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FOURIER-MUKAI TRANSFORMS FOR NON-COMMUTATIVE COMPLEX
TORI

NOBUKI OKUDA

ABSTRACT. Let X be a complex torus of dimension g and X be the dual torus. For any glg—1)/2-
tuple A of complex numbers of absolute value 1, we define a non-commutative complex torus X, as
a sheaf of algebras on a real torus of dimension g. We prove that if all components of A\ are roots of
unity, then the category of coherent sheaves on X is abelian and derlved—equlvalent to the category
of coherent sheaves on X twisted by an element of the Brauer group of X determined by .

1. INTRODUCTION

Let X and X be smooth projective varieties. An integral functor
(1.1) ®: D*(X) — D"(X)

between derived categories of coherent sheaves is said to be a Fourier—-Mukai functor if it is an
equivalence. A Fourier-Mukai functor ® induces an isomorphism

(1.2) HH(®): HH*(X) — HH*(X)

of Hochschild cohomologies. For any v € HH*(X), Toda [Tod09] gave a Cle]/(?)-linear category
Db(X,u) of first order deformations of X along u and an equivalence

(1.3) of: DX, u) — D(X, HH(®)(u))

extending ®.
The integral functor FM with the Poincaré line bundle as the integral kernel is the first example
of a Fourier-Mukai functor given by Mukai [Muk81] for an abelian variety X and the dual abelian

variety X. Under the Hochschild-Kostant—Rosenberg isomorphism
(1.4) HH?(X) = H(A*Tx) @ H (Tx) © H*(Ox),

the induced map HH(FM) sends H°(A?Tx) to H?*(Oy). This suggests that non-commutative de-
formations of abelian varieties are Fourier—-Mukai partners of gerby deformations of dual abelian
varieties.

While the notion of gerby deformations is well-established in terms of twisted sheaves, non-
commutative deformations are much harder to define in general. At the formal level, the Moyal
deformation quantizations give formal non-commutative deformations of complex tori, and derived
equivalences to formal gerby deformations are proved in [BBBP07]. The next problem is to construct
non-commutative tori and derived equivalences for non-formal parameters (or even as a family over
a complex manifold).

The first attempt to define non-commutative complex tori is given by Schwarz [Sch01], who intro-
duced the notion of complex structures on non-commutative tori, which are irrational rotation alge-
bras (see [Rie81], for example) regarded as non-commutative spaces in the sense of Connes|Con94].
Categories of holomorphic vector bundles on them are studied in [PS03].

In the paper [Blo10] and the preprint [Blo], Block discussed Fourier—-Mukai functors between non-
commutative complex tori and gerby deformations of dual complex tori, using DG categories which
include objects corresponding to quasi-coherent sheaves. In [Blo], he also announced to discuss
coherent sheaves in a paper in preparation.

We now explain the results of this paper. Let X = T/I" be a complex torus, where T' = (C*)¢
and I' is a discrete subgroup of T isomorphic to Z7. The dual complex torus X = Pic® X can
naturally be identified with I'/7 where T’ := Hom(I', C*) 2 (C*)? and T := Hom(T,C*) = Z9. Let

A e H3(T,U(1)) = U(1)99~D/2 be an element of the second group cohomology of T' with values in
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U(1). We construct a non-commutative deformation of X with parameter A. When A takes values
in roots of unity, we give an equivalence of the derived category of coherent sheaves on the non-
commutative deformation of X with parameter A and the derived category of coherent sheaves on
the gerby deformation of X with the same parameter \.

Our construction of non-commutative complex tori is different from those in [Sch01], [PS03] and
[Blo]. Ours can be regarded as a patching of Archimedean analog of quantum analytic tori in
[S0i09]. To prove the equivalence of derived categories, we use the idea of equivariant Fourier—-Mukai
transforms developed in [Sos12].

This paper is organized as follows: In Section 2, we discuss ¢-Weyl algebras as toy models to
motivate constructions in later sections. In Section 3, we recall Fourier—Mukai transforms for complex
tori. In Section 4, we define non-commutative complex tori by deforming sheaves of convergent
Laurent series rings on real tori. It can be regarded as an Archimedean analog of the construction
of quantum analytic tori in [S0i09]. In Section 5, we discuss a dual pair X — Y and Y — X of
finite coverings of tori associated with a deformation parameter \ with values in roots of unity. In
Section 6, we describe non-commutative complex tori whose deformation parameters take values in
roots of unity in terms of a finite sheaf of algebras. In Section 7, we collect basic definitions on
twisted sheaves on complex manifolds. In Section 8, we introduce Fourier-Mukai transforms from
gerby complex tori to non-commutative complex tori at roots of unity and state Theorem 8.1, which
is the main result in this paper. In Section 9, we recall basic definitions and results on finite group
actions on abelian and derived categories, and discuss twistings by group cocycles. In Section 10, we
discuss group actions on categories appearing in our construction. In Section 11, we prove Theorem
8.1.

