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Systetns of Charged Grains in Plas1nas 

SATOSIII Jl AMAGIJ III 



Abstract 

Dynamical and thermodynamical properties of systems of charged grains ("dust" parti-

les) immers din plasmas are discussed . In a uniform plasma with nonuniform background 

neutra l gases, the transport of each charged grain is determined by the collisional forces 

(e.g., drag for cs), clc troslalic forces and gravitational forces. In a nonuniform plasma, 

polarized Dcbye sheaths exert an addition force (polarization force) on charged grains. This 

sheath-polarization force is derived in the presence of an external electric field, plasma den­

si ty gradi<'nls, and finite plasma flows. Jt, is shown that. the polarization force is always in 

I he dire tton nf decrcastng De bye Jengt h, regardless of the sign of the particulate charge. 

Tlw magnttude of I be pol a rization force is also estimat.ed under typical glow di scharge con­

dtli,•n s If tit .. tnt<:'rpartidc potential energy suffic ienlly exceeds the thermal cn<:'rgy, the 

sys ktll ,,f , ha t fl.<' I p;u tiel'S an form Coulomb cryst.als. The t h rmodynan1ical pro perties 

f surh stl<>nfl,ly c •upled systems are also studied, using molecular- dynamics (MD) simula­

tions. 1[ t hr background p\a.sma is in thermal equilib rium, lhe in terparticle potential is given 

hy t \l(' sn<'<·n cd Coulomb potential (Yukawa pot.enlial). Such syslems (Yukawa systems) be­

comes t h, well knuwn on<' component plasma (OCP ) in the limit of infin ite De bye length. 

Tht• 1~ha$<' r\Jngran1 of Y11kawa ~ystcms is obLaincd that covers from the 0 'P limit to the 

st rong\y sn<."<>ned r ' !(im<'. 
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Chapter 1 

Introduction 

1.1. Dust particles in plasmas 

Small charged d11SI grai ns or "pari iculaks'' are observed in a wide variety of plasma envi­

rOllllWill s, ritng1ng from t.hc' interstellar medium to low- pressu re discharges used in industri al 

apphcal1n11~ . Such particles are typically "mesoscopic" - small on the macroscopic scale 

but signifi , anlly largrr than molecular s i ~es. 

The pres<'IICC f dust particles in the interstellar medium, whi c.b a ppear as "dark nebulae" 

111 spa c, puzz i<:d many as rouomers from the !a e 18\h century to earl y 20th centu ry. It 

was not kr1own then whPtbc r such dark pat hes were opaque douds in from of bright stars 

or just th ahs<'nce of bri ht. stars. 1 Du st particles are indeed rather ubiquitous in space, 

from 111ler planetary o intcrgala tic media. Some of such particles are immersed in cold 

molecnl<J.I gn,;c·s itnd ot hers in "hot'' plasmas. Dust particles in plasmas ofte11 carry large 

lcrt,nc charges and I he background plasma serves as a charge neutrali zing medium, ensur ing 

thr• overa ll chllfge 11 <'111 rahly of lhe sys tem . 

ln the so lar system, dusl particles are ommonly observed in the tails of comes and also 

form ri ngs in the map:nelospher of sonw planet.s2
·3 In interstel lar plasmas, heated dust 

p:rains <"Ill II a large rnfrar,•d ronllltuurn al wavelengths in lit(• range of 3- 3000J1m. Togelber 

with I IL,• 1 .1dr", "nllllliUIII (:hn111 lm) cmissiOII due to bremsslmhlung from 1!1" plasma ions, 

these continua are often the only information about Hll regions (i.e., parts of spac occupied 

by hydrogen plasmas) in many cases since many of Hll regions arc not. visible a t optical 

wavelengths. 4 

More recenUy dust particles in terrest rial plasmas have star ted to atlracl significan 

attent ion of engineers and scientists. As plasmas have been increasingly used in industrial 

materials processing, charged dust grains in process plasmas have been recognized as a major 

source of cout.amination. 5 - 1° For example, the presence of such particulates poses serious 

problems for product yield and reliability in semiconductor chip manufacturing. Since the 

in- situ control of generation and transport of dust particles in processi ng systems is diffi ult. , 

various cleaning techniques have been employed to reduce such contaminants from t.he wafer 

surfaces after tbe processes.11 

The study of plasma- dust systems is thus motivated by a desire to understand the fund a­

mental mechanisms that governs those systems under such diverse onditions. As a matt r 

of t heoretical interest, we also note some of the tlteories relevant to plasma- dust systems 

are also applicable to other systems such as colloidal suspeusions12 •13 and charged aerosols. 14 

Si milarly to dust grain s in plasmas, colloidal particles in electroly te solutions arc electri­

cally charged due to th ion aUac hment .. Colloidal so lutions a11d aer >sols have also b en 

extensively studied on account of its wide-rangi ng tc( hnological uses. 

Small grains in neutral gas environments ar subj cl tfJ drag and I h<,rmophorcLic for es, 

as is well known in t he study of aerosol particles. lm mers din plasmas, small grains typically 

acquire negative charges due to the bigb mobility of elect rons, as we shall di scuss in Sec. 1.3. 

l nleract ions of charged particles with the ambient plasmas and 11 ul1 a! gases det. rmine the 

particl · transport. For instance, in a weakly ionized plasma used for typical semiconductor 

etch and deposition processes, dus grains are tran5ported by ion and ne11f ral d rag forces 

toward he pl<tsma edg regiou and rapped here by st1 o11g <'!eel ric fields . (See Fig. 1.1.) 
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F'igure 1.1: Dust douds in a parallel plate discharge plasma. Three wafers are placed in the 
chamber allhough they are invisible in this picture. White rings are dust clouds above the 
wafers . Inside each while ring a dome-shaped cloud is formed right above the wafer center. 
The dus clouds are illuminated by the laser beam scattering. The small white dot on the 
upper side o( tbe pi lure is the laser source and a roughly rectangular white patch is the 
obs rvation window illuminated by the scattered laser light . (Courtesy of G. S. Selwyn). 
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Also of importance are particle-particle interactions in plasmas. If the particulate number 

density is sufficiently high, the interparticle potential energies may substantially exceed their 

thermal kinetic energies,15 and the particulate system then exhibits behavior similar to a 

liquid 16 or the classical one-component plasma. 17
- 21 Especially if the particle kinetic energy 

is sufficiently reduced, it is known that the particles form crystal structures (i .e., Cou lomb 

crystals). 15,16,22-26 

In this chapter, we summarize some known results on the charging rn chan.ism and exerted 

forces for small grains immersed in plasmas . The knowledge of such forces serves the starting 

point from which we construct a more detailed theory for particle-plasma interactions in 

the presence of steep density gradients. The remaining chapters are organized as foil ws. In 

Chap. 2, we employ a fluid description for the plasma to derive the f rc exerted on a particle 

due to a deformed Debye sheath around it. The deforma ion (i.e., polarizat.ion) of lh sheath 

may be caused by a large density gradient of the plasrna, which often <'XISts near tlw plasma 

edge region. The contribution of the polarization 10 the l.ransporl of an isolated gain is also 

discussed. In the presence of st rong ion cur ren s, the sheath polarization by the plasma 

densi ty grad1ent is furl.her affected, which is discussed in detail in hap. 3. In 'haps. 4 and 

5, we focus on the in terparticl int.eraclion among grains. First the interparticle pol ntial 

will be derived in Chap. 4 based on th free-energy cal ulations. The obtained inl.erparticl 

potenti al is then used .in the molecular dynamic simulations and the ph as diagram of harg d 

grain systems will be obtained in Chap. 5. Chap er 6 contains the summary of the entire 

work. 

1.2 . D ebye shielding 

Lc us consider a uuifonn unmagnel ized plasma, in whi ch the ion and electron densities 

are given by n,o and n.o and be pJasma potenltal is grven by lli0 . (Sin e lli0 is assumed 

to spalrally dep nden! in Chi<p. 2, we \real I)J 0 is as a non ~ zero c0ns ant 111 this Chapter. ) 
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The charge neutrali y condition in the absence of charged grains requires qn,0 = en.0 , where 

the ion and eledron charges are denoted by q and -e (we assume ions of single species; the 

extension to multiple species is straightforward). 

We now place a small particulate with radius a at position r = 0 in the plasma. As we 

shall discuss in the ne.xt section, it will acquire a negative cha rge, - Q, due to attachment 

of high- mobility plasma electrons. T he charged particulate perturbs the local electric field 

and plas.ma density, forming a De bye sheath around it. The resultant electric field potenti a l 

IJI(r) satisfies Poisson's equation: 

61J!( r ) = - p(r), 
Eo 

(1.1) 

where l'( r ) denotes the !.otal charge density given by 

p( r ) = - Q6(r) + qn,( r)-en.( r), 

an I 11,( r ) and n,( r ) are iou and elert.rou densities a.fler th<" pert.urhation. Evidently these 

densil1cs n,( r ) <tnd n,( r ) approach their origiual values n,o and neo suffici ntly away fro m 

t h<· parl 1culate position, i .e., lr l _, oo. 

Tlw ho\lndary conrl!lions for Eq. (1.1) is given by 

IJI( r ) _, IJl o as ,. _, ( 1.2) 

IJ!( r ) ( 1.3) 

In Eq ( 1.3), 1', deno\('s the surf a pol ntial of lhc particulate. whi ch we assume be constant 

for simplicity as is the case for <• metal particulate. The surface potential V, is a fun l ion of 

I h,· I<Hal rh.trgc- q rcs1ding on lhe surface, given by 

Q =co 1 8'¥ dS . J; -c1 r 
( 1.4) 

tbe integration being over the parti cu late surface (note that the quantity -eo 81Jl / 8rlr=a 

represents the surface charge density). 

The dependence of the ion and electron densities on the electrostatic field is determined 

by the microscopic plasma characteristics. If colli sions are sufficiently frequen , it may be 

assumed tba.l the plasma is in thermal equilibrium and lhe .local ion and electron densities 

are given by the Boltzmann distribulionsn 

[ 
qrp( r )l n,( r) = n10 exp --- , 
knT, 

( 1.5) 

[
c (r)l 

n,( r)= n,oexp kaT, ' ( 1.6) 

rp( r ) = \)) (r ) - IJ!o 

is 1 he pert ur i at ion in the potential, and T, and T, are the i n and electron I empcrat ures . 

If the potential perturbation is suflicieutly small ( i.l' ., I I 4 kn1~,kaT,), the ion and 

electron densities given in 8qs. (1.5) and (1.6) may be linearized with respect. l cp (the so­

called Dehye-1-llickel approximation). Suhstituting the r suiting expressions for n,( r ) and 

n,( r ) into Eq. (1.1), we obtain 

wi h 

6 cp( r ) 

2 2 
k2 -~ ~ 

0
- cokn 7~ + oo l.·a T~· 

The boundary condition for Eq. (1.7) is hen given hy 

rp( r) _, 0 as lr l 

( 1.7) 

(1.8) 

From Eq. (1. ), the charader istic Debye length .:\o( r ), defined by AD = kJj1 , is related to 

the ion and elect ron De by !eng hs 

1 

_ ["oknT,]2 >., - ? 
q-n,o 

I 

[ co~n'I~] 2 and >., = . 
r-n,.0 
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through 

Ao = [;: + A~r4 (1.9) 

Note, in particular, that AD ~A, if T. ~ T,. 

The solution to Eq . (1.7) is readily obtained as 

cp( r ) = V,aexpf- kv('' - a)]_ 
7' 

To relate th pott"ntial \1, o th particle charge -Q, we now substitute q; = 'll o + cp into 

Eq . (1.4) to obtain v; = - Q/47rc:0(1 + kva)a, or 

cp( r ) = 
Qexp[- l.:v(r- a)] 

41reo(l + I.:Da)1· (110) 

In he lin1il of Sniidl particle size a -> 0, F:q. (J.lO) b comes the well-known screened 

Q exp(-ko,·) 
<p( r )- - 41l" EO 1' ' ( 1.11) 

wl, <> r(• r fr f. 

Th e assumption of the Boltzmann dis ribution for ions given in Eq. (l.S), and its lin­

eariz<t11on C'mployed lo denvc [~q . (l.7)- i.e., the Debye- l-l iickel approximation - need 

fu rt her xplitn.tti n. In typical lahoratory or spare plasmas , where the ion Debye length 

is sip;111lkant I ' smaller than the ion mean free path, the ion Boltzmann distribution inside 

the s lwat h of " parl1culale is rather unrealisti Also , for a particulate in a relatively cold 

plasma (<· .g., T "" leV) , the clc('lrost.atic potential at the surface of the particulate is larger 

than I he ion kineti c energy, i.e., cp(a);::, ksT, which violates the condition for li neari,;ation. 

Thcrdore, rigorously spe<~.king, th~ model we have adopted does nol apply to systems of 

dust g1ains in laboralory plasnl<ts. 

ll ow('\'<'r, a snnpk physical argument suggests hal , despitP the apparent invalidity of the 

rn••d~l, thP prop<'rli"" ,,f ilH· syst<'ltl tha wr· are conc('rned with in thi s system arc relat ively 

7 

insensi ive to the exact form of the ion distribution in the sheath. T llis insensitivity explain 

why the Debye-Huckel approximat ion has been successfully applied to various systems, rang­

ing from colloidal pa rl icles 12
•
13 to dust in space p lasmas,27

•28 in ear lier studies. 

T he im portant physical aspect of a part icu late sheath is l hal, toward the particulate 

surface, the ion density increases monotonical ly whereas the elect ron d nsity decreas<'S mo­

notonicall y (for collisionless p lasmas, see Ref. 29). This behavior is retained by the lin ­

earized ion dist ribution n,( t·) = n,o[l - qcp( r)/kBT,], noling that the asymptotic behavior 

of the potent ia l, cp ~ - monotonically as fr f -> 0, is self-consistently derived from the 

linearized Boltzmann d istributions. The thicknesses of the ion xccss layer (i.e. , ion sb atlr) 

and elec t ron - deficient layer (i.<'., electron sheath)- whi h overlap Nl h o th r - ar typi cally 

given by t.he ion and elect ron Oebye lengths. The exact value o( the i " sheath thickness, 

of course, depends on a specific model of the ion density di strihut ions. Se<> Appcnrlix A f r 

furl kr disnrssion of this point. 

F'urt.h(' rmore , when the mean (i.e ., fl ow) ion vel 'i ly ('Xcecds lhe lh ·rmal velocity tlrl. = 

(k8 T,jm,)~, as is oft.en the case .in laboratory plasmas, th ion sh<'a lh may I <' ith r strongly 

distorted or unable to form at all around the particulate. In thi s 'ase, the sh ath is mad(' 

up ordy of a deficiency of electrons and its hickness is giv('n approximal, ly by the clccl!'On 

Deby<· lengl.h, A,. Note !.hal, in typical process plasmas, Uw plasma Aow velocity may rea h 

the ion sound velocity c, = (J,; 13 T,fm,)~ but seldon1 ('X<" ·erls th<' electron t.h rmal velocily 

v,, ,h = (k8 T,jm,)L Under such conditions, the 1011 dens1ly d1strihulion is giv ·n ncitbcr hy 

he Boltzmann di stribution, Eq . (1.5), nor the collision less distrihnlion derived by Bernskin 

and Il.abinowitz29: it is almost uniform in be sheath. Agaiu, the exac form of the ion 

density distribution does not influence the qualitative form of the potential profile and the 

pl as ma pressure near the partic ulate . We shall discuss t he effects of a fini e ion How furthe1 

111 ('hap. 3. 

Sino· the final resul s arC' likely insensi ive to he P7.<Let. fun C'tiona l form assumed for the 
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ion density distribution, the advantage of using the linearized Boltzmann form is obvious: the 

system is solvable analytically and thus yields clear insight into its physical behavior. The 

Oth order solution thai we employ in the following is the spherically-symmetric solution to 

the Debyc-Huckcl approximation of Poisson's equation, which has been studied extensively 

and is w II understood. Of course, studying the system numerically witb more realistic ion 

density distributions is important and more simulation studies are needed. Our analytical 

mod ~ 1 serves as a reference sysl em and point of departure for the su bsequent construction 

of mod Is und<:r more realistic conditions. 

1.3. Grain charges 111 a plasma 

ln the previous section, w caku lat.cd the electric field around a particulate with an 

arbd rary charge -Q in a plasma. fn lhis section, w shall discuss the mechanism by wbich 

p.,rliuil<tl<'s gain such rho.rgcs in a plasma. 

In a typical pl.tsrna, electrons have higher thermal velocity than thai. of ions and therefore 

Me morc;- likdy lo U<' captured by the ma roscopic material , such as a dust grain. Once tbe 

materials is suflici"nl ly negatively charged due to the electron attachment, they it. attracts 

posilll'l' ions anclnC'ttlraliZ<'S exc-essive el'rtrons on is surface. Eventually balance between 

I he• ·J,•rtron and ion fluxes c-reates an equilibrium state where I he rna.terial surfaces have 

I h•·ir owu potentials lower than the plasma potential. 

The tons and elc trons currents driven by the sheath electric field determine the grain 

surfac" chargP in typical low- tempera( ure laboratory plasmas. Under different conditions, 

"udt"" thos~ of planetary magnetosph res or in crstella.r plasmas, however, currents caused 

t.ldl"C'rcnt 111<'ChnuJsms may play more important roles to determine the su rface charge. 

The sec-ondary electron coefficient. (or yield) li(E) - the number of electrons ejected per 

incident e lectron - depends on the incident energy and attains its maximum value lim at 

finite energy Em· For most materials lim range from 0.5 to 30 at Em between 0.1 and 2 keV.31 

In a. strong radiation fie ld, pbotoemission- tbe ejection of electrons (i.e., photoelectrons) 

due to photon bombardment- can also reduces the number of lect.rons from grain surfaces 

and thus constitutes a positive charging current. 1 Tbe photoele iron yield lr- the number 

of electrons ejected per incident photon - is negligible at visible wavelengths but generally 

increases in the far ultraviolet. For many materials, '" ~ 0.1 near the wavelength A ~ 

lOOOA 32 

Jn space plasmas, herefore, it is not unusual that dust grains arc positively barged due 

to elect ron-induced secondary electron emission and/or photo mission. S condary electron 

emission can be also caused by ion bombardment, neutral bombardmcnl '11 and strong surface 

electnc- f1elcls (field emissionf although the yields due to th se mechanisms ar typically 

neg],gible in m st cases even in the space plasma c:nvironm"nts. 

As we discussed earlier, the charge on each parti cle (dust grain) m low- temperature 

laboratory plasmas is essentially clelermined by th ion and ele tron currents clue to the 

sheal.h field. Assuming the Maxwellian velocity di stributions for ions and electrons with 

Lempcritlure T, and 1:, the currents to the grain surface may be obtain ·d by int gration 

ov r the Maxwellian distribut.ions in the usual way. Por a spherical grain of radius a whose 

surface potential .is more negative than the ambi nt plasma pot ntial, the ion and electron 

currents to the grain surface are given27
•
28 by 

1, (1.12} 

F'm <"Xdlllpk, 1f a dust part1clc is subJcrt lo high-C'nergy electron bombardment, it may and 

lust• 111<'1<' t'letlruns fwmtl' surf<LCC due 1.0 the s·,ondary dcctron emission than it gains.30 
r, 
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The equilibrium condition J, + I,= 0 determines the surface potent ial ¢(a) as a funct ion 

of the background plasma parameters: 

en,0 m;(3, I )] l -q(3,¢(a) =- -----aexpe(3,¢(a , 
qn,o 1netJ~ 

(1.14) 

where (3•(•) = 1/l.:nT.(e)· For an isolated grain in a hydrogen plasma (q =e) with n;0 = n,0 

and T, = T, = T, one obtains the solution </J(a) = -2.5knT/e, which is known as Spitzer 

result.33 If the dust number density nd is sufficiently high, then the surface potential ¢(a) 

depends on "d through the charge neutrality condition with charged dust grains 

(1.15) 

Th numerical so lu tions to 8qs. (1.14) and (1.15) obtained forT, = T, = T , together with 

experimental data, 3~ are ~hown in Fig. 1.2. It is shown that , as the grain number density 

innc-i\SC',, <'led r ns in the pl asma are depleted and thus the grain surfac<;> potential becomes 

cl M'l loth,.. pla,.ma potential. 

If pnrl" k s ;,rc suflki~ntly isolitlcd (i.e., inlerparliclc dist.anccs arc much la.rger t.he Debye 

length >.u) as IS assumed for Fig. I .2 -, it follow s from Eq. (1.10) that the surface 

poteniJ<tl ¢(a) is proportional to the particle's charge Q = - Q 

0 = - CJ ( ) = 4uaa(l +l~oa)<f>(a). (1.16) 

( li e!(· dcnot<:s I he infiuit.e par tid separa l.i n.) However, if the interparti le distances are 

omparable with or smaller than he Dcbye length, the grain cl1arge Q is also influenced by 

the prescn c of ollter charged particles in its vicinity. This effect is in addition to the global 

cl<•clton depict ion cff,·ct sh wn in Fig. 1 .2. The i h grain has charge Q, = - Q, and the 

d1s!.ance b<'lwccn Lhc tth and Jf h grains is denoted by H,1 • If the grain radiu s a is sufficiently 

smallct than lhf' Deby<' lf'ngth and interparticle distances, (i.e., a« :.. 0 , R,, ), then we obtain 

the rel.tl iPn 

11 
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Figure 1.2: The variation of the grain surface potential U (which is denoted as cp(o.) in 
the texl) in terms of k8 Tfe as a function of P = ndaksT/en,0 in units of mY. Nole that 
U = cp(o) is proportional to the grain charge Q as shown in Eq. (1.16). The cxperimen 
IS done in a potassium plasma, where nd = 5Y J04 cm-~, a ~ 5}1111 and k0T = 0.2eV. The 
dashed line is t he throreiical result obtained from Eqs. (1.14) and (1 15) . (F101U Ref. 34). 
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for all z. Th.i s set of Linear equations determines Q, as a function of the known potent ial 

value cp(a), which is separately determined from Eqs. (l.L4) and (L.l5). In particular , if 

N = 2 and R/ >. 0 «: l, we obtain from the above equation35
·
36 

Q( ) 
Q(R) = 1 + a/R. (1.17) 

lf the charging frequency "c (i.e. , the inverse of the time that a. particle lakes to acquire 

its equ il ibrium charge Q) is sufliciently higher than the typi cal frequency of particle motion 

(e.g., t.h plasma fr<,queury of the particle wpd = .jQ2nd/coM) wilh M being the grain 

mass, we- may consider that charging takes place instantru1eously in the time scale of particle 

mol ion and 1 he pitrf iclc charge is given by Q( R) a each instant in bme. 

1.4. G r a iu tra11sport 111 a plasma 

\~'<' w •w consider th lrnnsporl of an isolated grain in a plasma. The equation of mo ion 

Q mo.y be given by 

Md\' = O(E+ V x B)+ Fa+ Fc~ Foth"' 
dt -

( l.l ) 

Just as the cquallon for any barged par ticles in a plasma. Unlike ions and electrons, however , 

lh<' dwrr.• · (! !1liLY \'aT)" a a function of t ime. In th equation above, Vis the velocity of the 

gr<trn . 1 ~ "nd 1J are th~ ambien t el clric and magnetic flelds, Fa is ~he grav i~ational force, 

and F . is tbc sum of rol\rsional forces between the particle and the background plasma, 

rwutral gas<'S and radiation fields. The of her forces are represented by F othm which includes 

tir e polari za tion f01ce, as we shall discuss it in Chaps. 2 and 3. 

In laborittory plasm as with weak or no magnetic fi elds, the transport of charged ga ins 

arc llSllall ' dctcrmirwd IJy I, he ba lance bel. ween elec t rostdl ic force _ E and collisional force 

F,. In spiLc,· pl<~smas, whcr" strong magnetic and gravitational fields arc no\. uncommon, he 

Lorent z forn· (! \ " ' 13 and !<ravi atronal f rcc Fa may be as dominant as other forces. For 

1~ 

example, in planetary magnelospheres, the plasma typically corotates with the p lanet (except 

for the distant magnetosphere where the solar wind may induce some plasma convections) 

whereas the grain particles essen tially move on l<epleri an orbits. Therefore , away from the 

synchronous orbit (where the Kepler velocity equals the coro~at i on velocity), the drag force 

between the grains and the plasma can also become signifi cru1t. 

The coUjsional forces that often becomes large in laboratory and space plasma ·nviron-

ments are the ion drag force F, neutral drag force F, and lhennophoretic for c P,h. The ion 

drag force arises Crom the momentum transfer between the gain particle and ion flows due 

\.o Coulom b colli sions. Similarly th neutral drag force is due to collisions between the grain 

particle and neutra l gas flows. Tire thermopboret ic force is caused hy a temperature gr<<dient 

of Lhc I ackground neut ra l gas. l n the presence of a gas lcmperaturc gradi nt, a larg r nro· 

mentum t-ransfer from the gas to the gra in parii IC' take~ plac 011 the side' of the grain s11rfa. <' 

exposed lo the higher tem perature \.han that to the lower l.enrp<'TiJ.Iurc. Th r<'for(' I h,• nel 

momentum transfer causes I be pari ide to move in the direction opposi\.c lo lhc lem]Jcraturc 

gradient (i.e., the particle moves to the colder side), which is cal led thermop horcsis. 

Other colli sional forces, whi h are usually cons idered t.o be I ss important in mosl dust-

plasma environments, in clude photophorclic and difiusiophorelic .forces. If a grain parti cle is 

subj<:>ct l.o heating by el ctromagnelic radiation, the hotter, illuminal d side of the partir!<' 

bounces colliding gas rnol<'ctrles wit.h higher v loci ties lhan the cooler, uni lhrmin aied side. As 

a resu lt , the grain particle gains momentum from the background gas and moves away from 

Lhe light source, whi ch is called photophoresis (or sometimes call eu pholoth rmophor sis37 ). 

Diifusiophoresis refers to the motion of a grain particle caused by density gradients of the 

ambient. gases. T ypically diffusiophoresis causes a grain partie! move in the direction o f the 

difiusron flux of the h 'avier ga~ component.38 

Returning to the three· impor anl collrsronal forces ion and neutral drag forces and 

thermophoresrs, we• now summariz<' the formulae for those· forces i11 I h · followrng 
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Ion drag 

The gravitational dynamical friction on a star moving through a uniformly di stributed 

background stars was first calcu lated by Chandrasekbar39-" 1 under the assumption of small 

deflection angles and a Maxwellian distribution of the background star velocit ies. Since the 

inverse square force law applies to both the gravitational and Coulomb forces, the same 

formula holds for the Coulomb friction force on a lest cbarged particle moving through a 

un iform background plasma42
-

44 The drag force F, on a gain particle with charge Q = - Q 

due to Cou lomb colli sions with plasma ions is thus give by 

r, - - --- 1+- --- ln i\ 
,. lQ2 

n, ( m, ) [erf(s) 2exp( -s2
)] 

8u6 kaT. M s2 s .ji ' (1.19) 

wh('r<' 

2 f ' 
erf(s) = .ji lo exp(-x

2)d:r 

an<.l s llu/''•.th wi h Vo being the relative elocity between the gain particle and th plasma 

nd "• ''' /2kll TJ;;;, being the ion lherma.l velocity. The Coulomb logarism In i\ is de-

fined by i\ 

pa:Inlllt'ter> TbC' usual choic·s for these impact parameters are bm., = ). 0 and bm.m = a. In 

the lim it of small particle radius, i.e., a ...... 0, one may choose bmm = Jq Q jj41rt:okaT., which 

appiOXIIIlet.e!i the "minimum" distance a(. which an ion can approach the particle despite 

th(' C ul••!llb rcpul s•on.' 3 lt should U<' note<.l that the formula ( 1.19) does n t lake into 

d('coun( pNsibk large angle scaUcring or collective efl'ccls (i.e., self- coliSistent treatment 

of perturbed elect ric fidds around the particulate). More accurate resu lts including these 

clf0cls die' found in H f. 44. 

hon1 Eq ( 1 19). nc ran <.lerive two limiting cases. One rs the low speed limit, i. e., s « J, 

wher<> t hc 1u11 drag for <' beconws proportional to the relative velocity va: 

p 
' (1.20) 
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The other is the high speed limit, i.e., s ::P 1, where the relative veloci ty v0 is supersonic and 

the ion d rag force becomes inversely proportional to v&: 

( 1.21) 

Neutral d r ag 

If the R eynolds number of the background gas is sufficiently small and the size of the 

grain par icl is sufficiently larger thau the mean free path of the gas m olecules lmrp (i.e., 

l\nudsen number Kn = lmrp/a « I ), the neutral drag force on the grain pa rti culate is given 

by t. he well- known Stokes equation 

( 1.22) 

whe re 1J is the viscosity o( the gas and v 0 again denotes t.h part.Jculate velocity re lative to 

the gas now. 

However , most weakly ionized plasmas that we arc tonccrned with have large T<n uds n 

num bers, l\ n ~ 1. For example, a gas with the atmospheric pressure and room temperature 

has the number density n., = 0.25x 1020 cm- 3 • For the typical mole ular collision cross s ction 

a,, = l0- 15cm1 , the mean free path lmfp = l fn., ., = 4ttm . Therefor , for micron- size dust 

J)artities, the Knudsen number is usually large in subatmosphenc· pressure discharges. 

L<'t us consider a spit rica! particle with radius tL 111 the limit of laig<' Knudsen number 

l<n » 1. The reflection of L gas molecu les at the spherical grain surface is assum d 

\.o be eitber specular (i.e., the velocity component of the olliding molecule normal to lhe 

grai r1 surfac is r versed on coll ision whereas the tu.ngelltJal velocity com ponent remains 

unchanged) or ditfusiv • (i.e., the velocity distnbuliou of Lh" rcficcted molecules is Max wellian 

wi h the gas temperature). ln the case of diffuse reflection, Baines ct a.l. obta.med 4
" 

( 1.23) 
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where 

, ( . 1 ) exp(-5'
2

) ( 2 1 ) 
' ' (S) = S + 2S .fi + S + 1 - 4S2 erf(S). 

and S = vofvn,th with v,, ,,. = J2koTnfmn being the gas thermal velocity. For specular 

reAcd ion , lbc second term in the bracket of Eq. (1.23) (i .e., the term .fiS/3) shou ld be 

omitLcd. 45 

In the low speed limit (S «: 1) , Eq. (1.23) reproduces Epstein's result46 : 

?.':) 8 . (1.24) 

Por specu lar r -lle t.ion, the factor (1 + 1r / 8) should be replaced by 1.45 •46 As in the case of the 

ion drag for <',the neutral drag is proportional to the relative veloci l • v0 if v0 is sufTiciently 

small t>r han the gas thermal velocity Vn,<h· In the high speed limit (S ~ 1), Eq. (1.23) 

reproduces M(Crea 's resul\'17
: 

( l.25) 

Tills fCJilllula applied to hoth re fl ective and diffusive reflections . 

Th<' rn• o ph o n •, i, 

In t.h<· region of high 1'\ nud~.-n number (Kn ~ 1), the thermophorel ic force is known to 

-~ tt2),_" "T 
}~~~ = V 11 

15 Vth . 
( 1.26) 

Here :.,, is the thermal conducliviety of lhe gas. For a polyat.omi c gas, Xn needs to be 

replaced by lh~ translational com1 onenl of thermal conducti vity, A.nl = [.5ko'1/4m11 , where 

fJ IS the gas viscosity. In th<' dcri vati n of Eq . (1.26), it is assumed lhal a fraction of the gas 

m lecu k s a arc sca ttered d ifl'usJvel • whereas he oth er moleculles (I - r:~) suffers sp cular 

reflce1 "'n a t he surface. The final result, Eq. ( l .26), is how~ver indcpenden of h diffusive 

17 

1.5. Summary 

In th.is chapter we have summarized some of the known results on charging mechani sms 

and forces for small gains immersed in plasmas. Due to thei r high mobili ty, the Oux of 

ele trons toward tbe particulate surface is generally larger than that of ions. Particulates 

in pl asmas t.herefore typically carry negati ve charges. If the par ti les are subject to strong 

elect rom agnetic radiat ion or high energy electron bombardment, however, electrous emitted 

{rom the particulate surfaces may exceed those arriving from the plasma due to phot.oelcc-

trons or secondary electron emission. Under such conditions, pa rti cula tes may attain p sitivc 

charges. 

As the number density of grains increases, a signjficant fn,clion of the e le troas m;.y r<"side 

on the grain surfaces rather than in the plasma. In thi s sit.ua ti<'ll, h further av<ula.bi li! y of 

electrons limit the rain charg s. ln addition, if two or mor charged grains arc sulli iently 

clos<.' to each other, the surface potential of each grain is also a.A'ected by th charges f the 

other gra ins. For a system of two particles, the mag nit udc of the pMt iclc charge lccrcas<:s 

as the in t.erpariicle distance decreases , as given in Eq . ( 1.17) . 

