2{+B2MiV- i?2 7QHHQrBM; ?B2`�`+?v b?QmH/ #2 b�iBb}2/ ϕ̇2 ( U(ϕ, h) # 3H2M2

THX
h?mb- i?2 K�bb i2`K Bb r2HH �TT`QtBK�i2/ �b k2

p + U,hh = ω2
h,kX Ai +�M �HbQ #2 b22M

i?�i i?2 7`B+iBQM i2`K Bb bK�HH2` i?�M i?2 b+�H�`QM K�bb- |αϕ̇| < H < M X aBM+2 i?2
iBK2 b+�H2 Q7 BMi2`2bi Bb ∼ M−1- i?2 7`B+iBQM i2`Kb +�M M2p2` #2 BKTQ`i�MiX AM bmK@
K�`v- i?2 KQ/2 2[m�iBQM 7Q` i?2 >B;;b ~m+im�iBQMb �`2 bBKTHB}2/ BMiQ i?2 QM2 rBi?
� iBK2@/2T2M/2Mi i�+?vQMB+ K�bb �b

¨̃δhk + ω2
h,kδ̃hk ≈ 0 , ω2

h,k ≡ k2
p +m2

h = k2
p + U,hh , m2

h = −3αξM2ϕ(t) , U9X99V

r?B+? Bb 2t�+iHv BM i?2 b�K2 7Q`K �b i?2 ;2M2`�H +�b2 b?QrM BM 1[X UjXRVX h?2`27Q`2-
i?2 i2+?MB[m2 BMi`Q/m+2/ BM *?�Ti2` j +�M #2 mb2/ 7Q` i?2 �M�HviB+ BMp2biB;�iBQM Q7
T�`iB+H2 T`Q/m+iBQM BM i?2 7QHHQrBM;- BM T�`iB+mH�` i?2 QM2 7Q` i�+?vQMB+ BMbi�#BHBiv BM
a2+X jXRXjXkX

9XkXkXk h�+?vQMB+ >B;;b J�bb 7Q` 1t�+i >BHH@*HBK#BM;

�b b?QrM BM *?�Ti2` j- ;Bp2M i?2 2[m�iBQM Q7 KQiBQM rBi? � iBK2@/2T2M/2Mi 2z2+iBp2
K�bb- Bib #2?�pBQ` Bb +`m+B�H 7Q` i?2 +�H+mH�iBQM Q7 T�`iB+H2 T`Q/m+iBQMX AM i?2 2t�+i
?BHH@+HBK#BM; +�b2- i?2 #�+F;`QmM/ }2H/ 2pQHmiBQM BM ϕ > 0 +�M #2 +?�`�+i2`Bx2/ �b
7QHHQrbX 6B`bi- i?2 b+�H�`QM +`Qbb2b x2`Q 7`QK i?2 `2;BK2 ϕ < 0 �i t = t2Mi2`,0- �b
K2MiBQM2/ T`2pBQmbHvX h?2M i?2 b+�H�`QM +HBK#b mT i?2 TQi2MiB�H ?BHH r?2M ϕ > 0

rBi? i?2 >B;;b }2H/ h # 0X PM+2 i?2 b+�H�`QM `2�+?2b i?2 ?B;?2bi TQBMi ϕ = ϕ2- Bi
`2p2`b2b Bib /B`2+iBQM �M/ bi�`ib iQ ;Q /QrM i?2 TQi2MiB�H ?BHH- biBHH F22TBM; h # 0X
6BM�HHv- i?2 b+�H�`QM +`Qbb2b x2`Q �;�BM �i t = t2tBi,0X h?2 /m`�iBQM Q7 i?Bb T2`BQ/ Bb
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i?2M ;Bp2M #v ∆t ≡ t2tBi,0−t2Mi2`,0 �M/ i?2 K�bb Q7 >B;;b m2
h #2+QK2b i�+?vQMB+ /m`BM;

t2Mi2`,0 < t < t2tBi,0X h?2b2 �`2 i?2 irQ KQbi BKTQ`i�Mi [m�MiBiB2b 7Q` i?2 2biBK�iBQM Q7
T�`iB+H2 T`Q/m+iBQM 7`QK i�+?vQMB+ BMbi�#BHBiv- bQ i?2v rBHH #2 2p�Hm�i2/ �M�HviB+�HHv
BM i?2 bm#b2[m2Mi /Bb+mbbBQMX

h?2 b+�H�`QM }2H/ p�Hm2 �i i?2 ?B;?2bi TQBMi +�M #2 2p�Hm�i2/ BM i?2 b�K2 r�v �b
ϕ1(< 0) BM a2+X 9XRX aBM+2 i?2 FBM2iB+ 2M2`;v p�MBb?2b �i i?2 ?B;?2bi TQBMi ϕ2(> 0)-
i?2 7QHHQrBM; `2H�iBQM Bb b�iBb}2/

U0(ϕ2) = C2
2U0(ϕ1) = C2

2C
2
1UBM7 , U9X98V

r?2`2 � M2r MmK2`B+�H T�`�K2i2` C2 Bb BMi`Q/m+2/ iQ i�F2 BMiQ �++QmMi i?2 2M2`;v
HQbb /m`BM; ?BHH@+HBK#BM;X h?2M- Bi Bb 2�bv iQ }M/ i?�i

αϕ2 = C2C1Mc/M
i
N , U9X9eV

r?2`2 M̃ = Mc Bb i�F2M BMiQ �++QmMiX h?2 2pQHmiBQM Q7 i?2 b+�H�`QM Bb ;Qp2`M2/ #v
i?2 TQi2MiB�H U(ϕ)?BHH # (M i

N)
2ϕ2/2X h?mb- i?2 /m`�iBQM Q7 i?2 ?BHH@+HBK#BM; +�M #2

2p�Hm�i2/ #v ?�H7 T2`BQ/ Q7 i?2 b+�H�`QM Qb+BHH�iBQM �`QmM/ i?2 Q`B;BM- ∆t # π/M i
N -

r?B+? Bb i?2 b�K2 �b ∆tQb+ BM i?2 T`2pBQmb bm#b2+iBQMX h?2 iBK2 2pQHmiBQM Q7 i?2
b+�H�`QM /m`BM; i?2 2t�+i ?BHH@+HBK#BM; Bb �TT`QtBK�i2/ �b

ϕ(t) # ϕ2 bBM
(
π
t− t2Mi2`,0

∆t

)
=

C2C1

α

Mc

M i
N

bBM
(
π
t− t2Mi2`,0

∆t

)
. U9X9dV

*QK#BMBM; i?Bb rBi? 1[X U9XkNV- i?2 i�+?vQMB+ >B;;b K�bb b[m�`2/ Bb Q#i�BM2/ �b

m2
h # −m2

h,K�t bBM
(
π
t− t2Mi2`,0

∆t

)
, U9X93V

r?2`2 mh,K�t Bb i?2 �#bQHmi2 p�Hm2 Q7 i?2 >B;;b K�bb �i ϕ2 ;Bp2M �b

m2
h,K�t = |U,hh|ϕ=ϕ2,h=0 = 3C2C1ξ

i
NM

i
NMc = 3C2C1ξcM

2
c +Qi θiN , U9X9NV

#
{√

3λC2C1MTHM1
N , 7Q` "`�M+? R-

3C2C1M2
c ξ

2
N , 7Q` "`�M+? kX

U9X8yV

Ai Bb 2�bv iQ }M/ m2
h,K�t/M

i2
N = (3/2)C2C1ξc bBM(2θiN)- r?B+?- �++Q`/BM; iQ 1[X U9Xj3V-

BKTHB2b i?�i i?2 �#bQHmi2 p�Hm2 Q7 i?2 >B;;b K�bb �i ϕ2 Bb H�`;2` i?�M UQ` �i H2�bi
+QKT�`�#H2 iQV i?2 b+�H�`QM K�bb 7Q` i?2 2t�+i ?BHH@+HBK#BM; +�b2X h?Bb Bb i?2 bQm`+2
Q7 2{+B2Mi T�`iB+H2 T`Q/m+iBQM i?`Qm;? i�+?vQMB+ BMbi�#BHBivX

"v bQHpBM; i?2 7mHH #�+F;`QmM/ 2[m�iBQMb Q7 KQiBQM MmK2`B+�HHv- i?2 b+�H�`QM }2H/
p�Hm2 �i i?2 ?B;?2bi TQBMi ϕ2 Bb 2biBK�i2/ 7Q` 2�+? 2t�+i ?BHH@+HBK#BM; +�b2 �b 7�` �b
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6B;m`2 9XN, �#bQHmi2 p�Hm2 Q7 i?2 >B;;b K�bb b[m�`2/ �i i?2 ?B;?2bi TQBMi ϕ = ϕ2

BM i?2 2t�+i ?BHH@+HBK#BM; +�b2 7Q` M = M1
N U#H�+FV �M/ M = M2

N U`2/VX h?2 bQHB/
HBM2 b?Qrb 1[X U9X9NV rBi? C1 = 0.25 �M/ C2 = 0.72X h?2 /�b?2/ �M/ /Qii2/ HBM2b
b?Qr i?2 �bvKTiQiB+ 7Q`KmH� 7Q` "`�M+? R �M/ k BM 1[X U9X8yV- `2bT2+iBp2HvX h?2 H27i
/Qi@/�b?2/ #QmM/�`v Bb i?2 mMBi�`v #QmM/ r?BH2 i?2 `B;?i Bb ξ = 0X

i?2 MmK2`B+�H T`2+BbBQM �HHQrbX h?2 `2bmHib +QM}`K i?�i i?2 �M�HviB+�H 2biBK�iBQM
Q7 i?2 ?B;?2bi TQBMi Q7 i?2 b+�H�`QM U9X9eV �M/ Bib iBK2 2pQHmiBQM U9X9dV rQ`Fb r2HHX
6B;m`2 9XN b?Qrb i?�i i?2 �#bQHmi2 p�Hm2 Q7 i?2 >B;;b K�bb b[m�`2/ �i ϕ2 Q#i�BM2/
7`QK MmK2`B+�H +�H+mH�iBQM Bb r2HH }i #v i�FBM; C2 # 0.72 BM 1[X U9X9NVX LQi2 i?�i
i?Bb p�Hm2 Bb 2p2M +HQb2` iQ i?2 `Qm;? 2biBK�i2 Cmh

≈ 0.7628 Q#i�BM2/ BM i?2 T`2pBQmb
bm#b2+iBQM M2;H2+iBM; i?2 +QbKB+ 2tT�MbBQM �M/ +QmTHBM; #2ir22M i?2 b+�H�`QM �M/
i?2 >B;;b }2H/ i?�M iQ i?2 MmK2`B+�H p�Hm2 Q7 Cmh

Bib2H7X
Ai Bb 2�bv iQ b22 i?�i i?2 i�+?vQMB+ K�bb Bb Km+? bi`QM;2` BM i?2 >B;;b@HBF2 `2;BK2

i?�M BM i?2 R2@HBF2 `2;BK2- r?B+? Bb +QMbB/2`2/ M�im`�H 7Q` i?2 7QHHQrBM; `2�bQMX �+@
+Q`/BM; iQ 1[X U9XkjV Q` 1[X U9XkNV- i?2 �KTHBim/2 Q7 m2

h Bb T`QTQ`iBQM�H iQ ξ i?�i
/2+`2�b2b �M/ p�MBb?2b �b i?2 bvbi2K �TT`Q�+?2b i?2 R2@HBKBi r?2`2 i?2`2 Bb MQ i�+?v@
QMB+ 2z2+i �b r2HH@FMQrMX PM i?2 Qi?2` ?�M/- i?2 /m`�iBQM ∆t Bb T`QTQ`iBQM�H iQ M−1

r?B+?- BMbi2�/- BM+`2�b2b r?2M ;2iiBM; +HQb2` iQ i?2 R2@HBKBiX �b � `2bmHi- i?2 >B;;b
}2H/ +�M bi�v BM i?2 i�+?vQMB+ `2;BK2 7Q` � HQM;2` iBK2 BM R2@HBF2 `2;BK2 i?�M >B;;b@
HBF2X aQ- mT iQ i?Bb TQBMi- Bi biBHH b22Kb /B{+mHi iQ /2i2`KBM2 i?2 /2T2M/2M+2 Q7 i?2
bi`2M;i? Q7 BMbi�#BHBiv QM i?2 KQ/2H T�`�K2i2` M rBi?BM 2�+? #`�M+?- r?B+? rBHH #2
+H�`B}2/ rBi? KQ`2 +�`27mH +�H+mH�iBQM BM i?2 7QHHQrBM;X >Qr2p2`- �b � M�Bp2 2tT2+@
i�iBQM- i?2 bvbi2K rBi? +`BiB+�H T�`�K2i2`b b?QmH/ 2tT2`B2M+2 � bi`QM;2` i�+?vQMB+
2z2+i BM i?2 >B;;b@HBF2 `2;BK2 i?�M R2@HBF2 �b � r?QH2X

9XkXkXj S�`iB+H2 S`Q/m+iBQM h?`Qm;? h�+?vQMB+ AMbi�#BHBiv

"�b2/ QM i?2 T`2pBQmb �M�HvbBb QM i?2 2[m�iBQM Q7 KQiBQM �M/ 2z2+iBp2 K�bb 7Q` i?2
>B;;b }2H/- i?2 T�`iB+H2 T`Q/m+iBQM i?`Qm;? i�+?vQMB+ BMbi�#BHBiv /m`BM; 2t�+i ?BHH@
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+HBK#BM; +�M #2 BMp2biB;�i2/ �M�HviB+�HHvX aBM+2 i?2 i�+?vQMB+ K�bb b[m�`2/ +?�M;2b
7`QK y iQ −m2

h,K�t = −3C2C1ξcM2
c +Qi θiN - KQ/2b rBi? i?2 r�p2MmK#2` kp < mh,K�t

722Hb i?2 BMbi�#BHBiv- �M/ i?2 MmK#2` Q7 T�`iB+H2b 7Q` bm+? KQ/2b Bb 2tTQM2MiB�HHv
�KTHB}2/X �bbmKBM; i?�i T�`iB+H2 T`Q/m+iBQM Bb MQi 2{+B2Mi r?2M ω2

h,k Bb TQbBiBp29N-
i?2 +QKQpBM; Q++mT�iBQM MmK#2` Q7 >B;;b T�`iB+H2b nk rBi? KQpBM; KQK2MimK k +�M
#2 2biBK�i2/ �i i?2 iBK2 r?2M i?2 b+�H�`QM +QK2b #�+F iQ i?2 Q`B;BM �b BM 1[bX UjXN3V
�M/ UjXRykVX

"27Q`2 i�FBM; i?2b2 `2bmHib 7Q` ;`�Mi2/- Bi b?QmH/ #2 p2`B}2/ i?�i i?2`2 2tBbib
� `2;BK2 �`QmM/ t2Mi2`(k) �M/ t2tBi(k) r?2`2 i?2 �/B�#�iB+ +QM/BiBQM UjXdNV �M/ i?2
p�HB/Biv Q7 h�vHQ` 2tT�MbBQM UjX33V �`2 b�iBb}2/ bBKmHi�M2QmbHv- #�b2/ QM r?B+? i?2
2tT`2bbBQM 7Q` Q++mT�iBQM MmK#2` nk BM i?2 +�b2 Q7 i�+?vQMB+ T�`iB+H2 T`Q/m+iBQM Bb
/2`Bp2/X AM i?2 bT2+B}+ bBim�iBQM +QMbB/2`2/ ?2`2- t2Mi2`(k) �M/ t2tBi(k) �`2 i?2 KQK2Mib
r?2M ωk,h(t) +`Qbb2b x2`Q �M/ i?2 KQ/2 k 2Mi2`b �M/ 2tBib i?2 i�+?vQMB+ `2;BK2-
`2bT2+iBp2Hv- �M/ M�im`�HHv t2Mi2`(0) = t2Mi2`,0 �M/ t2tBi(0) = t2tBi,0X h?2 2t�KBM�iBQM Bb
T2`7Q`K2/ 7Q` i?2 `2;BK2 �`QmM/ t = t2Mi2`(k) BM i?2 7QHHQrBM;- r?B+? +�M #2 2�bBHv
2ti2M/2/ iQ i?2 t = t2tBi(k) +�b2X qBi? 1[X U9X93V �M/ ∆t # π/M - i?2 7`2[m2M+v Q7
δ̃h Bb r`Bii2M �b

ω2
h,k = k2

p +m2
h ≈ k2

p −m2
h,K�t bBM [M(t− t2Mi2`,0)] . U9X8RV

LQi2 i?�i mh,K�t > M Bb b�iBb}2/ 7Q` bBM 2θ >∼ ξ−1
c - r?B+? Bb i?2 +�b2 Q7 BMi2`2bi- U+HQb2

iQV i?2 2t�+i ?BHH@+HBK#BM; +�b2bX h?2 /QKBM�Mi +QMi`B#miBQM iQ i?2 2M2`;v /2MbBiv
Q7 i?2 T`Q/m+2/ T�`iB+H2b Bb 2tT2+i2/ iQ +QK2 7`QK i?2 KQ/2b rBi? k2

p
<∼ m2

h,K�t �M/
m2

h,K�t−k2
p ∼ m2

h,K�tX h?2 KQ/2b rBi? m2
h,K�t−k2

p ( m2
h,K�t /Q MQi ?�p2 � HQM; iBK2

7Q` i?2 i�+?vQMB+ T2`BQ/ bQ Ωk /Q2b MQi #2+QK2 bQ H�`;2X 6Q` KQ/2b rBi? k2
p ( m2

h,K�t-
i?2 2M2`;v +�``B2/ #v 2�+? KQ/2 Bb MQi bQ H�`;2 iQ ;Bp2 /QKBM�Mi +QMi`B#miBQMb iQ i?2
iQi�H 2M2`;v /2MbBivX PM i?2 QM2 ?�M/- i?2 H27i ?�M/ bB/2 Q7 1[X UjXdNV Bb 2tT�M/2/
rBi? `2bT2+i iQ (t− t2Mi2`(k)) �b

∣∣∣∣∣
ω̈h,k/ωh,k − 3ω̇2

h,k/(2ω
2
h,k)

2ω2
h,k

∣∣∣∣∣ #
5

16M
√
m4

h,K�t − k4
p

|t− t2Mi2`(k)|−3 , U9X8kV

9N P7 +Qm`b2- T�`iB+H2 T`Q/m+iBQM 7`QK T�`�K2i`B+ `2bQM�M+2 +�M ?�TT2M 2p2M r?2M ω2
h,k Bb TQbBiBp2

rBi? i?2 >B;;b Qb+BHH�iBQMX >Qr2p2`- bBM+2 Bi i�F2b >∼ O(102) Qb+BHH�iBQMb 7Q` T�`�K2i`B+ `2bQM�M+2
iQ �KTHB7v i?2 T�`iB+H2b �b bm;;2bi2/ 7`QK i?2 >B;;b BM~�iBQM +�b2 (jR- jk) UMQi2 i?�i i?2b2 bim/B2b
/Q MQi BM+Hm/2 i?2 bTBF2 +QMi`B#miBQM �b K2MiBQM2/ BM a2+X jXk- i?Qm;?V- Bi Bb 2tT2+i2/ i?�i i?2
i�+?vQMB+ BMbi�#BHBiv Bb bi`QM;2` B7 Bi i�F2b TH�+2X LQi2 i?�i i?2 T`2b2Mi Tm`TQb2 Bb iQ B/2MiB7v B7 i?2
i�+?vQMB+ BMbi�#BHBiv �HQM2 +�M +QKTH2i2 T`2?2�iBM;- bQ Qi?2` T�`iB+H2 T`Q/m+iBQM +?�MM2Hb �`2 MQi
+QMbB/2`2/X
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r?2`2 ȧ Bb QKBii2/ bBM+2 i?2 +QbKB+ 2tT�MbBQM Bb M2;HB;B#H2 rBi?BM i?2 iBK2 b+�H2 Q7
i?Bb /vM�KB+bX 6Q` i?2 KQ/2b rBi? kp ∼ mh,K�t- i?2 �/B�#�iB+ +QM/BiBQM `2�/b

|t− t2Mi2`(k)| ! (m2
h,K�tM)−1/3 . U9X8jV

PM i?2 Qi?2` ?�M/- 7`QK i?2 }`bi BM2[m�HBiv Q7 1[X UjX33V- i?2 �bvKTiQiB+ 2tT�MbBQM
Q7 i?2 �B`v 7mM+iBQM Bb p�HB/ 7Q`

|t− t2Mi2`(k)| !
(√

1−
k4
p

m4
h,K�t

m2
h,K�tM

)−1/3

∼ (m2
h,K�tM)−1/3 , U9X89V

r?BH2 7`QK i?2 b2+QM/ BM2[m�HBiv Q7 1[X UjX33V i?2 HBM2�` �TT`QtBK�iBQM Q7 i?2 TQi2MiB�H
Bb 7QmM/ iQ #2 p�HB/ 7Q`

|t− t2Mi2`(k)| ( 2M−1

√
m4

h,K�t
k4
p

− 1 ∼ M−1 . U9X88V

h?2`27Q`2- 7`QK 1[bX U9X8jV- U9X89V- �M/ U9X88V- Bi +�M #2 2�bBHv b22M i?�i i?2`2 BM/22/
2tBbib bm+? � `2;BK2 r?2`2 Bi Bb T2`KBbbB#H2 iQ mb2 i?2 K�i+?BM; +QM/BiBQM #27Q`2
�M/ �7i2` i?2 MQM@�/B�#�iB+ T2`BQ/ �`QmM/ t = t2Mi2`(k) 7Q` i?2 +�b2 Q7 BMi2`2bi- BX2X
mh,K�t > M �M/ kp ∼ mh,K�t- �b T2`7Q`K2/ BM a2+X jXRXjXkX AM Qi?2` rQ`/b- Bi Bb b�72
iQ mb2 i?2 +QM+HmbBQM ;Bp2M BM 1[bX UjXN3V �M/ UjXRykVX h?2 Q++mT�iBQM MmK#2` 7Q`
KQ/2b rBi? KQK2MimK k �i t = t2tBi,0 Bb i?2M +�H+mH�i2/ �b

nk(t2tBi,0) #
∣∣eΩk − e−Ωk/4

∣∣2 # e2Ωk , Ωk ≡
∫ t2tBi(k)

t2Mi2`(k)
|ωh,k(t)|dt . U9X8eV

h?2 +QKQpBM; 2M2`;v /2MbBiv Q7 i?2 T`Q/m+2/ T�`iB+H2b �i t = t2tBi,0 Bb i?2M �b 7QHHQrb

ρδh(t2tBi,0) =

∫
d3k

(2π)3
ωh,k(t)nk(t)

∣∣∣∣
t=t2tBi,0

=

∫
d3k

(2π)3
k

a(t)

∣∣∣∣e
Ωk − e−Ωk

4

∣∣∣∣
2
∣∣∣∣∣
t=t2tBi,0

. U9X8dV

�b � `Qm;? 2biBK�i2- 7Q+mb QM i?2 ivTB+�H KQ/2 kt/a(t2tBi,0) # mh,K�t/2X *QMb2@
[m2MiHv- i?2 2tTQM2Mi +�M #2 �TT`QtBK�i2/ �b Ωkt ∼ mh,K�t∆t U#v QKBiiBM; i?2 iBK2
/2T2M/2M+2 Q7 m2

h �M/ Qzb2i k2 BM ω2
h,kV �M/ i?2 `2bmHiBM; 2M2`;v /2MbBiv +�M #2 2biB@

K�i2/ �b ρδh ∼ m4
h,K�t 2tT(2Ωkt)/32π

2 ∼ m4
h,K�t 2tT(2mh,K�t∆t)/32π2X am#biBimiBM;

7Q` θiN mbBM; mh,K�t∆t # 2πN �M/ 1[bX U9Xj3V �M/ U9X9NV- Bi Bb 2�bv iQ }M/ i?�i

ρδh(t2tBi,0) ∼
9ξ2cM

4
c +Qi2 θiN
32π2

2tT
(
π
√

6ξc bBM(2θiN)
)

∼ 2tT (2πN)

32π2
×
{
9λ2(MTH/N)4 , 7Q` "`�M+? R -
(NM̃)4 , 7Q` "`�M+? k -

U9X83V

RRd



r?2`2 BM i?2 b2+QM/ �TT`QtBK�iBQM ∆φ Bb QKBii2/ �M/ Cmh
= C1 = C2 = 1 Bb i�F2M

7Q` bBKTHB+BivX Ai Bb BMi2`2biBM; iQ b22 i?�i i?2 2tTQM2MiB�H �KTHB}+�iBQM Bb H�`;2` 7Q`
H�`;2` N BM #Qi? #`�M+?2b r?BH2 i?2 `2bmHi�Mi T�`iB+H2 T`Q/m+iBQM Bb KQ`2 2z2+iBp2 7Q`
"`�M+? R �b � r?QH2 /m2 iQ H�`;2`mh,K�tX h?Bb Bb +QMbBbi2Mi rBi? Qm` M�Bp2 2tT2+i�iBQM
i?�i i?2 i�+?vQMB+ T`2?2�iBM; Bb KQ`2 2z2+iBp2 BM i?2 >B;;b@HBF2 `2;BK2X Ai Bb �HbQ �
#Bi bm`T`BbBM; iQ b22 i?�i i?2 i�+?vQMB+ �KTHB}+�iBQM Q7 >B;;b ~m+im�iBQM +�M ?�TT2M
2p2M BM `2H�iBp2Hv /22T R2@HBF2 `2;BK2X h?Bb Bb #2+�mb2 i?2 b+�H�`QM K�bb Bb bK�HH2`
7Q` i?2 R2@HBF2 `2;BK2- r?B+? H2�/b iQ � HQM;2` /m`�iBQM Q7 2t�+i ?BHH@+HBK#BM; �M/
i?mb 2{+B2Mi T�`iB+H2 T`Q/m+iBQM �;�BMbi i?2 bK�HH2` i�+?vQMB+ >B;;b K�bbX

AM Q`/2` iQ b22 B7 i?2 i�+?vQMB+ T`2?2�iBM; Bb bi`QM; 2MQm;? iQ +QKTH2i2 T`2?2�iBM;-
+QKT�`BbQM #2ir22M i?2 2M2`;v /2MbBiv Q7 i?2 T`Q/m+2/ T�`iB+H2b �M/ i?2 #�+F;`QmM/
2M2`;v /2MbBiv Bb M22/2/- rBi? i?2 H�ii2` ;Bp2M �b

ρiQi # C2
2C

2
1UBM7 =

3C2
2C

2
1

4
M̃2M2

TH . U9X8NV

A7 i?2 7Q`K2`- +�H+mH�i2/ rBi?Qmi i�FBM; #�+F`2�+iBQM BMiQ �++QmMi- Bb H�`;2` i?�M
ρiQi/2- i?2 i�+?vQMB+ T`2?2�iBM; Bb 2{+B2Mi 2MQm;? �M/ i?2 #�+F`2�+iBQM +�MMQi
#2 M2;H2+i2/ �Mv 7m`i?2`X h?Bb +QM/BiBQM Bb `2;�`/2/ �b i?2 +QKTH2iBQM Q7 T`2@
?2�iBM; BM i?2 /Bb+mbbBQM Q7 i�+?vQMB+ T`2?2�iBM; BM i?Bb i?2bBbX 6B;m`2 9XRy b?Qrb
Ω ≡ HM

(
32π2ρδh/m4

h,K�t
)
/2- r?B+? +Q``2bTQM/b iQ Qm` �M�HviB+�H 2biBK�iBQM QM i?2

2z2+iBp2 �KTHB}+�iBQM 7�+iQ` Ωkt - iQ;2i?2` rBi? HM
(
16π2ρiQi/m4

h,K�t
)
/2 7Q` 2�+? 2t�+i

?BHH@+HBK#BM; +�b2 �b 7mM+iBQMb Q7 N 7Q` #Qi? #`�M+?2bX h?2 H�ii2` `2T`2b2Mib i?2 bK�HH@
2bi 2tTQM2MiB�H ;`Qri? 7�+iQ` M22/2/ 7Q` T`2?2�iBM; iQ #2 +QKTH2i2/X >2`2- i?2 p�Hm2
Q7 ϕ2 Bb MmK2`B+�HHv Q#i�BM2/ Ub22 6B;X 9XNV iQ /2i2`KBM2 i?2 +Q2{+B2Mi BM m2

h(t) =

−3αξNM2
Nϕ2 bBM(M(t− t2Mi2`,0)) �M/ ρδh Bb 2p�Hm�i2/ #v BMi2;`�iBM; 1[bX U9X8eV �M/

U9X8dVX
Ai +�M #2 b22M BM 6B;X 9XRy i?�i i?2 p�Hm2b Q7 Ω BM "`�M+? R �`2 p2`v +HQb2 iQ i?Qb2

BM "`�M+? k rBi? +Q``2bTQM/BM; N - �b T`2/B+i2/ BM 1[X U9X83V- �M/ i?2v �`2 }i r2HH
rBi? Ω # πN−2X "v +QKT�`BM; Ω �M/ HM

(
16π2ρiQi/m4

h,K�t
)
/2- r?2i?2` T`2?2�iBM; Bb

+QKTH2i2/ +�M #2 /2i2`KBM2/X AM i?2 >B;;b@HBF2 `2;BK2 U"`�M+? RV- i?2 i�+?vQMB+ BM@
bi�#BHBiv �Hr�vb +QKTH2i2b T`2?2�iBM; 7Q` i?2 2t�+i ?BHH@+HBK#BM; +�b2- r?B+? Bb #2+�mb2
i?2 +?�`�+i2`BbiB+ 2M2`;v /2MbBiv m4

h,K�t/32π
2 rBi?Qmi i?2 2tTQM2MiB�H �KTHB}+�iBQM

Bib2H7 Bb �H`2�/v �b H�`;2 �b i?2 #�+F;`QmM/ 2M2`;v /2MbBivX PM i?2 Qi?2` ?�M/- /m2
iQ bK�HH m4

h,K�t/32π
2 BM i?2 R2@HBF2 `2;BK2 U"`�M+? kV- T`2?2�iBM; Bb MQi +QKTH2i2/

#v i?2 i�+?vQMB+ BMbi�#BHBiv 2p2M BM i?2 2t�+i ?BHH@+HBK#BM; +�b2 7Q` N ≤ 4X >Qr2p2`-
i?�MFb iQ i?2 HQM; 2MQm;? ∆t �i bm{+B2MiHv H�`;2 N - T`2?2�iBM; Bb +QKTH2i2/ #v i?2
i�+?vQMB+ BMbi�#BHBiv 7Q` i?2 2t�+i ?BHH@+HBK#BM; +�b2X LQi2 i?�i N = 4 HQQFb QM i?2
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6B;m`2 9XRy, _Qm;? 2biBK�i2 Q7 i?2 2tTQM2MiB�H �KTHB}+�iBQM 7�+iQ` Ω 7Q` 2�+? 2t�+i
?BHH@+HBK#BM; +�b2X LmK2`B+�H `2bmHib 7Q` "`�M+? R U#H�+F /QibV �M/ "`�M+? k U`2/ /QibV
�`2 }ii2/ r2HH rBi? Ω # πN − 2 U#Hm2 HBM2V- r?B+? Bb +QMbBbi2Mi rBi? 1[X U9X83VX h?2
#H�+F �M/ `2/ /�b?2/ HBM2b `2T`2b2Mi HM

(
16π2ρiQi/m4

h,K�t
)
7Q` "`�M+? R �M/ "`�M+? k-

`2bT2+iBp2HvX h�+?vQMB+ BMbi�#BHBiv Bb 2{+B2Mi 2MQm;? iQ +QKTH2i2 T`2?2�iBM; 7Q` �Mv
N BM "`�M+? R- #mi MQi 7Q` N ≤ 4 BM "`�M+? kX

2/;2 Q7 i?2 +QKTH2iBQM Q7 T`2?2�iBM;- #mi i?2 �M�HvbBb BM 6B;X 9XRy Bb `2H�iBp2Hv [m�HB@
i�iBp2 �M/ b?QmH/ MQi #2 i�F2M �i 7�+2 p�Hm2X AM/22/- �b HQM; �b i?2 +m``2Mi MmK2`B+�H
T`2+BbBQM �HHQrb- MQ T�`�K2i2` bT�+2 Bb 7QmM/ BM r?B+? i�+?vQMB+ BMbi�#BHBiv +QKTH2i2b
T`2?2�iBM; �`QmM/ θ24X �b rBHH #2 b22M H�i2`- �i H2�bi � }M2@imMBM; Km+? KQ`2 b2p2`2
i?�M O(10−5) Bb M22/2/ �`QmM/ i?Bb p�Hm2 Q7 N X

JQ`2 �++m`�i2 �M�HviB+�H +�H+mH�iBQM �HbQ H2�/b iQ +QM+HmbBQM i?�i �;`22b rBi?
i?2 /Bb+mbbBQM �#Qp2X a�72Hv M2;H2+iBM; i?2 +QbKB+ 2tT�MbBQM- Ωk Bb +�H+mH�i2/ 7Q` �
;2M2`�H k �M/ ξ #v �bbmKBM; i?�i i?2 BM~�iQM +�M �Hr�vb +HBK# mT i?2 ?BHH 2t�+iHv �b

Ωk =

∫ t2tBi(k)

t2Mi2`(k)
|ωh,k(t)|dt =

∫ t2tBi(k)

t2Mi2`(k)

∣∣k2 −m2
h,K�t bBM[M(t− t2Mi2`,0)]

∣∣ dt

= 4
√

3C2C1

(
λ

3

)1/4
√

MTH
M

(
1− M2

c

M2

)1/4

f

(
k2

m2
h,K�t

)

≈






4
√

3C2C1

√
ξ fE

(
k2

m2
h,K�t

)
, ξ ( ξc Q` M # Mc ,

4
√

3C2C1

(
λ

3

)1/4
√

MTH
M

fE

(
k2

m2
h,K�t

)
, ξ <∼ ξc Q` M ! Mc ,

U9XeyV

r?2`2 k ≤ mh,K�t �M/ fE(x) ≡ (1 − x)1/2E[�`++Qb(x)/2, 2/(1 − x)] Bb /2}M2/ QM i?2
/QK�BM 0 < x < 1 rBi? E[φ, x] =

∫ φ

0 (1 − x bBM2 t)1/2dt Bb i?2 2HHBTiB+ BMi2;`�H Q7 i?2
b2+QM/ FBM/X Ai +�M #2 b?QrM i?�i i?2 7mM+iBQM fE(x) +�M #2 r2HH �TT`QtBK�i2/
bBKTHv #v f̃E(x) = 0.6(1 − x) BM i?2 /QK�BM Q7 BMi2`2bi- bQ f̃E(x) rBHH #2 mb2/ iQ

RRN



bBKTHB7v i?2 +�H+mH�iBQM #2HQrX �b � `2bmHi- i?2 MmK#2` /2MbBiv Q7 T`Q/m+2/ T�`iB+H2b
Bb ;Bp2M #v

nk # e2Ωk = 2tT
[
8
√
3C2C1

(
λ

3

)1/4
√

MTHξ

Mξc
× 0.6

(
1− k2

m2
h,K�t

)]
. U9XeRV

h�FBM; i?2 MmK2`B+�H p�Hm2b C1 = 0.25 �M/ C2 = 0.72 �M/ i?2 ivTB+�H p�Hm2 λ = 0.01

BM i?2 2[m�iBQM �#Qp2 H2�/b iQ

nk = 2tT
[
0.85

√
MTHξ

Mξc

(
1− k2

m2
h,K�t

)]
. U9XekV

qBi? i?2 ?2HT Q7 i?Bb `2bmHi- i?2 +QKQpBM; 2M2`;v /2MbBiv Q7 T`Q/m+2/ T�`iB+H2b ρδh
+�M #2 2�bBHv 7QmM/ Qmi �b � 7mM+iBQM Q7 M 7Q` "`�M+? R �M/ Q7 ξ 7Q` "`�M+? k �b
7QHHQrb

ρδh =

∫
d3k

(2π)3
ωh,knk #

m4
h,K�t
2π2

∫ 1

0

k3 2tT
[
0.85

√
MTHξ

Mξc

(
1− k2

)
]
dk

# 3.4× 10−5MTHM
3 ξ

ξc

[
2tT

(
0.85

√
MTHξ

Mξc

)
− 0.85

√
MTHξ

Mξc
− 1

]
U9XejV

#






5.9× 10−4M4
c ξ
(
−1 + e3.5

√
ξ − 3.5

√
ξ
)

, ξ ( ξc ,

3.4× 10−5MTHM
3

(
−1 + e0.85

√
MTH/M − 0.85

√
MTH
M

)
, M ! Mc ,

U9Xe9V

r?2`2 ρδh Bb 2p�Hm�i2/ #v �TT`QtBK�iBM; m2
h = 0 �i H�i2` iBK2b t > t2tBi,0X h?Bb `2bmHi

Bb b?QrM BM 6B;X 9XRRX
qBi? i?Bb KQ`2 �++m`�i2 �M�HviB+ BMp2biB;�iBQM- Bi +�M #2 b22M i?�i ρδh ;2ib H�`;2`

i?�M i?2 ?�H7 Q7 i?2 #�+F;`QmM/ 2M2`;v /2MbBiv C2
1ρBM7/2 7Q` ξ >∼ 50- K2�MBM; i?2

+QKTH2iBQM Q7 T`2?2�iBM;X *QMp2`b2Hv- i?2 bK�HH2bi ξN bm{+B2Mi iQ +QKTH2i2 T`2?2�i@
BM; bQH2Hv #v i�+?vQMB+ BMbi�#BHBiv Bb �`QmM/ ξN # 50 r?B+? +Q``2bTQM/b iQ N = 4

BM "`�M+? k- r?B+? Bb +QMbBbi2Mi rBi? i?2 T`2pBQmb +QM+HmbBQM 7`QK `Qm;? 2biBK�iBQMX
h?2`27Q`2- 7Q` N ≤ 4 BM "`�M+? k- T`2?2�iBM; +�MMQi #2 +QKTH2i2/ bQH2Hv #v i�+?vQMB+
BMbi�#BHBiv rBi?BM i?2 }`bi b+�H�`QM Qb+BHH�iBQMX

h?mb 7�`- i?2 �M�HvbBb ?�b #22M 7Q` i?2 T?vbB+�H >B;;b QMHv- #mi i?2 2z2+i QM i?2
HQM;Bim/BM�H KQ/2b Q7 i?2 r2�F ;�m;2 #QbQMb Q` i?2 L: KQ/2b +�M #2 2p�Hm�i2/ BM
� bBKBH�` r�v �b K2MiBQM2/ 2�`HB2`X h?2B` +QMi`B#miBQM iQ i?2 T`2?2�iBM; T`Q+2bb Bb
2biBK�i2/ iQ #2 +QKT�`�#H2 rBi? i?�i Q7 i?2 >B;;b }2H/X >2`2- � #`B27 /Bb+mbbBQM Bb
T`2b2Mi2/ QM i?2 i�+?vQMB+ BMbi�#BHBiv BM i?2 T?�b2 /B`2+iBQM 7Q` i?2 ;HQ#�H lURV +�b2X

Rky
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6B;m`2 9XRR, h?2 2M2`;v /2MbBiv Q7 T`Q/m+2/ >B;;b ~m+im�iBQMb �b � 7mM+iBQM Q7 ξ
7Q` 5 < ξ < ξcX GB;?i ;`22M, ρδh +�H+mH�i2/ rBi? i?2 T`2+Bb2 7mM+iBQM fE(x) BM Ωk

BM 1[X U9XeyVX "Hm2 /Qii2/, ρδh BM 1[X U9XejV rBi? �TT`QtBK�i2/ f̃E(x)X _2/ /�b?2/
�M/ #H�+F /�b?2/ HBM2b �`2 �bvKTiQiB+ #2?�pBQ` BM ξ ( ξc �M/ M ! Mc HBKBib BM
1[X U9Xe9V- `2bT2+iBp2HvX :`�v /Qii2/@/�b?2/, C2

1ρBM7/2X

h?2 BKTHB+�iBQM iQ i?2 aJ alUkVL× lURVY +�b2 +�M #2 `2�/ Qz �b /QM2 BM a2+X 9XRX
LQi2 i?�i i?2 i�+?vQMB+ BMbi�#BHBiv 7Q` i?2 HQM;Bim/BM�H KQ/2 Q7 i?2 r2�F ;�m;2 #QbQM
Bb Q#b2`p2/ BM _27X (8y)X

�b +�H+mH�i2/ BM 1[X U9XNV i?2 2z2+iBp2 K�bb 7Q` i?2 +�MQMB+�HBx2/ L: KQ/2- /m`BM;
i?2 ?BHH@+HBK#BM; 2TQ+? Ur?2M ϕ < MTH, h # 0- �M/ i?2 FBM2iB+ i2`Kb �`2 M2;HB;B#H2V-
m2

θc +�M #2 7m`i?2` bBKTHB}2/ �b

m2
θc # − 1√

6

M2

MTH
(1 + 6ξ)ϕ . U9Xe8V

h?2`27Q`2- +QKT�`BM; rBi? i?2 T?vbB+�H >B;;b K�bb U1[X U9XkNVV- Bi Bb 2�bv iQ }M/ i?�i

m2
θc

m2
h

= 1 +
1

6ξ
, U9XeeV

r?B+? Bb Q7 Q`/2` mMBiv mMH2bb ξ ( 1X aBM+2 i?2 bK�HH2bi ξiN Bb MQ H2bb i?�M i?2 Q`/2`
Q7 mMBiv �b b22M BM 1[X U9Xj9V- i?2 2{+B2M+v Q7 i�+?vQMB+ BMbi�#BHBiv 7Q` i?2 L: KQ/2
Bb +QM+Hm/2/ iQ #2 +QKT�`�#H2 iQ i?�i 7Q` i?2 T?vbB+�H >B;;b ~m+im�iBQMbX h?2 b�K2
Bb 2tT2+i2/ iQ �TTHv iQ i?2 HQM;Bim/BM�H KQ/2 Q7 ;�m;2 #QbQMb- r?Qb2 K�bb `2+2Bp2b
� /QKBM�Mi +QMi`B#miBQM 7`QK i?2 K�bb Q7 i?2 L: KQ/2 (j9)X

q?BH2 i?2 K�bb 7Q` T?vbB+�H >B;;b ~m+im�iBQMb �`QmM/ i?2 TQi2MiB�H p�HH2v Bb TQb@
BiBp2- i?2 K�bb 7Q` i?2 T?�b2 /B`2+iBQM Bb ;Bp2M #v

m2
θc # −α

2
ϕM̃2 +

5

24

1

M2
TH

(
ϕ̇2 + ḣ2

)
U9XedV

7Q` ϕ ( MTH- r?B+? +�M #2 i�+?vQMB+- 2bT2+B�HHv r?2M i?2 FBM2iB+ 2M2`;v Bb bK�HHX
h?2`27Q`2- i?2 L: KQ/2 �M/ i?2 HQM;Bim/BM�H KQ/2 Q7 ;�m;2 #QbQMb �`2 KQ`2 HBF2Hv

RkR



iQ `2+2Bp2 � i�+?vQMB+ +QMi`B#miBQM 7`QK }2H/ Qb+BHH�iBQMb �`QmM/ i?2 TQi2MiB�H p�HH2v
i?�M 7`QK T?vbB+�H >B;;b ~m+im�iBQMb- r?B+? Bb �HbQ b22M BM _27X (8y)X >Qr2p2`- i?2
�KTHBim/2 Q7 i?2 i�+?vQMB+ K�bb Bb +QKT�`�#H2 iQ i?2 iBK2 b+�H2 Q7 i?2 Qb+BHH�iBQMb
�`QmM/ i?2 p�HH2vX >2M+2- Bi Bb 2tT2+i2/ i?�i bm+? i�+?vQMB+ BMbi�#BHBiv 7Q` i?2 L:
KQ/2 �M/ i?2 HQM;Bim/BM�H KQ/2 Q7 ;�m;2 #QbQMb /Q MQi ;Bp2 � bB;MB}+�Mi +QMi`B#miBQM
+QKT�`2/ iQ i?2 T�`iB+H2 T`Q/m+iBQM /m`BM; i?2 ?BHH@+HBK#BM;X h�+?vQMB+ K�bb Q7 i?2
T?vbB+�H >B;;b +QmH/ �HbQ #2 `2�HBx2/ /m`BM; Qb+BHH�iBQMb �`QmM/ i?2 p�HH2vb rBi? �
H�`;2 �KTHBim/2- #mi 7Q` i?2 b�K2 `2�bQM- bm+? 2z2+i Bb 2tT2+i2/ iQ #2 `2H�iBp2Hv
bK�HHX � /2i�BH2/ BMp2biB;�iBQM rBHH MQi #2 T`2b2Mi2/ BM i?Bb i?2bBbX