Notations and conventions. We fix the complex number field C as the ground field. All modules
(resp. actions) are right modules (resp. actions) unless otherwise specified. In contrast, all group ac-
tions on categories are left actions. The word ‘non-commutative’ is synonymous with ‘not necessarily
commutative’.

For a ringed space X = (Z,0x), we write the ringed space (Z,Oxor = (Ox)°?) as X°P. The
category of Oy-modules will be denoted by Mod X. For an element a of a complex abelian Lie group
A, we write the right translation map A — A,z +— za as R,. For two or three complex manifolds
Zy, Zy or Zy, Zy, Z3, the projection to the first (resp. second) component Z; (resp. Zs) will be denoted
by pzl,Zz or pZ1,Z2,Z3 (resp. (]Zl’Z2 or qZI,ZZ,ZS)'

Acknowledgment. The author is deeply grateful to his advisor, Kazushi Ueda, for a lot of guidance,
useful comments, and encouragement. The author also thanks Masahiro Futaki for many useful
questions, one of which lead to the formula (6.9). Finally, the author has deep gratitude to his
parents for their various supports throughout his life.

2. ¢-WEYL ALGEBRAS

The category of Ox-modules is equivalent to the category of I'-equivariant Or-modules, and the
category of I'-equivariant C[T]-modules can be regarded as a toy model for it. The latter can be
identified with the category of modules over the crossed product algebra C[T] x I'.

For a parameter A\ = (\;;)i<icj<y € (C*)99~Y/2 the g-Weyl algebra is the non-commutative
deformation of C[T| defined by
(21) W)\ = (C(t{t, tQi, oo ,tj>/ (tzt] — Ai,jtjti)1§i<j§g 5
which gives C[T]if A=1:=(1,...,1).

Let @ = (g;,7)] ;-1 be a multiplicative period matrix, i.e. a matrix so that {v; = (g:;){_1}]_; is a
free generator of I'. The group I' acts on the ¢-Weyl algebra by

(2.2) ti = dijt
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which reduces to the natural action on C[T] when A = 1. The crossed product algebra W x I is
isomorphic to another g-Weyl algebra

(2.3) Whoi = C{t7,t5,. .. ,t;t, vE AL, ,7;>

J({tit; — Nijtitihi<ici<g {tivi — @i Viti o {1 11 =)
generated by 2g elements.

The parameter A describing a non-commutative deformation of X can be used to describe a gerby
deformation of the dual torus X:

Definition 2.1. A A\-twisted O -module is a pair (M, (p3);c7) consisting of an Op-module M and a
family (ps);¢z of morphisms ps: M — R M satisfying ps; 0 ps, = Aijps, 0 ps; for all i, j € {1,..., g}
such that ¢ < j.

As a toy model of A-twisted O ¢-modules, we consider modules over the g-Weyl algebra
(24) Wign=C(it,t5, ..., 1,553, )
Sl 813 jr, {83 — a5 Astiyag, {935 — MY hi<ici<g)s

which contains the ring of regular functions C[I'] := C[¢}, {5, ... ,£]. Note that the roles of ¢; and
7; are interchanged between (2.3) and (2.4).

A toy model for the deformed Poincaré line bundle, which should give the integral kernel of the
deformed Fourier-Mukai transform, is the (W o) ® W g1-module Py such that

~

.\ P
(1) P, =C[lI'| ®c W, as a ((C[F]) ® Wy-module,
(2) actions of ; are given by
(¢<£17£27 e ,l?g) ® ¢<t1, t2, e 7tg)) Y = w(fl,fz, e ,fg)f;l ® (b(thill, t2q£,}, e 7tgq;3)7

(3) actions of 4; are given by

Vs - (1?(517527 oty ® @t 7tg)) = P(t1Gi1s taio, - tglig) @ tid(tr, ta, ... 1),

Note that the action of 4; satisfies 4;9; = A ;9,9 since t;t; = A, jt;t; in Wy.

While ¢-Weyl algebras are only toy models and one has to work with analytic functions (such as
theta functions) rather than regular functions, they provide intuition behind constructions in later
sections. The duality between non-commutative deformations and gerby deformations is clearly
visible in this toy model. Note also that if all components of A are roots of unity, then W, is finite
over its center, which is the ring of functions on a finite quotient of T'.

3. FOURIER—MUKAI TRANSFORMS

We identify Ox-modules with I'-equivariant Op-modules. An element z € [' determines a I-
equivariant Op-module L; as the trivial Op-module equipped with the I'-action

(3.1) ¢(a) -y = plzy)a(y)™!
for v € I'. Since any t € T gives an isomorphism
(3.2) Li = Lo, o) = t(z)o(w)

of M-equivariant Op-modules, the map & — £; descends to a map I / T = X == Pic” X, which is an
isomorphism of groups because of the isomorphisms

(3.3) Li® Ly = Lawr,  d(x) @p(x) = d(x)(2).

