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Abstract

In this thesis, we investigate two quantum models. The first model is a Kerr-nonlinear paramet-
ric oscillator (KPO) coupled to a bath of harmonic oscillators. We assume that the detuning is
zero, then the Hamiltonian of the KPO has two degenerate ground states. We also assume that
the parametric pump is much stronger than the Kerr-nonlinearity. In this case, the approxi-
mate forms of the first two excited states are known. Using these four states, we derive the
Gorini-Kossakowski-Sudarshan-Lindblad (GKSL)-type Markovian master equation for a KPO
from the microscopic Hamiltonian. We compare our GKSL equation with the GKSL equation
in the literature. We show that a KPO under our GKSL equation is more robust to excitation
errors than that under the GKSL equation in the literature. In particular, we show that in
the low-temperature limit of the bath, the state of a KPO under our GKSL equation is mostly
confined to the subspace spanned by KPO’s two degenerate ground states.

The second model consists of coupled harmonic oscillators in a star configuration, where
the central harmonic oscillator (system) is coupled to a finite number of surrounding harmonic
oscillators (bath). We define and investigate the nonequilibrium thermodynamic entropy of
the total system. In this model, when the initial state of the total system is given by the
tensor product of the Gibbs states of the system and the bath, every harmonic oscillator is
always in a Gibbs state with a time-dependent temperature. This enables us to define time-
dependent thermodynamic entropy for each harmonic oscillator, and thereby define the total
nonequilibrium thermodynamic entropy as their summation. We analytically confirm that
our total thermodynamic entropy satisfies the third law of thermodynamics. Our numerical
solutions show that, though the finite-time dynamics of the system is well approximated by the
GKSL equation, the total thermodynamic entropy production rate can be negative, while the
total thermodynamic entropy satisfies the second law of thermodynamics.
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Chapter 1

Introduction

In general, it is difficult to isolate a quantum system; the system always interacts with its
environment, which causes decoherence and dissipation of the system [1,2]. Such a system
is called an open quantum system [3-5]. The total system, which consists of the system of
interest and the environment, may be isolated and its dynamics can be unitary. As the degrees
of freedom of the environment is huge, however, pursuing the total dynamics is generally beyond
our computational ability. Besides, the dynamics of the environment itself is typically of little
interest. Thus, we usually focus on the dynamics of the open system by taking the partial trace
over the degrees of freedom of the environment.

In the theory of open quantum systems, it is often assumed that the environment is in a
thermal equilibrium (Gibbs) state at the initial time. We call such an environment a bath.
Because of the interaction with the bath, the dynamics of the system is not unitary; it is not
described by the Schrodinger equation nor by the von Neumann equation. We do not have a
simple form of the time-evolution equation for the system for a general coupling. Nontheless,
when the coupling is weak enough for the time scale of the bath to be much shorter than that of
the system, the dynamics of the system is called Markovian; under several approximations its
dynamics can be described by a simple form of the time-evolution equation called the Gorini-
Kossakowski-Sudarshan-Lindblad (GKSL)-type Markovian master equation [3,4,6-8]. This
equation comprises two parts; one is related to the dynamics induced by the Hamiltonian of
the system and the other is related to the decoherence which comes from the interaction with
the bath.

There is a procedure to derive the GKSL equation from the microscopic Hamiltonian of the
system, the bath, and their interaction; we will explain this procedure in Chapter 2. In the
derivation, we need the complete set of the eigenstates of the Hamiltonian of the system. When
the system is simple like a two-level system and a harmonic oscillator, we know the eigenstates
and can derive the explicit form of the GKSL equation [3,4,9]. On the other hand, when the
system is complicated like a Kerr-nonlinear parametric oscillator (KPO) [10], which we study
in Chapter 4, only several eigenstates of the Hamiltonian are known, and hence it is difficult
to derive its GKSL equation. Instead in the literature, as a decoherence part of the GKSL
equation for a KPO, the decoherence part of the GKSL equation for a harmonic oscillator is
often used [11-13]. As this decoherence part is not derived from the microscopic Hamiltonian
of the total system which consists of a KPO and its environment, it is doubtful whether this
decoherence part accurately describes the decoherence of the KPO. Indeed, we derive the GKSL
equation for a KPO starting from the microscopic Hamiltonian of the total system comprised of
the KPO and a bath of harmonic oscillators, finding a different form of the decoherence term.
Studying the decoherence of a KPO is practically important because the KPO is expected to



be utilized as a qubit for a quantum computer [11, 14, 15]; it is necessary to reduce noise from
the environment as much as possible for precise quantum computation.

On the other hand, we study in Chapter 5 a total system made up of coupled harmonic
oscillators in a star configuration, in which the central harmonic oscillator (system of interest)
is coupled to a finite number of surrounding harmonic oscillators (bath). When the initial state
of the total system is a Gaussian state [16-20], not only the dynamics of the system of interest
but also the dynamics of the total system including the bath can be pursued [6]. Even when
the size of the bath is finite, we can set the parameters so that the finite-time dynamics of the
system of interest may be well approximated by the GKSL equation [6].

An open quantum system and a bath is one of the typical setups in the research field
of quantum thermodynamics [21-23], which explains microscopic thermodynamic changes of
microscopic quantum systems coupled with macroscopic ones. One of the most fundamental
problems in quantum thermodynamics is how to define thermodynamic quantities such as the
thermodynamic entropy, the temperature, heat, and work. Of particular importance is the ther-
modynamic entropy because it characterizes the irreversibility of thermodynamics. This is why
researchers have suggested several definitions of thermodynamic entropy [24-26] and various
ones of entropy production and of its rate; see Ref. [27] and references therein. Nevertheless,
there is no consensus for now.

There is active research [28-33] into the relation between non-Markovianity [34] of the
dynamics of an open quantum system and a negative entropy production rate of the total
system. However, there is no agreement about this relation mainly because there is no unified
definition of the entropy production rate or of non-Markovianity. On the other hand, when an
open quantum system is under the GKSL-type Markovian dynamics, it is widely believed that
the entropy production rate of the total system is non-negative [28-33], and researchers often
use the von Neumann entropy production rate [35], which is the negated time-derivative of
the von Neumann relative entropy [36, Sec. 11.8] between the reduced state of the system and
the reference stationary state of the GKSL equation. As we will see in Chapter 5, there is an
implicit assumption in the form of the von Neumann entropy production rate that the size of
a bath is so macroscopically large that its temperature does not change during the dynamics.
Although the temperature of the whole bath does not change macroscopically, the temperature
of a part of the bath can change microscopically; see Chapter 5. The von Neumann entropy
production rate cannot take this microscopic temperature change into account. In Chapter 5, we
consider the quantum model of coupled harmonic oscillators in a star configuration, pursuing
the time evolution of the temperature of each harmonic oscillator. We thereby define the
nonequilibrium thermodynamic entropy of the total system which incorporates the microscopic
temperature change of the bath. As a result, our total thermodynamic entropy production
rate can be negative though the finite-time dynamics of the central harmonic oscillator is well
approximated by the GKSL equation.

1.1 Purpose

In summary, our purpose in this thesis is to study dynamics and thermodynamics of coupled
quantum oscillators, based on the Hamiltonian of the total system which consists of a system of
interest and a bath. First, we want to clarify the relationship between the dynamics of a KPO
(the system of interest) and the Hamiltonian of the total system. Thus, we derive the GKSL
equation for a KPO starting from the total Hamiltonian. A KPO is a promising candidate
for a qubit in a quantum computer. Hence, the study of the decoherence of a KPO is of
practical importance. Second, we want to elucidate the relationship between the dynamics and



thermodynamics of the quantum model of coupled harmonic oscillators. By considering this
model, we can pursue the dynamics of the total system microscopically. We analyze the effects of
the microscopic temperature changes of the subsystems on the nonequilibrium thermodynamic
entropy that we define for the total system. We believe that this study sheds a new light on
the connection between quantum mechanics and thermodynamics.

1.2 Organization of this thesis

Let us explain the organization of this thesis. In Chapter 2, we review a Gorini-Kossakowski-
Sudarshan-Lindblad (GKSL)-type Markovian master equation [7,8]. Starting from the general
Hamiltonian of the total system consisting of a system of interest and a bath, we derive the
GKSL equation, Eq. (2.40) with Eq. (2.45), by performing the Born-Markov and the secular
(rotating-wave) approximations [3]. We also talk about a stationary state of the GKSL equation.
As an example, we derive the GKSL equation (2.99) for a damped harmonic oscillator [4, 6].
The decoherence part of this GKSL equation appears in the GKSL equation for a KPO (4.57)
in the literature, which we treat in Chapter 4. The GKSL equation of the damped harmonic
oscillator is also used in Chapter 5.

In Chapter 3, we review a Kerr-nonlinear parametric oscillator (KPO) [10]. We can con-
struct a KPO using a quantum circuit. We begin with an LC circuit, which is equivalent to
a harmonic oscillator [37]. Replacing the inductance L by a Josephson junction, we obtain a
transmon [37], which has nonlinearlity. If we use a loop with two parallel Josephson junctions
threaded by a magnetic flux, instead of using a single Josephson junction, we would have a
SQUID transmon, where SQUID is the abbreviation for a superconducting quantum interfer-
ence device [37]. Then, after some approximations and moving to a rotating frame, we arrive
at the Hamiltonian (3.38) of the KPO. We explain KPO’s two degenerate exact ground states
and approximate excited states. We can use the two degenerate exact ground states as the
logical states of a qubit for a quantum computer [11,14,15].

In Chapter 4, we tackle the decoherence of a KPO. After referring to the GKSL equation
(4.2) for a KPO in the literature, we derive our GKSL equation (4.56) for a KPO; starting from
the total Hamiltonian (4.8) of the KPO, the bath, and their interaction, we follow the procedure
explained in Chapter 2. Then, we compare our GKSL equation and the GKSL equation in the
literature. We show that a KPO under our GKSL equation is more robust to excitation errors
than that under the GKSL equation in the literature. In particular, in the low-temperature
limit of the bath, the state of a KPO under our GKSL equation is mostly confined to the
subspace spanned by KPO’s two degenerate ground states.

In Chapter 5, we define and investigate a total nonequilibrium thermodynamic entropy
(5.51) of the quantum model of coupled harmonic oscillators in a star configuration, introduced
in Chapter 2. In particular, we show that our total thermodynamic entropy production rate
(5.56) can be negative, though the finite-time dynamics of the system is well approximated
by the GKSL equation. This comes from the temperature change of each harmonic oscillator,
which is incorporated in our nonequilibrium thermodynamic entropy. This Chapter is based
on the following journal article:

o Takaaki Aoki, Yuichiro Matsuzaki, and Hideaki Hakoshima, “Possibility of the total ther-
modynamic entropy production rate of a finite-sized isolated quantum system to be neg-
ative for the Gorini-Kossakowski-Sudarshan-Lindblad-type markovian dynamics of its
subsystem,” Phys. Rev. A 103, 052208 (2021).

In Chapter 6, we conclude this thesis with future prospects.



Chapter 2

Open quantum systems

In this Chapter, we review the Gorini-Kossakowski-Sudarshan-Lindblad (GKSL)-type Marko-
vian master equation [7,8]. We assume that the environment is large and in a thermal equi-
librium state at the initial time. We refer to such an environment as a bath. We also consider
the weak coupling limit.

Let us call the open quantum system [3,4] A and the bath B. The total Hilbert space is
Ha ® Hp. The total Hamiltonian is given by

H=H,+ Hp+ Hy, (2.1)

where H, and Hp are the Hamiltonians of the system and the bath, respectively, while H; is
the interaction Hamiltonian. The dynamics of the total system in the Schrodinger picture is
governed by the von Neumann equation:
dp(t) i
A
where p(t) is the density operator of the total system.
As we consider the weak coupling limit, we will treat the interaction Hamiltonian in a
perturbative manner. Thus, it is more convenient to transfer to the interaction picture, in
which the density operator p’(¢) and the observable operator O(t) are given by

(14 + F + 7, (1), (2.2)

(t) = %(ﬁA‘FﬁB)tﬁ(t)e_r%(ﬁAJ’_ﬁB)t’ (2.3)

pl(t) = e
Ol(t) _ eih(I:IAJrﬁB)tO(t)efiﬁ(ﬁAJrHB)t' (2.4)

Here, O(t) is the observable operator in the Schrédinger picture. Then, the von Neumann
equation in the interaction picture is written as

= ), (1), (25)
whose integral expression is
. . 1t A ~
50 = 5'(0) = [ dslif(s).5'(5)]. (2.6)

By substituting Eq. (2.6) into Eq. (2.5), we obtain

WO g o) - L [ st o, 1o, ) .




What we want is a closed equation on the dynamics of the system. For this purpose, let us
trace out the degrees of freedom of the bath:

dﬁ(,iqt(t) — _;iTr [HI( AI / dsTrB [HI( ), ﬁI(S)]], (2.8)

where

pat) = Tep[p' (1))
— TrB[eﬁ(HA‘f‘HB)tp(t)e #(Ha+Hp)t ]
_ eﬁHAtTrB[e%ﬁBtﬁ(t)e hHBt]e LHat
= i AT () e 714!
—: enfatp, (4)emnHat (2.9)
is the density operator of the system in the interaction picture with p4(t) being the the density

operator of the system in the Schrédinger picture.
We prepare the following initial state:

e_ﬁ%HB

oy {efﬁgﬁs} , (2.10)

p(0) = p(0) = pa(0) @ pig := pa(0) ®

where we set the initial state of the bath to the Gibbs state with inverse temperature (3%.
There is no correlation between the system and the bath initially. The most general interaction
Hamiltonian in the Schrodinger picture is [38] (see also Sec. 3.3.1 in Ref. [3] and Sec. IL.A in
Ref. [34])

= 1Y Ay @ B,, (2.11)
where AL = Aa and El = f?a. In the interaction picture, we have
_hZAf t) @ BL(t), (2.12)
where AL(t) = enflat A e=#Hat and BL(t) = enf5! B, 15! We assume that the first term in
Eq. (2.8) is zero [3, Sec. 3.3.1], so that we obtain
dph(t) 1t A
A2 = s [ s Tl (1), 1] (5). 7' (5)]) (2.13)

We note that the assumption Trp[HZ(t), p'(0)] = 0 is satisfied by H(t) in Eq. (2.70) and
pL(0) = pa(0) @ e PBHE /Ty [ fBBHB] with Hp in Eq. (2.61); see Sec. 2.5. We also note that the

assumption Trg[H" (¢), pR7(0)] = Trg[H (1), pR(0)] = 0 is satisfied by A7 (t) in Eq. (4.30)
and pR(0) in Eq. (4.13); see Sec. 4.2.

2.1 The Born-Markov approximation

We here apply the Born approximation [3, Sec. 3.3.1], which states that because of weak cou-
pling, there occurs few correlations between the system and the bath, and the state of the bath
hardly changes in the time evolution:

pE) ~ palt) @ P (2.14)



The total density operator in the interaction picture has a similar form:
5(1) ~ h(t) @ 2. (2.15)

Substitution of Eq. (2.15) into Eq. (2.13) yields

VA _ L1 45 Teal 0 (50, 405) @ A1) 218

We note that the Born approximation (2.14) is not a necessary condition for the dynamics of
the system to obey the GKSL equation. In some cases, the dynamics of the system is well
approximated by the GKSL equation while the state of the total system p(t) is far from the
tensor product state [6, Sec. 2.3.3].

Looking at Eq. (2.16), we see that the time derivative of the state of the system p(¢)
depends on the state of the system p4(s) in the past (0 < s < t). In order to get rid of this
memory effect, we here perform the Markov approximation.

First, we replace the integral variable in Eq. (2.16) from s to t — s:

dpi (1)
dt

- —7112 /Ot ds Tep[H] (1), [H] (t — s), pa(t — 5) ® pig]]. (2.17)

Let 75 denote the correlation time of the bath, which is a characteristic time scale in which
the integrand in the right-hand side of Eq. (2.17) decays. Roughly speaking, the integrand is
nonzero for 0 < s < 75. We assume that the relaxation time of the system 7g is much larger
than 75, and thereby replace pli(t — s) by p%(t). This is sometimes called the first Markov
approximation [34, Sec. IV.B.1], which results in:

dpi (1)

1o N A ;
) :_ﬁ/o ds Trp[H{(t), [H] (t — s), ph(t) @ piR]]. (2.18)

Note that this equation is local in time.
As the integrand rapidly goes to zero for s > 75, we extend the upper limit of the integral
to 0o, which is known as the second Markov approximation [34, Sec. IV.B.1]:

- ‘nlz | as Tealdtf (1), 111 (¢ = 5). () © ) (2.19)

2.2 The Redfield equation

This is called the Redfield equation [39,40]. We give two words of caution. First, the Redfield
equation is not guaranteed to be completely positive [41]. Hence, a system under the Redfield
equation may have negative populations, which is unphysical [1]. In order to achieve the
complete positivity, we need to perform the secular (rotating-wave) approximation, which we
will explain in Sec. 2.3. Second, in some literature, Eq. (2.18) instead of Eq. (2.19) is called the
Redfield equation (for example, Eq. (3.117) in Ref. [3] and Eq. (5.135) in Ref. [42]). However,
as pointed out at footnote 12 in Ref. [1], Redfield did extend the upper limit of the integral to
oo in his original paper; see Eq. (2.14) in Ref. [39].

We now transform the Redfield equation (2.19) using the interaction Hamiltonian (2.12).
Let €; and |¢);) denote the jth eigenvalue and eigenstate of the Hamiltonian of the system:

Hy= Z € [yl - (2.20)



We assume that the eigenstates {|1;)} have no degeneracy. As {|v;)} is a complete orthonormal
set in H., we can rewrite AL(t) as

AL(t) = enflat 4 o i Hat
= 3 et [y )upy| Ao [t )abn] €7
7,k
= ST [y Wy | Ao [ )]
7.k
=> e At A, (wa), (2.21)

where in the summation in the last line, wy is taken from {e, —¢;|j,k = 1,2...} except for
duplication. Here, we have defined A,(w4) as

Aa(wa) = 3 [sXuy] Aa [ Xabnl (2.22)
J.k
ep—€j=hwa

Note that the following relations are satisfied:

Al (wa) = Ag(—wa), (2.23)
[Ha, Aa(wa)] = —hwada(wa), (2.24)
[Ha, Al (wa)] = hwaAl(wa), (2.25)
[H 4, Al (wa)As(wa)] = 0, (2.26)
> Aalwa) = Y- Al(wa) = A, (2.27)
Inserting Eq. (2.21) into Eq. (2.12), we obtain
i) =1y e A (wa) @ BL(t) =1 Y e“at Al (wa) @ BL(1), (2.28)

a,wA Q,wA

where the last equality follows from the Hermiticity of H}(¢) and BZ(t).
We obtain another form of the Redfield equation by combining (2.19) and Eq. (2.28):

dpj (t)
dt

- /dsTrB[HMHI(t—s) L) ® pig — ph(t) © PRIt = 9)
o [ ST EI (B~ 9)0h(0) @ ) — A0 @ AR~ 5)
— H{(t — 5)p4(t) @ PR H (1) + ph(t) @ Py H(t — s)H[ ()]
= [T s Tl — )70 © AT ~ O]~ )7h(0) @ p] + he

= / dsTrp

B Z e‘“AtAT ) ® BI Z e—iwA(t—s)AB(wA) ® Bé(t _ s)p (1) ® ﬁg’ + h.c.

