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ABSTRACT 

lu I hi~ l . h<'~i~ . RiPmunrwm C0111]11Linlionol [INliiU 1711 is ill I'<'~ I ig;u.c•rl. 1 he· UtH.iu gmt! hc•iug 

I he• clc·sigu of cfficieut ;llgo.ritlllu.'> ;wd clat" s t1'11 ct urc·s for spc•ci:Ll grouwlric· ohjN·ts ill 

11lt' IIJHJJJJi:lll sp;u·('_ AhLouglt ~otll< ' gc•onwlric objc•c l.!-. iu 11ic•umuuiau SJHL<'I ' . for <'Xillllpl<' 

gwdt·.'<it-.,, 1/w cnf lot"I!S. arc' ktwwu from til<' work uf ot i!l'rs. till' dfort has lw<'u tualnly 

I owarrls tli<•iJ· uJ;~t h<•utat.kal c·ha.nLCtPri;ml im1. \Vc• ;Lrld a c·orupnl at inn a] n"pc•c·t l.o l]w~<· 

"tliclic'S. \\'C' gi\'C•>; aJgorit!JLll" for I'OW<1 !'lt('tiug fi;C'Illlll" l rit· oujec·ts. J,ogC' t ltc•r with IJouucJh 

mJ tlwir c·otnliiuatnrial ;ltlcl 1 intc' c·omplr xily. Sotuc• propc•rti rs of t.ho~c· struct ur<•s ;m• 

pron·d aud a uurubc•r nf applic·atiou.-; ;u·r rlt 'tiCTii ><'d. 

lu 1uis tur •,., is .. tuC' c·m t\'t'X Ln!L lltc' \ 'ornuoi diagnun ;l.llci Dc•lanu;L,r-ty pr tliauguht

tious ;u·c· the priuc·ipal ohjc•c·ts of study. 'J'i.H' c·c)tl\'('X !111!1 i,~ a fnndatlWllt a.! ohjc·c-1 i11 

c-ontpntat:iou;ti gc;ouwlry alHl i,, us('(! in tltc• r·oust mC'Iiou of' IIH· \'orouoi dia~nun ~nd 

DC'Ia.nuay-typc· l!'i.>UJgulal ious. The• Vorouoi diagmm !'or a sc·l. of poiul~. <'Xpn•ssrs prox

iwity n•litl.iouswpR. RU<i has applical iouh in IlliUl.\' 6<'i.ri~ of ualnra.l alld ~oria.l ~" irucr. 

D<'ialtUa~· triaugulat.iou is a. spN·i~J t.yp0 of tri;utgnlnt.i<Jil ~nd h; import ;mi. for fiuit.c· 

<'ic•tuc·ut tUC'Ilwrlh >Utd c·otttpttlt•r graphif'h. L'uforlnnaldy, tlH' Ddanua.y 1-l'i>Lugulatiou 

ckH'h uol •Lhl'a.ys <'Xi~l iu 1\ic•uHLIIIIiau spac·<·. \\ 'p pmposc' a Dc·J,nwn.y- l.yp" t riaugnla.til!lt. 

wltil'h cloc•:; alw: t,\'h c·xi~l iu ~1'\' c·rn.l sp<•ciall ypr' of 1\ic•Itlilllltian span' . ;wei coiuc-iclc·R wii!J 

D<'lanH.a.Y I riangui;Ll iou iu I he· Eudiclc•au l'itM'. TI.Lrs<• ohjrch ar<· kuowu tn l;p C'!]ki,•utly 

c·otnpuhthl" iu ll.tc· Enclidl'>W sp,cr. Iu a ilif'Itmltllii1.11 ~pa<·<•. tlw sit nat:io11 is cli.ffc•n·ul .. 

For c•x;unplt', lhc• Vorouoi di>1gnuu is ddiiJ(•d iu ;lny spa<·" witiJ clist;wn·. ln1t it is uot 

ku(JWU wlt<'l.hc•r it. i;. I'OUlptllal;lc• in p;Puc•ral. 

The• p;u·l.int!ar c·a~r' of hyp<'t lJolic ' l""''' ;w<l cltmlly flat spa<·c· an· highligiJt.C'ci iu I his 

tl.tc•Kis. H.nwrlmlic· S[J>tc:r l""' ('tlllfonua.l. projc·<· l:ivr: >.>uti cliffc•r<'ul ial g<'oltlt'l ric HSjlf'!'ls. 

;llld i;, vc•ry ba;;ic· i\.'i il 1\irttlltlLUi<uJ op;wr. It iB of c·ott rsr fautott" '"' a.uo11-Endid!'an space. 

Tb<' dna.lly fhtl . pan• is llh<-i'nl brPL1 15<' of it~ n>uucTI.iou with ;;I at.ihi intl "'timal.iou aud 

a."'i nu f'XtPusiou of Endid('a.u g<'OI JI('t ry. For sudJ a Rpace. we· cau ta,kP afh·Huta.g<' of 

liw c•xihktiC'C' of ]'Otuctinl [lmdiotts iu 1 he algorit ums t<>r the• \'oronoi cl.iagnllll a.ud ilH· 

Ddauwty- ly]Jf' lri;lllgnla.t iou. and >tlso of tli.y;c•ryr<nl:t' . a.~ au c•:-..--tr·u~iun of llt.c Eudiclc•au 

cli:t;wC'e. 

Siucc• we· (.a.ke t. L.c• position tllilt <·otuputaf ion i ~ of gr<'al iHtpormucC'. we• dPnll<' lltrsl" 

ohjf'r·l s t'Ollstrul'liYrly. llll'llt.ioo <•ci allow. Suc:L. ohjl'l'l s cau lw c·ompniNI <'ffic-ic•utly by 



lll' ''irl~' ,,r our >U)!;<ll it lw1s. Onr maiu ('nutrilmt inu is t.hp d<'uwustm1i<lll of rc•lal im1~ Hmoug 

turM' "t nt<'tnrPs: tLr• r· nw·•·tiou~ tlnong!J U)"JH' rpl>uH· arnutpptH'UI$ >tud t'Olli'<'X poly

loprs. \lor<'O\'!'L I h<' dmJly flat sp;wr. t.r<'at('(!iu !.his t.l.wsi,, ha" bOIIJr uin• proprrt.il·s. 

mlcl pru1·ide a good ii'ltl.ll<'Wotk fm pusi11g p!OI,I<'ms. ka.diug to Ut'W dt•,·rlopuu·Ltl.s of 

<:O! Llpu I at.iomd gt•onwtry. 
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Chapter 1 

Introduction 

1.1 From Euclidean Geometry to Riemannian Geometry 

Eudicl<'<Lll gco lllf'l ry " '"' 11\·eu HI IJ(lied siue!' St oirbc>ia. >tit lJOll p;l, its rol<' wa>; fumhmwn

ra.lly 111"d aud rl1aug<'d l..>y t.L<· di~<·ove· ry of Hi<' Ju>LWJiau g<'owrt.ry. lu Eudiclean gr•orn

<'fl'.\', gc·ouwtric objl'"t'~ '~' poiut "'(,, <U'<' t.ll<' primmy fo('lh~ of rr,r;crdt. Lu Birmam1ia.n 

space•. by •·out.ra~t. . it io tiH· lo<'al ami global :;LTudu.n· of tL< C' ~pa"r itRr lf 1 L>Lt. is nsu

all ~- »J.ndird . T I<C·Jr lm\'<' hrru <'ariir·r Wlll'b <Ill g<'O UJdrir· ohjr>d" iu Rir uu\J.llll!W :<JlH.C'<', 

for l'X>IIll plP. l{<'o< k oi(', (['.g .. !"('(' [2.Jj) wui··u l'l!l'l'C'SJlO.IId t () s traight liw•;; ill EucliJe·a.u 

Hl'<H'l '. Emlif'r l'l'H<'ardJ!J>~~ umiuly nlllSid<·rcd f,L(· prqpC'rtir'" nf Kll"h objcl'l.h, ('OU»Intctiv(' 

ili»ll<'~ hl'iJ Jg iguorC'd. Ill fl<i ~< tlwsi», W<' ]Jtop<mr rudcn\·iug gr·nm(•tric ni>j<'ct.s iu a RiP

JuaHuiau »pan· wit.h r·rmqm/'ll.l i onul M!Wrf»: t l< l' st.atiug of good algorit bms; t h!' analysis 

o.f <'O lllpi<·xit.y «Jill t.he l'~ l.ablbhuwut. of ii <C'PI'J'. Tl1~ W<' C'all Riemwm:iltn com.ptttnlirmn.l 

ye<lllwl;r·y. 

ill Endidran spa<'<', snell r<'se'<Ll'<' b is siwply caJird r·rnn7Jtr.l(lt i onal g('rnnet·ry. Sill<'<' the 

httl,('l' has umnc·rons applind.iou~ to g<"o~rapi.Jira l iuformat.ion "Y~i.l'll.l.~- Jml.i.<'l'll rt'cogui

tioJJ , eomput:pr ~mphi C'~. robotics, <'i.l' .. tlH'l'<' L< pl<•ut.y of n•port.ed work iu the• li knLI.un'. 

for <'X<m!ple, ·'.Algnrit,hms in ombiua.toria.l Grmnet ry [12]", ·'Compnt.at iou;d Gt•omd.ry 

[42]", e•t.r. This t lt<•si• is uot, only a ot.udy of g<'onwt.ric objt•r t·:; iu llinw<mn.i;m spm·<'. hut 

io abo au <'Xl<'u~iou of <:ontpH tatioua.l gronH't ry frwn Endidr<Ln spae'<' t.<l Ri<'twmuiau 

span·. 

ru t.hjs du1p1 <'r wr J,cgill wit u aJJ <·xplawu inu of t.hr t. ht'Ol'C'i.ie·al aspects (S<•etion 1.2). 

followt•d by lll<' 'tppliNl a;.pP<·ts (S<•c riou 1.:3 ) of t.!J<' 1 hrsis. In Se~C'tiou 1.4. t h<' g<'otlldrir 

st.ntt·t urr•s !llld spw·pf- Jrr•at<'d in t!Ji., llH'~ i s. m·e• cl""'·riberl. Fiuall ·. in S.-criou 1.5, 1lu• 



roudnsiollh of <'>teL dHtpl <'r <Lr<' ~uuuwtri'l.<'<l. 

1.2 Theoretical Aspect 

Our purpr>S<' iu tLis th<'f>L'> is to rrs<'<Lr<'h ge<uuc'tric stm('tun•s witl1 C<)IU[lllla.tiou i.u 

Ric•umuuimt sp;(.(·r. For our Ul\'(•stigal. iou wr rousidN t h<' fc,llowi.ng prohktuR : 

3. Cm1 hlH'U 'trnctur<'S lw c·Ou!putccl'? 

To i11H,t ntf r t.lw first. probk111. il't w; con;.id<'r g<'lt<'mli~<etiou of bypr-rpl;uw ;LITaJJ!',<'

Ul<'llf. iu TUrnmnuja.u fipan·. W<' first JJ(•rd to '"'"k wLctt >L '·J,yp<TplmH;• is iu Ri<'tnannia.1J 

f.P<tn·: a Lypf'I'~Hrfac<' tlmt. La.~ pwp<'rti<'h wimjrkjng propc·rt.il's of n hyprrphLlll' in EH

did<'<JJJ spnce. Although '·L.nwrpl;cup" is uot ;Llways ckfi u<'d iu <t g<' ut·ntl Ri<'lWLUuiau 

opa<T , it WH.'i :;howu i.haf. !l rukcl r<"a1 hyjH'I'SHrfa•·•· l1;u; l'l'<Jnirl'cl ptopl'rf.i<·s t.o sta.ud 

fo1 a i<YJ><'l'Jll<llll' if f.uC' span· ih a •·olllpkx Kiil.l r r lLmuifnld of a ruust aut holo1norpbir 

l'lll'\';d \II'(' [23]. Tu<'l'<' an· luauy ot Ul'l" g<'OU J<'hi·· ;.(.nll'lllH'S IISl'flll i.u ("Olll]Jilf.afioual w·
Olll('t.ry ;;.ud P,<'Ollll'f.ri<: dai;J, prOq'H~iug; HoW<'YC'l'. possibili1y of th<•ir g<•ucnilizat.iou f.o 

8i <' lll:tlUJiau H]J>l('( 'S have· 1101 1><'<'11 sl.11di<'d ll'<'il iu lii!'l'a.l ur<'. lu I. his I.IJ<'.'>i> W<' fm'IIS o11 

I hn·c· sl ru .. tnr<'s, l.u<' ''U1171t .:r hnll. t.ll<' Vorono'i t.hngn"n >wd D<:lri!may-typl' I rinng11.l<ttio'tl 

i11 1\iPlnauuimt spa.<·< ·s. Tlws<' sl rnd111'<'~ ,,~,~.,. mt.lH·r b;•.~i(' iu Endidpau r; p>u'<' ;wu have 

bo<'u lllll ('U slmlic•d. 

TL•· S<'<'OJJd prohkw is tuiLt altlwngh a w·ouu·l.rir ob:i<'<'f is d,·fiucd iu a l1i<'Iua.u uiau 

spa<'<' i.u a similar way to t.ha! i.JJ Endidc•;w s p>t<'<'. i1 way unt alwa)\~ Lan· "im ilar 

('u;~nldt•ri.-,tirs. Por rx;UlJplP, iu [32, 33]. t.h<• Vomuoi diagnnn iu Si<'gc•l spa<·<•. a lyp<' 

of lu<'twwui;·w sp<tt'<'. is st.ated nud <'XJH·r•os<'d a~ a proximjty rclat.iouship. A Vorouoj 

diaflnuu nw I)(' tlc-fiu<•cl i>r a po,it iYc•-valu<·tl f•wrtiou. lf tlwt lim•·l.iou j, >L dislanr;e iu 

sp;;<·<•, t.h<•n I hal diagnnu proYidt>h t.lH• proxi111ity rl'la.tiou. Tlmh. it. is proYcd i.hat th<· 

disl.<~ut·(' can IJ<• us<•d a .. '> t I"' fuw·l io11 dc•fiuiug a Vorouoi diagra111 iJJ some HieHl>tu uiftu 

ova<"<' . !\or nuly do W<' ckfiu<' gt·oml'tri<" s1T11<·J,tll'<'s hnl a.lsu sl \l(ly tll(•ir propc•rt.irs. 

\\'(' gi\'1' a high priorit. to th<' lltild probkm wuC'I.ltcor rhr· g<'Oitl<' lrir' »frurtnr<'~ ('011-

sider<•d iu thi, Llw"i" ntu IJ(' l•f!ki<'Ut]y •·outpnt<'<l. TlH•n• ha.<, bc•(•n <L little• r<'b<'>UTU 

2 



ront·cnl<'d with <'Olltputatinu for grouwtJk sttll!'l.t'll'<'h iu Ri<'wauuiml h[l<\('(': for rx;uu

pl<·. llw t·rnt\'t':x lmli in i\lillkowski »pac·<· [30] , ;\,uri 1 br \'orouoi rli<\g'raJH for pouth iu 

orhil'nlds [21]. Iu partic·ulm·. i11 [5]. tlw \'owuoi di<tgnuu in ltypl'rbolir· '!J<l.l'(' b rlc·

'''Ii hc•rl. m.iug fln()u-Enclir!NuJ fll<•tric. wei appli<'d to sL<q><· I'!'<'Oustrnrriou !'row platw 

, rrl ions. lu thi.~ I Lr~is nol ouly <'a(·h st rnct ur<• il1lf >tlsc) t.b!' rclat.iou" <twoug objc•c·u; 

a.n· iuV<'~tigllf<·rl. Cous<'f[li<'Ul ly wosl of flu• Ri~luaJJJ J iau ~I rnrt.urc'" iu I hi" IIH•sis HJ'C' 

n·scatThed by H uuifird appmach using pole11f·iu.l }1;uctiun~ ami hype·r71lcmw U1'm'llymrr.rnt. 

Lu I uis pap<'l'. Wl' aShllill(' t uat rc•aJ HAM( ramloU'l->l.('('('S~ ma,C'liiJJ<') is H\'a.ilabl<· for 

tltc• Juorkl of !'mnp11tati.ou (<•.g .. ""P [42]). ln tL<tt wod<'l, UHUL,\' orwmtio.us , for <'XRJu

ple <uilbmrt ic. t.L<• rompa,ri;ou of t.\Vo unwlH'rs. trigournu<'tric fnuct iouh. <"'),l>Ouc·ut.ial 

[uuC't ious, l't.c .. can lw nsc•d ctt. twit t imP. 

1.3 A pplied Asp ect 

Sill('(' wr ;LI.tadt gn•at. intport.;uu·<· to c:ouqmlation, tbl' followinp; applil'at·icm i~ of part ic

nla.r iul,pn•st.. r\ r;t.ati ·t il'al pa.mtll!'l.ric space•. wltidJ is not ouly au c•xauJpk of a dually 

liat. spac·c>, lmt is ;dsu t.IH• JirsL sndt spac(' c·ousickrecl. is I hr paratl!Ptc·r spa.c·C' of il proh

o.i>ility dc•ns'it · fnnrtiou. It. pi>Lys au illlpllt't.allt role- it> t:lu ~ory of stat.ist,ical c•slilltariou. 

WIH'll the f'nuctiona.l J'onn ol' a prob>tbility cktJsity J'uudim• is giveu \Vii hom spec·ify

iug it.s p;u·;mwl ~r Yi1htc•s. it catt lw rrg;mkd a& a. ftllJC't,iOil of i he parmll<'t c•rs. J11 t.h;u 

Jliu·atll<'ll'r spa.c·t•. IIH• \'aluc•s of the paraJIJC't.crs c·au !J!' dc·wnniHc'd by. for c•x;unplr. a 

lltaXitiJlllll Jikc•Jihood IJJC'J!Jod . f 11 ittJ'CJI1J.J<LliOII g<'OlJtNl')' [1]. a Jlic' WiLUIJl<LU g<'OLJH'II')' i, 

iul rodnc·NI iu t.IJC' sl a.t.ist.i<'al pa.ntiiJC'J,ric SJHU'C'. Turn t he• tll<LxinutuJ likcliLood Jlt<'l hod 

>tud high<'r ordN a.,ympt.ot.ic· riJ!•my an' iutC'rprPwd iu tc•ruJ t>f t.La.t gN>wc·try. \~ 'p bop<' 

llJat ot.ltrr clc·s('J'ipl ious of st.Mist ica l C'St.iatal iou an· Jli'O\'iclc·d hy g<'OJJlCt.rir' nbjrct~ iu 

st;uistical panUJJc·lric Sj)R('(', For c·x;uuplc·. cL<' p>U'>lllt<'trir spa<'(' of any uisC'l'N<' rlllitri

bntiou r·>Ju he• r<-g;wkd a~> a l1i<'LU<UJUi>w 'P'tc'<', ;wrl ;c proximity r<'la.1 iou in t.uat "'l'>t('<' 

C'<Ul bC' r·otblrut'i.<' I IJy unr >·tlgoritluu. lon•ov<'r thr• dualiy fhtt ~p<tr·r is ;).]~o LUI' toncl<·l 

fcJr gt'Olll<'triC' dn,t<-rillg. 

Allot b r utotiY>Hiou i~ tlH' imp\r•mt•ut at io11 of w,;s lt g<'u ritl.iou lit a smfar·<' wit. It 

a T1ic' tu<\Dtllilll wrl ric·. Sul'b lllC~L gt'll"mt ion Las <th"<'>tdy l>e<·u ~; udi!'d iu [1, ] ;wrl 

its impklU<'utatinu La., l><•c'u arLil'\'<'d. HOWI'\'<'J', tlw kugtu lwtwt•c•n <tJJY t\\·o points 

"'<Is talwu along au Eudidr•;w s<'gtnr•ut , which pm\'idcH oHI,I' 11.11 approxillliliiou or tn11· 
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rli~t <tD<'<' . \Yc will ~~ nrlr a utc•t lwd ()!' utc•bi.J gruPrahou l w~-<<'d un Ill(' rli~t a.uc<' alnug '' 

gt:od<'sic. S1u·farP nw b<' M']larall'li iut:n ti.Jrr•t· nbs<•ls, thosc• for wbid1 th<' rnn·ntnr<' 

L, posit iY<'. n<·g<ti i\· ' <II 'l.t'ro. l\ lor<'ovrr. H s<'l of poiut~ ou tLr stuf«n· nlJJ lw di,·id<'cl 

iuto '0LU<' d11slet~ a.<·r·orcliug to t,hr rurv;d urc• <Til criou. ;w1rl I h<'u <·acl• rl1Jsl <T eau be 

t.ri;cngnlat.<•<l. Can >i 1 ria.ngni<LI iou fur "ni'acr lw ll~~tkt · frow ii.J<•sc· I ri<tugnlal ious of 

cinsfprs·~ ..-\ltl.wllgh d.1.is st.nrly is ouly iu it.s iuhtti<'Y and t.lt<• t.lH·orc··t,intl lmsis !Jas not yrl 

lll'<'ll c•sl ablisi.J('d, it ft•w r!'snlts an• oht.ain<•d iu I his I lws·is. [n p;utir-ula.r. \\"<' propos<' a 

uirc• t.riaJJgul.atiou , nil IN! a. Dela.n11.a)J-I!JJiC. l.rinnynlation. whirlt ea.11 h<' I mnsfonJtNI int.o 

a. st.rucl nr<' OJJ a snrfa.('(' pseudo sphe1·e in f ltrc<•-dillll'JJsimml Enelid<'aJJ spa<·<' wiluoltl 

ruaJ1giug distauc<•. This l.riaugnl;tt.inn is nscfnl f(Jr l.i!l' t.l'imtgni>J,t icm of ciust<'rs whose 

puiul.s L>LY<' tH·g<~liY<' c·nn•>ti.nrc·. A .uitahk lriaugniMiotJ of rlw clJJsl.l·r of poi.urs of 

posit i\·c· ancl of Y.<•ro c·tiJ'\">JI"IU'I'. <·11lkd th<• D<'l>tnua.y 1.riaugnla1 ioJJ. I! a., alrr;td,r lw<•u 

iuwstigaterl in [35] mJd [12. -12], n·spt•di\"!•ly. 

1.4 Gemnetric Structure and Target Space 

lu litis 1.!10sis W<' c·ouHi<kr r.hr<'<' g<'OUJ<'Il'i<· slrllt'tnn·~: til e' r:O'IJ.?l(:,, hull. f,IJ<• Vomuoi 

rlia.gm111 Hnd Drlrm.no.y l7•inmg'll.la.tio'll. Tlu·ir cl<·fiuitiou >Lllci dmra.<·t<'rir.at iou ;trc• d<',<TilH•d 

in Cl«ipl<·r 3, -1 ;IJ.I.cl 5. l'<'h[ll'l'l.ivdy. H<T<' , W<' <'xplai11 tilt• ua tur<' of thL:s<' ol>jc•c·ts. Tlws<' 

stnH'iJ Jr<'s ><l'<' ddi.uc•d for a f:iJJitt• !-.<'1 nf poitlls P. 

Convex Hull Thr• n•iuitnlllll ('OllVl'.."'< s<'t iJJdnding t.lic' poiut srt. P. Iu Endiclc·au op>L<'<'. 

if.s bonud>try i~ H nuiou of'' fa.ccts" , wh"i'<' >1 f>Lrrf, i~ <Ll'losc·d •·om·c·x sn lJs\'t. iu alty

pc·rph111<'. Two- or lhrrc•-dit.uc•usiorml c·ou\'<'X lllllls arc· nsnd iu C'Oli!Jlllll'l" }\l"flj)UiC'~. 

C'<Jlnpnt cr ;uded dr·Higu. <'k. 

Vorouoi Diagram A p;utit iou of rue sp>V'<' into ''VoroJJoi n•gioJ1s"' of poiu"' nf !'. 

Till' Vorouoi rc•gio11 of 11 point Ji E I' eonsi~l$ of poi11t' .r ill t.hc• . pan• ~ut!J t.lttV 

f( Ji,.r) ~ f(q .. r) for ;wy pniul q iu 1'. wlu•n• J iH a giwu bivru·iatl' fatlC'tion on the' 

sp;t<·<·. T lw EnC'Iidenn \'or!JJtoi rliagrru11 employ;. tlw coustruct.iou of n wiuiwuw 

!>p>wn iug tr~c· of P. WU<'l'(' tl1~ rdg<' wright of ;w C'l!gr· is pruvick I by the• Endidc'>lll 

dL~I>\11<"0 lwtwc•<'u <'Lid poiuts. 

Delaunay Triangulation A t riaugu la.l ion is a division of 1 h<' t·on\·t·x hull of P by 

t.ri;Uigks (simpli n•s) such tbM PadJ wrr <'X of i lJ<' i riaJlgl<' (!.hupl<'X) is a pOiJJ"I of 



1'. The· Dr·lanu:ty triangnlatiou j;, asp cia] ou<'. a.<. rarlt poiul of I' ih ltt>1 inclnde•d 

iu tLc c·irenlll~pu('[<' of <'a<'h triauglc• (si.ruplr.x). lu EurlidNut Rp<te<', 1 u<' Oc•lauu;ty 

triaugnlatiou i:. tlw dnal ~fntdnrr t.o IL<' \ 'orouoi eli.a.gnuu. 

The·se· &tntc-11tn·~ m-e• ol' tuajot iul <'re''' in c·ompma.t.inual .ge·ntuc•try >tnd an• a.bo tts<'l'lll 

iu ntrions fie•Jd s. \\'e• stncly IIH'&<' e>hj••c-t~ iu hm1~1 ·bnlir · SJIIU'!• ;w ei iu tl·wdly fiol ·'7>/.! f'<·. 

The• fontwr is fnnclmrH'lltal >Uld wdl-kuowu ill cliffe•rc•nti;d gc•nul !'l.ry. TIJC' \ 'e)!'(lllni rliH

grHUI in lwo-tli uwusioual iJYJWrholit hp<lc<' is al~o , t.nrii<'cl iu [GJ. Til<' tiJn•c•-diJne•ttsional 

Lyprl'ht1li(- spa.-<' is rd>~tc•rl t(l kuol lltc,ory [25]. 

TL<' latl r•r is abo <I kiud or Ri<'UlfWUi<UJ spac-e·. which lm;, h ('f'll rwployC'd in a gromnl.

ric-al >lpprmu·L I<> I u< ' mw.lysis ol stH! istind C'HtiuMI.iou, such a., tltr UJ<Lx:iuuuu likclihoocl 

ttwtLod. Mor<'over. iu tiHtl sp>tn·. t·ltl' diot.a ur<'-likc· fuut'tiou rlii11<1'!JI;nce mtcl prJtrm.tinl 

fnnctirm"~ arc• <·ousiclt'rod; tLPsc· arc• rdatC'Cl to para.mN.ric <·~1 , illlatiou [lj. Tlw rouc·<'pt of 

tb<' dually fla.t h]l<tl'<' origiuri.l<'d iu f Lv field of ;.!,;If iBtiml r;.tiwat iou. all(! nw lw app.lird 

i11 Y<triOHs <·oui.<•xt s: pa.r-rmnrd,-ir · fnmily of i n·llcT·tiblr· l-incm· -'1/·l'lr 711 [2], jNr.~iblr T'Cfjion of 

li.Ur'll·r pn!grnmrrl.i'flfj [51j, <•fc. 

1.5 Overview of This Thesis 

Clmpft•r 2 c·outH.ins tlin background prcp;u·a tory lllltU•tial of tLi,; tLc•si:<: pr<'Yious "·orks 

>lbvut lli<•tnauni>tn >.Jl>H'<' .. sf >tti;.f,ic:tl panmH'ITi<' spa.c·,• alHI d1tr1lly llat >p>tr:e an• dc•,nilH'd 

iu SC'cl iou 2.1, 2.2 >UJd 2.3. rc·spc•ci in·ly. Mon·oY<'t ', sonu· pt<>JH't tic•s of bypr•rbolic- spnc·c• 

arc· Jll'0\'('(1 in S<'c-tiou 2.1.2 anrl t.ltC' c·aknla.tiou of Ll.tr fisl.tn iu.forlllation uu-tlrix is in 

S<'dinH 2.2.3. 

In 3) t lH• Conm .. 1 hnll iu Rie'!llit.uUiNH spac·c• rli~<·H,~<'s. lt1 Src-t io11 3.2 wr Rlww l,lmt. 

the• ronYC'X uHil of a fhl ~p>tCC' wit b a global coordimtf.(' systC' IIl. wbil'h cout;tius rlnnlly 

flat: spru:e >IS a. spC'ri;tl t'CI~C'. can be• ·omp11t.C'd by usiug algoritl,ln of t.hr Eu.-lidr;LD m uvc·x 

hull. I1R rotobiuMori;J mJcl t:itu<' rmnpkxi~y an· giv<'H (Tlworru t :3 .1. Corolhw-y 3.1 ). Ju 

fl1C' cJnaJJy flaf R[>ill'l' l'or gin• RC'f of ]Joiuf.s I line arC' two ('()f!Vl'X JJnlJs, l'allecJ \7- itud 

\7 '-nmwx lntll , •·oJn•spoudiup; i<1 tJt<' t.wo di£fc•r<'ut, iutrocilll'<'d r·onnrl'tirms. !\of.<• t.uat. 

I h<•n• i~ f.uJ!I coordiual<· systc·ms iu "<hmllr flat ~pan•. In S<'rt.imt 3.3, l,h<' com·<·x Lnll iu 

hypc•rholic sp<tr<' is l'ousicl('I<'d. Tltis e·oun•x hull is cous t.nH·t.<'cl by a Endickau COltYf'X 

Lull algoritlt ut RtHI tlw lim•;trizat iou lll<'lhorl (c·.g .. srC' [12j). ~lnrl'owr, \\'<' dbtuss thr 

•·ou1·c·x hull in I h<' proloiJllC' two-clitJH'tt~ i oua.l LtypC'rholi<' spH< '<\ c-alkd Poiucnn; ~pnre. Itt 
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arlrliti<ill , iu SC'ct.iou 3.5. ~ ll<'\\' d<~'~ of ni<'Utauuiau ;,p<H·c·, UnraTiznbft, ·'JHt<·c , i~< propo~•·cl. 

TI.Ji~ daHs <'D<'<)tupa~~rh t LH• flnt spac'!' ll'iti.J a glolnd <·omdiuat.<' ~y;,tr-w. t II<' hvp••rlml.i<' 

SlJH''(' and I b<' FjJil!'(' ddilH•d in Ddlnif'iou 3.5. lu t uat sp>t<'(' tlu• COil\'(')( hull for gin·u 

~!'I of jJOiJtt;, j;, Pfl:i<·iNitly I'Oill]lllfHiJk. 

lu CI.Japtrr .J.. WI' l'Xplaiu tlu· hypr:rbolic Vomnoi rlow.yrmn (St•c tiou -1.2) aJHI tu<' \1-

~turl \1' -1fo·ro·11oi J~,.grmn (S<'<'I.ion J .3). Tlw bypnboli<' Vorouoi diagmUJ i;, cll'fiut·d by 

tur distnru:r· ba.'>C'ri ou 1 liP proxiu.tit.y r<'la.t iou iu tlmt ; pace. 11 <'>JU IJ<' <'<n il pill <·cl by 

au a.lgorit.hm of t h<' Endicl<-a.n Vomuoi diagram >UJd t]Jc rkktiou of sow<· fa!'<''· lt i; 

also prol·<'d tlmt its I'Olttbiwttorial aud tial<' rmupkxit.y <'qual to tlmt nf t.!.J<' Endid<•mt 

>~lgorit lnll (Titc·orPrn 4.2). Tllis tlu•ol'!' lll i>- slwwu hy tlw l'a"t t.Ltat Enc!id<'>UJ a.ud ll:nwr

bolic spli('I'C coiucirk for gi1·<·u poi11ts. \1- awl \1'-Yorouoi rLiagr>JJWi iu dually fl~t spae<' 

hy tli'lll'!'Jf' /l.( '(' S inst<·acl of rue· di,<>bUH'C' (Srniou 4.3). DrntiiS(' t,IJ(• diw·rgt'IJ('(' cloc·h uot: 

'" ' isfy 1 be• ~~·nunetry ruk of the• cli<;b,IH'<'. two d·ia.gnru" exist. Thc· diagran1 nut I><' t'Otl

>t r11ct.e·d hy tiH' ]>I'Ojrction of t.hc• lowc•r e·nl'rlopc• of the hypet plan<' <U't'iUJg<·tnc•ut: iu IIH' 

<'Ol'l't''P"1.1Cli11~ r·omrliu;~t c' sys t.c•w iilid ti.H· <1<'1<'1 iou of fac·c·s. Tlw d ifl'en•uc·e hc•twc•c•u t ht' 

pnt.c·ut iH 1 fnnc·t.inu >UJd I bl' taug<'ut uyp<'l'j>IH.!H' i' l'Cjll>ll In tilt' I'>Li ll<' of t IH· tlii-C'l':.(C'II<'l'. 

Thr <'Oiuhiuar.oriaJ >UJ<i t.i.ttH' <·Otllpl<-xit.iP~ of this rli>~g1'Hlll. ill'<' H.lso En<·lidP>UJ. Itt mldi

tiou, 1 he• n•ln.t iou l><·twc•ru t ur ,r,,, i'ti<·HI panullr't.rir· S[»tt·r of tii C' norr11HI dis1.1 ib111 ions 

;uH I riH' Pni.u c;rr~ >par<' i!i obt>Ji nrd in S<wl io11 -1.~ . Tilt' n•l>ttion berwc·c·u dil'<'rp;<' ll l't' ~tud 

uu•t.ri<· i' <tbo stnl<'<l. 

Delnnnny >turl Drlfi.?I.'IW.V-Iypr l'l·imlg'll.lnlion,\' ill'<' cil'sct·ih ncl i.11 Chapkr 5. Although 

I U< 'S<' HII'IIC'Ilii.'<'S >ll'(' IJJ<' smue• Lll Enclidr>iu SJ)HJ'(', iu hypc•rholic S[lit('(' aiJCI dn>LIIy nat 

spat'<' they diri'C'r. lu S•·r·tiou .5.2, tbr Dc•litnuay graph. wl1ich i' the• rln>ll s trllC'Ilu:<' to 

111<' IIyv<•rholi<· Voronoi diagnuu. i;. obiaiurd. Siuc<' t.haf gmpl1 hw; llil'<' prop<•rt i<'S , 

t.IH' Dt'lanuay-t.yp<' 1 ri;utguhttinu iu IJ ,V]H' rbolic span• j,, ddi11rcl hy Algorilliru i:i.2 "' 

1.lmt lli<' t.riHU!\Ul>LI ion rout aitl~ tilr D<•launay gmpli . J-l owe•vr·r. iiH' prop<'l'Lil's of lll<' 

D< •l;u tu >ty-typc• 11 i>LUI-,"lll>ttiou hal'<' uol b<·<·n <'Sf,abl i, lt<'rl y<'f . lu Sc•<"tiou 5.·1, De•lanuay

typr I ri;ULgui;Lt iou iu dually fla1 'P>\n' is dc•snilwd. Tlmt I ri>wtgnlation is ;t dnal stnw! urn 

of \1- (or \1'- )\ 'on)Jwi diagnuu without. dciNiou of !'it!'~'" <\Jld ha. th r ui cr· propt•tty 

·'thr tlivrrg<'IJ I'C fwuJ tlw r·r·utl'r t.o poiufs of t llr U!Rxiuml miuitUlltll t•udo,ing splwrc• 

of Dda.<tu ay-typr· I ri<\ugulatiou lllillimi7.<'> atuoug all t rimtgnlarious ill I hP clu>tll,r flat 

Iu l1;q>t rr 6. W<' ~tall' two >Lpplicat.iem~ of tlt<' V'-Vornuoi cliagTa.tU (Sr<"tiou 6.1) aml 
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of Dr•hHI!Jay-l_q>r· trimtg11la.riou (S<'t"l iou 6.2). T lw fo.rutt•r ib >t gr'Olllt'l ric dn;.JI'l iug hy \7-

Vorouoi di>~gnuu. lu 80ctiou -1.3. tlw v- ;wd \7'-Vorouoi r!iagnuu~ >tr<' tr<'al I'<[ r·qnally. 