�b � #`B27 bmKK�`v- i?2 L: KQ/2 �M/ i?2 HQM;Bim/BM�H KQ/2 Q7 ;�m;2 #QbQMb �HbQ
2tT2`B2M+2 i�+?vQMB+ BMbi�#BHBiv /m`BM; ?BHH@+HBK#BM; rBi? �HKQbi i?2 b�K2 2{+B2M+v
�b i?2 T?vbB+�H >B;;b ~m+im�iBQMbX h?2`27Q`2- i�FBM; BMiQ �++QmMi i?2B` +QMi`B#miBQMb-
i?2 iQi�H T�`iB+H2 T`Q/m+iBQM rBHH #2 2M?�M+2/ �++Q`/BM;HvX >Qr2p2`- bBM+2 i?2 i�+?v@
QMB+ T�`iB+H2 T`Q/m+iBQM Bb �M 2tTQM2MiB�H 2z2+i- i?2 #�bB+ `2bmHib b?QrM T`2pBQmbHv
`2K�BM [m�MiBi�iBp2Hv mM+?�M;2/ 2p2M B7 i?2 2M?�M+2K2Mi Bb i�F2M BMiQ �++QmMiX

hQ +QM+Hm/2 i?Bb T�`i- � `Qm;? 2biBK�i2 Q7 i?2 /m`�iBQM Q7 T`2?2�iBM; BM i?2
2t�+i ?BHH@+HBK#BM; +�b2 +�M #2 ;Bp2M- 2t+2Ti 7Q` N ≤ 4 BM "`�M+? k �M/ N ≤ 7 BM
"`�M+? RX >2`2- Bi Bb �bbmK2/ i?�i i?2 `�/B�iBQM@/QKBM�i2/ 2TQ+? bi�`ib `B;?i �7i2`
i?2 +QKTH2iBQM Q7 T`2?2�iBM;- �M/ i?2 b+�H�` }2H/ Qb+BHH�iBQM rBHH MQi /QKBM�i2 i?2
lMBp2`b2 �;�BMX �b K2MiBQM2/ �#Qp2- i?2 i�+?vQMB+ 2z2+i Q++m`b rBi?BM QM2 b+�H�`QM
Qb+BHH�iBQM �7i2` i?2 2M/ Q7 BM~�iBQMX h?2M 7`QK 1[X U9XkdV �M/ U9XjyV- i?2`2 Bb �M
mTT2` #QmM/ Q7 /m`�iBQM 7Q` 2�+? +`BiB+�H +�b28y

∆tT`2 # π

(
2

M
+

1

2Mc

)
. U9Xe3V

AM bm+? � b?Q`i T2`BQ/- i?2 >m##H2 T�`�K2i2` Bb �TT`QtBK�i2Hv +QMbi�Mi �M/ ;Bp2M �b
H ∼ C1C2Mc/2X �b � `2bmHi- i?2 MmK#2` Q7 2@7QH/b 7Q` i�+?vQMB+ 2z2+i iQ +QKTH2i2
T`2?2�iBM; Bb 2biBK�i2/ �b

∆NT`2 # H∆tT`2 ∼ C1C2π

(
1

4
+

Mc

M

)
, U9XeNV

r?2`2 0.03 <∼ Mc/M ≤ 1 7Q` 0 ≤ ξ ≤ ξsX h?2`27Q`2- i?2 2@7QH/ MmK#2` Q7 T`2?2�iBM;
Bb p2`v bK�HH 0.2 <∼ ∆NT`2 <∼ 0.7 r?B+? +�M #2 `2;�`/2/ �b �HKQbi BMbi�Mi�M2Qmb
BM +QbKQHQ;B+�H b2Mb2 #mi p�`B2b �`QmM/ yX8 rBi? `2bT2+i iQ i?2 +?�M;2 Q7 KQ/2H

8y�b rBHH #2 b?QrM b?Q`iHv- T`2?2�iBM; +�M #2 +QKTH2i2/ #v i�+?vQMB+ BMbi�#BHBiv 2p2M 7Q` � /m`�iBQM
b?Q`i2` i?�M QM2 b+�H�`QM Qb+BHH�iBQMX

Rkk



T�`�K2i2`bX PM i?2 Qi?2` ?�M/- bBKBH�` iQ 1[X UjXRR8V- i?`Qm;? i?2 7QHHQrBM; `2H�iBQM

k = akHk =
ak
a2M/

a2M/
aT`2

aT`2
a0

a0Hk U9XdyV

r?2`2 aT`2 /2MQi2b i?2 b+�H2 7�+iQ` �i i?2 2M/ Q7 T`2?2�iBM; U?2`2 i?2 QMb2i Q7
`�/B�iBQM@/QKBM�i2/ 2TQ+? Bb �bbmK2/ iQ #2 i?2 2M/ Q7 T`2?2�iBM;V- i?2 MmK#2`
Q7 2@7QH/b Q7 BM~�iBQM Bb +�H+mH�i2/ �b

NBM7(k) = HM
(
a0MTH
k

)
+ HM

(
a2M/
aT`2

)
+ HM

(
aT`2
a0

)
+ HM

(
Hk

MTH

)

= HM
(
a0MTH
k

)
−∆NT`2(θ) + HM

[
T0

TT`2

(
g0
gT`2

)1/3
]
+ HM

(
Mc

2MTH

)
U9XdRV

r?2`2- �;�BM- Bi Bb �bbmK2/ i?�i i?2`K�HBx�iBQM �7i2` T`2?2�iBM; Bb `2�HBx2/ �HKQbi
BMbi�Mi�M2QmbHv �M/ i?2 iQi�H 2Mi`QTv Bb +QMb2`p2/ #2ir22M i?2 2M/ Q7 i?2`K�HBx�iBQM
�M/ iQ/�vX h?2 BM~�iBQM b+�H2 Hk # Mc/2 #2+�mb2 Bi Bb 2z2+iBp2 R2@BM~�iBQMX h?2
2z2+iBp2 MmK#2` Q7 `2H�iBpBbiB+ bT2+B2b �i i?2 2M/ Q7 T`2?2�iBM; bBKTHv i�F2b i?2 p�Hm2
gT`2 = 106.75 r?BH2 TT`2 Bb i?2 i2KT2`�im`2 �i i?2 2M/ Q7 T`2?2�iBM; r?B+? +�M #2
2biBK�i2/ #v

gT`2π2

30
T 4

T`2 ≈
3

4
C2

1C
2
2M

2
THM

2
c U9XdkV

r?B+? ;Bp2b TT`2 ≈ 1.7× 1028 EX lbBM; i?2 TBpQi b+�H2 �b #27Q`2 k/a0 = 0.002 JT+−1-
Bi Bb MQi /B{+mHi iQ }M/ i?�i

NBM7 # 59−∆NT`2(θ) U9XdjV

r?B+? Bb b?QrM BM 6B;X 9XRkX *QKT�`2/ rBi? i?2 T`2/B+iBQM Q7 i?2 ai�`Q#BMbFv KQ/2H
NBM7 # 54 ;Bp2M BM H�bi +?�Ti2`8R- i?2 `2bmHiBM; NBM7 7Q` i?2 2t�+i ?BHH +HBK#BM; Bb H�`;2`-
r?B+? +�M #2 mb2/ iQ /BbiBM;mBb? i?2K QM+2 i?2 2tT2`BK2Mi�H �++m`�+v Bb ?B;? 2MQm;?
iQ /BbiBM;mBb? δN ∼ 5X PM i?2 Qi?2` ?�M/- B7 7m`i?2` /BbiBM+iBQM �KQM; T�`�K2i2`b
7Q` i?2 2t�+i ?BHH +HBK#BM; Bb /2bB`2/- �M �++m`�+v �i H2�bi mT iQ ∆N ∼ O(0.1) Bb
M2+2bb�`vX LQi2 i?�i i?Bb �`;mK2Mi Bb #�b2/ QM i?2 �bbmKTiBQM i?�i i?2 lMBp2`b2
#2+QK2b `�/B�iBQM@/QKBM�i2/ `B;?i �7i2` i?2 +QKTH2iBQM Q7 T`2?2�iBM;- r?B+? /Q2b
MQi �TTHv B7 i?2 `2b+�ii2`BM; �M/ #�+F`2�+iBQM T`2p2Mi i?2 bvbi2K 7`QK 2Mi2`BM; i?2
`�/B�iBQM /QKBM�iBQM BMbi�Mi�M2QmbHvX

8Rh?2 /Bz2`2M+2 BM NBM7 #2ir22M C6 �M/ 16 2tBbib- #mi Bi Bb Q7 i?2 Q`/2` Q7 i?2 M2ti Q`/2` +Q``2+iBQM
iQ i?2 bHQr@`QHH �TT`QtBK�iBQM r?B+? Bb i�F2M BMiQ �++QmMi ?2`2X h?2`27Q`2- i?2 /Bz2`2M+2 #2ir22M
i?2 irQ 7`�K2b rBHH #2 M2;H2+i2/X

Rkj
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6B;m`2 9XRk, h?2 MmK#2` Q7 2@7QH/b Q7 BM~�iBQM rBi? TBpQi b+�H2 k = 0.002 JT+−1

7Q` i?2 2t�+i ?BHH@+HBK#BM; T�`�K2i2`b i?�i �`2 Qmi Q7 bi`QM;Hv@+QmTH2/ `2;BK2 �M/
+�M +QKTH2i2 T`2?2�iBM; bQH2Hv #v i�+?vQMB+ BMbi�#BHBivX h?2 i`B�M;H2 `2T`2b2Mib i?2
T`2/B+iBQM Q7 i?2 ai�`Q#BMbFv KQ/2HX

9XkXj L2+2bb�`v .2;`22 Q7 6BM2@hmMBM;
AM i?2 T`2pBQmb bm#b2+iBQM- i?2 2t�+i ?BHH@+HBK#BM; +�b2b �`2 bim/B2/- r?B+? `2[mB`2b
KQ/2H T�`�K2i2`b 2ti`2K2Hv +HQb2 iQ i?2 +`BiB+�H QM2b θiN UQ` ξiN - M i

NV iQ `2�HBx2 7mHHv
2{+B2Mi i�+?vQMB+ BMbi�#BHBivX >Qr2p2`- QM+2 i?2v /2pB�i2 7`QK i?2b2 p�Hm2b- i?2
>B;;b }2H/ /Q2b MQi 2t�+iHv ;Q �HQM; i?2 ?BHH #mi 7�HHb iQ i?2 p�HH2v BM i?2 KB//H2
Q7 ;QBM; mT?BHH UQ` /QrM?BHHV- `2bmHiBM; BM i?2 i2`KBM�iBQM Q7 i?2 i�+?vQMB+ T�`iB+H2
T`Q/m+iBQMX h?2M- i?2 K�tBK�H /2pB�iBQM 7`QK i?2 2t�+i ?BHH@+HBK#BM; �HHQr2/ 7Q`
i?2 i�+?vQMB+ BMbi�#BHBiv iQ #2 biBHH bm{+B2MiHv 2z2+iBp2 iQ +QKTH2i2 T`2?2�iBM; +?�`@
�+i2`Bx2b ?Qr Km+? }M2@imMBM; �KQM; i?2 KQ/2H T�`�K2i2`b Bb M2+2bb�`v iQ T`Q/m+2
i?2 >B;;b ~m+im�iBQMb r?Qb2 2M2`;v /2MbBiv Bb +QKT�`�#H2 iQ i?2 #�+F;`QmM/X 6`QK
6B;X 9XRy UQ` 9XRRV- +QKT�`BM; i?2 �KTHB}+�iBQM 7�+iQ` 7Q` i?2 2t�+i ?BHH@+HBK#BM; �M/
i?2 M2+2bb�`v �KTHB}+�iBQM 7�+iQ` iQ +QKTH2i2 T`2?2�iBM;- Bi Bb M�im`�H iQ 2tT2+i i?�i
r2�F2` }M2@imMBM; Bb `2[mB`2/ 7Q` bK�HH2` N BM "`�M+? R r?BH2 i?2 M2+2bb�`v }M2@
imMBM; Bb KQ`2 b2p2`2 7Q` bK�HH2` N BM "`�M+? kX h?Bb 2tT2+i�iBQM Bb M�im`�H BM i?2
b2Mb2 i?�i i?2 i�+?vQMB+ 2z2+i Bb r2�F2` 7Q` R2@HBF2 HBKBi #2+�mb2 Bi Bb r2HH@FMQrM
i?�i i?2`2 Bb MQ bm+? 2z2+i BM i?2 ai�`Q#BMbFv KQ/2HX AM i?2 7QHHQrBM;- � [m�MiBi�iBp2
bim/v Q7 i?2 `2[mB`2/ �KQmMi Q7 }M2@imMBM; iQ +QKTH2i2 T`2?2�iBM; Bb T`2b2Mi2/X

6B`bi Q7 �HH- MQi2 i?�i i?2 �+im�H /vM�KB+b Q7 i?2 b+�H�`QM �M/ >B;;b BM i?2 MQM@
2t�+i ?BHH@+HBK#BM; +�b2 �`2 iQQ +QKTHB+�i2/ iQ #2 /2b+`B#2/ �M�HviB+�HHvX Cmbi �b
i?2 2t�+i ?BHH@+HBK#BM; +�b2b r?2`2 i?2 �+im�H i`�D2+iQ`v Bb MQi �Hr�vb �HQM; h = 0

BM i?2 ϕ > 0 `2;BK2- 2bT2+B�HHv �`QmM/ t2Mi2`,0 �M/ t2tBi,0- 1[X U9X9dV Bb mb2/ �b �M

Rk9



�TT`QtBK�iBQM #v �bbmKBM; i?�i h = 0 Bb b�iBb}2/ �b HQM; �b ϕ > 0X 6Q`imM�i2Hv- Bi Bb
b?QrM i?�i Bi b2`p2b �b �M �TT`QT`B�i2 bBKTHB}+�iBQM bQ i?�i �M�HviB+�H �M�HvbBb +�M
#2 +�``B2/ QmiX AM i?2 T`2b2Mi +�b2- BX2X /2pB�iBM; 7`QK +`BiB+�H T�`�K2i2`b θiN - i?2
>B;;b }2H/ H2�p2b i?2 Q`B;BM �i bQK2 ǳmMFMQrMǴ KQK2Mi #2ir22M irQ x2`Q@+`QbbBM;
TQBMib Q7 i?2 b+�H�`QM- r?B+? #2+QK2b 2p2M KQ`2 /B{+mHi 7Q` �M�HviB+�H /2b+`BTiBQMX
*2`i�BMHv- i?2 ǳmMFMQrMǴ KQK2Mi b?QmH/ #2 /2i2`KBM2/ #v i?2 T�`�K2i2` +?QB+2- #mi
i?2 bT2+B}+ /2T2M/2M+2 `2[mB`2b iQQ Km+? 2zQ`i i?�i K�v MQi #2 M2+2bb�`v �i i?Bb
KQK2MiX h?2`27Q`2- +QK#BMBM; �M�HviB+�H �M/ MmK2`B+�H K2i?Q/b +�M #2 � `2�bQM�#H2
+?QB+2 7Q` i?2 BMp2biB;�iBQMX

h?2 7QHHQrBM; bBKTHB}+�iBQMb QM i?2 b+�H�` }2H/ /vM�KB+b �`2 �/QTi2/X aBM+2 i?2
7�HHBM; /QrM 7`QK i?2 ?BHHiQT iQ i?2 p�HH2v Bb /`Bp2M #v i?2 i�+?vQMB+ K�bb b[m�`2/
Q7 O(m2

h,K�t)- i?2 iBK2 b+�H2 Q7 i?Bb /vM�KB+b Bb Km+? bK�HH2` i?�M i?2 r?QH2 /v@
M�KB+b Q7 i?2 ?BHH@+HBK#BM; ∆t ∼ M−1X h?2`27Q`2- i?2 iBK2 2pQHmiBQM 7Q` ϕ(t) +�M #2
�TT`QtBK�i2/ �b

ϕ(t) # ϕ2 bBM(M(t− t2Mi2`,0)) , h(t) # 0 , 7Q` t2Mi2`,0 < t < t/`QT , U9Xd9V

r?2`2 t/`QT Bb i?2 iBK2 r?2M i?2 >B;;b }2H/ 7�HHb /QrM iQ i?2 TQi2MiB�H p�HH2vX h?2
b+�H�` }2H/b Qb+BHH�i2 �`QmM/ i?2 TQi2MiB�H p�HH2v �7i2` t = t/`QT (8y)X >Qr2p2`- bBM+2
i?2 i�+?vQMB+ BMbi�#BHBiv Bb ivTB+�HHv bi`QM;2` i?�M i?2 T�`�K2i`B+ `2bQM�M+2 Ub22 7QQi@
MQi2 9NV �M/ H�bib bm{+B2MiHv HQM;- T�`iB+H2 T`Q/m+iBQM /m`BM; i?Bb 2TQ+? Bb bBKTHv
M2;H2+i2/ ?2`2X Ai Bb 2tT2+i2/ i?�i i?2 i`m2 �KQmMi Q7 i?2 T�`iB+H2 T`Q/m+iBQM Bb MQi
Km+? /Bz2`2Mi 7`QK Qm` 7QHHQrBM; 2biBK�i2X

S`�+iB+�HHv- i?2 7QHHQrBM; T`Q+2/m`2 Bb �/QTi2/ BM i?2 bim/vX h?2 2pQHmiBQM Q7
i?2 b+�H�`QM ϕ(t) �M/ i?2 >B;;b }2H/ h(t) Bb Q#i�BM2/ #v bQHpBM; i?2 7mHH #�+F;`QmM/
2[m�iBQMb Q7 KQiBQM U*XeV- U*XdV- �M/ U*X3V MmK2`B+�HHvX h?2M i?2 K�bb 7Q` i?2 >B;;b
~m+im�iBQM Bb 2p�Hm�i2/ �b

m2
h(t) = eαϕ(t)U,hh(ϕ(t), h(t)) . U9Xd8V

>2`2- i?2 +QM7Q`K�H 7�+iQ` eαϕ(t) Bb `2+Qp2`2/ Dmbi 7Q` bHB;?i BKT`Qp2K2MiX qBi? i?Bb
i`2�iK2Mi- Bi Bb 7QmM/ i?�i i?2 i�+?vQMB+ K�bb 7Q` i?2 >B;;b ~m+im�iBQM �HKQbi 7QHHQrb
i?2 +�b2 Q7 2t�+i ?BHH@+HBK#BM; mMiBH t/`QT- �M/ i?2M ;2ib b?mi Qz �HKQbi BMbi�MiHvX
6B;m`2 9XRj b?Qrb � b+?2K�iB+ bF2i+? Q7 i?2 iBK2 2pQHmiBQMX PKBiiBM; i?2 Qi?2`
+QMi`B#miBQMb BM i?2 KQ/2 2[m�iBQM U9X9jV �b r2HH �b T�`iB+H2 T`Q/m+iBQM �7i2` 7�HHBM;
/QrM iQ i?2 p�HH2v- i?2 Q++mT�iBQM MmK#2` Q7 i?2 >B;;b ~m+im�iBQM �i H�i2 iBK2b Bb
2p�Hm�i2/ �b

nk = | 2tT(Ωk)− 2tT(−Ωk)/4|2, Ωk ≡
∫ t/`QT(k)

t2Mi2`(k)

√
m2

h(t)− k2
p. U9XdeV
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t

<latexit sha1_base64="FL6PWQqYecSy7BGYDqT7iwE6Or8=">AAACDXicbVDLSgMxFM3UV62vqks3wSK4KjNSUHdFNy5bsA9oh5LJ3GlDk8yQZIQy9AtcuNFPcSdu/Qa/xK1pOwvbeiBwOOde7skJEs60cd1vp7CxubW9U9wt7e0fHB6Vj0/aOk4VhRaNeay6AdHAmYSWYYZDN1FARMChE4zvZ37nCZRmsXw0kwR8QYaSRYwSY6WmGZQrbtWdA68TLycVlKMxKP/0w5imAqShnGjd89zE+BlRhlEO01I/1ZAQOiZD6FkqiQDtZ/OgU3xhlRBHsbJPGjxX/25kRGg9EYGdFMSM9Ko3E//1ArF0OdM22gjClTgmuvEzJpPUgKSLNFHKsYnxrBocMgXU8IklhCpmP4TpiChCjS2wZJvyVntZJ+2rqler3jZrlfpd3lkRnaFzdIk8dI3q6AE1UAtRBOgZvaI358V5dz6cz8Vowcl3TtESnK9fipWcgw==</latexit>

tdrop

<latexit sha1_base64="cD+K6NaN90FYpYhvCE4UJ+gvHO4=">AAACHXicbVDLSgMxFM3UV62Pjrp0EyyCqzIjBXVXdOOygn1AOwyZTNqG5jEkGaEM/RIXbvRT3Ilb8UvcmmlnYVsPBA7n3Ms9OVHCqDae9+2UNja3tnfKu5W9/YPDqnt03NEyVZi0sWRS9SKkCaOCtA01jPQSRRCPGOlGk7vc7z4RpakUj2aakICjkaBDipGxUuhWTTjgyIwVz2Ilk1no1ry6NwdcJ35BaqBAK3R/BrHEKSfCYIa07vteYoIMKUMxI7PKINUkQXiCRqRvqUCc6CCbB5/Bc6vEcCiVfcLAufp3I0Nc6ymP7GQeUq96ufivF/Gly5m20cYkXoljhtdBRkWSGiLwIs0wZdBImFcFY6oINmxqCcKK2g9BPEYKYWMLrdim/NVe1knnsu436jcPjVrztuisDE7BGbgAPrgCTXAPWqANMEjBM3gFb86L8+58OJ+L0ZJT7JyAJThfvxdkozE=</latexit>

�m2
h,max

<latexit sha1_base64="fJ3DjfOYj8X4MyebqWFkrEEGN0Q=">AAACI3icbVC7TsMwFHXKq5RXADGxRFRIDFAlVSVgq2BhLBJ9SG2IHMdprdpJZDuIysrHMLDAp7AhFga+gxWnzUALR7J0dM69usfHTygR0rY/jdLS8srqWnm9srG5tb1j7u51RJxyhNsopjHv+VBgSiLclkRS3Es4hsynuOuPr3O/+4C5IHF0JycJdhkcRiQkCEoteebBGfPU6HTAoBxxphh8zLL7umdW7Zo9hfWXOAWpggItz/weBDFKGY4kolCIvmMn0lWQS4IoziqDVOAEojEc4r6mEWRYuGoaP7OOtRJYYcz1i6Q1VX9vKMiEmDBfT+YxxaKXi/96Ppu7rISONsLBQhwZXriKREkqcYRmacKUWjK28sKsgHCMJJ1oAhEn+kMWGkEOkdS1VnRTzmIvf0mnXnMatcvbRrV5VXRWBofgCJwAB5yDJrgBLdAGCCjwBF7Aq/FsvBnvxsdstGQUO/tgDsbXDyKspUA=</latexit>

m2
h

<latexit sha1_base64="Q3i+S1hdV9FsiMP1GAKzdEkhxCQ=">AAACE3icbVDLSgMxFM34rPVVdekmWARXZaYU1F3RjcsK9gHtWDKZO21okhmSjFCGfoQLN/op7sStH+CXuDVtZ2FbDwQO59zLPTlBwpk2rvvtrK1vbG5tF3aKu3v7B4elo+OWjlNFoUljHqtOQDRwJqFpmOHQSRQQEXBoB6Pbqd9+AqVZLB/MOAFfkIFkEaPEWKkt+tlw8ljtl8puxZ0BrxIvJ2WUo9Ev/fTCmKYCpKGcaN313MT4GVGGUQ6TYi/VkBA6IgPoWiqJAO1ns7gTfG6VEEexsk8aPFP/bmREaD0WgZ0UxAz1sjcV//UCsXA50zbaEMKlOCa68jMmk9SApPM0UcqxifG0IBwyBdTwsSWEKmY/hOmQKEKNrbFom/KWe1klrWrFq1Wu72vl+k3eWQGdojN0gTx0ieroDjVQE1E0Qs/oFb05L8678+F8zkfXnHznBC3A+foFO6GfBw==</latexit>

tenter,0
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6B;m`2 9XRj, a+?2K�iB+ TB+im`2 Q7 i?2 iBK2 2pQHmiBQM Q7 i?2 K�bb b[m�`2/ Q7 i?2 >B;;b
~m+im�iBQMX "Hm2, 2pQHmiBQM Q7 m2

h 7Q` MQM@2t�+i ?BHH@+HBK#BM;X "H�+F, 2pQHmiBQM Q7 m2
h

7Q` 2t�+i ?BHH@+HBK#BM; �b +QKT�`BbQMX h?2 i�+?vQMB+ K�bb 7Q` i?2 >B;;b ~m+im�iBQM
�HKQbi 7QHHQrb i?2 2t�+i ?BHH@+HBK#BM; +�b2 mMiBH t = t/`QT �M/ i?2M ;2ib b?mi Qz �HKQbi
BMbi�MiHvX

>2`2 BM i?2 MmK2`B+�H +�H+mH�iBQM- � k@/2T2M/2Mi /`QT@Qz iBK2- t/`QT(k)- Bb /2}M2/ �b
i?2 iBK2 r?2M ω2

k(t) +`Qbb2b x2`QX qBi? i?2b2 bBKTHB}+�iBQMb- i?2 +QKQpBM; 2M2`;v
/2MbBiv Q7 i?2 T`Q/m+2/ >B;;b ~m+im�iBQM Bb MmK2`B+�HHv +�H+mH�i2/ r?2M Bib K�bb
#2+QK2b bm{+B2MiHv bK�HH �b 7QHHQrb8k

ρδh =

∫ mh,K�t

0

d3k

(2π)3
knk , U9XddV

r?2`2 +QbKB+ 2tT�MbBQM Bb M2;H2+i2/ �M/ i?2 b+�H2 7�+iQ` Bb MQ`K�HBx2/ iQ #2 mMBiv
a = 1X �M�HviB+�H 2biBK�iBQM Q7 ρδh �M/ /Bb+mbbBQM �#Qmi t/`QT Bb ;Bp2M BM �TT2M/Bt
* BM _27X (8R) #v �bbmKBM; t/`QT iQ #2 7`22 T�`�K2i2`- r?B+? rBHH MQi #2 b?QrM ?2`2X

"v BKTQbBM; � +QMb2`p�iBp2 +`Bi2`BQM-

ρδh >∼ U0(ϕ1)/2 = C2
1UBM7/2 , U9Xd3V

iQ;2i?2` rBi? 1[X U9XddV- i?2 T�`�K2i2` `�M;2 �`QmM/ 2�+? 2t�+i ?BHH@+HBK#BM; +�b2
θiN i?�i ;Bp2b bm{+B2Mi �KQmMi Q7 T�`iB+H2 T`Q/m+iBQM +�M #2 B/2MiB}2/X .2}M2 i?2
mTT2` �M/ HQr2` #QmM/ Q7 i?2 T�`�K2i2` θ �`QmM/ θiN 7Q` bm++2bb7mH T`2?2�iBM; �b
θiN+ �M/ θiN−- `2bT2+iBp2Hv- �b r2HH �b ∆θi277,N ≡ θiN+ − θiN−X AM Q`/2` iQ 2tT`2bb i?2
/2;`22 Q7 }M2@imMBM; [m�MiBi�iBp2Hv- � M2r [m�MiBiv ∆θiN i?�i /2b+`B#2b i?2 ivTB+�H

8k6Q` � T`�+iB+�H Tm`TQb2- k = mh,K�t/100 Bb i�F2M �b i?2 HQr2` HBKBi Q7 i?2 BMi2;`�iBQM BM MmK2`B+�H
+�H+mH�iBQMX

Rke



6B;m`2 9XR9, .2}MBiBQM Q7 i?2 2z2+iBp2 rB/i? Q7 2�+? θN - ∆θN X :`�v #�M/b, i?2
T�`�K2i2` `2;BQM r?2`2 i?2 T`2?2�iBM; bm++2bb7mHHv }MBb?2b BM QM2 bi`QF2X

/Bbi�M+2 #2ir22M irQ M2B;?#Q`BM; p�Hm2b Q7 θiN Bb M22/2/- r?B+? Bb /2}M2/ �b

∆θiN ≡
θiN+1 − θiN−1

2
7Q` N = 2, 3, · · ·NK�t − 1,

∆θ11 ≡
θ11 + θ12

2
, ∆θ21 ≡

π

2
− θ21 + θ22

2
, ∆θiNK�t =

∣∣θiNK�t − θiNK�t−1

∣∣ , U9XdNV

rBi? NK�t = 26X a22 6B;X 9XR9 7Q` � b+?2K�iB+ TB+im`2 Q7 i?2b2 /2}MBiBQMX �b � `2bmHi-
i?2 /2;`22 Q7 }M2@imMBM; 7Q` i?2 N @i? 2t�+i ?BHH@+HBK#BM; +�b2 BM "`�M+? i Bb /2}M2/
�b ∆θi277,N/∆θ

i
N X

"�b2/ QM i?2b2 �M�HviB+ 7Q`KmH�iBQM- i?2 7QHHQrBM; MmK2`B+�H �M�HvbBb Bb +�``B2/
QmiX a+�M i?2 T�`�K2i2` θ �`QmM/ 2�+? +`BiB+�H T�`�K2i2` θiN - �M/ bQHp2 i?2 #�+F@
;`QmM/ 2[m�iBQMb Q7 KQiBQM U*XeV- U*XdV- �M/ U*X3V 7Q` 2�+? p�Hm2 Q7 θX qBi? i?2b2
`2bmHib- i?2 Q++mT�iBQM MmK#2` nk BM 1[X U9XdeV �M/ i?2 2M2`;v /2MbBiv Q7 i?2 >B;;b
~m+im�iBQM T`Q/m+2/ i?`Qm;? i?2 i�+?vQMB+ BMbi�#BHBiv BM 1[X U9XddV Bb +�H+mH�i2/X h?2
+`Bi2`BQM U9Xd3V ?2HTb iQ /2i2`KBM2 i?2 #QmM/�`v p�Hm2b Q7 θ 7Q` bm++2bb7mH T`2?2�iBM;
θiN+ �M/ θiN−- �M/ i?2 `2[mB`2/ /2;`22 Q7 }M2@imMBM;∆θi277,N/∆θ

i
N X h?2 `2bmHi Bb b?QrM

BM 6B;X 9XR8- r?B+? Bb i?2 K�BM `2bmHi Q7 i?2 BMp2biB;�iBQM Q7 i�+?vQMB+ T`2?2�iBM; BM
i?2 KBt2/ >B;;b@R2 BM~�iBQM KQ/2H BM i?Bb i?2bBbX Ai +�M #2 b22M i?�i QMHv O(10−1)

}M2@imMBM; Bb `2[mB`2/ 7Q` bK�HH2` N BM "`�M+? R- r?B+? Bb #2+�mb2 i?2 ivTB+�H >B;;b
K�bb b[m�`2/ Bb H�`;2 7Q` i?2b2 +�b2b �M/ � `2H�iBp2Hv bK�HH �KTHB}+�iBQM 7�+iQ` Ωk

Bb 2MQm;? 7Q` i?2 bm++2bb7mH T`2?2�iBM; �b b22M BM 6B;X 9XRyX �b θ ;2ib +HQb2` iQ π/2
U7Q` H�`;2` N BM "`�M+? R �M/ 7Q` bK�HH2` N BM "`�M+? kV- i?2 M2+2bb�`v }M2@imMBM;
#2+QK2b KQ`2 b2p2`2X 6Q` i?2 KQbi b2p2`2 +�b2- N = 5 BM "`�M+? k- � }M2@imMBM; Q7
O(10−5) Bb M22/2/X h?Bb `2bmHi +�M #2 mM/2`biQQ/ BMimBiBp2Hv i?�i � H�`;2` θ UbK�HH2` ξV
+Q``2bTQM/b iQ bK�HH2` i�+?vQMB+ >B;;b K�bb |m2

h| /m`BM; ?BHH@+HBK#BM; Ub22 6B;X 9XNV-
�M/ ?2M+2 i?2 >B;;b }2H/ M22/b iQ bi�v �i i?2 ?BHHiQT 7Q` � HQM;2` T2`BQ/ BM Q`/2`
iQ ?�p2 � bi`QM;2` i�+?vQMB+ 2z2+i- r?B+? M�im`�HHv `2[mB`2b KQ`2 }M2@imMBM; �M/ Bb
+QMbBbi2Mi rBi? i?2 2tT2+i�iBQM 7`QK 6B;X 9XRyX �Hi?Qm;? i?2 �M�HvbBb ?2`2 Bb #�b2/ QM
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6B;m`2 9XR8, L2+2bb�`v /2;`22 Q7 }M2@imMBM; ∆θi277,N/∆θ
i
N 7Q` i?2 bm++2bb7mH i�+?vQMB+

T`2?2�iBM; 7Q` "`�M+? R U#H�+FV �M/ k U`2/VX h?2 }p2 #H�+F 2KTiv i`B�M;H2b �`2
7Q` i?2 +�b2b #2vQM/ i?2 mMBi�`Biv #QmM/X AM "`�M+? k- i?2 /�i� TQBMib 7Q` N ≤
4 /Q MQi 2tBbi #2+�mb2 i?2 i�+?vQMB+ T`2?2�iBM; Bb MQi 2{+B2Mi 2p2M 7Q` i?2 2t�+i
?BHH@+HBK#BM; i`�D2+iQ`B2bX h?2 bm//2M HB7i 7Q` N = 26 +QK2b 7`QK i?2 /2}MBiBQM Q7
∆θiNK�t BM 1[X U9XdNV, i?2 BMi2`p�H ∆θiN BM+`2�b2b �b N BM+`2�b2b- �M/ ?2M+2 ∆θiNK�t =∣∣θiNK�t − θiNK�t−1

∣∣ mM/2`2biBK�i2b i?2 rB/i? �`QmM/ θiNK�t - r?B+? `2bmHib BM i?2 bm//2M
HB7iX

� `2H�iBp2Hv bBKTHB}2/ 7Q`KmH�iBQM- Bi Bb 2tT2+i2/ i?�i i?2 �+im�H /2;`22 Q7 }M2@imMBM;
Q#i�BM2/ #v 7mHH MmK2`B+�H +�H+mH�iBQMb rBi? i?2 7mHH KQ/2 2[m�iBQMb U9X9kV �M/ U9X9jV
Bb MQi bB;MB}+�MiHv /Bz2`2Mi 7`QK i?Bb `2bmHib- #2+�mb2 i?2 2tTQM2MiB�H �KTHB}+�iBQM
Q7 i?2 >B;;b T�`iB+H2b i�F2b TH�+2 r?2M i?2 #�+F;`QmM/ >B;;b }2H/ Bb +HBK#BM; mT i?2
?BHH �HQM; h # 0X

"27Q`2 +QM+Hm/BM; i?Bb b2+iBQM- bQK2 Bbbm2b BM i?2 �#Qp2 �M�HvbBb b?QmH/ #2 K2M@
iBQM2/X h?2 MmK2`B+�H +�H+mH�iBQM �#Qp2 bi�`ib 7`QK ∼ 1 2@7QH/ #27Q`2 i?2 2M/ Q7
BM~�iBQM r?BH2 mbBM; i?2 BM~�iBQM�`v �ii`�+iQ` �b i?2 HQr2` Q7 1[bX UkXR98V +Q``2@
bTQM/BM; iQ i?2 H�`;2 MmK#2` Q7 2@7QH/b /m`BM; BM~�iBQM �b i?2 BMBiB�H +QM/BiBQMX A7 �M
2�`HB2` KQK2Mi /m`BM; BM~�iBQM Bb +?Qb2M iQ bi�`i i?2 +QKTmi�iBQM mbBM; i?2 b�K2 BMB@
iB�H +QM/BiBQM- i?2 7�+2 p�Hm2b Q7 ξiN KB;?i �TT2�` bHB;?iHv /Bz2`2Mi 7`QK i?Qb2 b?QrM
�#Qp2 #2+�mb2 MmK2`B+�H 2``Q`b �++mKmH�i2 rBi? +�H+mH�iBQM iBK2X *Q``2bTQM/BM;Hv-
i?2 MmK2`B+�H BMBiB�H +QM/BiBQM +Q``2bTQM/BM; iQ i?2 �ii`�+iQ` b?QmH/ #2 7Q`KmH�i2/
rBi? Km+? #2ii2` �++m`�+vX �i i?2 b�K2 iBK2- Bi Bb KQ`2 �M/ KQ`2 +?�HH2M;BM; iQ }M/
i?2 2t�+i p�Hm2 Q7 ξiN r?2M #2;BMMBM; i?2 +QKTmi�iBQM 7`QK � H�`;2` MmK#2` Q7 2@7QH/b
#27Q`2 i?2 2M/ Q7 BM~�iBQMX 6`QK i?Bb TQBMi Q7 pB2r- Bi Bb �`;m2/ ?2`2 i?�i � bHB;?i
+?�M;2 Q7 i?2 7�+2 p�Hm2b Q7 ξiN 7Q` MmK2`B+�H +�H+mH�iBQMb b+�MMBM; /Bz2`2Mi MmK#2`b
Q7 BM~�iBQM�`v 2@7QH/b /Q2b MQi K2�M i?�i i?2 T`2b2Mi2/ `2bmHib /2T2M/ QM i?2 +?QB+2
Q7 BMBiB�H +QM/BiBQMbX JQ`2Qp2`- 2biBK�iBM; i?2 /2;`22 Q7 }M2@imMBM; Bb BM/2T2M/2Mi Q7
i?2 T`2+BbBQM Q7 ξiN - bQ i?2 K�BM `2bmHib �`2 `Q#mbi BM i?Bb `2bT2+iX
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AM i?Bb b2+iBQM- � bim/v Q7 i?2 i�+?vQMB+ T`2?2�iBM; BM i?2 KBt2/ >B;;b@R2 BM@
~�iBQM KQ/2H Bb T`2b2Mi2/ #�b2/ QM _27X (8R)X �Hi?Qm;? bQK2 /2;`22 Q7 }M2@imMBM;
Bb M2+2bb�`v 7Q` i?Bb T`2?2�iBM; K2+?�MBbK iQ rQ`F- i?2 `2bmHiBM; /vM�KB+b BM i?2
lMBp2`b2 +�M #2 BMi2`2biBM;X

h?2 �M�HviB+ +QM/BiBQMb 7Q` i?2 i�+?vQMB+ BMbi�#BHBiv Q7 T?vbB+�H >B;;b ~m+im�iBQMb
iQ Q++m` �`2 /2`Bp2/ #v BMp2biB;�iBM; i?2 >B;;b }2H/ Qb+BHH�iBQMb �`QmM/ i?2 TQi2MiB�H
p�HH2v BM i?2 M2;�iBp2 b+�H�`QM `2;BK2 ϕ < 0X �HH i?2 +`BiB+�H T�`�K2i2`b θiN r?B+? +�M
`2�HBx2 2t�+i ?BHH@+HBK#BM; Q7 b+�H�`QM �`2 7QmM/ MmK2`B+�HHv- T`QpB/BM; i?2 +QM/BiBQM
7Q` i?2 KQbi 2{+B2Mi T�`iB+H2 T`Q/m+iBQMX "2vQM/ i?2 `2bmHib BM _27X (8y)- Bi Bb TQBMi2/
Qmi ?2`2 (8R) i?�i i�+?vQMB+ T`2?2�iBM; +�M i�F2 TH�+2 BM #Qi? >B;;b@HBF2 `2;BK2
ξ <∼ ξc U"`�M+? RV �M/ R2@HBF2 `2;BK2 M >∼ Mc U"`�M+? kVX �M�HviB+ +�H+mH�iBQM
Q7 T�`iB+H2 T`Q/m+iBQM 7`QK i?2 i�+?vQMB+ BMbi�#BHBiv b?Qrb i?�i- 7Q` �HH i?2b2 }M2@
imM2/ T�`�K2i2` TQBMib- i�+?vQMB+ T�`iB+H2 T`Q/m+iBQM Bb bi`QM; 2MQm;? iQ +QKTH2i2
T`2?2�iBM; 2t+2Ti 7Q` N ≤ 4 BM "`�M+? kX >Qr2p2`- bm++2bb7mH i�+?vQMB+ T`2?2�iBM;
BM i?Bb KQ/2H `2[mB`2b bQK2 /2;`22 Q7 }M2@imMBM; �KQM; i?2 KQ/2H T�`�K2i2`bX 1p2M
� bHB;?i /2pB�iBQM 7`QK θ = θiN +�M bB;MB}+�MiHv `2/m+2 i?2 bi`2M;i? Q7 i?2 i�+?vQMB+
2z2+iX AM Q`/2` iQ 2biBK�i2 i?2 M2+2bb�`v /2;`22 Q7 }M2@imMBM;- /2i�BH2/ b+�M Qp2`
KQ/2H T�`�K2i2`b Bb T2`7Q`K2/ �`QmM/ 2�+? θiN iQ }M/ i?2 BMi2`p�H ∆θi2z,N bm+? i?�i
i?2 T`2?2�iBM; +�M #2 +QKTH2i2/ rBi?BM θ ∼ θiN ±∆θi2z,N/2X h?2 K�BM `2bmHi Bb ;Bp2M
BM 6B;X 9XR8- r?B+? b?Qrb i?�i i?2 M2+2bb�`v }M2@imMBM; #2+QK2b KQ`2 b2p2`2 �b ξ
;2ib bK�HH2` U+HQb2` iQ i?2 R2@HBKBiVX h?Bb `2bmHi Bb M�im`�H #2+�mb2 MQ i�+?vQMB+ 2z2+i
Bb 2tT2+i2/ BM i?2 ai�`Q#BMbFv KQ/2HX

q?BH2 i?2 K�BM 7Q+mb Bb QM i?2 �KTHB}+�iBQM Q7 T?vbB+�H >B;;b ~m+im�iBQMb BM@
bi2�/ Q7 i?Qb2 BM i?2 T?�b2 /B`2+iBQM Q` HQM;Bim/BM�H ;�m;2 #QbQMb- Bi Bb 7QmM/ i?�i
i?2 �KTHB}+�iBQM Q7 i?2 H�ii2` Bb +QKT�`�#H2 iQ i?�i Q7 T?vbB+�H >B;;b ~m+im�iBQMb
#v BMp2biB;�iBM; i?2B` 2z2+iBp2 K�bb- r?B+? bm;;2bib i?�i i?2 2{+B2M+v Q7 i?2 iQi�H
T�`iB+H2 T`Q/m+iBQM Bb 2M?�M+2/ #v � 7�+iQ` Q7 i?2 Q`/2` Q7 mMBiv- #mi i?2 `2bmHib �#Qp2
b?QmH/ `2K�BM #�bB+�HHv mM+?�M;2/- �M/ i?2 `2[mB`2/ }M2@imMBM; +�M #2 `2�/ Qz 7`QK
6B;X 9XR8X

h?`Qm;?Qmi i?2 �M�HvbBb BM i?Bb b2+iBQM- i?2 #�+F`2�+iBQM 7`QK T`Q/m+2/ T�`iB@
+H2b QM i?2 ?QKQ;2M2Qmb #�+F;`QmM/ Bb MQi i�F2M BMiQ �++QmMiX h?2 K�BM BMi2`2bi
?2`2 HB2b BM i?2 ;`Qri? Q7 BM?QKQ;2M2BiB2b mMiBH i?2B` 2M2`;v #2+QK2b +QKT�`�#H2 iQ
i?�i Q7 #�+F;`QmM/ BM~�iQM Qb+BHH�iBQMbX �b 7Q` i?2 bi�M/�`/ +`Bi2`BQM 7Q` i?2 2M/
Q7 `2?2�iBM;- Bi Bb /2}M2/ �b i?2 QMb2i Q7 i?2 `�/B�iBQM@/QKBM�i2/ 2TQ+? r?2`2 i?2
+QMi`B#miBQMb 7`QK i?2 ?QKQ;2M2Qmb #�+F;`QmM/ }2H/b- BX2X i?2 +Q``2H�i2/ [m�MimK
T�`iB+H2b rBi? x2`Q bT�iB�H KQK2MimK BM [m�MimK H�M;m�;2- #2+QK2 M2;HB;B#H2X hQ

RkN



/2i2`KBM2 r?2i?2` i?2 T�`iB+H2b T`Q/m+2/ #v i?2 i�+?vQMB+ BMbi�#BHBiv �`2 `2H�iBpBbiB+
�M/ �HH i?2 2M2`;v BM i?2 ?QKQ;2M2Qmb }2H/b Bb i`�Mb72``2/ iQ BM?QKQ;2M2BiB2b `2[mB`2b
+QMbB/2`BM; i?2 #�+F`2�+iBQM- r?B+? Bb #2vQM/ i?2 BMp2biB;�iBQM ?2`2X h?2`2 �`2 irQ
TQbbB#BHBiB2b 2tT2+i2/X PM2 Bb i?�i- �7i2` � +QKTH2i2 i�+?vQMB+ T2`BQ/- i?2 �KTHBim/2
Q7 i?2 +Q?2`2Mi Qb+BHH�iBQM Q7 i?2 #�+F;`QmM/ }2H/b #2+QK2b p2`v bK�HH UbQ /Q i?2
K�bb2b Q7 i?2 T`Q/m+2/ T�`iB+H2bV- �M/ i?2 T`Q/m+2/ T�`iB+H2b �`2 `2H�iBpBbiB+ rBi?
ivTB+�H KQK2MimK k ∼ |mh,K�t|X AM i?Bb +�b2- i?2 T`2?2�iBM; Bb �HKQbi BMbi�Mi�M2Qmb
�M/ i?2`K�HBx�iBQM +QK2b �7i2`r�`/X h?2 Qi?2` TQbbB#BHBiv Bb i?�i i?2 #�+F`2�+iBQM
i2`KBM�i2b i?2 i�+?vQMB+ BMbi�#BHBiv KB/r�v �M/ `2b+�ii2`BM; #2ir22M T2`im`#�iBQMb
�M/ #�+F;`QmM/ }2H/b Uim`#mH2M+2V #2;BMb iQ i�F2 2z2+iX AM i?Bb +�b2- ?Qr2p2`- i?2
T`2?2�iBM; i�F2b � HQM;2` iBK2X aT2+B}+�HHv- 2H�biB+ U`2Vb+�ii2`BM; i?�i +QMb2`p2b i?2
MmK#2` Q7 T�`iB+H2b Bb BMbm{+B2Mi 7Q` `2?2�iBM; �M/ i?2`K�HBx�iBQMX .22THv BM2H�biB+
b+�ii2`BM;b rBi? bT2+B�HHv 2M;BM22`2/ BMBiB�H +QM/BiBQMb i?�i BM+`2�b2 i?2 2M2`;v Q7
T�`iB+H2b �i i?2 +Qbi Q7 � /2+`2�b2 Q7 T�`iB+H2 MmK#2` �`2 M22/2/ 7Q` i?Bb Tm`TQb2X
qBi?Qmi bm+? bT2+B�H +QM/BiBQMb- � M�im`�H ?vTQi?2bBb Bb i?�i i?2 }M�H `2?2�iBM; i2K@
T2`�im`2 TT`2 +�MMQi #2 H�`;2` i?�M i?2 BMBiB�H KQK2Mi� Q7 T�`iB+H2b +QKBM; 7`QK i?2
#�+F;`QmM/ #27Q`2 `2b+�ii2`BM;- BX2X k/ae ≥ TT`2X �b � +QMb2`p�iBp2 2biBK�iBQM- B7 i?2
KQK2MimK Q7 i?2 T`Q/m+2/ T�`iB+H2b Bb 2biBK�i2/ �b

k2

a2e
= |m2

h|ϕ=ϕ2 =

∣∣∣∣3ξM
2C1C2

Mc

M

∣∣∣∣ , U9X3yV

�M/ i?2 `2?2�iBM; i2KT2`�im`2

TT`2 =

(
90C2

1C
2
2

4gT`2π2
M2

THM
2
c

)1/4

, U9X3RV

i?2 7QHHQrBM; +QM/BiBQM Bb Q#i�BM2/

M >∼

√

1 + 0.67

(
0.01

λ

)
Mc U9X3kV

r?B+? +Q``2bTQM/b iQ ξ >∼ ξi=2
N=26 7Q` λ = 0.01X "�b2/ QM i?Bb ?vTQi?2bBb- i?2 `2bmHi