Z e —iwa (t— S)A,B(WA) ®Bﬂ(t— s ®ﬁ‘g1 Z elwAtAT ®B[( )

Bwa awA

awA Bwa
= 3 e / ds &5 {Tep [ BY(t — )78 BL(O] Ag ) (0 A] ()



— Trp[BL() Bt — 8)pB AL () As(wa)ph (1)} + hc.
= 30 ST s(wa)[As(wa) ph () Al () — AL (W) Ag(wa) ph(b)] + hec,

WA 7“)14 avﬂ

(2.29)

where h.c. means the Hermitian conjugate and
T s(wa) / ds e Tr5[ B (s) Bspth] (2.30)

is a one-sided Fourier transform of the correlation function of the bath.

2.3 The secular (rotating wave) approximation and the
GKSL equation

In Eq. (2.29), if |/ — wa|™" (w)y # wa) is much smaller than the relaxation time of the
system Tg, the terms with w'; # w4 rapidly oscillate. Neglecting these terms, called the secular
(rotating-wave) approximation [3, Sec. 3.3.1], results in

dﬁ§t<t) =3 > Tas(wa)As(wa)py(t) Al (wa) — Al (wa) Ag(wa) Py (t)] + hoc. (2.31)

In order to divide the above equation into the Lamb-shift part and the decoherence part, we
decompose 'y, g(wa) as

1 )
Lo p(wa) = §’Ya,ﬁ(wA) +1Sa,8(wa), (2.32)
where the elements
1
Sep(wa) = E[Fa,ﬁ(w) =T o (wa) (2.33)

form a Hermitian matrix and the elements

Yaop(wWa) = Fap(wa) + 1% 0 (wa)
_/ ds e“4*Tr[BL(s) Bspth] +/ dse_i”AsTrB[AthBaéé(s)]

_ / ds e“A* Ty [BL (s) Bp] + / ds e @A Tr[BL (= s) Bypth]
- / ds e“A*Tr (B (s) Bspth] (2.34)

form a positive semidefinite matrix [4, Sec. 6.2.2]. We then arrive at

dpa(t)

T Z%Faﬁ (wa)[Ag(wa)ply () Al (wa) — Al (wa)As(wa) Py (2)]
+ Z%Faﬁ wa)[Aa(wa)ph () Al (wa) — P4 (1) Al (wa) Aa(wa)]
—Z%Faa wa)[Ap(wa)py () Al (wa) — Al (wa) Ag(wa) (1))



where

A

+ 33 T a(wa)[As(wa)ph (1) Al (wa) — ph(D) Al (wa) As(wa)]

- Zz; o)+ T o om0 o

= 3 Sl A o) A Ph(0) 5 (o) h (AL o) As(ea)
= 2 X s Asloa)h0 Al

“E% st +1saﬁ<w,4>] Al wa)As(wa)i (0

- E >[ [0) = Sas(wa)] PAOAL@a) A ()

= s, P4(6)] + Dok (1)

His =33 hSap(wa)Al (wa)Ag(wa)

wA a,B

is called the Lamb-shift Hamiltonian [3, Sec. 3.3.1] and

(0] = X vaslon) (Aslon)ph(0 A wa) = 51AL@a) An), 240}

wA a,f

(2.35)

(2.36)

(2.37)

is the decoherence part. Here, the curly parentheses {e, e} denote the anticommutator. From
Eq. (2.26), we find that the system Hamiltonian and the Lamb-shift Hamiltonian commute:

[H 4, Hys] = 0.

(2.38)

Let us transform Eq. (2.35) into the Schrodinger-picture version. From Eq. (2.9) we obtain

palt) = =Mt pl (pyertla’,

whose time-derivative is calculated as in

where

dpa(t) i L dPh () g

= h[HA,ﬂA(t)]‘i‘G h Teﬁ

i g i A i
— 2 L, palt)] + e 8 (— (s, ph(2)] + DI (1)) e

— _%[F[A + Hig, pa(t)] + D[pa(t)],

dt

= 55 vesen) (Aslwn)pa®) A (a) - LA @a) Aaleon) pa(0)}).

wa «a,8

Here, we have used Eq. (2.38) and

e_%ﬁAtAg(w )ehHAt MAtAB(WA)a

e—%ﬁAtATa(w )ehHAt iwAtAL(WA),

(2.39)

(2.40)

(2.41)



which come from Egs. (2.24) and (2.25).

Let us transform Eq. (2.41) into the GKSL form [3, Sec. 3.2.2]. Since the matrix y(wa) =
(Vas(wa)) is positive semidefinite, it can be diagonalized using the unitary matrix u(wa)
as u(wa)y(wa)uf(wa) = F(wa), where 7(w,) is the diagonal matrix whose diagonal element
Fo(wa) = Fa.a(wa) is non-negative. Defining new operators {Cy(w4)} as

C’a(wA) = %Uaﬁ(wA)Aﬂ(wA), (244)

the decoherence part (2.41) is diagonalized:

A A

DIpalt)) = X3 alo) (Calwa)pa0Ch(wa) = SCHnCalin). pa0)}) . (2.45)

wa @

We have finally obtained the GKSL master equation: Eq. (2.40) with Eq. (2.45).
Let us give explicit forms of v, g(wa) and S, g(wa). In a similar way with Eq. (2.21), we
rewrite B (s) as

A

Bl(s) =Y e “r*B,(wp) (2.46)

with

Ba(wp) = > [P X 0P| Ba [0 X ok

B__B_
€ —€ =hwpg

: (2.47)

where ef and ‘T/Jf> denote the jth eigenvalue and eigenstate of the Hamiltonian of the bath:
Hy =" e [of v/ (2.48)
j
Substituting this into Eq. (2.30), we obtain
Laplwa) = 3 [ dsam Ty By (wp) By
wp

= [ms(wA — wp) +iP.V. (

wB

Trp[Ba(ws)Bsply 2.49
—— )| TalBun) Bap). (249)

where P.V. means the the Cauchy principal value. From Eq. (2.34), we similarly have
Tas(w) = 2 [ ds AT Ty By (wp) Bl
S 2o — o) T B ) B (2.50)
wp
Combining Egs. (2.32), (2.49), and (2.50) yields
Sap(wa) = —ilap(wa) + ;%c,ﬂ(wA)

_ ;P'V‘ <Tr3[§a(wB)Bﬁﬁ%‘]> ' (2.51)

Wwq — W
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2.4 A stationary state

In this subsection, we show that the Gibbs state of the system at inverse temperature 3%,

~th e_B]Og HA

= W (2.52)

is a stationary solution [4, Sec. 6.2.8] of the Markovian master equation (2.40). Note that the
first term in Eq. (2.40) vanishes for p4(t) = p'P because of Eq. (2.38). Since the decoherence part

(2.41) depends on 7, p(wa), we derive the relation about 7, s(wa). Note that the correlation
function of the bath satisfies the following relation:

(Bi(s)Bg) := Trp[BL(s)Bspig]
Trglenfss Bye~nps BoePuls)
- TI'B [e_ﬁ%ﬁB}
Trp [Bﬁe%ﬁs(ﬁihﬁ%)éaef%ﬁgs]
B TI'B [G_BOBI?[B}

Try [B?ﬁe%ﬁs(8+ihﬁ%)éae*ihﬁg(sﬂhﬁg)e—ﬁ%ﬁ]g]

TI"B {e_ﬁ%ﬁﬂ
= Trp[BsBL(s + ihBY)pin]
= (ByBL(s +ihfy)), (2.53)

which is called the Kubo-Martin-Schwinger (KMS) condition [43,44]. Then, we obtain
Yaplwa) = [ dscrTrglBi(s) Bypl
_ / ds e“A"Trp[Ba BL(s + ih8%) 5]
= S eher [ dselamn Ty (BB, (wg) )
wpB —0o0

=y 58216 (wa — wp) Trp[BsBa(ws) ]

wB

— MBrwa z 216(wa —wp)Trp [BL (WB)Bﬁﬁtf?}*

wB

— MBhwa Z 219(wa —wp)Trp [Ba(_wB)BﬂﬁtBh]*

wB

= ehﬂ%wAVZ,g(—wA)
— ehﬁ%wA’Yﬁ,a(_wA)- (2.54)

Moreover, using the relations (2.24), (2.25), and (2.26), we find

PhAa(wa) = 521 A, (wa) B, (2.55)
PPAN (wa) = e "B Af ()P, (2.56)
PRAL (wa)Ag(wa) = Al (wa)Ag(wa) iy (2.57)



Figure 2.1: A quantum model of coupled harmonic oscillators in a star configuration.

Using Eqgs. (2.23), (2.54), (2.55), (2.56), and (2.57), we finally find that p% is a stationary state:

ap
—D ~th

= 55 aalwa) (Al Al wa) - 5 AL Aala). 1))

wA a,B

=3 vapwa) (7 Ag(wa) Al (wa)pF — Al (wa) Ap(wa)p)

wA a,f

A A

= Zﬁj (V.0 (~wa) AL (~wa) Aa(~wa)F — a,s(wa) Al (wa) A (wa)51})

A A

=33 (Yaus(—wa) Al (~wa) Ag(—wa) Y — Yap(wa) Al (wa) Ap(wa)pY)

wa a,fB

= 0. (2.58)

2.5 A damped harmonic oscillator

As an example, let us consider a quantum model of coupled harmonic oscillators in a star
configuration [45, Sec. III.A]; see Fig. 2.1. It consists of the central harmonic oscillator j = 1,
which we refer to as the system A, and N surrounding harmonic oscillators j = 2,..., N 4+ 1,
which we refer to as the bath B. The system A and each harmonic oscillator j in B interact
with each other with the coupling constant g;. The total system is isolated, and hence its
Hamiltonian is time-independent as in

H=H,+ Hp+ Hy, (2.59)
where
. b1
A= hwl aja; + 5 , (260)
R N+1 R R : 1
=S A, H =h, (ajaj 4 2) , (2.61)
j=2
R N+1
iy =Y hy; (ala; + aal), (2.62)
j=2

12



with a; and &} denoting the annihilation and creation operators of the jth harmonic oscillator,

which satisfies the following commutation relations:

[&ja d;] :5]"]6,

6, = [a}.al] =0 for jk=1... N+1

(2.63)
(2.64)

This total Hamiltonian is a type of Fano-Anderson Hamiltonian in condensed matter physics
and of Lee-Friedrichs Hamiltonian in atomic physics [46-51]. When the counter-rotating terms
Z;V:El hgj(&J{d; +a16,4) are added to the interaction Hamiltonian in Eq. (2.62), the total Hamil-
tonian becomes the Caldeira-Leggett Hamiltonian [51,52]. When N is large enough, the system
is damped by the bath, and hence is called a damped harmonic oscillator [4,6]. If the cou-
plings {g;} of the harmonic oscillators are sufficiently weak, the dynamics of the system is well
approximated by the GKSL master equation [3,4,6-8], which we derive in this subsection.

Let us rewrite the interaction Hamiltonian (2.62) in the form of Eq. (2.11):

Al(wl) = dh Al(_wl) = CALL
AL(t) = —ie7“1q, + ie“1al = > e At Ay (wy),

wa==Fw1
1212(&11) = —iGy, Ay(—wr) = iaf,
~ NA+1 - - . ~
Bly=Y (e—lwﬂ;aj + elwﬂ;aj) — ) 5 B (wp),
j=2 wp€{wj,—w;lj=2,....N+1}
A g' A A g' A
Bl(w]‘) = EJCL]‘, Bl(—wj) = Ejaj
~ NA+1 N N . ~
Blty=Y <—1e—wﬂ2]aj +iewﬂzjaj.> - 3 75! By(wp),
j=2 wp€{wj,—w;|i=2,...,N+1}

.gj A .95 .
By(w;) = —i54, By(—w;) = 15@}.

13



Using them, we calculate v, (wa) in Eq. (2.50); its (1,1)-component is given by

’711 wA 2271'(5 wA—wB)TrB[Bl(wB)BlpB}

wB

BI(WB)%J

= ZZ27T5 wa —wp)Trp

J wB

— Z Z 216(wa — wp)Tr; [El(WB)gzj(a; + aj)ﬁ;h]

j wp=%w;

95~ 95/ AN A
— ZQW(S(MA w;)Tr; {23 a; 2J(aj +Clj)p;.h:|

(@} +;)0%]

43 2m6(wa + w)) Ty {92“292] (al + aj)pth]
J

=3 %5(&) )Ty [(@la, +1)p]

+> ngz(S(w + w;)Tr; [&T&-Ath}
5 A §) L5 1Q;050;

= 3 D5 ((w;) + 1)8(wa — wj) + w;)8(wa + w;)

5 2
= ZJ: ngz[(ﬁ(w/‘) + 1)0(wa — wj) + n(—wa)d(wa + w;)]
(3o +1) 5 P =) = 8+ ), 2.1
where
n(w;) = eﬁ%ml_l (2.80)

is the mean excitation number of a harmonic oscillator at thermal equilibrium with frequency
wj at inverse temperature 3%, and we used

n(—w;) = —(n(w;) + 1), (2.81)
-BYHp N+1 efgoBﬁj N+1

== ® W ® 0. (2.82)

Tr [e_BBHB] =2 Trle
Similarly, we have the other components as
ing;

Na2(wa) = (Awa) +1)

J

[0(wa —wj) + d(wa + wj)], (2.83)

Y21(Wa) =1 p(wa) = —Ma(wa) = —(n(wa) +1) 3 ngjwwA —wj) +0(wa twy)], (2.84)
Yo2(wa) = (A(wa) +1) Y %[5(% —wj) = 6(wa +wj)] = 711(wa). (2.85)

J
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From Egs. (2.71) and (2.73), we need to consider two cases: wy = twy, so that we have

(o) = malien) = () + 1) 3 oy =) = LEVIL o g
J
a(1) = —aa(wr) = 1F[n(w21) + 1]7 (2.87)
Ta(=wi) = Y22(—wi) = Fﬁ(;ul), (2.88)
MNa2(-wi) = =721(-wi) = —irﬁz(wl), (2.89)
where

['=m7J(w) (2.90)

is the relaxation rate of the system with

N+1

(ORI L) (2.91)

being the spectral density of the bath. Note that this spectral density is a comb of delta
peaks [53, Sec. I]. If wy # w; for j =2,...,N + 1, we have I' = 7J(w;) = 0. Thus, when we
calculate I' in Eq. (2.90), we need to take the limit of N — oo so that the spectral density
J(w) may become a continuous function. For example, if we consider an Ohmic bath [6, 34],
the spectral density is written as J(w) = nwe™/“c where 7 is the coupling strength between
the system and the bath and w, is the cutoff frequency. Having obtained the explicit forms of
Ya5(wa) in Egs. (2.86), (2.87), (2.88), and (2.89), and of Ay(w4) in Egs. (2.72) and (2.74), we
find the decoherence part (2.41) in the form

T
+Tiwr) (2l pa(t)as — {aal, pa(t)}) . (2.92)
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Next, in an analogous way with the calculation of 7, g(wa), we calculate S, g(wa) (2.51),
which appears in the Lamb-shift Hamiltonian (2.36):

St ZPVCMwa&pg

g] )+1 n(w;)
SRk ety
= P.V./0 dw - %5@1 — wj) (nﬁj)_zl + OZ%L)
_ ip.v. /0 " dw J(w) <ﬁ£°1")_zl + ﬁil) , (2.93)
Sia(wr) = S5 (w1) = ;P.V. 7w (”L‘l")_zl - w’j(i’)w) , (2.94)
Saa(wr) = Sta(wr), (2.95)
Sii(—wi) = Soa(—w)) = —iP.V. /OOO dw J(w) (ncgw)j:dl n wn(c_u)w> | (2.96)
Sia(—wr) = S5 (~wn) = —ij.v. /0 " dw J(w) (”fl"lzl = MTI(f)w) . (2.97)

Then, the Lamb-shift Hamiltonian (2.36) is calculated as

—= = 811 (wn) A (w1) Ar(w1) + Sz2(wr) A (w1) Ag(w1)
+ Sy a(wr) Al (w1) Ag(wr) + Sz (wi) A (w1) A (w1)
+ 811 (—wi) Al (—w1) Ay (—w1) + Sp2(—wi) Al (—wi) Ay (—wn)
+ Sy a(—wi) Al (—w1) Aa(—w1) + Sz (—wr) Al (—wi) Ay (—w1)

= 2511 (w)alan — 2iSia(w1)alar + 2511 (—wi)aial + 2iS) o(—w:)aia

— 2[S11(wy) — 1Sy 2(wy) 4+ Si1(—wi) + 1Sy 2(—w)]alay 4 const.

Q>
= —

() ajdy + const.. (2.98)

_ PV, /OO dw
0

Therefore, the GKSL equation for the damped harmonic oscillator is given by

dﬁgt(t) = —il(wi + A)ala, pa(®)] + T(A(wr) +1) (2a1pa(t)a] — {alar, pa(t)})
+ I'infwr) (2 1pa(t)an — {@15117/3/&(15)}) ) (2.99)
A=PV. / dew wj(f)w (2.100)

Under this GKSL master equation, the system is equilibrated with the bath in the limit ¢ — oo:
—BY HA
A Ath e "B
) = = 2.101
paloe) =t = (2.101)

This is the stationary state explained in Sec. 2.4.
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Chapter 3

Kerr-nonlinear parametric oscillator

A Kerr-nonlinear parametric oscillator (KPO) can be constructed using a quantum circuit. We
review the quantum circuit in Sec. 3.1 and the Hamiltonian of a KPO in Sec. 3.2.

