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ABSTRACT

In modern physics, spontaneous symmetry breaking is one of the most impor-
tant and ubiquitous ideas. It is well known that the breakdown of global and con-
tinuous symmetry gives rise to gapless excitations called Nambu-Goldstone (NG)
bosons. This is called NG theorem. Since the generators of broken symmetries are
bosonic, the excitations are also bosons. On the other hand, excitations are thought
of as fermionic when a generator of broken symmetry is fermionic. The most famous
example of fermionic symmetry is supersymmetry (SUSY). SUSY is a symmetry that
exchanges bosons and fermions. In high-energy physics, it is known that sponta-
neous SUSY breaking gives rise to massless modes called NG fermions or Nambu-
Goldstinos. In non-relativistic systems, fewer examples of models with SUSY are
studied. Therefore, spontaneous SUSY breaking in non-relativistic systems is less
understood than that in nonrelativistic systems or spontaneous symmetry break-
ing. In this thesis, we introduce interacting Majorana models with supersymmetry
(SUSY) and discuss the properties in terms of spontaneous SUSY breaking and NG
modes.

Chapter 1 gives an introduction to supersymmetry, N' = 2 supersymmetric lat-
tice models, and the properties of Majorana fermions. In addition, we discuss the
Kitaev chain in terms of the ground state. In Chapter 2, we briefly review N’ = 1
SUSY quantum mechanics and the definition of spontaneous SUSY breaking.

In Chapter 3, we introduce and study an interacting Majorana fermion model
with SUSY. This model has one parameter g, and g connect strongly interacting limit
and free Majorana fermion limit. Depending on the values of g, we study the prop-
erties of SUSY in terms of spontaneous SUSY breaking. When g = 1, we prove
that SUSY is unbroken and the ground states are solvable. We find that SUSY is
restored in the infinite volume limit in an extended area of the parameter g. When
g > 8/m — 1, we prove that SUSY is broken spontaneously by giving a lower bound
of the ground state energy density. When SUSY is spontaneously broken, we prove
that there exist gapless modes in this model. Using exact diagonalization, we calcu-
late the dispersion relation of Nambu-Goldstone modes and find that it is cubic in
momentum.

In Chapter 4, we introduce and study another interacting Majorana fermion
model with SUSY. This model also has one parameter g, and g connect strongly in-
teracting limit and free Majorana fermion limit. Depending on the values of g, we
study the properties of SUSY in terms of spontaneous SUSY breaking, In the case of
g = 1, we prove that SUSY is unbroken and the ground states are integrable. We
find that SUSY is restored in the infinite volume limit for modest values of g. When
g > 8/m — 1, we prove that SUSY is spontaneously broken. We prove that there exist
gapless modes associated with spontaneous SUSY breaking. Using exact diagonal-
ization, we find that the dispersion relation of Nambu-Goldstone modes is linear in
momentum.

In chapter 5, we give a summary of this thesis.
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Chapter 1

Introduction

In this chapter, we first provide a short history of supersymmetry (SUSY) and the
birth of supersymmetric quantum mechanics (non-relativistic SUSY). Following this,
we see general properties of non-relativistic SUSY and special properties of the Nico-
lai model which is a model with non-relativistic SUSY.

1.1 Supersymmetry

Symmetry plays an important role in many areas of physics. In nature, symmetries
are sometimes broken spontaneously. Spontaneous symmetry breaking (SSB) is de-
fined naively as @)|gs) # 0, where @) and |gs) are the generator of a symmetry and
the ground state of the system, respectively. For the latter purpose, we would like to
give a more precise definition of spontaneous symmetry breaking. If there exists an
operator v (z) which satisfies the following relation

(0l[Q, ¥ (x)]]o) # O, (1.1)

the symmetry is said to be spontaneously broken. Here, |¢) is the ground state, ) is
a generator of symmetry. We note that SSB occurs only in the infinite-volume limit.
Famous examples of such SSB are translational symmetry breaking in solids and
spin rotational symmetry breaking in magnets. It is known that there exist gapless
modes which satisfy £ — 0 as k — 0 known as Nambu-Goldstone (NG) bosons
when a global and continuous symmetry is spontaneously broken [1-3]. This is
called Nambu-Goldstone theorem. This theorem is applicable to both relativistic
and non-relativistic systems. When the system holds Lorentz symmetry, the number
of NG bosons is the same as the number of broken symmetries. In non-relativistic
systems, classification of NG modes in terms of the ground state expectation values
of commutation relation of generators of symmetries determines the number of NG
modes [4, 5].

The above SSB is mainly discussed in the context of bosonic symmetry. On the
other hand, supersymmetry (SUSY) is a symmetry that relates bosonic particles and
fermionic particles. SUSY is considered to solve the hierarchy problem that is an
important topic in high energy physics. However, despite a great deal of effort,
SUSY has yet to be experimentally discovered. In this section, we briefly review the
history of SUSY.

This symmetry treats bosons and fermions as a multiplet. The algebra of this
symmetry is not a Lie algebra since it involves both commutator and anti-commutator.
This symmetry does not contain the Lorentz group. In 1967, Coleman and Mandula
showed a theorem which states that a possible symmetry commuting with the S-
matrix is restricted to translation, Lorentz rotation, or internal symmetries [6]. SUSY
is not contained in these three symmetries since SUSY changes integer spin particles
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into half-integer ones while the three symmetries do not. In 1974, Wess and Zumino
constructed a (3+1) dimensional model which has both SUSY and Lorentz symme-
try [7]. Coleman-Mandula’s no-go theorem is applicable only to bosonic generators
of symmetries. On the other hand, the theorem cannot be applicable to fermionic
generators of symmetries such as those of SUSY. In 1975, Haag, Lopuszanski and
Sohnius generalized Coleman-Mandula’s no-go theorem to that containing SUSY,
and they showed that generators of SUSY must satisfy superalgebra [8],

{Qaa Qb} = 2(7M>abpu y (12)
Qq, P, =0, (1.3)
[Qaa M,ul/] = (Uﬁy)abe (1'4)

where Q,, P, and M, are generators of SUSY, translational symmetry, and Lorenz
rotational symmetry, respectively. The index a (b) stands for the spinor (a,b =
1,...,4), and p (v) is index of space time (i, v = 0,...,3). The operator aﬁy is de-
fined as a commutator of gamma matrices, afw = (i/4)[Vu, 7). The operator Q, is
defined as Q, = (QTy0),. Other generators of symmetries, including P, and M,,,,
satisfy the same algebra as non-supersymmetric theories. We comment in passing
on the work by Akulov and Volkov. They constructed a theory which has SUSY be-
fore the work by Wess and Zumino. This is a non-linear realization of SUSY and
describes Goldstone fermions brought about by SUSY breaking [9, 10]. The paper
[9] was written in Russian so that the mainstream of the early development of SUSY
was independent of the work by Akulov and Volkov.

Nicolai introduced a model of supersymmetric quantum mechanics (SUSY QM)
in 1976 [11]. This is the first model of SUSY QM [12]. The model describes the
interacting spin chain with SUSY. Five years later, Witten introduced the SUSY QM
model as a toy model of dynamical SUSY breaking in quantum field theory [13].
Then he introduced a topological index which is known as the "Witten index" in a
subsequent paper [14]. A model introduced by Witten treats one particle physics in
a continuous system.

Next, we comment on spontaneous SUSY breaking in relativistic systems. SUSY
breaking is naively defined as [15]

Qalvac) #0, Q j|vac) # 0. (1.5)

Here, Q4 is the supercharge, the operator Q i is defined by Q i = (@ A)T, A is the
index referring to spinor (A = 1,2), and |vac) is a vacuum of the system. From
superalgebra, the Hamiltonian becomes the following form [15],

1 _ _ _ _
H = 1 {Q1Q; + QiQ1 + Q205 + Q:Q2} . (1.6)
One can find that the expectation value of the energy in the vacuum becomes
(vac|H |vac) o Z 1Qalvac)|® +|Q ;| vac)|?. (1.7)
A=12

From Egs. (1.5) and (1.7), we see that SUSY breaking is equivalent to the positivity
of the vacuum energy.

Spontaneous SUSY breaking also gives rise to massless excitations called Gold-
stinos or Nambu-Goldstone fermions. Using the analogy of the Goldstone theorem,
NG fermions are discussed in [16]. It is known that SUSY breaking occurs in both
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finite and the infinite systems while usual spontaneous symmetry breaking occurs
only in the infinite system [14].