The Poincaré line bundle P is the I' x TOp—equivariant O, p-module, defined as the trivial O -
module equipped with the left T-action

(3.4) t-o(x,z) =t(x)p(zx, t)
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and the right I'-action

(3.5) ¢z, 2) -y = dlay ", 2)2(y)

Let 5 be the map given by

(3.6) S TXTXT =T XT, (&, &9, x) — (2189, ).
The map s: X x X x X = X x X is defined similarly. Since the isomorphism
(3.7) m: (PP P @ (TP 5 5P, 9@ e o
of Op o p-modules is ToP x TP x [-equivariant, it defines an isomorphism
(3.8) m: (pXXX)P @ (¢FXX)P 5

os O, ¢, x-modules, which restricts to an isomorphism

(3.9) Miy 3y Loy @ Loy — Liya,

of Ox-modules on {2} x {Z2} x X where L; ~ P|x (s by definition.
The Fourier—Mukai transform is the integral functor with the Poincaré line bundle as the integral
kernel;

(3.10) FMp: DY(X) = DV(X), M RGXN).(F) Moo, . P).

XxX

It sends the skyscraper sheaf O; of a point z € X to the line bundle £;.

Theorem 3.1 ([Muk81]). The Fourier-Mukai transform FMp is an equivalence, whose quasi-inverse
is given by the integral functor FMp-1; with P~'[g] as the integral kernel.

To be more precise, Mukai proved this theorem for abelian varieties. A proof for complex tori can
be found in [BBBP07].

4. NON-COMMUTATIVE DEFORMATIONS OF COMPLEX TORI

Set
(4.1) w: T — |T| = (R™°)9, (1, T2, ..., xg) = (|z1], |22l . - -, |2g])-
For a product D = [[7_,(r;, R;) of open intervals, the ring w.Or(D) consists of Laurent series in g

variables with radii of convergence (r;, R;) for 1 <i < g.

Definition 4.1. A unitary deformation parameter is an element of Z2(T,U(1)), i.e., a map A: T X
T — U(1) satisfying

(4.2) A(ta, t3)M(trta, t3) " Nt tats)A(tr, 1) 7 =1

for all t1,t5, 135 € T.

Given a unitary deformation parameter A, the star product xy on w,O7(D) is defined by

(4.3) Sat | [ Dbt | =) > At ta)aby, | t,

teT teT teT \t1,ta€T, t1to=t

which is easily seen to be associative by using (4.2). The convergence of the right hand side follows
from

(44) Z )\(tlth)atlth S Z |a't1||bt2|

tita€T, tita=t t1,ta€T, tito=t
and
(4.5) > S an bl | t= D ladt | [ D Ibelt |,
teT \t1,t2€T t1ta=t teT teT
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which depends on the unitarity of A\. The resulting sheaf of associative algebras on |T'| will be denoted
by O, which turns |T'| into a non-commutative ringed space T, = (|T], O1,).
A cochain « € ZH(T,U(1)) bounding A\, ' € Z*(T,U(1)) is a map a: T — U(1) satisfying

(4.6) N(t,ta) = Mty to)a(t))a(ts)a(tity) L.

It gives an isomorphism

(4.7) Z ait — Z a(t)at
teT teT
of the ring of sections, which ensures that the isomorphism class of the sheat Or, of associative
algebras depends only on the cohomology class [\] € H2(T,U(1)).
The natural T-action on T" induces a T-action on |T'|, which lifts to a T-action on the ringed space
T, in such a way that the morphism p,: Oy, — (Rw(a)fl)*OTA of sheaves of associative algebras for
a € T is given by

(4.8) Z ast — Z ait(a)~ 't

teT teT

The action of I' on |T'| is free since w(y) = 1 for 1 # v € I' contradicts the freeness or the properness
of I'-action on 7'

Definition 4.2. The non-commutative complex torus associated with a complex torus X = T'/T" and
a unitary deformation parameter A € Z?(T,U(1)) is the non-commutative ringed space X := T/T.

Recall that a sheaf M of Oy-modules on a ringed space X = (X, Oy) is said to be coherent if
(1) M is finitely generated, i.e., for any point € X, there exists an open neighborhood U of x
and an epimorphism O™ |y — M|y — 0 for some m € N, and
(2) for any open set U and any m € N, the kernel of any morphism O$™|; — M|y is finitely
generated.

The full subcategory of Mod X consisting of coherent modules will be denoted by coh X.
Lemma 4.3. The sheaf Oy, is coherent.

