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Abstract

In this thesis, we describe several new results in semiclassical analy-
sis and resonance theory. We first discuss semiclassical analysis and the
Agmon-Finsler metric for discrete Schrédinger operators. We next discuss
resonances and viscosity limit for the Wigner-von Neumann-type Hamil-
tonians. We finally discuss the complex absorbing potential method for
Stark resonances.

1 Introduction

Semiclassical analysis and resonance theory are rich areas in spectral theory and
mathematical quantum mechanics. Semiclassical analysis studies the quantum-
classical correspondence in the semiclassical limit in quantum mechanics. A
parameter-dependent formalism of microlocal analysis is a powerful method in
semiclassical analysis (see [61]). While the classical microlocal analysis empha-
sizes the study of singularities, the semiclassical microlocal analysis is useful
in the asymptotic analysis. It is richer than the classical theory since lower
order parts of (pseudo)differential operators also play the principal role in the
semiclassical limit. Resonances correspond to quasi-steady states and are closely
related to scattering theory. They are hidden complex eigenvalues of self-adjoint
Schrédinger operators and are closely related to the spectral theory of non-self-
adjoint operators. Mathematical theory of resonances is full of interesting ideas
and methods (see [14]).

We first discuss semiclassical analysis and the Agmon-Finsler metric for dis-
crete Schrodinger operators. This part is based on [32]. We discuss discrete
Schrédinger operators in the semiclassical setting where semiclassical continu-
ous Schrodinger operators are discretized with the mesh size proportional to
the semiclassical parameter. In this setting, we first prove the Weyl law for
the number of eigenvalues. We also prove the semiclassical Agmon estimate for
the eigenfunctions with the Agmon metric defined as a Finsler metric rather
than a Riemannian metric. We call it Agmon-Finsler metric. We then con-
struct approximate eigenfunctions by the WKB method near a local potential
minimum in terms of the Agmon-Finsler metric. We also prove the Agmon
estimate and the exponential decay of eigenfunctions for non-semiclassical dis-



crete Schrodinger operators. This exponential decay is optimal for a concrete
example.

We next discuss resonances and the complex absorbing potential method
for the Wigner-von Neumann-type Hamiltonian. This part is based on [31],
which is a joint work with Shu Nakamura. The complex absorbing potential
method is also called as “resonances as viscosity limits”. In this method we
consider the Hamiltonian with a complex absorbing potential added and take
the limit where the absorbing coefficient tends to zero. Then the resonances for
the original Hamiltonian are characterized as limit points of discrete eigenvalues
of Hamiltonian with complex absorbing potential. Wigner-von Neumann-type
Hamiltonians are Schrédinger operators with oscillatory and slowly decaying
potentials. We define the resonances and justify the complex absorbing poten-
tial method for the Wigner-von Neumann-type Hamiltonian by introducing the
periodic complex distortion in the Fourier space.

We finally discuss the complex absorbing method for Stark resonances. This
part is based on [33]. Stark Hamiltonians describe the particles in the external
electric field. We characterize the resonances for Stark Hamiltonians by the
complex absorbing potential method. The proof is based on the complex distor-
tion outside a cone introduced in the master thesis by the author. Perturbations
may be potentials with local singularities such as the Coulomb potential.

This thesis is organized as follows. In Section 2, we discuss semiclassical
analysis and the Agmon-Finsler metric for discrete Schrodinger operators. In
Section 3, we discuss resonances and the complex absorbing potential method
for the Wigner-von Neumann-type Hamiltonian. In Section 4, we discuss the
complex absorbing potential method for Stark resonances.

2 Semiclassical analysis and the Agmon-Finsler
metric for discrete Schrodinger operators

2.1 Introduction to Section 2

In this section, we mainly consider the following semiclassical setting for dis-
crete Schrodinger operators. In the appendix to this section, we also discuss
the non-semiclassical standard setting. We first set a continuous semiclassical
Schrodinger operator

H" = H"(h) = —=h*A+V(z) on L*(RY),

where V € C(R%; R) is a potential. The dimension d € Z+ is fixed throughout
this section. We discretize this operator with mesh size 7 > 0 and obtain a
discrete Schrédinger operator H7 (k) on ¢2(7Z) defined by

w0 = (1) % )~ u(w) + Viulo)
-

Here z,y € 724 C R% and u € ¢%(7Z%).



In the limit h — 0 for fixed 7 > 0, the H™(h) converges to V(z) on ¢2(7Z%)
since the difference Laplacian is a bounded operator. We note that h=2H7 (h)
when h — 0 for fixed 7 > 0 is studied in [3]. The limit 7 — 0 for fixed h > 0 is
the continuum limit problem and we expect that “lim,_,o H™(h) = H"(h)”
(see for instance, [28] [40]). This formally corresponds to 7 = h*°. In this
section, we put 7 = h. It will be interesting to study the case of 7 = h* with
1< p<oo.

Then our semiclassical discrete Schrodinger operator H(h) on ¢2(hZ?) is
defined by

H(hyu(z) == Y (u(y) - u(@) + V(z)u().
|lz—y|=h
Here x,y € hZ? C R? and u € £2(hZ%). We set T¢ = R?/27Z?. In this section,
the semiclassical discrete Fourier transform Fj, : ¢2(hZ%) — L*(T9) is defined
by
Faul©) = @m) 2 Y u()el= O,
zEhZ?
Then we have

d
H(h): =F,H(h = (2—2cos&;) + V(hDy).

j=1

Here V(hDg) is the semiclassical pseudodifferential operator on T¢ with the
symbol V(z) (see subsection 2.2 for the definition). We interpret 2 € R? as
the dual variable of ¢ € T¢ on T*T?. Then H (h) is the semiclassical quanti-
zation of p(§, ) = z;l:l(? —2cos&;) + V(x) € C°(T*T?) on the torus. A
quantum-classical correspondence is obtained and it is expected that various
quantities related to H(h) are described in terms of p(¢,x) when h — 0, that
is, “limp, 0 H(h) = p(&, z)”.

We observe the Weyl law in this semiclassical setting. We denote the number
of eigenvalues of H(h) in [a,b] by N, 4(h). We denote (z) = (14 z%)/2.

Theorem 1. Assume V € C*(R%R), lim o V(2) > 0. Moreover assume
that there exits 0 < 0 < 1 such that

0°V ()] < Coa) ="
for any o € Zéo- Then for any fized a < b < 0,

Nia.)(h) = (2mh)~Vol({(¢,x) € T*T? a < p(&,x) < b}) + o(h™?)
when h — 0.

We then discuss the Agmon estimate in our semiclassical setting. We set
Gr = {r € RYV(z) < E}. We also set the d-neighborhood of Gg as Gg s =
{x € RY|dist(x,Gr) < §}. Here dist(+,-) is the Euclidean distance. We write
Ops= R%\ G 5. We denote the space of smooth functions which are bounded

with their all derivatives by C£°(RY).



Assumption 1. The potential V € Cp° (R%;R) and F € R satisfy the following:

inf V(z)>FE forany 6 > 0.

z€G% 5

We note that the compactness of Gg is not assumed. We set

L .6 (V@) -E
K,={¢eR?| ;smh2£2] < H“")f)*},

where (+)4 = max{-,0}. We introduce the Agmon-Finsler metric for discrete
Schrédinger operators

L(z,v) = Eseufg@,v).

This is the length of v € T,R? = R? in this metric.
The Finsler metric L(x,v) induces the (pseudo-)distance dg(x,y) between
z,y € R? (see subsubsection 2.3.2 for details). We set

dg(z) = ylenng dg(z,y).

Our semiclassical Agmon estimate for discrete Schrodinger operators is the
following.

Theorem 2. Under Assumption 1 and the above notation, for any Cy > 0,
8o >0 and € > 0, there exist C >0, hg >0, 0 < J < o, X, X € C°(R%;[0,1])
with

supp (1 — x) C Ge,5, suppX C Ge.5 \ Gr.5/2

and p € C*(R% Rxq) with |(1 — e)dp(x) — p(x)| < e such that for 0 < h < ho,
Ixe?@ M|z < CllRullez + Cllxe” ™™ (H(h) = 2)ul 2
for any u € (?(hZ?) and any z € [E — Cy, E + Coh] + i[—Cy, Co).

We prove the Agmon estimate and the optimal exponential decay of eigen-
functions which are valid for 1 = 1 in the appendix to this section.

We finally construct local approximate eigenfunctions of H(h) near a non-
degenerate potential minimum.

Assumption 2. The potential V € C°°(R%; R) satisfies
V(0)=0, 0V(0)=0 and 9°V(0) > 0.

Moreover, a positive number Ej satisfies the following. There exists a unique
a € Z‘éo such that Fy = ijl Aj(aj+1/2), where A1, ... \g are positive square
roots of eigenvalues of £9%V(0).

We denote the Agmon-Finsler distance to 0 at energy 0 for this potential by
d(x) = do(z,0).



Theorem 3. Under Assumption 2, there exist unique E; € R, (j > 1), such
that the following holds. There exist aj(z) € C®(R?), (j > 0), such that if
ar~ Y Zoha; and E(h) ~ 3272, W' Ej then

(H(h) — hE(h))(a(z)e /M) = r(z)e” /", r(z) = O(R>)

near x = 0. The formal power series Z;’io hia; is essentially uniquely defined
in the sense that any other solution is given by (37, hjcj)(Z;iO hiaj) near
x =0 for some c; € C.

The microlocal analysis on the torus for discrete Schrodinger operators is
also discussed in the study of the long-range scattering theory (see [39] [54]).

For the history of the semiclassical Weyl law for continuous Schrédinger
operators, see [11]. The proof of Theorem 1 is analogous to the usual continuous
case employing the pseudodifferential operators on the torus.

The Agmon estimate was introduced by Agmon (see [1]). We follow the
strategy in [36]. Since we work in the Fourier space (torus), we study the opera-
tor conjugated with the exponential of a Fourier multiplier and the calculations
are more complicated than those in [36]. See [36] for the history of the semi-
classical Agmon estimate for continuous case.

Theorem 3 for the continuous Schréodinger operator case was proved by
Helffer-Sjostrand [20]. Helffer-Sjostrand [21] considered the Harper operator

Hy pu(n) = %(u(n + 1) +u(n—1)) + cos(hn + 0)u(n)

on (?(Z). For fixed 6, this is a special case of our setting. They studied
Uy o(Hg,i) by considering

P(h) = cos(hD,) + cosx

on L?(R). Among many things, they proved the Agmon estimate based on the
Agmon-type Riemann metric

Vo~ B)
2 *d

where ds is the length of the standard metric on R. Our Agmon-Finsler metric
reduces to this metric when d = 1. They also discussed the one-dimensional
case of Theorem 3 employing this metric. The general strategy of our proof
of Theorem 3 is similar to Dimassi-Sjostrand [11, section 3]. Modifications are
needed for treating a Finsler metric.

We noticed that Rabinovich [44] already studied the same semiclassical set-
ting of discrete Schrodinger operators in higher dimensions and proved the ex-
ponential decay of eigenfunctions. Nevertheless, the Agmon-Finsler metric is
not introduced in this paper and the exponential decay in [44] is weaker than
ours. We note that our Theorem 3 suggests that the Agmon-Finsler distance to
Gr = {z € RY V(x) < E} is the natural function for estimating the exponential
decay of eigenfunctions.

dsg = 2arsinh S,



This section is organized as follows. In subsection 2.2, we recall basic facts
about pseudodifferential operators on the torus and prove Theorem 1. In sub-
section 2.3, we discuss the Agmon-Finsler metric and prove Theorem 2. In
subsection 2.4, we construct WKB solutions near a nondegenerate potential
minimum and prove Theorem 3. In the appendix to this section, we prove
the Agmon estimate for discrete Schrodinger operators in the non-semiclassical
setting. We also discuss the optimality of this estimate.