1.2 N = 2 Supersymmetric lattice model in non-relativistic
systems

Let us consider some general properties of N' = 2 SUSY QM. Suppose there exist
two supercharges @ and QF, which are fermionic operators and are nilpotent,

Q*=(Q"? =0. (1.8)

The Hamiltonian is defined by the anti-commutator of the supercharges,

H=1{Q,Q}. (1.9)

From the nilpotency of the supercharges, one can see that the supercharges are con-
served,

[H,Q] = [H,Q" =0. (1.10)

By the definition of the Hamiltonian, all eigenvalues of the Hamiltonian are non-
negative,

WIHw) =] Q") I + || Qlv) I*= 0. (1.11)

When the eigenvalue of the Hamiltonian is positive, all states come in pair, (|¢),
Q'|¢)) such that Q|v)) = 0. The state Q|t) is called a superpartner of |1/), and vice
versa. We can always choose |¢) to be annihilated by @ [17]. This can be seen as
follows. Let |¢) be an eigenstate of H with energy £ > 0 and suppose Q) # 0.
Since H commutes with Q and Qf,

) == [ho) — %Q*wa, (1.12)

is also an eigenstate of H with the same energy. It then follows from Q? = 0 that
Q) = 0. All states with zero energy are singlet, and are annihilated by both @ and

Q'
Qo) = Q'|0) = o. (1.13)

Here, |0) is a state with zero energy. In addition to the conservation of the super-
charges and nilpotency of them, models with SUSY satisfy the following algebra,

{(-DF,Qr={(-1",Q"} =0. (1.14)

Here, the operator F is the total fermion number operator. These three algebras Egs.
(1.8, 1.10, 1.14) is called superalgebra. In non-relativistic theory, the Poincaré invari-
ance is violated. Therefore, the superalgebra of non-relativistic theory is simpler
than that of relativistic theory. From the relation Eq. (1.14), we find that the SUSY
QM model has a manifest Zy symmetry,

(H,(-1)f] =0. (1.15)
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Equation (1.14) also tells us that any positive-energy eigenstate |¢) and its super-
partner Q'|¢)) have opposite fermionic parity,

(—D)F ) = £[v) = (-1 QM) = F(QT|)). (1.16)

In this sense, the supercharge Q' maps bosonic (fermionic) states into fermionic
(bosonic) states. The operator () plays the same role. In condensed matter physics,
N = 2SUSY is discussed in the context of integrable systems [17-21] and cold atomic
systems [22-29].

To review the spontaneous SUSY breaking and NG modes in A = 2 SUSY, we
introduce the Nicolai model [11, 30]. This model was introduced to realize SUSY in
the Hamiltonian formalism. The supercharge of the Nicolai model is given as

N/2
Q= 2021710;0214&7 (1.17)
=1

where c; and c} are annihilation and creation operators of spinless fermions on j-th
site. The Hamiltonian is defined as H = {Q, Q'}, and its explicit form is given by

N/2 N N/2
H = Z(n% + Nok—_1M2k+1) — annj—I—l + Z(Cgkcgﬂgc%qc%w +H.c.). (1.18)
=1 = k=1

Here, the operator n; is a fermion number operator at the j-th site and defined by
nj = c} c;. For later purposes, we also provide a spin-model representation of H,

) N/2
_ z z z z z _z
H =1 Z(l + O3k—103k41 — O2k—102k — O2k03k+1)
k=1
N/2
+ - - + + - - +

+ 2(02k02k7102k+202k+3 + 02k7102k02k+302k+2)' (1.19)

k=1

Here, o7, 0;7, and o; are Pauli matrices acting on the j-th site. In this calculation, we
have used the Jordan-Wigner transformation,

o =2n; — 1

I
—

7

F— I T - 2n)) (1.20)

0j

Q
Il
S,
Lol
I

. C; (1 — 2’1’Lj).

.
Il
R

In the Nicolai model, the ground-state energy is exactly zero, i.e., SUSY is unbroken.
We can verify this by noting that the fully filled state,

is annihilated by both @ and QT, where o denotes an occupied site by a spinless
fermion. There are also other ground states. For example, a state in which every
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fourth site is empty,

000000000000 0000

is another ground state. Here, o denotes an empty site. In the Nicolai model, the
number of the ground states degeneracy grows exponentially with systems size.
The classification of the ground states which are product states is discussed [31],
and the number of the ground states of the Nicolai model is calculated using ho-
mology argument [32]. A part of the degeneracy can be understood from the first
term in Eq. (1.19). The term can be interpreted as the frustrated Ising model on a
one-dimensional A chain, which is shown in Fig. 1.1. It is instructive to consider the
product states annihilated by both ) and QT, which are the ground states of the first
term in Eq. (1.19). Using the Jordan-Wigner transformation Eq. (1.20), e is mapped to
an up-spin, while o is mapped to a down-spin. The ground states of the Ising Hamil-
tonian for each local triangle are the following six state: {# e e, 000,000,000,000,
o o e}. Therefore, a product state in which the spin configuration of any triangle is
one of the six configurations is a ground state of the first term in Eq. (1.19). One can
also check that these states are annihilated by the second term in Eq. (1.19). This ex-
plains why the ground-state degeneracy of the Nicolai model grows exponentially
with the system size. Since this frustration often appears in SUSY QM lattice models,
this is called superfrustration [18-21].

Ferromagnetic

— = = Antiferromagnetic

FIGURE 1.1: A sketch of A chain. Each circle denotes a site. The
solid and dashed bonds represent ferromagnetic and antiferromag-
netic Ising interactions, respectively.

The relation between spontaneous SUSY breaking and NG fermions is discussed
by extending the Nicolai model. The author and collaborators introduced the ex-
tended Nicolai model [33] to study spontaneous SUSY breaking and NG fermions
in nonrelativistic systems. The supercharge of the model is given by

N/2

Q= ZQCQZ—I + CQl—1C£lCQZ+1- (1.21)
=1

Here, g, N are a real number and the system size, respectively. This supercharge is
the same as one of the Nicolai model when g = 0. In this sense, this model is one pa-
rameter extension of the Nicolai model. The Hamiltonian is defined as H = {QT, Q}.
This model describes interacting spinless fermions in one-dimensional lattice. In this
model, SUSY is broken spontaneously when g # 0 in both finite and the infinite sys-
tems [34]. When SUSY is spontaneously broken, there exist gapless modes. Using
the exact diagonalization, we show the dispersion relation of the gapless modes is
linear in momentum. To obtain a further result, we also calculate the central charge
¢ of conformal field theory and the Tomonaga-Luttinger parameter K. Employing
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the exact diagonalization, we find that the lowest-lying states are described by ¢ = 1
CFT and the NG fermions are massless Thirring fermions with K ~ 1.

The author and collaborators also introduced another model called Z, Nicolai
model [35]. The supercharge of the model is defined as

N
Q = Zng + Cj—1C5Cj41. (122)
j=1

Here, g and N are a real number and the system size, respectively. The Hamilto-
nian is given by H = {Qf, Q}. In this model, the fermion number is not conserved
but fermionic parity is conserved. In this sense, this model has Z; symmetry. The
model describes interacting spinless fermion in one-dimensional lattice. Similar to
the Nicolai model, this model shows superfrustration when g = 0, i.e., the number
of the ground states degeneracy grows exponentially with system size V. The num-
ber of degenerated ground states is calculated using homology argument [32]. In
this model, SUSY is spontaneously broken when g = 0 in finite systems and g > 4/7
in the infinite volume limit. There exist gapless modes associated with spontaneous
SUSY breaking in this model. Using the exact diagonalization method, we find that
the dispersion relation of NG fermions is cubic in momentum. Through these mod-
els, we see that there exist NG fermions associated with spontaneous A" = 2 SUSY
breaking in non-relativistic systems.

Even though we unveiled the properties of spontaneous SUSY breaking and NG
fermions in non-relativistic systems, few models with SUSY are discussed. Hence,
we introduce other models with A/ = 1 SUSY in this thesis.

1.3 Majorana fermion

In this section, we would like to touch on Majorana fermions [36] introduced by E.
Majorana, in the context of condensed matter physics. Majorana fermions have the
property that Majorana fermions themselves are their anti-particles. In condensed
matter physics, Majorana fermions are discussed in the context of topological super-
conductors [37, 38] and Kitaev materials [39, 40]. Majorana fermions in topological
phases of matter attract renewed attention in terms of application to quantum infor-
mation [41]. The one-dimensional p-wave superconductor introduced by Kitaev is
one of the most famous examples [37]. Kitaev studied the following Hamiltonian

L-1 L
1
Hy = Z {—t(c}+16j + c;r-cjﬂ) + A(cjcjt1 + c;-ﬂc})} — uZ(c}cj - 5) (1.23)
i=1 =1

Here, L, t, A, 1 are the length of chain, hopping amplitude, pairing energy, and
chemical potential, respectively. Symbols c; and c} denote annihilation and creation
operators of j-th site, respectively. cj and c; satisfy the following canonical anti-

commutation relation, {c;r, ¢j} = 6;;. This Hamiltonian describes a p-wave super-
conductor. For simplicity, we assume ¢ = A in the rest of this chapter. Introducing
Majorana fermion operators, Hyi; can be rewritten as

L-1

. L
. i
Hio =it bjajii — 5" 3 ajb;. (1.24)
j=1 j=1
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Here, a; = ¢; + c} and b; = i(c} — ¢;). These a; and b; satisfy the following relation

a; =aj b;r»:bj,

which indicates the property that Majorana fermion itself is anti-particle. In the case
of t = 0, the Kitaev Hamiltonian leads

. L
i Z
Hkit = _E P (ajbj). (125)

In this case, the ground state |®() is unique and called trivial phase. In the case of
1 = 0, the Kitaev Hamiltonian reads

L—1
Hyg =it Y (bjaj1). (1.26)
j=1

In this case, the ground states are doubly degenerate since there are unpaired two
Majorana fermions at the edges. Let |®;) be the ground state of the model, |®;)
and %(a; — by )|®1) are doubly degenerated and called topological phase. In nature,
there are interactions between particles. Sometimes such interactions give interest-
ing phenomena such as reduction of Z symmetry of topological classification of free
fermions to Zg symmetry[42, 43]. In Majorana Hubbard models, interactions give
rich phase diagrams including emergent SUSY [44—46].

