Chapter 6  Parallel 3D Adaptive Navier-Stokes

Solver in GeoFEM with Dynamic Load-Balancing

Grid adaptation is a very useful method for applications with unstructured meshes but
requires dynamic load-balancing for efficient parallel computation. In this chapter, a
parallel 3D compressible Navier-Stokes code with adaptive hybrid meshes
(epHYBRID) and parallel adaptation procedure (P ADAPT) have been developed on the
GeoFEM nparallel platform. The DRAMA library has been integrated into the pADAPT
module to solve the load-balancing problem. The entire code system has been evaluated
under various types of conditions on Pentium clusters and Hitachi SR2201. Results
show that DRAMA library provides accurate load-balancing for parallel mesh
adaptation in pADAPT and excellent parallel efficiency in the Navier-Stokes
computations in epHYBRID.
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6.1 Introduction

Adaptive methods in applications with unstructured meshes have evolved as efficient
tools for obtaining numerical solution without a priori knowledge of the details of the
nature of the underlying physics. But these methods cause severe load imbalance among
processors in parallel computations. Recently, various types of methods for dynamic
load-balancing in parallel mesh adaptation have been developed [9,85,105,114].

In this chapter, a parallel 3D compressible Navier-Stokes code with adaptive
hybrid meshes (epHYBRID) and parallel mesh adaptation module (pADAPT) have
been developed on the GeoFEM parallel platform. A repartitioning tool based on the
DRAMA library [129] that provides dynamic load-balancing and complete data
migration has been integrated into the pADAPT module. In the following section of this
chapter, we outline the numerical method used in epHYBRID, and the parallel
adaptation and load-balancing algorithm in pADAPT/DRAMA. Finally, the extended
the GeoFEM data structures for parallel mesh adaptation are described.

The entire code system (Fig.6.1) has been tested with the simulation of the
supersonic flow around a spherical body on Pentium cluster and Hitachi SR2201.
Various types of repartitioning methods in the DRAMA library have been evaluated.
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6.2 Parallel 3D Compressible Navier-Stokes Solver :
epHYBRID

6.2.1 Outline

The epHYBRID code for parallel 3D compressible Navier-Stokes simulation is based
on a sequential version of program which was originally developed for single CPU
workstations by the author [89,91] for the simulation of the external flow around
airplanes. An edge-based finite-volume method with unstructured prismatic/tetrahedral
hybrid meshes suitable for complicated geometry is applied. The solution is marched in
time using a Taylor series expansion following the Lax-Wendroff approach. Although
the original program was written in Fortran 77, the newly developed parallel version is
written in Fortran 90 to exploit its dynamic memory management features and uses the
message passing interface (MPI) for communication.

In the hybrid mesh system, the surface of the model is covered with triangles,
which provide geometric flexibility, while the structure of the mesh in the direction
normal to the surface provides thin prismatic elements suitable for the viscous region
(Fig.6.2 and Fig.6.3). The outermost layer of the prismatic mesh is then used as the
inner boundary surface for a tetrahedral mesh (Fig.6.3), which covers the rest of the
computational domain. Tetrahedral meshes are also suitable for connecting different
prismatic regions. Figure 6.4 shows an example of the hybrid meshes around a sphere.

6.2.2 Governing Equations

The Navier-Stokes equations for viscous fluid flow are written in the differential form
as follows:

ouU
4V F=V. 6.1
ot x ©.1)

where U is the state vector; & comprises the convective flux vector components F, G
and H in x, y, z- directions respectively; ® comprises the viscous flux vector
components R, S and T in X, y, z- directions respectively. The state vector and the
convective and viscous flux vectors are defined in terms of primitive variables.

The solution at any node N, at time level n+1 can be expressed in terms of the
solution at time level n using a Taylor series expansion:

215



1
U = U 4+ U

") 2 @)
SUM — yin+d _ ym — @ At + Q AR + O(Atg) (6.2)
N N N 8t atZ
N N

The temporal derivatives in the preceding expression are evaluated in terms of spatial
derivatives using the governing equations according to the Lax-Wendroff approach. The
finite-volume method evaluates the integral averages of the temporal derivative terms in
equation (6.2) over the control volume Qy associated with node N.

6.2.3 Spatial Discretization with Mixed Elements

The spatial discretization proceeds by constructing a dual cell around each node N that
represents the control volume over which the integral averages of the temporal
derivatives are evaluated. The two-dimensional analogy of defining dual cells for
different configurations in a triangular-quadrilateral hybrid mesh is illustrated in Fig.6.5.
The duals are defined by connecting the midpoints of the edges and centroids of the
triangular and/or quadrilateral faces that share the node. Dual cells for a
three-dimensional hybrid grid are constructed along similar lines using the centroids of
faces and cells with which each node is associated.

The integral average of the first-order temporal derivatives associated with the
node N is written in discrete form following the governing equation (6.1):

oU 1 .
(E)N :_Q_N;((F_R)f'nfsf (6.3)

where the summation T is over all of the discrete faces of the dual mesh that constitute
0Q, . It is shown in [41,91] that the summation in equation (6.3) can be alternatively

computed on an edgewise basis as:

U 1 .
(EJN = —Q—Ng(f— R ) NeSe (6.4)

where the summation e is over all of the edges that share the node N. The term Se
represents the dual-face area associated with each edge, and N, is the unit normal

vector of the dual-face area S.. The are S are computed using the dual mesh
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construction of Fig.6.5 and Fig.6.6, by accumulating the areas of each dual-mesh face
that shares the edge. The finite volume scheme then proceeds by computing dUs at the
nodes by a global sweep over the edges and is thus, transparent to whether a node lies in
the tetrahedral region, in the prismatic region, or at the interfaces.

The second-order temporal derivatives are evaluated along similar lines. The
expression for the second-order derivatives at node N is given from [41,91] as follows:

o°U 1 ~ ~ ~ \oU
—_— | == An, +Bn,+Cn_)—dS 6.5
(8t2 JN Qy aQN( TR ! ot (63)
where A:E, é:f, f;:% are the Jacobians of convective flux vectors. The
ouU ouU ouU

Jacobians of flux vectors need to be computed to evaluate the second-order derivatives.
However, only the convective flux vectors are considered in this step as the Jacobians of
viscous flux vectors are too expensive to compute. Therefore, discretization of the
viscous terms is first-order accurate in time and second-order accurate in space.

6.2.4 Upwind-like Artificial Dissipation

The dissipation modeling in this work is formulated in such a manner as to simulate the
implicit dissipation terms of the upwinding schemes without increasing the computation
cost of the algorithm [41,89,91].