2.2 Preliminaries for Section 2

We recall basic facts on microlocal analysis on the torus in this subsection.
Functions on T*T? or T? are identified with those on T*R? or R¢ which are
2nZ-periodic. We recall the notation

Sio(TT?) = {a(:h) € C(T*T)||9g 0Ja(€, 23 h)| < Ca,p(x)™ 171},

Here o, 8 € Z%o- We write Sgy = Sg’}o(T*Td), S™ =57, S = S§,and ST =
Nyner S™. For a € Sy we define a pseudodifferential operator a(¢, hDg) on Td
by the expression

al€.hDQu() = (2at) ™" [ [ a(e.a)ei € Pty inds

in the sense of oscillatory integral, where u € C>°(T%). The class of pseudodif-
ferential operators corresponding to Sy’ is denoted by OpSg’,.

We have V (hDg) = F, V() F;, " for V€ C5°(R?) since

V(Du(©) = ey~ [ [ Vi@ gy

=) [ Vi) [ X ot @, | 6
R xehzd

:(27r)_d/2 Z V(x)(]:h—lu)(m)e(f,x)/h
z€hZd

for u € C°(T%). Thus H(h) = p(€, hD¢).

While the definition of a(§, hD¢) is based on the special structure of the
torus, the pseudolocality of pseudodifferential operators implies that we can
employ the general theory of pseudodifferential operators on manifolds (see [61,
Chapter 5, 14]). In particular, the functional calculus and the trace formula
for pseudodifferential operators are valid. We give a proof of Theorem 1 using
these method.

Proof of Theorem 1. For small ¢ > 0, we take x1.,x2. € CZ(R;[0,1]) such
that x1,. = 1 on [a—¢, b+¢], supp x1,. C [a—2¢,b+2¢], x2. = 1 on [a+2¢, b—2¢]



and supp x2.. C [a +¢€,b — . Since Nig (H (h)) = tr(X[a,p (H(h))) and Yo <
X[a,b] < X1,e, we have

tr(xo,e(H(h)) < Niag (H(h)) < tr(x1,-(H(R))).

By the functional calculus and the trace formula for pseudodifferential op-
erators, we have

tr( () = 2a) [ (6, a)dgdo + O(h0)

T*Td
for j = 1,2. By Fubini’s theorem and the definition of p(¢,z), We have
Volog({(&, 2)| p(&, x) = a,b}) = 0. Then we have

lim Xj.e(p(€, x))dédx = Vol({(&,2) € T*T a < p(&, ) < b})

e—0 T*Td

for j =1,2.
Take any § > 0. Then we have for small € > 0

—8 — Oc(h) < (27h)* Nig ) (H (h)) = Vol({(¢, 2)| a < p(&, ) < b}) <6+ Oc(h)
by the above arguments. We take i — 0 and then 6 — 0, which completes the

proof. U

2.3 The Agmon estimate

We prove Theorem 2 in this subsection.

2.3.1 Calculation of exponentially conjugated operator

For p € Ci°(R%R), we compute Elp(h) = ep(hDO)/h I (h)e=r(hD)/h Note that
ePhP)/MY (R De)e=P(hPe)/h = V(hDg). We thus consider e?("Pe)/hp(&)e=r(hDe)/h

where po(§) = Z?ZI(Q —2cos&;).
Lemma 2.1. For any p € C° (R4 R),
PP po(§)e™ PP = a, (&, hDeg; h) € OpS,
where a, ~ > po g hFa, 1 (€, 2), apr € S and
ap,0(§7 JJ) = pO(f - z@p(x), 33)

If moreover
102 p(@)] < Cala) ™1 for any o € 2, (1)

then a, € S° and a, ) € S7".



Proof. We set g(z) = e~ 1#I". Then we have
e*P(hDﬁ)/hu(ff])
= lim(27rh)*d/ eln=ma)/he=p@)/hy(n)g(ex)g(en)dadn
e—0 de
— (27h)~d / =3 /B LN (o=0@) by (1)) derdy
R2d

by integration by parts, where N > 2d + 1 and

;. _L1—a-hDy+(—n) hD,
1= ~
1+ ]z + | —qf?

Thus

ep(hDs)/hpo (f)e*p(hf’g)/hu(f)

— (2rh)~2 / (e Bt N o)y / Gili—n.a)/h
R24d R2d
thN (e_p(z)/hu(n))dxdndydﬁ
— lim (2rh)~2 / HE=70) [ (p() — p(2)) /i (=) /.
e—0 R4d
u(n)g(ex)g(en)g(ey)g(en)dedndydi,
where .
L, — Loy hDq+(E =) hD,y
L+ y|2 + |7 — &2

1
We set p(y) — p(z) = (y — 2) - ®(z,y), where &(z,y) = [; Ip(y + t(z — y))dt.
We deform the integral by Cauchy’s theorem and obtain

P D)/ hpg (£)emP (D) /hyy(¢)
= lim (2rh) > [ 6B/ B0 Mg (7 — i@ (2, y) Ju(n)
e—0 R4d
g(ex)g(en)g(ey)g(en — ei®(z, y))dndrdidy.
Using 'L and L2V as above, we see that
eﬂ<hD&)/hp0(g)e—p(hD&)/hu(g)
= lim lim (27Th)_2d/ e hgi=na)[hy oy — i (2, y))u(n)
e—=0e’—0 R4d
Y(ex)p(en)d(e"y)v(e"n)dndedidy
= lim lim (27h)~2¢ /R y elemma)/he= iy /hp (7 4 € —i®(z,y + x))u(n)

e—=0e’—0
Y(ex)y(en)y('y + e'x)p(e") + €'€)didydndz.



Here ¢ € C°(R?) is a cutoff near 0 with suppy C {x € R?||z| < 1/4}. We
also changed the variables from y and 7 to y + « and 7 + €.
We next insert

L= Q1 =9(y)v®) +¢y)v(n)

into the integrand. Then we estimate the lim./_o(27h)~ fRQd -+ -dndy part. We
set
—nhDy — yhD;

7* + lyl?
We see that the 1 — 9(y)¥(7)) term contributes as h**S by using 'L with
N > 1. To estimate the 1 (y)1(7) term, we apply the stationary phase method
([19, Theorem 7.7.6]) with respect to (7,y). The stationary point (9; ¢ = 0) is
(f,y) = (0,0). We have sgnd? ¢ =0 and |detd? | =1 at (9,y) = (0,0). We
then obtain an asymptotic expansion with respect to h in S with the leading
term po(€ — i0p(x)). Here we used ®(z,x) = dp(x).

Finally we assume (1) and prove the asymptotic expansion in S0, For this,
we change the variables from y to (z)y and set h = h(z)~!. Then we have

Ly =

ep(hDg)/hpo(g)efp(hDs)/hu(g)
= lim lim (27h)~%(27h)~? / e /he=iw) /by 5 4 ¢ — i ®(z, (x)y + 1))
e—0e’—0 R4d
u(n)p(ex)p(en)b (e (x)y + e'x)b(e' + £'€)dndydndz.
We insert
1= (1=9(y) + )L =)+ (y)(n)

into the integrand and estimate the lim/_,( 27Th fRM -+ - dndy part. We set

- —hhD, — yhD;

T P+ 1P

We see that the 1 — 1)(y) term contributes as hS~>° by using *L¢™! and *LY
with V> 1. We also see that the 1 (y)(1 — (7)) term contributes as h>S~>
by using ‘LY with N >> 1. To see this, we note that for |y| < 1/4

0, ®(z, (v)y + x)| < C, for any a € 7%,

since |(x)y + x| > |z|/2 for |z| > 1 and |y| < 1/4. We then apply the stationary
phase method to the ¥(y)¥ () term and obtain asymptotic expansion with
respect to h(z)~' in S using the above estimate on 9y ®(z, (z)y 4+ ). This
completes the proof. O

Remark 2.2. The Gaussian weight is also used in the context of the reso-
nance theory to justify the contour deformation in the oscillatory integral (see
Galkowski-Zworski [16, Appendix B.1]).

Remark 2.3. The second part of Lemma 2.1 is used in the appendix to this
section.



This lemma implies that for p € Cp° (R%;R), the semiclassical principal

symbol of ﬁp(h) is
on(Hy(h)) = p(§ — i0p(x), x).

In the proof of the Agmon estimate, the weight p € C*(R%;R) may be
only lower semibounded and dp € Cp°(R?, R%). Take v(t) € C®(R;R) with
0 <vV(t) <1andv’(¢t) <0 such that v(t) = ¢ for t < 0.9 and v(¢) = 1 for
t > 1.1. We then set pa(x) = Mv(p(x)/M). We note that pp(z) 7 p(z) when
M — oo since v (t) < 0.

By the proof of Lemma 2.1, we see that the first statement in Lemma 2.1
with p replaced by pa is valid uniformly for M > 1 since dppr € C5°(R?, RY)
uniformly for M > 1. The second statement with p replaced by pjs is also valid
uniformly for M > 1 if we add the assumption that p(z) 2 |z| for |z| > 1 to
ensure that (1) with p replaced by pys is valid uniformly for M > 1.

We set

ﬁM(h) — ePM(hDg)f_j(h)e*PM(hDg).

It may be possible to prove that ﬁp(h) = limy/_yo0 Har(h) € OpS and that

on(Hy(h)) = p(§ — i0p(z),x) even in this case. In fact, in the proof of the
Agmon estimate, we do not use these and we take the limit M — oo in a later
step of the proof.

2.3.2 The Agmon-Finsler metric

We recall that
d d §
po(§) = 2(2 —2cos§;) = 4Zsin2 53
Jj=1 j=1
We will find a condition which ensures that
Re (po(§ — i0p(x)) + V(z) — E)

is positive away from G = {z € R? V(z) < E}. We note that

B L 2 WP SEN 2\ § .. A,
4sin 5 = 4(sin 5 COS - +cos o sin - )
= 4(sin g cosh % + i cos g sinh %)2
Then we have A\ )
Re (4 sin® 5%) > —4sinh? 2.
This implies that
~ g2 0()
Re (po(€ — idp(a)) + V(z) — E) > V(z) — E— 4 sinh? JPQ G)
j=1

10



We set

L4 _ (V@ -E
K,={¢eR?| ;sm}ﬁ%g( (x)4 )+},

which is interpreted as a convex subset of TR
We present a construction of a function d(x) such that

ad(z) € K,

for (almost all) x € R?, which is valid for more general K,. We introduce a
Finsler metric given by the supporting function of K,;

L(z,v) = Sup (&),

which gives the length of v € T,R? = R? in this metric.

Remark 2.4. We note that K, for x with V(z) > F is a strictly convex compact
set such that 0K, is smooth and has non-vanishing Gaussian curvature. This
implies that (30,,0,, L(z, v)z)ij is positive definite for v # 0 and = with V' (x) >
E. Thus L(z,v) satisfies the conditions of the definition of the Finsler metric
(for instance, [2, Section 1.1]) on G§ = {x € R?| V(z) > E}.

We set

ds(z.y) = inf / L(x(t), «'(t))dt,

where z(+) : [0,1] — R? ranges over C! curves such that 2(0) = z and z(1) = y.
We note that dg(z,y) = dg(y, z) since L(z,v) = L(x, —v). Take any closed set
G in R and set
dg(x) = dEyg(l’) = inf dE(:L‘,y)
yeG

Note that dg is a Lipschitz continuous function and thus is differentiable at
almost all 2 € R?. We have the following.

Lemma 2.5. For almost all z € R?,
adg(x) c K,.

Proof. Take x such that dg(z) is differentiable at . Take any v € T,R?. The
triangle inequality implies

|dg(z) — dg(x + tv)|/t < dg(x,z + tv)/t.
Taking limit ¢ — 0, we learn
(9dg (), v)| < L(a, v).
Since the compact convex set K, is recovered from its supporting function as
K, = {¢ e R (&,v) < L(zx,v) for any v € R}
(see [19, subsection 4.3]), this implies ddg(z) € K. O

11



We call L(z,v) or L : TRY — [0,00) with respect to our K, the Agmon-
Finsler metric for discrete Schrédinger operators. Then the exponential decay
of the eigenfunctions of H(h) is stated in terms of

dg(z) = dp.gy(z).
The inequality (2) and Lemma 2.5 imply that
Re (po(€ — i0dg(x)) + V(z) — E) > 0.

outside Gg.