COICOBBCIIC

FIGURE 1.2: The graphical representation of the Kitaev Hamiltonian

Hyit in the trivial phase. Red circles and blue circles denote a; and b;,

respectively. The horizontal line between Majorana fermions denotes
hopping of the Majorana fermion.

a, bl a, bZ a, bL

FIGURE 1.3: The graphical representation of the Kitaev Hamiltonian

Hy; in the topological phase. Red and blue circles denote a; and b;,

respectively. The horizontal line between Majorana fermions denotes
hopping of the Majorana fermion.

1.4 Organization

This thesis is organized as follows.
In Chap. 2, we first provide superalgebra of N' = 1 SUSY and discuss the general
properties of N/ = 1 SUSY. We next give a definition of SUSY breaking.
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In Chap. 3, we introduce the Majorana-Nicolai model with one parameter g. In
Sec. 3.2, we first prove that SUSY is unbroken and the ground states are solvable
when g = 1. Following this, we find that SUSY is restored in an extended area of
g. For g > 8/m — 1, we prove that SUSY is spontaneously broken by giving a lower
bound of the ground-state energy density. In Sec. 3.3, we show that spontaneous
SUSY breaking gives rise to gapless modes by giving an upper bound of excitation
energy. In Sec. 3.4, we find that the dispersion relation of NG modes is cubic in
momentum.

In Chap. 4, we introduce another model with SUSY which describes interacting
Majorana fermions. This model has one parameter g. In Sec. 4.2, we first prove SUSY
is unbroken in the case of ¢ = 1. Next, we find that SUSY is restored in the infinite
volume limit. For g > 8/7 — 1, we prove that SUSY is spontaneously broken. In
Sec. 4.3, we show that there exist gapless modes associated with spontaneous SUSY
breaking. In Sec. 4.4, we find that the dispersion relation of NG modes is linear in
momentum and the lowest-lying states can be described by ¢ = 1/2 conformal field
theory.

In Chapter 5, we provide a summary of this thesis. In Appendices A and B, we
provide some formulas and calculations needed in the main text.



Chapter 2

N =1 SUSY Quantum Mechanics

In this chapter, we first introduce N’ = 1 SUSY Quantum Mechanics (QM) and derive
general properties of N' = 1 SUSY QM. Next, we give the definition of spontaneous
SUSY breaking.

2.1 N =1SUSY algebra and its properties

In this section, we introduce A" = 1 SUSY algebra and its general properties. Here,
we give a definition of N' = 1 SUSY as

H = Q27 [Ha Q] =0, QT =Q, {Qv (_1)F} =0

where H is the Hamiltonian of the system, @ is the supercharge, and (—1) is the
fermionic parity. Since the supercharge ) anti-commutes with the fermionic par-
ity (—1)¥ and commutes with the Hamiltonian H, @ exchanges bosonic states and
fermionic states with the same energy. Here we refer to bosonic states and fermionic
states as states with (—1)f = 1 and (-1)¥ = —1, respectively. The Hamiltonian is
given by the square of the supercharge @), and this leads to that ) is a conserved
quantity. The Hamiltonian is positive-semidefinite

(W HY) = ]|Q%[¥) = |QI¥)||? > 0. (2.1)

Here, |¢) is an arbitrary state. Therefore, |¢)) must be a zero-energy ground state
when it is anihilated by Q i. e., Q|¢)) = 0.

N = 1 SUSY SYK model [47] is an example of a model with ' = 1 SUSY in
condensed matter physics. This model describes a 0-dimensional interacting model
and is studied in terms of the relation between quantum chaos and black hole. This
model shows Zg periodicity of the ground-state energy similar to the breakdown of
Z symmetry because of interaction [42, 43]. Another example is emergent SUSY in
topological phases of matter [48, 49]. In this case, even though a system does not
have SUSY, at the critical point, the low-lying states can be described using SUSY.

2.2 Spontanous SUSY Breaking

In this section, we would like to introduce a definition of spontaneous SUSY break-
ing. In finite systems, let |GS) be the ground state, spontaneous SUSY breaking can
be described as

Q|GS) # 0.
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(a) (b)

E E
Q Q
- - -0 T
E=0 E=0
-)F=1  (-pf=-1 (D=1 (nf=-1

FIGURE 2.1: (a) The schematics of energy spectra in the case of

unbroken SUSY. The ground states are zero-energy states. Excited

states with opposite fermionic parity are doubly degenerate because

of SUSY. (b) The schematics of energy spectra in the case of broken

SUSY. Ground states have positive energy and each state with oppo-
site fermionic parity is doubly degenerate because of SUSY.

This condition is equivalent to the condition that the ground state energy is posi-
tive since the Hamiltonian is given by the square of (). In this sense, the energy
is an order parameter to determine whether SUSY is broken or not. The condition
is not suitable for the definition of spontaneous SUSY breaking since it contains a
subtle point. In many cases, the energy increases as the volume of the system in-
creases. However, sometimes there are exceptions. Witten pointed that SUSY may
be restored in the infinite volume limit even though SUSY is broken spontaneously
in finite systems. In order to avoid this subtle point, we give a strict definition of
SUSY breaking.

Definition
SUSY is said to be spontaneously broken when the ground state energy density is positive.
This definition plays an important role to prove that there exist gapless modes as-
sociated with spontaneous SUSY breaking in Sec. 3.3 and Sec. 4.3. In this sense, the
positivity of the ground state energy density is more important than the positivity
of the ground state energy itself.

We also note that the Witten index is useful to study spontaneous SUSY breaking.
The Witten index is defined as

W = Tr[(-1)F e PH]. (2.2)

Here, 3 is the inverse temperature. The Witten index plays an important role in de-
termining whether SUSY is broken or unbroken. When energy is positive, fermions
and bosons with the same energy must come in pairs. Therefore, their contributions
to W cancel out, yielding

W =nl —nl, (2.3)

where nf and ng are the number of bosonic states with zero energy and that of
fermionic states, respectively. According to this nature, the Witten index gives the
lower bound of the number of states with zero energy. Here, we note that the Witten
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index sometimes becomes zero even if SUSY is unbroken.
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Chapter 3

Majorana Nicolai model

In this chapter, we introduce and study an interacting Majorana model with A" = 1
SUSY. The model has one parameter g which connects the strongly interacting limit
and the free limit. In Sec. 3.1, we give the supercharge and the Hamiltonian. In
Sec. 3.2, we discuss the properties of SUSY depending on the parameter g. In Sec. 3.3,
we prove that there exist gapless modes when SUSY is broken spontaneously using
the variational method. In Sec 3.4, using a numerical method, we show the disper-
sion relation is cubic in momentum. This chapter is based on a published paper [50].

3.1 Model

The supercharge of the model is defined as

N

Q=> gV +iy-17%%+1 (3.1)
j=1

where N and g are a total number of sites and a real parameter, respectively. Here,
7, is a Majorana fermion operator of j-th site, a hermitian operator (fy; = 7;), and
satisfies the following anti-commutation relation (Clifford algebra) : {v;,7v:} = 20, ;.
We assume that N is an even number since the dimension of the Hilbert space is
2N/2 and should be an integer. We also assume periodic boundary conditions (PBC),
ie., 754N = 7. The fermionic parity (—1)f" is defined in terms of v; as (—1)F =
iV /2 HN .
j=173
The Hamiltonian is defined by the square of () and can be decomposed into three
parts as follows

H= N92 + Hfree + Hint, (3.2)
where
N
Hiee = 291 > (29941 — Vj-1%+1) » 3.3)
=1
N
Hini =Y (1= 295 19%127%5+3) - (34)
i=1

Here, the first part is a constant term. The second term Hy,. describes the hopping of
Majorana fermions between nearest neighbors and next-nearest neighbors as shown
in Fig. 3.1 (a). The last term Hj,; describes the interaction of Majorana fermions in
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pink area in Fig. 3.1 (a). We note that Hj, is positive semi-definite since it is given
by the square of ) in the case of g = 0.

a)
2 2 4
4g
1 3 5
b)
1
Broken i Unbroken i Broken
! !
L | L X
] | | | !
_gc _1 0 1 gC g
(Integrable)

FIGURE 3.1: (a) The schematic graph of the Hamiltonian. (b) The
schematic phase diagram. In the figure (a), the blue dots represent
sites. 4¢ and 2g represent hopping amplitudes of nearest neighbors
and next nearest neighbors, respectively. The pink area represents in-
teraction of Majorana fermions. The figure (b) represents the phase
diagram in the infinite volume limit. When |g| is large enough, SUSY
is spontaneously broken. When |g| is small enough, SUSY is unbro-
ken. In the case of g = %1, the ground states are solvable. In the case
of g = 0, the model is integrable [51].

The model has translational symmetry by one site of Majorana fermion
T~'HT = H.
Here, T is the translational operator of Majorana fermion by one site, i.e., 771y, T =

vj+1. The fermionic parity (—1) and the translational operator T' anti-commute
each other. One can show this as follows

N N N
T =DFT =" [T v =i [ = GO 20 [ [
j=1 j=2 j=2

N N
= ()N NPy T = 1" [ ]
=2 j=1

where we use the fact that N is an even number.

