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Abstract
My doctoral dissertation focuses on the structural analysis of model network gels
under deformation, which was conducted with scattering methods with various ir-
radiation sources, that is light, neutron, and X-ray.

The first topic is about the realization of model network gel. Polymer gels are
usually heterogeneous, which means a random distribution of polymer segments
(spatial heterogeneity). The heterogeneity is incorporated randomly into the gel
network with the cross-linking reaction. Hence, the control of the heterogeneity
is difficult. Spatial heterogeneity had been thought of as an inherent property of
polymer gels because the cross-linking “freezes” the network structure. However,
this preconception was broken from our previous study which reported the synthesis
of the spatial homogeneous gel based on the simple and universal concept, i.e., the
“bond percolation” concept. In this study, I removed the requirements to realize
the bond percolation condition intentionally and introduced the different types of
spatial heterogeneity into the gel network independently. The static and dynamic
structure was quantified with various scattering methods, and the validity of the
bond percolation concept was confirmed. In the following, I focused on the structural
analysis model network gel synthesized based on the bond percolation concept.

The second and third topics are about the static structure of the model network
gels under deformation, i.e., uniaxial elongation and uniaxial compression. In these
sections, the structural analysis was conducted with small-angle scattering. In the
previous studies, the spatial heterogeneous structure not only degrades the physical
properties of gels such as mechanical strength and deformability but also disturbs
the structural analysis with scattering methods due to the strong contribution of
spatial heterogeneity for the scattering intensity. In these studies, I showed the
effectiveness of the removal of spatial heterogeneity for the improvement of the
mechanical properties of gels, and the obtained structure with fitting analysis gave
information that is valuable to understand the deformation mechanism.

The final topic is the dynamic structural analysis of the model network gel under
uniaxial compression with the quasi-elastic neutron scattering. Utilizing the labeling
with the isotope as the feature of neutron scattering, I extracted the dynamics of
the particular part of the network. Moreover, the orientation dependence of the
dynamics was clarified. This might be due to the variation of the solvation structure
with compression, however, it is not clear currently. Thus, further investigation
should be conducted.

In this doctoral dissertation, I established the synthesis of the model network gels
based on the simple and the non-constrained by polymer species concept and I fo-
cused on the understanding of the universal properties of gels through the structural
analysis of the model network gels.
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CHAPTER 1

General Introduction

1.1 The historical background of gel science

Figure 1.1: The schematic illustration of structure of gel (Green sphere: monomers，Red sphere:
cross-linking points, pale blue of a background: a fluid)

Polymer gels are an elastic crosslinked network containing a fluid that fills the
interstitial spaces of the network (Fig. 1.1) [1]. Gels look like a solid. However,
there is a big difference compared with common solid materials such as metals or
ceramics. Gels are soft and wet materials, which can deform largely and return to
the initial shape when the applied force is released. Gels are ubiquitous materials
and are seen widely in our daily life. Like boiled eggs, jelly, and meats, many foods
are gels that originated from organisms. Industrially, many products are fabricated.
In the medical field, a diaper or a sanitary item contains the gel as an absorber. And
more, soft contact lenses which are made of gel have become common nowadays.
In the environmental field, ion exchange resins such as ionized polystyrene gels are
used to purify water.

Although gels have been familiar material for us in human history, history as
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science is not so old. In the 19th century, “gel” was coined by Thomas Graham,
the father of colloid chemistry, which is taken from gelatin. He described gel as
“While the rigidity of the crystalline structure shuts out external expressions, the
softness of the gelatinous colloid partakes of fluidity, and enables the colloid to
become a medium for liquid diffusion, like water itself” [2]. In his description, the
gel is classified into the type of colloids. At that time, the explicit definition of gel
was not given. In actually, Lloyd wrote, “The colloid condition, the “gel,” is one
which is easier to recognize than to define” in 1926 [3]. Of course, from the point
of view of present scientific knowledge, not all gels are colloids. However, there she
also wrote, “Only one rule seems to hold for all gels, and that is that they must be
built up from two components, one of which is a liquid at the temperature under
consideration, and the other of which, the gelling substance proper, often spoken of
as the gelator, is solid. The gel itself has the mechanical properties of a solid, i.e., it
can maintain its form under the stress of its own weight, and under any mechanical
stress, it shows the phenomenon of strain.” This description is phenomenological
but gets the point. Polymeric gels contain a liquid and show viscoelastic properties.

Later, more sophisticated definition was provided from Flory [4],

(1) Gels indicate the solid-like behavior. When gels deform, the response is
elastic. Even if the plastic flow occurs for materials that are defined gels, it is
limited for the case that the stress is only above a finite yield.
(2) Gels should have a continuous microscopic structure with macroscopic di-
mensions that is permanent on the time scale of observation of the system.

Moreover, Flory classfied gels into four types [4].

(1) Well-ordered lamellar structures, including gel mesophases.
(2) Covalent polymeric networks; completely disordered.
(3) Polymer networks formed through physical aggregation; predominantly
disordered, but with regions of local order.
(4) Particulate, disordered structures.

In this dissertation, only gel of type (2), or chemically cross-linked polymer gels, is
treated. As seen from these confusions of definition, a gel is not paid much attention
as a subject of scientific analysis for a long time.

The turning point of gel science is the discovery of the volume phase transition.
Dusek and Patterson predicted the volume phase transition in 1968 theoretically [5].
However, when the volume phase transition was experimentally observed was ten
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years later than this theoretical prediction. In 1978, Tanaka discovered poly(acrylic
amide) gels occurred during the volume phase transition when the composition of
mixture solvent (water and acetone) was changed [6]. He reported that this occurred
only for old gels, which were prepared about one month ago. This phenomenon was
explained due to the hydrolysis of the polymer by Tanaka et al. later [7]. In 1984,
Hirokawa et al. reported the non-ionic polymer gel indicated the discontinuous vol-
ume phase transition with temperature or a solvent composition [8]. This was the
first example of the discontinuous change for the non-ionic polymer gel, poly(N-
isopropylacrylamide) gel, and demonstrated the universality of the discontinuous
volume phase transition of gels. This discovery gave a motive that the field of gel
science was gotten intensive attention and developed extensively. Until then, since
gels were complex to treat in physics, the number of studies had been limited. How-
ever, the discovery shed light on the physics of gel, and the study of functionalization
of gels has become studied intensively [9–11]. Especially, many studies were con-
ducted for gel sensors, actuators, and intelligent gels that changed their physical
properties responding to external stimuli in the 1980s and 1990s [12,13].

1.2 Model polymer network gel

(A) (B)

Figure 1.2: The schematic illustration of heterogeneities of gels. (A) Spatial heterongeneities, (B)
topological heterogeneities.

Polymer gels, especially gels are obtained by free-radical crosslinking copolymer-
ization, are usually “heterogeneous.” Here, heterogeneous gel means that the net-
work has the distribution of the mesh size (the length of polymer strands between
crosslinkers) and topological and connectivity defects such as dangling chain ends,
chains forming closed loops, and crosslinker-crosslinker shortcuts [14]. Former het-
erogeneity and later one is called spatial heterogeneityies(Fig. 1.2 (A)) and topo-
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logical heterogeneities(Fig. 1.2 (B)), respectively. These heterogeneities lead to the
deviation of the physical properties such as mechanical properties including mechan-
ical strength and deformability [15–17], swelling and deswelling [18, 19], etc. from
the expectation of theories. Because heterogeneities are incorporated into polymer
network in an uncontrolled manner with the progress of a chemical reaction, the
theoretical treatment of heterogeneities is also challenging. Therefore, researchers
have attempted to develop the “model network” gels [20–23].

Hild defined the polymer network, which has below four features as the “ideal
network” [24].

(i) All mesh size in the network is identical.
(ii) Polymer strands between crosslinkers should obey Gaussian statistics,
which means the distribution of the probability of the distance of strand obeys
Gaussian distribution.
(iii) The network should be homogeneous both macroscopically and microscop-
ically. That is, the segment density and crosslink density are identical in the
whole network.
(iv) The functionality of crosslinkers is constant in the whole network.

Narrow distribution
of

mesh size Primary loop Dangling end× ×

×Various functionality✓Constant functionality

(A) (B)

(C) (D)

Figure 1.3: The schematic illustration of definition of model network gel. (A) Mesh sizes of
nawwow molar mass distribution, (B) polymer strands connected by two different crosslinekers,
(C) Constant density of crosslinkers and segments, (D) Constant functionality.
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In reality, it is almost possible to attain the ideal network because real polymers
have molecular weight distribution, and heterogeneities are incorporated with net-
work formation. Thus, instead of an ideal network, the attainment of a “model
network” has been pursued so far. A model network is defined as (Fig. 1.3)

(i) The mesh size should exhibit known length and a narrow molar mass dis-
tribution. Moreover, each polymer strand should be connected by its two ends
to two different crosslinkers.
(ii) A model network should be homogeneous. That is, the segment density
and crosslink density are identical in the whole network.
(iii) A model network should exhibit a known and constant functionality of
crosslinkers.

1.3 Synthesis of polymer gels

(A)

(B)

Figure 1.4: The schematic illustration of synthesis of gels. (A) synthesis from monomers, and (B)
synthesis from polymers.
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The synthesis method for gels is divided into two types: from monomers and from
polymers (Fig. 1.4).

When gels are synthesized from monomers, for instance, radical polymerization or
polycondensation, gelation proceeds with polymerization and cross-linking process;
this reaction is basically a random process, and the control of the network structure
is impossible.

On the other hand, when gels are synthesized from polymers, such as end-linking
or random cross-linking, only cross-linking reaction proceeds. Especially when gels
are synthesized with an end-linking process with polymers, it is feasible to synthesize
gels that fulfill the model network conditions, i.e., the control of the mesh size is
easy and structural defects are suppressed to a certain extent. Many researchers
attempted to fabricate model network gels from a combination of monodispersed
multifunctional polymers and low-molecular-weight cross-linkers [24, 25]. However,
even in these systems, the formation of topological defects is inevitable.

One of the most successful model network systems is Tetra-PEG gel [26]. Tetra-
PEG gel was synthesized from crosslinking of two types of 4-arm star poly(ethylene
glycol) (PEG) terminated with the mutually reactive functional group which can
create a covalent bond with click reaction (Fig. 1.5). In this system, primary loops
or loops in which odd numbers of tetra-arm polymers participate can be excluded
effectively due to A-B type reaction between multifunctional polymers (Fig. 1.6
(A) and (C)) [27]. The reaction between the amino group and activated ester with
N-hydroxysuccinimide or between the thiol and maleimide groups is widely used for
Tetra-PEG gel.
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Figure 1.5: The schematic image of synthesis of Tetra-PEG gel. In this case, terminated groups
are amine and activated ester N-hydroxysuccinimide.
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(A) n = 1 (B) n = 2

(C) n = 3 (D) n = 4

Figure 1.6: Loop structures formed from functinalized tetra-arm polymers in A-A type end-linking
with (A) n=1, (B) n=2, (C) n=3, and (D) n=4 sets.

Since it is easy to prepare Tetra-PEG gel and adjust mesh size or crosslinking
density, Tetra-PEG gel has been used for verification of various theories about elas-
ticity, diffusion, osmotic pressure, and so on [28–34]. It was indicated that topo-
logical defects were less than conventional gel by the previous study [27]. However,
as for spatial homogeneity, a certain level of heterogeneity was still observed with
small-angle neutron scattering (SANS) [35]. It was suggested that the spatial het-
erogeneity was due to the aggregated structure of PEG, which is thought as the
typical structure for PEG aqueous solution. [36,37].

1.4 Highly homogeneous gel and “bond percolation” concept

So far, even the most successful example of model polymer network gels, Tetra-
PEG gel, indicates the spatial heterogeneity somewhat. Gels are synthesized via the
cross-linking process of polymer strands. In this process, it had been thought that
the concentration fluctuation was fixed, which is the origin of the spatial hetero-
geneity [38]. Thus, spatial heterogeneity had believed as inherent nature of polymer
gels and inevitable.

However, this preconception was broken recently by a report of the synthesis of
the gel that is highly spatial homogeneous [39]. I call this spatial homogeneous gel
the highly homogeneous gel. The highly homogeneous gel was prepared based on
the “bond percolation” concept. “Bond percolation” is one type of percolation. The

-7-



percolation model is one of the lattice models and used for the description of the
spreading of forest fires or contagious disease, other than gelation process [40]. The
percolation model is composed of site latices and bond latices that connect each
site. If an infinite cluster is formed with a connection of sites and bonds, the system
“percolates.” In the case of gelation, this means the sol-gel transition. Based on how
sites and bonds are occupied, the percolation model can be classified. If all sites are
occupied from the beginning, the percolation process is the progress of a random
bond formation. This is called “bond percolation.” On the other hand, when sites
are occupied randomly, and the neighboring occupied sites are always connected into
a cluster, this is called “site percolation.” The model which is a combination of these
two models is “site-bond percolation.” In this model, site occupation is randomly
progressed, and bond formations between adjacent occupied sites are also random.

The “bond percolation” concept is inspired by the “bond percolation” model.
In the bond percolation model, all sites are preoccupied with mutually exclusive
units in the initial state. The preparation condition for gel based on the “bond
percolation” concept mimics this situation. When occupied site units are regarded
as prepolymer units, the proceeding of mutual reaction between prepolymers during
gelation reaction is considered as the bond percolation process. Satisfaction of this
bond percolation concept leads to the uniform packed network with prepolymers,
which avoids the incorporation of frozen spatial heterogeneity. That is, during the
gelation process, we can avoid the formation of nano-voids or polymer aggregated
domains that cause the concentration fluctuation.

Packed pregel solution Fully developed gel

Bond-
percolation

Figure 1.7: The schematic illustration of structure of bond percolation condition [39].

In this study, the strategy to satisfy the bond percolation concept is to prepare
gels at three conditions as below (Fig. 1.7).

