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Abstract

In the thesis, we try to probe new physics by considering the muon electric dipole moment
(EDM) induced from some new CP phases in the new physics model. More precisely,
we study a Standard Model extension with two vector-like leptons, one SU(2)L singlet
and one SU(2)L doublet. We consider a simple framework that only the muon couples
to these new leptons. It leads to the mixing of muons with the extra heavy charged
leptons and thus the muon mass receives contributions from these new particles. This
contribution has a simple linear correlation with the muon g − 2 at the leading order.
Besides the muon dipole moments, an interesting feature is that the electron EDM is
also induced in this framework, which is measured to very high precision and thus may
give strong constraint on the parameters of the model if it predicts a too large electron
EDM. With an appropriate choice of parameters, this model survives the experimental
constraints on the Higgs-to-dimuon decay, heavy lepton masses, and electroweak precision
measurements. We found parameter regions consistent with the observed deviation on
muon g−2 between the experimental and theoretical results. Heavy lepton masses at the
TeV scale are favored by the constraint on Higgs-to-dimuon decay, and typical values of
the muon and electron EDMs are of order O(10−23 ∼ 10−22) e · cm and O(10−30) e · cm,
respectively, which are just suitable for the proposed experiment on the measurement of
these dipole moments.
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Chapter 1

Introduction

Physicists have a dream, which is a theory of everything. In order to fulfill this quest, it

is necessary to understand in detail what are the building blocks of our physical world,

and what are the rules that lead to their specific properties and behaviors. This kind of

study has currently been pushed to an extreme in the field of particle physics, considering

the very sophisticated knowledge applied in experiments and theories of particle physics.

Particle physics is a branch of physics studying the smallest constituents of the universe,

which are called elementary particles. During the past seventy years or so, particle physi-

cists had obtained fruitful results through the development of experimental techniques

and the improvement of the theoretical framework. At the frontier of particle physics, re-

searchers dive into a huge amount of experimental data and theoretical equations, search

for the hint of the ultimate theory and try to figure out a single set of mathematical

equations that well describes our physical world at the most fundamental level.

Today, to the best of our knowledge, most of the experimental results are consistent with

the Standard Model (SM) of particle physics [1, 2, 3]. The SM of particle physics is the

theory that describes the properties of elementary particles, the matter particles including

leptons and quarks, and the fundamental forces, including electromagnetic, weak, and

strong interactions, among the particles. Ten years ago, the last piece of the SM, the

Higgs boson, was finally discovered at the Large Hadron Collider (LHC) by the effort of

many experimental particle physicists at CERN [4, 5], which was a great achievement of

particle physics and the triumph of the SM.

1
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So far, the SM has been tested to work well through a wide range of energy scales up

to O(1) TeV. However, we now certainly know that it is inherently an incomplete theory

and therefore cannot be the ultimate theory that describes our physical world at the most

fundamental level. There are several problems in both the theoretical and experimental

aspects. First of all, it cannot explain gravity, since there is no description of gravity in

the SM. Also, there are some ad hoc features in the SM. One is that the SM contains many

free parameters which can only be determined by the experiments. These include 3 gauge

couplings, 3 charged lepton masses, 6 quark masses, 3 quark mixing angles, 1 CP-violating

phase, 1 Higgs mass, 1 Higgs vacuum expectation value, and 1 QCD vacuum angle, in total

19 parameters cannot be predicted from the theory (an extension with massive neutrinos

need 7 more parameters [6]). Some physicists tried to find the relation among these free

parameters, for example, the Koide formula proposed by Yoshio Koide [7, 8, 9, 10, 11]

which shows an interesting relation among the masses of three charged leptons, although

no one knows whether this kind of relation has any deeper implication or it is just a

numerical coincidence. Another one is the well-known hierarchy problem which is related

to the need for fine-tuning the Higgs mass to cancel out the large quantum corrections

due to the virtual particles [12, 13].

Concerning the physical observations, the SM is not able to describe the phenomenon

of neutrino oscillation [14, 15], because the neutrino mixings require neutrinos to have

nonzero masses [16, 17], while in the SM, neutrinos are assumed to be massless particles.

Another famous example is the mass-energy content of the universe. According to the

standard Λ-CDM model of cosmology, the universe contains 5% of ordinary matter, 26%

of dark matter, and 69% of dark energy [18]. Among them, only ordinary matter can

be explained by the SM, and the remaining 95% of the universe is still a big puzzle in

physics. There are no appropriate particle candidates for dark matter in the SM, and

the SM prediction of the cosmological constant turns out to be 120 orders of magnitude

too large compared to the observed dark energy [19, 20]. Recently, two new experimental

results are claimed to be in disagreement with the predictions of the SM. One of them is

the anomalous magnetic dipole moment of the muon or the so-called muon g − 2. The

discrepancy between the experimental result and the SM prediction has now increased

from 3.7 to 4.2 standard deviations [21].

Inspired by this recently updated anomaly, especially the muon g − 2, we investigate the

physics beyond the SM related to the muon dipole moments, including both the magnetic
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dipole moment (MDM) and electric dipole moment (EDM). The highly developed experi-

mental techniques nowadays allow physicists to perform very precise measurements on the

muon dipole moments, which can serve as the appropriate probes to the physics beyond

the SM. One interesting feature is that a permanent EDM of an elementary particle is a

direct observable which breaks the parity-inversion (P ) and time-reversal (T ) symmetries.

Under the framework of quantum field theory, where CPT symmetry is respected (C is

the charge conjugation symmetry), the existence of an EDM also implies the CP viola-

tion. There are several reasons why we should study the EDM of elementary particles.

First of all, in the SM the only observed CP violation comes from the single complex

phase in the Cabibbo-Kobayashi-Maskawa (CKM) quark mixing matrix [22], which ex-

plains the observed CP -breaking processes such as K-meson and B-meson decays. Such

CP violation is in principle able to induce EDMs. However, due to the smallness and

the symmetric property of the CP violation in the SM, the predicted values of the EDMs

are highly suppressed and are beyond the scope of current and probably any foreseeable

experiments in the future. For instance, the nonzero contribution to the lepton EDMs

first appears at the 4-loop level in SM and is estimated to be around 10−38 e · cm [23].

Fortunately, physicists believe that there must be some new sources of CP violation.

According to modern cosmology, the universe is initially in a symmetric state, with equal

amounts of matter and antimatter. Under this condition, a CP violation is required to

generate a finite amount of positive baryon numbers in the evolution of the universe,

otherwise, baryons and antibaryons would proceed with pair annihilations and in the

end, only radiations remain in the universe [24]. One problem of the SM is that the

CP violation generated from the CKM matrix is too small and it cannot successfully

reproduce the observed amount of the matter-antimatter asymmetry (baryogenesis) in

the universe. Therefore, any discovery of new sources of CP violation is possibly an

important key to solving this mystery. Of course, there is no guarantee that the source

of CP violation in the particle EDM is identical or correlated to the one needed for the

baryogenesis. Nevertheless, it would doubtlessly be a new milestone in particle physics

and would definitely be a breakthrough in the history of physics. Furthermore, many new

physics models predict relatively large EDMs. For example, to explain the deviation of

muon g − 2, a large class of supersymmetric models is proposed. These models contain

many hypothetical new particles and couplings, whose corresponding parameters can be

complex in general, and thus render new sources of CP violation. This leads to several
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loop contributions to the muon EDM whose magnitudes may be large enough to be

probed in the future experiments with the required precision [25, 26, 27, 28, 29, 30, 31,

32, 33, 34]. Other new physics models which also predict sizable particle EDMs include

leptoquarks [35, 36, 37], two Higgs doublet models [38, 39, 40], vector-like leptons [41], etc.

Once a particle EDM is detected in the experiment, it would certainly be an unambiguous

sign of the physics beyond the SM and is therefore quite motivated in this sense.

In this thesis, we consider the possibility of probing the physics beyond the SM with a

specific extension in the lepton sector by vector-like leptons. These hypothesized leptons

are different from their partner in the SM, in the sense that the leptons in the SM

are chiral, i.e. left-handed leptons and right-handed leptons act differently under the

SU(2)L × U(1)Y transformations. Through the mixing among the muon and the vector-

like leptons, the deviation of the measured value of the anomalous magnetic dipole moment

of the muon from its SM prediction can be explained successfully. Besides the muon g−2,

this lepton mixing has several interesting features. In this framework, the muon Yukawa

coupling in the SM is combined with new parameters, including the Yukawa couplings

and masses of the vector-like leptons, after the mass diagonalization. This means that the

vector-like leptons also contribute to the muon mass at the same time and it is possible

to find a correlation between the muon g − 2 and the muon mass. The Higgs couplings

are also affected by the lepton mixing in general. To be specific, the Higgs decay rates

such as Γ(h→ µ+µ−) are modified with respect to their SM prediction, and these effects

from the vector-like leptons can be examined by the experiment like LHC.

Our goal in this study is to examine whether the considered vector-like lepton model has

any parameter region that is consistent with the deviation of the muon g− 2 between the

experimental result and the theoretical prediction, and to scrutinize how large the muon

EDM can be generated, taking into account the experimental constraints on the model.

The organization of the thesis is as follows. In chapter 2, we briefly describe the Standard

Model of particle physics and the CP violation generated in the CKM matrix. In chapter

3, general properties of the electromagnetic dipole moments of the charged lepton are in-

troduced. The anomalous magnetic dipole moment and electric dipole moment generated

in the framework of SM is also discussed, with a brief mention of the experimental aspect

and prospect of future experiments of EDM measurement. In chapter 4, we describe the

general structure of the new physics contributions to the dipole moments through the
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quantum corrections in the loops of the Feynman diagrams. In chapter 5, the analysis of

the vector-like lepton model is performed. The results are shown to be consistent with

the favored region of the muon g − 2 anomaly and the constraints from the experiments

on the Higgs decay h→ µ+µ− [42] and the electron EDM [43], etc. Finally, in chapter 6,

we summarize the content of this thesis.



Chapter 2

Standard model of particle physics

In this chapter, we briefly describe the content of the standard model (SM) of particle

physics. Since the electric dipole moment is a physical quantity that breaks the CP

symmetry, we also discuss the structure of the CP violation in the standard model.

2.1 Theoretical framework

As already mentioned in the introduction, the SM [1, 2, 3] is a theory that describes

the strong, weak, and electromagnetic interactions. In the SM, the electromagnetic and

weak interactions are unified into an electroweak interaction which is associated with the

gauge symmetry of SU(2)L × U(1)Y . Combining with the strong interaction associated

with the SU(3)C symmetry, it forms the gauge group SU(3)C × SU(2)L × U(1)Y as the

foundation of the SM. In the sector of matter particles, there are three sets of generation

and each of them consists of one electrically charged lepton, one neutral lepton (neutrino),

and two charged quarks. All particles in the SM are summarized in table 2.1, with their

spins, representations of the gauge groups, electric charges, baryon numbers, and lepton

numbers shown. The electric charge Q of a particle is defined by its weak isospin T3 and

hypercharge Y through the relation Q = T3 + Y . The Lagrangian of the SM is

LSM = Lgauge + Lfermion + LYukawa + LHiggs, (2.1)

6
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spin SU(3)C SU(2)L U(1)Y Q = T 3 + Y B L

QL =

(
uL

dL

)
1
2 3 2 1

6

(
2
3

−1
3

)
1
3 0

uR
1
2 3 1 2

3
2
3

1
3 0

dR
1
2 3 1 −1

3 −1
3

1
3 0

LL =

(
νL

eL

)
1
2 1 2 −1

2

(
0

−1

)
0 1

eR
1
2 1 1 -1 -1 0 1

Ga
µ 1 8 1 0 0 0 0

W+
µ

W 0
µ

W−
µ

 1 1 3 0


+1

0

−1

 0 0

B 1 1 1 0 0 0 0

Φ =

(
φ+

φ0

)
0 1 2 1

2

(
+1

0

)
0 0

Table 2.1: The quantum numbers of the particles in the SM. For quarks and leptons,
only one generation is shown for simplicity.

where

Lgague = −1

4
Ga

µνG
aµν − 1

4
W a

µνW
aµν − 1

4
BµνB

µν , (2.2)

Lfermion = q′Li /Dq
′
L + u′Ri /Du

′
R + d′Ri /Dd

′
R + `′Li /D`

′
L + e′Ri /De

′
R, (2.3)

LYukawa = −(yu)ijq′LiΦ̃u
′
Rj − (yd)ijq′LiΦd

′
Rj − (ye)ij`′LiΦ̃e

′
Rj + h.c., Φ̃ = iσ2Φ∗, (2.4)

LHiggs = (DµΦ)
†(DµΦ)− V (Φ†,Φ), V (Φ†,Φ) = −µ2(Φ†Φ) + λ(Φ†Φ)2. (2.5)

In the above expression, the spinor with a prime means that it is in the flavor eigenbasis

and the indices i, j indicate the generation of the particle. The covariant derivative is

given by

Dµ = ∂µ + igst
aGa

µ + igT aW a
µ + ig′Y Bµ. (2.6)
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The strength tensors of the gauge fields are

Ga
µν = ∂µG

a
ν − ∂νG

a
µ + gsf

abcGb
µG

c
ν , (2.7)

W a
µν = ∂µW

a
ν − ∂νW

a
µ + gεabcW b

µW
c
ν , (2.8)

Bµν = ∂µBν − ∂νBµ, (2.9)

where the generator of Ga
µ is ta = λa/2 with λa the Gell-Mann matrices, and the generator

of W a
µ is T a = σa/2 with σa the Pauli matrices. fabc and εabc are the structure constants

of the SU(3) and SU(2) groups.

In order to generate the masses of leptons and gauge bosons, the Higgs mechanism is

introduced into the SM. An SU(2) scalar doublet field is added with a non-zero vacuum

expectation value and this breaks the original SU(2)L × U(1)Y symmetry spontaneously

into U(1)EM. First of all, we can rewrite the Higgs potential as

V (Φ†,Φ) = λ

(
Φ†Φ− µ2

2λ

)2

− µ4

4λ
. (2.10)

Based on this, the vacuum expectation value of the Higgs field is

〈Φ〉 =

 0

v√
2

 =

 0√
µ2

2λ

 , λv2 = µ2. (2.11)

We can expand the Higgs field around the vacuum as

Φ =
1√
2

 √
2φ+W

v + h+ iφZ

 . (2.12)

Here the scalar fields φ±W and φZ are eaten by the W± and Z bosons in the process

of spontaneous symmetry breaking, and h corresponds to the physical Higgs particle.

Substituting this expansion into the Higgs potential, we obtain a Higgs mass term

Lmh
= −1

2
(2µ2)h2. (2.13)

This means that the Higgs mass is

mh =
√
2µ2 =

√
2λv2. (2.14)
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The masses of the gauge field can be obtained from the kinetic term of the Higgs field by

setting the Higgs field at its vacuum expectation value. We then obtain the mass terms

of the gauge bosons

LmV =
g2v2

4
W+

µ W
−µ +

g2v2

8 cos θW
ZµZ

µ. (2.15)

In order to write the above result, we have applied the linear combination of W 1
µ and W 2

µ

W±
µ =

1

2
(W 1

µ ±W 2
µ), (2.16)

and the linear combination of W 3
µ and Bµ

Zµ = cos θWW
3
µ − sin θWBµ, (2.17)

Aµ = sin θWW
3
µ + cos θWBµ, (2.18)

with the weak mixing angle defined by

cos θW =
g√

g2 + g′2
, sin θW =

g′√
g2 + g′2

. (2.19)

Now, as we can see, after the spontaneous symmetry breaking, it correctly gives three

massive gauge bosons with masses

mW =
1

2
gv, mZ =

gv

2 cos θW
=

mW

cos θW
, (2.20)

and a massless photon

mA = 0, (2.21)

corresponds to the remaining U(1)EM symmetry.

Similarly, we can obtain the mass of the fermions by setting the Higgs field to its vacuum

expectation value in the Yukawa interactions

Lmf
= −(yu)ijv√

2
u′Liu

′
Rj −

(yd)ijv√
2

d′Lid
′
Rj −

(ye)ijv√
2

e′Lie
′
Rj + h.c.. (2.22)

The matrix of Yukawa couplings are in general complex, and can be diagonalized by bi-

unitary transformations with two unitary matrices U and W . The unitary matrices are
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defined by

yy† = U(yd)2U †, y†y =W (yd)2W † → y = UydW †, (2.23)

where yds are the diagonal matrices whose diagonal elements are the positive square roots

of the eigenvalues of the combinations yy† and y†y.

Correspondingly, we have the following relations between the fermion flavor and mass

eigenbases after the diagonalization of the Yukawa matrices in eq. (2.22),

u′L = UuuL, u
′
R =WuuR, (2.24)

d′L = UddL, d
′
R =WddR, (2.25)

e′L = UedL, e
′
R =WeeR, (2.26)

ν ′L = UeνL. (2.27)

The mass matrices of the fermions are then defined as the product of the diagonalized

Yukawa matrices and the vacuum expectation value of the Higgs field

mi =
ydi v√
2
, i = u, d, e. (2.28)

Most of the terms in the Lagrangian are not affected by the unitary transformation of

the fermion fields, except the interaction that couples the quarks to the W bosons (the

charged current)

LCC = − g√
2
u′Liγ

µd′LiW
+
µ + h.c. = − g√

2
uLiγ

µ(U †
uUd)ijdLjW

+
µ + h.c.. (2.29)

Therefore, we see that the charged current connects the up-type quarks with a unitary

rotation of the three down-type quarks, with the rotation given by the unitary matrix

V = U †
uUd =


Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb

 . (2.30)

This unitary matrix is the well-known Cabibbo-Kobayashi-Maskawa (CKM) mixing ma-

trix [22, 44].
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Under the CP transformation the interaction with the W bosons changes in the following

way

− g√
2
uLγ

µV dLW
+
µ − g√

2
dLγ

µV †uLW
−
µ (2.31)

CP−−→− g√
2
dLγ

µV TuLW
−
µ − g√

2
uLγ

µV ∗dLW
+
µ . (2.32)

According to the result of the transformation, the interaction with the W boson does not

respect the CP symmetry when we have the following condition

V 6= V ∗, (2.33)

which means V must be complex to establish the CP violation. Let us now turn to

consider the number of parameters in V , assuming N generations of quarks. In general,

an N ×N unitary matrix contains N2 parameters. Among these parameters, N(N −1)/2

are related to the rotation or mixing of the generations, and the remaining ones are related

to the phases. Since we have in total 2N up-type and down-type quarks, it is possible to

absorb 2N − 1 phases by the field redefinition of the quark fields. In the end, the number

of physical phases of V is

N2 − N(N − 1)

2
− (2N − 1) =

(N − 1)(N − 2)

2
. (2.34)

From this result, we understand that only when the number of generations is no smaller

than 3 do we have a complex phase in V for the CP violation.

2.2 CP violation in the SM

The CP symmetry is a combination of the charge conjugation and parity transformations.

In the theoretical framework of the SM, there are two sources of the CP violation. One

is the complex phase in the CKM matrix, the other one is called the QCD θ term which

can contribute to the electric dipole moment of the neutron. Basically, the θ parameter

is a free parameter in the range of 0 to 2π. According to the experimental result on

the neutron EDM, the θ parameter is strongly constrained to a very tiny number and is

consistent with zero. Why its value is so small is a puzzle called the strong CP problem,

which we will not discuss in this thesis and assume that it is solved by some physics
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mechanism beyond the SM, such as the Peccei-Quinn mechnism [45, 46]. In the following

discussion, we will focus on the CP violation in the CKM matrix.

As we have already seen in the previous section, the CKM matrix must be complex in

order to violate the CP symmetry. Let us first see why the existence of complex numbers

implies CP violation by considering the CPT invariance in the quantum field theory. Any

terms we write down in the Lagrangian must preserve the CPT symmetry, regardless of

whether they are real or complex. We also know that the property of the time-reversal

transformation T is to send the imaginary number i to −i. Therefore, if the real part of

a term is invariant under the time reversal, then its imaginary part must break the time-

reversal symmetry. Then, by the CPT invariance, we can conclude that the imaginary

part of that term must also violate the CP symmetry.

Following the discussion made in the previous section, and taking into account the fact

that we have three generations of quarks, the CKM matrix thus has four degrees of

freedom, containing three rotation angles and one complex phase. We can denote the

rotation angle by θij for the rotation between the i and j quark flavors, and the complex

phase by δ. Then, the most general CKM matrix is given by

V =


c12c13 s12c13 s13e

−iδ

−s12c23 − c12s23s13e
iδ c12c23 − s12s23s13e

iδ s23c13

s12s23 − c12c23s13e
iδ −c12s23 − s12c23s13e

iδ c23c13

 , (2.35)

where cij = cos θij and sij = sin θij , respectively. The numerical values for these parame-

ters are [47]

sin θ12 = 0.22500± 0.00067,

sin θ13 = 0.00369± 0.00011,

sin θ23 = 0.04182+0.00085
−0.00074,

δ = 1.144± 0.027.