3.2 Properties of SUSY

In this section, we discuss the properties of the model in terms of SUSY breaking.
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3.2.1 Unbroken SUSY

In this subsection, we prove that SUSY is unbroken and the ground state is solvable
when g = 1. For the latter purpose, we introduce the Hamiltonian of Kitaev chain
with PBC as follows

L
1
Hyt = Z <—t(C}Cj+1 +cliies) — plele; — ) Alge+ + C}HC}))
j
where L, t, 1, and A are system size, hopping amplitude, on site potential and pair-
ing potential, respectively. Here, ¢; and c; are annihilation operator of fermion on

j-th site and creation operator of fermion on j-th site. By rewriting the Kitaev Hamil-
tonian using Majorana fermions, we obtain

L
1
Hiie = 5 D (—pv2j-1v25 + (E+ A)vaivaien + (—t+ A)yai172542), (3.5)
j=1

where v2;_1 = ¢; + c} and yp; = i(c} — ¢;). Here, we consider the following two

specific cases of the Kitaev chain Hamiltonian

. L
114
Hyiy = _5 272j—172j (t:A:O,,u<O)
j=1

and
L
Hyi = itZ’Yzj’ij+1 (t=A#0,u=0).
j=1

In the case of p < 0 and ¢t = A = 0, the ground state of the Kitaev chain |®) is
annihilated by local operators (1 + iy2—172) as,

(1 +iyg—1721)|®o) = 0.

In the case of t = A # 0 and p = 0, the ground state of the Kitaev chan |®,) is
annihilated by local operators (1 + iye;y2:41) as,

(1 + ivory2141)|P1) = 0.

These two ground states are also the ground states of our model. To show that |®g)
and |®;) are ground states of our model, we rewrite supercharge @ as follows

N2
Q=" (a2 +yas1) (1 + iva1721) (3.6)
=1
N2
=Y (a1 +v2r2) (1 + iyarvai1)- 3.7)

=1

Since @ contains (1 + iyg;—172;) and (1 + iygy2:41), @ annihilates |®g) and |P;)

Q|®o) = Q[®1) = 0.
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N mod 8 0 2 4 6
#GS 4 2 2 2

TABLE 3.1: The ground state degeneracy depending on N.

Therefore, SUSY is unbroken in the infinite system. Since the Hamiltonian is positive
semidefinite, |®() and |®;) must be the ground states of the model. We also calculate
the number of the ground state degeneracy depending on N. The results of exact
diagonalization are shown in Table 3.1. From this table, we can see that there are
other two ground states when [V is a multiple of 8. The other ground states are

N
1 x
o) = —== D 7 1497;|%0)
v Ny ot

and
|W1) = T|Wo).

Here, Ny is a normalization coefficient. We discuss that |¥y) and |¥;) are ground
states of the model in Appendix A.1.

3.2.2 Restoration of SUSY

In this subsection, we discuss restoration of SUSY. When g is close to 1, we find
that SUSY is restored in the thermodynamic limit. The Fig. 3.2 shows the results of
exact diagonalization for g = 0.99 and g = 1.01 with N = 10,...,38. The vertical
axis represents the logarithm of the ground state energy density, and the horizontal
axis represents N. From Fig. 3.2, we can see that the ground state energy density

-10f
-12 &
L Se
..
L .
_ 14 TNe.
5 | ..
9 N
-16| N
L LY
--e-- g=1.01 “
L 9 .-~ Y
-18F
L 9=0.99
-20
10 15 20 25 30 35 40

FIGURE 3.2: The log-linear plot of the ground state energy density for
g =0.99 and 1.01.

decreases exponentially as IV increases. Therefore, the ground state energy density
is likely to go to zero in the thermodynamic limit so that SUSY is considered to be
restored in the thermodynamic limit.
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In the case of ¢ = 0, we also find that SUSY is considered to be restored in the
thermodynamic limit. In this case, we have calculated the ground state energy. The
Fig. 3.3 shows the results of exact diagonalization with N = 10,...,38. The verti-
cal axis represents the ground state energy, and the horizontal axis represents 1/N.
From Fig. 3.3, we can see that the ground state energy has a 6-fold periodicity de-

= T T T T T T /’
1.0 / b
L //
/
L I'
/
0.8+ / il
|- ’,,
i 4
!
0.6+ ! b
g A !
| ,// ‘\ ,I
0.4r 2 / i
I L] ,” “ ll
- \
[ Ir “\ 'l “ lll
02 r ,—Q‘ ’, \‘ I’ \‘ ll -
5 e HER v/ v
?‘ Y vV \ ! \i
L "' \, V] v ¥I
0.0 L L L L N} k L x L L , L L L L L L L
0.00 0.02 0.04 0.06 0.08 0.10
1/N

FIGURE 3.3: The ground state energy for g = 0 depending on V.

pending on IN. We note that the supersymmetric Sachdev-Ye-Kitaev model has 8-
fold periodicity depending on IV [47]. From Fig. 3.3, we find that the ground state
energy decreases as N increases, and it is considered to converge to a certain value.
Hence, the ground state energy density converges to zero in the thermodynamic
limit, so that SUSY is restored in the thermodynamic limit. We note that the model

is solvable when g = 0[51].

3.2.3 SUSY breaking

In this subsection, we give the condition that SUSY is broken spontaneously. In the
case g > 8/m — 1, we prove that SUSY is broken spontaneously in both finite and
infinite systems. In the case of g = 1 + §, the Hamiltonian can be written as

N

H = N(6%+20) +261 ) (29%j41 — ¥j-17j+1) + Hy=1.
j=1

(3.8)

Here, H,—; is the Hamiltonian of the ¢ = 1 case. By employing Anderson’s argu-
ment [52-55], we obtain the following inequality
Eo > N(6% 4 20) + Ef*° (3.9)

where Ej is the ground state energy and E{*° is the ground state energy of the sec-
ond term in Eq. (3.8). Here, we use the condition that H,_, is positive semidefinite.
Since the second term in Eq. (3.8) is quadratic in Majorana fermion operators, we
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can calculate Ef* exactly as follows

80

Efree - _ )
0 tan (7/N)

(3.10)
The derivation of Eq.(3.10) is shown in Appendix A.2. From Egs.(3.9) and (3.10),
we get the following inequality that gives a lower bound of the ground state energy
density

Ey 2 Efee 8

— >N(0*+20)+——>0(0+2——). 11

02 N8 +26)+ 0 266 +2- ) 311)
From Eq. (3.11), we can see that the ground state energy density must be positive
when § > 8/m — 2. Hence, SUSY is broken spontaneously when g = 144§ > 8/m — 1.
We note that the condition is not optimal. In Appendix A.4, we discuss that the
ground state energy density can be positive even when g < 8/7 —1=1.546.....

3.3 Nambu-Goldstone modes

The Nambu-Goldstone theorem says that a breakdown of a global and continuous
symmetry gives rise to low lying excitations such that lim,_.q £, — 0. In this section,
we prove the existence of gapless mode associated with spontaneous SUSY breaking.
In order to prove this, we use the variational method called the Bijl-Feynman ansatz
[56] which is also used in the context of the Heisenberg antiferromagnets [57-59].
As an example, we briefly review the dispersion relation of the Heisenberg model in
D-dismensional lattice, where we assume D > 1. The Hamiltonian is defined as

H=7) 8;-5; (3.12)
(i.d)

where J is coupling constant, the summation is taken for nearest neighbors, and

S; = (SF,S?,57) is the spin operator of i-th site. In this model, it is well-known
that spin rotational symmetry is spontaneously broken and there must exist gap-
less modes. We discuss the gapless modes of this model for both ferromagnetic
(J < 0) and anti-ferromagnetic (J > 0) cases. For the ferromagnetic case, we obtain
quadratic dispersion relation, i.e. w(p) o p?, by applying spin-wave approximation
to all-up state, i.e., the ground state. For the anti-ferromagnetic case, we obtain lin-
ear dispersion relation, i.e. w(p)  |p|, by applying spin-wave approximation to the
Neéel state. This approach has a subtle point for the anti-ferromagnetic case since
the Néel state is not an eigenstate of the Hamiltonian. To avoid this subtlety, we
use a variational method. Using the ground state |¥,) of the Heisenberg model, we
introduce a trial state |¥(p)) defined as

(W(P)) = SplW)/ || Sp1P) | (3.13)

Here, S} is the Fourier transform of S7 defined as S; = LN ; S7eP"i where N is a

normalization coefficient. We introduce a variational energy ¢(p) defined as

e(p) = (L(p)[H[¥(p)) — (Vg|H[¥y)).
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In the thermodynamic limit, this variational energy is bounded by p-linear from
above as

e(p) < Clp| + O(p*)

where C' is not zero. However we prove that there exist gapless modes, we cannot
determine the dispersion relation of the lowest-lying states using this method. We
also apply this variational method to the SUSY model. Here, we assume that g is
greater than 8/7 — 1, that is SUSY is broken spontaneously, and the ground state
degeneracy is of the order of 1. Indeed, exact diagonalization calculation shows that
the ground states are four-fold degenerated. We introduce the Fourier transform of
local supercharge g; as follows,

N
Qp=> gicos(pi) ¢ =9+ 1171 (3.14)
j=1

Here, ¢; satisfies the following locality conditions

nonzero (|7 —i| < 2)
g} = 3.15
ta, ) {0 (otherwise). (.15

We note that @), is an even function of p, and hermitian, namely,

Q—p = Qp ) Q;L) = Qp' (3.16)

