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A STABLE HOMOTOPY VERSION OF THE MONOPOLE
CONTACT INVARIANT

NOBUO IIDA

ABSTRACT. We introduce a Floer homotopy version of the contact invariant
introduced by Kronheimer-Mrowka-Ozvath-Szabé. Moreover, we prove a glu-
ing formula relating our invariant with the author’s Bauer-Furuta type invari-
ant, which refines Kronheimer-Mrowka’s invariant for 4-manifolds with contact
boundary. As an application, we give a constraint for a certain class of sym-
plectic fillings using equivariant KO-cohomology.
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1. INTRODUCTION

1.1. Main theorems. In the past twenty years, the topology of symplectic fillings
of contact three-manifolds has been a central topic of research at the intersection of
symplectic geometry, gauge theory, and Heegaard Floer theory ([33], [21],[44], [45],
[20], [2]). Kronheimer-Mrowka developed the analysis on 4-manifolds with cone-like
ends and gave an invariant

(1) m(X,SX’g,f) EZ/{:tl}

of any 4-manifold X equipped with a contact structure £ on its boundary and a
compatible Spinc-structure sx ¢. This is a variant of Seiberg-Witten invariant for
closed 4-manifold([55]).

In gauge theory, the framework of Floer homology groups gives a cut-and-paste
method to compute 4-manifold-invariant. In the Seiberg-Witten side, Kronheimer-
Mrowka constructed the monopole Floer homology groups with three flavors in
[22]. As a relative version of (1), Kronheimer-Mrowka-Ozvath-Szabé ([20]) defined
a monopole-Floer-homology-valued invariant of a contact structure & on a closed
3-manifold Y

(2) ¢(Y7 f) € EJ/M.(—Y)7

which gives subtle information on contact structures such as fillability or overtwist-
edness. As one of applications of such invariants, it is proved that any strong
symplectic filling (X, w) of any L-space has b*(X) = 0 ([34], [44], [10]). This result
was originally proved by Ozvath-Szabd using the Heegaard Floer counterpart of (2)
in [44]. F.Lin ([29]) used Pin(2)-monopole Floer homology to give a topological
constraint of some indefinite Stein fillings.

In this paper, we follow their methods to obtain topological constraints of fillings.
In addition, we use a Floer homotopy theoretic viewpoint. More precisely, we
construct a Floer homotopy version of (2). In order to explain what we mean by
Floer homotopy version, we review the Seiberg-Witten homotopy type, which is
constructed by a method called finite dimensional approzimation.

Originally, Furuta ([12]) introduced the method of finite dimensional approxi-
mation of the Seiberg-Witten map and proved the 10/8-theorem for closed spin
4-manifolds. Later, Bauer-Furuta ([4], [3]) used this method to construct a coho-
motopy refinement of the Seiberg-Witten invariant called Bauer-Furuta invariant,
which is an S!-stable homotopy class of an Sl-equivariant map. In [36], as a
TQFT like extension of the Bauer-Furuta invariant, Manolescu constructed the
Seiberg- Witten Floer homotopy type for rational homology 3-spheres and the rela-
tive Bauer-Furuta invariant for a certain class of 4-manifolds with boundary.

The main theme of this thesis is construction a homotopy refinement of (2),
which is a stable homotopy class of a map whose codomain is Manolescu’s Floer
homotopy type. This is a natural development of the authors master thesis [15],
and done as a joint work with Masaki Taniguchi [16].

Theorem 1.1. LetY be a rational homology 3-sphere equipped with a contact struc-
ture £&. We denote by ds(Y, [€]) the homotopy invariant of 2-plane field introduced
Gompf [14] with the convention

(¥, [€]) = (ea(X)? — 2(X) — 30(X))
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where X is a compact almost complex 4-manifold with boundary (Y,§).
Then we can associate a well-defined homotopy class of a non-equivariant pointed
map

(3) W(Y,8): 80 = 02 BV SWR(-Y, 5¢)

up to suspension and sign, where s¢ is the Spin® structure induced by &.

Moreover, our invariant W(Y,&) can be regarded as a relative version of the
author’s Bauer-Furuta type invariant ([15])

(4) U(X,sx,¢,6): gle(st,20),[(X,0X))) _ S0

which refines (1). Here
(e(ST, @), [(X,0X)])

is the relative Euler number of the pair (ST, ®g) of the spinor bundle and its
canonical non-vanishing section. The following table provides relations between
the invariants explained above.

Counting Finite dimensional approximation

closed 4-manifolds SW-invariant € Z BF-invariant
U(X): (R™HC)T — R™ @C)*
4-manifolds with KM-invariant € Z/{+1} BF-type invariant (4)
contact boundary T(X, ) : RM)T — (]RM/)Jr
closed 3-manifolds | monopole Floer homology group SW Floer homotopy type
"HM.(Y)” SWE(Y)
4-manifolds with relative SW invariant relative BF invariant
boundary "P(X) € HMo(0X)” U(X): (R"pC*)" - SWF(0X)
contact 3-manifolds contact invariant homotopy contact invariant
B(V;€) € T (~Y) W(Y,€) : (RM)* = SWF(-Y)

The construction of our new invariant (3) is done by analysis of Seiberg-Witten

equation on the manifold
R x YV

equipped with an almost Kéahler structure constructed from the contact structure.
When we denote the RZ! coordinate by s, the metric go and the symplectic form
wo are written as
go = ds* + s%gy,
1
wo = §d(829)

respectively, where 6 is a contact form and gy is the metric on Y written as
1
gy = 9 X 0 + idﬁ(, J)|§

for a fixed complex structure J on £. More precisely, we need to add a collar
neighborhood with product metric to this conical end manifold. In the construction
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of our new invariant, we need to deal with two difficulties simultaneously: One
difficulty derives from the conical end and the other derives from the boundary.
The former was dealt with Kronheimer-Mrowka [21] and the author [15], and the
latter was dealt with Manolescu [36], Khandhawit [17] but in order to combine
these techniques, we need new analysis. One main reason is that Hodge theory for
manifolds with boundary is crucial in the latter and that cannot be applied directly
to our case. This problem is resolved in section 3, using weighted Sobolev spaces
as in [15] and the excision principle for index of Laplacians with suitable boundary
conditions.
Moreover, we prove a gluing relation between (4) and (3). Let

n:SWF(Y,s¢) NSWF(-Y,s¢) — S°

be the duality morphism introduced in [36] and [37].

Theorem 1.2. Let X be a compact oriented Spin® 4-manifold with connected con-
tact boundary (Y,€) and sx a Spin® structure whose restriction on the boundary is
compatible with the Spin® structure induced by §. Suppose b1(X) = 0. Then

no ((X,sx) ANU(Y,§)) = ¥(X,sx¢,8)
holds.
Theorem 1.2 implies the following non-triviality of (3).

Corollary 1.3. Let Y be a rational homology 3-sphere equipped with a contact
structure €. If € has a symplectic filling with by = 0, then (3) has a non-equivariant
stable homotopy left inverse. In particular, (3) is not stably null-homotopic. More-

over, a left inverse is given by the dual of the relative Bauer-Furuta invariant for
the filling.

1.2. KO theoretic obstruction. When a 4-manifold is spin, the S'-symmetry of
the Seiberg-Witten equation is extended to a Pin(2)-symmetry, where

Pin(2) := S*UjS* C Sp(1).

This symmetry has been used in several situations including the 10/8-inequality
([12]), Manolescu’s triangulation conjecture ([39]) and 10/8-inequality for spin 4-
manifolds with boundary ([38]). In the context of contact topology, F.Lin used the
Pin(2)-symmetry in [29]. By the use of Theorem 1.2 and Pin(2)-equivariant KO-
theory, we obstruct a certain class of spin symplectic fillings of contact structures.

For a contact rational homology 3-sphere (Y,&) with ¢1(s¢) = 0 and a pair
(m,n) € Z x Q with n + Ullg) € Z for a spin 4-manifoldW bounded by (Y, s), we
have two groups

KOM;ZSE;)TL(_Y: 5¢) 1= I%Pm(z)(xmﬁ@"HSWF(—Y, s5¢))

and its reducible part

KOM pin o) (~Y,5¢) := KO pina) (S SWF(~Y, 5¢)) "),
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where the Pin(2)-actions on R and on H are given as the multiplication via j — —1
and restriction of the action of Sp(1). By the Bott periodicity for the equivariant
KO-group, it is sufficient to consider the case that (m,n) satisfies

1 31 a(W)
, 2= , A
l/L e {O’ 16’ ) 16} ) ll + 16 e }

(m,n) S {(0, lo), (1, ll), (2, lg), (3, l3)

We associate a homomorphism

it KOMpI" S (<Y,5) = KOM pinio (~Y, 5¢)

and B
Pm : KOM pyy 9y (=Y, 5¢) = Z
where 4, ,, is the inclusion map (S"ESW F(—Y))S" — SmEenHGI F(—Y) and the
map ¢y, is introduced by Jianfeng Lin in [31, Definition 5.1].
Theorem 1.4. We impose either of the following two conditions.
(i) When
1
—ds(Y, [¢]) — 3 +m+4n=0,4 mod 8

for (m,n) € Z x Q with n+ U(lvsv) € 7Z for a spin 4-manifold W bounded by
(Y,s), suppose that the map

(KOM;™ " (-Y,s¢)/ Torsion) ® Zy — Zs
induced by @m © iy, ,, is injective.
(i) When
—ds(Y, [¢]) — % +m+4n=1,2 mod 8
o (W)

for (m,n) € Z x Q with n+ > € Z for a spin 4-manifold W bounded by
(Y,s), suppose that the map

KOMZ™ (=Y, 8¢) @ Ly — 7o

induced by o, 01, . 1S injective.

Then any symplectic filling (X, w) of (Y, €) satisfying that s, is spin and by (X) =
0, satisfies
bH(X) < e(m),

where
m=0,1,2,4 mod 8

m=3,7 mod 8

m =6 mod 8

w NN = O

m =5 mod 8.

In particular,
b (X) < 3.
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In [42], it is proved that any weak symplectic filling of a rational homology 3-
sphere can be modified to a strong symplectic filling. Thus, we do not pay attention
to the difference between them.

For example, —%(2,3, 11) satisfies the assumption of Theorem 1.4. Then for any
symplectic filling of a contact structure of —%(2,3,11) such that s, is spin and
b1(X) = 0, we have

bT(X) = 1.

For the case of Stein fillings of —3(2,3,11), a similar result was proved in [48].
F.Lin’s ([29]) result is a generalization of the result for —¥(2,3,11) given in [48].
Note that the result for —X(2,3,11) can be also proved by the argument in [29,
Theorem 3].

1.3. Conjecture. At the end of this section, we write a conjecture related to our
invariant.

Conjecture 1.5. Let ® be the homomophism
Ho(S°) — HMg)(~Y,s¢)
obtained as the composition of the following three maps:

(1) the map
(Y, €) s Ho(S7) = Ho(S2 - CVIDSWR(-Y, 50))
induced by W(Y,¢): SO — Bz~ dBYEDSWF(-Y, s¢),
(2) the map
Ho(23 =B VD SW R (Y, 5¢)) — Hy (83D SWR(-Y, 5))
induced by
23 BEVED SWR(=Y, 5¢)) A EST — B2~ BV ED SWR(-Y, 5¢)) Agr ESY,
and

(3) an isomorphism constructed by Lidman-Manolescu([28])
HY (03B SW R (=Y, 5¢)) = HM (-, s¢).

Then
B(1) = (Y, €) € HMg(—Y, 5¢)

up to sign.

Remark 1.6. Although (Y, €) is in the S'-equivariant monopole Floer homology
HM (€] (=Y, s¢), our invariant is not an Sl-equivariant map. This can be seen by
the following way: We can explicitly give an element {/;(Y, &) € HM GISR 73]
such that a natural map FI\J\J/[*(—Ks) — HM,(=Y,s) sends ¢(Y,€) to ¢(Y,£),
where HM (¢](—Y, s¢) is a flavor of monopole Floer homology introduced in [5]. In
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particular, we see that ¥(Y,&) is contained in KerU C m[g](—Y, s¢) using the
exact sequence

R

o HM(=Y,8) = HM,(-Y,5) L HM,_5(-Y,8) = --- .
Conjectually, our invariant corresponds to
U(Y,€) € HMg(~Y,s¢) = Ho(R5~ BV SWR(-Y, s¢)).

1.4. Outline. Here is an outline of the contents of the remainder of this paper: In
Section 2, we first review Manolescu’s Floer homotopy type. In Section 3, we prove
a certain boundedness result for the Seiberg-Witten equation in our situation. As
a consequence, we define a Seiberg-Witten Floer homotopy contact invariant. We
also calculate several Fredholm indices of operators in our situation. In Section 4,
we prove the gluing theorem of our invariants. We follow the gluing method devel-
oped by Manolescu([37]) and Khandhawit-Lin-Sasahira ([18],[19]). Using the gluing
theorem, we give several calculations of our invariants. In Section 5, by the use of
the gluing theorem and our invariant, we prove Theorem 1.4.

Acknowledgement. The content of this thesis is contained in a joint work with
Masaki Taniguchi [16]. The author thanks deeply to him. The author wishes to
thank Hirohumi Sasahira for answering their many questions on the paper([19]).
The author also wishes to thank Mariano Echeverria for answering some questions
on his work([10]). The author also thanks Takahiro Oba for discussing examples
of symplectic fillings. The author also appreciates Anubhav Mukherjee’s helpful
comments. Finally, the author thanks deeply my advisor Mikio Furuta for his
comments and encouragements throughout the author’s PhD course.

2. PRELIMINARIES

2.1. Seiberg-Witten Floer homotopy type. In this subsection, we review Man-
plescu’s construction of the Seiberg-Witten Floer homotopy type. For details, see
[36].

