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Preface

In this paper, we consider some singular limit problems for several non-convex func-
tionals. This paper consists of three chapters, which characterize the limit of a sequence
of functionals in the sense of I'-convergence. In considering I'-convergence, it is important
to determine the topology in the function space, which is the domain of definition of
the functional. Choosing an appropriate topology according to the functional, we obtain
several interesting singular limits. We are able to find the relation between minimizers of
discrete and continuous models. Moreover, the detailed shape of the minimizer depending
on the problem.

In Chapter 1, we introduce a random discrete energy of the energy for knots called the
O’Hara energy, and discuss the convergence to continuous energy and the compactness of
the discrete energy. Moreover, we show convergence stronger than that for conventional
discretization. Specifically, we are successful to show locally uniform convergence and
compactness of discrete energy in a space involving the optimal transport theory. By
introducing a random discrete approximation of O’Hara energy using random variables,
we show the convergence from a minimizer to a minimizer.

In Chapter 2, we consider the singular limit problem of a single-well Modica-Mortola
energy and the Kobayashi-Warren—Carter energy in a one-dimensional domain. In this
study, we introduce a finer topology of ”graph convergence of functions” into the func-
tion space, and derive the singular limit of a single-well Modica-Mortola energy and the
Kobayashi-Warren—Carter energy energies in the one-dimensional domain in the sense of
['-convergence. The energy functional obtained as this singular limit is also shown to have
the remarkable property of a minimizing function that is concave concerning the strength
of jumps of a function. To characterize the limit under graph convergence, a new idea
that is especially useful for one-dimensional problems is introduced. It is a change of pa-
rameter of the variable by the arc-length parameter of its graph, which is called unfolding
by the arc-length parameter in this chapter.

In Chapter 3, as a continuation of Chapter 2, we consider the singular limit problems of
a single-well Modica-Mortola energy and the Kobayashi-Warren—Carter energy. However,
unlike Chapter 2, the domain is multidimensional. We introduce a new convergence
concept called sliced graph convergence. Sliced graph convergence is, roughly speaking,
graph convergence in almost every slice line for dense direction. This is because the
method used to show I'-convergence in multi-dimensional domains, called the ”slicing
method,” is also used for finer topology.

Chapter 1 has been published in [1], while Chapter 2 is essentially the same as the
publication [2].

[1] J.Okamoto, Random discretization of O’Hara knot energy, Advances in Mathemat-
ical Sciences and Applications, Vol.30, pp.507-520, (2021)

[2] Y.Giga, J.Okamoto, M.Uesaka, A finer singular limit of a single-well Modica—Mortola
functional and its applications to the Kobayashi—Warren—Carter energy, Advances
in Calculus of Variations, DOI : 10.1515/acv- 2020-0113, (2021)
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Chapter 1

Random discretization of O’Hara
knot energy

In this chapter, we consider the random discrete approximation of O’Hara energy. O’Hara
energy is the energy defined for a knot, and O’Hara energy was introduced for defining the
standard shape for each knot class (equivalence class by ambient isotopy) by variational
method. If the exponent is taken so that the energy is invariant Mobius transformation,
O’Hara energy is called Mobius energy. Although discretization for various Mobius en-
ergies has been defined to analyze the shape of the minimizer so far, only I'-convergence
to the original energy has been shown for a conventional discretization. In this study, we
are successful to show locally uniform convergence and compactness of discrete energy in
a space involving the optimal transport theory, by introducing random discrete approxi-
mation of O’Hara energy using random variable and we can show convergence from the
minimizer to the minimizer.

1.1 Introduction

Let A be the set of all closed regular curves that is parametrized by arc length in R%, with
no self-intersections and with total length £ ie. A = {y € COYR/LZ,R?) | |¥(2)| =
1 ae. z€R/LZ}. For a,p € (0,00), the O'Hara («, p)-energy £*? : A — RU {+o0} is
defined as follows:

£27() = / Mo (7)dady, (1.1)
(R/LZ)?

where
1 - 1 )p
v(z) =y D(y(x),y(y)~) ’

and D is the length of a shortest arc of the curve v connecting the two points v(z) and
Y(y), ie.

MOP(3) (2, y) = ( (e,9) € R/CZY  (12)

D(y(x),7(y)) = min{L — |z —y|, |z — yl}. (1.3)

This energy was introduced and investigated by O’Hara in [6]-[9] for defining the standard
shape for each knot class by variational method. In the case of « = 2,p = 1, due to
energy invariance under Mobius transformation, this energy is called ”Mobius energy”.

>
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It is possible to show the existence of minimizer in the ”"prime knot”. R. Kusner and
J. Sullivan conjectured the minimizer in composite knot class may not exist [13]. This
conjecture was established by numerical calculation with discretization of Mobius energy.

In this paper, we introduce the weighted O’Hara energy £57 : A — R U {+o0} with
weight p : R/LZ — Rs( defined

ESP(v) = / M*P(y)p(z)p(y)dady. (1.4)
(R/LZ)?

Our main goal is to construct random discretization of this O’Hara energy and to show
['-convergence in a space involving the optimal transport theory. We even show locally
uniform convergence and compactness.

1.1.1 Known results

Various discretizations of O’Hara energy are defined not only for numerical calculation
but also for shape analysis of minimizer.
First, D. Kim and R. Kusner constructed a Mobius energy for polygonal knots in [3].
This energy, defined on the class of arc length parametrizations of polygons of length
L with n segments, is given by

n

1 1
gn(P) = Z (|P(aj) _ P(az)|2 - d<aj7a7;)2) d(ai+1aai)d<aj+17aj)7

i,j=1
i#j

where a;’s are consecutive points on R/LZ, or interval [0, L] if we consider the polygon
parametrized over an interval. This energy scales invariant. A slight variant would be to
take 27 (d(ax_1, ar) + d(ax, ars+1)) instead of d(axi1,ax).

S. Scholtes proved that this discretization I'-converges to the Mébius energy in [17].
He furthermore showed that this energy is minimized by regular n-gons.

Second, J. Simon [5] defined the so-called minimal distance energy for a polygon P by

EM(P) = E™(P) — E™(Ry) + 4

with
XX
i X2
Py dist(X;, Xj;)
where R,, is the regular n-gon. Note, that this energy scales invariant. Third, Mobius
invariant discrete energy is introduced in [15] and show I'-convergence is established in
W4 metric sense. The definition of that energy is as follows:

A;P||A; P 1 .
= 3 i (1 plomtan) +ontd).
m(4,7)>1 4 i+

where P(6;) is a vertex of a closed polygon, i = 1,2,...,m and AgP = P(0;) — P(6,),
AP = AZHP, a;; be the angle of the crossing of the circles through at the points
P(6;), P(0;11), P(6;) and P(6;), P(0;11), P(0;) and &;; be the angle of the crossing of the
circles through at the points P(6;), P(0;4+1), P(0;+1) and P(6;), P(0;+1), P(0;41).
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1.1.2 Main results

We introduce a new discretization of O’Hara («,p)-energy using random variables on
R/LZ.

Definition 1.1.1 (Random O’Hara Energy). Let {X;}, .y be a sequence of i.i.d. random
variables on R/LZ with probability density function p.
Random O’hara energy R, ,£*P: A — RU {+o0} is defined as follow:

n

oy L Y
R p€™7(7) 1= Z; (W(Xi) — (X)) D(v(Xi)ﬁ(Xj))”) .
i#i

Remark 1. Since {X;};cy has the probability density function p, we always have
P(X; = X;) =0 for any ¢ # j. Therefore R, ,£*? is well-defined almost surely.

Then we introduce the space for comparing continuous model and discrete model as
follows.

Definition 1.1.2 (The 7'L? metric space [10]). T'L? metric is defined on particular spaces
of the family

TLYR/LN) == {(n, f) | w € P(R/LN), f € L'(R/LZ; )},

where 1 < ¢ < oo and P(R/LN) denotes the set of Borel probability measure on R/LN.
For (u, f) and (v, g) in TLY we define the distance

1/q
(e £).009) = _int ([ o=yl 110 = gl dnten))
wel'(p,v) (R/LZ)2

where I'(u, v) is the set of all coupling (or transportation plans) between p and v, that
is, the set of all Borel probability measures on (R/LZ)? for which the marginal on the
first variable is p and the marginal on the second variable is v. It is shown in [11] that
drrq is actually a metric. The distance drpq is called a transportation distance between
functions defined on graph. The T'L? topology provides a general and versatile way to
compare functions in a discrete setting with functions in a continuum setting. It is a
generalization of the weak convergence of measures and L9 convergence of functions.

Definition 1.1.3. Let {X;}en be a sequence of i.i.d. random variables and let us denote
by v, the empirical measure of {X;}ien:

n
1
Up i= — § 5Xia
n-
=1

where dx is the Dirac measure of X.

Definition 1.1.4. Let {X};eny be a sequence of i.i.d. random variables on R/LZ and
vn be an empirical measure of {X;};eny and v be a distribution measure of {X;}ien. We
use a slight abuse of notation: =, EEGN 7 instead of (v, vn) EEGN (v,7). (Note that A C

LY(R/LZ,R%).) Thus A is not a metric space with the metric drzq« but only convergence
is defined.
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The main results of the paper are

Theorem 1.1.1 (I'-convergence and locally uniform convergence). Let {X;}ien be a se-
quence of i.i.d. random variables with probability density function p on R/LZ. Then
R, ,E4P T-converge to E57 as n — oo in the TL' sense.

Moreover, we set F := {y € A | EP(y) < oo}, then R, ,E%P|F locally uniformly
converges to E5P| F as n — oo in the TL' sense a.s. w € Q.

Theorem 1.1.2 (Compactness). Let p be bounded from below by a positive constant and
let2<ap<2p+1andl<qg< oo,
Assume {Vntnen C TLY(R/LZ) satisfying

sup R, ,£P () < 00.
neN

and we assume that there exists x € R/LZ and C € R such that v,(z) = C for all
n € N.
Then {Vn }nen is relatively compact in the TLY(R/LZ) sense a.s. w € €.

The metric used in I'-convergence is the T'L! sense. Locally uniform convergence is
also in the T'L! sense, which will be defined in Section 1.2.

Corollary 1 (Minimizer to minimizer). Under the assumption of Theorem 1.1.1 and
Theorem 1.1.2, let {7, }nen C A be minimizers of R, ,£*? then there exists 7 € A and

subsequence {7y, tren With 7y, EEGN 4 such that 4 is a minimizer of £*P.

1.2 Preliminaries

1.2.1 TI'-convergence and locally uniformly convergence in the
TLY sense

We recall notation of general I'-converge and locally uniform convergence in the T'L? sense.

Definition 1.2.1 (I-convergence in the T'L? sense). Let F,, : A — R U {+o00} be a
sequence of functionals. The sequence {F), },en I'-converges to the functional F' : A —
R U {+o0} as n — oo in the T'L? sense if the following inequality hold:

: : TLI
i) For every z € X and every sequence {z, }nen with x,, — x

liminf F,(x,) > F(z),
n—oo

ii) For every x € X there exists a sequence {x, },en and x,, I . satisfying

limsup F,(x,) < F(x).
n—oo
Definition 1.2.2 (Locally uniform convergence in the T'L? sense). A set K C A is
sequentially compact in the TL? sense if it satisfies the following conditions. For all

sequence {7, }neny C K , there is a subsequence {7, }reny and ay € K such that 7, RN ¥
as k — o0o. Let X be a space containing L4(v,) and Li(v), and let F,, : X — R and
F : X — R. The sequence {F),},en locally uniformly converges to F in the TL? sense if
it satisfies the following conditions. For any sequentially compact set K C X in the T'L4
sense,

lim sup |F,(v) — F(y)| = 0.

n—oo ’YEK
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We first discuss an equivalent condition for locally uniform convergence in the T L4
sense.

Proposition 1.2.1. Let F': X — R is continuous in the T'L? sense, ( i.e. 7y, KGN v then
lim F(y,) = F(v). ) and a sequence {F, }nen locally uniformly converge to F' in the T'LY
Sense.

if and only if

For any sequence {7V, }neny C X with ~y, o, v,

lim F,(v,) = F(7).

n—oo
Proof. This can be proved in a similar way to prove Ascoli-Arzela theorem [18, Theorem
7.25.]. For v € A and r > 0, we set B(vy,r) := {¥ € X | There exists an n € N such that
dTLq ((Vna 7)7 (V7 :Y)) < 7’}.

First, we show that suppose K C X be a sequentially compact set in the T'L9 sense,
Ne

then for any € > 0, there is a sequence {v;}25, C K, such that UB(%,s) D K. If not,
i=1

there is a r > 0 such that for all {y;}I*, C K, K\U B(vi,r) # 0. We choose y; € K and

i=1
n—1

inductively choose v, € K\ U B(v;,r), then for all m,n € N,

i=1

This is a contradiction to the fact that K is sequentially compact set in the T'L? sense.
Let €,, > 0 with g, \( 0. and we set

Ko = {{%‘m}ﬁzl €K

UB(%’”,am) D K}. (1.5)

=1

Second, we show that for all € > 0, there exists a § > 0 such that for all v;,7, € K and
alln € N, if dTLq((un,fyl), (v, ")/2)) < ¢ then

[Fu(m) — Fa(e)] <& (1.6)

If not, there exists an € > 0 such that for all n € N, there exists 77,75 € K and
m,, € N such that drre (v, 17), (1,73)) < 1/n, and |Fp, (7]) — Fn, (73)| = €. By the K
is sequentially compact, there exists a subsequence {7* }ren, {75" }ren, and 7 € K such

that ~{* ERGN v, Yo RGN ~. Then
n n n n k—o0
€ < |Fm, (N*) = Fon (%) < | Fm, (1) = F(Y)| + |F(7) = Fin,,, (13%)] = 0.
This is a contradiction.

Third, we show that there exists a subsequence {F,,, }ren such that for all j , {F,,, (7;) bren
is convergence sequence by a diagonal argument. By lim F,(v1) = F(71), {Fn.(") }nen
n—oo
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is bounded sequence on R. Therefore there exists a subsequence {F, k)}ren such that

{Fn(l,k) (71) }ren is a convergence sequence in R. In the same way, there exists a subse-

quence {F, 2k }ren such that {F, 25 (72) bren is a convergence sequence on R. Further, in

the same way, we construct subsequence { £}, ) }ren, p = 3,4, ..., and we set Fy,, = Fy, 1)
Finally, let any n > 0, for sufficiently large m such that for all n € N, if dpra ((vn, 1), (v, 72)) <

€m then

[Fn () = Fn ()| < /3. (1.7)

Since {F,,, (7™)}ren is a convergence sequence on R, there exists a number N such that
if k,1 > N then |F,, (V") — F,,(7/™")| <n/2 fori =1,2,...,N,,. Now, let v € K, by (1.5)
there exist an ¢ and n such that

dTLq((I/n,'y;”), (v, ”y)) < Em.

By (1.6) and (1.7) if k,{ > N then
|Fnk(7) - Fnl(,y)’ < |Fnk(7) - Fnk(%m” + |Fnk(%m) - Fnz(Vzm)‘ + ‘Fnz(’}/) - Fnz(’)/zm)l

<n.

Therefore {F,, (7) }xen is a Cauchy sequence. By the completeness of R, there exists a
F(7) such that limy_,. F,, (7) = F(v). In (1.8) and (1.9), suppose that [ goes to infinity,
then we get

[ (7) = F(9) <. (1.10)
This indicates that {F),, }ren uniformly converges to F' on K.