How<' \'1'1' , tlt(• v-\'orouoi di>tgraUJ i~ lllOI'l' 1[, t.fn] I bau ilw \7' -\ 'or<>uoi iu rdllt.iou to tlH· 

stali~t.i,.a l l'bt. iumt. iou. 1\ lorf'O\'C'l' 'i\·r oht.ain IIH• surf;tc·r• tri>wgJdal,i<w by tlH' Ddalway

lypc tri>1.ugulat.iou iu Poiw:arf- span•. Tbi;, I rim1 gnlat iou may lNtd I o a ur•w IJJ<'f>lt

g!'U<Tatiou lll<'llwd. 

T 



Chapter 2 

Preliminaries 

lu I uiH f'U>tpler \V(' ('Xpl<eiu biL<;ir· (;()U('epb of tuis t.besis, i.r· .• iu Sr·ctiou 2.1 /lir·11ut'll.nirm 

grornrtqJ. iu SPctioJJ 2.2 stntis l.ir:rr.I]Ht.m 'lll.r: lnt· S]HU'r and ill SP<'t.ion 2.3 rlunlly flat spru·r• 

;u·r• st>tt.ed. Tlwng!Jt most of tiH• l'f'S<'>Lrch iu t.hi» cl.mpt<·r lw,; h C'<'U »t.udif'd . t.h<'n' ;u·p 

<Jill' <'OIUJ>lll at ious iJJ Sr•('t iou 2. 1.2 ;w.cl Sr•r·tiou 2.2.3. 

2.1 Riemannian Space 

Tlw <·ourepl of l1iem;w uian »pace• is studied oin!'<' ui.Jwh·<'ut h cPu I my. So many I opk ha,.; 

IH'<'I.I n•sr·;uTlir•d, tlH'II nLrious hooks arc· pui,Lishr•rl. for rxatuplr-, '·Tiir•utaJt.ni;uJ G<'ollll't. ry 

[15]". ·'.Fonnll'11.iotH• of Difl:<'t'<'lll i<d Gmtt ll't ry \ 'ol . I &:. 11 [2~1) ", ·'H.ir·rmumi a.u Gr•om!'t.ry 

[ell]" , <' II' . ThP lm;,il' !'lllll'<'pl.s iu Ri<'tll aJl tJia.u rmwifold an• <'XphtiJL('d i.J1 S('diou 2.1. 

lu Sr·<"1. iou 2.1.2 wr• s tat<- hwwrholir· S]m{'(;, whir·h is ;c fuurhuw•ut.<tl llir•t ua.nuiitlt span· 

;wd lt<IS ,·m·ions ;t<;pc•r· t. Fort lti.~ »p<Lr·r· we• r·>tkni<LI.e so tu<• ftuJt'l.ious, Ch'l'istoffel ·s symbol, 

Rie7fl.u.llnirlll. r·u.?•ortfu:re, <'k. Soul<' gr'()!I J<'L tic obj<'t'ts. hyl'm·bolit; SJihet·r aurljie't1W!!rlicul!!7' 

bi.~cdm·. >JJ't' d<{iJwd aud its propt•r'l.it'b an' [H'O\'Cd, whidt a.rr· colh:t.t•d ill [36). 

2. 1.1 D efini t ions and Examples of Riemannian Space 

Ln ilti, sr!'tiou wr• s \<tt<' ~Olll t' r·ou!'rpt!o iu Tiir•oJ<UJ ui;uJ gcouwt.ry Lo uucJror,i ;\nd tlti~ t.lin i>- . 

i.t'., rldinil irms, r•xamples iLlld n•,.nlts withrml pror>f an• sl;<t.t('rl. F'irsl, Ilit•Jlt<Llllli;w r;par·c· 

ib ddiu,•d. 

Definition 2.1 (Riemannian space) Ltt R be a. rl~di11WI/ .. s'itnllllmnnifold rmd g lw r1. 

Rinnannian 'tn6l!·ic which r.l.efiw: .~ 11 positive thfinift• inum· pmdu.r:l i11 r:rtdr t1mgrut spctt'r. 

The ]JfLi! · ( II , g) is mllrrllliP<lt>ttJUiatt spat·t·. 



Example 2.1 (Euclidean Space) Sup]"'~'· fl = JR" is d-rlwmtrlsionrd Endulr au. SJHUT 

1111/h nnt~&·nd t·oonf.irwtts r 1 ,.r2 , ... ,.r, £!1/ ti 1J = J,, J.\" tl-cli1nt~ 71-Simwl irlt"rttzly 11/.atl"i.r. 1.1 .• 

ds2 = d.t'1 2 + ri.rl + ... + d.ri. \ll.llwl EnclirlNLU IU<"'I.rit. 

Example 2.2 (Poincare Space) SnJIJlOSt that II = { (.•·1 .. •·2 ) I .1·1, .r2 E Jll,.r2 > 0} 
• . . 2 d.t } + d.r22 . . . • 

mul r; = ( ,-2)-2 12 . . ,, e .. d ., = . Thzs "I'"''' 1 .~ ntllrcl PoJJJl'>LLT S!JHA'<' m·upp rr 
,1'22 

hall~pl<wc· , u•1 i l.tf'n b11lH. 

[u Ric•ut<JJJUian ~rac·r cli,9tn.r((·t• IH'twrru lwo poi111~ i~ ckfiHrrl by RirlllHUJJi;nJ ll1f'lric-. 

Definition 2.2 (Dist.ance on Riemannian space) On n Ri r"m.am•:ia;n SJIILt:r (R,g) 

t.lw arc lc·ag!.h of diffwrt'1t.l;inbl" t'tL11Je T = .r 1 , a:::; I :::; !J. is dejiu('(l/iy 

L = t 1 (cl.r) (cl.1·) I - !J - d. 
elf dl 

G'ivcn 11 Rieuwnninn uwttic· !J on a rtnw.u·ietl mmn~folrls II , WI tlt:jiuc the tli.~ill,nre 

fuuf'lion d( .r, y) un II i.~ the infimum uf tlu l,.n!Jths of nllpiN·~·u•isr' dijfnt,ntinblr: t'lll'tws 

of dt!.\"S C .ir;iuing r a:nd y . 

TIJC•u W<•lwl'(' 

d(. ~'oil ) 2': (1, t/( .r, y) = rl(y .. T), cl( .r. y ) + ci(y. z) 2': r/ (.r. z ). (2.1) 

Definition 2.3 (Affine Connection) SnJ')JO.~t· (fl. 9) iH a tl-di'llwns·ionu.l Riwtnml'inn 

-'1'"'''·· Let p,p' E R lw points. [~] be f! lo('(tl t·oortl•inalr! sysl.c·m of R mal 7~,. J;, "'''' 

trm.grnl HtJfLI:CH of II r!l. jl and,, ' 1'( ·~1'"''1-illl:ly. u (! fun('/iou nl'·l'' : Tl' ~ T,, iH de}t11f'rl 

IVII<l d3 jU:I!('/ •iiJilH r~ ; jl H ( r;; )I, (/1'(; i·ocfln(i< d •in IL f'irLS.\' of ex.. tfH II aflinr ('OlllJ('('J,i())l 

ts yi1wn on II nwl wrif'lut by \1 . Mo1r<ovu· { r:,} i.< wllc-d conur<·l iou codfki<•utb in th<

r:t)rmlinalr• l<J-

Aftiw• c·nuJJr•diou p;i1·c•s >t r·orrrspouclc•ut·r• of Yr<·wrs oJJ ca.dJ t.augr'Jl l spac·r. lu ut lH•r 

1\·ords. if Lhc whole• couul'diou l·orfficic•ut!'. >U"<' C >J11d t!Htr. c·oorrliuai<' sys1eJn is yloual, 

J,!J('lJ \V(' I' ill I J'l'g<ll'd llll affiue I'OlJIJI'(') iOll I1/lo/J' il.' ( IH' I'OI.lU<'dioll ('Of'fl:il'ii'UI S j"J.f.·· 
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Definition 2.4 SnTIJIO!w (fl,g) is (l Ril '1/lltnt>tfm SJ!II('L and n)•,)l is It'll affini' ('()'llrJ<'dion., 

Ld 1 : [u , b] ~ R br fl, Cl/.1'/1( 0 '11 tht· fl'it<11llt'/l.nian 8pare n join·ing 1(0) cmd /(b) cwtl lh< 

mop X: f ,_, X(t) /)('It field of m:dor q)ong the t'lt!'!JI -1• i.r .. Jcwl;t-1(t), .\ (1) E T11,1 is 

clu:idul. lf t.hf' fit:ld of 1>1:clor .\ is ,mtisfir:d fh< conrhtwn 

X (t + dt) = 11-,<•1·11'-t <~•1(.\(1 )) , 

1/1(" X i.;· p;mllkl on 1. 

C'oumTsc:ly. i, f ·r is gi1•en. a Jlnmllr·lfield ofvr.do•rTI1 un1 is dcce•ided. This I'O'JWerdion 

is mllul pamlkl disphtc<' tlll'llt on 1· 

Definition 2.5 Ll't .\ br• a field of vr:f'fm· rm a R·i.I'JWLnrt.i<L71 ·')wcr· fl. Fen· nny r·w•w 1m 

fl. if X ; : t H x ,(l) i.~ pa.mllel on., joT (), givrn comwctiou \1. X is p;mtllt•l ()11 R for 

\1 . 

Snpposr for morditt>tl.l' [() of fl. d ha,,j, vc•cr.or fidel& a, = o~· ( i = 1. ...• d) <H<' 

p<mulc•l nu R. Tlti~ c·nnrdin<Lll' [~ '] is caJ!c•cl au ojfi'lle ,·oonlmo.tf' Rystr"n of \1 . Tlll' 

fnllowiug coorlitinuh aJ·c• aL'o C'ltllivnlc•m 

o \1 a,O; = 0 (l;t, .. .i), 

o cotll l<'dion codficil'lllh r;; := () (\fi . .J,k). 

Definition 2.6 Lrt R be 11 !1-dito.rr•sitmcd Tlit·mannimJ HJI(I.CL v•il,h metric !f· If nn affine 

r:oonlirwfr; ·'YHkm c.r.i81.s for a. given <"OTt !lee lion \1 , then \1 iH Hnid fu lw f!ai . 

Th<' N>uclit.iou for .tlanll•f.s is equiv;dc•u l, io t.h<' nmi~ltillg ofrbl' •·nmll•<·tion corffirirul.' 

r;~ (i.j,k = ] , . . ,d) HI ~lJ pOilU~ J.! E fl . 

Definition 2.7 (Global Coordinate System) An ajfin.r roor<lirw.lc syslmu is glolml 

if 1/w .\1!1 11 <: c·oo·nhnnt•· ,o;ys/MJt, is vsc·d for all )IIJi'lll-' in the. spuc;e. Snclt 11 coo·trli1111.tc 

·'i)tSf.nu ·i.- ca/l1d a. gJ,,J.,d coonliua.l,. ~yhil'U I 

U H:u ;,p;u·c• bas a global c·ootdiiHLI.t' ~ystc•ut. Lite• grodc·sic· lomlly hc•cO II H'h a.n Endidt•au 

line· in ihat wordimtl<' ,.ystc•Jn.. 

10 



Definition 2.8 Lr·t (R , !J) u" n Ricmanman S)lllt;c , \1 br a ''011fl.l;('f-iU11 of R <!?Ill T( R ) br· 

w/iolt- of /lt!I.IJ<nl S]lfi.CC of R. Fm'fidrl.,- r)f ·mcto·r .\. ) ', z E T( R) 11/f!]JS n: TXT X T ~ 

T. T : T x T ---1 T rm· rli:jiuul 11N folLo·ws : 

T(X.Y) = 'ilvY- \1 1 _y - [.Y .l']. 

u•lwrr [.\", Y] = L (L _yi[)1_\'- 'L )'1D1 .\' ; ) fJ, for_\= 'L X 1 D1 .l ' = L )'101 . Tile 
, J J J J 

n (/,11.// T (1'/'(' r;allr•tl R·il~mmminn /'1/.(1/(l.tnrn (1.11(/ l;orswn ten.ww, 1'Cspef'twely. 

IJT = 0. ilwu r·onrur-t-io?l ts symuu•lric-. 

Definition 2.9 Lr I (fl . y) be a /?)iP'/11,(/,IIniau. S)HMXJ. \1 b(• 1/, I:IJ1J.J/P.clill11 nf n 11.'1/il T( n ) 

be IJ/holc. of lmtgc11t .\'J!acv vf R . Fm a·,,y fields of '/Jr'l'lv·r X. ) '. Z E T( fl ). -if thr jullowi11y 

condition is sa.tisfierl : 

(2.2) 

Defi11hion 2.10 (Levi-C ivita Connection) Frn· a l?ir;w.amrion mr/.nr· g. tf a nm

'1/r.l'/:iun \1 -i.~ '11/r:l:n.cnl n11.d .>ywmddr·. lhr.n 1/wl c·onm:dirm is mlled LC'Yi-Ci \·ita connrc

t.ion uT Ric·m>LI111iRu <'l)U li f'ct.iou . 

TLis C'Ollll<'c- l.iou i ~ uuirJ II <'\Y <iPirrmiucxl l'or il Rirtn;umi>lJJ W<' l:ric· g. Tlm~ !Lc• Lcvi

C'ivi l.<1 c·ouuc·r·tiou if> p;iw u >1S follow' : 

r~~ = ~ 'L g''(EAuij + Dj!ll~c- D,g1k) 
I 

wlH'rr g•J is I'll<' iu\-r'l'S<' nf g. Th<'h<' t'OllUt'ct.iou C'<JI'fikil'ul·s <U'I" rdso l'al11•d Ch1-istojJrd 's 

-~11111bol.. 

Example 2.3 1. (Euclidean Space) Atl r;~ (/1'( ' eqnal to 0 joT 0.1/jj i I j . /.;' 

2. (Poincare Space) Thl' r,onnr;ction r·oeffir·i. r~ ll.l.s of Levi-Civitn c;m,nccf>ion of F'oi11C'{Ir-f 

·'7HICI' m·l' calcnln!Nl by the nwl.f'il' !J = (.7'2) - 212. 

r~ .. = 0 Oth.l'rwi.\'1'. 
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In rli<'llliUlllimt spn<'<' tL<·w t•xi. ts a slrttrtu!<' lik<• <t En··licli';Ul liu<• wltidt ntll<•rl 

g1od, sil'. 

Definition 2.11 (Geodesic) Lrt ')( t) /)( n <:nnw of C""'-1·/o .. ~s in Ru·uwnn•irm .~JW.I'f· 

( R. !1). 1 (I ) is " g<•otksk if thr· field of vu·tm· X = * rif.ji;,.d nloug 1 i.< pnmllel nlrm.IJ 

'), 1/w./ is, if \1 y S f>:rist.;· nwl ~gunl" zero fm· nll f. 

Tlti;, r·onrli1,iou is n•writ·e i>y t.!Je r<']ll'<'S<'uta.tiott l>y cotnpotwllt -1•: 

(2.3) 

Tltu~ we g<'t t ill ' g<'()(ksi · iu ;wy Hjt'Ulilutti1Lll spa('<' if tbi'M' di·f!'nn•ut.i>d <'qm•.timL~ c;tu 

lw soh·e<l. Al t.ltougb it if. dilti(' nll to s<J IV(' th<•s<• eqmll iou iu 1\('tH'rRI, th<' t l' <1!'1' S<'YCrHI 

bp('<~H.J ('>\Sl'S W wiJirh W<' ('i\Jl 11bta.in ( h<• I'Xitl'l !;O]lll ious: 

Example 2.4 (Euclidean Space) In Eudiclmu . ·wu:r;, th<! (;())) 'IWI: / ion corJjic·icnt.~ r j,. (Vi' j. k = 

1. .... d) nm eq·Jw,l to 0. Tlw .. ·. th!! rLiffrm· utirtlNJ?utficm.~ sa.t,.HjiuL by f)I!Orlcsil"s an: 

d2-/(t) 
----;[12 = () (1. = 1, ... 'd) . 

T/1e solnlion.- •vn· f. I migLt lill<'s . 

Example 2.5 (Poincan~ Space) Tht abmu rliffen;ntial eq'llrtl.ions btmmr· 

1 
<12 /1 2 el l' ri"j2 

c1 212 _l'{ (-d~: )~~ -d(l rh·' ) 2
} ell 11 dt dt 

() 

(2.4) 
0. 

wh.P7'1< n.li n1·c r:onstnnls. d~pt"llri'ing rm iniNal rouditirms. 

lu >tdd it ioJJ. ilH' <'OU<'I'pb of 'llli11 in•izin.g fll'Odr.sic ilJI<l cornJ!lr'i.t '11r;·s of '1/W.'IIifo /Jl ;.u·p 

iutrod iH'<'cl. 

Definition 2.12 (Mil.1imizing Geodesic, [24, p.l66]) A gcoll~<sir·.ioininrJ two poiu.t . 

.r cmd !J vf n R. irmtl11.'fl/(1,11 uwnifold J\! i.~ l·nllcd ut.in.llt.LiY.iug if its lwrJth ·is e<JtWl to the 

rlisfllrtl'l: d(.r,y). 

]2 



Defirdtion 2.13 (Completeness of M anifold, (24, p.172]) A Ricnumniau tJw.11ifolrl 

R i.~ Hoirl to b1 I"Olltpkt'' if th1" Rit·uw.rminn 1'11111/Wt.im' is ··olllpli't<' . tlwl ·is, if t '11l"''1J 

yeorlesic .\1 <"111' bt cxtt~·llclc·d for rtlll"l11"111"ily lmy<' 'l"dw s of it.s t:11.11011 iml ]Jitm.mdi.T·. 

~ l or<'OY('I" tlw followiup; tlt<'ol"<'llt holds. 

Theorem 2.1 ([24, p.172]) ~f .\i1s l! r·oMtectccl l"(nnplell Ril rna·nni(m rn!Lnifoltl, th1•n 

<Lfi..V 1.'1/JO ]!Oirlf·s .r tt:nt/!) of,\./ 1'011 {)( JOined by a, llli11i'lnizi?lfJ !J<'Otlr•.'iit:. 

2.1.2 Hyperbolic Space 

ln r!Jis s<'c ti ou. W<' discuss h1f1""'/'oi'tc s7lru·1~. wL i"h is tlw 1111"1 iwpnrl >WI Gi~m>tulliau 

sp<\<'1' iu diJfl'rl'tJI ial gt>Olll<'t r,,·, IJ>\viug ns"" in tL<' ;uta.lysi" of IIHtttifolds (se<' (52]) a nd in 

kuot i]H'ory (s<'l' [23]). Tit<' <kla.il of this s('('LiOII i s aJso d<'S<Tii>l'd iu [36]. 

Definition 2.14 (Hyperbolic Space) L<l n 1'1 = {(.rt' ... ..l'<t) I .r, Em .r, > 0} bl' (L 

. . .. . . . . . d.r1 2 + .. · + d.r,? 
Rlt'711.111l'IIMI.!I moni)old unth Rumlt71!/I.U!'ll 11u tnt· d.~2 = 

2 
. This flllldl.ifolil 

,l 'rf 

is l;o,llc:d d-uimC'm.iona.l Lyp<'rholi(' H{MC'<'. 

[Remark] Two-dimC'u~inuaJ ltyp<'ri>olk spacr lH'mlll<'i> l'oilw>H·{• ~par·<·. Dl'fiuiug 

lt,l'{ll'rl>nlk :,pa<·<• a:, almn'. "'" nu1 l'<'phu·r• IIJI' Utl.'i ric !Jy r1.~2 = t · ds2 for >LUY po5irin' 

couslau l c. By >tll appropria.li' "!J ic'' of r·. tlH' sparr ha~o; -1 snt! a r t'III'V>LIIII'<'. T it <· 

fo llo"·iug >1rguuu•n.is fords dircl'lly r·mTy OV<'r to a. ca.~<· s1wh as d .• 2. >tu<l LlH•n•l'or<' wt· 

rl<'<.Lioul r wi1 h l.ht' >tilon' I'>L,C. Mmi'0\'<'1' t:ltis 'PH.I'l' is realizabl<- >l.'i a panutli'trit· h{Hl<'t' 

of a u1n.lt.iuoutial IHJnnal di,trilnlliou whose V<J.riauc·t·-l·owtri<Lu<·r •nar.ri x is a 2J.,. T!tru 

its PiRhrr· ·iufomw.t·i.on uw.tr·ix in ~->imil ar with t.ltt' IIU'I.rit· of bypc•rbolil' spa<"<'. WIH·u rltr 

" !JHI '(' [J]. 

W1• iiM.uJ~H ' I hill L<',·i-Ci,·ir.;l c·ourwcr.iou is introdJtct•d r,o t il<' Lyp<'rbolic sp;t<·c•. Tit~ 

' !Jri~l offd 's symbol:, rJI· of I lJj:, Spilt'<' an• giYl' LI iJ,Y 

1 
(i=J. k=dori=k. j=d(i=l. ... ,d)). 

(j=k. i=rl(j=l. ... ,d-1 )), (2.5) 
.r,, 

0 ol;hr't'llli~c. 
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" frnuJ I Ul'~(' hYUJbob, IIH· RiPlllflltlli1lll .-nrYat 11!'(' Rjkl = -rj!~r+r;l.!·+ L (- r~kfi,r + r1,r;,,.) 
IJ :; I 

1 
- .r, /2 (j = I . i oF) if d. j f.rl) rw(j = I. if), i = rl. J f. rl ). 

R),r = - .ri (J =I. -i f.j. if. d. j = <IJ. 

l 
d- l 

---.,-
n .r,r-
Ji jl = 

0 

(.i=l), 

(j f. 1). 

Fiually, wr- o!Jtaiu a scalar cuJTiUtln' 

R = -d(d -1). 

Tlln~ tliih .s p~LI ' t ' l1a:-. a .. JH'gH..t,ivP f·ou:-,taul t'lll'Vat urr. 

(2.G ) 

A gr·otlr•s'ir· ill ll-1'1. w!Jieh cotrt•spoucb to >t hLraight litH' ill Endidc'<ttl ~pan•, ih c·ou

sickri•cl. l 'hillg Christoff<•!', ~YIItbnb , tiH' t!iffc•rrutial <'<ill>tLiow. (2.3) for<> gl'od sil' arc• 

l 
d21 ' - _2 . _d); . cl[ .r 

0 (I= 1,·· · .d -1) 
dt2 -," dl clt 

{ 

) ' } (2.7) <1 2-r.r _ _.!:_ d- 1 (d'' )' _ (rl,111,r)' dt 2 -il 2::: rlt = o. 
I J;l 

Tho. I' himu ltau<'ons ,Jjlf<'r<'ulial I'<Jit<tliouh ('ali be· hoh·<·d as follc)ll'f>: 

1. For a1 1 iTtitial couditiou nf sp<'da.l fonn (.r1 (0) .. ... .1-.r(O)) = ( riJ , .. . . a.r) aud ( "·',;~Ol , . .. , ' 1 '·,~;0J ) = 

(/;1, 0 . ... . 0 , b<l ), mtd nsiug t.Jt,. solnl'iou of tlw diffl'n'nl ial ('<Jll<tt.ions (2.4). lVI' t'a.u 

coust rue I. solnl ious of (2.7) a.<. 

( ' 'I ···· , :rd) = (('(·o"!l- J! . " 2-... , lld- 1 , <'siu fl ) (t > 0, 0 < 0 < 2;r) 

or 

l~ 



2. Forth<• uton'g<'uera.l iuitialcouditiou (r1(0} , ... ,.,-,1(0}} = (o 1, ..• . u,1) aud (''',;:u1 •.•.• "',ri"1) = 

(u1.b, .. .. ,IJ.t). IIH' ~iu111l ran<'Otl s diff<'r<'lif.ia.l !'<jllafiou~ HH' ~oln•d hy r('(lnctiou t.o 

f'iiS( ' 1. 

Cou~idc•r a UJa.t'ri.x T = ( G' 
0 

) wiH'rt' G is a. (d- 1 }-d ituc•ul<iomtl 01 t.hognual 
0 l . 

111al rix. >I'!' l'<Ut i musl~l <' I !H' iuit ial c·otHiit.iou of c·Hl.C' 2 i11Ln I ha.t nf n1sc· 1. 

TLC' solntir!ll is trauslat,C'tl by I It t' im·c·rs<' ofT, i<·<~ding to I.Lr gc·orl<'sic, as rl<'scrilH'cl 

iu Lc·nwta 2.1. 

Lemma 2.1 A y<'Oil< :~ ·ie on d-d-irnensionnl h:yp,·7'bolit• ·>J•ncc• IH.t 'Is l!.iprt:sM·d ''·" 

(.T 1 - p) 2 +.r, 2 = fl. ~·, = rq (i = 2 .... . d- 1} (2. ) 

()1" 

.7'; = o, ('i = J' .... rl), .l'd > 0 (2.9) 

by n tmnsfo'T"III.atio•n in 1111 sd : 

(2.JU } 

tohrm G i.- (d- ] )-dunensimw.l o1'1hoyrnt.nllll.nf1'i:c. X= '( .r 1, ... .. rd) E TJ·f'1. a =: 1 (11 1 , 

... , ud- t·O}Elfl.J 

Proof: 

Case (1· 1 - 1')"- + .r/ = R .. r, = rr, (i = 2 .... , rl- 1) : 

As G i> illl ortLogoual l.ran,fonwLt.ion, t.lll' proof starts front th<' oolnl ion of I Lte 

di1Ic•rc>ul.ia.J c•qua.l ious aiJOV<'. 

TLerC'forc•. wc• rousirlc-r ouly a. HowPvr•r, a ~' <L pa.ra.Ucl rlisphtc<'ru<'ut. whirl! dn<'s 

not. rl.taugr till' .r,J-coord imtic'. aud Leure t.hc il1versc• C<UJ I;<' ennsiT11Ct<'d. Tltnh, 

n&iug ill<'SC' t. nLusfonnatiou~. t U(' geodt'sie ih iudurkd iu I he c'<h~<'. 

Case .r, = r, , (i = 1, ... . rl ) .. rrl> 0: 

TlH· ~<llntiou of I L.ih c·itM' ih a p>trticnhtr solntiou oft he diffrrt'ntial ('qmtlious abon· 

fllld is a Lw.Jf-linc• l.lud. is nrtlwgoual t.o .T,J = 0. Usiug a lransforUJatinu H-' ;tboYC', 

t.lw grodrsic L'l iudnrkd in I Li~ case•. 
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Lem.ma 2.2 FoT two pow.ts p< 1l ,JPl in tllf• d-diwi"II .. Wmnl hyz)('r•bolic spa.r·1•. lh1 d!.~lll'fl.l'r 

of tl 1 
l 11.nrl pi2l mn be e:~;prrH.w·d ''·" 

I Ill 121 1 (l+<·o:, .} 1-<·o:,o) 'lJI ,f' ) =-log ---- · ----
2 ] - ('()R d ) + COS t1 

(2.11) 

u•hr·n · o , .:J u.r·r constcml.s ilqu:mhug on p< I). p<2). ltVht 1t I'll l . pi21 IL1'1' t·m.nHltJ.tell into 

j.i(l 1("11·"'12· . . . ·"ltd-IJ· 11111) n111l jP1(o21 • "12· ... • "llli- IJ•11.21f), lhr11. 11 , I ,,.,. snlisfir:d 

tlw j(Jllowiny iiJIW.tious: t·· cos n - q = 11 11 J' · siu n = o. 1,. r· ·t·os rJ- q = a 21 , r· · sill .J = 11 2, 

rt21
2

-1111 2 +r,2/-CI1i {-(011 +"21l
2

+/J.1,?-112} }
2 

2 mulq= , t·= +r1 1,1. 
2(1121 -o1Jl 2(1121 -o.11l 

Proof: Auy ,Pl , z,C2) ,.,.n I)(' i ntusi<LI.<·d iulo p(l l("JI. 11 12 ..... a 11 11-l)·"l•l) nmi,P 1(11z 1. a 12, 

.... IIJ(d-J)•"2•1) by nu dr llll'llt iu 1111' :,('t (2 .10 ). Tlms, i.ll\'1'1' is lUI iul<·rs"t'liou H of Ly

pcrpbtlll'fl .r, = 11 1, (i = 2 . .. .. d- 1) h11·iug iuYariaul !LH· 1li st <m<T of 1/1) uud pi'l.). 

C'ol l>ild<· riui( f. l1<' n•:,l.ri l'l.iuu to H. t.l.H' W'<>< it'sk :;egul<'nl ,·ouu,·ctiug two poiuJ:, '' 

pi'tl'i1l! JI"t<'l'i)l.;f'd a. 

(.r1. · · · , .r,,) =(em:, /I- fl, llJ2 , · · · JIJtd- 1 I • l ' hll 11) 

whC'l'(' ]I, , . art' cons! auLs clc·pt'IHling on " 11 . 11.21 . n 111. 112>f. T l; r· clisl.au/'1' aloug the• gf>ock:,ir· 

2 

I L:(!!£..) 1~ ( ' __ .w_rlil = [ ' -.-
2

- clll 
), J'i . " S ltl (} 

1 I 1 + l'(" 0 1 - ('llh I> 

2 og I - t·os i'l . 1 + cos n 

wllt'l'<' o, 1J a,n' ndnes of() wLid.1 clq)('ucl ou jPl, jii2 l. Wh<'l.l the g1•oc.ksic is <'X(>l'C'SSC'd a;, 

(.rh·· ... r<i) = (r1 11 .... II Jtd- 1)·1). !.Lis lemmanw i>r JH'OV<'d in >1>imilar way. 0 

l\ow we provt• l.l1at hypt•rbolic· SJiil.l't' is coulp l<'i.c . 

Proof: Auy g<'odc~ic in liyp<'rboli<' ~pat·c• is>\ u>~U~l'irC'Ic•. AIHH>t1gh i1 looks like a fiuirc• 

ht'gmt•ur. <tppc•;u·mH·e~ ill'C' ckt·C'pt.ivc. In Ll1is spnr·c•. tLc• clist>Juc·C' frow '' poiut. 10 >1 poiur 
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on .r" = 0 i~ i.ufinit r l>rnwst• .r,? is iu 1 L<' clt•uom iuator of Lh<• ut<'t ric fonnnla. aucl blow, 

up if,,., ib ll<'>lr t.n Z<'ro. lu Ddiuit ioll 2.13. its parauwt.<'r is a l<··ngt h, so >~U)' gNlrk,i<-

t·>tu lH' t•xtr· tHlf'd for arhitmrily larg" va.ltu•s. 0 

C~i11g tiLt' it'lllllliL abO\'<'.\\'(' ClUJ. Ulf''l.'illrl' t[J<• <Ji~t.aLJI'(' iJrfWt't'll tWO points. fnt1iJCI'

lllC)I'(' , WI' •·a.LJ dPfim• a spll<'l'<' i.u t.lH• spa.I'C, which is importaLJL [or till' l'OJJslnll'tiou of 

tur Vomn.oi rlinyr-r1.m. 

Definition 2.15 A .<·r·t of t)()int.s equ·idislnnt from <L point() E JH" is 1'all1·1} o lt.\'Jll'rholic 

sph<'l'<'. The point() is callullhf' hyp<•rbolic e<·ul.<'r. 

Lemma 2.4 ThP hYJIC'rbulic sph<•?·e which ha.s a h1J]J<'7'uolil' cmdm· (rq ..... a,1) E IHd wul 

a. ra.dins r is r :1)J7'r'Ssed cts follo·ws : 

t/- J 

2:(.r, -aY + (.r"- a" cosh 1·)2 = (ad~il tlt rf 
i:=. l 

Proo(: Tb•• lt)1H'I'iJOlic n·ut<•r (nt···· •U.t - t . O·.t) lii'<'Olll\'~ a poiut (D ..... O, u,fl by a 

(rl- l)-diwr11siowt! p>emlll'i displa<'t'lli<'UI. Si ur<' til(' .t:.t-coonliuai.P is uot c!Ja.ugrd. tlw 

disl;lltf't' is also lri\'>uia.LJt. ThP rl'st.rid iou l.o IIH· iult'I'H<'<'t iou of .r, = o, (i = 2 .... . r/-1), 

lt;t.' t lte S>ttll<' si.!'\II'Llll'<' as thl' Poiucan( span· U-l. 

'I'ltr Lypt·rlmlil' spltrn· w-it.b lt;ll><·rboii•· <'I'U t<·r (tq.11,i) all(! nuli11., r i11 IH is <'X [H'''""''d 

"·' df'st-rilll'd iu [·10]. Mon•o,·1·r. <'qnatiou (2.11) ddiul'~ di:;t>uH· • in 1 h<• Poi.untrc' "[l<IC<' 

by that. r<•<l u e~ion . 

Sin<:<' t h<' <li ~~>Lil t<' ou IH" i~ n<>l. d~;uJg<•d by a (r!- 1 )-cliuwusioual co.u;.,r:rnrn<·c· t nm~

fonnal.itlll . t i11• sur fat·•• i:-. tnutsfomll•d into t.lw ftlllowiug: 

tl - 1 

L .c} + (.I'.J- 11.,/I'OS[J ,y = (uJsinb r)~ 
r= l 

bJ >L (d- 1 )-tlim<'llhioual ortLogouaJ. tnwsfOI'lll>Lt,iou. ThP h)1J<'rbolic ,·,•nt.<•r (0 .... , 0, nd) 

llllJV<"'b lo (a 1 .... . a.,_ t , O<f) Hhi.ug t.il<' iun-n,t' of t.hP pa.ralkl displ>tC<' Inr•ut. 0 

Th<· hyp<•rbolic sph<·n· i"t.' t he• sa.pw dmnwkristi<·s as I hC' Euclidr>t.u spben•. lmi 

thf'ir n•ul:<•r;, ;ur diffrr<'ul.. Til<' <'rul.<•rs >U'<' a.lw>LJ"> iuduclt•rl in I L<' f>JlitN<'. 