Proof. 1t is clear that Or, is finitely generated. For any open subset U of |T|, a morphism a:: OF™ |y —
Or,|v is the same as a morphism &: OF"|o-1(r) = Or|e-1(1). For any z € U, let V. C U be an
open neighborhood of x obtained as the product of intervals. Then (V) is Stein and hence there
is an epimorphism /3 from Ogﬁ/ (v to the kernel of &|,-1(yy for some integer m'. We ensure that w,
is exact (and hence the morphism 5 = w, B is also an epimorphism) by applying [Tay02, Corollary
11.5.4] for every fiber of . This shows that ker « is finitely generated, and Lemma 4.3 is proved. [J

Non-commutative complex tori at A = 1 are usual complex tori:
Propositon 4.4. The adjunction @w* - w, induces an equivalence cohT" ~ coh T;.

Proof. Oka coherence theorem implies that an object of Mod T is coherent if and only if it is finitely
presented. Similarly, Lemma 4.3 implies that an object of Mod T; is coherent if and only if it is
finitely presented.
The functors @w* and w, induce mutually inverse functors on categories of finitely presented mod-
ules since
(1) the functor w, is exact (and hence preserves cokernels in particular),
(2) the functor @w* preserves cokernels since it is a left adjoint, and
(3) w. and @w* interchanges O and Of,.
O

Corollary 4.5. The adjunction (wyx)* - (wyx). induces an equivalence coh X ~ coh X;, where
wy: X — | X] is the map induced by w.

The category coh Ox, is abelian if Problem 4.6 below has an affirmative answer:
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Problem 4.6 (Oka coherence for non-commutative tori). Is Or, coherent?

Yet another problem is a generalization to non-unitary deformation parameters, which would be
needed for the duality with general gerby deformations.

5. DEFORMATION PARAMETERS AT ROOTS OF UNITY

As one can see (e.g. by noting that T-modules are equivalent to VANV ,t;t]—modules,
and the trivial T-modules Z has the Koszul resolution associated to ¢, — 1,to—1,...,t,—1) that the
cohomology H Z(T , A) with coefficients in an abelian group A with the trivial T-action is isomorphic to
HOHI(AiT/(AiT)torS, A) = A) (note that (AiT)torS is generated by torsion elements aAaAt; A« - - At;_g
(a,t1,... ti_y € T) of order 2). Let A € Hom(A2T, U(1)) be the element corresponding to the class
[\] € H2(T,U(1)) of a unitary deformation parameter A\ € Z%(T,U(1)), and set

(5.1) H o= {teT‘A(tAt’):lforallt’GT},
so that one has an exact sequence
(5.2) 15 H—-T—K-—1,

and [\] € H*(T,U(1)) descends to an element of H2(K,U(1)), which can be represented by a bilinear
cochain in Z2(K,U(1)).

For the rest of this paper and unless otherwise specified, we will assume that a unitary deformation
parameter A € Z2(T,U(1)) is contained in Z2(T, uy) for some positive integer N where py =

{C e U(1) ‘ N = 1} . This implies that K is a finite abelian group, and we will also fix a bilinear
map

(5.3) N K®Qp K — py

representing [Al.
The dual group K := Hom(K,C*) can be identified with the kernel of the map 7" — H dual to
the inclusion H — T, so that one has an exact sequence

(5.4) 1 K—=T™ H—1.

Since I'M K is the trivial group, the free action of K on 7" descends to a free action of K on X = T/T",
so that one has an exact sequence

(5.5) - K—>X5Y =1
where Y is a complex torus. We also have an exact sequence
(5.6) 15KV 5 X1

Since K goes to the identity under the homomorphism w: 7" — |T'|, there exists wy: Y — |X|
making the diagram

X —~=Y

(5.7) wx\ lwy

X

commute.



6. NON-COMMUTATIVE DEFORMATIONS AT ROOTS OF UNITY

We have an isomorphism
(6.1) m.0x =P L;
kek
of sheaves of Oy-algebras on Y = Pic’Y. The summand L; is locally generated by a monomial
function t € T representing k. We define a star product x) on m,Ox by

(62) *\ @Ekx@ﬁk%@ﬁk

kek kek kek
(6.3) (Dp)e W) = | D Ak, ka)my, 4, (67, ©g,)
ot ho=h i

We write the resulting sheaf (7,Ox, %)) of Oy-algebras as Oy, , and the ringed space (Y, Ox,) as
X,

Propositon 6.1. One has an isomorphism (wy).Ox, = Ox, of sheaves of algebras.

Proof. A direct calculation shows that

(64) Z atltl *\ Z bt2t2

tleT tQET

(6.5) = > > ant

teT/H \t1 mod H=t

(6.6) => | > > ( Aty to atlthtth)

b, to
t/ET/H to mod H=t'

teT/H \t'eT/H \t1 mod H=t \t2 mod H=t'

7 -y ([ ¥

teT/H \t'eT/H \t1 mod H=t

t t atl thtth

to mod H=v

(6.8) => | > )\(t,t’)mut/( anti, Y byt
t1 mod H=t

teT/H \veT/H to mod H=t'
coincide with x). O

Propositon 6.2. The adjunction (wy)* 4 (wy ). induces an equivalence coh X ~ coh X,.

