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Preface

The author considers several inverse problems for hyperbolic partial differential
equations with time-dependent coefficients. He focuses on first-order hyperbolic
equations in part I and second-order hyperbolic equations in part II. Both chapters
consist of three chapters. He mentions contents of both parts below.

Part I

The author considers inverse source and coefficient problems for non-degenerate
first-order hyperbolic equations in chapter 1, first-order symmetric hyperbolic sys-
tems in chapter 2, and degenerate first-order hyperbolic equations in chapter 3. He
mentions abstracts of three chapters.

Chapter 1. We prove global Lipschitz stability for inverse source and coeffi-
cient problems for the first-order linear hyperbolic equation

A0(x, t)
∂

∂t
u+A(x, t) · ∇u+ p(x, t)u = R(x, t)f(x),

the coefficients of which depend on both space and time. We use a global Carleman
estimate, and a crucial point, introduced in this chapter, is the choice of the length
of integral curves of a vector field generated by the principal part of the hyperbolic
operator to construct a weight function for the Carleman estimate. To define the
weight function using integral curves, we define dissipativeness for vector-valued
functions. These integral curves coincides with the characteristic curves in the case
when the vector field is independent of time. This chapter is based on Floridia and
Takase [23].

Chapter 2. We introduce geometric analysis to inverse problems for the strongly
coupled symmetric hyperbolic system

n∑
µ=0

Aµ(t, x)
∂

∂xµ
u+ p(t, x)u = R(t, x)f(x),

where Aµ are matrix-valued functions. Although one can easily obtain Carleman
estimates for weakly coupled systems, few results are known for strongly coupled
systems. In this chapter, we establish Carleman estimates under assumptions that
suitable weight functions for the systems exist on compact manifolds and prove
global Lipschitz stability for an inverse source problem of determining the spatially
varying function f by applying the Carleman estimates. We provide a unifying
approach to hyperbolic inverse problems through geometric analysis. This chapter
is partly based on Floridia, Takase, and Yamamoto [25].
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Chapter 3. We prove an observability inequality for a degenerate transport
equation with time-dependent coefficients

∂

∂t
u+H(t) · ∇u = 0,

where H(0) = 0. First we introduce a local in time Carleman estimate for the
degenerate equation assuming |H ′(t)| is uniformly positive, then we apply it to
obtain a global in time observability inequality by using also an energy estimate.
We apply the methodology without partitions to non-degenerate equations as well.
This chapter is based on Floridia and Takase [24].

Part II

The author considers inverse problems for systems of wave equations on Lorentzian
manifolds in chapter 4 and one-dimensional Saint-Venant equations in chapter 5.
In chapter 6, the author constructs infinitely many examples which violate unique
continuation properties concerning two-dimensional wave and Schrödinger equa-
tions.

Chapter 4. A system of wave equations on a Lorentzian manifold, the coeffi-
cients of which depend on time relates to the Einstein equation in general relativity.
We consider inverse source problem for the system

�gh+ a(t, x)h = S(t, x)f(x),

where �g denotes the Laplace–Beltrami operator with respect to a Lorentzian met-
ric g. Having established the Carleman estimate with a second large parameter for
the operator �g on a Lorentzian manifold under the assumption independent of a
choice of local coordinates on a suitable weight function, we consider its application
to the inverse source problem for the system and prove local Hölder stability. This
chapter is based on Takase [64].

Chapter 5. The one-dimensional Saint-Venant equation describes unsteady
water flow in channels and is derived from the one-dimensional Euler equation by
imposing several physical assumptions. In this chapter, we consider the linearized
and simplified equation in the one-dimensional case featuring a mixed derivative
term

∂2

∂t2
u− ∂2

∂x2
u+ a

∂2

∂x∂t
u = R(x, t)f(x),

where a > 0 is a constant, and prove the global Lipschitz stability of the inverse
source problem via a global Carleman estimate. This chapter is based on Takase
[63].

Chapter 6. In 1963, Kumano-go presented one non-uniqueness example for
the two-dimensional wave equation with a time-dependent potential. We con-
struct infinitely many non-uniqueness examples for Cauchy problems of the two-
dimensional wave and Schrödinger equations

Lu+ V (x, t)u = 0,

where L = ∂2
t − ∆ or L = −i∂t − ∆, as a generalization of the construction by

Kumano-go. The main tool is asymptotic analysis for the Bessel functions. This
chapter is based on Takase [65].
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Part I

First-order hyperbolic equations





CHAPTER 1

Non-degenerate hyperbolic equations

1. Introduction

Let d ∈ N, Ω ⊂ Rd be a bounded domain with Lipschitz boundary ∂Ω, T > 0,
and Q := Ω× (0, T ). For a, b ∈ Rd, we denote by a · b the inner product on Rd. We
define the first-order partial differential operator P such that

Pu := A0(x, t)∂tu+A(x, t) · ∇u,

where A0 ∈ C1(Q)∩L∞(Ω×(0,∞)) is a positive function, and A = (A1, · · · , Ad)T ∈
C2(Q;Rd) is a vector-valued function on Q. In this chapter, we obtain global
Lipschitz stability results for three inverse problems for equations with the principal
part of type P .

The arguments of this chapter are based on the Carleman estimates, which
were introduced by Carleman in [12] to prove unique continuation properties for
elliptic partial differential equations with not necessarily analytic coefficients, and
the Bukhgeim–Klibanov method introduced in [8]. The methodology using the
Carleman estimates is widely applicable to not only inverse problems and unique
continuation (e.g., [6], [33], [35], [42], [43], [49], and [69]), but also control theory
(e.g., [11], [14], [27], [28], [50], and [56]) for various partial differential equations.

Now, the author describes some results concerned with the operator P . For
the radiative transport equation having the principal part of type

∂tu(x, v, t) + v · ∇u(x, v, t), (x, v, t) ∈ Ω× Sd−1 × (0, T ),

where Sd−1 := {v ∈ Rd | |v| = 1} is a set of a velocity field, Klibanov and Pamyat-
nykh [44] and [45] proved the Carleman estimates and global uniqueness theorem
for inverse coefficient problem of determining a zeroth-order coefficient. In [44]
and [45], the weight function for the Carleman estimate was independent of the
principal parts:

ϕ(x, t) = |x− x0|2 − βt2,
where x0 ∈ Rd and β > 0 were fixed. For the same weight function used for
transport equations with space-dependent first-order coefficients, see also Gaitan
and Ouzzane [29]. Machida and Yamamoto [53] and [54] also proved global Lipschitz
stability for inverse coefficient problems, where they took a linear function as the
weight function for the Carleman estimate:

ϕ(x, t) = γ · x− βt,

where γ ∈ Rd and β > 0 were fixed. Recently, Lai and Li [48] proved Lipschitz
stability for inverse source and coefficient problems of determining a zeroth-order
coefficient under the assumption that there existed a suitable weight function for
the Carleman estimate.
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4 1. NON-DEGENERATE HYPERBOLIC EQUATIONS

For first-order hyperbolic operators of type P with a variable principal part,
Gölgeleyen and Yamamoto [31] proved Lipschitz stability and conditional Hölder
stability for inverse source and inverse coefficient problems, where they assumed
the existence of a suitable weight function ϕ = ϕ(x, t) for the Carleman estimate
satisfying

min
(x,t)∈Q

Pϕ(x, t) > 0

when A0 ≡ 1 and A = A(x). In the same time-independent case, Cannarsa,
Floridia, Gölgeleyen, and Yamamoto [9] proved local Hölder stability for inverse
coefficient problems of determining the principal part and a zeroth-order coefficient,
where they took a function

ϕ(x, t) = A(x) · x− βt
as the weight function for the Carleman estimate, and determined the coefficients
up to a local domain, depending on the weight function, from local boundary data.
In the same time-independent case, we also mention that Gaitan and Ouzzane [29]
proved global Lipschitz stability for inverse coefficient problem of determining a
zeroth-order coefficient via the Carleman estimate.

In these results mentioned above, in general, one must impose some assump-
tions on the principal parts and weight functions to guarantee the Carleman es-
timates that is not needed in this chapter. Moreover, the author must note that
these results were all for first-order equations with coefficients independent of time t.
However, equations with time-dependent principal parts of type P often appear in
mathematical physics, for example, the conservation law of mass in time-dependent
velocity fields, and the mathematical analysis for such equations is needed (e.g.,
Taylor [68, Section 17.1] and Evans [20, Section 11.1]). In regard to first-order
hyperbolic equations having time-dependent principal parts, although the theory
about direct problems for the above equations is quite complete, there are some
open questions for inverse problems due to the major difficulties in dealing with
time-dependent coefficients. About inverse problems and time-dependent principal
parts, we mention Cannarsa, Floridia, and Yamamoto [10] that proved an observ-
ability inequality for a non-degenerate case. Floridia and Takase [24] proved the
observability inequality for a degenerate case, which was motivated by applications
to inverse problems. In both papers, they dealt with the case A0 ≡ 1 and A = A(t).
For more references regarding inverse problems and controllability for conservation
laws with time-dependent coefficients, see [32], [40], [41], and [46]. Regarding in-
verse problems for nonlinear first-order equations, readers are referred to Esteve
and Zuazua [19], which studies Hamilton–Jacobi equations (see also Porretta and
Zuazua [56]).

For the second-order hyperbolic equations with time-dependent coefficients, the
literature about inverse problems is more extensive. In this context, Jiang, Liu, and
Yamamoto [37], and Yu, Liu, and Yamamoto [70] proved the local Hölder stability
for inverse source and coefficient problems in the Euclidean space assuming the
Carleman estimates existed. Takase [64] proved local Hölder stability for the wave
equation and obtained some sufficient conditions for the Carleman estimate by
using geometric analysis on Lorentzian manifolds, which is presented in part II.

Finally, the author notes that, on the well-posedness by the method of charac-
teristics of first-order hyperbolic equations with principal parts of type P , readers
are referred to John [39, Chapter 1], Rauch [57, Chapter 1], Evans [20, Chapter
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3], and Bressan [7]. In addition to that, for symmetric hyperbolic systems, readers
are referred to Rauch [57, Chapter 2], Ringström [58, Chapter 7], and Taylor [68,
Section 16.2].

Although a large number of studies have been made on inverse problems for
first-order equations, as already mentioned, what seems to be lacking is analysis for
equations with time-dependent coefficients. In this chapter the author investigates
equations with coefficients depending on both space and time. The important point
the author wants to make is the decisive way to choose the weight function in the
Carleman estimate for applications to inverse problems. Indeed, the weight function
of the Carleman estimate (see Proposition 1.14 and Lemma 1.15) is linear in t, which
is similar to Machida–Yamamoto [53], Gölgeleyen–Yamamoto [31], and Cannarsa–
Floridia–Yamamoto [10]. However, the novelty is that the spatial term of the weight
function in the Carleman estimate is the length of integral curves of the vector-
valued function A(·, 0), which is different from the ones in all the above results
([10], [24], [29], [31], [44], [45], and [53]) and a new attempt. Owing to the choice,
we need not assume any assumptions on A to guarantee the Carleman estimates like
in [31] and [9], but assume only the finiteness of the length of integral curves (see
Definition 1.4 and (1.2)). The author remarks that these integral curves correspond
to the characteristic curves in the case A0 ≡ 1 and A = A(x). In addition, the
author notes that thanks to the above linearity with respect to t, we do not need
to extend the solution to (−T, 0), which enables us to apply the Carleman estimate
to inverse problems for wider functional spaces of time-dependent coefficients A0

and A.
A structure of this chapter is following. The main results in this chapter are

global Lipschitz stability for the inverse source problem (Theorem 1.11), inverse
coefficient problem to determine the zeroth-order coefficient (Theorem 1.12), and
inverse coefficient problem to determine the time-independent principal part (The-
orem 1.13). After describing some settings, we present them in section 2. In section
3, we establish the global Carleman estimate (Proposition 1.14), which is the main
tool to prove the main results, under the assumption that a suitable weight function
exists. After that, we prove the existence of such a weight function by taking the
length of integral curves generated by the vector-valued function A(·, 0) (Lemma
1.15). In addition, in section 3, we introduce energy estimates needed to prove the
main results. In section 3, we show the proofs of the main results. In section 5, we
give the proofs of auxiliary and original results.

2. Preliminary and statements of main results

Before showing main results, we describe some definitions and settings needed
to present them.

Definition 1.1. For a vector-valued function X ∈ C2(Ω;Rd) and x ∈ Ω, a C2

curve c : [−η1, η2] → Ω for some η1 ≥ 0 and η2 ≥ 0 with η1 + η2 > 0 is called an
integral curve of X through x if it solves the following initial problem for ordinary
differential equationsc′(σ) :=

dc

dσ
(σ) = X(c(σ)), σ ∈ [−η1, η2],

c(0) = x.
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Remark 1.2. If cx denotes the integral curve of X through x, then cx(σ) is C2

with respect to x ∈ Ω.

Definition 1.3. Let a, b ∈ R with a < b. An integral curve c : [a, b] → Ω is
called maximal if it cannot be extended in Ω to a segment [a− η1, b+ η2] for some
η1 ≥ 0 and η2 ≥ 0 with η1 + η2 > 0.

Definition 1.4. A vector-valued function X ∈ C2(Ω;Rd) is called dissipative
if the maximal integral curve cx of X through x is defined on a finite segment
[σ−(x), σ+(x)] and σ− ∈ C(Ω) ∩H2(Ω).

Remark 1.5. If X ∈ C2(Ω;Rd) is dissipative, then cx(σ−(x)), cx(σ+(x)) ∈ ∂Ω,
where cx is the maximal integral curve of X through x.

Figure 1. cx is the maximal integral curve of X through x.

The terminology dissipative for vector fields seems not to be widely-used. How-
ever, the authors use this terminology on the analogy of CDRM (compact dissi-
pative Riemannian manifold) used in a setting of integral geometry problems for
tensor fields. In this subject, CDRM is equivalent to the absence of a geodesic of
infinite length in a compact Riemannian manifold with strictly convex boundary
(e.g., [62, Chapter 4]).

We assume the followings on the vector-valued function A ∈ C2(Q;Rd):

(1.1) ∃ρ > 0 s.t. min
(x,t)∈Q

|A(x, t)| ≥ ρ ;

∃t∗ ∈ [0, T ) s.t. A(·, t∗) is dissipative.

Without loss of generality, we assume t∗ = 0 in the above, i.e.,

(1.2) A(·, 0) is dissipative

because it suffices to consider the change of variables t̃ := t − t∗ and Ã(·, t̃) :=
A(·, t̃+ t∗).

Remark 1.6. In the case A0 ≡ 1 and A = A(x), (1.2) means that any maximal
characteristic curves have finite length.

Example 1.7. Let d = 2 and Br := {(x, y) ∈ R2 | x2 + y2 < r2} for r > 0.

Then, X(x, y) :=

(
−x
−1

)
on Ω = Br ∩ {y > 0} is dissipative because we see σ− is

smooth on Ω. However, Y (x, y) :=

(
−y
x

)
on Br \B r

2
is not dissipative because we

can not define σ−.
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Figure 2. Pictures of X (left) and Y (right).

Under the assumption (1.2), we can give the following notations. For a fixed
x ∈ Ω, let cx : [σ−(x), σ+(x)]→ Ω be the maximal integral curve of A(·, 0) through
x, i.e., cx satisfies {

c′x(σ) = A(cx(σ), 0), σ ∈ [σ−(x), σ+(x)],

cx(0) = x.

Since cx is a rectifiable curve by (1.2), we can define the function ϕ0 on Ω as the
length of the arc of the maximal integral curves defined on [σ−(x), 0]:

(1.3) ϕ0(x) :=

∫ 0

σ−(x)

|c′x(σ)|dσ,

the integral of which is independent of a choice of parameters.

Lemma 1.8. Let A ∈ C2(Q;Rd) be a vector-valued function. Assume (1.1) and
(1.2). Then, the function ϕ0 defined by (1.3) is in the class C(Ω) ∩H2(Ω).

Proof. It follows from Definition 1.4 and Remark 1.2. �

To prove the global Lipschitz stability for inverse problems for the hyperbolic
equations, the observation time should be given large enough for the solutions to
reach the boundaries owing to the finite propagation speeds (see Bardos, Lebeau,
and Rauch [3]). Then, we define the following quantities to describe this situation
mathematically.

For the positive function A0 ∈ C1(Ω)∩L∞(Ω×(0,∞)) and ϕ0 defined by (1.3),
we define the positive number

(1.4) T0 :=

(
sup

x∈Ω,t>0
A0(x, t)

)(
max
x∈Ω

ϕ0(x)
)

ρ
.

Moreover, considering inverse problems for the hyperbolic equation with time-
dependent principal part, we will assume

(1.5) ∃C > 0 s.t. ∀ξ ∈ Rd, ∀(x, t) ∈ Q, |∂tA(x, t) · ξ| ≤ C|A(x, t) · ξ|.
The condition (1.5) will be decisive in the the energy estimate given in Lemma 1.16
and in the proofs of Theorem 1.11 and Theorem 1.12.

Remark 1.9. When d = 1, (1.1) implies (1.5).

If a non-vanishing vector valued function A satisfies (1.5), then A has the
following structure.
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Proposition 1.10. If a vector-valued function A ∈ C2(Q;Rd) satisfies (1.1)
and (1.5), then A can be represented by

A(x, t) = A(x, 0)e
∫ t
0
φ(x,s)ds, (x, t) ∈ Q

for some function φ ∈ C1(Q).

The proof of Proposition 1.10 is presented in section 5. Proposition 1.10 is
decisive in the realization of a weight function for the Carleman estimate, which
will be given in Lemma 1.15.

Now, we define some notations. Set

Σ+ := {(x, t) ∈ ∂Ω× (0, T ) | A(x, t) · ν(x) > 0},

where we recall ν is the outer unit normal to ∂Ω. Moreover, we set Σ− := (Σ+)c =
(∂Ω× (0, T )) \ Σ+.

We use the notations H0(Ω) := L2(Ω), H0(0, T ;H1(Ω)) := L2(0, T ;H1(Ω)),
and ∂0

tw = w for a function w throughout this chapter to avoid notational com-
plexity.

2.1. Inverse source problems. We consider the initial boundary value prob-
lem 

Pu+ p(x, t)u = R(x, t)f(x) in Q,

u = 0 on Σ−,

u(·, 0) = 0 on Ω,

(1.6)

where p ∈ W 1,∞(0, T ;L∞(Ω)), R ∈ H1(0, T ;L∞(Ω)), and f ∈ L2(Ω). Given A0,
A, p, and R, we consider the inverse source problem to determine the source term
f in Ω by observation data u on Σ+.

Theorem 1.11. Let A0 ∈ C1(Q)∩L∞(Ω× (0,∞)) satisfying min
(x,t)∈Q

A0(x, t) >

0, and A ∈ C2(Q;Rd) satisfying (1.1), (1.2), and (1.5). Let p ∈W 1,∞(0, T ;L∞(Ω)),
R ∈ H1(0, T ;L∞(Ω)), and f ∈ L2(Ω) satisfying

(1.7) ∃m0 > 0 s.t. |R(x, 0)| ≥ m0 a.e. x ∈ Ω.

Assume

(1.8) T0 < T,

where T0 is defined by (1.4), and there exists a function u satisfying (1.6) in the
class

u ∈
2⋂
k=1

Hk(0, T ;H2−k(Ω)).

Then, there exists a constant C > 0 independent of f and u such that

‖f‖L2(Ω) ≤ C
1∑
k=0

‖∂kt u‖L2(Σ+).
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2.2. Inverse coefficient problems. We consider the initial boundary value
problem 

Pu+ p(x, t)u = 0 in Q,

u = g on Σ−,

u(·, 0) = α on Ω,

(1.9)

where p ∈ W 1,∞(0, T ;L∞(Ω)), g ∈ H1(0, T ;H
1
2 (∂Ω)), and α ∈ H1(Ω) satisfying

the compatibility conditions. The author presents two nonlinear inverse coefficient
problems.

2.2.1. Zeroth-order coefficient. Given A0, A, g, and α, we consider the inverse
coefficient problem to determine the time-independent zeroth-order coefficient p =
p(x) in Ω by observation data on Σ+.

For a fixed M > 0, define the conditional set

D(M) := {p ∈ L∞(Ω) | ‖p‖L∞(Ω) ≤M}.

Theorem 1.12. Let M > 0 be fixed, A0 ∈ C1(Q) ∩ L∞(Ω × (0,∞))satisfying
min

(x,t)∈Q
A0(x, t) > 0, and A ∈ C2(Q;Rd) satisfying (1.1), (1.2), and (1.5). Let

pi ∈ D(M) for i = 1, 2, g ∈ H1(0, T ;H
1
2 (∂Ω)), and α ∈ H1(Ω) satisfying

(1.10) ∃m0 > 0 s.t. |α(x)| ≥ m0 a.e. x ∈ Ω.

Assume T0 < T , where T0 is defined by (1.4), and for i = 1, 2 there exist functions
ui satisfying (1.9) with p = pi in the class

ui ∈
2⋂
k=1

Hk(0, T ;H2−k(Ω))

such that
u2 ∈ H1(0, T ;L∞(Ω)) and ‖u2‖H1(0,T ;L∞(Ω)) ≤M.

Then, there exists a constant C > 0 independent of pi ∈ D(M) for i = 1, 2 such
that

‖p1 − p2‖L2(Ω) ≤ C
1∑
k=0

‖∂kt u1 − ∂kt u2‖L2(Σ+).

2.2.2. First-order coefficients. We consider (1.9) with the time-independent
principal coefficientsA0 andA, more precisely, withA0 ∈ C1(Ω) andA ∈ C2(Ω;Rd).
Given p, finitely many initial values α, and boundary values g, we consider the in-
verse coefficient problem to determine the time-independent coefficients A0 and A
simultaneously by finitely many observation data on Σ+.

Let ρ > 0 be fixed. We will assume that the unknown coefficients A0 and A
satisfy the following condition:

(1.11)

(
max
x∈Ω

A0(x)
)(

max
x∈Ω

ϕ0(x)
)

ρ
< T,

where ϕ0 is defined by (1.3).
For A ∈ C2(Ω;Rd), set

Γ+,A := {x ∈ ∂Ω | A(x) · ν(x) > 0}
and Γ−,A := ∂Ω \ Γ+,A.
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For fixed M > 0, ρ > 0, and a subset Γ ⊂ ∂Ω, define the conditional set

D(M,ρ,Γ)

:=

(A0, A) ∈ C1(Ω)× C2(Ω;Rd)

∣∣∣∣∣∣∣∣

‖A0‖C1(Ω) + ‖A‖C2(Ω;Rd) ≤M,

min
x∈Ω

A0(x) ≥ ρ, min
x∈Ω
|A(x)| ≥ ρ,

(1.2), (1.11), and Γ+,A ⊂ Γ hold.

 .

Theorem 1.13. Let M > 0, ρ > 0, Γ ⊂ ∂Ω be a subset, and (A0
i , Ai) ∈

D(M,ρ,Γ) for i = 1, 2. Let p ∈ W 1,∞(0, T ;L∞(Ω)), gm ∈ H1(0, T ;H
1
2 (∂Ω)), and

αm ∈W 1,∞(Ω) for m = 1, . . . , d+ 1 satisfying

(1.12) ∃m0 > 0 s.t. |p(x, 0)|
∣∣∣∣det

(
α1(x) · · · αd+1(x)
∇α1(x) · · · ∇αd+1(x)

)∣∣∣∣ ≥ m0 a.e. x ∈ Ω.

Assume that for i = 1, 2 and m = 1, . . . , d+ 1 there exist functions ui,m satisfying
(1.9) with P = Pi := A0

i ∂t +Ai · ∇, g = gm, and α = αm in the class

ui,m ∈
2⋂
k=1

Hk(0, T ;W 2−k,∞(Ω))

such that for all m = 1, . . . , d+ 1,

2∑
k=1

‖u2,m‖Hk(0,T ;W 2−k,∞(Ω)) ≤M.

Then, there exists a constant C > 0 independent of (A0
i , Ai) ∈ D(M,ρ,Γ) for

i = 1, 2 such that

d∑
µ=0

‖Aµ1 −A
µ
2‖L2(Ω) ≤ C

d+1∑
m=1

‖u1,m − u2,m‖H1(0,T ;L2(Γ)).

3. Carleman estimate and energy estimates

In this section, the author introduces the Carleman estimate and energy esti-
mates needed to prove the main results.

3.1. Carleman estimate. In this subsection, we prove the global Carleman
estimate for the operator P + p(x, t)·, where p ∈ L∞(Q). In section 3.1.1, we
present the general statement for the Carleman estimate assuming the existence of
a suitable weight function ϕ satisfying some sufficient conditions. In section 3.1.2,
we construct such a weight function satisfying the sufficient conditions using ϕ0

defined by (1.3).
3.1.1. General statements. To obtain the local in time Carleman estimate, we

first assume the existence of a function ϕ ∈ H2(Q) satisfying

(1.13) ∃δ > 0 s.t. Pϕ(x, t) ≥ δ a.e. (x, t) ∈ Q.

Proposition 1.14. Let A0 ∈ C1(Q) satisfying min
(x,t)∈Q

A0(x, t) > 0, A ∈

C1(Q;Rd), and p ∈ L∞(Q). Assume that there exists a function ϕ ∈ H2(Q)
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satisfying (1.13). Then, there exist constants s∗ > 0 and C > 0 such that

s2

∫
Q

e2sϕ|u|2dxdt+ s

∫
Ω

e2sϕ(x,0)|u(x, 0)|2dx(1.14)

≤ C
∫
Q

e2sϕ|(P + p(x, t))u|2dxdt+ Cs

∫
Σ+

e2sϕ|u|2dSdt

+ Cs

∫
Ω

e2sϕ(x,T )|u(x, T )|2dx

holds for all s > s∗ and u ∈
1⋂
k=0

Hk(0, T ;H1−k(Ω)), where dS denotes the area

element of ∂Ω.

Proof. It suffices to prove Proposition 1.14 when p ≡ 0 due to the sufficiently
large parameter s. Let z := esϕu and Psz := esϕP (e−sϕz) for s > 0. Then, we
obtain

Psz = Pz − sPϕz,
which implies

‖Psz‖2L2(Q) = ‖Pz‖2L2(Q) + 2(Pz,−sPϕz)L2(Q) + ‖sPϕz‖2L2(Q)

≥ ‖sPϕz‖2L2(Q) + 2(Pz,−sPϕz)L2(Q)

= s2

∫
Q

|Pϕ|2|z|2dxdt− s
∫
Q

Pϕ
(
A0∂t(|z|2) +A · ∇(|z|2)

)
dxdt

≥ s2

∫
Q

δ2|z|2dxdt+ s

∫
Q

[
∂t((Pϕ)A0) +∇ · ((Pϕ)A)

]
|z|2dxdt− B,

by our assumption (1.13), where

B := s

∫
Ω

[
(Pϕ)A0|z|2

]t=T
t=0

dx+ s

∫
∂Ω×(0,T )

Pϕ(A(x, t) · ν(x))|z|2dSdt.

Therefore, there exists C > 0 such that

C

∫
Q

s2
[
1 +O

(
1

s

)]
|z|2dxdt ≤ ‖Psz‖2L2(Q) + B

as s→ +∞. By choosing s > 0 large enough, we complete the proof. �

3.1.2. Realization of weight functions. We construct the weight function ϕ ∈
C(Q) ∩H2(Q) depending on the vector field generated by the coefficients A, and
satisfying (1.13).

Lemma 1.15. Let A0 ∈ C(Q) ∩ L∞(Ω× (0,∞)) satisfying min
(x,t)∈Q

A0(x, t) > 0,

and A ∈ C2(Q;Rd) be given functions satisfying (1.1), (1.2), and (1.5). Then, for
an arbitrary real number β > 0 independent of T satisfying

(1.15) 0 < β <
ρ

sup
x∈Ω,t>0

A0(x, t)
,

the function ϕ defined by

(1.16) ϕ(x, t) := ϕ0(x)− βt, (x, t) ∈ Q,
with ϕ0 defined by (1.3), is in the class ϕ ∈ C(Q) ∩H2(Q) and satisfies (1.13).
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Proof. It is obvious that ϕ ∈ C(Q) ∩H2(Q) by Lemma 1.8. We prove that
ϕ defined by (1.16) satisfies (1.13). It follows that

Pϕ(x, t) = A(x, t) · ∇ϕ0(x)− βA0(x, t)(1.17)

≥ A(x, t) · ∇ϕ0(x)− β sup
x∈Ω,t>0

A0(x, t).

For a fixed x ∈ Ω, let cx : [σ−(x), σ+(x)] → Ω be the maximal integral curve with
cx(0) = x of A(·, 0). For a sufficiently small η ∈ [σ−(x), σ+(x)], we set xη := cx(η).
Because we can verify

d

dσ

(
cx(σ + η)

)
= c′x(σ + η) = A(cx(σ + η), 0),

cx(0 + η) = xη,

we have cxη (σ) = cx(σ+ η) by the uniqueness of the solution to the initial problem
of the ordinary differential equation. Hence, σ−(xη) = σ−(x)− η holds. Therefore,
we obtain

ϕ0(cx(η)) = ϕ0(xη) =

∫ 0

σ−(xη)

|c′xη (σ)|dσ =

∫ 0

σ−(x)−η
|c′x(σ+η)|dσ =

∫ η

σ−(x)

|c′x(σ)|dσ.