!\ow we• nul ddinr a pr.71Wndil'u.lo.r Iris"!'/ or. wiJtl'h is tIt<' J,a.,i<· t•[pmrul i11 liw l'OLJ

~1 - mdiou of >l \ ·orouoi diagnmt iu bypPrbolic spa;·(' <LUd t'Xpn·;,s<·~ I he pn>Xilllii.y rPI>tt ion' 

for two give:u pniul.s >wtl i~ lik<' a fa<'<' l iu JR". 
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Definition 2.16 The .\f'f of 1•uints nt tlu smm· rli.qta!)("(' from two point. i., mllt:rl 11 

pr•rp<'Iuli .. nlar bLo;c•dor. 

Lemma 2.5 Fo·· t1fl() poiols zP l(all' .... {lltf) , JP!(uzl· .... flu) "' d- (l'I'I) /.WII.~ionol h!J]!<1'· 

bo/ir: SJm<·e. 1./u, )11'11Jrndi~:ula1' bisu-trw <;an IJ< u:p1'1<8RI,d a .. < 

I: ( .r, _ Ot.t(l12,- 02ao1, )
2 

+.r,/ =I: { (n 1d(o2, - nua~, )2 
_ 11 Jo/112, 

2
- !t2,J{Ii,

2
} +riJtiiiU 

r=l 2 nltl- ll4!rJ) t= l -1 Ottl- a2r1)2 O.Jtf- (1'2d 

when n1d =j:. o'!.11 , rLud 
d- \ 

I; {(112,- o 1,).r, (n2/- n1/ )} = 0 
t=l 

Proof: E:~dJ hypr•rbolir- S[JU<'l"(' ck wit lJ !Jypc•rbolic ('f'UI.C' l' p11'1, (k = 1, 2) >tucl rarlim. ·r 

L' C'X!JI'f'SS('(] >h' 

11-1 

('!· I; (.r,- a,!-) 2 + (.r<f- Uti!· ro~lt r) 2 =(no~;. ~iult r)2 (k = J. , 2). 
t= l 

ff W<' ditniwttr r frout t . L <'~r· Pquatious. "''' g(' t, t.lH' c•quM.iou a bovf'. 

TLus. wr clt'fim• a rlass of ~nrf>t<' C'~ iu hyp<'rllolit' ~ LliH"<'. 

Definition 2.17 A smftu:r- ·whir:h is c;:pn·"·~ul o.s c ithc"r 
.1-J 

L (.r _ ,,,)2 + .r} = R 2 
r=l 

d- 1 

I;p,.r,+J>,/=0 

!Remark] The• ~nrfac·t• iu V •tuula 2.5 i, ~~ ki!J(] of !t:nwrl>olir plm1C'. 

0 

(2.12) 

(2.13) 

Definition 2.18 A set of Jloiot., P i, 11<>!1-dt•g<'u ('l'"t~· in t,he d-di·mc n.~iooat hypn·bolic; 

S711U:e if n. hYt>rrbolic )Jla•/lf! i .. ~ Ymiqndy clei<:t•w·in.r-d fm· n.ny cl7!0int8 in .P ancl th en. dvr.s 

11/lt (!J'i.l' l ll h.)jpl'riiOlit zdanr ·indwling rl + 1 ]!O'int:s ir/. p-

F'or >I uou-d eg<'u<'!'(tt <' point BC't, t!Jo !Jyprrholie plauc· is uu iqn<' l)' d!'l ('t'llllll!'d. 

~lnn•uwr IVt' d<'Ulll' a lwlf-HJJI>CC iu hyperbolic Spllc"<' tLa,t roJTespotl!b t,., hnlf-sJM('<' 

iu Eudickau 'Jl<lC<'. 

Definition 2.19 Frl1'" hYJW?'/iCJlu· plane C , endt of til<' t:wv C0711/.ef'l.<:d (;O'I/I)J(ntc:nl.~ c+ 
(17/1[ c- of JH" \ l i.l mJ/t>tl l wl f-~p>lC'C'. 

AltLoug!J tbi~ spRc<' ht'!'OUlC'S C011,1Jt .. J:, it.s proof is in S('rtiott 3.3. 
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2.2 Statistical Parametric Space 

St.alt.~timlpa71!111rf7ir· -'7J!lrc i,< clrtim•d as a panunc·tri!' f.!)>H'(' of prob>tbility cku~ity t'uuc

tiou. whidt b<·L' tlH' doH· rc•latiou to the• hlati~tic·al <'~tiutatinu. Ju c·ctiou 2.2 Wt' <'Xpl;ciu 

ih ddhJititJu. C'xmupk, dJ>\l'IH'I<'rizatiouR nurl rdatiou t.o lhc• s(;d istic·;LI ('~ Jiu.,tliou. lu 

St•l'tiou 2.2.3 WC' writ<' dowu c·ompul at.i.om, of F isll('r i.ufort<M( iou nmtrix. 

2.2.1 Definitions ancl Examples of Statistical Parametric Space 

Definition 2.20 (Statistical Parameter Space) Fo·r a fnmily of disl.ri lmlions mw1· 

n douwi11 which m·c delrnninctl by d ·mal-vul•ned ]HL'I'!!IIbeters [6 ..... ~d]. i.IJ.C strw:ln7'<' of 

this fmnily is itlc•ntiji.r"l w'il.h S = {[6, ... , (d] I [6, . .. , ~"] cr!1'mspouds o•w•-to-one lo 11. 

rlist.1·ilntt·ion in th.r· fo:rnily ) . u1hich is c:rLllr:d I he sta.t isl. ic ~t l par>liJW1 <'J' spar·c of I hi.~ fmn.ily 

of rlist?·ibul.ions. 

HPJ'<' W«' d<'filw au c•xalllpk of a statistic-al paranu•rric· spar·<-, ntlkd r: :~;pmwntinl fttmily. 

llmt coutaiuf, l.hl' pan1.1udric ~par·C' of nonual cli,trilnttion, Poissc>11 c[i,.,trihutiou , PIC·. 

Definition 2.21 (Exponential Family) Th{' l'XpoJJ(•uti>Li fa1uily i8 u fa,m.ily of 111'0b

ctbihty clistnbntion~ whQsr pm1Jr,J,£lit.y den.~ity fnnctiofl p(.r : B) (r is o 7'1.mrlow ·wwinblr• 

(11c:cf01· iu gr nt•ml) and 0 1 .. ~ a.JJO,mrm lr'f' (111.ci11T ' '" genrm.tl) rlc•l,nrniuing 1/w d:ish~lmtio'll) 

i.\ f;J,jl!'l 6.W r1 {/,< 

p(.r; 0) = <'XJl (c(.r) + t O'F,(.r)- 'I/!( B)) 
•= I 

j01· B = [11 1, •.. ,lltl] amlf11!111'lions C(.1 ), F,( .r) (i = l. ... . d) of.r unci a. fm•r:tion q.•(O) of 

fl. 

1-lr-rC' . . inr<' j !'( ·•·: O),l.r = l. l.lw fnul'i iou 4' fo!' t•acl.t II is rlrt <'rwi.uc•rl a.<; follows: 

\·( () ) = log.! c•xp ( c(.r) + t 01 F,(.l·)) d.r. (2.1 "l) 
I= I 

Example 2.6 1. Fo1· the onr -rliu1ens·ionnl nomwl disldbutirm /he Jlmlmbility density 

jmll'tion with rnrnn t' 11.ncl slnndo,1·d drviution a is Jl(.r ; ()) of f'!JlW in Uw r<1:JIO''"'' n t ia.l 

fttmily with 
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l!. For· tlu o·nr·-rliwr o.-ional f'o is.w)ll dtstrilmUon thr jwobabihty dw.si.t.y j1trwfion is 

,,-(~.~ with mntlorn 11mirJ.blr• .r or1 {0, 1.2 .. · ··} with Jlammrt,,,. spun{~ I (>OJ. 

For this rli.,frilrl!tiou. C(.r) = -log.rl , Ji'( .r) = ·' , 0 = log(, <.'(0) = (=eo. 

3. Frn· the rlistl i lmtion on n fiuite 8PI { .r0 . · ~' I · . ... . r.,}. the ]mJlmbility that .r, ot·r"lti's ib' 

(. until Jitt~'ll.m.r,te •, · SJuu·r: {[( 1 •••• , (,,] I (, > 0, 2:~ 1 ~. < J} . Fo•r th is disil•ib11tion. 

C(.r) = 0. F ;(.r) = 1 wlum .r = .r; and 0 wlu·n .r # .r,, II'= lug (,., rmd 
1 - 2:,=, ~' 

~··( 0 ) = log (1 + ~ <'Xp II'). 
The statist intl p>tr>tuwl riC" sp>tt·r· . how('\'<'r. is only a p<\.nunrt rie spR.C'<' of prnhahlliiT 

tlis1 rilml ion . Siucr· " '(' wallt to rl'g;u·d 1 hi~ ~p>l.("(' 1(.~ nirmauu.i;w sp;u; .. IV(' 11~(' " 11'/,( /:ric: 

ca.ll('(] th r· Fishm· infmMation mntdJ:, wllid1 is famtl ll ~ iu s!;il is t: i ('~. This idea was first. 

cousirkre<l i11 [4~]. 

Defu1it ion 2.22 (Fishet· information matrix) Fin· cont·i.num.ts p·mbab·ility rlr·n.Hi l.y fu.,w

tiou p(.r: ~), llu dc111enl of the '1/Htll"i:t; 

J 8 D 
[J,j = ,- logp (.r; () · -

0
c logp(.r; (} · p(.r; (}d.T. 

v (, .,, 

r!!l(/ (g,, ),.;=f. ... 11 -is f'llllrd 1/w Fi~hcr iufomuu inn mal.rix. 

a D 
9ij = L - log }J(.1·;() · -

0 
logp(.r;() ·p(.r ;(). 

,. D(, ~~ 

T!J.is lll<Li.rix io rdalc·d i.o llw error of t•s tiut>tlioH [Il] . i.r' ., iltr• Jn>lt.ri.x i'\iws a bound 

of sqttarcd error ol' >wy uuliias<'d <'st.iuwtor. ror I'HrimJ~ cli,tri!Jllhous I Li~ utairi.x is 

t\1111[>\Jtcd iu Sr·diou 2.2.3. 

Thr· FL,lHT iuform;ltioll 111111 rix <'Rll IJ<' rr•garrkcl "' a Jlir•uulllili<w UH' I ric , 

and with tltis uwlrir· ds 2
. ca.l!Pcl tLt· FisJ,e, lll l'tric. tiu', lat.ihlin t! p;u·anlt't!'l' ~pan• r·11 u 

ht• r·on.·idn<'<l a lli<'Ut>ului;w space• (fl. g)= ((. d .~2 ). 
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Definition 2.23 (o-Connection (3]) L' t R = f1'd be" tl-dhnn•. imwl stafi.,·f'i,.ctl JJII.'m· 

'lllerri<· S]J<I.<:e unlh Fishc1· m.Lt1·u· g. Fm· ltU)J re1ti nmn/u:r <• the fiJllowi7Jg fiw. t·tioils o.rr 

dcji11.rd: 

(2. 15) 

T/n$1. fnnr.tions nn' n-<·ouu<'<'l io11 V' inl rm R. 

In ]11!1'muulur. v ttJ i. ('{l,ll('(l l'XJJOIH'LIIiai ('Ollll<'l't.iou \7(<·\ a.nd \7 (- l) is r·u.lled tlliXIIII'<' 

c·ouurdiou V' (ml. 

Tiw tu<'t.rk !/ il\ SIIJ< Jo l l1 rutd S)'l.tt lll<'tr ic L<' nC<' L<'Yi-Civita tol! JJ(~(' f ion ( Dc•fiuit iou 

2.10 ) <'a ll be i.nlrodurc<l iu tLr l\ lat.il\tical paJ.·amPt ric sparr . Por rxautpk. r.iJ <' sbtii.s tical 

panUIIPt ric spare· of a uorutal dist.ril_mtiou b Pqual to a Poinntn'- spa.c-.c' HS r1 i1i i'H1Hll1Jiau 

Jll iUJifold if Ill(• L('vi- Ci ,·ita cou.u<:l'li.ou is iut.rodnc<'d. lu (31] . !Jow<·,·rr. l l·l·owwcl inu 

is iul rod IH'<'d lJl'l'aLll\<' \7(" '-<·outH•r·timt has a l'illb<' r<'la.l iou t.o sl.at i" .i1·aJ <'stitHitt.iou . 

TL~Lt. rdat:iou is dcl\crilH'd iu S<••· t iou 2.2.2. 111 tl1is t . h <~'is (,[ !(' n-W'II:ned;,J/1 i,, n~Nl 

ah a <·ouuc•<·l.iou of snrb a paramt'Lric· spac·<'. 

Till' followiu~ ktnlllaR >~i>onl. t.lw r·xpo!lt'llfia i fMui iy WC'J'C' prm·<·d iu [3] . 

Lemma 2.6 ((3]) Th~ <'1:Jionen/.ia/ jrLm-ily is \i' (<·l .fiat. 

Lemma 2. 7 ([3]) Tlu· follrrwi·ng is ('l}lli'll(l,lr·nl frw (I sta.t<istical p11.f'CL1il.eb·ic S)JI(('{' n with 

F'is/11 r rnetr··ic '1 : 

rr t~ aucl tlH'OIIIH' ('I iou a!'(' iul,mdllr'(>(i ill t he <'X jl()ll('ntial faw.iiy R wit h F'ihltrt' WNrit' 

[!, t.ht'u t bat bC'<·o tu<'s dnn.lly jlfl.l -'!''"'''· Tlwrr• is au affiw· coonlirwtr: $')Sfl;m i.u fla t 

SJ>n('l' , Sill('(' I uis sp<H'I' It as IW<l fJm ('OIJU<'l'LiOl\S. tiwn· il l'(' two ('OCJrdiwtt<' >\}'Sl<·m~: I hr• 

•wfwml]•nmml'f.e;· [II] <tu d tb C' UJwf'tatiO'/I.]HJ.'f'(W/drw [1/],IJ, = j F;( .r)p(. r:li)d.r, whi<-L 

<'OITc•spotHi to <'X110lll' llt.ial anclm ixt nn' t·ouut••·t.ious, n ·hp<'<'l,ivdy. 

2.2.2 Statis tical Estimation 

\\-,. :il a it' t iw n·i<tl iou lwi.W<'<'Il till' IIHI..xi.u.lltllllikc iihoocl <'s t iruatiou awl thrs£' roti!J<'dious. 

First. W<' <'xplaiu t.L<' sta.f:isti.ml r·.;·/iuw.l.ion, 11101'<' <l<-1.a il~ of wL.i<·L me• ill [1 , 29]. Stat i.~tieal 
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<'Mituafiou fiurlo iufurtn>~tiou of uuktw\\·u jllnlmhility d<·u,ity fuu•·tiou frotll ohsc·rY<·d 

,·aluc-.s iu iiH· proltHhili.~tic- "fJa<·<'. \rlu•u !Pt .r11 ,, ... ,.,·1, 1 IJ!• iuc!c•JH'!ldc·ut oh,c•tTr<l ndtt<' 

of "todHc~t. ic- ,-cr·tor IJy a prob>lbilil-y futKiiou, il io" 'lal'ihti<·>cl !'stiumlor to giw llt<· 

]>>U'!\J. IlN<'I'!> ( of original fun !'I iou p( .r: 0 hy .r1"l = (. ~' (!)· .... ·'(uJl· 

Definition 2.24 Lc' f l't ut(.r'"l: [) = IT;~ 1 p( .r(il· (). WI' r.tni.Hi rlr ' 1' p1,Jf.,·f"l; () nH tt fnnc

lirm of the pmmrw/.ey· ~. ""t! I'IJ.l/ it Jikdibcwd frwc·Jion. Tlw urdw: uf ( 711./!.l:imizing lh'is 

jn11ct:l:ou i.~ called the JlliD:imum lil,rliboocl <'blimator , nud •mcuim.ize p1, 1(.rl"l; () nl (. 

Thnl ·is 

IIJ>I.X f'l•d(.t'(u); () = )J( u)(, l'(u); (-} 

' 
mhrn· p1, 1(.r

1"l; () i.s a vrobabil·it.y d(''ll.iity fwtctiml of .1·1"1. Snch r .~tinwtiun i.~ ,.".llr'tl 

Jll>Lxill111JII likdihooc! rst,iwatiou. 

For rxaruplr-. wr• couhiclr·r f.ht• tl!>lXUI111Ill WH·liltoorl <•st.im;cl iou of t.ile <'X jlOII I'IIlial 

l'mnily (Ddiuit iou 2.21) is <"OIIHid<•rP<l. sl"tt iug C'(.t ·) = 0 ;wd .1, := l'i(:r). Tlu•u LIH• 

probal,ilif',y rl<··usit;:· fuuct.io11 IJ<'t'OIJH's 

wl!r·rc 
1 " 

.r = - 2.::: .r,,l. 
11 1=1 

(2.1G) 

(2.17) 

lu "t at·L~I i<·al J>Hl'IU!l<'t ric spH.c·r• wii,!J 11-ct ordin;H.t' sy,t<'Jll if cousidPr tlw probl<•Jil tlmt '' 

utaxiilli:wd prohlelll of <'<.Jll>tliou (2. 16). By dill't•ri'Itt.i>etiou \1'(' obtai.u 

.r, =au( II) = IJ,. 

Th<.'n.fon• til<• Jllii.WJ.tlllll likl'iiilood <·stiJuator L~ giVPU iu IJ·('( >Ordiuat e KJ'Hll'lll of til<' 

st<ll if<i ic1tl ]l<U'<IIll<'t.ric spac·c• of tbt• <•xpon!'utia.l family. Tlll.1l b. !.his <'HI iutal ion for t•xpo

n~uti,d fm11ily iJ .>· Hltrl WI• IJI't'rl only <Olupnt<' if.K e-coordimtl!' <'Xj)l'('SSiou (I= li(tJ(.I')). 
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2.2.3 Fisher Information Matrix 

Iu t·i.Jis oc·diou some• I'Pi>1llli> of coutpntaliou of Fi>ll<'r iul'ormat.iou tlt>Lirix. Ti.J,,r Jliill rix 

lta., a rc• l a~iou IYith a.u C'tTill' bonucl of tlw st.;uistic;tJ c•stuwttiou mtrl i., tegarrlc•<l ,~., 

lliC'tllilltlliau tnNric· ( [44, 1]). Siuc·c• we• c·;uutot Oucl t lwi_r calntl;ttious. btH'h tuilt ricf's i\J'C' 

c·outpntc•el for Y;u-imt!-. eli'' rib11tiun~. Iu a.drlit-iou , II'C' ' ' atr ootnc• c·ompuM.t ion' ;l.ncl ~owe• 

ac-qlluNl kunwl<-clgc· iu LUih sc·c·t io11. 

Firstly wc• pn>Y<' au c•q•tHtiou about: Fis lH-r iufonuarion umtri:o;,. 

Lemma 2.8 ([1]) Let {!J,1 ) bc. o Fishm· 'llu.tric. Thc. followiny eqna.tion is Ji'lmwd. 

!f,1 =- ( ~Iog 1,(.t·:O -1,(:r;()d.r. { 
D'' } 

' u(,o(J 

Proof: Snppo~t· >W c•xdli111W' of llH• order ilJUC>II!\ diffc·rPHI i;tl iou ;wei iutq~rat.iou. TlH'o<' 

NJII<Lt-ious ili'P hUOWll. 

I a 8l a -_JJ( ·t"()cl-r =- Jl( t--<)c l r = -1 = 0 
0~, - . . - 0(. , '~ . 8~; -

0 a,~-·- ;(J 0 lo ·z!( .r ; 0 
0 = l n l'(-"ic)d.t· = 1-( ~· ·LJ(.r;()d.~· =I p;

8 
· p(.r:()d.,-. 

u(, jJ .! • () (; 

The· fomlf'r part. bc·cmllc's rigltt-lla11d Ul<'lllbi'J' ;wei rile• httl r is N]tutlt o tiH' ddiuit.icm <lf 

!}.J- AI)()Y(' eqnatio11 i~ prmwl. D 

[Remark] Tbi,- <''JI!il.l i<lll i~ , )mwu for di~<TC'lt' Fishl'r iufm·w;J.I inu Ill a I roc lu Sl!C'h a 

t'as<·- I ht• int q~ra1 ion is rl'pla-<·l'tl with t lw >nrumat.iou. Siu<·<' Lhio rqll;tt·iou is") n~d'nl to 

t'OIII]lltf(' FibLt·r informal iou Uli\1tix , IV<' 11'(' I w~ ('<j1lil.1 iou iu tltis sc·c·r.iou. 

One-dimensional Continuous Distribution 

HC'n·. we· clc•snibt• IIJC' eal<-nl<1.tiou of Fisltf'r iufonnilf-imtutHI rix fm our-cliJlJC'II~iou;Ll c·ou

tiu nons dist rilmt ious, i.e .. 1miform. uonaal. gatlltlliL. be1 a. Cauc-hy. F , iu,·cr"c gmm11a, 

Pan•t.o ;utd \:VI'il;nll clisl.ri!Jtlt ious. 
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U uiform distribution : Till' probability deu~it y fnuC"I iou i~ C'xpn·~>c·d hr 

1 
p(.l' ; a, b)= -

1 
-Ic .. . &)(.r ) 

)-(1 

w]JI•r<• I1 ... t.1(.r) = 1 if :r E (11, b) a.ud = 0 if .r rj (11, b). called dHU">tl'l.<·ri~t i<- fnuniou. 

Thns w<• mu~idl' r <t ~nbh]m!'<' of 2-di1U<'nsioua.l EudidP>tll sp;wr as follow~ : 

((a , b) Jll.b E lll. a< /1}. 

TlH' Fi~bc.r informa.t.iou 1m1trix g h<'<'OlliPS 

l ( 1 g =---
(/J-11.)2 -l 

Normal distribution : Til(• UOl111<U r[L<.t.rihn1.iou j, ;Llr<•a.c:l:v ddiu<:d iu Exa111pl<' 2.6. 

ll.h param<:t.ric spae<' iA 

{ (Jl ,O") Jfi.O" E ffi ,o > 0} 

a.ud Fishnr infommLiou Ul<tt rix brc01J1rs 

1 ( l q =-
• (Jl () 

Ti.J.ih 'p;wc· ("an be n>g~trd '"' Poi11t·;m; spa(·c·. TLH• diffc•n•nt bNwr<'u llii~ HpaC"r 

a.ud PoiuC"ar6 S[liU'!' is 1.lw iutrodn<·<•d c;m!flr:dion. Tht• fonllN 11>1.'- <'X [><luc•uti>tl ;tlld 

lliL,-tnrt• t'01111!'d ions, t·h<· lat f <· r· lu"~ Lc•,·i-CiYil a t·onuretiou. 

Gamma distribution : Tlw prob>tbilif r dmsity fmwf ion is C'X]Jl"ess<·d hy 

1 ( ·,. ) "-
1 

( .r) l p( .r ;n,7) = r ((Jj iJ rxp -} ]IIo.oo1(.r). 

wiJc'l"<' 11 > 0. J > 0 and f(n) i~ g<l.tllllHt funniou and i ~ cl<-fiuNl a~ foUows : 

• f(l) = f (2) = 1, 

• f( 1/2) = .fi, 

• J(o l) = nr(o ). 



• f(n + l) = nl wLen· r• il' a p ositiY(' iuf,('gl'l. 

TlJr· ~ I >tl i~t i.cRI p>trai!! t' l ric <>pace is 

{(n. ,J) I (\, IE m. f) >0. 1> 0}. 

Til<' Fish<'r iil[Onual ic)u tual rix bc•c·om<'s lik t, lii~ ; 

( 

-8JJ1 log p J l 
f) = l (\ 

-;1 ,J2 

wLI!'l'(' 
r (n )" ·r(o ) - r(o)'} 2 

a, 8, log J{r; o, J) = ( )2 r <• 
Tlw' <eud" rc·pn·'S<'ut d iffrr<'uti<Ltinn :md quarlrit- by o. rr•sptTtin·Jy. 

Beta distribution: Tht• probability d!'11sity f11uctiotl i.h cxpn•sst•d by two po~itiw 

r<'al ll llnJb•·rH p. q 

1 
p(.r;l; ) = -B( .r1' 

1(1- .r) 11-
111u tl( .r) 

1'· If ) ' 

wh<'!·c· ~ = [(; ] = [p. q]. B(JI, IJ ) is tl"• J,cfa. fllucticm ;wei ddi 11"d lik<' tiiis : 

Tlu• f isher i.ufonua.t.iou maJ.ri.x is 

wlJ<•n• 

O,B(JI . Ij) 

- f 8,0, B (JUJ )} B (p. IJ ) + (CJ, B{J>, q) r 
B (p, q)2 

-{o,D2B(p. q)}B(p, q) + oJB(J', q) · D1B (p, u) 

B(i'·'J )2 

-{DAB(p, q)}B(p. q) + {82B(J1. q))2 
B(p.q )~ 
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(}zll(p , lj) - fo 1 
.r''- 1(1- .r)"-1 log(l- .r)cl .r. 

f
1 
.rr•-1(1- .r)g-l( lr>g.•·fd.l" . 

lo 
f(p ) . [{IJ ) [ 2 . 

r( ) 
{Poluf(O.f')- Polyf(o.,,+q )} + Polyr(l.p ) - Poluf'(l . 1, +q) 

p+q . 

- fo 1
.•·p-l(l- .r )"-1log .rlug( l- .r )d.r , 

fa' ,,.P- 1(1- .r)'' - l {log(J- .r )}2rl.r 

I P I r( ) . 1 ]'fl' r cllop; r(.1·) anr (} y 11 • • r lh ut 1 t 1 "(•J'Clltiat.ioll o I . 
( .r 

Cauchy distr ibution : The• prob;chility dr·u~ity fnurt,iou is t•xpr<'~sr•d J,y a reed 11\1111-

hr•r n cwd a posi1.i\'(' rc<d IJIIUJI)('r jl a.'i 

{ 
2}-.1 l .r- n l 

7>(Y;n. f1) =- l + (-
1
- ) · - (.r E lll). 

7f ! d 

This dist.ribnLitru is ntllr•d CHnt:l1y cl is tTihutiou aud wri 1J.(•Jl hy Cntchy(o, J). 

Tltr F'i.-,ltrr iuliltlJJatiou lllat ri.x hN·outr·s J.ik<• this : 

(
./)1 0) 

y = 3 

I) 2 ·J2 

Thi.s lllatd:x is wnd1 hiwilar 1.0 tile 111a1rix of Oll r•-cli mrnsiou<d !lOnlHd eli;. I rii>111 iou. 

TIJC' stat ist.ical panu.urt.rie hJJIH'(' of C'anchy tlistrihlllii.ou is r<'p;;u·clt•cl as 1 Lc• op>J.t·r• 

of ow·-dlmJ•usiouaJ uonuaJ di.'iLrilJnt.iun. 

F di tributioo : T ll!' p1·olml>ilit.y dr•u,.ily l\ntctio11 is <'XJ>l.'r·ss!'tl by p<lsil ive r<•;tlunm

hNs 111 . 112 a.'> 

[ (1/1 )S'--1 ( 112. ) -~ 111 p(.r:r; 1 ,rJ2)=-~( -~) -.r l +-.1 - l eo. ,(.r). 
B ,,, ~ ~ ~ 

This distriiJlltiou is qdlrd F •li.<rtribnt·ion. 
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Inverse gamma db:;tribution : \Ylli 'IJ t.hr raudmu \'ariahlr : foll.ow~ p;;w1wa rlistri

I>Ut iou. lbc• cli~t ril>nt.iou by t.Jw nwdtHil nu·i;d>l<• .r = z-1 iR ralkd inllcTsr yrunmn 

rli"l:n.bnt:irm. Tu<· probability dcu;;it}' flllli'Liou l1 ctome" 

1 ( 1 ) ,_ 
1 

( I ) I p (.r ;n .J)=-(- -
1 

c•xp --
1 
~2 /to."'-j(.r). r ()) :r .1' )./ ' 

Mon•ovN tlu• Pislwr inJ'onna.t.iou Juat.rix i. 

( 

-.l'o/y['(l.n) 
g= 1 

J 
Tui~ ma.trix is rqual t;o t·, u<' gaututa dibt rilmt··iou. 

Pareto distribution : Dy " > 1 au <l ') > 0 tlw pwbiLIJilit y ckusity fnuct.iou tl. rx-

(
.,.) - '' I p( .r;o. J) =(I\- l) J ·i(.i,oo) (.r ) 

wlti"u is ntlkcl Pnn•lo rlist1i lndion. 

Tht· Fis!tc•r iufonn;u iou IU<~.I.ri.x bc•c<~mr" 

Wei bull dis tribution : TLl' wolmbility drusity fnul'tiou is <'XJH'<'Sf>c•d by a ]H>hil i'' <' 

r<'a ltllllllll('rh n. d a., 

This di;,t ribul iou i: c·al lc•d Weibnll clist·rilmtiun. 

Tit<' nHlt rix hc•c·ollll''> 

( 
( l2C' +6C2 +;r+l2n l g.i- 12oCing I+Gn 2(1ogd)2 + 6)/Go 2 (o log :-C')f.J ) 

(n log ,J- C)fd ct 2f iJ 

wlH•rr (' = ,,l~u ( l + ~ + · · · + ~ - log 11) "" 0.5 7721 G · · · i" EnlC'l' uuwl)('t . 
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01]1(' Fishr·t wformation rna1 rin•" o[ t)llt•-rlilnr'tlsional ('()111 illll011~ di'>l rilml iou Ill"<' 

cotnpnl!•rl. \\"r• a.rnwgr• rhr• ar-qnin•rl kno"-1 dg<' by mulpnla.liou. 

• Fislrf'r iufonmniou llliLI.ricP& f(n· nuifonu dis I ribntiou. uor11ral disl.ribul.iou , C'arwhy 

c]i:;trilmliou , Parr•to rli»LrilHllioll >Ute.! \\"C'ibnll disr.rilJIHiou m·r• r·alrulat.I'Cl. TIH' 

Oi.ll('[S is JIIUIJ.y C'Oiflj>lli,('(J. 

• Paratn<'tril' ~'>pa.r·e of gmmu<L di,trilml iou i.-; r·qnaJ I o ll"· Hpw·e nf iuYr' l'fi< ' p;atlllllll 

di~l rilml ion as a llirmauuiau span' . 11 i& not Uf'('(l t.o da~sify t,l.H· par:auJ<'tri<' sp;u·r• 

of g<umwr rli,,trilmt iou ;IJ.ld of iiii'<'I"H<' gmnum distribnl iou a .. '> a Hir•ma.uui>ur ~p>u·r• . 

• P>U'aHH·trir- . pa•·r• of our-tlimr•nsin11al nor11tal c.lisl:ributiou is 1dso r•q11al In I hr . .,pacr 

of Canc:b.r rlistrilmtiou a .. '> a lli<'IWt!JIIian ~par<' . Til<'~'" spiW(·~ arr• r<'g>lrfl<'rl a .. , 1 bf' 

saJUC'. 

ThC' UJH.t.ri."X of Par<'to <li,trihniiou ;, <'asy lo rka.J wiJh. tlml is a uit'c spaf'C• lo 

slndy gr•mur•t rir objC'ct.s. 

Higl.Jer-dimensionaJ Continuous D istdbutiou 

Mor<'over rl-rliur<•nf.ion;·lllHll'II1H1 <Ji,r.rihntiou ih ('OII~id< • r<'cl. Tlw prol>abili!y rlr·n~ir y fuur·-

1 iou is <'Xprr·ssr·rl "·' 

whr•rr• .L' i.~ a rl-diuwusioual ,(otLa.<;t.ir· Vl'<'(or, I' E 111'1 j,; H, l!1NUl5 vrrlor ;u:rd ~ i~ a 

Ylll'iaun•-c·nvari>tur·<' wat.ri..x. wLid.1 is po,itivc· rldinit.<' a.ud s~·lJUll('l rir . Gt·nc·Tal ,.,."" ' of 

1hi' rlif>t.ribntiou ih so diflknll, II' (' d<•al with a opr.ri;J <'llS<'. i.r .. \'tcrimwc·-l·ovariaur·r· 

IIMirix if> <''JU<d In rr2 I.~. lu t.Lis ra~r· lb.<• Fi,Iwr infonm1.tiou JWl.trix lweorurh 

g= 

( 

(i -2 0 (] l 
0 

- 2 0 

0 aD 2<la- 2 

Thw- this p;munl'tric spar<• is t'<'garded as (d !)-dimensional hy]l<'rlmli.<· .spru·r:. which 

b dc•scri\,cd in S<'diou 2.1.2. Th<' grmu<'Lry dHtuR<'f. hy whal, IOJUH' <'I iou is iul.rorllH'<'rl. 
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Iu a<lditinu, for gc•w•ral twtJ-diuJ<'Il"ioual norm;JI <list ribnt iou Fisll(T iuforuliltion Ulit

trix is <'tJU!Jnii<'d. TliP p;u·;\1111'1 ric sp;u·r of that diot ri!Jilti<)tt ih <'Xprr·s~c·rl as ~ = [~.] = 

[l't·l'z,O't.O'~.<Ttz]. ~ = .JBI = Ut 20'/ -<Tt2t· 
( 

G"J2 0]:!2 ) 

<Tt/ u/ 
lts Fis llC'r inforutatiou umtrix br·c·<mJC's 

"'z2 /l~l -u, 22 /IBI 0 0 0 

-1Ttz2 /1~1 O't
2/JLJ 0 0 0 

0 0 2<T,21Tz '/ 1 ~12 20'tiT21Tl2 1 /l~l 2 --l<TtO'liTt23 /1~1" 

0 0 2cr, 0'20'12" /I Ll 2 2<Tt 10'l /1~1 2 -<~ITt 2 <Tz1Tt23 11~:w 

0 0 --i<T, a/<Ttz~ /1~1 2 - -IO'J 2<T2Uti /I-J 2 ~ITJ/( <Tt 2<Tz2 + ITJ2 I J/ILI2 

Th<'SC' clislrilmt.ious art' a kill< I nf tun II intri;u·.c· uonnH I diRt ributiou. For gr•w•ntlttnt!

t,inLrill.t.c• uonuaJ dist ribntio11 fi,IH•r iufo.rnlill.ion """ ri.x ,.,, , 1>1' t·oJUp nl cd "" ~mllt' as 

lwo-d iltH'U!>ioual <'<b<'. 

Discret e Distribution 

lu this sN·t ion W<' <ksnilw t-.1><• ca!culaiiou of Pis lH'r iul'nnual.iou 1w1lrix qf clisnr•w 

dil-t rilmtiou., i.e., biuorn i>tl. Poi'>sou, w•g;,li\'C' binomi<Li. hyp<' rg<•OJnf't.ri•· Hnd llq~;LiiYt' 

!Jypcrgc•om<'l.ri(' rlihl rii>utiou. 