K2�Mb i?�i 7Q` R2@HBF2 `2;BK2- i?2 BMbi�Mi�M2Qmb T`2?2�iBM; #v `2b+�ii2`BM; Bb MQi
TQbbB#H2X 6BM�HHv- BM i?2 +�b2 r?2`2 T`2?2�iBM; Bb MQi bm{+B2Mi- H�i2@iBK2 /QKBM�@
iBQM Q7 b+�H�` }2H/ Qb+BHH�iBQM Bb TQbbB#H2 �M/ T2`im`#�iBp2 /2+�v Bb M22/2/ iQ }MBb?
`2?2�iBM;- r?B+? rBHH #2 b?QrM BM M2ti b2+iBQM #�b2/ QM _27X (8j)X

AM �//BiBQM- i?2 +m``2Mi /Bb+mbbBQM 7Q+mb2b QM i?2 T2`BQ/ `B;?i �7i2` i?2 b2+QM/ x2`Q@
+`QbbBM; Q7 b+�H�`QM ϕ �7i2` i?2 2M/ Q7 BM~�iBQM- /m`BM; ?BHH@+HBK#BM; Q7 i?2 b+�H�`QM
�HQM; i?2 TQi2MiB�H ?BHH �i h # 0X h?2 TQbbB#BHBiv Q7 ?�pBM; i?2 i�+?vQMB+ 2z2+i �7i2`

Rjy



� MmK#2` Q7 b+�H�`QM Qb+BHH�iBQMb UBM i?2 T`2b2M+2f�#b2M+2 Q7 i?2 QM2 bim/B2/ ?2`2V
Bb MQi �//`2bb2/ (8y)X AM/22/- iQ +QMbB/2` bm#b2[m2Mi Qb+BHH�iBQMb- Qi?2` +?�MM2Hb Q7
T�`iB+H2 T`Q/m+iBQM /m`BM; }2H/ Qb+BHH�iBQMb �`QmM/ i?2 TQi2MiB�H p�HH2v �M/ TQbbB#H2
#�+F`2�+iBQM 7`QK T`Q/m+2/ T�`iB+H2b U#v 2�`Hv i�+?vQMB+ BMbi�#BHBiv Q` Qi?2` +?�M@
M2HbV b?QmH/ #2 BMpQHp2/ #2+�mb2 i?2v +�M #2 iQQ BKTQ`i�Mi iQ M2;H2+iX "2bB/2b- �b
i?2 �KTHBim/2 Q7 b+�H�`QM Qb+BHH�iBQM /2+�vb rBi? iBK2 �b i?2 lMBp2`b2 2tT�M/b- i?2
i�+?vQMB+ 2z2+i 7`QK H�i2` Qb+BHH�iBQMb Bb 2tT2+i2/ iQ #2 r2�F2` i?�M i?2 QM2 bim/B2/
BM i?Bb b2+iBQM- bQ Bi Bb KQ`2 /B{+mHi 7Q` i?2K iQ +QKTH2i2 T`2?2�iBM; +QKT�`2/ rBi?
i?2 H�ii2`X

� H�iiB+2 bBKmH�iBQM Q7 T`2?2�iBM; BM i?Bb KQ/2H 7Q` R2@`2;BK2 Bb T2`7Q`K2/ BM
_27X (8k)- r?B+? +�M i�F2 BMiQ �++QmMi i?2 `2b+�ii2`BM; #2ir22M T`Q/m+2/ T�`iB+H2b
�M/ #�+F;`QmM/X h?Qb2 `2bmHib �`2 MQi BM +QM~B+i rBi? i?2 `2bmHib b?QrM BM i?Bb
b2+iBQM �M/ i?2 2tT2+i�iBQMb K2MiBQM2/ �#Qp2- �Hi?Qm;? i?2 i�+?vQMB+ BMbi�#BHBiv
Q++m`b BM H�i2` b+�H�`QM Qb+BHH�iBQMb BMbi2�/ Q7 i?2 }`biX >Qr2p2`- H�iiB+2 +�H+mH�iBQM
biBHH +�MMQi +�Tim`2 �HH i?2 TQbbB#H2 2z2+ib- 7Q` 2t�KTH2- i?2 T2`im`#�iBp2 /2+�v Q7
i?2 #�+F;`QmM/ }2H/ �M/ T`Q/m+2/ T�`iB+H2b i?�i K�v �z2+i i?2 `2b+�ii2`BM; T`Q+2bbX
h?Bb Bbbm2 rBHH �HbQ #2 /Bb+mbb2/ H�i2` #�b2/ QM _27X (8j)X

9Xj S2`im`#�iBp2 _2?2�iBM;
h?2 T`2?2�iBM; T`Q+2bb BM i?2 KBt2/ >B;;b@R2 BM~�iBQM KQ/2H ?�b #22M BMp2biB;�i2/ BM
/2i�BH BM T`2+2/BM; b2+iBQMbX �i i?2 }`bi bi�;2 Q7 T`2?2�iBM;- i?2 MQM@�/B�#�iB+ +?�M;2
Q7 2z2+iBp2 K�bb Q7 L: KQ/2b Bb BM2{+B2Mi iQ bB;MB}+�MiHv �z2+i i?2 r?QH2 `2?2�iBM;
T`Q+2bb /m2 iQ i?2 T`2b2M+2 Q7 i?2 R2 i2`KX _B;?i �7i2` i?�i- � TQbbB#H2 T`2?2�iBM;
+?�MM2H �TT2�`b- BX2X i�+?vQMB+ BMbi�#BHBiv 2tT2`B2M+2/ #v i?2 T?vbB+�H >B;;b �M/ i?2
HQM;Bim/BM�H KQ/2 Q7 ;�m;2 #QbQMb- r?B+? +�M #2 2ti`2K2Hv 2{+B2Mi /2T2M/BM; QM
i?2 +?QB+2 Q7 KQ/2H T�`�K2i2`bX AM 16- i?Bb Bb /m2 iQ � #B7m`+�iBQM TQBMi �`QmM/ i?2
;HQ#�H KBMBKmK Q7 i?2 irQ@/BK2MbBQM�H b+�H�` TQi2MiB�HbX h?2 [m�MiBi�iBp2 mM/2`@
bi�M/BM; Q7 i?2 +QM/BiBQMb 7Q` i?2 Q++m``2M+2 Q7 i�+?vQMB+ BMbi�#BHBiv �b r2HH �b Bib
2{+B2M+v �M/ i?2 M2+2bb�`v /2;`22 Q7 }M2@imMBM; Bb Q#i�BM2/ #v i?2 �M�HviB+�H �M/
MmK2`B+�H +�H+mH�iBQM BM i?2 H�bi b2+iBQM- b?QrBM; i?�i i?2 +`BiB+�H T�`�K2i2`b i?�i
`2�HBx2 2{+B2Mi i�+?vQMB+ T`2?2�iBM; �TT2�` BM #Qi? >B;;b@ �M/ R2@HBF2 `2;BK2bX hQ
+QKTH2i2 T`2?2�iBM; bQH2Hv #v i?2 i�+?vQMB+ BMbi�#BHBiv �TT2�`BM; BM i?2 }`bi b+�H�`QM
Qb+BHH�iBQM- ∼ O(10−1)−O(10−2) }M2@imMBM; Bb M22/2/ 7Q` i?2 >B;;b@HBF2 `2;BK2 r?BH2
� Km+? b2p2`2 QM2 ∼ O(10−3) − O(10−5) Bb `2[mB`2/- r?B+? bm;;2bib i?�i 2{+B2Mi
i�+?vQMB+ T`2?2�iBM; Bb MQi 2�bv iQ `2�HBx2- 2bT2+B�HHv BM R2@HBF2 `2;BK2X JQ`2Qp2`-
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i?2 #�+F`2�+iBQM 7`QK i?2 T`Q/m+2/ T�`iB+H2b Bb MQi +QMbB/2`2/ BM T`2pBQmb b2+iBQMb-
r?B+? Bb TQbbB#H2 iQ i2`KBM�i2 i?2 i�+?vQMB+ BMbi�#BHBiv KB/r�vX h?2`27Q`2- bm#b2@
[m2Mi MQM@i�+?vQMB+ K2+?�MBbKb b?QmH/ #2 BMpQHp2/ iQ +QMiBMm2 i?2 `2?2�iBM; T`Q+2bb
Q7 i?2 lMBp2`b2 BM i?2 +�b2 Q7 BMbm{+B2Mi T`2?2�iBM;X

AM i?2 H�iiB+2 bBKmH�iBQM +�``B2/ Qmi BM _27X (8k)- i?2 i�+?vQMB+ T`2?2�iBM; Bb bim/@
B2/ #v i�FBM; BMiQ �++QmMi i?2 #�+F`2�+iBQM 7`QK i?2 T`Q/m+2/ T�`iB+H2b �b � +H�bbB@
+�H `2b+�ii2`BM; 2z2+i #2ir22M i?2 ?QKQ;2M2Qmb #�+F;`QmM/ �M/ i?2 BM?QKQ;2M2Qmb
KQ/2b BM i?2 R2@HBF2 `2;BK2X h?2 bi`2M;i? Q7 i?2 `2b+�ii2`BM; �HbQ /2T2M/b QM i?2
KQ/2H T�`�K2i2`- ;2iiBM; bi`QM;2` 7Q` KQ`2 >B;;b@HBF2 T�`�K2i2`b �M/ r2�F2` 7Q`
KQ`2 R2@HBF2 +?QB+2bX �7i2` � 72r ?mM/`2/b Q7 b+�H�`QM Qb+BHH�iBQMb- Bi r�b 7QmM/ i?�i
bQK2 7`�+iBQM Q7 i?2 ?QKQ;2M2Qmb #�+F;`QmM/ +�M `2K�BM �T�`i 7`QK i?2 `2H�iBpBbiB+
T�`iB+H2bX aBM+2 `�/B�iBQM Bb `2/b?B7i2/ Km+? 7�bi2` i?�M i?2 ?QKQ;2M2Qmb #�+F;`QmM/
}2H/ #v +QbKB+ 2tT�MbBQM- Bi Bb 2tT2+i2/ i?�i i?2 ?QKQ;2M2Qmb T�`i +�M QM+2 �;�BM
/QKBM�i2 i?2 lMBp2`b2 �M/ }M�HHv /2+�v �r�v T2`im`#�iBp2HvX h?2 Q#b2`p�iBQM BM@
/B+�i2b � TQbbB#BHBiv i?�i i?2 `2?2�iBM; i2KT2`�im`2 Tr K�v QMHv #2 /2i2`KBM2/ #v
i?2 }M�H T2`im`#�iBp2 T`Q+2bb `2;�`/H2bb Q7 i?2 /2i�BHb Q7 T`2?2�iBM;- r?B+? 7m`i?2`
KQiBp�i2b i?2 BMp2biB;�iBQM Q7 T2`im`#�iBp2 `2?2�iBM; �i i?2 H�i2 iBK2X �b rBHH #2
b?QrM H�i2`- i?2 T2`im`#�iBp2 /2+�v MQi QMHv TH�vb � `QH2 �i i?2 H�i2 iBK2 #mi K�v
`2/m+2 i?2 bi`2M;i? Q7 i?2 `2b+�ii2`BM; T`Q+2bb BM i?2 KB//H2 Q7 T`2?2�iBM;X

h?2 7QHHQrBM; /Bb+mbbBQM Bb #�b2/ QM _27X (8j)X 6B`bi- i?2 T2`im`#�iBp2 /2+�v `�i2b
Q7 i?2 ?QKQ;2M2Qmb b+�H�`QM }2H/ �M/ >B;;b }2H/ �`2 +�H+mH�i2/ �M/ i?Qb2 7Q` i?2
BM?QKQ;2M2Qmb >B;;bX h?2M- i?2 `QH2 Q7 T2`im`#�iBp2 /2+�v Bb bim/B2/ /m`BM; �M/
�7i2` i�+?vQMB+ T`2?2�iBM; BM i?2 KBt2/ >B;;b@R2 BM~�iBQM KQ/2HX AM i?2 H�ii2` +�b2-
i?2 T2`im`#�iBp2 `2?2�iBM; }M�HHv /2i2`KBM2b i?2 `2?2�iBM; i2KT2`�im`2 �M/ /m`�iBQM-
r?B+? Bb /Bb+mbb2/ r?2M i�+?vQMB+ T`2?2�iBM; Bb BM2{+B2Mi Q` bBKTHv �#b2MiX h?2
BMp2biB;�iBQM 7Q+mb2b QM i?2 +�b2 ξ ! O(10) r?2`2 i?2 �/B�#�iB+ �TT`QtBK�iBQM Bb
p�HB/ iQ +�H+mH�i2 i?2 >B;;b /2+�v `�i2- �b rBHH #2 2tTH�BM2/ H�i2`X 6Q` ξ <∼ O(10)- Bi Bb
2tT2+i2/ iQ �TT`Q�+? i?2 R2@HBKBi i?�i Bb r2HH bim/B2/ BM i?2 HBi2`�im`2 �M/ `2pB2r2/
BM i?2 H�bi +?�Ti2`X

9XjXR .2+�v _�i2
h?2 /2+�v `�i2b Q7 b+�H�`QM �M/ >B;;b �`2 i?2 2bb2MiB�H [m�MiBiB2b BM i?Bb b2+iBQM- r?B+?
rBHH #2 �M�Hvx2/ BM #Qi? C6 �M/ 16 iQ;2i?2` rBi? i?2 #�+F;`QmM/ /vM�KB+b- 2bT2+B�HHv
i?2 /2+�v `�i2 Q7 b+�H�`QMX h?2 H�bi b2+iBQM 7Q+mb2b QM i?2 ?BHH@+HBK#BM; /vM�KB+b-
BX2X h = 0 BM #Qi? TQbBiBp2 �M/ M2;�iBp2 b+�H�`QM `2;BK2b BM i?2 16 H�M;m�;2X AM
i?2 7QHHQrBM;- QM i?2 +QMi`�`v- QMHv i?2 /vM�KB+b �`QmM/ i?2 �ii`�+iQ` bQHmiBQM �`2

Rjk



+QMbB/2`2/- BX2X h = hp0 = 0 BM ϕ < 0 `2;BK2 r?BH2 h = hp,± BM ϕ > 0 `2;BK2 r?B+?
Bb ;Bp2M BM 1[X UkXR98VX h?Bb +�b2 Bb `2�HBx2/ rBi? ǴMQM@+`BiB+�HǴ T�`�K2i2`b i?�i-
QTTQbBi2 iQ i?2 +`BiB+�H QM2b- +�MMQi `2�HBx2 i�+?vQMB+ BMbi�#BHBiv �i i?2 }`bi b+�H�`QM
Qb+BHH�iBQM `B;?i �7i2` i?2 2M/ Q7 BM~�iBQMX

9XjXRXR "�+F;`QmM/ .vM�KB+b BM o�HH2vb

• CQ`/�M 7`�K2 �HH i?2 bm#b+`BTib ǳCǴ 7Q` C6 rBHH #2 QKBii2/ 7Q` +QMp2MB2M+2X aBM+2
i?2 2z2+iBp2 bBM;H2@}2H/ /2b+`BTiBQM 7�BHb /m`BM; `2?2�iBM;- i?2`2 �`2 irQ b+�H�` /2;`22b
Q7 7`22/QK b?QmH/ #2 i�F2M +�`2 Q7 �M/ i?2 }2H/ /vM�KB+b /2pB�i2 7`QK i?2 p�HH2vbX
h?2`27Q`2- BM i?2 >B;;b }2H/- �T�`i 7`QK i?2 MQM@/vM�KB+�H p�HH2v T�`i hp±(t) �M/
hp0- i?2`2 Bb �MQi?2` BM/2T2M/2Mi +QKTQM2Mi r?B+?- /2MQi2/ �b hQb+(t)- Bb /2}M2/ BM
i?2 /2+QKTQbBiBQM Q7 h(t) �b 7QHHQrb

h(t) ≈ hp(t) + hQb+(t) , U9X3jV

r?2`2 hp ;2M2`�HHv /2MQi2b i?2 p�HH2vb BM 2Bi?2` TQbBiBp2 �M/ M2;�iBp2 R `2;BK2X aBM+2
i?2 /B`2+iBQM Q`i?Q;QM�H iQ i?2 p�HH2v Bb Km+? ?2�pB2` i?�M i?2 p�HH2v /B`2+iBQM- Bi Bb
2tT2+i2/ i?�i hQb+ Bb � bK�HH8j #mi 7�bi Qb+BHH�iBM; T�`i Ub22 2X;X 6B;X 9XRV b�iBb7vBM;
|hp| ! |hQb+| BM R > 0 UQ` ϕ > 0 BM 16V `2;BK2X h?Bb /2+QKTQbBiBQM �M/ ?B2`�`+?v
#`2�F /QrM �`QmM/ i?2 i`�MbBiBQM KQK2Mib89 r?2M R UQ` ϕ BM 16V +`Qbb2b x2`Q #mi
i?�i `2;BK2 Bb MQi Q7 K�BM BMi2`2bi ?2`2X �b � `2bmHi- i?2 2[m�iBQM Q7 KQiBQM 7Q` hQb+

Bb i?2M ;Bp2M #v

−!hQb+ +
∂V277,h
∂hQb+

hQb+ ≈ 0 , U9X39V

r?2`2 V277 Bb ;Bp2M BM 1[X UkXRkdVX
PM i?2 Qi?2` ?�M/- `2r`Bi2 1[X UkXRkeV �b 7QHHQrb

−!R̃ + M̃2R̃ = − ḣ2

M2
TH
+

(
h2

M2
TH
+

3ξ

λ

M̃2

M2
TH

)
(
λh2 − ξR

)
, U9X38V

r?2`2 R̃(t) Bb /2}M2/ �b � +QK#BM�iBQM Q7 R(t) �M/ h2(t)

R̃ ≡ R/M2 + 3ξh2/M2
TH . U9X3eV

8jq?2M i?2 �KTHBim/2 Q7 >B;;b Qb+BHH�iBQM Bb H�`;2- i?2 2z2+iBp2 K�bb Q7 >B;;b +�M #2+QK2 i�+?v@
QMB+ �b 2tTH�BM2/ T`2pBQmbHvX aBM+2 T2`im`#�iBp2 /2+�v Bb i?2 K�BM iQTB+ ?2`2 r?B+? TH�vb �M BKTQ`@
i�Mi `QH2 2bT2+B�HHv �i H�i2 iBK2 r?2M i?2 �KTHBim/2 Q7 >B;;b Qb+BHH�iBQM Bb bK�HH- QMHv bK�HH >B;;b
Qb+BHH�iBQM Bb +QMbB/2`2/ ?2`2X

89aBKBH�` bBim�iBQM Bb +QMbB/2`2/ BM _27X (R3d)X

Rjj



6Q+mbBM; QM bK�HH Qb+BHH�iBQMb Q7 >B;;b �`QmM/ i?2 p�HH2vb- i?2 SH�M+F@bmTT`2bb2/
FBM2iB+ i2`K QM i?2 `B;?i ?�M/ bB/2 Q7 1[X U9X38V +�M #2 M2;H2+i2/X .m`BM; R < 0-
i?2 QMHv �ii`�+iQ` Bb h = hp0 = 0- bQ 1[X U9X8V Bb `2+Qp2`2/ 7`QK 1[X U9X38V- ;BpBM;
i?2 b�K2 bQHmiBQM 7Q` R(t) �b 1[X UjXRy3V BM i?2 ai�`Q#BMbFv KQ/2H- BX2X R̃ #2?�pBM;
�b � ?�`KQMB+ Qb+BHH�iQ` rBi? 7`2[m2M+v M - �b 2tT2+i2/- 2t+2Ti i?�i i?2 p�Hm2 Q7 M
?2`2 +�M #2 /Bz2`2Mi 7`QK McX AM R > 0 `2;BK2- i?2 �ii`�+iQ` bQHmiBQM Bb ;Bp2M �b i?2
HQr2` Q7 1[X UkXRk3V- r?B+? `2bmHib BM

−!R̃ + M̃R̃ # 0 , U9X3dV

r?2`2 i?2 +QK#BM�iBQM (λh2 − ξR) p�MBb?2b /m2 iQ i?2 p�HH2v +QMbi`�BMi BM i?2 HQr2`
Q7 1[X UkXRk3V �T�`i 7`QK i?2 bK�HH /2pB�iBQM /m2 iQ bK�HH >B;;b Qb+BHH�iBQMbX Ai +�M
#2 b22M i?�i R̃ Bb Qb+BHH�iBM; rBi? 7`2[m2M+v M̃ BMbi2�/ Q7 M X h?2`27Q`2- i?2 2pQHmiBQM
Q7 R̃ Bb bBKBH�` iQ ϕ BM 16 Ub22 /Bb+mbbBQM QM ϕ /vM�KB+b BM a2+X 9XkV- Qb+BHH�iBM; rBi?
irQ /Bb+`2i2 K�bb2b /2T2M/BM; QM i?2 bB;M Q7 RX h?Bb Bb MQi +QBM+B/2Mi- �b K2MiBQM2/
QM+2 T`2pBQmbHv BM 1[X U9Xk9V- BM bK�HH }2H/ `2;BK2 α|ϕ| ! 1 r?B+? Bb �Hr�vb p�HB/
/m`BM; `2?2�iBM;-

αϕ # R

3M2
+
ξh2

M2
TH

= 3R̃ . U9X33V

�+im�HHv- i?Bb `2bmHi T`QpB/2b �M BKTQ`i�Mi Q#b2`p�iBQMX aBM+2 >B;;b }2H/ ?�b ?B;?@
7`2[m2M+v T�`i �M/ R̃ +QMi�BMb � i2`K ∝ h2- i?2`2- BM T`BM+BTH2- �`2 ?B;?@7`2[m2M+v
KQ/2b rBi?BM R̃ #mi i?2v �`2 MQi b22M BM i?2 �M�HvbBb �#Qp2 UM2Bi?2` BM ϕ �b rBHH #2
b?QrM BM i?2 �M�HvbBb BM 16 H�i2`V- r?B+? K2�Mb i?�i i?2b2 ?B;?@7`2[m2M+v Qb+BHH�iBQMb
�`2 +�M+2H2/ #v i?�i 7`QK R Ub22 2X;X 6B;X 9XRVX JQ`2 bT2+B}+�HHv- B7 R(t) Bb /2+QKTQb2/
BMiQ R = Rp +RQb+- i?2 7QHHQrBM; `2H�iBQM b?QmH/ #2 b�iBb}2/

RQb+ # −6ξ
M2

M2
TH
hphQb+ . U9X3NV

�TTHvBM; i?2 `2H�iBQMb UkXRk3V- UkXRkNV- �M/ U9X3NV iQ i?2 HQr2` Q7 1[X U9X39V- i?2
2[m�iBQM Q7 KQiBQM 7Q` hQb+ i?2M #2+QK2b






−!hQb+ − ξRhQb+ ≈ 0 , R < 0 ,

−!hQb+ + 2ξ
M2

M̃2
RhQb+ ≈ 0 , R > 0 ,

U9XNyV

r?2`2 ?B;?2` Q`/2` i2`Kb �`2 M2;H2+i2/X �++Q`/BM; iQ i?2b2 2[m�iBQMb- i?2 T2`im`#�@
iBp2 T`Q/m+iBQM Q7 δh(t,t) T�`iB+H2b /m2 iQ i?2 Qb+BHH�iBM; K�bb ∝ R(t) +�M #2 +�H+m@
H�i2/ 2�bBHv #v i?2 i2+?MB[m2 BMi`Q/m+iBQM BM a2+X jXRX h?Bb b2`p2b �b i?2 /QKBM�Mi
+?�MM2H 7Q` b+�H�`QM /2+�vX

Rj9



�;�BM- i?2 `2bmHiBM; /2+�v `�i2 Q7 b+�H�`QM BMiQ >B;;b T�`iB+H2b ?2`2 +QBM+B/2b rBi?
i?�i +�H+mH�i2/ BM 16X �+im�HHv- 7Q` i?2 +�b2 rBi? FBM2iB+ +QmTHBM; �b BM �+iBQM UkXRk9V-
Bi Bb KQ`2 +QMp2MB2Mi iQ Q#i�BM i?2 /2+�v `�i2 BM C6 �b b22M BM i?2 +�H+mH�iBQM BM i?2
ai�`Q#BMbFv KQ/2H BM a2+X jXk- BM i?2 b2Mb2 i?�i i?2 FBM2iB+ +QmTHBM; �M/ i?2 TQi2MiB�H
+QmTHBM; BM 16 b?QmH/ #2 /2�Hi rBi? b2T�`�i2HvX

q?2M +�H+mH�iBM; i?2 /2+�v `�i2 Q7 >B;;b- KQ`2 +�miBQM b?QmH/ #2 i�F2M #2+�mb2
i?2 2z2+iBp2 K�bb Q7 i?2 >B;;b }2H/ Bb iBK2@/2T2M/2Mi- r?B+? �HbQ H2�/b iQ i?2 iBK2@
/2T2M/2M+2 Q7 i?2 /2+�v `�i2X ai`B+iHv bT2�FBM;- � iBK2@/2T2M/2Mi /2+�v `�i2 Bb MQi
�Hr�vb r2HH@/2}M2/X h?2`27Q`2- i?Bb bim/v 7Q+mb2b QM i?2 �/B�#�iB+ `2;BK2- BX2X i?2
7`2[m2M+v Q7 hQb+ #2BM; Km+? H�`;2` i?�M i?�i Q7 b+�H�`QM- bQ i?�i i?2 >B;;b K�bb Bb
�TT`QtBK�i2Hv +QMbi�Mi /m`BM; 2�+? Bib Qb+BHH�iBQMX h?Bb +QM/BiBQM +�M #2 �+?B2p2/
rBi? ξ ! 1 r?B+? Bb 2t�+iHv Q7 K�BM BMi2`2bi ?2`2- �b K2MiBQM2/ 2�`HB2`X G�`;2 MQM@
KBMBK�H +QmTHBM; �HbQ �HHQrb � +H2�` b2T�`�iBQM Q7 hp �M/ hQb+X

h?2 +�H+mH�iBQM Q7 i?2 >B;;b /2+�v BMpQHp2b KQ`2 2zQ`i i?�M �#Qp2 #2+�mb2 >B;;b
+QmTH2b rBi? �HH Qi?2` 7mM/�K2Mi�H T�`iB+H2b BM aJX h?2`27Q`2- KQ`2 i?�M QM2 /2+�v
+?�MM2Hb �`2 BKTQ`i�Mi �M/ b?QmH/ #2 i�F2M BMiQ �++QmMiX LQi bm`T`BbBM;Hv- i?2
�M�HvbBb Q7 >B;;b /2+�v Bb �HKQbi i?2 b�K2 BM C6 �M/ 16 #2+�mb2 i?2 QMHv /Bz2`2M+2
Bb i?�i bQK2 Q7 i?2 BMi2`�+iBQM i2`Kb #2ir22M >B;;b �M/ Qi?2` K�ii2` }2H/b `2+2Bp2
� +QM7Q`K�H 7�+iQ` 2tT(−2αϕ) 7`QK i?2 +QM7Q`K�iBQM i`�Mb7Q`K�iBQM iQ 16X h?Bb
+QM7Q`K�H 7�+iQ` Bb �TT`QtBK�i2Hv mMBiv BM bK�HH }2H/ HBKBi α|ϕ| ( 1- bQ Bi /Q2b MQi
�z2+i i?2 `2bmHibX

AM i?2 7QHHQrBM;- i?2 �M�HvbBb im`Mb iQ 16 #�b2/ QM _27X (8j)X

• 1BMbi2BM 7`�K2 6Q` bBKTHB+Biv- i?2 bm#b+`BTib ǳ1Ǵ �`2 QKBii2/ ?2`2X h?2 #�+F@
;`QmM/ �M�HvbBb ?2`2 Bb bBKBH�` iQ i?�i BM C6X AM bK�HH }2H/ HBKBi- i?2 �M�HvbBb �i
i?2 #2;BMMBM; Q7 a2+X 9Xk �TTHB2bX 1bT2+B�HHv- i?2 2[m�iBQM Q7 KQiBQM 7Q` ϕ +�M #2
�TT`QtBK�i2Hv r`Bii2M �b

ϕ̈+ 3Hϕ̇+m2
ϕϕ ≈ 0 , U9XNRV

r?2`2 SH�M+F@bmTT`2bb2/ i2`Kb �`2 M2;H2+i2/ �M/ mϕ Bb ;Bp2M #v

m2
ϕ =

{
M2 ,ϕ < 0 ,

M̃2 ,ϕ > 0 .
U9XNkV

h?Bb Bb 2t�+iHv i?2 b�K2 �b R̃ �b 2tT2+i2/X LQi2 i?�i r?2M ξ <∼ 1800- i?2 /Bz2`2M+2
#2ir22M irQ K�bb b+�H2 Bb bK�HH (M−M̃)/M̃ <∼ 10W bQ ϕ Bb #�bB+�HHv Qb+BHH�iBM; rBi?
�M mM+?�M;2/ 7`2[m2M+vX PMHv r?2M 2Mi2`BM; i?2 >B;;b@HBF2 `2;BK2- i?2 /Bz2`2M+2

Rj8



#2ir22M M �M/ M̃ Bb bB;MB}+�MiX aBM+2 i?2 lMBp2`b2 Bb K�ii2`@/QKBM�i2/ #27Q`2
i?2 +QKTH2iBQM Q7 `2?2�iBM; /m2 iQ i?2 7�+i i?�i i?2 Qb+BHH�iBM; b+�H�` }2H/ �+ib �b
MQM@`2H�iBpBbiB+ K�ii2`- i?2 >m##H2 T�`�K2i2` Bb bBKTHv H ≈ 2/(3t)X �b � `2bmHi-
1[X U9XNRV +�M #2 bQHp2/ �M�HviB+�HHv �b

ϕ(t) =






ϕ̃1
bBM(Mt)

Mt
,ϕ < 0 ,

ϕ̃2
bBM(M̃t)

M̃t
,ϕ > 0 ,

U9XNjV

r?2`2 ϕ Bb `2[mB`2/ iQ #2 `2;mH�` �i t = 0X h?2 �KTHBim/2b ϕ̃1 < 0 �M/ ϕ̃2 > 0

�`2 �KTHBim/2b /2i2`KBM2/ #v BMBiB�H +QM/BiBQMbX h?2 p�HH2v T�`i Q7 >B;;b hp Bb i?2M
/2i2`KBM2/ #v ϕ i?`Qm;? 1[X U9Xk8VX PM i?2 Qi?2` ?�M/- i?2 2[m�iBQM Q7 KQiBQM 7Q`
i?2 >B;;b }2H/- M2;H2+iBM; SH�M+F@bmTT`2bb2/ i2`Kb- Bb ;Bp2M �b

ḧQb+ + 3HḣQb+m
2
hQb+hQb+ ≈ 0 , U9XN9V

r?2`2 i?2 K�bb i2`K Bb ;Bp2M �b

m2
hQb+ ≡

{
−3ξM2αϕ ,ϕ < 0 ,

6ξM2αϕ ,ϕ > 0 ,
U9XN8V

r?B+? +�M #2 2�bBHv b?QrM iQ +QBM+B/2 rBi? 1[X U9XNyVX P#pBQmbHv- i?2 2z2+iBp2
K�bb Q7 hQb+ /2T2M/b QM ϕ(t)X 6Q` ξ ! O(10)- m2

hQb+ ! m2
ϕ bQ i?�i >B;;b Qb+BHH�i2b

K�Mv iBK2b rBi?BM QM2 b+�H�`QM T2`BQ/- r?BH2 7Q` ξ <∼ O(10)- i?2v �`2 +QKT�`�#H2X
6B;m`2b 9XRe b?Qr irQ 2t�KTH2b r?2`2 Bi +�M #2 2�bBHv b22M i?�i i?2 ?B2`�`+?v Q7
Qb+BHH�iBQM 7`2[m2M+B2b #2ir22M >B;;b �M/ b+�H�`QM Bb H�`;2 7Q` ξ ! O(10) r?BH2 bK�HH
7Q` ξ <∼ O(10)X AM i?2 7Q`K2` +�b2- �/B�#�iB+ �TT`QtBK�iBQM Bb p�HB/ #2+�mb2 b+�H�`QM
Bb �TT`QtBK�i2Hv +QMbi�Mi rBi?BM QM2 >B;;b Qb+BHH�iBQM bQ �M�HviB+�H bQHmiBQM Bb 2�bv
iQ }M/X h?2 �/B�#�iB+ bQHmiBQM 7Q` hQb+- BM i?2 +�b2 ξ ! O(10)- +�M #2 bQHp2/ �b

hQb+ =






Ah√
2mhQb+

+Qb
(
−2
√

3ξα|ϕa|E
[
π

4
− Mt

2
, 2

]
+ δi

)
,ϕ < 0 ,

Ah√
2mhQb+

+Qb
(
−2
√

6ξαϕa
M

M̃
E

[
π

4
− M̃t

2
, 2

]
+ δi

)
,ϕ > 0 ,

U9XNeV

r?2`2 Ah �M/ i?2 T?�b2 δi �`2 /2i2`KBM2/ #v i?2 BMBiB�H +QM/BiBQMb- ϕa Bb i?2 �KTHBim/2
Q7 ϕ- �M/ E[φ, x] Bb- �;�BM- i?2 2HHBTiB+ BMi2;`�H Q7 i?2 b2+QM/ FBM/X PM i?2 +QMi`�`v-
i?Bb �TT`QtBK�iBQM #`2�Fb /QrM 7Q` i?2 H�ii2` bQ �M�HviB+�H /2b+`BTiBQM Bb /B{+mHi iQ
}M/X h?2`27Q`2- �M�HvbBb rBHH #2 ;Bp2M QMHv 7Q` ξ ! O(10)X 6Q` ξ <∼ O(10)- Bi Bb
2tT2+i2/ i?�i i?2 bBim�iBQM [mB+FHv �TT`Q�+?2b iQ i?�i Q7 R2@BM~�iBQM �b ξ /2+`2�b2bX

Rje
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6B;m`2 9XRe, "�+F;`QmM/ /vM�KB+b Q7 i?2 b+�H�`QM U`2/V �M/ >B;;b U#H�+FVX G27i,
(ξ,λ) = (1000, 0.01)X _B;?i, (ξ,λ) = (10, 0.01)X q?2M ξ <∼ O(10)- i?2 7`2[m2M+v Q7
i?2 bK�HH Qb+BHH�iBQM Q7 >B;;b Bb +QKT�`�#H2 rBi? i?2 b+�H�`QM 7`2[m2M+v bQ i?2 bK�HH
Qb+BHH�iBQMb ǳ/Bb�TT2�`Ǵ QM i?2 `B;?i T�M2HX

AM �//BiBQM- ϕ BM/22/ b?Qrb MQ bK�HH �M/ 7�bi Qb+BHH�iBQMb mTQM i?2 Qb+BHH�iBQM Q7
7`2[m2M+v mϕ- r?B+? +QM}`Kb i?2 `2bmHib BM C6X

�MQi?2` BKTQ`i�Mi Bbbm2 Bb i?2 2M2`;v /Bbi`B#miBQM #2ir22M ?QKQ;2M2Qmb b+�H�`QM
�M/ >B;;bX �Hi?Qm;? i?2 /Bb+mbbBQM 7Q+mb2b QM MQM@+`BiB+�H T�`�K2i2`b i?�i `2�HBx2
bK�HH |hQb+|- Bi Bb biBHH TQbbB#H2 iQ ?�p2 MQM@M2;HB;B#H2 2z2+ib rBi? /Bz2`2Mi T�`�K2i2`
+?QB+2bX AM ϕ < 0 `2;BK2- KQbi 2M2`;v Bb biQ`2/ BM i?2 b+�H�`QMX q?2M2p2` b+�H�`QM
+?�M;2b 7`QK M2;�iBp2 iQ TQbBiBp2 p�Hm2 /m`BM; Qb+BHH�iBQMb- bQK2 7`�+iBQM Q7 2M2`;v
Bb i`�Mb72``2/ BMiQ i?2 T?vbB+�H >B;;b /m2 iQ i?2 #B7m`+�iBQM TQBMiX 6Q` T�`�K2i2`b
+HQb2 iQ i?2 +`BiB+�H +?QB+2b- � H�`;2` �KTHBim/2 Q7 >B;;b Qb+BHH�iBQM �`QmM/ i?2 p�HH2v
Bb 2tT2+i2/- r?B+? BKTHB2b i?�i � H�`;2` �KQmMi Q7 2M2`;v Bb i`�Mb72``2/ 7`QK b+�H�`QM
iQ >B;;bX PM i?2 +QMi`�`v- B7 i?2 T�`�K2i2` +?QB+2 Bb 7�` 7`QK i?2 +`BiB+�H +�b2- i?2
�KTHBim/2 Q7 +Q?2`2Mi >B;;b Qb+BHH�iBQM Bb bK�HH- bQ i?2`2 Bb HBiiH2 2M2`;v biQ`2/ BM i?2
>B;;b #�+F;`QmM/X a22 �TT2M/Bt : 7Q` KQ`2 /Bb+mbbBQMX G�i2`- i?Bb Q#b2`p�iBQM rBHH
TH�v �M BKTQ`i�Mi `QH2 r?2M /2i2`KBMBM; i?2 `2?2�iBM; i2KT2`�im`2 #v T2`im`#�iBp2
/2+�vX

9XjXRXk .2+�v _�i2 Q7 >B;;b �M/ a+�H�`QM

>2`2�7i2`- >B;;b b2H7@+QmTHBM; Bb }t2/ iQ λ = 0.01 7Q` /2}MBi2M2bbX AM Q`/2` iQ 2biBK�i2
i?2 T2`im`#�iBp2 /2+�v `�i2 Q7 b+�H�`QM �M/ >B;;b- Bi Bb M2+2bb�`v iQ r`Bi2 /QrM i?2
`2H2p�Mi BMi2`�+iBQM i2`Kb �KQM; i?2K �M/ aJ T�`iB+H2bX a22 �TT2M/Bt > 7Q` /2i�BHX
AM C6- Bi Bb �bbmK2/ i?�i �HH aJ }2H/b 2t+2Ti 7Q` >B;;b �`2 KBMBK�HHv +QmTH2/ rBi?
;`�pBivX �7i2` i?2 +QM7Q`K�H i`�Mb7Q`K�iBQM iQ 16- i?2 b+�H�`QM +QmTH2b rBi? i?2b2
K�ii2` }2H/b i?`Qm;? i?2 +QM7Q`K�H 7�+iQ` i?�i Bb SH�M+F@bmTT`2bb2/X AM i?2 bK�HH

Rjd



ϕ HBKBi- Bi +�M #2 M2;H2+i2/ �i i?2 H2�/BM; Q`/2`X h?2`27Q`2- i?2 /QKBM�Mi +?�MM2H
7Q` b+�H�`QM Bb i?2 /2+�v BMiQ >B;;b T�`iB+H2b i?`Qm;? i?2 MQM@KBMBK�H +QmTHBM; i2`KX
P7 +Qm`b2- Bi Bb r2HH@FMQrM i?�i bm+? /2+�v 2tBbib 2p2M r?2M ξ = 0- �Hi?Qm;? Bi Bb
Km+? H2bb 2{+B2Mi i?�M i?2 H�`;2 ξ +�b2X PM i?2 Qi?2` ?�M/- i?2 >B;;b }2H/ /B`2+iHv
+QmTH2b rBi? b+�H�`QM i?`Qm;? i?2 MQM@KBMBK�H +QmTHBM; �M/ Qi?2` aJ T�`iB+H2b bm+?
�b [m�`Fb �M/ r2�F #QbQMb rBi? H�`;2 +QmTHBM; +QMbi�Mib- r?B+? �HHQrb >B;;b iQ /2+�v
Km+? KQ`2 2{+B2MiHvX AM i?Bb i?2bBb- i?2 BMi2`�+iBQMb #2ir22M i?2 ;�m;2 b2+iQ` �M/
i?2 72`KBQM b2+iQ` �`2 MQi i�F2M BMiQ �++QmMi #2+�mb2 i?2 K�BM ;Q�H Bb iQ /2TH2i2 i?2
2M2`;v Q7 i?2 ?QKQ;2M2Qmb #�+F;`QmM/X

h?2 +�H+mH�iBQM rBHH #2 /QM2 BM i?2 mMBi�`v ;�m;2- �b K2MiBQM2/ T`2pBQmbHvX q?2M
i?2 ?QKQ;2M2Qmb >B;;b }2H/ Qb+BHH�i2b �`QmM/ i?2 Q`B;BM- ?Qr2p2`- 2bT2+B�HHv �i h = 0-
Bi Bb FMQrM i?�i i?2 mMBi�`v ;�m;2 Bb MQi r2HH /2}M2/X h?mb- Bi K�v #2 M2+2bb�`v iQ
rQ`F BM Qi?2` r2HH@/2}M2/ ;�m;2b r?2M bim/vBM; `2?2�iBM; T`Q+2bbX L2p2`i?2H2bb- �b
b?QrM BM _27X (j9)- +`QbbBM; h = 0 /Q2b MQi bTQBH i?2 +�H+mH�iBQM BM i?2 mMBi�`v ;�m;2X
h?2`27Q`2- i?2 mMBi�`v ;�m;2 rBHH biBHH #2 �/QTi2/ BM i?2 7QHHQrBM; +�H+mH�iBQMX h?2
/2`Bp�iBQM Q7 i?2 /2+�v `�i2b 7Q` >B;;b Bb T`2b2Mi2/ BM �TT2M/Bt >X h?2 `2bmHib rBHH
#2 /B`2+iHv mb2/ ?2`2X

"27Q`2 T`Q+22/BM;- i?2 MQi�iBQMb �`2 +H�`B}2/ �b 7QHHQrbX �b BM �TT2M/Bt >- i?2
}2H/ `2/2}MBiBQM W̃±

µ ≡ a3/2W±
µ - Z̃µ ≡ a3/2Zµ- t̃ ≡ a3/2t- �M/ b̃ ≡ a3/2b �`2 mb2/ iQ

�#bQ`# √
−g BM i?2 /2+�v `�i2 +�H+mH�iBQMX h?2 /2+�v Q7 >B;;b +QMbB/2`2/ ?2`2 Bb

K�BMHv i?`Qm;? irQ +?�MM2Hb- iQ r2�F ;�m;2 #QbQMb �M/ iQ iQT �M/ #QiiQK [m�`Fb
/m2 iQ i?2 H�`;2 +QmTHBM; +QMbi�MibX h?2 ;�m;2 #QbQM +?�MM2Hb �`2 QMHv QT2M2/ BM
i?2 ϕ > 0 `2;BK2 r?2M i?2 +QM/BiBQMb UrBi? g ≈ 0.55 �M/ g′ ≈ 0.42 2p�Hm�i2/ �i
∼ 1012:2oV

ξ2 >ξ2c

(
1− 2λ

g2

)
≡ ξW # 4291 , U9XNdV

ξ2 >ξ2c

(
1− 2λ

g2 + g′2

)
≡ ξZ # 4347 , U9XN3V

�`2 b�iBb}2/ 7Q` W± �M/ Z `2bT2+iBp2Hv- r?B+? K2�Mb i?�i Bi Bb �HHQr2/ QMHv BM i?2
/22T >B;;b@HBF2 `2;BK2X h?2 /2+�v `�i2b �`2 ;Bp2M #v

Γh→W̃W̃ =
λ

8π

M3

M̃2
(6ξαϕ)1/2

(
1− g2

2λ

M̃2

M2
+

3g4

16λ2
M̃4

M4

)√

1− g2

2λ

M̃2

M2
, U9XNNV

Γh→Z̃Z̃ =
λ

16π

M3

M̃2
(6ξαϕ)1/2

(
1− g2 + g′2

2λ

M̃2

M2
+

3
(
g2 + g′2

)2

16λ2
M̃4

M4

)√

1− g2 + g′2

2λ

M̃2

M2
. U9XRyyV

BM i?2 �/B�#�iB+ `2;BK2 r?2M KQiBQM Q7 ϕ Bb bm{+B2MiHv bHQr BM i?2 iBK2 b+�H2 Q7
i?2 >B;;b Qb+BHH�iBQMX �b 7Q` i?2 [m�`F +?�MM2Hb- i?2v �`2 QT2M 7Q` #Qi? ϕ > 0 �M/

Rj3



ϕ < 0 `2;BK2bX aT2+B}+�HHv- i?2 iQT �M/ #QiiQK [m�`Fb �`2 K�bbH2bb /m`BM; ϕ < 0 bQ
i?2 +?�MM2Hb �`2 �Hr�vb QT2M2/- r?BH2 /m`BM; ϕ > 0 #QiiQK [m�`F +?�MM2H Bb M2p2`
7Q`#B//2M /m2 iQ i?2 bK�HH umF�r� +QmTHBM; yb #mi iQT [m�`F +?�MM2H b?QmH/ b�iBb7v

ξ2 >ξ2c

(
1− λ

y2t

)
≡ ξ2t # 43512 , U9XRyRV

r?2`2 yt ≈ 0.05 �M/ yb ≈ 0.01 �`2 2p�Hm�i2/ �i ∼ 1012:2oX h?2 /2+�v `�i2b BM i?2
�/B�#�iB+ `2;BK2 �`2 ;Bp2M �b 7QHHQrb

Γh→t̃¯̃t =






3y2t
16π

(3ξα|ϕ|)1/2 M , ϕ < 0 ,

3y2t
16π

(6ξαϕ)1/2 M

(
1− y2t

λ

M̃2

M2

)3/2

, ϕ > 0 ,

U9XRykV

Γ
h→b̃¯̃b

=






3y2b
16π

(3ξα|ϕ|)1/2 M , ϕ < 0 ,

3y2b
16π

(6ξαϕ)1/2 M

(
1− y2b

λ

M̃2

M2

)3/2

, ϕ > 0 .