The numerical formula for the flux vector at any intermediate state | between two
end states L and R can be expressed as:

F :%(FL_FR)_Ar(UR _UL) (6.6)

where Ar iIs Roe's matrix [41,89,91]. The dissipation terms are modeled so as to be

similar to the second term of the above equation as this corresponds to the implicit
smoothing term of the upwinding scheme. A simplified form of Roe's matrix [41,89,91]

is obtained by replacing Ar with p(ﬂr):|u|+c, the maximum eigenvalue of Roe's

matrix. This ensures that the dissipation terms do not dwindle down to zero near the
stagnation or the sonic points.
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To extend this concept to 3D, edge-based operations are adopted for calculation of

the artificial dissipation term. The contribution (SUS)SZ of shock smoothing terms to

the change U, at the node 0 is given as follows:

Ne

(5U8 )32 :§Z(f(u;5)+|0”5|)e (UN(e)_ Uo)

0 e=1
f(u,S):‘u S, +VS, +WSZ‘

Sl = ‘SXZ +Sy2 +Szz‘e1/2 (6.7)

where e denotes the connected edge. The shock smoothing term is evaluated similar to
the viscous fluxes on an edge-wise basis. The fourth order smoothing contribution

(SUS)SA is computed in a similar fashion. Instead of the first difference of state vectors

as used in equation (6.7), a difference of the accumulated first difference over the edges
sharing a node is used for background smoothing in the flow high Reynolds number.

The change (SUQ)S at the node O due to second and fourth order smoothing is

given by:
(5UD). =o,(AP)(5U] ), +o.(1-AP)(5UT )., (6.8)

The pressure switch AP is used to turn the shock smoothing and the background
smoothing on at the appropriate regions. The coefficients o2, o4 are empirical
parameters that control the amount of shock and background smoothing. Their values
are the smallest possible for which the method converges.
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6.2.5 Local Time Stepping

The solution at each node is advanced in time using local time steps. A combination of
the CFL and diffusion stability limitations is employed. The viscous-like smoothing
term can have appreciable magnitude at shock regions, and therefore it is included in the
diffusion limitation. The time-step restriction for the 1-D wave equation is
At<AX/(Jul+c), while the restriction for the 1-D diffusion equation is

At<Q/2)/(AX? /v), where in this case v=p/p+0,AP.
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6.3 Parallel Mesh Adaptation and Dynamic Load-Balancing
Module: pADAPT/DRAMA

6.3.1 pADAPT

(1) Feature Detector

A dynamic adaptation algorithm developed for 3D unstructured meshes [41,89,90,91]
has been parallelized on the GeoFEM parallel platform. The algorithm is capable of
simultaneous refinement and coarsening of the appropriate regions in the flow domain.

The adaptation algorithm is guided by a feature detector that senses regions with
significant changes in flow properties, such as shock waves, separations and wakes.
Velocity differences and gradients across the edges are used for feature detection and
threshold parameters are set in order to identify the regions to be refined or coarsened
[39,40]. This edge-based treatment is applied for both prisms and tetrahedra. The
threshold values for the parameters are set based on the distribution of the parameters
which is characterized by the average Save and the standard deviation Ssq of the
respective parameters, where S is the detection parameter [39,40]. The following
relations are used to set the threshold values for refinement.

Sth = Sa\/e + o Ssd (6.9)

The average and the standard deviation are defined as:

1 Nedges
Save = N Z Se|
edge e=1

Nedges
1
Sd :\/ Z(Se _Save)2 (6.10)

Nedge e=1

The value of the parameter o is chosen empirically. The edges that have a detection
parameter value greater than the threshold value are flagged to be refined. If very big
value of a is chosen, the grid may not be adapted at all. On the contrary, the grid can be
refined through the entire domain for very small a.
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(2) Prisms

A special type of adaptive refinement of prisms is applied in the present work in order
to preserve structure of the mesh along the normal-to-surface direction. The detected
triangular faces on the surface are divided, as shown in Fig.6.7. Then all prisms above
these faces are directionally divided along the lateral directions. The cells are not
divided along the third direction that is normal to the surface. In this way, grid interfaces
within the prisms region are avoided and the structure of the grid along the
normal-to-surface direction is preserved. Furthermore, such a division is not needed,
since the points are distributed along that direction in a way that the viscous stresses are
resolved [42]. Therefore, adaptation of the prisms reduces to adaptation of the triangular
grid on the surface. The resulting surface triangulation is replicated in each successive
layer of the prismatic mesh as illustrated in Fig.6.7. This results in a simpler and less
expensive algorithm in terms of storage and CPU time compared to a 3-D adaptation
algorithm.

Two types of division are applied. The first divides the triangular faces of the
prisms into four smaller triangles (quadtree), while the second type divides them into
two (binary), as shown in Fig.6.7. In the first case, the parent triangle is divided into 4
children, while it is divided into 2 children in the second case. If two edges of the
triangle are to be refined, the third is also refined automatically to avoid stretching.
Division of cells is also employed to divide transition cells at the interface between
different embedded regions that contain hanging nodes in the middle of some of their
edges due to refinement of neighboring cells. Furthermore the position of newly created
surface nodes is corrected so that the original geometry of the surface should be kept. In
addition, coarsening of the adapted prismatic grid is applied over regions where the
embedded cells are no longer needed.

If grids are adapted at multi levels, there could be very stretched meshes. To avoid
these situations, some rules are defined as follows:

e Only one level refinement/coarsening is allowed at one adaptation stage.

o If the parent cell is refined by binary division, all three edges should be divided
at next refinement (Fig.6.7).

e If the maximum adaptation level difference of neighboring surface triangles
around a node is more than 1, the coarser triangles will be refined by three-edge
division, as shown in Fig.6.8. In this figure, the maximum adaptation level
difference around node C is 2 following the second refinement and the
adaptation level difference is reduced by refining the coarsest triangle.
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e Grid coarsening is conducted in same manner. If the refinment and coarsening
occur in same triangle (different edges), refinment procedure works over
coarsening (refinement is always stronger than coarsening).

Also, adaptation may yield embedded regions that are slightly smaller than the features
which are detected, which results in interfaces being located within or very close to the
regions of relatively large gradients. In order to avoid such situations, the algorithm
places extra rows (typically two) of embedded cells surrounding the detected regions.
This extension of the embedded region is performed as follows:

(1)  All edges with large gradient and/or difference are refined.

