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Abstract

One of the central topics in graph theory is to study substructures of graphs, such as paths
and cycles. Starting with the celebrated theorem of Karl Menger, a number of variants of
problems of finding disjoint paths in a graph have been studied from both theoretical and
practical interests. The k-disjoint paths problem is, given a graph and k pairs of vertices
of it, to find k disjoint paths that link the pairs in the graph. This problem is NP-hard
if k is part of the input. On the other hand, as a byproduct of the Graph Minor project,
Robertson and Seymour proved that for any fixed k there is a polynomial time algorithm
to solve it. This algorithm involves a huge constant and it remains a challenge to devise
a practical one. The case k = 2, however, admits a simple algorithm and its structural
characterization is obtained independently by Thomassen, Seymour and Shiloach in 1980:
In a 4-connected graph G, two pairs of vertices (s1,1), (S2,t2) are linked by two disjoint
paths of GG if and only if G cannot be drawn in a disc with s, s9, 1,3 on the boundary
in order.

The rooted subdivision problem is a natural generalization of the k-disjoint paths
problem. This problem asks internally disjoint paths in a graph that link given pairs
of vertices. As an extension of the “two-paths theorem”, we mainly focus on rooted
subdivisions with four branch vertices. Namely, for a fixed graph H with four vertices,
we consider the following problem: Given a graph G and an injective map from V(H) to
V(G), is there a subdivision of H in G with four branch vertices specified by the map?
Hence the case H = 2K5 (two copies of K3) corresponds to the 2-disjoint paths problem.

In this dissertation, for any fixed H with four vertices, we give a complete struc-
tural characterization of 6-connected graphs GG with no such subdivision of H. Roughly
speaking, such graphs GG can be decomposed into a planar graph and some local areas of
non-planarity, giving us a glimpse of an extension of the two-paths theorem. As a corol-
lary, we prove that every 7-connected graph contains a subdivision of K, with prescribed
branch vertices. This generalizes a result of McCarty, Wang and Yu, who proved that
every 7-connected graph is 4-ordered. We also prove that every triangle-free 6-connected
graph contains a subdivision of K, with prescribed branch vertices. This solves a special
case of a conjecture of Mader.

We also consider a relaxed version of the above problem for H = K, , where K, is
the graph obtained from K, by removing one edge: Given a graph GG and a subset Z of
V(G) of size 4, is there a subdivision of K, in G with the four branch vertices in Z7 In
this problem there is no requirement about which vertex of Z works as which vertex of
K, . We characterize 3-connected graphs G' with no such subdivision of K, . The proof
is based on Mader’s S-paths theorem.
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Chapter 1

Introduction

1.1 Background

Finding disjoint paths in a graph is one of the classical problems in graph theory. In its
simplest form, the problem is to find maximum internally vertex-disjoint paths between
given two vertices in a graph. In 1927, Karl Menger [46] gave a celebrated theorem that
offers a min-max formula for this problem: The maximum number of internally vertex-
disjoint paths between a pair of vertices equals the minimum size of a vertex-cut that
separates them. This theorem laid the foundations for research on paths in graphs, and
also makes the notion of connectivity a central topic in graph theory. A graph of order
at least k 4+ 1 is called k-connected if there is no set of £ — 1 vertices whose removal
disconnects the graph. Thus, by Menger’s theorem, a graph is k-connected if and only if
any two vertices are connected by at least £ internally disjoint paths.

There is an edge-disjoint variant of Menger’s theorem. This result can be viewed as a
special case of the famous max-flow and min-cut theorem given by Ford and Fulkerson [9]
in 1956: In a network, the maximum amount of flow between given two vertices equals
the minimum capacity of edge-cuts separating them. Network flow problems are central
problems in operations research and computer science, arising in applications such as the
transportation and transshipment problems.

The work of Menger and Ford and Fulkerson leads to a more general framework
of the multi-commodity flow problem. This problem is, given several pairs of sources
and sinks in a communication or transportation network, to transmit several goods or
messages between the pairs simultaneously. One special case is a situation that requires
multi-commodity flows of integer value, which leads to another important problem in
structural graph theory, called the k-disjoint paths problem.

Mathematically, the k-disjoint problem asks the existence of k disjoint paths in a graph
that link given k pairs of distinct vertices (s1,t1), ..., (Sk, tx), respectively. In 1980s, this
problem has been intensively studied because of its applications to the design of very
large-scale integrated (VLSI) circuits. Although the algorithmic problem is NP-hard in
general, the case k = 2 turned out to be tractable because of its structural characterization
via planarity. Since the 2-disjoint paths problem specifies four “terminals” in a graph,
it is natural to extend it to a problem of finding internally disjoint paths with ends in a



CHAPTER 1. INTRODUCTION 6

S1 52

tz tl

Figure 1.1: A graph embedded in a disc with four vertices si, o, 1, on the boundary
in order.

specified set of four vertices. This is called the rooted subdivision problem on four vertices,
with which we shall be concerned throughout the dissertation. For this problem, several
structural results, most of which are related to connectivity of graphs, are known. We
explain these details below.

k-Disjoint paths. A formal description of the k-disjoint paths problem is as follows:

(k-Disjoint paths problem)
Instance: A graph G and 2k vertices sy, ..., Sg,t1,...,tx of G.

Question: Are there k disjoint paths of G with ends s;,¢; for 1 < i < k,
respectively?

In general, the algorithmic problem is NP-hard [22] if % is part of the input of the
problem. In fact, the problem is NP-hard even if the graph is restricted to be planar [38].
On the other hand, Robertson and Seymour [50] proved that for any fixed k there is a
polynomial time algorithm to solve the problem. This is certainly one of the deepest
results in algorithmic graph theory. Indeed, the correctness of the algorithm needs the
full strength of the seminal work of their Graph Minor project in a series of over 20
long papers. The algorithm runs in O(|V(G)|?) time, but we should note that it is not
practical since it involves a huge constant. Later, the time complexity was improved to
O(|V(G)|?) by Kawarabayashi, Kobayashi and Reed [26], though it remains impractical.

The two-paths theorem. For the case k = 2, the problem is more tractable. Consider,
for example, a graph G drawn in a disc so that no two edges meet in a point other than
a common end, and that four distinct vertices si, $o,%1,t2 occur on the boundary in this
order listed. See Figure 1.1 for intuition. As easily checked (formally by the Jordan curve
theorem), if P; is a path of G with ends s;,t; for ¢ = 1,2, then these two paths P, and P,
must have a common vertex by the planarity of G. Hence G contains no two disjoint paths
with ends s1ty, sot, respectively. Thomassen [60], Seymour [55] and Shiloach [56] proved
that the converse holds, which gives a structural characterization for two disjoint paths:
In a 4-connected graph G, two pairs of vertices (s1,11), (S2,t2) are linked by two disjoint
paths of GG if and only if G cannot be drawn in a disc with s, s9, 1, on the boundary
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in order. This result is often called the “two-paths theorem” in the literature. From this
one can derive a simple and practical polynomial time algorithm for the 2-disjoint paths
problem.

Rooted subdivisions. The notion of k-linkage is naturally generalized to “rooted sub-
divisions” of a graph. For a fixed graph H, we consider the following problem:

(Rooted H-subdivision problem)
Instance: A graph G and an injective map ¢ : V(H) — V(G).
Question: Is there a map 7 from E(H) to the set of paths of G such that

e for every edge e = xy of H, the path n(e) has ends ¢(x), p(y), and
e the paths n(e) (e € E(H)) are internally disjoint?

A subdivision of a graph H is a graph obtained from H by replacing each edge uv of
H with a path between v and v. One can see that the graph consisting of the union of the
paths n(e) (e € E(H)) is nothing but a subdivision of H in G with the branch vertices
specified by the map . Note that the case H = kK, (k copies of Kj3) corresponds to the
k-disjoint paths problem. Conversely, the rooted H-subdivision problem can be reduced
to the | E(H)|-disjoint paths problem. By the work of Robertson and Seymour again, for
any fixed graph H there is a polynomial time (but impractical) algorithm for the rooted
H-subdivision problem.

Connectivity for linkage. For a fixed graph H, we say that a graph G is H-linked if it
has a feasible solution 7 for any ¢ in the rooted H-subdivision problem. More precisely, a
graph G is called H-linked if for any injective map ¢ : V(H) — V(QG) there is a collection
{P.}ecr(m) of internally disjoint paths of G such that P, has ends o(z), p(y) for every
edge e = xy of H. This includes several kinds of notions of connectivity, such as being
k-connected (H = K;y), k-ordered (H = C}) and k-linked (H = kK3).

Clearly, every k-linked graph is k-connected. The converse is not true. However, an
approximate version is known to hold: There is a function f : N — N such that every
f(k)-connected graph is k-linked, and moreover, f can be chosen to be linear in k, as
explained below. From the existence of f we deduce that sufficiently highly connected
graphs are H-linked. More precisely, f(|E(H)|)-connected graphs are |E(H )|-linked, and
so H-linked.

The existence of f was first noticed by Jung [21] and Larman and Mani [34]. Their
crucial observation is that the existence of a subdivision of K3, in a 2k-connected graph
G ensures that G is k-linked. This, together with an earlier result of Mader [42] that
sufficiently high average degree forces a subdivision of a large complete graph, showed
the existence of f.

Although the function f(k) found by them was exponential in k, the upper bound has
been dramatically improved. Robertson and Seymour [50] proved that the existence of a
minor of K3, and 2k-connectivity suffice for a graph to be k-linked. Indeed, this observa-
tion played an important role in their algorithm for the k-disjoint paths problem. This,
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Figure 1.2: Graphs with four vertices.

together with the bound on the extremal function of complete minors by Kostochka [32]
and Thomason [59], led to that f(k) = O(k+/logk). Later, Bollobds and Thomason [3]
showed that the existence of a minor of a sufficiently dense graph, instead of K3y, suffices
in the assumption, and consequently, achieved the first linear bound f(k) < 22k. By
a different approach from these results, Thomas and Wollan [57] proved that every 2k-
connected graph of average degree at least 10k is k-linked. This implies that f(k) < 10k,
which is the current best known bound. They also proved in [58] that f(3) < 10. The
only known exact bound is f(2) = 6, which can be obtained from the two-paths theorem.

Rooted subdivisions on four vertices. For a graph H, let g(H) denote the smallest
positive integer which ensures that every g(H)-connected graph is H-linked. From the
result of Thomas and Wollan, we know a general linear bound g(H) < f(|E(H)|) <
10|E(H)|. One might be interested in the following questions:

e What is a structural characterization of H-linked graphs?
e If this is hard to answer, then what is the exact value of g(H)?

Although both these questions are difficult in general, the case H = 2K, is completely
settled by the two-paths theorem: 2Ks-Linked (i.e., 2-linked) graphs are characterized by
planarity and g(2K5) = 6. This provokes a natural question: What about a graph H with
four vertices that contains 2K, as a subgraph? See Figure 1.2. Let Py, Cy, Ky, KZ_ and
K denote the path of length 3, the cycle of length 4, the complete graph on four vertices,
the graph obtained from K, by deleting two adjacent edges and the graph obtained from
K, by deleting one edge, respectively. We summarize known results in Table 1.1, which
will be explained below.

One step ahead of 2-linkage is P,-linkage. By definition, a graph is P;-linked if and only
if for any four distinct vertices of the graph there is a path that contains those vertices in
the order specified. Yu [63, 64, 65] gave a complete characterization of Py-linked graphs.
The non- Py-linked graphs are not so far from the “boundary-planar graphs” that appear
in the two-paths theorem, but are already too complicated to describe precisely here.
Based on the result of Yu, it was proved by Ellingham et al. [7] that every 7-connected
graph is Py-linked. They also proved in [7] that this bound on the connectivity is sharp,
by constructing a 6-connected graph which is not Ps-linked. Thus g(Py) = 7.

Although Pj-linked graphs are characterized by Yu, it seems far-reaching at this mo-
ment to give an exact characterization of H-linked graphs for H € {Cy, Ki~, K, K,}.
The only known results are about planar graphs. Goddard [10] proved that 4-connected
triangulation of the plane is 4-ordered, i.e., Cy-linked. This result was extended to tri-
angulations of all surfaces by Mukae and Ozeki [47]. Goddard’s result was strengthened
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Table 1.1: Structural results about H-linked graphs for graphs H with four vertices.

H Structural characterizations g(H)
General (The two-paths theorem)
2K, 6
[55, 56, 61]

Py General [63, 64, 65] 7 (7]
Plane triangulations [10]

Cy 7 [45]
Surface triangulations [47]

K 7 [36]

K Plane triangulations [7] < 50 [57]

K, 4-Connected planar graphs [62] < 60 [57]

by Ellingham et al. [7], who proved that 4-connected triangulations of the plane are K -
linked. As far as we are aware, the only partial structural result for rooted subdivisions
of Ky is given by Yu [62], who characterized 4-connected planar Ky-linked graphs.

As for the exact values of g(H), a noteworthy contribution was recently given by
McCarty, Wang and Yu [45], who proved that 7-connected graphs are 4-ordered. This,
together with g(P,) = 7, implies that g(Cy) = 7, and so significantly improves the known
bound ¢(Cy) < 40. Based on a similar technique used in [45] it was shown in [36] that
7-connected graphs are K> -linked. Thus g(K2~) = 7. The bounds g(K;) < 50 and
g(K4) < 60 seem the best at the present moment.

Relevance to coloring-conjectures. The study on rooted subdivisions on four ver-
tices is motivated not only by extensions of the two-paths theorem, but also by the
coloring-conjecture of Hajos. One of the most famous theorems in graph theory is the
Four Color Theorem [1, 2], which states that every planar graph is 4-colorable. As is
well-known as Kuratowski’s theorem, a graph is planar if and only if it contains no sub-
division of K5 or K33 as a subgraph. In 1940s, Hajés made a conjecture that generalizes
the Four Color Theorem in terms of forbidden graphs: Every graph with no subdivision
of K, is (t — 1)-colorable. This conjecture can be viewed as a variant of the famous
conjecture of Hadwiger [11] which states that every graph with no minor of K; is (¢t — 1)-
colorable. Hajés’ conjecture is true for ¢ < 4. The case t > 7, however, was disproved by
Catlin [5]. In fact, Erdés and Fajtlowicz [8] proved that the conjecture fails for almost
all graphs. Thomassen [61] exhibited many reasons why Hajés’ conjecture can fail in
general. Nevertheless, the case t = 5,6 remains open.

One approach to the case t = 5 is to reduce the conjecture to the Four Color Theorem.
Let us call a minimum counterexample to Hajos” conjecture for t = 5 a Hajos graph. The
goal is to show that every Hajos graph is planar. It is known that Hajés graphs are
4-connected [66]. In 1970s, Kelmans [31] and Seymour independently conjectured that
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every H-connected non-planar graph contains a subdivision of Kj. This conjecture was
recently proved by He, Wang and Yu [14, 15, 16, 17] with papers over 150 pages in total:
See also [28, 40, 41]. This implies that if there exists a non-planar Hajos graph G, it is
not 5-connected. Thus G admits a vertex-cut S of size 4 whose removal results in at least
two connected components C1, ..., Cy. If, for example, the subgraph of G induced by S
and a component C; contains a subdivision of K, with the four branch vertices in S, then
one can easily extend it to a subdivision of K5 in the whole graph G, a contradiction.
Similarly, other subdivisions rooted at S may also be used to construct a subdivision of
K5. Therefore, structural characterizations for the rooted subdivision problem on four
vertices are a first step towards resolving the long-standing conjecture of Hajds.

1.2 Contribution

The two-paths theorem forms the basis for research on rooted subdivisions with pre-
scribed four vertices. The objective of this dissertation is to push forward with it in this
direction further. Our ultimate goal would be to give an explicit description of structural
characterizations for rooted subdivisions on four vertices. As noted above, however, for
any graph H € {Cy, Ki ", K, ,K,} it seems difficult to determine all the structures of
non- H-linked graphs. Therefore, we set up a moderate goal.

First contribution. The first contribution in this dissertation is to determine the
structures of 6-connected non-H-linked graphs for every H € {P,,Cy, Ki~, K;, K,}.
Roughly speaking, such a graph can be decomposed into a planar graph L and “local
areas of non-planarity” that surround the “boundary” of L. We give a formal description
in Section 3.1. In the theorem, one can catch a glimpse of an extension of the two-paths
theorem and Yu’s characterization of Pj-linked graphs.

This structural result leads to several corollaries. First one can show that graphs
having such structures must contain a cut of size at most 6. This implies that every
7-connected graph is K -linked. This generalizes the results of [45, 36] that 7-connected
graphs are 4-ordered and K™ -linked. By the result of Thomas and Wollan, it was known
that 60-connected graphs are Ky-linked. Our result significantly improves this known
bound on the connectivity. Combined with the bound g(P;) > 7 shown by [7], our result
implies that g(H) = 7 for every graph H € {P,,Cy, K, K, , K4}. We add in our results
to Table 1.2.

Next one can see that graphs having such structures must contain many small dense
subgraphs, especially, triangles. This implies that every 6-connected triangle-free graph
is K4-linked. This solves a special case of a conjecture of Mader, as explained below.
The girth of a graph is the minimum length of cycles in the graph. By the result of
Thomas and Wollan, we observe that 2(’2‘)—connected graphs of average degree at least
10(;‘) are (g)—linked, and so K,-linked. Mader [44] proved the following, which says that
the condition on average degree can be replaced by a condition that requires sufficiently
large girth:

Every 2(3)—Connected graph of sufficiently large girth is K,-linked.
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Table 1.2: Structural results about H-linked graphs for graphs H with four vertices,
including our results.

H Structural characterizations g(H)
General (The two-paths theorem)
2K, 6
(55, 56, 61]
P, General [63, 64, 65] 7 (7]

Plane triangulations [10]
Cy Surface triangulations [47] 7 [45]
6-Connected graphs [this work]

K}~ 6-Connected graphs [this work] 7 [36]

Plane triangulations [7] .
K, 7 [this work]
6-Connected graphs [this work]

4-Connected planar graphs (62
K, P graphs (62 7 [this work]

6-Connected graphs [this work]

In fact, Kithn and Osthus [33] proved that the condition girth > 250 is sufficient in this
theorem. Can we weaken the connectivity in the assumptions? As pointed out in [44], it
is easily seen that for all n > 2 there are ((g) — 1)-connected graphs of sufficiently large
girth which are not K,,-linked. Mader conjectured that this bound on the connectivity
could be tight:

(?) Every ()-connected graph of sufficiently large girth is K,-linked. (?)

The conjecture is true for n = 3 but open for n > 4. Our result solves this conjecture for
n = 4, even for graphs of girth > 4.

Our proof traces the method of the recent paper of McCarty, Wang and Yu [45], who
proved that 7-connected graphs are 4-ordered. The details on how our proof is inspired by
their paper are given in Section 3.2.1. The proof of our theorems is constructive, mainly
based on Menger’s theorem and the two-paths theorem. This can be used to devise an
implementable algorithm to solve the rooted K,-subdivision problem say, if a given graph
G is 6-connected.

The first contribution is based on [12].

Second contribution. As noted before, our work is also motivated by the coloring-
conjecture of Hajés. Unfortunately, our assumption of 6-connectivity in the first contribu-
tion is too strong to apply to the conjecture directly. It would be desirable to proceed with
the work to seek a complete characterization for graphs of smaller connectivity. However,
this seems an arduous task. We slightly change a direction here and consider a relaxed
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variant of the problem. The classical problem of finding disjoint paths between two sets
of vertices, which is completely characterized by Menger’s theorem, can be viewed as a
relaxed version of the k-disjoint paths problem that permits permutations on terminals.
In analogy to this, we consider the following relaxed version of the rooted H-subdivision
problem for a fixed graph H:

(Relaxed rooted H-subdivision problem)
Instance: A graph G and a subset Z of V(G) with |Z| = |V (H)].

Question: Are there an injective map ¢ : V(H) — Z and a map 7 from E(H)
to the set of paths of G such that

e for every edge e = xy of H, the path n(e) has ends ¢(x), p(y), and
e the paths n(e) (e € E(H)) are internally disjoint?

In the problem we only specify the set Z of possible branch vertices of a subdivision of
H, and do not care which vertex in Z works as which vertex of H. If H is a cycle, for
instance, the problem is equivalent to asking a cycle of G containing all the vertices in 7,
without regard to the order. Starting with the classical result of Dirac [6], cycles through
prescribed vertices (or prescribed edges) have been widely studied [4, 18, 19, 20, 24, 25,
37].

Again we focus on the case H has exactly four vertices. The relaxed problem for
the case |V(H)| = 4 is also a natural setting for Hajds’ conjecture. If H = K, then
the relaxed problem has no difference from the original rooted Kj4-subdivision problem
because of its symmetry. So we mainly consider the case H = K .

The second contribution in this dissertation is to determine the structures of 3-
connected graphs G with no such relaxed rooted K, -subdivision. Roughly speaking,
such a graph G admits a “decomposition” that separates the four specified terminals into
a few smaller subsets. As we expected, the decomposition of G can be written as a hy-
pergraph in flavor of combinatorics, without any topological condition, such as planarity.
This is an interesting difference from the result in the first contribution. An overview is
given in Section 4.1.

The second contribution is based on [13].

Organaization. The remaining of the dissertation is organized as follows. In Chapter 2,
we collect notation, terminology and theorems that we use throughout the dissertation. In
Chapter 3 and Chapter 4, we deal with the first contribution and the second contribution,
respectively. In Chapter 5, we give a concluding summary of our work.



Chapter 2

Preliminaries

In this chapter, we collect notation and terminology that we use throughout the disser-
tation. We also introduce Perfect’s lemma, which allows us “paths-augmentation”. This
method plays an important role in the dissertation.

2.1 Notation and terminologies

All graphs in this dissertation are finite, undirected and without loops. By a graph we
always mean a simple graph.

Let G be a graph. We let V(G) and E(G) to denote its vertex set and edge set,
respectively. For a subset X of V/(G) or E(G), let G\ X denote the graph obtained from
G by deleting X. If X = {z} is a singleton, we simply write G \ . For X C V(G),
let G|X denote the subgraph of G induced by X, ie., G|X =G\ (V(G) — X). For two
vertices u, v, let G +wuv to denote the (simple) graph obtained from G by adding an edge
wv. For a vertex v of G, we let deg,(v) denote the degree of v in G.

For subgraphs of H,J of G, let H U J denote the subgraph of G with vertex set
V(H)UV(J) and edge set E(H) U E(J). Define H N J similarly. Subgraphs H and J
are disjoint if H N J is null, and edge-disjoint if E(H N J) = (. A pair (A, B) of subsets
of V(G) is called a separation of G if (G|A) U (G|B) = G; equivalently, AU B = V(G)
and every edge of G has ends both in A or B. It is called a k-separation if |A N B| = k,
and a (< k)-separation if |A N B| < k.

Paths and cycles have no repeated vertices or edges. For subsets S,7° C V(G) of a
graph G, by an S —T path we mean a path with one end in S, the other end in 7', and no
internal vertex in SUT. Paths are called internally disjoint if they are mutually disjoint
except for their ends. For a subset A of V(G) U E(G), we say that G is A-cyclic if there
is a cycle in GG that contains all the elements of A, and A-acyclic otherwise. A vertex
subset S C V(G) is called stable if no edge has both ends in S. Two graphs G, H are
called homeomorphic if there is a graph which is isomorphic to a subdivision of G and
isomorphic to a subdivision of H. We say that two subsets X, Y C V(G) are adjacent in
G if X NY = () and some vertex of X is adjacent to some vertex of Y in G. f Y = {v}
is a singleton, we often say that X and v are adjacent. We let Ng(X) denote the set of
vertices adjacent to X in G. If X = {v} is a singleton, we write Ng(v) = Ng({v}).

13
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For a tree T and two vertices u,v of T, let T[u,v] denote the (unique) path of T
between u and v. Let T'[u, v), T(u,v] and T'(u,v) denote the graphs obtained from 7'[u, v]
by deleting {v}, {u} and {u, v}, respectively, which may be null. Let P be a path. We let
end(P) denote the set of vertices of smallest degree of P. Define int(P) := V(P)—end(P).

2.2 Augmenting paths by Perfect’s lemma

We will use the following matroidal properties of (internally) disjoint paths. The following
two results are essentially due to Perfect [48].

Lemma 2.2.1 ([48]). Let G be a graph and let S, T C V(G). Let k > k' > 0 be integers,
and let 8" C S, T" C T with |S"| = |T'| = k'. Suppose that there are k' disjoint S — T
paths of G covering S"UT". If there are k disjoint S —T paths of G, then one can choose
such paths with S" UT" covered.

Lemma 2.2.2 ([48]). Let G be a graph, let S C V(G) and v be a vertex not in S. Let
k> K >0 be integers, and let S" C S with |S’| = k'. Suppose that there are k' paths
of G from v to S, mutually disjoint except for v, all with no internal vertex in S, and
covering S'. If there are k paths of G from v to S, mutually disjoint except for v, all with
no internal vertex in S, then one can choose such paths with S’ covered.

We will use these lemmas to “augment” subgraphs in a graph. Let G be a graph, let
H be a subgraph of G, and let v be a vertex of G, not in V/(H). Suppose that there are k
internally disjoint {v} — V(H) paths P, ..., Py of G; so, some of these paths may have a
common end in V(H). For the subgraph J := HUP, U---U P, of G, we consider “paths
augmentation” from v as follows. Now suppose, for example, that:

(*) There is no (< k)-separation (A, B) of G such that v e A— B and V(H) C B.

Then it is an immediate consequence of Perfect’s lemma that there are k + 1 internally
disjoint {v} — V(H) paths Q1,...,Qks1 of G such that @; has the same ends as P; for
1 < i<k, and Q1 has an end in V(H) which was not covered by any of Py, ..., F.
Note that H Uy U - - - U @k is homeomorphic to J. By abuse of notation, we will often
use the same symbol P, ..., P, to denote @1, ...,Q%. Thus, as far as homeomorphisms
of J are concerned, we may assume that there is a path @) = Q%1 of G with one end
v, the other end in V(J) = V(P,U---U P), and no internal vertex in J. We call @ a
path of G obtained by augmenting P, ..., P, from v in J, or simply, an augmented path
from v in J, as long as the paths Py, ..., P, of J are clear from the context. Throughout
the dissertation, we will frequently make a recourse to this augmentation method, under
assumptions of connectivity, such as (k).



Chapter 3

Linking four vertices in 6-connected
graphs

3.1 Formal description of main theorem

To state the main result precisely, we need some definitions. Let G be a graph. A tuple
(Ay,..., Ag) of subsets of V(G) is called a path-decomposition of G if A,U---UA, = V(G),
every edge of G' has both ends in some A;, and A; N Ay C A; whenever i < j < k.
Let v, vs,v3,v4 be distinct vertices of GG. See Figure 3.1. By a Kf_—subdivision on
(v1;v9,v3;04) in G we mean a subgraph of G consisting of the union of four internally
disjoint paths of G with ends vyvq, v1v3, V1v4, Vovs, Tespectively. By a K -subdivision on
(v1,v9;v3,v4) in G we mean a subgraph of G consisting of the union of five internally
disjoint paths of G' with ends vyvs, v1v3, V104, VoU3, Vo4, Tespectively.

Definition 3.1.1 (discoid graph). Let G be a graph and vy, ve, v3,v4 be distinct vertices
of G. A tuple (L, Hy, Hy, H3, Hy) of edge-disjoint subgraphs L, Hy, Hy, Hy, Hy of G is
called a discoid decomposition of G for (vy,vq, v3,vy) if it satisfies the following:

e (G can be written as G = LU H; U Hy U H3 U Hy;

® vy,v9,v3,04 € V(L), H N Hs and Hy N Hy are null and V(H; N Hj1) = {vj41} for
1 < j <4, where indices are read modulo 4;

e for some labelings V(L N H;) — {v;,v;11} = {b), ... ,b,ij} (1 <j < 4), the graph L
can be drawn in a disc with vy, by, ..., by, v2, 07, ..., 07, vs, 03, ... b} va, b7, ... by,
on the boundary in this order listed;

e for cach 1 < j < 4, if k; > 2 then there is a path-decomposition (A7, ... ,Aij) of

H; such that
—~ vj_.,b{ € Al - A and v, by, € A — A,
— b e Al - A UAL, forl<i<kjand
— JAIN AL | =2for 1 <i<k;

We say that G is discoid for (vy,vs, v, v4) if G has a discoid decomposition for (v, ve, v3, vy4).

See Figure 3.2 for an illustration of a discoid graph. The structure of the graph L is
nothing but an obstruction for 2-linked graphs. Indeed, there are no two disjoint paths

15
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V4 U1 V4 VU1

A

U3 V2 V2 U3

Figure 3.1: A K> -subdivision on (vi;vs,vs;vs) (left) and a K -subdivision on
(v1, v9; v3,v4) (right).

H,

L (planar)
@ b% ,

H4 H2
V4 U3

I

Figure 3.2: A discoid graph for (v, ve, v3,v4).

of L with ends vyv3, vavy, respectively, because L can be drawn in a disc with vy, vs, v3, v4
on the boundary in order. Furthermore, as easily checked, for 1 < 57 < 4 the graph
L U H; contains no path through v;i9,v;,vj41,v;—1 in order. The structure of L U H;
is a canonical obstruction for Pj-linked graphs, as seen in the result of Yu [63, 64, 65].
Similarly, one easily sees that the graph LU H;U H3 contains no cycle through vy, vg, vy, v3
in order; the graph L U H; U H; contains no K -subdivision on (vy;v1,vs; vy); the graph
LU Hy U Hy U Hy contains no K -subdivision on (vq, va;vs3,v4); the discoid graph G =
L U Hy U Hy U H3 U Hy contains no subdivision of Ky with vy, vs, v3,v4 branch vertices.
Our main result is the following, which says that the obstructions are all described by
such discoid decompositions if G is 6-connected. In the theorem, one can catch a glimpse
of an extension of the two-paths theorem that characterizes 2-linked graphs.

Theorem 3.1.2. Let G be a graph and vi,vs,v3,v4 be distinct vertices of G. If G is
6-connected, then all of the following statements hold.
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(1) Fither G contains a path through vi,ve,vs, vy in this order listed, or there is a
discoid decomposition (L, Hy, Hy, Hs, Hy) of G for (ve, v3,v1,v4) such that E(Hy) =
E(Hy) = E(Hy) = 0.

(2) Either G contains a cycle through vy,vs,v3,v4 in this order listed, or there is a
discoid decomposition (L, Hy, Hy, H3, Hy) of G for (vq,ve,v4,v3) or (vq,v4, Vg, v3)
such that E(Hy) = E(H,) = ().