Binomial distribution : For a pos it.i\'C• rrHI lllllllbc·r 11 >tml " J'<'>tl wuuhc•r 1' (0 < 1' < 
1 ). tlH· prohal>ilily d<'JJ ~it~· fnn!'tiou h, c·xprt'~sPcl a.~ 

p( .r: II.Ji ) = ( •: ) p'(l- fl)" - ' 

Wltt•J'L' ./' = Q, ] , ... , II. 

Tl tr· Fi~ut'r iuforlll>Uiou u1atrix IH•c·n lllt'b 

" 
911 L (Di logJ{r; l/.,p))2 

· p(.r: n .. JI), 

'112 = 921 

!J22 = 

=I 

" 1 L D1 logp(r: II,Ji) · D2 logz1(.r; II.J!) · p(.r; II,Ji) = --, 
~=I l - jJ 

" 2:)92logp(.r; ll,f1))2 · fl( .r: /I . JI ). 
<I'= I 

Tlw !/J2 = !J21 <·;uJ i>C' t'OlllJlUit•ri illll. o llH'rwis<' c·;mnol . 
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P oisson dis tribut ion : Th<' PoiM·<'ll dbt ribnt ion is aln•ady dd:ht<•d iu Exam pi" 2.G. 

Th<• Fi»b<•r illfol'!ltatiou lll>tl rix bc•r·otu<'~ 

Negative binomial dis tribut ion : For H positiw iut<'g<'r r >md il rc;d nnud wr p (0 < 

jl < 1). ihr· prqba.bility druhity fu uct iou Iw,.omr, 

p(.r:r,p)= ( r+ .::-
1 

) p'(l-p)' (.r=0.1,2.···) 

which is f'a llc-cl 'llegalivl! bi'llnminl rliH fr·£b1ttion. l b F isLc·r iufonua,t,iuu ma t,rix br-

I'Oll lf'S 

!Itt L (Dt logp(.r : r.p)f ·j!(.r: r.p). 

!lt2 = .f12t 

!122 = 

. 1 L a, ]O!(J{I': 1'.[/). 82 lop;,,(.r; r, p). p(.r; l',ji) =- -, 
=I Ji 
oc 

L (D2 lugp(1':7,jJ))2 
· p(.r;r.p). 

;r=l 

T br !111 = !J2t c;t.u i> <• ,.,J"nl;,t<-d hut. t.L<' oth<'r" <'Hnnot. 

Hypergeometric dis tribut ion: For pohiLi\'(• iutrg<'l'h 11,N (11 :S: N) >tUrl >t mfiom;l 

u'lllu hrr I' (0 < Jl < 1) -''1<'11 1 h>tt. ,\·,,is >li t intcgrr tl1r probabi li ty dr•usil}' fnudiou 

i" rxpn•ss('(J as 

wl.ti<'L is <'>tlkd hYJ!Ftyemll,ef.·tif' di. tr•ibntiou >utd .r = 0, ... ,11. By If = Np abov<' 

<'CJ 11 >tt.iou is rrwril Lc·n ill<<' t L i~o 

( -~· ) ( ~~- ~ .7q ) 
J)( .I : /I . .\'' CJ) = -'----'-(,.-'---;-)--'-

·~· 
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D11>( .r; 11. X. q) 
D1f( .Y-'J-II+ .r + l ) D1r(ll- .r+1 l D1[(X-11+J) D1f(11+ 
.r(.Y-IJ-11+ .• + 1)- ['(11- .r+ 1) + J"(X-11 +1 ) +~ 

D2r( .V-q+J) D2J"(.'\'-ri-"+•·+l) 82['(.\' +1) D2['{.Y-11+l 
f (:\ - -IJ+l)- f( 1Y-q - 11+ :r+l )- r(X + J ) + r (N- n + J) 

-'D:l:..,r ..:..:(q,__+----'-1) _ a~qr1 - .r + 1) + o3r(X- IJ + I)_ DJf(x - q -" + _,. + 1) 
f (q+l ) f(q -., +1) ['(S-!J+l) f(.Y-q-n+ .r+ l ) 

HowcVC'l' t!u· .r rC'I.iLiu iu rli<• <Jilil<lncti<- diff<•n•Jil:i<tl. ilJl' F'i~!Jc·r iufonuatiou t·a.uuot. 

b<• t'Ompntr·d. 

Negative hypergeometric distribution : For a pnsiJ.ivc i11l.cgr•r N 'llirl a posiJ,iw 

ra.t,iomtl llllUJ[)('!' J1 (0 < J! < l) Sll<'il tiJ>IJ, :\"p is au im1•g('r lllid '' po~it, i\'1' illl<'g<' l' 

r (r ~ .\'p) l.lw prolmhilit.y dc•nsit.y fnlH·t iou i. •c"-1'l'<''""rl "-' 

/'( .r: T' , JI , N) = _( 1 ) ( .l' + r- 1 ) ( X ~ .r + r ) 
.\' _/' ,\ p- /' 

Sp 

(.r = 0. L· ... ~V(l - p)) 

whirb i" c·allcd 111 [lll.fim· hype tyr:""" /.r ic diHfr·i /mt •iou. l3y q = Np ;wd t.I.JC1 !\'lUlU!'' 

fllllt'l-i•m thih fnurtion i" rc•writtr-u 

log p(.r; r·. X . q) = log r (:\ ' - q + 1)f'(q + l )f (.r + r)f(N- _,. - r + 1) 

- log I'(,\ '+ l )r (r)r(.r + 1 )I'( X-_, . - q + J )_[(q- r + 1). 

D1r(.r + r ) + D1I'(X- .1· - r + 1) _ _ J,_r_(,_·) _ _:D::-,1 r,-!-('.!...1 -_r__:+_1_:__) 
r(.r+r ) rcx- .• ·- r+l) f (r) f (q-r + l ). 

D2f( 1\-- 'I+ l ) + D2f(q + 1) _ D2f(.V- .r -q + 1) _ fJ2f(fJ- ,. + 1) 
r(A-q+l) f (q+l ) f(.\'- .1·- q+l) r(q-,+1)' 

fJg logp 
D,,f(.Y -q + 1) + D3f(.\'- .r- r + 1) _ 83f(.V + 1) _ D3f(S- .r -q + 1) 
r(X-'}+l) f(J\'- ,c-r+ l ) r( .V+l ) T'(i\' -,r- q+l ) · 

Hmwwr tlt • mat ri:x c·;wu(ll IJC' ndvn la.t. r.d . 

Souw f'isLPr iufonwu iou nmt; ric·c~ of r.lis r·t '<' l" di~tril)lJt iou arc- cakulatc•cl. ll t'n '. W<' 

~I.!Lf.e SOUL(' k_uowkcl !!,<'-

• Fihller infonn,.liou matrix for Poisson cli~trillnriou is <'<l!Upnt.rd . TJw ml.ic•r" j,., 

parrly dow•. 
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• Tlt<•r<' m·<· 110 good rlist ribntioJJ li>r n•st·ar<·h. TLt• wu·RuH'I rit· ~pac·c• of Pob~•m 

distribm.ioll i~ ouc clillt<'lbi<>u >llH1 i'> iudnd••cl iu tiH' •·xvow•ul i>tl fHutily (Exmopl<· 

2.G). 

• T lw p>LranJI'tric ~pan• of ill! di,;cr<"t<' dist.rilmtinll iu a t·c•rlaiu dilllnJsiou heconJ<•s 

v*l- a.ud \7' '"'-fla:l ([.3]). lu thih b<'ri.iollm' •·ousidt•r it s ~nll!lmui fold bnw<'Y<'r tb <'S<' 

op>t<'<'s do uo1.1Jaw soni<'t' pmperl it•s. i.J' .. I bt• disnt''IC' dist.rilmt iou mns1 hc· rn·at.<•rl 

as Oll<' JWtllifold. 

2.3 Dually Flat Space 

This 51'1'11011 <ksniiH'S rl1utlly fla.t 8)lrll:r ' ([1, 3]) , which iR iL klurl of nic•twtulliall ~pace• 

lllHl iucludc·s sl.alisl.iml Jm,·rtnwi'r-if' ~]){J.Cf! (1], f~aRible n .gion of lintl!l' zn·oymw:tlling (51]. 

fHI 'rnmet·ril' fo.'lllily of i11ue1·liblr· linl'll1' sy.~t '""' [2], <·tc. \ VI' dt'fitJ<' t.bi.o, sp;u·<' mal gin' 

so111<' <'X>llnplcs. \\ 'c• also c•xphuu tht• tw•> coorrliual<' . ysl<'llJ , thr polruli>Li fnut'tiou~ ;wcl 

cliv<'rgc·r tc·t•s iu this spac<•. Th<'f-1' <·mH·t•pts an• <•xteu~ious of t. IH· I'Orr<'spolldiug cout·<•pts 

;tpplit·ah.IP Lo E1tdlcl1•;w :,p;tr·f'. il!ld t lt<'l'l' is abo au <'xt.rll ~it>u of t,!Jt' P }i;Jmgon•;w tiH•ort•m 

(Till'On'lll 2.2). 

2.3.1 Definitions and Examples of Dually Flat Space 

Definition 2.25 (Dually F lat Space) Lr•t ( fl ,y) tw 11, R i.t' UUI/11.'1/.ian spar:" 'IIIith luw 

u/.fi11.1 r·mmn·tious \7 , \7'. Thr 4-t.-wplr· ( fl . !I- \7 . \7' ) i.~ 11 cluaJiy 8al ~pacr if the Ric-

1/W,tt:lliml .;pno• salisfic .< 1./u followin[J conditions: 

• For·'>/_\". } -. Z oel'trn- fiel<l of R 

Z(_\y) = (\lrXT) + (.\". \l'Z \ '). (2.1 ) 

TIM co•tt,ncct.imJs \7 a.71ri \7' an. d11a.l abont g if tlwy 8atiofy this r:rm.dit·ion. 

• \7 u.'lld \7 • is flat . 

(Remat·k]lf (U<' \7 = \7 ' tbt'u tU<' <'ourlil.io.JJ (2.18) bi'I'Oill<'~ I b<• I'OIHiil,iou of llH'Irintl 

<'<HJut•cliou [2·1]. TLus lbi;; dual c·oudit.ion is a JJat.ural rxl<·usiou of metrintl conu<'ctiou. 

In thr ot!J<•r word~, rnrtril'>d ,·ouw•dion i.-; s<'li~dmil. 
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Example 2. 7 (Euclidean Space) Lt I R = m·' Ill II Rir TIUL'I!nimr spacr· with ,, /IIPIT71' 

!J = r d. hr this (;(IS( thr· comu:ct·ion v rtrrd v· is the ·'1£111.1' nml HI lf-dnaL T/ri.~ spar·r· t8 

(:a !ltd rl-di11M nsu1na.l Endirlrwn -i)mf'C. 

Example 2.8 (Sta tistical P arametric Space of One-dimensional N ormal Dis tri but ions) 

Lrt R. == [11 rr](t7 >OJ br n RH:mnmna'rl >J>IU'r with Ri<rnam/.11111 metnr !J = ~2 ( 
0 

~ ) . 
Tltis S)!(LI:f' is th<: Jllt'I'U'IIII'Ir•r· .~pru·r· of the uomw/ diM.1·ibntirm. Thnl i.~ . thr !/0'11nol rl-i.~-

ltilmlion is giof!n li/,:e /,his: 

1 { (,1'-j/)2 } 
J!( .r: 0 == rn= ('X]) --

2
- .,- . 

v21m r:r-
(2.10) 

Thr, pummctric spu.C<' [I;] = [J• ,u] ha.s t/1,(' uwt'f'if' ·wh·ich ·is w .llt:rl tlw F'ishm· iufrw

rnalion mn&ri:l: (Dr:fiu ·ifoio'fl 2.22). This SJ!(I,('(' br:nnnes rlnnlly flnt S)mc< by ·intmdudu!J 

""' 'Oli ilC"ct iou rmd 1u-cou urchon (Dr·finit-irm 2.'!!3). 

Example 2.9 (Statistical P a rametdc Sp ace of the Ex pone ntial Fa mily) Thqwob

a,bility tlrnsi.ty fu,nct;irm is nl1·ewly rlr:finr:d iu Drfinilirm 2.21. fl.s Fishe•r i.njrYI'W!tlioll 

[]2 

!l•J = Drt•iJ(I)«'(Il) 

whrTP. 1. •(0) is giuen l1!] IJ!f1wti.on (2.14). In lhiH ·'1llU:r. l'x.pouc·ut ial nwlmix.L11l't ' <'ll!JJH'<'-

1 iouH wm nlso i11l·mdw:etl. 

By N coonl inH.ll' systr111 [~] tiH' eouditiou (2.18) h"~Oll !I 'S 

wltrr(' f ;J,k =I:, r :j !ll•!· and r r).!· = I:,, r:j·g,,! .. rt) , r~; ilr<' ['('S))('('I iwly t Ll' couuer·timl 

<'l)('fl'ic-if'Ut~ for V a.ucJ v '. 
Siui 't' t.bC" dually il<Lt opacc is flat. t.IH•n• exist. ;tffiu" ,·oonliuat.l' syst.f'u ls sndJ t hal 

r~! .. rjj, = 0. The ()UI' for V-('()IJ!H'('Iion is nilkd 8-coonlimtr,(', and t. b(' OJJ(' for v '

('()U il('('l.iou is ntl lrd >J-roordin>U<'. TIH'M' t·oonl iuatt's an' l'illll'cl a cbu.t cormliwrlt· .9y.~fnn 

if this coudit iou is sat i5fi<'d: 

a a 
[R emark] Ju I Li~ )!il)JI'I \1'( < ~~~·· I[J(' followillg uot.at iou,;: a, = ()(}• ' &I = DqJ. 
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Example 2.10 (Dual Coordinates) 

sy.qfrlltS """ B' = 11,. 

1. Fo1· Endidr'll-'11 -']if!I:C tlu dwd I'Oordirwlr 

!d. For lhr pmmnrtnc 8Jmn: of our -!lvm,e118ionnl no·r"1111d d·islri/mtirm.~ the dwt.l co"n·b

rtn.lc sy. lr·rns ber'O'ln<' 

:?. Fr,. the ]Jitl'll'/111 !ric 8JHU;c of tht· r•:,;pml,l''ll-tiu.l fmnily it.5 dna.! t·pordirw/r .<yslmns 

Ui'l:olfi.C 

10 1
, •• , II"]. 'I·= j F,(.r)p(.r; O)cl.r. 

these r:orndin11t1· -~!J.~I<'?Il8 flr·e called uatnnd p>U:<Uill'tt•r nnd t~X)J<'f't.a.l inn p;u·anll'tt•r. 

ri<S]!I:Cti'Ut.ly. 

Ld. 1/>, : fl __, lR b<' fluKI ions ~; nd.J tlmt 

(2 .20) 

T IJtlh<' cl ifl'<•n•nlial t'(IIIHtiou~ t:>UI lw :,olw·<l if D,t/1 = Djq .. &'!li = [)JO'. [u thi:-. paJwr 

11'1' ollj)JlO''' till''-' ' t·tmdit i<luo. By thb a~sun1pt iou t.!H' diffl'r\'ut i;d I 'IJIIILI.iou~ a I Ill\'(' liH\'1' 

snlnl ious. t- lon·on•r tiJ r•,.t• fnui'tiou" >U'I' t·nuvt•x i.r1 Enrlidt•au spa,. t• l~t•t·;wsr t. lw qnwlral.il' 

diil'l'r< ' UI.ial iou~ •>f tlu'H' fnuct.iou~ ih tlH• lll<'trir of Ri t•mauui<ul : pat·t• >i.Ud 1.1'" uwlrit· is 

a pm.itivc• cldiuitt· tmtt.rix. 

Thn» t ht• foUowiug rqnat ions ;u·r• prow·d : 

(2 .2J) 

,, .; - L:B',,, = 0. (2.22) 

wbt•n• g,1 i~ m1 <'Xpn•»Kiou of g i.rt thr B-coordiuiLl<' Bysti' JJJ <Lild g'1 is in t Lr· tr!"oonlimLf.<· 

syst.<' HJ. TIH' 1 nUJhforwMiou ddiu!'u by t'(jii >Ltiou (2.20) Hllrl (2.22) is " Lrwnuln. tntns

fmma /illn >tud tht• tiwct iow. u <tnd .p ;m• caU<•d polr>ntiul fnnrfion ,,. 

Example 2.11 (Potential Functions ) 

tinu.~ br,.:mn.r. 

1. Frrr Enclulr>an swu:e the pole nlial fmu·-

1" 0 , .. =., =- Lun-. 
2 

Thtrl'fcm if is rr.l.1o s/(l.fed t/IILI Ew:lidr·rm ·'1''tt'l is sllf-tbutl. 
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2. FoT thre 1"11"1"'u:l1ir· ·'7JnCr r•.f 1lOnnal di.~l1·ib·ution. lhr: ]Wicmlial .{1L1•ctim1s bt r:om.r 

<. ' 
,,2 

- 2 + lo!(( 5.rr) 
2rr 

1 
-log( &.rrJ- 2 

WJ2 1 ( 1r) - --- -lo --- .Jf12 + 2 g fj2 ' 

:'J. For the slatislit:a.l)inlrml.rtl··ir spo.<·e of the c:r.prmrntir•l.fr~mily. the potrnf.uli .fwu:

l.iol/ .. ~ Oirf- yi·t•nt. by r·qualirm (2.1.4} ond ba:o11w 

.p(fi) = j (logp(.r: 0)- C(.r)) · p(.r; O)d.r. 

This funrtion.; is (1.11. r:nh'OJIY {11} if C(.r) = 0. 

UJ t!J r dually H>tt xpacr di·tl<mJCW;r· c;w hl' dditwd, which i.-; a dis1 au<·<'-lik<' fnurl,iott. 

Ju SPrtion 4.3 we• ns<' thih di\'<•rgrucc iustc:arl of rlist.>LJJC'<'. 

Definit ion 2.26 (Divergence) By J.ht·se dw!l com·dina:te systt"m.1· a'II(LJ"il e11ti~~,t fmw

f.ions o. 'WOJ!p'ing D : R x R __, IR i. tlejinr:d ns follo •ws: 

d 

D(O II B)= <"(B) ,.'(B)- L lli(li)?J,(fh (2.23) 
•=I 

T/11 ,5 /tmctivn i-7 r ·~tllr d 'il-din•rgeucc• wul1.s ll·islam,!:e-li/;c• j?mctirm in lh.e dual/11 fin! .~pru·r • . 

. 4uoth!T rh?!tT!J""'"f'. mllr•tl 'il'-rlin·rw·nc·c• , ·is rlefiuul: 

d 

n·(o 11 OJ= \'(OJ+ .p(O)- .L IJ'(0)11,(0) (2.2-l) 
i = l 

Thr diwrgcJJ<'" do"~ uol 'alisfy 1 J.e h,l'Will<'lr~· of t!Jt• disJ.<Ut<'t'. lml tlw YHine of 1 !tis 

fnwtiou i;; noJt- tH'g>tlivp a,ud va ui~ IH '' if >tml ouly if J,wo poiut.s ;u·c· tltP sanw. 

[Remark] By tJ.i, dd init.io u W<' <">UJ g<'t the following pruJWI'l)' of div<'rg<'tH't' 

D ' (O II 0) = D(fJ II 0). (2.25) 

Example 2.12 ('il- and 'il'-clivergence) 1. E'!LI·lirlr·clll .,po.c·< · [1}, ihl' \1- rm.d \1'-
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M. Sto.ri .• timl pa.mmrtru· spru ·e of nw•-dum nsionnl non no.! rli8 f ribrdio11H (:J'lj. fiH \7-

anrl \7 . -div"''(J<'11 <'1;., m·c ''"'1J ·rr s. L·d 11.< fvlltnlls 

(2.2G) 

111h r•m .;r 1l = [t /ll.,.,-!l'J, e 21 = [t, r2l,,.,-12 1] . Th·is il-i'lli'1'!1cnN· is thr· co.lt·Jdl!tion of 

Knlllml'k-L<'il,[cr cli\' t•rgt'lll't' [11] fo• · thr· rwmwl <LiMribu.tioo. 

3. Sto.tisticolJmrmllel,·i,. SJio.r·r• of u :)HJ'fl,(:ntio.l fmnily , the: \7- n'flll \7 ' -di•1wryJenr:es a:n 

r::~ry1rr.s.<c:rl as jfJllows: 

D(plllfl = D' (rJIIJ' ) = '1 log - dr. I fJ 
. Jl 

The \7' -rl•i?II"!JI'nr:c is Eullhadc-Lc•ihlrr divt•rg<'lll'<' , 111hi d1. is fmnous a:r/.ll nscfnl in 

iufrrrm.ntion lhr>my [11] . 

Por lim•<• point' iu l.h<' dually fh1t ~1""'''· ~. P,·tlwgqn•a.u thr·m·<'m lik<' a Eudirlr•au 

'Jiit('(' i.'> jll'()\'('([. 

Theorem 2.2 (Pythagorean theorem [1]) SnpJltl-'1' thn:e points p. fJ . r iu lhr· t('llally 

fin/ .9JHU:e. if th e \7 -!Jeorlt.s-ir omrlf•f'liug )J . fJ 1/.1/.lllht: \7 ' -yr:otlesic l'fl'fl!/ lf'diug IJ , r ·i.IJ/('7'!<r<el 

orthoymw.Uy at IJ. /hen 

--................... , 
' ' ' ' ' ' \ 
~. 

q \7 ·geodesic 

Pigu r<' 2. 1: Py·tlutgon•an til!'()l'('lll i11 d mtlly fi<LI " JHU'(' 

This th<•ori'OI is aa I'X I<·u~iou of Pytlmgon·au !h<'<>n'lll in Enrliri<'>1n ~pacl' . 
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2.3.2 Other Examples of Dually Flat Space 

l.J, t.bis ~rr'l.ion W<' <ksn ibt• oi.L<'r dually flat opan·~. i.r., f<'n.-,iblr rc·giou of liw·;u· pro

h'Ti!lH U<ing [51] aud panuu<'tli<· f;uuily of iuve!'lii>IP liu<•ar "Y"Il'lll [2]. 

TbP liw··ar prop;nuruuiug is '"<'ll-kuowu auf! "t.ndi<•d fkld iu lllitl.ht•Jnat.it'al J>l'Ognna

miug. Tll<' fr;~<,ihll' n •gim1 i" <t sn J,,p;u·<• of Eudidi'<UJ ;wcl a poly tnpr. Tlu• "Jl'"'" L'> also 

n•ganlc•d i'l.'> dnally thu &j)<tt'<'. 

Example 2.13 (Feasible Region of Lineal' Programming [51]) L<·l J1 = { 0 J AO

(, > 0, .{ = (a~), b = (1/).1 = 1. ... , rn} b~ n t'0'1111f" C ·rf'!Jiou. On l.h f' spnrr •wt· d"al with 

minim•izttfiou. p•mblem belo•w f~tndion: 1' (11) = r· .< 0 (r· = ( r·,) E m". (I = (IJ,) EM). 
ThP ]JOtenl:inl jimf'tion on 111 is rkfiu.r"l 118 f(Jllr, ·uJs : 

m ( ) <1· = - I: log I: ~~~o' - b' . 
/ ::::-j I 

Th1., fu,w·tirm i8 r·omHt r 011 f\. { mul t:~tllerllog harrier fn nrtiou 111/t'irh ru·vnnlly u..w·d w the 

·interi.OT point mrd.horl. Mo·rMvwr 1}-t'OO'rdinntr< t;rw. Uf' t·nl!''ll.lnl.ed likr· tM8 : 

Tlw IJ is e:~:pn .•. w·tl by '/ll 'c/()1' IJ((i) = Al·W- u]-11,. lllilf'n·lz] i. /.he tl•ingoual lflal-ri.l.' 

b"tU'h. thai l,hre rlitlf!OII.nl rlnn('nf ·is /hr. vcdm· z . 

Thr pn' l' iUilh t•xaulplt· i:-. "ft·;~~i hl <' l'l'giou of linea.r prognunmiug. Tlw ol lwr i~ gi<Lied , 

i.e• .. Jloml/11 trir· jw11i/;y of in1•r rlivr hrl('a:r .5y.;·t.rm., w!Jich io <LI ~o cou;;irl<'rl'd as dmdly flat. 

~pac·t·. Tlml span' i> tl<-fiul'd 

whid1 i~ nLikJ .,yst< 111 sp•w• aJJd S(w) is t'alicd. spectrum. Tl.H• lllclric ;md thl' t'OliU<'ctiou 

an' iut.rod ucrl1 iulo t.!Jis ~'> [M<T likr t.hi,: 

.IJ,J(() = (r>;, r'1 ) = 2~ I fJ,lol-\ S(w; ~ )fJj log S(w; ()c!w, 

r~;L = 2~ I {a,aj logS(w;O -nfJ,logS(w;C)BJ logS(w;O} ch logSdw 

wlll'r<' ( i~ tb<' lonllt·oordiuaJ <' sy,tc•u• of Jog S(w) aud it.' rt'lal iou i!. 

lngS(w) = L (1r1(w). 
1=0 
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Theorem 2.3 ([2]) Tltr .~yslun Bpru·r• L is t•·flnt. Jo·r all o tLlld the n-monlinal.t -'Y8frT/I 

r.C " 1 ·i,, its af)inc r·ooFlinufe systl'm. 

Tlw trJorduwl.t• ~ystrlll r·'" 1 i~ clc-fiurd a:. follo"·s : suppOM' t he• Taylor t'X!"""'iou of 

R1" 1(..v)=fd"1r·, (..v ). 
'-=1 

1·. b ' <'Jqmusio.11 eorfliei<'nl.s [r·'" I] = [c\" 1, r~" 1 
••• • ] is n·gm·d0d "'' l.u<' lt-I'Oonlinarc· sysl 1'1.11 

\VU!'f<' fi-Sj)C'C'tl'lllil is 

{ 

_2.5(..;)- " ((J =I 0) 
R''•i = (J 

logS(w ) (n = 0) 

T lwh<' I .(~> I aud el - o) bc·c·muc• dmtl c·oorcliuMI' sysi!'WS. 

1\Ion•cJn-r t.l.Jc• pot.c·utia.J fmtl'l iolls bc•eoJlll's 

1 J 1 WU<'r<' H =- log S(w)dw + - log(211"1') . 
11r 2 

Thus tiH' o-rliY<'rgruc·<' is ci<'scribc•d as follows: 

lifo E lit 

Til la tu•r sc•c·1 iou w<• mni.11l~· cliKc·uss gr•ouiC'Iric stwcl,nrc• ill flw dmdly fhd S!J'"''" " ' ii.IJ 

glt~b>Li c·uon linalc• syslc•ut. I!C>Wt<vr•r ill<•sc• SJMIT>- .. l't.a.tistical parau!Pt.ric sp<Jn•. fr<t.~ibi<· 

n•giou of liur•ar prognunHlilll-\ aud ]J>JI'>Ltll<'t.rir fi.11uily c1f iu vcTtivc• lill raJ' sysiC'Ju . an· 

always iu nJtl' lllUI 1. 
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Chapter 3 

Convex Hull 

TIH' •·onw·x hull of a fiuitf' set of pninr.s is of ha>.i<- ial<'l'<'st )) (•<·mt~" couy x hulL' ar~ 

so fanLiliHr to us iu twu-diruc•usio11al ancl l.lu·<'<'-diltH'nsioual 13udidNUI sp>tcr. <·output<•r 

f,l'l'CJ,phics. <•tc. l\[on•ovl'r, 1Jigl1 diJJJ<'J"ionRIJ·ouvcx hnlb an• lls!'rl for lillNIJ' prognu.mai.It!-(. 

wuw•s tlw<H)'. Uu• ;utalysis of IIJ>IJ.JiJol<b. ;rud >tr•· ;Liso of illt<'l'r•sl iu 1Lri1· owu right. 

3.1 Convex Hull in Riemannian Space 

Tl11• [\<»ll oft hb s!'d iou is l.o dl'fiuc· a.u rxu•usi<JU of Lll<' c·ouv<'X Lull couc!•pt, to Rir•ut>tll

uiau opac·r . F'i1·bt. lc•t ns III('J Jt.iou sowr• <•arli<·r wnrks i.t1 t.ltis !ic•ld: for c•x;unpl<>, i.t1 [!l] 

ll!l' c·rHJVC'X Lull iu tuauif(,[ds of piudwd uc•g;u ivr ('lll'l'at tu·c•. ;wrl iu [30]1 h<' r·oust nl(·tiou 

of t.IH' r·nuw·x linll iu J'v!iukowski spa.r·c• ;u·c• •·nusidr•rrd. lt1 IIH'i-.0 papt•rs. cou.-ueJ:ity is 

ddiu('d J,y geodesics (C'.g., s<'<' [24]). Evid••ut.ly. 1 Lc• naiqnnnrss of a gt•od!'sic ill't.w<'<'u 

;w,r two point s is nr·cpssary for r.lw cldiuition of c·om'<'Xily. h1 thio Ht'('tiou we· as~Ulllt' 

1.111' nuiqur!H·~s of g<'Od<'sics, i.< '. only r·oniJiln lt· .\1IO.t;es (Odiuitiou 2.13) arr l'ousid C' rr'd. 

Definition 3.1 (Convexity on Riemannian Space) A wbsr.-1: S of a t:moJJll.fr• Rir .. 

trlfL'rl11icm spa ·~; II i.~ .~nid to be t·ou wx. if. joT o,ny two po·ints 0 and 0 iu S therr· t!xi.~ls 

'' rninimiziny gr.otksi<· joiuin!J 0 and ii which is indnrlf'll in S. 

[Remark] Iu ;1 g0n<'l';J.I Riruuumi;m .~me<'. for a givou poiut J! ;wei clin'ctiou. auuiqne 

g<·odr•si<· i,~ dr•tNtlliliNI. ;\.ud prm·icks tlu• clist>Uit't' I from Ji by ;u·•· lrugtL. Tl1is dir{t<w<·c· 

!Ja, tLt• prOpl'l'ty I h>1t ( l) t IH ·rc ib ;~ poiut <i ;tu<l a. posit iY<' r<'al IIIUHbl'r .- = rl(p.IJ) stlC'L 

rlml I < s or (2) I t·;w i.flkr >UI any rc•;;.l vain<'. A nd po·inl of p is ;~ snciJ poiut '1· Tlw 

'<'t of aLitlw cur point of/' is nllkd Ill<' cut. /ocns o[ 1' (c·.g .. sc·•· [24]). For rxatnpl<•. fm 
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a point on a splic•rr·. ill<' all1ipor!al point i' tbr (' lit hwn;.. Thi~ h<'i' is won• dilfkull lo 

clc·fill<' i11 the• c·nni<'XI of Ri<'I1liWlli<Ul Rj)HC'C' (h<'C' Fi~ 3.1). lu [21] <W.l' c·onlpil<'l Rtd,~rt of 

tll<• t·ul ]on" In~.!- fiuil<' 1-<liwPusiouall'htn"lc)r!I Ill<'Hsnn• i11 '' cnrnp]('tc· ;.nl'f<l<'<' with " 

fl i< ' I1J<UIIli<UJ UH'I ric of d;~~s C2. awl iu [22] t l11• c•xi~l ,•uc·(' of a ""I lcwn~ tlmt; is I'm.<' lid is 

prnYc'<l. TlH• \ 'orouoi diaJ.,'TiUI! iu lliPLII<UJUi;ul sp;l('(' i~ ddiu<'rl a.~ t·l.tc• set of''"' loci l(>r 

fiuitr poiut Ht'ts. 

• Cut locus 

' 0 
~ 

• Given point 

Figtll'<' 3.1: Cnt lotn' for splwrP auc! c•!Lip"oid 

in<·1• ut auy c·nii!J>It'ft• IUauifold l.l1cr<' is 11 llluJi.wi r.iug gr•odc•Hic· (Tlwort'lll 2.1), t.!LC' 

1'\lll\' ('X hnll h' d<'iiuC'd by couvccxity in tl111.t ;.pace·. 

Definition 3.2 (Convex Hull) Ft!r a. gi11111 ji?l'iir: stf of point" P Uw C011.'1Jt • .r. hull 

C'H( l' ) iH rlrfincd aH /.h(' inl.n ·s,·r.bon of nU c'01W<' .I; .·1'1.5 inclnding P. 

The c·onc·opt of a cmJvc•x lmll iu "· g<'ll<'ra.l flictuauui an spa.c·c· iH mort' clif:lknlt. bc•c·;wsP 

thc•rr il. cu t lorn.· aurlw> hyprrhlll-fil<T 11U>uogons lo t.L<' Endicl<'au hy]><'rplanc•. Tlow<'\'C\1'. 

in ~Olll<' caMe~ tlw couvex bnll c·ru1 lw cousl.l'll<'tt'd. \Ye Rhall rou~idt·r a fiat spru·e wi'll1 

<\ global (Ormlinn/:,. ·'Y81em a.ncl a hy]H:rb<iliC' SJmn· iu SPctious 3.2 <Ulcl 3.3, rPsp<•c·ti.wly. 

Siutc tltC' hypcrlJC>lic ~pa('(' is coi! Lpkl.t• (Lc·Hw"c 2.3). <LUY two poi1Jts an· comH'<·ic·d hy 

a minunitiug g<•od r~ic aud !.It!' l< ·ugth of I he• gmdl'sic i,, giv<'n hy I he• disl.iLIIC'<' lu•tWC'ru 

rlw I wo poiuh. \V<' prove· IIHtl t,hr• c·om·c·x hull iu t.lw:-.P sp;u···~ <'<111 I)(' <·ou ~trn c-1 <'d by <Ul 

>tlgoril ln" for t.ll<' <'<lllWX hnU. '"' u1 Endicle<Ul 'fJat·r•. D111<ll~· flat spilt'<' i' also flat. >UHl 

the' c·uu\'t'X bull iu. tb>tt sp>Lr·r is also dlkicutl,r cm11pnt>Lhk iJ tlH' fiat spar·" Ita,, a global 

c·nordiuatf' sys1.rm. 

!\fnrc•ovpr we• pwpo~<' a da.'>.~ of Ili<'lll>Ullli>Ul hJl'll'<'h. nauwly linem·izo/JLC' 8]ifl(;!'H. iu 

!he• sc•c l i<lll 3.5. i11 whic-h 1 UP c·ouvc'x l111ll t'ILU lw ron~t.rurt<•d. That c-Ia.~~ uwlml<'s flat 
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!>par<' with >1 global <'Oorrliuat I' S")'S I<'Ilt. tlu• Lyp<·rbnlir· ~pan'. r•t<·. 

