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Abstract

Since the discovery of the quantum Hall effect, topology of band structures has attracted much
interest in condensed matter physics. One of the most important concepts in topological materials
is the bulk-boundary correspondence that guarantees one-to-one correspondence between bulk
topological invariants and the existence and absence of edge-localized modes. Since the topological
invariants are unchanged under the adiabatic deformation of Hamiltonians, associated edge modes
are also robust against disorder, which is of applicational interest in topological materials. Recent
studies have also revealed the existence of topological edge modes in various media, including
fluids, photonic metamaterials, biological systems, and ultracold atoms.

While the conventional studies of topological edge modes are based on the band structure
of linear systems, nonlinear dynamics is ubiquitous in nature. Recent studies have also found
edge states in such nonlinear systems. In particular, they have shown that the interplay between
topological physics and nonlinear physics can lead to nonlinear modification of edge modes, such as
topological solitons. However, most of the previous studies have focused on conservative systems,
and thus the role of topology in dissipative nonlinear systems has been largely unexplored. Another
problem is that there are only a few studies on the topological invariants that characterize the
topology of nonlinear systems, and thus the bulk-boundary correspondence in nonlinear systems
has been unelucidated.

In this thesis, we reveal topological edge modes and their bulk-boundary correspondence unique
to nonlinear systems. Specifically, we investigate topological edge modes in both conservative and
dissipative systems and show that edge modes can ubiquitously appear in nonlinear systems. We
also propose the topological invariants that characterize nonlinear topology and discuss in what
range of strength of nonlinearity the bulk-boundary correspondence is guaranteed in nonlinear
systems.

In the first part, we investigate the role of topology in nonlinear oscillators and find the topo-
logical synchronized state where the edge oscillators are synchronized, while the bulk ones are
chaotic. This is a nonlinear counterpart of topological insulators, which are insulating in the bulk
and metallic at the edge. One can realize such topological synchronized states by introducing topo-
logical linear couplings to periodically aligned nonlinear oscillators. We construct and analyze toy
models and numerically demonstrate the existence of the topological synchronization. Since the
toy models are constructed from different topological linear couplings, such as those of an excep-
tional edge mode, a non-Hermitian Chern insulator, and a Hermitian topological insulator, the
topological synchronization is ubiquitous in nonlinear oscillators with topological linear couplings.
To show the chaos in the bulk oscillators, we also conduct the Lyapunov analysis of the models
and find the edge-localized Lyapunov vectors, which resemble topological edge modes in linear
systems. The topological synchronized state is also useful to robustly control the synchronization
of oscillators. Specifically, we demonstrate that one can arrange synchronized oscillators in a
desired pattern by using the topological synchronization. We also propose the electrical-circuit
realization of the topological synchronized state. These results clarify the existence of topological
edge modes in dissipative nonlinear systems and thus indicate the ubiquity of topological edge
modes in nature.

In the second part, we propose a nonlinear Chern number that characterizes the topology
of two-dimensional nonlinear systems and analyze its bulk-boundary correspondence. To define
the nonlinear Chern number, we consider the extension of an eigenvalue problem to nonlinear
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systems. Then, assuming the plane-wave ansatz that we name the Bloch ansatz, we derive the
wavenumber-space description of the eigenvalue problem and construct an analogy to a band
structure. Finally, from the nonlinear eigenvectors, we construct the nonlinear extension of the
Chern number. To discuss the bulk-boundary correspondence of the nonlinear Chern number,
we analyze a minimal model of a nonlinear Chern insulator. The bulk-boundary correspondence
is shown both numerically and analytically in weakly nonlinear systems. Surprisingly, we find
that stronger nonlinear effects induce anti-localized zero modes, which have no counterparts in
linear systems. The bulk-boundary correspondence under stronger nonlinearity is specified as the
nonzero topological invariant indicates the existence of edge-localized gapless modes, while the
zero topological invariant indicates the absence of gapless modes or the existence of anti-localized
zero modes. We analytically show such bulk-boundary correspondence in the continuous limit
of the minimal model and numerically confirm the bulk-boundary correspondence in the finite
lattice system. It is noteworthy that the nonlinear Chern number depends on the amplitude of
the Bloch wave and thus the existence and absence of associated localized modes can be tuned by
the amplitude, which is termed the nonlinearity-induced topological phase transition. Therefore,
the nonlinear Chern number describes inherently nonlinear topological phases.

In the third part, we reveal the transition from topological edge modes to chaotic zero modes in
nonlinear topological insulators. Such transition to chaos can be a mechanism of the breakdown
of the bulk-boundary correspondence under strong nonlinearity. Therefore, the result provides
the guiding principle to study nonlinear topology by clarifying the limitation of the strength of
nonlinearity where the bulk-boundary correspondence is valid in the sense discussed in the second
part. Specifically, we analyze a minimal model of one-dimensional nonlinear topological insulators
and derive the dynamical system describing the spatial distribution of its zero modes. Then, we
show that the dynamical system exhibits the period-doubling bifurcation to chaos. The bifurca-
tion point provides the upper bound of the parameter where the bulk-boundary correspondence
holds. We also propose the meaning of the absolute value of a nonlinear topological invariant; it
corresponds to the dimension of the stable manifold of the dynamical system describing the spatial
distribution of zero modes. We show such correspondence in an extended model of one-dimensional
nonlinear topological insulators whose topological invariant can be two or more depending on the
parameter. Even in such higher-invariant cases, the bifurcation to chaos can occur and induce
the breakdown of the bulk-boundary correspondence. Therefore, the bifurcation to chaos can
be a ubiquitous mechanism of the breakdown of the bulk-boundary correspondence in nonlinear
topological insulators.

These results clarify the existence of topological edge modes in a variety of nonlinear systems
and the bulk-boundary correspondence and its breakdown. Since the technique used in our study
can be applied to other dimensions and symmetries, our proposals should form the basis to study
the role of topology and the bulk-boundary correspondence in a broad range of nonlinear systems.
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Chapter 1

Introduction

1.1 Overall introduction of this thesis

Topology is a field of mathematics that discusses the geometrical properties unchanged under
continuous deformations. A typical example of the topological properties of manifolds is a genus,
i.e., the number of holes. Since a genus is a topological invariant that is unchanged under con-
tinuous deformations, one cannot transform a donut into a ball by continuous deformations of
the manifold. The notion of topology is also of practical interest in recent studies of condensed
matter physics because of the discovery of topological materials [1–3]. In topological materials,
we consider the topology of band structures, which are defined in the wavenumber space. Then,
the band structure is characterized by topological invariants such as the Chern number calculated
from the associated eigenvectors. The key principle of topological materials is the bulk-boundary
correspondence which guarantees one-to-one correspondence between nonzero topological invari-
ants and the existence of gapless boundary modes. Since the topological invariants are unchanged
under the adiabatic deformations that do not close band gaps, topological boundary modes are
also robust against disorders, which leads to unique functionalities of topological materials such
as backscattering-free current. While the pioneering works of band topology [4,5] investigated the
quantum Hall effect in two-dimensional semiconductors under the broken time-reversal symmetry,
topological boundary modes can appear in various setups including three-dimensional systems [6]
and time-reversal symmetric systems [7, 8].

While conventional studies on topology have focused on the electronic band structures, one
can make analogies between the dispersion relations of classical and quantum systems and thus
can discuss the topological properties in a wider range of systems. For example, recent studies
have revealed the existence of topological edge modes in photonics [9–11], fluid [12,13], ultracold
atoms [14,15], electrical circuits [16,17], and mechanical lattices [18–20]. Unlike the conventional
Schrödinger equation, the general linear dynamics can be described by the non-Hermitian Hamil-
tonians [21] in classical and open quantum systems. As a direct result of the complex eigenvalues
of the non-Hermitian Hamiltonians, one can realize the amplification of edge modes, which can be
utilized as topological lasers [22,23]. Furthermore, the complex eigenvalues enrich the topological
phases of non-Hermitian Hamiltonians, which is known as the point-gap topology [24]. Another
non-Hermitian topological feature is the existence of exceptional points [25,26], and they can even
protect the gapless edge modes in a different way from the conventional topological insulators [27].

On another front, nonlinear dynamics play important roles in various fields of science. A typical
example of a nonlinear system is a nonlinear oscillator [235, 249], which oscillates in the balance
of the injection and dissipation of energy. The collective motion of such nonlinear oscillators
that is termed synchronization plays crucial roles in, e.g., biology [30–33] and engineering [34–36].
Another example of nonlinear dynamics is found in photonics, where the Kerr nonlinearity enriches
the behaviors of photonic metamaterials [37–39]. The self-focusing effect by the Kerr nonlinearity
can induce solitary waves of light, which cannot spontaneously appear in linear systems. The
nonlinearity is also found in quantum bosonic systems by considering the mean-field theory [40,41].

1



2 Chapter 1 Introduction

Among nonlinear phenomena, chaos is one of the most important concepts in nonlinear sys-
tems. The defining feature of chaos is the sensitivity to the initial condition [249]. Such sensitivity
is measured by so-called Lyapunov exponents, and by numerically calculating them various studies
have investigated chaos in nonlinear dynamical systems. Chaos can be found from small to large
systems. If we consider discrete dynamical systems, even one-dimensional nonlinear systems can
exhibit chaos, which is exemplified by the logistic map [42]. On the other hand, chaos can appear
in the dynamics of, e.g., atmosphere, and thus studies of chaos are of both mathematical and
practical interest.

As the counterparts of topological materials are found in classical and non-Hermitian sys-
tems, there have been attempts to extend the notion of topology to nonlinear systems [38,39,43].
Previous studies have revealed nontrivial interplays between topological edge modes and non-
linear phenomena, such as topological edge solitons [44, 45]. Furthermore, the nonlinearity can
induce the amplitude dependence of topological phases, i.e., the nonlinearity-induced topological
phase transitions [46–48]. However, despite these discoveries of nonlinear topological edge modes,
the bulk-boundary correspondence in nonlinear systems is unelucidated. In addition, the role
of topology in dissipative nonlinear systems [49] is much less understood than that in conserva-
tive nonlinear systems. In particular, interplays between topological edge modes and nonlinear
phenomena such as synchronization and chaos have been largely unexplored.

In this thesis, we first explore the role of topology in nonlinear oscillators, which are typical
dissipative nonlinear systems. We here find the topological synchronized state, where the edge
oscillators are synchronized and the bulk oscillators are desynchronized. One can realize such
topological synchronization by introducing topological linear couplings to nonlinear oscillators.
We also conduct the Lyapunov analysis on the models of the topological synchronized state and
reveal the chaos of the bulk oscillators and the existence of edge-localized Lyapunov vectors. We
also propose applications such as on-demand pattern designing. These results reveal the nontrivial
connection between the physics of topological materials and synchronization and chaos.

We next investigate the bulk-boundary correspondence in nonlinear systems. Specifically, we
propose the extension of topological invariants via the nonlinear eigenvalue problem [47, 48]. By
analyzing the minimal model of nonlinear topological insulators, we reveal the bulk-boundary cor-
respondence of such nonlinear topological invariants under moderate nonlinearity. In particular,
we can analytically show the bulk-boundary correspondence in weakly nonlinear or continuum
systems. Meanwhile, strong nonlinearity can alter the bulk-boundary correspondence in nonlin-
ear systems. In fact, by analyzing zero modes in one-dimensional nonlinear systems, we find that
strong nonlinearity can induce the transition from topological edge modes to chaotic zero modes
and thus can break the bulk-boundary correspondence. We also discuss the bulk-boundary corre-
spondence between the absolute values of the topological invariants and the dimension of the stable
manifold. Such bulk-boundary correspondence can also be broken by the chaos transition. These
findings should provide the guiding principle to investigate the bulk-boundary correspondence in
nonlinear systems and thus can lead to a complete understanding of the nonlinear topology in the
future.

1.2 Structure of this thesis

This thesis is organized as follows. In Chapters 2 and 3, we will review the related studies and
basic concepts in topological insulators and nonlinear physics. Specifically, in Chapter 2, we will
introduce the history of studies on topological materials and recent extensions to nonequilibrium
systems and classical systems. We will also discuss the topological properties in minimal models
of topological insulators by using techniques that are also utilized in our study on the nonlinear
topology. In Chapter 3, we will introduce examples of nonlinear systems and phenomena. We will
also review previous studies on the nonlinear topology.

The subsequent chapters are the result part of this thesis. In Chapter 4, we will discuss the role
of topology in nonlinear oscillators. In this study, we find the topological synchronization where
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the bulk oscillators are chaotic and the edge ones are synchronized. In Chapter 5, we will extend
the Chern number, a topological invariant characterizing two-dimensional systems, to nonlinear
systems. We will also discuss its bulk-boundary correspondence in particular to the nonlinearity-
induced topological phases. In Chapter 6, we will discuss the transition from topological edge
modes to chaotic zero modes in one-dimensional models. Such chaos transitions can induce the
breakdown of the bulk-boundary correspondence in nonlinear systems. In Chapter 7, we will
summarize the thesis and discuss future perspectives of studies on nonlinear topology.



Chapter 2

Topological insulators

In this section, we review basic concepts and recent progress in studies of topological materials.

2.1 Topological materials in condensed matter

Since the quantum Hall effect was experimentally found and a theoretical study revealed its
topological feature, the topology has attracted much interest in condensed matter physics [1–3].
We here review the history of studies on topological materials from such discovery of the quantum
Hall effect to the recent studies in interacting many-body systems and periodically driven systems.

2.1.1 Quantum Hall effect

The quantum Hall effect is the quantization of the Hall conductivity σxy = jx/Ey, where jx
represents the Hall current in the x direction and Ey is the electrical field in the y direction
inducing the Hall current. Klitzing et al. [4] first observed the quantum Hall effect in a metal-
oxide-semiconductor field-effect transistor under a strong magnetic field and a low temperature
(cf. Fig. 2.1(a)). After this experimental discovery, Thouless, Kohmoto, Nightingale, and den Nijs
[5] conducted the perturbative calculation of the Hall conductance and found that the quantized
Hall conductivity is proportional to a topological invariant called the TKNN number, which is
named after the initials of the authors’ names. Specifically, they obtained the formula

σxy = e2

h
C, (2.1)

C =
∑

n:En<EF

Cn, (2.2)

Cn = i

2π

∫
BZ

∇k × ⟨ψn(k)|∇k|ψn(k)⟩dk2, (2.3)

where e and h are the electric constant and Planck’s constant, respectively. |ψn(k)⟩ is the eigen-
vector of the nth band at the wavenumber k and the integral is calculated in the Brillouin zone.
Cn is the TKNN number, which is equivalent to the Chern number, and C is the sum of Cn for
n’s whose corresponding bands are located below the Fermi energy EF .

Other theoretical studies [50] revealed that the quantization of the Hall conductivity is related
to the existence of gapless edge modes that support chiral edge currents. Such correspondence
between the bulk topology characterized by the Chern number and the existence of gapless edge
modes is known as the bulk-boundary correspondence, which is a central principle in topological
materials. Such bulk-boundary correspondence is shown by using, e.g., the transfer matrix of the
Hamiltonian of topological insulators [51,52].

Since the quantization of the Hall conductivity is related to the nonzero Chern number, it
does not require external magnetic fields. Haldane [53] theoretically proposed that the quantum
Hall effect can be seen in a honeycomb lattice with internal fluxes where the net magnetic field is

4
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(a) (b)

(c) (d) (e)

Figure 2.1: Examples of topological systems. (a) The first experiment of the quantum Hall effect.
This figure is adapted from K. v. Klitzing, G. Dorda, and M. Pepper, New Method for High-
Accuracy Determination of the Fine-Structure Constant Based on Quantized Hall Resistance.
Phys. Rev. Lett. 45, 494 (1980). [4]. Copyright 1980 by the American Physical Society. (b)
Haldane model of the quantum anomalous Hall effect. Arrows represent the direction of the
gauge field. This figure is adapted from F. D. M. Haldane, Model for a Quantum Hall Effect
without Landau Levels: Condensed-Matter Realization of the "Parity Anomaly". Phys. Rev.
Lett. 61, 2015 (1988). [53]. Copyright 1988 by the American Physical Society. (c) Schematic of
the quantum spin Hall effect. The directions of the edge flows depend on the spins. This figure
is adapted from B. A. Bernevig and S. C. Zhang, Quantum Spin Hall Effect. Phys. Rev. Lett.
96, 106802 (2006) [59]. Copyright 2006 by the American Physical Society. (d) Schematic of a
weak topological insulator. Each layer corresponds to a two-dimensional topological insulator.
This figure is adapted from Z. Ringel, Y. E. Kraus, and A. Stern, Strong side of weak topological
insulators. Phys. Rev. B 86, 045102 (2012) [69]. Copyright 2012 by the American Physical
Society. (e) Surface band structure of a Weyl semimetal. There are a pair of gapless points (Weyl
points) and the gapless modes appear between them. This figure is adapted from X. Wan, A. M.
Turner, A. Vishwanath, and S. Y. Savrasov, Topological semimetal and Fermi-arc surface states
in the electronic structure of pyrochlore iridates. Phys. Rev. B 83, 205101 (2011) [70]. Copyright
2011 by the American Physical Society.

zero. Such quantum Hall effect without external magnetic fields is called the quantum anomalous
Hall effect. The local flux considered by Haldane breaks the time-reversal symmetry and thus
enables the nonzero Hall current, which also breaks the time-reversal symmetry. However, the
magnetic fields generated by the local flux have alternate signs and thus cancel each other. The
quantum anomalous Hall effect has also experimentally been observed in a thin film of a magnetic
topological insulator [54].

While the TKNN number relies on the wavenumber-space description of the eigenvectors,
which is possible only in periodic systems, realistic quantum Hall systems include disorders. In
fact, the bulk-boundary correspondence is extended to such disordered systems. The early study
by Laughlin [50] considered the insertion of the magnetic field in a cylindrical system and showed
that it induces the spatial shift of the delocalized mode that exists at the center of the Landau level.
In this discussion, the Anderson localization by disorders plays a crucial role in the quantization
of the Hall current. The first study to extend the Chern number and the TKNN formula to
nonperiodic systems [55] considered the twisted boundary condition instead of the wavenumber
and introduced the phase factor. Then, one can define the topological invariant by substituting
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the wavenumber with the phase factor in the definition of the Chern number. Furthermore, one
can define the noncommutative Chern number [56–58] that only uses the real-space description of
eigenstates. By using mathematical techniques in noncommutative geometry, the previous studies
have also proved the bulk-boundary correspondence of the noncommutative Chern number and
the quantized Hall conductivity.

2.1.2 Symmetry-protected topological phases

While the quantum Hall effect requires the breakdown of the time-reversal symmetry, nonmagnetic
insulators without external magnetic fields preserve the time-reversal symmetry. One can apply
the notion of topology to even such time-reversal symmetric systems. In fact, the time-reversal
symmetric two-dimensional systems can exhibit the quantum spin Hall effect [7,8,59,60], which is
the emergence of helical edge states. The basic strategy to construct the quantum spin Hall system
is combining a layer of a Chern insulator and its time-reversal counterpart without breaking the
time-reversal symmetry (Fig. 2.1(b)). Kane and Mele [7, 8] first proposed the quantum spin Hall
effect in graphene, where the spin-orbit interaction can induce next-nearest neighbor couplings
with nonzero phase factors that are introduced in the Haldane model. Since the phase factors
have different signs depending on the spin, the whole system still preserves the time-reversal
symmetry, and the up and down spin sectors can be regarded as a Chern insulator and its time-
reversal counterpart. Time-reversal symmetric topological insulators are also extended to three-
dimesnional systems [6], which we term topological insulators in a narrow sense.

The quantum spin Hall system is an example of symmetry-protected topological phases. In
general, symmetries can alter the classification of topological phases. For example, the quantum
spin Hall system is characterized by a Z2 topological invariant that corresponds to the parity of
the number of gapless edge modes at each spin sector. Seminal studies [61,62] on the classification
of topological phases established the classification table based on the Altland-Zirnbauer (AZ)
symmetry classes [63]. The AZ classes consider three types of Z2 symmetries, the time-reversal,
particle-hole, and chiral symmetries defined as

TH(k)T−1 = H∗(−k) (time-reversal symmetry), (2.4)
CH(k)C−1 = −HT (−k) (particle-hole symmetry), (2.5)
ΓH(k)Γ−1 = −H(k) (chiral symmetry), (2.6)

where H(k) is the Bloch Hamiltonian and T , C, and Γ are unitary matrices. TT ∗ and CC∗ can
be ±1 and the symmetry classes also depend on their signs. Finally, we obtain the ten AZ classes
and the classification table identifies possible topological invariants (Z, Z2, or only trivial) in each
symmetry class and dimension.

The classification table tells us the possible topological phases and thus is helpful to search for
unexplored topological phases. We here raise two important topological phases that we can find
from the classification. The first one is the Z phase in one-dimensional systems with chiral sym-
metries. As we will see in Sec. 2.2.2, such one-dimensional systems can exhibit the simplest setup
of topological insulators. Secondly, if we focus on one-dimensional systems with the particle-hole
symmetry, we can find the Z2 classification. This phase is an example of topological supercon-
ductors whose edge excitation can be considered as a Majorana fermion and thus may open up a
way to topological quantum computation [64,65].

While we have focused on the AZ symmetry classes above, one can extend the symmetry
classification by considering spatial symmetries such as crystalline symmetries [66, 67]. Adding
spatial symmetry, one can find new topological phases that cannot be protected without spatial
symmetries (cf. one-dimensional systems with inversion and time-reversal symmetries). Further-
more, spatial symmetries can modify the definition of the topological invariants, which one can
calculate from eigenvectors only at highly symmetric points in the wavenumber space, such as
k = 0 and k = π [6, 68]. Therefore, spatial symmetries are also of practical use to identify the
topological phases of materials.
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2.1.3 Weak topological insulators

In two or more dimensions, the emergence of topological boundary modes can depend on the direc-
tion of the boundary. Topological insulators with such boundary dependence of gapless boundary
modes are called weak topological insulators [6,69] because the topological boundary modes were
considered to be more fragile than those in conventional (strong) topological insulators. However,
weak topological insulators are also “strong” in the sense that they are topologically protected
under the existence of the translational symmetry [69]. Furthermore, topological boundary modes
in weak topological insulators often remain even under the existence of disorders.

A typical construction strategy of weak topological insulators is to accumulate low-dimensional
topological insulators. Then, boundaries parallel to the direction of the accumulation exhibit
gapless boundary modes obtained from the low-dimensional topological insulators *1. We can also
calculate the topological invariants from the low-dimensional counterparts, which are well-defined
under the existence of the translational symmetry in the direction of the accumulation. Therefore,
the weak topological insulator is topologically protected.

2.1.4 Topological phases of gapless Hamiltonians

While topological insulators are topological phases of gapped Hamiltonians, the notion of topology
has also been extended to gapless Hamiltonians [70,71]. A typical example of a gapless topological
phase is a Weyl semimetal in three-dimensional systems, where gapless points called Weyl points
are protected by the topology of the band structures around them. One can calculate the Chern
number on the surface encircles a Weyl point and thus can confirm its topological protection
characterized by nonzero topological invariants. In addition, topological gapless modes can appear
on the surface of the Weyl semimetals, and their gapless dispersion connects a pair of Weyl
points, which is called the Fermi arc. While the Weyl point can robustly exist against disorders
without symmetries, other topological gapless points can be protected by symmetries, such as
the time-reversal and inversion symmetries at the Dirac points [71]. The classification table of
topology has also been obtained in gapless Hamiltonians [72]. If the gapless structure has a d-
dimensional structure, the classification of the n-dimensional gapless Hamiltonian is related to
that of a (n− d− 1)-dimensional gapped Hamiltonian.

2.1.5 Topological phases in interacting systems

While the early studies of topological insulators have focused on noninteracting or one-body
Hamiltonians, we cannot ignore the many-body interaction in experiments. Topological phases
of matter have been extended to even such interacting systems, while the full understanding of
many-body topology still remains unelucidated. We here review the previous studies on topological
phases in interacting systems and the current understanding.

The topological phases of interacting systems are classified based on the topology of the ground
state. Since the ground state of noninteracting fermions is the Slater determinant of the occupied
states, its topological invariant becomes equivalent to the sum of topological invariants of occupied
bands calculated from the one-body Hamiltonian. The extension of the topological invariant to
interacting systems has been largely explored. For example, the early attempt by Niu, Thouless,
and Wu [55] (we also mentioned in Sec. 2.1.1) considered the many-body ground state under
the twisted boundary condition and calculated its TKNN formula. Green functions have also
been utilized to define the topological invariants [73–75]. However, these attempts are just simple
extensions of topological invariants in noninteracting systems and do not capture topological
phases unique to interacting systems.

*1To obtain gapless boundary modes, we do not need to consider the boundary parallel to the direction of
accumulation. In fact, the directions of boundaries where we cannot find gapless boundary modes are very restricted
(e.g., the direction perpendicular to that of accumulation), and we find gapless boundary modes in almost all the
directions [69].
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The seminal study on topology in interacting systems by Fidkowski and Kitaev [76,77] showed
that the interaction can change the topological classification of symmetry-protected topological
phases in one-dimensional fermionic systems from Z to Z8 classification. Haldane [78] also in-
vestigated spin systems (interacting bosonic systems) and found that the gapless excitation is
determined by the nontrivial topology of the bulk, which is the reason why Haldane won the
Nobel prize.

Stimulated by these findings of topological phases unique to interacting systems, recent studies
have tried to establish the topological classification table of interacting systems. In particular, if
we focus on symmetry-protected topological phases of gapped Hamiltonians (i.e., Hamiltonians
with unique ground states), the early studies concluded that such symmetry-protected topological
phases are understood from the group cohomology [79, 80]. However, the following studies found
topological phases that cannot be seen in the classification table obtained from the group coho-
mology [81]. In current understanding, symmetry-protected topological phases correspond to the
(co)bordism of the classifying space of the symmetry group [82–84].

We note that nonlinear systems considered in our studies can be regarded as mean-field theories
[40,41] or Kohn-Sham equations [85,86] of interacting systems. Therefore, the nonlinear topology
may open up a new way to investigate quantum many-body systems.

2.1.6 Topological phases in driven systems

While conventional studies on topological materials have focused on the equilibrium state of
condensed matter, recent studies have also explored topological phases in nonequilibrium systems.
Specifically, Floquet systems, i.e., periodically-driven systems can be realized by applying lasers
to materials *2, and Floquet topological insulators have been proposed [88,89]. By applying lasers,
one can realize high-frequency driving. Such a high-frequency modification of the Hamiltonian
can be theoretically treated by the Floquet-Magnus expansion [87], which expands the Fourier-
transformed Hamiltonian by the inverse of the frequency. Then, the periodic driving can open a
gap at a Dirac point. A previous study [89] proposed that by applying a laser to a honeycomb
lattice, one can realize the Floquet counterpart of the Haldane model [53].

Another strategy to construct Floquet topological insulators utilizes slow drivings. The topol-
ogy of such slowly driven Floquet systems is understood from their unitary time-evolution op-
erators. We here describe the time evolution from t to t + T (T : the period of the driving) by
U(t+T ; t). Then, one can define the effective Hamiltonian Heff by U(t+T ; t) = exp(iTHeff). We
note that the eigenvalues of Heff can be equated modulo 2π and thus are called quasi-energy. Then,
one can calculate the Chern number of such an effective Hamiltonian. However, there are anoma-
lous topological phases that cannot be captured by the Chern number. A pioneering study [90] on
such anomalous Floquet topological insulators has investigated a square lattice model exhibiting
two bands. Since the eigenvalues can be equated modulo 2π, one can consider the gaps at E = 0
and E = π between two bands. Then, anomalous topological phases exhibit gapless edge modes
in both the bulk gaps. The previous study also proposed a topological invariant that captures the
anomalous Floquet topological insulator.

Other studies have considered the external drivings as non-Hermitian effects. We will review
such non-Hermitian topology in Sec. 2.3.

2.2 Bulk-boundary correspondence in minimal models

In this section, we analytically discuss the bulk-boundary correspondence in minimal models.
We also introduce some analytic techniques to analyze the topological edge modes, which are
utilized in our studies. To analyze the bulk-boundary correspondence, we start from the minimal

*2Since the laser is an electromagnetic wave, one can describe the Hamiltonian by using periodically oscillating
electric and magnetic fields.
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one-dimensional model, the Su-Schrieffer-Heeger (SSH) model. Then, as its extension to two-
dimensional systems, we introduce the Qi-Wu-Zhang (QWZ) model. We note that there is a
lecture note [91] of topological insulators that explains the topological origin of edge modes starting
from the SSH model.

2.2.1 Bloch’s theorem and band structure

Before we discuss the bulk-boundary correspondence in minimal models, we first introduce the
basic concepts in condensed matter physics: Bloch’s theorem and band structures. We will also
see that the analogies to these concepts can be found in classical systems.