(3) Either G contains a K3~ -subdivision on (va;v1,v3;v4), or there is a discoid decom-
position (L, Hy, Hy, H3, Hy) of G for (v1,ve,v3,v4) such that E(Hs) = E(Hy) = 0.

(4) Either G contains a K -subdivision on (vy,ve;vs,vs), or there is a discoid de-
composition (L, Hy, Hy, H3, Hy) of G for (vy,ve,vs,v4) or (v1,vs,v4,v3) such that
E(H;) = 0.

(5) FEither G contains a subdivision of Ky with vy, ve,vs,vs branch vertices, or G is
discoid for (vi,, vi,, iy, V3,) for some ordering {v;,, viy, Vig, Vi, } = {v1, V9, v3, V4 }.

Theorem 3.1.2 leads to several corollaries. First one can show that discoid graphs
cannot be 7-connected, which yields the following.

Theorem 3.1.3. Every T-connected graph contains a subdivision of K, with prescribed
branch vertices.

As noted in Section 1.2, this generalizes the results of [45, 36] that 7-connected graphs
are 4-ordered and K} -linked.

Next one can show that 6-connected discoid graphs have many small dense subgraphs,
especially, triangles. This yields the following.

Theorem 3.1.4. Every 6-connected triangle-free graph contains a subdivision of K, with
prescribed branch vertices.

As noted in Section 1.2, this solves the case n = 4 of a conjecture of Mader: Every
(g) -connected graph with sufficiently large girth is K,-linked.
An outline of the proof of our results, Theorems 3.1.2, 3.1.3 and 3.1.4, including the

whole structure of Chapter 3, is given in Section 3.2.

Remark 3.1.5. We remark that a 6-connected discoid graph exists. Indeed, the 6-
connected non-Py-linked graph constructed in [7] (see Figure 3.3) is discoid. To see
this, consider a graph G which admits a discoid decomposition (L, Hy, Hy, Hs, Hy) for
(v1,v2,v3,v4) that satisfies the following: E(H;) = 0 and V(H;) = {vj,vj41} for 2 <
j < 4; the path-decomposition (Aj,..., A} ) of H; satisfies that [A}]| = |4} | = 4,
|Aj| = |A;, 1| = 3 and |Aj| =5 for 3 < i < ky — 2; each part A} induces a clique of G
and contains no other “inner vertex”, i.e., Aj — Aj = {vy, b1}, Ay, — Ay = {v2, b, } and
Al — AL UAL = {b}} for 1 <i < k. By choosing a well-connected near-triangulation
L, one can construct a 6-connected graph G = L U Hy U Hy, U H3 U Hy. Note that G
contains no path through vs, vy, ve, v4 in order. See [7, Section 4.A] for an example of the
construction of L.

Remark 3.1.6. One may impose other several conditions on a discoid decomposition of
a 6-connected graph G by its connectivity: The size k; = |V(LNH;) —{v;,v;j1+1}| satisfies
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Figure 3.3: A 6-connected graph constructed in [7] that contains no path through
V3, V1, Vg, Uy in order.

either k; = 0 or k; > 4; each part A{ has no other “inner” vertices, i.e., A — A} = {v;, b1,
Aij — Airl = {vj1, bij} and A} — A7 U Al = {b/} for 1 <i < kj; it must hold that
|A)| = |AZ:]__1\ = 3; one can choose L to be a 2-connected planar graph having an outer
cycle that contains all the vertices in V(L) N V(H; U Hy U H3 U Hy), etc. However,
for simplicity we adopt Definition 3.1.1 that only requires the most essential condition
that each H; admits a path-decomposition. We also expect its smooth connection to
descriptions of possible decompositions for graphs GG of smaller connectivity in our future
work.

3.2 Definitions and outline of proof

The most of the chapter is devoted to proving Theorem 3.1.2 (5). The nontrivial part is
that if a 6-connected graph contains no subdivision of K4 on prescribed four vertices then
the graph admits a discoid decomposition as in Theorem 3.1.2 (5). We first give rough
ideas derived from the paper of [45] and then describe more details of our proof.

3.2.1 Rough ideas

Before describing the outline of the proof, we first explain how our proof is inspired by
the recent paper of McCarty, Wang and Yu [45]. They showed that every 7-connected
graph G is 4-ordered. Let vy, vs9,v3,v4 be vertices of G. They first showed that if G
contains no cycle through vy, v, v3, v4 in this order specified, then GG contains a subgraph
J homeomorphic to the graph as in Figure 3.4 (or the graph in Figure 3.4 with vy, vy
interchanged). The subgraph J is called a “skeleton” in [45], and its construction is based
on Menger’s theorem. The subgraph J is extremal in GG in a sense that J itself contains no
cycle through vy, vs, v3,v4 in order, but a “bold jump” of a path P of G makes the graph
JU P immediately contain such a cycle. Thus, every component of G\ V'(.J) is adjacent to
a local part of J, respectively. This leads the whole graph G to have a structure similar to
J. More precisely, G' contains a cycle C} containing vy, vy and a cycle Cy containing vs, vy,
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V3 V4

Figure 3.4: A graph used in the proof in [45].

mutually disjoint, such that H := G \ V(C; U Cy) is a 3-connected planar graph whose
outer cycle contains four distinct vertices which are neighbors of vy, ..., vy, respectively.
This part of the proof is based on the two-paths theorem. Finally, by a discharging
method applied to the planar graph H, they showed that G contains a (< 6)-cut or a
cycle through vy, vs,v3,v4 in order. Since G is 7-connected, one obtains the latter, as
required.

Our proof is similar to their proof. Suppose that G contains no K4-subdivision with
v1, Ug, U3, U4 branch vertices. By Menger’s theorem, we first construct a “skeleton”, which
is a subgraph of G homeomorphic to the graph in the right of Figure 3.5 (or the graph
in the figure with vy, v, v3, vy permuted). This subgraph is extremal in G in a sense
that it contains no Ky-subdivision with vy, vs, v3,v4 branch vertices, but a “bold jump”
added to it immediately results in such a subdivision of K,. Thus, the whole graph G
has a structure not so far from it. This part of the proof is also based on the two-paths
theorem. Finally, we investigate each local part of G carefully, and conclude that G has
a discoid decomposition. We give more details below.

3.2.2 Outline of proof

Let us now describe the details of our proof. Let G be a graph. For distinct four vertices
v1, Vg, U3, 04 Of G, a bicycle J on (v1,vs,v3,v4) in G is a subgraph C'U C” of G consisting
of the union of two cycles C, C’ both containing vy, va, v3, v4 in this order listed, mutually
disjoint except for {vy, v, v3,v4}; see Figure 3.5 (left) for an illustration of a bicycle. Let
Z C V(G) with |Z| = 4. By a bicycle J on Z we mean a bicycle on (v, vq, v3,v4) for
some ordering Z = {wvy, v, v3,v4}. A cycle of J containing exactly two vertices of Z is
called a tire of J; there are exactly four distinct tires of J. The interior of a tire C' of
J is the graph C'\ Z. By a Kj-subdivision on Z we mean a subdivision of K, with the
four branch vertices in Z.

The following lemma says that a bicycle on Z is useful for constructing a K4-subdivision
on Z. For a subgraph H of a graph G, by shrinking H in G we mean deleting V (H) and
adding a new vertex and edges from it to all the vertices in Ng(V (H)).

Lemma 3.2.1. Let G be a graph and vy, v, v3,v4 be distinct vertices of G. Suppose that
there is a bicycle on (v1,v2,v3,v4) in G. Let G' be a graph obtained from G by shrinking
the interior of each tire of the bicycle into a single vertex, respectively. If there are two
disjoint paths of G' with ends viv3, vovy, Tespectively, then there is a Ky-subdivision on

{v1,..., 04} in G.

Proof. Let Z := {vy,...,v4}. Let J be a bicycle on (v1,vq,v3,v4) in G. Let C; denote
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V1 V2 V1 V2

V4 V3 V4 U3

Figure 3.5: A bicycle on (v, vq, v3,v4) (left) and a skeleton on (vy, vg, v3,v4) (right).

the tire of J with v;,v;41 € V(C;) for 1 < i < 4, where indices are read modulo 4. Let G’
be a graph obtained from G by shrinking each C; \ {v;, v;11} into a single vertex, which
we will denote by ¢; for 1 < i < 4. Since C; \ {v;, v;41} is non-null, ¢; is adjacent to v;
and v;11 in G’ for 1 < ¢ < 4. Suppose that there are two disjoint paths of G’ with ends
V103, Uay, Tespectively. Then there are two disjoint paths of G’ such that one is a path
from {vy, ¢1, ¢4} to {vs, ca, 3} and the other is a path from {vq, ¢1, co} to {vy, c3, ¢4}, both
with no internal vertex in Z U {¢y, o, ¢3,¢4}. This implies that there are two disjoint
paths P, of G such that:

e P is a path from V(C, U Cy) — {va,v4} to V(Cy U C5) — {va,v4} and @ is a path
from V(Cy U Cy) — {v1,v3} to V(C3 U Cy) — {vy,v3},

e P and @ have no internal vertex in J, and

o V(C;) — {vi,vi11} intersects at most one of P,@Q for 1 <i < 4.

It is easy to see that PUQU.J contains a K,-subdivision on Z. This proves the lemma. [J

It is well-known that 2-linked graphs are characterized by planarity. The following
lemma is useful in most of the situations; see also [49, theorems (2.3) and (2.4)].

Lemma 3.2.2 ([51, theorem (2.4)]). Let vy,vq,v3,v4 be distinct vertices of a graph G.
If there is no (< 3)-separation (A, B) of G such that vy,ve,v3,v4 € A and |B — A| > 2,
then either there are two disjoint paths of G with ends vivs, vovy Tespectively, or G can
be drawn in a disc with vy, vy, v3,v4 on the boundary in order.

By Lemma 3.2.1 one can apply the “two-paths theorem” (Lemma 3.2.2) to the shrunk
graph G’. Thus the graph G’ can be drawn in a disc, unless it contains a small cut. To
increase the connectivity of G’, we define a better bicycle as follows.

Let G be a graph. For distinct vertices vy, vo, v3,v4 of G, a skeleton on (v, ve, v3,vy)
in G is a subgraph JUH U P U P,U P3U Py of G consisting of the union of a bicycle J on
(v1,v9,v3,04), a cycle H of G\ V(J) and four disjoint paths Py, P, Ps, P, of G between
{v1,v9,v3,v4} and V(H), all with no internal vertex in J U H, such that the ends of
Py, Py, P;, Py in H occur in H in this order listed; see Figure 3.5 (right) for an illustration
of a skeleton. For Z C V(G) with |Z] = 4, by a skeleton on Z in G we mean a skeleton
on (v, vg,v3,v4) in G for some ordering Z = {vy, vy, v3,v4}.

The first step is to show the following lemma. The proof based on the “path-
augmentation method” is given in Section 3.3.

Lemma 3.2.3. Let G be a graph and let Z C V(G) with |Z| = 4. If G is 6-connected,
then G contains a K4-subdivision on Z or a skeleton on Z.
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For a cycle C' of a graph G and two vertices uy,us of C, we say that C is lean with
respect to uy,us in G if there is no cycle C” of G such that uy,us € V(C') C V(C). Let
Z C V(G) with |Z] = 4. A bicycle on Z in G is lean in G if each tire of the bicycle is
lean in G with respect to the two vertices of Z that the tire contains. A bicycle J on Z
in G is nice if G\ V(J) is 2-connected and there is a matching of G of size 4 from Z to
V(G)-V(J).

The next step is to show the following lemma, which says that we may augment a
skeleton to obtain a nice and lean bicycle in 6-connected graphs. The proof is given in
Section 3.5. For the proof we use some lemmas in [45] on separating pairs, which we shall
introduce in Section 3.4.

Lemma 3.2.4. Let G be a 6-connected graph and let Z C V(G) with |Z| = 4. If there is
a skeleton on Z in G, then G contains a K4-subdivision on Z or a nice and lean bicycle
on Z.

Lemma 3.2.3 and Lemma 3.2.4 immediately lead to the following lemma.

Lemma 3.2.5. Let G be a 6-connected graph and let Z C V(G) with |Z| = 4. If there is
no Ky-subdivision on Z in G, then there is a nice and lean bicycle on Z in G.

When a nice and lean bicycle J exists in GG, the shrunk graph G’ in Lemma 3.2.1 be-
comes well-connected. Now one can apply the two-paths theorem to obtain the following
lemma. The proof is given in Section 3.6.

Lemma 3.2.6. Let G be a 6-connected graph and vy, vs,v3,v4 be distinct vertices of G.
Suppose that there is a nice and lean bicycle on (vi,ve,v3,v4) in G. Let G' be a graph
obtained from G by shrinking the interior of each tire of the bicycle into a single vertez,
respectively. If G contains no Ky subdivision on {vq,...,vs4}, then G' can be drawn in a
disc with vy, ve,v3,v4 on the boundary in order.

Fix a drawing of G’ in Lemma 3.2.6, and expand the shrunk tires of the bicycle to
the original ones. Now we obtain a “near-embedding” of GG in a plane as in the following
lemma; see Figure 3.6 for intuition.

Lemma 3.2.7. Let G be a 6-connected graph and vy, v9,v3,v4 be distinct vertices of G.
Let J be a nice and lean bicycle on (vi,ve,v3,v4). Let C; denote the tire of J with
v, Vi1 € V(Cy) for 1 < i < 4, where indices are read modulo 4. If there is no K-
subdivision on {vy,...,vs} in G, then G\ V(J) contains a cycle K such that:

o G\ V(J) can be drawn in a disc with K on the boundary, and
e there are eight distinct vertices x1,...,xg occurring in K in this order listed such
that

— T9;—1,T2 € NG(W);
— Ng(v;) CV(C;UCim1) U V(K (2951, T2;)), and
— Ne(V(C;) —{vi,viz1}) CA{vi, vip1 } U V(K (294, 2i41))

for1 <i <4, where K(xj,x;41) denotes the subpath of K between x; and xj1 with
no other vertex in {xy,...,xs} for 1 < j <8, with indices read modulo 8.
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Figure 3.6: A near-embedding in a plane in Lemma 3.2.7.

Proof. Let H := G\ V(J) and let G denote the graph obtained from G by shrinking each
Ci\{v;, vi11} into a single vertex, denoted by ¢; for 1 < i < 4. By Lemma 3.2.6, the graph
G’ can be drawn in a disc with vy, v9, v3, v4 on the boundary in order. Fix a drawing of G'.
(Such a drawing of G’ is essentially unique because G’ is 3-connected, as easily checked.
But we do not use this fact.) Since J is nice, H is 2-connected. Let K be the outer cycle of
H in the drawing of G’. Since J is nice, there is a matching of G of size 4 from {vy,...,v4}
to V(H). By the planarity of G’, we have Ng/(v;) C {vip1,vi1,¢,¢1} U V(K) for
1 < i < 4. Also there are eight vertices w1, ...,xg occurring in K in this order listed
such that x9;_1,x9; € Ng(v;) and Ng(v;) NV(K) C V(K (291, 22)) for 1 <i < 4. Thus,
Ne(v;) CV(C,UC_1) UV (K (x9i-1,x9)) for 1 <i <4,

Since ¢; is adjacent to v; and vy 1 in G'; we have Ngi(¢;) C {v;, vip1 JUV (K (29, X2i41))
for 1 < i < 4 by the planarity of G'; thus, Ng(V(C;) — {vi,vis1}) € {vi,vipa} U
V(K (9, Taiy1))-

We show that xy,...,zs are distinct. Since G is 6-connected, we have |Ng(c;) N
V(K (2o, xoiy1))| = dege(c;) — {vi,vig1}| > 6 —2 =4 for 1 < i < 4. In particular,
To; # oy for 1 < 4 < 4. Since J is lean, there is no chord of C; with an end in
{vi, vi41}, and so we have |Ng(v;) N V(C;)| = |Ne(vi) N V(Ci—1)| = 2 for 1 < i < 4.
Hence |Ng(v;) NV (K (x9;—1,x9))| = degq(v;) — |[Na(v;) NV(C; UCi—1)] > 6 —4 = 2 for
1 <4 < 4. This implies that xo; 1 # x9; for 1 < i < 4. Therefore, x4, ..., s are distinct.
This proves the lemma. O]

The last step is to investigate chords of the tires C; and edges between C; and
K{(x9;,72;41). A rough sketch is as follows. Let us take a closer look at the graph
G|V (Cy) U V(K (xo,23)), say. If there is no Ky-subdivision on Z in G, then there is
no path of G|V (Cy) U V(K (xq,x3)) through x3,v1,ve, 2o in order. If vjvy ¢ E(G), let
H, be a graph obtained from G|V (Cy) U V(K (z2,23)) by deleting edges spanned by
{v1, 02} UV (K (xq,x3)). Let 9 = by, b, ..., br = 3 be the vertices of the path K(xo,z3)
from x5 to 3 in order. By applying Menger’s theorem to H; repeatedly, one can find
a path-decomposition (Ay,..., Ax) of Hy with v1,b; € A; — Ag, v9,by € A — Aj_1,
b € Ay — A 1UA; for 1l <i<kand|A;NA | =2for 1 <i<k. Now the graph H;
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Figure 3.7: Fj-frames.

plays the role in a discoid decomposition of G for (v, ve, v3,v4). If v1v9 € E(G) then one
can show that G|V (Cy) U V(K (x2,x3)) is a planar graph with an outer cycle consisting
of the union of K (x9,x3), x309, vov; and vixe. Now the graph Hy with V(H;) = {vy,ve}
and E(H;) = 0 plays the role in a discoid decomposition of G for (v, vs,v3,v4). A more
precise proof is given in Section 3.8, which finishes the proof of Theorem 3.1.2 (5).

The other statements (1), (2), (3) and (4) in Theorem 3.1.2 can be proved in a similar
way, based on Lemma 3.2.7. We only give a sketch of the proof of Theorem 3.1.2 (4) in
Section 3.8.

We now turn to some corollaries of the main theorem, namely, Theorems 3.1.3 and 3.1.4.
Our goal is to show that if a 6-connected graph G is 7-connected or triangle-free then
there is a Ky -subdivision on Z in G. We may apply Theorem 3.1.2, but it seems quicker
to start from Lemma 3.2.7. The main task is based on edge-counting in planar graphs.
Let K be the cycle of H := G \ V(J) as in Lemma 3.2.7. Since K separates J and
H\ V(K), every vertex in H \ V(K) has degree > 6 in H (as G is 6-connected), and
moreover, has degree > 7 in H if G is 7-connected. By the planarity, H has average
degree < 6, and moreover, has average degree < 4 if it is triangle-free. This implies that
if GG is 7-connected or triangle-free, then some vertex in K has small degree in H, and
hence, has many neighbors in V(.J). This fact can be used to find a Ky-subdivision on Z
or a small cut of GG, as required. A more precise proof is given in Section 3.9.

3.3 Proof of Lemma 3.2.3

The aim of this section is to prove Lemma 3.2.3. Let G be a graph and let Z C V(G)
with |Z| = 4. See Figure 3.7. For 0 < i < 13, an Fj-frame on Z in G (or a frame of
F; on Z in GG) is a subgraph of G homeomorphic to the multigraph F; as in Figure 3.7,
where the four white vertices correspond to vertices of Z for some permutation, the wavy
lines represent paths of length > 0 and the other (straight or bent) lines represent paths
of length > 0. Thus an Fy-frame is exactly a K,-subdivision on Z and an Fis-frame is
exactly a skeleton on Z. When the set Z we consider is clear from the context, we often
omit “on Z”7 and simply say an Fj-frame or a frame of Fj.

The first step is to construct an Fj-frame for some 0 < ¢ < 12 in 5-connected graphs.
We begin with the following lemma, whose proof is based on Lemma 2.2.2. For a family
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H of subgraphs of G, let | JH denote the subgraph of G consisting of the union of all
members in H, ie., V(UH) =Upey V(H) and E(UH) = Upyey E(H).

Lemma 3.3.1. Let G be a graph, k and m be integers with m +1 > k > 2 and let
Z C V(G) with |Z| = k. Suppose that there is no (< m)-separation (A, B) of G with
|ZN(A—DB)|=1and B— A#0. If Z is not a clique of G, then there is a family T of
subgraphs of G satisfying the following:

(i) Each member of T is a tree of G having > 2 vertices whose leaves are all in Z.
(ii) Members of T are mutually disjoint except for their leaves.
(i) Fwvery vertex of Z is contained in exactly m members of T .

Proof. Assume that Z is not a clique of G. We say that a tree of G having > 2 ver-
tices whose leaves are all in Z is a tree on Z. A family T of subgraphs of G is called
feasible if it satisfies (i), (ii) and the condition that every vertex v of Z is contained in
at most m members of T, i.e., degUT(v) < m; so, T = () is feasible. We call the value
> vez degr(v) =D per [V(T) N Z| the cost of T. Let I7 denote the simple graph with
vertex set Z in which two vertices v, v’ are adjacent if and only if there is a member of T
which is a path between v and v’. Choose a feasible family 7 with the cost maximum,
and subject to that with |E(I7)| maximum. Let ¢ := min,cz deg;7(v). If § = m, then
T satisfies (iii), and so we are done. Suppose to the contrary that § < m.

Let x € Z with deg;7(z) = 6. Let T, = {T1,...,Ts} be the set of members of T
containing x. For 1 < ¢ < § let P; be the longest path of T; that starts from z and
contains no vertex of T; of degree > 3 as an internal vertex; so, the other end of P;, which
we shall denote by p;, is the other leaf of T; if T} is a path, and a vertex of degree > 3
in 7T; otherwise. Let H be the subgraph of G obtained from the graph | J7 by deleting
Uj<ics V(P \ pi). In other words, H consists of the union of all the members in 7 — 7,
and the graphs T, \ V(P \ p;) (1 <i < 0).

We show that there is a (< §)-separation (A, B) of G with z € A— B and (Z —{x})U
V(H) C B. For suppose to the contrary that there is no such a separation. Then we may
assume from Lemma 2.2.2 that there is a path P of G with one end x, the other end in
(Z—{z}H)uV(UT)—-V(P,U---UPFs) and no internal vertex in (Z —{z})UV(JT). Lety
denote the other end of P. If y € V(T')—Z for some T' € T —T,, then (T —{T})U{TUP}
is feasible and has larger cost than 7, a contradiction. If y € V(T') — Z for some T; € T,
then T; is a tree with > 3 leaves. Let @ be the longest subpath of T;[y, p;] that starts
from y and contains no vertex of T; of degree > 3 as an internal vertex. Now the graph
obtained from T; U P by deleting internal vertices and edges of () can be written as
the union of two trees 7", 7" on Z such that V(T;))NZ = (V(T")NnZ)UJ (V(T")N Z)
and {z} = V(T")nV(T"). But (T — {T;}) U {T",T"} is feasible and has larger cost
than 7, a contradiction. Thus y € Z — {z}, and so xy ¢ E(I7). If there is a member
T € T containing y and having > 3 leaves, let () be the longest subpath of T" that starts
from y and contains no vertex of T' of degree > 3 as an internal vertex. Now the graph
obtained from T'U P by deleting internal vertices and edges of () can be written as the
union of two trees 7", 7" on Z such that V(T)NZ = (V(T")N Z) U (V(T") N Z) and
{z} =V{T")NV(T"). But (T —{T})U{T",T"} is feasible and has larger cost than T,
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a contradiction. Therefore, every member of 7 containing y is a path having the other
end in Z — {z,y}. If deg;r(y) < m, then T U {P} is feasible and has larger cost than
T, a contradiction; hence deg;(y) = m. Since |Z — {x,y}| = k — 2 < m, there are two
distinct members T,T" of T which are paths starting from y and ending at a common
vertex in Z — {z,y}. Now T’ := (T — {T"}) U {P} is feasible and has the same cost
as T, while |E(I7)| > |E(I7)|, contrary to the choice of 7. This proves that there is a
(< 9)-separation (A, B) of G withx € A— B and (Z — {z}) UV (H) C B.

Note that there are ¢ paths of G|A from x to AN B, mutually disjoint except for x,
which are indeed subpaths of Py, ..., Ps; so |[ANB| = 4. Since § < m, by our assumption
we have B — A = (). This implies two facts. First, since Z — {z} C AN B, every vertex
of Z is covered by some member of 7, which is a path. In particular, x has degree k — 1
in /7, and so,

D IV(T) N Z] < 2degy, () + k(| To| — degy, (2)) = ké — (k — 1)(k — 2).
TeT:

Second, every member in 7 — 7, is a path of length 1 with both ends in Z — {z}; and so,

S vrnz) < 2(’“;1) — (k—1)(k—2).

TeT Tz

Consequently,

k6 <Y deg () =D IV(I)NZ| =Y [V(T)NZ|+ > [VIT)NZ| < ks

vEZ TeT TeT, TeT Tz

and so we have equality throughout. This means that Z — {z} is a clique of G and
deg ;7 (v) = 0 for every v € Z.

Therefore, we have shown that if a vertex x € Z satisfies deg () = 0 then Z — {z}
is a clique and degr(v) = ¢ for every v € Z. This implies that Z — {v} is a clique of
G for every v € Z. Thus, Z is a clique, contrary to our assumption. This completes the
proof. n

By Lemma 3.3.1 applied to £ = 4 and m = 5, one obtains an Fj-frame for some
0 <4 <12 in 5-connected graphs.

Lemma 3.3.2. Let G be a graph and let Z C V(G) with |Z| = 4. If there is no (< 4)-
separation (A, B) of G with |ZN(A—B)| =1 and B— A # ), then G contains an
FE;-frame on Z for some 0 <1 < 12.

Proof. Suppose that there is no Ky-subdivision on Z (Fy-frame) in G; so Z is not a clique
of G. By Lemma 3.3.1 applied to £ = 4 and m = 5, we obtain a family T of subgraphs
of G satisfying the following:

(i) Each member of T is a tree of G having > 2 vertices whose leaves are all in Z.
(ii) Members of 7 are mutually disjoint except for their leaves.
(iii) Every vertex of Z is contained in exactly five members of 7.
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Let Z = {v1,v9,v3,04}. Let H be a complete graph on Z, and for 1 <i < j < 4 let
ei; denote the edge of H with ends v;, v;. Construct a bipartite graph J with color classes
E(H) and 7 in which e;; € E(H) and T' € T are adjacent if and only if v;,v; € V(T).
Since there is no K -subdivision on Z in G, there is no matching of size 6 in J. By Hall’s
theorem there is a subset X of F(H) with |N;(X)| < |X]|. Assume that X is chosen to
be minimal. Let us denote Tx := N;(X). Then |Tx| = |X| — 1. Every member in Ty is
adjacent to > 2 elements of X in J by the minimality of X. Hence we have:

(1) V(T)n Z| > 3 for each T € Tx.

For 1 <i <4, let 7; denote the family consisting of the members of T containing v;.
By (iii) we have:

(2) [ 75| =5 for1 <i<A4.

We consider all cases of X, up to isomorphisms of the graph H[X]| := (Z,X).
First suppose that H[X] contains an isolated vertex, vy say. Assume that X is either
{e1n}, {e12, €13} or {en, e13,e23}. If X = {en}, then TTNTy = 0 (as Tx = ) and so
TTUT CT3UTy. Now 10 = [T+ |Ta] = [T U Te| < |T3U Ty < |Ts] + |Ta] = 10 and
we have equality throughout. Hence 73 N Ty = 0, and so, every member of 7T is a path
between {vy, v} and {vs,vs}. We deduce from (2) that T consists of k,5 — k, k,5 — k
paths with ends vyvs3, v3v9, Vo4, V4v1, Tespectively, for some 0 < k < 5. Thus the graph
U7 is a frame of Fy, Fj3 or Fig, as required. If X = {ej2, €13}, then the unique member
of Tx is a tree whose leaves are vy, v, v3 by (1), while 77 — Tx consists of four paths with
ends vy,vs. We deduce from (2) that 7 — 77 consists of one tree with leaves vg, v3,v4
and three paths with ends v, v3. Thus the graph |7 is a frame of Fy, as required. If
X = {eqa, €13, €23}, then every member in 7 — Tx is a path with one end wvy; but then
Tal > | T — Tx| =D 1<ics |Ti = Tx| > 3-3 =9, contrary to (2).

We next consider the case H [X] contains a vertex of degree 3. Assume that ejq, €13,
e1s € X, say. Then |Tx| > |T1] = 5, and so, | X| = 6 and |Tx| = 5. Hence X = E(H) and
T =Tx. Now |T| =5, and so T = T; for 1 <i < 4. Thus every member of 7 contains
all the vertices in Z. If some member of 7 contains two vertices of degree > 3, then T
contains a K4-subdivision on Z, a contradiction. So each of them has exactly one vertex
of degree > 3, and so, |J 7 is an Fjo-frame, as required.

We may thus assume that each vertex of H[X] has degree one or two. Then H[X]
contains two independent edges, €12, €34, say. Every member of 7 — T is a path between
{v1,v2} and {vs,vs4}. In particular, we have

M 1Zav(D) =) _1ZnV(T) - Y |1ZnV(D)

TeTx TeT TeT-Tx
= > Tl = 2T = Tx|
1<i<4
=20 — 2|7 — Tx|.

This implies that:

(8) The number of members of Tx having exactly three leaves is even.
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We may assume that X is either {ejo, €34}, {€12, €23, €34} or {e12, €23, €34, €14} If X =
{e12, €34}, then the unique member of Tx is adjacent to ejs, €34 in J by the minimality of
X, and so has four leaves in G. We deduce from (2) that 7 —Tx consists of k,4—k, k,4—k
paths with ends vyvs3, v3v9, Vovy, v4v1, Tespectively, for some 0 < k < 4. If kK = 0,4 then the
graph | J T is an Fy-frame or contains an Fi-frame. If 0 < k& < 4 then the unique member
of Tx contains no two disjoint paths with ends vyv9, v304, respectively; for otherwise, | J 7T
contains a Ky-subdivision on Z, a contradiction. If £ = 1,3 then the graph (J 7T is an
Fy-frame or contains an Fjp-frame. If & = 2 then the graph |J7 is an Fj;-frame, as
required.

If X = {eq2, €23, €34}, then every member of T — Ty is a path with ends vyvs, v1v4 or
vovy. Since Nj({e1a,€23}) = N;j(X) = Tx by the minimality of X, every member in Tx
contains vg; similarly, every member in Tx contains vz. Since Nj(ej) # () by the mini-
mality of X, some member in Ty contains v;; similarly, some member in Tx contains vy.
By (1) and (3), the sequence (ZNV(T))rery is either (Z, Z) or ({vy, va, v3}, {ve, vs, v4}).
If the former holds, then 7 — Tx consists of three paths with ends vy, v3 and three paths
with ends vy, vy. Thus |J7T is an Fs-frame or contains a frame of Fy, Fjy or Fy, as re-
quired. If the latter holds, then 7 — Tx consists of 3, 1,3 paths with ends vyv3, v1v4, Vovy,
respectively. Thus |J7 is an Fr-frame, as required.