(2.36)

We know that the CKM matrix is unitary by construction. Therefore, the precise mea-

surement of the parameters of the CKM matrix also serves as a test for the assumption of

three-generation in the SM, because if there were a fourth generation, the three-generation

subsector in the CKM matrix cannot be unitary. If we substitute the values listed above
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Figure 2.1: The unitarity triangle corresponding to eq. (2.38).

for the mixing angles and the phase in the CKM matrix, we can see that the CKM matrix

is in good agreement with being a unitary matrix. Physicists had come up with a clever

way to visualize the unitarity of the CKM matrix by means of a unitarity triangle. The

unitarity of a matrix means that its rows are orthonormal to each other and so are its

columns, which indicates that we have

∑
i=u,c,t

VijV
∗
ik = δjk. (2.37)

From this we have, for example, VudV ∗
ub + VcdV

∗
cb + VtdV

∗
tb = 0. We can interpret this

equation geometrically as a triangle formed by three complex vectors . According to this

equation, we can further divide by by VcdV ∗
cb and normalize its length to 1

VudV
∗
ub

VcdV
∗
cb

+
VtdV

∗
tb

VcdV
∗
cb

+ 1 = 0. (2.38)

In figure 2.1, we plot the vector sum on the complex plane directly by using the matrix

elements obtained in eq. (2.35) with the parameter values listed in eq. (2.36). It is clear

from the figure that the three vectors indeed form a perfect triangle. Therefore, the three-

generation quark mixing is correctly described by the CKM matrix. Since it is in principle

possible to parameterize the CKM matrix in several different ways, it would be convenient

if we can measure the CP violation that is independent of the parametrization we use. It

turns out such an invariant quantity exists, which is called the Jarlskog invariant J .

Let us recall the diagonalization of the Yukawa coupling in eq. (2.23), we have

yu,d = Uu,dy
d
u,dW

†
u,d. (2.39)
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Without loss of generality, we can perform a rotation to the right-handed field by u′R =

WuU
†
uuR and d′R =WdU

†
ddR. This makes the Yukawa matrices become hermitian

yu,d = Uu,dy
d
u,dU

†
u,d. (2.40)

If they can be diagonalized simultaneously, then Uu = Ud. In this case, V is a unit matrix

and no CP violation at all. What this tells us is that CP violation is encoded in the

commutator of the two Yukawa matrices

−iC ≡ [yu, yd] =
[
Uuy

d
uU

†
u, Udy

d
dU

†
d

]
= Uu

[
ydu, Vdy

d
dV

†
d

]
U †
u. (2.41)

From the last expression, we know that the matrix C is Hermitian and traceless. We can

compute its determinant as an invariant quantity, which is given by

detC = −16

v6
(mt −mc)(mt −mu)(mc −mu)(mb −ms)(mb −md)(ms −md)J, (2.42)

where the Jarlskog invariant shows up and is given by the following different combinations

J = Im(VudVcsV
∗
usV

∗
cd) = Im(VcdVtsV

∗
csV

∗
td) = Im(VtdVusV

∗
tsV

∗
ud)

= −Im(VudVcbV
∗
ubV

∗
cd) = −Im(VcdVtbV

∗
cbV

∗
td) = Im(VtdVubV

∗
tbV

∗
ud),

(2.43)

which can be written in a more compact form

J
∑
m,n

εikmεj`n = Im(VijVk`V
∗
i`V

∗
jk), (2.44)

where i, k,m = u, c, t and j, l, n = d, s, b, respectively. One interesting feature of the

Jarlskog invariant is that its value is twice the area of the unitary triangle in figure 2.1.

In terms of the standard parametrization eq. (2.35), we have [47]

J = s12s13s23c12c
2
13c23 sin δ = (3.08+0.15

−0.13)× 10−5. (2.45)

From this expression, we see that if V is real, then J vanishes and so does the determinant

of the Yukawa commutator C. To preserve the CP violation, two degenerate up-type or

down-type quarks are not allowed, too, as implied by eq. (2.42).



Chapter 3

Lepton dipole moments

In this chapter, we discuss the general properties of the magnetic dipole moment (MDM)

and electric dipole moment (EDM) of leptons. First, we look at the behavior of these

dipole moments under discrete symmetry transformations such as parity inversion and

time reversal. Then, we describe the general structure of the dipole moments in the

framework of quantum field theory.

3.1 General properties

In nonrelativistic electrodynamics, the interaction between an electromagnetic field and

a particle with a spin ~S is described by the Hamiltonian

H = −µ
~S

|~S|
· ~B − d

~S

|~S|
· ~E, (3.1)

where µ is the magnetic dipole moment (MDM) and d is the electric dipole moment

(EDM). From table 3.1, we found that the interaction between the MDM and the magnetic

field conserves the parity P and time-reversal T transformations, while the interaction

~B ~E ~S

P + − +

T − + −

Table 3.1: Properties of the electromagnetic field and the spin under the parity P and
time reversal T transformations.

15
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between the EDM and the electric field violates both symmetries. Assuming the CPT

invariance of the quantum field theory, we conclude that the EDM interaction also violates

the CP symmetry. The interaction in eq. (3.1) are induced by the following relativistic

effective operators

−µ
~S

|~S|
· ~B ↔ − eQ`ψγ

µψAµ − eQ`a`
4m`

ψσµνψFµν , (3.2)

−d
~S

|~S|
· ~E ↔ − i

d`
2
ψσµνγ5ψFµν . (3.3)

We note that the magnetic dipole moment consists of two operators, where the first one

corresponds to the part with g = 2 predicted by the Dirac equation, and the second one

corresponds to the part of the so-called anomalous magnetic dipole moment with g − 2.

In the language of quantum field theory, the anomalous magnetic moment and electric

dipole moment of a lepton are defined through the vertex function. The dipole moments

are induced by quantum corrections to the interaction of the leptons with a static electro-

magnetic background field. These corrections are represented by the Feynman diagrams

with loops. Their structure and calculation are the topics of the next chapter and more

details can be found in appendix A. The electromagnetic vertex function is given by

γ

` `

= −ieQ`u(p
′)Γµ(p′, p)u(p), (3.4)

where the blob in the diagram represents the quantum corrections to the interaction

between the charged lepton ` and the photon. The vertex function can be decomposed

into several Lorentz-invariant form factors as

Γµ = F1(q
2)γµ + F2(q

2)
iσµν

2m`
qν − F3(q

2)σµνqνγ5 + F4(q
2)
q2γµ − qµ/q

m2
`

γ5, (3.5)

where qµ = p′µ−pµ is the incoming photon four-momentum. The mass m` is the physical

mass of the charged lepton `. The charged leptons in the external legs are on shell,

p′2 = p2 = m2
` . The factor e in eq. (3.4) is determined by the renormalization condition

F1(0) = 1, (3.6)
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and represents the traditional definition of the charge of electron. Q` is the value of

electric charge in the unit of e and for charged leptons it is simply Q` = −1.

The anomalous magnetic dipole moment is defined by the form factor F2 at the limit of

zero momentum transfer

a` = F2(0) =
g` − 2

2
, (3.7)

and the electric dipole moment corresponds to the form factor F3 at the limit of zero

momentum transfer

d` = eQ`F3(0). (3.8)

The form factor F4 at the limit of zero momentum transfer is called the anapole moment.

In the vertex function considered here, its contribution is zero since the photon is on-shell,

which means q2 = 0, and also qµ is contracted with a photon polarization vector εµ such

that εµqµ = 0.

3.2 Electromagnetic dipole moments in the SM

3.2.1 Magnetic dipole moment

Last year, the Muon g − 2 collaboration at the Fermilab published their latest precise

measurement on the muon g − 2 [21]. The new result shows a 4.2σ deviation from the

theoretical prediction of the SM, which has stimulated many theoretical works related

to physics beyond the SM. In this section, we review the current state-of-the-art predic-

tions and briefly summarize the characteristics of each process from the theoretical point

of view. We will also discuss the contribution of hadron vacuum polarization (HVP)

from the Standard Model predictions, which is an issue from the viewpoint of theoretical

refinement.

According to the White Paper of muon g−2 [48], the theoretical prediction currently has

a value of

aSMµ = 116591810(43)× 10−11. (3.9)
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The value of muon g− 2 calculated in the framework of SM can be separated into several

dominated parts

aSMµ = aQED
µ + aEWµ + aHVP

µ + aHLbL
µ , (3.10)

including the contributions from QED, electroweak, and hadronic processes. Their values

are also given in the White Paper [48],

aQED
µ = 116584718.931(104)× 10−11, (3.11)

aEWµ = 153.6(1.0)× 10−11, (3.12)

aHVP
µ = 6845(40)× 10−11, (3.13)

aHLbL
µ = 92(18)× 10−11. (3.14)

The QED contribution can be divided into components with different dependence on the

lepton mass, which appears as ratios since g − 2 is a dimensionless quantity,

aQED
µ = A1 +A2

(
mµ

me

)
+A2

(
mµ

mτ

)
+A3

(
mµ

me
,
mµ

mτ

)
, (3.15)

where A1 is the term independent of the mass ratios and therefore universal for all leptons.

Thanks to the small QED coupling constant, which is the fine structure α ' 1/137, we

are able to compute the terms in eq. (3.15) by perturbative expansions

Ai =
( α
2π

)
A

(2)
i +

( α
2π

)2
A

(4)
i +

( α
2π

)3
A

(6)
i + · · · , i = 1, 2, 3. (3.16)

The current theoretical prediction of the QED contribution to the muon g − 2 is shown

in eq. (3.11). By comparing the value with the total theoretical prediction in eq. (3.9), we

can see that the QED contribution is the largest one, as it accounts for around 99.994%

of the total prediction after summing all different contributions. Yet it has the smallest

uncertainty among different components. This is because physicists put a lot of effort

into the loop calculations of the QED contribution, some of them are shown in figure 3.1,

and it has now been pushed to the amazing five-loop level [49].

The hadronic contribution includes the diagrams of hadronic vacuum polarization (HVP)

and the hadronic light-by-light scattering (HLbL). The HVP contribution originates from

the quantum corrections in the photon propagator, and the lowest-order HVP diagram
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Figure 3.1: Examples of QED loop diagrams at one-loop and two-loop levels.

is shown in figure 3.2. In contrast to the QED contributions, the HVP ones cannot

be computed solely from the theory because most of the hadronic contributions come

from the nonperturbative QCD regime at low energy. Nevertheless, it is still possible to

calculate the diagrams by applying the analyticity and unitarity in the HVP correlator.

HVP

Figure 3.2: The lowest-order contribution from HVP. The blob inside the photon
propagator represents the hadronic quantum fluctuations.

The leading-order contribution from HVP is computed via the dispersion integral [50, 51]

aHVP,LO
µ =

α2

3π2

∫ ∞

m2
π

K(s)

s
R(s)ds, (3.17)

where K(s) is called the kernel function

K(s) =

∫ 1

0
dx

x2(1− x)

x2 + (1− x)s/m2
, (3.18)

and R(s) is called the R-ratio

R(s) =
σ0(e+e− → hadrons)

4πα2/3s
, (3.19)
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√
s is the center-of-mass energy of e+e−. The R-ratio is a physical observable and is mea-

sured in the experiment. On the other hand, from the expression of the kernel function,

eq. (3.18), we can see that the contributions from higher energy are suppressed due to the

factor s/m2 in the denominator, and therefore most of the contributions come from the

low-energy regime. One disadvantage of the data-driven method is that we need to take

into account the experimental uncertainties for the theoretical predictions. The actual

value of the leading-order HVP contribution given in the White Paper is [48]

aHVP,LO
µ = 6931(28)stat(28)sys(7)others × 10−11, (3.20)

where the subscripts stat and sys correspond to the statistical and systematic uncertainties

from the experiments, respectively. After summing up contributions to the next-to-next-

to-leading order (NNLO), the final prediction is shown in eq. (3.13). As you can see, the

HVP uncertainty is the largest among all contributions due to the large uncertainties in

the experimental data. The HVP contribution has been a challenge in terms of refining

theoretical calculations due to its large errors, and there is one more issue that should be

mentioned. Currently, a discrepancy exists between the results in the White Paper and

the lattice QCD calculations performed by the Budapest-Marseille-Wuppertal (BMW)

group [52]. Lattice QCD, first formulated by Ken Wilson [53], is a first-principle approach

for tackling the nonperturbative strong interactions, unlike the data-driven method which

relies on the data inputs such as the R-ratio. According to the lattice QCD simulation,

the leading-order HVP contribution is

aHVP,LO
µ,BMW = 7075(55)× 10−11. (3.21)

This is 2.1σ larger than the recommended data-driven result eq. (3.13). Naturally, the

two values should be compatible with each other because they correspond to the same

physical processes in the SM, even though the calculation methods are different. However,

the current situation is that there is a significant difference even between the different

theoretical approaches, and the cause of this difference is not yet clear. More intriguingly,

recently other lattice QCD groups published their result on the HVP calculation [54, 55]

and it seems to agree with the result obtained by the BMW group. If the result is further

confirmed, it is then necessary to first investigate what is the main reason that causes the

discrepancy between the data-driven method and the lattice QCD simulation.
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Let us also mention that in the meantime, the experimental side also proposed a new

approach, the MUonE experiment [56, 57], as a crosscheck of the leading HVP contribu-

tion to the muon g − 2 obtained from the R-ratio method, by measuring the hadronic

contribution to the effective electromagnetic coupling α in the muon-electron scattering1.

The hadronic light-by-light contributions (HLbL, figure 3.3), by the same argument, can

be obtained by applying the data-driven dispersive approach or doing a first-principle

lattice QCD simulation. The difference from the HVP contributions is that the data-

driven and lattice QCD predictions are in good agreement in the case of HLbL, and the

results are combined to give the value listed in eq. (3.14).

Figure 3.3: The Feynman diagram representing the hadronic light-by-light contribu-
tions. The blob in the plot corresponds to the interaction of photons with hadrons.

The electroweak contributions consist of those diagrams containing the electroweak bosons,

the Z, W , and Higgs bosons. Because of the heavy masses of these gauge bosons, the

electroweak contributions are highly suppressed compared to the QED contributions. The

typical one-loop diagrams of the electroweak contribution are shown in figure 3.4, which we

will calculate in the next chapter after discussing the general structure of one-loop contri-

butions of the dipole moments. Depending on the choice of gauge fixing, for example, the

Feynman gauge, diagrams with unphysical Goldstone bosons may also need to be taken

into account. The value listed in eq. (3.12) is obtained by combining the one-loop and

two-loop calculations, with an estimation on the three-loop leading contributions [63, 64].

1As a brief digression, we also note that the MUonE experiment has the capability for probing the
U(1)Lµ−Lτ boson [58], which is one hypothetical particle proposed for solving the muon g − 2 deviation
between the experimental result and the theoretical prediction [59, 60, 61, 62].
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Figure 3.4: One-loop diagrams of the electroweak contribution to muon g − 2.

3.2.2 Electric dipole moment

In this section, we review the EDM of charged leptons in the SM. In the SM, the CP

violation originates from the physical complex phase of the CKM matrix, so the contribu-

tions to the charged lepton EDM necessarily contain quark loops, and the flavor mixings

must be sufficient to satisfy the Jarlskog invariant [65], which is given by the product of

four CKM matrix elements [47]

J = Im[VtdVusV
∗
tsV

∗
ud] = (3.08+0.15

−0.13)× 10−5. (3.22)

From the expression of the Jarlskog invariant, we see that the quark loops must include

four W boson-quark vertices. Considering the requirement of quark loops, the simplest

diagrams are the two-loop contributions with a quark loop connected to a charged lepton

by the W boson propagators. In such diagrams, since the W bosons are attached to

the line of a charged lepton, there are only two flavor-changing vertices containing the

complex phases in the quark loop. As a consequence, the Jarlskog invariant is not fulfilled

at the two-loop level, and it does not contribute to the EDM because the signs of two

complex phases are always opposite and cancel out each other, that is, one vertex with

Vij and the other with V ∗
ij .

Taking into account the requirement of the Jarlskog invariant, the first reasonable contri-

bution appears at the three-loop level [66]. However, after some detailed analyses of the

three-loop diagrams, physicists found that the contributions from the three-loop level also

vanish due to the antisymmetric characteristic of the Jarlskog invariant under the flavor

exchange [67, 68, 69]. Therefore, we anticipate that the first nonvanishing contribution

keeping away from the cancellation of the CP phase appears at the four-loop level, an
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example of such a diagram is shown in figure 3.5. It seems that there is yet no com-

plete analysis of the four-loop calculation. Nevertheless, it is possible to make a rough

estimation. For example, in [23] the electron EDM is claimed to be

dSMe ≤ 10−38 e · cm. (3.23)

W

W W
q

e e

!

𝑔

Figure 3.5: An example of the four-loop contribution to the electron EDM. A gluon
is attached to the internal quark propagators to prevent the cancellation due to the

antisymmetric character of the Jarlskog invariant.

From the above discussion, it can be seen that the lepton EDMs in the framework of

SM induced by the CP-violating phase in the CKM matrix are vanishing small and are

out of the capability of current experimental techniques. The measurement with the best

sensitivity was performed by the ACME collaboration, which set an upper bound on the

electron EDM as < 1.1 × 10−29 e · cm [43], about 10 orders of magnitude larger than

the prediction of electron EDM in the SM. This fact indicates that when we consider

physics beyond the SM, the lepton EDMs are highly sensitive to the new CP-violating

sources because the background events of the SM are very small. This is one of the main

motivations that physicists should pursue the experimental searches for the lepton EDMs

because there is a huge space for the discovery of new physics before the experiments

become sensitive to the SM EDMs in the far future.

As a brief digress, if we take the possible strong CP angle θ into account, it is pointed

out in [70] that the contribution from θ to the electron EDM can be in a similar order to

those from the CKM phase, considering the latest constraint on the neutron EDM set by

the experiment at Paul Scherrer Institute [71] giving |θ| < O(10−10).



24

3.3 Magnetic and electric dipole moments in new physics

New physics effects on the lepton dipole moments can be described by the following

effective operators

Leff = −1

2

m` cM,`

Λ2
¯̀σµν`Fµν −

i

2

m` cE,`

Λ2
¯̀σµνγ5`Fµν , (3.24)

where m` is the mass of the charged lepton `, Λ is a mass scale at which these operators

are generated, Fµν is the electromagnetic field strength tensor, and cM,` and cE,` are

model-dependent coefficients. We put the lepton mass in the coefficients of these operators

explicitly as these interactions flip chirality. However, we note that there are many models

(including the one discussed in this thesis) where the chirality flip is not associated with

the lepton mass term but with other, more sizable terms (denoted collectively by M). In

such cases, the resultant contributions to the dipole moments are enhanced by a factor of

∼M/m`.

The first and second terms in eq. (3.24) for ` = µ correspond to muon g − 2 and EDM,

respectively. Comparing with the expression in eq. (3.2), we see that the muon anomalous

magnetic dipole moment is given by

∆aµ = −
2m2

µ

eΛ2
cM,µ, (3.25)

while the muon EDM is expressed as

dµ =
mµ

Λ2
cE,µ. (3.26)

From these equations, we find a relation between these two quantities:

dµ = − e

2mµ
×
cE,µ

cM,µ
×∆aµ (3.27)

' −2.3× 10−22 e · cm×
(
cE,µ

cM,µ

)
×
(

∆aµ
2.51× 10−9

)
. (3.28)

This relation indicates that a new-physics effect that explains the observed muon g − 2

discrepancy can induce a value of the muon EDM within the reach of future muon EDM

experiments, e.g. |dµ| . 6× 10−23 e · cm [72].
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On the other hand, the electron g − 2 and EDM can be expressed in a similar manner

as in eq. (3.25) and eq. (3.26), respectively. We can thus relate the anomalous magnetic

dipole moments of electron and muon as

∆ae =
m2

e

m2
µ

×
cM,e

cM,µ
×∆aµ (3.29)

' 6× 10−14 ×
(
cM,e

cM,µ

)
×
(

∆aµ
2.51× 10−9

)
. (3.30)

The size of the prefactor is smaller than the uncertainty in the measured value of the

electron g−2, ae = 115965218073(28)×10−14 [73], by a factor of around 5. This explains

why many models for the muon g − 2 discrepancy can evade the constraint from the

electron g − 2 measurement.

Similarly, the EDMs of electron and muon are related to each other as

dµ =
mµ

me
×
cE,µ

cE,e
× de (3.31)

' 2.3× 10−27 e · cm×
(
cE,µ

cE,e

)
×
(

de
1.1× 10−29 e · cm

)
. (3.32)

The current limit on the electron EDM is |de| < 1.1 × 10−29 e · cm [43]. By using this

limit and the relation eq. (3.32), we can obtain an upper limit on the muon EDM |dµ|,

which is smaller than the sensitivities of the future muon EDM experiments by orders of

magnitude if cE,µ ' cE,e.