The negative charge on a grain immersed in an elect roposilivc plaslll a iuduccs an ion ri ch 

plasma laye r (i.e.,lhe Debye sheath) a round it. In a uniform pl asma, the [) bye sh ath is 

spheri cal and its radius is given by the Debye length >..o of f~q. ( 1.9) . The De bye sheath shields 

the elect ri c .field of its own par icle charge and th potential pro le around the pa rt.i u la t 

is desnibed by the Yukawa potent ial of Eq . (l.ll). 

In a non- uniform plasma, grain particles may be subject to he elec ro111agnelic forces, 

ion and n<'utral drag forces, thennophor sis and other forces. If thl' plasma density iss ill 

uniform in tlw p1 csence of the external electric field E: , t he total electrostatic force exerted 

on I ht' grain par 1d • of charge Q is that nf unshield d fidd, •<·., Q E , as given by the first 

l<'nn of Eq (!.lR). If lh r<> is a sharp densi ty gradient, however, the D<:hy<' sheat h arouud 

18 



the particle is deformed since the Debye length >.o is a. function of the plasma. density. The 

deformed sheath has a polarization, inducing an electric field at the center where the particle 

resides. This deformation of tlle sheath exerts an electrostatic force on the particle [which 

can be included in the term F olhe, in Eq. (l.l8)). In the next two chapters, we shalt discuss 

the polarization force in detail based on a fluid description of the plasma.. 
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2.1. 

Chapter 2 

Polarization force due to sheath 
deformation 

Intro cl uct io n 

In thi s chapter, we are concerned with the transpor of an is lalecl parti cu late , in pari ic­

ulrtr with the forlC exerted on it by the ambi nt plasma. 1 Since the sizes f particulul<'s and 

their Debye sheaths are typi cally small on the macroscopic scale (e.g., I he dimensions of the 

drscharge cham b r), the p<>rticulatc dynamics are drte rmined by local plasma param<'l.ers 

such as the elcci ri lield, plasma density gradien , etc., at the p silion of lhc par ticulat ·. We 

will exploit this scale di screpancy to obtain the force as a fun ction of macroscopi plasma 

parameters. Such a fu nc ional dependence may be used in conj unction with macroscopic 

(e.~ .• fluid r particle-i n-c II ) simulations l.o determine the overall particulat transpo rt 

rharac-tcri st irs in the discharg . 

As is di scussed in the preceding chapter, a charged par i 1~ in a plasma is surrounded 

by a Dellye sh ath, whi b shield s it s long- rang Coulomb field . Par 1culatcs in plasmas arC' 

typically negatively charged - due to the high mobility of the plasma el c rons - so their 

Deuye sheath s om prise an excess of positive ions and a deficiency (A cledrons. The problem 

address('d in Li11s cha.p er is that of whether, in the prP>cnrc of an extrrn~l clC'ctric lielcl, I he 

Dchye shid dl!lg effl:'clively drrnimshes I he rn a~nilud'· ,,f tl11s field al th parttcle lora ion (by, 
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for example, a re-distribution of the sheath charges). 

As will be clarified later, the Debyc sheath does modify the externally appEed field by a 

rc-d.istribu tion (i.e., polarization) of the sheath charges. However, the external field is not 

necessarily "shielded" or diminished at the position of the particulate: the Debye sheath 

may eit her reduce or enhance the external field, depending on the sense of the mean density 

gradient at the particulate. In a non- uniform plasma, the deviation of the force from the 

nominal value OE, that a particulate of charge 0 would experience in a fie ld E in th 

absen e of the plasma, may bf' called the "polarization. force" since it is due solely to the 

shea! h p lanzalton (neg! cling ion drag force). In particular, a spher ically symmetric D bye 

sheath would not shield the external electric field at all (although it does sh ield the Coulomb 

field oft he pMI iculate that it surrounds). 

i\lthouJ~h theS<' characteristics of Debye shie ldiiJg may be explained (see Sec. 2.6 below) 

int ti!II V<' Iy, 1! is not a trivial 111<1tler to rigorously dcmonstr<LI.c them . Estimating the total 

(one 011" flrllllnd,IJ,• iuvolw•s not nly cal ulati 11 of the ele trosta\ic sheath-polarization 

f,llr<', hut abo tht' cont1ibuti n of pressure forces on the particulate due to the:' ambient 

pl«sm;,. It IS nol obvious that. Lhis pressure force and the sheath-polarization force are 

both small for a small] articula•e. The pressure force is mainly due to the positive ions , 

which >If<' (' ], •rt•osJaLically at\ra.clecl by the negatively-ch«rged particulate (in this sense, the 

pr<'sSIII"<" folrl' also h11,; elcrt rostalic origius). Generally, t.he ion density increases toward he 

pMt tculal c, and for a s111all parti ·ulalc in a uniform plasma, the spheri il-l symmetry of the 

parliculdl<' c-nsurcs zero net. force due to the ion pressure. In a no11- unifom1 plasma, however, 

a slight imbalance h<'l ween the pressure force on one side o( the particulate and that on the 

other ll1dy Jesuit 111 a fin1 e net force even in the limit of zero particulate size. ln other words, 

o11e ll<' <' ds dct~iled rakulations of the pressure force to determine its magnitude, ev<:>n for an 

lnfiml<'Silll<d part iculat ' 

\\·,, now ('st II !lid t lw magn1tude vf lhl' polarization force. As mentioned above , in a 

non-uniform plasma the Debye length >.n (which represents the thickness of the sheath) is a 

funct.ion of position, and the sheath around a j)articulat.e is no ]011g h · 11 · er sp en a y symmetnc. 

The deformed (i .e., polarized) sheath creates an electric field at the particu late location, and 

exerts a force- the polarization force- in addition to the external-field force QE. 

If the Debye length is >.o = 20j.im and the scale length for macroscopic variations 1s 

L = lnn (typical valu s for materials- processing plasmas) the variation of macroscopic 

plasma variables, sucb as the electrostatic potential, over the sheath is very small, of order 

>.ofL = 2 x 10- 3 . However , even small charges parations may cr at large ele tric field s. 

Lel us assume that the sheath is polarized due L the plasma non- uniformity, realing an 

excess charge Q>.o f L at one end of the sheath and - Q>.0 j L at th' other (the particulate 

has charge 0 = - Q, so the sheath contains the opposite barge Q m r<' or less within a 

sphe re of radius >.o). This charge separation creates an P]cctri<" field, which exerts,, for c 

F1 on the particulate. given roughly by 

Comparing the polarization force F1 with the direct electric field force Fo = Q E, where 

we take E .c= kaT,fcL (e and T, b ing electron charge and temperature), w obtain 

Zv 
)..~).DH, . 

1-krc H, is the electron density, Q = Zoe, and we have Jlsed th definition of the electron 

Dcby I nglh >., = (tol•a1~/c2n,)L Introducing the plasma parameter 9 = Jj)..3n. which 
' " 

is t.ypicall~ small - 9 « 1 is· d d d 1· f J 1n ee a con 1 1011 or a system of charged particles to be a 

"plasma .. 7 - we obtain 

PI >., 
:= gZD\D. 

Po " 

Typically, Zo .>/ 1 and>.< ::;: >.v. so the ratio F1/Fo may be of order I, i.e., the polarizat1011 

forcc i-'1 m~y he comparable lo he dir('ct <·k·ctrost<tt ic for <· F(1 Q E. To detc::rl!linc tl1c 
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magnitude of F1 more a curately, one needs a detailed analysis, which will be presented 

below. 

Forth sake of simplicity, we do not consider effects of a finite plasma flow in this chapter. 

The plasma flow, especially ion flow, influences the transport of particulates in two ways. 

One is to exert an (ion) drag force, which represents the effect of Coulomb collisions between 

ions and the charged grain, and incurs a change of the ion velocity distribution fun ction . 

The other is a fluid- like effect, by which the ion fl ow modifies the shape of he Debye sheath . 

In particular, when the ion flow velocity is sufficient ly large compared to the ion thermal 

vel ity, v11> (l>a'l:fm , )~ where T, and m, are the ion tempera ure and mass, tbe ions are 

unabl(' to form a sheath around the parti culate and consequently tbe Debye sheath consists 

only of a deficiency of electrons (the ion sheath is "blown away" by the strong ion flow). 

Under such condrlions, the ion density distribution is almost uniform in the sheath. This 

fluid like dfccl does not involve 11 change of lh(' iou velocity di stribution fun ction. 

II 1 <ll11p rt'lt ·nsive sl udy f drag forces on a particulate rn a uniform plasma has recently 

bcC'n grvt' ll i>y Norl hrop and Brrmingham,3 where large angle Cou lomb scallering,' dynam­

icaJ fn llon,5·6 and colle<:tive e!Tecls7 are treated s •stemalically ba.sed on the theory by 

l lul bard8 and 1\ihara and Aono.g This kineti<: theory by Northrop and Birmingham simul-

l.ancously deals wrth both effects - drag force and Auid- like effects - that we mentioned 

above for a uniform plasma. For a non - uniform plasma, which we are concerned with here. 

a sirnrlar kin lr c I r-ea lm •nt. is more complex and beyond the s ope of the present work. 

II wever, a more del ailed study of fluid- particulate inlerac ions in a non- uniform plasma, 

d fcncd lo Chap . :l, generalizes the results of this chapter and shows !.hal the sheath defor-

llld run due' t a finit<1 ion flow (r.e., the fluid -like effect mentioned above) has only a minor 

influeJ IC<' n tlw force excrt.ed on partr culat.es . In other words, the sum of the force presented 

111 th is .-haplt•r dnd lhc usual ion drag for e4 accounts or the particu late transport in an 

nvn nn llorn1 plas1na 
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This chapter is organized as follows. In Sec. 2.2 we introduce our model of a charged 

particu late immersed in a non-u.niform plasma. The electrostatic force is then obtained for 

infi.nitesimal and finite-radius parti culates in Sees. 2.3 and 2.4. Noting lhal, in the absence 

of a finite plasma flow, the lola! force on the particulate is only the sum of the lectrost.alic 

force and pressure force, we derive the pressure force and total force in S c. 2.5. In Sec. 2.6, 

a physical interpretation for be results obtained in Sees. 2.2 to 2.5 is presented, and in 

Sec. 2. 7 the magnitude of the polari zation force is estimated under rcalisti glow discharge 

conditions. Finally, Sec. 2.8 summarizes our resu lts and briefly discusses effe ls of finite ion 

flows on t.be particulate force. 

2.2. Formulatio n 

As in Sec. 1.2, w~ <"Onsider an unmagnc:Lized plasma, in which lire lcclrosl,,tic pnlentral, 

ion and cledron densi ties, and ion flow velocity at position r are given by ~'o ( r ), 1/.,o( r ), n,o( r ), 

and v ,0 ( r ). Here the su bscri pl 0 indicates macroscopic variables. U nli k in ' •c. 1.2, howev~r, 

these macroscopic variables are assumed to vary weakly over th ·· small scale of the ron or 

elect ron Debye length s. The mean charge density is then Po = qn,o - eno. We again assume 

ions of single species for simplicity. The extension lo multiple species is straightfor-ward. 

The potenila.l sal.r slies Poi sson's equat.i n, 61jJo = - po/6o. The plasma and cle lri reid 

are sust.ained by some external means , su h as a voliag applied 1o lh e l elrod s. In thi s 

sense, the field may be ca.lled an externally applied field, although the plasma adjusts itself 

lo delt>rmine lhe electric field profile, Eo( r ) = - \7\[Jo. 

Su ppose a small particulate w1th a negative charge - Q is now placed at r - 0 . Th 

resu ltant field poLent ial (JJ ( r ) again satisfies Poisson's equatron: 

t;(JJ ( r )- (2.1) 
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where p( r ) denotes the total charge density given by 

p( r) = - Qo( r ) + qn,(r )- en,( r ), (2.2) 

and n,(r) and n,(r) arc ion and electron densities after the perturbation. Here the parti ulak 

is assumed to be infinitesimally small. The boundary conditions are given by 

w(r ) __. iJ!o ( r ) as lr l 00. (2.3) 

As for Ji;qs. (1..5) hnd (1.6), we assume tbat the local ion and electron densities are then 

given by th Boltzmann distributions as 

[ 
-q<p( r )] 

n,( r ) = n,o( r ) exp kBT, , (2.4) 

[
e<p( r)] 

n,( r)= n,o( r )exp /,;BT, , (2.5) 

wh<'l\.' 

<p( r ) = ~' ( r ) - \jlo (r ). 

The mo.nosn•pic vanabl<'s n,0(r ), n,0(r ), and \jlo (r ) are slowly varying functions of r , iu the 

sc nsr I hal I '11o( r )l •"< I '•p( r )l, I.e. 

l·'oll<>w 111 y; Sc· (.1.2), we again employ the Debye-lluckel approximat-ion and Emeari7.e 

l~q• (2.4) anJ (2.!"1) with r<>s pect to <p. Substituting t.he r suiting expressions for n,( r ) and 

11 ,( r ) intn l·:q. (2.1) ;u\clsuhlracting Poisson's equation for the mean field, 6IJ•o = - po/E.o, 

we ohlnlll 

6 (r) = g_.S( r ) + k'iJ( r )tp( r ), 
E.o 

(2.6) 

where kn 15 delint>cl 11 1 Eq . I. . Note tltM the characleristic Debye length >-o( r ), defined by 

>-o( r ) kp 1( r ), is 1n g<'ll<'tal spatially dependent. The boundary conditio11 for Eq. (2.6) is 

ag<11n gi vt•n by IS giv('!l by 

tp( r )- 0 as lrl-
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2.3. Electrost a tic pot ent ia l 

We now solve Poisson's equation (2.6) to obtain the electric field potential around the 

particulate. l:l ere the spatial dependence of kv = >.[/ is assumed to be weak, in the sense 

that V kv/ ko ~ 5 = >.v/ £, with £ being t.he macroscopic scale length. Therefore, we may 

expancl the funct.ion kb( r ) around the parti culate position r· = 0 irl a Taylor series to obtain 

where k0 = >.0
1 = ko(O) is the inverse De bye lcng h at r = 0 and V 1.:1 is also evaluat d at 

r = 0. Taking the direction of Vk'iJ as t.he z-direction , we may write 

(2.7) 

where()'= IVkbl- Jn terms of the Debye length >.o, we have 

(2.8 ) 

or cr = -2IV>.ol/>-'b. evaluated at r = 0. 

Since the second term of 8q. (2.7) is smaller t.ban the first (i .. , azf/.·6 - 6), w<· rn;J.y 

solve Eq. (2.6) using a perturbation method: we write <p( r ) = tp(0l( r ) + tp(ll( r ), where th e 

Ot h orde r sol u Lion <p(O) satisfies 

(2.9) 

and the first-order correction <p(ll( r ) satisfies 

(2.10) 

The arpropriate boundary conditions ar<' (Ol, op< 1l ~ 0 as lr l 

The solution tot he Ot b-order equation (2.9 ) is the well known scr<'<'twd Coulomb poten-

tial 

Q xp( k01·) 

4r;c0 r 
(2. J I) 
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where r = [r [. With the use of this xpression for <p(o), the solution to the first-order equation 

(2 .10) is given by 
aQ 

<pl 1l( r ) = ---zexp(- ko,·). 
16noko 

(2.12) 

One can easily confi rm Eq. (2.12) by substitu t ion into Eq. (2.10) . For a. more systematic 

derivation of <p(ll, see Appendix B . 

The total charge density p(r) is then given by 

p( r ) = Po( r ) - Qo( r ) + p,( r), 

whet e (I ( r ) i~ the charge density of the Debyc sheath, given by 

p,( r ) = -cok~ ['Po( r ) + 'P t ( r )]- coaz<po( r ) 

_ k5Q [exp(-kor) + (~ - ~) aexp(-kor) 2 ] 

4ro r· r 4 J.:6 
(2.13) 

In Eq. (2.13) we have rdained terms to first order in o = An/ L. 

Figure 2. 1 shows the contour lines of the potential rp = <p(O) + <p(t) given by Eqs. (2.11) 

and (2.12) The closed ci rcle a the center represen s the position of the particulate. Here 

tlw potcntJal is normaliz·cl by Qko/4roc0 , and the para.m te r ufkg (~ Av/ &) is chosen to 

be 0.01. N lc lltal the contours are at logarithmic intervals. As is clearly seen , the Debye 

length .Xn( z) is smaller for larger z, resulting in a posit ive potential - overshooting in <p -

for z/ >. 0 ~ 20. Similarly, Fig. 2.2 shows the charge density distribution around the partic­

ulate uuder th same conditions. The charge density is seen to be negative for z/ >.v :2:, 20, 

indi allng polarization of the D bye sheath. 

ThP dipol 1110111<'nl of lhe partt ulate- sheath system is given by 

P - / r p,( r )dr , 

Potential 

_ _..., V n (>0) 

40 

20 

0 

-(o 
>< 

-20 

-40 

Figure 2.1: Contour lines (on a logarithmic scale) of the sheath potential <p = <p(o) + <p(t) 
~tven by Eqs. (2 .11 ) and (2.12) . The mean field potential llt0 is not depicted . The potential 
Js normalized by Q ko/4ro~:0 . 
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Charge Density 

-~ ... V n (>0) 

40 

20 

0 

-20 

-40 

Figure 2.2: Contour lines (on a logarithmic scale) of the sheath charge density p, given by 
Eq . (2.13) under the same conditions as those in Fig. 2.2. The background charge density 
p0 is no depicted . The charge density is normalized by QkJ/47f. 
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which yields P = 0 upon substitution of p, as in Eq . (2.13) . In other words , the particulate­

sheath system possesses no dipole moment , as one might expect (note that the plasma sheath 

can "shield" any multipole moment , including a monopole, i.e., a bare charge. ) 

The electrostatic force on the particulate may be calculated as 

where IJi = W0 + cp(O) + rp(l) and the second term in the parentheses represents the self- field 

due lo the particulate charge - Q that needs to be subtracted for the force calculation. Since 

this self- field and cp(o) arc spherically symmetric, the only potentials that contribute to the 

net force are <J.i 0 and cp(1l. Writing Eo =- \7w 0 and using Eq . (2.12), we obtain 

u Q2 
p ES = - QEo -1 --- . 

' l67rcoko 
(2.14) 

Here P,"'5 aod £ 0, denote the z-components of F"'5 and E 0. 

As will be shown in Sec. 2.5, the pressure force F" on the infinitesi mal parti cul ate vanishes, 

so Eq. (2.14) indeed gives the total force in the absence of mean ion flow (i .e., there is no 

drag force). Using Eq. (2.8) the total force , to 0(5) , may be written in vector form as 

(2.15) 

Th e ( Helmholtz) free energy Fu , which may be calculated from F11 =- r F, dz, is then 

given by 

(2.16) 

where q,o and o are evaluated at the particle position. In Eq . (2.16), tbe free energy of the 

unperturbed system is set to zero. ole that the polari zat ion fore - th s cond term of 

Eq . (2. 15) - is always in the direct1on of dec reasi ng Deby.- length, r gardlcss of tbe sign of 

the particul ate charge. Jn other w rds, as may be seen from Eq. (2. 16), the parti culate bas 

Hlow~r free energy when it h a.~ a thlllner Debye sheath (i .. , smallc1 >-o) . 
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2.4. Finite- radius effects 

We now extend the preceding calculation to particulates of finite radius. For simplicity, 

we assume that the particulate is a perfect spherical conductor of radius a. The radius a 

may be comparable to the Debye length >.v but should be significantly smaller than the 

macroscopi c scale length (i.e., a, >.v ~ £). The assumptions regarding plasma properties 

made in Sec. 2.2 are employed also in this section . 

The problem may be formulated in the same manner as in Sec. 2.2, except that the total 

charge is now given by 

p(r) = qn,( r )- en,( r ) 

in the pl asma, and the boundary conditions are 

ll' (r)-->\ft0 (r) as r--> (2.1"1) 

'il (r ) = ll! 0(0) + \1, at r = a , (2. 1 ) 

instead of Eqs. (2.2) and (2.3). In Eq. (2.18), V, denotes a constant voltage on the particulate 

surfa c (measured (rom the background potential 1!' 0 at r = 0), which is a function of the 

total charge - (/ residing on the surface through lhc relation 

t 8'll 
Q =co -

8
d S. 

=a. 7 
(2.19) 

the integra ion being over the parti ulate surface (note that the quantity -eo 81Ji I 8rlr=a 

represent~ th<" surf;, t• charge density) . 

Writing rp( r ) = <p10>( r ) + P>(r) again, the Oth order solution now sat isfies 

(2.20 ) 

wilh I he boundary conditions tp(O) 0 as r and 'P(O) = 1 ~, at r = a. Here we have 

assumed 1 ha \II 0(.) q'o(O) - El1:, neglecting O(P) term s (5 = >-vi L as before) . T he 

solution to Eq . (2.20) is readily obtained as 

(0)( ) _ V,aexp[- ko(r - a)] 
'P r - . ,. (2 .21) 

The flist- order equation for 'P(l) is given by Eq. (2.10), but with boundary cond itions 

'l'(ll-+ 0 as r ~ oo and - E0acosiJ + <p('l( r ) = 0 at r = a. Here() denotes the polar angle 

measured from the z- axis. Substituting Eq. (2 .20) into Eq . (2.10) and solv ing the resulting 

equation, we obtain 

<p(')( r ) = Eo - -- exp[- k0(r - a)jz (a) 3 (1 + ko•·) 
r 1 + koa 

17a V, (a) 3 ( 1 k0r· ,.3) --- - ----- exp[- k0(r·- a)j z, 
4 ko ,. 1 + koa a3 

(2.22) 

where z = r· cosiJ. It is straightforward to confirm that the above expression for 'P( J) in deed 

satisfies Eq . (2.10). Note lltat 'P( I) = E0acos fl on the su rface of the particu la.t, wh ich al so 

sat isfies the boundary condition stated above. A systematic derivation of Eq . (2.22) from 

Eq. (2.10) is given in Appendix B. 

To relate the potential V, to the padicle charge - Q, we now substitu e W = 'llo +'P(O)+'P(') 

into Eq. (2. 19) to obtain V, = - QI47rf.0(1 + koa)a , or 

and 

Qexp[ - ko(r·- a)] 
4-rr t:o(1 + koa)r ' 

(a) 3 (1 + kor) <p(1l( r ) = Eo - -. -- exp[-ko(r·- a)] z 
r l + koa 

uQ (a) 3 (I + kor r3
) + - ---- - exp - ~· r - a z 

l6uo(l-1 koa )ko r 1 + koa a3 I 'Q( )] · 

1'hc elcdros atic force exerted Oil the particulate is given by 

3fi 

(2.23) 

(2 .24 ) 



wnere E = - V'IJ!, ft is an outward unit normal vector on tne particulate surface, and the 

above integral is taken over the entire surface. Substituting E = Eo- V'(<p(O) + <p(1l), we 

oh ain 

F ES - Q Eo 1 + o + _.::._o.__:._.:;:___,-'-
[ 

k2a 2 l o-Q
2

( 1 + 2koa/3) 
, - 3{1 + koa) 1611"co(1 + koa)2 ko · 

(2.25) 

Note th il.t Eq . (2.25) agrees with Eq. (2. 14 ) when koa = 0. 

In the rase of a fin it radi us parti culate, the external elect ric field Eo determines the 

ch>trgc distribution on the parti cu late's conducting surface, i.e., the polarization of the par­

liru lil.(c. The polarized surface charges then create an electric field rep resented by the first 

t rm in l~q. (2.24), which in turn exerts an electrostatic force on the particulale given by 

the s<.>cond term in th bracket of Eg. (2.25). Not-e that thi s force, which exists even in lhe 

cast' cr 0, is unrelated to the polarization of the sheath. This particulate-polarization 

field , however, also exerts a force on the plasma, increasing the ion pressure on the partie-

ulatc . li s wi ll be shown in the fol.low ing sect ion, the ion press ure force exactly cancels this 

particulatc- polariz<>lion force (but not the sheath- polarization force given by the second 

term of Eq. (2.24)). 

2.5. Press nrc for ·cs 

B s1des t.he drag force, the on ly forces that are exerted on a par ti culate are the direct 

el c rostat.ic f rce (whi h was derived in the previous sedions) and the pressure force du 

lo tit amb1cnt plasma. As discussed in Sec. 2. 1, the magnitude of the pressure force is not 

obvJO\lsly negligible, especially in the case of a finite- radius particulate. Tbe pressure force 

is <dso st rvnp;ly mHnenc d by the elect ros at1c field around the particulate, since the densities 

of 10ns and ck•drons are delermlllcd b)• the local electric field. Thus, in order to assess the 
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effects of an external electri c field , the pressuie force must be self-consistently taken into 

account. 

Expanding Eg. (2.4) , the ion pressure may be written as 

where {3, = 1/(kaT, ). A sirrlilar cxpressure holds for the electron pressure, usi ng Eq . (2.5). 

The sum o[ these pressure expressions yields the total pressure 

p(r) = Po( r) - Po(r)tp + ~l.:b( r ) tp 2 . (2.26) 

Here we have taken tbe expansion to order o2, where c ~ e{3,<p, si nce the third term in 

Eq. (2.26) may be dominant near the parti culate surface. To sec thi s more clearly, we ast 

Eq. (2.26) in dimensionless form as 

p(r) = ]io( r ) (2.27) 

where 

ln Eq. (2 .27), note that kb( r )>.; = 0 (1) while the coeffici nt of the second term is 

Po/qn,o( O) = 0 (52
), where c5 = >.,J L, since Po ~ c0 1J!o/ U and 'l! 0 ~ 1/e{J,. Thus, si nce 

- = O(c ), t he third te rm dominates over the second term if c5 = >.-./ L ~ c. In parti ular, 

in the limit of a. uniform plasma, lhe first and second terms io Eq. (2.27) vanish, and the 

pressure is due solely to the third term, i.e, to ions and elect rons in the sheath. 

Therefore, assuming tha t li = >.,j L ~ c and taking terms to O(c3) in Eg.(2.27), we may 

rewrite Eq. (2.26) as 

p(r) = Po(z)- Po(O) + ~(k3 + o-z)<p2
, (2 .28) 

where for the background pressure p0(z) we lake i s Tay lor expansion around r = 0 only 

11 P Lo C)(c3). [n Eq. (2.28), the background quant it1es art> assumed to depend only on z, ~ 

bdorc. 
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The pressure force on the particulate is then calculated from 

FP =- fp tt dS, 

where t.hc integration is taken over the particulate surface with outward normal unit vector 

n. ']' he z component of FP may be expressed as 

FP=-21fa2 rp cos 8 sin88 . 
' lo 

Subst ituting Eq. (2.28) into Eq. (2.29), we obtain 

F p 4 3 I 2 5 "' 
, =- 3"a Po - 15 1fa Po 

2 5 2 
- 1ra coO' E0 . 
5 

(2.29) 

(2.30) 

In deriving Eq. (2.30) we usc 'P(o) = Q f4u 0(! + k0a)a and <p(') = EoacosO . Note that the 

rnagni udes of 'I'(O) and <p(l) arc of the same order at the surface, i. e., e{J,<p(O) ~ efJ,'f,{l) ~ £, 

si n ~c Eo~ l /ef3,L and a_>.,. 

If the parti ulate radi·us is suffi ienlly small compared t.o tbe Debye length (i.e., a ~ >.,) , 

whJCh is usually the case for laboratory or space plasmas, it sufl1ccs to take terms up to 

FP = _ QEo(koa)2 _ aaQ2 

' 3(1 + ko a) 2411'~:0 (1 + koa) 2 · 
(2.31) 

The first term above represents t he pressure force due to the sheath polarizat ion field. As 

mentiOn d in Sec. 2.;l, this pressure force vanishes as a 0. 

lidding E.qs. (2.25) and (2.3 1 ), we have t he total force on a small particulate (i.e., a ~ >., ): 

F, - Pj'5 -t f':'- In vector form , tlns may b t> written as 

Q2 >-o 

8no( 1 + koa )2 A JJ ' 
(2.32) f =- QE0 

where all the plasma quantities (such as E o and >-o) are evaluated at lh part iculate position, 

i.e., r = 0. 

The free energy FH may be calculated {rom Eq . (2.32) in a marmer si mi lar to th at used 

to obtain Eq. (2. 16): 

Q2 
FH=- QIJ!o + --~---, 

81rc0a(l + koa) 
Q2ko Q2 

=- Q IJ1 0 - _ ____:___::..__....., + --
8no(l + koa) Bnoa' 

(2.33) 

where \jlo and ko = 1/ >.o are evaluated at the particulate posit ion . The third term m 

Eq. (2.33) rep resents the self-energy of the part icu late, which becom s infinity as a-. 0. 

Thi s se lf-energy is not. included in Eq. (2.16) ; the fi.rst and second terms of Eq . (2 .33) agree 

with Eq. (2.16) in the limit a-> 0. 

2.6. T he role of Debye sheat h 

We have shown that, in the absence o( plasma flows, the total force on a particulate is the 

sum of l.he direct electrostatic force exerted by the external field and the sheath polariz&tion 

force. In particular, in the case o( uniform density (u = 0), the tota l force on the charge 

- Q is exactly - Q E 0 . Thus, although an unpolarized spherically-symm tri sheath screens 

the Coulomb fi eld of the charged particulate that it surrounds (Debye shieldiog), it does not 

screen the particulate [rom an externally applied fteld . 

The notion o( a "dressed particle" is often used to explain phenomena concerning charged 

particles in plasmas (e.g, Ref. 7) . Thi s concept suggests that a charged particle and its 

oppos itely-charged Debyesbeath be regarded as a single "system," and serves as a convenient 

reminder that the electric field due to tbe par ticle is only of short range . However, one should 

be careful not to infer tha the sheath also serves to shield the particulate from external fields. 

A.s shown in Sec. 2.3, the total dipole mome l P of a "dressed par icle," i.e., the system of 

a partJCulate and its sheath, rs zero even in the presence of sheath polarizatJOn, One rnay 



thus "formally" calculate th force on this dipole due to an external field as F = \7 P . Eo, 

which is of course zero since P = 0 . Thus, this dipole force does not amount to t he (total) 

force on the particl that we have derived above- contrary to what is postulated in Ref..2 

One may also calculate the monopole moment- i.e., total charge- of a dressed particle, 

which is obviously zero since tbe total sbeatb charge is equal in magnitude but opposite in 

sign to that on the particle, regardless of whether or not the sheath is polarized. Thus, 

again , the "formal" force on the dressed particle is zero, whicl1 may be interpreted as perfect 

shielding of an external field by the sheath - i.e., t he charged particle in a plasma does not 

move even in the presence of an external field, which again contradicts our earlier conclusions. 

The sou rce of this apparent contradiction is the misleading idea, suggested by the notion 

of a "dressed" part 1cle, that the De bye sheath is somehow "permanen ly attached" to the 

particle (since t.hc part1 le and sheath always move together). !J1 fact, the Debye sheath is 

not <tl tad1<:•d to the particle. Even under tbe influence of an external electric field, ions and 

eleclr ns 1n tlw siH'a h are in equilibrium under a balance between electrostatic forces (due 

to both the exterual and sheath fields) and plasma pressure forces (due to thermal mo ion). 

If the xt 'rnal field is increased, the plasma pressure also increases to compensate for it, 

rnaintainin a ne charge (i.e., a sheath) around the particle. (Hence, it is important to take 

pressur f r es into account, especially in th case of finite- rad ius particles , as was done in 

Se-: . 2A 

This should nol be taken to imply, however, that the sheath is "attached" to the particle 

through pressure f rccs, so that the electrostatic force on the sheath is somehow transmitted 

to the part.Jclc. The sheath represents only a local perturbation of tbe background plasma: if 

the particle moves from A lo B, the plasma will relax to he unperturbed state about A and 

a new perlurbalton <:(•ntcrcd at B will arise. No net transport of matter is associa eel wilh 

su h "movcnwnl" of l he sll<'a h. ln other words, a dressed particle "undr sses" and "dresses" 

each l1nw il lllOV('< Th11s, the pres<'n c of th<> sheath has no effect on the particle dynamics 

41 

if the sheath is spherically symmetric: the only additional force arises from a polarization of 

the sheath. (If the particle velocity exceeds the ion thermal velocity, however, ions cannot. 

"re-form" a sheath sufficiently rapidly around the instant position of t. hc particle, resulting 

io an ion "wake." ln t his chapter we consider only the case of negligible plasma flows relative 

to the particle motion.) 

2.7 . Pola rization forces m a g low discha rge 

As an applicat ion of l he theory developed in Sees. 2.2- 2.5, we shall ·st irnat.e tbc mag­

nitude of the polarization force given by the second term of Eq. (2.15) under onditions 

representative of glow discharges used in plasma processing applications. In such di s barges, 

the region adjacenl to the electrode sheath (i.e., the "dark space") is called the preshcath, 

in which a weak electric field accelerates ions and electrons while ma1ntaimng local charge 

neutrality. 

