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Abstract

Massive stars experience a core collapse and end their lives at the final stage of the stellar
evolution. An enormous amount of neutrinos are released from the center and deposits
the energy into the stalled shock wave to help the explosion. Neutrinos have essential roles
in the explosion mechanism through neutrino heating. Neutrino observation from nearby
core-collapse supernovae will help us to enrich our understanding of supernova physics.
However, if neutrino oscillation interchanges different flavors, the flavor-dependent reac-
tions can be modified. This dissertation presents the possibility and the impact of neutrino
oscillation, mainly induced by the neutrino-neutrino interactions, inside the core-collapse
supernovae.

In environments with high dense neutrino medium, such as core-collapse supernovae,
the neutrino self-interaction can not be ignored and induce the nonlinear flavor mix-
ing phenomenon called collective neutrino oscillation. This flavor conversion occurs at
O(10 − 100) km near the proto-neutron star, and the phase space distribution among
each flavor dramatically changes. Therefore, collective neutrino oscillation can poten-
tially affect the neutrino signals, the explosive nucleosynthesis, and the explodability in
core-collapse supernovae. However, the neutrino self-interactions are still poorly under-
stood because the system is a complicated seven-dimensional problem. Many studies
have adopted a simplified description, called the bulb model, to relax the complexity.
Nevertheless, the flavor conversions demonstrate interesting spectral mixing features in
the neutrino energy distribution. The non-trivial behaviors are in the spotlight, and the
studies beyond the bulb model progress rapidly. Collective flavor instability is triggered if
there exists a spectral crossing that the difference in the phase space distribution between
neutrinos and antineutrinos changes the sign at some momentum. Currently, collective
neutrino oscillation can be divided into two flavor instabilities: slow and fast modes. Slow
flavor conversion is induced by a spectral crossing in the energy distribution, while fast
one is by a crossing in the angular distributions.

In this dissertation, we report our studies on the development of slow and fast flavor
conversion, respectively. The flavor evolution strongly depends on the assumption in the
simulation system, and we focus on the dynamics and the symmetry breaking. First, we
introduce the basic bulb model to simplify the neutrino self-interactions and demonstrate
the flavor mixing phenomena. Then, we present the impacts beyond the bulb model.

The bulb model requires isotropic neutrino emission but demonstrates the most straight-
forward slow flavor conversions, called spectral splits that the energy distribution is
swapped only above a critical energy. On the other hand, considering the global ge-



iv Abstract

ometry effects, the collective effects can be suppressed by dense background matter. We
find that collective neutrino oscillation is completely suppressed at all time epochs from
the neutronization burst to the formation of a black hole under the high matter density
profile in a failed supernova model. This model is an extreme case of core-collapse super-
novae, but the suppression behaviors are probably general during the accretion phase. The
neutrino self-interactions need to overcome the matter-induced phase dispersion to exhibit
the collective flavor conversions. The bulb model calls for many assumptions, which in-
hibit the excitation of some flavor instabilities. Therefore, symmetry breaking induces
a new collective instability and gives rise to more precise flavor conversions. Neutrino
states are obtained as ρν(r;Eν , θν) in the traditional bulb model, but for the extended de-
scriptions axial-symmetry breaking (r;Eν , θν , φν) and spatio-temporal symmetry breaking
(t; r,Θ;Eν , θν) are considered. Newly considered flavor instability can potentially over-
come the matter suppression and induce the flavor conversions in the region where the
complete matter suppression appears in the bulb model. Axial-symmetry breaking in
direction provides a multi-azimuthal-angle instability and changes the geometry term of
neutrino emission. We perform the first-ever three-flavor calculation of collective neutrino
oscillation considering three-dimensional momentum space for an electron-capture super-
nova model with an 8.8M⊙ progenitor. By employing a realistic supernova model, not
parametric neutrino properties, we find that the multi-azimuthal-angle instability partly
breaks matter suppression and induces additional collective flavor conversions with three-
flavor effects. Also, the translation symmetry breaking raises spatio-temporal instability
in time and space. The inhomogeneity in time is the most likely to overcome the mat-
ter suppression. Still, we need to investigate the adiabatic growth of collective neutrino
oscillation in detail for a realistic supernova model. In addition to the effects of symme-
try breaking, the consideration of coherent neutrino-nucleus scattering also provides an
impact beyond the bulb model. A small fraction of escaping neutrinos is scattered by
the background nuclei and nucleons, changing the propagation direction. The direction-
changing scattering generates a neutrino halo and makes intersection angles broader. If
inward-scattered neutrinos can not be neglected, it is more challenging to compute the
flavor conversion globally. On the other hand, if the contribution is minor compared to
that from the outwardly propagating neutrino flux, we can treat it safely by extending
the bulb description. We perform the first-ever numerical study of collective neutrino
oscillation considering the neutrino halo for a 9.6M⊙ iron-core progenitor model. In our
iron-core collapse supernova model, inwardly directed components can not be neglected
in the region where the matter suppression is dominant. On the other hand, the outward
contribution is dominant outside the shock front, and we can investigate the effects of
the neutrino halo numerically. We find that halo neutrinos do not overcome the matter
suppression but provide sharper spectral splits and delay the onset of collective neutrino
oscillation.

Above the discussion is within the slow flavor conversion, and the isotropic angular
distribution suppresses the fast instability. Fast flavor conversion is induced by a zero
crossing in the neutrino lepton flavor number (NLFN) angular distribution. The angular
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crossings are generated by various supernova dynamics and can locally excite the fast
instability. In the preshock region of core-collapse supernovae, coherent neutrino-nucleus
scattering forms the angular crossing in the backward direction due to the difference in
the averaged energies between neutrinos and antineutrinos. If we consider the identical
heavy-leptonic flavors νX = ν̄X , the electron lepton number (ELN) crossings induce the
fast instability. On the other hand, in a realistic supernova model, microphysics breaks
the condition, and non-zero µLN and τLN angular distributions appear. Muon production
enhances the ν̄µ emission and provides the strongly negative µLN angular distribution.
We simulate the nonlinear flavor evolution with fast modes for the six-species angular
distributions considering the microphysics. We find that fast instability is excited only in
the e − τ sector and then propagates across the other sectors in the case including the
vacuum mixing term. Also, we find for the first time the development of a cascade on
spatial Fourier space due to the nonlinear mode coupling. Furthermore, we perform the
flavor evolution for three types of angular distributions in a one-dimensional box with the
(t, z, vz) system. We find that a flavor wave excited during the linear phase propagates
toward the positive-z direction and interacts with the backward-moving components. The
nonlinear interference shifts the flavor waves from larger-scale to smaller-scale structures
and establishes flavor equilibrium in space-averaging quantities. The flavor equilibrium
is above or below the crossing direction and resembles the spectral splits in the slow
flavor conversion. The description can be explained using the asymmetry ratio between
neutrinos and antineutrinos. We can categorize the asymptotic behaviors by simulating
fast flavor conversion for three types of angular distributions. In the case that the total
number density of νe exceeds that of ν̄e, fast flavor conversion seems to transfer the angular
distribution from the positive ELN parts to the negative and makes the crossing shallower,
following the global electron-family number conservation. In the case of the ν̄e excess, the
contrary trends occur. If the description is universal, it will provide a crucial hint about
incorporating fast flavor conversion to the core-collapse simulations.
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Chapter 1

Introduction

1.1 Supernova neutrinos
In 1987, a supernova event emerged in the Large Magellanic Cloud at a distance of 50 kpc

from the Milky Way. Neutrinos associated with the supernova event SN1987A were de-
tected at Kamiokande-II [1, 2] in Japan and Irvine-Michigan-Brookhaven (IMB) detector
[3] in the United States, which are both water Cherenkov detectors mainly sensitive to
electron antineutrinos via the inverse-beta decay ν̄e + p → e+n. Electron scattering
ν + e− → ν + e− is also a subdominant process in the detectors. Figure 1.1 shows the
burst events of SN1987A in arrival time detected in the Kamiokande-II and the IMB de-
tector [2]. The observed supernova neutrinos were only about 20 events within 13 seconds
but sufficient for us to confirm our understanding of the stellar physics [4]. Many studies
have estimated supernova properties such as neutrino luminosity, energy, and the emission
duration from SN1987A [5–8]. The duration of electron antineutrinos in Kamiokande-II is38 OBSERVATION IN THE KAMIOKANDE-II DETECTOR OF THE. . . 457
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FIG. 15. Scatter plot of energy and time of the 12 events in
the burst sample observed in Kamiokande-II, and the 8 events
in the burst sample observed in the IMB detector. The earliest
event in the sample of each detector has, arbitrarily but not un-
reasonably, been assigned t =0.

V. SUMMARY AND CONCLUSIONS

The event burst at 7:35:35UT, 23 February 1987, ob-
served in Kamiokande-II, is a genuine neutrino burst.
This is the only burst found in Kamiokande-II during the
period 9 January to 25 February 1987. Intensive analyses
of the Kamiokande-II data of shorter time intervals sur-
rounding 7:35:35 UT have yielded no statistically
significant evidence for another similar burst of perhaps
fewer events, or of an enhanced rate in the lower-energy
region of the background in the detector. We conclude,
therefore that the burst on 23 February 1987 at 7:35:35
UT was the only burst observed in Kamiokande-II.
The properties of the event burst coincide remarkably

well with the current model of the basic nature of type-II

min, the uncertainty arising from the absence of an abso-
lute time calibration source in the Kamiokande-II equip-
ment. It would have been straightforward after
SN1987A to have made an absolute calibration of the
clock in the event time circuit (see Fig. 2) which assigned
a precise relative time to each event, but an abrupt power
outage took place in the Kamioka mine on 25 February
1987, and precluded that alternative measure. If it is as-
sumed, arbitrarily but not unreasonably, that the earliest
events observed by the two detectors coincided in time,
the plot in Fig. 15 is obtained. Figure 15 suggests that
the two observations agree on a cluster of 14 events
within the first 2 sec, and indicates a tailing off of the
remaining 6 events to 12.44 sec.

supernovae and neutron-star formation. The observed
energies of the neutrinos, their number, and type of in-
teraction, in conjunction with the time duration of the
burst, are consistent with the free-fall collapse of the core
of a massive star, and the evaporation within a few
seconds of all flavors of neutrino-antineutrino pairs with
total energy amounting to -3X10 ergs from the newly
born neutron star at temperature kT=4 MeV. To elicit
descriptions and explanations of more specific properties
such as, for example, the time separation of events within
the burst, the time interval between the core collapse, and
the earliest optical sighting, and the possible infiuence of
the bounce of the in-falling massive core and the resul-
tant shock wave on neutrino emission is the subject of
much present theoretical study.
There are two principal conclusions of significance in

elementary-particle physics which may be reached from
the Kamiokande-II neutrino burst data. First, the life-
time of v, and v, must be greater than about
1.7)&10 [m(v, )/E(v, )] yr, taking the distance to the
LMC to be 55 kpc. Second, an upper limit on the mass of
v, and v, may be obtained from the burst data subject to
simplifying assumptions. The totality of attempts to do
so using a variety of assumptions has led to upper-limit
estimates ranging' from a few eV to 24 eV.
The observation in Kamiokande-II and in the IMB

detector of the neutrino burst from SN1987A is the first
direct observation in neutrino astronomy. The coin-
cidence in time with the optical sighting of SN1987A,
and the clarity of the burst signal in the neutrino detec-
tors suggest that future observations in neutrino astrono-
my may well proceed independently of other astronorni-
cal observations. If the expected rate of occurrence of su-
pernovae in the Galaxy, ' i.e., one supernova per 10-20
yr, is roughly correct, the detailed study of neutron-star,
and perhaps even black-hole, formation may become a
reality, providing that adequate neutrino telescopes are
maintained as active instruments over long periods of
time. Clearly, observation of additional neutrino bursts
from supernovae would also contribute importantly to
improved determinations of the intrinsic properties of
neutrinos.
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12.4 s and consistent with the time scale escaping from the proto-neutron star. It means
that produced neutrinos are trapped inside the proto-neutron star through the beta equi-
librium. Furthermore, the averaged neutrino energy was estimated as ∼ 10 MeV and
the total neutrino luminosity as ∼ 3 × 1053 erg. It is roughly the same as the binding
energy of a neutron star, and it suggests that the core collapse of the iron core triggers
the supernova explosion. The observational neutrino properties are consistent with the
prediction from the supernova theory. As mentioned above, neutrinos play essential roles
in the explosive mechanism, and the observation in the future would further enrich our
understanding of core-collapse supernovae. We use natural units and set ℏ = c = 1 in this
dissertation unless indicated otherwise.

1.2 Stellar evolution
Stars preserve themselves by the inner pressure competing against the gravitational con-
traction. If the mass is heavier than 0.08M⊙, the central temperature reaches Tc ∼ 107 K,
and the energy production contributes the thermal pressure through the nuclear burning
of hydrogen to helium. The reaction sequence of hydrogen (H) burning is called the pp

chain, and electron antineutrinos are emitted as the by-products. Neutrinos from the Sun
have been observed in some detectors and enable us to monitor current solar activity,
which light cannot. Stars keep staying on the main sequence in the Hertzsprung-Russell
diagram during stable H-burning. When hydrogen in the core is exhausted, the central
helium (He) core shrinks due to the self-gravity, and the star evolves away from the main
sequence. If the central temperature increases to 108 K, He-fusion called the triple-alpha
process occurs in the core. On the other hand, a star that is not massive enough to ignite
He-core continues to shrink until prevented by electron degeneracy pressure and even-
tually ends as a white dwarf. Hydrostatic equilibrium for non-degenerate gases roughly
requires the following relation between the central temperature and central density,

T 3
c ρ

−1
c ∝ M2

c ∼ constant. (1.1)

In other words, more massive stars with heavier cores are hotter and are allowed to
proceed to the next burning stage. The dependency on the initial mass in evolution paths
is well described in Fig. 1.2. Blue curves are stellar evolution tracks for each mass range,
and colored regions represent instability processes through which the stars lead to death.
The nuclear burning stops inside relatively lighter stars with ≲ 8M⊙, and they evolve
to white dwarfs. More massive stars pass the several burning stages and finally run into
hydrodynamically unstable regions inducing gravitational core collapse. The death of
stars is strongly sensitive to the initial mass.

1.2.1 Electron capture

After He-fusion, C-burning subsequently occurs in more massive stars with ≳ 8M⊙, and
oxygen-neon-magnesium (O-Ne-Mg) cores are produced in the center. The stellar interior
reaches electron degeneracy as seen in yellow dashed-lines of Fig. 1.2 and the self-gravity
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Figure 1
Stellar death regions with schematic stellar evolution tracks in the plane of central density (ρc) and central
temperature (Tc). Colored death regions are labeled by the instability process causing the collapse of the
stellar core, and the blue tracks are labeled by the corresponding rough birth-mass range of objects reaching
the different stages of central burning (red dashed lines). The yellow diagonal lines mark the beginning of
degeneracy (short-dashed line) and strong degeneracy (long-dashed line) of the electron plasma. Note that
realistic stellar tracks exhibit wiggles and loops when the ignition of the next burning stage is reached and the
stellar core adjusts to the new energy source (20).

2.1. Electron-Capture Supernovae
The lowest-mass progenitors of CCSNe develop oxygen-neon-magnesium (O-Ne-Mg) cores
through carbon (C) burning (21, 28, 29) but reach electron degeneracy before hydrostatic Ne
burning can be ignited. Due to the low reaction thresholds of Ne and Mg, the increasing electron
Fermi energy enables electron captures (Figure 1), triggering gravitational collapse and resulting
in an electron-capture SN (ECSN). Solar-metallicity stars3 with a mass of 9 to 9.25 M ! are
estimated to have that fate (29), but the mass window is expected to shift and widen for lower
metallicities (30) and in binary systems with mass loss or transfer (31), so ECSNe could contribute
20–30% of all SNe (32, 33).

Because of the extremely steep density decline in a thin C-O shell (∼0.1 M ! between approx-
imately 3 × 104 g cm−3 and 4 × 108 g cm−3) at the edge of the O-Ne core (Figure 2), these stars

3The metallicity Z is the total mass fraction of chemical elements heavier than He in the matter from which the star was
formed. The solar value has been determined to be 0.016.
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Figure 1.2. Schematic stellar evolution paths in the plane of central density ρc and cen-
tral temperature Tc. Colored regions indicate instability processes inducing
core collapse and yellow dashed-lines represent thresholds to reach electron
degeneracy. (Republished with permission from Annual Reviews, Inc., from
Ref. [9]; permission conveyed through Copyright Clearance Center, Inc.)

is partly supported by electron degeneracy pressure before Ne-burning. However, stars in
a narrow mass window 8M⊙ ≲ M ≲ 9M⊙ experience electron-capture process e− + p →
n+ νe with protons in nuclei and free electrons (blue region in Fig. 1.2). In the core, two
reactions mainly occur as follows: 20Ne+ e− → 20F+ νe and 24Mg+ e− → 24Na+ νe [10].
The condition satisfies that electron energy is above the Q-values for the electron capture
reactions. The electron energy is roughly given by the Fermi energy of the relativistic
degenerate electron,

µe =
√

p2F +me ∼
(
3π2ne

)1/3
= 11 MeV

(
ρYe

1010 g cm−3

)1/3

, (1.2)

where pF is the Fermi momentum and depends only on the electron density. The Fermi
energy at the central density ρc ∼ 1010 g cm−3 is clearly over the Q-values for the electron
capture reactions in the core [11]. Since the electron capture process reduces the electron
degeneracy pressure and compresses the core, it enhances the electron capture reactions



4 Chapter 1 Introduction

further. Consequently, once electron capture reactions become possible, the core becomes
hydrodynamically unstable and results in core collapse. Stars in this mass range lead to
electron-capture supernovae and leave neutron stars behind [10, 12–18].

1.2.2 Photo-dissociation

Massive star with ≳ 9M⊙ ignites the O-Ne-Mg core and finally forms an iron (Fe) core
after passing several burning stages. Iron is a nucleus with the maximum binding energy
per nucleon and stars can not proceed to the next nuclear burning stage. The Fe-core is
mainly supported by the electron degeneracy pressure, not nuclear burning. Inert iron
elements accumulate in the center, and the self-gravity heats the Fe-core to the central
temperature Tc ∼ 5× 109 K. Under the environments, the dissociation of Fe-group nuclei
to α particles and free nucleons by thermal photons,

56Fe + γ → 134He + 4n (1.3)
4He + γ → 2p+ 2n, (1.4)

is favored and abrupt core contraction occurs. Since the Fermi energy µe of the degen-
erate electrons also rises as the central density increases, electron capture process for
Fe-group nuclei, e.g., 56Fe + e− → 56Mn+ νe, proceeds and accelerates the core collapse.
Photo-dissociation makes the core hydrodynamically unstable and triggers core-collapse
supernovae, similar to electron capture supernovae. More detailed descriptions of the
mechanism leading to the successful explosion will be reviewed in Sec. 1.3.

1.2.3 Electron-positron pair instability

The core of stars above 100M⊙ becomes hydrodynamically unstable through electron-
positron pair creation at the central temperature ≳ 109 K and central density
≲ 106 g cm−3 (orange region in Fig. 1.2) [19, 20]. The pair creation follows as

2γ → e− + e+ (1.5)

and the thermal energy of photons is converted into the rest-mass energy of e−e+. There-
fore, the thermal pressure loses due to the energy absorption, and the stellar core becomes
hydrodynamically unstable. The gravitational contraction compresses the core, and hence
the thermal absorption rate increases further. The runaway process induces the core col-
lapse. The core collapse increases the central temperature and ignites carbon, neon, and
oxygen. Whether the thermal pressure from the explosive nuclear fusions exceeds the
binding energy of stars themselves determines the final fates.

Stars with 100M⊙ ≲ M ≲ 140M⊙ are predicted to induce the pulsational pair-
instability supernovae [21–24]. Electron-positron pair creation causes strong pulsation
and mass loss but is insufficient to explode the progenitor. The stars form iron cores and
lead to supernova explosions like normal core-collapse supernovae. Hence, the pulsational
pair-instability supernovae leave a black hole as a compact remnant. Also, for stars above
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260M⊙, even the explosive O-burning can not hinder the sudden core contraction, and
the stars lead to direct collapse into black holes.

In stars between 140 and 260M⊙, the explosion called pair-instability supernovae takes
place in the end [21, 25–29]. Since the energy released from the runaway nuclear burning
is enough to disrupt the whole star, no compact remnant is left behind. This mass range
is attributed to gaps in the mass distribution of stellar black holes and is often called the
pair-instability black hole mass gap [30].

1.3 Core-collapse supernovae
As mentioned in Sec. 1.2.1 and 1.2.2, electron capture and photo-dissociation at high tem-
perature and high density makes the stellar core hydrodynamically unstable and triggers
core collapse. The core collapse accelerates electron capture reactions in both cases and
increases the number of neutrons inside the core. The stellar core forms a proto-neutron
star through the process and should lead to a black hole if the core contraction continues
without end. However, the neutronization and the matter accretion are hindered by neu-
trino trapping and core bounce. The detailed explosion scenario will be reviewed in the
following sections.

1.3.1 Neutrino trapping

Electron neutrinos are emitted through electron capture reactions and can easily escape
from the core just before the core collapse. The central density also rises as the neutron-
ization of the stellar core proceeds, and hence the core is opaque to electron neutrinos
when matter density is above ρ ≳ 1011 g cm−3. The opacity is mainly contributed to
coherent neutrino-nucleus scatterings νe+A → νe+A, with a nucleus A(Z,N) with total
nucleons A, proton number Z, and neutron number N . The differential cross section of
neutrinos through coherent scatterings off nucleus A(Z,N) is to leading order [31–34],

dσ

dΩ
(Eν , (A,Z)) =

G2
FE

2
ν

4π2

[
−2Z sin2 θW +

Z −N

2

]2
(1 + cos θ) (1.6)

=
G2

FE
2
ν

16π2
A2

[
1− 2Z

A

(
1− 2 sin2 θW

)]2
(1 + cos θ), (1.7)

where θW is the Weinberg angle. The cross section roughly depends on the square of
neutrino energy Eν and total nucleons A from Eq. (1.7). Since the electron degeneracy
pressure supports Fe-core at the core collapse, the energy of electron neutrinos produced
by the electron capture reactions are approximately estimated by the Fermi energy of
degenerate electrons. When electron Fermi energy µe is much larger than the absolute Q
values, the energy of electron neutrinos is given by [11].

Eνe ≈ 5

6
µe =

5

6

(
3π2 ρYe

mu

)1/3

= 7.2 MeV

(
ρ

1010 g cm−3

)1/3(
Ye

26/56

)1/3

. (1.8)
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Then, the mean free path of electron neutrinos inside the iron (26
56Fe) core is

lmfp =
1

nAσ
=

4π

G2
FE

2
νe

mu

ρA

[
1− 2Z

A

(
1− 2 sin2 θW

)]−2

(1.9)

= 5.2× 102 km

(
ρ

1010 g cm−3

)−5/3

. (1.10)

The radius of Fe-core is a few 1000 km and the mean free path is shorter than the core.
Therefore, even electron neutrinos are scattered and diffuse inside the Fe-core. The dy-
namical timescale for the core collapse is

τdyn ≡ 1√
Gρ

= 12 ms

(
ρ

1011 g cm−3

)−1/2

. (1.11)

On the other hand, the diffusion timescale of neutrinos from the core Rcore is

τdiff ≡ 3R2
core

lmfp
= 30 ms

(
ρ

1011 g cm−3

)
, (1.12)

where we take the core radius as

Rcore =

(
3Mcore

4πρ

)1/3

= 1.8× 102 km

(
ρ

1011 g cm−3

)−1/3

(1.13)

and the core mass is the Chandrasekhar mass without finite temperature correlation [35,
36]

Mcore ≃ 1.46M⊙

(
Ye

0.5

)2

= 1.26M⊙

(
Ye

26/56

)2

. (1.14)

Therefore, diffusive electron neutrinos are completely trapped in the collapsed core when
the central density exceeds 1011 g cm−3. The optical depth of neutrinos is defined by

τν(r) =

∫ ∞

r

dr

lmfp
(1.15)

and the radius Rν satisfying τν = 2/3 is particularly called a neutrino sphere [37]. The
trapped neutrinos only leak out of the neutrino sphere little by little. Electron neutrinos
freely escape with the lepton number from the core before the neutrino trapping. However,
once electron neutrinos are trapped, the beta equilibrium µe+µp = µn+µνe

is established
in the core and the neutronization is also suppressed.

1.3.2 Core bounce and neutrino heating

After the neutrino trapping, the central density continuously rises due to the core collapse.
When the core reaches a nuclear density ρc ∼ 1014 g cm−3, it is suddenly supported by
repulsive nuclear forces, and the collapse is stopped. The core bounce creates a shock
wave between the boundary, pushing the free-falling outer core outward. The shock wave
propagates through the outer core with the dissociation of nuclei A into free nucleons
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p/n. The process reduces the cross section ∝ A2 of coherent scatterings and releases
electron neutrinos trapped inside the neutrino sphere. Also, the dissociation breaks the
beta equilibrium in the core and resumes electron capture reactions. Consequently, a large
amount of electron neutrinos is released when the shock wave reaches the neutrino sphere,
and it exhibits the rapid increase of electron neutrino luminosity called the neutronization
burst.

The explosion succeeds if the shock wave can reach the photosphere of the progenitor.
However, the shock wave gradually loses the kinetic energy while propagating through
the accreting matter outwardly. In addition to wasting the kinetic energy to dissociate
the Fe-group nuclei in the accreting matter with lower entropy, the shock wave also loses
the thermal energy by electron neutrinos from the electron capture reactions behind the
shock front. The shock wave completely stalls at a radius of ∼ 200 km. If the stalled
shock wave can not revive after that, the outer core keeps to accrete onto the proto-
neutron star in the center, and the progenitor fails to explode. The thermal energy
stored in the inner core is newly deposited into the stalled shock wave by the mechanism
called neutrino heating [38]. Shock propagation raises the temperature and decreases the
density, reducing electron degeneracy in the post-shock region. This effect induces several
reactions associated with neutrino emissions. In such a matter profile, the thermal energy
is converted into electron-positron pairs, 2γ → e− + e+. The appearance of positrons
causes the positron-capture reaction and emits electron antineutrinos,

e+ + n → p+ ν̄e. (1.16)

Also, all species of neutrinos are produced by the electron-positron annihilation, nucleon-
nucleon breamsstralung, and neutrino-antineutrino annihilation:

e− + e+ → να + ν̄α (1.17)

N +N → N +N + να + ν̄α (1.18)

να + ν̄α → νβ + ν̄β . (1.19)

Note that the third process can convert electron/positron capture neutrinos into the non-
electron type flavors. Heavy-leptonic flavor neutrinos νX are created only through these
three reactions and µ/τ -capture processes do not occur. However, Bollig et al. has sug-
gested that muon creation enhances neutrino emission and induces faster core contraction
so that it can play non-negligible roles on the neutrino heating [39]. More detailed in-
vestigations on the microphysics are required to enrich our understanding of supernova
physics.

A small fraction of electron-type neutrinos emitted from the center is absorbed in nu-
cleons behind the stalled shock wave:

νe + n → e− + p (1.20)

ν̄e + p → e+ + n. (1.21)

The thermal energy in the center is transferred into the cold matter behind the stalled
shock wave through the neutrino absorption. The energy deposition through the neutrino
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heating process is sufficient for the stalled shock wave to revive, and the scenario is called
a delayed explosion. In the region between the neutrino sphere and the stalled shock
wave, both neutrino absorption and emission reactions occur. The area where the net
energy balance is positive is called a gain or heating region, while for the negative is a
cooling region. The radius at which heating and cooling rates with neutrinos are balanced
is called a gain radius and is located at Rg ∼ 100 km [40]. While the shock radius is
outside the gain radius, the neutrino heating from the proto-neutron star in the center
is effective. However, the stalled shock radius shrinks due to the accreting matter as
time passes, and if the neutrino-driven shock revival is not in time, the progenitor fails
to explode. Recently, the multi-dimensional effects that supports the delayed explosion
scenario have been investigated [41], e.g., the neutrino-driven convection [42, 43] and
the standing accretion shock instability (SASI) [44]. In addition, the possibility that
neutrino flavor conversion can directly enhance the neutrino heating rates has been actively
discussed (e.g., Ref. [45]). The feedback of the flavor mixing to the explosive physics
remains to be explored.

1.4 Overview for neutrino oscillation
Neutrinos (νe, νµ, ντ ) are mostly created in pairs with charged leptons via the charged-
current weak interaction. They are called weak eigenstates or flavor eigenstates, and are
not always identical to mass eigenstates (ν1, ν2, ν3) in general. The discrepancy between
weak eigenstates and mass eigenstates in the weak interaction has been found in the
weak decay of quarks. Transitions across generation such as s → u are indeed seen in
kaon decay K+ → π+π0 and the phenomena were explained as the linear combination
between the mass eigenstates by introducing the Cabbibo angle [46]. Subsequently, the
theory was generalized into the three-generation case and has supported the experimental
results on the CP violation in K0 systems [47]. The unitary transformation is called
the Cabbibo-Kobayashi-Masukawa (CKM) matrix and connects the mass eigenstates of
down-type quarks (d, s, b)T with the weak eigenstates. This mechanism is responsible for
the flavor-changing weak interaction and the CP violation in N ≥ 3 generation. Neutrino
oscillation was proposed in analogy with the mixing of quarks [48, 49].

1.4.1 Neutrino oscillation in vacuum

If neutrinos are not massless particles, neutrinos can experience the flavor mixing similar
to quarks. Flavor eigenstates |να⟩ are described by the coherent superposition of mass
eigenstates |νi⟩: νe

νµ

ντ

 = U

ν1

ν2

ν3

 . (1.22)
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The unitary transformation U is the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix
[51],

U = R23(θ23)R13(θ13)R12(θ12)

=

1 0 0

0 c23 s23

0 −s23 c23


 c13 0 s13e

−iδCP

0 1 0

−s13e
iδCP 0 c13


 c12 s12 0

−s12 c12 0

0 0 1

 (1.23)

=

 c12c13 s12c13 s13e
−iδCP

−s12c23 − c12s13s23e
iδCP c12c23 − s12s13s23e

iδCP c13s23

s12s23 − c12s13c23e
iδCP −c12s23 − s12s13c23e

iδCP c13c23

 , (1.24)

where cij = cos θij and sij = sin θij denote mixing angles, and δCP is the CP-violating
phase. The PMNS matrix transforms neutrino mass eigenstates |νi⟩ into flavor eigenstates
|να⟩. The discrepancy between propagating states and weak-interaction states leads to
flavor mixing. Table 1.1 represents up-to-date neutrino mixing parameters determined by
the underground experimental data [50]. ∆m2

ij = m2
i −m2

j is a squared-mass difference.
Currently, neutrino mass ordering has not been fixed yet and two possible scenarios are
considered on the sign of ∆m2

32 as shown in Fig. 1.3. The positive sign is the normal mass
ordering, m1 < m2 < m3, and the negative is the inverted mass ordering, m3 < m1 < m2.