If X = {e12, €23, €34, €14}, then every member of T —Tx is a path with ends v;v3 or vavy.
By (2), |[TiNTx| = |TsNTx| and [TaNTx| = |TaNTx|. By (1) and (3), the sequence (Z N
V(T))rery is either (Z,2,7), (Z,{vi,va,v3},{v1,v3,04}) or (Z,{vy,ve,v4}, {v2,v3,04}).
In either case, every member of Tx with four leaves contains no two disjoint paths between
{v1,v3} and {wvy,v4}; for otherwise, the graph |J7 contains a Kjy-subdivision on Z, a
contradiction. Thus, if the first case holds then |J7 is an Fy-frame. If the second or
third case holds then | J T is an Fg-frame. This completes the proof. O

The next task is to “augment” frames of F; (1 < i < 12) in 6-connected graphs to
obtain a frame of Fy or Fi3. The proof is based on Lemma 2.2.1.

Lemma 3.3.3. Let G be a graph and let Z C V(G) with |Z| = 4. Suppose that there is
no (< 5)-separation (A, B) of G with |Z N A|,|ZNB|>2 and |A— B|,|B—A| > 1. If
G contains an Fi-frame on Z for some 1 < i < 12, then G contains a frame of Fy or Fi3
on Z.

Proof. We shall write F; — F;,, ..., F;, to denote a claim that if there is an Fj-frame in
G then there is an Fj-frame in G for some j € {iy,...,i;}. The result follows from the
following twelve claims (1), (2), ..., (12): (1) Fy — Fy; (2) Fy — F3, Fy, F5; (3) F3 —
Fs, F7; (4) Fy — Fy, Fy, Fy; (5) Fs — Fg, Iy, Fy, Fy; (6) Fs — Fy, Fio; (7) Fr — Fo, Fio;
(8) Fs — Fy; (9) Fy — Fy; (10) Fig — Fy, Fis; (11) Fiy — Fo, Fio; (12) Fio — Fo.

We only show (10), based on Lemma 2.2.1. The other claims can be proved in a
similar way. Let Z = {v1,vs,v3,v4}. Suppose that there is an Fjp-frame in G which
consists of three paths P;, P,, P3; with ends vq, vo, three paths @1, )2, Q3 with ends vs, vy,
two paths Ry, Ry with ends vy, v4 and two paths Rz, Ry with ends vs, v3, mutually disjoint
except for Z. Let uq,us be neighbors of vy,v4 in Ry U Ry, respectively, such that u; #
vy and uy # wvy. Similarly, let ug, us be neighbors of vy, v3 in Ry U Ry, respectively,
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such that us # v3 and uz # vo. Now one can see four disjoint paths of G between
V(P UP, U Py) U{up,us} and V(Q1 U Q2 U Q3) U {us, us}, all with no internal vertex
in V(PLUP,UP;UQ;UQ2UQ3) U{uy,ug, us, us}, covering v;, u; (1 <i < 4). By the
connectivity of G, we deduce from Lemma 2.2.1 that there are six disjoint paths of G
between V (PUP,UP;)U{uy, us} and V(Q1UQ2UQs)U{us, us}, all with no internal vertex
in V(PLUP,UP3UQ1UQyUQs3)U{uy, us, uz, uys}, covering v;, u; (1 < i < 4). Therefore,
there are six paths R}, ..., Rg of G between V(P UP,UP;) and V(Q;UQ2UQR3), mutually
disjoint except for Z, all with no internal vertex in P, U P, U P3 U Q1 U Q2 U (U3, such
that each vertex of Z is covered by exactly two of R}, ..., Rg. Now it is not difficult to
see that the union of these twelve paths Py, P, P5, Q1,Q2, @3, R}, ..., R is an Fys-frame
or contains an Fy-frame. This proves (10). O

Lemma 3.2.3 immediately follows from Lemma 3.3.2 and Lemma 3.3.3.

3.4 Separating pairs

Definition 3.4.1 (separating pair). Let G be a graph, C be a cycle of G and vy, vs be
distinct vertices of C. A pair {P;, P,} of two paths Py, P, of C is called a ({vq1,v2}, C)-
separating pair of G if

e P is a subpath of one of the paths of C' between v; and v, and P; is a subpath of
the other path of C' between v; and wvs;

e there is no edge of G between int(P;)Uint(Py) U (V(G) =V (C)) and V(C) -V (P U
b);

o {v, v} Nend(Py) = {vy,v2} Nend(P).

A ({v1,v2}, C)-separating pair { P, P»} of G is called minimum if |V (P))| + |V(P)] is
minimum.

The notion of separating pairs is due to [45]. Note that a ({vq, v2}, C')-separating pair
of G always exists. Indeed, if P;, P, are the two internally disjoint paths of C' between
vy and vy, then {P;, P2} is a ({vy, v}, C)-separating pair of GG. For a technical reason,
we adopt the above definition that requires the third condition, which is slightly different
from that of [45]. For the sake of safety and completeness, we give proofs of lemmas
below, whose outline is different from [45]. The lemmas in this section will be frequently
used in the subsequent sections.

Lemma 3.4.2. Let G be a graph, C be a cycle of G and vy, vy be distinct vertices of C'. Let
{Py, P} be a minimum ({vy1,ve}, C)-separating pair of G. If G\ V(C) is connected, then
for any (not necessarily distinct) two vertices x,y € int(Py) Uint(P) U (V(G) — V(C)),
at least one of the following holds:

(a) For any i € {1,2} there is a path of G through x,v;,vs_;,y in order.
(b) G contains a path with ends x,y and a cycle containing vy, vy, mutually disjoint.

In particular, for any x € int(Py) Uint(P) U (V(G) — V(C)) there is a cycle of G\ x
containing v, and vs.
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Proof. We assume that vive ¢ E(G); the case vyvy € E(G) is proved in a similar way.
To show the lemma, let z,y € int(P;) Uint(FP) U (V(G) — V(C)).

Suppose that there is a (< 2)-separation (A, B) of G with v; € A — B, x € A,
ve € B—Aandy € B. Now ANB C V(C). Since G\ V(C) is connected, V(G) — V(C)
is contained in A — B or B — A. Assume that V(G) — V(C) € B — A, say. Now
x € int(P;) Uint(P,) and so (int(P) Uint(FP)) N A # (). This implies that A — B contains
a vertex of Py U P,. Let P := P||B and P := P|B. Now {P[, P;} is a ({v1,v2},C)-
separating pair of G, while |[V(P])| + |V (P})| < |[V(P1)| + |V (P)], a contradiction.

Therefore, there is no such separation (A, B) of G. This implies that there are three
paths of G between {vy,z} and {vs,y}, mutually disjoint except for {vy, v}, such that
each of v; and vy is covered by exactly two of them. Similarly, there are three paths of
G between {vy,y} and {v, z}, mutually disjoint except for {v;, v}, such that each of v;
and vy is covered by exactly two of them. This implies that (a) or (b) holds for z,y. This
proves the lemma. Il

Lemma 3.4.3. Let G be a graph, C be a cycle of G and vy, ve be distinct vertices of C'.
Let { Py, P} be a minimum ({vi,v2}, C)-separating pair of G. If C' is lean with respect
to v1 and vy in G, then for any i € {1,2} and for any x € int(P,) Uint(P,) there is a
path of G from x to a vertex in V(G) — V(C), with no internal vertex in V(G) — V(C),
containing x,v;, v3_; in this order listed.

Proof. We assume that vive ¢ E(G); the case vivy € E(G) is proved in a similar way.
To show the lemma, let = € int(P;) U int(Fs).

Suppose that there is a (< 2)-separation (A, B) of G with vy € A — B, x € A,
vg € B—Aand V(G)—V(C)C B. Now ANB CV(C) and so V(G) —V(C) C B— A.
Since z € (int(P;) Uint(P,)) N A # (), we deduce that A — B contains a vertex of Py U Ps.
Let P| := P,|B and P; := P»|B. Now {Pj, Py} is a ({v1, v}, C)-separating pair of G,
while |V(P)| + |V(Py)| < |V(P)| + |V (F2)|, a contradiction.

Therefore, there is no such separation (A, B) of G. This implies that there are three
paths Ry, R, R3 of G between {vy, z} and {v2} U(V(G)—V(C)), mutually disjoint except
for {v1, vy}, all with no internal vertex in V(G) — V(C), such that each of v; and v, is
covered by exactly two of them. Let y denote the vertex in V(G) — V(C) covered by
RyURyUR3. If two of them, Ry, Ry say, have ends vy, v9, then R1UR; is a cycle of G|V (C)
containing vy, ve and avoiding x. This contradicts the assumption that C' is lean with
respect to vy, vy in G. Thus exactly one of Ry, Ry, R3 has ends vy, v5. Now Ry U Ry U R3
is a path of G through x,v,, vy, y in order, with no internal vertex in V(G) — V(C), as
required. Similarly, there is a path of G from z to a vertex in V(G) — V(C'), with no
internal vertex in V(G) — V(C'), containing x, vy, vs in this order listed. This proves the
lemma. [l

3.5 Proof of Lemma 3.2.4

The aim of this section is to prove Lemma 3.2.4. The proof is based on the lemmas in
Section 3.4.
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Proof. Suppose that G contains a skeleton on Z but contains no Kj4-subdivision on Z.
The goal is to show that there is a nice and lean bicycle on Z in GG. For a subgraph
H of G, the vertex set of each component of G \ V(H) is called an H-flap of G. A
tuple (J, H, P, Py, P3, P;) of subgraphs of G is feasible if J is a bicycle on Z, H is a
2-connected subgraph of G\ V(J), and Py, ..., P, are disjoint paths from Z to V(H), all
with no internal vertex in JU H. Such a feasible tuple exists, since there is a skeleton on
Z in G. We call a JU H-flap of G trivial if it is disjoint from P, U P, U P3 U P, and non-
trivial otherwise; note that there are at most four non-trivial J U H-flaps. The signature
of a feasible tuple (J, H, P, ..., Py) is the sequence (|Dy|, |D1|,...,|Dx|), where Dy is the
union of non-trivial J U H-flaps and Dy, ..., D, are the trivial J U H-flaps, ordered with
|Dy| > -+ > |D,|. We choose a feasible tuple (J, H, Py, ..., P;) with H maximal, subject
to that with its signature lexicographically maximum. The goal is to show that J is a
nice and lean bicycle on Z. Let Z = {vy,v9,v3,v4} and assume that J is a bicycle on
(v1,v9,v3,v4). Let C; denote the cycle of J with V(C;) N Z = {v;,v;1} for 1 < i < 4,
where indices are read modulo 4. For 1 < i < 4 assume that v; € end(P;) and let w;
denote the other end of P, in H.

(1) J is lean in G.

For if J is not lean, then for some 1 < ¢ < 4 there is a cycle C! of G with
v, vip1 € V(CI) € V(C;). Let J' be a bicycle obtained from J by replacing C; with
C!. Now (J',H, Py, Py, Ps, Py) is feasible. Every J U H-flap is a subset of a J' U H-
flap. Consequently, the signature of the tuple (J', H, Py, Py, Ps, P;) is greater than that
of (J,H, Py, Py, P, P;), contrary to our choice. This proves (1).

(2) For 1 <1 <4, there is no edge of G between V(C;) — {vi, vix1} and V(J) — V(C;).

For if there is such an edge, we deduce from the existence of H U P, U P, U P3 U P,
that there is a Kj-subdivision on Z in G, a contradiction. This proves (2).

(3) There is no trivial J U H-flap.

For suppose to the contrary that there is a trivial J U H-flap D, chosen with |D)|
minimum; so |D| is the last term of the signature. Since there is no Ky-subdivision on Z
in G, we have Ng(D)NV(J) C V(C;) for some 1 < i < 4. Assume that Ng(D)NV(J) C
V(CY), say. Let {Q1,Q2} be a minimum ({vq, vy}, C1)-separating pair of G|V (Cy) U D.
Let S :=int(Q;) Uint(Q2) U D. Since int(Q;) Uint(Qs) is not adjacent to V(J) — V(C)
by (2), we have Ng(S) N (V(J) = V(Cy)) = 0. No JU H-flap other than D is adjacent
to S. For if a vertex z in S is adjacent to a J U H-flap (# D), then by Lemma 3.4.2
(applied to G = G|V(Cy) U D) we may replace Cy with a cycle of (G|V(Cy) U D)\ x
containing v; and vy to increase the signature without changing H, a contradiction.
Thus Ng(S) — V(Cy) € V(H). Note that Ng(S) NV (Cy) = end(Q1) U end(Q2) and so
|INg(S) N V(Cy)| < 4. Since G is 6-connected, we have |[Ng(S) NV (H)| > 2. Let 2/,
be distinct vertices of Ng(S) NV (H) and let x,y be vertices of S with za2',yy’ € E(G).
Apply Lemma 3.4.2 to G = G|V(C,) U D,C = Cy,z and y. If (a) holds, then for
any @ € {1,2} there is a path of G|V (Cy) U D through z,v;,v3_;,y in order. Since H
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contains two disjoint paths between {us, us} and {2/,3'}, we deduce that there is a path
of G|V (P;UP;UHUC:)UD through vs, vy, v, v4 in this order listed. This path, together
with Cy, C3 and Cy, yields a Ky-subdivision on Z, a contradiction. If (b) holds, then
G|V (C1) U D contains a path R with ends z,y and a cycle C containing vy, v9, mutually
disjoint. Let J’ be a bicycle obtained from J by replacing Cy with C] and let H" be the
union of H and the path consisting of 2’x, R and yy'. Now (J', H', P, P5, P5, P)) is a
feasible tuple, contrary to the maximality of H. Therefore, there is no trivial J U H-flap.
This proves (3).

(4) There is no non-trivial J U H-flap.

For let X; denote the non-trivial J U H-flap containing int(F;) if int(P;) # 0 and
define X; := () otherwise for 1 < ¢ < 4. Note that X;,..., X, are pairwise disjoint and
non-adjacent, and furthermore, Ng(X;) NV (H) = {u;} for 1 < i < 4; for otherwise, we
may augment H, a contradiction. Suppose to the contrary that X; # (), say. Since G
contains no Ky-subdivision on Z, there is no neighbor of X in V(Cy U C3) — {va,v4}.
Hence Ng(X;) C{u } UV (CLUCY).

Let {Q1,Q@2} be a minimum ({vy,ve}, Cy)-separating pair of G|V (C) U X; and let
{Ry, Ry} be a minimum ({vy,v4},Cy)-separating pair of G|V (Cy) U X;. Since v; €
Ng(Xi), by the definition of separating pairs each of @Q,Q2, R1, Ry contains vy as its
one end.

We show that Ng(int(Q1) U int(Q2) U int(R;) U int(Ry) U X7) C {u;} Uend(Qy) U
end(Q2) Uend(R;) Uend(Rs). Suppose to the contrary that there is an edge of G from a
vertex a in int(Q;)Uint(Qq) Uint (R )Uint(Re) UX] to a vertex bin V(G)—V (Q1UQ2UR U
Ro)U X U{u1}. We may assume that a € int(Q;)Uint(Qs). By (2), b€ (V(H)—{u1})U
XoUX3UX,. By Lemma 3.4.3 (applied to G = G|V (C1)UX,,C =C1, P = Q1, P, = Qo
and = = a), we deduce that for any i € {1,2} there is a path S; of G|V (C}) U X; from
a to a vertex y; in X;, with no internal vertex in X;, containing a,v;,vs_;,y; in this
order listed. Note that there are two disjoint paths of G|V (H) U Xy U X3U X4 U {vs, v4}
between {vs,vs} and {uy,b}. For some i € {1,2} one can concatenate these two paths,
edge ab, the path S; and a path of G|X; U {u;} between y; and wu; to obtain a path of
G|lV(C;UH)UX; UXyU X3U Xy U {vs,v4} through v, vy, ve,v4 in order. This path,
together with Cy, ('3 and CYy, yields a K4-subdivision on Z, a contradiction. Therefore,
there is no such edge ab of G. This proves the claim.

Since G is 6-connected, the cut {u;} Uend(Qq) Uend(Q2) Uend(Ry) Uend(Rz) has
size > 6. Hence |end(Q) U end(Q2) — {v1}| = |end(Ry) Uend(Ry) — {v1}| = 2, which
implies that ()1, Q2, R1, R have positive lengths. Since G is 6-connected, there is an edge
from v; to a vertex z in V(G) — V(Q1 U Q2 U Ry U Ry) U X7 U{uy}. Since C is lean
with respect vy, vo and Qq, @, have positive lengths, we have z ¢ V(C;) — V(Q1 U Q»).
Similarly, ¢ V(Cy) — V(R U Ry). Since G contains no Ky-subdivision on Z, we have
x ¢ V(CoUCs)UX3—{vg,v4}. Thusz € (V(H)—{u1})UX2UX, and so there is a path of
G|{v1,v3}UV(H)UX,UX3UX, between vy and vs. But, since Q1, Qa, Ry, Re have positive
lengths and are disjoint from {vy,v4}, both V(C}) — {vy,v2} and V(Cy) — {v4,v1} are
adjacent to X;. Now one can see that GG contains a K4-subdivision on Z, a contradiction.
This proves (4).



CHAPTER 3. LINKING FOUR VERTICES IN 6-CONNECTED GRAPHS 32

By (3) and (4), H = G\ V(J) and {vjuy,...,v4us} is a matching of G from Z to
V(H). Since H is 2-connected, J is a nice bicycle. Moreover, J is lean in G by (1). This
completes the proof of the lemma. n

3.6 Proof of Lemma 3.2.6

The aim of this section is to prove Lemma 3.2.6. For the proof we use the following lemma
as a “two-paths theorem”, which is slightly stronger than Lemma 3.2.2. The proof is easy.

Lemma 3.6.1. Let vy, vy, v3,v4 be distinct vertices of a graph G. If there is no (< 3)-
separation (A, B) of G with v1,v9,v3,v4 € A and B — A # 0 such that G|B cannot be
drawn in a disc with AN B on the boundary, then either there are two disjoint paths of
G with ends vivs, vavy respectively, or G can be drawn in a disc with vy, vy, v3,v4 on the
boundary in order.

In the proof of Lemma 3.2.6, we will encounter the following subproblem.

A graph has six distinct vertices si, so, 53, t1, ta, t3 and satisfies the condition
that for any three disjoint paths between {s1, sq, s3} and {¢;,ts,t3}, one con-
nects s3 and t3. Then what kind of structure does the graph have?

Such a structure is characterized in [63, 64, 65], but we do no need the full strength of the
result. For our purposes, the following lemma is enough. For the sake of completeness
we give a direct proof in the next section.

Lemma 3.6.2. Let G be a graph and s1, s, S3, 11, ta, t3 be distinct vertices of G. Suppose
that

(i) for any three disjoint paths of G between {si, s2,s3} and {t1,ts,t3}, one of them
connects sz to ts, and
(ii) there is no (< 5)-separation (A, B) of G with s1, $2, 83,t1,t2,t3 € A and B — A # ().

Let Py, Py be two disjoint paths of G \ {s3,t3} between {s1,s2} and {t1,t2} such that

(iii) every vertex of PLUP, is contained in any two disjoint paths of G|V (P{UP,) between
{s1,s2} and {t;,t2}, and
(iv) there is no (< 1)-separation (A, B) of G\V(PUP,) with s3,t3 € A and B—A # ().

Then the graph obtained from G by shrinking P, U Py into a single vertex, denoted by p,
can be drawn in a disc with s3,t3,p on the boundary.

Based on Lemma 3.6.2, we prove Lemma 3.2.6.

Proof of Lemma 3.2.6. Let J be a nice and lean bicycle on (v, vq,v3,v4) in G. Let C;
denote the tire of J with v;,v;41 € V(C;) for 1 < i < 4, where indices are read modulo
4. Let G’ denote the graph obtained from G by shrinking each C; \ {v;,v;41} into a
single vertex, which we will denote by ¢; for 1 < ¢ < 4. Let Z := {vq,...,v4}. Let
H:=G\V(J) =G\ (ZU{ec,...,cs}). Suppose that there is no Ky-subdivision on Z
in G. By Lemma 3.2.1 we have:
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(1) There are no two disjoint paths of G' with ends viv3, vavy, Tespectively.
We claim:
(2) Nei(¢;) CV(H)U{v;,vi01} and [N (e;) NV(H)| > 4 for 1 <i < 4.

For H is a connected graph and adjacent to all the vertices of Z in G’ (as J is nice).
Since C; \ {v;,vi41} is non-null, ¢; is adjacent to v; and v in G’ for 1 < ¢ < 4. By
(1) we have Ng/(c;) € V(H) U {wv;,v;41} for 1 < i < 4. Since G is 6-connected, we have
|Nei(¢;) N V(H)| > deger(ci) — [{vi,vig1}] > 6 —2 =4 for 1 <i < 4. This proves (2).

To show the lemma, suppose to the contrary that G’ cannot be drawn in a disc with
V1, Ug, U3, U4 Oon the boundary in order.

(3) There is a 2-separation (A, B) of H such that for some 1 < i < 4 it holds that
Ng(B—A)NV(J) CV(C;) —{vi,vis1} and G'|BU{¢;} cannot be drawn in a disc with
(AN B)U{¢} on the boudanry.

For by Lemma 3.6.1 and (1) there is a (< 3)-separation (A, B) of G’ with Z C A and
B — A # () such that G’| B cannot be drawn in a disc with AN B on the boundary. Since
Z C A and there is a matching of G’ of size 4 from Z to V(H), we have V(H)N(A—B) # 0.
On the other hand, V(H) N (B — A) # {; for otherwise, B — A C {¢,...,c4} but since
|AN B| <3, we deduce from (2) that B — A contains a vertex of H adjacent to some ¢;,
a contradiction. Since H is 2-connected (as J is nice), we have |[AN BNV (H)| > 2 and
hence AN B contains at most one vertex in Z U {cy,...,cq}. If some ¢; is in B — A, then
v;, Viy1 € AN B, a contradiction. Hence Z U {cy,...,c4} € A. On the other hand, since
G is 4-connected, A N B intersects {c1,...,c4}. Thus [ANBN{ecy,...,cq}| =1 and so
|JANBNV(H)| =2. Let A:= ANV (H) and B := BNV (H). Now (A’, B') is a desired
2-separation of H. This proves (3).

Let (A, B) be a 2-separation of H as in (3); assume that Ng(B — A) NV (J) C
V(Ch) — {v1,v2} and G'|B U {c1} cannot be drawn in a disc with (AN B) U {c;} on the
boundary. Since J is nice and Ng(B — A) N Z = ), there are distinct vertices ug, uy in A
with w;v; € E(G) for i = 3,4. Let {Py, P2} be a minimum ({vy, v2}, C})-separating pair
of GIV(Cy) U (B — A).

(4) Ne(int(P,) Uint(Py) U (B — A)) = end(P,) Uend(P,) U (AN B).

For let AN B = {wy,wy}. Suppose to the contrary that there is an edge of G from
a vertex a in int(P) Uint(P) U (B — A) to a vertex b in V(G) — V(P, U P,) U B. By
the definition of {P;, P}, we have a € int(Py) Uint(FP) and b ¢ V(C)) — V(P U P,).
By (2), b€ V(H), and so b € A — B. Note that the graph obtained from G|A by adding
a new vertex adjacent to wy, wy is 2-connected. This implies that there are two disjoint
paths Q1, Q2 of G| A from {ug, us} to {wy,wsy, b}, with one ending at b (which may have an
internal vertex in {wy, ws}); assume that the other path ends at wy, say. By Lemma 3.4.3
(applied to G = G|V (C1) U (B — A) and = = a), for any ¢ € {1,2} there is a path R; of
G|V(Cy) U (B — A) from a to a vertex y; in B — A, with no internal vertex in B — A,
containing a, v;, v3_;, y; in this order listed. For some i € {1,2} one can concatenate paths
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Figure 3.8: A graph G in the proof of Lemma 3.2.6.

R;, Q1, Qs a path of G|(B—A)U{y;, w; } from y; to wy, and edges vsug, vsuyg, ab to obtain
a path of G|V (Cy U H) U {vs,v4} through vs, vy, v, vy in order. This path, together with
Cs, C5 and (Y, yields a Ky -subdivision on Z, a contradiction. Therefore, there is no such
edge ab, and hence Ng(int(P) Uint(P) U (B — A)) = end(P1) U end(FP2) U {wy, ws}, as
required. This proves (4).

Since G is 6-connected, the cut end(P;) U end(FP;) U (AN B) has size > 6. Hence
end(P;) Uend(P;) has size 4, which implies that each of P;, P, has distinct ends not in
{v1,v9}.

We want to apply Lemma 3.6.2 to G = G|V (P,UP,)UB. See Figure 3.8 for intuition.
For: =1, 2let s;,t; denote the ends of P; with s; closer to vy in (. Since H is 2-connected,
there are two disjoint paths Ry, Ry of G from {ug,us} to AN B. Let AN B = {s3,13}
and assume that Ry, Ry have ends usts, usss, respectively. Note that sy, so, s3,t1, 19,13
are distinct vertices. If there are three disjoint paths of G|V (P, U P,) U B between
{s1, 82, 83} and {t1, to,t3} such that none of them connects s3 and t¢3, then there is a path
of G|V (C1)UB through s3, vg, vy, t3 in order. Combining this path and R; U Rs, we obtain
a path of G|{vs,vs} UV (H UC}) through vs, vy, v, vy in order. This path, together with
Cs,C5 and CYy, yields a Ky-subdivision on Z, a contradiction. Thus there are no such
three paths of G|V(P, U P,) U B. Since G is 6-connected, there is no (< 5)-separation
(X,Y) of G|V(P,U Py) U B with sy, 89, 83,11,t2,t3 € X and Y — X # (). Since C] is lean
with respect to v; and v, in G, every vertex of P, U P, is contained in any two disjoint
paths of G|V (P, U P,) between {s1,s9} and {t1,t2}. Since H is 2-connected, there is no
(< 1)-separation (X,Y’) of G|B with s3,t3 € X and Y — X # 0.

Therefore, by Lemma 3.6.2 applied to G = G|V (P, U P,)U B, the graph obtained from
G|V (P, U Py) U B by shrinking P, U P, into a single vertex, denoted by p, can be drawn
in a disc with s3,t3, p on the boundary. Since there is no edge of G between B — A and
V(Cy) — V(P U Py), this implies that G'|B U {¢;} can be drawn in a disc with s3,t3, ¢,
on the boundary. But this contradicts the property of (A, B). This completes the proof
of the lemma. O]
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3.7 Proof of Lemma 3.6.2

This section is devoted to proving Lemma 3.6.2 that was used in the proof of Lemma 3.2.6.
A triad in a graph G is a connected subgraph T of G with no cycle, with one vertex of
degree 3 and all others of degree < 2. It has precisely three vertices of degree 1, called its
feet. Let v1,v9,v3 be distinct vertices of a graph G. A tripod on vy, v, v3 is a subgraph
Ty UTy, U QU@ U Q3 of G consisting of three distinct vertices uq, us, uz, two triads
Ty, T, with feet uq, ug, ug, mutually disjoint except for their feet, and three disjoint paths
@1, Q2, Q3 of G (possibly length of 0) with ends ujvy, ugvs, ugvs, respectively, all with no
internal vertex in 771 UT,. We call @1, Q)2, Q3 the legs of the tripod. The following lemma
gives a structural characterization of tripods.

Lemma 3.7.1 ([51, theorem (3.5)]). Let vy, va,vs be distinct vertices of a graph G. If
there is no (< 2)-separation (A, B) of G such that vi,ve,v3 € A and |B — A| > 2, then
either GG contains a tripod on vy,vs,v3 or G can be drawn in a disc with vy, vy, v3 on the
boundary.

Instead of this, we will use the following lemma, which is slightly stronger than
Lemma 3.7.1. The proof is easy.

Lemma 3.7.2. Let vy, vq,v3 be distinct vertices of a graph G. If there is no (< 2)-
separation (A, B) of G with vy,v9,v3 € A and B — A # 0 such that G|B cannot be drawn
in a disc with AN B on the boundary, then either there is a tripod on vyi,vs,vs in G or
G can be drawn in a disc with vy, vy, v3 on the boundary.

For the proof of Lemma 3.6.2, we consider the following condition for G, s;,t;, P; in
the lemma.

(v) For any 2-separation (A, B) of G\ V(P U P,) with s3,t3 € A and A — B # (), the
graph obtained from G|B UV (P, U P,) by shrinking P; U P, into a single vertex,
denoted by p, can be drawn in a disc with (AN B) U {p} on the boundary.

(vi) The graph (G \ V(P, U P,)) \ {sst3} is 2-connected.

(vii) Fori = 1,2, if the end of P; in {s1, $2} is not adjacent to V(G) =V (P UP)U{ss,t3}
then P;_; contains an internal vertex adjacent to the vertex in {sy, s2} Nend(P),
and the end of Ps_; in {s1,s2} is adjacent to V(G) — V(P, U Py) U {s3,%3}. An
analogous result holds for the ends of Py, Py in {t,t5}.

The following three claims state that (v), (vi) and (vii) hold for minimum counterex-
amples to Lemma 3.6.2. The proof of Claim (v) is similar to that of Lemma 3.2.6 in
Section 3.6. The proof of Claim (vii) is similar to that of [45, Lemma 2.2].

Claim 3.7.3. If a tuple of G, s;,t;, P; is a counterezample to Lemma 3.6.2 with |V (G)|
minimum, then (v) holds.

Proof. To show (v), let (A, B) be a 2-separation of G \ V(P U P,) with s3,t3 € A and
A—B#1(. If B— A = () then the claim obviously holds. So assume that B — A # ().
Let AN B = {wy,wy}. Let Q1,Q2 be subpaths of Py, P, respectively, such that there
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is no edge of G between int(Q)) U int(Qs) U (B — A) and V(P U P) — V(Q1 U Q2);
such paths exists, since ()7 = P, and ()2 = P, work. Choose such paths ()1, Qs with
[V (Q1)] + |V (Q2)| minimum.