Proof. We write the full subcategory of Mod X, (resp. Mod X)) consisting of coherent Oy-modules
(resp. Oy,-modules) as (coh )5 (resp. (cohY;)X*). Since Ox, is a finite Oy-algebra by defi-
nition and Oy, is a finite Oy,-algebra by Proposition 6.1, the category coh X, (resp. cohX,) is
equivalent to (coh Y)KA (resp. (coh Yl)K’\). It follows from Corollary 4.5 and Proposition 6.1 that
Ox, € ob(cohY;) and the adjunction (wy)* 4 (wy ). induces an equivalence (coh Y )5 ~ (coh Y1 )E2.

0]

In particular, Ox, is a coherent sheaf on X, and hence coh Ox, is an abelian category.

Remark 6.3. It follow§ from the definition of K that there exists an isomorphism Af: K — K such
that A(ky, ko) = ko(N(ky)). If we write the inverse of A as X\, and define w: K ®z K — U(1) by
w(ky, k2) = M (k1), My (k2)), then the star product on Ox, can alternatively be described as

(6.9 B ma () = o S wlin, )k ) (k).

jj k1,ko€K
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A coherent sheaf on X consists of an Oy-module M and a collection of morphisms {m;: M®L; —
M} such that the diagram
mf“l ®id

(6.10) Ak kz) id @my 7 my,

mi“lic2

M 51%11%2

M

commutes. The dual Oy-module M~! := Home, (M, Oy) equipped with the transposes of m; gives
a coherent sheaf on X3".

7. TWISTED SHEAVES

Let M be a complex manifold and o € H*(M, O};) be a second étale cohomology class of O3,.
Take an étale covering U = (U;); and a representative (o ;x) of a on Y. We write the projections
from U; x s U; to the first (resp. second) component as I; ; (resp. J; ;).

Definition 7.1. An a-twisted sheaf on M is a collection ((F;)i, (pi;)i;) of Opy,-modules F; and
isomorphisms p; ;: I}, F; — J;;F; satistying pl_,i 0 pjkopi; = o irid. An a-twisted sheaf is coherent
if all F; are coherent.

The category of a-twisted sheaves on M and the full subcategory consisting of a-twisted coherent
sheaves will be denoted by Mod M® and coh M “ respectively. Note that for an O,-algebra A and the
resulting ringed space X' := (M, A), we similarly can define the notion of a-twisted sheaves on X and
categories Mod X, coh X*. They do not depend on the choice of U and () up to equivalence.
One has the tensor product functor

(7.1) ®: Mod M® x Mod M — Mod M°~',

(7.2) (((F)is (pig)ig)s (F)is (05)i5)) = (Fi @ Fis (pig @ i )ig)
and the duality functor

(7.3) (=)' Mod M* — Mod M,

(7.4) ((Fi)is (pig)ig) — (Homoy, (Fi, Ov;))iy ((pi}))ig)-

If U consists of a principal G-bundle P on M for some discrete group G, then the isomorphism
(75) PXGp_)PXMPXM"'XMpa (y7917"-7gp)'_>(yayglayglg%"'aygl"'gp)

induces an isomorphism from the Cech complex C*(U, O%,) to the standard complex C*(G, 0% (P))
for group cohomology. The composite of the resulting map H?*(G,Oh(P)) — H*(M,03,;) with
the map H?(G,C*) — H*(G,O%(P)) will be denoted by tp: H*(G,C*) — H?*(M,O},). For any
A\ € H*(G,C*), an 1p(\)-twisted sheaf will simply be called a A-twisted sheaf. If G is a finite abelian
group, then tp(A) is a torsion element since any group cohomology of finite abelian group is torsion.
In other words, ¢p(\) is an element of the cohomological Brauer group Br(M) = H*(M, O%;)tors: A
M-twisted sheaf consists of an Op-module F and a A-twisted G-linearization of F, i.e., a collection
(Pg)gec of morphisms p,: F — RYF satisfying R} pg, 0 pg, = A1, 92) Pgrgs-

A A-twisted sheaf (F, (py)4ec) will also be called a A-twisted G-equivariant Op-module; it reduces
to a G-equivariant Op-module if A = 1 (which in turn is equivalent to an Op-module).