In the description of massive neutrinos, lepton flavor is no longer conserved in neutrino
propagation. The violation phenomenon is called neutrino oscillation, but it still preserves
the total lepton number conservation. Here, we introduce the oscillation phenomena in the
two-generation case. In the two-generation case, the discrepancy between mass eigenstates
and flavor eigenstates is simply expressed as(

νe

νµ

)
=

(
cos θ sin θ

− sin θ cos θ

)(
ν1

ν2

)
. (1.25)

Hamiltonian of the mass eigenstates in vacuum is diagonalized and the energy eigenvalues
are in the ultra-relativistic limit

Ei =
√
p2 +m2

i ≈ p+
m2

i

2p
(1.26)

Neutrino mixing parameters

sin2(θ12) 0.307± 0.013

∆m2
21 (7.53± 0.18)× 10−5 eV2

sin2(θ23) 0.539± 0.022 (Inverted)

0.546± 0.021 (Normal)

∆m2
32 (−2.524± 0.034)× 10−3 eV2 (Inverted)

(+2.453± 0.033)× 10−3 eV2 (Normal)

sin2(θ13) 0.0220± 0.0007

δCP 1.36+0.20
−0.16π rad

Table 1.1. Neutrino mixing parameters in Particle Data Group 2020 [50].
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Figure 1.3. Two scenarios for neutrino mass ordering. It is still unknown whether m2
3 is

heavier or lighter than the other two mass eigenstates. Left mass ordering
is called normal and right is inverted. (Republished with permission from
IOP Publishing, Ltd, from Ref. [52]; permission conveyed through Copyright
Clearance Center, Inc.)

The equation of motion for the flavor eigenstates is

i
d

dt

(
νe

νµ

)
= U

(
E1 0

0 E2

)
U†

(
νe

νµ

)
(1.27)

=

[(
E 0

0 E

)
+

(
−∆E cos 2θ ∆E sin 2θ

∆E sin 2θ ∆E cos 2θ

)](
νe

νµ

)
, (1.28)

where E = (E1 + E2)/2 and ∆E = (E2 − E1)/2. The first term is a common phase and
does not affect the flavor evolution. Here, in assuming neutrinos with same momentum
pi = p, the energy difference is given by

∆E =
m2

2 −m2
1

4p
≈ ∆m2

4E
≡ ω

2
, (1.29)

where ω is a vacuum frequency. Then, the equation of motion is simply expressed as

i
d

dt

(
νe

νµ

)
=

ω

2

(
− cos 2θ sin 2θ

sin 2θ cos 2θ

)(
νe

νµ

)
. (1.30)

The solutions are(
νe(t)

νµ(t)

)
=

(
cos
(
ωt
2

)
+ i cos 2θ sin

(
ωt
2

)
−i sin 2θ sin

(
ωt
2

)
−i sin 2θ sin

(
ωt
2

)
cos
(
ωt
2

)
− i cos 2θ sin

(
ωt
2

))(νe(0)

νµ(0)

)
. (1.31)

Therefore, the transition probability of electron neutrinos is

Pνe→νµ
= |⟨νe | νµ(t)⟩|2 = sin2 2θ sin2

(
ωt

2

)
. (1.32)
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Figure 1.4. Transition probability Pνe→νµ as a function of travel distance L. We adopt θ13
and ∆m2

32 as oscillation parameters in the normal mass ordering in Table. 1.1.

Using neutrino travel distance L = tc = t, we can evaluate the typical oscillation length:

ω

2
Ltyp = π ⇒ Ltyp =

2π

ω
= 2.48× 101 km

(
E

10 MeV

)(
10−3 eV2

∆m2

)
. (1.33)

The amplitude depends only on the mixing angle θ and the wavelength on the neutrino
energy and the squared-mass difference ∆m2. Figure 1.4 shows the transition probability
Pνe→νµ for neutrinos with 10 MeV as a function of travel distance L. By counting neu-
trinos with different travel distances, we can experimentally determine the squared-mass
difference.

Figure 1.5 shows the zenith angle distribution of atmospheric neutrinos detected in
Super-Kamiokande [53]. Atmospheric neutrinos are products associated with the air
shower induced by the collision between cosmic rays and nuclei in the upper atmo-
sphere. Mainly, the production processes are pion decay π+ → µ+ + νµ and muon decay
µ+ → e+ + ν̄µ + νe. Neutrinos generated by the atmosphere above the detector travel
about 15 km, while neutrinos going down to the detector through the Earth travel about
13000 km. Therefore, the zenith angle distribution of incident neutrinos corresponds to
the travel distance from the atmosphere into the detector. The atmospheric neutrinos
undergo neutrino oscillation until reaching a neutrino detector from the atmosphere. The
oscillation phase depending on the travel distance appears in the zenith angle distribution
of the observed counts in Fig. 1.5.

1.4.2 Neutrino oscillation in medium

In the previous section, we focus only on the case that neutrinos propagate in vacuum and
ignore the effects from background matter. In fact, neutrinos travel through the medium
such as the Sun and the envelope of supernovae and interact with the background elec-
trons, protons, and neutrons. Neutrinos are scattered via Z0 boson and W± bosons, and
they are called neutral- and charged-current interactions, respectively. The left and mid-
dle panels in Fig. 1.6 shows the Feynman diagrams of neutrino-electron scatterings. We
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Figure 1.5. Zenith angle distribution of µ-like events for multi-GeV data sets. The ob-
served number of muon neutrinos incoming through the Earth, Θ < 0, is less
than the expected number in ignoring the vacuum oscillation (shaded region).
(Reprinted figure from Ref. [53]; copyright (1998) by the American Physical
Society.)
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Figure 1.6. Neutral-current (left) and charged-current (middle) interactions with elec-
trons. Right panel shows the diagram in the mean-field approximation for
the background electrons.

need to consider the coherent forward scattering in the equation of motion for propaga-
tion in medium. Neutral-current process is flavor blind and just provides an overall phase
shift. On the other hand, charged-current process with electrons is for only electron neu-
trinos and the asymmetry for the flavor interactions induces the modification of vacuum
oscillation. To treat the scattering process, we adopt the mean-field approximation for
the background electrons [54]. Right panel in Fig. 1.6 is the corresponding mean-field dia-
gram averaging over electrons in background. Then, the coherent forward scattering just
becomes a potential from the background and the Hamiltonian for propagation through
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matter is

H = U
1

2E

m2
1 0 0

0 m2
2 0

0 0 m2
3


mass

U† +


√
2GFne 0 0

0 0 0

0 0 0


flavor

. (1.34)

The second term comes from the matter potentials and changes the effective neutrino
masses. We can obtain the effective masses by diagonalizing the Hamiltonian in the flavor
basis. In the two-generation case, the time evolution for the flavor eigenstates is recast as

i
d

dt

(
νe

νµ

)
=

(
−ω

2 cos 2θ +
√
2GFne

ω
2 sin 2θ

ω
2 sin 2θ ω

2 cos 2θ

)(
νe

νµ

)
(1.35)

= Ũ

(
λ1 0

0 λ2

)
Ũ†

(
νe

νµ

)
(1.36)

=
∆m̃2

4E

(
− cos 2θ̃ sin 2θ̃

sin 2θ̃ cos 2θ̃

)(
νe

νµ

)
, (1.37)

where Ũ is the PMNS matrix in matter composed of the effective mixing angle θ̃, ∆m̃2 is
the effective squared-mass difference, and the energy eigenvalues λi are

λ =

√
2

2
GFne ±

√√√√(√
2

2
GFne −

ω

2
cos 2θ

)2

+
(ω
2

)2
sin2 2θ. (1.38)

Equation (1.37) is a form after transforming to a traceless matrix for the Hamiltonian
in vacuum and removing the common phase. Therefore, the relation between neutrino
masses and the energy eigenvalues is

m̃2
i =

m2
1 +m2

2

2
+ 2Eλi. (1.39)

The effective squared-mass difference can be given by

∆m̃2 =

√(
2
√
2GFneE −∆m2 cos 2θ

)2
+ (∆m2 sin 2θ)

2

= ∆m2

√(√
2GFne/ω − cos 2θ

)2
+ sin2 2θ. (1.40)

And the effective mixing angle is

sin 2θ̃ =
sin 2θ√(√

2GFne/ω − cos 2θ
)2

+ sin2 2θ

. (1.41)

Figrue 1.7 shows the effective neutrino mass m̃2
i −m2

1 (left) and the effective mixing angle
θ̃ (right) as a function of matter density ρYe. The low-density limit means each oscillation
parameter in vacuum. The energy levels for the propagation eigenstates cross and the
effective squared-mass difference m̃2 becomes minimum at a critical density ρcrit as shown
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Figure 1.7. Effective neutrino mass m̃2
i − m2

1 (left) and effective mixing angle θ̃ (right)
for neutrino energy 10 MeV as a function of matter density ρYe

.

in the left panel of Fig. 1.7. The level crossing is called the Mikheyev ‒ Smirnov ‒
Wolfenstein (MSW) resonance [55, 56]. The critical electron number density is

ne,crit =
ω cos 2θ√

2GF

, (1.42)

and then the effective mixing angle becomes maximum sin 2θ̃ = 1. In the high-density
limit, ne ≫ ne,crit, the effective mixing angle approaches π/2 and the flavor basis is
orthogonal to the mass basis in matter:(

νe

νµ

)
=

(
0 1

−1 0

)(
ν̃1

ν̃2

)
. (1.43)

Electron neutrinos become heavier via the charged-current interaction with electrons, and
then νe is identical to ν̃2. On the other hand, ν2 = νe sin θ + νµ cos θ in vacuum and is
almost νµ for θ = θ13 ∼ 0.15. Therefore, ν2 produced at a dense region changes from νe

to νµ along the upper branch (solid orange line) in the left panel of Fig. 1.7. Then, the
survival probability of electron neutrinos produced at a dense region ne ≫ ne,crit is

Pνe→νe
= |⟨νe | ν2⟩|2 = sin2 θ ∼ 0.022 for θ = θ13. (1.44)

This means that the flavor eigenstates are significantly mixed through the MSW resonance.
In the above discussion, we have assumed the adiabatic transition around the level

crossings. If the density gradient is too steep around the level crossings, the mass eigen-
states can jump the energy gap ∆m̃2

res. Then, ν̃2 undergoes the transition to ν̃1 beyond
the level crossings and continues to be almost νe along the lower branch (blue solid line)
in the left panel of Fig. 1.7. The condition where such a adiabatic transition occurs can
be evaluated from the transition time scale and the energy gap as

δE × δt ≫ ℏ. (1.45)
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The transition time scale is

δtres =
δr

c
=

(
dr

dne

δne

) ∣∣∣∣∣
res

=

(
dr

d lnne

δne

ne

) ∣∣∣∣∣
res

∼
(

dr

d lnne

) ∣∣∣∣∣
res

sin 2θ

cos 2θ
(1.46)

from Eq. (1.41). Therefore, the adiabatic condition is written

γ ≡ ω
sin2 2θ

cos 2θ

dr

d lnne

≫ 1. (1.47)

Using the adiabaticity parameter γ, we can rewrite the survival probability in Eq. (1.44)
for a general case [57, 58] as

Pνe→νe
=

1

2
+

(
1

2
− Pf

)
cos 2θ cos 2θ̃, (1.48)

with a probability

Pf = exp
(
−π

2
γ
)
. (1.49)

In the high-density limit ne ≫ ne,crit, the survival probability reduces to

Pνe→νe
= sin2 θ + Pf cos 2θ (1.50)

and agree with Eq. (1.44) when satisfying the adiabatic condition.
In the three-flavor framework, the mechanism of the MSW resonance is similar to the

two-flavor approximation. The rotation in the sub-basis (νµ, ντ ) through the mixing angle
θ23 does not affect the MSW effects unless we consider heavy charged leptons. Hence, we
adopt the rotated system of (e− x− y) flavor basis instead of (e− µ− τ) as

(νe, νx, νy)
T
= R†

23(θ23) (νe, νµ, ντ )
T (1.51)

= R13(θ13)R12(θ12) (ν1, ν2, ν3)
T
. (1.52)

This convention enables us to separately pick the flavor mixing associated with the atmo-
spheric ∆m2

32 and the solar squared-mass difference ∆m2
21 like as the two-flavor case. The

Hamiltonian for the flavor basis (e, x, y) in matter is diagonalized by the effective PMNS
matrix as

H = U
1

2E

0 0 0

0 ∆m2
21 0

0 0 ∆m2
31

U† +


√
2GFne 0 0

0 0 0

0 0 0

 (1.53)

= Ũ
1

2E

k1 0 0

0 k2 0

0 0 k3

 Ũ†, (1.54)

where ki is a mass eigenvalue in matter. The concrete expressions for ki are [59–63]

k1 =
1

3
s− 1

3

√
s2 − 3t

[
u+

√
3 (1− u2)

]
(1.55)

k2 =
1

3
s− 1

3

√
s2 − 3t

[
u−

√
3 (1− u2)

]
(1.56)

k3 =
1

3
s+

2

3

√
s2 − 3t, (1.57)
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where coefficients s, t, and u are given by

s = ∆m2
21 +∆2

31 + a (1.58)

t = ∆m2
21∆

2
31 + a

[
∆m2

21

(
1− s212c

2
13

)
+∆m2

31 (1− s13)
]

(1.59)

u = cos

[
1

3
arccos

(
2s3 − 9st+ 27a∆m2

21∆m2
31c

2
12c

2
13

2 (s2 − 3t)
3/2

)]
, (1.60)

where a = 2
√
2GFneE. Figure 1.8 shows the energy levels in both the normal (left) and

inverted (right) mass ordering as a function of matter density ρYe. The part of negative
matter density corresponds to the channels for antineutrinos. The two level crossings
are called the H- and L-resonances at higher and lower densities respectively. The H-
resonance is associated with the atmospheric squared-mass difference ∆m2

32(31), while the
L-resonance is associated with the solar squared-mass difference ∆m2

21. In particular, the
large MSW mixing occurs in the antineutrino channel because the H-resonance depends
on the mass ordering. The critical density for each resonance is similarly given by

ρHcrit =
1√
2GF

∣∣∆m2
32

∣∣
2Eν

mp

Y e
cos 2θ13 ∼ 3× 103 g/cm3

(
10 MeV

Eν

)(
0.5

Y e

)
(1.61)

ρLcrit =
1√
2GF

∆m2
21

2Eν

mp

Y e
cos 2θ12 ∼ 4× 101 g/cm3

(
10 MeV

Eν

)(
0.5

Y e

)
. (1.62)

In the normal mass ordering case, νe is identical to ν̃3 at a high-density limit ρ ≫ ρHcrit,
while ν3 = s13νe + c13νy in vacuum. Therefore, the survival probability is

Pνe→νe
= |⟨νe | ν3⟩|2 = sin2 θ13 ∼ 0.022. (1.63)

In the inverted mass ordering case, νe is identical to ν̃2 at a high-density limit ρ ≫ ρHcrit,
while ν2 = s12c13νe + c12νx − s12s13νy in vacuum. Therefore, the survival probability is

Pνe→νe
= |⟨νe | ν2⟩|2 = sin2 θ12 cos

2 θ13 ∼ 0.3. (1.64)
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1 in the normal (left) and inverted (right) mass
ordering for neutrino energy 10 MeV as a function of matter density ρYe. The
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(dotted).
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As clearly seen in Fig. 1.8, the H-resonance emerges in the antineutrino sector and the
survival probability of electron neutrinos does not display the large mixing. At a high-
density limit, ν̄e is identical to ˜̄ν3 and undergoes the large mixing as well as the neutrino
sector in the normal mass ordering.

Let us consider the flavor mixing in the supernova case. Neutrinos are produced in the
center of the star, where the matter density is extremely high compared to at the level
crossings ρH/L

crit . Thereby, neutrino flavor eigenstates almost coincide with mass eigenstates
and are given in the normal mass ordering case by:

ν̃3 = νe, ν̃2 = νy, ν̃1 = νx. (1.65)

Also, the fluxes are similarly written as

f̃0
3 = f0

νe
, f̃0

2 = f0
νy
, f̃0

1 = f0
νx
. (1.66)

If the neutrinos adiabatically propagate through the level crossing, the fluxes in mass
eigenstates at the surface of the star are simply expressed according to Fig. 1.8 as

f3 = f0
νe
, f2 = f0

νy
, f1 = f0

νx
. (1.67)

These states are eigenstates of the Hamiltonian in vacuum, and the mass eigenstates
individually travel a long distance to the Earth. Then, neutrinos lose the coherence
during the propagation in vacuum so that we will observe the incoherent admixture of
the neutrino fluxes of the mass eigenstates [64, 65]. Actually, a general solution for the
probability in vacuum is

P (να → νβ) =

∣∣∣∣∣∣
∑
j

Uαje
−iEjtU∗

βj

∣∣∣∣∣∣
2

(1.68)

=
∑
j

|Uβj |2 |Uαj |2 +Re
∑
j ̸=k

UβjU
∗
βkU

∗
αjUαk exp [−iωt] . (1.69)

If neutrinos travel a long distance, the last phase term is averaged out and the first mixing
term only survives. In the supernova case, the flavor α is initially diagonalized so that

the first term is modified as |Uαj |2 →
∣∣∣Ũαj

∣∣∣2 and leads to matter-dominated oscillation.
Consequently, the net flux of electron neutrinos at a detector is restored using mixing
angles at the location to

fνe
=
∑
i

|Uei|2 fi = |Ue1|2 f1 + |Ue2|2 f2 + |Ue3|2 f3 (1.70)

= c212c
2
13f1 + s212c

2
13f2 + s213f3 (1.71)

= c212c
2
13f

0
νx

+ s212c
2
13f

0
νy

+ s213f
0
νe
. (1.72)

We can understand the mixing effects similarly for the antineutrino sectors and in the
case of the inverted mass ordering. As long as neutrinos propagate adiabatically, the
flux in each mass eigenstate remains unchanged from that at the production region and
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only mixing angles change. Even if neutrinos travel an astronomical long-distance, the
flux at the Earth is identical to that at the surface at the star. In other words, vacuum
mixing has no influence on supernova neutrinos out of the star. This is essentially dif-
ferent from the case of pion decay at relatively lower density such as atmospheric and
cosmic neutrinos. The neutrinos are not entirely diagonalized at the production region,
and vacuum-dominated oscillation occurs during the propagation in vacuum via the first
mixing term of Eq. (1.69).

In the case of non-adiabatic propagation, the description is not simple because the jump
(flip) probability needs to be considered in Eq. 1.67. The gradients of the shock front and
the envelope may potentially induce a non-adiabatic flavor transition [66–70]. The shock
wave also propagates through the MSW H- and L-resonances in the supernova envelope
as the shock expansion. Since the shock radius determines whether the adiabaticity may
break or not, the modulation in energy spectrum observed at the Earth will present the
information on the shock propagation. In the normal mass ordering, electron neutrinos
becomes the tracer instead because the level crossing is in the neutrino channel. The
modulation allows us to trace the shock propagation through the supernova envelope.

The Sun is also one of the most familiar sources and neutrinos are emitted as products
in the nuclear fusions to balance with the gravity. Solar neutrinos are produced by several
reactions and the energy profile depends on each process. Figure. 1.9 shows the nuclear
fusion sequences, called the pp chain and the CNO cycle. The reaction rate depends on theARTICLERESEARCH

ranging from less than one to a few tens of counts per day per 100 tons 
(t) for different solar-neutrino components. To cope with such a low 
event rate, Borexino has a large target mass (about 300 t) and is housed 
deep underground, under 3,800 m water equivalent of dolomitic rock 
that suppresses the flux of cosmic radiation by a factor of approximately 
one million. For more details on the detector, see Methods.

Radioactive decays of unstable isotopes contained in the scintillator 
or in the materials surrounding it represent the main sources of back-
ground (referred to as internal and external, respectively). Whereas 
external background is greatly reduced by concentric layers of high- 
purity materials surrounding the scintillator and by the selection of a 
centrally located software-defined fiducial volume, most of the inter-
nal background can only be cut down by means of liquid-scintillator 
purification. Particularly, interactions of beta particles (β; electrons 
and positrons) and of gamma particles (γ; high-energy photons) must 
be reduced to very low levels, since they cannot be distinguished from 
neutrino interactions on an event-by-event basis. Borexino has reached 
unprecedented levels of scintillator radio-purity. As an example, one 
gram of liquid scintillator contains less than 9.4 × 10−20 grams of 
uranium-238 and less than 5.7 × 10−19 grams of thorium-232 (95% 
confidence level, C.L.), a concentration about ten orders of magni-
tude smaller than in any natural material on Earth. This low level of 
background has enabled real-time detection of solar neutrinos with an 
energy threshold of 0.19 MeV, and allowed us to perform the complete 
spectroscopy of the pp chain.

Solar neutrinos reach the Earth as a mixture of all neutrino flavours 
(electronic, muonic, and tauonic) owing to the flavour-conversion mech-
anism enhanced by the MSW effect (see Methods). Borexino detects 
them by means of their weak elastic scattering off electrons. A fraction 
of the incoming neutrino energy Eν is transferred to one electron, which 

deposits it in the liquid scintillator. The scintillator light is detected by 
about 2,000 photomultiplier tubes, which ensure high detection effi-
ciency of photoelectrons produced by incident optical photons at their 
photocathodes. For 7Be (Eν = 0.384 MeV and 0.862 MeV) and pep 
(Eν = 1.44 MeV) neutrinos, the induced electron recoil endpoints are 
0.230 MeV, 0.665 MeV and 1.22 MeV, respectively. For the continuous pp 
and 8B spectra, they are 0.261 MeV and 15.2 MeV, respectively.

The detected light and its time distribution among photomultiplier 
tubes yield three important quantities for each interaction event in  
the detector: its deposited energy, roughly proportional to the total 
number of detected photoelectrons; its position within the detector, 
obtained from the analysis of the photon arrival times at each photo-
multiplier tube; and its particle identification, based on a pulse-shape 
discrimination method that exploits the different time structure of 
liquid-scintillator light pulses produced by different particles (elec-
trons, positrons, α particles and protons)27. For reference, a 1-MeV 
electron produces on average 500 photoelectrons in 2,000 photomul-
tiplier tubes, its energy is measured with σ ≈ 50 keV and its position is 
reconstructed28,29 with σ ≈ 12 cm.

We divided the analysis into two energy regions that are affected 
by different backgrounds, which need to be handled differently: a 
low-energy region (LER) of 0.19–2.93 MeV, to measure the pp, 7Be 
and pep neutrino interaction rates, and a high-energy region (HER) of 
3.2–16 MeV, to measure 8B neutrinos. For the same reason, the HER is 
further divided into two subregions, below and above 5.7 MeV (HER-I 
and HER-II). The measurement of 8B neutrinos cannot be extended 
below 3.2 MeV because of the 2.614-MeV γ-ray background from 208Tl 
decays, originating from trace 232Th contamination of the thin nylon 
liquid-scintillator containment vessel.

The reconstructed position of each event within the detector allows 
us to define a fiducial volume optimized differently for the analysis in 
the LER and HER-I/II. The LER fiducial volume is chosen to suppress 
external γ-rays from 40K, 214Bi and 208Tl contained in materials sur-
rounding the scintillator and consists of the innermost 71.3 t of scintil-
lator selected with a radial cut (radius R < 2.8 m) and a cut in the vertical 
direction (−1.8 m < z < 2.2 m). The HER is above the energy of the 
aforementioned γ-rays. The analysis in HER-I requires only a z < 2.5 m 
cut to suppress background events related to a small pinhole in the inner 
vessel that causes liquid scintillator to leak into the region outside the 
inner vessel. The total selected mass in this case is 227.8 t. In contrast, 
the analysis in HER-II uses the entire scintillator volume, 266 t, since 
the above-mentioned background does not affect this energy window.

The LER analysis uses exclusively Borexino Phase-II data collected 
between December 2011 and May 2016, in which the internal 85Kr and 
210Bi contamination was reduced with respect to Borexino Phase-I, 
thanks to a liquid-scintillator purification campaign carried out in 
2010 and 2011. The total LER exposure is 1,291.51 days × 71.3 t.  
With the exception of 208Tl decays (Q-value, total energy released  
in the decay, about 5 MeV), the HER is above the natural, long-lived 
radioactive background, making it possible to use a larger dataset, col-
lected between January 2008 and December 2016, for a total exposure 
of 2,062.4 days × 227.8 (266.0) t for HER-I (or HER-II), respectively.

The analysis proceeds in two steps: (1) the event selection, with a 
different set of cuts in the three energy regions to maximize the signal- 
to-background ratio, and (2) the extraction of the neutrino and  
residual background rates with a combined fit of distributions of global 
quantities built for the events surviving the cuts. The main event selec-
tion criteria are conceptually similar for the LER and the HER and are 
conceived to: reject cosmic muons surviving the mountain shield30; 
reduce the cosmogenic background (that is, radioactive elements pro-
duced in muon-induced nuclear spallation processes); and select an 
optimal spatial region of the scintillator (the fiducial volume). More 
details on the cuts are discussed in Methods.

Several backgrounds, listed in Table 1 and described in detail in 
Methods, survive the event selection cuts. To disentangle the neu-
trino signal from these backgrounds, two different fitting strategies 
are adopted for the LER and the HER. The LER analysis follows a 

Fig. 1 | Nuclear fusion sequences and neutrino energy spectrum. 
Schematic view of the pp and CNO nuclear fusion sequences. The solar-
neutrino energy spectrum is obtained from http://www.sns.ias.edu/~jnb/, 
using the updated fluxes taken from ref. 18. The flux (vertical scale) is given 
in units of cm−2 s−1 MeV−1 for continuum sources and in cm−2 s−1 for 
monoenergetic sources.
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Figure 1.9. Nuclear fusion sequences in the pp chain and CNO cycle. Electron neutrinos
in the pp chain are mainly produced by the pp, pep, hep reactions, the elec-
tron capture on 7Be, and 8B decay. (Reprinted by permission from Springer
Nature Customer Service Centre GmbH: Ref. [71])
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central temperature and abundance and the pp chain is a dominant contribution for low-
mass stars like the Sun. The pp chain is a nuclear reaction to burn hydrogen into helium
and 4He is produced via four different branches: pp-I, pp-II, pp-III, and pp-IV (hep). Solar
neutrinos are emitted from the pp and pep reactions, which are rate-limiting reactions,
in addition to the pp-(II-IV) branches. The most energetic neutrinos of five reactions are
emitted via the hep process (up to 18.77 MeV [72]), but the reaction rate is very rare
and it is difficult to observe them. The pp-III branch is also rare compared to the pp-I
and pp-II branches but generates nearly 1000 times more neutrinos than the hep reaction.
The left panel of Fig. 1.10 shows the estimated neutrino energy spectra in the standard
solar models [73]. The 8B-neutrinos with the second highest energy ≤ 15 MeV are an
important detection source over the high energy range, especially in the Sudbury Neutrino
Observatory (SNO) and Super-Kamiokande with relatively high threshold energy. On the
other hand, the pp-neutrinos which are products in the first step of the pp chain has the
lowest energy (up to 0.42 MeV) but the predominant flux. Such solar neutrinos undergo
an energy-dependent flavor mixing through the MSW resonance. The central density of
the Sun is about 150 g cm−3 and neutrinos with more than a few MeV pass through
the L-resonance. Thereby, the flux ratio in mass eigenstates is different in each neutrino
process due to the energy dependence of the level crossing. The survival probability of
electron neutrinos through matter can be approximately expressed as follows [71, 72, 74]:

Pνe→νe
=

1

2
cos4 θ13

(
1 + cos 2θ̃12 cos 2θ12

)
, (1.73)

where the effective mixing angle θ̃12 is determined at the location where the neutrino is
produced as

cos 2θ̃12 =
cos 2θ12 − β√

(cos 2θ12 − β)2 + sin2 2θ12

(1.74)
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ranging from less than one to a few tens of counts per day per 100 tons 
(t) for different solar-neutrino components. To cope with such a low 
event rate, Borexino has a large target mass (about 300 t) and is housed 
deep underground, under 3,800 m water equivalent of dolomitic rock 
that suppresses the flux of cosmic radiation by a factor of approximately 
one million. For more details on the detector, see Methods.

Radioactive decays of unstable isotopes contained in the scintillator 
or in the materials surrounding it represent the main sources of back-
ground (referred to as internal and external, respectively). Whereas 
external background is greatly reduced by concentric layers of high- 
purity materials surrounding the scintillator and by the selection of a 
centrally located software-defined fiducial volume, most of the inter-
nal background can only be cut down by means of liquid-scintillator 
purification. Particularly, interactions of beta particles (β; electrons 
and positrons) and of gamma particles (γ; high-energy photons) must 
be reduced to very low levels, since they cannot be distinguished from 
neutrino interactions on an event-by-event basis. Borexino has reached 
unprecedented levels of scintillator radio-purity. As an example, one 
gram of liquid scintillator contains less than 9.4 × 10−20 grams of 
uranium-238 and less than 5.7 × 10−19 grams of thorium-232 (95% 
confidence level, C.L.), a concentration about ten orders of magni-
tude smaller than in any natural material on Earth. This low level of 
background has enabled real-time detection of solar neutrinos with an 
energy threshold of 0.19 MeV, and allowed us to perform the complete 
spectroscopy of the pp chain.

Solar neutrinos reach the Earth as a mixture of all neutrino flavours 
(electronic, muonic, and tauonic) owing to the flavour-conversion mech-
anism enhanced by the MSW effect (see Methods). Borexino detects 
them by means of their weak elastic scattering off electrons. A fraction 
of the incoming neutrino energy Eν is transferred to one electron, which 

deposits it in the liquid scintillator. The scintillator light is detected by 
about 2,000 photomultiplier tubes, which ensure high detection effi-
ciency of photoelectrons produced by incident optical photons at their 
photocathodes. For 7Be (Eν = 0.384 MeV and 0.862 MeV) and pep 
(Eν = 1.44 MeV) neutrinos, the induced electron recoil endpoints are 
0.230 MeV, 0.665 MeV and 1.22 MeV, respectively. For the continuous pp 
and 8B spectra, they are 0.261 MeV and 15.2 MeV, respectively.

The detected light and its time distribution among photomultiplier 
tubes yield three important quantities for each interaction event in  
the detector: its deposited energy, roughly proportional to the total 
number of detected photoelectrons; its position within the detector, 
obtained from the analysis of the photon arrival times at each photo-
multiplier tube; and its particle identification, based on a pulse-shape 
discrimination method that exploits the different time structure of 
liquid-scintillator light pulses produced by different particles (elec-
trons, positrons, α particles and protons)27. For reference, a 1-MeV 
electron produces on average 500 photoelectrons in 2,000 photomul-
tiplier tubes, its energy is measured with σ ≈ 50 keV and its position is 
reconstructed28,29 with σ ≈ 12 cm.

We divided the analysis into two energy regions that are affected 
by different backgrounds, which need to be handled differently: a 
low-energy region (LER) of 0.19–2.93 MeV, to measure the pp, 7Be 
and pep neutrino interaction rates, and a high-energy region (HER) of 
3.2–16 MeV, to measure 8B neutrinos. For the same reason, the HER is 
further divided into two subregions, below and above 5.7 MeV (HER-I 
and HER-II). The measurement of 8B neutrinos cannot be extended 
below 3.2 MeV because of the 2.614-MeV γ-ray background from 208Tl 
decays, originating from trace 232Th contamination of the thin nylon 
liquid-scintillator containment vessel.