The implications of the eq. (3.27) and eq. (3.31) for the expected value of muon EDM,

which apparently contradict with each other, are based on the assumption that the ratio

of the relevant coefficients, cM,` and cE,`, is O(1). This corresponds to the following

assumptions on the underlying physics:

(i) Sizable CP violation: if CP phases in the new-physics sector are highly suppressed,

then we have cE,` � cM,`.

(ii) Lepton-flavor universality: if the BSM particles interact with electron and muon

differently, we do not expect cM/E,e ' cM/E,µ.
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(iii) Chirality flip by the lepton mass: if the dipole moments in eq. (3.24) are generated

in processes where the chirality flip is caused by other sources than the correspond-

ing lepton mass terms, we do not have the lepton-mass factors in eq. (3.29) and

eq. (3.31).

As it turns out, these assumptions do not necessarily hold in the models that can explain

the muon g − 2 discrepancy. To see the deviation from (or consistency with) the above

arguments, we consider a concrete example of the vector-like lepton model as an extension

to the SM in the following chapters and discuss the implications for the muon EDM.

3.4 Muon EDM measurement in a storage ring

3.4.1 Basic concept

In order to detect an EDM in the experiment, it is necessary to measure the interaction

of the EDM with an electric field in an environment as clean as possible, since its signal is

expected to be very small due to the smallness of particle EDM. Also, there is a technical

challenge to handle charged particles in an electric field for a sufficient period, because

they will be accelerated by the electric field, becoming faster and faster and hard to

control. This is the reason why the muon EDM measurements are performed by means of

the storage-ring experiment, which can avoid difficulty. With an external magnetic field

applied to the muons, they move circularly in the storage. In the rest frame of the particle,

it feels a motional electric field transformed from the magnetic field relativistically, which

can be of the same order or much greater than the external electric field applied in the

laboratory.

To understand how an EDM is measured in a storage ring, we have to first learn how the

muon g − 2 experiment works. In such kind of experiment, the spin-polarized beam of

muons are generated from the charged pion decay

π+ → µ+ + νµ, (3.33)

π− → µ− + νµ. (3.34)
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A schematic plot of the positively charged pion decay is shown in figure 3.6. In the fol-

lowing discussion, we fix the positive charge and simply call µ+ a muon, since this case

is the one used in the real muon g − 2 experiment [21]. Because pion is a spin-0 particle,

muons are emitted isotropically in the rest frame of the pion. Also, the helicity of the

decay particles is fixed by the property of weak interaction, that is, neutrinos must be left-

handed. By the conservation of angular momentum, we know that the muon must also be

left-handed. When boosted to the laboratory frame, the highest-energy and lowest-energy

muon are produced from pion decays in the forward and backward directions, which are

highly polarized. We can obtain the spin-polarized muon beams by selecting the energy

of muons appropriately.

+ +

νµ π+ µ+

Figure 3.6: A schematic plot showing the charged pion decay in the rest frame.

For a muon moving in a magnetic field, the spin precession is induced by the interaction

between the magnetic dipole moment of muon and the magnetic field, which is given

by [74]

~ωs = −g e
~B

2m
− e ~B

γm
(1− γ), (3.35)

where γ = (1− β2)−1/2, β = v/c.

The cyclotron angular frequency of a muon in a storage ring is [74]

~ωc = − e ~B

γm
, (3.36)

which indicates the frequency that the muon goes around in a circle.

Since both ~ωs and ~ωc pointing in the same direction, the difference between the frequency

of the spin precession and the cyclotron precession is then

~ωa = ~ωs − ~ωc = −g − 2

2

e ~B

m
= −ae

~B

m
, (3.37)
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where a is the anomalous magnetic dipole moment of the particle. This represents the

angular frequency which the spin of a particle rotates relative to its momentum vector.

Since we know that g is greater than 2, the spin precession is faster than the cyclotron

motion of the momentum vector of the particle. Note that in eq. (3.37), the angular

frequency only depends on the size of the magnetic field and there is no dependence on

the momentum of the particle. This behavior will change once we apply an external

electric field to the particle since in such a case the spin motion does strongly depend on

its momentum.

The muon has a lifetime of 2.2 µs in its rest frame and decays via the parity-violating

weak interaction to one electron and two neutrinos.

µ+ → νµ + νe + e+. (3.38)

In the rest frame of the muon, the maximum energy of the positron appears when it is

emitted in the opposite to the pair of neutrinos which goes in the same direction, see

figure 3.7. Since the two neutrinos in the pair have opposite spin directions, the positron

must have the same spin direction as the muon by the conservation of angular momentum.

For a light particle like a positron, the right-handed production is more favorable than

the left-handed production in the weak decays. We can conclude that for the case when

the positron obtains maximum energy in the muon decay, it has a higher probability to

move parallel to the muon spin direction. The conclusion is the opposite for the case with

negatively charged particles.

νµ

νµ
+ +

µ+ e+

Figure 3.7: A schematic plot showing the muon decay in the rest frame with a maximum
energy of the decay electron.

The positron energy is maximum when its direction of motion is parallel to the muon

momentum in the laboratory frame, and when its center-of-mass energy is maximum too.

With the conclusion that we reached for the muon decay in the last paragraph, it is

now clear that such kind of high-energy positron appears more frequently when the spin
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direction is parallel to the muon momentum. Because the muon spin rotates relative to

the muon momentum with an angular frequency ωa, it means that the number of positrons

with maximum energy in the laboratory frame also oscillates at this frequency, that is,

the number of decay positrons reaches a maximum when the spin and the momentum

of muon are parallel, and a minimum when they are antiparallel. We can set an energy

threshold Eth to select the high-energy positrons from the muon decay in the experiment,

the variation of the positron number is given by [74]

N(t, Eth) = N0(Eth)e
−λt[1 +A(Eth) cos(ωat+ φ(Eth))], (3.39)

where λ−1 = γτ is the dilated muon lifetime. The normalization N0, the weak asymmetry

of the muon decay A and the initial phase φ depend on the threshold energy. By mon-

itoring the number of the decay positrons, we can know the spin direction at a certain

time.

If there is no any field gradient applied for confining muons in the storage ring, then

the capture efficiency of muons would be low such that muons cannot move in a static

trajectory. In the actual experiment at Fermilab, the focusing of the muon beam is

achieved by using an electric quadrupole field [21]. When an electric field is applied,

eq. (3.37) is modified to [74]

~ωa = − e

m

[
a ~B −

(
a− 1

γ2 − 1

) ~β × ~E

c

]
, (3.40)

with the assumption ~β · ~B = 0. In order to eliminate the effect from the electric field

on the muon spin, it is necessary to tune the muon momentum to the so-called “magic”

momentum

pmagic =
mc√
a
' 3.094 GeV/c, (3.41)

which corresponds to γ =
√
1 + a−1 ' 29.3. With this magic momentum, the effect of the

electric field on the muon momentum and spin are equal and the second term in eq. (3.40)

vanishes and it brings us back to the simple eq. (3.37). This method led to the 0.46 ppm

measurement of the muon g − 2 at Fermilab [21].

As we learnt from the course of special relativity, the electric field and magnetic field
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transform into each other. We have already seen that in eq. (3.40) the muon spin does

receive a contribution from the motion magnetic field ∝ ~β × ~E that is transformed from

the applied electric field. Similarly, if the muon EDM exists, then the motional electric

field ∝ ~β× ~B would create a torque to the EDM and induce a spin precession around the

motional electric field. With this consideration in mind, eq. (3.40) becomes [74]

~ω = − e

m

[
a ~B −

(
a− 1

γ2 − 1

) ~β × ~E

c
+
η

2

(
~β × ~B +

~E

c

)]
, (3.42)

where η is an analog of the g-factor in the magnetic dipole moment and is related to the

muon EDM d by

d = η
e~
4mc

. (3.43)

Tuning the muon momentum to be pmagic, the frequency reduces to

~ω = − e

m

[
a ~B +

η

2

(
~β × ~B +

~E

c

)]
. (3.44)

In the actual experiment, the static electric quadrupole field is much smaller than the

motional electric field, | ~E| � c|~β × ~B|, and the expression can be further approximated

by

~ω ' − e

m

[
a ~B +

η

2

(
~β × ~B

)]
. (3.45)

If the muon does have an EDM, the observed angular frequency in the experiment becomes

the sum of two components, ~ω = ~ωa+ ~ωη, where the first one comes from muon g− 2 and

the second one comes from muon EDM. A schematic plot is shown in figure 3.8 for the

two components of the spin precession frequency. The x-direction is the direction of muon

momentum, the y-direction points radially inward to the center of the circular ring, and

the z-direction points upward. The magnetic field is applied in the negative z direction.

The existence of muon EDM would change our interpretation of the ~ωa measured in the

experiment, since it becomes a combination of the contributions from muon g − 2 and

muon EDM. From figure 3.8, we know that one effect of the muon EDM is that the spin
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Figure 3.8: This schematic plot shows the spin precession frequency ~ωa and ~ωη induced
by the muon g − 2 and muon EDM, respectively. The sum of the two vectors makes the

spin precess out of the horizontal plane of the storage ring.

precession plane is tilted by an angle δ

δ = tan−1

(
ωη

ωa

)
= tan−1

(
ηβ

2a

)
, (3.46)

The tilt of the precession plane leads to an up-down oscillation of the muon spin, and a

phase shift of π/2 relative to the precession caused by the muon g−2. These characteristics

were the main objectives of the muon EDM search performed by the E821 experiment at

Brookhaven National Laboratory (BNL) [75]. It turned out that the experiment obtained

a null result and set an upper limit on the muon EDM,

|dµ| < 1.8× 10−19 e · cm (95% C.L.) . (3.47)

The overall magnitude of the precession frequency also changes and given by

|~ω| = e| ~B|
m

√
a2 +

(
ηβ

2

)2

. (3.48)

If we consider new physics as an explanation of the 4.2σ deviation between the experi-

mental result and the theoretical prediction of muon g − 2, assuming that β ' 1, it can

be rewritten as

|~ω| = | ~B|

√( e
m

)2
(aSM + aNP)2 +

(
2c

~

)2

d2, (3.49)
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Figure 3.9 shows the possible combinations of ωa and ωη in terms of the new physics
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×

10
19

e
cm

| | |B| ( e
m )2(aSM + aNP)2 + (2c )2d2

BNL (2009)

Figure 3.9: Regions on the (aNP
µ , dµ) plane which are consistent with the measured

value of precession frequency at its central value and 1σ level. The gray area is already
excluded by the E821 experiment at BNL.

contributions to the muon g−2 and the muon EDM that give the correct value of the spin

precession frequency measured by the E989 experiment at Fermilab [21], with the region

excluded by the latest constraint on the muon EDM obtained from the E821 experiment

at BNL [75].

3.4.2 Prospects of future experiments

Here we would like to briefly mention without technical details the three proposed exper-

iments related to the muon EDM measurement. One is the E989 experiment at Fermilab,

another one is at Japan Proton Accelerator Research Complex (J-PARC), and the last

one is at Paul Scherrer Institute (PSI).

3.4.2.1 Fermilab [76]

After many upgrades for the muon g − 2 experiment at Fermilab, the E989 experimen-

tal setup can probe the muon EDM with higher sensitivity. The segmentation of the

calorimeters is adapted in the experiment, which can make physicists better control the
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pileup, and also the systematic uncertainty from the position and tilt angle of the detec-

tors which were the large ones in the E821 EDM measurement. The energy acceptance of

the calorimeters is also improved to cover a broader range of energy. The voltage of the

electrostatic quadrupole applied in the E989 experiment is also chosen appropriately to

reduce a significant systematic uncertainty from the coherent betatron oscillation. Other

improvements include the increasing amount of experimental data, the number of trackers,

and better tracker acceptance. They give an order of 1000 times more statistics compared

to the E821 EDM experiment. Considering all these effects, the collaboration claims a

preliminary estimation of the EDM sensitivity to be at the level of 10−21 e·cm.

3.4.2.2 J-PARC [77]

The idea of the experiment at Fermilab basically follows the discussion in section 3.4.1,

where the momentum of the muon is tuned to the magic momentum in order to cancel

the effect from the motional magnetic field generated by the electrostatic focusing. In

the proposed experiment E34 at J-PARC, a different approach is adapted to measure

the muon dipole moments. The experimentalists try to reduce the requirement of muon

focusing by applying a technique called reaccelerated thermal muon beam. This leads

to a significant improvement in the emittance of the muon beam, which is smaller by a

factor of 1000. Such kind of small emittance makes the very weak magnetic focusing and

the low-energy muons (around 300 MeV/c) in a compact storage ring become possible,

without using an external electric field for the muon focusing. This means in the J-PARC

scenario, eq. (3.45) becomes exact

~ω = − e

m

[
a ~B +

η

2

(
~β × ~B

)]
, (3.50)

with no effect coming from the electric field and thus it reduces some possible sources

of systematic uncertainty. Also, instead of the horizontal injection of muon beams into

the storage ring, the J-PARC group proposed a novel vertical helix injection that can

store the muon beams in the storage ring more efficiently. With this whole new approach

different from the one at Fermilab, the collaboration estimated the muon EDM sensitivity

to be of 1.5 × 10−21 e·cm, which is 60 times better than the muon EDM measurement

performed by E821 experiment previously.
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3.4.2.3 PSI [72]

The experimental group at PSI plan to use another novel approach for measuring the

muon EDM. This method is called the frozen-spin technique [78, 79]. The idea is to

totally cancel the contribution from the anomalous magnetic dipole moment in eq. (3.42).

This can be achieved by carefully choosing the electric field applied in the experiment.

We can solve for the required electric field by imposing the following requirement,

a ~B −

(
a− 1

γ2 − 1

~β × ~E

c

)
= 0. (3.51)

From this equation, we obtain the desired size of the electric field as

E =
aBcβ

1− (1 + a)β2
' aBcβγ2. (3.52)

Under this condition, there is no time-dependent relative precession between the muon

momentum vector and spin vector if the muon EDM is absent, that is, the spin is “frozen”

without an EDM. It is clear that with the frozen-spin technique, we are able to suppress

the contamination from the precession of the frequency induced by the anomalous mag-

netic dipole moment in the measurement and maximize the signal of muon EDM. The

experimental group estimates the sensitivity to be of order around 6× 10−23 e·cm.

As a recap of this section, we summarize the prospects of the three different proposals for

muon EDM measurement.

|~p| (GeV/c) γ | ~B|(T) | ~E|(kV/cm) | ~E′|/γ(kV/cm) R(m) σgoald (e·cm) Ref.
3.094 29.3 1.45 O(10) 4300 7.11 O(10−21) E989 [76]
0.3 3.0 3.0 0.0 8500 0.333 1.5× 10−21 E34 [77]

0.125 1.55 3.0 20 7000 0.28 6× 10−23 PSI [72]

Table 3.2: Comparison among different proposals of the muon EDM measurement. ~p
is the momentum of muon. γ is the boost factor. ~B is the applied magnetic field. ~E is
the applied electric field. ~E′ is the electric field that muon feels in its rest frame. R is

the radius of the storage ring. σgoal
d is the goal of the sensitivity of muon EDM.



Chapter 4

General structure of new physics

contributions to dipole moments

In this chapter, we discuss the general structure of the new physics contributions to dipole

moments. To be specific, we explain the procedure of deriving the general formulas for all

possible one-loop contributions to the vertex function, and also the two-loop ones which

are necessary for the model we consider in the next chapter.

4.1 One-loop contributions

One-loop contributions to the electromagnetic vertex function can be divided into four

categories generically, which are shown in figure 4.1 and figure 4.2. We note that in the left

diagrams of figure 4.1 and 4.2, both neutral and charged bosons are possible depending

on the model considered, while in the right diagrams, only charged bosons are available

because they need to carry electric charges to interact with the photon electromagnetically.

Now we explain the general steps for obtaining the electromagnetic dipole moments of

the charged leptons.

Our goal is to extract the form factors corresponding to the magnetic and electric dipole

35
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γ
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(a) Neutral/Charged scalar

γ
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`′

`

(b) Charged scalar

Figure 4.1: One-loop contributions to dipole moments with scalar bosons. The left
diagram is for the neutral scalar boson and the right one is for the charged scalar boson.

γ

`′ `′

`

V

`

(a) Neutral/Charged vector

γ

V V

`

`′

`

(b) Charged vector

Figure 4.2: One-loop contributions to dipole moments with vector bosons. The left
diagram is for the neutral vector boson and the right one is for the charged vector boson.

moments in the vertex function, eq. (3.4), that is, F2 and F3. For convenience, the neces-

sary parts of the vertex function are reproduced here

Γµ ⊃ F2(q
2)
iσµν

2m`
qν − F3(q

2)σµνqνγ5. (4.1)

Let us first define the momentum flow in the diagram. This is given in figure 4.3.
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p′ − p

p− k p′ − k

p

k

p′

Figure 4.3: The convention of the momentum flow in the one-loop diagram.

We then write down the expression for each one-loop diagram according to the Feynman

rules. The general form looks like

−ieQ`Γ
µ =

∫
d4k

(2π)4
(a product of couplings and propagators). (4.2)

As an example, let us explicitly show the expression in the case of a neutral scalar boson

− ieQ`Γ
µ = −i6eQ`′

∫
d4k

(2π)4(
g∗s − g∗pγ5

) /p′ − /k +m`′

(p′ − k)2 −m2
`′

γµ
/p− /k +m`′

(p− k)2 −m2
`′

(gs + gpγ5)
1

k2 −m2
S

. (4.3)

where we move the electric charge factor in the coupling with the external photon outside

the integration of the loop momentum k. The factors like (gs + gpγ5) are the couplings of

the scalar boson with charge leptons, where gs and gp are the scalar and pseudoscalar cou-

plings, respectively. We will summarize the general Feynman rules used in each category

of the diagram in the following section.

The next step is to simplify the numerator and the denominator in the product of couplings

and propagators. The denominator can be simplified by taking advantage of Feynman’s

formula

1

A1 · · ·An
=

∫
dFn

1

(x1A1 + · · ·+ xnAn)
n , (4.4)
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where the integration measure over the Feynman parameters xi is

∫
dFn = (n− 1)!

∫ 1

0
dx1 · · · dxnδ (x1 + · · ·+ xn − 1) . (4.5)

For instance, in the case of neutral scalar boson, we have

x1

[(
p′ − k

)2 −m2
`′

]
+ x2

[
(p− k)2 −m2

`′

]
+ x3

(
k2 −m2

S

)
≡ `2 −D, (4.6)

where

` = k −
(
x1p

′ + x2p
)
, (4.7)

D = −x1x2q2 + (x1 + x2) (x1 + x2 − 1)m2
` + (x1 + x2)m

2
`′ + x3m

2
S . (4.8)

Now we use the fact that the dipole moments correspond to the dimensional-five oper-

ators in the Lagrangian eq. (3.24), which are nonrenormalizable. This means that there

are no counterterms for absorbing the infinities, and therefore the contributions to the

dipole moments must come from the finite part in the vertex function. After shifting

the momentum from k to `, we get terms up to quadratic order in `. The terms with

`2 contain divergences, but since these terms only contribute to the form factor F1 in

eq. (3.5), we can ignore the `2 terms in the numerator. Next, by using the fact that terms

linear in ` are odd functions, these terms integrate to zero in the end. It turns out that

we only need to focus on terms independent of ` in the integration for the extraction of

the dipole moments. In the case with a neutral scalar boson, it is given by

(
g∗s − g∗pγ5

) [
(1− x1) /p

′ − x2/p+m`′
]
γµ
[
−x1/p′ + (1− x2) /p+m`′

]
(gs + gpγ5) . (4.9)

Recalling that the vertex function is actually sandwiched between a pair of lepton spinor

like u(p′)Γµu(p). We can use the fact that the external leptons are on-shell to further

simplify the numerator by applying the Dirac equation. This replaces factors /p and /p′ to

the mass of external lepton, m`.

In order to extract the form factor, we rearrange the simplified numerator and extract

the term proportional to (p′ + p)µ. Then, applying the Gordon identity

u
(
p′
)
γµu (p) =

1

2m`
u
(
p′
) [(

p′ + p
)µ

+ iσµνqν
]
u (p) (4.10)
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to obtain the desired term proportional to σµνqν and σµνqνγ5, where q = p′ − p. The

coefficients of these terms give us the form factors, F2(q
2) and F3(q

2), of the electromag-

netic dipole moments. Finally, we can translate the form factors into the dipole moment

in the limit of zero momentum transfer, q2 = 0,

a` = F2(0), (4.11)

d` = eQ`F3(0). (4.12)

4.2 Feynman rules

Here we list down the general Feynman rules used in the calculation of the contributions.

4.2.1 Lepton propagator

The lepton propagator is given by

q

`
= i

/q +m`

q2 −m2
`

. (4.13)

4.2.2 Photon couplings

The couplings of a photon with leptons or charged scalar bosons are

γ

` `

= −ieQ`γ
µ ,

γ

p

S

p′

S

= −ieQS

(
p+ p′

)µ
.

(4.14)
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The couplings of a photon with charged vector bosons are

p′ − pγ

p− k

V

p′ − k

V

µ

α β

= iG[gαβ(p+ p′ − 2k)µ + gβµ(p− 2p′ + k)α + gµα(−2p+ p′ + k)β],

(4.15)

where G denotes the coupling constant.