3.1 Quantum circuit

3.1.1 An LC circuit

Let us first consider a classical LC oscillator [54, Sec. 2.3], which consists of an inductor L and
a capacitor C; see Fig. 3.1. We set the sign of the charge ) on the capacitor and the direction
of the current [ along the circuit as in Fig. 3.1. Then we have

d@
= ——=. 1
% (3.1)
Kirchhoff’s voltage law dictates
Q do dl
X _ T == 3.2
c dt dt’ (32)

where ® = L[ is a magnetic flux through the inductor. From the above equations, we obtain

421 ) 1
TR R R ok

which shows that the LC oscillator is equivalent to a harmonic oscillator. The magnetic energy
stored by the inductor is ®2 /2L and the electrical energy stored by the capacitor is Q?/2C =
C®?/2, and hence the classical Hamiltonian of the LC oscillator is given by

C . 1
Hip = —P> + — P2, A4
Lz + 9L (3.4)

(3.3)

+0Q
C_— Lll1
oo 130

Figure 3.1: An LC oscillator.
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Table 3.1: The correspondence between the mechanical oscillator and the LC oscillator.

mechanical oscillator | LC oscillator
m C
k 1/L
T P
p=m Q=Cd

Let us quantize this Hamiltonian by comparing it with that of a mechanical oscillator

k
H,, = %552 + 5% (3.5)

We find the correspondence between the mechanical oscillator and the LC oscillator as in
Table 3.1.
The quantum Hamiltonian of the mechanical oscillator is given by

A2
2 P k.
H,=—+— 3.6
om 2" (3.6)
with the following canonical commutation relation:
[z, p] = ih. (3.7)
Analogously, the quantum Hamiltonian of the LC oscillator is given by
. Qz H2?
Hie = — + — :
LC = 55 + 2L (3.8)
with the following canonical commutation relation:
(@, Q] = ih. (3.9)

The LC oscillator behaves quantum mechanically if the circuit is constructed of superconducting
materials and is held at a sufficiently low temperature [37, Sec. II.A]. It is common to use
dimensionless observables ¢ and 7 defined by

P I
b= —' Py = — 3.10
"2 (I)O’ 0 2€a ( )
. Q

= — 3.11
=, (3.11)

where @ is the reduced magnetic flux quantum (279 = h/2e is the magnetic flux quantum),
¢ is the phase difference across the inductor [55, Sec. 3.2], and 7 is the number of Cooper
pairs [37, Sec. II.A]. Then, the Hamiltonian (3.8) and the commutation relation (3.9) of the
quantum LC oscillator are expressed as
Er 4
7%0 )
(@7 =1, (313
where Ec = €2/2C is the charging energy and E;, = ®2/L = h?/4e?L is the inductive energy [37,
Sec. II.A]. Note that the frequency of the LC oscillator can be written as

L1 _2EE;
" VIc  h
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Hpo = AEch® + (3.12)

(3.14)



Ec—— |X|E]

Figure 3.2: A transmon.

Figure 3.3: A quantum rotor under the force of the gravity.

3.1.2 Transmon

Since the energy levels of the LC oscillator are separated equally, we cannot induce a specific
transition; for example, one between the ground and the first excited states. Thus, we cannot
use these states as a qubit. In order to encode qubits, we need nonlinearity. As a nonlinear
element, we introduce a Josephson junction, whose Hamiltonian is given by

H; = —E;cosd, (3.15)

where FE; is the Josephson energy [37, Sec. I1.B]. Replacing the inductor in the LC oscillator
by the Josephson junction and setting E; > FE¢, we obtain a transmission-line shunted plasma
oscillation qubit, called the transmon, which was introduced in Ref. [56]. Because of the large
ratio of E;/E¢, the transmon is insensitive to the charge noise. Its Hamiltonian is given
by [37, Sec. 11.C]

H = 4FEcn? — E;cos . (3.16)

The circuit of the transmon is shown in Fig. 3.2

We can grasp the behavior of the transmon by mapping its Hamiltonian on that of a quantum
rotor under the force of the gravity [56]; see Fig. 3.3. Let us use cylindrical coordinates (r, ¢, z).
A mass m is attached to one end of a massless rod of length [. The other end of the rod is fixed
to the coordinate origin. The rotation axis and the rotation angle are z and é, respectively.
Then the Hamiltonian of the rotor is given by

A

N L2 ~
H= "2 — d
]2 mgl cos ¢, (3.17)
where L, = —ihd/d¢ is the angular momentum of the rotor. Comparing Eq. (3.16) with

Eq. (3.17), we find the correspondence in Table 3.2. The transmon regime F; > FE¢ corresponds
to a large gravitational force mg and a large moment of inertia ml?, which restricts the motion
of the rotor to ((52> < 1. From this correspondence, we find that the Taylor expansion of cos ¢
in Eq. (3.16) to the fourth order, which we will employ in Eq. (3.20), is a good approximation.

19



Table 3.2: The correspondence between the transmon and the quantum rotor.

transmon | quantum rotor
f L./h
@ ¢
EC FLQ / 8m12
E; mgl

Figure 3.4: A SQUID transmon.

3.1.3 A SQUID transmon

The Josephson energy E; of the transmon in Fig. 3.2 is a fixed parameter that depends on
the design and the fabrication of the Josephson junction. By replacing the single Josephson
junction by a loop with two parallel Josephson junctions, we can control the Josephson energy
using a magnetic flux threading the loop [37, Sec. I1.C]; see Fig. 3.4. A superconducting loop
with multiple Josephson junctions is called a superconducting quantum interference device
(SQUID) [37, Sec. I1.C].

The Hamiltonian of the SQUID transmon in Fig. 3.4 is given by [37, Sec. I1.C]

H= 4Ech? — Ej(cos pp + cos@s)

= 4E-n? — 2E; cos (@1 ; %) cos (gol ;L %)

t
= 4E-n? — 2E; cos (?) cos Y
= 4Bch?® — Ey(4(t)) cos @, (3.18)

where ¢; and @, are phase differences across each Josephson junction, ¢(t) := ®(t)/®g, $ =
(P1+ ¢2)/2, and E;(p(t)) := 2E; cos(¢(t)/2). The second to the last line follows from the
following relation [57, Sec. 6.4.1]:

P11 — P2 = P(t) mod 2. (3.19)

Note that we can tune the Josephson energy E;(¢(t)) of the SQUID transmon by varying ¢.

3.2 Hamiltonian of a KPO

3.2.1 KPO with a single SQUID

We here derive the Hamiltonian of a KPO from that of the SQUID transmon in Eq. (3.18). As
discussed in Sec. 3.1.2; the average phase difference ¢ of the SQUID transmon satisfies ($?) < 1
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in the transmon regime E; > F¢. Thus, we Taylor-expand cos ¢ to the fourth order:

1 1
p~1—— p* :
cos P 2g0 +24<p (3.20)
We define the dc and ac parts of ¢(t) as in [10, Sec. 4.1]
B(t) = %+ ¢™(t), ¢*(t) = 275, cos wyt. (3.21)

When 4, < 1, we can approximate cos(¢(t)/2) as

()5 (52) () (52)

R COS <¢§C> — o, sin <¢;C> cos wyl. (3.22)

Then we have
Ex(0(0) = 25 cos(6(0)/2) = B} + B () (3.23)
E{°:=2E; cos (3.24)

E’;‘C(t) = —276,E; sin ( ) COS wyt. (3.25)
4.1

From Egs. (3.18), (3.20), and (3.23), we obtain [10, Sec.
. Bl Ee(t) , B
H ~ 4Ecn* + 2] O + ]2( )ng - 234 ot (3.26)

where we neglected c-valued terms and the smallest g-valued term E;‘C(t)@4 /24. The first and
the second terms constitute the Hamiltonian of a harmonic oscillator:

Edc Ede 2E
AFh> _2 2EdCE - @242 | =p?
ety C \QEC 2 B

— hw© < to 4+ 2) (3.27)

where w(®) := 2\/2E§1‘3EC/ h is the Josephson plasma frequency [10, Sec. 4.1] and we have

introduced the bosonic creation and annihilation operators a' and @ as in

. (2Ec\T .
¢ = < Fac ) (a+al), (3.28)
j
i (B ;
N = —— a— Q . 2
f 2<2EC> (@—a'") (3.29)
Then, the Hamiltonian (3.26) is rewritten as
N hK
H = hwWata — Tz @+ at)* + hp(a + a')? cos wyt, (3.30)
where
K = Eo/h, (3.31)
n0,E; |2Ec . (¢ 70,w0) e
p=—— E~§1C sin | - | = —— tan > ) (3.32)

and we neglected a c-valued term. In Eq. (3.32), we set parameters so that p may be positive.
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Rotating frame

We can transform Eq. (3.30) to the Hamiltonian of a KPO by moving to the rotating frame.
We first explain the relation between a state and a Hamiltonian in the laboratory frame and
ones in a rotating frame. The Schrodinger equation in the laboratory frame is written in the
form

d ia
T ) = —ﬁH V) . (3.33)

Let R be the unitary operator which maps a state in the laboratory frame to one in the
rotating frame. We now derive the Schrédinger equation which R |¢)) obeys. By taking the
time derivative of R |¢), we obtain

d ~d d -
FRI = R+ (R) )
A ix d -~
= ——H el
R(-p 1) + (7)1
= Uparvin( LR) R R|v)
h dt
= —%ﬁ[RR ) , (3.34)
where
v _ pppt i ((Lp) pt
H™ = RHR'+ih @R R (3.35)
is the Hamiltonian in the rotating frame.
In the rotating frame with
“ w
B = exp (i;aw) , (3.36)

the SQUID-transmon Hamiltonian in Eq. (3.30) is transformed into

iR
B

K . Wp Lwp o\ 4 Lwp Lwp N\ 2

= <w£0) - cg,) ata — 1 (de_’Tt + dTeITt) +p (&e_ITt + dTe17t> Ccos wpt. (3.37)
By performing the rotating-wave approximation, in which all the oscillating terms are neglected,
we arrive at the Hamiltonian of the KPO [10, Table IJ:

ot At A waz Do | A2

— =Ad'a— —a""a" 4+ =(a" +a'), (3.38)

h 2 2

where A = w, — w,/2 is the detuning, w, := w‘(:o) — K is the dressed resonator frequency [58,
Appendix C], K is the Kerr nonlinearity, and p is the parametric pumping rate [10]. The
modulation frequency is set nearly twice the dressed resonator frequency: w, ~ 2w, [58, Sec. I,
which means A ~ 0; the detuning is sometimes neglected in the literature [11-13].
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Figure 3.5: A circuit of the KPO with a SQUID array. Each SQUID is threaded by the external
magnetic flux O(1).

3.2.2 KPO with multiple SQUIDs
In the previous subsection, we considered the transmon with a single SQUID. A KPO with

an array of multiple SQUIDs is also studied in the literature [58,59]; in fact, it was realized
experimentally [58]. The Hamiltonian of the KPO can be derived in a similar way to the case
of the single SQUID, as we show briefly in this subsection.

The circuit is shown in Fig. 3.5. The Hamiltonian is given by [58, Appendix C]

H = 4Ecn* — NE;(®(t)) cos —, (3.39)

=6

where ¢ is the overall phase across the SQUID array and N is the number of SQUIDs. We here
assume that the average phase across each SQUID is ¢/N. The Josephson energy for a single
SQUID is controlled by the external magnetic flux ®(t) as E;(®(t)) = E; + dE; coswyt with
dE; < Ej;. Let us introduce the bosonic annihilation and creation operators as [58, Appendix

C]

1

INE-N
@:( C>4(a+eﬁ), (3.40)

Ey
1
~ i EJ T At

S —ah. 41
" 2<2NEC> (@—a) (341)

Tayler-expanding cos (quS/N ) to the fourth order in Eq. (3.39) leads to the same form of the
Hamiltonian as in Eq. (3.30) [58, Appendix C]:

N hK
H = hwWala — ﬁ(d +a")* + hp(a + a')? cos wyt (3.42)

with hw®) = 2,/2EcE;/N, hK = E¢/N? and p = wO§E;/AE;. Then, the Hamiltonian of

the KPO (3.38) is obtained in the same procedure as the previous subsection.

3.2.3 Eigenstates

We here explain the eigenstates of the KPO Hamiltonian in Eq. (3.38). For brevity, we hereafter
set w, = 2w, which leads to [10, Sec. 2]
or K
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= T (- 0?) (@ - o) + S (3.49)

with a = \/p/K. We see that the two coherent states
I£al? i (£a)”
n=0 \/m

are its degenerate eigenstates with the largest eigenenergy Ka'/2 = p?/2K [11]. Here, |n) is a
single-mode bosonic Fock state:

In) (3.45)

0) =0, (3.46)
n)=+vnn—1) for n=1,2,..., (3.47)
n)y=+vn+1ln+1) for n=0,1,2,... (3.48)

As (a|—a) = e 2" |a) and |—a) are quasiorthogonal for o > 1. Hence, for the realization of a
quantum computer, it is proposed to use the KPO as a qubit whose logical states are defined as
|0) := |a) and |1) := |—«) in the regime p > K [11,14,15]. The bars of |0) and |1) distinguish
them from the Fock states |0) and |1).

The cats states |COF) := N0 (o) +|—a)) = NO*(]0) + |1)) with NOF = [2(1 e 20%)]1/2
are also the degenerate eigenstates [12]. Here, |C%%) are called cat states because they are the
quantum superpositions of macroscopically distinguishable coherent states |«) and |—«) for
large a [60]. Different from |+a), the cat states |C%T) and |C%~) are orthogonal to each
other. Note that |[C2*) and |C%~) have even and odd parities with respect to the number of
excitations, respectively. In order to see this, we express |C%*) with the Fock states in the form

\027+>/N°+ ) + |—a)

Ia\

2|2 > (—a)” i
\/—In ;0 N In)

(3.49)
)

2n+1

CO™) N = 2% 2n + 1) (3.50)

Z
_%g
z:: (2n 4+ 1)!

Then we find that |C%*) and |C%~) are the eigenstates of the parity operator P := exp (iW&T&)
with the eigenvalues 1 (even) and —1 (odd), respectively. When p = 0, the Fock state |n) is
the eigenstate of the Hamiltonian (3.43) with eigenenergy —Kn(n—1)/2. Then, |0) and |1) are
the degenerate eigenstates with the largest eigenenergy 0. Note that |0) and |1) have even and
odd parities, respectively. As P commutes with the KPO Hamiltonian in Eq. (3.43), the parity
is a conserved quantity [12, Sec. II.A]. Thus, preparing the initial states as |0) and |1) and
adiabatically increasing the pumping rate from 0 to p, we can generate the cat states |C%T)
and |C%7), respectively [10].

Quantum superpositions of the cat states ]C’gi) are a useful resource in quantum compu-
tation [13]. In fact, |C%T) is the standard initial state in quantum computation [15]. However,
due to the noise from the environment, the quantum superposition is destroyed (decoherence):

’C«g,+> = NOH([0) + [1)) — W (3.51)
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|

Figure 3.6: Schematic energy diagram of a KPO Hamiltonian in Eq. (3.43).

During this decoherence process, phase-flip error occurs:
o) = NDH([0) + [T) = |C97) = A2~ (]0) — |T)). (3.52)

Here, the name “phase flip” comes from the change of the relative phase of |1) to |0) by 7 [61,
Sec. 2.2.2]. Analyzing and reducing the phase-flip error is important for quantum computation.
This is why we calculate the phase-flip rate in Sec. 4.3.2.

The exact forms of the other eigenstates are not known. However, the approximate forms
of the high-energy eigenstates can be obtained by transforming the Hamiltonian with the dis-
placement operator D(4a) = @'~ a5 [12, Sec. I1.A]

TR
h;i = ﬁ(:i:oz)

ﬁR

Di(+a)

=

- [(&T Fa)? - aﬂ [(& Fa)? — 042] + [;a

IS

2
K K
= —5(&T2 F 2ad') (6 F 2ad) + 5044
K K
= —E&TQ&Q + Ka(aa + a'a?) — 2Ka*a'a + 50/1
K
~ —2Ko’ata + 5044, (3.53)

where the last approximation follows from « > 1. This is the Hamiltonian of an inverted
harmonic oscillator [12, Sec. II.A]. The Fock state |n) is an eigenstate of Eq. (3.53) with
eigenenergy —2hKa’n + hKa*/2. Note that n must be small for the approximation to be
good. That is, |n) and —2hK a?n + hKa*/2 for small n are the approximate forms of the high-

energy eigenstate and eigenenergy, respectively, of H®. On the other hand, the approximate
high-energy eigenstates of the Hamiltonian (3.43) are the shifted Fock states {D(%a) |n)} for
small n. Thus, the form of the energy diagram of the Hamiltonian (3.43) is an inverted double
well [12, Sec. IT1.A]; see Fig. 3.6. We can create the eigenstates of the parity operator P using
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the shifted Fock states as [62, Appendix C]

Ca*) = N#[D(0) £ (=1)"D(=a)] ). (3.54)
N = [2 (1 (<1)re 2P L fa))] (3.55)
Plen®) = |cn*), (3.56)

where L,(x) is the Laguerre polynomial. Note that |C™T) and |C"~) are orthogonal to each
other because they have different parities with respect to the number of excitations [62, Ap-
pendix C]. However, any two states in {|C™*)} with the same parity are not exactly orthogonal
to each other [62, Appendix CJ:

(Cm*|on®) = ANTENZH B £ (—1)" Dy (200, (3.57)
Dypn(2a) := (m|D(2a)|n)

(20)™ " m>n

(—=2a")"™  m<n’

Zolap | WIR(m, )! ()

Lmin(m,n) (4|Oé‘2) X {

— e (3.58)

max(m,n)!

where L% (z) is the generalized (associated) Laguerre polynomial. Note that L) (z) = L,(x).

In addition to the phase-flip error (|C%T) «» |C%7)) and the bit flip error (|a) <> |—a),
or [0) <+ [1)), the noise from the environment can excite the state of a KPO out of the cat
subspace Cy, which is spanned by |C%*), to the other eigenstates |C™*) for n = 1,2,.... This
excitation should be reduced in order to efficiently use a KPO as a qubit. We calculate the
excitation rate from |C%*) to |CL%) in Sec. 4.3.2.
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Chapter 4

Decoherence of a Kerr-nonlinear
parametric oscillator

In this Chapter, we derive the GKSL equation for a Kerr-nonlinear parametric oscillator (KPO)
from the microscopic Hamiltonian and compare it with the GKSL equation in the literature.
The latter uses a decoherence part of the damped harmonic oscillator; we review this in Sec. 4.1.
Then in Sec. 4.2, we derive the GKSL equation using KPO’s two degenerate exact ground states
and two degenerate approximate first-excited states. We compare the two GKSL equations in
Sec. 4.3; we find that a KPO under our GKSL equation is more robust to excitation errors than
that under the GKSL equation in the literature.

4.1 Decoherence of a KPO in the literature

The dominant source of noise in a KPO is a single-photon loss [12, Appendix B]. In order to
describe the decoherence due to the noise, the following master equation is often used in the
literature (see, for example, Eq. (7) in Ref. [11] and Sec. IIT in Ref. [12]):

dﬁ(t) 1o~ A A A ~t P PO

— = 0]+ (20p(0)a" — {afa, p(t)}) (4.1)
where H is the KPO Hamiltonian in Eq. (3.43) and k is a real parameter that is supposed to
mean the decay rate. When a single-photon gain is also taken into account, the following master
equation is used (see, for example, Eq. (11) in Ref. [12] and Eq. (S21) in the supplementary
material of Ref. [13]):

dp(t ap(t)al ata, p
lei):_h[_j__] p(t)] (ap af {GGP()}>

+ ki (201 p(t)a — {aa A1)} (4.2)

where 7 is the thermal occupation number. Note that Eq. (4.1) corresponds to the case n = 0
in Eq. (4.2). Since the temperature of the environment of a KPO is finite in experiments (for
example, 18 mK in Ref. [13]; see Sec. VI.A in its supplementary material), Eq. (4.2) is preferable
to Eq. (4.1).