Now Ng(int(Qq) Uint(Q2) U (B — A)) = end(@Q1) U end(Q2) U {wy, ws}. This can be
seen by the same proof as (4) in the proof of Lemma 3.2.6. For if there is an edge from
a vertex a € int(Q1) Uint(Qs) U (B — A) to a vertex b in V(G) — V(Q1 U Q2) U B, then
a € int(Qq) Uint(Qs2) and b € A — B. By (iv) there are two disjoint paths Ry, Ry of
G|A from {ss3,t3} to {b, w1, ws}, with one ending at b. Assume that s3 is connected to
b by Ry U Rs; the case t3 is connected to b is similarly proved. Let w be the vertex in
{wy,wy} N (end(Ry) Uend(Rz)). By the same proof as in Lemma 3.4.3, there is a vertex
y of B — A such that G|V(P, U P») U (B — A) contains three disjoint paths between
{s1,s2,a} and {t1,t2,y}, all with no internal vertex in B — A and none with connecting a
to y. One can concatenate these three paths, a path of G|(B— A)U{w} between y and w,
the paths Ry, Ry, and edge ab to obtain three disjoint paths of G' between {s1, 5, s3} and
{t1,ts,t3} such that none of them connects s3 and t3. This contradicts (i). This proves
that Ng(int(Q1) Uint(Q2) U (B — A)) = end(Q1) U end(Q2) U {wy, ws}, as required.

By (ii), the cut end(Q)Uend(Q2) U{wy, wy} has size > 6, and so @1, Q2 have positive
lengths. Fori = 1,2 let s}, t; denote the ends of Q); with s} closer to the end of P; in {s1, so}
in P;. By (iv) there are two disjoint paths of G|A from {ss,t3} to {wy, ws}. Suppose that
these paths have ends sswy, tzws, respectively, say. Now the assumptions (i), (ii), (iii),
(iv) of Lemma 3.6.2 are satisfied by G = G|V (Q1 U Q2) U B, s; = si,t; =t. (i = 1,2),
§3 = wi,t3 = we, P = Q1 and Py = (3. Since A — B # (), the graph G|V (Q, U Q2) U B
has fewer vertices than G, and so is not a counterexample to Lemma 3.6.2. Thus the
graph obtained from G|V (Q1 U @Q3) U B by shrinking ¢ U Q2 into a single vertex can
be drawn in a disc with wy, wy and the shrunk vertex on the boundary. Since there is
no edge of G between B — A and V(P, U P,) — V(Q1 U Q2), the same assertion holds
for the graph obtained from G|V (P; U P,) U B by shrinking P; U P, into a single vertex.
Therefore, (v) holds. This completes the proof. ]

Claim 3.7.4. If a tuple of G, s;,t;, P; is a counterexample to Lemma 3.6.2 and satisfies
(v), then (vi) holds.

Proof. Let G' := (G\V(PiUP,))\{sst3}. Since G is a counterexample to Lemma 3.6.2, G’
contains a vertex other than sz, ¢3. Suppose to the contrary that G’ is not 2-connected.
By (iv) there is a l-separation (X,Y) of G’ with s3 € X —Y and t3 € Y — X. Let
X NY = {z}. By (v) applied to A := X U {t3} and B := Y, the graph obtained from
G|Y UV (P, U P,) by shrinking P, U P, into a single vertex, denoted by p, can be drawn in
a disc with t3, z, p on the boundary. Similarly, the graph obtained from G| X UV (P, U P,)
by shrinking P; U P, into a single vertex can be drawn in a disc with s3, z and the shrunk
vertex on the boundary. Therefore, the graph obtained from G by shrinking P, U P,
into a single vertex can be drawn in a disc with s3,¢3 and the shrunk vertex on the
boundary. This contradicts that G is a counterexample to Lemma 3.6.2. This completes
the proof. Il

Claim 3.7.5. If a tuple of G, s;,t;, P; is a counterezample to Lemma 3.6.2 with |V (G)|
minimum, then (vii) holds.
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Proof. Assume that P, has ends s;,t; for ¢ = 1,2. Since G is a counterexample to
Lemma 3.6.2, we have V(G) — V(P U Py) U {s3,t3} # (). Suppose that s; is not adjacent
to V(G) — V(P U Py) U {s3,t3}, say; the other cases are proved in a similar way.

If Ng(s1)Nint(Py) = 0, then let s} be the neighbor of s in Py. By (ii), 8§ # t;. Now the
assumptions in Lemma 3.6.2 are satisfied when replacing G, s, Py with G'\ s1, s}, P \ s1,
respectively. Since G \ s; has fewer vertices than G, Lemma 3.6.2 holds for G \ s;. Now
one can see that the assertion of Lemma 3.6.2 also holds for GG, contrary to that G is a
counterexample. This proves that Ng(s1) Nint(Ps) # 0, as required.

If s5 is not adjacent to V(G) — V(P U Py) U{ss, 3}, then by the same proof we have
Ng(s9) Nint(P) # 0. By (iii), Ng(s1) Nint(P) = {s5} and Ng(se) Nint(P) = {s}},
where s/ is the neighbor of s; in P; for i = 1,2. Now the assumptions in Lemma 3.6.2 are
satisfied when replacing G, sy, sa, P, P, with G\ {s1, 2}, 1, s, P1\ 1, P>\ s, respectively.
Thus Lemma 3.6.2 holds for G'\ {s1, s2} and hence for G as well, contrary to that G is
a conterexample. This proves that sy is adjacent to V(G) — V(P U P2) U {s3,t3}, as
required. This completes the proof. Il

From now on we may use assumptions (v), (vi) and (vii) to show Lemma 3.6.2. A
sketch of the remaining proof is as follows. First we show that if the lemma is false
then the graph G \ {ssts3, s189,t1t2} can be drawn in a disc with so, s3, $1, 1, t3, 12 on the
boundary in this order listed (Claims 3.7.6-3.7.8). On the other hand, by edge-counting
in the planar graph we see that G contains at most one vertex other than sy, so, s3, t1, t9, t3
(Lemma 3.7.9). This is a contradiction, because the graph G'\ V(P U P,) contains > 2
vertices except but s3 and t3 by (vi). We begin with the following claim, which is slightly
weaker than Lemma 3.6.2.

Claim 3.7.6. Let G, s;,t;, P; be as in Lemma 3.6.2. If (v) and (vii) hold, then there is
no vertexr p of PL U P, such that G contains a tripod on ss,ts,p with no other vertex in

V(P UP,).

Proof. Assume that P; has ends s;,t; for ¢ = 1,2. Suppose to the contrary that there is a
vertex p of P, say, such that G contains a tripod 77 UT5 U Q1 U Q2 U QY3 on s3,t3, p with
no other vertex in V(P U P,y). Choose such a tripod with the legs Q1 U Q2 U Q3 minimal.
Let uq, ug, us denote the feet of the triads 7 and 7. Assume that 01, )2, Q3 have ends
puy, S3us, t3us, respectively.

There is no path of G from V(77 U Ty) to V(P U@ U Q2 U @Q3) with no vertex in
V(P2) U {uy,us,u3}. For otherwise, a minimal such path R has an end in V(P;) — {p}
by the minimality of the legs of the tripod. But the union of R, P, and the tripod
T UTy, U@ U QU Q3 contains two disjoint paths of G\ V(FP) with ends ssty, s1ts,
respectively, contrary to (i).

Thus there is a separation (X, Y') of G with XNY = V(Py)U{u1,us, uz}, V(T1UT3) C
X and V(P U@ UQ2UQ3) CY. By choosing such a separation with X minimal, we
may assume that X — Y consists of the union of two disjoint subsets of X — Y, with
one containing V' (7T1) — {u1, us,us}, the other containing V(7T3) — {uy, us, uz} and both
inducing connected subgraphs of G|(X —Y'). This implies that for any a € Ng(X —Y)N
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V(P,) one can find any 2-linkage on {uy,us,us,a} in G|(X —Y) U {u1, us,us,a}. Note
that [Ng(X —=Y)NV(FP)| > 3 by (ii).

There are no three disjoint paths of G|Y from V(P,) U {s3,t3} to {u1, us, us} with no
vertex in V(P;). For if there are such three disjoint paths Ry, Rs, R3, all with no internal
vertex in V(P,), then the union of Rj, Ry, R3, P, and a 2-linkage on {uy,us, us,a} in
G|(X —=Y)U{uy,ug,uz,a} for some a € Ng(X —Y)NV(P) — V(R U Ry U R3) contains
two disjoint paths of G \ V(P;) with ends ssts, sot3, respectively, contrary to (i).

Thus there is a separation (Y7,Y3) of G|Y of order < |V(Py)|+2 with V(P;) C Y1NYs,
V(Py) U{ss,t3} C Y, and uq, ug, uz € Y;. Now one can find a tripod on {p} U (Y1 NY, —
V(Py)) in G| X UY], with no other vertex in V' (P, U P,), which is indeed a subgraph of the
tripod T} UT,UQ; UQ2UQ3. Thus the graph obtained from G| X UY] by shrinking PyUPs
into a single vertex cannot drawn in a disc so that the two vertices in Y1 NY; — V(P;)
and the shrunk vertex occur in the boundary. By (v) applied to A =Y, — V(P U P,)
and B=Y,UX — V(P UP,), we deduce that A — B = (). Hence Y, —Y; = V(F,) and
s3,t3 € Y1 NY,. This implies that Ng(V(Py)) C V(P) U {s3,t3} U (X =Y.

Let aj,as € Ng(X —Y)NV(P,) with Ng(X = Y)NV(PR) C V(P]a,as]); assume
that s;,a1,as,t, occur in P, in order. We show that Ngy, (V(Pa(ai,as2))) € {p}. Since
P, is an induced path of G by (iii), there is no edge of G from V (P(ay,as2)) to V(Py) —
V(Py[ay,az]). So let there be an edge of G from a vertex a in V(Py(aq,as)) to a vertex
bin {ss,t3} U (V(P) — {p}). If b = s3 then the union of P, ab, @3 and a path of
G|(X = Y)U{us,a1} from ug to a; contains two disjoint paths of G\ V(P;) with ends,
ssta, Sots, respectively, contrary to (i); the case b = t3 is similar. If b € V(P[s1,p))
then let Ry, Rs be two disjoint paths of G|(X —Y) U {uy, us, us, a1} with ends uyus, ugay,
respectively. Now the two paths @y U Ry U Q1 U Pi[p, t1], Pa[se,a1] U Ry U Q3 and a
path consisting of the union of Pj[s1,b],ba and Pa,ts] yield three disjoint paths of G
with ends s3t1, Sat3, S1ta, respectively, a contradiction; the case b € V(Py(p, t1]) is similar.
Thus there is no such edge ab of G. This proves that Ngjy, (V (Pa(a1,a2)) € {p}.

Therefore, {uy,us,us,ar,as,p} is a cut of G that separates (X —Y) UV (Py(ay,as))
from the other vertices of G. By (ii) we have p # wu;. Also we deduce from (ii) that p is
adjacent to V(Pa(ai,aq)) in G.

We show that p is the only vertex of P; adjacent to V(G)—V (PLUPy)U{s3,t3}. To see
this, we first remark that there are no three disjoint paths of (G|Y1) \ p from {uy, us, us}
to {s3,t3} U V(P \ p); for otherwise, we may choose such three disjoint paths, all with
no internal vertex in V(P;), and covering {ss, t3}; if the third has an end in P;(p, ;] say,
then since p is adjacent to V(Py(ay,az)), by the same proof as above one can find three
disjoint paths of G with ends ssti, sots, s1t2, respectively, contrary to (i). Thus there
are no such three paths of (G|Y]) \ p. Now there is a 3-separation (U, W) of G|Y; with
peUNW, {ss,ts} UV (P) CU and uy,uz,us € W. By (v) applied to A =U — V()
and B = (W —{p})U(X —V(P,)), we deduce that A— B = (). Hence U =W = V(P \p)
and s3,t3 € UNW. This implies that P \ p has no vertex adjacent to (W —U)U(X —Y).
Since (W —-U)U(X =Y) = (Y1 =V (P)U{s3, t3})U(X=Y) = V(G) =V (PLUPy)U{ss, t3},
this proves that p is the only vertex of P, adjacent to V(G) — V(P U Py) U {s3,t3}.
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Now we use (vii). We may assume from the symmetry that p # s;. Since s is
not adjacent to V(G) — V(P U P2) U {s3,t3}, we deduce from (vii) that P, contains an
internal vertex g adjacent to s, and s9 is adjacent to V(G) — V (P, U Py) U{ss, t3}. Since
Ne(V(Py)) C V(P) U {s3,t3} U (X —Y), we have s3 € Ng(X —Y) and so ss = a;.
Let Ri, Ry be two disjoint paths of G|(X — Y) U {uq, ug, us, 2} with ends wujus, sous,
respectively. Now the two paths Q2 U Ry U Q1 U Pi[p, t1], Re U Q3 and a path consisting
of the union of s1q and Ps[q, to] yield three disjoint paths of G with ends ssty, Sots, s1to,
respectively, contrary to (i). This completes the proof. Il

Claim 3.7.7. Let G, s;,t;, P; be as in Lemma 3.6.2. If (v) and (vi) hold, then (G\V (P,U
Py))\ {ssts} can be drawn in a disc with s3,t3 on the boundary.

Proof. Note that V(G) — V(P U Py) U{s3,t3} # 0 by (vi). By (ii) we may assume that
V(G) =V (PLUPy)U{s3,t3} is adjacent to V(Py) in G. Let G} denote the graph obtained
from (G \ V(F2)) \ {ssts} by shrinking P; into a single vertex, which we denote by p;.

We show that there is no tripod on ss3, t3, p; in G;. Suppose to the contrary that there
is a tripod T U T, U Q1 U Q2 U Q3 on s3,t3, p; in Gy; assume that (); is the leg incident
to p1. If Q1 has positive length, then by expanding p; to P;, we can find a vertex p of P,
such that G contains a tripod on ss, t3, p with no other vertex in V (P, U P,), contrary to
Claim 3.7.6. So F(Q;) = 0 and Ty, T contain p;. By expanding p; to Py, one can obtain
from T4, Ty two triads 77, T3 in G\ V(P2), both with exactly one vertex in V' (FPy). If 77, T}
have distinct vertices in V' (Py), then the union of 77 UTy U Q2 U Q3 and P; contains two
disjoint paths of G \ V(P,) with ends ssti, sits, respectively, contrary to (i). So 17,75
have a common vertex p in V(P;). Now T} U Ty U Qo U Q3 is a tripod on s3,t3,p in G
with no other vertex in V(P; U P,), contrary to Claim 3.7.6.

Thus there is no tripod on s3,t3,p; in G1. If G; can be drawn in a disc with ss3, 3, p;
on the boundary, then the claim follows. So assume that G; does not admit such a
drawing. By Lemma 3.7.2 there is a (< 2)-separation (A, B) of G with s3,t3,p1 € A
and B — A # () such that G|B cannot be drawn in a disc with A N B on the boundary.
By (iv) we have p; € A— B and |[AN B| = 2. Now (A — {p1}, B) is a 2-separation of
G\V(P,UP,) with s3,t3 € A—{p1}. If (A—{p1})— B # 0, then we deduce from (v) that
the graph G|B can be drawn in a disc with AN B on the boundary; but this contradicts
the property of (A, B). Thus A — B = {p;} and AN B = {s3,t3}. This implies that
V(G) =V (P, U Pp) U{ss,t3} is not adjacent to V(P;) in G, contrary to our assumption.
This completes the proof. n

Now we are ready to prove the planarity of G \ {ssts, s159, t1t2}.

Claim 3.7.8. Let G, s;,t;, P; be a tuple contrary to Lemma 3.6.2. If (v), (vi) and (vii)
hold, then G\ {s152, t1ta, sst3} can be drawn in a disc with sy, S3, Sa, ta, S3,t1 on the bound-
ary in this order listed.

Proof. Let G' .= (G \ (V(PLU P,)) \ {sst3}. By Claim 3.7.7 and (vi), the graph G’ can
be drawn in a plane with an outer cycle K containing ss3,t3. We choose such a drawing
of G" with |Ng(V (P, U Py)) — V(K)| minimum. Let K, Ky be the two subpaths of K
between sz and t3. Since ssts ¢ E(G'), both K; and K5 have internal vertices.
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We show that |[Ng(V (P, U P,y)) — V(K)| = 0. For suppose to the contrary that there
is an edge of G from a vertex p € V(P U P,) to a vertex z € V(G') — V(K). Let X
be the vertex set of the component of G’ \ V(K) containing x. If X is adjacent to both
int(K;) and int(K5), then G’ contains a tripod on z, s3, t5. This implies that G contains
a tripod on p, s3,t3 with no other vertex in V(P; U P,), contrary to Claim 3.7.6. So we
may assume that N (X) C V(K;). Let aj,as denote the vertices in Ng/(X) NV (K7)
with N (X) NV (K;) C V(Ki[ai,az]). Note that a; # ag by (vi). By planarity there is
a 2-separation (A, B) of G' with V(K) — V(K;(a1,a2)) C A and V(K;[ay,as]) UX C B.
Note that s3,t3 € A and A — B # () by int(K3) # . We deduce from (v) that G|B
contains a path @) between a; and as such that Ng(V(PLUP,))NB C V(Q) and G|B can
be drawn in a disc with @ on the boundary. Replace the drawing of G|B in G’ with such a
drawing, and replace Ki[ay, as] with Q). Now the new drawing of G’ has a smaller value of
|INa(V(PLUP,))—V(K)|, a contradiction. This proves that |Ng(V(PLUP;))—V (K)| = 0.

Thus Ng(V(PLU P,)) C V(K). If V(P;) has neighbors in both int(K7) and int(Ks),
then G|V (K)UV (P;) contains either two disjoint paths with ends s;t3, sst1, respectively,
or a tripod on s, t3, p for some p € V(P;), with no other vertex in V(P U P,); the former
contradicts (i) and the latter contradicts Claim 3.7.6. So Ng(V(P)) NV (K) C V(K;)
for some ¢ € {1,2}; an analogous result holds for P,. If both Ng(V(P)) NV (K) and
Ng(V(P2)) N V(K) are contained in the same V(K;), then the graph obtained from G
by shrinking P U P, into a single vertex can be drawn in disc with s3,¢3 and the shrunk
vertex on the boundary, contrary to the assumption that G is a counterexample. Thus
we may assume that Ng(V(FP)) N V(K) C V(K;) fori=1,2.

By (i), there is no “cross” between P; and K;. More precisely, there are no four
distinct vertices z1,xo € V(Py) and yy,y2 € V(K;) with z1ys, x0y1 € F(G) such that
S1,T1, Tg,t; occur in Py in order and s3, 41, Yo, t3 occur in K in order. Similarly, there is
no “cross” between P, and K5. Therefore, if we let G” denote the graph obtained from
G by deleting edge sst3 and all edges between V(P;) and V(P,), then G” can be drawn
in a disc with sy, s3, s9,t1, t3, t2 on the boundary in order.

We show that both s; and t; are adjacent to int(Kj;) for i = 1,2. For suppose that
s is not adjacent to int(K;), say. Now s; is not adjacent to V(G) — V(P U Py) U
{s3,t3}. By (vii), P> contains an internal vertex adjacent to sj, and sy is adjacent
to V(G) — V(P U Pp) U {s3,t3}; hence sy is adjacent to int(Ks). If V(P) — {s1} is
adjacent to int(K;) then there are three disjoint paths in G|V (P, U P,) UV (K) with ends
s1ta, Sots, sst1, respectively, contrary to (i). Therefore, Ng(V (Py)) NV(K) C {s3,t3} and
so Ng(V(PLUP))NV(K) C V(K3). This implies that the graph obtained from G\ {sst3}
by shrinking P; U P, into a single vertex can be drawn in a disc with s3, t3 and the shrunk
vertex on the boundary, contrary to the assumption that G is a counterexample. Thus
s; and t; are adjacent to int(K;) for i = 1,2.

Finally we show that there is no edge of G \ {sis2,t1t2} between V(P;) and V(P,).
Suppose to the contrary that there is an edge of G between V(P \ t1) and V(Ps \ s9),
say. Since t; is adjacent to int(K7) and sq is adjacent int(Ks), we deduce that there are
three disjoint paths in G|V (P, U Py) UV (K) with ends sits, sot3, s3tq, respectively, which
contradicts (i). This proves that there is no edge of G'\ {sys9,%1t2} between V' (P;) and
V(P).
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Therefore, G\ {s182,t1ls, $3t3} can be drawn in a disc with sq, s3, S92, 2, s3,11 on the
boundary in order, as desired. This completes the proof. ]

To prove Lemma 3.6.2 by using Claim 3.7.8, we need the following lemma, which can
be proved by edge-counting on planar graphs.

Lemma 3.7.9. Let G be a graph and let Z C V(G) with |Z| = 6. Suppose that there is
no (< 5)-separation (A, B) of G with Z C A and B— A # 0. If G can be drawn in a disc
with Z on the boundary, then |V (G) — Z| < 1.

Proof. Suppose to the contrary that |V(G) — Z| > 2. Let (A, B) be a 6-separation of
G with Z C A and |B — A| > 2 such that G|B can be drawn in a disc with AN B on
the boundary; an example is given by A = Z and B = V(G). Choose such a separation
(A, B) with B minimal. Let AN B = {vy,...,vs} and assume that G|B can be drawn in
a disc with vy,...,vs on the boundary in this order listed.

Let G’ be a graph obtained from G|B by adding a new vertex v and edges v;v;41 and
vy; for 1 < i < 6, where v; = v;. Now G’ is planar. By the connectivity of GG, each v; has
at least one neighbor in B — A, and so has degree > 4 in GG’. Each vertex in B — A has
degree > 6 in G’, and v has degree 6 in G'. Thus we have

6+6-4+6(B|—6) <dege(v)+ Y degg(vi)+ Y dege(x)

1<i<6 z€EB—A
= Y degole) = 2E(G)
2eV(GY)
< 2(3|V(G")| = 6) = 6|B| — 6,

throughout which the equality holds. Thus each v; has exactly one neighbor in B — A,
which we will denote by ;. By |B — A| > 2 and the connectivity of G, we deduce
that uy,...,us are distinct. Let A’ := AU {u} and B := B — {v1}. Now (A", B') is
a 6-separation of G with Z C A" and |B’ — A’| > 5 such that G|B’ can be drawn in a
disc with A’ N B’ on the boundary. This contradicts the minimality of B. Therefore,
|V(G) — Z| < 1. This proves the lemma. O

We complete the proof of Lemma 3.6.2, based on Claim 3.7.8 and Lemma 3.7.9.

Proof of Lemma 3.6.2. Let G, s;,t;, P; be a tuple contrary to Lemma 3.6.2, with |V(G)]
minimum. Now (v), (vi) and (vii) hold by Claims 3.7.3, 3.7.4 and 3.7.5. We deduce
from (vi) that |V(G) — V(P U P2) U {s3,t3}| > 2; and so |V(G) — {s1, S, 3, t1, 2, t3}] >
2. By Claim 3.7.8, the graph G’ := G \ {s182,t1ls, s3t3} can be drawn in a disc with
S1, S3, 82, t9, 83,11 on the boundary in this order listed. But by Lemma 3.7.9 applied to
G =G and Z = {sy, 89, $3, t1, 2, t3}, we have |V (G') — {s1, s2, 83, 1, t2, t3}| < 1, which is
a contradiction. This completes the proof of the lemma. O]

3.8 Proof of Theorem 3.1.2

In this section we complete the proof of Theorem 3.1.2. The most of this section is devoted
to proving Theorem 3.1.2(5). The other statements of the theorem can be proved in a
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similar way; we only give a sketch of the proof of Thoerem 3.1.2 (4). We start with the
following lemma, which can be derived from Menger’s theorem.

Lemma 3.8.1. Let G be a graph and k,m be positive integers. Let S = {b1,..., b} C
V(Q) be a stable set of G and let T,T" C V(G) — S with |T'| = |T"| = m. Suppose that
there are m disjoint paths of G\ S between T and T'. If for any v € V(G) — S there are
no m disjoint paths of G\ (S U {v}) between T and T, then exactly one of the following
holds:

(a) For some 1 < i < j <k there are m + 1 disjoint paths of G between T'U {b;} and
T"U{b;}, all with no internal vertex in S, such that none of them connects b; and
b;.
(b) There is a path-decomposition (Ay, ..., Ax) of G such that
e TCA, T CA,;,
e b€ Ay —A_1UAL forl<i<k, where Ay = Ay =0, and
o |[A,NAi|=mforl<i<k.

Proof. Tt is easy to see that both (a) and (b) do not hold simultaneously. By induction
on k = |S|, we show that if (a) is false then (b) holds. Since the case k = 1 is trivial,
suppose that k£ > 2.

There is a (< m)-separation (A, B) of G with T'U (S — {bx}) C A and T" U {b} C B.
For otherwise, there are m + 1 disjoint paths Py, ..., P41 of G between T'U (S — {by.})
and 7" U {b;}, all with no internal vertex in 77U T’ U S. By the existence of m disjoint
paths of G \ S between T and 7", we may assume from Lemma 2.2.1 that 7" and 7" are
covered by P, ..., Py,11; assume that Py, ..., P, have ends in 7. Let b; € S — {b;} be
the vertex covered by P,,41. Since (a) is false, P,, must connect b; and by. Since S is
stable, we have int P,,,,1 # 0. But P, ..., P, are m disjoint paths of G\ (SUint(Py,11))
between T and T, contrary to our assumption. Thus there is such a separation (A, B).

Since there are m disjoint paths of G \ S between T" and 7", the cut set AN B is
contained in the union of such m disjoint paths; and so |[A N B| = m. Consequently,
S —{by} € A— B and by € B— A. By induction applied to S — {b;},7 and AN B in
the graph G|A, there is a path-decomposition (A1, ..., Ax_1) of G|A such that T C Ay,
ANB C A1, b; € Ay — A1 UA  for 1 < i < k—1, where Ay = A, = (), and
|A; N Al =mfor 1 <i<k—1. Let A, := A, for 1 <i<k—1and A :== B. Now
(A}, ..., A}) is a path-decomposition of G satisfying (b). This completes the induction
and proves the lemma. O]

Lemma 3.8.2. Let G be a graph and k be a positive integer. Let S = {by,..., by} C V(G)
and let C' be a spanning cycle of G \ S containing distinct two vertices vy, vy. Suppose
that S U{vy,ve} is a stable set of G. If C' is lean with respect to vy,vy in G, then exactly
one of the following holds:

(a) For some 1 < i < j <k there is a path of G through b;,vs,v1,b; in order, with no
other vertex in S.
(b) There is a path-decomposition (Ay, ..., Ax) of G such that

L4 Ul;bl S Al - AQ; 1)27bk € Ak‘ - Ak‘—l;
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e bc A, — A 1UA;, forl <i<k and
L |A1mAz+1|:2f07’1§Z<k

Proof. 1t is easy to see that (a) and (b) do not hold simultaneously. We show that at
least one of them holds. Since the case k = 1 is trivial, we assume that & > 2. Let t1, 1,
be the neighbors of v in C', and ¢/, t;, be the neighbors of vy in C, with vy, tq,t], ve, ), to
on C in order; note that t1,ts,t],t5 & {v1,v9}, since v1vo ¢ F(G). Since C is lean in
G with respect to vy, vy and {vy,v2} U S is stable in G, we have Ng(vi) = {t1,t2} and
Ng(ve) = {t},t5}. Moreover, since C' is a spanning cycle of G\ S, we deduce that there
are no two disjoint paths of G'\ (S U {vy,v2}) between {t1,t2} and {¢],t,} missing some
vertex of G\ (S U {vy,vs}). Apply Lemma 3.8.1 to G = G\ {v1,v2},S,T = {t1,t2} and
T = {t|,t,}. If Lemma 3.8.1 (a) holds, then Lemma 3.8.2 (a) follows. If Lemma 3.8.1 (b)
holds, then there is a path-decomposition (A1, ..., Ax) of G\{v1,v2} such that t,t, € Ay,
th,th € Ay, by € Aj— A, 1UA for 1 <i <k, where Ag = A1 =0, and [A;NA 4| =2
for 1 <i < k. Now let A} := Ay U{wn}, A} := A U{ve} and A} := A; for 1 < i < k.
Since Ng(v1) = {t1,t2} and Ng(ve) = {t],t5}, every edge of G is contained in some A..
Thus (A7, ..., A}) is a path-decomposition of G satisfying Lemma 3.8.2 (b). This proves
the lemma. O

We are now ready to complete the proof of Theorem 3.1.2 (5).

Proof of Theorem 3.1.2(5). Let Z = {vy,vq,v3,v4}. It is easy to see that if G is dis-
coid for (v;,, vy, Vis, v;,) for some ordering Z = {v;,, v;,, vis, v;, } then G contains no Ky-
subdivision on Z. To show the converse, suppose that G contains no K4-subdivision on
Z. Since G is 6-connected, there is a nice and lean bicycle J on Z in G by Lemma 3.2.5.
Assume that J is a bicycle on (vy, ve, v3,v4), say. Our goal is to show that G is discoid
for (vy,ve,v3,v4). Let C; denote the tire of J with v;, v, € V(C;) for 1 < i < 4, where
indices are read modulo 4. Since J is lean, C; is lean with respect to v;, v;41 for 1 <1 < 4.
Let H := G\ V(J). By Lemma 3.2.7, H contains a cycle K such that:

e H can be drawn in a disc with K on the boundary, and
e there are eight distinct vertices xq,...,xs occurring in K in this order listed such
that

— Ty, T2 € Neg(vi),

— Ng(v;) CV(C;UC_) UV (K (91, 22)), and

= Ne(V(Ci) = {vi,viga}) € {vi viga} U V(K (22, 22i41))
for 1 < i < 4. Note that |V (K (xg;, x9;41))| > 4 for 1 < i < 4, since G is 6-connected and
V(Ci\ {vi,vi1}) # 0.
(1) For1 <i <4 thereis no path of G|V (C;)UV (K (X, Toiy1)) through xoe;, vit1, Vi, Taita

i order.

For let there be a path of G|V (Cy) U V(K (xq,x3)) through xs,ve, v1, 23 in order, say.
By combining it with the two disjoint paths of K with ends zoxg, x315, respectively, we
obtain a path of G|{vs,vs} UV (H)UV(C}) through vs, vy, ve, v4 in this order listed. This,
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together with Cy, C3 and Cy, yields a Kj-subdivision on Z in G, a contradiction. This
proves (1).

(2) For 1 <i <4, if vy € E(G) then the graph G|V (C;) U V(K (xg;, x9i41)) can be
drawn in a disc with v;, xe;, K(To;, Toi11), Toiv1, Viy1 on the boundary in this order listed.

For if vy € E(G) say, then one of the subpath of C; between v; and v, is the edge
10, since (' is lean with respect to vy, vs. Let P be the other subpath of C'; between
v; and ve. Note that P is an induced path of G and that Ng(int(P)) C {vy,ve} U
V(K (xq,x3)). Since there is no path of G|V (C}) U V(K (xy,x3)) through x5, v, vy, x5 in
order by (1), there is no “cross” between P and K(z3,x3). More precisely, there are
no four distinct vertices py,ps € V(P) and qq, g2 € V(K (xo, x3)) with pi1go, p2og1 € E(G)
such that vy, p1, pa, v2 occur in P in order and w9, q1, g2, x3 occur in K (xs, x3) in order.
Therefore, G|V (C}) U V(K (xq,x3)) can be embedded in a plane so that the outer cycle
consists of K (xq,x3), 302, 0907 and vyzy. This proves (2).