Assume that F' is continuous and that F}, locally uniformly converges to F' in the T'L4

sense and 7, EEGN 7.
Clearly, {7, | n € N} U {~v} C X is sequentially compact in the T'L? sense.
Therefore

[Fn(n) = F(V)| < [Fa(vn) = F(v)| + [F () — F(9)]
< sup (|Fu(y) = F)]) + [F(w) — F(7)] == 0.

YE{m }nenU{7}

1.2.2 The property of TL? space and empirical measure

In this subsection, we consider the space based on optimal transport theory to compare
discrete and continuous models.

Given a Borel map T : R/LZ — R/LZ and u € P(R/LZ) the push-forward of u by
T, denoted by Tup € P(R/LZ) is given by:

Typ(A) = (T (A)), A € BR/LZ).
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Definition 1.2.3 ([10]). We say that a sequence of transportation plans {7}, .y C
(p, 1y is stagnating if it satisfies

lim |z — y|%dm,(x,y) = 0.
p, pn € P(R/LZ), T, : R/LZ — R/LZ : transportation maps with Ty, 41 = fun.
We say that a sequence of transportation maps {7, },en is stagnating if it satisfies
lim |z — T,,(z)|%dp(z) = 0.
n—=oo Jr/r7,

Accept the following proposition introduced by [10]

Proposition 1.2.2 ([10]). Let (p,v) € TL? and let {(ftn, Yn)}pey € TLY.  The following
statements are equivalent;

i) (fonsYn) = (i, 7y) in the TLA.

i) pn — poand for every stagnating sequence of transportation plans {7rn}nGN C
L(k, pn)

/ () — () (. ) — 0. (1.11)
(R/LZ)?

iii) p, — p and there ezists a stagnating sequence of transportation plans {Wn}neN C
U, pn) such that

/ () — () [fdma(z, ) — 0. (1.12)
(R/LZ)?

Moreover, if the measure p is absolutely continuous with respect to the Lebesque
measure, the following are equivalent to the previous statement:

w) pn, — @ and there exists a stagnating sequence of transportation maps {1}, }, oy (
with Ty pt = pin) such that

/R ) (@) 0. (1.13)

v) pn, — p and for any stagnating sequence of transportation maps {1}, oy with
oyt = pin)»

/R 1) =T Pt = 0 (1.14)

Remark 2. Thanks to Proposition 1.2.2 when g is absolutely continuous with respect to
TL? . . .
the Lebesgue measure 7, — v as n — oo if and only if for every (or one) stagnating
LP
sequence {7}, }nen of transportation maps (with T, 4p = 1) 7 0 Ty, M v as n — oo.
Also, {uy}nen is relatively compact in T'LP if and only if for every (or one) stagnating

sequence {7, },en of transportation maps (with Thup = ) {un o T}, }nen is relatively
compact in LP(u).
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We recall the following proposition.

Proposition 1.2.3 (Glivenko-Cantelli’s Theorem). Let { X, }ien be a sequence of i.i.d.
random variables on R/ L7, and let v is the distribution measure of { X, }ien, and v, is the
empirical measure of {X;}ien. Fn(x) := v,((—00,z]) and F is the distribution function
of {Xi}ien, then,

7}1_}1"{)10 | Fn — Flleo =0 a.s. w e .

Theorem 1.2.1 ([12]). Let D C R? be a bounded, connected, open set with Lipschitz
boundary. Let v be a probability measure on D with density p : D — (0,00) which is
bounded from below and from above by positive constants. Let {X;}ien be a sequence of
independent random points distributed on D according to measure v and let v, be the
associated empirical measures. Then there is a constant C > 0 such that for a.s. w € )
there exists a sequence of transportation maps {T, }nen from v to v, (Thyv = vy,) and
such that

if d =2 then
2| 1d — Tl s
li <C
on” T (lognppt =
and if d > 3 then
, M Id — T, s
hglj}ip (logn)t/d <C

1.3 TI'-convergence and locally uniformly convergence
Proof of Theorem 1.1.1

Proof. Let v, be an empirical measure of L!|p and T}, : R/LZ — R/LZ be transportation
maps with T, L' p = v,

* liminf inequality

Assume that v, — v in TL' as n — oo. Since T, 4L'|p = v, we change variables to
get

Rup€? ) = [ MO (o)) (1.15)
(R/LZ)

- / M*P (0 Ty) p(@) p(y) ddly. (1.16)
(R/ )2

By the way, we notice that

V(T () = W(Ta())] < [y (Tn(2)) — ()| + [v(2) = v(@)| + [7(y) — W(Tuly))]-

and

D(v(x),7(y)) < D(y(2), 1 (Tn(2))) + POy (Tn(2)), 1 (Tn(y))) + D(ya(Tu(y)), ()
< fo = To(@)| + Dw(Ta(@)), 1T (y))) + |T0(y) — vl
< 2| T = 1d[loe + Dy (T (), 1 (Tn(y)))-
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By Proposition 1.2.2 we deduce 7, o T, — 7 in L*(R/LZ). Thus, by taking an appro-
priate subsequence {7V, © Ty, }ony Of {Vn © T}, cny, we deduce vy, (T, (2)) — () ae. x €
R/LZ, and therefore

liminf M®P (v, o T,,)) > M*P(v) ae. (z,y) € (R/LZ)*.

n—oo

So that M*P(~, o T,,) > 0, using Fatou’s lemma we get
liminf Ry, ,&5F () = €57 (%)

* limsup inequality
Assume that 7, — v in TL! as n — oo. If EYP(y) = oo, we are done, and so we
henceforth assume £7"7(y) < oo. We observe that

V(@) = v@W)] < [v(@) = Y (To (@) + [0 (Ta(®) = V(T ()| + [ (Tn(y)) — (W)l

and

D(Vn(To(2)), a(Tn(y))) < D(vulT()), v()) + D(v(2), 7(y)) + D(v(y), Y (Tu(v)))-

In the same way as liminf inequality, we get
limsup M*? (7, 0 T,) < M*P(7) ae. (z,y) € (R/Z) Since £57(y) < oo, using

n—oo

Fatou’s lemma to M*P(y) — M®P(y, o T,), we get
limsup R, ,E%P () < S/‘f’p(’y).

n—oo

By Proposition 1.2.1, the proof is now complete.

1.4 Compactness

In this section, we would like to prove Theorem 1.1.2. We first recall several function
spaces.

1.4.1 Function spaces
Definition 1.4.1 (Sobolev-Slobodeckij spaces). For s € (0,1) and ¢ € [1,00) we set

1/p
. Pt w) —y@p
s = R |wl[*+Ps
ez J )2

WP(R/LZ,R?Y) := {y € LYR/LZ,R?) | []ws» < 00}

and equip this space with the norm

Yllwsa == [Vllze + DYwer-
Furthermore, we let
W' I(R/LZ,R?) = {y € W'(R/LZ,RY) | v/ € W*(R/LZ,R?)}
and

1/
s == (IVfvea + 1Y 150) "
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Definition 1.4.2 (Besov spaces). For s € R, 1 < p,q < co and S(R/LZ,R?) is the
Schwartz space.

We set
Cf1ggsa . [1 e<ld<a
w@‘{o R M {o (el<lorlel>8)

We set () = ¢(279¢) and 7(D)f = F lr - Ff] for 7 € S(R/LZ,R™) and f €
S'(R/LZ,R?). We recall Besov norms:

0 1/q
[ (D) f||e + (Z 2jq8H90j(D)fH%p) (1<g<o0)

(D) fllee + sup 2|1 (D) fl e (¢ = o0)
je

1flls;, =

B (R/LLRY) = {f € S'(R/LLRY | | f]5;, < o0},

Note that W*? agrees with B .
We recall the following embedding results.

Proposition 1.4.1 (Embedding Besov spaces). Let 0 < pg,p; < 00 and 0 < qo, q1 <
00 and —o0o0 < 81 < Sg < 00. Assume that so — pio > 51 — pil, then

B (R/LZ,RY) — B (R/LZ,RY).

Po,90 P1,91

Here — denotes a continuous embedding.

Theorem 1.4.1 (Kondrachov embedding theorem). Let 1 < p,q < 0o and 1 < k,s.
Assume that k — }—17 > 5 — %, then the Sobolev embedding

WEP(R/LZ,RY) — W5U(R/LZ,R?)
1s completely continuous.

Proposition 1.4.2 (Embedding L' space for Besov space). Let s € R and 0 < ¢ <
oo, then
L' — BY

14 U and only if ¢ = oo.

The following theorem is based on [14] and explains conditions for which O’Hara
energy becomes finite.
Theorem 1.4.2 ([14]). Let v € A and a,p € (0,00) with ap > 2 and s := a’;;l <1
and p > 1, then E*P(y) < oo if and only if v € W'T52P(R/LZ). Moreover, there is a
C = C(a,p) such that

7 1520 < CE () + I 1)

Lemma 1.4.3. Let {y,}nen C A and we assume that there ezists a x € R/LZ and
C € R? such that v,(z) = C for all n € N.
Then

1 n
su |l L1 (v,) = SUD — W (XG)] < o0.
sup il = s ()
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Proof. First, we show that there exists a M > 0 such that

max |7n( X;)—C| < M.

1=1,2,...,
If not, there exists an € N and i € {1,2,...,n} such that
7 (Xi) = C| > L.

Then a length of v, is more than £. This is a contradiction.
Thus

1 n
‘|7n|’L1(Vn) = E Z |7n(X

ZI% i) = Cl+— Z|C|<M+|C|

=1

1.4.2 Proof of Theorem 1.2.

Proof. Let s := Theorem 1.4.2 we see

ez < C(E77(0) + 35120) -

By the Gagliardo-Nirenberg interpolation inequality, we choose ©® > 0 such that © <

(2p—1)q+2p RN N
Grtor-—2atmp = b and ¢ with 55 — 1> ¢, to get

[Yllwrze < Ay llwissrz (1.17)
= llpzzrz < ClVlIgess Il - (1.18)

2p,2p

Since L! — B0 — Bt

5p.2p» UHiS yields

Y[l < C||7||Bl+s o7 e

Using Young’s inequality, for all € > 0, we get

2p0 2p(1-0©)
V320 < LI e IV (1.19)
[l
< CeVOOIN|IP, 0 + C(1 - @)61/(15(;). (1.20)

Therefore, for sufficient small € > 0, we conclude that
IV prseze < € (EXP() + IMIE) - (1.21)
Let {7Vn}nen be a sequence of TLY(R/Z) with

sup R, ,EP(7,) < o0,
neN

and let T,, : R/LZ — R/LZ be transportation maps with Tppt = . Then

sup £, (7, 0 T,) <
neN
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Since p is bounded from below by a positive constant we deduce by Lemma 1.4.3 that

sup (E“P (v, o T;,) + ”'Yn o Tn”Ll) < 0.
neN

Therefore by (1.21) and Lemma 1.4.2, we see

sup ‘|7n o Tn”WH‘SaQP < 0.
neN

Since 1+ s — 2%0 = % >0> —%, Theorem 1.4.1 yields a compact embedding

L WHSP(R/LZ,RY) s LY(R/LZ,RY).

Therefore there exists an {ng ey C N and v € LY(R/LZ, p) such that 7,, oT,, — 7 in
Li(R/Z, p). By Proposition 1.2.2 we see 7,, — v in TLY(R/LZ).
O



Chapter 2

A finer singular limit of a single-well
Modica-Mortla functional on one
dimensional domain

An explicit representation of the Gamma limit of a single-well Modica—Mortola func-
tional is given for one-dimensional space under the graph convergence which is finer than
conventional L!-convergence or convergence in measure. As an application, an explicit
representation of a singular limit of the Kobayashi-Warren—-Carter energy, which is pop-
ular in materials science, is given. Some compactness under the graph convergence is also
established. Such formulas as well as compactness are useful to characterize the limit of
minimizers of the Kobayashi-Warren-Carter energy. To characterize the Gamma limit
under the graph convergence, a new idea which is especially useful for one-dimensional
problem is introduced. It is a change of parameter of the variable by arc-length parameter
of its graph, which is called unfolding by the arc-length parameter in this chapter.

2.1 Introduction

In this chapter, we are interested in a singular limit called the Gamma limit of a single-well
Modica—Mortola functional under the graph convergence, the convergence with respect
to the Hausdorff distance of graphs, which is finer than conventional L!-convergence
or convergence in measure. A single-well Modica—Mortola functional is introduced by
Ambrosio and Tortorelli [3, 4] to approximate the Mumford-Shah functional [29]. A
typical explicit form of their functional now called the Ambrosio—Tortorelli functional is

E(u,v) :—U/UQ|Vu]2 dm—i-/\/(u—g)de—i-Es(v),
Q Q

with small parameter € > 0, where E*¢ is a single-well Modica—Mortola functional of the
form
E*(v) := 1 /(v —1)*dx + E/ Vol|* dz.
2e Jo 2 Jq

Here g is a given function defined in a bounded domain €2 in R” and o > 0, A > 0 are given
parameters. The potential energy part (v — 1)? is a single-well potential. If it is replaced
by a double-well potential like (v? — 1)?, the corresponding energy E° well approximates
(a constant multiple of) the surface area of the interface and this observation went back
to Modica and Mortola [27, 28]. Even for the single-well potential if v is close to zero

17
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around some interface then it is expected that E° still approximates the surface area of
the interface. This observation enables us to prove that for ¢ > 0, the Gamma limit of
E%(u,v) in the convergence in measure is a Mumford-Shah functional; see [3, 4, 14].

If F¢(v.) is bounded for small € > 0, then it is rather clear that v. — 1in L' ase — 0,
so that v. — 1 almost everywhere by taking a suitable subsequence. Therefore, it seems
natural to consider the Gamma convergence in L'-sense. However, if one considers

E;(v) = E*(v) + bv(0)? (2.1)

for b > 0, where 2 = (—1,1), then we see L'-convergence is too weak because in the limit
stage, the effect of the term involving b is invisible but this should be counted.
To illustrate the point, we calculate the unique minimizer w, of Ef(v), that is,

Ej(w.) = min {E;(v) |v e H'(-1,1)}.

This is strict convex problem so that the minimizer exists and is unique. Moreover, its
Euler-Lagrange equation is linear. A simple manipulation shows that the minimizer of
E; with the Neumann boundary conditions w’(£1) = 0 is given by

b <—€_§ — 1) lal b (—e‘% — e_§> Ll
e :

2
1—e—§+b<1+e—f) 1—e—§+b(1+e—§)

we(x) =1+

It converges to 1 locally uniformly outside zero but

1
lim w,(0) = —— > 0,
lwe(0) = 175
and ;
lim EE(w.) = —— < b.
i By (we) = 773

Since Ef(1) = b for any € > 0, the information that w.(z) — 1 almost everywhere is
insufficient to identify the behavior of minimizers w..

We show the graph of w. for several ¢ > 0 in Figure 2.1. We see that the graph of w.
is dropping sharply at x = 0 and its sharpness increases as ¢ — 0. Hence, it is natural
to consider the graph convergence of w. and its limit is a set-valued function = so that
Z(z) = {1} for x # 0 and =Z(0) = [1/(1 +b), 1].

Our first goal is to give an explicit representation formula for the Gamma limit of £}
under the graph convergence as well as compactness. We discuss such problems only in
one-dimensional domain since the problem is already complicated. The graph convergence
enables us to characterize the limit of above w, as a minimizer of the Gamma limit of Ej.