Differentiating both sides with respect to η and substituting η = 0 yield

c′x(0) · ∇ϕ0(cx(0)) = |c′x(0)| = |A(x, 0)|.

Therefore, by (1.5), Proposition 1.10, and (1.1), we obtain

A(x, t) · ∇ϕ0(x) = A(x, 0) · ∇ϕ0(x)e
∫ t
0
φ(x,s)ds(1.18)

= c′x(0) · ∇ϕ0(cx(0))e
∫ t
0
φ(x,s)ds

= |A(x, 0)|e
∫ t
0
φ(x,s)ds

= |A(x, t)| ≥ ρ.

Applying (1.18) to (1.17) yields

Pϕ(x, t) ≥ ρ− β sup
x∈Ω,t>0

A0(x, t) > 0

for almost all (x, t) ∈ Q.
�

3.2. Energy estimates. The following Lemma 1.16 is the energy estimate
for the first-order hyperbolic equations with the time-dependent principal part
needed to prove Theorem 1.11 and Theorem 1.12. Moreover, we describe Lemma
1.17, which is the energy estimate for first-order hyperbolic equations with time-
independent principal part needed to prove Theorem 1.13. Their proofs are pre-
sented in section 5.

For a positive function A0 ∈ C1(Q) and u ∈
2⋂
k=1

Hk(0, T ;H2−k(Ω)), we define

the quantity

E(t) :=

∫
Ω

(
A0(x, t)|∂tu(x, t)|2 + |u(x, t)|2

)
dx, t ∈ [0, T ].
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Lemma 1.16. Let A0 ∈ C1(Q) satisfying min
(x,t)∈Q

A0(x, t) > 0, A ∈ C1(Q;Rd),

p ∈ W 1,∞(0, T ;L∞(Ω)), R ∈ H1(0, T ;L∞(Ω)), and f ∈ L2(Ω). Then, there exists
a constant C > 0 independent of u and f such that

(1.19) E(t) ≤ C
(
‖∂tA · ∇u‖2L2(Q) + ‖f‖2L2(Ω)

)
holds for all t ∈ [0, T ] and u ∈

2⋂
k=1

Hk(0, T ;H2−k(Ω)) satisfying (1.6).

Moreover, if we assume (1.5), then there exists a constant C > 0 independent
of u and f such that

(1.20) E(t) ≤ C‖f‖2L2(Ω)

holds for all t ∈ [0, T ] and u ∈
2⋂
k=1

Hk(0, T ;H2−k(Ω)) satisfying (1.6).

Lemma 1.17. Let ` ∈ N be a fixed number, A0 ∈ C1(Ω) satisfying min
x∈Ω

A0(x) >

0, A ∈ C1(Ω;Rd), p ∈ W 1,∞(0, T ;L∞(Ω)), R ∈ H1(0, T ;L∞(Ω;R`)), and F ∈
L2(Ω;R`). Let us consider the initial boundary value problem

A0(x)∂tu+A(x) · ∇u+ p(x, t)u = R(x, t) · F (x) in Q,

u = 0 on Γ−,A × (0, T ),

u(·, 0) = 0 on Ω.

(1.21)

Then, there exists a constant C > 0 independent of u and F such that

(1.22) E(t) ≤ C‖F‖2L2(Ω;R`))

holds for all t ∈ [0, T ] and u ∈
2⋂
k=1

Hk(0, T ;H2−k(Ω)) satisfying (1.21).

4. Proofs of main results

Using several estimates introduced in section 3, we prove the three main theo-
rems in the subsequently sections.

4.1. Proof of Theorem 1.11.

Proof of Theorem 1.11. By our assumption (1.8), we can take 0 < β <
ρ

sup
x∈Ω,t>0

A0(x, t)
independent of T satisfying

(T0 <)

max
x∈Ω

ϕ0(x)

β
< T.

Then, there exists κ > 0 such that

(1.23) max
x∈Ω

ϕ0(x)− βT < −κ.
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Henceforth, by C > 0 we denote a generic constant independent of u which may
change from line to line, unless specified otherwise. Applying the Carleman estimate

(1.14) of Proposition 1.14 to ∂tu ∈
1⋂
k=0

Hk(0, T ;H1−k(Ω)) yields

s2

∫
Q

e2sϕ|∂tu|2dxdt+ s

∫
Ω

e2sϕ(x,0)|R(x, 0)f(x)|2dx(1.24)

≤ C
∫
Q

e2sϕ|(P + p(x, t))∂tu|2dxdt+ Cs

∫
Σ+

e2sϕ|∂tu|2dSdt

+ Cs

∫
Ω

e2sϕ(x,T )|∂tu(x, T )|2dx.

Since we obtain

(P + p(x, t))∂tu = ∂t

(
A0(x, t)∂tu+A(x, t) · ∇u+ p(x, t)u

)
− ∂tA0(x, t)∂tu− ∂tA(x, t) · ∇u− ∂tp(x, t)u

= ∂tR(x, t)f(x)− ∂tA0(x, t)∂tu− ∂tA(x, t) · ∇u− ∂tp(x, t)u,
we have

|(P + p(x, t))∂tu|2 ≤ C
(
|∂tRf |2 + |∂tu|2 + |∂tA(x, t) · ∇u|2 + |u|2

)
(1.25)

≤ C
(
|∂tRf |2 + |∂tu|2 + |A(x, t) · ∇u|2 + |u|2

)
,

where we used the assumption (1.5) to obtain the second inequality. Therefore,
applying the equation in (1.6) to the above estimate (1.25) yields

(1.26) |(P + p(x, t))∂tu|2 ≤ C
(
|∂tRf |2 + |Rf |2 + |∂tu|2 + |u|2

)
.

Furthermore, applying (1.23) and the energy estimate (1.20) of Lemma 1.16 yields

s

∫
Ω

e2sϕ(x,T )|∂tu(x, T )|2dx ≤ Cse−2κs

∫
Ω

A0(x, T )|∂tu(x, T )|2dx(1.27)

≤ Cse−2κs‖f‖2L2(Ω).

Applying (1.26) and (1.27) to (1.24) and choosing s > s∗ large enough yield

s2

∫
Q

e2sϕ|∂tu|2dxdt+ s

∫
Ω

e2sϕ(x,0)|R(x, 0)f(x)|2dx(1.28)

≤ C
∫
Q

e2sϕ
( 1∑
k=0

|∂kt R|2
)
|f |2dxdt+ C

∫
Q

e2sϕ|u|2dxdt

+ Cs

∫
Σ+

e2sϕ|∂tu|2dSdt+ Cse−2κs‖f‖2L2(Ω).

In regard to the left-hand side of (1.28), using (1.7), for some C > 0 we obtain

(1.29) s2

∫
Q

e2sϕ|∂tu|2dxdt+ s

∫
Ω

e2sϕ(x,0)|R(x, 0)f(x)|2dx ≥ Cs‖esϕ0f‖2L2(Ω).

In regard to right-hand side of (1.28), applying the Carleman estimate (1.14) of

Proposition 1.14 to u ∈
2⋂
k=1

Hk(0, T ;H2−k(Ω)) and then using (1.23) and the energy
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estimate (1.20) yield∫
Q

e2sϕ|u|2dxdt(1.30)

≤ C

s2

∫
Q

e2sϕ|Rf |2dxdt+
C

s

∫
Σ+

e2sϕ|u|2dSdt

+
C

s

∫
Ω

e2sϕ(x,T )|u(x, T )|2dx

≤ C

s2

∫
Q

e2sϕ|Rf |2dxdt+
C

s

∫
Σ+

e2sϕ|u|2dSdt+
C

s
e−2κs‖f‖2L2(Ω).

Applying (1.29) and (1.30) to (1.28) and choosing sufficiently large s > s∗ yield

s‖esϕ0f‖2L2(Ω)

≤ C
∫
Q

e2sϕ
( 1∑
k=0

|∂kt R|2
)
|f |2dxdt+

C

s

∫
Σ+

e2sϕ|u|2dSdt

+ CseCs‖∂tu‖2L2(Σ+) + Cse−2κs‖f‖2L2(Ω)

≤ C
∫
Q

e2sϕ
( 1∑
k=0

|∂kt R|2
)
|f |2dxdt+ CseCs

1∑
k=0

‖∂kt u‖2L2(Σ+)

+ Cse−2κs‖f‖2L2(Ω)

= C

∫
Ω

(∫ T

0

e−2s(ϕ0(x)−ϕ(x,t))
( 1∑
k=0

‖∂kt R(·, t)‖2L∞(Ω)

)
dt

)
e2sϕ0 |f |2dx

+ CseCs
1∑
k=0

‖∂kt u‖2L2(Σ+) + Cse−2κs‖f‖2L2(Ω)

= C

∫
Ω

(∫ T

0

e−2βts
( 1∑
k=0

‖∂kt R(·, t)‖2L∞(Ω)

)
dt

)
e2sϕ0 |f |2dx

+ CseCs
1∑
k=0

‖∂kt u‖2L2(Σ+) + Cse−2κs‖f‖2L2(Ω)

≤ o(1)‖esϕ0f‖2L2(Ω) + CseCs
1∑
k=0

‖∂kt u‖2L2(Σ+) + Cse−2κs‖esϕ0f‖2L2(Ω)

= o(1)‖esϕ0f‖2L2(Ω) + CseCs
1∑
k=0

‖∂kt u‖2L2(Σ+)

as s → +∞ by the Lebesgue dominated convergence theorem. Choosing s > s∗
large enough yields

‖esϕ0f‖L2(Ω) ≤ CeCs
1∑
k=0

‖∂kt u‖L2(Σ+).

Since ϕ0(x) ≥ 0 for all x ∈ Ω, ‖esϕ0f‖L2(Ω) ≥ ‖f‖L2(Ω) holds. Then, we complete
the proof. �
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4.2. Proof of Theorem 1.12.

Proof of Theorem 1.12. We show that Theorem 1.12 comes down to The-
orem 1.11. Setting

v := u1 − u2, R := −u2, f := p1 − p2,

we obtain 
Pv + p1(x)v = R(x, t)f(x) in Q,

v = 0 on Σ−,

v(·, 0) = 0 on Ω,

and (1.7) is satisfied due to the assumption (1.10). Therefore, by Theorem 1.11,
the proof is completed. �

4.3. Proof of Theorem 1.13.

Proof of Theorem 1.13. By our assumption (1.11), we can take 0 < β <
ρ

max
x∈Ω

A0
1(x)

independent of T satisfying

(
max
x∈Ω

A0
1(x)

)(
max
x∈Ω

ϕ0(x)
)

ρ
<

max
x∈Ω

ϕ0(x)

β
< T.

Then, there exists κ > 0 such that

(1.31) max
x∈Ω

ϕ0(x)− βT < −κ.

Henceforth, by C > 0 we denote a generic constant independent of u which may
change from line to line, unless specified otherwise. For m = 1, . . . , d+ 1, setting

vm := u1,m − u2,m, f1 := A0
1 −A0

2, f2 := A1 −A2,

and

F :=

(
f1

f2

)
∈ L2(Ω;Rd+1),

Rm :=
(
−∂tu2,m −∂x1u2,m · · · −∂xdu2,m

)
∈ H1(0, T ;L∞(Ω;Rd+1)).

Thus, we obtain 
P1vm + p(x, t)vm = Rm(x, t)F (x) in Q,

vm = 0 on Σ−,

vm(·, 0) = 0 on Ω,

where the product in the right-hand side of the equation is a product of matrices.
Applying the Carleman estimate (1.14) of Proposition 1.14 with P = P1 to

∂tvm ∈
1⋂
k=0

Hk(0, T ;W 1−k,∞(Ω)) ⊂
1⋂
k=0

Hk(0, T ;H1−k(Ω))
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yields

s2

∫
Q

e2sϕ|∂tvm|2dxdt+ s

∫
Ω

e2sϕ(x,0)|Rm(x, 0)F (x)|2dx

≤ C
∫
Q

e2sϕ|(P1 + p(x, t))∂tvm|2dxdt+ Cs

∫
Γ+,A1

×(0,T )

e2sϕ|∂tvm|2dSdt

+ Cs

∫
Ω

e2sϕ(x,T )|∂tvm(x, T )|2dx.

Summing up with respect to m = 1, . . . , d+ 1 yields

s2

∫
Q

e2sϕ|∂tv|2dxdt+ s

∫
Ω

e2sϕ(x,0)|R(x, 0)F (x)|2dx(1.32)

≤ C
∫
Q

e2sϕ|(P1 + p(x, t))∂tv|2dxdt+ Cs

∫
Γ+,A1

×(0,T )

e2sϕ|∂tv|2dSdt

+ Cs

∫
Ω

e2sϕ(x,T )|∂tv(x, T )|2dx,

where we define

v :=

 v1

...
vd+1

 , R :=

 R1

...
Rd+1

 , (P1 + p(x, t))∂tv :=

 (P1 + p(x, t))∂tv1

...
(P1 + p(x, t))∂tvd+1

 .

Since we obtain

(P1 + p(x, t))∂tvm = ∂t

(
A0

1(x)∂tvm +A1(x) · ∇vm + p(x, t)vm

)
− ∂tp(x, t)vm

= ∂t(RmF )− ∂tp(x, t)vm
for each m = 1, . . . , d+ 1, we have

(1.33) |(P1 + p(x, t))∂tv|2 ≤ C
(
|∂tRF |2 + |v|2

)
.

Furthermore, applying (1.31) and the energy estimate (1.22) of Lemma 1.17 for
m = 1, . . . , d+ 1 yields

s

∫
Ω

e2sϕ(x,T )|∂tvm(x, T )|2dx ≤ Cse−2κs

∫
Ω

A0
1(x, T )|∂tvm(x, T )|2dx

≤ Cse−2κs‖F‖2L2(Ω;Rd+1),

which implies

(1.34) s

∫
Ω

e2sϕ(x,T )|∂tv(x, T )|2dx ≤ Cse−2κs‖F‖2L2(Ω;Rd+1).

Applying (1.33) and (1.34) to (1.32) and choosing s > s∗ large enough yield

s2

∫
Q

e2sϕ|∂tv|2dxdt+ s

∫
Ω

e2sϕ(x,0)|R(x, 0)F (x)|2dx(1.35)

≤ C
∫
Q

e2sϕ|∂tRF |2dxdt+ C

∫
Q

e2sϕ|v|2dxdt

+ Cs

∫
Γ×(0,T )

e2sϕ|∂tv|2dSdt+ Cse−2κs‖F‖2L2(Ω;Rd+1).
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In regard to the left-hand side of (1.35), we obtain

s2

∫
Q

e2sϕ|∂tv|2dxdt+ s

∫
Ω

e2sϕ(x,0)|R(x, 0)F (x)|2dx(1.36)

≥ Cs‖esϕ0F‖2L2(Ω;Rd+1)

for some C > 0 by (1.12). Indeed, by min
x∈Ω

A0
2(x) ≥ ρ > 0, it follows that

|detR(x, 0)| =
∣∣∣∣det

(
∂tu2,1(x, 0) · · · ∂tu2,d+1(x, 0)
∇u2,1(x, 0) · · · ∇u2,d+1(x, 0)

)∣∣∣∣
≥ C

∣∣∣∣det

(
A2 · ∇α1 + p(x, 0)α1 · · · A2 · ∇αd+1 + p(x, 0)αd+1

∇α1 · · · ∇αd+1

)∣∣∣∣
= C

∣∣∣∣det

(
p(x, 0)α1 · · · p(x, 0)αd+1

∇α1 · · · ∇αd+1

)∣∣∣∣
= C|p(x, 0)|

∣∣∣∣det

(
α1(x) · · · αd+1(x)
∇α1(x) · · · ∇αd+1(x)

)∣∣∣∣ ≥ m0 a.e. x ∈ Ω.

In regard to the right-hand side of (1.35), applying the Carleman estimate (1.14)

of Proposition 1.14 to vm ∈
2⋂
k=1

Hk(0, T ;W 2−k,∞(Ω)) for each m = 1, . . . , d+1 and

then using (1.31) and the energy estimate (1.22) of Lemma 1.17 yield

∫
Q

e2sϕ|v|2dxdt(1.37)

≤ C

s2

∫
Q

e2sϕ|Rf |2dxdt+
C

s

∫
Γ+,A1

×(0,T )

e2sϕ|v|2dSdt

+
C

s

∫
Ω

e2sϕ(x,T )|v(x, T )|2dx

≤ C

s2

∫
Q

e2sϕ|Rf |2dxdt+
C

s

∫
Γ×(0,T )

e2sϕ|v|2dSdt

+
C

s
e−2κs‖F‖2L2(Ω;Rd+1).
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Applying (1.36) and (1.37) to (1.35) and choosing sufficiently large s > s∗ yield

s‖esϕ0F‖2L2(Ω;Rd+1)

≤ C
∫
Q

e2sϕ|∂tRF |2dxdt+
C

s2

∫
Q

e2sϕ|Rf |2dxdt+
C

s

∫
Γ×(0,T )

e2sϕ|v|2dSdt

+ Cs

∫
Γ×(0,T )

e2sϕ|∂tv|2dSdt+ Cse−2κs‖F‖2L2(Ω;Rd+1)

≤ C
∫
Q

e2sϕ
( 1∑
k=0

|∂kt RF |2
)
dxdt+ CseCs‖v‖2H1(0,T ;L2(Γ;Rd+1))

+ Cse−2κs‖F‖2L2(Ω;Rd+1)

= C

∫
Ω

(∫ T

0

e−2βts
( 1∑
k=0

‖∂kt R(·, t)‖2L∞(Ω;R(d+1)×(d+1))

)
dt

)
e2sϕ0 |F |2dx

+ CseCs‖v‖2H1(0,T ;L2(Γ;Rd+1)) + Cse−2κs‖F‖2L2(Ω;Rd+1)

≤ o(1)‖esϕ0F‖2L2(Ω;Rd+1) + CseCs‖v‖2H1(0,T ;L2(Γ;Rd+1)) + Cse−2κs‖esϕ0F‖2L2(Ω;Rd+1)

= o(1)‖esϕ0F‖2L2(Ω;Rd+1) + CseCs‖v‖2H1(0,T ;L2(Γ;Rd+1))

as s → +∞ by the Lebesgue dominated convergence theorem. Choosing s > s∗
large enough yields

‖esϕ0F‖2L2(Ω;Rd+1) ≤ Ce
Cs‖v‖2H1(0,T ;L2(Γ;Rd+1))

Since ϕ0(x) ≥ 0 for all x ∈ Ω, ‖esϕ0F‖2L2(Ω;Rd+1) ≥ ‖F‖
2
L2(Ω;Rd+1) holds. Then, we

complete the proof. �

5. Proofs of auxiliary results

In this section, we prove Proposition 1.10, Lemma 1.16, and Lemma 1.17.

5.1. Proof of Proposition 1.10.

Proof of Proposition 1.10. When d ≥ 2, we note that there exists a vector-
valued function A⊥(x, t) 6= 0 for each (x, t) ∈ Q such that

A(x, t) ·A⊥(x, t) = 0

due to (1.1). Applying (1.5) to ξ = A⊥(x, t) yields

∀(x, t) ∈ Q, ∂tA(x, t) ·A⊥(x, t) = 0,

which implies that there exists a function φ ∈ C1(Q) such that

∀(x, t) ∈ Q, ∂tA(x, t) = φ(x, t)A(x, t).

Therefore, A(x, t) is represented by

A(x, t) = A(x, 0)e
∫ t
0
φ(x,s)ds.

When d = 1, noting Remark 1.9, setting

φ(x, t) :=
∂tA(x, t)

A(x, t)

completes the proof. �
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5.2. Proof of Lemma 1.16.

Proof of Lemma 1.16. Differentiating the equation in (1.6) with respect to
t yields

A0(x, t)∂2
t u+ ∂tA

0(x, t)∂tu+A(x, t) · ∇∂tu
+∂tA(x, t) · ∇u+ p(x, t)∂tu+ ∂tp(x, t)u = ∂tR(x, t)f(x).

Multiplying 2∂tu to the above equality and integrating over Ω yield∫
Ω

A0(x, t)∂t(|∂tu|2)dx+

∫
Ω

2∂tA
0(x, t)|∂tu|2dx+

∫
Ω

A(x, t) · ∇(|∂tu|2)dx

+

∫
Ω

2∂tu(∂tA(x, t) · ∇u)dx+

∫
Ω

2p(x, t)|∂tu|2dx+

∫
Ω

2∂tp(x, t)u∂tudx

=

∫
Ω

2∂tu∂tR(x, t)f(x)dx.

Integration by parts yields

d

dt

∫
Ω

A0(x, t)|∂tu|2dx

= −
∫

Ω

(∂tA
0(x, t) + 2p(x, t))|∂tu|2dx+

∫
Ω

(∇ ·A(x, t))|∂tu|2dx

−
∫

Ω

2∂tu(∂tA(x, t) · ∇u)dx−
∫

Ω

2∂tp(x, t)u∂tudx+

∫
Ω

2∂tu∂tRfdx

−
∫
∂Ω

(A(x, t) · ν)|∂tu|2dS

≤ C
(∫

Ω

A0(x, t)|∂tu|2dx+

∫
Ω

|u|2dx+

∫
Ω

|∂tA(x, t) · ∇u|2dx+

∫
Ω

|∂tRf |2dx
)

−
∫
∂Ω

(A(x, t) · ν)|∂tu|2dS.

Adding
d

dt

∫
Ω

|u|2dx to the both sides of the above estimate, we obtain

d

dt

(∫
Ω

A0(x, t)|∂tu|2dx+

∫
Ω

|u|2dx
)

(1.38)

≤ C
(∫

Ω

A0(x, t)|∂tu|2dx+

∫
Ω

|u|2dx+

∫
Ω

|∂tA(x, t) · ∇u|2dx

+

∫
Ω

|∂tRf |2dx
)

+

∫
Ω

2|u||∂tu|dx−
∫
∂Ω

(A(x, t) · ν)|∂tu|2dS

≤ C
(∫

Ω

A0(x, t)|∂tu|2dx+

∫
Ω

|u|2dx+

∫
Ω

|∂tA(x, t) · ∇u|2dx

+

∫
Ω

|∂tRf |2dx
)
−
∫
∂Ω

(A(x, t) · ν)|∂tu|2dS,
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which implies

d

dt

(
e−Ct

∫
Ω

(
A0(x, t)|∂tu|2 + |u|2

)
dx

)
≤ e−Ct

(
C

∫
Ω

(
|∂tA(x, t) · ∇u|2 + |∂tRf |2

)
dx−

∫
∂Ω

(A(x, t) · ν)|∂tu|2dS
)
.

Integrating over (0, t) for t ≤ T yields

E(t) ≤ C
(
E(0) +

∫
Q

|∂tA(x, t) · ∇u|2dxdt+

∫
Ω

|f |2dx
)
.

Since, using the equation (1.6), we obtain

(1.39) E(0) ≤ C
∫

Ω

|f |2dx,

we prove (1.19).
Moreover, if we assume the assumption (1.5), then there exists C > 0 such that

for all (x, t) ∈ Q,
|∂tA(x, t) · ∇u|2 ≤ C|A(x, t) · ∇u|2.

Therefore, applying the above inequality to (1.38) and using the equation in (1.6)
yield

d

dt

(∫
Ω

A0(x, t)|∂tu|2dx+

∫
Ω

|u|2dx
)

≤ C
(∫

Ω

A0(x, t)|∂tu|2dx+

∫
Ω

|u|2dx+

∫
Ω

|∂tRf |2dx+

∫
Ω

|Rf |2dx
)

−
∫
∂Ω

(A(x, t) · ν)|∂tu|2dS,

which implies

d

dt

(
e−Ct

∫
Ω

(
A0(x, t)|∂tu|2 + |u|2

)
dx

)
≤ e−Ct

(
C

∫
Ω

( 1∑
k=0

|∂kt R|2
)
|f |2dx−

∫
∂Ω

(A(x, t) · ν)|∂tu|2dS

)
.

Integrating over (0, t) for t ≤ T yields

E(t) ≤ C
(
E(0) +

∫
Ω

|f |2dx
)
.

By (1.39), we complete the proof. �

5.3. Proof of Lemma 1.17.

Proof of Lemma 1.17. Differentiating the equation with respect to t yields

A0(x)∂2
t u+A(x) · ∇∂tu+ p(x, t)∂tu+ ∂tp(x, t)u = ∂tR(x, t) · F (x).

Multiplying 2∂tu to the above equation and integrating over Ω yield∫
Ω

A0(x)∂t(|∂tu|2)dx+

∫
Ω

A(x) · ∇(|∂tu|2)dx

+

∫
Ω

2p(x, t)|∂tu|2dx+

∫
Ω

2∂tp(x, t)u∂tudx =

∫
Ω

2∂tu∂tR(x, t) · F (x)dx.
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Integration by parts yields

d

dt

∫
Ω

A0(x)|∂tu|2dx

=

∫
Ω

(∇ ·A(x)− 2p(x, t))|∂tu|2dx−
∫

Ω

2∂tp(x, t)u∂tudx+

∫
Ω

2∂tu∂tR · Fdx

−
∫
∂Ω

(A(x) · ν)|∂tu|2dS

≤ C
(∫

Ω

A0(x)|∂tu|2dx+

∫
Ω

|u|2dx+

∫
Ω

|∂tR · F |2dx
)
−
∫
∂Ω

(A(x) · ν)|∂tu|2dS.

Adding
d

dt

∫
Ω

|u|2dx to the both sides of the above estimate, we obtain

d

dt

(∫
Ω

A0(x)|∂tu|2dx+

∫
Ω

|u|2dx
)

≤ C
(∫

Ω

A0(x)|∂tu|2dx+

∫
Ω

|u|2dx+

∫
Ω

|∂tR · F |2dx
)

+

∫
Ω

2|u||∂tu|dx

−
∫
∂Ω

(A(x) · ν)|∂tu|2dS

≤ C
(∫

Ω

A0(x)|∂tu|2dx+

∫
Ω

|u|2dx+

∫
Ω

|∂tR · F |2dx
)
−
∫
∂Ω

(A(x) · ν)|∂tu|2dS,

which implies

d

dt

(
e−Ct

∫
Ω

(
A0(x)|∂tu|2 + |u|2

)
dx

)
≤ e−Ct

(
C

∫
Ω

|∂tR · F |2dx−
∫
∂Ω

(A(x) · ν)|∂tu|2dS
)
.

Integrating over (0, t) for t ≤ T yields

E(t) ≤ C
(
E(0) +

∫
Ω

|F |2dx
)
.

Since, using the equation in (1.21), we obtain

E(0) ≤ C
∫

Ω

|F |2dx,

we prove (1.22). �



CHAPTER 2

Symmetric hyperbolic systems

1. Introduction and main result

Let n, ` ∈ N, (M, g) be a compact oriented n-dimensional smooth Riemannian
manifold with boundary ∂M , T > 0, and L := [0, T ] ×M . For a, b ∈ R`, a · b
denotes the inner product on R`, M`×` denotes the space of real square matrices of
order `, and Sym` denotes the subspace of real symmetric `× ` matrices, i.e.,

Sym` := {X ∈M`×` | XT = X},

where ·T denotes the transposition of a matrix. Let u = (u1, . . . , u`)T : L→ R` be
a vector-valued function and

A := Aµ(t, x)
∂

∂xµ
:=

n∑
µ=0

Aµ(t, x)
∂

∂xµ
, (t = x0, x1, . . . , xn) ∈ L

be a matrix-valued vector field on L, where Aµ = (Aµij)1≤i,j≤` ∈ C1(L; Sym`)
are matrix-valued functions for µ = 0, 1, . . . , n. We use the Einstein summation
convention throughout this chapter and note that summations with respect to Greek
indices range from 0 to n, whereas those for Roman indices range from 1 to n.

For a vector-valued function u, define the symmetric hyperbolic operator P as

Pu := Au = Aµ(t, x)∂µu,

where ∂µ = ∂xµ . This type of symmetric hyperbolic operator P has been consid-
ered in describing some equations in mathematical physics such as the Maxwell’s
equations and the elasticity equations, and readers are referred to [26] and [55] for a
theory of well-posedness concerning the first-order symmetric hyperbolic equations.
Some of these equations can be described via the wave equations and it is meaning-
ful to consider the equivalent first-order systems which form a more general class
of hyperbolic equations.

The main focus of this chapter is the inverse source problem for the symmetric
hyperbolic system concerning the operator P as an application of a Carleman esti-
mate by the Bukhgeim–Klibanov method [8]. The Carleman estimate is one of the
most important tools when we study inverse problems and a large number of stud-
ies have been made on the Carleman estimates and their applications to inverse
problems (e.g., [6], [33], [43], and references therein). If Aµ are all diagonal for
µ = 0, . . . , n, then we can easily obtain the Carleman estimate, where the system is
called a weakly coupled system. However, to the best of author’s knowledge, little
is known about the Carleman estimates for strongly coupled systems where princi-
pal parts are coupled except for Floridia–Takase–Yamamoto [25] because it is not
easy to establish the estimates directly. For other approaches to inverse problems
for the first-order hyperbolic systems, readers are referred to [18] and [36]. In [18],

23
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they consider the system with an integral term of a convolution type and deter-
mine the convolution kernel by means of the Volterra integral equation. In [36],
they proved the existence and uniqueness to determine time-independent potential
by the method of characteristics.