2.3.3 Proof of Theorem 2

Proof of theorem 2. We should modify dg(x) as follows. For a given € > 0, we

take a sufficiently small § > 0. We fix 5 € C2°(R;R>¢) such that supp s C

{z € RY|z| < §/30} and [, ¥s(z)dx = 1. Set x = Lge . *¥s, x1 = 1ge | *¥s
' 4 2

and y = ]lgE%J\gE%E x1p5. Here 1 denotes the indicator function of a set. Then
X> X1, X € Cpe(R%[0,1]), xx1 = x, X0x = Ox and

supp (1 — x) C Ge5, suppX C Ges \ Gr.5/2-
By mollifying (1 — ¢)dg g, ;, we obtain p € C*(R%Rxq) satisfying |(1 —

e)dp(x) —e| < e for x € R? and dp(z) € (1 — &/2)K, on suppxi. Moreover,
dist(supp p, supp dx) > 6/10.

Define pps and Hys(h) from this p as in subsubsection 2.3.1. Then dpps(x) €
(1 —-¢/2)K, on supp xi.

Take any z € [E — Cy, E + Coh| +i[—Cy, Cy] for a given Cy. By Lemma 2.1
we have

X1(hDg)(Har (h) = 2)* (Har (h) = 2)x1(hDg) = *x1(hDg)*
belongs to OpS uniformly for M > 1 and its principal symbol is
X1 (2)?|p(€ — i0par (@), ) — 2|* — 7*xa (2)*.
The inequality (2) and the estimate for dpys(z) above imply that this is non-

negative for small v > 0. Here we replace z with z—Cyh if E < Rez < E+Cyh.
Then the Garding inequality implies that there exists hg > 0 such that

~ R . /y .
[(Har(R) = 2)x1(hDe¢)tl 2 (ray > 7lIx1(hDg)tl 2 ey — §||U||L2(1rd)

for any @ € L?(T¢) and any 0 < h < hg. Here hg is independent of M > 1 by
the uniform estimate of the symbol. Replacing @ with x(hDg¢)u, we have

T — T Y
[ @M (H (h) — 2)e= @ My > 5 lIxulle
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for u € £2(hZ%) and 0 < h < hg. We replace u with e”™(*)/hy and obtain
oo @/ (H (R) = 2)xulles > 2l )/ xull

for u € (2(hZ%) and 0 < h < hg. Taking the limit M — oo, we have this
estimate with pps(z) replaced by p(x). Then we have

Ixe? @Ml < Clle? /M (H (R) - 2)xul
< Clxe” ™M (H(h) = 2)ulle + Clle” M H(R), X]ul 2

< Clxe” ™M (H(h) = 2)ullz + C||Xul 2.

In the last inequality, we used the facts that p = 0 near supp dx and that y =1
near supp 9. O

2.4 WKB solutions near a potential minimum

In this subsection, we set g(x,&) = 42?21 sinh? %J — V(z) and give a proof of
Theorem 3.

2.4.1 Solution to the eikonal equation
After some orthogonal transformation, we have

d
a(y,n) =n" =Y _ Xyl +O0((y.n)).

=1

Thus there exists a real valued smooth function ¢ defined near = = 0 such that

the local unstable and stable manifolds at (0,0) of H; = g—ga% - %6% are given

as Ay = {(z,8)]|§ = £I¢(x)}. Moreover, ¢ = Z?Zl )‘Q—Jy? +O(Jy|?) in the above
coordinate y and the phase ¢ satisfies the eikonal equation ¢(z,d¢(z)) = 0.
These facts are proved by the same proof as in [11, Section 3].

We recall that d(x) is the Agmon-Finsler distance to 0 € R? at energy 0.

Lemma 2.6. Under the above notation, ¢(x) = d(x) near z = 0.

Proof. We follow the strategy of Proposition A.1 in [11, Section 6]. We should
be careful since we work with a Finsler metric. Take a small neighborhood Q of
0 € R? where ¢ is defined. We also take a small neighborhood  C Q of 0 € R?.
Then for z,7 € €, the Agmon-Finsler distance d(z,Z) is computed by the C!
curves in joining them. _

Suppose that z(t) is a C! curves in Q such that z(0) = x, (1) = Z. Since
(09)(x(t)) € 0Ky by the eikonal equation, the definition of L implies that

1 1
[¢(z) — o(2)] = \/O ((0¢) (1)), 2'(1))dt] S/O L((t), z'())dt.

13



Taking the infimum over z(t), we have |¢p(x) — ¢(Z)| < d(z,Z). In particular,
we have 0 < ¢(z) < d(z) by setting Z = 0.

We next take z € Q and set exp(—tH,)(z,0¢(x)) = (x(t),£(t)), where
exp(tHy) is the flow generated by H,. Since ¢ generates the local unstable
manifold, we see that lim; o x(t) = 0 and &(t) = (0¢)(x(t)) € OKy). Then

we have
o(x) — dla(t) = / (06)(2(5)), —'(s))ds = / (E(s), —a'(5)) ds.

We have —2/(s) = 8—2(36(5) &(s)) by the Hamilton equation. Thus the supremum
L !/

in L(xz(s),2'(s)) = L(z(s), —2'(s)) = supEeKﬂs)(f, —12/(s)) is achieved at £(s).
Thus we have

o(z) — $(a(t)) = / L(a(s), 2'(s))ds > d(z, 2(t)).

~—

Taking the limit ¢ — co, we have ¢(x) > d(z). O

2.4.2 Transport equation

We next calculate e?(®)/" [ (h)e=¢(*)/" Difference operators such as H(h) act
on functions both on R? and hZ?.

Proposition 2.7. Under the above notation
e?@/MH (R)e=?@/hg = h(La)(z) + h2®(z, h; a)

for a € C®(R?) near x = 0, where

d d
(La)(x 22 (sinh 0;¢(x))0;a(x) + Z (cosh 0;¢(x ¢(m))a(m)
j=1 j=1

and

(z,h;a) Zh" na)(
Here ®,, is a (n+ 2)th order differential operator defined in terms of ¢.
Proof. We have

@/ (R)e= @)/ hg = — Z (a(y)e®@=2WN/M _ 4(2)) + V(2)a(z).
ly—=|=h

Since ¢ satisfies the eikonal equation, we have

Viz) = Z(ejFam(r) —1).

g+
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This and the Taylor expansions of ¢(y) and a(y) around x imply that
e?@/MH (h)e= @)/

oo

~ =3 (S (ER) (@7 a(@)) [nh)eF Zam ERTHET @/ _ (F0,0() g (1))
7, n=0
e i 1
~— Z(:I:haja(x)e;aﬂ‘b( ) — ha(z)eT29( )5('“)?¢(:13)) + h?®(z, h; a)

gt
= h(La)(z) + h*®(z, h;a)

for some ®(x,h;a) ~ > o7 h"(Ppa)(z). This is justified as an asymptotic
expansion if we expand

eF Il (RO ¢(@)) /0l _ FO5(x) o F Lo ()" (O] ¢(x)) /n!

using e* =Y °_ 2™ /ml. O

See [21, Section 8| for the case of d = 1. This proposition implies that in
order to solve

e¢(m)/h(H(h) _ hE(h))(a(:L‘)eid)(z)/h) = O(h™),

it is enough to solve the following transport equations

n—1

(£ — Eo)ao = 0, (E — E())(ln = Z (En,m — @n,m,l)am, (7’1, Z 1).

m=0

2.4.3 Solution to the transport equation

Proof of Theorem 3. We recall that ¢(y) = Z;l:l %yz + O(ly|®) after some
orthogonal transformation. Thus £ = QZ?ZI(Ajyj + O(ly*)d,, + 2N+
O(ly|). Then the same arguments as in [11, Section 3| implies the existence
part of Theorem 3.

We next prove the uniqueness of E; and the essential uniqueness of a;.
Suppose that E'j and a; are other solutions. Recall that for any g € C*° (R%),
the equation (£ — Ey)f = g— Aap near = 0 has a solution f € C* for precisely
one A € C and the solution is unique modulo Caq ([11, Proposition 3.4, 3.5]).
Considering the first nonzero a;, we may assume that ag = ag. We prove the
uniqueness by induction. We assume that Ej =FEjand a; =aj + Y j_, Ceaj_¢
for some ¢, € C up to j — 1. Then

1
(Ejfm - q)jfmfl)&m

<.
|

(E — Eo)dj + (EJ — Ej)ao

S
S
o

[

<.

(Ej—m - (I)j—m—l)(am + Z Céam—é)
0 =1

3
I
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by the inductive hypothesis and the transport equation for d;. This is equal to

J—1 J—1
(L—Eo)a;+ Y oY (Ejm — Pjm—1)tm—s
=1 =/

j—1  j—1-¢
= (L~ Ep)a; + chz Z (Ejem—t — ®j_pm—t—1)am
=1  m=0
by the transport equation for a;. The transport equation for a;_, implies that
j—1
(L — Eo)aj + (E; — Ej)ag = (£ — Eo)a; + Y _ co(L — Eo)aj .
=1

Since this has a solution a;, we have E; = E; and a; = a; + ZLI ceaj—g for
some c¢; € C. This shows the uniqueness part of Theorem 3. O

2.5 Appendix to Section 2: The Agmon estimate and
the exponential decay of eigenfunctions for discrete
Schrodinger operators

2.5.1 The Agmon estimate

In this appendix to Section 2, we prove the Agmon estimate for

Hu(z) =~ Y (u(y) —u(@)) + V(z)u(),

|z—y|=1

where z,y € Z%. The proof is similar to that of Theorem 2. While we used
the semiclassical Garding inequality in the proof of Theorem 2, we employ the
non-semiclassical sharp Garding inequality in this appendix.

Assumption 3. The potential V : Z¢ — R has a smooth extension ViR SR
such that _
|02V (2)] < Co(1 + |z|) 7% for any a € Z‘éo (3)

for some 0 < 6 <1 and lim,_, ., V(z) > 0.

We note that any V' € €22, (Z%) satisfies the Assumption 3. We write V =V

comp

without confusion. We fix £ < 0.

Remark 2.8. Note that a necessary and sufficient condition for the existence of
an extension V : RY — R of V : Z? — R satisfying (3) is given in Nakamura [39,
Lemma 2.1]. Although the case of § = 1 is discussed in [39], the case of 0 < 6 < 1
is similar.

We set ¢q(§) = 42‘;:1 sinh? % in this appendix. We set K¥ = {¢ €
R q(¢) < |E[} and

pr(z) = sup (z,€).
CEKE
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We define the Gauss map Gg : OKF — St by Gr(x) = 9q(€)/]0q(€)| for
¢ € OKF. This is bijective since K¥ is convex and the Gaussian curvature of
OKF does not vanish. Then we have

pp(x) =z G (z/]a]).

Theorem 4. Under Assumption 8 and the above notation, for any Cy > 0 and
€ >0 there exist C >0 and 1 — x, ¥ € £, (Z%) such that

comp
Ixe®= =@ ull e < Ol|xull + Cllxe == (H — 2)ull,z
for any u € (?(Z%) and z € [E — Cy, E] + i[-Cy, Co).

Corollary 2.9. Under Assumption 3 and the above notation, if (H — E)u =0
and u € (*(Z%), then for any ¢ > 0 there exists C. > 0 such that

lu(z)| < C.e~(1—)pn(@)
for any x € Z2.

Remark 2.10. We note that pg(z) coincides with the length of the line segment
joining 0 and x with respect to the Agmon-Finsler metric L(x,v) at energy F
for V= 0. The geodesics with respect to the Agmon-Finsler metric in this case
are the straight lines since L(z,v) is independent of . Thus pg(z) coincides
with dg(z,0) for V =0 (see [2, subsection 5.3, 6.6]).

2.5.2 Proof of Theorem 4
We first note that pg(x) satisfies the eikonal equation.

Lemma 2.11. For any z € R?\ {0},
4(9pp(x)) = |E|.
Proof. The definition of Gg implies
¢(Gg'(z/|z])) = |B| and (99)(GE' (x/lz]) = z/|z].
Differentiating the first equality and using the second, we learn
@ - 94, (Gg' (z/]2]) = 0.
This implies that
Opp(r) = 0 (v Gy (x/l2])) = Gp'(a/z).

Then we have

9(0pp()) = q(Gg' (=/|z])) = | E|.