8. DEFORMED FOURIER—MUKAI TRANSFORMS

Let Q be the Poincaré line bundle on Y x Y. For a complex manifold Z, a sheaf of associative
algebras (p"?)*Ox, (resp. (p"#)*OF) will denoted by Ox,xz (resp. Oxoryz), and the resulting
ringed space will be denoted by Xy x Z (resp. X* x Z). Symbols Y x X* (resp. X x X*, X3P x X*)
denote (Y x X)) (resp. (X, x X )P (XP x X)),
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The deformed Poincaré line bundle Py is an object of coh Xy x X* ' defined as the Oy y-module
(8.1) Do ™)L, =PRrRQ
kek kek

equipped with the Oy = @kek(pyy)*ﬁk—action

(8.2) Do @)L, x @)L, @ o )L,

kek kek kek
(8.3) (Y ® D) (D7) > @@ )|
’;1’%26[%’];1]%2:]; ];,
and the A\~ !-twisted K-action (i.e. the A-twisted left K-action)
(8.4) p: D RLQ R, P R,Q
kek kek
(8.5) (D) = ANk KB ) b )
The deformed Fourier—Mukai transform
(8.6) FM,: D*(X?) — Db(X,)

is the integral functor with the deformed Poincaré line bundle as the integral kernel, i.e., the composite
of the pull-back

(8.7) (¢Y)*: D'(X*) = DV(Y x X,

the tensor product

(8.8) (=) @ Py: DY(Y x X*) = D*(X, x X),

and the push-forward

(8.9) R(p¥X),: DP(Xy x X) = D'(X)).

Its right adjoint is the integral functor FM; "' with the g-shift of

(8.10) Py li=Homo, _(Px,Oyy) € ob(coh X3P x X

as the kernel, since
e the push-forward R(qY’Ylk is right adjoint to the pull-back (qyy)*,
e the tensor product Py ' ® (—) is right adjoint to the tensor product (—) ® Py, and
e the pull-back (p¥*)*[g] shifted by g is right adjoint to the push-forward R(p¥X), because

DP(X,) is Calabi-Yau of dimension g and D?(X, x X) is Calabi-Yau of dimension 2g (it will
be proved in Section 10).

Theorem 8.1 below is the main result in this paper:
Theorem 8.1. The deformed Fourier—Mukai transform FM, is an equivalence of derived categories
for any N € N and any A\ € H*(T, ).
Remark 8.2. Let O¢ ,p be the sheaf associative algebras (@ x id).Op, p, with a non-commutative

associative product defined by the formula similar to (4.3), but a, and b, are functions on I'. For
any A € H?(T,U(1)) not necessarily at roots of unity, it is natural to expect that coh X* is derived-
equivalent to coh X,. Although the latter is not known to be abelian, we can define the deformed

Poincaré line bundle P, as an object of Mod (X,\ x X ’\71) , Le. a Op p-module equipped with a

M-twisted left T-action and a right [-action. X
P is defined by a free Oy, p-module of rank 1 equipped with a A-twisted left T-action

(8.11) 7o, &) = A(x) x5 ¢, 29)
9



and the right I'-action

(8.12) G, &) -y = play ™", &) *y 2(7) 7

9. FINITE GROUP ACTIONS ON ABELIAN AND DERIVED CATEGORIES

It is natural to examine group actions on DG-categories in relation to group actions on derived
categories and equivariant Fourier-Mukai transforms. However, coherent data for group actions on
DG-categories are more intricate than those for group actions on abelian categories. As such, we will
concentrate on group actions on abelian categories and the actions they induce on derived categories.

A weak action of a finite group G on a category C is a family (g.),eq of autoequivalences g.: C — C
such that the functor (g1 ).0(g2)* is isomorphic to (g192). for any g1, go € G. An action is a weak action
equipped with a coherence data, i.e., a family (cg, 4,)g1.g0cc Of iSomorphisms ¢y, 4, (1)« © (g2)x —
(9192)+« of functors such that the diagram

Cg1,92

(g1)x 0 (92)x 0 (g3)x —— (9192)«© (93)«

(9.1) ngvgsl ‘391924;31

(91)+ 0 (g205). =2 (g19293).
commutes for any gq, 92,93 € G (cf. e.g. [Del97]). An action is strict if the coherence data consists
of identities.
Let C be a category equipped with an action of a finite group GG. The following definition is taken
from [Sos12]:

Definition 9.1 ([Sos12, Definition 3.1]). A linearization of A € ob(C) is a family (p,)geq of isomor-
phisms p,: A = g, A such that the diagram

Pgy

A —— (q1):A

091,920(91)*(/’92)

(9.2)

Pg192

(9192)*A

commutes for any g1,92 € G. An equivariant object is an object equipped with a linearization. A
morphism of equivariant objects from (A, (py)gec) to (A’ (p))gec) is a morphism ¢: A — A’ such
that the diagram commute

A -2

(9.3) Pgl P'gl
g A BN g A’

commutes.

The category of G-equivariant objects in C will be denoted by C“. For the rest of this paper and
unless otherwise specified, we will assume that C is a C-linear category and weak actions consists of
C-linear functors.

Propositon 9.2 ([Sos12, Proposition 3.2]). If C is abelian, then so is CY.

We extend the above constructions to twisted group actions. Let ¢ be a second cocycle of G with

values in C*.
10



Definition 9.3. A ¢-twisted linearization of A € ob(C) is a family (p,),ec of isomorphisms p,: A =
g+ A such that the diagram

Pgy

A—— (g1):A

(94) 091,920(91)*(/’92)

#(91,92)Pg1 95
(9192)*14

commutes for any gi,92, € G. Morphisms of ¢-twisted equivariant objects are defined in the same
way as in C.