Our second goal is to give an explicit representation formula for the Gamma limit of
the Kobayashi-Warren—Carter energy. A typical form of the energy is

Bwe(uv) =0 [ o |Vul + B¥(w),
Q

where [v?|Vu| denotes a weighted total variation of a Radon measure Vu; see Section
5 for a precise definition. Here and hereafter we suppress dz unless Vu is absolutely

continuous with respect to the Lebesgue measure. This energy is first proposed by [21, 20)]
to model motion of multi-phase problems in materials sciences. This energy looks similar
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Figure 2.1: The graphs of w. as the minimizers of E; defined by (2.1) when b = 1 and
e=10"110"2,1073.

to the Ambrosio—Tortorelli functional £°. It is obtained by inhomogenizing Dirichlet
energy [ |Vul?>dz by putting weights [ v?|Vu|?*dz with a single-well Modica—Mortola
functional. By this observation, we call £ an Ambrosio—Tortorelli inhomogenization of
the Dirichlet energy when A = 0. From this point of view, the Kobayashi-Warren-Carter
energy is interpreted as an Ambrosio—Tortorelli inhomogenization of the total variation.
It turns out that natural topology for studying the limit of functionals as ¢ — 0 is quite
different.

For the Ambrosio-Tortorelli functional, it is enough to consider the L' x L! convergence
since v () — 1 except at most finitely many points where lim inf v.(x) = 0 if one assumes
that £°(u.,v.) is bounded and u. — u, v. — v in L. (see [3, 4, 14].) Here liminf denotes
the relaxed liminf and we shall give its definition in Section 2.2. For the Kobayashi-
Warren—Carter energy, however, the situation is quite different. Indeed, if one considers

u(z) = 1, O0<zx<l,
10, -1<z<0,

then Efywe(u,v) = E5(v) with Q = (—1,1). Thus the natural convergence for v must
be in the graph convergence as we discussed before. Note that in our problem v. — 1
except at most countably many points, where liminf v, may be nonzero. One merit of
the graph convergence is that it is very strong so when we consider the Gamma limit
problem, we don’t need to restrict ourselves in the space of special BV functions as for
the Ambrosio—Tortorelli functional.

Our first main result is a characterization of the Gamma limit of Ej in the graph
convergence (Theorem 2.2.1). To show the Gamma convergence, we need to prove the two
types of inequalities often called liminf and limsup inequalities. To show liminf inequality;,
a key point is to study a general behavior near the set ¥ of all exceptional points of the
limit set-valued function =; here, we say a point x is exceptional if Z(x) is not a singleton.
To describe behavior near ¥, a conventional method is to find a suitable accumulating
sequence as in [14, proof of Proposition 3.3]. However, unfortunately, it seems that this



20CHAPTER 2. A FINER SINGULAR LIMIT OF SINGLE-WELL MODICA-MORTLA

argument does not apply to our setting, since ¥ can be a countably infinite set. Thus
we are forced to introduce a new method to show liminf inequality. When we study a
absolutely continuous function u® on a bounded interval I, that is, v € Whi(I), we
associate its unfolding U® by replacing the variable by the arc-length parameter of the
graph. Namely, we set

Us(s) =u® (2°(s)), seJ°=s(1),

where 2° = 2°(s) in the inverse function of the arc-length parameter

() = /0 (1 + (w2(2))?) " dz.

If the total variation of u® is bounded, then the length of J° is bounded as ¢ — 0. The
unfolding U® has several merits compared with the original one. First, {U°} and {z¢}
are uniformly Lipschitz with constant 1. Second, the total variation of U® and u® are the
same as expected. It is easy to study the convergence as ¢ — 0 of unfolding U¢ compared
with the original «*. Among other results, we are able to characterize the relaxed limits
liminf u*, limsup” ¢ by the limit of U¢ and 2°. We use this unfolding for (v. —1)?/2 in
the case of Ef to show liminf inequalities, where {v.} is a given sequence with a bound
for E(v.). The proof for limsup inequalities is not difficult although one has to be careful
that there are countably many points where the limit of v® is not equal to one.

We also established a compactness under the graph convergence with a bound for Ej
(Theorem 2.2.2). This can be easily proved by use of unfoldings.

Based on results on £}, we are able to prove the Gamma convergence of the Kobayashi—
Warren-Carter energy Ef e under the graph convergence (Theorem 2.2.3). If u is a
piecewise constant function with countably many jump points {a,};°, C  with positive
jump {b,}7°,, we see that

Eiwe(u,v) = Ef(v) + 0 Z bev? (ay).
=1

The Gamma limit for such fixed w is easily reduced to the results of E;. However, to
establish liminf inequality for Efy e for both u. and v., we have to establish some lower
estimate for a sequence [, v? |Vu.| dz as e — 0, which is an additional difficulty. However,
we still do not need to use SBV space here.

The Gamma convergence problem of the Modica—Mortola functional, which is the sum
of Dirichlet type energy and potential energy was first studied by [27]. Since then, there
is a large number of works discussing the Gamma convergence. However, the topology
is either L! or convergence in measure. In our Gamma limit, the topology is the graph
convergence, which is finer than previous studies. In [28], the L' Gamma limit of a
double-well Modica—Mortola functional is characterized as a number of transition points
in one-dimensional setting. Later in [26, 36|, it was extended to multi-dimensional setting
and the limit is a constant multiple of the surface area of the transition interface. This
type of the Gamma convergence results as well as compactness is important to establish
the convergence of local minimizer ([23]) as well as the global minimizer. However, the
convergence of critical points are not in the framework of a general theory and a special
treatment is necessary [17]. The double-well Modica—Mortola functional is by now well
studied even in the level of gradient flow called the Allen—Cahn equation. The limit
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e — 0 is often called the sharp interface limit and the resulting flow is known as the mean
curvature flow. For early stage of development of the theory, see [7, 8, 9, 10].

A single-well Modica—Mortola functional is first used in [3] to approximate the Mumford—
Shah functional. The Gamma limit of the Ambrosio—Tortorelli functional is by now well
studied ([3, 4, 14]). However, convergence of critical points is studied only in one dimen-
sion ([12]). The Ambrosio-Tortorelli type approximation is now used in various problems.
In [13], the Ambrosio—Tortorelli type approximation is introduced to describe brittle frac-
tures. Its evolution is also described in [15]. For the Steiner problem, such approximation
as also proposed (][24]) and its Gamma limit is established ([5]). However, all these prob-
lems is closer to the Ambrosio—Tortorelli inhomogenization of the Dirichlet energy, not of
the total variation.

For the Kobayashi-Warren—Carter energy, its gradient flow for fixed ¢ is somewhat
studied. Note that the well-posedness itself is non-trivial because even if one assumes
v = 1, the gradient flow of Efc is the total variation flow and the definition of a
solution itself is non trivial; see [19], for example. Apparently, there is no well-posedness
result for the original system proposed by [20, 21, 22]. According to [21], its explicit form
is

nvy = sAv + (1 —v) — 2sv|Vul, (2.2)
rov?u; = sdiv (v2 \§Z|) , (2.3)

where 7y, 7, s are positive parameters. This system is regarded as the gradient flow of
Ffwe with F(v) = (v —1)% e = 1, ¢ = s with respect to a kind of weighted L? norm
whose weight depends on the solution. If one replaces (2.3) by

To(v? + 0)u, = s div ((v2 + 6’)% + VVu)
u

with 6 > 0, & > 0, and v > 0 satisfying 0’ + v > 0, then the studies of existence and
large-time behavior of solutions are developed in [18, 30, 31, 33, 34, 35|, under homo-
geneous settings of boundary conditions. However, the uniqueness question is almost
open, and there is a few (only one) result [18, Theorem 2.2] for the one-dimensional so-
lution, under v > 0. Meanwhile, the line of previous results can be extended to the
studies of non-homogeneous cases of boundary conditions. For instance, if we impose
the non-homogeneous Dirichlet boundary condition for (2.3), then we can further ob-
serve various structural patterns of steady-state solutions, under one-dimensional setting,
two-dimensional radially-symmetric setting, and so on (cf. [32]).

This paper is organized as follows. In Section 2.2, we recall notion of the graph
convergence and states our main Gamma convergence results as well as compactness.
In Section 2.3, we introduce notion of unfoldings. Section 2.4 is devoted to the proof
of the Gamma convergence of £} as well as the compactness in the graph convergence.
Section 2.5 is devoted to the proof of the Gamma convergence of the Kobayashi—Warren—
Carter energy.

The authors are grateful to Professor Ken Shirakawa for letting us know his re-
cent results before publication as well as development of researches on gradient flows
of Kobayashi—-Warren—Carter type energies.
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2.2 Singular limit under graph convergence

We first recall basic notion of set-valued functions; see [1] for example. Let (M, dys) be a
compact metric space. We consider a set-valued function I' defined in M such that I'(x)
is a compact set in R for each x € M. If its graph " defined by

graphT := {(z,y) e M xR |y € T'(z), z € M}

is closed, we say that ' is upper semicontinuous. Let B denote the totality of a bounded,
upper semicontinuous set-valued functions. In other words,

B :={T" | graphT is compact in M x R}.
For I'1, 'y € B, we set
dy(I'1,I'y) := dp(graphI'y, graphI'y),

where dg denotes the Hausdorfl distance of two sets in M x R. The Hausdorff distance
dg is defined as usual:

z€A weB

dy (A, B) :== max {sup dist(z, B), sup dist(w, A)}

for A, B C M x R, where

dist(z, B) := infB dist(z,w), dist(z,w) = (das(21,w1)* + |22 — w2|2)1/2
we
for z = (21, 22) and w = (wy, wq). It is easy to see that (B,d,) is a complete metric space.
The convergence with respect to d, is called the graph convergence.
We next recall the notion of semi-convergent limit for sets. For a family of closed
subsets {Z: }o<e<1 in M X R, we set

limsup Z. := ﬂcl ( U Za) )

e—0

e>0 0<o<e
liminf Z. := cl (U N Z(;),
e—0
e>00<d<e

where cl denotes the closure in M x R. These semi-limits can be defined for sequences
like {Z;}52, with trivial modification.

Lemma 2.2.1. A sequence {I';}22, C B converges to I' in the sense of the graph conver-
gence if and only if

limsup graphI'; = liminf graphI'; = graphI".
—00

j—00 J

Proof. Note that the Hausdorff convergence to A for a sequence {4; };";1 of compact sets
is equivalent to saying that

(i) for any z € A, there is a sequence z; € A; such that z; — 2 (j = 00) and
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(i) if w; € A; converges to w, then w € A.
Since (i) and (i) are equivalent to

liminf A; D A, limsup A; C A,

Jj—o0 j—00
respectively, the Hausdorff convergence is equivalent to saying that

A =liminf A; = limsup A;.

Jj—oo j—o0
Thus the proof is complete. ]

We next recall relaxed convergent limits of functions. Let {g;} be a sequence of real-
valued function on M. For x € M, We set

lim sup” g;(v) = lim sup{gw(y) | y — 2| < 1/5, k> j},

Jj—00

lim inf g;(v) == lim inf{ge(y) | ly = < 1/j, k > j};

j—00

see [16, Chapter 2| for more detail. By definition, the lim sup” w; is upper semicontinuous
and liminf w; is lower semicontinuous.

Let C'(M) be the Banach space of all continuous real-valued functions on M equipped
with the norm ||f|lec = sup,ep |f(2)], f € C(M). For g € C(M), we associate a set-
valued function I'; such that I'j(z) = {g(z)} for x € M. Clearly, I, € B.

Lemma 2.2.2. Let {g;};~, C C(M) be a bounded sequence. Then the semi-limit I'; =
limsup;_,,, I, still belongs to B. Let K be the set-valued function of the form

K(z) = {yeR

liminf g;(r) <y < lim sup gj(:c)} .

Then I'y (z) C K(x) for all z € M.

Proof. The first statement is trivial. To prove Iy C K, it suffices to prove that the limit
y = lim; oy, y; € I'y,(x;) belongs to K(z) if z; — x. Since y; = g;(z;), by definition
of relaxed limits limsup” and lim inf it is easy to see that

liminf g;(2) <y < limsup’ g;(z).

j—00 Jj—oo
Thus ' (x) C K(x). O

We next discuss an equivalent condition of the graph convergence.

Lemma 2.2.3. 1. Let {g;}}2, C C(M) be a bounded sequence. Then the semi-limit
['_ =liminf; ,, [y, belongs to B.

2. Assume that M is locally arcwise connected. For each z € M following three condi-
tions are equivalent.

(a) I'_(x) contains both liminf g;(z) and limsup” g;(z).
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(b) K(z) C T_(x).
(¢) T_(2) = T+ (2) = K ().

In particular, I'j; converges to K in the graph sense if and only if one of (a), (b), (c)
holds for all z € M.

Proof. (1) follows from the definition and we focus on the proof of (2). Assume (a) so
that I'_(x) contains 0 (K (z)). Then there exist z; € M, y; = g;(x;) such that z; — =,
y; — 9 for § = liminf g;(x) and that there exists 7; € M, y; € g;(¥;) such that T; — ,
y; — y for y =lim sup” g;(z).

By assumption, for any > 0 there exists an arc v; connecting z; to Z;, lying in a
d-neighborhood Bj of z provided that j is sufficiently large. Since g; is continuous on
7; C Bs, the intermediate value theorem implies that [y;,7;] C g;(Bs). Thus K(z) C
I'_(x). Thus (b) follows.

Assume (b). By Lemma 2.2.2, we know I'; (z) C K(z). By definition of I'_ we see
I'_ c I'y. Thus, we conclude (c). It is easy to see that (c) implies (a). The proof is now
complete. O

We next consider an important subclass of B. Let A be the family of I' € B such that
['(z) is a closed interval for all z € M. Let Ay be the subfamily of A such that I'(z) is
the singleton {1} with at most countably many exceptions of x € M. Such T is uniquely
determined by {z;}°, where I'(z;) = [&,&"] with & < &' contains 1 and ['(z) = {1} if
x ¢ {x;}32,. We call such a point x; an ezeptional point of = € Ay, so that ¥ is the set
of all exceptional points of =.

We next study the compactness in the graph convergence.

Lemma 2.2.4. Let {g;}32, C C(M) be a bounded sequence. Assume that

n (x) <nt(x) forx e S,
’)’,7 =

where S is a countable set and

n~ (z) = liminf g;(x), nt(z) = lim sup’ gj(x).

j—o0 J—roo
If 1 € [p~(x),n*(x)], then there is a subsequence {g;, } such that I';, converges to some

'y € Ap in the graph sense.

Proof. We write S = {z;}3¢,. By definition, there is a subsequence {g; ;} of {g;} such
that

n (z1) = lim g ;(y15)
Jj—00
with some {y; ;} converging to z;. We set

nf (1) == limsup” g1 (@) < ().

j—o0

Since n~ = nT™ = 1 outside S, we see n*(z1) > 1. We take a further subsequence {g ;} of
{91} so that

nf (z1) = lim g1;(z15)
j—o0
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with some {z; ;} converging to z;. We repeat this procedure for zs,zs,... and find a
subsequence {g,;}32, so that

lim g ;(ye;) = lim inf* grj(xe) <1,
Jroo Jj—o0

lim g ;(2¢;) = lim sup* gej(xe) >1
J—ro0 j—00

with some {y;}, {20} converging to =, for ¢ =1,2,... k. By a diagonal argument, we

see that {gxx}72, has the property that

¢ (z) :=lim inf gri(z), 7 (x) :=lim sup’ G (x)

k—00 k—o0

belong to I'_(z) = liminf;_,, T
that I', . converges to I with

I(z) =[6(2),§"(2)], = € M.