17



Remark 2.12. Set Ag = T¢R? N {q(¢) = |E|}, which is a (d — 1)-dimensional
isotropic submanifold of T*R? with the standard symplectic structure. Then
the solution in Lemma 2.11 corresponds to the Lagrangian submanifold A =
U>o At, where A4 is the image of Ag under the time ¢ map of the Hamilton flow
generated by the Hamilton vector field of ¢(§).

Proof of Theorem 4. Take a smooth modification pg(z) of pg(z) such that
pe(r) = pr(r) for |z| > 1. We have |0%5g(z)| < Cuf(1 + |z[)1~1°! for any
o € Z2,. We also note that pp(z) Z |z| for large |x|. For a given small & > 0,

we define ppr and Hy = H)p (1) from (1 — €)jg as in subsubsection 2.3.1.

We take any z € [E — Cy, E] 4+ i[—Cy, Cy] for a fixed Cy. We also take
x1 € C*(R%;[0,1]) such that supp 1 C {x € R?¥||z| > R — 2} and x;1(z) = 1
for |z| > R — 1. Lemma 2.1 implies that

X1(Dg)(Hur — 2)*(Har = 2)x(Dg) = 7*x1(De)?

belongs to OpSy ; uniformly for M > 1 and its symbol is

x1(z)?|p(€ — idpu (), ) — 2> — y*x1(x)?

modulo S g , where 0 < 6 < 1 is that in Assumption 3. If R > 2 is sufficiently
large and v > 0 is sufficiently small, this is everywhere nonnegative for any
M > 1 by Assumption 3, Lemma 2.11 and the construction of pg.

Then the sharp Garding inequality implies

I(Har = 2)x1(De)itl| 2 — v [x1(De)allz: = —CllallF—o/
for any @ € L?(T?). Here H~?/2 is the Sobolev space on T¢. We replace

with x(Dg¢)a, where x € C>(R% [0, 1]) satisfies supp x C {z € RY||z| > R} and
x(z) =1 for |x| > R+ 1. Then we obtain

|(Har — 2)x(De)it]|22 — * | x(De)itll22 > —Clx(De)il%-oys-

Taking R > 1 large enough, we have

2
. v .
Clx(De)al o2 < Llx(DeJill3e.

Here C' and thus R are independent of M > 1 by the uniform estimate of the
symbol. This shows that

e @ (H = 2)e= O x(@yul e > Lix(@)ulle
for any u € ¢*(Z%). We then have

ler @ (H = 2)x(@)ulle = Ll x(@)ule
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for any u € ¢*(Z¢). Taking the limit M — oo, we obtain
1272 (H — 2)x(@)ulle > 21975 x(@)ul e

for any u € £%(Z). We then calculate the commutator as in the proof of Theo-
rem 2 and take Y € 25 which is 1 on {z € Z4 R~ 1 < |z| < R +2}. Then

comp

the proof of Theorem 4 is finished. ]

2.5.3 The optimality of Theorem 4

We prove that the exponential decay of eigenfunctions in Theorem 4 is optimal
for a concrete discrete Schrodinger operator. Fix any E < 0. We define ug €
(%) by

d .
up(z) = (2m) /Td (4Zsin2 53 + |E|)’1efi<m>£>d§.
j=1

Then (Ho+|E|)ug(x) = do(x). Here Hy is the free discrete Schrédinger operator

and dy is the delta function supported on 0 € Z¢. We note that uz(0) > 0. Thus

we have (Hg + V)ug(z) = Eug(z) if we set V(z) = —ug(0)~1dy(z). We study

the exponential decay of this eigenfunction ug. We note that Corollary 2.9 for

ug is also proved by the deformation of the integral in the definition of ug.
Take a bounded domain 0 € Q € R? and set

pa(z) = sup(z, ).
£e

Recall that K¥ = {¢ € RY| 42?21 sinh? %J < |E|}. The following proposition
shows the optimality of Theorem 4.

Proposition 2.13. Under the above notation, assume that
lup(z)| < Ce—ro(®)
for some C >0 and any = € Z¢. Then Q C KF.
Proof. By the Fourier inversion formula, we have
d
(4;Sin2 %J + |E\)_1 = gEgZ:d ug(x)e ™8

The assumption on ug implies
lup(z)e!®8| < Cemra@) e~ (Im&a),
We then see that (4 Z;l=1 sin? %J + |E|) ~! has an analytic continuation to {£ €

C?/27Z% —Tmé € Q). Since 4sin®¢;/2 = —4sinh®Im¢;/2 for Reé; = 0, we
conclude that Q C KF. 0
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Remark 2.14. For d = 1, we have ug(z) = (|E|(4 + |E|))~Y2e re®) ([29,
Theorem 2.2]). Ito-Jensen [29, Theorem 2.1, 2.4] showed that ug is expressed
by a hypergeometric function of several variables for d > 2 and by a general-
ized hypergeometric function of one variable for d = 2. The precise pointwise
asymptotics of ug(x) when |z| — oo does not seem to be immediate from these
expressions.

3 Resonances and viscosity limit for Wigner-von
Neumann-type Hamiltonians

As mentioned in Section 1, this section is based on the joint work [31] with Shu
Nakamura.

3.1 Introduction to Section 3

In this section, we consider the one-dimensional Schrédinger operator

d2

p=-2
dx?

+V(x) on L*R),
where V() is an oscillatory and slowly decaying potential. A typical example
is

d? sin 2z

p—_%
dx?

L*(R),
where a € R.

We note that P is not dilation analytic in this case since the potential is
exponentially growing in the complex direction. More generally, we consider
the following class of potentials.

Assumption 4. The potential V(x) has the following form:

V(z) =) sj(@)W(x)

Jj=1

for some J € N, where s; € C(R;R) is a periodic function with period 7
whose Fourier series converges absolutely, and W, € C*°(R;R) has an analytic
continuation to the region {z = z + iy | |x| > Ro,|y| < K|z|} for some Ry > 0
and K > 0 with the bound |W;(z)| < C|z|™* for some p > 0 in this region.

We note that V(z) = a®22Z satisfies Assumption 4 for any K > 0 with
J = 2. We also note that dilation analytic potentials satisfy Assumption 4 by
setting s;(z) = 1. Our first aim is to show that resonances can be defined for this
class of potentials. We write the set of thresholds by 7 = {n? | n € NU{0}} (see
Remark 3.6 for the reason for which we introduce 7). We denote the resolvent
on the upper half plane by R, (z) = (z — P)™!, Imz > 0.
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Theorem 5. Under Assumption 4, there exists a complex neighborhood 2 C C
of [0,00) \ T such that the following holds. For any f,g € L? . (R), the matriz

comp
element of the resolvent (f, Ry (2)g) has a meromorphic continuation to €.

Remark 3.1. Unfortunately, the original Wigner-von Neumann potential ([41],
see also [45, Section XIII.13])

V(z) = (1+g(2)*) ~%(—32sinz)(g(x)® cosz — 3g(x)? sin® x + g(x) cos z + sin® )

does not seem to satisfy Assumption 4, where g(z) = 22 —sin 2z. The argument
principle implies that if v > 1/2 and ¢ > 1 with ¢ € Z, g(z) & i have two zeros
in the region {z € C| ({—1/2)r <Rez < ({+1/2)7,—vlogl <Imz < vlogl}.
Thus we need another method to study the complex resonances for the original
Wigner-von Neumann Hamiltonian.

We define the complex resonances using this meromorphic continuation.

Definition 3.2. A complex number z € () is called a resonance if z is a pole of
(f,Ri(2)g) for some f,g € L2, (R). The multiplicity of resonance m, at z is

comp

defined as the maximal number m such that there exist fi,..., fin,91,-..,9m €
L2, p(R) with det (55 $o( (fir R+(()gj)dg)m.=1 # 0, where C(z) is a small

circle around z. The set of resonances is denoted by Res(P) including multi-
plicities.

Remark 3.3. Res(P) is discrete in  and m, < oo for any z € Q (see Re-
mark 3.7).

We prove Theorem 5 by introducing the periodic complex distortion in the
Fourier space. See subsection 3.2 for the definition and the underlying idea.

We next add a complex absorbing potential as follows:

d2
Po=——+ V(z) —icx?, &>0.

It is not difficult to see that P., ¢ > 0, has purely discrete spectrum on L?(R).
Zworski [62] proved that the resonances can be characterized as limit points
of the eigenvalues of P. as ¢ — 0, namely lim._,g04(P:.) = Res(P) for com-
pactly supported potentials. The proof employed the dilation analytic method.
Zworski [62] also proposed a problem of finding a potential V() such that the
limit set of o4(P-) when € — 0 is not discrete. He suggested V(z) = 2% as a
candidate for such V' (z). Our next result disproves this conjecture (away from
the thresholds). We set B(z,p) = {w € C| |w — z| < p}.

Theorem 6. Under Assumption 4, there exists a complex neighborhood 2 C C
of [0,00) \ T such that lim._,o 0q(P:) = Res(P) in Q including multiplicities.
More precisely, for any z € Q there exists pg > 0 such that for any 0 < p < pg
there exists eg > 0 such that for any 0 < € < gq,

#(04(P:) N B(z,p)) = m..

In particular, lim._,q o4(P:) is discrete in ).
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Remark 3.4. © in Theorem 5 and Theorem 6 are given explicitly in subsec-
tion 3.2 and subsection 3.3.

Wigner-von Neumann-type Hamiltonians have been investigated by many
authors. See for instance [4], [5], [6], [9], [15], [18], [34], [35], [46], [47] and
references therein. To our knowledge, the definition of the complex resonances
based on the complex distortion for Schrodinger operators with oscillatory and
slowly decaying potentials is new. The complex distortion in the Fourier space
was studied by Cycon [7] and Sigal [50] for radially symmetric dilation analytic,
or sufficiently smooth exponentially decaying potentials. This method was ex-
tended to the not necessarily radially symmetric case in [37]. See the references
in [37] for earlier works on the complex distortion.

Complex absorbing potential method was introduced in physical chemistry
(48], [49]). Theorem 6 was proved by Zworski [62] for the compactly supported
potentials, which gave the mathematical justification of this method. This was
extended to several settings (see [31], [58], [59], [60]). Analogous results were
proved for Pollicott-Ruelle resonances by Dyatlov-Zworski [13] (see also [8], [12]),
and for Oth order pseudodifferential operators by Galkowski-Zworski [16]. Ste-
fanov [53] studied the approximation of resonances in the semiclassical limit
by a fixed complex absorbing potential. Similar methods were also used in
Nonnenmacher-Zworski [42], [43] and Vasy [55].

This section is organized as follows. In subsection 3.2, we prove the theorems
for the model case V(z) = a%. It contains essential ideas for the general
case. In subsection 3.3, we present technical arguments which complete the
proofs of the theorems for the general case.

3.2 The proofs for the model case

In this subsection, we present the general ideas for the proofs and give the proofs
for the model case V(z) = a®222 ¢ € R.

3.2.1 Periodic distortion in the Fourier space

The idea of the proof of Theorem 5 is as follows. While the standard dilation
analytic method for the resonances does not apply to our potentials, it is known
that we can construct a Mourre theory with the conjugate operator A’, where

A = %(z D'+ D' -x), Dux)= %(U(IJHT) —u(z —))

(see [38]). In the Fourier space, A’ is a differential operator
A’ = (id) - sin(n€) + sin(r€) - (id).

We may use e~ 94" to define the resonances for our model. Although the flow
of the vector field sin(n¢) is calculated explicitly, it is complicated.