Let Y be a rational homology 3-sphere equipped a Spin®-structure s and g a
Riemann metric on Y. The spinor bundle with respect to s is denoted by S. When
5 is spin, we can regard S as an Sp(1)-bundle.

The map p : A} ® C — End(S) denotes the Clifford multiplication induced by
5. The notation By denotes a fixed flat Spin®-connection. Then the set of Spin®
connections can be identified with iQ!(Y"). Then the configuration space is defined
as

Gy (V) = L3y (AY) & 13y (5),
here Li_ 1 denotes the completion of the space of smooth sections with respect to
2
the Li_l-norm. In the spin case, we consider the following additional Pin(2)-action

on C,C_;(Y)7 where Pin(2) is the subgroup of Sp(1) written as U(1) U jU(1):

(i) the group Pin(2) acts on iAj via the nontrivial homomorphism Pin(2) —
O(1) and

(ii) the group Pin(2) acts on S by the restriction of the natural action of Sp(1).
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We have the Chern-Simons-Dirac functional
(5) CSD: Ck_%(Y) -R
defined by
1 1
CSD(b,v) = —f/ bAdb+ 7/ (1, Dpy4pth)dvol,
2 )y 2 )y

where Dp .y is the Spin®-Dirac operator with respect to the Spin®-connection
By +b. The gauge group

Grin (Y) = {ef’§ e Li+%(Y;iR)}
acts on C_1(Y) by
w- (b)) = (b —u"tdu, u)).

Since the normalized gauge group

gg+%(y) = {ef € ngré(Y)’/Ygdvol = 0}
freely acts on Ckf%(Y)7 one can take a slice. The slice is given by

Viey (V) = Ker (@5 L2, iA}) = 12 5 (iA3)) & L2, (S).

1
k=3

The formal gradient field of the Chen-Simons-Dirac functional with respect to a
norm induced by Manolescu ([36]) is the sum

I4c: Vi (Y) = Vs (Y),

where
1(b, ) = (xdb, D, )
and
c(b,¥) = (Prgera- o~ (0")0), p(B)1) — E(W)Y).
Here £() € iQ°(Y) is determined by the conditions

A8(6) = (1= pricera) o (@0)0) and [ () =0
Note that [ + ¢ is S'-equivariant, where the S!'-action is coming from

St =G 1 (V)/GL . (Y).

When s is spin, we have an additional Pin(2)-symmetry. For a subset I C R, a
map = (b,9) : I = V;_1(Y) is called a Seiberg-Witten trajectory if

) 2 a(t) =~ +0)(a(0)

Definition 2.1. A Seiberg-Witten trajectory x = (b,¢)) : I — V;,_1(Y) is finite
type if

sup ||¢(t)||y < oo and sup |CSD(z(t))| < oo.

tel tel
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We consider subspaces V{'(Y") defined as the direct sums of eigenspaces whose I-
eigenvalues are in (A, u] for A < 0 < u. We denote the L2-projection from Vi1 (Y)
to VI(Y)) by p\. Then the finite dimensional approximation of (6) is given by

@ D(t) = ~(U+ Phe) ),

where z is a map from I C R to V{(Y). Manolescu([36]) proved the following
result:

Theorem 2.2. The following results hold.

o There erists R > 0 such that all finite type trajectories x : R — kaé(Y)

are contained in %(R; Vi—1(Y)), where %(R; Vi—1(Y)) is the open ball with
radius R in Vi._1(Y).

o For sufficiently large p and —X\ and the vector field

Bl +pie)
on V{'(Y), B(2R; V{'(Y)) is an isolating neighborhood, where (3 is the S*-

invariant bump function such that 6|§( =0 and B, =1. Whens

3R)c B(2R)

is spin, we take B as a Pin(2)-invariant function.

Then an S'-equivariant Conley index I{ depending on V{(Y), the flow (7), an

isolating neighborhood B(2R) and its isolated invariant set is defined. When s is
spin, we take a Pin(2)-equivariant Conley index. Then the Seiberg- Witten Floer
homotopy type is defined by

SWF(Y,s) := £ (s0C-Vpt
as the stable homotopy type of a pointed S*-space, where n(Y,s, g) is given by

A(sx) —a(X)

n(Kﬁvg) = lndéPS(Dj) - )

Here (X,sx) is a compact Spin® 4-manifold bounded by (Y,s), the Riemannian
metric on X is product near the boundary, inda"®(D}) is the Atiyah-Patodi-
Singer index of the operator Dj\' and a Spin® connection A is a Spin® connection
on X which is an extension of By. For the meaning of formal desuspensions, see
[36]. When s is spin, we set

SWE(Y,s) = 5~ e E-W e,
as a stable homotopy type of a pointed Pin(2)-space.

3. SEIBERG-WITTEN FLOER HOMOTOPY CONTACT INVARIANT

3.1. Contact structure and conical metric. In this subsection, we review the
geometric setting for constructing of our invariant. Let Y be an oriented rational
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homology 3-sphere and £ a positive contact structure on Y. Take a contact 1-
form 6 which is positive on the positively oriented normal field to £ and a complex
structure J on £ compatible with the orientation. Then we can define the Riemann
metric

1
g =0®0+ idﬁ(', J)|e
onY. On RZ! x Y, we consider the Riemannian metric
go := ds® + s%g1,

and the symplectic form
1
wo = id(szﬁ),
where s is the coordinate of RZ!. This gives an almost Kéahler structure on RZ* x Y.
We consider a metric on

Nt =R="xY

which is an extension of gg and product on [0, %] xY. We also call this metric gg. The
Riemannian manifold Nt is what we mainly consider to define our invariant. We
extend wy to a self-dual 2-form with |wy (s, y)| = v/2 which is translation invariant
on [0,3] x Y. Then a pair (go,wo) determines an almost complex structure J on
NT. This defines a Spin® structure

5= (ST =A% @A%2, Sy, =A%, p: T*NY — Hom(SY,, S5.)),
where
p=2Symbol(@+0").

(See Lemma 2.1 in [21].) The notation ®; denotes

(1,0) € g0, Ly @2,y = T(ST[pz1,y)-

1

We extend ®q to a section of ST which is zero on [0, 5

Spin¢ connection Ag on s is defined by the equation

] x Y. Then the canonical

(8) D} @ =0

on R x Y. We also extend Ag to a Spin® connection which is translation invariant
on [0, 3] x Y.

3.2. The Seiberg-Witten map. We introduce configuration spaces and gauge
groups for 4-manifolds with conical end. We combine Kronheimer-Mrowka’s asymp-
totic condition [22] on the conical end of N* and Khandhawit’s double Coulomb
slice condition [17) on ANT. A technical point is that we use weighted Sobolev
spaces to define the double Coulomb slice. First, we define weighted Sobolev spaces.

3.2.1. Weighted Sobolev norms. In this subsection, we give definitions and prop-
erties of weighted Sobolev norms on manifolds with conical ends which are also
considered in [15].
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Definition 3.1. A non-compact Riemannian 4-manifold (X, gx+) (possibly with
boundary) is called a 4-manifold with a conical end if (X+, gx+) is equipped with
a compact subset K in Xt and an isometry between X \ int K and

(9) (R=! x Y, ds* + s%gy),

where Y is a closed connected Riemannian 3-manifold (Y, gy).

We fix an extension o : X+ — Ry of the s-coordinate. The function ¢ is called
a radius function. Let k be a positive integer and « a positive real number. Let E
be a real or complex vector bundle with an inner product on an oriented 4-manifold
with a conical end X and A be a connection on E. Then, we use the following
family of inner products on I'.(E):

Definition 3.2. For any compact support section s of E, we define

k
(10) (s1,82)p2 ::Z/ €27 (VY s1, Viys2) dvolx+,
. i=0 7/ X+

where the connection VY is the induced connection from A and the Levi-Civita
connection.

The space L , 4(E) is defined as the completion of T'.(E) with respect to (10).
We use the following estimate proved in [15].

Lemma 3.3. Let (E1,|-|1, A1), (E2, | |2, A2) be two normed vector bundles equipped
with a unitary connection on X+. Set W,, = o~ 1([2771,2"]) € X*. Denote by
©n : Wi — W, the diffeomorphism (t,y) — (2" t,y). For i = 1,2, suppose
isomorphisms

(¢2E2)|W1 = Ei|W1

are given and there exist constants a1, as such that

lenslity) = 29" Isle, )
|Vj<pfls|(t’y) = 2(ai_j)n|vjs|gon(t,y)

for s € T(E;), where we regard ¢},s, VIp? as sections of E;|w,, (E;:@(T* X T)%7)|y,
respectively by the isomorphism above.

(1) (Multiplication)
For aq,as € R, 1 € Z>2, e € R>Y, the multiplication

Ll2,A1,041 (El) X Ll27A27OL2 (E2) - Ll27A1®A27041+042—6(E1 ® EQ)
18 continuous.

(2) (Compact embedding)
Forl e Z2', o/ < a, the inclusion

LlQ,Al,a(El) — lefl,Al,a’ (El)

18 compact.
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For example, if E is A*, |-|; is the norm induced by the Riemannian metric gq,
and A, is the connection induced by the Levi-Civita connection, then an isomor-
phism (¢} E1)|w, = E1|w, can be given by regarding W,, = W; as a manifold (but
the metrics are different) and a; = —k satisfies the condition. The proof of Sobolev
multiplication is similar to [22, Theeorem 13.2.2]. The proof of Sobolev embedding
is essentially the same as the proof of [35, Theorem 3.12].

3.2.2. Seiberg- Witten equation on 4-manifolds with conical end. Let Y be a rational
homology 3-sphere with a contact structure &.

Definition 3.4. Let k be a positive integer with k£ > 4 and « a positive real
number. We first define the configuration space Cy o(NT) by

Cha(NT) = (Ao, o) + Lj o (iAj+) ® LF o (S¥4),

where L (iA}.) and L} ,(Sy.) are the completions of the inner products with
respect to L%,%vw (iA}y;) and L%Q,AO(SJJ\H).

The gauge group Git+1.o(NT) is given by
(11) Grita(NT)i={u: Nt - C| |u(z)| =1Va, 1 —ue Li,, ,(C)}.
The action of Ggi1,o(NT) on Ci o(NT) is defined by

u-(A,0):=(A—u tdu,ud).
We also define the double Coulomb slice by
Upo(NT) = L%,a(iA}er)Cc D Li,a(5;+)7

where
L} o(iMys)oc = {a € Lf 4 (iAj+)|d*a = 0,d"ta = 0},
where t is the restriction of 1-forms as differential forms and d*e is the formal

adjoint of d with respect to L2.

Since Gi+1.o(NT) can be embedded into CO(N*, S1), we define the group struc-
ture on Gy11,o(NT) by multiplication.
On N, one can define the Seiberg- Witten map

(12) Fn+ 1 CoaNT) = Li_y o(iMG, @& Syy)
by
1 1
(13) Fn+(A, @) = <2th —p 1 (@D")o — (§F;6 — p H(@e®})0), ng>>

where Ag is introduced in (8) and ®q is the canonical section and Li_lﬂ (iAL, @

Sy+) is induced by the connection Ag. We often omit the Clifford multiplication
in our notations. When we write (a, ¢) = (A, ®) — (Ag, Py), we can decompose the
Seiberg-Witten map Fy+ as the sum of the linear part

(14) Ly+(a,9) = (dTa — (®o¢*)o — (604)0, DX, ¢+ pla)®o) ,
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the quadratic part Cn+(a, @) := (—(¢0¢*)o, p(a)@) and the constant part (0, D;{O Dy).
We sometimes regard Ly+ as an operator from Uy o(NT) to L7, ,(iA}.) @

Li_La (Sy+) by the restriction. Moreover, the quadratic part is compact by Lemma 3.3.
The differential equation

(15) Fn+(A,8) =0

is called the Seiberg- Witten equation for NT. The linearlization of Fy+ is given by
LN+.

In some situations in the remaining sections, we also consider 4-manifolds with
conical end without boundary. We take a compact Spin® bound X of Y. Then we
have a glued non-compact manifold

Xt := XUy Nt

without boundary. We use this manifold X+ when we calculate Fredholm indices
of elliptic differential operators and prove the gluing theorem. Similarly, we have
the configuration space written by

Croa(XF) = (Ao, o) + IF o (iAk) @ LE o ().

Here a pair (Ag, ®p) on X is an extension of (Ag, o) for NT. We also define the
Coulomb slice by

Up,a(XH) = Ker(d™ @ Lj o (iAxs) = Li_y o (iA%+) @ LE o (Sx+)-
On X, one can define the Seiberg- Witten map
(16) Fx+ 1 ChalXT) = Li_1 0 (iM3s) © Li 1o (Sx+)

by

1 _ . 1 _ .
(1) Fxoa@) = (§F - @0 - (GFf — 5 @050, Die).

where d*= denotes the formal adjoint of d with respect to the L2-inner product.

3.3. Hodge decomposition for the double Coulomb subspace. In this sec-
tion, we mainly use the Riemannian manifold (N, go) defined in Subsection 3.1.
Note that NT has a boundary and a conical end. We recall the double Coulomb
subspace

(18) L} o (iAyJoe = fa € L} (iA)|d*a = 0, d*ta = 0},

where t is the pull-back as a differential form by the inclusion map {0} x Y — NT.
We take a compact Spin¢ 4-manifold X whose boundary is Y. Then we have a
glued non-compact manifold

Xt = XUy N*t.

