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1. htroduction

Let us suppose the case in which a very small circular hole

ina large plate in uniform stress state is a cause of crack imiti-

ation. The time to crack initiation, as is well known, is

subjected to a probability distribution such as Weibull'sI

This fact has beenanissue of random nature of material

strength, but on one side, this implies that the holemight

not be circular precisely, or in o仙er words, the stress

concentration factor might fluctuate from hole to hole･ It

tllmS Ollt men也al even elastic stress analysis around a hole

requlreS prObabnistic treatment in some applications fromthe

standpoint of stochastic structuralmechanicsI

we authors newly propose a stochastic stress analysis

procedure which enables us to evaluate the probabilistic nature

of stress distribution around a hole, the shape of which homo-

geneously nuctuates･ The present theory is based on a

stochastic conformalmapping,the function of which involves

probabnistic variablesJfthe power spectrum of shape nuctu･

ation is given, Such spectrum has once been observed for a

particular caselI , the covariance matrix of aforementlOned

probabnistic variables is evaluated so as to characterize the

probabilistic nature of stress functions･ Thenthe expectation

and dispersion of stress at a point on the contour are obtained

bythe means of the first･order approximation prlnCiple･

In this paper, onlythe formulation is described,and the

nllmeriCalresults and discussionswill be presented inthe

subsequent paper which follows shortly later･

2. Fom111ation

* Dept. of Appiled Physicsand Applied Mechanics, Institute

oHndllStrial Science, University of Tokyo･

2.1 StocllaStic Confomal Mapping

Consider a randomly shaped hole in an infinite plate

(Fig. 1), whose contour is definedinform of r+f(0) where

r is a constant radius of reference circle and I(0) a function

of angular position 0 of arbitrary point A A The shapefluctu-

atlOn is describedthroughf(0). A relation z=Z(I) is taken

to represent　the cc.nformal mappmg of the external　of

r十f(0) onto that of the circle r. We assume Z(I) as follows･,

Z(I)-E･ni.茅-E･号+音十-I+翠(1)

where sn(n-'1. 2. -･, N)　are unknown complex

coefficients, and I-i+Zで-pe'a(i- √=了). By the use of

the values chosen at M points, the following simultaneous

equations are derived to detemine N coefficients･

･r+I(Ok,}e,ek-relek+豊吉e一-Ok　(2)

(k-1,2,..･, M;M≧N)

Making use of the partitioninto realand imaginary Parts Of

sn as sn-S●"+才Sn, Wehave

[C](i)-fj)　　　　　　　　　　　　　(3)

where the vectors lSll(2NtX 1),研(2MXl) and

matix [C](2MX 2N) are definedby

/(の

Z-pl. EIPl.

Fig. 1 Present Conformal Transformation Representing

a Randomly Sllaped Hole on a Regular C止cle
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ほ1- LS'l Si s'2 S'2 -S'NS-N｣),

lf7-J(Ol) Of(02) 0-I(CM) OJT,

[C]-

Cf C宇目･CrTl

CZ,C21･･･ C芯+1

C作; L
cos(n+ 1)Ok Sin(n+ 1)Oh

sin(n+ 1)Ok COS(n+ 1)Ch],
(4)

(n-1.2/･･, N;A-1.2.-, M).

The solution lil for tf) is used to determinethe conformal

mapping Eq. ( 1 ). Inthe case ofM-N, Eq･ (3) is solved

inusualmanner. IfM> N, Eq. (3) is solved in the sense of

the least square approximation. Generallythe solution of

Eq, ( 3 ) is expressed as fonows･

E言1-[[C]丁[C]]-1･[C]'Ej)-[C*]Ljl　　( 5 )

When the function is assumed to be a homogeneous

random process with EU]- 0, the coefficients sn are also

random　with E[S'n]-E[S'n]-0. The covariances

coy(si, S･,), coy(S･,, S;) and Coy(S;, S;), denoted by

coy (言.,言,･) commonly, are defined by takingthe expect-

ation of the following matrix

tsHs)T-

SISI SISl･･･SISIN SllSN

sISl･･･SIS-N SISN

S..vS v 5,vS.＼･

Sym･　　　　　∫〟∫〃

-lc*ltfHf)'lc*]T,　　　　( 6 )

thatis

[cov(言,,言,)]-[C*] ･E[げHj)']･[C*]T.　( 7 )

The matrix EltfHj)T] is written as

Elf(81)I(01)] 0 ELF(Cl)I(02)] 0

0　　　　　0　　　　0　　　　　0

EU(ON)I(01)] 0 ELF(OM)I(02)] 0

0　　　　　0　　　　0　　　　0

-.Elf(C.)I(OM)] 0

0　　　　　0

-.ELF(OM)I(OM)] 0

0　　　　　0

(8)

whereE[八cm)I(Oh)](m, A- 1, 2,･･･, M)equals the auto･

correlation of the random process I(0) denoted by R(Om

-ok ). Introducingthe discrete Wiener･Khintchine relation,

we have

Elf(Om)I(Ok)]-月(cm-ek)- ∑ S(ん)ezZdnLOがOk-
Jl TI-ヽ'

(9)

究　　速　　報

where S(}n) isthe line spectrum forthe n･th wave number

ん=n/ 27T, This meansthat the covariaJICe Of the coefficients

s" forthe stochastic conformal mapplng function can be

determinedthroughthe power spectrum S(ん) of the given

shape f一uctuation.