The reconstructed position of each event within the detector allows 
us to define a fiducial volume optimized differently for the analysis in 
the LER and HER-I/II. The LER fiducial volume is chosen to suppress 
external γ-rays from 40K, 214Bi and 208Tl contained in materials sur-
rounding the scintillator and consists of the innermost 71.3 t of scintil-
lator selected with a radial cut (radius R < 2.8 m) and a cut in the vertical 
direction (−1.8 m < z < 2.2 m). The HER is above the energy of the 
aforementioned γ-rays. The analysis in HER-I requires only a z < 2.5 m 
cut to suppress background events related to a small pinhole in the inner 
vessel that causes liquid scintillator to leak into the region outside the 
inner vessel. The total selected mass in this case is 227.8 t. In contrast, 
the analysis in HER-II uses the entire scintillator volume, 266 t, since 
the above-mentioned background does not affect this energy window.

The LER analysis uses exclusively Borexino Phase-II data collected 
between December 2011 and May 2016, in which the internal 85Kr and 
210Bi contamination was reduced with respect to Borexino Phase-I, 
thanks to a liquid-scintillator purification campaign carried out in 
2010 and 2011. The total LER exposure is 1,291.51 days × 71.3 t.  
With the exception of 208Tl decays (Q-value, total energy released  
in the decay, about 5 MeV), the HER is above the natural, long-lived 
radioactive background, making it possible to use a larger dataset, col-
lected between January 2008 and December 2016, for a total exposure 
of 2,062.4 days × 227.8 (266.0) t for HER-I (or HER-II), respectively.

The analysis proceeds in two steps: (1) the event selection, with a 
different set of cuts in the three energy regions to maximize the signal- 
to-background ratio, and (2) the extraction of the neutrino and  
residual background rates with a combined fit of distributions of global 
quantities built for the events surviving the cuts. The main event selec-
tion criteria are conceptually similar for the LER and the HER and are 
conceived to: reject cosmic muons surviving the mountain shield30; 
reduce the cosmogenic background (that is, radioactive elements pro-
duced in muon-induced nuclear spallation processes); and select an 
optimal spatial region of the scintillator (the fiducial volume). More 
details on the cuts are discussed in Methods.

Several backgrounds, listed in Table 1 and described in detail in 
Methods, survive the event selection cuts. To disentangle the neu-
trino signal from these backgrounds, two different fitting strategies 
are adopted for the LER and the HER. The LER analysis follows a 

Fig. 1 | Nuclear fusion sequences and neutrino energy spectrum. 
Schematic view of the pp and CNO nuclear fusion sequences. The solar-
neutrino energy spectrum is obtained from http://www.sns.ias.edu/~jnb/, 
using the updated fluxes taken from ref. 18. The flux (vertical scale) is given 
in units of cm−2 s−1 MeV−1 for continuum sources and in cm−2 s−1 for 
monoenergetic sources.
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identical results. We obtain an upper limit of <8.1 counts per day per 
100 t (95% C.L.) for the CNO neutrino interaction rate, in agreement 
with the Borexino sensitivity to CNO studied with Monte Carlo.

For completeness, we also perform a search for the hep neutrinos, 
emitted by the proton capture reaction of 3He (Fig. 1). The expected 
flux is more than two orders of magnitude smaller than that of 8B neu-
trinos. Despite their higher end-point energy, this signal in Borexino 
is extremely small and covered by background, particularly cosmo-
genic 11Be decays (Q = 11.5 MeV, β−, τ = 19.9 s) and 8B neutrinos. 
We perform a dedicated analysis on the whole dataset (0.8 kt yr) and 
in the energy region 11–20 MeV we find 10 ± 3 events, consistent 
with the expected background. We obtain an upper limit for the hep 
neutrino flux of 2.2 × 105 cm−2 s−1 (90% C.L.) to be compared with 
the expected flux 7.98 × 103 cm−2 s−1 (8.25 × 103 cm−2 s−1) assuming 
the HZ (LZ) SSM.

Discussion and outlook
The measurements reported in this work represent a complete study of 
the solar pp chain and of its different terminations by means of neutrino 
detection in a single detector and with a uniform data analysis proce-
dure. These measurements can be used either to test the MSW-LMA 
paradigm assuming SSM flux predictions or, alternatively, to probe our 
understanding of solar physics assuming the validity of the neutrino 
oscillation mechanism.

The interaction rates of pp, 7Be, pep and 8B neutrinos reported  
in Table 2 can be used to infer the electron neutrino survival  
probability at different energies. Assuming the HZ-SSM fluxes18  
and standard neutrino-electron cross-sections27, we obtain the electron 
neutrino survival probabilities for each solar-neutrino component: 
Pee(pp, 0.267 MeV) = 0.57 ± 0.09, Pee(7Be, 0.862 MeV) = 0.53 ± 0.05, 
and Pee(pep, 1.44 MeV) = 0.43 ± 0.11. The quoted errors include the 
uncertainties on the SSM solar-neutrino flux predictions. The 8B elec-
tron neutrino survival probability is calculated in each HER range 
following the procedure described in ref. 24. We obtain Pee(8BHER, 
8.1 MeV) = 0.37 ± 0.08, Pee(8BHER-I, 7.4 MeV) = 0.39 ± 0.09, and 
Pee(8BHER-II, 9.7 MeV) = 0.35 ± 0.09. These results are summarized 
in Fig. 3. For non-monoenergetic components, that is, pp and 8B neu-
trinos, the Pee value is quoted for the average energy of neutrinos that 
produce scattered electrons in the given energy range.

Borexino provides the most precise measurement of the Pee in the 
LER, where flavour conversion is vacuum-dominated. At higher energy, 

where flavour conversion is dominated by matter effects in the Sun, 
the Borexino results are in agreement with the high-precision meas-
urements performed by SuperKamiokande31 and SNO32. Borexino is 
the only experiment that can simultaneously test neutrino flavour con-
version both in the vacuum and in the matter-dominated regime. We 
performed a likelihood ratio test to compare our data with the MSW-
LMA and the vacuum-LMA predictions (pink and grey bands in Fig. 3, 
respectively). Our data disfavour the vacuum-LMA hypothesis at 98.2% 
C.L. (see Methods). Overall, the results are in excellent agreement with 
the expectations from the MSW-LMA paradigm with the oscillation 
parameters indicated in ref. 19.

Since solar neutrinos are detected on Earth only about 8 min after 
being produced, they provide a real-time picture of the core of the Sun. 
In particular, the neutrino fluxes determined experimentally can be 
used to derive the total power generated by nuclear reactions in the 
Sun’s core33. By using exclusively the new Borexino results reported in 
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Fig. 3 | Electron neutrino survival probability Pee as a function of 
neutrino energy. The pink band is the ±1σ prediction of MSW-LMA 
with oscillation parameters determined from ref. 19. The grey band is the 
vacuum-LMA case with oscillation parameters determined from refs 38,39. 
Data points represent the Borexino results for pp (red), 7Be (blue), pep 
(cyan) and 8B (green for the HER range, and grey for the separate HER-I 
and HER-II sub-ranges), assuming HZ-SSM. 8B and pp data points are set 
at the mean energy of neutrinos that produce scattered electrons above the 
detection threshold. The error bars include experimental and theoretical 
uncertainties.

Table 2 | Borexino experimental solar-neutrino results
Solar neutrino Rate (counts per day per 100 t) Flux (cm−2 s−1) Flux–SSM predictions (cm−2 s−1)

pp ± −
+134 10 10

6 . ± . ×− .
+ .(6 1 0 5 ) 100 5

0 3 10 . . ± . ×5 98(1 0 0 006) 10 (HZ)10  
. . ± . ×6 03(1 0 0 005) 10 (LZ)10

7Be . ± . − .
+ .48 3 1 1 0 7

0 4 . ± . ×− .
+ .(4 99 0 11 ) 100 08

0 06 9 . . ± . ×4 93(1 0 0 06) 10 (HZ)9  
. . ± . ×4 50(1 0 0 06) 10 (LZ)9

pep (HZ) . ± . − .
+ .2 43 0 36 0 22

0 15 . ± . ×− .
+ .(1 27 0 19 ) 100 12

0 08 8 . . ± . ×1 44(1 0 0 01) 10 (HZ)8  
. . ± . ×1 46(1 0 0 009) 10 (LZ)8

pep (LZ) . ± . − .
+ .2 65 0 36 0 24

0 15 . ± . ×− .
+ .(1 39 0 19 ) 100 13

0 08 8 . . ± . ×1 44(1 0 0 01) 10 (HZ)8  
. . ± . ×1 46(1 0 0 009) 10 (LZ)8

8BHER-I . − . − .
+ . + .0 136 0 013 0 003

0 013 0 003 . ×− . − .
+ . + .(5 77 ) 100 56 0 15

0 56 0 15 6 . . ± . ×5 46(1 0 0 12) 10 (HZ)6  
. . ± . ×4 50(1 0 0 12) 10 (LZ)6

8BHER-II . − . − .
+ . + .0 087 0 010 0 005

0 080 0 005 . ×− . − .
+ . + .(5 56 ) 100 64 0 33

0 52 0 33 6 . . ± . ×5 46(1 0 0 12) 10 (HZ)6  
. . ± . ×4 50(1 0 0 12) 10 (LZ)6

8BHER . − . − .
+ . + .0 223 0 016 0 006

0 015 0 006 . ×− . − .
+ . + .(5 68 ) 100 41 0 03

0 39 0 03 6 . . ± . ×5 46(1 0 0 12) 10 (HZ)6  
. . ± . ×4 50(1 0 0 12) 10 (LZ)6

CNO <8.1 (95% C.L.) < . ×7 9 108 (95% C.L.) . . ± . ×4 88(1 0 0 11) 10 (HZ)8  
. . ± . ×3 51(1 0 0 10) 10 (LZ)8

hep <0.002 (90% C.L.) < . ×2 2 105 (90% C.L.) . . ± . ×7 98(1 0 0 30) 10 (HZ)3  
. . ± . ×8 25(1 0 0 12) 10 (LZ)3

Measured neutrino rates (second column): for pp, 7Be, pep and CNO neutrinos we quote the total counts without any threshold; for 8B and hep neutrinos we quote the counts above the corresponding 
analysis threshold. Neutrino "uxes (third column) are obtained from the measured rates assuming the MSW-LMA oscillation parameters19, standard neutrino–electron cross-sections27 and a density of 
electrons in the scintillator of . ± . ×(3 307 0 003) 1031 electrons per 100 t. All "uxes are integral values without any threshold. The result for pep neutrinos depends on whether we assume HZ or LZ SSM 
predictions to constrain the CNO neutrino "ux. The last column shows the "uxes predicted by the SSM for the HZ or LZ hypotheses18.
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© 2018 Springer Nature Limited. All rights reserved.

Figure 1.10. Left: energy spectra in solar neutrinos. Right: survival probability of elec-
tron neutrinos in the Borexino as a function of neutrino energy. Gray band
is the case of ignoring the matter effects and is clearly different from the ob-
servation. (Reprinted by permission from Springer Nature Customer Service
Centre GmbH: Ref. [71])
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and

β =
2
√
2GF cos2 θ13neEν

∆m2
12

= 0.22 cos2 θ13

(
Eν

1 MeV

)(
µeρ

100 g cm−3

)(
7× 10−5 eV2

∆m2
12

)
. (1.75)

For instance, the survival probability for neutrinos with 10 MeV, sufficiently larger than
the critical energy, is

Pνe→νe
≃ 1

2
cos4 θ13 (1− cos 2θ12) ∼ 0.31 (1.76)

Also, low-energy neutrinos which do not propagate through the level crossing in the Sun
experiences only a flavor mixing only in vacuum. The survival probability is

Pνe→νe
=

1

2
cos4 θ13

(
1 + cos2 2θ12

)
∼ 0.55. (1.77)

Right panel of Fig. 1.10 shows the survival probability of electron neutrinos detected in the
Borexino experiment as a function of neutrino energy [71]. Pink band with uncertainty is
in the presence of matter effects and gray one is the case of ignoring it. The observation
clearly represents the discrepancy with the absent of matter effects at higher energy, and
both the vacuum- and matter-dominated flavor mixing emerge in the Sun.

1.4.3 Neutrino oscillation in neutrino gases

In the previous subsection, we have discussed the potentials from the background charged-
leptons. However, neutrinos themselves can also interact with other neutrinos via the
neutral-current process. The forward coherent scatterings of neutrinos with each other
can not be ignored in the environments with dense neutrino gases such as core-collapse
supernovae, early universe, and neutron-star mergers [75–77]. Figure 1.11 shows the
diagram of the neutrino-neutrino interactions [54] like as the neutrino-electron scatterings
in Fig. 1.6. This is a momentum exchange diagram and the momenta are transferred
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Figure 1.11. The diagrams in the neutrino-neutrino interaction in the left panel. Right
panel shows the diagram in the mean-field approximation for the background
neutrinos.
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between neutrinos with flavors α and β by exchanging a Z boson. Focusing on the
momentum p, we find as if a flavor eigenstate is changed from α to β. This four-point
interaction has the complexity from the nonlinearity and many-body system. In particular,
in core-collapse supernovae, the neutrino flux is Fν = Lν/⟨Eν⟩ ∼ 1058 s−1 and it is
realistically impossible to solve the system directly. The interaction diagram of single-
particle states can be similarly rewritten to the form in the mean-field approximation
by the summation of background neutrino states as the right panel of Fig. 1.11 [54, 78].
Then, the Hamiltonian of the neutrino-neutrino interactions is given by

Hνν(t,p) =
√
2GF

∫
d3q

(2π)3
(1− p̂ · q̂) (ρ(t, q)− ρ̄(t, q)) , (1.78)

where ρ is a neutrino density matrix and is described within three-flavor framework as

ρν = |να⟩ ⟨νβ | =

⟨νe | νe⟩ ⟨νe | νµ⟩ ⟨νe | ντ ⟩
⟨νµ | νe⟩ ⟨νµ | νµ⟩ ⟨νµ | ντ ⟩
⟨ντ | νe⟩ ⟨ντ | νµ⟩ ⟨ντ | ντ ⟩

 . (1.79)

The diagonal term ραα is a flavor content for a flavor α and the off-diagonal term ραβ is
a flavor correlation between α and β. If neutrino gasses are isotropic, the angular term
p̂ · q̂ is averaged out and Eq. (1.78) is reduced to the asymmetry of neutrino density

Hνν(t) =
√
2GF

[
(nνe

+ nνµ
+ nντ

)− (nν̄e
+ nν̄µ

+ nν̄τ
)
]
. (1.80)

Therefore, the strength depends on the neutrino density and can potentially become
dominant with high neutrino flux. The time evolution for neutrino density matrix is
expressed by the von-Neumann equation:

i
dρν
dt

= [Hνν , ρν ] , (1.81)

where [∗, ∗] is a commutation relation. The off-diagonal term ραβ is zero in initial pure
states and the growth indicates the occurrence of flavor mixing in the α− β sector. The
detailed behaviors of collective neutrino oscillation are shown below chapter 2. There is
no evidence for the presence of collective neutrino oscillation yet because it is difficult to
produce the neutrino-neutrino interactions in the neutrino experiments. Hence, neutrino
observation from core-collapse supernovae is important astrophysical sites to prove the
existence.

1.5 Aims and structure of this dissertation
The goal of this dissertation is to investigate numerically the behaviors of collective neu-
trino oscillation in core-collapse supernovae. Flavor conversion inside the core-collapse su-
pernovae can significantly modify flavor-dependent reactions such as the neutrino-heating
mechanism and the neutrino detection. The typical oscillation scale induced by the neu-
trino self-interactions depends on the neutrino density nν and is roughly ≲ O(1) cm near
the core. It is much smaller than the stellar structure and it is almost impossible to
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combine core-collapse simulation with the nonlinear calculation of collective flavor con-
version simultaneously. Thus, we perform post-process calculation of collective neutrino
oscillation, and obtain the impact on the observational prediction at the Earth and the
explosive mechanism.

Collective neutrino oscillation is divided into two types of oscillation modes by the
mechanisms and the frequencies: slow and fast modes [79–82]. Flavor conversion driven
by the slow modes has been traditionally investigated using a physical description called
the bulb model. It enables us to calculate the collective flavor conversion in core-collapse
supernovae instead of requiring many assumptions. Then, it has also been revealed that
the geometry effects induced by background matter suppress the collective effects [83–
85]. The matter suppression depends on the progenitor mass and collective neutrino
oscillation is completely suppressed in some massive progenitor cases (see Sec. 3.1 in de-
tail). On the other hand, it has also been suggested that symmetry breaking against
the bulb model can overcome the matter suppression and provide significant flavor con-
versions in some cases [86–92]. One of them is axial-symmetry breaking and the growth
of non-axisymmetric components can break the matter suppression [86]. Previous works
have performed the numerical calculation under the two-flavor approximation and demon-
strated the flavor conversion [87, 88]. However, they employed toy models for supernova
properties and monochromatic energy distribution to reduce the computational costs. For
the first time, we tackle the three-flavor calculation considering neutrino distribution on
three-dimensional momentum space for a supernova model (see Sec. 3.2.2 in detail). Oth-
ers are spatio-temporal instabilities induced by the inhomogeneity [89–92]. Homogeneous
and pulsating modes can weaken the matter suppression and be excited even in the dense
matter. The behaviors have been investigated by the linear stability analysis and highly
pulsating modes are certainly excited on the constant density. However, the growth rate
also decreases as the density declines so that the so-called adiabatic evolution is important
in the flavor conversion. We need to simulate the nonlinear calculation for a supernova
model in the future. In addition, we challenge neutrino halo effects induced by coherent
neutrino-nucleus scatterings. Neutrino halo is created by the direction-changing scatter-
ing outside the neutrino sphere and provides a broader angular distribution [93, 94]. Halo
neutrinos with larger intersection angles have an impact on the neutrino-neutrino inter-
actions. In particular, the contribution from inwardly scattered flux can modify the bulb
description. The previous work employed an electron-capture supernova model only at a
neutronization burst [94]. In this case, collective neutrino oscillation does not occur until
a radius of ∼ 1000 km where the progenitor has a steep density gradient and it is driven
simultaneously with the MSW flavor mixing. The situation is not a general description
of collective flavor conversion so that the understanding of the halo effects are not also
complete. We perform the first-ever numerical simulation of collective flavor conversion
including the halo effects in the 9.6M⊙ iron-core progenitor (see Sec. 3.3 in detail).

Fast flavor conversion is triggered by the neutrino angular distribution and the survey for
the possibility inside core-collapse supernovae requires detailed simulation adopting more
accurate neutrino transports. Therefore, it has been investigated together with the devel-
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opments of core-collapse simulation in the last few years. Most of the previous works were
based on the linear stability analysis [95–104] and the nonlinear simulation but assuming
homogeneous space [105–108]. Also, most of them employed the two-flavor approximation
and have suppressed three-flavor effects. We demonstrate the nonlinear mode-coupling
simulation for spatial Fourier modes with six-species angular distributions, and present
the existence of a cascade in the spatial structure and the impact from µ/τ -flavor flux
(see Sec. 4.2 in detail). And in the last year, the nonlinear simulation considering the
spatial inhomogeneity has been worked [109–112] and detailed spatial structure of fast
flavor conversion has been revealed. However, the studies of the asymptotic behaviors
have used parametric angular distributions not based on supernova models, and also have
not sufficiently covered with the types of angular distributions. We perform the dynamical
calculation of fast flavor conversion with a spatial distribution for an angular distribution
with a supernova model and categorize the asymptotic behaviors on the type (see Sec. 4.3
in detail).

This dissertation is organized as follows. Chapter 2 describes the classification of collec-
tive oscillation modes (i.e. slow and fast modes) and the symmetry breaking in collective
neutrino oscillation. Chapter 3 shows the impact of symmetry breaking and relaxation
against the bulb model in slow flavor conversion. Chapter 4 studies the nonlinear coupling
effects and the asymptotic behaviors of fast flavor conversion. Finally, we summarize the
dissertation in chapter 5.
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Chapter 2

Neutrino flavor conversion

Neutrinos can easily escape from the source with almost no interactions with the back-
ground, different from lights. Therefore, the observation allows us to find the activity and
structure near the emission source like as when SN1987A. On the other hand, as men-
tioned in chapter 1, neutrinos emitted from astronomical sites undergo mixing phenomena
between flavor eigenstates in their propagation and lose the original flavor information.
In particular, the coherent forward scattering of neutrinos with each other can not be ig-
nore in the environments with high neutrino flux and induce nonlinear flavor conversions.
The understanding of collective neutrino oscillation is required to obtain the detailed and
beneficial information on supernova physics.

2.1 Neutrino oscillation in core-collapse supernovae
Neutrino flavor conversion inside core-collapse supernovae has a large influence on the su-
pernova physics, e.g., explosion mechanism, nucleosynthesis, and observation. Figure 2.1
shows the schematic picture of the impact of neutrino oscillations on supernovae. The
effect depends on whether flavor conversions occur inside or outside the stalled shock
wave. According to the delayed explosion scenario, electron-type neutrinos deposit the
energy to the stalled shock wave and powers the successful explosion. The efficiency of
neutrino heating depends on the cross section of absorption, which is proportional to the
square of neutrino energy E2

ν . Since nonelectron-type neutrinos νX has higher energy at
early phase, the efficiency would increase dramatically if the energy is transferred into
electron-type neutrinos νe via the flavor conversion in the postshock region [113, 114].

The flavor evolution in weak eigenstates can be described by the equation of motion
(EoM) for neutrino density matrices ρν(t,x,Γ) with the momentum space Γ at space-
position (t,x),

i (∂t + v · ∇) ρν(t,x,Γ) = [H(t,x,Γ), ρν(t,x,Γ)] + C [ρν , ρν ] . (2.1)

Also, the Hamiltonian H(t,x,Γ) is given by

H(t,x,Γ) = U
M2

2E
U† + vµΛµ +

√
2GF

∫
dΓ′vµvµρ

′
ν , (2.2)

where expresses three types of neutrino oscillations: vacuum, matter, and collective ef-
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fects. M2 in the first term is squared-mass matrix, diag(m2
1,m

2
2,m

2
3), and gives initial

perturbation seeds in the flavor correlation through mixing angles in the PMNS ma-
trix. The second term in Eq.(2.2) induces matter oscillation, where vµ = (1,v) and
Λµ =

√
2GF diag [{jµα}], with jµα the lepton number current of charged lepton α. We set

the metric diag(+1,−1,−1,−1) in this dissertation. Under the assumption of isotropic
background matter, the current term drops and the potential Λ0 only survives. Hence,
this Hamiltonian is simply expressed if we ignore potentials from positrons and heavy
charged leptons,

HMSW =
√
2GFne−diag(1, 0, 0), (2.3)

where ne− is electron number density as a function of radius r. The phase-space integration
in the third term, neutrino-neutrino interactions, is

∫
dΓ =

∫ +∞
−∞ dEE2

∫
dv/(2π)3 and we

follow the flavor isospin convension, which covers antineutrinos as particles with negative
energy and negative occupation number, ρν(E,v) = −ρν(−E,v). The last term C in
Eq.(2.1) represents the incoherent evolution derived from the collision, absorption, and
emission of neutrinos.
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Figure 2.1. Schematic picture of the impact of flavor conversion on supernovae.
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2.2 Bloch vector representation
The density matrix ρ for N -level systems can be expanded by the linear combination of
an identity I and generators λi of SU(N) [115];

ρN×N =
Tr(ρ)

N
IN +

1

2

N2−1∑
i=1

P iλi, (2.4)

where the coefficients P ∈ RN2−1 are called the Bloch vectors. Under conditions Tr(ρ) = 1

and Tr(ρ2) ≤ 1, we found the restricted length of the Bloch vector P

Tr(ρ2) =
1

N
+

1

2
∥P ∥2 ≤ 1 (2.5)

⇒ ∥P ∥ ≤
√

2(N − 1)

N
. (2.6)

This relation forms the Bloch vector space B(RN2−1) called the Bloch ball with a radius√
2(N − 1)/N ;

B
(
RN2−1

)
=

{
P = (P1, P2, ..., PN2−1) ∈ RN2−1

∣∣∣∣∣ ∥P ∥ ≤
√

2(N − 1)

N

}
. (2.7)

The equality holds and indicates its surface if the density matrix is a pure state, while
mixed states are always inside the sphere. The evolution of the Bloch vector is described
by Eq. (2.11) in the absence of the incoherent collision term and the norm ∥P ∥ is clearly
conserved by taking the dot product of P . Therefore, ∥P ∥ can be used as a conserved
quantity in the system.

This expansion into the Bloch vector space can be performed for the Hermite matrix
and the Hamiltonian in Eq. (2.2) can be also uniquely characterized in the Bloch vector
space,

H =
Tr(H)

N
IN +

1

2
H · λ. (2.8)

On the other hand, the Bloch vector for the neutrino density matrix is especially called
the polarization vector P [76]. A commutation operator of the generators follows the Lie
algebra su(N),

[λa, λb] =

N2−1∑
c=1

2ifabcλc, (2.9)

where fabc is a structure constant (completely antisymmetric tensor), and then the com-
mutation relation in Eq. (2.1) is defined using the cross product “×” as

H × P ≡
N2−1∑
a,b=1

fabcHaPb êc. (2.10)
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For two-flavor approximation, the generators are the Pauli matrices σ ∈ R3 and the Gell-
Mann matrices Λ ∈ R8 for the three-flavor framework. In the absence of the collision
term C, the EoM is simply transformed into the vector equation;

(∂t + v · ∇)P ω,v =

[
ωB + λL+ µ0

∫
dΓ′(1− v · v′)P ω′,v′

]
× P ω,v, (2.11)

where ω =

∣∣∆m2
32

∣∣
2Eν

, λ =
√
2GFne− , and µ0 =

√
2GF (Fν̄e

− Fν̄x
) correspond to a typical

frequency on each neutrino oscillation. For two-flavor approximation,

B = (sin 2θ, 0,− cos 2θ) (2.12)

L = (0, 0, 1). (2.13)

And for three-flavor framework,

B = h (BH + ηBL) (2.14)

BH = s213ê3 + sin 2θ13ê4 +
1√
3
(1− 3c213)ê8 (2.15)

BL = c13 sin 2θ12ê1 − s212 sin 2θ13ê4 − s13 sin 2θ12ê6

+ (s212c
2
13 − c212)ê3 +

1√
3
(1− 3s212s

2
13)ê8 (2.16)

L = ê3 +
1√
3
ê8., (2.17)

where h is the sign of mass ordering and η = ∆m2
21/
∣∣∆m2

32

∣∣ is the mass-squared difference
ratio. P3 and P8 correspond to the diagonal terms of the density matrix ρν and the initial
conditions are given by

P i
3(E, u, φ) = fνe

(E, u, φ)− fνx
(E, u, φ) (2.18)

P i
8(E, u, φ) =

fνe
(E, u, φ) + fνx

(E, u, φ)− 2fνy
(E, u, φ)

√
3

. (2.19)

In the above three-flavor framework, we adopt the rotated system of (e − x − y) flavor
basis instead of (e− µ− τ) as

(νe, νx, νy)
T = R†

23(θ23)(νe, νµ, ντ )
T (2.20)

= R13(θ13)R12(θ12)(ν1, ν2, ν3)
T . (2.21)

This convention has been also used in the description of the MSW effects [65], and the H-
and L-resonances correspond to flavor mixing in the e− y and e− x sectors, respectively.
This rotated basis enables us to pick the flavor conversion associated with the atmospheric
∆m2

31 and solar squared-mass difference ∆m2
21 even in the case including the neutrino self-

interactions.
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2.3 Slow and fast modes
Collective neutrino oscillation is induced by the asymmetry between neutrinos and an-
tineutrinos [81, 82]. If the difference (ρν− ρ̄ν) crosses between positive and negative values
at some momentum on the phase space, collective instability can rise. The condition is
especially called spectral crossings. Asymmetry in the energy distribution induces slow
instability [79, 80] and that in the angular distribution triggers fast instability [95–99, 105].
The two types of flavor instabilities are different in the oscillation frequencies.

Slow instability is a collective flavor instability scaled by the vacuum term ω in-
cluding the neutrino energy dependence and evolves with a frequency proportional to
(⟨ω⟩GFnν)

1/2, which ⟨ω⟩ is the averaged vacuum frequency [116–118]. The slow modes
have been often investigated for the stationary case and have demonstrated interesting
nontrivial behaviors called spectral splits or swaps [119–121]. Spectral crossings in the
energy distribution fν(E) are defined as a function of vacuum frequency ω [79, 80]:

g(ω) =

∣∣∆m2
32

∣∣
2ω2

 fνe(E)− fνX
(E) for ω > 0

−fν̄e
(E) + fν̄X

(E) for ω < 0.
(2.22)

If the distribution with respect to the vacuum frequency ω has zero crossings g(ωc) =

0 at some ωc, slow instability can emerge in the flavor correlation. Then, the flavor
conversion occurs at several 100 km where neutrino density decreases below near ⟨ω⟩GF

in core-collapse supernovae. Therefore, slow flavor conversion may not probably influence
the explosion mechanism of core-collapse supernovae but significantly impact explosive
nucleosynthesis and observation in neutrino detectors at the Earth.

Fast instability is driven only by the neutrino density and rises flavor conversions on
scales ∼ GFnν [95, 105, 122, 123]. Fast modes does not depend on the neutrino energy
and can evolve without the vacuum term so that the oscillation frequency is much faster
compared than slow instability supported by the vacuum frequency. The occurrence of fast
flavor conversion is equivalent to the presence of zero crossings in neutrino flavor lepton
number (NFLN) angular distribution [81]. Within the three-flavor framework, three types
of pairwise flavor conversions are considered through the difference in the NFLN angular
distributions Gα

v for each flavor. In particular, if we adopt not the six-species treatments
but the three-species (νe, ν̄e, νX) in the core-collapse simulation, the conditions for the
NFLN differences reduce to for the electron lepton number (ELN) angular distribution
Ge

v:

Ge
v =

√
2GF

∫
E2dE

2π2
[fνe

(E,v)− fν̄e
(E,v)] . (2.23)

If the sign of the Ge
v changes from positive to negative or from negative to positive at some

velocity direction vc, fast pairwise flavor conversions can be triggered. The ELN crossings
are very useful to survey the possibility of fast flavor conversions inside core-collapse
supernovae. Figure 2.2 represents the space-time diagram of the appearance of ELN
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Figure 2.2. Top: Space-time diagram of the appearance of ELN crossings in the evolution
of core-collapse supernovae. Bottom: Crossing type of the ELN angular
distributions, I & II. (Reprinted figure from Ref. [104]; copyright (2021) by
the American Physical Society.)

crossings in the evolution of core-collapse supernovae [104]. This diagram indicates that
the ELN crossings are created through several supernova dynamics in both the post-shock
and pre-shock region. The ELN angular distributions are divided into two crossing types,
classified by the gradient at the crossing direction as shown in the bottom panel of Fig. 2.2.
Type-I ELN angular distribution has the positive crossing in which the sign changes from
negative to positive, while type-II is the negative crossing. Whether the ELN angular
distribution has type-I or type-II crossing depends on how the asymmetry is generated
through the SN dynamics. The five possibilities of the ELN crossing are represented in
the space-time diagram. Notably, fast flavor conversion is potentially induced behind a
stalled shock wave due to the neutrino absorption. The flavor mixing could enhance the
neutrino heating process in the delayed explosion scenario of core-collapse supernovae.
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2.4 Symmetry and Assumption
Collective neutrino oscillation is induced by nonlinear neutrino-neutrino interactions. The
system follows the time evolution of the phase space of neutrino flavor states and we still
face the seven-dimensional problems even if escaping the many-body problems under the
mean-field approximation. To simplify the complicated system, one have assumed many
symmetries and assumptions, and modeled a treatable description. The characterized
set of assumptions is called the “Bulb model” [119], which requires a stationary isotropic
and axial-symmetric emission from the single surface of neutrinosphere Rν for all species.
The requirements of isotropic emission completely suppress the occurrence of fast flavor
conversion because the NFLN angular distribution is always positive or negative and does
not have any angular crossings. The bulb model demonstrates only collective slow flavor
conversion. The neutrino flux in the bulb model depends only on the radial direction r and
in the momentum space, the neutrino energy Eν and the emission angle θR, and does not
allow any scatterings including the direction changing. Figure 2.3 presents the schematic
picture of the bulb model. A neutrino intersection angle θ is restricted within the cone
and the integration range depends on the radius r. The intersection angle at a given
radius is characterized by neutrino trajectory with its emission angle θR and provides the
one-to-one correspondence:

r sin θ = Rν sin θR (2.24)

cos θ =

√
1− sin2 θR

R2
ν

r2
. (2.25)

The transformation changes the polar-angle integration into∫ θmax

0

d cos θ =
R2

ν

2r2

∫ 1

0

d sin2 θR
1√

1− sin2 θR

(
Rν

r

)2
=

R2
ν

2r2

∫ 1

0

du v−1
r,u, (2.26)

Neutrinosphere

Rν

θ

ν

ν 

θR

r

Figure 2.3. The schematic picture of the bulb model. All species are emitted from the
single neutrinosphere.
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where vr,u = cos θ is a radial velocity with angular mode u = sin2 θR. Therefore, the EoM
in the radial direction is converted into

∂rP ω,u =

[
ωB + λL

vr,u
+ µ0

R2
ν

2r2

∫ +∞

−∞
dω′

∫ 1

0

du

(
1− vr,uvr,u′

vr,uvr,u′

)
gω′,u′P ω′,u′

]
× P ω,u.