3.2 Flat Space 

Tu this S<'rt iou W<' ohtaill t. lw r·o·n•tJC:I: hull iu fint SJHM'I' . Flat »pa<·<• i,., ~p<•rial aui<Jugst 

Ri<'III<LUIIhUJ ;.p;t<·c•s, in tlmt tlH'rC' is an nffinr r·ucn<lin(l/1' S1JSh m. By virt lll' of II< at 

<"<lordi.u>H.<' ~y,t <'Hl. I IJ<• fhtl spac·r i:-, !orally rr•gard<'d a;, E111'iidl'au ' pan·; iu p;nt ic11lar. 

tb r g<'oclrsic sr•gwrut hc•comc•s a sPgmcul of Eudidc•au sp;u·r• iu th r afliur •·oordiu;ilc• 

,.,y,tr•ut. Lu addition, we• tn•;tt flat sp;u·r• wit l.t >~ p;lohnl coord iu at<• syst.<'UI (Dd:iuitiou 

2.7): it. is possible• t.hal ti tl('h a local <"Oordiual<' sy. t.!'UI c·x f.<'mb to ill<' wlwk spa.c<•. 

\Yltidl r.li<'u IH'r mc•s a globrtl moulina l ·'1J.~fem.. A it Lc yug b it is uot kuowu tl111t t.hi> 

Sj)(ICC' is COIII])i<'l!', \\'(' ('i\ U af i.eaSf !JI'OY(' tli<' fo!iowi ug il'IUlll>l. : 

Le1nma 3.1 In auy fin/ S[HLO~ with 11 ylolml r·oo•rrl.iwlfr· sys fr ·?ll. th«rr' ~3:i8t.~ a tmiq'll.r. 

grmdc·-~ic ,'"!J'""'"t mnu.Ptli11[1 any tu•o points. 

Proof: 

R<'gnl c' ll t. i' '' Euclid<'ml S<')!;tn<•nt ;c~ a poiul sl'l'. SitH·t· i.u Enclirkau spa!·<• auy two poiu t.s 

iU'(' ('IJU!I.f'(' f,(•c[ by <l IIIli< pH' f,('g lll<'!l l. in ~ II C'b n,,, ' fl it('(' t [l(' <'(jnalily is I l'tl('. 0 

Cnm•<•xily w;b ddlu('d fm r·tJUtpklt' Rir•m;w uian ~p;u·"s (Dc•fiuit.iou 3.1). lloWC'Wl'. 

iu " tlii f. s p<1<·c· wi t. !J a glolml c·oorrlimtl:<' sysl.!' l!l. 1 " " gct>< lt•sit · ~c·guu•ut !Jl't.wer u any t.Wt) 

poiuf.s is uuiq< ll'. Tbns r·om·r•xily i.h cldiw•d ;cud i' ('( jiJ>tl t.o I bt• c·ou,·exihy iu E\IC' licl ~au 

s p'L('P ik~ <L point ,('(. T br•rdorc•. t·ot!lJllll atio11a lly. t.b<• c·ouvc•x hnll ntu lw rl!'fiu r rl ;u<d 

<'r>n~t.ml'l <'cl by !lH'iiUS of I hi' Eu.dic1mn r·rnwe'r hull 11.lyo!'ithm. Bt·c·a nsc• Lhr st rnct nrc· i~ 

t'<Hi\'t'x . I be wliok of t lw c-ouvrx lmll is i.udndc·d in flat ;.pac·c•. lu pill' I inil<lr. !Ill p;u·t of 

I Ia• l'Oil\'('X lntll is ITIU0\'1'<1. uuli.kc• i.ltl' r·ousl nwt.ion of 1 be· \ 'orOut•i diagt am (Sc•c tiou -1). 

\'~ -,.work np <1hon• l'at'l;, iut:o t lH·on·n<. 

T heorem 3.1 Till' cunvc,· hnll i111. a ft(l,/ H)l ll<;c Ul'ilh ylounl oftinr coonlinatc syslr'lll is 

equnl to E~~t: lulcrm r·oJ'u'~"' hnllmul con be effil"ir·ntly r·vuslt'nl'l.cd by ill(< Eu.r:l-icl~<tm r·rmvc.c 

/mil alyol"i llm/ .. 

Proof: In H<Lt span·. <U <Y f(<'orlc·sic- ~rgmcut IH•rou"'" a E nl'iiclt•au ~<'gmc•ul , '"ing th<' 

giiJbal coon!'i flrd< . 1J-'t< lfl. \\ 'ht·n tbt• flal ~pm·<' dot'n uol tiS<' t li <' glolml coonlimtt<• sy,l<'lll. 

I h<Tr(' •·xist.n a. t nu.<Rfnnual iuu wLir lt ~'i iL bijl'ctiou. T il t• f mu:-,l'oruutf inu is applied I o t Ul' 

<>rigi ual ~pace'. In I llt• mappc·rl sp;u·e wr· <·a u cnLL~id<·l th<• <"I>IIYt·x Lull . 
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Siur-c 1n· pmwd I il<' nuiqtH'IIC.s' of gr·orlr'i" iu tlti' spar·r·. ilt<• rouv••xily of I !1<• fiat 

spar·r· is End.idcmt. Tln" 1111• 'lrnct!lr<' of dJC' r·ouvt•X hull j,.. <l iM> Eudirkau. 1 lon•n,·c•t, 

as thr· flat sp1u·c• i .~ a s11hsc·t of Eudiclr•nu. IIH' wlwlc of tlw coU\'I'X Lnll j, i11dudr·d iu l.lw 

fhu spat'C'. BcnLliM' of tilt· uuiqu<'llr'Sh of g<'odPhir 'H <Uld the drfiuitit>ll of r·ouwxit.y. l.ilr' 

<'011\'CX ltull i.tJ 1 he• fi<ll >pate- r·ou&blo n£ g<'od<',iC' M'glllr•ut:-. 11ud is E11dirlc•Hu by I llr global 

r·nordittal!· 'J'olrm. Tints ILP ;ugoritllln for 1 l"· E11dirkan c·oul'c_.., lL11U r·au lw <~ppli<'cl t.o 

0 

The follnwiug tnmllar.\' foUows iJIItnc•cli>tl.dy: 

Corollary 3.1 Fm· a sd of 11 7mints in d-dimr.n .. ,·ional flnl ·'J!(l('t; 111ilh a glo/m,l cormliuntc·. 

thr: co·m!Jinntm'inl C0'"'·7Jlc1cr;ity of tlw crm·oe1· hull i.1· F = 0('11 1•1/ 21) and 111.1- t.inu· r;omple:dt.y 

is O(Fiogn). 

Proof: By tLrorr•tn 3.1 t.lw 1'011\'<'X hull in I Lal s par<' !HIS Eudirlc•;~u f>ll11d II!'C'. Tlt11s 

wr• <'ill! m;p I hr 11Ji)J(1' bou.ncl thcmn 111 .fo.,· Enclid<'a:n c<i1!11PJ: Jmlytope ( c·•.g., sr•c• (12. -t2]). 

It.s timr• complexit;y of Endidc·>w j., prowd in [-1.8]. 0 

lu til(' dnaiJ~· f:IRt ' i""''' for a "''t of points two I'OIJY<'X hulls c·an he· I'Cllls idc·rprJ 'inc·(• 

ILc•rc· c·xi~t. l.wo ;~ffiur roor<limd.l' ~~·sl<'ln s. TLr·sc• nrr r>tllrrl Ute \l - aud I ltc• \l ·I'IJ~!.IJC:r 

h'lll/:1. TLc·y do uot alwayfi ha1·c· I be saute s l ]'I!CilllT. IH'causP iwo dist,iud I'OIII'<'xil irs >u·e 

ddiuc•d iu IIH• ~pan•. 

Example 3.1. Lc.tf' = {(ll,2o-,- ),(O, a),(-o.2o),(o.2o,) 1, ~ i:' > 0} bc· ns..tofpoinl., 

t.n the pa.rmoctru· spo,r·P. of o·ll"-ti'im<'u.,iono.l 11017/w.l rlislr·ilmt•ion. The \l• -<:omw.c lmU 

r:o'II.Stsis of thrr"' IJoint. · CH(P,1) = {(0, a) , (-a. ~o), (a , 2o)} cl'lld { ( -o. 5o2). (o. 5r/') , (0, o2)} 

in O-r·oo·rili71rtit' .•yslem., !Jul the \l - i:tJ)llltJ'I' lwll ltns fowr vr;rticc.~ CI-! (Po) = {(0. :2o

.o ).(O,n) , (-o , 2o).(o , 2o)) tmcl 

i'l! lf-nmnlinal;r• sy, /mn. The tro:nsjo'l'lno.tirm.s fv,· r:nr·h r·om·di'llfl.f< nre !JL!IC11. by (11 1, 112) = 

( ·' I ) ( ) ( o '' ) !j'i· -2,• . ,,, , 1/2 = ,,.,,.- + y-. 

In flat sp;u·t'. the• c·otwrx Lnll r·Hu lH' nt.knl;tlrd. Tbi~ n·snlt is b;t.~<'rl 011 lill' fl.ntne.~.~ 

illld f,L,, giiJba.l coonlinll./.c .~ysl.c 11C .. 



- a-coordinate systen'l ~-coordinate system 

Fi!(1u·r 3.2: \7-tOilV('X lmli (l<'i't) aurl \7 '-c<)l lWX lmll (right ) 

3.3 Hyperbolic Space 

lu C'niou 2.1.2 W<' ddiu(' t IH' hypedmlil' 81''"'1'1'. ill(' hww,·bol.il' plane aurl tlJP n•lat.t·cl 

hnlf--<wu:r• for a LypNbolk space. \Vc· a lso dc·filJI· r·o"''H':t;dy ou a c·mnplrt.c !1it'Ul>U.Juian 

.~p>t<'l'. SitH'<' Lyp<'rbolil' spac·t• is ('O!npl<·t <' (Lc·mwa 2.3). I he rom'PX lmll , ndlrd hy]H'1'bol.ir· 

couve1· hull, i~ aut.oHJatkaJ iy cl r fin Pd. w tJJ iR Hrd iou wr Htat<• ~omr pm[Wrhc•s of t!J(• 

byp,•r l">li<' •·ou\'C'X l1nll: t hl' eouV<'xity of t Lt· La.lf-Hpa<·t· Ruci t lH' sr.rnct11rr of hn,c•rbolic· 

I'OilV<'X lmll an• prm·<·< l. lu a.cld it.iou. I hr t·ousl.nH·t i<)ll algorit um >UJ<l t.h<· aua.lysis of' ir.s 

I'Olllp lc•xit y is pm,·irlc•d iu Tltt•ot'('ll.l 3.2. 13y t:lw.t. >d gmit.Lm I.L<• Lyp<' riJOlic ('011\'C'X l11111 

ra 11 be• nuuput.C'cl rfikic•u tly. 

First ly, W(' state· t h<' ('Oitn•xit y of t1r lJaJf-sp<U'I' of t,hc• Poiuntr{• spa<·c• JH to prow 

1 U<' n>Jl\·rxity iu t IJI• !Jypt•rholir· sp;tcc•. 

Lemma 3.2 Tht half-space of the Poiw·a,·ci -~)Jacr· 11-l i. r;rmueT. 

Proof: \Yr· proYr tlJat if Ot,il2 E c+, tlwu c ... ... , c c+ IY IH'['(' c .. ,,n, i~ t.lw gi'Ll d!'~it

"'glll<'U I t uaf, ('OUIH'('l ,.. [IYO pointR (II a.ud " 2 · Sup puR(' f lmt. c ;wd c., ... , an· 011 (' i!TI<·s 

C' >Uld c~ ..... iu tlw Eudic!Pan plaur l'l'S[J('('liVC'l,l'- TlJ('S(' t.wo l'irclc·' iut;prsc·ct ;tt. most 

two poiut~ and tlwsc n •ut.<•rs of tl1 r rirclC'., C'. c;,,,,, at"<' <nJ .1·-a.xis. Thcrl'fore. Oil<' of 

tli1• iuf <•rst•<·tion il' iu tbl' npp<•t lmlf-plaut• aurl t.!11· ot.lH•r i~ iu till' lowl'r !J>tU'-plaJJ<' . T lm.-, 

two gcoclesit • ('J'OSS <et lllO,..f. 0111' poiut iu lH. Hr-tll.:l', if(/ I' (/2 E c+. tUI'U c.,,·"' j,.. l!J c+. 
To fiuish t.l1r proof, wr n<·<"ci to l'onsidC'r fu<' l'RI<<' iu w11 ir h Cis ou .1· = r nw b<• JWOYer! 

iu "I ;-;in1llar way. 0 
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Figure· 3.3: Couwxity iu Poiuncrf ,;pan· 

By ahOVI' l<·UUJlil. tlu· l'OllYC'x:ir.y o[ r.h<· half-']>"'''' of llH• ltypi'J'bolic span· m" l'lUl b(' 

oiJtaiuNl. 

Lem1na 3.3 Tlw half-srmr:c of thl' rl-dinwnswnnl hypr~,·holit· swu·e IH" is t:O'IWe:~:. 

P roof: Lrt. c be· a l.Jy p<·rholic plHJJ(' and C1 • c- IH· haJ[~,pHr('S ciC'i.r•rminNl I 'Y c. For 

(/ I• "2 E c+r c - ). kf L b(' il geod<'si<· S('glll('Uf ('()!lJJ('('tiug t.h!'Sl' tl\"0 poiut s. Til<'!'<' an· ~ 

1. Tlr<' gcock•sic is (2.8) aud th<· hypcrbolit· plaur• i:, (2.12) . 

2. TJ,,. g<·mksie is (2.()} a.ud t.lu• uyp<'rholi!' phwr is (2. 12). 

3. TIH• gt'O<l<•sic i; (2.8) aurl till' iJ.V Jl<'rbolic plan<' is (2 .13). 

~ . Tu<' g•·< dl·sic is (2.9) a ud t.!H· ltyp<·rb li•· pliLU<' i.<; (2. 13 }. 

Cas<·s 2,3 a uri -1 M l ' 1 ri,,ial. Coul<id c•r only till' ca.,,. 1. Without loss of 1-(Pur•ndit y. th<' 

g!•oclc-sir C,, , ,a, c:a u lw <'Xpr!•ss<•d a.-. ( .r 1 - JIJ )2 + .('i = R , .r, = J' , (i = 2 . .... rl - 1 ) ;tud 

t.h C' ltypr•rJHJJiC pJ;UJ(' C ('ilU [)(' C'XIJI'<'SS('([ HS I; ;(.ri - IJ;f + .1' ,1 = fl. 

Lr•f 1 Ltr. ltypc•rbolk plall t' he rc•st rktc•d to .l', = I'• ( i = 2, ... , d- 1}. Thus f h<' i1ypr·rboli<· 

phi lll ' ClUJ IJc• <' Xj)I'('SSI'd iiS 

tl- 1 

(. rr- gr)2 + .r./ = R'- L (JI; - IJJ) 2
. 

i-=2 

II' Ill<' Tigui-L<md ~id e of tb r rqna tiou a lJCJw L' pnsit.in·, tlwu it is pos~ihk I!Jilt. tilt' 

grod<'sic Sl'f\'UII'Ut aad I u<' ltypc•rboli<· phwt• iut<·r~< ·r·t , 

Srrppose the• rigLI-bRud sid<' is posit.ivc•. ilt<'u t,]Jis kumm is l'('( lnc·c·d I•> till' <·nuwx.ily 

of ill(' Poiunu·r sp;H:<· IH. as "''~~ pmwd iu L<'UilJlll 3.2. 0 

Thi> roro llary is e11sily pron•d by tl.J<'s<' kuHn<ls. 



Corollary 3.2 Tlw ini.<Tsr,l'fwu of half-spare.~ l7l lht! hyperbohr- Hpo.r:r iH COII'III'.r.. 

Proof: .-\ lmlt~~p>l<'<' iu 1 Lr hypc•rlmlir ,p;u·c• is call\'<'X (L<·mum 3.3 ). Tlw iut.c·J·,,.,., ioJJ 

of IJall~~[M<'!'h is alhO couYc·x bc'<'illlSI' n.u~· point' of t.lw iulc•rh<'Ction an• conwTt<·d IJy the· 

gt•ocll'~ir hCglll<>ut frmu earl1 lmll~sparr. TLn' tiH· p;c·oclrsir S<'I\Uli'UI is iudnclPd in ll1c• 

iutPl"M'<·tiou. 0 

For !Jypc•rbolic span• t!J<· linrmrizalirm tet:hniqn" c;u1 ])(' applic·d. Liurcu·izal ion '" a 

lltrl hod i11 wl1icL t Lc· ori~-,•uml stmcturc ih clnb<'rlr!Pd i11 ;L cliffNc·ut cliJIJ<•lJsi<)lJal spa<·•·. 

hO I Inti it is " sl.nwtnrc• in il,, owu ditll<'usioJJ ( c·.g .. "''' [12]). For h~· p••rbolic spa.(·<·. IV(' 

rousidrr tl"· foUowin11, t:ransforUlat.iou: 

.\'; := .r, (i = 1. · · · . cl), _\, := :r~ + · · · + .t~. (3.1) 

I3y this tnmsfornmt ion. lt)']J<'rbolic phLuc is ntappccl t.o a. hyperplane• i11 End.icl<'>Ul spaer•: 

11 - 1 tl- 1 d-1 

- L '2p, ..-\; + X.t+ LP•2
- II. = D or LJl;.\ ; +I'll= 0. 

1=1 i= l i= l 

\\'c• c<eu JlnlY<' the following l<' llllll>l: 

Lenuna 3 .4 Tl1r· 7w•u-de!f"1/.Um.tirm ]'oint s('l of hyp"rbol·ir· plane and of l-i>fwariz~d spa,n· 

is UJIIiVa.lc<rd. 

Proof: Lc•t. P = {p<<l : i = J, .. . , rl) 1,.. a s!'f of poi.ut .~ iu t.hf' l1yp<'rl>olil' sp>tc<·. 

T lw rlr•g<•u••ratiou of U)"Jll'rbolic phtut• dq>c•uds ou t L<' rx iolc'lH'<' of ho lnt iou of follnwiug 

'ituull ancnus rcpli1tiou~ : 

E:~~' (,,u,. -q,)2 + (,,<Jld)1 = n U = l. .... tl). 
~ ckt[p<Jii_,pl·]~o (1= l .···,(i-l.j=2, · ··,d), 

~ dt•l [,,t;lil ¥ 0 (i = l. ... ' d- l . .i = 2, ...• d), 

when• <J((]1, .... fJ.t-l. 0), R ;\I'(' ti.H• c<'ul cr, f'lw radius of ci tTlllll~ni i H•d spl.wrr of r T!Je 

tkt mt.inaut of abow• t•qnatioll i ('qual to the· ckgc·u<·rnc.v of tLc linc'nJ·iz<'rl ~ct. of poiJJi,, 

P by t'(jnat.iou (3.1) 0 

Theo1·em 3. 2 Thr <'onve3: hull.\ fo ·r gi-<)(:71. points ·itt hy]wl·bol•ir· swu·c and for liur:nriu.d 

]'uints in Eudidt•arl spcu·r· n'r<' cq·ni1mfr•,tl in a fac·r·-lalti('(. 
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Proof: 

Tim;,. at [pa.,t. t ll<' Sl nw1nn• c·on·•'~J)otJd;, to the• Endid£'1\JJ. \\·,, ;,taw t !Htt hyp<>rlwlir 

sp;wt' eoutaius tlw wholr co!li'<'X hn.lL Tlii;, st.rnrt nrr ib 1'011\'('X: for auy two points tiH' 

mu ll<'< 't iug g<'tHlP;,ir· sc'l(lll('llt i;, iudncll'd ·witbjn that spac<', a.ucl t ha.t g<'odc•Hir ib in ''"' 

irncrior of 1lic• ("OIJY!'X ll<!U . TlirTrfor<' t [!(' \\·Lolc• or t lw {'(lU\'I'X In ill iH iuc·hah-d ill I,U>LI. 

0 

Th<• hypC'rbulir· ronYrx Lnllran br c·cHJst rn rt.<'<l IJ.Y a Eudidrao algoritliw ami iuwrs<' 

JJlHppiug. 

Algorithm (Cunvl'x Hull ill t.li<' J-lyp<•rbolir Spn"'') 

1. Transform the given set of points by equation (3.1). 

2. Compute the convex hull (the space is regarded as Euclidean space). 

3. Calculate the inverse of that convex hull. 

Tliru t li<' foUowiug corollary i~ iumwdi;tt.dy ]Jl'OW<l: 

Corollary 3.3 fi'rw IL givr n ,\'(•/ of II fl!J/.1/tS 1' in the d-tliw.<"I!Sirmctl h!/JJ( 7'hoi'it· swu:r· Jl:l " 

the cr;·lllhiuu.tcn·inl < ·ompi~J;ity of crmve:r h.nU CII(P) is ho·,,wlrul by F = O(n r"/21) tmd lh.r• 

lim.c· cowplc .c:ily i.1· O(F log 11). 

Proof: TLc c·outiJiuatc>rial cowpiPxjty ih that of thr• Eudirk>UI l'OnV<'X !Jnll. Siucf' IIH' 

Hrsi: a.ud I Lirrl ~l<'p of algoril hm arc Liw•ar ou t Lw unlllll<'r of pninb >wd of fa ... ·s. l.b<' 

0\'t'nill tim<' clo not. <'xcc•cd t.IH' I inu• of src·ond sLc•p. Tbltt ti!Jic• c·mnpl<'xiry i,, abo <'<jlml 

t:o Encli<l<'<ltl. 

For liH' c·ombwat.orial awl tim<' I'OlllplC'xity of EndidNIII ro llV<'X Lull. n·f<'t t·.o [12] 

n.nd [·I ] . rr•spt•c·t.in•ly. 0 

Hyp<'rholi<· r·ouwx bull cau b<' tOJll[)lltl'd by i.IH· <'xist.<'Ut"<' of global coorrliwtl.t' syst·<'llt 

aucJ tltr' of liJH•ari~l'd tntusforUlatioll. 

3.4 Poincare Space 

Poiuntrf . pa.<:·C' ~'i wdl-kuowu as a non-.Ettdid<•au spaC<'. a ftttiClnuH'ur:tl nietnanuimt 

spai'C' aud Lwo-dim<'lloioualliypNbolic space·. i.<' .. lite' abm·t• algnril lim c·mt '"' applied. 

Hmi"<'Y<'r that: span• i~ also a snbs<'t of two-rliul<'U}>ioua.l Enl'!idNul sj)<tc·c• a;; a r-.rt of poiut;; 
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>WJd ~< Hil<' spe<· i>tl algoritlilllb of t·o rr n•x I! nil t'H il he •·mrsidr•rl'<l. In rlli» M'<' l iou '"'' ••xplaiu 

two algorilhl11'> such that ·inc•t-e1fwntnl mt flwrl aurl OmJllt11/ ·s .•w.u. in S<'<·t.iou 3.·1. 1 ami 

St•ct io11 3..1..2. II 'SJWcl iYI'iy. lu 1 wo-dimcu!-.ioual s pa<· <" WU\'eX I mil c·;tu il<' t•xprrsh by li ~r. 

i. <· .. in t.his S<'ci ion m· li S<' don illy liulwd Ji,. t ;utrl c·oUJbi natol'i;d corupl<>xi ty of that ('OU\'t'X 

lmll is hunllckclll.\' O(tt ). 

3.4.1 Incremerttal Method 

The iun<'uwuLal nwt.Lod of tla• ctHIV<'X hull is a rrros1 lillldanrc•u l alaJgoriLlu11. Tl!r k<·y 

uf I. his •ucl Loci [., ilml t.lH• ~<t .rn ('t.m·r aclcliug a poi1rl is ;dways cnnvcj; Jut!/ iu rad1 s tag~· 

of l.u<' algorit.Lm . 

TL" algorit,lJul is wri1.1.eu lik<· rw.s : 

Algorithm (Iunc•mrH ial M<'thorl for Couv<'X Hnll i11 thf' PouJ<·ad span•) 

1. Sort given set of points P = {,,t•J ; i = 1. .... rl) by Euclidean distance 

between the origin and each point and replace their indexes of points 

1PJ such that its index is equal to the order of the Euclidean distance 

from the origin . 

3 . For 1 = .J to i = n 

Make 'H (P;) from CH (P,_ t ) . 

The CHCP,.) is the convex hull of P. 

\Vc• ouly di.qcuss Llw t Lird "''tgc· Hb0\'0 fd ~oritluu. lf tltt• part work.-, wrll. W<' ntu !!;<'t 

t.!H' c·onvt•x Lnll iu tlH' PouJC·an; ' PH<'<'. IV<' OJ'hlly provt' thi~ kullna. 

Lemma 3.5 Su,fiJJOse {pl •l; i = 1, . .. , 11) i.l' a set of JW'IIt.fs .,uch lhrd its 'inrlr:.c is 

thr, o·rde1· of E-u.r:litlenn distmu:e frmn l.hr cwiy;!l . Tlw point ptJl is not iu tlnrlr,d i11 

'H({I/I l, . .. , JI(Hl}J, (.i=.J.. .. . u ). 

Proof: Considrr a t·urw· snch tlmt tL C' c(•utl'r is tiJ!' origiu ;wrl t.ht• rarli11s i~ <'qual 

to End.id<'f\11 d.ist.illll'<' l)('twr•c•u th<' origiu ami ptJ-tJ . i .<' .. llw C bt•cotu<'s gcoclesie aud is 

PXprt\ st•d ~~~ .r2+y2 = d( O.z/J -l l)
2 

wlwn• 0 is I lw origin a rHl rl(·. ·)is Etwlidmu disbtuc<·. 

By th,• gt'<>dcsic C the Pninnu·<S &pat·c i;; d iYirkd int o two ha lf-spat·<•. Thf' pmt iucltuliug 



llJ.<• nrigiuis mll••d c+ aurl <UIOT~<·r is •·a!ll'd c-. Till' c+ I'OIII>tiU~Cl-l({Ji' l, ... . fJ!J -IlJJ 

aud lh(' c- COitlaini> p< •l l>('~illlSI' tlw point~ <U'f' bOrt<•d 1>.1' Endi<k;UI tlihliUJC'('. 0 

A bow lrntum shows W<' haw uo w•c•d to dw.-k 1\'llf't lwr llw poiJtt i,, iJwlnrkcl iu t.h<· 

eouYI'X hnll or uot iu l'ac~ stag<'. ]Jt additiou .. rhc• foll<)\vi.ng l<'llllliH L~ ab•1 Jll'OI'<'d. 

Lem ma 3.6 The ron•oe1· hnll CH(P) is r..cpnssr-rl /Jy donhly liuk('(l li~t, (q; .. ><!I· {42}) 

nnd prev (I ') , next ( ••). whu·h is pnvums. nr·J·f jltJUt.t tiL tlutf 1-i.~t. r·r•spe..thmly. S1l)i)lOS<· 

(!.)Joint p which sl.n.ys in /h e outs·ide ofCH(P) mul '1/r.akr· CH(PU {pj ) fmm. Cl-l(P). lf 

prev( I') and next ( I') ZS ·i;,t/ur/ci/ irr c,;:, for 0 'tu '1'te:t: I' of CO?L'I!G.J; /lull. t/1-1!'11 lht gwtl1 sic 

segut.eul C1,,,. IH!Imnr.s flu r.dg" of CH( PU (11}) wlwn C1,,, is lhr gwdc.4il: sr•gmcnt joiuing 

p. I' nnrl c,~ .. is thr· half-8Jlilf>(' dctf'tlll iru·rllty c, .... (l'l/.lk contaiu.s CH(P). 

Proof: SnppQS(' <1 sc•paratiou of il'l by g<'O(ksic liU('S c, = c •.. next(o·)· c2 = c,·,prev(o•)· TIH' 

IH is di,·idNI int.o fonr p<krts. Let R ""a n•gimt iudnrli.ug CH(l') ;unoug I Itt· cli\'isiou aJJd 

I hi' C lw a 1\('0<ksi,. liu1' iudncliug C'1, ,1 • . \\ 'hrn adrl C in!.o ti.JI• s•·pamtiou. C iui.<•rsl'c·t.s 

c,,c~ a.t 1'. lfprev(••). next (t•) E c +(or -) . t!Jcu II c c (or c - ) wiH'J'(' c+.c- iU'I' 

uaU'-spa<·t•s d!'tl'l'u.lliwd by C. T!Jns , •.•. IH'('OtllC'S support i.ng lin (' of C'H(P). 0 

lu tl.tp tbird hl<'j) '""only dt>tug<' !he eoum•r· t.iou of ill<' point., i.e .. [oJ ilJJY <~ddiug 

poi.ut. J! t.brn· •·xist IIJ'fJI"I' .YIIJ11J01'i'ing )JIJ'inf ''"·'·!' ( loweT SU)JJ!O'rfing poi'fl.IJ't.x.p) whi.-lt i>. 

il [lOlUt Slldi th11t. t lt1• Ua!f-sp<ll'l' rkr·ided by grocit•fll(' St'gmenl ('1,,1,, , r> ( '1,,1,1, r) iJJI·!Jtdi~' 

>ill ]lCJiul. of c·oll\'I'X ~nU . Th us we only f:iur! p., , •. 1, and f!t .... 1, for aclcliug points. 

Procedure (J\lalct• CH( P,) fnnn CH( {',_ 1)) 

l. (Sr·a.rcli npp<'l' sHpporl iug poiut.) 

1, = p(•-1) ; 

while (1) do 

Consider a geodesic C ,.,p<•l . 

if (prev(7•) and next(ll) E C~1,~,, l 

then 11 is an upper supporting point (J! ..... 1, = c); end; 

else t' =prev ( 1•) ; 

end; 

2. (S.,arelJ low<·r hnpportiup, point ) 

Thi~ poiul r·au I!C' fouud similarly. 



3. (C'IJIUlg<' tLr• link of poillt' ) 

prev(ji' 1)= p ., __ ,,1, next(fi' 1)=!•t .•. 1, and next ()1., ..•. 1,) = prev(/ll. •. p) = ,,til. 

Tl.u• prev(n) L~ lh<· prrl'irm~ poiut aud IL<' next ( 1•) j, tl1<' uexl point iu tlw <lo11hly 

liuJtcd list. 

FiuaUy w1• obtaiu tbr· tinw <·owpkxity of tlii~ >tlgoritltUJ. 

Theorem 3.3 F'o·r " set of 11 ])l)inl.s t/1<. lirn~ coW.J!lr·,·ity of l.hr· r·ou?JPJ: lmll •io lh!: 

Poiru:ad -'JI'!I'<' is O(n l.og 11) by iul'n•m.entn.lmdhoil. 

Proof: 'i1wr· 11 j)uiJtt~ an• '"rt<'<l iu I Lr• first skp. itH \iuJ!' ,·otupl•·xi t:y i~ 0( 11 log 11 ). 

uppo~< · t !Jr• re•e·omti'CI iu11 >UHl I IJ<' dwck of uode•s n·qnirc nmsf aut. t.iJJI<'. The· co~ I of 

Lhe »t>lg<' 3 is liur ·ar f,n· th\' !J11Juil<•r of t.Le• se'>~rdJ <Uld tlw rreou uecl iou of uorlt•s. So we 

r·eJHllt Lh<• muubrr, wbiclt llC'n>wr·s ('Oinplcxity. 

Tbr• J'c•e·oJlJH'C·tiou of uod": bappe'Uh al. HJORt. n t.ilur•;, IJl'nUJs<' tiJ<' ius<'rf.iou ha.pp<'tts 

at liJOht n t.ime•&. lvfor<'rll'<'r if It uod!' is S<'an·hrd ow·r·. t.l1<·u tlw uorlr n·mo1·r· from t. hl' 

liht. Thn" the· tnuubcr is 0(11). Th<• whole• of' llw liluC' r·rHupl<'xit.y L' 0(11log11). D 

3.4.2 Graham's Scau 

lu Jliis sr·r·tiou we• <kal ll'i lll G'l'li.llll.lll. 's stmL Tbi1i algnritlltu ih IJmwd ou fh<' ~ortiuj; 

of m1 nnglc. Si.ur·<' i lu• a.UfJl~< caJJ IH• d<'lilt<'<l iu ~IH• Poiur:<Lrc' spac·r· , W<:' r;w apply tuis 

algoritltlll. 

Definition 3.3 (Angle on the Poincare Space) Ld n~, u2 , n~ be rlistiw:l points i;, 

IH. Thr · angle• Lrq, a2 , a-:1 in the Poinmr/ -~JJ((,cr · is rlr,fin.ed ns a:fl. angle jvmn 11 to 12 

wlwn /1. l2 iN the' taugq1/ li·n of the. yrodc•sir· st•ymcm.t C,.., 11 , a.t 02 mul of C,.,,,., 11.1. 11 2 

1'1 HJ!tdi'llf'l!J. 

Morr·m·e•t· I li t• k<'y of I hi.' ;tlgorit.Ltu is t.lHLt all poiuth arr rq~m -dt'd as ou tltn honnclary 

of COJJV<'X L11dl aud r<'WO\'(' >tr't.n<Llly iul rior poiJllh. Grahmu'1. s(·a.n is desnihrd likr thih: 

Algorithm 3.1 (Graham' Scan) 

I. Fiud "poiut t]WIJ<'n' eJ >Lffaiuh t:lJr· mitJiutunJ of .r 1-coordimu<' <UlJOJJg giw•u poi11t sl'l 

p 

2. Thr• point q is r<'garderl m; >JJJ origin aud sort[' by tlw anglt• Lu., rJ ,I (r i1- 1(1.0)) >Wrl 



Figm!' 3..1: .-\ugk iu Puiumrf sp>K<' 

th<' Eudidt•a.u di~taucr from I]. S<·~, T rlRT ~o i.h<· ]l(Jtllt wbid, La., tlJt' 111iuimuru augk 

a.ud tll(' hooh•a11 nu·iablr, wlwu tn11·. iudit;Ji.c's t.uat v<'l'\.t'X START IJ<co; IH'<'u rc'<ll'u<'d 

t.ltrongh fonv;nd sr·;lu, JJCJI ba('ktra.ckiug . 

. 3.(Snul) 

begin r• =START; II ' = prev( u); f = fu/.qr·; 

wh.i le (next(t•);i START 01 J = foist•) do 

begin if (next(r•)= u•) then f = frtu•; 

end. 

if (The angle b •.next(••) ,next(next(<•)) from /next( ••), , to lnex~(, ).next(nert(, )) 

is more than 11" .) 

then next(t •); 

else begin Remove next (u); 

.,, =prev(t•); 

end 

end 

whPn tlw next( l') u.nd 1./1(: prev(u) nn· lhr: nc;~;t nud pn:vious poiuts of I' i111 tlu: 

rlonbly lirtkulliHI., I'I:S]i!;ctiuely. 

The• prohit'UJ Hbon· ;Jgorithll1 io t.lll' jndgUJrut of d l<' ti:ug point. Tl11· ci<•<·isiou i.~ 

don<' J,y tb<' siguerl a.rNt of tri<utgl<• f..t•next ('l•)next (next (-t ' )). Thi.~ sigu,·d mw1 nUl br 

coutpnt <'cl if !.liT ' t"llnrdimtl<' of point.~ ih giY<'IL This rul'tuod is nb<'d iu ur1t ouly Endid('>IJJ 

hnt >tbo Poiunu·<· ~P'"'" l><•<·mu,c- ir.s clrcisiou is I hn s;uuc•. 