2,2　Expectation and Dispersion of Stresses

We dealwithaninfinite plate made of isotropIC elastic

material and weakened by a nearly circular hole. The

Goursat's stress functions 9フ(a) andや(a)2) are used to

calculate stresses oJ, Oy and Tェy in the following form,

響-2RelOW]

班+zTry-Z(()･ (DII(I)+Fl (I)

2

where め(I)-甲tZ(I)),g(E) -桝Z(I)). Thesuperscripts

E and ll denote　the first and second derivatives with

respect to z ,and Z(I) isthe conjugate ofZ(I) Since Z(I)

represents the stochastic conformal mapping function

aforementioned, the stresses　given by Eq, (10) are of

stochastic naturealso. Taking into accQunt uniform stress state

prescribed by o言,o冒　and T品at infinity, We have the

following form of (か(I), V(() for Z(I) defined by Eq.

(1).

( oF((cc',==Axc(;,2_ifi;)A望(;,賢+ I- '? (ll )

where an auxilliary function X(I) , a real constantノ4, and

a complex constant B are given aS blow

X(I)--A子+ 2BE･A (ilを+t2(i)2

∴+ tN(i)" ) (12)
A-誓　2B-雪卑+iT蒜

where 37 means the conjugate of s,

SolvingEqs. (10) for aX, αy and Try, Wehave

oX-Re[2か(E)-Z(I)01 (()-gl(I)]≡ 92(I,苫)

09-Re[201(I)+Z(I)かJ(I)+gl(I)]⊆ gl(C,S～)

T=9-　　Im[Z(() ¢ⅠⅠ(()+wl(I)]三g｡((,言)

(13)

where言　represents the conformalmapping coefficients sn

for every乃, by which the stochastic nature Or the stresses

IS gOVemed.

The stressvalues gl((,言), gz(I,言) and　93(I,S～)

are derived by substituting Eqs. ( 1 ) and (ll) into (13),

as follows

]=川日日lHIJl川uJIJHl‖HHJHl‖lHJJJHJIJIJJl川JHHIIIlH川HJIJIJIIIJHMIH日日IJ川日日HIHIl日日lJHHHIHHIHHJH)HH‖L‖HHm川LHHHHHl‖lJJHlmm川川JIJ‖lJJIJJHl‖Jl=川HlMJ‖JH川JJIJIHJH日日HlHIHMJJJJ
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( 9g;'(I;,ii',)- 2qlq2 +し11)の(q4q5 1q6q7

+qaq9-qlOqu)

93(I,言)-q3(q6qS+q4q7+q"q, +q8qll)

(14)

in which ql ～qll are Calculated asgiven below,

1

ql=T盲評q2=Re[h l]Re[h3]+Imlhl ]Im[h31

1

qa=丁打も　q4=Relh5-h6] q5-K2譲+!24I

q6-Im[h5-h6]　q7-I2｡R-R2｡I

qB-Re[h3]　q9-R87R+I87I q1.-1m[h3]

qll-I87R-R87I

点=Re[(h｡)3]　j-Iml(h｡)3]　(15)

where R24　and I2｡ are the realand imaginary parts of

h2h3-hlh4, and R87　and I87　0f h8h3-hlh7,

respectively. The complex functionsh 1 -h 8 are given by

hl-¢′(I)　h2-め"(I)　h3-Z'(I)

h｡-Z〝(I)　h5-Z(E)

h6-7(チ) h7-才.(チ) h8-X.(I)

(16)

where( A)′-d(･)/dE, ( ･)"-d2(･)/dE2, but their

explicit expressions are tabulated in Appendix 1.

The stress expectations and variations E[ox], Var[or]

and the likes are calculated on the basis of the first･order

approximation 3㌧

タも　γ′ゝ　7㌧/.＼　　･/　　　　ー

α)　ロU C3)

-　　　＼･　-lZ

lノ

.7.∫　:?b a r

円u

LL

S-)

5)

lノ
言-E[言]-0

×1　　-　　ノ

ー　　　　-　　　1~

～∫　～∫　～∫

LJ I.JJ LJ1　　　2　　　3
Qb g　ロU

qHHH十川u
∂高射∑戸訓∑I

t2

lノ

.,a,恥..qa7

円U
rα

=ト

Coy(SりS,) (17)

言-E[言]- 0

where i-　denotes forthe i-th element of s, namely,

～S, -S'(. +ll/12for odd nllmber land s'l/12 for even.