U9XRyjV

h?2b2 2tT`2bbBQMb �`2 MQi QMHv �TTHB+�#H2 7Q` i?2 /2+�v Q7 ?QKQ;2M2Qmb >B;;b }2H/
#mi i?2 >B;;b T�`iB+H2b T`Q/m+2/ /m`BM; `2?2�iBM;- r?B+? rBHH #2 /Bb+mbb2/ H�i2`X

�b 7Q` i?2 b+�H�`QM /2+�v (j- kN- jy- Rdk)- i?2 /QKBM�Mi +?�MM2H Bb /2+�vBM; BMiQ
>B;;b T�`iB+H2bX �++Q`/BM; iQ 1[bX UjXRRkV �M/ U9XNyV- i?2 /2+�v `�i2 7Q` b+�H�`QM iQ
>B;;b T�`iB+H2b +�M #2 2�bBHv 7QmM/ 7Q` #Qi? ϕ > 0 �M/ ϕ < 0 `2;BK2bX h?2 /2+�v
Bb FBM2K�iB+�HHv �HHQr2/ QMHv r?2M ξ ( 1 Q` ϕ #2+QKBM; bK�HH r?2M Bi ;2ib +HQb2 iQ
Q`B;BM Q` �i p2`v H�i2 iBK2- �b Bb b?QrM #v

Γϕ→δ̃hδ̃h =






3

16π

M3

M2
TH

(
1

6
+ ξ

)2

(1− 12ξα|ϕ|)1/2 , ϕ < 0 ,

3

16π

M̃3

M2
TH

(
1

6
− 2ξ

M2

M̃2

)2(
1− 24ξ

M2

M̃2
αϕ

)1/2

, ϕ > 0 ,

U9XRy9V

r?2`2 δ̃h ≡ a3/2δh Bb i?2 `2/2}M2/ >B;;b T2`im`#�iBQM �b BM a2+X 9XkX h?2`27Q`2- i?2
b+�H�`QM Bb 2tT2+i2/ iQ TH�v �M BKTQ`i�Mi `QH2 �i H�i2 iBK2 BM i?2 /2i2`KBM�iBQM Q7
i?2 }M�H `2?2�iBM; i2KT2`�im`2X h?2 /2+�v /m`BM; ϕ < 0 p�MBb?2b r?2M ξ = −1/6

�b 2tT2+i2/- r?B+? +Q``2bTQM/b iQ i?2 mbm�H +QM7Q`K�HHv +QmTH2/ +�b2X >Qr2p2`- 7Q`
ϕ > 0 i?Bb `2bmHi /Q2b MQi �/KBi M2;�iBp2 MQM@KBMBK�H +QmTHBM; #2+�mb2 i?2 2tBbi2M+2
Q7 i?2 p�HH2vb rBi? }MBi2 |hp| Bb �bbmK2/- r?B+? Bb BM+QMbBbi2Mi rBi? ξ < 0X AMbi2�/-
i?2 /2+�v `�i2 7Q` ϕ > 0 p�MBb?2b r?2M ξ # 1/12X h?2 KBMBK�HHv +QmTH2/ +�b2 ξ = 0

/Q2b MQi K2�M i?2 /2+�v +?�MM2H Bb +HQb2/X AM i?Bb +�b2- i?2 `2bmHib ?2`2 +QBM+B/2 rBi?

RjN



2X;X _27bX (Rdd- RdN)X AM i?2 +�b2 +QMbB/2`2/ ?2`2- i?2 1/6 +�M �+im�HHv #2 QKBii2/
#2+�mb2 ξ ! O(10)X �//BiBQM�HHv- QMHv r?2M mϕ > 2mδh = 2mhQb+ - i?2 /2+�v Bb
FBM2K�iB+�HHv �HHQr2/- �b +�M #2 2�bBHv b22MX AM i?2 +�b2 r?2`2 ξ ! 1- i?2 /2+�v
T`Q+2bb +�M QMHv Q++m` r?2M |ϕ| #2+QK2b bm{+B2MiHv bK�HH- r?B+? +�M #2 `2�HBx2/
BM irQ TQbbB#H2 bBim�iBQMbX h?2 }`bi QM2 Bb r?2M ϕ ;2ib +HQb2 iQ i?2 Q`B;BM /m`BM;
Qb+BHH�iBQMX h?2 b2+QM/ Bb �i H�i2 iBK2 r?2M |ϕ| #2+QK2b bK�HH /m2 iQ i?2 >m##H2
2tT�MbBQM �M/ /2+�v Q7 2M2`;v i?`Qm;? >B;;bX

PM2 KQ`2 +QM+2`M b?QmH/ #2 �//`2bb2/X .2+�v `�i2b b?QmH/ MQi 2t+22/ i?2 Qb+BH@
H�iBQM 7`2[m2M+v Q7 i?2 +Q``2bTQM/BM; }2H/- �b `2[mB`2/ #v i?2 p�HB/Biv Q7 T2`im`#�iBp2
+�H+mH�iBQMX 6`QK i?2 2tT`2bbBQMb �#Qp2- i?Bb `2[mB`2K2Mi 7Q` h → 2W̃ �M/ h → 2Z̃

bBKTHv H2�/ iQ +QMb2`p�iBQM Q7 i?2 T2`im`#�iBpBiv +QM/BiBQM UkXRkRVX 6Q` yt < 1 �M/
yb < 1- i?2 T2`im`#�iBp2 +QM/BiBQM Bb �miQK�iB+�HHv b�iBb}2/ �b r2HH �b i?Bb `2[mB`2@
K2MiX h?2 b�K2 +QM+HmbBQM +�M #2 /`�rM 7Q` i?2 b+�H�`QM /2+�v `�i2 BM ϕ < 0 `2;BK2X
h?2`27Q`2- 7`QK i?Bb TQBMi Q7 pB2r- i?2 bi`QM;Hv@+QmTH2/ `2;BK2 /Q2b MQi K2�M bQK2@
i?BM; i2``B#H2 #mi bBKTHv T2`im`#�iBp2 2tT�MbBQM Bb MQi p�HB/ �MvKQ`2X >Qr2p2`- i?Bb
Bb MQi i`m2 7Q` i?2 b+�H�`QM /2+�v `�i2 BM ϕ > 0X h?2`27Q`2- Bi Bb biBHH MQi +H2�` r?2i?2`
i?2 HQr2` Q7 1[X U9XRy9V +�M `2�HHv #2 �TTHB2/ iQ +�H+mH�iBQM ?2`2X 6Q`imM�i2Hv- i?Bb
+?�MM2H Bb FBM2K�iB+�HHv 7Q`#B//2M mMiBH � p2`v H�i2 iBK2 r?B+? Bb �HKQbi B``2H2p�Mi
7Q` i?2 +�H+mH�iBQM i?�i rBHH #2 T`2b2Mi2/- 2bT2+B�HHv 7Q` H�`;2` ξX h?2`27Q`2- Bi /Q2b
MQi +?�M;2 i?2 +QM+HmbBQM Q7 i?Bb b2+iBQMX

9XjXk S`2b2M+2 Q7 h�+?vQMB+ S`2?2�iBM;
h?2 /Bb+mbbBQM ?2`2 7Q+mb2b QM i?2 +�b2 r?2`2 bi`QM; i�+?vQMB+ BMbi�#BHBiv Q++m`b �i
i?2 2�`Hv bi�;2 Q7 T`2?2�iBM; �M/ `2bmHib BM �M 2�`Hv `�/B�iBQM@/QKBM�i2/ 2`�X AM i?Bb
+�b2- i?2 T2`im`#�iBp2 /2+�v Q7 i?2 #�+F;`QmM/ }2H/b rBHH �z2+i i?2 i�+?vQMB+ T`2@
?2�iBM; BM irQ r�vb- �b b?QrM #2HQrX 6B`biHv- i?2 /2+�v Q7 >B;;b T�`iB+H2b T`Q/m+2/
#v i?2 i�+?vQMB+ 2z2+i +�M `2/m+2 i?2B` #�+F`2�+iBQM bi`2M;i? QM i?2 ?QKQ;2M2Qmb
#�+F;`QmM/- 7Q` 2t�KTH2- i?2 `2b+�ii2`BM; 2z2+i +QMbB/2`2/ BM _27X (8k)X a2+QM/Hv-
2p2M B7 i?2 i�+?vQMB+ T`2?2�iBM; �M/ i?2 #�+F`2�+iBQM +�M i`�Mb72` KQbi Q7 i?2 2M@
2`;v 7`QK i?2 ?QKQ;2M2Qmb #�+F;`QmM/ BMiQ `2H�iBpBbiB+ T�`iB+H2b- �b HQM; �b i?2`2 Bb
bQK2 7`�+iBQM Q7 ?QKQ;2M2Qmb }2H/ UK�BMHv b+�H�`QMV `2K�BMb- Bi rBHH }M�HHv /QKB@
M�i2 i?2 lMBp2`b2 �;�BM �b Bi Bb `2/b?B7i2/ #v i?2 +QbKB+ 2tT�MbBQM BM � bHQr2` K�MM2`
i?�M `2H�iBpBbiB+ T�`iB+H2bX �b � `2bmHi- T2`im`#�iBp2 /2+�v 2p2Mim�HHv /2i2`KBM2b i?2
`2?2�iBM; i2KT2`�im`2 `2;�`/H2bb Q7 i?2 /2i�BH Q7 T`2?2�iBM;X
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9XjXkXR .m`BM; i�+?vQMB+ T`2?2�iBM;

6B`bi- ?Qr T2`im`#�iBp2 /2+�v �z2+ib i?2 2{+B2M+v Q7 i?2 `2b+�ii2`BM; T`Q+2bb #2ir22M
?QKQ;2M2Qmb �M/ BM?QKQ;2M2Qmb KQ/2b �7i2` KQ/2`�i2 i�+?vQMB+ T�`iB+H2 T`Q/m+iBQM
rBHH #2 /Bb+mbb2/X h?Bb Bb � [m�MimK 2z2+i i?�i Bb MQi +QMbB/2`2/ BM i?2 +H�bbB+�H H�iiB+2
bBKmH�iBQM BM _27X (8k)X

�b /Bb+mbb2/ T`2pBQmbHv- i?2 >B;;b T�`iB+H2b +�M 2{+B2MiHv /2+�v BMiQ iQT U�M/
#QiiQKV [m�`Fb �b i?2 ?QKQ;2M2Qmb >B;;b /Q2b- 2bT2+B�HHv r?2M ϕ < 0- r?B+? Bb b22M
BM 1[bX U9XRykV �M/ U9XRyjVX 6Q` 2t�KTH2- /m`BM; i?2 }`bi b+�H�`QM Qb+BHH�iBQM-

Γδh→tt̄ =
3y2t
16π

(3ξα|ϕ|)1/2 M # 3y2t
16π

(
3ξC1

Mc

M

)1/2

M ,

#0.86×
(
M2

M2
c

− 1

)1/4

Mc > H # 0.12Mc , U9XRy8V

7Q` ξ >∼ 100 QM r?B+? i?2 7QHHQrBM; /Bb+mbbBQM rBHH 7Q+mb Ub22 6B;bX 9XRd 7Q` irQ 2t�K@
TH2bV88X 6Q+mb QM i?2 `2;BK2 ϕ < 0 QMHv BM i?2 7QHHQrBM;X h?2 ivTB+�H iBK2 b+�H2 Q7
i?2 /2+�v δh → tt̄ BM i?2 mMBi Q7 Mc +�M #2 +�H+mH�i2/ �b

1

Mct
∼ M−1

c Γδh→tt̄ =
3y2t
16π

(3ξα|ϕ|)1/2 M
Mc

,

≈ 3y2t
16π

√
3C1Cmh

(
λ

3

)1/4√MTH
Mc

(
M2

M2
c

− 1

)1/4

, U9XRyeV

r?2`2 1[X U9XR8V Bb mb2/ �b r2HH �b Cmh
= 0.64 BM 1[X U9XjkV 7Q` iBK2@�p2`�;2/

√
|ϕ|X

h?2 `2bmHi Q7 1[X U9XRyeV Bb b?QrM BM 6B;X 9XR3X aBM+2 C1 = 0.25 Bb QMHv p�HB/ 7Q`
i?2 }`bi b+�H�`QM Qb+BHH�iBQM- C1 = 0.005 Bb �HbQ +QMbB/2`2/ iQ +�Tim`2 i?2 /2+�v Q7
b+�H�`QM �KTHBim/2 �i H�i2 iBK2X �b +�M #2 b22M- 7Q` KQbi T�`i Q7 i?2 T�`�K2i2` bT�+2-
i?2 iBK2 b+�H2 McΓ

−1
δh→tt̄ Bb H2bb i?�M ∼ 50 b+�H�`QM Qb+BHH�iBQMb r?B+? Bb Km+? b?Q`i2`

i?�M i?2 T`2?2�iBM; iBK2 b+�H2 b?QrM BM i?2 2t�KTH2b BM _27X (8k)X h?2`27Q`2- i?2
MmK#2` Q7 >B;;b T�`iB+H2b i?�i T�`iB+BT�i2 BM i?2 `2b+�ii2`BM; T`Q+2bb rBHH /2+`2�b2
+QMbB/2`�#HvX

�Hi?Qm;? i?2 >B;;b T�`iB+H2b +�M /2+�v BMiQ `2H�iBpBbiB+ T�`iB+H2b Q7 Qi?2` bT2+B2b-
i?2b2 /2+�v T`Q/m+ib +�MMQi 2{+B2MiHv BMi2`�+i rBi? i?2 ?QKQ;2M2Qmb b+�H�`QM #2@
+�mb2 i?2v �`2 +QmTH2/ QMHv i?`Qm;? i?2 +QM7Q`K�H 7�+iQ` i?�i Bb SH�M+F@bmTT`2bb2/X
*QMb2[m2MiHv- Bi Bb 2tT2+i2/ i?�i i?2 2{+B2M+v Q7 i?2 T`2?2�iBM; T`Q+2bb +QMbBbiBM; Q7

88SQbbB#H2 `2/m+iBQM Q7 i?2 /2+�v `�i2 Γδh→tt̄ Bb i?2 GQ`2Mix 7�+iQ` B7 i?2 >B;;b T�`iB+H2b T`Q/m+2/
#v i�+?vQMB+ BMbi�#BHBiv �`2 `2H�iBpBbiB+X >Qr2p2`- i?Bb /2T2M/b QM i?2 KQK2MimK /Bbi`B#miBQM Q7 δh
r?B+? Bb /2i2`KBM2/ #v i?2 /2i�BH Q7 i?2 i�+?vQMB+ T`2?2�iBM;X h?Bb Bb #2vQM/ i?2 b+QT2 ?2`2X A7
KQbi Q7 i?2 >B;;b T�`iB+H2b �`2 BM/22/ `2H�iBpBbiB+- i?2M i?Bb /2+�v +?�MM2H K�v #2 M2;H2+i2/X
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6B;m`2 9XRd, *QKT�`BbQM Q7 >m##H2 b+�H2 H U#H�+F- bQHB/V �M/ i?2 /2+�v `�i2 Γδh→tt̄

U#Hm2- /�b?2/VX h?2 2pQHmiBQM Q7 i?2 b+�H�`QM U`2/V Bb QMHv 7Q` `272`2M+2X G27i, (ξ,λ) =
(4000, 0.01)X _B;?i, (ξ,λ) = (200, 0.01)X h?2 /2+�v `�i2 p�MBb?2b r?2M ϕ > 0 7Q` i?2
H�`;2 K�bb Q7 iQT [m�`Fb 7`QK >B;;b MQM@x2`Q p2pX PMHv 7Q` ξ ∼ ξs Ub22 1[X U9XRyRVV-
i?Bb +?�MM2H Bb �HHQr2/ /m`BM; ϕ > 0X
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6B;m`2 9XR3, .2+�v iBK2 b+�H2 Q7 i?2 T`Q/m+2/ >B;;b T�`iB+H2b δh BMiQ iQT [m�`Fb
�++Q`/BM; iQ 1[X U9XRyeVX G27i, C1 = 0.25X _B;?i, C1 = 0.005X

KQ/2`�i2 i�+?vQMB+ BMbi�#BHBiv �M/ `2b+�ii2`BM; +�M `2+2Bp2 � MQM@M2;HB;B#H2 `2/m+iBQM
/m2 iQ i?2 /2+�v Q7 i?2 T`Q/m+2/ >B;;b T�`iB+H2b- r?B+? K�v �HbQ �HHQr i?2 T2`im`#�@
iBp2 /2+�v T`Q+2bb iQ /QKBM�i2 i?2 H�bi bi�;2 Q7 `2?2�iBM; �M/ 2p2Mim�HHv /2i2`KBM2
i?2 `2?2�iBM; i2KT2`�im`2 TrX

9XjXkXk �7i2` i�+?vQMB+ T`2?2�iBM;

L2ti- +QMbB/2` i?2 +�b2 r?2`2 � bB;MB}+�Mi �KQmMi Q7 2M2`;v ?�b �H`2�/v #22M i`�Mb@
72``2/ 7`QK i?2 ?QKQ;2M2Qmb #�+F;`QmM/ }2H/b iQ `2H�iBpBbiB+ T�`iB+H2bX Ai Bb BMi2`2bi@
BM; iQ bim/v r?2i?2` i?2 ?QKQ;2M2Qmb T�`i +�M /QKBM�i2 Qp2` i?2 `�/B�iBQM �i � H�i2
iBK2 r?2M i?2 T`2?2�iBM; T`Q+2bb2b +�M MQ HQM;2` bB;MB}+�MiHv BM+`2�b2 i?2 2M2`;v
7`�+iBQM Q7 i?2 `2H�iBpBbiB+ T�`iB+H2bX A7 i?2 �Mbr2` Bb TQbBiBp2- Bi Bb �HbQ BKTQ`i�Mi iQ
BMp2biB;�i2 ?Qr Km+? i?2 BMBiB�H `�/B�iBQM 2M2`;v �z2+ib i?2 }M�H `2?2�iBM; i2KT2`@
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�im`2 i?�i Bb /2i2`KBM2/ #v H�i2@iBK2 T2`im`#�iBp2 /2+�v Q7 i?2 ?QKQ;2M2Qmb T�`iX
h?2b2 [m2biBQMb �`2 �//`2bb2/ rBi? MmK2`B+�H K2i?Q/b BM i?2 7QHHQrBM; /Bb+mbbBQMX

hQ /2i2`KBM2 Q7 i?2 `2?2�iBM; i2KT2`�im`2- Bi Bb M2+2bb�`v iQ }M/ Qmi i?2 >m##H2
b+�H2 �i i?2 KQK2Mi r?2M `2?2�iBM; Bb +QKTH2i2/X >2`2- +QKTH2iBQM Q7 `2?2�iBM;
Bb `272``2/ iQ �b i?2 QMb2i Q7 i?2 `�/B�iBQM@/QKBM�iBQM rBi? MQ ?QKQ;2M2Qmb }2H/b
i?�i +�M /QKBM�i2 i?2 lMBp2`b2 �;�BM- r?B+? Bb �+im�HHv �K#B;mQmb iQ /2}M2 BM �
MmK2`B+�H +�H+mH�iBQM 7Q` i?2 7QHHQrBM; `2�bQMbX .m2 iQ i?2 �++mKmH�iBQM Q7 2``Q`- Bi
Bb +?�HH2M;BM; iQ Q#i�BM `2HB�#H2 HQM;@iBK2 MmK2`B+�H +�H+mH�iBQM iQ +?2+F r?2i?2` i?2
lMBp2`b2 #2+QK2b K�ii2`@/QKBM�i2/ �;�BM �i � H�i2 iBK2X 6Q` 2t�KTH2- Bi Bb mbm�HHv
iQQ HQM; 7Q` i?2 MmK2`B+�H +�H+mH�iBQM iQ `mM 7Q` � b+�H�`QM /2+�v iBK2 b+�H2 Γ−1

ϕ X
6Q`imM�i2Hv- BM i?2 T2`im`#�iBp2 /2+�v T`Q+2bb +QMbB/2`2/ ?2`2- i?2 /2+�v `�i2 7Q`
b+�H�`QM Bb �TT`QtBK�i2Hv +QMbi�Mi �i i?2 H�i2 iBK2 r?BH2 i?2 >m##H2 T�`�K2i2` H

/2+�vb rBi? iBK2- bQ i?2 ?QKQ;2M2Qmb #�+F;`QmM/ }2H/b rBHH +2`i�BMHv #2 +QKTH2i2Hv
/2TH2i2/ 2p2Mim�HHvX �MQi?2` `2�bQM Bb i?�i i?2 i2`KBM�iBQM iBK2 +?Qb2M 7Q` i?2
MmK2`B+�H +�H+mH�iBQM �b i?2 +QKTH2iBQM Q7 `2?2�iBM; �z2+ib i?2 >m##H2 b+�H2 UbQ
i?2 `2?2�iBM; i2KT2`�im`2V /m2 iQ i?2 +QbKB+ 2tT�MbBQMX h?2`27Q`2- iQQ 2�`Hv UH�i2V
iBK2 rBHH `2bmHi BM Qp2`2biBK�iBQM UmM/2`2biBK�iBQMV Q7 i?2 `2?2�iBM; i2KT2`�im`2 iQ
bQK2 2ti2MiX AM i?2 7QHHQrBM;- � bBKTH2 +`Bi2`BQM Bb �/QTi2/ iQ K�F2 bm`2 i?�i i?2
2[m�iBQM Q7 bi�i2 T�`�K2i2` w +QMp2`;2b iQ 1/3 T`QT2`Hv- BX2X i?2 `�iBQ #2ir22M i?2
2M2`;v /2MbBiB2b Q7 `�/B�iBQM �M/ ?QKQ;2M2Qmb #�+F;`QmM/ }2H/b ρ`�//ρ#; > 20- r?B+?
�pQB/b i?2 HQM;@iBK2 MmK2`B+�H +�H+mH�iBQM �M/ iQQ Km+? Qp2`2biBK�iBQM Q7 TrX

AM i?2 MmK2`B+�H +�H+mH�iBQM- i?2 2[m�iBQMb Q7 KQiBQM 7Q` i?2 #�+F;`QmM/ }2H/b
rBi? i?2 /2+�v `�i2b i�F2M BMiQ �++QmMi �b 7`B+iBQM i2`Kb �`2 bQHp2/- iQ;2i?2` rBi? i?2
"QHixK�MM 2[m�iBQM 7Q` i?2 `�/B�iBQM 2M2`;v /2MbBiv- �M/ i?2 6`B2/K�MM 2[m�iBQM-
r?B+? �`2 ;Bp2M #v

ϕ̈+
(
3H + Γϕ→δ̃hδ̃h

)
ϕ̇+

∂U

∂ϕ
+
α

2
e−αϕḣ2 = 0 ,

ḧ+
(
3H + Γh0→t̃¯̃t + Γ

h0→b̃¯̃b
+ Γh0→W̃W̃ + Γh0→Z̃Z̃

)
ḣ+ eαϕ

∂U

∂h
− αϕ̇ḣ = 0 ,

dρ`�/
dt

+ 4Hρ`�/ = Γϕ→δ̃hδ̃hϕ̇
2 +

(
Γh0→t̃¯̃t + Γ

h0→b̃¯̃b
+ Γh0→W̃W̃ + Γh0→Z̃Z̃

)
ḣ2 ,

3M2
THH

2 = ρ#; + ρ`�/ , U9XRydV

r?2`2 ρ`�/ Bb i?2 2M2`;v /2MbBiv Q7 `�/B�iBQM r?BH2 ρ#; Bb i?2 2M2`;v /2MbBiv Q7 i?2
#�+F;`QmM/ }2H/b ;Bp2M �b

ρ#; = ϕ̇2/2 + e−αϕḣ2/2 + U(ϕ, h) . U9XRy3V

R9j



�HbQ- bi2T 7mM+iBQMb �`2 mb2/ iQ BKTQb2 i?2 FBM2K�iB+ +QMbi`�BMi 7Q` 2�+? /2+�v +?�M@
M2HX h?2 2[m�iBQM Q7 bi�i2 T�`�K2i2` w �M/ i?2 `2?2�iBM; i2KT2`�im`2 Tr �`2 2biB@
K�i2/ MmK2`B+�HHv i?`Qm;?

w = −1− 2

3

Ḣ

H2
, U9XRyNV

Tr =

(
90

g`π2

)1/4√
H`MTH , U9XRRyV

r?2`2 g` = 106.75 �M/ H` �`2 i?2 2z2+iBp2 MmK#2` Q7 `2H�iBpBbiB+ bT2+B2b �M/ >m##H2
T�`�K2i2` �i i?2 2M/ Q7 `2?2�iBM;X AM �//BiBQM- /2}M2 � i2KT2`�im`2 Tϕ �b � `272`2M+2
#v �bbmKBM; i?�i >B;;b #2+QK2b HB;?i 2MQm;? bQ i?�i i?2 /2+�v +?�MM2H ϕ → δ̃hδ̃h

Bb �Hr�vb QT2M

Tϕ ≡0.2
√

MTHΓϕ

≈0.2
√

MTH

[(
π

M
+

π

M̃

)−1
(

3

16π

M3

M2
TH

(
1

6
+ ξ

)2 π

M
+

3

16π

M̃3

M2
TH

(
1

6
− 2ξ

M2

M̃2

)2
π

M̃

)]1/2

=0.2
√

MTH

√√√√ 3

16π

M3M̃

M2
TH(M + M̃)

[(
1

6
+ ξ

)2

+
M̃2

M2

(
1

6
− 2ξ

M2

M̃2

)2
]1/2

U9XRRRV

r?B+? `2im`Mb iQ i?2 bi�M/�`/ `2bmHi Ub22 2X;X (Rdd- RdN)V r?2M ξ ( 1X
aBM+2 i?2 bBim�iBQM +QMbB/2`2/ ?2`2 Bb i?�i � T`22tBbiBM; T`2?2�iBM; T`Q+2bb ?�b

i`�Mb72``2/ � H�`;2 �KQmMi Q7 2M2`;v 7`QK ρ#; iQ ρ`�/- i?2 BMBiB�H +QM/BiBQMb �`2 b2i iQ
#2 ρ`�/,BMB = 9ρ#;,BMB = 90W×3M2

THH
2
2M/ r?2`2 H2M/ Bb i?2 >m##H2 T�`�K2i2` �i i?2 2M/

Q7 BM~�iBQMX "27Q`2 ;QBM; iQ i?2 `2?2�iBM; i2KT2`�im`2- irQ 2t�KTH2b Q7 i?2 2pQHmiBQM
Q7 ρ`�/- ρ#;- 3M2

THH
2- �M/ w �`2 b?QrM BM 6B;X 9XRNX Ai +�M #2 b22M i?�i 7Q` H�`;2` ξ-

i?2 ?QKQ;2M2Qmb T�`i /Q2b MQi `2�HHv /QKBM�i2 Qp2` #mi �i KQbi #2+QK2b +QKT�`�#H2
iQ i?2 `�/B�iBQMX AM +QMi`�bi- 7Q` bK�HH2` ξ- i?2 2M2`;v /2MbBiv Q7 i?2 ?QKQ;2M2Qmb
T�`i BM/22/ #2+QK2b H�`;2` i?�M i?�i Q7 i?2 `�/B�iBQM- bQ irQ BMi2`b2+iBQMb #2ir22M
i?2K �`2 +H2�`Hv b22M BM i?2 mTT2` `B;?i T�M2H Q7 6B;X 9XRNX h?Bb `2bmHi Bb `2�bQM�#H2
#2+�mb2 7Q` H�`;2` ξ- KQ`2 /2+�v +?�MM2Hb �`2 �HHQr2/- �M/ /2+�v `�i2b i?2Kb2Hp2b �HbQ
#2+QK2 H�`;2`X >Qr2p2`- B7 T2`im`#�iBp2 /2+�vb �`2 MQi i�F2M BMiQ �++QmMi- i?2 2M2`;v
/2MbBiv Q7 i?2 `�/B�iBQM rBHH bBKTHv #2 `2/b?B7i2/ �r�v [mB+FHv �M/ i?2 lMBp2`b2 rBHH
#2 /QKBM�i2/ #v i?2 ?QKQ;2M2Qmb #�+F;`QmM/ }2H/ �;�BMX �HbQ- Bi +�M #2 b22M i?�i
w 2z2+iBp2Hv +QMp2`;2b iQ 1/3 r?2M ρ`�//ρ#; >∼ 20- r?B+? b?Qrb i?�i i?Bb +`Bi2`BQM Bb
`2�bQM�#H2X

6BM�HHv- i?2 `2?2�iBM; i2KT2`�im`2 7Q` T�`�K2i2`b ξ ! O(10) Bb /Bb+mbb2/ BM i?Bb
b2imTX aT2+B}+�HHv- b+�M i?2 T�`�K2i2` bT�+2 35 ≤ ξ ≤ ξs rBi? �/�TiBp2 bi2T H2M;i?
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6B;m`2 9XRN, lTT2`, ρ`�/ U`2/ /�b?2/V- ρ#; U#H�+F bQHB/V- �M/ 3M2
THH

2 U#Hm2 bQHB/VX
GQr2`, w mT iQ ρ`�//ρ#; >∼ 20X G27i, ξ = 3000X _B;?i, ξ = 1000X AMBiB�H +QM/BiBQMb
�`2 ρ`�/,BMB = 9ρ#;,BMB = 90W× 3M2

THH
2
2M/X AM Q`/2` iQ K�F2 i?2 BMi2`b2+iBQMb +H2�`2` BM

i?2 mTT2` `B;?i T�M2H- i?2 2pQHmiBQM Bb b?QrM QMHv mT iQ MTHt = 7× 107X

�M/ +�H+mH�i2 i?2 `2?2�iBM; i2KT2`�im`2 Tr /2}M2/ �i i?2 KQK2Mi r?2M ρ`�//ρ#;

2t+22/b ky �b r2HH �b i?2 /m`�iBQM Q7 i?Bb T2`im`#�iBp2 `2?2�iBM; trX LQ 7m`i?2`
BMp2biB;�iBQM 7Q` i?2 +�b2b ξ < 35 Bb T`2b2Mi2/ #2+�mb2 Bi i�F2b iQQ HQM; 7Q` MmK2`B+�H
+�H+mH�iBQMX 6`QK i?2 `2bmHib T`2b2Mi2/ #2HQr- Bi +�M #2 2tT2+i2/ i?�i i?2 `2?2�iBM;
i2KT2`�im`2 [mB+FHv �TT`Q�+?2b i?2 R2@BM~�iBQM +�b2 �b ξ /2+`2�b2bX h?2 `2bmHi Bb
b?QrM BM 6B;X 9Xky r?2`2 θ /2}M2/ BM 1[X U9XjdV Bb mb2/ �b i?2 KQ/2H T�`�K2i2`
#2+�mb2 Bi i`2�ib i?2 >B;;b@HBF2 �M/ R2@HBF2 `2;BQMb ǳ2[m�HHvǴ- r?B+? Bb QM2 Q7 i?2
K�BM `2bmHib BM i?Bb b2+iBQMX

Ai +�M #2 b22M i?�i QM+2 θ �TT`Q�+?2b i?2 mMBi�`v #QmM/ θ ≈ 0- i?2 `2?2�iBM;
i2KT2`�im`2 `�TB/Hv BM+`2�b2b iQ `2�+? i?2 >B;;b@HBKBiX *QMp2`b2Hv- �b θ → π/2- i?2
bvbi2K �TT`Q�+?2b iQ i?2 R2@HBKBiX � bBKBH�` �`;mK2Mi �HbQ �TTHB2b iQ i?2 T2`im`@
#�iBp2 `2?2�iBM; /m`�iBQMX �b 7Q` i?2 +QKT�`BbQM rBi? Tϕ U`2/ HBM2V- Tr > Tϕ 7Q`
KQbi T�`i Q7 i?2 T�`�K2i2` bT�+2 #2+�mb2 i?2 >B;;b /2+�v TH�vb �M BKTQ`i�Mi `QH2
BM HB7iBM; i?2 `2?2�iBM; i2KT2`�im`2X >Qr2p2`- r?2M θ �TT`Q�+?2b i?2 mMBi�`v #QmM/
BM >B;;b@HBKBi- Tϕ #2+QK2b H�`;2` i?�M Tr- r?B+? Bb mM/2`bi�M/�#H2 #2+�mb2 Bi Bb �b@
bmK2/ i?�i i?2 b+�H�`QM /2+�v +?�MM2H Bb �Hr�vb QT2M- r?B+? Bb Q#pBQmbHv LPh i?2
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6B;m`2 9Xky, G27i, `2?2�iBM; i2KT2`�im`2 Tr U#Hm2V �M/ i?2 i2KT2`�im`2 +�H+mH�i2/
rBi? QMHv �p2`�;2/ b+�H�`QM /2+�v `�i2 Tϕ U`2/V ;Bp2M BM 1[X U9XRRRVX _B;?i, /m`�iBQM
Q7 T2`im`#�iBp2 `2?2�iBM; tr U#Hm2V �M/ i?2 b+�H�`QM /2+�v iBK2 Γ−1

ϕ U`2/VX "Qi? Tr

�M/ tr �`2 /2i2`KBM2/ �i i?2 KQK2Mi r?2M ρ#; #2+QK2b bK�HH2` i?�M 5W Q7 ρ`�/X

`2�HBbiB+ +�b2 bBM+2 i?2 H�`;2 >B;;b K�bb 7Q`#B/b i?2 /2+�v iQ Q++m` mMiBH H�i2 iBK2X �
bBKBH�` �`;mK2Mi �TTHB2b iQ i?2 `2?2�iBM; iBK2X �T�`i 7`QK i?2b2 mM`2�HBbiB+ T�`ib- Bi
Bb 2tT2+i2/ i?�i B7 i?2 +�H+mH�iBQM H�bib 7Q` � HQM; 2MQm;? iBK2- i?2 MmK2`B+�H `2bmHib
BM #Hm2 rBHH ;2i +HQb2` iQ #mi MQi +QBM+B/2 rBi? i?2 `2/ HBM2b BM 6B;X 9XkyX �;�BM- i?2
`2�bQM Bb i?�i i?2 /2+�v Q7 >B;;b Bb HB7iBM; i?2 `2?2�iBM; i2KT2`�im`2 �M/ b?Q`i2M i?2
`2?2�iBM; iBK2X JQ`2 BKTQ`i�MiHv- i?2 bK�HH /BTb �M/ T2�Fb QM i?2 MmK2`B+�H `2bmHib
�`2 T?vbB+�H BMbi2�/ Q7 Tm`2 �`iB}+B�H /m2 iQ i?2 2``Q` Q7 MmK2`B+�H +�H+mH�iBQMX �b
/Bb+mbb2/ BM �TT2M/Bt :- i?2 +�mb2 Q7 i?2b2 bK�HH 72�im`2b Bb i?2 θ@/2T2M/2Mi 2M2`;v
/Bbi`B#miBQM #2ir22M b+�H�`QM �M/ >B;;bX amTTQb2 i?2 KQ/2H T�`�K2i2` Bb +HQb2 iQ
bQK2 +`BiB+�H TQBMi i?�i `2�HBx2b K�tBK�H i�+?vQMB+ BMbi�#BHBiv BM i?2 }`bi b+�H�`QM
Qb+BHH�iBQMX AM i?�i +�b2- KQ`2 2M2`;v Bb biQ`2/ BM i?2 >B;;b }2H/ bQ i?�i i?2 2z2+@
iBp2 /2+�v `�i2 Q7 i?2 r?QH2 bvbi2K #2+QK2b H�`;2` #2+�mb2 i?2 /2+�v `�i2 Q7 >B;;b
Bb H�`;2` i?�M i?�i Q7 b+�H�`QM 7Q` KQbi T�`�K2i2`bX 6B;m`2b 9XkR b?Qr BHHmbi`�iBp2
2t�KTH2b iQ K�F2 i?2 �`;mK2Mi KQ`2 +QMpBM+BM;X hrQ +�b2b �`2 +QMbB/2`2/, URV
M2�`Hv@+`BiB+�H ξnc rBi? H�`;2` Qb+BHH�iBQM �KTHBim/2 Q7 >B;;b- �M/ UkV 7�`@7`QK@+`BiB+�H
ξfc # 1.001ξnc rBi? bK�HH2` Qb+BHH�iBQM �KTHBim/2 Q7 >B;;bX h?2`2 Bb MQ BMBiB�H `�/B@
�iBQM BKTQb2/ 7Q` bBKTHB+BivX aBM+2 i?2 irQ T�`�K2i2`b �`2 bQ +HQb2- i?2 /2+�v `�i2b
Q7 >B;;b �M/ b+�H�`QM �`2 �HKQbi i?2 b�K2 7Q` #Qi? +�b2bX >Qr2p2`- �b +�M #2 2�bBHv
b22M BM i?2 +QKT�`BbQM BM 6B;X 9XkR- i?2 M2�`Hv@+`BiB+�H T�`�K2i2` +�b2 BM/m+2b � Km+?
KQ`2 2{+B2Mi `2?2�iBM; T`Q+2bb i?�M i?2 H�ii2`- 2p2M rBi? bHB;?iHv bK�HH2` /2+�v `�i2b
bmT2`}+B�HHv- r?B+? +�M #2 `2+Q;MBx2/ 7`QK i?2 ;`Qri? `�i2 Q7 ρ`�/ �M/ i?2 +QMp2`;@
BM; `�i2 Q7 w iQ 1/3X PM i?2 Qi?2` ?�M/- B7 i?2 T�`�K2i2` Bb 7�` 7`QK +`BiB+�H p�Hm2b-
i?2 2M2`;v BM >B;;b +�M #2 KBMBK�H bQ i?�i i?2 bvbi2K Bb 2z2+iBp2Hv /2+�vBM; QMHv
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6B;m`2 9XkR, lTT2`, M2�`Hv@+`BiB+�H T�`�K2i2` /2MQi2/ �b ξncX GQr2`, 7�`@7`QK@+`BiB+�H
T�`�K2i2` /2MQi2/ �b ξfc # 1.001ξncX G27i, 2pQHmiBQM Q7 ?QKQ;2M2Qmb b+�H�`QM U`2/V
�M/ >B;;b U#Hm2VX JB//H2, ρ`�/ U`2/ /�b?2/V- ρ#; U#H�+F bQHB/V- �M/ 3M2

THH
2 U#Hm2

bQHB/VX _B;?i, wX h?2`2 Bb MQ BMBiB�H `�/B�iBQM 2M2`;v BKTQb2/ 7Q` bBKTHB+BivX

i?`Qm;? b+�H�`QM /2+�v mMiBH i?2 BM~�iQM 2M+QmMi2`b � +?�M+2 iQ i`�Mb72` i?2 2M2`;v
7`QK b+�H�`QM iQ >B;;bX >Qr2p2`- i?2 +?�M+2 Bb 2tT2+i2/ iQ #2 [mBi2 `�`2 B7 i?2 M2+@
2bb�`v /2;`22 Q7 }M2@imMBM; 7Q` bm#b2[m2Mi b+�H�`QM Qb+BHH�iBQMb iQ #2 +`BiB+�H +�M #2
�M�Hvx2/ bBKBH�`Hv �b i?2 }`bi b+�H�`QM Qb+BHH�iBQM BM a2+X 9Xk- �M/ i?2 +Q``2bTQM/BM;
2z2+i rQmH/ #2 bK�HH2`X h?2`27Q`2- B7 i?2 iBK2 `2bQHmiBQM BM i?2 MmK2`B+�H +�H+mH�@
iBQM Bb ?B;? 2MQm;? �M/ i?2 T�`�K2i2` b+�MMBM; Bb /QM2 KQ`2 }M2Hv- Bi Bb 2tT2+i2/
i?�i i?2 /BTb QM i?2 #Hm2 HBM2 BM i?2 H27i T�M2H Q7 6B;X 9Xky rQmH/ #2 /22T2` r?BH2
i?2 T2�Fb rQmH/ #2 ?B;?2` +Q``2bTQM/BM; iQ i?2 θǶb i?�i +�M `2�HBx2 bi`QM; i�+?vQMB+
BMbi�#BHBiv BM i?2 }`bi UQ` �i H2�bi 2�`HvV b+�H�`QM Qb+BHH�iBQM �7i2` i?2 2M/ Q7 BM~�iBQM-
rBi? bK�HH2` rB;;H2b +Q``2bTQM/BM; iQ H�i2@iBK2 +`BiB+�H +�b2bX � bBKBH�` �`;mK2Mi
�HbQ �TTHB2b iQ i?2 `B;?i T�M2HX

9XjXj �#b2M+2 Q7 h�+?vQMB+ S`2?2�iBM;
�b i?2 H�bi T�`i Q7 i?Bb b2+iBQM- i?2 BMp2biB;�iBQM 7Q+mb2b QM i?2 +�b2 r?2`2 i�+?vQMB+
BMbi�#BHBiv Bb r2�F Q` /Q2b MQi i�F2 TH�+2 /m`BM; T`2?2�iBM;X �b � `2bmHi- i?2`2 Bb
T`�+iB+�HHv MQ ρ`�/ BMBiB�HHvX AM i?Bb +�b2- BMBiB�H +QM/BiBQMb 7Q` ρ`�/ �M/ ρ#; �`2 bBKTHv
+?�M;2/ BM i?2 T`2pBQmb MmK2`B+�H +�H+mH�iBQMX

6B`bi- irQ 2t�KTH2b Q7 i?2 2pQHmiBQM Q7 2M2`;v /2MbBiB2b �M/ 2[m�iBQM Q7 bi�i2
T�`�K2i2` �`2 b?QrM BM 6B;X 9XkkX �b +�M #2 b22M i?2`2- 2p2M B7 i?2`2 Bb MQ BMBiB�H
`�/B�iBQM #27Q`2 i?2 QMb2i Q7 i?2 T2`im`#�iBp2 `2?2�iBM;- i?2 T2`im`#�iBp2 /2+�v Q7
b+�H�`QM �M/ >B;;b +�M biBHH `2?2�i i?2 lMBp2`b2 BM � bBKBH�` K�MM2` �b i?2 +�b2
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6B;m`2 9Xkk, lTT2`, ρ`�/ U`2/ /�b?2/V- ρ#; U#H�+F bQHB/V- �M/ 3M2
THH

2 U#Hm2 bQHB/VX
GQr2`, w mT iQ ρ`�//ρ#; >∼ 20X G27i, ξ = 3000X _B;?i, ξ = 1000X

+QMbB/2`2/ T`2pBQmbHvX aiBHH- i?2 2M/ Q7 `2?2�iBM; Bb /2}M2/ �b i?2 KQK2Mi r?2M i?2
+QM/BiBQM ρ`�//ρ#; >∼ 20 #2+QK2b b�iBb}2/X

L2ti- i?2 `2?2�iBM; i2KT2`�im`2 Tr �M/ /m`�iBQM tr �`2 /Bb+mbb2/ BM i?2 +m``2Mi
b2imTX �;�BM i?2 T�`�K2i2` bT�+2 Bb b+�MM2/ rBi?BM 35 ≤ ξ ≤ ξs 7Q` i?2 b�K2 `2�@
bQM K2MiBQM2/ T`2pBQmbHvX h?2 `2bmHib �`2 b?QrM BM 6B;X 9Xkj iQ;2i?2` rBi? i?Qb2
BM 6B;X 9Xky 7Q` +QMp2MB2Mi +QKT�`BbQMX h?Bb };m`2 Bb �HbQ QM2 Q7 i?2 K�BM `2bmHib
BM i?Bb b2+iBQMX �b +�M #2 b22M BM 6B;X 9Xkj- i?2 `2bmHib 7`QK +�b2b rBi? �M/ rBi?@
Qmi BMBiB�H `�/B�iBQM 2M2`;v �HKQbi +QBM+B/2 rBi? 2�+? Qi?2`- r?B+? BM/B+�i2b i?2 7�+i
i?�i- B7 T`2?2�iBM; T`Q+2bb2b +�MMQi +QKTH2i2Hv /2TH2i2 i?2 2M2`;v Q7 i?2 ?QKQ;2@
M2Qmb #�+F;`QmM/ }2H/b- QM+2 i?2 ?QKQ;2M2Qmb }2H/b /QKBM�i2 i?2 lMBp2`b2 �;�BM
�M/ T2`im`#�iBp2 /2+�v i�F2b Qp2` i?2 `2?2�iBM; T`Q+2bb- i?2 `2bmHiBM; `2?2�iBM; i2K@
T2`�im`2 U�b r2HH �b i?2 /m`�iBQM Q7 `2?2�iBM;V Bb �HKQbi BM/2T2M/2Mi Q7 i?2 /2i�BH Q7
T`2?2�iBM;X h?2`27Q`2- i?2 T2`im`#�iBp2 /2+�v BM/22/ TH�vb �M 2bb2MiB�H `QH2 BM i?2
r?QH2 `2?2�iBM; T`Q+2bb BM i?2 KBt2/ >B;;b@R2 KQ/2HX