(2)  Sweep through all the active (not parent) triangles and flag three edges of each
triangle if at least one edge is refined at the current stage of adaptation.

(3) Refine all the flagged edges.

(4) Repeat Steps (2) and (3) number of specified times (typically two) to get
sufficiently large embedded region.

To satisfy all of the above rules for grid smoothing, some iterations are required.
Usually the number of iteration is less than 5.

(3) Tetrahedra

The tetrahedral elements constitute the area of mesh dominated by inviscid flow
features which do not exhibit the directionality as is generally seen in the viscous region.
Hence, the tetrahedral meshes are refined isotropically.

The adaptation procedure for tetrahedra is very similar to that of prisms. The feature
detector flags edges to be refined/coarsened. Figure 6.9 shows the following three types
of tetrahedral cell division:

e One edge is refined. 2 children, binary.
e Three edges on the same face are refined. 4 children, quadtree.
e Allsix edges are refined. 8 children, octree.

After all edges are flagged, each tetrahedral cell is visited and the flagged edges are
counted. Then, the cell is flagged for division according to the above three types. In all
cases that are different from the three cases above, the cell is divided according to the
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third type of division. If two edges on the same face are refined, the third on the surface
is refined according to the second type of division.

To avoid stretched mesh, similar rules with prisms are applied. In order to avoid
excessive mesh skewness, repeated binary and quadtree divisions of tetrahedra are not
allowed. Furthermore, in order to avoid sudden changes in mesh size, the mesh
refinement algorithm also limits the maximum difference in embedding level between
neighboring elements less than two.

(4) Prisms/Tetrahedra Interfaces Treatment

The adaptation processes for prisms and tetrahedra are coupled through the outermost
triangle surfaces of the prismatic grids, which coincide with tetrahedral triangular
faces, as shown in Fig.6.10. The pairs of interface cells (between prisms and tetrahedra)
are divided if one or both cells are flagged for division. In this way, additional mid-edge
nodes are avoided. The procedure is as follows:

(1) Visit all edges in prismatic region and flag edges to be refined/coarsened.

(2)  Visit all edges in tetrahedra region and flag refined/coarsened edges.

(3) Visit the interface pairs of prisms/tetrahedra and flag both cells if at least
one of them is flagged for division.

(4) Repeat steps (1)-(3) if required.

Figure 6.11 shows the outline of the parallel mesh adaptation algorithm in pADAPT.

Underlined functions use the DRAMA library and its data migration capability
developed for this work.
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6.3.2 DRAMA and Data Migration

The DRAMA library, originally developed within the European Commission funded
project with the same name, supports dynamic load-balancing for parallel message
passing, mesh-based applications. For a general overview see [8]. The library was
evaluated with industrial FE codes and is further developed in ongoing research
collaborations.

The core library functions perform a parallel computation of a mesh re-allocation
that will re-balance the costs of the application code based on an adjustable, rich cost
model. The DRAMA library contains geometric (RCB: Recursive Coordinate Bisection),
topological (graph) and local improvement (direct mesh migration) methods and allows
to use leading parallel graph partitioning packages such as MeTIS [138] and JOSTLE
[136] through internal interfaces. DRAMA is open source, which is freely downloadable
from the web-site in [129].

The DRAMA internal data structures have been designed to be suitable for
adaptive applications (i.e. double numbering). The DRAMA library is a load-balancing
tool that performs data migration for elements and nodes as described by the DRAMA
mesh structure. It supports the application to complete the data migration by old/new
and new/old element/node numbering relations. Especially for adaptive codes this is a
considerable task involving the reconstruction of the entire grid hierarchy. Routines for
mesh conversion and data migration have been developed to integrate the DRAMA
library in the pADAPT module of the adaptive GeoFEM environment. The resulting
code structure is shown in Fig.6.1
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6.4 Distributed Data Structures for Parallel Mesh Adaptation

A proper definition of the layout of the distributed data structures is very important for
the efficiency of parallel computations with unstructured meshes. Although the
epHYBRID code adopts an edge-based formulation, the GeoFEM local data structures
described in Chapter 2 which are node-based with overlapping elements
[71,72,73,79,81,84,131] has been adopted here. This data structure with
internal/external/boundary nodes and communication tables provides excellent parallel
efficiency [28,79,81].

Some additional information for mesh adaptation and grid hierarchy has been
added to the original static GeoFEM data structure. In order to conform with the
DRAMA library interface and the data migration procedure, double-numbering of nodes,
elements and edges has been implemented where items are identified by 2 types of ID
(original partition and local ID) [129], instead of single-numbering where global 1D for
nodes and elements are used. Internal array for element connectivity is changed from
2D type to 1D compressed array with index array because both of prisms and tetrahedra
appear in this work and 2D type array is not memory efficient.

Figures 6.12 and 6.13 show the examples of old and new data structure [76].
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6.5 Examples

Numerical simulations of the supersonic flow (M=1.40, Re=10°) around a sphere have
been conducted under various types of configurations. In Fig.6.14, a spherical bow
shock can be observed upstream the body. It shows the Mach number distribution in
very coarse initial meshes, 1-level and 2-level adapted meshes. The shock is very
sharply captured by 2-level adapted meshes. Computations are executed on the
32-processor LAMP Pentium cluster [137] operated by NEC-Europe and the
1024-processor Hitachi SR2201 computer at the University of Tokyo, Japan.

In these examples, grid adaptation is required only several times during entire
computations. Therefore, computation time for grid adaptation and dynamic
load-balancing is almost negligible compared to time for Navier-Stokes simulation.
Computational and parallel efficiency of the grid adaptation, dynamic load-balancing
and data migration have not been evaluated here.

6.5.1 Parallel Performance of epHYBRID without Adaptation

Parallel performance of epHYBRID code was evaluated using globally fine prismatic
meshes without adaptation using 2 to 256 processors on both the LAMP cluster and the
SR2201 computer. In these computations, the problem size for each processor was
approximately kept fixed up to the 48 PE case. Ranging from 48 to 256 PEs, the entire
problem size was held constant. GeoFEM’s RCB method and MeTiS have been applied
as initial static partitioning method.

The results are summarized in Table 6.1. The unit elapsed user execution time
(including both computation and communication time) for each iteration stays almost
constant up to 256 processor case and parallel efficiency of the epHYBRID is almost
perfect.