We define a trial state as |¢(p)) = Qp|1o), where 1) is a ground state of the model.
Here, I note that numerical calculation shows that the ground states is four-fold
degenerate in SUSY broken region, irrespective of the system size. Since Q) is
a linear combination of states with momenta £p, Q),|t) is orthogonal to |ty) and
Qo). This means that ()p[1y) contains information of excited states. We define a
variational energy e, using the trial state |¢)(p)) as follows

_ WIH®)  p (3.17)

= () [ ()

Here, H and Ej are the Hamiltonian and the ground state energy, respectively. Since
Qp|tbo) is a linear combination of excited states, the variational energy ey, is equal
to or greater than the first excitation energy. The variational energy can be rewritten
using a double commutator as follows,

o wW)HY(p)
@) |v(p)
(ol[Qp, [H, Qpl]|t0)
2(0()lv(p))
(Pol[Qp, [H, Qplllto)  ([Qp, [H, Qpl])o

— (Vol{Qp, Qp}|tho) - <{QP7QP}>O’ (3.18)

where (- - - )¢ denotes the expectation value in the ground state. In the last line of Eq.
(3.18), we use the identity 2Q12, = {Qp, Qp}. To obtain the upper bound, we introduce
the Pitaevskii-Stringali inequality [60],

[(8I[AT, B]|#)|* < (¢|{AT, A}p)(¢|{B, B} |¢) (3.19)
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where |¢) is an arbitrary state, and A and B are any operators. Using this inequality,
we obtain the following inequality

({[H, @pl; [@p, H]})o
<{Qpa Qp}>0 '

Since the numerator of the right hand side, ({[H, @], [@p, H]})o, is an even function
of momentum p, it can be expanded as follows when p is small enough

({[H, Q). [Qp, H]})o = NCop® + O(p"). (3.21)

(var)® < (3.20)

Here, C; is a constant coefficient, and the p independent term in Eq. (3.21) must be
0 because ), becomes the supercharge () when p = 0 and @ is a conserved quantity,
ie., [H,Q] = 0. Since the denominator of the right hand side, ({Q,, @,})o, is an even
function of momentum p, it can be expanded as follows when p is small enough

{Qp: Qp})o = 2Eo + O(p?). (3.22)

Here, Ej is the ground state energy. The right hand sides of both Egs. (3.21) and
(3.22) are of order of N because of locality condition Eq. (3.15). From Egs. (3.21) and
(3.22), we obtain the following inequality when p is small enough

< . .
€var > EO/N |p‘ + O(p ) (3 23)

From this inequality, we see that there exist gapless modes when the momentum
p is small enough. The definition of spontaneous SUSY breaking plays an important
role in this inequality since the numerator of the right-hand side contains the ground
state energy density Ey/N. If SUSY is not broken (Ey/N = 0), the upper bound of
the inequality does not make sense. We note that we assume only supersymmetry
to prove the inequality. Therefore, we can apply this inequality for any model with
N =1SUSY.

3.4 Dispersion relation

In the previous section, we have proved the existence of gapless modes associated
with spontaneous SUSY breaking. In this section, we unveil the dispersion relation
of the gapless mode in the Majorana-Nicolai model when SUSY is broken sponta-
neously. First of all, we consider the dispersion relation in the large-g limit. In the
large-g limit, the interaction term H;, is negligible, yielding

N

H~Ng*+ Hpce ; Hpee =291 (297541 — Yi-17541) - (3.24)
j=1

Using the Fourier transform, Hg.. is rewritten as follows,

Hice =89 S 1010)'5(0) = o 3.25)
p>0
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Here, f(p) = (2sin(p) — sin(2p)), 7(p) is the Fourier transform of the Majorana fermion

operators and defined as
TN
10) =155 ; vi exp(ipj)

and 7(p)' is defined by v(—p), v(p)! = 7(—p). By the McLaughlin expansion, we get
f(p) = p* + O(p®). From the Eq. (3.25), we find that the dispersion relation in the
large-g limit is cubic in momentum p. Therefore, we expect that dispersion relation
for finite g is also cubic in momentum. The derivation of Eq. (3.25) is shown in
Appendix A.3.

In finite g cases, the Fig. 3.4 shows the results of exact diagonalization for N =
16,...,24 with g = 8. The horizontal axis represents momentum p, and the vertical
axis represents many body spectra relative to the ground state energy. The dotted
curve shows the dispersion relation of one particle excitation of Hy.e ie. f(p) =
(2sin(p) —sin(2p)). In the vicinity of the p = 0 point, there exist energy spectra
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FIGURE 3.4: Many body spectra of the Hamiltonian for g = 8 with
N = 16,...,24. The horizontal axis represents momentum p. The
dotted curve is one particle excitation of H.e, i.€., 8¢9 f(p).

which fit to f(p). Spectra below f(p) are considered to be two body or many body
particle excitations.

As supporting evidence of gapless and cubic dispersion, we have calculated the
first excitation energy using exact diagonalization for g = 4, 6, 8, 10 cases. The figure
Fig. 3.5 shows the results of the calculations. From the figure, we find that the first
excitation is proportional to 1/N? and goes to zero in the infinte volume limit. There-
fore we conclude that the dispersion relation is cubic in momentum and gapless. In
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1.5-
9=8.0 @ g=10.0
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1/ N3

FIGURE 3.5: The first excitation energy of the Hamiltonian for each g
as a function of 1/N3. The lines are fits to the data of N = 32, ..., 40.

the Fig. 3.5, lines are fits to the data of V = 32,...,40. In appendix A.5, we provide
further supporting results that the dispersion relation is cubic in momentum.
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Chapter 4

Majorana model with linear
dispersion

In this chapter, we introduce and study an interacting Majorana model with N =
1 SUSY different from one in the Chap 3. The model has one parameter g which
connects the strongly interacting limit and the free limit. In Sec. 4.1, we give the
supercharge and the Hamiltonian. In Sec. 4.2, we discuss the properties of SUSY
depending on the parameter g. In Sec. 4.3, we prove that there exist gapless modes
when SUSY is broken spontaneously using the variational method. In Sec 4.4, using
a numerical method, we show that the dispersion relation is linear in momentum,
and low-lying states can be described using Ising conformal field theory (CFT).

41 Model

The supercharge is defined by

N/2

Q= gYak-1 + Var-17V2kV2k41- (4.1)
k=1

Here, ; is a Majorana fermion operator acting on the j-th site, V is a total number of
sites, and g is a real parameter. The Hamiltonian is defined as H = Q?. The explicit
representation of the Hamiltonian is

N
H = 592 + Hpree + Hing. (42)

Here, Hioo and Hiy; are defined as

N
Hfree = 29i Z ViVi+1s (43)
=1
N/2
Hipi = — > (2921 1727201272143 — 1). (4.4)

=1

In the rest of this chapter, we assume that g is non-negative since the Hamiltonian
with ¢ is mapped to the Hamiltonian with —g by a unitary transformation U such
that U_l"ij = YN—j-
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FIGURE 4.1: (a) Schematic diagram of the Hamiltonian. The symbol

2g denotes the hopping amplitude of Hgee, and a pink area denotes

interaction described by Hin. (b) Schematic phase diagram in the
infinite volume limit.

4.2 Properties of SUSY

4.2.1 Unbroken SUSY

In this subsection, we discuss the ground state when SUSY is unbroken in finite
systems. We find that SUSY is unbroken when g = 1, and the ground states are the
same as those of the Kitaev chain with PBC. By the same strategy as the previous
chapter, we rewrite the supercharge @ as follows,

L
Q= Z’Yzl+1(1 + iya—1721),
=1

L
= Z’m—l(l + iv272141)-
=1

Here, L is defined as L = N/2. Since operators (1 + iyy_172) and (1 + iyyy2i+1)
annihilate the ground states of the Kitaev chain |¥y) and |¥1), respectively, these two
states must be the ground states of the model. Here, we mention that, by numerical
calculation, the number of the ground states are two when g = 1. Even though the
Hamiltonian does not have translational symmetry of Majorana fermion by one site,
these two ground states are exchanged with each other by translation operator 7" as
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follows
T|Wo) = [¥1) , T|¥1) = [¥y). (4.5)

In order to show the reason, we introduce a new supercharge Q defined as

N/2

Q= Zg’Yzl + vava+172142-
1=1

By rewriting ), we get the following notation of Q

N/2 N/2

Q=>> ryaoll +iva-1v2) = 3 varra(l + ivarari)- (4.6)
=1 =1

From Eq. (4.6), we can see that Q also annihilates |¥) and ¥;). Since Q and Q
exchanges each other by translation operator T’

T'QT=0Q , T 'QT =0,

the ground states |¥() and | V) also exchange each other by translation operator 7'.

4.2.2 restoration of SUSY

In this subsection, we unveil that there is an extended area in the parameter space
where SUSY is restored in the infinite volume limit. We note that numerical calcula-
tion shows that SUSY is spontaneously broken infinite systems when g # 1.
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FIGURE 4.2: The log linear plots of the ground state energy density
for g = 0.99,1.01.
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Numerical calculations show that SUSY is restored in the thermodynamic limit
in the vicinity of unbroken SUSY point g = 1. The Fig. 4.2 shows the result of exact
diagonalization for g = 0.99 and g = 1.01 cases. The vertical axis represents the
logarithm of the ground state energy density, and the horizontal axis represents the
number of sites /N. From this figure, we can see that the ground state energy den-
sity decreases exponentially as IV increases. Hence, we expect that the ground state
energy densities for g = 0.99 and g = 1.01 converge to zero in the thermodynamic
limit. Therefore, SUSY is restored in the infinite volume limit when g = 0.99 and
g =101
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FIGURE 4.3: The energy gap for ¢ = 0.4,...,1.1. The horizontal axis
is the parameter g.