4.2.3 Scalar boson sector

The following Feynman rules are derived from the Lagrangian with both the scalar and

pseudoscalar couplings,

L = ¯̀′(gs + gpγ5)`S
∗. (4.16)

The general couplings of a scalar boson with leptons are written as

`

`′

S
= i
(
gs + gpγ

5
)
,

`′

`

S∗
= i(g∗s − g∗pγ

5). (4.17)

The propagator of a scalar boson is given by

q

S
=

i

q2 −m2
S

. (4.18)

4.2.4 Vector boson sector

The following Feynman rules are derived from the Lagrangian with both the vector and

axial-vector couplings,

L = ¯̀′γµ(gv + gaγ5)`V
∗
µ . (4.19)
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The general couplings of a vector boson with leptons are written as

`

`′

V
= iγµ

(
gv + gaγ

5
)
,

`′

`

V ∗
= iγµ(g∗v + g∗aγ

5). (4.20)

The propagator of a vector boson in the Feynman gauge is

q

V
µ ν = −i gµν

q2 −m2
V

. (4.21)

4.2.5 Unphysical scalar boson

Since we choose to work in the Feynman gauge, we need to take into account the contribu-

tion from the unphysical Goldstone bosons. Their Yukawa couplings can be obtained by

matching the amplitude with the unphysical scalar boson replaced by the vector one and

requiring that the gauge dependent part must vanish. The resulting Yukawa couplings is

given by

gunphys =
gv
mV

(m` −m`′) , g
unphy
p = − ga

mV
(m` +m`′). (4.22)

A photon-vector-scalar coupling is given by

γ

V S

µ

ν

= iG̃gµν , (4.23)

where G̃ denotes the coupling constant.
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4.3 Summary of the one-loop general structure

In this section, we write down the exact form of all contributions from the four categories

of diagrams to the muon anomalous magnetic dipole moment and the electric dipole

moment, after the tedious calculations. More details of the calculation can be found in

appendix A.

4.3.1 Neutral/charged scalar boson

The general structure of the magnetic dipole moment and electric dipole moment in

figure 4.1a are

a` =
Q`′

Q`

m`

8π2

∫ 1

0
dx (1− x)2

m`′
(
g∗sgs − g∗pgp

)
+ xm`

(
g∗sgs + g∗pgp

)
xm2

S + (1− x)m2
`′ − x (1− x)m2

`

, (4.24)

d` = −i eQ`′

16π2

∫ 1

0
dx (1− x)2

m`′
(
g∗sgp − gsg

∗
p

)
xm2

S + (1− x)m2
`′ − x (1− x)m2

`

. (4.25)

4.3.2 Charged scalar boson

The general structure of the magnetic dipole moment and electric dipole moment in

figure 4.1b are

a` = −QS

Q`

m`

8π2

∫ 1

0
dx (1− x)x

(1− x)m`

(
g∗sgs + g∗pgp

)
+m`′

(
g∗sgs − g∗pgp

)
xm2

`′ + (1− x)m2
S − x (1− x)m2

`

, (4.26)

d` = i
eQS

16π2

∫ 1

0
dx (1− x)x

m`′
(
g∗sgp − gsg

∗
p

)
xm2

`′ + (1− x)m2
S − x (1− x)m2

`

. (4.27)
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4.3.3 Neutral vector boson

The general structure of the magnetic dipole moment and electric dipole moment in

figure 4.2a are

a` =
Q`′

Q`

m`

4π2

∫ 1

0
dx (1− x)x

[2m`′ (g
∗
vgv − g∗aga)− (1 + x)m` (g

∗
vgv + g∗aga)]

xm2
V + (1− x)m2

`′ − x (1− x)m2
`

+
Q`′

Q`

1

8π2
m`

m2
V

∫ 1

0
dx (1− x)2

×
m`′

[
g∗vgv (m` −m`′)

2 − g∗aga (m` +m`′)
2
]
+ xm`

[
g∗vgv (m` −m`′)

2 + g∗aga (m` +m`′)
2
]

xm2
V + (1− x)m2

`′ − x (1− x)m2
`

,

(4.28)

d` =− i
eQ`′

4π2

∫ 1

0
dx (1− x)x

m`′ (g
∗
vga − gvg

∗
a)

xm2
V + (1− x)m2

`′ − x (1− x)m2
`

+ i
eQ`′

16π2
m2

` −m2
`′

m2
V

∫ 1

0
dx (1− x)2

m`′ (g
∗
vga − gvg

∗
a)

xm2
V + (1− x)m2

`′ − x (1− x)m2
`

.

(4.29)

In the expression above, the first term is the contribution from the vector boson and the

second term is the one obtained by replacing the vector boson with an unphysical scalar

boson.

4.3.4 Charged vector boson

The general structure of the magnetic dipole moment and electric dipole moment in

figure 5.1c are

a` =
G

eQ`

m`

8π2

∫ 1

0
dx(1− x)2

m`(3− 2x)(g∗vgv + g∗aga)− 3m`′(g
∗
vgv − g∗aga)

xm2
`′ + (1− x)m2

V − x(1− x)m2
`

− G̃

eQ`

1

8π2
m`

mV

∫ 1

0
dx(1− x)2

m`(g
∗
vgv + g∗aga)−m`′(g

∗
vgv − g∗aga)

xm2
`′ + (1− x)m2

V − x(1− x)m2
`

− QV

Q`

1

8π2
m`

m2
V

∫ 1

0
dx (1− x)x

×
{
(1− x)m`

[
g∗vgv(m` −m`′)

2 + g∗aga(m` +m`′)
2
]

xm2
`′ + (1− x)m2

V − x (1− x)m2
`

+
m`′

[
g∗vgv(m` −m`′)

2 − g∗aga(m` +m`′)
2
]

xm2
`′ + (1− x)m2

V − x (1− x)m2
`

}
,

(4.30)
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d` = i
G

16π2

∫ 1

0
dx(1− x)2

3m`′(g
∗
vga − gvg

∗
a)

xm2
`′ + (1− x)m2

V − x(1− x)m2
`

+ i
G̃

16π2mV

∫ 1

0
dx(1− x)2

m`(g
∗
vga + gvg

∗
a)−m`′(g

∗
vga − gvg

∗
a)

xm2
`′ + (1− x)m2

V − x(1− x)m2
`

+ i
eQV

16π2
m2

`′ −m2
`

m2
V

∫ 1

0
dx(1− x)x

m`′(g
∗
vga − gvg

∗
a)

xm2
`′ + (1− x)m2

V − x(1− x)m2
`

.

(4.31)

In the expression above, the first term is the contribution from the vector boson, the

second term is the one obtained by replacing one of the vector bosons with an unphysical

scalar boson, and the last term is obtained by replacing all two vector bosons with the

unphysical scalar bosons. For the diagrams with vector bosons, the contribution from the

vector boson itself is always dominant, as we can see from the general expression. The

contributions from the unphysical scalar bosons are suppressed by the heavy mass of the

vector boson.

In the next chapter, we will apply the general formulas to the model of vector-like leptons.

It would be convenient if we can express the combinations of couplings in the form of left-

handed and right-handed couplings. The Lagrangians (4.16) and (4.19) can be rewritten in

the form of ¯̀′(gLPL+gRPR)`S
∗ and ¯̀′γµ(gLPL+gRPR)`V

∗
µ , where PL,R are the projection

operators. Couplings gs,v and gp,a are related to their corresponding gL and gR by

gs,v =
1

2
(gL + gR) , gp,a =

1

2
(−gL + gR). (4.32)

From them, we then obtain the following relations,

g∗s,vgs,v + g∗p,agp,a =
1

2
(|gL|2 + |gR|2), (4.33)

g∗s,vgs,v − g∗p,agp,a = Re(gLg
∗
R), (4.34)

g∗s,vgp,a + gs,vg
∗
p,a = −1

2
(|gL|2 − |gR|2), (4.35)

g∗s,vgp,a − gs,vg
∗
p,a = −i Im(gLg

∗
R), (4.36)

where the scalar-type and vector-type couplings are paired independently. For example,

in eq. (4.33) it should be read as g∗sgs + g∗pgp or g∗vgv + g∗aga.
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4.4 An example: muon g − 2 in the SM

In this section, we apply the formulas obtained above to the one-loop electroweak con-

tribution of muon g − 2 in the SM. Let us compute the contribution from Z boson first.

Since the lepton mass is much smaller than the boson mass, we neglect the second term

in eq. (4.28). In this case, mV = mZ and m` = m`′ = mµ. The muon mass is ignored in

the denominator. The couplings of Z boson are

gv = − g

4 cos θW
(−1 + 4 sin2θW ), (4.37)

ga = − g

4 cos θW
. (4.38)

Then we have

aZµ =
m2

µ

4π2m2
Z

∫ 1

0
dx (1− x) [g∗vgv(1− x)− g∗aga(3 + x)]

=
m2

µ

4π2m2
Z

g2

16 cos2θW

∫ 1

0
dx (1− x)

[
(−1 + 4 sin2θW )2(1 + x) + (−3 + x)

]
=

m2
µ

4π2m2
Z

g2

16 cos2θW

4

3
(−1− 2sin2θW + 4sin4θW )

= −
m2

µGF

8
√
2π2

4

3
(1 + 2sin2θW − 4sin4θW ),

(4.39)

where GF =
√
2g2/8m2

W is the Fermi coupling constant.

Next, we compute the contribution from the W boson. In this case, mV = mW and

m` = m`′ = mµ. The muon mass is ignored in the denominator. We also neglect the

third term in eq. (4.30) because it is suppressed by the large mass of the W boson. The

couplings of W boson are

gv = −ga = − g

2
√
2
, (4.40)

G = −e, (4.41)

G̃ = emW . (4.42)
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Then we have

aWµ =
1

8π2
m2

µ

m2
W

∫ 1

0
dx(1− x)[(3− 2x)(g∗vgv + g∗aga)− 3(g∗vgv − g∗aga)]

+
1

8π2
m2

µ

m2
W

∫ 1

0
dx(1− x)[(g∗vgv + g∗aga)− (g∗vgv − g∗aga)]

=
1

8π2
m2

µ

m2
W

g2

8

∫ 1

0
dx(1− x)[(6− 4x) + 2]

=
1

8π2
m2

µ

m2
W

g2

8

10

3
=
m2

µGF

8
√
2π2

10

3
.

(4.43)

The final piece of the one-loop electroweak contribution comes from the Higgs boson. In

this case, mS = mh and m` = m`′ = mµ. The couplings of Higgs boson are

gs = −mµ

v
, gp = 0. (4.44)

Then we have

aHiggs
µ =

m2
µ

8π2
m2

µ

v2

∫ 1

0
dx

(1− x)2 (1 + x)

xm2
h + (1− x)2m2

µ

=
m4

µGF

4
√
2π2

1

m2
h

∫ 1

0
dx

(1− x)2 (1 + x)

x+ (1− x)2m2
µ/m

2
h

.

(4.45)

It turns out that the contribution from Higgs is several orders of magnitude smaller than

the Z and W contributions, and thus can be safely ignored.

Combining the results from the Z and W contributions, we obtain

aEW(1)
µ =

m2
µGF

8
√
2π2

1

3

[
5 + (1− 4 sin2θW )2

]
, (4.46)

which reproduces the one-loop contribution written in the White Paper [48].

4.5 Remarks

Let us consider a simple case with the contribution from a scalar boson mediation. The

magnetic and electric dipole moments of SM lepton are induced by the Yukawa couplings

of the lepton with new particles. It is, therefore, useful to give expressions of these

quantities for such cases in a generic manner. Suppose that the SM leptons ` couple to a
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new lepton `′ and a scalar S via the following Lagrangian terms:

Lint = − ¯̀′(gLPL + gRPR)`S
∗ + h.c.. (4.47)

The charge and mass of `′ (S) are denoted by Q`′ (QS) and M`′ (MS), respectively. These

interactions induce the leptonic anomalous magnetic dipole moment at the one-loop level:

∆a` =
m`

8π2
M`′

M2
S

Re (gLg
∗
R)

[
−Q`′G`′

(
M2

`′

M2
S

)
+QSGS

(
M2

`′

M2
S

)]
+

1

8π2
m2

`

M2
S

(
|gL|2 + |gR|2

) [
−Q`′F`′

(
M2

`′

M2
S

)
+QSFS

(
M2

`′

M2
S

)]
, (4.48)

where

G`′(x) = −3− 4x+ x2 + 2 lnx

2(1− x)3
, (4.49)

GS(x) =
1− x2 + 2x lnx

2(1− x)3
, (4.50)

F`′(x) =
2 + 3x− 6x2 + x3 + 6x lnx

12(1− x)4
, (4.51)

FS(x) =
1− 6x+ 3x2 + 2x3 − 6x2 lnx

12(1− x)4
. (4.52)

These functions are obtained from the integrations of the generic expression in the cor-

responding category of the diagram, namely the diagrams with neutral or charged scalar

bosons, with the SM lepton masses neglected.

The EDMs are also induced at the one-loop level:

d` =
e

16π2
M`′

M2
S

Im (gLg
∗
R)

[
−Q`′G`′

(
M2

`′

M2
S

)
+QSGS

(
M2

`′

M2
S

)]
. (4.53)

From this expression, we see that the EDMs vanish if gL = 0 or gR = 0, whilst there

still exist non-vanishing terms for ∆a`. This clearly violates the assumption (i) in section

3.3. In this case, the interactions in eq. (4.47) conserve the CP symmetry; for instance,

if gL = 0, the CP phase in gR can be rotated out by the field redefinition of S and thus

is not physical, and vice versa.

The first term in eq. (4.48), and eq. (4.53) are proportional to the fermion mass M`′ , which

provides an additional source of chirality flip and thus spoils the assumption (iii) discussed

in section 3.3. If M`′ � m`, the first term dominates the second term eq. (4.48). In this
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case, we have a simple relation between ∆a` and d`:

d` '
e

2m`
× tan [arg (gLg

∗
R)]×∆a` , (4.54)

which corresponds to eq. (3.27) for ` = µ. We show a plot to visualize the dependence of

the muon EDM on the muon g−2 and the CP -violating phase in figure 4.4. In the region

consistent with the deviation of muon g − 2 in 2σ enclosed by two vertical dashed lines,

the the proposed experiments at Fermilab and J-PARC can cover the region with large

phases while the experiment at PSI is able to probe region with much smaller phases due

to its high sensitivity.
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Figure 4.4: The dependence of muon EDM on the deviation of muon g− 2 and the the
CP -violating phase in the scenario with new scalar sector. The region enclosed by the

vertical dashed lines is the 2σ region of ∆aµ.



Chapter 5

Model of Vector-like leptons

Now we know that the assumption of three generations of matter in the SM describes

the experimental results very well. However, we still do not understand why it should be

so. It is therefore natural to suspect that there are some additional fermions in Nature.

We can build models containing new fermions, with their properties determined by some

theoretical assumptions, and see how they affect the SM predictions. In general, these

new fermions can couple to the electroweak bosons and result in measurable deviations

from the SM prediction, such as particle mass, cross-section, decay branching ratio, etc.

At first thought, a simple and naive option is to introduce more generations of new

fermions which are also chiral as their SM partners, that is, the left-handed and right-

handed leptons behave differently under the symmetry transformations of the theory, and

thus lead to different interactions, e.g. the weak charged current interacts only with the

left-handed particles in the SM. However, the null results from the experimental searches

have put strong constraints on these new chiral fermions, and their masses are restricted

to be huge [47]. Since the mass of these chiral fermions is generated by the Yukawa

couplings with the Higgs boson, it means that their Yukawa couplings must be relatively

large and may violate the unitarity bound. To avoid the severe constraints, another

approach of extension to the SM fermion sector is preferable: the vector-like fermions.

Unlike the chiral fermions, the vector-like fermions can acquire their masses from mass

terms independent of Yukawa couplings, and therefore are less constrained than extra

chiral families, as we can choose the mass parameters to be relatively large.

49
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Models with extra vector-like leptons (VLLs) have been discussed previously as being

possible explanations of the muon g−2 deviation between the experimental and theoretical

sides [80, 81, 82, 83]. Inspired by these studies, we discuss an SM extension with two

vector-like leptons, one SU(2)L doublet and one SU(2)L singlet, and investigate the

electromagnetic dipole moments in the model. In particular, we are interested in the

possible new sources of CP -violation in the model, which can generate sizable muon EDM.

Looking forward to the experiments of EDM measurement, we perform the computation

of the prediction for the muon EDM and see whether it is suitable for the proposed

projects of the muon EDM measurement.

5.1 Lagrangian

µL µR H LL,R EL,R

SU(3)C 1 1 1 1 1
SU(2)L 2 1 2 2 1
U(1)Y -12 -1 1

2 -12 -1

Table 5.1: This table shows the quantum numbers of SM and extra vector-like leptons.
As usual, the electric charge is given by Q = T3+Y , where T3 is the weak isospin, which
is +1/2 for for the first component and -1/2 for the second one of a doublet, respectively.

We consider an extension to the SM by one doublet (L) and one singlet (E) vector-like

leptons. For simplicity, we consider the minimal scenario where only the couplings of

the vector-like leptons to the second generation of lepton exist and the couplings of the

vector-like leptons to other generations are unchanged from their SM values.1 Therefore,

the electron and tau do not mix with extra vector-like leptons and their masses totally

originate from the Higgs Yukawa couplings. The quantum numbers of the fields necessary

for the analysis are listed in table 5.1, where the lowercase letters denote fields in the SM

and the uppercase letters denote the vector-like leptons. As can be seen from the table,

LL,R and EL,R have the same quantum numbers as their chiral partners µL and µR in

the SM, respectively. In the discussion below, our notation basically follows the one used

in [82].
1Such kind of structure may be realized by imposing specific flavor symmetries to the model, for exam-

ple, U(1)Lµ or U(1)Lµ−Lτ symmetry which we studied in [84, 85]. The neutrino masses can be generated
by breaking these symmetries with the mass term of right-handed neutrinos. In general, couplings with
other leptons are possible, but it complicates the model and analysis, so in this work, we focus on couplings
with muon directly related to muon dipole moments and assume that other couplings are negligibly small.
Considering the concrete model in this framework, especially for the explanation of the neutrino mixing,
is not trivial, we devote the more general couplings and neutrino sector to our future work.
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The components of the doublet fields are labeled as

`L =

νLµ
µL

 , LL,R =

L0
L,R

L−
L,R

 , H =
1√
2

 0

v + h

 , (5.1)

where v = 246.22 GeV is the vacuum expectation value of the Higgs field.

Without loss of generality, we work in the basis where the Yukawa matrix of the leptons

in the SM sector is already diagonal. The most relevant part of the Lagrangin is the

Yukawa interactions among the muon and the vector-like leptons and the mass term of

the vector-like leptons, which are given by

L ⊃− yµ ¯̀LµRH − λE ¯̀
LERH − λLL̄LµRH − λL̄LERH − λ̄H†ĒLLR

−MLL̄LLR −MEĒLER + h.c..
(5.2)

The parameters yµ, λE , λL, λ, λ̄,ML,ME are in general complex. However, most of the

complex phases are not physical since they can be removed via the field redefinition. It

turns out that in the model there are two independent complex phases

φy = arg (yµλ
∗
Lλ

∗
Eλ) , (5.3)

φM = arg
(
λλ̄M∗

LM
∗
E

)
, (5.4)

which are invariant under the phase rotation of the fields and therefore can serve as the

sources of new CP violation. In this work, we take the two CP phases to be the phases

of λ̄ and λE .

After the spontaneous symmetry breaking of the Higgs field, the leptons acquire masses

and the mass matrix of charged leptons is given by

¯̀
LM`R = (µ̄L, L̄

−
L , ĒL)


yµv/

√
2 0 λEv/

√
2

λLv/
√
2 ML λv/

√
2

0 λ̄v/
√
2 ME



µR

L−
R

ER

 . (5.5)

Following the notation I adapted for the SM, the leptons in the flavor eigenbasis are

denoted collectively as `L = (µL, L
−
L , EL)

T and `R = (µR, L
−
R, ER)

T .
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We can diagonalize the mass matrix in eq. (5.5) by a bi-unitary transformation with two

unitary matrices UL and UR:

U †
L


yµv 0 λEv

λLv ML λv

0 λ̄v ME

UR =


mµ 0 0

0 m4 0

0 0 m5

 , (5.6)

where the eigenmass m2 is set to be the mass of muon, mµ, and the mass ordering is fixed

as m2 < m4 < m5.

We also note that the mass of the neutral component of the doublet L, L0 ≡ ν4, solely

originates from the mass term −MLL̄LLR and hence its mass is simply determined by

the value of ML.

5.2 Muon mass

In order to perform the numerical calculations of this model, we need to input the values

of the free parameters. In particular, these parameters must be chosen in such a way

that the eigenvalue of m2 after the diagonalization of the mass matrix corresponds to the

real value of the muon mass measured in the experiment, namely, mµ = 105.6583755(23)

MeV [47]. We choose to fix all the parameters except the Yukawa coupling of muon to

the Higgs boson, yµ, and solve the value of yµ for the correct mµ.