(i) Using monodisperse star polymers. It is because polymers with multiple
arms show a strong excluded volume effect that prevents other polymers from
coming into the pervaded volume.
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(ii) Preparing gels at a concentration well above its chain overlapping concen-
tration c∗. It ensures that the star polymers uniformly and tightly fill the space
as the bond percolation model assumes.
(iii) Choosing the high-affinity solvent to prepolymers. It is to prevent the
segregation of polymer chains during cross-linking.

Here, as for condition (i), 4-arm star PEG (the weight averaged molecular weight
Mw 20000) was used as a prepolymer. Condition (ii) was satisfied by preparing of the
gel at a polymer concentration 12 weight % (wt%) because c∗ of 4-arm star PEG of
Mw 20000 is about 6wt% [29]. Condition (iii) was satisfied by using the dehydrated
acetonitrile as a solvent, which shows excellent affinity to PEGs. The static and
dynamic scattering indicated that the spatial heterogeneity was less negligible even
at the range of wavelengths of light.

1.5 Outline of dissertation

My doctoral dissertation focuses on the structural analysis of model network gels
under deformation, which was conducted with scattering methods with various ir-
radiation sources, that is light, neutron, and X-ray. The structural analysis of gels
under deformation has been disrupted so far due to spatial heterogeneity. Recently,
as described above, the fabrication method of the highly spatial homogeneous gel
has been established based on the bond percolation concept. In this dissertation,
utilizing this concept, I describe the series of studies that I conducted in my doc-
toral course to clarify the deformation behavior of microscopic polymer strands in
the gel network under various deformations. These studies contribute to elucidating
the deformation mechanism of gels and giving the guideline for the reinforcement of
gels.

In chapter 2, I introduce some theoretical background related to my doctoral re-
search. Mainly, I focus on the principle of scattering phenomena and the mechanical
properties of gels.

From chapter 3, I explain my doctoral research. First, in chapter 3, as based
on the bond percolation concept introduced in this chapter, I demonstrated the
intentional fabrication of the spatial heterogeneous gel distinguishing the kind of
spatial heterogeneity, i.e., incorporated aggregation and nano-voids. This result
also supported the validity of the bond percolation concept, that is, it is a universal
concept for fabricating spatial homogeneous gels.

After chapter 4, I focus on the structural analysis of the model network gels fab-
ricated based on the bond-percolation concept. In chapter 4, the static structural
analysis of the model network gel under uniaxial elongation with small-angle X-ray
scattering is introduced. In this study, I also tuned the reaction efficiency of the
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terminated groups of prepolymers, or the fraction of the dangling chain, to examine
the effect of bond defects on the network structure under elongation. From removing
the spatial heterogeneity, it was clarified that the reaction efficiency affected elonga-
tion mechanical properties effectively. The static structure also drastically changed
with decreasing reaction efficiency, and our result suggested that anisotropic 2D
scattering profiles were related to the stretching of polymer strands.

In chapter 5, the static structural analysis of the model network gels under uni-
axial compression with small-angle neutron scattering is introduced. In this study,
the model network gels were partially labeled with deuterium utilizing the forte of
neutron scattering. It was demonstrated that deuterium labeling makes us possible
to extract structural information effectively. From model fitting, we could compare
the microscopic polymer deformation and macroscopic bulk deformation.

In chapter 6, the dynamic structural analysis of the model network gels under
uniaxial compression with quasi-elastic neutron scattering is introduced. Also here,
isotope labeling was utilized. However, as different from the static neutron scatter-
ing, only the hydrogen labeled network was observed in this case. This study was the
first observation of segmental dynamics of gels under deformation, as far as I know.
Our experiment revealed that the segmental dynamics changed anisotropically with
compression.

Finally, I describe the general conclusion summarizing the whole of my doctoral
dissertation in chapter 7.
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CHAPTER 2

Theoretical background

2.1 Basic theory of scattering

First, I introduce the basic theory for scattering techniques. In this section, static
scattering (elastic scattering), quasi-elastic neutron scattering, and dynamic light
scattering are introduced for the main techniques in my doctoral dissertation. The
former two sections of this section are based on the book written by Roe [41]. The
latter one is based on the books written by Berne and Pecora [42] and Johnson and
Gabriel [43].

2.1.1 Static scattering

The scattering is divided into two processes. (1)The scattering occurs from
each individual scatterers (Light: atoms, X-ray: electrons, and Neutron: nucleus).
(2)The wave is scattered from each scatterer then interference each other. Strictly,
the scattering indicates only phenomena (1). The combination of (1) and (2) is
called diffraction. However, especially in small-angle scattering, the term “scatter-
ing” involves a combination of both (1) and (2).

Incident beam
2θ

dΩ

Sample

Figure 2.1: Schematic image of basic geometry of scattering.

The intensity of scattering is described as the flux J , which is measured as the
amount of energy that is transmitted per unit solid angle per second. When the
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scattered wave is regarded as a stream of particles, J is represented by the particle
flux that is the number of photons or neutrons passing through a unit solid angle
per second. J is proportional to the square of the amplitude A of the oscillating
wave field, that is, the scattered wave here. The scattered wave is usually expressed
with the complex number, then J is thus given by

J = |A|2 = AA∗ (2.1)

Suppose the irradiated wave is J0 (Fig. 2.1), J will increase or decrease in proportion
with J0. The quantity that we are really interested in is the ratio J/J0 as a function
of the scattering direction. Here, while the irradiated wave is the plane wave, the
scattered wave is the spherical wave. Thus, the ratio of J/J0 has a dimension of
area per solid angle. This quantity is called the differential scattering cross-section

dσ

dΩ
= J

J0
(2.2)

dσ/dΩ is also thought of as the probability that a photon or a neutron impinging
on the sample is scattered into a unit solid angle in the given direction.

O

PQ

RS0

S

rincident beam

detector

Figure 2.2: Schematic image of path length defferecne.

Now, the scattering from two points, O and P, is considered (Fig. 2.2). It is
assumed that the scattering is coherent, and there is no phase change on scattering.
The spherical wave scattered at O by particle 1 of traveling in the x direction can
be written as

A1(x, t) = A0

RD

b exp[i2π(νt − x/λ)] (2.3)

where RD, ν, t, and λ are the distance between scattering point and observed point,
frequency, time, and wavelength, respectively. A0 is the amplitude of the incident
radiation and b is the scattering length that expresses the efficiency of scattering by
the particle, which depends on the source of irradiation beam. The phase difference
∆ϕ between the two waves scattered at O and P and arriving at the detector depends
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only on the path length difference δ between the two rays. It is written as

∆ϕ = 2πδ

λ
(2.4)

When the position of P is located as vector r from O, since QP = S0 · r and
OR = S · r, ∆ϕ can be described as

∆ϕ = 2π

λ
(S0 · r − S · r) = −q · r (2.5)

where S0 and S are unit vectors and q is defined as

q = 2π

λ
(S − S0) (2.6)

q is called the scattering vector, which is related to the scattering angle 2θ by

|q| = q = 4π sin θ

λ
(2.7)

Thus, spherical wave scattered at P by particle 2 can be written as

A2(x, t) = A1(x, t) exp(i∆ϕ) = A0

RD

b exp[i2π(νt − x/λ)] exp(−q · r) (2.8)

The wave reached the detector is conbination of wave A(x, t), which is described by
the sum of A1(x, t) and A2(x, t):

A(x, t) = A1(x, t) + A2(x, t) = A1(x, t) exp(i∆ϕ)

= A0

RD

b exp[i2π(νt − x/λ)][1 + exp(−iq · r)]
(2.9)

From (2.1), the scattered flux is evaluated as

J(q) = A(x, t)A∗(x, t) = A2
0

R2
D

b2[1 + exp(−iq · r)][1 + exp(iq · r)] (2.10)

Here, the factors exp[i2π(νt − x/λ)] and exp[−i2π(νt − x/λ)] canceled out. Thus,
it is enough to write A(x, t) as

A(q) = A0

RD

b[1 + exp(−iq · r)] (2.11)

When there is identical n scatterers, eq.(2.11) can be easily generalized to

A(q) = A0

RD

b
n∑

j=1
exp(−iq · rj) (2.12)

where rj is the position of the jth scatterer relative to an arbitrary origin. If there are
numerous scatterers and scatterers continuously dispersed in space in the sample,
the summation of eq.(2.12) can be replaced with an integral.

A(q) = A0

RD

b
∫

V
n(r) exp(−iq · r)dr (2.13)
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where n(r)dr represents to the number of scatterers within a volume element
dr = dxdydz around r and V is the scattering volume, which is the illuminated vol-
ume. eq.(2.13) indicates that A(q) is proportional to the three-dimensional Fourier
transform of n(r). More generally, eq (2.13) can be writen as

A(q) = A0

RD

∫
V

ρ(r) exp(−iq · r)dr (2.14)

where ρ(r) is the scattering length density distribution. When we consider the
scattering measurement, the position of scatterers, that is ρ(r) may change due
to the thermal motion of scatterers during a time period of measurement. Thus
measured scattered intensity is averaged over time. In an equibrium system which
obeys the ergodic hypothesis, the time average and the ensemble are equivalrnt.
Hence, the total scattered intensity I(q)

I(q) = I1

R2
D

dσ

dΩ
= ⟨|A(q)|2⟩ = I1

R2
D

⟨
|
∫

V
ρ(r) exp(−iqr)dr|2

⟩
(2.15)

where I1 = A2
0 is the irradiated radiation intensity and ⟨· · · ⟩ denotes the ensemble

average.
So far, an assembly of nuclei of a single element is considered. In neutron scat-

tering, the scattering intensity depends on the kind of nucleus, and the neutron has
spin 1/2. The neutron interacts with spin of the nucleus. Therefore, the scattering
length in the sample is not described by the identical value b excepted in the case
that if the sample is isotopically pure and the nuclear spin is zero. When spin of
a nucleus is i, each nucleus take one of two different scattering density b+ or b−

depending on the spin direction. The total spin due to the interaction between nu-
cleus and neutron is either i + 1/2 or i − 1/2. Therefore, the probability that the
scattering length b+ is realized as

f+ = 2i + 2
4i + 2

= i + 1
2i + 1

(2.16)

and for b− as

f− = 2i

4i + 2
= i

2i + 1
(2.17)

This random variability indicates that scattering intensity in neutron scattering
contains not only a component that reflected the structure as usual but also another
component that does not have structural information arising from the scattering
length randomness. Now, I consider the system the assembly of the same atoms,
but the scattering length b varies from nucleus to nucleus due to either the nonzero
spin or the presence of isotopes. In this case, eq (2.12) can be written as

A(q) = A0

RD

n∑
j=1

bj exp(−iq · rj) (2.18)
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and
∂σ

∂Ω
=
∑
j,k

⟨bjbk⟩ exp[−iq · (rj − rk)] (2.19)

where ⟨bjbk⟩ is the expectation value of bjbk in view of the random variability of bj

and bk. In the case for j equal to k,

⟨bjbk⟩ = ⟨b2
j⟩ = ⟨b2⟩ (2.20)

while for j ̸= k,

⟨bjbk⟩j ̸=k = ⟨bj⟩⟨bk⟩ = ⟨b⟩2 (2.21)

bacause there is no correlation between the values of bj and bk. With eq (2.20) and
eq (2.21) it can be written as

⟨bjbk⟩ = ⟨b⟩2 + δj,k(⟨b2⟩ − ⟨b⟩2) (2.22)

where δj,k is the Kronecker delta, which is equal to 1 if j = k and equal to 0
otherwise. Then, substituting eq (2.22) into eq (2.19) gives

∂σ

∂Ω
= ⟨b⟩2∑

j,k

exp[−iq · (rj − rk)] + n(⟨b2⟩ − ⟨b⟩2) (2.23)

The first term of eq (2.23) is equal the scattering intensity in the case of that all
the nuclei had the identical scattering length equal to the average ⟨b⟩. The second
term does not depend on the position of the atoms, thus, does not contain structural
information of the sample. This term is simply proportional to the variance ⟨b2⟩ −
⟨b⟩2 = ⟨(b−⟨b⟩)2⟩, which indicates that it arises from the fluctuation of the scattering
lengths. These two terms are called the coherent and incoherent components of the
intensity, respectively. The coherent and incoherent scattering lengths of an element
or an isotope are defined as

bcoh = ⟨b⟩ (2.24)

binc = (⟨b2⟩ − ⟨b⟩2)1/2 (2.25)

Form factor and Structure factor
If one molecule are composed of n scatterers, eq (2.15) becomes the scattered

intensity of one molecules;

I(q) = I1

R2
D

⟨∫
V

∫
V

ρ(ri)ρ(rj) exp(−iq · (ri − rj)dr
⟩

= I1n
2

R2
D

P (q) (2.26)
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Here, P (q) is called the form factor and defined as

P (q) = 1
n2

⟨∫
V

∫
V

ρ(ri)ρ(rj) exp(−iq · (ri − rj)dr
⟩

(2.27)

eq.(2.26) holds in only dilute condition. If the system is in dence condition, the
inteference between molecules becomes non-negligible.

Here, I consider N particles system, which each particles are composed with n

scatterers. The position of particle j is defined as R = Rj + r. In this case, the
scattering intensity is discribed as

I(q) = I1

R2
D

⟨
|

N∑
j=1

exp(−iq · Rj)
∫

V
ρ(r) exp(−iq · r)dr|2

⟩
= I1

R2
D

n2NP (q)S(q)

(2.28)

where S(q) is called structure factor and defined as

S(q) = 1
N

⟨
N∑
j,k

exp[−iq · (Rj − Rk)]
⟩

(2.29)

This equation expresses the interference effect.