In the next section, we prove that there exist gapless modes when SUSY is broken
spontaneously by giving an inequality with the same strategy as the previous chap-
ter. By considering the contraposition of the statement, there exists gapless modes
when SUSY is spontaneously broken, reads that SUSY is unbroken in the infinite vol-
ume limit when the system is gapped. To obtain further evidence of restoration of SUSY,
we calculated the energy gap for g = 0.4,...,1.1. Fig. 4.3 shows the results of exact
diagonalization. The vertical axis represents the energy gap, and the horizontal axis
represents the parameter g. These values of the energy gap are obtained by finite-
size scaling. From the fig. 4.3, we find that SUSY is restored in the infinite volume
limit.

4.2.3 SUSY breaking

In this subsection, we discuss the condition of spontaneous SUSY breaking. Below
we prove that SUSY is spontaneously broken in both finite and the infinite systems.
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In the case of g = 1 + 9, Eq. (4.2) reads

N
N .
H = (6 +26) +20 ) 77501 + Hye1, (4.7)
j=1

where H,_; is the Hamiltonian with g = 1. Using Anderson’s argument [52-55], we
get a rigorous lower bound of the ground state energy Ej as follows,

Ey > %52 +28) + Efee. (4.8)

Here, we use the fact that the ground state energy is 0 when g = 1 and E£° denotes
the ground state energy of the second term of right hand side in Eq. (4.7). The

ground state energy of the free part Eéree is calculated as

46

~ tan(n/N)’ (49)

E(f]ree —
The derivation of Eq. (4.9) is discussed in appendix B.2. Using the inequality <
tan(z) for 0 < x < 7/2, we obtain the following inequality of the ground state energy
density,

Fy 1) 8
— > - . .
: (5 19 > (4.10)

It follows from this inequality that SUSY is spontaneously broken when g =1+ 9 >
8/m — 1 in both finite and the infinite systems. We note that this condition is not
optimal. In the appendix B.3, numerical calculations show that the ground energy
density is positive, in both finite and infinite systems, even when g is smaller than
8/m—1.

4.3 Nambu-Goldstone modes

In this subsection, we prove that there exist gapless modes associated with spon-
taneous SUSY breaking. To prove it, we derive an inequality using a variational
method based on Bijl-Feynman ansatz [56-59]. Here, we define a variational energy
€var(p) as

(V0| QpHQp|v0)
(0| Q2|tbo)

Here, |¢0), H, Qp, and Ej are SUSY broken ground state, the Hamiltonian, the
Fourier component of the local supercharge, and the ground state energy, respec-
tively. The Fourier component of the local supercharge @, is defined as

— E,. 4.11)

Evar (p) =

Qp =Y _cos(p)q, @ =gy + V217272041 (4.12)
z
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where the momentum p takes values of 4mm/N (m € Z). By straightforward calcu-
lation, we find that the variational energy is written by a double commutator

(@ [H. Qo
“oarP) = G o

Here, (---)¢ denotes the expectation value in the ground state. By the Pitaevskii-
Stringari inequality Eq. (3.19), we get the following upper bound of variational en-

ergy

(4.13)

e (@) < L2, (4.14)

9(p)

where

f(p) = ({[H, @], [Qp, H]})o,
9(p) = {@p, Qp}o-

Since ¢ satisfies the following locality condition

| nonzero |l —k| <2
{ar, @i} = { 0 (others) (4.15)

f(p), g(p) are even functions of p. Since we obtain f(0) = 0 and ¢(0) = 2E), the
numerator f(p) and the denominator g(p) can be expanded as

flp) =CNp*+0(*) , (C#0)
9(p) = 2E + O(p),

when p is small enough. Hence, we get the following upper bound of the variational
energy

6vau“(p) < |p’ + O(pg)' (416)

From Eq. (4.16), we conclude that there exist gapless modes associated with sponta-
neous SUSY breaking.

4.4 Dispersion relation

In this subsection, we clarify that the dispersion relation of the massless modes
proven in the previous subsection have linear dispersion relation in momentum p.
For the later purpose, let us consider the large g limit of the Hamiltonian. In this
limit, Hgee is dominant to the dispersion relation. By the Fourier transformation, we
obtain the following representation of Hyce

Hpee = Y sin(p)v(p) (p)- (4.17)
p
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Here, v(p) is defined as

N
1(p) =4/ % > v exp(ipy).
j=1

The Hermitian conjugate of v(p) is defined as v(p)! = v(—p). From this equation,
we find that the dispersion relation in the large-g limit is linear in momentum p.
In order to study the dispersion relation of NG fermion, we calculate dispersion
relation using exact diagonalization method for N = 16, 18, 20, 22, 24. The Figure 4.4
shows the results of the numerical calculations for g = 8. The vertical axis is many-
body spectra of the Hamiltonian, and the horizontal axis is momentum p. The dotted
curve of Fig. 4.4 corresponds to the one-particle excitation of Hy.ee. From Fig. 4.4, we
find that there exist excited states that fit the dotted curve in the vicinity of the zero
momentum point. Hence, the lowest-lying states are considered to have gapless and
linear dispersion in momentum p.

100
80

60

£(p)

40

20

® N=24 N=22 ¢ N=20 A N=18 VvV N=16

FIGURE 4.4: Many body spectra for g = 8 as a function of momentum
p. The dotted line denotes the dispersion relation of the free part of
the Hamiltonian Hy,.ce.

As supporting evidence, we also calculate the first excitation energy using exact
diagonalization for various values of g. Figure 4.5 shows the results of the numerical
calculations. The vertical axis is the first excitation energy, and the horizontal axis is
1/N. The lines are fits to the data of N = 32,...,40. From Fig. 4.5, we find that the
first excitation energy is proportional to 1/N, and converges to 0 in the large-/N limit.
Since the momentum p takes the values of 4mm /N (m € Z), we can conclude that the
lowest-lying states have gapless and linear dispersion in momentum p when SUSY
is spontaneously broken.



30 Chapter 4. Majorana model with linear dispersion

25

20

15

AE

10

0.0 0.01 0.02

0.03

0.04

0.05

1IN

FIGURE 4.5: Finite size scaling of the first excitation energy of the
Hamiltonian for each g as a function of 1/N. The lines are fits to the
dataof N = 32,...,40.

By the Jordan-Wigner transformation Eq. (1.20), the free Hamiltonian Hpee is
mapped to the transverse field Ising model at the critical point

Hfree - Z (Ug/o-ly—l—l — O'f) .
l

It is well known that critical Ising model is described by CFT with central charge
c = 1/2. We calculate the central charge c in the infinite volume limit by finite size
scaling. Figure 4.6 shows the results of exact diagonalization using the following
equation

E TURC 1

z\?_eoo+:3z\;+o<m>'
Here, Ey, ex and vp are the ground state energy, the ground state energy density
in the large-V limit, and the Fermi velocity, respectively. The Fermi velocity is cal-
culated as vp = N/27AE, and AFE is the first excitation energy. The vertical axis
of Fig. 4.6 is the central charge ¢, and the horizontal axis is the parameter g. The
black line represents ¢ = 1/2. From the Fig. 4.6 , we obtain ¢ = 1/2 when g is large
enough and ¢ = 0 when g is small enough. The central charge ¢ = 0 in the case that
g is small enough is consistent with the fact that the system is gapped as shown in
Sec. 4.2.2. An interacting Majorana model constructed by two supercharges has the
central charge ¢ = 7/10, the same class as the tricritical Ising model, at the critical
point of phase transition [49]. Nevertheless, this model does not have such an exotic
central charge at the critical point. Because of the finite size effect, we cannot deter-
mine the critical point of phase transition of SUSY broken phase and SUSY unbroken
phase.
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FIGURE 4.6: The estimated central charge of the model as a function
of g. The black line represents the central charge of Majorana fermion
c=1/2.
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Chapter 5

Summary

In this chapter, we summarize our results in this thesis.

In Chap. 1, we first reviewed SSB briefly. Secondly, we reviewed a short history
of SUSY. Then, we saw examples of lattice SUSY models with A’ = 2 SUSY in non-
relativistic systems focusing on the Nicolai model. We also reviewed NG fermions
in the models of the previous study by the author. Finally, we reviewed the ground
state properties of the Kitaev chain model.

In Chap. 2, we reviewed general properties of N’ = 1 SUSY quantum mechanics,
and we gave the definition of spontaneous SUSY breaking.

In Chap. 3 , we introduced an extension of the Nicolai model using Majorana
fermions. The model interpolates smoothly between the strongly interacting limit
and the free Majorana fermion chain as the parameter |g| is varied from 0 to co. We
showed that SUSY is unbroken in both finite and infinite systems for the condition
of |g| = 1. When |g| is small enough, we find that SUSY is restored in the infinite vol-
ume limit yet broken in finite systems. For g > 8/7—1, we proved that SUSY is spon-
taneously broken in both finite and the infinite systems. We gave an upper bound
of the dispersion and showed the existence of gapless modes with a variational ar-
gument. This method is general since no symmetry except SUSY is assumed in the
proof. We would like to emphasize that the definition of SUSY breaking introduced
in Chap 2 plays an important role in the proof, and, in this sense, the definition is
proper. Using numerical exact diagonalization, we found that the gapless excitation
has cubic dispersion in momentum.