From the daigonalization of mass matrix, we have

U †
LM`M

†
`UL =


m2

µ 0 0

0 m2
4 0

0 0 m2
5

 . (5.7)

We then subtract on both sides the muon mass squared to obtain

U †
L(M`M

†
` −m2

µ)UL =


0 0 0

0 m2
4 −m2

µ 0

0 0 m2
5 −m2

µ

 . (5.8)
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This means that the determinant of the quantity M`M
†
` −m2

µI is zero,

det(M`M
†
` −m2

µI) = 0. (5.9)

By substituting the mass matrix in eq. (5.5) to the determinant, we get a quadratic

function of yµ,

8

v6
det(M`M

†
` −m2

µI) = c2y
2
µ + c1yµ + c0 = 0 , ck =

3∑
n=0

c2nk

(√
2mµ

v

)2n

, (5.10)

with the coefficients c2nk given by



c00 = λ2|λE |2|λ̄|2,

c20 = −λ2|λ̄|2 − |λE |2|λ̄|2 − λ2L|λ̄|2 − λ2L|λE |2 − r2L|λE |2 − r2Eλ
2
L − r2Lr

2
E + 4rLrEλRe(λ̄),

c40 = λ2 + λ2L + |λ̄|2 + |λE |2 + r2L + r2E ,

c60 = −1,

(5.11)

c01 = 2λL
[
rLrERe(λEλ̄)− λ|λ̄|2Re(λE)

]
c21 = 2λλLRe(λE),

c41 = 0,

c61 = 0,

(5.12)



c02 = λ2|λ̄|2 + r2Lr
2
E − 2rLrEλλ̄,

c22 = λ2 − |λ̄|2 − r2L − r2E ,

c42 = 1,

c62 = 0.

(5.13)

Since it is a quadratic function of yµ, we know that there are in general two solutions for

each set of 6 free parameters, (λE , λL, λ, λ̄,ML,ME).
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5.3 Interactions

In this section, the quantities related to the flavor basis are indexed by Greek alphabets

(α, β, γ, · · · ), while the quantities related to the mass basis are indexed by Latin alphabets

(a, b, c, · · · ). For the flavor indices, we have 2 = µ, 4 = L and 5 = E.

5.3.1 Higgs boson couplings

Since the couplings related to electron and tau are not modified by the vector-like leptons,

their couplings with Higgs boson are the SM values λe,τ = −me,τ/v. Other couplings of

charged leptons to Higgs boson is modified by the mixing with the vector-like leptons.

The Yukawa interaction in the flavor basis is given by

LY ⊃ − 1√
2
¯̀
Lρ Yρσ `Rσ h+ h.c.. (5.14)

This can be transformed to the the mass basis given by

LY ⊃ − 1√
2

∑
ρ,σ=2,4,5

¯̀
La(U

†
L)aρ Yρσ (UR)σb `Rb h+ h.c. ≡ ¯̀

La λab `Rb h+ h.c., (5.15)

where the Yukawa matrix is written as

Y =


yµ 0 λE

λL 0 λ

0 λ̄ 0

 , (5.16)

and the Yukawa couplings in the mass basis is

λab = − 1√
2

∑
ρ,σ=2,4,5

(U †
L)aρYρσ (UR)σb . (5.17)

We notice that the Yukawa coupling in the flavor basis is similar to the mass matrix

of the charged leptons with the absence of the masses of vector-like leptons, that is,

Y v/
√
2 = M − diag(0,ML,ME). With this relation, the Higgs boson couplings in the
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mass basis can be written as:

−λv = U †
L


yµv/

√
2 0 λEv/

√
2

λLv/
√
2 ML λv/

√
2

0 λ̄v/
√
2 ME

UR − U †
L


0 0 0

0 ML 0

0 0 ME

UR (5.18)

=


mµ 0 0

0 m4 0

0 0 m5

− U †
L


0 0 0

0 ML 0

0 0 ME

UR. (5.19)

In this expression, we can see clearly that the first term has a simple form which is the

same as the Yukawa couplings in the SM. It originates from the mixings between muons

and vector-like leptons. The second term corresponds solely to the contributions from the

mass term of the vector-like leptons.

5.3.2 Z boson couplings

The couplings of leptons to the Z boson come from the kinetic term of the leptons. Due

to the mixing among muon and vector-like leptons, the kinetic term is modified to

Lkin ⊃ ¯̀
Lαi /Dα`Lα + ¯̀

Rαi /Dα`Rα = ¯̀
La(U

†
L)aσi /Dσ(UL)σb`Lb + ¯̀

Ra(U
†
R)aσi /Dσ(UR)σb`Rb.

(5.20)

The covariant derivative Dµα is defined as

Dµσ = ∂µ + i
g

cos θW
(T 3

σ −Qσsin
2θW )Zµ + ieQσAµ, (5.21)

where T 3 and Q are the weak isospin and electric charge of leptons obtained from the

quantum numbers listed in table 5.1.

The couplings of the Z boson to charged leptons `a and `b are defined in the Lagrangian

LZ ⊃
[
¯̀
Laγ

µ(gZL )ab`Lb +
¯̀
Raγ

µ(gZR)ab`Rb

]
Zµ. (5.22)
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Couplings of left-handed and right-handed charged leptons with Z boson are given by

(gZL )ab = − g

cos θW

∑
σ=2,4,5

(T 3
Lσ − sin2 θWQσ)(U

†
L)aσ(UL)σb, (5.23)

(gZR)ab = − g

cos θW

∑
σ=2,4,5

(T 3
Rσ − sin2 θWQσ)(U

†
R)aσ(UR)σb, (5.24)

where the electric charge Qσ and the third component of weak isospins T 3
Lσ and T 3

Rσ for

each flavor are summarized in the following table 5.2.

Flavor 2 4 5
Qσ -1 -1 -1
T 3
Lσ -1/2 -1/2 0
T 3
Rσ 0 -1/2 0

Table 5.2: This table shows the electric charge Qσ and the third component of weak
isospins T 3

Lσ and T 3
Rσ for each flavor considered in the mixing of charged leptons. Recall

that in the flavor basis, we have 2 = µ, 4 = L, and 5 = E.

Since the electric charge Qσ is the same for all the charged leptons considered, no mod-

ification is made on the couplings of photon with charged leptons. On the other hand,

because of the different weak isospins of the charged leptons in the mixing, the couplings

of the Z boson in eq. (5.23) and eq. (5.24) are modified from their SM values. In (gZL )ab,

we have

− g

cos θW

{(
−1

2
+ sin2θW

)
[(U †

L)a2(UL)2b + (U †
L)a4(UL)4b] + sin2θW (U †

L)a5(UL)5b

}
.

(5.25)

To see the modification to the SM coupling, we can arrange and separate eq. (5.23) in two

parts. The first one is

− g

cos θW

{(
−1

2
+ sin2θW

)
[(U †

L)a2(UL)2b + (U †
L)a4(UL)4b + (U †

L)a5(UL)5b]

}
. (5.26)

By the unitarity of the matrix UL, we have
∑

σ=2,4,5(U
†
L)aσ(UL)σb = δab. This gives the

form of the SM coupling of Z boson with the left-handed leptons

(gZL )
SM
ab = − g

cos θW

(
−1

2
+ sin2θW

)
δab. (5.27)
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The second one corresponds to the modification of the SM coupling,

(δgZL )ab = − g

2 cos θW
(U †

L)a5(UL)5b. (5.28)

Similarly, we can separate eq. (5.24) in parts of the SM coupling

(gZR)
SM
ab = − g

cos θW
sin2 θW δab (5.29)

and the modification

(δgZR)ab =
g

2cos θW
(U †

R)a4(UR)4b. (5.30)

5.3.3 W boson couplings

The couplings of W with leptons are also derived from the kinetic term. Since the charged

lepton E is an SU(2)L singlet, it decouples from the interaction withW boson. The kinetic

term is given by

Lkin ⊃ − g√
2

(
ν̄Lµγ

µµL + L̄0
Lγ

µL−
L + L̄0

Rγ
µL−

R

)
W+

µ + h.c. (5.31)

= − g√
2
(ν̄L2γ

µ(UL)2b`Lb + ν̄L4γ
µ(UL)4b`Lb + ν̄R4γ

µ(UR)4b`Rb)W
+
µ + h.c.. (5.32)

This can be written in a more compact form

LW ⊃
[
ν̄Laγ

µ(gWL )ab`Lb + ν̄Raγ
µ(gWR )ab`Rb

]
W+

µ + h.c., (5.33)

and the couplings of W boson with leptons are defined as

(gWL )2b = − g√
2
(UL)2b, (gWL )4b = − g√

2
(UL)4b, (5.34)

(gWR )4b = − g√
2
(UR)4b. (5.35)

5.4 One-loop diagrams for the muon dipole moments

In this section, we perform the computation of the one-loop contributions to the electro-

magnetic dipole moments of muon by applying the general formulas discussed in chapter
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4. In this model, we need to consider the diagrams of the Higgs, Z boson and W boson

mediations, see figure 5.1. These correspond to the neutral scalar boson (section 4.3.1),

neutral vector boson (section 4.3.3), and charged vector boson (section 4.3.1), respectively.

γ

`2,4,5 `2,4,5

µ
h

µ

(a) Higgs boson

γ

`2,4,5 `2,4,5

µ
Z

µ

(b) Z boson

γ

W W

µ
ν2,4

µ

(c) W boson

Figure 5.1: One-loop contributions considered in the model.

5.4.1 Higgs boson mediation

As we discussed in the previous section, the interaction of the Higgs boson with the

charged leptons is

¯̀
Li λij `Rj h+ ¯̀

Ri λ
∗
ji `Lj h = ¯̀

i(λijPR + λ∗jiPL)`j h, (5.36)

where PL,R are the projection operators for the left-handed and right-handed components

of the leptons. This can be rearranged in the form of the scalar and pseudoscalar couplings

¯̀
i(gs + gpγ5)`j h, (5.37)

where

gs =
1

2
(λij + λ∗ji) , gp =

1

2
(λij − λ∗ji). (5.38)

Substituting these couplings, with j = 2, into the general formulas, we obtain the contri-

bution to the muon g − 2 as

∆ahµ =
mµ

8π2

∑
i=2,4,5

∫ 1

0
dx (1− x)2

miRe(λi2λ2i) + xmµ(|λi2|2 + |λ2i|2)/2
xm2

h + (1− x)m2
i

. (5.39)
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For simplicity, we have neglected terms higher than O(m2
µ/m

2
h) in the integral. In this

case, the integration can be carried out easily as

gh(ri) =

∫ 1

0

(1− x)2

x+ (1− x)ri
dx = −r

2
i − 4ri + 3 + 2 ln(ri)

2(1− ri)3
, (5.40)

fh(ri) =
1

2

∫ 1

0

x(1− x)2

x+ (1− x)ri
dx =

r3i − 6r2i + 3ri + 2 + 6ri ln(ri)

12(1− ri)4
, (5.41)

where ri = m2
i /m

2
h and i = 2, 4, 5.

Then, we obtain the contribution to muon g − 2 from the Higgs boson,

∆ahµ =
mµ

8π2m2
h

∑
i=2,4,5

[
(|λi2|2 + |λ2i|2)mµfh(ri) + Re (λi2λ2i)migh(ri)

]
. (5.42)

The contribution to the muon EDM can be obtained similarly and the result is

dhµ = − e

16π2m2
h

∑
i=2,4,5

Im(λi2λ2i)migh(ri). (5.43)

5.4.2 Z boson mediation

The interaction of charged leptons with Z boson can be written as

¯̀
iγ

µ
(
gZv + gZa γ5

)
`jZµ, (5.44)

where

gZv =
1

2

[
(gZL )ij + (gZR)ij

]
, gZa =

1

2

[
(−gZL )ij + (gZR)ij

]
. (5.45)

By applying the general formula, with j = 2, for the case with neutral vector boson, we

obtain

∆aZµ =∑
i=2,4,5

mµ

4π2

∫ 1

0
dx (1− x)x

2miRe
[
(gZL )i2(g

Z
R)

∗
i2

]
− (1 + x)mµ

[
|(gZL )i2|2 + |(gZR)i2|2

]
/2

xm2
Z + (1− x)m2

i

+
mµ

8π2

∫ 1

0
dx (1− x)2

ri
{
miRe

[
(gZL )i2(g

Z
R)

∗
i2

]
+mµ(x− 2)

[
|(gZL )i2|2 + |(gZR)i2|2

]
/2
}

xm2
Z + (1− x)m2

i

,

(5.46)
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where ri = m2
i /m

2
Z and i = 2, 4, 5. For simplicity, we have neglected terms higher than

O(m2
µ/m

2
Z) in the integral. In this case, the integration can be carried out easily as

gZ(ri) =

∫ 1

0

4x(1− x) + ri(1− x)2

x+ (1− x)ri
dx = −r

3
i + 3ri − 4− 6ri ln(ri)

2(1− ri)3
, (5.47)

fZ(ri) =
1

2

∫ 1

0

−2x(1− x2) + ri(x− 2)(1− x)2

x+ (1− x)ri
dx

= −5r4i − 14r3i + 39r2i − 38ri + 8− 18r2i ln(ri)

12(1− ri)4
. (5.48)

The contribution to muon g − 2 from the Z boson is now given by

∆aZµ =
mµ

8π2m2
Z

∑
i=2,4,5

{[
|(gZL )i2|2 + |(gZR)i2|2

]
mµfZ(ri) + Re

[
(gZL )i2(g

Z∗
R )i2

]
migZ(ri)

}
.

(5.49)

Similarly, we can calculate the contribution to muon EDM and the result is

dZµ =
e

16π2m2
Z

∑
i=2,4,5

Im
[
(gZL )i2(g

Z∗
R )i2

]
migZ(ri). (5.50)

5.4.3 W boson mediation

The interaction of charged leptons with W boson can be written as

ν̄iγ
µ
(
gWv + gWa γ5

)
`jW

+
µ , (5.51)

where

gWv =
1

2

[
(gWL )ij + (gWR )ij

]
, gWa =

1

2

[
(−gWL )ij + (gWR )ij

]
. (5.52)
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By applying the general formula, with j = 2, for the case with charged vector boson, we

obtain

∆aWµ =
∑
i=2,4

mµ

8π2

∫ 1

0
dx(1− x)2

mµ(3− 2x)
[
|(gWL )i2|2 + |(gWR )i2|2/2

]
− 3mνiRe

[
(gWL )i2(g

W
R )∗i2

]
xm2

νi + (1− x)m2
W

+
mµ

8π2

∫ 1

0
dx(1− x)2

mµ

[
|(gWL )i2|2 + |(gWR )i2|2/2

]
−mνiRe

[
(gWL )i2(g

W
R )∗i2

]
xm2

νi + (1− x)m2
W

−mµ

8π2

∫ 1

0
dx ri

{−x
(
1− x2

)
mµ

[
|(gWL )i2|2 + |(gWR )i2|2/2

]
+ x(1− x)Re

[
(gWL )i2(g

W
R )∗i2

]
xm2

νi + (1− x)m2
W

}
.

(5.53)

where mν2 = mνµ ' 0, mν4 = ML, r2 = m2
νµ/m

2
W and r4 = M2

L/m
2
W . For simplicity, we

have neglected terms higher than O(m2
µ/m

2
W ) in the integral. In this case, the integration

can be carried out easily as

gW (r) = −
∫ 1

0

3(1− x)2 + (1− x)2 + rx(1− x)

(1− x) + xr
dx =

r3 − 12r2 + 15r − 4 + 6r2 ln(r)

2(1− r)3
,

(5.54)

fW (r) =
1

2

∫ 1

0

(3− 2x)(1− x)2 + (1− x)2 + rx(1− x2)

(1− x) + xr
dx

=
4r4 − 49r3 + 78r2 − 43r + 10 + 18r3 ln(r)

12(1− r)4
. (5.55)

Neglecting the vanishingly small mass of the muon neutrino, the contribution from W

boson is then given by

∆aWµ =
∑
i=2,4

mµ

8π2m2
W

{[
|(gWL )i2|2 + |(gWR )i2|2

]
mµfW (ri)

}
+Re

[
(gWL )42(g

W∗
R )42

]
MLgW (r4),

(5.56)

while the muon EDM originates from the W mediation can be calculated similarly and

the result is

dWµ =
e

16π2m2
W

Im
[
(gWL )42(g

W∗
R )42

]
MLgW (r4). (5.57)

As we discussed in section 4.5, all electromagnetic dipole moments from different diagrams

acquire enhancements from the new sources of chirality flip provided by the mass of extra

vector-like leptons, m4, m5, or ML.
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Because the contributions from the SM are also contained in the modified µ − µ − h,

µ− µ−Z, and µ− νµ −W couplings, in the results presented below we subtract the SM

contributions from the values obtained in the calculations above. We note that in the

parameter space consistent with experimental constraints in this work, the new-physics

contributions from these couplings are small compared to the ones from mixings with

vector-like leptons. According to the numerical results we obtained, they are typically

at the level of 0.1% for the magnetic dipole moment and 0.001% for the electric dipole

moment. Therefore these contributions can be safely ignored under our consideration.

5.5 Constraints

In this section, we consider the constraints to the model of vector-like leptons. These

include the constraints from precision electroweak measurements, the electron EDM, the

Higgs decay such as h→ µ+µ−, and the heavy charged leptons.

5.5.1 Precision electroweak measurements

Since muon and muon neutrino mix with extra vector-like leptons in this model, the

gauge couplings in the mass basis are modified, as we have seen in section 5.3. Therefore,

several electroweak observables are affected correspondingly, such as the muon lifetime,

decay asymmetries involving muons, partial widths of W and Z bosons, etc. These

constraints have been considered in the previous analysis [80] and can be translated into

upper bounds of the couplings λL and λE given by

λLv√
2ML

. 0.04 ,
λEv√
2ME

. 0.03, (5.58)

whose maximum values are adapted in our analysis.

5.5.2 h → µ+µ−

Since the Yukawa coupling of muon is also modified from its SM value, the deviation

from the SM prediction is expected in the decay channel of Higgs boson to a muon pair,

h → µ+µ−. It has been a long history for pursuing the search of dimuon productions
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in the Higgs decay, as presented in a series of competitive studies between the ATLAS

and CMS groups at CERN [86, 87, 88, 89, 90], with gradually decreasing upper limits on

the deviation from the SM prediction. Recently, CMS group claimed that it found the

first evidence of the Higgs-to-dimuon decay channel [42] with a significance of 3 standard

deviations. Currently, the branching fraction of h → µ+µ− is constrained to be within

the range 0.8× 10−4 < B(h→ µ+µ−) < 4.5× 10−4 at 95% confidence level. This can be

transformed into

0.369 < R(h→ µ+µ−) ≡ Γ(h→ µ+µ−)

Γ(h→ µ+µ−)SM
< 2.07, (5.59)

which we adapt as a constraint in this analysis.

5.5.3 Electron EDM

The latest measurement of electron EDM is performed by the ACME collaboration [43],

which measured the precession of electron spin in a superposition of the quantum states

of an electron inside a strong intramolecular electric field. The group obtained a rather

strong upper limit on the value of electron EDM,

|de| < 1.1× 10−29 e · cm (5.60)

at 90% confidence level. Therefore, we need to make sure that all models which can

generate an electron EDM must not exceed this upper limit. If there is no parameter

space for a value smaller than the bound, then the model should be considered as already

excluded. We note that in obtaining the above limit, possible contributions to the spin

precession frequency from the CP -odd electron-nucleon scalar coupling are set to zero. In

the case of the model of vector-like leptons, such kinds of coupling exist as higher-order

quantum effects and therefore can be safely ignored in our analysis.

In the framework of this model, the mixings among muon and extra vector-like leptons

may also contribute to a sizable electron EDM. These contributions appear in the internal

lepton loop of the two-loop Barr-Zee diagrams shown in figure 5.2, where all possible

combinations of muon and vector-like leptons contribute to the inner loop, as shown in

figure 5.3.
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Figure 5.2: Contributions to the electron EDM from the Barr-Zee diagram induced by
the vector-like leptons.
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Figure 5.3: The inner loop inside the blob of figure 5.2.