In condensed matter physics, one often considers the Schrödinger equation with a periodic
potential U(r),

EΨ(r) = [−∇2 + U(r)]Ψ(r). (2.7)
We introduce the lattice vectors aj (j = 1, 2, · · · , d with d being the spatial dimension) that
represents the periodicity of the potential, U(r + aj) = U(r). Then, Bloch’s theorem states that
the eigenvector must be described as

Ψ(r) = eik·ru(r), (2.8)

where u(r) is a periodic function satisfying u(r + aj) = u(r). k represents the wavenumber of this
eigenstate. One can also show that the eigenvectors in periodic lattice systems are also described
by using a periodic function. In particular, if r denotes the representative point of each lattice
point, we obtain Ψ(r) = eik·rψ(k), where ψ(k) is a vector depending on the wavenumber k whose
dimension is equal to the number of the internal degree of freedom such as sublattices and spins.

By using Bloch’s theorem, one can introduce the notion of the wavenumber space, where band
structures are discussed. If one considers the primitive reciprocal lattice vectors bl that satisfy
aj · bl = 2πδjl, the change of the eigenvector at the wavenumber k + bl can be identified that
at the wavenumber k by rewriting eibl·ru(r) → u(r). Therefore, the wavenumber space can be
regarded as a periodic space, and thus we only consider a partial space of Rd wavenumber space
which is called the Brillouin zone.

The eigenvalues of the eigenvectors at the wavenumber k (2.8) form the band structure of
the Hamiltonian. To calculate the band structure, one should consider the block diagonalization
of the Hamiltonian by using the Bloch waves as a basis. Then, each block is called the Bloch
Hamiltonian, and by diagonalizing it, one can obtain the eigenvalues and eigenvectors at each
wavenumber. In particular the eigenvalues E(k) as functions of the wavenumber k are called
band structures.

While the concepts discussed above are developed in condensed matter physics, one can find
classical counterparts by considering the dispersion relations of periodic systems. For example,
if we consider a mass-spring system [18] where masses are periodically aligned and combined
with their neighbors by springs, the dispersion relation of waves in such a classical system can
be calculated via the Fourier transformation. Such a calculation procedure is similar to that
to calculate the band structure. Furthermore, the normal modes and their natural frequencies
correspond to the eigenvectors and eigenvalues of a Hamiltonian, respectively. One can also
consider continuum periodic systems, such as fluids [12] and optics [92], whose dispersion relations
also make analogies to band structures. Therefore, one can extend the notion of band topology
to various classical systems.

2.2.2 Su-Schrieffer-Heeger (SSH) model

While the SSH model [93] was first introduced to investigate the electronic properties of polyacety-
lene, studies of topological insulators have utilized it as a minimal model of a one-dimensional
topological insulator. The Hamiltonian of the SSH model is described as

H =
∑

x

(a|x,B⟩⟨x,A| + b|x,B⟩⟨x+ 1, A|) + H.c., (2.9)
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Figure 2.2: Su-Schrieffer-Heeger (SSH) model. (a) Schematic of the SSH model. The model has
two sublattices (the red and blue filled circles) and staggered hoppings. (b,c) Fully polarized cases.
We consider (b) b = 0 and (c) a = 0, respectively. In panel (b), the model is in the trivial phase
without topological edge modes. In contrast, in panel (c), the model is in the topological phase.
In this case, the edge sites (encircled by the green squares) are isolated from the others and thus
the localized modes appear and exhibit different eigenvalues from the others.

where |x,A⟩ and |x,B⟩ represents the components of the eigenvector at the A or B sublattice of
the x site, and H.c. represents the Hermitian conjugate of the previous term. This model has a
chain-like structure where each sublattice is connected to its nearest neighbor sites with staggered
couplings (cf. Fig. 2.2(a)).

To calculate the topological invariant, one should consider the Bloch Hamiltonian of this model,

H(k) = (a+ beik)|k,B⟩⟨k,A| + H.c., (2.10)

with |k,A⟩ and |k,B⟩ being the component of Bloch eigenvectors at the A and B sublattice at
the wavenumber k. Then, since the SSH model has the sublattice symmetry, one can define the
winding number of this model as

ν = 1
2πi

∫ 2π

0
dk

d

dk
log(a+ beik). (2.11)

This winding number becomes ν = 1 (resp. ν = 0) at |a| < |b| (resp. |a| > |b|) and is changed at
the gapless point at |a| = |b|.

To understand the bulk-boundary correspondence in the finite chain of the SSH model, it is
useful to consider the fully polarized case, a = 0 or b = 0. If we consider b = 0, the SSH model
is split into pairs of coupled sites (cf. Fig. 2.2(b)). In contrast, at a = 0, the edge sites are
isolated from the others, and thus we can obtain perfectly localized zero modes at the edge sites
(cf. Fig. 2.2(c)). The absence and emergence of localized zero modes correspond to the winding
number; we obtain ν = 0 in the case of b = 0 and ν = 1 in the case of a = 0. Since the addition of
small couplings |a| ≪ |b| can be regarded as perturbations, the existence of localized zero modes
remains at 0 < |a| ≪ |b|. We note that such a perturbative effect becomes negligibly small in the
thermodynamic limit, and thus we can obtain exact zero modes at |a| < |b| in the thermodynamic
limit. Meanwhile, if we consider the finite system, the perturbation can lift a small gap and thus
the eigenvalues of topological edge modes are not exactly zero but still small compared to the
bulk gaps.

Furthermore, one can analytically show the bulk-boundary correspondence in the semi-infinite
system of the SSH model. Here, we consider the right semi-infinite system with an open boundary
at x = 1 and exact zero modes |Ψ⟩ whose eigenvalue is E = 0. Then, Equation (2.10) yields the
recurrence relations of ⟨x,A|Ψ⟩ and ⟨x,B|Ψ⟩. Solving the recurrence relations, one can show that
all the B sublattice components are zero ⟨x,B|Ψ⟩ = 0 and obtain the recurrence relation only for
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⟨x,A|Ψ⟩,
⟨x+ 1, A|Ψ⟩ = −a

b
⟨x,A|Ψ⟩. (2.12)

From this recursion relation, the amplitudes at the A sublattices become smaller as x becomes
larger in the case of |a| < |b|, where the winding number is ν = 1. In contrast, if we consider
|a| > |b|, the solution of the recursion relation diverges. Since such a divergent solution cannot
be renormalized, one cannot obtain zero modes at |a| > |b|. Therefore, the winding number
predicts the existence or absence of localized zero modes in the semi-infinite system, which is the
bulk-boundary correspondence.

2.2.3 Qi-Wu-Zhang (QWZ) model

We next discuss the bulk-boundary correspondence in two-dimensional topological insulators.
Specifically, we consider the QWZ model [94], which is a square-lattice model of a two-dimensional
topological insulator. The Hamiltonian of the QWZ model is described in the real space as

H =
∑
x,y

(
|x+ 1, y⟩⟨x, y| ⊗ σz + iσx

2
+ H.c.

)

+
∑
x,y

(
|x, y + 1⟩⟨x, y| ⊗ σz + iσy

2
+ H.c.

)
+ u

∑
x,y

|x, y⟩⟨x, y| ⊗ σz, (2.13)

where σj is the jth component of the Pauli matrix acting on the degrees of freedom of sublattices.
The Bloch Hamiltonian of this model becomes

H(k) = sin kxσx + sin kyσy + (u+ cos kx + cos ky)σz. (2.14)

We note that if we focus on the wavenumber ky = 0, π, we can identify the Bloch Hamiltonian
of the QWZ model to that of the SSH model under a proper unitary transformation. Therefore,
one can predict the existence and absence of localized zero modes at ky = 0, π from the values of
parameters. If we focus on ky = 0 (resp. ky = π), we obtain zero modes in the case of −2 < u < 0
(resp. 0 < u < 2). We can also calculate the Chern number of this model and obtain

C =


1 (0 < u < 2)
−1 (−2 < u < 0)
0 (otherwise)

. (2.15)

We note that the parameter regions where we obtain the nonzero Chern number match those where
we obtain zero modes at ky = 0 or ky = π, which indicates the bulk-boundary correspondence in
the QWZ model.

If one considers a cylindrical system of topological insulators that is periodic in the y direction
and thus the wavenumber ky in the y direction is still a good quantum number, one can obtain
gapless bands of topological edge modes connecting bulk bands. The emergence of the gapless
bands is explained in the QWZ model as follows; under the proper unitary transformation, the
QWZ model at ky ̸= 0, π is identified with the SSH model plus on-site terms

H =
∑

x

(a(k)|x,B⟩⟨x,A| + b(k)|x,B⟩⟨x+ 1, A|) + H.c.+ v(k)(|x,A⟩⟨x,A| − |x,B⟩⟨x,B|). (2.16)

As expected from the fully polarized case, localized modes still appear, while their eigenvalues are
nonzero E ∼ ±v. Since we can describe v(k) = sin k, the eigenvalues of localized modes reach
those of the bulk bands at k = ±π/2. Therefore, one can observe the gapless band of topological
edge modes. We note that the Hamiltonian (2.16) is known as the Rice-Mele model [95] if we
assume k as the time t, which is a minimal model of the Thouless pump. Thus, the physics
of two-dimensional topological insulators is basically the same as that of the Thouless pump in
one-dimensional systems.
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2.2.4 Dirac Hamiltonian as the continuum limit

One can also understand the bulk-boundary correspondence of the lattice models of topological
insulators from their continuum limits, which are obtained from the low-energy expansions around
the bulk gapless points. For example, if we consider the SSH model, it becomes gapless at k = 0
and a = −b or k = π and a = b *3. Then, by considering the leading order term around k ∼ 0
and a ∼ −b, we obtain the following continuum Hamiltonian,

H =
(

0 m+ ∂x

m− ∂x 0

)
, (2.17)

which is the one-dimensional Dirac Hamiltonian. We use the notation m = a + b. We can also
obtain a similar Dirac Hamiltonian by expanding around k ∼ π and a ∼ b. We also note that the
Dirac Hamiltonian appears from the low-energy expansions of various lattice models of topological
insulators including the QWZ model. Therefore, the bulk-boundary correspondence in the Dirac
Hamiltonian implies the universality of the bulk-boundary correspondence.

To confirm the bulk-boundary correspondence, we here calculate the zero mode of the Dirac
Hamiltonian. To obtain the zero mode, we assume the Jackiw-Rebbi solutions [96] described by(

Ψ1(x)
Ψ2(x)

)
=
(
ϕ(x)

0

)
. (2.18)

Substituting this assumption with Eq. (2.17), one obtains the differential equation that determines
the spatial distribution of the zero mode,

∂xϕ(x) = mϕ(x). (2.19)

One can analytically solve this equation and obtain ϕ(x) = emxϕ(0). If we consider the right semi-
infinite system and m < 0, ϕ(x) can be normalized and thus we obtain a zero mode of the Dirac
Hamiltonian. In contrast, in the case of m > 0, we obtain no zero modes in the right semi-infinite
systems. The existence or absence of zero modes corresponds to the sign of the Chern number,

C =
{1

2 (m > 0)
−1

2 (m < 0)
, (2.20)

and thus we confirm the bulk-boundary correspondence in the Dirac Hamiltonian.

2.3 Non-Hermitian topology

While closed quantum systems are described by the Schrödinger equation whose Hamiltonian is
Hermitian, linear dynamics with non-Hermitian Hamiltonians have also been studied as effective
descriptions of various open systems [21]. The non-Hermiticity of the Hamiltonian implies that the
energy is not a physical observable in the sense that it can be changed under time evolution. Such
a change of total energy in a non-Hermitian system is induced by the dissipation and injection of
energy in the open system.

Recent studies have extended the notion of topology to the non-Hermitian Hamiltonians [24,
97–105,107–112,159]. In particular, they have revealed the complex eigenvalues of non-Hermitian
Hamiltonians can induce unique topological phases and associated topological phenomena. In
this section, we review previous studies on the non-Hermitian topology. Such a non-Hermitian
topology is utilized in our study in Chapter 4. It is also noteworthy that the non-Hermitian system
is a linear dissipative system and thus its nonlinear counterpart, i.e., a nonlinear dissipative system
can show non-Hermitian-like topological phenomena, which remains intriguing future issues.

*3If we consider complex a and b, the SSH model becomes gapless at different k from both k = 0 and k = π.
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2.3.1 Examples of non-Hermitian systems

Non-Hermitian Hamiltonians first attracted much interest in photonics. Photonic systems are
described by the Maxwell equations, which are linear in the electrical field and the magnetic field.
By assuming the set of operators in the Maxwell equations as an effective Hamiltonian, one can
make an analogy to the Schrödinger equation. In addition, if we consider the dissipation of energy
of light, the effective Hamiltonian of photonic systems can be non-Hermitian [113–116]. Such
a non-Hermitian effect is experimentally realized by using semiconductor amplifiers or acoustic
modulators.

To flexibly implement non-Hermitian Hamiltonians in experimental setups, electrical circuits
[117,118] are useful due to their easiness of tuning the parameters. The dynamics of an electrical
circuit is derived from Kirchhoff’s law (see also Sec. 2.4.4). Then, the impedances of inductors
and capacitors determine the strengths of Hermitian couplings between nodes, while the resistors
realize non-Hermitian couplings. Furthermore, by using e.g., operational amplifiers, one can also
realize nonreciprocal couplings [118,119].

Since one can regard any linear dynamics as non-Hermitian Schrödinger equations, recent
studies have applied non-Hermitian Hamiltonians to further various classical systems. For exam-
ple, previous studies have investigated non-Hermitian effects in optomechanical systems [120,121]
and phononic metamaterials [122, 123]. Non-Hermitian dynamics can also be seen in mesoscopic
systems where thermal noises cannot be ignored. Such fluctuating systems are considered as
stochastic processes and described by the master equations. Since the master equation is also a
linear equation, one can discuss non-Hermitian effects in stochastic processes [124–126].

Non-Hermitian Hamiltonians of open quantum systems

Non-Hermitian Hamiltonians are also utilized to effectively describe open quantum systems, such
as ultracold atoms [127,128] and quantum walks using photons [129–132]. There are three ways to
derive the non-Hermitian Hamiltonians of such open quantum systems. First, one can derive the
non-Hermitian Hamiltonian by tracing out the degrees of freedom of the environment around the
open system, which is known as the Feshbach formula [21,133]. Here, we consider the Schrödinger
equation of the total system H|ψ⟩ = E|ψ⟩. Then, we consider the projection operators to the
system and the environment, Ps and Pe, which satisfies Ps + Pe = I (the identity operator). By
acting these projection operators to the both sides of the eigenequation, we obtain

PsH|ψ⟩ = EPs|ψ⟩, (2.21)
PeH|ψ⟩ = EPe|ψ⟩. (2.22)

After some algebra, we obtain

Pe|ψ⟩ = (E − PeHPe)−1(PeHPs)Ps|ψ⟩. (2.23)

Finally substituting this into the left-hand side of Eq. (2.21), PsH|ψ⟩ = PsH(Ps|ψ⟩ + Pe|ψ⟩), we
obtain the eigenequation of the open system[

PsHPs + (PsHPe)(E − PeHPe)−1(PeHPs)
]
Ps|ψ⟩ = EPs|ψ⟩. (2.24)

The effective Hamiltonian of this eigenequation isHNH = PsHPs+(PsHPe)(E−PeHPe)−1(PeHPs),
which is a non-Hermitian operator.

The other derivations of the non-Hermitian dynamics utilize the Gorini-Kossakowski-Sudarshan-
Lindblad (GKSL) equation [134, 135], which describes the dynamics of the density matrix. The
GKSL equation reads

∂tρ = −i[H, ρ] +
∑

γj

(
LjρL

†
j − 1

2
{L†

jLj , ρ}
)
, (2.25)
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Figure 2.3: Topological phases and edge modes unique to non-Hermitian systems. (a) Amplifi-
cation of light in a topological laser. Y. V. Kartashov and D. V. Skryabin, Two-Dimensional
Topological Polariton Laser. Phys. Rev. Lett. 122, 083902 (2019) [139]. Copyright 2019
by the American Physical Society. (b) Schematic of the point-gap topology. Without cross-
ing the base energy (the red point), the spectrum (the blue circle) encircling the base energy
cannot be adiabatically deformed to the point spectrum in the right bottom panel. This figure
is adapted from Z. Gong et al., Topological Phases of Non-Hermitian Systems. Phys. Rev. X
8, 031079 (2018) [24] licenced under a Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/). (c) Exceptional point in a two-dimensional band.
Exceptional points can be protected by the nontrivial winding of the spectrum around them (cf.
the blue curve). This figure is adapted from H. Shen, B. Zhen, and L. Fu, Topological Band
Theory for Non-Hermitian Hamiltonians. Phys. Rev. Lett. 120, 146402 (2018) [101]. Copyright
2018 by the American Physical Society. (d) Typical spectra in the PT -symmetric (left panel)
and broken (right panel) phases. These two spectra cannot be transformed into each other under
the existence of the PT symmetry of the Hamiltonian until two eigenvalues collide and make
an exceptional point. This figure is adapted from K. Sone, Y. Ashida, and T. Sagawa, Excep-
tional non-Hermitian topological edge mode and its application to active matter. Nat. Commun.
11, 5745 (2020) [27] licensed under a Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/).

where ρ is the density matrix and H and Lj are the Hamiltonian and the jump operators, respec-
tively. This equation is linear in the density matrix. Therefore, by rewriting the density matrix
into a vector form ρ =

∑
ij cij |i⟩⟨j| →

∑
ij cij |i, j⟩, one can assume the superoperator in the GKSL

equation as an effective non-Hermitian Hamiltonian. Furthermore, if we ignore the term LjρL
†
j by

considering the post-selection, one can assume the GKSL equation as the von Neumann equation
with the effective Hamiltonian being H + i

∑
γjL

†
jLj . Therefore, H̃ = H + i

∑
γjL

†
jLj can be

used as the non-Hermitian Hamiltonian that describes the dynamics after the post-selection.

2.3.2 Topological lasers

Unlike Hermitian Hamiltonians, non-Hermitian Hamiltonians can have complex eigenvalues. The
imaginary part of an eigenvalue corresponds to the rate of amplification or attenuation of the
eigenvector, which is induced by the injection or dissipation of energy. Such amplifications of
eigenvectors can be of practical use. Specifically, the amplification of topological edge modes has
attracted attention due to its possible applications to photonic devices named topological lasers.



2.3 Non-Hermitian topology 15

Topological lasers [22, 23, 109, 136–140] are photonic devices that amplify edge sites by using
nontrivial bulk topology (see also Sec. 2.4.1 for the way to realize topological effective Hamil-
tonians in photonic systems). Since topological materials exhibit scattering-free chiral current,
topological lasers can transfer the amplified wave packet robustly against disorders, which can be
advantageous in the view of energy efficiency. The pioneering works of topological lasers [22, 23]
introduced judicious gains only at the edge of the system into the photonic counterpart of topo-
logical insulators. Such judicious gains only amplify the topological edge modes and thus can
realize the desired properties of topological lasers.

Other proposals of topological lasers utilized symmetry-protected topological edge modes. In
one-dimensional systems, the non-Hermitian extension of the SSH model [136, 138] can exhibit
amplification of edge modes, which are protected by the chiral symmetries. In two-dimensional
systems, recent studies have also proposed topological lasers without propagations of amplified
wave packets [109,140].

As we will discuss in Sec. 2.3.5 and Appendix A, we also proposed symmetry-protected topo-
logical lasers that utilize nontrivial topology around exceptional points [27] (see Sec. 2.3.5 for the
definition of the exceptional point). Furthermore, we will also show the existence of topological
lasers using neither judicious gains nor symmetries in Appendix A. Such symmetry-free topological
lasers may broaden possible experimental setups of topological lasers.

2.3.3 Point-gap topology

While we have discussed the applicational advantage of the amplification of edge modes, the
complex eigenvalues of non-Hermitian Hamiltonians also play crucial roles in the topological clas-
sification of non-Hermitian systems. Specifically, a set of complex eigenvalues can have topological
structures such as winding around the origin, which enables us to define topological invariants
unique to non-Hermitian systems.

To discuss such topological phases unique to non-Hermitian systems, a previous study [24]
proposed two definitions of band gaps in non-Hermitian Hamiltonians. The first one is a line gap,
where the complex bands do not cross a line such as the imaginary axis of the complex energy
plane. Since one can adiabatically modify a line-gapped non-Hermitian Hamiltonian into a gapped
Hermitian Hamiltonian, the topological classification of line-gapped non-Hermitian Hamiltonians
becomes equivalent to that of gapped Hermitian Hamiltonians. The other definition of band
gaps is a point gap, where the complex bands do not contain a base energy that we determine
in advance. If the complex band encircles the base energy, one cannot adiabatically modify the
point-gapped Hamiltonian into a Hermitian Hamiltonian. Therefore, the point-gap topology can
induce topological phenomena unique to non-Hermitian systems.

We demonstrate the existence of topological phases based on the point gaps in a prototypical
model of non-Hermitian systems, which is called the Hatano-Nelson model [141] and was first
introduced to investigate the dynamics of magnetic flux in superconductors. The Hamiltonian of
the Hatano-Nelson model (without disorders) is defined in the real space as

H =
∑

x

(a|x⟩⟨x+ 1| + b|x+ 1⟩⟨x|) . (2.26)

The Bloch Hamiltonian of this model is

H(k) = aeikx + be−ikx, (2.27)

which is a scalar function of k. In the case of |a| ̸= |b|, the complex energy band of this Hamiltonian
E(k) = aeikx + be−ikx forms an ellipse and has a point gap around the origin. If we consider
|a| > |b| (resp. |a| < |b|), the eigenvalues E(k) wind clockwise (resp. counterclockwise) around
the origin from k = 0 to k = 2π. To change the direction of the winding, the point gap must be
closed at |a| = |b|, and thus these two parameter regions |a| > |b| and |a| < |b| are topologically
distinguished. One can also define the topological invariant characterizing the point-gap topology
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of the Hatano-Nelson model as

ν = 1
2πi

∫
dk

d

dk
log(aeikx + be−ikx), (2.28)

which becomes ν = 1 (resp. ν = −1) for |a| > |b| (resp. |a| < |b|). This winding number also
indicates the existence of topological phases based on the point gaps.

In general, the point-gap topology of a one-dimensional non-Hermitian system is characterized
by the following winding number:

ν = 1
2πi

∫
dk

d

dk
log det(H(k) − EbI), (2.29)

where H(k) is the Bloch hamiltonian of the non-Hermitian system, Eb is the base energy, and I
is an identity matrix. By using the identity log det(H(k) − EbI) = Tr log(H(k) − EbI), we can
check that this winding number is equal to the sum of the winding numbers of the eigenvalues
of H(k) − EbI. Therefore, the winding number ν can take arbitrary integer values, and thus we
obtain Z classification of one-dimensional non-Hermitian systems without symmetries.

As can be seen in the Hatano-Nelson model, the winding number basically corresponds to the
nonreciprocity in hoppings to the left and right sites. Such nonreciprocal hoppings can induce the
localization. In fact, previous studies [111,112] have revealed that the nonzero winding number in
a one-dimensional non-Hermitian system corresponds to the localization of the bulk modes, which
is known as the non-Hermitian skin effect [102–105,107,159]. The non-Hermitian skin effect also
drastically changes the complex energy spectrum under the open boundary condition from that
under the periodic boundary condition. Such drastic changes and the localization of bulk modes
lead to the apparent breakdown of the bulk-boundary correspondence in non-Hermitian systems.
To recover the bulk-boundary correspondence, previous studies [104, 107, 142] proposed the non-
Bloch band theory, which extends the wavenumber to a complex one to describe the localized
bulk modes. By using the non-Bloch band theory, one can obtain the eigenvectors corresponding
to localized bulk modes and calculate the topological numbers using these localized bulk modes.
Then, such topological numbers recover the bulk-boundary correspondence.

One can also generalize the point-gap topology to higher-dimensional systems and symmetry-
protected topological phases. To obtain the classification of the point-gap topology, previous
studies have used the following fact; the topological classification of the point-gap topology of a
non-Hermitian Hamiltonian H is the same as that of a gapped Hermitian Hamiltonian constructed
from H as

H ′ =
(

0 H
H† 0

)
. (2.30)

One can show this fact from the one-to-one correspondence between this chiral-symmetric Hamil-
tonian and a general non-Hermitian Hamiltonian. Then, the classification of the non-Hermitian
topology is calculated from the clasification of the corresponding Hermitian Hamiltonians.

The extensions of the point-gap topology to higher-dimensional systems and symmetry-protected
topological phases have revealed topological phenomena beyond the one-sided localization of bulk
modes. For example, the point-gap topology protected by the time-reversal symmetry can induce
the localization of the bulk modes to both ends of a one-dimensional system (sometimes termed
reciprocal non-Hermitian effects) [111,143]. In three-dimensional systems, the nontrivial point-gap
topology can realize exceptional topological insulators [144], where the complex bands of localized
modes exhibit exceptional points. In addition, the notion of the (nonreciprocal) skin effect can
be altered in higher-dimensional systems due to its sensitivity to the boundary geometry [145].
Very recent studies [146,147] have tried to obtain the non-Bloch band theory in two-dimensional
systems, while the comprehensive understanding of the skin effect in two or more dimensions
remains a future issue.
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2.3.4 Symmetry classification of non-Hermitian topology

Like the quantum spin Hall effect in Hermitian systems [7, 8, 59, 60], the symmetries of non-
Hermitian Hamiltonians can alter the topological classification. Since the Hermitian conjugate of
a non-Hermitian Hamiltonian can be different from the original one, the unitary and anti-unitary
symmetries are more abandunt in non-Hermitian systems than in Hermitian systems. Specifically,
we must separately treat the following symmetries,

TH(k)T−1 = H∗(−k), T ′H(k)T ′−1 = HT (−k) (time-reversal symmetry), (2.31)
CH(k)C−1 = −HT (−k), C ′H(k)C ′−1 = −H∗(−k) (charge-conjugation symmetry), (2.32)
ΓH(k)Γ−1 = −H†(k), SH(k)S−1 = −H(k) (chiral and sublattice symmetries). (2.33)

The difference in definitions of the symmetries indeed affects the topological classification of
the non-Hermitian system. For example, the point gap topology of the chiral symmetric one-
dimensional system is trivial, while that of the sublattice symmetric system is Z2. These sym-
metries are not independent because we can construct the chiral and sublattice operators as
Γ = TC = T ′C ′ and S = TC ′ = T ′C, respectively. Therefore, if the system has both the
time-reversal and charge-conjugation symmetries, it must have the chiral or sublattice symmetry.
Furthermore, by considering the rotation of the phase in the non-Hermitian Hamiltonian H → iH,
one can identify some symmetries. Reflecting these facts, one can show that there are 38 symmetry
classes that play an important role in the topological classification of the non-Hermitian system,
which are termed the Bernard-LeClair (BL) symmetry classes [108, 109, 148, 149]. Based on the
BL symmetry classes, previous research proposes the classification table of the non-Hermitian
topology [108,109].

The degrees of freedom of the definition can be seen in other unitary symmetries than the
chiral and sublattice symmetries. In particular, previous research [150] discussed the importance
of the spatial symmetry with the Hermitian conjugate

PH(k)P−1 = H†(k̃), (2.34)

with k̃ being the wavevector inverted from k by the symmetry operation P .

2.3.5 Exceptional points

As in Hermitian systems, gapless Hamiltonians can also have topological properties. The topo-
logical gapless structures unique to non-Hermitian systems are known as exceptional points [25].
The exceptional points are defined as the point in the parameter space where the eigenvectors
coalesce and thus the non-Hermitian Hamiltonian becomes nondiagonalizable. Since Hermitian
matrices are always diagonalizable, the exceptional points are unique to non-Hermitian systems.
The exceptional points exhibit branchpoint structures or Riemann-surface structures around them
(cf. Fig. 2.3(c)). The topology of such branchpoint structures or Riemann-surface structures plays
a crucial role in the robust existence of the exceptional points [26,101,151].

In more detail, the topological protection of exceptional points is related to the point-gap
topology of non-Hermitian systems. In two-dimensional systems, an exceptional point appears
with a Riemann-surface structure. Then, adiabatically changing the wavenumber along a closed
path around the exceptional point, we obtain different eigenvalues and eigenvectors at the start
and end points [26]. Such exchanges of eigenvalues can occur owing to the winding structure of
the Riemann-surface structure. Thus, one can define the winding number that characterizes the
topology of the exceptional point

ν = 1
2πi

∮
dk · ∇k log det(H(k) − EEPI), (2.35)

where EEP is the eigenvalue at the exceptional point. The similarity of this winding number to that
in Eq. (2.29) is not a coincidence. In fact, the topology of the exceptional points is characterized
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by the point-gap topology of non-Hermitian systems whose dimension is one less than the original
system [151].