A ¢-twisted linearization of A € ob(C) is equivalent to a linearization of A for G-action {p,}gec
equipped with a coherence data (¢(g1, ga) " Cg1.00)g1.00cc- The category of ¢-twisted equivariant ob-
jects will be denoted by C%?. The cocycle condition on ¢ ensures the equality of

(9.5) Pgs © Pgs © Pgi = Pgs © (D91, 92)Pgrg5) = D(91, 92)D(91925 93) Pgrggs
and
(96) p93 o pg2 o pg1 = (¢(927 g3>p9293) o pg1 - ¢(927 g3)¢(gl) 9293>pg1g2937

where we have omitted (g;). and so on. If a pair of cocycles ¢ and ¢’ differ by the coboundary of
a € CY(G, C*), then there exists an equivalence C%¢ — C%% sending (4, (p,).ec) to (A, (a(g)py)eea)
Explanations of relations between group cohomology of G in low degrees and (weak) G-actions are
found in [BO20].

Corollary 9.4 below is obtained by applying Proposition 9.2 to the G-action equipped with a
coherence data ((91, g2) ™" ¢4y .92 ) 91,926

Corollary 9.4. If C is abelian, then so is C%¢.
By applying the free-forgetful adjunction
(9.7) Free - Forget
between
(9.8) Free: C—C%,  Am [ P(d).A, (pg =Y g, 9) (id: (99').A — g*(g')*A))
geG g'eG geG
and

(9.9) Forget: C¢ — C, (A, (pg)gec) — A

to the opposite categories and using the equivalence (C¢)P ~ (C°*)%*™" one obtains an adjunction

(9.10) Forget - Free.

For any (A, (pg)gec), (A, (p})gec) € C9?, the space Home (A, A’) comes with a natural linear action
of GG in such a way that the diagram

A XA

(9.11) pgl p’gl

g.A g+ (x°9) g A/

11



commutes since

(9.12) X 9192 = ((g1.) " (P, o x © Pgll))

(9.13) = (g2¢) " (P, 0 ((g1) 7" P'gl °ox 0 p,)) 0 pg,))

(9.14) = (920) " (914) " (g1, © (Pl 0 X 0 pyt) © Gy,
(9.15) = ((9192)) " (891, 92)P}yg) © X © (6(91, 92) Pgrg) ™)
(9.16) =X G192

It follows from the definition that

(9.17) Homee ((A, (pg)gec), (4, (p;)geg)) = Home(A, A’)G.

A functor ®: C — C’ between categories with G-actions is said to be G-equivariant if it is equipped
with a family (a,),eq of natural isomorphisms a,: ® o g, — g, o ® of functors such that the diagram

ag a

P o (g1)x 0 (g2)- — (91)s 0 @ o (g2)- - (91)x 0 (g2)x 0 ®

(9.15) /

P o (g192)« = (9192)« 0 @

commutes. A G-equivariant functor ®: C — C’ induces a functor ®¢: C&® — C'%¢ sending an

object (A, (pg)gec) to (®(A), (ag o ®(py))gec) and a morphism f: (4, (pg)gec) — (A, (Plg)geG) to
D(f): (A) — P(A). Tt is straightforward to show that ¢ send G-equivariant objects to G-
equivariant objects.

Propositon 9.5. If ® is right (resp. left) exact, then so is ®¢.

Proof. Since Free and Forget are mutually both left and right adjoint to each other, they are exact,
so that a sequence A — B — (' in C%? is exact if and only if Forget(A) — Forget(B) — Forget(C)
is exact in C. U

Now we discuss the derived category of C¢.

Propositon 9.6. An object (I, (p,)gec) € 0b(CE?) is injective if and only if so is I € ob(C). The
category C%? has enough injectives if and only if so is C.

Proof. It I is injective, then the functor
(9.19) A+ Homgo,s(A, (1, (p,))) = Home(Forget(A), 1)

is exact, since Forget is exact, [ is injective, and taking the G-invariant part is exact.
Conversely, if (I, (py)) is injective, then the functor

(9.20) A — Home (A, I) = Homee.s (Free(A), (I, (py)))

is exact.

Let (A, (p,),) be an object in C%?. If C has enough injectives, then a monomorphism A — I into
an injective object I € ob(C) gives a monomorphism A — Free I into Free I, which is injective in
Ccoe,

Conversely, if C%? has enough injectives, then for any A € ob(C), a monomorphism Free A — [
into an injective I € ob(C%?) gives a monomorphism A — Forget I into an injective Forget I. O

Assume that C has enough injectives. For any pair A, B € ob(D*(C%*?)) of objects, the space
Hom(Forget(A), Forget(B)) has a natural G-action in such a way that

(9.21) Hom(A, B) = Hom(Forget(A), Forget(B))°.