H<•n• wr pnm' this l ~tlllllfl about tlw ;IJiaiyHis of th<' l.uut' compkxity of I hi~ a.lgorit lnu. 

By t , hi~ lC'Uilllil tlHtl smt i.-. b"ullrh-<1 by 0 ( n log 11). 
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Lemma 3. 7 (Sorting by Angle) L< I P = { pl01. pi 1l ... , /,1 "1) br a. -~• I of d1HN.nct 

pomls in IH tuhl'n p101 is n poin t. of I' H.f. thr .r 1-cormlinolr i.~ m.zmwmn u·nrl ,-1-

r·oo rdin((/.1 i. Jlll-'ithte. 

Thr sor·t•ing I!!J rwg!r bdu•t:r n .r 1-a.ri., o!ll[l.ht' /.a7Jgr·1d hne of geurlr sir· -'"flll'll' l!.f joioiug 

pill ), pl•l !1.1 pl01 is r·qu.a.l /o thr sorl.lug by ,.ti) 1/lhl'n , .til is II 1'1'11.11'1' nf l'!f?!IJ,fion Cpl">
1
,,. 1 

whr•n thnl yrwdr sir· is rl'grml l'd ns tlu r·in:lr• in /h e E1t.didwn S)I{J,tl. 

Proof: SnppoRr (.\Vo grori C'sir· S<"glll<'lltS c. = cp("l,pi •l · CJ = c,,, .. l,plJI >UJd plki(.r1t1' ./ '~·)) (k = 

0. i.] ). Mnrc·oV<'I' t. lw I'I'Uf.I'J' of tllr l'f!ll>l liou of C;, c~ (sill('(' I hat. gr·wlc-sit· is hali~cirdr', 

tl<l'l'r i;, a l'l'llirr) is O,( r·lil .O).Oj(I'(;I, O). TlH' tatt g<'JJI. \ '1'1'1.01' ill p fOI L< (. r~01 .r(t1-

.r\01 ), (.r~0 l , I,(J) - .r\01). JL~ order of (,angcJ<t \'0!'t01' is I'IJHaJ to llw .1 '2•1'00!'Uitl>lt.<• of C'
1 

al .1· 1 = :r\01 + c: wlwt'<' E i~ a posil ivc· rPal number >LUd Sltfikit•ut sttlaJJ. Consid<'r this 

fnucltou: 

whii'!J is gi,·eJJ t h<• "'Line of .r/ of C';. T!J<" ,·aJnt• of tltb fnnt·t.iou ;11 .r 1 = .r\01 + ; bc·c·omc•H 

Aft.c•r "ll I Lr• d tffN·<'ucr• i;., 

Tlllib tl1jH va lll !' dqwud ou t.!tl' l'itlnt· rl•l. r<JI. So we· comp1HP t·I•J (i = l. .. , 11) instc•ad 

of ~nrtiug tlw t.HJJgeut vrctor. 0 

\Vc obtitiu ti.Jt· (,iltll ' c·tnnpkxif.y ,,f t],is ;dgmllluu . 

Theorem 3.4 Fo r 11. :ll't of 11 )ltriol -9 i'll 1H thr· hme Cl17n]llwJ:ity of Gmhwr1 ·,, smn is 

0(11 log t1 ). 

Proof: Ju thr a.lgorit.lmt sitll'<' ILl' o<'f. of poiJlts is soriPcl , l.ha.l. stagl' t·ost~ 0(11lc\g11). 

Suppose t Ul' jndgnwut of i.U<' H.u~k ih doJJ<' r·oJJ&l Rut. titut• , IIH•n tl11· utlll.JIJI't' of drci1-ion 

is" I inlr·s. i.e .. 1l1r' ""iUI stag<· i~ 0 (11) till If'. Thus 1111· I itll<' t'll tllpl rxit.y of GraJJaw's s<·au 

b~tlso O(tt lop,11). 0 

!u S<·cllou 3.-L 1 a url <"etiou 3A.2 itt<TI'llli'Jii.;tl algntitLttl ,Ulrl GnwaJ_u ·~ ~>ntn arc' 

rlt•alt with. n•specli\'l•ly. In both nt l'ILocl o tl11• t'OJJ\'<'x hull for 11 point s c·;ut br• emupnt ed 

iu 0( 11 log 11 ) t: imC'. Irs c·ompkx.it · is t•cpuu to "Endidc•;w Y< 'rsiou. 
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3.5 Linearizable Space 

Earlirr. wr dc·snii><'rlalgoritlJm.~ f()r tlH' I'OiltpntatioJt of a (·onvr.x lmll iJJ f};tl hJl>I.C'I' (S<·t·

tiou 3.2) aud ill h:nwrholic spac·r· (Sc•<'1 Lnu 3.3). \i\'t• uow J>n>po~c· >l da.~s of flit•manl!i>w 

hpa.c·c· . u>~wdy linut>izrLblt: .,pru:r:, wbi"b iuelutkh flat sp;u·t· with a global. C'oonliuat<• sy~

l.t'lil ;wd bypc•rh()lir spatr, <wd ill t b;tt spa.<·t• a ('()Ji\'<'X uull c·>w.t he• dof'irut.ly r·alndHtt·cl. 

Definition 3 .4 (Linearizablc Space) A Ru·m-<tu.uian .i]IW'r i8 liut·;u:ir.>tblc· if lhr re r:r.

i-4/s 11. globnl coM·tli1!atL system s·uch t:hal. f!111J ycorlr sic SI'!J'""'"'' r·~tn bt: C':IJin•ssr.d os a 

EncluLNtn St:gmmtl a.4 n M:l of ]Joints. Thttl coorrlwaf,. sy,;-lem is l'lllled a liuc•a r i'lt'd 

c1mnlina.f,t1 sy:-,tt•w. 

Theorem 3.5 (Convex Hull in Liuearizable Space) Po.,. ct .w:t of points ·i·, " ti'll
emiznblr• spucr: lhf' conm:T hnll ca•o b' r:orn.pntrrl by the: nlwwitl111n 11/ the Enclidt•l/.1/ r·or11Wt~: 

lmll. 

Proof: Tu t.ltr spil.('l' the'!'<' is a glolml coo rdiua.f.<o ~ystc·m: auy g<•odt'sic hC'glrl<'nt. ill 1 lw 

~pac·t· is rr•g;u·dc•d <b<; il EndidN!U h<'glll(' l!t . Snppohe lll>Lt 'n"!J t·oorclimtt<' S)'h!C'Jll is nsc•d 

Oil t,!J0 JiJJNtl i ~a},[p ~pit<'<'. 

For •wy two poiuth, tiH' l.(<'cHksit· M'gJU< 'll1 " nuiquc. lwrauh<' tile g<'od<'f>L(' joiuiug 

t.wp poiut~ bPt'lll!II'R a Endid<·>UJ ~<<W IH'Ht. aud <Jh t.ha1 coor<liuat<' syhl.t•nt L'> global, till• 

t'X lll'<';.siou is tlliirpw. Tint;, t,LC' <'OUV('Xit.y uf t.lte spacP is Eudidc•a.n. Th<' c·nu1·c•x. IJUl! ill 

111HI Sj)i\('(' lli1'o h>UJ[(• Stl'll(' t Ill'<' oft uat. of thl' EudidPatl ('()tl\'('X hn!L Ju pa.rti('nlar. LLc• 

Enrlidt•mt t· JJI'I'X lntllHigori tbru c·;m l.w ~tppli<'d. 0 

\\'hc·n tb<' c·ouv<'X hnll l ui..~ Lite• sanH• hf.nwtnn• as Eudifk<tu. wr g<'t IL<· l'ollowiup, 

('Ol'Oii il!')': 

Corollary 3.4 Fo·r n 8el of " 7wints in d-di'lll.c·u .. ~ionol linm·,•iza.blc spa.n, til<' ('l)tllbi

nnlrwio.l {'()'fii)Jlt·t~"ily of lhP. t·onUC'J' hull is F = 0( ,., r<l/21) and thr timr r:om.plr.l;i/y is 

O(Flog11). 

Proof: Siur·<' t.b<' r·nuwx l111ll ba.<; rlw SlW t<' ~tru('t.un• >lh EndidNUJ (Thc·m·cJll 3.G). 

tlw uppt•r-bouud tl.II'OI'<'IIl for Eudid<'>Ul rotl\·t·x. polr topP ([12]) I'HU lw appiLf'<l. Tlw 

<"<>miliuat.orial t'Otupkx:ity of the Endidc·au c·ouvrx hnll i~ prowd iJJ [4 ). 0 

In ac!tUtiou, W<' d<'al with tl.J<• da._" ifintt im.t of spat·C'. 
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~--------~----------------------------------~ .... 
Len1ma 3.8 L1:rwtwizabb· SJma contnms tht.~(. S[JlU:t·s: 

• f/nt szwr;c with gltibnl r:oonlhwl.r syslrrn. 

Proof: 

Flat Space 

nw IH' <'X(<·nd<'tl t.o fb<' wLol<' ~pac<'. lu addition. siut·<' lilett. spet<"l' i' llat, tlw 

('XlC'lltkd w·odl'Rir ht'l{lll('lJI i~ H Endidl'all sq~U I<'UI a.~ a sc•t, of point.s. 

Hyperbolic Space : Ju tit<' ltYJwrholk spa<·c. sttppo~<· tbt• l'oordiu<ti<' ~rsl•' til is lnllls

fomH'd by l"!tP <'rptat iou (3.1). Ju lli>ti !'OtJrcliual!' R.\'f't.t'lll, llll.\' g<'odl'si" sc•gnwul. is 

rq~md<•d H,, <t Endid<'au S<'gmrn t a.c, a sri of points. 

0 

\VP giv!' <111 <'X>UIIpl<• of H liw•a.rir.>t!Jlt• Spite'<'. 

Definition 3.5 Leis = {(t' t·lJi ...... I'<J,!fd) I .I', . .<J, E m. y, > 0 (i = l .... , d)} be< (j 

Rir.!llll.'ml'inn '1""''' u1ith the utdril' 

tl . 1 '2 

(1,2 - '\' d.l. + dy; 
. - L. 2 

i=-1 y, 

[Remark] This span• is T< '<tlil.!'t! by a sf a.i i ~t.ind pa.ntmdrir spa.<·c of a tnult iY<triatc· 

liOJ'lttal <list ri]Jnliou wi1 l1 its nui>tll<"<'-<'OV<tri;tun· 

lts p;tntnlt'tric ;,pa<"<' is 2d-cliHwusiomLI &paC'/' [~] = [Jt 1, a 1 . ••• • Jto~ , a,,] etud 1lt~ Fislwr 

infonual iou Uli11 ri.x of t.his sp;u·c lwrouws 

= 0"!. - 2 ( i = j = 21> - 1) 

= 2a1• -
2 ( i = .1 = 2k) 

(OtlttTcoiH) 
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wlwrP k = 1. ... . tl. Tuis ~)Htr·t· with Fisu t mC't.ric i · IK[HIU t.o fur h]J>W<' iu Ddiuit iou 

3.5 "" H Rit'llll\llul<I.U S)J<I("('. i.t• .. if Lt'l'i-Ci l·if a I'OIIU<•etiou ih iuf.rodlt('t'd iu t uih ~)lal'('. 

thl'll ruis spac·r is 11.11 (•XI<'Ufiiou of U)')ll'l'holi(' '""'''' a.ud if (1-('()lJU<'I'l'iou b iul ['( dnt·t•d , 

tlu·u tlJ.i.s spal'<' i~ n•g;trdrd ;t." " · sr~ttistiral p;u·auteLric spae<'. 1on•ovrr tht• t'lllll'l'X l11 tll is 

pflkic•tJI!y ('O!li[lllt.erl iu \'lll' h >par'(', lloW<'Y('I' Vorouoi ui>tgnnn is uot dlki<·utly ('OIIl{llli.l'll 

iu tbis spncr. IJI'nl.nR<' L<'lllll1it 2..! is uot. pnnTd . 

Lemma 3.9 Th" nlumr H)lrU'e i.- indtulNl i.n 1/u: doss of Un.cm·iza.b/" HJHIC<. 

Proof: TIH' geodesic iu S is rxprrosst>d Hs 

.r 1 = r,cosl,-p, y;=r,silll, (i= J. ... _r/) 

l>y d pairs of I'<Jltittiou (2.~) for (.r;, y; ). L'sing i.lJ<• liu<•ariz;tl.ion 1 rdmiCJUI', W<' <·ousidN 

t ll<' follmriug tm11sfonllitf iuu: 

Siw·<• LltP liu aJ·izrd c·oordimti.<' s.vstr•m of S L, giwu , tbc pwof is r·miC lmlrd. D 

Flal.spac:c wi th global coordinate s:ystem 

\\'r .JJow II"' rrhLtioH,ltip h<' tWN' Il flat. }l<ll'<'. ltyprrbo!ic ~1"1'''' >Uid Linr<trir.a.blc· ~)J11<T 

iu Fi~ur<• 3.5. Howc'l'er rL<·' c·nmpll'fl' rrl;ct,iou ifi JJOt kuow11 : 

e [s t[Jl'r<' a ~[Jill'(' I]Jat j; nml>tiurd the cla.% of [UJ('IU'iz<tbJco S)J>\1:(' aud lliJW UO g!Plm) 

<·nord iliiLic' sy;II'Hl? 
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• r~ t lir'l'r iL ~p;u·t • ~oaf ~~ t"OUtaiurcl ilt Hat ~p;u ·c• aucl i~ uot \'Oilt;Liuc·d in li.u t•>t rizablc• 

!-.j)H.('f'? 

• lh I LN<' " 'pan· wl.tid.t b liJIC'ariza iJ!P sp>t.t·r n.n cl j, not flat mHI lw" uo globa l 

('oordiual t•? 

Filt>tlly wc• daiw tLaf t'O.l.IY<' X lmll drprmls nuly ou IL<' c·ouwxit;y of tit<' s p>~.c- r: if fL<' 

gc•cHic•,i<- iu t.Lc• Ri t•nta uuiau SJli!.C'(' io liliC>Ll'i r.nl>lt •. tlwu l.lt (' h ll'll C'tllrt· of tlH' t'O U\'('X un.ll 

in tltc• .~pace• is EndiclC'an. Sur-It >I h]mc·t· i:; <'all<'ci n l-inwr·iza.blc .~pru·f• . 



Chapter 4 

Voronoi Diagram 

TIJr atn• of t.hi> dmpl.<'r i' to rliR<' Ilo' I'LH' proximity r r l<LLion iu lu<·n«tnuimt sp;t<'l'. karliug 

i.o t [, r Vomnoi dingmrn. T!Ja.i is dcfilJC'd ill gt•w•ntl Il.i<'lll<Llllliau spat·t•. Siur'<' our pnrpos<' 

i5 1·<1 nJWitnwt a gcouwtri<' strnrtnre, r.lw hypt•rholi<· spit<' l' <lml t ht• dually fill.i ~ ll't<' <' ll.l'<' 

tn·at ed and "'" propos<· effici<•ut al.gorit lnno, i.r•., iu f,[H·HP li[Ht<'<': Vorouoi diagnuu nw 

b<' <·ou:ilrnf'L<'rl by our algoritln!J f>. 

4.1 Voronoi Diagram in Riemannian Space 

Till' Vonmoi rliagraw is a W<·ll- luwKu gr'fJ ll il'll'lc <lnrl tllatlH'IUat.il'nl ol,j<•(' t ilf'ntlt>,<' it is 

~in<pk lo ddin <' aurl lias appliu11.ious iu a un!uh1·r of ~d<'m·cs: bir logy. plJyRin •. ardJiu '

oi<•KY. <'l.t·. Pirhl we· proYirle a g<' ti<'I'<U tldiuil ion. 

Definition 4.1 Lt I P = f1.U1 , i = l. .... 11} be a .·r:t of 11 JWiu ts i.n t.lw .>J!Ill'f' 8. The• 

Vorout>i polygon \'or(plil) of P is rlr.finr·d ""follows: 

(~.1) 

whrn· d : S X S -+ In is n dislrmcr. fnur·tion . Tlw Vomnoi polygons frn P ]lll'rlitiou S rmrl 

C011.~tdnfe thr Vomnoi rlia.gra111 . Thr ?lf !1 ' 1it!e.~ of thre Vonmoi Jmlygons (u P r;a.l/r,r/ \ 'orouoi 

poiut s anrl/,he k -rhnre1rsionnl fo.n •. of Vo1'0noi polygous an <'allt•rl \ 'orouoi k-fa<Ts . 

Tlti~ dl'fiuit.iou usc's proximit y rdatio11o IH'I wc·t·n poiut.~ iu '111e opHrt', i>HsNI ou fl 

f' <' rt.aiu di. tau('r• fnu<'tion. Thrl<' <J,r<' ~omr· diff'c•rr ut crii.<•ri<L n&Pd in lh<' liir•nu urt>, for 

t•xmup!P, L1, Hlt'lri<' [42]. powrr d ia~r<Jm (s<'t' [12, pp.327 328]), LagaNrr \'<ironoi dii!

l!;ntUl [10]. t• tr·. Ln Sr·niou -1.2 W<' dl'al witl1 tl!r Vorouoi cliagram in !Jypt>rbolir· ~pat-e' . 
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calli'CI i11e hypp,·bob:l' Vo'IYJruri dittgrl.lTfl. T!Ji' l'omuoi diagr>Jw r·;u1 II<' <•ftici<'ntly com

JHH<'fl by nsiug the• EnclidNut \ 'orouoi diagram aud t.be• dt"kl iug SOil!(' fa""' · Thr·n· is 

i!Jl <'e[llilra.ll'tJc<' lwtwr<•u tiH• Enclid<·;w aurl hypm·bulic· spun<'s fnr giH•u poiuls (Lc•UJIIW 

-1.2). Si11r<• fur <I <'<• tLaiu poiul nmfigunttiou t lH'r<' is 110 sudt splwr<'. somt• fac ·c•s lllltsL 

IH· rPUHliWI. The• e:ourlit ious fnr r·xist.<'HC<' uf a spL<'rc· is giw 11 iu Ll'lllllla L2. L'siug 

1 hr.<' prop1•rt ies a nlw;trnnin· nlgorith111 for hypc•rlJoli(' \'orouni di<Lg1·;uJ1 is prm·idNI i11 

A.lgorit h1u -l.l. 

T.hf' rnigimil nit.<·rioJJ of \'orouoi rli>tgnun is t.il!' E11did<•;w distiUH'I'. !11 tltar. ca.,r. 

tiH•rr ;u·r IIIlich n·s<'md.J >~ml so iut·('l'e•st.ing results. fnr !'X>Ullpl<•. 1 hr rf'latiou to l!yp<'r

plaw• H.rnwg<'JJl<'ul., to Dda.1111ay triaug11latiou. c•tc- . \ 'orOIHli diagmnts itl c•<·tion "l.3. 

ntll<•d 'il- >liHl 'il.- Vomnoi rlingnt'lf!, also satisfy r.l JI'S<' prnp<·rLi<·s i.<' .. i'lH' dually fhd hJ»t.<'<' 

io >1.11 t'Xte• usiou of EndidNW. That diagnu.u ih abo eow.trnctNl by ill<' projl'ctiou or l.hr 

ruvl'iop<· of a uypC'rpla.ur arra.ng<·ut!'ui ;lllrl tiH' <l<·i<' tiou of &ome• f>ec<'S (Tli<•on•ut 4.-1. 

Tll!'O[('Ill .J..5). 

1\•lon•oYrr I h<• rda.t iou autot lg hyprrholir·. 'il- aud 'il'-Vowuoi diH,gra.tu a.n' Rt >1trd 

iu r't't ion 4 . .J.. i.e., WI' dc•snihr i!Jr t·<'iariou IJetwr•r·u Fisu r Ill<'lrit' ami tlil'<'rg<•nce•. t.ltr 

chamt'i<'rir.at iou of \'orouoi diagnnu i.JJ rl!<' Pnitlf'art• 'Jl'"''' a uri ill<' »i'>tti~t inti p<trHUI<'I rk 

"P"n' of om•-ditll<'llsiuual JtoJJIIal di ,t rilJJll ious. 

Fignn· ~.1: Vorouoi cli<Jgnull iu Eucl irl<•att ~-opacr· 

51 



4.2 Hyperbolic Space 

lu tlti~ M'<'liou n Yorouoi di~1grmn w llyJwrl><!iil· "Jl>tl'<', called liH• hmurbolir lfmrJ/!Ui 

rNngmm. i:. I'Xplain<'d (I u<• dPI.ail.c, of I !Ji, seetiou is ;cbo rlt•,.Tiberl iu [36]). l11 lluu spa<·t• 

fit<• dislauc<' (um·liou is ;cb'Pady giwu iu <'qua~iou (2.11) a.ud tlw pcqwudi<·1dat biM'I'lot 

i" a hypct·bolic plnue (L<'ttnna 2.5 ). \\'p cmt clr-fhH· 1 lie \'orouoi di>tgnun iu tlH· ltYJwrholir 

spa.<·c· imBJ<'rlial<'ly: 

Definition 4 .2 (Hyperbolic Voronoi Diagram) Thr' h~·p<'L'I>nlil' Voronoi di>tgT>IILl 

is d<:jil,wl RO tha.t th<· l 'lj1!fll.ion (!J.Jl) is 'I'CfJ!mlcd ns the r:'l"tlr<t·irm. of D~j,;uihon 4.1. 

Ertt'h fum. of this lforrmr1i rliu.ymm llf/iJ:r's ltypcrbolic. 

Lemma 4.1 Erwh hyJ'rd>o!·ic \!o.,.,nwzzwlywm is u. r·o·wm:.J sd i" the hmu:1·bol<ic .~J! <I.('r!. 

Proof: By t.l.tn dcofinit.iou. t.IJ<• hyperbolic· Voronoi ]HJlygou of a poiut i;. t.IJ<' ini.<·r~ediou 

of Llll' ltal1-:.p;u·r•s. iuc<• tw·b lmlf-spar<· is 1'\!l!V<'X, I llP Vormwi polygon i:; also muw·x. 

0 

By I hi;. i<'rtllllil .. it is 1'\'iclc-ut tllilt I h1• polygou hc>col!t[·~ <·onlw:J; /mil iu UYJH'rbolie 

~Jl>H'<' r each r<·giou ntu lw liu<'ari1.t•d aud look~ likr• Endid<'all couvt'X lmll. 

Hc•J'<' , W<' dl 'h<Tihr' til<' l>t.tnl't lilT of t.uc• llyprrholi .. Vorouoi cl i<·tgrmu. Cousid<•r 1.lt<· 

[ollcm~ug N JII>tf iou haLihfi<'d i>y rlil>tinct (d + l) p<Jin t s p(il(l'il· J1,2 , ... ,p;., ): 

J.lll Pt2 }l !d 'L~f= <l't; 2 

1 /121 1~22 }1211 'LJ=' J!2; 2 
= 0. (~.2) 

.l'j .1'2 ,I 'd EJ=I r/ 
iu lmt lt tl.t1• Lyprrbolic m<d f.L<• Eudidf'>W Rp>u·r·;. Thi; rqna.t.ioH gin•s t lH• same Slltfa<·l·. 

fL -'1lllf'rC, iu hot L hyp<'rboJie ( Lt•numt 2.4) ;wd Endirk>UJ ~pacf'. 

By f'X(JHurliug til<' dc•t<•rmiuauf. WI' La \'I' 

( 
,, ) .r 

""+' _f,;·r/ +?;{(-1)'
1
-H'nr';}+(-J)''+'ou=O ( 4.:3) 

wll<'rl' 11 1(j = 0 ..... rl + l) >l.l'f' c·<>ustant. rmlllbf'l's d<']JI'ndiug ou l'•r 

T lH• sigu oft bib d<'tnmimwt (-!.2) hhows wl.trt \i (•r thr poiul (.r 1. ·~':t· .. . •. r.,) is iudll(kcl 

in rllr· 'Pilt•n• (~ .3) or uot. Mor ow·r . th<' h[)Ut'l'<' t'XJH'I'SS<'s tilt• riiTil!Usnib<·d 'pl.trn· of 
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tlw tf-,itupl<'X of (r/ + 1) poiut~. Tun' 11"' cl'ut<•r of tLih spL<'IT is " \ 'nrunoi poilu in 

the Eudid<'nu "Jlan• aucl I U<' hypcrbotir n"ntc·r (Dd1u.il iou 2.J.j) is n hypt'rbnlic Yornuoi 

point in the· hypcrboli•· ~pa.cc. Tlw hypC'rbolic splwr<' in jns1ly iuclndNI iu t.Lr h.I"JH' rholic· 

span•. Thenofr IT ll.tP foll<m;ug lc·mma lta~ hr<'u r•st.al•lisiH'cl: 

CenterolSp/'leiO 

• aquk:llstanee point 
lrom any point on the sphere 

Hyp•x:bcllic: Celite" 

Figur<' .J.2: SpltPrc' <Utd tltt· cc'ul r ou lhr Endickau aud hyJH'rbolic Rp>t<:c 

Lemma 4 .2 Gi·uru ( rl + 1) 'IU!n-rle•gmt.<'mtr· JIOin t.~ in the rl-diu"~nsio11ul hyywrbolic SJir!IX' , 

tJw sel. 1·o•nsistw.g of Jlo ·inl.l' r:q·nid i#wo.t ft·o ·m fh1 fj'i!W/1 ( d + I ) point.~. if e~·ists. I'OU.si.,ts of 

ouly one point. Mon"J'IIC:7", the necr ssa.-ry and snf!ic:il11.1 ('{)nditirm fv.,. thr· e:l:istl!ltl:r; of thl' 

.171hrn fm· thr gi1•r•n paint.~ is t/wl /IH Hntfnn is inclnlir·d io lite hy];erbolir· N)IOr·c:. Snr·h 

11. conrl~tion 1:1111 br· '' mrittru in trnns of t.hl' n ,: 

rl-1 

(ld 1 f 0, Orl·ll'd+l > 0. 0 < ( -1)'1+1
-+aood4l- L nJ 2 < n}. (oJA) 

j=l 

Proof: Fur uou-clrgc·uc•ral<• points in t.IH• Endidrau spH. (', a ~ph !'H' L' alwayt< d<'t.c•r

tni.JH'd: ltowevcr for l.ur Lyp<•rbt•li<· kJ><u·t• tltr sphrrr doc;~ not alway" rxisl.. ltcrau1w Ill!' 

dist.Run· ti·mu a poiut. to .I 'd= 0 j, infini-ty ~tnd l·hi• Lyp1• rholir sp]){'n' is always iudnd C'cl 

iu I. bal. spact·. Titus I,!J,, nrrT~sarr awl snflkkul rondil ion lw<"om<'S ah1J\'t'. 

TIH' fir~t mnditiou of (.J. l) is <'X pr<'So<'CI >lH I.L" <:oudiliou of lluH-dt·grut·ntliou of tlH' 

set. of puiuLs. Siur·p rlw h.rtH'l'IJOlil' spliNe' mtd the• ah<ll'<' <•qnat.iou ;u·(· Uw samC' smi'a<"<' . 

W<' l'a.u <·Oulp<u·c• t l11• <'(Jll>tliou of IIH' !Jypc•rbolic ~pL<'rc witiJ tlt<' l'q nat.i.on dl'l<•rmiucrl by 

t.!tt• (II+ 1) point,. Tht•n , wr grt thn following : 

(4.5) 
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wlH•t<' JI(IIJ •.••• 11,1) is ils lt~·ppriJolic· c·<•utc•r >Wd r > (J is tl.tr radius of il.tc· L.q>crholi.•· 

;plwrc·. ThC'u \\'('<'all w·t the• point Jl hy soh·iug the >I bow· siilln.li <11li'OllS equat.iOJlS . Si..tJf'(' 

the• Lyp<•Jholie ~]Jh••n• is iudncl<-d iu IH". thn .r,r•·oordi.uatt• of I' is positi'·" a.url th<• kft 

side• CJf Llw 1 hird ' '<JU<tl.iou of ( 4.5 ) also i.-; pof.itiw. Also. nsiu!l; I Le st.aurlard rdat ious 

iJ<'l\\'1'1'11 th<• byp••r!Jo!ic trigouomrtric- fuudinus C'osL 2
t- siuL2 r = l. W<' ob1ain 

(- "-"-)z- (-1)''. ~- t o/ 2 > 0. 
2nr~;-J "•'+I J=l J.nd+l 

From l.hosc· cquaLious wc• gN I be• ahovi' <'oudition. 

Coui'C'l'st'!y if I he• c-oudi1 iou i.-, sal isfkd, t:L<' sirnnltmJt'<llts <'qnat ioas Rlways Lave a 

lmirpt<' soln t iou ll'hidt is iudndt•cl iu JH"- 0 

Pigur!' ·1.3: N(ll hyp<'rbnli<' sphrrc•, (A) hyp<•rho!ic· ccu L<'r rf. IH", (B) sJ)hrn• iutc•n;c•<·h 

Definit ion 4 .3 A fJUOtnrtric sl111.r'tur• i.1 o h}fJU"rbolic Drlo:ttiiUi!J !JI'I111h, tlr>nolwl hy H

Od(·), ·if its cltud Hl.ml'l.w·r· i.1 f/ud u/ hyJif11111lir· Vmrmoi Jliayt·oiJn: lhr: 1.:-fna of the 

hypm·bolir· Vomnoi dir~IJ7¥tm lwromc .1 ilu ( 1/ - k + 1 )-for·r of the hypr•,·bnl'ir· Ddannll!l 

91'flJJh. [n pa:rticulm·. th< d-rh'llll'nSirmol fncl' ·is thr' !tmu~?'/;ul·i c · d-.l'iw.plr>.J:, 111hi,.h is tlcfinccl 

cMI a d-dhnc ?J.~ionol h!J1W1·1iolic c·ou·tw;; hull by ju.l't d + l [!Oint.~. 

In Endirl<'<UJ spit<'('. sndl rln;tl slnlf'lttrP is a Dclmmay 17-ii/.1/!Jnlnlicm. Iu om <'il-'><', 

hoW<''''T tlmt is 1101 alw;~ys It'll/'. !'or c·xmuplr, IUt' dmcl Qf Fig -1 .5 h<c~ only 0-far·rs ;wd 

1-f;u·c•s; tiH'rc' arc· w·ii !J.C•r 2-f>tr·c•:-; ucJr 3-facc•s. 

Thus W<' ltm•<' I h<' f(l!lowiug t!H•orc•m: 
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Theorem 4.1 Suppo.w that a set of poi11/s I' w. rl-d•w,;n.~io11nl hill" rbolu.· -'J'W't is !Ji1!ru. 

Th111 Utr• jaN lattir:t of !.he hypc1·/ml,;,. Drla1L1ULV o·m.J•h l-1-Dt·l(P) lS 11 .mlif)Yn]Jh o.f 1./u: 

fnn l11.tfir;1' of d-diml"r•simw./ Dr lo.1!711L?J /.nrw.yu.l~~.tion in EnclirlNL11 szuu:e. 

P~oof: Lrt '' lw a vt•rt.t•x of tiLt' lJyp!'rlmlit· Vorouoi di<tgl'HJLL. TlH• point '' L~ a poiul 

<'CJilidistaJ it from (d + 1) nit rs of P. Tbest• sitPs form" hypNbulil' d-simplc•x of 1-1-Dc•l. 

l\ lowov('r. till'"' (rl + 1) poilll;, of (.he· d-siruplt•x ciP!.I'rmiuc•" l'il'<"tllW,tTi lwd sphrrr . 

This f'ir .. nwsnilwd sphrrl' is t.lw e;autc stu·f'a<"<' in bol.h rl-tlillli 'UhionaJ h.\'J"'I'I)()lic spat·/' 

;cucl tl-clilll<'nsioua.l E11diclr;<u :;p;u·t· (L<•llulla -1.2). TlH•r<•forr the• d-siruplc·x dors not 

dmugt· iJJ Pillwr Eudid<'<UJ spa.('<' or IJ)']lNb t>lic ' J>"-""· Thns H-DI'i ( P ) is a hubgraph of 

Dl'i(f'). 0 

[Remark] The• Vorouoi dia~-,>l·mn ~tnd tbt· hyp<'rholit· \'orouoi cliagnuu for a .·t· t of 

powb '""."han· th<' s<.\Jlll' stnl('\,nn· 11;, a f'al'<' JH.t1.it·<'. Howt'\'t•r if (r/ + !. ) poiul b do uol 

~a.t i:-r(y lhr c·ouditiou (4.4), tl1C'11 tlw ~<Jnicli,'>t;Ult poiut almtys <'x:i,r~ ill Endidr;u, SJHlC(', 

bnt. doc·> uol in the byprriJolir SJM<:e. Dl'l<l.HU>\Y 1t'i,lllglllatiou is ddilH•d iu 0<'fiuitiou 

5.3 11ud d<'noi,p Drl( P) 

Pro111 TIJC•orc·m ~.J , wr• d!'rin• 1lw f'oLlowi11g c·omll>try n•la.it'd to tht• c·ou,tntr·t ion of 

till· Lypl' rbnli<- Vorouoi diagnun. 

Corollary 4.1 Por {/, f)i11en sri. of ]JOints I'= {p<•l E ffi '1 : I = 1. ... ' II, .r,(JI(i)) > 0}. 

lhr follmuiny i.~ vbtnin<'d as o fw·e lattiC't' : 

[c)w<'r-lmll(f'') = De• I( P) :J 1-I-D,.J ( P ) = I'm( I' ) 

·whr 1'11 lowl'r-lndl(P') is a sl"tl'lu.t 'P cmlsisti1t.IJ of f1u:t's whos,. o•nlwnnl nrwmal 11C'f'!.o1· ha.s 

'1/e[Jttlivc: .r.~-r:oorrlinatr• . I'' = {(yP1,I:;·'Ai'(il)2) I i = l .... . n) C IR"+t anti.r
1
(pt•l) is 

the :r;-mm·dirw.lr· of lht• poin1JI(i\. 

Proof: Tht' lirsf, <'<ptat ion is a wrll-kuowu fac·t; it.h proof apprarPtl iu [12]. [I L~ pt'Oved 

I bat DPI ( P ) iuclucks l-l-Df'l ( P ) a.o; 11 f<L<'<' htl t icc• i11 I- ll~ t.bC'OrC'm 4.1 ;;boYt'. Tlll' la~t. 

rqna.Lio tl is pmi. of t!Jc• dt•tiniticlu of H-Dc•l(f' ). 0 

Algor ithm 4.1 (hyperbolic Voronoi d iagram) 

61 



1. Construct De· I(!') from the set of points !' when hyperboli c space is regarded 

as Euclidean space. 

2. The H-Dd( P) is made up of the DPI (!'): remove the verti ces that do 

not satisfy the condition (4.4) and some faces from face lattice of the 

D•·l(P). 

