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A Note on Stochastic Finite Element Method (Part4)
Eigenvalue problem of column buckling under uncertain boundary conditions

確率有限要素法に関するノート(第4報)
一不確定境界条件下の柱の座屈問題-の応用一
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1. Introdl】Ction

This note discusses how to estlmate仙e buckling elgen-

Value of a straight column under compression, the boundary

conditions or which are llnCertain, in order to present a

me仇odology based on　仇e second order perturbation

method incorporated with the finite element displacement

method and to examine its applicability to linear elgenValue

problems.

Buckling load is governed by the imposed boundary

conditions and initially existing lmPerfect10nS, if any, besides

mechanicalproperties of materlal used and dimensions of

structure t上nder consideratlOn. Initial denection is likely

to develop with increaslng external load, and, as the result,

linear elgenValue analysis is made out of place in the presence

of　inltlal deflectlOn. The　fluctuations in the mechanical

properties of materialand dimensions, which can be in･

Corporatedwith the finite element stiffness matrix in the

manner reported previously H'2) , seem to be less significant

compared with the effect ofthe　fluctuating boundary

conditlOnS.

We have chosen to Investigate the effect of uncertain

boundary condlt10nS On buckling load by the use of finite

element modeling equipped with virtual sprlng elements

which represent elastic restralntS agalnSt deflection and angle

or rotation at column end. The sprlng COnStantS Or WhlCh are

considered varymg as random variable to meet uncertainty ln

the boundary conditions, Thenthe probabilistic nature of

the nuctuating buckling load is evaluated on the basis Of the

second order perturbation method, instead of the first order

one for the linear statisticalmode13hS),6)･ The present

method is exemplified by straight column under conservative
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compressive force, whose bending rigidety EI and cross-

sectionalarea S remain definiteand uniform throughthe

whole column lengthエ　　　　●

2. Stiffness matrices

Figure 1 illustrates the elastic restraints for deflection

and angle of rotation at node 1 of an end simulated by

virtual sprlng elements. We assume that the spnng constants

are expressed in form of (S/1-S)(EI/l3)and (C/I -C)

(EI/i ) for the deflection and angle of rotation respectively,

where ∫ is血e length ofelement given by the nodes 1 and 2･

The stiffness matrix lk ] and geometricalstiffness matrix

lkG] 4)are given below;

[k]-翠 12+了≒　6l　　-12 61

(4･吉)l2 -6′ 212

12　-6/

36　3/ -36　3/

412　-3l　-l2

36　-3/

SYM　　　　472

(1)

(2)

where i-Pl2/EI is the buckling eigenvalue of the

column (compressive force P taken positive). The second

W6- 6.-0

Figure 1 Virtualspring elements and fimite element division
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terms of All and k22, Which arise from the contribution of

spring reaction, are discarded for any elemeflt not Subjected

to such boundary conditions.

The parameters representing the spring constants, s and

c, are taken as the sum of the expectatlOnS (Soand co)and

random variable terms as s-S｡(1+〟) andc-co(1+E).

It goes without saylng that the expectations of /上and E,

E[〟]andE[E], are equalto zero. Then we have the foll

lowing Taylor expansion of the stiffness matrⅨ [h ]with

respect to small Values of /′and E up tothe second order

produ cts.

[k]-[k｡]+[kJL]〟+[kE]E+[kpp]〟2+[kee]62　(3)

where [ko] is expressed by Eq. (1), inwhich s and c are

replacedwith so and co , and

･kp,･ [k〝長芋(ポ訪ポ霊テ)

[ke]･ [kEE]-翠(て毒

such matrix as [k,Le] is notinvolved since there lS nO

coupling of/∫ and E in Eq. (1).

3. Second order perturbation applied to govemlng equation

The governing equation of the buckling elgenValue

problem is expressed usually as

([K]一}[KG])(U)-(0)　　　　　　　(6)

wherethe overall stiffness matrices lK] and lKG] are gene-

rated by means of merging [k]and [kG], and (U) denotes

generalized displacement vector consisting of n unknown

components. Dealing wi仇such a simple case that only the

node 1 is subjected to nuctuating elastic restraints as in

Fig･ 1, we make use of the same polynomial expansion of

[K], A and (U) regarding p and E up to the second

order, as glVen in the fouowing･

[K] -[Ko] +[Kp]〟十[KE]E+ [Kpp]p2十[KEE]E2 + [Kpe]pE

L7)

i-)0+FLふ+Elf+〃2㍍+E2jeE+〟EAJLE　　　(8 )

tU)-(U｡)+(U〟)p+ (UE)E+(Upp)〟2十(UeE)E2+(UJLf)pE

(9)

[KG] remains definite, and [K〟e]-[0]. substitutlng

Eqs･ (7), (8) and (9) into the governing equation (6) and

sorting out pertinent terms of〟, 6, 〟2, 62 and FEE,Wehave

the followlng equations based on me principle of the second

order perturbation method,inOther words, by means of

neglecting all the higher terms of p and/or E thanthlrd

order product.