To obtain the value of the electron EDM, let us first discuss the left diagram in figure

5.2. The first step is to extract the effective vertex Γµν
hV γ from the inner loop. By the

gauge invariance of the on-shell photon, qµΓµν = 0, the effective vertex must have the

form of [91]

iΓµν
hV γ(q, k) = i

∫ 1

0
dx
[
cE(q

νkµ − q · k gµν) + icOε
µναβqαkβ

]
. (5.61)

We can perform similar calculations as the ones we have done in the one-loop contri-

butions, except that this time we extract coefficients cE and cO of the corresponding

combinations of momenta. Applying the general Feynman rules listed in section 4.2, we

obtain

cijE =
eQi

4π2
mi(1− x)3(gijs g

∗ij
v − gijp g

∗ij
a ) +mjx

2(1− x)(gijs g
∗ij
v + gijp g

∗ij
a )

−x(1− x)k2 + (1− x)m2
i + xm2

j

, (5.62)

cijO =
eQi

4π2
mi(1− x)2(gijs g

∗ij
a − gijp g

∗ij
v )−mjx(1− x)(gijs g

∗ij
a + gijp g

∗ij
v )

−x(1− x)k2 + (1− x)m2
i + xm2

j

, (5.63)

where i, j = 2, 4, 5. The electron EDM can be obtained by attaching the effective vertex to

the electron line, which produces the mathematical expression corresponding to the hV γ

diagram. We notice that for each diagram of Γµν
hV γ , we need to consider the diagrams with

the exchange of propagators of Higgs boson and vector boson, and also with the crossing
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between the photon and the vector boson in the inner loop. After a lengthy calculation,

we get

dije =
−e
32π4

∫ 1

0
dx

[
Im(cijEg

eV
v geh∗p )− Im(cijEg

eV
a geh∗s )

+Im(cijOg
eV
v geh∗s )− Im(cijOg

eV
a geh∗p )

]
× IijhV , (5.64)

where i, j = 2, 4, 5, geV s are the couplings of the electron with vector boson and gehs are

the couplings of the electron with Higgs boson. The momentum integration over k in the

outer loop, IijhV , is given by

IijhV =
1

m2
h

[
F

(
x,
m2

V

m2
h

,
∆ij

m2
h

)
− F

(
x,
m2

V

m2
h

,
∆ij

m2
V

)]
, (5.65)

where

F (x, y, z) =
ln z

x(1−x)

(1− y)[z − x(1− x)]
, (5.66)

∆ij = (1− x)m2
i + xm2

j . (5.67)

In the expression of dije , particle i is defined as the one who interacts with the external

photon, accompanied by particle j in the inner loop of the Barr-Zee diagram. The total

contribution is obtained by summing all possible combinations of ij.

For the case that V is a photon, the expression can be greatly simplified because in the

inner loop only one type of lepton can exist. Also, we have

gijs =
1

2
(λ+ λ†)ij , g

eh
s = −me

v
, (5.68)

gijp =
1

2
(λ− λ†)ij , g

eh
p = 0, (5.69)

gijv = geγv = e, (5.70)

gija = geγa = 0. (5.71)

Therefore, only one term, Im(cijOg
eV
v geh∗s ), remains in the expression of eq. (5.64). With

ciiO = −emi(1− x)giip , the electron EDM from the hγγ diagrams is then given by

dhγγe =
∑

i=2,4,5

−e
3memi

32π4
Im(giip )

∫ 1

0
dx(1− x)Iiihγ . (5.72)
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We note that there is a factor of 2 compared to eq. (5.64) beacuse we can cross the two

photon lines in the diagram.

For the case that V is a Z boson, we have

gijs =
1

2
(λ+ λ†)ij , g

eh
s = −me

v
, (5.73)

gijp =
1

2
(λ− λ†)ij , g

eh
p = 0, (5.74)

gijv =
1

2
(gZL + gZR)ij , g

eZ
v = − g

4 cos θW
(−1 + 4 sin2θW), (5.75)

gija =
1

2
(−gZL + gZR)ij , g

eZ
a = − g

4 cos θW
. (5.76)

In this case, we need to sum all possible combinations of charged leptons to obtain the

contribution from the hZγ diagrams.

Another class of diagrams is the ones with two W bosons as shown in the right diagram

of figure 5.2. In this case, the contribution to the electron EDM originates from the the

interaction of the heavy neutrino ν4 with the charged leptons, and is given by

dWWγ
e =

eg2

256π4

∑
i=2,4,5

memiML

m2
W

Im
[
(gWL )4i(g

W∗
R )4i

] ∫ 1

0
dxI4iWW , (5.77)

where

I4iWW =
(1− x)ln

(1−x)m2
i+xM2

L

x(1−x)m2
W

−x(1− x)m2
W + (1− x)m2

i + xM2
L

. (5.78)

5.5.4 Heavy leptons mass

It is possible that the extra vector-like leptons can decay via charged or neutral weak

currents through the mixing with the SM leptons of the second generation. The LEP

experiment searched for such kinds of decays and set a lower bound on the mass of these

new particles [92]. The lower bound is around 100 GeV for these heavy leptons.

5.6 Results

In this section, we show the results of our analysis on the model of vector-like leptons. In

the following figures we perform scans through several different parameters, with other
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parameters fixed mainly by one specific parameter set

λ = 0.2 , |λ̄| = 0.58 , arg(λ̄) = arg(λE) =
π

2
, ML = 4 TeV , ME = 8 TeV, (5.79)

and with λL and |λE | determined by their maximum values in eq. (5.58), namely, λL ∼

2.3× 10−4ML/GeV and λE ∼ 1.7× 10−4ME/GeV. The Higgs Yukawa coupling of muon,

yµ, chosen to be the larger one of its two solutions. For clarity, we put the values of fixed

parameters on the top of each plot. We note that the mass of the vector-like leptons is

chosen to be at the TeV scale, therefore the constraints on the heavy leptons discussed

above can be safely ignored in this analysis.

The prediction of contribution to the muon g − 2 as a function of R(h → µ+µ−) is

shown in figure 5.4, where the region enclosed by the two vertical dotted lines is the one

constrained by CMS experiment in [42]. We have examined the behavior over a broad

range of the mass parameter ML. As can be seen from the plot, large ML around 4

TeV can successfully reproduce the central value of muon g − 2 within the constraint on

R(h→ µ+µ−) set by CMS, while small ML fails to reproduce the correct ∆aµ in this case.

It is possible to make ML small, but we need to carefully fine-tune the parameters such

that the prediction can barely fit in the region around the 2σ boundary of ∆aµ within

the constrained region of R(h→ µ+µ−) and is therefore not favored.
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Figure 5.4: The prediction of muon g − 2 as a function of R(h→ µ+µ−). In this plot,
we pick up 4 values of ML and let |λ̄| run through -1 to 1. The region enclosed by the

two vertical dotted lines is the one constrained by CMS experiment in [42].
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Here, we discuss an interesting feature related to the muon g−2 in the model of vector-like

lepton. Assuming the vector-like leptons are very heavy, then after integrating them out

in the Lagrangian, we obtain an effective Lagrangian including the following terms [93]

Leff ⊃− yµ ¯̀LµRH − CµH
¯̀
LµRH

(
H†H

)
− CµB

¯̀
Lσ

αβµRHBαβ + CµW
¯̀
Lσ

αβµRτ
3HW 3

αβ + h.c.,

(5.80)

where `L = (νµ, µL)
T , Cs are the Wilson coefficients of the corresponding operators,

Bαβ = ∂αBβ − ∂βBα, and W 3
αβ = ∂αW

3
β − ∂βW 3

α. We note that all parameters in Leff can

be complex in general. We denote the Pauli matrix σ3 by τ3 to avoid confusion with σαβ.

After expanding the Higgs field in terms of (0, v + h)T /
√
2, the second term in the first

line of Leff induces contributions to the mass of muon and the Yukawa coupling of muon

to Higgs boson. The terms in the second line give contributions to muon dipole moments.

From this effective Lagrangian, we obtain the mass term of muon as −|mµ|µ̄eiγ5φmµµ,

where |mµ| = |yµv/
√
2+CµHv

3/2
√
2| and tanφmµ = Im(mµ)/Re(mµ). We can transform

it into a basis where the mass of muon is real and positive by the chiral transformation

of the spinors, µ→ e−iγ5φmµ/2µ and µ̄→ µ̄e−iγ5φmµ/2. Then, from eq. (5.80) we have [41]

Leff ⊃ −mµµ̄µ−
(
λhµµµ̄PRµh+ h.c.

)
+
e∆aµ
4mµ

µ̄σαβµFαβ − i
dµ
2
µ̄σαβγ5µFαβ, (5.81)

with

mµ =

(
yµv√
2
+
CµHv

3

2
√
2

)
e−iφmµ , (5.82)

λhµµ =

(
yµ√
2
+ 3

CµHv
2

2
√
2

)
e−iφmµ , (5.83)

∆aµ = −4mµv

e
√
2
Re
(
Cµγe

−iφmµ

)
, (5.84)

dµ =
2v√
2
Im
(
Cµγe

−iφmµ

)
, (5.85)

where Fαβ = ∂αAβ − ∂βAα and Cµγ = CµB cos θW − CµW sin θW . mµ, ∆aµ and dµ

correspond to the muon mass, muon g − 2, muon EDM and they are all real numbers,

while the muon Yukawa coupling λhµµ is complex in general. We see that the phase rotation

in muon mass generically contributes to the muon Yukawa coupling, g − 2, and EDM.2

2We note that the chiral transformations do not affect the QED interactions, because QED conserves
CP symmetry and thus even in the complex formalism, it does not give contribution to the EDM. Actually,
it has been shown that such kind of complex phase is redundant in QED [94]. Therefore, the phase can
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To see the relation between muon g − 2 and muon mass, it is convenient to first consider

all parameters to be real. In this case, the mass of muon can be simply separated into two

terms, mµ = mH
µ +mLE

µ , where mH
µ is the mass term from the direct Yukawa interaction

of muon with the Higgs boson, yµv/
√
2, while mLE

µ is the contribution from the mixing

with vector-like leptons. Then, we can construct a relation between muon g− 2 and mLE
µ

as

∆aµ ' −
mµm

LE
µ

8π2v2
(5.86)

Therefore, in the limit of heavy vector-like lepton masses, muon g − 2 and mLE
µ are

anticorrelated linearly. This means we need a negative mLE
µ to reproduce the correct

value of muon g − 2. In fact, we can obtain a simple approximation for ∆aµ even in

the region of lighter vector-like leptons. In this case, the coefficient -1 is replaced by a

function c of the mass of vector-like lepton, and ∆aµ can be approximated as

∆aµ ' c
mµm

LE
µ

8π2v2
' 0.93 c∆aexpµ

mLE
µ

mµ
, (5.87)

where c is typically an O(1) coefficient given by c = cW +cZ+ch.3 We note that although

it deviates from the simple linear relation when the imaginary parts of the parameters

increase, the approximation is good as we will see in the result on the
{
|λ̄|, arg(λ̄)

}
-

plane that the anticorrelation holds in the parameter region consistent with experimental

constraints.

In figure 5.5, we demonstrate the simple linear relation between muon g − 2 and the

contribution to the muon mass from the lepton mixing discussed above. It shows that

muon g− 2 and mLE
µ are positively (negatively) correlated when the value of ML is small

(large). This can be understood by looking at the behavior of the coefficient c and the

muon mass contribution from mLE
µ . In the left plot of figure 5.6, we show the predictions

of these quantities as a function of ML, with other parameters fixed by the values in

eq. (5.79). All three components of c from the Higgs, W , and Z bosons are also shown

explicitly. Intriguing features are that the contributions from the Higgs and Z bosons are

always be rotated away without affecting QED results. We can make the muon mass real from the
beginning, or at the end of the loop calculation. Either way, EDM would not be induced.

3In the large mass limit, m4 ∼ ML and m5 ∼ ME , and these functions can be approximated as

cW ∼ −2gW (rW ) , cZ ∼ −gZ(rZ) , ch ∼ −2 rh4 gh(rh4)− rh5 gh(rh5), (5.88)

where rW = M2
L/m

2
W , rZ = m2

5/m
2
Z , and rh4,5 = m2

4,5/m
2
h.
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Figure 5.5: The prediction of muon g − 2 as a function of the ratio mLE
µ /mµ. In this

plot, we pick up 4 values of ML and let λ̄ run through -1 to 1. We can see a clear linear
relation between the muon g − 2 and mLE

µ from the plot. This linear relation has been
discussed in, for example, [80, 82].

opposite to the one from the W boson, and their sum equals minus 2 in a large range of

ML, while the contribution of the W boson decreases to an asymptotic value 1 as ML

increases. These quantities depend on the behavior of the loop functions gh, gZ and gW

given in section 5.4. As a result, it shows that the coefficient c is around 1 at ML = 100

GeV and decreases as ML increases. It then flips the sign when ML goes across ∼ 250

GeV. This means that for the relation (5.87), the slope changes from positive to negative

when ML becomes larger and larger. In our choice of parameters, the mass ratio mLE
µ /mµ

is negative, so in this case, the positive product of c ·mLE/mµ is available in the large ML

limit where c is also negative and is, therefore, possible to reproduce the correct value of

muon g− 2 when ML is heavy enough. This is shown explicitly in the right plot of figure

5.6, where the contributions from Higgs, W , and Z bosons are also given separately. For

the case with a positive mLE/mµ, the conclusion on the correlation between the muon

g − 2 and ML becomes opposite, as can be seen in figure 5.5. In this case, small ML is

necessary for reproducing the muon g − 2 correctly.

Next, we move on to the prediction of muon EDM in this model. Figure 5.7 shows the

predicted muon EDM as a function of ML, with two specific values of the CP-violating

phase in λ̄, 1.55 and 1.8, which are chosen to show the typical size of the generated muon

EDM in the model. The three different contributions from the one-loop diagrams with
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Figure 5.6: The left figure shows the behavior of the coefficient c in the relation between
the muon g − 2 and the muon mass contribution from the charged lepton mixing. With
the chosen parameters, mLE/mµ is negative. The right figure shows the prediction of the
muon g − 2 as a function of ML. We see that in the large ML limit, the prediction lies
inside the 1σ band and is very close to the observed central value. All three contributions

from the Higgs, W and Z bosons are also given in the plots.

Higgs, W , and Z bosons are also given in the plots. Similar to the result of muon g − 2,

in a large range of ML the contributions from Higgs and Z bosons are opposite to the

one from the W boson. In the large ML limit considered in this work, the typical size of

the muon EDM is around O(10−23 ∼ 10−22) e · cm, whose value is just appropriate for

the search of muon EDM at PSI with the frozen-spin technique [72].
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Figure 5.7: The prediction of muon EDM at two different values, 1.55 and 1.8, of the
CP-violating phase in λ̄ as a function of ML. In the large ML limit considered in this
work, the typical size of the muon EDM is O(10−23 ∼ 10−22) e · cm, which is able to be

searched at PSI using the frozen-spin technique [72].

We are now ready to present the main result of this analysis. In figure 5.8, the prediction

of muon dipole moments are shown on the
{
|λ̄|, arg(λ̄)

}
-plane, with other parameters
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Figure 5.8: Predictions of muon dipole moments on the
{
|λ̄|, arg(λ̄)

}
-plane, with other

fixed parameters shown above the plot. The red line and bands are consistent with the
central value, 1σ and 2σ regions of muon g − 2 deviation. Black solid (dotted) lines are
the contours of muon (electron) EDM. Blue dashed lines correspond to the mass ratio
mLE

µ /mµ. The green region represents the constraint from the R(h → µ+µ−) [42]. In
the hatched regions, no correct muon mass is generated after the mass diagonalization.

fixed by the values given in eq. (5.79). The central value, 1σ and 2σ regions of muon

g − 2 deviation is plotted in red. The black solid (dotted) lines are the contours of muon

(electron) EDM. The blue dashed lines correspond to the contours of the mass ratio

mLE
µ /mµ indicating the muon mass contribution from the charged lepton mixing. The

green region represents the constraint from the R(h→ µ+µ−) measurement by CMS [42].

The hatched regions are those which do not have a solution to the quadratic equation of

yµ and therefore cannot produce the correct muon mass after the mass diagonalization.

We see that the region of muon g − 2 being consistent with the R(h→ µ+µ−) constraint

lies in 0.3 . |λ̄| . 0.6 and 1.0 . arg(λ̄) . 2.0, where the charged lepton mixing tends

to give a negative contribution to the muon mass. The typical size of the induced muon

EDM is O(10−23 ∼ 10−22) e · cm as mentioned above, while the typical electron EDMs

generated are of order O(10−30) e · cm. With our choice of parameters, it turns out that

the electron EDM serves not as a constraint but more as a prediction that can be searched

in future experiments. For example, it is suitable for the proposed experiment in [95],

where the NL-eEDM collaboration in the Netherlands plans to measure the electron EDM
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in the Barium monofluoride (BaF) molecules with a sensitivity of ∼ 5× 10−30 e · cm.

Finally, we show the dependence of the muon and electron EDMs on the two CP -violating

phases, arg(λ̄) and arg(λE), in figure 5.9. As can be seen from the plots, there is a

relatively simple correlation between the muon EDM and the two CP -violating phases,

while in the case of the electron EDM it is nontrivial because of the complex structure of

the two-loop contributions. The gray bands in the figures indicate those with no correct

muon mass after the mass diagonalization.
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Figure 5.9: The dependence of the muon and electron EDMs on the two CP -violating
phases arg(λ̄) and arg(λE). The gray bands correspond to the parameter region which

cannot give the correct muon mass after the mass diagonalization.



Chapter 6

Conclusions and outlook

The high-energy physics community has come to an era of precise measurement. Here,

physicists pursue the very-precise values of the fundamental physical quantities, such as

those listed in the Review of Particle Physics summarized by the Particle Data Group [47].

As the experimental techniques develop and improve, experimentalists have successfully

pushed the precision of the measurement to an incredible level. As an instance, in the

measurement of the anomalous magnetic dipole moment of the muon, the measured value

has been pushed to the 11 digits after the decimal points [21], which is truly amazing work.

In the meantime, theoreticians also have made significant progress in the predictions

of physical quantities such that the uncertainties become smaller and smaller. It has

become so precise that any deviations between the experimental results and the theoretical

predictions are speculated to be the signs of physics beyond the SM.

In particular, any discoveries of the EDM of elementary particles are unambiguous signs

of new physics, since the SM contribution to such kind of EDM signal is too small and

beyond the scope of the current experiment sensitivity. In addition, it is also possible that

these new sources of particle EDMs can also solve one of the big puzzles in modern physics,

the matter-antimatter asymmetry. In general, it requires new CP -violating processes for

the explanation of the observed asymmetry in the universe [24]. Therefore, it is important

to continue the search for the EDM of elementary particles.

In order to cope with the proposed experiments on the muon EDM measurements, and

also inspired by the deviation on the muon g− 2 between the experiment and theoretical

values, in this thesis, we perform an analysis on the model of vector-like leptons, in

74
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which one SU(2)L doublet and one SU(2)L singlet vector-like leptons are introduced as

an extension of the SM. We focus on the interaction between the muon and these extra

vector-like leptons and take the electromagnetic dipole moments of the muon as useful

probes for physics beyond the SM.

In order to fit in the strong constraint of the Higgs-to-dimuon decay channel [42], the

mass of vector-like leptons above the TeV scale is preferable, which safely avoids the

mass constraint of new lepton searches. In the result in the
{
|λ̄|, arg(λ̄)

}
-plane, we found

that with an appropriate choice of the free parameters in the model, λ = 0.2, ML =

4 TeV, ME = 8 TeV, λL ' 0.9, |λE | ' 1.4, arg(λE) = π/2 and the large root of yµ,

the observed deviation of muon g − 2 can be explained in the available parameter region

around 0.3 . |λ̄| . 0.6 and 1.0 . arg(λ̄) . 2.0. In this region, the contribution to the

muon mass from the charged lepton mixings anticorrelates with muon g − 2, and the

typical size of the induced muon and electron EDMs are of order O(10−23 ∼ 10−22) e · cm

and O(5 × 10−30) e · cm, respectively, which are suitable for the proposed experiments.

Muon EDM can be probed by the muEDM collaboration at PSI [72] with a sensitivity of

6×10−23 e · cm and electron EDM can be searched by the NL-eEDM collaboration in the

Netherlands [95] with a sensitivity of 5× 10−30 e · cm.

We are looking forward to the real execution of these experiments and to seeing whether

there are any signs of the muon EDM. Once the signal is observed, it shows the concrete

existence of the physics beyond the SM, and the model of vector-like leptons is one possible

candidate, with these heavy extra leptons to be searched in other experiments, such as

the LHC at CERN.
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Appendix A

Calculations of the one-loop

contributions to dipole moments

In this appendix, we show more details of the calculation of the general one-loop diagrams

discussed in chapter 4.

A.1 The vertex function

Here, let us quickly recap the content of the electromagnetic vertex function of the charged

leptons. The amplitude related to the electromagnetic dipole moments is given by

iM = −ieQ`u
(
`′
)
Γµ
(
q2
)
u (p)Aµ, (A.1)

with the vertex function defined by

Γµ = F1

(
q2
)
γµ + F2

(
q2
) i

2m`
σµνqν − F3

(
q2
)
σµνqνγ5, (A.2)

where

qµ = p′µ − pµ. (A.3)
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The electric charge and electromagnetic dipole moments are related to the form factors

in the limit of zero momentum transfer of the vertex function by

F1 (0) = 1, (A.4)

F2 (0) = a`, (A.5)

F3 (0) =
d`
eQ`

. (A.6)

The Gordon identity is extremely useful in the computation of the dipole moments, which

is given by

u
(
p′
)
γµu (p) =

1

2m`
u
(
p′
) [(

p′ + p
)µ

+ iσµν
(
p′ − p

)
ν

]
u (p) . (A.7)

A.2 Convention of the momentum flow

Here, we give the convention of momentum directions in the Feynman diagram.

p′ − p

p− k p′ − k

p

k

p′

A.3 Scalar boson contribution

In this section, we perform the calculation of the general formulation in the scalar sector.