We show, as a first approach to strongly coupled systems, the way to prove the
Carleman estimate and apply them to the inverse problem for the symmetric hyper-
bolic system. Furthermore, the crucial point of this chapter is geometric analysis
on manifolds. Regarding the symmetric hyperbolic operator P as a matrix-valued
vector field gives a comprehensive viewpoint for the hyperbolic inverse problems.
To achieve this, the analysis independent of local coordinate systems is essential.
We introduce some notations needed to describe the geometric analysis.

Let τ : L → [0, T ] and π : L → M be the projections, and 〈·, ·〉 denotes a
pairing between 1-forms and vector fields. We assume that all eigenvalues λi(t, x)
of 〈dτ,A〉 = Pτ ∈ C1(L; Sym`) are positive and uniformly bounded, i.e.,

(2.1)

∀i = 1, . . . , `, λi(t, x) > 0,

λ := sup
t>0,x∈M,i=1,...,`

λi(t, x) <∞,

and

(2.2)


∃α = αkdx

k ∈ C(T ∗M) s.t. ∃ϕ0 ∈ C1(M) with α = dϕ0 and

〈α, π∗A〉 = Pϕ0 ∈ C(L; Sym`) is uniformly positive definite, i.e.,

∃δ > 0 s.t. inf
|v|=1,t>0,x∈M

∂kϕ0(x)Ak(t, x)v · v ≥ δ,

where C(T ∗M) denotes the space of continuous sections of T ∗M .

Remark 2.1. If Pτ = I, which is the identity matrix of order `, (2.1) is ob-
viously satisfied. Moreover, regarding (2.2), if the exterior derivative of α vanishes
in M , i.e., dα = 0, the existence of ϕ0 satisfying α = dϕ0 follows in some cases.
This is related to the Poincaré’s lemma presented in section 4.

In addition, what seems to be lacking is analysis for hyperbolic inverse problems
with time-dependent principal parts. Although there are several works related to
this kind of hyperbolic equations (e.g., [23], [37], and [64]), it is not enough for
the first-order hyperbolic systems. We investigate the equations with coefficients
depending on both space variable x and time variable t. Let N := −∇τ be the
future directed timelike vector field, where ∇ denotes the Levi-Civita connection
with respect to the metric −dt⊗ dt+ g. To deal with the time dependence, we set
the following ansatz:

(2.3) ∃C > 0 s.t. ∀ξ ∈ C(T ∗M ;R`), |〈ξ, π∗(∇NA)〉| ≤ C|〈ξ, π∗A〉|,

where C(T ∗L;R`) denotes the space of R`-valued continuous sections of T ∗L.

Remark 2.2. It follows that ∇NA = ∂tA
µ ∂
∂xµ by the local coordinate (t, x1, . . . , xn).

Therefore, (2.3) implies that there exists a constant C > 0 such that for all ξ =
ξkdx

k ∈ C(T ∗M ;R`) and (t, x) ∈ L,

|∂tAk(t, x)ξk(x)| ≤ C|Ak(t, x)ξk(x)|.

Clearly, if Ak is independent of t for all k = 1, . . . , n, then (2.3) is satisfied.
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Define the set the elements in which satisfy the above three conditions (2.1),
(2.2), and (2.3):

A :=

{
A = Aµ(t, x)

∂

∂xµ
∈ C1(TL; Sym`) | (2.1), (2.2), (2.3)

}
.

To describe our main result, we define the Sobolev space on manifolds, which
should be defined so as not to depend on a choice of coordinate systems.

Definition 2.3. Let M be a compact oriented n-dimensional smooth manifold,
and {(Ui, xi)}i be a coordinate system. Assume {χi}i is a finite partition of unity
subordinate to the covering such that suppχi ⊂ Ui. Given u ∈ C∞(M ;R`) and
integer k, define

‖u‖Hk(M ;R`) :=

∑
i

∑
|α|≤k

∫
xi(Ui)

(χi|∂αu|2) ◦ x−1
i dx1

i · · · dxni

 1
2

,

where ∂α signifies differentiation with respect to xi.

The inner product can be also defined in the same way. By taking the comple-
tion of the smooth functions, one obtains a real Hilbert space. Note that different
partitions of unity and coordinates yield different norms but they are all equivalent
norms. Although our integrations and derivatives on compact manifolds should be
written using a partition of unity and local coordinates, we omit these representa-
tions to avoid notational complexity.

Moreover, we define Σ := (0, T )× ∂M and subsets

Σ+ := {(t, x) ∈ Σ | g(ν, π∗A) is positive definite}, Σ− := Σ \ Σ+,

where ν = νk ∂
∂xk

is the outer unit normal vector field to ∂M . For A ∈ A, we
consider the initial boundary value problem

(2.4)


Pu+ p(t, x)u = R(t, x)f(x) in L,

u = 0 on Σ−,

u(0, ·) = 0 on M,

where p ∈W 1,∞(0, T ;L∞(M ;M`×`)), R ∈ H1(0, T ;L∞(M ;M`×`)), and f ∈ L2(M ;R`).
Given A, p, and R, we consider the inverse problem of determining f by boundary
observation of u on Σ+.

To prove the global Lipschitz stability for inverse problems of hyperbolic equa-
tions, the observation time should be given for the distant wave to reach the bound-
ary owing to the finite propagation speed. We define a constant to describe this
situation mathematically. For λ > 0 in (2.1) and ϕ0 ∈ C1(M) in (2.2), define the
number

(2.5) T0 :=

λ

(
max
x∈M

ϕ0(x)− min
x∈M

ϕ0(x)

)
δ

> 0.

Theorem 2.4. Let A ∈ A, p ∈ W 1,∞(0, T ;L∞(M ;M`×`)), f ∈ L2(M ;R`),
and R ∈ H1(0, T ;L∞(M ;M`×`)) satisfying

∃c0 > 0 s.t. |detR(0, x)| ≥ c0 a.e. x ∈M.
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Assume

(2.6) T0 < T,

where T0 > 0 is defined by (2.5), and there exists a function u ∈ H2(L;R`) satisfying
(2.4). Then, there exists a constant C > 0 independent of f and u such that

‖f‖L2(M ;R`) ≤ C
1∑

m=0

‖∂mt u‖L2(Σ+;R`).

The proof of Theorem 2.4 is presented in section 3 by combining the Carleman
estimate and the energy estimate, which will be introduced in section 2. This kind
of Lipschitz stability estimates for the hyperbolic equations with lateral Cauchy
data could be obtained even for hyperbolic inequalities as summarized in [43]. Ac-
cording to the Bukhgeim–Klibanov method, one could obtain Lipschitz stability
estimates for inverse source problems when one establishes these two a priori esti-
mates, basically in the same way as in this chapter.

2. Carleman estimates and energy estimates

2.1. Carleman estimates. To obtain a Carleman estimate, we define the
function ϕ ∈ C1(L) such that

(2.7) ϕ(t, x) := ϕ0(x)− βτ(t, x), (t, x) ∈ L,

where ϕ0 ∈ C1(M) is the function in (2.2) and β > 0 is a constant. The next
lemma is indispensable for the Carleman estimate.

Lemma 2.5. Assume (2.1), (2.2), and 0 < β <
δ

λ
. Then, for the function

ϕ ∈ C1(L) defined by (2.7), Pϕ(t, x) is uniformly positive definite, i.e.,

(2.8) ∃ρ > 0 s.t. inf
|v|=1,t>0,x∈M

Pϕ(t, x)v · v ≥ ρ.

Proof. Let v ∈ R` be fixed arbitrary. By (2.1) and (2.2), direct calculations
yield

Pϕ(t, x)v · v = ∂kϕ0(x)Ak(t, x)v · v − βA0(t, x)v · v
≥ (δ − βλ)|v|2.

Hence, there exists 0 < ρ < δ − βλ such that (2.8) holds. �

Using the weight function defined by (2.7), we will establish the Carleman
estimate. The weight function of a linear type for first-order equations is proposed
by [53] and successively used by [31], [9], [10], and [23].

Proposition 2.6. Let A ∈ C1(TL; Sym`) satisfying (2.1) and (2.2), and p ∈
L∞(L;M`×`). Let ϕ ∈ C1(L) be the function defined by (2.7) for β > 0 satisfying

0 < β <
δ

λ
.
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Then, there exist constants s∗ > 0 and C > 0 such that

s2

∫
L

e2sϕ|u|2ωL + s

∫
M

e2sϕ(0,x)|(Pτ)u(0, x)|2ωM(2.9)

≤ C
∫
L

e2sϕ|(P + p(t, x))u|2ωL + Cs

∫
Σ+

e2sϕ
(
g(ν, dπ(A))u · u

)
ωΣ

+ Cs

∫
M

e2sϕ(T,x)
(
(Pτ)u · u

)
(T, x)ωM

holds for all s > s∗ and u ∈ H1(L;R`), where ωL, ωM , and ωΣ denote the respective
volume elements of L, M , and Σ.

Proof. It suffices to prove (2.9) when p ≡ 0 due to the sufficiently large
parameter s. Let z := esϕu and Psz := esϕP (e−sϕz) for s > 0. Then, we obtain

Psz = Pz − s(Pϕ)z,

and

‖Psz‖2L2(L;R`) = s2‖(Pϕ)z‖2L2(L;R`) − 2s(Pz, (Pϕ)z)L2(L;R`) + ‖Pz‖2L2(L;R`)

≥ s2

∫
L

|(Pϕ)z|2ωL − 2s

∫
L

Pz · (Pϕ)zωL

and for γ > 0 to be fixed later,

2s(Psz, (Pϕ− γI)z)L2(L;R`)

= 2s

∫
L

Pz · (Pϕ− γI)zωL − 2s2

∫
L

(Pϕ)z · (Pϕ− γI)zωL.

Therefore, by (2.8), it follows that

‖Psz‖2L2(L;R`) + 2s(Psz, (Pϕ− γI)z)L2(L;R`)

≥ s2

∫
L

|(Pϕ)z|2ωL − 2s2

∫
L

(Pϕ)z · (Pϕ− γI)zωL − 2γs

∫
L

Pz · zωL

= s2

∫
L

(2γ(Pϕ)z · z − |(Pϕ)z|2)ωL − 2γs

∫
L

Pz · zωL

≥ s2

∫
L

(2ργ|z|2 − |(Pϕ)z|2)ωL − 2γs

∫
L

Pz · zωL.

Since there exists a constant C > 0 independent of z such that

|(Pϕ)z(t, x)|2 ≤ C|z(t, x)|2 a.e. (t, x) ∈ L,
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by taking γ > 0 large enough, we obtain

‖Psz‖2L2(L;R`) + 2s(Psz, (Pϕ− γI)z)L2(L;R`)

≥ Cs2

∫
L

|z|2ωL − 2γs

∫
L

∑
1≤i,j≤`

Aµij∂µz
izjωL

= Cs2

∫
L

|z|2ωL − 2γs

∫
L

∑
1≤i=j≤`

Aµii∂µz
iziωL

− 2γs

∫
L

∑
1≤i<j≤`

Aµij∂µz
izjωL − 2γs

∫
L

∑
1≤j<i≤`

Aµij∂µz
izjωL

= Cs2

∫
L

|z|2ωL − γs
∫
L

∑̀
i=1

Aµii∂µ(|zi|2)ωL

− 2γs

∫
L

∑
1≤i<j≤`

Aµij∂µz
izjωL − 2γs

∫
L

∑
1≤i<j≤`

Aµij∂µz
jziωL

= Cs2

∫
L

|z|2ωL − γs
∫
L

∑̀
i=1

Aµii∇µ(|zi|2)ωL − 2γs

∫
L

∑
1≤i<j≤`

Aµij∇µ(zizj)ωL

= Cs2

∫
L

|z|2ωL + γs

∫
L

∑̀
i=1

∇µAµii|z
i|2ωL + 2γs

∫
L

∑
1≤i<j≤`

∇µAµijz
izjωL

− γs
∫
M

∑̀
i=1

[
A0
ii|zi|2

]t=T
t=0

ωM − 2γs

∫
M

∑
1≤i<j≤`

[
A0
ijz

izj
]t=T
t=0

ωM

− γs
∫

Σ

∑̀
i=1

gjkν
jAkii|zi|2ωΣ − 2γs

∫
Σ

∑
1≤i<j≤`

gjkν
jAkijz

izjωΣ

= Cs2

∫
L

|z|2ωL −O(s)

∫
L

|z|2ωL − γs
∫
M

[
A0z · z

]t=T
t=0

ωM − γs
∫

Σ

(νkA
k)z · zωΣ

as s → ∞ for sufficiently large γ > 0. Note that νk := gjkν
j and we used Lemma

2.9, namely the Gauss formula on a Lorentzian manifold (L,−dt⊗dt+g). In regard
to the second term of the left-hand side, the following inequality holds:

2s(Psz, (Pϕ−γI)z)L2(L;R`) ≤
1

ε
‖Psz‖2L2(L;R`) +εs2‖Pϕ−γI‖2L∞(L;M`×`)‖z‖

2
L2(L;R`)

for an arbitrary ε > 0. Therefore, we obtain

s2
(
C − ε‖Pϕ− γI‖2L∞(L;M`×`)

)
‖z‖2L2(L;R`) −O(s)‖z‖2L2(L;R`)

+ γs

∫
M

(A0z · z)(0, x)ωM

≤
(

1 +
1

ε

)
‖Psz‖2L2(L;R`) + γs

∫
Σ

νkA
kz · zωΣ + γs

∫
M

(A0z · z)(T, x)ωM .

Choosing ε > 0 small enough to satisfy

C − ε‖Pϕ− γI‖2L∞(L;M`×`) > 0
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and taking s > 0 sufficiently large yield

s2‖z‖2L2(L;R`) + s

∫
M

(A0z · z)(0, x)ωM

≤ C‖Psz‖2L2(L;R`) + Cs

∫
Σ

νkA
kz · zωΣ + Cs

∫
M

(A0z · z)(T, x)ωM

for some C > 0 independent of s and z. Applying (2.1) to the second term of the
left-hand side, we complete the proof. �

2.2. Energy estimates. Although a large number of energy estimates are
known, (e.g., [57, Chapter 2], [58, Chapter 7]), we introduce the original energy
estimate Lemma 2.7.

For a matrix-valued function Pτ satisfying (2.1) and u ∈ H1(L;R`), we define
a quantity E(t) such that

E(t) :=

∫
M

(
(Pτ)∇Nu · ∇Nu

)
(t, x)ωM +

∫
M

|u(t, x)|2ωM , t ∈ [0, T ],

where N = −∇τ and τ : L→ [0, T ] is the projection.

Lemma 2.7. Let A ∈ A, p ∈ W 1,∞(0, T ;L∞(M ;M`×`)), f ∈ L2(M ;R`), and
R ∈ H1(0, T ;L∞(M ;M`×`)). Then, there exists a constant C > 0 such that

E(t) ≤ C‖f‖2L2(M ;R`)

holds for all t ∈ [0, T ] and u ∈ H2(L;R`) satisfying (2.4).

Proof. Applying ∇N to the equation in (2.4) yields

Aµ(t, x)∂µ∂tu+ ∂tA
µ(t, x)∂µu+ p(t, x)∂tu+ ∂tp(t, x)u = ∂tR(t, x)f(x).

Indeed, ∇N∂µu = ∇µ∇Nu = ∂µ∂tu and ∇NAµ = ∂tA
µ hold. Multiplying 2∇Nu =

2∂tu to the above equality and integrating over M yield∫
M

∑̀
i=1

Aµii(t, x)∇µ(|∂tui|2)ωM + 2

∫
M

∑
1≤i<j≤`

Aµij(t, x)∇µ(∂tu
i∂tu

j)ωM

+

∫
M

2∂tA
µ(t, x)∂µu · ∂tuωM +

∫
M

2p(t, x)∂tu · ∂tuωM +

∫
M

2∂tp(t, x)u · ∂tuωM

=

∫
M

2∂tR(t, x)f(x) · ∂tuωM .

Integration by parts on M yields∫
M

∑
1≤i,j≤`

A0
ij(t, x)∂t(∂tu

i∂tu
j)ωM −

∫
M

∇kAk(t, x)∂tu · ∂tuωM

+

∫
M

2∂tA
µ(t, x)∂µu · ∂tuωM +

∫
M

2p(t, x)∂tu · ∂tuωM +

∫
M

2∂tp(t, x)u · ∂tuωM

=

∫
M

2∂tR(t, x)f(x) · ∂tuωM −
∫
∂M

gjkν
jAk∂tu · ∂tuω∂M .
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Therefore, it follows that

d

dt

∫
M

A0(t, x)∂tu · ∂tuωM =

∫
M

∂tA
0∂tu · ∂tuωM +

∫
M

∑
1≤i,j≤`

A0
ij∂t(∂tu

i∂tu
j)ωM

= −
∫
M

(∂tA
0(t, x) + 2p(t, x))∂tu · ∂tuωM +

∫
M

∇kAk(t, x)∂tu · ∂tuωM

−
∫
M

2∂tA
k(t, x)∂ku · ∂tuωM −

∫
M

2∂tp(t, x)u · ∂tuωM +

∫
M

2∂tRf · ∂tuωM

−
∫
∂M

νkA
k(t, x)∂tu · ∂tuω∂M

≤ C
(∫

M

A0(t, x)∂tu · ∂tuωM +

∫
M

|u|2ωM

+

∫
M

|∂tAk(t, x)∂ku|2ωM +

∫
M

|∂tRf |2ωM
)
−
∫
∂M

νkA
k(t, x)∂tu · ∂tuω∂M .

Adding
d

dt

∫
M

|u|2ωM to the both sides of the above estimate, we obtain

d

dt

(∫
M

A0(t, x)∂tu · ∂tuωM +

∫
M

|u|2ωM
)

(2.10)

≤ C
(∫

M

A0(t, x)∂tu · ∂tuωM +

∫
M

|u|2ωM +

∫
M

|∂tAk(t, x)∂ku|2ωM

+

∫
M

|∂tRf |2ωM
)

+

∫
M

2|u||∂tu|ωM −
∫
∂M

νkA
k(t, x)∂tu · ∂tuω∂M

≤ C
(∫

M

A0(t, x)∂tu · ∂tuωM +

∫
M

|u|2ωM +

∫
M

|∂tAk(t, x)∂ku|2ωM

+

∫
M

|∂tRf |2ωM
)
−
∫
∂M

νkA
k(t, x)∂tu · ∂tuω∂M .

Moreover, applying (2.3) to (2.10) and using the equation in (2.4) yield

d

dt

(∫
M

A0(t, x)∂tu · ∂tuωM +

∫
M

|u|2ωM
)

≤ C
(∫

M

A0(t, x)∂tu · ∂tuωM +

∫
M

|u|2ωM +

∫
M

|∂tRf |2ωM +

∫
M

|Rf |2ωM
)

−
∫
∂M

νkA
k(t, x)∂tu · ∂tuω∂M ,

which implies

d

dt

(
e−Ct

∫
M

(
A0(t, x)∂tu · ∂tu+ |u|2

)
ωM

)
≤ e−Ct

(
C

∫
M

( 1∑
m=0

|∂mt Rf |2
)
ωM −

∫
∂M

νkA
k(t, x)∂tu · ∂tuω∂M

)
.

Integrating over (0, t) for t ≤ T yields

E(t) ≤ C
(
E(0) +

∫
Ω

|f |2ωM
)
.



3. PROOF OF MAIN RESULT 31

Since

E(0) ≤ C
∫
M

|A0(0, x)∂tu(0, x)|2ωM ≤ C‖f‖2L2(M ;R`)

holds by (2.4), we complete the proof.
�

3. Proof of main result

Proof of Theorem 2.4. Set M0 := max
x∈M

ϕ0(x) and m0 := min
x∈M

ϕ0(x). By

the assumption (2.6), we can choose 0 < β <
δ

λ
such that

T0 <
M0 −m0

β
< T.

Then, there exists κ > 0 such that

(2.11) M0 −m0 − βT < −κ.

Applying the Carleman estimate (2.9) to ∇Nu = ∂tu ∈ H1(L;R`) yields

s2

∫
L

e2sϕ|∂tu|2ωL + s

∫
M

e2sϕ(0,x)|R(0, x)f(x)|2ωM(2.12)

≤ C
∫
L

e2sϕ|(P + p(t, x))∂tu|2ωL + Cs

∫
Σ+

e2sϕνkA
k∂tu · ∂tuωΣ

+ Cs

∫
M

e2sϕ(T,x)(A0∂tu · ∂tu)(T, x)ωM .

Since we obtain

(P + p(t, x))∂tu = ∂t

(
Aµ(t, x)∂µu+ p(t, x)u

)
− ∂tAµ(t, x)∂µu− ∂tp(t, x)u

= ∂tR(t, x)f(x)− ∂tAµ(t, x)∂µu− ∂tp(t, x)u,

it follows that

|(P + p(t, x))∂tu|2 ≤ C
(
|∂tRf |2 + |∂tu|2 + |∂tAk(t, x)∂ku|2 + |u|2

)
(2.13)

≤ C
(
|∂tRf |2 + |∂tu|2 + |Ak(t, x)∂ku|2 + |u|2

)
≤ C

(
|∂tRf |2 + |Rf |2 + |∂tu|2 + |u|2

)
.

Moreover, we obtain

s

∫
M

e2sϕ(T,x)(A0∂tu · ∂tu)(T, x)ωM(2.14)

≤ Cse2(M0−βT )s

∫
M

(A0∂tu · ∂tu)(T, x)ωM ≤ Cse2(M0−βT )s‖f‖2L2(M ;R`).
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Applying (2.13) and (2.14) to (2.12) yields

s2

∫
L

e2sϕ|∂tu|2ωL + s

∫
M

e2sϕ(0,x)|R(0, x)f(x)|2ωM(2.15)

≤ C
∫
L

e2sϕ
1∑

m=0

|∂mt Rf |2ωL + C

∫
L

e2sϕ|u|2ωL

+ Cs

∫
Σ+

e2sϕνkA
k∂tu · ∂tuωΣ + Cse2(M0−βT )s‖f‖2L2(M ;R`).

In regard to the left-hand side of (2.15), we obtain

(2.16) s2

∫
L

e2sϕ|∂tu|2ωL + s

∫
M

e2sϕ(0,x)|R(0, x)f(x)|2ωM ≥ Cs‖esϕ0f‖2L2(M ;R`).

In regard to the right-hand side of (2.15), applying the Carleman estimate (2.9) to
u yields

∫
L

e2sϕ|u|2ωL ≤
C

s2

∫
L

e2sϕ|Rf |2ωL +
C

s

∫
Σ+

e2sϕνkA
ku · uωΣ(2.17)

+
C

s

∫
M

e2sϕ(T,x)(A0u · u)(T, x)ωM

≤ C

s2

∫
L

e2sϕ|Rf |2ωL +
C

s

∫
Σ+

e2sϕνkA
ku · uωΣ

+
C

s
e2(M0−βT )s‖f‖2L2(M ;R`).
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Applying (2.16) and (2.17) to (2.15) yields

s‖esϕ0f‖2L2(M ;R`)

≤ C
∫
L

e2sϕ
( 1∑
m=0

|∂mt Rf |2
)
ωL + C

∫
Σ+

e2sϕ|u|2ωΣ + CseCs‖∂tu‖2L2(Σ+;R`)

+ Cse2(M0−βT )s‖f‖2L2(M ;R`)

≤ C
∫
L

e2sϕ
( 1∑
m=0

|∂mt Rf |2
)
ωL + CseCs

1∑
m=0

‖∂mt u‖2L2(Σ+;R`)

+ Cse2(M0−βT )s‖f‖2L2(M ;R`)

= C

∫
M

(∫ T

0

e−2s(ϕ0(x)−ϕ(t,x))
( 1∑
m=0

‖∂mt R(t, ·)‖2L∞(M ;M`×`)

)
dt

)
e2sϕ0 |f |2ωM

+ CseCs
1∑

m=0

‖∂mt u‖2L2(Σ+;R`) + Cse2(M0−βT )s‖f‖2L2(M ;R`)

= C

∫
M

(∫ T

0

e−2βts
( 1∑
m=0

‖∂mt R(t, ·)‖2L∞(M ;M`×`)

)
dt

)
e2sϕ0 |f |2ωM

+ CseCs
1∑

m=0

‖∂mt u‖2L2(Σ+;R`) + Cse2(M0−βT )s‖f‖2L2(M ;R`)

≤ o(1)‖esϕ0f‖2L2(M ;R`) + CseCs
1∑

m=0

‖∂mt u‖2L2(Σ+;R`) + Cse2(M0−βT )s‖f‖2L2(M ;R`)

as s → +∞ by the Lebesgue dominated convergence theorem. Choosing s > s∗
large enough yields

e2m0s(1− Cse2(M0−m0−βT )s)‖f‖2L2(M ;R`) ≤ Ce
Cs

1∑
m=0

‖∂mt u‖2L2(Σ+;R`),

which implies, by (2.11),

e2m0s(1− Cse−2κs)‖f‖2L2(M ;R`) ≤ Ce
Cs

1∑
m=0

‖∂mt u‖2L2(Σ+;R`).

Choosing s > s0 large enough completes the proof. �

4. Useful lemmas

4.1. Poincaré’s lemma. To obtain Theorem 2.4, the assumption (2.2) is in-
dispensable for the Carleman estimate Proposition 2.6. In a special case, a sufficient
condition for the existence of ϕ0 is known as the Poincaré’s lemma (e.g., [67, The-
orem 13.2] and [13, Section 4.3]). Let Ωk(M) be a space of smooth k-forms on
M .

Lemma 2.8 (Poincaré’s lemma). Let U ⊂ Rn be a star-shaped open subset. If
α ∈ Ωk(U) satisfies dα = 0, then there exists ω ∈ Ωk−1(U) such that dω = α.

For more general manifolds, some results are known in de Rham cohomology
theory. The fuller study of de Rham cohomology lies outside the scope of this
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chapter. Under the situation where the Poincaré’s lemma is valid, the following
condition is sufficient for our assumption (2.2).

(2.18)

{
∃α = αkdx

k ∈ C1(T ∗M) s.t. dα = 0 and

〈α, dπ(A)〉 ∈ C1(L; Sym`) is uniformly positive definite.

4.2. Gauss formula on Lorentzian manifolds. We say the boundary ∂L
is spacelike (timelike) if the induced metric to ∂L is Riemannian (Lorentzian).

Lemma 2.9. Let (L, h) be an n + 1-dimensional compact oriented Lorentzian
manifold with boundary. Assume that the boundary is spacelike or timelike and let
X be a smooth vector field. Then if N denotes the outer unit normal to ∂L, it
follows that ∫

L

divXωL =

∫
∂L

h(X,N)

h(N,N)
ω∂L.

For more details of the Gauss formula on Lorentzian manifolds, readers are re-
ferred to Ringström [58, Lemma 10.8] and Bär–Ginoux–Pfäffle [2, Theorem 1.3.16].



CHAPTER 3

Degenerate hyperbolic equations

1. Introduction and main result

Let d ∈ N, T > 0, Ω ⊂ Rd be a bounded domain with smooth boundary ∂Ω,
and ν(x) be the unit outer normal to ∂Ω at x ∈ ∂Ω. Without loss of generality, we
suppose 0 ∈ Ω. We set Q := Ω × (0, T ) and Σ := ∂Ω × (0, T ). We introduce the
differential operator A such that

(3.1) Au(x, t) := ∂tu+H(t) · ∇u,
where H(t) := (H1(t), . . . ,Hd(t))

T is a continuous vector-valued function on [0, T ].
A lot of inverse problems via Carleman estimates for transport equations have

been studied. Klibanov and Pamyatnykh [45] proved a global uniqueness theorem
for an inverse coefficient problem. Gaitan and Ouzzane [29], Machida and Ya-
mamoto [53], and Gölgeleyen and Yamamoto [31] proved Lipschitz stabilities for
inverse coefficient and source problems via global Carleman estimates for trans-
port equations with variable coefficients. Cannarsa, Floridia, Gölgeleyen, and Ya-
mamoto [9] proved local Hölder stability to determine principal terms and zeroth-
order terms. We should note that these results were all for transport equations the
coefficients of which do not depend on time variable t but depend on space vari-
able x. In regard to transport equations having a time-dependent principal part,
Cannarsa, Floridia, and Yamamoto [10] proved an observability inequality for the
operator A defined by (3.1) with |H(t)| > 0 for all t ∈ [0, T ], i.e., non-degenerate
case, which was motivated by applications to inverse problems. In this chapter,
we eliminate the assumption on the positivity of |H(t)| and prove the observability
inequality in the degenerate case. Although this chapter is inspired by [10], we note
that our methodology is a little different from it, since we do not use the partition
arguments employed in [10]. Moreover, we prove the observability inequality us-
ing a synthetic technique recently introduced in [33] by Huang, Imanuvilov, and
Yamamoto, without using the classical cut-off arguments in the proof of the ob-
servability through the Carleman estimate. This enables us to simplify proofs of
observability inequalities.

For more applications of Carleman estimates to inverse problems, controlla-
bility, and unique continuations for hyperbolic equations, readers are referred to
Bellassoued and Yamamoto [6], and Takase [64]. They established Carleman esti-
mates for second-order hyperbolic operators with variable coefficients on manifolds.
Moreover, for degenerate evolutions equations there is a extensive literature, one
can see, e.g., Floridia [21] and Floridia, Nitsch, and Trombetti [22].