(lK.]-).lKG])tUo)-(0)　　　　　　　　　　(10)

([Kpトん[KG])(U｡)+([K｡]-lo[KG])tUp)-(0) (ll)

([KE]-jE[KG]tU｡)+([Ko]-)｡[Kc])子UE)-fD) (12)

([KjL〟トん〟[KG])(U｡ ) + ([Kpトん[KG])(Up)

十([Koトlo[KG])(Upp)-(0)　　　　　　　(13)

([KEe]-lEE[KG])tUo)+([KE]-lE[KG])(Ue)

+([K｡]-)｡[KG])(UEE)-(0)　　　　　　　　(14)

([Ki,E]-J〟e[KG])tU.)+([KE]-lE[KG])tUp)

+([K〟]｣.[KG])(Ue)十([K｡]-).[KG])(UFLE)-(0)

(15)

EquatlOn (10) equals ordlnary Characteristic equatlOn Of

eigenvalue problem, by which the eigen value　スo and eigen-

vector tUo ) are determined for given structural data and So

and Co.

4. Rates of changes of eigenvaltles and eigenvectors

EquatlOnS (1 1) through(15) are used to calculate the

rates of change of eigenvalues and eigenvectors, now that

スo and (Uo) are given. Premultiplylng Eq. (ll) of the a th

order by LUoJ'and takingadvantage of the symmetry of

[Ko]-lo'[KG], We Call easily determlrle the rate Of change

or eigenvalue as

局- LLUuooPlKK:∃{{Uuoc i'･　　　(16)

where superscript i means the order of elgenValue and

L J the transpose of i ). The rate of changeofeigen-

vector fUp)F cannot be obtained by simple manipulation

of the matrix inverse of [K.]-スo'[KG] because of its

slngularity･ A few methods have been proposed by CouinS 5)

and Fox6) to detemline such rate of change of eigenvector･

We use仇e method proposed by Collins, thotlgh it takes

considerable CPU time since it requlreS ail the orders of

elgenValues and eigenvectors, as Fox's method was reported

to encounter numericaldifficulty.

Followlng Conins, we assume U,el, Uel, UFLJLl, UEel,

UpE1-0 , that is, Ul≡UoI Without losing generality,

where subscript 1 means the first component of the vector

(U). This gives rlSe tO the decrease of number ofunknowns

fUp) , tUE), lU脚), (USE) , ‡UpE) by unity. Premultiplyirlg

Eq. (ll) ofthe告th orderby LUoJ'(}≠i) and subtract-
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ing LU｡｣'([K｡]-^｡)[KG])tUJL)'-0 fromthe result,we

have

UoJ,[Kc](Up)･-票差(lKp,一招KG])tUo)∫ (17)

Arrangement of n-1 equations (17) for j-1 , 2, I-,n(}

≠ i )resultsinn - 1 shnultaneous equationsinform of

[A](Up*)∫-(B)　　　　　　　　　　　(18)

with respect to tUp*)L which stands for LUp2,Ups,

LUJ,n｣'.The matrix [A]in size ofn-1×n-lis no longer

singular, which is generated from L U｡J'[KG] 士or j -1, 2,

･･. ,n ()≠ l ). ThusLUpJI can be calculated by solving the

simultaneous equations (18). The other rates Of change of

elgenValues and eigenvectors are detemined successively in

the similar manner bythe use ofEqs. (12) to (15). It should

be noted that we have

LUoJ'
局- LU｡｣･[KG]tU.)･ ([KpE]tUo)I

+ ([KEトIe'[KG]う(UJL)'+ ([KfL]一lilKG])fUE)i)

(19)

LUo｣,[KG]{Upe'･-豊を{([KpE]一描KG,){Uo,i

+([KE]-li[KG])(Up)1+([Kp]-スj[KG])(UEH

(20)

It is seen from the above equations that局and (UJLJt

are not zeroinspite of the fact that [KJLE]- [0].

5. NumeriCalexample

Let us consider a stralght column and divide it into five

finite elements. Inthe casethat the column is built-in at the

bothends,the analyticalbuckling load lSgiven asp - 47E2EI/

L2 , and P-(7E2/4)EI/L2 in the case of an end built_in

and the other free. Thenthe analyticaleigenvalues A -Pl2

/EI are i-1.5791 and 0 098696 respectivelyinthe above

two cases, because I -L/5. To estlmate the buckling eigen-

Value under nearly built-ln COndlt10nand nearly free con-

dition at an end to uncertain extent, we apply the afore一

mentioned formulation to such cases as so -C0-0 999,

0 960 and O･ 001 ･ The eigenvalues andtheir rates of change

thus calculated are listed ln Table 1. Table 2 lists the eigen-

vector and its rates of change ln Case Ofso=C0-0.999.