(2.27)

This formalism is especially called the “multiangle” approximation and has been investi-
gated by many studies. In subsequent Sec. 3.1, we will present the multiangle calculation
and interesting features.

We perform a test calculation within the two-flavor framework to investigate the spectral
splits through the multiangle approximation in Eq. (2.27). We take neutrino properties
in Tab. 2.1, which have been widely adopted in the previous works [88, 124]. ξ is called
a pinching parameter and describes the amount of spectral pinching. We use a gamma
distribution [125, 126] as an initial neutrino spectrum with flavor α on the surface of the
neutrino sphere Rν = 10 km:

fνα(Eν) =
Lνα

⟨Eνα⟩
(Eν)

ξα

Γ(ξνα + 1)

(
ξνα

+ 1

⟨Eνα⟩

)ξνα+1

exp

[
−(ξνα + 1)

Eν

⟨Eνα⟩

]
. (2.28)

The original energy spectra fν(E) and energy crossings in g(ω) of Eq. (2.22) are shown in
Fig. 2.4. Smaller ω corresponds to higher neutrino energy Eν and this energy distribution
has three zero crossings near ω = 0. Therefore, flavor conversion can occur in neutrino

Flavor να Luminosity Lνα
Averaged energy ⟨Eνα

⟩ Pinching parameter ξα

νe 2.4× 1051 erg s−1 12 MeV 3

ν̄e 2.0× 1051 erg s−1 15 MeV 3

νX/ν̄X 1.5× 1051 erg s−1 18 MeV 3

Table 2.1. Properties for neutrino spectrum in a test calculation.
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and antineutrino channels across the infinite energy ω = 0. We neglect the matter term
λ = 0 and assume small mixing angle θm = 10−3 to mimic the matter suppression, which
will be discussed in Sec. 3.1. Figure 2.5 shows the behaviors of spectral splits in a test
calculation. Top panels are neutrino spectra and bottom one is the radial evolution of the
survival probability of electron neutrinos for each energy. Neutrinos over all energy ranges
collectively undergo the flavor conversion at r ∼ 80 km but the survival probabilities are
split into two types. Energy spectra for neutrinos are swapped between νe and νX only
above a critical energy 10 MeV. On the other hand, antineutrino sector exhibits the
flavor exchange above ∼ 1 MeV. The flavor swaps in both channels across ω = 0 are
consistent with the spectral crossings in Fig. 2.4. Collective neutrino oscillation transfers
high energy tail in the nonelectron-type neutrinos into the electron-type neutrinos and
hence can affect several neutrino reactions via the charged-current interactions [127–131].
If this slow instability can be excited inside the stalled shock wave during the accretion
phase, collective neutrino oscillation can enhance the neutrino heating process. However,
the onset radius is outside it in the most of cases. The reason will be discussed below the
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collective neutrino oscillation in the inverted mass ordering. Neutrino spectra
are split above a critical energy 10 MeV. Dotted lines are original spectra
and solid ones are final spectra after collective neutrino oscillation. Bottom
panel shows the survival probability of electron neutrinos for each energy.
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Sec. 3.1.
Slow flavor conversion in the bulb model demonstrates interesting spectral splits. The

multiangle simulation imposes many assumptions and symmetries, while the requirements
are not real in nature. We will discuss the effects of symmetry breaking on collective flavor
conversion in the following chapter 3. In Sec. 3.1, we demonstrate the effects of matter
suppression on collective slow conversion. In Sec. 3.2, we here introduce the description
removing the assumptions for slow instability and mainly discuss the axial-symmetry
breaking in direction. The breaking induces new flavor instabilities and can affect the
flavor contents. In Sec. 3.3, we consider the coherent neutrino-nucleus elastic scattering
against the bulb model. The direction changing scatterings make broader intersection
angles and change the bulb description.

In chapter 4, we take up the anisotropic neutrino angular distribution which can trigger
fast instability. In particular, the coherent scatterings in the preshock region of core-
collapse supernovae generate the inward-going components and the backward crossing
can lead to fast flavor conversion. In Sec. 4.2, we focus on the three-flavor effects due
to the angular distributions for the heavy-leptonic flavors and the inclusion case of the
vacuum term. In Sec. 4.3, we challenge the local flavor evolution of the fast instability.
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Chapter 3

Slow Flavor Conversion

Slow flavor instability is triggered by the asymmetry of the energy distribution. Since the
channel of antineutrinos in Eq. 2.22 set the negative sign for the distribution, the existence
of energy crossing are always expected even if we consider only electron-type flavors or
employ monochromatic energy spectra. Therefore, collective slow flavor conversions are
possible inside core-collapse supernovae unless the vacuum term driving slow instability
is neglected. Detailed information on the neutrino phase space is irrespective of the slow
instability and we do not require core-collapse supernova models by the Boltzmann solver
with the highest computational costs, which can resolve the neutrino angular distribution.
Thanks to the mildness of the crossing conditions, many studies have been done in both
the linear and nonlinear regime, and have revealed the influence of flavor conversions on
neutrino observation and explosive nucleosynthesis. In this chapter, we introduce three
interesting behaviors of slow flavor conversions, following my previous papers [132–134]:
matter-induced suppression, symmetry breaking, and neutrino halo.

3.1 Matter Suppression
The neutrino-neutrino interaction couples all traveling neutrinos and the self-coupling
system forces the synchronization of oscillation phase and induces the collective effects.
The collective effect maintains coherence among neutrinos with different angular modes.
On the other hand, the presence of background matter prevents the self-coupling effect.
Matter term in Eq.(2.27) includes the dependence on a radius r and an angular mode u.
In the large-distance limit r ≫ Rν ,

λ

vr,u
≃ λ

(
1 + u

R2
ν

2r2

)
= λ+ uλ

R2
ν

2r2
. (3.1)

The first term is independent of the radius and angular modes, and ignored as a com-
mon phase of plane wave solutions. However, the second term includes the information
on neutrino trajectory. Neutrinos arriving at a certain radius r along different trajecto-
ries (r, u ̸= 0) have travelled longer distances relative to the radial direction (r, u = 0).
The trajectory dependence changes effective charged-current potential for each angular
mode. Therefore, the mode coupling among different neutrino trajectories results in the
oscillation phase dispersion [83]. To lead to collective flavor conversion, the phase syn-
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Figure 3.1. The time evolution of neutrino luminosity Lνα (left) and averaged energy
⟨Eνα⟩ (right) in a failed SN model with 40M⊙.

chronization induced by the collective effect needs to overcome the matter-induced phase
dispersion. Actually, high matter density near the proto-neutron star in CCSNe can sup-
press the collective effect completely in spite of high neutrino density [84, 85, 132]. In
this chapter, we will discuss the multiangle matter suppression, especially in failed SNe
as reviewing our previous paper [132].

3.1.1 Complete matter suppression in failed SNe

Massive stars experience core collapse at the final stage of stellar evolution. In the delayed
explosion scenario, neutrino heating process powers a stalled shock wave and helps to
succeed the explosion. However, some fraction of the high-mass progenitors fail to explode,
which is called a failed SN (e.g., Refs. [135–137]). The intense matter accretion of the
outer layer prevents the stalled shock wave from reviving, unlike the successful SNe.
The matter which is not blown away by this shock wave continuously accretes into the
PNS, and the central temperature and density raise compared to in the successful SNe.
The unlimited accretion phase produces more energetic neutrinos in failed SNe until the
neutrino sphere is wrapped by the event horizon after the formation of a black hole. In this
chapter, we employ the spherically symmetric 1D failed supernova simulation [135, 136]
with a progenitor having 40M⊙ [138] and adopt the equation of state by Lattimer and
Swesty with an incompressibility of 220 MeV (LS220-EOS) [139]. Figure 3.1 shows the
time evolution of neutrino luminosity Lνα (left) and averaged energy ⟨Eνα⟩ (right) in a
failed SN model with 40M⊙ [132]. In this model, the black hole formation happens at the
postbounce time tpb = 783 ms and the neutrino emission stops. The averaged neutrino
energy finally increases to ∼ 30 MeV and is higher than ∼ 15 MeV in the successful SNe.
Figure 3.2 represents density profiles at tpb = 30, 100, 500, and 600 ms. The shock wave
is located around 100 km at the early epoch tpb = 30 and 100 ms, while it forms the
accretion shock at the late epoch tpb = 500 and 600 ms.



36 Chapter 3 Slow Flavor Conversion

106

107

108

109

1010

1011

1012

1013

1014

1015

101 102 103

D
en

si
ty

 [g
 c

m
-3

]

Radius [km]

tpb=30 ms
tpb=100 ms
tpb=500 ms
tpb=600 ms

Figure 3.2. Density profiles at tpb = 30, 100, 500, and 600 ms.

3.1.2 Numerical setup & results

Collective flavor conversion provides spectral splits depending on the energy distribution.
Here, we use a gamma distribution [125, 126] as an initial neutrino spectrum with flavor
α on the surface of the neutrino sphere:

fνα
(Eν) =

Lνα

⟨Eνα
⟩

(Eν)
ξα

Γ(ξνα
+ 1)

(
ξνα

+ 1

⟨Eνα
⟩

)ξνα+1

exp

[
−(ξνα

+ 1)
Eν

⟨Eνα
⟩

]
, (3.2)

where ξνα is a pinching parameter given by

ξνα =
⟨E2

να
⟩ − 2⟨Eνα

⟩2

⟨Eνα⟩2 − ⟨E2
να
⟩
. (3.3)

In this energy distribution, we use the energy resolution of NE = 200 ∈ [0, 100] MeV.
And we adopt the polar angular resolution of Nu = 2000 ∈ [0, 1] to avoid the occurrence
of artificial oscillation.

We first show the numerical results in the inverted mass ordering case at tpb = 600 ms

as an example. Figure 3.3 represents the radial evolution of survival probability Pee of
electron neutrinos at 20 MeV. In the case of red line, we adopt the density profile in
Fig. 3.2 as it is, while we manually reduce the electron density by a factor of 100 in green
line. We call the former the standard case and the latter the low-density case. And blue
line is in the case of the single-angle approximation, which ignores any dependence on the
neutrino trajectories from the neutrino sphere [119]. In the single-angle approximation,
the multiangle term in the Hamiltonian is reduced to the geometric factor along the radial
direction u = 0:

Dr ≡
∫ 1

0

du′ (1− vr,uvr,u′)
∣∣∣
u=0

=
1

2

[
1−

√
1− R2

ν

r2

]2
. (3.4)

The single-angle geometry of the neutrino self-interaction does not induce the multiangle
decoherence and collective neutrino oscillation does not have any influence from the matter
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suppression. In the standard case, we find that collective neutrino oscillation is completely
suppressed. On the other hand, collective flavor conversion occurs at r ∼ 200 km in the
low-density case. The onset radius and survival probability is similar to the single-angle
case, and demonstrates the quasi-single angle behaviors.

The multiangle matter suppression dominates collective neutrino oscillation at all time
snapshots in this failed supernova model. The absence of flavor conversions can be con-
firmed by the linear stability analysis in the subsequent subsection.

3.1.3 Linear stability analysis

We introduce the linear stability analysis to understand the multiangle matter suppression.
Collective neutrino oscillation is a nonlienar effect, but the onset of the flavor conversion is
still in the linear order. Therefore, the linear stability analysis has been used to investigate
whether collective flavor conversion can occur [80]. Here, we simply consider two-flavor
approximation because three-flavor effects does not directly change the multiangle matter
suppression. We can decompose the density matrix to see the evolution of the off-diagonal
parts:

ρν =
Tr(ρν)

2
I2 +

fνe − fνx

2

(
s S

S∗ −s

)
=

Tr(ρν)

2
I2 + gS. (3.5)

To the linear order, we assume |S| ≪ 1 and s = 1, and we can get the linearized equation
for S from Eq.(2.27) in the bulb model as

ivr,u∂rS =

[
‒ ω + λ+ µ

∫
dΓ′(1− v · v′)g′

]
S − µ

∫
dΓ′(1− v · v′)g′S′. (3.6)

Here we select a fast-rotating frame where the vacuum term oscillates quickly and the
off-diagonal term averages to zero [80, 83]. Assuming the isotropic emission g(ω, u, φ) =
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g(ω)/2π and the large-distance limit r ≫ Rν , we can rewrite it as

i∂rSω,u =

(
−ω + λ+ ϵµ

vr,u

)
Sω,u − µ

∫ +∞

−∞
dω′

∫ 1

0

du′
(
1− vr,uvr,u′

vr,uvr,u′

)
gω′Sω′,u′ (3.7)

≃
(
−ω + uλ̄∗)Sω,u − µ∗

∫ +∞

−∞
dω′

∫ 1

0

du′(u+ u′)gω′Sω′,u′ , (3.8)

where the effective matter potential λ̄∗ is given by the multiangle potential µ∗ and λ∗ as
follows:

λ̄∗ = λ∗ + ϵµ∗ = (λ+ ϵµ)
R2

ν

2r2
. (3.9)

Also, we ignore a small distance-dependent shift of ω derived from v−1
r,u. Note that the

energy spectrum g is normalized as
∫ 0

−∞ dω′gω = −1 and hence the asymmetry parameter
ϵ =

∫ +∞
−∞ dω′gω. The eigenvalue equation for the plane wave ansatz Sω,u = Qω,ue

−iΩr is

[
−ω + uλ̄∗ − Ω

]
Qω,u = µ∗

∫ +∞

−∞
dω′

∫ 1

0

du′(u+ u′)gω′Qω′,u′ . (3.10)

The right-hand side is simply the linear form A+Bu and the eigenfunction Qω,u should
be led as

Qω,u =
A+Bu

−ω + uλ̄∗ − Ω
. (3.11)

By substituting it into the eigenvalue equation, we get(
I1 − 1 I2

I0 I1 − 1

)(
A

B

)
= 0, (3.12)

where

In = µ∗
∫

dωdu
ungω

−ω + uλ̄∗ − Ω
. (3.13)

Then, the physical and nontrivial solutions are

D(Ω) ≡ (I1 − 1)2 − I0I2 = 0. (3.14)

If Ω satisfying this condition has a positive imaginary part κ = Im(Ω), the off-diagonal
term S of the density matrix will take a flavor instability and grows exponentially at the
radius. The instability is called the bimodal (BM) instability in the inverted mass ordering
case and the multi-zenith-angle (MZA) instability in the normal mass ordering case. We
find whether collective flavor conversion can occur by investigating the existence of these
instabilities.

Here, we consider a monochromatic spectrum with some fixed energy (ω = ±ω0),

gω = (1 + ϵ)δ(ω − ω0)− δ(ω + ω0). (3.15)

The collective effect suggests that all neutrinos start to oscillate at the same onset radius
because the self-interaction potential itself does not depend on the neutrino energy but the
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difference in the flux. We can hence simplify the treatments of the momentum integration
in the collective term. In this simple model, we analytically perform the integration in
Eq.(3.13) as

In =
µ∗

λ̄∗

(1 + ϵ)

αn
+ ln

(
1− 1

α+

)
+

n−1∑
j=0

1

n− j
αj
+


−

αn
− ln

(
1− 1

α−

)
+

n−1∑
j=0

1

n− j
αj
−


 , (3.16)

where

α± =
Ω± ω0

λ̄∗ . (3.17)

We can obtain the growth rate by surveying Ω on the complex plane by the root-finding
algorithms such as the Newton’s method.

Figure 3.4 shows the contour of the growth rates κ in the BM case at tbp = 600 ms. If
density profile intersects the shaded region, the flavor instability develops locally. However,
in this case, the density profile passes over the unstable region and it means that high
matter density completely suppresses the collective flavor conversion. The results from
the linear stability analysis is consistent with no flavor conversion in Fig.3.3. In the low-
density case, neutrinos propagate through the density profile and undergo the BM flavor
instability. The intersection point r ∼ 200 km of the density profile with the unstable
region roughly matches the onset radius of the collective flavor conversion in the numerical
simulation. This confirms the linear stability analysis is useful for us to investigate the
competition between the collective effect and the matter suppression.
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Figure 3.4. Contour map of the growth rates κ in the BM case at tbp = 600 ms. Density
profile is over the shaded unstable region and neutrinos do not undergo the
BM instability.
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3.1.4 Angular resolution and spurious mode

Here, we discuss angular resolution problems associated with the matter suppression.
Figure 3.5 shows the radial evolution of the survival probabilities for four kinds of angular
bins: Nu = 500, 1000, 1500, and 2000. Artificial flavor evolution emerges in the insufficient
angular binning Nu ≲ 1500. It results from the growth of “spurious modes” derived from
the discrete angular integration and the suppression for the spurious instabilities requires
many amount of angular bins [140, 141]. The presence of these unphysical modes can be
easily understood by the discrete scheme in the linear stability analysis. We assume the
hair-comb spectrum following Ref. [140] as

gω,u = [(1 + ϵ)δ(ω − ω0)− δ(ω + ω0)]H(u) (3.18)

H(u) =
1

Nu

Nu∑
j=1

δ

(
j − 1/2

Nu
− u

)
. (3.19)

Then, the integration in In is

In =
µ∗

Nu

Nu∑
j=1

 (1 + ϵ)
(

j−1/2
Nu

)n
−ω0 − Ω+ j−1/2

Nu
λ̄∗

−

(
j−1/2
Nu

)n
+ω0 − Ω+ j−1/2

Nu
λ̄∗

 . (3.20)

For Nu = 1, the single-angle case, Eq. (3.14) becomes a quadratic equation for Ω and we
can solve it exactly as

Ω = −ϵµ∗ − λ̄∗

2
±

√
ω2
0 + (2 + ϵ)µ∗ω0 +

(
ϵµ∗

2

)2

. (3.21)

The condition that Ω has a positive imaginary part is

2ω0

ϵ2

[
− (2 + ϵ)− 2

√
1 + ϵ

]
< µ∗ <

2ω0

ϵ2

[
− (2 + ϵ) + 2

√
1 + ϵ

]
(3.22)
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and the mass ordering is inverted, ω0 < 0, for positive µ. The growth rate in Eq. (3.21) is
independent of matter density λ because the multi-angle phase dispersion does not work
in the single-angle case.

If we consider Nu ≥ 2 case, Eq. (3.14) gives polynomials of Ω with 2Nu roots. One of
them corresponds to the physical solution uniquely derived from Eq. (3.16). The others
are artificial modes yielded by the discretization of the angular integration. Therefore,
spurious modes always emerge as long as we adopt finite angular bins in numerical calcu-
lations. And the spurious modes possess comparable growth rate ImΩ with the physical
solution and we need to avoid accidentally picking up the non-physical modes. If we em-
ploy sufficient angular resolutions, the spurious modes are far from the µ range shown in
Eq. (3.22). However, in the insufficient cases, the spurious modes stay near or just on the
µ range, where the collective instability has non-zero growth rates, and consequently cover
over the physical mode. This is a discussion within the linear regime, but the presence
of spurious modes largely affects the flavor evolution during the early phase even in the
nonlinear simulations and induces the artificial behaviors as shown in Fig. 3.5. In the
linear regime, we can avoid spurious modes to arise only by analytically performing the
angular integration for the distribution fitted with polynomials [141].

3.1.5 Neutrino signal prediction

Finally, we discuss the detectability of neutrinos from the failed supernova model. Emitted
neutrinos from the center undergo collective neutrino oscillation and then the MSW reso-
nance. Above the simulation, collective neutrino oscillation is completely suppressed at all
time snapshots in our employed failed supernova model. Therefore, only the MSW H- and
L-resonances affect the detected neutrino spectra. Now, we consider two representative
neutrino detectors, Super-Kamiokande and DUNE. We evaluate the event rates, assuming
that the distance to the target failed supernova is d = 10 kpc as a typical distance in our
Galaxy.

Super-Kamiokande is a water Cherenkov detector in Japan. In the fourth experiment
(SK-IV), the fiducial volume is 22.5 kton and the threshold energy is 3.5 MeV correspond-
ing to recoil electron kinetic energy [142, 143]. Water Cherenkov detectors have a high
sensitivity to inverse beta decay (IBD; p(ν̄e, e+)n) reaction and electron antineutrinos can
be detected via this reaction. The threshold energy for ν̄e is Eth = 4.79 MeV because
of the mass difference between proton and neutron. We take the cross section σ of IBD
reaction from [144].

The Deep Underground Neutrino Experiment (DUNE) is a proposed neutrino experi-
ment in the United States [145]. A Liquid Argon Time-Projection Chamber can provide
a detection of electron neutrino via a charged-current reaction 40Ar(νe, e

−)40K∗. DUNE
will be composed of four detectors with the fiducial volume 10 kton and the total fiducial
volume of liquid argon is designed to be 40 kton. The threshold energy of this charged-
current reaction has not been determined yet, but here, we assume that the electron energy
cut-off is 5 MeV. Due to the energy difference between 40Ar and 40K∗, the threshold en-
ergy for electron neutrinos is 8.28 MeV. We take the cross section of 40Ar(νe, e

−)40K∗
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from [146].
The event rate detected by Super-Kamiokande and DUNE is simply estimated as

dNν

dt
=

Ntarget

4πd2

∫ ∞

Eth

dE fνα(E)σ(E), (3.23)

where Ntarget is the number of target particles in the tank, d is the distance to a failed
supernova and fνα is the angle-averaged neutrino spectrum arriving at the detector. In
Super-Kamiokande, the target particle is a proton of pure water H2O in the tank, while it
is an argon in DUNE case. Here, we do not consider actual detection efficiency, detector
responses, or energy resolution for simplicity. The MSW effects strongly depend on the
neutrino mass ordering because the channel where the H-resonance occurs is different
between the normal and inverted cases as shown in Fig. 1.8. For the normal mass ordering,
the observed electron-type neutrino spectra at the Earth are identical to those at the
surface of the star according to the discussion in Sec. 1.4.2 and are given by

fobs
νe

= s213fνe
+ c213

(
c212fνx

+ s212fνy

)
(3.24)

fobs
ν̄e

= c213
(
c212fν̄e

+ s212fν̄x

)
+ s213fν̄y . (3.25)

For the inverted mass ordering,

fobs
νe

= c213
(
s212fνe

+ c212fνx

)
+ s213fνy

. (3.26)

fobs
ν̄e

= s213fν̄e
+ c213

(
s212fν̄x

+ c212fν̄y

)
. (3.27)

We assume the adiabatic transitions in the MSW resonances above the simple descriptions.
In this case, fνα

is an original neutrino spectrum for a flavor α in the absence of collective
neutrino oscillation.

Figure 3.6 shows the time evolution of the event rate and the accumulated detection
number at Super-Kamiokande. There are big differences between the inverted and normal
mass orderings in the neutrino detection rate. In particular, the accumulated neutrino
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Figure 3.6. The event rate (left) and accumulated event number (right) at Super-
Kamiokande from a failed supernova at d = 10 kpc. The inverted mass
ordering, the normal mass ordering, and no oscillation case are shown by red
solid, blue dashed, and green dotted lines.
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event number in the normal mass ordering is 1.5 times (about 2, 000 events) larger than
in the inverted mass ordering at stopped time t ∼ 750 ms at Super-Kamiokande. Since
the adiabatic H-resonance provides the complete conversion, ν̄e ↔ ν̄y, only in the channel
of antineutrinos in the inverted mass ordering, the spectrum of ν̄e observed at Super-
Kamiokande is almost identical to the original spectra of heavy-leptonic flavor neutrinos.
This means that the event rate in the inverted mass ordering can be regarded as the
evolution of the number flux of non-electron type neutrinos. On the other hand, the
H-resonance in the normal mass ordering does not almost mix the antineutrino channel
according to the level crossing scheme. Therefore the mixed spectra with ν̄e and ν̄x by
the L resonance will be detected. These features produce the result that the accumulated
event number in the inverted mass ordering is smaller than that in the normal mass
ordering.

The event rate in the normal mass order peaks at tpb = 500 ms, while the event rate in
the inverse mass ordering increases continuously until black hole formation. The event rate
decreases at the late phase because the spectrum observed in the normal mass ordering
partly contains ν̄e spectrum. In Fig. 3.1, the increase in neutrino luminosity and averaged
energy of ν̄e stops at 500 ms, while those of ν̄x continue to increase. The difference is
derived from the behaviors of the neutrino sphere for each flavor. The neutrino sphere
radii of νe and ν̄e depend on both the charged-current and the neutral-current reactions
with nucleons. On the other hand, νx interacts only via neutral-current reactions and
diffuses to escape at smaller radius. Since the temperature inside the neutrino sphere
increases due to the contraction of the proto-neutron star, the. production rate of heavy-
leptonic pairs increases (e− + e+νx + ν̄x) due to the thermalized electron-positron pairs.
This leads to a dramatic increase in the luminosity of νx.

Figure 3.7 shows the predicted event number of electron neutrinos at DUNE. The event
rate at tpb = 30 ms presents the absence of small peak in the normal mass ordering. In the
inverted mass ordering, the H-resonance has little impact on νe and the L-resonance mixes
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Figure 3.7. The event rate (top) and accumulated event number (bottom) at DUNE from
a failed supernova at d = 10 kpc. The inverted mass ordering, the normal
mass ordering, and no oscillation case are shown by red solid, blue dashed,
and green dotted lines.
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νe and νy, while the H-resonance causes the complete conversion νe ↔ νy in the normal
mass ordering and the prominent peak signal of the neutronization burst is completely
lost. Therefore if the peak at the early phase is observed in the event rate, it means that
the mass ordering is inverted.

No significant difference can be seen for the accumulated neutrino event numbers in
both mass orderings. This is because the cross sections via charged-current reaction are
more sensitive to high energy neutrinos than those via IBD reaction in water Cherenkov
detectors. Higher energy tail than the peak of neutrino spectrum become dominant in the
event rate, and the tail of neutrino spectra has smaller difference in flavors than around
the peak. So the mixed spectra by the MSW resonances are almost identical between
both mass orderings.

We note that this tendency of neutrino emission depends on the progenitor structure
and the mass accretion rate at the neutrino sphere of the proto-neutron stars. In the
case of failed supernovae with large mass accretion rates, corresponding to our model, the
time evolution of the neutrino spectra will be similar to the one obtained in this study
[136, 137, 147]. We would observe the time evolution of the event rate similar to the one
expected above. On the other hand, failed supernovae with small mass accretion rate
show the decrease of luminosities for all flavor neutrinos at late time [147]. Since the
luminosity of νx expresses the similar behavior to that of νe, the differences between the
neutrino mass orderings would not be seen in the event rate.

3.1.6 Short summary

We have performed collective neutrino oscillation within the three-flavor framework us-
ing an one-dimensional failed supernova model of a 40M⊙ progenitor with LS220-EOS.
We predicted the time evolution of the event number for current and future detectors,
assuming that a failed supernova emerges at 10 kpc as a Galactic event.

It turns out that collective neutrino oscillation in the failed supernova model is com-
pletely suppressed by the matter-induced effects at all time epochs from the neutronization
burst to the formation of a black hole. The outer core and envelope will not stop accreting
because the stalled shock wave does not revive in failed supernovae. Therefore, accreting
matter is not blown away at radii O(100) km where collective neutrino oscillation can
occur generally and the dense matter effects continuously suppress the growth of collec-
tive flavor instability. As a consequence, our observed neutrino spectra undergo only the
MSW resonance in the envelope. The simple description enables us to easily understand
neutrino spectra detected at neutrino detectors. Our evaluations in the detection of the
neutronization burst and the time variation of the event rates indicate the potential to
solve the neutrino mass ordering problem.

Our calculation is based on the traditional bulb model ρν(r;Eν , θν), which neglects the
effects such as symmetry breaking and coherent scatterings outside the neutrino sphere.
Also, we consider only the slow flavor instability and employ the isotropic angular distri-
bution suppressing the excitation of fast flavor instability. Such further investigations will
be discussed in the subsequent sections and chapters.
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3.2 Symmetry Breaking
The traditional bulb model requires stationary flavor states, spherical symmetry in the
space, and axial-symmetry in the neutrino trajectories to reduce the dimensionality in
the phase space. The simplified model has even revealed the interesting features of the
neutrino self-interactions such as spectral splits and multiangle matter suppression. We
have introduced them in the above, but assumed only the inverted mass ordering case.
The bulb model in the normal mass ordering case exposes the multi-zenith-angle (MZA)
instability, which is often self-suppressed by neutrinos themselves and would be stable.
Raffelt et al. [86] pointed out that the relaxation of the axial symmetry creates a new
flavor instability. This is called the multi-azimuthal-angle (MAA) instability and is found
only in the normal mass ordering. It means that the effect of axial symmetry breaking
is stable in the inverted mass ordering. As a consequence, the bimodal (BM) and MAA
instabilities work as unstable modes for simple neutrino spectrum in both mass order-
ings. Recently, global analyses of multiple neutrino experimental results suggest that the
normal mass ordering is preferred over the inverted case [148–154]. Thus, the possibil-
ity of collective flavor conversion in the normal mass ordering is needed to investigate
in detail. Previous works have revealed significant flavor conversion in the normal mass
ordering case but imposed several approximations to reduce the computational costs [86–
88]. Some studies have employed parametric properties as supernova models and not
sufficiently discussed multi-angle matter suppression. And others have used core-collapse
simulation models but adopted two-flavor monochromatic energy distributions instead of
multi-energy case within three-flavor framework. We have first performed the numerical
calculation of three-flavor collective neutrino oscillation on three-dimensional momentum
space for a supernova simulation model. And we have extended the traditional two-flavor
linear stability analysis scheme into more accurate three-flavor one considering vacuum
mixing angles. Our work can provide more detailed and accurate flavor conversion. In
addition, spatial and temporal inhomogeneity can trigger a new collective flavor instability
[89–92]. The non-stationarity can particularly weaken the multi-angle matter suppression
through the highly pulsating modes and provide unstable flavor evolution in the deep
region in core-collapse supernovae even for slow modes. However, the inclusion of the
spatio-temporal inhomogeneity makes the simulation more difficult and we only take it
into account within the linear stability analysis. In this Section, we mainly discuss the
effects of three-flavor neutrino conversion with the MAA instability, following Ref. [134].