2.1.2 Inelastic neutron scattering

In inelastic neutron scattering, we observe the double-differential scattering cross
section ∂2σ/∂Ω∂ω, which is the probability that an incident neutron with wave
vector k0 and energy E0 is scattered by a scattering angle 2θ into a solid angle
element dΩ and an energy interval between E1 and E1+dE. Here E and k1 are the
energy and wave vecor of scattered neutron, respectively. The momentum transfer
ℏq and energy transfer ∆E of neutron is described as

ℏq = ℏ(k1 − k0) (2.30)

∆E = ℏω = E1 − E0 = ℏ2

2m
(k2

1 − k2
0) (2.31)

where ω is the change in the angular frequency on scattering (i.e., ω = ω1−ω0, where
ω0 and ω1 are the angular frequency of incident and scattered neutrons.) Here, it
should be noted that the magnitude of scattering vector q is no longer determined
solely by the scattering angle 2θ because of k0 ̸= k1. In inelastic scattering, q is
described as

q2 = k2
0 + k2

1 − 2k0k1 cos 2θ (2.32)
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The double-differential scattering cross section ∂2σ/∂Ω∂ω is written as

∂2σ

∂Ω∂ω
= k1

k0

1
2π

∑
j

∑
k

bjbk

∫ ∞

−∞
⟨exp[−iq · rj(t)] exp[iq · rk(0)]⟩ exp(iωt)dt (2.33)

with the position rj(t) of all nuclei (j = 1, . . . , N) on function of time t. In the
following, for simplicity, it is assumed that the scattering system consists of nuclei
of a single element, and the element contains a single isotope whose nuclear spin is
zero. Thus, the scattering length of eq (2.33) bj can be written as same numerical
value b.

Here, the intermediate scattering function F (q, t) and the time-dependent pair
correlation function (or van Hove correlation function) G(r, t) are defined as

F (q, t) = 1
N

N∑
j=1

N∑
k=1

⟨exp[−iq · rj] exp[iq · rk]⟩ (2.34)

G(r, t) = 1
(2π)3

∫
F (q, t) exp(iq · r)dq (2.35)

respectively. Hence, eq (2.33) can be written as

∂2σ

∂Ω∂ω
= k1

k0
b2N

1
2π

∫ ∞

∞
F (q, t) exp(iωt)

= k1

k0
b2N

1
2π

∫ ∞

∞

∫
V

G(r, t) exp[−i(q · r − ωt)]drdt

(2.36)

By defining the dynamic structure factor S(q, ω) as

S(q, ω) = 1
2π

∫ ∞

∞
F (q, t) exp(iωt)dt

= 1
2π

∫ ∞

∞

∫
V

G(r, t) exp[−i(q · r − ωt)]drdt
(2.37)

eq (2.33) can be written in the more compact form as

∂2σ

∂Ω∂ω
= k1

k0
b2NS(q, ω) (2.38)

These three function (F (q, t), G(r, t), S(q, ω)) are related to each other through
Fourier transforms in space or in time (Fig. 2.3). It should be noted that the
dimention of F (q, t), G(r, t), and S(q, ω) is dimentionless, [volume−1], and [time],
respectively.

From eq (2.35) and eq (2.34), the time-dependent pair correlation function is

Figure 2.3: Fourier transformation relationships among F (q, t), G(r, t), and S(q, ω)
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written as

G(r, t) = 1
N

N∑
j=1

N∑
k=1

1
(2π)3

∫
⟨exp(−iq · rj(t)) exp(iq · rk(0))⟩ exp(iq · r)dq (2.39)

With the following relationship

δ(r − a) = 1
(2π)3

∫
exp(−iq · a) exp(iq · r)dq (2.40)

eq (2.39) can be rewritten as

G(r, t) = 1
N

N∑
j=1

N∑
k=1

⟨δ[r − rj(t) − rk(0)]⟩ (2.41)

When the nuclei are equivalent, the sum over j in eq (2.41) gives the same value
irrespective of k for fixed k. Thus, the sum over k becomes N times the term with
k = 1. Then,

G(r, t) =
N∑

j=1
⟨δ[r − rj(t) − r1(0)]⟩ (2.42)

r1(0) is taken as the origin, G(r, t)dr can be interpreted as the probability that
when a particle is at the origin at time t = 0, any particle is in the volume dr at
position r at time t. Eq (2.42) can be splitted into the self (s) and the distinct (d)
part as

G(r, t) = Gs(r, t) + Gd(r, t) (2.43)

where Gs(r, t) is the probability that the particle which was at position r = 0 at
time t = 0 will be at position r at time t = 0 and Gd(r, t) is the probability that
after seeing a particle at the origin and time t = 0, we see different particle at r = 0.

In the limit t → ∞, Gs(r, t) and Gd(r, t) become independent of r, and the
behavior at r → ∞ is same as that at t → ∞. Thus,

lim
r→∞

Gs(r, t) = lim
t→∞

Gs(r, t) = 1
V

≈ 0 (2.44)

lim
r→∞

Gd(r, t) = lim
t→∞

Gd(r, t) ≈ ⟨n⟩ (2.45)

As described in the previous section, in static neutron scattering, the scattering
of neutrons from an assemblage of atomic nuclei consists of coherent and incoherent
components. Therefore, also in inelastic scattering, scattered neutron consists of
coherent and incoherent component. Here, I consider the system coitaining a single
type of element. Reflecting the random variability in the scattering length b of the
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individual nucleis, eq (2.33) can be written as

∂2σ

∂Ω∂ω
= k1

k0

1
2π

∑
j

∑
k

⟨bjbk⟩
∫ ∞

−∞
⟨exp[−iq · rj(t)] exp[iq · rk(0)]⟩ exp(iωt)dt (2.46)

where ⟨bjbk⟩ is the expectaiton value of bjbk. The summation in eq (2.46) is separated
into two sum depended on whether j equals to k.

∂2σ

∂Ω∂ω
= k1

k0

⟨b2⟩
2π

∑
j

∫ ∞

−∞
⟨exp[−iq · rj(t)] exp[iq · rj(0)]⟩ exp(iωt)dt

+ k1

k0

⟨b⟩2

2π

∑∑
j ̸=k

∫ ∞

−∞
⟨exp[−iq · rj(t)] exp[iq · rk(0)]⟩ exp(iωt)dt

(2.47)

The incoherent and incoherent scattering length are defined in eq (2.24) and eq
(2.25). Thus, from substituting both into eq (2.47), it can be rewritten as

∂2σ

∂Ω∂ω
= k1

k0

b2
inc
2π

∑
j

∫ ∞

−∞
⟨exp[−iq · rj(t)] exp[iq · rj(0)]⟩ exp(iωt)dt

+ k1

k0

b2
coh
2π

∑
j

∑
k

∫ ∞

−∞
⟨exp[−iq · rj(t)] exp[iq · rk(0)]⟩ exp(iωt)dt

(2.48)

The first term in eq (2.48) is called the incoherent scattering component and gives
information about the motions of individual nuclei but does not give their correlation
with other nuclei. On the other hand, the second term, the coherent scattering
component, contains information about the relative motion between nuclei j and k,
including the contribution from the same nuclei case j = k. From the definition of
the time-dependent pair correlation function G(r, t) and self-part of that Gs(r, t),
the coherent and incoherent conponent of the double differential scattering cross
section can be described as(

∂2σ

∂Ω∂ω

)
coh

= k1

k0

Nb2
inc

2π

∫ ∞

−∞

∫
Gs(r, t) exp −(q · r − ωt)drdt (2.49)

and (
∂2σ

∂Ω∂ω

)
inc

= k1

k0

Nb2
coh

2π

∫ ∞

−∞

∫
G(r, t) exp −(q · r − ωt)drdt (2.50)

respectively. The intermediate scattering function F (q, t) and the dynamic structure
factor S(q, ω) can also be separated into their respective “self” and “distinct” parts.

F (q, t) = Fs(q, t) + Fd(q, t) (2.51)

S(q, ω) = Ss(q, ω) + Sd(q, ω) (2.52)

It is noted that the “self” part Fs(q, t) or Ss(q, ω) is associated with the incoherent
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scattering cross section like(
∂2σ

∂Ω∂ω

)
inc

= k1

k0
b2

incNSs(q, ω) (2.53)

Practically, it is difficult to distinguish between incoherent and coherent scattering.
However, most polymers contain rich hydrogen atoms and the scattering is predom-
inantly incoherent because hydrogen atom has a large contribution for incoherent
scattering due to the nonzero spin. The coherent scattering of polymers is usually
concentrated in a few Bragg peaks or broader maxima in the wider q region. If we
avoid these q regions, the observed scattering intensity is almost incoherent. In such
cases, the scattering results are composed of the self motions of hydrogen atoms,
which makes it feasible to interpret the results considerably.

2.1.3 Dynamic light scattering (Quasi-elastic light scattering)

The dynamic scattering is the method for examining the dynamics such as the
translational diffusion coefficient DT in the solution from the fluctuation of the
scattering light due to the thermal motion. DT gives information about molecular
weight or hydrodynamic molecular diameter combined with some relationship.

To extract the dynamical properties from the fluctuation of the scattering light,
I consider the time-dependent correlation function. Here, A is a property that
depends on the positions and momenta of all the particles in the system. Because of
their thermal motion, the particles move around and collide. Thus, their positions
and momenta vary with time and also A. Although their movement obeys the
Schrödinger’s equation, it looks random motion. If time T is large enough compared
to the period of fluctuation, the average of A becomes independent of when the
measurement is initiated.

⟨A⟩T = lim
T →∞

1
T

∫ T

0
dtA(t) (2.54)

I consider the property between time t and t + τ . As τ increases the defference
between A(t) and A(t + τ) becomes more likely nonzero. This means that A(t) and
A(t + τ) are correlated when τ is small. This correlation is lost if τ becomes large
enough compared with the period of the fluctuation. The autcorrelation function of
A which expresses this correlatio is defined as

⟨A(0)A(τ)⟩T = lim
T →∞

1
T

∫ T

0
dtA(t)A(t + τ) (2.55)

I consider the property A whose average ⟨A⟩ is 0 and fluctuation is between posi-
tive and negative. In this case, A(0)A(τ) can take the negative value and ⟨A(0)A(τ)⟩
becomes smaller due to the cancellation between positive and negative terms com-
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pared with A(0)2.

⟨A(0)2⟩T ≥ ⟨A(0)A(τ)⟩T (2.56)

Thus, the autocorrelation function either remains equal to its initial value for all
time τ or decays from its initial value, in which case A is a constant of the motion.
For large τ compared to the characteristic time for the fluctuation of A which is
nonconserved and nonperiodic property, A(t) and A(t + τ) become totally uncorre-
lated.

lim
τ→∞

⟨A(0)A(τ)⟩T = ⟨A(0)⟩T ⟨A(τ)⟩T = ⟨A⟩2
T (2.57)

Thus, the time correlation function decays from ⟨A2⟩ to ⟨A⟩2 with time.
In many cases, the autocorrelation function decays like a single exponential as

⟨A(0)A(τ)⟩T = ⟨A⟩2
T + [⟨A2⟩T − ⟨A⟩2

T ] exp
(

− τ

τr

)
(2.58)

where τr is the relaxation time or the correlation time of the property. The deviation
of the instantaneous value of A(t) from its average value is defined as

δA(t) ≡ A(t) − ⟨A⟩T (2.59)

Thus,

⟨δA(0)δA(τ)⟩T = ⟨A(0)A(τ)⟩T − ⟨A⟩2
T (2.60)

⟨δA2⟩T = ⟨δA(0)δA(0)⟩T = [⟨A2⟩T − ⟨A⟩2
T ] (2.61)

From eq (2.58) with eq (2.60) and eq (2.61),

⟨δA(0)δA(τ)⟩T = ⟨δA2⟩T exp
(

− τ

τr

)
(2.62)

Now, I consider the suspension of small particles. Neglecting the scattering from
solvent molecules, the electric field of the scattered light Es(t) is the superposition
of the scattering from each particle in the scattering volume. Assuming that there
are N solutes in the scattering volume now,

Es(t) =
N∑

i=1
Ei(t) (2.63)

where Ei is the scattering from single particle. Ei can be written as

Ei(t) = aiE0 exp[i(q · ri(t) − ω0t)] (2.64)

where ai is the coeficient which contains the factor such as the polarizabilty of
particles, the distance to the detector, wave vector of the scattered wave, and so on.
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E0 is the field amplitude of the incident wave, ri(t) is the position of the center of
mass of ith particle, and ω0 is the angular fewquency. Now, I am concerned only
with the relative intensity of light, neglecting the prefactor the intensity of light is
written as

I = EE∗ = |E|2 (2.65)

Thus, the scattering intensity is

Is(t) = Es(t)E∗
s (t) =

N∑
i,j

aia
∗
jE

2
0 exp[iq · (ri(t) − rj(t))] (2.66)

The time average of Is(t) becomes

⟨Is(t)⟩T =

⟨
N∑

i=1
|ai|2⟩T +

∑
i ̸=j

aia
∗
j⟨exp[iq · (ri(t) − rj(t))]⟩T

 (2.67)

If particles are indentical and independent, the second term on the right-hand side
of eq (2.67) vanishes. Thus,

⟨Is(t)⟩T = N⟨|ai|2⟩T E2
0 (2.68)

The time-dependent correlation function of the scattered field Es(t) is defined as

G(1)(τ) ≡ ⟨E∗
s (t)Es(t + τ)⟩T = ⟨E∗

s (0)Es(τ)⟩T (2.69)

Here, because Es(t) is a stationary random variable and its properties are indepen-
dent of the time origin, the second identity formula holds. From eq (2.63) and eq
(2.64), eq (2.69) is described as

G(1)(τ) =
N∑

i,j=1
⟨ai(0)∗aj(τ) exp[iq · (ri(0) − rj(τ))]⟩T E2

0 exp(−iω0τ) (2.70)

If the defferent particles move independently, and the translational and rotational
motions are uncorrelated, eq (2.70) becomes

G(1)(τ) = N⟨a(0)∗a(τ)⟩T ⟨exp[iq · (r(0) − r(τ))]⟩T E2
0 exp(−iω0τ) (2.71)

baceuse ai(t) depends on the orientation of particles due to the polaribility. It is
noted that the subscript i is dropped in eq (2.71) for simplicity. In real measurement,
we measure the scattered intensity Is(t) rather than the scattered wave Es(t). Thus,
directly measured quantity is the time-dependent correlation function of Is(t), which
are defined as

G(2)(τ) ≡ ⟨Is(0)Is(τ)⟩T (2.72)
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When Es(t) is a Gaussian random variable, the following relation is held.