6.5.2 Comparison of Repartitioning Methods (Tetrahedral Grids)

As is described in 6.3, the DRAMA library offers various types of repartitioning
methods (for instance : graph-based (PARMEeTIS or PJOSTLE) and geometry-based
(RCB)). Here, we compare the effect of different repartitioning methods on the
computational efficiency of the resulting meshes. The following repartitioning methods
in the DRAMA library have been considered:

e No Repartitioning
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e PJOSTLE

e PARMETIS k-way

e RCB Simple

e RCB Bucket (edgecut reduced)

The same problem described in 6.5.1 has been solved on 8 or 16 processors with purely
tetrahedral meshes. The DRAMA options were set so that the partitioner would balance
the number of internal nodes in each partition. Table 6.2.-6.4. show the resulting
distributions and the corresponding elapsed time for epHYBRID (averaged for 1,000
steps). Fig.6.15 shows the partitioning after 2-level adaptation for the 8 processor case
displayed by the parallel version of GPPView [124] tool developed within the GeoFEM
project. Without repartitioning, load imbalance among the processors is severe
especially after 2-level adaptation. Among the 4 repartitioning methods, PJOSTLE
provided the best quality from the viewpoint of the performance of the epHYBRID code
because resulting edge-cuts and edges in each partition are the fewest.

6.5.3 Comparison of Repartitioning Methods (Hybrid Grids)

Several cases were computed using hybrid grids on LAMP cluster. Description of the
initial grid is as follows (Fig.6.16):

e 1,280 triangles, 642 nodes on the sphere surfaces

e 24 layers. Inner (closer to the sphere surface) 6 layers are for prisms and outer
18 layers are for tetrahedra, totally 76,800 cells (7,680 prisms and 69,120
tetrahedra) and 16,050 nodes.

e Divided into 16 regions by RCB (Recursive Coordinate Bisection).

We compare the effect of different repartitioning methods on the computational
efficiency of the resulting meshes. The following repartitioning methods in the DRAMA
library have been considered:

e No Repartitioning

e PJOSTLE

e RCB Simple

e RCB Bucket (edgecut reduced)

The DRAMA options were set so that the partitioner would balance the number of
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internal nodes in each partition. Table 6.5. show the resulting distributions and the
corresponding elapsed time for epHYBRID (averaged for 1,000 steps). Figures
6.17-6.19 show the partitioning after 1-level adaptation for the 16 processor case
displayed by the parallel version of GPPView tool. Without repartitioning, load
imbalance among the processors is severe after adaptation. Among the 3 repartitioning
methods, PJOSTLE provided the best quality from the viewpoint of the performance of
the epHYBRID code because resulting edge-cuts and edges in each partition are the
fewest.
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6.6 Summary

In this chapter, a parallel 3D compressible Navier-Stokes code with adaptive hybrid
meshes (epHYBRID) and parallel mesh adaptation module (pADAPT) have been
developed on the GeoFEM parallel platform with an extended data structure for grid
adaptation and dynamic load-balancing.

The DRAMA library has been integrated in the pADAPT module and the data
migration procedure has been added. The entire code system has been tested with the
simulation of the supersonic flow around a spherical body on a Pentium cluster and a
Hitachi SR2201 computer. We found that the epHYBRID code with extended the
GeoFEM data structure showed excellent parallel efficiency with dynamic
load-balancing. Various types of repartitioning methods in the DRAMA library have
been evaluated on both purely tetrahedral and hybrid meshes. Among these methods,
PJOSTLE provided the best mesh partitioning quality from the viewpoint of the
efficiency of the epHYBRID code.

Developed data structure with double-numbering proved to very flexible and
efficient for processing distributed local data sets with parallel mesh adaptation and
dynamic load balancing.
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Fig. 6.1 epHYBRID and pADAPT/DRAMA coupled system [76]
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Fig. 6.2  Prismatic meshes generated from surface triangles in the normal-to-surface
direction [42,76,89,91]
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(@) Prism

(b) Tetrahedron

Fig. 6.3  Prismatic and tetrahedral meshes and dual-cells [42,76,89,91]
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Fig. 6.4  Example of the prismatic/tetrahedral hybrid meshes [76]
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®
(a) Prismatic Region
N
(b) Tetrahedral/Prismatic
Interface
N

(c) Tetrahedral Region

Fig. 6.5 Dual volume constructions for mixed-element topology. Two-dimensional
analogies for dual mesh around a node in the (a) prismatic region, (b)
tetrahedral-prismatic interface and (c) tetrahedral region [91]
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Fig. 6.6  Edge-dual volume defined around the edges for computing the gradients of
primitive variables at the edge centers [76,91]
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Embedded Grid obtained after
Initial Grid Edge Cut quadtree and binary divisions
of the triangular faces

ANV

1 edge cut

”

\/.\_’

2 or 3 edge cuts

> PP

Fig. 6.7 Directional refinement of prisms based on quadtree and
binary divisions of the triangular faces on the wall [76,89]
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1st Level Refinement

2nd Level Refinement
before Adjustment
O :mid-edge points

2nd Level Refinement
after Adjustment

1 Initial Level
[] 1stLevel
[ 2nd Level

Fig. 6.8 Procedure in for avoiding sudden changes in mesh size. The mesh
refinement algorithm limits the maximum difference in embedding level between
neighboring elements to less than 2 [76,89]
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1 edge
marked

2 edges on
a same
surface are
marked

more than
2 edges on
different
surfaces are
marked

more than
4 edges are
marked

2 children
(Binary)

3 edges on
a same
surface are
marked

3rd edge is
automatically
marked

6 edges are
automatically
marked

4 children
(Quadtree)

8 children
(Octree)

Fig. 6.9 Refinement strategies for a tetrahedron (binary, quadtree and octree) [76,89]
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K<P
KeP
e

Initial Grid Edge Cut Refinement
Propagation

(a) Propagation from prismatic region to tetrahedral region

KK
KK
44

Initial Grid Edge Cut Refinement
Propagation

(b) Propagation from tetrahedral region to prismatic region

Fig. 6.10  Coupling of prismatic-tetrahedral adaptation at the interface [76,89]
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Fig. 6.11  Parallel mesh adaptation/dynamic load-balancing/data migration procedure
in pADAPT/DRAMA coupled system (underlined items are added to the pADAPT
module) [76]
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(@) Original data structure of GeoFEM with global node/element ID and 2D array for
element connectivity

type local_mesh

integer n_node total node #

real (kind=kreal) ,pointer:: node(:,:) node coordinates
integer n_elem total element #
integer,pointer:: elem_type(:) element type
integer,pointer:: elem(:,:) element connectivity
integer n_internal internal node #
integer,pointer:: global node id(:) global node ID
integer,pointer:: global elem id(:) global element ID

end type local mesh

(b) Extended data structure of GeoFEM with double-numbering for node/element and
compressed 1D array for element connectivity.