Thus we use the Hunziker-type distortion from the vector field sin(w¢) (see
[37] for Hunziker-type local distortion in the Fourier space). Namely, we set

Bo(€) = £+ Osin(nE), Upf(€) = Dy(€)2 f(y()),
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where § € (—m~!,771). This is our periodic distortion in the Fourier space.
In the Fourier space, P has the form P = &2 + V, where V = (27)"1/2Vx is a
convolution operator and V is the Fourier transform of V with the convention
V(€)= (2m)~1/2 [ V(z)e~*¢dz. Hence we have

Py = UgPU; = (€ + 0sin(n€))? + Vy, Vo =UgVU; L.
We next prove the analyticity of Vp for the model case.
Lemma 3.5. Let V(z) = a®22% for q € R. Then Vo = (@’9)%‘7(@@)%, where
(@’9)% is a multiplication operator by @’9(5)%, and V = Sl[_go*. Here 1j_g 9

denotes the indicator function of [—2,2]. In particular, Vi is analytic with re-
spect to 0 and £%-compact, where § ranges over C \ ((foo, - urt, oo))

}meof. By a simple computation, we immediately have V' = §1[_5 o%. Thus we
ave

Vof(€) = UgVU, ' f(£)

= [ B § 10 (Bo(©) = (@ (1) £ (@7 ()
— [ #©) 51 2a(®0O) ~ Loy ()

for € (—m—1,m—1). To simplify this expression, we note that

T (@0(6) = () = 1+ 7 cos(m) >0
for § € (—7—1, 7~ !) and that
Qy(n£2) — Py(n) = £2 + 0(sin(n(n £ 2)) — sin(7n)) = £2.

These imply that —2 < ®y(§) — Py(n) < 2 if and only if —2 < ¢ —n < 2. Then
we see that

Tof€) = [ ()} Faa (€~ m)Bn)* f(n)dn
= (24)V(®5)* £(6).

The first part of the Lemma 3.5 implies the second part. Note that (#})? is well-
defined for 6 € C\ ((—oo, =7 '] U [r7!,00)) since C\ ((—o0, = U [r7!, 0))
is simply connected and ®}(§) = 1+ Om cos(w€) # 0 for such 6. O

3.2.2 Definition of resonances

In subsubsection 3.2.2 and subsubsection 3.2.3, we set V(z) = a% for a € R.
The modifications needed for the general case are explained in subsection 3.3.

By Lemma 3.5, we see that Py is analytic with respect to f in the sense of
Kato and the essential spectrum of Py is given by

Tess(Po) = { (£ + Osin(n€))* | € € R},
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Remark 3.6. We note that
Tess(Py) N ]0,00) = {n? | n € NU{0}}

for complex §. Thus 7 = {n? | n € NU{0}} C [0,00) is the set of thresholds
with respect to our periodic complex distortion in the Fourier space. This is
analogous to the set of threshold {0} C [0,00) in the case of the usual complex
dilation. In addition to the usual threshold 0, our 7 contains energy n2, n € N,
at which the corresponding wave e**"* has a half-multiple wavenumber of that
of the oscillating part of the potential.

We fix n € N and consider the energy interval ((n — 1)%,n%). We take
0 = (—1)"id = +i6. We easily see that for 0 < § < 7! the essential spectrum

of Py;s is the graph of a function k45 : [0,00) — R in R? = C. Namely, we may
define k+5(x), x = Rez > 0, by the relation

aess(lgii(;) = {z eC | Imz = kes5(Rez),Rez > 0}.

If 2 = €2 — §%sin?(n€) for € € R, then kys(xr) = £26¢sin(n€). An important
fact is that k(_1yns(z) <0 for @ € ((n —1)%,n?).
We take any 0 < § < &y, where 6y = 7. We set

Qs = {z =x+iy | (n— 1)2 <z <n?y> H(_l)né(ﬁf)}.
We note that , 5 C Q, 5 if 0 < <" < do.

Proof of Theorem 5 for the model case. We fix n € N and § > 0 as above. We
denote A = L2, (R). We then see that Uyf, f € A, has an analytic contin-

comp
uation for complex 6. We denote the resolvent R, (z) on the Fourier space by

]f%:_(z) For f,g € A, we see

(f, Ri(2)9) = (Uaf, Us Ry (2)U, " Usg) = (U], (= — Py) "' Up9)

where § € R and Im z > 0. The right hand side is analytic with respect to 6
by Lemma 3.5, where 6 ranges over a complex neighborhood of {(—1)"ié | 0 <
0 < 0p}. This implies that the left hand side has a meromorphic continuation to
Qy,.5, with respect to z. Then Theorem 5 is proved with ) = UneN Qns,. O
Remark 3.7. We set the spectral projection for ﬁ; as 1% = §£C(z) (C—ﬁ;)*ldg.

27
Then we have

L (R Ogc = L fc Vsl (¢~ Py Ug)dC = (U WC0)

Tm' C(z) 21

We note that {Usf | f € A} is dense in L2. This is proved by an argument
similar to [27, Theorem 3]. Then we see that m, = rankIl?. Namely, the
resonances coincide with the discrete eigenvalues of ﬁ; including multiplicities.
This implies that Res(P) is discrete in Q and m, < oo for any z € Q.
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3.2.3 Viscosity limit

As in [62], the essential part of the proof of Theorem 6 is the resolvent estimate
for the free distorted operator which is uniform with respect to . We prove
this by the semiclassical analysis in the Fourier space with the semiclassical
parameter h = y/z. Since we work in the Fourier space, the term —icz? = isag
is the usual viscosity term (multiplied by 4). The viscosity limit corresponds to
the semiclassical limit. B B B N

For simplicity, we set Py = P, Py = P and Py 9 = Py. In the Fourier space,
P., € > 0, has the following form:

P. =& +V +icd}.
Thus the distorted operator ﬁg,g = UQﬁEUe_ Lis given by
P.g = (€ + Osin(n€))? + Vo — ieDe(1 4 w0 cos(m€)) "2 Dg — iery(€),

where rg(€) = —®}(€) 2 8¢ (B} (€) 19 (P (€)~2)) is a function which is analytic
with respect to 6 and bounded with respect to £. Since the resolvent of 135’9 is
compact , ]5579, € > 0, has purely discrete spectrum. Moreover, for fixed € > 0,
]35’9 is analytic with respect to # in the sense of Kato. These imply that the
eigenvalues of 15579 coincide with those of P. including multiplicities by the same
argument as in Remark 3.7. Then it is enough to show that the eigenvalues of
P, ¢ converge to those of Py as ¢ — 0+.

Proof of Theorem 6 for the model case. We set the distorted free Hamiltonian
as follows:

@s,e =(£+ 051n(7r£))2 —teDe(1 4 76 cos(ﬂﬁ))*zDE —ierg(§), e2>0.

We first prove the resolvent estimate (4) below for this operator. In this proof,
we fix n € N, set § = (—1)"id = £id, 0 < § < dp as in subsubsection 3.2.2.

We set h = /e and regard @6,9 as an h-pseudodifferential operator in the
Fourier space. Recall the definition of 2, 5 in subsubsection 3.2.2. We easily
see that the range

{(& + 0sin(m€))? — i(1 + w0 cos(m€)) %a® | x,£ € R}

of the h-principal symbol of @5,9 is disjoint from €, s for small § > 0. This
is true for 0 < & < &, where §; = (v/2 — 1)7—!. The constant J; comes from
the requirement that sup, > |- kys(z)] = | r1s(0)| = 222 is less than or
equal to the minimal value % (7%6 - 7r5) with respect to & € R of the absolute
value of the slope of the half line {—i(1 + ndicos(n))~22* | # € R} in the
complex plane. We consider 0 < § < §; and do not pursue the optimal §. We
fix 0 < 6 < d; and z € Q, 5. Then there exists py > 0 such that there is no
resonance in B(z, pg) € Q5 possibly expect for z, where B(z,p) denotes the
disk of radius p with the center z. In the following, we fix 0 < p < pg, and
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consider w € B, = B(z,p). By the standard semiclassical calculus we see that
(Qep —w) ™! exists and
1(Qeip —w) 122 < C (4)

for w € B, and 0 < ¢ < 1. We note that it also holds for £ = 0. _
We next employ the perturbation argument. By the existence of (Q. ¢ —
w)~!, we have

ﬁe,@ —w= 1+ ‘79(@5,9 — w)fl)(éa,e —w).

By Lemma 3.5 and the boundedness of (§2+i)(6~2579—w)*1, we see that ‘79(@5’9 .
w)~! is compact for 0 < ¢ < 1. Then we may apply the analytic Fredholm
theory. We have

(w - ﬁa,@)_l = (811)(?5,9 - w))(ﬁe,e - w)_l
= (0w Vo(Qep — w) (1 + Va(Qep —w)~H)?
+ (14 Va(Qep —w) ™ H(w — Qerg) ™11 + Vi (Qep — w) ™)

The Gohberg-Sigal factorization theorem ([17, Theorem 3.1]) applied to 1 +
Vo(Qep — w)~!, Cauchy’s theorem and the cyclicity of the trace imply that

trf (14 Vo(@ep — w) ) (w — Q) (1 + Va(Qrp — w) 1) dw = 0.

OB,

Thus the number of the eigenvalues of P, 5, 0 < e < 1, in B, is given by

trj{ (w— P.g)"tdw = tr% (0w Vo (Qep — w) ™ (1 + Vo(Qzp — w) ™) duw.
9B, 0B.

We note that the right hand side of this equality is the number of zeros of
1+ Vy(Qep —w)~ ! in B, in the sense of Gohberg-Sigal ([17, Theorem 2.1]).
Thus operator-valued Rouché’s theorem ([17, Theorem 2.2]) implies that to
prove Theorem 6, it is enough to show that

(14 Va(Qo,p—w) ™) — (14 Ve(Qeip —w) ™)) (1+Va(Qoo—w) ™) 7Y oy 0 < 1

for w € B, and small ¢ > 0. We note that (1 + Va(Qog — w) 1)1 exists and
is independent of € > 0 for w € 9B, since we assumed that w € 9B, is not a
resonance. Then the above estimate hold if we show

lim [[Vo(Qop —w) ™" = Vo(Qep — w) | zamsze = 0 (5)

uniformly for w € 0B,. o B
Take any v > 0. We claim that there exists a decomposition Vy = V4 1+ Vjp 2,

where Vp 1 is a smoothing pseudodifferential operator in the Fourier space and
Vo.2ll2—r2 <~. To see this, we write

Vo = (®4) 2V (Dh)% = (0p) 5 Vi p (@))% + (D)) Vo, r(Df)% = Vi1 + Vo
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for large R > 0, where YN/J r is the Fourier multiplier on the Fourier space by
Vjr- Here we took x € C2°(R) such that y = 1 near 2 = 0 and decomposed
a2 — SN2y (g /R) 4+ q¥022(] — y(z/R)) = Vig + Vo,r. The claimed

x
properties are easily verified.

Since ||(Qep — w) " Y|z2z2 < C for 0 < e < 1 and w € B,, we see that
1Vo,2(Qoe — w) ™! = Voo (Qerp — w) |2y r2 < 2C,
where C' is independent of . By the resolvent equation, we have
‘79,1(@0,9 —w) - ‘79,1(@5,9 —w)~!
= —ieVp,1(Qo,0 — w) M (De(1 + 70 cos(n€)) "2 Dg + 19(€))(Qeo — w) L.

Since ‘79_’1 is smoothing and (@079 — w)~! preserves the Sobolev space on the
Fourier space, we see that Vp 1(Qo,0 — w)_ng is L?-bounded. Thus we have

||‘79,1(@0,0 —w) = ‘70,1(@579 —w) Mpespe < Che

with some constant C,, > 0. We take small € such that ¢ < (C/C,)v. Then we
have

||‘79(C§o,9 —w)~' - ‘79(@5,9 —w) Y22 <20y + Che < 3Cy

and thus (5) is proved since v > 0 is arbitrary small. Then Theorem 6 is proved

with = UnEN Qn,§1~ O

3.3 The proofs for the general case
3.3.1 The analyticity of Vj

Recall that ‘79 was defined in subsubsection 3.2.1. We also recall the constant
K in Assumption 4.

Lemma 3.8. Under Assumption 4, the distorted operator ‘79 is analytic with
respect to 0 and £2-compact, where § ranges over some complex neighborhood of
{i6 | -Kn ' <d < Kn1}.

Proof of Lemma 3.8. For real 6, the integral kernel of Vp is given by
Vo(&.m) = ®)(E) TV (Ry(€) — Dy(n)Py(n)?, EneER.