For 1 < j < 4 define a subgraph H; of G as follows: If v;v;1, € E(G) thenlet V(H;) =
{vj,vj:1} and E(H;) = 0. If vjujy1 ¢ E(G) then let H; be a graph obtained from
G|V (C;) UV (K(x2j,r2j+1)) by deleting edges spanned by {vj, vj11} UV (K (xa;, T2j41))-
Let L denote the subgraph of G induced by V(H)U Z U Uj:ijHleE(G) V(C;).

We show that (L, Hy, He, Hz, Hy) is a discoid decomposition of G for (vq, v, vs, vy).
First, it is easy to see that L, Hy, Hy, H3, H, are five edge-disjoint subgraphs of G so that
G = LUH;UH,UHsU H,. By definition one can see that vy, ve, v3,v4 € V(L), Hy N H;
and Hy N Hy are null and V(H; N Hj1q) = {vj} for 1 < j <4,

Note that for 1 < j < 4 the set V(L N H;) — {v;,vj41} equals V(K (xq;, x9541)) if
vjvjr1 ¢ E(G) and empty otherwise. For 1 < j < 4, if vju;4 ¢ E(G) then let k; =

[V (K (9, T9541))| (> 4) and let b, . . ., bij denote the vertices of K (o), x2j41) from xy; to
Zg;4+1 in order; if vjv;41 € E(G) then let k; := 0. We deduce from the drawing of H and (2)
that L can be drawn in a disc with vy, b, ..., by ,v2,b7,..., b}, v3, 03, ... b}, vg, b3, ..., by,

on the boundary in order.

The remaining task is to show that if k; > 2 then H; has a path-decomposition as
in the definition of discoid graphs. To see this, let j € {1,2,3,4} with k; > 2. Now
vjv+1 ¢ E(G) by definition. We deduce from (1) that for any 1 < i < ¢’ < k; there
is no path of H; through b{,vjﬂ,vj,bg, in order, with no other vertex in {b{, e bij}.
Thus, Lemma 3.8.2(b) holds for G = H;, S = {b{,...,b{;j}, C = Cj, vy = v; and
vy = vj41. So there is a path-decomposition (A7, ... ,Aij) of H; such that v;, b} € A} — A},
v, bh € AL — AL b € Al — AL UAL, for 1 <i < k;and [A] N AL,| =2 for
1 <4 < kj, as required.

Therefore, (L, Hy, Hy, Hy, Hy) is a discoid decomposition of G for (vq, va, v3,v4). This
completes the proof of Theorem 3.1.2 (5). O

By a slightly modified proof of Theorem 3.1.2 (5), one can prove Theorem 3.1.2 (4).
The statements (1), (2) and (3) in Theorem 3.1.2 can be proved in a similar way.

Proof of Theorem 3.1.2(4). We only give a sketch of the proof of the nontrivial part
of the statement: If G contains no K, -subdivision on (v, vq;v3,v4), then there is a
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discoid decomposition (L, Hy, Hy, H3, Hy) of G for (vy,vs,vs3,v4) or (vy,ve,vy,v3) such
that E(Hs) = 0.

Let Z = {vy,v2,v3,v4}. Since G obviously contains no Ky-subdivision on Z, there is a
nice and lean bicycle J on Z in G by Lemma 3.2.5. Now J is a bicycle on (vq, v2, v3, v4) Or
(v1, V9, V4, v3); otherwise, we obtain a K, -subdivision on (vy,ve; v3,v4), a contradiction.
Assume that J is a bicycle on (v, ve,v3,v4), say. We apply Lemma 3.2.7 and use the
same notation C;, H, K, z; as in the proof of Theorem 3.1.2 (5).

Let us take a closer look at the graph G’ := G|V (C3) UV (K (xg,z7)). In the proof of
Theorem 3.1.2 (5), the graph G’ was only required to contain no path through g, vy, v3, 7
in order. But now G’ cannot contain any two disjoint paths with ends zgvys, 2703, TE-
spectively; for if there are such two disjoint paths, then GG contains a K -subdivision on
(v1, v9; v3,v4), & contradiction. From this observation one can prove that G’ can be drawn
in a disc with vs, xg, K (x¢, x7), 27, v4 on the boundary in order, regardless of whether or
not vzuy € E(G).

Define a subgraph Hjz of G by setting V(H;z) = {vs,v4} and E(H3) = 0. For
J € {1,2,4} define a subgraph H; of G as follows: If v;v;4; € E(G) then let V(H;) =
{vj,vj;1} and E(H;) = 0. If vju;;; ¢ E(G) then let H; be a graph obtained from
G|V (C;) UV (K (xg;,x95+1)) by deleting edges spanned by {v;, vj41} U V(K (x2), T2j41))-
Let L denote the subgraph of G induced by V/(H)UZUV (C3)UU; (19,430,011 e8(0) V (C)-
In a virtually identical way as the proof of Theorem 3.1.2 (5), one can show that (L, Hy, Hs,
Hj3, Hy) is a discoid decomposition of G for (vy, vq, v3,v4) with E(Hz) = (). This completes
the proof. n

3.9 Corollaries

We prove corollaries of the main theorem, namely, Theorems 3.1.3 and 3.1.4. These
theorems immediately follow from the following lemma. We may use Theorem 3.1.2, but
the proof seems quicker if we start from Lemma 3.2.7.

Lemma 3.9.1. Let G be a 6-connected graph and let Z C V(G) with |Z] = 4. If G is
7-connected or triangle-free, then there is a Ky-subdivision on Z in G.

Proof. Suppose to the contrary that G' contains no Kjy-subdivision on Z. Since G is
6-connected, by Lemma 3.2.5 there is a nice and lean bicycle J on (v, vq, v3,v4) in G for
some ordering Z = {vy,vs,v3,v4}. Let C; denote the tire of J with v;, v, € V(C;) for
1 < ¢ < 4, where indices are read modulo 4. Let H := G \ V(J). By Lemma 3.2.7, H
contains a cycle K such that:

e [ can be drawn in a disc with K on the boundary, and
e there are eight distinct vertices x1,...,xg occurring in K in this order listed such
that

— T9;—1,T2 € NG(Ui)y
— Ng(vi) g V(CZ U Cifl) U V(K([L’Qi,l, l'2i>), and
— Ne(V(C;) — Z) C{vi, vipa } U V(K (29, T2i41))
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for 1 <i < 4. Note that every vertex of H \ V(K) has no neighbor in V' (JJ). We want to
show that each vertex of K has not so many neighbors in V' (J). As easily seen, it holds
that:

(1) For 1 < i < 4 every internal verter of K(xa;_1,%9) has at most one neighbor in
V(J), namely v;.

We next consider vertices of K(zg;, 9;41) for 1 < i < 4. From the symmetry we
mainly consider vertices of K(zy,x3). Note that each vertex x of K (xq,x3) satisfies
that Ng(z) N V(J) = Ng(x) N V(Cy). Let k = |V(K(xq9,x3))| (> 4) and let x5 =
by, by, ..., by = x3 denote the vertices of K(z,x3) from 5 to x3 in order. By the same
way as in the proof of Theroem 3.1.2 (5) in Section 3.8, we obtain the following.

(2) If vivy € E(G), then the graph G|V (Cy) UV (K(x2,x3)) can be drawn in a disc with

v1,b1, b9, ..., bg,v9 on the boundary in this order listed.

(3) If viva ¢ E(G) then the graph obtained from G|V (Cy) U V(K (x2,x3)) by deleting
edges spanned by {vi,v2} UV (K (xq,x3)) has a path-decomposition (Ay, ..., Ag) such that
v, b1 € A1 — Ay, v, by € Ay —Ap_1, b € Aj—A; 1UA; 11 forl <i <k and|A;NAj] =2
for1 <i<k.

By (2) and the 6-connectivity of G, we easily obtain the following:
(4) If vivy € E(G), then |Ng(bi)) NV (Cy)] <2 for 1 <i<k.
Next we claim:

(5) If vivy & E(G), then |[Ng(b;) NV (Cy)| <4 for 1 <i <k and |[Ng(b;)) NV (Cy)| <3
fori e {1,k}. If some vertex of K({xs,x3) has > 3 neighbors in V(Cy), then G contains
a triangle. If G is T-connected, then |Ng(b;) N V(C1)| + |[Ng(biy1) N V(Cy)| < 6 for
1<i<k.

For let (Ay,..., Ax) be a path-decomposition as in (3). Since G is 6-connected, each
part A; has no other “inner vertices”, i.e., Ay — Ay = {v1,b1}, Ax — Ax_1 = {w, bx} and
A — A, 1 UA; 1 ={b} for 1 <i < k. Since Ng(by)NV(C1) C {v1}U(A; N Ay), we have
|INc(b))NV(C)| < {v1}U(A1NAg)| = 3. Similarly, |[Ng(be) NV (C1)| <3. Forl <i <k
we have | Ng(b;)NV(Ch)| < |AiN(A;—1UA;41)| < 4. This proves the first part of the claim.
If some b; has > 3 neighbors in V(C}), then such neighbors are all in A;, and so G|A4;
contains a triangle by the existence of C';. This proves the second part of the claim. To see
the third part of the claim, note that for 2 < i < k—2 the graph G|A; U A, is separated
from the other vertices of G by the (< 6)-cut (A; N A;—1) U (Ajr1 N Aio) U{b;, biyq}. If
G is 7-connected, then the graph G|A; U A;;; has no “internal vertex”, i.e., A; N A;11 C
(A;MA;—1) U (Air1 N Aiyo). This implies that | Ng(b;) NV (C)| + |Ng(biv1) NV(Ch)| < 6
for 2 < i < k — 2. Similarly, the graph G|A; U A, is separated from the other vertices
of G by the 5-cut {vy,b1,b2} U (A2 N Az). This implies that if G is 6-connected then
A1 N Ay C AyN Az, and so [N (b)) NV(Cy)| + | Ne(b2) NV (CY)| < 5; an analogous claim
holds for G|Ai_1 U Ag. This proves the third part of the claim. This proves (5).
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From (1), (4) and the second part of (5), we deduce that if G is triangle-free then
each vertex in K has < 2 neighbors in V(.J). Consequently, every vertex in H has < 2
neighbors in V'(J), and so H has minimum degree > 6 —2 = 4. But this contradicts that
H is a triangle-free planar graph. Therefore, GG is not triangle-free, and so 7-connected.

From (1), (4) and the first and the third part of (5), we deduce that if G is 7-
connected then |Ng(x) NV (J)| + |[Na(y) NV (J)| < 6 for every edge xy of K. On the
other hand, we have |E(H)| < 3|V(H)|—6—(|]V(K)|—3) =3|V(H)|—3—|V(K)|. Since
degy(z) = degg(x) > 7 for every x € V(H) — V(K), we have

Z degy (z) = 2[E(H)| - Z degy ()

zeV (K z€V(H)-V(K)
<2B3|V(H)| =3 = |[V(K)|) = 7([V(H)| = [V(K)])
= —|V(H)| -6+ 5|V (K)|

< A|V(K)|,
which implies that
> (degy(z) + degy(y)) =2 Y degy(x) < 8|V(K)| = 8| E(K)|.
zycE(K) z€V(K)

Therefore, there is an edge xy of K with degy (x)+degy(y) < 7. Now |Ng(z) NV (J)|+
|INa(y)NV (J)| > dege(x)+dega(y)—(degy (v)+degy (y)) > 7T+7—7 = 7, a contradiction.
This completes the proof of the lemma. O



Chapter 4

Relaxed rooted subdivisions on four
vertices

4.1 Overview

Let G be a graph and Z be a subset of V(G) with |Z| = 4. By a K -subdivision on Z in
G we mean a K -subdivision on (v, va;v3,v4) in G for some ordering Z = {vy, v, v3, 04 };

see Section 3.1 for the term “K -subdivision on (vy, va; v, v4)”.

Therefore, the relaxed
rooted K -subdivision problem is to ask a /; -subdivision on Z in G.
The second contribution in this dissertation is to determine the structures of graphs

G with no K, -subdivision on Z, under the assumption that

(%) for every vertex v of Z there are three paths of G from v to Z — {v},
mutually disjoint except for v.

Roughly speaking, such a graph G admits a “decomposition” that separates Z into a
few smaller subsets. The decomposition of G' can be written as a hypergraph in flavor of
combinatorics, without any topological condition, such as planarity. This is an interesting
difference from Theorem 3.1.2 (4). A precise description of the theorem (Theorem 4.5.3)
is given in Section 4.5.

If we drop the assumption (%), then some vertex in Z may have to be of degree 2 in
a possible K, -subdivision on Z. This restricts the choice of the subdivisions and hence
the problem becomes almost the same as the usual rooted K -subdivision problem. We
shall deal with it in Chapter 3 only when G is 6-connected, and so assume (*) here.

Unlike other results in this area, our proof is based on Mader’s “H-Wege” theorem.
For a subset S of V(G), an S-path of G is a path of G with distinct ends both in S and
no internal vertex in S. Mader [43] gave a min-max formula for the maximum number
of internally disjoint S-paths, which is a deep result generalizing Menger’s theorem and
the Tutte-Berge formula. If G contains no more than four internally disjoint Z-paths,
then clearly there is no K, -subdivision on Z in GG. Such a graph G can be characterized
by Mader’s theorem. We may thus start from five internally disjoint Z-paths. This is a
helpful shortcut for us. A similar method is used in the proof of Hadwiger’s conjecture for
Kg-minor-free cases by Robertson, Seymour and Thomas [51] (see also [30] for a similar
proof).

48
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By a K} -subdivision on Z in G we mean a K; -subdivision on (v;;vs, v3;v4) in G for
some ordering Z = {vy,v9, v3,v4}. Note that K 2~ and O, are the graphs obtained from
K, by removing one edge. Thus, if there is a vertex not in Z whose removal makes the
graph G contain neither K -subdivision on Z nor cycle through all the vertices in Z,
then obviously GG contains no K, -subdivision on Z. From this observation, it is natural
to consider the following subproblem:

Characterize graphs G that contain neither K -subdivision on Z nor cycle
through all the vertices in Z.

As we shall show in Corollary 4.5.2, such a graph G has almost the same structure as
a graph that contains no cycle through all the vertices in Z. Watkins and Mesner [67]
characterized 3-connected graphs containing no cycle through given four vertices; see
Corollary 4.10.2 for the statement. However, there seems no Watkins—Mesner-type theo-
rem for 2-connected graphs. We solve this problem in Section 4.7. Note that this result
cannot be derived from the result of [67] because the prescribed four vertices may have
degree 2 in a 2-connected graph, which makes a significant difference. We should remark
that as a similar problem, a characterization of cycles through prescribed four edges is
given in [37].

In Sections 4.3 and 4.4, we prove some lemmas which are crucial for us to prove the
main theorem, but are of independent interest.

4.2 Tools

In this section, we introduce the most important concepts, namely Mader’s S-paths
theorem. For our sake of use of this theorem, we give a few lemmas concerning the use
of Mader’s theorem. We also derive Watkins—Mesner’s theorem from Mader’s S-paths
theorem.

4.2.1 Decompositions

A tuple D = (A, ..., Ag) of subsets of V(G) is called a decomposition of G if (G|A;) U
-+ U (G|Ag) = G; equivalently, Ay U---U Ay = V(G) and every edge has both ends in
one of A;. So it is a separation of G if K = 2. Each A; is called a part. The boundary of
a part A; is the set A; N Ulgjgk:j;ﬁi A;, which we denote by bdp A; or simply, bd A;. The
interior of A; is the set A; — bdp A;, which we denote by intp A; or simply, int A;. We
say that a hypergraph H with vertex set |J,.,., bd A; and edge set {bd A;}1<;< is the
basic family of the decomposition D. In pra&ci?:e it is sometimes convenient to describe
a decomposition of G by giving its basic family. We will encounter such a situation in
Section 4.5 to state our main theorem.

4.2.2 Mader’s S-paths Theorem

A tuple (Xi,..., Xp; Y1, ..., Y,,) of subsets of V(G) is called a bipartite-decomposition of
a graph G if it is a decomposition of GG such that Xi,..., X are pairwise disjoint and
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Y1, ..., Y, are pairwise disjoint. It is called linear if | X; NY;|=1forall 1 <i <k, 1<
j<m

A tuple (W;Xy,..., Xk Y1, ..., Y,,) of subsets of V(G) is called a quasi-bipartite-
decomposition of G if (X1,..., Xy;Y1,...,Y,,) is a bipartite-decomposition of G'\ W. Its

value is defined by
1
wi+ 3 [mnx),

1<j<m

where X = X; U---U X;. The set W is called the integral part of the quasi-bipartite-
decomposition. Note that the tuple (W, X,..., Xk, Y1,...,Y,,) is not necessarily a de-
composition of G if W # 0; but (WU Xq,..., WUX,, WUYy, ..., WUY,,) is a decom-
position of G. For S C V(G), a quasi-bipartite-decomposition of G with respect to S is
a quasi-bipartite-decomposition (W; X1,..., Xy;Y1,...,Y,,) of G such that k£ = |S| and
ISN(X; =Y)|=1for1 <i<k, whereY =Y, U---UY,,. It is permitted that m =0
and Y = (). Note that the existence of a quasi-bipartite-decomposition with respect to
S implies that S is stable. It is easy to see that for a stable set S C V(G), if there are
t internally disjoint S-paths of G, then every quasi-bipartite-decomposition of G with
respect to S has value > ¢. Mader’s “H-Wege” theorem [43] states that the converse
holds; see [54, Theorem 4], e.g., for an equivalent description of the theorem.

Theorem 4.2.1 (Mader [43]). Let G be a graph and let S C V(G) be a stable set. Then
the mazimum number of internally disjoint S-paths of G is equal to the minimum value
of quasi-bipartite-decompositions of G with respect to S.

A quasi-bipartite-decomposition (W; X7, ..., Xy; Y7,...,Y,,) of G is called good if |Y;N
X| is an odd integer and |[{1 < i < k: X;NY; # 0} > 3 for 1 < j < m. The value
of a good quasi-bipartite-decomposition is written as |[W| + (|X NY| —m)/2, without
the floor function. The following lemma assures the existence of a good quasi-bipartite-
decomposition of minimum value; for its proof, just choose one with W maximal, and
subject to that with ¥ minimal.

Lemma 4.2.2. Let G be a graph and S C V(G) be a stable set. If there is a quasi-
bipartite-decomposition of G with respect to S of value t, then there is a good quasi-
bipartite-decomposition of G with respect to S of value < t. In particular, there is a good
one of minimum value.

Proof. We may assume that |S| > 2. Choose a quasi-bipartite-decomposition (W; Xy, ...,
Xi; Y1, ..., Yy) of G with respect to S of value < ¢, with W maximal, and subject to that
with Y =Y, U---UY,, minimal. Let ¢’ (< t) denote its value. Let X := X; U---U X;.
We may assume that m > 0 and each Y; is not empty. Suppose to the contrary that
X;NY; =0 for 3 <i < k. Assume that | X; NY;| > | X2 NYi]; and so |[Xo NY;] <
Y1 N X|/2. Set W := WU (XoNnY)), X] = X;U (Y] — Xs) and X)) := Xy — Vi,
Then (W’; X1, X}, X3, ..., Xy Yo,...,Y,,) is a quasi-bipartite-decomposition of G with
respect to S of value < ¢/, such that W C W' and Y — Y; C Y, contrary to our choice.
Hence each Y] intersects at least three X;’s. Next suppose to the contrary that |Y; N X/,
say, is a (positive) even integer. Assume X; NY; # 0 and let v € X; NY] be an
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arbitrary vertex. Set W' := W U {v}, X| := X; — {v} and Y] := Y} — {v}. Then
(W X1, Xo, .o, X Y] Ya, .00 Y, is a quasi-bipartite-decomposition of G with respect
to S of value ' such that W C W', contrary to our choice. Hence |Y; N X| is odd for each
j. This completes the proof. O

When [S| = 2, if (W; Xy, Xy; Y7, ...,Y,,) is a good quasi-bipartite-decomposition of G
with respect to S of minimum value, then m = 0 (and Y = }) by definition. Hence W is
a cut (disjoint from S) of G that separates S, with |[W| equal to the maximum number of
internally disjoint S-paths of G by Theorem 4.2.1. This is nothing but Menger’s theorem.

4.2.3 Watkins—Mesner’s Theorem from Mader’s S-paths Theo-
rem

For our purposes, the case |S| = 3 is particularly important. Let ¢ > 0 be an integer.
A tuple (X1, Xo, X35, Y1, ..., Y}) of subsets of V(G) is called a K3 ,-decomposition of G of
integral value s € {0,1,... t} if

(i) Yi,...,Y; are disjoint singletons,
(ii) the union W :=Y; U---UY, is contained in X;,Yj for 1 <i <3,s < j <t, and
i) (Xq—W, Xo—W, X5—W;Y, .1 —W,...)Y,— W) is a linear bipartite-decomposition
+
of G\ W.

Note that Y; (j > s) is not a singleton, since Y; — W intersects disjoint three sets
X; — W (1 <i < 3). Hence W is uniquely determined. We say that W is the inte-
gral part of the K3 ;-decomposition. A Kj,-decomposition arises from a quasi-bipartite-
decomposition of G of value t. To see this, let (W; X|, X5, X5;Y/,...,Y) be a quasi-
bipartite-decomposition of G such that [X; N Y| =1 forall 1 <i < 3,1 < j <m. Let
s:=|W|and W = {wy,...,ws}. Then its value is equal to

1
t= W[+ Y byj/ﬂ(XiUXéUXé)lJ = s+ m.

1<j<m

Now let X; := X]UW for 1 <i <3,Y, :={w;} for1 <j<s, and Y ::Y}'_SUWfor
s < j <t. Then (X, Xy, X3,Y1,...,Y}) is a K3,;-decomposition of G of integral value s =
|W|. It is obvious that for any three vertices vy, ve, v3 with v; € int X; = X; =Y U---UY;
(1 < < 3), there do not exist more than ¢ internally disjoint {vy, vy, v3}-paths of G.

Of particular importance for us is the case t = 2,3; see Figures 4.1 and 4.2. The
case t = 2 appears in Watkins and Mesner’s results [67], which characterizes graphs that
contain no cycle through prescribed three vertices. Their theorem immediately follows
from Mader’s theorem (Theorem 4.2.1) because in a 2-connected graph there is a cycle
through three vertices vy, vo, v3 if and only if there are three internally disjoint {vy, vg, v3}-
paths.

Theorem 4.2.3 (Watkins—Mesner [67]). Let v1,vq,v3 be distinct vertices of a graph G.
Then there is no cycle through vy, ve and vy in G if and only if one of the following holds:
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Figure 4.2: K3 3-decomposition.

(i) There is a (< 1)-separation (A, B) of G such that both A — B and B — A meet
{v1,v2, 3}

(ii) There is a K3o-decomposition (X1, Xo, X3,Y1,Y2) of G such that v; € X; — Y, UY5
for1 <11 <3.

In Section 4.3, we will see that triad-cycles (defined later) on three vertices are char-
acterized by K3 3-decompositions.

4.2.4 Matroids in S-paths

We will use the following matroidal properties of S-paths.

Lemma 4.2.4. Let G be a graph, let S C V(G), and let k > k' > 0 be integers.
Suppose that Py, ..., Py are internally disjoint S-paths of G. If there are k internally
disjoint S-paths Q1,...,Qk of G, then one can choose such paths with degplu,,.upk,(v) <

degg,u..u, (V) for each v € S.

Proof. 1f S is stable and the sets Ng(v) (v € S) are pairwise disjoint, then the lemma
follows from the usual Mader matroids; see, e.g., [53, Theorem 73.5]. The general case
can easily be reduced to this case. O]
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U3

V1 V2

Figure 4.3: A triad-cycle on {vy, v9,v3}.

4.3 'Triad-cycles

Let vy, vs,v3 be distinct vertices of a graph G. A triad in G with feet vi,v9,v3 is a
subgraph P; U P, U P53 of G consisting of a vertex b of GG distinct from vy, vq, v3, called the
branch, and three paths P; with ends b,v; (1 <1 < 3), mutually disjoint except for b. A
triad-cycle on {vy,v9,v3} in G is a subgraph C' U T of G consisting of a cycle C' through
v1, Vg, v3, and a triad T with feet vy, vq, v3, mutually disjoint except for {vy, v, v3}. See
Figure 4.3 for an illustration of a triad-cycle. In this section we give a characterization of
graphs that contain no triad-cycle on prescribed three vertices. The result will be used in
Section 4.4 to prove another lemma and in Section 4.6 to prove our main theorem. The
proof is heavily based on Mader’s S-paths theorem because a triad-cycle on {vy, vo, v3}
is essentially equivalent to four internally disjoint {vy, vq, v3}-paths.

Theorem 4.3.1. Let G be a graph and let Z C V(G) with |Z| = 3. Then there is no
triad-cycle on Z in G if and only if one of the following holds.

(i) There is a (< 2)-separation (A, B) of G such that both A — B and B — A meet Z.
(ii) There is no triad with feet Z in G.
(iii) There is a vertex w € V(G) — Z such that G\ w contains no cycle through all the
vertices in Z.
(iv) There is a linear bipartite-decomposition (X1, Xo, X3;Y1,Ys,Y3) of G such that | Z N
(X; —YTUYoUYs)| =1 for1<i<3.

Proof. Let Z = {vy,v9,v3}. The “if part” is obvious, so we only show the converse.
Suppose to the contrary that there is no triad-cycle on Z in G, but (i)—(iv) are false. By
induction on |V (G)|, say, we may assume that:

(1) G is 3-connected.

For if there is a (< 2)-separation (A, B) of G with A — B # () and B — A # (), then
B — A, say, is disjoint from Z, since (i) is false. Then the graph G’ obtained from G|A
by adding an edge in AN B (if |[AN B| = 2), does not satisfy (i)-(iv). Hence G’ contains
a triad-cycle on Z by induction, which yields a triad-cycle on Z in GG, a contradiction.
This proves (1).

(2) There are at most three internally disjoint Z-paths in G.

For suppose not, and let there be four internally disjoint Z-paths P, ..., Py of G, and
let H:= P, U---U Py. Since there is a cycle through v{, v, and v3 in G, we may assume
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from the matroidal properties (Lemma 4.2.4) that each of vy, vq,v3 has degree > 2 in
H. We have only to consider two cases: Pp,..., P, have ends (a) v1vs, v109, 0103, Ua03, OF
(b) v1vg, v1V9, V1V3, V13, Tespectively. The case (b) can be reduced to (a), by augmenting
Py, Py from vz in H. The case (a) yields a triad-cycle on Z in G, by augmenting Pj, Py
from vz in H, contrary to the assumption. This proves (2).

Let e := [E(G|Z)], d; = deggz(vi) (1 < i < 3), and G' := G\ E(G|Z). Then
G’ contains at most 3 — e internally disjoint Z-paths by (2). By theorem 4.2.1 and
Lemma 4.2.2; there is a good quasi-bipartite-decomposition (W; X, Xo, X3;Y1,...,Y,)
of G' with respect to Z of value < 3 — e; hence Y; intersects each of X, X5, X5 and
Y; N X|is odd (> 3) for 1 < j <m, and

1 1
Wi+m< W+ Y b'YmX‘J — W+ 50X NY[=m) <3 -c,  (431)

1<j<m

where X = X UXoUXz3and Y =Y, U---UY,,. We may assume that v; € X; — Y for
1< <3.

(3) W =10.

For suppose not, and let w be a vertex in W. Then (W —{w}; X3, Xo, X3; Y1, ..., Y5)
is a quasi-bipartite-decomposition of G' \ w of value < 2 — e. This means that there are
at most two internally disjoint Z-paths in G \ w, contrary to the assumption that (iii) is
false. This proves (3).

For let A := X; UNgz(v1) and B :=Y UX,U X3, say. Then (A, B) is a separation of
G such that vy € A—B and vy, v3 € B. If B—A # (), then ANB = (X;NY)UNgz(v1) has
size > 3 since G is 3-connected. Hence the result follows (for i = 1); so we may assume
that B— A =0, ie,Y UX,UX3C X;UNgz(v1). Then Y =0, X5 = {vp}, X5 = {vs},
and vy, v3 € Ng(v1). Hence Ng(vs) C {v1, v} and Ng(ve) € {vq,v3}, contrary to (1).
This proves (4).

By (4) we have

XNY|[= ) [X;inY[>9-2e
1<i<3

This, together with (4.3.1) and (3), implies that

1 1

5(9—26—m)§ (IXNY|—m)<3—e

DO |

and hence
m > 3.

Thus, we have equality throughout in (4.3.1). Hence e = 0,m = 3 and |Y; N X| = 3 for
1 < j < m. Since X;NY; # () for all 4, j, it follows that | X;NY;| =1 for 1 <4, j < 3. Thus,
(X1, Xo, X3; Y1, Y5, Y3) is a linear bipartite-decomposition of G = G' with v; € X; =Y
(1 < i < 3), contrary to the assumption that (iv) is false. This completes the proof of
the theorem. O
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V4 V4
U1 (%) U1 U2
% U3

Figure 4.4: A Kj -subdivision on (vy;vy,v3;v4) (left) and a K -subdivision on
(v2; V1, vs; vy) (right).

It is possible to integrate conditions (iii) and (iv) in Theorem 4.3.1, via K3 3-decomposi-
tions, as follows.

Theorem 4.3.2 (Via K3 3-decompositions). Let G be a graph and let Z C V(G) with
|Z| = 3. Then there is no triad-cycle on Z in G if and only if one of the following holds.

(i) There is a (< 2)-separation (A, B) of G such that both A — B and B — A meet Z.
(ii) There is no triad with feet Z in G.
(i) There is a K3 3-decomposition (X1, X, X3,Y1, Y, Ys) of G such that |[ZN(X; —Y1 U
YUY3)| =1 for1<i<3.

Indeed, let there be a K3 3-decomposition of G of integral value s € {0,1,2,3}, as
in Theorem 4.3.2 (iii). Then the case s = 0 is equivalent to Theorem 4.3.1 (iv). The
case s > 0 or condition (i) (common in Theorems 4.3.1 and 4.3.2) holds if and only if
Theorem 4.3.1 (iii) holds, by Watkins—Mesner’s theorem (Theorem 4.2.3). This implies
the equivalence between Theorem 4.3.1 and Theorem 4.3.2. One can also give a direct
proof of Theorem 4.3.2 in almost the same way as in Theorem 4.3.1.