The following proposition is the key lemma to prove the global slice theorem:
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Proposition 3.5. There exists a small positive number o depending on a contact
form 0 and a complex structure J on & such that for any positive real number o < ay
satisfying the following conditions:

i) d*e iAy ) = Li_, ,(iA%) has closed range,
) d* Lia AL L lLa iA% ) has closed
(i) d: Lj ,(iNy) = Ly o (iAy) has closed range,

(iii) Do :=d* od: L} ,(iN%s) = Li_y o (iM% ) is invertible and

(iv) we have the following decomposition:
(19) Ly o(iby+) = Li o (iMy+ )co @ dLi gy o (AR ).
Proof. In order to prove (i), we consider the following operator:
(20) EfXJr : Li,a<iA§(+ & S)JEJr) - szlu(iAg(* D ZA;r(Jr @ S;(+)a
given by

A/X4r(117 ¢) = (=d**a+iRe(i®q, ¢),d"a — (®od*)o — (¢P)o, D:{ogb + p(a)®o).

In [21, Theorem 3.3], it is proved that E/X+ is Fredholm for a@ = 0. Since Fredholm
property is an open condition, we can see that there exists a small positive number

o~

ag such that for any positive real number a < a9, L'y, is also Fredholm. The

positive number o depends only on E’X+ on the end because of the usual parametrix
patching argument. Thus, g actually depends only on 6 and J. Since any Fredholm
operator sends a closed subspace to a closed subspace, if we put ¢ = 0, then we
can conclude that d** : L  (iAy,) — L3, (1A% ) has closed range. In order to
prove (ii), we consider the L2 formal adjoint

(A/X+>* : Li,a(iAgﬁ ® iAjﬁ ©Sys) = Li&,a(“ﬁﬁ D S;@)
of I, described as
X+

(L) (f.b,9) = (—df + 2iIm o) @ B, d*b, Dy b + fDp),

where D} is the L2-formal adjoint of DXO. (Note that Dy is not the L*-formal
adjoint of DXO' ) In [21, Theorem 3.3], it is proved that (E’XJr)* is Fredholm when

a = 0. Moreover, in [15], it is checked that, for a € [0, ao], (f’)ﬁ)* is also Fredholm.
(If we need, we again take a small number ag.) This implies, for such a ap, Imd is
closed.

Because Im d is closed, we have the following L?2-orthogonal decomposition:

LE o(iNx 1) = Kerd* @ d(L} (iM% +)).

So, Ag : Li’a(iAgﬁ) — LZ_Q,a(iAgﬁ) has a closed image since Im A, = Imd*e.
Therefore, we also have the following L2-orthogonal decomposition:

L} o (1A% ) = A (L} o (1A% +) @ (Aa(L} 4 (1A% ) 2
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= Ao (L} o (iM% +)) & Ker A,,.
Moreover, for any element f € Ker A, we can see that
0={(Aa(f); flrz = lldflrz-

So, f is constant and f € L%, we conclude that f = 0. This implies A, :
Li ((iA%y) = Li_5 o (iM% ) is invertible for 0 < a < ag.

Next, we will prove (iv).

We fist prove

(21) L} o (iAy+)oc NdLE  o(iMy+) = {0}
Here we use the connectivity of 9NT. Let a = df be an element in
Li,a(iA}VJF)CC N dLi«H,a(iA?V*)‘
Then Green’s formula implies
(22) (dl,a) 2 — (1,d*a), = / £1 A %na.
° ° AN+

By (22), we conclude that

(23) 0= / *Na.
ON+

We again use Green’s formula and obtain

(24) Il — (. dves = [

tf A +ndf.
ONT

Since
0=d"'ta =d*tdf =d*dtf = Agn+tf

and ONT is connected, we see that tf is a constant c. Moreover, we have d*~df =
d*~a = 0. Then (24) can be computed as

||df|‘%g :/ tf/\*ndf:c/ xna = 0,
aN+ AN+

here we used (23). So we have a = df = 0. This completes the proof of (21). Next,
we will see

Li,a(iA}\Vr) = Li,a(iA}VJr)CC + dLi+1,a(iA(])V+)'
We need to prove that, for any a € L ,(iA}, ), there exists £ € L3, ,(1A%)
such that a — d¢ € Lj ,(iAy+)co, ie.
d*odé = d*
d*tdé = d*ta
hold. These equations are equivalent to
Ayl =d™a
t& = Gon+d ta,
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where G+ is the Green operator on 9N . Therefore, we need to prove surjectivity
of the map

AG(NJra 8) : Li—i—l,a(iA(J)VJr) — Li—l,a(iA?\l+) D Li+%(iAgN+)7
defined by
Au(NT,0)€ = (Ank, t8).

In order to prove this, we first use the excision principle and reduce the surjectivity
of A, (NT,0) to calculations of indexes for several Laplacian operators. We follow
a method of J. Lin ([32, Appendix A]).

For the excision principle, we consider the double X! := X Uy (—X) of X, its
Laplacian

AXPY) Ly (1A% an) = Li—1 (iASan)
and the Laplacian for —X
A(=X,0) s i1 (iIA2x) = Li 4 (iM% x) @ Li.y%(iAg(fX))a

defined by
A(=X,0)¢ = (A, t8).

We also treat the Laplacian for X ™

Ao(Xt):=dod: Lk+17a(7;Ag(+) - Li—1,a(i1\gﬁ)-

Then for the operators A, (NT,9), A(X%®) A(-X,0) and A,(XT), we have the
following excision result:

Lemma 3.6. For any o € [0, o], we have
ind Ay (NT,0) +ind A(X®) = ind A, (X 1) + ind A(—X, ).

Proof. This is standard excision principle. We omit the proof. For detail, see [6]
and [32, Appendix A]. O

By (iii), we have
Ker A, (X ™) = {0} and Coker A,(X™) = {0}.
Moreover, it is well-known that ind A(—X ) A(XPY) = 0 ([47]). This

concludes that ind A, (N*,9) = 0. Suppos ( )( ) = 0. Green’s formula
implies that

(25) d€||7z = (€, d"dE) 1z =

So we have Ker A, (N*,9) = {0}. This completes the proof of Coker A, (N*,9) =
{0}. This completes the proof of (iv). O
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3.4. Fredholm theory. In this subsection, we will prove the operator (14) with
spectral boundary condition

L+ + 9% o :Upa(NT) = LE_ (A ® Sys) @ VO (ONS)

is Fredholm for a certain class of weights. First we fix a Spin® bound (X,sx) of Y
and consider a Spin® 4-manifold

Xt .= XU@(N+) NT.

In order to prove the Fredholm property of Ly+ + p° . o7, we introduce the
following operator on NT:

(26)

Lyt +9° o7t L2 (iAks @ SE,) = L2, o (iM%s @ AL, ©Sy,) @ VO (ON),
given by

Ly+(a,¢) = (d*a,d*a — (®o¢")o — (D50, D, & + p(a) o),
where

(i) the space ‘7900 (ON,) is the L? ,-completion of the negative eigenspaces
2
of the operator

0 —d* 0
li=|—-d *d 0 | :Qn+ ®Upn+ BL(S) = Qn+ ® WU+ B L(S),
0 0 Dg,

(i) the map 7: Lj (iA}y, @ She) = QY s @ Qs DI(S) is the restriction,
(iii) the operator
Ploc + Doy & Qo — VO (ONS)
is the L2-projection to VO (N,).

Lemma 3.7. Suppose 0 < a < ag, where aq is the constant appeared in Proposi-
tion 3.5 Then the operator Ly+ + p° . o7 defined in (26) is Fredholm for k > 1.

Proof. In the proof of Proposition 3.5, we confirm that

~
/!

(27) o LR (D ® STL) > Ly o (iM% @IS, @ Sy,

defined by
L'v+(a,¢) = (—d*>a + i Re(i®g, ¢), d*a — (Pod*)o — (603)o, D} ¢ + p(a)®o)

is Fredholm for 0 < a < agy. Thus we obtain a parametrix of the operator L on
R=! x Y. By the technique [1], one can take the inverse of the AHS operator with
the spectral boundary condition on RS xY". Then the standard patching argument
gives a parametrix of L on N*.This proves the Fredholm property of (26). This
completes the proof. [
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Finally, we prove the Fredholmness result that will be needed to construct our
invariant and present its Fredholm index in terms of the following quantities:

(8x) —o(X)

2n(Y, gy,s) == indﬁpS(Dj;O) - 1

is the quantity introduced by Manolescu([36]) and

a5(¥, [€]) = 3 (S%) — 2x(X) — 30(X) — {e(S%, V), [X, 0X])

is the d3 invariant of the homotopy class of the plane field £, where (X, S)i(, px) is
a Spin® bound of (Y,s), and ¥ is a unit section of S} |y determined by ¢ under
the correspondence of Lemma 2.3 in [21]. Note that when the Spin® structure of
X comes from an almost complex structure J with £ = JTY NTY, we can extend
¥ to a nowhere-vanishing section of S5 on X and thus (e(S%, ¥), [X,0X]) = 0.

Proposition 3.8. For 0 < a < aq, where aq is the constant appeared in Proposi-
tion 3.5, Ly+ +p° ., or is Fredholm and its index is

. 1
indg(Ly+ @ p°  or) = —ds(Y, [¢]) — 3+ 2n(=Y, gy, s)

Proof. This argument is similar to that of [17], which deals with a compact 4-
manifold with boundary instead of N*. First, by the choice of a, Lemma 3.7
implies that Ly+ @ (p% ., o7) is Fredholm. Consider an extra operator

Dnt @ (1% o ® ) 0 ) : I} o (iAky © 5%

S L3 G (iA @AYy, ® 55,) @ VO (ONT) @ iRWOND) @ dL?_, ,(iAYy)

where R .
@ : V(ONT) = iR®OND @ dLE_ (iAdy+)

is the L?-orthogonal projection.
We will show that Ly+ @ (p° . or) and Ly+ @ ((p° , & @) o are Fredholm and

ind(Ly+ & (p° o 0 7)) = ind(In+ @ (0° o ® @) 0 7))

= ind(Exe @ (7 o)) = ~ds(V;[6]) — 5+ 20(~Yiv,9)

Let
V4t =iQ%0ONT) @ idQ°(ONT)

vE v

[0 —a
HEECEE

We denote its Liq /2—completion by the same notation. Then

be the operator

V=vVeVv":
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and R
l=1@l*.
Let (V1) _ be the span of non-positive eigenvectors of I+.
As shown in [17], the map
: + .
@ (V)2 = iRYOND @dLE (i) = W(ONT)

is an isomorphism. Thus, the commutative diagram

) L+ ®p°  oF . . _ =
Li,a(“\}\w ® SX_H) — Lifl,oz(ZA?\Pr & ZAE+ ®Sy+) @ Vo

LR o (iNyy @ SF)

id@wl%

Lyt ®(p% o @w)or)

Ly o(AS, @ iAf, ® Sy) @ VO, ®@ W(ONT)
implies Ly+ & ((p° ., @ @) o # is Fredholm and
ind(Ly+ @ ((p° o, ® @) o#)) =ind(L & (p° o7)).
First, we show
ind(Ly+ @ (p° o, or)) =ind(Ly+ & ((p° o, & @) 0 F)).

We put
W(ON*) := iRV @ dL2 | ,(iAy).
We can apply the snake lemma to the following diagram:

0 0

l l

L +G§pgwor . _
ST Ly (AT @Sy eV

— 00

LR o(iMy+ @ S§i)oc

! !

2 Al + EN+65’((170700@72)07:) 2 ) A+ _ 0 4
Lk,a<ZAN+ S2) SN+) Lk—l,a(ZAN+ D ZA]\/'Jr 2] SN+) D Vfoo D W(aN )

d*e @wo?J/ J

L3 (ih%) @ W (ON) S L3, ,(iASy) & W(ONT)
| |
0 0

Thus, we obtain
ind(Ly+ & (00 07)) = ind(Dys & (o200 & ) 07)).
Next, we show

ind(Ly+ © (1% ® @) 0 7)) = ind(Lv+ (7o 0 7).
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Finally, we show

ind(Eys @ (70 o 7)) = —ds (Y, [¢]) — % b 2n(=Y, gy, 5).

Let X be a Spin® bound of (Y,€) and X’ be a Spin® bound of (—Y,s). Then,
by the excision property of index,

indg(Ly+ ® p° o, o7) + indg(Lxuy x/) = indg(Ly+) + indg(Lx: & p° ., o7)
holds. Thus, we have

indR(EAH ©p’ oT) — indR(EXf ®p’ or)
—indg(Lx+) — indg(Lxuy x')
(e ), (X o) - S TR0 =) _ ) = 2X) 3o

= —dy(Y,[¢]) — i (S%) — 2xiX’) —30(X)

here we use the computation result of the index of L x+ given in [21, Theorem 2.4].
Therefore,

indg (Ly+ ®p% . o7) =

ci(S%,) — 2x(X') — 30(X)
4

—ds(Y, [¢]) + indg "% (d* +d* + D} )x —
Now, from the index formula (for example, see [17, Section 3])

X' X' 1
indf P (e 4 ) = - ZEIXED

and the definition

A(Sx) — o(X")

2n(0X',g,8) == indﬂgPS(DZO)X/ - 1 ,

we have

A (S%) - 2X(X’) —30(X')

indg "% (d* +d* + D} )x/ —
X’ 2(6%) — o(X!
= {indﬁps(d*a +dt)x + o(X) + x(X7) ) } + {mdAPS _ alSx) (X"
1 /
= 5 + 2”(8X 7975)‘
Thus, we obtain

inds (L © P, 07) = —ds(¥;[€]) — 5 + 20(~Y,v.6).
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3.5. Uniform bound for energies. In this subsection, we prove a certain bound-
edness of the solutions of the Seiberg-Witten equation on N*. This is a main step
to construct our Floer homotopy contact invariant.

We consider a half-cylinder R<? x Y with the product metric and a Spin® struc-
ture, Ap and Py on it as translation invariant, which are the same as 5|[0,%]><Y’

A0|[0’%]XY and <I>0|YX[0,%] = 0. The notations Sﬂ{goxy, Sp<owy
bundles.