The structure of the chapter is following. In this section, after describing the
problem formulation and some notations, we present our main result in Theorem
3.4. In section 2, we prepare some propositions needed to prove Theorem 3.4.
In particular, we obtain the energy estimate (see Lemma 3.5 and Proposition 3.6),

35
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and the Carleman estimate for the degenerate case (see Proposition 3.7), which play
important roles in proving the main result. Finally, in section 3 we prove Theorem
3.4. In section 4, using the methodology of this chapter we obtain an observability
inequality for the non-degenerate case, studied in [10], by a proof shorter than one
in [10].

In this chapter, we consider the degenerate case, where we impose the following
assumptions on the vector field H ∈ C([0, T ];Rd):

(3.2) H(0) = 0;

∃T1 ∈ (0, T ], ∃ρ > 0 s.t. H ∈ C1([0, T1];Rd) and(3.3)

min
t∈[0,T1]

|H ′(t)| ≥ ρ.

Under assumptions (3.2) and (3.3), we consider the Cauchy problem{
Au = ∂tu+H(t) · ∇u = 0 in Q,

u = g on Σ,
(3.4)

where g ∈ L2(Σ), and prove an observability inequality in Theorem 3.4. Unlike the
non-degenerate case by Cannarsa, Floridia, and Yamamoto [9], we should impose
the extra assumption (3.3) on the positivity of |H ′(t)| due to the degeneration (3.2).
Nevertheless, the regularity class in (3.3) imposed on H is the same one as in [10].

Before describing mathematical settings, we mention a synthetic statement of
the main result Theorem 3.4. We note to prove an observability inequality for a
hyperbolic equation the observation time should be given sufficiently large due to
the finite propagation speed (e.g., Bardos, Lebeau, and Rauch [3]). Theorem 3.4

claims that if the direction of the unit vector H′(t)
|H′(t)| changes moderately comparing

with the time for the distant wave to reach the boundary, then we can obtain the
observability inequality (3.9) for a sufficient large observation time. To formulate
this situation mathematically, we define some preliminary notations.

Definition 3.1. Let T > 0, c0 ∈ ( 1√
2
, 1), and H be a vector-valued function

satisfying (3.3). We define a positive number t1 ∈ (0, T1] such that

(3.5) t1 := sup

{
τ ∈ [0, T1]

∣∣∣∣ H ′(t)

|H ′(t)|
· H

′(0)

|H ′(0)|
≥ c0, ∀t ∈ [0, τ ]

}
.

Remark 3.2. Note that t1 > 0 because H ′ is continuous.

By the definition of the positive time t1 ∈ (0, T1] introduced in (3.5), the angle

between H′(t)
|H′(t)| and H′(0)

|H′(0)| is less than or equal to π
4 for t ∈ [0, t1]. The positive

time t1 will be crucial to prove the observability inequality (3.9) in Theorem 3.4.
The next lemma is a basic property for H ′ in the time interval [0, t1].

Lemma 3.3. Let T > 0, c0 ∈ ( 1√
2
, 1), H be a vector-valued function satisfying

(3.3), and t1 ∈ (0, T1] be the positive number defined by (3.5). Then, there exists

x0 ∈ Ω
c

:= Rd \ Ω such that

(3.6) min
(x,t)∈Ω×[0,t1]

H ′(t) · (x− x0)

|H ′(t)||x− x0|
≥ 2c20 − 1(> 0).
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Proof. If we take x0 := −Rθ0 ∈ Ω
c

for R > 1+c0
1−c0 diam Ω and θ0 := H′(0)

|H′(0)| , we

find

(x− x0) · θ0 = x · θ0 +R ≥ R− |x| ≥ R− diam Ω

> c0(R+ diam Ω) ≥ c0|x− x0|

holds for all x ∈ Ω, which implies min
(x,t)∈Ω×[0,t1]

x− x0

|x− x0|
· θ0 ≥ c0. Moreover, taking

min
(x,t)∈Ω×[0,t1]

H ′(t)

|H ′(t)|
· θ0 ≥ c0 into account, we finally conclude (3.6) is true by the

trigonometric addition formulas for the angle between x−x0

|x−x0| and θ0, and the angle

between H′(t)
|H′(t)| and θ0. �

Figure 1. The situation of H ′(t) and x0 ∈ Ω
c

in Lemma 3.3.

For a fixed x0 ∈ Ω
c

satisfying (3.6), define the positive number

(3.7) T0 :=

√√√√max
x∈Ω
|x− x0|2 −min

x∈Ω
|x− x0|2

δ
,

where

(3.8) δ := ρ(2c20 − 1) dist(x0,Ω) > 0.

The next theorem is our main result in this chapter.

Theorem 3.4. Let T > 0, c0 ∈ ( 1√
2
, 1), H ∈ C([0, T ];Rd), and g ∈ L2(Σ).

Assume (3.2) and (3.3). If the number t1 ∈ (0, T1] defined by (3.5) satisfies T0 < t1
for some x0 ∈ Ω

c
satisfying (3.6), then there exists a constant C > 0 independent

of g ∈ L2(Σ) such that for all t ∈ [0, T ],

(3.9) ‖u(·, t)‖L2(Ω) ≤ C‖g‖L2(Σ)

holds for all u ∈ H1(Q) satisfying (3.4).

2. Preliminaries

In this section, we prepare some results needed to prove Theorem 3.4. In section
2.1, by the energy estimate Lemma 3.5 we prove Proposition 3.6, which means if
the observability inequality (3.9) holds locally in time, then it holds also globally
in time. In section 2.2, we present the Carleman estimate in Proposition 3.7.
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2.1. Energy estimate. For the proof of Theorem 3.4, we use the energy
estimate of the following type, which is proved without assuming (3.2) and (3.3).

Lemma 3.5. Let T > 0, H ∈ C([0, T ];Rd), and g ∈ L2(Σ). Then, there exists
a constant C > 0 independent of g ∈ L2(Σ) such that for all t ∈ [0, T ],∣∣∣‖u(·, t)‖2L2(Ω) − ‖u(·, 0)‖2L2(Ω)

∣∣∣ ≤ C‖g‖2L2(Σ)

holds for all u ∈ H1(Q) satisfying (3.4).

Proof. Multiplying the equation in (3.4) by 2u and integrating over Ω yield∫
Ω

∂t(|u|2)dx+

∫
Ω

H(t) · ∇(|u|2)dx = 0,

i.e.,
d

dt

(∫
Ω

|u|2dx
)

= −
∫
∂Ω

(H(t) · ν(x)) |g|2dσ.

Integration over [0, t] yields∣∣∣‖u(·, t)‖2L2(Ω) − ‖u(·, 0)‖2L2(Ω)

∣∣∣ ≤ C‖g‖2L2(Σ),

for some C > 0 independent of g ∈ L2(Σ), t ∈ [0, T ], and u ∈ H1(Q). �

Proposition 3.6. Let T > 0, H ∈ C([0, T ];Rd), and g ∈ L2(Σ). Assume there
exist τ ∈ [0, T ] and a constant C1 > 0 independent of g ∈ L2(Σ) such that for all
t ∈ [0, τ ],

‖u(·, t)‖L2(Ω) ≤ C1‖g‖L2(Σ)

holds for all u ∈ H1(Q) satisfying (3.4). Then, there exists a constant C2 > 0
independent of g ∈ L2(Σ) such that

‖u(·, t)‖L2(Ω) ≤ C2‖g‖L2(Σ)

holds for all t ∈ [0, T ] and u ∈ H1(Q) satisfying (3.4).

Proof. The claim is trivial when τ = T . When τ < T , Lemma 3.5 and the
assumption in Proposition 3.6 yield

‖u(·, t)‖2L2(Ω) ≤ ‖u(·, 0)‖2L2(Ω) + C‖g‖2L2(Σ)

≤ (C2
1 + C)‖g‖2L2(Σ)

for all t ∈ [0, T ] and u ∈ H1(Q) satisfying (3.4). If we set C2 :=
√
C2

1 + C, we
complete the proof. �

2.2. Carleman estimate. Let τ > 0 and c0 ∈ ( 1√
2
, 1) be fixed constants. We

set Q±,τ := Ω× (−τ, τ) and Σ±,τ := ∂Ω× (−τ, τ). In this section, we establish the
Carleman estimate for the differential operator A,

Au := ∂tu+H(t) · ∇u

in Q±,τ under the following assumptions:

(3.10) H ∈ C1([−τ, τ ];Rd);

(3.11) ∃ρ > 0 s.t. min
t∈[−τ,τ ]

|H ′(t)| ≥ ρ;
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(3.12) ∃θ0 ∈ Sd−1 s.t. min
t∈[−τ,τ ]

H ′(t) · θ0

|H ′(t)|
≥ c0,

where Sd−1 := {ξ ∈ Rd | |ξ| = 1}.
Under the assumptions (3.10)–(3.12), we will obtain the Carleman estimate for

A in Q±,τ .

We can take x0 ∈ Ω
c

:= Rd \ Ω satisfying min
(x,t)∈Q±,τ

H ′(t) · (x− x0)

|H ′(t)||x− x0|
≥ 2c20 − 1

by the same argument as in the proof of Lemma 3.3.
For a positive constant β > 0 to be fixed later, we set

(3.13) ϕ(x, t) := |x− x0|2 − βt2, (x, t) ∈ Q±,τ .

We establish the Carleman estimate Proposition 3.7 for the operator A having
time-dependent coefficients. Nevertheless, our choice of weight functions is more
similar to the one by Klibanov–Pamyatnykh [45] and Gaitan–Ouzzane [29] than by
Cannarsa–Floridia–Yamamoto [9].

Proposition 3.7. Assume (3.10), (3.11), and (3.12). Let ϕ be the smooth
function defined by (3.13), where β > 0 is an arbitrary positive number satisfying

0 < β < δ := ρ(2c20 − 1) dist(x0,Ω).

Then, there exists a constant C > 0 such that

s

∫
Q±,τ

e2sϕ|u|2dxdt(3.14)

≤ C
∫
Q±,τ

e2sϕ|Au|2dxdt+ Cs

∫
Σ±,τ

e2sϕAϕ(H(t) · ν(x))|u|2dσdt

+ Cs

∫
Ω

(
e2sϕ(x,τ)|u(x, τ)|2 + e2sϕ(x,−τ)|u(x,−τ)|2

)
dx

holds for all s > 0 and u ∈ H1(Q±,τ ). Here dσ denotes the volume element of ∂Ω.

Proof. Set z := esϕu and Pz := esϕA(e−sϕz) for u ∈ H1(Q±,τ ) and s > 0.
Since ϕ is smooth, it follows that z ∈ H1(Q±,τ ). We note that

Aϕ(x, t) = −2βt+ 2H(t) · (x− x0)

and

A2ϕ = −2β + 2H ′(t) · (x− x0) + 2|H(t)|2.

Since we have

Pz = Az − s(Aϕ)z,
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‖Pz‖2L2(Q±,τ ) ≥ 2(Az,−s(Aϕ)z)L2(Q±,τ )(3.15)

= −2s

∫
Q±,τ

(∂tz +H(t) · ∇z)(Aϕ)zdxdt

= −s
∫
Q±,τ

(Aϕ)∂t(|z|2)dxdt− s
∫
Q±,τ

(Aϕ)H(t) · ∇(|z|2)dxdt

= s

∫
Q±,τ

A2ϕ|z|2dxdt− s
∫

Σ±,τ

Aϕ(H(t) · ν(x))|z|2dσdt

− s
∫

Ω

[
Aϕ|z|2

]t=τ
t=−τ

dx

≥ 2s

∫
Q±,τ

(
− β +H ′(t) · (x− x0)

)
|z|2dxdt

− s
∫

Σ±,τ

(Aϕ)(H(t) · ν(x))|z|2dσdt− s
∫

Ω

[
Aϕ|z|2

]t=τ
t=−τ

dx

holds. For the fixed x0 ∈ Ω
c

so that min
(x,t)∈Q±,τ

H ′(t) · (x− x0)

|H ′(t)||x− x0|
≥ 2c20 − 1(> 0), it

follows that

H ′(t) · (x− x0) = |H ′(t)||x− x0|
H ′(t) · (x− x0)

|H ′(t)||x− x0|

≥ ρ dist(x0,Ω) min
(x,t)∈Q±,τ

H ′(t) · (x− x0)

|H ′(t)||x− x0|
≥ δ(> 0)

for all (x, t) ∈ Q±,τ owing to (3.11) and (3.12). We then obtain from (3.15)

‖Pz‖2L2(Q±,τ ) ≥ 2(δ − β)s

∫
Q±,τ

|z|2dxdt− s
∫

Σ±,τ

(Aϕ)(H(t) · ν(x))|z|2dσdt

− s
∫

Ω

[
Aϕ|z|2

]t=τ
t=−τ

dx.

Hence, for all 0 < β < δ, there exists a constant C > 0 such that

s

∫
Q±,τ

e2sϕ|u|2dxdt

≤ C
∫
Q±,τ

e2sϕ|Au|2dxdt+ Cs

∫
Σ±,τ

e2sϕAϕ(H(t) · ν(x))|u|2dσdt

+ Cs

∫
Ω

(
e2sϕ(x,τ)|u(x, τ)|2 + e2sϕ(x,−τ)|u(x,−τ)|2

)
dx

holds for all s > 0 and u ∈ H1(Q±,τ ). �

Remark 3.8. In Proposition 3.7, we do not assume the positivity of |H(t)|. In
that respect, Proposition 3.7 is different from Theorem 1.5 in Cannarsa–Floridia–
Yamamoto [9]. Proposition 3.7 says the Carleman estimate holds regardless of
whatever |H(t)| is positive if we assume appropriate properties in regard to H ′.

The technical difference appears in the estimate (3.15). In the non-degenerate
case (e.g., [9] and Proposition 3.12 in this chapter), we can use the positivity of
Aϕ. However, in the degenerate case, we use the positivity of A2ϕ.
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3. Proof of Theorem 3.4

To prove the main result, we use not only Lemma 3.5 and Proposition 3.6 but
also Proposition 3.7, i.e., the Carleman estimate for the operator A. Furthermore,
we should describe a technical remark in applying Carleman estimates. In existing
works, whenever we applied Carleman estimates to obtain stability estimates for
some inverse problems, we introduced appropriate cut-off functions χ and applied
Carleman estimates to χu, where u is a solution to considering equations. This was
because χu vanished on boundaries of considering domains. However, in our proof
of Theorem 3.4, we need not use the cut-off arguments because our Carleman esti-
mate in Proposition 3.7 contains all the boundary terms on ∂Q±,τ . This argument
without cut-off functions is presented by Huang, Imanuvilov, and Yamamoto [33].

Proof of Theorem 3.4. In the beginning, we extend H ∈ C([0, T ];Rd) and
u ∈ H1(Q) satisfying (3.4) in Q± := Ω× (−T, T ) by setting

H̄(t) =

{
H(t), t ∈ [0, T ],

−H(−t), t ∈ [−T, 0],

and

u(x, t) =

{
u(x, t) in Ω× (0, T ),

u(x,−t) in Ω× (−T, 0).

By our assumptions (3.2) and (3.3), H̄ ∈ C([−T, T ];Rd) ∩ C1([−T1, T1];Rd) and
u ∈ H1(Q±). Furthermore, the derivatives with respect to t of H̄ and u satisfy

H̄ ′(t) =

{
H ′(t), t ∈ [0, T1],

H ′(−t), t ∈ [−T1, 0],

and

∂tu(x, t) =

{
∂tu(x, t) in Ω× (0, T ),

−∂tu(x,−t) in Ω× (−T, 0),

which imply u satisfies{
Au = ∂tu+ H̄(t) · ∇u = 0 in Q±,

u = ḡ on Σ± := ∂Ω× (−T, T ),
(3.16)

where ḡ is extended by

(3.17) ḡ(x, t) =

{
g(x, t) in ∂Ω× (0, T ),

g(x,−t) in ∂Ω× (−T, 0).

Let t1 > 0 be the positive number defined by (3.5) and x0 ∈ Ω
c

be the point
satisfying (3.6) under the assumption

T0 < t1,

where T0 is defined by (3.7). Owing to Proposition 3.6, it suffices to prove the
observability inequality (3.9) in the interval [0, t1], then we can extend it to all the
interval [0, T ].

For the fixed x0 ∈ Ω
c
, we take 0 < β < δ, where δ is defined by (3.8), satisfying

(T0 <)

√
dM − dm

β
< t1,
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where we define

dM := max
x∈Ω
|x− x0|2, dm := min

x∈Ω
|x− x0|2.

Then, there exists κ > 0 such that

(3.18) dM − dm − βt21 < −κ.
Henceforth, by C > 0 we denote a generic constant independent of u and ḡ which
may change from line to line, unless specified otherwise. We find that H̄ satisfies the

assumptions (3.10)–(3.12) by taking τ = t1 and θ0 = H′(0)
|H′(0)| needed for Proposition

3.7. Set Q±,t1 := Ω× (−t1, t1) and Σ±,t1 := ∂Ω× (−t1, t1). Applying Proposition
3.7 to the extended u ∈ H1(Q±,t1) satisfying (3.16) yields

s

∫
Q±,t1

e2sϕ|u|2dxdt(3.19)

≤ Cs
∫

Σ±,t1

e2sϕAϕ(H̄(t) · ν(x))|u|2dσdt

+ Cs

∫
Ω

(
e2sϕ(x,t1)|u(x, t1)|2 + e2sϕ(x,−t1)|u(x,−t1)|2

)
dx.

On the left-hand side of (3.19), we obtain

(3.20) s

∫
Q±,t1

e2sϕ|u|2dxdt ≥ se2s(dm−βε2)

∫ ε

−ε

∫
Ω

|u|2dxdt,

where ε ∈ (0, t1) is an arbitrary small constant satisfying for all x ∈ Ω and |t| ≤ ε,
ϕ(x, t) > 0,

i.e.,

(3.21) dm − βε2 > 0.

Furthermore, keeping in mind that u is the even extension, applying Lemma 3.5 in
(3.20), we have

s

∫
Q±,t1

e2sϕ|u|2dxdt ≥ 2se2s(dm−βε2)

∫ ε

0

∫
Ω

|u|2dxdt(3.22)

≥ 2εse2s(dm−βε2)
(
‖u(·, 0)‖2L2(Ω) − C‖g‖

2
L2(Σ)

)
.

Moreover, in regard to the second summand of the right-hand side of (3.19), ap-
plying Lemma 3.5 yields

Cs

∫
Ω

(
e2sϕ(x,t1)|u(x, t1)|2 + e2sϕ(x,−t1)|u(x,−t1)|2

)
dx(3.23)

≤ Cse2s(dM−βt21)
(
‖u(·, t1)‖2L2(Ω) + ‖u(·,−t1)‖2L2(Ω)

)
≤ 2Cse2s(dM−βt21)

(
‖u(·, 0)‖2L2(Ω) + C‖g‖2L2(Σ)

)
.

From (3.19), (3.22), and (3.23), keeping in mind (3.17), we obtain

2εse2s(dm−βε2)
(
‖u(·, 0)‖2L2(Ω) − C‖g‖

2
L2(Σ)

)
≤ Cse2s(dM−βt21)

(
‖u(·, 0)‖2L2(Ω) + C‖g‖2L2(Σ)

)
+ CseCs‖g‖2L2(Σ),



4. NON-DEGENERATE TRANSPORT EQUATIONS 43

i.e.,

e2s(dm−βε2)
(

2ε− Ce2s(dM−dm−βt21+βε2)
)
‖u(·, 0)‖2L2(Ω) ≤ Ce

Cs‖g‖2L2(Σ).

Applying (3.18) and (3.21) to the left-hand side of the above inequality yields(
2ε− Ce−2s(κ−βε2)

)
‖u(·, 0)‖2L2(Ω) ≤ Ce

Cs‖g‖2L2(Σ).

By choosing s > 0 large enough to satisfy 2ε−Ce−2s(κ−βε2) > 0 for the sufficiently
small ε > 0 and applying Lemma 3.5 for (3.16) again on the left-hand side of the
above inequality, we have

‖u(·, t)‖2L2(Ω) ≤ C‖g‖
2
L2(Σ)

for all t ∈ [0, t1]. �

Remark 3.9. In Theorem 3.4, the degenerate point t∗ ∈ [0, T ] on which H(t∗) =
0 could be not necessarily equal to 0. Indeed, by similar arguments to Lemma 3.5
and Proposition 3.6, it suffices to prove the observability inequality in a closed time
interval containing t∗. Therefore, if there exists a sufficiently long time interval

containing t∗ on which H′(t)
|H′(t)| ·

H′(t∗)
|H′(t∗)| ≥ c0 holds, we can prove the observability

inequality on the time interval by the same way as in the proof of Theorem 3.4 using
the extension.

4. Non-degenerate transport equations

In this section, we prove the observability inequality for the non-degenerate case
studied by Cannarsa, Floridia, and Yamamoto [10] without the partition arguments
and cut-off arguments. Given T > 0, we replace the assumption (3.2) and (3.3) on
H ∈ C([0, T ];Rd) with the following:

(3.24) ∃T ′1 ∈ (0, T ], ∃ρ > 0 s.t. min
t∈[0,T ′1]

|H(t)| ≥ ρ.

4.1. Preliminaries. Our methodology is based on the energy estimate given
in Proposition 3.6, which still holds for the non-degenerate case. We define a
positive number corresponding to t1 in Definition 3.1.

Definition 3.10. Let T > 0, c0 ∈ ( 1√
2
, 1), and H ∈ C([0, T ];Rd) be a vector-

valued function satisfying (3.24). We define a positive number t′1 ∈ (0, T ′1] such
that

(3.25) t′1 := sup

{
τ ∈ [0, T ′1]

∣∣∣∣ H(t)

|H(t)|
· H(0)

|H(0)|
≥ c0, ∀t ∈ [0, τ ]

}
.

Lemma 3.11. Let T > 0, c0 ∈ ( 1√
2
, 1), H ∈ C([0, T ];Rd) be a vector-valued

function satisfying (3.24), and t′1 ∈ (0, T ′1] be the positive number defined by (3.25).

Then, there exists x0 ∈ Ω
c

:= Rd \ Ω such that

(3.26) min
(x,t)∈Ω×[0,t′1]

H(t) · (x− x0)

|H(t)||x− x0|
≥ 2c20 − 1(> 0).
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Proof. If we take x0 := −Rθ0 ∈ Ω
c

for R > 1+c0
1−c0 diam Ω and θ0 := H(0)

|H(0)| , we

find

(x− x0) · θ0 = x · θ0 +R ≥ R− |x| ≥ R− diam Ω

> c0(R+ diam Ω) ≥ c0|x− x0|

holds for all x ∈ Ω, which implies min
(x,t)∈Ω×[0,t′1]

x− x0

|x− x0|
· θ0 ≥ c0. By the same

argument as in the proof of Lemma 3.3, we find (3.26) holds true. �

One of the most important tools in our methodology is the Carleman estimate.
Let τ > 0 and c0 ∈ ( 1√

2
, 1) be constants. We set Qτ := Ω × (0, τ) and Στ :=

∂Ω× (0, τ). We assume (3.27)–(3.29) for the non-degenerate case instead of (3.10)–
(3.12) for the degenerate case:

(3.27) H ∈ C1([0, τ ];Rd);

(3.28) ∃ρ > 0 s.t. min
t∈[0,τ ]

|H(t)| ≥ ρ;

(3.29) ∃θ0 ∈ Sd−1 s.t. min
t∈[0,τ ]

H(t) · θ0

|H(t)|
≥ c0.

In the non-degenerate case, we choose a different weight function from (3.13).
For a constant β > 0, let us define

(3.30) ψ(x, t) := |x− x0|2 − βt, (x, t) ∈ Qτ ,

where x0 ∈ Ω
c

is a point satisfying min
(x,t)∈Qτ

H(t) · (x− x0)

|H(t)||x− x0|
≥ 2c20 − 1.

Proposition 3.12. Assume (3.27), (3.28), and (3.29). Let ψ be the smooth
function defined by (3.30), where β > 0 is an arbitrary positive number satisfying

0 < β < 2δ := 2ρ(2c20 − 1) dist(x0,Ω).

Then, there exist constants s∗ > 0 and C > 0 such that

s2

∫
Qτ

e2sψ|u|2dxdt(3.31)

≤ C
∫
Qτ

e2sψ|Au|2dxdt+ Cs

∫
Στ

e2sψAψ(H(t) · ν(x))|u|2dσdt

+ Cs

∫
Ω

e2sψ(x,τ)|u(x, τ)|2dx

holds for all s > s∗ and u ∈ H1(Qτ ). Here dσ denotes the volume element of ∂Ω.

Note that the order of s on the left-hand side of (3.31) is different from the one
on the left-hand side of (3.14).

Proof of Proposition 3.12. Set z := esψu and Pz := esψA(e−sψz) for u ∈
H1(Qτ ) and s > 0. Since ψ is smooth, it follows that z ∈ H1(Qτ ). We note that

Aψ(x, t) = −β + 2H(t) · (x− x0)

and
A2ψ = 2H ′(t) · (x− x0) + 2|H(t)|2.
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Since we have

Pz = Az − s(Aψ)z,

‖Pz‖2L2(Qτ ) ≥ s
2‖(Aψ)z‖2L2(Qτ ) + 2(Az,−s(Aψ)z)L2(Qτ )(3.32)

= s2

∫
Qτ

(
− β + 2H(t) · (x− x0)

)2

|z|2dxdt

− 2s

∫
Qτ

(∂tz +H(t) · ∇z)(Aψ)zdxdt

= s2

∫
Qτ

(
− β + 2H(t) · (x− x0)

)2

|z|2dxdt

− s
∫
Qτ

(Aψ)∂t(|z|2)dxdt− s
∫
Qτ

(Aψ)H(t) · ∇(|z|2)dxdt

=

∫
Qτ

[
s2
(
− β + 2H(t) · (x− x0)

)2

+ s(A2ψ)

]
|z|2dxdt

− s
∫

Στ

Aψ(H(t) · ν(x))|z|2dσdt− s
∫

Ω

[
Aψ|z|2

]t=τ
t=0

dx

holds. For the fixed x0 ∈ Ω
c

so that min
(x,t)∈Qτ

H(t) · (x− x0)

|H(t)||x− x0|
≥ 2c20 − 1(> 0), it

follows that

H(t) · (x− x0) = |H(t)||x− x0|
H(t) · (x− x0)

|H(t)||x− x0|

≥ ρ dist(x0,Ω) min
(x,t)∈Qτ

H(t) · (x− x0)

|H(t)||x− x0|
≥ δ(> 0)

for all (x, t) ∈ Qτ owing to (3.28) and (3.29). We then obtain from (3.32)

‖Pz‖2L2(Qτ ) ≥
∫
Qτ

[
(2δ − β)2s2 +O(s)

]
|z|2dxdt− s

∫
Στ

(Aψ)(H(t) · ν(x))|z|2dσdt

− s
∫

Ω

Aψ(x, τ)|z(x, τ)|2dx

as s → +∞. Hence, for all 0 < β < 2δ, there exist constants s∗ > 0 and C > 0
such that

s2

∫
Qτ

e2sψ|u|2dxdt ≤ C
∫
Qτ

e2sψ|Au|2dxdt+ Cs

∫
Στ

e2sψAψ(H(t) · ν(x))|u|2dσdt

+ Cs

∫
Ω

e2sψ(x,τ)|u(x, τ)|2dx

holds for all s > s∗ and u ∈ H1(Qτ ). �

4.2. Observability inequality for the non-degenerate case. For the fixed
x0 ∈ Ω

c
satisfying (3.26), We define a positive number

(3.33) T ′0 :=

max
x∈Ω
|x− x0|2 −min

x∈Ω
|x− x0|2

δ
,
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where

(3.34) δ := ρ(2c20 − 1) dist(x0,Ω) > 0.

Theorem 3.13. Let T > 0, c0 ∈ ( 1√
2
, 1), H ∈ C([0, T ];Rd), and g ∈ L2(Σ).

Assume (3.24) and H ∈ C1([0, T ′1];Rd). If the positive number t′1 > 0 defined by

(3.25) satisfies T ′0 < t′1 for some x0 ∈ Ω
c

satisfying (3.26), then there exists a
constant C > 0 independent of g ∈ L2(Σ) such that for all t ∈ [0, T ],

(3.35) ‖u(·, t)‖L2(Ω) ≤ C‖g‖L2(Σ)

holds for all u ∈ H1(Q) satisfying (3.4).

Proof. Let t′1 > 0 be the positive number defined by (3.25) and x0 ∈ Ω
c

be
the point satisfying (3.26) with

T ′0 < t′1,

where T ′0 is defined by (3.33). Owing to Proposition 3.6, it suffices to prove (3.35)

in the interval [0, t′1]. For the fixed x0 ∈ Ω
c
, we take 0 < β < 2δ, where δ is defined

by (3.34), satisfying

(T ′0 <)
dM − dm

β
< t′1,

where we recall

dM := max
x∈Ω
|x− x0|2, dm := min

x∈Ω
|x− x0|2.

Then, there exists κ > 0 such that

(3.36) dM − dm − βt′1 < −κ.

Henceforth, by C > 0 we denote a generic constant independent of u and g which
may change from line to line, unless specified otherwise. We find that H satisfies the

assumptions (3.27)–(3.29) by taking τ = t′1 and θ0 = H(0)
|H(0)| needed for Proposition

3.12. Set Qt′1 := Ω× (0, t′1) and Σt′1 := ∂Ω× (0, t′1). Applying Proposition 3.12 to

u ∈ H1(Qt′1) satisfying (3.4) yields

s2

∫
Qt′1

e2sψ|u|2dxdt ≤ Cs
∫

Σt′1

e2sψAψ(H(t) · ν(x))|u|2dσdt(3.37)

+ Cs

∫
Ω

e2sϕ(x,t′1)|u(x, t′1)|2dx.