G(2)(τ) = ⟨Is(0)2⟩T + |G(1)(τ)|2 (2.73)

This relation is called the Siegert relation, which is important for linking the
intensity-intensitr correlation function G(2)(τ) with the amplitude-amplitude ccorre-
lation function G(1)(τ). However, this relation becomes invalid for some systems. For
example, in gels or glasses, the movement of scattering elements is limited around
their average position. Because in these materials, the important assumption that
each particle is independent is no longer valid. It is conventional to define the
normalized first and second order correlation function g(1)(τ) and g(2)(τ) as

g(1)(τ) ≡ ⟨E∗
s (0)Es(τ)⟩T

⟨Is(0)⟩T

= G(1)(τ)
G(1)(0)

(2.74)

g(2)(τ) ≡ ⟨Is(0)Is(τ)⟩T

⟨Is(0)⟩2
T

= G(2)(τ)
|G(1)(0)|2

(2.75)

Thus, eq (2.73) is written as

g(2)(τ) = 1 + |g(1)(τ)|2 (2.76)

For small isotropic scatters, g(1)(τ) is given as below with substituting eq (2.68)
and eq (2.71) into eq (2.74)

g(1)(τ) = ⟨exp[iq · (r(τ) − r(0))]⟩T exp(−qω0τ) (2.77)

For translational diffusion, the intermediate scattering Fs(q, t) = ⟨exp(iq · r)⟩T can
be calculated from using the weighting factor P (O|r, t), which is the conditional
probability that a particle will be found in the volume element d3r at the position
r at time t when it were located at the origin initially. Hereafter, r = r(τ) − r(0)
is introduced for simplicity.

Fs(q, t) =
∫ ∞

0
P (O|r, t) exp(iq · r)d3r (2.78)

According to Fick’s law of diffusion, the particle flux J , which is the eate of flow of
mass at r, is proportional to the gradient of the concentration.

J(r, t) = −DT ∇c(r, t) (2.79)

The equation of continuity is

∂c(r, t)
∂t

= −∇ · J(r, t) (2.80)

which assures the conservation of mass. With this equation and eq (2.79), Fick’s
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secobd law is given as
∂c(r, t)

∂t
= DT ∇2c(r, t) (2.81)

In this derivation, it is assumed that DT is independent of concentration. 　 It
is valid only for the limit of low concentration. At low concentration, it can be
approximated that P (O|r, t) obeys the diffusion equation.

∂P (O|r, t)
∂t

= DT ∇2P (O|r, t) (2.82)

The spatial Fourier transform of eq (2.82) gives∫ ∞

0
exp(iq · r)∂P (O|r, t)

∂t
d3r = DT

∫ ∞

0
exp(iq · r)∇2P (O|r, t)d3

∂Fs(q, t)
∂t

= −DT q2Fs(q, t) (2.83)

It is noted that a following property of Fourier transforms is used here.∫ ∞

−∞
exp(iKy) ∂n

∂yn
P (y)dy = (−iK)n

∫ ∞

−∞
exp(iKy)P (y)dy (2.84)

From the initial condition Fs(q, 0) = 1, the solution of eq (2.1.3) is

Fs(q, t) = exp(−DT q2t) (2.85)

Substituting eq (2.85) into eq (2.77), the desired expression is obtained as

g(1)(τ) = G(1)(τ)
⟨Is⟩T

= exp(−DT q2τ) exp(−iω0τ) (2.86)

Conbined eq (2.86) with the Siegert equation eq (2.76), the translational diffusion
coefficient DT is obtained from the DLS measurement.

2.2 Elastic properties of gels

The elastic properties of gels are mainly explained by the entropic elasticity of the
polymer chains. This section is written based on the books written by Treloar [44]
and Rubinstein and Colby [40].

2.2.1 Affine network model

First, I introduce the affine network model, which was proposed by Kuhn. Here,
the following assumption is used.

1. The network contains ν chains per unit volume. Chain is defined as the
segment of molecule between adjacent cross-linkers.
2. The mean-square end-to-end distance for the whole assembly of chains in
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Figure 2.4: The illustration image of the affine deformation.

the non-deformed state is the same as for a corresponding set of free chains.
3. There is no volume change on the deformation.
4. Each cross-linker moves on the deformation as they were embedded in an
elastic continuum. The components of the length of each chain change in the
same way with the bulk network. (Affine deformation assumption)
5. The entropy of the network is the sum of the entropies of the individual
chains. (Gaussian statistics assumption)

Assumption 4, affine deformation assumption, is the key for the affine network the-
ory because it relates the microscopic deformation of the individual chains to the
macroscopic deformation of the material. Here, I consider the deformation shown
in Fig. 2.4. In this case, from assumption 3, the following relationship is satisfied.

λxλyλz = 1 (2.87)

The end-to-end distance of an indivisual chains is represented by the vector r0 with
component (rx0, ry0, rz0) in the non-deformed state of the network. After deforma-
tion, the component (rx, ry, rz) of the vector length r is described as

rx = λxrx0, ry = λyry0, rz = λzrz0 (2.88)

based on assumption 3. The entropy of ideal chains of the non-deformed state
s(N, r) is described as

s(N, r) = −3kBr
2

2Nb2 + S(N,0) (2.89)

where N is the number of segments per chain, b is the segment length, and kB is the
Boltzmann constant. Thus, the contribution of the total entropy of deformation for
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the network due to this chain is

∆s = s(N, r) − s(N, r0) = −3kB(r2 − r2
0)

2Nb2

= − 3kB

2Nb2 [{(λxrx0)2 + (λyry0)2 + (λzrz0)2} − (r2
x0 + r2

y0 + r2
x0)]

= − 3kB

2Nb2 {(λ2
x − 1)r2

x0 + (λ2
y − 1)r2

y0 + (λ2
z − 1)r2

z0}

(2.90)

The total entropy for all the ν chains contained in unit volume of the network is
obtained by the summation of eq (2.90). Assuming that chain countor length and
the molecular weight are the same for all chains in the network, the total entropy
of deformaton of the network is described as

∆S =
∑

∆s = − 3kB

2Nb2 {(λ2
x − 1)

∑
r2

x0 + (λ2
y − 1)

∑
r2

y0 + (λ2
z − 1)

∑
r2

z0} (2.91)

where ∑ is the summation for the assembly of ν chains. When the network is
the non-deformed state, the directions of the chain vector r0 are entirely random,
and there is no preference for the x, y, or z directions. Therefore, considering the
assembly of ν chains,

∑
r2

x0 =
∑

r2
y0 =

∑
r2

z0 = 1
3
∑

r2
0 = 1

3
r̄2

0 (2.92)

There, ∑
r2

x0 +
∑

r2
y0 +

∑
r2

z0 =
∑

r2
0 (2.93)

where r̄2
0 is the mean-square length of the chains in the non-deformed state, which

are represented as b2N . Hence, eq (2.91) is written as

∆S = −1
2

νkB(λ2
x + λ2

y + λ2
z − 3) (2.94)

The Helmholtz free energy change from the deformation, or work of the deformation,
∆W is obtained from the relationship of the thermodynamics ∆U = T∆S + ∆W .
In the case for the ideal chains, there is no change of internal energy on deformation
(∆U = 0). Then,

∆W = −T∆S = −1
2

νkBT (λ2
x + λ2

y + λ2
z − 3) (2.95)

where T is the absolute temperature. With eq (2.87) defining that λx = λ is the
deformation axis and λy = λz, eq (2.95) is rewritten as

∆W = −T∆S = −1
2

νkBT (λ2 + 2λ−1 − 3) (2.96)

The stress σ can be obtained from

σ = ∂∆W/∂λ = νkBT (λ − λ−2) (2.97)
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where νkBT equals to the shear modulus G′. The relationship of eq (2.97) is called
the Neo-Hookean model.

2.2.2 Phantom network model

In the affine network model introduced in the previous section, the main assump-
tions are assumptions 4 and 5: the ends of chains (the cross-linkers junction) are
fixed in space and are deformed affinely with the bulk network as if they were perma-
nently attached to some elastic background. However, in real networks, each chain
is connected to other chains at cross-linkers, and these cross-linkers are not fixed in
space. The cross-linkers fluctuate around their average positions, which leads to a
net lowering of the free energy of the system by reducing the cumulative stretching
of the network. The phantom network model was proposed by James and Guth to
consider these fluctuation effects. Here, each ideal chain obeys Gaussian statistics
with ends joined as cross-linkers. From mathematical analysis, it is revealed that
the fluctuation of any junction point in the network of Gaussian chains may be de-
scribed by the Gaussian probability function. The mean value of the fluctuations
of any given junction point is independent of the strain in the bulk network. The
non-fluctuation junction is only the junctions at the surface of the network, and
these junctions are attached to the elastic non-fluctuating boundary of the network.
This attachment fixes the volume of the phantom network and prevents its collapse
which would occur the excluded volume interaction between monomers is ignored
in such simple models.

From Gaussian statistical treatment, it is led that the fluctuation of a single
monomer in an ideal chain with fixed ends is identical to the fluctuation of an end
monomer of a single effective chain of K monomers. For example, the fluctuation
of the center monomer of an ideal chain with 2N monomers is identical to that of
an end of the effective chain which has K = N/2 monomers. Thus, the constraining
effect of the two strands of N monomers is identical to the constraining effect of a
single effective chain of K = N/2 monomers.

I consider an f -arm star polymer with molecular weight N of an arm (Fig. 2.5).
The fluctuation of junction points in a network is regarded as those of the branch
point of an f -arm star polymer. Here, f − 1 arms are attached at one end to
the surface of the network and joined at the other end by a junction point, which
connects these f − 1 arms to a single arm. The chains attached to the elastic
non-fluctuating network surface are called seniority-zero chains. The seniority of a
particular chain is defined by the number of other chains along the shortest path
between its chain and the network surface. A single seniority-one chains is connected
to f−1 seniority-zero chains at the f functional junction point. These f−1 seniority-
zero chains can be replaced by a single effective chain containing K1 monomers with
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Figure 2.5: Recurrence relation diagrams for the effective chains of the phantom network model
from the each ideal chains (f = 4).

the same constraining effect as the f − 1 original chains:

K1 = N

f − 1
(2.98)

This single effective chain is then adjacent to a single seniority-one with N

monomers. f − 1 effective chain of K1 + N monomers is further connected to the
junction point of functionality f . Thus, f − 1 these seniority-zero and seniority-one
chains can be also replaced by one effective chain:

K2 = 1
f − 1

(K1 + N) = 1
f − 1

(
N

f − 1
+ N

)
(2.99)

This effective chain is connected to the seniority-two chain. Thus, constraining effect
combined from seniority-zero chains though seniority-two chain is discribed as

K2 + N = 1
f − 1

(
N

f − 1
+ N

)
+ N = N

1 + 1
f − 1

+
(

1
f − 1

)2
 (2.100)

Continuing this procedure from seniority-zero chains though an arbitrarily large
seniority. This procedire gives a geometric series, which this series rapidly converges.
Each junction point in the bulk of a phantom network can be regarded as connected
to the elastic non-fluctuating surface of the neteork though f effective chains with
K monomers in each.

K = N

1 + 1
f − 1

+
(

1
f − 1

)2

+
(

1
f − 1

)3

+ ...


= N

1 − 1/(f − 1)
= f − 1

f − 2
N

(2.101)

To calculate the shear modulus of the phantom network, it is necessary to consider
the fluctuation of chains between two adjacent junction points. In this condition,
each junction point is attached to the elastic non-fluctuating surface with f − 1
effective chains of K monomers. These f − 1 effective chains can be replaced by a
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single effective chain of K/(f − 1) monomers further. Finally, the chain between
two adjacent junction points is described as one combined chain of Np monomers:

Np = 2K

f − 1
+ N = f

f − 2
N (2.102)

From eq (2.90), (2.91), and (2.96) , the free energy change due to defromation in
the phantom network is

∆W = f − 2
f

3kBT∆r2

2Nb2 (2.103)

Therefore, the shear modulus G′ is led with same procedure with the affine netwrok
model,

G = νKBT
f − 2

f
(2.104)

For any functionality f , the phantom network model predicts the lower G′ com-
pared with the affine network model due to the fluctuation of junction points. The
density of chains of the network is the same between the affine and phantom net-
work, however, in the phantom network, the fraction (f − 2)/f of the combined
chain is the real elastic chain that supports stress. For the perfect network with no
defects, the phantom network modulus G′ is proportional to the difference of the
number densities of network elastic chains ν and cross-linkers µ = 2ν/f because
there are f/2 network elastic chains per cross-linkers.

G′ = (ν − µ)kBT (2.105)

2.2.3 Tree-like approximation

To predict the shear modulus G′ based on the affine or phantom models, the
number density of network elastic chains ν and cross-linkers µ are essential. These
parameters are not predicted from the preparation condition directly and an approx-
imation model is necessary. Here, I introduce the tree-like approximation by Miller
and Macosko [45] for prediction of ν and µ. In this model, the following assumptions
are retained.

1. All functional groups of the same type polymers have equal reactivity.
2. All groups react independently of one another.
3. The intramolecular reactions do not occur in finite species.