1\ steady-slate fluid description of the presheath region may be given as 

d 
dz [nu,(z)] = 1';0 ,n, 
d 

dz [nve(z)l 1/ionn , 

dv, , 
nt,V,dz = E- m , Viont1 1 , 

dn 
0 = - knT, dz - enE, 

(2.34) 

(2.35) 

(2.36) 

(2.37) 

where "•on is the electron-impact ionization rate. Equations (2.34) aud (2.35) are continuity 

equations for ions and electrons, while Eqs. (2.36) and (2.37) arc the orresponding momen­

tum equations. We assume that the ion and electron flow veloci li s, v, and "•• and th • 

electric field E are in the z-direction (with magnitudes tJ, tJ., and E , respectively) , tha 

lhe elect ron t mperaturc 7·~ is constant, and lbal charge neutrality holds approximately: 

n == n, :::c n'" We also akc ion charge q = e and tempera llre 7~ ~ 0, and we st>t m, :::, 0 and 

assu1n<' ih~t be ion 11cutral a.nd -1 c\ron-nculral colliSIOII fr,qu<'ll<i<'s <>r<' negligibly small. 
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The small difference between ion and electron densities, on= n, - "•• may be calculated 

from Poisson's equation 

All variables io Eqs. (2.34)-(2.37) are macroscopic quantities and are assumed to depend only 

on z. The subscript 0 that was used to indicate background plasma quantities in previous 

sections is omitted for simplicity. 

Prom Eqs. (2.34) and (2.35), we obtain v, = v. = v. Writing E = -diJ!/dz, and using 

normalized variables 

c/> = e{J.iJ!, u = vfc,, ( = lli0nZ/c,, 

I 
c, = (kl.lT,/m,)2 being the ion sound velocity, we rewrite Eqs. (2 .34)-(2.37) as 

d 
d((nu)=n , 

d11 d¢> 
d( = n d( ' 

du d</> 
u-+u= --. 

d( d( 

We also ern pi y sirnple boundary conditions: 

u = iJ! = 0, n = n a z = 0 

t• :":: c, (Bohm sheath criterion). 

(2.38) 

(2 39) 

(2.40) 

In this scdi n, unlike the onvention used in the previous sections, z = 0 represents the 

center of the glow discharge ( 110t the position of the parti le). 

It is straightforward to show lh«t Eqs. (2.38)-(2.40) are equivalent to 
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011 
0 ::; u _:; l, with n = nexp </J. The solutions to these equations may be easily obtained as 

( = 2 arctan u. - u , (2.41) 

(2.42) 

Figures 2.3 and 2.4 depict the profiles of density n, velocity v, field potential W, and electric 

field E in the presheatb region given by Eqs. (2.41) and (2.42). Her Lo = (1f/2 - 1) ,/"•on 

and z = L0 is the boundary between the preshcath and electrode sheath (i.e., dark space) 

in the discharge. 

Using the density and eleclric field profiles in Figs. 2.3 and 2.4 for n,o = n,o and Eo in 

Eq. (2.15), where 

kb( z ) = (q z(J, + e
2(Jc) n(z) , 

Eo co 

we may write the z-com ponenls of the external- field force and polarization fore as 

Fo(z) =- QEo(z) = Qvion fo(~) , 
e/3.c, l,o 

Fl( z) <T(z) Q
2 

_ 0 Qvion J ( z ) 
161ft:ol'v( z) - e(J<c, 1 La 

where a(z) = dkv(zf/dz and 

I)= eQ(J~ 
l61rt:a.Av 

with Xv being the De bye leugtb at the center of the discharge (i.e., z = 0). Clearly fa( z/ La) = 

d4>/d( and f 1(z/Lo) = exp(tf;/2)d¢/d(. where¢ is evaluated as a fun ction of ( = (1f/2 -

l )z/ La from Eqs. (2.41) and (2.12) . 

Figure 2.5 shows fa (i.e., the force Fa in the unit of Qv,0 ,fc(J,c,) and /J (i.e., the po· 

larization force F1 in the unit of oQv;0 ,/c(J,c,) as fun ctions of position in the preshcath, as 

calculat.ed from Eqs. (2.41) and (2.4 2). Note that tb ratio of tbe polarization force F1 to 

the external-field force F0 is of order 8, i.e, 

F1 
-;:;- ':0' h' 
I' a 
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Pigure 2.3: Profi les of dens ity 11 and flow velocity v in the presheath region of a glow 
di scharge obtained from Eqs. (2.41) and (2.42). The density is normalized by t hat at z = 0, 
i.e., 7t -=- n(O) , and the flow velocity by the sound speed c,. Here z = 0 IS the center of the 
clischarp;<' and z = Lo is Lh interface bel ween the presheath and cathode sheath. 
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Figure 2.4: Profiles of the fi eld potential ijl (normalized by J / f3c) and electric field E (nor· 
mali zed by E' = ''•on/ e/].c,) in the same presheath region as hat of Pig. 2.3. 
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m the presheath. For a particulate of charge Q = JOOOe in a plasma with T; = O. l eV, 

Tc = leV, n = J x 1012cm-3 , this ratio becomes 6 = 0.16: the magnitude. of the sheath 

polarization force F1 is a fraction of the external-field force Fo = - Q Eo. 

We note that the polarization force F1 was derived under the assumption that the plasma 

flow v is negligible, whereas - as shown in Fig. 2.3 - the flow velocity in the presbeatb 

region can be large in reality, reaching the ion sound velocity c, at the p resheath-sbeatb 

boundary, z = Do- ln fact, it is clear from the mass conservation equations (2.34) and (2.35) 

that effe-cts of the velocity grad ient may not be negligible: 

1 dn J dv 
; dz ~ ;dz · 

In this section, therefore, we have simply estimated the magn itude of the force given by 

Eq . (2 .1 :i) , w1t b ut demonstrating that this is in fad one of the dominant forces exerted 

on th~ pal'll<·ulal in the pr sheath. Indeed, the finite ion flow velocity is known to exert a 

sil'nif1cant dr~g f rre in tht> direction of lhe flow. However, aside from this drag force, a more 

d tailed st 11cly including the plasma flow effects shows that the force is well approximated 

b 8q. (2.1 ,')) ven in the prese nce of a finite ion flow . 

2.8. D isc uss iou 

Wc have shown that, if plasma flow effects are negligible, the total force on a particulate 

is givcu by the sum of the direct electrostatic force exerted by the external field and the 

sheal h polarir.ali n force. For an infinitesimal par ticle, we obtained the expression for the 

total fon·c- ~iven by Eq. (2.15), i.e., 

(2.43) 

whc1c l•;,l dtlci X11 are rvnluakd at. the particulate positi n. For a particle of small radius 

n , lhc fore<'" !;IV<'II by Eq (2.32). As seen 111 b th Eqs. (2.15) and (2.32) , lhe total force 

(f) 

<ll 
0 
'-
0 
lL 

u 
<ll 

.!:::! 
co 
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1.0 --------
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Figure 2.5: Th external eledrostalic force Fo and the ratio of th(· polarization force F 1 
lo fi as function s of position in the preshealh region of Figs. 2.3 and 2.4. Tl•e forces arc 

normalized by Qvion/e(J,c, . 



on the charge -Q is gtven exactly by -Q Eo in the case of uniform density (i.e., a = 0) . 

In other words, as one might expect, an unpolarized, perfectly spherical sheath does not 

mitigate t,he externally applied fteld at. the particulate position. Only the polarization of the 

sheath modifi s the external field - reducing or enhancing it, depending on the di rection of 

the polarization force relative to that of the applied field. The polarization force is always 

in the direction of decreasing Dcbye length, regardless of the sign of the particulate charge 

or the direction of the applied field. In other words, the free energy of the system -given 

by Eqs. (2.16) and (2.33) - is smaller when the particulate has a thinner Debye sheath. 

The presence of finite plasma flow may change the polarization force given by Eq. (2.43), 

beyond the obvious fTccl of a drag force on the particulate. As is shown in the next 

chapt ·r, in Lh · presence of a toile plasma flow, Eq. (2.43) is correct Lo O(vl0Ju[h), where 

v,
0 

and v0 , denote !.he ion Bow velocity and ion thermal velocity v,, = (kaT,jm,)L It is 

also shown in the 11 xl chaptet that, in the presence of a large ion flow velocity (e.g., when 

t•, ~ c, (k8 T.jm ,) l, he ion sound velocity or Bohm velocity, near the preshealb-sbeath 

boundary gtvcn by z = Lo in Sec. 2. 7) the electrostatic and polarization forces are given by 

Eq . (2.43) except. that ne uses the electron Debye length: 

(2.44) 

The ph sica! reason for this is that, when the ion flow is sufficiently large compared to the 

ion Lh rmal vcloctl.y (i.e., v,0 ~ v,h), ions cannot form a shea h and the sheath comprises a 

deficiency of electrons. In this case, ions are "blown away" by the fast ion mean flow and 

the ion density pro tic around tbe particulate becomes almost uniform. As is obvious from 

the discussion 111 Sc . 2.2, the constant ion density distribu ion [instead of Eq. (2.4 )J results 

in th(· background lkbyc length given by the clc tron Dcbye 1 ngth (i.e, ),0 = >.,). ln other 

words , Lh<.' lht< ktwss of thL' sheath a.ronnd a parl~Cula e is given by lhe elect. ron De bye length 

>.. in IIH.' prt'St'll<(' ,,, "laq;c ion now. 
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The total force on a si ngle particulate is thus given by the sum of F above [either by 

Eq. (2.43) or Eq . (2.44) depending on whether the ion now is small or largeJ and the ion drag 

force, i-e., the force due to Coulomb collisions between the flowing ions and the particulat.e. 

A complete expression for, and detailed discussion of, thi s drag force (as well as convenient 

approximate expressions) may be found in Ref. 3. 
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Chapter 3 

Particulate interactions with plasma 
flows 

3.1. I nt,ro cluction 

In the preceding chapter, we have obtained an expression for the for eon a particu li\le 

ut the absence of plasma Rows hal includes components (i)-(iit) above. In his chap\<'t , we 

extend our earli r s udy by investigating the plasma-particulate interact 1011 ll1 the presence of 

finttc plasnta Oows.1 Since the sizes of particulates that we arc c n ernrd with arc suflicicnlly 

small compar d to the D by length of the background plasma, we onsidcr on ly tlw case 

of infinitesimal particulates in this chapter. As in the precedtng ch<tpler, we shall us<, a 

fluid model for t.he plasma, and thus the ion drag force - which aris s f10m diffusion of the> 

ion dislribution fun ction in velocity space due to Coulomb collisions - must be obtained 

sepilrat ·ly from kine ic theoties. The main issue addressed her is the questiOn of how th 

polarization force ob ain ed in Chap. 2 is modified by the p1esenc<' of fintl p lasma flow s. 

Since plasma Bows will contribute to the deformation of Debyc sh aths surrounding 

particulates, lhe polarization force is expected to be dependent Oil the Oow velocity and/ r 

flow velocity gradients. Unlike the ion drag force, he dcformil ion of the sheat h due to a 

fintl<' plasma flow may be well described by a Auid model of th<' plasma. Lla>cd on lhe flutd 

approximat ion prcs<'nled 111 h<' followtng sec ion, we shall diSCUbS Lilt' plasm« particul;.tc 
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interaction in detail and systematically derive an expression for the total force exerted on 

the parti ulate. 

3 .2 . Fluid model o f the plasma 

Consider an unmagnetized plasma containing a particulate of neg alive charge - Q ( Q > 0) 

a.t position r p. Assuming the particulate is of negligible size on the macroscopic scale, we 

employ a fluid model f r th • plasrna2 defined by the following equations: 

a,n, 1 ·(n, v,) = s,, (3.1) 

Se, (3 2) 

m.,11,(8,v, -l v, · 'Vv,) - koT,\ln, - qn, <I> 

(3.3) 

c .4) 

.:0 1' = Qt5( r - r,)+qn, - e.n,, (3.5) 

whcr<' the subscrip ts 1 and c denote ion and electron quantities. Here n, v, m, <1>, T, S , and 

"repl"<'S('ttt dcnstly, flow velocity, mass, electric poten ti al , temperature, particle source rate, 

and frequ<'nry of l'll!stons wilh nett! ral species, respectively. Constant ion and electron 

t •mperol Utes ar<· assun1ed, and ion and electron viscosities are neglected for the s<tke of 

Sl1llpli<-it)' 

In lyp1<al glow discharge or intcrslellar plasma environments, the stzes of part.i<ulates 

and their Debye sheaths are small compared to the ion mean free path in the ambient 

plasma. For such systems, a fluid description of the plasma (the ions, especially) does nol 

fully account for the interaction between a particulate and the background plasma. As noted 

in t.he prev ious section, for example, a fluid model can not properly account for the ion drag 

force due to Coulomb scattering of ions by the charged particulate. 

Recently, Northrop and Birmingham3 have obtained the total inlera ion, including lhe 

ion drag force, betw en a microscopic dust grain aod a uniform background plasma, based 

on the kinetic theories developed by Rubbard4 and I<ihara and Aono. 5 13ecanse of the 

plasma uniformity, however, the polarization force vanishes in their sys tem: the to a.l int. r· 

action between a particulate and a uniform plasma is due to t.he ion drag f r c and "p lasma 

collective effects" (which t.ogdher may be considered to include pr<' sure forces). 

We arc concerned here wilh non- uniform plasmas, for whi h a kinetic tr<'atmcnt of t h<.· 

system is .nbslanlially more c mplex, and lhus he simpler system ddinecl uy Eqs. (:l.l) 

(3.5) is a reasonable a ll ernalivc to sl\tdy. As noted in lh<• preceding section, deformations of 

the sheath due t.o density gradients and finite pl asmil. flows are well de cribed by this fluid 

model {which is a generalization of I. he model used in hap. 2 to estimate the polarization 

force in the absen e of plasma flows). 

3.3. Equilibrium and elect rost a tic perturbation 

We consider first. a s cady-state (i.e., 8, = 0), unp rlurbed , non- uniform plasma that 

contains no particulates . Prom Eqs. (3.1) (3.5), the set of equations governing the <'quilib­

rium state is 

(3.6) 

(3 .7) 

54 



(3.8) 

(3.9) 

-£oL'I <f?o=qn,o- enr(}. (3.10) 

ll cre the suhscnpl 0 denotes the unperturbed (i.e., equilibrium) slate. 

In tlus rh"ptcr, w · ar no directly concerned with solv ing Eqs. (3.6)-(3.10). Instead, we 

~hall <tssunw 1 bat nn cqurlihrinm plasma slak satisfying these equations is given, and then 

dcl~rn 11 n<' how 1 he "' rouuclion vf a charg;rd particulate perturbs the system. Denoting l.h 

perturbed rl<-usily, potential , and Aow velocity by ii, 4,, and \' , rcsp ctivcly, we may write 

11 _ 71 ,1 1 1i, <I• - <l•o 4 q,, anu v = v 0 -1 v. Assuming that these perturbations a rc smal l, we 

now I111L'orizl' Eqs. (3.1) (3.5) with rcspecl l t.bem. 

Ftom Eq . (3 .:1), for example , we blain 

l~ l iminating the 1. rm (v,0 - '\')v,0 from Lhe above by using Eq. (3.8), we ob ain Eq. (3.12) 

below Swtilatly, from Eq. (:3.4) aud (3.9) with m, 0, we obtain 

- kaT, ( ii,) + e\11/J = 0. 
Heo 

Upon inl<-gration, tlns ytdds the Bvllzmann relation for the electron density given by 

Eq . ( l.11) belnw . 
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The linearized equations for the perturbed quantities are thus given by 

(3.1 1) 

_ 1 ( r. .. ) m,8,y, = --\1 - - q\lf 
/3; n,o 

(3.)2) 

-E.oL'If = - Q!J( r - r·p) + qii, - >ie, (3. 13) 

(3.14) 

Here (3, == 1/ kaT; a nd (3, = J /kaT •. Note lhal tbe equation determining t.h<.> clc iron fl ow 

velocity v. is decouplecl from the system (3.1 J )- (3.14). 

In the case of zero ion flow velocity, Eq. (3.12) gives the Boltzmann rei a ion,-,, = - q(l,n,o4• 

for the ions, and the syst m rt' duces lo that discussed in Chap. 2. In ol her words, Eqs. (3.11 )-

(:!.14 ), which iuclndc the effects of finite plasma flows, represent a gcnera.li zal.ion of the model 

used in Chap. 2. 

3.4. Steady- state solu tions 

\~'<·now so lve Eq~. (3. 11 )- (3.14) iu a steady stale to obtain t.hc Dchye sheat.b surrounding 

a particle under the influence of an external field W0 , a density gradient \ln0 , and an ion flow 

' ' •0 Since plasma pcrturba ions due lo the charg d par icu1ate arc (onfined within a small 

volume (the Debye sheath), it is natural to assume that. the spatial variations of pcrlutbed 

quanltties are much larger than those of the corresponding equilibrium quan i ies in the 

sens I hat, for example, I \I hi ?/ I'Vnol-

To tt1ake Ute system of equations more raclable, we select a local coordinate sysl em by 
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· _ 0 d choosing the z-axis parallel to the direction of gradients of equilibrium seil1ng r p - an 

· · f · !icily 1 hat the ion flow velocity and the gradients of aU equi-quanlitJes (we assume or s1mp · 

librium quantities, such as no, v 0 , and w0 , are parallel). Then , to accuracy 0 (6) , where 

6 =>.of L with D being a represen alive macroscopic scale (e.g., the density gradient scale 

]'V In n,o]- ' ), the equi librium quant ities in Eqs. (3.11)-(3.14) will depend only on z and are 

given by n.o(z) = n,o(O) + n:o(O)z, v,0 ( 2 ) = v,0(z)z = lv,0(0) + v:0(0)z]i, . .. etc., where the 

primes denote dcrivativ s with respect lo z and i is a uni t vector in the z direction. 

Using the following normalized variables 

r 
p - ~· 

v,o 
t/.(1 7'"- , 

11 . ,t.l. 

ii, 

n = n,o(O)' 

v , 
ll = - , 

v .. u, 

>..n~o(O) o - 5_ Q" - - q{3,Q 
llt· = nco(O) l - K.~, - - eo\!, 

where r is tl1 · pooil1011 V('CIOI in the new local coordinate system, v,,,~, = ( kaT.fm,)' 12 IS 

till' 1on t hPIIIHtl velocity, ,\, 

elect.ron <Lild ion Dc·hye lcngt.hs evalu;;ted al the particulate position r = 0 , we may rcwrit.e 

(3.15) 

(3 .16) 

(3.17) 

ll er<' u, is the ~ component of u , aud 6 = V2 is the nom1alized Laplacian. Note tha Jl-, JL., 

end u~1 ~~e (' l(o). 

]11 •lw l.,~t tcnn of Eq. (3 .1()]. th • coetlicicnt '"11, ,ft' ,,th ~ >.,j>.,.,rp «: I , where Amfp 

I f ]L 1 •t · · ons a 1d neutral SJWCies (which is usually denotes t ht' nwan frt't~ pn 1 or co ISton s ><. wc.;cn 1 · I 
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large compared to the electron De bye length) . In other words , the effects of collision bet. ween 

ions and neutral species may be ignored for dynamics on the scale of the De bye Length . Thus, 

the last term of Eq . (3.16) (i.e. , the term proportional to 11,) will be dropped henceforth . 

To solve Eqs. (3.15)-(3.17), we use the Fourier transformation defined by 

/ (k) = j f( p ) e.xp(t k -p ) dp , 

where f( p ) is an arbitrary function and the integra tion is over all space. Not that under this 

transformation 'V f __, -ik], (f --> -id] /dk" and <l(p) _, 1. The Fo uri r transformation of 

Eqs. (3.15)-( 3.17) is then readily obtained as 

_ _ du . , d1i 
k ·u 1 u0 k"n=?f1 k · dk, + w 0 k,dk,, (3.1 ) 

ki1. + k,j, + u0k, u=tJ17iz - tu~ti,i 
d . d 

+'·fl dk, ( k1,b) - t( v~ + Jl-tlo) dk, ( k, u), (3 .19) 

(k~ + 1 )1/~- oft = Q' + if'• d~, ,j,. (3.20) 

Since the system is symmetric about the z-axis, we may choose a unit vector CJ. orthog· 

onal to i such that u = 11-J. Eo .L + u, z and k = k.leJ. + k,i. Equations (3.18) (3.20) may then 

b~ wntt.en in ma rix form as 

d 
(:>.21) M~ = iAt ~ +iA2 dk ~ + b , 

' 

wher 

( = [:; l and 
b - [ J l 

Als" [ ,, k, uok, 

0 l Af !lt 0 k.l kJ. 
uok, h', k 

0 - () I t ' k2 
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and 

0 
0 

-(2u0 + f.LUo) 
0 

f.L k, 
0 

-(u0 + f.Luo)k, 
0 

0 0 l 0 0 
I' I' ' 
0 0 

where k [k [. Not. that each non~6cro entry of A 1 and A2 is 0(.5). 

Tlw solution lo Eq. (3.21) may be given in the form e = e <o) e <'l, whe re E (O) = 0(1) 

and €('l Ll(h) . The Ot.h order solution e <oJ to Eq. (3.21) then ev idently satisfies M e<o) = b 

or, from 1-:qs. (3.] ) (3.20), 

(3.22) 

(3 .23) 

(3.24) 

Solv tnl( tlw a bot·e equatiOns, we obtain the Oth rder potential 

,pn)( k ) = Q" [~:2 + I + o ] _ , 
l - u5 cos2 1J ' 

(3.25) 

wh~rc l (lS n k, I~-. In chmcnsionnl form, the equation above becomes 

where• ~- n,A:. u!P thi.t, when u0 , I, the ion Debyc length..\, = ~~:;' is effectively replaced 

by\, ( I u~co~1 11)
1
• 1\a.mely the sh..:ath thickness around t h~ particle is reduced most along 

tho· '""(I(' .. r 0 anrl Jr) 

5\J 

In coord inate space, tbe sheath potential is given to lowest order by 

q~< 0 l( r ) = qf3,(~Jr)3 j -0<0l( k)exp(-ik · r /..\,)dk . (3.26) 

In particula r, if uo « 1, this poten t ial becomes 

(3.27) 

I 

where r = [r [ and Ko = (~<? t ~~:;)2 . The deri vation of thi s expression is given in A ppendix '. 

The first term of E q. (3. 27) represents tbe we ll - known screened Coulomb potential. F il(u 1e 

3.1 illustrates Eq. (3.27) for u~ = (v,,ofv ,_,h )2 = 0.1 and K-, /~<o = 1. 

The fo rC'e exerted on lhe particulate by the electrostatic. fie ld is given by 

F = ( - Q)E[,; o 

= Q\1 (<P( r)- - Q ) I - QE0(0 ) 
4 7r£Q7' r : Q 

(3.28) 

= ..\.q~,i(;~ )3 j dk k [-0( k) + t:~ 2 ] - QE0 (0 ). (3.29) 

The term - Q/ 4Jrt:or in Eq . (3.2 ) represents the self energy of the part icu late, which must 

he subtraC'ted out in t h~ force calculation. Note that. lhc Fourier rausform of l/4~p is lfk 2 . 

By substituting Eq. (3.25) int.o Bq. (3.29), we find that the force F" - F -+ QEo( O) due to 

lhe lowest - rdcr sheath field polcllt,ial qo1°l( r ) vanishe;, i.e., F P 0 , sin ce the integral ov'r 

lhe polar angle B vanishes. [ndeed , <tS may be easily SP.en from Eq. (:j.26), he lowest order 

sheath potential q,ro) is symmetric about the x- y plan - q,< 0l( r ) is invariant under th map 

< _, -z. In other words, ll](' Debye sheath docs not become polarized in th presence of a 

uniform ion flow v ,0 , alth 11gh the sh ath may I somewhat squeezed m he z direction , as 

depicte-d in Pig. :.1 .1. o cbarg sep<>•a ton i• associated ~.-,lh thi ; sy mnwtri' d formation nf 
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Figure 3.1: The potential contours around an infinitesimal particle (located at the origin) 
obtained from Eq . (3.27). Here u5 == 0.1 and "'D == tt , are assumed . The potential is 
normallzed by Qt<.v /a1rc0 . Note that the contours are on a logarithmic scale. 
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Figure 3.2: The total potential ¢(0>+ ¢(!) obtained from Eqs . (3.27) and (3.36) . To emphasize 
the ion flow effects , we have assumed a = 0 and v:.o = v,,o/ L > 0 with >.of L == 0.3. The other 
parameters are the same as those in Fig. 3.1. Note that the contours are on a logarithmi c 
scale. 
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the De bye sheath, and thus no net electros tat ic force is exerted on the particulate. The iirst 

term prof Eq. (3.29) may be called a polari2alion force, since it becomes non-zero only when 

there is a charge separation (i.e., polarization) of the sheath surrouJJding the p articulate. 

Uniform ion flows thus exert no net force on particulates in the fluid approximation. In 

kineti c tr atments, however, Coulomb collisions between the flowing ions and particu lates 

cause an asymmetry in the ion distribution function and give rise to a non- zero ion drag 

forr<' .0 (The situation here is som what different from the well - known d'Aiembert paradox 

in fluid dynamics, which states that two-climensional, incompressib le, irrotational, inviscid 

Oows exert no drag for cs.) !J1 our fluid model , although the size of the part icu late is 

infinitesimal , we ncvert.heless assume that it is a "small" macroscopic object immersed in 

the pl asma Under surh conditions, the for e due to the non- uniformity of the background 

plasnw - smh as t.hc polarization force - becomes t he dominant force exerted on thc 

par! icul.d •• . We t hcrefore proceed to higher-order calculations. 

3 05 0 Fo r('cs d uc Lo plasm a non- uniformity 

As shown in Lh<' previOuS sedion, lhe effect.s of plasma non- uni form ity are contained in 

the lir•t order solution ~ (l) to Eq. (3.21) - a uniform plasma wi th finite fl ows, as repre­

s,•nf<'d hy th llth orr!~, solution ~(Ol, do<:s not cxer a polarization force on the particulate. 

Tlaoll'f<•no, w o now s" lve Eq. (3.21) t 0(6) to obtain the non-zero polari zat ion force. The 

alg<'I>JnJC manlptdiiti 11s in this section were m stly performed using t he AXIOM system
7 

By .olving M~(O) - b, or I::qs (3.22)- (3.24), we obtain 

(3.30) 

whctt~ 

1)3 

Then, from Eq. (3.21 ), the first-Qrder solu tion ~ ( ! ) satisfies 

Substituting Eq. (3.30) into the equation above and inverting the matrix M, we readily 

obtain the so lution ~( I ) 

In particular, the first-order potential perturbation may be given as 

where 

,&Pl( k) = i Q· ,.{,,. + 1'•-J.,.. -1 uoJ'u 
{[k~ + (kl + l)k;] u5- P(P +a+ 1)}3

' 

-o.k,e [6'-'~ + (3kl - 2o: - 2)k;- 3k1 - (so -1 3)ki ]11~ 

+ak~ [41.:~ + ( 5k1. - 2)1.:; + k1 kjjt'~, 

- 2k, k2(3k; 3/.:j_ k;- ak_i) u~ 

+2k~(31.:: + 3/.:_i 1,;;- akj) uci 

V•u = 2o.k,k4 
(/.-

2 -1 0. -1 I) uo 

-2o.k~ k2
( e + l) ug' 

(3.31) 

(3.:12) 

(3.33) 

(3.34) 

It IS neither easy no r practical to use tbe full solution for ,j.tl)( k ) givrn by Eqs. {:1.31 )­

(3.34) to est imaLc the polarization force. Instead w<' shall consider two important limJI i 11 g 

'ases, in which the expression for he polariza ion force provides clearer pl1ysical insight and 

ronrise formulae thal may be used in macroscopic (e.g ., fluid or parlJck-in-c II) simulations 

to detei l11JJJe overall particulate ranspor( charactcnslJCs in llw plasma. 
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3.6. Small flow limi t 

d L I 'd· t lllc r lation between the complete solution obtained in the preceding Jn or r o e uc1 " e 

· d lh t · · CJ1ap 2 we first lake the limit of a small ion flow (i.e., Uo <t: I) in scciiOil an a g1 ven 1 n . , 

Eq. (3.31): 

• [2(ap + f.L,)k, 
~.Pl( k ) = tQ (/,;2 + cr + 1)3 (3.35) 

Her J mod tl1 ,t '- >. 0 /L ~ u0 <t: land u.0' = 0(6), rather than u~ = 0(6uo) we H1VC assu ... . "• u - -

(i.e., the ion flow velocity is assumed to have a sleep grad ien near the particle), to clarify 

thC' eff<'cts of the ion flow gradient. Note that CXf.i + JLe = 0(6). 

Th · 1nv<'rsc Pouncr lransforrn of Eq. (3.35) yields 

I 
d>(ll( r )-- 1,/>(')( r ) 

q/3, 

_l _ j J,(l)( k)exp( -> k·r />.,)dk 
q,l,(211')3' 

((a z 
-- cxp( Kat·) 

1G11'Co»:n 

v, 0~i tt}Q: [ ( 1 2 2)] 
1 · ~ 1 -cxp( - "'D'') 1 + "O'' 2"Dr 

'211'11~,1h "~) " 3 
(3.36) 

whc•rt• KfJ ("-; 1 ,~)1 /2 115 before, and a= dK1(z)/dz. D tails o-f he above calculation 

A I . , , ' rhe fir<t L<;>rm in Cq (3 36) represents the pot.ential perturbation illt' f\IVCII Ill ppt' \H IX \ ·. ~ - • 

due tc> th1· rkllS~ t y ~,adiC'Ill (i.e., the gradient of tlw Debye length >.v = tt£,l}, while lhe 

S<'COild 15 "'"' t.o the gu1dicnl of the io11 How velocity. Bence, polarizations of the Debye 

~ d d t · f Eq (3 3 ) may be called the density-shc·at.h represented hy l h<' nrst an secon erms o . · 

gradi<'lll ,l\l<l 1011 il<•W grildicnt pol ariz;;( ions, respectively. In the case of zero ion How or 

!low gliHh<'lll, Bq (3.3li) c,·id n ly reduces t the first-order potential perturbation given in 

\'hap . 2 

F 1g1111• 3.2 show s the total potential (except for that of the applied electric field E o) , i.e., 

tj>tOJ </>ttl, derl\•t>d from Eqs. (3.27) and (3.36). The particle is local d at the origin To 

6S 

( emphasize the ion flow ef!'eds, we have assumed a = 0 and v;,o = v,,of L > 0 with >.a/ L = 0.3. 

The o her parameters are the same as those in Fig. 3.1. Note that, sin e v:,o > 0 (and thus 

v,,o is larger in the region z > 0 than jn z < 0) , the sheath tbi kness is smaller for z > 0 

than for z < 0. 

As remarked in Sec. 3.4, t h Otb order solution ,j,C0 l( k ) does not contribute to the polar-

ization force. Therefore, from Eq. (3.29), the z component of the polarization force F P may 

be obtained from 

(3.37) 

where c = uo = v,ofv,,tf, ( he derivation of Eq. (3.37) is given in Appendix. ') . As in 

Eq (3.3o). lhc fir st and second terms of 8q. (3.37) r pres<'n the density gradi,mt. and 

ion- flow- gradien t polMization for.; s, respectively. /1gai11, in lh(' case c = 0, the it.bov<' 

polanzat ion force agrees wi h that given in Chap. 2. 

To obtain the total force, one needs to consider also the contribution of pressure forces. 

As in Chap. 2, however, a direct calculation of the plasma pressure shows lha the pressure 

force on an infinitesimal par tie!' is zero . Therefore, asi e from t hC' iOIJ drag fore- that oeeds 

to be· obt.ained from kinetic theories, Lhe \olid force P is given by I he sum of lhc dire t 

electrostatic force ( - Q )Eo and Lh<' polarization force given by Eq. (3.37). In ve tor form , 

\'.'e n1ay writ.e 

(3 .38) 

Here we have used a =- 2>.[/d>.v/dz. No c hat , in Eq . (3.38), all plasma quanti ies are 

evalua d ;d th position of 1 he par irula e 
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Under typical plasma flow conditions, tbc flow v locity gradient v:0 is expected to be of 

order v,o/ L (where Lis the macroscopic length scale), rather than v:0 = v,o/">-o as assumed 

1 ·h· ' - 0(6~) where{; = >. 0 jL and c = v,ofv11 h, and therefore IV' >-vi = abov . n ... IS case u0 - "" , ' 

0(6) and >, 0 [\lv;,ol/v?,,h = 0(6~: 2 ). Then Eq. (3.38) may be written as 

Q2 \7 >-o 
- QEo- --2- 0(6c2

), 
Brrco >- 0 

(3.39) 

where the first two terms are the same as the total force obtained in Chap. 2. l u other 

words, if the ion flow velocity is small compared to the ion thermal velocity, the ion- flow­

gradient polarization [or e is tJ(6c 2) whereas the de nsity polarization force is 0(6). The 

f rce cxptcsston given by the first two terms of Eq. (3.39) is therefore a good approximation 

for a non tunform plasma with small ion flows . 