3. Transform the H-Od(!') to the hyperbolic Voronoi diagram. 

\\",. c:omuwtll o tt th<' S<'nlUd stag!' of abow alp;nril lJuL Snppos!' DdHitmty tri>utgtl

IMiOI.I is aJrP~rly cmttplt•t('(\ ;wt\ Lht• d;tta sl.nwlltn' of D<'ia.um1_r \ . ri>~.llf,'ldatiou io fan· 

lnlti<'f' (s<'<' Fig.Ll ). 

• 
• • • • 

• • • 
~~-

figur<• ~. -l : F'>H'i ' J;tt t.ic<•>. of tltn•c•-<limru>.ioual 'in1pl<•x a nd ofil yprrbolic Delanuay gmph. 

Fig.4.4 show I hr• 1'11>\Hgr of tll!' far<• I;,,,!. I ic·<• of a 3-clituru~iomtl silllpl<'x by abm·p 

pril<'<'<htrr' (gray uodro >lllrl hrok!'U li u!' 1\.1'1' n•utovt•d froiU the faec• lat;t ic:e). T hr lal.t<•t· is 

a rlnal st niC' Pirc• of !typC'rbolie Vomuoi diagnuu. 

fig. 4.5 t'OIT<'~f)oud s I o 1 he• right sirlr· fal'!' J,.t tir-r of Fig. -L.J. 

Si.tH'!' t.!tr l!yprrboli(' Ddauuay gntplJ i" a nt tbgr>Lpb of Lh<' E udidea u Dc·l ~tt lltay 1 rian

gnlatiou a. a faer lattirc·. i.ll<' undro of t lu• latl.ice ar<' clivid<'d iut.o two types : tllf' uodc•!i 

t IH\t are t.o rrnta.iu au<! t.L.o~<' tL >~.t >Ln' t·o i>C' n•tunn·cl. Wltru n \ 'orouoi poi.tJt wltidl i>. 

U\it iuducl<-d iu IJ-1'1 i~ found (I L ~ lll'('(\'>R>try aurl Mt flk icut coudirio11 is (..t.·l) ) !'rout rl + 1 

point~ , tltt' nodt• <lf Vorouc,i poiut is n·ntc>Y<'<I. \\ '" du•ck 1'\'<'ry ll t>c lc• a.<. fo wl!Ptlu•r it will 

rrwaiu or no t . l\ lorC'ovrr. tlu• folloll'iug prop<'ny i' prowd . 

62 



• 

Fignr<' ~ .5: H:nwrboliC" Vorouni diagmu1 for -1 poiuts 

Lemma 4 .3 Gillr·n the D lau11tt.y gm.]Jh fo.,. '' sf'/ of ]mints. If n norir• of Dda.nn(ly gnq>h 

ronlnius 'tlli rmiuls for· mmova.l. 1'11~11. that norlr: i.~ mltL'int~d iu thf' Ddanrmy gm.ph. Ju 

Cl£ldition. tL'/I.Y S!L)W1jrt.t:e of 1'miLO?II"/ fru·~ ltl.~V J'(' IJIO'!ICd. 

Proof: AI 1<'<.\.-t rPuJa.iuiug hype-rboliC" siwp!t'x iR r·qnal 1.0 Encl id r<w mul il is !H'<'d uo1 

ill' !'l'llloYr. \~'" C"Ou~irlc~· <>W.\' a rrtiiOVC'd siu1pl t·x S . .-\ll subfan•s of t.ltal. simpkx is no! 

l<tkeu off. For cxawplc-, in Fig 4.6 OJ((' 2-f<~rr is n·l.aiuc•d. If a k-fac·•· of sHeh a siwplrx i" 

l'I ' UJOV d . liH'Il aJJy bupnrfa.el' of i!Jr k-fa.c·t· is Hlso rc·mov<'d. 'This ~l'l'llC" Inrr is l,l.Jp dna.! of 

\ 'orouoi di,tgnull awl in that spa('<' a k-fan· do•·s uoi· t•xisl. if aucl only if d -I.· i.Jypr·rliolir· 

pl;tul'~ do !WI. iJtic•rsc•t·l. Ju nddi1.iou . d- k li)'pc·rbolit· pl;wcs do unl iul.c•rsi'C"t. t bt•rPfor<' 

I(> t/- k) bypt•rboli<· pi>HH' · I hal. ind111l1' pn•Yions rl- k pl;ua-s douot illf'('f'~<·t·f <' i11H'I. 

0 

• 

FigurC' ·1.6: · ol all fm·C'~ of n·wol'(•d ~impkx a.url it.& [;tr' l' 1>11 ticP 
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The fniJowillg pro<·t•clnrt> i.-. •·<>u ~iclr-n·d by Hbon' 1<'tfluta. Tuih proc!'dnn· ih appli<'<i 

to 1't'lllowrl simpl<'x. 

Procedure (Mark tltc• rf'IW1.iniug twd!' oft U(' siUlplc•x ) 

1. Mark (II+ 1) vertices of the d-simplex; 

2. Q = {every pairs of points}; 

I* set of the face of d-simplex *I 

I* and each face is expressed by the set of vertices of d-simplex *I 

3. n =0 ; 

4. while (Q f- 0) do 

v E Q; 

if (there exists a node corresponding to " in the hyperbolic Voronoi 

diagram) do 

Mark the node; 

n:= R U{"}; 

end; 

Q := Q\{••) ; 
end; 

5 . Q = ((u} U{w} j1t . 11•E H. the Hamming distance is d(u,u•)=2 } 

if <Q = ~ II JuJ = d + l(u E em 
end; 

else 

goto 3; 

Afl.er fltih pnH·<·<iun• is 11ppl.ied l.o rt' liii>YC'<i sin1pkx, auy unmark('([ uod1· is r<'lllOY<'d 

fnnu l lw fac<' lat.lic<' of lhC' Eudi<icau D<'lammy gmph. Th<• r<'lll<tiud<•r gntph is just <1 

Lrpr·rholir Ddauua.r grapL for gin·n poiuls. 

Mon•owr. t.Lr> coutiJiuatoria.l cou1pkxity of LlJi, s tnwtun' i~ pron•d: 

Coroll<lry 4.2 Lei P II<' 11. 8d of 11 wriut~ ·in tlw d-clirrl(nsi.onal hypc'l·buli1· spru·1 JJ:rt. 

Th~ mun/wr of k-fa ·e.< of tin hypobulic \fomnoi rl·i(I,IJW.'/11 i. 0(11'";,'{d+I -(·.[!I/2JI). for 

0::; k::; c/. 



Proof: Tli~ hypr•rbolir· Vorouoi diagnun io a snhl?jntph of ill(' Euditkmt Yorouoi 

diagram. Tint~ 1 Lr• uutt!l,or of hypNI)()Iic k-fan•s is IJOuudr•d by r.ltr' ttllllli>l'r of 1•-f<l<·r•s 

0 

Tltt• I iuw !'Oilt]>kxity of tltr• algorithlll is obt.Hiw•d: 

Theorem 4.2 Fm·n TJ{Jinls in the rl-rlime71.4ionul hy)wrbolic H)Jr!!'P, til" hypm·boli1· Vonmoi 

l/il1,gmm 1;au /)( r·on8tmrted in 0{ 11 fl"+ 1 l/2l log ,, ) f irm. 

Proof: Lr•t, F = O(nft<i+l 1/21 ). FirRtly. r·ousidr•r tlt t i1\tr' of cou~trndiou of tlw d

dilll<'Usioual Df'I<Llllmy 1 riaugnlat ion. It em! he IJI!ilt ill O (F log 11 ) ti.tur• (r·.g .. sr•c [12]). 

Sr•rnnrlly nl!lsidr•r t.l11• S<'r·ourl s~r·p of <>nr algorilluH '~' follow~. Exaruiue all w·rt in•> 

r>f Dr'!(!' ); if a Yl'rtl-x dors 1101 s;nist}· cuurliLiou ("I.-1). t.I.Jr•u J'('IUO\'C tltal \'l'l'kx <UI!i liH· 

fa,('"S I !tat, wdn<k tii<LI YC'I't<'X. Thr Wllllbt!l' of I his OJWl'atiou is <lt, WO~I. the Slllll of I IH· 

fa.c<' uumlH·r. T.ltrrr-fon• 111<' 211<1 stc·p compklr•rl iu O(nffd+ll/21). 

rimdly, tl.l(' t.ltirrl st.r•p is()]]]~· l'<'hthdiug fa.ccs; I hi~ Dpl'mlilln is ;d~o liuv:tr for IIH· 

stun of 1-h<• fan• uumhr•r. T!Jn, I hi~ ~tq; ha.'o 1br ~<uur• tim(' r:otuplrxity wilL Ill<' 2ud 

sl r•p. D 

\Vc· s how rlrat. t lll' f<l<·t• i<U tir·<' of tlt<' uyprrbolic \'orouoi diagra.tu ~> a ~nhgntp l.t of 

iJH• Euclirlrau Vorouoi diagram. Tl.tr• !typr•ri>nlir \ 'orouoi diagrmu is cL<tra<·lrTi7r'd by 

lit<' E·u.d-idra•11 7Jf>lr·ntirtl jwu·lirm, 

Iu additiou, il biglwr-onlr•r Vnrouoi diagnuu nul ile c·oJt,.,idt·t·r·<l. Tbt· kth-onlm· 

Vmmwi rlinyrrt111 is a diYi,.,iou of IIH' wlwlr• spar·<· con·,.,pondiug t.o A-(< 11 )t; l.t ur•;u·r·sl n•

gimr for givr•u 11 point, (cktailt•d rldiuitiou i' iu [12, pp.315- 319]). lu tlu· two-dimrusiou:d 

('ilSf', lllf• r·owhilllti.<H'ial ('Olllplrxity or the kl u-ordC'r Vorouoi diagram i> O{k( II -I•)) am! 

is a iigllL bouud ([12]). ror" :::>: 3, its ('rl!Uhwalnrial ('Oliij>l('xit.y is a:ual~·zt•d by Errclirlc>au 

poi PU I i:d f111Wtiou iu [Hi]. i.t' .. tlJt• SJIIU of tll<' unwbt•t of [al'.t'~ of I]J(' jtlt-onkr Voronoi 

dingnun . .i::::; k, is 0(111<~/211,-f•l/21+1 ). 

lu I !Jr hyp<'r!Jolir· SJl<l('<' till' kt!t-onl••r il)' Jll'rilolit Vmotwi diagmm is simiJru·ly tlrL 

fitH'ri as Enclidt•au. l\'loreovl'r. siut·r- l.typerlwlil' \'orouoi <li.<tgnun is dr<lr<lf'll'llht 'd IJy" 

E-ru:lidr,a.u JWir;ntialfu.wl.ion. il.s eouJ!JiwttoriaJ ('()JllplC'xity i5 simihtrly hOJtndt•tl. 

Theorem 4.3 Pnr 11. 8«/. of 11 ]IO'inls i11. the rl-rlimr'!l-''iorwl hy)H'!·bolic SfJ<u;e. nut!" JIOHitivr' 

intr_qr·r k( < '' ). thr k!h-rmlcr /typr·t botir· Voronoi rNogl'mn i8 " snbsd of t/w kth-onlr·r· 

Eru·l!dr:au ViJI 'IIIW'i rl-iagntm o,~ r1 face lattice. 
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MrnwJVrr il.• wm.bi'll(t/ur·i,d I'Ornplc:r.i /71 1s bonnrlc:d by O(k(11- k )) w/ur1 rl = 2 1/.//(l 

O(u ld/2J t.: f<~/2]+ 1 ) fo ·r rl;::: 3. 

Proof: Wlwu a \ 'ornuoi di;tgmm. t!Jat i!i 1st.-onl('r \"orouoi rliagnuu, for gin· g<'U<'J'at .m~ 

i:- c·ousidt•n•tl. suppos<· a :-plH'r~ I bat iudnclc·~ 110 gr11rn1t.<lr alJ(I "-!Josl' honudary j,.. ou 

d + J g•'urrators; t.!J<' C<'Ut<'r of 1 b~ spiii'I'C' lH'<'Oilll'" a Vorouoi poiut. iu 11i1• \'oronoi 

rli<t!,'UUJt. J u tlu• kiu-onl<·r \'orouoi rliagra.nl, ~i1uihu·ly ""PPO'C' <L "JliH•J'<' tiHJI iudnd<'s 

k- l g<'JI<'ntl,or;, aud wbns<· bouurhLry ou d + 1 g<•u<•mtor,.. . By L<'llllll>t J.2 ft>r rl + I 

uon-d~grul'rat .l' g<'JII'mi.or,.., ill<' :;ph('rc j, uui<JU<' iu bot L t·. L<• Eil('lirlcau spa<'r aud tlw 

h.rr~rbolic :;p;H'<'. Siuc·<· lhosr splwn'' for giY<'U g~ucral.ors ;u·c tlw sMU<\ at. lr•a,,t ktlJ

orclcr hyp<·rholic Vorouoi diagnuu is <tbo a subgmph of kt 11-ordt•r Eudirkau Yllrouoi 

diagram. as a fan· l.-11 I iC't"'. 

Tht•nofort'. !Jy t.ur nppr•r honnd for t ltl' Eudicll•an kt b-order Vorouoi di.agnuu (s<'<' 

[12, 10]) i It~ >tbnw bon ud is also proY~d. 0 

TIH'm:<'.lll -l.l. 4.2 ,.,bO\\' tlmt. lbc• hjl)<'rplaw· <ltT<Ulg<'lU<'UI in End idc;cu ,;pac<' giY<'S 

t.!J<• iufornl>tl.icw fm tlw who!<• of the· higiH' r-•>rrl<•r V-mouoi di;cgnuns. lu ot.lt<·r wonls, 

l.lH• k-!t-vd. rltat i~ a.'''' of ktli l>yp<•rplauc·~ iu t!Jc• onkr of y-a.xi~, of abo1·c· l>:vpc·r

phlllr HIT<Uig<'ll>('llt, c·orr<'"portrls to kt lt-cml(•r \'ornuoi diagrmu iu J,ot 1, En .. li<l<'>w aud 

h.\1J<'rbolit spa<·<' wb<•t'c tLr y-axis ih au addiug a.xi~ . >Uld w<· <'oJJsid<'r ~;udJ a hy p<·•vlmw 

il!TilJJ!\( ' IItt' td ill Ill!' !>j)i\1'1' [.1·1 . • .. , .td , yj. 

Hyperbolic· \ -nrouni di;tgnuu~ ;u·c· aJt.o dr·>Lll witb iu [5 , 6]. Tlrr difft' l'<'JJl'<' b<'IW<'<'ll 

unr ILppt'mH·h L'> <'xplfuJi<'d IJen'. lu [5] th~y c·on,icl<'r tht• Jle11t;il of Nphen llud irlr•ntitJ; 

{,ctww•n Eurl•idc·rm nr•rl ity]le7·bolic -'liht·r·«.<. t u;rl is. in r/-dim('usioual LYJH'rl)()lic· span' 

~uppos<' 1.wo splH•rr' 

·l- 1 d- l 

~ 1 : 2).r, -p,)2+( .r,,-JidW~h r )2 = (Jl.t'iuh r )2. :S2 : :L).r,-p.f+(.rt~+)!.!t'Osb r)2 = (Nsin[, ,·)2 
i= l 

F {~: 3,\ E ID.,V.\ E IR" . ~(X ) = A~ 1 (X ) +(I- ,\ )E2(-\ )} 

{ ~(X} = I:(~·, -p,f + {,.<I- (1 - 2,\ )pd mslr r} 2 + p}- (l - 2,\)(Jld 1·ns!J rf.} 
1=1 
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"·lwrc• c and a ill"<' t[J(• ('('Olr·r <Utd tl.t<· radino of Ll.t<' sp lu•tT ~. rrspc•ct iV<'ly. TilliS. all 

iu~n'<l.'<' of tlw .r,-I'J)I>rtlimlt<' t'<Jrr<•spuJJ<]fi t.o an iuC'rc•as<· oft Lt• norlins of tlw liypcrhoiif' 

: pJtr•n•. TL<' a.lgorit,LI1l i~ dPhigu<'d by tl<i.' fa.C"l. Tucrd'or!' i.u t,L<' (rl + l )-c li m<'w.ionaJ 

EndidNLn spit('<' [.rl •... '.r,, vl ('()]), idt·r t lw EndithLU polmt ia.J fnudiou and Ill<' llyp<'l'

plau<· ;uTaug<'IH<'Ut to C'ouslrttrt tiH• Eudidrn.u \ 'orouoi dia.gnu.n and Lllf'u projc•cl, t.lw 

lnw<'r ('IJ\'C'lop<' wit !J n'SJHTt to t.Lr :r,rc·oordi.uiLI<' t.o t:bt• poi<'ul ial fnud.iou parall<·l w .r11-

n.xb. Tu <tddiiiou, pmjc•c·t ti.Jai obj<'rl to JH "- iLUd th<· st.nl('l,lli'(' brt"O ilJ<'S t !J r uypcrl>t>Ji(' 

Vorouoi diagnuu. 

C<!UHl'CJIH'tH1y. iu [5 , G] a !typ<• rholiJ· \ 'uruuoi diagrmn is C"n!llpntr·d hy f'U]argiug hy

JH'riJ()Ii f' splwrc·: t:b" iul ('rs<·ctiou of h ·p<'rbo!iC" sph <'J't•s <"IHT<'Hptlnd' 1.0 tlH• btlnudm·y of 

tb<· b)lH'rbolir Vnrouoi n•giuu. Howt'Y<'r. iu ou r thr·siR we• look aL c•ac·L Vorouni point aud 

tiH· irh•ul.it.y oft !J t• spltrn•. t.o dt'trrmiuc· wbl'l her ·tlu• point is iud11d<'d ill t,Lc• byp<•r!Jolic 

opil.t'<'. Tb<' TC'Ia1 iousltip t.o r.he E~~<·liclc•;UJ hyp<•rplau~ aJTillli>;<'IJWnl i~ f,I.J<'J't' !Jy dt·hc-ril)('tl 

and I L<' pnl[lPI't)' o r 1"111' !Jighcr-orcii'J' \ 'orouoi cl i;J.gnuu is a],o Jll'O\'l'C I. 

4.3 Dually Flat Space 

Tlti' H<'t'ti.CJll tl<•als wir.b Vomuoi rliagnJLu' i.u the clttaJly U;LI hpa<·c·. is r:;,lJ,,cl '17-Vnrouoi 

diagram ftud '17' - \ 'orouoi cli;LRT>UU. Thr rlnaJiy fiRt ~par·<• wa:-; ;tlr<•ildy dc'"<Tibc•rl iu St•<·

t,iou 2.3. lu I hal ~pac·<'. liJH• i.u rlt<' Endidc•au sp;V·<', tL<•J'<' ;u'<' potmi.lwl f!c.'llction~ a.ud 

di1wlrJ<W'I'. Tu arlditiou, si uc·<' t.l"· rdatiou i><•tw<'eu poteutial rruwtiou and clil"t' l'g('lll'<' 

l'iti'J lw ;li~o showu, SOllJ(' j>l'OjJI'l't ic:-. or pot<'JJI,ial ruurl iou ;)]'(• pi'OVt'd. TLis \\"(JI'k i~ au 

t•xt.c• usiou of [31. 38]. 

4.3.1 Voronoi Diagrams in Dually Flat Space 

Definition 4.4 ('17-Voronoi Diagram) FO'r 'I sri uf 11 ]10-inl ,\· {pill ; .1 = 1, .... 11) in 

I hi' rbwlly fiat SJ}{!f:tJ, thr> Vomnui ngion V(pW ) of /J!Jl is rlrfinrd by 

' '(/Jl) = n { p I 0( p II plil) < D(p IIi""')} . 
k#; 

l "(p!Jl)(J = l.···.11 ) porl.ions the< J:nally fl(l.f sptu·e fl. 111hieh i8 mlle<llhc' '17 - lfmmHJ'i 

diaymw of th1 se puint,,·. 
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Definition 4.5 (v -Voronoi diagram) Tlw v·- Vomaoi rlw.gm111 is drfioul by n·

plru"ing 

in the <lr.finifoi.m, of !lw V- Jlrmmoi tliagru.m with 

(-1.6) 

[Rernark]13c·<·>HIM' thv din·rg<'ll<'(' rloc·~ uo1 "atis1ies t.IJ<' syHtm<•t ry of thr• rlist>nJC<', 

two diff<'l'!'lll. \'oronoi di>Lgr>UJIS an· dt'fju('d iu nj(' du,~ll~- Ilat spa<"(', Howe'\'(']' I br•rc· ih 

t.lcf' I'C'I>Ltiou (2 .25). lwwever. W<' <"flU r<'\\Til;e C'fj lHLt ion (·I. G) usiug \7-diYergc•ueP: 

D(piJ ) II Jl ) < D(IP'l II Jl). 

Tlins two \ioro11oi rliagntills <U"<' d<'flu<'d, but I lw difi'pn·un• IJC't.WC'C'U 1-IJCsC' ouly is t bC' 

dirC'ctiou of I Ic C' rlivf'rgC'uc·c•: from a gc•u<'mtor to" pow! or from a poiut to >t W'UC'ratoL 

~Jorc•owr r"!JI' houurl>1ry of th<• v(v )-VoroJtoi r<•giou c·nuhists of 1111• \7(\7')-gcod<'si<· 

><'gt 11 <'11 t.s. r<'SJ>Pdi l'f"•ly. 

Th<' \7- mcd v· -Vcorouoi di;tgnuu~ for R sc't of puillts llligltt liaYI' thl' saute• strnc·ttm• 

HS a fitr·c· !at t.ic ·C' lmt SotlH'l i.tw· 1 Lc•ir st nwlur<'s >U"t• rliff'er<'llt. 

Example 4.1 v- >U.Jrl V'-\'omuoi rli<tp,l"<LJII~ for a set of poiul-h clo ll()l ·~!ways hal'(' t.hl' 

:i<lltlt' stmctnr<·. Por t'X>uuplc•, lc• t P = {(-rc.l),(O.bJ.(u . l) I rt , IJ > 0. ~ < b $" 

""} ht• >1 r;c·l of powt.s iu t.lH' Bt a, t . i~tical p>LfH,Jnf'hil' Mp>!n' ()f ouc•-di.tn<·u~iomd uonmtl 

tlistribnti<JUS. Ju the• \7-\'orc>nni di>1gnun for P tl.H·n• is a poiur. c•q,idistaut froru thrr•<' 

pniut.s, bnt iu t.LI' v·-Vorouoi cli>tgntuJ for p I uc·n· i~ uo SJJ('L poiuL (Fig. ·L7). 

Tu I.Li;; s<•<·tiou W<' ~nppose tiHLt a dually flat SJHLc't' ba. a ylobal mo·rrlinnfr: sysltm 

I H·c·~tn~c· n.ult·s' tb0l'<' iJ Sll('U 11. <·oot-cliiLI.Ltr• systC'lll, we• spr•,.ify ouly H lol'al property of a 

~f'OUJI'Iri• · slrnc-tnn•. 

Le.~uma 4.4 The following conrhtions rwr u;niva,/cul in d1ta.lly fiat HJ!IU'r:: 

• lhl'1'" c•,;isls a [Jlobal t·oordinal< ·''Y·'tem. 

• 1./wn: r:t:i, .~l;s rt u,n:iiJII<' ])()trntinl jnnrl.ion. Tlwt is. the fnudion is rleji71ed o'"'''' tin 

ert li'l'l: spar:e. 
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----- (0.3) -----

GJyt::), 
v -Voronoi diagram 

v*-voronoi diagram 

fiv;nn• ·1.1: \1- <Wtl \1 '-\ 'orouoi uiagnuus for f' 

Proof: R <'h~t iom; (2.20) spr1·ify tl1e n•i<tt.im1 I <•twe<'ll t,L(• coordiiHtt.<• s.ntl'lll aud t.lt<' 

pot.<•ut.ial fniH ' t,ion. [u gr11rnd. t.IH 'H<' rclatious arc prov<•rl uuly in till' local coonliuat<· 

sy~t<' lll. But if l;]Il' c·oonlitmtr ~;y~ t.<' Ill is global. this n·htt imi lwtw('(' ll t.lw c·oorrLillnl <' 

sys t.c•m ;wciiLr poi<•lltial fnndion is c•xpaHdrd to l.bc w hok spHi'C\ i. e'. . a nllitjll <' poi.<' Ill ial 

fm1ct iou in t.b<• coordiuat.<• s·yste111 is defiued. 

Couw·rs<· l~·· if snd.J a potl'uli;tl l'ttlld.iou <·xis l.s, till' II i1 s ckri ntt iw· brcouws the g lobal 

coorcliuat <' syst.<'llL 0 

Example 4.2 Thr stntisticu.l ]Jfu·nnwt·ric 8)J(tl'< ha.$ o. glolmJ <:m>rdinatc sy. t!'tn. Si•t,c<: 

thr Jll!lr"rlf·i<JI fu:nr·timt. ·in lh<' po.mw, tr·ir· .~J>IU 'c i8 af't'lla.lly w1'itto1, /,y Ow above ln111nn 

1./w swu·t· haH 11 globo.l r'rH>Hli'llal.<' ,;·ystrm. 

4.3.2 \1- Voronoi Diagram 

In this sel'l.iou W<' sp<·•· ify tlw s lr<ll'tun· of tL r \1 -Vorn.uoi diagnwt iu tl11• dn>dly flat 

' P'li'C' J/ [or 11 givcu poiu t. BUl. \\ 'c• alRo giw nu algnrit.Lw for tLr <·o.u,truc·t.i<HJ of LIH' 

\1- \'oronoi dia.gn1u1. 

\\ir snpposr ;In arldit.iowll a.xLc, !J to J/ Ro tiH\1. we' n ut con,ickr 11. SJHli'<' [fl. g] ill wl1idt 

wc• r·olJ>irkr n U. 1><'1''11 r[ac<'S 

Lemma 4.5 S1tpJ10s< <.1 71oi•ot iJ, the potcutw.l fmcdirm ( · ·in thP rbwlly /lilt Rpru·" R , und 

n spn.r·e [R, y] = [!i,y]. Th e rliffc:rrnf'r' br,tw:r•!J. -l"(B) ouillhc· uulur• of t/w y-coo·rtlimt.t" of 
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(! 'iu lh" I.!LIIfjf''llf hy]Wt?Jllt·llr' of thP JIOir;nlinl fnuclill 'll 1 • at {I i.~ MJUallo the \1-clim r!JPnr·r 

ft'orn 0 /.11 iJ. 

Proof: TLI' tau~r·nt llYI"'rphuH' i,; I'XJlr<'Rsc·d a.'> 

( 
- ) Dt ·(li) - ( . .. ) - -

?1 =- ;;:= O'- (!' fiiT- u(OJ =- ;;:= 0'- 0' 1J;(O)- 1/'(0). 

B<'<:<\llhf' t L•• polc11t iaJ fnli<' l iou io ~t.ridly eouv<'X and f iw t aup;<'ut. i•YI"'rplruw is »bov•· 

tiH' fnndiou, rli<' diff<•r<•uc:<' bc•c·mn<'fi 

d " - L:Ui'- 8')q,(O)- u•(iJ)- (-••(OJ) ·•'•(0) + ;(0)- LB''J;(O) 
i:::: l 

D(Oiih 

D 

[Remark] Th.ih f'CjU>11 iuu cau >Li•o he Jll'I>Yed in t iH• Eudidc>w Rpacl'. Il<•caU t li<' 

<•xampic• of \1- a,ud \1 "-dil·crp;c·uc·p iu Eudidc•;w Hpacl' , <Lild t ll<' difff'n,u<:t' lwt W11Pll tL1• 

Jlllf('llfial fnurtion awl t.liC' liLngcul. uypcrpli!JH' l)('('()lll('f> till' Lalf of t,!JC• S<j\HU'I' of IUC' 

Eudidc•;w distmw<'. TJ.i~ f>u'l. to , [,ow t.ill' rd>Lt.iou IH'twcc·u Lypnphwc• mT;wg<'llli'UI 

>llld tile' Euclidc•aJl Vor0110i diagnnu wa. nscd iu [12. -12]. 

By t.L<' ilH'ory <Jf \ 'pro1wi di>1gri1WR (<·.g .. , •·c·[l2] ). t.Le proj<•rtiou oft ll•• lower 1'11\'l'h>pr 

of t.hat. UYIWrplr~uc• >llTa.ugelllf'tll iJC!'IIlUI''i <L Endjc!c-au \ iorouoi diit!!,t'>lJll. ru 1111' rlllftlly 

flat. ~parr t lt r proj<·l'l iou <Jf l.ltc hrw('r !'UYI'lop!' of t. Lc~~<' uyp<'t'f>lll'faccs t.o tLc· spru·l' R 

IH·col!l!'s tlw \1-Voruuoi di>LijnLIIl. lu rlw 0-coonliuat,,. sys l <'m suppos<' <1 twtppiug frnlll 

[R.y] to ifs<•lf by [O , y] t--[li , y- v]. TlH' li ype r~urfa.t·t• is lll>ljl]><'cl to 

T]li~ illiagc• of tltP l1yprrsurfan• is tlw h1JJI'''Pla:/l!! iu t i1 r o]I>LC<' [li , y]. Bentttsc· t.u<' (iUI i;, 

a i\<' llt'rat.or aurl roust.ilnt. t.b<• :p(Ot1J) i.o; >d~o •·onstaut. Mon'll\'l'r t.L" map r<'t>tius tue 

<l.bow-bclow rrlat.iou wir.JJ rt'SJ><'<'t t.o tLc y-dirC'rt.iou IH'raus•· nf tu<' st.rict ly rcmwx.ity of 

pot PUtial fnnd.iou . 

So we srak ul'xi t !JI'orcm. 

Theorem 4.4 Fm· 11 . li of 11 points {O{)) ; j = 1, _ ... 11) in the rl-1li'lllcnsionnl dnrtlly 

fla,t spa,t·c; 11'ilil ylol111l cool'rli'llnfr . yHic 111 , a \1- Vonmoi rliafJTO.W is the pmj• c'l.ion of the 
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lower· ct•vr:lvpc of 11 hypmplu.nc.~ 

(·1.7) 

(j = 1, . ... 11) to the tlwd/.y fint SJmf'f! R 'lllhich is n .mbsd. of d-rlim~n.~ionnl Endulr·rm . 

• ')II!Cf' ns 11. fncl' lattice nud h1 1/N the r·umbi'llnlol'inl mmple:rity F is 0(11 f<"+ 1l/2l) 11.nd lltr• 

linw WT11]Jlr.:1.ihj i8 O(F log 11 ). 

Proof: Tl.H• projet"l:iou io R lll<'>LUS [B ,y] >-> [0]. A~ meutiou0d <t bow. t:lw origiJJaJ 

lift,iug-np map lwep> tlw ;d)r)n•-bdow rC'l<tt.ion is Huclmugrd. mtd for tlw hyperplaue fm 

01j) <1Haiuiug flH• lowN <'UV<'lop<· at [OJ. 

To ckriY<' llli' nunhiaat.orial c·ollrpl.i•x.ity, we apply ru<' "J.lJ><'r hound t.lwor<'lll for 

eouwx poly! ope> \\it L n fil.<:<'t.& i11 J,lw ( d + 1 )-cliu J<' II siou;tl Et~d i dt•;w sp>~cr•. To dt•riYr 

t.bC' tiUH' I'Oinpl.tx.ity, we ('all nsc• >~ll}' c·ouvr•x. ltn II Hl.goril UIU in c·o1uputat ion HI g<•onu•t ry. 

D 

- lower envelope 
o genarators(given points) 

• V'-Voronoi point 

Figurr 4.8: Pot.<•u.rial fuudion aud liJf" l>tug<'nl lryp<·rpl;ul(• at rac·h g<'uc·rat.nr 

By tl1is tlwor<•m W<' lHWl' tbr foUowing l'Oro lla.ry. 

Corollary 4.3 Erwh Vrmmvi r'!'flion of the \7- Vomuoi diagmm. i8 rwurmJ!Iy miff tl iH o 

couvr:J: ]Jotyhriilmn i11 th" 0-r:oonlinatr• syste·m. igrw1<ing thr ]HU'/ td inji·11ity. 

Proof: iurT r·arb of\'orouoi rrgi<Jn is iuduri<·rl int lil' g\'UI'rn.tor. tlw ~par<' is noJ«'Lt<]lty. 

i'vlorN>Y<'l'. in tL<· 11-<.:oordinat(' .;yst <'Ill, all of \'nrmwi region" rousist of ilali~'P'H'C~ of 



lJypc'qJlanc-. Tin I~ t lH' Yoronoi n·giou is ~onvrx ;wc l th<' polylic•drou iu tO<' IJ-<"Olii'diuak 

sy~INIJ. 0 

Thr l!Jl!J <'I' ruvl'!opr. wlmhC' projrdioo brcouw;, fl!C' fart.l!C';, t, v -\ 'o rcmoi cl iil !(I'i!JII. 

whir l! i~ ua tnrally rldiJJrd , nLu IH' obi >Lin rd. The hi !(hc•r-ordPr Vnrouoi di;tp,nnn is abo 

tlrfiuc·cl iu tlw ~par<' ''Y v -d iYC' I'gf' lll'(' as h>WIC' a.~ iu EndidNLlJ. \\ ... (';\Jj gf'l llH· l'l' imiml 

bi' I WC'<'It the hypn plauC' arnwgc•mrut au cl a.LI liigLc•r-oukr v-\·orouoi cliagnuns . 

Corollary 4.4 (Higher-order v-Voronoi Diagram) The hype1plu:n.e <rmm!Jcme7!l 

by equnlion (4. 7) h.os thr CO'IIlJilt tr: iofo•rrnn/.i rm. of all h;ighcT-on/.~;~ · v- Vrnuno·i cliltgm.ms. 

in othrr wonts, I he flu;{, laltit·c· of I he rtll hi!JhC'I'-01'1lr ·r v-Vo·1rm.o•i diagmms and of lh" 

hypC7 J!lnnr mnw.gr:rnc nt iu !hr. ll-r·oo1·dinatl' system in tlw uiJovc. thr·or·r•m is t/w so'I!U 

l'fCI<T!I fo1· somr fa(;(:.<; mhi('h is ·nor inchuh:cl ·i'll the dinymw .. 

Proof: Tb i. rorollary c·au lw proY<'ri r•asily IH'c·;msr hy Lr•unuft ..J.5 ;wrl Tb<'CI]'('IIl 4.4. 

I hP 1.:- lr\·rl of t.h<tl hnll'rplmH' mrangc•tuPut c·orrrspou<ls to I. uP HIJ-orclcr V-\ -nmuoi. 

rliftp,rmn. 