By construction, I'(z) = {1} for z € M\ S and { () < 1 < T (x) for x € S. Thus,
I' € Ay so the proof is now complete. O

for € M. We now apply Lemma 2.2.3(2) to conclude

9k,k

9k .,k

We now define several functionals when M = I or T = R/Z, where I is a bounded
open interval in R and [ = cl . For a real-valued function v on M and € > 0, a single-well
Modica—Mortola functional is defined by

- €
EsMM(U) = 2 /M

Here the potential energy F' is a single-well potential. We shall assume that

(F1) F € C(R) is nonnegative and F(v) = 0 if and only if v = 1;

2

dv

dx

1
d — F(v)dz.
T+ 2 /. (v)dz

(F2) liminf}, e F(v) > 0;
(F2") (growth condition) there are positive constants ¢y, ¢; such that

F(v) > cqlv|* —¢; forall veR.

Remark 2.2.1. Obviously, (F2’) implies (F2).

We are interested in a Gamma limit of ES;,; not in usual L'-convergence but the graph
convergence which is of course finer than L' topology. As usual, we set

| VE@r

A typical example of F'(v) is F(v) = (v — 1)%. In this case,
G(v) = (v—1)%/2.

G(v) =

To write the limit energy for = € Ay, let ¥ = {x;}32, denote the totality of points where
=(z;) is a nontrivial closed interval [f;, fﬂ such that & < 1 < &' This set can be a
finite set. By definition, =Z(z) = {1} if = ¢ {x;}32,. In the case that M = T, we define

I) = 23 {G(E) +G(E} for=e A,

00 otherwise.

ESMM(Ea
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In the case that M = I, one has to modify the value when z; is the end point of I. The
energy is defined by

—

B (=) Z {2 )+ G(&D)) — kymax(G(&), G(EN)) } for = € A,

%) otherwise,

where k; = 0 if ; € [ and w; = 1 if z; € 0. For brevity we simply write v; g = if
v; € C(M) is a sequence such that v; — = (j — 00) in the sense of the graph convergence.

We also use v. % = as ¢ — 0 if ¢ is a continuous parameter.

We shall state that the Gamma limit of E%p; is Eqpy as € — 0 under the graph con-
vergence. For later applications, it is convenient to consider a slightly general functional
of form B, (v) := Eqp(v) +ba (v(a)), where a € C(R) with a > 0 and a € M = int M
and b > 0. The corresponding limit functional is

Edina(E, M) 1= Ejya(E, M) +b min a ().

Theorem 2.2.1 (Gamma limit under graph convergence). Assume the following condi-
tions:

e M =TorT,;
e F satisfies (F1) and (F2);
° aGM:intMandeO.
Then the following inequalities hold:
(i) (liminf inequality) Let {v. }o<c<1 be in H' (M) C C(M). If v. = = € B, then
(2. M) < i F5l ()
In particular, if the right-hand side is finite, then = € A,.

(i) (limsup inequality) For any =2 € Ay, there is {w.}o<cc1 C HY(M) C C(M) such
that w, 2 = and
b= . €,b
Egiu(E, M) = ll_{% Ega(we).

We also have a compactness result.

Theorem 2.2.2 (Compactness). Assume that M = I or T. Assume that F satisfies (F1)
and (F2). Let {v.,}32, be in H'(M) C C(M). Assume that

.
sup Egpy(ve;) < 00
J
for ¢; =+ 0 as j — oo. Then there exists a subsequence {Ua;} such that v 9y = with
some = € Aj.

By combining the Gamma convergence result and the compactness, a general theory
yields the convergence of a minimizer of E5)y; see [6, Theorem 1.21] for example. Note
that in the case of b = 0, the minimum of E%\(v) is zero and is attained only at constant
function v = 1 so the convergence of minimizers is trivial.
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Corollary 2.2.1. Assume the same hypotheses of Theorem 2.2.1 and (F2'). Let v, be a
minimizer of E5, on H'(M). Then there is a subsequence {v., }7° such that v., % =
with some Zy € Ag. Moreover, Z is a minimizer of X5, Furthermore, Zy(z) = {1} if
x # a and Zg(a) = [po, 1], where py is a minimizer of 2G(p) + bp? with p € [0, 1].

Remark 2.2.2. Tf F'(v)(v—1) > 0, then G is convex so that 2G(p)+bp? is strictly convex for
b > 0. In this case, the minimizer is unique. If F(v) = (v—1)? so that G(v) = (v —1)%/2,
then 2G(p) + bp* = (p — 1)? + bp* and its minimizer is 1/(b+ 1) and its minimal value is
(S0, M) = b/(b+1).

Our theory has an application to the Kobayashi-Warren—Carter energy [20, 21, 22
which can be interpreted as an Ambrosio—Tortorelli inhomogenization of the total varia-
tion energy. Its typical form is

du

dr + EfMM(“)

Brwe(u) =0 [ afo)
M
for a given a € C(R) with @ > 0 and a constant ¢ > 0. The first integral denotes the
total variation of u with weight a(v). See Section 2.5 for more rigorous definition. Note
that if u, = 0 outside a and u jumps at a with jump 1, then

Eiewo(u, v) = Eqpy(v),

so our E5f(v) is considered a special value of Egye(u,v) by fixing such u. For = € Ay,
let X = {x;};2; be the set of all exceptional points of =. (Note that the set X can be

finite.) Let & = min=(z;) for x; € ¥. For u € BV(M), let J, denote the set of jump
discontinuities of u, i.e.,

Jyi= {JJ eM ‘ d(z) = |u(z + 0) — u(z — 0)| > 0},
where u(z + 0) (resp. u(z — 0)) denotes the trace from right (resp. left). For (u,Z) €
LY (M) x B, we set
du

¢ o0
o a(l) +0 Y dia; + B (E, M)
/M\(Jumz) dz ; MM

E? u, =, M) = °
rwe( ) for w € BV(M) and = € Ay,

L oo otherwise,

where d; = d(x;) and

Here P denotes the total variation in 2 C M. Since the measure |u,| is a continuous
Q

measure outside J,, so that |u,| (3\J,) = 0, one may replace ¥ N J, by ¥ in the domain

x
of integration in the definition of Efyyc.

a; :=min{a(§) | & <<}

Theorem 2.2.3 (Gamma limit). Assume that the same hypotheses of Theorem 2.2.1
concerning M and F'.
(i) (liminf inequality) Let {v.}ocee1 be in H' (M) C C(M). Assume that v. % = € B

o

as € — 0. Let {u.} C LY(M) satisfy u. — u in L*(M) as € — 0. Then

Egewe(u, E, M) < lim inf By (ue, ve).



28CHAPTER 2. A FINER SINGULAR LIMIT OF SINGLE-WELL MODICA-MORTLA

(ii) (limsup inequality) For any = € Ay and u € BV(M), there exists {we}ocec1 C
HY(M) ¢ C(M) and {u:}ocec1 € L*(M) such that w. & Z and u. — w in L!
satisfying

EIO{WC(U7 E, M) = Eli_{go Eiewe (e, we).

Remark 2.2.3.
(i) From the proof of Lemma 2.2.1, it suffices to assume u, — u in LL_(M\%,) where

loc
Yo={r € M| minZ(x) =0}

in the statement of Theorem 2.2.3 (i). Since = must be in Ay and E% (2, M) < oo,
this set ¥y must be a finite set.

(ii)) We may add a fidelty term A|ju — gH;(M) to energies Fgweo, Fowe for A > 0 with

given g € L*(M) like the Ambrosio-Tortorelli functional £ and the Munford-Shah
functional. More precisely, the statement of Theorem 2.2.3 is still valid for

B (u,0) = Bayelu,v) + A /M - gf? da,

E%{}VC(U,E,M) = E&WC(U,E, M)+ /\/M lu — g|2 dz.

The next compactness result easily follows from the compactness (Theorem 2.2.2) in
B and L'-compactness of BV (), where 2 is an open set such that Q C M\X,.

Theorem 2.2.4 (Compactness). Assume the same hypothesis of Theorem 2.2.2 concern-
ing M and F. Let A > 0 be fixed. Let {v., } " bein H'(M) C C(M)and {u., } C L*(M).
Assume that

€5y
sup By (Ue,vs,) < 00
J

for e; = 0. Then there exists a subsequence { (uE;C, U%)} such that ue, — uin Llloc(M\Eo)
with some u € L] (M\X) and that Ug%i>5 with some = € Aj. Here

Yo={x € M |min=(z) =0}.

By combining the Gamma convergence result and the compactness, a general theory
yields the convergence of a minimizer of Ef{évc; see [6, Theorem 1.21] for example.

Corollary 2.2.2. Assume the same hypothesis of Theorem 2.2.1. Let (u.,v.) be a
minimizer of Ef{évc Then, there is a subsequence {(uc,,v.,)}se, such that v, 5E,
U, — w in LL (M \ %) and that the limit (u,Zp) be a minimizer of Ey. Here

loc

Yo={r € M| minZy(x) = 0}.

2.3 Unfolding by arc-length parameters

For a bounded open interval I let u be a real-valued C! function on I, that is, u € C*(I).
To simplify notation, we set I = (0,r). Then the arc-length parameter s of the graph
curve y = u(x) is defined as

s(x) = su(x) := /Ox (1+ u?:(z))l/2 dz.
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One is able to extend this definition for general u € BV (I). By definition, s(-) is strictly
monotone increasing. It is easy to see that s(-) is continuous if and only if the derivative
u, has no point mass, that is, 4 has no jump, which is equivalent to u € C(I). The
inverse function x = x(s) of s = s(x) is always Lipschitz with Lipschitz constant 1, that

dx

d
is, Lip(x) < 1. Indeed, since e (1 +u2)~12, the inequality < 1 always holds.

ds
For u € C(I) N BV (I), we define an unfolding U by arc-length parameter of the form

U(s) =u(x(s)).

The function U is defined on J with J = (0, L), where L is the length of the graph u on
I. Note that L > r, the length of I.
We begin with several basic properties of the unfoldings.

Lemma 2.3.1. Assume that u € W(T).
(i) U is Lipschitz continuous on J. More precisely, Lip(U) < 1.

(ii) The total variation of U on J equals that of u in I, that is,

TV (u) = TV(U).

Proof. (i) Since

Ug

U= ———7>,
(1+u2)"?

Lip(U) <1 is rather clear.
(ii) By definition,
L T
TV(U) :/ |Us| ds :/ lug| dx =TV (u).
0 0

1/2

Since ¢ = p/(1 4 p?)/? is equivalent to p = ¢/(1 — ¢*)'/2, we see that

dx 1 1/2
- (1=-Ux"".
ds (14 u2)l/2 (1-05)

We next discuss compactness for unfoldings and the lower semicontinuity of TV(-).

Lemma 2.3.2. Assume that {u®}oc.c; C WH(I) with a bound for TV (vf) and ||| -
Then there is a subsequence such that U® tends to some function V' with Lip(V) < 1
uniformly in a domain of definition of V. Moreover, TV(V) < liminf._,o TV (u®).

Proof. Since TV (uf) is bounded, so is the length L. of the graph of u®. The existence of
convergent subsequence follows from the Ascoli-Arzela theorem. A basic lower semicon-
tinuity of TV(-) yields

TV(V) < lireri}iglf TV(U?).

The right-hand side equals TV (u®) as proved in Lemma 2.3.1 (i) so the proof is now
complete. O
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S

Figure 2.2: The visual example of Theorem 2.3.1. The sequence of function u° is unfolded
to U® (the upper right figure). When U® converges uniformly to V', the corresponding
limit of u® can be no longer captured as single-valued function but is possibly multi-
valued. The red part of the graph of V' (the lower right image), however, corresponds
to the multi-valued part (the red part in the lower left image) and its maximum and
minimum coincide with the upper and lower relaxed limit of u®, respectively.

We raise a question whether or not a Lipschitz function V' on J with Lip(V) < 1 can
be written as u (z(s)). This is in general not true if there is a non trivial interval such
that Us =1 (or Uy = —1). Indeed, if Ug = %1, then z(s) is not invertible.

In spite of this lack of the correspondence, however, the following lemma states that
the limit of the unfolding contains the information on the pointwise behaviour of u®*. (See
also Figure 2.2.)

Theorem 2.3.1. Assume that {u}2, C Wh(I) is a sequence uniformly bounded in
TV and its unfolding U®* converges uniformly to V' in the domain J of definition of V.

If 2%, the inverse of the arc-length parameter of u**, converges uniformly to a limit =
in J, then

(lim sup” u) (z) = max {V(s) | T(s) = a},

k—o0

(hm inf uek) () =min{V(s) | Z(s) =z}, =z€l.

k—oo

Remark 2.3.1. The length of J is bounded by a bound of TV (u?) plus the length of I.

Proof. Since the proof is symmetric, we only give a proof for limsup”. Let J, = {s € J | T(s) = z}.
We take s, € J, such that
V(s.) = max V.

x

Since V is the limit of U, we have

V(sy) = lim u (2%(s,)) < (nmsup* u) (2).

k=00 k—o0

To prove the converse inequality, we set

J={seJ||x(s) —z|<0o}.
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X1 To I3
v
0
I | I | | I |
) i ) i i ) i
I le,l I I sz,l I J12,2 I s, 1!

Figure 2.3: The visual explanation of Theorem 2.3.2. If the graph of {u®*} converges to
the graph as the top, its unfolding converges to V', whose graph is like the bottom. Then
Jy; = {s € J | Z(s) = x;} can be decomposed as the union of {J,, ;};=12,. by labelling
the disjoint intervals where V' does not vanish.

geoe

Since x* converges to T uniformly in J, for sufficiently large k, say k > ko(o),
v () o {yel|ly—al<o};

here ko(o) can be taken so that ko(o) — 0o as 0 — oo and ky(o) > 1/0. We thus observe
that
sup u(y) < sup {u(y) |y € 2 (J27)} = sup {U(s) | s € J7}

ly—z|<o

for k > ko(o). Sending 0 — 0, we observe that

lim sup «° < maxV(s).
od0 |y x‘p@ ‘) = s€Ja (5)
k)>k’0(0’)

The left-hand side agrees with limsup” u* since
k—o00

{y,k ‘|y—x|<1/k0() k>k0(a)}
{y,k ‘|y—a:|<a k> ko(o )}
c{(y, k) ‘|y—a:|<a k>1/o}.

We thus conclude that

(lim sup’ uk) (z) <max{V(s)|s€ .}

k—o00

The proof is now complete. O

We next prove the inequality connecting the total variation and the relaxed limit in
terms of the unfolding. (see Figure 2.3.)

Theorem 2.3.2. Assume the same hypothesis of Theorem 2.3.1. Then the set ¥ of points
x where

limsup” w™ () > liminf u*(z)
k—oo k—oo )
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has at most countable cardinality. Assume furthermore that outside X the limit must be

zero and li}gn inf ,u* (z) = 0 for all € I. Then
—00

liminf TV (u®) > Z 2x(z) limsup” u*(z),
k—o0 oy k—o0

where x(z) =1 for x € I and x(z) = 1/2 for x € OI.

Proof. 1t #% is uncountable, then there is an infinite number of intervals .J,, such that
maxV — minV > ¢y with some ¢y > 0. This is impossible by Theorem 2.3.1, since
TV (V) < co. Thus, ¥ is at most a countable set.

We write ¥ = {z;}°, and J; = J,,. We set p; = max,, V. The cases devided into two

cases whether or not J; contains a boundary point of J. The total variation is estimated
SO

TV(V) > Z 2XiPis
i=1

where x; = x(z;). Thus Theorem 2.3.1 and Lemma 2.3.2 yield the desired result. O

J;i=rcl ([j thj) )
j=1

where V' > 0 in an open interval J,, ; and V' = 0 on 0J,, ;. The union can be finite.
We introduce ' on subsets of J,, which reflects behavior finer than that of x on the
boundary. We set for x = x; € X,

We decompose J; by

_ 1 if J,,; NOI =0,
X( miaj) = .
1/2  otherwise.