We find that the decoherence part in Eq. (4.2) has the same form as that of a damped
harmonic oscillator in Eq. (2.99). The GKSL equation for the damped harmonic oscillator
is derived from a microscopic Hamiltonian as we explained in Sec. 2.5. However, the master
equation for the KPO in Eq. (4.2) is not derived from a microscopic Hamiltonian, but naively
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adopts the decoherence part of a damped harmonic oscillator; the derivation of Eq. (4.1) (the
n = 0 case) is explained in Appendix B in Ref. [12]. We are not satisfied with it, however, as

we explain in the next section.

4.2 Decoherence of a KPO in our treatment

4.2.1 KPO coupled to a bath

Let us incorporate the effect of the environment (namely, the bath). We refer to the KPO
(namely, the system) and the bath as A and B, respectively. The bath B consists of N harmonic
oscillators; let wy and g, respectively denote the angular frequency and the interaction strength
with the system A of the kth harmonic oscillator in the bath B. The total Hamiltonian of the

system and the bath in the laboratory frame is given by

ﬁ:ﬁA—i-ﬁB—f—ﬁ[

with
N hK
A= hwWala — E(& +a")* + hp(a + a')? cos wpt,
A N A A A A
B — Z ks k= hkaLbk,
k=1
A N A A
1= hge(a® +a)(bf + by),
k=1

where by denotes the bosonic annihilation operator of the kth harmonic oscillator.

rotating frame with

with
H K
714 _ _56T2A2 + p(aQ +a'),
N N w. Az A
A5 =Y (1o~ ) Bl
k=1

N
HY =3 hge (abi + ab})
k=1
where we performed the rotating-wave approximation and set w, = 2w,.
We prepare the following initial state in the laboratory frame:

5(0) = pa(0) @ P = pa(0) @ —————.
p(0) = pa(0) ® pp == pa(0) Te [o-707]
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(4.6)

In the

(4.7)

(4.8)

(4.9)

(4.10)

(4.11)

(4.12)



In the rotating frame, it is transformed to

pR(0) = Rp(0)RT = Rapa(0) Ry ® Rppig Rl = p3(0) © pg, (4.13)

where
Ra = exp [—i‘é”d*&t} , (4.14)
Rp = exp [—1 Z bl bkt] (4.15)

Note that the initial state of the bath does not change by the transformation R, since Ry and
¥ commute with each other. Since we are interested in the bit-flip rate (|a) +» |—a), or |0)
< |1)) and the phase-flip rate (|C%+) <+ |C%7)), the initial state of the system p%(0) is chosen
from states in the cat subspace C° spanned by |[C9T) (o |a)+|—a)) and |C27) (o |a) — |—a)).
We focus on a short interaction time in which the state of the system is mostly confined to the
cat subspace C°, because after that, the KPO is useless as a qubit.

Incidentally, in Appendix B in Ref. [12], the authors derived Eq. (4.1) by starting from the
following interaction Hamiltonian in the interaction picture:

HI Zhgk abT i(wp—we)t 4 gth, o1 (wr— ”C)t), (4.16)

where w, = w(®) — K is the dressed resonator frequency [58, Appendix C]. This interaction
Hamiltonian Would be obtained if the total Hamiltonian in the Schrodinger picture were given

by

H=H,+ Hg + H; (4.17)
with
74 = hwed'a, (4.18)
A N A A A A
5= Hy, Hy=Tluwblb, (4.19)
k=1
A N A A
;=" hgp(atby + ab}). (4.20)
k=1

If the total Hamiltonian in the rotating frame were given by Eq. (4.17), by tracing the same
route as in Sec. 2.5, we would have the following form of the decoherence part:

D) =1 () [ () + 1 (2ankoa - {ata. o))
+T (“‘5”) i (“;p) (2a'pi(t)a — {aal, pfi(1)}) (4.21)

where
n(w) = 7 hi 7 (4.22)
INw) =7J(w) (4.23)
= Zgié(w Wy, 4.24)

and we set w, = 2w,. Note that Eq. (4.18) is not the Hamiltonian of a KPO, but of a harmonic
oscillator. Hence, we do not accept Eq. (4.21) as the decoherence part of a GKSL equation for
a KPO.

29



4.2.2 Our GKSL equation for a KPO

We now derive the GKSL equation for a KPO in a way similar to that of the damped harmonic
oscillator in Sec. 2.5. Let us rewrite the interaction Hamiltonian (4.11) in the form of Eq. (2.11):

AR =i(af —a),
A N gk A A
k=1
N -
~ i ~ ~
k=1 2

where we put the bar in the subscript & in order to distinguish it from o« = /p/K.

interaction picture, we have

We can calculate ’ygé(wA) in Eq. (2.50) as (see Appendix A)

n(wp/2 +wa) +1 n(wp/2 —wa)

My (wa) = T(wp/2 + wa) + T(wp/2 — wa)

2 2 b
Ma(wa) =il (wp/2 + wa) = 2 Y — il (wp/2 — wA)<p/2A>7
11 (wa) = W3 (wa) = =1y (wa),
752(WA) = 751(0%),
where
_ 1
n(w) = eBOBhw _ 17
D) = mJ(w),

Let us rewrite A~ (¢) as
AR (1) = entlit AR w14t
AR | RN/ R| AR |, R\/./R| .—1 A%t
:Zeﬁ A ’@DJ > Y; ’Aa ‘¢k><¢k‘e neA
Jk
AR

= SR (ATl ol ok
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I o \

Figure 4.1: Four-level approximation. We consider only four levels in the red frame.

=Y et AR (wy), (4.40)
Bloy= 2 (AR g, (4.41)
4.k

e?—ef‘:th
where {€}'} and {‘w]R>} are the eigenenergies and the eigenstates of H%, respectively. If we knew

the exact forms of {€}'} and {’¢?>}, we could obtain the exact form of the master equation for
the KPO in the rotating frame in the Schrodinger picture:

VIO _ L1z 5] + DI (4.42)
DIAWD] = 5 5 28 5(en) (A aBn AT (wn) ~ STAR @) AS @), A0, (443
wA &8

where we neglected the Lamb-shift Hamiltonian PAIE‘S for brevity. In fact, the Lamb-shift Hamil-
tonian is often neglected in the literature because it has only a small effect in general [3]. We
are interested in the early-time dynamics in which the population probability of the system
in the cat subspace C° is very high. Thus, in Eq. (4.41), which appears in the decoherence
part, Eq. (4.43), we neglect all the terms except for ones which induce the transitions between
high-energy levels. We assume that |C1*) are good approximations of the first two excited
eigenstates of the Hamiltonian of the system in Eq. (4.9). We hence approximate Eq. (4.41) as

ABwa)~ 3 (ARl | er] (4.44)
R
with

up) =[car). ) =|cam). 145
WF) ~|Cht), el & jeh); (4.46)

see Fig. 4.1. The eigenenergies are given by
=€l = ;hKo/‘, (4.47)
e}~ en ~ —2hKa? + ;hKofl = —2hp + ;EKO/L. (4.48)
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Figure 4.2: (a) The excitation induced by A®(2p). (b) The deexcitation induced by AR (—2p).

Then, we need to consider the three cases: wy = 0, £2p in Eq. (4.44). After a lengthy calculation
(see Appendix B), we arrive at the following form of the decoherence part:

Do) =T (42) [ () + 5] (AR50 AN (0) - S{AN 04 0), #(0)})

oo () ()

(AR(Qp) R AR (2p)—*{ART(2p)AR(2p) ﬁi‘(t)}>

(o) (3 )
x (A2 OAY (—2p) - SLA (2 A2, P30)}) . (449)

where

~ a(raxoer — |=a}—a| + D(a) [1X1] D'(a) = D(—a) [1X1] D'(~a)),  (4.50)

it (2p) & O ) COF| + | N CY | & D(a) [1)al + D(—a) [1)X~al, (4.51)
Al (=2p) ~ €O X Cr |+ |Cot X Ch| & [a)1] Df(a) + |—a)1] Df(~a), (4.52)
C2) ~ —[Dla) & (<1 Dl=a)] ) (4.53)

Note that AR(0) does not change energy, A®(2p) induces the excitation, and A®(—2p) induces
the deexcitation; see Fig. 4.2. We find that our decoherence part in Eq. (4.49) does not
cause the bit flip (Ja) < |—a), or |0) <+ |1)). This is because we made the approximation
|CnE) &~ \}i[f)(a) + (—1)"D(—a)] |n). In order to calculate the bit-flip rate correctly, we must
adopt

Cr®) = NE[D(a) £ (~1)"D(=a)] [n) (4.54)
1/2

N2E = [2(14 (=) 2 L (4]a)] T, (4.55)

where L, () is the Laguerre polynomial. This is left as our future work.
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4.3 Comparison between our GKSL equation and the
GKSL equation in the literature

Let us compare our GKSL equation

dﬁR(t) 1A A ours[ A
A0 _ L ]+ Do) (4.56)
and the GKSL equation in the literature
GO i .
A — (A3 + D) (457

where the two decoherence parts D°"[p% (¢)] and D1[p% (¢)] are given by Eqs. (4.49) and (4.21),
respectively. We compare analytical forms of Eqs. (4.49) and (4.21) in Sec. 4.3.1. Then, we
compare the dynamics of a KPO under Egs. (4.56) and (4.57) in Sec. 4.3.2.

4.3.1 Analytical comparison

To begin with, we transform Eq. (4.21) by expressing & and a' in terms of AR(0) and AR(£2p)
in order to make clear the difference between Eq. (4.21) and (4.49). The action of a on |C™¥)
forn=0,1is

a|Cy™) = a|CoT), (4.58)
a|CLE) = o |CLF) + |C0F) . (4.59)

«

Restricting the Hilbert space to the subspace spanned by |C%*) and |CL%), we approximate

i~ a(|CONCYT| + |CEXCET]) + (a|CY7) + |C87)) (ChF] + (alCh) + [C0)) (Carl
1. A 1 4 X
= 5AT0) + AT (=2p) = AT (0) + AT (2). (4.60)

We then approximate a' as
AR(0) + AT(2p) = S AV (0) + AT (~2p). (4.61)
Using Eqgs. (4.60) and (4.61), we approximate Dit[p%(¢)] in Eq. (4.21) as
D0l ~ T () [ (";”) + 5] (AR AT ~ AN 04 0), (0}
2 (A )50 AT 2) — (AN (2) AT 2p), 7300}

i
(A5 @O (0) - S{AN (0)4F20). P50} )
(A8 )30 AN 2p) - J{AN (2)A%(0), (0} )
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(3 E)

< (AR (-2t A (0) - S{AR (0) A% (20, (o)}

() ()

x (O AN (—2) - J{AN (-2p)AT0), A(0)}). (162

On the other hand, we transform Eq. (4.49) as follows. Assuming p < w, as in the ex-

periments [13, 58], we make the approximation w,/2 — 2p ~ w,/2 in Eq. (4.49), so that we
have

Do) =T (42) [ () + 5] (AR AN 0) - AN 048 0), A0}

+or () (42) (AR @A AN 2p) - S{AY ) AT 2p), 230} )
3)

x (A2 AN () - (AN (-2 AR (-2p) A10}) . (463)

We find that DU[p%(¢)] in Eq. (4.62) contains all the terms in D°™[p%(¢)] in Eq. (4.63). The
difference is

D) - Do) ~ T () a () (AR R OAN0) - SLAM ) AR ), (0}
+1 () a () (A0 AN p) - S{A AN 0), (0}
(G (E)
< (AN (-2 AT (0) — S 0) A% (20, (01}
() (3)
< (ARO)AOAT (~20) — AV (—2p) ARO), A0}) . (460

Let us see the effect of this difference on the dynamics of the KPO in the next subsection.

4.3.2 Numerical comparison

For numerical calculations, we used QuTiP, the Quantum Toolbox in Python [63,64]. We show
the parameters that we used in Table 4.1. Here, d is the dimension at which we truncated
bosonic excited states. We employ an Ohmic bath whose spectral density is given by

J(w) = nuew/went (4.65)

where 7 is the coupling strength and we, is the cutoff frequency. We calculated the fidelity [61,
Sec. 9.2.2] listed in Table 4.2. This table shows that the approximation in Eq. (4.46) is good;
hence we can use our GKSL equation in (4.56), which is based on Eq. (4.46). Note that neither

F(|[pdy, |C2T)) nor F(|t), |C%7)) is exactly equal to one because we truncated bosonic
excited states.
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Table 4.1: The parameters of the KPO and the bath.

d 50
a= \/p/K 5
K/2x 1 MHz
0,21 | 12 GHz
n 1074
Weut/2m | 48 GHz

Table 4.2: Fidelity F(|v),|¢)) = | (¥]o) |.
F([FY, [C%¥Y) T0.9999998
F([0RY,[Co%)) T 0.999994
F([o%y, JCEH)) | 0.989
F([o%y, 1CE)) | 0.989

Phase-flip rate and excitation rate

Let us prepare the initial state of the system as p%(0) = |[C2TYC%|. We here consider the
phase-flip rate (|C%T) — |C%7)) and the excitation rate (|C%T) — |CL%)). We calculate the
population of each level in the form p=(t) := (C™*|p%(¢)|C™%) for n = 0,1. For the initial
temperature of the bath, we consider two cases: T = 18 mK and 180 mK.

First, we set T9 = 18 mK. We show in Fig. 4.3 the time dependence of the population of
each level p£(t) for n = 0,1 under our GKSL equation (4.56) and under the GKSL equation
(4.57) in the literature. Under our GKSL equation (4.56) (see the left panel), the phase-flip rate
po (t) increases from py (0) = 0 to py (5ns) ~ 0.5 and becomes almost constant after ¢ ~ 5 ns.
The excitation rates pi(t) are very low, although not exactly zero; see Fig. 4.4. On the other
hand, under the GKSL equation (4.57) in the literature (see the right panel in Fig. 4.3), the
population in the ground states pg (t) decreases after t = 5ns due to the excitation to |[C}F).

The difference between the two panels in Fig. 4.3 comes from the difference between
Dows[pR(¢)] and DU[pR(¢)] in Eq. (4.64). Let us focus on this difference under the parame-
ters in Table 4.1 and 79 = 18mK. Since 7i(w,/2) = [e™#/?T5 — 1]~ 1.1 x 1077 < 1, we
can approximate Eq. (4.63) as

Dl (0] = 5T (1) (AR0)3 () AN (0) - S{(AN )45 0), A0}
+20 () (AR (-2m) i AN (~2p) - Q{A?W—zpmﬁ—zm,ﬁif(t)}) - (4.66)

This decoherence part does not induce the excitation to |CL%). On the other hand, 7i(w,/2) < 1

leads to
) (A5 (-2)0 (AN (0) - S{AN (0) A% (~20), P} )
B

Dht [ AR( )] fDours[AR ~ (
+1(42) (A80) () AN (~2p) - S{AN (~2) A8 (0), P} )

3
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(b)

(a)
1.0 — bt
,,,,,, pa
— pf
c == pI
2 —— pg +py +pi+pT
©
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o
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Figure 4.3: The time dependence of the population of each level pE(t) := (C™*|pR(¢)|C™*)

for n = 0,1: (a) Under our GKSL equation (4.56); (b) Under the GKSL equation (4.57) in

the literature. The initial temperature of the bath is T3 = 18 mK. The other parameters are

shown in Table 4.1.

w

Population
N

=

Q

0.0 2.5 5.0 7.5 10.0
Time (ns)

Figure 4.4: The excitation rates pi(t) under our GKSL equation (4.56). The parameters are

the same as those in Fig. 4.3
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= 0 () (A2 AT (0) — SLAR 0) AN (20), (1) )
r

2
) (AR (0)p% (1) AM (~2p) — = {AR(2p) AR(0), 2R (1)}
9 2

N
(4.67)
and
Do) ~ 51 (22) (AR OAN0) - S{AN 0 AR0), A0}
Lo “;P) ( AR (—2p)pR (1) AR (—2p) — ;{A?T(—%)A?(—?p),ﬁi(t)})
#1(42) (Aol A0 - AN A ap), A0 )
+1 (%) (AN AN (~29) ~ S{AN @) A0 230} ) (4.68)

Note that p&(¢) AT (0)AY (2p) in the third line in Eq. (4.68) and AR(2p)AR(0)p%(¢) in the last
line in Eq. (4.68) induce the excitation to |CL%). We find that while our decoherence part
Dows[pR(¢)] in Eq. (4.66) does not induce the excitation to |CL*) very much, the decoherence
part in the literature D [p%(¢)] in Eq. (4.68) does. This means that our GKSL equation (4.56)
is not only more accurate than the GKSL equation (4.57) in the literature, but also preferable
to the latter in the sense that the state of a KPO under our GKSL equation is more confined to
the cat subspace Cj than that under the GKSL equation in the literature. That is, a KPO under
our GKSL equation is more robust to excitation errors than that under the GKSL equation in
the literature. We can make similar arguments when the initial temperature of the bath is low
enough to satisfy n(w,/2) < 1.
Next, we set T = 180mK. In this case n(w,/2) ~ 0.25, and

21 (wp/2)(wp/2) AT (20) 95 (8) AT (2p)

in our decoherence part (4.63) induces excitation to |CL*); see Fig. 4.5. Because of the differ-
ence between D[pR ()] and DH[p%(¢)] in Eq. (4.64), the time dependence of the population
of each level pE(t) := (C™*|p%(¢)|C™*) for n = 0,1 under our GKSL equation (4.56) differs
from that under the GKSL equation (4.57) in the literature. We can see that pi(t) under our
GKSL equation are smaller than those under the GKSL equation in the literature. Hence,
when 79 = 180 mK, too, a KPO under our GKSL equation is more robust to excitation errors
than that under the GKSL equation in the literature.
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Figure 4.5: The time dependence of the population of each level p£(t) := (C™*|p%(¢)|C™*) for
n = 0, 1 under our GKSL equation (4.56) and under the GKSL equation (4.57) in the literature:
(a) pd(t); (b) po (t); (c) pi(t); (d) py (t). The initial temperature of the bath is T = 180 mK.
The other parameters are the same as those in Fig. 4.3.

38



Chapter 5

Nonequilibrium thermodynamic
entropy of a quantum model of coupled
harmonic oscillators

In this Chapter, we define and investigate the nonequilibrium thermodynamic entropy of a
quantum model of coupled harmonic oscillators in a star configuration, introduced in Sec. 2.5.
In Sec. 5.1, we review thermodynamic entropy of a macroscopic bipartite system. In Sec. 5.2,
we review the von Neumann entropy production rate. In Sec. 5.3, we introduce the initial state
and the dynamics. In Sec. 5.4, we show that every harmonic oscillator is in a Gibbs state with
a time-dependent temperature in our settings. We thus define the time-dependent thermo-
dynamic entropy of each harmonic oscillator in a similar way to the definition in equilibrium
thermodynamics and statistical mechanics. Then, we define the nonequilibrium thermodynamic
entropy of the total system as the summation of them. This total thermodynamic entropy sat-
isfies the third law of thermodynamics. In Sec. 5.5, we set the parameters so that the finite-time
dynamics of the system may be well-approximated by the GKSL master equation. We show
numerically that our total thermodynamic entropy production rate can take negative values,
while our total thermodynamic entropy satisfies the second law of thermodynamics. In Sec. 5.6,
we discuss several topics.