In one-dimensional systems, the topological protection of exceptional points requires proper
symmetries. Specifically, one should consider the PT and CP symmetries and the pseudo-
Hermiticity [151–154] defined as

PTH(k)(PT )−1 = H∗(k) (PT symmetry), (2.36)
CPH(k)(CP )−1 = −H∗(k) (CP symmetry), (2.37)

ηH(k)η−1 = H†(k) (pseudo-Hermiticity), (2.38)

where H(k) represents the Bloch Hamiltonian. One can also utilize the chiral symmetry in
Eq. (2.33) to protect exceptional points. Focusing on the PT symmetry, all the eigenvalues must
be real or appear with their complex-conjugate counterparts. Then, one can define the topological
invariant [155,156]

ν = sgn(detH(k0 − δ)H(k0 + δ)), (2.39)
where k0 is the wavevector at the exceptional point, and δ is a small real number. One can
show that detH(k0 ± δ) in this topological invariant must be real, and thus this topological
invariant becomes ±1, which provides Z2 classification of the exceptional point. If the topological
invariant is ν = −1, one can guarantee the topological protection of the exceptional point. Such
topologically protected exceptional points are not removed by the continuous deformation of the
Hamiltonian until they collide with other exceptional points.

The emergence of the exceptional point in one-dimensional band structures is also related
to the spontaneous symmetry breaking of the eigenvectors, which is called the PT symmetry
breaking [157]. In fact, around an exceptional point, a complex-conjugate pair of eigenvalues
becomes a pair of real eigenvalues. Then, one can show that the eigenvectors |Ψ±⟩ corresponding
to the complex-conjugate pair of eigenvalues are swapped PT |Ψ±⟩ ∝ |Ψ∓⟩, which indicates the
breakdown of the PT symmetry in eigenvectors. In contrast, the eigenvector |Ψ⟩ of the real
eigenvalue is PT symmetric PT |Ψ⟩ ∝ |Ψ⟩. Therefore, the exceptional point is also the PT
symmetry breaking point. We note that the emergence of exceptional points is also discussed
in the non-Blcoh band theory (cf. Sec. 2.4.3) [158]. Recent research [159, 160] discussed that
the emergence of exceptional points in a one-dimensional non-Bloch band can be related to the
breakdown of the non-Bloch extension of the PT symmetry.

Studies on non-Hermitian systems have also discussed the applications of exceptional points.
In photonic systems, one can observe the coherent absorption [161] where all the injected light is
absorbed without reflections. In addition, nonreciprocal media can realize unidirectional invisi-
bility [162] where the reflection rate of the light only in a specific direction becomes zero. One
also utilizes the exceptional point to sensor devices by using the square-root dispersion around
the exceptional point. Since the slope of the dispersion diverges around the exceptional point,
one can amplify the signal by using the exceptional points, which is known as the enhanced
sensitivity [163].

In our previous study [27], we discussed the role of exceptional points in topological edge modes
and revealed an unconventional mechanism to protect gapless modes. We term such gapless edge
modes exceptional edge modes. We have also discussed its applications to topological lasers and
active matter. Therefore, the interplay between exceptional points and topological edge modes
can further enrich the topological phases of non-Hermitian systems. We will review our previous
result on exceptional points in Appendix A. In our study, we further reveal the possible application
to three-dimensional topological lasers. In Appendix A, we will also discuss such topological lasers
using exceptional surface modes.

2.4 Topological insulators beyond solid-state physics
While early studies of band topology focused on the band structure in electronic systems, one can
make an analogy between band structures and dispersion relations in other classical and quantum
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(a)

(d)

(b) (c)

(e)

Figure 2.4: Classical counterparts of topological insulators. (a) Photonic topological insulator
using a ring-resonator array. This figure is adapted from M. Hafezi, S. Mittal, J. Fan, A. Migdall,
and J. M. Taylor, Imaging topological edge states in silicon photonics, Nat. Photonics 7, 1001
(2013) [165], Springer Nature. Copyright 2013. (b) Photonic Floquet topological insulator using
periodically modulated waveguides. The direction parallel to the waveguides effectively plays a
role of time. This figure is adapted from M. C. Rechtsman et al., Photonic Floquet topological
insulators. Nature 496, 196-200 (2013) [168], Springer Nature. Copyright 2013. (c) Schematic of
a topological mechanical lattice. Each mass is connected to its neighbors by springs as depicted
by the red dot lines. This figure is adapted from C. L. Kane and T. C. Lubensky, Topological
boundary modes in isostatic lattices. Nat. Phys. 10, 39-45 (2014). [18], Springer Nature. Copy-
right 2014. (d) Active-matter counterpart of the quantum anomalous Hall effect. Pillars located
at lattice points of a kagome lattice rectify the steady flow depicted by the red and green curved
arrows. These flows behave as the effective vector potentials realizing the quantum anomalous
Hall effect. This figure is adapted from K. Sone and Y. Ashida, Anomalous Topological Active
Matter. Phys. Rev. Lett. 123, 205502 (2019) [206]. Copyright 2019 by the American Physical
Society. (e) Electrical circuit of the quantum anomalous Hall effect. The right panel shows the
negative impedance converters with current inversion, which realizes a nonreciprocal coupling and
thus breaks the time-reversal symmetry. This figure is adapted from T. Hofmann, T. Helbig, C. H.
Lee, M. Greiter, and R. Thomale, Chiral Voltage Propagation and Calibration in a Topolectrical
Chern Circuit. Phys. Rev. Lett. 122, 247702 (2019) [119]. Copyright 2019 by the American
Physical Society.

systems. Using such an analogy, recent studies have extended the notion of topology to various
systems. In this section, we review such extensions of topological insulators to both classical and
quantum systems.

2.4.1 Photonics

Dynamics of photonic systems are basically described by the Maxwell equations, which are linear
equations of the electrical and magnetic fields. If we consider periodic media, one can periodically
modulate the permittivity and obtain linear equations with discrete translational symmetries.
Therefore, one can construct an analogy between photonic metamaterials and solid-state physics.
Following such a strategy, Haldane and Raghu first proposed topological photonics [92], which is
also the first proposal of classical topological insulators.

Since analyzing the full Maxwell equations is exhausting, reduced equations are often used
to discuss the topological properties of photonic metamaterials. For example, one can derive the
reduced equations in ring-resonator arrays from the mode-coupling theory [166,167]. In the mode
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coupling theory, the dynamics of light in the ring-resonator arrays can be approximately described
by the linear coupling of clockwise and counterclockwise modes in each ring resonator. The
coupling between different ring resonators originates from the evanescent light; the penetration
of light to neighbor ring resonators introduces interactions. The amplitude of a linear coupling
is determined from the distance between the ring resonators, and its phase factor is tuned by
the length of waveguides of the resonators. The signs of the phase factors of linear couplings are
opposite for clockwise and counterclockwise modes. The linear equations derived from the mode
coupling theory in ring-resonator arrays usually have the time-reversal symmetry and thus one
can realize photonic counterparts of the quantum spin Hall effect [165].

Previous studies on photonic metamaterials have also considered standing waves in periodic
media. Such standing waves of light are described by the wave equation derived from the Maxwell
equation [9–11],

∇ ×
[
µ−1(r)∇ × E(r)

]
= ω2ϵ(r)E(r). (2.40)

Furthermore, if one considers the waveguides array and assumes that the light propagates along
paraxial directions close to the z direction, the above equation can be regarded as a Floquet
dynamics by replacing z into the effective time t′. Based on this eigenequation for the standing
waves, previous studies [168] proposed that wire-like waveguide arrays can be photonic counter-
parts of Floquet topological insulators. In such waveguide arrays, one can periodically modulate
the distance between waveguides, which determines the strength of couplings between the waveg-
uides. Then, the periodic modulations in the z direction realize an effective Floquet system and
a counterpart of a minimal model of Floquet topological insulators.

Topological photonics have been widely investigated and the examples are not restricted to
those raised above. By utilizing gyromagnetic photonic crystals, one can break the time-reversal
symmetry and realize photonic counterparts of the quantum anomalous Hall effect [169]. In three-
dimensional systems, photonic counterparts of weak topological insulators and Weyl semimetals
are also proposed [170–173].

Furthermore, non-Hermitian effects in topological photonics are also investigated. As discussed
in Sec. 2.3.2, topological lasers [22,23,109,136–140] are typical non-Hermitian topological devices
in photonics. One can also observe the non-Hermitian skin effect in a laser array and a resonator
array [174,175]. Studies on exceptional points often utilize photonics, and associated phenomena
such as interchanging of eigenvectors [26], enhanced sensitivity [163], and unidirectional invisibility
[162] are proposed and observed in photonic setups.

2.4.2 Phononic metamaterials

Metamaterial science also aims to control waves of fluids such as air and water. Such fluidic waves,
i.e., phononic waves are basically described by the Navier-Stokes equations,

∂tρ+ ∇ · (ρv) = 0, (2.41)

∂tv + (v · ∇)v = −1
ρ

∇P +D∇2v + f , (2.42)

where ρ and v are the density and the velocity field, P is the pressure and f represents the
external force. The Navier-Stokes equations are nonlinear equations. However, if we consider
the fluctuations of the density and velocity fields around the steady state, one can linearize the
Navier-Stokes equations and construct an analogy to the Schrödinger equations. The linearized
equation reads [12]

1
ρ

∇ · ρ∇ϕ− 1
c2 (∂t + v0 · ∇)2ϕ = 0, (2.43)

with ρ being the density and v0 being the velocity field of the steady state. We note that ϕ is a
velocity potential and the pressure p is represented as p = ρ(∂t +v0 ·∇)ϕ. We conduct the Fourier
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transformation of Ψ = √
ρϕ and rewrite the equation as

[(∇ − iAeff)2 + V )]Ψ = 0, (2.44)

where Aeff and V are the effective vector potential and scalar potential Aeff = −ωv0/c
2 and

V = −|∇ ln ρ|2/4 − ∆ ln ρ/2 + ω2/c2, with ω being the frequency. This equation indicates that
the steady flow plays a role of an effective vector potential in phononic metamaterials.

The pioneering work of topological phononics [12] utilized cylindrical rotating objects to realize
the steady flow imitating the vector potential in Chern insulators. In more detail, they arrange the
rotating object at each lattice point of a triangular lattice. Such rotating materials generate the
circulating flows around them, which have the same origin as the Couette flow. Then, they made
an analogy between the circulating steady flows and the vector potential of Haldane’s honeycomb
model [53] and proposed a topological fluidic system. Backscattering-free chiral current in the
proposed phononic system is confirmed from numerical simulations; they considered the source of
oscillations at the edge where the fluid oscillates by the external force and calculated the dynamics
of fluids.

Without the nonzero steady flow, the effective Hamiltonian derived from the hydrodynamics
has the time-reversal symmetry and thus cannot construct a phononic counterpart of the quan-
tum Hall effect. However, it is still possible to realize phononic topological insulators [176] and
semimetals [177,178] by engineering waveguides with periodic structures.

One interesting application of the topology in fluids is found in geophysics. A previous study
[13] showed that the Kelvin wave and the Yanai wave have a topological origin. In particular, they
analyzed the linearized hydrodynamics on a rotating sphere and revealed that it exhibits chiral
boundary modes along the equator. The equatorial wave is induced by the effective magnetic
field that is derived from the Collioris force. They also compared the dispersion relations of the
boundary modes with those of the Kelvin wave and the Yanai wave.

2.4.3 Mechanical lattices

Spring-mass systems are typical systems that we learn in elementary lectures of classical mechanics.
However, even such simple classical systems can construct analogies of topological insulators. If
we consider periodically aligned mass points combined to neighbors by springs, its dynamics is
described by the Newton equations

d2rj

dt2
= −

∑
k

ajk(rj − rk), (2.45)

where rj is the location of mass at the site j. Since this is a linear equation with the transla-
tional symmetry, one can construct an analogy to condensed matter physics. In fact, the Fourier
transformation of Eq. (2.45) leads to the eigenvalue problem in the wavenumber space, whose
eigenvector and eigenvalue correspond to a normal mode and its natural frequency, for each.

Kane and Lubensky [18] proposed that a spring-mass system with the zig-zag lattice structure
imitates the SSH model (cf. Sec. 2.2.2), which is a minimal one-dimensional topological insulator.
Then, zero modes correspond to the floppy mode, where the mass at an edge site can be easily
moved. By reflecting on the existence of topological floppy modes, they also discussed the mod-
ification of Maxwell’s count [179, 180] of mechanical lattices, which is the equation between the
number of zero modes and those of mass points and bonds.

One can also break the time-reversal symmetry by using external energy resources and realize
the counterpart of the quantum Hall effect. Specifically, some previous studies [19] utilized gyro-
scopic motors attached to masses to break the time-reversal symmetry. Such gyroscopic motors
generate the Lorentz force, which acts the mass perpendicularly to its velocity. Such a perpendic-
ular force is analogical to the magnetic force and thus can realize the counterpart of the quantum
Hall effect, which we can observe under the external magnetic field.
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More recently, studies on mechanical metamaterials have proposed the use of active elements,
where the energy is injected and nonreciprocal forces can be realized. For example, if we consider
active elements with fans that can change their angles dependently on the distances between
elements, we can realize distance-dependent nonreciprocal forces, which are perpendicular to the
displacement between the locations of the elements [181]. Such a nonreciprocal force is termed
odd elasticity and can be used to investigate non-Hermitian topological phenomena in mechanical
lattices [182].

2.4.4 Electrical circuits

As discussed in Sec. 2.3.1, electrical circuits are flexible platforms to study topological physics,
because one can realize almost arbitrary linear couplings. The dynamics of electrical circuits are
determined by Kirchhoff’s law, which guarantees that the sums of currents flowing in and out of
a node are the same. Such conversation of currents is described as

Ia =
∑

b

Cab(Va − Vb) + CaVa =
∑

b

JabVb, (2.46)

where Va and Ia are the voltage and input current at the node a. Cab is the inverse of the
impedance of the circuit element existing between a and b sites, and Ca is that between a site and
the ground. If we further assume that the current resources of the input currents are capacitors
with the capacitance C, Equation (2.46) reads

i
dVa

dt
= 1
C

∑
b

iJabVb. (2.47)

Thus, iJab plays a role of the effective Hamiltonian of the electrical circuit.
By tuning the impedance of circuit elements, one can realize various effective Hamiltonians

iJab, which include the counterparts of topological insulators [16,17,117–119,183,184]. While com-
mon elements such as inductors, capacitors, and resistors cannot realize nonreciprocal couplings
Jab ̸= Jba, recent studies have also proposed negative impedance converters with current inversion
(INIC) that realize the nonreciprocal coupling in electrical circuits. The INIC is the circuit in the
right panel of Fig. 2.4(e). In this circuit, the input current Iin and the output current Iout are
described as

Iout = 1
R

(Vin − Vout), (2.48)

Iin = − 1
R′ (Vin − Vout), (2.49)

with Vin/out being the input and output current, respectively. We can see that the signs of the
linear couplings are opposite and thus can realize nonreciprocal couplings. The nonreciprocal
couplings by the INICs enable us to investigate the electrical circuit realization of the quantum
anomalous Hall effect [119] and non-Hermitian skin effects in electrical circuits [117,118].

2.4.5 Ultracold atoms

One can realize counterparts of topological insulators in ultracold atoms by judiciously designing
the optical lattice that traps the atoms [15]. The coupling strength can be easily tuned by the
depth of the harmonic potential of the optical lattice. The first demonstration of topological
gapless modes in ultracold atoms utilized a honeycomb lattice [14]. By periodically oscillating the
potentials made by lasers, one can realize a counterpart of a Floquet topological insulator. The
Floquet-Magnus expansion of the Floquet Hamiltonian of the experimental setup becomes the
Hamiltonian of the Haldane model. Since the Haldane model was thought to be a toy model that
is hard to realize in condensed matter [53], this effective realization of the Haldane model was a
surprise to the researchers in topological physics and thus stimulated the studies of topological
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edge modes in ultracold atoms. Recent research has also investigated non-Hermitian topological
phenomena such as the non-Hermitian skin effect [185,186] and the PT -symmetry breaking [187].

Since ultracold atoms are interacting bosonic systems, they provide controllable platforms to
investigate the effect of many-body interactions on topological edge modes. We note that one
can analyze such many-body interactions via the nonlinear equations (cf. the Gross-Pitaevskii
equation in Sec. 3.1.3) obtained from their mean-field analysis, and thus ultracold atoms may also
be useful to study the nonlinear topology.

2.4.6 Active matter

Studies of topological insulators have also explored possible applications in biological systems.
In particular, topological active matter forms a field of research [188]. The active matter is a
collection of self-driven particles that can move around by consuming the energy stored inside.
Examples of active matter are abundant in biological systems, such as a school of fish [189],
bacterial flows [190–192], collective motion of cells [193–195], and biological motors [196, 197].
Furthermore, one can synthesize active particles whose self-driving motions are realized by, e.g.,
using thermoosmotic flows [198], autophoretic processes [199], or Marangoni flow [200].

One can describe the collective motion of active matter by the hydrodynamic equations [201,
202]. The widely used hydrodynamic model of active matter is the Toner-Tu model [203,204]

∂tρ+ ∇ · (ρv) = 0, (2.50)

∂tv + λ(v · ∇)v + λ2(∇ · v)v + λ3∇|v|2

= (α− β|v|2)v − ∇P +DB∇(∇ · v) +DT ∇2v +D2(v · ∇)2v + f . (2.51)

By considering the fluctuations of the density and velocity fields from the steady state, δρ = ρ−ρ0
and δv = v − v0 (ρ0: the density at the steady state, v0: the velocity at the steady state), one
can linearize the Toner-Tu equation. The obtained effective Hamiltonian becomes [205,206] *4

i
d

dt

 δρ
δvx

δvy

 =

 −ivss · ∇ −i∂x −i∂y

−i∂x −iλvss · ∇ 0
−i∂y 0 −iλvss · ∇


 δρ
δvx

δvy

 , (2.52)

where we also conduct nondimensionalization. With a little more algebra, one can obtain the
Schrödinger-like equation that is similar to Eq. (2.44). Therefore, by rectifying the steady flow
so that it imitates the vector potential in topological insulators, one can realize topological active
matter.

Unlike passive fluids, active matter can generate steady flow without using external forces. The
first proposal of topological active matter [205] utilized the circular annuli aligned on the Lieb-
lattice structure. In each annulus, the active particles rotate in the clockwise or counterclckwise
direction. Since the direction of motions should be the same on the boundary of the circular annuli,
the direction of rotations must be alternate. From these assumptions, one can show that either the
clockwise or counterclockwise rotations appear in more annuli than the other. Since the rotation
of the effective vector potential corresponds to the effective magnetic field, the imbalance of the
direction of the vortices induces the nonzero net vorticity, which corresponds to nonzero external
magnetic fields. Therefore, the active particles in the circular annuli construct an active-matter
counterpart of the quantum Hall effect.

One can also realize counterparts of the quantum Hall effect by using curved spaces [207] or
self-rotating active particles [125, 208]. On curved spaces such as a sphere, active matter can
exhibit cyclic steady flow along the surface. Then, such steady flow has nonzero vorticity, which
induces effective magnetic fields, as in the equatorial waves discussed in Sec. 2.4.2. Meanwhile,
self-rotating active particles, i.e., chiral active matter can exhibit Collioris-like forces derived from

*4We here ignore some dissipative terms. The full linearized equations are written in Ref. [21].
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their rotation. Both the Collioris force and the Lorentz force act particles perpendicularly to their
velocities, and thus the Collioris-like forces in chiral active matter lead to the effective magnetic
field in topological active matter.

In our previous study [206], we proposed an active-matter counterpart of the quantum anoma-
lous Hall effect, which does not require net effective magnetic fields. To realize such topological
active matter, we consider active matter moving among pillars that are located at lattice points
of a kagome lattice. Then, such pillars can rectify the steady flow (similar rectification is experi-
mentally realized by using bacteria [192]) and thus realize the effective vector potential imitating
that in a kagome-lattice model of the quantum anomalous Hall effect [209].

Previous studies [210, 211] have also realized topological edge modes in experiments of active
matter. X. Yang et al., [210] utilized robotic active particles that self-rotate by utilizing the
attached vibrators. Such robotic rotators exhibit boundary currents, which is predicted in Ref.
[125]. The other study [211] utilized neural progenitor cells, which also show the chiral collective
motion. Confining neural progenitor cells in a dish, one can observe the chiral flow along the
boundary. We can also calculate the power spectrum of the spatio-temporal Fourier transform of
the nonlinear dynamics and obtain gapless dispersions which indicate the existence of topological
edge modes. They also derive the linearized equation from the hydrodynamic model of cells,
which can be considered as active nematics and have different symmetries from the Toner-Tu
equation. Such analysis revealed the topological origin of the chiral edge modes similar to that in
the self-rotating polar active matter [208].

Non-Hermitian effects in topological active matter have also been investigated. An exper-
imental study [212] demonstrated that active matter in two-dimensional channels can exhibit
the higher-order non-Hermitian skin effect, which is the localization to the corner of the system.
Specifically, they utilized heart-shaped channels that rectify the unidirectional flow of active par-
ticles. The emergence of the non-Hermitian skin effect is also discussed in the experimental study
on neural progenitor cells [211]. In our previous study on the exceptional edge modes [27], we also
proposed the active-matter realization of the exceptional edge modes. There, we discussed that
the mixture of clockwise and counterclockwise self-rotating particles can exhibit exceptional edge
modes.

2.4.7 Stochastic processes

In classical mesoscopic systems, particles are often affected by thermal noises, which induce their
Brownian motion. Such noisy systems are modeled by stochastic processes. Focusing on the
dynamics of the probability distribution, one can describe the stochastic dynamics by the Fokker-
Planck equation or the master equation, which is a linear equation of the probability distribution.
In general, the master equation can be written as

∂tp = Wp, (2.53)

with p being the vector of the probability distribution and W being the rate matrix. From this
equation, one can make an analogy to the Schrödinger equation by corresponding iW to the
Hamiltonian H.

Since the steady state of a stochastic process corresponds to the zero eigenvector of the rate
matrix W , it is desirable to define the topology around zero eigenvalue. However, the rate matrix
is always gapless at the zero point, which is guaranteed by the Perron Frobenius theorem [213,214].
Therefore, one cannot directly extend the topological invariants, such as the winding number and
the Chern number. Instead, recent studies [124, 126] proposed to utilize the scale transformation
of the rate matrix. By using such scale transformation, one can obtain spectra that do not
include the zero eigenvalue. Then, the winding number of eigenvalues that are studied in the non-
Hermitian topology is extended to one-dimensional stochastic processes. The nonzero winding
number corresponds to the localization of the steady state [124, 125]. Furthermore, the winding
number also corresponds to the relaxation properties [126], such as the size-scaling of the relaxation
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time and the emergence of the cutoff phenomena [215–218], where the relaxation does not proceed
for a long time, and then the system is suddenly relaxed to the steady state.

Exploring the topology in stochastic processes at nonzero eigenvalues, one can further observe
topology-induced phenomena. Early works on the topology in stochastic processes [219] discussed
the extension of the Thouless pump. they concluded that the zero temperature and the adiabatic
limit can reproduce the quantization of the transport. Recent studies [220,221] have also discussed
the emergence of the chiral current, which resembles to those in topological insulators. Such
chiral current is realized by the stochastic version of a higher-order topological insulator with
nonreciprocal hoppings.

2.4.8 Others

Classical topological insulators can be also found in thermal dissipation. The dissipation of heat
is described by the diffusion equation and its diffusion coefficient can be tuned by the media.
Then, the periodic modulation of the diffusion coefficient can construct counterparts of typical
models of topological insulators such as the SSH model [222, 223]. Since the topological edge
modes have their eigenvalues in the bulk band gap, one can observe the topological property from
the difference in the diffusion rate; edge-localized heat can dissipate faster in topological systems
than in trivial systems. Such topological dissipation has also been observed in experiments [224].

Furthermore, the notion of topology can influence human dynamics. Specifically, a previous
study [225] has shown that one can choreograph a dance that simulates the edge current in
topological insulators. Such a dance can be useful to science education. Extending the notion
of topology to these various systems can lead to a wide variety of potential applications, such as
engineering and arts.



Chapter 3

Nonlinear dynamical systems and
nonlinear topology

In this chapter, we first review examples of nonlinear systems and typical nonlinear phenomena.
Then, we review recent studies on the extension of topological physics to nonlinear systems. In
Sec. 3.1, we raise examples of nonlinear systems that can be platforms to study nonlinear topol-
ogy. Specifically, we describe the equations of motion of those nonlinear systems. In Sec. 3.2,
we introduce the basic concepts and analytical techniques in studies of nonlinear dynamical sys-
tems. In Sec. 3.3, we consider three typical nonlinear phenomena, synchronization, solitons, and
chaos, and analytical tools to investigate these phenomena. Finally, we review topological phe-
nomena unique to nonlinear systems in Sec. 3.4. We also introduce recent attempts to extend the
topological invariant to nonlinear systems.

3.1 Examples of nonlinear systems

In this section, we review typical nonlinear systems. In particular, we introduce nonlinear oscilla-
tors, photonics, ultracold atoms, and (active) fluids.

3.1.1 Nonlinear oscillators

Nonlinear oscillators can be seen in various fields of science including biological systems [30–33] and
engineering [34–36,226–228]. The nonlinear oscillator sustains its self-oscillation at the balance of
the injection and dissipation of energy from the circumstances. Therefore, the nonlinear oscillators
exhibit unique properties that cannot be seen in linear harmonic oscillators, such as the robustness
of the amplitude against external noises.

Typical examples of nonlinear oscillators are found in biological systems. For example, neurons
can be modeled as nonlinear oscillators [32, 229]. The change of the action potential of a neuron
exhibits a pulse-like oscillation, which is not realized by a linear oscillator. Since the collective
dynamics of neurons is important to understand brain activities, nonlinear oscillators imitating
neurons are often studied. Another biological example can be found in more macroscopic systems,
the luminescence of a firefly [30]. Some kinds of fireflies exhibit periodic luminescence and such
oscillations can be regarded as nonlinear oscillators.

Experimental studies of nonlinear oscillators have also been conducted in various setups.
Metronomes are nonlinear oscillators that are useful in experimental studies due to their con-
trollability of the frequencies and interactions [35, 230]. Chemical compounds are also useful
nonlinear oscillators that are often used in demonstration in scientific events. In particular, the
Belousov-Zhabotinsky reaction exhibits complex oscillatory patterns, which have attracted much
interest both in the fundamental theory of nonlinear science and physical education. More surpris-
ingly, recent experimental studies [231,232] have also extended nonlinear oscillators into quantum
regimes by using trapped ions.

26
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(a) (b)

(c) (d)

Figure 3.1: Examples of nonlinear systems and phenomena. (a) Schematic of synchronization in
metronomes. Reprinted from H. Ulrichs, A. Mann, and U. Parlitz, Synchronization and chaotic
dynamics of coupled mechanical metronomes. Chaos 19, 043120 (2009) [230], with the permission
of AIP Publishing. (b) Nonlinear oscillators in quantum physics. Trapped ions can behave as non-
linear oscillators. This figure is adapted from A. W. Laskar, P. Adhikary, S. Mondal, P. Katiyar, S.
Vinjanampathy, and S. Ghosh, Observation of Quantum Phase Synchronization in Spin-1 Atoms.
Phys. Rev. Lett. 125, 013601 (2020) [232]. Copyright 2020 by the American Physical Society.
(c) Experimental demonstration of the transition to turbulence. This figure is adapted from M.
Sano and K. Tamai, A universal transition to turbulence in channel flow. Nat. Phys. 12, 249-253
(2016) [278], Springer Nature. Copyright 2016. (d) Solitons in a photonic system. The colors of
data points show the intensities of light at corresponding sites and times. One can see the prop-
agation of localized waves. This figure is adapted from M. Wimmer et al., Observation of optical
solitons in PT-symmetric lattices. Nat. Commun. 6, 7782 (2015) [241] licensed under a Creative
Commons Attribution 4.0 International License (http://creativecommons.org/licenses/by/4.0/).

Models of nonlinear oscillators

One of the simple models of nonlinear oscillators is the Stuart-Landau oscillator [233]. One can
describe the Stuart-Landau oscillator by using a complex-valued state variable Z as

Ż = (iω + α− β|Z|2)Z, (3.1)

where ω and α are real parameters, and β is a complex-valued coefficient of the nonlinear term.
This model has a circular limit cycle (cf. Sec. 3.2.1) at α > 0, which has the constant amplitude√
α/Reβ and the frequency ω + α(Im β/Reβ). Thus, the Stuart-Landau oscillator can model a

nonlinear oscillator that self-sustains its oscillation. As we will discuss later in Sec. 3.2.2, we can
generally obtain this equation by considering leading-order terms of various models of nonlinear
oscillators around the parameter where the nonlinear oscillator begins to self-oscillate.