3.7. Large fl ow limit 

In 'YP" ,tl glow tils barges used in industrial applications, particulaks become "trapped" 

at 1 he plu~n 1 a -sh<'a1 h boundary - i.e., the bo1.tndary between the bulk plasma and the sheath 

adja<<>n1 to 1 he clec rode, as we discussed in \.he preceding chapter. rons in the preshea h 

• J t l •0 .. ,,rd ''-e plasn1a- shea th bounda~·t· and the iou flow velocity v,o regton ar<' ac eel'<< ec , '"' <U J 

1eu.clws the sound (ot Uohm) velocity c, = (koT,fm,) ' /2. Since T, :1> 7~ under ypical 

mndtt ,0115 , t.he i 11 !low velocity xcceds the io11 thermal velocity, i.e., v,o ::= c, :::1> v,, ,h· 

L11 tlw large ion flow hmil we set uo » 1 in Eqs. (3.31)- (3.34) and retaiu only the 

low~'t ot ucr let ms iu the expansion parameter 1/ uo. This gives 

. _k, 'J(i) 
- 2tQ 11· ( p + l )3 + c ua (3.40) 

wh('rc I'· O(b) ole that he I west- order term is independent of uo. 

lis Ill Eq . (3.:1G), the 1nverse Founer lrausfonn of 8q. ( .40) gives the poten ial ¢Pl, to 

>I 

lowest order, as 

where a,=- 2 >-;3 d">-./dz. As in Eq. (3.37), the z component of the polarization force rnay 

be obtained from Eq. (3.40). To lowest order, we have 

Since the pressure force is zero for an infuJitesimal particulate, th ·total force in the presence 

of a large ion flow may be written in vector form as 

(3.41) 

wh re c. • = 1 /uo = v,,u,fv,o. Note again that , in the limit of strong i n flows, llw io 11 flow 

gradient polarization force vanishes to lowest order. 

Comparing expressions (3.39) and (3.4 l) for the opposit.e li mits of small and large ion 

flows, we see lhai they difl'er only in he Debye length that is used: in the smal l-flow limit, 

Ao is used, whereas >-. is appropriate to the large- flow lirnii. This reflects th fact that , in 

I he absence of ion flows, th size of the Debye sheath surrounding a particulat is giv 11 by 

lhe "eharortnis1 ie'' Debye Length AJJ = (lf>-: Jf,\:J- '12, whil in II' presence of large ion 

Row,; it is gi,·cJI by jusl t,h elect ron Debye length A,. 

The physical reason for this is that when the ion now is large COtnpared to the iou tbcrmal 

velocity (i.e., u,o » v,, ,, ), ions cannot form a shea h, and lite sheath comprises a defi ciency 

of electrons. In this case, the ions are "blown away" by the fast ion Aow, and the ion 

density profile around the particulate becomes almost 1.111ifnrm. Jn typical glow dis har, s, 

however. plasma A ow v<'lociLies are generally small compared 1 o the clcrf,·o11 thermal veloCity 

t•,,,, = (l,·aT./m,)' 12 . so thai the cleclr n sheath, 0f dimeiiStOJI ">-r, is hardly affetted hy tltr• 

plasma flow . 
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3.8. Concluding remarks 

In this chapl er w have extended the results of the preceding chapter lo obtain the total 

fore F exerted on a charged particulate in a non-uniform plasma under the influence of 

finite ion flows. W , have rigorously demonstrated, in the context of a fluid approximation 

of the plasma, that the expression for the polarization force given in Chap. 2 is a good 

approximation unless the ion Aow velocity is comparable to the ion thermal velocity. 

F1 m Eqs. (3Al) and (3.39) we may write the total force on a parti u late as 

F 
Q2 \7 >. 

- Q Eo---- + (ion d rag force), 
81reo .>. 2 

(3.42) 

where >. , epr<'scnl s the thickness of the De bye sh ath around the partindate. The first term 

i~ th(' ,.J,•rl roslal ir force on he par iculate charge - Q exerted by th · external electric field 

E0 . while- th(• ,c·wnd t ·rm is the pc•larization force. i.e ., the force due to the polarized Debye 

sl1 eath 'ole thai E 0 ami >.in Eq. (3A~) are to be cvaluakd at the particulale posi tion. 

In lhr nuid approximation, polarization of Debye sheaths may be caused by density 

{\r<ldi~;nls and/or ion fl, w gradients. As discussed in Sees. 3.6 and 3.7, however, the ion-

flow gradi<·11l polanza~ion forre is typical! small and may be neglected o lowest order, as 

shown 111 P.q . (:3 42) 

If th,• 1on Aow v · locily is small compar~d to the ion thermal vclo ity, i.e., v,o « v,,1h. the 

~heath thickn<'ss is given by the characteristic Debye length >.v = (1/.>.? + Jj>.;)-'12
, and 

>.o shou ld he used for>. in 8q. ( .42). No~e that if T, ~ T. (as is the case in typical glow 

n tlw olb ., hand. if the i n flow velocity is large com pared to the ion thermal velocity, 

1 c.. ''•" '' ''o.th, the sheath ll11 kness 1s given by the electron D bye length.>.,. In his case, 

the 1011 denslly profile a10und ll1e particulal.<> is almost uniform , and the sheath comprises 

only " d,,firi<'n< of eke! rons. The conditions for such fasl ion Rows arise when particulates 

are trapped (due to a balance between electrostatic forces and drag forces) at the plasma­

sheath boundaries of glow discharges, where the ion flow velocity equals the sound speed c,. 

Under such condit ions, .>., should be used for >. in Eq. (3.42) . 

Strictl y speaking, Eq. (3.42) holds only in these two limiting cases. F'or intermediate 

values of V,o, as is clear from Eq. (3.38) , the contribution from the ion Aow gradient to th 

polarization force may be comparable to that from the density gradient. A more accurate 

evaluation of the to tal force at arbitrary v ,0 may be obtained by performing the integration 

(3.29) numeri cally, using the complete express ion for ~('l( k ) (which is valid for any v,,o) 

given by Eqs. (3.31 )- (3 34 ). 

Note also that, as indicated in Eqs. (3.39) and (3.41), t.he errors incurred by using 

Eq. (3.4.2) in the two limi ting cases a re on ly of second order i.e. (')( 112 ( 11 2 ) f r u ~-
, 1 10 1,tl1 · tO "-S.. 'U1, th 

and O(u;,o,/v?o) for v,,,h « v,a. (The ion-flow-gradient polarizati n fore is represented 

explirit.ly b ' the third Lerm of Eq. (3.38) when the ion flow is relatively sma ll.) 

II is int.erest ing to note thal, regardless of the sign of the particulat charge, th polar· 

ization force is a lways in the direction of decreasi ng Debye length. From 8q . (3.42), we may 

calculate the (Helmholtz) free energy FH = - r F, dz (neglecting (he ion drag force) as 

It is evident from this eXJ)ressi.OI1 'l1af b t. I I 1 f ' e par 1cu a e 1as a ower rec nergy when it has a 

thinner Debyc sheath (i.e., smaller.>.) . 

As noted in Sec. 3.2, in most particulate systems observed in laboratory or space plasmas, 

he siz<'s of the j)i)r icu lates and their Debye sheaths arc small compared to th(' ion mean free 

path for the backgrou nd plasma. Therefore he fluid approximation that we have employ d 

he•e is not stri ctly valid, especially when it is applied to phen mena that involve significant 

vanati n of the •on dis ribulion fu ncfion. The most importan t aspect of such kinetic efT~;ds 

IS lhe 1on drag force, which needs to be obi ained separal<'ly from kine 1c alculations and 
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added o the fluid force, as indicated in Eq. (3.42). 

As shown in Sec. 3.4, tb drag force for an infinitesimal particulate vanishes in the fluid 

approximation . However, the polarization force, with which we have been concerned, is 

well des ribed by the fluid model. Although a systematic kinetic treatment of non- uniform 

pl asmas is ratherformidable, the question of whether such kinetic effects substantially modify 

th<' polarization force obtained from the fluid approximation deserves attention . 

For xpressions of the ion d rag fore , the reader is referred to Ref. 3, where large- angle 

Coulomb scatlering,8 dynamical friction,9
•
10 and collecliveeffects6 a re treated systematicall y. 

(In thi s treatment, however, the background plasma is assumed uniform, so the effects of 

external fields and density grad rents are excluded. Thus, to obtain the total force in a noo­

\rnr forrn plas111a, onr needs to add the first two terms of Eq. (3.42), which repres nt the 

exlrrri"l d.·rtroslaiic force and polarization fore, to the drag force- assuming thai such a 

""I'"' l'"'ill•>ll i'" v~tlr d approximation.) The final expression obtained in thi s manner, which 

1" a fnnr 1 ion of lora! plas111a coud rtions Hrch as lhe electric fi eld, plasma density gradients, 

rtc ., '"~ Y I>" ""'cl in conjunction wi h macroscopi c simulations to determine th overall 

parlr,uli<i<' transport cll!l racterisli sin a discharge. 
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Chapter 4 

Excess energy of Yukawa systems 

4.1. lut.rocluct.ion 

In llw pr<·senl ancl tll'XI bapters, we investigate he behavior of strongly Jutcracling 

cha J;\t-d dJJSI J>ilillrl•·s JJIIIIWJscd in a plasma.' ' l'o mod ·I such a system, we consider an id ·<d· 

,,.,d lll<•d··l, •llllpr"Jnlf. A idenliralpo11il dlarf',<'S (rcprcs<'Jtting lh<' paJttcnlalt's) immersed 111 

a ""li""' h' (1 ,. , ,t;JIIh iJ• ally aver<•g••d) nt·u lr'llizulg background mcdJnm . Th1s background 

""'Y J,, "JJm:l>JII' nf diii<'J<'JJI JJJ~dJa, ead1 assnnwd to bt' in th ·rma.l CC]uilibriu111 t a g1vt•n 

tcnlJH'I.JitJr<' . (<',.,lilt',,,];,· of s1n1ph it.y, we shall not onsidcr non equilibrium eff· ts of the 

b;~tkr,JollJJd pJd.SIII<l (sud\ dS pJ itSillil ancJ Jl<'Ulr;.J fiC>WS, atllbien\ eJc.clric fields. ~t<.) On the 

/Is we h<~v•· d1,. IJSS<"tl "·'I lwr, llw .:knnc pnt~ntial al posit. ion r in thi s system is given by 

th·· Vuk<~w<1(1<' ,Mr•·,·twd (\,uh1mL) P"kntt<,l </>( r ) = (Q/47reo7·)exp( - kvr) , where,· = lrl 

and !·,.' ,., the dJCtrilt l('rt sltt J) d•v<· kngth for the hackgro JJJJU medium , if a point char 

Q IS ltH.tled .1 1 r (I «nd lit•• rll'<'rl uf all oth<'r point ch11rgcs is ignored . Tlus represents 

,, hn t'.trJzcd ,,.Jullt>n (l ilt' Dehy<' ll ti,kcl apJH<•Xtmation) f lht: Poi sson Bcoltzmann syslt:m 

TlJ 'I<' lial't ' la'<'n S<'V<·J<d !onk ('arlu ( \( ')and mok·cular dynamics (tv! D) simu lati ns nf 

.. , ,, , 

These earlier s udies, however, do not lake proper account of the energy due to tbe 

charged background medium in the analysis of simulation data. The contribution f th ( ') 

background to the total energy becomes particularly important when one evaluates ther-

modynamical quantities from MC or MD simulations in the weak screening limit . As wil l 

be explained in detail later, the total Yukawa- system potential energy diverges in the weak 

screening limit. To obtain physical quantities in such a case, on must therefore subtract 

the correct infinite energy due lo lhc background charge from the lola! Yukawa potential 

energy. 

In the next chapter, we present MD simulations for Yukawa syst.cms in b lh the weakly­

and strongly screened regirncs. 6- 8 lf the s reening vanishes complrkly, l he sy lcm is called 

the one- compon<>nt plasma (OC'P) 9 - 16 l n thi s chaple1, we U<'live an f'Xprt'ssinn fm t.h<' l.olal 

r>:ccss cnngy of Yukawa systems that converges ICJ that f lhl' Cl' "YSl<'m. This exp1cssion 

JS us,•d 10 ,·,tl ulnt<' Vilnous thcrmndynilmiral quanti I i<'s in the next chap lN. In the c.lenv~l ion 

·oft he <'X<"cs. energy, w, • <'nlploy full pt·riodir boundary c011ditions {which ilJc also used 111 ih<' 

IIJ SJmula.tions pr<'St:'nkd in tlh' ncxl chapkr) and rstn b!Jsh lh<' ro1r<·•l l<'i<tlioJJ lll'twe<'n 

the Yukawa pair polenli;,l a11d the Ewald poLcnl.ial used for the C:l' sys tem . 

As w<? discussed earlier, l he dus\ rrains arc n gat1vely d1arged du lo the high >] ctron 

mobility, a11d su1 rou11dr·d by De bye shcal lis of radius comp<trablt· (<,the J)<"hye lengll1 ~· 11 1 . lf 

the plasma COJJSlSls of clccl1ons and a single speCies of ions, the ~haraclf' t is tic Dcbye lcngt h 

1s related lo lh<' .i n and <>lecl ron Ucbye l<·nglhs A, and A, uy k0
1 (1/A; 1 1 /A~) '1 2

• In 

lnw dt•nsity discharg•· plasmas, I h(' ·lccl ron lemp ralure '1~ JS typically much higher than 

tlw ion ten1pcnd un: T, so lha.l ,\, «: A, and l.:v ;:,; >., 1. 

If 11,<' Yukaw>t par\i("ldnk syskm is in t.hcrmodynamir NplilibriliJn, 1l may be chMaC if'r-

l.nn of the 11ilcr particulate 

<h I ill!• <' " ( .l/4 n 11 )
1 1 

( wh<'lt' " " 1lw parttcul<~l c cl<'nsily) tq II If' S<ff'CIIJng lengl h I.-LJ 1 , a11d 

·,·.1 



the normalizrd invc.rse temperature 

r = Q2 .. 
47re:oakaT 

(4.1) 

r represents the Coulomb energy of a pair of particulates measured in units knT, a lthough 

I I · • hnlial energy is smaller by factor exp( -~<)due to the Debye shielding. (Note l 1e rca palf po., 

thai in some earlier work, l!.g., Refs. 5,6, 17, th' quantity 

r· = Q2 exp( -~<) 
4.7rcoaknT 

( "' (' 1) 1 n the uext chapter, however, r as defined by Eq. ( 4 .J) is is nscd inskarl o ,;q. '1. . 

used since the parlicnl<dc temperature - kinetic energy- a11d screening length arc theu 

COnV<'nl<'lllJy propOiliona) tu r - l and,_ 1
.) 

f d ·1 JO~ 3, t.cm11er<L\.ure T. = O.leV («'I'.), and barge 1•\>r c·x;11npl'•, '" IOn ens1 y n, = m 

c, and p~.rl!culatc density 11 1011 rm-3, temp ra!ure (i.e., kinetic •nergy) 

·r 11 1 "' , rliHI cl1arr..•· (J tO\, w.· have K 0 3, I' 232, and r · = I OL 

I ill' :\'sl•· 111 "'"Y [,,· n.JJ,.d "si ionr,ly nupl·~cl" since lh<' ralw of tlw \yjw·aiinkrpaiti,J,• 

c'IIPI!W 1,, til<· liwnnal I' Il<'If(Y \ ~ I' ' ) IS sultki,•ntly larg<·1 than I. The free ekcl iOll density 

1, dc'lf'rilllllcd by , h,>J·gt• Ill'!! I ralily: n, - Z,n, Zo11 ;::, 0 in ibis cas<.", i.e., all cledrons are 

al Lachrd lu dust p,r.\IIIS Tlw CXil111pl~ is typical of process plasmas, but K, and r· may vary 

wHiclv d,·p··ndllt!( llll I h(' pi<LSlllil sl ale 

If tlw sysl<'l11 1s not in 1 li<·nnodyiHtlllir cqnilil>rium, pari indal es may be subje t l.o various 

f•lf•<·s, 111 , J11 ,1Jnp. Jrar.; f,r,,·s 1R .tnd palanzation for,es,H'·20 in addition lo the inlerp«rt.icle 

)) (• ri vat io n or t. h l' fie ld p o t.c nt.ia l 

\\",, fi~>l dc' IIV<' IIi•• ,•J,•t lrosl<tli< pnlt:nlwl p;CIW!alcd by charg.·d parttculillcs and iJ neu­

t1,,1J,.111)!. b,,.-k)!.wiiiHI Im·c.IIt iiiJ '"Idiii<'J tu ,, ,ulm"l dnmain I ' of sJd<· length L ( \ ' = !}). 

Consider a system of N idenl i a l, infinitesimally small dust grains of mass m and charge 

-Q ::= - Z0 e. The average density of dust grains is th n given by n = N /V. The potential 

w( r) satisfies Poisson's equation 

where the charge density p( r ) is given by 

N 

p( r ) = - Q :[ ti( r - r1 ) 1 qn,( r) - en.( r ). 
J-= l 

(4.2) 

Here q = Z, denotes the d1arge on each ion, and n,( r ) and n.( r ) are the ion and e lectron 

densities at position r . The overall charge neutrality condition requires ] 1, p( r )dr o. w(' 

shall assume ions of a single species; the extension to mul\ipl sp('cics is straight fo1 ward 

Assuming I hal motion of charged particulates is suflic icntly slows I h;t.l ll1c ba kRIOiliid 

rlasnw may be- considered in thermal equilibrium a l each time inslancr , we 111dj' <'Inploy 

1,, w}a·r~· 

lj, 'I· <J. c I and .> •• 

i!SSllliH'd to be nJ!lsl dill throughn11t 1'- Dc•lining llw mean inn and (•l<"ct r011 d,·nsiii<'S i>y 

11 no = - nn( r ) d r 
\f \f 

foro 

11 0 cxp( q,(t(q1( r ) C)) 

\f 1 f exp( qofl,.( q1( r )- C))dr .IF 
whNr C is an a1 bitrary constant. H the constant ' rnay lw chos 11 in sud1 ~ way ih~t the 

Cnlldi1 1011S 

Jq.,{l0 ( ljl( r ) C)l ..: J (-14) 

hold ··v<.:rywlt<·rr f•11 o = r <~.nd c (i.e . the vanal ion of q1( r ) ow·• \1 ts 11111rh sm~tli ~I I h«n lit<' 

iiH'Illl«i r-nNI',V /. 11 T. , ). J;;q. (4.3) may be li''"arized to obtain 

11.,( r ) q,n., I q.[i._p( r ) , 



<p(r) = IJ1(r} - Iii (4.6} 

a nd 

iji = ~ f IJi (r )dr. 
V lv 

Ustng Eq. (4}1 ), w e rcwt ite th cha rge d ensity as 

p( r) - Q f_ li( r - r, } -t Qn - Eo kb <p(r ). ( 4.7) 
J .;:: l 

1 j >..? + 1/ >.; ( where >., and >., arc the ion and electron De bye 

lcngt hs) <tud W<' h <LV(' used lh<' cond tlt on o f overall charge neutrali ty, 

l h· '" " '•' 11 11 .. I t•:q ( l 7) 
1\ 

Q L b( r 
1 I 

c•lwu• ll.il' r•'P" scul s tlu• p a.tl1<ul~i<' chatg ' ckustly. T br scconJ t e rm 

(4.9) 

1 I I l ' ' '. k",f''''''J r harg<•s that rwut rahz<· t.1w par t iod ale charges, a nd t h<' J t"'p l \'~ l ' lll !'i I H ' toll ~ 110 ~ , " 

thm11<' rtll 

(4.10) 

1 k I 1 J t l)~rtu ' bat io n due to t h<· ekdrostal ic pert urba-r ' lHt~M td fi I lw HH. ~rnUIH p ;,LSI11(t f'!l S! Y " 

11011 

l•:q ( 1 ttl) t 0 tc . .t su [[;,,, 1 he• , h;,rp;t' f><' rl.urh <et >ou bp"• vaut shc•s 111 the hi gh plasma tempe r-

a nd thne for·· kn • 0 ) sin1c the background plas 111a b<xom ' 

so 11l11\ q \c Ill 1\n!-. ht nd th (d il ( i.\11 ttwi n t..l in a t!lufon n rknsi1y As tnentioncd in lhe previous 

:i<'< IJ \111 1l11s t' t l ~t ()( ·p lli ll ll 
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Under the linear response conditions (4.5) , Eq. (4 .2} m ay be r·writle n as 

(4 .ll) 

Per iodi c bo undary conditions fo r a cube of side length L (II = L3 } require 

<p( r + n L) = <p( r ) , (4 .12) 

where n = (e , m , n) de notes a int.eg r triplet. This peri odi c bo undary ond itio n m ay be used 

in MC o r MD simulatio ns to emulate a u infinite system. 

The Gree n's functi o n G( r , r ') fo r the operato r 6 kiJ de fin ed o n lh c uni l ce ll D 

{( :r ,y, z ) I 0 :5:: :r , y,z :S L} wi t h 1 e riod ic bound a ry condi ti o n" is g iven by 

, ' ) l '\' o: p( - k/J ir - r ' nL I) G(rr =- 6 ' 47r " lr - r ' nL I 
( r, r' D ), 

wh~rc ~ .. dc no t. e~ the sum over a ll in teger tri p lets 11. Us 111g thi s Orc·c•n 's fllnci >OII , one 1n ay 

rx pi<'SS I hP so ltt110n I o Eq. ( 4 .. I .I) a s 

> '( r ) Q ~ j L rxp ( knl r 
thr.coJ 1 /l n !r r' 

r ' 11 1,1 ) f ' 
A( r 

II L I 

,. 
1 

.. , ) I l ' rl r 
I. ' 

11 L) 

(4 13) 

where {J =- r' + n l. a11d /), = fJ + n L - {(J· ~ lL ,y -t m L,z t u L) I (J,y ,~ ) 0} . Nnl<' 

t hat , fo i a g tvc n II and (J ( f) ,., the •q uat ion o( p 

r, C /J . T h us we have 

r J 

n ' 

n'i-) 0 I a.~Ids fur a ll 11
1 

/ 11 Sl ii C<' 

u ~In g t hi s rclolio n and t h;- fad t hat. L- .. Io, fvff with 1;, hl'tllg l lw Cflll!"f' spa« ' l t \ V:< ' 

"ht.,,i " r ro111 Lq ( 1 . I :q 

Q r ,-,:p ( 

•ir. " ) , . 

() 



Q ~"'exp(-kn\r - r1 - n LI) Qn 
-- L..,L.., + 2' 
41T£o 

1
=1 n \r - r, - nLJ £ok0 

Prom the auovc 1t is easy to verify that j 0 <p( r )dr = 0. From Eq . (4.6), we obtain 

Q Z I: exp( - k0 Jr - r, - nLI) 
47r£o r =- l n \r - r 1 nLj ' 

and 

\j/- - Qn 
- cok!:, · 

( 4.14) 

( 4 .15) 

As might. b xpcdcd, the potct1lial ~1 ( r ) given above comprises Yukawa potentials ¢(1 r j) for 

a ll the p,,111cul;li('S (at. r,) in D and all thci1 imag (at r1 + 11 L) under periodic boundary 

'1.3. H a 111il to nia u for Ynkawa sys t e m :> 

whci<' p , is the momentum of I he J lh pai1.1niiatc and U., is the l lciinhol z free encrg of 

t.h" !'•lilt< ul<tl<-s <tnd h.crk!(rlllliHI pla"ll !t. Tbe lerm U., is also 'a!lt>d I he "excess energy" 

" Ill«' 11 rcprcscnl s Iii<' rnt·r~y in l'Xn·ss of the llll'nn«l (kn~<·li<·) cn,·rgy of t he particulates. 

,.h~ 
1111 

1
, r plr ) l!• ( r )Jr .It 

(4.1 7) 

1\ rl r (4.18) 

represents the electrostat ic potential energy of al l the charged species. In Eq. (4. 18), lira= 

(h2 /21TmoksTa)
1
1

2 
denotes the thermal de Broglie wave! nglh. The se<:ond term in Eq. (4.19) 

serves to subtract the infinite self nergy of each dust grain, which is formally included in 

the first tem1. 

Subst ituting the linear response relation (4.5) into (4. 18) and laking the terms up t the 

second order in qaf3'P( r ), we obLain 

(4.:.!0) 

where 

F~~, r = I' Lkn?''oito(lnno AL - I) 
0 

( 4.2 1) 

is t he free energy of the uniform (i .. , unperturbed) background plasm". Sinrc 1\~~~r only 

provicks obvious I h<'rntodynamical informal ion on t !tc unp 'II urhed ( rc!Nd as) hac kground 

plnsnut., '''t' sh.:dl <hop tlus lrtrn fH,n"' th, ·llt:x c·xprt>SSJt)JJ 1n th<' foJJqv.;mg tLif~JliJWnl ftll flllll 

phrily. 

If !he liuear rC"sponsc r·dof l<Hl (4 ' ) h·,ld s. "'" Ill<•}' wntf' Eq (~ :lU) (.1f1· 1 1gno1111g lilf' 

l erm /·~~If) as 

(1 2:.!) 

Clear ly I Ins fret' f'n('rgy is equal in siz · IJui opposi lt• in Sl!\11 to III<' poknl r<tl t:Il<'TJW c.f 

background plasma p rl.urbalJOns. 1\ote that F,~8 vanishes as ku 

(see Appeudix E). 

0, i .. , 111 lh<' U ' I' lnnil 

Subslit.uing l~qs. (4 8) (4.111) 111lo J·:qs. (4.19) and (4.22), w,· obt.a1n 1!1<.- xn•ss energy of 

lhC" Vukdw(-t syslc·Jn as 

(I 

1 ]lJl( r ) rl r 
I' 

(4 23) 



From Eq. (4.15), it is st raightforward ~o confirm that Eq. (4. .23) may be written as 

l 
Ue, = - LLt/;(r, - r,) + Uo, 

2 •tJ 

with the pair potential 

1/•( 11 ) 

and t.he constant 

Uu ~ ~N lim (v,(R)- 4 Q
2

IRI) 
tRI -O ..-c0 : 

attyinl~ ou t lbe integration in 1.\.q. (4.25), we obtain 

!/ "exp( - 1,/)IR nLI) Q2 

41f£o ~ IH - nLI - <okbL3 

Q111 

2rol:f, 

It'" t'<Jsy lo ,onfittn th~l I/•( H ) >/>{ H). 

Q1 N )~ cxp( knl-l n l). 
rrc:o .0, ln l/, 

(4 .24.) 

(4.25) 

(4.26) 

( tl .27) 

(4 28) 

Frorn l~qs . ( 4.24 ), ( 4 .'27), and ( 4.2 ), it is sometim ·s more convenient. to express t he excess 

~>( H ) 

I \ ' \ ~ ~·( r , 
2 i--J ~ 

,I J 

' () 'I> 

1.c,,tJJ 

r,) 

Nq~~." 
1 

Q'N L exp( knl~. 
;rc,, 8rrro .,

7 0 
!n iL 

(U9) 
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the charge of the pa rti cul ates. The third term represents the free energy of each sheath 

(see Eq. (17) of Ref. 19), and the fourth term represents the e nergy of inte ract ion of every 

particulate and its own im ages under periodic boundary conditions. 

The equation of mot ion of each parti culate may be obtai ned directly from the Hami lton-

ian , i.e., Eqs. (4. 16) and (4.29), as 

dp, 

di 

N a 
L a-;=- <!.•( r , - r, ). 

J(f i)=l ' 

This is the equation for the ith particulate that will be us d in th • MD simu lations describ d 

in the succeed ing haplcr. Note that p articu lates intera t with each oth ' r thr ngh the 

Yukawa potenlial. 

The Yukawa pair potential may also be derived from tl> d<:nsrty fun ·tJOIIill approa ·h 1 ~ 

ltnder l he conditions that we have staled abovf'; e.g., sufllcrent ly lngh hi!ckgl<)und plrtsrna 

temper a lures Eq. ( 4 A), which a llows i.hc I i n<'arizalion of the densr t y pnt nrbat ion Etj . ( ~ .:, ) 

Iitts rs nfi<'n ,,.f,' rr<' ci lo <ts :;rnall ''itli>vll>Og<'neity" , a.tHI weak coupl>nj~ of tlw ha<kground 

mor · c;cncn.l onditions, of cours , th'· true Jnterp;,r\.icl<: poknli<tl dt'l'!il.i<'s from til<' Ynkawa 

potential. To study such a general sys em, one may use a.b intlw nuttt('rical sirnnlalJ<IIJs .21 

4.4. C htssical O C P limi t 

If the background screen ing is su!Tic icnily weak (tt kna <: I ). on<' <'X p<' ·1, t])(' dens1tic~ 

of I he background species, n,( r ) and n,( r ), to be om" almost nnifornr due tr; lite• tilpid ther-

m"l mnl i"ns nf these sp cics , and thus Lhe system will appro<Lclt I he cl<tss l! ill "n" component 

plasma Howrvcr, this is n<lt immediately appdr nt fron1 lhc pan pot<•ntidl <'>:pre"''''"" giw•Jt 

in l·:q. (~-'27) sinrc· bo l1 I he first and secc.nd terms drverg< · a.s ln · [) Wr· nnw show hal 

lh,, form (~ .27) of he pa1r polc·ntial appropriate to Jl<'rtodrc Lonnd;crv condtiJOIIS do<'' >n 

2 



The class ical OC P consists of ions (which correspond to our dust grains) of charge Q and 

a uniform elect ron background giving overall charge neutral ity. The ions interact with each 

other t hrough the oulomb potential, a nd thus the pair potential for th.e OCP is given by 

,,,ocP( lt) = 4~;o fv~ [~ S(p - nL) - ;3] IP ~ Rl dp (430) 

Th" S<' ond t crm in t he square bracket is proportional to the charge due to the uniform 

backgrou nd. 'J'h" infini te laitlC<' sum in th is expression is on ly condit ionally convergent , and 

th physically meaningful ("onvcrgcnt sum is given by the Ewald potential: 

,1,0CI'( lt) Q
2 

[crfc(fi lll i/ L) _ ~] 
-17fCo 1111 L 

()' L:[erk(Jrrl l1 -J nLI/L) . ex p(-7r ln l2) os(27r n ·H. / L)1 
+ ~rrcu ,

10 
lit I nLI -1 7l'l n i2L ' 

(4..31 ) 

wh .. r<' ,,, f, ( ) '" I j,,. •nmpknwnl,'liY ·rror funcl ion. The excess energy is t.hen given by9
•
10

: 

1/::··1' :l - L <f/)CI'( r, - r,) + u,?cp . 
, , J 

(4.32) 

(4.3:!) 

Th,·p.ut ptolr n l!itl fm llw Yukawasyste tn isgi v n by l':q. (4.25) , or equivalentl y Eq. (4.27). 

It IS <'V ttkut f r~ • lll J·:q (·12'>) and F:q (4.3ll ) thal t/•( H) • >/,OC: P(H ) as 1.: 0 ~ 0. llowever, 

t1 ts nul d ""' huw ('<«h k n n pf the Ewald p0 ent ia! (4.3 1) corresponds to t he lcn ns of 

I itt• Yuk.ow,, P"" jll>t.el\lhtl l'o ''' lahl i;h l h1s' rrcspondcnrc , w ' nnw deri ve au ali rnat ive 

1,,'1 l!> spill ~·( ll )111 Eq (·1 :l'\) llllto Ill<' ollowing two parts: 

v( l !) ,,.,( H ) I •h( H ). 

where 

..p , (R)= Q2 J. w( HI - R I)exp( - knlp - R I)d 
471'£o "~ P 1 P IP - R l fl ' 

VJ2( R)=~ { w(p)!J - 'I(IP - Hl)]cxp( - koiP - Rl) dp. 
4uo )"~ IP- R I 

l.n these expressions we have introduced the fundions 

1 
w( p )='L o( p - n L)- £ 3 , 

n 

B = 

( kv) D erfc "(X -
21 

, 

l -1 erf (kn /2'Y) · 

( 4 .34) 

(4 .35) 

ll cr<' 1' is a pO> Jl ive constant. (whi It will be sc l to be 'lTj L la te•) and <' •f(·) is tlw e 11 o 1 

f11nrll 11 r·rf(.r) Nfc(:r). Not r t hat 

IJ(IJ) .·\ r <'Xp( /,·n/ -/ 212)rfl ] , 
.lo 

1/(.r) t l r,•xp(kp/ , 212)<11 • 
./o 

and 

l~va l 11 a li n g tit <' i ntcg~<Li in Eq . (4.34 ) yields 

(136) 

ll y sl'it111g 1 - /1f/ L. 1'>11 <' can ' ~"tlily ronfirm thai tit•' fi1st lt'flll (1", all Ill<' lt>r 111 s , 11 

1 he hr"' kl'l I o Eq. ( 4 .l(;) Cc'IT<'SJ'"lld> l' • llw lirsl •'I 111 ,,f lite• l ~<'.'rlid pol <'Ill i<tl ( l.'\1) 111 1 he 

0 



d L the first term in the second square bracket ko 0 limit , and the second term cor respon s o 

of Eq. (~.31): 

. Q2 [erfc( JiT IRI/ IJ) _ 2_] 
!tm I/11( R ) = -4 , IRI L 

kv - ·0 '11'oQ 

Q2 erfc( Jii' IR -1 n &1/ L) 
I 4?rCo 2.::: IR -! n Ll 

njO 

P I' 'd L't The Fourier transform of To evaluate >h( fl ) in Eq (4.3.1) w use arscva s I en 1 y. 

v>( H.) IS 

l 
1;1(k) = L.::exp(27riL r · n )- L3 6( k). 