For simplicity, I consider the reaction of tetra-arm tetra-functional polymers.
Gelation reaction proceeds until the fraction p of the termination of the polymer
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Figure 2.6: Schematic image of the process of a reaction of the tetra-arm polymer.

has reacted, which is the identification of reaction efficiency of gels. In this model,
the probability of a complimentary event that tetra-arm polymer connects to the
infinite network, P (F ), is considered. As shown in Fig. 2.6, there are two cases
about the reaction of tetra-arm polymer. One is the case of the reaction terminated
without any reaction with any other polymers (1 − p). This case is just summed for
P (F ). The other case is that the tetra-arm polymer reacts with another tetra-arm
polymer. In this case, when the other three arms do not react to any other polymers,
this results in not connecting the infinite network. Thus, the probability to lead the
finite network through this route is p · P (F )3. Eventually,

P (F ) = p · P (F )3 + (1 − p) (2.106)

This equation can be transformed as

(P (F ) − 1)(p · P (F )2 + p · P (F ) + p − 1) = 0 (2.107)

The solution of eq (2.107) is

P (F ) =
√

1
p

− 3
4

− 1
2

(2.108)

in the range 0 ≤ P (F ) ≤ 1 excepted for the solution of P (F ) = 1. When three arms
or tetra arms of tetra-arm polymers connect to the infinite network, these polymers
become the junction point. The probability that tetra-arm polymer beocmes f

functional junction point is

P (X3) = 4C3P (F )(1 − P (F ))3 (2.109)

P (X3) = 4C4(1 − P (F ))4 (2.110)
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Thus, the number density of cross-linkers µ0 and the network elastic chains ν0 is

µ0 = Φ (P (X3) + P (X4)) (2.111)

ν0 = Φ
(3

2
P (X3) + 4

2
P (X4)

)
(2.112)

where Φ is the number density of the tetra-arm polymers. It should be noted that
ν0 is devided by 2 to prevent double count.
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CHAPTER 3

Examination of origin of spatial heterogeneity and

quantification of spatial heterogeneity

3.1 Introduction

As described in chapter 1, the “bond percolation” concept provides the highly
homogeneous gel by presenting a simple yet universal scheme, which has disproved
the preconception that gels are inherently spatial heterogeneous [39]. In the previ-
ous study, bond percolation conditions were easily achieved by crosslinking tetra-
functional star polymers (Fig. 3.1(A)) with small bi-functional cross-linkers (Fig.
3.1(B)) at a sufficiently high polymer concentration in a solvent with high affinity
toward the polymer units (Fig. 3.1(C), (F)). The use of a high polymer concen-
tration ensures that the polymer units fill the entire solution space, and the use of
a high-affinity solvent prevents the potential aggregation of polymer chains during
the gelation process. The homogeneity of the developed gel was investigated in the
Fourier space using light and X-ray scattering techniques, as well as mechanical
tests. The gel network formed under the bond percolation condition was highly spa-
tial homogeneous; neither static laser speckles nor anomalous small-angle scattering
was observed, and the obtained gels exhibited fully ergodic concentration fluctua-
tions and ideal rubber elasticity. These properties completely contradicted the then
widely accepted picture of gels [26, 35,46–53].

In this chapter, I further develop this strategy of controlling the percolation pro-
cess and demonstrate that in addition to removing the typical spatial defects present
in gels, it is possible to selectively induce predefined spatial defects into the gel net-
work by tuning the initial packing conditions in the pre-gel solutions. I used the
same star polymer units and the same crosslinking chemistry (Fig. 3.1(A), (B)), but
changed the packing fraction of star polymers in the pre-gel solution and tuned the
affinity between the polymer chains and the solvent. Under the low-packing-fraction
condition, the pre-gel solution is only partially filled with star polymer units (Fig.
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3.1(D)), and the formation of the gel network is dominated by the diffusion of the
polymer units [54]. This condition is known as “site percolation” [55]. The formed
gel network is expected to contain microscopic voids where the local polymer con-
centration is almost zero (Fig. 3.1(G)). In contrast, under the low-affinity condition,
polymer-rich aggregates are formed in the pre-gel solution [56] and further develop
during the gelation process (Fig. 3.1(E)). Although the polymer concentration is
high enough for the polymer units to fill the solution space uniformly, some chains
localize to occupy the same site due to low polymer-solvent affinity. This breaks the
ideal bond percolation condition and resulted in gel networks with locally concen-
trated regions (Fig. 3.1(H)). Hereafter, I refer to gels formed at the ideal condition
as “bond percolation gels” (Fig. 3.1(F)), to those at low packing ratio as “site per-
colation gels” (Fig. 3.1(G)) and to those at high packing ratio but with aggregates
in the pre-gel solution as “non-ideal bond percolation gels” (Fig. 3.1(H)). The voids
and aggregates will similarly disturb the passage of light through gels because both
negative and positive deviation of local polymer concentrations results in the same
extent of light scattering. However, as for the mechanical properties, while the ag-
gregates lower the elastic modulus according to the number of polymers do not join
the gel network, the voids may cause a significant decrease of elastic modulus be-
cause of the additional topological defects by the insufficient chain packing [57,58].
Although gel structures have been widely studied for decades, the selective addition
of predefined defects has not been achieved yet. The controlled introduction of such
defects may effectively modulate the mechanical, optical, and mass-transportation
properties of the gels. Moreover, the success of the selective doping of the defects
indicates the effectiveness of the bond percolation concept for the fabrication of
spatial homogeneous gels.

3.2 Experimental section

3.2.1 Sample preparation

poly(ethylene glycol) terminated with N-hydroxysuccinimidyl ester (tetra-PEG-
NHS; Mw= 20 kg/mol) was purchased from SINOPEG (Xiamen, China), and 1,14-
diamino-3,6,9,12-tetraoxatetradecane (amino-PEG4-amine) was purchased from
Sigma-Ardrich (St. Louis, USA). All other chamicals were purchased from Fujifilm
Wako Pure Chemical Corp. (Osaka, Japan). All gel samples were synthesized by
cross-linking tetra-PEG-NHS (Fig. 3.1(A)) with the small cross-linker, i.e., amino-
PEG4-amine (Fig. 3.1(B)). A molar concentration of amino-PEG4-amine was twice
that of tetra-PEG-NHS was used in order to achieve equal molar concentrations of
amine and NHS groups. The details of the different gel samples are as follows. (1)
The bond percolation gel was synthesized using a high concentration (c = 6 mM >
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Figure 3.1: Illustration of the scheme used to prepare gels with different types of spatial het-
erogeneity. All the gels were synthesized by crosslinking (A) star polymer units that consist of
tetrafunctional poly(ethylene glycol) (PEG) with active ester end groups with (B) the bifunctional
cross-linker 1,14-diamino-3,6,9,12-tetraoxatetradecane (amino-PEG4-amine). (C-E) Three differ-
ent geometrically constrained conditions were applied to the pre-gel solutions in order to induce
different percolation processes. (F-H) Expected structures of the resulting gel networks.

c∗) in dehydrated acetonitrile, which is a good solvent for the PEG chains, contain-
ing 100 mM acetic acid (Fig. 3.1(C), (F)). c∗ is the concentration at which chain
overlap of tetra-PEG-NHS (c∗ ≈ 3 mM) occurs, which was estimated using light-
scattering measurements (Fig. 3.2). (2) The site percolation gel was synthesized
in the good solvent, i.e., acetonitrile containing 30 mM acetic acid, but at a low
polymer molar concentration (c = 1.5 mM < c∗) (Fig. ??D, G). (3) The non-ideal
bond percolation gel was synthesized using a high polymer concentration (c = 6 mM
> c∗) in an aqueous sodium phosphate buffer containing NaH2PO4 and Na2HPO4

(total concentration 100 mM; pH = 6.6), which shows lower affinity toward PEG
chains than acetonitrile [35, 37,59] (Fig. ??(E), (H)). All the pre-gel solutions were
filtered through 0.2 µm PTFE syringe filters (ADVANTEC Toyo Co. Japan) before
being mixed with the crosslinkers. Acetic acid or sodium phosphates were added
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to the solvents to tune the rate of reaction between the NHS and amine groups. It
should be noted that the gelation time (tgel) of the bond percolation gel synthesized
in this study (tgel ≈10 min) was faster than that in the previous study [39] (tgel ≈60
min) although the same amount of acetic acid was added. The different tgel resulted
from the different chemical structure near the end-groups in the tetra-PEG-NHS
used in this study compared to the previous study (Fig. 3.3).

3.2.2 Dynamic mechanical analysis

The dynamic mechanical analysis of each gelation process was conducted using a
rheometer (MCR501, Anton Paar, Austria). I used a concentric cylinder geometry
with a cup of 18.00 mm in diameter and a rotation jig of 16.65 mm in diameter.
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The solutions of amino-PEG4-amine and tetra-PEG-NHS were mixed for 30 sec
and then gently poured into the cup of the rheometer. The air bubbles in the cup
were carefully removed before starting the measurement. After the sol-gel transition
occurred, a small amount of paraffin oil was gently putted on the top of gel samples to
avoid the evaporation of the solvent during the real-time measurements. The shear
strain, shear frequency, and temperature were 2%, 1 Hz and 25 ◦C, respectively.
Linear viscoelasticity properties were confirmed at this shear strain.

3.2.3 2D Laser speckle imaging

Incident lightIncident light

Glass tubeGlass tube

EMCCD cameraEMCCD camera

(A) (B)

(C)

Incident laser

Samples filled 
in a glass tube

Objective lens
Imaging lens

EMCCD camera

Figure 3.4: (A) A photograph of the measurement setup of 2D Laser speckle imaging. (B) A
photograph of the measurement setup when samples was irradiated laser. (C) An illustration of
the measurement setup.

2D Laser speckle imaging was carried out using an inverted microscope (ECLIPSE
Ti-U, Nikon, Japan). Gel samples were synthesized in glass tubes (diameter: 8
mm), which were placed on the stage of the microscope. A coherent laser beam (λ
= 473 nm; coherent length: 100 m; beam diameter: 0.7 mm; Cobolt Blues, Cobolt,
Sweden) was directed onto the glass tube parallel to the microscope stage. The
scattered light was collected via a 10 × objective lens (TU Plan Fluor EPI, Nikon,
Japan) and recorded using an electron multiplying charge-coupled device (EMCCD)
camera (iXon3, Andor Technology, England). Measurements were conducted at
ambient temperature (∼25 ◦C). A photograph and an illustration of measurement

-36-



setup is shown in Fig. 3.4.

3.2.4 1D Static light scattering

1D Static light scattering (SLS) measurements were carried out on the gel samples
using a commercial light-scattering instrument (ALV-5000, ALV, Germany) with a
He-Ne laser (λ = 632.8 nm) as the incident light source. Gel samples for the SLS
experiments were synthesized in glass tubes (diameter: 8 mm). The scattered light
was collected at scattering angles between 30◦ to 150◦ with three times of 10 s
exposures at each angle. To obtain the ensemble-averaged scattering intensity, the
samples were continuously rotated during the measurements using an automatic
sample-rotation stage. Toluene was used as a standard to scale the raw scattering
intensity to the excess Rayleigh ratio. The excess Rayleigh ratio was then scaled
to match the absolute intensity of the small-angle X-ray scattering (SAXS). All
measurements were conducted at 25 ◦C.

3.2.5 Small-angle X-ray scattering(SAXS)

SAXS measurements were carried out at the BL-6A beam line of the Photon
Factory, High Energy Accelerator Research Organization, KEK (Ibaraki, Japan).
The wavelength of the incident X-rays was 0.15 nm, and the beam diameter at
the sample position was approximately 0.25 × 0.50 mm2. The exposure time per
sample was 30 s, and the sample-to-detector distance was 2.54 m. The scatter-
ing profile was collected using a 2D hybrid pixel detector (PILATUS3 1M, DEC-
TRIS Ltd., Switzerland). All measurements were conducted at ambient temper-
ature (∼25 ◦C). The gel sample (thickness: 1 mm) was contained in a custom-
made planar cell and sealed with two 30 µm thick glass windows. The scattered
intensity was circularly averaged to obtain the 1D intensity profile and then cor-
rected for incident beam flux, sample absorption and thickness, as well as ex-
posure time and cell and solvent scattering using a custom-made data reduction
package Red2D (https://github.com/hurxl/Red2D) within a scientific data analy-
sis software package (Igor Pro 8, WaveMetrics). The intensity was plotted as a
function of the magnitude of the scattering vector, q. Glassy carbon (National
Institute of Standards and Technology (NIST), USA) and silver behenate (Na-
gara Science, Japan) standards were used for calibration. The I(q) values of the
SAXS profile of the non-ideal bond percolation gel were scaled by a factor of
10.9, which is the theoretical ratio between the contrast of PEG-acetonitrile and
PEG-water estimated using the NIST scattering length density (SLD) calculator
(https://www.ncnr.nist.gov/resources/activation/) (for details of the calculations,
see the Supporting Information).
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3.2.6 Dynamic light scattering

Dynamic light scattering (DLS) experiments were carried out on the gel sam-
ples using the same light-scattering instrument as for the SLS experiments. The
scattering angle was fixed at 90◦. All the samples were measured at 100 different,
randomly chosen positions for 30 s per position using an automatic rotation and
vertical motion unit. All measurements were performed at 25 ◦C.

3.3 Results and Discussion

G’
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(B)
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Site percolation gel (C)

G’
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Non-ideal bond percolation gel(A) Bond percolation gel

Figure 3.5: Shear-storage modulus (G′) and shear-loss modulus (G′′) during the gelation processes
of the (A) bond percolation gel, (B) site percolation gel, and (C) non-ideal bond percolation gel.