By definition
TV(V) = Z Z QY(JIi,j)pxi,j
i=1 j=1

with

Pa;; = max V.

;]

Similarly to obtain Theorem 2.3.2, we are able to prove a stronger result.

Theorem 2.3.3. Assume the same hypothesis of Theorem 2.3.1. Then

liminf TV (u™) > > > " 2%(Jsj)puss

k—o0 -
rey j=1

where p, ; and Y are determined from V' as above.
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2.4 Proof of convergence of functional and compact-
ness

We shall prove the characterization of the Gamma limit of the single-well Modica—Mortola
functional by the results of the previous section on unfoldings.

Proof of Theorem 2.2.1. B
(i) (liminf inequality) We discuss the case M = I. We may assume I = (0,7). Assume

that v. & = € B with v. € H'(M). By the Modica-Mortola inequality which follows
from o? + 5% > 2o for numbers we have

Ea(v) 2 [ | T2 VFGIdo = [ 160l dr

The right-hand is equal to TV(u®) if one sets u* = G(v.)> 0. We may assume that
ESMM(va) is bounded for ¢ € (0,1) so that TV(u®) is bounded for ¢ € (0,1) and that
Jyy Fv.)dz — 0 as ¢ — 0. By (F2), the latter convergence implies that v. — 1 in
measure. By taking a subsequence, we see that v, — 1 a.e. so that u® — 0 a.e. This
implies that

liminf u*(z) =0 forall ze€ M.

e—0
By taking a subsequence, we may assume that the inverse function z°* of the arc-length
parameter of u® converges to some Z. Applying Theorem 2.3.3, we see that

lim inf By (v,) > Y Y 2X(Jag)pe,
zed j=1

where ¥ is the set where lim sup” u® (x) > 0 and p,; is determined by limit V of u*. Note
that X is at most countable. If v, 2 =, then u® % © and O(z) = {0} if z ¢ ¥ and

O(z;) = [0,max (G(&"),G(&))] for z;, €%

by Lemma 2.2.3. By Theorem 2.3.1, at least one of p,, ; should be equal to max (G(&'), G(&;)).
However, if £, < 1 < &, then v, — 1 is sign-changing near z;. In this case, one of p,, ;’s
must be equal to min (G(&), G(§;)). Thus we observe that

Z $Zj pxz]_G(fj)+G(§;)7 ZEiGZﬂI.
If x € ¥ NI, one has to be more careful. For x; € ¥ N 0I, we see that
- 1
Z vy 2 Mn(G(E7), G(E) + 5 max(G(€). G(E)). (24)

Indeed, without loss of generality, we assume that G(&;) < G(§+). When G(¢§7) = 0,
(2.4) is rather easy to prove since the right hand side is equal to —G(&1), and then we

may assume that G(§) > 0. Then there are at least two indices denoted by 5 = 1,2,
such that

Y(‘]xi,l) = %7 Y(Jl”u?) = 17 and {pxi,lapwzﬂ} = {G<€;)7 G(&;r)}
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The left hand side is dominated from below by

1

X(Jzi0) Pwin + X(Jz;2) P2 = §px¢,l + Pz, 2-

The right hand side is minimized in the case that p,,1 = G(&) and p,, 2 = G(§). We
thus obtain the inequality (2.4).
We now conclude that

lim inf Epg(v-,) > 30201 = m)(GE) +G(E)

i [2min(G(ED), GE ) + max(G(EH). GlE))]
= ESMM(EWT)’

which is the desired liminf inequality for b = 0. Since v, 2 =, we see that

lim inf b (ve(a)) > bémi(n) a(é).
€=(a

Thus the desired liminf inequality follows for b > 0. The case M = T is easier since there
is no boundary point.

(i) (limsup inequality) This follows from explicit construction of function w,. as for the
standard double-well Modica—Mortola functional.
For ¢ <1 and z > 0, let v(z,&) be a function determined by

/e< ;(p)> =

This equation is uniquely solvable by (F1) for all z € [0, z,) with

Ty = /; (ﬁ) dp.

Note that v solves the initial value problem

dv
a — F(U), S (O,x*), (25)
v(0,¢) =&,

although this problem may admit many solutions.
although this problem may admit many solutions. For ¢ > 1, we parallely define v by

[ (W) P

In this case, v also solves (2.5).

for x € (0, x,) with
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We also note that v is monotone and that

li =1

A vl(@:¢)

including the case z, = co. We consider the even extention of v and still denote by v,
that is, v(z, &) = v(—=z,§) for © € (—z.,0]. We next translate and rescale v. Let v. be of
the form

ve(x,2,8) =0 (xgz,f), x € R.

By the equality case of the Modica-Mortola functional, we see that

Pl = [ 52| V@) de = [ (6] de

The right-hand side is estimated from above by

du,
dz

and if z is a boundary point of M, we may replace 2G(&) by G(¢&).

In order to explain the the main idea of the proof, we first study the case when all
&" = 1 although logically we need not distinguish this case from general case. If all
& =1, then it is easy to construct the desired w. by setting

we(x) = gleirzw(:v,xi,f[).

Indeed, we still have
Pl = [ [Gtw)] de

and evidently this total variation is dominated from above by
> 2:6G(&).
i=1

(The first identity can be proved by approximating w. by minimum of finitely many w.’s.)
We thus observe that ESp(w.) < E%p(Z,T) for all € > 0. The graph convergence
w. 2 = is rather clear since

w.(z,0,6) L =,

on any bounded closed interval as € — 0, where

- |1, x # 0,
=o(z) _{ [€,1], z=0.

The proof for general §Z-i is more involved. For 6 > 0, we cut off v by setting as follows:
For £ < 1,

_ () if o(x)<1-68, f=16-1],
”5<5“’5)—{ (x| 4+ A1 if v(z)>1— 8,

and for & > 1,

| vu(x,§) ifv(x) >1468, =6 —1],
o(w.8) = { (—fz]+ )V if v(z) < 1+ 68,
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Ug(7$17€z_)

Figure 2.4: (left) The construction of v°(-,&). In order to ensure the finiteness of the
support, we take the cutoff by affine functions. (right) The construction of vgi for general
&, It is constructed by combining v%(-, 2, &) and v3(-, 25, &) with shift in order that
their supports touch at their endpoints.

where constants ¢, ¢’ are taken so that v° is (Lipschitz) continuous. (See Figure 2.4.) We
rescale and translate this v° and set

Tr—z

v (2,2,8) == ° ( ,f) r €R.

€

)

d 1
We consider the case when { < 1. Since dUe = —\/F(v9) for v? <1 — 4§, we see that for
r €
zeM
€ do? |” 1
Eam(v?) = 5 = de+ — [ F(v))d
i) = 5 [ G| dor g [ P
S/ |G(ve).| da
ve () <1-8 (26)
e (1) 1
+2¢- |- -5,35+—max{F(p)’1—5§p§1}5@5
2 \¢e 2e

< 2G/(8) + 280

for sufficiently small ¢, say § < dp, since F(p) — 0 as p — 1. This dr depends only on
F. A similar argument for £ > 1 yield the same estimate (2.6).

We first consider the case when M = T. Let n = n(e,d,£) be a number such that
supp (v2 — 1) = [z — 1,2 + n]. For z; € I, we set

5 ‘S(x,a:i,fj) if ze(x;,—n ,xi+n),

P ,UE
Ua,i('x) = { US(I, x; + 77:' -+ 7’]2—7 g:'_) othel"Wise,

where n; = n(e,d,n; ) and n;" = n(e, §,n;"). (see Figure 2.4.) This function is (Lipschitz)
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continuous and is strictly monotone from x; — ;" — ;" to 2. For v2,(x) by (2.6), we see
that

B (v25) < 2(G(&") + G(&)) + 480, (27)
where 3; = max (|¢F — 1],1& — 1]).
Our goal is to construct w, such that w. % = and for each p > 0, there is g, > 0 such

that if ¢ < e, then
Eam(we) < Equu(E,T) + p. (2.8)

We order x; € ¥ so that [3; is decreasing. We note that {f;} must converge to zero
because Y7, (G(&) + G(&)) < oo. For each v, we set & = & = &;(u) such that
Soo2 46:0; < w; this is, of course, possible for example by taking 6; = 27 ?u. Let

j(i,€) > 0 be the maximum number such that the support of {vfl — 1}?31’5) is mutually
disjoint. We set

wh(z) =1+ ) (vfj}‘”(x) B 1)

and observe by (2.7) that

Eama (wﬁ ) <

2 (G(E) +G(¢ Z 48,6, (2.9)

< EQ\m(E,T)+p forall e>0.

J(pse)
1

1=

Since j(p,€) — 0o as € — 0, we see that w* % = as ¢ — 0 for each p > 0. The desired w,
is obtained through a diagonal argument. Indeed, for a given v > 0, we take ¢ = (v, u)
such that

dy (Fw#, _) <V

fore € (0,e(v, 1)). We may assume that (v, 1) is monotone in v and i, that is, e(vs, 19) <
e(v1, 1) if v1>v9 and py>ps. We then set

we :=wkt for eé€ le(Vos, pos1), €(Ve, pe))

where v, p1p | 0 as £ — oco. We now observe that w. < Z and by (2.8) the desired
estimate (2.8) holds for €, = (v, pe) for pe < pu.

We thus proved the limsup inequality for £ for M = T. If b > 0, we may assume
that £ = minZ(a) < 1. It is easy to see that w.(a) = £ for all € > 0 by construction.
Thus the limsup inequality for E5%,, for b > 0 is obtained.

It remains to handle the case for M = I. Assume that z; € ¥ is the right end point
of 1. We first consider the case when G(&;) < G(&). Instead of (2.6), we have

Eam (UgJ) <2G(&N) + G(&) + 3640

If there is no other point of ¥ on 9/, arguing in the same way we obtain the desired
limsup inequality by the same construction of w.. If G(&;) > G(&), then we modify the
definition of v¢, by

2 (z) = v (x, 21, &F) of =€ (x1—mn;mxl,
s Vo (x, 2y + 0 +ny, &) otherwise.

The remaining argument is similar. Symmetric argument yields the limsup inequality in
the case that X has the left end point of I. O
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We next prove the compactness.

Proof of Theorem 2.2.2. As in the proof of Theorem 2.2.1 (i), we see that

sup/ ‘G (vej)m‘ dr < oo.
Jj JM

By (F2), we see that

G) < VF@)|lv—1] < F(;’) + (”_21)2, veR.

By (F2), we see
F(v) > co(v—1)* = ¢

" G(v) < C'F(v)

for v such that |v — 1| is sufficiently large v with some content C” > 0. Since

i/ F(vsj) dx
5j M

is bounded, so is [,, G (v.,) dz. We set v = G (v;) and observe that TV (u¥) is
bounded and ||u% ||, is bounded. Since

1f = favlloo < [ fzll2r,

where f,, is the average of f over I, it follows that

[flloo < W fallor + 1 falle /1]

This interpolation inequality yields a bound for ||u®|| . Applying Lemma 2.3.2, there is
a subsequence U®* converges to V uniformly, where U¢* is the unfolding of u®*. Since we
may assume that z°#, the inverse of arc-length of u®*, converges to T uniformly in M by
taking a subsequence, applying Theorem 2.3.2 yields that

limsup” v (z) > liminf u*(z), z €%
k—o0 k—oo

for at most countably many = € ¥. Since v,, — 1 a.e. by taking a subsequence, we see
that liminf u(z) = 0 for all # € M. This implies that v., satisfies all assumptions
on a sequence {g;} of the compactness lemma (Lemma 2.2.4) with S = 3. Then by

Lemma 2.2.4, we conclude that v,, 2y = with some Z € A,. O

2.5 Singular limit of the Kobayashi—Warren—Carter
energy

In this section, we shall study the Gamma limit of the Kobayashi-Warren—Carter energy.
We first derive an inequality for lower semicontinuity. Assume that M is either I or
T. Assume that

(C1) v L2, ue — uin LY(M) as € — 0, where v, € C(M), u. € L.
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For the limits, we assume that

(C2) = € Ayg, that is, there is a countable set ¥ = {z;}5°;, C M such that =Z(z) = {1} for
¢ Y and X(z;) = [§,&] 21 with & < & for z; € X. Moreover, Y2 G (&) <
0.

(C3) ue BV(M\EO), where $o = {2; € £ | { =0}. (Since Y37, G (&) < oo, the set
Yo is a finite set.)

We define a weighted total variation

/1\2 a(v:)

where C! (M) is the space of all C! functions in M with compact support in M. For
u € BV(M \ ZO), let J, denote the set of jump discontinuities of . In other words,

du,
dx

—sup{ [ punede | 1p(o)] < aee)). o € CHAD |

Ju = {xeM\zo | d(z) = |u(z +0) — u(z — 0)] >o},
where u(x £ 0) is the trace from right (+) and left (—). It is at most a countable set.

Lemma 2.5.1. Assume conditions (C1) — (C3). Then

du,
dz

)

a(1)|ug| + dio; <liminf [ «a(v.)
/M\(Jurm) Z =0y :

ey’ M
where d; = d(x;) > 0, ¥/ =%\ X,.
Proof. 1t suffices to prove that for any ¢ € (0, 1),

a(l— 5)/ |us| + dia; < liminf/ a(ve)
M\(JuNE1_5) Z =0 Jar

. /
T €Y

du,
dx

?

where
Sis={meX|§ <1-6}, T_5=%15\.

By this notation »; = 3. Note that the set ¥ s is a finite set for 6 > 0 since
> G (5; ) < 00.

Since X is a finite set and

| ate) z&mmm

it suffices to prove that for each interval {M;}72,, which is a connected component of
M \ % the inequality

a(l — 5)/ |us| + dia; < liminf/ v?
M\ (JuNE1-6) Z =0 v

Iiez,l_é 7
33¢€Mj

du,
dx

due
dx

9

du,
dz

Thus we may assume that ¥ = 0.
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We consider d;-open neighborhood of ¥;_s, that is,

Xs, = {:c cM ‘ dist (z, 31 _5) < (51}
and observe that

[ a3 = [ o, 09|+ / atw

We may assume that X, consist of disjoint interval By, (x;) = {:1: eM ||z — 2] < 51},

du,

dx

du,

du,
dx ’

dx

x; € Y1_g by taking d; small. Since v, EN =, for sufficiently small £ we observe that

ve>1—0—0; in M\ Xs,,
Ve > 5; — 51 n 351 (513'1), x; € 21,5.

We thus conclude that

liminf/ a(ve) due
=0 [y dx
du du
> liminf¢ a(l1 -0 —46 / |+ alE —0 / -
e—0 ( 1) M\Y(sl dx a:iEZZ;_(s ( 1) Bél(l“i) dz
za-5-6) [ fuls 3 alg-8) [ fu
]\4\)(51 Ti€EX_g B(Sl(xi)

by lower semicontinuity of TV(-) with respect to L'-convergence. The second term of the
right-hand side is estimated from below by

Y a6 ds

;€Y1 s

Note that d, < d; implies M\ X5, € M\X5,. Sending & — 0 and by definition aq we

have
du,

dx

all -9 / Uy | + d;o; < liminf (v,
( )M\EHI I+ > afv:)

e—0
;€315 M

Replacement of M \ $y_s by M \ (J, N X1_s) is rather trivial because outside .J, the
set ¥1_s has measure zero with respect to the measure \ux| a

We are now in position to give a proof for the Gamma limit of the Kobayashi—-Warren—
Carter energy.