5.1 Review of thermodynamic entropy of a macroscopic
bipartite system

Equilibrium thermodynamics of macroscopic systems is an established theory [65,66]. The
irreversibility of thermodynamics is expressed by its second law, which can be cast into the
form of the principle of increasing total thermodynamic entropy [65, Sec. 14.2] '. Let us
prepare an adiabatic system in an equilibrium state with some constraints (for example, a
system consisting of two subsystems at different temperatures separated by an adiabatic wall).
If we get rid of the constraints (e.g. remove the wall) at time ¢;,;, the system should change to
a new equilibrium state at time #z,. The final total thermodynamic entropy S (t4,) must be

!Throughout this thesis, we intentionally use the term ‘thermodynamic entropy’ in order to distinguish it
from other types of entropy, such as the von Neumann entropy [67], the Rényi entropy [68], and the diagonal
entropy [69].
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greater than or equal to the initial one S (¢;,):
Asttcl;t (tn) = Stt})lt (t6n) — S:gt (tini) = 0, (5.1)

where ASH (¢) := St (t) — St (¢;,;) denotes the total thermodynamic entropy production
from t;,; to t. This is the principle of increasing total thermodynamic entropy. Here, the word
“total” refers to the adiabatic system itself, excluding its environment, and is used to distinguish
AS (t) from the internal thermodynamic entropy production, which we will explain in the next
paragraph. Note that the principle is concerned with the difference of thermodynamic entropy
between the initial and final equilibrium states; it does not forbid the total thermodynamic
entropy from decreasing during the intermediate nonequilibrium processes [65, Sec. 14.2]. In
other words, the total thermodynamic entropy production rate ITE (¢) := dSH (#)/dt can be
negative for some time ¢.

Actually, the theory of nonequilibrium thermodynamics of macroscopic systems, including
a proper definition of nonequilibrium thermodynamic entropy S™(¢), has not been established
yet [70]. However, the entropy balance [70, Sec. 2.3] in Eq. (5.2) below is considered to hold
universally. Let us consider a system A and its environment B, whose thermodynamic entropies
are denoted by S%(¢) and S¥(t), respectively. The time derivative of S'(t) is written as the
sum of the internal thermodynamic entropy production rate of the system P (¢) and the
thermodynamic entropy flux into the system Fi(¢) as follows:

d o

g4
This is the entropy balance. We must distinguish the internal thermodynamic entropy produc-
tion

(t) = PR(t) + Fa'(0). (5:2)

tin
dt P () (5.3)
tini
from the total thermodynamic entropy production in the previous paragraph. When the tem-
perature T'4(t) of the system A is defined, the entropy flux into the system A is defined as [70,
Sec. 1.3.3.2]

noy 1 dQa(t)
Fal =715 T

(5.4)

where d@Q 4(t)/dt is the heat flux into the system A and the bar in d@Q 4(¢) means that it is an
inexact differential [70, Sec. 1.3.2]. Then, the internal entropy production rate of the system
A is determined from Egs. (5.2) and (5.4). On the other hand, when the temperature T4(?)
of the system A is not defined uniquely because of being out of equilibrium, it is a subject of
research how to define each of P{(t) and FP(¢). A similar relation to Eq. (5.2) holds for the
environment:

d o

dt™*
The point is that the entropy flux into the system is not equal to that out of the environment
in general:

(t) = Py'(t) + F5'(1). (5.5)

Fi(t) # =Fp(t). (5.6)

In order to recognize this point, let us consider the following example [66, Sec. 4.3] [70,
Sec. 7.1.1]. We prepare an isolated system composed of the two subsystems A and B which are
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separated by two fixed walls, namely an adiabatic wall and a diathermal wall. The subsystems
A and B are in equilibrium states with temperatures 79 and T, respectively, with 79 < T5.
The total system is also at equilibrium. Then, we remove the adiabatic wall at time t;,;, so
that heat begins to flow from B to A through the diathermal wall and continues flowing until
the two subsystems are at an equal temperature at time tg,. Let us assume that the thermal
conductivity of the diathermal wall is so small that each of the two subsystems should be always
in an equilibrium state and that their temperatures T4 (t) and Ts(t) change very slowly during
the process. We call this process as quasistatic [66, Sec. 4.3] for both A and B in the sense
that each of them is always in an equilibrium state. We note that there are other definitions of
quasistatic processes; see, for example, Sec. 12.6 in Ref. [65].

Let us describe the internal energy of the subsystem A as E4(t). From the first law of
thermodynamics, the change of E4(t) is equal to the sum of the heat Q4 into A and the work
W4 done on A: AFEA(t) = Qa+ Wjy. In the present example, W, is always zero because of the
fixed diathermal wall. Hence the heat flux into the subsystem A is given by dF4(t)/dt. From
the law of energy conservation, the heat flux into the subsystem B is given by —dFE4(t)/dt.
Then the entropy fluxes into the two subsystems are given by

Fi(t) = TAl( 5 di’i(t), (5.7)
th _ 1 dEA(t)
R R (5.8)

These equations show that the entropy flux into A is not equal to that out of B at t # tg,
because T4 (t) # Tp(t). As the process is quasistatic for both A and B, the time derivatives of
the thermodynamic entropies of the two subsystems are given by [66, Sec. 4.3]

d 1 dEA®)
dt (t)_TA(t) dt (59)
d o1 dEa®)
&SB(t)__TB(t) r (5.10)

Combining Egs. (5.2), (5.5), and (5.7)-(5.10), we find that the internal thermodynamic entropy
production rates of the two subsystems are both zero:

P (t) = PR(t) = 0. (5.11)

We regard this as a sign that the process is quasistatic for both A and B.

Let us confirm that the above example satisfies the principle of increasing total thermo-
dynamic entropy (5.1). The total thermodynamic entropy production rate is the sum of the
variation rates of the thermodynamic entropies of the two subsystems:

d d d Tp(t) — Ta(t) dEA(L)
ch t :7Stht — tht +7Stht — >07
tot( ) dt tot( ) dt A( ) dt B( ) TA(t>TB(t) dt =
where the last inequality follows from T(¢t) > Ta(t) and dE4(t)/dt > 0. This leads to the
satisfaction of the principle of increasing total thermodynamic entropy:

(5.12)

t n
AS™ (1) = /t "It () > o. (5.13)

Note that the total thermodynamic entropy production rate is not the sum of the internal
thermodynamic entropy production rates:

Mo (1) # PY () + Py (t). (5.14)

41



5.2 Review of the von Neumann entropy production rate

Let us consider an undriven open quantum system A (different from A in the previous section)
which is coupled to a thermal bath B with initial temperature Th. If the coupling is sufficiently
weak, the dynamics of the system is well approximated by the GKSL-type Markovian master
equation in Eq. (2.40). Then the following von Neumann entropy production rate [35] is
typically used:

d

(1) o= = K (pa0)165) (5.15)

where pa(t) is the density operator of the system, p'P = e P54 /Tr[e=#574] is the stationary
state in Eq. (2.52), and

K™ (pi]1p2) := kpTr [pr (In pr — In )] = —=S"N(p1) — kpTr [f1 In po] (5.16)

is the von Neumann relative entropy [36, Sec. 11.8] with S¥N(p) := —kgTr [p1n p] being the von
Neumann entropy.
We can transform Eq. (5.15) as follows [3, Sec. 3.2.5]:

I (0) = = 5 (pa(0l1)
= 35 ()+k3§tTr ()mTre[j‘Z;ﬂ
= i NOES Tlo(iTr |pa(t)Ha| = kpIn Tr[e—ﬁ%ffA](iTr [pa(t)]
— (igSZxN(t) - j}lg(iEA(t)
_ (iSZ‘N(t) + Tlg(iEB@), (5.17)

where F4(t) and Ep(t) are the mean energies of the system and the bath, respectively. The
last term in the third line of Eq. (5.17) becomes zero because Tr [p4(t)] = 1 all the time. From
the conservation of the total energy, we have derived the last line in Eq. (5.17), ignoring the
interaction energy due to weak coupling. The first term in the last line of Eq. (5.17) is the
time derivative of the von Neumann entropy of the system and the second term is the time-
derivative of the thermodynamic entropy of the bath under the quasistatic process. Note that
an implicit assumption is made that the temperature of the bath does not change from the
initial temperature T in this second term. However, when the size of the bath is finite, the
temperature of a part of the bath changes as we will show in Sec. 5.5.2. In this case, we cannot
use the von Neumann entropy production rate.

If we regarded the von Neumann entropy of the system as its nonequilibrium thermodynamic
entropy, the von Neumann entropy production rate (5.17) would be regarded as the total
thermodynamic entropy production rate. However, this is a delicate matter, because the von
Neumann entropy is not equal to the thermodynamic entropy in general. For example, let
us decouple the system from the bath in the middle of the dynamics. Then the system is
isolated, in general out of equilibrium, and undergoes the unitary dynamics. If the system
shows thermalization [71], its nonequilibrium thermodynamic entropy should change. However,
its von Neumann entropy does not change under the unitary dynamics [36, Sec. 11.1.1]. Hence
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we do not regard the von Neumann entropy of the system as its thermodynamic entropy in
general. However, when the system is in a Gibbs state, its von Neumann entropy coincides with
its thermodynamic entropy. Actually, we will consider such a case by adopting special settings
in the next section.

It is shown that the von Neumann entropy production rate is always non-negative during
the dynamics [35]:

N >0 Yt (5.18)

This leads to the non-negative von Neumann entropy production:
AS™N (1) / dsII"™N(s) >0 "t > tyn;. (5.19)

The above two inequalities are often regarded as signs of irreversibility. Here the total system is
not necessarily at equilibrium at t;,; or . Hence, the inequality (5.19) with ¢ = tg, is different
from the principle of increasing total thermodynamic entropy (5.1) unless each of the total
system and the system A is in an equilibrium state at both ¢;,; and tg,.

5.3 Settings

5.3.1 Hamiltonian

Let us consider the quantum model of coupled harmonic oscillators in a star configuration which
was introduced in Sec. 2.5. We can cast the total Hamiltonian in Eq. (2.59) into the form

N+1 hw N+1 A

Z 7 (’I“QJ 1 + 7“2]> + Z hgj (flfgj_l + fgfzj) = §I‘T]‘]I'7 (520)

Jj=2

where we have introduced the modified position operator #y;_; and the modified momentum
operator fy;,

o= L (5.21)

and their vector representation

A

A . . T
= (P1, 72, ..., Pant1, Pant2) (5.22)
as well as a 2(INV + 1)-dimensional symmetric matrix H, whose nonzero elements are

H2j*1,2j*1 = H2j,2j = (.Uj fOI' j = 1, e ,N + 1,

. (5.23)
Hi9j 1= Hyj_11 = Hypj = Hyjo=g; for j=2,...,N+1.
5.3.2 Initial state and unitary dynamics
Let us impose the constraint H;=0fort <0 and prepare the following initial state:
o(t <0) = ® = ® , 5.24
prs0="y ettt e (@ (5.21)

43



where

. 1 o N+1
Zy = Tr|e Pata] = Zp =Tr|ePsls] = ] 7 5.25
A r[e } 2sinh (8% 7w, /2)’ B r[e 7 } = i (5.25)
A 1 0 1 1
C— aTa. o = o -BpHj| —
A, = hw, (aja]—l—z), Z; = Tr [ ] ST (5.26)

That is, the system and the bath are both in the Gibbs states with inverse temperatures 39
and (%, respectively, and they are uncorrelated. We calculate Z4 in Eq. (5.25) in Appendix C.
We can calculate Zp and Z; in a similar way. Because of the constraint H ;7 = 0, the initial
state (5.24) is an equilibrium state:

Hp+Hp Hp+Hp

ﬁ(tg) = G_i h (t2_t1),6(t1)ei o (temh) — ﬁ(tl) for t1 <ty <0. (527)

At time ¢ = 0, we remove the constraint H; = 0 and let the state of the total system evolve
under the total Hamiltonian (5.20). The interaction sets in between the system and the bath,
which creates correlations.

As H, and Hp are purely quadratic, the initial state (5.24) is a Gaussian state [16-20]
with vanishing first moments: Tr [£p(0)] = 0. Moreover, as the total Hamiltonian is purely
quadratic, the total density operator

A

A A A H
pt) =U@)p(0)UT(t) with U(t) = exp (—iht> (5.28)
is always a Gaussian state with vanishing first moments: Tr[fp(t)] = 0. Therefore, p(t) is
completely characterized by the 2(N+1) x 2(N +1) covariance matrix o(t) whose (j, k)-element

is given by

ojk(t) = Tr [p(){7;, P }], (5.29)

where the curly parentheses {e, } denote the anticommutator. Note that the covariance matrix
is a symmetric matrix. Because of Eq. (5.28), the following relation holds [16, Sec. 5.1.2]:

o(t) =V({)a(0)V ()t with V(t) =™ (5.30)
where
N+1 o 0 1
Q:@le : le<_1 0)’ (5.31)
J=1 04

and H is the 2(N + 1)-dimensional symmetric matrix introduced in Eq. (5.20). We give the
derivation of Eq. (5.30) in Appendix D.

If the total system is in a Gaussian state, its subsystems are also in Gaussian states. Thus,
each of the states of the system and the bath is Gaussian and is completely characterized by

the covariance matrices o4(t) and op(t), respectively, which are the submatrices of o(t) [16,
Sec. 5.2]:

o(t) = ( oa(t) UAB(t)> | (5.32)



where 04(t) is a two-dimensional symmetric matrix, op(t) is a 2N-dimensional symmetric
matrix, and o45(t) is a 2 x 2N matrix. Each harmonic oscillator in the total system is also in
a Gaussian state which is totally determined by the following covariance matrix:

oi(t) = <02j—1,2j—1(t) Uzj—l,zj(t)> (5.33)

O9j-125(t)  02j2;(t)

for j =1,..., N + 1. The initial covariance matrix for the state (5.24) is [16, Sec. 3.3]

o(0) = <UA0(0) O_BO(O)> ,

hw
UA(O) = 01(0) = coth (M) IQ, (534)
N+1 hwj
0) = (0 (0) =coth | —= | I
0 = @ (0) 0) = corh (5 )

where TS = 1/(kpB%), Ty = 1/(ksB%), and I, is the two-dimensional identity matrix. We
calculate oy 1(0), which is a component of 0 4(0), in Appendix C. The other components of ¢(0)
can be calculated in a similar way.

5.3.3 The GKSL master equation

As we explained in Sec. 2.5, If the couplings {g; } of the harmonic oscillators are sufficiently weak,
the dynamics of the system is well approximated by the GKSL master equation in Eq. (2.99).
As we will show in the next section, the first term in the right-hand side in Eq. (2.99) is always
equal to zero in our settings. Then the GKSL master equation (2.99) becomes

(i,aA(t) = T(A(w) + 1) (2apa(t)al — {alar, pat)})

T
+ Tin(wr) (28{pa(t)ar — {aral, pa(t)}) (5.35)

Under this GKSL master equation and the initial covariance matrix in Eq. (5.34), the covariance
matrix of the system at time ¢ is written as [20, Sec. 4.1.1]

o heoy —2r¢ by —2I't
oa(t) = [coth <2kBTA9> e "+ coth 2hip T (1 e ) I. (5.36)

We derive Eq. (5.36) in Appendix E.

5.4 Analytical results

5.4.1 Gibbs states

We show that each harmonic oscillator is always in a Gibbs state with a time-dependent tem-
perature under the unitary dynamics (5.28) of the total system. Note that there is a one-to-one
correspondence between the density operator and the covariance matrix of each harmonic oscil-
lator. As the covariance matrix is easier to calculate than the density matrix, we first calculate
the covariance matrix. By substituting Eq. (5.34) into Eq. (5.30), we find (see Appendix F)

O'j(f) == 0—2j—1,2j—1(t)12 for ] = 1, . ,N + 1. (537)
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According to the calculation in Appendix F, the density operator is expressed with the covari-
ance matrix (5.37) in the following form:

0 e Bi(H, ( )
pi(t) = ———, 5.38
’ Z;(t)
B (O, 1
Zi(t) ="Tr [e 5'7(t)HJ} = 5\/023'_1,2]'—1(15)2 -1, (5.39)
1 2 _
Bit) = ) = i, coth™ [o9; 195 1(1)]
_ 1 In (O'le,gjl(t> + 1) _ 1 In <2E]<t) + ha@) : (540)
hwj  \ogj12i1(t) —=1)  hw; \2E;(t) — hw;
where E;(t) is the mean energy of the jth harmonic oscillator:
L Ficw;
B(t) = Te [H;p,(1)] = 70012510, (5.41)

We find that each harmonic oscillator is always in a Gibbs (thermal equilibrium) state with
a time-dependent temperature 7;(¢). In this meaning, the dynamics is quasistatic for every
harmonic oscillator.

As the system is always in a Gibbs state, the relation [(wy + A)alay, pa(t)] = [(wi +
A)alay,e-Pa®hnalar /7, (1)) = 0 holds all the time. Therefore the GKSL master equation
(2.99) transforms into Eq. (5.35). Using Eq. (5.36) for the time-dependent temperature 7}(t)
in Eq. (5.40), we find that the system under the GKSL master equation is equilibrated with
the bath in the limit ¢ — oo:

T(00) = Ty(00) = Th; (5.42)

we will plot this in Fig. 5.4 below.

5.4.2 Thermodynamic entropy

We define the time-dependent free energy and the time-dependent thermodynamic entropy of
the jth harmonic oscillator simply following the analog of equilibrium statistical mechanics and
thermodynamics:

F;(t) := —kpT;(t)In Z;(t), (5.43)
Sth(1) = Ej(t)sztfj ) (5.44)

In fact, the von Neumann entropy of the jth harmonic oscillator coincides with its thermody-
namic entropy because it is in a Gibbs state [65, Sec. 21.1]:

SPN(t) == —kpTr [p;(t) In p;(1)]
e Bi(OH;
p;(t) In (Zj(t))]
1 ~ N
(t) Tr [pj(t) J} + ]fB In Z]<t>

G
B - Fi(t) o
B romets Sh(t). (5.45)

= —]{IBTI‘
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We can rewrite Si(t) in Eq. (5.44) as a strictly monotonically increasing function of Ej(t):

S _ 2B;(t) + hwy | (2B;(t) + T\ 2B5(t) — hw; | (2E5(t) — huw, (5.46)
This is followed by
IS (t : j
3 () _ ks n <2E](t) +h%> _ (5.47)
OE;(t)  hw;  \2E;(t) — hw; T;(t)
and
1
d Sth t) = d (548)

Zgthi) — Z Bt
where the last equality in Eq. (5.47) comes from Eq. (5.40). We regard dE;(t)/dt as the heat flux

into the jth harmonic oscillator because its Hamiltonian H ; is time independent [22, Sec. 2.1].
Then, Eq. (5.48) is a manifestation of the quasistatic process; see Eq. (5.9). We define the

thermodynamic entropy flux into the jth harmonic oscillator as

Finy — L4

0 = 7 B (5.49)

just as Eq. (5.7). Then we find that the internal thermodynamic entropy production rate of
the jth harmonic oscillator is zero:

d
PiMt) = $S;h(t) — F't) =0, (5.50)
which is also a manifestation of the quasistatic process.