First, I confirmed the gelation of each gel using dynamic mechanical analysis
(Fig. 3.5). Under all percolation conditions, the shear-storage moduli (G′) overtook
the shear-loss moduli (G′′) during the gelation process, indicating the successful
formation of a gel network. The percolation point, or gel point (tgel), for each
condition was determined as the crossover point of G′ and G′′ [60]. The tgel of each
gel was tuned in the range of 5-10 min by adding base or acid to the pre-gel solution.
The values of G′ reached a plateau within 1000 min, indicating the completion
of the network formation. While the final G′ value of the bond percolation (Fig.
3.5(A)) was as high as ∼12 kPa, it decreased to ∼600 Pa for the site percolation gel
(Fig. 3.5(B)) and ∼10 kPa for the non-ideal bond percolation gel (Fig. 3.5(C)). By
applying a rubber elasticity model (the phantom network model) [61] with a tree-like
approximation [45] to the final values of G′, the crosslinking ratios between the star
polymer units can be estimated. In the phantom network model, G′ is described as

G′ = (ν − µ)kBT (3.1)

where ν and µ are the number density of elastically effective chains and the number
density of branch points, respectively. kB is the Boltzmann constant, and T is
the absolute temperature. With a tree-like approximation, ν − µ for the case of
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cross-linking of 4-arm star polymer with small cross-linkers can be estimated as

ν − µ = u4

2 ·
[( 1

P
− 3

4
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]
·
[
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−
( 1
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− 3

4

)1/2]3

+
[

3
2

−
( 1

P
− 3

4

)1/2]4


(3.2)
where u4 is the number density of tetra-PEG-NHS in the gel and P is the cross-
linking ratio, which is given by:

P = p2 (3.3)

where p is the reaction conversion of the terminating groups of tetrafunctional PEG
[62]. The estimated values were 90%, 55%, and 85% for the bond percolation, site
percolation, and non-ideal bond percolation gels, respectively. Here, the crosslinking
ratio is defined as the number fraction of star polymer arms that are connected to
another arm. The low crosslinking ratios in the site percolation and non-ideal bond
percolation gels indicated the presence of elastic defects, such as dangling ends, loops
and unfavorable crosslinking. The significant increase of the elastic defects has been
confirmed when the initial packing ratio is low [57,63].
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Figure 3.6: (A-C) 2D Static laser speckle images from the corresponding fully developed gels. Each
laser speckle image was accumulated for 30 s. (D-F) Corresponding plot of the deviation of the
intensity from the mean (∆I/⟨I⟩) vs pixels. The positions of the pixels are indicated by the vertical
dashed line in panels A-C.

The presence of the spatial defects in the gels was visually confirmed using 2D
laser-light speckle tests (Fig. 3.6(A-F)). All images were recorded for 30 s to ob-
tain time-averaged static laser speckle patterns. Static laser speckles, i.e., bright
spots, which indicate time-independent spatial heterogeneities [50, 64–67], were not
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Figure 3.7: Nanostructure of the fully developed gels synthesized under different percolation con-
ditions. (A) Scattering profiles shown at absolute scale after scaling I(q) to correct for differences
in scattering contrast, i.e., the difference in scattering length density (∆ρ) and refractive index
increment, using the ∆ρ value of PEG/ACN as a reference (Fig. 3.8). The solid line is a guide
depicting the scaling relation I(q) ∼ q−2. (B) Scattering profiles normalized with respect to the
contribution of thermodynamic fluctuations in terms of ξ and ϕ. The red and blue solid curves are
the fittings with the Ornstein Zernike (OZ) model (eq (3.4)) for the bond percolation and non-ideal
bond percolation gel, respectively. The green solid curve shows the theoretical OZ curve for the
site percolation gel estimated using the theoretical scaling (ξ ∼ ϕ−3/4) and the values of the bond
percolation gel. All three curves overlap for qξ ≧ 1.

observed in the bond percolation gel (Fig. 3.6(A)), suggesting high spatial homo-
geneity. In contrast, numerous laser speckles were observed in the site percolation
(Fig. 3.6(B)) and non-ideal bond percolation gels (Fig. 3.6(C)), indicating that
these gel networks contain spatial defects. It should be noted that the scattering
intensity of gels is correlated with a total polymer volume fraction and a presence
of static heterogeneities, which leads to the difference of the scattered intensity for
each sample (Fig. 3.6(A-C)). The deviation of the local scattering intensity from
the averaged scattering intensity ∆I/⟨I⟩ is shown in Fig. 3.6(D-F) to signify the
presence of speckles as effects of the scattered intensity are eliminated. Fluctuations
of the scattered intensity of both the site percolation gel and the non-ideal bond
percolation gel from the average are larger than the bond percolation gel. These
fluctuations mean a speckle pattern. The speckle pattern of the non-ideal bond
percolation gel was much more vivid than that of the site percolation gel, suggest-
ing that the size and/or number of defects in the former gel is higher than in the
latter [41,43].

To quantitatively characterize the spatial defects, I performed static light scatter-
ing (SLS) and small-angle X-ray scattering (SAXS) measurements to estimate the
size and the volume fraction of the defects (Fig. 3.7(A)). In the bond percolation
gel, a transition shoulder from a plateau in the low-q region to a power-law-type
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in the above section.
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Figure 3.9: Fitting curves (homogeneous gel and non-ideal bond percolation gel) using the Ornstein-
Zernike model and the theoretical curve (site percolation gel) estimated from the fitting parameters
obtained from the homogeneous gel using the scaling relation ξ ∼ ϕ−3/4 and eq (3.4). Details of
the calculation of the theoretical curve are described above in this document. The profile of I(q)
has been vertically scaled using ∆ρ of PEG/Acetonitrile as a reference as described above.

decay in the high-q region was observed at q ≈ 1 nm−1. This type of I(q) profile is
commonly observed for semidilute polymer solutions and gels, and reflects the ther-
modynamic fluctuations of the crowded polymer chains [68, 69]. The value of I(q)
at q → 0, I(0), is related to the isothermal osmotic compressibility of the system.
The transition point of I(q) denotes the screening length of the excluded volume
effect between the segments in the polymer chains, or simply the size of a correlation
blob (ξ) [40, 70, 71]. These thermodynamic parameters can be estimated by fitting
I(q) using the Ornstein-Zernike (OZ) model [71], which is a scattering model for the
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gel. The contribution from thermodynamic fluctuations was subtracted in the graph shown above.
The solid line is the fitting curve obtained using eq (3.5)

thermodynamic fluctuations in uniform systems:

I(q) = IOZ(q)
1 + ξ2q2 (3.4)

where IOZ(0) is the scattering intensity at q = 0, which is proportional to ϕ2ξ3.
The model fitted well for the bond percolation gel data as shown in Fig. 3.9; the
fitting parameters are listed in Table 3.1. ξ was estimated to be 0.9 nm, which is
much smaller than the radius of gyration (Rg) of the star polymer unit in the pre-gel
solution (Rg ≈ 3.5 nm for tetra-PEG-NHS with Mw = 20 kg/mol) [35], confirming
that the shoulder in the plot of I(q) originates from the thermodynamic fluctuations
of crowded polymer chains in the solvent.

The I(q) profile of the non-ideal bond percolation gel overlapped well with that
of the bond percolation in the high-q region (q > 0.3 nm−1), which covered the
length scale of the thermodynamic fluctuations ξ. The consistency of I(q) in these
two gels in the high-q region is reasonable, as thermodynamic fluctuations mainly

Table 3.1: Estimated size of the spatial defects (Rg,z) and the correlation blob (ξ) in each gel, as
well as the corresponding scattering intensities IG(0) and IOZ(0), respectively. The errors represent
the fitting error.

Bond percolation Non-ideal bond percolation site percolation

IOZ(0) [cm−1] 0.27 (±0.01) 0.27 (±0.01) 0.37 (±0.01)
ξ [nm] 0.9 (±0.1) 0.9 (±0.1) 2.4 (±0.1)

IG(0) [cm−1] N.A. 1.67 (±0.1) 0.52 (±0.1)
Rg,z [nm] N.A. 53.6 (±9.1) 7.1 (±0.8)
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depend on the polymer concentration [71], which was identical for these two gels.
However, an additional shoulder was observed in the low-q region (q ≈ 0.01 nm−1)
in the I(q) profile of the non-ideal bond percolation gel. This additional shoulder
was attributed to spatial defects, the presence of which was confirmed in the static
laser speckle images (Fig. 3.6(B), (E)). To estimate the size of the spatial defects, I
subtracted the contribution of the thermodynamic fluctuations, i.e., the OZ model
curve, from the I(q) profile and fitted the low-q region of the I(q) plot using the
Guinier equation:

I(q) = IG(0) exp
(

−
R2

g,zq2

3

)
(3.5)

where IG(0) is the intensity at q = 0 from the Guinier equation and Rg,z is the
z-average gyration radius of the spatial defects (Fig. 3.10(B)) [46,72]. The obtained
fit parameters are summarized in Table 3.1. The estimated defect size in the non-
ideal bond percolation gel was approximately 54 nm, which was much higher than
the size of a star polymer unit in the pre-gel solution (Rg ≈ 3.5 nm).

The volume fraction of the defects can be estimated by combining the value of
IG(0) and the crosslinking ratio, which was estimated from the mechanical tests.
If I assume that the defects are uniform spheres with a constant local polymer
concentration that is either higher or lower than that of the surrounding gel network,
IG(0) can be expressed as a function of the volume fraction of the spatial defects
(Φdef):

IG(0) = ∆ρ2Φdef
4π

3
R3

g,z (3.6)

Here, ∆ρ is the difference between the scattering length density of the defects and
the gel network, which is a function of Φdef and the local polymer volume fraction
(ϕlocal) (for the derivation, see the Appendix), and can be expressed as:

∆ρ = (ρp − ρs)
ϕlocal − ϕ

1 − Φdef
(3.7)

Here, ρp and ρs represent the scattering length density of the polymers and solvent
molecules, respectively. The number fraction of star polymer units participating in
the spatial defects (ndef) can also be written as a function of Φdef and ϕlocal:

ndef = Φdef
ϕlocal

ϕ
(3.8)

The results of the mechanical tests suggest that the crosslinking ratio of the non-
ideal bond percolation gel is 5% lower than that of the bond percolation gel, thus
indicating that 5% of the initial star polymer units were not fully integrated into
the network in the non-ideal bond percolation gel compared to the bond percolation
gel. Assuming that these polymer units all formed aggregates, ndef can be roughly
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estimated to be 5%. By combining eq (3.6), eq (3.7), and eq (3.8) and substituting
the values of ndef and IG(0), Φdef and ϕlocal were estimated to be 0.046 and 0.105,
respectively (for details of the calculation, see the Appendix). The estimated ϕlocal

was higher than that of the surrounding environment (ϕ = 0.096), confirming the
formation of polymer-rich defects, i.e., polymer aggregates, in the non-ideal bond
percolation gel. The concentration of PEG in the aggregates was only ∼10% higher
than that of the surrounding environment, suggesting that the density of aggregates
was relatively low. The existence of such aggregates, which had been postulated
in previous studies of PEGs dissolved in water [37], was experimentally confirmed
in this study for the first time. In summary, by lowering the affinity between the
solvent and polymer chains, I successfully doped the gel with nanosized polymer
aggregates (radius:∼50 nm). The aggregates occupied ∼5 vol% of the gel, and the
concentration of the polymer in the aggregates was only 10% higher than in the
surrounding environment.

Unlike the clear signature of the spatial defects observed in the non-ideal bond
percolation gel, the site percolation gel had only one shoulder in its I(q) profile at
q = 0.1 − 0.2 nm−1 (Fig. 3.7). This is likely due to the size of these spatial defects,
which is similar to the size of the thermodynamic fluctuations, ξ, in this gel. The
theoretical value of ξ in the site percolation gel (2.4 nm) was estimated from the
theoretical scaling relation for a crowded polymer solution [71] (ξ ∼ ϕ−3/4) and the
ξ value of the bond percolation gel (ξ = 0.909 nm, see Table 3.1) using the value
of ϕ = 0.0259 for site percolation gel and ϕ = 0.0961 for bond percolation gel. The
OZ model curve (eq (3.4)) calculated using ξ = 2.4 nm was in perfect agreement
with the I(q) of the site percolation gel in the high-q region (Fig. 3.9), confirming
the reliability of the theoretical estimation of ξ. In this calculation, the relation
of IOZ(0) = A′ϕ2ξ3, where A′ is a proportionality constant, was used. Based on eq
(3.4), I normalized the contribution of thermodynamic fluctuations to the scattering
profiles by plotting I(q) · ϕ−2ξ−3 as a function of qξ (Fig. 3.7(B)) to visualize the
excess intensity due to the spatial defects in the site percolation gel. While the
normalized profile of the bond percolation gel agreed with the OZ model curve over
the entire q range, clear deviations from the OZ model curve were observed in the site
percolation gel at low q (q < 0.1 Å−1) as well as for the non-ideal bond percolation
gel (vide supra). The deviation of the scattering profile from the OZ model curve
confirmed the presence of spatial defects in the site percolation gel. I subtracted the
OZ model curve from the I(q) of the site percolation gel and then fitted the residual
using the Guinier equation (eq (3.5)) to estimate the size and the volume fraction
of the spatial defects, i.e., voids, in the site percolation gel (Fig. 3.10(A); fitting
parameters are listed in Table 3.1). The radius of the spatial defects was estimated
to be 7.1 nm, which was approximately twice the size of the star polymer unit (Rg ≈
3.5 nm).
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The volume fraction of the spatial defects, Φdef , in the site percolation gel was
estimated using eq (3.6) and eq (3.7) to be ∼26% of the total gel volume by assuming
that the spatial defects are voids with a local polymer fraction ϕlocal of zero (for
details of the calculation, see the Appendix). The high volume fraction of the voids
is reasonable, as the star polymer units covered only approximately half of the space
in the initial pre-gel solution (c = 1.5 mM ∼ c∗/2). The prevalence of nanovoids
within the gel network is likely responsible for the decreased crosslinking conversion
and elastic modulus in the site percolation gel as seen in the mechanical tests. In
summary, by releasing the geometric constraints in the pre-gel solution, I successfully
introduced nanosized voids with an average size of 7 nm occupying 26 vol% of the
gel.

In addition to investigating the parameters of the spatial defects from a static
point of view, I also evaluated these defects in terms of temporal correlations using
the time-averaged intensity correlation functions g

(2)
T (τ) measured using DLS. Here,

g
(2)
T (τ) is defined as:

g
(2)
T (τ) − 1 = ⟨I(0)I(τ)⟩T

⟨I⟩2
T

− 1 = α exp(−2DAq2τ) (3.9)

where τ is the lag time of a temporal correlation, α is an instrument-dependent
parameter, and DA is the apparent diffusion coefficient [42, 50, 73]. As polymer
gels are non-ergodic materials, the dynamics of the polymer chains may vary from
position to position. To evaluate both the local and ensemble-averaged dynamics, I
measured each gel sample at 100 different, randomly chosen sample positions.