Proof of Theorem 2.2.3.
(i) (liminf inequality) We may assume that

lim inf Fiwe (e, ve) < 00.
e—0

By Theorem 2.2.1(i), we see that the limit = satisfies (C2). Let 2 be an open set
such that €2 is compact and contained in M \ ¥y. Assume that

| ate |5

dx
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is bounded. Since ¢ := mingesy Z(z) > 0 and v, 2y =, we set that v, > ¢/2 > 0 on

Q for sufficiently small ¢ > 0. Thus / % is bounded. This implies that the limit
Q T
u € BV (). We now conclude that u satisfies (C3).

d
Applying Theorem 2.2.1 for ES, and Lemma 2.5.1 for / a(ve) %\ we see that

€
dx |’

O’/ a(l)|ug| + o Z dica; + By (2, M) < liminf Eg e (ue, v.).
M\ (JuNE) e=0

e/

The second term in the left-hand side equals o erz d;c; since §; = 0 on Xy. Thus
the left-hand side equals Elwq(u, =, M). The proof of liminf inequality is now com-
plete.

(ii) (limsup inequality) We take u. = u. We notice that Theorem 2.2.1 extends to the

case when ESY (2, M), ES0(v) are replaced by

Egﬂ}%} (E, M) ESMM :, + Z bz min a

§€E(ay)

e,{b €
ES (0) o= By (ve) + Z b (ve(ay)) ,
/=1

where we assume that ZZ’; by < oo with b, > 0 and a, € M for ¢ = 1,2,...,m. Let
{as} denote the jump discontinuity of w, that is, J, = {as}. Let b, denote o times
the jump dy = |u(ag + 0) — u(a, — 0)|, that is, by = od,. Note that Y b, < co. By
Theorem 2.2.1(ii) for E;’\iif[}, we see that there exist w, % Z such that

Eging (5, M) = lim B (w.). (2.10)
We notice that

Bowo(u,we) = 0 /M o (we) o] + Bapa(ewe)

- Rl 3 b (ue(a) + By ()
M\ =1

e b
— o / (e ota] + B (w0,
M\D

By construction, w, is bounded and w. — 1 almost everywhere with respect to the
measure |u, | outside X, i.e. |ug||yp 5. Since a(w.)—a(1) tends to zero for all z outside

> and it is bounded, the first term in the right-hand side converges to o fM\E (1) |uy|

by a bounded convergence theorem. The convergence (2.10) yields the desired result.
O






Chapter 3

A finer singular limit of a single-well
Modica-Mortla functional on multi
dimensional

In this chapter, we consider the ['-convergence of a single-well Modica-Mortola energy in
a multidimensional domain. We Introduce a new convergence concept called slice graph
convergence. Slice graph convergence is, roughly speaking, graph convergence in almost
every slice for dense direction. This is because the method used to show I'-convergence
in multidimensional domains, called the "slice method,” is also used for finer topology.

3.1 Introduction

In this section, we introduce the notion of sliced graph convergence. We first recall a few
basic notion of a set-valued function, especially on the measurability. Consequently, we
review the notion of the slicing argument and introduce the concept of the sliced graph
convergence.

3.1.1 A set-valued function and its measurability

We first recall a few basic notion of a set-valued function; see [1] for example. Let M be
a Borel set in R

Let I be a set-valued function on M with values in 28"\ {(} such that I'(z) is closed
in R™ for all z € M. We simply say that such T' is a closed set-valued function. We say
that I is Borel measurable if 7' (U) is a Borel set whenever U is an open set in R™. Here
the inverse I'"!(U) is defined as

I U):={zeM|T(z)nU#0}.

Similarly, we say that I" is Lebesgue measurable if =1 (U) is Lebesgue measurable whenever
U is an open set. Assume that M is closed. We say that I' is upper semicontinuous if
graph I is closed in M x R™, where

graphI := {z:(x,y)eMme‘yEF(z), reM}.

If T' is upper semicontinuous, I" is Borel measurable [1]. Assume that M is compact.
Then, graphI" is compact if it is closed. We set

C = {T' | graphT is compact in M x R™ and I'(x) # 0 for 2 € M} .

43



44 CHAPTER 3. A FINER SINGULAR LIMIT ON MULTI DIMENSIONAL

For I'|, Ty € C, we set
dy(I'1,Iy) := dp(graph 'y, graphI'y),

where dy denotes the Hausdorff distance of two sets in M x R™. Here, dy is defined in
Chapter 2.

We recall a basic properties of a Borel measurable set-valued function [1, Theorem
8.1.4].

Theorem 3.1.1. Let I" be a closed set-valued function on a Borel set M in R? with values
in 28"\ {(}. The following three statements are equivalent:

(i) T is Borel (resp. Lebesgue) measurable.
(i) graphI is a Borel set (M ® B measurable set) in M x R™.

(iii) There is a sequence of Borel (Lebesgue) measurable functions {f;}32, such that

L) ={fi(z) 1 =12, .}.

Here M denotes the o-algebra of Lebesgue measurable sets in M and B denotes the
o-algebra of Borel sets in R™.

3.1.2 Sliced graph convergence

We next recall the notation often used in the slicing argument [14].
Let S be a set in RY. Let S¥~! denote the unit sphere in RY centered at the origin,
ie.,
SV [y eRY |y =1}

For a given v, let II, denote the hyperplane whose normal equals v. In other words,
I, ;= {z e RY ‘ (z,v) =0}

where { , ) denotes the standard inner product in RY. For z € II,, let S, denote the
intersection of {2 and the whole line with direction v which contains x. In other words,

Sy = {:B—l—tu ‘ t e S;W},
where
Sy, ={teR|z+treS}CR.

We also set

Sy={zell, | S, #0}.

For a given function f on €2, we define the 1-d restriction function f,, on lec’l, by
fow(t) = flx+tv) (zeQuvesS').

Let Q be a bounded domain in RY, and 7 denote the set of all Lebesgue measurable
(closed) set-valued function I : © — 2%, For v € SN, we consider Q) , C R and the
(sliced) set-valued function I'y,, on € , defined by Ty, (t) = I'(z + tv). Let T, denote
its closure defined on the closure of Q1 | i.e., it is uniquely determined so that the graph

T,V
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of T, equals the closure of graphT,, in R x R. As for a usual measurable function,
we identify I T ¢ T if TM(2) = I'?)(2) for LN-a.e. z € Q, where LV denotes the
N-dimensional Lebesgue measure. By Fubini’s theorem, F(;)V(t) = F(fy( t) for L'-a.e. t for
LN"Lae. x € Q,. With this identification, we consider its equivalence class and we call
each IV, I'® as a representative of this equivalence class. For v € S¥~1, we define the

subset B, C T as follows: I" € B, if

e There is a representative of I'; , such that T,. v=1%, on Qx o

e graphTl,, is compact in Ql x R for a.e. x € Q,.

We note that if I, T'® € B, then F&,),, DSEZ € C with M = Ql , by a suitable choice
of representative of Fx b FSf,L, which follows from definition.

In this situation, we have the following fact:

Lemma 3.1.1. The function
fz) = dy <@7 @> =dg (graph FEE s graph F(2 )

is Lebesgue measurable in €2,,.

Proof. By Theorem 3.1.1 (iii), there is a representative of I' which is Borel measurable.
This is because that each Lebesgue measurable function f has a Borel measurable function
f with f(2) = f(2) for LN-a.e. z € Q. By Theorem 3.1.1 (ii), graph T is a Borel set for the
Borel representative of I'. Since the graph of the set-valued function T : # — graphT,,
on €, equals graphI' for I' € B, by taking a suitable representative of I', we see that
T should be Borel measurable if I' is Borel measurable by Theorem 3.1.1 (ii). (Note
that T'(x) is a compact set in R x R.) Since dy is continuous, the map f(z) should be
measurable. |

We now introduce a metric on B, of the form
dy (18, 18))
d, (1M, 1) = / — dHN " (x)
% 1+d, (T8, T5))

x

for I'',I'? € B,, where H™V~! denotes the Hausdorff measure. From Lemma 3.1. 2 we see
that thls 1s a well-defined quantity for all T T ¢ B,. We identify TV, T® ¢ B,
Fg;,), = Fx,, for a.e. z. With this 1dent1ﬁcat10n (B,,d,) is indeed a metric space. By a
standard argument, we see that (B,,d,) is a complete metric space; we do not give a proof
since we do not use this fact.

Let D be a countable dense set in SV~ We set

BD = ﬂ Bl,.

veD

It is a metric space with metric
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where D = {v;}52,. (This is also a complete metric space.)

We shall fix D. The convergence with respect to dp is called the sliced graph conver-
gence. If {T'y,} C Bp converges to I' € Bp with respect to dp, we simply write I'y T
(as k — 00). Roughly speaking, we say I'y 2 T if the graph of the slice I'j, converges to
that of I' for a.e. x € ), for any v € D. For a function v on (2, we associate a set-valued
function I', by I'y(x) = {v(x)}. If ['y =T, for some vy, we shortly write, vy 2 T instead
of T, 2% T'. We note that if v € H*(Q), the L>-Sobolev space of order 1, then I', € Bp
for any D.

We conclude this subsection by giving an example that the graph convergence does not
imply the sliced graph convergence. Let C'(r) denote the circle of radius r > 0 centered at
the origin in R?. Tt is clear that dy (C(r),C(r —¢)) — 0 as € > 0 tends to zero. However,
for v = (1,0), C(r — &), with x = (0, £r) is empty and does not converge to a single
point C(r),, = {(0,£r)}. In this case, C(r — €),, converges to C(r),, in the Hausdorff
sense except the case x = (0, +r). To make the exceptional set has a positive £! measure

G:=[0,1\U

in IT,, we recall a thick Cantor set defined by
a 1 a 1
U:U{(Q_”_W72_”+W) TL,CL:LQ,...}.
This G is a compact set with positive £! measure. We set

K = U C(r), K.:= U C(r—e).

reG reG

It is clear that K. converges to K as ¢ — 0 in the Hausdorff distance sense. However, for
any v € S', (K.),,, does not converge to (K),, for = € II, with |z| € G. Based on this
set, it is easy to construct an example, that the graph convergence does not imply the
sliced graph convergence. Let {2 be an open unit disk centered at the origin. We set

- [071]7 z € K. L [0,1], ze K
fe ‘_{ ay cear W '_{ (1}, z2eO\K -

The graph convergence is equivalent to the Hausdorff convergence of K. to K. The sliced
graph convergence is equivalent to saying (K.),, — (K),, for v € D and a.e. z, where
D is some dense set in S'. However, because of construction of K. and K, we observe
for any v € S', K, does not converge to K for z with |z| € G, which has a positive
L' Lebesgue measure on II,. Thus, I'. does not converges to I' in the sense of the sliced
graph convergence while I'. converges to I' in the sense of graph convergence.

3.2 Liminf inequality

We recall a single-well Modica—Mortola function €55, on H'(2), when € is a bounded
multidimensional domain in RY. For v € H'(Q), we set an integral

) = [ {E9+ 2P0} a

Here, the potential energy F' is a single-well potential. We shall assume that
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(F1) F € C'(R) is non-negative and F(v) = 0 if and only if v = 1,

(F2) liminf}, F(v) > 0.

We occasionally impose stronger growth assumption than (F2):
(F2) (monotonicity condition) F’(v)(v — 1) > 0 for all v € R.

We are interested in the Gamma limit of &5 as € — 0 under the sliced graph
convergence. We define the subset A := A(2) C Bp as follows: = € Ay(Q) if there is a
countably N — 1 rectifiable set > C {2 such that

1, 2eQ\X
(2)‘{ .67, zex

with HY~1-measurable function &+ on ¥ and £ (2) < 1 < £1(2) for HV Lae. 2 € ¥. For
the definition of countably N — 1 rectifiability, see the beginning of Section 3.2.1. Here
H™ denotes the m-dimensional Hausdorff measure.

We briefly remark that the compactness of the elements in Ay. By definition, if = is
of the form (3.1), then = € J. However, there may be a chance that graphT,, is not
compact. This happens even for the one-dimensional case (N = 1). Indeed, if a set-valued
function on (0, 1) is of the form,

(1]

(3.1)

=(2) = [1,m] for z=1/m
=\ = {1}  otherwise,

then = is not compact in [0, 1] x R. It also possible to construct an example that = # =
in (0,1). This is a reason why we impose = € Bp in the definition of A,.
For = € Ay, we define a functional

Eqmi(Z,Q) == 2/2 {GE)+G(EN} a”Y,  where G(o) :=

| VG

We shall state the liminf inequality for the convergence of £

Theorem 3.2.1. Let 2 be a bounded domain in RY. Assume that F' satisfies (F1) and
(F2). Assume that o € C(R) is non-negative. Let D be a countable dense set of SV~

Let {v.}ocec1 be in HY(Q) so that T, € Bp. If v. 2y = and E € Ay, then

lim iglf Eqami(ve) > EXm(E, Q).
e—

3.2.1 Basic properties of a countably N — 1 rectifiable set

To prove Theorem 3.2.1, we begin with basic properties of a countably N — 1 rectifiable
set. A set S in RY is said to be countably N — 1 rectifiable if

S SyU <[j F, (RNl))

j=1

where HYV71(Sp) = 0 and F; : RV~! — RY are Lipschitz mapping for j = 1,2, . ...
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Definition 3.2.1. Let 6 > 0. A set K in RY is §-flat if there is V € RV~ and a C!
function ¢: R¥~! — R and a rotation A € SO(N) such that

K ={(z,¢(x) A |z eV}
and || V]| < 4.

Lemma 3.2.1. Let X be countably N —1 rectifiable set. For any 0 > 0, there is a disjoint
countable family {K;}2°, of compact §-flat sets and HY~! measure zero Ny such that

Proof. By [25, Lemma 11.1], there is a countable family of C' manifolds {M;}°; and N
with HN=1(N) = 0 such that

£ CNU (GM)

=1

Since M; is C! manifold, it can be written as a countable family of J-flat sets. Thus, we
may assume that M; is J-flat. We define {N;, ¥;}22, inductively by

Ni ::ZﬂMl, Zl = Z\Nl
Ni—i—l = 27, N Mi+1, Zi-ﬁ-l = ZZ\NZ (Z = ]_, ey )

Here, N; is HV~'-measurable and HY"!(N;) < co. Since HN ™! is Borel regular, for any

§, there exists a compact set C' C N; such that HY~1(N;\C) < §. Thus, there is a disjoint
countable family {M;; };";1 of compact sets and HV~'-zero set N; such that

N; = Nj U (U Mw) (i=1,2,...).