3.2.1 Spatio-temporal Instability

We first consider the symmetry breaking against axial-symmetry and spatio-temporal ho-
mogeneities simultaneously. We restore the derivative term and multiangle term including
azimuthal-angle distribution which are ignored in the traditional bulb model. The lin-
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earized EoM is given by

i (∂t + v · ∇)Sω,u,φ = (−ω + λ+ ϵµ)Sω,u,φ − µ

∫
dΓ′(1− v · v′)g′ω,u,φS

′
ω,u,φ. (3.28)

Here, we assume the flavor correlation S in the form S ∝ Qp,ke
−i(pt+k·xT+Ωr) which grows

in the radial direction.[
−ω + λ̄− p− vT · k

vr,u
− Ωp,k

]
Qp,k =

µ

vr,u

∫
dΓ′(1− v · v′)g′ω,u,φQ

′
p,k, (3.29)

where subscript T expresses transverse components against the radial direction. Compar-
ing it to Eq. 3.10 in the traditional bulb model, effective matter term λ̄ is shifted into
(λ̄− p− vT · k) by spatio-temporal inhomogeneities p and k in the l.h.s., and azimuthal-
angles φ are included in the multiangle term in the r.h.s.. If the inhomogeneous frequencies
are comparable to effective matter potential, they can cancel the multiangle matter sup-
pression. The pulsating modes p have the same radial velocity dependence as the matter
term λ̄ and act like as the negative matter term. If neutrino flavor eigenstates have con-
tinuous temporal distributions, then there is always a flavor instability satisfying p ≃ λ̄.
On the other hand, the spacial inhomogeneity vT · k has dependences on the transverse
velocity vT and only a part of velocities can completely cancel the matter term even if
|k| ≃ λ̄. In the stationary case, the transverse components can not overcome the matter
suppression as in the temporal modes.

We demonstrate a test calculation to confirm whether the cancellation of matter sup-
pression is induced by the temporal instability. To focus the impact of pulsating modes, we
assume axial symmetry in neutrino trajectories like as the traditional bulb model again.
We take neutrino properties in Table 2.1 but choose monochromatic energy spectra in
Eq. (3.15) to simplify. Figure 3.8 represents the flavor unstable regions for a stationary
bulb model p = 0 and a pulsating mode p ̸= 0 corresponding to ρYe = 108 g cm−3. Flavor
instability with a nonzero pulsating mode p ̸= 0 is clearly raised to higher matter density
compared to the stationary mode p = 0. Neutrinos can obtain nonzero growth rates even
at higher density where matter suppression is dominant. The frequency of the pulsating
mode in Fig. 3.8 is p ∼ 3.9×104 km−1 ∼ 1.2×1010 Hz and is required to be too fast com-
pared to the fluctuation created in a supernova dynamics. According to Refs. [91, 155],
pair correlations of neutrino field could lead to sufficiently fast-oscillating fluctuations. If
the mechanism can seed initial perturbation like a white noise, the temporal instability
may be able to cancel out the matter effects. However, collective neutrino oscillation do
not always grow sufficiently even if neutrinos obtain such a perturbation. The width of the
unstable region becomes much narrower than the stationary case in Fig. 3.8. We need to
consider the adiabaticity of both neutrino potentials and matter effects in the flavor evo-
lution. Neutrinos may run through the density profile before the flavor instability evolves
sufficiently to induce the flavor conversions. If the decline of the growth rate is much
faster than the radial evolution of the flavor instability, the temporal instability would
be damped. The investigation of the adiabaticity is required for realistic core-collapse
supernova models in the future.
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Figure 3.8. Schematic picture of flavor instability with temporal inhomogeneities p cor-
responding to ρ = 108 g cm−3. Pulsating modes with p ̸= 0 are excited even
at high matter density.

3.2.2 Multi-Azimuthal-Angle Instability

In the previous section, we have discussed the impact of spatio-temporal inhomogeneities
on the matter suppression. Symmetry breaking on the traditional bulb model are also
brought by the azimuthal-angle distribution. We ignore the inhomogeneous evolution
again below the discussion to evaluate the impact of the axial-symmetry breaking. Be-
fore imposing the axial symmetry, the intersection angle originally expresses with the
transverse velocity β as

1− v · v′ = 1− cos θ cos θ′ − sin θ sin θ′ cos(φ− φ′) (3.30)

= 1− vr,uvr,u′ −
√
uu′R

2
ν

r2
cos(φ− φ′) (3.31)

= 1− vr,uvr,u′ − β · β′. (3.32)

The MAA term β ·β′ breaks axial symmetry in neutrino trajectories. Figure 3.9 shows the
schematic picture of the bulb model including the azimuthal angle. Then, the Hamiltonian
along the radial direction for neutrinos is

HE,u,φ =
1

vr,u

(
U
M2

2E
U† +

√
2GFneL

)
+ µ

R2
ν

2r2

∫
dE′du′dφ′

2π

(
1− vr,uvr,u′ − β · β′

vr,uvr,u′

)
(ρ′ − ρ̄′) . (3.33)
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When (anti-)neutrino flux emitted from the neutrinosphere is axial symmetric, the MAA
term equals to zero due to the periodic integral of the cosine and the Hamiltonian HE,u,φ

is identical to HE,u in the traditional bulb model. Interestingly, the matter term in
Eq. (3.33) is unchanged compared to the traditional bulb model even if we consider the
azimuthal-angle distribution in the neutrino trajectory. The travel distance is same on
each azimuthal-angular mode as seen in Fig. 3.9. Therefore, spurious modes do not
emerge in the azimuthal-angular integration and the resolution is independent of the
matter-induced potential.

In Sec. 3.1.3, we have introduced the linear stability analysis in the two-flavor ap-
proximation. It is sufficient to evaluate the suppression behaviors of collective effects but
inadequate to discuss the onset radius within three-flavor framework. In particular, three-
flavor effects depend on the mixing angle even in the axial symmetric case [156, 157]. We
extend the linear stability analysis into the three-flavor scheme including mixing angles.
Same as the two-flavor approximation, we decompose the density matrix to

ρν =
Tr(ρν)

3
I3 +

fνe
− fνx

3

s1 S1 0

S∗
1 −s1 0

0 0 0


+

fνe
− fνy

3

s2 0 S2

0 0 0

S∗
2 0 −s2


+

fνx
− fνy

3

0 0 0

0 s3 S3

0 S∗
3 −s3

 (3.34)

≡ Tr(ρν)

3
I3 +

3∑
j=1

gjSj . (3.35)

Three Sj indicates the possibility of flavor conversions in the e − x, e − y, and x − y

sectors. If fνx = fνy is given in the employed neutrino distribution, the third term j = 3

θ

ϕ νi

νk

r

Figure 3.9. Schematic picture of the extended bulb model ρ(E, θ, φ).
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is canceled. The e− x and e− y sectors are decoupled in the linear order and x− y flavor
conversion can not occur [158]. However, nonlinear effect can induce a flavor correlation
in the x− y sector due to the second order of S1,2.

In a fast-rotating frame [80], the vacuum term is simply given by

Hvac → ⟨Hvac⟩ =
1

2E

0 0 0

0 ∆m2
21 0

0 0 ∆m2
31


= diag(0, ωL, ωH). (3.36)

ωH/L can induce the flavor conversions in the e− y and e− x sectors and the subscripts
H/L correspond to the notation of the MSW resonance. To linear order, the linearized
EoM for j is

i∂rSj =

(
−ωj + λj + µj

vr,u

)
Sj − µ

R2
ν

2r2

∫
dω′du′dφ′

2π

(
1− vr,uvr,u′ − β · β′

vr,uvr,u′

)
g′jS

′
j ,

(3.37)

where

µj = µ

∫
dΓ′ (1− v · v′) g′j (3.38)

λ1 = λ2 = λ, λ3 = 0 (3.39)

ω1 = ωL, ω2 = ωH , ω3 = ωH − ωL. (3.40)

Here we ignore the number density ne+,µ±,τ± of positrons and heavy leptons. Recent
SN simulation [39] has presented the possibility of muon creation in the proto-neutron
star and the impact on the dynamics. However, we here neglect it for simplicity (see the
discuss in Ref. [158] for the including case). In the three-species treatments (να = e, ē,X)

and the isotropic neutrino emission, the self-interaction potential is given by

µ1 = µ2 = ϵµ =
√
2GF

Φνe
− Φν̄e

4πr2
, µ3 = 0. (3.41)

In the large-distance approximation, the linearized EoM is

i∂rSj =
(
uλ̄j − ωj

)
Sj − µ∗

∫
dΓ′

[
u+ u′ − 2

√
uu′ cos(φ− φ′)

]
g′jS

′
j . (3.42)

This equation differs from Eq. (3.10) only in the MAA term. Similarly, we assume the
plane wave Sj ∝ Qje

−iωjr and we get(
uλ̄j − ωj − Ωj

)
Qj = µ∗

∫
dΓ′

(
u+ u′ − 2

√
uu′cφcφ′ − 2

√
uu′sφsφ′

)
g′jQ

′
j , (3.43)

where cφ = cosφ and sφ = sinφ. The r.h.s. has the form A0 +A1u+A2
√
ucφ +A3

√
usφ

as a function of polar and azimuthal angle u and φ. Therefore, the l.h.s. must be also
that form and by substituting the eigenfunction

Qj =
A0 +A1u+A2

√
ucφ +A3

√
usφ

uλ̄j − ωj − Ωj
(3.44)
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we obtain 
Ij,1 − 1 Ij,2 0 0

Ij,0 Ij,1 − 1 0 0

0 0 −(Ij,1 + 1) 0

0 0 0 −(Ij,1 + 1)



A0

A1

A2

A3

 = 0, (3.45)

where

Ij,n = µ∗
∫

dωjdu
ungj

uλ̄j − ωj − Ωj
. (3.46)

Nonzero determinants are nontrivial solutions and we finally get

D(Ωj) ≡ (Ij,1 − 1)2 − Ij,0Ij,2 = 0 (for BM and MZA) (3.47)

≡ Ij,1 + 1 = 0 (for MAA). (3.48)

The former condition stems from the coefficients A0 and A1, and does not depend on
azimuthal angle φ. This corresponds to the multiangle term in the traditional bulb model
and induces the BM and MZA instabilities. It is same as Eq. (3.14) in the axial symmetric
case. On the other hand, the latter arises from the coefficients A2 and A3 associated with
dependence on the azimuthal angle φ, and causes a new instability in non-axial symmetric
case. This is called the MAA instability and unstable only in the normal mass ordering
case. In the inverted mass ordering case, the BM is dominant even in the inclusion of
azimuthal angular distribution. If the employed model gives fνx

= fνy
, that is, g3 = 0,

Eq. (3.46) for j = 3 vanishes and the growth rate is undefined. Flavor evolution in the
x− y sector is present only in the nonlinear regime.

This formalism is based on the fast-rotating frame and can not describe the three-
flavor effects exactly. To include the dependence on mixing angles, we substitute the
diagonalized Hamiltonian for ⟨Hvac⟩+HMSW, following the approach in Ref. [156]:

H ′
diag ≈

λ+ ωH

(
s213 + ηc213s

2
12

)
0 0

0 ωHηc212 0

0 0 ωH

(
c213 + ηs212s

2
13

)
,

 (3.49)

where η = ωL/ωH is the mass-squared difference ratio. The conversion relation between
H ′

diag and ⟨Hvac⟩+HMSW is simply given by

λ → λ+ ωH

(
s213 + ηc213s

2
12

)
(3.50)

ωL → ωHηc212 (3.51)

ωH → ωH

(
c213 + ηs212s

2
13

)
. (3.52)

Therefore, the nontrivial equations for the growth rate with the dependence on mixing
angles are

I1,n = µ∗
∫

dωHdu
ung1

uλ̄− ωHLmix − Ω1
(3.53)

I2,n = µ∗
∫

dωHdu
ung2

uλ̄− ωHHmix − Ω2
, (3.54)
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where

Lmix = η
(
c212 − s212c

2
13

)
− s213 (3.55)

Hmix = cos 2θ13
(
1− ηs212

)
. (3.56)

In this transformation, we ignore a small angular-dependent shift uω as with the usual
scheme of linear stability analysis. We can obtain the behaviors of three-flavor effects
derived from the BM, MZA, and MAA instabilities by using the expanded linear stability
analysis into the three-flavor frameworks including mixing angles.

3.2.3 Numerical setup

We employ a two-dimensional electron-capture supernova (ECSN) model with an 8.8M⊙

progenitor [159] (the setup of the envelope is same to that of Ref. [14]). As was done in
Ref. [133], the hydrodynamic simulation has been performed by 3DnSNe code. (see the
references [160–163] for recent applications). The method for the hydrodynamic evolution
is summarized in Ref. [133]. The two-dimensional simulation is computed on a spherical
polar coordinate with spatial resolution of (Nr, NΘ) = (512, 128). While the radial grid
is logarithmically spaced and covers from 0 to 5000 km, the polar grids covers from 0 to
π uniformly.

The equation of state used in the simulation is the Lattimer and Swesty with incom-
pressibility of K = 220 MeV [139]. Although the code employs the relatively simple
neutrino transport scheme of IDSA (Isotropic Diffusion Source Approximation) [164], it
nevertheless can provide consistent results on neutrino luminosities and average energies
with more sophisticated schemes (see Ref. [161] for a detailed comparison).

Figure 3.10 shows the time evolution of neutrino luminosity Lνα (top), averaged energy
⟨Eνα

⟩ (bottom left), and rms energy ⟨E2
να
⟩ (bottom right) in the ECSN model with 8.8M⊙.

The emission properties in νe, ν̄e, and νX are red solid, blue dotted, and black dashed lines,
respectively. The pinching parameters for a flavor α are obtained from Eq. 3.3 using the
averaged and rms energy.

The left panel of Figure 3.11 shows the time evolution of the averaged shock radius
(black curve) and the matter density (color contours). The (neutrino-driven) shock ex-
pansion can be seen at around postbounce time tpb = 100 ms, and the accreting matter
is blown away. Thereby, the matter density increases until around 200 ms at radii where
collective neutrino oscillation can be induced. The growth of the shock front has a large
influence on the activity of collective flavor conversion, and we can divide the behaviors
into four phases. As we explain below, these are the suppression phase, window phase,
re-suppression phase, and revival phase.

The right panel of Fig. 3.11 shows the electron number density along the northern
pole at the representative snapshots of each phase, 100, 150, and 300 ms. In the early
stage of ECSNe, collective neutrino oscillation is suppressed by the excess of electron
neutrinos due to neutronization bursts and heavy accretion matter; this corresponds to
the suppression phase, tpb < 100 ms. The propagation of the shock wave then leads to
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Figure 3.10. Time evolution of neutrino luminosity Lνα (top), averaged energy ⟨Eνα⟩
(bottom left), and rms energy ⟨E2

να⟩ (bottom right) in the ECSN model
with 8.8M⊙. Flavors νe, ν̄e, and νX are red solid, blue dotted, and black
dashed lines, respectively.

a window in which the collective effect overcomes the phase dispersion due to matter
decoherence; this is the window phase, 100 ms ≤ tpb < 150 ms. After the shock revival,
the blown matter increases the density profile so that the matter effects again inhibit
the collective flavor transformation; this is the re-suppression phase and spans the times
150 ms ≤ tpb < 250 ms. Finally, the self-induced effects revive during the cooling epoch
as the matter density decreases; this is the revival phase beginning at tpb = 250 ms.

3.2.4 Nonlinear regime

Figure 3.12 shows the radial evolution of the transition probability of electron neutrinos
averaged over energy and angular distributions at 100 (left) and 300 ms (right). Collective
neutrino oscillation is completely suppressed at 150 ms in both cases and we do not show
it in this figure. Here, we divide it into two types of transition probability in e− x sector
and e − y sector. These two sectors are associated with solar mass-squared difference
∆m2

21 and atmospheric mass-squared difference ∆m2
31, respectively. Note that the two-

flavor frameworks adopted by previous works [87, 88] do not show the three-flavor effects
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Figure 3.12. Radial evolution of the transition probability of electron neutrinos into non-
electron types at 100 ms (top panel) and 300 ms (bottom panel). Solid lines
correspond to the MAA case and dotted lines correspond to the MZA case.
The MZA instability is completely suppressed, while the MAA effects lead
to flavor conversions at 100 ms. Flavor conversions are seen in both MZA
and MAA cases, especially beyond 1000 km where oscillation appears in the
MZA case in the e− x sector at 300 ms.

and can only provide flavor conversion in the e− y sector.
At 100 ms (top panel of Figure 3.12), collective neutrino oscillations occur only in the

MAA case (solid line), and are completely suppressed in the MZA case (dotted line).
This different behaviors are due to the large flavor asymmetry ϵ at this time snapshot,
which leads to stable flavor modes in the MZA case in the normal mass ordering. In
the MAA case (solid line), the e − y sector starts flavor mixing from 250 km and the
e−x sector around 500 km. This difference in onset radius is due to the balance between
the vacuum term and the collective term. Collective neutrino oscillation that arises in the
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present calculations is sometimes called slow modes, and unlike fast flavor conversion [122],
they are induced on the scale of the vacuum oscillation frequency ωH/L. The oscillation
frequency µ slows down with decreasing neutrino density, and the growth rate increases at
the radius where µ ∼ ω is satisfied. As a result, the onset of flavor mixing associated with
∆m2

21 in the e − x sector is slower than in the e − y sector by a mass-squared difference
ratio η. This is a simple understanding; in fact, the onset radius also depends on the
mixing angle. The e−x flavor transformation occurs, but its transition probability is less
than 10%. The e− y flavor transformation is still dominant, so even for the MAA case, it
resembles the two-flavor framework at 100 ms. For both MAA and MZA, the transition
probability in the e− y sector appears to gradually increase beyond 1000 km, but this is
induced by the H-resonance of the MSW effects and not by self-interaction.

At 300 ms (lower part of Figure 3.12), the situation changes dramatically, and collective
flavor conversions occur in both the MAA and MZA cases. The e−y transformation (blue
dotted line) in the MZA case starts at 200 km and the growth is saturated around 300 km.
In particular, the e−x sector of the MZA case (dotted red line) shows a large flavor mixing
around 1000 km. This peculiar flavor transformation is unrelated to the H-resonance as
observed at 100 ms. This snapshot is with a flux ordering, commonly referred to as
multiple crossings, which have been investigated in Refs. [79, 124, 165, 166]. Multiple
crossings lead to three-flavor effects leading to e− x mixing, and this behavior can occur
in both the inverted and normal mass ordering cases. On the other hand, the onset radius
in the MAA case is much smaller than in the MZA case, both in the e−x and e−y sectors.
In the MAA case, the e−y conversion starts at 130 km and the e−x conversion occurs at
220 km. The e− x conversion in the MAA case is faster than in the MZA case. Also, the
transition probability in each flavor is nearly 1/3, and thus the neutrino ensemble appears
to have reached flavor equilibrium. The multi-angle decoherence caused by this MAA
instability was reported by Ref. [87]. When the neutrino flavor asymmetry is large, flavor
equilibrium is not established at 100 ms. This fact is consistent with previous studies in
the two-flavor framework [87].

Figure 3.13 shows the radial evolution of the dipole term in cosφ of the off-diagonal
term of the density matrix ρν at 100, 150, and 300 ms. This value indicates the growth
of azimuthal-angle instability [87] and is defined as

P (x) =
√

(P (1))2 + (P (2))2 (3.57)

P (y) =
√

(P (4))2 + (P (5))2, (3.58)

where

P (m) =

∫
dEdudφ

2π
P

(m)
E,u,φ cosφ. (3.59)

These P (1,2,4,5) corresponds to the real and imaginary components of the off-diagonal term
of the neutrino density matrix rhoν , which is initially set to zero. The flavor conversion
due to the MAA instability occurs at a radius where this dipole term approaches the
order of one. If other instabilities drives the flavor mixing, this dipole term need not be
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Figure 3.13. Radial evolution of the dipole term in cosφ of off-diagonal terms at 100 ms
(top left), 150 ms (top right), and 300 ms (bottom). Purple lines correspond
to the e−x sector and green lines to the e−y sector. At 100 ms and 300 ms,
flavor instability steeply grows, while the growth is suppressed at 150 ms.

sufficiently large. Comparing these off-diagonal terms with the transition probabilities in
the MAA case, we see that the steeply growing feature is directly related to the onset
radius of the flavor conversion. It is clear that the MAA instability induces the collective
flavor conversions at 100 and 300 ms. We also find that this flavor instability cannot grow
sufficiently under dense background matter at 150 ms, despite the given perturbation.

Figure 3.14 shows neutrino and antineutrino spectra at 1500 km at 100 ms. The left
panels show the MAA case, and the right panels are the MAZA case. The upper panels
are the neutrino spectrum, the lower panels the antineutrinos. The flavor conversion is
completely suppressed in the MZA case at this time snapshot, and neutrinos pass through
only the H-resonance beyond 1000 km. In the normal mass ordering case, the H-resonance
induces the almost complete e− y conversion to the neutrino sector, but since neutrinos
have not yet reached the high energy range, spectral exchange is only seen in the low
energy range below 5 MeV. In the MAA case, spectral swaps in the e − y sector occur
above 10 MeV, and are negligible in the e − x sector. In the antineutrino sector, the
final electron antineutrino spectrum is almost converted to the original non-electron type
spectrum. And three-flavor effects due to nonlinear evolution provide additional x − y

conversion above 15 MeV. The features of these swaps are similar to the spectral splits
caused by the bimodal instability of the inverse mass ordering [157]. This is due to the
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large flavor asymmetry ϵ > 1, and we observe a quasi-single angle behavior [87, 167].
The bump features in the νy spectrum are transferred into electron neutrinos through the
H-resonance at larger radius.

Figure 3.15 shows the energy spectra of neutrinos and antineutrinos at 300 ms, and
flavor conversions are seen in both the MAA and MAZA cases. In the MAA case, the
average transition probability for each flavor in the neutrino sector is almost 1/3, and
the final spectra are identical below 15 MeV. In the antineutrino sector, all flavors reach
flavor equipartition above 20 MeV. Thus, the neutrino ensemble can achieve partial flavor
equilibrium due to the MAA effects. In addition, the MSW resonances do not significantly
affect the final spectra under flavor equilibrium. On the other hand, both neutrinos and
antineutrinos do not reach the flavor equilibrium in the MZA case. The spectral splits that
occur in the e − y sector in the neutrino spectra around 300 km is transferred to the νx

spectrum through large radius oscillations in the e−x sector. The swap structure escapes
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Figure 3.14. Neutrino and antineutrino spectra at 1500 km at 100 ms. Left panels are
the MAA case and right panels are the MZA case. Top panels are neutrino
spectra and bottom panels are the antineutrino sector. The dotted lines
are for original spectra and the solid ones are for final spectra after collec-
tive neutrino oscillation. In the MAA case, spectral splits appear, while
flavor conversions are completely suppressed in the MZA case. Low-energy
transitions in neutrino spectra occur due to the H-resonance.
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into the non-electron neutrinos, but will return through subsequent MSW resonances.

3.2.5 Linear regime

In this section, we discuss our linear stability analyses to interpret our numerical results.
In particular, we focus on three-flavor effects on the MAA instability because previous
works have discussed only within the two-flavor framework. We show the growth rate
maps of the MZA and MAA instability at 100 and 300 ms obtained by solving Eq. (3.48).

Figure 3.16 shows contours of growth rates κH/L in the MZA case at 100 ms. In the left
panel, the density profile (solid red line) passes through gap between the unstable regions
in both the e−x and e−y sectors, and it is consistent with our nonlinear results that flavor
conversions do not happen. The density profile goes across the narrow unstable region of
the e− x sector, but does not deeply invade into the regions with large growth rate. This
is not enough for flavor instability to grow because the growth rate immediately becomes
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Figure 3.15. The same as Fig. 3.14, but for 300 ms. Neutrino spectra of three flavors
are almost identical and there are no splits in the MAA case. The same
features are observed for antineutrinos. In the MZA case, split features
in the neutrino sector are shifted by e − x conversion subsequent to e − y

conversion. In the antineutrino case, e − x conversion is tiny and a small
low-energy splits occurs in the e− y sector only.
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weaker again.
The behaviors of the three-flavor effect in the MZA case depends on the value of θ13,

as described in Ref. [156]. When a small or zero value is adopted, the stability analysis
shows different growth rates, particularly in the e − x sector. We discuss the effect in
the three-flavor framework employing a small mixing angle θ13 = 10−3 to investigate the
effect of mixing angle, as once adopted in Refs. [121, 124, 166]. Comparing the small
mixing angle case in the right panel of Fig. 3.16 to in the experimental value case, we see
that the unstable region int the e−x sector shifts to a smaller radius and the growth rate
also becomes much smaller. When we evaluate the growth rate using Eq. (3.46) instead
of Eq. (3.54), ignoring the mixing angle, the unstable region in the e− x sector will shift
to a much smaller radius and the growth rate will be underestimated. Therefore, even
if the density profile intersects the unstable region, the growth rate is small enough to
suppress the collective effects. Even in the ordinary case where the experimental values
are adopted, the growth rate of the e − x sector is still small, but it is sufficiently large
to satisfy κLr > 1, which is larger than the e − y sector. Collective neutrino oscillation
possibly occurs only in the e−x sector, depending on the model investigated, as mentioned
in Ref. [156]. It has also been found that the unstable region in the e− y sector is almost
independent of the value of θ13. As long as we discuss the possibility and the onset of
the flavor evolution within the two-flavor framework, the inclusion of θ13 has no impact.
However, when treating all flavors as in this study, the mixing angles should be considered
even in the linear stability analysis.

The instability contour maps for the MAA case at 100 ms are shown in Fig. 3.17.
Because of the partial overlap of the unstable regions, the e−x and e−y sectors are divided
into two panels (top and bottoms). In each sector, the onset radius of collective neutrino
oscillation, obtained from our numerical calculations, is indicated by the vertical dotted
line. The lines are clearly consistent with the intersection radius of the density profile
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Figure 3.16. Contour map of the growth rate κH/L in the MZA case at 100 ms. Left
panel is for ordinary mixing angle case and right panel is for small mixing
angle case, θ13 = 10−3. The unstable regions are labeled for the e − y and
e−x sectors. Red line shows the density profile. Flavor instability can grow
if the density profile intersects the patched regions.
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(solid red line) with the unstable regions. This can be easily understood by comparing
the linear regime with the radial evolution of the dipole modes of the off-diagonal term
in Fig 3.13. The dipole modes of the off-diagonal term evolve steeply at the radius where
neutrinos pass through the unstable region and acquire the large growth rates. Compared
to the growth rate in the e− y sector, that in the e− x sector is much smaller, and does
not satisfy the condition κLr > 1. Nonetheless, the flavor conversion in the e − x sector
appears in our nonlinear simulation. This is because we consider only the two sectors
to be completely decoupled in the linear regime. Our numerical simulation includes the
nonlinear effects and the rapid evolution of the e − y sector can trigger the instability
seeds in the e−x sector, whose growth is more rapid than predicted [166]. The behaviors
are similarly found in the radial evolution of the dipole modes of the off-diagonal terms.
In fact, the growth of the MAA instability in the e− x sector starts after the e− y sector
has evolved.

We show the contour map of the unstable regions with the small mixing angle in the
bottom right panel of Fig. 3.17. The growth rate is larger and also shifts to a larger radius
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Figure 3.17. The same as Fig. 3.16, but for the MAA case. Here, e − y (top) and e − x

(bottom panels) sectors are separately plotted. We do not show the contour
plot in the small mixing angle case in e − y sector because it is almost
identical to the experimental value case. The vertical dotted line indicates
the onset radius of collective neutrino oscillations in our numerical scheme
in each sector.
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compared than in the bottom left panel where the experimental mixing angle is adopted.
This is contrary to the MZA case, where the instability associated with ∆m2

21 is enhanced
for the non-small mixing angle θ13. This difference in the dependence is attributed to
the oscillation mechanism for the MAA and MZA instability respectively. According to
Ref. [157], the sign of the Bloch vector B of the vacuum Hamiltonian affects whether
flavor mixing becomes unstable in the bulb model,

Be−y ∼ −hωH cos 2θ13 (3.60)

Be−x ∼ −ωL

(
cos 2θ12 − c212s

2
13

)
+ hωHs213. (3.61)

The sign of Eq. (3.60) is determined by the sign h of ∆m2
31, and it is always positive in

the inverted mass ordering. In the MZA case, the positive sign is preferred to destabilize
the flavor sector. For the normal mass ordering, Eq. (3.60) is always negative and the
e− y sector is basically stable. On the other hand, the sign of Eq. (3.61) depends on not
only the mass ordering but the value of the mixing angle θ13. For a fixed mixing angle
θ12 to the experimental value, the sign is always negative in the inverted mass ordering
and three-flavor effects in the e − x sector are stable. In the normal mass ordering case,
the condition that Eq. (3.61) is positive is

sin2 θ13 >
cos 2θ12

hωH/ωL + cos2 θ12
. (3.62)

The experimental value θ13 ∼ 0.14 satisfies the condition, while the small mixing value
θ13 ∼ 10−3 adopted in the previous studies suggests the sign of Eq. (3.61) is negative.
Therefore, the flavor correlation in the e−x sector becomes unstable, and a faster growth
rate can be obtained than when the mixing angle θ13 is small. In our numerical results,
the e − y conversion occurs in the MAA case though it is potentially stable in the MZA
case. This suggests that the MAA effect reverses the meaning of the sign and the negative
value is preferred in the unstable criterion. This is consistent with the dependence of the
growth rate of the e−x sector on the mixing angle θ13, which is opposite to the MZA case.
As in the MZA case, ignoring the mixing angle results in a larger shift of the unstable
region. Thus, the absence of the mixing angles or using different values for the linear
stability analysis will misrepresent the possibility of flavor transformation or lack thereof
in the three-flavor framework.

Figure 3.18 shows the contour maps in the MZA and MAA cases at 300 ms. The
onset of our numerical results (vertical dotted line) coincides with the intersection radius
of the density profile (solid red line) with the unstable region. Unlike t = 100 ms in
the MZA case, the density profile goes through both the unstable region and collective
flavor conversion occurs in the nonlinear simulation. Multiple spectral crossings provide
unstable modes and break the self-induced suppression at small radii. In the MAA case,
the density profile enters the unstable region at 100 km and does not go out of the unstable
region until r ∼ 1000 km. Therefore, unlike the case of 100 ms, the growth rate does not
suddenly weaken and the flavor instability is well developed. Comparing the MAA case
to the MZA case, we find that the narrow region at small radii in the MZA case stays on
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higher matter density, and the flavor instability in the MAA case is weaker than that in
the MZA case. Previous studies have reported that the MAA instability is more likely to
be suppressed in neutrino spectra with multiple crossings [88]. Actually, the lowness of
the narrow region indicates suppression behaviors in the MAA case.