We first consider the case of V € C°(R;R). Then Vy(&,n) is analytic with
respect to 6 € C and has the off-diagonal decay bounds

02805Va(E.m)| < Capn(€—nm)™ N, EneR

for any «, 8 and N. Here Cy g N is independent of § when 6 € C ranges over a
bounded set. We also recall the formula ([61, subsection 8.1])

T =b(EDe0), bewio) = [ Vo + 3.6~ D)erlan,
R
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where b denotes the Weyl quantization

(6 D) €)= (2 [ [ b(S5 a0 paind

These imply that \79 is a pseudodifferential operator in the Fourier space whose
symbol is rapidly decaying with respect to x, that is,

|0£07b(€, 2;0)| < Capnle)™™, EzeR

for any a, 8 and N. Here C, g n is independent of 6 when § € C ranges over
a bounded set. Moreover, b(&,z;6) is analytic with respect to . Thus the
Lemma 3.8 is proved in this case.

We next consider the case of V(x) = s(x)W (x), where s(z) and W (x) satisty
the condition in Assumption 4. We first estimate the Fourier transform of W (z).
By the deformation of the integral, we have

W(€) = (2m)~Y/? W(z)e **¢dz, +£>0,

Cy,1

where
Oy = (eF'™(—00,0] — 2Ry) U [-2Ry, 2Ro] U (2R + €T'7[0, 00)).

Here 0 < 7 < arctan K and R, is that in Assumption 4. By this expression we
see that W () has an analytic continuation to

Sr={zeCl—-r<agz<tiU{zeC|—T<argz—7m <7}

We see that W (€) decays rapidly in S, when |¢| — oo by the smoothness of TW.

We claim that we have |W(€)| < C\§|7ﬁ for small £ € S;, where > 0 is the
constant in Assumption 4. To see this, we take Cy + for 0 < 7 < 7/ < arctan K
and estimate

W <0 [ ey rin = Ol [ e Flia/ieh v
0 0

We divide the integral into [ + [, which shows the bound £ + %(5/|§|>*H.

I€]
We take ¢ = |¢| ™7 and see that |W ()| < C\fjfﬁ.
We next show that the Fourier transform V' (£) has an analytic continuation
to the region T = J,cz, Tr k, where

Trr={2€C\{0,2}| —T<argz <7,—7 < arg(2 — z) <7} + 2k,
and the estimate

Z sup |€ — 2k|ﬁ

kez $€Tmk

£ — 2k — 2|77 |V (€)] < 00 (6)
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holds. To see this, we first write the Fourier transform of s as

5€) = V2r 3 ard(€ — 2K).

kEZ

Then we have

= a,W(E - 2k).

kEZ

We have ), ., |ar| < oo by Assumption 4. The estimates on W (€) above show

3" sup [¢— 2|7 | — 2k — 2| T |W(€)] < oo
kez €Tk

Young’s inequality in ¢1(Z) applied to sequences {aj}rez and {SUPgeTT 16—
2k| o | — 2k — 2] o |W (€)|}rez then implies the estimate (6).

By (6), we have |Vy(&,m)| < g(¢ —n) for some integrable function g. This
is also true for the derivatives of Vy(&,n) with respect to 6 by Cauchy’s for-
mula. Thus Young’s inequality implies that the operator Vy with integral kernel

‘79(5, n) is L2-bounded and analytic with respect to . We note that if § € iR,
we have

[T (@4(§) — @g(n))] < 7|0|[Re (Pg(§) — Po(n)) — 2K,

for any k € Z, in particular, for k with | —n—2k| < 1. Thus § can be taken from
a complex neighborhood of {id] —tan7 < § < tan7}. Since 0 < 7 < arctan K
is arbitrary, Vp is analytic for 6, where 6 ranges as claimed in Lemma 3.8.

To show £2-compactness, we approximate V by C° functions. Take x €
C¢°(R) such that xy = 1 near z = 0. We decompose V(z) = V1 g + Va g, where
R>1,

V'LR_ LU/R Zae%km
|k|<R

‘/Q’R:W(x) Z ak62ikm m/R Z ap esza:

|k|>R |k|<R

and

We denote the corresponding distorted operator on the Fourier space by ‘7971, R
and %’Q,R. Since Vi r € C2°, we see that ‘79’1,13 is £€2-compact. We also see that
limp_ ||‘7972,R||L2_,L2 = 0 by the estimate for V' = s(x)W (x) discussed above.
This completes the proof of Lemma 3.8 O

3.3.2 Modifications of the proofs for the general case

While we set 69 = 7! for the model case in subsection 3.2, we set 6y =
min{7~1, K7 =1} for the general case in this subsubsection in view of Lemma 3.8.
Similarly we set 6, = min{(v/2 — 1)7~!, K7~} in this subsubsection. Then all
the statements in subsubsection 3.2.2 and subsubsection 3.2.3 remain valid for
these &g and 4.
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Proof of Theorem 5 for the general case. We replace Lemma 3.5 by Lemma 3.8.
Then the proof is exactly the same as that for the model case discussed in
subsection 3.2. O

Proof of Theorem 6 for the general case. The proof is almost the same as that
for the model case discussed in subsection 3.2. In the claim that we can decom-
pose Vo = Vp 1 + Vp 2, where Vj 1 is a smoothing pseudodifferential operator in

the Fourier space and ||‘792| 1212 < 7, the proof for the model case used the
special form of 179 in Lemma 3.5. For the general case, we set ‘7971 = ‘797173 and
179)2 = ‘7972)}3 for large R > 1, where 1797]»,3 was defined in the &2-compactness
part of the proof of Lemma 3.8. This is the only necessary modification for the

general case. O

Remark 3.9. In the case of V = a®222 + ;) with a € R and Vy € C°(R;R),
Lemma 3.8 holds for § € C\ ((—oo, -7 '] U [r!,00)) by Lemma 3.5 and the
proof of Lemma 3.8. Then the set of resonances Res,, (P) may be defined in C\
(0,00) for any n € N including multiplicities by the meromorphic continuation
of (f,R+(z)g) from {z |0 < argz < 7} to

{z|0<argz < T}U{z |argz = 0,(n—1)* < |z| < n*}U{z | =27 < argz < 0}.

At this time we do not know whether Res,,(P) # Res,/ (P) when n # n’.

4 Complex absorbing potential method for the
Stark resonances

4.1 Introduction to Section 4

In this section, we discuss the complex absorbing potential method for the Stark
resonances. We study the Stark Hamiltonian

P=-A+2x;+V(x),

where V(z) € C*°(R™;R) is a potential.

We write ©' = (z2,...,2,) and set the cone C(K,p) = {z € R"||2/| <
K(z1+p)} for K > 0 and p € R. Its complement is denoted by C(K, p)¢. The
set of smooth functions which is bounded with all its derivatives is denoted by
Ce.

We first recall the definition of resonances following [30].

Assumption 5. The potential V' has a decomposition V' = Vi + Viing, where
Vi and Viing satisfy the following.

(1). The smooth part Vi(z) € Cp°(R™;R) has an analytic continuation to the
region {z € C"|Rex € C(Ky,po)°, |Imz| < §} for some py € R, Ky > 0 and
dp > 0. Moreover 9V (z) — 0 when |Re x| — oo in this region.

(2). The compactly supported singular part Ving € L2,,,(R™;R) is —A-
bounded with relative bound 0.
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The resolvent on the upper half plane is denoted by Ry (z) = (z — P)~! for
Imz > 0.

Theorem 7. Under Assumption 1, for any x1, x2 € L&, (R™) such that x; = 1
near supp Viing, the cutoff resolvent x1 R4 (z)x2 , (Imz > 0), has a meromorphic
continuation with finite rank poles to {z|Im z > —do}. The pole z of x1 R+ (2)x2

18 called a resonance and its multiplicity is defined by

1
m, = rank— 7{X1R+(z)xgdz.
2mi J,

The set of resonances Res(P) is independent of the choices of x1, x2 including
multiplicities.

We set m, = 0 if z & Res(P). We give a proof of Theorem 7 based on the
complex distortion outside a cone introduced in [30]. In [30], Theorem 7 was
proved when Vg, = 0 based on this method. The modification for the case of
Viing # 0 is presented in the appendix to this section. Our proof of Theorem 8
below is also based on the complex distortion outside a cone. We recall that
Theorem 7 can be proved based on the complex distortion on a half space ([25,
Chapter 23]). Nevertheless, it seems to the author that the proof of Theorem 8
would be more difficult if it were based on the half space distortion.

The main purpose of this section is the complex absorbing potential method.

Assumption 6. In addition to Assumption 5, the following hold.
(1). The smooth part satisfies lim|,|o Vi(z) = 0.
(2). The compactly supported singular part Vsing is —A-compact.

We note that Assumption 6.(1) for Rex € C(Ko, po)¢, [Imz| < §p follows
from that for € R" by Assumption 5.(1).
For € > 0, we set

P. =P —jex?.
Then P. for € > 0 with the domain D(P.) = D(—A)ND(x?) has purely discrete
spectrum. Then our main result is the following. We set B(z,7) = {w €

Cllw — 2| <~}
Theorem 8. Under Assumption 6,

El_lglJr ca(P:) = Res(P).

More precisely, for any z € {z € C|Imz > —d¢} there exists o > 0 such that
for any 0 < v < g there exists g > 0 such that for any 0 < € < &g,

#(ad(PE) N B(z,’y)) =m,.

Example 4.1. The Coulomb potential V' (z) = Zf\il —m7 on R", (n > 3),

satisfies the Assumption 6 with arbitrary large Jy if we take pg and K, large.
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Note that (|Rex|>—|Im z|?42iRe z-Tm )~/ is well-defined for [Rez| > |[Im z|.
Thus we have

N N

€; s . €; a2
Res( A+x1+;\x—Ri|)_el—l>%l+ad( A+x1+;|$—Ri| iex’)

on the whole complex plane.

The resonances for Stark Hamiltonians were investigated by many authors
(for instance, [22], [23], [24], [51], [52], [56], [57]). See subsection 3.1 for the
history of the complex absorbing potential method.

This section is organized as follows. In subsection 4.2, we recall the complex
distortion outside a cone and discuss the properties of its generalization to the
Stark Hamiltonian with a complex absorbing potential. In subsection 4.3, we
prove Theorem 8. The main ingredient of the proof is the construction of an
approximate resolvent of the free Stark distorted operator. In subsection 4.4,
we prove two technical lemmas used in the proof of Theorem 8. In the appendix
to this section, we give the modifications for including local singularities of the
potential. The proof of Theorem 7 is given there.

4.2 Complex distortion and complex absorbing potential

We recall the complex distortion outside a cone introduced in [30]. Take K > K|
and sufficiently large p > 0. Take a convex set C (K, p) such that its boundary
85(K ,p) is smooth, C (K, p) is rotationally symmetric with respect to ' and
C(K,p) = C(K,p)ina1 > —p+1. Weset F = —(1+K~2)¥dist (., C(K, p)) %,
Here ¢ € C°(R") satisfies 0 < ¢ < 1 and [¢(z)dx = 1. We set v(z) =
(vi(z),...,vn(x)) = OF(z) € Cy°(R™;R") and set ®y(z) = x + Ov(z), which
is a diffeomorphism for real # with small |#]. We note that vi(z) > 1 for
dist(z, C(K, p)) > 1. We also write 19 = ®p(z). We define the distortion
outside a cone Uy f(x) = (det®), (x))% f(®g(z)), which is unitary on L?(R™). We
then define the distorted operator Py = UpgPU, 1 Then Py has the following
form:

Py = 728@3@ +ro(x) + x1 + vy + V(xp),
%,

.. 1 1 .. 1
where (g') = (®5) 7%, go = det(®p)* and o = — 3=, ;95 * (0i(95 95 9j95 *))- If
Im6 < 0, we have Im (-3, ; 8igéj6j) < 0 in the sense of quadratic form ([30,
Lemma 2.1]). The function re(z) € Cp°(R") satisfies |rp(z)| < C(z)~! when
dist(z, 0C(K, p)) > 1 since we have |0%vj(x)| < Co(x)~" when |a| > 1 and
dist(z, OC(K, p)) > 1. The distorted operator Py is an analytic family of closed
operators for 6 with [Im 8] < §o(1+K~2)"2 and [Re | small. We have P} = P;.
For Im 6 < 0, the spectrum of Py is discrete in {Im z > Im 6} and resonances
for P coincide with discrete eigenvalues of Py in this region. These facts were
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proved in [30, Section 2| for Viine = 0 and is proved in the appendix to this
section for Viing # 0.
We recall the notation

S(m) = {a(x,§) € C*(R*™)[ |07 ca(w,6)| < Cam(z,£)}.