The time-averaged scattering intensity, ⟨I⟩T, at each sample position is shown in
Fig. 3.11(A). The solid lines show the ensemble-averaged scattering intensity ⟨I⟩E,
which was calculated by averaging the ⟨I⟩T values at different sample positions, i.e.,
⟨I⟩E = ⟨⟨I⟩T⟩E. In the bond percolation gel, ⟨I⟩T was independent of the sample
position, confirming the high spatial homogeneity in this gel. In contrast, in the site
percolation and non-ideal bond percolation gels, ⟨I⟩T varied randomly at different
positions, confirming the successful doping of these gels with spatial defects.

Fig. 3.11(B) shows the g
(2)
T (τ) curves at the 100 different sample positions. For

the bond percolation gel, all the g
(2)
T (τ) curves overlap well with each other. The

curve of the ensemble-averaged correlation function g
(2)
E (τ), which was calculated

by averaging the g
(2)
T (τ) curves, is also in good agreement with the individual local

g
(2)
T (τ) curves. Here, g

(2)
E (τ) is defined by:

g
(2)
E (τ) ≡ ⟨I(0)I(τ)⟩E

⟨I⟩2
E

= ⟨⟨I(0)I(τ)⟩T⟩E

⟨I⟩2
E

(3.10)

With the definition of g
(2)
T (τ) (eq (3.9)), the ensemble-averaged correlation function
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Figure 3.11: Dynamic properties of the fully developed gels synthesized under various percolation
conditions. (A) Time-averaged scattered intensity ⟨I⟩T at different sample positions. Solid lines
represent the ensemble-averaged scattered intensity ⟨I⟩E and the dashed lines represent its dynamic
component ⟨IF⟩T. (B) Intensity correlation functions (g(2)

T (τ)−1) at 100 different sample positions
and the ensemble-averaged correlation function (g(2)

E (τ) − 1). (C) Partial heterodyne plots (⟨I⟩T

/DA vs ⟨I⟩T). Solid lines represent the fitting with eq (3.13). (D) Population histogram of ⟨I⟩T

obtained by sorting the data in Fig. 3.11(A). Solid curves are the plots predicted from the ⟨IF⟩T

and ⟨IC⟩T values listed in Table 3.2 using eq (3.14).
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is described as:

g
(2)
E (τ) = ⟨⟨I⟩2

Tg
(2)
T (τ)⟩E

⟨I⟩2
E

(3.11)

These results indicate uniform temporal correlations in this spatially bond perco-
lation gel. A constant deviation of the initial value, g

(2)
T (0), from unity is due to

instrumentation factors, such as background intensity, which are independent of the
sample positions [74].

In contrast to the perfect consistency of g
(2)
T (τ) in the bond percolation gel, the

g
(2)
T (τ) curves of the site percolation and non-ideal bond percolation gels vary de-

pending on the sample position, and are not consistent with the ensemble-averaged
correlation function g

(2)
E (τ). In addition, the g

(2)
E (τ) curves of the site percolation

and non-ideal bond percolation gels did not fully relax within the measurement
time, suggesting that these gels contain static components and/or very slowly re-
laxing components. The static components must originate from the spatial defects
in the gels, as they were only observed in the gels containing spatial defects. In the
site percolation gel, the static component was attributed to the nanovoids, as they
cannot relocate once the gel network has fully developed. On the other hand, in
the non-ideal bond percolation gel, the nanosized soft aggregates of polymer chains
were likely the origin of the static components, as they were much larger than the
mesh size and thus were likely entrapped by the gel network.

I hypothesized that the non-ideal bond percolation and site percolation gels con-
tained a fully static component in addition to the fully dynamic component observed
in the bond percolation gel. This is known as the partial heterodyne model; the cor-
responding expression for g

(2)
T (τ) at each sample position is [50]:

g
(2)
T (τ) − 1 = α[X2 exp(−2DFq2τ) + 2X(1 − X) exp(−DFq2τ)] (3.12)

where X ≡ ⟨IF⟩T/⟨I⟩T is the ratio of the intensity that originates from the dynamic

Table 3.2: Estimated diffusion coefficient of the dynamic component (DF), the screening length
of the hydrodynamic interactions between the segments in the polymer chains (ξh), the ensemble-
averaged scattering intensity (⟨I⟩E) and its dynamic component (⟨IF⟩T) as well as its static com-
ponent (⟨IC⟩E) for each gel sample. The errors of DF, ξh and ⟨IF⟩T represent the fitting error.
The errors of ⟨I⟩E and ⟨IC⟩E represent the standard error of sample mean.

Bond percolation Non-ideal bond percolation site percolation

DF [×10−10m2/s] 2.29 (±0.03) 1.08 (±0.01) 1.19 (±0.01)
ξh [nm] 2.81 (±0.04) 2.27 (±0.02) 5.42 (±0.04)

⟨I⟩E [×104cps] 2.07 (±0.02) 6.11 (±0.33) 2.64 (±0.08)
⟨IF⟩T [×104cps] 1.97 (±0.06) 2.71 (±0.10) 1.87 (±0.04)
⟨IC⟩E [×104cps] 0.10 (±0.06) 3.40 (±0.34) 0.77 (±0.09)
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component, ⟨IF⟩T, to the total intensity, ⟨I⟩T, at each sample position, and DF is the
diffusion coefficient of the dynamic component. By combining eq (3.9) and eq (3.12)
and then performing a Taylor expansion, the following relationship is obtained for
each sample position [73,75]:

⟨I⟩T

DA
= 2

DF
⟨I⟩T − ⟨IF⟩T

DF
(3.13)

Based on this equation, I organized the 100 data sets for each gel shown in Fig.
3.11(A) and (B) and replotted ⟨I⟩T/DA as a function of ⟨I⟩T for each sample position
(Fig. 3.11(C)). The data points from different sample positions all fell on a master
line for each gel, suggesting that the partial heterodyne model is applicable. The
slope and intercept in Fig. 3.11(C) furnish DF and ⟨IF⟩T, respectively. The obtained
parameters are listed in Table 3.2.

The values of DF (1−3×10−10 m2/s) are consistent with the thermal concentration
fluctuations of the polymer chains in a semidilute solution [36,76–78]. The size of the
concentration fluctuations, or the screening length of the hydrodynamic interactions
between the segments in the polymer chains, ξh, was estimated from DF using the
Stokes-Einstein equation, ξh = kT/6πηDF, where k is the Boltzmann constant, T

is the absolute temperature, and η is the viscosity of the solvent [71]. The obtained
values of ξh are 2-3 times higher than those of ξ (Table 3.1), which is consistent with
previous studies of crowded polymer solutions [79–81]. Such differences between ξh

and ξ have been predicted theoretically and been attributed to the difference between
the hydrodynamic interaction and the excluded volume effect, whereby the former
decays more slowly than the latter [82]. As all the data points measured at different
sample positions converged on a single line (Fig. 3.11(C)), only one slope, i.e., DF

and one intercept, i.e., ⟨IF⟩T were obtained for each gel. The positional independence
of DF and ⟨IF⟩T indicates that the concentration fluctuations of polymers are an
inherent property of gels that is insensitive to the type and the number of spatial
defects, i.e., DF = ⟨DF⟩E and ⟨IF⟩T = ⟨IF⟩E.

The estimated position-independent ⟨IF⟩T value of each gel is indicated in Fig.
3.11(A). The ⟨IF⟩T and ⟨I⟩E values of the bond percolation gel are identical
within the experimental error, suggesting that there is almost no static compo-
nent ⟨IC⟩E = ⟨I⟩E − ⟨IF⟩E in this gel. In contrast, for the site percolation and
non-ideal bond percolation gels, ⟨IF⟩T is lower than ⟨I⟩E, indicating the presence
of a static component. In addition, the ⟨IF⟩T of the site percolation and non-ideal
bond percolation gels is obviously the minimum value of the randomly varying ⟨I⟩T

in each gel, suggesting that the extent of the static component differs at different
positions, i.e., ⟨IC⟩T ̸= ⟨IC⟩E. As discussed above, the static component in the gels
must be attributed to the spatial defects. Therefore, the position-dependent behav-
ior of the static component suggests a random distribution of the spatial defects in
these gels. I sorted the intensities at each position to create a population histogram
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(Fig. 3.11(D)). The population histograms are exponential with cut-offs at low ⟨I⟩T

values. Similar distributions have been reported in previous studies and analyzed
using a negative exponential distribution with an offset (P (⟨I⟩T)) [38,83]:

P (⟨I⟩T) = a
H(⟨I⟩T − ⟨IF⟩T)

⟨IC⟩E
exp

(
−⟨I⟩T − ⟨IF⟩T

⟨IC⟩E

)
(3.14)

where a is a scale factor equal to the total area of the histogram, H(x) is the Heav-
iside function, which gives 0 for x < 0 and 1 for 0 ≦ x, respectively. The theoretical
P (⟨I⟩T) plots calculated using eq (3.14) and the values in Table 3.2 are plotted in
Fig. 3.11(D) and are in good agreement with the measured histograms. The ex-
ponential frequency distribution of the scattering intensity is a common statistical
feature of systems with randomly distributed static scattering components, such
as the rough surface of a piece of ground glass [84]. Therefore, it is reasonable to
observe exponential distributions of the scattering intensities from gels with spatial
defects. The observed offset scattering intensity is equal to ⟨IF⟩T, indicating that
the offset originates from the concentration fluctuations of the polymer chains. The
negative exponential distribution and the partial heterodyne mode suggest that the
induced nanosized spatial defects are randomly distributed in a dynamically fluctu-
ating gel network with uniform fluctuations that are insensitive to the parameters
of the spatial defects.

3.4 Conclusion

Here, I have demonstrated the fabrication of gels that were selectively induced
spatial defects by tuning the percolation process, that is, an affinity of solvent and
a total polymer concentration. While the formation of spatial defects is greatly
reduced using the bond percolation process, nanosized voids and aggregates can be
selectively introduced via site percolation and non-ideal bond percolation processes.

To demonstrate the incorporation of the spatial heterogeneity, I examined the
structure of the bond percolation gel, the site percolation gel, and the non-ideal per-
colation gel with multiple methods, dynamic mechanical analysis, 2D laser speckle
imaging, static light, and X-ray scattering, and dynamic light scattering. G′ of the
site percolation gel suggested the existence of elastic defects, and this was more in
number than these of the other gels, which was caused by the low packing effects. 2D
laser speckle imaging showed the presence of spatial defects in the site percolation
gel and the non-ideal bond percolation gel. The brightness of speckles depended
on the size of spatial defects. SAXS experiments give us information about the
size and the volume fraction of spatial defects. Rg of aggregations in the non-ideal
percolation gel was about 54 nm, which was bigger than Rg of voids, which leads
difference in the brightness of the speckle. The estimated volume fraction of the
site percolation gel was larger than that of the non-ideal bond percolation gel. Es-
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timated I(0) and ξ from the bond percolation gel or the non-ideal percolation gel
based on the scaling law reproduced the concentration fluctuation of the site perco-
lation gel in SAXS. Regarding heterogeneities quantified as the scattered intensity
with DLS, static components of the non-ideal bond percolation gel is larger than the
site percolation gel regardless of the volume fraction of defects given with SAXS.
This is reasonable because the intensity of light scattering increases as the radius of
scattering elements becomes big.

In this study, I succeeded the selective doping of spatial heterogeneity into the gel
network based on the bond percolation concept. To the best of my knowledge, the
spatial defects in gels have never been precisely controlled and have always created
disorder within the gels. In addition to the significant change in the optical and
mechanical properties in the gels introduced by the spatial defects, the nanodefects
may also effectively regulate the mass transportation in gels, such as entropic trap-
ping in the nanovoids and obstacle retardation by the nanoaggregates. The present
strategy does not depend on the specific chemistry of the polymers and crosslinking
reactions, which further expands the range of potential applications. Furthermore,
results obtained here support the effectiveness of the bond percolation concept to
fabricate spatial homogeneous gels. Hence, it is possible to control spatial hetero-
geneity irrespective of the chemistry of the polymers using this concept.

This chapter was reprinted with permission from Macromolecules 2020, 53, 17,
7537-7545. Copyright 2020 American Chemical Society.
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Since chapters 4 to 6 contain the unpublished data, these chapters were removed.
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CHAPTER 7

General conclusion

In my doctoral dissertation, I focused on static and dynamic structural analysis
of spatial homogeneous model network gels under deformation. The main analysis
method was scattering, where probes were neutron, X-ray, and light.

The basis of these studies is the establishment of the synthesis of spatial homo-
geneous gel. This synthesis is based on the bond percolation concept. This concept
is not limited to the specific polymer species and universal concept: the end-linking
of polymer with stronger excluded volume effect at higher polymer concentration
above the overlapping concentration (concentration condition) in a high-affinity sol-
vent (solvent condition). This is based on the idea that lower polymer concentration
induces the production of nano-voids, and poor-affinity solvent induces polymer ag-
gregation. This means that heterogeneities could be incorporated into gel networks
by removing these conditions on purpose. In chapter 3, in accordance with the idea
of the bond percolation concept, two types of heterogeneities, i.e., polymer aggre-
gations and nano-voids, were incorporated into the gel network by independently
removing the concentration and solvent condition. The existence of heterogeneities
was confirmed from the scattering method in both static and dynamic perspectives.
Moreover, the quantitative evaluation of heterogeneities was conducted, and the re-
sults were reasonable. This study supported the effectiveness of the bond percolation
concept was demonstrated robustly.