The derivatives of　91(I,言), 92((,S～), 9,(I/S)

as regards s'can be rewritten in the fonowing form

)藷(18)

Appendix 1

Re 薄ﾒ�

hl ��y$rﾒ�"�3"ﾔ$ｧ3"超�yFB竇2趾8�"ｵ2ﾆ�6粤���竪(-B.S2-B.C2)+A∑dl(-S.nSn.1+S,nCn.1) 
Ppl ����

h2 蔦H奉�"�32ﾔ"�32綴�yFC"�2趾6粤"ｵ3ｵ2"ｳ"��4号(BJs3+B′C3)-A∑d2(-∫."Sn.2+S;C…2) 
Pn ����

h3 ��ﾘyFFﾂ�2v�6粤�ｵ2v�6粤�����-∑dl(-S'nSn.1+S'nCn.1) I1 

h4 �FC"�2v�6粤"ｵ2v�6粤"�����∑d2(-S'nSn.2+S'nCn十2) n 

h5 ��3�ｸyFC2�2ﾖ�6箏2v�6竰�ｦﾂ�-pSl+∑da(S'nSn-S'nCn) n 

h6 率�3�ｸyFB竇2趾6箙4ｦ�6竰�-rlsl+∑d4(S7nSn-S,nCn) 
Pn ��ｺ��

h7 壷��3(�yFCR�2趾6褫�ｵ2ﾆ�9EE����笠S2+∑d5(S.nSn_I-S,nCn_1) 

Pn ����

h8 ��_43"ｳ$"箒�yFCR�2趾6褫�ｵ2ﾆ�6褫���-A雲S2+2B.+A∑d5(S.nSn_1-S,nCn_1) 
Pn ����

.ヽ

where Sn-sinna,Cn-cosna,∑-∑, dl-茅, d2-也土吐, d3尋, d4-告, dS-n掌･
n n-1 Pn+2

日lHJIHI川HJ川IH川川HHFIIFHJIIHHIHHHHIIIHHJIHHH‖lHHIHIIIIJlrHlIHHLlH川川‖lHTHHIHH川IIJl川日日lHIHlltHHHJHllHHIl‖Fll川III日日‖llHH‖HIl川ImIIullllllH川Hlmll=HlJHHHMllHmllJHllH1日1
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where h meansall of the 16 functions arranged such as

Relhl], Imlhl], ･･･, Imlh8], and h, thej-th entity

of arranged　亮. The derivatives of gl(h), 92(h) and

93(h )withrespect to h, are summerized in Appendix 2.

3. Conclusion

A stochastic procedure to estimate the probabilistic stress

state around a hole with uncertain　shape is presented,

provided thatthe power spectrum of shape nuctuation is

glVen･ Oncethe probabilistic conformalmappmg lS established

h conJunCtionwiththe power spectrum,the stress state is

calculated bythe use of Grousat's stress functions which

are subjected tothe conformalmapping. The TlrSt･Order

approximation is taken to evaluate the expectation and

dispersion or仙e stresses･
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Appendix 2

ql,5--2完5/Lh314　　ql,6--2h6/lh,I4

q2,1 -h5　　q2,2=h6　　q2,5=hl q2,6=h2

恥5-- ･6h～5 /lh3I8　　q3,6--6h～6/lh,l8

q5,1--h,R-hal q5,2-h8R-h7I

qSn-hSR +h6I q5,4--h6R+h5I

q5,5-h3R+R24P+h4I+I24Q

q5,6--h.R-R2｡Q+hal+I24P

q5,7 --hlR-h2I q5,8=h2R-hll

q,,1--h8R+h7I q7,2--h7R-h8I

a,,3-h6R-hSI q7,4=hSR+h6I

q,,5 -h｡R十I2｡P-hal-R24Q

q7,6-h3R-12｡Q+h41-R24P

q,,7--h2R+h.I q7m--hlR-h2I

q9,1 --h.3R-h141　　q9,2 -hユ4R-h13I

q,,5 -h151H-R87P+h16I+I87Q

q9,6--h16RIR8762+h.5I+I87P

恥1｡ニーhlR-h2I q,,14-h2R-hll

q,,15-h5R+h6I　　　　恥16--h6R+h5I

q1.,1 -一hl｡R十hl｡I q1.,2-一hl,R-h14I

q日,5 -h16R+I87P-h-5IIR87Q

q日,6 -hlSR-I870+h16I-R87P

q日,13--h2R+hll q日,14--hlR-h2I

q日,15-h6R-hSI q.h16-hSR十h6I

q4W=q6,m=q8,5=q"6= 1

q4,ll =q6,12=- 1

All the others are nil.

Note; P-3 (h25-h26), Q-6h5h6, q.,,-∂q./∂h,A.
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