Recall P. = P —iex? and set P.o= UePEUgl. By the ellipticity in the symbol
class S(1 + 22 + £€2), we see analogous properties for P. ¢ with € > 0. Namely,
P. g is closed on the domain D(P.y) = D(—A) N D(z?) and is an analytic
family of type (A) for 6 with |Im 0] < 8,(1+ K ~2)~= and |Re 0| small. We have
Py = P__g. The spectrum of P. g with € > 0 is purely discrete on the whole

complex plane and the eigenvalues are independent of § including multiplicities.

Lemma 4.2.
z-v(x) <0 for any r € R™.

Proof. By the rotational symmetry with respect to z’, it is enough to consider
the case of n = 2 and 2’ = 22 > 0. We first assume that z; > 0. We then have
va(z) = —K lvi(z) by the construction of v(z). If zo > Kz, we thus have
z-v(z) = vi(z)(x1 — K 'zz) < 0 since vi(z) > 0 everywhere. If zo < Kuy,
then v(x) = 0 by the construction of v and thus z - v(z) = 0. We next assume
that 217 < 0. Then we have va(x) < 0 by the construction of v. Since vy (z) > 0,
we see that z - v(x) < 0, which completes the proof. O

The full symbol of a Stark Hamiltonian is not globally elliptic in the sense
that there is no z such that ||£|? + 21 + V(x) — 2| 2 (|¢|> + |21] + 1) while the
natural symbol class for [£]2 + z1 + V(z) is S(|€|? + |21] + 1). This is due to
limg, o (V(z) + 1) = —o0 and is one of main difficulties of the analysis of
Stark Hamiltonians. Lemma 4.2 shows that

Re (—iga? ;) = —20ex - v(x) >0

for £, > 0. Hence the distorted complex absorbing potential does not cause
an additional difficulty on the lack of the global ellipticity of Re P 9. Thus
Lemma 4.2 simplifies the proof of Theorem 8.

4.3 The proof of Theorem 8

4.3.1 Free distorted resolvent estimate with complex absorbing po-
tential

We write Py = P and Py ¢ = Py for simplicity. Take any 2 € {z|Imz > —dy}
and fix § = —id with 0 < 6 < dy such that Q € {z|Imz > —0}. Then P,y is
defined for this 0 if we take K > 0 large enough in the definition of the complex
distortion outside a cone. Stark resonances coincide with eigenvalues of F; ¢ in
Q. We denote P; g with V =0 by Q. ¢. The following Proposition and its proof
is crucial in the proof of Theorem 8.
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Proposition 4.3. There exists C > 0 such that

||(Q6,0 - Z)_1||L2(]R”)~>L2(Rn) <C
for small e > 0 and z € Q).

Remark 4.4. We remark the relation with the harmonic oscillator. We have
) )
Q. = Atz —iex? = —A —ie(xy + —)* —dex’? — —.
2e 4e
Then the eigenfunctions for this operator are obtained by a suitable complex
coordinate transform of those for the harmonic oscillator. Then we see that

o(Q:) = {51/26_”/4(2|a| +n) — 42—5 | aeZ}

including multiplicities. Note that this diverges to infinity when € — 04-. Since
0(Q:) = 0(Q-0), we see that (Q.p — 2)~! exists for small € > 0 and 2 € .
Proposition 4.3 claims the stronger uniform resolvent estimate. In [62], the
complex absorbing potential method was justified in the region {z| — 7/4 <
arg z < 0}. This is related to the fact that o(—A — icz?) = {e'/2e~™/4(2]|a| +
n)| a € Z%,}. There is no such restriction in the Stark Hamiltonian case.

We first construct an approximation of (Q. g —2)~! as in [62, Section 3]. We
note that (Qoe — 2)~! exists for z € Q by the non-existence of the free Stark
resonances ([30, Corollary 2.2]). Thus (Qoe — 2)~' approximate (Qcg — 2)~*
on a bounded set in R™ if 0 < ¢ <« 1. We next construct an approximation of
(Qc0 — 2)~! near the infinity. Take y € C>°(R";[0,1]) such that x = 1 near
z = 0. We set

QFy = Q.0 —iRx(z/R), R>1.

Lemma 4.5. There exist Ry > 1, £ > 0 and C > 0 such that
1@ — ) llz2@m» 122 < C
for R> Ry, 0 <e <€ and z € (.

We prove Lemma 4.5 in subsubsection 4.4.1. Although Lemma 4.5 is also
true for € = 0 by the same proof, we do not use this since (Qo,p—2) "' exists. We
fix R > Ry. We set xM (x) = x(z/M), where x is as above. Then we introduce
an approximate resolvent of Q). ¢ defined by

T!,i =xM(Qop—2)"t+(1— XM)(Qge -z~ h

Lemma 4.5 shows that Tsj‘é is uniformly bounded for 0 < ¢ < & M > 1 and
z € Q. Weset (Qe9—2)T, = 1+ E and estimate EM,. A simple calculation
shows that

EM = [Qe 0, xM(Qop — 2) 7! = [Qeo, XM(QF ) — 2) 7" — xMiea§ (Qop — 2) 7"
for M > R. We set C~2€ = Qf:e for 0 < € < € and éo = Qo,. For any
X € C°(R), we write Y™ (x) = x(a1/M).
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Lemma 4.6. For any x € Cy°(R) such that x(x1) = 0 for —xzy > 1, there
exists C > 0 such that

H)ZM(@s - 2)71”L2(]R")—>Hk(]gn) < CM*/?
for0<k<2, M>1,2€Qand0<ec<E.

We prove Lemma 4.6 in subsubsection 4.4.2. Since we obtain M ~! from the
commutator, Lemma 4.6 with £ = 1 shows that

IEM || L2 gnys L2 rny = O(M™Y2) 4+ O (e).

If we take M large and then take € > 0 small, we learn HE%HL2(Rn)*}L2(Rn) <
1/2 for z € Q. Then the Neumann series argument implies that TE{WZ(l —l—EEIVfZ)_l
is a right inverse of Q)c g —z. The same argument shows that the adjoint Q__ 5—2
also has a right inverse. We then conclude that (Q. g — z) ! exists on L?(R")
and is equal to T2 (1+ EM)~!. Then Proposition 4.3 follows from the uniform
boundedness of TE’MZ.

4.3.2 Convergence to Stark resonances

Proof of Theorem 8. We follow the strategy of [62, Section 5] (see also [31, sub-
section 2.3]). By Proposition 4.3, we have

PE’Q —z= (1 + VQ(QE,O - Z)_l)(QE,O - Z)7

where Vy(z) = V(xg). Note that lim,_,~ Vy(x) = 0 and that Vp is —A-compact
by Assumption 6. An approximation of Vy by compactly supported —A-compact
functions and Lemma 4.6 with k& = 2 imply that Vp(Q.9 — 2)~! is a compact
operator. Thus 1+ Vp(Q.¢ — 2)~! is a Fredholm operator. Then by the same
arguments as in [62], [31, subsection 2.3] based on the analytic Fredholm theory
and the Gohberg-Sigal theory, Theorem 8 follows if we prove

Jim [[Va(Qeo — 2) 7 = Vo(Qoo — 2) M2 @myL2@ny =0 (7)

uniformly for z € Q. While [62], [31] employ the resolvent equation, it re-
quires the estimate of the distorted Stark resolvent with the weight :cg in this
case, which does not seem to be easy. We instead use the construction of ap-
proximate resolvent in subsubsection 4.3.1. By approximating Vjy by compactly
supported functions Vy and using Proposition 4.3, it is enough to prove (7) with
Vy replaced by some Vp such that V, € LZ,p(R™) and Vp is —A-compact. By
subsubsection 4.3.1, we see that

Vo(Qep — 2) 1 = Vo(Qop — 2) 71 = Va(TM (1 + EM)™' — (Qop — 2) 1)
= %(Qo,a —2) A+ EM) -1)

for M > 1. We used fact that %TEA’/Q = %(Q(w —2)"tfor 0 < € < € since
‘75(1 —xM) = 0. Note that 17;(@079 — 2)7!is independent of € > 0 and M > 1.
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It is a bounded operator on L?(R") by the —A-boundedness of %, Lemma 4.6
with k£ = 2 and the compactness of supp V. Then we obtain

Va(Qeo — 2) " = Vo(Qop — 2) |l L2 (m)— L2 (&m)
SIA+EM)™ =1l 2@y r2@n)-

By the estimate on [|[EM ||p2(gn)—12(rn), the operator (1 + EM)~! is close to
the identity operator in the operator norm if we take large M > 1 and then take
small € > 0. This completes the proof of Theorem 8. O

4.4 Proofs of technical lemmas

In this subsection, we present proofs of two lemmas in subsection 4.3. The
notation is the same as in subsection 4.3. Take w € C*°(R™;R>1) depending
only on x1 and w = |z1]| for 1 < -2 and w =1 for z; > —1.

4.4.1 Proof of Lemma 4.5

We take sufficiently small ¢y > 0 and X1, X2, X3, Xa € C(R;[0,1]) such that
X1(z1) = 1 for 1 > 5eg, x1(x1) = 0 for 21 < 4eg, X2(z1) = 1 for 21 < 5ey,
)Zg(xl) = 0 for 27 > 6co, )23(.%1) = 1 for |Z‘1 — 500| < ¢, )23(.%‘1) = 0 for
|x1 — 5eg| > 2¢o, xa(x1) =1 for 21 < ¢p and x4(x1) = 0 for 1 > 2¢9. We then
set )Zf’(:z:) = x,;(z1/R) for j =1,2,3,4.

We take any u € C2°(R"). We have ||ul| < ||xFul|+|x5u||. We first estimate
these by quadratic form arguments. We have

Re (X', (QZl — 2)X1'u) 2 RIX1u]®
by the Stark potential. We also have

Im (Y5'u, (QFy — 2)x5u) S —lIxzul®
by the complex distortion outside a cone and the —iRy(z/R) term in Qfﬁ. Here
we assumed that ¢ is sufficiently small. We also assumed that 0 < e < &, where

€ > 0 is sufficiently small, to estimate the term ie§?v(z)? in —icz? ;5. Then we
have

[ull < Z II( 2) X5 ul

S I EG_ZUH_"ZH oy X ull

S (@ — 2)ull +R HIxsul g
To estimate ||x{u|| g1, we set

Q=QF =QF — 2+ xfw+Ryf.
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The estimates below are ugiform with respect to0 < e < ¢ anﬂ z € . We define
the symbol g(z,&; R) by Qf:z = q(z, D; R). We claim that Q=% € OpS({¢)~2)
uniformly for R >> 1. By Lemma 4.2 and z; + xFw + RY® > R, we see that

’1—}—52—1—5:102 quA(x,f;R)’< 1+ €2 +ex?
q(z,& R) @, &R) |~ 2+ R —iea?| ™
and
L
q(x,&R) |~ €2+ R —iex?|
We have

<§> : < Rfl/Z’
|€2 4+ R —iex?| ™
which follows from estimating it separately for |¢|/R'/? > 1 and [¢|/RY? < 1.
These imply that g 1(z,& R) = O(1) in S((1 + €2 + ex?)~t) € S({(€)~2) for
R>1,0,¢ Yz, &R) = O(R™Y2) in S((€)71) and 0¢q ' (2,& R) = O(R™1/2)
in S((1 + €2 + ex?)~1). Thus the symbols of g(x, D; R)g *(x, D; R) — 1 and
G Y(x, D; R)q(z,D; R) — 1 are O(R~'/?) in S(1) since d,q(z,&; R) € S(1+ €2 +
ex?) and O¢q(x, & R) € S((€)) by employing a standard argument of pseudod-
ifferential operators. This estimate based on the pseudodifferential calculus in
the symbol classes S((1 + €2 + ex?)*1) is uniform with respect to 0 < ¢ < 1
since we have [(1+ &% + e2?)|/|(1 +7° + e?)| < C(1 + |z —y[ + [€ —n)V
uniformly for 0 < ¢ < 1 (see [61, Chapter 5]). In these arguments, we may
replace 1 + &2 + ex? by 1 + &2 + elz] if we use [0%(ez})| < Cue(x). In fact,
we only need |0%(ex%)| < Cye(x)?. Then by the Neumann series argument and
the Beals’s theorem we conclude that Q@~! € OpS((¢)~2) uniformly for R > 1.
In particular, we see that @_1 : H-Y(R") — H'(R") is uniformly bounded for
R> 1.
Thus we have R
XSl S N1QXE ull -1

This is equal to ||( 5,0 — 2)XEu|| -1 since supp x& N supp Y& = 0. This is
bounded by

1@ — 2)ull + Qg X5 ull - S 1(QF — 2)ull + R~ |ul.