Our main result in this section is:

denote the spinor

Theorem 3.9. There exists 0 < a; < ag depending only on 0 and J such that the
following conclusion holds, where «q is the constant appeared in Proposition 3.5.
Let o be an element in (0,a1]. There exists a constant R’ > 0 independent of «
such that the following result holds. Suppose that

(z,y) € uk,a(N+) X Li(iA]}ngXy S2) Sﬁ{goxy)

satisfies the following conditions:
(i) the element x + (Ao, ®o) is a solution of (15) on NT,
(ii) the element y is a solution of Seiberg-Witten equation on RS0 x Y,
(iii) y is temporal gauge, d*b(t) = 0 for each t, where y(t) = (b(t),(t)) and y
is finite type and
(iv) zlon+ = y(0).
Then
lzllzz <R and[ly(t)l2 | <R (Vt<0).
o 1
In order to prove Theorem 3.9, we use several corresponding notions used in [306]
and [21].
Definition 3.10. We consider a Riemannian manifold

N =RSOxYUNT

obtained by gluing the half-cylinder (R<° x Y, dt?> + gy) and N along their bound-
ary. The solutions (A4, ®) of the Seiberg-Witten equation on N are called N -
trajectories. If an N trajectory (A, ®) satisfies

sup |[CSD(Al(yxy)| < oo and [|@]|corsoxy) < 00,
teR<O

then (A, ®) is called a finite type N -trajectory.

We also use a notion of the notion of energy introduced in [21]: For an element
(A, ®) € Cko(N;), we regard (A, @)|p>1xy as an element
(CL, a, ﬁ) € iQI%Kzle ® QI([)lexY ® QI%ZZIXY'

For this description and a suitable subset U in RZ! x Y, we define

(28)  By(A,d) = /U (1= Jaf = 18P) + |81 + [Vaal® + VBl
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where V,, is the unique unitary connection in A%2 whose (1,0)-part is equal to d,
under the identification A»® ® A%2 = A%2. In order to prove Theorem 3.9, we need
the following four propositions. We first see the exponential decay estimate for the
energy.

Proposition 3.11 ([21], Proposition 3.15 ). For any constant Eg > 0, there exists
constant g, > 0 and Cg, > 0, such that if (A, ®) is a solution of (15) satisfying
Egz1,y (A, @) < Ey, then

E[S,S+1]><Y(A7 CI)) < CE06_5E087

for any s > 1.

Note that our constants C'g, and g, depend on Ey. Later, we will prove that
CE, and €, do not depend on Ey The proof is the completely same as Proposition
3.15 in [21]. Next, we see a bound of spinors for finite type N -trajectories.

Proposition 3.12 ([21], Lemma 3.14). There exists a constant k such that for all
finite type N -trajectories (A, ®), we have

sup |®(x)|? < k.
zeN;T

Proof. Put S := sup,y+ [®(z)]. We consider the following two cases:
(1) S =max,y+ |[P(z)]
(2) There is no points satisfying S = |®(x)|.

In the first case, by the standard argument in the case of closed 4-manifolds, we

have
S < ||Scal(N;5)]|co-

Note that || Scal(N;)||co is bounded since we are considering product and cone
metrics. In the second case, one can take a sequence of points {z,} C N such
that |®(x,)| — S. By taking a subsequence, we can reduce to the following two
cases:

(2)-(1) z; € RS7I x Y and
(2)-(if) s € RZT x V.

In the second case, since we have [[®@—®o[12 (®>1xy) < 00,50 |2—Po|[co((syxy) =
0 as s = oo by Sobolev embedding theorem on [i,i + 1] x Y. Here we use a > 0.

Therefore, in this case, we have
S <1

In the first case, by the same discussion in the proof of [36, Proposition 1], we have
S < [[Scal(Y, gly)llco
This implies the conclusion. ([

As the third proposition, we consider a universal bound of the energies of finite
type trajectories.
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Proposition 3.13 ([21], Lemma 3.17, [41], Lemma 2.2.7). There exist a constant
k and a positive integer ig such that for any finite type N -trajectory (A, ®) of the
Seiberg- Witten equation on N, we have

ERziO XY(A’ (b) S K.

Proof. First, we follow the proof of Lemma 3.17. We fix a positive integer iy such

that
1

INsleotioiorxy) < 55
and

1

ga

where Ny is the Nijenhuis tensor of J, V is the unique unitary connection in A2

whose (1, 0)-part is equal to 9 and Fg = %<F§,w>. Then, in [21], it is proved that

[EE |0 (figig+1xY) <

1,
Egsigr2yy <K +/ Zza|{i0+2}><y Awlfig+2}xy
O(R2%0+2xY)

for some constant x’. Next, we consider a cut off of the connection a. Let a’ be a
connection given by pa, where p is a cut off function satisfying p|lr<oyy = 0 and
plrz1xy = 1. We also extend the closed form w by w := 3d(ps?0). Then the
integration

1
Jlalg AWl
/8(R>i0+2><y) 4 ‘{ 0+2}xY |{ 0+2}xY

can be regarded as

1
— / Zida' AN w
0,i0+2)xy 4

by the Stokes theorem. By the Peter-Paul inequality, we have

1
/ da' Nw| < = / |da’\2+/ |wl?
0,i04+2] XY 8 \ Ji0,i0+2]xY [0,i0+2] XY
[ [
N [0,504+2] XY
1 + 712 2
<-(2 |[d"a'|* + lw| | .
8 N [0,i0+2]XY

Then the Seiberg-Witten equation and Proposition 3.12 imply

1
{9 + 12 2
8(/er|da|><c

ERZi0+2><Y < HI—FCI—F/ |w|2.
[0,i0+2]><y

1

4

IN
ool =

Thus, we conclude that

This completes the proof. [
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As the fourth proposition, we estimate analytic energies £ for finite type tra-
jectories. For the definition of £%", see [22, Definition 4.5.4].

Proposition 3.14. Let iy be the positive integer appeared in Proposition 3.13.
Then there exists a constant £’ such that any finite type N, -trajectory (A, ®),
we have
g1y (A, @) < K.

Proof. As in the proof of Proposition 1 in [36], we can suppose that there exists a
solution of the 3-dimensional Seiberg-Witten equation (B_,, ¥_s,) such that

(A, @) — pr*(B-c, ‘I’—oo)Hck([—i—l,—i]xY) — 0 as i — oo,
where pr: R x Y — Y is the projection. This implies
Blio+xy (4, P)

=205SD(B-co, ¥_co) = 2CSD(Al(ig 113 xvs @l io+1)xv)-

Note that the set of critical values of C'SD is uniformly bounded. (Here we use
the condition that Y is a rational homology 3-sphere.) Moreover, Kronheimer-
Mrowka proved that there exist k, and € > 0 which is independent of (A, ®) and
an L7 ,-gauge transformation g4 ¢) such that

(29) ||92‘A,<1>)(Aa ®) — (Ao, @O)HLi([s,erl]xY) < kpe .

Actually, Kronheimer-Mrowka proved this result for L2-solutions. Since our Sobolev
space Liu is contained in Li, we obtain the same result. Moreover, by the con-
dition (29), we can see that g4 ) is in L12€+1,a' In our case, since Y is a rational
homology 3-sphere, CSD is gauge invariant so

2CSD(A|{1'0+1}><Y7 (I)|{i0+1}><Y)
is bounded. This completes the proof. O

We now give a proof Theorem 3.9 by assuming Proposition 3.13 and Proposi-
tion 3.14.

Proof of Theorem 3.9. Suppose that
(2,y) € Up,a & (LEGAN R X V) @ LE(SH<0,y))

satisfies the assumption of Theorem 3.9. We have three steps in this proof. Step
1: First, we see that (z,y) defines a finite type N-trajectory (4, ®).

Proof of Step 1. This is essentially the same as the proof of Corollary 2 in [17]. O

Step 2: Second, there exists 0 < a3 < g such that we obtain a gauge transfor-
mation v on N such that

sup [[u” (A, ®) = (Ao, Po)l[ 2 (t.1+1xv) + [0 (A, @) = (Ao, ®o)lLz  (v+) < C

tEZ<o

where C' is independent of (A4, ®). Here «y is the constant given in Proposition 3.5.
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Proof of Step 2. Kronheimer-Mrowka (Theorem 5.1.1 in [21]) proved that there ex-
ists a gauge transformation ut on RZ% x Y such that for s > g,

1) (A, @) = (Ao, @o)l| L2 s 5411 x) < c€” "

for some oy > 0 and ¢ > 0. By [21, Lemma 3.21, Lemma 3.22] and Proposition 3.13,
we know that a1 and ¢ depend only on 6 and J. Therefore, we have

1) (A, @) = (Ao, ®o)ll 2 (v+) <K

for some x/. On the other hand, we can take u~ on R=%*! x YV such that, for
t+1<ig+1,

sup [|(u”)"(4,®) — (Ao, Po)ll 2 (jt.e41xv) < ¢

teZ<o
for some constant ¢’ by using Proposition 3.14. Here we use the Coulomb slice and
the standard bootstrapping argument. Then, by the standard patching argument

for u™ and ™, we obtain a gauge transformation u on N satisfying our conclusion.
|

Step 3: Suppose 0 < a < 3. In the third step, we show that the action
Up,a X Grr1,a(NT) = Cra(NT)

given by
u-(a,¢) = (a —u tdu+ Ay, u¢p + udy)
is a G41,0(NT)-equivariant diffeomorphism. We also apply the Coulomb projection

and obtain
lally: <R

and
ly@llzz | < R vt <O.
k=5
Proof of Step 3. The first statement is a consequence of (3.5). The second inequal-

ity
ly@)ll: <R VvVt<0
k

1
2

is followed by Step 2. By Step 2, we have the bound

sup [[u* (A, ®) — (Ao, Po)ll L2t e+ 1)xv) + 1" (A, @) = (Ao, Ro)ll 2 (v+) < C

t€Z<o 1

for some gauge transformation u. Let o be a positive real number with o < «;.
Then we consider the projection using the decomposition Proposition 3.5

P Ck’a(N+) — Z/{;m(N*).

Note that P is not L2, L2, or Li,a-orthogonal projection. Since P is continuous,
we see that

[1Pu(A, @)[n+ ez < cllu™(A, @) v+ = (Ao, Po)lrz
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for some constant c. This inequality implies
[Pu”(A, ®)|n+[rz < ca

for a constant ¢;. Since Ug o X Grt1.0(NT) = Cro(NT) is a diffeomorphism, we
have
Pu*(A,®) = (A,®) on N*.

This completes the proof.
O

This completes the proof of Theorem 3.9.
O

3.6. Seiberg-Witten Floer homotopy contact invariant. In this section, by
the use of boundedness result Theorem 3.9, we construct a Seiberg-Witten Floer
homotopy contact invariant. To carry out this, we consider a finite-dimensional
approximation of the map

JT"N+ :Z/[k7(x — Vk—l,a S¥) V(8N+),

where Uy = L} ,(iAs)ce ® Li o(Sys) and Vi1 = Li_y (A, @ iAL,) &
L} o(Sy+)- In this section, we fix a weight o € (0, 00) satisfying a < ay, where
a1 is the constant appeared in Theorem 3.9. Take sequences of subspaces

VICWVCo CViorqand VY C V% C-- CV(ONy)
such that
(i) (Im Ly+ +p° . or) Vs-1a8VOND C ) @ V_>‘j\‘n (ON,) for any n
(i) the L2-projection P, : Vi—1,a & V(ON4) = V, & V2 (ON,) satisfies

lim P,(v)=v

n—oo
for any v € Vi_1,o ® V(ON,).
Then we define a sequence of subspaces
Up = (Ly+ +p o) ' Va V2 ).
This gives a family of the approximated Seiberg-Witten map is given by
{Fo = Po(Ly+ + Cne,p™y 07): Uy — Ve @ V5 (ON)}.

In order to define a cohomotopy type invariant, we need to prove the following
proposition:

Proposition 3.15. For a large n and a large positive real number R, there exists
an index pair (N, Ly) of Vj‘;n (ON4) and a sequence {e,,} of positive numbers such
that

(30) B(Un; R)/S(Up; R) = Vi/B(Vn,en)°) A (N, /Ly)
s well-defined.
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Proof. In order to prove this lemma, we follow a method used by Manolescu and
Khandhawit. We will use [17, Lemma A.4] ([36, Theorem 4]). Set

RKi(R,n) = BUp; R) N F Y (B(Vn, 20)°)

and
Ky(R,n) := S(Un; R) N F; Y (B(Vn,en)°)

for a fixed R. For these compact sets, we will prove that for a sufficiently large
n, there is an isolating neighborhood A, = B(R’ ;Vj‘;\‘") satisfying the following
conditions for some constant R’ which is independent of n:

(a) If x € K, (R, n) satisfies t - p™_or(z) € A, for all t > 0, then for any ¢ > 0,
t-ple or(z) ¢ 0A,
holds.
(b) If z € K5(R,n), then there exists ¢ > 0 such that ¢ - p_ o7 (z) ¢ A,.

If such an isolating neighborhood A,, exists, we can apply [17, Lemma A.4] and
obtain an index pair (N, L, ) such that

(fn(kl)yfn(f(z)) C (Np, L) and N,, C A,.

This index pair gives our conclusion. The proof of the existence of (N,,, L,) is also
similar to the proof given in [17, Lemma A.4]. We give a sketch of proof. We
take a constant R’ as the constant appeared in Theorem 3.9. We also can suppose

[e]
that B(R') C V(ON4) contains the critical set of the flow I + ¢. We prove (a)
by contraposition. Suppose that there exists a sequence z,, € K;i(R,n) satisfies
t-p_ or(z,) € A, for all t >0 and for some t,, > 0,

tn -pi’go or(x,) € 0A,.