6BM�HHv- i?2 MmK#2` Q7 2@7QH/b Q7 `2?2�iBM; ∆Nr Bb +�H+mH�i2/- r?B+? Bb BKTQ`i�Mi
iQ +QM7`QMi i?2Q`2iB+�H BM~�iBQM T`2/B+iBQMb rBi? Q#b2`p�iBQM�H /�i�X 6B;m`2 9Xk9
+QKT�`2b ∆Nr `2bmHiBM; 7`QK i?2 +�b2b rBi? �M/ rBi?Qmi BMBiB�H `�/B�iBQMX Ai +�M #2
b22M i?�i i?2 /Bz2`2M+2 Bb bi�#H2 QM � p�Hm2 bHB;?iHv H2bb i?�M mMBiv- r?B+? K2�Mb i?�i
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6B;m`2 9Xkj, G27i, Tr rBi? U#Hm2V �M/ rBi?Qmi U#H�+FV BMBiB�H `�/B�iBQM- �M/ Tϕ =
0.2
√

ΓϕMTH U`2/VX _B;?i, tr rBi? U#Hm2V �M/ rBi?Qmi U#H�+FV BMBiB�H `�/B�iBQM- �M/
Γ−1
ϕ U`2/VX "Qi? Tr �M/ tr �`2 /2i2`KBM2/ �i i?2 KQK2Mi r?2M ρ#; #2+QK2b bK�HH2`

i?�M 5W Q7 ρ`�/X h?2 #Hm2 HBM2b +QK2 7`QK i?2 `2bmHib BM 6B;X 9Xky 7Q` +QMp2MB2Mi
+QKT�`BbQM #2ir22M i?2 +�b2b rBi? �M/ rBi?Qmi BMBiB�H `�/B�iBQM 2M2`;vX
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6B;m`2 9Xk9, *QKT�`BbQM Q7 2@7QH/ MmK#2`b Q7 +QbKB+ 2tT�MbBQM #2ir22M i?2 2M/ Q7
BM~�iBQM �M/ i?2 2M/ Q7 `2?2�iBM;X "Hm2, MmK#2` Q7 2@7QH/ BM i?2 +�b2 rBi? BMBiB�H
`�/B�iBQMX "H�+F, MmK#2` Q7 2@7QH/ BM i?2 +�b2 rBi?Qmi BMBiB�H `�/B�iBQMX

B7 i?2`2 Bb � H�`;2 7`�+iBQM Q7 2M2`;v BM `2H�iBpBbiB+ T�`iB+H2b #27Q`2 i?2 /QKBM�iBQM Q7
T2`im`#�iBp2 `2?2�iBM;- i?2 MmK#2` Q7 2@7QH/b ∆Nr M22/2/ iQ +QKTH2i2 `2?2�iBM; +�M
#2 `2/m+2/ #v �`QmM/ mMBivX hQ;2i?2` rBi? i?2 /m`�iBQM Q7 i?2 2�`Hv T`2?2�iBM; bi�;2
Bib2H7- i?2 BM7Q`K�iBQM Q7 2@7QH/ MmK#2` +�M B/2MiB7v r?2i?2` i?2 2�`Hv T`2?2�iBM; bi�;2
Q++m`b Q` MQiX �M/ i?2 ivTB+�H p�Hm2 Q7 ∆Nr b?QrM BM 6B;X 9Xk9 Bb 3 <∼ ∆Nr <∼ 5X

AM i?Bb b2+iBQM- T2`im`#�iBp2 `2?2�iBM; BM i?2 KBt2/ >B;;b@R2 BM~�iBQM KQ/2H
Bb BMp2biB;�i2/- �M/ i?2 `QH2 Q7 T2`im`#�iBp2 /2+�v i?`Qm;?Qmi i?2 r?QH2 `2?2�iBM;
T`Q+2bb Bb /Bb+mbb2/X

.m`BM; T2`im`#�iBp2 `2?2�iBM;- i?2 #�+F;`QmM/ /vM�KB+b Q7 i?2 b+�H�`QM �M/ i?2
>B;;b �`2 iB;?iHv +QMM2+i2/ rBi? i?2 �ii`�+iQ` bQHmiBQMb- BX2X i?2 p�HH2vbX *QMbB/2`BM;
ξ ! O(10)- i?2 �/B�#�iB+ bQHmiBQM 7Q` >B;;b +�M #2 �M�HviB+�HHv 7QmM/ #2+�mb2 b+�H�`QM
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K�bb Bb Km+? bK�HH2` i?�M i?�i Q7 >B;;bX �b � `2bmHi- i?2 >B;;b K�bb Bb �HKQbi
+QMbi�Mi rBi?BM 2p2`v >B;;b Qb+BHH�iBQM- r?B+? p�HB/�i2b i?2 +�H+mH�i2/ >B;;b /2+�v
`�i2X h?2 `2H�iBQM #2ir22M i?2 2M2`;v /Bbi`B#miBQM Q7 i?2 #�+F;`QmM/ }2H/b �M/ i?2
T�`�K2i2` +?QB+2 Bb /Bb+mbb2/- r?B+? +`2�i2b i?2 }M2 bi`m+im`2 Q7 i?2 K�BM `2bmHib
BM 6B;bX 9Xky- 9Xkj- �M/ 9Xk9X h?2M i?2 T2`im`#�iBp2 /2+�v `�i2b 7Q` b+�H�`QM �M/
>B;;b �`2 +�H+mH�i2/ BM i?2 �/B�#�iB+ `2;BK2 r?2`2 >B;;b Qb+BHH�i2b Km+? 7�bi2` i?�M
b+�H�`QM- #�b2/ QM r?B+? i?2 TQbbB#H2 2z2+ib Q7 i?2 /2+�v QM i?2 T2`BQ/ /m`BM; �M/
�7i2` i?2 Q++m``2M+2 Q7 i�+?vQMB+ T`2?2�iBM; �`2 2biBK�i2/X Ai Bb 7QmM/ i?�i i?2 /2+�v
Q7 >B;;b T�`iB+H2b T`Q/m+2/ #v i�+?vQMB+ T`2?2�iBM; K�v r2�F2M i?2 `2b+�ii2`BM;
T`Q+2bb #2ir22M ?QKQ;2M2Qmb �M/ BM?QKQ;2M2Qmb KQ/2b BM � MQM@M2;HB;B#H2 r�v-
r?B+? +QmH/ bHQr /QrM i?2 T`2?2�iBM; T`Q+2bb �M/ �HHQr i?2 `2@/QKBM�iBQM Q7 i?2
Qb+BHH�iBM; #�+F;`QmM/ }2H/X JQ`2 BKTQ`i�MiHv- T2`im`#�iBp2 `2?2�iBM; /2i2`KBM2b
i?2 }M�H `2?2�iBM; i2KT2`�im`2 Tr BM i?Bb KQ/2HX Ai Bb b?QrM i?�i H�`;2` ξ H2�/b
iQ H�`;2` Tr /m2 iQ H�`;2` /2+�v `�i2b �M/ KQ`2 �HHQr2/ /2+�v +?�MM2HbX �HbQ- i?2
`2?2�iBM; i2KT2`�im`2 Bb ivTB+�HHv H�`;2` i?�M Tϕ #2+�mb2 i?2 /2+�v Q7 ?QKQ;2M2Qmb
>B;;b }2H/ BM+`2�b2b i?2 2z2+iBp2 /2+�v `�i2 Q7 i?2 r?QH2 bvbi2KX h?2 2�`Hv T`2?2�iBM;
bi�;2 Bb i�F2M BMiQ �++QmMi #v BKTQbBM; MQM@p�MBb?BM; `�/B�iBQM 2M2`;v /2MbBiv iQ i?2
BMBiB�H +QM/BiBQMb Q7 i?2 bvbi2KX Ai Bb 7QmM/ i?�i i?2 2�`Hv T`2?2�iBM; bi�;2 +�M ?�`/Hv
�z2+i i?2 }M�H `2?2�iBM; i2KT2`�im`2 #mi biBHH +�M +?�M;2 i?2 MmK#2` Q7 2@7QH/b Q7
i?2 T2`im`#�iBp2 `2?2�iBM;X

>2`2- i?2 �bbmKTiBQMb �M/ +�p2�ib BM i?Bb bim/v b?QmH/ #2 +H�`B}2/X PMHv T�`�K@
2i2`b rBi?BM ξs ≥ ξ ! O(10) �`2 +QMbB/2`2/ 7Q` i?2 7QHHQrBM; `2�bQMbX 6Q` ξ <∼ O(10)-
i?2 ?B2`�`+?v #2ir22M b+�H�`QM �M/ >B;;b Qb+BHH�iBQM #2+QK2b bK�HH- bQ i?2 �/B�#�iB+
�TT`QtBK�iBQM #`2�Fb /QrM- r?B+? K�F2b Bi /B{+mHi iQ bim/v i?2 bvbi2K �M�HviB+�HHvX
AM �//BiBQM- i?2 T2`im`#�iBp2 `2?2�iBM; T`Q+2bb i�F2b � HQM; iBK2 iQ +QKTH2i2- r?B+? Bb
+?�HH2M;BM; 7Q` MmK2`B+�H +�H+mH�iBQMX 6`QK i?2 `2bmHib T`2b2Mi2/ �#Qp2- Bi Bb 2tT2+i2/
i?�i i?2 bvbi2K rBHH [mB+FHv �TT`Q�+? i?2 R2@BM~�iBQM HBKBi �b ξ /2+`2�b2bX h?2`27Q`2-
ξ <∼ O(10) Bb MQi /Bb+mbb2/ BM /2i�BH ?2`2 #mi ;Bp2M bQK2 bBKTH2 �`;mK2MiX "2bB/2b-
i�+?vQMB+ T�`iB+H2 T`Q/m+iBQM /m`BM; T`2?2�iBM; Bb MQi /B`2+iHv BM+Q`TQ`�i2/ BM i?2
MmK2`B+�H +�H+mH�iBQM #mi i�F2M BMiQ �++QmMi T?2MQK2MQHQ;B+�HHv �b i?2 BMBiB�H `�/B@
�iBQM 2M2`;vX q?2M /2}MBM; i?2 +QKTH2iBQM Q7 `2?2�iBM;- i?2 +`Bi2`BQM ρ`�//ρ#; > 20

Bb �/QTi2/ BMbi2�/ Q7 r�BiBM; 7Q` � HQM; iBK2- KQ`2 T`2+Bb2Hv ∼ O(Γ−1
ϕ<0) r?2`2 Γϕ<0

Bb i?2 b+�H�`QM /2+�v `�i2 /m`BM; ϕ < 0 BMbi2�/ Q7 Γϕ BM 1[X U9XRy9VX h?Bb Bb #2+�mb2
i?2 +?�MM2H BM ϕ > 0 `2;BK2 Bb �HKQbi +HQb2/ 7Q` �HH i?2 iBK2- �b 2tTH�BM2/ T`2pBQmbHvX
h?2M- � bBKTH2 2biBK�iBQM Q7 Γ−1

ϕ<0 ∼ 16πMc/(λM2) b?Qrb i?�i 2p2M 7Q` i?2 KQbi
2{+B2Mi +�b2 ξ = ξs i?2 iBK2 b+�H2 Bb MTHtr ∼ 105 r?B+? Bb `Qm;?Hv i?2 b�K2 �b i?2
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MmK2`B+�H `2bmHib rBi? +Q``2bTQM/BM; T�`�K2i2` �M/ i?2 +`Bi2`BQM ρ`�//ρ#; > 20X �b ξ
/2+`2�b2b- i?2 iBK2 b+�H2 ;`Qrb iQ MTHtr ∼ 1012 7Q` ξ # 100 �M/ 2p2M H�`;2` 7Q` bK�HH2`
ξ- r?B+? Bb Km+? HQM;2` i?�M i?�i 2p�Hm�i2/ rBi? i?2 �/QTi2/ +`Bi2`BQMX h?2 `2bmHib
Q#i�BM2/ ?2`2 �`2 2tT2+i2/ iQ #2 `Q#mbi #2+�mb2 i?2 MmK2`B+�H `2bmHib b?Qr i?�i i?2
2[m�iBQM Q7 bi�i2 T�`�K2i2` +QMp2`;2b r2HH iQ 1/3X �b 7Q` i?2 T`Q/m+2/ T�`iB+H2b- Bi Bb
�bbmK2/ i?�i i?2v �`2 `2H�iBpBbiB+ �M/ `2�+? i?2`K�H 2[mBHB#`BmK `B;?i �i i?2 2M/ Q7
`2?2�iBM; /2}M2/ BM i?Bb BMp2biB;�iBQMX �+im�HHv- r?2M >B;;b #�+F;`QmM/ /2+�vb BM
ϕ < 0 `2;BK2- i?2 T`Q/m+2/ 72`KBQMb UiQT �M/ #QiiQK [m�`Fb BM Qm` +QMbB/2`�iBQMV
�`2 K�bbH2bb i?2`27Q`2 `2H�iBpBbiB+X >Qr2p2`- i?2v ;�BM K�bb2b �b b+�H�`QM 2Mi2`b ϕ > 0

`2;BK2 �M/ >B;;b 2Mi2`b QM2 Q7 i?2 p�HH2vbX h?2`27Q`2- i?2v �`2 brBi+?BM; #2ir22M
#2BM; K�bbH2bb �M/ K�bbBp2 /m`BM; i?2 Qb+BHH�iBQM Q7 i?2 ?QKQ;2M2Qmb }2H/bX q?2M
i?2v #2+QK2 ?2�pB2` /m`BM; ϕ > 0- i?2v +�M 7m`i?2` /2+�v BMiQ Qi?2` HB;?i2` T�`iB+H2bX
h?Bb T?2MQK2MQM Bb MQi bim/B2/ BM /2i�BH BM i?Bb i?2bBbX

h?Bb rQ`F QMHv 7Q+mb2b QM i?2 +�b2 ξ ! O(10)X 6Q` bK�HH ξ <∼ O(10)- Bi Bb �`;m2/
i?�i i?2 bBim�iBQM rQmH/ [mB+FHv �TT`Q�+? iQ R2@HBKBi- #mi � KQ`2 /2i�BH2/ BMp2biB@
;�iBQM b?QmH/ #2 /QM2 BM i?2 7mim`2 rQ`F BM i?Bb T�`�K2i2` `�M;2X �HbQ- i?Bb rQ`F
QMHv BM+Q`TQ`�i2/ i?2 2z2+ib Q7 i�+?vQMB+ T`2?2�iBM; T?2MQK2MQHQ;B+�HHv BM i?2 b2Mb2
i?�i i?2 2z2+ib Q7 i?2 2�`Hv T`2?2�iBM; bi�;2 ?�p2 #22M i�F2M BMiQ �++QmMi QMHv �b
i?2 T`22tBbiBM; `�/B�iBQM BM i?2 MmK2`B+�H +�H+mH�iBQMX

h?Bb +?�Ti2` +QMbiBimi2b i?2 +2Mi`�H T�`i Q7 i?Bb i?2bBb- /Bb+mbbBM; i?2 `2?2�iBM;
T`Q+2bb BM i?2 KBt2/ >B;;b@R2 BM~�iBQM KQ/2H #�b2/ QM i?2 Q`B;BM�H rQ`Fb (9R-8R-8j)-
r?B+? Bb +?�`�+i2`Bx2/ #v i?`22 T�`ib- i?2 }`bi bi�;2 Q7 T`2?2�iBM;- i�+?vQMB+ T`2@
?2�iBM;- �M/ i?2 T2`im`#�iBp2 `2?2�iBM;X h?2 }`bi bi�;2 Q7 T`2?2�iBM; +Q``2bTQM/b
iQ i?2 pBQH2Mi bTBF2 T`2?2�iBM; BM i?2 >B;;b BM~�iBQM- #mi- BM i?2 irQ@}2H/ +�b2- Bi
Bb �M�HviB+�HHv b?QrM i?�i i?2 bTBF2b �`2 Km+? KBH/2` �M/ BMbm{+B2Mi iQ +QKTH2i2
T`2?2�iBM;X h?2 r2�F2M2/ bTBFv T?2MQK2MQM �HbQ 2Mbm`2b i?�i i?2 KBt2/ >B;;b@R2

BM~�iBQM KQ/2H +�M b2`p2 �b � lo@2ti2MbBQM Q7 i?2 >B;;b BM~�iBQM mT iQ i?2 SH�M+F
b+�H2X �7i2` i?�i- i?2 MQM@KBMBK�H +QmTHBM; +`2�i2b � TQbbB#BHBiv i?�i- rBi? }M2@imM2/
T�`�K2i2`b- i?2 >B;;b }2H/ �M/ i?2 HQM;Bim/BM�H KQ/2 Q7 ;�m;2 #QbQMb 2tT2`B2M+2
bi`QM; i�+?vQMB+ BMbi�#BHBiv- r?B+? +�M +QKTH2i2 T`2?2�iBM; �HKQbi BMbi�Mi�M2QmbHvX
>Qr2p2`- i?2 Q++m``2M+2 Q7 bm{+B2MiHv bi`QM; i�+?vQMB+ T`2?2�iBM; `2[mB`2b b2p2`2
}M2@imMBM;- 2bT2+B�HHv BM i?2 R2@HBF2 `2;BK2X "Qi? �M�HviB+�H �M/ MmK2`B+�H K2i?Q/b
�`2 mb2/ BM i?2 BMp2biB;�iBQMX AM i?2 }M2@imM2/ +�b2- i?2 +Q``2bTQM/BM; 2@7QH/ MmK#2`
Q7 BM~�iBQM Bb �HbQ 2biBK�i2/X A7 i?2 i�+?vQMB+ 2z2+i Bb MQi bi`QM; 2MQm;? iQ +QKTH2i2
T`2?2�iBM; Q` iQi�HHv �#b2Mi- T2`im`#�iBp2 /2+�v Q7 i?2 b+�H�`QM �M/ i?2 >B;;b TH�vb
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�M 2bb2MiB�H `QH2 /m`BM; i?2 `2?2�iBM; T`Q+2bbX AM i?2 7Q`K2`- i?2 i�+?vQMB+ T`2?2�i@
BM; i`�Mb72`b � H�`;2 �KQmMi Q7 2M2`;v 7`QK BM~�iQM }2H/b iQ `�/B�iBQM �i i?2 2�`Hv
bi�;2- #mi i?2v �`2 `2/b?B7i2/ Km+? 7�bi2` i?�M i?2 `2K�BMBM; +Q?2`2Mi Qb+BHH�iBQM
Q7 #�+F;`QmM/ }2H/b- bQ 2p2Mim�HHv- i?2 +Q?2`2Mi Qb+BHH�iBQM /QKBM�i2b i?2 lMBp2`b2
�;�BM �M/ T2`im`#�iBp2 `2?2�iBM; i�F2b TH�+2X AM �//BiBQM- �Hi?Qm;? i?2 T`Q/m+ib Q7
i�+?vQMB+ T`2?2�iBM; K�v ?2HT iQ /2bi`Qv i?2 ?QKQ;2M2Qmb #�+F;`QmM/ #v `2b+�i@
i2`BM;- i?2 H�`;2 /2+�v `�i2 Q7 i?2 >B;;b }2H/ BMiQ [m�`Fb K�v r2�F2M bm+? 2z2+ibX
h?2 T2`im`#�iBp2 `2?2�iBM; /2i2`KBM2b i?2 }M�H `2?2�iBM; i2KT2`�im`2 �M/ /m`�iBQM
B7 i�+?vQMB+ T`2?2�iBM; Bb BM2{+B2MiX AM bm+? � +�b2- i?2 }M�H `2?2�iBM; i2KT2`�im`2
�M/ /m`�iBQM Bb �HKQbi BM/2T2M/2Mi Q7 i?2 /2i�BH Q7 T`2?2�iBM;X h?2 >B;;b@HBF2 `2;BK2
;2M2`�HHv `2bmHi BM ?B;?2` `2?2�iBM; i2KT2`�im`2 �M/ b?Q`i2` /m`�iBQM i?�M i?Qb2 BM
R2@HBF2 `2;BK2- �b b?QrM T`2pBQmbHvX �Hi?Qm;? i?2 T�`�K2i2` `�M;2 +QMbB/2`2/ ?2`2
/Q2b MQi `2�+? i?2 pB+BMBiv Q7 i?2 R2@HBKBi- Bi Bb 2tT2+i2/ i?�i i?2 bvbi2K �TT`Q�+?2b
i?2 r2HH@FMQrM ai�`Q#BMbFv KQ/2H �b ξ → 0X qBi? �HH i?2b2 BMp2biB;�iBQMb �M/ `2@
bmHib- � +QKT`2?2MbBp2 mM/2`bi�M/BM; Q7 i?2 `2?2�iBM; T`Q+2bb BM i?2 KBt2/ >B;;b@R2

BM~�iBQM KQ/2H Bb ;�BM2/- �M/ i?2 Q#b2`p�iBQM�H +QMbi`�BMi QM i?2 KQ/2H T�`�K2i2`b
+�M #2 BKT`Qp2/ #v }tBM; i?2 TBpQi b+�H2 Q7 i?2 +m`p�im`2 T2`im`#�iBQMb 7Q` /Bz2`2Mi
T�`�K2i2`b #v +Q``2bTQM/BM; `2?2�iBM; T?2MQK2M�X
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*?�Ti2` 8

*QM+HmbBQM

AM i?Bb i?2bBb- i?2 Q`B;BM Q7 i?2 "B; "�M; BM i?2 KBt2/ >B;;b@R2 BM~�iBQM KQ/2H Bb
BMp2biB;�i2/- M�K2Hv i?2 `2?2�iBM; T`Q+2bb i?�i T`QpB/2b BMBiB�H +QM/BiBQMb 7Q` i?2 >Qi
"B; "�M;- K�BMHv #�b2/ QM Kv Q`B;BM�H rQ`Fb (9R- 8R- 8j)X

AM *?�Ti2` k- � #`B27 `2pB2r Q7 i?2 BM~�iBQM b+2M�`BQ Bb ;Bp2M- BM+Hm/BM; i?2 KQiB@
p�iBQM �M/ #�bB+ T?vbB+�H TB+im`2 Q7 BM~�iBQM- i?2 bBKTH2bi +H�bb Q7 BM~�iBQM KQ/2H- BX2X
bBM;H2@}2H/ bHQr@`QHH BM~�iBQM- �M/ i?2 ;2M2`�H 7Q`K�HBbK 7Q` i?2 KmHiB@}2H/ BM~�iBQMX
AM i?2 bBM;H2@}2H/ +�b2- irQ bBKTH2 #mi Q#b2`p�iBQM�HHv 7�pQ`2/ KQ/2Hb �`2 Q7 ;`2�i BM@
i2`2bi- M�K2Hv i?2 ai�`Q#BMbFv KQ/2H rBi? QMHv QM2 KQ/2H T�`�K2i2`- �M/ i?2 >B;;b
BM~�iBQM i?�i K�F2b mb2 Q7 i?2 QMHv Q#b2`p2/ b+�H�` }2H/ BM aJX h?2b2 irQ KQ/2Hb �`2
2[mBp�H2Mi /m`BM; BM~�iBQM- ;BpBM; i?2 b�K2 T`2/B+iBQMb QM i?2 b+�H�` bT2+i`�H BM/2t
�M/ i?2 i2MbQ`@iQ@b+�H�` `�iBQX >Qr2p2`- i?2 >B;;b BM~�iBQM bmz2`b 7`QK lo T`Q#H2Kb
i?�i K�F2 i?2 T`2/B+iBQM 7`QK i?Bb KQ/2H [m2biBQM�#H2X AM T�`iB+mH�`- i?2 +miQz b+�H2
Q7 i?2 >B;;b BM~�iBQM Bb bmTT`2bb2/ #v i?2 H�`;2 MQM@KBMBK�H +QmTHBM; #2ir22M >B;;b
�M/ ;`�pBivX hQ bQHp2 i?2b2 Bbbm2b- � lo@2ti2MbBQM Bb 2�;2`Hv /2bB`2/X �b � T`QKBbBM;
+�M/B/�i2- i?2 KBt2/ >B;;b@R2 BM~�iBQM KQ/2H Bb `2pB2r2/ BM i?2 H�bi b2+iBQM #�b2/
QM _27X (j3)X AM i?Bb irQ@}2H/ KQ/2H- i?2 b+�H�`QM �M/ i?2 >B;;b #Qi? TH�v i?2 `QH2
BM /`BpBM; BM~�iBQMX AM i?2 T`2b2M+2 Q7 i?2 R2 i2`K- i?2 +miQz b+�H2 Bb HB7i2/ iQ i?2
SH�M+F b+�H2 �M/ biBHH ;Bp2b i?2 b�K2 BM~�iBQM T`2/B+iBQM �b Bib irQ bBM;H2@}2H/ HBKBib
rBi? H�`;2 MQM@KBMBK�H +QmTHBM;X h?2 T�`�K2i2` bT�+2 Bb #`Q�/ �M/ +�M #2 /BpB/2/
BMiQ >B;;b@HBF2 �M/ R2@HBF2 `2;BK2b- r?BH2 i?2`2 Bb � bi`QM;Hv@+QmTH2/ `2;BK2 BMbB/2 i?2
7Q`K2` iQ r?B+? i?2 >B;;b@HBKBi #2HQM;bX �b HQM; �b i?2 T�`�K2i2` Bb +?Qb2M QmibB/2
i?Bb `2;BK2- i?2 T2`im`#�iBpBiv Bb 2Mbm`2/ BM i?Bb KQ/2HX Ai Bb b?QrM i?�i i?2 2z2+iBp2
bBM;H2@}2H/ /2b+`BTiBQM Bb p�HB/ /m`BM; BM~�iBQM- bQ i?2 KBt2/ >B;;b@R2 BM~�iBQM +�M #2
mM/2`biQQ/ �b �M 2z2+iBp2 ai�`Q#BMbFv KQ/2H Q` 2z2+iBp2 >B;;b BM~�iBQMX >Qr2p2`-
i?2 lo Bbbm2 BM i?2 >B;;b BM~�iBQM Bb 2p2M b2p2`2` /m`BM; T`2?2�iBM; (j9)- r?B+? Bb
/Bb+mbb2/ BM *?�Ti2` jX
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AM *?�Ti2` j- i?2 #�bB+b Q7 T�`iB+H2 T`Q/m+iBQM �M/ Bib �TTHB+�iBQM iQ `2?2�iBM;
�`2 `2pB2r2/X _2?2�iBM; Bb �M BM/BbT2Mb�#H2 T�`i Q7 � bm++2bb7mH BM~�iBQM KQ/2H �b
� ;`�+27mH 2tBi Q7 i?2 [m�bB@/2 aBii2` T?�b2 iQ +QMM2+i rBi? i?2 bm#b2[m2Mi >Qi "B;
"�M;X �HbQ- � +QKT`2?2MbBp2 mM/2`bi�M/BM; Q7 `2?2�iBM; +�M +H�`B7v i?2 �K#B;mBiv
Q7 i?2 TBpQi b+�H2 Q7 +m`p�im`2 T2`im`#�iBQM iQ BKT`Qp2 i?2 Q#b2`p�iBQM�H +QMbi`�BMi
Q7 KQ/2H T�`�K2i2`bX � ivTB+�H ivT2 Q7 T�`iB+H2 T`Q/m+iBQM +�M #2 +H�bbB}2/ �b i?2
MQM@�/B�#�iB+ iBK2@/2T2M/2M+2 Q7 i?2 2z2+iBp2 K�bb Q7 i?2 i�`;2i }2H/X "�b2/ QM �
;2M2`�H 2[m�iBQM Q7 KQiBQM Q7 i?Bb ivT2- i?2 T2`im`#�iBp2 �M/ MQM@T2`im`#�iBp2 T�`iB+H2
T`Q/m+iBQM �`2 /Bb+mbb2/ BM /2i�BH �++Q`/BM; iQ i?2 T�`�K2i2` +?QB+2b- BM+Hm/BM; T�`�@
K2i`B+ `2bQM�M+2 �M/ i�+?vQMB+ BMbi�#BHBiv BM i?2 H�ii2` +�b2X h?2 MQM@T2`im`#�iBp2
T`Q+2bb2b �`2 mbm�HHv p2`v 2{+B2Mi- r?B+? TH�vb � pBi�H `QH2 /m`BM; T`2?2�iBM; BM �M
BM~�iBQM KQ/2H- 2bT2+B�HHv i?2 #`Q�/ `2bQM�M+2 �M/ i?2 i�+?vQMB+ BMbi�#BHBivX h?2 T2`@
im`#�iBp2 T`Q+2bb Bb r2�F �M/ bHQr BMbi2�/- #mi Bi +�M #2 2bb2MiB�H �i i?2 H�bi bi�;2 Q7
`2?2�iBM; #2+�mb2 i?2 +QM/BiBQMb 7Q` MQM@T2`im`#�iBp2 T�`iB+H2 T`Q/m+iBQM �`2 mbm�HHv
MQi b�iBb}2/ �MvKQ`2 �i i?2 H�i2 iBK2X �b ivTB+�H 2t�KTH2b- i?2 `2?2�iBM; T`Q+2bb2b
BM i?2 ai�`Q#BMbFv KQ/2H �M/ i?2 >B;;b BM~�iBQM �`2 `2pB2r2/X AM i?2 7Q`K2` +�b2-
i?2 `2?2�iBM; +?�MM2H Bb /QKBM�i2/ #v T2`im`#�iBp2 `2?2�iBM; i?`Qm;? i?2 /2+�v Q7
i?2 b+�H�`QM- r?B+? `2bmHib BM � `2H�iBp2Hv HQr `2?2�iBM; i2KT2`�im`2X 6Q` i?2 H�ii2`
+�b2- � pBQH2Mi T`2?2�iBM; T`Q+2bb Bb BM/m+2/ #v i?2 bBx2�#H2 MQM@KBMBK�H +QmTHBM;
i?�i H2�/b iQ bB;MB}+�Mi bTBF2b BM i?2 2z2+iBp2 K�bb Q7 i?2 HQM;Bim/BM�H KQ/2 Q7 r2�F
;�m;2 #QbQMbX >Qr2p2`- i?2b2 bTBF2b �`2 iQQ H�`;2 i?�i i?2 2M2`;v b+�H2 2t+22/b i?2
+miQz Q7 i?2 i?2Q`v /m`BM; `2?2�iBM;- r?B+? +�mb2b b2`BQmb lo T`Q#H2Kb BM i?2 >B;;b
BM~�iBQM KQ/2HX �b � `2bmHi- #2+�mb2 i?2 i?2Q`v 2Mi2`b i?2 bi`QM;Hv@+QmTH2/ `2;BK2-
Bib T`2/B+iBQMb K�v MQi #2 `2HB�#H2X h?2`27Q`2- �b � lo 2ti2MbBQM +�M/B/�i2- Bi Bb pBi�H
iQ 2t�KBM2 i?2 T`2?2�iBM; T`Q+2bb BM i?2 KBt2/ >B;;b@R2 BM~�iBQM KQ/2H iQ 2Mbm`2
i?2 �#b2M+2 Q7 i?2b2 Bbbm2bX

AM i?2 +2Mi`�H T�`i Q7 i?Bb i?2bBb- *?�Ti2` 9- i?2 `2?2�iBM; T`Q+2bb BM i?2 KBt2/
>B;;b@R2 BM~�iBQM KQ/2H Bb bim/B2/X h?2 2z2+iBp2 bBM;H2@}2H/ /2b+`BTiBQM Bb MQ HQM;2`
p�HB/ /m`BM; `2?2�iBM;- r?B+? K�F2b i?2 bBim�iBQM Km+? KQ`2 +QKTHB+�i2/ #mi `2bmHib
BM `B+? T?2MQK2M� i?�i �`2 MQi 2tT2+i2/ BM Bib irQ bBM;H2@}2H/ HBKBibX h?�MFb iQ i?2
KmHiB@}2H/ M�im`2 Q7 i?2 `2?2�iBM; /vM�KB+b- 2p2M i?Qm;? i?2 MQM@KBMBK�H +QmTHBM;
+�M #2 H�`;2- i?2 H�`;2 bTBF2b i?�i +�mb2 T`Q#H2Kb BM i?2 >B;;b BM~�iBQM �`2 biBHH T`2b2Mi
�i i?2 }`bi bi�;2 Q7 T`2?2�iBM; #mi bB;MB}+�MiHv `2/m+2/ #v i?2 T`2b2M+2 Q7 b+�H�`QMX
aBM+2 i?2 >B;;b@HBKBi HB2b rBi?BM i?2 bi`QM;Hv@+QmTHBM; `2;BK2 BM i?2 T�`�K2i2` bT�+2-
Bi Bb mM/2`bi�M/�#H2 i?�i i?2 bi`QM; +QmTHBM; Bbbm2 �TT2�`b BM i?2 >B;;b BM~�iBQM #mi
/Bb�TT2�`b BM i?2 lo@2ti2M/2/ KQ/2H �b HQM; �b i?2 KQ/2H T�`�K2i2` Bb QmibB/2 i?2
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bi`QM;Hv@+QmTH2/ `2;BK2X �b � `2bmHi- i?2 bTBF2 BM i?2 2z2+iBp2 K�bb Q7 HQM;Bim/BM�H
KQ/2 Q7 ;�m;2 #QbQMb Bb T?vbB+�H #mi +�MMQi 2t+22/ i?2 2p2M ?B;?2` +miQz BM i?Bb
i?2Q`v- r?B+? +QM}`Kb i?�i i?2 KBt2/ >B;;b@R2 BM~�iBQM KQ/2H Bb BM/22/ bmBi�#H2 �b
i?2 lo@2ti2MbBQM Q7 i?2 >B;;b BM~�iBQMX 6Q` i?2 b�K2 `2�bQM- i?2 T�`iB+H2 T`Q/m+iBQM
#v i?2 bTBF2b Bb 7�` H2bb 2{+B2Mi i?�M i?�i BM i?2 bBM;H2@}2H/ +�b2- ;BpBM; p2`v HBKBi2/
BKT�+i QM i?2 T`2?2�iBM; T`Q+2bb BM i?2 irQ@}2H/ KQ/2HX h?2`27Q`2- Qi?2` K2+?�MBbKb
BM i?2 bm#b2[m2Mi 2pQHmiBQM b?QmH/ #2 BMpQHp2/ iQ /2TH2i2 i?2 BM~�iQM 2M2`;v iQ
`2?2�i i?2 lMBp2`b2X AM 7�+i- i?2 T`2?2�iBM; T`Q+2bb +�M #2 /QKBM�i2/ #v i�+?vQMB+
BMbi�#BHBiv B7 i?2 KQ/2H T�`�K2i2`b �`2 +`BiB+�H QM2b i?�i +�M `2�HBx2 � bB;MB}+�Mi
i�+?vQMB+ 2z2+i `B;?i �7i2` i?2 bTBF2 T`2?2�iBM;X h?2 i�+?vQMB+ 2z2+ib BM i?2 >B;;b
}2H/ �M/ i?2 HQM;Bim/BM�H KQ/2 Q7 ;�m;2 #QbQMb +�M +QKTH2i2 T`2?2�iBM; rBi?BM QM2
2@7QH/ Q7 2tT�MbBQM 7Q` KQbi Q7 i?2 +`BiB+�H T�`�K2i2`b- 2t+2Ti 7Q` i?Qb2 +HQb2 iQ i?2
R2@HBKBi #2+�mb2 M�im`�HHv MQ i�+?vQMB+ BMbi�#BHBiv Bb 2tT2+i2/ BM i?Bb HBKBiX h?2
`2bmHiBM; 2@7QH/ MmK#2` Q7 BM~�iBQM Bb i?2M 58 <∼ NBM7 <∼ 59 r?B+? +Q``2bTQM/b iQ �
b+�H�` bT2+i`�H BM/2t ns # 0.9658X P#b2`pBM; i?Bb p�Hm2 Q7 ns ;Bp2b bi`QM; +QMbi`�BMi
QM i?2 KQ/2H T�`�K2i2` �M/ #`2�Fb i?2 /2;2M2`�+v rBi? i?2 ai�`Q#BMbFv KQ/2H-
BM/B+�iBM; i?2 T�`�K2i2`b b?QmH/ #2 QM2 Q7 i?Qb2 b?QrM BM 6B;X 9X3X P7 +Qm`b2- }M2@
imMBM; Bb M22/2/ 7Q` i?2 `2�HBx�iBQM Q7 bm+? bi`QM; i�+?vQMB+ T`2?2�iBM;X h?2 M2+2bb�`v
/2;`22 Q7 }M2@imMBM; 7Q` i?2 R2@`2;BK2 U∆θ277,N/∆θN <∼ 10−3V Bb Km+? KQ`2 b2p2`2
i?�M i?2 >B;;b@HBF2 `2;BK2 U10−3 <∼ ∆θ277,N/∆θN <∼ 10−1V #2+�mb2 i?2 �KTHBim/2 Q7
i�+?vQMB+ K�bb Bb ;2M2`�HHv bK�HH2` BM i?2 7Q`K2`X *QMb2[m2MiHv- KQ`2 }M2@imMBM; Bb
M22/2/ iQ bi�v BM i?2 i�+?vQMB+ `2;BK2 7Q` � HQM;2` iBK2 iQ ?�p2 bm{+B2Mi T�`iB+H2
T`Q/m+iBQM BM i?2 R2@HBF2 `2;BK2X aBM+2 }M2@imMBM; Bb M22/2/- Bi b22Kb KQ`2 HBF2Hv
i?�i i?2 i�+?vQMB+ T`2?2�iBM; �i i?2 }`bi b+�H�`QM Qb+BHH�iBQM �7i2` i?2 2M/ Q7 BM~�iBQM
Bb MQi bi`QM; 2MQm;? iQ +QKTH2i2 T`2?2�iBM;X AM i?Bb +�b2- i?2 T`Q/m+2/ `�/B�iBQM #v
i�+?vQMB+ BMbi�#BHBiv Bb T`Q#�#Hv `2/b?B7i2/ �r�v- bQ i?2 `2K�BMBM; +Q?2`2Mi Qb+BHH�iBQM
Q7 BM~�iQM }2H/b /QKBM�i2b i?2 lMBp2`b2 �;�BMX hQ /2TH2i2 i?2 `2bi Q7 i?2 BM~�iQM
2M2`;v- T2`im`#�iBp2 /2+�v b2`p2b �b i?2 T`BK�`v +?�MM2H �i i?2 H�i2 iBK2- /2i2`KBMBM;
i?2 `2?2�iBM; i2KT2`�im`2 �M/ /m`�iBQMX h?2 /2+�v `�i2 Q7 >B;;b Bb ivTB+�HHv H�`;2`
i?�M i?�i Q7 b+�H�`QM- bQ i?2 `2?2�iBM; i2KT2`�im`2 BM i?2 KBt2/ >B;;b@R2 BM~�iBQM
KQ/2H Bb ;2M2`B+�HHv H�`;2` i?�M i?�i BM i?2 ai�`Q#BMbFv KQ/2HX 6Q` KQbi T�`�K2i2`b
#2ir22M i?2 irQ HBKBib- i?2 `2?2�iBM; i2KT2`�im`2 Bb ∼ O(1014):2o �M/ i?2 2@7QH/
MmK#2` Q7 `2?2�iBM; Bb ivTB+�HHv∆Nr # 3−5- r?B+? +�M #2 i`�MbH�i2/ iQ ns # 0.9643−
0.9630 �M/ rQmH/ #2 +QMbi`�BM2/ #v 7mim`2 *J" Q#b2`p�iBQM B7 i?2 T`2+BbBQM `2�+?2b
∆ns # 0.001- �Hi?Qm;? i?2`2 Bb � T�`iB�H /2;2M2`�+v #2ir22M i?2 +�b2b rBi? �M/
rBi?Qmi UBMbm{+B2MiV i�+?vQMB+ T`2?2�iBM;X q?B+? `2;BK2 i?2 T�`�K2i2` Bb HQ+�i2/
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BM +�M #2 /2i2`KBM2/ #v bm+? Q#b2`p�iBQMX AM 2Bi?2` +�b2- B7 i?2 K2�bm`2K2Mi Q7 ns +�M
#2 T`2+Bb2 iQ ∆ns ∼ O(10−4) H2p2H- i?2 +Q``2bTQM/BM; `2?2�iBM; i2KT2`�im`2 +�M #2
}M�HHv TBMM2/ /QrM bQ i?�i i?2 KBtBM; `�iBQ #2ir22M R2 �M/ >B;;b +�M #2 }t2/ 2p2M
KQ`2 T`2+Bb2HvX q?2M ;2iiBM; +HQb2 iQ i?2 R2@HBKBi Q` >B;;b@HBKBi- i?2 bi�M/�`/ `2bmHib
�`2 bKQQi?Hv `2+Qp2`2/X 6Q` H�`;2` MQM@KBMBK�H +QmTHBM;- i?2 `2?2�iBM; i2KT2`�im`2
#2+QK2b ?B;?2` #2+�mb2 i?2 b+�H�`QM /2+�v BMiQ >B;;b ;2ib bB;MB}+�MiX h?2 2M2`;v
/Bbi`B#miBQM #2ir22M i?2 >B;;b �M/ i?2 b+�H�`QM 7m`i?2` ;2M2`�i2b bQK2 }M2 bi`m+im`2b
QM i?2 T�`�K2i2`@/2T2M/2M+2 Q7 i?2 `2?2�iBM; i2KT2`�im`2 �M/ /m`�iBQM- r?B+? K�v
BM+`2�b2 i?2 /B{+mHiv #`2�FBM; i?2 /2;2M2`�+v �KQM; KQ/2H T�`�K2i2`b rBi?BM �
bK�HH M2B;?#Q`?QQ/X "2bB/2b- i?2 T2`im`#�iBp2 /2+�v Q7 T`Q/m+2/ T�`iB+H2b +�M �HbQ
bHQr /QrM i?2 `2b+�ii2`BM; T`Q+2bb #2ir22M ?QKQ;2M2Qmb �M/ BM?QKQ;2M2Qmb }2H/bX

h?2 `2bmHib bmKK�`Bx2/ BM i?Bb i?2bBb T`QpB/2 �M �M�HviB+�H �M/ +QKT`2?2MbBp2
mM/2`bi�M/BM; Q7 i?2 `2?2�iBM; T`Q+2bb BM i?2 bi`QM;Hv@KQiBp�i2/ KBt2/ >B;;b@R2

BM~�iBQM KQ/2H i?�i +�M b2`p2 �b i?2 lo@2ti2MbBQM Q7 i?2 >B;;b BM~�iBQM �M/ ;Bp2 Q#@
b2`p�iBQM�HHv 7�pQ`2/ BM~�iBQM T`2/B+iBQMbX h?2 `2?2�iBM; T`Q+2bb T`QpB/2b i?2 BMBiB�H
+QM/BiBQMb 7Q` i?2 bm#b2[m2Mi 2pQHmiBQM Q7 i?2 lMBp2`b2X .2T2M/BM; QM i?2 +?QB+2 Q7
KQ/2H T�`�K2i2`b- i?2 `2?2�iBM; T`Q+2bb +�M #2 p2`v /Bz2`2Mi 7`QK Bib irQ bBM;H2@}2H/
HBKBib- H2�/BM; iQ /Bz2`2Mi `2?2�iBM; i2KT2`�im`2b �M/ /m`�iBQM- r?B+? +�M #2 mb2/
iQ #`2�F i?2 /2;2M2`�+v �KQM; /Bz2`2Mi T�`�K2i2`b �M/ BKT`Qp2 i?2 Q#b2`p�iBQM�H
+QMbi`�BMi QM KQ/2H T�`�K2i2`bX aBM+2 i?Bb KQ/2H Bb rBi?BM :_ �M/ aJ- `mHBM; Qmi
Q` p2`B7vBM; i?Bb KQ/2H Bb +`m+B�H 7Q` /2i2`KBMBM; r?2i?2` i?2 +QMbi`m+iBQM Q7 BM~�iBQM
KQ/2H `2[mB`2b M2r T?vbB+b #2vQM/ :_ �M/ aJ Q` MQiX Ai +�M #2 2tT2+i2/ i?�i KQ`2
T`2+Bb2 *J" Q#b2`p�iBQM BM i?2 7mim`2 +�M M�``Qr /QrM i?2 7�pQ`2/ `�M;2 Q7 ns iQ
+QMbi`�BM i?2 pB�#H2 T�`�K2i2` bT�+2 BM i?2 KBt2/ >B;;b@R2 BM~�iBQM KQ/2HX JQ`2@
Qp2`- bBM+2 i?2 i2MbQ`@iQ@b+�H�` `�iBQ �HbQ /2T2M/b QM NBM7- 7mim`2 2tT2`BK2Mib- bm+? �b
GBi2 UGB;?iV b�i2HHBi2 7Q` i?2 bim/B2b Q7 "@KQ/2 TQH�`Bx�iBQM �M/ AM~�iBQM 7`QK +QbKB+
#�+F;`QmM/ _�/B�iBQM .2i2+iBQM UGBi2"A_.V- *J"@a9- �M/ *QbKB+ P`B;BMb 1tTHQ`2`
U*P_1V- K�v #2 �#H2 iQ 7m`i?2` +QMbi`�BM i?2 KQ/2HX AM T`BM+BTH2- i?2 �Hi2`M�iBM;
`�/B�iBQM@ �M/ K�ii2`@/QKBM�M+2 b?QrM BM a2+X 9Xj Bb �HbQ ?2HT7mH iQ /BbiBM;mBb? i?2
KBt2/ >B;;b@R2 BM~�iBQM KQ/2H rBi? Qi?2` BM~�iBQM KQ/2Hb #2+�mb2 i?2 +?�M;2 Q7
2[m�iBQM Q7 bi�i2 T�`�K2i2` +�M #2 BKT`BMi2/ BM i?2 bT2+i`mK Q7 i?2 T`BKQ`/B�H ;`�p@
Bi�iBQM�H r�p2 #�+F;`QmM/ (Rk)- r?B+? KB;?i #2 /2i2+i2/ #v 7mim`2 2tT2`BK2Mi bm+?
�b .1*B@?2`ix AMi2`72`QK2i2` :`�pBi�iBQM�H r�p2 P#b2`p�iQ`v U.1*A:PVX