.. 
Since 1 II<.> l'oi ss<>n sum fouuula yields 

L.::cxp(27riLr n) ~ \ L.::o(k- I) • 
L n 

()II tj 11 , 11lwl ho:.~nd, tlW r{ tU[It'i llr1HSf111111 nf th<.> l(.'rlll 

II l 
e>:p( hfJi f' H i) 

Hi) iP'J11 

lkl Tht•Jd<H<'. fJom l' ;usC'val 's identity, wt· uht.<~Jn 

•.'··( H ) 

' '' 

(U7) 

(·1 1R) 

Noting t he asymptotic expansion 

2 r 2 .,ym"" (2m - 1 )! ! 
exp(-x) Jo exp(t )dt = L 2m+ l:z:2mil 

rn =O 

1 I 
--1--1 
2:z: 4x3 

as x 00 

one see t hat the infinite sum over n # 0 ofthe second term io Lhesquare bra ket of Eq . (4.38) 

converges algebraically. Therefore, with 1' = Jii' / D, the poLeutial l/•2( R ) corresponds to the 

second t.crm in Lhe second square bracket of the Ewald potential (4.3l), i.e, 

(4 .39) 

Note that the fun ctions exp(2'11'i n · fl. / L) in Eqs. (4.38) and (4.39) may be replaced b their 

realparls cos(27r u · l t jL), sine the imagina ry paris cancelwh n the sumnH<tions a1c l.ak<'n 

OVC! II . 

II w evid('ni (hat llo · li,~H'I' silK~ Eqs. (1.2G) and (4.:l2) ll<t!d and •/·( ll ) • if,O<.:i'( H ). 

Althou~h hoi It the !Irs( "'nd ihird krms of l~q. (4 2.') diverge iiS 1.-n 0. tlw difl'err·ncc of 

tlt<'S<' 1 <>nns C<Jil vc1 gcs I o I he rons l «n t gi wn by l::q . ( 4 .:l:;) 

4.5. Co ucl ud iug rem a rks 

We h ~ vc· deri vcd l.lw 'X<'<'ss <'ll<'rgy U .. ( 1. . , 8q. ( 4. 29 )) of lit Y uk<twa. system und ·r pctJ -

od~e boundary <·onclii Jons, i«king lllt(l ac ount. the energy ontribui.ions from the b<L<kground 

rlmrpp" II was also d nlC•nstratcd that U, converges to lh <> excess cnrTgy U;>,CI' of llw 0! 'P 

sys l C'l\1 111 ( It•· weak scn·ening l11ni1 (i.e., ~< = knr1 _, 0) . '/'},(> rlcJJV<'ri "X cess 'll<'rgy s<>rves as 

a h<tsis for ca.l< ulatmg ,.a,iou s lh<?rmodyn<tHIIC<tl quanlillf'S frnnl sillluli!.lion data, C'SjWCJal!y 

nc·a1 tit,· OCT' limil, · dcmom!ralcd in lh <' next chapi<>1. (No\.<• th;,( th l" <>bvious cont n -

!,.,lions fi<Jill tltc unl><'rlnrbed ideal -ga· background to lit<' excess ' ' lwrgy, wl11rll 1s g1ven by 

Eq (1 Ll). is no1 inrlnd.·d 111 II_, qf l':<j (4 29) for s11npl1tily) 

xr. 



It is interesting to note hatlhe excess energy V .. is the Helmholtz fr e energy of the sys­

tem, rather than I he internal energy (Umicro), as shown in Appendix D. This is of course due 

to the fad that tbc background spc ics arc con tinuously exchanging energy with a beat bath 

so as to maintain constan t lemperalurc during the particula te motion. Historically, there 

was some confusion in this respect: at an early slage of the de velopment of lyophobi c co lloid 

th ry, e rro neous pair potc11 ial s were derived from the total pot ntial energy 26 The e rrors 

w r<' lalc:t con ded when th<' usc of J-l elmbollz fr ee e nergy was sugges ted by De rjaguin 27 

and Verwey and v rb '<'K.Z8,29 

The· pair pol ntial s Lh6l may be derived from tbe to al potent ia l energy ( H,., ,;cro) exh ibi t s 

an a!L tad ive polcnlial sup·rimpos··cl n the Yukawa repulsive potent-ial !see Eq. (E. 7) in 

A ppe11dtx J·l Th ts f<Llla tous allracttve potential wa:s once used to <JCCount for the ex pc ri -

111<'111 rdly olts~'r<·t·d <•li t ad ton bet W<'Cn colloid pMticlcs, w!tidl is n w <'SS<-'11 ially ·x plained by 

tl"· \ '.111 dn \\',," 1,. ll tkracltntt> The atlt atlivc· potential rdkcts Lit<.! clccl.r st;ti,tc po tential 

1,-tw,•,·" the Sf>i<«', haq\•' in tl 11· Jl ,· ltye shc<llh t>f ne particu late and the opposii" cltarge n 

Tl11s poknli a l wonld "" ut ' '" al ltil. ftve fore<' betwceu parti culaks if t.he space charges 

w<' l<' "alL~<Ited" lo llw pMlirulatc and thu~ I he parti cu late and il s Dcbyc sheath formed an 

1.""' ol lit<' backgtound plas111a lltdnc<·d by I he charg on the part.icu liL\C'. If the parlintl ate 

tl\ov<'" ltum po•ittou A tn pu~tltnn II , I h•• pl.ts tll" will rc!d.Y. t o the unpcrl u1 b<?d sl.;dc <Lround A 

'' "d '' n•·w p•· t t tllliili '''" wtll J,,. f"tllwd around 13 . The De· by,· slw;cl lt s are thus no! "at \ached" 

'" lit~• p.Itlt• ul111<-~ at rill 

Tit, • ltllt' b.-lt dVt<>r of t.ltc h.L<kgtouncl charges is indeed thermodynamically expressed by 

ilw "''"".! h•rm .. f l·:q ( l l !). 1 e, the lw<~t galll by tl1<· syst <:m fron1 I be heat bath . The 

which ts es~cntially 

(Hmi«.,). The result ing true pair potentia l then becomes the Yukawa potential. 

ln t.be OCP li mit, the ideal- gas Helmholtz free energy F;~g vanishes, as demonst ra ted in 

Appendix E. Consequentl y, for the OCP system , the excess e ne rgy U,~CP indeed agrees with 

its total potential energy. Therefore , in most. studies of the OCP sy tcm, the excess e ne rgy 

U,~CP is simply derived from lhe tota l pote nti a l energy (e.g . , Ref. 9) a lt hough its physical 

rnean ing should be t.he Helmholtz fr ee ncrgy . as has been di scussed in thi s chapter. 

cl 
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Chapter 5 

Phase diagra1n of Yukawa systems 

G.l. lllt.ro clu , tio n 

In tJ, 1,, .J1,,pi<•J, we• employ molcculal dynamics (MD) simulation to obtain t h phas 

diapanl 11f Ynkawa oysLt-1115 .1 ·1 S11lall partirlcs in a plasma arc typically negatively charged, 

d ll•' l•, till ] 111~1. 111nlllllt.)' of e lectrons, and I hey interact with cat h other through a Yu k<awa 

t .1"' (I,.,~<!('' llnl Ctndc_lllth) p.tlt pott.!nlin\ 1 as WC' have dis\USsccl in the precf'ding cha.pV·rs 

J.;,J,,""t"IY l':·:J><'IIlll<'llls Iii"''' 11·cently denwnslr ... t d that, when tlw inl.erpa•ticle pol ntial 

'll<'ftW <'Xll'<'Cb [,},,• kinl'11< c·nelg)', particu la tes in [lioLSllli\S lllo)' form nyst.a JJine s\ruc\UI 'S 

((• 1 1 t. I ·)< H• 'l'lw gc•al f this cha"tcr is to determine undc1 what conditions dust (1\0ill)<tj'}i,a._:.. - < l" 

JMI t hie~ 111 tl pi.L'i111<-l furtn C'tliJiont h rryst dis . 

!I t 111 1 he· pl '"'""", ho.ptn, lc·t '" <onsllkr a syslc'lll of ,dcllll<alt'art ides of mass m, charge 

Q 1) 1111111 ,-rs,·,J 111 ,, nc·11l ralizing La a.-lq~round plasma. The interparticle 

I I I I I I t I I 'Ll' 'h'' two Jh1.1lirl<·, The Dch··~ kng\h A() = ~·n 1 ,,f w lt'Jt• .,. < l·n·lles t ~('· 1tt1..1fl l 1s d.ll\-1' t •'-'- -' 

VI 

q, n., and T, be ing the charge, mean density, and temperature of plasma i ns, a nd - c, n., 

and T< the cor respond ing quantities fo r plasma eleclrons. 

Usin g t he Wigner-Seitz radius a= (3/47rn) 113 as t he unit of length, where n is the part icle 

number de nsity, we m ay d escribe the thermodynamics o f the Yukawa system in terms of two 

dime nsionless rat ios: 

K. = and r (5.1) 

Note t hat parameter r is roughly Lhc ratio of the (u nscrcened) Coulomb poten t ial en rgy to 

t he kinet ic e nergy pe r particle. 

Although we have derived in Lb<' preceding chap ter Yukawa sysle111s as moclds for dust 

pilrl ICies in p lasmas, Yukawa syst 'Ills a lso s 'rve as mode ls for monocli sp rse c llo idal part.i -

de, in el<'dro lyt~ so lution s. !I s mentioned ear lie r, it is r<'c gnizc·d ip n•ly 19,10s I hat I h<' 

Jnl~rp<rrtirlc po tcntralladw<'<'ll swh col loidal p<uticks may be dcsettll('d cssr·nli< •. lly hy tlw 

Yukal\'d p i<'llti.,J" 13 Esp<><ially after CXJ><'•inwntiJI ol>scrvat.iflns of phase tra nsitions" 11 

\\'ere' made 111 colloidid syslt-ms, Yub.wa syoll' III S J,eg<•n to at t r ilcl I hetll<'t ical inlt'rcsl. For 

example, eJtcrgy cakulallons of Yukawa syst<.:ms at. zer t mperal11rr showC'rl thill I h(• su lrd 

phase transition fro•n brc to fcc oc urs as" increascs. 18·19 For non-ze ro tcrnpera~ure~. lh<' 

frc brc and melting phase transitions were a lso studied \beorct.icall ·20•21 (tlt results of whid1 

are now unforlumalcly known to be iucons1stent with th se of r<'<<'lll Tli1111Crical s uclics) . 

Ucspil r llri • k,ng hist<Hy <•f sci ,·ntilil inl.cresl in Yukawa systems, it is only af~cr mid 1980s 

I !rat l'xlcnsiv<' nu11wrie<tl s imulations'2•13 w.:r<' used l.o study thermodynamical properties of 

Yukawa systems The only excqllicm is th ·special cas· of" 0, I.C ., lhe 0CP (a syst('tll 

of nJobil<> d1arg<:s iml1ll'rscd in a strirlly Utllforrn neutraiJzmg backgrvund ), whH·h has ])(' n 

<'Xknsivt'ly stucli<'d n11111('rically~' 1'
1 since n11d 1960s as a model fur ih · inlcnnr 0f while 

dw.-11f ''"'' lncl'l'lmr, ~uch U('l' stnru lat10ns, IIIOSl r,f <'atly 1\1(' <.Oild MD S11nu la ions wc:r<' 

Yi 



potential at n I and the hard-core potential at n ---> oo) and its variations (such as the 

Lcnn<ud- Joncs p t ·nti al) in the light of interest in condet1sed maUer physics. 

Jn th is chaplcr, wear<' mainly iutercslcd in th ·regime of weak Debye screen ing(~< ~ 1 ), 

which is rt'lev<Lnt to cxp rimcntal observations of strongly-coup led particulate systems in 

pl asmas. No simu lat.iOJI has h<'cn done previously in thi s rcginl<', except for the case of" = 0 

(OC:P). We also apply thi s MD method to more strongly screened Yukawa sys tems, up to 

o. =.),and <'Oinpare Lhc rcsuil s with those f earlier MD and MC simu lation sludies22 ·23·3 J- 3J 

of Yukawa syslc 111s. Thc:s<' cadicr si mulations em ployed potential cutoffs, and are therefore 

applicabi<- only to th· · tc·gimc" ;v I. 

5.2 . Fr •c cucrgy 'al ula t.ion 

Po1 Mll simul.<llon• iu th<' W<''-'k s n·<"nJng regin1<·, where> the rang<' of J.he interpanicle 

foT<<' hNIIlll<'" cot!l)li\r .il>l ,· to 01 grf'af.cJ thdll lh<' 'Jdc /,of th<· <llhical simulation voiLII11t', 

<l>( r)- ¢>([ 1· [) -1 L 4•( \r + nL\), (5 .2 ) 
Jt / 0 

wl11 rh lt'flr·• h ]l< ' IJ•>d~t bounchry rondltl<'ll' in1posc·d on the si mulation box, to emulate cor-

r<·rl Jl<'rticJ,. J><lllrd·· llli<'rrl.dron s. In ihl' <tl>tl\'c equation, <i> ( r ) rcpr sent s rhe inlcract i n 

' '"' ' !.\)'of parllll,·r v.-rril p.,rl~tic .1 (<~f ><'JHtr,t!. ion r - r1 - r, ) and w1lh a ll periodic image of 

ill~ lot i 1 Til,- udin1le SUlll of J. <,,.,., 1nteger v,·clnrs 11 (I. m, n) r presents ibe period ic im-

•'!\"~ ' uuwn,,d!y lhi~ J><' ll<><lic i111ilg<' poi<'nlin l is app roXImal ,•d b ' a icnsoi - produrt sp line 

fum II< HI Jllf<-r J><>i<~lrng " ' ' .uJ ,,, ,, [ 40 '·10 • 40 c!J~rrdc v;Jucs, SUillll1ed 1.<• high <tecuracy. The 

appr,>X lm.l111 111 t'"\.11 b.• dlit lt·ntly cv(dlhdt:cl 111 t.hc Si lllUl ittions and has a fractional devia~ion 

f1<11n th,• • 'Xi~el \'ahw of no 111<'1<' lh<Lu ~ 10 7 full d••t,>ils of lh~ <q >pi oxrmation scheme may 

!H 

boundary conditions is then given by the expression 

(5.3) 

where N is the numbe r of particles, II = L/a = (47rN/3) 113 is the siz<' f the cubical 

simu lation volume in uni ts of the Wigner- Seilz radius, ( = r, fa is lh • dimension less lo a t1on 

of particle i, and 4, = 4u0a<t>fQ 2 . 

The energy associated will! lhe J.,ackground plasma in Eq. (5.3) is not jusl the potential 

energy, but t.he free energy - including th • contribution of l.be entropy <tSsocia t'd with 

thermal 111 lions of the plasma ions and elecl rous. Thus, tb p<trl ial deriwtliv of (I wilh 

respec t to I', gives I he true force n lh t- h part.iclc,35 as we have dtsi.CUSo<'d in f be pr ·n:d ll! l-\ 

chopler. In 8q . (.5.' ), the ''-'<ond lrrm inside th · sq 11 a1<' br~.-k,•i I<'Pr<·s~nts tlw fn•1 •·II<'IflY 

neutralizes the rha rg~ nf th. part!< ulaks. The tlnrd term rcp1csent s th<· r •. ,. <'lit' II\Y .,f t•«dt 

D~hyc sh<"al h !sec· Cq . ( 2.1 (j )j, a.nd I he fourl h lerm reprt'scnts the <:nNgy of inl<'lildioll of 

c·arh pa rti culate with ils own images under periodi c boundary conditions. 

In lh<· lim !I of,, , 0, the flrsl , second, and last t.crms on the rir;ht liillHI s icl of !·;q . (!'1.:l ) 

div<'rr;r tn such a II H\Jlncr I h~t I he· hmiting va luc of U cqnnls th well k11nwn <'X J>l•'S~I ' " llor·p 

for the ocr potential energy giv<"n 3·2 ' by 

UocP 
kT 

· OC'P( rrk(Jir(/ 11 ) 
cj> E) 

~ II 

E,.,] €,) + 2 , 

. 2_ ['·Jfl'(/~IE · n,\ jl !\) 
1 

eyp( rr1 11 ')co,(2v n €/fl)l 
n~' E. ru\ Jr 11 "!./\ 

'J-1 



and 

[
• 1] - 2.8372974 79 

Em = }0ci 4>ocP(~) - Z = A · 

flere ~ = ~k ~ 1 de no it'S the posit, ion of particle k relative La particle j and erfc(-) is the 

complementary er ror fun ct ion . As the screen ing length in creases (i .e., as te --> 0) , each par­

lindale has an increasingly strong interaction with both the charge-neutralizing backgrounrl 

plasma and the ot her charr,ed parii ulates. Thus, the magnitude of Lbe background- plasma 

free energy the second term in Eq. (5.3) - increases to cancel Lhe increase of direct 

clcctrost<tti intcrarlron' ar110ng charged pa rticles , i.e ., Lhe first and last terms in Eq. (5.3). 

T 1 see lhe torr<·sp ndt•n <' between the Yukawa system and 0 :p system mor clearly, 

on(. .. mny WJit~. 

l 'o 
NkT 

Then, 111 I ht> Ul' I' hmll " 

•!•'" I' ( r ) 

N 1 N 
u L L 1/•( rk - r1)--l Uo, 

J l k J-f I 

"[ '~ex~) 
2 .~ jn ji\ - ~ 

3 

· 0, on<' can show lh<tl Lit<: pair potential 1/• and energy constant 

• Lf~ > CI', wher<' 

1 ] - 1- dp. 
LJ jp r \ 

; I Jim (v,(JCI'( r ) 
~ lr .n 

We denote the internal energy and Helmholtz free energy per particle in units o{ kT by 

u 
u=--

NkT' 
F 

f = NkT . (5.4) 

The thermal component of the potential energy is defined by 

where 1.100 (~<) represents the Made lung energy (for an appropriate Iattin:-) per partic le in unils 

of kT. We a lso define 

( ) 
u(te, r) 

E" = ~ir;;, --r-, 

i.e., the Madelung energy per parti cle in unils of Q2/47r<oa, so Lh a l '"""(K) = E(K) 1'. In Ut e 

limit of zero lempera.lure ( i.e., r ---+ oo), we 'v idently have v.(te, ) = v (!i). Th e values for 

the bee and fcc Madelu ng energies, Eu«( K) and E~c,( ••), are lister! iu Table 5.J. Note I. hal 

the be Madelung e nergy is &mallei I han the fcc Madclung encrgy3 ·' 9 \ !~ bee ("-) " FJ
1 
.. (' )\ for 

,_ • 1.1166. 

Sin c iif!or 11(1,, 1' )/ 1', the dimensionkss lklnt!tolt z fre<' 'nNgy f\ll the fluid plto s<' 

may h(' defined hy 

(" .5) 

ll ere the las t t erlll represents t.he id a l- gas contribution to the lola! rec energy, i.e. , 

- 31n r ~ ln(i.7')Ry - 3J'Jr 
1 ln --. 

4 
(!J .G) 

particle . 

..\It hough J,J •• J d pend> on (k'/' )Ry as well <•s 1', we don t explicitly cxpre~s the dl•pcndenc'' 

Olt t h.., fomwr fo1 t lw sak<' of simpli city. 

Fn, I h sohJ ph as<', we LI S<'' 



LQI 
0.0 - 0.895929 - 0.895873 
0. 1 - 0.896966 - 0.896911 
0.2 - 0.900074 - 0.900020 
0.1 - 0.905240 -0.90.'i190 
0.4 - 0.912448 -0.9 12402 
o.:~_ - 0.921671 - 0.921631 
0.6 - 0.932879 - 0.932844 
0. 7 0.946032 - 0.946004 
0 8 - 0.961088 - 0.961067 

1----o:g- - 0.977997 - 0.977981 
I~ - 0.996706 - 0.996701 

I. l:-llf---:1;-,.0""1"'7""!.5:;-o8;-I---:I--;.0;-;;1;;-:7 "'1 6,1-{ 
1.2 - 1.039292 - 1.039302 
J.4.,---H-----,-J.-::-~::-:s'""3-=-so::--1---=-J.::-:os;;-:;s:-;:3=-.,.1:--~ 
I. H-----:1--:. 1:-;4-;;-13"' .. )"'2:--j-~1 .14:\:!89 
1 s L2uJ"7.'l7 1 .2o~nn --
2 0 I .2W112(i 1.2fi!I079 
2:2 1 :nif;"{7 +-- 1.:nsw1 
2.4 1.<112096 14Ii1S-1 

2.6 _1_.4--'~:,.:' ',\l_4~1 -1----,-iA&s!J\IR 
2.8 I .568750 J.,'iG8804 
3.0 ::--lf---,1-.G=-=:, I J 4 4 

:u r- 1 7:l.r, 78'1' 
;l 1 1.s· 2:wo 

1 651 1!)-1 
I'T:J.582 1 

1.8224 00 
,\,() j 9101)1 - 1.9JiiG5:3 
3 X 2.000 l~G -2.0UO:l5G-
4.0 2.091283" -2_(j9f~l 
·1.2 2 183319 -2. 183341 
4 4 -----z:-276286- 2.276:!()1 
.J n 2.376058 2 :nann 
4 1\ 2. \(; 1.'•25 'L.4(itl537 
-1 o 1 2 .:,59~,95 _,_ 2.-'i-'>!l o(; 

' I ,,bt,. ;, I I-1 <HiclunJ.\ c'n<'rl(it'$ fnr bee and frr Yukawa !at l•ces . 

where u ,h - 3/2 is the anharmonic component of the potential energy in unit.s of kT. The 

free energy for the harmonic lattice vibration is given by 

9 
!h.rm(~e,f)=E(~e)r + E(~e) + 2 lof' 

3 3 3 +- lo (kT)r + - In -
2 y 2 2' 

where E(~e) denotes lhe harmonic entropy constant, i.e., 

l 3N - 3 W 

E(o;) = lirn -N LIn~. 
N-oo k= l Wp 

(5.8) 

(5.9) 

Here the sum is taken over the 3N - 3 normal- mode frequencies w1. for tire oscillation of 

a latti ce of N particles. Tire cigenL-equcncies w, of an N - partidc Yukawa lattice may h · 

compute I using standard t.eclrniques,3G and the quan ity E(l\) can then lw cstim11.Lcd for 

,·arious " values by letting N Table 5.2 gives th values o )-;(") fm hn and fc, 

Yuka wtt lallr c<'S. (!'Ire data of Table 5.2 WitS obtained by IJ . II . E . Dubin fr,,m la ttio•· 

<•!_!.•ml'l s hc,ll Ill the (110) direction, 23 The ocr values (i .. , ' 0) in T<tbl(' 5.2 arc t.okt·n 

from Table I of l ~<·f. 38. 

5.3. Molec ula r dynamics s imula tion m e t ho d 

M lJ simulations are used to evahrale the potential energy u fo1 given valtl<'S of tire I h<'r· 

modynamic variables "and f'. fn tlr M]) simu laliou s, tire equations of n rot ron 

fort = I, 2, · · · /1' with the effcdiV<' pair potentral <l> ( r ) given by l ~q. (5.2) arc Integrated and 

the ,.<'k,citi<·s of all particles are renormalrz<"d periodically to brrng llrC' sys tem kmc rr cn<'rgy 

rnto il)C\l<'Clll<'lll wrth 11,.. larj:\<'1 I' <·al>tc. Th" ntllrtl><'r of pMtJ<i<·s 1 use-d for tlw SJilllrlni!<Hls 

>. (j fo1 a 1><-< <~lld N 500 for it.ll k< !at tin· Th•·•·· ln tr<c·s "" us•·rl 



I: bee 

0.0 - 2.4939 2.4537 
0.2 - 2.5172 2.4767 
0.4 - 2.5808 - 2.5393 
06 -2.6829 -2.6394 
0.8 -2.8185 - 2.7722 
1.0 -2.9843 2.934 7 
l.2 - 3.1773 - 3.1236 
1.1 -3.3950 3.3366 
l.G - 3.6350 3.5714 
1.8 - 3.8953 -:3.8259 
2.0 - 1\1740 - 4.0985 
2.2 - 4.4697 4.:)876 
2.4 - 4.7805 - 4.6916 
2 . • 51054 - 5.0095 -
2.8 5.4430 - .r>.3398 

-

:J() 5 7922 5.61>17 
:t2 G 1522 ().0341 
J..l 6.:,220 r- - 6.3962 

:!. ' f>.9oos 6.7673 
3.' 7.~7!l 7.1466 
4,0 - 7.6826 - 7.5334 
4.2 _!0847 - 7.9273 
4.4 8.4936 - 8.:3275 
4.6 - 8.\1095 8.7337 

4~ 
-

- 9.H55 
5.0 -9.5625 

T .. bl<' r, "2 li :cr1wml ( t·ulropy wuslauls for bee aud fcc Yukawa lallic<'S.1.2,J7 Th<> values al 
, tJ <II<' <[Hoke! fin!ll i{cf. ;ll) , (' hal lhe bee structure bc•(OillCS Ull SiabJe forti / 4.76 
a~;.<iml ~ 11\·c.r 111 till· ( 110) dir<'dlon ll 

'1'] 

as initial condit ions, and the system is allowed lo equilibrate to the desired I' for Lypically 

100 time units before averaging ils properties over 100 < r < 300. Here lhc lime unit is 

defined lobe v'3w~ 1 
witb lhe plasma frequen cy of the particles wp = jQ 2n/c

0
m, so th at 

r = wpt/ \1'3. For some large r values, we allowed the lhe system lo cquilibrak for 300 time 

u.nits. Cases that. m elted loa fluid slate did so well before r = 100. 

The potential (i.e., excess) energy p er particle (in units of Q2 /4trc
0
a), u./f, for various r 

and " values (ti ~ 1) obtained from MD simulations is listed in Tables 5.3, 5.4 and 5.5, For 

eac.h run in this Table, the initial slate is either a bee (N=G 6) or an f lalt.ice (N=SOO) and 

therefore in the. solid state the structure remains as lhe given lallkc. We did not consider 

fcc lattices for the runs of" ~ I si nce lhc Madclung energy for an hcc lattice is a lways lower 

than that of lhc correspond ing fcc lattice for " < l.06G, as mentioned earlier. These energy 

data ar used l evaluate the free ncrgy of the system throu h Eqs. (.r, .~) anu (5.7). 

F'o1 the nuicl phase, we assume t hal the potential energy dcprnd s on I' as 

a(te)l' + b(t, )l'' 1 c(t.) d(")l' ' (T> 10) 

vnlh .< = 1/'.J for I' ~ l. The cocAicicnls <t, b, c, and d, whi ch""' functions of ''• ar~ 

determined by filt.ing mea.sured potential energies to lhc above expression. Thr fun l1 n;,.l 

form of l~q. (5.10) has been applied to internal energy fittin g of various 0 'P simu l;1tions. 28 

The well - defined d pcndeuce of u on r giv<?n in Eq. (5.10) makes if easier(() cvalua c lh,· 

II\ I cgud of Bq. ( 5.5 ). Since l ~q. (5.10) diverges ilS r _, 0, W(' eva.lua (' I h,• In I egral f gq. ( 5.5) 

hy a direct 1)11\llCrical quadrature for r ~ I: 

(!i . ll) 

1 Jr' r "( •;. J" J r· , .In ' (5.12) 

100 



l:r:Jj 00 ,. - -
I 0.57173 ~ 0.01388 - 0.57866 ± 0.01429 0.59912 ± 0.01449 

" 0 2 I~ - 0.4 

2 - 0.65983 .1 0.00800 - 0.66589 ± 0.00785 0 68345 ± 0.00775 
5 0.75 101 j 0.00119 0. 75677 ± 0.00425 0.77038 ~ 0 00396 

10 0. 79954 :1. 0.00235 - 0.80447 ± 0.00250 0.81795 ± 0 00235 
20 0.83340 I 0.00136 -0.83783 ± 0.0014 7 0.85100 ± 0.00143 
40 0-:85618 ± 0.00078 - 0.86064 ± 0.00086 - 0.87340 ± 0.00078 
~ 0.86.595 :l 0.00052 - 0.87029 ± 0.00056 - 0.88290 ± 0.00060 -

80 ~ 0.87156 j_ 0.00046 - 0.87578 ± 0.00047 0.88841 ± 0.00049 -- ~875 1 9 j 0.00035 - 0.87944 ± 0 00041 0.89196 :L 0.00033 100 
f--ho 1- 0 .87786 -] 0.00031 - 0.88200 ± 0 00031 0.89444 ± 0.00035 
1-14(1 0 .8 79~2 :l. O.UOOJI - 0.884 04 ± 0 00029 -0.89656 ± 0.00029 L____C 

[' ] 

.! 

I L n: = Lo==-:J 06 ~ - 0 8 

1 --=- _,=or=. . -
;:lith~ I II.OI:.ln<i 0 6787 ' i 0.0127:1 U.734 23 J 0.011;:~5 _ 
, 1:' 1 ,, I ll OliS71i 0 i5145 1 O.OU7 1 0. 798()6 i 0.0071 8 

r .. 7\l~.l(; I O.Otl ~l ' IJ u. ' 279:! .1 0.00395 ~87127 l 0.00396 
ill -

0.87192 i 0.00245 0.91103 ± 0.00238 8,111:>1 I 0.00240 
:.w 872tl4 1 0.001:)6 - 0.902G9 :i 0.00145 - 0.94029 ± 0.00143 
40 i.Hl·l71 J 0.00071\ - 0.92372 :i 0.00080 0.96063 ± 0.00080 

(I( 

o · 

!1 
0. 
o. 
0. 
0. 

0. 
u 
u 

- -- --- -
Gil 
(Ill 

10(1 
1:W 
1·1(1 
IGO 
180 

(1 

() 

9fl:l .'i j 0.00061 -
90:111'1 l 0.011!1·]4 

. ~1121i l j 0.0003) 

.91-:n t o . ouo :J :~ 

91 'i I ~ I 0 00029 
911:\'i~ 1 11 Olll127 

- 0.93265 ± 0.00060 0.96910 :L 0.00059 
1-- () .93773 ± 0.0004:3 - 0 97408 ± 0.00049 

0.94 126 J 0.000:!4 - 0 .9773~, :L 0.00036 
0.94366 i 0.0003:3 - o-:-97976 ± o.oooJo 
o.94s5G 1: o ooo2s 0.98150 i. 0.00029 

- 0 94705 i 0 00025 - 0.98303 ± 0.00025 
- 0.9842:3 :l 0.00022 

-----

T,,bk •.:l: (••) l ·:>:r<>~s <' ll <" rj;v J><'r J>Mlt<lt• , u/ 1', btain<Cd from MD imulations for "-~ l. Tile 
n•unb<'f> a.flcr j indl<.tl<' flu, 111<!11<111 l••veb The number uf simulation particles is N = 6!\6. 