J=1

Indeed, we define a sequence of compact sets {M;;} inductively by
J
M1 C N\ My, j=1.2,...
k=1
My C N;

such that HN -1 (NZ\ Ui, Mij> < 1/2'. Then, setting Nio = N;\UjZ, My; yields the
desired decomposition of N;. Setting

No=(NNZ)uU (G Nw)

and renumbering {M;;} as {K;} to get the desired decomposition. O
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3.2.2 Proof of liminf inequality

Proof of Theorem 8.2.1. Let {v.}.~o C H'(Q) be a sequence satisfying v. = Z. By
definition,

Ueaw > Saw
for v € D, HY t-a.e.x € II,. By Lemma 3.2.1, for any 6 > 0, there is a countable disjoint
compact 0-flat family {K;};en and zero set Ny s.t.
2 =J K UN,.
ieN
For each n € N, we set
Sn = K UN,
i=1
and take a disjoint open family {U"};en such that K; C U* for each ¢ = 1,...,m. By
definition, K; is of the form

K ={(@', ¢(2"))A | x € Vi}

for some A; € SO(N), a compact set V; C RV~ and ¢; € CH(RY 1) with ||[Vi);]loe < 6.
Since D is dense in SV, we are able to take ' C D, which is close to the normal of
the hyperplane

P, = {(z,0)4; | r € RV}
for « = 1,...,m. By rotating slightly, we may assume that v; is a normal of P; and
By slicing and Fatou’s lemma, we have
1
.. < 2
hrgrgglf/ { NCARES o F(vg)}dx
1
— lim inf /Un) | / ) .{nggﬁyi+2—€F(vs,x,yi)}dww-l<x)

1
Zlmﬂnf/“ L/ { 10t (Ve pi) > + — pxsxyg}chdHN—%x)
e—0 n) L 2¢e

3
> im i = N2
2 o P?sslf/( {5

i gt

1
+%F@%m}ﬁﬁﬂ*@)

Applying one-dimensional results in Chapter 2, we get

/ lim inf/ {E|at(va,z,ui) ?
wp),e 70 W&i2

S D I} COROIBYECHOI A

ny .
i 7 1 n)1
iy tezwn(Ui)

7

1
+ 2—6F<U&z7yi)} dthNil(SK)

z,v

z/( S 26,0+ G, ) an @)

i et o)

x,vt Tt
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Here, we note that H°((K;)} . N (U"); ) = 1, we set

7

wt V(U )g = {ta},
and we denote G(z) := 2{G (" (x)) + G(¢~(z))} (z € ¥), then

(K2,

/(U ) Z 2 {G( gczﬂ( ) + G(fm l,l( ))} d'HNfl(x) = / é((%—l—txl/i)d?-[]v*l(x),

i) i N1 ny1 Ui
i ve(ra)t nwp) iy

z,v

By the area formula, we see

/K; é(x)d’HNJ(x) = / é((y,¢(y))A) 1+ ‘Vl/}(y)’QdﬁN,l(y)

< V17 (20 / JA)ILY ()
= /14 (20)? G(x + t)dHY " (x).
U),i

Therefore
liminf/ SVl + —F(u.) b de
e—0 0 2 ¢ 28 c

1
> lim inf E|VU€\2 + —F(v.) pda
e—0 U'{L U 2 26
1=1

S € 1
> Zhlan_)lonf/n {g\v%ﬁ + 2—8F(v€)} dzx

Nl)

o i3 ), o
:\/W g G(z) dH ().

Sending n — oo and ¢ — 0, we conclude

liminf/ E|Vv€]2—l—iF(v€) de/éd?—[Nl.
0 Jo L2 2¢ 5

E—

3.3 Limsup inequality

In this section, we construct what is called {w,}.~o to establish limsup inequality.

Theorem 3.3.1. Let © be a bounded domain in RY. Assume that F satisfies (F1) and
(F2’). Assume that o € C(R) is non-negative. For any = € Ay with 4 (Z, Q) < oo,
there exists a sequence {w.} C H'(Q) such that

Eqma(E, Q) > limsup Eqpy (we),

e—0

limd,(I',,,Z) =0 forall veS¥L
e—0
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In particular, w, 2% = in Bp for any D € S with D = S¥~1. By Theorem 3.2.1,

5SOMM(E: Q) = lim Gy (w:).

e—0

3.3.1 Approximation

We begin with various approximation.

Lemma 3.3.1. Assume that = € Ay so that its singular set ¥ = {y € Q | E(y) # {1}}
is countably N — 1 rectifiable. Let § be positive. Assume (F1). Then, there exists a
sequence {=,,}>°_; C A such that the following properties hold.

(i) ESOMM( Q) > hmsupEMM(Em,Q),

mM—00

(i) lim d,(Z,,,Z) =0 for all v € SV,

m—r0o0
(i) =,(y) C Z(y) for all y € Q,

(iv) the singular set 3, = {y € | En(y) # {1}} consists of a disjoint finite union of
compact d-flat sets {K;}_; and &1, § are constant functions on each K; (j =
1,..., k), where Z,,(y) = [f;l(y),fﬁl(y)] > 1 on %,,. Here k£ may depend on m.

We recall an elementary fact.

Proposition 3.3.1. Let h € C(R) be non-negative such that h(1) = 0 and strictly mono-
tone increasing for o > 1. Let {a;}32, be a sequence such that a; > 1 (j = 1,2,...)

and .
Z h(a;) < oo
j=1
Then
lim s = 0.
A sup(a; —1)

Proof. By monotonicity of h for ¢ > 1, we observe that

h(supa]>—suphaj <Zh a;j) =0

j>m j=>m i>m

as m — 00. This yields the desired result since h(c) is strictly monotone for 0 > 1. O

We next recall a special case of co-area formula [25, 12.7] for a countably rectifiable
set.

Lemma 3.3.2. Let ¥ be a countably N — 1 rectifiable set on €. Let g be a HV~!-
measurable function on ¥. For v € SV~ let 7, denote the restriction on ¥ of the
orthogonal projection from R¥ to II,. Then

/EgJ*W,, dHN L = /QV (/zglw gm,,,(t)d’HO(t)> dcN=(x).

Here J* f denote the Jacobian of a mapping f from X to II,.
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Proof of Lemma 3.3.1. Step 1. We shall construct =, satisfying (i) - (iv) except the
property that &, & are constants on each Kj.
By Lemma 3.2.1, we found a disjoint famlly of compact 0-flat sets { K; } ©, such that
= U, K up to HN~1-measure zero set for ¥ associated with =. By the co-area
formula (Lemma 3.3.2) and J*m, < 1, we observe that

/K. G(y) dHN " (y) > /Kj GJom, dHN ' = / (/(Kj)

J

éx,,,(t)dﬂo(t)> deN=Y(z),
(3.2)

1
T,V

where G(y) = 2(G (€*(y)) + G (€ (y))). Since EQm(Z, Q) < 0o, we see that

> /K G AN (y) < oo (3.3)

We then take
Em(y) — { [gi(y)7£+(y)] » Y S Em = U;nzl Kj

{1} , otherwise.

By definition, (i), (ii) are trivially fulfilled. The properly (iv) is fulfilled except the
property that £, £~ are constant on each K.
It remains to prove (ii). By (3.2) and (3. 3) we observe that

Z/ (/ (MO )) ALY (z) < oo

for =. Since all integrands are non-negative, the monotone convergence theorem implies

g/n </(Kj);,u v > et / (Z/ >d£N Y(z).

Thus

3 g, G 0 <

for LN 1-a.e. z € Q,. By Proposition 3.3.1, this yields

lim sup sup (&, (t)—1) =0
o0 gzmie (KL,

and similarly,

limsup sup (1-¢&,,(t) =0.
m=0j>mte(K;)L, ’

Since

it ((Zn)ay Zow) = swp sup max {[€5,(6) = 1], &, (6) 1]},

jzm+lte(K;)L ,

we conclude that
dH ((Hm)x v :x 1/> — 0
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as m — oo for a.e. x € ). Since the integrand of

dy (5, 2) = / G ALY (x)
%1+ dy ((Em)w , E>

is bounded by 1, the Lebesgue dominated convergence theorem implies (ii).
Step 2. We next approximate =,, constructed by Step 1 and construct a sequence
{Em, 172, satistying (i) — (iv) by replacing Z by =,,. If such a sequence exists, a diagonal
argument yields the desired sequence.

We may assume that

[~ W), & W], yeZn=UL K;
(v) = { {1} , otherwise.

[1]

We approximate £ from below. For a given integer n, we set

k_1§£+(y)—1<ﬁ}

n n

& (y) =it {(2)

zel,’f}, I,’j:{yezm

for k =1,2,.... Since I* is HN~1-measurable set, as in the proof of Lemma 3.2.1, I* is
decomposed as a countably disjoint family of compact sets up to H¥ ~!-measure zero set.
We approximate £~ from above in a similar way. We set

= (y) :{ [fg(y),éﬁ(y)] RS Em

" {1} , otherwise.

It is easy to see that Z, satisfies (i), (iv) by replacing m by n. Since (=, Q) >
Eqmi(Zn, ), the property (i) follows.

Since
dH <(En>x’y ) E:E,V) = Sup max { ‘ggj,u - frJLr,x,V| ’ }5;;,1/ - g’l:,x,l/‘} < 1/”7
te(zm);:,u
we now conclude (i) as discussed at the end of Step 1. O

3.3.2 Recovery sequences

In this subsection, we shall prove Theorem 3.3.1. A key step is construct a recovery
sequence {w.} when = has a simple structure. The basic idea is similar to that of [3] and
[14]. Besides generalization to general F satisfying (F1) and (F2’) from F(z) = (2 — 1),
our situation is more involved because Z(y) = [0,1] on y € ¥ in their case while in our
case Z(y) = [ (y), {1 (y)] for a general £~ < 1 < ¢*. Moreover, we have to show the
convergence in d,, as well as to handle a-term.

Lemma 3.3.3. Assume the same hypotheses concerning €2, F, and «. For = € Ay,
assume that its singular set ¥ = {x € Q | =(z) # {1}} consists of a disjoint finite union of
compact 0-flat sets {K;}¥_, and £7,&" are constant functions in each K (j = 1,...,k),
where Z(z) = [€7,£7] on ¥. Then there exists a sequence {w.} C H'(€Q) such that

SSOMM (Z,9Q) > limsup Eppy(we),
e—0

limd,(I',,,Z) =0 forall veS¥

e—0
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This follows from explicit construction of function {w. } as for the standard double-well
Modica-Mortola functional.

Proof. We take a disjoint family of open sets {Uj};?:l with the property K; C U;. It
suffices to construct a desired sequence {w.} so that the support of w. — 1 is contained in

Ule U f. Thus we shall construct such w, in each U;. We may assume k£ = 1 and simply
write K1, U; by K,U and £_,&, by a,b (a <1 <b) so that

la,b] , yeK,
w={ et

[1]

For ¢ < 1 and s > 0, let ¥(s,c) be a function determined by

/f’ﬁdz:s.

By (F1), this equation is uniquely solvable for all s € [0, s,) with

Sy 1= /cl \/%dz.

This 9(s, ¢) solves the initial value problem

dip
{ - =VFW), s€(0.s) (3.4)
¥(0,¢) =c,

although this ODE may admit many solutions. For ¢ > 1, we parallely define ¢ by

S

©c 1
——dz =
/w VF(z)
for s € (0, s.) with
Sy 1= / ) #dz
A VEGE)
In this case, ¥ also solves (3.4). We consider the even extension of % still denoted by v

for s < 0 so that ¥(s,c) = ¥(—s,c). For the case ¢ = 1, we set 1(s,c) = 1. For a,b with
a <1 <b, we consider a rescaled function .(s, ) = 1(s/e,) and then define

Ve(s, a) , 0<s</e

a1s + B , VE<s<2/e
U (s,a,b) =< (s —3ye,b) , 2/e<s<4y/e

s + o . 4ye <s<5ye

1 , byv/e<s

with oy, 8; € R (i = 1,2) so that W, is Lipschitz continuous. We extend W, for s < 0 so
that the extended function (still denoted by W,) is even in s. Let 7 be a minimizer of « in
[a,b]. We first consider the case when 1 < 1 so that a <17 < 1. In this case, by definition
of W, there is a unique sy > 0 such that ¥.(sg,a,b) = n. We then set

Q0€<S7CL, b) = \I[5<S + S(],CL,b).



3.3. LIMSUP INEQUALITY 95

For the case n > 1, we take the smallest positive sy > 0 such that ¥.(sg,a,b) = n. This
so = so(e) is of order £3/2 as e — 0.
We then take
w€<Z) = Pe (d(z)v a, b) )
where d(z) is the distance of z from K. This is a desired sequence such that the support
of w. — 1 is contained in U for sufficiently small ¢ > 0. Since w,. is Lipschitz continuous,
it is clear that w. € H'(£2). Since

V. = (8,9.) (d(2) + s0, a,b) Vd(2),
we have
Vw.(2) = (90.) (d(2) + s0,a) Vd(z) for 2, d(z)+so < Ve
= 2 (0) (d(2) + o) /e, @) Vd(2).

Thus, for z with d(z) + sy < v/, we see that

V() = S510) () + 50) fe. )]

Let U, denote the set
U.={z€Q|d(2)+so < Ve}.

Since s, is of order £%/2, U, converges to K in the sense of Hausdorff distance. We proceed

gsMM w€7 { va€‘2 + F(ws>} dﬁN
T 2 / 2)+ s0) /e, 0)|” + F( ((d(2) + s0) /£, 0))dLN (2)
1 N
_g/ 2) + o) [2,0))dLY (2)

by (3.4). To simplify the notation, we set

f(t) = éF(w ((t+ 30)/&?,(1)) for ¢t>0

and observe that

-
Eam(we, Uz) = fe( (2)dL¥(z) = | f()H(t)dt, B(e) == Ve — so(e)

0

with H(t) := HN! ({z € U. | d(z) = t}) by the co-area formula.
We set A(t) :== LN ({z € U. | d(z) < t}) and observe that A(t) = f(f H(s)ds by the

co-area formula. Integrating by parts, we observe that

B(e) B(e)
/0 LB = £BE)VABE) — [ LE)AW)d

0

By the relation of Minkowski contents and area [11, Theorem 3.2.39], we know that
ltifél A(t) /2t = HNHK).
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In other words,

Alt) =2 (HYNHK) +p(t)) t
with p such that p(t) — 0 as t — 0. Thus,

- /0 " pwawa < - /0 " pepar (HN‘I(KH max P(’f)+)

0<t<f(e)

since fI(t) < 0. Here we invoke (F2’) so that F'(c) < 0 for o < 1. We thus observe that

Ble)
il U < . (GEN AG(E) — [ popear (W515) + moe ol ).

0<t<(

Integrating by parts yields

B(e) B(e)
_ / Ft)2tdt = 2 / f-(1)dt — 2£. (B(e)) Be).

Since 1(s) = ¥(s,a) solves (3.4), we see

Jult = s) = ZF (0(1/2))

- é(@sﬂ))(t/e) F(¥(t/e))

d
— 2 (G W(t/2).

Thus 8(e)
/0 f()dt = G ((s0/2)) — G (¥(1/v/5)) .

Since sq/e — 0, ¥(1/y/e,a) — 1 as € = 0, we obtain

Combing these manipulations, we obtain that

s €5 U) < imsup £ (3(5)) {4.90) 2 (#100) = ma [o(0)]) 52}

e—0 e—0 0<t<B(e)

+ Q%N_l(K)G(a)
We thus conclude that

lim sup Epy (we, Us) < 2HYHK)G(a)

e—0

provided that
lim f (5(e)) B(e) < o0

since (A(t) — 2HN"Y(K)t) / t = p(t) — 0 as t — 0. This follows from the next lemma
by setting /2 = §. Indeed, we obtain a stronger result

lim sup \%fe (B(e)) B(e) < oo.
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Lemma 3.3.4. Assume that F satisfies (F1), (F2’). Then, for ¢ € R,

SFW(/5.0) < (1—cf for 550

Proof of Lemma 3.3.4. We may assume ¢ < 1 since the argument for ¢ > 1 is symmet-
ric and the case ¢ = 1 is trivial. We simply write ¢(s,a) by ¢(s). By definition and
monotonicity (F2’) of F', we see that

1oy 5 < Y(1/6) — ¢
c VEE) T VE@(A/9)

5
Taking square of both sides, we end up with

SF(1/8)) < (0(1/8) o < (1 - o)

|

The part corresponding to (s, b) is similar. The part where . is linear will be vanish
as ¢ — 0. So, we conclude

lin% Eann(ws, Q) < Eqmi(E, Q).
e—

The term related to « is independent of € because of choice of sy so that w.(z) = n on
r e K.
We prepare the following Lemma to prove w, - =.