3.2.6 Signal prediction

Finally, we make signal predictions at current and future detectors, Super-Kamiokande
and DUNE (see Sec. 3.1.5 for the detector designs). We numerically calculate the flavor
evolution including vacuum, matter, and collective effects until 1500 km. At this radius,
the neutrino density is small enough and self-induced effects cease. The emitted neutrinos
propagate through the H- and L-resonance in the outer envelope of the progenitor and
undergo additional mixing. Here, we assume these MSW effects induce adiabatic reso-
nances mixing. For the normal mass ordering case, the MSW flavor mixing is described
in Eqs. 3.24 and 3.25. In Sec. 3.1.5, we have used the original neutrino spectrum for
fνα because collective neutrino oscillation is completely suppressed in our failed super-
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Figure 3.18. The same as Fig. 3.16, but for 300 ms and we also show both the MAA and
MZA cases. The top panel is the MZA case in both the e − x and e − y

sectors. The bottom left and right panels are the MAA case in the e − x

and e− y sectors, respectively. Here, we show only the experimental mixing
angle case.



62 Chapter 3 Slow Flavor Conversion

0 50 100 150 200 250 300 350
Postbounce time [ms]

0

50

100

150

200

250

Nu
m

be
r o

f n
eu

tri
no

s [
/5

0m
s]

MZA case
MAA case
MSW only

Figure 3.19. Detected IBD event rate per 50 ms bins at Super-Kamiokande from an
ECSN at 10 kpc. The MAA case, the MZA case, and the MSW only case
are shown as orange solid, blue dotted, and green dashed lines, respectively.
The inclusion of collective neutrino oscillation tends to increase the IBD
event rate.
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Figure 3.20. The same as Fig. 3.19, but for νe CC at DUNE. In contrast to ν̄e, the
inclusion of collective neutrino oscillation tends to decrease the νe event
rate.

nova model. However, our numerical simulation for an electron-capture supernova model
shows the flavor conversion and we should use the energy distribution at 1500 km after
the collective flavor conversions. We evaluate the event rate, assuming a supernova event
with an 8.8M⊙ progenitor at d = 10 kpc as a representative distance in our Galaxy.

Figure 3.19 shows the time evolution of the event rate per 50 ms at Super-Kamiokande.
Here, we present three types of cases: the MZA, MAA, and MSW only cases, all for
the normal mass ordering. The presence of complete matter suppression switches over
time and four phases emerge. The phase transition is due to the radial expansion of the
shock wave. When collective neutrino oscillation overcomes the matter suppression, the
event rate tends to increase compared to the MSW only case. The IBD cross section
strongly depends on the neutrino energy and the high-energy tail of the neutrino spectra
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is a dominant part for the event rate. The high-energy tail is more pronounced for non-
electron neutrinos, so the extent to which the νX spectral tail is mixed in with the electron
neutrinos determines the difference in the event rates. In the normal mass ordering case,
only c213s

2
12 ∼ 0.3 of ν̄x and s213 ∼ 0.02 of ν̄y spectra are mixed in with the ν̄e spectrum. On

the other hand, collective neutrino oscillations results in an additional e−X conversion,
increasing the event rate by ∼ 20% in the 300 ms case.

Figure 3.20 shows the time evolution of the neutrino event rate at DUNE. The shock
propagation similarly affect the predicted neutrino event rate, while the effects of collective
neutrino oscillation is contrary to the Super-Kamiokande case. The revival of collective
neutrino oscillation tends to decrease the event rate and it follows from the complete
MSW mixing through the H-resonance. The H-resonance completely switches between
electron neutrinos and heavy-leptonic flavors. Since collective neutrino oscillation occurs
in both MZA and MAA cases, the final spectrum of the electron neutrino is not a pure
non-electron spectrum. Therefore, the presence of collective flavor conversion reduces
the contribution from the high-energy tail of the original non-electron neutrinos in the
detected electron-neutrino spectrum. The difference between the MZA and MAA cases
is also clearly shown compared to the Super-Kamiokande case. At 300 ms, the MZA
case is even unstable due to multiple crossings and collective neutrino oscillation occurs.
On the other hand, the MAA instability induces the multi-angle decoherence, leading
to flavor equipartition in the neutrino ensemble. In the MAA case, the spectral shapes
of νx and νy are identical, so the observed electron neutrino spectrum has a relatively
large contribution from the spectral tail of νX after passing through the MSW resonance.
Thus, the electron neutrino spectrum in the MZA case is more different from that in the
MSW-only case than in the MAA case.

3.2.7 Section summary

We have introduced the impact of symmetry breaking on the traditional bulb model;
spatio-temporal instability and axial-symmetry breaking can potentially overcome the
multi-angle matter suppression. We have discussed the possibility of the temporal insta-
bility still using the linear stability analysis.In the linear regime, non-zero pulsating modes
cancel out the effective matter density and provides the growth rate on the higher matter
density. However, the unstable region becomes smaller and narrower than the stationary
bulb model. The growth rate weakens again and the flavor instability may decay before
it sufficiently grows.

And We have performed the first-ever numerical study of three-flavor collective neutrino
oscillation including the axial-symmetry breaking in a realistic electron-capture supernova
(ECSN) model with an 8.8M⊙ progenitor. The azimuthal angular distribution of emitted
neutrinos triggers axial-symmetry breaking and causes the multi-azimuthal-angle (MAA)
effects. The MAA instability can be enhanced even in the normal mass ordering, under
which axial symmetric (MZA) case is potentially stable. To interpret our results, we
have also extended the linear stability analysis into three-flavors including mixing angles.
Finally, we make signal predictions for a Galactic supernova event considering current and
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future detectors by using our obtained neutrino spectra.
We found that the MAA effects can overcome the matter suppression at time snapshots

when the MZA instability is completely suppressed. The spectral splits appear even in the
MAA case and are similar to the axial-symmetric case in the inverted mass ordering case.
The growth rate in the e− x sector is much smaller than in the e− y sector and provides
partial flavor conversion. Also, interesting is the dependence of the mixing angle θ13 on
the e − x sector. In the MZA case, the application of the latest non-small experimental
value rises the instability associated with ∆m2

21 and can cause e− x flavor conversions at
much larger radii even in the normal mass ordering. However, the inclusion of the MAA
effect is contrary to the MZA case and weakens the growth rate. In this sense, the MAA
case in the normal mass ordering resembles the axial-symmetric case in the inverted mass
ordering at early time snapshots. The consideration of axial-symmetry breaking makes
us possible to discuss more generally in the neutrino signal prediction.

We found that the neutrino event rates at Super-Kamiokande and DUNE show system-
atic changes when collective neutrino oscillation survives against the multi-angle matter
suppression. During the neutronization burst and the accretion phase, collective neutrino
oscillation is suppressed by the excess of electron neutrinos and heavy accreting matter;
we call this the suppression phase. Later, flavor conversions overcome matter suppression
around 100 ms in our ECSN model, and we call this the window phase. Neutrinos undergo
matter suppression effects again around 150 ms as the matter profile increases and the
neutrino flux decreases; we call this the re-suppression phase. Finally, the self-induced
effects revive around 300 ms during the cooling phase; we call this the revival phase.
Note that these phases are only what we found on our ECSN model and they may not
necessarily be generic.

When we treat the axial-symmetry breaking, we have imposed the assumption that the
transverse evolution can be ignored in order to extend the bulb model. Actually, we need
to also consider the spatio-temporal instability, as discussed in Sec. 3.2.1, that requires a
major modification in the traditional bulb model. The investigation of the global solutions
including the multi-dimensional spatial and temporal evolution is still open and there is
still much work needed to challenge the computational complexity of the self-induced
interactions.

3.3 Neutrino halo
In the previous section, we have discussed the impact of symmetry breaking on the bulb
model. It modifies the neutrino geometry and derivative term in the flavor evolution, and
has revealed the existence of flavor instabilities which are suppressed in the traditional
bulb model. The simple numerical model still requires isotropic and free-streaming neu-
trino emission, and provides us a safe and treatable descriptions. Cherry et al. [93, 94]
has pointed out that some fraction of emitted neutrinos can experience coherent neutrino-
nucleus scattering outside the neutrino sphere and change the travel directions. The
scattered neutrinos form a neutrino halo and provides broader angular distributions than
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the bulb emission. The neutrino self-interaction potential depends on the intersection
angles and the wider halo flux potentially affects the collective flavor conversion. How-
ever, at the same time, the non-negligible inwardly scattered flux can destroy the bulb
framework and make the global flavor mixing simulation much more difficult due to the
complexity and computational costs. If the contribution can be neglected compared to
the outward-propagating components, we can evaluate the effect of halo neutrinos by
extending the traditional bulb model into the bulb+halo model. In Ref. [94], the halo
effects were investigated in an O-Ne-Mg core-collapse supernova model at neutronization
burst. The progenitor possesses a steep density gradient in the envelope where collective
neutrino oscillation occurs together with the MSW-driven flavor mixing. Inside the gra-
dient, it is completely suppressed and the contribution from the halo neutrinos can be
safely estimated. However, the situation is special and no one knows more general halo
effects such as later time snapshots when flavor conversion occurs inside the gradient and
iron-core progenitor cases. In this section, we will discuss the impact of the neutrino halo
for an iron-core collapse supernova model, following our challenging work [133].

3.3.1 Model setup

We perform a two-dimensional (axi-symmetric) core-collapse simulation with a 9.6M⊙

zero-metallicity model (Z9.6) provided by A. Heger (2017, private communication, this
model is a extension of Heger et al. 2010 [168] toward the lower mass). This progen-
itor is a non-rotating star and has an iron-core in the center, different from O-Ne-Mg
progenitor used in previous work [94]. The hydrodynamical simulation is performed by
3DnSNe code (recent application reference [161, 169]), and we show the electron den-
sity profile along the north polar direction at 86, 136, and 186 ms in Fig. 3.24. This
two-dimensional simulation is computed on a spherical polar coordinate with spatial res-
olution of (Nr, NΘ) = (512, 128). This radial grid covers from the center to an outer
boundary of 5000 km. A piecewise linear method with gEoMetrical correction is used to
reconstruct variables at the cell edge, where a modified van Leer limiter is employed to
satisfy the condition of total variation diminishing (TVD) [170]. The numerical flux is
calculated by HLLC solver [171]. We adopt the equation of state by Lattimer & Swesty
with incompressibility of K = 220 MeV [139]. These features of the time evolution are
related to the shock propagation. Numerical explosion simulations under spherical sym-
metry are apt to fail the shock revival and do not provide the correct neutrino signals. In
order to investigate the time evolution of halo effects and collective neutrino oscillation,
successfully exploding supernova models are required. We have found the Z9.6 model
explodes successfully even in spherically symmetric simulation (consistent with [172]),
but we here employ a two-dimensional simulation to understand more general neutrino
halo structure. The halo structure strongly couples to the hydrodynamics of supernovae
and two-dimensional halo effects are different from their spherical symmetric counterparts
[100, 101, 103]. We finally calculate collective neutrino oscillations along the north polar
direction from the accretion phase until the shock revival.
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Figure 3.21. The top panels show the time evolution of neutrino luminosity (left) and
shock wave radius (right). In the bottom panels, we show averaged energy
(left) and rms energy (right). In neutrino luminosity and average energy,
νe, ν̄e, and νX are red solid, blue dotted, and black dashed line, respectively.
For the shock radius figure, dotted lines show the maximum and minimum
radius.

3.3.2 Construction of halo model

Our process for making the predictions of collective neutrino oscillation including the halo
effects from core-collapse supernovae simulations consists of the following four steps:

1. Post processing single time snapshots of the neutrino emission from the hydro-
dynamical simulation of the 3DnSNe code to account for the re-direction of halo
neutrinos and creating a 4D map of the energy and angular distribution of halo
neutrinos in all radial and angular zones.

2. We survey the radii where matter suppression completely suppresses collective neu-
trino oscillation at each time snapshot. We use a point inside the radius at which
the matter suppression ceases as the starting point for the calculation of collective
neutrino oscillation.

3. To safely proceed with a collective neutrino oscillation calculation, we verify that
the contribution from the halo neutrinos to the neutrino flavor transformation EoM
at all radii above the starting point identified in step 2 is suitably “small” where
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PNS

(rl ,Θm ,Φn)

(ri ,Θj)

θk

νk

Figure 3.22. Schematic description for equation (3.67). Emitted neutrinos are scattered
at a position (rl,Θm,Φn) towards position (ri,Θj) with the local radial
intersection angle θ[i,j],[l,m,n]. Neutrinos with the local polar angle θk at
(ri,Θj) are given by summation over (l,m, n) along trajectory θk.

this is set to be less than 10% of the ν − ν forward scattering interaction.
4. Use the map of the halo neutrinos generated in the first step to populate the out-

ward directed neutrino emission trajectory bins (including the bulb emission) at the
calculation starting point and performing a halosphere style [94] collective neutrino
oscillation calculation. In this sense, we are creating a validation check for what re-
gions of the envelope are safe to treat in terms of the initial condition formulation of
the collective neutrino oscillation problem, and what regions require the treatment
of the full boundary value problem. We have found that for the example of the Z9.6
progenitor, we can safely employ the initial condition solution method we describe
for the epochs of the SNe explosion which exhibit collective neutrino oscillations.

First, We will describe how we calculate the halo neutrino distribution in detail. To
map the halo neutrino population, we calculate the contribution of the single direction-
changing scattering. The cross section of the enhanced neutrino-nucleus interaction for
a nucleus with total nucleons, A, proton number, Z, and neutron number, N , is first
calculated by Tubbs and Schramm [31] to leading order,

σ [Eν , (Z,N)] ≈ G2
F

π
E2

ν

[
1

2
(CA − CV ))A+

1

2
(2− CA − CV ) (Z −N)

]2
, (3.63)

with weak interaction coupling constants CA = 1/2 and CV = 1/2 + 2 sin2 θW = 0.9446,
taking the Weinberg angle to be sin2 θW = 0.2223. This coherent scattering is nearly
isotropic and newly forms a neutrino halo inside the core-collapse supernovae.

Figure 3.22 shows the geometry of the formation of the neutrino halo population. At
each spatial point (r,Θ,Φ), some fraction of emitted neutrinos is scattered and accumu-
lated into the halo population ρhalo. The scattering population and remaining parts are
obtained as

d

dr
ρhalo (r,Θj , α, Eν) = Γhalo (r,Θj , Eν) ρ

ray (r,Θj , α, Eν) , (3.64)
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and,
d

dr
ρray (r,Θj , α, Eν) = −Γhalo (r,Θj , Eν) ρ

ray (r,Θj , α, Eν) , (3.65)

with the neutrino scattering rate,

Γhalo (r,Θj , Eν) =
∑
β

σ
[
Eν , (Z,N)β

]
ρβ (r,Θj) , (3.66)

taking Θj and the index j to denote the trajectory and angular bin, respectively, of
the two-dimensional core-collapse supernova data, α indexes the neutrino flavor state, β
indexes the species of nucleus/nucleon for which we calculate scattering rates, and the
local density of a nuclear species along a given trajectory is ρβ (r,Θj). For simplicity, the
index β is classified into four species: protons, neutrons, 4He, and a heavy species given by
⟨(Z,N)⟩. The neutrino halo distribution can not be obtained by integrating Eqs. (3.64)
and (3.65) at each radial (i) and angular (j) grid outwardly along each trajectory j from
the neutrino sphere. The integration quantity is the total scattered or free-streaming
neutrino number density and does not exhibit the angular distribution incoming into a
certain position (r,Θ). We need to re-distribute the isotropically scattered halo neutrinos.
Shown in Fig. 3.22, a neutrino flux at a position (ri,Θj) must be summed over halo
neutrinos scattered at a position (rl,Θm,Φn). The energy and angular number density
distribution ρhalo of the halo neutrinos in each radial and polar angle grid (i, j) is then,

ρhalo (α,Eν , θk, ri,Θj) =
∑
l,m,n

Ω[i,j],[l,m,n]Π
(
θk; θ[i,j],[l,m,n], δ[i,j],[l,m,n]/2

)
∆θkρ

halo (α,Eν , rl,Θm) ,

(3.67)

where θk is the local polar angle relative to the position (ri,Θj),

θ[i,j],[l,m,n] = cos−1 (r̂i,j · (r⃗i,j − r⃗l,m,n) /|r⃗i,j − r⃗l,m,n|) , (3.68)

representing the local radial intersection angle with the emission from a grid (l,m, n)

at the position (i, j). The incident ray has finite angular size δ[i,j],[l,m,n] as viewed
from the target zone and we need to split the scattered neutrino across a range of
θk bins, centered on θ[i,j],[l,m,n]. We approximate this distribution to be uniform in
the local azimuthal coordinates, so the total number density of neutrinos arriving in
the θk angular bin is reduced by a factor of Π

(
θk; θ[i,j],[l,m,n], δ[i,j],[l,m,n]/2

)
∆θk, where

Π(x; a, b) is the rectangular function on the interval a ± b, normalized so that the sum∑
k Π
(
θk; θ[i,j],[l,m,n], δ[i,j],[l,m,n]/2

)
∆θk ≡ 1. The relative flux dilution of halo sources

is accounted for by the solid angle term, Ω[i,j],[l,m,n], which is the solid angle subtended
by the target position (i, j), relative to the source grid (l,m, n), assuming that all zones
are roughly spherical with radius Rl,m,n = (3Vl,m,n/4π)

1/3 and Ri,j = Rl=i,m=j,n=0. By
evaluating Eq. (3.67) everywhere within the supernova data set, we obtain an initial neu-
trino halo map. The accumulated neutrino halo distributions include both the inwardly
and outwardly going neutrino flux at the position (ri,Θj). Therefore, we can not simulate
the collective flavor conversion using the halo populations within the bulb framework and
we need to split the two directed components.
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Next, we evaluate the contribution of halo neutrinos to the self-interaction potential.
The contributions from the outgoing and inward-going neutrinos at the position (ri,Θj)

are given by

Hout
νν (ri,Θj) =

∑
α,Eν

√
2GF

∫ 0

1

(1− cos θref cos θ) [ρνα
(Eν , θ, ri,Θj)− ρ̄να

(Eν , θ, ri,Θj)] d cos θ ,

(3.69)

and

H in
νν (ri,Θj) =

∑
α,Eν

√
2GF

∫ −1

0

(1− cos θref cos θ) [ρνα
(Eν , θ, ri,Θj)− ρ̄να

(Eν , θ, ri,Θj)] d cos θ ,

(3.70)
where ρνα

is the total number density summing over the halo neutrinos ρhalo and the
free-streaming components ρray which do not undergo any direction-changing scattering.
Here, we choose the ν − ν interaction contributions for a radially directed neutrino with
cos θref = 1 as a reference trajectory. Note that this formalism is based only on the
diagonal terms of neutrino density matrix ρνα and requires that the off-diagonal terms
are still zero. In other words, the neutrinos do not undergo any flavor conversion and the
flavor instabilities are much less than unity.

In order to provide a quantitative criterion that we can safely calculate collective neu-
trino oscillation within the bulb framework, we require a ratio H in/Hout to be less than
10% at all radii where we perform the flavor evolution. Mapping the ratio of H in/Hout

at all points within the supernova data is the first step in checking for safety. Figure 3.23
shows the results of the safety check for some time snapshots.

The second step is to check that the density matrices remain almost diagonalized inside
the radii where we evaluate Eqs. (3.69) and (3.70), and collective flavor instability does
not grow at all. The scattering rate depends on the matter density and the contribution
from the inward-going halo neutrinos increases in the dense matter. On the other hand, in
the high matter density, collective neutrino oscillation tends to be completely suppresses
due to the phase dispersion. To find the maximum radius rinit where matter suppression is
dominant and suppresses the growth of the off-diagonal terms, we calculate the collective
flavor conversions without the halo populations.

The third step is to verify whether the contribution ratio H in/Hout is less than 0.1 in
the region where collective neutrino oscillation overcomes the matter suppression. While
the ratio may grow larger than 10% at some radii along a given trajectory, we can ne-
glect the impact of the neutrino halo on the collective flavor conversion if the regions are
within the complete matter suppression. We can safely calculate collective neutrino oscil-
lation including outwardly-propagating halo neutrinos if the radii where the contribution
condition H in/Hout < 0.1 is satisfied is greater than rinit.

The last and fourth step is to set the initial conditions for performing the flavor evolution
in the bulb+halo model. We form a halo sphere with a radius RH instead of the neutrino
sphere Rν and assume that neutrinos are free-streamingly emitted from the halo sphere
similar to the original bulb model, following Ref. [94]. We define the halo sphere radius to
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Figure 3.23. Density profile (left) and Halo contribution (right). These figures show
three time snapshots, postbounce time 86ms, 136ms, and 186ms, from top
to bottom. Color scale for the right panels indicates the ratio of the self-
interaction Hamiltonian of inward contribution to outward one. An region
where this ratio exceeds 0.1 should not be treated by the bulb+halo model.
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be 15 − 20% less than the calculation onset radius rinit of collective neutrino oscillation.
Then, neutrinos near the surface of the halo sphere have intersection angles relative to the
radial direction on the range 0 < θ < π/2 despite outside the neutrino sphere. Eventually,
the phase space distribution on the surface of the halo sphere is obtain by

ρνα
(Eν , θ)|r=RH

= ρrayνα
(Eν , θ, ri = RH ,Θj) + ρhaloνα

(Eν , θ, ri = RH ,Θj). (3.71)

3.3.3 Magnitude of Halo

We show the density profile and the halo contribution at 86, 136, and 186 ms in Fig. 3.23.
This halo contribution expresses the ratio H in/Hout of the neutrino self-interaction po-
tential of inward-going neutrinos to outward ones. The inward-scattered neutrino flux can
not be neglected in the regions where this ratio is larger than 0.1. In particular, the dan-
gerous region expands over the whole map in the stellar envelope at 186 ms. However, we
find an escape route along 45 degree direction, which is generated by the two-dimensional
density structure and neutrino flux distribution. Comparing the halo contribution (left
panels) to the density profile (right), we find that the dangerous region is correlated to the
regions inside the shock front and steeply decreases outside the shock wave. This feature
is similar to the steep density gradient in a O-Ne-Mg core-collapse supernova model in
Ref. [94]. Therefore, the density gradient of the shock wave provides the same effect as the
density gradient in the envelope of O-Ne-Mg stars. Thus, We can safely calculate collec-
tive neutrino oscillation ignoring inwardly scattered neutrinos outside the shock wave. In
this case, the halo sphere surface almost corresponds to the shock front and the collective
flavor conversion does not occur inside the pseudo-emission source. Using this bulb+halo
model, we investigate the impacts of outward-going neutrino flux on collective neutrino
oscillation.

3.3.4 Numerical results

In our model, the shock wave propagates outwardly within the occurrence region of col-
lective neutrino oscillation. This propagation varies the density structure in this region as
time passes, and changes the behaviors of the multi-angle matter suppression. We show
the time evolution of the density profile along the north polar direction at 86, 136, and
186 ms in Fig. 3.24. Collective neutrino oscillation is completely suppressed by the matter
effects at 186 ms. On the other hand, the contribution ratio at this time snapshot alerts
us to the ruin of the bulb framework and the matter effects suppress the impact of the
inward-scattered neutrino flux.

Figure 3.25 shows the radial evolution of the survival probability of electron neutrinos
averaged over the energy and angular distribution at t = 86 ms (left) and 136 ms (right).
At 86 ms, the shock front is located around 200 km and collective neutrino oscillation
occurs outside the shock wave. The electron density gradually decreases with increasing
radius, and flavor conversions occur at r ∼ 400 km. In the with-halo case, the onset radius
of the flavor conversion is clearly delayed. The inclusion of halo neutrinos is suggested
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Figure 3.24. Electron density profile along the north pole at postbounce time tpb =

86, 136, and 186 ms. Shock wave propagates from 200 km to 1000 km.

to provide additional multi-angle matter suppression on collective neutrino oscillation.
This matter suppression is caused by the phase dispersion due to broadening the angular
modes. Intersection angles in the absence of the neutrino halo depend roughly on the
inverse square of the radius in the large-distance limit r ≫ Rnu. On the other hand,
the halo neutrinos have broader angular distributions even at large radii and can provide
additional phase dispersion. This is one of the neutrino halo effects. At 136 ms, there is
no difference in the onset radii between the no-halo and with-halo cases, different from
at 86 ms. The shock wave is located at r ∼ 430 km at this time snapshot, and neutrinos
get free from the matter suppression just after passing through the shock front and the
collective flavor instability also grows rapidly. Therefore, the onset radius even in the
with-halo case is almost identical to that in the no-halo case.

Next, we show the contour maps of the survival probability on the energy-impact pa-
rameter plane after the collective neutrino oscillation ceases at r = 1200 km at a repre-
sentative snapshot t = 136 ms in Fig. .3.26. The left panels are in the no-halo case and
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at postbounce time 86 ms (left) and 136 ms (right).
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the right ones in the with-halo case. The top panels show the survival probability of elec-
tron neutrinos and the bottom ones are for antineutrinos. The vertical axis correspond to
the impact parameter b = r sin θR of neutrinos escaping from the surface of the emission
source. In the no-halo case, the surface radius is r = Rν and it is r = RH for the with-halo
case. In the with-halo case, neutrino emissions with the impact parameter beyond the
radius of the original neutrino sphere Rν = 30 km correspond to the contribution only
from the neutrino halo. The flavor conversion for neutrinos in the no-halo case clearly ex-
hibits spectral splits, as shown in the previous work [119]. In the with-halo case, the halo
contributions give additional flavor conversions in the relatively lower impact parameter
region. These additional oscillations deform the neutrino spectra and affect the detection
at Earth.

Finally, we show the neutrino spectra averaged over the angular distributions after
collective neutrino oscillation ceases at r = 1200 km at t = 136 ms in Fig. 3.27. The
left panels are in the no-halo case and the right ones are in the with-halo case. The halo
contributions provide additional flavor conversions above ∼ 10 MeV in both neutrino and

Figure 3.26. Contour maps of the survival probability for neutrinos (upper panels) and
antineutrinos (bottom panels) on the energy-impact parameter plane at r =

1200 km at postbounce time 136 ms. Left panels are the no-halo case and
right panels are the with-halo case.
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antineutrino sectors. This feature appears in the contour maps of the survival probability
in Fig. 3.26. The halo effects sharpen the spectral splits induced by collective neutrino
oscillation. On the other hand, below ∼ 10 MeV for antineutrinos, additional flavor
conversions present in the coutour maps on the energy-impact parameter plane do not
exhibit any spectral features. This is because the scattering rates in the lower energy are
much smaller and the contribution from the free-streaming components becomes more
dominant.

3.3.5 Signal prediction

For the Z9.6 model, we find that the matter suppression hinders collective neutrino oscil-
lation at early and late time epochs, with the exception of a window from tpb = 70 ms to
tpb = 170 ms during the shock revival phase. As a comparison in neutrino signals from
the Z9.6 model, we consider three situations as follows: no collective neutrino oscillation,
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Figure 3.27. Neutrino spectra (upper panels) and antineutrino spectra (bottom panels)
after the collective neutrino oscillation ceases at r = 1200 km at postbounce
time 136 ms. Left panels are the no-halo case and right panels are the with-
halo case. The e and y flavors are shown in red and green lines, respectively.
The solid lines are for neutrino spectra after collective neutrino oscillation
and the dashed ones for initial spectra.
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no-halo, and with-halo cases. We used the SNOwGLoBES software package*1 to model
the detected signal corresponding to several time snapshots of out Z9.6 model. We have
chosen to compare the neutrino event rates in Super-Kamiokande (SK) with inverse beta-
decay (IBD) reaction (assuming the detector has completed doping with Gd, allowing for
the tagging of IBD events), and in a 40 kt liquid argon (LAr) detector, projected to be
DUNE, with νe− 40Ar capture. We assume neutrino signals from a supernova event of our
Z9.6 model emerging at a distance d = 10 kpc as a representative distance in our Galaxy.

Figure 3.28 shows the time variation of the event rate for IBD reaction in SK on the
left panel and for νe − 40Ar capture in DUNE on the right. The presence of collective
neutrino oscillation can be clarified through the divergent trends between the no collective
neutrino oscillation and no-halo cases in the event rates at both neutrino detectors. The
comparison between the IBD case at SK and the LAr case at DUNE exhibit the opposite
divergent trend from the no collective neutrino oscillation case. In SK, the event rate
of ν̄e significantly decrease due to the occurrence of collective neutrino oscillation, while
that for νe increases in DUNE. Collective neutrino oscillation is completely suppressed
due to the matter effects again at t = 170 ms and the event rates become identical to the
absence of collective neutrino oscillation. The event rate during the survival of collective
neutrino oscillation in SK is reduced an additional 10% when including the neutrino halo
in collective neutrino oscillation, while that in the LAr case at DUNE does not show any
significant difference between the no-halo and with-halo cases.

Next, we consider the energy dependence of νe and ν̄e in the signals observed in each
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Figure 3.28. Left panel: the time evolution of the inverse beta decay event rate at SK.
Right panel: the time evolution of the electron neutrino-40Ar capture rate
at DUNE. Black line is in the no collective neutrino oscillation (no CNO)
case, blue is in the no-halo case, and red is in the with-halo case.

*1 SNOwGLoBES: https://webhome.phy.duke.edu/ schol/snowglobes/
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neutrino detector. To this end, we introduce the “Hardness Ratio”RH/L, which splits the
event rates in each detection channel into two bins with detected neutrino energies above
and below a cutoff energy, EC = 15MeV. This means

RH/L =
N |E>EC

N |E<EC

, (3.72)

Figure 3.29 shows the hardness ratio for IBD detection at SK on the left panel and the
right panel shows that for νe − 40Ar capture detection at DUNE. Both the hardness ra-
tio for νe and ν̄e are also expected to exhibit the trends from the no collective neutrino
oscillation case similar to the time variation of the event rates in our Z9.6 model. Irrespec-
tive of the inclusion of collective neutrino oscillation, the hardness ratio RH/L gradually
increases for both detection channels due to stiffening neutrino spectra for all flavors as
time passes. The occurrence of collective neutrino oscillation shows again the behaviors of
simultaneously divergent trends in both detection channels. Likewise, there is very little
distinction between the no-halo and with-halo cases for the RH/L ratio.

To restore as much of the shape information as possible to our predicted signals from
the Z9.6 simulation, we have performed a basic ∆χ2 hypothesis test on the received event
distributions (assuming a uniform ∆E = 4MeV for energy bins between 0− 60MeV and
50ms integrated observing time), taking the ‘no collective neutrino oscillation’ case as
the null hypothesis for each channel. This will give us a measure of the raw statistical
potential to extract information from the collective neutrino oscillation epoch of the Z9.6
signal.

Shown in the left panel of Fig. 3.30 are the results for the inverse beta decay channel
in SK and results for νe − 40Ar capture detection at DUNE are shown in the right panel.
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Figure 3.29. Left panel: the time evolution of the Hardness ratio, RH/L, for the inverse
beta decay event channel at SK. Right panel: the time evolution of the
Hardness ratio, RH/L, for the electron neutrino-40Ar capture channel at
DUNE.
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These two figures illustrate the importance of including the halo neutrinos in collective
neutrino oscillation calculations. Typically, although not uniformly, collective neutrino
oscillation signals are more easily discriminated from non-collective neutrino oscillation
signals when halo neutrinos are accounted for in both SK and DUNE. For the Z9.6 CCSN
simulation, the effect is much more pronounced in SK, where there is a ∼ 60% increase
in ∆χ2 integrated over the collective neutrino oscillation epoch. Although we do not
attempt to make a detailed spectral reconstruction from the received signals in SK and
DUNE, both panels of Figure 3.30 taken together indicate that the spectral shape of the
collective neutrino oscillation signal is more easily discriminated from thermal neutrino
emission when halo neutrinos are included in collective neutrino oscillation calculation.
Put another way, because previous studies have omitted halo neutrinos in their collective
neutrino oscillation calculations, their predictions for extracting meaningful signals from a
supernova neutrino burst are likely to have been overly pessimistic with regard to strength
of collective neutrino oscillation signals.