For the Feynman diagrams and the corresponding Feynman rules, please refer to section

4.1.
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A.3.1 Neutral scalar boson

The vertex function is given by

− ieQ`Γ
µ = −i6eQ`′

∫
d4k

(2π)4(
g∗s − g∗pγ5

) /p′ − /k +m`′

(p′ − k)2 −m2
`′

γµ
/p− /k +m`′

(p− k)2 −m2
`′

(gs + gpγ5)
1

k2 −m2
S

. (A.8)

The denominator can be combined by applying the Feynman formula

1

A1 · · ·An
=

∫
dFn

1

(x1A1 + · · ·+ xnAn)
n , (A.9)

where the integration measure over the Feynman parameters xi is

∫
dFn = (n− 1)!

∫ 1

0
dx1 · · · dxnδ (x1 + · · ·+ xn − 1) . (A.10)

In our case, it becomes

1[
(p′ − k)2 −m2

`′

] [
(p− k)2 −m2

`′

] (
k2 −m2

S

) =

∫
dF3

1{
x1

[
(p′ − k)2 −m2

`′

]
+ x2

[
(p− k)2 −m2

`′

]
+ x3

(
k2 −m2

S

)}3 . (A.11)

We can simplify the expression in the denominator:

x1

[(
p′ − k

)2 −m2
`′

]
+ x2

[
(p− k)2 −m2

`′

]
+ x3

(
k2 −m2

S

)
= x1p

′2 − 2x1p
′ · k + x1k

2 − x1m
2
`′ + x2p

2 − 2x2p · k + x2k
2 − x2m

2
`′ + x3k

2 − x3m
2
S

=
[
k −

(
x1p

′ + x2p
)]2 − (x1p′ + x2p

)2
+ x1p

′2 + x2p
2 − (x1 + x2)m

2
`′ − x3m

2
S

= `2 −D,

(A.12)

where

` ≡ k −
(
x1p

′ + x2p
)
, (A.13)
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D ≡ −x1 (1− x1) p
′2 − x2 (1− x2) p

2 + 2x1x2
(
p′ · p

)
+ (x1 + x2)m

2
`′ + x3m

2
S

= −x1 (1− x1)m
2
` − x2 (1− x2)m

2
` + 2x1x2

(
m2

` −
q2

2

)
+ (x1 + x2)m

2
`′ + x3m

2
S

= −x1x2q2 + (x1 + x2) (x1 + x2 − 1)m2
` + (x1 + x2)m

2
`′ + x3m

2
S .

(A.14)

In the numerator, we have

(
g∗s − g∗pγ5

) (
/p
′ − /k +m`′

)
γµ
(
/p− /k +m`′

)
(gs + gpγ5)

=
(
g∗s − g∗pγ5

) (
/p
′ −
(
/̀+ x1/p

′ + x2/p
)
+m`′

)
γµ
(
/p−

(
/̀+ x1/p

′ + x2/p
)
+m`′

)
(gs + gpγ5)

=
(
g∗s − g∗pγ5

) (
−/̀+ (1− x1) /p

′ − x2/p+m`′
)
γµ
(
−/̀− x1/p

′ + (1− x2) /p+m`′
)
(gs + gpγ5)

=
(
g∗s − g∗pγ5

)
/̀γµ/̀ (gs + gpγ5) +Nµ + terms linear in `,

(A.15)

where

Nµ ≡
(
g∗s − g∗pγ5

) [
(1− x1) /p

′ − x2/p+m`′
]
γµ
[
−x1/p′ + (1− x2) /p+m`′

]
(gs + gpγ5) .

(A.16)

The first term in the last line of eq. (A.15) does not contribute to a` and d` since the

dipole moment must be finite without divergences, and terms linear in ` vanishes after the

integration over `. Therefore, what we need to calculate is Nµ, which can be expanded

into the following 9 terms. As an illustrative example, we perform the full and direct

calculation of Nµ term by term.

1.

− x1 (1− x1)
(
g∗s − g∗pγ5

)
/p
′γµ/p

′ (gs + gpγ5)

=− x1 (1− x1)
(
g∗sgs/p

′γµ/p
′ + g∗sgp/p

′γµ/p
′γ5 − gsg

∗
pγ5/p

′γµ/p
′ − g∗pgpγ5/p

′γµ/p
′γ5
)

=− x1 (1− x1)
[(
g∗sgs + g∗pgp

)
/p
′γµ/p

′ +
(
g∗sgp + gsg

∗
p

)
/p
′γµ/p

′γ5
]

=− x1 (1− x1)
[(
g∗sgs + g∗pgp

)
/p
′ (2p′µ − /p

′γµ
)
+
(
g∗sgp + gsg

∗
p

)
/p
′ (2p′µ − /p

′γµ
)
γ5
]

=− x1 (1− x1)
[(
g∗sgs + g∗pgp

) (
2m`p

′µ −m2
`γ

µ
)
+
(
g∗sgp + gsg

∗
p

) (
2m`p

′µ −m2
`γ

µ
)
γ5
]
.
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2.

(1− x1) (1− x2)
(
g∗s − g∗pγ5

)
/p
′γµ/p (gs + gpγ5)

= (1− x1) (1− x2)
(
g∗sgs/p

′γµ/p+ g∗sgp/p
′γµ/pγ5 − gsg

∗
pγ5/p

′γµ/p− g∗pgpγ5/p
′γµ/pγ5

)
=(1− x1) (1− x2)

[(
g∗sgs + g∗pgp

)
/p
′γµ/p+

(
g∗sgp + gsg

∗
p

)
/p
′γµ/pγ5

]
=(1− x1) (1− x2)m

2
`

[(
g∗sgs + g∗pgp

)
γµ −

(
g∗sgp + gsg

∗
p

)
γµγ5

]
.

3.

(1− x1)m`′
(
g∗s − g∗pγ5

)
/p
′γµ (gs + gpγ5)

= (1− x1)m`′
(
g∗sgs/p

′γµ + g∗sgp/p
′γµγ5 − gsg

∗
pγ5/p

′γµ − g∗pgpγ5/p
′γµγ5

)
=(1− x1)m`′

[(
g∗sgs − g∗pgp

)
/p
′γµ +

(
g∗sgp − gsg

∗
p

)
/p
′γµγ5

]
=(1− x1)m`′m`

[(
g∗sgs − g∗pgp

)
γµ +

(
g∗sgp − gsg

∗
p

)
γµγ5

]
.

4.

x1x2
(
g∗s − g∗pγ5

)
/pγ

µ
/p
′ (gs + gpγ5)

= x1x2
(
g∗sgs/pγ

µ
/p
′ + g∗sgp/pγ

µ
/p
′γ5 − gsg

∗
pγ5/pγ

µ
/p
′ − g∗pgpγ5/pγ

µ
/p
′γ5
)

= x1x2
[(
g∗sgs + g∗pgp

)
/pγ

µ
/p
′ +
(
g∗sgp + gsg

∗
p

)
/pγ

µ
/p
′γ5
]

= x1x2
(
g∗sgs + g∗pgp

) (
2/p

′pµ − 2
(
p′ · p

)
γµ + 2/pp

′µ − /p
′γµ/p

)
+ x1x2

(
g∗sgp + gsg

∗
p

) (
2/p

′pµ − 2
(
p′ · p

)
γµ + 2/pp

′µ − /p
′γµ/p

)
γ5

= x1x2
(
g∗sgs + g∗pgp

) (
2m`p

µ − 2
(
p′ · p

)
γµ + 2m`p

′µ −m2
`γ

µ
)

+ x1x2
(
g∗sgp + gsg

∗
p

) (
2m`p

µ − 2
(
p′ · p

)
γµ − 2m`p

′µ +m2
`γ

µ
)
γ5.

5.

− x2 (1− x2)
(
g∗s − g∗pγ5

)
/pγ

µ
/p (gs + gpγ5)

=− x2 (1− x2)
(
g∗sgs/pγ

µ
/p+ g∗sgp/pγ

µ
/pγ5 − gsg

∗
pγ5/pγ

µ
/p− g∗pgpγ5/pγ

µ
/pγ5
)

=− x2 (1− x2)
[(
g∗sgs + g∗pgp

)
/pγ

µ
/p+

(
g∗sgp + gsg

∗
p

)
/pγ

µ
/pγ5
]

=− x2 (1− x2)
[(
g∗sgs + g∗pgp

) (
2pµ − γµ/p

)
/p+

(
g∗sgp + gsg

∗
p

) (
2pµ − γµ/p

)
/pγ5
]

=− x2 (1− x2)
[(
g∗sgs + g∗pgp

) (
2m`p

µ −m2
`γ

µ
)
−
(
g∗sgp + gsg

∗
p

) (
2m`p

µ +m2
`γ

µ
)
γ5
]
.
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6.

− x2m`′
(
g∗s − g∗pγ5

)
/pγ

µ (gs + gpγ5)

=− x2m`′
(
g∗sgs/pγ

µ + g∗sgp/pγ
µγ5 − gsg

∗
pγ5/pγ

µ − g∗pgpγ5/pγ
µγ5
)

=− x2m`′
[(
g∗sgs − g∗pgp

)
/pγ

µ +
(
g∗sgp − gsg

∗
p

)
/pγ

µγ5
]

=− x2m`′
[(
g∗sgs − g∗pgp

) (
2pµ − γµ/p

)
+
(
g∗sgp − gsg

∗
p

) (
2pµ − γµ/p

)
γ5
]

=− x2m`′
[(
g∗sgs − g∗pgp

)
(2pµ −m`γ

µ) +
(
g∗sgp − gsg

∗
p

)
(2pµ +m`γ

µ) γ5
]
.

7.

− x1m`′
(
g∗s − g∗pγ5

)
γµ/p

′ (gs + gpγ5)

=− x1m`′
(
g∗sgsγ

µ
/p
′ + g∗sgpγ

µ
/p
′γ5 − gsg

∗
pγ5γ

µ
/p
′ − g∗pgpγ5γ

µ
/p
′γ5
)

=− x1m`′
[(
g∗sgs − g∗pgp

)
γµ/p

′ +
(
g∗sgp − gsg

∗
p

)
γµ/p

′γ5
]

=− x1m`′
[(
g∗sgs − g∗pgp

) (
2p′µ − /p

′γµ
)
+
(
g∗sgp − gsg

∗
p

) (
2p′µ − /p

′γµ
)
γ5
]

=− x1m`′
[(
g∗sgs − g∗pgp

) (
2p′µ −m`γ

µ
)
+
(
g∗sgp − gsg

∗
p

) (
2p′µ −m`γ

µ
)
γ5
]
.

8.

(1− x2)m`′
(
g∗s − g∗pγ5

)
γµ/p (gs + gpγ5)

= (1− x2)m`′
(
g∗sgsγ

µ
/p+ g∗sgpγ

µ
/pγ5 − gsg

∗
pγ5γ

µ
/p− g∗pgpγ5γ

µ
/pγ5
)

=(1− x2)m`′
[(
g∗sgs − g∗pgp

)
γµ/p+

(
g∗sgp − gsg

∗
p

)
γµ/pγ5

]
=(1− x2)m`′m`

[(
g∗sgs − g∗pgp

)
γµ −

(
g∗sgp − gsg

∗
p

)
γµγ5

]
.

9.

m2
`′
(
g∗s − g∗pγ5

)
γµ (gs + gpγ5)

= m2
`′
(
g∗sgsγ

µ + g∗sgpγ
µγ5 − gsg

∗
pγ5γ

µ − g∗pgpγ5γ
µγ5
)

= m2
`′
[(
g∗sgs + g∗pgp

)
γµ −

(
g∗sgp + gsg

∗
p

)
γµγ5

]
.

In the above calculation, the relations γµγν = 2gµν − γνγµ and γ5γ
µ = −γµγ5 are used

repeatedly. In the last line of each calculation, the momenta of the on-shell leptons are
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replaced by their masses via the equations of motion

/pu (p) = m`u (p) , (A.17)

u
(
p′
)
/p
′ = m`u

(
p′
)
. (A.18)

Now we have all ingredients for the one-loop contribution of dipole moments. Let us first

collect terms proportional to pµ and p′µ in the previous calculation. For the anomalous

magnetic dipole moment, we need to keep terms without γ5:

2m`

(
g∗sgs + g∗pgp

) [
(x1 + x2 − 1)

(
x1p

′µ + x2p
µ
)]

− 2m`′
(
g∗sgs − g∗pgp

) (
x1p

′µ + x2p
µ
)
.

(A.19)

The next step is to rewrite eq. (A.19) in the form with terms proportional to (p′ + p)µ

and (p′ − p)µ and keep the contributions from the former. We obtain

m`

(
g∗sgs + g∗pgp

)
(x1 + x2) (x1 + x2 − 1)

(
p′ + p

)µ −m`′
(
g∗sgs − g∗pgp

)
(x1 + x2)

(
p′ + p

)µ
.

(A.20)

By using the Gordon identity eq. (A.7), we can extract terms proportional to σµν (p′ − p)ν :

[
m`

(
g∗sgs + g∗pgp

)
(x1 + x2) (x1 + x2 − 1)−m`′

(
g∗sgs − g∗pgp

)
(x1 + x2)

] [
−iσµν

(
p′ − p

)
ν

]
.

(A.21)

The vertex function now reads

Γµ
a`

(
q2
)
=− i

Q`′

Q`

∫
dF3

∫
d4`

(2π)4
1

(`2 −D)3

×
[
m`

(
g∗sgs + g∗pgp

)
(x1 + x2) (x1 + x2 − 1)−m`′

(
g∗sgs − g∗pgp

)
(x1 + x2)

]
(iσµνqν)

=− i
Q`′

Q`

∫
dF3

−i
32π2D

×
[
m`

(
g∗sgs + g∗pgp

)
(x1 + x2) (x1 + x2 − 1)−m`′

(
g∗sgs − g∗pgp

)
(x1 + x2)

]
(iσµνqν)

=
Q`′

Q`

2m`

32π2

∫
dF3

m`′
(
g∗sgs − g∗pgp

)
(x1 + x2)−m`

(
g∗sgs + g∗pgp

)
(x1 + x2) (x1 + x2 − 1)

−x1x2q2 + (x1 + x2) (x1 + x2 − 1)m2
` + (x1 + x2)m2

`′ + x3m2
S

(
iσµνqν
2m`

)
= F2

(
q2
) iσµνqν

2m`
,

(A.22)
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where we have Wick-rotated the four-momentum ` and the result after integration is

∫
d4`

(2π)4
1

(`2 −D)3
= − i

32π2D
. (A.23)

Finally, we obtain the one-loop contribution to the anomalous magnetic dipole moment:

a` = F2 (0)

=
Q`′

Q`

m`

16π2
2

∫ 1

0
dx3

∫ 1−x3

0
dx2

∫ 1−x3−x2

0
dx1 δ (x1 + x2 + x3 − 1)

×
m`′

(
g∗sgs − g∗pgp

)
(x1 + x2)−m`

(
g∗sgs + g∗pgp

)
(x1 + x2) (x1 + x2 − 1)

(x1 + x2) (x1 + x2 − 1)m2
` + (x1 + x2)m2

`′ + x3m2
S

=
Q`′

Q`

m`

8π2

∫ 1

0
dx3

∫ 1−x3

0
dx2

m`′
(
g∗sgs − g∗pgp

)
(1− x3)−m`

(
g∗sgs + g∗pgp

)
(1− x3) (−x3)

(1− x3) (−x3)m2
` + (1− x3)m2

`′ + x3m2
S

=
Q`′

Q`

m`

8π2

∫ 1

0
dx3 (1− x3)

2 m`′
(
g∗sgs − g∗pgp

)
+ x3m`

(
g∗sgs + g∗pgp

)
x3m2

S + (1− x3)m2
`′ − x3 (1− x3)m2

`

.

(A.24)

For the electric dipole moment, we need to keep terms with γ5 in the numerator:

2m`

(
g∗sgp + gsg

∗
p

) [
−x1 (1− x1) p

′µ + x2 (1− x2) p
µ − x1x2

(
p′ − p

)µ]
γ5

− 2m`′
(
g∗sgp − gsg

∗
p

) (
x1p

′µ + x2p
µ
)
γ5. (A.25)

Following the same steps, we rewrite eq. (A.25) and keep terms proportional to (p′ + p)µ:

{
m`

(
g∗sgp + gsg

∗
p

)
[x2 (1− x2)− x1 (1− x1)]−m`′

(
g∗sgp − gsg

∗
p

)
(x1 + x2)

} (
p′ + p

)µ
γ5.

(A.26)

By using the Gordon identity eq. (A.7), we can extract terms proportional to σµν (p′ − p)ν :

{
m`

(
g∗sgp + gsg

∗
p

)
[x2 (1− x2)− x1 (1− x1)]−m`′

(
g∗sgp − gsg

∗
p

)
(x1 + x2)

}
×
[
−iσµν

(
p′ − p

)
ν

]
γ5. (A.27)
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The vertex function then reads

Γµ
d`

(
q2
)
=− Q`′

Q`

∫
dF3

∫
d4`

(2π)4
1

(`2 −D)3

×
{
m`

(
g∗sgp + gsg

∗
p

)
[x2 (1− x2)− x1 (1− x1)]−m`′

(
g∗sgp − gsg

∗
p

)
(x1 + x2)

}
× (−σµνqνγ5)

=− Q`′

Q`

∫
dF3

−i
32π2D

[
−m`′

(
g∗sgp − gsg

∗
p

)
(x1 + x2)

]
(−σµνqνγ5)

=− i
Q`′

Q`

1

32π2

∫
dF3

m`′
(
g∗sgp − gsg

∗
p

)
(x1 + x2)

−x1x2q2 + (x1 + x2) (x1 + x2 − 1)m2
` + (x1 + x2)m2

`′ + x3m2
S

(−σµνqνγ5)

= F3

(
q2
)
(−σµνqνγ5) .

(A.28)

In the above calculation, the term proportional to m` vanishes after we integrate over the

Feynman parameters since this part is antisymmetric under the exchange of x1 and x2.

Then, we obtain the one-loop contribution to the electric dipole moment:

d` = eQ`F3 (0)

=− i
eQ`′

32π2
2

∫ 1

0
dx3

∫ 1−x3

0
dx2

∫ 1−x3−x2

0
dx1 δ (x1 + x2 + x3 − 1)

×
m`′

(
g∗sgp − gsg

∗
p

)
(x1 + x2)

(x1 + x2) (x1 + x2 − 1)m2
` + (x1 + x2)m2

`′ + x3m2
S

=− i
eQ`′

16π2

∫ 1

0
dx3

∫ 1−x3

0
dx2

m`′
(
g∗sgp − gsg

∗
p

)
(1− x3)

(1− x3) (−x3)m2
` + (1− x3)m2

`′ + x3m2
S

=− i
eQ`′

16π2

∫ 1

0
dx3 (1− x3)

2 m`′
(
g∗sgp − gsg

∗
p

)
x3m2

S + (1− x3)m2
`′ − x3 (1− x3)m2

`

.