type local_mesh_new

integer n_node total node #

real (kind=kreal) ,pointer:: node(:,:) node coordinates

integer n_elem total element #
integer,pointer:: elem type(:) element type
integer,pointer:: index_elem(:) 1D index for elem. connectivity
integer,pointer:: ptr_elem(:) 1D array for elem. connectivity
integer n_internal internal node #

integer nelem internal internal elem.# (homeground)
integer,pointer::elem_internal_list(:) internal element list (local ID)
integer,pointer::node_ID (:,2) home PE & local ID of nodes
integer,pointer::elem ID (:,2) home PE & local ID of elem.
integer,pointer: :CoarseCGridLevels how many coarsegrid level

integer,pointer: :HOWmanyADAPTAT IONs how many adaptations
integer,pointer: :WhenlwasRefinedN(:) refinement history for node
integer,pointer: :WhenlwasRefinedE(:) refinement history for elem.

integer,pointer: :adapt_type(:) elem. refinement pattern
integer,pointer: :adapt level(:) elem. refinement level
integer,pointer: :adapt_parent(:,2) parent elem.: home PE & local 1D

=(-1,0) if coarsest level
integer,pointer: :adapt_parent _type(:) elem. refinement pattern of parent
integer,pointer: :adapt _child (:,2) child elem.: home PE and local ID
integer,pointer::index_child(:) index for children
end type local_mesh_new

Fig.6.12 Original and extended data structure of GeoFEM [76,131]
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OLD Data Structure

elem_type(1~-2)= 221
elem(1,1~4) = 1,4,5,2
elem(2,1~-4) = 2,5,6,3

elem_type(3~-6)= 211
elem(3,1-3) = 4,7,8
elem(4,1-3) = 4,8,5
elem(5,1~-3) = 5,8,9
elem(6,1~-3) = 5,9,6

NEW Data Structure

elem_type(1~-2)= 221
index_elem(1)=4, ptr_elem(1~4)
index _elem(2)=8, ptr_elem(5~-8)

elem _type(3~6)= 211
index_elem(3)=11, ptr_elem( 9~11)= 4,7,8
index_elem(4)=14, ptr_elem(12~14)= 4,8,5
index_elem(5)=17, ptr_elem(15~17)= 5,8,9
index _elem(6)=20, ptr_elem(18~20)= 5,9,6

1,4,5,2
2,5,6,3

Fig.6.13 Original and extended data structure of GeoFEM (Example) [76,131]
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Fig. 6.14  Supersonic flow around a spherical body (M=1.40, Re=10°). Mach number
distribution and meshes (a) Initial mesh (546 nodes, 2,880 tetrahedra), (b) 1-level
adapted mesh (2,614 nodes, 16,628 tetrahedra), (c) 2-level adapted mesh (10,240 nodes,

69,462 tetrahedra) [76]
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Table 6.1 Hypersonic flow around a spherical body, 2-256 PE cases with globally fine
prismatic meshes on the LAMP cluster system and Hitachi SR2201

PE#  Total Total Max. Max. LAMP SR2201

Node PM. Edge Internal Edge#  Time®’ Time®)

# @ cut#  Node # (usec.) (usec.)
(Node/Edge) (Node/Edge)
2 33,306 R 2,518 16,653 66,553  144.7/36.21  95.48/23.89
4 64,050 R 9,585 16,013 65,799 144.9/35.26  118.0/28.72
8 133,146 R 15,347 16,644 67,268 150.2/37.16  135.8/33.59
16 256,060 R 52,904 16,004 67,048 171.8/41.02 108.7/25.95
32 532505 R 136,975 16,641 71,306 - 123.2/28.75
48 778,278 M 110,106 16,700 68,399 - 124.6/30.41
64 778,278 M 127,621 12,525 51,735 - 135.7/32.86
80 778,278 M 142,461 10,021 41,765 - 158.7/38.12
128 778,278 M 179,060 6,262 26,251 - 127.8/30.48
256 778,278 M 247,155 3,131 13,458 - 130.9/30.47

(1*) : Initial partitioning method : R-RCB, M-METIS
(2*) : Elapsed execution time / step / (internal node or edge)

Table 6.2 Hypersonic flow around a spherical body, 8 PE cases with 2-level adapted
meshes (total : 10,240 nodes, 69,462 tetrahedra) on LAMP cluster system (initial mesh :
546 nodes, 2,880 tetrahedra)

Repartitioning Internal Node Total Edge Number  Time®”
Methods Number Edge Cut (min/max) (sec.)
(min/max)

No Repartition 561/2,335 11,224 4,918/17,639 619
PJOSTLE 1,274/1,286 7,293 9,248/9,883 354
PARMETIS k-way 1,267/1,293 7,679 9,258/10,222 363
RCB Simple 1,280/1,280 12,106 10,426/10,605 389
RCB Bucket 1,280/1,280 11,603 10,479/10,971 399

(1*) : Elapsed execution time for 1,000 time steps (averaged)
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Table 6.3 Hypersonic flow around a spherical body, 16 PE cases with 1-level adapted
meshes (total : 47,074 nodes, 306,236 tetrahedra) on LAMP cluster system (initial
mesh : 16,050 nodes, 92,160 tetrahedra)

Repartitioning Internal Node Total Edge Number  Time®”
Methods Number Edge Cut (min/max) (sec.)
(min/max)

No Repartition 1,343/6,351 39,888 10,576/48,495 1,683
PJOSTLE 2,929/2,961 25,085 21,089/22,233 874
PARMETIS k-way 2,905/2,984 26,274 21,201/22,630 880
RCB Simple 2,942/2,943 41,980 22,520/23,090 899
RCB Bucket 2,942/2,943 37,192 21,231/23,269 926

(1*) : Elapsed execution time for 1,000 time steps (averaged)

Table 6.4 Hypersonic flow around a spherical body, 16 PE cases with 2-level adapted
meshes (total : 163,537 nodes, 1,116,700 tetrahedra) on LAMP cluster system (initial
mesh : 16,050 nodes, 92,160 tetrahedra)