The essential feature of nonlinear oscillators is the self-sustained rotation of the phase with
nonzero amplitudes. By extracting such a rotation of the phase, one can define the simplest model
of nonlinear oscillators, the Kuramoto model [234,235]. In the Kuramoto model, the state variable
ϕ corresponds to the phase of an oscillator that is equated modulo 2π, and its dynamics is simply
defined by

ϕ̇ = ω, (3.2)
where ω is the natural frequency of the oscillator. The Kuramoto model was first introduced
to analyze the synchronization of oscillators (see Sec. 3.3.1) and the collective motion of the
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Kuramoto oscillators can be described as

ϕ̇j = ωj +
∑

k

Fj(ϕj , ϕk), (3.3)

where Fj(ϕj , ϕk) is a doubly periodic nonlinear function of ϕj and ϕk whose periods are 2π. In
particular, Fj(ϕj , ϕk) = K sin(ϕk − ϕj) is often used, which represents the attractive interaction
in the case of K > 0.

There are more types of oscillator models, which can be more suitable to study realistic
nonlinear oscillators. Van der Pol [236] proposed the nonlinear equation that models the oscillation
found in an electrical circuit using vacuum tubes, which was used in radio. The van der Pol
equation is described as

ẍ+ µ(x2 − 1)ẋ+ x = 0, (3.4)

with x being the state variable and µ ≥ 0 determines the strength of (nonlinear) dissipation.
The nonlinear dissipation term µ(x2 − 1)ẋ represents the property of the vacuum tubes; they
act as a normal resistor at sufficiently large current, while they inject energy if the current is
small. In general, the van der Pol circuit can appear in electrical circuits with nonlinear resistors.
In addition, recent research [49, 237] has discussed that the dynamics of active particles can be
described by the van der Pol equation.

The spikes of neurons are typical nonlinear oscillators that have attracted much interest due to
their biological importance. The pioneering model to study such neuron activities is the Hodgkin-
Huxley model [229], which models the time-evolution of action potentials by a nonlinear electrical
circuit. While this model is much simpler than the set of the rate equations of ions involved in the
spikes of neurons, it still has four variables and thus is difficult to analyze. Further simplifying
the Hodgkin-Huxley model, one can obtain the Fitzhugh-Nagumo model

u̇ = c(u− u3/3 − w), (3.5)
cẇ = −u− bw + a, (3.6)

where u and w are the state variables. Since this model is two-dimensional nonlinear dynamics,
one can easily extract the essential properties of the spikes of neurons. We note that the Fitzhugh-
Nagumo model also includes the van der Pol oscillator as a special case at a = b = 0.

3.1.2 Nonlinear photonics

As discussed in Sec. 2.4.1, photonic systems are described by the Maxwell equations in materials.
To be more precise, we obtain from the Maxwell equation,

∇ · (ϵ0E + P) = 0 (3.7)

where E and P are the electric field and the polarlization. We often approximate the polarization
P by the linear function of E, the polarization can be nonlinear for the electric field in realistic
materials. Such nonlinear polarization can be described as

P = ϵ0(χ(1)E + χ(2)E2 + χ(3)E3 + · · · ). (3.8)

This nonlinearity is the origin of the nonlinear optical effects in photonic metamaterials.
From the microscopic point of view, the nonlinearity of the polarization is related to the many-

body interactions between photons and electrons in materials. In particular, if the numbers of
photons absorbed in and emitted from the electronic band structure are different, such absorption
and emission processes are regarded as inherently many-body processes, whose probability depends
on the number of photons, i.e., the strength of the electric field. Therefore, the nonlinearity of
the polarization can be observed.

Under the inversion symmetry, the second-order term in Eq. (3.8) must disappear, and the
third-order term is the leading-order term. Such a third-order nonlinear effect is known as the Kerr



3.1 Examples of nonlinear systems 29

nonlinearity [37]. The Kerr nonlinearity induces the inhomogeneity of the refractive index, which
can lead to the self-focusing effect of light. Self-focusing of light leads to a pulse-like standing
wave of light, which resembles solitons [240, 241]. As we will discuss in Sec. 3.4.1, the interplay
between such photonic solitons and topological photonics is much investigated in both theoretical
and experimental studies. We note that the emergence of the soliton depends on the sign of the
Kerr nonlinear term, and both the positive and negative signs are experimentally realized [242].

3.1.3 Gross-Pitaevskii equation of ultracold atoms

Ultracold atoms are basically quantum bosonic systems and thus are described by the many-
body Schrödinger equation. However, such many-body systems are hard to analyze. Instead, by
utilizing desirable properties of the BEC state of ultracold atoms, studies on ultracold atoms have
derived and analyzed the nonlinear Schrödinger equation of a single particle, which is called the
Gross-Pitaevskii equation [40,41].

We here derive the Gross-Pitaevskii equation from the mean-field approximation of the Hamil-
tonian of interacting bosonic systems. The Hamiltonian of interacting bosons can be described
as

H =
∑

i

[
p2

i

2m
+ U(ri)

]
+
∑
i<j

V (ri, rj), (3.9)

where ri and pi denotes the location and momentum of the ith particle. Then, we assume the
following ansatz:

Ψ(r1, · · · , rN ) =
N∏

i=1
ψ(ri). (3.10)

This ansatz reflects the fact that the BEC state is a highly coherent state, where almost all the
particles are at the ground state and have the same phase. By using this ansatz, the expectation
value of the energy becomes

⟨Ψ|H|Ψ⟩ =
∑

i

∫
ψ(ri)∗

[
p2

i

2m
+ U(ri)

]
ψ(ri)dri +

∑
i<j

∫
V (ri, rj)|ψ(ri)|2|ψ(rj)|2dridrj , (3.11)

which has a fourth-order term of ψ(ri). To derive the nonlinear Schrödinger equation, we should
conduct the variational calculation of this equation. Then, we obtain the Gross-Pitaevskii equation

EMBψ(ri) = N

[
p2

2m
+ U(ri)

]
ψ(ri) + V ′N(N − 1)

2
|ψ(ri)|2ψ(ri), (3.12)

where we approximate the interaction V (ri, rj) by the delta function, V (ri, rj) = V ′δ(ri − rj).

3.1.4 Passive and active fluids

While we have discussed the topological edge modes in fluidic or phononic systems in Sec. 2.4.2,
the hydrodynamic equation is a typical example of nonlinear dynamics. The well-known hydro-
dynamic equation, the Navier-Stokes equation (cf. Sec. 2.4.2),

∂tρ+ ∇ · (ρv) = 0, (3.13)

∂tv + (v · ∇)v = −1
ρ

∇P +D∇2v + f , (3.14)

where ρ and v are the density and the velocity field, P is the pressure and f represents the external
force. As we can see from this equation, the hydrodynamics exhibits the nonlinearity in, e.g., its
space-derivative terms. In particular, when the dynamics cannot be regarded as laminar flow,
one cannot ignore such a nonlinearity. Therefore, we must investigate the nonlinear effect on
topological fluid and phononics.
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The dynamics of active matter that has been discussed in Sec. 2.4.6 is also described by the
hydrodynamic equation. The representative hydrodynamic model of active matter is the Toner-Tu
model [203,204],

∂tρ+ ∇ · (ρv) = 0, (3.15)

∂tv + λ(v · ∇)v + λ2(∇ · v)v + λ3∇|v|2

= (α− β|v|2)v − ∇P +DB∇(∇ · v) +DT ∇2v +D2(v · ∇)2v + f . (3.16)

Comparing this with the Navier-Stokes equation (3.13), (3.14), the Toner-Tu model uniquely has
a dissipative nonlinear term −β|v|2v, which is originated from the injection and dissipation of
energy in active systems. Therefore, the nonlinearity of active matter is nonnegligible in a wider
range of parameters than those in passive fluids. The nonlinearity of active matter plays an
important role in its phase transition from a disordered state to a flocking state (i.e., collective
motion such as a school of fish). Strong nonlinear effects in active matter also induce active
turbulence [191], which can be seen even in low-Raynolds-number regimes.

3.1.5 Others

Nonlinearity can be found in more familiar examples such as mechanical systems. For example,
if the mass is constrained on a circular path (cf. a pendulum), the Newton equation becomes
nonlinear for the location of the mass. The mechanical lattice discussed in Sec. 2.4.3 also exhibits
such nonlinearity. Thus, the nonlinear effect in topological mechanics has also been studied both
theoretically [243] and experimentally [244].

Another interesting example of nonlinear systems is a chemical reaction. Since the rate equa-
tion is a nonlinear equation of the concentrations of chemical species, one can assume the dynamics
of a chemical reaction network as a nonlinear system. Recently, chemical reactions have attracted
interest in nonequilibrium thermodynamics [245,246] because similar inequalities can be obtained
to those found in master equations of stochastic systems. Since topological properties have been
investigated in master equations (cf. Sec. 2.4.7 and Refs. [124–126, 219–221]), one may also find
counterparts of topological insulators in chemical reaction networks. We note that some previous
studies [247, 248] have analyzed the robustness of chemical reaction networks from the view of
network topology, which is different from the topology of the wavenumber space discussed in this
thesis.

3.2 Introduction to nonlinear dynamical systems
In this section, we introduce the basic concepts in nonlinear dynamical systems that are necessary
to understand the bulk-boundary correspondence in nonlinear systems. There are good textbooks
[249, 250] to learn these basic concepts in nonlinear dynamical systems, and thus one should
consult them to know the details.

3.2.1 Fixed points and limit cycles

Nonlinear dynamical systems are nonlinear time evolutions including both continuous and discrete
ones. Such nonlinear dynamics are generally described as

d

dt
x = f(x) (continuous), (3.17)

x(t+ 1) = F (x(t)) (discrete), (3.18)

where x represents a vector of the state variables. As discussed in the previous section, nonlinear
dynamical systems are abundant in nature and thus attract much interest in mathematics and
physics.
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Figure 3.2: Vector fields and stability analyses. (a,b) Vector fields and pitchfork bifurcation of a
one-dimensional system. The blue curves represent f(x) = ax−x3 with (a) a = −1 and (b) a = 1,
for each. The red arrows show the vector fields of the one-dimensional model, whose directions
correspond to the signs of the function f(x). The blue filled circles (the red circle) are the stable
(unstable) fixed point. The pitchfork bifurcation occurs at a = 0 and new fixed points appear. (c)
Vector field of a two-dimensional model (3.23). The blue curved arrows represent the vector field.
There exists the saddle point at (x, y) = (0, 0) denoted by the blue circle. The green line is the
stable manifold of the fixed point, and the red dashed line is the unstable manifold. (d) Vector
field of the Stuart-Landau model (3.1). We rewrite the complex state variable as Z = x+ iy. We
use the parameters α = β = ω = 1. The red circle is the limit cycle of this model.

One of the purposes of studies on nonlinear dynamical systems is to understand the geometrical
properties of the state in the long time limit t → ∞. If a nonlinear system is dissipative and has
no conservative quantities, the dynamics should be relaxed to a steady state. There are two types
of typical steady states, fixed points and limit cycles. In the following paragraph, we describe
their definitions and basic properties.

First, let us consider fixed points. A fixed point is a point in the phase space at which the
state variables do not change under the time evolution. By using Eqs. (3.17) and (3.18), one can
define the fixed point x∗ as

f(x∗) = 0 (continuous), (3.19)
F (x∗(t)) = x∗(t) (discrete). (3.20)

The fixed points are classified by their stability. If any neighbor points approach the fixed point,
it is called a stable fixed point or a sink. Otherwise, the fixed point is unstable in most cases.
Further considering unstable fixed points, we can find two types; one is a fully unstable point from
which any neighbor points are repelled, and the other is the fixed point some neighbor points can
converge to it. The former is called a source, and the latter is a saddle point. There are also
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exceptional cases that infinitely many oscillatory steady states appear around a fixed point, which
is called a center.

Secondly, we consider the limit cycle, which is an isolated closed orbit. One mathematically
defines the limit cycle as a closed orbit γ such that there exists a neighborhood U of γ and orbits
starting from any points in U approaches γ in the limit of t → ∞ or t → −∞. One can also
classify the limit cycles from their stabilities as in the fixed points. We note that stable fixed
points and stable limit cycles are also called attractors, which is the term including any sets of
points whose neighbor points coverge.

We note that there can be more exotic steady states. Specifically, the strange attractor in
chaotic systems is one example (see Sec. 3.3.2). However, the analysis of such nonperiodic steady
states is much more difficult than fixed points and limit cycles.

Vector fields to analyze the stability

Since most nonlinear differential eqautions cannot be analytically solved, geometrical approaches
are useful to analyze nonlinear dynamical systems. One of such geometrical approaches is a vector
field, which visualizes the flow of the nonlinear dynamics. The vector field is defined as f(x) of
Eq. (3.17) in the phase space. By plotting the vector field as arrows, one can judge the stability
or instability of fixed points and limit cycles.

We here raise an example of the stability analysis using the vector field in a one-dimensional
dynamical system ẋ = f(x). Figures 3.2(a) and (b) show the vector fields of such a one-dimensional
dynamical system. The points at which the directions of the arrows are changed are the fixed
points. One can clearly see the stability and instability of the fixed points from the directions of
the arrows; if the neighbor arrows point out the fixed point, it is stable and otherwise unstable.
Therefore, one can judge the stability of the fixed points without solving the differential equation.

Stable and unstable manifolds

The stability of the fixed point is judged by whether or not its neighbor points converge to the
fixed point in the limit of t → ∞. Thus, the set of points that converge to a fixed point also plays
important roles in the analysis of the dynamical system. In fact, such a set of points is termed a
stable manifold. More rigorously, one defines the stable manifold of a fixed point x∗ as

{x′|if x(0) = x′, lim
t→∞

x = x∗}. (3.21)

In addition, the set of points that converge to a fixed point in the limit of t → −∞,

{x′|if x(0) = x′, lim
t→−∞

x = x∗}, (3.22)

has also important meanings in nonlinear dynamical systems and is termed an unstable manifold.
One can judge the stability of a fixed point from the dimension of the stable and unstable

manifolds. For example, if the dimension of the stable manifold is the same as the dimension
of the phase space, the fixed point is stable (i.e., a sink). In contrast, if the dimension of the
unstable manifold is the same as the dimension of the phase space, the fixed point is a source. In
the other cases, one can judge that the fixed point is a saddle point. Therefore, the stable and
unstable manifolds provide us the information directly related to the stability of the fixed point.
We present an example of the vector field in Fig. 3.2(c). We here consider a two-dimensional
dynamical system

ẋ = −x− x3, ẏ = y. (3.23)

We obtain a one-dimensional stable manifold of the fixed point at (x, y) = (0, 0). Thus, we can
judge that the fixed point is a saddle point.

While the stable and unstable manifolds are directly related to the stability of a fixed point,
the linear stability analysis is also useful to investigate the stability of a fixed point. In fact, these
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two methods have a close relation in that the dimensions of the stable and unstable manifolds of
a normal fixed point become equal to the numbers of negative and positive eigenvalues obtained
from the linear stability analysis, respectively. In more detail, the normal fixed point means that
all the eigenvalues have nonzero real parts in the linear stability analysis around the fixed point.
Such a fixed point is called hyperbolic. Then, one can obtain the linear subspace whose basis
is the eigenvectors with negative (positive) real parts of the eigenvalues, which is called a stable
(unstable) linear subspace. Finally, the Hartman-Grobman theorem [251,252] indicates that local
structures of the orbits around the stable point and that in linear dynamics are topologically
conjugate (they have similar structures in a topological sense). Therefore, the dimension of the
stable (unstable) manifold is equal to that of the stable (unstable) linear subspace, which is also
the same as the number of negative (positive) real parts of the eigenvalues in the linear stability
analysis.

3.2.2 Bifurcation analysis

Since the existence and stability of fixed points and limit cycles play important roles, the change
of them also attracts much interest in studies on nonlinear dynamical systems. Such changes in
the existence and stability of fixed points and limit cycles are called bifurcations. In this section,
we raise some typical examples of bifurcations.

We first consider fixed points and discuss two types of bifurcations, pitchfork bifurcations and
saddle-node bifurcations. At the pitchfork bifurcation, a fixed point splits into three fixed points.
Such a bifurcation can be seen in a nonlinear dynamics described by

ẋ = ax− x3. (3.24)

In this nonlinear dynamics, there is one fixed point at x = 0 for a < 0. Meanwhile, at a = 0, the
pitchfork bifurcation occurs, and three fixed points x = 0, ±

√
a emerge in the parameter region,

a > 0. We note that the pitchfork bifurcation alters the stability of the fixed point at x = 0
(stable at x < 0 and unstable at a > 0). Such a change in the stability of the fixed point is also
universal in the pitchfork bifurcation. Another type of pitchfork bifurcation can be seen in

ẋ = ax+ x3, (3.25)

where the stabilities of the fixed points are different from those in Eq. (3.24).
One can also observe a saddle-node bifurcation in any dimension. At the saddle-node bi-

furcation, two fixed points emerge. One can check the saddle-node bifurcation in a nonlinear
dynamics

ẋ = a+ x2. (3.26)

If one considers a > 0, the nonlinear dynamical system has no fixed points. At a = 0, the
saddle-node bifurcation occurs, and one obtains two fixed points ±

√
−a at a < 0.

We note that Equations (3.24), (3.25), and (3.26) are called normal forms of the bifurcations.
In general nonlinear dynamics, if we consider the leading-order terms around the bifurcation point,
one obtains these normal forms. Therefore, analyzing the normal forms is useful to understand
the properties of each type of bifurcation.

We next consider the bifurcation involving limit cycles. One typical example is a supercritical
Hopf bifurcation, where a stable limit cycle emerges around a fixed point. The normal form of
the supercritical Hopf bifurcation is

ẋ = αx− ωy − (x2 + y2)x, (3.27)
ẏ = αy + ωx− (x2 + y2)y. (3.28)

If one considers α < 0, the nonlinear system exhibits one fixed point at (x, y) = (0, 0) and no limit
cycles. At α = 0, the supercritical Hopf bifurcation occurs and (x, y) = (

√
α cosωt,

√
α sinωt) is

a stable limit cycle at α > 0. We note that the normal form of the supercritical Hopf bifurcation
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is equivalent to the Stuart-Landau equation (Eq. (3.1) in Sec. 3.1.1) via the transformation of
the variables Z = x + iy. Since the supercritical Hopf bifurcation indicates the beginning of the
self-oscillations of nonlinear oscillators, the Stuart-Landau equation can approximate the general
dynamics of nonlinear oscillators at the parameter where the oscillation amplitudes are small
enough. While we have considered a supercritical Hopf bifurcation, nonlinear dynamics can also
exhibit a subcritical Hopf bifurcation, where an unstable limit cycle emerges.

It is noteworthy that there are more various bifurcations than those introduced in this section.
Raising a few examples, fixed points can exhibit a transcritical bifurcation where the stability
of two fixed points are swapped, and a coalesce of a saddle point and a limit cycle induces a
homoclinic bifurcation. Discrete dynamical systems further enrich the types of bifurcations, such
as a period-doubling bifurcation, which we will discuss in Sec. 3.3.2. Understanding which types
of bifurcations occur is a key issue in studies of nonlinear dynamical systems.

Index theory in nonlinear dynamical systems

While studies on the quantum field theory have revealed the index theorems related to the bulk-
boundary correspondence in topological insulators, nonlinear dynamical systems can also be an-
alyzed from a view of topological indices that are different from quantum physics [253, 254].
Specifically, one can consider the following winding number [249] on a closed path C in the vector
field of a two-dimensional nonlinear dynamical system ẋ = f(x, y), ẏ = g(x, y),

νC = 1
2π

∮
C

fdg − gdf

f2 + g2 , (3.29)

which counts how many times the angle of the vector field rotates. One can show that this winding
number is an integer and continuous with respect to f and g. Therefore, νC is a topological
invariant and is also unchanged under the deformation of the closed path C, until C does not
cross fixed points.

Since the winding number νC is a topological invariant, one can calculate it from the sum of
the local winding number around the fixed points encircled by C. The winding number around a
fixed point is determined from the type of stability of the fixed point; if the fixed point is a sink
or a source, the winding number becomes νC = 1. If the fixed point is a saddle point, we obtain
νC = −1. These facts also restrict the possible types of bifurcations, because the winding number
is also unchanged via the bifurcation. For example, in the pitchfork bifurcation, a sink does not
split into a pair of sinks and a source, because the winding number is changed from C = 1 to
C = 3 via such a bifurcation.

Unfortunately, the relationship between the index theory in nonlinear dynamical systems and
nonlinear topology in condensed matter theory is unelucidated. In Sec. 6, we instead discuss the re-
lationship between the stability of fixed points and nonlinear topological invariants characterizing
nonlinear topological insulators. Since the winding number above is a well-investigated quantity
in nonlinear dynamical systems, analyzing the nonlinear topology from the winding number of the
vector field might open up a different way to establish the bulk-boundary correspondence from
that in our studies.

3.3 Typical nonlinear phenomena
In this section, we review two nonlinear phenomena, synchronization and chaos, which play im-
portant roles in our studies on the nonlinear topology. We also briefly introduce other typical
nonlinear phenomena, solitons and pattern formations.

3.3.1 Synchronization

One of the intriguing nonlinear phenomena is synchronization [235], which can ubiquitously ap-
pear in various types of nonlinear oscillators. Synchronization of nonlinear oscillators is defined as
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a collective motion of (inhomogeneous) oscillators by their interactions. Synchronization can be
classified into two classes, phase synchronization and frequency synchronization. In the phase syn-
chronization, nonlinear oscillators exhibit almost the same phase. The frequency synchronization
indicates a wider class of synchronization, where the frequencies of the oscillators are the same,
while their phases can be different. Both types of synchronizations can occur even if the natural
frequencies of oscillators fluctuate. We also note that coupled linear harmonic oscillators usually
exhibit multi-frequency oscillations, a single-frequency collective motion is inherent to nonlinear
systems.

Synchronization plays crucial roles in various physical systems. A typical example of synchro-
nization is the flashing of fireflies [30]. Some kinds of fireflies show synchronous flashing and it is
modeled as nonlinear oscillators. Synchronization can also be seen in other biological systems, such
as the collective motion of cardiomyocytes [31], circadian rhythm [33], and neural activity [32].
While these biological oscillators are constituted of complex networks of biochemical reactions,
one can also realize synchronization of chemical oscillators in more simple systems [255]. One
can also realize the synchronization in artificial systems, including mechanical oscillators (e.g.,
metronomes) [35, 230], Josephson junction arrays [34], and lasers [226–228]. Stabilizing the syn-
chronization is required in engineering, for example, to maintain a grid system by realizing the
stable synchronization of electric generators [36]. While conventional studies of synchronization
have focused on classical systems, recent studies have also revealed the synchronization in quantum
systems such as trapped ions [231,232].

As discussed in Sec. 3.1.1, the Kuramoto model [234, 235], the simplest model of nonlinear
oscillators, was introduced to analyze the synchronization of nonlinear oscillators. Specifically,
one can exactly show the transition from synchronized to disordered phases in the fully connected
Kuramoto model,

θ̇i = ωi + K

N

∑
j

sin(θj − θi). (3.30)

To show such a phase transition, one should consider the order parameter R defined as

1
N

∑
j

exp(iθj) = R exp(iΘ), (3.31)

where Θ represents a kind of the averaged phase of oscillators. By substituting this to Eq. (3.30),
one obtains

θ̇i = ωi +KR
∑

j

sin(Θ − θi). (3.32)

Finally, by self-consistently solving this equation, one can exactly confirm the phase transition in
this model.

While one can solve the fully connected Kuramoto model, the network structures of realistic
coupled nonlinear oscillators are more complex. There are many studies on the synchronization
of nonlinear oscillators on periodic [256–260] and aperiodic [261, 262] networks. These network
structures enrich the synchronized phase, such as cluster synchronization [263–265] where the non-
linear oscillators are divided into several synchronous groups that oscillate in different frequencies
from the others.

Further complex synchronous behaviors can be seen in the chimera state [266]. The defining
feature of the chimera state is the coexistence of synchronized and desynchronized oscillators in
a homogeneous oscillator system. The chimera state is named after a creature that appears in
Greek mythology and has the body of a lion and the head of a goat, whose complex features may
remind us of the coexistence of synchronization and desynchronization. The chimera state was
first found in one-dimensional lattice systems with long-range couplings [258, 259]. After those
groundbreaking works, the chimera states are also investigated in two or more dimensions [260]
and lattice systems only with short-range couplings [267, 268]. Furthermore, previous studies
have also experimentally realized the chimera states in, e.g., chemical oscillators [269,270], liquid-
crystal spatial light modulators [271], and metronomes [272]. The chimera states are not only of
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theoretical interest but also of potential medical importance because they can play essential roles
in neural activities and be related to Parkinson’s disease [273]. One can understand the mechanism
of the chimera state by considering local order parameters similar to Eq. (3.31). In the chimera
state, the local order parameters exhibit a spontaneous symmetry breaking of the translational
symmetry due to the inhomogeneity of the initial condition and have different values depending
on the location. Then, the large local order parameter strengthens the synchronization, while the
small one leads to the destabilizing of the synchronized state, which induces the separation of the
synchronized and desynchronized oscillators, i.e., the chimera state.

Since nonlinear oscillators are often affected by external noises from their circumstance, the
robust control of the synchronization [274–276] is required to stabilize their functionality. In
Chapter 4, we focus on the robustness of topological properties against disorders and propose the
topological control of synchronization.

3.3.2 Chaos

Chaos is also a ubiquitous phenomenon found throughout nonlinear systems [249, 250]. The
defining feature of the chaos is the high sensitivity to the initial condition. Thus, a chaotic
system exhibits bounded orbits, while the orbits obtained from slightly different initial conditions
behave differently in the long-time regime. Such sensitivity to the initial condition prevents us
from precisely predicting the chaotic dynamics. Unfortunately, such chaotic motions are found
throughout nature, such as turbulence [277, 278] of the atmosphere. Therefore, the chaos has
attracted much interest in nonlinear physics. However, since condensed matter physics mainly
focuses on the linear Schrödinger equation, the role of chaos in condensed matter physics is little
understood.

From the point of view of attractors, chaotic systems exhibit unconventional attractors, which
are named strange attractors. Such strange attractors are not points or periodic orbits and thus
are different from both fixed points and limit cycles. Furthermore, strange attractors have fractal
structures. Therefore, the dimensions of such attractors can be nonintegers as we will discuss
below. In the following subsections, we introduce an analytical technique to measure the chaos
of dynamics, named the Lyapunov analysis, and discuss the chaos transition in a one-dimensional
discrete dynamical system, which is closely related to our result in Sec. 6.

Lyapunov analysis

As an indicator of the chaos, the Lyapunov exponent [279] is widely used. The Lyapunov exponent
corresponds to the rate of amplification or attenuation of the deviation of the orbits from original
and perturbed initial conditions. Denoting the deviation of orbits at the time t by δ(t), the
Lyapunov exponent is defined as

|δ(t)| ∼ |δ(0)|eλt. (3.33)

The positivity (negativity) of the Lyapunov exponent indicates the amplification (attenuation) of
the deviation of the orbits. Therefore, the positive Lyapunov exponent implies the chaos of the
system (more strictly, we need a bounded orbit to judge the chaos of the dynamics). When we
consider a multi-dimensional dynamical system, the rate of amplification or attenuation can be
different. Therefore, one can obtain several Lyapunov exponents whose number is equal to the
dimension of the phase space. In multi-dimensional cases, the positivity of the largest Lyapunov
exponent implies chaos.

To investigate the geometric structure of a strange attractor, we also use the (covariant)
Lyapunov vectors [280, 281], which correspond to the direction of perturbations whose rates of
amplifications or attenuations are equal to the Lyapunov exponents. The covariant Lyapunov
vector corresponding to the Lyapunov exponent λ is defined as the vector δ(0) that is amplified
or attenuated as in Eq. (3.33) in the forward time evolution and as

|δ(−t)| ∼ |δ(0)|e−λt, (3.34)



3.3 Typical nonlinear phenomena 37

in the backward time evolution. The Lyapunov vectors provide us the information on the geom-
etry of a strange attractor, such as the directions in which the attractor is extended. A previous
study [282] has utilized the Lyapunov vectors to investigate the chaotic collective motion of non-
linear oscillators and found that the behavior of the Lyapunov vectors depends on the number of
nonlinear oscillators involved in the chaotic motion.

By using the Lyapunov exponents, we can also calculate the Lyapunov dimension [283] of the
strange attractor, which approximates the fractal dimension of the attractor. To calculate the
Lyapunov dimension, one should first sort the Lyapunov exponents λi in descending order. Then,
the Lyapunov dimension becomes

DL =
∑

i≤M λi

|λM+1|
+M, (3.35)

where M is the smallest integer that satisfies
∑

i≤M+1 λi < 0. Since the Lyapunov dimension
almost corresponds to the dimension of the strange attractor, it informs us of the effective degrees
of freedom of chaotic dynamics. Specifically, recent studies have revealed the chaos in chimera
states [284–287] and their Lyapunov dimensions are close to the degrees of freedom of desynchro-
nized oscillators [284,287].

In one-dimensional dynamical systems, one can calculate the Lyapunov exponent by using a
simple formula. Specifically, in the discrete dynamical system x(t + 1) = f(x(t)), the Lyapunov
exponent is calculated as

λ = lim
T →∞

1
T

T∑
t=1

log |f ′(x(t))|, (3.36)

where f ′ represents the derivative of f . In the continuous dynamical system, one can show that
the chaos cannot appear. (In fact, the chaos in continuous systems can be seen in three or more
dimensions.) Since a unit vector in a one-dimensional system is unique, the Lyapunov vector is
determined without calculations.