(A.29)

A.3.2 Charged scalar boson

The vertex function is written as

− ieQ`Γ
µ = −i6eQS

∫
d4k

(2π)4(
g∗s − g∗pγ5

) /k +m`′

k2 −m2
`′
(gs + gpγ5)

(
p′ + p− 2k

)µ 1

(p′ − k)2 −m2
S

1

(p− k)2 −m2
S

. (A.30)
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The denominator can be rewritten as

1[
(p′ − k)2 −m2

S

] [
(p− k)2 −m2

S

] (
k2 −m2

`′
) =

∫
dF3

1{
x1

[
(p′ − k)2 −m2

S

]
+ x2

[
(p− k)2 −m2

S

]
+ x3

(
k2 −m2

`′
)}3 . (A.31)

Then we can simplify the expression:

x1

[(
p′ − k

)2 −m2
S

]
+ x2

[
(p− k)2 −m2

S

]
+ x3

(
k2 −m2

`′
)

= x1p
′2 − 2x1p

′ · k + x1k
2 − x1m

2
S + x2p

2 − 2x2p · k + x2k
2 − x2m

2
S + x3k

2 − x3m
2
`′

=
[
k −

(
x1p

′ + x2p
)]2 − (x1p′ + x2p

)2
+ x1p

′2 + x2p
2 − (x1 + x2)m

2
S − x3m

2
`′

= `2 −D,

(A.32)

where

` ≡ k −
(
x1p

′ + x2p
)
, (A.33)

D ≡ −x1 (1− x1) p
′2 − x2 (1− x2) p

2 + 2x1x2
(
p′ · p

)
+ (x1 + x2)m

2
S + x3m

2
`′

= −x1 (1− x1)m
2
` − x2 (1− x2)m

2
` + 2x1x2

(
m2

` −
q2

2

)
+ (x1 + x2)m

2
S + x3m

2
`′

= −x1x2q2 + (x1 + x2) (x1 + x2 − 1)m2
` + (x1 + x2)m

2
S + x3m

2
`′ . (A.34)

In the numerator, we have

(
g∗s − g∗pγ5

)
(/k +m`′) (gs + gpγ5)

(
p′ + p− 2k

)µ
=
(
g∗s − g∗pγ5

) (
/̀+ x1/p

′ + x2/p+m`′
)
(gs + gpγ5)

[
p′ + p− 2

(
`+ x1p

′ + x2p
)]µ

.
(A.35)

Following the same argument as we discussed in the previous section, we keeping only

terms independent of `, we have

(
g∗s − g∗pγ5

) (
x1/p

′ + x2/p+m`′
)
(gs + gpγ5)

[
(1− 2x1) p

′ + (1− 2x2) p
]µ
. (A.36)

Then we simplify the numerator by performing a lengthy computation with the gamma

matrix algebra. Since the calculation is similar to the one perform in the previous section,

to save the space we skip this procedure. The vertex function for the anomalous magnetic
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dipole moment is given by

Γµ
a`

(
q2
)
=− i

QS

Q`

∫
dF3

∫
d4`

(2π)4
1

(`2 −D)3

×
[
m` (x1 + x2)

(
g∗sgs + g∗pgp

)
+m`′

(
g∗sgs − g∗pgp

)]
(1− x1 − x2)

[
iσµν

(
p′ − p

)
ν

]
=− i

QS

Q`

∫
dF3

−i
32π2D

×
[
m` (x1 + x2)

(
g∗sgs + g∗pgp

)
+m`′

(
g∗sgs − g∗pgp

)]
(1− x1 − x2) (iσ

µνqν)

=− QS

Q`

2m`

32π2

∫
dF3[

m` (x1 + x2)
(
g∗sgs + g∗pgp

)
+m`′

(
g∗sgs − g∗pgp

)]
(1− x1 − x2)

−x1x2q2 + (x1 + x2) (x1 + x2 − 1)m2
` + (x1 + x2)m2

S + x3m2
`′

(
iσµνqν
2m`

)
= F2

(
q2
) iσµνqν

2m`
.

(A.37)

We obtain the one-loop contribution to the anomalous magnetic dipole moment:

a` = F2 (0)

=− QS

Q`

m`

16π2
2

∫ 1

0
dx3

∫ 1−x3

0
dx2

∫ 1−x3−x2

0
dx1 δ (x1 + x2 + x3 − 1)

×
[
m` (x1 + x2)

(
g∗sgs + g∗pgp

)
+m`′

(
g∗sgs − g∗pgp

)]
(1− x1 − x2)

(x1 + x2) (x1 + x2 − 1)m2
` + (x1 + x2)m2

S + x3m2
`′

=− QS

Q`

m`

8π2

∫ 1

0
dx3

∫ 1−x3

0
dx2

[
m` (1− x3)

(
g∗sgs + g∗pgp

)
+m`′

(
g∗sgs − g∗pgp

)]
x3

−x3 (1− x3)m2
` + (1− x3)m2

S + x3m2
`′

=− QS

Q`

m`

8π2

∫ 1

0
dx3 (1− x3)x3

(1− x3)m`

(
g∗sgs + g∗pgp

)
+m`′

(
g∗sgs − g∗pgp

)
x3m2

`′ + (1− x3)m2
S − x3 (1− x3)m2

`

.

(A.38)

For the contribution to the electric dipole moment, the vertex function is given by

Γµ
d`

(
q2
)
=− QS

Q`

∫
dF3

∫
d4`

(2π)4
1

(`2 −D)3
m`′

(
g∗sgs − g∗pgp

)
(1− x1 − x2) (−σµνqνγ5)

=− QS

Q`

∫
dF3

−i
32π2D

m`′
(
g∗sgs − g∗pgp

)
(1− x1 − x2) (−σµνqνγ5)

= i
QS

Q`

1

32π2

∫
dF3

m`′
(
g∗sgs − g∗pgp

)
(1− x1 − x2)

−x1x2q2 + (x1 + x2) (x1 + x2 − 1)m2
` + (x1 + x2)m2

S + x3m2
`′
(−σµνqνγ5)

= F3

(
q2
)
(−σµνqνγ5) .

(A.39)
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The one-loop contribution to the electric dipole moment is then

d` = eQ`F3 (0)

= i
eQS

32π2
2

∫ 1

0
dx3

∫ 1−x3

0
dx2

∫ 1−x3−x2

0
dx1 δ (x1 + x2 + x3 − 1)

×
m`′

(
g∗sgs − g∗pgp

)
(1− x1 − x2)

(x1 + x2) (x1 + x2 − 1)m2
` + (x1 + x2)m2

S + x3m2
`′

= i
eQS

16π2

∫ 1

0
dx3

∫ 1−x3

0
dx2

m`′
(
g∗sgs − g∗pgp

)
x3

(1− x3) (−x3)m2
` + (1− x3)m2

S + x3m2
`′

= i
eQS

16π2

∫ 1

0
dx3 (1− x3)x3

m`′
(
g∗sgp − gsg

∗
p

)
x3m2

`′ + (1− x3)m2
S − x3 (1− x3)m2

`

.

(A.40)

A.4 Vector boson contribution

In this section, we perform the calculation of the general formulation in the vector sector.

For the Feynman diagrams and the corresponding Feynman rules, please refer to section

4.1.

A.4.1 Neutral vector boson

The vertex function is given by

− ieQ`Γ
µ = i6eQ`′

∫
d4k

(2π)4

γρ (g∗v + g∗aγ5)
/p′ − /k +m`′

(p′ − k)2 −m2
`′

γµ
/p− /k +m`′

(p− k)2 −m2
`′

γσ (gv + gaγ5)
gρσ

k2 −m2
V

. (A.41)

We can rewrite the denominator as

1[
(p′ − k)2 −m2

`′

] [
(p− k)2 −m2

`′

] (
k2 −m2

V

) =

∫
dF3

1{
x1

[
(p′ − k)2 −m2

`′

]
+ x2

[
(p− k)2 −m2

`′

]
+ x3

(
k2 −m2

V

)}3 . (A.42)

It has the same structure as the denominator of the neutral scalar mediation, with the

scalar boson replaced by a vector boson. Therefore, the denominator can be simplified to

∫
dF3

1

(`2 −D)3
, (A.43)
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where

` ≡ k −
(
x1p

′ + x2p
)
, (A.44)

D ≡ −x1x2q2 + (x1 + x2) (x1 + x2 − 1)m2
` + (x1 + x2)m

2
`′ + x3m

2
V . (A.45)

After the index contraction, the numerator becomes

γρ (g∗v + g∗aγ5)
(
/p
′ − /k +m`′

)
γµ
(
/p− /k +m`′

)
γρ (gv + gaγ5)

= γρ (g∗v + g∗aγ5)
(
−/̀+ (1− x1) /p

′ − x2/p+m`′
)
γµ

×
(
−/̀− x1/p

′ + (1− x2) /p+m`′
)
γρ (gv + gaγ5) .

(A.46)

Following the same procedure of the simplification of the numerator (lengthy calculations

with gamma matrix algebra), we obtain the vertex function for the anomalous magnetic

dipole moment as

Γµ
a`

(
q2
)
=− i

Q`′

Q`

∫
dF3

∫
d4`

(2π)4
1

(`2 −D)3
[−2m` (g

∗
vgv + g∗aga) (x1 + x2 − 1) (x1 + x2 − 2)

+ 4m`′ (g
∗
vgv − g∗aga) (1− x1 − x2)] (−iσµνqν)

= i
Q`′

Q`

∫
dF3

−i
32π2D

[−2m` (g
∗
vgv + g∗aga) (x1 + x2 − 1) (x1 + x2 − 2)

+ 4m`′ (g
∗
vgv − g∗aga) (1− x1 − x2)] (iσ

µνqν)

=
Q`′

Q`

2m`

32π2

∫
dF3

[−2m` (g
∗
vgv + g∗aga) (x1 + x2 − 1) (x1 + x2 − 2) + 4m`′ (g

∗
vgv − g∗aga) (1− x1 − x2)]

−x1x2q2 + (x1 + x2) (x1 + x2 − 1)m2
` + (x1 + x2)m2

`′ + x3m2
V

×
(
iσµνqν
2m`

)
= F2

(
q2
) iσµνqν

2m`
.

(A.47)
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From this, we can extract the form factor and the anomalous magnetic is then given by

a` = F2 (0)

=
Q`′

Q`

m`

16π2
2

∫ 1

0
dx3

∫ 1−x3

0
dx2

∫ 1−x3−x2

0
dx1 δ (x1 + x2 + x3 − 1)

× [−2m` (g
∗
vgv + g∗aga) (x1 + x2 − 1) (x1 + x2 − 2) + 4m`′ (g

∗
vgv − g∗aga) (1− x1 − x2)]

(x1 + x2) (x1 + x2 − 1)m2
` + (x1 + x2)m2

`′ + x3m2
V

=
Q`′

Q`

m`

8π2

∫ 1

0
dx3

∫ 1−x3

0
dx2 x3

[−2m` (1 + x3) (g
∗
vgv + g∗aga) + 4m`′ (g

∗
vgv − g∗aga)]

−x3 (1− x3)m2
` + (1− x3)m2

`′ + x3m2
V

=
Q`′

Q`

m`

4π2

∫ 1

0
dx3 (1− x3)x3

[2m`′ (g
∗
vgv − g∗aga)− (1 + x3)m` (g

∗
vgv + g∗aga)]

−x3 (1− x3)m2
` + (1− x3)m2

`′ + x3m2
V

.

(A.48)

Since the calculation is done in the Feynman gauge, we need to consider the contribution

from the unphysical scalar boson with a mass mV . The diagram is the one with the

neutral vector boson replaced by the unphysical neutral scalar boson, so the structure

is exactly the same as the one of the neutral scalar result, eq. (A.24), except that the

couplings are now replaced by the following relations:

gs =
gv
mV

(m` −m`′) , (A.49)

gp = − ga
mV

(m` +m`′) . (A.50)

Then we have the complete expression for the contribution of the neutral vector mediation:

a` =
Q`′

Q`

m`

4π2

∫ 1

0
dx3 (1− x3)x3

[2m`′ (g
∗
vgv − g∗aga)− (1 + x3)m` (g

∗
vgv + g∗aga)]

x3m2
V + (1− x3)m2

`′ − x3 (1− x3)m2
`

+
Q`′

Q`

1

8π2
m`

m2
V

∫ 1

0
dx3 (1− x3)

2

×
m`′

[
g∗vgv (m` −m`′)

2 − g∗aga (m` +m`′)
2
]
+ x3m`

[
g∗vgv (m` −m`′)

2 + g∗aga (m` +m`′)
2
]

x3m2
V + (1− x3)m2

`′ − x3 (1− x3)m2
`

.

(A.51)
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The vertex function for the electric dipole moment is

Γµ
d`

(
q2
)
=− i

Q`′

Q`

∫
dF3

∫
d4`

(2π)4
1

(`2 −D)3
4m`′ (1− x1 − x2) (g

∗
vga − gvg

∗
a) (−iσµνqνγ5)

=
Q`′

Q`

∫
dF3

−i
32π2D

4m`′ (1− x1 − x2) (g
∗
vga − gvg

∗
a) (−σµνqνγ5)

=− i
Q`′

Q`

1

8π2

∫
dF3

m`′ (1− x1 − x2) (g
∗
vga − gvg

∗
a)

−x1x2q2 + (x1 + x2) (x1 + x2 − 1)m2
` + (x1 + x2)m2

`′ + x3m2
V

(−σµνqνγ5)

= F3

(
q2
)
(−σµνqνγ5) .

(A.52)

This gives

d` = eQ`F3 (0)

=− i
eQ`′

8π2
2

∫ 1

0
dx3

∫ 1−x3

0
dx2

∫ 1−x3−x2

0
dx1 δ (x1 + x2 + x3 − 1)

× m`′ (1− x1 − x2) (g
∗
vga − gvg

∗
a)

(x1 + x2) (x1 + x2 − 1)m2
` + (x1 + x2)m2

`′ + x3m2
V

=− i
eQ`′

4π2

∫ 1

0
dx3

∫ 1−x3

0
dx2

m`′x3 (g
∗
vga − gvg

∗
a)

−x3 (1− x3)m2
` + (1− x3)m2

`′ + x3m2
V

=− i
eQ`′

4π2

∫ 1

0
dx3 (1− x3)x3

m`′ (g
∗
vga − gvg

∗
a)

x3m2
V + (1− x3)m2

`′ − x3 (1− x3)m2
`

.

(A.53)

Adding the contribution from the unphysical scalar diagram, we obtain the most general

structure of the electric dipole moment,

d` =− i
eQ`′

4π2

∫ 1

0
dx3 (1− x3)x3

m`′ (g
∗
vga − gvg

∗
a)

x3m2
V + (1− x3)m2

`′ − x3 (1− x3)m2
`

+ i
eQ`′

16π2
m2

` −m2
`′

m2
V

∫ 1

0
dx3 (1− x3)

2 m`′ (g
∗
vga − gvg

∗
a)

x3m2
V + (1− x3)m2

`′ − x3 (1− x3)m2
`

.

(A.54)



93

A.4.2 Charged vector boson

The vertex function is given by

− ieQ`Γ
µ = i6eQ`′

∫
d4k

(2π)4
γρ (g∗v + g∗aγ5)

/k +m`′

k2 −m2
`′
γσ (gv + gaγ5)

gρβ

(p′ − k)2 −m2
V

×G
[
gαβ

(
p+ p′ − 2k

)µ
+ gβµ

(
p− 2p′ + k

)α
+ gµα

(
−2p+ p′ + k

)β] gασ

(p− k)2 −m2
V

.

(A.55)

We can rewrite the denominator as

1[
(p′ − k)2 −m2

V

] [
(p− k)2 −m2

V

] (
k2 −m2

`′
) =

∫
dF3

1{
x1

[
(p′ − k)2 −m2

V

]
+ x2

[
(p− k)2 −m2

V

]
+ x3

(
k2 −m2

`′
)}3 . (A.56)

It has the same structure as the denominator of the charged scalar mediation, with the

scalar boson replaced by a vector boson. Therefore, the denominator can be simplified to

∫
dF3

1

(`2 −D)3
, (A.57)

where

` ≡ k −
(
x1p

′ + x2p
)
, (A.58)

D ≡ −x1x2q2 + (x1 + x2) (x1 + x2 − 1)m2
` + (x1 + x2)m

2
V + x3m

2
`′ . (A.59)

The numerator is given by

γα (g∗v + g∗aγ5) (/k +m`′) γα (gv + gaγ5)
(
p− p′ − 2k

)µ
+ γµ (g∗v + g∗aγ5) (/k +m`′)

(
/p− 2/p

′ + /k
)
(gv + gaγ5)

+ γµ (g∗v + g∗aγ5) (/k +m`′)
(
/p− 2/p

′ + /k
)
(gv + gaγ5) .

(A.60)
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After the simplification of the numerator, we obtain the vertex function for the anomalous

magnetic dipole moment

Γµ
a`

(
q2
)
=− i

G

eQ`

∫
dF3

∫
d4`

(2π)4
1

(`2 −D)3
[m` (x1 + x2) (1 + 2x1 + 2x2) (g

∗
vgv + g∗aga)

− 3m`′ (x1 + x2) (g
∗
vgv − g∗aga)] (−iσµνqν)

=− i
G

eQ`

∫
dF3

−i
32π2D

[m` (x1 + x2) (1 + 2x1 + 2x2) (g
∗
vgv + g∗aga)

− 3m`′ (x1 + x2) (g
∗
vgv − g∗aga)] (−iσµνqν)

=
G

eQ`

m`

16π2

∫
dF3

[m` (x1 + x2) (1 + 2x1 + 2x2) (g
∗
vgv + g∗aga)− 3m`′ (x1 + x2) (g

∗
vgv − g∗aga)]

−x1x2q2 + (x1 + x2) (x1 + x2 − 1)m2
` + (x1 + x2)m2

V + x3m2
`′

×
(
iσµνqν
2m`

)
= F2

(
q2
) iσµνqν

2m`
.

(A.61)

We obtain the anomalous magnetic dipole moment as

a` = F2(0)

=
G

eQf

m`

16π2
2

∫ 1

0
dx3

∫ 1−x3

0
dx2

∫ 1−x3−x2

0
dx1 δ (x1 + x2 + x3 − 1)

[m` (x1 + x2) (1 + 2x1 + 2x2) (g
∗
vgv + g∗aga)− 3m`′ (x1 + x2) (g

∗
vgv − g∗aga)]

−x1x2q2 + (x1 + x2) (x1 + x2 − 1)m2
` + (x1 + x2)m2

V + x3m2
`′

=
G

eQf

m`

8π2

∫ 1

0
dx3

∫ 1−x3

0
dx2

[m` (1− x3) (3 + 2x3) (g
∗
vgv + g∗aga)− 3m`′ (1− x3) (g

∗
vgv − g∗aga)]

−x3 (1− x3)m2
` + (1− x3)m2

V + x3m2
`′

=
G

eQf

m`

8π2

∫ 1

0
dx3 (1− x3)

2 [m` (3 + 2x3) (g
∗
vgv + g∗aga)− 3m`′ (g

∗
vgv − g∗aga)]

−x3 (1− x3)m2
` + (1− x3)m2

V + x3m2
`′

.

(A.62)

Since we are working in the Feynman gauge, we need to consider the contributions coming

from the unphysical Goldstone boson. This can be done by replacing the vector bosons in

the diagram with the scalar bosons of mass mV . There are two more diagrams that need

to be computed, one is the diagram with one of the two vector bosons replaced by a scalar

boson and the other is the diagram with both vector bosons replaced by scalar bosons.

We note that in the diagram with one scalar boson, there are two vector bosons for the
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replacement, so there are actually two diagrams in the one scalar boson case. These two

diagrams give the same contribution and therefore, in this case, we can simply twice the

result. The vertex function of the case with one scalar boson is given by

−ieQ`Γ
µ = G̃

∫
dF3

∫
d4`

(2π)4
1

(`−D)3
(
g∗s − g∗pγ5

)
(/k +m`′) γ

µ (gv + gaγ5) . (A.63)

From this we obtain the vertex function

Γµ =− G̃

eQf

m`

16π2

∫
dF3

x2 (g
∗
vgv − g∗aga)

−x1x2q2 + (x1 + x2) (x1 + x2 − 1)m2
` + (x1 + x2)m2

V + x3m2
`′

×
(
i
σµνqν
2m`

)
= F2

(
q2
)(

i
σµνqν
2m`

)
.

(A.64)

From this we can extract the anomalous magnetic moment from F2(0). The diagram

with two scalar bosons is just what we have calculated at the beginning of the appendix,

with the couplings replaced by the ones of the unphysical scalar boson, so we need not

repeat it again and simply replace the couplings in the expression. The expression of the

dipole moments are a bit complicated because we need to consider three different types

of diagrams in this case. They are given by

a` =
G

eQ`

m`

8π2

∫ 1

0
dx(1− x)2

m`(3− 2x)(g∗vgv + g∗aga)− 3m`′(g
∗
vgv − g∗aga)

xm2
`′ + (1− x)m2

V − x(1− x)m2
`

− G̃

eQ`

1

8π2
m`

mV

∫ 1

0
dx(1− x)2

m`(g
∗
vgv + g∗aga)−m`′(g

∗
vgv − g∗aga)

xm2
`′ + (1− x)m2

V − x(1− x)m2
`

− QV

Q`

1

8π2
m`

m2
V

∫ 1

0
dx (1− x)x

×
{
(1− x)m`

[
g∗vgv(m` −m`′)

2 + g∗aga(m` +m`′)
2
]

xm2
`′ + (1− x)m2

V − x (1− x)m2
`

+
m`′

[
g∗vgv(m` −m`′)

2 − g∗aga(m` +m`′)
2
]

xm2
`′ + (1− x)m2

V − x (1− x)m2
`

}
,

(A.65)
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d` = i
G

16π2

∫ 1

0
dx(1− x)2

3m`′(g
∗
vga − gvg

∗
a)

xm2
`′ + (1− x)m2

V − x(1− x)m2
`

+ i
G̃

16π2mV

∫ 1

0
dx(1− x)2

m`(g
∗
vga + gvg

∗
a)−m`′(g

∗
vga − gvg

∗
a)

xm2
`′ + (1− x)m2

V − x(1− x)m2
`

+ i
eQV

16π2
m2

`′ −m2
`

m2
V

∫ 1

0
dx(1− x)x

m`′(g
∗
vga − gvg

∗
a)

xm2
`′ + (1− x)m2

V − x(1− x)m2
`

,

(A.66)

where the first, second, third terms correspond to the diagram with two vector bosons,

one vector boson and one scalar boson, two scalar bosons, respectively.
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