Propositon 9.7. If D*(C) is Calabi-Yau of dimension n, then so is D*(C%?).
12



Proof. There exists a natural isomorphism
(922) HOIl'lDb(C) (A, B) = HOHlDb(C) (B, A[TL])*

for A, B € ob(D"(C%?)), since D*(C) is Calabi-Yau of dimension n. It is G-equivariant by the
naturality, so it induces an isomorphism on G-invariant part. This means that D*(C%?) is also
Calabi—Yau of dimension n by (9.21). O

A G-equivariant left exact functor ®: C — C’ induces functors R®: D*(C) — D*(C') and
ROE?: DH(CH?) — DH(C'Y?). If RO is fully faithful, then so is R®%? by (9.21).

10. GROUP ACTIONS ON COHERENT SHEAVES

An action of a finite group G on a complex manifold Z induces a strict G-action (R;) gec on coh Z.

In the case of the K-action on Y, one obtains (coh Y)¥* ~ coh X*.

Another example of a finite group action on the category of coherent sheaves comes from a coherent
injection from a finite abelian group G to the Picard group Pic’ Z of a complex manifold Z, i.e., a
family {L£,},ec of line bundles and a family (my, 4, )g1.gocc Of isomorphisms my, g,: L4, @ Ly, = L4
such that the diagrams

Mgy ,g9®id
£91®’C92®£g3 £9192®‘C93
(101) id®m92,g3l mg192,93J(
Mg1,9293
Egl ® ‘CQQ% ﬁglgzgs
Mgy,92

£91 ® Egz - ‘69192

(10.2) l /

Ly, @ Ly,
commutes, inducing a G-action ((—) ® 551))5,66, on coh Z. Here, the vertical arrow in (10.2) comes
from the canonical symmetric monoidal structure in coh Z. If Z is compact and connected, then one
has Aut £ = C* for any line bundle £, and an example of a coherence data (my, 4,)g g.cc cOmes from
a choice of a collection (¢,)4eq of linear isomorphisms ¢: (£,), — C from the fibers (£,), of £, at
an arbitrarily chosen and fixed base point z € Z to the complex line.

A ¢-twisted G-linearization (py)gec of M is equivalent to a family (mg),eq of morphisms

(10.3) My = (gs) 'pg: M@ Ly — M
such that diagram

M® Ly ® Ly —2 M® Ly,

(10.4) o
¢(91792)m9192

M

commutes. The category (coh Z)% is equivalent to coh Ag, where Ay is the sheaf of O z-algebras ob-
tained as the O z-module @geG L, equipped with the multiplication given by Zgl e d(g1, g2) Mg, g,
If p =1, Ay is commutative by the commutativity of (10.2). In particular, coh X is equivalent to
(coh V)52, By Proposition 9.7, D?(X,) is Calabi-Yau of dimension g and D?(X x X) is Calabi-Yau
of dimension 2¢g, which were needed to prove that FM;1 is right adjoint to FM,.

13



11. PROOF OF THEOREM 8.1

Functors FM, and FMg are the right derived functors of functors

(11.1) FM3®: coh X* — coh X,
(11.2) M= (P (¢ ) Mo, P)
and
(11.3) FM%: cohY — cohY
(11.4) M= )@y Mo, Q)
of abelian categories.

Since
(11.5) FME(RM) = (0"7). (¢ ) RpM © Q)
(11.6) =~ (P )Ry (@) RIM © Q)
(11.7) =~ (). ((¢") M@ Ry ;1) Q)
(11.8) ~ )y Me Qe (V)L
(11.9) = ()@ )Mo Q@ Ly
(11.10) = FMy (M) ® L,

for any § € K and M € ob(coh Y), FMaQb commutes with the weak K-action. The commutativity
of the diagram (9.18) in this case is a straightforward diagram chasing. This turns F MaQb into a
K-equivariant functor, inducing a functor

(11.11) (FMZ)RA: coh X — coh X,y

Lemma 11.1. The functor (FMaQb)k”\ is isomorphic to FM3> .

Proof. The squares on the left and the right of the diagram

A Y,V \#\K,A R N e (— K\ . . Y, X . KA .
(coh V)X L0 eon(y x ¥))EA T2 oy x X))EA D0 (o v )R
R Y,V R _ R Y, X R
coh XA — T on(y x X TP coh(Xy x X) —7 coh X
commute by definition, and the natural isomorphism
1) ey @it @ Fu(M o, O D Mo, iy

yeK §'eK

whose K -equivariance can be checked by a straightforward computation, gives the commutativity of
the square in the middle. O

Therefore ]R(FMaQb)K A and FM, are isomorphic. Hence FM, is fully faithful as explained at the
end of Section 9. Similarly, the right adjoint FM;1 of FM,, whose kernel is given by the g-shift of

(8.10), is also fully faithful, and Theorem 8.1 is proved.
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