The calculations of Lyapunov exponents and vectors become difficult in higher-dimensional
systems. While it is almost impossible to analytically obtain the Lyapunov exponents and vectors,
numerical algorithms have been established. The algorithm to calculate the Lyapunov exponents
was developed by Shimada and Nagashima [288], and its improved version [289,290] is widely used.
The calculation of the covariant Lyapunov vectors is more difficult than the Lyapunov exponents
and instead, the vectors obtained as the subproducts of the Shimada-Nagashima algorithm were
used to approximate them. Recently, Ginelli et al. [280] have established a smart algorithm for
the calculation of the Lyapunov vectors by modifying the Shimada-Nagashima algorithm.

The basic idea of the Shimada-Nagashima algorithm and the Ginelli algorithm is to simulate
the amplification and attenuation of perturbations in all the relevant directions. We here explain
how to calculate the Lyapunov exponents and vectors of the N -dimensional dynamical system
ẋ = f(x) and its orbit x̃(t). Since the rate of amplification or attenuation of perturbation is
obtained from the linearized matrix at each time, we first calculate the values of the Jacobian
matrix of f(x) for x̃(t) at each tn of the nth data set, Jn = Jf(x̃(tn)). We prepare N orthogonal
vectors {gj

0}j=1,··· ,N . We apply Jn to {gj
n}j=1,··· ,N and obtain {Jng

j
n}j=1,··· ,N at each step. Then,

we conduct the Gram-Schmidt transformation to the set of {Jng
j
n}j=1,··· ,N and obtain the next

set of N orthogonal vectors {gj
n}j=1,··· ,N . The averages of the logarithms of the rates of amplifi-

cations or attenuations of these vectors converge to the Lyapunov exponents. Practically, one can
conduct the Gram-Schmidt transformation by the QR decomposition of the matrix whose rows
are {Jng

j
n}j=1,··· ,N . Then, if we write the obtained R matrix at the nth step as Rn, the Lyapunov

exponents are equal to the time-averaged value of the logarithm of each diagonal element of Rn.
To further obtain the Lyapunov vector, we should apply the inverse of Rn to the obtained orthog-
onal vectors {gj

n}j=1,··· ,N , backward in time. By iterating this vector backward for a sufficiently
large number of times, the set of vectors converge to the covariant Lyapunov vectors.
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Figure 3.3: Analyses on the logistic map. (a) Bifurcation plot of the logistic map. We plot the
absolute values of xn for sufficiently large n’s. We can find the period-doubling bifurcations and
chaos transitions. (b) Lyapunov exponents of the logistic map. The red line separates the positive
and negative Lyapunov exponents. (c) Cobweb plot at a = 2.5. The blue curve corresponds to
y = f(x) = ax(1 − x) and the green line corresponds to y = x. The red lines show the discrete
dynamics of the logistic map. (d) Cobweb plot at a = 3.9. We confirm the nonperiodic orbit,
which indicates the chaos.

Chaos in a one-dimensional map

Here, we consider the logistic map, which is a typical nonlinear discrete dynamical system exhibit-
ing chaos transition, and show the existence of chaos. We also provide a tool to investigate the
chaotic map. We will conduct a similar analysis on zero modes of nonlinear topological insulators
in Sec. 6 to investigate the chaos in nonlinear topological edge modes.

The logistic map [42] is a one-dimensional discrete dynamical system, whose dynamics is
described as

xi+1 = axi(1 − xi), (3.37)

with xi being the state variable at the ith step. a is a positive real parameter. If we consider
a ≤ 4 and the initial condition 0 ≤ x1 ≤ 1, xi always exists in the regime 0 ≤ xi ≤ 1, and thus
we obtain nondiverging orbits. However, depending on the parameter a, the logistic map exhibits
chaotic orbits that do not diverge but are neither fixed points nor limit cycles.

First, we numerically confirm the emergence of chaos in the logistic map. We start from the
initial condition x0 = 0.1 and calculate the discrete dynamics until it is relaxed to a steady state
or a chaotic attractor. Figure 3.3(a) shows the values that the state variable takes after the
relaxation. In the parameter regime a < 3, the logistic map converges to a fixed point. At a = 3,
a bifurcation occurs, and the steady state becomes a limit cycle with the period T = 2. This
type of bifurcation is called a period-doubling bifurcation. If we consider larger a, the logistic
map exhibits an infinite number of period-doubling bifurcations. As we can see from Fig. 3.3,
the distance between the period-doubling bifurcation points becomes smaller as a becomes larger.
Finally, the period of the limit cycle becomes infinite at a ∼ 3.57. At such a, the chaos transition
occurs, and we obtain chaotic orbits for larger a. We can also find limit cycles even for a ≳ 3.57,
i.e., period-doubling windows. We can also approximately calculate the Lyapunov exponents by
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using the formula (3.36). We here consider the average of log |f ′(xi)| = log |a(1 − 2xi)| in the
regime 5001 ≤ i ≤ 10000. Figure 3.3(b) shows the numerically obtained Lyapunov exponents at
different a. One can clearly confirm the chaos at a ≳ 3.57 from the positive Lyapunov exponent
in this figure.

To analyze the steady states and their stability in one-dimensional nonlinear maps, one often
uses the cobweb plot [249, 250]. We present examples of the cobweb plots of the logistic map in
Figs. 3.3(c,d). The procedure to write the cobweb plot is as follows: (1) Draw the vertical line at
ψi = ψ1 from the bottom to the curve of f(ψi). (2) Draw the horizontal line from the cross point
of the vertical line and f(ψi) to the line representing f(ψi) = ψi. (3) Draw the vertical line from
the cross point of the horizontal line and the line of f(ψi) = ψi to the curve f(ψi) (4) Repeat
the steps (2) and (3). By using the cobweb plot, one can visualize the dynamics in the nonlinear
discrete dynamical system and clearly show that the system exhibits a stable steady state or
chaotic dynamics. Figure 3.3 also reflects the chaotic and nonchaotic dynamics. In Fig. 3.3(c),
we confirm the convergence to a fixed point which indicates the stability of the fixed point. In
contrast, in Fig. 3.3(d), we obtain a disordered orbit, which indicates the chaos of the logistic
map.

3.3.3 Other nonlinear phenomena

Nonlinearity induces more various phenomena than those discussed above. One typical example
is a soliton [240,241], which is a pulse-like nonlinear wave. Solitons can preserve their shapes after
their collision, even though the nonlinear systems have no superposition laws. Such solitons are
abundant in nature, such as water surface waves. Solitons are understood from the balance of the
dissipation and the self-focusing effect of nonlinear waves. One can obtain solitary solutions from
various conservative nonlinear models. In particular, one can analytically calculate the solitary
solutions in solvable models such as the Korteweg-de Vries equation [291] and the one-dimensional
nonlinear Schrödinger equation.

We note that high-energy physics often discusses topological solitons [292], which are topo-
logically protected solitonic excitations. For example, if we consider a one-dimensional chain of
two-dimensional spins such as the sine-Gordon model [293], the 2nπ (n ∈ Z) rotation of the spins
from x = −∞ to x = ∞ cannot be continuously deformed to the state without a rotation of the
spins. Therefore, such rotated states are metastable states protected by their nontrivial topol-
ogy*1. We would like to emphasize that topological solitons utilize the topology of the real space,
which is different from those analyzed in our study, i.e., the topology of the wavenumber space.

Another typical nonlinear phenomenon is pattern formation. Specifically, the Turing patterns
[294] have attracted much interest in various fields of science from mathematics to biology. The
Turing pattern is induced by the instability of the plane wave with a nonzero wavenumber. It is
utilized to explain, e.g., the pattern formation of a tropical fish [295]. To realize the Turing pattern
in biochemical systems, one needs two chemical components, inhibitor and promotor. Then, the
Turing pattern is induced by the interplays between the dissipations at different rates and the
nonlinear interactions of two components.

As discussed below interplays between solitons and topological materials have been explored
in various studies. In contrast, the role of topology in pattern formation is much less explored
than topological edge solitons and thus remains an intriguing future issue.

3.4 Nonlinear topology

In this section, we review previous studies on the extension of topological insulators to nonlinear
systems. As discussed in the previous chapter, conventional studies on topological materials
have assumed the linearity of the system. However, recent studies [38, 39, 296, 297] have revealed

*1One can define the winding number characterizing the metastable states
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Figure 3.4: Nonlinear topological phenomena. (a) Topological edge soliton in photonic systems.
This figure is adapted from D. Leykam and Y. D. Chong, Edge Solitons in Nonlinear-Photonic
Topological Insulators. Phys. Rev. Lett. 117, 143901 (2016) [44]. Copyright 2016 by the Amer-
ican Physical Society. (b) The nonlinearity-induced topological phase transition in the nonlinear
SSH model. The left and right panels show the bulk mode and edge mode that can appear at
different intensities. This figure is adapted from Y. Hadad, A. B. Khanikaev, and A. Alù, Self-
induced topological transitions and edge states supported by nonlinear staggered potentials. Phys.
Rev. B 93, 155112 (2016) [46]. Copyright 2016 by the American Physical Society. (c) Photonic
setup of the quantized nonlinear Thouless pumping. The one-dimensional array of waveguides
(left panel) becomes a photonic topological insulator with periodic driving. Then, even under the
existence of the Kerr nonlinearity, the quantized transport of the wave packet can be confirmed
(right panel). This figure is adapted from M. Jürgensen, S. Mukherjee, and M. C. Rechtsman,
Quantized nonlinear Thouless pumping. Nature 596, 63–67 (2021) [302].

the potential relevance of topological band structures and their associated phenomena (i.e., edge
modes) in nonlinear systems.

3.4.1 Topological solitons

The early studies on nonlinear topology investigated the nonlinear effects in photonic Floquet
topological insulators [168], where the Kerr nonlinearity ubiquitously appears. Reference [43]
investigated a honeycomb-lattice model with on-site Kerr nonlinear terms. They found that
starting from the bulk-localized state, the model exhibits self-localized wave packets even in its
bulk [300]. Such self-localized wave packets are induced by both the nontrivial bulk topology and
the nonlinearity; the nonlinear term and localized intensities of the wave packets create effective
holes, because the on-site nonlinearity induces large effective potentials. Then, the effective holes
behave as effective boundaries at which the topological boundary modes can emerge.

A previous study on another two-dimensional photonic Floquet topological insulator [44] re-
vealed a different type of topological solitons, i.e., topological edge solitons [298, 301]. The study
also investigates the effect of the Kerr nonlinearity in topological photonics and the self-focusing
effect of the Kerr nonlinearity (cf. Sec. 3.1.2) leads to the spontaneous formation of soliton-like
wave packets propagating along the edge of the system. Furthermore, they discussed the possible
application to the power-dependent filter, where wave packets with weak intensities cannot pass,
while ones with strong intensities can pass. They also discussed the application to a nonlinear
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optical switch, which can eliminate a stationary gap soliton by the collision with a topological edge
soliton. The existence of the topological edge solitons has also been confirmed in experiments, in
particular in photonic setups [45,299].

The interplay between topological edge modes and solitons has also been studied in one-
dimensional nonlinear systems. Specifically, the mechanical lattice was experimentally investigated
[244]. The mechanical lattice imitates the SSH model in the linear perturbation regime, while
the strong amplitudes of oscillations can induce nonlinear effects. Then, the propagation of the
localized wave packet occurs in such a mechanical SSH system. Recent research has also discussed
the topological property of such nonlinear mechanical lattices in terms of the Poincaré-Hopf index
[243].

3.4.2 Nonlinear Thouless pump

As discussed in the previous chapter, the Thouless pump in periodically driven one-dimensional
systems has a topological origin and is characterized by the nonzero Chern number. Very recently,
the nonlinear effect on the Thouless pump has also been investigated [302–308]. In particular,
the previous studies have revealed that the discretized transport in the Thouless pump remains
in weakly nonlinear regimes. Such a discretized transport of the wave packet is also confirmed in
a photonic metamaterial that imitates the Rice-Mele model and exhibits the Kerr nonlinearity.

Some previous studies [303, 305] also attempted to explain the discretization from the Chern
number in the linear limit. They assumed that the wave packet transported by the Thouless pump
is described by the superposition of linear eigenvectors as the wave packet in a linear system can
be described by the linear combination of eigenvectors with almost the same weight. Then, one
can show that the Chern number corresponds to the displacement of the transported wave packet
as in linear systems.

However, the proof of the correspondence between the Chern number and the quantized trans-
port of the wave packet is restricted to the weakly nonlinear regime, and thus the strong non-
linearity can alter the situation. In fact, some studies [304, 307, 308] have revealed that strong
nonlinearity can fractionalize the transport of the wave packet or even prevent the Thouless pump.
While the fractionalization may be related to the fractional quantum Hall effect [309, 310], the
mechanism of such breakdown of the quantized nonlinear Thouless pump is unelucidated. Since
the nonlinear Chern number that we will propose in Sec. 5 can reflect the nonlinear effect, it may
provide insights to elucidate this breakdown of the nonlinear Thouless pump.

3.4.3 Nonlinearity-induced topological phase transition

While we have discussed the effect of the nonlinearity added to linear topological insulators,
nonlinear effects can drastically change the notion of topology by altering topologically trivial
systems into nontrivial ones. Such transitions of topological phases, termed nonlinearity-induced
topological phase transitions, have also attracted much interest in studies on the nonlinear topology
[46–48, 311–314]. An early work [46] analyzed the nonlinear counterpart of the SSH model with
nonlinear hopping amplitudes in the intracell hopping. In such a one-dimensional system, the
existence of the localized zero mode depends on the nonlinearity tuned by the amplitude of the
nonlinear wave.

We here note that tuning the strength of the nonlinearity is equivalent to considering the
nonlinear waves with different amplitudes if the nonlinear term has a simple form. For example,
let us consider a linearly coupled lattice with the on-site Kerr nonlinearity

i
∂ψj

∂t
=
∑

Hjkψk + κ|ψj |2ψj , (3.38)

where ψj is the state variable and Hjk represents the linear coupling. κ corresponds to the strength
of the nonlinearity. Then, if we consider the scale transformation of the state variables ψ̃j = cψj ,
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the equation reads

i
∂ψ̃j

∂t
=
∑

Hjkψ̃k + κ

c2 |ψ̃j |2ψ̃j . (3.39)

Comparing Eqs. (3.38) and (3.39), one can check that the change of the amplitude is reflected
as the change of the strength of the nonlinear term κ → κ/c2. Therefore, one can identify the
change in the strength of the nonlinearity to the change in the amplitudes. In this sense, the
nonlinearity-induced topological phase transition also indicates the amplitude dependence of the
nonlinear topological phases.

An important issue on the nonlinearity-induced topological phase transition is whether or
not there exists topological invariants that can describe both the conventional topological phase
and the nonlinearity-induced phase. Previous studies [47, 48] tackled this problem particularly
in one-dimensional systems. They utilized nonlinear eigenvalue problems [315, 316] to define the
nonlinear winding numbers that characterize the nonlinear topology in one-dimensional systems.
Such nonlinear eigenvalue problems are basically defined by using a nonlinear function f(Ψ) as

f(Ψ) = EΨ, (3.40)

where E and Ψ are the nonlinear eigenvalue and eigenvector, respectively (see also Sec. 5). Zhou
et al. [48] also discussed that some unconventional nonlinear models may need the modification
of the nonlinear eigenvalue problems into that deriving periodic solutions. Both the studies used
the nonlinear eigenvectors and calculated the perturbation theory of them. Finally, the previous
studies [48] derived the nonlinear Berry phases, which have nonlinear correction terms and are
reduced to the conventional one in the linear limit. While they also numerically analyzed the
bulk-boundary correspondence of the nonlinear Berry phase, it has been unclear whether or not
the bulk-boundary correspondence is valid in arbitrary strength of nonlinearity.

The nonlinearity dependence of the behavior of topological edge modes has also been investi-
gated in various setups. For example, the stability of a topological edge mode was investigated in
a nonlinear Floquet topological insulator and revealed to show the transition in its lifetime [314].
Furthermore, the effect of strong nonlinearity can break the bulk-boundary correspondence by in-
ducing strongly localized states. Such a strong localization is confirmed from the quench dynamics
in both one- and two-dimensional models [301,313].

3.4.4 Other nonlinear topological phenomena

Some recent studies [49, 317] have discussed the interplays between synchronization and topo-
logical edge modes. In particular, a previous study [49] demonstrated the existence of cluster
synchronization where the edge oscillators are synchronized with a different frequency from that
of the bulk ones. We note that the topological synchronized state that we will study in Chapter 4
is different from the synchronization analyzed in these recent works, since the bulk oscillators are
chaotic, and thus qualitatively different behaviors can be seen in the edge and bulk oscillators.

The interplay between the non-Hermitian skin effect and the nonlinearity is also an interesting
topic in the studies of nonlinear topology. Recent studies [318, 319] investigated the Hatano-
Nelson model with nonlinear on-site terms and revealed that there still exist localized modes. The
nonlinearity and non-Hermitian skin effects can also be of practical use to control the single-mode
lasing [320].

3.4.5 Remarks on eigenvalue nonlinearity

In mathematics, the terminology, nonlinear eigenvalue problem, is also used to represent the non-
linearity in eigenvalues. In more detail, one can consider a sequence of matrices {Hn}n=0,1,··· ,Nmax

and a nonlinear eigenequation ∑
n

EnHnψ = 0, (3.41)
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where E is a nonlinear eigenvalue and ψ is a nonlinear eigenvector *2. We note that this equation
is still linear in the eigenvector ψ, while it is nonlinear in the eigenvalue E in the case of Nmax ≥ 2.
If Nmax is equal to one, this eigenequation is equivalent to a (linear) generalized eigenequation
[92, 321, 322]. If we further assume H0 = I (an identity matrix), the nonlinear eigenequation is
reduced to a normal eigenequation.

Nonlinearity in eigenvalues can be seen in, e.g., photonics systems and mechanical metama-
terials [323, 324]. Specifically, if the equation of motion is described by second- or higher-order
differential equations, its Fourier transformation leads to the nonlinear terms of the frequency (or
the wavenumber). Then, to obtain the normal mode with a fixed frequency, one needs to solve
the nonlinear eigenvalue problem.

Recent research discusses topological edge modes under the eigenvalue nonlinearity. Specifi-
cally, Reference [325] has shown that one can predict the existence of topological edge modes by
the Chern number of effective Hamiltonians that is constructed by fixing E = E0, Heff(E0) =∑

i(E0)iHi. The bulk-boundary correspondence under the eigenvalue nonlinearity is also numeri-
cally confirmed in a nonlinear extension of the Haldane model [326]. While such nonlinear topology
also remains an intriguing problem, we focus on eigenvector nonlinearity, which is motivated by
its vast application to both classical and quantum systems.

*2Nonlinear eigenvalue problem is not restricted to those described as the sum of a series. In general, the nonlinear
eigenvalue equation with eigenvalue nonlinearity is defined by using a matrix H(E) parametrized by the nonlinear
eigenvalue E as H(E)ψ = 0, where ψ represents the nonlinear eigenvector.



Chapter 4

Topological synchronization of
nonlinear oscillators

While previous studies have revealed the existence of topological edge modes in nonlinear systems,
the roles of topology in dissipative nonlinear systems have been largely unexplored compared
to those in conservative systems. In particular, despite the abundance of studies on nonlinear
phenomena such as synchronization and chaos, the interplays between those nonlinear phenomena
and band topology have been unelucidated.

In this chapter, we reveal the role of topology in the synchronization of nonlinear oscillators
by demonstrating the existence of the topological synchronized state, where the edge oscillators
are synchronized while the bulk ones are chaotic. Such a topological synchronized state is realized
by introducing topological linear couplings to nonlinear oscillators. To show the ubiquity of
the topological synchronization, we propose and analyze several models, which utilize the linear
couplings described by the Hamiltonian of exceptional edge modes (cf. Sec. 2.3.5 and Appendix
A), non-Hermitian Chern insulators, and Hermitian topological insulators.

In Sec. 4.1, we will describe the definition of the topological synchronized state and the general
setup of the topological synchronization. We also summarize the results of the three models
analyzed in our study. In the following three sections, we will analyze three different models
for each: the model using exceptional edge modes in Sec. 4.2, one using a non-Hermitian Chern
insulator in Sec. 4.3, and one using Hermitian linear couplings and inhomogeneous oscillators in
Sec. 4.4. In Sec. 4.5, we will propose applications of the topological synchronized state. Finally,
we summarize the results and discuss the future perspectives in Sec. 4.6.

4.1 Concept of topological synchronization and summary of mod-
els

4.1.1 General setup and basic strategy to realize topological synchronized state

We here define the topological synchronized state as a coexistence of synchronized edge oscillators
and desynchronized bulk ones with a topological origin. Such a topological synchronized state can
be seen in periodically aligned nonlinear oscillators on a lattice, where each oscillator is linearly
coupled to others on its neighbor sites. We note that some previous studies have also discussed
the role of topology in periodically aligned oscillators and found cluster synchronization where
the frequencies are different between edge and bulk oscillators (see Sec. 3.4.4 for the details of
the previous study and Appendix B.3 for other models that we find). However, such cluster syn-
chronization is out of the definition of the topological synchronized state, because they do not
have desynchronized bulk. Compared to such cluster synchronization, the topological synchro-
nized state considered here involves more nontrivial nonlinear effects, such as chaos in the bulk
(Sec. 4.2.2) and nonlinearity-induced boundaries (Sec. 4.2.3).

Basically, one can realize the topological synchronized state by introducing linear couplings

44
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Figure 4.1: Conceptual figures of the topological synchronization and its dynamics. (a) Schematic
of the models of topological synchronization. Nonlinear oscillators are linearly coupled to their
neighbors. The linear coupling is described by the Hamiltonian of topological insulators. (b)
Schematic of the topological synchronized state. In the topological synchronized state, the edge
oscillators are synchronized while the bulk ones are chaotic. (c, d) Frequency distributions of the
oscillators in our first model (4.3). We show the snapshot at the times t = 100 and t = 200 in panel
(c) and (d), respectively. We confirm almost the same frequency of the edge oscillators, which
indicates the synchronization of the edge oscillators. Meanwhile, the bulk ones exhibit time- and
space-varying frequencies and thus are desynchronized. We use the parameters u = −1, b = 0.5,
α = 0.5, β = 1, ω0 = 1, and ∆ω = 0.2. (e) Amplitude distribution of the oscillators in our first
model (4.3). This is the snapshot at t = 100, and we use the same parameters in panels (c) and (d).
The edge oscillators exhibit larger amplitudes than the bulk ones. These figures are adapted from
K. Sone, Y. Ashida, and T. Sagawa, Topological synchronization of coupled nonlinear oscillators.
Phys. Rev. Research 4, 023211 (2022) [327] licensed under a Creative Commons Attribution 4.0
International License (http://creativecommons.org/licenses/by/4.0/).

between the periodically aligned oscillators that are described by a Hamiltonian of a topological
insulator. Specifically, one should utilize the topological linear coupling exhibiting lasing edge
modes, where only the edge modes have positive imaginary parts of eigenvalues and thus are
amplified. By using such lasing edge modes, synchronized edge oscillations are self-excited and
thus realized from a wide range of initial conditions.

In our work, we consider linearly coupled Stuart-Landau oscillators [233] (see Sec. 3.1.1 for the
detailed properties of Stuart-Landau oscillators) to demonstrate the existence of the topological
synchronized state. We arrange M Stuart-Landau oscillators at each lattice point of a square
lattice and linearly couple them to those at the same and neighbor sites. The general dynamics
of such coupled Stuart-Landau oscillators is described as

d

dt
Ψj(x) = (iωj(x) + αj(x) − βj(x)|Ψj(x)|2)Ψj(x) − i

∑
k,x′

Hjk(x,x′)Ψk(x′), (4.1)

where x = (x, y) and x′ = (x′, y′) are the location of the site and j, k = 1, · · · ,M represent the
index of oscillators at each site. Ψj(x) is the state variable of the jth oscillator at site x, and
ωj(x) is its natural frequency. To investigate the robustness of the topological synchronized state
against disorders, we assume that the natural frequencies ωj(x) are inhomogeneous depending
on the oscillators. We also focus on the case that αj(x) and βj(x) are real, which determines
the amplitude of the self-oscillations of each oscillator. In most of the calculations below, we
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Table 4.1: Summary of the properties of the models of the topological synchronized state. The
checkmarks represent the existence of the topological synchronized state and the extra boundary
modes at nonlinearity-induced boundaries.

Model Topological Protection Coupling Extra boundary
synchronization mechanism modes

Model 1 ✓ Exceptional Non-Hermitian ✓
(Eqs. (4.2), (4.3)) edge modes
Model 2 ✓ Conventional Non-Hermitian ×
(Eq. (4.10)) bulk topology

Model 3 ✓ (Dependent Exceptional Hermitian ×
(Eqs. (4.11), (4.12)) on components) edge modes

consider constant αj(x) and βj(x), while we use index-dependent αj in Sec. 4.4 to realize the
topological synchronized state with Hermitian linear couplings. Finally, Hjk(x,x′) determines
the linear coupling introduced into the Stuart-Landau oscillators. By adopting a Hamiltonian of
topological lasing edge modes as Hjk(x,x′), we can realize the topological synchronized state in
the coupled Stuart-Landau oscillators in Eq. (4.1).

4.1.2 Summary of properties of models

In Table 4.1, we summarize the properties of the models that we analyze below. We consider three
models whose linear couplings are described by different Hamiltonians of topological insulators.
In the first model, we use the Hamiltonian of exceptional edge modes (Sec. 2.3.5 and Appendix
A). In the second model, we consider the linear coupling whose edge modes are protected by the
conventional bulk topology. Finally, we consider the model with Hermitian linear couplings and
inhomogeneity of oscillators. All the models exhibit the topological synchronized state, while the
last model exhibits component dependence of the synchronization of the edge oscillators. We
also discussed the existence of the extra boundary modes localized at the nonlinearity-induced
boundaries in the first model, while the other models do not exhibit them.

4.2 Model utilizing non-Hermitian exceptional edge modes

4.2.1 Model and its dynamics

In the first model of topological synchronization, we adopt a Hamiltonian of non-Hermitian ex-
ceptional edge modes (see Sec. 2.3.5 and Appendix A) as a linear matrix describing the linear
coupling (Hjk(x,x′) in Eq. (4.1)). By utilizing the Hamiltonian of exceptional edge modes, we
can realize the topological synchronized state in a relatively simple setup compared to other mod-
els. Furthermore, in this model, we can observe unconventional nonlinear effects, namely, extra
boundary modes localized at nonlinearity-induced boundaries as discussed in Sec. 4.2.3.

In more detail, we construct the Hamiltonian of exceptional edge modes from a Hamiltonian
of a Chern insulator model called the Qi-Wu-Zhang (QWZ) model [94], HQWZ(k) = (u+ cos kx +
cos ky)σz + sin kxσx + sin kyσy (see also Sec. 2.2.3), with σi (i = x, y, z) being the ith component
of the Pauli matrices. We prepare a layer of the QWZ model and another layer of its time-
reversal counterpart H∗

QWZ and combine them by the non-Hermitian coupling. Finally, we obtain
the Hamiltonian of exceptional edge modes used in our first model, which is described in the
wavenumber space as

H(k) = (u+ cos kx + cos ky)I2 ⊗ σz + sin kyI2 ⊗ σy + sin kxσz ⊗ σx + ibσx ⊗ σx, (4.2)
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Figure 4.2: Complex dispersion relation of the Hamiltonian used in our first model (4.2). One
can check the existence of the gapless edge modes with positive imaginary parts of eigenvalues.
Therefore, the edge modes are amplified. We also confirm the existence of exceptional points
in the gapless band, which protect the gapless edge modes from gap opening. We use the pa-
rameters u = −1 and b = 0.5. These figures are adapted from K. Sone, Y. Ashida, and T.
Sagawa, Topological synchronization of coupled nonlinear oscillators. Phys. Rev. Research 4,
023211 (2022) [327] licensed under a Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/).

with I2 being a 2 × 2 identity matrix. Figure 4.2 shows the complex band structure of this model,
where we can confirm the existence of gapless edge modes with exceptional points in their band.
Via the Fourier transformation, we can also obtain the following real-space description of the
Hamiltonian:

Hjk(x,x′) =
(
uδx,x′ +

δx+ex,x′ + δx−ex,x′ + δx+ey ,x′ + δx−ey ,x′

2

)
(I2 ⊗ σz)jk

+i
δx+ey ,x′ − δx−ey ,x′

2
(I2 ⊗ σy)jk

+i
δx+ex,x′ − δx−ex,x′

2
(σz ⊗ σx)jk + ibδx,x′(σx ⊗ σx)jk, (4.3)

where δx,x′ represents the Kronecker delta satisfying δx,x′ = 1 for x = x′ and δx,x′ = 0 otherwise.
ei is a unit vector in the i(= x, y) direction. We consider M = 4 oscillators at each lattice point.