On the left-hand side of (3.37), we obtain

(3.38) s2

∫
Qt′1

e2sψ|u|2dxdt ≥ s2e2s(dm−βε)
∫ ε

0

∫
Ω

|u|2dxdt,

where ε ∈ (0, t′1) is an arbitrary small constant satisfying for all x ∈ Ω and 0 ≤ t ≤ ε,

ψ(x, t) > 0,

i.e.,

(3.39) dm − βε > 0.
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Furthermore, applying Lemma 3.5 in (3.38), we have

s2

∫
Qt′1

e2sψ|u|2dxdt ≥ s2e2s(dm−βε)
∫ ε

0

∫
Ω

|u|2dxdt(3.40)

≥ εs2e2s(dm−βε)
(
‖u(·, 0)‖2L2(Ω) − C‖g‖

2
L2(Σ)

)
.

Moreover, in regard to the second summand of the right-hand side of (3.37), ap-
plying Lemma 3.5 yields

Cs

∫
Ω

e2sψ(x,t′1)|u(x, t′1)|2dx(3.41)

≤ Cse2s(dM−βt′1)‖u(·, t′1)‖2L2(Ω)

≤ Cse2s(dM−βt′1)
(
‖u(·, 0)‖2L2(Ω) + C‖g‖2L2(Σ)

)
.

From (3.37), (3.40), and (3.41), we obtain

εs2e2s(dm−βε)
(
‖u(·, 0)‖2L2(Ω) − C‖g‖

2
L2(Σ)

)
≤ Cse2s(dM−βt′1)

(
‖u(·, 0)‖2L2(Ω) + C‖g‖2L2(Σ)

)
+ CseCs‖g‖2L2(Σ),

i.e.,

e2s(dm−βε)
(
εs− Ce2s(dM−dm−βt′1+βε)

)
‖u(·, 0)‖2L2(Ω) ≤ Ce

Cs‖g‖2L2(Σ).

Applying (3.36) and (3.39) to the left-hand side of the above inequality yields(
εs− Ce−2s(κ−βε)

)
‖u(·, 0)‖2L2(Ω) ≤ Ce

Cs‖g‖2L2(Σ).

By choosing s > s∗ large enough to satisfy εs−Ce−2s(κ−βε) > 0 for the sufficiently
small ε > 0 and applying Lemma 3.5 again on the left-hand side of the above
inequality, we have

‖u(·, t)‖2L2(Ω) ≤ C‖g‖
2
L2(Σ)

for all t ∈ [0, t′1]. �

Remark 3.14. In the non-degenerate case, we focused only on the time interval
[0, t′1] near 0 and proved the observability inequality under the assumption that t′1
is large enough. Needless to say, if there exists a sufficiently long time interval

[t∗, t
∗] ⊂ [0, T ], if not near 0, on which H(t)

|H(t)| ·
H(t∗)
|H(t∗)| ≥ c0 holds, the observability

inequality holds on the interval, which implies it holds also on [0, T ] by the similar
arguments using Lemma 3.5 and Proposition 3.6.





Part II

Second-order hyperbolic equations





CHAPTER 4

Wave equations on Lorentzian manifolds

1. Introduction and main result

Let T > 0, n ∈ N, and M be a compact oriented n-dimensional smooth man-
ifold with boundary. We set L := [−T, T ] × M and let (L, g) be a Lorentzian
manifold with metric g having signature (−,+, . . . ,+) such that the submanifolds
M t := {t} × M are spacelike for all t ∈ [−T, T ] and ∂t := ∂

∂t is timelike. The
Lorentzian metric is a symmetric non-degenerate covariant 2-tensor field such that
for every point p ∈ L, there is a basis e0, . . . , en for TpL such that g(eµ, eν) are the
components of the standard Minkowski metric diag(−1, 1, . . . , 1). In this chapter,
we consider the intermediate boundary value problem of the system for a function
h : L→ R` with ` ∈ N,

Ph := �gh+ a(t, x)h = H(t, x) in L,

h = ∂N̂h = 0 on M0 = {0} ×M,

h = 0 on Σ1 := [−T, T ]× Γ1.

(4.1)

Here let the coefficient a be an ` × ` matrix-valued function on L and the source
term H be an ` vector-valued function on L. Let π0 : L→ [−T, T ] be the projection

and ∇π0 be the gradient of π0. N̂ := − ∇π0√
|g(∇π0,∇π0)|

denotes the future directed

unit timelike vector field such that for all p ∈M t and X ∈ TpM t, g(N̂p, ι∗X) = 0,
where ι : M t ↪→ L is the embedding. We note, in this chapter, that summations
with respect to Greek indices range from 0 to n, whereas those for Roman indices
range from 1 to n. Furthermore, �g is defined by �g := gµν(∂µ∂ν − Γρµν∂ρ) for
functions on L, where (gµν) is the matrix inverse to (gµν), which are components of
the metric g = gµνdx

µ ⊗ dxν , and Γρµν is the Christoffel symbol of the Levi-Civita
connection defined by

Γρµν :=
1

2
gρσ (∂µgνσ + ∂νgσµ − ∂σgµν) .

Γ1 ⊂ ∂M denotes a given open submanifold.
The equation in (4.1) relates to general relativity. Because this type of equation

having the same principal term is derived from the Einstein equation by choosing a
special coordinate system or a suitable gauge function (e.g., [68, Chapter 18.8], [15,
Chapter III.11], [58, Part III], [59], [17, Chapter 33]) and then by the linearization
of the Einstein equation, we reduce it to the system having the form (4.1). Inter-
ested readers are referred to Taylor [68], Choquet-Bruhat [15], and Ringström [58]
for a direct derivation of the equation having the same form (4.1).

We assume the source term H is written by H(t, x) = S(t, x)f(x), where S is
an ` × ` matrix-valued function on L and f is an ` vector-valued function on M .

51
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The main focus of this chapter is the inverse source problem to determine f from
the partial boundary data of the solution: ∂N∂

k
N̂
h |Σ1 for k = 0, 1, 2, where ∂N

denotes the normal derivative with respect to the metric g. We prove the unique-
ness and stability for the local inverse source problem. The argument is based
on the Carleman estimate, which was introduced by Carleman in [12], and the
Bukhgeim–Klibanov method in [8]. The Carleman estimate was first invented to
prove the unique continuation property for elliptic operators for which the coeffi-
cients are not necessarily real analytic. Using the Carleman estimate, Bukhgeim
and Klibanov proved global uniqueness results for multidimensional coefficient in-
verse problems. This methodology is widely applicable to not only elliptic equations
but also various partial differential equations provided that we can prove the Car-
leman estimate for the operators we are considering. For hyperbolic equations,
Baudouin, De Buhan, and Ervedoza [4] proved the global Carleman estimate for
wave equations and considered its applications to controllability, inverse problems,
and reconstructions. Imanuvilov and Yamamoto [34] proved the global Lipschitz
stability for wave equations by interior observations near the boundary. Bellassoued
and Yamamoto [6], [5] considered both local and global inverse source problems,
and coefficient inverse problems for wave equations on a compact Riemannian man-
ifold. Jiang, Liu, and Yamamoto [37] considered the local inverse source problems
for wave equations, the coefficients of which depend on time t in the Euclidean space
under the assumption that the Carleman estimate for such operators exists. In this
chapter, we prove also the Carleman estimate for the Laplace–Beltrami operator.
For time-independent wave equation, to apply the Carleman estimate to consider
the inverse source problem, we extend the solution to negative time intervals. How-
ever, when the coefficients depend on time, there is a difficulty in extending the
solution to negative time intervals when trying to apply the Carleman estimate. For
instance, an even extension of the solution with respect to time t no longer satisfies
the equation. Hence, we consider the equation in [−T, T ] from the beginning.

To the best of author’s knowledge, there are a few papers concerning the Car-
leman estimates for the Laplace–Beltrami operator on a Lorentzian manifold. Be-
cause Bellassoued and Yamamoto [6] dealt with the wave equation on a compact
Riemannian manifold, we prove the Carleman estimate on a Lorentzian manifold
with the help of their tools. Indeed, the assumptions on a weight function (4.2)
and (4.3) in the next section are generalizations of the situation for a Riemannian
manifold.

To describe our main result, we define the Sobolev space on manifolds, which
should be defined so as not to depend on a choice of coordinate systems in general.

Definition 4.1. Let M be a compact oriented n-dimensional smooth manifold,
and {(Ui, xi)}i be a coordinate system. Assume {χi}i is a finite partition of unity
subordinate to the covering such that suppχi ⊂ Ui. Given u ∈ C∞(M ;R`) and
integer k, define

‖u‖Hk(M ;R`) :=

∑
i

∑
|α|≤k

∫
xi(Ui)

(χi|∂αu|2) ◦ x−1
i dx1

i · · · dxni

 1
2

,

where ∂α signifies differentiation with respect to xi.
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The inner product can be also defined in the same way. By taking the comple-
tion of the smooth functions, one obtains a real Hilbert space. Note that different
partitions of unity and coordinates yield equivalent norms. (e.g., Ringström [58,
Section 15]) Although our integrations and derivatives on compact manifolds should
be written using a partition of unity and local coordinates, we omit these represen-
tations throughout this chapter to avoid notational complexity.

Let ι : M t := {t} ×M ↪→ L be the embedding and g[ := ι∗g be the induced
metric on M t by the embedding ι. We assume throughout that the Lorentzian
metric g is smooth on L such that M t is spacelike, i.e., g[ is Riemannian metric
on M t, and ∂t is timelike, i.e., g(∂t, ∂t) < 0. N̂ := − ∇π0√

|g(∇π0,∇π0)|
denotes the

future directed unit timelike vector field such that for all p ∈ M t and X ∈ TpM t,

g(N̂p, ι∗X) = 0. We assume the coefficient has enough regularity,

a ∈W 2,∞(−T, T ;L∞(M ;R`×`)).

Let Mε := {x ∈ M | ψ(0, x) > ε} be a level set of ψ, where ψ is the weight
function satisfying assumptions (4.2) and (4.3) to be stated in the next section. We
are ready to describe the main result of this chapter.

Theorem 4.2. Let ` ∈ N, T > 0, M be a compact oriented n-dimensional
smooth manifold with boundary, and L := [−T, T ]×M . Let g be a smooth Lorentzian
metric on L such that M t is spacelike and ∂t is timelike. Assume H(t, x) =
S(t, x)f(x), (4.2), (4.3), (4.7) and (4.8). Furthermore, assume that there exists
a unique solution h to (4.1) in the class

h ∈
2⋂
k=0

H4−k(−T, T ;Hk(M ;R`)).

Then, there exists ε∗ > 0 such that for any ε ∈ (ε∗, ε
∗), there exist constants C > 0

and θ ∈ (0, 1) such that

‖f‖L2(Mε;R`) ≤ CD + CF1−θDθ,
where ε∗ ≥ 0 is the number in (4.8),

F := ‖f‖L2(M ;R`) +

2∑
k=0

‖h‖H3−k(−T,T ;Hk(M ;R`)),

D :=

2∑
k=0

‖∂N∂kN̂h‖L2(−T,T ;L2(Γ1;R`)),

and N denotes the outer unit normal vector field to Σ1 := [−T, T ]× Γ1.

(4.2) and (4.3) are the assumptions on the weight function needed for the
Carleman estimate. (4.7) and (4.8) are the respective assumptions on the source
and coefficient terms, and on a given submanifold Γ1. Details of these assumptions
are explained in subsequent sections.

2. Carleman estimate

Let us fix a local coordinate (x1, . . . , xn) on M and then, obtain a local coor-
dinate (x0 = t, x1, . . . , xn) on L such that

g = −dt⊗ dt+ gijdx
i ⊗ dxj .
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We call the local coordinate semigeodesic coordinate in this chapter. Henceforth,
if we write statements using a local coordinate, the coordinate is always taken by
the semigeodesic coordinate, unless specified otherwise.

Remark 4.3. There exists the semigeodesic coordinate locally. (e.g., Remark
5.1 in [15, I]) Indeed, for a local coordinate (y0(t), y1, . . . , yn) near (t, x) ∈ L,
there exists a change of the coordinate into the semigeodesic coordinate (x0 =
t, x1, . . . , xn) if and only if an inverse transform exists. Then, the components
g′µν of the metric g represented by (t, x1, . . . , xn) satisfy

g′i0 =
∂yj

∂xi

(
gj0

dy0

dt
+ gjk

∂yk

∂t

)
, i = 1, . . . , n,

g′00 = g00

(
dy0

dt

)2

+ 2g0j
dy0

dt

∂yj

∂t
+ gjk

∂yj

∂t

∂yk

∂t
.

gj0
dy0

dt +gjk
∂yk

∂t = 0 for j = 1, . . . , n and g00

(
dy0

dt

)2

+2g0j
dy0

dt
∂yj

∂t +gjk
∂yj

∂t
∂yk

∂t = −1

are equivalent to

gµν
∂yν

∂t
= −δ0

µ

(
dy0

dt

)−1

, µ = 0, . . . , n⇐⇒ ∂yν

∂t
= −g0ν

(
dy0

dt

)−1

, ν = 0, . . . , n,

which is locally solvable as an initial problem of a first-order system since g00 < 0
by our assumption that ∂t is timelike and Lemma 8.5 in [58].

Let ` ∈ N, T > 0, M be a compact oriented n-dimensional smooth manifold
with boundary, and L := [−T, T ] ×M . Let g be a smooth Lorentzian metric on
L such that M t is spacelike and ∂t is timelike. In this section, we consider the
Carleman estimate for the operator P ,

Ph := �gh+ a(t, x)h

= gµν(∂µ∂ν − Γρµν∂ρ)h+ a(t, x)h.

Let the coefficient a has enough regularity,

a ∈W 2,∞(−T, T ;L∞(M ;R`×`)).

To establish the Carleman estimate for the above operator P , we consider first of
all Carleman estimate for the Laplace–Beltrami operator for R-valued functions

�g = gµν(∂µ∂ν − Γρµν∂ρ)

on an n+ 1-dimensional Lorentzian manifold L. The following method is based on
the works by Bellassoued and Yamamoto [6], [5]. Note that angled bracket 〈·, ·〉
denotes the inner product with respect to the metric g, i.e., 〈X,Y 〉 := g(X,Y ) =
gµνX

µY ν for X,Y ∈ TpL and p ∈ L. Let π0 : L → [−T, T ] and π1 : L → M
be the projections, and dτ2 and g[ be the respective induced squared line element
and Riemannian metric by the canonical embeddings [−T, T ] ↪→ L and M t ↪→ L.
∇u = ∇gu = ∇µu ∂

∂xµ = gµν∂νu
∂
∂xµ denotes the gradient of a function u with

respect to the metric g. We assume the following two assumptions.
The Hessian of ψ with respect to g satisfies

∃κ1 > 0, ∃κ2 > 0 s.t. ∀p ∈ L, ∀X ∈ TpL,(4.2)

∇2ψ(X,X) ≥ −2κ2dτ
2 ((dπ0)X, (dπ0)X) + 2κ1g[ ((dπ1)X, (dπ1)X)
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with

1 <
κ1

κ2
.

ψ has no critical points on L, i.e.,

min
L
g[ ((dπ1)∇ψ, (dπ1)∇ψ) > 0,(4.3)

ψ(0, x) > ψ(t, x) a.e. (t, x) ∈ L.

Remark 4.4. These assumptions (4.2) and (4.3) are independent of a choice
of local coordinates by their definitions. When we write X = Xµ ∂

∂xµ ∈ TpL by
taking the semigeodesic coordinate, we obtain the representations

dτ2 ((dπ0)X, (dπ0)X) = |X0|2 := −g00(X0)2 = (X0)2,

g[ ((dπ1)X, (dπ1)X) = |X|2 := gijX
iXj

=

n∑
i,j=1

gijX
iXj

 .

Example 4.5. We compare these assumptions (4.2) and (4.3) with those used
in considering the wave equation on a compact n-dimensional smooth Riemannian
manifold (M, ḡ) by Bellassoued and Yamamoto [6], [5]. We take as a function ψ,

ψ(t, x) := ψ0(x)− κ2t
2, (t, x) ∈ [−T, T ]×M,

where κ2 > 0 is a constant and ψ0 is a positive smooth function in M . In this case,
our considering Lorentzian metric has the form g = −dt⊗ dt+ ḡ and g[ = ḡ holds.
The assumptions regarding the operator −∂2

t +∆ḡ, where ∆ḡ is the Laplace–Beltrami
operator with respect to the metric ḡ, are the followings.

The Hessian of ψ0 with respect to ḡ satisfies

∃κ1 > 0 s.t. ∀p ∈M, ∀X̄ ∈ TpM,(4.4)

∇2
ḡψ0(X̄, X̄) ≥ 2κ1|X̄|2ḡ,

where |X̄|ḡ := (ḡijX̄
iX̄j)

1
2 with

1 <
κ1

κ2
.

ψ0 has no critical points on M ,

(4.5) min
M
|∇ḡψ0|ḡ > 0.

Clearly, if assumptions (4.4) and (4.5) hold, then our assumptions (4.2) and
(4.3) hold. Indeed, for p ∈ L and X ∈ TpL, if (B.1) holds, then we have

∇2
gψ(X,X) = −2κ2dτ

2((dπ0)X, (dπ0)X) +∇2
ḡψ0((dπ1)X, (dπ1)X)

≥ −2κ2dτ
2((dπ0)X, (dπ0)X) + 2κ1ḡ((dπ1)X, (dπ1)X)

with

1 <
κ1

κ2
.

Furthermore, having obtained

g[((dπ1)∇ψ, (dπ1)∇ψ) = ḡ(∇ḡψ0,∇ḡψ0) > 0,

we find (4.3) holds.
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Let us define the weight function using ψ,

ϕ(t, x) := eγψ(t,x), (t, x) ∈ L,

where γ > 0 is a parameter. For notational simplicity, we set

σ(t, x) := sγϕ(t, x), (t, x) ∈ L,

where s > 0 is a parameter. We set Σ := [−T, T ]×∂M . Before describing the Car-
leman estimate, we define a quantity independent of a choice of local coordinates.

Definition 4.6. Let ∇u be the gradient of u ∈ C∞(L) and define the quantity
independent of a choice of local coordinates

E(u) := dτ2 ((dπ0)∇u, (dπ0)∇u) + g[ ((dπ1)∇u, (dπ1)∇u) .

Remark 4.7. In the same way as Remark 4.4, the quantity has the represen-
tation,

E(u) = |∇0u|2 + |∇u|2,

where ∇0u is a component of the gradient ∇u = ∇µu ∂
∂xµ .

Lemma 4.8. Assume (4.2) and (4.3). Then, there exists a constant γ∗ > 0
such that for any γ > γ∗, there exist constants s∗ = s∗(γ) and C > 0 such that∫

L

e2sϕσ
(
E(u) + σ2|u|2

)
ωL ≤ C

∫
L

e2sϕ|�gu|2ωL + C

∫
Σ

e2sϕσ|∂Nu|2ωΣ

holds for all s > s∗ and u ∈ C∞(L) satisfying u = ∂Nu = 0 on M±T and u = 0
on Σ. ∂Nu := 〈∇u,N〉 = Nu, where N is the outer unit normal vector filed to ∂L
with respect to the metric g. ωL and ωΣ denote the respective volume elements of
L and Σ.

The proof of Lemma 4.8 is presented in section 4.

Proposition 4.9. Assume (4.2) and (4.3). Then, there exists constant γ∗ > 0
such that for any γ > γ∗, there exist constants s∗ = s∗(γ) and C > 0 such that

∑̀
m=1

∫
L

e2sϕσ
(
E(hm) + σ2|hm|2

)
ωL ≤ C

∫
L

e2sϕ|Ph|2ωL + C

∫
Σ

e2sϕσ|∂Nh|2ωΣ

holds for all s > s∗ and h ∈ C∞(L;R`) satisfying h = ∂Nh = 0 on M±T and h = 0
on Σ. ∂Nh := 〈∇h,N〉 = Nh, where N is the outer unit normal vector field to ∂L.

Proof. With the help of Lemma 4.8, Proposition 4.9 is obtained by addition
and absorption by choosing s > 0 large enough. �

3. Proof of Theorem 4.2

3.1. Preliminary. Let T > 0, M be a compact oriented n-dimensional smooth
manifold with boundary, L := [−T, T ] ×M , and M t := {t} ×M . Let (L, g) be a
smooth Lorentzian manifold such thatM t is spacelike and ∂t is timelike with respect
to the metric g. Let us fix the semigeodesic coordinate (x0 = t, x1, . . . , xn). We re-

mark that in such a coordinate, we find N̂ = ∂t, where N̂ := − ∇π0√
|g(∇π0,∇π0)|

is the
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future directed unit timelike vector field such that for all p ∈ M t and X ∈ TpM t,

g(N̂p, ι∗X) = 0, where ι : M t ↪→ L is the embedding. We consider


Ph = gµν(∂µ∂ν − Γρµν∂ρ)h+ a(t, x)h = S(t, x)f(x) in L,

h = ∂th = 0 on M0,

h = 0 on Σ1 := [−T, T ]× Γ1.

(4.6)

Γ1 ⊂ ∂M is an open submanifold. We assume
a ∈W 2,∞(−T, T ;L∞(M ;R`×`)),
S ∈W 2,∞(−T, T ;L∞(M ;R`×`)),
∃m0 > 0 s.t. detS(0, ·) ≥ m0 a.e. on M,

f ∈ L2(M ;R`).

(4.7)

This type of inverse source problem having a time-dependent principal part was
studied by Jiang, Liu, and Yamamoto [37] for a hyperbolic equation. Furthermore,
we assume a unique weak solution h exists to (4.6) in the class

h ∈
2⋂
k=0

H4−k(−T, T ;Hk(M ;R`)).

We define the level set Lε of ψ for ε ≥ 0 by

Lε := {(t, x) ∈ L | ψ(t, x) > ε}

and

Mε := {x ∈M | ψ(0, x) > ε}.
In regard to a relation between the observation boundary Σ1 and the level set L0,
we assume that

(4.8) ∃ε∗ ≥ 0 s.t. ∅ 6= Lε∗ ∩ ∂L ⊂ Σ1.

On considering the inverse source problem of (4.6) as an application to the Carle-
man estimate Proposition 4.9, we need a relation in regard to energies.

Lemma 4.10. Let E be the quantity defined in Definition 4.6. For all u ∈
C∞(L), the identity

E(u) = |∂tu|2 + gij∂iu∂ju

holds by the semigeodesic coordinate.

Proof. We note here that summations with respect to Greek indices range
from 0 to n, whereas those for Roman indices range from 1 to n. We take the
semigeodesic coordinate system.

E(u) = −g00(g0µ∂µu)2 + gij(g
iµ∂µu)(gjν∂νu)

= |∂tu|2 + gijg
ip(∂pu)gjq(∂qu).

With the help of the semigeodesic coordinate, it follows that gij[ = gij for all
1 ≤ i, j ≤ n. We then obtain by the above formulation,

E(u) = |∂tu|2 + gjq∂ju∂qu.

�
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Proposition 4.11. Assume (4.2) and (4.3). Then, there exists constant γ∗ > 0
such that for any γ > γ∗, there exist constants s∗ = s∗(γ) and C > 0 such that∑̀

m=1

∫
L

e2sϕσ(|∂thm|2 + gij∂ihm∂jhm + σ2|hm|2)ωL

≤ C
∫
L

e2sϕ|Ph|2ωL + C

∫
Σ

e2sϕσ|∂Nh|2ωΣ

holds for all s > s∗ and h ∈
2⋂
k=0

H2−k(−T, T ;Hk(M ;R`)) satisfying h = ∂Nh = 0

on M±T and h = 0 on Σ.

Proof. We apply Lemma 4.10 to Proposition 4.9 to complete the proof. �

Moreover, in the proof of Theorem 4.2, we shall use the next lemma. Lemma
4.12 plays an important role when we prove inverse source problems with time-
dependent coefficients, which was introduced in [37]. Its proof is also presented in
section 4.

Lemma 4.12. Assume (4.2) and (4.3). Let ι : M t ↪→ L be the embedding, N̂
be the future directed unit timelike vector field such that ∀p ∈ M t, ∀X ∈ TpM

t,

g(N̂p, ι∗X) = 0, and ∆g[ be the Laplace–Beltrami operator with respect to the
iniduced metric g[ = ι∗g. Assume a ∈ W 2,∞(−T, T ;L∞(M)) and P = �g + a·.
There exist constants s∗ > 0 and C > 0 such that∫

L

e2sϕ|∆g[v|
2ωL ≤ C

∫
L

e2sϕ

(
1

s
|∂N̂Pv|

2 + |Pv|2
)
ωL + CeCsE2

holds for all s > s∗ and v ∈
2⋂
k=0

H3−k(−T, T ;Hk(M)) satisfying v = ∂Nv = ∂2
Nv =

0 on M±T and v = 0 on Σ. Note that

E :=

1∑
k=0

‖∂N∂kN̂v‖L2(−T,T ;L2(∂M)).

To prove Lemma 4.12, we use the global elliptic estimate Lemma 4.13. (e.g.,
[30], [51], and [52]) Its proof is also presented in section 4.

Lemma 4.13. Let M be a compact oriented n-dimensional smooth manifold
with boundary and A be an elliptic differential operator on M . Then, there exists
a constant C > 0 such that

‖v‖H2(M) ≤ C
(
‖Av‖L2(M) + ‖v‖L2(M)

)
holds for all v ∈ H1

0 (M) satisfying Av ∈ L2(M).

3.2. Proof of Theorem 4.2.

Proof of Theorem 4.2. Let ε∗ ≥ 0 be the number in (4.8). We introduce a
cutoff function χ,

χ(t, x) :=

{
1 in L2ε,

0 in L \ Lε
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for sufficiently small ε > ε∗ so that

∅ 6= L3ε ∩ ∂L(⊂ Σ1).

Let us fix the semigeodesic coordinate (x0 = t, x1, . . . , xn). In such a coordinate, we

find N̂ = ∂t. For fixed i = 0, 1, 2, we set new functions v(i) := χ∂ith. We calculate
Pv(2),


Pv(2) = χP∂2

t h+ 2〈∇χ,∇∂2
t h〉+ ∂2

t h�gχ in L,

v(2) = ∂tv
(2) = 0 on M±T ,

v(2) = 0 on Σ = [−T, T ]× ∂M.

Then, we apply Proposition 4.11 to v(2) to obtain

∑̀
m=1

∫
L

e2sϕ
(
sE(v(2)

m ) + s3|v(2)
m |2

)
ωL(4.9)

≤ C
∫
L

e2sϕ|χ(P∂2
t h)|2ωL + C

∫
L

e2sϕ|2〈∇χ,∇∂2
t h〉+ ∂2

t h�gχ|2ωL

+ CeCs
∫

Σ1

|∂Nv(2)|2ωΣ.