I ill 

r "= 1.2 I< = 1.4 
I - 0.797097 ± 0.010904 - 0.869746 ± 0.011675 
2 -0.855439 ± 0.009179 - 0.920097 ± 0.008272 
5 -0.921138 ± 0.004200 - 0.978642 ± 0.004510 

10 - 0.958561 ± 0.002799 - 1.012022 ± 0.002587 
20 - 0.985481 ± 0 001533 - 1.037095 ± 0 001467 
40 - 1.004536 ± 0.000893 - 1.055146 :L 0.0009ll 
60 - 1012768 ± 0.000683 - 1062759 ± 0.000616 
80 - 1.017387 ± 0.000559 - 1067J44 ± 0000195 

100 - 1.020683 ± 0.000433 - 1.070322 ± 0.000426 
120 - 1 022726 .:L 0.000427 - I .072513 ± 0.0004 09 
140 - 1.024.53.5 ± 0.000353 - 1.074088 ± 0.000329 
160 - 1025919 ± 0.000310 -1.075469 ± 0.0002.53 
180 - ] .027188 ± 0.000249 - 1.076467 :l 0.000301 
200 - 1028005 ± 0.000250 - J .07748-5 ± 0.000250 
240 - - 1.078874 ± 0.000204 

ti. 2 (; =::::J '· 3.0 =r 
i===l =*='=-'1=:.3:=7::=71;=;17;,=cJ o.oi'iso32 - J:,(i:JOU :I OOOG9§o 

- 1.427:30.5 ± 0.003-3C-JO-!---l.GQ2n63 1 0.002709 5 
10 
20 
40 
60 
80 

IOU 
200 
400 
700 

100(1 

- 1.4.44503 ± o.oo21 93 - 1.615664-=f o.OOi 81 ~ 
- 1.457552 ± 0.001221 - 1.625862 ± 0 001042 
- 1.467763 ± 0.000669 - 1.633625 ± 0.000660 
- 1.472131 ± 0.000512 - 1.037184 ± 0000492 
- 1.4 74 749 :l 0.000426 - 1.639302 :l 0.000357 
- I .176616 :l 0.000361 - 1.640850 ~ 0.0002~~ 
- 1.480988 ± 0.000187 - 1.644389 .:L 0.000195 
- 1.481027 ± 0.000116 - 1.646817~ 0.000115 
- 1.485724 ± 0.000076 - 1.648282 :1 0.000079 -

20(10 _ ~------ --

I< = 2.0 

- J.] 1 0066 :l 0. 00967 4 
-

- 1.184378 ± 0 003515 
- 1.208846 ± 0.002J 78 
- 1.227788 ± 0.001343 
- 1.241424 :L 0 00074 3 
- 1.247832 .:L 0.000638 
- 1.251210 :L 0.000509 
- 1.253666 ± 0.000469 

-
-
---- ----

I .259467 J 0.00()2G8 -
-

-
-

1817809 ± 0 005RG:l 

I. 85249Til001503 
- 1.892620 ± 0.000969 

1.898153 + 0.000550 
- 1 900557 -~( 0 . 000408 

1.902094 .L 0.0002 3 
L903025 :1 o.ooo-299 

- I 905<67 c:i O.OOOWG 
1 9Ui295 :l O.OOOJO J 
1..908312 i 0.0000 .5 7 -
1.90 07 c± O.OUU0-5 I 
1 .9o!J51I 1 rJ.oooozs 

'l'ahit' 5.:l: (b) Squil>brium po c•nllal en rgy rcr partH·i.:, ujl', Ill lit<' flnld piM5<' r l ~ ~' I 
Th(' llU!lllJer s afkr J tlldH al<- nucluatioJl lrv,•ls. Tlw nu nd>t" ) of Slli1Uiatinn patticles is 

1
- 50(1 

lll2 



"'= 4 0 It - 4.6 It- 5.0 

I 2.040283 :I.. 0.004831 -2.332756 ± 0.004502 -2.528765 ± 0.003806 

5 -2.063313 .l 0.001730 - 2.35004.3 ± 0.001769 -2.542912 ± 0.001 500 
- -2.54 7653 ± 0.000874 10 - 2.070!!0' .L 0.001221 - 2.355369 ± 0.001234 

"""20 2.077051 J 0.000695 - 2.359643 ± 0.000679 -2.551214. ± 0.000552 
-

40 2.08124 2 1 0.0004.56 - 2.362851 ± 0.000449 - 2.553848 ± 0.000315 
60 '2.083236 :! 0.000332 - 2.364342 :L o.oo6:m - 2.554926 ± 0.000240 

~(J 2.6 4381 :i 0.000227 -2.365221 ± 0.000239 - 2.555673 ± 0.000196 

100 2.ll~"2 8 l 0.000209 2. 365 722 ± 0. 000205 -2.556105 :l 0.000173 

200 2.08722' ± 0 000 I :J.C> - 2.367119 ± 0.000122 - 2.557248 ± o.oooost 
4Utl 2.0?1K5SG (I 0(100ll2 2.368103 .L 0.00007!1 -2 558051 :I.. 0.000052 

"/I HI 2 OK9:lH7 j 0 0000,!9 - 2.368670 ± 0.000049 2 .. 558476 ± O.OOOO:lli 

!Dll(J 2 OS:JT/!1 1 o 11000-10 - 2.368911 :1. o.oori035 2.55870[> ± O.OOOO:L:l 

:woo 2. 1190~0 8 .I II 000019 2.369329 ± 0.000018 2.559011 ± o.oonn 1 1 

JOOII - 2.3695 13 J.. 0.000015 - 2.559144 ± 0.000012 
4 ()(H) . - 2.369600 :l 0.000014 -2.559223 ± 0.000009 
.C,OQO -2.369679 ~ 0.000011 - 2 559275 ± 0.000009 

61lUil -2.369727 cL 0.0000 I 0 - 2.559310 ± 0.000006 
---

(-\(l()(l - - 2 [J59366 ± 0.000007 

10000 -2.55941 0 ± 0.000005 
~--- -

Tabl · '> ~ - (l>) l~qudJlHtnut p•>lenl i>tl cnc•gy per parlirl<> for It > 1 (rontinu d). The numb ·r 

uf ~ nnu\allull JlitJ ll<l,·~ ,uc N NlU for "' = 4. and N = 686 f r " - 4.0 and 5.0. 

r It 0 0 - It 0 2 .. - 04 
160 0.88551 . :I.. 0.00027 - 0.88930" ~ 0.00065 0.90216" :l 0.00030 
180 0.88706 ± 0.00021 0.89]) 8 ± 0.00023 0.90352 :l 0.00019 
200 0.88800 ± 0.00020 - 0.89214 :l- 0.00020 0.90449 :!. 0.00023 -
240 0 88943 ± 0.00016 0.89357 :I.. 0.00014 - 0.90593 :i 0.00015 
300 0.89078 ± 0.00012 - 0.89492 ± 0.00012 0.90729 :I.. 0.0001 2 
400 0.89210 ± 0.00009 0 89624 ± 0.00009 0.90861 ± 0.000 12 
500 0 89288 ± 0.00008 0.89702 :l 0.00008 - 0.90939 ~- 0.00008 
600 0.89340 ± 0.0000'1 - 0.89754 :l- 0.00007 0.90991 :L 0.00007 
BOO 0.89404 :I.. 0.00005 - 0.89818 ± 0.00005 - 0.9105" :l 0.0000!1 -

1000 - 0.89·142 :l 0.00004 - 0.89856 :I.. 0.0000-1 0.91093 :l 0.00004 -
00 - 0.89593 - 0.90007 0.9124fl 

-

" 1 II 
180 - 0.92377' l 0.011022 0.9.5173 ' l 0 OU(J26 

-

20() - 0 92488 ± 0.00021 - 0 9.5304 j 0.00020 lJ .98S2J . :l O.OUU:30 
~ -0.92634 ± 0 0001G -0.95451 :L o ooo 16 0.99008 ~- 0.0001 7 

300 - 0.92770 ± 0 00012 - 0.95590 :I.. 0.0001 J -
- -- -

0.99149 :I.. 0.0001:. 
400 - 0.92903 :l 0.00009 - 0.95723 :I.. 0 00009 0.99284 ±. 0.000 I 0 
500 - 0.()2982 J (1.00007 - 0.95802 ± 0.00008 - - 0.99364 ±. 0.00007 
GOO - 0.93034 ±. 0.00006 - 0.95854 ± 0.00007 0.9941 G :L·O.OOOOG 
80(1 - 0.93098 :l 0.00004 - 0.95919 ± 0.00005 0.99480 -t 0.0000[1 

1000 - 0.93136 ~ 0.000U4 - 0.95957 cL 0 00004 0.99[> I 9 0.0000·1 
()(o - 0.93288 - 0.9GJ09 0.99671 -

Table 5.4: (a) l3qnilibrium potential nergy per par id~ , u/ l', for bee solids (N G G) frll 

" :::- 1. The numbers aft.e1 indicate flue\ n<tlion levels. The nergy value with aslNis k ( ' ) 
was nol used fo r filLing si n e the value clea rly dcvial~s fr<Hll 1lh r filling curve , ind>rrltlllg 
\.he sys lcll! i> in a l>tixed fluid -solid sat . Note (hal 'U/1' ' i~bu( · )as [' . . 

10·1 

() 



r ,, 1 2 r. = l 4 

240 - 1.032.521 ' :i 0.000184 -
300 - 1.034044 :i 0.000117 - 1.083042 ± 0.000134 
400 - 1.035114 :i 0.000103 -1.084449 ± 0.000099 
500 J.0362 I 4 J 0.000072 -1.08.5260 ± 0.000088 
~~ ---=1.036742 L 0.000064 - 1.08.5788 ± 0.000054 

700 
~) 

1000 
2000-

00 

r li 
1000 
:woo 
3(1()() 

4111111 

~1111(1 

IJ()I)(J 

SO Oil 

--- -
1.037:388 :i 0.000045 - 1.086444 ± 0.000042 

- 1.037774 :1- 0.000014 - 1. 086828 :i 0. 000038 
-

1 o:l9292 - 1.088J50 
--

h' 2.h _j o; = 3.0 

J..l87:), h J ll (10004 I -
- 1.6!>0380 L 0.000021 

14 .1WII I 0 OUOOJ 7 - 1.650640 ::L 0.000016 
1..1 f>li1 () (1{1()01 ·1 t.G507o7 ::L o.oooo15 
I 4XtHi:J'I I 0 !1t)tlll1 .., I 6'J08·l:'l { 0.000014 

1.6 ,'1ll~' 3 :L 0 00001 2 
-

I 4K~O II 
I.G50!J5G 1. 0.000009 

- 1-
1.651144 

-

'>000 
J00U 

11000 
I 0000 -tt----,~~;;--;-:';--;C~=-:-I 

J:lOOO 
1(,0()() 

2.091169 
2.091190 1 o ooooo:1 
20912:3 

-
-
-
-
-
-

1.266822 ± 0.000063 
-

- 1.267497 ± 0.000040 
- 1.268270 ± 0.000022 
- 1.269026 

f(. = 3.6 
-

-
-
-

I .VI024U :i 0.000011 
t.9l 0317 1_ o.ooooiCl 
I .9 1 UJ68 :L 0.0000 I 0 
1.910431 :L 0.000009 
1.910GI8 

'l,d>k '> ·l (I>) l·:, l'llid lltlll\1 pnlt'nltal cn<.'r!l, · P<'r JMrli<lc, 11/ l', for be so lids (N- 6 6) for 
I The niiJllht·" ,,ft..l I 1nda«l<' tlllclualJClll i<·vcl s The el!r·rr,y ,·,.Jue w1lh asterisk( " ) 

wa~ fltlt tls(•d l tH h11JI1f 'SIJit<· I he \ 'dine rk.trly dt•Vtdlf"S frotll t'tth,~r fit ttng CU I V(' 1 indi cating 
lit<· ""'·kill" 111" JJII\o•d ll 11td so ltol sial<' . <> I<' that ul l' o Ft"'(') as I' ' 

r " 1 2 f(. I 4 
240 1.032173' ± 0.000228 
300 L-034003 ± 0.000150 1.082998 ± 0.000165 
400 1.035392 ± 0.000110 1.084437 ± 0.000114 
500 1.036209 ± 0.000085 1.085274 ± 0.000091 
600 1 036735 :1- 0.000071 1.085804 ± 0.000082 
700 -
800 1.037390 :L 0.000058 1 0864.60 ± 0. 00005 7 

1000 1.037778 ± 0.000046 J .08684.9 ± 0.000049 
2000 -

00 -1.039302 1.088374 

r K 2 6 ,_ r.. - 30 
1000 1.487424 :1. O.OOOOGJ 
2000 - - 1.650422 ± 0.000029 
3000 1.488·190 :L 0.000021 - 1 650685 :1. 0.0000 I , 
4000 - I .488618 :1 0.000017 - I 650813 :i 0.0~ 
:,ooo 1.488695 :i o.onoo 15 1.650890 ± 0.00001 i-
GOOO - - 16509-11:1. o.ooooio 
8000_ 

--- -
-

..... - 1.4 , ~!J!l 1- 1.65119·! -- - '---- -

"- 1.0 ,- ,, 4.0 L 
5000 2.091000 :i 0.0000 I 0 
6000 - 2.091054 :i 0.000011 
8000 2.091119 :i 0.000006 -
~ 2 091158 :l 0 000001 - 2.369920 -l: 0.000(1(10 
- 13000 - _ 2.091 193 :l 0.000004 2.36995G.:!. 0.0000114 

I GOOO 2 09T214:L 0 000004 ~.J6079To1f50oo :l 
2oono 2.:1 J9997 J. o.ooooo:J 
25006- ----_ -- ------ -

3oooo - - - 2.370022 .i o.ooood2 
40000 - --_ --·-- -
50000- - 2.3'70034 ± 0.000002 

:__ ~.091 :109 
-

:2.:l70(J72 ---

" 2.0 

-
1. 266858 ± 0.000068 

- ] .267541 :L 0.00005.1 
- 1 268320~0.000031 

I .269079 

!.91 0270 .:i o.ooou 13 
UJI 0:11\!J .i ll.OOOO 14 
]!110400 1 0.00001:1 
I. I 04 6·1 J 0.0000 I 0 
I. 9 I 0 ocl'! 

2 .. 55~J.'>:lu o.ooooo:l 
2.559.'>46 .:1. 0.000002 
2 5.'>9.'J' 6 ± 0.000002 
2 .'J595GS - 0.000003 
2 5.',9!'>76 I n.OOfl002 
2 550 ,or.-, --

J 

'l ab\(' 5.5: Equ1hbrium poiC'ntlal energy per partJcle, u/1, f,H frc so] 1ds ( f00) The 
lllllll.hers aft.C'r ~ llldtcalr' nuclu nllnn level. Th . (' \l 'fl\ \' ,·,due with a•l<'IISk ( ' ) Wi\.S n<>l USt'd 
for ftttJng SJ JH t' the· v;dlh' ri"flriy dc'V l d.I(•S fHHll cilll~''l fit Jill{ \\lf\'t•

1 
lJHIH.:~.ftnp; till' S~'Sl.c•J11 IS 

ll!icllliX<·d!luid srdtds!idl' Nokth<c u j l' .)•;1"( 1,)usl' . 

0 



- ~</2 as r ___, 0. The value -~</2 represents lhe normalized energy of the Debye sheath_39 

The numerical values of h( ~<) are li sted in Table 5.7. 

Fo1 rc < I , we assume polynomial dependence of Lbc normalized potential energy u on " 

(i.e., T<Lylor ex pa nsion around K. = 0) and fit the flln ciion over the dual independent. variables 

"and 1'. For example, w ·may li rsl write a(~<)= Ebcc(t< ) + O(l(t<) iLild app ly least-squares fit 

to EI>«(K) d;,.la of" ::0:: 1 given 111 Table 5.1. The resu lting exp r sion becom es3 

Eorc(") = - 0. 95929 - 0.103731 n.2 

+ 0.003084 ,_• - 0.000131 K6 for K 1 . (5.13) 

Tu fit til<· fluid ddtii gil'<'ll in Table 5.3(a) lo expression (5. 10) forK.:::: 1, we t.ake t.h 

dq •<·nd ·nn· of t h • co<·tllcinils oa, b, c, don K lo be no more l han qu a• tic wit.h even powers 

only (tilt: ocld powN tc•rms do not appear in Lhc cxrrcssions, as d1scussed in 1\cL 40) , i.e., 

\\'f' \\"J If I ' 

<111d SII11!1Miy fo• b(oc), c(~-.), and d(")- Twelve t.c1111 fil s nf t.bc ll uid data ov 1 Lhc cluiil 

llln<' IW!ld!'lll \' ,lrliLhJ<'S I'; and r yield 

Aa(") 0 t\[l3;],(j O.OOOG6U"2 O.OOOOS!k' , (5.14) 

b(t.) o.cl05004 0.026134 ~~:2 O.Oll 2u89" 4 
, (5. 15) 

c(r..) 0.2llG89'l - O.(J (i 84 " 2 0 01 2"/8,;' . (5. 16) 

d(,) 0.031402 I 0.04242 _2 
0.0080.!71< 4 

' U>.t7) 

For tit,• , , ·lid ph."<' , I h<· followmg for111 fm he t hernial pote11tial energy is assum d-

11 1r.(r., 1· (:\.18) 

r K - 0 0 "' 0 2 - "' 0 1 - "' 0 6 -
0.00 0.0000 - 0.100000 - 0.200000 - 0.300000 
0.10 - 0 265180 - 0.280939 - 0.329445 - 0.392027 
0.20 0.34 8262 0 360031 - 0.393997 - 0.4.52019 
040 - 0.4-13081 - 0.450926 - 0.47943 'i - 0.525131 
0.60 - 0.496155 - 0.508795 - 0.531 896 - 0.573248 
0.80 0.540589 - 0.547594 - 0 570788 - 0.608673 
1.00 - 0.571726 - 0.578664 - 0.599 118 - 0.63 1676 

r K - 1.0 K- 12 rt.=J4 ~<:=20 

I--;0::-0;-;;0,----jj------;0:-:5:-:-0-;;;00~0,:,.0-I-----~0 -,:,.60,..;0,.:.00~0~f--~O~. 7,.:.0:;:,-:00:..:0~0 -1--- !.000llOO 
0.10 - 0.557792 ---=o---,.6:-:4--=-8-=--42"'5=--l-----=o. 7404 15 1.025685 
0.20 - 0.59M14 0.680595 0 770037 1 U-12716 -
0.40 o.G4807tl o.7245:J9 1-u som!JG 1.0!inr,-o 

t-cl.titJ -o.-684:>70 o 757:l4 G OX117!i4 1.08587>1 
0.80 0.1138'10- 0.782001 - - 0.052470 I.Ofi9 ll!i 

L__l . ..:.o..:.o______jj_-_o~--7~:l4~2..:.2..:.r;:-i_[_ -__ -o:..:·=,\=J7:;o-~C~-8(H14G 1 1. 11 oOGfi 

r ,_ 3 0 K = 3 6 .) !<:= 1. 0 " 4.6 
0.00 - 1 500000 1800000 -2.00fJttQO -2.:JODOtlU-
0.10 - 1.5J"lG9G - 1815101 2.00!.1"7:!1 ~11l9721) 
0.20 - 1527800 - 1 821 103 2.018270 -2.3 15081 
0.40 - 1510813 - 1.831725 - 2.02?:J27 t- 2.:321292 
0 60 - 1.549763 - 1.838G10 -2.033Ctl3 -t---:::-2.327181 
0.80 - 1.558136 - 184:3731 -2.017149 -2.329887 
1.00 - l. 5G301? - 1 8-17809 - 2.010283 2.:n21sG 

~--

- 0.400000 
- 0.475008 
- 0.5194.62 
- 0.579895 
- 0.623812 
- 0.656128 
- 0.678762 

" = 2 6 
- UOOOOO 
- 1.31912'7 
- 1.331495 

1.::!48344 
1.360226-

1.:ll970S 
~.3771 1 5 

"= 5.0 J 
2.500000 

-
2.509010 

- 2.5 l2796 
-2.520736 
-2.523305 
- 2.525945 

2.528765 

Table 5.(i: Exce-ss energy per parti cle ujr "t Sll><-11 J' valu('s (IV 500). Not.e llw.t u/ 1' • 
"-/2 as T' - 0. 

JI\H 



0 00 - 0.436765 
0.20 -0.449484 
0.40 -0.480913 
0.60 -0.528365 
0.80 - 0.586650 
1.00 - 0.651089 
1.20 - 0.730380 
1.40 - 0.810280 
2.00 - 1.070980 
2.60 - 1.350351 
3.00 - 1.542363 
3.60 - 1.832581 
4.00 -2.027406 
4. .60 -2.322260 
5.00 -2.5 I 9954 

fnuod(~e, !) - f.ckai(l) defined by Eq. (5.12). 

v.lw~t· 3/"2 1 ~ t he• !trtl Ill• •llH u...~xnp' 1!1('111., a.nd the pnv:c·r s\.·r ics in I' 1 r('pre~wnt s I hC' an hanllOJIIf 

i<'llll,, Fr.,n 1 il Jc.,,s( "<fllar<·s Ill of the l1 c( solid phasf' date g1vcn •n Tahlc 5.3(a) ov"r Lh(: 

A,(r;) 11.13 + 4.37t, 2 (5.19) 

/\ 2( rr) 1.526 -1 4 79t.: 2 (5.20) 

fn1 htc l;di!C<'> wlih 1, I. 

i<'>r, , 1. we• (.)"not liS<' 'bylo1 sctic·s expansions in" fur the coeBicienLs, as defined 

lw 1·:,1s. (:>.1~) (f> 20 ) l ns(r,t~l we• fit lho• pc>kntinl CllCl(()' fumliona) forms, Eqs. (5.10) and 

('> 1~). '"the snnlll,,tlc'll dal.<• [.,, each" l',dul' scprl!ak ly. For' ' I, the u/I' values for lhe 

lhud ph.~,·. IH 1 solid plldsc, <tnd f, c sohd ph.tM' ore gl\·c•n 111 TaLk·s 5.3( b), 5.4 (b), and 5.5(b). 

n·sp<'cll\'ell I ,·.tsl s•pl.oJ<'s hlliill' qf tlw fll!l<l!nnnl fc•nns lo lll<'S<· rial,, (f > 1) yields lbe 

tdcflinl'lll v.dlh':t ~ilfl\\ I lll rohlt•s r"l.H fi!ld ~~ q I 1~1,111(' _:-, 1 j)I!':Will t":O:illllpks vf I<.~d$1 sqnalf"~ 

111'1 

b K. a 
.2 

1.2 - 1.04.1816 0.522733 - 0.30564.9 0.026740 
1.4 - 1.090801 0.514325 - 0.344 195 0.049258 
2.0 -1.270571 0.4.42193 -0.382900 0.100506 
2.6 - 1.489806 0.366308 -0.4 11566 0.159826 
3.0 - 1.651703 0.312503 - 0.394.913 0.173963 
3.6 -1910871 0.239251 - 0.362000 O . H~418 
4. .0 - 2.091363 0.182517 -0.257154 0.131096 -
4.6 -2.370109 0.139276 - 0.2324 76 0.142315 
5.0 -2.559633 0.115580 - 0.215437 0. 149102 

d 

-
Table 5.8: Fluid filling parameters a, b, c, and d defined by Eq. (5.10) . PorK. $ 1.0, these 
parameters are given as functions of K. by Eqs. (5.14)-( 5.17). N I.e that b{l.(K.) in Eq (5 . 14) 
is defined as 5a(t<) = a(rc)- Ebcc(~<) . 

fi Ling lo the fluid and solid phases al tC = 3.0. The dolled lin s 1 cprcs<'lll I he rang<'s of 

filtmg uncertainties, whi ch will be discussed in lhc next section . 

5.4. S inll!lat io n r c ul t.s a nd p has0 d iag r<nn 

For a given "• lhc intersection of the free energies of the fluid and sol 1d phases clelcrnllncd 

the fluid -solid phase transition (i.e., melliug or freezing) I' value, wh,ch we cl<:>not • !'
00

• 'l'hr 

free encr~ics are ,·wduatcd from Eqs. (5 .7)-(5. 1 ) as well a:, th,· fitl111p; paranwlers liskd in 

T~.h l es.S!land.'J.!J Table5.10 showsl'mvalu<'sat.t hcfluld b ,,r,Jidf, ec '"'rgyinLC'I:>'<i!On 

whe reas Ta.hle 5.1 I shows r, values at the flurd - f r solid frt'<'·<'ncrgy lllic>rscctiun . Tlw 

dnncnsion less temperatures T li sted in these tables is defined by Eq. (5.21) below. As will 

be di&russ<'d later, along Lhc fltLid-solid ph<tse lra.n&iLion boundary, the fr<'e energy of tlte bee 

phase is l wer than that of lhe fcc phase for tc ;:" 4.3. Th ·tcforc ['"'and 7, f,,, 2./,- rc < 4.0 

in Table 5. In ilrc not Oil the pba;,c: bouudar ' curve 
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Ftgurc '>. 1: (it) Tl w (.hc·,,n ,d potential ncrgy in lh<.: th1id phase, ddi ne tl by v,h = u- Er,<r. 
at , :1.0. Tlw fl ll <!tl nrcks a1<: data uh .aincd frorn Table 5.3(b) . The solid line is the 
J,•ast squ ,u<:• fd lu the <.lata ; the dnl <'d hn<'s 'CI"cs<: nt the range of un c rlainL1es due to the 
, cwiT~t wnl " I li '> l711:1 J O.lllJOO:l l 
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8000 4000 2500 2000 1500 
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Fip;u1 e 5. J: (b) Tlw t h<'rma l potenti al cnergi<'s at " = 3.0, defin >d by "'" = " - Eb« I' for \ lw 
br r laHi r c and u,h - tL - Ere< r for the fcc ld.t ti c . The fill d c i1 des are b c d ata bt<Lttwd 
from Tab le 5.4(b), and the 11led squa.res arc fcc data ohl.a inc tl from 5.5(b). The solid lines 
arc l.h<' least- sq uares fi ts to these data. The dotted lines 1e pres··nt lbc ranges of unrerlainltes 
due to I be cocllici<'nl s A 1 5.344 l: 3.462 and A~ - 99742.3 8043. for he her lattice, nnd 
A, = 77. 22 :t. G.6.'i.1 and .4 2 = Hh 22.5 :i 16374 . l 
for t lw fcc litl l icc 
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1.2 
1.4 
2.0 
2.6 
3.0 
3.6 
~ 
/-4.6 

5.0 

A bee 
I 

15.42 
16.12 
23.53 
30.16 

5.34 
- 45.39 

- 175.68 
-

2042.56 
3398.78 
4526.98 

24377.67 

99742.33 
392246.46 

1067933.16 
-
-

Alec 
I 

2I.J3 
17.87 
37.68 
67.44 
77.82 
91.35 
25.63 

- 114.88 
- 1069 10 

Alec 
2 

1712.24 
4735.20 

414.70 
5735.30 

16822.48 
151465.97 
904495.83 

2828867.93 
27561540.63 

Table 5.9: Soltd fitting pancmclcrs !1 1 and A2 for bee an.d fcc Yukawa lattices defined by 
Eq. (.'US). For"~ 1.0, /1 1 (~<) and !12(11:) for bee Yukawa latti ces <tr given by EC]. (5.19) 
an d (5.20). 

II<' chnwnslf>tllcss I cmpc·tid urrs Tat Lhc soltd-solid plta.sc ltanstt ion, arc li~lcd in Table 5. 12. 

/I s tnrnlt<'tu>d catlt<'t, we ha,·c used the dual value ( I' and") filltng of the free en rgics 

for, I II ittHI1ht· s111gl •· \'aim· (1 c., 1' only) llilulg fnr earh r> lh <d is laq;<'r l. lt<ul I . To 

<J,..,[( llw """islt'IHI" ol thi s rtppro"clt, "''' ,dsn appltcd tlw si ng!,· v;,[uc· fitltng mo:Lhod to 

the< i!SC~ ,, 1, .,nd found th<t1 t( !!,ave I'm valu<'s very similar lo fhos<' from tlw dual \'alu<· 

fit . Fot <'XIllll[lie, f', , fllt ' 1.0 obtained r, lll the singk-valuc fit is 21 7.9. whereas r ., from 

I itt' du,,J v,1 luc Iii is' 17.') Simi la tly, for the OGP case (tt 0) , t.he single-value fit gives 

most "'' ~nl !', <'Sfllnidc·• fnt lhc OC'f' sy5lemJO.<t.<2 

Fit s\ V<' [, • .-us on the phab<' di~tgram for srn<o.JI "• where nu 1 D 01 MC stmu lalions were 

i><~ rfornt<'d )11'<'\'IOusly c'Xrept ~ r the r;ts~ of,.,= 0 (OC P ). Figur 5.2 shuv:s the phase diagram 

i11 tlw' I' plrlth· lot, I !j Tlw tilJ..d ctrcles rcpro·sent the data p•liuts given in Tab le 5. 10 

and llw >nltd <"1!1\'c ts lit~ k<>sl sqot,ttes fit gtvcn by 

rUI T m 

0.0 171.8 2.240 X lQ - J 

0.2 173.5 2.267 X I o-3 
0.4 178.6 2.332 X IO- J 
0.6 187. 1 2.4.25 x 1 o-• 
0.8 199. 6 2.535 X ]Q - J 

1.0 217.4 2.647 X lQ- 3 

1.2 243.3 2.736 X JQ - 3 

1.4 268.8 2.907 X 10 -J 

2.0 440.1 3.095 x 1 o-J 
2.6 758.9 3.420 x 10- 3 

3.0 ll85 3.498 x Jo -J 
3.6 2378 3.682 x 1u -J 
4.0 3837 3.851 X ](I ·J 

Table 5. 10: Trans ition values of r a nd Tat. liP fluid bee solid pitas•' b otndary The nor 
tnaitz<'d I mperature T is dcfinpcJ by 8q. (5.21) 

' f;d,j,. [t. ll : Transit.ion valuc·s of r and 7 al llw fluid fc~ solid ph as<> bon 11 dary. No e 1 hal 
val"''' only fot " = 4.G and 5. 0 reprc .. ·nt the actual flutrl s<Jiicl pitas,· lr<tnsit.Hlll points Tit. 
norntaitzecl temperature 7 tS cl fined by Eq. (!j.2]) 
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r. T, 

1.066 DO 0.000 
1.2 5070 1.313 X 10 4 

1.4 2325 3.361 X 10 4 

2.0 1228 1.109 X 10- • 
2.6 1273 2.040 x to-• 
3.0 1634 2.537 X 10 -4 

3.6 2884 3.036 x 1o-• 
4.0 4185 3.53 1 X J0 - 4 

Table 5.1 '2: Transition values of l' and T at the bee-fcc phase boundary. The normalized 
Lcmp<'t 11Lurc T is ddiu d by Eq . (0.21) 

S<>nw ,·arlwr sludws22•23 ·1 1 ·33 have used normalizat.ions different from Eq . (.5.1) t.o rep-

r<'scnl 1 hl' p;u lt< ulal<' letllJlNalurc T and the De bye screen ing knglb >.v. Por example, 

on•' "'''Y '"''I' 11 
113 tnslead of tl1c Wigncr Seitz radius a as the length unit, and d fine 

I\ 1.J \11 h t<'IIH'J, Hobhtn s, 11nd (:r,•s\ 22 nonna.lizcd lh(' ie!lll)('rfd un' '/' hy t.h<" typical 

T 
h·'l' 

;:,;:,~fl2 1 

wlwtc "'!-. ts tlH' l ~ll"l<•tn fr<'qncncy [,,, t.lw f ·c Yukawa lattice, defin d by 

2k2 

. 
0 L <f•([ r, - r1[) 

,Jm ;tj 

(5.21) 

wdlt ,,.II pa!ltdt·,, silnat<'d at fn: lattice sttcs. The Einstein fr.:qucn cy is related to the 

(S 22) 

It f"ll"w " f, vn1 l·:qs. lil I) . ( !t .:ll ), and ( Et 22) l ha.t tlw dimensionless i<'mperat urc T is related 

[ I ( :l ) ' [2 _b.' (x) 
I' 4- :l r 

(5.23) 

In the OCP limit of"-_, 0, Eq . (5.22) evidently becomes 1 and T _, (3/17r)2/3jr. The 

Einskin phonon energies for the fcc Yukawa latlicc in units of Q2 j47rc0p, i.e ., 

(S.24) 

are given in Table 5.1 3. 

Figure 5.3 shows I he .fluid- solid (be ) and solid-solid (be - fc ) phas transition cu rv ·sin 

the te.- T phase space for 11: "S: 1.5. Alternative variablc J( I= (47r/3) 1 13 ~~:"" 1.6119 9~~:] is also 

listed. Here fil led circles indicate the fluid -solid phas<> transition points given in Table 5.10 

and fi Ll ed triangles indicate the bee-fcc phase transit ion points given in Ta!tk 5.12. The solid 

cur vc is the least-squares fi to \.he T,. values given by 

T, = 0.002240 I 0.000181~~: I 0.000209t-. 2 for ~ 1.4 . (:>.2!1) 

Th • hr()kf'll lrne 15 the fhtid solrd phase boundary hnc eslrmalt·d hy Si<'V<'ll" " "d Ho>hl,i!l s, 1J 

T"' - 0 0022 I 0 000'22 },· , 

wl11ch is an extrapolation of their si111u lation data for /i > 2.0, match d linearly to the OCP 

phase- transition va.lue obtained by Slringfellow, DeWitt , and W. 1. . Slatlery.28 This lul<'ar 

extrapolation is in J'C'il$ nable agreement with onr results wrthrn tlus clnt!la.lll (t. I.Tl) Til<' 

dotted line represents the be - fcc phas<' transli.ion 11rv ohl<uned frolll t.hr qu as1 hi!.rmontc 

theory (lo.tlic.C' dynamic stmulation)/3 wh ich arc iu excelknl agr<·cment. with our sun ul alt •11 

rcsulls for "- - 1.2 and 1.4 .. 

Figure 5.4 is the extension of Pi g. E>.3, fm '' up to!\ 0. If"'' "· filled cir les indt ~I•· tl~<· 

fluid bee soltd ph a~e transition (from Tabk 5.10), filled squor<·s idr·nttfy tlw flurd [, , soltd 

pha~r ransiliou (frl'ITl he las two rows of Table 5. 11 ), and fill<•d lll'>llgl>· r'Jrr"''P'Jild \ r. 

the IH'c·f<r ph<ts•· ltansilion (from -l obi•') 12). As i~tdir<tlr·d i11 tlw >'dflwr sl~tdw~.nH lw 

1 Hi 
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1711 
0.0 4.18879020 
0.2 4.09942706 
~ 3.87048594 

0.6 3.552~586 

0.8 3.18604083 
1.0 2.80173818 
1.2 2.42225060 
1.4 2.0G3080 14 
1.6 1.73394880 

J.8 1.44004234 
2.0 1.183 14716 
2.2 0.96264.058 
2.4- 1- 0. 776308 10-

-
2.() l1.62()99:J45 
2.~ 0 <1_2.308756 ". 0.38887907 3.0 
3.2 0.304 78987 
3.4 0.237511_87 -
3.6 0. 18412321 
3.8 0.14203782 
4:0 0 . 10908~ 
4.:2 n . o s:~42179 
4.4 - 0.06355299 
4.6 0 . 0~4326 

4.8 0.03649075 
5. 0 0 . ~75213_7:'! 

urn 1ali<t'd Sttuarcs of F:in~l<'in frcqlletKi<'" defined by IC:q. (5.24). 

least-squares fi t of t he T"' values (given in Tab le 5.10 and the last two rows of Tab le 5. 11 ) 

becomes 

T m = 0 002491 -f 0.000312" for 1.2 S " S 5.0. (5.27) 

In Fig. 5.4, the il u id-soli d phase tr ansi ti on points T mare fit.ted by t he quadrat ic polynomial 

of Eq . (5.25) for 1<. S 1 a nd tbe linear fu nd ion of Eq . (5.27) forK. _ 2.6. As a gu i k to the 

eye, t hese two fun dions a re smoothly connedcd by a cubic sp line function over I S K. 2.6: 

Tm = 0. 00330220 - 0.00031200 · (2.6 - t.:) 

- 0.00002336 . (2.6 - 1(/- 0.00002764 . (2 .6 ~<) 3 

for 1.0 S K. ~ 2.6. 