In Chap. 4, we introduced another model describing interacting Majorana fermions
with N/ = 1 SUSY. When |g| is small enough, we find that SUSY is restored in the
infinite volume limit yet broken in finite systems. In this case, we also find that the
system is gapped. When g > 8/7 — 1, we proved that SUSY is spontaneously broken
in both finite and the infinite systems. Using numerical exact diagonalization, we
found that the gapless excitation has linear dispersion relations and is described by
¢ = 1/2 conformal field theory.

In non-relativistic supersymmetric quantum mechanics models introduced in
this thesis, SUSY is spontaneously broken and SUSY breaking gives rise to gapless
excitations, which can be thought of as NG fermions.

In the author’s previous study of lattice fermion models with N' = 2 SUSY [33,
35], the same dispersion relation was obtained when SUSY is spontaneously broken,
i.e., linear dispersion and cubic dispersion in momentum. However, in this thesis,
we found differences between N’ = 2 SUSY and N = 1 SUSY. In the models with
N = 2SUSY, SUSY is unbroken in one point, i.e. g = 0, in both finite and the infinite
systems. In finite systems, the number of ground states grows exponentially as the
system size increases for ¢ = 0. On the other hand, in /' = 1 SUSY models, there
is an extended area of parameter space that SUSY is restored in the infinite volume
limit. In Chap. 4, we numerically showed that there is a gapped area in parameter
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space when SUSY is unbroken in the infinite volume limit. This result provides
that the definition of spontaneous SUSY breaking given in Chap. 2 is proper since it
means that there is no gapless modes without spontaneous SUSY breaking. When
SUSY is unbroken in finite systems, i.e. g = 1, the ground state degeneracy is of
order 1.

We find that there are differences between relativistic systems and non-relativistic
systems. In high-energy physics, superalgebra must hold the Lorentz symmetry.
Therefore, the dispersion relation of NG fermions must be linear in momentum. In
the model of Chap. 3, the dispersion relation of NG fermions is cubic in momentum,
which violates the Lorentz symmetry. This cubic dispersion relation implies exotic
excitations.

There are also differences between ordinary spontaneous symmetry breaking
and spontaneous SUSY breaking. The counting theories of NG boson, which pro-
vide general descriptions of NG boson and broken symmetry, were constructed by
Watanabe-Murayama [4], and Hidaka [5]. If we apply the counting theories of NG
bosons to supersymmetry naively, we get quadratic dispersion relations by scaling
analysis. In this thesis, we showed that dispersion relations of NG fermions are lin-
ear or cubic in momentum. This shows that we cannot apply the counting theory
of NG bosons to broken supersymmetry directly and we need to construct a new
theory to describe NG fermions in a unified form. As future work, it would be in-
teresting to classify NG fermions in non-relativistic systems and construct a model-
independent theory that gives the precise number of NG fermions. In this sense,
our studies including A/ = 2 SUSY models provide the first step for a comprehen-
sive understanding and unified descriptions of NG fermions and spontaneous SUSY
breaking which are independent of details of systems.
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Appendix A

Appendix to Chap. 3

A.1 Degenerate ground states

In this section, we prove that

N

> ¢ ()

j=1
is also the ground state of the Hamiltonian Eq. 3.2 with g = 1. By calculating anti-
commutator acting state |U), we obtain

im/4 1+ —in/4 )
e e
A \I/ — —17TL/2 -1 \Ij
{Q. A3o) <sin(7r/8) " 25111(77/4)) (e )%o)

where the operator A is defined as

N
A= Z 67i§j,}/j.
j=1
In the case of L = N/2 = 4m (m is an integer), we obtain

{Q, A}[Wo) = 0.

Since |Uy) is the ground state and annihilated by @, A|¥y) is also annihilated. Thre-
fore A|Wy) is also the ground state of the Hamiltonian for g = 1. For the simplicity,
we define |®¢) = A|¥). Since H, T? and (—1)% are commuting with each other, the
ground states are eigenstates of H, (—1) and T2. Here, T is translational operator
of Majorana fermion. By applying T2, we find

TQ‘(I)0> _ €i7r/2(_ S €_i7rN/46_i7T/4’)/1 + e—i7rN/4€—i7r/2,y2 4. )’\I/0>
Since |®o) must be the eigenstate of 77, i.e., T%|®) x |®), we find

e*iﬂ'N/4 — 1

Hence, we get N = 8m (m € Z) and, in this case , Ejvzl e_i%7j|\110> is the ground
state.
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A.2 Ground state energy of Hy..

The free part of the Hamiltonian Hy,..e can be rewritten as follows
iy
Hfree = ZP Hfreer‘v

where T' is an N-dimensional vector whose components are (71,72, . . . ,VN)t. Here,
Hiree is an N x N real skew symmetric matrix whose explicit form is given by

0 4 -2 0 0O ... 0 0 2 -4
—4 0 4 -2 0 ... O 0 0 2
2 -4 0 4 =2 ... 0 0 0 0
Hiee = g . (Al)
0 0 0 0 0O ... =4 0 4 =2
-2 0 0 0 o ... 2 -4 0 4
4 -2 0 0 o ... 0 2 -4 0

By employing an orthogonal matrix @, Hyrce is block diagonalized as

N/2

Q'AQ =P R, (A2)
j=1

where

0 €;
(49
J —€ 0

Here, tie; are eigenvalues of A. Since eigenvalues of real skew symmetric matrices
are pure imaginary, we introduce a new matrix A := iA to make eigenvalues real. To
obtain eigenvalues, we solve the following eigenvalue equation

Av = )\, (A.3)

where v is an N dimensional vector and its components are (v, va,...,v ~)'. We get
the following equations about every component from Eq. (A.3)

21)]‘_2 — 41)j_1 + 4Uj+1 - 21)j+2 = )\’Uj, (] =1,...,N mod N) . (A.4)

Since the original Hamiltonian is translationally invariant, we suppose that the eigen-
vectors are plane waves,

vj = Cexp(ipj).
We get
€ = g2i(ePU™2) — 2¢PU—1) 4 9P H1) _ (ip(7+2))~ipj
= —8gsin(p) + 4gsin(2p).
The momentum p is an element of the set K. Here, K is defined as

2 Arw (N —2)m
= +—+t— . . .
IC {07 N’ N’ Y N 77‘-}
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The ground state energy Ef® of Hp.. is obtained as follows,

N/2
1 P drl
Efe = -5 <8g sin (;) _ 4gsin (;))
=1
_ 8
~ tan(w/N)’

A.3 Fourier Transform of Hi..

In this section, we calculate the Fourier transform of Hy..e which is defined by

N

Hiroo = 2912(27]'7]'-‘!-1 - ’Yj—l’Yj-ﬁ-l)'
=1

Here, we assume PBC and N is even. The Fourier transform of Majorana fermion
operators are calculated as [44]

2 i >
%=1\ 20",
p

and the Inverse Fourier transform is also defined by

1 & .
v(p) = MZ;’YJE_W‘
j=

Here, p takes the values of 2rm/N (m € Z) since PBC is assumed. From the Clifford
algebra of Majorana fermion operators, one finds that Fourier transform of Majorana
operators satisfy the following anti-commutation relation

(V)P = 0p .+ (=) =7 (R).
By the Fourier transformation, the free part of the Hamiltonian H.. reads
Hiree = 241 Z (2957541 — Vi—17j+1)
j=1
= (2sin(p) — sin(2p)) v(—p)v(p) — 8¢9 Y _sin(p).
p>0 p>0

By a straightforward calculation, we obtain the following equation

8g

Hivoe =89 (2sin(p) — sin(2p))7 ()7 (p) — tan(r/N)

p>0

The last constant term is the same as the ground state energy as calculated in Sec. A.2.
From this, we find that the dispersion relation is cubic in momentum when the mo-
mentum p is small enough, i.e.,

89(2sin(p) — sin(2p)) ~ 8g|p|”.
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A.4 Finite size scaling of the ground state energy density for
g<8/m—1

In Sec. 3.2.3, we have proved that the ground state energy density is positive both
finite and the infinite systems when g > 8/m — 1. In this appendix, we would like to
present that, even when ¢ is smaller than 8/7 — 1 ~ 1.546, the ground state energy
density may be positive. Figure A.1 shows the plot of the data for ¢ = 1.5 case
calculated by exact diagonalization. The vertical axis represents the ground state
energy density, and the horizontal axis represents 1/N2. The red line is a fit to the
data for N = 32,...,40. Even though ¢ is smaller than 8/7 — 1, the N-dependence
of the ground state energy density is the same as free part since the ground state
energy density of Hy.e scales as follows in the large-/N limit,

Efree (1) 4q 4g  4gm

i = +O(1/NY).

tan(r/N) _ 7« | 3N?

When ¢g = 1.5, the ground state energy density in the infinite volume limit is cal-
culated as 0.079.. ., so that SUSY is spontaneously broken. Hence, even when g is
smaller than 8 /m —1, there is a possibility that SUSY is spontaneously broken in finite
and the infinite systems.
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0 5x10~4 1x1073 1.5x1073 2x1073
1/ N?