4.4 K; -Subdivisions

Let v1,vs,v3,v4 be distinct vertices of a graph G. Recall that a K} -subdivision on
(v1;v9,v3;04) in G is a subgraph of G consisting of the union of four internally disjoint
paths of G with ends vyvs, v1v3, V14, V23, Tespectively. See Figure 4.4 for an illustration.
Also recall that for Z C V(G) with |Z| = 4, a K] -subdivision on Z in G is a K; -
subdivision on (vy; ve, v3;v4) in G for some ordering Z = {vy, vg, v3, 4}

Suppose now that there is a cycle containing vy, vy, v3 and avoiding v4. Let us consider
a problem to construct a K2 -subdivision on {v1, v9,v3,v4} in which vy has degree 1. The
problem is difficult if only one of vy, vy, v3 is permitted to have degree 3, because it is
exactly the K7 -linkage problem; a structural characterization for 6-connected graphs G
is given in Theorem 3.1.2 (3). Nevertheless, if two of vy, v, v3 can have degree 3, then the
problem is fairly tractable, because it is reduced to a triad-cycle problem in Section 4.3.

Lemma 4.4.1. Let vy, vy, v3,v4 be distinct vertices of a graph G. Suppose that fori = 1,2
there are three paths from v; to {vy, va,v3, v4} —{v;}, mutually disjoint except for v;. Then
there is a K3~ -subdivision on (vi;vy,vs;vs) or (vo;vy,vs;v4) in G if and only if there is
a triad-cycle on {vy, vy, v3} in G + v3vy.
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Proof. Suppose that there is a K2~ -subdivision on (v1; vs, v3; v4), say, in G; let Py, Py, P3, P,
be internally disjoint paths in G with ends v v9, vov3, V103, V114, Tespectively, and let

H := P U---UP,. By augmenting P, P, from v, in H, we may assume that there is

a path @ of G with one end v, the other end in V(P3 U P;) — {v1,v3}, and no internal

vertex in H. Then Q U H + vzv, is a triad-cycle on {v1,va,v3} in G 4 v3vy.

Conversely, suppose that there is a triad-cycle H on {v1, vy, v3} in G + v3vy. There is

a path @ of G (possibly, of length 0) from v, to V(H) disjoint from vs; for otherwise, vs is

a cut vertex that separates {vs} and {vy,vs}, contrary to the assumption that there are

three paths from v to {vs, v3,v4}, mutually disjoint except for v;. Then (HUQ)\ {vsvs}

(and hence () contains a K -subdivision on (v1; vy, vs;vy) or (va; vy, vs; vy). O

The above lemma, together with the results in Section 4.3, gives a characterization of
two types of K: -subdivisions, as follows. This result will play a crucial role in proving
our main theorem.

Theorem 4.4.2. Let vy, v,v3,v4 be distinct vertices of a graph G. Suppose that for
i = 1,2 there are three paths of G from v; to {vy,ve,v3,v4} — {v;}, mutually disjoint
except for v;. Then there is no K2 -subdivision on either (vi; vy, v3;vy4) or (va;v1,Us; vy)
i G if and only if one of the following holds:

(i) There is a (< 2)-separation (A, B) of G such that vs € A— B, vy € A and vy, vy €
B — A.

(ii) There is a K3 3-decomposition (X1, Xa, X3, Y1, Ys,Y3) of G such that v; € X; — Y, U
YoUuYs for1<i<3anduv, € X3.

Proof. By Lemma 4.4.1 and Theorem 4.3.2, there is no K3 -subdivision on either (vy; vy,
v3;v4) nor on (ve;vy,vs;vy) if and only if G' = G + wvsvy satisfies one of (i)—(iii) in
Theorem 4.3.2, where Z = {v;,vs,v3}. It is obvious that Theorem 4.4.2 (ii) holds for G
if and only if Theorem 4.3.2 (iii) holds for G'. It is easy to see that if Theorem 4.4.2 (i)
holds for G then Theorem 4.3.2 (i) holds for G.

To see the converse, suppose that Theorem 4.3.2 (i) holds for G’, and let (A, B) be a
(< 2)-separation of G’ such that both A — B and B — A contain a vertex in {vy, v, v3}.
Then vz, vy € A or vs,vy € B. Since (A, B) is also a separation of G, the intersection of
{v1,v9,v3,v4} and A— B (or B— A) cannot be {v;} nor {v,}. Therefore, the only possible
arrangement of v;’s is: v3 € A— B, vy € A and vy,v9 € B— A (up to interchanging A and
B). Hence Theorem 4.4.2 (i) holds for G. Theorem 4.3.2 (ii) does not hold for G'. For if
there is no triad with feet vy, vo, v3 in G’, then each connected component of G\ {vy, vo, v3}
is adjacent at most two of vy, v, v3 in G. Hence there is no path of G’ \ {vy, v3} from vy
to vy, say, but this contradicts the assumption that G contains three paths from v; to
{va, v3,v4}, mutually disjoint except for v;. This completes the proof. O

Let (X1, Xo, X3,Y1,Y5,Y3) be a K3 3-decomposition of integral value 0 < s < 3 as in
Theorem 4.4.2 (ii). Let W := Y U---UYj be the integral part, and let Y := Y; UY, U Y3,
We know vy € X3 but it is more helpful to distinguish the following three cases: (1)
vy € X3 — Y (the interior of X3), (2) vy € X3 NW (the boundary of X3 and the integral
part W), and (3) vy € X3N (Y —W) (the boundary of X3 and the outside of the integral
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part W). If (1) holds, then there are at most three internally disjoint {vq,ve} — {vs, v4}
paths, since X3 NY is a 3-cut. If (2) holds, then G \ v4 contains no cycle through vy, vo
and vs by Watkins-Mesner’s theorem, say; note that such a graph obviously contains no
K?-subdivision on {v1,vs,v3,v4} in which vy has degree 1. Hence if, for example, there
is a cycle through vy, vs, vy, v4 in order and there is a cycle through vy, v9, v3 disjoint from
vy, then case (3) must occur. We will encounter such a situation in (the final step of) the
proof of our main theorem.

4.5 Main theorem

Let G be a graph and let Z C V(G) be a set of four distinct vertices. We say that a
pair (G, Z) is an obstruction if there no K, -subdivision on Z in G. In this section, we
characterize obstructions (G, Z) under the assumption that for every v € Z there are
three paths of G from v to Z — {v}, mutually disjoint except for v. If we drop this
assumption, some vertex v € Z has to be of degree 2 in a possible K -subdivision on Z,
which is a much harder problem as we pointed out in the introduction. So we shall not
deal with such a case.

Before stating our theorem, we point out some obvious obstructions. If there is a
K -subdivision on Z in G, then for any vertex w not in Z the graph G \ w still contains
a K2 -subdivision on Z or a cycle through all the vertices in Z. So the first obvious
obstruction is a graph G which admits a vertex w not in Z such that G \ w contains
neither K, -subdivision on Z nor cycle through all the vertices in Z. To characterize such
graphs, we have to solve the following subproblem:

Characterize Z-acyclic graphs G that contain no K -subdivision on Z.

But this is almost the same as the problem of characterizing Z-acyclic graphs G. To see
this, we need the following lemma. The proof is given in the next section.

Lemma 4.5.1. Let G be a graph and let Z = {vy,va,v3,v4} be a set of distinct vertices
of G. Suppose that G contains a K2~ -subdivision on Z in which vy has degree 3, and that
G contains a cycle through v, vs and vs. Then there is a cycle in G containing all the
vertices in Z .

The following is an immediate consequence of Lemma 4.5.1.

Corollary 4.5.2. Let G be a graph and let Z C V(G) with |Z| = 4. Then the following
two conditions are equivalent.

(1) G is Z-acyclic and contains no K3~ -subdivision on Z.
(2) FEither
(i) G is Z'-cyclic for any Z' C Z with |Z'| = 3 and is Z-acyclic, or
(ii) G is Z'-acyclic for some Z' C Z with |Z'| = 3 and contains no K;~ -subdivision
on Z.
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We already understand most of the structure of graphs as in (2)(ii), with the aid of
Watkins—Mesner’s theorem. Thus, in order to study graphs as in (1) it suffices to study
graphs as in (2)(i). Therefore our subproblem is almost the same as to characterize Z-
acyclic graphs. In Section 4.7, we characterize Z-acyclic graphs. We remark here that
Lemma 4.5.1 is used a few times in the subsequent sections as well: Namely, in the proofs
of Lemma 4.6.2 and Lemma 4.8.1.

We return to other obstructions. Recall that we have assumed above that there is no
(< 2)-separation of G that separates Z into two subsets of size 1 and 3, respectively. We
now consider a separation of G that separates Z into two subsets of size 2. That is, let
there be a k-separation (A, B) of G such that |[ZN(A—B)|=2and |ZN(B—A)|=2. If
k < 2, then GG obviously contains no K, -subdivision on Z, and hence is an obstruction.

What if £ = 37 For this case, there is an obstruction described by bipartite decompo-
sitions. Suppose that there is a linear bipartite decomposition (X7, Xa, X3; Y7, Ys,Y3) of
G such that int X; = X; — Y; UY5 U Y3 contains exactly 1, 1,2 vertices of Z for i = 1,2, 3,
respectively. Then G contains no K -subdivision on Z, as easily checked. Note that
(X3, X1 UXoUY, UY,UYs) is a 3-separation of G that separates Z into two subsets of
size 2.

What if £ = 47 To consider this case, we define a certain decomposition of a graph
G. We say that a decomposition (Xi, Xs, Y1, Ys, Ay, Ag, As, By, By, Bs) of G is special if
its basic family satisfies the following.

e The vertex set of the basic family consists of four distinct vertices aq,as, by, bo,
three distinct vertices z;1, x;2, ;3 (i = 1,2), and three distinct vertices i1, ¥, Yi3
(i=1,2).

For i = 1,2, bd X; = {x;1, %2, i3} and bd'Y; = {yi1, Yi2, ¥is }-

For i = 1,2, {xy;, z2,a;} C bdA; C {xy;,22,a;,a3;} and {y1;, 2,0} € bdB; C
{?Ju, Yoi, by, b3—i}~

{x13, 223,01, b2} C bd Az C {x13, Ta3, a1, az, b1, bo} and {y13, Y3, a1,a2} € bd By C
{yl37y237a17a27b1ab2}-

For i = 1,2, a; € bd A; if and only if |A;| = 1, and a; € bd A;_; if and only if
|A;| =1 and |A3—;] > 1. Similarly, for ¢ = 1,2, b; € bd Bs if and only if |B;| = 1,
and b; € bd Bs_; if and only if |B;| = 1 and |B3_;| > 1.

Note that there is symmetry between X;, A;, a;,x;; and Y;, B;, b;,y;;. By definition it
is permitted that {ai, a2} N {y13, 923} # 0 and {by,be} N {z13, 293} # 0. Let s and
s' be the numbers of singletons in {A;, Ay} and in {Bj, By}, respectively. Then we
say that the special decomposition is of type (s,s’). From the symmetry there are six
essentially different types of special decompositions; see Figure 4.5. (For simplicity, G| X
and G|Y; are depicted as 3-stars with feet bd X; and bdY;, respectively, for i = 1,2.) Let
T1, T2, Y1, Y2 be vertices in int Xy, int Xo,int Y7, int Y5, respectively. Let A := X; U X5 U
Ay UAyU Az and B := Y1 U Y, U By U By U Bs. Then, as easily checked, (A, B) is a
separation of G such that AN B = {ay,as,b1,b2}, 1,290 € A — B and y;,y, € B — A.
Hence (A, B) is a 4-separation of G that separates {z1, za, y1, ¥ } into two subsets {z1, o}
and {y1, y2}. Moreover, it is easy to see that there is no K -subdivision on {z1, 2, y1, Y2 }
in G. So (G,{x1,22,y1,y2}) is an obstruction.
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type (2,1) type (2,2)

Figure 4.5: Six types of special decompositions.

Our main result in this chapter is the following, which states that there is no obstruc-
tion except but the above mentioned ones.

Theorem 4.5.3. Let G be a graph and let Z C V(G) with |Z] = 4. Suppose that for
every v € Z there are three paths of G from v to Z — {v}, mutually disjoint except for v.
Then there is no K -subdivision on Z in G if and only if one of the following holds.

(a) There is a vertex w € V(G) — Z such that G\ w contains neither K;~ -subdivision
on Z nor cycle through all the vertices in Z.

(b) There is a (< 2)-separation (A, B) of G such that |ZN(A—B)| = |ZN(B—-A)| = 2.

(¢) There is a linear bipartite-decomposition (X1, Xo, X3; Y1, Y, Y3) of G such that X; —
Y1 UYs UYs contains exactly 1,1, 2 vertices of Z for i = 1,2, 3, respectively.

(d) There is a special decomposition (X1, Xs,Y1,Ys, A1, As, A3, By, Ba, B3) of G such
that each of int X1, int Xy, int Y7, int Yy contains exactly one vertex of Z.

As seen above, the “if” part is easy to verify. The non-trivial part is the converse.
The proof is given in the next section. We should remark here that if there is a K -
subdivision on Z in G then one can find two non-homeomorphic K -subdivisions on Z.
This fact follows from the following slightly stronger result.
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Theorem 4.5.4. Let G be a graph and let Z C V(G) with |Z| = 4. Suppose that for
every v € Z there are three paths of G from v to Z — {v}, mutually disjoint except for v.
If there is a K -subdivision on Z in G, then for every v € Z there is a K, -subdivision
on Z in G in which v has degree 3.

Proof. Let Z = {v1,v9,v3,v4} and suppose that G contains a K, -subdivision H on
(v1,v9; v3,v4), say. Let Pya, P13, Py, Pag, Pay be the paths in H with ends vyvq, v1v3, v104,
Va3, Uy, TEspectively.

Let us construct a K, -subdivision on Z in which v3 say, has degree 3. By augmenting
Py3, Po3 from v3 in H, we may assume that there is a path ) with one end v3, the other
end ¢ in V(P U Py U Pyy) — {v1,v2} and no internal vertex in H. If ¢ € V(Pyy) — {v1}
then the union of five internally disjoint paths Pag, Pi3, Pia, Q U Pi4lq, v4] and Py is a
K -subdivision on (vs, va; v1,v4), as required. Similarly, if ¢ € V/(Pay) — {vs} then HUQ
contains a K -subdivision on (vs, v1;v2,v4). So assume that ¢ € V(Pja) — {v1, v}

By augmenting Py, Poy from v4 in H U@, we may assume that there is a path R of G
with one end vy, the other end r in V' (PjoU Pi3U Py3 UQ) — {v1, v9} and no internal vertex
in HUQ. If r € V(PaUQ) — {v1,v2} then HU P U @ contains a K -subdivision on
(v3,v4; 1, 09), as required. If r € V(Pi3) — {v1}, then the union of five internally disjoint
paths Pislvs, 7] U R, QU Pia[q, v1], Pia, Py3 and Py is a K -subdivision on (vs, v4; v1, v2),
as required. Similarly, if € V(Py3) — {va} then HUQ U R contains a K -subdivision on
(v3,v4;v1,v9). Therefore, there is a K -subdivision on Z in which v3 has degree 3. The
proof is analogous for vy. This completes the proof. Il

4.6 Proof

In this section we prove our main theorem (Theorem 4.5.3). We first begin with a proof
of Lemma 4.5.1.

Proof of Lemma 4.5.1. Suppose to the contrary that G is Z-acyclic. We claim:

(1) There are two triads Ty, Ty in G with feet vy, vy, v3, mutually disjoint except for their
feet, such that vy is the branch of T}.

For let there be a K7 -subdivision C'U P on (vy; vy, v9;v3) in G, where C is a cycle
through vy, v, v4, and P is a path with ends vs, vy, disjoint from C' except for v4. By the
existence of a cycle through vy, v and v3, one can augment P from vz in C'U P. Thus, we
may assume that there is a path @ with one end vs, the other end ¢ in V(C') — {v,}, and
no internal vertex in C'U P. Since G is Z-acyclic, four vertices vy, q, v9, vy are distinct
and appear in C' in this order. Then C' U P U () is a union of two desired triads. This
proves (1).

Choose T1,T» as in (1) and a cycle C of G through vy, vy, v3, with 73 UT, UC minimal.
Let b denote the branch of T5. By an arc we mean a subpath of C' with distinct ends both
in V(71 UT5) and with no edge or internal vertex in 77 UT5. Since G is Z-acyclic, C' does
not contain vy. Let C}s be the path of C' between v, and v, not containing vs, and define
Cys, C13 similarly. We may assume that Cio U C13 does not contain b. Note that {vy, b}
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is a cut of Ty UT; that separates V(T (vy, v1] U To[vq, b)) from the other vertex in 77 U Ts.
Hence there exist two distinct arcs @, R having one end g € V(T1[v1,v4)),7 € V(Ts[v1, b)),
respectively, such that one of T1[vy,¢q] U @ and T[vy,r] U R is a subpath of C5 and the
other is a subpath of Ci3. Let ¢/, r" denote the other ends of @, R, respectively.

(2) " € V(Ti(q,v4)).

For if ' € V(T3) — {v1,v9,v3} we may reduce the union T} U T U C' by replacing
Ta[r,r'] by R; and if ' € V(T1) — V(Ti[v1,v4]) the union 773 U T3 U R contains a cycle
through all the vertices in Z. Recall vy ¢ V(C'), and so " # vy. Obviously, 7’ is not in
Ti[v1, q]. Hence 7’ € V(T1(q,v4)). This proves (2).

(3) ¢ € V(Ty(r,b)).

For if ¢ € V(1y) — V(T»[vy,b]) the union 77 U T, U @ contains a cycle through all the
vertices in Z; if ¢ € V(T1) — V(T[v1,v4]) the union T} U T, U Q U R contains a cycle
through all the vertices in Z; if ¢ € V(T (q, v4]) we may reduce the union 73 UT> U C by
replacing T5[q, ¢'] by Q. Recall b ¢ V(C12 U Cy3), and so ¢’ # b. Obviously, ¢’ is not in
Ty[vy,7]. Hence ¢' € V(Ty(r,b)). This proves (3).

By (2) and (3) we may replace the subpaths T}[vy, 7] and Ty[vy, ¢'] in T U Ty by the
paths Ts[vy, 7] U R and T} vy, ] U@, respectively, thereby reducing the union 73 UTo U C,|
a contradiction. This completes the proof. O]

We return to the proof of Theorem 4.5.3. To prove the theorem, we may assume that
G is 3-connected (by induction on |V(G)|, say). For suppose that G is not 3-connected,
and let (A4, B) be a k-separation (A, B) of G with A— B, B—A # () and k < 2, chosen with
k minimum. If both A — B and B — A contain exactly two vertices of Z, then (b) holds.
If A — B say, contains exactly one vertex of Z, then this contradicts our assumption. So
assume that A — B say, contains no vertex in Z. Let G’ be a graph obtained from G|B
by adding an edge in AN B if k = 2. Then G’ satisfies the assumption of the theorem.
By induction, either G’ contains a K, -subdivision on Z or satisfies one of (a)—(d). The
truth of these propositions is “inherited” by G, and so, Theorem 4.5.3 holds for G. We
may thus assume that G is 3-connected.

To prove the “only if” part of the theorem, it suffices to show that (c) or (d) holds,
assuming that G is 3-connected, contains no K -subdivision on Z, and does not satisfy
(a); note that (b) is automatically false when G is 3-connected. So consider the following
hypotheses and lemma.

(hyp 4.6.1) G is 3-connected.
(hyp 4.6.2) There is no K -subdivision on Z in G.

(hyp 4.6.3) For every w € V(G)— Z, there is a K -subdivision on Z or a cycle through
all the vertices in Z in G \ w.

Lemma 4.6.1. Let G be a graph and let Z C V(G) with |Z] = 4. Assume (hyp 4.6.1),
(hyp 4.6.2) and (hyp 4.6.3). Then Theorem 4.5.3 (c) or (d) holds.
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The “only if” part of Theorem 4.5.3 follows from Lemma 4.6.1. The rest of this section
is devoted to proving this lemma. Let G be a graph and let Z = {vy, vs,v3,v4} be a set
of distinct four vertices of G, fixed throughout the remaining of the section until further
notice. The proof falls into six separate steps.

» Step 1: Strengthening hypotheses

The first step is to strengthen (hyp 4.6.3) as follows.

Lemma 4.6.2. Assume (hyp 4.6.1)-(hyp 4.6.3). Then for every w € V(G) — Z, there is
a cycle of G\ w containing all the vertices in Z.

Proof. Suppose not, and let w be a vertex in V(G) — Z such that there is no cycle in
G \ w containing all the vertices in Z. By (hyp 4.6.3) there is a K -subdivision H on
Z in G\ w with degy(vq4) = 3, say. By Lemma 4.5.1 there is no cycle in G \ w through
v1,v9 and vs. Since G\ w is 2-connected, we deduce from Theorem 4.2.3 that there is a
K3 9-decomposition (X7, Xo, X3,Y1,Ys) of G such that v € X; — Y, UY; for 1 < i < 3.
It follows from the existence of H that v, € Y; U Y;. Since G is 3-connected, there are
three paths of G from v; to {w} UbdX; = {w} U (X; N (Y1 UY3)), mutually disjoint
except for v;, for 1 < i < 3; we may assume that some of these paths are the original
subpaths of H. Thus, we may assume that there are three paths P, P, P3 of G from w
to {v1,ve, v3}, mutually disjoint except for w, all with no internal vertex in H. Then the
union H U P; U P, U P3 contains a K -subdivision on Z, contrary to (hyp 4.6.2). O]

» Step 2: Excluding 3-separations

The next step is to exclude a 3-cut of GG that is disjoint from Z and separates Z into
two subsets of size 2. The following lemma says that if G admits such a 3-cut then
Theorem 4.5.3 (c) holds. So we may assume from now on that there is no such 3-cut.
The proof is based on the results in Section 4.3.

Lemma 4.6.3. Assume (hyp 4.6.1)-(hyp 4.6.3). If there is a 3-separation (A, B) of G
such that |ZN(A—B)| = |ZN(B—A)| = 2, then there is a linear bipartite-decomposition
(X1, Xo, X3; Y1, Y5, Y3) of G such that X; — Y1 UYoU Y3 contains exactly 1,1,2 vertices of
Z fori=1,2,3, respectively.

Proof. Let (A, B) be such a separation of G, and assume that v;,vs € A— B and v3, vy €
B—A. Let AN B = {1, 22,23} and let G’ be a graph obtained from G by adding a new
vertex x and edges xxy, zxo and xas. If there exist a triad-cycle on {vy, vq, x} in G'|AU{z}
and a triad-cycle on {vs, vy, 2} in G'|B U {z}, then G contains a K, -subdivision on Z,
a contradiction. So assume that there is no triad-cycle on {vy, v, 2} in G'|AU {x}. We
shall apply Theorem 4.3.2 to G'|AU {z}.

(1) There is no (< 2)-separation (X,Y) of G'|AU{x} such that both X —Y and Y — X
meet {vy,ve,z}.
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For let (X,Y") be such a separation. Since G is 3-connected, x cannot be contained
in the interior of X or Y; and so x € X NY. We may assume that v; € X — Y and
ve € Y — X, and from the symmetry that [{z1,22,23} N (X —Y)| < 1. Let X' :=
X —{z},Y":= BU(Y —{z}). Then (X',Y") is a (< 2)-separation of G with v; € X' =Y’
and vq, v3,v4 € Y'— X', contrary to the assumption that G is 3-connected. This proves (1).

(2) There is a triad in G'|AU{x} with feet vy,vq, x.

For let Py, P, be two paths of (G|A) \ ve from vy to {1, xe, 3}, mutually disjoint
except for vy; we may assume that P;, P, have ends vix1, v122, respectively. Let @ be a
path of G|A from vy to V(P U Py) with no vertex in {vy,z3}. We may assume that @
has an end in V(P;) — {v;}. Then the union of P, U @ and edge zz; yields a triad in
G'|AU {x} with feet vy, v, z, as required. This proves (2).

We deduce from (1), (2) and Theorem 4.3.2 that there is a K3 3-decomposition (X7, Xo,
X3,Y1,Y,,Y3) of G'|AU {z} such that v; € X; =Y (i = 1,2) and z € X3 — Y, where
Y =Y, UY,UY;s Hence x1,29,23 € X5. Let s € {0,1,2,3} be its integral value. Now
set X4 := (X3 — {z}) U B. Then (X, Xy, X3,Y7,Y5.Y3) is a K3 3-decomposition of G of
integral value s with vs,vy € X3 —Y. If s > 0 and Y¥; = {w} then there is no cycle
in G \ w that contains all the vertices in Z. This contradicts Lemma 4.6.2 in Step 1.
Hence s = 0. Therefore (X7, Xo, X}; Y7, Y5,Y3) is a linear bipartite-decomposition of G
such that v; € X; —Y1UYoUY3 (i =1,2) and vs, vy € X§— Y, UY5UY3, as required. [

» Step 3: Five Z-paths

The next step is to find five internally disjoint Z-paths in G. If G contains no more than
four internally disjoint Z-paths, there is a decomposition of G as in Lemma 4.6.4. This
lemma is a direct consequence of Mader’s S-paths theorem. Lemma 4.6.5 says that such
a decomposition indeed yields a special decomposition of G' and hence Theorem 4.5.3 (d)
holds. We may thus assume from now on that there are at least five internally disjoint
Z-paths.

Lemma 4.6.4. Assume (hyp 4.6.1)—(hyp 4.6.3). If there are no more than four internally
disjoint Z-paths in G, then there is a bipartite-decomposition (X1, ..., X4;Y1,...,Ys) of
G such that |X; NY;| equals 1 if i # j and 0 otherwise for 1 < 4,5 < 4, and v; €
X, —=YiU---UY, for1 <i<A4.

Proof. Let e := [E(G|Z)|, d; := deggz(vi) (1 <i <4),and G' := G\ E(G|Z). Since there
are at most 4 — e internally disjoint Z-paths in G’, we deduce from Theorem 4.2.1 and
Lemma 4.2.2 that there is a good quasi-bipartite-decomposition (W; Xy,..., X4 Y1, . ..,
Y,,) of G' with respect to Z of value 4 —e; hence Y; intersects at least three of X,..., Xy
and |Y; N X is odd (> 3) for 1 < j <m, and

1 1
Wl+m< Wi+ Y byjmxw =W+ 5(XnY|-m)<d—e  (461)
1<j<m

where X = X;U---UXgand Y =Y, U---UY,,. We may assume that v; € X; — Y for
1 <i<4.
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(1) W =0.

For if W contains a vertex w, then (W — {w}; Xq,...,X4;Y7,...,Y,,) is a quasi-
bipartite-decomposition of G’ \ w of value < 3 — e with respect to Z. This means that
there are at most three internally disjoint Z-paths in G\ w, contrary to (hyp 4.6.3). This
proves (1).

(2) For1<i<4,|X;NY|+d; >3.

For let A := X;UNg|z(v1) and B := Y U (XU X35UX,)UNgz(v1), say. Then (A, B)
is a separation of GG such that v; € A — B and vy, v3,v4 € B. Since (G is 3-connected,
ANB = (X1NY)UNg|z(v1) has size > 3, yielding that | X;NY|4d; > 3. This proves (2).

By (4.6.1), (1) and (2), we have

12-2—m< ) |[XinY[-m<[XNY|-m<24—e)

1<i<4

and so
4 <m.

Thus, we have equality throughout in (4.6.1) and in (2), and so e = 0,m = 4 and
Y,NX|=|X;nY|=3for 1 <i,j <4 Since 3-regular simple bipartite graphs on
8 vertices are exactly 3-cubes, we may assume that |X; NY;| equals 1 if ¢ # j and 0
otherwise for 1 < 4,7 < 4. Then (Xy,..., X4 Y1,...,Y)) is a bipartite-decomposition of
G = @', and the result follows. O

Lemma 4.6.5. If there is a bipartite-decomposition of G as in Lemma 4.6.4, then The-
orem 4.5.3 (d) holds.

Proof. Let (Cy,...,Cy; Dy, ..., Dy) be a bipartite-decomposition of G such that |C; N D]
equals 1if 7 # j and 0 otherwise for 1 < 14,5 < 4, and v; € C;—D;U---UDy for 1 <1 < 4;
so this is a decomposition as in Lemma 4.6.4. Let C; N D; = {¢;;} for 1 <i,5 < 4 with
1 # j. Let a1 = c34,a9 = 43,01 = c12,bs = o1 Let X := C1, Xy := (s, Y] = (5,
Yy := Cy, Ay := Dy, Ay := D3, By := Dy, By := Dy, A3 := {b1,b2} and B3 := {ay, as}.
Then (X1, Xy, Y1, Ys, A1, As, Az, By, By, Bs) is a special decomposition of G of type (0, 0)
such that vy, v9, v3, v4 belong to int X, int X, int Y7, int Y5, respectively. Hence (d) holds.
This proves the lemma. Il

» Step 4: Building a cube™

Five internally disjoint Z-paths does not necessarily yield a K, -subdivision on Z. A
cubet on (v1,v9;v3,v4) in G is a subgraph H of G consisting of the union of:

(i) three paths Py, Py, Py with ends vy, v9 and two paths @1, Q2 with ends vs, v4, mu-
tually disjoint except for their ends, and

(ii) four disjoint paths R; from V(P UP,UP3) to V(Q1UQ2) with ends p;, ¢; (1 <i < 4),
all with no internal vertex in P, U P, U P53 U Q1 U (2, where p1, po, D3, Pa, q1, G2 are
internal vertices of Py, Py, P, P3, )1, (2, respectively, and q3 = v3, q4 = v4.
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See Figure 4.7 for an illustration. By a cube® on Z we mean a cube™ on (v;,, v;,; viy, Vi)
for some ordering {iy, 42,173,714} = {1,2,3,4}. A cube™ on Z satisfies the following: (1) It
contains five internally disjoint Z-paths, (2) admits no 3-cut that is disjoint from Z and
separates Z into two subsets of size 2, and (3) contains no K, -subdivision on Z. The
next step is to show the converse: Such a graph must contain a cube™ on Z.

The proof relies on Lemma 4.6.2 in Step 1. For consider a Vg-subdivision H on Z
(defined in Section 4.7) and a vertex w ¢ V(H) adjacent to all the vertices of Z. Let P,
be the path from w to v; of length 1 for 1 <i < 4. Then H' := HUP,UP, UP;U Py
satisfies (1), (2) and (3) above, but contains no cube™ on Z. This is because H' \ w = H
is Z-acyclic. To exclude such an example, we need Lemma 4.6.2. But the proof itself is
straightforward, based on the paths-augmentation method (cf. Section 2.2).