R8e



�TT2M/Bt �

*QM7Q`K�H h`�Mb7Q`K�iBQM

AM i?Bb �TT2M/Bt- i?2 `mH2b Q7 +QM7Q`K�H i`�Mb7Q`K�iBQM �`2 bmKK�`Bx2/ Ub22 2X;X
_27X (e9) VX h?2 +QMp2MiBQM (−,+,+,+) �M/ Rµ

νρσ = ∂ρΓµ
νσ−∂σΓµ

νρ+Γµ
ραΓ

α
νσ−Γµ

σαΓ
α
νρ

�`2 mb2/X
*QMbB/2` � +QM7Q`K�H i`�Mb7Q`K�iBQM 7Q` D@/BK2MbBQM�H bT�+2iBK2

gµν(x) → g̃µν(x) = Ω(x)2gµν(x) , U�XRV

r?2`2 Ω(x) Bb � +QMiBMmQmb- MQM@p�MBb?BM;- }MBi2- �M/ `2�H 7mM+iBQMX lM/2` bm+? �
i`�Mb7Q`K�iBQM- i?2 *?`BbiQz2H bvK#QH- _B++B i2MbQ`- �M/ _B++B b+�H�` �`2 i`�Mb7Q`K2/
�b 7QHHQrbX

Γρ
µν →Γ̃ρ

µν = Γρ
µν + Ω−1

(
δρµ∇νΩ+ δρν∇µΩ− gµνg

ρσ∇σΩ
)
, U�XkV

Rµν →R̃µν = Rµν −
Ω2−D

D − 2
gµν!(ΩD−2) + (D − 2)Ω∇µ∇ν(Ω

−1) , U�XjV

R →R̃ =
R

Ω2
− (D − 1)(D − 4)

Ω4
∇µΩ∇µΩ− 2(D − 1)

Ω3
!Ω , U�X9V

!φ→!̃φ = Ω−2!φ+
D − 2

2
gµνΩ−4∇µ

(
Ω2
)
∇νφ , U�X8V

r?2`2 ! ≡ gµν∇µ∇ν X *QMbB/2` � b+�H�` }2H/- i?2 +QK#BM�iBQM
[
!− D − 2

4(D − 1)
R

]
φ , U�XeV

i`�Mb7Q`Kb BM � bBKTH2 r�v mM/2` i?2 +QM7Q`K�H i`�Mb7Q`K�iBQM U�XRV
[
!− D − 2

4(D − 1)
R

]
φ→

[
!̃− D − 2

4(D − 1)
R̃

]
φ̃ = Ω−n+2

2

[
!− D − 2

4(D − 1)
R

]
φ , U�XdV

R8d



B7 i?2 b+�H�` }2H/ i`�Mb7Q`Kb �b

φ→ φ̃ = Ω
2−D
2 φ . U�X3V

h?2`27Q`2- ;Bp2M � G�;`�M;B�M 7Q` � b+�H�` }2H/ �b

L =
1

2

√
−g
[
−∂µφ∂µφ− (m2 − ξR)φ2

]
, U�XNV

B7 m = 0 �M/ ξ = −[(D − 2)/(D − 1)]/4- i?2 2[m�iBQM Q7 KQiBQM 7Q` φ
[
!− D − 2

4(D − 1)
R

]
φ = 0 , U�XRyV

Bb BMp�`B�Mi mM/2` i?2 i`�Mb7Q`K�iBQM U�XRV �M/ U�X3V #2+�mb2 i?2 7QHHQrBM; Bb �HbQ
b�iBb}2/

[
!̃− D − 2

4(D − 1)
R̃

]
φ̃ = 0 . U�XRRV

lbm�HHv- ξ = −[(D − 2)/(D − 1)]/4 Bb +�HH2/ +QM7Q`K�H +QmTHBM; rBi? r?B+? i?2
b+�H�` }2H/ Bb �+im�HHv ǳKBMBK�HHvǴ �z2+i2/ #v ;`�pBivX hQ #2 KQ`2 bT2+B}+- +QMbB/2`
� bBKTH2 2t�KTH2 rBi? 1[X U�XNV 7Q` � ?QKQ;2M2Qmb φ �M/ � 7Qm`@/BK2MbBQM�H ~�i
6G_q #�+F;`QmM/ UK = 0 BM 1[X UkXRVVX AM i?Bb +�b2- i?2 2[m�iBQM Q7 KQiBQM 7Q` φ
Bb ;Bp2M #v

φ̈+ 3Hφ̇+
(
m2 − ξR

)
φ = 0 . U�XRkV

"v mbBM; +QM7Q`K�H iBK2 dη = dt/a(t) �M/ `2/2}MBM; χ ≡ aφ- i?2 2[m�iBQM Q7 KQiBQM
�#Qp2 #2+QK2b

χ′′ +m2a2χ−
(
1

6
+ ξ

)
a2Rχ = 0 . U�XRjV

q?2M ξ = −1/6 r?B+? Bb i?2 +QM7Q`K�H +QmTHBM; BM 7Qm`@/BK2MbBQM- ;`�pBiv QMHv
`2b+�H2b i?2 K�bb Q7 φ r?BH2 i?2 /B`2+iBQM +QmTHBM; #2ir22M R �M/ φ p�MBb?2bX

R83



�TT2M/Bt "

:�m;2 h`�Mb7Q`K�iBQM

AM i?Bb �TT2M/Bt- i?2 `mH2b Q7 ;�m;2 i`�Mb7Q`K�iBQM 7Q` 7Qm`@b+�H�`- @p2+iQ`- @i2MbQ`
}2H/b �`2 bmKK�`Bx2/X qBi? i?2b2 i`�Mb7Q`K�iBQM `mH2b- ;�m;2@BMp�`B�Mi [m�MiBiB2b
+�M #2 2�bBHv +QMbi`m+i2/X

h?2 7Qm`@i2MbQ`- @p2+iQ`- �M/ @b+�H�` }2H/b +�M #2 /2+QKTQb2/ BMiQ #�+F;`QmM/
�M/ T2`im`#�iBQMb BM i?2 7QHHQrBM; r�v

gµν(t,t) = ḡµν(t) + δgµν(t,t) ,
vµ(t,t) = v̄µ(t) + δvµ(t,t) ,
φ(t,t) = φ̄(t) + δφ(t,t) , U"XRV

r?2`2 i?2 Qp2`@HBM2 (̄ ) /2MQi2b i?2 ?QKQ;2M2Qmb #�+F;`QmM/ �M/ i?2 bT�iB�HHv /2@
T2M/2Mi T�`ib +Q``2bTQM/ iQ T2`im`#�iBQMb r?B+? �`2 bK�HH +QKT�`2/ rBi? i?2 #�+F@
;`QmM/ [m�MiBiB2b |δgµν | ( |ḡµν |- |δvµ| ( |v̄µ|-�M/ |δφ| (

∣∣φ̄
∣∣X lM/2` �M BM}MBi2bBK�H

+QQ`/BM�i2 i`�Mb7Q`K�iBQM

xµ → x̃µ = xµ + ξµ , ξµ = (ξ0, ξoi + δijξa
,j) , U"XkV

r?2`2 |ξ| ( |x| Bb �bbmK2/- �M/ ξoi
,i = 0 rBi? i?2 MQi�iBQM 7Q` bT�iB�H T�`iB�H /2`Bp�@

iBp2b ( ),i ≡ ∂i( )- i?2 i2MbQ`@- p2+iQ`@- �M/ b+�H�`@ivT2 T2`im`#�iBQMb �`2 i`�Mb7Q`K2/
�b 7QHHQrb

δg̃µν =δgµν − ḡµσξ
σ
,ν − ḡρνξ

ρ
,µ − ξρḡµν,ρ ,

δṽµ =δvµ − v̄νξ
ν
,µ − ξν v̄µ,ν ,

δφ̃ =δφ− ξµφ̄,µ . U"XjV

hQ #2 KQ`2 bT2+B}+- i?2 K2i`B+ T2`im`#�iBQMb QM � ~�i 6G_q K2i`B+ �`2 ;2M2`�HHv
;Bp2M #v

ds2 = −(1 + 2Φ)dt2 + 2a(t)Bidx
idt+ a2(t) [(1− 2Ψ)δij + Eij] dx

idxj , U"X9V

R8N



r?2`2 Φ Bb L2riQMB�M TQi2MiB�H- Ψ Bb i?2 +m`p�im`2 T2`im`#�iBQM- Bi = Ba
,i+Bo

i Bb i?2
b?B7i- �M/ Eij = 2Ea

,ij +2Eo
(i,j) + hhh

ij Bb i?2 bT�iB�H b?2�`X h?2b2 T2`im`#�iBQMb b?QmH/
b�iBb7v i?2 7QHHQrBM; +QM/BiBQMb δijBo

i,j = δijEo
i,j = δijEa

,ij = δijhhh
ij = δjkhhh

ij,k = 0X
>2`2- i?2 +QKT�+i MQi�iBQM Eo

(i,j) =
(
Eo

i,j + Eo
j,i

)
/2 Bb mb2/X PM i?2 Qi?2` ?�M/- i?2

T2`im`#�iBQMb BM K�ii2` b2+iQ` �`2 ;Bp2M �b

ρ(t,t) = ρ̄(t) + δρ(t,t) , p(t,t) = p̄+ δp(t,t) ,
uµ = (−1− Φ, avi) , uµ

(
1− Φ, δij (vj − Bj) /a

)
, U"X8V

r?2`2 vi = va
,i + vo

i rBi? vo
i,i = 0X 6`QK 1[bX U"XjV- Bi Bb bi`�B;?i7Q`r�`/ iQ /2`Bp2 i?2

7QHHQrBM; `2H�iBQMb #2ir22M irQ /Bz2`2Mi ;�m;2b

Φ̃ = Φ− ξ̇0 , Ψ̃ = Ψ+Hξ0 ,

Ẽa = Ea − ξa , B̃a = Ba +
1

a
ξ0 − aξ̇a ,

δρ̃ = δρ− ρ̇ξ0 , δp̃ = δp− ṗξ0 ,

ṽa = va +
1

a
ξ0 , δφ̃ = δφ− ˙̄φξ0 ,

B̃o
i = Bo

i + aδij ξ̇
oj , Ẽo

i = Eo
i − δijξ

oj , U"XeV

r?BH2 vo
i �M/ hhh

ij �`2 ;�m;2@BMp�`B�Mi �miQK�iB+�HHvX 6`QK i?2b2 i`�Mb7Q`K�iBQM `mH2b-
Bi Bb 2�bv iQ +QMbi`m+i p�`BQmb ;�m;2@BMp�`B�Mi [m�MiBiB2b- #mi MQi �HH Q7 i?2K �`2
T?vbB+�HHv K2�MBM;7mH Q` mb27mHX AM Qi?2` rQ`/b- �HH T?vbB+�H [m�MiBiB2b �`2 ;�m;2@
BMp�`B�Mi #mi ;�m;2@BMp�`B�Mi [m�MiBiB2b �`2 MQi M2+2bb�`BHv T?vbB+�HX

Rey



�TT2M/Bt *

1[m�iBQMb Q7 JQiBQM BM 1BMbi2BM
6`�K2

AM i?Bb �TT2M/Bt- i?2 2tTHB+Bi 2tT`2bbBQMb Q7 i?2 16 2[m�iBQMb Q7 KQiBQM 7Q` b+�H�`QM
�M/ >B;;b BM i?2 KBt2/ >B;;b@R2 BM~�iBQM KQ/2H �`2 bmKK�`Bx2/X

6B`biHv- � HBbi Q7 }`bi �M/ b2+QM/ /2`Bp�iBp2b Q7 i?2 TQi2MiB�H UkXRk9V Bb ;Bp2M #2+�mb2
i?2v �`2 mb27mH 7Q` i?2 �M�HvbBb �M/ +�H+mH�iBQMX

U,ϕ

α
=−λ

2

M2

M̃2
e−2αϕh4+

3ξ

2
M2

(
1−2e−αϕ

)
e−αϕh2+

3

2
M2

THM
2
(
1− e−αϕ

)
e−αϕ , U*XRV

U,h = λ
M2

M̃2
e−2αϕh3 − 3ξM2

(
1− e−αϕ

)
e−αϕh , U*XkV

U,ϕϕ

α2
= λ

M2

M̃2
e−2αϕh4− 3ξ

2
M2

(
1− 4e−αϕ

)
e−αϕh2− 3

2
M2

THM
2
(
1− 2e−αϕ

)
e−αϕ , U*XjV

U,hh = 3λ
M2

M̃2
e−2αϕh2 − 3ξM2

(
1− e−αϕ

)
e−αϕ , U*X9V

U,ϕh

α
=− 2λ

M2

M̃2
e−2αϕh3 + 3ξM2

(
1− 2e−αϕ

)
e−αϕh . U*X8V

L2ti- �bbmKBM; i?2 #�+F;`QmM/ bT�+2iBK2 iQ #2 i?2 ~�i UK = 0V 6`B2/K�MM
K2i`B+ UkXRV- i?2 6`B2/K�MM 2[m�iBQM �M/ #�+F;`QmM/ 2[m�iBQMb Q7 KQiBQM 7Q` ϕ �M/
h �`2 ;Bp2M �b 7QHHQrb

3M2
THH

2 =
1

2
ϕ̇2 +

1

2
e−αϕḣ2 + U , U*XeV

ϕ̈+ 3Hϕ̇+ U,ϕ +
α

2
e−αϕḣ2 = 0 , U*XdV

ḧ+ 3Hḣ+ eαϕU,h − αϕ̇ḣ = 0 , U*X3V

r?2`2 i?2 FBM2iB+ +QmTHBM; Bb 2�bBHv b22M /m2 iQ i?2 MQM@+�MQMB+�H FBM2iB+ i2`K Q7

ReR



>B;;b BM i?2 �+iBQM UkXRk9VX �MQi?2` mb27mH 7Q`K Q7 i?2 6`B2/K�MM 2[m�iBQM Bb

−2M2
THḢ = ϕ̇2 + e−αϕḣ2 . U*XNV

�b +�M #2 b22M- i?2 FBM2iB+ i2`K Q7 i?2 >B;;b Bb bmTT`2bb2/ #v i?2 7�+iQ` e−αϕ i?�i Bb
bB;MB}+�Mi /m`BM; BM~�iBQM αϕ! 1X

�b 7Q` T2`im`#�iBQMb Q7 b+�H�`QM �M/ >B;;b- Bi Bb mbm�HHv +QMp2MB2Mi iQ }t � ;�m;2
#27Q`2 /2`Bp�iBQMX h`�Mb7Q`KBM; iQ Qi?2` ;�m;2b +�M #2 /QM2 i?`Qm;? i?2 ;�m;2 i`�Mb@
7Q`K�iBQM b?QrM BM �TT2M/Bt "X PM2 bBKTH2 ;�m;2 +?QB+2 rQmH/ #2 i?2 bT�iB�HHv ~�i
;�m;2 r?2`2 i?2 ;�m;2 BMp�`B�Mi a�b�FB@JmF?�MQp p�`B�#H2 Bb bBKTHv i?2 ~m+im�iBQM
Q7 b+�H�` }2H/X :Bp2M i?2 6Qm`B2` KQ/2b Q7 δϕ �M/ δh �b

δϕ(t,t) =
∫

d3k

(2π)3
eiF·t

[
δϕk(t)aF + δϕ∗

k(t)a
†
−F

]
, U*XRyV

δh(t,t) =
∫

d3k

(2π)3
eiF·t

[
δhk(t)aF + δh∗

k(t)a
†
−F

]
, U*XRRV

i?2B` 2[m�iBQMb Q7 KQiBQM +�M #2 /2`Bp2/ 7`QK 1[X UkXN3V

δ̈ϕk + 3H ˙δϕk +

(
k2p + U,ϕϕ − α2

2
e−αϕḣ2

)
δϕk = −αe−αϕḣ ˙δhk − U,ϕhδhk, U*XRkV

δ̈hk + (3H − αϕ̇) ˙δhk +
(
k2p + eαϕU,hh

)
δhk = αḣ ˙δϕk − eαϕ (αU,h + U,ϕh) δϕk, U*XRjV

r?2`2 kp ≡ k/a(t) Bb i?2 T?vbB+�H r�p2H2M;i?X

Rek



�TT2M/Bt .

J�i?B2m 1[m�iBQM

AM i?Bb �TT2M/Bt- i?2 #�bB+b Q7 i?2 J�i?B2m 2[m�iBQM �`2 bmKK�`Bx2/- K�BMHv #�b2/
QM _27bX (Rde- RNy)- BM+Hm/BM; i?2 T2`im`#�iBp2 i`2�iK2Mi �M/ i?2 6HQ[m2i bQHmiBQMX

J�i?B2m 2[m�iBQM Bb � HBM2�` b2+QM/@Q`/2` Q`/BM�`v /Bz2`2MiB�H 2[m�iBQM /2b+`B#BM;
� T2`BQ/B+�HHv /`Bp2M Qb+BHH�iQ` r?B+? Bb mbm�HHv r`Bii2M BM i?2 7QHHQrBM; 7Q`K

y,zz(z) + [A− 2q +Qb (2z)] y(z) = 0 , U.XRV

r?2`2 A �M/ q �`2 +QMbi�Mi T�`�K2i2`b Q7 i?2 bvbi2K- �M/ i?2 +QKK� BM bm#b+`BTi
/2MQi2b T�`iB�H /2`Bp�iBp2bX q?2M A > 0 �M/ q = 0- i?2 ?�`KQMB+ Qb+BHH�iQ` Bb
`2+Qp2`2/X AM i?Bb �TT2M/Bt- A +�M #2 2Bi?2` TQbBiBp2 Q` M2;�iBp2- r?BH2 QMHv q > 0 Bb
+QMbB/2`2/ #2+�mb2 � M2;�iBp2 bB;M +�M #2 `2�HBx2/ bBKTHv #v � T?�b2 b?B7i BM i?2 +QbBM2
7mM+iBQMX "2bB/2b `2?2�iBM;- i?Bb 2[m�iBQM +�M #2 2M+QmMi2`2/ BM i?2 �M�HvbBb Q7- 7Q`
2t�KTH2- � T2M/mHmK rBi? � T2`BQ/B+�HHv KQpBM; bmTTQ`i BM i?2 p2`iB+�H /B`2+iBQM-
�M/ i?2 >2HK?QHix 2[m�iBQM BM 2HHBTiB+ +vHBM/`B+�H +QQ`/BM�i2bX J�i?B2m 7mM+iBQM Bb
i?2 bQHmiBQM Q7 1[X U.XRV r?BH2 bQK2iBK2b Bi `272`b iQ i?2 bQHmiBQM rBi? T2`BQ/ π Q`
2π bT2+B}+�HHvX

AM i?2 7QHHQrBM;- T2`im`#�iBp2 i`2�iK2Mi Bb mb2/ iQ /Bb+mbb i?2 +�b2 r?2`2 i?2
2t+Bi�iBQM Bb bK�HH q ( 1 �b � }`bi bi2T- �M/ i?2M i?2 6HQ[m2i i?2Q`v Bb �TTHB2/ iQ �
KQ`2 ;2M2`�H +�b2 iQ }M/ Qmi i?2 bi�#BHBiv +?�`i Q7 i?2 J�i?B2m 2[m�iBQMX

.XR S2`im`#�iBp2 h`2�iK2Mi
AM i?2 +�b2 q ( 1 <∼ A BM 1[X U.XRV- i?2 K2i?Q/ Q7 KmHiBTH2 b+�H2b +�M #2 mb2/ iQ bQHp2
i?2 2[m�iBQM T2`im`#�iBp2HvX .2}MBM; ε ≡ 2q 7Q` +QMp2MB2M+2- i?2 bK�HH T�`�K2i2` ε
BM/B+�i2b i?2 2tBbi2M+2 Q7 � HQM; ivTB+�H b+�H2 ∼ ε−1X h?2`27Q`2- � TQbbB#H2 bQHmiBQM
+�M #2 r`Bii2M BM i?2 7QHHQrBM; 7Q`K

y(z) = ỹ(z, z̃) , U.XkV

Rej



r?B+? Bb � 7mM+iBQM Q7 i?2 Q`B;BM�H �`;mK2Mi z �M/ i?2 ǳbHQrǴ p�`B�#H2 z̃ ≡ εzX �b �
`2bmHi- i?2 iQi�H /2`Bp�iBp2 rBi? `2bT2+i iQ z #2+QK2b

d/dz = 1 · ∂/∂z + ε · ∂/∂z̃ . U.XjV

lbBM; i?2 SQBM+�`û@GBM/bi2/i K2i?Q/ iQ 2tT�M/ i?2 bQHmiBQM ỹ(z, z̃) �M/ i?2 T�`�K@
2i2` A BM i2`Kb Q7 ε �b 7QHHQrb

ỹ(z, z̃) = ỹ0(z, z̃) + εỹ1(z, z̃) + ε2ỹ2(z, z̃) +O(ε3) ,

A = A0 + εA1 + ε2A2 +O(ε3) , U.X9V

�M/ +QK#BMBM; 1[X U.XjV- Bi Bb 2�bv iQ r`Bi2 /QrM i?2 T2`im`#�iBp2 J�i?B2m 2[m�iBQM
Q`/2` #v Q`/2` BM i2`Kb Q7 εX

h?2 x2`Qi? Q`/2` Bb bBKTHv � ?�`KQMB+ Qb+BHH�iQ` 2[m�iBQM rBi? M�im`�H 7`2[m2M+v
;Bp2M #v A1/2

0

ỹ0,zz + A0ỹ0 = 0 , U.X8V

r?Qb2 bQHmiBQM Bb r2HH@FMQrM

ỹ0(z, z̃) = B1(z̃)e
iA

1/2
0 z +B2(z̃)e

−iA
1/2
0 z , U.XeV

r?2`2 B1(z̃) �M/ B2(z̃) �`2 �`#Bi`�`v +QKTH2t 7mM+iBQMb Q7 z̃X
h?2 }`bi@Q`/2` 2[m�iBQM Bb MQM@i`BpB�H �M/ r`Bii2M �b

ỹ1,zz + A0ỹ1 = ỹ0 +Qb(2z)− 2ỹ0,zz̃ − A1ỹ0 , U.XdV

r?2`2 i?2 H27i ?�M/ bB/2 Bb bBKTH2- r?BH2 i?2 `B;?i ?�M/ bB/2 +QMbBbib Q7 b2p2`�H KQ/2b
rBi? /Bz2`2Mi 7`2[m2M+B2b �KQM; r?B+? i?2 i2`K rBi? +Qb(2z) Bb 2bT2+B�HHv BKTQ`i�Mi
7Q` i?2 �M�HvbBb ?2`2X aT2+B}+�HHv- #v BMb2`iBM; i?2 x2`Qi?@Q`/2` bQHmiBQM U.XeV- i?2
`B;?i ?�M/ bB/2 Bb ;Bp2M #v

ỹ0 +Qb(2z)− 2ỹ0,zz̃ − A1ỹ0 =
B1

2

[
e
i
(
A

1/2
0 +2

)
z
+ e

i
(
A

1/2
0 −2

)
z
]

+
B2

2

[
e
−i

(
A

1/2
0 +2

)
z
+ e

−i
(
A

1/2
0 −2

)
z
]

−
(
A1B1 + 2iA1/2

0 B1,z̃

)
eiA

1/2
0 z

−
(
A1B2 − 2iA1/2

0 B2,z̃

)
e−iA

1/2
0 z . U.X3V

Re9



h?2 i?B`/ �M/ 7Qm`i? HBM2b BM 1[X U.X3V +QMi�BM 2tTHB+Bi b2+mH�` i2`Kb 7Q` ;2M2`�H A0

r?B+? +�M #2 `2KQp2/ #v +?QQbBM; B1(z̃) �M/ B2(z̃) T`QT2`Hv iQ �pQB/ mM#QmM/2/
bQHmiBQM �b

B1,z̃ − i
A1

2A1/2
0

B1 = 0 ,

B2,z̃ + i
A1

2A1/2
0

B2 = 0 . U.XNV

AM i?2b2 i2`Kb- i?2 T2`im`#�iBp2 bQm`+2 ?�b MQ 2z2+i iQ i?2 bQHmiBQMX �b 7Q` i?2 }`bi
�M/ b2+QM/ HBM2b BM 1[X U.X3V- r?2`2 +Qb(2z) TH�vb �M BKTQ`i�Mi `QH2- +QMi�BMb b2+mH�`
i2`Kb QMHv B7 QM2 Q7 i?2 7QHHQrBM; +QM/BiBQMb �`2 b�iBb}2/

A0 =
(
A1/2

0 + 2
)2

,

A0 =
(
A1/2

0 − 2
)2

. U.XRyV

_2�H bQHmiBQM 7Q` A0 QMHv 2tBbib BM i?2 HQr2` Q7 1[X U.XRyV r?B+? ;Bp2b A0 = 1X �b �
`2bmHi- �HH 7Qm` HBM2b b?QmH/ #2 i�F2M BMiQ �++QmMi bBKmHi�M2QmbHv iQ TB+F mT �HH i?2
b2+mH�` i2`Kb r?Qb2 +Q2{+B2Mib �`2 ;Bp2M #v

B1,z̃ + iB2/4− iA1B1/2 = 0 ,

B2,z̃ − iB1/4 + iA1B2/2 = 0 , U.XRRV

r?B+? b?QmH/ #2 b�iBb}2/ iQ `2KQp2 �HH i?2 b2+mH�` i2`Kb 7Q` i?2 }`bi@Q`/2` 2[m�@
iBQM U.XdVX h?Bb b2i Q7 2[m�iBQMb +�M #2 2�bBHv i`�Mb7Q`K2/ BMiQ irQ B/2MiB+�H /2+Qm@
TH2/ b2+QM/@Q`/2` Q`/BM�`v /Bz2`2MiB�H 2[m�iBQMb �b

B1,z̃z̃+
(
A2

1/4− 1/16
)
B1 = 0 ,

(B1 ↔ B2) . U.XRkV

>Qr2p2`- 2p2M bQ- B7 B1(z̃) �M/ B2(z̃) i?2Kb2Hp2b �`2 ;`QrBM; mM#QmM/2/Hv- i?2 `2@
K�BMBM; bQm`+2 i2`Kb T`QTQ`iBQM�H iQ i?2K biBHH BM/m+2 BMbi�#BHBivX P#pBQmbHv- i?2
bQHmiBQMb �`2 bi�#H2 r?2M A2

1 > 1/4 �M/ mM#QmM/2/ r?2M A2
1 < 1/4 rBi? A2

1 = 1/4

#2BM; i?2 i`�MbBiBQM HBM2X h?2`27Q`2- i?2 }`bi@Q`/2` 2[m�iBQM BM/m+2b �M BMbi�#BHBiv
#�M/ �`QmM/ A = 1X JQ`2 bT2+B}+�HHv- i?2 irQ i`�MbBiBQM HBM2b �`2

A = 1± ε/2 = 1± q , U.XRjV

#2ir22M r?B+? Bb QM2 Q7 i?2 BMbi�#BHBiv #�M/b 7Q` i?2 bQHmiBQMX h?Bb Bb b?QrM BM
6B;X .XRX qBi?BM i?Bb BMbi�#BHBiv #�M/- i?2 bQHmiBQM Q7 J�i?B2m 2[m�iBQM ;`Qrb 2tTQ@

Re8
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A

6B;m`2 .XR, h?2 }`bi BMbi�#BHBiv #�M/ Q7 J�i?B2m 2[m�iBQM U.XRV rBi? 0 < q ( 1 mT
iQ }`bi Q`/2`X h?2 b?�/2/ `2;BQM +Q``2bTQM/b iQ i?2 mMbi�#H2 `2;BK2 ;Bp2M #v A0 = 12

�M/ 1− q < A < 1 + q �++Q`/BM; iQ 1[X U.XRjVX

M2MiB�HHv ∝ 2tT
[
µ(1)z

]
r?2`2 i?2 bmT2`b+`BTi ǳ(1)Ǵ /2MQi2b i?2 }`bi BMbi�#BHBiv #�M/-

r?B+? +�M +�H+mH�i2/ 7`QK 1[bX U.XRkVX q?2M A2
1 < 1/4- i?2 bQHmiBQMb 7Q` B1(z̃) �M/

B2(z̃) �`2 /QKBM�i2/ #v i?2 i2`K

∝ 2tT




√

1

16A0
− A2

1

4A0
z̃



 = 2tT
(√

q2

4
− A2

1q
2 z

)
, U.XR9V

r?2`2 A0 = 1 ?�b #22M mb2/ 7Q` i?2 }`bi #�M/X h?Bb 2tTQM2Mi }M�HHv 2Mi2`b i?2
bQHmiBQM y(z) 7Q` 1[X U.XRVX aBM+2 A = 1 ± 2A1q # 1 BM i?Bb +�b2- �TT`QtBK�i2Hv Bi
;Bp2b ±A1q #

√
A− 1 bm+? i?�i

µ(1) #
[
q2/4−

(√
A− 1

)2]1/2
. U.XR8V

�b rBHH #2 b?QrM BM M2ti b2+iBQM- i?2`2 �`2 BM}MBi2 BMbi�#BHBiv #�M/b 7Q` J�i?B2m
2[m�iBQM rBi? A > 0 r?B+? �`2 +?�`�+i2`Bx2/ #v A = n2 rBi? n ∈ Z+X h?2 #�M/b
Qi?2` i?�M n = 1 2K2`;2 �i ?B;?2` Q`/2` BM i?2 T2`im`#�iBp2 i`2�iK2MiX 6Q` 2t�KTH2-
B7 i?2 �M�HvbBb �#Qp2 Bb +QMiBMm2/ iQ i?2 b2+QM/ Q`/2`- i?2 2[m�iBQM 7Q` ỹ2(z, z̃) Bb ;Bp2M
#v

ỹ2,zz + A0ỹ2 = ỹ1 +Qb(2z)− ỹ0,z̃z̃ − 2ỹ1,zz̃ − A2ỹ0 − A1ỹ1 . U.XReV

�b mbm�H- i?2 }`bi@Q`/2` 2[m�iBQM U.XdV Kmbi #2 bQHp2/ #27Q`2 /2�HBM; rBi? i?2 b2+QM/@
Q`/2`X lbBM; i?2 K2i?Q/ Q7 p�`B�iBQM Q7 +QMbi�Mib- i?2 bQHmiBQM ỹ1 +�M #2 r`Bii2M BM

Ree



i?2 7Q`K �b

ỹ1(z, z̃) = B3(z, z̃)e
iA

1/2
0 z +B4(z, z̃)e

−iA
1/2
0 z . U.XRdV

qBi?Qmi 2tTHB+BiHv bQHpBM; i?2 2[m�iBQMb 7Q` B3(z, z̃) �M/ B4(z, z̃)- Bi Bb 2�bv iQ b22
i?�i i?2v +QMi�BM i?2 7QHHQrBM; KQ/2b

B3(z, z̃) ⊃ e±2iz , e
−2i

(
A

1/2
0 ±1

)
z
,

B4(z, z̃) ⊃ e±2iz , e
+2i

(
A

1/2
0 ±1

)
z
, U.XR3V

bm+? i?�i i?2 i2`K rBi? /`BpBM; bQm`+2 ỹ1 +Qb(2z) BM 1[X U.XReV ;Bp2b i?2 KQbi MQM@
i`BpB�H KQ/2 e

±i
(
A

1/2
0 ±4

)
zX *QMb2[m2MiHv- i?Bb KQ/2 im`Mb Qmi iQ `2bQM�MiHv 2M?�M+2

i?2 bQHmiBQM B7 A0 = 4- BM/B+�iBM; � M2r BMbi�#BHBiv #�M/ +?�`�+i2`Bx2/ #v A = 22X
Pi?2` BMbi�#BHBiv #�M/b rBi? n > 2 +�M #2 7QmM/ BM � bBKBH�` r�vX �HbQ MQi2 i?�i i?2
rB/i? Q7 BMbi�#BHBiv #�M/b 7Q` q ( 1 /2+`2�b2b �b qn- bQ T`�+iB+�HHv i?2 }`bi #�M/ Bb
i?2 KQbi BKTQ`i�Mi QM2 �b Bi Bb i?2 rB/2biX u2i- i?2 T2`im`#�iBp2 i`2�iK2Mi T`2b2Mi2/
�#Qp2 QMHv +Qp2`b i?2 `2;BK2 0 < q ( 1X � KQ`2 bvbi2K�iB+ r�v iQ �M�Hvx2 J�i?B2m
2[m�iBQM Bb iQ mb2 6HQ[m2i i?2Q`v �b b?QrM BM M2ti b2+iBQMX

.Xk 6HQ[m2i aQHmiBQM �M/ ai�#BHBiv *?�`i
6Q` � ;2M2`�H 2[m�iBQM

y,zz(z) + [A− P (z)] y(z) = 0 , U.XRNV

r?2`2 P (z) Bb � T2`BQ/B+ 7mM+iBQM rBi? T2`BQ/ TP - i?2 bQHmiBQM i?�i

y(z + TP ) = σy(z) , U.XkyV

Bb +�HH2/ i?2 6HQ[m2i bQHmiBQMX *H2�`Hv- B7 |σ| > 1- i?2 bQHmiBQM y(z) Bb mM#QmM/2/ 7Q`
H�`;2 zX AM i?2 7QHHQrBM;- i?2 6HQ[m2i bQHmiBQM 7Q` J�i?B2m 2[m�iBQM U.XRV Bb �M�Hvx2/
�b QM2 bT2+B�H +�b2 Q7 1[X U.XRNV rBi? P (z) = 2q +Qb(2z) �M/ TP = πX

:Bp2M � 7mM/�K2Mi�H b2i Q7 bQHmiBQMb yf1(z) �M/ yf2(z) i?�i b�iBb7v i?2 7QHHQrBM;
BMBiB�H +QM/BiBQMb

{
yf1(0) = 1 , yf1,z(0) = 0 ,

yf2(0) = 0 , yf2,z(0) = 1 ,
U.XkRV

i?2 `2bmHiBM; q`QMbFB�M Bb +QMbi�Mi

W [yf1, yf2] (z) = yf1yf2,z − yf1,zyf2 = 1 , U.XkkV

Red



�M/ i?2 ;2M2`�H bQHmiBQM 7Q` 1[X U.XRNV +�M #2 +QMbi`m+i2/ �b

y(z) = D1yf1(z) +D2yf2(z) , U.XkjV

r?2`2 D1 �M/ D2 �`2 �`#Bi`�`v +QMbi�MibX lbBM; 1[X U.XkyV- Bi Bb 2�bv iQ }M/ i?�i
(
yf1(TP )− σ yf2(TP )
yf1,z(TP ) yf2,z(TP )− σ

)(
D1

D2

)
= 0 , U.Xk9V

r?B+? TQbb2bb2b MQM@i`BpB�H bQHmiBQM r?2M i?2 /2i2`KBM�Mi Q7 i?2 +Q2{+B2Mi K�i`Bt
p�MBb?2b- 2[mBp�H2MiHv-

σ2 − [yf1(TP ) + yf2,z(TP )] σ + 1 = 0 , U.Xk8V

r?2`2 i?2 q`QMbFB�M U.XkkV ?�b #22M mb2/X h?2 /Bb+`BKBM�Mi Q7 i?Bb [m�/`�iB+ 2[m�@
iBQM Bb bBKTHv

∆σ = [yf1(TP ) + yf2,z(TP )]
2 − 4 . U.XkeV

A7 ∆σ > 0- i?2`2 2tBib irQ /Bz2`2Mi `2�H `QQib σ± U�bbmKBM; σ+ > σ−V r?B+? b�iBb7v
σ+σ− = 1X h?2`27Q`2- i?2 6HQ[m2i bQHmiBQM U.XkyV Bb 2tTQM2MiB�HHv ;`QrBM; BM i?2
+�b2 σ+ > 1X A7 ∆σ < 0- QMHv BK�;BM�`v `QQib rBi? KQ/mHmb Q7 mMBiv 2tBbi bQ i?2
6HQ[m2i bQHmiBQM Bb bi�#H2X h?2 +QM/BiBQM ∆σ = 0 ;Bp2b i?2 i`�MbBiBQM +m`p2b #2ir22M
bi�#H2 �M/ mMbi�#H2 `2;BK2bX AM bm+? � +�b2- i?2 `QQib �`2 2Bi?2` σ+ = σ− = 1 Q`
σ+ = σ− = −1 i?�i +Q``2bTQM/ iQ bQHmiBQMb rBi? T2`BQ/ TP �M/ 2TP - `2bT2+iBp2HvX
LmK2`B+�H +�H+mH�iBQM Q7 |yf1(TP ) + yf2,z(TP )| rBi? i?2 BMBiB�H +QM/BiBQMb U.XkRV i?2M
;Bp2b i?2 bi�#BHBiv +?�`i Q7 J�i?B2m 2[m�iBQM i?�i Bb b?QrM BM 6B;X U.XkVX

P#pBQmbHv- i?2 J�i?B2m 2[m�iBQM +Qp2`b i?2 i�+?vQMB+ BMbi�#BHBiv `2;BK2- BX2X 7Q`
A − 2q +Qb(2z) < 0X �+im�HHv- BM KQbi +�b2 rBi? � M2;�iBp2 A- i?2 bvbi2K T`2b2Mib
bm+? FBM/ Q7 BMbi�#BHBivX �b BM i?2 bBKTH2bi 2t�KTH2- i?2 bQHmiBQM 7Q` 1[X U.XRNV rBi?
A < 0 �M/ P (z) = 0 Bb ;Bp2M #v

y(z) = D3e
|A|1/2z +D4e

−|A|1/2z , U.XkdV

r?2`2 D3 �M/ D4 �`2 �`#Bi`�`v +QMbi�MibX �TT�`2MiHv- i?2 �KTHBim/2 Q7 i?2 }`bi i2`K
;`Qrb 2tTQM2MiB�HHv �b z BM+`2�b2b B7 D3 2= 0X LQi2- ?Qr2p2`- i?�i i?2`2 2tBib bi�#H2
`2;BK2 2p2M 7Q` A < 0 BM 6B;X .Xk- 7Q` r?B+? � r2HH@FMQrM 2t�KTH2 Bb i?2 E�TBix�Ƕb
T2M/mHmK U� p2`iB+�HHv 7Q`+2/ BMp2`i2/ T2M/mHmKV8eX

8eh?Bb bi�#BHBiv r�b }`bi MQiB+2/ #v ai2T?2MbQM (RNR-RNk) �M/ H�i2` �M�Hvx2/ #v E�TBix� (RNj-RN9)X
a22 �HbQ _27X (RN8)X

Re3
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A

6B;m`2 .Xk, h?2 bi�#BHBiv +?�`i Q7 J�i?B2m 2[m�iBQM U.XRV rBi? q > 0 ;2M2`�i2/ #v
qQH7`�K J�i?2K�iB+�X h?2 b?�/2/ `2;BQM +Q``2bTQM/b iQ i?2 mMbi�#H2 `2;BK2bX Ai
+�M #2 b22M i?�i i?2 BMbi�#BHBiv #�M/b BM A > 0 `2;BK2 �`2 +?�`�+i2`Bx2/ #v A = n2

rBi? n ∈ Z+X �b n BM+`2�b2b- i?2 #�M/rB/i? BM q ( 1 `2;BK2 /2+`2�b2bX 6B;X .XR
+Q``2bTQM/b iQ i?2 #�M/ rBi? bK�HH2bi TQbBiBp2 A BM q ( 1 `2;BK2 �M/ Q7 i?2 b�K2
+QHQ` BM i?Bb };m`2X h?2 #H�+F i?B+F HBM2 `2T`2b2Mib A = 2q r?B+? Bb mb27mH r?2M
+QMbB/2`BM; `2�HBbiB+ KQ/2Hb Q7 `2?2�iBM;- 2X;X BM a2+XjXRX

q?2M i�HFBM; �#Qmi i?2 BMbi�#BHBiv BM i?Bb +QMi2ti- i?2 bQHmiBQM y(z) +�M `2�HHv
/Bp2`;2X h?2 T?vbB+�H `2�bQM Bb i?�i i?2 bQm`+2 i2`K +QMi�BMb BM}MBi2 2M2`;v- Q`
i?2 #�+F`2�+iBQM 7`QK i?2 ;`Qri? Q7 y(z) iQ i?2 bQm`+2 Bb MQi i�F2M BMiQ �++QmMi-
BX2X q #2BM; +QMbi�Mi BM i?2 +�b2 Q7 1[X U.XRVX >2`2- i?Bb bBim�iBQM Bb `272``2/ iQ �b
ǳ;HQ#�H BMbi�#BHBivǴ #v i?2 �mi?Q`X >Qr2p2`- BM � KQ`2 `2�HBbiB+ +�b2- 2X;X T�`iB+H2
T`Q/m+iBQM BM +QbKQHQ;v- i?2 bQm`+2 +QMi�BMb }MBi2 2M2`;v- �M/ i?2 #�+F`2�+iBQM 7`QK
i?2 T`Q/m+iBQM #2+QK2b pBi�H �b Bib 2M2`;v ;`QrbX 6Q` BMbi�M+2- q /2+`2�b2b BM iBK2
�b i?2 2M2`;v Q7 i?2 bQm`+2 Bb i�F2M �r�v bm+? i?�i y(z) +�MMQi ;`Qr mM#QmM/2/HvX
h?2`27Q`2- i?2 #�+F`2�+iBQM b?QmH/ #2 i�F2M BMiQ +QMbB/2`�iBQM +�`27mHHvX AM i?Bb b2Mb2-
2p2M B7 i?2 +?Qb2M T�`�K2i2` b2i HQ+�i2b BM i?2 bi�#H2 `2;BK2 BM 6B;X .Xk- i?2 T?vbB+�H
bvbi2K K�v biBHH 2tT2`B2M+2 U`272``2/ iQ #v i?2 �mi?Q` �bV ǳHQ+�H BMbi�#BHBivǴ /m`BM;
r?B+? i?2 2M2`;v Q7 i?2 T`Q/m+iBQM `�TB/Hv #2+QK2b +QKT�`�#H2 rBi? i?2 #�+F;`QmM/
Q` i?2 bQm`+2X AM bm+? � +�b2- i?2 bi�#BHBiv +?�`i .Xk Bb MQi 2MQm;? iQ /2i2`KBM2 i?2
}M�H 7�i2 Q7 i?2 bvbi2KX

>2`2- QMHv i?2 mM/�KT2/ +�b2 Bb /Bb+mbb2/X AM � KQ`2 `2�HBbiB+ +�b2- i?2 /�KTBM;
2z2+i b?Qrb mTX 6Q` 2t�KTH2- BM +QbKQHQ;v- � b+�H�` }2H/ 722Hb bQK2 7`B+iBQM /m2
iQ +QbKB+ 2tT�MbBQMX AM i?2 T`2b2M+2 Q7 /�KTBM;- i?2 bi�#BHBiv +?�`i BM 6B;X .Xk Bb
KQ/B}2/- 2bT2+B�HHv i?2 T�`ib Q7 i?2 iQM;m2b +HQb2 iQ i?2 p2`iB+�H �tBb #2BM; bKQQi?2/

ReN



�M/ b2T�`�i2/ 7`QK i?2 �tBb- r?B+? K�F2b i?2 BMbi�#BHBiv `2;BQMb BM i?2 T2`im`#�iBp2
`2;BK2 /Bb�TT2�`X JQ`2 /2i�BH +�M #2 7QmM/ BM _27X (Rde)X

Rdy



�TT2M/Bt 1

S�`�#QHB+ *vHBM/2` 6mM+iBQM

AM i?Bb �TT2M/Bt- bQK2 mb27mH T`QT2`iB2b Q7 T�`�#QHB+ +vHBM/2` 7mM+iBQMb �`2 bmKK�@
`Bx2/- K�BMHv �#Qmi i?2 �bvKTiQiB+ #2?�pBQ` 7Q` H�`;2 �`;mK2Mi- #�b2/ QM _27X (RNe)X

S�`�#QHB+ +vHBM/2` 7mM+iBQM W (a,±x) �`2 irQ HBM2�`Hv BM/2T2M/2Mi bQHmiBQMb 7Q`
i?2 7QHHQrBM; b2+QM/ Q`/2` /Bz2`2MiB�H 2[m�iBQM

W,xx +
(
x2/4− a

)
W = 0 , U1XRV

r?2`2 x Bb � `2�H p�`B�#H2 �M/ a ∈ R 7Q` i?2 T`2b2Mi Tm`TQb2X JQ`2 bT2+B}+�HHv-
W (a,±x) +�M #2 r`Bii2M �b

W (a,±x) =
(+Qb? πa)1/4

2
√
π

(
G1(a)y1(a, x)∓

√
2G3(a)y2(a, x)