Repartitioning Internal Node Total Edge Number ~ Time®”
Methods Number Edge Cut (min/max) (sec.)
(min/max)
No Repartition 6,621/20,842 101,178 50,386/152,059 5,384
PJOSTLE 10,195/10,260 55,663 73,262/ 75,540 2,982
RCB Bucket 10,221/10,222 100,462 82,799/ 85,819 3,227

(1*) : Elapsed execution time for 1,000 time steps (averaged)
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(a) PJOSTLE (b) PARMETIS k-way

(c) RCB Bucket (d) No Repartitioning

Fig. 6.15 Repartitioned domains after 2-level adaptation with 8 processors (total :
10,240 nodes, 69,462 tetrahedra) displayed by GPPView [131] (a)PJOSTLE (b)
PARMETIS k-way (c)RCB Bucket and (d) No Repartitioning (each partition is
separately shown)
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Fig. 6.16 Initial hybrid gird with 16 partitions. 1,280 triangles, 642 nodes on the
sphere surfaces. 24 layers, inner (closer to the sphere surface) 6 layers are for prisms
and outer 18 layers are for tetrahedra, totally 76,800 cells (7,680 prisms and 69,120

tetrahedra) and 16,050 nodes.
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Table 6.5 Hypersonic flow around a spherical body, 16 PE cases with 1-level adapted
meshes (total : 60,575 nodes, 336,660 cells) on LAMP cluster system (initial mesh :
16,050 nodes, 76,800 cells)

Repartitioning Internal Node Total Edge Number  Time®”
Methods Number Edge Cut (min/max) (sec.)
(min/max)
No Repartition 1,992/6,029 42,601 15,612/37,922 1,396
PJOSTLE 3,772/3,810 31,439 20,297/28,418 992
RCB Simple 3,785/3,786 43,191 23,405/28,249 1,030
RCB Bucket 3,785/3,786 39,030 21,609/29,552 1,080

(1*) : Elapsed execution time for 1,000 time steps (averaged)
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Fig. 6.17 Repartitioned domains after 1-level adaptation with 16 processors by

PJOSTLE (total : 60,575 nodes, 336,660 cells) displayed by GPPView [131] (each
partition is separately shown)
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Fig. 6.18 Repartitioned domains after 1-level adaptation with 16 processors by RCB
simple (total : 60,575 nodes, 336,660 cells) displayed by GPPView [131] (each partition
is separately shown)
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Fig. 6.19 Repartitioned domains after 1-level adaptation with 16 processors by RCB

bucket (total : 60,575 nodes, 336,660 cells) displayed by GPPView [131] (each partition
is separately shown)
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Chapter 7 Concluding Remarks

This chapter presents summary and the main conclusions of the thesis, as well as
recommendations for future work.
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7.1 Summary of the Thesis

Chapter 2

In Chapter 2, outline of local data structure according to node-based partitioning and
parallel iterative solvers with localized preconditioning in GeoFEM was described.
Well-designed local data structures with communication tables provide highly parallel
efficiency that is greater than 95% for up to 1024 PEs on a Hitachi SR2201. The
localized preconditioning method was shown to be stabilized by ASDD (additive
Schwarz domain decomposition).

Chapter 3

Chapter 3 describes general preconditioning methods, corresponding to category (1) in
Section 1.2. In this chapter, an efficient parallel iterative method for unstructured grids
was developed for the GeoFEM platform on SMP cluster architectures with vector
processors such as the Earth Simulator. The method employs a three-level hybrid
parallel programming model consisting of the three level hierarchy, MPI for Inter-SMP
node, OpenMP for Intra-SMP node and vectorization for individual PE.

Simple 3D linear elastic problems with more than 2.2x10° DOF were solved by
3x3 block ICCG(0) with additive Schwarz domain decomposition and
PDJDS/CM-RCM reordering on 176 SMP nodes of the Earth Simulator, achieving a
performance of 3.80 TFLOPS (33.7% of peak performance). PDJDS/CM-RCM
reordering provides excellent vector and parallel performance on SMP nodes. Without
reordering, parallel processing of forward/backward substitution in IC/ILU factorization
was impossible due to global data dependencies even in the simple examples in this
study. Altough the three-level hybrid and flat MPI parallel programming models offer
similar performance, the hybrid programming model outperforms flat MPI in problems
with a large number of SMP nodes.

The performance of PDJDS/CM-RCM reordering was also compared with
PDJDS/MC. In a simple cubic geometry, PDJDS/CM-RCM usually converges faster
than PDJDS/MC. However, when complicated geometries are involved with a large
number of hyperplanes, in which case it is difficult to construct independent sets with
sufficient loop lengths by CM, PDJDS/MC provides better performance in terms of
GFLOPS rate and CPU time by guaranteeing sufficient loop length, even though
PDJDS/CM-RCM requires fewer iterations for convergence.

The most appropriate reordering method should therefore be selected based on the
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length of each hyperplane generated by RCM reordering.

Chapter 4

Chapter 4 describes a problem-specific preconditioning method, corresponding to
category (I11) in Section 1.2. In this chapter, robust preconditioning and partitioning
methods were developed for the simulation of fault-zone contact with penalty
constraints using parallel computers. For symmetric positive definite matrices, block
incomplete Cholesky factorization without inter-block fill-in, using selective blocking
(SB-BIC(0)) has excellent performance, memory efficiency and robustness for a wide
range of penalty parameter values even if meshes are distorted. Spectral condition
number K (K=Emax/Emin Where Emax and Enmin are the largest and smallest eigenvalues,
respectively, of [M]™[A]) is a helpful parameter for the evaluation of convergence of the
preconditioning methods. Usually, BIC(1) and BIC(2) requires fewer iterations for
convergence than SB-BIC(0). However, the total computation time for SB-BIC(0) is
lower as a result of the lower cost per iteration.

It is also shown that the partitioning method for elimination of edge-cuts in
contact groups with load-balancing improves the convergence of parallel iterative
solvers with localized preconditioning.

Parallel performance of the CG method with SB-BIC(0) preconditioning was
evaluated using 16 to 128 PEs of a Hitachi SR2201 at the University of Tokyo using a
flat MPI parallel programming model. Although the iteration number for convergence
increases according to PE number due to locality of the preconditioner, this increase is
only 11% from 16 PEs to 128 PEs and the speed-up ratio based on elapsed execution
time including communication for 128 PEs, is higher than 120, as extrapolated from
results for 16 PEs.

Furthermore, the developed method is vectorized and parallelized using OpenMP
directives on one SMP node of the Earth simulator, and provides robust and smooth
convergence and excellent parallel performance for both simple and complicated
geometries with contact conditions.