Lemma 3.3.5. Let M C RY be a H" l-measurable set satisfy H¥ (M) < oo, then
HO(M,,) < oo HN lae xell, for all v € SV

Proof. Let @ : RN — II, be a orthogonal projection and p : II, — R¥~! be a isometry
map. We set f := pom. By the co-area formula (Lemma 3.3.2), we see

/M JUf dHN Y = /]R () nM) L ().

Since J*p =1, we get

H (f () N M) L (y)

RN-1

/R AN (r e y) M) ALY (y)
()

/HVHO(W

/ Jf dHN TP < HYTH (M) < oo
M

)N M) dHV ! (z).

Notice that J*f < 1, we see

Thus
H (rH(z) N M) < o0,

HNlae zell,. By =Y (z) N M = M,,, we now conclude it.
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We introduce the following Proposition for z € K ,.

Proposition 3.3.2. Let K be a compact subset of a C* manifold M, and T,K denote the
tangent space of M at z € K. Assume that Q,, ¢ T.K, then there are 5o > 0, g9 > 0,
and t € QL such that

T,V

d(x +t'v,K) > 5y/e

for allt’ >t with t' € Bs(2),,, for all § € (0,00), for all € € (0, o).

Proof. Let p: RY — T,K be a orthogonal projection. For 2’ € €, ,,, we see
d(\ T.K) < d(p(z'), K) + d(¢, K).
and since €, , ,CZ T.K, for all ¢ > 0 there is a t € {2, such that
dx +t'v, T.K) > 6/ (3.5)

for all ¢ with ¢’ > ¢. By the implicit function theorem, there is C'* function ¢ : T.K — R,
d >0 and B € SO(N) such that

{(«',¢(z')B| 2" € T,K} D K N Bs(z).

We set . )

K :={@ ¢@)) |2 € T,K}.
Since Vi@(z) = 0, for all € > 0, there is a §y > 0 such that if |z — 2/| < &y then
|IVi(2")| < 1/4/e. We take € > 0 such that 0 < & < §y and 2’ € B.(z) then

d(, K) < [()
= |

IN

@z “@z

)= 6(2)|
Z) - (z - 2)
V()lz - ] < VE.

Let 0, be an angle between (2, ,, and T, K, then

IN I/\

(
(2
Vi
Vi

|z — p(2")| = |z — /| cosb,.
Thus if |z — 2/| < Jp then |z — p(2')| < do. We set 2’ = z + t'v in (3.5) then

dz',K) > d(Z, T.K) —d(p(Z'), K)
>6ve e
= 5y/e.

a

Furthermore, we show in the following Lemma that almost all slices of K are transver-
sal.

Lemma 3.3.6. Let K C R" be a compact subset of a (N — 1)-dimensional C* manifold.
For all v € S¥! K and Q,, intersect transversally HY '-a.e. z € K,. i.e. For all
2 € Kyy Qo ¢ TLK.
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Proof. ™ : R — II,, be a orthogonal projection and p : I, — R¥~! be a isometry map.
We set f:=pomand A={z¢€ K| J*f(z) = 0}. By the co-are formula, we see

0= / Jf dHN ! = HO(f(y) N A) dLY ().
A

RN-1

Thus we get
fy)n{Jf=0}=0
for LN La.e. y € RV~ Therefore
7 y)Nn{J'Tt =0} =0
for HN-a.e. y € II,. For z € K, we set x = w(2). If Q,, C T.K then J*n(z) = 0. We

thus conclude that €2, , SZ T.K for HN '-a.e. z € T,K.
]

We now prove that w, - Z. By Lemma 3.3.5, K, does not have accumulation point.
therefore there is a 6 > 0 such that for all z € K, ,,

H° (Bs(2) N Ky,) =1,

for HNl-a.e. x € Q,. For all § > 0, by Proposition 3.3.2 and Lemma 3.3.6, there exist
go > 0 such that

(graph Iy, ), D graph Z,,

(graph =, ) s D graph T

We x,v

on Bs(z), for all € € (0,¢¢). Thus
dy (graph =z, graph mey) <4,
for HV"1-a.e. x € Q,. Therefore we get
lli% dg (Fwex,w Ex,u) = 07

for HN"1-a.e. x € Q,. By the Lebesgue dominated convergence theorem, we obtain

dHNt = 0.

d Fw 9 E’.’E v
lim d,, (Fw57 E) — lim/ 9( LA H_)
e—0 e—0 Q, 1 + dg (Fwwwn ‘:%1’)

Thus for all dense set D in SV~!, we conclude
ll_f)r(l)dD(Fws,:) = 0.

a

Proof of Theorem 3.3.1. This follows from Lemma 3.3.1 and Lemma 3.3.3 by a diagonal
argument. d
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3.4 Gamma-limit of the Kobayashi—Warren—Carter
energy

We first recall the Kobayashi—-Warren—Carter energy. For a given o € C'(R) with a > 0,
we consider the Kobayashi-Warren-Carter energy of the form

A / a(v) d]| Dul| + Enpne(v)

for u € BV(Q) and v € H'(Q). The first term is the weighted total variation of u with
weight w = a(v). This is defined by

/w d||Dul| == sup{—/udivgo acy ‘ lo(2)| < w(z) ae. x, p € C’i(Q)}
Q Q

for any non-negative Lebesgue measurable function w on (2.
We next define the functional, which turns to be a singular limit of the Kobayashi-
Warren-Carter energy For = € Ay(£2) let ¥ be its singular set in the sense that

Y={zeQ|Z(z) #{1}}.

For u € BV (Q), ut and u~ are defined as follows

iy () )

r—0 TN

ut(z) ;= inf {t eER

and

lim LY (B.(z) N {u < t}) _ 0} '

u” (z) := sup {t €R lim N

We then define the limit Kobayashi-Warren-Carter energy:

5}%\2\/0(“7 E,Q) = /

a(1) d||Dul| + / ao(2)|u™ —u| dHN_l(z) + SgMM(E,Q).
o\s b

with
ao(2) = min {a(€) | €(2) <€ < €5(2)}

We are now in position to state our main results in a vigorous way.

Theorem 3.4.1. Let  be a bounded domain in RY. Assume that F satisfies (F1) and
(F2) and that a € C(R) is non-negative.

(i) (liminf inequality) Assume that {u.}o<.<1 C BV(2) converges to u € BV () in L,
ie., ||[us —ul|zr — 0. Assume that {u.}occc; € H(Q). If v, Y, 2 and = € Ay, then

Epnic(u, 2 Q) < lim iglf Eionmo (e, ve).
E—

(i) (limsup inequality) For any = € Ay and v € BM () there exist a family of Lipschitz
functions {w, }o<-<1 such that

gIO(MC (U, E? Q) - ll_{% gf(MC (U’: we)'
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Corollary 3.4.1. Assume the same hypotheses of Theorem 3.4.1. Assume that f € L*(Q)
and A > 0. Then the results of Theorem 3.4.1 still holds of EY,- as we replaced by

0,5, ) / - F2ALY,  Ee(uv) + / i — f[2ac”,

respectively provided that u € L?(€2).

3

3.4.1 liminf inequality of KWC

We recall a few properties of the measure (Du,v) for u € BV (), where Du denotes the
distributional gradient of u and v € S¥~!. The next disintegration lemma is found in [[2],
Theorem 3.107] .

Lemma 3.4.1. For u € BV(Q) and v € SV 71,

|<Du> V>‘ =HN! LQV®||DUHC,VH'

/ o d|(Du,v)| = / / e Dyl dHY ()
Q Q. JaL,

for any bounded Borel function ¢ : €2 — R.

In other words,

We also need a representation of total variation of a vector-valued measure and its
component. We consider a division of RY into a family of rectangles of the form

N
Ry = [Tl ajn)s J =G, in) € 27

i=1

with aj,41 <aj, +7 (i =1,...,N) for a given 7 > 0. We say that the divition {R}} is a
T-rectangular division.

Lemma 3.4.2. Let u be an R%-valued finite Radon measure in a domain € in RY. Let
{7} be a decreasing sequence converging to zero as k — oo. Let {R}} be a fived 7j-
rectangular division of RN. Let D be a dense subset of SN=1. Then

|1 (A) = sup {| {1, vi)| (4) ‘ vp 1 Q — D, vy is constant on RFNQ, J€ZN, k=1,2,...
where A is a Borel set.
We postpone its proof at the end of this section.

Proof of Theorem 3.4.1 (i1). We recall the decomposition of 3 into a countable disjoin
union of §-flat compact sets K; up to HY ~!-measurable zero set and take the corresponding
v; € D asin Theorem 3.2. We use the notation in 3.2. We may assume that N>_, U™ = K;.
By Lemma 3.4.1, we proceed
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liminf/ a(ve) d||Du.||

> liminf / a(v.) d|(Du., v;)]

e—0

o N-1
h%lf/m /m (0erns) | Diterg || dHY ().

Applying one-dimensional results of Theorem 2.2.3 in Chapter 2, we see that

hmlnf/ a<ve,z,1/0) dHDU’E,DJ,W
(UM,

e—0
> / o) diDul+ Y min  a(€) | [ul,, —uz, |0
(UME,\ZE te(=NUM)L o, SESET L,

> | S (Dl — () dHY (@),
wm)

i Vi te(EmU;’l);yyi

We set X, = {t,}, then

/ Z ao’xv'/i(t”u;’:l/o — U, l/()|( ) dHN 1( )
)

m
i vite(snUM)L

- / ao(r + tevg)|ut — u|(z + tary) dHY " (2).
(Xn)

By area formula, we see
/ aglut —u”| dHN T < 1+ (26)2 / ooz + i) ut —u|(x + thy) dHY T (2).

Combining these observation, by Fatou’s lemma we conclude that
1
liminf/ a(v:) d||Du 2—/
nipt [ o) diDuel > s |

Adding from i = 1 to m, we conclude that

aolut —uT| dHN L

lim inf

1
a(v.) d||Du. 2—/ aolut —u”| dHYN L
ni /Uw_m ) Dl 2 s [ aolut

For W™ = Q\ J~, U, we take v € D and argue in the same way to get

hmlnf/ a(v.) d||Du.||

/ / 1) dl| Duy || dH(2)
'm W"”\E)l

:/ a(l) d|(Du,v)|.
W\
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The last equality follows from Lemma 3.2. Since W™ N X, = (), combining the estimate
of the integral on V™ we now observe that

liminf/ a(ve) d||Du.|| > liminf/ a(ve)d [(Du, v)| + liminf/ a(ve) d||Du.||
Q e—0 Wm\(S\Em) e—0 vm

e—0
/ Qo ‘u’L — u_‘ dHN L
m

1
2041/ d|(Du, v)| + —————
D W\ (S\Zm) It 4 V1+(20)2

Sending m — oo yields

1
liminf/ozv8 d||Du.|| > a1 / d|(Du,v +—/a wt —u [ dHN
mipl | a(ve) diDucl| 2 (1) | - dl(Du)l+ s | a0l |

by Fatou’s lemma. Since ¢ > 0 can be taken arbitrary, we now conclude that

e—0

liminf/ a(ve) d||Dug|| > a(l)/ d[(Du,v)]| +/ ag |ut —u | dHN T
0 o\x Qnx

For any v € D, we may replace €2 by an open set in €2, for example, Qo N €2 where
o is an open rectangle. Applying the co-area formula (or just the Fubini’s theorem)
to the projection (z1,...,zy) — x;, for Ll-a.e. ¢ the HN "1 (X N {z; = q}) = 0, since
otherwise £V(¥) > 0. Thus, for any 7 > 0, there is a 7-rectangular division {R7}; with
HYNLORTNY) = 0. Since HY1(ORT; N E) = 0, by dividing Q into {Q N R7},, we
conclude that

liminf/a(vg) d|| Du.|| Za(l)/ d|(Du,y(x)>|+/ ap [ut —u” [ dHN !
=0 Jo o\ g

where v : 2 — D is a constant on each rectangle. Applying Lemma 3.4.2, we now conclude
that

e—0

liminf/ a(ve) d||Du.|| > a(l)/ d||Du|| + / ap |ut —u” [ dHN T
Q o\% Q
Since we already obtained
lim inf £y (ve) > EQ (B, Q)
e—0

by Theorem 3.2.1 and since

aamzﬁmm+[gwwmm

the desired liminf inequality follows.
O

Proof of Lemma 3.4.2. We may assume that A is open since p is a Radon measure. By
duality representation,

11| (A) = sup {Z/A%dui

©=(p1,..-,904) € C(A), |lo|lre < 1} :
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where C.(A) denotes the space of (R%-valued) continuous functions compactly supported
in A and [|¢]|ee 1= sup,cq |¢(x)| with the Euclidean norm |a| = (a, a)'/? for a € R?. Since
p(A) < oo, by this representation, we see that for any § > 0, there exists ¢ € C.(A) with

|olloo < 1 satistying
d
|ul(A) < Z/ pidp; + 0.
i=1 /A

Since ¢ is uniformly continuous in A and D is dense, for sufficiently large k& there is
i-rectangular division { R} and v : Q — D which is constant on R N Q) and that

lp—vier] <6 in RFNQ
with some constant 0 < ¢, < 1. This implies that

Z/%duﬂZ/ exd(p, 1) + 6ul(A)

kA

< [{u, )| (A) + 6]l (A).

Thus
|1/ (A) < [ (s v2)] (A) + 8 + 0]l (A).
Since pu(A) < 0o, and 6 > 0 is arbitrary, this implies

|1|(A) < sup {|{u, vi)| (A) | vy : @ = D, vy is constant on R} NQ, J € ZN, k=1,2,...}.

The reverse inequality is trivial, so the proof is now complete. ]

3.4.2 limsup inequality of KWC

Proof of Theorem 3.4.1 (ii). We take w. in Theorem 3.3.1 we see
Ean(E: Q) = lﬂ% Esmm (Wwe)-

Since

[ atw) dipul = [ aw) dipul+ [t~ ula(w) an
Q Q\S,, Su

it suffices to prove that

lim a(wg)dHDuH:/ a(1) || Dul.
=0 Jo\x o\

We decompose

limsup/ a(w,) d||Dul| = lim sup / a(1) d||Dul| +/ a(w,) d||Dul| | .
e—0 Q e—0 NZ5. 2 %

5ve
We have
limsup/ a(1) d||Dul| = limsup a(1)|| Dul[(2\ X5 )
Q\Zo\[ e—0

= a(1)[|Dull (Q () Zm)

e>0

= a(D)[|Dul[(2\ %).
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Since w, is bounded, a(w;.) is also bounded. We assume a(w.) < M, then we get

limsup/ a(w,) d||Dull
>

e—0 5VE

= lim sup / a(w,) d||Dul| + / a(w,) d||Dull
e—0 EPES> >

< timsup (M1Dul(S5,2\ 5+ [ aws) djoul)).
e—0 »

By the Lebesgue dominated convergence theorem we get
lim sup (M||Du||(25ﬁ \ X))+ / a(w,) d||Du||>
e—0 »

= lim sup <M||Du||(25\/g \X) + / o d||Du||)
e—0

>
= lim sup <M||Du||(25\/g \X) + / aolu™ —u| d’HN—1)
e—0 3

:/040|uJr —u”| dHN L
>

The proof is now complete.
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