)
, U1XkV

r?2`2 y1(a, x) �M/ y2(a, x) +�M #2 2tT`2bb2/ BM i2`Kb Q7 i?2 +QM~m2Mi ?vT2`;2QK2i`B+
7mM+iBQM Q7 i?2 }`bi FBM/- 1F1(a; b; z)- �b

y1(a, x) = e−ix2/4
1F1

(
1/4− ia/2 ; 1/2 ; ix2/2

)
,

y2(a, x) = xeiπ/4−ix2/4
1F1

(
3/4− ia/2 ; 3/2 ; ix2/2

)
, U1XjV

r?BH2 G1(a) �M/ G3(a) �`2 ;Bp2M BM i2`Kb Q7 :�KK� 7mM+iBQM �b

G1(a) = |Γ (1/4 + ia/2)| ,

G3(a) = |Γ (3/4 + ia/2)| . U1X9V

Ai Bb MQi /B{+mHi iQ b?Qr i?�i- �i x = 0-

W (a, 0) = 2−3/4
√
G1(a)/G3(a) ,

W ′(a, 0) = −2−1/4
√

G3(a)/G1(a) , U1X8V

RdR



bQ i?2 q`QMbFB�M Q7 i?2b2 irQ bQHmiBQMb �`2 iBK2@BM/2T2M/2Mi �M/ MQM@p�MBb?BM;

W [W (a, x),W (a,−x)] = 1 , U1XeV

r?B+? Bb +QMbBbi2Mi rBi? i?2 bi�i2K2Mi Q7 i?2 HBM2�` BM/2T2M/2M+2 Q7 W (a,±x) �i i?2
#2;BMMBM;X

h?2 �bvKTiQiB+ #2?�pBQ` r?2M x ! |a| Bb mbm�HHv mb27mH BM T`�+iB+2X aT2+B}+�HHv-
i?2 �bvKTiQiB+ 7Q`K Bb ;Bp2M #v

W (a, x) =

√
2k̄

x

[
s1(a, x) +Qb

(
x2

4
− a HMx +

π

4
+
ϑk

2

)

−s2(a, x) bBM
(
x2

4
− a HMx +

π

4
+
ϑk

2

)]
,

W (a,−x) =

√
2

k̄x

[
s1(a, x) bBM

(
x2

4
− a HMx +

π

4
+
ϑk

2

)

+s2(a, x) +Qb
(
x2

4
− a HMx +

π

4
+
ϑk

2

)]
, U1XdV

r?2`2 k̄ ≡
√
1 + e2πa − eπa �M/ ϑk ≡ �`;Γ(1/2+ ia)- r?BH2 i?2 irQ 7mM+iBQMb s1(a, x)

�M/ s2(a, x)- 7Q` H�`;2 x- �`2 �bvKTiQiB+�HHv ;Bp2M �b

s1(a, x) ∼ 1 +
v2
1!2

x−2 − u4

2!22
x−4 +O(x−6) ,

s2(a, x) ∼ − u2

1!2
x−2 − v4

2!22
x−4 +O(x−6) , U1X3V

rBi? ur + ivr = Γ(r + 1/2 + ia)/Γ(1/2 + ia) X lT iQ H2�/BM; Q`/2` BM i?2 TQr2` Q7 x-
W (a, x) +�M #2 �TT`QtBK�i2/ �b Ux > 0V

W (a, x) →
√

2k̄

x
+Qb
(
x2

4
+
ϑk

2

)
=

√
k̄

2x

(
eix

2/4+iϑk/2 + e−ix2/4−iϑk/2
)

,

W (a,−x) →
√

2

k̄x
bBM
(
x2

4
+
ϑk

2

)
= −i

√
1

2k̄x

(
eix

2/4+iϑk/2 − e−ix2/4−iϑk/2
)

. U1XNV

Rdk



�TT2M/Bt 6

�B`v 6mM+iBQM

AM i?Bb �TT2M/Bt- bQK2 mb27mH T`QT2`iB2b Q7 i?2 �B`v 7mM+iBQMb �`2 bmKK�`Bx2/- K�BMHv
�#Qmi i?2 �bvKTiQiB+ #2?�pBQ` 7Q` H�`;2 �`;mK2Mi- #�b2/ QM _27X (RNe)X

�B`v 7mM+iBQM �B(x) �M/ "B(x) �`2 irQ HBM2�`Hv BM/2T2M/2Mi bQHmiBQMb iQ i?2 �B`v
2[m�iBQM

w,xx − xw = 0 , U6XRV

r?2`2 x Bb F2Ti iQ #2 `2�H 7Q` i?2 Tm`TQb2 Q7 i?Bb i?2bBbX h?2 #2?�pBQ` Q7 i?2 irQ �B`v
7mM+iBQMb Bb b?QrM BM 6B;X 6XRX h?2 �B`v 7mM+iBQMb +�M #2 2tT`2bb2/ BM i2`Kb Q7 i?2
KQ/B}2/ "2bb2H 7mM+iBQM Q7 i?2 }`bi FBM/- Iν(z)- �b

�B(x) =
√
x

3

[
I−1/3

(
2

3
x3/2

)
− I1/3

(
2

3
x3/2

)]
,

"B(x) =
√

x

3

[
I−1/3

(
2

3
x3/2

)
+ I1/3

(
2

3
x3/2

)]
. U6XkV

Ai +�M #2 2�bBHv b?QrM i?�i i?2 q`QMbFB�M Q7 �B(x) �M/ "B(x) Bb iBK2@BM/2T2M/2Mi
�M/ MQM@p�MBb?BM;

W [�B(x),"B(x)] = π−1 , U6XjV

r?2`2 i?2 7QHHQrBM; p�Hm2b ?�p2 #22M mb2/

�B(0) = "B(0)√
3

=
3−2/3

Γ(2/3)
,

−�B′(0) = "B′(0)√
3

=
3−1/3

Γ(1/3)
. U6X9V

Rdj



0 2 4 6 8 10

-0.4

-0.2

0.0

0.2

0.4

x

A
i(x

)o
r
A
i(
-x

)

0 2 4 6 8 10
-0.5

0.0

0.5

1.0

1.5

2.0

x

B
i(x

)o
r
B
i(
-x

)

6B;m`2 6XR, �B`v 7mM+iBQMb �B(x) UH27iV �M/ "B(x) U`B;?iV rBi? `2�H p�`B�#H2X aQHB/,
TQbBiBp2 �`;mK2Mi x > 0X .�b?2/, M2;�iBp2 �`;mK2Mi −x < 0X Ai +�M #2 b22M i?�i-
7Q` −x < 0 #Qi? 7mM+iBQMb Qb+BHH�i2 rBi? bQK2 T?�b2 /Bz2`2M+2- #mi 7Q` x > 0- i?2`2
Bb 2tTQM2MiB�H bmTT`2bbBQM BM �B(x) r?BH2 2tTQM2MiB�H ;`Qri? BM "B(x) X

S`�+iB+�HHv- i?2 �bvKTiQiB+ #2?�pBQ` Q7 i?2 �B`v 7mM+iBQMb �`2 p2`v mb27mH 7Q`
�TT`QtBK�iBQMX aT2+B}+�HHv- 7Q` x ! 1 - �B(x) �M/ �B(−x) +�M #2 2tT�M/2/ �bvKT@
iQiB+�HHv �b

�B(x) ∼ 1

2
√
π

e−2x3/2/3

x1/4

[
1− Γ (3 + 1/2)

54Γ(3/2)

3

2x3/2
+O

(
x−3
)]

,

�B(−x) ∼ 1√
π

1

x1/4

[
bBM
(
2

3
x3/2 +

π

4

)
+O

(
x−3/2

)]
, U6X8V

r?2`2 i?2 2tTQM2MiB�H bmTT`2bbBQM Bb Q#pBQmb BM i?2 TQbBiBp2 �`;mK2Mi +�b2X PM i?2
Qi?2` ?�M/- i?2 �bvKTiQiB+ 2tT�MbBQM Q7 "B(x) �M/ "B(−x) �`2 ;Bp2M #v

"B(x) ∼ 1√
π

e2x
3/2/3

x1/4

[
1 +

Γ (3 + 1/2)

54Γ(3/2)

3

2x3/2
+O

(
x−3
)]

,

"B(−x) ∼ 1√
π

1

x1/4

[
+Qb
(
2

3
x3/2 +

π

4

)
+O

(
x−3/2

)]
, U6XeV

r?2`2 Bi Bb 2�bv iQ b22 i?2 2tTQM2MiB�H 2M?�M+2K2Mi BM i?2 TQbBiBp2 �`;mK2Mi +�b2X
h?2 T`QT2`iv Q7 �B(x) �M/ "B(x) i?�i i?2 #2?�pBQ` +?�M;2b 7`QK Qb+BHH�iBQM iQ

2tTQM2MiB�H bmTT`2bbBQMf2M?�M+2K2Mi r?2M i?2 �`;mK2Mi +?�M;2b bB;M Bb 2t�+iHv
/2bB`2/ r?2M BMp2biB;�iBM; � i�+?vQMB+ `2;BK2 #2ir22M irQ �/B�#�iB+ QM2bX h?2`27Q`2-
i?2 �B`v 7mM+iBQMb �`2 2bb2MiB�H 7Q` i?2 bim/v Q7 i�+?vQMB+ T`2?2�iBM;- �b b?QrM BM i?2
K�BM i2tiX

Rd9



�TT2M/Bt :

1M2`;v .Bbi`B#miBQM #2ir22M >B;;b
�M/ a+�H�`QM

AM i?Bb �TT2M/Bt- i?2 2M2`;v /Bbi`B#miBQM #2ir22M >B;;b �M/ b+�H�`QM BM 16 /m`BM;
UTV`2?2�iBM; Bb /Bb+mbb2/X h?Bb TQBMi Bb bB;MB}+�Mi QM �i H2�bi irQ �bT2+ib +QMbB/2`2/
?2`2X 6B`biHv- BM a2+X 9XR �M/ 9Xk- � bBKTH2 i`B+F Bb mb2/ iQ +�H+mH�i2 i?2 �KTHBim/2 Q7
i?2 }`bi Qb+BHH�iBQM Q7 i?2 ?QKQ;2M2Qmb #�+F;`QmM/ bQ i?�i �M�HviB+�H +�H+mH�iBQM Q7
i?2 T�`iB+H2 T`Q/m+iBQM Q7 bTBFv T`2?2�iBM; �M/ i�+?vQMB+ T`2?2�iBM; Bb 2�bBHv +�``B2/
QmiX h?Bb i`B+F `2HB2b QM i?2 7�+i i?�i i?2 FBM2iB+ 2M2`;v Q7 >B;;b Bb M2;HB;B#H2 r?2M
ϕ `2�+?2b Bib K�tBK�H �KTHBim/2 /m`BM; i?2 Qb+BHH�iBQM- BX2X ϕ̇ = 0X Ai +�M #2 i`m2
#2+�mb2 h # 0 BM #Qi? +�b2bX a2+QM/Hv- �b /Bb+mbb2/ BM i?2 K�BM i2ti BM a2+X 9Xj- i?2
2M2`;v /Bbi`B#miBQM Bb BKTQ`i�Mi iQ /2i2`KBM2 i?2 2{+B2M+v Q7 i?2 T2`im`#�iBp2 /2+�v
7Q` /Bz2`2Mi T�`�K2i2` +?QB+2bX h?2 `2�bQM Bb �b 7QHHQrbX h?2 /2+�v `�i2 Q7 >B;;b
Bb Km+? H�`;2` i?�M i?�i Q7 b+�H�`QMX A7 � H�`;2 7`�+iBQM Q7 2M2`;v Bb biQ`2/ BM i?2
>B;;b }2H/- Bi Bb 2tT2+i2/ i?�i i?2 /2+�v rQmH/ #2 KQ`2 2{+B2Mi i?�M i?2 +�b2 r?2`2
KQbi 2M2`;v Bb biQ`2/ BM i?2 b+�H�`QMX �b rBHH #2 b?QrM #2HQr- i?2 +HQb2` iQ U#mi MQi
+QBM+B/BM; rBi?8dV i?2 +`BiB+�H T�`�K2i2`b i?�i +�M `2�HBx2 bi`QM; i�+?vQMB+ T`2?2�iBM;
BM i?2 }`bi b+�H�`QM Qb+BHH�iBQM �7i2` i?2 2M/ Q7 BM~�iBQM- i?2 KQ`2 2M2`;v Bb biQ`2/
BM i?2 >B;;b }2H/- r?B+? `2bmHib BM � KQ`2 2{+B2Mi T2`im`#�iBp2 `2?2�iBM; �M/ ?B;?2`
`2?2�iBM; i2KT2`�im`2 �b /Bb+mbb2/ BM i?2 K�BM i2tiX h?2`27Q`2- r?2M b+�MMBM; i?2
T�`�K2i2` bT�+2 iQ Q#i�BM i?2 `2?2�iBM; i2KT2`�im`2 7`QK T2`im`#�iBp2 /2+�v- /BTb
�M/ T2�Fb +�M #2 b22M /m2 iQ i?2 +?�M;BM; ǳ/Bbi�M+2Ǵ 7`QK i?2 +`BiB+�H T�`�K2i2`bX
P7 +Qm`b2- B7 bm#b2[m2Mi Qb+BHH�iBQMb �`2 �HbQ i�F2M BMiQ �++QmMi- � H�`;2 �KQmMi Q7
2M2`;v i`�Mb72``2/ 7`QK i?2 b+�H�`QM iQ i?2 >B;;b Bb TQbbB#H2 7Q` KQ`2 T�`�K2i2`bX AM

8dA7 #�+F`2�+iBQM Bb i�F2M BMiQ �++QmMi- i�+?vQMB+ BMbi�#BHBiv BM i?2 +`BiB+�H +�b2 KB;?i #2 i2`KBM�i2/
KB/r�v- r?B+? +QmH/ +�mb2 H�`;2 �KTHBim/2 Q7 >B;;b Qb+BHH�iBQM �M/ bQ H�`;2 2M2`;v biQ`2/ BM >B;;b
}2H/- #mi i?Bb +�b2 Bb MQi +QMbB/2`2/ BM i?Bb i?2bBbX

Rd8



i?Bb +�b2- i?2 2z2+i Bb 2tT2+i2/ iQ #2 `2H�iBp2Hv r2�F #2+�mb2 i?2 2M2`;v Q7 i?2 bvbi2K
Bb /2+`2�bBM; BM iBK2 ;2M2`B+�HHvX

h?2 /Bb+mbbBQM Bb b2T�`�i2/ BMiQ irQ T�`ib 7Q` URV ϕ < 0 `2;BK2 /m`BM; i?2 }`bi
b+�H�`QM Qb+BHH�iBQM- �M/ UkV bm#b2[m2Mi Qb+BHH�iBQMb- `2bT2+iBp2Hv- �M/ Bb `2bi`B+i2/ iQ
ξ ! O(10) #2+�mb2 Bi +QmH/ #2 /QM2 �M�HviB+�HHv 7Q` i?2 `2�bQM K2MiBQM2/ BM a2+X 9XjX
aBM+2 >B;;b Bb �TT`QtBK�i2Hv � ?�`KQMB+ Qb+BHH�iQ` BM i?Bb +�b2- Bib FBM2iB+ 2M2`;v +�M
#2 mb2/ iQ +?�`�+i2`Bx2 i?2 iQi�H 2M2`;v biQ`2/ BM >B;;bX

:XR L2;�iBp2 a+�H�`QM _2;BK2 /m`BM; 6B`bi Pb+BH@
H�iBQM

AM i?2 `2;BK2 ϕ < 0 /m`BM; i?2 }`bi b+�H�`QM Qb+BHH�iBQM- i?2 FBM2iB+ 2M2`;v Q7 >B;;b
Bb bm#/QKBM�Mi +QKT�`2/ rBi? i?2 TQi2MiB�H 2M2`;v 7Q` KQbi Q7 i?2 iBK2- r?B+? +�M
#2 b?QrM �b 7QHHQrbX h?2 2z2+iBp2 K�bb Q7 >B;;b Bb ;Bp2M BM i?2 mTT2` Q7 1[X U9XN8V
r?BH2 i?2 ivTB+�H �KTHBim/2 Bb hQb+ ∼ MTH/ξcX h?2`27Q`2- i?2 �p2`�;2/ FBM2iB+ 2M2`;v
+�M #2 2biBK�i2/ �b

Eh,FBM ∼ m2
hQb+

M2
TH
ξ2c

∼ ξ

ξ2c
M2M2

THα|〈ϕ〉�p2| . U:XRV

r?2`2 〈ϕ〉�p2 /2MQi2b i?2 iBK2 �p2`�;2/ p�Hm2 Q7 ϕ /m`BM; i?Bb T2`BQ/X PM i?2 Qi?2`
?�M/- i?2 TQi2MiB�H 2M2`;v /2MbBiv Bb ;Bp2M #v

U0(ϕ) ∼ M2
THM

2 (α〈ϕ〉�p2)
2 . U:XkV

h?2 `�iBQ #2ir22M i?2 FBM2iB+ �M/ TQi2MiB�H 2M2`;v Bb i?2M

Eh,FBM
U0(ϕ < 0)

∼ ξ

ξ2c

1

α|〈ϕ〉�p2|
( 1 U:XjV

r?B+? Bb +QMbBbi2Mi rBi? Qm` 2tT2+i�iBQMX h?2`27Q`2- i?2 +QM+HmbBQM BM a2+X 9XR �M/
9Xk +�M #2 b�72Hv mb2/ i?�i i?2 �KTHBim/2 Q7 ϕ r?2M ϕ < 0 7Q` i?2 }`bi iBK2 Bb ;Bp2M
#v 1[X U9XR8VX

:Xk am#b2[m2Mi Pb+BHH�iBQMb
h?2 2M2`;v Q7 i?2 ?QKQ;2M2Qmb >B;;b }2H/ BM i?2 bm#b2[m2Mi Qb+BHH�iBQMb Bb H�`;2Hv
�z2+i2/ #v i?2 T2`BQ/ ϕ > 0 BM i?2 }`bi b+�H�`QM Qb+BHH�iBQMX h?2 �`;mK2Mi Bb #�b2/
QM i?2 T�`iB+mH�` b?�T2 Q7 i?2 TQi2MiB�H b?QrM BM 6B;X kXkX A7 i?2 bvbi2K bi�`ib rBi?
� M2�`Hv@+`BiB+�H T�`�K2i2`- #v +HBK#BM; mT i?2 TQi2MiB�H ?BHH �`QmM/ h = 0 BM ϕ > 0

Rde



`2;BK2 �M/ 7�HHBM; iQ QM2 Q7 i?2 p�HH2vb /m`BM; Qb+BHH�iBQM- b+�H�`QM +�M 2�bBHv ;2M2`�i2
� H�`;2 �KTHBim/2 Q7 >B;;b Qb+BHH�iBQM |hQb+| ∼ |hp| �`QmM/ i?2 p�HH2v- r?B+? K2�Mb i?�i
KQ`2 2M2`;v Bb i`�Mb72``2/ iQ i?2 >B;;bX PM i?2 +QMi`�`v- Bi Bb /B{+mHi 7Q` i?2 >B;;b iQ
ǳ`2im`MǴ 2M2`;v iQ i?2 b+�H�`QM �b HQM; �b i?2 >B;;b bi�vb BM i?2 p�HH2vb r?2M ϕ > 0 BM
H�i2` 2pQHmiBQM- r?B+? Bb i?2 ;2M2`�H +�b2 #2+�mb2 }M2@imMBM; Bb M22/2/ iQ +HBK# mT i?2
?BHH U�;�BMV (8R)X *QMb2[m2MiHv- B7 � H�`;2 7`�+iBQM Q7 2M2`;v Bb i`�Mb72``2/ iQ i?2 >B;;b
}2H/ BM i?2 }`bi b+�H�`QM Qb+BHH�iBQM- i?Bb �KQmMi Q7 2M2`;v rBHH /2+�v i?`Qm;? >B;;b-
r?B+? Bb 2{+B2MiX PM i?2 Qi?2` ?�M/- bi�`iBM; rBi? � 7�`@7`QK@+`BiB+�H T�`�K2i2`- i?2
Qb+BHH�iBQM �KTHBim/2 Q7 >B;;b bi�vb bK�HH HQM; 2MQm;? mMiBH �M QTTQ`imMBiv 7Q` i?2
BM~�iQM iQ +HBK# mT i?2 ?BHH BM bQK2 bm#b2[m2Mi Qb+BHH�iBQMbX �7i2` i?�i KQK2Mi- i?2
T2`im`#�iBp2 /2+�v T`Q+2bb +�M #2+QK2 KQ`2 2{+B2Mi- #mi i?2 r?QH2 `2?2�iBM; T2`BQ/
Kmbi #2 KQ`2 2ti2M/2/ i?�M i?2 7Q`K2` +�b2 #2+�mb2 i?2 TQbbB#H2 K�tBK�H 2{+B2M+v
Q7 i?2 i�+?vQMB+ BMbi�#BHBiv /2+`2�b2b �b i?2 �KTHBim/2 Q7 b+�H�`QM Qb+BHH�iBQM ;2ib
bK�HH2`X h?mb- i?2 7QHHQrBM; /Bb+mbbBQM 7Q+mb2b QM i?2 `2;BK2 ϕ > 0 BM i?2 H�ii2` T�`i
Q7 i?2 }`bi b+�H�`QM Qb+BHH�iBQMX

6B`biHv- +QMbB/2` i?2 +�b2 r?2`2 |hQb+| ∼ |hp| r?2M i?2 KQ/2H T�`�K2i2` Bb M2�`Hv@
+`BiB+�HX aT2+B}+�HHv- i?2 FBM2iB+ 2M2`;v Q7 >B;;b Bb 2biBK�i2/ �b

Eh,FBM ∼ m2
hQb+h

2
Qb+ ∼ m2

hQb+h
2
p ∼ O(10)× ξ2

λ
M̃2M2 (αϕ)2 , U:X9V

r?BH2 i?2 TQi2MiB�H 2M2`;v Bb ;Bp2M #v

Up(ϕ > 0) ∼ M2
THM̃

2 (αϕ)2 . U:X8V

�b � `2bmHi- i?2 `�iBQ #2ir22M i?2K Bb ;Bp2M #v
Eh,FBM

Up(ϕ > 0)
∼ O(10)× ξ2

λ

M2

M2
TH

= O(10)× 1

3

(
M2

M̃2
− 1

)
. U:XeV

6Q` i?2 +�b2 Q7 BMi2`2bi ξ ! O(10)- i?Bb +QmH/ #2 Km+? H�`;2` i?�M Q`/2` Q7 mMBiv-
r?B+? K2�Mb i?�i � H�`;2 7`�+iBQM Q7 2M2`;v Bb biQ`2/ BM i?2 ?QKQ;2M2Qmb >B;;b }2H/X
P7 +Qm`b2- i?2 +�H+mH�iBQM �#Qp2 Bb Dmbi Q`/2` 2biBK�i2 #2+�mb2 ;2M2`�HHv bT2�FBM;
|hQb+| +�MMQi `2�HHv 2t+22/ Q` 2[m�H |hp|X 1p2M B7 Bi /Q2b BM bQK2 bT2+B}+ +�b2- Bi Bb
#2vQM/ i?2 b+QT2 Q7 i?2 /Bb+mbbBQM ?2`2X L2ti- +QMbB/2` i?2 +�b2 r?2`2 |hQb+| ( |hp|
r?2M i?2 KQ/2H T�`�K2i2` Bb 7�` 7`QK #2BM; +`BiB+�HX _2T2�iBM; i?2 +�H+mH�iBQM �#Qp2
r?BH2 b2iiBM; |hQb+| ∼ MTH/ξc `2bmHib BM i?2 7QHHQrBM; 2biBK�i2

Eh,FBM
Up(ϕ > 0)

∼
m2

hQb+M
2
TH/ξ

2
c

M2
THM̃

2(αϕ)2
∼ ξ

ξ2c

M2

M̃2

1

αϕ
≤ ξ

ξ2c

M2

M̃2

1

αϕ

∣∣∣∣
ξ=ξs

# 0.3

αϕ
∼ O(1) . U:XdV

AM +QM+HmbBQM- i?2`2 Bb � H�`;2` 7`�+iBQM Q7 2M2`;v biQ`2/ BM >B;;b 7Q` KQ/2H T�@
`�K2i2`b +HQb2` iQ +`BiB+�H +�b2b r?BH2 � bK�HH2` 7`�+iBQM 7Q` T�`�K2i2`b 7�` 7`QK i?2
+`BiB+�H TQBMibX

Rdd
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�TT2M/Bt >

.2`Bp�iBQM Q7 .2+�v _�i2 Q7 >B;;b

AM i?Bb �TT2M/Bt- i?2 /2`Bp�iBQM Q7 i?2 /2+�v `�i2b 7Q` i?2 >B;;b }2H/ BMiQ aJ T�`iB+H2b
Bb T`2b2Mi2/ BM i?2 �/B�#�iB+ `2;BK2 r?2M i?2 b+�H�`QM KQiBQM Bb bm{+B2MiHv bHQr BM
i?2 iBK2 b+�H2 Q7 i?2 >B;;b Qb+BHH�iBQMX PMHv i?2 /2+�v Q7 >B;;b BMiQ W±- Z #QbQMb
�M/ iQT- #QiiQK [m�`Fb Bb +QMbB/2`2/ ?2`2X �HbQ- λ = 0.01 Bb }t2/ 7Q` /2}MBi2M2bbX

AM i?2 C6- i?2 G�;`�M;B�M 7Q` `2H2p�Mi b2+iQ` Bb r`Bii2M �b

LC ⊃ −gµνC (DCµHaJ)† DCνHaJ − λ|HaJ|4 +KC,;�m;2 −
yt√
2
ht̄t− yb√

2
hb̄b , U>XRV

r?2`2 DCµ = ∇Cµ + i
2g

′Bµ + igW a
µ τ

a Bb i?2 +Qp�`B�Mi /2`Bp�iBp2 rBi? σa = 2τa i?2
S�mHB K�i`B+2b- �M/ KC,;�m;2 Bb i?2 ;�m;2 BMp�`B�Mi FBM2iB+ i2`Kb Q7 i?2 ;�m;2 }2H/b
;Bp2M �b

KC,;�m;2 =− 1

4
gµρC gνσC BµνBρσ −

1

4
gµρC gνσC W a

µνW
a
ρσ ,

Bµν ≡ ∂µBν − ∂νBµ ,

W a
µν ≡ ∂µW

a
ν − ∂νW

a
µ − gεabcW b

µW
c
ν , U>XkV

�M/ i?2 H�bi irQ i2`Kb 7Q` i?2 K�bb i2`Kb 7Q` iQT �M/ #QiiQK [m�`FbX "v i?2 QM2@
HQQT `2MQ`K�HBx�iBQM ;`QmT `mMMBM; Ub22 7Q` 2t�KTH2 _27X (RNd)V- i?2 ;�m;2 +QmTHBM;b
i�F2 i?2 p�Hm2b g ≈ 0.55- g′ ≈ 0.42- �M/ i?2 umF�r� +QmTHBM;b yt ≈ 0.5- yb ≈ 0.01

�i 2M2`;v b+�H2 ∼ 1012 :2o r?B+? +Q``2bTQM/b iQ i?2 2M2`;v b+�H2 �i i?2 2M/ Q7
BM~�iBQM BM i?2 KBt2/ >B;;b@R2 BM~�iBQM KQ/2HX h`�Mb7Q`K 1[X U>XRV iQ 16 i?`Qm;?
+QM7Q`K�H i`�Mb7Q`K�iBQM UkXRkkV �M/ r`Bi2 /QrM i?2 `2H2p�Mi i2`Kb 7Q` ;�m;2 }2H/b
mT iQ [m�/`�iB+ Q`/2` BM mMBi�`v ;�m;2 �b

eαϕL1,; ⊃ −g2

8
gµν1 h2

(
2W+

µ W−
ν +

ZµZν

+Qb2 θw

)
, U>XjV

RdN



�M/ 7Q` iQT �M/ #QiiQK [m�`Fb �b

e2αϕL1,u ⊃ − yt√
2
ht̄t− yb√

2
hb̄b , U>X9V

r?2`2- Zµ- W±
µ - �M/ i?2 T?QiQM Aµ �`2 /2}M2/ #v `Qi�iBM; i?2 ;�m;2 }2H/b �b

Zµ ≡ +Qb θwW 3
µ − bBM θwBµ ,

Aµ ≡ bBM θwW 3
µ + +Qb θwBµ ,

W±
µ ≡ 1√

2

(
W 1

µ ∓ iW 2
µ

)
, U>X8V

rBi? i�M θw = g′/g X
*QMbB/2` i?2 /2+QKTQbBiBQM U9X3jVX q?2M ϕ > 0- i?2 �TT`QtBK�iBQM |hp| ! |hQb+|

Bb p�HB/- bQ mT iQ }`bi Q`/2` BM hQb+ i?2 `2H2p�Mi i2`Kb �`2 ;Bp2M #v

eαϕL1,;⊃−g2

8
gµν1 h2p

(
2W+

µ W−
ν +

ZµZν

+Qb2 θw

)
− g2

4
gµν1 hphQb+

(
2W+

µ W−
ν +

ZµZν

+Qb2 θw

)
, U>XeV

e2αϕL1,u⊃− yt√
2
hpt̄t−

yb√
2
hpb̄b−

yt√
2
hQb+t̄t−

yb√
2
hQb+b̄b , U>XdV

r?2`2 ;�m;2 }2H/b �M/ [m�`Fb ;�BM K�bb2b /m2 iQ i?2 MQM@p�MBb?BM; p2p Q7 >B;;b- �M/
i?2`2 �`2 /2+�v +?�MM2Hb 7Q` >B;;b iQ /2+�v BMiQ i?2b2 T�`iB+H2bX q?2M ϕ < 0- hp = 0

r?B+? H2�/b iQ

eαϕL1,; ⊃ −g2

8
gµνh2

Qb+

(
2W+

µ W−
ν +

ZµZν

+Qb2 θw

)
, U>X3V

e2αϕL1,u ⊃ − yt√
2
hQb+t̄t−

yb√
2
hQb+b̄b . U>XNV

r?2`2 ;�m;2 }2H/b �M/ [m�`Fb #2+QK2 K�bbH2bb #2+�mb2 i?2 p2p Q7 >B;;b #2+QK2b
x2`QX AM 1[X U>X3V- i?2`2 Bb MQ i?`22@H2; BMi2`�+iBQM i2`Kb 7Q` i?2 ?QKQ;2M2Qmb >B;;b
iQ /2+�v BMiQ W± �M/ Z #QbQMb bQ i?Bb +?�MM2H Bb QMHv `2H2p�Mi 7Q` ϕ > 0 `2;BK2X
PM i?2 Qi?2` ?�M/- i?2 umF�r� BMi2`�+iBQM i2`Kb �Hr�vb 2tBbi 7Q` [m�`FbX "�b2/ QM
i?2b2 `2bmHib- i?2 /2+�v `�i2b Q7 i?2 ?QKQ;2M2Qmb >B;;b }2H/ BMiQ W±- Z- t �M/ b

+�M #2 +�H+mH�i2/X LQi2 i?�i i?2 MQM@�#2HB�M M�im`2 Q7 i?2 ;�m;2 }2H/b Bb MQi i�F2M
BMiQ �++QmMi #2+�mb2 Bi Bb MQi BKTQ`i�Mi iQ i?2 HQr2bi Q`/2` Q7 ;�m;2 +QmTHBM;X AM
�//BiBQM- �b K2MiBQM2/ BM i?2 K�BM i2ti- i?2 +QM7Q`K�H 7�+iQ` 2tT(αϕ) �M/ 2tT(2αϕ)
�`2 B``2H2p�Mi BM bK�HH }2H/b �TT`QtBK�iBQM r?B+? Bb Q7 BMi2`2bi /m`BM; `2?2�iBM;X
h?2`27Q`2- i?2 /Bz2`2M+2 #2ir22M C6 �M/ 16 /Bb�TT2�`X

�b b22M 7`QK �#Qp2- i?2 }`bi irQ i2`Kb BM 1[X U>XeV ;Bp2b i?2 2z2+iBp2 K�bb2b 7Q`
i?2 ;�m;2 #QbQMbX AM i?2 ~�i 6G_q #�+F;`QmM/- √−g1 = a3X hQ 2HBKBM�i2 i?2b2

R3y



7�+iQ`b- Bi Bb +QMp2MB2Mi iQ `2/2}M2 i?2 }2H/b �b W̃±
µ ≡ a3/2W±

µ �M/ Z̃µ ≡ a3/2Zµ- bm+?
i?�i i?2 2z2+iBp2 K�bb2b �`2

m2
W̃

≡ g2

4
h2

p , U>XRyV

m2
Z̃
≡ g2

4 +Qb2 θw
h2

p =
g2 + g′2

4
h2

p . U>XRRV

�b � `2bmHi- i?2 /2+�v `�i2b 7Q` >B;;b iQ ;�m;2 #QbQMb BM ϕ > 0 `2;BK2 +�M #2
+�H+mH�i2/ �b

Γh→W̃W̃ =
λ

8π

M3

M̃2
(6ξαϕ)1/2

(
1− g2

2λ

M̃2

M2
+

3g4

16λ2
M̃4

M4

)√

1− g2

2λ

M̃2

M2
, U>XRkV

Γh→Z̃Z̃ =
λ

16π

M3

M̃2
(6ξαϕ)1/2

(
1− g2 + g′2

2λ

M̃2

M2
+

3
(
g2 + g′2

)2

16λ2
M̃4

M4

)√

1− g2 + g′2

2λ

M̃2

M2
. U>XRjV

h?2b2 /2+�v +?�MM2Hb �`2 QT2M QMHv r?2M i?2 +QM/BiBQMb

ξ2 > ξ2c

(
1− 2λ

g2

)
≡ ξ2W # 42912 U>XR9V

ξ2 > ξ2c

(
1− 2λ

g2 + g′2

)
≡ ξ2Z # 43472 U>XR8V

�`2 b�iBb}2/ `2bT2+iBp2Hv- r?B+? K2�Mb i?�i i?2 /2+�v Q7 ?QKQ;2M2Qmb >B;;b BMiQ W±

�M/ Z Bb TQbbB#H2 QMHv BM i?2 /22T >B;;b@HBF2 `2;BK2X
�b 7Q` i?2 72`KBQM b2+iBQM- `2/2}MBM; t̃ ≡ a3/2t �M/ b̃ ≡ a3/2b iQ �#bQ`# i?2 7�+iQ`

√
−g1- i?2 K�bb2b Q7 i?2 M2r 72`KBQM }2H/b �`2 ;Bp2M �b

mt̃ ≡
yt√
2
hp U>XReV

mb̃ ≡
yb√
2
hp . U>XRdV

lMHBF2 i?2 ;�m;2 b2+iQ`- i?2 >B;;b #�+F;`QmM/ +�M /2+�v BMiQ iQT �M/ #QiiQK [m�`Fb
BM #Qi? TQbBiBp2 �M/ M2;�iBp2 ϕ `2;BK2bX h?2 /2+�v rB/i? +�M #2 +�H+mH�i2/ �b

Γh→t̃¯̃t =






3y2t
16π

(3ξα|ϕ|)1/2 M , ϕ < 0 ,

3y2t
16π

(6ξαϕ)1/2 M

(
1− y2t

λ

M̃2

M2

)3/2

, ϕ > 0 ,

U>XR3V

Γ
h→b̃¯̃b

=






3y2b
16π

(3ξα|ϕ|)1/2 M , ϕ < 0 ,

3y2b
16π

(6ξαϕ)1/2 M

(
1− y2b

λ

M̃2

M2

)3/2

, ϕ > 0 .

U>XRNV

R3R



"2+�mb2 i?2 [m�`Fb �`2 K�bbH2bb /m`BM; ϕ < 0- i?2 +?�MM2Hb �`2 �Hr�vb QT2M /m`BM;
i?�i T2`BQ/X PM i?2 +QMi`�`v- i?2 /2+�v iQ iQT [m�`Fb Bb �HHQr2/ /m`BM; ϕ > 0 QMHv
r?2M

ξ2 > ξ2c

(
1− λ

y2t

)
≡ ξ2t # 43512 U>XkyV

r?BH2 i?2 #QiiQK [m�`F +?�MM2H Bb �Hr�vb QT2M /m2 iQ i?2 bK�HH +QmTHBM; ybX

R3k



"B#HBQ;`�T?v

(R) 1X qX EQH# �M/ JX aX hm`M2`- h?2 1�`Hv lMBp2`b2- pQHX eNX 6`QMiB2`b BM
S?vbB+b- RNNyX

(k) oX JmF?�MQp- S?vbB+�H 6QmM/�iBQMb Q7 *QbKQHQ;vX *�K#`B/;2 lMBp2`bBiv
S`2bb- Pt7Q`/- kyy8X

(j) �X �X ai�`Q#BMbFv- ǳ� L2r hvT2 Q7 AbQi`QTB+ *QbKQHQ;B+�H JQ/2Hb qBi?Qmi
aBM;mH�`Biv-Ǵ S?vbX G2iiX NR" URN3yV NNĜRykX (�/pX a2`X �bi`QT?vbX *QbKQHX j-
Rjy URN3dV)X

(9) �X >X :mi?- ǳh?2 AM~�iBQM�`v lMBp2`b2, � SQbbB#H2 aQHmiBQM iQ i?2 >Q`BxQM
�M/ 6H�iM2bb S`Q#H2Kb-Ǵ S?vbX _2pX .kj URN3RV j9dĜj8eX

(8) EX a�iQ- ǳ6B`bi P`/2` S?�b2 h`�MbBiBQM Q7 � o�+mmK �M/ 1tT�MbBQM Q7 i?2
lMBp2`b2-Ǵ JQMX LQiX _QvX �bi`QMX aQ+X RN8 URN3RV 9edĜ9dNX

(e) �X .X GBM/2- ǳ� L2r AM~�iBQM�`v lMBp2`b2 a+2M�`BQ, � SQbbB#H2 aQHmiBQM Q7
i?2 >Q`BxQM- 6H�iM2bb- >QKQ;2M2Biv- AbQi`QTv �M/ S`BKQ`/B�H JQMQTQH2
S`Q#H2Kb-Ǵ S?vbX G2iiX Ry3" URN3kV j3NĜjNjX

(d) �X �H#`2+?i �M/ SX CX ai2BM?�`/i- ǳ*QbKQHQ;v 7Q` :`�M/ lMB}2/ h?2Q`B2b
rBi? _�/B�iBp2Hv AM/m+2/ avKK2i`v "`2�FBM;-Ǵ S?vbX _2pX G2iiX 93 URN3kV
RkkyĜRkkjX

(3) EX a�iQ �M/ CX uQFQv�K�- ǳAM~�iBQM�`v +QbKQHQ;v, 6B`bi jyY v2�`b-Ǵ AMiX CX
JQ/X S?vbX .k9 MQX RR- UkyR8V R8jyyk8X

(N) �X _X GB//H2 �M/ .X >X Gvi?- *QbKQHQ;B+�H BM~�iBQM �M/ H�`;2 b+�H2 bi`m+im`2X
*�K#`B/;2 lMBp2`bBiv S`2bb- kyyyX

(Ry) �X _X GB//H2 �M/ aX JX G2�+?- ǳ>Qr HQM; #27Q`2 i?2 2M/ Q7 BM~�iBQM r2`2
Q#b2`p�#H2 T2`im`#�iBQMb T`Q/m+2/\-Ǵ S?vbX _2pX . e3 UkyyjV Ryj8yj-
�`sBp,�bi`Q@T?fyjy8kejX

R3j
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(RR) CX J�`iBM �M/ *X _BM;2p�H- ǳ6B`bi *J" *QMbi`�BMib QM i?2 AM~�iBQM�`v
_2?2�iBM; h2KT2`�im`2-Ǵ S?vbX _2pX . 3k UkyRyV ykj8RR- �`sBp,Ryy9X88k8
(�bi`Q@T?X*P)X

(Rk) LX a2iQ �M/ CX uQFQv�K�- ǳS`Q#BM; i?2 2[m�iBQM Q7 bi�i2 Q7 i?2 2�`Hv mMBp2`b2
rBi? � bT�+2 H�b2` BMi2`72`QK2i2`-Ǵ CX S?vbX aQ+X C�TX dk UkyyjV jy3kĜjy3e-
�`sBp,;`@[+fyjy8yNeX

(Rj) EX L�F�v�K�- aX a�BiQ- uX amr�- �M/ CX uQFQv�K�- ǳS`Q#BM; `2?2�iBM;
i2KT2`�im`2 Q7 i?2 mMBp2`b2 rBi? ;`�pBi�iBQM�H r�p2 #�+F;`QmM/-Ǵ C*�S ye
Ukyy3V yky- �`sBp,y3y9XR3kd (�bi`Q@T?)X

(R9) GX EQ7K�M- �X .X GBM/2- �M/ �X �X ai�`Q#BMbFv- ǳ_2?2�iBM; �7i2` BM~�iBQM-Ǵ
S?vbX _2pX G2iiX dj URNN9V jRN8ĜjRN3- �`sBp,?2T@i?fN9y8R3dX

(R8) uX a?i�MQp- CX >X h`�b+?2M- �M/ _X >X "`�M/2M#2`;2`- ǳlMBp2`b2 `2?2�iBM;
�7i2` BM~�iBQM-Ǵ S?vbX _2pX .8R URNN8V 89j3Ĝ8988- �`sBp,?2T@T?fN9ydk9d
(?2T@T?)X

(Re) GX EQ7K�M- �X .X GBM/2- �M/ �X �X ai�`Q#BMbFv- ǳhQr�`/b i?2 i?2Q`v Q7
`2?2�iBM; �7i2` BM~�iBQM-Ǵ S?vbX _2pX . 8e URNNdV jk83ĜjkN8-
�`sBp,?2T@T?fNdy998kX

(Rd) SX "X :`22M2- GX EQ7K�M- �X .X GBM/2- �M/ �X �X ai�`Q#BMbFv- ǳai`m+im`2 Q7
`2bQM�M+2 BM T`2?2�iBM; �7i2` BM~�iBQM-Ǵ S?vbX _2pX . 8e URNNdV eRd8ĜeRNk-
�`sBp,?2T@T?fNdy8j9dX

(R3) :X LX 62H/2`- CX :�`+B�@"2HHB/Q- SX "X :`22M2- GX EQ7K�M- �X .X GBM/2- �M/
AX hF�+?2p- ǳ.vM�KB+b Q7 bvKK2i`v #`2�FBM; �M/ i�+?vQMB+ T`2?2�iBM;-Ǵ
S?vbX _2pX G2iiX 3d UkyyRV yRReyR- �`sBp,?2T@T?fyyRkR9kX

(RN) :X LX 62H/2`- GX EQ7K�M- �M/ �X .X GBM/2- ǳh�+?vQMB+ BMbi�#BHBiv �M/
/vM�KB+b Q7 bTQMi�M2Qmb bvKK2i`v #`2�FBM;-Ǵ S?vbX _2pX . e9 UkyyRV
Rkj8Rd- �`sBp,?2T@i?fyRyeRdNX

(ky) GX EQ7K�M- ǳh�+?vQMB+ T`2?2�iBM;-Ǵ BM 3i? AMi2`M�iBQM�H avKTQbBmK QM
S�`iB+H2b ai`BM;b �M/ *QbKQHQ;v- TTX RedĜR3kX *?�T2H >BHH- L*- lXaX�X- Ry@R8
�T`BH kyyRX �`sBp,?2T@T?fyRydk3yX

(kR) �X .X .QH;Qp �M/ �X .X GBM/2- ǳ"�`vQM �bvKK2i`v BM AM~�iBQM�`v lMBp2`b2-Ǵ
S?vbX G2iiX RRe" URN3kV jkNX
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(kk) GX 6X �##Qii- 1X 6�`?B- �M/ JX "X qBb2- ǳS�`iB+H2 S`Q/m+iBQM BM i?2 L2r
AM~�iBQM�`v *QbKQHQ;v-Ǵ S?vbX G2iiX RRd" URN3kV kNX

(kj) SH�M+F *QHH�#Q`�iBQM- uX �F`�KB 2i �HX- ǳSH�M+F kyR3 `2bmHibX sX *QMbi`�BMib
QM BM~�iBQM-Ǵ �`sBp,R3ydXyekRR (�bi`Q@T?X*P)X

(k9) �X �X ai�`Q#BMbFv- ǳh?2 S2`im`#�iBQM aT2+i`mK 1pQHpBM; 7`QK � LQMbBM;mH�`
AMBiB�HHv .2@aBii2` *QbKQHQ;v �M/ i?2 JB+`Qr�p2 "�+F;`QmM/ �MBbQi`QTv-Ǵ
aQpX �bi`QMX G2iiX N URN3jV jykX

(k8) CX GX *2`p�Mi2b@*Qi� �M/ >X .2?M2M- ǳAM/m+2/ ;`�pBiv BM~�iBQM BM i?2
bi�M/�`/ KQ/2H Q7 T�`iB+H2 T?vbB+b-Ǵ Lm+HX S?vbX " 99k URNN8V jNRĜ9Rk-
�`sBp,�bi`Q@T?fN8y8yeNX

(ke) 6X GX "2x`mFQp �M/ JX a?�TQb?MBFQp- ǳh?2 ai�M/�`/ JQ/2H >B;;b #QbQM �b
i?2 BM~�iQM-Ǵ S?vbX G2iiX " e8N Ukyy3V dyjĜdye- �`sBp,ydRyXjd88 (?2T@i?)X

(kd) �X "�`pBMbFv- �X E�K2Mb?+?BF- �M/ �X ai�`Q#BMbFv- ǳAM~�iBQM b+2M�`BQ pB� i?2
ai�M/�`/ JQ/2H >B;;b #QbQM �M/ G>*-Ǵ C*�S RR Ukyy3V ykR-
�`sBp,y3yNXkRy9 (?2T@T?)X