We first numerically demonstrate the emergence of the topological synchronized state, i.e.,
the coexistence of synchronized edge oscillators and desynchronized bulk ones by calculating the
dynamics of the model using the linear coupling (4.3). Figures 4.1 (c) and (d) show the snapshots
of the numerically calculated dynamics. One can confirm that the edge oscillators have almost
the same frequency around ω = 1, which indicates the synchronization of the edge oscillators.
In contrast, the bulk oscillators have inhomogeneous frequencies. Each bulk oscillator also shows
time-varying frequencies. Thus, these results indicate the coexistence of synchronized edge oscil-
lators and desynchronized bulk ones, which is the defining feature of the topological synchronized
state.
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Figure 4.3: Topological synchronization under the absence of fluctuations of natural frequencies.
Panels (a) and (b) are the snapshots of the frequency distributions of the first component of oscilla-
tors at t = 100 and t = 200, respectively. We can confirm the emergence of the topological synchro-
nized state. We use the parameters u = −1, b = 0.5, α = 0.5, β = 1, ω0 = 1, and ∆ω = 0. These
figures are adapted from K. Sone, Y. Ashida, and T. Sagawa, Topological synchronization of cou-
pled nonlinear oscillators. Phys. Rev. Research 4, 023211 (2022) [327] licensed under a Creative
Commons Attribution 4.0 International License (http://creativecommons.org/licenses/by/4.0/).

While the numerical result in Fig. 4.1 is obtained under the inhomogeneous natural frequencies
ωj(x), the inhomogeneity of the natural frequencies is unnecessary to realize the desynchronization
of bulk oscillators. We confirm the irrelevance of the inhomogeneity of the natural frequencies
by calculating the dynamics of the model under homogeneous frequency ωj(x) = ω0. Figure 4.3
shows the numerical result, and one can still find space- and time-varying frequencies in the bulk,
which indicates the desynchronization of the bulk oscillators.

Meanwhile, the synchronization of edge oscillators even under the inhomogeneous natural
frequencies implies the robustness of the topological synchronized state against disorders. We
further examine such robustness by calculating the dynamics under different strengths of the linear
couplings and the inhomogeneity of the natural frequencies. We here quantify the synchronization
of the edge oscillators by the proportions of frequency fluctuations of the edge and bulk oscillators
and plot them at each strength of the linear couplings and the inhomogeneity of the natural
frequencies. Figure 4.4 shows the result. We confirm that the topological synchronized state
robustly appears under the sufficiently small inhomogeneity of the natural frequencies compared
to the strength of the linear coupling. The transition line seems to correspond to the parameters
where the strengths of the linear couplings and the inhomogeneity of the natural frequencies
are balanced and thus the linear band gap can be closed. Therefore, if we consider stronger
inhomogeneity of the natural frequencies than those parameters, the topology of the coupled
oscillators is changed, and they exhibit a fully desynchronized state. These results support that
the topological synchronized state is protected by the band topology derived from the linear
coupling.

We note that the positive α is necessary to excite the bulk oscillations and realize the chaotic
bulk motion. If we consider negative α, we obtain damped bulk oscillators. However, such coex-
istence of synchronized edge oscillators and damped bulk ones is not regarded as the topological
synchronized state defined in our work, because the bulk oscillators do not exhibit desynchronized
oscillations (cf. Appendix B.2). We can also numerically confirm that the topological synchronized
state requires nontrivial bulk topology (cf. Fig. 4.15 in Sec. 4.5.1).

4.2.2 Lyapunov analysis

We next show the chaos in the bulk oscillators by conducting the Lyapunov analysis. As discussed
in Sec. 3.3.2, the Lyapunov exponents and vectors provide information on the stability and insta-
bility of nonlinear dynamics. In this section, we show that our model exhibits positive Lyapunov
exponents that indicate the chaos of the dynamics. Furthermore, we calculate the localization
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Figure 4.4: Phase diagram of the first model of topological synchronization. The color at each data
point represents the ratio of frequency fluctuations of the edge and bulk oscillators. The red region
represents the emergence of the topological synchronized state. We also conduct the numerical
clustering of the data set and classify the data points into two classes. The circles represent
the data points in the obtained cluster corresponding to the topological synchronized state. This
figure is adapted from K. Sone, Y. Ashida, and T. Sagawa, Topological synchronization of coupled
nonlinear oscillators. Phys. Rev. Research 4, 023211 (2022) [327] licensed under a Creative
Commons Attribution 4.0 International License (http://creativecommons.org/licenses/by/4.0/).

properties of the Lyapunov vectors and check that those corresponding to positive Lyapunov
exponents are extended in the bulk, and thus the bulk oscillators exhibit chaotic motions. We
note that there are two classifications of chaos in oscillator systems, phase chaos and amplitude
chaos [328], and the chaos in our model corresponds to the amplitude chaos that shows phase slips
via zero amplitude.

Figure 4.5(a) shows the numerically obtained Lyapunov exponents in our model using linear
coupling in Eq. (4.3). About 15 percent of the Lyapunov exponents are positive, which indicates
the chaotic dynamics in the model. In contrast, there are sudden decrease around the rescaled
index 0.8. This decrease corresponds to the stability of the edge oscillators as is discussed below.

From the Lyapunov exponents, we can also calculate the Lyapunov dimension (see Sec. 3.3.2),
which is the effective dimension of a strange attractor in chaotic dynamics. The obtained Lyapunov
dimension is DL = 254.568. This corresponds to almost 90 percent of the degrees of freedom of
bulk oscillators Dbulk = 6 × 6 × 4 × 2 = 288, where we exclude the first and second oscillators
from the edge of the system, and assume 6 × 6 sites as bulk sites that have four oscillators with
two degrees of freedom for each. Thus, the obtained Lyapunov exponents and dimension indicate
that the bulk oscillators exhibit chaotic dynamics.

To further confirm the chaos in the bulk oscillators, we also calculate the Lyapunov vector. We
find that the Lyapunov vectors corresponding to the large Lyapunov exponents are extended to
the bulk, while those corresponding to the small exponents are localized at the edge. To quantify
such edge-localization of the Lyapunov vectors, we define the index of the proportion of amplitude
of the edge oscillators,

Pedge =
∑

i∈edge
|vi|2, (4.4)

where vi is the ith component of the Lyapunov vector and the sum is taken for the components
corresponding to the edge oscillators. This index takes the value 0 ≤ Pedge ≤ 1 and is close
to one if the Lyapunov vector is localized at the edge. We plot the value of the index of each
Lyapunov vector in Fig. 4.5. We find the sudden increase in the index (4.4) around the rescaled
index 0.8, which indicates the edge-localization of the Lyapunov vectors corresponding to the
small Lyapunov vectors. We note that the rescaled index at which the sudden increase of the
edge proportion occurs is almost equal to the index where the sudden decrease in the Lyapunov
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Figure 4.5: Lyapunov analysis on the first model (4.3). (a) Lyapunov exponents of the first
model. We arrange the Lyapunov exponents in descending order and rescale their index so that
the maximum becomes unity. The Lyapunov exponents above the dashed line are positive and
thus indicate the chaos. We use the parameters u = −1, b = 0.5, α = 0.5, β = 1, ω0 = 0.2,
and ∆ω = 0.2. (b) Proportions of the edge amplitudes of the Lyapunov vectors in the first
model. The steep increase around the relative index 0.8 indicates the edge localization of the
Lyapunov vectors with the small Lyapunov exponents. (c) Inverse participation ratios (IPRs)
of the Lyapunov vectors in the first model. The steep rise in IPRs of the last several Lyapunov
vectors indicates their strong localization. These figures are adapted from K. Sone, Y. Ashida, and
T. Sagawa, Topological synchronization of coupled nonlinear oscillators. Phys. Rev. Research
4, 023211 (2022) [327] licensed under a Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/).

exponents is seen in Fig. 4.5(a). Therefore, the topological synchronization is stable against
the perturbation to the edge oscillators, which leads to the robust synchronization of the edge
oscillators.

We also calculate the inverse participation ratio (IPR),

IPR =
∑

i

|vi|4, (4.5)

to further analyze the localization properties of the Lyapunov vectors. The IPR also satisfies
0 ≤ IPR ≤ 1 and takes a large value when the Lyapunov vector is localized at only a few
sites. Figure 4.5(c) shows the IPR of each Lyapunov vector. We confirm that almost all the
Lyapunov vectors exhibit small IPR. The exceptions are those corresponding to small Lyapunov
exponents, whose rescaled index is larger than 0.98. Therefore, the IPR classifies the edge-localized
Lyapunov vectors into two classes, ones extended to the edge and strongly localized ones. The
former corresponds to a conventional topological edge mode, while the latter can be regarded as
a nonlinearity-induced strongly localized mode.

These behaviors of the Lyapunov exponents and vectors are related to the complex eigenvalues
and eigenvectors of the effective Hamiltonian obtained from the linearization of the nonlinear
dynamics. This connection is inferred from the fact that in the linear limit (βj(x) = 0 in Eq. (4.1)),
the rate of the attenuation and amplification of the perturbation is governed by the imaginary
part of the eigenvalue and the direction of the corresponding perturbation matches that of the
eigenvector. To confirm the relationship between the Lyapunov analysis and the linear band
structure, we derive the effective Hamiltonian via the linearization of the nonlinear dynamics
and numerically calculate its band structure. The linearization of the Stuart-Landau oscillators
Ψ̇ = (iω + α− β|Ψ|2)Ψ becomes

d

dt

(
δX
δY

)
=
(
iω + α− 3βX2

0 − βY 2
0 −2βX0Y0

−2βX0Y0 iω + α− βX2
0 − 3βY 2

0

)(
δX
δY

)
,

(4.6)

where we decompose Ψ into the real and imaginary parts, Ψ = X+iY , and X0+iY0 is the complex
state variable around which we conduct the linearization. The eigenvalues of this coefficient
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Figure 4.6: Spatial distributions of the Lyapunov vectors in the first model. We use the same
parameters as in Fig. 4.5. We plot the Lyapunov vector of the index (a) n = 50, (b) n = 700,
and (c) n = 800 for each. We confirm that the Lyapunov vectors are (a) extended in the bulk,
(b) localized to the edge, and (c) strongly localized to the corner. These figures are adapted from
K. Sone, Y. Ashida, and T. Sagawa, Topological synchronization of coupled nonlinear oscillators.
Phys. Rev. Research 4, 023211 (2022) [327] licensed under a Creative Commons Attribution 4.0
International License (http://creativecommons.org/licenses/by/4.0/).

matrix are iω + α − β(X2
0 + Y 2

0 ) and iω + α − 3β(X2
0 + Y 2

0 ). If we consider the amplitude
where the linear gain α and the nonlinear loss −β(X2

0 + Y 2
0 ) are balanced, the real parts of

the eigenvalues are nonpositive, which indicates that the nonlinear terms induce on-site damping
effects in the linearized dynamics of the model of the topological synchronization. By adding the
terms described in Eq. (4.6) to the Hamiltonian describing the linear coupling (4.3), we obtain
the effective Hamiltonian of the linearized dynamics.

We first calculate the nonlinear dynamics of our model to determine the state around which
the linearization is conducted, and then numerically diagonalize the effective Hamiltonian of the
linearized dynamics. To calculate the dynamics, we consider a 20×20 square lattice and impose the
periodic (open) boundary condition in the x (y) direction. We start from a random initial condition
and use the state variables of the oscillators in the tenth row at the time t = 200 as the state
around which we linearize the model. The dispersion relation is calculated in a ribbon geometry
with 1×20 supercells. Figure 4.7 shows the obtained dispersion relation. We confirm the existence
of gapless modes corresponding to topological edge modes. We also find that the gapless edge
modes exhibit negative imaginary parts of eigenvalues. Therefore, the perturbations corresponding
to these edge modes are attenuated. While the linearized dynamics only tells us the short-time
stability and instability of the nonlinear dynamics, such short-time stability should also affect the
long-time stability described by the Lyapunov exponents and vectors. Thus, corresponding to the
edge modes in the linearized dynamics, the edge-localized Lyapunov vectors appear and exhibit
the small Lyapunov exponents. We note that the non-Hermiticity is important to realize nonzero
imaginary parts of eigenvalues of the effective Hamiltonian, which also corresponds to Lyapunov
exponents. We also would like to mention the existence of eigenvectors that have the positive
imaginary parts of eigenvalues. Such positive imaginary parts appear due to the repulsion of the
bulk bands that are flat in the imaginary parts (cf. Fig. 4.2) induced by the nonlinear term. To
realize the desired properties of linear bands, the flatness in the imaginary part and the existence
of the lasing edge modes, we seem to need at least four oscillators at each lattice point.

4.2.3 Extra boundary modes localized at nonlinearity-induced boundaries

While the nonlinearity induces the chaos of the bulk oscillators in the topological synchronized
state, the nonlinear effect further induces unconventional topological edge modes, namely ex-
tra edge modes localized at nonlinearity-induced boundaries. The mechanism of emerging such
nonlinearity-induced boundaries is as follows; the nonlinear oscillators self-excite their oscillations
and show larger amplitudes at the edge than in the bulk due to the topological synchronization (we
can confirm such difference in the amplitudes in Fig. 4.1(e)). Then, the difference in amplitudes
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Figure 4.7: Dispersion relation of the effective Hamiltonian obtained from the linear stability
analysis of the first model. While the bulk bands are gapless, we still have localized edge modes.
We also confirm that the imaginary parts of the eigenvalues of the edge modes are negative, which
leads to the small Lyapunov exponents of the localized Lyapunov vectors. We use the parameters
u = −1, b = 0.5, α = 0.5, β = 1, ω0 = 1, and ∆ω = 0. These figures are adapted from K. Sone, Y.
Ashida, and T. Sagawa, Topological synchronization of coupled nonlinear oscillators. Phys. Rev.
Research 4, 023211 (2022) [327] licensed under a Creative Commons Attribution 4.0 International
License (http://creativecommons.org/licenses/by/4.0/).

leads to stronger on-site loss terms in the effective Hamiltonian. Finally, such stronger on-site
loss terms separate the oscillators into two regions that are weakly and strongly affected by the
nonlinear on-site loss term, which generates the nonlinearity-induced boundaries between the re-
gions. Similar self-induced boundaries are discussed in some previous studies [43] on conservative
nonlinear topological insulators.

To explicitly demonstrate the emergence of such stronger on-site loss terms, we rewrite the
nonlinear dynamics (4.1) as

d

dt
Ψj(x) = −i

∑
k

H̃jk(Ψ; x,x′)Ψk(x′), (4.7)

H̃jk(Ψ; x,x′) = Hjk(x,x′) + (−ωj(x) + iα− iβ|Ψj(x)|2)δjkδx,x′ , (4.8)

where H̃(Ψ; x,x′) is the effective Hamiltonian that depends on the state variables and describes
the time evolution at each time. The second term in this state-dependent Hamiltonian (−ωj(x) +
iα − iβ|Ψj(x)|2)δjkδx,x′ is the nonlinear on-site loss term and leads to the nonlinearity-induced
boundaries. Since the linear coupling Hjk(x,x′) exhibits lasing edge modes, it amplifies the edge
oscillators compared to the bulk oscillators (Fig. 4.1(e)). Then, the on-site loss term (−ωj(x)+iα−
iβ|Ψj(x)|2)δjkδx,x′ has large negative values, which more strongly attenuates the edge oscillators
than the bulk ones. A previous study [329] has shown that the on-site loss terms create effective
boundaries in linear systems. In a similar sense, the nonlinear oscillators also create effective
boundaries between the edge and bulk oscillators and can exhibit an extra number of boundary
modes localized at such effective boundaries.
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Figure 4.8: Emergence of the extra boundary modes localized at the nonlinearity-induced bound-
aries. (a) Dispersion relation of the state-dependent Hamiltonian (4.8). We find the double
number of gapless bands (eight, doubly degenerated) compared to the original Hamiltonian (4.2).
We use the parameters u = −1, b = 0.8, α = 0, β = 1, ω0 = 0, and ∆ω = 0. (b) Spatial
distribution of the extra boundary mode in the state-dependent Hamiltonian. The corresponding
eigenvalue is denoted by the red circle in panel (a). (c) Dynamical demonstration of the extra
boundary modes. These are the snapshots of the relative-amplitude distribution at t = 10 and
t = 40. When the amplitudes are small (right figure), only the outermost oscillators exhibit large
amplitudes. In contrast, after the amplitudes become larger and nonlinearity becomes compara-
ble to the linear coupling, the second and third sites from the edge also oscillate largely, which
implies the emergence of the extra boundary modes. These figures are adapted from K. Sone, Y.
Ashida, and T. Sagawa, Topological synchronization of coupled nonlinear oscillators. Phys. Rev.
Research 4, 023211 (2022) [327] licensed under a Creative Commons Attribution 4.0 International
License (http://creativecommons.org/licenses/by/4.0/).

To confirm the existence of such extra boundary modes, we calculate the band structure of
the state-dependent Hamiltonian (4.8). We first calculate the spatial distribution of the edge
modes of the linear coupling H. We here consider the 1 × 20 supercell structure and the peri-
odic boundary condition in the y direction. Then, we substitute it into Eq. (4.8). Finally, we
numerically diagonalize the state-dependent Hamiltonian. Figure 4.8(a) shows the obtained dis-
persion relation. We confirm that there are eight (doubly degenerated) gapless bands, which is
double the number of the gapless modes in the Hamiltonian used to describe the linear coupling.
Therefore, the state-dependent Hamiltonian exhibits extra boundary modes that cannot be seen
in the original Hamiltonian. We note that such extra boundary modes have positive imaginary
parts of eigenvalues and the largest amplitudes at the second site (Fig. 4.8(b)), which leads to the
amplification of the second oscillators from the edge of the system.

We also numerically demonstrate the emergence of extra boundary modes by calculating the
dynamics. Specifically, we start from the random initial condition with small amplitudes, where
the nonlinear effects are negligible. The oscillators are self-excited and increase their amplitudes
in the time evolution. At the first stage of the simulation, we obtain large amplitudes only at the
outermost oscillators. However, after the increased amplitudes of the oscillators reach a critical
amplitude, the nonlinear loss and the linear couplings are balanced and create effective boundaries.
Then, we observe the amplification of the second and third sites from the edge, which is regarded
as the emergence of the extra boundary modes localized at the nonlinearity-induced boundaries.
Figure 4.8(c) shows the snapshots of the numerical simulation and the dynamical emergence of
such extra boundary modes.
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Figure 4.9: Complex band structure of the Hamiltonian used in the second model (4.10).
We confirm the existence of gapless edge modes, which are protected by conventional band
topology unlike the Hamiltonian used in the first model. We use the parameters u = −1,
u′ = 0.02, a = 2, and b = 0.5. These figures are adapted from K. Sone, Y. Ashida, and T.
Sagawa, Topological synchronization of coupled nonlinear oscillators. Phys. Rev. Research 4,
023211 (2022) [327] licensed under a Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/).

We note that the emergence of the extra boundary modes at the nonlinearity-induced bound-
aries can also be seen in the effective Hamiltonian derived from the linearization of the dynamics
(Fig. 4.7). Thus, such extra boundary modes also affect the number of the synchronized edge
oscillators in the topological synchronized state; both the first and second oscillators from the
edge are synchronized, which is inferred from the Lyapunov dimensions.

4.3 Model utilizing a Hamiltonian of a non-Hermitian Chern in-
sulator

4.3.1 Model and its dynamics

In the previous section, we introduce the linear couplings described by the Hamiltonian of excep-
tional edge modes to the Landau-Stuart oscillators. While such a Hamiltonian has a relatively
simple structure useful for implementing it to realistic nonlinear oscillators, the edge modes are
not characterized by conventional topological invariants such as the Chern number. Therefore,
the previous model is not suitable to clarify the relationship between the bulk topology and the
topological synchronized state.

Here, we instead construct a non-Hermitian Hamiltonian of lasing edge modes with nonzero
Chern numbers and utilize it to construct another model of the topological synchronized state.
Specifically, we consider a non-Hermitian Hamiltonian whose wavenumber-space description is

H =
(
aHQWZ + iu′I2 ibI2

ibI2 HQWZ − iu′I2

)
, (4.9)
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Figure 4.10: Dynamics of the topological synchronization in the second model (4.10). (a,b)
Frequency distributions in the second model. We show the snapshots at the times t = 1000 and
t = 2000 in panels (a) and (b), respectively. We confirm the synchronization of the edge oscillators
and the desynchronization of the bulk oscillators, which indicates the topological synchronized
state. We use the parameters u = −1, u′ = 0.02, a = 2, b = 0.5, α = 0.5, β = 1, ω0 = 1,
and ∆ω = 0.2. (c) Amplitude distribution in the second model at t = 1000. We confirm the
amplification of the edge oscillators. These figures are adapted from K. Sone, Y. Ashida, and
T. Sagawa, Topological synchronization of coupled nonlinear oscillators. Phys. Rev. Research
4, 023211 (2022) [327] licensed under a Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/).

where HQWZ is the Hamiltonian of the QWZ model [94] and I2 is the 2 × 2 identity matrix. All
the parameters in this Hamiltonian, a, b, and u′ are real. This Hamiltonian is described in the
real space as

Hjk(x,x′) =
(
uδx,x′ +

δx+ex,x′ + δx−ex,x′ + δx+ey ,x′ + δx−ey ,x′

2

)
×
[
a+ 1

2
(I2 ⊗ σz)jk + a− 1

2
(σz ⊗ σz)jk

]
+i
δx+ey ,x′ − δx−ey ,x′

2

[
a+ 1

2
(I2 ⊗ σy)jk + a− 1

2
(σz ⊗ σy)jk

]
+i
δx+ex,x′ − δx−ex,x′

2

[
a+ 1

2
(I2 ⊗ σx)jk + a− 1

2
(σz ⊗ σx)jk

]
+ibδx,x′(σx ⊗ I2)jk + iu′δx,x′(σz ⊗ I2)jk, (4.10)

with σi being the i component of the Pauli matrices. As the Hamiltonian of the exceptional edge
modes in our first model, this Hamiltonian also has two layers of the QWZ model coupled by
non-Hermitian terms. Figure 4.9 shows the band structure of this Hamiltonian under the periodic
(open) boundary condition in the y (x) direction. We can confirm the emergence of the gapless
modes with larger imaginary parts of eigenvalues than those of the bulk modes. Therefore, this
Hamiltonian also exhibits lasing edge modes.

We utilize this Hamiltonian as the coefficient matrix in Eq. (4.1) and numerically calculate
the dynamics of the nonlinear oscillators. Figure 4.10 shows the snapshots of the numerical
simulation. We check that the edge oscillators exhibit almost the same frequencies and thus are
synchronized, while the bulk ones exhibit time- and space-varying frequencies, which implies their
chaos. Therefore, the model shows the topological synchronized state.

4.3.2 Lyapunov analysis

We also conduct the Lyapunov analysis to confirm the chaos in the bulk oscillators as in our first
model. Figure 4.11(a) shows the numerically obtained Lyapunov exponents. One can check the
existence of positive Lyapunov exponents, which indicates the chaos.

Figure 4.11(b) and (c) present the indicators of localizations of the Lyapunov exponents, the
proportions of edge amplitudes and IPRs. As in our first model, Figure 4.11(b) shows that the
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Figure 4.11: Lyapunov analysis on the second model (4.10). (a) Lyapunov exponents of the second
model. We arrange the Lyapunov exponents in descending order and rescale their index so that
the maximum becomes unity. The Lyapunov exponents above the dashed line are positive and
thus indicate the chaos. We use the parameters u = −1, b = 0.5, α = 0.5, β = 1, ω0 = 0.2,
and ∆ω = 0.2. (b) Proportions of the edge amplitudes of the Lyapunov vectors in the second
model. The steep increase around the relative index 0.8 indicates the edge localization of the
Lyapunov vectors with the small Lyapunov exponents. (c) IPRs of the Lyapunov vectors in the
first model. IPRs are small compared to those in the first model (Fig. 4.5), and thus there are
no strongly localized Lyapunov vectors. These figures are adapted from K. Sone, Y. Ashida, and
T. Sagawa, Topological synchronization of coupled nonlinear oscillators. Phys. Rev. Research
4, 023211 (2022) [327] licensed under a Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/).

Lyapunov vectors corresponding to the large Lyapunov exponents are extended to the bulk, while
those corresponding to the small exponents are localized at the edge. Therefore, the Lyapunov
exponents and vectors indicate the chaos in the bulk oscillators and the stable synchronization
in the edge ones. Meanwhile, the behavior of IPRs is different from that in the first model; we
do not obtain large IPRs even for the Lyapunov vectors corresponding to the small Lyapunov
exponents. The reason of this difference can be the weakness of nonlinearity in the second model,
which prevents the self-localization of nonlinear edge modes. We also find that the second model
exhibits no extra boundary modes at the nonlinearity-induced boundaries due to the weakness of
nonlinearity.

4.4 Model utilizing Hermitian linear couplings

4.4.1 Model and its dynamics

In the models analyzed above, we have utilized non-Hermitian Hamiltonians to describe the lin-
ear couplings. While such non-Hermiticity is important to realize desired properties of linear
couplings, i.e., exhibiting lasing edge modes, non-Hermiticity may be a barrier to experimental
realizations in realistic nonlinear oscillators.

Here, we find that the non-Hermiticity can be included in the inhomogeneity of the nonlinear
oscillators, and the topological synchronized state is realized in inhomogeneous oscillators with
Hermitian linear couplings. Specifically, we consider a Hamiltonian described in the wavenumber
space as

H(k) = (u+ cos kx + cos ky)σx ⊗ σz + sin kyI2 ⊗ σy

+ sin kxI2 ⊗ σx + ibσz ⊗ σz, (4.11)

which is obtained by the unitary transformation of the Hamiltonian (4.2). The real-space descrip-
tion of this Hamiltonian is

Hjk(x,x′) =
(
uδx,x′ +

δx+ex,x′ + δx−ex,x′ + δx+ey ,x′ + δx−ey ,x′

2

)
(σx ⊗ σz)jk
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Figure 4.12: Dynamics of the topological synchronization in the third model (4.12). (a,c) Fre-
quency distributions in the third model. We show the snapshots at the times t = 100. Panels (a)
and (c) show the frequencies of the first and second components for each. We confirm that the
edge oscillators at the first components are synchronized, while the second components are desyn-
chronized. (b,d) Indicator of local order parameter in the third model. Panels (a) and (resp. (c))
show the values of the indicator of local order parameter (4.13) of the first and fourth (resp. second
and third) components for each. Red color sites show the synchronization of the corresponding
oscillators, and we can confirm the edge synchronization only in the first and fourth components
of oscillators. We use the parameters u = −1, b = 0.5, α = 1, β = 1, ω0 = 1, and ∆ω = 0.2. These
figures are adapted from K. Sone, Y. Ashida, and T. Sagawa, Topological synchronization of cou-
pled nonlinear oscillators. Phys. Rev. Research 4, 023211 (2022) [327] licensed under a Creative
Commons Attribution 4.0 International License (http://creativecommons.org/licenses/by/4.0/).

+i
δx+ey ,x′ − δx−ey ,x′

2
(I2 ⊗ σy)jk

+i
δx+ex,x′ − δx−ex,x′

2
(I2 ⊗ σx)jk + ibδx,x′(σz ⊗ σz)jk, (4.12)

with δx,x′ being the Kronecker delta and ex,y being the unit vectors in the x or y direction. In
this Hamiltonian, the non-Hermitian term becomes an on-site one ibδx,x′(σz ⊗ σz)jk. Since such
an on-site term is equivalent to the change of αi(x) in Eq. (4.1), we can assume the nonlinear
oscillators with the linear terms described by this Hamiltonian as the inhomogeneous oscillators
with Hermitian linear couplings.

We numerically confirm the emergence of the topological synchronized state in this inhomo-
geneous oscillator system. Figure 4.12 shows the snapshot of the simulation of its dynamics.
Unlike the first and second models, the edge oscillators only at the first and fourth components
of each edge site are synchronized in this model. The other edge oscillators and bulk ones exhibit
time- and space-varying frequencies, which implies their chaotic dynamics. To directly confirm
such synchronization and desynchronization of the edge oscillators, we also define the local order
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Figure 4.13: Eigenvector of the lasing edge mode of the Hamiltonian used in the third model (4.11).
We show the amplitude distributions of lasing edge modes at k = 0 with the eigenvalue E = ib.
Panels (a), (b), (c), and (d) show the first, second, third, and fourth components, respectively. We
use the parameters u = −1 and b = 0.5. These figures are adapted from K. Sone, Y. Ashida, and
T. Sagawa, Topological synchronization of coupled nonlinear oscillators. Phys. Rev. Research
4, 023211 (2022) [327] licensed under a Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/).

parameter

M(x, y; t) = 1
2T

∫ t

t−T
dt′

∑
k=1,4 (k=2,3)

|Ψk(x, y)+Ψk(x+1, y)+Ψk(x−1, y)+Ψk(x, y+1)+Ψk(x, y−1)|.