Lemma 4.6.6. Assume (hyp 4.6.1)—(hyp 4.6.3). Suppose that there are five internally
disjoint Z-paths in G and there is no 3-separation (A, B) of G such that |Z N (A— B)| =
|ZN(B— A)| =2. Then there is a cube™ on Z in G.

Proof. See Figure 4.6. By an H;-subdivision (or a subdivision of H;) in G we mean a
subgraph of G which is homeomorphic to the multigraph H; as in Figure 4.6 (left), where
the white vertices correspond to vertices of Z for some ordering. By definition an H-
subdivision is a K -subdivision on Z and an Hg-subdivision is a cubet on Z. Note that
an Hs-subdivision contains a vertex of degree 4. We shall write H; — H;,,..., H;, to
denote a claim that if there is an H;-subdivision in G, then there is an Hj-subdivision in
G for some j € {iy,...,ix}. The result follows from the following nine claims (x), (1), (2),

., (8); see Figure 4.6 (right) for an outline of the proof, where implications towards an
Hy-subdivision are omitted. () There is an H;-subdivision in G for some i € {0, 1,2, 3,4}.
(1) H, — Hsy. (2) Hy — Hy, Hs, Hy, H5, Hs. (3) H3 — Hy, Hy. (4) Hy — Ho, H7, Hs. (5)
Hs — Hy, Hy, Hg. (6) H¢ — H7, Hg. (7) H; — Hy. (8) Hs — Hy, Ho.

We show (x). By Lemma 4.6.2, there is a cycle in G containing all the vertices in Z.
We deduce from Lemma 4.2.4 that there are five internally disjoint Z-paths in G' such
that each of vy, vs,v3,v4 has degree > 2 in the union of these paths. The only possible
degree sequence of v;’s is (2,2, 3,3) or (2,2,2,4). Now it is easy to see that the five paths
form an H;-subdivision for some i € {0, 1,2,3,4}. This proves (x).

It is not difficult to show (1), (2), (3), (4) by augmenting (a few times) from a vertex
of Z of degree 2 in an (augmented) H;-subdivision (1 <i < 4).

We show (5) by using Lemma 4.6.2. Suppose that there is an Hs-subdivision H in G
such that one may take two paths P, P, of H with ends vy, vy, two paths @, Qs of H
with ends v, vy, and four paths R; of H with ends b,v; (1 < i < 4), mutually disjoint
except for their ends, where b is the vertex of degree 4 in H. If there is no 2-separation
(A, B) of G\ bsuch that v; € A— B and V(Q1UQ2URyUR3URy) — {b} C B, then by
augmenting Py, P, from vy in (PLUP,UQ1UQ2URyUR3UR,)\ b, we obtain a subdivision
of Hy or Hg, as required. So we may assume that there is a 3-separation (A, B;) of G
with v; € Ay — By, v9,v3,v4 € By and b € A; N By. Similarly, there is a 3-separation
(A;, B;) of G with v; € A; — By, Z —{v;} € B, — A; and b € A, N B; for i =2,3,4. On
the other hand, by Lemma 4.6.2 there is a cycle C' in G\ b containing vy, vo, v3, v4. Since
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Figure 4.6: H;-subdivisions (left) and an outline of the proof of Lemma 4.6.6 (right).

G is 3-connected, there are three paths of G from v; to A; N B;, mutually disjoint except
for v;, for 1 <17 < 4; we may assume that two of these paths are the original subpaths of
C. Therefore, we may assume that there are internally disjoint paths S; of G with ends
b,v; (1 <i < 4), all with no internal vertex in C. Then C'U S; U --- U Sy contains an
Hy-subdivision (a K, -subdivision on Z), as required. This proves (5).

We show (6). Suppose that there are three paths Py, Py, Py of G with ends vy, v, and
three paths of @1, Q>, Q3 of G with ends v3, vy, mutually disjoint except for their ends;
so, the union of these six paths is an Hg-subdivision. By Menger’s theorem, there are
three disjoint paths Ry, Ry, R of G from V(P U P, U P3) to V(Q1 U Q2 UQ3), all with no
internal vertex in Py, Py, P3, Q1, @2, Q3. If both Ry and Ry have ends in V' (Py), say, then
we obtain a subdivision of H; or Hg, as required. So we may assume that R; connects
internal vertices of P;, @Q; (1 <i < 3). We deduce from the same reason that there are no
more than three disjoint paths of G from V (P, UP,UPs) to V(Q1UQ2UQ3). Hence there
is a 3-separation (A, B) of G such that V(PLUP, U P;) C A and V(Q; UQ2UQ3) C B.
Then A N B intersects each R; exactly once (1 < ¢ < 3); and so, vy,v3 € A — B and
v3,v4 € B — A, which contradicts the assumption. This proves (6).

We show (7). Suppose that there are two disjoint cycles C,C" of G with vy,vy €
V(C),vs,v4 € V(C"), and two disjoint paths of G from V(C') to V(C") with ends v,v3, vav4,
respectively, both with no internal vertex in C'U C’; so, the union of these two paths,
C, and (' is an H7-subdivision. Since G is 3-connected, there are three disjoint paths
Ry, Rs, R3 of G from V(C) to V(C") covering vy, v, v3, v4, all with no internal vertex in
CuUC’. Then CUC"U Ry U Ry U R3 contains a K -subdivision on Z, as required. This
proves (7).

We show (8). Suppose that there are two paths P, P, of G with ends vy, vy, three
paths @1, @2, Q3 of G with ends v3, vy, mutually disjoint except for their ends, and two
paths of G from V(P U P,) to V(Q1 U Q2 U Q3) with ends v1qy, v2q, respectively, both
with no internal vertex in P, U P, U Q1 U Q2 U (U3, where ¢; is an internal vertex of @);
(1 = 1,2); so, the union of these seven paths is an Hg-subdivision. Since G is 3-connected,
there are three disjoint paths Ry, Ry, R3 of G from V(P,UP;) to V(Q1UQ2UQ3) covering
v1, U2, q1, G2, all with no internal vertex in P,U P, U P3UQ1UQ2. Let ps, g3 be the vertices
in V(PLUPy)—{v1, 09}, V(Q1UQ2UQ3) —{q1, q2}, respectively, that are “newly” covered
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by Ry U Ry U Rg; assume from the symmetry that p; € V(P).

If g3 € V(Q1 U Q2) — {p1,p2}, then P, UQ; UQy U Ry U Ry U Ry contains a path J
through v;,, v,, vi,, v;, in order, where {i1,i3} = {1,2} and {is,i4} = {3,4}; since J is
disjoint from P, Q3 except for vy, vy, v3, vy, there is a K -subdivision on Z in P,UQ3sU J,
as required. Thus, we may assume that ¢z is an internal vertex of ()3, and from the
symmetry that Ry, Re, R3 have ends v1q1, v2q2, p3qs, respectively.

For ¢ = 1,2, let u; be the neighbor of v; in R;, which might be ¢;. There is no 3-
separation (A, B) of G such that V(P U Py) U {uj,us} € A and V(Q1 U Q) C B; for
otherwise, it follows from the existence of Ry, R, R3 that vy,v3 € A — B and v3,v4 €
B — A, contrary to the assumption. Thus, we deduce that there are four paths of G
from V(P U Py) to V(Q1UQ2UQ3) covering vy, va, 3, q1, 2, g3, mutually disjoint except
for vy, v9, and all with no internal vertex in P, U P, U ()1 U Q2 U @Y35. One may claim,
by the same proof as in the preceding paragraph, that the three of these four paths
that start from vy, ve,ps in V(P U P, U P3) must end in V(Q;) — {vs,v4} (1 <1 < 3),
respectively; for otherwise, we obtain a K -subdivision on Z. We may as well denote
these three paths by Ry, Ro, R3 with ends v1q1, v2qo, p3qs, respectively. Therefore, we
may assume that there is a “fourth” path R, of G with ends py4, ¢4 and no internal vertex
in PLUPUPUQ UQRsUQRsU Ry URyU Ry, where py € V(P U P,y) — {p3} and
e V(Q1UQ2UQs) —{q1, 92,43}

Let H be the union of Py, Py, P3,Q1,Q2, Q3, R1, R, R3, R4. 1t is easy to see that if
ps € V(Py) —{ps}, then H contains a K -subdivision on Z, as required; so, assume that
ps € V(Py) — {v1,v2}. Tt is also easy to see that if g4 € V(Q1 U Q2) — {q1, ¢}, then H
contains a K -subdivision on Z, as required; so assume that g, € V(Q3) — {vs,v4, 3}
Then H is an Hg-subdivision (a cube™ on Z), as required. This proves (8) and completes
the proof. O

» Step 5: Applying the Kf_—subdivision lemma

A cube™ H on Z contains no K -subdivision on Z, but one may say that it is an “extremal
frame” in that if we add a bold “jump” J to H, there is a K, -subdivision on Z in HU J.
The final step is to conclude that possible structures of G containing H would yield either
a K -subdivision on Z or obstructions, and hence Theorem 4.5.3 (d) follows.

Roughly speaking, our plan is as follows. Suppose that there is a cube™ on (v, vg; v3,v4)
in G with notation as in Step 4; see Figure 4.7. Then one can find a 4-separation
(A,B) of G with V(PLUP,UP;) C A and V(Q; UQ2) C B, such that the 4-cut
AN B = {x1,x9, 23,24} is disjoint from {v3,v,}. We may assume that each z; lies in
R; (1 < i < 4). Now assume for simplicity that x; # ¢ and xs # ¢o. Let G’ be a
graph obtained from G by adding new vertices x,y and edges xx1,xxo,yrs3, yrs. Then
G'|A U {z,y} contains no K; -subdivision on {v1,vs, 2,9} in which x has degree 1 and
v, or vy has degree 3; for otherwise, such a K} -subdivision and the half fragment of
the cube™ in G|B yields a K, -subdivision on Z. Similarly, G'|B U {z,y} contains no
K? -subdivision on {vs, vy, z,y} in which y has degree 1 and vs or v4 has degree 3. Hence
we can apply the “K? -subdivision lemma” (Theorem 4.4.2) to both G’|A U {z,y} and
G'|BU{x,y}. This determines the structure of G, leading to Theorem 4.5.3 (d).
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Figure 4.7: A cube™ on (vq, v9; v3, vy).

First we show the existence of a 4-separation.

Lemma 4.6.7. Assume (hyp 4.6.1)-(hyp 4.6.3). Let H be a cubet on (v1,ve;v3,v4)
in G with notation as in Step 4. Then there is a 4-separation (A, B) of G such that
V<P1UP2UP3) QA, V(QIUQQ) Q B andAﬂBﬂ{vg,m} :m

Proof. Suppose to the contrary that there is no such separation. For i = 3,4 let u; be
the neighbor of v; in R;, which might be p;. Then there is no 4-separation (A, B) of
G such that V(PLU P, U P;) € A and V(Q1 U Q2) U {us,us} C B; for otherwise, it
follows from the existence of Ry,..., R4 that AN B N {vs,v4} = (), and so the result
follows. Thus, we deduce that there are five paths Sy, ..., S5 of G from V(P,UP,UPs) to
V(Q1 U Q2) covering py, p2, P3, P4, G1, G2, U3, V4, mutually disjoint except for vs, vy, and all
with no internal vertex in P, U P, U PsU Q1 U@s. Fori = 1,2 let S; denote the subset of
{S1,...,S5} consisting of members that have ends in V(Q;). Assume from the symmetry
that |Sy| = 4. At least two members in Sy have ends in V(F;) for some 1 < i < 3. On
the other hand, not all of members in Sy have ends in the same V' (F;), since py, pa, p3, D4
are covered by Sy U ---U S5. Hence for some ordering {iy,is,i3} = {1,2,3} there exist
three distinct members S, .5, S” in S, such that S and S’ have ends in V(P;,) and S” has
an end in V(P,,) — {v1,v2}. Note that some of S,S5",S” contains vz or vy as its end. It
is easy to see that P;, U P, UQ2U S U S US” contains a path J through v;,, v;,, v, v;,
in order, where {j1,73} = {1,2} and {js,js} = {3,4}. Since J is disjoint from @4, P,
except for vy, vg, v3, vy, there is a K, -subdivision on Z in Q; U P;; U J, contrary to (hyp
4.6.2). This proves the lemma. ]

Before applying the K7 -subdivision lemma to cubet, we define a certain decomposi-
tion of a graph G. We say that a decomposition (X7, Xs, Ay, Ay, B) of G is intermediate
if its basic family satisfies the following.

e The vertex set of the basic family is {ay, as, x11, T12, T13, To1, Tz, To3 }, Where ay, as,
T13, Tz are distinct and x;1, x40, ;3 are distinct for ¢ = 1, 2.

e bhd B = {al, ag, 13, 3723}.

e For i = 1,2, bXm = {l’il,l‘ig,xig}.

o Fori=1,2 {x1,2,0a;} CbdA; C {2, a,a3_}.
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type 2

Figure 4.8: Three types of intermediate decompositions in Lemma 4.6.8.

e Fori=1,2 a; € bd A3_; if and only if |4;| =1 and |A3_;| > 1.

Let s be the numbers of singletons in {A;, As}. We say that the intermediate decompo-
sition is of type s. Note that (X; U Xo U A} U Ay, B) is a 4-separation of G. The next
lemma is a consequence of the K2 -subdivision lemma applied to cube™; see Figure 4.8.
For simplicity, G| X; is depicted as 3-stars with feet bd X; for i = 1, 2.

Lemma 4.6.8. Assume (hyp 4.6.1)-(hyp 4.6.3). Suppose that there is a cube™ on
(v1,v9;v3,v4) in G. Then there is an intermediate decomposition (X1, Xs, A1, Aa, B) of
G such that v; € int X; fori=1,2 and vs,v4 € int B.

Proof. Let H be a cube™ on (v1,v9; v3,v4) in G with notation as in Step 4; see Figure 4.7.
Then there is a 4-separation (A, B) of G as in Lemma 4.6.7. Let AN B = {x1, x9, 23, 24}
We may assume that x; € V(R;) for 1 <i < 4. Let a:= [{z1, 22} N {q1,q2}|. Let G’ be a
graph obtained from G|A by adding a new vertex y and edges yxs, yx,; and furthermore
doing the following, depending on a: If @ = 0, add a new vertex x and edges zx, rxy; if
a =1, add an edge z125 and let = be the vertex in {z1, 22} N {q1, ¢2}; if a = 2, identify
71 and 2, and denote by x the resulting vertex. Then there is no Kj -subdivision on
either (vy;vq,y;x) or on (ve;vy,y;x) in G'; for otherwise, G contains a K, -subdivision
on Z, a contradiction. We shall apply Theorem 4.4.2 to G'. Note that from the existence
of cube™ H we already have a subgraph in G’ which is homeomorphic to a graph as in
Figure 4.9 (left). By Theorem 4.4.2 there is a K3 3-decomposition (X, Xo, X3,Y7, Y5, Ys)
of G’ such that v; € X; =Y (i=1,2),y € X3—Y and z € X3, where Y =Y, UY, U Y3.
Let s € {0, 1,2, 3} be its integral value and let W :=Y; U---UY;. Note that z3, 2, € X3.

Let X;NY; = YU ---UY; g ={a;} fori=1,2and 1 <j <3 Let X3NY,—Y, U
---UY,_1 = {a;} for 1 <j < 3. Note that z1; = x9; = a; for every positive integer j < s.

Since there is a cycle in G’ through vy, z, v,y in order, we have x € X3 NY. Since
there is a cycle in G’ \ z through vy, v9,y, we have x ¢ W; and so, s < 2. We may assume
that a3 = x. Note that x, 13, xo3 are distinct vertices in Y3.

If o =0,set Xj:=X3—{z,y},Y]:=Ys—{a};if a=1,set X;:=X3—{y},Ys :=
Ys; if @ = 2, set X} = (X5 — {z,y}) U{z1, 22}, Yy = (Y5 — {z}) U {x1,22}. Then
(X1, Xo, X5, Y1,Y5, YY) is a decomposition of G|A such that zy,...,24 € X;UY]. Let
B := BUX,UYj. Then (X1, X5, Y1,Ys2, B') is an intermediate decomposition of G of
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Figure 4.9: Subgraphs in the proofs of Lemma 4.6.8 (left) and Lemma 4.6.9 (right).

type s such that v; € int X; for i = 1,2 and v3,v4 € int B, as required. This completes
the proof. n

The next task is to apply again the K7 -subdivision lemma to the intermediate struc-

ture of G in Lemma 4.6.8 to conclude that G is in fact admits a special separation and
hence Theorem 4.5.3 (d) holds.

Lemma 4.6.9. Assume (hyp 4.6.1)-(hyp 4.6.3). Suppose that there is a cube™ on
(v1,v9;v3,v4) in G. Then Theorem 4.5.8 (d) holds.

Proof. By Lemma 4.6.8 there is an intermediate decomposition (X, X, Ay, As, B) of G
of type s € {0,1,2} such that v; € int X; for i = 1,2 and v3,v4 € int B. We choose such
a decomposition with s maximum. Let aq, as, x11, 12, 13, T21, T22, o3 denote the vertices
of the basic family, as usual.

(1) Fori=1,2, if |A;| > 1 then there is a path of G|A; from x1; to xe; with no vertex in

{a1,as}.

For suppose not for ¢ = 1, say. Then there is a separation (C, D) of G|A; such that
x11 € C— D, x99 € D—C, and moreover, CND = {a,} if |A3| > 1 and CND = {ay, as}
otherwise. Let X{ := X;UC, X} := XoUD. Let A} :={a1}, A} := Ay U{a1 } if |As| > 1,
and let A} := {a1}, A} := Ay otherwise. Then (X7, X}, A}, A}, B) is an intermediate
decomposition of G of type s + 1 such that v; € int X! for i = 1,2 and vs,v4 € int B,
contrary to the maximality of s. The proof is analogous for ¢ = 2. This proves (1).

We assume that |[A;] = 1if s = 1. Let G’ be a graph obtained from G|B by adding
a new vertex y and edges yx3, yxro3 and furthermore doing the following, depending on
s: If s =0, add a new vertex x and edges xay,xaq; if s = 1, add an edge ajay and set
x = aq; if s = 2, identify a; and ay and denote by x the resulting vertex. Then there
is no K2 -subdivision on either (vs;vy,y;z) or on (vy;vs,y;x) in G'; for otherwise, G
contains a K -subdivision on Z by (1), a contradiction. We shall apply Theorem 4.4.2
to G'. Note that from the existence of the cube’ we already have a subgraph in G’ which
is homeomorphic to a graph as in Figure 4.9 (right).

(2) If s € {1,2}, there is a cycle in G'\ x through vs, vy, y.

For suppose that s > 1 (and so |A;| = 1). We deduce from Lemma 4.6.2 that there is
a cycle C'in G\ a; that contains all the vertices in Z. There is a subpath C’ of C' between

x13 and x93 containing vs, v4 and not containing vy, vy, which is a path of (G|B)\ a;. Note
that ag ¢ V(C") if s = 2 (that is, if Ay = {az}). This proves (2).
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By Theorem 4.4.2 there is a Kj3 3-decomposition (Uy, Uy, Us, V1, Va, V3) of G’ such that
Vg € U=V (i=1,2),y € Us—V and x € Us, where V = VjUVLUV;. Let ' € {0, 1,2, 3}
be its integral value and let W :=V; U---UVy. Note that x13, x93 € Us. Since there is a
cycle in G’ through vs, x, vy, y in order, we have x € UsNV. If s € {1,2}, we have x ¢ W
(and hence s < 2) by (2).

Let UiaNV; = ViU---UV;y ={xy;} fori =3,4and 1 < j < 3. Let Us NV, —
Viu---UV;_y ={b;} for 1 < j < 3. Note that x3; = x4; = b; for every positive integer
j < s'. We consider three cases, depending on s.

Case 1: s = 2. We may assume that b3 = x, since + € U3 NV — W. Note
that © ¢ Uy U Us. Set U} := (Us — {z,y}) U {ay,a2}, V5 = (V5 — {z}) U {a1, a2}
Then (Uy, Uy, U}, Vi, Vo, V) is a decomposition of G|B with ay,as, 13,293 € U}. Now
(X1, Xo, Uy, Uy, Ay, Ao, UL, VYL Vo, V) is a special decomposition of G of type (s, s’) such
that vy, v9, v3,v4 belong to int Xy, int Xy, int Uy, int Us, respectively. So (d) holds, as re-
quired.

Case 2: s = 1. We may assume that b3 = = (= ay), since x € UsNV — W.
From the existence of cubet, we have ay € V3 — Us. Set U, := Us — {y}. Then
(Uy, Uy, Uj, Vi, Vo, V) is a decomposition of G|B with x5, 293,041 € Uj,as € V3. Now
(X1, Xo, Uy, Uy, Ay, Ao, UL, V1, Vi, V) s a special decomposition of G of type (s, s’) such
that vy, ve, v3,v4 belong to int Xy, int Xy, int Uy, int Uy, respectively. So (d) holds, as re-
quired.

Case 3: s = 0. First we consider the case z ¢ W; and so, s’ < 2. We may assume
that b3 = x. Note that aj,ay € V3 — Us. Set U} := Us — {x,y}, V4 = V5 — {x}.
Then (U, Us, U3, Vi, Vo, VY) is a decomposition of G|B with z13, 293 € U}, a1,a0 € V5.
Now (X1, Xa, Uy, Us, A1, Ao, Ui, V1, Vo, Vi) is a special decomposition of G of type (s, s)
such that vy, vy, v3, v4 belong to int X, int X, int Uy, int Uy, respectively. So (d) holds, as
required.

Next we consider the case x € W; and so, s’ > 1. Assume that V; = {z}. Then
{a1,as} meets both Uy — V and Uy — V; assume that a; € U; — V for i = 1,2. Set
Ul == U, —{z},U) .= Uy — {2}, U} = Us — {z,y},Vy = Vo —{a}, Vi = V3 — {a}.
Then (U7, Us, Ui, V3, VY) is a decomposition of G|B with x13, 293 € Ul a1 € Uj,ay € Ul.
Now (X1, Xo,U{, U}, Ay, Ao, U3,V Vi {a1,as}) is a special decomposition of G of type
(s,s"—1) such that vy, vy, v3, v4 belong to int Xy, int Xo, int U7, int Uj, respectively. So (d)
holds, as required. This completes the proof. Il

» Step 6: Completing the proof of Lemma 4.6.1
We are now ready to prove Lemma 4.6.1, which completes the proof of the main theorem.

Proof of Lemma 4.6.1. Let Z = {vy,v2,v3,v4} and assume (hyp 4.6.1)—(hyp 4.6.3). By
Lemma 4.6.3, we may assume that there is no 3-separation (A, B) of G with |Z N (A —
B)| = |Zn (B — A)| = 2; for otherwise, (c) follows, as required. By Lemma 4.6.4 and
Lemma 4.6.5, we may assume that there are five internally disjoint Z-paths in G; for
otherwise, (d) follows, as required. By Lemma 4.6.6 there is a cube™ H on (vq, va; v3, v4),
say, in G. Then (d) follows by Lemma 4.6.9, as required. This completes the proof. [J
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4.7 Cycles through four vertices

As noted in Section 4.5, in order to give a complete characterization of obstructions, we
need to characterize graphs that contain no cycle through prescribed four vertices. We
solve this problem in this section.

Let G be a graph and let Z be a set of distinct four vertices of G. We want to
investigate what kind of structure G has if G is Z-acyclic. First we may assume that G
is 2-connected. We say that (G, Z) is irreducible if it satisfies the following: (i) There is
no 2-separation (A, B) of G with Z C A and B — A # 0; (ii) if there is a 2-separation
(A,B) of G with |[ZN(A— B)| =1 (and B— A # (), then |A — B| = 1; (iii) if there is a
3-separation (A, B) of G with |ZN (A - B)| =1,|ZN (B — A)| = 3 and if the vertex in
ZN(A—B) has degree > 3, then |A—B| = 1. We are interested in only irreducible graphs,
because if (G, Z) is not irreducible, we can obtain a graph G’ with |V(G")| < |V(G)|,
such that G’ is Z-cyclic if and only if G is. To exclude obvious obstructions, we may also
assume the following.

(hyp 4.7.1) G is Z'-cyclic for any Z' C Z with |Z'| = 3.

(hyp 4.7.2) For any w € V(G) — Z, there is a path of G\ w that contains all the vertices
in Z.

Indeed, if (hyp 4.7.1) is false, the structure of G is determined by Watkins—Mesner’s
theorem. For (hyp 4.7.2), we have to characterize paths through four vertices. But this
is an easy problem which is reduced to Watkins—Mesner’s theorem, as we shall discuss in
Appendix 4.9.

Assuming the above hypotheses, one immediately notices the following.

Lemma 4.7.1. Let G be a graph and let Z C V(G) with |Z| = 4. Suppose that G is 2-
connected, (G, Z) is irreducible, and G is Z-acyclic. Assume (hyp 4.7.1) and (hyp 4.7.2).
Then:

(i) Any two vertices in Z of degree 2 have no common neighbor, and
(ii) G admits no 2-cut except but the set of neighbors of a vertex in Z of degree 2.

Proof. To see (i), suppose to the contrary that vy,vy € Z have degree 2 and have a
common neighbor z. By (hyp 4.7.2) there is a path of G \ x containing all the vertices in
Z. A minimal such path P has ends vy, vs. Then P and edges vix, vox yield a cycle in G
that contains all the vertices in Z, a contradiction. This proves (i).

To see (ii), let (A4, B) be a 2-separation of G such that A — B, B — A # (). Since G is
irreducible, both A— B and B — A meet Z. If both A— B and B — A contain exactly two
vertices in Z, then from (hyp 4.7.1) we easily obtain a cycle of G that contains all the
vertices in Z, a contradiction. Thus, one of them, A — B say, contains exactly one vertex
v in Z; and so, we have AN B = Ng(v), since G is irreducible. This proves (ii). O

Before stating our result, we need some definition. We say that a decomposition
(X1, Xa, A, B) of a graph G is nice if its basic family has a vertex set consisting of five
distinct vertices ai, as, bl, bQ, b3 such that bd Xz = {CLZ‘, bl} for ¢ = 17 2, bd A = {CLl, as, b3}



CHAPTER 4. RELAXED ROOTED SUBDIVISIONS ON FOUR VERTICES 73

i
e
al

®

Figure 4.10: A nice decomposition (left) and a Vg-subdivision on {vy, va,v3,v4} (right).

and bd B = {by, be, b3}; see Figure 4.10 (left). Note that (X;UX5UA, B) is a 3-separation
of G.

Let vy,...,vy be distinct four vertices of G. A Vg-subdivision on {vy,ve,v3,v4} is a
subgraph H of GG consisting of the union of a cycle C' of G through distinct eight vertices
uy,...,us € V(G) in this order listed and four disjoint paths P; of G with ends w;, ;14
(1 < i < 4), all with no internal vertex in C, such that v; is an internal vertex of P; for
1 <4 < 4; see Figure 4.10 (right). Note that H contains no cycle through all the vertices
in {vy,...,v4}.

The main result in this section is the following theorem. It states that every Z-acyclic
graph contains a Vg-subdivision on Z or admits a 3-separation that separates Z into two
subsets of size 2. If there is a 3-separation (A, B) of G with |ZN(A—B)| = |ZN(B—-A)| =
2, one can apply Watkins—Mesner’s theorem to both sides G| A and G|B to determine the
structure of G. Theorem 4.7.2 chooses a nice decomposition so that it suffices to apply
Watkins—Mesner’s theorem only once.

Theorem 4.7.2. Let G be a graph and let Z C V(G) with |Z| = 4. Suppose that G
is 2-connected, (G, Z) is irreducible, and G is Z-acyclic. Assume (hyp 4.7.1) and (hyp
4.7.2). Then one of the following holds.

(a) There is a nice decomposition (X1, Xa, A, B) of G such that int X1, int X,,int B
contains exactly 1,1,2 vertices of Z, respectively.
(b) All the vertices of Z have degree 2 and there is a Vg-subdivision on Z in G.

Let us see that the theorem characterizes Z-acyclic graphs. Let Z = {vy,vq, v3,v4}.
Suppose that (a) holds. Assume that v; € int X; for i = 1,2 and vs,vy € int B. Let
ai,as, by, by, by denote the vertices of the basic family as usual. Then there is a path of
G|A between a; and as avoiding bs. For otherwise, b3 becomes a common neighbor of
v1, vy by the irreducibility of G, contrary to Lemma 4.7.1 (i). Hence there is a path of
G|A U X; U X, with ends by, by containing vy, ve and avoiding bs. On the other hand, it
is clear that for ¢ = 1,2 there is no path of G|A U X; U X5 from b3 to b; that contains
v1,vy. Therefore, G is Z-acyclic if and only if there is no path of G|B with ends by, by
containing vs, v4. By applying Watkins—Mesner’s theorem to G|B (with a dummy vertex
adjacent to by, by), we finally understand the whole structure of G, as desired, though we
omit the explicit description here.

If (b) holds, the problem is reduced to the results in [37]. Delete vertices in Z and
add an edge ¢; in Ng(v;) for 1 < i < 4. Then the resulting graph is 3-connected by
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Lemma 4.7.1 (ii). Now our problem is reduced to a problem of characterizing {ey, ez, €3, €4}~
acyclic 3-connected graphs. This problem has been already solved by Lomonosov [37]

(private communication with N. Robertson). A Vg-subdivision H on four vertices Z (or

four edges) are surely Z-acyclic, but it is an “extremal frame” in that if H has a bold

“jump” J the union JU H becomes immediately Z-cyclic. Consequently, the whole struc-

ture of GG is “similar” to H. See Section 4.7.1 for more details. Therefore, Theorem 4.7.2

completes the task of characterizing graphs that contain no cycle through given four

vertices, as desired.

4.7.1 Cycles through four edges

Let G be a graph and let eq,es,e3,e4 be four independent edges of G. We define a
Vs-subdivision on four edges in the same way as above. Namely, a Vg-subdivision on
{e1,€9,e3,6e4} is a subgraph H of G consisting of the union of a cycle C' of G through
distinct eight vertices uy, ..., us € V(G) in this order listed and four disjoint paths P; of
G with ends u;, u;4 (1 < i < 4), all with no internal vertex in C', such that e; lies in P; for
1 <4 < 4. In this subsection, we state the result in [37]: If G contains a Vz-subdivision
H on {ey,eq,e3,e4} but no cycle through all of these edges, then the structure of G is
“similar” to H.

For a graph G with four independent edges e; = wu; 14 (1 < i < 4), we say that
(G,{e1,e2,€3,e4}) is a basic obstruction if it satisfies the following.