(k3) EX E�K�/�- hX EQ#�v�b?B- hX h�F�?�b?B- JX u�K�;m+?B- �M/ CX uQFQv�K�-
ǳ:2M2`�HBx2/ >B;;b BM~�iBQM-Ǵ S?vbX _2pX . 3e UkyRkV ykj8y9-
�`sBp,RkyjX9y8N (?2T@T?)X

(kN) �X �X ai�`Q#BMbFv- ǳLQMbBM;mH�` KQ/2H Q7 i?2 lMBp2`b2 rBi? i?2
[m�MimK@;`�pBi�iBQM�H /2 aBii2` bi�;2 �M/ Bib Q#b2`p�iBQM�H +QMb2[m2M+2b-Ǵ BM
Zm�MimK :`�pBivX S`Q+22/BM;b Q7 i?2 kM/ a2KBM�` QM Zm�MimK :`�pBiv- AL_
S`2bb- JQb+Qr- Rj⽝R8 P+iQ#2` RN3R- TTX 83Ĝdk- UAL_ S`2bb- JQb+Qr- RN3kVX
_2T`BMi2/ BM, J�`FQp- JX�X �M/ q2bi- SX*X- 2/bX- Zm�MimK :`�pBiv- USH2MmK
S`2bb- L2r uQ`F- RN39V- TTX RyjĜRk3X

(jy) �X oBH2MFBM- ǳ*H�bbB+�H �M/ Zm�MimK *QbKQHQ;v Q7 i?2 ai�`Q#BMbFv
AM~�iBQM�`v JQ/2H-Ǵ S?vbX _2pX . jk URN38V k8RRX

(jR) 6X "2x`mFQp- .X :Q`#mMQp- �M/ JX a?�TQb?MBFQp- ǳPM BMBiB�H +QM/BiBQMb 7Q`
i?2 >Qi "B; "�M;-Ǵ C*�S ye UkyyNV ykN- �`sBp,y3RkXjekk (?2T@T?)X

(jk) CX :�`+B�@"2HHB/Q- .X :X 6B;m2`Q�- �M/ CX _m#BQ- ǳS`2?2�iBM; BM i?2 ai�M/�`/
JQ/2H rBi? i?2 >B;;b@AM~�iQM +QmTH2/ iQ ;`�pBiv-Ǵ S?vbX _2pX . dN UkyyNV
yej8jR- �`sBp,y3RkX9ek9 (?2T@T?)X
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(jj) CX _2TQM/ �M/ CX _m#BQ- ǳ*QK#BM2/ S`2?2�iBM; QM i?2 H�iiB+2 rBi?
�TTHB+�iBQMb iQ >B;;b BM~�iBQM-Ǵ C*�S yd UkyReV y9j- �`sBp,Rey9Xy3kj3
(�bi`Q@T?X*P)X

(j9) uX 1K�- _X CBMMQ- EX JmF�B/�- �M/ EX L�F�v�K�- ǳoBQH2Mi S`2?2�iBM; BM
AM~�iBQM rBi? LQMKBMBK�H *QmTHBM;-Ǵ C*�S yk UkyRdV y98-
�`sBp,ReyNXy8kyN (?2T@T?)X

(j8) 1X AX a7�FB�M�FBb �M/ CX p�M /2 oBb- ǳS`2?2�iBM; �7i2` >B;;b AM~�iBQM,
a2H7@_2bQM�M+2 �M/ :�m;2 #QbQM T`Q/m+iBQM-Ǵ S?vbX _2pX . NN MQX 3- UkyRNV
y3j8RN- �`sBp,R3RyXyRjy9 (?2T@T?)X

(je) uX@*X q�M; �M/ hX q�M;- ǳS`BKQ`/B�H T2`im`#�iBQMb ;2M2`�i2/ #v >B;;b }2H/
�M/ R2 QT2`�iQ`-Ǵ S?vbX _2pX . Ne MQX Rk- UkyRdV Rkj8ye- �`sBp,RdyRXyeeje
(;`@[+)X

(jd) uX 1K�- ǳ>B;;b a+�H�`QM JBt2/ AM~�iBQM-Ǵ S?vbX G2iiX " ddy UkyRdV 9yjĜ9RR-
�`sBp,RdyRXydee8 (?2T@T?)X

(j3) JX >2- �X �X ai�`Q#BMbFv- �M/ CX uQFQv�K�- ǳAM~�iBQM BM i?2 KBt2/ >B;;b@R2

KQ/2H-Ǵ C*�S y8 UkyR3V ye9- �`sBp,R3y9Xyy9yN (�bi`Q@T?X*P)X

(jN) �X :mM/?B �M/ *X 6X ai2BMr�+?b- ǳa+�H�`QM@>B;;b BM~�iBQM-Ǵ Lm+HX S?vbX "
N89 UkykyV RR9N3N- �`sBp,R3RyXRy89e (?2T@i?)X

(9y) oX@JX 1M+F2HH- EX 1M[pBbi- aX _�b�M2M- �M/ GX@SX q�?HK�M- ǳ>B;;b@R2

BM~�iBQM @ 7mHH bHQr@`QHH bim/v �i i`22@H2p2H-Ǵ C*�S yR UkykyV y9R-
�`sBp,R3RkXy3d89 (�bi`Q@T?X*P)X

(9R) JX >2- _X CBMMQ- EX E�K�/�- aX *X S�`F- �X �X ai�`Q#BMbFv- �M/
CX uQFQv�K�- ǳPM i?2 pBQH2Mi T`2?2�iBM; BM i?2 KBt2/ >B;;b@R2 BM~�iBQM�`v
KQ/2H-Ǵ S?vbX G2iiX " dNR UkyRNV jeĜ9k- �`sBp,R3RkXRyyNN (?2T@T?)X

(9k) .X :Q`#mMQp �M/ �X hQF�`2p�- ǳa+�H�`QM i?2 ?2�H2`, `2KQpBM; i?2
bi`QM;@+QmTHBM; BM i?2 >B;;b@ �M/ >B;;b@/BH�iQM BM~�iBQMb-Ǵ S?vbX G2iiX " d33
UkyRNV jdĜ9R- �`sBp,R3ydXykjNk (?2T@T?)X

(9j) �X a�HpBQ �M/ �X J�xmK/�`- ǳ*H�bbB+�H �M/ Zm�MimK AMBiB�H *QM/BiBQMb 7Q`
>B;;b AM~�iBQM-Ǵ S?vbX G2iiX " d8y UkyR8V RN9Ĝkyy- �`sBp,R8yeXyd8ky
(?2T@T?)X
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(99) hX /X SX L2iiQ- �X JX S2HBMbQM- AX GX a?�TB`Q- �M/ �X �X ai�`Q#BMbFv- ǳ6`QK
bi�#H2 iQ mMbi�#H2 �MQK�Hv@BM/m+2/ BM~�iBQM-Ǵ 1m`X S?vbX CX * de MQX Ry-
UkyReV 899- �`sBp,R8yNXy333k (?2T@i?)X

(98) sX *�HK2i �M/ AX EmMix- ǳ>B;;b ai�`Q#BMbFv AM~�iBQM-Ǵ 1m`X S?vbX CX * de
MQX 8- UkyReV k3N- �`sBp,Rey8Xykkje (?2T@i?)X

(9e) GX@>X GBm- hX S`QFQT2+- �M/ �X �X ai�`Q#BMbFv- ǳAM~�iBQM BM �M 2z2+iBp2
;`�pBi�iBQM�H KQ/2H �M/ �bvKTiQiB+ b�72iv-Ǵ S?vbX _2pX . N3 MQX 9- UkyR3V
y9j8y8- �`sBp,R3yeXy89yd (;`@[+)X

(9d) .X :?BH2M+2�- ǳhrQ@HQQT +Q``2+iBQMb iQ ai�`Q#BMbFv@>B;;b BM~�iBQM-Ǵ S?vbX
_2pX . N3 MQX Ry- UkyR3V Ryj8k9- �`sBp,R3ydXyeNyy (?2T@T?)X

(93) uX 1K�- ǳ.vM�KB+�H 1K2`;2M+2 Q7 a+�H�`QM BM >B;;b AM~�iBQM-Ǵ C*�S yN
UkyRNV ykd- �`sBp,RNydXyyNNj (?2T@T?)X

(9N) uX 1K�- EX JmF�B/�- �M/ CX p�M /2 oBb- ǳ>B;;b AM~�iBQM �b LQMHBM2�` aB;K�
JQ/2H �M/ a+�H�`QM �b Bib σ@K2bQM-Ǵ C>1S RR UkykyV yRR- �`sBp,kyykXRRdjN
(?2T@T?)X

(8y) 6X "2x`mFQp- .X :Q`#mMQp- *X a?2T?2`/- �M/ �X hQF�`2p�- ǳaQK2 HBF2 Bi ?Qi,
R2 ?2�Hb >B;;b BM~�iBQM- #mi /Q2b MQi +QQH Bi-Ǵ S?vbX G2iiX " dN8 UkyRNV
e8dĜee8- �`sBp,RNy9Xy9djd (?2T@T?)X

(8R) JX >2- _X CBMMQ- EX E�K�/�- �X �X ai�`Q#BMbFv- �M/ CX uQFQv�K�-
ǳP++m``2M+2 Q7 h�+?vQMB+ S`2?2�iBM; BM i?2 JBt2/ >B;;b@R2 JQ/2H-Ǵ C*�S
yR UkykRV yee- �`sBp,kyydXRyjeN (?2T@T?)X

(8k) 6X "2x`mFQp �M/ *X a?2T?2`/- ǳ� ?2�ir�p2 �z�B`, KBt2/ >B;;b@R2 T`2?2�iBM;
QM i?2 H�iiB+2-Ǵ C*�S Rk UkykyV yk3- �`sBp,kyydXRyNd3 (?2T@T?)X

(8j) JX >2- ǳS2`im`#�iBp2 _2?2�iBM; BM i?2 JBt2/ >B;;b@R2 JQ/2H-Ǵ C*�S y8
UkykRV ykR- �`sBp,kyRyXRRdRd (?2T@T?)X

(89) 6X "2x`mFQp �M/ .X :Q`#mMQp- ǳ.BbiBM;mBb?BM; #2ir22M _2@BM~�iBQM �M/
>B;;b@BM~�iBQM-Ǵ S?vbX G2iiX " dRj UkyRkV je8Ĝje3- �`sBp,RRRRX9jNd
(?2T@T?)X

(88) �X �X ai�`Q#BMbFv- ǳaT2+i`mK Q7 `2HB+i ;`�pBi�iBQM�H `�/B�iBQM �M/ i?2 2�`Hv
bi�i2 Q7 i?2 mMBp2`b2-Ǵ C1hS G2iiX jy URNdNV e3kĜe38 UBM _mbbB�MVX (SBbǶK�
w?X 1FbTX h2Q`X 6BxX jy URNdNV dRNĜdkj)X
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(8e) *X �`K2M/�`Bx@SB+QM- hX .�KQm`- �M/ oX 6X JmF?�MQp- ǳF @ BM~�iBQM-Ǵ S?vbX
G2iiX "983 URNNNV kyNĜkR3- �`sBp,?2T@i?fNNy9yd8 (?2T@i?)X

(8d) hX EQ#�v�b?B- JX u�K�;m+?B- �M/ CX uQFQv�K�- ǳ:@BM~�iBQM, AM~�iBQM /`Bp2M
#v i?2 :�HBH2QM }2H/-Ǵ S?vbX _2pX G2iiX Ry8 UkyRyV kjRjyk- �`sBp,Ryy3Xyeyj
(?2T@i?)X

(83) hX EQ#�v�b?B- JX u�K�;m+?B- �M/ CX uQFQv�K�- ǳ:2M2`�HBx2/ :@BM~�iBQM,
AM~�iBQM rBi? i?2 KQbi ;2M2`�H b2+QM/@Q`/2` }2H/ 2[m�iBQMb-Ǵ S`Q;X h?2Q`X
S?vbX Rke UkyRRV 8RRĜ8kN- �`sBp,RRy8X8dkj (?2T@i?)X

(8N) :X qX >Q`M/2bFB- ǳa2+QM/@Q`/2` b+�H�`@i2MbQ` }2H/ 2[m�iBQMb BM �
7Qm`@/BK2MbBQM�H bT�+2-Ǵ AMiX CX h?2Q`X S?vbX Ry URNd9V jejĜj39X

(ey) _X E�HHQb? �M/ �X GBM/2- ǳlMBp2`b�HBiv *H�bb BM *QM7Q`K�H AM~�iBQM-Ǵ C*�S
yd UkyRjV yyk- �`sBp,RjyeX8kky (?2T@i?)X

(eR) _X E�HHQb?- �X GBM/2- �M/ .X _Q2bi- ǳamT2`+QM7Q`K�H AM~�iBQM�`v
α@�ii`�+iQ`b-Ǵ C>1S RR UkyRjV RN3- �`sBp,RjRRXy9dk (?2T@i?)X

(ek) EX@BX J�2/�- ǳAM~�iBQM �b � h`�MbB2Mi �ii`�+iQ` BM _  k *QbKQHQ;v-Ǵ S?vbX
_2pX . jd URN33V 383X

(ej) EX@BX J�2/�- ǳhQr�`/b i?2 1BMbi2BM@>BH#2`i �+iBQM pB� *QM7Q`K�H
h`�Mb7Q`K�iBQM-Ǵ S?vbX _2pX . jN URN3NV jR8NX

(e9) LX .X "B``2HH �M/ SX *X qX .�pB2b- Zm�MimK 6B2H/b BM *m`p2/ aT�+2X
*�K#`B/;2 JQMQ;`�T?b QM J�i?2K�iB+�H S?vbB+bX *�K#`B/;2 lMBpX S`2bb-
*�K#`B/;2- lE- k- RN39X

(e8) aX _2M�mt@S2i2H �M/ EX hm`xvƖbFB- ǳ:2QK2i`B+�H .2bi�#BHBx�iBQM Q7 AM~�iBQM-Ǵ
S?vbX _2pX G2iiX RRd MQX R9- UkyReV R9RjyR- �`sBp,R8RyXyRk3R
(�bi`Q@T?X*P)X

(ee) >X EQ/�K� �M/ JX a�b�FB- ǳ*QbKQHQ;B+�H S2`im`#�iBQM h?2Q`v-Ǵ S`Q;X h?2Q`X
S?vbX amTTHX d3 URN39V RĜReeX

(ed) CX JX J�H/�+2M�- ǳLQM@:�mbbB�M 72�im`2b Q7 T`BKQ`/B�H ~m+im�iBQMb BM bBM;H2
}2H/ BM~�iBQM�`v KQ/2Hb-Ǵ C>1S y8 UkyyjV yRj- �`sBp,�bi`Q@T?fykRyeyj
(�bi`Q@T?)X

R33
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(e3) LX "�`iQHQ- aX J�i�``2b2- �M/ �X _BQiiQ- ǳLQM@:�mbbB�MBiv Q7 G�`;2@a+�H2
*QbKB+ JB+`Qr�p2 "�+F;`QmM/ �MBbQi`QTB2b #2vQM/ S2`im`#�iBQM h?2Q`v-Ǵ
C*�S y8y3 Ukyy8V yRy- �`sBp,�bi`Q@T?fy8ye9Ry (�bi`Q@T?)X

(eN) sX *?2M- JX@tX >m�M;- aX E�+?`m- �M/ :X a?Bm- ǳP#b2`p�iBQM�H bB;M�im`2b �M/
MQM@:�mbbB�MBiB2b Q7 ;2M2`�H bBM;H2 }2H/ BM~�iBQM-Ǵ C*�S yR UkyydV yyk-
�`sBp,?2T@i?fyey8y98X

(dy) sX *?2M- ǳS`BKQ`/B�H LQM@:�mbbB�MBiB2b 7`QK AM~�iBQM JQ/2Hb-Ǵ �/pX �bi`QMX
kyRy UkyRyV ej3NdN- �`sBp,RyykXR9Re (�bi`Q@T?X*P)X

(dR) .X "�mK�MM �M/ .X :`22M- ǳ1[mBH�i2`�H LQM@:�mbbB�MBiv �M/ L2r S?vbB+b QM
i?2 >Q`BxQM-Ǵ C*�S RRyN UkyRRV yR9- �`sBp,RRykX8j9j (?2T@i?)X

(dk) �X �X ai�`Q#BMbFv- ǳ.vM�KB+b Q7 S?�b2 h`�MbBiBQM BM i?2 L2r AM~�iBQM�`v
lMBp2`b2 a+2M�`BQ �M/ :2M2`�iBQM Q7 S2`im`#�iBQMb-Ǵ S?vbX G2iiX " RRd URN3kV
Rd8ĜRd3X

(dj) .X SQH�`bFB �M/ �X �X ai�`Q#BMbFv- ǳa2KB+H�bbB+�HBiv �M/ /2+Q?2`2M+2 Q7
+QbKQHQ;B+�H T2`im`#�iBQMb-Ǵ *H�bbX Zm�MiX :`�pX Rj URNNeV jddĜjNk-
�`sBp,;`@[+fN8y9yjyX

(d9) .X "�mK�MM- ǳAM~�iBQM-Ǵ BM S?vbB+b Q7 i?2 H�`;2 �M/ i?2 bK�HH- h�aA yN-
T`Q+22/BM;b Q7 i?2 h?2Q`2iB+�H �/p�M+2/ aim/v AMbiBimi2 BM 1H2K2Mi�`v S�`iB+H2
S?vbB+b- "QmH/2`- *QHQ`�/Q- la�- R@ke CmM2 kyyN- TTX 8kjĜe3eX kyRRX
�`sBp,yNydX89k9 (?2T@i?)X

(d8) _X GX �`MQrBii- aX .2b2`- �M/ *X qX JBbM2`- ǳh?2 .vM�KB+b Q7 ;2M2`�H
`2H�iBpBiv-Ǵ :2MX _2HX :`�pX 9y Ukyy3V RNNdĜkykd- �`sBp,;`@[+fy9y8RyN
(;`@[+)X

(de) *X qX JBbM2`- EX aX h?Q`M2- �M/ CX �X q?22H2`- :`�pBi�iBQMX qX >X 6`22K�M-
a�M 6`�M+Bb+Q- RNdjX

(dd) _X JX q�H/- :2M2`�H _2H�iBpBivX *?B+�;Q lMBpX S`X- *?B+�;Q- la�- RN39X

(d3) 1X :Qm`;QmH?QM- ǳjYR 7Q`K�HBbK �M/ #�b2b Q7 MmK2`B+�H `2H�iBpBiv-Ǵ
�`sBp,;`@[+fydyjyj8X

(dN) uX q�M;- ǳAM~�iBQM- *QbKB+ S2`im`#�iBQMb �M/ LQM@:�mbbB�MBiB2b-Ǵ *QKKmMX
h?2Q`X S?vbX ek UkyR9V RyNĜRee- �`sBp,RjyjXR8kj (?2T@i?)X

R3N
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(3y) CX JX "�`/22M- ǳ:�m;2 AMp�`B�Mi *QbKQHQ;B+�H S2`im`#�iBQMb-Ǵ S?vbX _2pX
.kk URN3yV R33kĜRNy8X

(3R) CX JX "�`/22M- SX CX ai2BM?�`/i- �M/ JX aX hm`M2`- ǳaTQMi�M2Qmb *`2�iBQM Q7
�HKQbi a+�H2 @ 6`22 .2MbBiv S2`im`#�iBQMb BM �M AM~�iBQM�`v lMBp2`b2-Ǵ S?vbX
_2pX .k3 URN3jV edNX

(3k) JX a�b�FB- ǳG�`;2 a+�H2 Zm�MimK 6Hm+im�iBQMb BM i?2 AM~�iBQM�`v lMBp2`b2-Ǵ
S`Q;X h?2Q`X S?vbX de URN3eV RyjeX

(3j) oX 6X JmF?�MQp- ǳZm�MimK h?2Q`v Q7 :�m;2 AMp�`B�Mi *QbKQHQ;B+�H
S2`im`#�iBQMb-Ǵ aQpX S?vbX C1hS ed URN33V RkNdĜRjykX (w?X 1FbTX h2Q`X
6BxXN9Ld-RURN33V)X

(39) aX q2BM#2`;- *QbKQHQ;vX Pt7Q`/ lMBpX S`2bb- kyy3X

(38) .X >X Gvi? �M/ �X _X GB//H2- h?2 T`BKQ`/B�H /2MbBiv T2`im`#�iBQM, *QbKQHQ;v-
BM~�iBQM �M/ i?2 Q`B;BM Q7 bi`m+im`2X *�K#`B/;2 lMBpX S`2bb- *�K#`B/;2- lE-
kyyNX

(3e) *X :Q`/QM- .X q�M/b- "X �X "�bb2ii- �M/ _X J��`i2Mb- ǳ�/B�#�iB+ �M/
2Mi`QTv T2`im`#�iBQMb 7`QK BM~�iBQM-Ǵ S?vbX _2pX . ej UkyyyV ykj8ye-
�`sBp,�bi`Q@T?fyyyNRjRX

(3d) .X SQH�`bFB �M/ �X �X ai�`Q#BMbFv- ǳaT2+i`� Q7 T2`im`#�iBQMb T`Q/m+2/ #v
/Qm#H2 BM~�iBQM rBi? �M BMi2`K2/B�i2 K�ii2` /QKBM�i2/ bi�;2-Ǵ Lm+HX S?vbX
"j38 URNNkV ekjĜe8yX

(33) .X SQH�`bFB �M/ �X �X ai�`Q#BMbFv- ǳAbQ+m`p�im`2 T2`im`#�iBQMb BM KmHiBTH2
BM~�iBQM�`v KQ/2Hb-Ǵ S?vbX _2pX .8y URNN9V eRkjĜeRkN-
�`sBp,�bi`Q@T?fN9y9yeR (�bi`Q@T?)X

(3N) aX q2BM#2`;- ǳ*�M MQM@�/B�#�iB+ T2`im`#�iBQMb �`Bb2 �7i2` bBM;H2@}2H/
BM~�iBQM\-Ǵ S?vbX _2pX .dy Ukyy9V y9j89R- �`sBp,�bi`Q@T?fy9yRjRj
(�bi`Q@T?)X

(Ny) aX q2BM#2`;- ǳJmbi +QbKQHQ;B+�H T2`im`#�iBQMb `2K�BM MQM@�/B�#�iB+ �7i2`
KmHiB@}2H/ BM~�iBQM\-Ǵ S?vbX _2pX .dy Ukyy9V y3j8kk-
�`sBp,�bi`Q@T?fy9y8jNd (�bi`Q@T?)X
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(NR) 1X .X ai2r�`i �M/ .X >X Gvi?- ǳ� JQ`2 �++m`�i2 �M�HviB+ +�H+mH�iBQM Q7 i?2
bT2+i`mK Q7 +QbKQHQ;B+�H T2`im`#�iBQMb T`Q/m+2/ /m`BM; BM~�iBQM-Ǵ S?vbX
G2iiX "jyk URNNjV RdRĜRd8- �`sBp,;`@[+fNjykyRN (;`@[+)X

(Nk) hX aX "mM+? �M/ SX *X qX .�pB2b- ǳZm�MimK 6B2H/ h?2Q`v BM /2 aBii2` aT�+2,
_2MQ`K�HBx�iBQM #v SQBMi aTHBiiBM;-Ǵ S`Q+X _QvX aQ+X GQM/X �jey URNd3V
RRdĜRj9X

(Nj) �X _X GB//H2 �M/ .X >X Gvi?- ǳ*P"1- ;`�pBi�iBQM�H r�p2b- BM~�iBQM �M/
2ti2M/2/ BM~�iBQM-Ǵ S?vbX G2iiX " kNR URNNkV jNRĜjN3-
�`sBp,�bi`Q@T?fNky3yydX

(N9) oX �X _m#�FQp- JX oX a�x?BM- �M/ �X oX o2`v�bFBM- ǳ:`�pBiQM *`2�iBQM BM i?2
AM~�iBQM�`v lMBp2`b2 �M/ i?2 :`�M/ lMB}+�iBQM a+�H2-Ǵ S?vbX G2iiX " RR8
URN3kV R3NĜRNkX

(N8) _X 6�##`B �M/ JX /X SQHHQ+F- ǳh?2 1z2+i Q7 S`BKQ`/B�HHv S`Q/m+2/ :`�pBiQMb
mTQM i?2 �MBbQi`QTv Q7 i?2 *QbKQHQ;B+�H JB+`Qr�p2 "�+F;`QmM/ _�/B�iBQM-Ǵ
S?vbX G2iiX " Rk8 URN3jV 998Ĝ993X

(Ne) GX 6X �##Qii �M/ JX "X qBb2- ǳ*QMbi`�BMib QM :2M2`�HBx2/ AM~�iBQM�`v
*QbKQHQ;B2b-Ǵ Lm+HX S?vbX " k99 URN39V 89RĜ893X

(Nd) GX �X "QvH2 �M/ SX CX ai2BM?�`/i- ǳS`Q#BM; i?2 2�`Hv mMBp2`b2 rBi? BM~�iBQM�`v
;`�pBi�iBQM�H r�p2b-Ǵ S?vbX _2pX . dd Ukyy3V yej8y9-
�`sBp,�bi`Q@T?fy8RkyR9X

(N3) �X .2 62HB+2 �M/ aX hbmDBF�r�- ǳ7U_V i?2Q`B2b-Ǵ GBpBM; _2pX _2HX Rj UkyRyV j-
�`sBp,RyykX9Nk3 (;`@[+)X

(NN) JX "X JBDB+- JX aX JQ``Bb- �M/ qX@JX am2M- ǳh?2 R2 *QbKQHQ;v, AM~�iBQM
qBi?Qmi � S?�b2 h`�MbBiBQM-Ǵ S?vbX _2pX .j9 URN3eV kNj9X

(Ryy) _X CBMMQ- :`�pBi�iBQM�H 2z2+ib QM BM~�iQM /2+�v �i i?2 QMb2i Q7 `2?2�iBM;X
S?. i?2bBb- h?2 lMBp2`bBiv Q7 hQFvQ- kyReX

(RyR) �X E2?�;B�b- �X JQ`�/BM2x?�/ .Bx;�?- �M/ �X _BQiiQ- ǳ_2K�`Fb QM i?2
ai�`Q#BMbFv KQ/2H Q7 BM~�iBQM �M/ Bib /2b+2M/�Mib-Ǵ S?vbX _2pX .3N MQX 9-
UkyR9V y9j8kd- �`sBp,RjRkXRR88 (?2T@i?)X
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(Ryk) uX >�K�/�- >X E�r�B- EX@vX P/�- �M/ aX *X S�`F- ǳ>B;;b AM~�iBQM Bb aiBHH
�HBp2 �7i2` i?2 _2bmHib 7`QK "A*1Sk-Ǵ S?vbX _2pX G2iiX RRk MQX k9- UkyR9V
k9RjyR- �`sBp,R9yjX8y9j (?2T@T?)X

(Ryj) 6X "2x`mFQp �M/ JX a?�TQb?MBFQp- ǳ>B;;b BM~�iBQM �i i?2 +`BiB+�H TQBMi-Ǵ
S?vbX G2iiX " dj9 UkyR9V k9NĜk89- �`sBp,R9yjXeyd3 (?2T@T?)X

(Ry9) uX >�K�/�- >X E�r�B- EX@vX P/�- �M/ aX *X S�`F- ǳ>B;;b BM~�iBQM 7`QK
ai�M/�`/ JQ/2H +`BiB+�HBiv-Ǵ S?vbX _2pX . NR UkyR8V y8jyy3-
�`sBp,R9y3X93e9 (?2T@T?)X

(Ry8) *X "m`;2bb- >X JX G22- �M/ JX h`Qii- ǳSQr2`@+QmMiBM; �M/ i?2 o�HB/Biv Q7 i?2
*H�bbB+�H �TT`QtBK�iBQM .m`BM; AM~�iBQM-Ǵ C>1S yN UkyyNV Ryj-
�`sBp,yNykX99e8 (?2T@T?)X

(Rye) CX "�`#QM �M/ CX 1bTBMQb�- ǳPM i?2 L�im`�HM2bb Q7 >B;;b AM~�iBQM-Ǵ S?vbX
_2pX . dN UkyyNV y3Rjyk- �`sBp,yNyjXyj88 (?2T@T?)X

(Ryd) *X "m`;2bb- >X JX G22- �M/ JX h`Qii- ǳ*QKK2Mi QM >B;;b AM~�iBQM �M/
L�im`�HM2bb-Ǵ C>1S yd UkyRyV yyd- �`sBp,RyykXkdjy (?2T@T?)X

(Ry3) JX SX >2`ix#2`;- ǳPM AM~�iBQM rBi? LQM@KBMBK�H *QmTHBM;-Ǵ C>1S RR UkyRyV
ykj- �`sBp,RyykXkNN8 (?2T@T?)X

(RyN) �X "�`pBMbFv- �X E�K2Mb?+?BF- *X EB272`- �X ai�`Q#BMbFv- �M/ *X ai2BMr�+?b-
ǳ>B;;b #QbQM- `2MQ`K�HBx�iBQM ;`QmT- �M/ M�im`�HM2bb BM +QbKQHQ;v-Ǵ 1m`X
S?vbX CX * dk UkyRkV kkRN- �`sBp,yNRyXRy9R (?2T@T?)X

(RRy) 6X "2x`mFQp- �X J�;MBM- JX a?�TQb?MBFQp- �M/ aX aB#B`v�FQp- ǳ>B;;b
BM~�iBQM, +QMbBbi2M+v �M/ ;2M2`�HBb�iBQMb-Ǵ C>1S yR UkyRRV yRe-
�`sBp,Ryy3X8R8d (?2T@T?)X

(RRR) 6X "2x`mFQp �M/ JX a?�TQb?MBFQp- ǳai�M/�`/ JQ/2H >B;;b #QbQM K�bb 7`QK
BM~�iBQM, hrQ HQQT �M�HvbBb-Ǵ C>1S yd UkyyNV y3N- �`sBp,yNy9XR8jd
(?2T@T?)X

(RRk) 6X "2x`mFQp- CX _m#BQ- �M/ JX a?�TQb?MBFQp- ǳGBpBM; #2vQM/ i?2 2/;2, >B;;b
BM~�iBQM �M/ p�+mmK K2i�bi�#BHBiv-Ǵ S?vbX _2pX . Nk MQX 3- UkyR8V y3j8Rk-
�`sBp,R9RkXj3RR (?2T@T?)X
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(RRj) JX SX .2*`Qbb- .X AX E�Bb2`- �X S`�#?m- *X S`2b+Q/@q2BMbi2BM- �M/ 1X AX
a7�FB�M�FBb- ǳS`2?2�iBM; �7i2` JmHiB}2H/ AM~�iBQM rBi? LQMKBMBK�H
*QmTHBM;b- A, *Qp�`B�Mi 6Q`K�HBbK �M/ �ii`�+iQ` "2?�pBQ`-Ǵ S?vbX _2pX . Nd
MQX k- UkyR3V ykj8ke- �`sBp,R8RyXy388j (�bi`Q@T?X*P)X

(RR9) uX >�K�/�- EX E�r�M�- �M/ �X a+?2`HBb- ǳPM S`2?2�iBM; BM >B;;b AM~�iBQM-Ǵ
C*�S yj UkykRV yek- �`sBp,kyydXy9dyR (?2T@T?)X

(RR8) .X >X Gvi? �M/ �X _BQiiQ- ǳS�`iB+H2 T?vbB+b KQ/2Hb Q7 BM~�iBQM �M/ i?2
+QbKQHQ;B+�H /2MbBiv T2`im`#�iBQM-Ǵ S?vbX _2TiX jR9 URNNNV RĜR9e-
�`sBp,?2T@T?fN3ydkd3X

(RRe) .X "�mK�MM �M/ GX J+�HHBbi2`- AM~�iBQM �M/ ai`BM; h?2Q`vX *�K#`B/;2
JQMQ;`�T?b QM J�i?2K�iB+�H S?vbB+bX *�K#`B/;2 lMBp2`bBiv S`2bb- 8- kyR8X
�`sBp,R9y9XkeyR (?2T@i?)X

(RRd) �X �X ai�`Q#BMbFv �M/ CX uQFQv�K�- ǳ.2MbBiv ~m+im�iBQMb BM "`�Mb@.B+F2
BM~�iBQM-Ǵ BM 9i? qQ`Fb?QT QM :2M2`�H _2H�iBpBiv �M/ :`�pBi�iBQMX LQp2K#2`-
RNN9X �`sBp,;`@[+fN8ykyykX

(RR3) sX *?2M �M/ uX q�M;- ǳG�`;2 MQM@:�mbbB�MBiB2b rBi? AMi2`K2/B�i2 a?�T2b
7`QK Zm�bB@aBM;H2 6B2H/ AM~�iBQM-Ǵ S?vbX _2pX .3R UkyRyV yej8RR-
�`sBp,yNyNXy9Ne (�bi`Q@T?X*P)X

(RRN) �X .X GBM/2- ǳ>v#`B/ BM~�iBQM-Ǵ S?vbX _2pX .9N URNN9V d93Ĝd89-
�`sBp,�bi`Q@T?fNjydyyk (�bi`Q@T?)X

(Rky) CX �X �/�Kb- :X :X _Qbb- �M/ aX a�`F�`- ǳJmHiBTH2 BM~�iBQM-Ǵ Lm+HX S?vbX
"8yj URNNdV 9y8Ĝ9k8- �`sBp,?2T@T?fNdy9k3e (?2T@T?)X

(RkR) "X �X "�bb2ii- aX hbmDBF�r�- �M/ .X q�M/b- ǳAM~�iBQM /vM�KB+b �M/
`2?2�iBM;-Ǵ _2pX JQ/X S?vbX d3 UkyyeV 8jdĜ83N- �`sBp,�bi`Q@T?fy8ydejk
(�bi`Q@T?)X

(Rkk) JX a�b�FB �M/ 1X .X ai2r�`i- ǳ� :2M2`�H �M�HviB+ 7Q`KmH� 7Q` i?2 bT2+i`�H
BM/2t Q7 i?2 /2MbBiv T2`im`#�iBQMb T`Q/m+2/ /m`BM; BM~�iBQM-Ǵ S`Q;X h?2Q`X
S?vbX N8 URNNeV dRĜd3- �`sBp,�bi`Q@T?fN8ydyyR (�bi`Q@T?)X

(Rkj) �X �+?m+�``Q- CX@PX :QM;- aX >�`/2K�M- :X �X S�HK�- �M/ aX SX S�iBH-
ǳ62�im`2b Q7 ?2�pv T?vbB+b BM i?2 *J" TQr2` bT2+i`mK-Ǵ C*�S RRyR UkyRRV
yjy- �`sBp,RyRyXjeNj (?2T@T?)X
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(Rk9) aX *2bT2/2b- oX �i�H- �M/ :X �X S�HK�- ǳPM i?2 BKTQ`i�M+2 Q7 ?2�pv }2H/b
/m`BM; BM~�iBQM-Ǵ C*�S Rky8 UkyRkV yy3- �`sBp,RkyRX9393 (?2T@i?)X

(Rk8) �X �+?m+�``Q- oX �i�H- aX *2bT2/2b- CX@PX :QM;- :X �X S�HK�- �M/ aX SX S�iBH-
ǳ>2�pv }2H/b- `2/m+2/ bT22/b Q7 bQmM/ �M/ /2+QmTHBM; /m`BM; BM~�iBQM-Ǵ S?vbX
_2pX .3e UkyRkV RkRjyR- �`sBp,Rky8XydRy (?2T@i?)X

(Rke) oX 6X JmF?�MQp �M/ SX CX ai2BM?�`/i- ǳ.2MbBiv T2`im`#�iBQMb BM KmHiB}2H/
BM~�iBQM�`v KQ/2Hb-Ǵ S?vbX G2iiX " 9kk URNN3V 8kĜey-
�`sBp,�bi`Q@T?fNdRyyj3X

(Rkd) :X �X S�HK�- aX avTb�b- �M/ *X w2Mi2MQ- ǳa22/BM; T`BKQ`/B�H #H�+F ?QH2b BM
KmHiB}2H/ BM~�iBQM-Ǵ S?vbX _2pX G2iiX Rk8 MQX Rk- UkykyV RkRjyR-
�`sBp,kyy9XyeRye (�bi`Q@T?X*P)X

(Rk3) CX 6mK�;�HHB- aX _2M�mt@S2i2H- CX qX _QM�vM2- �M/ GX hX qBiFQrbFB- ǳhm`MBM;
BM i?2 H�M/b+�T2, � M2r K2+?�MBbK 7Q` ;2M2`�iBM; S`BKQ`/B�H "H�+F >QH2b-Ǵ
�`sBp,kyy9Xy3jeN (?2T@i?)X

(RkN) :X 6X :Bm/B+2 �M/ >X JX G22- ǳlMBi�`BxBM; >B;;b AM~�iBQM-Ǵ S?vbX G2iiX " eN9
UkyRRV kN9Ĝjyy- �`sBp,RyRyXR9Rd (?2T@T?)X

(Rjy) CX "�`#QM- CX *�b�b- CX 1HB�b@JB`Q- �M/ CX 1bTBMQb�- ǳ>B;;b AM~�iBQM �b �
JB`�;2-Ǵ C>1S yN UkyR8V ykd- �`sBp,R8yRXykkjR (?2T@T?)X

(RjR) >X JX G22- ǳGB;?i BM~�iQM +QKTH2iBM; >B;;b BM~�iBQM-Ǵ S?vbX _2pX . N3 MQX R-
UkyR3V yR8yky- �`sBp,R3ykXyeRd9 (?2T@T?)X

(Rjk) .X uX *?2QM;- aX JX G22- �M/ aX *X S�`F- ǳS`BKQ`/B�H #H�+F ?QH2b BM >B;;b@R2

BM~�iBQM �b i?2 r?QH2 Q7 /�`F K�ii2`-Ǵ C*�S yR UkykRV yjk-
�`sBp,RNRkXRkyjk (?2T@T?)X

(Rjj) oX@JX 1M+F2HH- EX 1M[pBbi- aX _�b�M2M- �M/ GX@SX q�?HK�M- ǳAM~�iBQM rBi?
R2 i2`K BM i?2 S�H�iBMB 7Q`K�HBbK-Ǵ C*�S yk UkyRNV ykk- �`sBp,R3RyXy88je
(;`@[+)X

(Rj9) aX SB- uX@HX w?�M;- ZX@:X >m�M;- �M/ JX a�b�FB- ǳa+�H�`QM 7`QK R2@;`�pBiv �b
� ?2�pv }2H/-Ǵ C*�S R3y8 MQX y8- UkyR3V y9k- �`sBp,RdRkXyN3Ne
(�bi`Q@T?X*P)X
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(Rj8) uX 1K�- EX JmF�B/�- �M/ CX o�M .2 oBb- ǳ_2MQ`K�HBx�iBQM ;`QmT 2[m�iBQMb
Q7 >B;;b@_2 BM~�iBQM-Ǵ C>1S yk UkykRV RyN- �`sBp,kyy3XyRyNe (?2T@T?)X

(Rje) *X :X *�HH�M C`X- aX *QH2K�M- �M/ _X C�+FBr- ǳ� M2r BKT`Qp2/
2M2`;v@KQK2MimK i2MbQ`-Ǵ �MM�Hb Q7 S?vbB+b 8N MQX R- URNdyV 9kĜdjX

(Rjd) aX *QH2K�M �M/ _X C�+FBr- ǳq?v /BH�i�iBQM ;2M2`�iQ`b /Q MQi ;2M2`�i2
/BH�i�iBQMb-Ǵ �MM�Hb Q7 S?vbB+b ed MQX k- URNdRV 88kĜ8N3X

(Rj3) :X Ƕi >QQ7i �M/ JX CX :X o2HiK�M- ǳPM2 HQQT /Bp2`;2M+B2b BM i?2 i?2Q`v Q7
;`�pBi�iBQM-Ǵ �MMX AMbiX >X SQBM+�`2 S?vbX h?2Q`X � ky URNd9V eNĜN9X

(RjN) JX >2- ǳAM~�iBQM BM i?2 JBt2/ >B;;b@R2 JQ/2H-Ǵ J�bi2`Ƕb i?2bBb- h?2
lMBp2`bBiv Q7 hQFvQ- kyR3X

(R9y) GX �X EQ7K�M- �X .X GBM/2- �M/ �X �X ai�`Q#BMbFv- ǳAM~�iBQM�`v lMBp2`b2
:2M2`�i2/ #v i?2 *QK#BM2/ �+iBQM Q7 � a+�H�` 6B2H/ �M/ :`�pBi�iBQM�H
o�+mmK SQH�`Bx�iBQM-Ǵ S?vbX G2iiX " R8d URN38V jeRĜjedX

(R9R) �X �X ai�`Q#BMbFv- ǳJmHiB+QKTQM2Mi /2 aBii2` UAM~�iBQM�`vV ai�;2b �M/ i?2
:2M2`�iBQM Q7 S2`im`#�iBQMb-Ǵ C1hS G2iiX 9k URN38V R8kĜR88X

(R9k) �X "2`2`�- ǳAMi2`TQH�iBM; i?2 bi�;2 Q7 2tTQM2MiB�H 2tT�MbBQM BM i?2 2�`Hv
mMBp2`b2, � SQbbB#H2 �Hi2`M�iBp2 rBi? MQ `2?2�iBM;-Ǵ S?vbX _2pX .88 URNNdV
jj9eĜjj8d- �`sBp,?2T@T?fNeRkkjN (?2T@T?)X

(R9j) �X "2`2`� �M/ hX qX E2T?�`i- ǳh?2 l#B[mBiQmb AM~�iQM BM ai`BM;@AMbTB`2/
JQ/2Hb-Ǵ S?vbX _2pX G2iiX 3j URNNNV Ry39ĜRy3d- �`sBp,?2T@T?fNNy99Ry
(?2T@T?)X

(R99) CX uQFQv�K� �M/ �X .X GBM/2- ǳAb r�`K BM~�iBQM TQbbB#H2\-Ǵ S?vbX _2pX . ey
URNNNV y3j8yN- �`sBp,?2T@T?fN3yN9yNX

(R98) CX J�`iBM- *X _BM;2p�H- �M/ oX o2MMBM- ǳP#b2`pBM; AM~�iBQM�`v _2?2�iBM;-Ǵ
S?vbX _2pX G2iiX RR9 MQX 3- UkyR8V y3Rjyj- �`sBp,R9RyXdN83 (�bi`Q@T?X*P)X

(R9e) CX@PX :QM;- aX SB- �M/ :X G2mM;- ǳS`Q#BM; `2?2�iBM; rBi? T`BKQ`/B�H
bT2+i`mK-Ǵ C*�S y8 UkyR8V ykd- �`sBp,R8yRXyjey9 (?2T@T?)X

(R9d) CX GX *QQF- 1X .BK�bi`Q;BQp�MMB- .X �X 1�bbQM- �M/ GX JX E`�mbb- ǳ_2?2�iBM;
T`2/B+iBQMb BM bBM;H2 }2H/ BM~�iBQM-Ǵ C*�S R8y9 UkyR8V y9d-
�`sBp,R8ykXy9edj (�bi`Q@T?X*P)X

RN8
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http://arxiv.org/abs/1501.03604
http://dx.doi.org/10.1088/1475-7516/2015/04/047
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(R93) aX uX E?H2#MBFQp �M/ AX AX hF�+?2p- ǳ_2HB+ ;`�pBi�iBQM�H r�p2b T`Q/m+2/ �7i2`
T`2?2�iBM;-Ǵ S?vbX _2pX . 8e URNNdV e8jĜeey- �`sBp,?2T@T?fNdyR9kjX

(R9N) CX :�`+B�@"2HHB/Q �M/ .X :X 6B;m2`Q�- ǳ� biQ+?�biB+ #�+F;`QmM/ Q7
;`�pBi�iBQM�H r�p2b 7`QK ?v#`B/ T`2?2�iBM;-Ǵ S?vbX _2pX G2iiX N3 UkyydV
yeRjyk- �`sBp,�bi`Q@T?fydyRyR9X

(R8y) CX :�`+B�@"2HHB/Q- .X :X 6B;m2`Q�- �M/ �X a�bi`2- ǳ� :`�pBi�iBQM�H q�p2
"�+F;`QmM/ 7`QK _2?2�iBM; �7i2` >v#`B/ AM~�iBQM-Ǵ S?vbX _2pX . dd Ukyy3V
y9j8Rd- �`sBp,ydydXy3jN (?2T@T?)X

(R8R) _X 1�bi?2` �M/ 1X �X GBK- ǳaiQ+?�biB+ ;`�pBi�iBQM�H r�p2 T`Q/m+iBQM �7i2`
BM~�iBQM-Ǵ C*�S y9 UkyyeV yRy- �`sBp,�bi`Q@T?fyeyReRdX

(R8k) _X 1�bi?2`- CX hX :B#HBM- C`X- �M/ 1X �X GBK- ǳ:`�pBi�iBQM�H q�p2 S`Q/m+iBQM
�i h?2 1M/ P7 AM~�iBQM-Ǵ S?vbX _2pX G2iiX NN UkyydV kkRjyR-
�`sBp,�bi`Q@T?fyeRkkN9X

(R8j) CX 6X .m7�mt- �X "2`;K�M- :X LX 62H/2`- GX EQ7K�M- �M/ CX@SX lx�M- ǳh?2Q`v
�M/ LmK2`B+b Q7 :`�pBi�iBQM�H q�p2b 7`QK S`2?2�iBM; �7i2` AM~�iBQM-Ǵ S?vbX
_2pX . de UkyydV Rkj8Rd- �`sBp,ydydXy3d8 (�bi`Q@T?)X

(R89) JX E�r�b�FB- EX EQ?`B- �M/ LX am;Bv�K�- ǳ*QbKQHQ;B+�H +QMbi`�BMib QM H�i2
iBK2 2Mi`QTv T`Q/m+iBQM-Ǵ S?vbX _2pX G2iiX 3k URNNNV 9Re3-
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