In regard to the first summand on the right-hand side of (4.9), taking

χ(P∂2
t h)

= χ∂2
t Sf − ∂2

t g
µν∂µ∂ν(χh)− ∂2

t a(χh)− 2∂tg
µν∂µ∂ν(χ∂th)− 2∂ta(χ∂th)

+ 2∂t(g
µνΓρµν)∂ρ(χ∂th) + ∂2

t (gµνΓρµν)∂ρ(χh)

+
[
2∂2
t g
µν∂µχ∂νh+ ∂2

t g
µν(∂µ∂νχ)h+ 4∂tg

µν∂µχ(∂ν∂th) + 2∂tg
µν(∂µ∂νχ)∂th

− ∂2
t (gµνΓρµν)(∂ρχ)h− 2∂t(g

µνΓρµν)(∂ρχ)∂th
]
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into account, and with supp ∂αχ ⊂ Lε \ L2ε for |α| ≥ 1, we apply Lemma 4.13, and
then Lemma 4.12 to obtain∫

L

e2sϕ|χ(P∂2
t h)|2ωL

≤ C
1∑
i=0

∑̀
m=1

(∫ T

−T
‖esϕv(i)

m ‖2H2(M)dt+

∫
L

e2sϕ
(
s2E(v(i)

m ) + s4|v(i)
m |2

)
ωL

)

+ C

∫
L

e2sϕ|f |2ωL + Ce2ε2s
1∑
k=0

‖h‖2H2−k(−T,T ;Hk(M ;R`))

≤ C
1∑
i=0

∑̀
m=1

∫
L

e2sϕ
(
|∆g[v

(i)
m |2 + s2E(v(i)

m ) + s4|v(i)
m |2

)
ωL

+ C

∫
L

e2sϕ|f |2ωL + Ce2ε2s
1∑
k=0

‖h‖2H2−k(−T,T ;Hk(M ;R`))

≤ C
1∑
i=0

∫
L

e2sϕ

(
1

s
|∂t(Pv(i))|2 + s|Pv(i)|2

)
ωL

+ C

∫
L

e2sϕ|f |2ωL + Ce2ε2s
1∑
k=0

‖h‖2H2−k(−T,T ;Hk(M ;R`)) + CeCsD2,

where εj := eγ·jε for j ∈ {2, 3}. Furthermore, in regard to the first and second
summands on the right-hand side of the above estimate, and because we have

Pv(0) = χSf +
[
2gµν∂µχ∂νh+ �gχh

]
,

∂t(Pv
(0)) = χ∂tSf + ∂tχSf + ∂t

[
2gµν∂µχ∂νh+ �gχh

]
,

Pv(1) = χ∂tSf − ∂tgµν∂µ∂νv(0) + ∂t(g
µνΓρµν)∂ρv

(0) − ∂tav(0) +
[
∂tg

µν(∂µ∂νχ)h

+ 2∂tg
µν(∂µχ)(∂νh) + 2gµν∂µχ∂ν∂th+ �gχ∂th− ∂t(gµνΓρµν)(∂ρχ)h

]
,

and

∂t(Pv
(1))

= χ∂2
t Sf + ∂tχ∂tSf − ∂2

t g
µν∂µ∂νv

(0) − ∂2
t av

(0) + ∂2
t (gµνΓρµν)∂ρv

(0)

− ∂tgµν∂µ∂ν(∂tχh+ v(1))− ∂ta(∂tχh+ v(1)) + ∂t(g
µνΓρµν)∂ρ(∂tχh+ v(1))

+ ∂t

[
∂tg

µν(∂µ∂νχ)h+ 2∂tg
µν(∂µχ)(∂νh) + 2gµν∂µχ∂ν∂th

+ �gχ∂th− ∂t(gµνΓρµν)(∂ρχ)h
]
,

we obtain
1∑
i=0

∫
L

e2sϕ

(
1

s
|∂t(Pv(i))|2 + s|Pv(i)|2

)
ωL(4.10)

≤ C
∫
L

s2e2sϕ|f |2ωL + Cs2e2ε2s
2∑
k=0

‖h‖2H3−k(−T,T ;Hk(M ;R`)) + CeCsD2.
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Indeed, in regard to the first and second summands on the left-hand side of (4.10),
we have

∫
L

e2sϕs|Pv(0)|2ωL ≤ C
∫
L

se2sϕ|f |2ωL + Cse2ε2s
1∑
k=0

‖h‖H1−k(−T,T ;Hk(M ;R`)),

∫
L

e2sϕ 1

s
|∂t(Pv(0))|2dωL ≤ C

∫
L

1

s
e2sϕ|f |2ωL+

C

s
e2ε2s

1∑
k=0

‖h‖H2−k(−T,T ;Hk(M ;R`)),

∫
L

e2sϕs|Pv(1)|2ωL

≤ C
∫
L

se2sϕ|f |2ωL

+ C
∑̀
m=1

s

(∫ T

−T
‖esϕv(0)

m ‖2H2(M)dt+

∫
L

e2sϕ
(
s2E(v(0)

m ) + s4|v(0)
m |2

)
ωL

)

+ Cse2ε2s
1∑
k=0

‖h‖H2−k(−T,T ;Hk(M ;R`))

≤ C
∫
L

se2sϕ|f |2ωL + C
∑̀
m=1

∫
L

se2sϕ
(
|∆g[v

(0)
m |2 + s2E(v(0)

m ) + s4|v(0)
m |2

)
ωL

+ Cse2ε2s
1∑
k=0

‖h‖H2−k(−T,T ;Hk(M ;R`))

≤ C
∫
L

se2sϕ|f |2ωL + C

∫
L

e2sϕ
(
|∂t(Pv(0))|2 + s2|Pv(0)|2

)
ωL

+ Cse2ε2s
1∑
k=0

‖h‖H2−k(−T,T ;Hk(M ;R`)) + CeCsD2

≤ C
∫
L

s2e2sϕ|f |2ωL + Cs2e2ε2s
1∑
k=0

‖h‖H2−k(−T,T ;Hk(M ;R`)) + CeCsD2,
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where we used Lemma 4.13 and Lemma 4.12, and

∫
L

e2sϕ 1

s
|∂t(Pv(1))|2ωL

≤ C
∫
L

1

s
e2sϕ|f |2ωL

+ C

1∑
i=0

∑̀
m=1

1

s

(∫ T

−T
‖esϕv(i)

m ‖2H2(M)dt+

∫
L

e2sϕ
(
s2E(v(i)

m ) + s4|v(i)
m |2

)
ωL

)

+
C

s
e2ε2s

2∑
k=0

‖h‖H3−k(−T,T ;Hk(M ;R`))

≤ C
∫
L

1

s
e2sϕ|f |2ωL + C

1∑
i=0

∑̀
m=1

∫
L

1

s
e2sϕ

(
|∆g[v

(i)
m |2 + s2E(v(i)

m ) + s4|v(i)
m |2

)
ωL

+
C

s
e2ε2s

2∑
k=0

‖h‖H3−k(−T,T ;Hk(M ;R`))

≤ C
∫
L

1

s
e2sϕ|f |2ωL + C

1∑
i=0

∫
L

e2sϕ
( 1

s2
|∂t(Pv(i))|2 + |Pv(i)|2

)
ωL

+
C

s
e2ε2s

2∑
k=0

‖h‖H3−k(−T,T ;Hk(M ;R`)) + CeCsD2

≤ C
∫
L

se2sϕ|f |2ωL + C

∫
L

1

s2
e2sϕ|∂t(Pv(1))|2ωL

+ Cse2ε2s
2∑
k=0

‖h‖H3−k(−T,T ;Hk(M ;R`)) + CeCsD2,

where we used Lemma 4.13 and Lemma 4.12 again. Taking s > 0 sufficiently large
yields

∫
L

e2sϕ 1

s
|∂t(Pv(1))|2ωL

≤ C
∫
L

se2sϕ|f |2ωL + Cse2ε2s
2∑
k=0

‖h‖H3−k(−T,T ;Hk(M ;R`)) + CeCsD2.

Hence, we finally obtain (4.10). Then, applying (4.10) to (4.9) yields

∑̀
m=1

∫
L

e2sϕ
(
sE(v(2)

m ) + s3|v(2)
m |2

)
ωL(4.11)

≤ C
∫
L

s2e2sϕ|f |2ωL + Cs2e2ε2s
2∑
k=0

‖h‖2H3−k(−T,T ;Hk(M ;R`)) + CeCsD2.
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Then, using (4.11), we have

‖esϕ(0,·)χ(0, ·)S(0, ·)f‖2L2(M ;R`) ≤ C‖e
sϕ(0,·)v(2)(0, ·)‖2L2(M ;R`)(4.12)

= C

∫ 0

−T

d

dt

(∫
M

e2sϕ(t,x)|v(2)(t, x)|2ωM
)
dt

≤ C
∫
L

e2sϕ

(
1

s
|∂tv(2)|2 + s|v(2)|2

)
ωL

≤ C
∫
L

e2sϕ|f |2ωL + Ce2ε2s
2∑
k=0

‖h‖2H3−k(−T,T ;Hk(M ;R`)) + CeCsD2.

Hence, using (4.12), we have∫
M2ε

e2sϕ(0,x)|f |2ωM ≤ C
∫
M

e2sϕ(0,x)|χ(0, x)|2|S(0, x)f |2ωM(4.13)

≤ C
∫
L

e2sϕ|f |2ωL + Ce2ε2s
2∑
k=0

‖h‖2H3−k(−T,T ;Hk(M);R`) + CeCsD2.

Moreover, we establish∫
L

e2sϕ|f |2ωL

≤ C
∫ T

−T

(∫
M2ε

e2sϕ|f |2ωM
)
dt+ C

∫ T

−T

(∫
M\M2ε

e2sϕ|f |2ωM

)
dt

≤ C
∫
M2ε

e2sϕ(0,x)|f |2
(∫ T

−T
e−2s(ϕ(0,x)−ϕ(t,x))dt

)
ωM + Ce2ε2s‖f‖2L2(M ;R`)

≤ o(1)

∫
M2ε

e2sϕ(0,x)|f |2ωM + Ce2ε2s‖f‖2L2(M ;R`)

as s→∞ by our assumption (4.3) and the Lebesgue dominated convergence theo-
rem. Applying this inequality to (4.13) yields∫

M2ε

e2sϕ(0,x)|f |2ωM ≤ Ce2ε2s

(
‖f‖2L2(M ;R`) +

2∑
k=0

‖h‖2H3−k(−T,T ;Hk(M ;R`))

)
+ CeCsD2

for sufficiently large s > s∗. We note that∫
M2ε

e2sϕ(0,x)|f |2ωM ≥
∫
M3ε

e2sϕ(0,x)|f |2ωM ≥ e2ε3s‖f‖2L2(M3ε;R`).

Hence, we have

‖f‖2L2(M3ε;R`) ≤ Ce
−2(ε3−ε2)s

(
‖f‖2L2(M ;R`) +

2∑
k=0

‖h‖2H3−k(−T,T ;Hk(M ;R`))

)
+ CeCsD2,

i.e.,

(4.14) ‖f‖L2(M3ε;R`) ≤ Ce
−(ε3−ε2)sF + CeCsD,
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for all s > s∗. By replacing C by CeCs
∗
, the above estimate holds for all s > 0.

When D ≥ F , (4.14) implies

‖f‖L2(M3ε;R`) ≤ Ce
CsD.

Moreover, when D < F , we choose s > 0 to minimize the right-hand side of (4.14)
such that

eCsD = e−(ε3−ε2)sF ,
i.e.,

s =
1

C + ε3 − ε2
log
F
D
.

We then have

‖f‖L2(M3ε;R`) ≤ 2CF1−θDθ,
where

θ :=
ε3 − ε2

C + ε3 − ε2
∈ (0, 1).

Hence, there exist constants C > 0 and θ ∈ (0, 1) such that

‖f‖L2(M3ε;R`) ≤ C(D + F1−θDθ)

holds. �

4. Proofs of auxiliary results

4.1. Proof of Lemma 4.8. For the proof of Lemma 4.8, we need the Gauss
formula for Lorentzian manifolds. We say the boundary ∂L is spacelike (timelike)
if the induced metric to ∂L is Riemannian (Lorentzian). Let N be the outward
pointing unit normal vector field to ∂L. If ∂L is spacelike, 〈N,N〉 = −1; otherwise,
〈N,N〉 = 1. We refer to Lemma 10.8 in Ringström [58]. Note that Σ is timelike.

Lemma 4.14. Let (L, g) be an n+ 1-dimensional compact oriented Lorentzian
manifold with boundary. Assume that the boundary is spacelike or timelike and let
X be a smooth vector field. Then if N denotes the outer unit normal to ∂L, it
follows that ∫

L

divXωL =

∫
∂L

〈X,N〉
〈N,N〉

ω∂L.

Proof of Lemma 4.8. First, note that

∇ϕ = γϕ∇ψ, �gϕ = γϕ(�gψ + γ〈∇ψ,∇ψ〉),
∇2ϕ(∇z,∇z) = γϕ(∇2ψ(∇z,∇z) + γ|〈∇z,∇ψ〉|2).

We introduce a new function and operator

z := esϕu, Psz := esϕ�g(e
−sϕz).

A lengthy calculation yields

Psz = �gz − 2s〈∇ϕ,∇z〉+ s2〈∇ϕ,∇ϕ〉z − s�gϕz,

which decomposes Psz into P+
s z and P−s z,{

P+
s z := �gz + s2〈∇ϕ,∇ϕ〉z,
P−s z := −2s〈∇ϕ,∇z〉 − s�gϕz.
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Note Psz = P+
s z + P−s z. Because we wish to make a lower bound of ‖Psz‖2L2(L),

we calculate the L2 inner product of P+
s z and P−s z,

(P+
s z, P

−
s z)L2(L) =

∫
L

�gz · (−2s〈∇ϕ,∇z〉)ωL +

∫
L

�gz · (−s�gϕz)ωL

+

∫
L

s2〈∇ϕ,∇ϕ〉z · (−2s〈∇ϕ,∇z〉)ωL +

∫
L

s2〈∇ϕ,∇ϕ〉z · (−s�gϕz)ωL

=:

4∑
k=1

Ik.

Let N be the outer unit normal vector field to ∂L. We remark that z = ∂Nz =
∇z = 0 on M±T . Integration by parts yields

I1 =

∫
L

2s〈∇〈∇ϕ,∇z〉,∇z〉ωL −
∫
∂L

2s
〈∇z,N〉
〈N,N〉

〈∇ϕ,∇z〉ω∂L

=

∫
L

2s∇2ϕ(∇z,∇z)ωL +

∫
L

s〈∇ϕ,∇〈∇z,∇z〉〉ωL −
∫

Σ

2s〈∇z,N〉〈∇ϕ,∇z〉ωΣ

=

∫
L

2s∇2ϕ(∇z,∇z)ωL −
∫
L

s�gϕ〈∇z,∇z〉ωL −
∫

Σ

2s〈∇z,N〉〈∇ϕ,∇z〉ωΣ

+

∫
Σ

s〈∇ϕ,N〉〈∇z,∇z〉ωΣ,

where we have used the identity

2〈∇〈∇ϕ,∇z〉,∇z〉 = 2∇µ(∇νϕ∇νz)∇µz(4.15)

= 2(∇µ∇νϕ)∇νz∇µz + 2∇νϕ(∇µ∇νz)∇µz
= 2∇2ϕ(∇z,∇z) +∇νϕ∇ν(∇µz∇µz)
= 2∇2ϕ(∇z,∇z) + 〈∇ϕ,∇〈∇z,∇z〉〉.

Furthermore, we obtain

I2 =

∫
L

s�gϕ〈∇z,∇z〉ωL +

∫
L

s

2
〈∇�gϕ,∇(|z|2)〉ωL −

∫
∂L

s
〈∇z,N〉
〈N,N〉

�gϕzω∂L

=

∫
L

s�gϕ〈∇z,∇z〉ωL −
∫
L

s

2
�2
gϕ|z|2ωL −

∫
Σ

s〈∇z,N〉�gϕzωΣ

+

∫
Σ

s

2
〈∇�gϕ,N〉|z|2ωΣ,

I3 = −
∫
L

s3〈∇ϕ,∇ϕ〉〈∇ϕ,∇(|z|2)〉ωL

=

∫
L

s3∇(〈∇ϕ,∇ϕ〉∇ϕ)|z|2ωL −
∫

Σ

s3〈∇ϕ,∇ϕ〉〈∇ϕ,N〉|z|2ωΣ,

I4 = −
∫
L

s3〈∇ϕ,∇ϕ〉�gϕ|z|2ωL.

We remark that the integrand of the first summand of I3 means

∇(〈∇ϕ,∇ϕ〉∇ϕ) = ∇µ(〈∇ϕ,∇ϕ〉∇µϕ).
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Hence, we have

4∑
k=1

Ik =

∫
L

2s∇2ϕ(∇z,∇z)ωL(4.16)

+

∫
L

(
−s

2
�2
gϕ+ s3∇(〈∇ϕ,∇ϕ〉∇ϕ)− s3〈∇ϕ,∇ϕ〉�gϕ

)
|z|2ωL

−
∫

Σ

2s〈∇z,N〉〈∇ϕ,∇z〉ωΣ +

∫
Σ

s〈∇ϕ,N〉〈∇z,∇z〉ωΣ

−
∫

Σ

s〈∇z,N〉�gϕzωΣ +

∫
Σ

s

2
〈∇�gϕ,N〉|z|2ωΣ

−
∫

Σ

s3〈∇ϕ,∇ϕ〉〈∇ϕ,N〉|z|2ωΣ

=: First+ Zeroth+ B,

where we define

First :=

∫
L

2s∇2ϕ(∇z,∇z)ωL,

Zeroth :=

∫
L

(
−s

2
�2
gϕ+ s3∇(〈∇ϕ,∇ϕ〉∇ϕ)− s3〈∇ϕ,∇ϕ〉�gϕ

)
|z|2ωL,

B := −
∫

Σ

2s〈∇z,N〉〈∇ϕ,∇z〉ωΣ +

∫
Σ

s〈∇ϕ,N〉〈∇z,∇z〉ωΣ −
∫

Σ

s〈∇z,N〉�gϕzωΣ

+

∫
Σ

s

2
〈∇�gϕ,N〉|z|2ωΣ −

∫
Σ

s3〈∇ϕ,∇ϕ〉〈∇ϕ,N〉|z|2ωΣ.

In regard to the First, from our assumption (4.2), we obtain

First =

∫
L

2s∇2ϕ(∇z,∇z)ωL

=

∫
L

2σ(∇2ψ(∇z,∇z) + γ|〈∇z,∇ψ〉|2)ωL

≥ −4κ2

∫
L

σ|∇0z|2ωL + 4κ1

∫
L

σ|∇z|2ωL,
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where we remark that σ := sγϕ. Therefore, we need the second estimate,

(P+
s z, σz)L2(L) =

∫
L

�gz · (σz)ωL +

∫
L

s2〈∇ϕ,∇ϕ〉z · (σz)ωL

(4.17)

= −
∫
L

σ〈∇z,∇z〉ωL −
∫
L

sγ

2
〈∇ϕ,∇(|z|2)〉ωL

+

∫
L

s2σ〈∇ϕ,∇ϕ〉|z|2ωL +

∫
∂L

σ
〈∇z,N〉
〈N,N〉

zω∂L

= −
∫
L

σ〈∇z,∇z〉ωL +

∫
L

(sγ
2
�gϕ+ s2σ〈∇ϕ,∇ϕ〉

)
|z|2ωL

+

∫
Σ

σ〈∇z,N〉zωΣ −
∫

Σ

sγ

2
〈∇ϕ,N〉|z|2ωΣ

=

∫
L

σ|∇0z|2ωL −
∫
L

σ|∇z|2ωL

+

∫
L

(sγ
2
�gϕ+ s2σ〈∇ϕ,∇ϕ〉

)
|z|2ωL +

∫
Σ

σ〈∇z,N〉zωΣ

−
∫

Σ

sγ

2
〈∇ϕ,N〉|z|2ωΣ

=: First2 + Zeroth2 + B2,

where we define

First2 :=

∫
L

σ|∇0z|2ωL −
∫
L

σ|∇z|2ωL,

Zeroth2 :=

∫
L

(sγ
2
�gϕ+ s2σ〈∇ϕ,∇ϕ〉

)
|z|2ωL,

B2 :=

∫
Σ

σ〈∇z,N〉zωΣ −
∫

Σ

sγ

2
〈∇ϕ,N〉|z|2ωΣ.

We remark that the last equality is obtained by the fact that for all p ∈ L and
X ∈ TpL,

〈X,X〉 = −dτ2((dπ0)X, (dπ0)X) + g[((dπ1)X, (dπ1)X)

= −|X0|2 + |X|2

holds. Multiplying (4.17) by 4δ for δ > 0 to be determined later and adding it to
(4.16) yield

4∑
k=1

Ik + 4δ(P+
s z, σz)L2(L) ≥ 4(δ − κ2)

∫
L

σ|∇0z|2ωL + 4(κ1 − δ)
∫
L

σ|∇z|2ωL

+ Zeroth+ 4δZeroth2 + B + 4δB2.

From our assumption (4.2), there exists δ > 0 such that{
δ − κ2 > 0,

κ1 − δ > 0.
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Next, we consider the zeroth-order terms Zeroth+ 4δZeroth2.

Zeroth =

∫
L

(
−s

2
�2
gϕ+ s3∇(〈∇ϕ,∇ϕ〉∇ϕ)− s3〈∇ϕ,∇ϕ〉�gϕ

)
|z|2ωL

=

∫
L

[2σ3γ|〈∇ψ,∇ψ〉|2 + 2σ3∇2ψ(∇ψ,∇ψ) +O(sγ4ϕ)]|z|2ωL

≥
∫
L

[2σ3γ|〈∇ψ,∇ψ〉|2 + 2σ3(−2κ2|∇0ψ|2 + 2κ1|∇ψ|2) +O(sγ4ϕ)]|z|2ωL

as γ → ∞, where the second equality holds by (4.15). Indeed, we obtain from
(4.15)

∇(〈∇ϕ,∇ϕ〉∇ϕ)− 〈∇ϕ,∇ϕ〉�gϕ = 〈∇〈∇ϕ,∇ϕ〉,∇ϕ〉
= 2∇2ϕ(∇ϕ,∇ϕ)

= 2(γϕ)3(∇2ψ(∇ψ,∇ψ) + γ|〈∇ψ,∇ψ〉|2).

Moreover, we get

4δZeroth2 =

∫
L

[4δσ3〈∇ψ,∇ψ〉+O(sγ3ϕ))]|z|2ωL

as γ →∞. We then have

Zeroth+ 4δZeroth2

≥
∫
L

[
σ3
(

2γ|〈∇ψ,∇ψ〉|2 − 4κ2|∇0ψ|2 + 4κ1|∇ψ|2 + 4δ〈∇ψ,∇ψ〉
)

+O(sγ4ϕ)
]
|z|2ωL

=

∫
L

[
σ3
(

2γ|〈∇ψ,∇ψ〉|2 − 4κ2|∇0ψ|2 + 4κ1|∇ψ|2 + 8δ〈∇ψ,∇ψ〉 − 4δ〈∇ψ,∇ψ〉
)

+O(sγ4ϕ)
]
|z|2ωL

=

∫
L

[
σ3
(

2γ|〈∇ψ,∇ψ〉|2 − 4κ2|∇0ψ|2 + 4κ1|∇ψ|2 + 8δ〈∇ψ,∇ψ〉

− 4δ(−|∇0ψ|2 + |∇ψ|2)
)

+O(sγ4ϕ)
]
|z|2ωL

=

∫
L

[
σ3
(

2γ
(
〈∇ψ,∇ψ〉+

2δ

γ

)2

+ 4(δ − κ2)|∇0ψ|2 + 4(κ1 − δ)|∇ψ|2 −
8δ2

γ

)
+O(sγ4ϕ)

]
|z|2ωL

≥
∫
L

[
σ3
(

4(κ1 − δ)|∇ψ|2 −
8δ2

γ

)
+O(sγ4ϕ)

]
|z|2ωL

≥ C
∫
L

[
σ3 +O(sγ4ϕ)

]
|z|2ωL

as γ → ∞. Note that we used assumptions (4.2) and (4.3). Therefore, for suffi-
ciently large γ > 0 there exists a constant C such that

(P+
s z, P

−
s z)L2(L) + 4δ(P+

s z, σz)L2(L) + C

∫
L

O(sγ4ϕ)|z|2ωL

≥ C
∫
L

σ(|∇0z|2 + |∇z|2 + σ2|z|2)ωL + B + 4δB2
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holds for all z ∈ C∞(L) satisfying z = ∂Nz = 0 on M±T . For a sufficiently large
fixed γ > 0, we choose s > 0 large enough so that

C

∫
L

σ(|∇0z|2 + |∇z|2 + σ2|z|2)ωL ≤ ‖Psz‖2L2(L) − B − 4δB2

holds. It remains to estimate the boundary terms B + 4δB2. Note that N on Σ is
a spacelike unit outer normal vector field, i.e., 〈N,N〉 = 1 holds on Σ. We have

−B − 4δB2 =

∫
Σ

2σ〈∇z,N〉〈∇ψ,∇z〉ωΣ +

∫
Σ

s�gϕ〈∇z,N〉zωΣ

+

∫
Σ

σ3〈∇ψ,∇ψ〉〈∇ψ,N〉|z|2ωΣ −
∫

Σ

s

2
〈∇�gϕ,N〉|z|2ωΣ

−
∫

Σ

σ〈∇ψ,N〉〈∇z,∇z〉ωΣ − 4δ

∫
Σ

σ〈∇z,N〉zωΣ

+ 2δ

∫
Σ

σγ〈∇ψ,N〉|z|2ωΣ

=

∫
Σ

2σ∂Nz〈∇ψ,∇z〉ωΣ −
∫

Σ

σ∂Nψ〈∇z,∇z〉ωΣ

=

∫
Σ

σ∂Nψ|∂Nz|2ωΣ ≤ C
∫

Σ

σ|∂Nz|2ωΣ,

where ∂Nz := 〈∇z,N〉 because we can write ∇z = 〈∇z,N〉N as z = 0 on Σ, which
is proved by taking the semigeodesic coordinate, and then

〈∇ψ,∇z〉 = ∂Nψ∂Nz, 〈∇z,∇z〉 = |∂Nz|2

holds. Then, after some calculations, we obtain

e2sϕ|∇0u|2 = (∇0z + sz∇0ϕ)2 ≤ C(|∇0z|2 + σ2|z|2),

e2sϕ|∇u|2 = gij(∇iz + sz∇iϕ)(∇jz + sz∇jϕ) ≤ C(|∇z|2 + σ2|z|2).

Hence, we finally obtain∫
L

e2sϕσ(|∇0u|2 + |∇u|2 + σ2|u|2)ωL ≤ C
∫
L

e2sϕ|�gu|2ωL + C

∫
Σ

e2sϕσ|∂Nu|2ωΣ

for sufficiently large s > 0. The proof is completed. �

4.2. Proof of Lemma 4.12.

Proof of Lemma 4.12. Let us fix the semigeodesic coordinate (x0 = t, x1, . . . , xn).

We then find N̂ = ∂t. For large γ > 0 large, we apply Proposition 4.11 to ∂tv to
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derive∫
L

e2sϕ|∂2
t v|2ωL

≤ C

s

∫
L

e2sϕ|P∂tv|2ωL + C

∫
Σ

e2sϕ|∂N∂tv|2ωΣ

≤ C

s

∫
L

e2sϕ|∂tPv − ∂tgµν∂µ∂νv + ∂t(g
µνΓρµν)∂ρv − ∂tav|2ωL

+ C

∫
Σ

e2sϕ|∂N∂tv|2ωΣ

≤ C

s

∫
L

e2sϕ|∂tPv|2ωL +
C

s

(∫ T

−T
‖esϕv‖2H2(M)dt+

∫
L

e2sϕ
(
s2E(v) + s4|v|2

)
ωL

)

+ C

∫
Σ

e2sϕ|∂N∂tv|2ωΣ

≤ C

s

∫
L

e2sϕ|∂tPv|2ωL +
C

s

∫
L

e2sϕ
(
|∆g[v|

2 + s2E(v) + s4|v|2
)
ωL

+ C

∫
Σ

e2sϕ|∂N∂tv|2ωΣ

≤ C

s

∫
L

e2sϕ|∂tPv|2ωL + C

∫
L

e2sϕ|Pv|2ωL +
C

s

∫
L

e2sϕ|∆g[v|
2ωL

+ C

∫
Σ

e2sϕ|∂N∂tv|2ωΣ + Cs

∫
Σ

e2sϕ|∂Nv|2ωΣ,

where we use Lemma 4.13 to obtain the fourth inequality. Since gij∂i∂jv = Pv +

∂2
t v + gµνΓρµν∂ρv − av and gij[ = gij by the semigeodesic coordinate, we obtain∫

L

e2sϕ|∆g[v|
2ωL ≤ C

∫
L

e2sϕ
(
|∂2
t v|2 + E(v) + |v|2 + |Pv|2

)
ωL

≤ C
∫
L

e2sϕ

(
1

s
|∂tPv|2 + |Pv|2

)
ωL +

C

s

∫
L

e2sϕ|∆g[v|
2ωL

+ C

∫
Σ

e2sϕ|∂N∂tv|2ωΣ + Cs

∫
Σ

e2sϕ|∂Nv|2ωΣ.

Choosing s > 0 sufficiently large, we absorb the second term on the right-hand side
into the left-hand side to obtain∫

L

e2sϕ|∆g[v|
2ωL ≤ C

∫
L

e2sϕ

(
1

s
|∂tPv|2 + |Pv|2

)
ωL + CeCsE2.

�

4.3. Proof of Lemma 4.13.

Proof of Lemma 4.13. Let {(Ui, xi)}i be a local coordinate system of M .
If {χi}i is a finite partition of unity subordinate to the open covering and χ′i are
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chosen with χ′i = 1 in a neighborhood of suppχi and suppχ′i ⊂ Ui, then

‖√χiv‖H2(Ui) ≤ C
(
‖A(
√
χiv)‖L2(Ui) + ‖√χiv‖L2(Ui)

)
≤ C

(
‖
√
χ′iAv‖L2(Ui) + ‖

√
χ′iv‖L2(Ui)

)
≤ C

(
‖√ηiAv‖L2(Ui) + ‖√ηiv‖L2(Ui)

)
,

where ηi :=

√
χ′i∑

i

√
χ′i

. With 0 <
∑
i

√
χi ≤

∑
i

√
χ′i, ηi can be defined. Because

supp ηi = suppχ′i ⊂ Ui, {ηi}i is a partition of unity subordinate to the covering
{Ui}i. Summing up with respect to i yields

(4.18)
∑
i

‖√χiv‖H2(Ui) ≤ C
(
‖Av‖L2(M) + ‖v‖L2(M)

)
.

Furthermore, we obtain

‖v‖2H2(M) =
∑
i

∑
|α|≤2

∫
Ui

χi|∂αv|2dx

≤ C
∑
i

∑
|α|≤2

∫
Ui

(
|∂α(
√
χiv)|2 + |(∂√χi)(∂v)|2 + |(∂α√χi)v|2

)
dx

≤ C
∑
i

‖√χiv‖2H2(Ui)
+ C

∑
i

∑
|α|≤1

∫
Ui

|
√
χ′i∂

αv|2dx

≤ C
∑
i

‖√χiv‖2H2(Ui)
+ C

∑
i

∑
|α|≤1

∫
Ui

(
|∂α(

√
χ′iv)|2 + |(∂α

√
χ′i)v|

2
)
dx

≤ C
∑
i

‖√χiv‖2H2(Ui)
+ C

∑
i

‖
√
χ′iv‖

2
H1(Ui)

+ C
∑
i

‖
√
χ′′i v‖

2
L2(Ui)

,

where χ′′i are chosen with χ′′i = 1 in a neighborhood of suppχ′i and suppχ′′i ⊂ Ui.