Here we take R as a positive number with R > R’. Then, by the use of Propo-
sition 3.16 which we prove later, after taking a subsequence, one can assume that
{(zn,yn)} converges to an element

(2,9) € Una(NT) x (LRGAN(Y x R=) @ LE(Sieo ., )
satisfying
(i) the element z + (A, Pp) is a solution of (15),
(ii) the element y is a solution of Seiberg-Witten equation on R<? x Y,

(iii) y is temporal gauge, d*b(t) = 0 for each ¢, where y(t) = (b(t), ¥ (t)) and y
is finite type and

(iv) zlon+ = y(0).
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Thus, we use Theorem 3.9 and obtain bounds

lzllez < B and [ly(®)ll2 , < R'(t<0).

_1
2
On the other hand, since we can suppose

lim t, =t. € [0,00) U {00},

n—oo

we conclude
/

1y(teo)llzz_ o) = R

However, this contradicts to the choice of R’. The proof of (b) is similar to (a). For
more detail, see [17, Proposition 4.5].
|

In order to complete the proof of Proposition 3.15, we need to prove Proposi-
tion 3.16 used in the proof of Proposition 3.15.

Proposition 3.16. Let {z,} be a bounded sequence in Uy, o, such that
(Lt (), p2 0 7(@n)) € Vo x VAL
and
P, (Ly+ + Cn+)zp, — 0.

Let yy, : [0,00) — Vj‘;\‘n be a uniformly bounded sequence of trajectories such that

yn(0) = pig or(zy).
Then, after taking a subsequence, {x,} converges a solution x € Uy, o (in the topol-
09y of Up.a) and {yn(t)} converges y(t)(Vt € [0,00)) in L7 , which is a solution of
2
the Seiberg- Witten equation on R<0 x Y.

Proof. By a similar discussion in Proposition 3 in [36], we can prove that for any
compact set I C (0,00) and y,(t) uniformly converges to y(t) in L7 , on I. How-
2

ever, for a compact set in [0, 00), we can only say y, (t) uniformly converges to y(t)

in Li_ 5. In order to improve this, we will prove the following two lemmas.
2

Lemma 3.17. In Li_;; we have
2

P2 ooyn(0) = p o y(0).

The proof of this convergence is completely the same as the original proof in
[36]. So we omit the proof.

Since {x,} is bounded, we know that {z,} has a weak convergent subseqeunce
and a limit =z € Li,a’

Lemma 3.18. We have the following convergences:

(1)

P o yn(0) = p° _ r(x) in Li_%,
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(2)

Ty — T N Li’a

(3)
Yn(0) = y(0) in Lj_, .

Proof of Lemma 3.18 This is also similar to [36], [17], however, we need to
use some properties of our weighted Sobolev spaces in order to deal with cone-like
ends.

(1): Since VO_ C V2| the assumption p*_r(z,) = v, (0) implies p° __r(z,) =
P oo ¥n (0).

Since x,, weakly converges to z in L, ,, p () weakly converges to p° 7 (x)
in Lifl/Q' Thus, we have p° _r(z) = p y(0) and then Lemma 3.17 implies (1).

(2): Since Ly++p° or : Up.o = Li_y o(iAf @Sy, )BV . (ONT) is Fredholm,
there exists a constant C' such that for any x € Uy, o,

lzllzz < C(lLy+xlzz

k—1,«

Pl or@)le ,, + llwllz2)

k—1/2

holds. By Lemma 3.3, Cy+ () converges to Cy+ () in Lj_, . Thus, we have
|2 — m”L;CY

< C(ILn+(an = )llez | + P2 or(@n = a)llzz_, , + llwn = 2llz2)

k—1/2
S C(I(Ln+ + Cn+)(an) = (Ln+ + COn+)(@)|z2_ |+ |ICn+ (@) — COn+ (20 22
+ P2 o0 09 (0) = P2 0 7(@)| 22

1, k—1,a

Nl = 2e)

We claim that all of the four terms in the last line converge to zero by taking
subsequences. The first term converges to zero since
[(Lyn+ + Cn+)(@n)ll L2

k—1,a

S+ + PuCne)(@n)llrz |+ 111 = Po)Cn (wn)llpz | —0

by the assumption (Ly+ + P,Cn+)(x,) — 0 and our choice of P,, and therefore we
have
(Ly+ +Cn+)(xn) = (Lt + Oy )(2) =0 in Ly 4.

The second term converges to zero because the product estimate and the compact
embedding result in Lemma 3.3 implies that Cy+(z,) converges to Cy+(z) in
Li—l,a by taking subsequences. The third term converges to zero by (1). The
fourth term converges to zero since the compact embedding result in Lemma 3.3
implies we can assume that z, converges to  in L? by taking a subsequence.

(3): (2) implies r(x,) converges to r(z) in Li71/2- Thus we have

Iy (0) = (@) 12

An
= p o) — r(@)lcz,

< P2 (r(en) = (@)l 2

— 0

—1/2

An
=@l

as n — o0o. Since y,(0) converges to y(0) in Li_3/2, we have r(z) = y(0) and thus
(3) holds. O
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Thus, we obtain a family of the continuous maps (30). Now, by the definition of
Fredholm index, we have

indg (Ly+ & p7, o) = dimg Uy, — dimg V,, — dimg V7§ .
By Proposition 3.8, we also know

indg(Ly+ @ p™_ o) = indg(Ly+ @ p° ., or) — dimg Vg™

1 .
= 7d3()/’ [ED - 5 + 2”(7Y7 gYas) - dlm]R ‘/()An~

Thus we obtain
1
dimg Uy, — dimg V,, — dimg V2 = —ds(Y, [¢]) — 5 +2n(=Y,gy,s) - dimg Vit

Then, by applying the formal (de)suspension
(3 —ds(~Y.[E])~2n(~Y.gv ) ES(~ VO, )B(~Vs)
to .
B(Un; R)/SUn; R) = (Vu/B(Vn,e0)) A (Nn/ L),
we obtain a map stably written by
(Y, €) : SO = R —ds (Vi) =2n(Vov ) RE(-VE\ (N, /L),

We check that the domain of W(Y, &) is SY. Note that the index formula

1
dimg Uy, — dimg V,, — dimg V5 = —ds(Y, [¢]) — 5 +20(=Y, gy,5) — dimg Vi

implies
. . - 1
dimg U, — dimg V,, — dimg VZ, +d3(Y, []) + 5~ 2n(-Y,gy,s) =0
and thus
1

Z(Efds(*yﬁ[i])*Qn(*Y’gy,5))R€B(*fon)GB(*Vn)E(un;R)/S(un;R) — g0

Using the definition SWF(-Y,s) = y-2n(=Yis.g)R-VY I{, and the fact that d3 (=Y, [¢]) =
—d3(Y, [€]), we regard (Y, &) as a map

(Y, ¢): S0 - RG-BEYEDRG p(—y,s).
Definition 3.19. Finally, we have
(31) U(Y,€): 80— nG-BEVEDRG -y, s).

The map (31) is called Seiberg-Witten Floer homotopy invariant of (Y,£).

Proposition 3.20. If we take a weight « satisfying 0 < a < aq, then the stable ho-
motopy class of (Y, &) depends only on (Y, &), where the constant oy is introduced
in Theorem 3.9.
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Proof. We choose two contact forms 6y and 6; of £ and two complex structures Jy
and J; of £&. Then we take 1-parameter families #; and J; connecting 0y and 6
and Jy and J;. Then, for such a 1-parameter family 6;, one can take a positive
number a4 (6;) > 0 such that there exists a 1-parameter family of finite-dimensional
approximations satisfying a family version of Proposition 3.15. Moreover, we can
take such a 1-parameter family of finite-dimensional approximations which are in-
dependent of ¢. This gives a homotopy between ¥(Y, 6y, Jo) and ¥(Y, 0y, J1). The
proof of independence of ¥(Y, &) with respect to « is essentially the same. This
gives our conclusion. (Il

Note that (31) is not an S'-equivariant map. By using the duality map 7, we
often regard (31) as

B -V gy p(y) YO,

2B YD SWR(-Y,s) X2 BV sWwR(Y) L 50,

We write this composition by
(Y, €): 23~ bYW R(Y) — S°.

Example 3.21. As a trivial example, we consider homotopy classes of contact struc-
tures on S% which are parametrized by its ds-invariants

1
d3(S%, &) =k + 7

The standard contact structure is represented by £_1 = £5q. (In [22], the homotopy
class of £gq is written by &,.) Since SWF(—52) = S°, we have a map

W(S3,&) : S0 — SkFL
Therefore, we can regard W(S3, &) as an element
W(nggk) € ﬂ-fk'—la

where 7751@—1 is the stable homotopy group of the sphere. Therefore, if 77,‘3“ =0,
then W(S3, &) must vanish.

4. GLUING RESULT

In this section, we will prove Theorem 1.2. The main idea which we use is
contained in [37] and [19]. In particular, we follow the arguments given in [19].
First, we introduce notions which are used in the statement of Theorem 1.2.

Let Y be a rational homology 3-sphere equipped with a contact structure £ and
X a compact oriented 4-manifold with b1(X) = 0 and X =Y. Suppose that a
relative Spin® structure sx ¢ = (5x,5x|y — §¢) € Spin“(X, ) in the sense of [21]
is given. Now, the relative Bauer-Furuta invariant of (X,s) is an S!-equivariant
stable map

2 (sx)—a(X)
8

U(X,s5x): (R P gC )t = SWF(Y, s¢).
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If we forget the S'-action, this map can be written as

U(X,s5x) : (R‘”(XHM)JF — SWF(Y,s¢)
or equivalently
U(X,sx): (R1+(€(S;7‘1’5)7[X7¢9X]>)+ - E%_d?’(y’[&])SWF(Y,sg)
since
B5(¥,[6) = () — 20(X) ~ 3(X) ~ {e(SF, W), [X, X))

_ dls) —0(X)  x(X) +0(X)
4 2
&(s.) — o(X)

= ) 2O ) - D (st we), [, 0X)),

— (e(Sx, Te), [X, 0X])

where W¢ is a section of S¥|y with |We(y)| = 1 for all y € Y such that the
isomorphism class of (s¢, ¥¢) corresponds to & under the correspondence given in
Lemma 2.3 in [21]. On the other hand, the invariant for (X,w) constructed in [15]
is defined as a non-equivariant stable map

U(X, € sx¢) (R<S(S;"1’E),[X,6X]>)+ 50

Later, we will explain the invariant (X, &,sx ¢) defined in our situation.
Finally, our contact invariant is a non-equivariant stable map

(Y, ¢): S0 — £z BEVED SR (-, s¢).
Using Manolescu’s duality morphism
n: SWEF(Y,s¢) NSWE(-Y,s¢) — S°,
we have a non-equivariant stable map
no (¥(X,sx) AW(Y,€)) : (R FAOD) 5 (R,

(Note that ds(—Y, [¢]) = —d3(Y, [£]).) Therefore, we can ask whether no (¥ (X, sx)A
U(Y,€)) and ¥(X, ¢, sx¢) are stably homotopy equivalent.
The following gluing result can be shown by a similar way as Theorem 1 of [37].

Theorem 4.1. In the above setting, no (¥(X,sx) ANU(Y,§)) and U(X,{,5x¢) are
stably homotopy equivalent as non-equivariant pointed maps.

4.1. The relative Bauer-Furuta invariant. In this subsection, we summarize
the definition of the relative Bauer-Furuta invariant ¥(X,sy) following [36], [37],
and [17]. Let X be a compact oriented Riemannian 4-manifold with X =Y is a
rational homology 3-sphere. Assume the collar neighborhood of 0X is isometric to
the product. Let sx be a Spin® structure on X and give Y the Spin® structure
5 obtained by restricting sx to Y. We denote the spinor bundles of sx by Sx =
S @ Sy and the spinor bundle of 5 by S. For simplicity, assume b1(X) = 0



A STABLE HOMOTOPY VERSION OF THE MONOPOLE CONTACT INVARIANT 33

Let Q54 (X) be the space of 1-forms a on X in double Coulomb gauge. The
relative Bauer-Furuta invariant W(X,sx) arises as the finite-dimensional approxi-
mation of the Seiberg-Witten map

(32)

Fy : Li(iNy)oc ® LE(SE) —Li_,(iAy @ Sx) @ VA (Y)
(33) (a,¢) =(dTa— p~'(¢6")o, DX, & + p(a)$,p2 o © 7(a, §))
for A € R. We will denote
Ux = L2(iAY)co ® LE(ST) and Vx = L2, (iA% @ Sy).

We will also sometimes denote the map to the first two factors by Lx + Cx, where
Ly =d™+ DXO +p? 7 and C is compact. The finite-dimensional approximation
goes as follows. Pick an increasing sequence A, — oo and an increasing sequence
of finite-dimensional subspaces Vx , C Vx with pry, , — 1 pointwise. We also
assume

(Im(Lx +pleer))*t

is contained in Vx ,, ¢ V_Aj\bn for all n. Let

Uxn = (Lx +pier) 7 (Vam x V3 ) C UK,
and
Fxomi=PyoFy" :Uxp = Vxn ® VY

where P, :=pry, X prx, . Let
o —)\n

]?}(,n = (]:X,n)_l(E(VX,rﬁgn) X V_)‘;\n) ﬁE(Z/[X,'ru}%%
K%, = (Fxn) {(BVxnien) x V25 )N SUxp, R)
K)l(',n = prngn © ‘FX,n(I?)l(,n); K?(;n = per‘;Ln © ‘FX,TL(I?g(,n)

for some R > 0. One can find an index pair (Nx, Lx) which represents the Conley
index for V> ? in the form Nx/Lx such that KXn C Nx and KX C Lx.
Now, for a sufﬁmently large n, we have a map

Fxm: BUxn,R)/SUxn, R) = Vx.n/(BVxn€))) A(Nx/Lx).