The bee-fcc phase transit ion curve is also fitted by the following functions: 

T, 0 . 00096377·(~< 1.0>6) fv• l.CI JCi <. " < 1.2 

T , O.OOIYS!o:ll - U.UOIJ\ltl60 · (2.6 o) 

- 0.UOIIJ!!599 · (2.6- ~<) 2 ~ 0.000228.C•O · (2.(i ")3 

for 1.2 ~ 1<; S. 2.6. 

T , = 0 001352 · (t> - 1.066) - 0.000050 · (o; - 1.0,6)3 

(5.28) 

(fl.29) 

(5.31) 

( 5.3:2) 

llerc Eq . (5.31) reprc<cnl5 Lit· quadr<Ll i lc<Lsl square fit ofT, ovc·r 1.066 ~ "<" 4.0 giv ·n 

in Tabl e 5.12. A lthough J at.a poi nLs 11 i1r" = 1.066 are also used to obtmn Eq. (5.31), it 

docs not reproduced the T,, valu s nc~r - l.OGG very welL A s men ioned earlter , ou r 

stnwlation resu lt s agt e with th e quasi-ltarmontc e<dculation, wh telt 1s known to be accurate 

near o. - I.OG6. Therefore, 111 Fig. 5.4, w • haw used Eq. (5.:Jl ) only len ,. · 2. as t he fitttng 

cut ve. Fot l.OiiG _ " '- 1.2, we Ita\'<' used il linear ftl bn.s!'d on tltc (Jilast-lto.nnonic. tlw•>r)', 

i.,., Eq (5 2Y). Th,, cubir. sp lt1w fucnlJOn given in l:.q (5.:!0J IS u~1'd I•> SIWJ hly coun~rl. 

Ill! 
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Eq. (5.29) and Eq. (5.31) over 1.2 S:: tt- S:: 2.6. The point where the three phases (Buid, bee 

and fc<. lattices) m <'l- i.e., the trip le point- is the intersection of Eqs. (5.27) and (5.31 ), 

which is given a.s ~< = 4.28 (!< = 6.90) and T = 0.0038. 

II. is nol easy to ac urately estimate the magnitude of errors rn the phase-t ransition 

])(,undary curves. Ther may be several possible sources of uncertainties. In the case of 

large 1', f0r exampl , ll> e polct1Lial energy u. is very close to the Madelung energy u.
00 

and the 

llllt!lencal valu ·for the diffc•r nte u.,h u-u , which is used to determine the phase diagram, 

has fewer meaningful digits. Furthermore, if K and ['are large (and therefore the interparticle 

inl ·me! ion is weak and the system has a low thermal energy) , it lakes longer ( in terms of 

the !.ime unit J:i"'t> 1
) [or t.h system to a.Llain the thermal equilibrium. 'onscquent.ly, tl1c 

mt·a,ured <'tH'•gy dai<L i!TI' pron to err0rs values duet. numerical averaging over finite time 

tnt rv;d. 

'1 h<•r ·l••rt· w•· nnw t<tk<· it lli<Lgmal.fc approath to C'Stim<ltc the unecrtainlics associa cd 

wfih fl,,, ph,Js~ lh>llnd«n<'s. i\ swmi ng that the measured cnc igy valuc·s have unif 1111 ·rrors 

"I'" d.-t 1',1\'<'n i>y ''"' ~quaJ<· root o l he sampk variance, one can est imate l he uncertainties 

of I he lit till!'. para!ll<>lc•rs 30
•
44 F<•J cxantplc, for the L < so l> d ph ase at " - 3.0, we obtain 

A, r, .!41 I :l.4 i?. and A_, 99742.3 :1 G4:\. , I h numbers after :L representing the range 

nf llw """'J ldinli• 'S is•··· Fig !i.l(h)J In the lhnd phase, it follows from Eq . (5.10), tha t.hc 

<'ll<"fi\Y v,dll<' v. IS lllto:it s<'IISJI 1vc to va1 1alion in the coefl>n<"nl a(,;_) for larg<' 1'. Its unccrlainly 

l.(Jr>l703 .± 0.000037[sc l"ig 5. 1(a)j. 

If w,· rlro sc the mosl prnhahl<· values of a, b, c, ;end d, ilS g iven in Table 5.8 ( i.e. , no 

\';u JJ.I i•'I1), '""' vari,., A1 and !I! a" ind•rat.ed above, the range of unrcrt.aint.ics for Lhe melting 

(l<'llll bceo11H'S 3AliH . · I 0 3 · T '" · :1.529 >-. Ill · J at. K 3.0. On the other hand, if we use 

.'i.:\44 ~lid A.' 99742.:~ (as given in Table 5.9) and vary a 

111 tJ.,• ,,,n,~, . I tlf"d71l.l I llllllllll.li. tlw Ull<<'rlmllly in tlw melting point a "= ~.0 becomes 

'l :rf·1' 111 I 1 '" .I 71<1 · 10 3 Tit, ennr ba1 011 llw m<'ltmg curve in Fig. 5.4 r<'prc~cnf.s 

11!1 

the latte r range of uocertainty - the larger of the two. 

Similarly, fo r t he solid phases at "'= 3.0, we o btain A 1 = 5.344 :L 3.462, A2 = 99742.3 + 

8643.8 for the bee lattice and A, = 77.822 ± 6.653 and A 2 = 16822.5 ± 16374 .6 for Lbe fcc 

lattice [see F ig 5. l (b)]. If we choose the most probab le values o f A 1 and A 2 for t.hc bee ph ase 

and vary A, and A2 for t he f c phase, a nd vice versa, the range of T, at "'= :l.O is fmmd to 

be 2.322 X 10-
3 < T., < 2.901 x JQ - 3

. The error bar on the bcc-fc pha.s transition curve 

in Fig. 5.4 represents Lhis range. 

Figu re 5.5 shows t.he same dat.a as those in Fig. 5.4, p lot.t.ed in the ~<- T' phase plane. Th. 

phase boundaries r.., a11cl r, arc a lso converted from T to 1', using l~q. (5 .23) a nd th fil.t.ing 

cu rves used in Fig. 5.4. The error bars a 1< = 3.0 in Fi g. 5k arc a lso plotted in Jo'1g [J.!ij 

these rrors arc less prominent due t.o (lw logarithmic sca le forT'. The t riple point i giv<'n 

by I' = 5.6 x I 03 
at K = 4.28 (!\ - 6.90). Iloth the fluid solid and bee f ,. phase t r;,n sit ~<m > 

ar<> of lirsl ordc•-'·
2
·2-

1
.
411 

'rhc <·ntropy p r pailick .s = SfNJ,. (with /•' lf S'l') is rclatc•rl 

to tlw fn.>c <'IH'Igy pc> l"'rlid<· J thf(n>gh u 

partiek 6.< at a phas<' hound<•ry IS <'qual to tl,c poknt.ial energy hange par pa1t 1 1<? II 

Slll<'<' C::.J - ll. Using this relation at t.h phas<' boundaries, one can directly calculalf' 6s 

from M D simu lat ions. For example, at. K = 1.2, we obtain 6s = 0.75 at Lhc fluid -solid ph as<' 

bound a, y <tnd 6s 0.0.'12 al the bee- Ire phase boundary. 

5.5. Co111par iso n wi t h earl ie r wor k 

l 11 F'ig. 5.G, we com pare our MD simulation results v.•il h t.hosC' from earlier MD and MC 

sirnu lat ions, based on differcn methods. 2
l·23 •31 33 These arlier MD and M C simulations 

do not i11clud<' the inlinlic sum of pcnod1c boundary conditions, i.e., lh,., se-cond (erm of 

t:q . (5-2). and arc thus valid only in t.hc large' " rcp;u11 (e.g., ,, ;.... 1 ). In Fig. 5.G, 1 h<" 

hnt•ar fit p;iV<'II by of Eq . (5.21) is I'Xlrapola! d to ,, 0 Tlw filled symb0Js and •. ,hd 
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arc the lluid solid ph11sc boundary poinls obtained by Meijer and FrenkelY These values 

were obtained from a modified Frenkcl - Ladd lattice coupling mclhod46 and MC simulation 

for systems of 256 or fewer particles. The error bars show lhe statistical errors . The open 

reclangles (0 ), triangles (6) and diamonds ( (>) indicate stable fluid , bee, and fcc stales, 

respe ·t1vc ly, obta.incd by Stevens and Rob bins.32 These aut hors used MD simu lations and 

obsc1 ved the lime evo lu tion f llw sla t c, s tarl ing from fluid olid coexistent initi al conditions 

(phenomenologJ ca.llll C' lling ( 'sl.s) the numbe r of particles used in the ir simu lation arc 4-32 

for h c l~tti c s 11nd 500 for fc Ia\ tires. 

Till' bee [cc ph ;LS IH>U ildary bt.aincd from the lattice dynami c calcu lations (quasi ­

h <<TITI ni, lil ('ory) by ltobbins, I{ remer and Grest 23 is plotted as the das hed line in Fi g. 5.6. 

!I s wr 11 ot<·d earill'l, l h is bc(OIJJCS exad 111 t.hr low le111p e1ature limi t. The dolled line is 

1 IJ,· 1", fn ph.~<<' IHIIIIldii!_\' 1 """ ,,blained by Ho bbins, Krcm rand Crcst,23 based on MD 

Sllllldi11i()ll~ •liHl t.h(' I "OI•r)7.y dl;..l rthll(!Oil rune! to n lr1t ... Lltod 23 41
" 

ls 0 011!16 · (/\ 1.72) I 0.00018 · ( /1. 1.72)2 . (5.33) 

The i11 w,11 le1111 nf till > <'qual1011 I S direct ly taken [Jomlilc lattice clyn<>mi akulations. The 

,.., <>nd t<- 1111 IS del <.:rllllll<.'d hs ;, uadrntic fit to th i1 bee- fcc phase lransitio n data. Using 

thu. h1 c fn pi"'"'' bun ncla Jy, Sl ,·vc·ns rtnd Rohl>ins 'limalecP~ lit<' lriple poinl - i.e ., \he 

botuHI<try (>Oi n l of fluH.l, bee dil<l fc phases, whi ch is given as the inte rse Lion of h mclling 

phase hou nd <t1)' of Bq. (h 2(i) and th~ bcc·fcc pilas<' h unci, ry of l~q . (5.33)- as " = 2.85 

(Ji •U.) and I O.Otl:li ( I' 1.0 ~ 104 
). This triple poi nt is located a( much Sllla ller " 

\han ti h<l " llt aJnt·d 111 th " s ind,·. 

Dul'unl, Moulllt ilSSe, HyLkneJI , and Haus31 usccl MC: simulaiJon anrl frenkei - Ladd Ialli e 

<<~u pl 11w 111 <'lhod" tc• <'l'ahwl•· lit<' "''hd frt:<' cJwrgJL'S. Using th<:' fr ee en.:rg1cs of the fluid 

pltiise nhlalttcd hv ~-!J-q,•r ,11td l·n•nkcl, 11 DnPonl rl a/. obtetinNI a fluid bee boundary poinl' 

" J,,, f,, ph.c:·•· IJ<•nnd.il 1 p»inl. ;end \he t npk l'"'llt , d<.'n t.>d 1 ,. p<'< tJvely by \ ll<' open circle 

I 21 

(0), plus(+), and nabla (\7) in Fig. 5.6. This triple poinl - a\" = 4. 19 (I< =. 6.75) and 

T = 0.0034 (f' = 5.6 x 10
3

) - is close to the one obtained in this study, i.e., "' = 4.28 

(K = 6.90) and T = 0.0038 (f' = 5.6 x 103) . 

H is interes ting to not !.bat the triple--point " and r va lues obtained by DuPont cl 

al. and in the presen study arc very dos (within 2%), although the T values differ by over 

10%. This is because T is a sensitive fuJlc lion of ,.; when "' 2:, 1.0, as s hO\ 11 be low. Prom 

Eq. ( 5.23), one can write 

dT 

T 
dl' "BT d,.; 
I' -1 i OK -;:;- . 

It fol lows from Eq . (5.23) lhat the cocfficicnl of lile SCCQild t.erm (,.;fT)((} r /BK) above is" 

function of only K , independen t of 1' . The values of this co<'ffi t·i ·nt ar~ 2.02, 5.32, 8.88 and 

12.5 for" = 2.0, 4.0, 6.0 and 8.0, rcsrcct.ively. F r xampl , if, 4.0," 2% <' rro r in th <' K 

1•alue r sulls in m o re than 10% crmr in the co rr<'fiponcl1ng T v.,Ju,, fm 11 l'l"< 'n 1'. 

The fluid -solid ph Me l retnsi t.ion tentpcralnrc:. obtained in thi s st111ly nl · sys\<' ll l<lll\<dly 

higher ( by abnul !i% in T) llt<:t.n those· obtoin<'rl by ~cij e r and Fr<'nkd. \\',lh tlt<•i1 llll1dlil<'d 

Frenkc i- Lacld lattice cou pling method ,16 !ll , ij <' r and Fren kel oh ainc·d the (.:d,iJs frc~ ' IJ<>rgy 

by integrating a polynomial fil to the density pressure data obtain,.tl from M 'simu lations . 

ln addition t o th is different met.hodology, other fadors may bav .. c llllllbl! l<'d l,o th sy~ t.•' m 

at.ic d1screpancy. Firs t, th MC simulations by Meij e r and Pr<'nkd en1pl y••d r<'lativ ·ly sma ll 

numbc 1s of particles (J\1 S 2.56) . Second, Meijer and Fr<'nkcl o.ssunwd that the solid phase 

a( their data points of K = 3.30 (1< = 5.33) and"= 4.20 (11' - 6.77) 1s fc However, our 

si mu!,l!ic•nfi, as well as !.hose by DuPont ct o/.,3•1 indiCate th a t th1 s ph;,.c IS actually bee. 

Tltc sl<tble fluid phase data pr!'s nted by S tev~ns 11nd f{ nbbi J!>, wh•clt art• con•icler<'d o 

gi 1· a n ~'PJ'<'f bo und of the Au1d solid transilJC>II phas<', lH' rnm 01 I'·" rn1 or ;J.bovc our fill ed 

fhnrl wlid ph<tS<' bonncla1 y, sugg<'sf ing good agn·cnl<'nt I'.'JLh l'lll data Only 1 wo data p0mt s 

.\. .J.l< <Li1cl 4 I Sli) 
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arc slightly lower tllitn our fitted phase-t ransi t ion curve. These two data are obtained from 

MD simulations of a system of 432 part icles, with the potential truncat ion at a radius equal 

t.o 3p, whereas we have used MD simulations of 686-parl i le systems for bee la tti ces and 

500-particlc systems for fl uid ph ases with no polcnlial truncation. To determine the stable 

phas•·, St.c·v•·n s ancl R.obhins ran MD simu lat ions starl ing from two phase slates (equally 

divi<kd fluid a nd so lid phases) 11nd observed thei r lime evolut ions. If t.he difl'e rence between 

l hc lr('(' £•ncrgics of th<:> two plrases is very small, which is the cas ncar the transition poin t, 

t he ·volution of M]) simu latiort may be sensit ively dcp ndent on the shape of t he si mulat ion 

box, number of Jl<lrlicks, ini rial pNtu rba ions, and the potent ial t. run at ion rad·ius. 

Th · lw<• lluid S<>l1d l.wundary points obtained by DuPont, Moulinasse, Ryckaert , a nd 

Hans'J ldl'nol d by til(' open circl (0) and nabla (\7) in Fig. [>.6; l l1e latter is also the 

t rrpl•· Jl• 111 rl S<'<'lll r"t hers ·atl ·r d if one believes tiJ<ct the melting r.cmJ.lcralttrc T'" inc reases 

lrn ... 11 1) 1\lllr , In the• ],,rllu' C<lllpling urlnrlal.i ns by DuPont cl a./ .. l.he frc(' <'llergy is 

1 ,\)ta 111 ~:d J,r lltil"gtn.ltng !It,• c...'llt..'I'~Y dlo..Hlg an isotbcrnL l~ e t JCC' 1 the arlu.:d tc·Jilpcrn.tnre (0r 

t'tJUiv;.lenlh I') w llxed, allfl' I> tmnpuled [or cach phase bou ndary poull [which is Opp silc 

lo \)\If nwt hod : we fix , v.ducs and determine corresponding plr as<' t rans it ion tem perat ure 

(or I') v.,ln•·>. j /\ s di "cn,scd aiJuv(·. hoWPVt' r, sn1all errors in K can result in T large errors. 

ln.Jc,,d llu l '.url fl "' h<•V<' <•lrialn<'d I' I 7 101 <tnd !3.6 X 103 at K 3.38 and 4. 19 <cs 

i111 1d holid lrourHI.11v Jl»lllt s <lnr "cslilll<li<'S 011 th' t·hrid sol id bo11udary [from E:q. (5.27) 

<01\l'<'linl In I'J r.,l I' 1.7 . 11)1 ,,n I 5.G X 103 ar{' K = 3.30 and " = 4.2 1 whi hare 

wrtl11 n :2.f>% of I h<> " v ... lul's cs irnal<'cl by 011 I' nl c/ al. T his small eli !Terence in K incurfi a 

diS(I<'I'•IIII)' >1[ ah.mt lU% 111 7m at til<' t11plc pu1n\. 

Th·· b , [" ''""'' houut!ary p0int olrtarrwd by DuPont rt al. 13 [denoted by a plus (f) 

Ill J·\1g: . r1.hj1s Ill ~·;.:(t~Jit~Jit d,(?;lt't...,lll<'l1t \\'tth thf• h (' fl C' phase IIOUndrt l 'j' Cll fVt., C'S t inla.ted in 

th>o oilldy, 1\hrl·· thr h,·, f" phase· tr(lnSiit>lll lernpcratUJ('o ohl'tinc·d b, Bobbins, 1\rcrncr 

'""I (;,, •st 'l ..,,,. ruu.h lugl"'' (tlw d .. l\<'d hrll' 111 F1g . ;.r;) (\,n, ,•quenlly. lht• tnpk pe>rnt 

suggested by Stevens and R.obbins32 is located at much smaller "' than that obtained in 

th is st udy, as previously noted. Robbins, J{ren1er and Crest used the energy-distribution­

fun ction method
23

•
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io obtain the free energy di fference between fcc a nd bee phases for gi ven 

" and T . To determine small differences beiwecu t he fre<: energies near l he IKe· fcc bou nd;cry, 

one needs accurate statist ics for a sampling of lhc energy histogram in t hi s method . ll is 

not. clear from Ref. 23 that the stati st ics were adequate for an accurat" estimat ion of these 

values. One example given in Ref. 23 shows t hat the d ifl'cren .c in the free energies at "- 3.05 

(!\ = 4.92) a nd T = 2.24 x I0- 3 (r' = 1. 97 X Jll3 ) is O.O:Jk131'. Ocu ]\11) cal ula l ions show, 

however, t hat the ditTcrence is 0.01 4kaT at ' = 3.00 (no e t h<> slig ht dttT•rcncc in ,.,) a nd 

T = 2.24 X l Q-
3

, which is different by a factor of about 2. 111 e t h(' me sured poknlial 

energies for I' ;::_ 2000 gi V<' an ex <.'l ien ( fit to t he quadratic form in Eq. (fl. I 8). th<' ,,, ro1 111 

our free cucrgy est imate due to the extrap lalion foun of 8q. (f1.IH) ;,( thi• p s1tion 111 the 

phase spo<C (i.e., 1(. = 3.00 a.JI(J T - 2.24 JIJ 3) is .:xp<'d.<'d lobe vt•ry smalL 

Sr vens and R.obbiLis
32 

show"d that their II) simuletion slarting frw11 a 111ixcd sta ,. o[ 

nnid and kc ph.ises cv lv .. J to the fc pho.sc at ,, :tGr14 (!\ ~ 5.80!l) "nd '! 3.12\.J>, IO 1, 

which is indicated as an open diamond in l"ig. 5.G. l lowl'vcr, lhey clv not sc·cm t,o claim t hat 

!he bee phase is act ually mor tins able Lhan th e fc-c phas · atlhi• data poinl !At" '1..77!) 

( II' ~ 4.479) aud T = 3.HI8 x J0 - 3
, ih au t hors of 11 f. 32 sh'1w t.h;•l tWP runs convng" 

It, clilrerent lattices, suggeslrng that both Lhc bee anJ Icc pha.sc·s an· ,;t<tlde.J It is not l('ar 

fron1 1\d. 32 lhal their phcnomcnologicalmcli,ing t.cst C<tl1 d1sti11p;u rsh such Sm<LII ditTrie11<cs 

111 t he free nergy near the phas<' bouudary. 

To summarize, we heli vc that t he t.ripl<' poi It ohta1ned in t hrs st 11dy winch is very 

'lose to t he one obtaiued by DuPont cl oL is more ac UI ale l han thai sugg strd by St.cvcus 

and Robbins. I may be of interest to compare the ddlcrenl rncthnds lll<·nl ll.lll<'cl above·, using 

d,rfa fr0111 Uw samr· 1\! ]) ur ~(' sinrulatic•ns. In tin> manncr,orw cr,qld <L',<.>IId.iu wh ·lh"' t.lrc 
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the intrinsic accuracy of the simulation data. Figure 5.7 plot the same data as for Fig. 5.6, 

in the ,__r plane. The error bars are omitted in Fig. 5.7 for simplicity. With this logarithmic 

scale for r , the diffNenccs among the data of the various authors are hard ly discerrtible. 

5. 6. Summary 

W • have obtained the llt11d -sol•d phase boundary of the Yukawa system for " ::; 5, 

including the w akly srrccned r gime (0 < rc ::; l .O). This phase transition is of first or­

d r. Unlik<' earlieJ M f) or Monte Carlo (MC) silllu latious, in which interparticle forces were 

co•nputcd by p<Lirw•se summation over particles within some cut-off radius, our MD simu· 

lnt •ons ns inle• pMLJ< lo• p<>l entia Is summed over all particle p<Lirs, including periodic images 

vf part i.-lc•s r<"SI linp: in the• rubi(al simulati n box. Thus long rang<' parti cle interactions arc 

il ·c ur<tlc•h· etc rr•11nlcd for m·er Lhc• c•ntire range of', including he unscreenccl (i.e., OCP) limit 

nl•· II Our ·111 SII1Hd.tl ion 111('\ h"d thus flll~ I he gap lwtwt'<'ll arlier extensive studies 

• >I I h·· (><'I' sys l c 111 <tnd sl rongly '' rv•·n··d Ynk;nva sysi.c111S. For sl1onp;ly ·srreencd Yu kawo 

$~1 S ('\li S ( ,, 1), ilw llu1d "''lid ph • .:;c· I "''"'l it•n curve obt <Uil<'d here is in good agrc·emcnt 

w11 h I hosl' uf the c·<Ldicr sludi,•s 

VI'<' have i\lso esl imakd th~ h fcc phase boundary by I he MD simulation method . 

'J lw: ph ... ,,. llolft, JII<Jn is ab<> "f firs t vrtlc•r . The lransilron lcmpcmtures T, obtained arc 

111 exc~ll<'lll ,c(?.f~<'IIH'lll w1ll1 tlw result., of quasi bannonic theory13 ncar K = l.05G, lhe 

7.<'"' 11-lllj><'Iilllli<' h·· fn plm,c lransilion point. The her- fer ph<tse transition point for a 

l<HI!,<'r ' obl~lliCCI "' Ll11· rcce11t study by DuPo11l, Mouhnasse, I yckncrl, and Baus33 is also 

111 ex<<"lk·nl a~r<'<'IHcnl wJth our present rcsul s. The lripl~ point (i.e., flu id- bee-fcc phase 

!Jolll\(l.ny) JS t•stinlH.tccl t.o be l'i 4 2R ( /{ 6 90) and T = 0 00 8 (l' - 5.6 y 103 ) , close Lo 

400 r---------,---------,-------~ 

300 solid (bee) 

r 2oo -

100 - Ou id 

O L-------~--------~--------_j 
0.0 0.5 1.0 1.5 

"=a I AD 

l· lgur<? '•.2: l'l,aS<' diagram of Yuk<Lwa sysiCil1S as a function f the dimensi nlcss l!lvcrs<· 
sc r:ening lcngt h ". ilnd ~he dimensionless invcrs lempcr;d u11• I' defined in Eq. (5.1 ). 'J'h 
~ohd nrcles arc Atnd-sohd phase bc,undary points obtained frono MD si mulation s (sec Tabl<' 
.>.10) nncl the so l1d "'" v<· " tbc1r leasl squares fit. Note that 1 he· fcc solid phase is ofl' scak 
111 Ll11 s figure . 
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srli·t· 11111 p.. i<·np,l h ,, ;wd tit,• lc-nlp<'J iLIIIJ~ T normalized by t.hc E:in sl in ph non energy: defined 
by Eq. (!i.21) 7 ;,, Jelakd lo I' lhrt•ugh Cq. ( .2:'3). The fll!C'd cnck·s arc flwcl -sohd ph ase 
bound"!)' po1, 1t.s oblitllll'd fwln l\1D simulation~ (s<.:c TiLi.Jlc 5. 10) ilnd the solid line represents 
their <\Hildr;tt j, '' '"l sqnilrt·s flt. ' I ht• brokl'n li ne is Lhr phru;..: boundary suggested by Stevens 
d.lld HohhillS Ill n.cf 3! The clottnllint' is he bee fn phase boundary obt ained by Robbins, 
1\JcllJ>·J, .tnd UJt'<t,23 iJ,L~t·d vn tlw 'l'""i har111oni~ th~ory. The filled t. Jianglc ou the dolLed 
lin.· .tit' h .. r .. pllilSt' ''""'"'"')' poinls obtained frOill 11) Slllllllations ('ce Tab\(' .5.12). 
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Chapter 6 

Summary 

We have dtsr 11 ssed s0m<· fu11damet1 al properties of charged grains (dus\ particles) immersed 

in pl ll.Smas. Snch p"rliclcs arc \yptcally "mcsoscopic" - small on Lhe macroscopic scale 

(e.g , l h(' d 111wns1ons of 1 h<' pld.Sma) bu signifi can tly larger \han molecula r sizes. Since elec­

'' "'" h.l\'<' much l11p;hcr mDhilily th;ut ions in plasmas, par\icu lates in plasmas are typ ically 

nc•g;oliwlv .-h,ll!!,<'d dtlt' tn llw al t"chmcn l c,f til<' dccl.rons . On ce n<·gal.ivcly charged, such 

" po~tlt clli.ll<' slarl,, to"' rafl 11•11s and repel d c·(trons, f.,rmi ng a Dcbyc slwa\h around it 

111 •·qu dthtttttn /1 lkby.- she<tlh thus shi,·lds the long rangt· Coulomb field of \he charged 

parlid <· ;d the rcnt<>t Thl' <tttlounl of charg('s 011 parlin•l (l.le surfaces are strongly innu enced 

by rclottVl' di s l<~t1Cl' 5 <tll1ong particles The chatging nwchantstn is summarized in in Chap . I. 

lf " , h..rged pMit< le 111 a plasm;, "isol;,tcd from olhct par ticles, its dynamics is detN· 

111111 .-d ltv lite· 1nt<·t "' t1011 lwl w<·cn llw pdiLilk and am b1enl plasma. Chapter 1 summerizcs 

~lie i 11 dncg fnrC<', neutral drag for ce, and lher-

moplwf<'>tS <'X<'tlcd 011 such a parti le In a uniform plasma (with some nonuniformily of 

the ba 1·kground II<'Ulu.l gas th11t c~II5<'S th ·net col lisional forces), til<' t ransport of an is Ia eel 

clusl p. 11 1~t!P rs titu s determith'd hy those collisioni'l.l for(cs as well as he eleclroslatic fore 

and rr-IVII t~ll•l!ii.d It If\<..' c.,~;.:t•t l ,•J u!l lt-

If til<' J'l<lSIIIil to no I nnifurnt, an addr ional for<<' needs to lw t ak,-n tnlo accc•trnt. Sine.., the 

lkhy, !t'lll~th ts d fun• tl>lll »f lite plnsnl<t d<'ll>tly <111d lctup<'r,clml'," pli!stlld llOIIIItllfnrmll.y 

resu lts in nonuniform Debye sheaths (sheath polarization). The electric field induced by 

such a polarized Debyc sbeal.b exerts a force on the parlick a\ its center. This fore 

polarization force - is discussed in detai l in Chap. 2. The magnitude of the polarizati on 

force is also estimated under typical glow discharge conditions. Sin-e a particulate has 

il lower free energy when it has a thinner Debye sheath (i . . , small r Debyc length), the 

polarizat ion force is a lways in the direction of decreasing Deby length regard less of th sign 

of Lhe part iculate charge. The magnitude f ~he polariza tion for-e<' is also estimated und r 

typ ical glow di sdt (l.rgc conditions. 

A pl asma fl ow can also cause sheath polaTizalion. The efl'cd of plasma fl ows on the 

polari zation force is an alyzed in Chap. 3. ll is fott nd that the magnitude of t he pl asma now 

induced pnlan zati n force is l.ypically small fo t a small now bei ng of lh ~ s~cond rc.kr of 

IIH' ta! iv of l.h c ion now ve]oci(y to ion thermal Ve]oci\y. 11 the Oilt 'I J1 alld, tf iJw i011 fl c.> W 

''cio\ ilv is large compared lo llw ion thermal vclncity, the ions ar · una!Jic to furnt a >i><'•d h 

~tnund the pJtltcul <d<' and <>'n>equcnlly tbc Dc·hye sheath cnnstsls only of a dcGCtcnry uf 

~J,•c l.~t>ns (1.1"· io11 slt1?11\h is "h lnwn <lway .. by the strong ic•ll flow). In lltto casl', <Lltbouglt 

!. It <" p larrzal ion force due f.o the De by<'- length gradients ('an s\ ill exist, one II Ct•ds lo ""' Lit<• 

rlecl ron Dehye lcngl h >.<,instead of t h characteristic De bye length AIJ. 

In Chaps 4 and 5, systems of the interacting charged patli clcs in pla.snr<t~ an.> discussed 

or parl tcular inl<•resl \ S the thenn dynamical propNtics and fonnation of Coulomb crysL,ls 

(flu id-solid phase t.ransil ion) of such systems. To simplify the problem, we ass>t t!l<'d that 

th\' bac.kground plasmil is in ther111al equ ilibrium. Und 'I this condtl10n, lilt· int crp <trl ici•' 

po <·ntial is gl\·cn l y the s.-r<"cn d CoulomL polcn tid (i.<·., Yuk<•W<• pol•'ntial). In lhe ltm tl of 

infintl c· De bye· I ·ngl l1 s, such systems h<'conle the wdl known c!as31<·d.l un<' <"Otnprnr•·n\ pl aS!I1iJ. 

(OCP) 

T he <·arlt<'t sf udi,;s of Yukaw,, syslt'ms ilr<' litntit-rli" tlw 1'1')\l!I!f' of sl tung scrP,ntug, t.(' . 

( ) 



which each parLi I interacts is small aud therefore their MD and/or MC sim ulation are 

relatively easy and less time-consuming. In thi s study, however , we alculate the Ewald 

potentials of al l in eracting particles in our MD simulation and therefore the method is 

applicable to Yukawa systems of arbitrary Debye lengths, including the OCP limit. The MD 

simu la t ion m thod used in thi s study thus fills the gap betw en the earlier extensive studies 

oft I"' OCP system and stron Jy- scr~ened Yukawa systems. 

T obtain the thl'fmodynamical prope•·tics - especially the phase diagram -of Yukawa 

syst ms, we- have first formulat<>d the mct.hod of evaluating the total free energy of particles 

ronfin d in a ru lm·;d simulat,iou hox with periodic boundary conditions. Th e method we 

havr emplr>yed is lht' c-xtC'l!S!On of th method which has been ext. 'n si vcly used for OCP 

syst<>llos l11 tlw <i.>SC of 0\P, the b:. ckgrnllnd mediun1 is completely uniform due o its 

inlillllt' h<Lrkl(rounrlt mpC'r,tlut<'. !11 he case of Yukawasystellls, how('v<'r, one needs to lak<' 

tnt•> '"' "lllll lilt' flf'>' <'lll'rg\ C<llll ribut ion fmn1 1 he nonuniform it y of th background plasm,~ , 

'-' ', lkh1·<· ch(·ali~>. l 11 ('h .. p. ·1, I h.- ftc·<: cnn~r ,f Yuk<twa syslt'ms wilh periodt \ h•.•undary 

('ondli ton, ts d,-,,v.-cl <~.ncl C<>lllpill<'d with that of OCP systems. 