FIGURE A.1: Finite size scaling of the ground state energy density
for g = 1.5 with N = 22,...,40. The red line is a fit to the data for
N =32,...,40.

A.5 The dispersion relation is not linear

In Sec. 3.4, we numerically find that the dispersion relation of NG fermions is cubic
in momentum. As further support, in this section, we provide other numerical re-
sults that show the dispersion relation of NG fermions is cubic in momentum. The
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figure A.2 shows the result of exact diagonalization, and is the first excitation en-
ergy as a function of 1/N for g = 4,6,8,10. The symbol AE stands for the first
excitation energy relative to the ground state energy. The lines are fits to the data of
N = 32,...,40. From this figure, we find that the intercept is minus for g = 6, 8, 10,
which means that the first excitation energy relative to the ground state energy AE
is minus. This is contradictory. Hence, we clarify that the dispersion relation of NG
modes is cubic in momentum, i.e., the linear fitting is wrong. The figure shows the

2.02
L [
| g=8.0 e g=10.0

1.5
: A 9=4.0 g=6.0 °

W 10 '/

| ®
I ()

0.5F
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FIGURE A.2: Finite size scaling of the first excitation energy of the
Hamiltonian for each g as a function of 1/N. The lines are fits to the
dataof N =32,...,40.

results of exact diagonalization for g =4, ..., 10. In the graph (a), ..., (d), the upper
lines represents 8¢gp® which is leading order of the one-particle excitation of Hree,
i.e., 8¢gf(p). In short, the upper lines correspond to the dotted curve in the vicinity
of the point p = 0. The lower lines are fits to the data of N = 32,...,40. Since we
assume the periodic boundary conditions in the system, the momentum p of the first
excitation takes the value of p = 2w /N. The slope of the upper lines in the Fig.A.3 is
64739 ~ 1984.4g. The slopes of the graph (a), (b), (c), and (d) can be calculated nu-
merically and is 2029.111..., 6314.001..., 10397.580... and 14408.714..., respec-
tively. Dividing by ¢, we obtain 507.278..., 1052.3...,1299.7... and 1440.871...,
respectively. From these results, we find that the slope of the lower line divided by ¢
is getting close to that of the upper line (647°%) as g increases. This is consistent with
the fact that the free part of the Hamiltonian is dominant when ¢ is large enough
as seen in the Sec. (3.4). Hence, the dispersion of one-particle excitation of Hpee,
i.e. 8¢9f(p), gives the upper bound of the cubic dispersion. The figure A.4 provides
the results of exact diagonalization for g = 4, 6, 8, 10. In the graph (a) of Fig. A.4, the
vertical axis A E; represents the second excitation energy relative to the ground state
energy, and the horizontal axis is 1/N3. In the graph (b) of Fig. A 4, the vertical axis
AFEs3 represents the third excitation energy relative to the ground state energy, and
the horizontal axis is 1/N3. The lines are fits to the data of N = 32, ..., 40. From the
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FIGURE A.3: (a) Finite size scaling of the first excitation energy for
g = 4 as a function of 1/N3. (b) Finite size scaling of the first excitation
energy for ¢ = 6 as a function of 1/N3. (c) Finite size scaling of the
first excitation energy for g = 8 as a function of 1/N3. (d) Finite size
scaling of the first excitation energy for g = 10 as a function of 1/N3.
In Figs. (a),(b), (c), (d), the upper lines stand for 8¢gp* and the lower

lines are fits to the data of N = 32,...,40.

figure A.4, we find that the second and the third excitation energies are proportional
to 1/N3, and these excitations are considered to be many-particle bound states.
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FIGURE A.4: (a) Finite size scaling of the second excitation energy

relative to the ground state energy for ¢ = 4,...,10 as a function of

1/N3. (b) Finite size scaling of the third excitation energy relative to

the ground state energy for g = 4,...,10 as a function of 1/N3. In
both figures, the lines are fits to the data of N = 32, ...,40.
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Appendix B

Appendix to Chap. 4

B.1 The Ground-sate energy of Hy..

The free part of the Hamiltonian Hy. is given as follows,

N

Hfree = 2gizf>/j7j+1- (Bl)
j=1

Here, we assume periodic boundary conditions (PBC). The ground state energy of
Hiree can be calculated exactly since it is a quadratic form. First of all, we rewrite the
Hamiltonian as follows,

N .
. gl
Hfree = 2gi Z}(Vﬂjﬂ) = EFtAT,
j=
Here, I is a vector whose components are (71,72, . .. ,ny)t and Aisan N x N real
skew matrix given by
0 2 0 0 0 0 0 0 -2
-2 0 2 0 O 0 0 0 0
0O -2 0 2 0 0 0 0 0
A= : . . :
0 0O 0 0 0 ... =2 0 2 0
0 0O 0 0 0 ... 0 =2 0 2
2 0O 0 0 0 ... O 0o -2 0

Since the matrix A is real skew symmetric, it can be transformed into a block diago-
nal matrix using an orthogonal matrix O,

0%0:%( 0 6]').
= —€; 0

Here, +ie; are eigenvalues of A, and we assume that each ¢; is non-negative. Sim-
ilary to the Kitaev chain [37], the ground state energy of the Hamiltonian Eq. (B.1)
can be calculated as
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Next, let us consider the eigenvalues of the matrix A. For simplicity, we introduce
the V x N Hermitian matrix A as follows,

A=iA.
We consider the following eigenvalue problem,
Av = ev.
Each component v; (j = 1,..., N) satisfies the following equations,

2i(—von_1 +v1) = evn
21(—1)]\{ + 1)2) = €v1
2(—vj_1 +vj41) =ev; (j=2,...,N—1).

Here, we suppose the next ansatz,
vj = ae'Pl,
From the resultof j = 2,..., N — 1 case, we get
€ = 2i(ePUHY) — PU—1))ips
= 2i(e’? — e7P) = —4sin(p).
From the result of j = 1 case, we get
€ = 2i(elP?) — PN =P — 9j((P — 71 (PN,

Since A is a Hermitian matrix, the eigenvalues e must be real (¢* = ¢). This condition
leads to the periodic boundary conditions e’V = 1. Using this condition, we get
e = —4sin(p) (p € K) forall j =1,..., N. Here, K is the following set

2 Arw (N —2)m
= +t—t— ..., .
IC {O, 9 N’ bl N 77T}

The ground state energy Eéree of Hg.. is obtained as follows,

N/2 27 19
Efree — 7gZ4sin (Nn> = ~ tan(nr/N)
n=1

B.2 Frourier transformation of H .

In this appendix, we carry out the Fourier transformation of the free part of the
Hamiltonian Hy.c.. The Fourier transformation of the Majorana fermion operator +;
is defined by
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Here, k is a momentum and takes the values of 27rm/N with PBC. The inverse
Fourier transformation is defined as follows,

TR
Y(k) =\ 55 D€
j=1

This transformation indicates the following relations,

{v(k), (K} = 0k iy, (k) =~1(k).
With the Fourier transformation, Hy,.. is transformed as follows

N
Hiree = 2g1 Z ViVi+1

7j=1
— 4gi > ey (—k)y (k).
k

Here, we use the following relation, +- Z;V: Le 4RI = 5 4. By straight forward
calculations, we obtain

Hpee = 4g ZSIH(]{)’}’(—]{)’Y(]?)
k

By taking the momentum k£ positive, we get the following representation of the
Hamiltonian,

Hpee =8g > sin(k)y'(k)y(k) —4g D _ sin(k).

0<k<n 0<k<n

By straightforward calculation, we obtain the following representation of the Hamil-
tonian

4g

Hiee =89 Y sin(k)y!(k)y(k) — fan(r/N)’

0<k<m

The last constant term coincides with the ground state energy of the Hamiltonian.
From this, we can see that the dispersion relation is linear in momentum when the
momentum p is small enough.

B.3 Finite size scaling of the ground state energy density for
g<8/m—1

In Sec. 4.2.3, we have proved that the ground state energy density is positive both
finite and the infinite systems when g > 8/7 — 1. In this appendix, we would like to
present that, even when g is smaller than 8/m — 1 ~ 1.546, the ground state energy
density may be positive. Figure B.1 shows the plot of the data for g = 1.5 case
calculated by exact diagonalization. The vertical axis represents the ground state
energy density, and the horizontal axis represents 1/N?2. The black line is a fit to the
data for N = 32,...,40. Even though g is smaller than 8/7 — 1, the N-dependence
of the ground state energy density is the same as free part since the ground state
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energy density of Hy.e scales as follows in the large-N limit,

Efree 1 4q 4g  4dgm 4
= (=) ——=—"Z+ = 1/N%).
N (N) tan(r/N) ~ w Tanz T OWNY)

For g = 1.5, the ground state energy density in the infinite volume limit is calculated
as 0.03983 .. ., so that SUSY is spontaneously broken. Hence, even when g is smaller
than 8/7 — 1, there is a possibility that SUSY is spontaneously broken in finite and
the infinite systems.

0.052
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Eo/N
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0.040 |- ]
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FIGURE B.1: Finite size scaling of the ground state energy density for

g = 1.5 with N = 22,...,40. The black line is a fit to the data for
N =32,...,40.
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