Thus we conclude that [Jul| < [|(QF, — z)ul| for R>> 1. Since Q¥ is the closure
of its restriction to C°(IR™), this is true for any u in the domain of Qge. Since
the adjoint (Qfg —2)" = Q_.g — Z+ iRx(z/R) has the same estimate, we
see that ( fﬂ — 2)7 ! exists on L2(R™) and ||( 29 — 2) 7Y g2z < C. This
completes the proof of Lemma 4.5.

4.4.2 Proof of Lemma 4.6

Lemma 4.6 for M > 1 follows from that for M > 1. By Lemma 4.5 and the
existence of (Qop — 2)~ !, Lemma 4.6 is valid for k = 0 (without ¥*). Thus it
is enough to prove the case of k = 2 by the interpolation theorem.
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We take X5.X6 € Cp°(R;[0,1]) such that x5 = 1 near suppx and xs = 1
near supp xs. We set )Zy(x) = X;j(z1/M). We fix sufficiently large C; > 0 and
set

A=AY =Q.+ (1 - x{"w+C1M —

The estimates below are uniform with respect to 0 < e < € and z € Q. We define
the symbol a(z,&; M) by Aé‘ffz = a(x, D; M). We claim that A=1 € OpS({¢)~2)
uniformly for M > 1. We see that

1+ &2 + ea?
a(z, & R)

Oza(x, & M) < 1+ &2 + ea?
a(z,& M) |~ [+ M —iex?| ™

and

deale, & M) _ g
a(w, & M) |~ 1@+ M —iea?]

by Lemma 4.2 and the fact that €2 + 21 + (1 — X} )w + C1M = €2 + M for
C; > 1.

We argue as in the proof of Lemma 4.5 with R replaced by M and ¢ replaced
by a and conclude that A=! € OpS((£)~2) uniformly for M > 1. In particular,
A=Y HF(R™) — H*+2(R") is uniformly bounded for any k € R for M > 1.

We now estimate ||Y™ (Q. — 2)~!|| 12— z=. For this, we decompose
~M(@€ - Z)_l = XMA_IXQ/IA(@E - Z)_l + XMA_l(l - )251)\4)14(@5 - Z)_l-
Since X2 (1 — x') = 0, we have

1A R AQe — ) e

SHA Y 2z - 1(Qe + C1M — 2)(Qe — 2) Y| 2y 2
S M,

where we also used Lemma 4.5. Since Y™ (1 — x¥) = 0, we also estimate

IR AT (1 = %) AQ- )_1||L2—>H2

=AM ] Y1 = D AWQ: — 2) Mz

= AT M, AJAT R, AJQe — 2) Ml
S AT warll[i Alllm sz - 1A a5 - 11X Alll e g
< M2,

Here we used the fact that [¥, A](1 — x3) = 0. We also used the fact that
[xM, A] and [x2!, A] are first order differential operators with O(M~1) coeffi-
cients. From these, we have |[¥M(Qc — 2)~!||r2y2 < M for M > 1, which
completes the proof of Lemma 4.6.
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Remark 4.7. In fact, we can prove Theorem 8 without relying on the property
of the vector field v(z) in Lemma 4.2. If we do not use Lemma 4.2, we replace
X; with cutoffs near C(Kj, p;), C(Kj, p;)¢ or OC(Kj, p;) for suitable K; > 0
and p; € R in the proofs of Lemma 4.5 and Lemma 4.6. We also replace w(x1)
with (z) in the proofs. Then Lemma 4.5 and Lemma 4.6 are proved with y in
Lemma 4.6 replaced by a cutoff near C(f(7 p) for any K >0and j>0.

4.5 Appendix to Section 4: Local singularities

In this appendix to Section 4, we give modifications to include local singularities
of the potential. In particular, we prove that Stark resonances for the Coulomb
potential are defined on the whole complex plane based on our complex distor-
tion outside a cone.

We set P = —A + 21 + V() and assume Assumption 5 throughout this
appendix. We define the distorted operator Py from P as in subsection 4.2.
The distortion is performed outside supp Viing.-

Lemma 4.8. The singular part Viing s Pp-bounded with relative bound 0.

Proof. Set Pig = Py — Viing. We take a cutoff function x € C2°(R™) near
supp Vsing which is supported away from the distortion region. Assumption 5
implies that for any small € > 0 there exists C. > 0 such that

[Vaingull = [[Vaingxul < ell = Axull + Cellxul

for any v € C°(R™). Since Py g = —A+ 1 + V1 (x) near supp x and z; + V1 (z)
is bounded there,

[Vaingull < el Proxull + Ccllull
< el Proull + Cellull + el[[=A, x]ull
< 2¢[| Py gul| + Ccllu]
< 2¢|| Pyul| + 2¢[|Vaingul| + Celluf,

where the third inequality follows from the elliptic estimate. We subtract
2¢||Viingul| for small € > 0 from both sides, which completes the proof. O

Proof of Theorem 7. We first prove [30, Proposition 2.1] in this case, namely,
Py is an analytic family of type (A) and P; = P;. As in [30, subsection 2.1], it
is enough to prove that

1(Po = PorJul| < C|0 = 0'[| Pyul| + Co.p¢||ull (A1)
for any u € C2°(R™). By the case where Viing = 0, we see

(P = Por)ull = |[(Preo = Prer)ull
< Cl0 =0l Proull + Co,or[lull
< Cl0 = 0| Poull + C10 — '] [[Vaingul| + Co.or[[ul]-
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Then the inequality (A.1) follows from Lemma 4.8.

We next prove [30, Proposition 2.2] in this case, namely, Py with Im6 < 0
has purely discrete spectrum in {z|Imz > Imé}. As in [30, subsection 2.2], it
is enough to prove that we have ||(Py — 2)u| > c|lu| for any u € C°(R") if
Imz >Im6@ and M > 1, where

By = Py — iM(a/M)o(D/M)*é(/M).

Here we took ¢ € C°(R™) such that 0 < ¢ < 1, ¢ = 1 near {|z|] < 1/3}
and [;, ¢(x)dz = 1. We fix small e; > 0 and set x; s = 7;(G(2)/M), where
7o € Cs°(R) is a cutoff near (—oo,e1], 71 € C3°(R) is a cutoff near [Je1, 3],
T2 € Cp°(R) is a cutoff near [2e1, 00) and G(z) = (1+K~2)zdist (0, C(K, 0)) *Q.
The function ¢ is the same as above. We fix z such that Imz > Im 6. We set
Q = Py—Viing—2+X2,mw—1iMx2 ar and define the symbol ¢ by Q = q(x, D; M).
Here w is the same as in subsection 4.4. We denote the seminorms in S({¢)¥)
by |a|k,o = sup, ¢ |8§‘7§a|/<§>k. We claim that

’qéfi-_;) ‘ < M7

for 0 < k < 2. This is proved if we estimate them separately for |z| < M/3, z €
C(K,3e1M)¢ and x1/M 2 1 for small 1 > 0. For each case, we also estimate
them separately for [¢|/M'/2 <1 and |¢|/M*/? > 1 as in [30, Proposition 2.2].
Then we have

8mq(wa§;M)‘ < ' <§>.2 ‘ <1
q(z,& M) q(x, & M)

and

’aEQ(x7§aM)’ < ’ <£> ‘ <M_1/2.
qz, & M) |~ g, & M)~
Thus |0¢q Y20 = O(M~Y2) and ¢~ k20 = O(M7F/2) for 0 < k < 2
(see Remark 4.9 below). We note that 9,q € S((£)?) and d¢q € S({¢)). Thus
the estimates [0¢q ™| —2.0s [02¢'|-1.0 = O(M~'/2) imply that the symbols of
q Yz, D; M)q(z,D; M) — 1 and q(x, D; M)q~"(x,D; M) — 1 are O(M~'/?) in
S(1). By the Neumann series argument and Beals’s theorem, we conclude that
Q' = O(M~*/2) in OpS((£)F~2) for M > 1 and 0 < k < 2.

Then we have

Mlxo,arull < CllQxo,arull = C||(Po — Viing — 2) X0, 0|
< C|[(Py — 2)x0,mul| + C|ViingXo,arul|
< Cll(Po — 2)xo,mull + €C|[(Po — 2)x0,0mull + Ccllxo,nmull,
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where we used Lemma 4.8 for the last inequality. We take ¢ < % and then
take M > 2C.. Subtracting Cc||xo,mul < 2 {|x0,mull from both sides, we have

—~ 2eC
Ixoarell < Cll(By = 2)xo.nrull + = (P = 2)xo sl

< C|I(Py — 2)xo,mul + ﬁ”iM¢(m/M)¢(D/M)2¢’(x/M)XO,MUH

1
< C|[(Py — 2)xo0,mul| + §HX0,MU||'

Subtracting %|/x0,nul|, we see that | xoarull < C||(Ps — 2)xo,mul.-

The remaining part of the proof of [30, Proposition 2.2] for Viing # 0 is
similar to that in [30, subsection 2.1] with minor modifications as follows. We
set Xo,m = 1 — xo,m. We note that Viine = 0 near supp x1,a, supp xz,a and
supp Xo,m- We have

—Tm (Xo,mu, (Ps — 2)Xo,m) > ¢f|Xo,arul|®

for M > 1 by the complex distortion outside a cone. Thus we see that

llull < lIxo,arull + [[Xo,arull
< C|(Py — 2)xo0,mull + C[[(Po — 2)Xo,mu|
< C|(Py — 2)ull + Cl[Po, xo,0r]ul|-
‘We note that
1[Pa, xo,ar]ull < CM ™ xaarull g + O(M =) |[ul].

Since supp x1,m N supp Viing = 0, we obtain

Ixtaull e < CllQx1 arull -
= C||(Po — 2)xv.arul| -1
< C||(Py — 2)ull + C|[Po. xv.arlull s
< OIl(Py = 2)ull + CM " u].
Summing up these inequalities, we have
lull < ClI(Ps = 2)ull + CM2ul].

By subtracting C'M ~2||u|| from both sides, we conclude that ||(ﬁ; —2)ul| > cllull
for large M > 1.

Once Proposition 2.1 and Proposition 2.2 in [30] are proved, we completes
the proof of Theorem 7 by the same proof as that of [30, Theorem 1]. O

Remark 4.9. The statement that |¢~!| o, = O(M~1%1/2) in the proof of [30,
Proposition 2.2] is too strong. The necessary argument for the modification is
straightforward and contained in the above proof.
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Resonances for P coincide with discrete eigenvalues of P in the region
{z]Imz > Im @} for Im# < 0 including multiplicities, which is proved by the
same proof as in [30, Section 2].

Remark 4.10. The other results in [30, Section 2] are also valid in the almost
same form under Assumption 5 by the same proofs as in [30]. For instance,
we can replace L, . by LE, . = {f € LP|supp f C C(K,p) for some K,p} in
Theorem 7 in this section. There is some modifications related to the unique
continuation argument. Namely, we assumed x; = 1 near supp Viine in Theo-
rem 7 in this section and should assume U D supp Viing in [30, Proposition 2.3].
These modifications are not needed if we moreover assume that there is a closed
set S C R™ of Lebesgue measure zero such that R™ \ S is connected and Vg, is
bounded on any compact subset of R™ \ S.

For [30, Theorem 3], the same proof shows the existence of a one-to-one
correspondence between eigenvalues of a reference operator P™™ and the shape
resonances of P such that their distances are bounded by e~%/" for some S > 0.
Thus [30, Theorem 3] is true even when Vg, # 0 if the Weyl law for P™' is
true.
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