(4.13)
This local order parameter takes a large value around synchronized oscillators. We plot the local
order parameters in Fig. 4.12(b) and (d). The local order parameter clearly indicates that the
first and fourth components of the edge oscillators are synchronized, while the second and third
components are desynchronized.

The desynchronization of the second and third components of the edge oscillators is related to
the eigenvectors of the Hamiltonian (4.11) describing the linear coupling. In fact, the lasing edge
modes of the Hamiltonian have nonzero values only at the first and fourth components as shown
in Fig. 4.13. Therefore, the edge oscillators only at the first and fourth components are amplified
by the lasing edge modes, and their synchronized oscillations are excited.

4.4.2 Lyapunov analysis

We also conduct the Lyapunov analysis in the model utilizing Hermitian linear couplings and
confirm the chaos of the bulk oscillators. Figure 4.14(a) shows the numerically obtained Lyapunov
exponents. As in the other models, we obtain positive Lyapunov exponents, which indicates the
chaotic dynamics.

We also plot the indicators of localization of the Lyapunov vectors and analyze the localization
properties of the Lyapunov vectors. Figures 4.14(b,c) show the proportion of edge oscillators of the
Lyapunov vectors. One can see that the Lyapunov vectors corresponding to the small Lyapunov
exponents exhibit large values of the indicator, which indicates the existence of the edge-localized
Lyapunov vectors and their relevance in the stable synchronization of the edge oscillators. We
also find the increase of the IPRs at large rescaled indices while the maximum is lower than that
in the first model. Therefore, we do not find strong localization in the edge-localized Lyapunov
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Figure 4.14: Lyapunov analysis on the third model (4.12). (a) Lyapunov exponents of the third
model. We arrange the Lyapunov exponents in descending order and rescale their index so that
the maximum becomes unity. The Lyapunov exponents above the dashed line are positive and
thus indicate the chaos. We use the parameters u = −1, b = 0.5, α = 1, β = 1, ω0 = 0.2,
and ∆ω = 0.2. (b,c) Proportions of the edge amplitudes of the Lyapunov vectors in the first
model. We plot the proportions of the edge amplitudes in the first and fourth components in
panel (b) and those in the second and third components in panel (c). We find a steep increase
around the relative index 0.95 in the proportions of the edge amplitudes in the first and fourth
components, while there is a decrease in those in the second and third components. Therefore,
the edge oscillators in the first and fourth components are synchronized, while those in the second
and third components are chaotic. These figures are adapted from K. Sone, Y. Ashida, and T.
Sagawa, Topological synchronization of coupled nonlinear oscillators. Phys. Rev. Research 4,
023211 (2022) [327] licensed under a Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/).

vectors compared to the first model. We can also check that extra boundary modes localized
at the nonlinearity-induced boundaries disappear in this model. These differences from the first
model may be induced by the weakness of the nonlinearity as discussed in the second model.

4.5 Applications

In the topological synchronized state, if the bulk oscillators stop their oscillations, new boundaries
are created around them. Then, the synchronized oscillators can appear at such boundaries.
We propose that such emergence of synchronized oscillators around the bulk defects can be of
applicational use to realize on-demand pattern designing and detect the appearance of defective
oscillators. In the last part of this section, we also propose an experimental setup to realize
topological synchronization in an electrical circuit.

4.5.1 On-demand pattern designing

We first show that one can arrange synchronized oscillators in an arbitrary pattern by using
the topological synchronized state. Such on-demand pattern designing can be realized by placing
damped oscillators in the desired pattern. Then, the damped oscillators create effective boundaries
around them and the oscillators around such effective boundaries become synchronized.

We numerically demonstrate the possibility of such on-demand pattern designing in the simu-
lation of the oscillator dynamics. We here use the linear coupling in the first model. Figure 4.15
shows the numerically obtained synchronization pattern, where the synchronized oscillators are
arranged in the shape of “UT.” To explicitly show the synchronization of the oscillators around
the effective boundaries, we define the local order parameter of the synchronization,

M(x, y; t) = 1
4T

∫ t

t−T
dt′

4∑
k=1

|Ψk(x, y) + Ψk(x+ 1, y) + Ψk(x− 1, y) + Ψk(x, y + 1) + Ψk(x, y − 1)|,

(4.14)
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Figure 4.15: On-demand pattern designing using the topological synchronized state. (a) Fre-
quency distribution in the on-demand pattern designing. The green boxes indicate the oscil-
lators that are damped to realize the synchronization pattern of the shape of the characters,
UT. We use the first model (4.3) and the parameters u = −1, b = 0.3, α = 0.5, αd = −100,
β = 1, ω0 = 0.1, and ∆ω = 0.2. (b) Indicators of local order parameters in the on-demand
pattern desiging. The frequencies and indicators show that the synchronized oscillators are ar-
ranged in the desired pattern. These figures are adapted from K. Sone, Y. Ashida, and T.
Sagawa, Topological synchronization of coupled nonlinear oscillators. Phys. Rev. Research 4,
023211 (2022) [327] licensed under a Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/).

where we set T = 100. This order parameter takes a large value around the synchronized oscillators
as that in Eq. (4.13), while it does not distinguish the components of oscillators. However, in the
first model, all the components of the edge oscillators are synchronized, and thus we do not need
to judge which components are synchronized. Figure 4.15(b) shows the order parameters, which
quantically show the synchronization of the oscillators around the effective boundaries. Therefore,
these results indicate that one can realize an on-demand pattern of the synchronized oscillators
by using the topological synchronization.

We note that the synchronization pattern cannot occur without using the topological properties
of the nonlinear oscillators. In fact, if we consider u = −3 at which the linear coupling exhibits
no edge modes, the synchronized pattern disappears even under the existence of the damped bulk
oscillators as shown in Fig. 4.16. Therefore, the topology of the linear coupling is essential to
realize the boundary-localized synchronization and the on-demand pattern designing.

4.5.2 Defect detection

Nonlinear oscillators in realistic setups can sometimes be damaged by external noises and stop
their self-oscillation. Such defective oscillators may induce errors in the function of the oscillator
system, and thus the detection of the defects can be useful to recover their functionality. We
here propose that the topological synchronized state can be utilized in such defect detections.
This is because the defective oscillators can create effective boundaries and make the neighbor



4.5 Applications 61

Figure 4.16: Absence of the synchronization pattern in a trivial system. (a) Frequency distribution
in the on-demand pattern designing. The green boxes indicate the damped oscillators. We use
the first model (4.3) and the parameters u = −3, b = 0.3, α = 0.5, αd = −100, β = 1, ω0 = 0.1,
and ∆ω = 0.2. (b) Indicators of local order parameters in the on-demand pattern desiging. We
confirm the absence of the synchronization pattern. These figures are adapted from K. Sone, Y.
Ashida, and T. Sagawa, Topological synchronization of coupled nonlinear oscillators. Phys. Rev.
Research 4, 023211 (2022) [327] licensed under a Creative Commons Attribution 4.0 International
License (http://creativecommons.org/licenses/by/4.0/).

oscillators synchronized in the topological synchronized state. Thus, monitoring the appearance
of the synchronized oscillators, one can judge that the oscillators surrounded by the synchronized
oscillators are damaged and stop their oscillations (see Fig. 4.17(a)). Such defect detection can
be advantageous because it can distinguish the defect of oscillators from the disorder of sensors
that monitor the oscillator as shown in Fig. 4.17(b).

To demonstrate the possibility of such defect detection, we numerically calculate the oscillator
dynamics of the first model under the periodic boundary condition and stop the oscillations of
some oscillators at the time t = 200 by changing α into αd = −100. Figure 4.17(c) shows the
local order parameter of synchronization after stopping the oscillations. We can confirm the
emergence of the synchronized oscillators and judge the emergence of defective oscillators in the
area surrounded by the synchronized oscillators. We also compare this with the situation that
the sensors are broken. We assume that the broken sensors send no signals and thus the state
variables of the corresponding oscillators are wrongly observed as zero. However, in such a case,
one observes no synchronized oscillators. Therefore, one can distinguish the defect of oscillators
from the disorder of sensors.

4.5.3 Possible experimental realization utilizing an electrical circuit

We also propose an electrical circuit that simulates the dynamics of our first model. As discussed
in Sec. 2.4.4, one can derive the dynamics of voltages at each node in an electrical circuit from
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Figure 4.17: Defect detection using the topological synchronized state. (a,b) Schematics of the de-
fect detection. The defective oscillators are detected from the synchronization of oscillators around
the defect as shown in panel (a). In contrast, if the sensor is broken, we do not observe the synchro-
nization as in panel (b). Therefore, one can distinguish the defect of oscillators and disorders in
the sensors. (c) Indicators of local order parameters under the existence of defects. The oscillators
surrounded by the synchronized oscillators (red sites) are disordered and stop their oscillations.
We use the parameters u = −1, b = 0.5, α = 0.5, αd = −100, β = 1, ω0 = 0.1, and ∆ω = 0.2.
(d) Indicators of local order parameters under the existence of disordered sensors. There are no
synchronized oscillators unlike in panel (c). We use the same parameters as in panel (c). These
figures are adapted from K. Sone, Y. Ashida, and T. Sagawa, Topological synchronization of cou-
pled nonlinear oscillators. Phys. Rev. Research 4, 023211 (2022) [327] licensed under a Creative
Commons Attribution 4.0 International License (http://creativecommons.org/licenses/by/4.0/).

Kirchhoff’s law,

dVa

dt
= 1
C

[∑
b

Cab(Va − Vb) + CaVa

]
= 1
C

∑
b

JabVb. (4.15)

To realize lasing edge modes in an electrical circuit, we utilize negative impedance converters with
current inversion (ICINs) [119], which can introduce nonreciprocal linear coupling (Cab ̸= Cba).
Figure 4.18(a) shows the electrical circuit whose dynamics is described by the Hamiltonian used in
our first model. Each layer imitates the QWZ model, and resistors connecting two layers introduce
the non-Hermitian coupling between them. Therefore, the effective Hamiltonian of this electrical
circuit has a similar structure to that of exceptional edge modes and exhibits lasing edge modes.

The frequency dependences of the impedances of capacitors and inductors in Fig. 4.18(a) can
be a barrier to directly realize the dynamics of our model of topological synchronization. Thus,
we next construct a topological electrical circuit without using them. To this goal, we decompose
the state variables into the real and imaginary parts Ψj(x) = Vj1(x) + iVj2(x). The real and
imaginary couplings are converted into

CΨj(x) →
(
C 0
0 C

)(
Vj1(x)
Vj2(x)

)
, (4.16)
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Figure 4.18: Electrical circuit realizing the topological synchronized state. (a) Electrical circuit
realizing the linear coupling in the first model (4.3). The left panel shows the circuit elements
realizing linear couplings encircled by the blue dashed curve in the middle panel. Each lattice
point (red dashed circle) includes two nodes. We also consider the two layers of electrical circuits
and couple them with the resistors. (b) Substitution rules to realize the topological synchronized
state. We substitute each node in panel (a) with two coupled van der Pol circuits. We also
substitute each circuit element with INICs or resistors. The red squares correspond to the pair of
the van der Pol circuits in the left panel. These figures are adapted from K. Sone, Y. Ashida, and
T. Sagawa, Topological synchronization of coupled nonlinear oscillators. Phys. Rev. Research
4, 023211 (2022) [327] licensed under a Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/).

iCΨj(x) →
(

0 −C
C 0

)(
Vj1(x)
Vj2(x)

)
, (4.17)

where C is real. These conversions can be done by the substitution of circuit elements depicted
in Fig. 4.18(b).

Finally, we use van der Pol circuits [236, 330] to realize coupled nonlinear oscillators in the
electrical circuit. Such a van der Pol circuit is constructed from nonlinear resistors. In fact, if the
conductance of the nonlinear resistor is approximated as C̃(V ) = α−βV 2 + O(V 3), the dynamics
of the van der Pol circuit is

C
dVi

dt
= C̃(Vi)Vi + Iin = (α− βV 2

i )Vi + Iin + (higher-order terms), (4.18)

with Iin being the input current. If we ignore the higher-order term, the dynamics of the van der
Pol circuit is equivalent to that of the Stuart-Landau oscillators. We introduce the van der Pol
circuits to each node of the electrical circuit and obtain the electrical circuit imitating our first
model.
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4.6 Summary and discussions
In this chapter, we revealed the existence of the topological synchronized state of nonlinear oscil-
lators, where the edge oscillators are synchronized, while the bulk ones are chaotic. We proposed
and analyzed three models where we introduce topological linear couplings to nonlinear oscilla-
tors. The chaos of the bulk oscillators was also confirmed from the Lyapunov analysis. From the
Lyapunov analysis, we also found the edge-localized Lyapunov vectors, which are the nonlinear
counterparts of topological edge modes. Furthermore, we proposed applications of topological
synchronization to pattern designing and defect detection. The topological synchronized state
can be realized by using a topological electrical circuit with nonlinear circuit elements.

While we considered small lattice systems such as a 20 × 20 square lattice, the emergence
of the topological synchronized state does not depend on the system size as long as one can
distinguish the bulk and edge of the system. We also utilized the Stuart-Landau oscillators and
the Dirichlet-type boundary conditions, the topological synchronization is also independent of
the type of oscillators and the open boundary conditions (cf. the Neumann boundary condition)
because of the robustness of topological properties against perturbations.

We discussed the bulk topology of the topological synchronized state from the band topology
of the linear couplings. However, as we will discuss in the following chapter, one can define the
nonlinear topological invariant. In fact, we can show that the nonlinear Chern number defined in
Chapter 5 becomes nonzero in the second model of the topological synchronized state (Appendix
B.4). Thus, identifying the correspondence between the nonlinear topological invariants and the
topological synchronized state remains an intriguing future problem. By identifying the nonlin-
ear topological invariant characterizing the topological synchronization, one can possibly extend
the topological synchronization to the nonlinearity-induced transition from desynchronization to
synchronization. It may also be possible to realize the topological synchronization in identical
oscillators with Hermitian linear couplings.



Chapter 5

Nonlinearity-induced topological
phase transition characterized by the
nonlinear Chern number (removed
for the future publication in a
scientific journal)

This chapter is removed because the results will be published in a scientific journal in five years.
In this chapter, we propose the nonlinear extension of the Chern number that characterizes the

topology of two-dimensional nonlinear systems. We also show its bulk-boundary correspondence
by analyzing minimal models of nonlinear Chern insulators. In weakly nonlinear systems, we can
mathematically show the bulk-boundary correspondence of the nonlinear Chern number. In a
strongly nonlinear regime, we find the nonlinearity-induced topological phase transitions in two-
dimensional systems and that the nonlinear Chern number can predict such nonlinearity-induced
transitions. We analytically show the bulk-boundary correspondence in semi-infinite systems and
numerically confirm it in finite systems in such strongly nonlinear regimes. We also propose
the experimental setup to observe the nonlinear edge modes by using the quench dynamics in
topological photonics.
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Chapter 6

Transition from topological to chaos
in the nonlinear Su-Schrieffer-Heeger
model (removed for the future
publication in a scientific journal)

This chapter is removed because the results will be published in a scientific journal in five years.
In this chapter, we reveal the transition from topological to chaos in zero modes of nonlinear

topological insulators and discuss its relation to the breakdown of the bulk-boundary correspon-
dence in nonlinear systems. Specifically, we analyze the nonlinear Su-Schrieffer-Heeger (SSH)
model, which is a minimal model of a one-dimensional nonlinear topological insulator. We derive
the dynamical system describing zero modes in the nonlinear SSH model and show that it ex-
hibits a chaos transition. We further investigate the extended nonlinear SSH model that can show
the higher nonlinear topological invariant and discuss the correspondence between the topological
invariant and the dimension of the stable manifold in the dynamical system of zero modes.
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Chapter 7

Conclusion and discussion

7.1 Conclusion
In this thesis, we extended the topological edge modes and their bulk-boundary correspondence to
nonlinear systems. Specifically, we found the topological synchronization in nonlinear oscillators,
which is a typical dissipative nonlinear system. We also proposed the nonlinear extension of
topological invariants such as the Chern number and the winding number and analyzed its bulk-
boundary correspondence.

In Chapter 4, we proposed the topological synchronized state where the edge oscillators are
synchronized while the bulk ones are desynchronized. Such topological synchronized states are
realized in periodically aligned nonlinear oscillators with linear couplings described by the Hamil-
tonian of topological insulators. Specifically, we proposed three models of the topological synchro-
nized state, a model utilizing the Hamiltonian of exceptional edge modes [27], a model utilizing
a non-Hermitian Chern insulator, and a model utilizing inhomogeneous oscillators and Hermitian
linear couplings. The existence of the topological synchronized state indicates the ubiquity of the
topological synchronized state in nonlinear oscillators. We also conducted the Lyapunov analysis
of the topological synchronized state to clearly show the chaos in the bulk oscillators. We also
found the edge-localized Lyapunov vectors which are nonlinear counterparts of topological edge
modes. We also proposed applications of the topological synchronized state to the on-demand
pattern designing, the defect detection, and the experimental setup using an electrical circuit.

(Further detailed discussions and future perspectives are included in the full thesis, while they
are removed because they are related to the results that will be published in scientific journals.)
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Appendix A

Exceptional edge mode and
topological surface laser

In our previous study [27], we have proposed an unconventional mechanism to protect gapless
edge modes in non-Hermitian systems that we name exceptional edge modes. We further ex-
tend the notion of exceptional edge modes to three-dimensional systems and reveal the existence
of exceptional surface modes. We also propose their application to topological lasers. Such
a topological surface laser can be advantageous compared to those proposed in previous stud-
ies [22, 23, 27, 109, 136–138, 140], because it needs no symmetries and judicious gains to robustly
work against the existence of disorders.

In this chapter, we first review the fundamental properties of exceptional edge modes based on
some minimal models analyzed in Ref. [27]. Then, we explain its extension to three-dimensional
systems and possible applications to photonic systems.

A.1 Exceptional edge modes in two dimension

Exceptional edge modes are protected by the nontrivial topology of the branch-point structure
around exceptional points in their dispersions. Therefore, exceptional edge modes can robustly
exist against disorders even with a topologically trivial bulk. Typically, one can construct the
Hamiltonian of exceptional edge modes from a Chern insulator and its time-reversal counterpart
combined by non-Hermitian couplings. In the following section, we discuss the properties of
exceptional edge modes based on a lattice model constructed by this strategy.

A.1.1 Toy model of the exceptional edge modes

A prototypical model of exceptional edge modes is constructed from layers of the QWZ model.
We combine two layers of the QWZ model by Hermitian couplings. We also prepare their time-
reversal counterparts. Finally, we combine the layers of the QWZ model and their time-reversal
counterpart by non-Hermitian couplings. Denoting the Hamiltonian of the QWZ model by HQWZ,
the Hamiltonian of the prototypical model is described as

H =


HQWZ cI2 iaβσx −iγσx

cI2 HQWZ iγσx iaβ′σx

iaβσx −iγσx H∗
QWZ cI2

iγσx iaβ′σx cI2 H∗
QWZ

 , (A.1)

where I2 is a 2 × 2 identity matrix, and σi is the ith component of the Pauli matrices. We note
that this Hamiltonian has the time-reversal symmetry and thus its conventional bulk topology is
classified by the Z2 index (see Sec. 2.1.2). However, this model has zero topological invariant and
thus the exceptional edge modes are independent of the conventional bulk topology.
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Figure A.1: Exceptional edge modes and their independence of the bulk topology. The real and
imaginary parts of the eigenvalues are shown in the upper and middle panels, respectively. The
bottom panels represent the bulk bands. (a) Band structure of the toy model (A.1) without
non-Hermitian terms. The band is gapped and thus the bulk topology is trivial. The param-
eters used are u = −1, c = 0.2, γ = 0.8, and β = β′ = 0. (b) Band structure with small
non-Hermitian couplings (β = 0.81, β′ = 0.63). (c) Band structure at the critical strength of the
non-Hermitian coupling (β = 0.9, β′ = 0.7). The gapless modes appear at this critical param-
eter, while the bulk bands are still gapped. Thus, the exceptional edge modes are independent
of the bulk topology. (d) Band structure with stronger non-Hermitian couplings (β = 0.909,
β′ = 0.707). We can find exceptional points at ReE = 0, which protect the gapless modes
from gao opening. These figures are adapted from K. Sone, Y. Ashida, and T. Sagawa, Excep-
tional non-Hermitian topological edge mode and its application to active matter. Nat. Commun.
11, 5745 (2020) [27] licensed under a Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/).

One can confirm the independence of the conventional bulk topology by calculating the disper-
sion relations of the prototypical model at different strengths of non-Hermitian couplings. Figure
A.1 shows the band structures under the open (periodic) boundary condition in the x (y) direc-
tion. If there are no non-Hermitian terms (a = 0), the bands are gapped, which indicates that the
model has a trivial bulk. As the non-Hermitian term becomes larger, the upper and lower bands
approach each other and the gap becomes smaller. At the critical strength of the non-Hermitian
coupling, one can obtain gapless edge modes with exceptional points, i.e., exceptional edge modes.
Meanwhile, the bulk bands do not close gaps. Therefore, the bulk topology is always trivial in
the parameter region

A.1.2 Symmetry protection of the exceptional edge modes

Exceptional edge modes are protected by the nontrivial topology of the exceptional points in their
dispersion relation. Since the edge of a two-dimensional system is regarded as a one-dimensional
system, the stability of the exceptional point is determined by its topological invariant in one-
dimensional systems. The classification table of exceptional points studied in a previous study [151]
tells us that topologically protected exceptional points can appear under proper symmetries, such
as the PT , CP , chiral symmetries, and pseudo-Hermiticity. Therefore, the exceptional edge modes
can also be topologically protected under the existence of these symmetries.

More interestingly, there are degrees of freedom in the definition of the PT and CP symmetries,
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and unconventional definitions of the PT and CP symmetries are essential to topologically protect
the exceptional edge modes. On one hand, the conventional PT and CP symmetries are defined
as

(PT symmetry) PTH(k)(PT )−1 = H∗(k), (A.2)
(CP symmetry) CPH(k)(CP )−1 = −H∗(k), (A.3)

with H(k) being the Bloch Hamiltonian. In this definition, P corresponds to the parity inversion.
On the other hand, by using the mirror operators P ′ (resp. P ′′) in the y (resp. x) direction, one
can define the modified PT and CP symmetries as

(modified PT symmetry 1) P ′TH(kx, ky)(P ′T )−1 = H∗(−kx, ky), (A.4)
(modified PT symmetry 2) P ′′TH(kx, ky)(P ′′T )−1 = H∗(kx,−ky), (A.5)
(modified CP symmetry 1) CP ′H(kx, ky)(CP ′)−1 = −H∗(−kx, ky), (A.6)

(modified CP symmetry 2) CP ′′H(kx, ky)(CP ′′)−1 = −H∗(kx,−ky). (A.7)

If we consider a cylindrical system with open boundaries in the x direction, the wavenumber kx

is no longer a good quantum number. Therefore, the modified PT and CP symmetries 1 are also
reduced to the PT and CP symmetries in such a cylindrical system, where the band structures
of the exceptional edge modes are calculated. The same reduction can occur for the modified
PT and CP symmetries 2 when we consider a cylindrical system with open boundaries in the y
direction.

The minimal model has both the conventional and modified PT and CP symmetries,

PT = σx ⊗ I2 ⊗ σz, PTH(k)(PT )−1 = H∗(k), (A.8)
P ′T = I2 ⊗ I2 ⊗ σz, P

′TH(kx, ky)(P ′T )−1 = H∗(−kx, ky), (A.9)
P ′′T = σz ⊗ I2 ⊗ I2, P

′′TH(kx, ky)(P ′′T )−1 = H∗(kx,−ky), (A.10)
CP = σz ⊗ σz ⊗ σy, CPH(k)(CP )−1 = −H∗(k), (A.11)
CP ′ = σy ⊗ σz ⊗ σy, CP

′H(kx, ky)(CP ′)−1 = −H∗(−kx, ky), (A.12)
CP ′′ = σx ⊗ σz ⊗ σx, CP

′′H(kx, ky)(CP ′′)−1 = −H∗(kx,−ky). (A.13)

The model also has the chiral symmetry and pesudo-Hermiticity,

Γ = σx ⊗ σz ⊗ σx, ΓH(k)Γ−1 = −H†(k), (A.14)
η = σz ⊗ I2 ⊗ I2, ηH(k)η−1 = H†(k). (A.15)

Therefore, exceptional edge modes can be protected by these symmetries.
To confirm the symmetry protection of the exceptional edge modes, we numerically calculate

the dispersion relation of the exceptional edge modes under the existence of disorders in our
previous study [27]. Figure A.2 shows the numerical results. In panel (b), we consider random
real on-site potentials and imaginary noises in the non-Hermitian coupling. These disorders are
denoted by a(x){I2, σz} ⊗ {I2, σz} ⊗ {I2, σz} and ib(x){σx, iσy} ⊗ {I2, σz} ⊗ {σx, iσy}, where a(x)
and b(x) are random real values determined from the uniform distribution ranging [−W,W ], and
the brackets indicate that we use all the combinations made of either one in each bracket. Such
disorders preserve the modified PT symmetries, while they break the conventional PT and CP
symmetries. The existence of exceptional edge modes under the existence of these noises indicates
that gapless edge modes can be protected by the modified PT symmetries even without the
conventional PT and CP symmetries. Meanwhile, in panel (c), we consider random real coupling
b(x){σx, iσy} ⊗ {I2, σz} ⊗ {σx, iσy}, which breaks all the symmetries above. Therefore, gapless
edge modes disappear in this case. The disappearance of the exceptional edge modes indicates
that the topological protection of the exceptional edge modes requires proper symmetries.

We can qualitatively discuss the reason why the conventional PT and CP symmetries are
irrelevant to the topological protection of the exceptional edge modes from the fact that the P
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Figure A.2: Robustness of the exceptional edge modes. In the insets, black crosses are the
exceptional points, blue wave curves represent the degeneracy of the real parts of eigenvalues,
and the red curve represents the degeneracy of the imaginary part. The behaviors on the Re ky

axis are reflected in band structures. (a) Band structure without disorders. The parameters
used are u = −1, c = 0.2, β = 0.14, β′ = 0.06, and γ = 0.05. (b) Band structure under the
existence of symmetry-protecting disorders. We still obtain gapless edge modes, which indicates
the robustness of exceptional edge modes under the existence of symmetries. (c) Band structure
under the existence of symmetry-breaking disorders. The band is gapped, and thus the topological
protection of exceptional edge modes requires symmetries. (d) Gapless modes without exceptional
points. The mechanism of the robustness is not fully elucidated. These figures are adapted from
K. Sone, Y. Ashida, and T. Sagawa, Exceptional non-Hermitian topological edge mode and its
application to active matter. Nat. Commun. 11, 5745 (2020) [27] licensed under a Creative
Commons Attribution 4.0 International License (http://creativecommons.org/licenses/by/4.0/).

operator maps an edge mode to another edge mode localized at the opposite side. Therefore,
we must consider two exceptional points in the dispersion of the exceptional edge modes at both
sides. Then, the topology of exceptional points in one-dimensional bands with the PT or CP
symmetries is classified by a Z2 invariant,

ν = sgn(detH(k0 − δ)H(k0 + δ)), (A.16)

where k0 is wavenumber at which the exceptional point appears, and δ is a small constant. Such
a Z2 invariant must be trivial because the sum of the contributions from two exceptional points
must be even. Therefore, the conventional PT and CP symmetries cannot protect the exceptional
edge modes. In contrast, the mirror operator used in the modified PT and CP symmetries maps
an edge mode to another edge mode localized at the same side and thus we can separately discuss
the stabilities of the exceptional points in the dispersions of the exceptional edge modes at the
right and left ends. In this case, the Z2 invariant can be nontrivial, and thus the modified PT
and CP symmetries can protect the exceptional edge modes.

A.1.3 Topological laser utilizing exceptional edge modes

From Fig. A.1, one can see that exceptional edge modes can have large positive imaginary parts
of eigenvalues even if the bulk bands have zero imaginary parts. Such characteristic complex
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Figure A.3: Band structure of the topological laser utilizing exceptional edge modes (A.17). The
red points in the inset are the exceptional points. The parameters used are u = −1, β = 0.2,
and β′ = 0.1. These figures are adapted from K. Sone, Y. Ashida, and T. Sagawa, Excep-
tional non-Hermitian topological edge mode and its application to active matter. Nat. Commun.
11, 5745 (2020) [27] licensed under a Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/).

dispersions lead to the amplification of only the edge modes. By using the amplification of the
exceptional edge modes, one can realize topological lasers that can amplify the edge sites and
transfer the lasing wave packet along the edge of the sample.