This gives the relative Bauer-Furuta invariant ¥ (X, s x ) constructed by Manolescu([36])
and Khandhawit([17]).

4.2. The Bauer-Furuta version of Kronheimer-Mrowka’s invariant. In this
subsection, we summarize the definition of the Bauer-Furuta version of Kronheimer-
Mrowka’s invariant W(X, &, sx ¢) following [15], though the weighted Sobolev spaces
we use here are different from those used in [15].

Let X be a compact oriented 4-manifold with nonempty boundary. We assume
H'(X,0X;R) = 0, in particular, Y = 9X is connected. Let ¢ be a contact structure
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on Y = 0X compatible with the boundary orientation. As in the construction of
N, we will construct a complete Riemannian manifold (X, gg) by attaching an
almost Kéhler conical end. As a manifold,

X+:XUY ([0,1]XY)UY [1,00)XY=XUyN+.

Pick a contact 1-form 6 on Y and a complex structure J of £ compatible with the
orientation. There is now a unique Riemannian metric g; on Y such that 6 satisfies
that |§] =1, df = 2% 6, and J is an isometry for g|¢ .

Define a symplectic form wp on [1,00) x ¥ by the formula

1
(34) wo = id(szﬁ)

1
(35) =sds N0+ 552619

and a metric gg by
go = ds® + s%g1.

Pick a smooth extension of go to all of X+ which is a product metric on [0,1/2] x Y.

On X\ X, we have a canonical Spin¢ structure sg, a canonical Spin® connection
Ap, a canonical positive spinor ®; as before. Fix a Spin® structure sx on X+
equipped with an isomorphism sx — 5o on X\ X. We denote such a pair by sx ¢.
Fix a smooth extension of (Ag, ®p) such that ®q is zero on X U([0,1] xY) and Ag is
product on [0,1/2] x Y. We also fix a nowhere zero proper extension o of s € [1,00)
coordinate to all of X which is 1 on X U ([0,1] x Y'). (This implies that for a
section supported in X, its weighted Sobolev norms are equal to its unweighted
Sobolev norms.)

On X+, weighted Sobolev spaces

Ux+ = Li o(iAxs @ S%4)

Vit = Li_1o(ihS%s ® iM%, @ Syy)

are defined as before using o for a positive real number a@ € R and k > 4, where
Sjﬁ and Sy, are positive and negative spinor bundles.

The invariant W(X,§,sx ¢)([15]) is obtained as a finite-dimensional approxima-
tion of the Seiberg-Witten map

(36)

.FX+ ZUX+ — VX+

(a7 ¢) — (d*aa7d+a - p_1(¢q)6 + (I)0¢*)0 - p_l((b(b*)Oa DZO¢ + p(a’)(I)O + p<a‘)¢)

The finite-dimensional approximation goes as follows. We decompose F X+ as
Lx+ + Cx+ where

Ly+(a,¢) = (d*a,d*a — p~ (¢B) + Bo¢*)o, D} ¢ + p(a)®p)

and

Cx+(a,0) = (0,—p~ (60" )o, pla)d).
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For 0 < o < ay, L is Fredholm. In this section, we fix a weight « € (0, 00) satisfying
a < «aq, where a7 is the constant appeared in Theorem 3.9. Then L x+ 18 linear
Fredholm and C 'x+ 1s quadratic, compact.

Then pick an increasing sequence A, — oo and an increasing sequence of finite-
dimensional subspaces 17X+,n C Vx+ such that pro o= 1 pointwise. Let

Z]th = E_1(17X+,n) C Uy,
and

Fx+n =Dy oFx+ 1 Ux+ = Vx+p-
9 VX+,"L bl bl

We can show that for a large R > 0, a small € and a large n, we have a well-defined
map

]:XJr,n : B(Z:{\X+,naR)/S(Z:{\X+,n7R) — B(9X+,n55)/5(9X+,n7€)'

This gives the Bauer-Furuta version of Kronheimer-Mrowka’s invariant

S
VX, €5x.6) € T 51 a0, ((x,0X))

defined in [15]. The following result is proved in [15]:

Theorem 4.2. For a € (0,00) satisfying o < aq, the stable homotopy class of

s s
U(X,€sx¢) € T (S5 o) [(X,0X0]) depends only on (X,€,sx,¢), where w; be the
i-th stable homotopy group of the sphere. Moreover, in the case of

<€(5)+(7 q)O)» [(Xv 8X)]> =0,

the mapping degree of U(X,,s5x ¢) recovers the Kronheimer-Mrowka’s invariant of
(X,€,5x,¢) up to sign.

4.3. Deforming the duality pairing. First, we deform the duality pairing. We
consider a counterpart of [19, Proposition 6.10]. Although in the situation of [19],
Xo and X; are compact, these facts are not essential in the proof of [19, Proposi-
tion 6.10]. Therefore, in our situation, we have a similar result:

Proposition 4.3. The morphism no (¥(X,,sx¢) N¥U(Y,&)) can be represented
by a suitable desuspension of the map

n

—
S(“X,naRl) S(UN+7n7R2) S(VX,TL;E) S(VN+7n7E) S(V_A;n7g)

(37) BUxn, R1)  BUn+n,R2)  B(Vxon,e) /\E(VNJr,nvg) /\E(V—/\K )

(l‘l, 1‘2) —

{(fx,n(xl)afN+,n(x2)7Tx1 —rxa) if [Fxa(z)l| <€ and [ Fy+n(w2)| <e

* otherwise

for large numbers Ry, Ry and small positive numbers €, €, where the maps r are
coming from the restrictions.
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4.4. Proof of the gluing theorem. In this subsection, we give a proof of The-
orem 1.2. We follow the methods given by Khandhawit-Sasahira-Lin [19]. We use
the following notations:

o Ux = L2(iN' @ S%), Ux = L2(iAN' ® SF)cc;

o Uy+ = L3 (iN ®SF,), Un+ = L} ,(iA @ Sy )ocs

o Uys = L2 (XT3N @SE.), Uss = iKerd=aL2 (X *+;S%,) C L2 (X + Ml
S%e);

o Vx = I2 (iAy @irh @ S5), Vx = L2, (ih% & S5);

o Un+ = L3 (iMQs @iAf, @ Syy), Ve = L3, (iAf, @ Sy.)

for a real number @ € R and k > 4. In this subsection, we fix a weight « € (0, 00)
satisfying o < «y, where «a is the constant appeared in Theorem 3.9. Before
proving the gluing theorem, we introduce a notion of BF pair which is a counterpart
of SWC triple in [19]. Let Hy, Hy be separable Hilbert spaces.

Definition 4.4. Let (L, C) be a pair of bounded continuous maps from H; to Ho.
Suppose L is a Fredholm linear map and C extends to a continuous map H; — Hs,
where H; is a completion of H; with respect to a weaker norm. We impose that
H, — H; is compact. Moreover, we assume

(L+C)7H(0) € B(Hy, M)
for some M’ > 0. Then (L, C) is called a BF pair.

As in the case of SWC triples, we also have a notion of c-homotopic.

Definition 4.5. Two BF pairs (L;,C;)(i = 1,2) are c-homotopic if there is a
homotopy between them through a continuous family of BF pairs with a uniform
constant M'. Two BF pairs (L;,C;)(i = 1,2) are stably c-homotopic if there exist
Hilbert spaces Hs, Hy such that (L, ®idp,, C1®0) is c-homotopic to (Le®idg,, Coa®
0).

Similar to the case of SWC triples, for a given BF pair (L,C), we can define a
stable cohomotopy invariant

U(L,C) e {§mdL) g0y,
In the proof, we have seven steps as in [19)].

Step 1 In [19], we move the gauge fixing condition d*» = 0 from the domain to the
maps. In our case, we do not need to do anything because (36) contains
d*> as a component.

Step 2 We glue the Sobolev spaces of the domains.
Step 3, 4 We glue the Sobolev spaces of the targets.

Step 5 We focus on deforming the boundary conditions for gauge fixing.
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Step 6 We change the action of harmonic gauge transformations with different
boundary conditions. However, in our case, these symmetries are trivial.
Moreover, we recover double Coulomb gauge conditions.

Step 7 We make the final homotopy between (37) and (43).
We do not need Step 1, so we start with Step 2.

4.4.1. Step 2. We can prove the following lemma of gluing Sobolev spaces by the
same argument as Lemma 3 in [37]. Since the proof is essentially the same, we omit
the proof.

Lemma 4.6. Regard XT = X Uloyxy NT. We can assume that X also has
cylindrical end near the boundary, and denote by s the variable in the direction
normal to {0} x Y. Let E be an admissible vector bundle over X T and assume that
the Liﬂ -Sobolev completion of the space of smooth, compactly supported sections of

E on X*, NT are defined by a fized connection and a fized pointwise norm. Then,
for k> Z2' and o € R, there is a natural identification

L%,a(XJr;E) = Li(XQE) XH’“—l L2 (Y;E) Li,a(NJr;E):

m=0 “m+41/2

where the right-hand side is the fiber product of L} (X; E) and L%,Q(N+;E) with

respect to the maps

k—1
i LX) = [T L3, (Y5 B,
m=0

. ou, 0%u o1y
ri(u) = u|y7%|y,@|yv"',W\Y ,

k—1
L (N E) o [ 12, (V3B

m=0

L ou, 0%u oF=1y
ry(u) = U|Y7£|Y7@|Ya"'7W‘Y :

(]

By the use of Lemma 4.6, we glue configurations. Before gluing, we introduce a
family of linear maps:

k
DER Uys xUx = P Vet
m=0
defined by
D(=R) (z1,22) == r¥(x1) — 75 (x2)
for any non-negative integer k. The following statement is followed by Lemma 4.6.

Lemma 4.7. For any k € Z>q, the map D(ER) s surjective and the kernel can be
identified with Ux+ .

Now, we glue the configuration spaces.
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Lemma 4.8. The pair
(38) ((PJ(Lx x Ly+), DSP),pj(Cx x Cy+))

is a BF pair from Z;N+ X Z:{\X to 17X+ X @fn:o XA/k_m, where pj is the projection from
9N+ X 9;( to 17X+. (Here we regard 17X+ as the kernel of D(=™) )

Moreover, ((pj(Lx x Ln+),D(ER) pj(Cx x Cyn+)) is stably c-homotopic to
(Lx+,Cx+).

Proof. In the proof, we use the following lemma. This is an easier version of Lemma
6.13 in [19] and originally proved in Observation 1 in [37].

Lemma 4.9. Let (L,C) be pair of continuous maps from Hy to Hs. Suppose L
is bounded linear and C extends to Hy — Hs for a weak norm of Hy. Let g be a
surjective linear map Hy — Hs. Then the following conditions are equivalent;

o (L& g,CP0) is a BF pair, and
b (L|Kerg7C|Kerg) is a BF pair.
Moreover, (L & g,C & 0) is c-homotopic to (L|ker g, ClKerg)-

Lemma 4.8 is followed by using Lemma 4.9.

4.4.2. Step 3, 4. For any positive integer k, we define

k—1
Bk ?X X ]7N+ — @ ‘//\}c,m,%
m=0

by
ESF Dy, y0) = 1) — 15 (12)-
The following lemma is a counterpart of Proposition 6.17 in [19)].

Lemma 4.10. The pair

((jo(Lx x Ly+), KV o (Ly x Ly+), DEY)

(39) o PR ’
(pjo(Cx x Cy+), ESF D o (Cx x Cy+),0))

is a BF pair from Ux x Un+ to Vx+ X (@5;:10 ‘A/k_m_%) X ‘7k._1.

1 Moreover, this
BF pair is stably c-homotopic to (38).

The proof is essentially the same as [19, Proposition 6.17]. Thus, we omit the
proof.

The following lemma is a counterpart of Lemma 6.19 in [19]. The only difference
is that we have no constant functions in ]7X+.

Lemma 4.11. The map

k—1
(pJ, BXF71) s Vx x Vye = Ve x P Voo
m=0

is an isomorphism. [
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Then one can prove the main result of Step 3 and 4.

Lemma 4.12. The pair in (39) can be identified with the pair
(40) ((Lx x Ly+), DY), (Cx x Cy+,0))

from Ux x LA{N+ to Vx x 17N+ X ‘A/k_% via the isomorphism given in (4.11).
This is a counterpart of Lemma 6.20 in [19]. This is a corollary of Lemma 4.11.

4.4.3. Step 5. This step contains the non-trivial argument which appears in our
situation. We sometimes omit spinors from expressions in this step. Let us consider
an operator _
d: Ly i (iA)o — dLj, 1 (iA3)o
defined in [19, Step 5]. We denote by d" its formal adjoint. Then we have a family
of maps
D - Ux x Uy+ — dLi, 1 (iAy) © Li_, (iAY)
given by
Dy y(ar,az) ==

(Prr a(ar]y = asly), td (pryy, glarly + asly)) + (1 — ) Pz iag)(aly —azly)
2
parametrized by ¢ € [0,1]. The next proposition is a counterpart of Proposition
6.22.

Proposition 4.13. For any t € [0,1], the pair
(41) ((EX7 Ly+,Dy @ DH,t) ; (éx X 6N+70))
is a BF pair from LA{X X I/AlN+ to \A)X X ]7N+ X IA/,C_% In particular,

(42) ((EX72N+aDY ® DH,I) ; (éx X 6N+70))
is stably c-homotopic to (42).