Setting η′i :=

√
χ′′i∑

i

√
χ′′i

yields

(4.19) ‖v‖H2(M) ≤ C
∑
i

(
‖√χiv‖H2(Ui) + ‖√ηiv‖H1(Ui) + ‖

√
η′iv‖L2(Ui)

)
.

Combining (4.18) and (4.19) yields

‖v‖H2(M) ≤ C
(
‖Av‖L2(M) + ‖v‖L2(M)

)
.

�





CHAPTER 5

One-dimensional Saint-Venant equations

1. Introduction and main result

We consider
Au := (∂2

t − ∂2
x + a∂x∂t)u = H(x, t) in Q+ := (−`, `)× (0, T ),

u(·, 0) = ∂tu(·, 0) = 0 on (−`, `),
u(−`, ·) = u(`, ·) = 0 on (0, T ),

(5.1)

where a > 0, ` > 0 and T > 0 are positive constants and H is the source term.
The differential operator A has the form of a one-dimensional wave operator plus
the mixed derivative term a∂x∂t. This term appears when we linearize the one-
dimensional Saint-Venant equation, which is the equation introduced by Saint-
Venant in [61] to describe unsteady water flow in channels. The one-dimensional
Saint-Venant equation comprises continuity and momentum equations. Their for-
mulations and physical meanings are written in Cunge, Holly, and Verwey [16].
Even though one-dimensional flow does not exist in nature, mathematically speak-
ing, it is important to consider the simplified equation and observe its properties.
We consider the uniqueness and stability for the inverse source problem to deter-
mine H on (−`, `) from the boundary observation data of the solution to (5.1). The
argument is based on the Carleman estimate and the Bukhgeim–Klibanov method
in [8]. The Carleman estimate was first introduced in Carleman [12] to prove the
unique continuation property for the elliptic operator whose coefficients are not nec-
essarily analytic. Using the Carleman estimate, Bukhugeim and Klibanov proved
global uniqueness results for multidimensional coefficient inverse problems. This
methodology is widely applicable to various partial differential equations provided
that we can prove the Carleman estimate for the considered equations. For a hy-
perbolic equation, Imanuvilov and Yamamoto [34] considered the global Lipschitz
stability for wave equations through interior observations. Baudouin, De Buhan,
and Ervedoza [4] proved the global Carleman estimate for the wave equation and
considered its applications to controllability, inverse problems, and reconstructions.
Bellassoued and Yamamoto [6] considered the inverse source and coefficient prob-
lems for wave equation on a compact Riemannian manifold with a boundary.
In proving the Carleman estimate for the operator A, the main difficulties lie in the
existence of the mixed derivative term a∂x∂t. There are also difficulties when we
apply the Carleman estimate to the extended solution to (5.1). In the usual case of
the wave equation, an evenly extended solution with respect to time t satisfies the
wave equation as well. However, considering (5.1), the evenly extended solution no
longer satisfies the equation. We therefore need to consider a different extension.

To prove the global Lipschitz stability for inverse source problems of the hy-
perbolic partial differential equation, the observation time should be given for the

73
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distant wave to reach the boundary owing to the finite propagation speed. We
define constants to describe this situation mathematically. Let x0 ∈ [−`, `]c be a
given point and

T0 :=
1
√
ρ

max
−`≤x≤`

|x− x0|,

where ρ :=
(√

a2+4−a
2

)2

is the square of the wave speed.

Theorem 5.1. Assume H(x, t) = R(x, t)f(x), where

f ∈ L2(−`, `), R ∈ H1(0, T ;L∞(−`, `)),
f(x) = f(−x), R(x, 0) = R(−x, 0) a.e. x ∈ (−`, `),

and
∃m0 > 0 s.t. |R(x, 0)| ≥ m0 > 0 a.e. x ∈ (−`, `).

Let T > T0. We assume there exists a unique solution u to (5.1) in the class

u ∈
2⋂
k=0

H3−k(0, T ;Hk(−`, `)).

There then exists a constant C > 0 that is independent of u and f such that

‖f‖L2(−`,`) ≤ C
(
‖∂x∂tu(`, ·)‖L2(0,T ) + ‖∂x∂tu(−`, ·)‖L2(0,T )

)
.

2. Proof of Theorem 5.1

2.1. Preliminary. To prove Theorem 5.1 using the Bukhugeim–Klibanov method,
we need to prove the Carleman estimate for the operator A in extended domain
Q±. We consider

A = ∂2
t − ∂2

x + a∂t∂x, Q± := (−`, `)× (−T, T ),

where a > 0 is a constant. The next proposition is the global Carleman estimate,
whose proof is postponed to section 3.

Proposition 5.2. Choose

x0 6∈ [−`, `],
and β such that

0 < β < ρ,

and set

ψ(x, t) := |x− x0|2 − βt2, ϕ(x, t) := eγψ(x,t),

σ(x, t) := sγϕ(x, t), (x, t) ∈ Q±,
where γ > 0 and s > 0 is some parameters. There then exists a constant γ∗ > 0
such that for all γ ≥ γ∗, the following holds. There exist constants s∗ = s∗(γ) and
C = C(s∗) such that∫

Q±

e2sϕ(σ|∂xu|2 + σ|∂tu|2 + σ3|u|2)dxdt

≤ C
∫
Q±

e2sϕ|Au|2dxdt

+ C

∫ T

−T

(
e2sϕ(`,t)σ(`, t)|∂xu(`, t)|2 + e2sϕ(−`,t)σ(−`, t)|∂xu(−`, t)|2

)
dt,
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for all s > s∗ and u ∈
2⋂
k=0

H2−k(−T, T ;Hk(−`, `)) such that u(·,±T ) = ∂tu(·,±T ) =

0 on (−`, `) and u(±`, ·) = 0 on (−T, T ).

Proving our main theorem requires several energy estimates as follows.

Lemma 5.3. Assume f ∈ L2(−`, `), R ∈ L2(−T, T ;L∞(−`, `)) and u1 ∈

L2(−`, `). Let u ∈
2⋂
k=0

H2−k(−T, T ;Hk(−`, `)) be a solution to


Au = (∂2

t − ∂2
x + a∂x∂t)u = R(x, t)f(x) in Q±,

u(·, 0) = 0, ∂tu(·, 0) = u1 on (−`, `),
u(−`, ·) = u(`, ·) = 0 on (−T, T ).

There then exists a constant C such that

‖∂tu(·, t)‖2L2(−`,`)+‖∂xu(·, t)‖2L2(−`,`) ≤ C(‖f‖2L2(−`,`)+‖u1‖2L2(−`,`)) a.e. t ∈ (−T, T )

holds.

Proof. Set E(t) := ‖∂tu(·, t)‖2L2(−`,`) + ‖∂xu(·, t)‖2L2(−`,`). Multiplying the

first equation by ∂tu and integrating over (−`, `) yield

d

dt
E(t) ≤ E(t) + ‖R(·, t)f‖2L2(−`,`)

and so
d

dt
(e−tE(t)) ≤ e−t‖R(·, t)f‖2L2(−`,`).

Furthermore, integration over (0, t) yields

E(t) ≤ C(‖R‖2L2(−T,T ;L∞(−`,`))‖f‖
2
L2(−`,`) + ‖u1‖2L2(−`,`)).

�

Lemma 5.4. Assume H ∈ L2(−T, T ;L2(−`, `)). Let z ∈
2⋂
k=0

H2−k(−T, T ;Hk(−`, `))

be a solution to 
Az = H(x, t) in Q±,

z(·, 0) = 0, ∂tz(·, 0) = z1 on (−`, `),
z(−`, ·) = z(`, ·) = 0 on (−T, T ),

and
z(·,±T ) = ∂tz(·,±T ) = 0 on (−`, `).

There then exists a constant C > 0 such that

‖z1‖2L2(−`,`) ≤ C‖H∂tz‖L1(Q±)

holds.

Proof. Multiplying the first equation by 2∂tz and integrating over Q+ =
(−`, `)× (0, T ), we have∫

Q+

∂t|∂tz|2 +

∫
Q+

∂t|∂xz|2 + a

∫
Q+

∂x|∂tz|2 = 2

∫
Q+

H∂tz.

Hence, we get
‖z1‖2L2(−`,`) ≤ C‖H∂tz‖L1(Q+).
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The proof for Q− := (−`, `)× (−T, 0) is similar. �

2.2. Proof of the main theorem.

Proof of Theorem 5.1. We use the weight function ψ(x, t) = |x−x0|2−βt2
for x0 ∈ [−`, `]c. We assume T > T0, i.e., ρT 2 > ρT 2

0 = max
−`≤x≤`

|x− x0|2, and there

thus exists 0 < β < ρ such that

max
−`≤x≤`

|x− x0|2 < βT 2(< ρT 2).

There then exists 0 < ε(< T
2 ) such that

max
−`≤x≤`

|x− x0|2 < β(T − 2ε)2.

Thus, for all x ∈ [−`, `] and t ∈ [−T,−T + 2ε] ∩ [T − 2ε, T ], we have

ϕ(x, t) = eγψ(x,t) < 1.

Let u be the solution in the class

u ∈
2⋂
k=0

H3−k(0, T ;Hk(−`, `))

and take the extension of u to (−T, T ):

u(x, t) =

{
u(x, t) in Q+ := (−`, `)× (0, T ),

u(−x,−t) in Q− := (−`, `)× (−T, 0).

We also extend R:

R(x, t) =

{
R(x, t) in Q+,

R(−x,−t) in Q−.

We can then prove u ∈
2⋂
k=0

H3−k(−T, T ;Hk(−`, `)) and R ∈ H1(−T, T ;L∞(−`, `)).

Indeed, we assume u(·, 0) = ∂tu(·, 0) = 0 and we thus have

∂tu(x, t) =

{
∂tu(x, t) in Q+,

−∂tu(−x,−t) in Q−,

and

∂2
t u(x, t) =

{
∂2
t u(x, t) in Q+,

∂2
t u(−x,−t) in Q−.

Furthermore, we assume the symmetry of the source term f and R(·, 0) and thus
get

∂3
t u(x, t) =

{
∂3
t u(x, t) in Q+,

−∂3
t u(−x,−t) in Q−.

Considering R, we have

∂tR(x, t) =

{
∂tR(x, t) in Q+,

−∂tR(−x,−t) in Q−,
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owing to the symmetry of R(·, 0). This extended u satisfies
Au = (∂2

t − ∂2
x + a∂x∂t)u = R(x, t)f(x) in Q±,

u(·, 0) = ∂tu(·, 0) = 0 on (−`, `),
u(−`, ·) = u(`, ·) = 0 on (−T, T ).

From Lemma 5.3, we have

(5.2) ‖∂tu(·, t)‖2L2(−`,`) + ‖∂xu(·, t)‖2L2(−`,`) ≤ C‖f‖
2
L2(−`,`) a.e. t ∈ (−T, T ).

Let v := ∂tu. v satisfies
Av = (∂2

t − ∂2
x + a∂x∂t)v = ∂tR(x, t)f(x) in Q±,

v(·, 0) = 0, ∂tv(·, 0) = R(·, 0)f on (−`, `),
v(−`, ·) = v(`, ·) = 0 on (−T, T ).

Also from Lemma 5.3, we have

(5.3) ‖∂tv(·, t)‖2L2(`,`) + ‖∂xv(·, t)‖2L2(−`,`) ≤ C‖f‖
2
L2(−`,`) a.e. t ∈ (−T, T ).

We define a cut-off function η satisfying 0 ≤ η(t) ≤ 1:

η(t) :=

{
1, |t| ≤ T − 2ε,

0, |t| ≥ T − ε.

We set w := η∂tu = ηv. w satisfies
Aw = η∂tRf + 2∂tη∂tv + a∂tη∂xv + ∂2

t ηv in Q±,

w(·, 0) = 0, ∂tw(·, 0) = R(·, 0)f on (−`, `),
w(−`, ·) = w(`, ·) = 0 on (−T, T ).

Moreover,

w(·,±T ) = ∂tw(·,±T ) = 0, on (−`, `)
holds. We can therefore apply Proposition 5.2 to w to obtain∫

Q±

e2sϕ(s|∂xw|2 + s|∂tw|2 + s3|w|2)

≤ C
∫
Q±

e2sϕ|∂tRf |2 + C

∫
Q±

e2sϕ(|∂tη∂tv|2 + |∂tη∂xv|2 + |∂2
t ηv|2) + CseCsD2

for all s ≥ s∗, where

D2 : =

∫ T

−T

(
|∂xw(`, t)|2 + |∂xw(−`, t)|2

)
dt

≤
∫ T

−T

(
|∂x∂tu(`, t)|2 + |∂x∂tu(−`, t)|2

)
dt.

We here consider sufficiently large γ > γ∗ as a fixed constant. Considering the
second, third, and fourth terms on the right-hand-side and using (5.2) and (5.3),
we get ∫

Q±

e2sϕ(|∂tη∂tv|2 + |∂tη∂xv|2 + |∂2
t ηv|2) ≤ Ce2s‖f‖2L2(−`,`)
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because supp(∂tη), supp(∂2
t η) ⊂ [−T + ε,−T + 2ε] ∪ [T − 2ε, T − ε], and for all

x ∈ [−`, `] and t ∈ [−T +ε,−T +2ε]∩ [T −2ε, T −ε], we have ϕ(x, t) = eγψ(x,t) < 1.
We therefore have∫

Q±

e2sϕ(s|∂xw|2 + s|∂tw|2 + s3|w|2)(5.4)

≤ C
∫
Q±

e2sϕ|∂tRf |2 + Ce2s‖f‖2L2(−`,`) + CseCsD2,

for all s ≥ s∗.
We next set z := esϕw and z satisfies

Az = esϕ(Aw +G(x, t)) in Q±,

z(·, 0) = 0, ∂tz(·, 0) = esϕ(·,0)R(·, 0)f on (−`, `),
z(−`, ·) = z(`, ·) = 0 on (−T, T ),

where

G := (2s∂tϕ+ as∂xϕ)∂tw + (−2s∂xϕ+ as∂tϕ)∂xw

+ (s∂2
t ϕ+ s2|∂tϕ|2 − s∂2

xϕ− s2|∂xϕ|2 + as∂x∂tϕ+ as2∂xϕ∂tϕ)w.

From Lemma 5.4, we have

‖esϕ(x,0)f‖2L2(−`,`) ≤ C
∫
Q±

e2sϕ|∂tz|2 + C

∫
Q±

e2sϕ|∂tRf |2(5.5)

+ Ce2s‖f‖2L2(−`,`) + C‖esϕG∂tz‖L1(Q±)

and we also find

esϕG∂tz ≤ Ce2sϕ(s|∂tw|+ s|∂xw|+ s2|w|)(|∂tw|+ s|w|)

and thus obtain

‖esϕG∂tz‖L1(Q±) ≤ C
∫
Q±

e2sϕ(s|∂xw|2 + s|∂tw|2 + s3|w|2).

Furthermore, we have∫
Q±

e2sϕ|∂tRf |2 ≤ C
∫ `

−`
e2sϕ(x,0)|f(x)|2

(∫ T

−T
e−2s(ϕ(x,0)−ϕ(x,t))dt

)
dx

≤ C
∫ `

−`
e2sϕ(x,0)|f(x)|2

(∫ T

−T
e−2seγ|x−x0|

2
(1−e−γβt

2
)dt

)
dx

≤ o(1)‖esϕ(x,0)f‖2L2(−`,`) as s→∞,

by the Lebesgue’s dominated convergence theorem. We apply this estimate and
(5.4) to (5.5) to get

‖esϕ(x,0)f‖2L2(−`,`) ≤ Ce
2s‖f‖2L2(−`,`) + CseCsD2.

There exists κ > 1 such that for all x ∈ [−`, `], ϕ(x, 0) = eγ|x−x0| ≥ κ > 1 holds.
Therefore, taking sufficiently large s > s∗, we finally have

‖f‖L2(−`,`) ≤ CD

for a constant C > 0 independent of f . �
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3. Proof of Proposition 5.2

Proof of Proposition 5.2. For simplicity, we write

p(x) := ∂xψ(x, t), q(t) := ∂tψ(x, t).

Simple calculation yields

∂xϕ = γpϕ, ∂tϕ = γqϕ

∂2
xϕ = (γ2p2 + 2γ)ϕ, ∂2

t ϕ = (γ2q2 − 2βγ)ϕ

∂x∂tϕ = γ2pqϕ.

We introduce

w := esϕu, Pw := esϕAe−sϕw.

Then,

Pw = ∂2
tw − ∂2

xw + 2s(∂xϕ∂xw − ∂tϕ∂tw)− s2(|∂xϕ|2 − a∂xϕ∂tϕ− |∂tϕ|2)w

+ s(∂2
xϕ− a∂x∂tϕ− ∂2

t ϕ)w + a∂x∂tw − as(∂tϕ∂xw + ∂xϕ∂tw).

We decompose Pw into P+w and P−w as follows.

P+w := ∂2
tw − ∂2

xw + a∂x∂tw − s2(|∂xϕ|2 − |∂tϕ|2 − a∂xϕ∂tϕ)w

and

P−w := s(2∂xϕ− a∂tϕ)∂xw − s(2∂tϕ+ a∂xϕ)∂tw + s(∂2
xϕ− a∂x∂tϕ− ∂2

t ϕ)w.

Note that Pw = P+w + P−w. We wish to make the lower bound of ‖Pw‖2L2(Q±),

and we therefore try to estimate (P+w,P−w)L2(Q±).

(P+w,P−w)L2(Q±)

=

∫
Q±

∂2
tw · s(2∂xϕ− a∂tϕ)∂xw −

∫
Q±

∂2
tw · s(2∂tϕ+ a∂xϕ)∂tw

+

∫
Q±

∂2
tw · s(∂2

xϕ− a∂x∂tϕ− ∂2
t ϕ)w −

∫
Q±

∂2
xw · s(2∂xϕ− a∂tϕ)∂xw

+

∫
Q±

∂2
xw · s(2∂tϕ+ a∂xϕ)∂tw −

∫
Q±

∂2
xw · s(∂2

xϕ− a∂x∂tϕ− ∂2
t ϕ)w

+

∫
Q±

a∂x∂tw · s(2∂xϕ− a∂tϕ)∂xw −
∫
Q±

a∂x∂tw · s(2∂tϕ+ a∂xϕ)∂tw

+

∫
Q±

a∂x∂tw · s(∂2
xϕ− a∂x∂tϕ− ∂2

t ϕ)w

−
∫
Q±

s2(|∂xϕ|2 − |∂tϕ|2 − a∂xϕ∂tϕ)w · s(2∂xϕ− a∂tϕ)∂xw

+

∫
Q±

s2(|∂xϕ|2 − |∂tϕ|2 − a∂xϕ∂tϕ)w · s(2∂tϕ+ a∂xϕ)∂tw

−
∫
Q±

s2(|∂xϕ|2 − |∂tϕ|2 − a∂xϕ∂tϕ)w · s(∂2
xϕ− a∂x∂tϕ− ∂2

t ϕ)w

=:

12∑
k=1

Jk.
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Through integration by parts, we get

J1 = −s
∫
Q±

(2∂xϕ− a∂tϕ)
1

2
∂x(|∂tw|2)− s

∫
Q±

∂t(2∂xϕ− a∂tϕ)∂tw∂xw

=
s

2

∫
Q±

∂x(2∂xϕ− a∂tϕ)|∂tw|2 − s
∫
Q±

∂t(2∂xϕ− a∂tϕ)∂tw∂xw,

J2 = −s
∫
Q±

(2∂tϕ+ a∂xϕ)
1

2
∂t(|∂tw|2) =

s

2

∫
Q±

∂t(2∂tϕ+ a∂xϕ)|∂tw|2,

J3 = −s
∫
Q±

(∂2
xϕ− a∂x∂tϕ− ∂2

t ϕ)|∂tw|2 − s
∫
Q±

∂t(∂
2
xϕ− a∂x∂tϕ− ∂2

t ϕ)
1

2
∂t(|w|2)

= −s
∫
Q±

(∂2
xϕ− a∂x∂tϕ− ∂2

t ϕ)|∂tw|2 +
s

2

∫
Q±

∂2
t (∂2

xϕ− a∂x∂tϕ− ∂2
t ϕ)|w|2,

J4 =
s

2

∫
Q±

∂x(2∂xϕ− a∂tϕ)|∂xw|2 −
s

2

∫ T

−T

[
(2∂xϕ− a∂tϕ)|∂xw|2

]`
x=−` dt,

J5 = −s
∫
Q±

∂x(2∂tϕ+ a∂xϕ)∂xw∂tw − s
∫
Q±

(2∂tϕ+ a∂xϕ)
1

2
∂t(|∂xw|2)

= −s
∫
Q±

∂x(2∂tϕ+ a∂xϕ)∂xw∂tw +
s

2

∫
Q±

∂t(2∂tϕ+ a∂xϕ)|∂xw|2,

J6 = s

∫
Q±

(∂2
xϕ− a∂x∂tϕ− ∂2

t ϕ)|∂xw|2 + s

∫
Q±

∂x(∂2
xϕ− a∂x∂tϕ− ∂2

t ϕ)
1

2
∂x(|w|2)

= s

∫
Q±

(∂2
xϕ− a∂x∂tϕ− ∂2

t ϕ)|∂xw|2 −
s

2

∫
Q±

∂2
x(∂2

xϕ− a∂x∂tϕ− ∂2
t ϕ)|w|2,

J7 = −s
2

∫
Q±

a∂t(2∂xϕ− a∂tϕ)|∂xw|2,

J8 =
s

2

∫
Q±

a∂x(2∂tϕ+ a∂xϕ)|∂tw|2,

J9 = −s
∫
Q±

a(∂2
xϕ− a∂x∂tϕ− ∂2

t ϕ)∂xw∂tw

− s
∫
Q±

a∂x(∂2
xϕ− a∂x∂tϕ− ∂2

t ϕ)
1

2
∂t(|w|2)

= −s
∫
Q±

a(∂2
xϕ− a∂x∂tϕ− ∂2

t ϕ)∂xw∂tw

+
s

2

∫
Q±

a∂t∂x(∂2
xϕ− a∂x∂tϕ− ∂2

t ϕ)|w|2,

J10 =
s3

2

∫
Q±

∂x((|∂xϕ|2 − |∂tϕ|2 − a∂xϕ∂tϕ)(2∂xϕ− a∂tϕ))|w|2,

J11 = −s
3

2

∫
Q±

∂t((|∂xϕ|2 − |∂tϕ|2 − a∂xϕ∂tϕ)(2∂tϕ+ a∂xϕ))|w|2,

J12 = −s3

∫
Q±

(|∂xϕ|2 − |∂tϕ|2 − a∂xϕ∂tϕ)(∂2
xϕ− a∂x∂tϕ− ∂2

t ϕ)|w|2.
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First, we consider a part of the sum

9∑
k=1

Jk. Set σ(x, t) := sγϕ(x, t) and

B :=
s

2

∫ T

−T

[
(2∂xϕ− a∂tϕ)|∂xw|2

]`
x=−` dt.

9∑
k=1

Jk(5.6)

=

∫
Q±

[
σγ(2q2 + 2apq +

a2

2
p2) + σ(−4β + a2)

]
|∂tw|2

+

∫
Q±

[
σγ(2p2 − 2apq +

a2

2
q2) + σ(4− βa2)

]
|∂xw|2

+

∫
Q±

[σγ((a2 − 4)pq + 2a(q2 − p2)) + σ(−4βa− 4a)]∂tw∂xw

+

∫
Q±

O(sγ4ϕ)|w|2 − B

= 2

∫
Q±

σγ
(

(q +
ap

2
)∂tw − (p− aq

2
)∂xw)

)2

+

∫
Q±

σ[(−4β + a2)|∂tw|2 + (4− βa2)|∂xw|2 − 4a(β + 1)∂tw∂xw]

+

∫
Q±

O(sγ4ϕ)|w|2 − B

≥
∫
Q±

σ[(−4β + a2)|∂tw|2 + (4− βa2)|∂xw|2 − 4a(β + 1)∂tw∂xw]

+

∫
Q±

O(sγ4ϕ)|w|2 − B.

To estimate the terms σ × (first order terms), we use the next energy inequality.

(P+w,−σw)L2(Q±) =

∫
Q±

P+w · (−σw)

= −
∫
Q±

σ∂2
tww +

∫
Q±

σ∂2
xww −

∫
Q±

aσ∂x∂tww

+

∫
Q±

σs2(|∂xϕ|2 − a∂xϕ∂tϕ− |∂tϕ|2)|w|2

=:

4∑
k=1

Ik.

Integration by parts yields

I1 =

∫
Q±

sγ∂tϕ
1

2
∂t(|w|2) +

∫
Q±

sγϕ|∂tw|2

=

∫
Q±

sγϕ|∂tw|2 −
1

2

∫
Q±

sγ∂2
t ϕ|w|2,
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I2 = −
∫
Q±

sγ∂xϕ
1

2
∂x(|w|2)−

∫
Q±

sγϕ|∂xw|2

= −
∫
Q±

sγϕ|∂xw|2 +
1

2

∫
Q±

sγ∂2
xϕ|w|2,

I3 =

∫
Q±

s3γϕ(|∂xϕ|2 − a∂tϕ∂xϕ− |∂tϕ|2)|w|2,

I4 =

∫
Q±

asγ∂xϕ
1

2
∂t(|w|2) +

∫
Q±

asγϕ∂tw∂xw

= −1

2

∫
Q±

asγ∂t∂xϕ|w|2 +

∫
Q±

asγϕ∂tw∂xw.

Hence, we have∫
Q±

P+w · (−σw) =

4∑
k=1

Ik(5.7)

=

∫
Q±

σ|∂tw|2 −
∫
Q±

σ|∂xw|2 +

∫
Q±

aσ∂tw∂xw

+

∫
Q±

[
− 1

2
sγ∂2

t ϕ+
1

2
sγ∂2

xϕ

+ s3γϕ(|∂xϕ|2 − a∂xϕ∂tϕ− |∂tϕ|2)− a

2
sγ∂t∂xϕ

]
|w|2

=

∫
Q±

σ|∂tw|2 −
∫
Q±

σ|∂xw|2 +

∫
Q±

aσ∂tw∂xw

+

∫
Q±

[
σ3(p2 − q2 − apq) +O(sγ3ϕ)

]
|w|2.

Let µ ∈ R be a constant to be determined later. Multiplying (5.7) by 2µ, and
adding it to (5.6) yields

9∑
k=1

Jk + 2µ
4∑
k=1

Ik + B

≥
∫
Q±

σ(−4β + a2 + 2µ)|∂tw|2 +

∫
Q±

σ(4− βa2 − 2µ)|∂xw|2

+

∫
Q±

σ(−4βa− 4a+ 2aµ)∂tw∂xw

+

∫
Q±

[σ3 · 2µ(p2 − apq − q2) +O(sγ4ϕ) +O(sγ3ϕ)]|w|2

≥
∫
Q±

σ(−4β + a2 + 2µ− ε| − 2βa− 2a+ aµ|)|∂tw|2

+

∫
Q±

σ(4− βa2 − 2µ− 1

ε
| − 2βa− 2a+ aµ|)|∂xw|2

+

∫
Q±

[σ3 · 2µ(p2 − apq − q2) +O(sγ4ϕ) +O(sγ3ϕ)]|w|2
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for all ε > 0 to be determined later. We wish to choose ε > 0 such that both
coefficients are positive, i.e.,

(5.8)

{
−4β + a2 + 2µ− ε| − 2βa− 2a+ aµ| > 0,

4− βa2 − 2µ− 1
ε | − 2βa− 2a+ aµ| > 0

holds. This claim follows only if µ satisfies µ2 − 2(β + 1)µ + β(a2 + 4) < 0 ⇔
(µ − β − 1)2 < β2 − (a2 + 2)β + 1. Therefore, if we choose µ := β + 1, by our
assumption of β > 0, this inequality holds and (5.8) also holds. Hence, there exists
a positive constant C > 0 such that

9∑
k=1

Jk + 2µ

4∑
k=1

Ik + B(5.9)

≥ C
∫
Q±

σ(|∂tw|2 + |∂xw|2)

+

∫
Q±

[2µσ3(p2 − apq − q2) +O(sγ4ϕ) +O(sγ3ϕ)]|w|2.

Finally, we estimate zeroth-order terms. We have

J10 =

∫
Q±

σ3
[
γ(3p4 +

3(a2 − 2)

2
p2q2 − 9a

2
p3q +

3a

2
pq3)

+ (6p2 + (a2 − 2)q2 − 6apq)
]
|w|2,

J11 =

∫
Q±

σ3
[
γ(3q4 +

3(a2 − 2)

2
p2q2 − 3a

2
p3q +

9a

2
pq3)

− ((a2 − 2)βp2 + 6βq2 + 6βapq)
]
|w|2,

J12 =

∫
Q±

σ3
[
− γ(p2 − apq − q2)2 − 2(β + 1)(p2 − apq − q2)

]
|w|2.