In order to define the nonequilibrium thermodynamic entropy of the total system, we impose
the additivity of the thermodynamic entropy, which is satisfied in equilibrium thermodynamics
of macroscopic systems (see Secs. 11.5 and 13.11 in Ref. [65]). We thereby arrive at

. N+1 N
Sttot(t) = Z Sjt <t)
j=1
iy S |20 ey (2B (0) + o) | 2B, = Ry (2B (1) — Py
= QM] QFLCU]' 2hw]' 2hwj .

(5.51)

We analytically confirm that our thermodynamic entropy (5.51) satisfies the third law of
thermodynamics [65, Sec. 23.7] as follows. The temperature T;(¢) in Eq. (5.40) and the ther-
modynamic entropy Si(t) in Eq. (5.46) become zero for the vacuum state:

hows
Ti(t) — +0, S"(t) = 40 as Ej(t) — 71 + 0. (5.52)

As Tj(t) and Si"(t) are both strictly monotonically increasing functions of E;(t), the thermo-
dynamic entropy Si"(¢) becomes zero if and only if T}(t) becomes zero:

S(t) = +0 as Ty(t) — +0. (5.53)
This and Eq. (5.51) lead to the third law of thermodynamics:
Sie(t) = +0 as Ti(t) —+0 7j, (5.54)

which supports the validity of our definition of the total thermodynamic entropy in Eq. (5.51).
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5.4.3 Total thermodynamic entropy production and its rate

We define the total thermodynamic entropy production as

ASB (1) == SE(0) — SI(0) = SHE) - SHO) + 3 [SPe) - Sh0)] (.59

and its rate as

e () = Lgm (t)—NfLQE-(t) L d (t)+Nf:1 L dp
T g e T = Ty e Ta(t) dt Ea S Ti(t)dt

(5.56)

Let us transform this into the form which we can easily calculate in terms of the covariance
matrix. Using Egs. (G.5) and (G.6) in Appendix G, we obtain

hwl N+1 N+1 Ry
II5 (1) Z 9i012(t) = > s 950124 (t)
7j=2 E(t)

= kg Nf 9j01.2;(t) [m (U“(tm> —1In (U”‘“J"l(t) T 1)] . (5.57)

= ora(t) —1 O2j-12j-1(t) — 1

This total thermodynamic entropy production rate can be negative as we will see in Fig. 5.3.

5.4.4 The difference between our total thermodynamic entropy pro-
duction rate and the conventional one

Let us consider the weak-coupling regime so that the finite-time dynamics of the system is well
approximated by the GKSL master equation in Eq. (5.35). In our settings, the von Neumann
entropy of the system coincides with its thermodynamic entropy as in Eq. (5.45), and hence
the conventional entropy production rate II"N(¢) in Eq. (5.17) has the following form:

1 d 1 d 1 d Ml1d
ZBu(t) + ——Ep(t) = ———E4( (). 5.58
Ta(t) dt A()+ngt 5(t) Ta(t) dt +ZT0dt E;(t) (5:58)

HVN( )

Let us transform Eq. (5.58) into the form which we can easily calculate. As we consider the
weak-coupling regime, we neglect the interaction energy: dEp(t)/dt = —dE4(t)/dt. From the
first equality in Eq. (5.58), we obtain

0 = (7 ;) Ea(t) (5.59)
- )
= huw D ( - ) lcoth <2kBTA )> — coth (252’}%)] , (5.60)

where the second line follows from Egs. (5.41) and (5.36), and the last line follows from
Eq. (5.40). The difference between our total thermodynamic entropy production rate II" (¢)
in Eq. (5.56) and the conventional entropy production rate IT"N(¢) in Eq. (5.58) arises from the
gaps between {T}(¢)} and T3:

0 -0 =3 (35~ 7 ) 550 (5.61)
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5.5 Numerical results

5.5.1 Parameters
For a numerical example, we use an Ohmic bath [6,34], whose spectral density is

N+1
J(w) = Z g?(S(cu —w;) = nwe ™/ @eut (5.62)

Jj=2

where 7 is the coupling strength between the system and the bath, and w., is the cutoff
frequency. Here, we discretize the bath by equal spaces as in Appendix A in Ref. [6]:

Wmax — Wmin
Wj = Wmin + (J — 2)Aw, Aw = 728 (5.63)
N -1
for j =2,..., N+1. Adopting a logarithmic discretization [72] yields qualitatively same results
as those obtained in this section; see Sec. 5.6.4. We set the coupling constant g; by integrating
Eq. (5.62) over w as in

N+1 Wmax € N+1
Z gJQ» = / dw nwe_”/“’c‘“ ~ Z nAwwje_wj/“’C““, (5.64)
j:2 Wmin —€ j:2
which gives
gj = \/nAw wje_wj/”m (565)
for j =2,..., N + 1. For numerical demonstration, we fix the parameters as follows:

wi = 4MHz, wewy = 3MHz, wpin = 0.026 MHz, wy,. = 20 MHz,
n=10"3T% = 10 uK, T = 50 uK. (5.66)

Let us check whether the finite-time dynamics of the system is well-approximated by the
GKSL master equation when N = 4000, 6000, and 8000. Note that the quantum state of
the system is totally determined only by oy 1(¢). Thus, in Fig. 5.1 we compare oy (t) which
we calculate from the unitary dynamics of the total system (5.30) and that we calculate from
the GKSL master equation (5.36). We find that the two curves coincide with each other for
t < 27/Aw, and hence we conclude that the dynamics of the system is well approximated
by the GKSL master equation in that time range. However, the dynamics of the system no
longer obeys the GKSL master equation for ¢ 2 27/Aw because at t = t; = 271/Aw, we
have ewitt = e2mwmin/Aw for 5 = 2 N 4 1, and hence all harmonic oscillators in the bath
have almost the same phase and recurrencelike behavior happens; see Fig. 5.1. This means
that the dynamics of the system is non-Markovian as a map. Hence we restrict ourselves to
tmax < t1 = 27/Aw in the following calculations. Note that ¢; is almost proportional to N for
large N because Aw = (Wmax — Wmin)/(N — 1); we thus need not worry about the recurrencelike
behavior for sufficiently large N. We also remark that the interaction energy E(t) := Tr[p(t)H]
is negligibly small under the parameters in Eq. (5.66) for large N; see Fig. 5.2. This justifies
the transformation from the first equality of Eq. (5.58) to that of Eq. (5.60).
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Figure 5.1: The time evolution of oy 1(t). We adopt the Ohmic bath separated by equal spaces;
see Eqgs. (5.63) and (5.65). The parameters are shown in Eq. (5.66). The green dotted line is

obtained from the solution of the GKSL master equation in Eq. (5.36). The other lines are
obtained from the unitary dynamics of the total system in Eq. (5.30).

—— dE4(t)/dt (N=4000)
---- dEg(t)/dt (N=4000)
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I
w
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Figure 5.2: The time evolution of dE(t)/dt in Eq. (G.5), dEg(t)/dt in Eq. (G.9), and dE/(t)/dt

in Eq. (G.10) when N = 4000 under the unitary dynamics of the total system in Eq. (5.30).
The setting and all the parameters except N are the same as those in Fig. 5.1.
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Figure 5.3: The total thermodynamic entropy production rate IT*% (¢) in Eq. (5.57) under the

unitary dynamics of the total system in Eq. (5.30) and the conventional entropy production
rate II'N(¢) in Eq. (5.60) under the GKSL master equation in Eq. (5.36). The setting and all
the parameters except N are the same as those in Fig. 5.1.

5.5.2 Negative total thermodynamic entropy production rate

We compare in Fig. 5.3 our total thermodynamic entropy production rate IIt (¢) in Eq. (5.57)
with the conventional entropy production rate II'N(t) in Eq. (5.60). We find that our total
thermodynamic entropy production rate H{‘lgt(t) is negative in a certain time range, in contrast
to the conventional entropy production rate IT"N(¢), which is always non-negative. As we said
in Sec. 5.4.4, IT*" (¢) differs from II'N(t) because some of {T}(¢)} differ from T5; see Eq. (5.61).
Let us see the behaviors of {T}(t)} below.

We find in Fig. 5.4 that the temperature of the system T4(t) relaxes to the initial tempera-
ture of the bath 75, while some of the temperatures {7}(¢)} of the harmonic oscillators in the
bath decrease. The harmonic oscillators which show temperature decreasing have almost the
same frequency as the system (Fig. 5.5). This can be explained as follows. The mean energy
of the system FE(t) is a strictly monotonically increasing function of the temperature of the
system T'4(t), and hence F4(t) increases as Ty(t) relaxes to T, which is higher than the initial
temperature of the system T9. In order for E4(t) to increase, the system must receive particles
with energy hw;. Note that the total particle number operator Zj-v:ﬁl &}&j commutes with the
total Hamiltonian (5.20), so that the total particle number is conserved. Thus, in order for the
system to receive a particle with energy hw;, the bath must provide the particle, and only the
harmonic oscillators whose frequencies are almost the same as the system can do so. When
the harmonic oscillators provide the particle, their mean energies {E;(t)} decrease. Hence,
the time-dependent temperature Tj(t), which is a strictly monotonically increasing function of
E;(t), also decreases.

We see from Fig. 5.5 that as |w; —w;| becomes smaller, [T — T;(¢)] and |dE;(t)/dt| become
larger, and so does [1/T3—1/T;(t)]dE;(t)/dt. As N becomes larger, more harmonic oscillators in
the bath take part in the energy exchange with the system, and hence [T —T;(t)] and |[dE;(t)/dt|

for each harmonic oscillator become smaller; see Fig. 5.5. In addition, Z;V:ng dE;(t)/dt =
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Figure 5.4: Time-dependent temperature 7;(t) in Eq. (5.40) of each harmonic oscillator. We
set NV = 4000. The setting and all the parameters except N are the same as those in Fig. 5.1.
The blue solid line is the time-dependent temperature of the system obtained from the unitary
dynamics of the total system in Eq. (5.30). The red dashed line, which is almost identical
to the blue solid line, is the time-dependent temperature of the system obtained from the
solution of the GKSL master equation in Eq. (5.36). The dotted lines are the time-dependent

temperatures of all the harmonic oscillators in the bath obtained from the unitary dynamics of
the total system in Eq. (5.30).

dEg(t)/dt = —dFE4(t)/dt does not depend on N as long as the dynamics of the system obeys
the GKSL master equation. Therefore as N becomes larger, IIVN(¢) — TIth (¢) in Eq. (5.61)
becomes smaller as in Fig. 5.3.

5.5.3 The second law of thermodynamics

We compare in Fig. 5.6 our total thermodynamic entropy production AS(¢) in Eq. (5.55)

with the conventional entropy production, which in our settings is given by

E(t) — E4(0)
Ty '

t
AS™N(t) : = / At TN (1) = SB(t) — ST(0) — (5.67)
0
As the entropy production is the time integral of the entropy production rate, our total ther-
modynamic entropy production approaches the conventional entropy production as N becomes
larger, which is similar to the case of the total entropy production rate. In fact, the difference

As(0) - asiy ) = PO ZEA 5 g — iy (5.68)

J=2

is almost proportional to N~! for large N; see Fig. 5.7. This suggests that ASD (¢) may
converge to ASN(¢) in the limit N — oc.

Our total thermodynamic entropy production changes little for 800 us < ¢ < 1200 us, as
shown in Fig. 5.6. We therefore regard the quantum state of the total system p(t) in this time
range as an equilibrium state. Since ASH (¢) > 0 for 800 us < ¢ < 1200 us, we judge that our
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Figure 5.5: The time-dependent temperatures {7}(¢)} (upper panels) and the time derivatives
of the mean energies {dE;(t)/dt} (lower panels) of the harmonic oscillators in the bath which
have almost the same frequencies as that of the system. The color expresses the value of T}(t)
(dEj(t)/dt) in the upper (lower) panels. The vertical axis corresponds to the number j of each
harmonic oscillator. The horizontal axis corresponds to time. We set N = 4000 in (a) and (d),
N = 6000 in (b) and (e), and N = 8000 in (c) and (f). The setting and the other parameters
are the same as those in Fig. 5.1.
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total thermodynamic entropy St (¢) satisfies the principle of increasing total thermodynamic
entropy (5.1).

5.6 Discussions

5.6.1 Conventional entropy production rate

We compare in Fig. 5.8 the conventional entropy production rate II'N(¢) in Eq. (5.59) under the
unitary dynamics of the total system in Eq. (5.30) and the conventional entropy production rate
II"N(¢) in Eq. (5.60) under the GKSL master equation in Eq. (5.36). We find that the former
is close to the latter and is positive for ¢ < 1030 us. The negative values of the former for
1030 us <t < 1200 pus are much smaller than its positive values for ¢t < 950 us. Moreover, the
system is almost in equilibrium with the bath for 1030 us < ¢ < 1200 ps. This also supports that
the dynamics of the system for 0 <t < 1200 us is well-approximated by the GKSL equation.

5.6.2 Protocol dependence of our total thermodynamic entropy pro-
duction
The definition of our nonequilibrium thermodynamic entropy S, (¢) in Eq. (5.51) is based on

the initial state of the total system in Eq. (5.34). Here, let us consider a different initial state.
As an example, we focus on the state of the total system with N = 4000 in Sec. 5.5 at t = 204 us:

[ 04(204pus)  04p(204 us)
0 (204 us) = <0AB<204 )T op(204ps) ) (5.69)
If we get rid of the correlation between the system and the bath, we will have
_ ~ [04(204 ps) 0
(204 us) = ( 0 (204 15) | (5.70)

Note that our total nonequilibrium thermodynamic entropy of the state in Eq. (5.69) is equal
to that of the state in Eq. (5.70). However, it is not obvious whether our total nonequilibrium
thermodynamic entropy of the state

o(t) = V(t — 204 us)o (204 ps)V (t — 204 pus)™ (5.71)
is equal to the total nonequilibrium thermodynamic entropy of the state
o(t) = V(t — 204 us)a (204 ps)V (t — 204 pus)™. (5.72)

Note that the state in Eq. (5.71) for ¢ > 204 us is the same as that used in Sec. 5.5. Thus, if we
prepare the state in Eq. (5.69) as the initial state of the total system, each harmonic oscillator
at t > 204 us is in a Gibbs state. On the other hand, if we prepare the state in Eq. (5.70) as the
initial state of the total system, we do not know whether each harmonic oscillator at t > 204 us
is in a Gibbs state.

If we assume that each harmonic oscillator at ¢t > 204 us is in a Gibbs state in the case of
the initial state in Eq. (5.70), the temperature of each harmonic oscillator time-evolves as in
Fig. 5.9. We find that the time evolution of the temperature T4(t) of the system in Fig. 5.9 is
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Figure 5.8: The conventional entropy production rate II'N(¢) in Eq. (5.59) under the unitary
dynamics of the total system in Eq. (5.30) and the conventional entropy production rate TN (¢)
in Eq. (5.60) under the GKSL master equation in Eq. (5.36): (a) 0 < ¢ < 1200 us; (b) 0 <
t < 228pus; (¢) 240pus < t < 468 us; (d) 480us < t < 708 us; (e) 720 us < t < 948 us; (f)
960 pus <t < 1200 pus. We set N = 4000. The setting and all the parameters except N are the
same as those in Fig. 5.1.
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Figure 5.9: Time-dependent temperature 7;(¢) of each harmonic oscillator assuming that they
are in Gibbs states. We adopt the Ohmic bath separated by equal spaces; see Eqs. (5.63) and
(5.65). We set N = 4000. The blue solid line is the time-dependent temperature of the system
obtained from the unitary dynamics of the total system in Eq. (5.72). The red dashed line here,
which is almost identical to the blue solid line, is the same as the red dashed line in Fig. 5.4.
The dotted lines are the time-dependent temperatures of all the harmonic oscillators in the
bath obtained from the unitary dynamics of the total system in Eq. (5.72).

almost the same as that in Fig. 5.4. As the conventional entropy production

Ea(t) — E4(204 ps)
Th

ASYN(t) = S (t) — ST (204 pus) — (5.73)
depends on the state of the system only, the conventional entropy production of the state in
Eq. (5.72) is almost the same as that of the state in Eq. (5.71).

On the other hand, the time evolutions of the temperatures Tj(t) of the harmonic oscillators
in the bath in Fig. 5.9 are different from those in Fig. 5.4. As our total thermodynamic entropy
production

N+1
ASI(t) = S () — ST(204pus) + 3 [S(E) — S(204 s (5.74)
j=2

depends not only on the state of the system, but also on the states of the harmonic oscillators
in the bath, our total thermodynamic entropy production of the state in Eq. (5.72) is different
from that of the state in Eq. (5.71); see Fig. 5.10.

5.6.3 The same initial temperatures of the system and the bath

Let us investigate how does the temperature of the system change if the initial temperature of
the system is equal to that of the bath. Here, we fix the parameters as follows:

wp = 4MHz, weyy = 3MHz, wpin = 0.026 MHz, wh.c = 20 MHz,
N = 4000, TS = T3 = 50 uK. (5.75)
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Figure 5.10: Our total thermodynamic entropy production AS (¢) in Eq. (5.74) of the state in
Eq. (5.72) (the dashed magenta line) and that of the state in Eq. (5.71) (the yellow line), which
is the same as the yellow line in Fig. 5.6. The parameters are the same as those in Fig. 5.9.

For the coupling strength 7, we consider two cases: n = 1072 (weak coupling) and n = 0.1
(strong coupling). When the coupling is weak, the interaction energy FE;(t) is small; see
Fig. 5.11. Hence, the mean energy FE4(t) of the system changes little, nor does the tem-
perature T4 (t) of the system; see Fig. 5.12. On the other hand, when the coupling is strong,
the interaction energy Fy(t) is large and negative; see Fig. 5.13. Hence, the mean energy F4(t)
of the system increases much and so does the temperature T'4(¢) of the system; see Fig. 5.14.