In ;ut OC I' r.ysl<-nt, (',, h Jl<trtH le 1111.crarts with infinil.ely many p<trtides throu rh its 11.11-

srnt·~tnl Coulomb JJ<>i<-nllul ll nw<'v<·t, the impos~·d periodic bnundary conditions somewhat 

<r>ll<cl the <»utnbnll<uts fr"'" p<itlll k s I<Jcat d far from lhe origin (i.e., the location of th<' 

~''''tid<' t h,ll W<' ""' <'""<'Ill I'd w1l h), "' tlw cffccliv' int rpart iclc potential among a ll O CP 

pallid,•s is !inti<' (l•:wald puknli;d) . For a Yukawa systent wtllt a finite Debye length, the 

avf't<>p,t ' nlltllh,•r 11f p.trlllles t.hat cadt Jl<lrli,le interact with is tiuilc, hut can be very large if 

t lw ll··l•y•· 1.-n~l h ts sul ln i<'nl ly l<trg<' Sin,,. the' ntnnbct of si!llulallon part1 cies Lhat can be 

n·alislt<<tlh· ctnpl<~y••d in ~ID slm lll ,d ion" llnl!tt·d by the computational <'niciency, we also 

<a it 11l.>tc t h·· ,.J!, • 1 i'<· lllktpatll< J,. p<>l<'llllal (EI'.'d!cl Jl"it'nlta!) am '"R all '{ukawa partic les 

fot utl111!ill)' [), .J,\·c J,•ne_tlts. 'J',, 1111~ end. W>' h:l\'<' Us('d" lti~hl~ Mfllt~l<' splint• approxuna 

and far from the origin . In this way, we can increase the Debye leng th up to infi.nity without 

cbaoging the number of simulation particles in our MD simulation. 

We have described the methods and results of our MD simulation in ha p 5. We arc espe­

ciall y interested in the regime of weak Debye screening (i.e., large Debye lengths), which cou­

oect.s the previous ly well-studied regimes of no screen ing (i. e., O CP: infinite Debye length) 

and strong screening (i.e., small Debye lengt hs). The regime of weak Debye screen ing is also 

relevant to experimental observations of strongly- coupled parti ul a e systems in plasmas. 

Our simulat.ioo results for the no screening limi t are in excelknt agr"emcnl with tl1osc of the 

earlier OCP studies. It is found tlt at the r· valne f r the fluid -s li d ph<1sc transi ion weakly 

in reases as t.be screening parameter K (which i inverse ly proporti na l to the D cbye length) 

increases from 0 (the OCP value). Thus the Yukawa sysL('111 docs not exh d it. a qualitative 

departure from Lhe OCP sysl.em for small inrrcn.se in the screeninp; para mct.c
1 

"· 

We have a lso obtained the phase diagratn for larger " Hot It I hi· fluid ><1ltrl anrl be, fc-

phase lransiti ns <rf Yukaw11 syslellls ill<' of fiJSI ordct. Thcs>' r,·"dls ill<' also <HllJ><Lrc·d 

with ihnsc of the car li<'r oludir•s <)[ Ynbwil systctm. Th·· ovctall a~r,·<'lll<'nl b
1
•1we<'

11 
the· 

resu lts of lhis study and t hos<' of I he prev•ous sl udt ·s is go d allhollf,h t h<!r are some IIIII\ or 

discrepan(' ies among th em in this regime. Since we have typically employed more simulati n 

patticles than those used in the earlier stud ies and have a bdl. r understanding of 1 h size 

of uncertaiul•cs associa.(ed with the MD metlt d, the result s obtam din t.hi s study 
1
s like ly 

to be more accurate ~ban I hose prevwusly published . Including the W<'ak M'r cniug rcgi
111

<', 

we believe that Lhe phase diagram of Yuka.w,, systen1s pn'scnl<'d in Lhts wo
1 
k provides the 

JW>s t. accuralt> and cxtcnsiv<' verswn currently a\·adaltlt· 

[' 
\ .. ) 



Appendix A 

The ion density distribution 

In this appendix we furth r d1scuss why the Bolt~mann ion distribution in Eq. (1.5) m ay be 

used cv~11 " ' reg1mcs beyond its nominal physical validi ty. We a lso derive tbc a ppropriate 

" ion Dd>yt· I 'nglh" fr0111 a 1110rc general ion distribut ion. To this e nd , it sulfic •s to assume 

sp l~<·r 11 ,,J ~ llllllCtly around the parl.iculate and a uniform plasma (i.e., ~'o, n,0 , and n.o arc 

Cl'Hlslc~utL dS in ('hap. 1. 

1\, 1l11· lll <.sl l';t'llclid , '"'''· W<' <cssunl<' thai lh<· ion densily dislribul.ton is given by lh<' 

n,(r) = N,(,·,cp(r)), 

wh~,.•rr· 1' lrl is the radial distance from the parliculal.c, located al. r = 0, and cp is the 

, for large r we may write 

i)N, I 
1l, ,....._ a r=oo 

will< It, logt·th<·l will1 the J""·an<~cd d<'ctron 13oll.zmann di s tribution given by Sq . (1.6), leads 

(,) I ( 
h( r ) J -- n 1"'l(r) 

£n >.), ¥ ' 
(A.I) 

v:llh 

4 il:"· ... I 
. 

f- nru 

\fl (I 0~"' r ln1. 
(A.2) 

).l!.) 

Since the ion density should d ecrease monotonically to 0 as ,. -1 oo, we may assume 

8N,j8<p < 0 (since <p < 0) and define lhe ion Debye length >., as 

~ = - !o 8:., '·=oo 
Poisson' s equation (A. J) gives the approximate solution cp(lon) fo r the profile of the potentia l 

<p app ropriate t.o large T". A s in tbc case of Eq. (1.7), the solution to Sq. (A.l) is given by 

the screened Coulomb potent ia l 

Qexp(- 1)>.0 ) 

~?fear 

T o obtain lhc solut ion for small T", we m ust solv~ Llic full Poi sson equal ion 

Suppose the ~.sympt.otic form of I he solution nc<11 ,. = 0 is given by '{'~ r 0 ( 

( i\ .3) 

0) . Nollllg 

that n, ~ 0 cxponcut.lally as,. · 0 and 6 r 2/0r2 -1 (2/,·)(.//( r, Eq (A:!) bcco!llc·s, n<:<tr 

,. = n, 

n(n 1 I )7"'' '' ~ qn,(r). 

Thus, if r
2
- un,(r) ~ 0 as r -• 0, the only possible singularity undc1 lh ·sc iLssumpl inns is 

a= - I , i.e., <p ~ l/1·. This choice of a satisfies th& condition r 2 "n,(1·) = ,·3n,(,·)-> 0: ih..: 

ion de nsity shoul d nol inncasc any fast<! I lhan I /7" 1 ll('ar ,. - n. 

T lwrdore, the physic<1l sollllWn tp Lhdt W (' ''"' crmc<:mcd w1Lh I he m;cgn1tude of wlllch 

lo 0 1s g1ve1t hy <p ~ flm) for larg r 

an ] '{' ~ l/1· for Slnil! l 1". Fcor intcrmcdialc· ,., lh<• ntonvfuninty rPq11ircn1ent is li k•ly In 

dcl<'rminc the overall fun< l1011<1l clcpendc·nc<' of ""T" lkn"'• 1t 1S nalur;d to assu!lle t hat 

the qualit.al lvc bdlal"i<" <•f l it<' u\1 solution is dt•sc riiJed rr<LSon,tbly w"\1 b lis lin ariz(·d 

for!ll 'f'(lm) _ and is rd td ivdy ins<·nsillv • l.o I he xart for111 uf t],.. 1on ci<•n51 y ,IJ st ri but ion n,( r). 

It is 111LeJ ·s ting lo ills<> n>1k hal, as meut1u1wd «U<•V•·, 1],.. "'" dl'llhtl)' n,(,·) should 

l·HI 

A 
\. .. ) 



"reasonable" singularity of th form r 0 (a < 0). This implies that the ion Boltzmann 

distribution given by Eq . ( 1.5) may be invalid near r = 0 not only physically but also 

rnat.hemaLically, and shou ld on ly be used in its linearized form (or, more precisely, including 

Lc rm s Lo order <p2 in iLs Taylor expansion) , a:> was done in Sec. 2. 

By wo.y of exam ple, consider t,hc colli sion less ion dens ity distribution given by B ernstein 

and Rabinowitz ' : 

n,o ( n,(r) - 2 g<p I q<p c ) -± \ l ----
Eo Eo r 2 for r ~ 1·0 , (A.4 ) 

wh rc (' is a constant proportional Lo Lhc Lola ! ion flow to the pariicuJ at.e , and the positive 

and negalivc s Jgll' should he t. aken for 1· > ro and r < 7'o, respect ively. He re 7"0 is defined as 

llw s<' lf < C•nsisLcnl ,o lul.1on to t he equa l ions 

q.p(ro) 

l;'o 

,.J d'£.1 
0 

dr, ,, 

( : 
- - 0' 7,5 
C l"'o 

q 

whit h IIlli s I be scdv,•d '1Jllultant'PLJSiy WI h PoisSC>u's cqua]Jt>ll to ck1crminc <p. The ion 

dislnhn11Q!l (AA) rcpresC'nt.s lhe solut.ion t.o lhc collisionlcss ion Vlasov equation, whose 

hPnud nJ) , undd.H•n is a 1110111.1 cn<·rg<'li<" iun d1sl ribuli cm (of cn<.>rg · 8 n) out.side lhC' sheath. 

1'1i 1s 1011 dJ s1nhniiO!l m"y !"• rcga 1dC'd ,~, anoth r exl.rCI1l <' nf s implili<all n - lhe opposite 

illlJJI o th,· colhs""l•d 'a"c gJv<'n by lhC' i<lll llollZ111Rnn ,[i s triloulinn (l .. 'i) . 

l'or J .. ql;e r, th<> 1011 clc·usJty di st ribution (AA) may bt• linc·M•zed as 

(' ) 272 . 
q,• 

2Eo (A .5) 

h1 1],,. l<'t\1<>11 ""h,·r•· ('f2r·2 
•• q>.,( r )/ 1~11 ..,. I , lltcrdnr,•, WC' ohla.in Po 1ssnn's eqn<tlion (/1.1) 

"'"" ' , 
qwHIO t ~ 1J fl 

( !\ l) \i, 'lEu lo J ~ 

lit I 

and lhc ion De bye le ngth may be defined as >., = J2Eofq 2n ,o. By sett ing Eo = ~k11 T, 
the characteristic D ebye length >.o becomes >.o used in Sec. 3. (Note tha t , a:> disc ussed in , 1 

the asymptotic form of the p o tential <p for the ion distribution (A.4) at large 1· is given by 

rp ~ l / 1·
2

, rather than the screened Coulomb potentia l , s ince the term C/21·2 in Eq. (A.5) 

may not be ignored for r ___, oo .) Recent numerical calcul a tions2- • also indicate thai ih<' 

screened Coulomb potential wi t h the De byc lenglh (i\ .6) is an excellent approximal i n of 

the poten t.Jal <p(7·) obtai ned from the ion di stribu ti on (i\.4). 

11:1 
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Appendix B 

Derivation of Eq. (2.22) 

Here we elaborate on the derivat ion of th first-order potent ial cpPl( r ), given by 8q. (2.24), 

from Possion 's equal ion (2.10 ) for a finite-s ize par iclc. A simi lar ap j roach n ay b used 

to derive the corresponding expression, Eq . (2.12), f ran infinitesilllal pa rli I ·. In order to 

make the met.hod applicah le lo hi gher-order corrcctio11s (i.<"., conl~thutions f1 om O(z 2 ) or 

higher--order krms in ~i 0 (z) a nd l.·v(z)), we shall gcncmli zc Ute nl<'llt oc.l of dt•rivati<Jil and 

d~;cuss tt in tit cont.t•xl of iL general harmonic expansiou f th(' JH•l<•n\titl <,."( r ) 

Ass11ming the rarti<k t> lu<<Ll·<'d at til(' l•Jigin, w<· lake polar coordinill<'> """"! 1.!11·: <txt:;. 

In diJll<'nsion lcss form, l~q. (2.W) may he written ;,s 

( !1 .!) 

where f. = /,o r , ~ = I ~ I. and 11 is the par;unel·• ufkJ. The pol<·ntJals ar d~fincd !> ' 

1•d f. ) = cp11l( r ), </>0(1;) = <p(0
)(,.) [sc.- Eq. (2.2 1 )], and 6( d not.,·~ t.h<" LaplitcJilll i11 f. . 

Su pp se •l•d ~ ) has t.lt fonn 

( 13 .2) 

where P1(() is llw l-1 It order Lq;cndrf' poly !lonna! 111 ( Till s form mnws from I h splwrkal 

har!l10111C <'XJ'itllSIOil of tJt f' polrnlial cp( r ). \NJJtill)\ 

!J•t(~ )f, 

144 
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the left-hand side of Eq. (B . l) becomes 

1 { d ( dw1) [ (I + VJ } e/2 d( E.-;[[ - ( l + - (-2 - W L Pl (cos IJ). 

Sin c the right - hand side of Eq. (B .l) may be written as J.L¢o(()E; P1 (cos IJ) , we choose I = 1 for 

l~q . ( 11 .2). Note that for higher-order calculations, whcr the left-hand side is proport ional 

l.o a g ncral 1'1( cos B), the corresponding index I has to be chosen for Eq. (B.2). 

To so lve the rcstdting cqnat.ion, we use the Green's function G'.,(x,y) for lhe modified 

Bess l's differential equation, defined by 

whcrt• J' ll. This Cr ·en's funclion can be easily constructed as 

{ 

!\,(y) i .,(x) for .r y, 
C',,(.r,i/) = 

1\,.(.r) l .,(y) for,. > y, 

wh<·p· /, , "'"I/,."'" the" th r>rrler modin<'d lksscl funct1 ns. In onr cas<·, we h osc· r• 

1.(. 

;, ; (z) - " (1 t ~)<'xp( z ) 
2z .z ' 

l ;(z)- r: ( osh z ;sinhz). 

Tlwn ,, spt-rlitl scd•lli tnl </•;(.r) gj(OcosB to Eq. (B. I) may be obt<tincJ as 

I 
11( '<·xp( 0(. 

·1 

where we set 4>o(0 = C exp( - 0/( with C = koa V. exp koa. Using arbitrary constants 

C,, C2 and t he special solution g! above, we obtain the general solution to Eq. (B.!) as 

q,,(x) = g1(0cosiJ, where 

From the boundary condit ion (2. 17), we have g1 (() -. 0 as~ -> , which leads to C
1 

= 0. 

Applying the boundary condition (2.18) to the lllCan field Wo(z) = 'l/0(0) - h.'0r· us Band the 

per turb d field 'P( r ) = 'P(Ol(,·) -1 g 1(k0t·)cosB, we obtain 

- aEo + g,(koa) ~ 0. 

This boundary condition ddeimincs Lhc conslan! C'2 and thus yields E:q . ( .2~ ) . 



Appendix C 

On Eqs. (3.27), (3.36) and (3.~7) 

In lh1s appcnd1x, we deive Eqs. (:3.27), (3.36) and (3.37). If u0 ~ l , Eq. (3.2.5) may be 

writl<-' 11 ;1!-1 

if,IO)( k ) Q" ------,----'o'------c 
[ 

l o.v1 cos1 0 ] 
k2 + I + er - ( k1 -t l -t o )2 

The fir>l le •nn 1 prc·scnts t.hc scr ·cncd Coulomb potential (i.e., ~he first. term of Eq. (3.27)), 

!i" \\'<'" illl" 1111\\ only rnihf'rnf•d wilh the invr- rs<- Fourier tra.nsfonn of the scc:ond lcnn, i.e., 

nttiQ' j ms2 0 
, , ) '' ( ; 2 )2 cxp( t k · r),\,.)dk , q6,( 2r. /, - I ,. (C.l) 

Tn perfo rm t h<• int.cgratwn of l::q . ( .1), W t' dwosc the direct.ion of lhc position vee or r 

"' ih,• poJ,., dilt'l I Jon, rdlhcr than that of " •.0- Denoting the angle hclwecn r and \ ' ,,o by 0, 

.. nd lhiil lwt w,•,•n r and k by ii, we may wriLc 

ros li SJn 0 sin iJ cos ;p 1 .os 0 e·os ii 

k · r 1,.,. cos {I, 

whnc· th.· ll-Zlllluthal <.>ngk •f• of J.. ar.--.und r is chosen appro priate!·_ 

i\fl,•t nlf<•p)it l ill!( tlV<'l th · ,,nglc~ 0 and~~- lht:' follnwi Jtg furrnulac ma.}· be used lo perform 

lite llll<'J\'•" h•ll ,,.,., k 111 J;q ( (' I) 

r '· .r Sill <l.r I 
fn ( .r~ h~ )2 < .l 

;;a 

41
, .--xp( ob). (C :') 

l-17 

r cos ax ..-(1 + ab) 
lo (x2 + b2)2 dx = 4bl exp(-ab)' 

( "" sin a:r ..- [ ( ab ) ] lo x(x1 + b2)2 d:r = 2b4 1 - 1 + 2 cxp( - ab) 

where a, b > Q_ 

To obta.in Eq. (3.36) by lhe inverse Fourier transform, one needs t.o evaluate lh integrals 

where e = q_ + k; a.nd c2 = Cl + 1 (c > 0). Un like lhc calrnlalion [ l::q . (C.l) above, W ' 

here choose ihe z a.xis (i. e., lhe d~rc lion of lhe ion flow v ,,0 ) as lh ·polar dir eli n. 

To perform the int e rgrali on of ) 1 , w first writ.e 

Then , n~ • ng spherir<d pe>lar cocorrlinal••s in k space, we have 

I J dg,(k) 
(2n-y' dl.:, cxp( t k ·p )clk 

t( J = (2,-)1 g,(h)exp( - t k ·p )dk 

:~ r -( 1 k 2)2 sin kptll.-
71' p lo 1.: + c 
1( 

:J2'1fr cx p( -cp), 

where ( is t.h z ('Omponent of 1' - !len' w - have us d I~<J- (C.2). 

Simi lar ly, to evalnat.c ·h : W{1 u:-.<· 

1-1 

A'; \. .,; 



Then we have 

I 1 dg2(k) J 2 = -- ---exp(-tk ·p)dk 
(211" )3 dk, 

i( 47f i "" = --- g2(k)k si o kpdk 
(2,.)3 p 0 

- i( [ ( = --- I - cxp( - cp) I + cp 
47rr4 p3 

Jlcrc we h<•V<' usr·d the formu lae 

!u 
x s1n ax 1r 
-

2 
-

1
-
2 

dx = - exp( - ab) , 
0 X ~ > 2 

(C.3) 

,~, log ( ·': 
1 a: ) x sin xy clx = .; [ex p( - by )(l + by) 

./1, :r + I> y 

- exp(-ay)( l ay)], (C.4) 

whcr<' rr, b · (J and y .> 0. Noic Lhat F:q . (C.2) may be obtained by differenti<tt ing Eq. ( .3) 

wd h r<''P''' t In b. SinHI;u ly l ~q. (C.4) ma • he dcri\' d by difi'erentiating the following iclenli y 

! . lor(< I'<) <Os:ry <fl-
. ,, r I lr 

"[cxp( by) cxp( ay)], 
y 

( ;.5) 

wh<:r<· ag.1111 u,l> · () <.uHI y · U. ln deriving Eq . (3.36) from .11 and h , we have also used 

' 1< 1 .,},J,,,, J·:q {:L\7) rlir~r!ly f1tllll F:q. (~.29), w<· evaluate the int.egr«ls 

ll);c~tn, llS!llf': >pheri, ,t} pnl..r, uordrni.l(,•s 111 the I; SJldCC and writ ing 'I = k/c, we may write 

a.nd 

.1, 
l ·<· ,,, 

! . , , ,{,, 
(1;;-r. n lrr I I)-

Using the formula 

f ' x"( l ~ x~)P = ±s (13- 1 ~ 0 

• 

1 ~ 0 ) (C.G) 

if o < l , >., fi '> 0, and >.(3 > 1 - a, 

we obtain J1 = l/327f and J4 = l /2411". In Eq . (C.6) , B is the bda fundion , related to the 

Gamma fun ction r by 

8 ( ) = 8( >) = r(p)l'(q) 
p,q q,1 r(p -1 q) ' 

],)(1 

0 



Appendix D 

Intermediate- scale Hatniltonian 

In t.his Appendix , we show 11ndcr what conditions the ll ~~rrli l lon i an (4.16) adequalely de­

scribe's t.lte motion of charged mcsoscopic particles immersed in a charge--neutralizing bark­

!!,JOIInd . In s11ch systems t hc1e arc three dislincllcngth scales: the microscopic scale, in whicl1 

1'•"'1< 11!,,1<·s und ba h!(t<J'.Illd harg s arC' <til regatded as individual particles.; the intermediat.e 

",tl<·. 111 "hi < h t lw JIM IIi td<d<'s or I as i11dtv1d11al part idPs whc1 cas th ba.rkgruu nd sperit·s 

.tre sl.d 1 ~t~~ .,dJy <~V!"Itit!.l'd .uallrt·llll·d h$ a snHh.)ih flelcl, rtnd ti!C' lrldlrOst(Jp ic sc-ale, in which 

«II I"" I" ks t lw p<<r ilC\llaks a11<.i J,arl<gruund s pecies - may be stati s tically avcr<tged. 

Tl w II an11ll oni<.lll , ekvant to the intermcdi<tlc lcngt h sr<dc may t he refore be obtained 

ft<>tll a slaltst l<a l ill'tTagt· over a mort ' det.ailcd micros<apic ll amillo>tian. In the averaging 

JHr·~~.·sfl, hn\\'t'\'< 'r . we• n~~lllllf' t.h .. .d tllc bo\.kgnJlltHl spent'S are in vn lac:t. with a large hetLL 

h,1tl 1, so th ,,t t.lw [>,,k1\t<>tllid tcmpN<Lt\lfl'S ('/;and'/~ in Lhe plasma dus t syst.cm) remain 

IIIIIform 1u spit<,. and n.>!ISI.ant tn lime. The microscopic ll an1illonian -- i.e., the sum of 

til<' lt>t,d k111 ·tic <'llcrgy a11d ciP<I ros\.alic potential <'ncrgy for all the parltdC's- is therefore 

nnl " n•1rst iHII ,, f 1!\0llon nn 1 h" 1\llcrosrnpir sraiC' 'J'I! C' heal exchangNi by the system and 

the heal b.>tlr dunnr, th·· pMII<trl.d<' nwt1o11 must be lakcn intn ac ounl in tl1c averaging 

U111h,· lnl•'llll<"di,,ll''<'itl<', th<'r<'f<>I<",lhc work done b ·1he sys tem to displace parlindatt·s 

lhll•ll!;h 1h1• ,.J,•,IH.sl,lltc llll<'f«<lic•n' 1> 1\1''<'1\ by th,• <hanp;c of its Hclmholt7. re<? energy F , 

I 'tl 

1 
rather t ha n i t s electrostati c potential energy. lf the motions of heav-y particulates and ligh t 

backgro un d charges may be separated (i.e., the adiabatic approximation), theu the change Q 
of the free energy is a ll used for the change of particulates' kinetic energies . Therefore 

the inte rmed iale-sca.le H amilton ian H for particul.ates may be wriUcn as lhe sum of tb 

particulate kinetic energy and the Helmholtz fr e energy F, as Eq. (4.16), where U., = F . 

T he Hamiltonian H is a constant of motion if the background temperatures , particl numbers 

and volume are held constant. 

As in Sec. 4.2, we again consider a system o[ N identical uegaliv ly charged dust grains 

of ch arge - Q and mass m, and a nc ut.ralizing background of J!h harg<'d part.ic lcs. The 

background is assumed ~o consist of N, ion s of a single species with charg<' q and 111ass m, 

<tnd N, electrons with charge -c and mass me ( N, -l N, = Nb), whicb art· con lined in vvlutm· 

1'. The extension to systems with m11ltiplc ionS] ecies is slr<tight.forwa1d. 

On the minos pi scale, the st.<>. e of 1hc J th particula((' may lw ICj)i<'S<'IIkd hy il p<11nl 

Lik('wisc•, tlw mtcrostoplc slalc of the J th br,ckgJOIII!d p<llli< le uf SJh'cles" (o 1 and t for 

ions and ekdrons), wh se mass <~.ncl ch;ugc arc mu and q,. (q, 

by !he phase-space p inl (p;" 1, ,·;" 1) (1 < j ::0 f\/
0

) . 

q il.llrl q, c) is dc ·lnerl 

The N., pari trk jolllt prob<,bihty dislrtbulion f11n t 1011 of tlw ilackg10und sperit•s " "'''Y 

he wril.l(•n a.s 

(IJ . l) 

wl1<•re p;;• twd <'" denntP the scl.s of rnonl<'nla and ]JOsitions of all backp.,r<Jund pallid ·s, i.e., 

p~·" = ( p\") , p~" 1, · · • , p ~,'), etc. In writing Eq (0 .1), w,. h;,ve assu rncd Lh<tt. mol ions of dtr s t 

gra1ns a.re sufhcientl slow compMed to \he mot irm ,,f bac kground spr-r ws, <md therefore he 

pwh;;bility function/.~/<;,) rxpliflliy rl eprnds on tlwmslanl;uJ•·<>II' dtn.l 1',1•1111 pnsdu11rS ,. , 

b11i not ih<'il monH'nlil jl N ·, ,. t h~t tlw ·b pMticlc- jo1111 probnl11hty <hstlihlltlfJtJ funrti<JII 
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for all the background particles JCN•)(X~·, X~\ rN) is related to fiN.) as, e.g., 

f (N,)(XN .. N) = !·. ·! J(N•l(XN, XN,. ,.N)dXN, 
I "I 1 r I 1 ~ I f! I 

where we have used the abbreviated notations XN = ( pN, r N) and X~-) = (p;:•, r;:•). 

The 2 ion joint- probability distribution function is also defined io the usual manner by 

f (•,•l(X(•) X (•). r N) - !· · ·! f(N,)(XN•. rN)dX(')dX(•) · · · dX(•) 
1 ) . 2 I I I I 3 <1 N, 

Here x;•> ( p;·), r~'\ The ion-electron and 2-dectron join - probability dis ribution fun 

irons Jf•.•) and JC•,r) arc defined similarly. 

On the mrrros opir sca le, til~ Hamiltonian for the background ions and electrons is given 

by 

wltl'f(' 2._,"' tknnLl'S t.h<· Sllll1 o\'c.;f all the species U (i.e., O; =- i and c;) and linu<'ro IS the potential 

t ' IWlJ4V 

N 

Ql__ 11(r - r 1 ) -1 
J I 

N. 

Lq0 D( r·- r~o)) 
o J I 

1 / !'""""( r') dr ' 
•l1rco. v Jr r'l 

( IJ.' ) 

<knutr t lu· drnrg• · drs! rihulll>ll and 1ts eke! rostalic prJLc nlral. The lasl two terms 011 l he 

nv.hl h.~nd s rd•·<• 1·:,, (D2)suhlr<•<l hernfrnrleself<-nerp;l<'sofparlhrdalc:santlllilckp;round 

The statisti cal average (·) of the Hamiltonian H.ruao over the probability distribution 

funct ion yields the the internal energy of the background plasma: 

(D.3) 

If the correlation between ions and electrons is assum d negligibl , we have J(N,) = J5N,) J!N,)_ 

The Helmboltz free energy is then given by 

(DA) 

where 

denotes the entropy of i he background species a . 

We now further assume that (i) each of the barkground specrcs i ~ rn In al thcrm<tl <>qui lib 

rium, and (i1) p;,ir c rrclation s of t.hc background sperics ;ur nq;lrgiiJlc· . Thc11 I he 2 pa<tid·· 

j int pn•babildy function Jl'1 ·''' il<'conws 

( IJ .. )) 

where 7!0 ( r ) denotes tlw density of background species o at position r and f),. 

as b<'forc. l'l ere the dependence of n0 (r ) on the paru t1lat posi ions rN Is supprr~scd for 

brcvd y. 

Car<·y rng •>UI II"· inleg"d ( [) .3 J usrng Eq. (D .. 5), wr? obldi n the· exp r <'Ss rons fnr 1 lw rni<'In itl 

Ih"~ rgy as 

Ll\,. ~ if,r•( r )'fJ ( r )dr (D.fi) 

v:lr('re 

N 

fl( r)=-QL~(r r1 )-lq>c.( r ) cn,.( r ). ( I .'1) 
J I 

l r [>( r ') <l r' 
4-r.ct, }, lr r ' l ( J) ~) 



and th entropy of the ba.ckgro•Jnd species a is given by 

(0.9) 

In the equations above, ]( 0 = ~ N0 kuTo. denotes the kinetic energy for the species er. 

Prom P.qs. (OA), (0.6)- (0.9) , we obtain Eq. (4.17). (Recall that. the free energy F is 

dPnol('d by Un in f h' main text .) Thus lhe intermediate-scale Hami ltonian H is given by 

Eq . (4 .16) wit.h Eq. (4.:.13) if com•lations among background charges are negligii)Je. Note that 

the cnl1opy of t.hr· backg101111d plitsma is approximated by the local entropy (the Thomas-

Pern1i approximal i<m), as sltow11 in lhe second lcrm of Eq . (0.9). 

l'i'; 

Appendix E 

The OCP lhnit of the ideal- gas free 
energy 

In this appendix, we show thai lhc ideal- gas contribution to the free' euergy J· ;~s f Bq . (4.22) 

vanishl"s in Lhc limil ko....., 0 As is f(' adily seen from Eqs. (4.1 ) a11d (4.15), Of>"" , 0 <•nd 

4'( r ) -• in l hi s limit . 'J'herd01e il is not •mmcdiatcly evident fwm l::q. ( 4 .2:2) that /·~~;• , Q 

in lh ' 0 P limit. 

I ,~ ) ~ 
•J L.. ~ l/'.1( r , 
- •iJ 

l kre thl" pai r polt;>nliai<J.J( n ) is given by 

I . 
.,N Inn <h( H ). 
~ Jil l .n 

HI 
dp ' 

() k'bLcxp( - l,v[ p u L[) w, fJ =-
47r n [p 11 L[ L'l. 

( I~. I) 

( 1 ~.2) 

To C'Valuitle 1f>3( H ), we· al\itin appeal to Parseval's •dcn11ty T he Po!lfi r transform of 

w,( p ) moy be calrnlakd iu" mauncr simila1 l.o that used lo <1btain J·:q. (1.37): 

11 ) 
L 

") L ( E :l) 



Similarly the Fourier transform of 

is given by 

exp( - kv/ r - aiJ 

/1· - a/ 

41rexp(27ri k · r ) 

41f2 k2 + kb 
Us1ng Eqs. (E.3) and (E.4), we obtain 

(E.4) 

(E.5) 

Fro1n th<' f"ll ow lng incqualit.y , it is easy lo see I h;,( lhe sum in Eq . (E.5) converges even 

in II"' i1.~ • kp 0. 

I 
<'Xp(2~ri n · R/ L ) I L' ~ 1 

.L ( /,:i 4~r2J n J2/U)2 < !Gr.• L -JnJ• • 
n/0 n n / 0 

wht•n• llu· !-'\1111 ~ . , 111 jJJ! 1 1~ dt·~uly COJlV\.Tgcnt. 'T'hcrC'fbrC
1 

we h(;l.\'t"' 

lin1 1/• 1( ll )- 0. 
k1.., -u (8.6) 

I' Jolll Eq~. ( 1-: .J) and ( l~ .(i), w,, th us readily ob t a111 

VI'<: now evalll<>t<' (11"""") by Sliblracl ing /",~r; from the excess .-nergy of the Yukawa 

sys!elll L'n gi,·.:·n by l~q 4 2,1 F1rsl we derive a di!Tcrent expressivn of F,~s from Eq . ( E.l ). 

r c·xp( kvl r a l 
)\'~ lr all r 

kv/ r bJ) 21r 

I 
- dr = k exp( - kn /a - b /), 

!J 'u 

W< ' pcrfo11n llw inl\'f(laTJt>ll of l~q. ( L~.2) (o obtain J/•1( r ) as 

1.'>7 

H t hen foUows from Eq. (E. l) that 

where R ,1 = r , - rr Since (Hmk,.) = Ue, - F;~g . the "pair- potent ia l" form of the iu crnal 

energy (Hm;cm) becomes 

(Hmkm) = ~ ~,.F CR,
1 
~ u /,j - k;) cxp(-ko /n /L) 

3NQ
2
kv Q

2
N ~ ( l A·v) --.-- + -- L --- cxp( - kvL/ u l). 

16r.t:o 8r.co n;<o /niL 2 ( 1<;.7) 