3.3.6 Section summary

We have performed the first-ever flavor evolution of collective neutrino oscillation in-
cluding the contribution from a neutrino halo in an iron-core collapse supernova model.
The halo neutrinos are generated by the coherent neutrino-nucleus elastic scattering out-
side the neutrino sphere and possess the broader angular distributions than the original
bulb emission. The calculation results exhibit that there are qualitative and quantita-
tive impacts on the signatures of neutrino oscillations compared to the flavor conversions
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Figure 3.30. Left panel: the time evolution of ∆χ2 for the inverse beta decay event
channel at SK. Right panel: the time evolution of ∆χ2, for the νe − 40Ar
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neutrino oscillation to be the null hypothesis.
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neglecting the halo neutrinos. We have shown that these changes have implications for
the detectability of collective neutrino oscillation in the neutrino signals from a supernova
event with a 9.6M⊙ progenitor at a distance d = 10 kpc.

The coherent scattering outside the emission source provides direction-changing effects
for some fraction of escaping neutrinos and generates a neutrino halo. The halo neutrinos
include the outward-propagating flux and the inwardly scattered one, and changes the
description of the neutrino self-interaction potential. If the contribution from the inward-
going neutrinos can not be neglected, the neutrino halo may destroy the traditional bulb
framework and is much more difficult to compute the collective flavor conversions. We
find that our Z9.6 model produces an suitable environment to calculating collective neu-
trino oscillation with the inclusion of halo neutrinos. There is multi-angle suppression of
neutrino flavor transformations in the deep envelope both before tpb = 70 ms and after
tpb = 170 ms. In between, at 100 ms, collective neutrino oscillations are not suppressed,
but this intermediate window coincides with the epoch when the explosive shock wave
front has not yet grown outward to the initial radius of the collective neutrino flavor
conversion. In other words, the relatively small radius of the shock wave results in the
formation of a neutrino halo that is overwhelmingly outward as far as collective neutrino
oscillations are concerned. By the time of the collective neutrino oscillation, the inward
neutrino flux is found to be a subleading order contribution to the Hamiltonian of the fla-
vor transformation. This allows multi-angle calculations of collective neutrino oscillations
for the outward flux of neutrinos during this time period.

The physical circumstances which proceed from the evolution of the explosion of the
Z9.6 progenitor star produce an environment which is conducive to calculating collective
neutrino oscillation with the inclusion of halo neutrinos. Collective neutrino oscillation is
completely suppressed due to the dense envelope before the postbounce time tpb = 70 ms

and after tpb = 170 ms. While collective neutrino oscillation survives outside the shock
front for the interval 100 ms, the intermediate window coincides with the shock revival
phase of core-collapse supernovae. The coherent scattering rates are relatively larger and
the halo contribution can not be neglected inside the shock wave. However, the matter
suppression is dominant in the regions and inhibits the impact of inwardly halo neutrinos
on collective neutrino oscillation. This enables the multi-angle calculation of collective
neutrino oscillation for the outgoing neutrino flux during this window of time.

We compare the results of collective neutrino oscillation to those which omit the neutrino
halo population, as well as those which omit collective neutrino oscillation entirely. The
presence of halo neutrinos with broader angular distributions strengthens the neutrino self-
interaction potentials, while it provides additional phase dispersion and delays the onset of
collective neutrino oscillation. Also, in the signal prediction from our Z9.6 model, we find
that the occurrence epoch of the collective neutrino oscillation is clearly distinguishable
from the exclusion case. And we find that broader neutrino halo population produces
sharper features of spectral splits compared than the case omitting the coherent scattering.
Importantly, we find that detected collective neutrino oscillation signals tend to be more
clearly distinguished from thermal emission when including the halo neutrinos.
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Chapter 4

Fast Flavor Conversion

Until the previous chapters, we have discussed the influences of slow modes in collective
neutrino oscillation on core-collapse supernovae. In particular, we found that symmetry
breaking and coherent scatterings, which are ignored in the traditional bulb model, have
changed the flavor contents. However, we still have assumed isotropic neutrino emissions
following the original bulb model or employed angular distribution which does not contain
a zero crossing between neutrinos and antineutrinos. The conditions demonstrate only
slow flavor conversions and suppress the excitation of fast modes. In this chapter, we
consider the angular distribution with zero crossings and will discuss the impact of fast
flavor conversions. Here, we focus on the local flavor evolution in the preshock region of
core-collapse supernovae, based on my previous work [173].

4.1 Fast instability
We adopt the dispersion relation approach proposed by Ref. [96] to investigate the be-
haviors of fast modes in the linear regime. This approach can survey the growth rates in
both the temporal and spatial flavor waves K = (Ω,K) simultaneously, different from the
scheme introduced in chapter 3.

Linearized equation for the off-diagonal term ραβ in Eq. (2.2) is

i (∂t + v · ∇) ραβΓ =
[
vµ
(
Λαβ
µ +Φαβ

µ

)
− ωV

]
ραβΓ −

√
2GF

∫
dΓ′ vµv′µg

αβ
Γ′ ρ

αβ
Γ , (4.1)

where the matter and self-interaction effects are

Λαβ
µ = Λαα

µ − Λββ
µ (4.2)

Φαβ
µ =

√
2GF

∫
dΓ vµg

αβ
Γ . (4.3)

For the plane wave solutions

ραβΓ = Qαβ
Γ e−i(Ωt−K·x) = Qαβ

Γ e−iK·x, (4.4)
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the EoM is[
vµ
[
Kµ −

(
Λαβ
µ +Φαβ

µ

)]
− ωV

]
Qαβ

Γ = −
√
2GF

∫
dΓ′ vµv′µg

αβ
Γ′ Q

αβ
Γ′ (4.5)

≡ vµaµ. (4.6)

We can write a non-trivial eigenfunction for (vνkν − ωV ) ̸= 0 as

Qαβ
Γ =

vµaµ
vνkν − ωV

(4.7)

where k ≡ K− (Λ+Φ) with k = (ω,k). The phase shift due to matter Λ and neutrinos Φ
only changes the real parts of (Ω,K) into (ω,k), and both the frequency ω and the wave
number k keep the same imaginary parts. Therefore, we can discuss the occurrence of
flavor instability in a rotating frame, ραβΓ → ραβΓ ei(Λ+Φ)·x = Qαβ

Γ e−ik·x. By substituting it
into both the sides, we obtain

vνaν = vµ
[
−
√
2GF

∫
dΓ′ v′µg

αβ
Γ′

v′
ν

v′λkλ − ωV

]
aν . (4.8)

Therefore, we get using the metric ηµν = diag(+,−,−,−)

vµΠ
µνaν = 0, (4.9)

where the “polarization tensor” is

(Παβ)µν(k) ≡ ηµν +
√
2GF

∫
dΓ gαβΓ

vµvν

v · k − ωV
. (4.10)

The polarization tensor explicitly does not contain any velocity mode vµ, so it has non-
trivial solutions providing the dispersion relation:

det
[
Παβ(k)

]
= 0. (4.11)

The dispersion relation (ω,k) is determined by the neutrino spectra gαβΓ and the vacuum
frequency ωV . If the dispersion relation shows a positive imaginary part of frequency k,
the flavor correlation ραβ grows exponentially and leads to flavor conversions in the α−β

sector. The presence of zero crossings in the neutrino spectra gΓ results in the existence of
collective flavor instability [81, 82]. Spectral crossings in the energy distribution provide
slow flavor instability, while those in the angular distribution trigger fast flavor instability.

Since we now focus on the behaviors of fast modes, we neglect the vacuum term ωV and
suppress the excitation of slow modes. In the fast limit, ωV → 0, the energy dependence
in the r.h.s of Eq. (4.10) appears only in the neutrino spectra gΓ, and we newly define the
neutrino-flavor lepton number (NFLN) angular distribution for α flavor:

Gα
v =

√
2GF

∫ +∞

−∞

E2dE

2π2
gαΓ =

√
2GF

∫ ∞

0

E2dE

2π2
[fνα

(Γ)− fν̄α
(Γ)] . (4.12)

Then, the polarization tensor is given by(
Παβ

)µν
(k) = ηµν +

∫
dv

4π
Gαβ

v

vµvν

v · k
, (4.13)
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where Gαβ
v ≡ Gα

v −Gβ
v is the NFLN difference:

Geµ
v = Ge

v −Gµ
v =

√
2GF

∫
E2dE

2π2

[
(fνe − fν̄e)−

(
fνµ − fν̄µ

)]
(4.14)

Geτ
v = Ge

v −Gτ
v =

√
2GF

∫
E2dE

2π2
[(fνe

− fν̄e
)− (fντ

− fν̄τ
)] (4.15)

Gµτ
v = Gµ

v −Gτ
v =

√
2GF

∫
E2dE

2π2

[(
fνµ − fν̄µ

)
− (fντ − fν̄τ )

]
. (4.16)

Since the dispersion relation in the fast limit depends only on the NFLN angular distribu-
tions, the presence of the crossings become an important indicator diagnosing fast flavor
conversions. In particular, the NFLN difference Gαβ

v is reduced to the electron leptron
number (ELN) distribution Ge

v if we do not distinguish heavy-leptonic flavors, fνX
= fν̄X

.
On the other hand, if we consider core-collapse simulations with six-species treatments
and the neutrino profiles contain the non-negligible muon leptron number (µLN) and
tau lepton number (τLN) angular distributions, they may cancel out the ELN cross-
ings [106]. Recent core-collapse simulation [39] has reported that muon creation inside a
proto-neutron star provides the excess of ν̄µ over νµ, while tauon creation still remains
negligible because the rest mass of tauons (mτ ≈ 1777 MeV) is much higher than the
temperature and the electron chemical potential in the center. Shallow ELN crossings
may disapper due to the negative µLN angular distribution. Also, the cross section of
neutral-current scattering with nucleons for neutrinos is larger than for antineutrinos due
to weak-magnetism corrections [174]. Thus, ν̄τ is decoupled from matter at smaller radii
than ντ and the asymmetry even for tauons emerges in the angular distributions.

4.2 Coherent scattering in the preshock region
The existence of ELN crossings in core-collapse supernovae has been surveyed by many
works [100–103] and is classified into five possibilities [104]. Among them, the ELN cross-
ing in the preshock region can be potentially generated regardless of the multidimensional
effects of supernova dynamics [102]. The inwardly going components due to coherent
neutrino-nucleus scattering form tiny ELN crossings and cause fast flavor conversions.
The cross section depends on the square of neutrino energy, and antineutrinos generally
have higher averaged energy than neutrinos. Thus, the scatterings of ν̄e are enhanced
over νe due to the difference, giving rise to a backward negative crossing. However, this
proposal is still limited to the linear stability analysis, and the flavor evolution in the
nonlinear regime has not yet been explored. The discussion is also within the effective
two-flavor case, where νX = ν̄X is assumed, and the consideration of µLN and τLN angu-
lar distributions can lead to different results [106]. In particular, muon production in the
supernova dynamics can make a significant difference in the heavy lepton number [39],
obliterating shallow ELN crossings in the preshock region.

In this section, we focus on fast flavor conversions driven by tiny NFLN crossings in
the preshock region. We calculate the nonlinear flavor evolution by decomposing it into
radially parallel spatial Fourier modes. We also investigate the effect of heavy-leptonic
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flavors on the excitation of fast modes in the three-flavor framework.

4.2.1 Evolution of Fourier modes

The flavor evolution is the same as Eq. 2.1 but for ignoring the collision terms. For
neutrino density matrices ρ at space-time position (t,x), it is given by

i (∂t + v · ∇) ρ(t,x,Γ) = [H(t,x,Γ), ρ(t,x,Γ)] (4.17)

and

H(t,x,Γ) = U
M2

2E
U† + vµΛµ +

√
2GF

∫
dΓ′vµv′µρ

′, (4.18)

which expresses three types of neutrino oscillations: vacuum, matter, and collective neu-
trino oscillation. We can expand the density matrix to the polarization vectors and then
the EoM can be recast to

(∂t + v · ∇)P ω,v= (ωVB + λL)× P ω,v

+
√
2GF

∫
dΓ′vµv′µP ω′,v′ × P ω,v. (4.19)

To confirm the dispersion relation from the linear stability analysis in the numerical
nonlinear simulation, we transform the partial differential equation to a tower of ordinary
differential equations decomposed by the Fourier expansion. The polarization vectors with
spatial Fourier modes K are converted as

P ω,v(t, x) =
∑
K

eiKxP̃
K

ω,v(t). (4.20)

Here, we assume an one-dimensional system only in the radial direction, and set the
spatial modes K parallel to the radial direction as Ref. [102]. Also, we impose the axial
symmetry around the radial direction and suppress the multi-azimuthal-angle instability
in fast modes. Still in a nonlinear regime, the EoM is expressed by

d

dt
P̃

K

ω,v= −ivKP̃
K

ω,v + (ωVB + λL)× P̃
K

ω,v

+
∑
K′

[√
2GF

∫
dΓ′vµv′µP̃

K−K′

ω′,v′ × P̃
K′

ω,v

]
. (4.21)

The tower has a convolution term for the spatial modes K, and it can induce a cascade in
the Fourier space. Here we discretize the spatial modes as K = nKK0 = nK × 10 ωV to
make it dimensionless and take them up to nK = 200. Since we assume uniform angular
distributions within the simulation system, we seed initial perturbation O(10−12) as white
noise in the spacial Fourier modes. In this study, we take neutrino oscillation parameters
as follows. We consider monochromatic energy spectra with the vacuum frequency ωV =

6.6× 10−4 m−1 and the mass-squared difference ratio ϵ = ∆m2
21/∆m2

31 ∼ 0.03 within the
three-flavor framework, and we assume the normal mass ordering. Also, we fix mixing
angles θ12 = θ13 = θ23 = 10−3 to mimic the suppression due to matter oscillation, and
λ = 0.
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4.2.2 Angular distribution

The difference in the cross sections of coherent neutrino-nucleus scatterings between neu-
trinos and antineutrinos generates non-zero asymmetry in the preshock region. To inves-
tigate the nonlinear evolutions induced by zero crossings in the backward directions, we
employ the following model for the radial angular distribution g(v), which is the average
of Gα

v over the azimuthal angle and v = cos θ:

g(v) = gb + g′b(e
v+1 − 1) + gfb

v−1, (4.22)

where the parameters gb, g
′
b, gf , and b for each flavor are chosen as shown in Table 4.1

(here g(v) distinguishes neutrinos and antineutrinos) and the resultant NFLN angular
distributions and their differences are shown in Fig. 4.1. This model is designed to
reproduce the strongly forward-peaked angular distribution in the preshock region. We
can understand the form of the distribution function by taking the asymptotic behaviors
of g(v) in gf ≫ gb, g

′
b and b−2 ≪ gb/gf , g

′
b/gf :

g(v) ∼

gfb
v−1 for v ∼ 1

gb + g′b(v + 1) for v ∼ −1
(4.23)

and gf is the intensity at v = 1, in the outgoing radial direction; b determines the sharpness
of the forward peak and is considered to be larger for smaller radius of neutrinosphere Rν

(subscript ν is sometimes replaced by νe, for example, to denote Rν for νe henceforth); gb
is the intensity at v = −1 and proportional to LνEνR

−2
ν in the bulb model in Ref. [102],

where Lν and Eν are luminosity and mean energy, respectively; g′b corresponds to the
gradient at v = −1 and ∝ LνEν in the bulb model. We consider the following physical
processes to choose the parameters in Table 4.1.

First, since ν̄e is decoupled from the matter at smaller radius than νe, Rν̄e
< Rνe

and
Eν̄e

> Eνe
is satisfied. As a result, gb, g′b and b for ν̄e is larger than νe while gf for ν̄e is

usually smaller than νe. This process causes the ELN crossing as shown in the top panel of
Fig. 4.1. The parameters we choose can indeed almost reproduce the angular distributions
for νe and ν̄e in the realistic supernova model in Ref. [102]. Also, the luminosity of the
heavy-leptonic neutrinos νX are smaller than νe and ν̄e while they have smaller (larger)

Flavor gb (1026cm−3) g′b (1027cm−3) gf (1032cm−3) b (105)

νe 4 4.5 2.7 1.5

ν̄e 4.5 6 2.5 2.5

νµ/τ 3 6 1.5 4

ν̄µ 3.4 8.1 1.8 4.5

ν̄τ 3.2 7.2 1.6 4.5

Table 4.1. Parameters in the radial angular distribution function in Eq.(4.22).
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Figure 4.1. Top: the NFLN angular distribution Gα
v for each flavor α. The ELN angular

distribution has a zero crossing, while the µLN and τLN angular distribution
is always negative due to the effects of muon production and weak magnetism.
Bottom: the difference Gαβ

v between the NFLN angular distributions for
two flavors α and β. Muon production in the supernova core enhances the
emission of muon antineutrinos and erases the ELN crossing, while a crossing
still survives only in the e − τ sector. In both panels, the vertical axes are
scaled by the function f(x) = sgn(x) log(1 + 106x).

Rν (Eν) than ν̄e. As a result, gf (and possibly gb) for νX is smaller than νe/ν̄e while g′b
and b for νX may be larger.

Based on these ideas, we also take into account muon production [39, 175] and weak
magnetism [174]. If muons were created deep in the core of the supernova, the µLN
angular distribution would be lower due to the enhanced ν̄µ emission. This effect cancels
out the negative part of the ELN angular distribution and may eliminate the crossings
in the NFLN difference in the e − µ sector. The weak-magnetism correction makes the
cross section of neutral-current interactions for neutrinos larger than for antineutrinos. It
makes Rν for neutrinos larger than for antineutrinos, and thereby Eν for neutrinos smaller
than for antineutrinos. The model parameters for antinuetrinos reflect more forward-
focusing and more scattered behaviors than for neutrinos. Smaller Rν produces a more
forward-focused angular distribution and larger Eν enhances the coherent scattering. The
effects of muon production and weak magnetism are not sufficiently clear to determine
the angular distributions quantitatively, so we have used Ref. [39] as a reference to select
the parameters that can generate the NFLN crossing. As seen in the bottom panel of
Fig. 4.1, there exists a crossing only in the e − τ sector in our model. Note that if our
model underestimates the correction to heavy-leptonic flavor neutrinos, the crossing may
disappear. To obtain more accurate angular distributions of neutrinos, more realistic
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Figure 4.2. Growth rates ImΩ as a function of real K. Black lines are only for the ELN
crossing Ge

v and red lines are for the NFLN difference Geτ
v within the three-

flavor framework.

core-collapse simulations should be required.
Figure 4.2 shows the growth rate ImΩ as a function of real K. Black lines are unstable

modes only for the ELN crossing within the effective two-flavor framework, and red lines
are for the NFLN difference Geτ

v within the three-flavor framework. Since there are no
crossings in Geµ

v and Gµτ
v , growing modes do not appear in the dispersion relation. Three

branches are confirmed in the dispersion relation in both frameworks, and corresponding
spatial modes are expected to be excited by the flavor instability in numerical simulation.
The growth rate in the e−τ sector becomes about four times smaller than that for the ELN
crossing within the two-flavor framework because the τLN angular distribution Gτ

v partly
weakens the ELN crossing. Note that we present the dispersion relation after transforming
from (ω, k) in Eq.(4.11) into (Ω,K) because spatial modes given in numerical simulation
are original K, not k.

For the angular distributions providing the two types of dispersion relation, we perform
the flavor evolution as follows.

1. First, we consider only the ELN crossing within the effective two-flavor case, as-
suming fνX

= fν̄X
. We perform the flavor evolution ignoring the vacuum term to

confirm whether the flavor growth in the linear phase is consistent with the disper-
sion relation. The vacuum term not only triggers slow flavor conversions but has a
role in generating flavor perturbation. We set white noise of O(10−12) in the initial
spatial Fourier modes to mimic the role. To investigate the effect of the vacuum
term, which is disregarded in the fast limit, we also perform the similar calculation
including the vacuum term.

2. Second, we ignore the vacuum term to confirm the consistency, and perform the
numerical simulation within the three-flavor framework considering the angular
distribution of µLN and τLN. Similarly, we also perform the simulation including
the vacuum term.
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4.2.3 Effective two-flavor case only with ELN crossing

We first present the case omitting the vacuum term in the effective two-flavor case. The
growth of flavor instability should follow the dispersion relation during the linear phase
and can be read from the off-diagonal term of density matrix ρν :

|ρnK
ex | =

∣∣∣〈(P̃K

ω,v)
(1) − i(P̃

K

ω,v)
(2)
〉∣∣∣

=

√∣∣∣(P̃ (1)
r + iP̃

(1)
i

)
− i
(
P̃

(2)
r + iP̃

(2)
i

)∣∣∣2
=

√∣∣∣P̃ (1)
r + P̃

(2)
i

∣∣∣2 + ∣∣∣P̃ (1)
i − P̃

(2)
r

∣∣∣2, (4.24)

where P̃
(m)
r/i are real and imaginary parts of the m-th components of the polarization

vectors averaged over the angular distribution, respectively. Figure 4.3 shows the time
evolution of the angle-averaged off-diagonal term. Flavor evolution in Fourier space shows
two branches at early time t < 6 µs. The spatial Fourier space over which the excited
modes spread coincides with the two unstable branches in Fig. 4.2. On the other hand,
there are three branches in the dispersion relation, and the leftmost flavor instability with
the lowest growth rate is missing. The growth rate of the leftmost flavor instability is
about ImΩ ∼ (4 µs)−1, which is an order of magnitude smaller than the peak of the
rightmost branch with the largest growth rate. This means that the initial perturbation
grows only about 4.5 times before the critical point t ∼ 6 µs when a cascade starts to
develop in Fourier space. As shown in Fig. 4.3, after t ∼ 6 µs, the normally stable spatial
modes grow rapidly through the nonlinear convolution term and cascade into all Fourier

Figure 4.3. The case neglecting the vacuum term within the effective two-flavor frame-
work. The time evolution of the angle-averaged off-diagonal term |ρnK

ex | for
various spatial Fourier modes K. Spatial modes around K = 0.7 m−1 and
0.9 m−1 are first excited and then the flavor instabilities spread to different
modes due to the nonlinear term after t ∼ 6µs.
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Figure 4.4. The time evolution of the off-diagonal term |ρnK
ex | with spatial Fourier mode

Kn in the case omitting the vacuum term. Top panel is with K = 0.66 m−1

and 0.693 m−1, inside and outside the middle branch, respectively. Bottom
is with K = 0.8778 m−1 and 1.056 m−1, inside and outside the rightmost
branch, respectively.

modes. Therefore, the flavor growth due to the cascade covers up before this small flavor
instability can grow sufficiently. Eventually, the flavor instability spreads over all spatial
Fourier modes and small-scale structures appear in the flavor conversions.

Figure 4.4 shows the time evolution of the off-diagonal term |ρnK
ex | for some spatial

modes. The top panel is for two spatial modes 0.66 m−1 and 0.693 m−1, and the bottom
for 0.8778 m−1 and 1.056 m−1. For each panels, one corresponds to an unstable mode,
as we can confirm in Fig. 4.2, and the other do a stable mode. The growth rates during
the linear phase estimated from Fig. 4.4 are ImΩ = 1.57 µs−1 and 2.50 µs−1 for K =

0.693 m−1 and 0.8778 m−1, respectively. These growth rates coincide with the peaks of
the two branches obtained by the dispersion relation in Fig. 4.2. On the other hand, the
stable modes in Fig. 4.2 indeed do not grow in the linear phase before t ∼ 6 µs while
quickly grow after that due to the nonlinear effect.

For comparison, the flavor evolution including the vacuum term is performed and shown
in Fig. 4.5. In this case, the spatial perturbation are naturally seeded by mixing angles
within the vacuum term, and the self-interaction potential causes fast flavor conversion.
The sharp excitation mode, corresponding to the middle branch in the Fig. 4.2, is no-
ticeable, while the spatial modes, which seems to be the rightmost branch, are expanded
and there is no gap between the two branches. In the preshock region, the self-interaction
potential Φ is not large enough to completely neglect the vacuum frequency, and the slow
instability associated with it may affect the evolution of fast modes. Ref. [176] suggests
that unstable modes can emerge due to the mixing of fast and slow modes in the presence
of the vacuum term, not only around the origin k = 0, but also at larger k. In our angular
distribution model, the spatial mode k of the middle branch of Fig. 4.2 is located near
the origin, and mixing of fast and slow modes may occur to fill the gap.



88 Chapter 4 Fast Flavor Conversion

Figure 4.5. The same as Fig. 4.3 but for the inclusion of the vacuum term. The flavor
evolution is largely different from the case omitting the vacuum term and
may result from the presence of slow instability.

4.2.4 ELN+µLN+τLN angular distribution

Next, we show the nonlinear evolution within the three-flavor framework. In order to
check the consistency with the results from the linear stability analysis, we first perform
numerical simulations without the vacuum term similar to the effective two-flavor case.
Figure 4.6 shows the three off-diagonal components of the density matrices ρeµ, ρeτ , and
ρmuτ . These evolution are derived from the NFLN differences Geµ

v , Geτ
v , and Gmuτ

v .
Our model has a zero crossing only in Geτ

v , leading to exponential growth in the e − τ

sector. Excited spatial modes are absent in the e ‒ µ and µ − τ sectors because there
are not crossings in both angular distributions. The fast instabilities evolve following the
dispersion relation during the linear phase and reach the nonlinear phase around t ∼ 25 µs,
but the time scale is much slower than the two-flavor case. This is because the e-folding
time predicted by the dispersion relation is about four times longer. Then, a cascade in
Fourier space develops, and all spatial Fourier modes are excited at t ∼ 35µs.

Similar to the two-flavor framework, we again consider the vacuum term. Figure 4.7
shows the flavor evolution of each off-diagonal part. The fast modes in the e − τ sector
grow first same as the case of ignoring the vacuum term. Different from the absent case of
the vacuum term is that the flavor instabilities in the µ− τ and e− µ sectors are excited
before a cascade in Fourier space begins. These behaviors are not seen in the linear
stability analysis, and the propagation of the flavor instability across sectors is due to
vacuum mixing and nonlinear terms. The fast modes in both inert sectors are not excited
only by the difference in the corresponding NFLN angular distributions. The existence
of growing modes is driven by the flavor instability leaking out of the e − τ sector due
to vacuum mixing. The growing modes in the e − µ and µ − τ sectors actually appear
on exactly the same spatial modes K as in the e− τ sector. On the other hand, a slight
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Figure 4.6. The same as Fig. 4.3 but for the three-flavor framework. From left to right
panels: in the e − µ, e − τ , and µ − τ sector. The flavor instability appears
to grow only in the e − τ sector due to the crossing of the NFLN difference
Geτ

v .

difference between the vacuum mixing in the sectors results in the small difference, as
seen in Fig. 4.7. Also, for the spatial modes K > 1.2 m−1, unpredicted flavor instability
emerges from the dispersion relation. Same as the effective two-flavor case in Sec.4.2.3, it
may results from the existence of mixing between slow and fast modes [176].

Figure 4.8 shows the time evolution of the off-diagonal term |ρeτ |, |ρeµ|, |ρµτ | for K =

1.089 m−1 in each sector in the case including the vacuum term. The flavor instability in
the e − τ sector first presents the linear growth, and then those in the µ − τ and e − µ

sectors start to evolve. The onset time of the linear growth in the inert sectors is later
than the e− τ sector, while the growth rates are almost same. It is due to the difference
among the mass term in three sectors. The three-flavor effects via the vacuum mixing
have been reported in Ref. [108]. The propagation of flavor instability across sectors is
derived by flavor mixing in the vacuum term.
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Figure 4.7. The same as Fig. 4.6 but for the inclusion of the vacuum term. The flavor
evolution appears to grow not only in the e−τ sector but in both the e−µ and
µ− τ sectors, different from the case ignoring the vacuum term in Fig. 4.6.

4.2.5 Short summary

In this work, we have studied the nonlinear simulation on fast flavor conversion driven
by a tiny NFLN crossing in the preshock region of core-collapse supernovae. We have
exhibited that unstable fast modes obtained from the dispersion relation are indeed excited
on the spatial Fourier space and reach the nonlinear phase. We have found that the mode
convolution in the nonlinear self-coupling term drives induces the development of a cascade
in Fourier space. Also, we have focused on the presence of non-zero µLN and τLN angular
distributions, and have shown that the nonlinear flavor evolution presents the behaviors
which are not predicted in the linear stability analysis.

Recent core-collapse simulation [39] has suggested out that the presence of heavy-
leptonic flavors, particularly muon neutrinos, greatly influences fast flavor conversion
through the NFLN difference. Muon production inside the proto-neutron star enhances
the ν̄µ emission. Also, within the six-species treatments νX ̸= ν̄X , weak-magnetism cor-
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Figure 4.8. The same as Fig. 4.4 but for the three-flavor framework including the vacuum
term. Red, blue, and black lines are for e − τ , e − µ, and µ − τ sectors,
respectively. The flavor instability in e− τ sector first grows, and then those
in e− µ and µ− τ sectors evolve.

rection makes the cross section of antineutrinos smaller. Therefore, the hierarchy Rν̄ < Rν

of the neutrino sphere radius is formed, and thereby the averaged energies and the an-
gular distributions are modified. As a consequently, the negative µLN and τLN angular
distributions are present and cancel out or weaken the ELN crossings. In our employed
parametric model, the NFLN crossings in the e − τ sector only survive and induce the
fast flavor instability. In our nonlinear simulation, flavor instabilities are excited only in
the e− τ sector, but they propagate across the sectors via the vacuum mixings. In other
words, the NFLN crossings even in only one sector can induce the collective fast flavor
conversions among all flavors.

Also, In the linear regime, the vacuum term has usually been neglected and the unstable
modes have been discussed in the fast limit. However, since the self-interaction potential
in the preshock regime is not large enough to completely neglect the vacuum frequency,
the slow instability associated with the vacuum term may affect the fast modes. The
spatial Fourier modes have actually presented different flavor evolution compared to the
case in the fast limit. Our findings suggest that more generic studies for several situations
are required to clarify the flavor instability in the presence of the vacuum term.

4.3 Fast flavor conversion in 1D box
In Sec. 4.2, we demonstrated the behaviors of fast instability with spatial Fourier modes
in the preshock region of core-collapse supernovae. A cascade develops in Fourier space
as time passes, but it does not describe the time evolution of the spatial distribution in
detail. Recently, Refs. [109–112] have investigated how fast flavor conversions develop in a
one-dimensional box. The previous works have reported interesting features of fast flavor
conversions such as coherent wave-like patterns and flavor equilibrium, though they em-
ployed non-realistic parametric angular distribution models only with a type-II crossing.
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Here, we perform the time evolution of fast flavor conversion for three angular distribu-
tions with a type-I and II crossing in a local (1+1+1)-dimensional box by pseudo-spectral
methods via Fast Fourier Transformation. In particularly, we focus how fast flavor con-
versions develop in the preshock region which we discussed in Sec. 4.2.