5.6.4 Discretization of a bosonic bath

In Sec. 5.5.1, we discretized the bath by eqaul spaces; see Eq. (5.63). Here, let us adopt a
logarithmic discretization [72]:

Wiyl = Wj + ij‘, (576)
AWj+1 = lAWj = ljilAwg (577)

for j =2,..., N with [ > 0. Using these equations, we obtain

N N - lN_l -1
WN+1 = W2 + Z ij = W2 + AWQ Z l] = Wy + lilAWQ, (578)
=2 =2 -
or
[—1
Awy = W(WNH — wo) (5.79)
and
. [ — 1)~
Aw; =V Awy = (lNl)_l(WN—H —wa), (5.80)
Jj-1 o 1i-2 1
Wi = W2 + ACUQ Zl = Wy + m(wN+1 — CUQ) (581)

k=2
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Figure 5.11: The time evolution of E4(t) — E4(0), Eg(t) — Ep(0), and E(t) under the unitary
dynamics of the total system in Eq. (5.30). We adopt the Ohmic bath separated by equal

spaces; see Eqs. (5.63) and (5.65). We set n = 1073. The other parameters are shown in
Eq. (5.75).
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Figure 5.12: Time-dependent temperature 7;(¢) in Eq. (5.40) of each harmonic oscillator. The
setting and all the parameters are the same as those in Fig. 5.11. The blue solid line is the
time-dependent temperature of the system obtained from the unitary dynamics of the total
system in Eq. (5.30). The red dashed line is the time-dependent temperature of the system
obtained from the solution of the GKSL master equation in Eq. (5.36). The dotted lines are
the time-dependent temperatures of all the harmonic oscillators in the bath obtained from the
unitary dynamics of the total system in Eq. (5.30).
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dynamics of the total system in Eq. (5.30). We set 7 = 0.1. The setting and all the parameters
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Figure 5.14: Time-dependent temperature 7}(¢) in Eq. (5.40) of each harmonic oscillator. The
setting and all the parameters are the same as those in Fig. 5.13. The blue solid line is the time-
dependent temperature of the system obtained from the unitary dynamics of the total system in
Eq. (5.30). The dotted lines are the time-dependent temperatures of all the harmonic oscillators
in the bath obtained from the unitary dynamics of the total system in Eq. (5.30).
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Figure 5.15: Time-dependent temperature 7;(t) in Eq. (5.40) of each harmonic oscillator. We
adopt the Ohmic bath separated logarithmically; see Eqgs. (5.82) and (5.83). The parameters
are shown in Eq. (5.84). The blue solid line is the time-dependent temperature of the system
obtained from the unitary dynamics of the total system in Eq. (5.30). The red dashed line,
which is almost identical to the blue solid line, is the time-dependent temperature of the system
obtained from the solution of the GKSL master equation in Eq. (5.36). The dotted lines are

the time-dependent temperatures of all the harmonic oscillators in the bath obtained from the
unitary dynamics of the total system in Eq. (5.30).

for j = 3,..., N + 1. In summary, the logarithmic discretization in Eqs. (5.76) and (5.77) is
equivalent to

-2 1
Wj = Wmin T ﬁ(wmax — wmin) (582)

for j=2,...,N + 1. A procedure similar to Eq. (5.64) leads to

g] — \//r/Aw] wjefwj/wcut (583)
for j =2,..., N + 1. we fix the parameters as follows:

w1 = 4MHz, we = 3MHz, wpin = 0.026 MHz, wn.x = 20 MHz,
N =4000, [ =1.001, p = 1073, 75 = 10 uK, T = 50 uK. (5.84)

We show in Fig. 5.15 the time evolution of the temperature Tj(t) of each harmonic oscillator.
We compare in Fig. 5.16 our total thermodynamic entropy production rate T (¢) in Eq. (5.57)
with the conventional entropy production rate II'N(¢) in Eq. (5.60). We compare in Fig. 5.17 our
total thermodynamic entropy production AS (¢) in Eq. (5.55) with the conventional entropy
production ASYN(t) in Eq. (5.67). We have obtained with the logarithmically separated bath
the qualitatively same results as those with the equally separated bath in Sec. 5.5; see Figs. 5.3,

5.4, and 5.6.
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Figure 5.16: The total thermodynamic entropy production rate IT'% (¢) in Eq. (5.57) and the
conventional entropy production rate IT'N(¢) in Eq. (5.60). The green dotted line labeled
“conventional” here is the same as that in Fig. 5.3. The yellow line labeled “equal separation”
here is the same as the yellow line labeled “thermodynamic (N = 4000) in Fig. 5.3. The
cyan line labeled “logarithmic separation” is TIh (¢) calculated under the same setting and
parameters as those in Fig. 5.15.

8_

c
O
S o6
=R
5 X

<
3‘.”0 4
> .
o = e conventional
E 2] equal separation
L 0 —— logarithmic separation

0 200 400 600 800 1000 1200

time t (us)
Figure 5.17: The total thermodynamic entropy production AS (¢) in Eq. (5.55) and the
conventional entropy production ASYN(t) in Eq. (5.67). The green dotted line labeled “con-
ventional” here is the same as that in Fig. 5.6. The yellow line labeled “equal separation” here
is the same as the yellow line labeled “thermodynamic (N = 4000) in Fig. 5.6. The cyan line
labeled “logarithmic separation” is AS (¢) calculated under the same setting and parameters
as those in Fig. 5.15.
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Chapter 6

Conclusions

In this thesis, we have studied dynamics and thermodynamics of coupled quantum oscillators,
based on the Hamiltonian of the total system which consists of a system of interest and a
bath. Our main results are in Chapters 4 and 5. As the system of interest, we consider a
Kerr-nonlinear parametric oscillator (KPO) in Chapter 4 and a quantum harmonic oscillator
in Chapter 5. In both cases, the bath is comprised of many quantum harmonic oscillators. The
coupling between the system and the bath is weak enough for the dynamics of the system to
be well-approximated by the Gorini-Kossakowski-Sudarshan-Lindblad (GKSL)-type Markovian
master equation.

In Chapter 4, we have microscopically derived the GKSL equation (4.56) for a KPO, starting
from the Hamiltonian (4.8) of the total system. By doing so, the relationship between the
dynamics of the KPO and the Hamiltonian of the total system has become clear. On the other
hand, the decoherence part of the GKSL equation (4.57) in the literature is obtained under the
assumption that the system is a quantum harmonic oscillator, which is not true. Therefore,
it is questionable whether the GKSL equation in the literature describes the decoherence of
a KPO correctly. We have compared the dynamics of a KPO under our GKSL equation and
that under the GKSL equation in the literature. As a result, we have found that the excitation
error of a KPO under our GKSL equation is smaller than that under the GKSL equation in
the literature. In particular, in the low-temperature limit of the bath, we have found that the
state of a KPO under our GKSL equation is mostly confined to the cat subspace Cj, which is
spanned by KPO’s two degenerate ground states, |C%%). This is desirable when we use a KPO
as a qubit for a quantum computer, whose mission is to reduce as many errors as possible.
We claim that it is essential to employ our more accurate GKSL equation to reproduce this
desirable result.

Let us describe future prospects regarding the decoherence of a KPO. First, in the derivation
of our GKSL equation (4.56), we assumed the following: (i) a > 1; (ii) four-level approximation
is good (see Fig. 4.1); (iii) |C™*) ~ %[f)(a) + (=1)"D(—=a)] |n) [Eq. (4.53)]. As we explained
in Sec. 4.2.2, due to the assumption (iii), we cannot calculate the bit-flip rate (Ja) <> |—a),
or |0) <+ |1)) correctly with our GKSL equation (4.56). To amend this point, we would like
to derive the GKSL equation for a KPO adopting Eq. (4.54). In Ref. [73], it was shown that
making use of higher effective excited states |C™*) for n = 2, 3 achieves a faster R, gate, which
exchanges the populations between |a) = |0) and |—a) = [1). In this case, the assumption (ii)
is broken. We would like to expand our GKSL equation so that we can also treat the transitions
to and from |[C™%) forn =2,3,....

As another prospect, we want to compare our GKSL equation with experiments. Until now,
experiments of a KPO have been done with small « (for instance a = 1.6 in Ref. [13]). On the
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other hand, owing to the assumption (i), we cannot use our GKSL equation when « is small.
To amend this, we would like to derive the GKSL equation for a KPO with small «. For this
purpose, we need the forms of the excited states of the KPO. Unfortunately, even approximate
forms of the excited states are not known when « is small. Searching for the forms of the
excited states of a KPO with small « is left as our future work.

In Chapter 5, we have defined and analyzed the nonequilibrium thermodynamic entropy for
the quantum model of coupled harmonic oscillators in a star configuration. As the initial state
of the total system, we have prepared the tensor product of the Gibbs states of the system and
the bath. As a result, we have found that every harmonic oscillator is always in a Gibbs state
with a time-dependent temperature. This allows us to define the thermodynamic entropy for
each harmonic oscillator in a similar way to the definition in equilibrium thermodynamics and
statistical mechanics. We can treat every harmonic oscillator on an equal footing thanks to the
initial state that we adopted. We have defined the nonequilibrium thermodynamic entropy of
the total system as the summation of the thermodynamic entropy of each harmonic oscillator.
We have analytically confirmed that our total thermodynamic entropy satisfies the third law of
thermodynamics. We have found numerically that our total thermodynamic entropy production
rate can be negative though the finite-time dynamics of the central harmonic oscillator (the
system of interest) is well approximated by the GKSL-type Markovian master equation, while
our total thermodynamic entropy satisfies the second law of thermodynamics. This contrasts
with the von Neumann entropy production rate, which is always positive. This difference
originates in our microscopically treating the harmonic oscillators in the bath. We can pursue
the time evolution of the temperature of each harmonic oscillator in our formulation. We hence
found that the temperatures of the harmonic oscillators in the bath which have almost the same
frequency as the system change due to the interaction. Our thermodynamic entropy production
rate takes this into account; see Eq. (5.56). On the other hand, the form of the von Neumann
entropy production rate does not take the temperature changes into account;. see Eq. (5.58).
Therefore, when the size of the bath is finite, our thermodynamic entropy production rate is
preferable.

Let us discuss the future prospect regarding the nonequilibrium thermodynamic entropy of
the quantum model of coupled harmonic oscillators. If we prepare a different initial state from
the tensor product of the Gibbs states of the system and the bath, each harmonic oscillator will
be no longer in a Gibbs state. That is, each harmonic oscillator is out of equilibrium. Then
we cannot define the nonequilibrium thermodynamic entropy of each harmonic oscillator in a
similar way to the definition in equilibrium thermodynamics and statistical mechanics. Study-
ing how to define the nonequilibrium thermodynamic entropy for a nonequilibrium harmonic
oscillator can be an interesting future work. As another issue, when we summed the thermody-
namic entropy of each harmonic oscillator to define the nonequilibrium thermodynamic entropy
of the total system, we assumed the additivity of the thermodynamic entropy because of the
weak couplings between the system and the harmonic oscillators in the bath. However, if the
couplings are strong, the contribution of the interaction between the system and the harmonic
oscillators in the bath to the nonequilibrium thermodynamic entropy of the total system will
not be negligible. How to incorporate the effect of the couplings is left as our future work.
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Appendix A

Derivation of yﬁl(w 4) in Eq. (4.33)

In this Appendix, we derive 71* (w4) in Eq. (4.33). Let us calculate B2I(t) in Eq. (4.32) as

> al i 9k 3 i 9k 7
Bty =% (e—mwk—wm)thk + ol iy )

k=1
> e Bt BR(wp), (A.1)
wp€{wr—wp/2,—(wr—wp/2)|k=1,...,N}
BR(w. — _ 9k Bil(—(wn — _ kg A
1(wn —wp/2) = T, Bi(=(wr —wp/2)) = by (A.2)

al 9k 7 t9k
B2RI Z( 16—1(wk wp/2)t IR b +1e (wg—wp/2)t 5 bk)

= > e wBt BR(wp), (A.3)
wp€{wr—wp/2,—(wrp—wp/2)|k=1,...,N}
BR(wy, — w,/2) = —i%z}k, BE(—(wp, — w,/2)) = 1be (A.4)

Using these, we calculate 7 5(wa) in Eq. (2.50); its (1,1)-component is given by
M (wa) 227”5 wa — wp)Trp[Bf (wp) BY' ]

= Z Z 20 (wa — wp)Trp

k wB

= Z Z 27T5<WA —(.UB)TI'k

k wp=t(wr—wp/2)

_ ZW wa — (W — wy/2))Trs [gkbk £ By )Ath}

9k 3t | 7\ a
BE (wp) % (8 + B

A

B (wp) % (0] + bt

+ > 28 (wa + (wip — wp/2)) Try {Qbkgk(i;r +b )ﬁ}fh]
k
= 3" 6w — (s — wp/2) Ty [(BLbx + 1))
k
3 T+ o — 2T [
= 5 POk (i(wr) + 1)0(wa — (wr — wp/2)) + Awr)(wa + (Wi — wp/2))]
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R‘l\')

= 3 T (a2 + wa) + 1)0(wp/2 + wa — )
+ n(wp/2 — wa)d(wy/2 —wa — wy)]

n(wp/2 +wya) +1 n(wp/2 —wy)

=I(wp/2 +wa) 5 + I(wp/2 — wa) 5 , (A.5)

where
() = (A0
F( ) = mJ(w), (A7)

Z w—wk

k
and we used
e—ﬁ% Hp —53 Hy,

= T ~ Q] - @ (A9)

Tr [e 5BHB} =1 1T

We can calculate the other components similarly.
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Appendix B

Derivation of our decoherence part
DO (1)] in Eq. (4.49)

In this Appendix, we give a detailed calculation related to the derivation of Eq. (4.49). Let us
calculate the action of @ on |C™*) for n = 0,1 as

CO) = aN2 " (Ja) +|—a))

a

= aNDH(|o) = |—a))
NO+
= o hs ), (B.1)
0,—
afs) =iz lcot), (B2
a|ChT) = aNyt[D(a) — D(=a)] 1)
= Ny [D(a)(a+ @) = D(—a)(a— a)] 1)
= N2 ([D(a) = D(=a)] 0) + a[D(a) + D(=a)][1))
NLE NBT
= €07 + Sve i), (B.3)
Q|Cy™) = aNL~[D(a) + D(—a)] 1)
= N}7[D(a)(@+ @) + D(—a)(a — a)] 1)
=N}~ ([D(@) + D(=)] [0) + a[D(e) = D(=a)][1))
NL- NL-
= o) +a s ), (B.4)
whose Hermitian conjugates are
0,+
(Cot|at = aAN/?L (o], (B.5)
0. —
(o |at = aAN%# (cot], (B.6)
1,4+ 1,4+
(cit|at = %57 (co |+ aNq,, (ci|, (B.7)
N N3~
(Ch|at = G (CO|+a N (cat|. (B.8)




Note that the action of a' and & changes the excitation-number parity and that any two
states with different parities are orthogonal to each other. We calculate A%(0) as

4,k=0
6576?:0
~ (o ey leamyca |+ e+ mfee) en et |
(et valcy) e jow| + (ol ajer) sy
0,— 0,+
= (o o= ) oo Yew| + (o3 + o) oo Hear]
1 1,— 1
[ (o) wage + Sa= (erjar) + ey e Ker
Nt Not N Ny~
+ |3 (c0rler) + o+ T (eilee) + o o Her |
L (Nt N e \/ . -
-3 o (e Hleer)

n=0
+ 2N NI Doy (20) + 2NN Dy (2a)| |G X O
+ [2N2 TN Dy 1(204) — 2NN Do (20)] [Ch Y|
L (N2 (N o \/ N e
I 0 b < ] 9

where in the third equality we have used Egs. (B.1)-(B.8), in the fourth equality we have used
Eq. (3.57) and in the last equality we have used Eq. (3.58). In a similar way, we have

~ (N NIP) 0, 0,— 0,—\/ 0
A0y i B (eycor| - fenYen)

. 1— AfL+ Nat Na™ L+ vTXCVT
—1—1[4./\/0/ Ny D1,0(204)+0‘( Af)é+A;1 ](‘C >< ’ ‘C >< a D

(B.10)
Note that AZ(0) = AR(0) holds. Then, let us calculate AR(£2p) as

Aepm 3 (RN [t el

i fer ey er| s (et saje) ot

_ ;’_ Ni CLF 00+ NZ+ c1-|co-) | lon=Y oo+
NET N N

N NLT NO—
[0t (eurfe) -t dcuvlen) lere e
= N;; —2aNL NI D, o(2) + 2aN2" NPT Dy o(20a) ] ‘Cl ><Cg7+‘
NT
+ [NO + 20N TND ™Dy o(2a) — 2aN2TND Dy o(20) ] ‘Cl+>< ’
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N3
NO—F‘

Af(2p) =i [AN[;; —daNy N0+D1 0(261)1 ‘Oi’_><02’+‘

ehy (e +\ L Na™ \01 Xev, (B.11)

+ 4aNIT N Dy o(20) ] (g (erl (B.12)

lm
Aoym S (AR [

e}}—e?;—m‘p
~ (Ch7|(@f + a)|er ) [ X et + (et @t + a)ch) [et X eh|
- [oi (oarlox) + s + i (cerla) | JeeXew
0,+ 1,— 1
+ [oRa= (carloi) + R + o (o) Jeeex]
1+

= [—2@Né’+N£’D1,O(2a) + xa + 2aNTNE™ Dy o(2a) ] ‘CO ><C’Cly+‘

«

+ lQaNi’NS’JFDl,O(?OZ) = 20N TN ﬂ ‘Cg’+><061¥77‘

Nl
W
= Rz co-Yow| + T s ex]. (B.13)
R N L+

AR(—2p) ~ —i [ Ncgv_ + 404NC{’+N£"D1,0(204)1 fexiap'(eitd
Ni-
|j\/0 +

— 4aN N Dy 0(204)1 corXex. (B.14)

Note that AST(+2p) = AR(F2p) holds
Substituting ws = 0, +2p into 7 5(wa) in Egs. (4.33) and (4.34), we obtain

Bo-r(2)b(2)+1]

b5 (o (o) oG- w)ax). oo
(- iF(“; ) [ (5 -2) e gt (Fro)n(Fe2). @

%F (“;) (B.18)
() - ;F(“;“p){ (F+2)+1] =50 (F-2)a(F-2).  ©w)
R, (—2p) = %F (2—2p)[ (“‘;’“—Qp>+1]—;r<2 +2p) <°‘;”+2p>. (B.20)

. 9.2 _ 2 _
Hereafter we approximate e 2*" ~ () because we assume « >> 1; for example, e 2% ~ 2x 10722,
Then we have

NE (B.21)

Sl
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/2

(Cm*|Cn®) = 6 (B.23)
Dyyn(2a) = 0 (B.24)
AR(0) Oza(]c" XCmt| +|cntXem|) (B.25)
AR0) ~ 0, (B.26)

AR (2p) & |CLX O+ |Crr )| (B.27)
AF@p) ~i(|eh et + e ) en]) (B.28)

AR (—2p) = |Ch YOt +|cat X ea |, (B.29)
AR(—2p) ~ —i (|CO N M| + |cdt X er)). (B.30)

Note that AR(2p) = iAR(2p) and AR(—2p) = —iAR(—2p) holds. We finally arrive at the
following form of the decoherence part in Eq. (4.49):

DGl Y Y Y ARl (A0 ) - A ) A, ) )

wa=0,£2p 5 g=1

= 78,(0) (AR50 AN (0) - S{AN (0)45(0), 430}

+ ot (20) (AR AN (29) - SLA (2) A1 (20), A53(0)})
+alt2p) (AR RO AN 2) - J{AN (20) A8 20), 501}
o 2p) (AR A (29) — LA (20) A5 2), 5000}
() (AR RAO AN (29) — LA (20) 45 20), 2500}

A
+751(—2p)(1211§(—2p)p,4( DA (~2p) — ;{ART( 2p) AT (=2p), A (D)}
+af(-2p) (AB(-20)3 0 AN (~20) — S (AN (~2p) AF(-20), A3 (0)
(A?(—Qp)ﬁi(t)@*(—?p)—;{ART( 2p) AT (=2p), (1)}
(A8 (—20)0 (1) A8 (~20) — S{AY (~2) A5 (~20), P50)}
= 714(0) (AR AN (0) - S{AN (0)45(0), 730}
+ [111(2p) + 1M (2p) — 1721 (2p) + 725(2p)]
< (AR OAT (20) — S{AN (20) A5 (2), 500}
+ [ (=2p) — ima(=2p) + 1751 (=2p) + 725(—2p)]
x (AR (200 AN (~2p) - SLAN (<20 A8 (-20), P30} )

= 28,(0) (AR50 AN (0) - S{AN (0)45(0), 430}

+ 75{2(_229)

)
)
b
b)
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+ 2[4 (2p) + i7'2(2p)]
x (AR OAT (20) — AN 2) AR (20), 500}
+ 20015 (—=2p) — im'y(—2p)]

< (AR (-2)00) AN (—2) - J{AT (~20) A8 (~20), 25(1)})

=1 () [ (2) + 5| (Ar )0 A% 0) - AN O A8 0), A0}
+2F(p—2p>n 2p—2p)
x (AR OAT (20) — AN 2) A5 (20), 500}
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Appendix C

Calculations of 74 in Eq. (5.25) and
0171(()) in Eq. (5.34)

We calculate Z4 in Eq. (5.25) as in
ZA =Tr [eiﬁ%ﬁA}
1
=Tr {exp {—thwl <&1&1 + 2)”
> 1
= e[ (1)
n=0 2
efﬂgfw1/2
T 1 e Ahen
B 1
~ 2sinh(B4hw, /2)°

We calculate 011(0) in Eq. (5.34) as in

011(0) = Tr [p(0){F1, 71}]
= Tr [2p(0)7]
g [ [—3%hwn (afar +3)]
=1Ir ZA

(2ala, + 1+ al* +a?)