The reordering method for SMP cluster architectures with vector processors
described in Chapter 3 has been implemented to the selective blocking preconditioning
using the MC reordering method. Special treatments for selective blocking, such as the
introduction of dummy elements and the reordering of selective blocks according to
block size, were implemented.

In cases involving several colors, fewer iterations are required for convergence,
but the performance is worse due to the smaller loop length and greater overhead. In the
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complicated Southwest Japan model, the number of iterations for convergence is not
affected by the number of colors because there are many distorted elements in this
model and the coefficient matrices are ill-conditioned.

Performance of 17.6 GFLOPS (27.5% of peak performance) for the simple block
model and 18.6 GFLOPS (29.1% of peak performance) for the Southwest Japan has
been obtained. Performance is about 60% if the reordering of selective blocks is not
applied. The load-imbalance among PEs on the SMP node and the ratio of dummy
off-diagonal components are not significant.

Chapter 5

Chapter 5 describes multigrid preconditioner for Poisson equations, corresponding to
category (Il) in Section 1.2. A multigrid-preconditioned conjugate gradient iterative
method for parallel computers has been developed, in which a V-cycle and
semi-coarsening approach is adopted for the multigrid procedure. Extended local data
structure based on that of GeoFEM has been developed for the multilevel parallel
procedure. Two types of communication tables, one for node-based variables and the
other for cell-based variables, have been defined. Both Gauss-Seidel and ILU(0) with
additive Schwartz domain decomposition smoothers have been tested. Various
combinations of parallel and serial smoothers have been applied. The proposed
procedure was applied to Poisson equations in the region between two spherical
surfaces on adaptively generated semi-unstructured prismatic grids under various
boundary conditions. Computational results obtained on a Hitachi SR2201 parallel
computer using up to 128 processors demonstrate the good scalability of the method, as
compared to ICCG solvers. Excellent parallel performance provided by the developed
data structure is also demonstrated.

Among the tested methods, MGCG/FGS (Full-Gauss-Seidel) provides the best
performance up to 32 PEs, while MGCG/ILU-GSp (ILU-Gauss-Seidel-Parallel, parallel
Gauss-Seidel is applied for the coarsest level of the grid) is relatively robust for
computations across many PEs, although parallel performance is worse for cases
involving many PEs due to the communications overhead of the single-stage parallel
Gauss-Seidel procedure. In the cases with clustered mesh spacing in the radial direction,
MGCG/ILU-GSp provided more very convergence compared to other methods.
Generally, ILU-type smoothers provide more robust convergence than
Gauss-Seidel-type smoothers, especially for ill-conditioned problems.

The proposed procedure was also applied to grids with local refinement, and 2
multigrid strategies (direct jump and level-by-level) were compared. The direct jump
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method developed in this study was found to be much more efficient than the
level-by-level method described in [11] for deeper-level adaptation despite the simplicity
of the level-by-level method.

Finally, the proposed method was applied to 3D Navier-Stokes equations with
thermal convection. CG solvers with multigrid preconditioning (MGCG/FGS and
MGCG/ILU-GSp) provided much better performance than ICCG.

Chapter 6

In Chapter 6, a parallel 3D compressible Navier-Stokes code with adaptive hybrid
meshes (epHYBRID) and parallel mesh adaptation module (pADAPT) have been
developed on the GeoFEM parallel platform with an extended data structure for grid
adaptation and dynamic load-balancing. This data structure with double-numbering
proved to very flexible and efficient for processing distributed local data sets with
parallel mesh adaptation and dynamic load balancing.

The DRAMA library has been integrated in the pADAPT module and the data
migration procedure has been added. The entire code system has been tested with the
simulation of the supersonic flow around a spherical body on a Pentium cluster and a
Hitachi SR2201 computer. We found that the epHYBRID code with extended GeoFEM
data structure showed excellent parallel efficiency with dynamic load-balancing.
Various types of repartitioning methods in the DRAMA library have been evaluated on
both purely tetrahedral and hybrid meshes. Among these methods, PJOSTLE provided
the best mesh partitioning quality from the viewpoint of the efficiency of the
epHYBRID code.
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7.2 Conclusions of the Thesis

In many large-scale scientific simulation codes using the finite-element method (FEM)
and the finite-difference method (FDM), most computation is spent in solving linear
equations with sparse coefficient matrices. For this reason, much of the scalable
algorithm research and development is aimed at solving these large, sparse linear
systems of equations on parallel computers. Sparse linear solvers can be broadly
classified as either direct or iterative. Iterative methods are much more memory scalable
than direct methods and are more suitable for parallel computing. But their convergence
can be slow or they can fail to converge. The rate of convergence of iterative methods
depends strongly on the spectrum of the coefficient matrix. Hence, iterative methods
usually involve a second matrix that transforms the coefficient matrix into a matrix with
more favorable spectrum. The transformation matrix is called a preconditioner. The use
of a good preconditioner improves the convergence of the iterative methods, sufficiently
to overcome the extra cost of constructing and applying the preconditioner. Indeed,
without a preconditioner the iterative method may even fail to converge.

In this thesis, the following three types of preconditioners of parallel iterative
solvers for various types of applications on unstructured meshes using the GeoFEM
platform for parallel finite-element methods:

) Localized block ILU(0) preconditioning method for 3D solid
mechanics on SMP cluster type vector parallel computers, such as the
Earth Simulator (Category I in Section 1.2, general preconditioners).

(11)  Parallel scalable multigrid preconditioning method for 3D Poisson
equations derived from incompressible Navier-Stokes solvers with
adaptive meshes (Category Il in Section 1.2, preconditioners for
broad classes of underlying problems).

(111)  Selective blocking preconditioning method for 3D solid mechanics
with contact on SMP cluster type vector parallel computers (Category
111 in Section 1.2, preconditioners for specific problems).

A proper definition of the layout of the distributed data structures is very important for
the efficiency of parallel computations with unstructured meshes. Local distributed data
structure of GeoFEM provides excellent parallel performance over 95%, even if the
number of processors is over 1,000.
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In order to achieve efficient parallel/vector computation for applications with
unstructured grids, the following three matters are critical:

e Local operations and no global dependency
e Continuous memory access
e Sufficiently long loops

For unstructured grids, in which data and memory access patterns are very irregular, the
reordering technique is very effective for achieving highly parallel performance and
vector performance. In this study, various ordering methods have been tested for both
simple and complicated geometries. Simple multicolor ordering usually provides
sufficiently long loops for vector performance, although it usually requires more
iterations for convergence than more sophisticated RCM ordering.