Specifically, if we consider the Hamiltonian

H =
(

2HQWZ iβσx

iβ′σx H∗
QWZ

)
, (A.17)

with HQWZ being the Hamiltonian of the QWZ model and β and β′ being real parameters, we can
realize the band structure in Fig. A.3. One can confirm larger imaginary parts of the eigenvalues
of the exceptional edge modes than those of the bulk modes. One can also check the nonzero
slope of the real parts of eigenvalues of the exceptional edge modes, which is essential to realize
the unidirectional propagation of the lasing wave packet.

Figure A.4 shows the snapshots of the numerical simulation of the model (A.17). Starting
from the random initial condition, the model exhibits amplified edge oscillations, which is a
defining feature of topological lasers. Starting from the one-site excitaion, one can also check the
unidirectional propagation of the wave packet and thus can realize a robust transport of the lasing
wave packet against disorders.

Unlike some previous studies [22, 23, 137], the advantage of realizing topological lasers by the
exceptional edge mode is that they need no judicious gains at the edge of the system. Such
topological lasers without judicious gains have also been proposed by symmetry-protected non-
Hermitian edge modes [109, 140], while they exhibit flat real dispersions and thus cannot realize
the unidirectional propagation of lasing wave packets. In fact, we have shown in our previous
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Figure A.4: Dynamics of the topological laser utilizing exceptional edge modes. The color of
each site represents the relative amplitude, whose squared sum is unity. (a) Snapshot without
the non-Hermiticity. We use the parameters u = −1 and β = β′ = 0. We observe no lasing edge
modes. (b) Spontaneous emergence of lasing edge modes from a random initial state. We use
the parameters u = −1 and β = 0.2 β′ = 0.1. (c) Backscattering-free propagation of the lasing
wave packet. We use the parameters u = −1 and β = 0.9 β′ = 0.8. The gray site represents
the vacuum. The lasing wave packet avoids such a defect at the edge and propagates along
the edge of the system. These figures are adapted from K. Sone, Y. Ashida, and T. Sagawa,
Exceptional non-Hermitian topological edge mode and its application to active matter. Nat.
Commun. 11, 5745 (2020) [27] licensed under a Creative Commons Attribution 4.0 International
License (http://creativecommons.org/licenses/by/4.0/).

paper [27] that exceptional edge modes are required to realize the nonzero group velocity of the
lasing wave packets.

A.2 Exceptional surface modes in three dimension and topolog-
ical surface laser

Exceptional edge modes in two-dimensional systems can realize topological lasers, while they re-
quire symmetries for their topological protection. Since such symmetries can be a barrier to realize
topological lasers in a wide range of photonic setups, topological lasers without any symmetries
can be of practical advantage.

In this section, we show that the three-dimensional extension of exceptional edge modes, i.e.,
exceptional surface modes can realize topological lasers with neither symmetries nor judicious
gains. Specifically, we construct lattice models that exhibit gapless surface modes that have ex-
ceptional points in their bands. Such exceptional points protect the gapless surface modes from
opening gaps. Since the surface of a three-dimensional system is an effectively two-dimensional sys-
tem, and exceptional points can be topologically protected without symmetries in two-dimensional
systems, exceptional surface modes robustly exist against disorders without the help of symme-
tries. We analyze the lattice models and confirm the amplification of the surface modes. We also
propose a possible photonic setup to realize a topological laser using exceptional surface modes.

A.2.1 Prototypical model of exceptional mode topological surface laser

In general, one can construct a Hamiltonian of a topological laser using exceptional surface modes
from that of a weak topological insulator with a non-Hermitian spin coupling. A weak topological
insulator is composed of stacked layers of spin Hall systems. Then, the boundaries that are not
parallel to the layers can exhibit gapless surface modes, which is the characteristic feature of the
weak topological insulator (see Sec. 2.1.3). By introducing the non-Hermitian spin coupling to the
weak topological insulator, one can modify the Dirac dispersion of the gapless surface modes and
split the Dirac point into a pair of exceptional points. Those exceptional points can protect the
gapless surface modes even if the symmetries (e.g. the time-reversal symmetries) in the original
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(a) (b)

Figure A.5: Surface band structures of the toy model of a topological surface laser (A.18). (a)
Surface band structure of the topological laser. We only show the four bands that are closest to
the ReE = 0 plane in the upper panel. We also restrict the number of bands that are shown in
the lower panel to eight. We use the parameters u = −1, c = 0.3, γ = 0.5, and Wd = Wa = 0.1.
(b) Surface band structure with all the possible noise. The noise strength is W = 0.1. There still
exist exceptional surface modes, which indicates their robustness independent of the symmetry.
These figures are adapted from K. Sone, Y. Ashida, and T. Sagawa, Exceptional mode topological
surface laser. Phys. Rev. B 105, 235426 (2022) [343] Copyright 2022 by the American Physical
Society.

weak topological insulator are broken. Furthermore, by judiciously choosing the form of the non-
Hermitian spin coupling, one can realize exceptional surface modes with larger imaginary parts
of eigenvalues than those of bulk modes, which is a prerequisite for a topological laser amplifying
the surface modes.

To numerically demonstrate the possibility of topological lasers protected by exceptional
points, we construct and analyze a lattice model by following the above construction procedure.
The Hamiltonian of the lattice model is described in the wavenumber space as

H(k) = (u+ cos kx + cos ky)I ⊗ σz + sin kxσz ⊗ σx + sin kyI ⊗ σy + (c cos kz + iγ)σy ⊗ σx,

(A.18)

where I is a 2×2 identity matrix and σi is the ith component of the Pauli matrices. We construct
this Hamiltonian in the following procedure; we first consider the Hamiltonian of a spin Hall
system HSH = (u + cos kx + cos ky)I ⊗ σz + sin kxσz ⊗ σx + sin kyI ⊗ σy (this spin Hall system
is composed of the QWZ model [94] and its time-reversal counterpart [60]). Then, we introduce
the Hermitian interlayer coupling c cos kzσy ⊗ σx. Finally, we introduce the non-Hermitian spin
coupling iγσy ⊗ σx and obtain the Hamiltonian of the topological laser. We assume that all the
parameters, u, c, and γ are real.

We numerically calculate the surface band structure of the lattice model (A.18) and confirm
the existence of exceptional surface modes. We here impose the open boundary condition in the
x direction and the periodic boundary conditions in the y and z directions. We also introduce
random complex on-site potentials and noises in the spin coupling to investigate the robustness
of the exceptional surface modes. Specifically, we add a random complex value whose real and
imaginary parts are determined from the uniform distribution ranging [−Wd,Wd] to each diagonal



A.2 Exceptional surface modes in three dimension and topological surface laser 75

term of the Hamiltonian. We also add a random real value determined from the uniform distri-
bution ranging [−Wa,Wa] to each off-diagonal term that couples the first and fourth components
or the second and third ones at the same site. Figure A.5(a) shows the complex surface band
structure of the lattice model. We confirm the existence of gapless modes with four exceptional
points in their bands. These exceptional points protect the gapless surface modes from opening
gaps under the existence of disorders. We also check that the exceptional surface modes have
larger imaginary parts of eigenvalues around ky = 0 than those of the bulk modes. Therefore, one
can amplify only these exceptional surface modes.

We further confirm the robustness of the exceptional surface modes against disorders by nu-
merically calculating the surface band structure under the existence of all possible on-site noises.
Since the system has four sublattices, such on-site noises can be described by a 4 × 4 matrix
depending on the site index. We determine the real and imaginary parts of each component fol-
lowing the uniform distribution ranging [−W,W ], respectively. Figure A.5(b) shows the surface
band structure under the existence of these noises. One can still confirm the existence of the
exceptional surface modes. Since the noises break any symmetries relevant to the topological clas-
sification of the exceptional points [151], the existence of the exceptional surface modes in Fig. A.5
indicates that exceptional surface modes can be topologically protected without symmetries.

A.2.2 Exceptional mode topological surface laser exhibiting propagating wave
packets

While the prototypical model in the previous section exhibits exceptional surface modes with
large imaginary parts of eigenvalues, the dispersions between the exceptional points are almost
flat, which indicates that the lasing wave packets cannot propagate along the surface of the
prototypical model. The propagation of the lasing wave packet is of applicational use to transfer
the amplified light. Thus, we next propose the topological surface laser that exhibits propagating
lasing wave packets.

Specifically, we consider the following Hamiltonian

H(k) = (u+ cos kx + cos ky) (aI ⊗ σz + bσz ⊗ σz) + sin kx (bI ⊗ σx + aσz ⊗ σx)
+ sin ky (aI ⊗ σy + bσz ⊗ σy) + (c cos kz + iγ)σy ⊗ σx. (A.19)

This Hamiltonian has different strength of hoppings between the up and down (effective) spins,
which is parameterized by b. Figure A.6(a) shows the dispersion relation of the Hamiltonian under
the open boundary condition in the x direction and the periodic boundary conditions in the y and
z directions. We confirm the existence of exceptional surface modes with nonzero group velocity
in the y direction around ky = 0, which enables the propagation of the lasing wave packets.

We also simulate the dynamics of the model (A.19) and demonstrate the propagation of the
lasing wave packet. Via the inverse Fourier transformation of the Hamiltonian (A.19), we obtain
the real-space description. Then, we perform the fourth-order Runge-Kutta simulation of the
real-space Hamiltonian. We set the time step as dt = 0.001 and consider a 10 × 10 × 10 cubic
lattice with open boundaries in all the x, y, and z directions. We further introduce the empty
sites that express the deformation of the boundary geometry. We consider the initial condition
where only the surface sites at (x, y, z) = (5, 10, z) with z being 1 ≤ z ≤ 10 are excited. Figure
A.6(b) shows a snapshot of the simulation. In this numerical simulation, we confirm that a wave
packet is localized at and propagates along the surface of the system. We also check that the wave
packet propagates without backscattering at the empty sites on the surface, which indicates the
robustness of the exceptional surface modes against the modulation of the boundary geometry.

We can also confirm the robustness against disorders as in the prototypical model. Specifically,
we introduce all the possible on-site noises as in Fig. A.5(b). Figure A.6(c) shows the snapshot of
the numerical simulation. We still confirm the propagation of the lasing wave packet under the
existence of the disorders. Since such disorders break any Z2 symmetries and translational sym-
metry, the robustness of the lasing wave packet against the disorders indicates that the exceptional
surface modes are topologically protected even without symmetries.
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(c)

Figure A.6: Topological surface laser with propagating wave packets (A.19). (a) Real part of the
surface band structure. We can confirm the nonzero slope of the dispersion relations of the surface
modes, which enables the propagation of the wave packet. We use the parameters u = −1, a = 1.5,
b = 0.5, c = 0.2, and γ = 0.9. (b) Dynamics of the propagation of the lasing wave packet. The
color of each site represents the relative amplitude, whose squared sum is unity. (c) Robustness
of the lasing wave packet against disorders. The strength of disorder is w = 0.1. These figures
are adapted from K. Sone, Y. Ashida, and T. Sagawa, Exceptional mode topological surface laser.
Phys. Rev. B 105, 235426 (2022) [343] Copyright 2022 by the American Physical Society.

A.2.3 Possible photonic setup of exceptional mode topological surface laser

While in the previous sections, we have analyzed toy models of topological lasers, we also propose a
more realistic setup of a topological surface laser in a photonic system. To construct a topological
surface laser, we first consider a photonic counterpart of a weak topological insulator. Such
a photonic weak topological insulator is realized by the accumulation of layers of ring-resonator
arrays [165] that imitate the dynamics of multi-layers of quantum spin Hall systems (see Sec. 2.1.2).
Specifically, we consider three types of layers of ring-resonator arrays depicted in Fig. A.7. Each
layer realizes a different artificial gauge field (phases gained via the hoppings), which is determined
by the length of waveguides between resonators. We note that each layer does not correspond to
the layer of a quantum spin Hall system, and instead resonators aligned on a plane parallel to the
xy plane realize a layer of a photonic quantum spin Hall effect.

We also realize the non-Hermitian spin coupling by introducing a waveguide segment with
mirrors to each ring resonator and homogeneous gains. Such a waveguide segment is proposed in
previous studies [140], and light reflected at the mirror realizes the coupling between clockwise
and anti-clockwise modes, which play a role of effective spin degrees of freedom. One can also tune
the phase of the non-Hermitian spin coupling by changing the length of the waveguide segment.
We here realize alternate signs of the non-Hermitian spin couplings that are different between
odd- and even-numbered rows by tuning the length of the waveguide segments.

Finally, we obtain the photonic system that imitates a weak topological insulator with non-
Hermitian spin couplings and thus can be used as a topological surface laser. The effective
Hamiltonian of the photonic system is

H =
∑

r,s=±
(axe

isϕy ĉ†
r,sĉr+ex,s + ay ĉ

†
r,sĉr+ey ,s) + H.c.

+
∑

r
[az sin(ϕy)(ĉ†

r,+ĉr+ez ,− + ĉ†
r,−ĉr+ez ,+) + H.c.+ iβ sin(ϕy)(ĉ†

r,+ĉr,− + ĉ†
r,−ĉr,+)],
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Figure A.7: Proposed experimental setup using ring-resonator arrays. (a) Overview of the pro-
posed system. We accumulate three types of layers (depicted by layers of different colors). (b-d)
Ring-resonator array on each layer. The number shows the phase factor of the corresponding
linear coupling. In panels (c) and (d), we also introduce waveguides with mirrors in panel (e)
into ring resonators. (e) Schematic of the waveguides with mirrors that realize the non-Hermitian
coupling. These figures are adapted from K. Sone, Y. Ashida, and T. Sagawa, Exceptional mode
topological surface laser. Phys. Rev. B 105, 235426 (2022) [343] Copyright 2022 by the American
Physical Society.

(A.20)

where ĉ†
r,s and ĉr,s are the bosonic creation and annihilation operators of the effective spin s at

the site r. ei denotes the lattice vector in the i = x, y, z direction. ϕ is the phase parameter,
which we set ϕ = 2π/3 (corresponding to the fact that we align three different layers). ax, ay, az,
and β are real parameters that determine the hopping amplitudes.

We numerically confirm the emergence of exceptional surface modes in the Hamiltonian (A.20).
Figure A.8(a) shows the surface band structure of the photonic system calculated under the open
boundary condition in the x direction and the periodic boundary conditions in the y and z di-
rections. We confirm the existence of exceptional surface modes, i.e., gapless surface modes with
exceptional points in their bands. We also check that the imaginary parts of the eigenvalues of ex-
ceptional surface modes are larger than those of the bulk modes, which indicates the amplification
of the exceptional surface modes.

We also simulate the dynamics of the photonic system and check the amplification of the surface
sites. We here conduct the fourth-order Runge-Kutta simulation as in Fig. A.6 with the time step
being dt = 0.001. We impose the open boundary conditions in all directions. We start from the
random initial condition, where the real and imaginary part of the effective wavefunction at each
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(a) (b)

Figure A.8: Numerical demonstration of the lasing surface modes in the proposed optical system.
(a) Surface band structure of the effective Hamiltonian of the proposed system (A.20). We confirm
the existence of exceptional surface modes with large imaginary parts of eigenvalues. We use the
parameters ax = ay = 1, az = 0.1, and β = 0.5. (b) Numerical simulation of the effective
Hamiltonian. The color of each site represents the relative amplitude, whose squared sum is
unity. We confirm the spontaneous amplification of surface modes. These figures are adapted
from K. Sone, Y. Ashida, and T. Sagawa, Exceptional mode topological surface laser. Phys. Rev.
B 105, 235426 (2022) [343] Copyright 2022 by the American Physical Society.

site is randomly determined from the uniform distribution ranging [−0.01, 0.01]. Figure A.8(b)
shows the snapshot of the simulation after the dynamics is relaxed. We confirm the amplification
of the boundary sites on the surfaces that are perpendicular to the xy plane. Since the z direction
is the direction of the accumulation of the layers of the quantum spin Hall system, we find no
exceptional surface modes on the surface parallel to the xy plane. This result indicates that the
proposed photonic system can be used as a topological surface laser.

A.2.4 No-go theorem of exceptional surface modes with a single pair of ex-
ceptional points

As a starting point of the construction of the topological lasers, we utilize weak topological insu-
lators that have two Dirac cones in their surface band structures. Adding the non-Hermitian spin
couplings, one can split those Dirac points into exceptional points and obtain four exceptional
points in total. Meanwhile, one may question whether one can realize a topological surface laser
starting from a strong topological insulator exhibiting one Dirac cone in its surface band. How-
ever, we find that four exceptional points are necessary to realize robust exceptional surface modes
under the fully open boundary conditions. Specifically, we analytically show that if we consider
exceptional surface modes with a pair of exceptional points, the gapless surface modes disappear
under the fully open boundary conditions due to the non-Hermitian skin effect [102–105,107,159].

To show the disappearance of exceptional surface modes with only a pair of exceptional points,
we consider the winding number that predicts the presence or absence of the non-Hermitian skin
effect. To simplify the problem, we assume that exceptional points are located on the ky axis of
the surface bands. Then, we consider two loops on the Brillouin zone L1 and L2 in Fig. A.9. The
winding numbers on those loops are defined as w1,2 = (1/2πi)

∫
L1,2

∂kx log detH(kx, ky)dkx. This
winding number is unchanged under the deformation of the integral path as long as the path does
not cross the exceptional points. Thus, the difference between w1 and w2 is equal to the winding
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Figure A.9: Integral paths of winding numbers to show the emergence of the non-Hermitian skin
effect. Since the winding number calculated on the circle C is nonzero, the winding number from
L1 or L2 must be nonzero. The blue and red regions represent such a difference in the winding
numbers. These figures are adapted from K. Sone, Y. Ashida, and T. Sagawa, Exceptional mode
topological surface laser. Phys. Rev. B 105, 235426 (2022) [343] Copyright 2022 by the American
Physical Society.

number on the loop around an exceptional point

w1 − w2 = 1
2πi

∮
C
∂k log detH(k)dk = wC . (A.21)

Meanwhile, the winding number wC characterizes the nontrivial topology of the exceptional point
[101] and thus should be nonzero if the exceptional point is topologically protected. Therefore,
w1 and/or w2 are nonzero which indicates the emergence of the non-Hermitian skin effect. The
non-Hermitian skin effect modifies the spectrum depending on the boundary condition, and the
winding number of the spectrum under the open boundary condition must be zero [111]. Therefore,
a single pair of exceptional points cannot remain under the fully open boundary conditions, which
indicates the disappearance of the robust exceptional surface modes with only two exceptional
points in their bands. These arguments imply that topological surface lasers constructed from
weak topological insulators are minimal.

A.2.5 Exceptional surface modes protected by exceptional rings

While we construct topological surface lasers protected by exceptional points, we can also realize
exceptional surface modes that have exceptional rings [344] in their surface bands. Specifically, if
we consider the Hamiltonian whose wavenumber-space description is

H(k) = (u+ cos kx + cos ky)I ⊗ σz + sin kxσz ⊗ σx + sin kyI ⊗ σy + c sin kzσy ⊗ σx + iβσx ⊗ σx,

(A.22)

with u, c, and β being real parameters, we can obtain such exceptional surface modes with
exceptional rings. This model is also constructed from the weak topological insulator used in our
prototypical model (A.18), while the non-Hermitian coupling term iβσx ⊗σx is different from that
in our prototypical model.

To confirm the existence of exceptional surface modes with exceptional rings, we numerically
calculate the surface band structure under the open boundary condition in the x direction and
the periodic boundary conditions in the y and z directions. Figure A.10 shows the numerical
results. We can confirm the gapless surface modes with exceptional rings in their bands. These
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Figure A.10: Surface band structure of exceptional surface modes with exceptional rings. (a)
Surface band structure without disorders. We can confirm the existence of gapless modes with
exceptional rings in their bands. We use the parameters u = −1, c = 0.7, and β = 0.5. (b)
Surface band structure under the existence of the on-site random potential and the imaginary
random spin coupling. We can confirm the robustness of the exceptional surface modes against
such symmetry-preserving disorders. The noise strengths are wu = 0.1 and Wb = 0.1. (c) Surface
band structures under the existence of the real random spin coupling. Since such a disorder breaks
the symmetry, the gapless modes disappear in this case. The noise strengths are Wu = 0.1 and
Wa = 0.2. These figures are adapted from K. Sone, Y. Ashida, and T. Sagawa, Exceptional mode
topological surface laser. Phys. Rev. B 105, 235426 (2022) [343] Copyright 2022 by the American
Physical Society.

exceptional rings can protect the gapless surface modes from opening gaps under the existence of
disorders.

Unlike the exceptional points in the surface bands, exceptional rings can be topologically
protected only under the existence of symmetries, such as the PT , CP , chiral symmetries, and
pseudo-Hermiticity [151]. Therefore, exceptional surface modes with exceptional rings can ro-
bustly exist against disorders only if the disorders preserve those symmetries, which is the case
in the exceptional edge modes in two-dimensional systems. To numerically demonstrate the sym-
metry protection of the exceptional surface modes, we also calculate the surface band structures
under the existence of disorders. Specifically, we introduce the random real on-site potential and
complex noise into the spin coupling. The former is the real diagonal terms with the random value
following a uniform distribution ranging [−Wu,Wu]. The latter couples the first and fourth com-
ponents or the second and third components, and its real (imaginary) parts are determined from a
uniform distribution ranging [−Wa,Wa] ([−Wb,Wb]). Since the random real on-site potential and
imaginary noise in the spin coupling preserves the PT symmetry, the exceptional surface modes
remain under the existence of those disorders as shown in Fig. A.10(b). In contrast, the real noise
in the spin coupling breaks the PT symmetry, adding such a noise lifts the gap in the exceptional
surface modes. These results indicate that exceptional surface modes with exceptional rings are
protected by the symmetries.

A.2.6 Short summary and perspectives

We here revealed that the exceptional points can protect topological surface modes in three-
dimensional systems and such exceptional surface modes can be utilized as topological lasers.
We also proposed a concrete photonic setup to realize the topological laser protected by the
nontrivial topology of exceptional points. Unlike the previous proposals of topological lasers
[22,23,27,109,137,140], the topological surface laser requires no symmetries nor judicious gains at
the edge of the system, which can be of practical advantage to realize in a wide range of systems.
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The existence of the exceptional edge modes and exceptional surface modes implies the break-
down of the bulk-boundary correspondence in non-Hermitian systems. Thus, it is desirable to
construct the topological classification table reflecting the exceptional boundary modes. From
an applicational point of view, exceptional points in surface band structures can induce non-
Hermitian phenomena such as interchanging of eigenstates [26] and enhanced sensitivity [163].
Such interplays between exceptional points and topological boundary modes may broaden the
applications of topological physics.
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Supplementary Information on
Chapter 4

B.1 Average of the frequencies in the topological synchronized
state

We here confirm that the bulk oscillators in the topological synchronized state have inhomogeneous
frequencies even if we take the average of those of the four components at each site. We simulate
the dynamics of the first model (4.3) by using the Runge-Kutta method with the time step
t = 0.005. We consider a 20 × 20 square lattice and impose the open boundary conditions in both
x and y directions. Figure B.1 shows the snapshot of the averaged frequency distribution. We
confirm that the bulk oscillators still exhibit time- and space-varying frequencies, which indicate
their desynchronization.

B.2 Disappearance of topological synchronized state by damping
bulk oscillators

Previous research [345] demonstrated the emergence of edge-localized oscillations. In our model,
we can also realize such edge-localized oscillations by damping the bulk oscillations. Specifically,
if we consider α < 0 in our first model (cf. Eq. (4.3) in the main text), the bulk oscillators
exhibit no oscillations, while the edge ones exhibit synchronized oscillations. We numerically
confirm the edge-localized oscillations by simulating the dynamics of our first model of topological

Figure B.1: Averages of the frequencies in the first model (4.3). We plot the average of the
frequencies at each site at the time t = 100. The averaged frequencies are also inhomogeneous in
the bulk. We use the parameters u = −1, b = 0.5, α = 0.5, β = 1, ω0 = 1, and ∆ω = 0.2.
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Figure B.2: Synchronization of edge oscillators and damping of bulk oscillators. (a) Frequency
distribution of the first component of oscillators of the first model of topological synchroniza-
tion (4.3) in a damping parameter region. We use the parameters u = −1, b = 0.5, α = −0.2,
β = 1, ω0 = 1, and ∆ω = 0. (b) The amplitude distribution of the first model in the damp-
ing parameter region. While the edge oscillators have nonzero amplitudes and are synchro-
nized, the bulk ones are damped. These figures are adapted from K. Sone, Y. Ashida, and
T. Sagawa, Topological synchronization of coupled nonlinear oscillators. Phys. Rev. Research
4, 023211 (2022) [327] licensed under a Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/).

synchronization. We use the Runge-Kutta method and set the time step as t = 0.005. We consider
a 20 × 20 square lattice and impose the open boundary conditions in both x and y directions.
Figure B.2 shows the snapshot of the numerical simulation. We confirm that the edge oscillators
have nonzero amplitudes while the bulk ones do not oscillate. We can also confirm that the
frequencies of the edge oscillators are almost the same, which indicates their synchronization.

We note that the edge-localized synchronized state observed in this numerical calculation is not
classified into the topological synchronized state proposed in our study. This is because the bulk
oscillators do not exhibit desynchronized oscillations. Since the bulk oscillators in the topological
synchronized state can further exhibit chaotic dynamics, the topological synchronized state reveals
nontrivial interplays between the band topology and the nonlinear effect.

B.3 Cluster synchronization using topological linear couplings

Previous research [49] also discussed the synchronized state where the edge and bulk oscillators
have different frequencies. We here demonstrate a similar cluster synchronization by using linear
couplings described by the Hamiltonian of lasing edge modes that is different from those used in
the main text. Specifically, we consider the following Hamiltonian,

H(k) = (u+ cos kx + cos ky)σz

+(sin ky + iγ cos ky)σy + sin kxσx. (B.1)

Figure B.3 shows the band structure of the edge modes of this Hamiltonian. We confirm the
existence of lasing edge modes. Meanwhile, the bulk bands have also large imaginary parts of
eigenvalues. This leads to the stability of bulk oscillators and their synchronization.

We numerically simulate the model using the linear couplings described by the Hamiltonian
(B.1) as in Fig. 4.1. Figure B.4 shows the snapshots of the frequency distributions. We con-
firm both the edge and bulk oscillators are synchronized, while the right edge oscillators have
different frequencies from the others. Therefore, the cluster synchronization is realized in this
model. However, since the bulk oscillators are synchronized and thus are not chaotic, the cluster
synchronization in this model is not the topological synchronized state defined in our study.
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Figure B.3: Band structure of the Hamiltonian used in the model of cluster synchronization (B.1).
We confirm the gapless edge modes with larger imaginary parts of eigenvalues than those of bulk
modes. We use the parameters u = −1 and γ = 0.5. These figures are adapted from K. Sone, Y.
Ashida, and T. Sagawa, Topological synchronization of coupled nonlinear oscillators. Phys. Rev.
Research 4, 023211 (2022) [327] licensed under a Creative Commons Attribution 4.0 International
License (http://creativecommons.org/licenses/by/4.0/).

B.4 Nonlinear Chern number of the second model of topological
synchronization

We numerically calculate the nonlinear eigenvectors (cf. Sec. 5) of the second model of topological
synchronization using the Hamiltonian (4.9) and the associated nonlinear Chern number. Figure
B.5 shows the nonlinear Chern number at u = −1, ui = 0.02, a = 2, b = 0.5, α = β = 1, and
different amplitudes w. We confirm that in this parameter region, we always obtain the nonlinear
Chern number CNL = ±1 (there are two degenerated bands for each). Since the maximum
amplitude considered here is larger than that observed in the numerical simulation in Fig, 4.10, it
may be possible to expect that the nonzero nonlinear Chern number characterizes the topological
synchronized state. However, the time- and space-varying amplitudes break the assumptions that
we impose to derive the nonlinear Chern number, and thus the bulk-boundary correspondence in
this dissipative system still remains a future problem.
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Figure B.4: Cluster synchronization exhibiting a cluster localized to the right edge. We show
the snapshots at t = 1000 and t = 2000 in panels (a) and (b), respectively. We confirm that
the oscillators at the right edge have different frequencies from the others. However, both the
edge and bulk oscillators are synchronized, this cluster synchronization is not regarded as the
topological synchronized state defined in our study. We use the parameters u = −1, γ = 0.5,
α = 0.5, β = 1, ω0 = 1, and ∆ω = 0.2. These figures are adapted from K. Sone, Y. Ashida, and
T. Sagawa, Topological synchronization of coupled nonlinear oscillators. Phys. Rev. Research
4, 023211 (2022) [327] licensed under a Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/).
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Figure B.5: Nonlinear Chern number of the second model (4.9). We obtain the nonlinear Chern
numbers ±1 from two bands for each. The nonlinear Chern numbers are independent of the
amplitude in this parameter regime. We use the parameters u = −1, ui = 0.02, a = 2, b = 0.5,
and α = β = 1.
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Supplementary information on
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This chapter is removed because the results will be published in a scientific journal in five years.
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Chapter 6 (removed for the future
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This chapter is removed because the results will be published in a scientific journal in five years.
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