(14

2 i( +1>
= — n — | exX
7 9 ) &P

n=0

2 groe [ (n3)
= —— —exp|—xz(|n+ =
ZA = ox P 2 N

(w3

=2 8835 log [2 sinh(x/2)]

8 o
=—2 —log [ E exp
Gx n=0 x:ﬁ%hwl

:E:B%hwl
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Appendix D

Derivation of Eq. (5.30)

In this Appendix, we derive Eq. (5.30) [16, Sec. 5.1.2]. The modified position and momentum
operators introduced in Eq. (5.21) satisfy the canonical commutation relations:

[fj,fk} :inJg for j,k: 1,,2(N+1), (Dl)
where € is given by Eq. (5.31). The total Hamiltonian in the Heisenberg picture is

N+L g N+1

HY(t) = 30 =2 (75 (0 + 735(0)°) + 32 hy (#0751 (1) + 75 (0)755(1))
=1 =2
h . T
= (#7(t)) HE" (), (D.2)
where 77 (t) = Ut (t)#,U(t) for k=1,...,N + 1 and
R R R R R T
#(t) = (710,757 (1), - P ia (1) Pivia(8) (D.3)
Then, the canonical commutation relations in the Heisenberg picture are written as
A, 7 ()] =i for jk=1,...,2(N+1), (D.4)

The Heisenberg equation of motion reads

jtff(t) _1 (HY (8), 71 ()] = ;%: | () Hy 7 (), 7 (1))

_ 1 kz Hey ([# (), 71 ()] #1) + 74 ) [7 (), 71 (1)])

= > Qi (1), (D.5)

where the fourth line follows from the symmetry of H and the anti-symmetry of 2. We recast
Eq. (D.5) in the vector form
d

() = QHE (1), (D.6)
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whose solution is

7 (t) =V(O)F with V(t) =™,

We finally arrive at Eq. (5.30):

ot) =Tr [p(t) {t,i"}] = Tx {ﬁ(o) {fH(t), (f"H(t))TH

4

V(t)a(0)V (1)T.



Appendix E

Derivation of Eq. (5.36)

In this Appendix, we derive Eq. (5.36). The components of 04(t) are written as

) !
o2(t) = Tr [2i3p(1)] , E.2
012(t) = 091 (t) = Tr[(F17y + Pofy)p(1)] (E.3)
with
272 = 2ala, + 1+ al® + a2, (E.4)
272 = 2ala, + 1 —al’> — a2,
PLiy + Pofy = 2i(a}® — a?). (E.6)
Using the commutation relations
[, af] = 1, (B.7)
[, @] = [al, af] = 0, E.8
we obtain
[a],27%) = —2a) — 24y, (E.9)
a1, 272] = 24! + 24y, (E.10)
[alay, 277) = [a1al, 277 = 2al* — 242, (E.11)
[al, 272 = —2al + 2a,, (E.12)
61,272 = —2a} + 24y, (E.13)
[alay, 272) = [a1al, 23] = —2a® + 242, (E.14)
[a], P17 + Foit1] = did, (E.15)
[y, P17 + o] = 4ial, (E.16)
[a1ay, P17o + Pofy] = [a1al, P17y + Pofy] = 4i(a]* + a2) (E.17)

Under the GKSL equation

C‘ftm(t) = T(n(wn) + 1) (2apa(t)al — {alar, pa(t)})

1
+Tii(wr) (2a]pa(t)ar — {araf. pa(t)}) (E.18)
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the time derivative of oy 1(t) is calculated as in

N
o ] | (F.19)

whose solution is

fuwy _ hwy
01 1(t) = coth <2k37—g> +e 2w [01’1(0) — coth (2%7%)]
. R —ort heoy o 2Tt
- [coth <2kBTg> e 4 coth T (1—e)]. (E.20)

Similarly, the time derivative of o95(t) is calculated as in

(
jtaz o(t) = Tr [%j (t)]

Tr [(~2a] +201)21a (1) <—2A*2 +207)pa(0)]
t)— (= 2a 2a7)palt }
= =20 (7(w;) + 1)Tr [(273 — 1)p(t)] + 207wy Tr [(27«2 +1)p(t)]

)P
= —20'Tr [27/3(t)| + 20 [27(w;)

hwl
= -2 |f72 2( ) — coth <2]€BT8> s (E21)

whose solution is

heoq _op hun
Ug’g(t) = coth <2]{;BTg> +e at [O’QQ(O) — coth (2]{}3T§>]

. hwy —2I't hw, —2I't
= [coth (2/€BT2> e “'+ coth Yoy (1 —e ) . (E.22)
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Finally, the time derivative of oy 5(t) is calculated as in

= —2l015(), (E.23)
whose solution is
0'172(t) = 6_2Ft0'172(0) =0. (E24)

Thus, we arrive at Eq. (5.36).
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Appendix F

Every harmonic oscillator is in a Gibbs
state with a time-dependent
temperature

In this Appendix, we show that every harmonic oscillator is in a Gibbs state all the time. As
each harmonic oscillator is in a single-mode Gaussian state with vanishing first moments, its
density operator is totally determined by its covariance matrix (5.33). Since the time evolution
of the covariance matrix is easier to calculate than that of the density operator, we first calculate
the covariance matrix of each harmonic oscillator at time ¢ in the next two paragraphs. Then, in
the last paragraph, using the relation between the density operator and the covariance matrix
in Eq. (F.14), we show that each harmonic oscillator is in a Gibbs state with a time-dependent
temperature 7} (t).

The matrix H in Eq. (5.20) with the elements (5.23) has a form of the following symmetric
block matrix:

wily  gody g3y -+ gniado
goly  wily O .- 0
H= 93]2 0 (,d3[2 . (Fl)
. : . . 0
gn+1la 0 0 wniil

Therefore, the nth power of H has a form of the following symmetric block matrix:

hl,l(n)IQ hl,N+1(n)I2
o" = : : , (F.2)

hl,N+1(n)]2 hN+1,N+1(n)I2

whose elements satisfy

(Hn)Qj—l,Qk—l = (Hn)2j,2k7 (Hn)Qj—l,Qk = (Hn)Qj,Qk—l =0

_ (F.3)
for neN, jk=1....,N+1
The (2n — 1)th and the (2n)th powers of the matrix Q in Eq. (5.31) are given by
Q= (=)™, Q¥ = (-1)"Ihnye for neEN, (F.4)
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where o9 is the (2N +2)-dimensional identity matrix. The matrices H and {2 commute with
each other:

HQ = QH. (F.5)
Using Eqgs. (F.4) and (F.5), we can rewrite V (t) = ¢! in Eq. (5.30) as

V(t) = ™M
o0 ()2n (Ht)Qn oo ()2n—1 (Ht)Qn—l

=2 o T @)

n=0 n=1
o (—1)" (Ht)™"  (=1) 1 (HE) !
RISV N E VD)
n=0 (271)' n=1 (2n - 1)'
= cos Ht + Qsin Ht, (F.6)
whose transpose is
V()" = cos Ht — [sin Ht]$) (F.7)

because QT = —Q. From Eq. (F.3), we find

(cos Ht)Qj—l,Qk—l = (cos Ht)Qj,zka (cos Ht)Qj—l,Qk = (cos Ht)Qj,Qk—l =0,
(sin Ht)2j—1,2k—1 = (sin Ht)Qj,Qk? (sin Ht>2j—1,2k = (sin Ht)Qj,%—l =0 (F.8)
for 5,k=1,...,N+1

As the initial covariance matrix (5.34) is diagonal, each element of o(t) = V (t)o(0)V ()T is
written as

2N+2

oik(t) = Y (cos Ht + Qsin Ht);,01,(0) (cos Ht — [sin Ht]2), (F.0)
I=1 :

for j,k=1,...,2N + 2.

Let us calculate the elements of the covariance matrix of the jth harmonic oscillator (5.33).
We first obtain

2N+2
O9j-12j-1(t) = D (cos Ht + Qsin Ht)y; 1,011(0) (cos Ht — [sin Ht[S2), 55
!

[ V)
Il
-

I
Mz

2
[(cos Ht)y;_y, + (sin HE)y,,| 014(0) [(cos Ht), o5y + (sin HE), |

2 o
+ |l
—_

[(COS Ht)g; 1 9m1 02m—1,2m-1(0) (cos Ht)y,, 1 4i 4

Il
—_

(sin Ht)y, o, T2m,2m (0) (sin Ht)

+1

2m,2j}

z + 3

[(COS Ht)g; 1 om1 02m—1,2m-1(0) (cos Ht)y,, 1 4i 4
=1

+ (sin Ht)2j—1,2m—1 T9m-1,2m-1(0) (sin Ht)2m—1,2j—1} ) (F.10)
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where the second line follows from the form of Q in Eq. (5.31), the third line follows from
Eq. (F.8), and the last line follows from Eq. (F.8) and the form of ¢(0) in Eq. (5.34). Similarly,
we have

2N+2
0252i(t) = Y (cos Ht + Qsin Ht),., 01,(0) (cos Ht — [sin Ht]), .
l

1
2N+2

=2 [(cos Ht),;, — (sin Ht)%l’l} 01,(0) [(cos Ht),,; — (sin Ht)

1,2]'71}
1=1
N+1
=> {(cos Ht)g; o T2m.2m(0) (cos Ht)zm,zj
m=1
+ (sin Ht)2j7172m,1 O2m—1.2m-1(0) (sin Ht)mel,ijl}
N+1
= [(COS Ht)Qj—1,2m—1 O2m—1,2m-1(0) (cos Ht)Qm—l,Qj—l

+

m=1
+ (sin Ht)2j—1,2m71 O2m—1.2m-1(0) (sin Ht)2m71,2j71}
= 09j-1,2j-1(t), (F.11)
IN+2
O2j-1.25(t) = Z (cos Ht + Qsin Ht)Zj—l,l 011(0) (cos Ht — [sin Ht]Q)uj
=1
IN+2
= Z [(COS Ht)2j—1,z + (sin Ht)%l] 01,(0) [(COS Ht)l,?j — (sin Ht)l,Qj_J
I=1
N+1
=> [— (cos Ht)yi 1 51 O2m—12m—1(0) (SN H)y o5 4
m=1
+ (sin Ht)Qj’Qm Tam,2m(0) (cos Ht)mgj}
N+1

= Z [ (cos Ht)yi 1 51 T2m—12m-1(0) (SN Ht)y o5 4

+ (SInHt)y; 1 9,01 2m—1,2m-1(0) (cos Ht)Qm—l,Qj—l}
N+1
= [— (cos Ht)Qj_l,Zm_l Tam—1,2m-1(0) (sin Ht)Qm—LQj—l

+ (sin Ht)Zm_LQj_l Tom—1,2m-1(0) (cos Ht)Qj—l,Qm—l}
0 (F.12)

Y

where the fifth line follows from the symmetry of cos Ht and sin Ht. We thus arrive at
0j(t) = 03j-12j-1(t) 12, (F.13)

which appears in Eq. (5.37) in the main text.

As the jth harmonic oscillator is in a single-mode Gaussian state with vanishing first mo-
ments, its density operator is completely characterized by the covariance matrix in Eq. (F.13)
and has the following form [74]:

p;(t) = A 3 (F.14)



where

£; = (Foj_1,75)" (F.15)

Gj(t) = 2191 COthi1 [O'J(t)lQl] = 2C0th71 [O'Qj,LQj,l(t)] IQ with Ql = (_01 é) ) (F16)

\/det 0'] +IQ \/OQJ 1,2j— 1 — 1. (Fl?)

Let us show that p;(¢) in Eq. (F.14) is a Gibbs state below. The numerator of Eq. (F.14) is
transformed using Eqgs. (F.15) and (F.16) as

1, . 2 _ hw; .
exp [—QI';fGJ(t)I'j:| = exXp [—h% coth 1 [O-Qj—1’2j—l(t)] TJ (sz 1 + T2j)‘| = exp {—Bj(t)H]} s
(F.18)
where
1 2 _ 1 0'2'_12'_1(t)+1
(t) = = th™" [0gj_1.2j1(t)] = —1 I : F.19
0 = g = ot s ()] = o (2220 (F.19)
The trace of the numerator of Eq. (F.14) is equal to the denominator:
L, .
Tr [exp [—erTGj(t)rj” [exp [ ”
1
At A
—Tf[xp{ s (3 + 3|
1
:Zexp[ (t)hwj( +§ ]
_exp [ (1) hw; /2]
1 — exp [—f3;(t) hw]
1
exp [B(t)hw; /2] — exp [, (t)hw; /2]
1
a \/02j1,2j1(t)+1 B \/U2j1,2j1(t)_1
ooj_1.25_1(0)—1 o25-1,25—1(t)+1
1
= 5\/02j—1,2j—1(t)2 —1
= Z;(t), (F.20)

where in the sixth line, we have used Eq. (F.19). Therefore, we have derived Egs. (5.38) and
(5.39):

Zj(t) ) Zj(t):Tr{ -B;(H } \/02] 12j-1(t)% — 1, (F.21)

which shows that the jth harmonic oscillator is in the Gibbs state with the time-dependent
inverse temperature 3;(t).
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Appendix G

The time derivative of the mean energy
of each harmonic oscillator, the bath,
and the interaction

In this Appendix we calculate the time derivative of the mean energy of each harmonic oscillator

so that we can transform the thermodynamic entropy production rate (5.56) to the more easily

calculable form (5.57). We also calculate the time derivative of the mean energy of the bath

and the interaction in order to show in Fig. 5.2 that the interaction energy is negligibly small.
The Heisenberg equations of motions read

d AH i rH ~H &
G0 = [0, (1)] = wirg (1) + 2 ot (G.1)
d i i Agr i N+1
i (6) = 5 (A0, 78(0)] = et (1) = 3 g5 (G2)
d . .
)= i LAY, 7 ()] = w0 + g () for =2, N+1,  (G3)
d o A A .
M= [HH() P)] = —wil () = g#f (1) for j=2,... N+l  (G4)

Then, the time derivative of the mean energy of each harmonic oscillator is calculated as

d d
thA( ) thl( )

_hend

= g

= B S [p(0) {7 (), 7110}

= Ry [A(O) {jtr{f ORH (t)H + o [WO) {ffl(“’ if[(“}]

_ h;“’lTr 5(0) { <w17“2 (t) + ; gjrﬁ(t)) ,ff(t)}]

+ h;ulTr p(0) {Afl(t)a (erz () + f:g gﬁg(t)) H
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N+1
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-+ 71 [wlO'LQ(t) + Z gjal,Qj(t)

=2 Jj=2

eon N+1
=5 wyo21(t) + Z 95021 (%)

N+1
= hwy |wio12(t) + Z 950125 (1)

— hun szj g;01.25 (1), (G.5)
CE1) = " oy 1ayal)
=5 Sy 50 {féuw 50}
- h;"jTr |9(0) { (wiish () + g575' (1)) . 7451 (1) }]
#5050 (0 + 074 10))
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= hw; [wjog1,2j(t) + gj02,2i-1(t)]
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= — jgjal,Qj(t) fOI' j :2,...,N—|—1, (GG)

where the last line follows from

2N+2
0195(t) = Y (cos Ht + Qsin Ht), ;01,(0) (cos Ht — [sin Ht]S), ,;
=1
2N+2
= > [(cos Ht),, + (sin Ht),,| 014(0) [(cos Ht), 5, — (sin Ht), 5, 4]
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2N+2
022j-1(t) = Y (cos Ht 4 Qsin Ht),, 01,(0) (cos Ht — [sin HtS), 55
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2N+2
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— (sin H1), 5,, 1 02m-1,2m-1(0) (cos Ht)2m—1,2j—1}
N+1
= Z { €08 Ht); 5,1 02m—1,2m—1(0) (sin Ht)2m71,2j71

— (sin Ht)l,Qm—l O9m-1,2m-1(0) (cos Ht)Qm—l,?j—l}
= —01.25(1). (G.8)
Inserting Egs. (G.5) and (G.6) into Eq. (5.56), we obtain Eq. (5.57), which we can calculate

from the covariance matrix o(t).
The time derivative of the mean energy of the bath is calculated as

d N+1 d N+1
EEB( ) = Z &Ej(t) = — > Tw;g;o124(1). (G.9)
— =2

From the conservation of the total energy, the time derivative of the interaction energy is
calculated as

d d d N+1
thI(t) = —aEA( ) — &EB(t) = ]Zz:z h(wj - W1)9j01,2j(t)- (G.10)

In Fig. 5.2, we compare dF4(t)/dt in Eq. (G.5), dEg(t)/dt in Eq. (G.9), and dE;(t)/dt in
Eq. (G.10).
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