Proof. As in the proof of Proposition 6.22 in [19], we first prove the following result;

Proposition 4.14. Let W C L}, (X;R) x L%_H,a(N*;R) be the subspace con-
taining all functions (f1, f2) satisfying the following conditions;

(i) Afi=0
(ii) £1(6) =0, and
(iii) fily = faly,
where 6 is a fized point in'Y. Then the map py : W — Li_;(l\oy)o defined by
pe(fr, f2) i=2td d(fily) + (1 =) Dafily — Dafaly)

is an isomorphism, where

Lifé(Ag/)O ={f¢€ Li%(iA%ﬂ/ fdvoly = 0}.
Y
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Proof of Proposition 4.14. When t = 1, we can use a similar argument in Propo-
sition 2.2 in [17] since we have Proposition 3.5. For ¢ < 1, we can use the same
argument given in Proposition 6.22 in [19]. O

When ¢t = 0, (41) is a BF pair by Lemma 4.12. For each element in the kernel
of (41), there is a unique gauge transformation to an element in the kernel of

((EXaENJraDY @DH,0> ; (6)( X 5N+,0)) .

This proves that the kernel of (41) is finite dimensional for any ¢. The remaining
part is the same as the proof of Proposition 6.22.
O

4.4.4. Step 6. In this step, we see counterparts of Lemma 6.24 and Corollary 6.25
in [19).

Lemma 4.15. The operator
(dx, dy, Daa) -
Ux ®Uy+ — L3 (IA(X)) @ L3_, JGA°(NT)) @ dLj 4 (iAy) © Ly (iA%)o

is surjective and its kernel can be written as

(L¥(iAx)cc @ Li(S%)) x (Li o (AN (X)) ce @ LE o (S3+))-
Proof. This is obtained by using integration by parts. O
Corollary 4.16. The BF pair (42) is c-stable homotopic to a BF pair
(43) ((Lx,Ly+,D=9),(Cx,Cy+,0))
from Ux x Un+ to Vx x Vy+ x V(Y).
Proof. This is a corollary of Lemma 4.9. ]

4.4.5. Step 7. We choose finite dimensional vector spaces Vx,, and Vy+ ,, in Li (iA}e}
Sx)and L} _, (iA}, @ Sy ). Note that we denote by Vj‘;:n a family of finite di-
mensional approximation of V' (Y'). We introduce a family of subbundles :

W;’E\H = {(561,.%'2) EUx X UN+|LX(3;‘1) S Vx,n, LN+($C2) € VN+,n
. ro(x) = tpX r2(21)

pZara(wn) = tpZzra(wa)}.
This gives a vector bundle [J,¢(g ) W;tlw — [0,1]. A point is that the operators
P o7 : {w € Ux|Lx(x) = 0} — V()

P2 o7 {z €lUx|Ly+(z) =0} = VO _(Y)
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are compact. The first fact is proved in [22, Theorem 17.1.3. (ii)]. By the same
proof, we can prove that the second operator is also compact. Moreover,

P o7 {z e Ux|Lx(z) = 0} — V2 (Y)

P o : {w € Ux|Ly+(z) = 0} — V(Y)
are surjective for a sufficient large n. This is a corollary of the unique continuation

property. These two facts enable us to see that the rank of W)Z?\H is constant.

Finally, we see the following boundedness result which is a counterpart of [19,
Lemma 6.26].

Proposition 4.17. For any R > 0, there exist N, g with the following significance:
For anyn > N, t € [0,1], (z1,22) € B(W;’iw,R) and 7; : (—o00,0] — B(Vj‘;\‘n,R)
for i =1,2 satisfying

(i) Hpirﬁ\n(fz(fﬁ) —Tz(xz))HLii <e

[SE

(1) llpry,, o(Lx+Cx) @)z <& lpro,,  o(Ln+ +Cne)(z2)lrz_, <&

1,a —
(i1i) ~; is approzimated trajectory with ;(0) = pi"An oTi(x;) fori=1 and 2,

we have Hxl”LiH <R+1, HIQHLiH SR+ ||fyz(t)||L2 <R+1fori=1 and
2.

[N

Proof. The proof is essentially identical with [37, Lemma 1]. O

Then the restricting family on W;?w defines a homotopy between (37) and (43)

This completes the proof of the gluing theorem.
At the end of this subsection, we see the following corollary of Theorem 1.2.

Corollary 4.18. Let Y be a rational homology 3-sphere equipped with a contact
structure €. If € has a symplectic filling with by = 0, then (3) has a non-equivariant
stable homotopy left inverse. In particular, (3) is not stably null-homotopic. More-
over, a left inverse is given by (the dual of ) the relative Bauer-Furuta invariant for
the filling.

Proof. Let (X,w) be such a symplectic filling of (Y, ). We see the following maps:

(44)

2
gm+2nt Cl(stl_”(X) Y(x,sx)

ST O+ gy p(Y)
\D(Y,s)m'dl
N3-d (YD GWF(=Y) A Zmtt O+ g p(Y)

E%7d3(7Y,[£])+m+b+(X)+2nSWF(_Y) A SWF(Y)

id/\nl

S% —d3 (=Y, [€])+m+bT (X)+2n
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The gluing theorem implies that (id An) o (U(Y,&) Aid) o W (x s,y and ¥ (x s ¢)
are stably homotopic. Since (X,w) is a symplectic filling, ¥(x 5 ¢) is a homotopy
equivalence ([15]). Note that by the definition of d3(Y, [£]), we can see

m+2n+M:%—dg(—Y,[g}Herb*(X)Jrzn.

So the dimension of the spheres of the domain and the codomain are equal. This

implies the conclusion.
|

Remark 4.19. Corollary 4.18 implies that, under the same assumption as Corol-
lary 4.18, the dual map

B(Y,¢): 2 2 BOISGWE(Y,s) — S°

has a non-equivariant stable homotopy right inverse.

4.5. Calculations via gluing theorem. In this subsection, we give several cal-
culations of SWF homotopy contact invariants by the use of the gluing theorem.

Example 4.20. We consider the standard contact structure &5 on S3. Our invariant
lies in
(83, Ega) € 5 2 7.
Since (5%, €s1q) has a standard symplectic filling (D*, wgq), we have
o (B(D*s,.,,): 8% = S°) A (U(S?, &xa) : S° — SY)
=U(DYs,.,,, Exa) 1 SO — SO,
Since (D4, 5,,.,,,&sta) : S© — SY is a 1 map by [15], we conclude that

V(5% Esa) € 5 2 L.
is a generator.

We also give several calculations of our invariants for ¥(2,3,r). The following
calculations of Seiberg-Witten Floer homotopy types were given in [36], [38] using
the result of [40]. The ds-invariants can be computed from the results [43], [13] and
[54]. Here we use a relation between the Q-grading of Heegaard Floer homology
and ds given in [45, Proposition 4.6].

SWF(Y,s) non-equivariant | ds(Y) Eif*dg’(Y)SWF(Y 5)
(2,3, 12n+5) | 29SOV v, 1Gy) 5%V Van(S%V 1) 3 SOV Vo, (SO V 571
$(2,3,12n — 1) GV Vn 135Gy S?V Va,_1(8% Vv SY) 31 8%°Vvan_1(S°VvST
2(2,3,12n—5) | 229GV V,_12G,) SOV Vo, (SOvisTh | 1L 59V V(SO V SY)
$(2,3,12n + 1) SV VI TGS SPV Va2, (SPV ST —3 SO\/\/Qn(SO\/S 0
—%(2,3,12n+5) | £ 2(S°V V,Gy) 572V Vs, (S72V S -3 STV Va, (SO v ST
—2(2,3,12n—1) | ST VV,_122G4) | STV Va,_1(ST2V ST —3 1SV Va_1(S°V ST
—%(2,3,12n—5) | 25T v v,_122G4) SOV Van (SO V ST e 1va(SovS D)
—%(2,3,12n + 1) S%vv,Gy S7V Va, (S7 v ST 2 STV V2, (S°v STh

Here G4 , G and T are the same notation given in [38]. We remark that the
value of d3 in the table is only for contact structures which can have a symplectic
filling.
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FEzample 4.21. For example, we can detect the dual of our invariant for the fillable
contact structure g on Y = X(2,3,5) as a homotopy equivalence

(Y, €): 23 BV GWEF(Y,s) = §° — S°,

where (Y, €) is the dual map of ¥(Y,¢) introduced in the end of Subsection 3.6.
Similarly, any symplectic fillable contact structure £ on any spherical 3-manifold
can be computed as

(B BMISWE(Y,s) = S° =5, 8°) = £1d.

(Y.6)
Moreover, we can similarly determine our invariant for a fillable contact structure
of —%(2,3,11).

5. APPLICATIONS TO SYMPLECTIC FILLINGS

In this section, by the use of the gluing theorem and K or KO theory, we give
several constraints of spin symplectic fillings. Moreover, at the end of this section,
we also treat the extension property of a positive scalar curvature metric on a
4-manifold with boundary.

Seiberg-Witten Floer homotopy type is a ”formal desuspension” of a certain
space, so in order to apply KO theory, we have to do some suspension in order to
cancel the ”formal desuspension”. More explicitly, for a Spin® cobordism (W, sy) :
(Y,s) — (Y',6') with (W) = b1(Y) = b1(Y’) = 0, the relative Bauer-Furuta
invariant is a morphism

2 (syw)—o (W)

BF(W,sy) : $F " Wec s

SWF(Y,s) = SWF(Y',s")
and in order to apply KO-theory, we have to choose (m,n) € Z x Q large enough

such that n + M

tinuous map

is an integer. Then, we obtain an S! equivariant con-

c2(s —o(W
]Rm—h+(W)®C1L+71( W; W)

SWF(Y,s) = SWF(Y',d).

Similarly, when sy is spin, the relative Bauer-Furuta invariant is a morphism

b+(W)@H—fr(W)/16

BF(W,sy) : 5% SWF(Y,s) = SWF(Y',s)
and in order to apply K O-theory, we have to choose (m,n) € Z x Q large enough

. a(W)
such that n — =5

is an integer and obtain a Pin(2) equivariant continuous map

Fm—bT n—o R™ oH™
SRR gry (Y, s) — SETOET S E(Y 6.

For example, RP3 = L(2,1) = S3,(unknot) oriented as quotient S®/Zy has
two isomorphism classes of Spin® structures sg, 51 , where sg, 51 are determined as
follows: On the cobordism W : $3 — RP? obtained by a 2-handle attachment, we
have Spin® structures §g, 51 such that

(c1(8:),h) =2 —2 i=0,1.
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50,51 are the restriction of §g, 5;. In particular,
C1 (51) =0

and thus 51,51 is spin. We can check that s¢ is also spin. The intersection form of
W is [—2] and thus its signature is (W) = —1.

It is proved in [36] and [37] that the Seiberg-Witten Floer homotopy type of
(RP3,5q) is given by

SWF(RP?, 50) = (C~Y/8)t = (H~/16)+,
The Seiberg-Witten Floer homotopy type of (RP3,s) is given by
SWF(RP3,51) = ((Cl/8)+ _ (H1/16)+_
The relative Bauer-Furuta invariant of (W, §g) is

2 (50) =0 (W)
8

BF(W,50) : (R W) g C F=R1aC /8t

— SWF(RP?,50) = (C”Y/8$)*,
Here we use the fact that
(2 — 2)2
—

In order to take K O-theory, we have to choose (m,n) € Z x Q large enough such

that n — % is an integer and obtain a continuous map

i (8;) = —

(Rm—l a (Cn—l/8>+ N (Rm @ Cn—1/8)+

(W,61) gives an example of spin cases. The relative Bauer-Furuta invariant of
(W,gl) is

BF(W,3,) : (be+(w) @Hfo(W)/lﬁ)Jr — (R—l 69H1/16)+

— SWF(RP3,s1) = (H'/'6)*

and in order to take Pin(2) equivariant KO-theory, we have to choose (m,n) €
Z x Q large enough such that n + % is an integer.

5.1. Two constraints for symplectic fillings of homotopy L-spaces. In this
subsection, we will give a constraint for symplectic fillings. However, all results in
this subsection also can be proved by using monopole Floer homology or Heegaard
Floer homology. In order to introduce our theorem in this section, we introduce a
notion of (Seiberg-Witten) homotopy L-spaces.

Definition 5.1. A Spin® rational homology 3-sphere (Y,s) is a Floer homotopy
L-space if

(45) SWF(Y,s) = (C°)*

for some rational number §. A rational homology 3-sphere Y is a Floer homotopy
L-space if, for any Spin® structures on Y, (Y,s) is a homotopy L-space.
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Note that § coincides with the Frgyshov invariant §(Y,s). We compare homo-
topy L-spaces with L-spaces. Usually, L-space is defined using the Heegaard Floer
homology. For example, one definition is HF'(Y') is free and

rank(HF(Y) .= (D HF (Y, s) = |H*(Y; Z)|.

In the work of Kutluhan, Lee, and Taubes [24], [25], [26], [27], [23] , alternatively,
the work of Colin, Ghiggini, and Honda [8] [9] [7] and Taubes [49], [50], [51], [52],
[53], it is proved that

(46) HF.(Y)= HM.(Y) = @ HM.(Y,s).

Note that Lidman-Manolescu’s([28, Corollary 1.2.2]) constructed an isomorphism
(47) HM ,(Y,s) = H,(SWF(Y,s)).

By combining these two isomorphisms, one can confirm that any homotopy L-space
is an L-space.

Question 5.2. Is there an L-space which is not a homotopy L-space?

However, the authors do not know whether the converse is true or not. Of course,
spherical 3-manifolds are Floer homotopy L-spaces. Moreover, F.Lin and Lipnowski
([30]) provided hyperbolic examples of Floer homotopy L-spaces.

The proofs of Theorem 1.4 are similar to the proof of Theorem 5.3.

Theorem 5.3. Let (Y,&) be a contact rational homology 3-sphere. Suppose that
(Y,s¢) is a Floer homotopy L-space. Then, for any symplectic filling (X,w) of
(Y, &), the following two facts hold:

(i) b+(X) =0 and

(ii) w = 5(Y, 5¢).