4.3.1 Formulation

Our calculation scheme is almost same as that in Sec. 4.2, but requires inverse Fourier
transformation from Fourier space to configuration space in the last step. In the fast limit
where we can ignore vacuum and matter term, the EoM for polarization vector P is given
by

(∂t + vz∂z)P (t, z, v) = H(t, z, vz)× P (t, z, vz). (4.25)

Here, we assume the translation symmetries along the x and y directions and the axial-
symmetry around z-direction. The Hamiltoninan for the neutrino self-interactions is

H(t, z, vz) = µ

∫ +1

−1

dv′z(1− vzv
′
z)
[
gν(v

′
z)P (t, z, v′z)− αgν̄(v

′
z)P (t, z, v′z)

]
(4.26)

where µ =
√
2GFnνe

and α = nν̄e
/nνe

is a parameter which quantifies the asymmetry
between neutrinos and antineutrinos. gν(ν̄) are normalized angular distributions and the
difference becomes the ELN angular distribution if we consider only electron type neutri-
nos:

Ge(vz) ≡ gνe
(vz)− αgν̄e

(vz). (4.27)

As long as we neglect the energy dependence derived from the vacuum frequency ωV , we
do not need to distinguish antineutrinos from neutrinos. Therefore, we can identify the
polarization vector P of antineutrinos with that P of neutrinos. We can rewrite Eq. (4.26)
to

(∂t + vz∂z)P (t, z, v) =

[
µ

∫ +1

−1

dv′z(1− vzv
′
z)Ge(v

′
z)P (t, z, v′z)

]
× P (t, z, vz). (4.28)

The self-interaction potential µ is only a dimensional quantity in Eq. (4.28). Then, we
redefine µ ≡ 1 and set t and z as dimensionless ones with unit µ−1.

In order to evaluate the spatial derivative ∂z, we transform it into Fourier space. The
spatial distribution of the polarization vector can be converted to the spatial Fourier
modes K as

F [P (t, z, vz)] (Km) =
1

NFFT

∑
j

P̃
Km

(t, vz) e
−iKmzj (4.29)

F−1
[
P̃

K
(t, vz)

]
(zj) =

∑
m

P (t, zj , vz) e
+iKmzj , (4.30)
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where NFFT is a size of Fourier coefficients and also a normalization constant. Then, the
EoM in the spacial Fourier space is

∂tP̃
K
(t, vz) = −ivzKP̃

K
(t, vz) +

∑
K′

H̃
K−K′

(t, vz)× P̃
K′

(t, vz) (4.31)

= −ivzKP̃
K
(t, vz) +

1

NFFT
F
[
F−1

[
H̃

K
(t, vz)

]
×F−1

[
P̃

K
(t, vz)

]]
.

(4.32)

The convolution term in Eq. (4.31) is converted according to the convolution theorem.
The theorem allows the computational costs to reduce from O(N2) in the convolution to
O(N logN) in the Fast Fourier transformation (FFT). The scheme which once returns
from Fourier space to configuration space in calculating the nonlinear term is particularly
called pseudo-spectral methods. Here, we perform the discrete Fourier transform using
the FFTW3 library*1. We can obtain the evolution of flavor contents in configuration space,
solving the EoM for the polarization vector in Fourier space and returning it via the inverse
FFT.

Note that we need to avoid aliasing errors due to the quadratically nonlinear interaction
of Fourier modes. We explain the reasons below. We obtain by performing the Fourier
transformation for the nonlinear term in the original EoM:

F [H × P ] =

K∑
p=−K

D̃p eipx. (4.33)

On the other hand, since we perform the Fourier transformation for the individual polar-
ization vectors not the whole EoM in the pseudo-spectral methods, the nonlinear term in
Fourier space is

H × P =

 K∑
p=−K

H̃p eipx

×

 K∑
q=−K

P̃ q eiqx

 (4.34)

=

2K∑
r=−2K

D̃r eirx, (4.35)

where D̃r are sum-products over H̃p and P̃ q. Comparing these two ways, we find that the
nonlinear term in the pseudo-spectral methods includes an extra summation, particularly
called aliasing errors:

2K∑
r=−2K

D̃r eirx =

K∑
r=−K

D̃r eirx +

2K∑
p+q=r
r=−2K

(
H̃p × P̃ q

)
eirx. (4.36)

The errors can not be resolved on the discrete Fourier space and are aliased into lower
Fourier modes, leading to spurious rises. We need to eliminate the extra terms and
de-alias the nonlinear term in the pseudo-spectral methods. The dealiasing procedure

*1 Fastest Fourier Transform in the West, http://www.fftw.org
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Figure 4.9. The “Aliasing Wheel”, which describes the mechanism of the Two-Third Rule
following Ref. [178]. Fourier mode k in the extended basis k ∈

[
− 3

2
K,+ 3

2
K
]
is

expressed as an angle of wheel in a polar coordinate system. Dashed line k ∈
[−3K, 3K] corresponds to the Fourier modes generated by the quadratically
nonlinear term. High zonal frequencies are aliased on the zero-padding range
and we can obtain only the physical components.

has been studied extensively and the major one is the Two-Third (2/3) Rule by Orszag
[177]. Figure 4.9 illustrates the mechanism of the Two-Third Rule, following Ref. [178].
We initially set the Fourier modes with k ∈ [−K,K] on the polarization vectors. As
the dealiasing procedure, we extend the Fourier basis into k ∈

[
− 3

2K, 3
2K
]
, whose the

extra Fourier modes K < |k| ≤ 3
2K are zero-padded. The nonlinear term generates high

zonal parts with the range 3
2K < |k| ≤ 3K and they will be aliased onto the Fourier

basis k ∈
[
− 3

2K, 3
2K
]

as shown with dashed line in Fig. 4.9. Since Fourier modes with
2K < |k| ≤ 3K are combined between zero-padded frequencies through the nonlinear
term, they also exhibit zero. On the other hand, there are non-zero products within
|k| ≤ 2K and the extra terms with 3

2K < k ≤ 2K are aliased into Fourier modes with
− 3

2K < k ≤ −K. By discarding the zero-padded region K < |k| ≤ 3
2K finally, we can

obtain the nonlinear term only on the frequency range |k| ≤ K. We require 3/2 times the
size of the original Fourier basis and extract only 2/3 of the FFT data to remove aliasing
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errors efficiently. This is the mechanism of the Two-Third Rule by Orszag.

4.3.2 Setup in Wu et al. 2021

Based on the above mentioned scheme, we simulate the developments of fast flavor con-
versions in an one-dimensional box. At first, we use the same initial conditions as adopted
in Ref. [112] to confirm our numerical scheme. The employed angular distribution gν is
the form presented in Ref. [98]:

gν(ν̄)(vz) ∝ exp
[
−(vz − 1)2/(2σ2

ν(ν̄))
]

(4.37)

satisfying normalization condition. Here we similarly take σν = 0.6 and σν̄ = 0.5, which
describe more forward-peaked angular distribution of antineutrinos compared than neutri-
nos. Figure 4.10 shows the ELN angular distributions (left) with two types of asymmetry
parameters α = 0.9 and 1.3. This ELN angular distributions has a single zero crossing at
vz,c ≃ 0.65 for α = 0.9 and vz,c ≃ 0.15 for α = 1.3, and are identified to type-II crossings
according to the classification in Ref. [104]. The asymmetry parameter α = 0.9(1.3) ex-
presses the excess of νe (ν̄e) over ν̄e (νe), respectively. The numerical angular binning is
spaced on the roots of the Legendre polynomial according to the Gauss-Legendre quadra-
ture and the resolution is Nv = 256.

And we assume a one-dimensional box with the periodic boundary condition, which
is always required using the spectral methods via Fourier space. We set the box size
Lz = 1200 in z ∈ [−600, 600] equally spanned with a fixed spatial resolution Nz = 12000.
We also fix a timestep size ∆t = CCFL∆z, where the Courant-Friedrichs-Lewy number
CCFL = 0.4. Fast flavor conversion can evolve without the mass term, but actually requires
the off-diagonal mixing angles in the vacuum term as a provider of perturbation seeds.
In the fast limit, we need to provide some spatial perturbation artificially instead of the
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Figure 4.10. Left: angular distributions g(vz) of νe and ν̄e. Right: ELN angular distri-
bution Ge(vz). A zero crossing appears at vz,c ≃ 0.65 for α = 0.9 and at
vz,c ≃ 0.15 for α = 1.3.
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vacuum term. Then, we set each component of initial polarization vector,

P (1)(t = 0, z, vz) = ϵ(z) (4.38)

P (2)(t = 0, z, vz) = 0 (4.39)

P (3)(t = 0, z, vz) =
√

1− ϵ(z)2, (4.40)

where ϵ(z) is the following spatial perturbation centered at z = 0:

ϵ(z) = ϵ0 exp
[
−z2/50

]
. (4.41)

Here we take ϵ0 = 10−6 similarly.

4.3.3 Results in Wu et al. 2021

Above the setup, we perform the flavor evolution in a one-dimensional box. Figure 4.11
shows the time evolution of P⊥(t, z, vz) ≡

√
P 2
1 + P 2

2 (left panels) and P3(t, z, vz) (right
panels) for α = 0.9 at t = 400, 600, 1000, 1800, and 2800. P⊥ corresponds to the absolute
value of the off-diagonal term |ρeXν | of neutrino density matrix. The same time snapshots
are chosen as left panels of Fig. 3 in Ref. [112] and we can confirm that our results
are consistent with the Wu’s studies with different simulation schemes in evaluating the
spatial derivative. A spatial Gaussian perturbation centered at z = 0 flows toward the
positive z, spreading out as time passes. Simultaneously, flavor conversions P3 < 1 occur
at (t, z, vz) where P⊥ approaches O(1). The flavor conversions appearing around z =

200 at t = 400 propagate toward the positive-z direction, leaving a wave-like pattern

Figure 4.11. Snapshots of P⊥(t, z, vz) (left panels) and P3(t, z, vz) (right panels) at t =

400, 600, 1000, 1800, and 2800.
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over all velocity directions behind. On the other hand, the forwardly-propagating waves
are only on specific velocity modes, roughly above vz,c ≃ 0.65. The stripe patterns
slowly move backwards and the number also increases as time goes. If the box size we
set is infinitely large, the wave-like patterns will fill the box and all velocity modes vz

will oscillate coherently. However, we assume the finite box size with periodic boundary
conditions, and hence forwardly-going flavor instabilities crush the backwardly-moving
components. The interaction happens at t = 1200 and we find that the coherent patterns
are gradually broken. The collision with the flavor waves forms small-scale structures due
to the nonlinear effects. Consequently, the flavor conversions develop for vz ≳ vz,c.

The check of the flavor growth in the spatial Fourier space helps us to understand such
a flavor evolution. Figure 4.12 shows the time growth of the angle-averaged off-diagonal
term ⟨P̃⊥(t,Kz)⟩ of neutrino density matrix in Fourier space. Flavor instability with
negative spatial modes K ∈ [−0.3, 0] starts to evolve from initial Gaussian perturbation
in the linear regime. After t = 300, flavor conversions appear in configuration space
through the sufficiently growing flavor instabilities, which reach a nonlinear phase. A
cascade develops in Fourier space due to the nonlinear effects and smaller-scale spatial
modes are excited. The front part has small-scale structures at t = 1000 in Fig. 4.11, while
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Figure 4.12. Top: the time evolution of ⟨P̃⊥(t,Kz)⟩ before a cascade develops in Fourier
space. Bottom left: after the cascade. Bottom right: after the flavor wave
interacts with the slowly back-moving parts at t = 1200.
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the development of the cascade reaches a limit. However, once the forward-propagating
flavor wave interacts with the slowly backward-going component, the nonlinear interaction
enhance the occurrence of small-scale structures. The behaviors appear in the spatial
Fourier modes, and the saturated growth of flavor instabilities is accelerated again as seen
in the bottom right panel of Fig. 4.12.

Figure 4.13 shows the averaged survival probabilities. The left panel expresses the time
evolution of full-averaged survival probability:

⟨Pee(t)⟩ =
∫

dzdvz gνe
(vz)Pee(t, z, vz)

/∫
dzdvz gνe

(vz). (4.42)

The survival probability starts to decrease at t ∼ 350 and neutrino angular distributions
abruptly approach the flavor equilibrium once flavor waves interact with slow-moving
components at t ∼ 1200. This behaviors mean that the coherent patterns over all velocity
modes are broken and converted into the small-scale structures only on vz > vz,c. And the
right panel of Fig. 4.13 is the space-averaged survival probabilities at each time snapshots:

⟨Pee(t, vz)⟩ =
∫

dz Pee(t, z, vz)
/∫

dz. (4.43)

The angular dependence of the averaged survival probability gradually appears as time
passes. The formation of small-scale structures establishes the flavor equilibrium above the
crossing point vz,c, while eLN angular distribution vz ≲ vz,c roughly survives. Remaining
large-scale flavor waves including coherent wave-like patterns is difficult to establish the
full flavor equilibrium below the crossing direction.

The top panel of Fig. 4.14 shows the comparison between the space-averaged survival
probability for α = 0.9 and 1.3. In the both cases of asymmetry parameters, fast flavor
conversions establish flavor equilibrium only in the some velocity directions. However, the
side of the ELN angular distribution where flavor equilibrium occurs for α = 1.3 is contrary
to that for α = 0.9. Although the initial ELN angular distribution for α = 0.9 is negative
above the crossing direction vz,c, the total electron number density nνe

− nν̄e
is positive.
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Figure 4.13. Left: averaged survival probability ⟨Pee(t)⟩ over angular and spatial distri-
butions. Right: space-averaged survival probability ⟨Pee(t, vz)⟩.
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Figure 4.14. Top: Comparison in space-averaged survival probability ⟨Pee(t, vz)⟩ between
α = 0.9 and α = 1.3 at t = 3000. Bottom: ELN angular distribution at
each space z at t = 3000 for α = 0.9 (left) and α = 1.3 (right). Red and
black thick lines are initial and final ELN angular distributions averaged
over the spatial structure. Thin lines are final ELN distributions at each
spatial point z.

The net electron-family number is globally conserved because fast instability induces the
pairwise flavor conversion νeν̄e ⇆ νX ν̄X . Following the global conserved quantity when
averaging over space, the flavor equilibrium weakens the type-II ELN crossing and tries to
make the ELN angular distribution negative over all velocity modes. The bottom panels
show the ELN angular distributions at t = 3000 for α = 0.9 and 1.3, and thin solid lines
are ones at each spatial point z. Comparing the initial ELN angular distribution to them,
we find that the depths of the ELN crossing become shallower above the crossing direction.
Globally, the angular distribution seems to be transferred from the positive side to the
negative side of the ELN crossing. The behavior resembles the spectral splits appearing
in the slow flavor conversions [120], triggered by the lepton number conservation. On
the other hand, in the ν̄e excess case for α = 1.3, the positive side of the ELN angular
distribution, below the crossing direction, reaches flavor equilibrium and the ELN crossing
becomes shallower. The angular distribution seems to be globally transferred from the
negative side to the positive side of the ELN crossing because the net electron-family
number density is negative.
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4.3.4 With local perturbation in the preshock region

Next, we perform the flavor evolution for the angular distribution in the preshock region,
similar to Sec.4.3.3. We assume the fast limit in order to focus only the development of
fast flavor conversion and to neglect the impact of mixing between slow and fast modes
as appeared in Fig. 4.5. The asymmetry parameter of the ELN angular distribution is
α ∼ 0.89 and the strength of the self-interaction is µνe

∼ 1.5× 104 km−1. We set the box
size as Lz = 10000 in z ∈ [−5000, 5000] in unit of µ−1

νe
. We present the flavor evolution

in the preshock region in Fig. 4.15. Flavor instability arising at z = 0 propagates toward
the positive-z direction, but the growth of instability is slower than the case of the Wu’s
model in the previous subsection due to the growth rate. The front part mainly centered
at the negative velocity modes spreads over all velocity directions, leaving coherent wave-
like patterns behind. However, the backward-moving coherent flavor instabilities are too
small to provide flavor conversions. When reaching the nonlinear regime at t ∼ 12000,
flavor conversions develop only in the backward directions. Moreover, the flavor waves
interact with the slowly back-moving components before growing the coherent patterns
and small-scale structures start to arise. Similarly, the growth of flavor instability in
Fourier space helps us to understand the dynamics.

Figure 4.16 shows the angle-averaged off-diagonal term ⟨P̃⊥(t,Kz)⟩ of neutrino density
matrix with the spatial Fourier modes. In the left panel, the growth of flavor modes
in Fourier space clearly exhibits the existence of two instability branches. The excited

Figure 4.15. Dynamics of the polarization vector P (t, z, vz) in the preshock region. Left
panels are snapshots of P⊥(t, z, vz) and right ones are P3(t, z, vz) at t =

5000, 10000, 15000, 25000, and 45000.
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Figure 4.16. Left: the time evolution of ⟨P̃⊥(t,Kz)⟩ before a cascade develops in Fourier
space. Right: after the cascade.

Fourier modes K are consistent with the dispersion relation according to the linear stabil-
ity analysis as seen in Fig. 4.2. As long as growing modes follow the dispersion relation,
the flavor instability is within the linear evolution. Once flavor instability reaches the non-
linear regime at t = 12500, a cascade starts to develop in Fourier space. Simultaneously,
flavor conversions appear on the P3 plane as shown in Fig. 4.15 because the off-diagonal
term can not be ignored compared to the diagonal term. Since the flavor wave interacts
with the other components just after the occurrence of the flavor conversions, different
from the cases in Fig. 4.12, the growth of the nonlinear cascade does not saturate.

Figure 4.17 shows the time evolution of full-averaged transition probabilities (left) and
space-averaged survival probabilities at each time snapshot (right). The angular distri-
bution in the preshock region is dominant in the forward directions vz > 0 so that the
averaged quantities over the angular distribution depend strongly on the forward com-
ponents. That is why the full-averaged transition probability is much less than 1. The
space-averaged survival probability in the right panel exhibits the angular dependence
of flavor conversions. The survival probability decreases and reaches flavor equilibrium
in the velocity modes below the crossing direction vz,c ∼ 0.12 as time passes. The flavor
conversions occur mainly above the crossing direction vz,c in the type-II crossing case with
the asymmetry parameter α = 0.9 in Sec. 4.3.3, and the tendency is contrary to the type-I
crossing case in the preshock region. As mentioned above, in the case of νe excess, the
angular distribution seems to be transferred from the positive part of the ELN crossing to
the negative. The ELN crossing in the preshock region is too shallow so that the positive
part is hardly changed.

4.3.5 With random seed perturbation in the preshock region

We have assumed the periodic boundary condition to simulate how fast flavor conversion
develops in an one-dimensional box. Spatial Gaussian perturbation centered at z = 0

propagates toward the positive direction and interacts with the slowly backward-moving
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Figure 4.17. Top: averaged transition probability 1− ⟨Pee(t)⟩ over the spatial z and an-
gular distribution vz. Bottom left: averaged survival probability ⟨Pee(t, vz)⟩
only over the spatial distribution z. Bottom right: ELN angular distribution
at each space z at t = 3000. Red and black thick lines are initial and final
ELN angular distributions averaged over the spatial structure. Thin lines
are final ELN distributions at each spatial point z.

components. That interaction only happens because we imposed the boundary conditions,
which are not realistic descriptions. However, even in the realistic cases, the nonlinear
interactions with nearby flavor waves can occur because fast flavor instabilities are trig-
gered and excited everywhere by the spatial deviation of neutrino distribution. The more
realistic evolution can be demonstrated to employ random seed perturbations as the initial
conditions of the polarization vectors P (1)(t = 0, z, vz) = ϵ(z). We take ϵ(z) randomly
scattered between 0 and ϵ0 and present the time evolution in Fig. 4.18. In the top panel,
flavor instabilities are excited everywhere by the randomly seeded spatial perturbations
and interact with each other. That situation arises independently of the assumption of
the periodic boundary conditions and demonstrates more realistic behaviors. Since the
nonlinear interactions among the flavor instabilities immediately generate the small-scale
structures, the flavor conversion does not possess the large-scale structures on the P3

plane from the beginning. Therefore, the last stage of our simulation shows more depo-
larized fast flavor waves below the crossing direction. The difference between the local



4.3 Fast flavor conversion in 1D box 103

Figure 4.18. Same as Fig. 4.15, but for with the random seed perturbations.
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Figure 4.19. Same as Fig. 4.17, but for comparison between the local perturbation and
the random seed perturbation.

Gaussian perturbation and the random seed perturbation shows in Fig. 4.19. In the case
of the random seed perturbation, the space-averaged survival probability reaches flavor
equilibrium ⟨Pee⟩ ∼ 0.5 below the crossing direction, while the quantity in the case of
the local perturbation is ⟨Pee⟩ ∼ 0.4 and establishes the partial flavor equilibrium. The
formation of large-scale structures such as coherent wave-like patterns is suppressed in
the random perturbation case and the small-scale structures are dominant. Therefore,
in more realistic spatial perturbation, the nonlinear interactions establish more complete
flavor equilibrium.
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4.3.6 Short summary

In this Sec. 4.3, we have investigated how fast flavor conversion occurs in a one-dimensional
box. We have newly developed the solver with the pseudo-spectral methods via the Fast
Fourier Transformation and performed the flavor evolution in the local (1+1+1)-D system
(t, z, vz) for three types of the ELN angular distributions: type-II crossing with asymmetry
parameters α = 0.9 and 1.3 employed by Wu et al. [112], and type-I crossing with α ∼ 0.9

corresponding to realistic models in the preshock region [102, 173].
With local spatial Gaussian perturbation, flavor instability arising at the box center

evolves propagating toward the positive-z direction. In the linear phase at early time,
the evolution follows the dispersion relation according to the linear stability analysis.
Focusing the spatial Fourier modes of flavor instability, we clearly find when they go
off the prediction by linear stability analysis and reach the nonlinear regime. In the
nonlinear phase, fast flavor conversion shows the occurrence of wave-like patterns over all
velocity modes and collisions between fast- and slowly-moving flavor waves. The nonlinear
interactions break the coherent patterns and generate smaller-scale structures. Eventually,
velocity modes above or below the crossing direction fill up with the small-scale structures
and the ELN angular distribution reaches flavor equilibrium. In the case of type-II crossing
for α = 0.9, the flavor equilibrium occurs above the crossing point, while below the crossing
direction for α = 1.3. And the type-I crossing in the preshock region demonstrates the
contrary behaviors to the type-II case.

Also, we have employed randomly-seeded spatial perturbation because descriptions that
a flavor instability evolving from spatial perturbation centered at the origin interacts with
itself are not realistic. In this case, flavor instabilities are excited everywhere and im-
mediately interact with nearby components. Therefore, small-scale structures are formed
before large-scale coherent patterns develop and closer states to flavor equilibrium are
established when averaged over space.

Above the calculation results, the behaviors of flavor equilibrium in some velocity direc-
tions can be categorized by the crossing type and the asymmetry parameter α as Table 4.2.
For α < 1, the net electron-family number density is positive and the quantity is globally
conserved. Fast flavor conversion triggered by the ELN crossing seems to transfer the dis-
tribution from the positive part to the negative. Thereby, the depth of the ELN crossing

Type-I crossing Type-II crossing

α < 1
FFC at vz < vz,c FFC at vz > vz,c(νe excess)

α > 1 Not investigated.
FFC at vz < vz,c(ν̄e excess) But maybe FFC at vz > vz,c

Table 4.2. Categorization of fast flavor conversion (FFC) by the crossing type and the
asymmetry parameter α. We describe the angular direction vz where flavor
equilibrium ⟨Pee⟩ ∼ 0.5 occurs when averaging over space.
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becomes shallower than the original angular distribution through the flavor equilibrium.
The velocity modes where fast flavor conversion establishes flavor equilibrium are different
in the crossing type. All the discussions are so far for the ELN angular distribution with a
single crossing, but the existence of multiple crossings is possible in realistic core-collapse
supernova models. We expect that fast flavor conversion would globally establish the
flavor equilibrium and the ELN crossings are reduced to be shallower regardless of the
number of crossings.



106

Chapter 5

Conclusion

In this dissertation, we have performed the nonlinear simulation on collective slow and fast
flavor conversions in core-collapse supernovae. Collective neutrino oscillation is triggered
by the asymmetry in the phase space distribution between neutrinos and antineutrinos.
The spectral crossings, where the difference changes the sign at some momentum, are
necessary and sufficient for the excitation of collective instabilities. The flavor instabilities
are divided into two oscillation modes: slow and fast instabilities. Slow instability is
triggered by the crossings in the energy distributions, while fast one is by the crossings in
the angular distributions. Fast mode is driven only by the neutrino density nν and the
growth is independent of the other vacuum and matter effects. On the other hand, slow
mode is scaled by not only the self-interaction potential µ but the vacuum frequency ωV .
The two modes with different oscillation scales cause flavor conversions in core-collapse
supernovae.

In chapter 3, we have mainly discussed the behaviors of slow flavor conversions. In
the slow regime, we usually adopt the simulation model, called the bulb model, which
requires a stationary and axisymmetric neutrino emission (r;Eν , θν) depending only on
the radial direction. The bulb model demonstrates interesting spectral splits that the
energy distribution is split above a critical energy. However, the flavor conversions can be
suppressed by the high matter density such as near the proto-neutron star. The competi-
tion between the matter-induced phase dispersion due to the emission geometry and the
phase synchronization due to the collective effects determines whether collective flavor
conversion survives. In Sec. 3.1, we discussed the matter-induced suppression, follow-
ing both the linear and nonlinear regime. Collective neutrino oscillation is completely
suppressed due to the dense matter density profile at all time epochs, from the neutron-
ization burst to the formation of a black hole, in our failed supernova model with a 40M⊙

progenitor. It means that emitted neutrinos undergo only the MSW resonances in the
stellar envelope and are observed at the neutrino detectors. Therefore, the predicted
neutrino event rate traces the time variation of neutrino luminosity and averaged energy,
and provides the potential to solve the neutrino mass ordering problem. For less massive
progenitors, collective neutrino oscillation can possibly overcome the matter suppression
except during the accretion phase of core-collapse supernovae. In Sec. 3.2, we introduced
symmetry breaking against the traditional bulb model: axisymmetry breaking and spatio-
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temporal instability, which can potentially break the matter suppression. In particular,
since non-zero pulsating modes p ̸= 0 can decrease the effective matter effects λ̄, slow
flavor conversion could occur even during the accretion phase. Axial-symmetry break-
ing induces the multi-azimuthal-angle (MAA) instability in the geometry and can trigger
flavor conversions independent of the neutrino mass orderings. Recent underground ex-
perimental results suggest that the normal mass ordering is favored over the inverted case
and the traditional bulb model is generally unstable only in the inverted mass ordering.
The inclusion of axial-symmetry breaking makes us possible to discuss more generally
in the neutrino signal prediction. We have investigated the impact of axial-symmetry
breaking adopting an electron-capture supernova model with an 8.8M⊙ progenitor. It
is found that the growth of flavor instability is enhanced in the MAA case compared to
the axial-symmetric bulb model and it breaks the complete matter suppression at some
time snapshot. The behaviors are confirmed using our extended linear stability analysis
scheme within the three-flavor framework including the mixing angles. Also, the revival
and re-suppression of collective neutrino oscillation are present in the predicted neutrino
event rate in the current and future neutrino detectors. In Sec. 3.3, we considered a
neutrino halo, which generates broader intersection angles due to the coherent neutrino-
nucleus scatterings. Neutrinos free-streamingly propagate through the stellar envelope
after diffusing out of the proto-neutron star. However, a small fraction of them can be
scattered off the background nuclei and nucleons and changes the propagating direction.
The direction-changing scattering creates outward-going and inward-directed components
and affects the self-interaction potentials. In our iron core-collapse supernova model with
a 9.6M⊙, the contribution from the inward-scattered halo neutrinos can not be neglected
compared to the outward-propagating neutrino flux inside the shock wave. However, at
such a time epoch, high matter density completely suppresses collective neutrino oscilla-
tion and the halo effects together. On the other hand, the outward components induce a
delay in the onset of collective flavor conversions outside the shock wave, where the contri-
bution from the inward ones can be ignored. The inclusion of the halo neutrinos sharpens
spectral swaps due to collective neutrino oscillation and makes the neutrino signal more
clearly distinct from the thermal emission.

In chapter 4, we have mainly explored the nonlinear effects of fast flavor conversions.
Fast instability is triggered by a zero crossing in the neutrino flavor lepton number (NFLN)
angular distribution. The occurrence of fast flavor conversion is equivalent to the presence
of the angular crossing, and various supernova dynamics provides the possibility of the
appearance. Here, we focused on fast flavor conversion in the preshock region of core-
collapse supernovae. As mentioned in Sec. 3.3, coherent neutrino-nucleus scattering can
change the propagation direction, and generate inward- and outward-going neutrino flux.
The cross section depends on the square of neutrino energy, and antineutrinos generally
have higher averaged energy than neutrinos due to the hierarchy of the neutrino sphere
radius. Therefore, antineutrinos become dominant in the backward direction, and a shal-
low angular crossing is produced. In Sec. 4.2, we considered the impact of the inclusion of
the vacuum term and the angular distribution of the non-electron type neutrinos on the
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fast instability. Muon production inside the proto-neutron star enhances the ν̄µ emission.
Also, weak-magnetism correction makes the neutrino sphere of antineutrinos smaller and
the angular distribution more forward-focusing. As a consequence, the µLN and τLN an-
gular distributions can not be neglected and affect the excitation of fast instability within
six-species treatments fνX

̸= fν̄X
. In our parametric angular distribution model, the ELN

crossing is entirely vanished by the negative µLN angular distribution, and the NFLN
crossing in the e− τ sector only survives. In the linear phase, flavor instability is excited
only in the e− τ sector, following the dispersion relation. Still, the instability propagates
across the other sectors and flavor conversion can appear among all flavors due to the flavor
mixing in the vacuum term. In Sec. 4.3, we have performed the flavor evolution consider-
ing fast flavor instability in the local (1+1+1)-dimensional system (t, z, vz). We employed
two types of ELN angular distributions with type-I and type-II crossings. In both cases,
the excited flavor wave propagates toward the positive-z direction and creates large-scale
oscillation. After that, the forward-going component interacts with a backward-moving
component and generates the smaller-scale structures. The nonlinear wave interaction es-
tablishes flavor depolarization when averaging over space only above or below the crossing
directions. In the case of the νe excess, the positive parts of the ELN angular distribution
seem to be transferred into the negative due to fast flavor conversions. In the case of the
ν̄e excess, the contrary trends appear from the negative to the positive. The description
is much simpler than expected, but if it is universal, it provides an important hint about
the inclusion of fast flavor conversion to the core-collapse simulations.

We have discussed slow and fast flavor conversions in core-collapse supernovae following
the nonlinear simulation models. However, several improvements in our employed simu-
lation box still remain to be explored in the future. For slow flavor conversion, we have
assumed the stationary emission. Spatio-temporal instability certainly can overcome the
matter suppression, but it is a pulsating mode and not the time evolution. We need to
consider time-growing modes in Laplace space not Fourier space like as the dispersion
relation approach against fast instability. And, our simulation for fast flavor conversion is
still local and does not include the global effects such as the geometry of neutrino trajec-
tory, considered in the bulb model. We do not include the impacts of the vacuum term
and heavy-leptonic flavors as considered in Sec. 4.2. Also, recent investigation suggests
that the collision term enhances or damps fast flavor conversions [107, 110, 179, 180].
Although there remain many obstacles ahead to unravel collective neutrino oscillation, it
will be achieved in the future if we take one step at a time.
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