All of the developed preconditioning methods on the GeoFEM platform for its
local data structure provide excellent parallel/vector performance up to > 1,000 PEs and
robustness for very ill-conditioned problems. The localized block ICCG(0) solver with
special reordering strategy for unstructured mesh attained 3.80 TFLOPS for simple 3D
linear elastic problem with 2.2x10° DOF on 176 SMP nodes (1,408 PEs) of the Earth
Simulator, corresponding to 33.7% of peak performance.

Parallel CG solvers with selective blocking preconditioning and special reordering
developed in this study provided excellent performance on the Earth Simulator (29.1%
of peak performance) and robustness for ill-conditioned matrices which appear in
contact problems. Moreover, selective blocking preconditioning is memory efficient and
requires only 25% of I1LU(2) and 50% of ILU(1).

The parallel multigrid procedure with new local data structure provided excellent
scalability and parallel performance of greater than 95% on a Hitachi SR2201 with 128
PEs. The direct jump method developed in this study for locally refined mesh is very
simple, but was found to be much more efficient than the existing level-by-level method
described in [11] for deeper-level adaptation. The effect of the parallel multilevel ILU
smoother for ill-conditioned problems has been also evaluated.

These methods are very useful for wide range of scientific applications developed
for SMP cluster type architecture which has become very popular for massively parallel
computers in recent days.

Adaptive methods in applications with unstructured meshes have evolved as
efficient tools for obtaining numerical solutions without a priori knowledge of the
details of the nature of the underlying physics. However, these methods cause severe
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load imbalance among processors in parallel computations. In this thesis, a parallel
mesh adaptation method with dynamic load-balancing using DRAMA library [129] has
been developed and implemented on a 3D compressible Navier-Stokes solver developed
on the GeoFEM platform. The extended data structure of GeoFEM with mesh
adaptation has been also proposed. This data structure with double-numbering proved to
very flexible and efficient for processing distributed local data sets with parallel mesh
adaptation and dynamic load balancing.

260



7.3 Future Study

In this study, three categories of parallel preconditioning method for large-scale
problems have been developed on the GeoFEM platform. Moreover, an extended data
structure for new methods has been proposed. Each of the developed methods
demonstrated excellent performance and robustness for various types of complicated
large-scale problems on massively parallel computers.

In the future, we will also examine:

Large-scale applications with complicated geometry and physics on massively
parallel computers such as the Earth Simulator will be performed using the newly
developed method along with the GeoFEM platform.

The current local data structure in GeoFEM is very simple but is not suitable for a
wide range of applications and procedures. The newly developed data structure for
mesh adaptation and multigrid provide the GeoFEM platform with flexibility for
various types of applications.

In this study, primarily ILU/IC and related preconditioning methods have been
treated. Recently, the sparse approximate inverse method (SAI) [21,103,115,123] for
preconditioning is expected to be applied as a global preconditioner in parallel
computing. In the contact problems described in Chapter 4, infinitesimal and linear
elastic deformation theory was assumed, although large slip and large deformation
have to be considered in real simulations, where node location and the connectivity
of contact groups can change dynamically. More robust preconditioning method and
dynamic load-balancing methods will have to be developed for parallel computing
in these types of models. According to [115], SAI is feasible for this type of problem
and no contact information or repartitioning are required. Further study on the SAI
method is required.

Integration of the three categories of the preconditioning methods described in
Section 1.2 is needed. Multigrid-based methods are scalable for large-scale
problems but are not necessarily robust for problems with local constraints such as
the contact simulations described in Chapter 4. An integrated method of multigrid
and selective-blocking will provide both scalability and robustness for large-scale
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ill-conditioned problems.

AMG (Algebraic Multigrid Method) is another expected method, but a number of
AMG approaches suffer from parallelization problems. Hybrid algebraic-geometric
multigrid methods have been successful. Proper data definition, including coarse
mesh and a multilevel communication table, is required for this area of study.
Moreover, very short loops in multigrid procedures at coarser levels of the grid
reduce performance on vector processors. This problem is also solved by proper
data definition.

In this study, developed methods have been optimized primarily for vector
processors, such as the Earth Simulator, or RISC processors with pseudo vector
capability, such as the Hitachi SR2201 or SR8000. It is well-known that optimized
code for vector processor is not necessarily optimum for RISC processors. Figure
7.1 shows an example. A block ICCG(0) solver with special ordering strategy,
described in Chapter 3 optimized for vector processors were applied to a RISC
processor. On vector processors, the differences among these three methods were
significant, but it is very slight on a RISC processor. Moreover, performance
decreases suddenly for larger problems due to cache overflow. This is a great
disadvantage with respect to portability of the simulation codes for the
high-performance computing environment. Recently, a project for HPC middleware
(HPC-MW) [134] has started. HPC-MW is an infrastructure for developing
optimized and reliable scientific simulation codes efficiently. In order to develop
this HPC-MW, various types of scientific simulation methods such as FEM, FDM,
FVM, BEM, Spectral Methods, MD and Particle Methods, should be investigated,
and typical and common patterns for operations are extracted and each procedure
will be optimized for various types of computes including vector/RISC processors,
SMP parallel architectures and PC clusters. Source code developed on
single-processor PCs is easily optimized on massively parallel computers by
plugging-in the source code to the HPC-MW installed on the target computer
(Fig.7.2). This HPC-MW will provide dramatic efficiency, portability and reliability
in the development of scientific simulation codes. For example, the line number of
the source codes is expected to be less than 1,000, and the duration of the
development is expected to be 10% of previous development time. Moreover, under
GRID environment where various types of computers are connected through
networks, a virtual petaflops environment can be attained using a global operating
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system and HPC-MW which is optimized for each hardware. Thus very large-scale
simulation  using  world-wide resources (computer  hardware, code,
observed/computed data sets, etc.) is possible.
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Fig.7.1 Effect of coefficient matrix storage method and reordering for the 3D linear
elastic problem in Fig.3.10 with various problem sizes on (a) Earth Simulator (1 SMP
node) and (b) COMPAQ Alpha 21164/599 MHz (Single PE). (BLACK Circles:
PDJDS/CM-RCM, WHITE Circles: PDCRS/CM-RCM, BLACK Triangles: CRS no
reordering).
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Optimized Parallel Code on the Earth Simulator

FEM code developed on PC
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Fig.7.2 HPC-Middleware (HPC-MW) for Finite Element Method [134].
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