Note that the second equality can be regarded as the ”"opposite direction” of
Frgyshov’s inequality([11]), which is a generalization of Donaldson’s diagonalization
theorem to negative definite 4-manifolds with boundary. Philosophically, F. Lin’s
result([29]) can be seen as constraints corresponding to Donaldson’s Theorem B
and C.

The result (i) was proved in the case of 3-manifolds admitting a positive scalar
curvature metric [34], L-spaces [44] and [10]. The result (ii) follows from the fact
that Kronheimer-Mrowka-Ozsvéth-Szabd’ s contact invariant (Y, ¢) is contained
in the kernel of the U-map and non-zero for strongly fillable contact structure, so
it belongs to the bottom of the U-tower. We give a homotopy theoretic proof of
Theorem 5.3.
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Proof of Theorem 5.3. As in the proof of Corollary 4.18, we obtain the following
diagram

(48)
Sm+2”+w Y(x,sx) Zm+b+(X)+2nSWF(Y)
\D(Y,f)m'dl
Nz (YLD SW F(—y) A Bttt ()+2n gy (v

E%7d3(7Y,[§])+m+b+(X)+2nSWF(_Y) ASWF(Y)

id/\nl

§3—ds (=Y, [E)+m+bT (X)+2n

)

where (m,n) € Z x Q such that n+ M € Z. This diagram commutes up to
stable homotopy. The gluing theorem implies that (id An)o (V(Y,§) Aid) oW x s )
and W(x s ¢) are stably homotopic. Since (X,w) is a symplectic filling, ¥(x s ¢)
is a homotopy equivalence. This implies

ci(sx) — o(X)

. = bH(X) + 20(Y, 5¢).

Moreover, the mapping degree of W (x s,y is 1. Apply [4, Proof of 1.3] to the
Sl-equivariant Bauer-Furuta invariant

2 (sx)—a(X)

\IJ(X75X) : (Rm ® Cf+n)+ N (Rm+b+(X) I Cn+5)+7

Cl(ﬁw)Q + b2<X)

we have b+ (X) = 0. Thus, we have 3

= (S(K 55). [l
5.2. Equivariant KO theory. In this subsection, we will use KO theory. We
treat a class of symplectic fillings (X,w) whose s, are spin. In the same spirit of
(i) in Theorem 5.3, we give upper bounds of b™ for spin symplectic fillings.

In particular, we give a proof of Theorem 1.4. We will use the relative Bauer-
Furuta invariant of "upside-down” Xy of X in this section, which is a morphism

a(X)

U(Xy,5,) : SWF(=Y,s¢) — (RV ) g H )t

and in order to apply K O-theory, we need to take a suspension

a(X)

\I/(XTaﬁw) : ERm@HnSVVF(fY, 55) N (Rb*’(X)er @ H s +n)+.

such that n + 0(12,() € Z. Notice that the sign +

mentioned at the beginning of this section.

o(X)

6~ is different from the one we

5.2.1. Proof of Theorem 1.4. We focus on the proof of Theorem 1.4. We write
G = Pin(2) in this section. The following periodicity is known:
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Lemma 5.4. [31, Section 2.2]Let k and I be non-negative integers. Then we have
isomorphisms

KOg((R* @ H)™) = KOg((R*8 ¢ H')™)
o [%G((Rk-&-él & Hl+1)+) ~ %G((Rk ® Hl+2)+)_

Let (Y,s) be a spin rational homology 3-sphere. We consider an equivalence

relation ~ o on
1 o(X)
Z —7Z Z
X { le 16 ‘l + 16 € }

by the following way;
o (k1) ~xo (k+8,1),

o (k1) ~xo (k+4,1+1), and

(k,1) ~ko (k,1+2),

where o(X) is the signature of a compact spin 4-manifold bounded by (Y;s). The
notion Jxo(Y,s) denotes the quotient set Z x {l € 1—16Z‘l + 2% ¢ Z} divided by

16
~ko. We consider representatives of Jxo(Y,s) as

1 31 o(X)
li y3p T o7 a (0 lz Zg.
€ {0 16 16} T }

{[(07 lO)]v [(17 ll)]v [(27 l2)]7 [(37 l3)]

Definition 5.5. For a rational homology 3-sphere Y with a spin structure s and

[(m,n)] € Jko with n+ U(l? € Z, we have two groups

KOMZ™ (Y, s) := KOg(X™ " 1S F (Y, 5))
and its reducible part
RKOMG"(Y,s) = KOG((E" SWF(Y,5))%").
We call KOM;™ ™" (Y,s) Seiberg- Witten Floer KO-homology.
We associate a homomorphism
irm t KOMG™ (=Y, 5¢) = KOMg" (=Y, s¢)

and
Om : KOMG" (~Y,s¢) = Z

where 7 is the inclusion map (EWTQSWF(—Y))S1 — Em@@”HSWF(—Y) and the
map @, is introduced by Jianfeng Lin [31, Definition 5.1].
In this section, we prove the following theorem stated in the introduction:

Theorem 5.6. Let (Y,s) be a spin rational homology 3-sphere and (m,n) be a
representative of an element in Jxo(Y,s). When

1
—ds(Y, [¢]) — 5 +m+4n=0,4 mod 8,
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suppose also that the following induced map from @, o iy, ,
(KOM;"™ " "(-Y,s¢)/ Torsion) ® Zy — Zs

is injective. When

1
—d3(Y, [§]) — 5 tmt dn=1,2 mod8,

suppose also that the following induced map from ., o i}

KOMgm’_n(—Kﬁg) R Ly — Yo

18 injective.
Then any symplectic filling (X,w) of (Y, &) satisfying s, is spin and by(X) =0
satisfies

bH(X) < e(m),

where

m=0,1,2,4 mod 8
m = 3,7 mod 8

m =6 mod 8

w NN = O

m =5 mod 8.

In particular,

bH(X) < 3.

Proof. Note that for any spin filling (X, w) with b1(X) =0,

b*(X)+m+@+4n:fdg(Y,[g])—%+m+4n

by the definition of d3. Let m be a sufficiently large integer and n be a sufficiently
large rational number such that n + 0(1)6() is an integer. Denote by X; the ” upside-
down” cobordism —Y — () obtained from X, which is the same as X as an oriented
manifold (not orientation reversed one), and consider its relative Bauer-Furuta

invariant

o

\I/(XTaﬁw) : ERM@H”SWF(*Y’, 55) — (Rb"’(X)er o H (12()+n)+'

We denote our contact invariant by

o (X)

\I/(}/, f) . (Rb+(X)+m+ T +4n)+ — ERmEBHnSWF(*Y,ﬁE),
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which is a non-equivariant map. Consider the following commutative diagram:

(49)
KO((RV (X)+m+2G2 +dny+)

wrer|

o (X)

KO((RYF(O+m g ™75~ +n)+) KO(SE" 8" S\ F(-Y, 5¢))

KOG((RY 0Otm gg@anyty Y2 e (SR el gy R (Y, 5¢)),

| |

— ~ Sl * ——— ~
KOg((RVT(O+my+) (F(Xyos0)™ )7 KOg((R™)+)

Pu+ (X)+77LJ( WmJ{

2("nl+1+”'+“"m+b+(x)

Z Z

U(Xi:50)"
-

where r and " are the forgetful maps, ¢y is defined in [31, Definition 5.1] and

Q; =

1 i=1,2,3,5 mod8
0 otherwise

as in [31, Definition 5.2].
When

X 1
b+(X)+m+%)+4n:—d3(Y,[§])—§+m+4n5071,2,4 mod 8,

the forgetful map

a

o(X)
16

s KOG((R (0 @ B +1) %) — KO((RY (07 @ HIS +7) )

can be regarded as

KOg(5%) — KO(S°) 2 Z when — ds(Y, [¢]) — % +m+4n =0 mod 8,
KOG(RY) = KORT) 2 7/2 when — ds(Y, [€]) % +mdn=1mod 8,
KOg(R*") — KO(R*t) 2 7Z/2 when — ds(Y, [¢]) — % +m+4n =2 mod 8,

KOg(R*) - KOR*™) = Z when — ds(Y, [¢]) — % +m+4n =4 mod 8,
respectively via Bott periodicity
KOg((R* © H')*) = KOG((R*** & H')¥)
~ [?(“)G((RHAL ® Hl+1)+) ~ ]?(“)G((Rk ® Hl+2)+)'
For k =0,1,2,4 mod 8, fix a generator e € I’(\ég(f&k*) as follows:
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e In the case k = 0 mod 8, e corresponds to 1 € RO(G) = KOg(S°).
e In the case k = 1 mod 8, If(\ég(]@“‘) = Z and e; be either of the generators.

e In the case k = 2 mod 8, KOg((R2)") = Z & ®m>0Z/2 and the generators
are 1(D)? and «(D)?A™c, where the notation is explained in [46, Proposi-
tion 5.5]. The element e is the generator corresponding to n(D)?.

e In the case k =4 mod 8, I/(\ég((f&‘l)"‘) is freely generated by
A(D), DA(D), A" X(D) and A™c,

where the notation is explained in [46, Proposition 5.5]. The element ey is
the generator corresponding to A(D).

For the above description of KOg((R¥)*), see [46, Proposition 5.5] and [31, The-
orem 2.13] ). We can check that the image of e, under the forgetful map is a
generator of KO((R¥)"). In each case of k, we set

z = U(Xy,8,) er € KOg(SK O SWE(-Y,s)).

Theorem 4.1 implies that the composition

(Rb+(X)+TrL+“(f)+4n)+ v(Y,8) ZR"L@HHSWF(—KS£)

o (X

(Rb+(X)+m, ® H 16 ) +n)+

‘II(XVEW)
_—

is homotopic to the Bauer-Furuta version of Kronheimer-Mrowka’s invariant of
(X,5,). The facts that the mapping degree of the Bauer-Furuta version U (X, ¢, s,,)
of Kronheimer-Mrowka’s invariant equals Kronheimer-Mrowka’s invariant up to
sign and the non-vanishing theorem of Kronheimer-Mrowka’s invariant for weak
symplectic fillings (Theorem1.1 in [21]), which imply that this map is a homotopy
equivalence. Thus, the composition

o (X)

[/(\O/((Rb+(x)+m@H (16 +n)+)

(Xt550)"
Ly

I?é(zﬂimeBHnSWF(—Ya s¢)) SILEN I?é((Rb+(X)+m+¥+4n)+)

is an isomorphism, so the image of r’'(ej) under this map is
+1 € KO((RY (O+m+2+in)+y & 7 1 779,
(i) When

X 1
b+(X)+m—|—%—&—471:—dg(Y,[g])—i—&—m—i—élnEO,ll mod 8,

commutativity of the diagram implies that

xr#£0€ (I/(\OG(ZRM@H"SWF(—K s¢))/ Torsion) ® Z/2.

Indeed, if x were written as # = 22/ (torsion) for some 2’ € KOg (SR OH" S R (- Y, 5¢)),

+1 = U(Y,8)" or(z) = 20(Y,£)" o r(a’) € KO((RY (X)tm+=tiny by o 7,

which is a contradiction.
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(ii) When
bH(X) +m+ @—&—411: —d3(Y, [€]) —%—&—m—i—élnz 1,2 mod 8,
commutativity of the diagram implies that
x40 KOSF 8" SWF(-Y, 5¢)) ® Z/2.
Indeed, if « were written as © = 2z’ for some ' € %G(ERMQW SWEF(-Y,s¢)),
+1=W(Y,€)" o r(z) = 20(Y,6)" or(a’) = 0 € KO((RY (Hm+ =@ tanyt) o 79

which is a contradiction.

The injectivity hypothesis of the theorem implies that ¢, oiy, ,(z) € Z is not even.
Now, suppose to the contrary that bT(X) > e¢(m). Since

¢(m) = min{b € Z21|am+1 +o ey > 1) — 1,
we have
Qm41 + -+ Qb+ (X) > 1.

and thus 2% F%miet 0 is even. Commutativity of the lower part of the dia-

gram implies ¢, o iy, ,(z) is even, contradicting the above argument. g

5.2.2. Ezamples. The following result is contained in the F.Lin’s argument of [29],
but we give an alternative proof using Theorem 1.4.

Proposition 5.7. Let (X,w) be a symplectic filling of some contact structure of
—3(2,3,11) such that s, is spin and by(X) =0. Then b (X) = 1.

Proof. In [13], it is showed that every tight (in particular fillable) contact structure
¢ on —%(2,3,11) have

ds(~5(2,3,11),6) = —.
Since X )
(223,11, = -7 ) -
and Rokhlin invariant of —¥(2,3,11) is zero,
bt (X) = —"(f) +1

must be odd. Thus, it is enough to show b*(X) < 1. Manolescu showed in [37] and
[38] that )

SWF(X(2,3,11)) = G,
i.e. the unreduced suspension of Pin(2). Take sufficiently large m = —1 mod 8,
n = 0 mod 2, so that

1
—d3(~$(2,3,11),€) — 5 +m +4n =0 mod 8
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holds. As in section 8.1 in [31], the exact sequence for pair for (ERm G, (ERm é)sl)
yields

o= KOg((RMTF) A KO(S™+1)
— KOg(S¥"G) = KOg((R™)T) = KO(S™) — -+ .

Here the map A can be regarded as the augmentation map RO(G) — Z, which is
surjective. Note also that If(\éc((f&m)‘*‘) = 0 for m = —1 mod 8. Thus the exact
sequence implies that KOg (S8 @) — KOg((R™)*) is isomorphism and so is T
Since the map

¢m : KOG(R™™) = Z

is given by the projection to the Z-summand under the isomorphism
KOG((R™)") 2 Z® ©n212/2

as described in Theorem 2.13, Definition 5.1 in [31], the hypothesis of the theorem
is satisfied and we can conclude b (X) < 1. Here we use m = 7mod 8. O
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