Hence, we have

12∑
k=10

Jk =

∫
Q±

σ3
[
γ · 2(p2 − apq − q2)2

+ (4− a2β)p2 + (a2 − 4β)q2 − 4(β + 1)apq
]
|w|2.

Adding this equality to (5.9) yields

12∑
k=1

Jk + 2µ

4∑
k=1

Ik + B(5.10)

= (P+w,P−w)L2(Q±) + 2(P+w,−µσw)L2(Q±) + B

≥ C
∫
Q±

σ(|∂tw|2 + |∂xw|2) +

∫
Q±

[
σ3γ · 2(p2 − apq − q2)2

+ σ3{(4− a2β)p2 + (a2 − 4β)q2 − 4(β + 1)apq + 2µ(p2 − apq − q2)}

+O(sγ4ϕ) +O(sγ3ϕ)
]
|w|2.
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We consider the coefficient of σ3. Noting µ = β + 1, we have

(4− a2β)p2 + (a2 − 4β)q2 − 4(β + 1)apq + 2µ(p2 − apq − q2)

= (4− a2β)p2 + (a2 − 4β)q2 − 4(β + 1)apq

+ (2µ− 2ν)(p2 − apq − q2) + 2ν(p2 − apq − q2)

≥ 2(µ− ν)(p2 − apq − q2) + (2ν + 4− a2β − δa|ν + 2 + 2β|)p2

+ (−2ν + a2 − 4β − a

δ
|ν + 2 + 2β|)q2

for all δ > 0 to be determined later. We wish to choose δ > 0 such that

(5.11)

{
2ν + 4− a2β − δa|ν + 2 + 2β| > 0,

−2ν + a2 − 4β − a
δ |ν + 2 + 2β| > 0.

Such δ exists only if ν satisfies ν2 + 2(β + 1)ν + β(a2 + 4) < 0 ⇔ (ν + β + 1)2 <
β2−(a2+2)β+1. Therefore, if we take ν = −µ = −β−1, both the above inequality
and (5.11) hold. Hence, there exists a constant C > 0 such that

(4− a2β)p2 + (a2 − 4β)q2 − 4(β + 1)apq + 2µ(p2 − apq − q2)

≥ 4(1 + β)(p2 − apq − q2) + C(p2 + q2).

We apply this estimate to (5.10) to obtain

12∑
k=1

Jk + 2µ

4∑
k=1

Ik + B

≥ C
∫
Q±

σ(|∂tw|2 + |∂xw|2) +

∫
Q±

[
σ3γ · 2(p2 − apq − q2)2

+ σ3{4(β + 1)(p2 − apq − q2) + C(p2 + q2)}+O(sγ4ϕ) +O(sγ3ϕ)
]
|w|2

≥ C
∫
Q±

σ(|∂tw|2 + |∂xw|2)

+

∫
Q±

[
σ3 · 2γ

(
(p2 − apq − q2) +

β + 1

γ

)2

+ σ3

{
C(p2 + q2)− 2(β + 1)2

γ

}
+O(sγ4ϕ) +O(sγ3ϕ)

]
|w|2

≥ C
∫
Q±

σ(|∂tw|2 + |∂xw|2)

+ C

(
min
−`≤x≤`

p(x)2 − 2(β + 1)2

γ

)∫
Q±

[σ3 +O(sγ4ϕ) +O(sγ3ϕ)]|w|2

≥ C
∫
Q±

σ(|∂tw|2 + |∂xw|2) + C

∫
Q±

[σ3 +O(sγ4ϕ) +O(sγ3ϕ)]|w|2

for sufficiently large γ > 0. The Cauchy Schwartz inequality then yields

C

∫
Q±

(σ|∂tw|2 + σ|∂xw|2 + σ3|w|2) +

∫
Q±

[O(sγ4ϕ) +O(sγ3ϕ)]|w|2

≤ 1

2
‖Pw‖2L2(Q±) +

∫
Q±

O(σ2)|w|2 + B.
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We can choose s > 0 large enough to ensure∫
Q±

(σ|∂tw|2 + σ|∂xw|2 + σ3|w|2) ≤ C‖Pw‖2L2(Q±) + CB.

We define w = esϕu and thus obtain ∂tw = esϕ(∂tu+ s∂tϕu) and ∂xw = esϕ(∂xu+
s∂xϕu). Again by choosing s > 0 large, we can rewrite the inequality in terms of
u = we−sϕ:∫

Q±

e2sϕ(σ|∂xu|2 + σ|∂tu|2 + σ3|u|2) ≤ C
∫
Q±

e2sϕ|Au|2 + CB.

Here, we get

B =

∫ T

−T

[
σ(p− a

2
q)|∂xw|2

]`
−`
dt

≤ C
∫ T

−T

(
e2sϕ(`,t)σ(`, t)|∂xu(`, t)|2 + e2sϕ(−`,t)σ(−`, t)|∂xu(−`, t)|2

)
dt.

�





CHAPTER 6

Non-uniqueness examples

1. Introduction and main result

Let Br(0) ⊂ R2 be an open ball centered at 0 with radius r > 0. Henceforth,
all functions which appear in this chapter take complex values. We consider the
wave equation and Schrödinger equation with time-dependent potential V ,

(6.1) Lu+ V (x, t)u = 0 in R3,

where L denotes L = � := ∂2
t −∆ or L = −i∂t −∆. We consider non-uniqueness

examples for Cauchy problem with Cauchy data on a non-characteristic surface
∂B1(0) × R. Due to the time dependence on the potential V , we have few hopes
to guarantee uniqueness for Cauchy problems in general. Indeed, we construct
infinitely many examples with different wave numbers at infinity which violate
uniqueness based on Kumano-go [47]. In regard to the uniqueness theorems for the
wave equation, Schrödinger equation, and more general partial differential equa-
tions with variable coefficients, readers are referred to [66] and [60]. They proved
uniqueness results by assuming some analyticities on coefficients partially. Readers
are also referred to [42, Chapter 2.5] and [35, Chapter 3]. Alinhac and Baouendi
[1] constructed non-uniqueness examples for Cauchy problems of general partial
differential equations by using geometric optics. We state our main result.

Theorem 6.1. Let L = � or L = −i∂t−∆. There exist infinitely many smooth
functions u ∈ C∞(R3) and V ∈ C∞(R3) which satisfy (6.1) and

suppu = (R2 \B1(0))× R,
suppV ⊂ (B2(0) \B1(0))× R.

Theorem 6.1 relates to the result by Kumano-go [47]. He constructed one ex-
ample for non-uniqueness when L = � in the two-dimensional case based on John’s
construction [38] using Bessel functions. We construct infinitely many examples
with different wave numbers at infinity for both wave and Schrödinger equations by
generalizing the result in [47]. We remark that, in our construction, the potential
V is not real-valued but complex-valued function, whereas the coefficients are all
real-valued with a damping term in Kumano-go’s construction [47].

2. Proof of the main result

2.1. Preliminary. We prepare several lemmas regarding an asymptotic be-
havior of Bessel functions. Their proofs are all presented in section 3.

Lemma 6.2. Let δ ∈ (0, 1
2 ), p ∈ (0, 2(1−2δ)

5 ), λ > 0, and Jλ be a Bessel function
of order λ. We then have the asymptotic formula uniformly for a ∈ (0, 1− λ−p],

Jλ(λa) = (2πλ tanhα)−
1
2 eλ(tanhα−α)(1 +O(λ−δ))

87
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as λ→∞, where α > 0 is defined by coshα = a−1(> 1).

Let δ ∈ (0, 1
2 ) and p ∈ (0, 2(1−2δ)

5 ) be fixed. We consider the following assump-
tions on a positive sequence {λm}m∈N with λm > 0 for all m ∈ N.

∀m ∈ N, m2 ≤ λpm.(6.2)

λm+1 = λm(1 + o(1)) as m→∞.(6.3)

We can choose infinitely many positive sequences {λm}m∈N satisfying (6.2) and
(6.3), for instance,

λm = anm
n +

n−1∑
j=0

ajm
j ,

where n ≥ 2
p is a positive integer, and an ≥ 1 and aj ≥ 0 are constants for

j = 0, . . . , n− 1.

Lemma 6.3. Let δ ∈ (0, 1
2 ) and p ∈ (0, 2(1−2δ)

5 ) be constants and {λm}m∈N be
a positive sequence. Set

Gm(r) := Jλm(λmr), r ∈ [0, 1−m−2].

Assume (6.2). Then, for ` ≥ 1 and r := 1−`m−2, we have the asymptotic formula,

Gm(r) = (1 + o(1))

√
m

(2π2`)
1
4

√
λm

e−(1+o(1)) 2
√

2
3 `

3
2 λmm

−3

as m→∞.

Lemma 6.4. Let δ ∈ (0, 1
2 ) and p ∈ (0, 2(1−2δ)

5 ) be constants and let {λm}m∈N
be a positive sequence satisfying (6.2). We set

Fm(r) := Gm

(
km
λm

r

)
, m ∈ N,

where {km}m∈N is a positive sequence satisfying

(6.4)
km
λm

= 1− 1

m
+O(m−3) as m→∞,

and rm(s) := 1 + 1
m −

s
m(m+1) for s ∈ [0, 1]. Then, Fm satisfies

(6.5) F ′′m(r) +
1

r
F ′m(r) +

(
k2
m −

λ2
m

r2

)
Fm(r) = 0

and for s ∈ [0, 1],

(6.6) Fm(rm(s)) = (1 + o(1))

√
me−(1+o(1)) 2

√
2

3 (1+s)
3
2 λmm

−3

(2π2(1 + s))
1
4

√
λm

as m→∞. Furthermore, we define γm+1 such that

γm+1 :=
Fm(rm+1(2−1))

Fm+1(rm+1(2−1))
.

If we assume (6.3), then there exists M ∈ N such that

γm+1 ≤ e−λmm
−3
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holds for all m > M and there exist µ > 0, C > 0, and M ∈ N such that
γm+1Fm+1(rm+1(s)) ≤ Ce−µλmm−3

Fm(rm+1(s))

if s ∈ [0, 1
4 ],

Fm(rm+1(s)) ≤ Ce−µλmm−3

γm+1Fm+1(rm+1(s))

if s ∈ [ 3
4 , 1]

(6.7)

holds for all m > M .

2.2. Proof of Theorem 6.1.

Proof. Let δ ∈ (0, 1
2 ) and p ∈ (0, 2(1−2δ)

5 ) be constants. Let {λm}m∈N be a
positive sequence satisfying (6.2) and (6.3). We remark that (6.3) implies

(6.8) λm ≤ eo(m) as m→∞.

Indeed, (6.3) implies there exists sufficiently large m0 ∈ N such that for all m > m0,∣∣∣∣ log λm
m

∣∣∣∣ ≤ ∣∣∣∣ log λm0

m

∣∣∣∣+
1

m

m−1∑
j=m0

| log(1 + r(j))|

holds, where r(j) satisfies limj→∞ |r(j)| = 0. Hence, (6.8) follows from the well-
known argument. For r > 1, we set

um(r, θ, t) :=

{
Fm(r)ei(λmθ+kmt), L = �,

Fm(r)ei(λmθ−k
2
mt), L = −i∂t −∆.

where {km}m∈N is a positive sequence satisfying (6.4) and (r, θ) is the polar coor-
dinate in R2. By (6.5), we obtain

Lum = 0,

because the Laplace operator ∆ is written by the polar coordinate,

∆ = ∂2
r + r−1∂r + r−2∂2

θ .

We define closed intervals Im and Im,j ⊂ Im for m ∈ N and j = 1, 2, 3, 4 as

Im :=

[
1 +

1

m+ 1
, 1 +

1

m

]
and

Im,j :=

[
1 +

1

m
− j

4m(m+ 1)
, 1 +

1

m
− j − 1

4m(m+ 1)

]
.

For sufficiently large M ∈ N and m > M , we define smooth functions

AM (r) :=

{
1, r ≥ 1 + 1

M+2 + 1
4(M+1)(M+2) ,

0, 0 ≤ r ≤ 1 + 1
M+2 ,

and

Am(r) :=

{
1, r ∈ (Im+1 \ Im+1,4) ∪ (Im \ Im,1),

0, r ∈ [0, 1 + 1
m+2 ] ∪ (1 + 1

m ,∞).

We define u = u(r, θ, t) as

u(r, θ, t) := AM (r)uM +

∞∑
m=M+1

γM+1 × · · · × γmAm(r)um
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and set

K := [0, 1] ∪ [1 +
1

M + 1
,∞) ∪

∞⋃
m=M+1

(Im,2 ∪ Im,3)

and

V (r, θ, t) :=

{
0, r ∈ K,
−Luu , r ∈ [0,∞) \K.

Using the chain rule, (6.6), and (6.8), we obtain∣∣∣∣ d`dr`Fm(r)

∣∣∣∣ = m`(m+ 1)`
∣∣∣∣ d`ds`Fm(rm(s))

∣∣∣∣
≤ C`

m`(m+ 1)`λ`m
m3`

(1 + o(1))

√
m√
λm

× e−(1+o(1)) 2
√

2
3 (1+s)

3
2 λmm

−3

≤ C`eo(m)Fm(rm(s))

for r ∈ Im, ` ∈ Z≥0. Indeed, by (6.8), it follows that

m`(m+ 1)`λ`m
m3`

≤ C`eo(m).

For r ∈ Im+1, using rm+1(s) = rm(1 + s+O(m−1)), we also have∣∣∣∣ d`dr`Fm(r)

∣∣∣∣ = (m+ 1)`(m+ 2)`
∣∣∣∣ d`ds`Fm(rm+1(s))

∣∣∣∣
= (m+ 1)`(m+ 2)`

∣∣∣∣ d`ds`Fm(rm(1 + s+O(m−1)))

∣∣∣∣
≤ C`

(m+ 1)`(m+ 2)`λ`m
m3`

(1 + o(1))

√
m√
λm

× e−(1+o(1)) 2
√

2
3 (2+s+O(m−1))

3
2 λmm

−3

≤ C`eo(m)Fm(rm+1(s)).

Hence, it follows that for r ∈ Im ∪ Im+1 and ` ∈ Z≥0,

(6.9)

∣∣∣∣ d`dr`Fm(r)

∣∣∣∣ ≤ C`eo(m)Fm(r).

On Im+1, using (6.9), (6.4), (6.8), and (6.2), we then have

|∂βu(r, θ, t)| :=

∣∣∣∣∣∣
∑
|β|=`

(∂r∂θ∂t)
βu(r, θ, t)

∣∣∣∣∣∣(6.10)

≤ C`γM+1 × · · · × γmλ2`
me

o(m)(Fm + γm+1Fm+1)

≤ C`e−λmm
−3

eo(m)

< C`e
−m2(1+o(m−1))

≤ C`e−
1
2m

2

≤ C`e−
1
2 ((r−1)−1−2)2 r↘1−−−→ 0,
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where we used the estimate obtained by (6.2),

(6.11) λmm
−3 ≥ m

2
p−3 > m2.

We thus proved u is smooth in R3.
On Im+1,1, since

|u| ≥ γM+1 × · · · × γm(|um| − γm+1|um+1|)(6.12)

= γM+1 × · · · × γm(Fm(rm+1(s))− γm+1Fm+1(rm+1(s)))

≥ γM+1 × · · · × γm(1− Ce−µλmm
−3

)Fm(rm+1(s))

≥ γM+1 × · · · × γm(1− Ce−µm
2

)Fm(rm+1(s)) > 0

for s ∈ [0, 1
4 ] by (6.7) and (6.11), |u| > 0 on Im+1,1. Similarly, on Im+1,4, since

|u| ≥ γM+1 × · · · × γm(γm+1|um+1| − |um|)(6.13)

= γM+1 × · · · × γm(γm+1Fm+1(rm+1(s))− Fm(rm+1(s)))

≥ γM+1 × · · · × γm+1(1− Ce−µλmm
−3

)Fm+1(rm+1(s))

≥ γM+1 × · · · × γm+1(1− Ce−µm
2

)Fm+1(rm+1(s)) > 0

for s ∈ [ 3
4 , 1], we have |u| > 0 on Im+1,4. By the definition of u, since Lu = 0 on

Im+1,2 ∪ Im+1,3, V is smooth when r ∈ (1,∞).
Finally, we prove V is smooth at r = 1. On Im+1,1, since Lu = L[γM+1× · · · ×

γm+1Am+1um+1],

(6.14) |∂βLu| ≤ C`γM+1 × · · · × γm+1λ
2`+2
m eo(m)Fm+1(r)

holds for |β| = ` ∈ Z≥0 by (6.9). We thus have

|∂βV (r, θ, t)| =
∣∣∂β(u−1Lu)

∣∣
=

∣∣∣∣∣∣
∑
|β1|≤`

(
β
β1

)
∂β(u−1)∂β−β1(Lu)

∣∣∣∣∣∣
≤ C`

(
γm+1Fm+1

Fm

)
λ2(`+1)
m eo(m)

(
1 +

γm+1Fm+1

Fm

)`
≤ C`e−µλmm

−3+o(m)

≤ C`e−
µ
2m

2

by (6.10), (6.12), (6.14), (6.7), (6.8), and (6.11) for |β| = ` ∈ Z≥0. Similarly on
Im+1,4, since Lu = L[γM+1 × · · · × γmAmum],

(6.15) |∂βLu| ≤ C`γM+1 × · · · × γmλ2`+2
m eo(m)Fm(r)
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holds for |β| = ` ∈ Z≥0 by (6.9). We thus have

|∂βV (r, θ, t)| =
∣∣∂β(u−1Lu)

∣∣
=

∣∣∣∣∣∣
∑
|β1|≤`

(
β
β1

)
∂β(u−1)∂β−β1(Lu)

∣∣∣∣∣∣
≤ C`

(
Fm

γm+1Fm+1

)
λ2(`+1)
m eo(m)

(
1 +

Fm
γm+1Fm+1

)`
≤ C`e−µλmm

−3+o(m)

≤ C`e−
µ
2m

2

by (6.10), (6.13), (6.15), (6.7), (6.8), and (6.11) for |β| = ` ∈ Z≥0.
Thus, for all |β| = ` ∈ Z≥0 on Im+1,

|∂βV (r, θ, t)| ≤ C`e−
µ
2m

2

≤ C`e−
µ
2 ((r−1)−1−2)2 r↘1−−−→ 0

holds. �

3. Proofs of the lemmas

Proof of Lemma 6.2. We remark that

(6.16) 1 ≥ tanhα =
√

1− a2 ≥ λ−
p
2 , a ∈ (0, 1− λ−p].

We use the Schläfli’s integral formula of a Bessel function,

Jλ(λa) =
1

2π

∫
Γ0

eλ(−ia sin z+iz)dz,

where Γ0 consists of three sides of rectangle with vertexes at −π + i∞, −π, π and
π + i∞ and is oriented from −π + i∞ to π + i∞. We set

f(z) := −ia sin z + iz

= a cosx sinh y − y + i(x− a sinx cosh y),

where z = x+ iy. By the Cauchy’s integral theorem, we can deform Γ0 into a curve
defined by Γ on which x− a sinx cosh y = 0. Hence, we obtain

Jλ(λa) =
1

2π

∫ π

−π
eλg(x)dx,

where g is defined by

g(x) := a cosx sinh y(x)− y(x)

and y satisfies

cosh y(x) =
x

a sinx

⇔ y(x) = log

(
x

a sinx
+

√
x2

a2 sin2 x
− 1

)
for x ∈ (−π, π), where y(0) = α is well-defined owing to a < 1.

First, we evaluate g in an interval [−λ−q, λ−q], where q satisfying

(6.17) 0 < q <
2− p

4
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is determined later. Since there exists a constant C > 0 such that

|y′(x)| =
∣∣∣∣ 1

sinh y

d

dx

( x

a sinx

)∣∣∣∣ ≤ C√
x2

(a sin x)2 − 1

|x|
a

≤ C|x|√
1− a2

≤ Cλ−q+
p
2

by (6.16), we have for x ∈ [−λ−q, λ−q],

|y(x)− α| = |y(x)− y(0)| ≤ Cλ−q+
p
2 |x| ≤ Cλ−2q+ p

2 .

Hence, the Taylor’s theorem yields

g(x)(6.18)

= f(x+ iy(x)) = f(x+ i(y − α) + iα)

= f(iα) + (x+ i(y − α))f ′(iα) +
(x+ i(y − α))2

2
f ′′(iα)

+
(x+ i(y − α))3

2

∫ 1

0

(1− θ)2f ′′′(iα+ θ(x+ i(y − α)))dθ

= tanhα− α− tanhα

2
x2 +O(λ−1−δ)

since f ′(iα) = 0, |f ′′′(iα+ θ(x+ i(y − α)))| ≤ C for some C > 0, and

q :=
1

3
(1 + δ +

p

2
).

We remark that (6.17) is equivalent to p < 2(1−2δ)
5 . Consequently, we have∫ λ−q

−λ−q
eλg(x)dx = eλ(tanhα−α)

∫ λ−q

−λ−q
e−

λ tanhα
2 x2

dx · eO(λ−δ)

=
eλ(tanhα−α)

√
λ tanhα

[∫ ∞
−∞

e−
ξ2

2 dξ − 2

∫ ∞
λ

1−2q
2

√
tanhα

e−
ξ2

2 dξ

]
× (1 +O(λ−δ))

=

√
2πeλ(tanhα−α)

√
λ tanhα

(1 +O(λ−δ))

since λ
1−2q

2

√
tanhα ≥ λ

2−p
4 −q by (6.16) and

λδ
∫ ∞
λ

2−p
4
−q
e−

ξ2

2 dξ = λδ
√
π

2
e−

1
4λ

2−p
2
−2q λ→∞−−−−→ 0

by (6.17). Hence, we have

1

2π

∫ λ−q

−λ−q
eλg(x)dx =

eλ(tanhα−α)

√
2πλ tanhα

(1 +O(λ−δ)).

Second, we evaluate g in (−π, π) \ [−λ−q, λ−q]. Because ±g′(x) ≥ 0 when
0 ≤ ∓x < π, it follows from (6.18) and (6.16),

1

2π

(∫ −λ−q
−π

+

∫ π

λ−q

)
eλg(x)dx = O(λ−δ)

eλ(tanhα−α)

√
2πλ tanhα

.
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In fact, by our assumption (6.16) and (6.17),

λδ

∣∣∣∣∣∣
1

2π

(∫ −λ−q
−π +

∫ π
λ−q

)
eλg(x)dx

eλ(tanhα−α)√
2πλ tanhα

∣∣∣∣∣∣
≤
√

tanhα

2π
λδ+

1
2 · 2(π − λ−q)e− 1

2λ
2−p
2
−2q

· eO(λ−δ)

≤
√

2πλδ+
1
2 e−

1
2λ

2−p
2
−2q

· eO(λ−δ) λ→∞−−−−→ 0

holds. We complete the proof. �

Proof of Lemma 6.3. In Lemma 6.2, taking a = r = 1 − `m−2 for ` ≥ 1,
which is done by our assumption (6.2), yields

Gm(r) =
h(r)λm√

2π(1− r2)
1
4

√
λm

(1 + o(1)) as m→∞,

where

h(r) :=
re
√

1−r2

1 +
√

1− r2
,

since e−α = r
1+
√

1−r2 for α > 0. Because simple calculations yield

h′(r) =
1−
√

1− r2

r2

√
1− r2e

√
1−r2

= (1 + o(1))
√

2
√

1− r as r ↗ 1,

we have

h(r) = h(1)−
∫ 1

r

h′(s)ds = 1− (1 + o(1))
2
√

2

3
(1− r) 3

2

as r ↗ 1. Hence, for ` ≥ 1 and r = 1− `m−2, we obtain

Gm(r) = (1 + o(1))

(
1− (1 + o(1)) 2

√
2

3 `
3
2m−3

)λm
(2π)

1
2

√
λm (1− (1− `m−2)2)

1
4

= (1 + o(1))

√
m

(2π2`)
1
4

√
λm

e−(1+o(1)) 2
√

2
3 `

3
2 λmm

−3

as m→∞. The last equality comes from(
1− (1 + o(1)) 2

√
2

3 `
3
2m−3

)λm
(2π)

1
2

√
λm (1− (1− `m−2)2)

1
4

=

√
m

(2π2`)
1
4

√
λm

e−(1+o(1)) 2
√

2
3 `

3
2 λmm

−3

as m→∞

since (6.2) implies

λmm
−3 ≥ m

2
p−3 > m2 m→∞−−−−→∞.

�
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Proof of Lemma 6.4. (6.5) is obtained by the definition. Since

km
λm

rm(s) = 1− 1 + s+O(m−1)

m2
as m→∞

by our assumption (6.4), we obtain

Fm(rm(s)) = Gm

(
km
λm

rm(s)

)
= Gm

(
1− 1 + s+O(m−1)

m2

)
= (1 + o(1))

√
me−(1+o(1)) 2

√
2

3 (1+s+O(m−1))
3
2 λmm

−3

(2π2(1 + s+O(m−1)))
1
4

√
λm

= (1 + o(1))

√
me−(1+o(1)) 2

√
2

3 (1+s)
3
2 λmm

−3

(2π2(1 + s))
1
4

√
λm

as m→∞. The last equality comes from

√
me−(1+o(1)) 2

√
2

3 (1+s+O(m−1))
3
2 λmm

−3

(2π2(1 + s+O(m−1)))
1
4

√
λm

=

√
me−(1+o(1)) 2

√
2

3 (1+s)
3
2 λmm

−3

(2π2(1 + s))
1
4

√
λm

as m→∞.

Furthermore, since rm+1(s) = rm
(
1 + s+O(m−1)

)
as m→∞,

γm+1 =
Fm(rm( 3

2 +O(m−1)))

Fm+1(rm+1(2−1))

= (1 + o(1))

( 3
2

5
2 +O(m−1)

) 1
4
√
λm+1

λm

1

1 + 1
m

× e−(1+o(1)) 2
√

2
3

{
( 5
2 +O(m−1))

3
2−( 3

2 )
3
2
λm+1
λm

( m
m+1 )3

}
λmm

−3

≤ e−(1+o(1)) 2
√

2
3

{
( 5
2 +O(m−1))

3
2−( 3

2 (1+o(1)))
3
2

}
λmm

−3

≤ e−(1+o(1))
√

2
√
θλmm

−3

,

where we use our assumption (6.3) and the mean value theorem such that x
3
2−y 3

2 =
3
2

√
θ(x− y) for 0 ≤ y ≤ θ ≤ x, holds. Hence, we have, by the above estimate,

γm+1 ≤ e−(1+o(1))
√

3λmm
−3

≤ e−λmm
−3

for sufficiently large m ∈ N.
Finally, we have by the definition of γm+1,

Fm(rm+1(s))

γm+1Fm+1(rm+1(s))
=

Fm(rm+1(s))

Fm(rm+1(2−1))
· Fm+1(rm+1(2−1))

Fm+1(rm+1(s))

=
Fm(rm(1 + s+O(m−1)))

Fm(rm( 3
2 +O(m−1)))

· Fm+1(rm+1(2−1))

Fm+1(rm+1(s))
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as m → ∞. When 0 ≤ s ≤ 1
4 , there exist constants C > 0 and θ satisfying

2 + s+O(m−1) ≤ θ ≤ 5
2 +O(m−1) such that

Fm(rm(1 + s+O(m−1)))

Fm(rm( 3
2 +O(m−1)))

≥ Ce(1+o(1))
√

2
√
θ( 1

2−s)λmm
−3

≥ Ce(1+o(1))
√

4+O(m−1)( 1
2−s)λmm

−3

.

Furthermore, there exists θ satisfying 1 + s ≤ θ ≤ 3
2 such that

Fm+1(rm+1(2−1))

Fm+1(rm+1(s))
≥ Ce−(1+o(1))

√
2
√
θ( 1

2−s)λm+1(m+1)−3

≥ Ce−(1+o(1))
√

3( 1
2−s)λmm

−3

by (6.3). There then exists µ > 0 such that

Fm(rm+1(s))

γm+1Fm+1(rm+1(s))
≥ Ce(1+o(1))(

√
4+O(m−1)−

√
3)( 1

2−s)λmm
−3

≥ Ce(1+o(1))

√
4+O(m−1)−

√
3

4 λmm
−3

≥ Ceµλmm
−3

for sufficiently large m ∈ N. Moreover, when s ∈ [ 3
4 , 1], there exist constants C > 0

and θ satisfying 5
2 +O(m−1) ≤ θ ≤ 2 + s+O(m−1) such that

Fm(rm(1 + s+O(m−1)))

Fm(rm( 3
2 +O(m−1)))

≤ Ce−(1+o(1))
√

2
√
θ(s− 1

2 )λmm
−3

≤ Ce−(1+o(1))
√

5+O(m−1)(s− 1
2 )λmm

−3

.

Furthermore, there exists θ satisfying 3
2 ≤ θ ≤ 1 + s such that

Fm+1(rm+1(2−1))

Fm+1(rm+1(s))
≤ Ce(1+o(1))

√
2
√
θ(s− 1

2 )λm+1(m+1)−3

≤ Ce(1+o(1))2(s− 1
2 )λmm

−3

by (6.3). There then exists µ > 0 such that

Fm(rm+1(s))

γm+1Fm+1(rm+1(s))
≤ Ce−(1+o(1))(

√
5+O(m−1)−2)(s− 1

2 )λmm
−3

≤ Ce−(1+o(1))

√
5+O(m−1)−2

4 λmm
−3

≤ Ce−µλmm
−3

for sufficiently large m ∈ N. �
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