In this calculation,the eigenvector fUol' is normalized as

L U｡J'[KG]tUo )1 - 1. It lS noted that only the results about

the prinary mode (i-1) are shown here. Owing to the

small number of elements used,the numerical1y calculated

elgenValues remain rather larger thanthe analytical solutions.

Table lalso shows that the effect of the restraint against

angle of rotation is greater than that agalnSt denection in the

case or nearly built･in conditlOn, and is smaller in the case of

nearly free condition. Figure　2　depicts the comparison

between the result obtained by the present method and those

Table 1 Eigenvalues and their rates of change (Primary mode: i - 1)

so -co lo　　　　　　　　}iL　　　　　　　スe lFLFE lee JiFLE

0 001　　0 10315　　　　　0 406×10ー2　　　0 401×10~3　　　0 131×1015　　-0 610×10~8　　0 118xl0-6

Z999690 1 ; ≡喜三言　　告……;io.:;3　Z…芸:;王呂:二呂…喜冒;;.0173二Z芸22;:冒:二0.14.447xxll.0二

Table 2　Eigenvector and ltS rates Of changeincase of so -C0 -0.999 (Primary mode: i- 1)

(U｡ )　　　　(up)　　(ue)　　　(upp)　　(UEE)　　(Ups)

wl O　30856×10~10　　　00　　　　　　　　00　　　　　　　　0　0　　　　　　　　00　　　　　　　　00

-0 48410×10L5　　　-0　484×10ー2　　-0 484〉(10-2　-0 484×101　　-0 484×101　-0 484×101

uJ2　-0　84527×10~1

-0　36487xl0-2

u)3　-0　22104×100

-0　22519×10ーZ

w4　-0　22095×100

0　22558×10~2

ー0　846×102

-0　365×101

-0　221:く103

-0　225×101

-0　221×103

0　226xlOl

-0 169xlO3

-0　730×101

-0442×103

-0　451×101

-0 442〉く103

0451×101

-0　845×105

-0　365:く104

-0　221×106

-0　225×104

-0　230>く106

0　226×104

-0　253×106

-0 109xl05

-0　663:く106

-0　676×104

-0　663×106

0　676:く104

0 169×106

0　730×104

0 442×106

0　451:く104

0442×106

0　451×104

W5　-0 84381×1011　　-0.844×102　　-0 169×103　　-0 844×105　　-0　253xlO6　　-0 169×106

0 36472×10-2　　　　0 365こく101　　0 729×101　　0 365×104　　　0 109〉く105　　　0 730×104
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EXACT SOL.

0.92　　　　　0.96　　　　　1.0

Parameter s-C

Figure 2　Comparison between second order perturbation

estimation and deterministic solutios (Primary

eigenvalue: i - 1)

obtained ln deterministlC manner. The blank circles in Flg. 2

stand for the values calculated by Eq.(10) while so =co are

varied deterministically. The solid line in the figure is drawn

in accordance with

i-1.5579+(048168×10ー7+064807)E

+(-063874×10ー7-040025×100-044715

× 10~5)E2　　　　　　　　　　　　　　　　(21)

by use of the result given in Table 1 for so-C0-0.960and

p=5. The good agreement of the solid line with the circles

proves the validity of the present stochastic treatment. It is

seen from Table 2 that the rates of change of eigenvector

take almost similar form withthe fundamental (deter-

mlnistic) mode.

It goes without saymg that the expectations and vari-

ances of elgenValues and eigenvectors, E[}'], Var[11], E

[(U)-] and Var[fU)`] , are easily evaluated as the

functions of moments about /上and/or E whlCh represent the

uncertalnty Of the boundary condltion.

6. Concluding remarks

We present herein a method based on the second order

perturbation to evaluate the statlStlCS Of the eigenvalues and

elgenVeCtOrS･ The uncertainty about boundary condit10n is

Well taken into account by the introduction orvirtual sprmg

elements of which therigidity is stochastlC.Althoughthe

numericalexample given is a sin1Ple one to show the effect of

uncertain boundaⅣ conditions on the eigenvahes in regard

to column buckling under compression, it should be em-

phasized that more complex structures are analized in a

similar manner without difficulty.

It is needless to say仇at present me血Od can be easily

modified for application to the other problems of mechanical

vibration under uncertain boundary conditions.
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