In the following chapters, I investigated the structure of model network gels un-
der deformation with the scattering techniques. To extract the universal structural
properties of gels under deformation, it is essential to remove the influence of hetero-
geneity, especially spatial heterogeneity, which has a strong scattering contribution.
In these studies, the synthesis scheme based on the bond percolation concept was
adopted to fabricate spatial homogeneous model network gels.

In chapter 4, the static structural analysis of the model network gel under elonga-
tion was conducted with small-angle X-ray scattering. Here, the reaction efficiency
was tuned to elucidate the effect of bond defects for the structure under elonga-
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tion. Anisotropic 2D scattering profiles appeared with elongation when the reaction
efficiency was high. This anisotropic scattering pattern was similar to the abnor-
mal butterfly pattern, which is typical for the conventional static heterogeneous
gels. The abnormal butterfly pattern is usually explained due to the spatial het-
erogeneity in theory. However, in the case of our study, the reproductivity of the
scattering profiles for multiple sample pieces was confirmed. This result suggests
that our anisotropic pattern might not originate from the spatial heterogeneity in-
duced elongation but the stretching of polymer strands with elongation. It is because
heterogeneity should depend on positions, that is, sample pieces. This anisotropic
pattern disappeared with a reduction of the reaction efficiency. This result also
supports the above argument.

In chapter 5, the static structural analysis of the model network gel under com-
pression was conducted with small-angle neutron scattering (SANS). The advantage
of neutron scattering, i.e., isotope labeling, was used to observe polymer segments
around a cross-linking point and vice versa. While the non-labeled gels did not show
any distinct change with compression for the scattering profiles, the labeled gels for
segments around cross-linking point or strands between cross-linking point indicated
the apparent maximum intensity at the specific magnitude of scattering vector q

and position of maximum point moved into smaller q with compression. This result
demonstrated the powerfulness of isotope labeling for the structural analysis of gels
under deformation. The model-fitting analysis with the random phase approxima-
tion provided the characteristic quantity of the network deformation. This variation
trend with compression of this quantity is well consistent with the previous study,
which indicates that the phantom-like behavior of chains of gels under deformation
is an intrinsic property irrespective of spatial heterogeneity.

In chapter 6, the dynamic structural analysis of the model network gel under com-
pression was conducted with quasi-elastic neutron scattering (QENS). As same with
chapter 5, the feature of neutron scattering was taken advantage, and the isotope
labeling was used. It should be noted that hydrogen-labeled parts are important
in QENS as different from SANS to observe the self-diffusion. In this study, the
dynamics for different orientation was collected because the network structure of
compressed gels is anisotropic. There was no distinct difference of dynamics de-
pending on the labeled parts. However, the orientation dependence of the dynamics
change with compression was observed, i.e., while the in-plane dynamics were close to
the segmental dynamics of non-compressed gels, the out-of-plane dynamics changed
faster. Although this is considered due to the solvation structural change with com-
pression, the detailed mechanism is not clear currently. To explore the molecular
origin of this change, further investigation is necessary.

In this doctoral dissertation, I first established the synthesis strategy of the model
network gels based on the simple and the non-constrained by polymer species con-
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cept. Spatial heterogeneity had been a long-standing problem in gel science, which
hinders the understanding of the structural property of gels. I proposed the solution
for this problem in this dissertation and demonstrated the utility of such gels for
structural analysis with scattering methods. I conducted the structural analysis for
spatial homogeneous model network gels in various aspects, and the results con-
tributed to the understanding of the universal properties of gels under deformation
through structural analysis with scattering methods.
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Appendix

1 Estimation of the volume fraction and local concentration of aggregates

and nano-voids in gel networks

The scattering intensity at q → 0, IG(0), for an arbitrary object at low concen-
tration is given by:

IG(0) = ∆ρ2Φv (7.1)

where ∆ρ is the difference between the scattering length density (SLD) of the object
and the medium, Φ is the volume fraction of the object, and v is the volume of the
object [41]. Accordingly, we modelled the spatial defects as spherical objects with a
radius R:

v = 4
3

πR3 (7.2)

We assumed that the defects had a uniform SLD with higher or lower value than
that of the surrounding gel network. The difference between the SLD of the defects
(ρdef) and the gel network (ρgel) is given by:

∆ρ = ρdef − ρgel (7.3)

The SLDs of the defects and the gel network are:

ρdef = ϕlocalρp + (1 − ϕlocal)ρs (7.4)

ρgel = ϕglobalρp + (1 − ϕglobal)ρs (7.5)

Here, ρp and ρs are the SLD of the polymer and solvent, respectively, while ϕlocal

and ϕglobal are the polymer volume fraction in the defects and in the gel network,
respectively. As the total polymer volume fraction (ϕ) in the gel is constant, the
following conservation law applies:

ϕ = ϕlocalΦdef + ϕglobal(1 − Φdef) (7.6)

Where Φdef is the volume fraction of the defects in the total gel volume. By com-
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bining the above equations, we obtain:

∆ρ = (ρp − ρs)(ϕlocal − ϕglobal) = (ρp − ρs)
(

ϕlocal − ϕ

1 − Φdef

)
(7.7)

By substituting eq. (7.7) and eq. (7.6) into eq. (7.1), IG(0) can be rewritten as:

IG(0) = (ρp − ρs)2
(

ϕlocal − ϕ

1 − Φdef

)2

Φdef
4
3

πR3 (7.8)

Here, ρp, ρp, and ϕ are the known values in chapter 3, and IG(0) and R were
estimated from the scattering profiles and listed in Table 3.1 in chapter 3. Therefore,
in the above equation, Φdef and ϕlocal are the only undetermined parameters.

1.1 For the site percolation gel

If we assume that the polymer volume fraction in the nano-voids is 0, i.e., ϕlocal =
0, eq. (7.8) becomes:

IG(0) = (ρp − ρs)2
(

ϕ

1 − Φdef

)2

Φdef
4
3

πR3 (7.9)

By substituting the known parameters and the IG(0) and R values obtained from
the scattering profile of the site percolation gel, we obtain:

Φdef = 0.256 (7.10)

1.2 For the non-ideal bond percolation gel

The ϕlocal of the aggregates is an unknown parameter, and additional information
is required to solve eq. (7.8). Here, we build another equation for ϕlocal and Φdef .
The total volume of PEG in the gel is:

Vp = V ϕ (7.11)

where V is the total gel volume. The total PEG volume in the spatial defects is
given by:

VPEGdef = V Φdefϕlocal (7.12)

Therefore, the volume fraction of PEG in the defects relative to the total PEG
volume, which is equivalent to the number fraction of tetra-PEG units in the defects
(ndef), can be written as:

ndef = VPEGdef

Vp
= Φdefϕlocal

ϕ
(7.13)
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As is discussed in chapter 3, ndef can be estimated based on the mechanical mea-
surements. Then, by simultaneously solving equations eq. (7.13) and eq. (7.8) using
the ndef and IG(0) values obtained from the scattering measurements, we obtain:

ϕlocal = 0.105 (7.14)

Φdef = 0.046 (7.15)

2 Random pahse approximation for the three conponent system

I consider the system composed of two polymers, hydrogenated and deuterated
one, in the solvent. According to Benoit et al. [85,86], random phase approximation
gives the scattering intensity as

I(q)=A0[∆ρ2
HS0

HH+∆ρ2
DS0

DD+2∆ρH∆ρDS0
HD

+(S0
HHS0

DD−S0
HD

2)(∆ρ2
HvD+∆ρ2

DvHH−2∆ρH∆ρDvHD)]

[1+vHHS0
HH+vDS0

DD+2vHDS0
HD+(vHHvDD−v2

HD)(S0
HHS0

DD−S0
HD

2)]−1

(7.16)

where A0, ∆ρx, S0
xx, and vxx (x = H or D) are the prefactor, the difference between

the scattering length density of a polymer and a solvent, the bare structure factor,
and the excluded volume parameter, respectively. ∆ρx is defined as

∆ρx = ρx − ρsolvent (7.17)

Here x is the scattering length density of hydrogenated or deuterated polymer.

2.1 Solution

In the eq. (7.16), functions of q, S0
xx and vxx, are involved. The definition of these

functions is described in this section.
First, we consider the mixture solution of the deuterated linear PEG and the

hydrogenated 4-arm PEG. The bare structure factors S0
xx are defined using the

molecular form factor P (q) as

S0
HH = NHϕHVHP4(q) (7.18)

S0
DD = NDϕDVDP2(q) (7.19)

S0
HD = 0 (7.20)

where Nx, ϕx, Vx are the polymerization degree of the molecule, the polymer volume
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fraction, and the molar volume of the monomer, respectively. P4(q) and P2(q) is
the molecular form factor of gaussian 4-arm star polymer chain and linear chain,
respectively. We put g as functional number of a star polymer, then Pg(q) can be
written as [87]

Pg(q) = (2 − g)2 [exp(−u/g) + u/g − 1]
u2 + g(g − 1)[exp(−2/g) + 2u/g − 1]

u2 (7.21)

Here, u = q2b2N/6 = q2R2
g where b is the size of the segment and Rg is the radius

of gyration. The excluded volume parameter vxx is defined as

vHH = 1
Vs

(
1

1 − ϕ
− 2χHS

)
(7.22)

vDD = 1
Vs

(
1

1 − ϕ
− 2χDS

)
(7.23)

vHD = 1
Vs

(
1

1 − ϕ
− χHS − χDS + χHD

)
(7.24)

where Vs, ϕ, χxx are the molar volume of the solvent, the total volume fraction of
polymers, and the Flory-Huggins interaction parameter between each component,
respectively. In the case of the mixture solution of hydrogenated both 4-arm and
linear PEG, each parameter of deuterated PEG is replaced with hydrogenated one
except for P2(q). In this study, we assumed that χHD was 0.

In the case of the mixture solution of the deuterated linear PEG and the hydro-
genated 4-arm PEG, the following numerical values were used.

ϕH = 0.0212[−]
ϕD = 0.0551[−]
NH = 455[−]
ND = 500[−]

VH = 6.04 × 10−23[cm3]
VD = 7.09 × 10−23 [cm3]
Vs = 1.29 × 10−22 [cm3]

As for the mixture solution of hydrogenated both 4-arm PEG and linear PEG,
ϕ = 0.0763 [-]

Other parameters were the same with the mixture solution of the deuterated linear
PEG and the hydrogenated 4-arm PEG. The fitting parameters were a prefactor A0,
the expansion ratio of the gyration radius α, the Flory-Huggins parameter between
h-PEG and d-PEG and solvent, χHS and χDS, the segment length of PEG b.

-58-



2.2 Gel

Next, we consider the case of gel. Here, as with the previous study [88], we as-
sumed that the structure of gel was the same with that of 4-arm star block copolymer
with deuterium labeling on the outer end of each arm, which the segment length of
the labeling is half of the linear polymer. If the gel is composed of the deuterated
linear PEG and the hydrogenated 4-arm PEG, S0

xx are

S0
HH = NT ϕVHPHH(q) (7.25)

S0
DD = NT ϕVDPDD(q) (7.26)

S0
HD = NT ϕ

√
VHVDPHD(q) (7.27)

where subscript T denotes the entire star block copolymer. The form factors are
defined as [89]

PHH(q) = g(2 − g)h
(

1 − fD

g

)
+ g(g − 1)

2
h

(
2(1 − fD)

g

)
(7.28)

PDD(q) = gh

(
fD

g

)
+ g(g − 1)

2

{
h

(
2
g

)
+ h

(
2(1 − fD)

g

)
− 2h

(
2 − fD

g

)}
(7.29)

PHD(q) = g(g − 1)
2

{
h

(
1 − fD

g

)
− h

(
1
g

)}
− g

2
h

(
fD

g

)

+g(g − 1)
2

{
h

(
2 − fD

g
− 2(1 − fD)

g

)} (7.30)

Here h(x) is the Leibler function described as

h(x) = 2
u2 xu + exp(−xu) − 1 (7.31)

and fD is the fraction of labeling deuterated monomers on the outer end of each
arm. It should be noted that u = q2b2NT /6 in this case.

For the gel composed of only hydrogenated polymer, it is also assumed that the
structure of the gel is the same as that of the solution of the 4-arm polymer. Al-
though the form factor of 4-arm polymer is the simple function for gaussian star
polymer, eq. (7.21), the length of each arm is longer than the hydrogenated 4-arm
polymer (prepolymer) as much as the half of the linear hydrogenated polymer. Thus,
it needs to consider only the HH term,

S0
HH = NT ϕVHP4(q) (7.32)
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vHH = 1
Vs

(
1

1 − ϕ
− 2χHS

)
(7.33)

In the case of the deuterated labeled gels, the following numerical values were
used.

fD = 12/17
g = 4

Other parameters and fitting parameters were the same with the solution.

3 The microscopic chain deformation with macroscopic deformation

In the SANS experiment, we can extract the microscopic deformation with isotope
labeling and contrast matching for the radius of gyration Rg. Here, some models
which describe the relationship between macroscopic (bulk) deformation and mi-
croscopic chain deformation. Here Rg0 and Rg,x (x = para or perp, i.e., a parallel
or perpendicular direction) are the radius of gyration of labeled chain at the un-
deformed state and that in a parallel and perpendicular direction at the deformed
state, respectively.

3.1 Affine network model

In the affine network model, the macroscopic deformation and the microscopic
deformation are assumed to be identical. Therefore,

Rg,para = λRg0 (7.34)

Rg,perp = λ−1/2Rg0 (7.35)

where λ is the macroscopic deformation ratio.

3.2 Phantom network model

In the affine network model, the thermal fluctuation of cross-linkers was suppressed
due to the interaction between each polymer segment. On the other hand, in the
phantom network model [90], the thermal fluctuation of cross-linkers is considered,
and the average position of each cross-linker deforms affinely.

Rg,para =
{

g + 2 + (g − 2)λ2

2g

}1/2

Rg0 (7.36)

Rg,perp =
{

g + 2 + (g − 2)λ−1

2g

}1/2

Rg0 (7.37)
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where g is the functionality of the cross-linkers.
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