V(G) = {us, zi,yi: 1 <1 <8}

For 1 <i <8, A; := {uw;,x;,y;} is a clique of size 1 or 3.

For 1 <i <8, yxip1 € E(G) if |A;] = |Aiz1] = 1 and y; = x;11 otherwise, where
indices are read modulo 8.

e (G has no other edges.

Note that cliques of G have size < 4. A 4-clique appears in {uy, us, us, uz} or {ug, uy, ug, ug }
if and only if 1 and 3 appear alternately in the sequence (|Ai|,|As|,...,|As|). As
easily checked, every basic obstruction (G,{ei,...,es}) contains a Vg-subdivision on
{e1, eq, €3, €4} but no cycle through these four edges. In fact, this property is maintained
even when we paste complete graphs of size > 2 in a basic obstruction along cliques. The
following theorem, implied by [37], says that the converse holds.

Theorem 4.7.3. Let G be a graph with four independent edges e, e, €3, e4. Suppose that
G contains a Vy-subdivision on {ey, es, e3,e4} but no cycle through these four edges, and
subject to that with G edge-maximal. Then G can be constructed, by pasting along cliques,
from complete graphs of size > 2 and a basic obstruction (G',{e1, es,€3,€4}).

4.8 Proof of Theorem 4.7.2

In this section we prove Theorem 4.7.2. Let G be a graph and let Z = {vy,vq, v3, 04}
be a set of distinct four vertices of GG, which we call terminals. Throughout the section,
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we assume that G is 2-connected, (G, Z) is irreducible, and G is Z-acyclic. Also assume
(hyp 4.7.1) and (hyp 4.7.2). The goal is to show that (a) or (b) holds.

The proof traces the method in the proof of Theorem 4.5.3. First we find four in-
ternally disjoint Z-paths, by Mader’s S-paths theorem. Next we make these four paths
into a certain subgraph H, which we call a prism on Z (Figure 4.11). Then we find a
3-separation (A, B) of G such that A— B, B— A contain two terminals, respectively; other-
wise, we may augment H to obtain a Vi-subdivision. Finally we apply Watkins—Mesner’s
theorem to both sides G|A and G|B to obtain a nice decomposition of G as in (a). One
may consider starting from such a 3-separation before constructing the “frame” H. But
the proof seems more simple if we use the half fragments of the frame H in G|A and G|B,
when applying Watkins-Mesner’s theorem. This idea corresponds to Step 5 in the proof
of Theorem 4.5.3: Applying the K2 -subdivision lemma to both sides of a separation,
with the aid of the “frame” cube™.

Let us begin with a few easy lemmas below.
Lemma 4.8.1. The set Z 1is stable.

Proof. By (hyp 4.7.1) there is a cycle of G that contains vy, v, v3 and avoids vy. Since
there is no K -subdivision on Z in G by Lemma 4.5.1, v, is not adjacent to any other
terminals. Similarly, no two terminals are adjacent. This proves the lemma. O]

Lemma 4.8.2. Fvery terminal has degree < 3 in G.

Proof. Suppose that vy has degree > 3, say. By (hyp 4.7.1) there is a cycle C of G
that contains vy, v9, v3 and avoids vy. Let Cio be the path of C' between v; and vy not
containing vz, and define Cys, C'13 similarly. Since G is irreducible, there are three paths
Py, Py, P of G from vy to V(C'), mutually disjoint except for vy. Since G is Z-acyclic, we
may assume that P;, P», P3 have ends in the interior of Cys, C'3, C12, respectively. If there
are four paths of G from v, to V(C'), mutually disjoint except for vy, then the union of
those four paths and C' yields a cycle containing all the terminals, a contradiction. Thus,
there is a 3-separation (A, B) of G such that v, € A — B and V(C) C B. We deduce
from the existence of P;, Py, P; that vy, vy,v3 € B — A. Hence v, has degree 3, since G is
irreducible. This proves the lemma. O]

The next step is to find four internally disjoint Z-paths in G. If there are no more
than three, GG is obviously Z-acyclic. The following lemma, based on Mader’s S-paths
theorem, says that such a graph has a nice decomposition as in (a). We may thus assume
from now on that there are at least four internally disjoint Z-paths.

Lemma 4.8.3. If there are no more than three internally disjoint Z-paths in G, then (a)
holds.

Proof. For suppose not. Since Z is stable by Lemma 4.8.1, we deduce from Theorem 4.2.1
that there is a good quasi-bipartite-decomposition (W; Xy, Xo, X3, X4;Y1,...,Y,,) of G
with respect to Z of value < 3; hence Y; intersects at least three of Xj,..., Xy and |Y;NX]|
is odd (> 3) for 1 < j < m, and

IXNY|—m

1
< Y- NnX|| =
Wimsiwl+ 3 |gynx| =i E0G

1<j<m

<3, (4.8.1)
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Figure 4.11: A prism on (vq, v, v3, vy).

where X = XjU---UXyand Y =Y, U---UY,,. We may assume that v; € X; — Y for
1 <i<4. It follows from (hyp 4.7.2) that [IW| = 0. We have | X;NY| > 2 (1 <i < 4)
because X; NY is a cut of G that separates v; from Z — {v;} while G is 2-connected.
Hence
XNnY|= ) [XinY[>2-4=38, (4.8.2)
1<i<4

which, together with (4.8.1), implies that m > 2.
Now consider a bipartite multigraph H with vertex set {Xi,..., X4, Y1,....Y,,}, hav-
ing | X;NY;| edges between X; and Yj; assume degy (Y1) < --- < degy(Y,) and degy (X;) <
- < degy(Xy). If m = 2, then degy(Yy) = 3,degy(Ya) = 5 and degy(X;) = 2
(1 <i<4). Assuming Ny (Y1) = {X1, Xo, X3}, we have [ X;NYs| =2 and [X;NYs] =1
(1 <4 < 3). Then there is no cycle of G through vy, ve, v3, since (X7, X, X3, Y7, YoUXy) is
a K3 o-decomposition of G (of integral value 0); this contradicts (hyp 4.7.1). Thus, m = 3,
degy(Y;) =3 (1 <j <3), H is simple, degy(X;) =2 (1 <17 < 3) and degy(X4) = 3. We
may assume that Ny (X;) = {Y1,Ys, Y3} —{Vi} (1 <i<3). Let B:= X3UX,UY, UYs.
Then (X1, X5,Y3, B) is a nice decomposition of G such that v; € int X; for ¢ = 1,2 and
v3,v4 € int B, and so, (a) holds, as required. This proves the lemma. O

A prism on (vq, v, v3,vy4) is a subgraph H of G consisting of the union of:

(i) two paths Pj, P, of G with ends vy, vy and two paths @1, Qs of G with ends vs, vy,
mutually disjoint except for their ends, and

(i) three disjoint paths Ry, Ry, R of G from V(P U Py) to V(Q1 U Q2) with ends p;, ¢;
(1 <4 < 3), all with no internal vertex in P, U P, U Q1 U @2, such that p;,py €
V(Py) —{v1, v} (with py closer to vy), p3s € V(Py) — {v1, 02}, 1 € V(Q1) — {vs,v4}
and gz, g3 € V(Q2) — {vs} (with ¢ closer to vs).

See Figure 4.11 for an illustration. It is permitted that g3 = vs. We call the length of
Q2[vy, q3] the cost of H. Note that there is symmetry between Ry, vi,ve and Rs, vy, vs
if H has positive cost. By a prism on Z we mean a prism on (v, v;,, Vis, v;,) for some
ordering {i1, 2,143,114} = {1,2,3,4}. The next step is to build a prism on Z.
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Lemma 4.8.4. Suppose that there are four internally disjoint Z-paths in G. Then there
1s a prism on Z. Moreover, for every terminal v of degree > 3 there is a prism on Z
(with cost 0) in which v has degree 3.

Proof. Suppose first that v, say, has degree > 3 in G. Let us build a prism on Z in which
vy has degree 3. By the similar proof as in Lemma 4.8.2, there are three triads 7} in G
with feet Z — {v;} for 1 < ¢ < 3, respectively, mutually disjoint except for their feet; so
T1UT,UTs corresponds to C'U P U P, U P in the proof of Lemma 4.8.2. Let Py, ..., Py be
four internally disjoint Z-paths of G. We choose Py, Py, P3, Py, T, T, T3 with their union
(denoted by H) minimal. Let b; denote the branch of T} for 1 <1 < 3. We may assume
that P, has no vertex in {by, bs, b3}. Since one of v, vy, v3 is an end of P;, we assume that
vy is s0. Note that {by, b3} is a 2-cut of 77 UT> U T3 that separates V (T3(bs, v1]UTs[vy, b))
and {vy,v3,v4}. Hence we may assume that there is a subpath @ of P; having one end ¢
in V(T3[vy,b2)) and the other end ¢’ in V(71 U Ty U T3) — V(Ts]bs, v1] U Ta[vy, ba]) U {b1},
with no edge or internal vertex in 7y U Ty, U T5. If ¢ = v; then H U Q is Z-cyclic
wherever ¢’ lie, as easily checked, which is a contradiction. So ¢ € V(Ta(vq,b2)). If
q € V(Ty) — V(Ts[vq, bs]) then we may reduce the union H by replacing Ts[q, ¢'| with
@, a contradiction. If ¢ € V(Ts[va, v4] U Ti[vg, vs]) — {b1, b3} then H U Q is Z-cyclic, a
contradiction. Thus, ¢ € V(T1(b1,v2)), and so, H U Q is a prism on (vy, ve, v3,v4) With
cost 0, as required.

Next suppose that every terminal has degree 2 in G. Since G is Z-acyclic and contains
four internally disjoint Z-paths, we may assume that there are two disjoint cycles C, C’
of G containing two terminals, respectively. By 4.7.1 (ii), there are three disjoint paths
of G between V(C') and V(C’). As easily verified, minimal such paths and C,C" yield a
prism on Z; for otherwise G becomes Z-cyclic. This proves the lemma. Il

The next step is to show that G admits a Vg-subdivision on Z or a 3-cut separating
Z into two subsets of size 2.

Lemma 4.8.5. Let H be a prism on (v1,vse,v3,v4) in G with notation as above. Then
either (b) holds or there is a 3-separation (A, B) of G with V(PLUP,) C A, V(Q1UQs) C
B.

Proof. 1f there is no 3-separation (A, B) of G with V(PLUP,) C A and V(Q1UQ2) C B,
then there are four disjoint paths of G from V(P,UP;) to V(Q1UQ>), all with no internal
vertex in P, U P, U Q1 U Q5. Since G is Z-acyclic, the union of Py, P, )1, Q)2 and these
four paths yields a Vz-subdivision J on Z. If some terminal v has degree > 3 in GG, then
we may augment paths of J from v in J, obtaining a cycle thorough all the terminals;
but this is a contradiction. Hence every terminal has degree 2 in G, and so (b) holds, as
required. This proves the lemma. ]

Now let us complete the proof of the theorem, based on Watkins—Mesner’s theorem.

Proof of Theorem 4.7.2. Suppose to the contrary that (a) and (b) are false. Then by
Lemmas 4.8.3 and 4.8.4, there is a prism on Z in G. Let H be a prism on (vq, v, v3,vy)
in GG, say, with the usual notation as above. By Lemma 4.8.5, there is a 3-separation
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(A, B) of G with V(PLUP,) C Aand V(Q1UQ2) C B. Let AN B = {x1, 29,3} and
assume that x; € V(R;) for 1 <i < 3. We may assume that x3 # vy. For if g3 = vy = x3,
we take the neighbor 2% of vy in Ry and set A" := A — {w},B" := BU{z}}. Then
(A', B') is a 3-separation of G (as degq(v4) = 3 by Lemma 4.8.2) such that V(P, U Py) C
AV (Q1UQ2) C B and vy € B’ — A’; as desired.

For distinct 4, j € {1,2,3}, we say that G|A is (i, j)-feasible if there is a path of G|A
with ends z;, z; containing vy, vo, and strongly (i, j)-feasible if such a path can be chosen
to avoid the vertex in AN B — {x;,z,}; we define similarly for G|B (with respect to
v3,v4). We know from the existence of the prism H that G|A is (1,2)-feasible and G|B
is (2, 3)-feasible.

(1) G|A is (1,3)-feasible and moreover, if xo # pa then G|A is strongly (1, 3)-feasible.

For suppose to the contrary that G|A is not (1,3)-feasible if 5 = ps and that G|A
is not strongly (1, 3)-feasible if xo # ps. Note that G|B is (2,3)-feasible and moreover
strongly (2, 3)-feasible if z1 # ¢;. Hence G|A is not (2,3)-feasible if z; # ¢, and not
strongly (2, 3)-feasible if 1 = ¢1. Let o := [{z1, 22} N ({1} U (V(R2) — {p2}))|, and let
G’ be a graph obtained from G|A by doing the following operations, depending on «: If
a = 0, add a new vertex x and edges xxy,zrxs; if a = 1, add an edge zyx5 and let x be
the vertex in {z1,22} N ({1} U (V(Ra) — {p2})); if @ = 2, identify z; and 5 and denote
by x the resulting vertex. Then there is no path of G’ with ends x, x3 that contains vy, vs.
We deduce from Theorem 4.2.3 that there is a K3 o-decomposition (X7, X, X3, Y7, Ys) of
G’ such that v; € X; — Y1 UY; (1 = 1,2) and z,23 € X3 (Consider a graph obtained
from G’ by adding a new vertex adjacent to x,z3). Let s € {0, 1,2} be its integral value
and let W :=Y; U---UY,. Since there is a cycle of G’ through vy, ve, z (with the aid of
subpaths of Py, P, Ry, Ry), we have z € X3 N (Y; UY3). On the other hand, since there
are internally disjoint two {v,vs}-paths of G' \ x (consider P, U P,), we have z ¢ W,
and so, s < 1. We may assume that z € X3 NY, — W. Let us write X; NY; = {a;} and
X;NYy — W ={b;} for i = 1,2; note that by, by, x are pairwise distinct, and that if s =1
then V1 = {a1} = {ao}. fa =0, set X§ := Xz —{z},Y] := Yo — {a}; if a = 1, set
X = X5,y =Yo it a =2, set Xj:= (X3 —{a})U{z1, 22}, Y5 := (Yo —{x})U{z1, 22}
Then (X1, Xo, X3, Y7, Y)) is a decomposition of G| A such that z1, 29, 3 € X;UY] and the
boundary of Xj is still {a;,b;} for i =1,2. Let B := BU X}, UY,. Then (X, X, Y1, B')
is a decomposition of G such that v;int X; for i = 1,2 and v3, vy € int B'. If s = 1, then
v1, Vo have degree 2 and have a common neighbor a; = ay from the irreducibility of G,
contrary to Lemma 4.7.1 (i). Hence s = 0 and |Y3| > 3. Therefore, (X1, X3, Y1, B') is
a nice decomposition of GG, and so (a) holds, which contradicts our assumption. This
proves (1).

(2) G|B is (1, 3)-feasible and moreover, if xo # qo then G|B is strongly (1, 3)-feasible.
For if H has cost 0, the claim follows (concatenate four paths Ri[z1, 1], Q1[q1,v3], Q2

and Rslvg, x3]). So assume that g3 # vy. Then we see the symmetry between Ry, vy, vo
and Rjs, vy, vs. Thus, the claim follows from the same proof as in (1). This proves (2).

Since py # ¢o, it follows from (1) and (2) that G is Z-cyclic, a contradiction. This
completes the proof. O
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4.9 Paths through four vertices

Asnoted in Section 4.7, the problem of characterizing graphs that contain no path through
given four vertices is easily reduced to Watkins—Mesner’s theorem. This section gives a
rough sketch.

Let G be a graph and let Z be a set of distinct four vertices vy, vo, v3,v4 of G, called
terminals. We want to investigate what kind of structure G has if there is no path of
G containing all the terminals. First we may assume that G is connected and (G, Z) is
irreducible. Here, we say that (G, Z) is irreducible if it satisfies the following: (i) If there
is a l-separation (A, B) of G with |Z N (A — B)| =1, then |A — B| = 1; (ii) if there is a
2-separation (A, B) of G with |Z N (A — B)| = 1 and if the terminal in Z N (A — B) has
degree > 2, then |A — B| = 1. We may assume that at most 2 terminals have degree 1
in G; for otherwise, GG is a trivial obstruction. If exactly two terminals, vy, vo, say, have
degree 1, then the problem is reduced to Watkins—Mesner’s theorem (consider a graph
obtained from G by adding a new vertex = adjacent to vy, vy). Thus, we may assume that
at least three terminals have degree > 2 in G. Then, as easily checked, there is a path
of G containing all the terminals if and only if there are three internally disjoint Z-paths
in G; the proof is straightforward based on the augmentation method (cf. Section 2.2).
So assume that there are at most two internally disjoint Z-paths in G. In particular,
each terminal has degree < 2, and so the only possible degree sequence is (1,2,2,2) or
(2,2,2,2). Now Z is stable; for otherwise, G' contains three internally disjoint Z-paths.
We deduce from Mader’s theorem (Theorem 4.2.1) that there is a good quasi-bipartite-
decomposition (W; X1, Xo, X3, X4;Y1,...,Y,,) of G with respect to Z of value 2; hence
Y intersects at least three of Xj,..., Xy and |Y; N X|is odd > 3 for 1 < j < 3, and

vinX|-1

Wi+m< Wi+ > ———=2,

1<j<m

where X = XjU---UXyand Y =Y, U---UY,,. We may assume that v; € X; — Y for
1<i<4 If|W|=2,thenm=0and Y = (; and so, there is no path in G\ W that
connects two terminals. If [W| =1 then, m = 1 and |Y; N X| = 3; and so, one terminal
vy, say, has degree 1 in GG, the vertex w in W is a common neighbor of all the terminals,
and moreover, there are at most one {vy, v3,v4}-paths in G \ w. The case |W| = 0 does
not occur. For if |[W| = 0, then either m = 2 and |Y1 N X| = [YaNn X| =3, or m =1
and |Y; N X| = 5. But in either case at least two terminals have to be of degree 2, a
contradiction. This completes the description of G.

4.10 Some Corollary

From the results in Sections 4.5, 4.7 and 4.9, we have now determined the structures
of graphs with no K -subdivision on prescribed four vertices. The description is purely
combinatorial. The results in Sections 4.7 and 4.9 imply the following two well-known
facts.
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Corollary 4.10.1. Let G be a 2-connected graph and let Z C V(G) with |Z] = 4.
Then there is no path of G containing all the vertices in Z if and only if there is a set
W CV(G) — Z of size 2 such that G\ W contains no path between two vertices of Z.

Corollary 4.10.2 ([67]). Let G be a 3-connected graph and let Z C V(G) with |Z| = 4.
Then there is no cycle of G containing all the vertices in Z if and only if there is a set
W CV(G) — Z of size 3 such that G\ W contains no path between two vertices of Z.

We end this chapter with the following corollary, which states that 4-connected ob-
structions for K, -subdivisions are also “the most” trivial ones.

Corollary 4.10.3. Let G be a 4-connected graph and let Z C V(G) with |Z| = 4. Then
there is no K -subdivision on Z in G if and only if there is a set W C V(G) — Z of size
4 such that G\ W contains no path between two vertices of Z.

Proof. The “it” part is trivial, so we only show the converse. Suppose that G contains
no K, -subdivision on Z. Then Theorem 4.5.3 (a) holds: There is a vertex w € V(G) —Z
such that G'\ w contains neither K; -subdivision on Z nor cycle through all the vertices
in Z. Since G \ w is 3-connected, G \ w is Z'-cyclic for any Z’ C Z with |Z'| = 3. It
follows from Corollary 4.5.2 that G \ w is Z-acyclic. By Corollary 4.10.2, there is a set
W C V(G \ w) — Z of size 3 such that (G \ w) \ W contains no Z-path. The result
follows. [l
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Conclusion

5.1 Summary

The two-paths theorem forms the basis for research on rooted subdivisions with pre-
scribed four vertices. In Chapter 3, as an extension of the theorem we have determined
the structure of 6-connected non-H-linked graphs for each H € {P,, Cy, Ki™, K, K,}.
The structure, which we call a “discoid graph”, can be described as a planar graph
whose “boundary” is surrounded by possibly many dense subgraphs of non-planarity.
In our result, one can catch a glimpse of an extension of the two-paths theorem and
Yu’s characterization of Ps-linked graphs. In other words, when restricted to 6-connected
graphs, non-H-linked graphs have structures similar to non-P,-linked graphs for each
H € {0y, K], K, ,K,}. This phenomenon for the case H = Cy was implicitly observed
in the recent paper of McCarty, Wang and Yu [45] that proved that 7-connected graphs
are 4-ordered. We anticipated that this observation can be pushed further to the case
H = K4 all at once, and actually succeeded in proving it.

As a direct consequences of the characterization, we proved that 7-connected graphs
are Ky-linked. This generalizes the results of [45, 36] that 7-connected graphs are 4-
ordered and K~ -linked. As for connectivity, the only known result was that 60-connected
graphs are Kj-linked [57]. Our result significantly improves this known bound on the
connectivity.

We also proved the case n = 4 of a conjecture of Mader: Every (Z)—connected graph
with sufficiently large girth is K,-linked. However, our method cannot be applied to the
case n > 5 immediately.

As noted in the introduction, the work is also motivated by the coloring-conjecture
of Hajos. Unfortunately, our assumption of 6-connectivity is too strong to apply to the
conjecture directly. It would be desirable to proceed with the work in Chapter 3 to seek
a complete characterization, but this is an arduous task. Motivated by this, we have
considered a relaxed variant of the problem in Chapter 4. As for the relaxed rooted
K, -subdivision problem, we determined the 3-connected obstructions. The description
using hypergrpahs is purely combinatorial, without any planarity conditions, which is an
interesting difference from Theorem 3.1.2 (4). This phenomenon is largely due to Mader’s
S-paths theorem. We may say that our result is one of the few successful uses of Mader’s

81
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S-paths theorem in pure graph theory. As noted in Theorem 4.5.4, in our setting we can
find two types of K -subdivisions if one exists. We hope this will be helpful in many
situations, especially for the conjecture of Hajos.

5.2 Future work

The main concern of this dissertation was the structures of non-H-linked graphs for a
fixed simple graph H with four vertices. One possible direction of future work is to
consider the case H has at least five vertices. The first problem to be settled in this case
is to characterize (Ky + Ps)-linked graphs, where K5 + Pj is the graph consisting of the
disjoint union of K5 and the path of length 2. However, one immediately notices that this
is already a difficult question. Indeed, it entails a solution to the famous (2, 3)-linkage
problem: Given five vertices x1, s, y1,¥y2,y3 of a graph G, find two disjoint connected
subgraphs Gy, Gy of G with 21,25 € V(Gy) and y1,y2,y3 € V(G3). The (2,3)-linkage
problem is a fundamental problem as an extension of 2-linkage and related to other
important problems such as Jgrgensen’s conjecture about Kg-minor-free graphs, but only
a few structural results are known.

Although the rooted H-subdivision problem seems difficult for [V (H)| > 5 as we have
seen above, one may target a relaxed version of the problem for H = (5, say: Given
five vertices vy, ..., vs of a graph G, find a cycle of G containing these vertices (without
regard to the order). For this problem, it might be helpful to use the result of Sanders [52],
who characterized 5-connected graphs with no cycle containing specified five independent
edges, solving a special case of Lovasz—Woodall’s conjecture.

Another possible direction of future work is to proceed with the work in Chapter 3,
i.e., to determine all the structures of non-Ky-linked graphs. But again we should note
that this direction is strenuous. Let vy,...,v4 be distinct vertices of a graph G. An
“extremal” subgraph of G as in Figure 3.5 (right), called a skeleton, played the crucial
role in our proof. If GG is not 6-connected, we may not be able to construct it and so have
to seek other approaches. One possible difficulty could arise in the case G has a 4-cut
that separates the set of terminals {vy,...,v4} into two subsets of size 2. In this case,
in order to construct a Kjy-subdivision with vy, ..., v, branch vertices, we have to solve
the following subproblem: If H is a tree with six vertices, two of which are adjacent and
of degree 3 (so H has the shape of the letter “H”), then what is the characterization of
H-linked graphs? This problem seems difficult, though a relaxed version of the problem
that permits permutations on the terminals is solved in [39].

Another direction is to consider the case H has parallel edges. If H is a graph with
three vertices containing parallel edges, then the H-linkage problem can be rephrased
as follows: Given three vertices vy, vy, v3 of a graph G and integers ky, ko, k3 > 0, find
internally disjoint k1, ks, k3 paths of G with ends v1vy, v9v3, V301, respectively. As observed
in [35], this problem can easily be reduced to finding k; + ko + k3 internally disjoint
{v1,v9, v3}-paths in G. Thus, the case |V (H)| = 3 is solved by Mader’s S-paths theorem.

A non-trivial and important problem arises when H has four vertices. Let H be a
multigraph as in Figure 5.1. What is a structural characterization of H-linked graphs?
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Figure 5.1: A multigraph with four vertices.

This is equivalent to the following problem.

Problem 5.2.1. Let G be a graph and let vy, v9,v3,v4 be distinct vertices of G. What
kind of structure does the graph G have if there are no cycle of G' containing v; and v,
and a path of G between v3 and vy, mutually disjoint?

Problem 5.2.1 is a special case of the following more general problem defined for

positive integers nq,..., Nk, C1, ..., Ck:
((ny,...,nk;c1, ..., cp)-Linkage problem)
Instance: A graph G and disjoint subsets X7, ..., X of V(@) with | X;| = n;
for 1 <i<k.

Question: Are there k disjoint c¢;-connected subgraphs G; of G with X; C
V(G;) for 1 <i < k?

When ¢; = 1 for 1 < ¢ < k, this problem is simply called the (nq,...,n;)-linkage
problem. If, moreover, n; = 2 for 1 < i < k, then it is equivalent to the k-disjoint paths
problem. Problem 5.2.1 is nothing but the (2,2;2, 1)-linkage problem. As easily checked,
if ¢; <2 for 1 <14 <k, then sufficiently highly connected (more specifically, (> ;.,, 7i)-
linked) graphs G always have a feasible solution for the (nq,...,ng;cq,. .. ,ck)_—li_nkage
problem. When ¢; > 2 for some ¢, it is not known whether there is such a bound on
the connectivity. Indeed, if one can show that every sufficiently highly connected graph
has a feasible solution for the (2, 1;1, 3)-linkage problem, then it resolves Lovéasz’s path
removal conjecture affirmatively; see [27, Conjecture 3.1].

One can verify the importance of Problem 5.2.1 in connection with Hajés” conjecture.
Let G be a graph and vy, vy, v3,v4 be distinct vertices of G. A fant on (v, vo;v3,v4) is
a subgraph of G' homeomorphic to a graph as in Figure 5.2. Note that a fan™ appears
as a substructure of a subdivision of Kj. For example, if there is a K -subdivision on
(v1, v9; v3,v4) and a fan™ on (vy, vo; v3, v4) in G, mutually disjoint except for {vy, va, v3, v4},
then there is a subdivision of K5 in . This observation is helpful for Hajos’ conjecture
because every Hajos graph (a minimum counterexample to Hajos’ conjecture) admits a
4-separation. Unfortunately, it seems hard to give an exact characterization of a fan™
because of its vertex of degree 4. However, if there are a path between v; and vy and a
cycle containing v3 and vy which are mutually disjoint, then the construction of a fan* on
(v1,v9; v3,v4) becomes much easier with the aid of Watkins—Mesner’s theorem. Therefore,
Problem 5.2.1 is a first step towards constructing fan*s and thus an important clue to
resolving Hajos’ conjecture.

Problem 5.2.1 is also closely related to the 3-disjoint paths problem. To see this, let
G be a graph with distinct vertices sq, s9, s3,t1, 12, 3. Let S3 be the set of all bijections
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V1 V2
Figure 5.2: A fan™ on (vy, vo;v3, vy4).

from the set {1,2,3} to itself. We say that a subset X of Sj is feasible in G if for some
o € X there are three disjoint paths of G with ends s;,%,(;) for 1 <1 < 3, respectively.
If | X| =1, then the problem of asking the feasibility of X is equivalent to the 3-disjoint
paths problem. Its structural characterization is far-reaching at this moment. A famous
long-standing conjecture in the literature is that: Every 8-connected graph is 3-linked.
The only known result is that 10-connected graphs are 3-linked [58], as noted in the
introduction.

One can obtain relaxed versions of the 3-disjoint paths problem by changing X. The
larger X gets, the easier the problem becomes. If X = S5, then its structural charac-
terization is given by Menger’s theorem. If X = {0 € S;3: 0(3) # 3}, then asking the
feasibility of X is equivalent to the following question: Are there three disjoint paths of G
between {si, $2, 53} and {1, t9, 3} such that none of them connects s3 and ¢37 As noted
in Section 3.6, this problem is completely settled by Yu [63, 64, 65]. Indeed, this result
yields the characterization of Ps-linked graphs by a simple construction.

One nontrivial case is when X = {o € S3: ¢(3) = 3}. Now asking the feasibility of
X is equivalent to the following question: Are there three disjoint paths of G between
{s1, 2,83} and {t1,ts,t3} such that one of them connects s3 and t37 This is essentially
equivalent to Problem 5.2.1. To see this, let G be a graph with four vertices vy, v9, v3, 14
and assume that vive ¢ E(G). Let G’ be the graph obtained from G by replacing v;
with two vertices sq,ss and joining sq,ss to all neighbors of vy, and replacing vy with
two vertices t1,ty and joining t1,t, to all neighbors of v,. Now there are a cycle of G
containing v; and vy and a path of G between vs, vy, mutually disjoint, if and only if G’
contains three disjoint paths between {si, so,v3} and {t1, 3, v4} such that one of them
connects vz and vy. Note that if vjvy € E(G) then Problem 5.2.1 can be solved by
the two-paths theorem applied to G \ {vivy}. Therefore, Problem 5.2.1 is reduced to
asking the feasibility of X = {0 € S3: ¢(3) = 3}, which is a slightly relaxed version of
the 3-disjoint paths problem. Since 10-connected graphs are 3-linked, obstructions for
Problem 5.2.1 cannot be 10-connected. As far as we are aware, no other structural result
is known for Problem 5.2.1.

As future work, it may also be interesting to study the gap between H-linkage and
|E(H)|-linkage. Recall that g(H) means the smallest positive integer which ensures
that every g(H)-connected graph is H-linked. In this dissertation, we have proved that
g(Ky) = 7. As is well-known, the graph K3;_; with k independent edges removed shows
g(kK3) > 3k — 2. Hence g(6K3) — g(K4) > 9 by our result. In general, for a graph H
with &k edges, one may ask how large the gap g(kK>2) —g(H) (> 0) can be. This problem
seems open.
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