Jt , [Hmld Jw nolr•d l.lmt i]H' <lfT<lll ~(' lll i' Jli of' IJyprrplml(':i ill t.!Jc• i!J t'<Jl'C'Ul i f< dl'fill l'd in 

t.lw wi.Jnll' 0-mord iaHt(' syhlrw [II]. n·wwliup; il as lR d Tu<· V'-Vormwi diagraw. I.Jow<'Y<'r, 

i..< cldiu<·d <Ill O(R ), whirl, lllil )' liOt, brIll<' whnl <' ur'. H.ud IJiay h<· " proprr ~U IJ ... ('t. lu 

SIIC'b (l ('(1-'('. pmt. m"- ll (fl ) s lwnld IH' c· ut. <lid. \'iii. !.lie· projrl't.iou t.o R st.at.c•d iu l'.lw 

t!IC·on•lu. 0 

!\IIOJ'C'OV\'1' 1 t.lw ('() II.Ij>!C'Xity of tlu• ktJJ-OJT]c>r V -\ 'orOUOl c!iagl'>Uil is bonudecJ. 

Corolla ry 4.5 For n sf'l. of?• 7)()inl.~ iulhr tl-d·iutl''''siouiLl dually flrd .<pnn with a glolm.l 

r'OII'rdinlll" systr>w , th r. l'orn binnltwia / I'O?n)Jlr·.r.it'y of tlw 1.-th-onlm· v- VorrJnui di ng'ro.'l(f i ,, 

O(A·( n- !.:)) when d = 2 nm.d ~,,q O(u l•1121J..f<l/2l+I) whr:11 rl ;::: 3. 

Proof: TlH• f;u·c· lal'lti<·c• of t.h<• ktb-onlcT v-\'"r011oi diagnUJJ ronc·:;powh I o tlH' k-l<'wl 

nf <LIJO\'r' !Jypc•rplmH• luTallg<' liJr•nt ( 'on llary ..J.4) . TI111S it~ cotnhi.na.torial. c·mupkxily JS 

bouud<•tl b,\' Llw k-k\'(·1 of t!JC' hyprrplaur anaugnii<' IJ I whc•JJ d :2: 3 [lO]. 

A pmof of t.u <' bonurl ou cowbilmtoJi;Ll c·oiiiplexit)· wh<·u t1 = 2 giv<'u iu [2G. 12]. Tl1c 

<'H~<'l! tr of that. proof i.~ ba.~rd ou Iltc· following: 

• l.lw ro rn•spo i iiku c·t~ bet wren 1hr kth-ordc•r \'orout i diagnuu ;l!ld t.lw k-1<'\'t•l of tlJI' 

li.qH•rpl;tnc• arraugc'lUI'UI: 
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• tlw graph of tltl' nppe•r (or lowPr ) part of ;wy rdJ iu I lw k-k\·c·l i~ coJJul'<'tc•d. phtwu· 

<lllel uo c·yd<'s wit. hont t he• npp<'r gm.plt of llw top!Liost n•ll HI!(] !hi' !owN gta.ph of 

tJJ<• bottowwo~t c:dJ; 

• tlu· Euler rdatiou t'or pl;w;u gmpb. 

So !.ht> byp<'t pl>uH' arra.uge~IH'UI ( 4-. T) ali>o s>Lt isfi !'s tlH'RI' coudit ious a!Jon•. hrcnns(' f he· 

firsf i.s a!J·pady st. ;~tc·d aw l tlw ~c·c:oud i~ prow d simil>u·Jy "'ill Eudicka.u. fu Htldif,iou , 

SIIH'!' t.hc• b ·perplmw <~magc•t,u·ut is n ·g;mlc•d as Endi<il'>tU, the• Eu ll'r rr•la.t iou ntu IH· 

11:\('([. 

r. [or<• SJH'cific.ally, I he· Rmliysis iu [12] c·;w he· >tppli('(l to tlH' l1ypc•rpl>UH' <UT<Wgi'UH'UI 

il1 r 11 f.allgC'nf lty pe·rplaul'f. of a 'I rictly r·ouY<'X l'n t~ctiou. 0 

T lw followi ug >Llgorit hm c·;cu !Jr· nsl'd to gc' ll<'r"t" til(' \1- \ 'o rcmoi diagram iu tlH• dnaJl.\· 

flit!. SJ'il< 'l'. 

Algorithm ( \1-Vorouoi diagmut ) 

1 . Map the given set of points to the 0-coordinate system . 

2. Construct the Voronoi diagram for such points by using the potential 

function v, i.e, by computing a tangent hyperplane arrangement of 

the transformed set and projecting the arrangement to 0-space. 

3. Remove faces which are not included in \1-Voronoi diagram. 

Sfl'ps I <We i 2 m·c• ;dn·ady e·x:plaitll'd ltnwr•wr iu St .. p 3 W<' ckc-idC' wltkb fau· iH iaclnclc-<l 

w \1-\ 'ornuoi diagnun. Tlmt. far·e• r·>UJ be• rlr•tr·nuiuc•d IJy tlJ<• following i.he(lr('w. 

Theorem 4 .5 In tlu 8/)rtr·c [R,!i] = [7J .. 1/]. <·ousiri<r' lhr~ lown· bmmdmy of I./i.e \l'-r·on1w:r 

hull of !I points [-1/U l .-~·(q(jl)] (j = 1, ... , 11) by n•gnnliuy this S]HI.r:c, a.s thr (II+ l)

dimfnsionnl E11.clidr'<I.TI Si><u·r•. In thr faN lntt•ice of the luwrw l~tmrtdm11 of this r:mwe:r 

hull. dclr-t1 wch far:e wlliich does not lwvr n S71.p)w'rting hyperJl l(l.n<: ot the fu.a (i.e .. 

hyp"r71lu.·w co11fa.ininy lhi"~ fu.ce (/,nd 11ll otlwr J!Oinls not in thii; jl!te 1/,l'e /l)(:utl'd ·i11 011.1' 

]!I'O)J1'7 ' 87,dr of th r hyp< 'I]J lcme) giUt' IJ by- 2::~, ,,,() ' +(' fore = ll(q) with Sf!T/I.P q E R 

and 11 Nmstnnl r. 

Till n thr• .,v.blll ltice <·oust. l:iug of tltr l'«<)l,ltirting j(M·I!,,. on 1/u· lo!l/(7' bomulm·y of tlw 

<:tJll.'llf':r hnll i.~ dualtn the ltttli<'< of t!w \1- Voronoi rlingra:m. 
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Proof: Till>- i~ basi<·nlly tiH' powt- ilnwrplau<· dnillity ~ouwtinH's r>illr•d pol;ll'ity (•··~·· 

~''" [12. ·l2J ). Tlmt i.-, til<' hyp •rpi>Ulr~ ( 4. 7) an· r<"g>trdrd '"' t lu• rwint ~ iu t lw '1-r·o,,rdinal ,. 

~y~t;pru. SiJlrP i his pola.tity k<·l'ps tlll' >Li;ow-bl'low n·lation nudwu~<·cl. till' i<JIVI'L part· 

o r LIH' II)"j ll' l'plaur a.rtaUI(r'lll<'lll lllilp~ the low<·r p>Lrt of t.ll(' ('Olli"I'X !Jnll of tilnsl' poiut.s. 

Tbu~ tlw lowl'r houwla.ry of t;IH• couwx bnll i.t1 I h<' dmd :> pace ,·out.a.i.us all t.lu• i.uforumt i.ou 

of lui' \7-Voronoi rli>Lgratu. HoWC\"Cl" S()llt(' paJ"I of I uis \7- \ "ormwi diagnun , i.<' .. if' Ill(' 

support.i..t1g hypnplatH' of such far<· clot·s uot: satisfy t h<• ahm·<· rqnat.io.JJ. snch fal"e is un1 

i.udnd<•cl in t.IH• \7-\·orouoi di;tgrm JJ. 0 

Defini.tiou 4 .6 Let R be'' Hifj'ion "i11 /./w dnnlly fir•f -']iru·e {hwe,·boli<· 8Jmr.:e}. ThCLt n :gion 

i.~ u.ubonmlrcl if rllhcn n J!l!"int 71 i11 J! mula d·iin.dion wre giv<"n. tlu-n the !JfiOJl!:.~ir: fr"mn J! 

lmfh tho.t dind.im>. is <:()"(l.f.CLined ;., II nnd for nny l'"i"llt '1 "" !he yeode8ir· tlwn: e:cists n 

poh1t r on 1/u. gr:odesi<" s. t. D (p II r/) < D (p llr) {tl(p. 11l < rl (f!. r )}. rcs]Jc:cti!l(<ly. In otheT 

u•onk sw·h " uwde.$iC cCLn b1· r•,ctP·rut~d ·iufinitr ly iu 1/u: rlin-rtion. 

Example 4.3 In thr- .~ffll.istir·ol flO.!"IIUlldl""ir· S]>rtl:f'. of the nonnal di. t·rilmti.o11 (E:rnwple 

:!..6} fhl'n · i.; <111iufiuitc• bonudary. 'l'hal is. hr tin IJ-r·omrliHnt" sy.;·tr:'lll . .!? = {(rJ1.Jt-2 ) 1!>12 > 

'II "1 nmd il.~ bomulnry bu:o"IIW.q 
•) 

i/2 = 1/i-· 

Lem.ma 4.6 If a. l"lll)'irm in tlu: rh)().l/y fla.t spate with global c:oo•rdilutf l' sysf.f'm ha.s o. po.r-t 

of ihr iufinitr bonutlw·y. 1/1( n tlu n.gion is nnbonnrlr·cl. 

Proof: In that sp1tcr• IU<'r<• is a po!Pllti<d fnu<·t;inu s.t .. t.l.Ja.t. fnul"l.iun is drfuwd ouly in 

till' sp>u·c ;wd it.s vahw at H poiut. ou t.lw iufiuit.c• J,onuclary diwt'g•·~. Tb<' rliwl-g<lu<·e i:. 

ti.Jr• diffPn•.u(·(' bc•tw('<'U pnt<'utial fnuction ;wd ii,s coujuga.t.c• fmwt.io.u (D<'filliliuu 2.2G). 

Thr•rl'forr t.h(' nduP of div(•rg<'tw<' a.lHo <liY<'l"~<'' 11t ~1 t<"il '' point.. So suppos<· a poi..ul ill 

I il<• 1""1-(ion ll"it.h 1l p>tl"l of" illtiuitr- 1JoJUKial')' lllitl H. din•l"i iou to l[w i.ufi.uit.c• bllttuda.ry. 

t Lir·u till' g('Od<',it· fro til t.ha.t jJniut I"ILU lw <'XI<•urktl. Tl111s t lmt rq,-inu iR IIJJhouurk<l . 0 

\VP II<'XI giYc a, t.u<•on·w <"UHr>t<"tl'ri7.ing nnbouud!'d \ -um.uoi n'gion~. 
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Theorem 4.6 1. In Th vmm4.5. i11 1/H •. pw:c [l?.u] = ['i·!J]. r·onsidrr lh< f n<'< laUi,.r· 

of 1.11 wholt: low<:r b<mnrlo;1y of 1/w \ "-co'111W-r hull of 11 ]Wints [- ,,ul.- ,:>(1/J l )j 

(j = 1,--- .II). 

T/u;n the Vomnoi rc·giou of (I f)) is unbounded inn -iff 1111'1'1' 13'iHI H (1 sl!q lll ' ll-(1' of 

jwinf,'<{)ll! E I?_ di!ll''l '{Jing to iufiui ty i n J? o,nd Cf!'/1,\'l lmt, , .( II sur-/, that- L.:'=l 0(1 1 ' 1/~JI+ 

, .!1) is a -''tP1JO'rt.ing hJJii< 171lmw lo the hnll nt [- I)U1, - :p]. 

2. If ,,ul ·is on thr lw·nnrla·ry ufthl' \i ' -r;ullll(i:r hu.ll of ,,C !d (k = J.. , _ . . 11 ). t./u Vrmmu·i 

r·r•g·ion of (lUI is 'Wibo-ll'llr/rd in 17. 

Proof: It slw nld Ill' uot<•rl tlmL 1 lw b<inud<U')' of f,)J(• ,, pact· i,~ n·gardrd as br·ing "I 

infiuit ·, i.<' -- i.li t' rliYerg<'U<'I' from <til~- poiu t i11 t.h<' span• to H bnnodmy poi11f divprg<'~ to 

infiuiry T!H•sr• r<'Snli h ill '<' lnc~<'rl on t hr d<wlit.y br-I' W<'<'n 0- <llld 1/·coonliuatc s_y~ I <'Jns. 

T.lrcn (1) i,-; '""'ically < · h;u · ae~t•riz<'~ rmbonud<•rl \'orouoi n•gions in the clnill sl't.tiug. 

Ah for (2). (I IJI has an nnhmutcl<•rl regiou wLr·u 1 L<' low<·r hnll iu Th<•nrc•tu ~. ,!) is 

proj<·r-1 rei I o [Bj r<'g;u·<!Pcl a.~ _m "- Th<'lt. rrstri<·tiltg In" I o 0( 17) , it n•m;tiu~ nuiJOnud"<'-

0 

lt hlwnld "'' uof<•<lth;ct t.IH · r< HIIT IN' of (2) iu tills tb.t•on•tn ib not- JH'<'<'SS>trily tnH·. 

\\'" U<JW r oulpilrr' 1-lw \7- \'orouoi <ii<tgnuu witu tlt <' Euc-lidean Vorouoi tli>tgnwt. For 

11 potnl.s (U 1 (J = l.. _ .. 11 ) iu JH,d, hy l'OUbi<i<'riug >LU a.ddit.ional a.xis !/- t:lH• Enclide;ul 

\ 'mouoi dt;cgr>lm i' t.lH' proj l'r tiou to I U<' origu11u s pm:c' of LIH~ low<'!' c•m·<'I0[->1' of 1 hr• 

lan p,<·ut. bypc·rp!aJt l'' ;tf (()l to a parabolic surfan· .11 = ~ 1[(11 2 , whf'n' 11·11 is t.lt r L 2 uorm. 

l h dual , t.mdm-<'. I L" Dl'i;cult<ty lriaugulati.ou, is thf' projrct.imt to tiH• nrigiual ' ll'"''' of 

iL r· low<'r COlli' " " LuJJ of points (~Ul. &!I (Ul i[ 2 ) . 

Tltrts. by 1t1akiug t·orn·spourl< •nn· lwtw<'<'U ,11 = ('(B) ;wd y = ~ 11(112 >wrl n •c-alliug 

()• = B' ;w<l .p + <;J = L-1=, fi ' 1J,, <'Y<'ryt.Liug c·mn·spouds to eac- h oi,L<'l' , <'Xc<'pt I hat iu 

\Ill' v -\ 'omnoi diagram tiJ<' par t, of tlH· lmw r C'UV<'lopC' of In'1 - B(R) if. ll1Nwiuglc'hS, 

This may lw vic•wc•d as a <'O lllpnt>~l ioual-g<'OtuNric- itiL<' rprrt.a tiou tlf IIH' dual c·ou

U<'c·t.iou and clually flat sp;u·<· fonrwd by 1 hr- 1\:nlllw·k-L<' ii>!Pr diwrg<'llC'<' [L 3], ()r "'" 

sLonlcl say tllitl- I his is a u itnplic111 iou oft L<' Leg<•ndn• trausforul;J,I iou. 

4.3.3 v·-Voronoi D iagram 

[u Llti,; "'r1i<ill WI' illYC'~ tig;~l.~ f,b(' v · -\'oTOlltl i di ;cgTIUll OU tlw lll l-\.llifold fl for 11 gil'('lJ 

poiut.h in t.lt<' dlli!lly Il l\ I spar/'. By t L<• dna! it r bd," '"f'll fl mtcl ,, , <'V P! 'Lhiug ca.rrics ()\'(']' 
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wlwu tL1•ir roll's ;u·<· iutPn·hang~d. 

By c·on;idPriJJ g llH• lll>~p 

[1/,!f] r- [tJ.y- rl 

<wrl hrp<·rplfuH'h .11 =- (r;'=t 0;(,1),1,- ~· ( ·,il). we cfw ri'<\'J'it " tiH•orrn1 -u for till' v ·
Yorouoi di<tgrant. 

Theorem 4. 7 Fo1· " set of 11 point.~ { 1/; ) ; J = l , ... , 11} in lhr rl-diwrusional rlwtlly 

flat HJUt(:(' ·toith y[r,/ml monlinul.r; ·''IJ-'1< m .. fhr · \1' -llu·m·tiiJ'i rliny1'!1.11l i.~ thP 1''ro.ieclion of the 

low x co·uclopr• of 11 hypt"rplnncs 

( cl.8) 

U = 1, ... , 11 ) f,o tlu: rLnnlly flat SJ!fl.f'<' .R wll'ich is a .'inbsd of d-rlim~n,,·iouol Evr:lirluw 

.~jlftCf: !t8 f! fnr:r• InUit;/! anrllu:ncc the rmnb·i7tfltorial C0 rt11!lc:r.ity F i8 O(n rtd+ l)/21) nnd th.r· 

tinw r;ll!nplr::rity i8 0 ( Flog 11 ). 

OIIJ('[' r·nrrc•,poucling l •lt cor(' tt1~ <"<LU lw oiJ(;tiued ~imilmly. l u fa.ct.. frOJu tLf' vi""' JJOilll 

IJ J' <·om·c•x >Ulalys is. t.hr,t• dn<l lit y H'Klllb can ;t il lw n•gardt•d a.~ rrs ult. ~ of I Il l' L<'g<'udn· 

I r<IIISforw hPJ wr><•n fl- <UH ! lf·<·oonlim\t r ~Y"'• ' 'llt ~. SiU<'l' W<' an• 1 rratiug a fiuit \' s!'l. of 

·poi nrs' , i.IH'''' tlnalitic•,., t·n n'<''pou<l t·omplt>1.dy to rl11· w('ll-knowu dmdit.y rr"db iu coHt-

1"11 a.t inual 1\''0 tll<' l ry. 

[u th< · d11ally fhtl ~ ]lilt'<'. tlH· \1- aucl '- \ 'oronoi cli<tgratll~ nn· d~>Lra.c·wriowcl by Lu<' 

pnt.c•utial fnuctions r• an<l .p. !'I)S[Wrt ivd y. TLns Llti'St' diagmm i.~ l""'''d <J U t.Lc• po1<·u iial 

fnuct ions. Snppo~r· IL I wice diff<' f<'JJ I ial!l " <mel ~ I rictly t'<)LI Vt'X fnurl iolJ t/•(0) 011 ill(' spa.<'<' 

fl . A d i ~c· nssioa simi l1u· 10 IU<' ott<' a !Jow• Applit•s: t.hr di\'<'l'gl'lln· iR ddi1wd by t ' . aut! 

r.ur f'O·ujagn/t• fwndion .p of \'' ami 1 hr tt-n>ordiuaJ<' s.vol.t•m Mt' ddin r d lik<' t.his : 

Tlu•rr fnrr tlws<' tli toric• t·;\JJ lll' r·ous ickrt•d to !Jr >t k.iwl nf I'()UYI'X aualysi. ( [.J 5]l. 

4.4 R elation of H yperbolic, \7- and \7*-Voron oi Diagram 

lu I Itt• jli'I'Yions sect illllb we• dc'S<Tibl•d <tbonl I 0<' uy prrJJoJk \'nronoi di;rgnuu (St'<'l ion 

·1.2) i\Ud rlw V- aud v·-\'oron()i diagnltu (St·tt.iou 4.3). Each ,t,rnrl.lln· is iud<']H'Il(lt-lllly 

t!diuPd , il11t tll<'I't' is a t l'!at inH IH'IW<'<'H IU<'lll. 

\\'t• fin,l tbll wi th lu<' rt•l~tliou b<' IWt't'll tL.t• Hlf'(.rir aud Jhr• diV<'I-gl' lll'l'. 

76 



Le=a 4. 7 Th~; infinilrsiuud chM15J<: of dim ry<'rM"t· appm;·ima:lt :1 t./u ·'11.1" of lht Fi.~lwr 

nu·tl·ic· ~gnor·ing tl11 hitthc.r-mdc r pnrt. That i.>. 

Proof: By rxp<•udinp; D (IJ + r!OII!i ) >tl. (i. we• g<' l 

~ rvto' d£Jl + 0( (dWJ. 
l,j 

0 

So we· g<·"l. t.ht• rdatio11 rLat lllC' iuJiuil.rsiiw1J cil>tn g<• of '\7-di\'!•rgc•ucc• c•< pl a.b 1,Lc• !-.Hill 

of l.li<' lll<'t l ic aud t.l1t' dm11gc• of l.)w 1hi.J·d orckr. ~ l orNn·p r tLr 1Lirrl on IN ib Li'~d "·'a 

conner'lion iu 1.111• clnally fh11. spar<'. 

For t.ll(' '\7 ' -divrrgcr wr t.h<· fnllowing rc•lal ioJJ L<, >uso prm·"cl: 

D'( 'l + <t,111<J) = ~ u'1d1J;tf<IJ + 0((<1'7)3
). 

i.j 

[Remark] Tlti" rdat.iou for l\ull.l mdc-L<"ihl<-r di\"l'rgt•uct' is already "howu i11 [4~] . 

l\cJtl' we r•x:plaiu llu• rela!.iou bdwr•c·u t hr paraUL<' I ric spa.n· of oll(~dinwusimmluoruml 

disl.ribut iouo wit.l.1 L<'vi-Civil >L cOillll'r·t.ion [36] ami 1vit.ll dual I"O!ILII'C"i iou. \\"1• c·nnsidc·r 

11 ou<·-dilli C' lloioua l uonwtl rliol rihn!;ious Jl(j) wit.h [i' IJ), fftil ] C1 = 1 .. . . ,n). \\ 'c• simply 

ca ll Ute \ 'uruuoi cliagnu u by FL~Lc•r Lll<'tric wit.h t!JC• L<•vi- ivila c·ouucctiou hypl't·bolit: 

lfonnw·i rlia.gm.m [36]. 

lu (.]J (' ("<IN' or Enciidc•;ut VoroHoi diagrams or poill t;,. llllilonuclNI Vmouoi t'c•giouo an• 

dlanll·t,c· ri'-<'d by tli<' coun•x hnU of P,'t\'!' 11 points. Tlmt. io, I ht' Vor0n.oi tt'giou of a poiut 

lb l l lJiJOillld('( J j[f it i.'i Oil t,JJC" iJOUUda.ry of tJH• C'OLIVI'X J111Jl (<'.g., SC'C' [12, ..J2]) .. -\s IV(' 

U<WP scc•n 'o far . t h<' \7- \ ·orouo.i. '\7 ' -\'orouoi. amlltypt·rbolic \ "orouoi rl iagrum s ;ul haV(• 

poly t.opa.J st ruc·t.urc•. whC'n' tlc C' c·om·t•xi ly plays a n :ncial rolr•. lu r·ocmed.iou 1\"ith the• 

rouv<'xity, wr aualyxc• nuboundccl \'orouoi rc•gion;, iu l'ill'sc• diagraJlc'< ancl cotll[Htrr· thr· iT 

fll'OJWrt ic•s. 

\\"c• rousickr poiuts witl.t t he• i <u·g<'~t. ff nthH' Rm<mg gi1·c•u poi ut~ i.t1 t he• [p. ff] nppC"r

lta.lf plaue, >UJC] we• RLow that llu• '\7'- \ 'orouoi aud bypc•rholil" Vomuoi cUagnuno s hare• 

si1uihtr stTndurc· fnr tli<•sc• powt~ ilc•e;Lnsc• t hr•ir gc•oclPsic is r<'ga.rcll'c[ ''~ t Lr ~<WI<'. Lc•t 

Pm.x = { /ICJ ) IITlil = lil[I:X IT{k)}. 
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Theorem 4.8 In both the. \1'- Vomr101 anti hypcwbolic \loto11o'i rliagt·/1.1/1.~. lh• follo111i11!1 

hold. 

1. Wlwn [I'n .. ur[ = I . for 111>!1 u w1d fl = ±M 1mth .mfficir:nt.ly lmy1c M > 0. a poinf 

[fl. a] b ·lo1lff8 fa f1!f Vrn·untn regirm uf J}JJ E P,,.,,. 

2. Ot.lu:rwis<. [!',.,,[ > l. Fm· a.ny a nnd f' = .V {11 = - ,If , m;7wr·tivt:ly) fm · 

.m[fil'if'nf.ly liL1!JI' .\! > 0. [11. a] bdrmys f.o th.r \lm·rmrn •rr•lfion of i'(j) E !',,,., wit/1 Jl tjl 

ma.rimnrn (m·innn.u.w. rr·spef'l.ivr ly}. Pm· snjjir·im1 fl1) ln.t!JI. a, 1/t(' Vototwi nyions 

llirr· onlrJ•tul i·n thr i11.r:·mnsing onlr·r of ,,Iii (! •Ul E F',.,._,) with Vrn·onoi Gd.gc /IO.T'f!llcl 

to illf· a-nn~> i11 th,. [I'· aj-plm'" '· 

P roof: Vorouui Prig<'' ;m' upp<'r circnl;u: arcs iu !JOt.l t t"flSP~. ;wd t bru e·h<'ckiug LlH• 

cqtl;tl iou of hyp(•rlJOl ic >pace allll lit<' pa t:auiNric spacr of oue·-dime•usioual uonual db-

tt'i.!Jn1 ion. IV(' oi>t.aiu !.he• l.hPore•tu. 0 

Tl.tns. al iu:fiuit.y <'Xcep l. on the• fl.-axis i11 th<' [I'· a)-plant•. rltr \7 '-Vorouoi awl hy pc•r

lwlic \'orouoi dia.gr;uns haY<' t.lte• sm m• st rnct.tiH'. 

\Vil li r<'ganl lo ll.J C' JHLXl~ at iu:fiuity. for nnbouudc•d Voro11oi t•c·gions iu \7 '-\'orouoi 

rli.agraw, TJH•on•ut ,I.G s l.wwb thnl I he• c·oii\'C'X lndJ in l.lH· q-cool'diuat<' sy~1 <'ill Jn·m·ides 

a snhsl'l of poiul s wlioht' Vorouoi rq~io11s ;m· nul>onnrlrd (i1 al'>o giv<'s a. c·n1upll'tc• e·lJ;u·

actNir.at iou for I]H· nuhonuc.INint'Sh. whid1 c~nrtor ht• iutrrpTI'tNl cliH•ct ly from Lllc> coll

vc·xit.y). 

w·,, previOilhly dl'l:iw·d i.l!C' !:011\'l'X.it.y and ( IIC· e·OJlV<'X ltnll in Poiu(';U'(; s pac·e• [36], but 

litis rouvc•x hnll do<'s uot dtmw:te•rizr tlubonud!'d \!orou.oi n•!-,riom, iu thr• llnwrbe lie· 

\'orouoi diagra.ut. Fm rx;ultpk. t it!'rf' i. a c·a.s • iu wbiC'h point., in I',mx <'ll<tntr·tc•ri r,e•d in 

Theol'!'ln 4 .8 a.rt' not. on I li<' i>onudary of tills couvc•x l.tull. Tlins, sit naLiou b<'l't' ib v<'ry 

diifc·n·nl. fm11t th;tl in lit<' .Etwlidr>tu c·;1~<·. L'siug rc•snlts of Oni,lti ami Takay;uua [-10], 

Wt' hal'(' for t.bis t:asc· tlt<' foUowiug tll<'c\rt' lll c·otTe•hpemdiug ltl Thc•or<•lll 4.6. 

T h eorem 4.9 1. Cons·idet· the De la.ll.11.£b:tf t·rio:ngnl11.ti.ou of yi·o,•n pow.f.s iu IH w. thf' 

o•rrli11111"!J E·urlidenn 8£1/.Sr<. Ddrte l:nr·h. edyr· of the Df'icmrw.y l.nrm.(J?Ilof ion ,qur·h 

I hal then• ·is 'IW drdt• 'lllhich JmS.~l<S the hun e'utl7wi.nts of ill£' rtlgr., do£'8 nul. 1:ontniu. 

rwy !J'i-1" 11 poinl' in 'it~ inside. rmrl is r·onla·hwl iu 0~ . Tin· rr·1nniniuy skf'ldon 

i,q r;onlJN'fed , rmd !he Vomnr.n ngums of )win!., ·i.11f"lfli•nt fo tlu· oufr·r-fru·t in 1/l.i.,~ 

skr lc tlfn m ·r· n·n&u'ntldcd.. 



2. Tlu Vm-,moi rcguJn of a. ]lrnnl rm t/11 bomulu:ry of" 1'1)7/.IICJ; hull of yi1wn ymiu/.; m 

thr OHli111!1!f Enclulu/11. mumwr ·is 1/?1/)()iJ,?/.d((l. 

Proof: ( l ) TL.;u ~kr l <'tcJU hc•c·nutr~ a Dr.la'lt11{1Y !J1'aph [40]. The• uppPr c•dgc• ;utd iutt'rior 

p;u·t of I hr i>k<'lr'lDU is <'<Jilal I<> a OC'i ;UJ tJit)' gn1ph IJC•c·H.nsr 1]1(• circtllli"TilH'd cirdc · j, 

for thl' tri;utglc• of Ddanua.y tria.ngulatiou iu t.br• <mliHH.ry Endid<'au lllitUlH' I' . !l ie rc•<J\'<'1' , 

t,IJc• cklc-t icm of l.lJC• luwc•r nclgc• of tl.tr okdct on ilUcl t. lt r rrutovc·d Pdl-\t' of I he· Dl'lHIIll ilj" 

gntph ilJ'I' tlw iclcHtity. 

\\'llc•u tlH' lo1Wr <'rlgc' of , Ju·kton iH l'<'lllOV<'d, l.lt r c•dgc· is tlH' rc·tum·<'d <'rig<' of 1 LC' 

Dcl;umay gmplt [·10] . 

Coun ·rsdy. SI IJ>JH>Hr an cklrkd c;rlgP. wli(>S(' c•ud poiut.H ;u·c• p(ll . p l21 and 11 triHugnla

t.iou wbic·lt c·cw t;·lius that edge ou tlw bonud;w-y. LC'I. tl.tc• n·,t pniut. of t.br tr.iRuglc • be· Jl . 

This t.ria.uglc• b dc•ldC'd ;utd t.lll' lowcT c·rlgc· i:; abo c•ntAC'd. \\'r ;,how t.hat t IH· edgc · is t h<' 

n•ntow d c•dgc• of t.hr Hkl' i<-t.ou. T lw c·putc•rs of cird<'f-> I brongb ,,Ill , p l21 a.rc• ou t lt e Jl <' r

peudicnlar t, L'ic'd,or I of tlw ~1'1(1 11 <' 111: . 1f tl.t a.t cird<' r·ou r.aius un ot,b<'r r;in·n poiut.s. 1 hC'11 

p abo is uot iuduclrd . T lwu·f<n·c· l.h c• r<'u i,Pr if> ou I aurl tH'aJ:rr lo tit<' bouudm'.)' cr = 0 of 

tlt c• f-> p;u·r• tL>u J is t.Jw <TUI<'r of t!J <' E:ndid<·iiu circmu,rrii> <'d c·in·lr for th.r triaugl<' . Thno 

I hi' ri.n·Hmsnilll'cl C"i.rr·k lwcmur·' htrgc· a,tul is not. eoul'a,iu<'cl iu !H . C'ousc·r pwut·ly, t.ltc'n' 

i' 110 r irdc• witb tl1 <' rouclitio11. 

Tlw 0P];mwly gn1pl' is thr dtlal slmct.urc• of hypr•t holic- Vonmoi cli;rgnuu aucl Voronoi 

r<'giou ;tlway~ rout i\.rts wit !J ol h\'l' n·giou . tlu•u t.IH' r·oniH'r l.ili.ty of skektm1 is pron·cl. 

ul addit.iou , t lw \ 'orouoi regiou of" poi.ut inc-iclcut. to thC' ont.<"'r-fac<' iu rhr• skc•lf'tou 

i~ uuhonuclr•d for UJ>JH'I' or iJII c' r'!'<' ls wit.b t.hc• bonurl;rr:v of t.hl' ' i> >LC<' . l11 the• f'onnN r ;c<;c· 

\11<• g<'c>rlr·oic cau lw \'Xfc>urkcl to the• upprr clirrrl.iou. lu t hi' la.t tl' r C'>tS<'. if t.l.w cli.~tm11· c • 

is rrg;U'(l\'d "·' tlH' p;u·aru<' l.<'r, t.l.tc·u tl11• kugtb of t.hr gt•oclr•sic is iu[iuit,r• brr·;l.ll'" of rlH• 

lllt'lri.-. T ln b' if Lll<' regiou is t,;uigc•ut, t.o cr = 0. it. is nuiHHUH.i r•d. 

T lt c• gewk,ic ,;c ·gHu·ul of I lw lta.ll~r·i.rdr·• typ<' tltat ricH's uot noss c.lw ot lwr gc•orksir· 

alway~ c·r>Ull'f-> ll<'a r cr = ll. The• i)()liUclar:r (gr•oclc•,ic s<-gtll<'llt ) of snr·lt a Vornnoi n•gicm 

iHt<'rsr·ds a(, cr = 0 aurl its rq;iou iH'<'Oiat's uubmutd<·tl. 

(2) is ba. i c~Jiy implir•d by ( 1 ). D 

Thus, iu t lw \7 ' -Yuro11oi cliagl'ilJJJ •·a.sr• tl1r r·ouwx lmll iu tlH• lf-I'OOrcliu;tl<' f>)'f->lr• Iu 

provid<'s pm·1 ial i.u[onURI iou for 11uboundr•rl \ 'orouoi T<'giow •. wbon·;L' iu t.Lc· IIn><' rbolic 

Vorouoi diagram r·a-'<' the couwx lmll in th•• origiua l [tr , cr]-plauc• doc'h. lu hot b ('11M\. l,o 
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<·mupktdy dJ>tnWI(•riz~ tL<• nulmnndrd \'omuoi rq:~ious. so!Jl<' facr' <~I'<' r<'JJJ<>Y<'d from 

f L<• l'oUY('X LnU. For t Lis. 1 ht' l.!ypt•rbolic \'oronoi n""' prol·idt·' JJJOI'<' iJJf riu,ic katnn·s . 

a uri it wnnlrl b0 l'"l[llirrtl I<> obtaiu such t·Lamcl r·rixa.l inns iu thC' \7"-\ 'nrnuoi diagrau1 

C'H.SP. 
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Chapter 5 

Delaunay-type Triangulation 

In I hi' d tapl.<'r bpr•cial t. ri>tugul>~t.iou~, ndk<l Ddrmnay and Dr.lawll!y-lype tri>UJgn latiOtb 

;u·p de,nii>NL Tltr·se tria.ugnlarious nn• ltSefnl it I 1 hr• fiuit.r• olrnwut· wei hod , mr•sL gc•u

c•rat i<m , rl.c. \ \ 'e• d iscnss tlwir prop<'rty >Uid c·ousLrttrLiou , >Wd wr r•xplaiu t.h<' rrhthous 

IJC'I.II'<'<'li th<'S<' triaug;Hhttions aurl l 'omuoi diagnuus. 

5.1 Triangulation in Riemannian Space 

TriHHgtti>Mion is " pmtifi<m of" g<•<illH'trir dotuHiu iuto siuJplict•s that ruN•I only"' 

sltmwl fa.cc·s . i.e• .. few givnr polygou int.o simplic<·s and for giY<' II snt•fan· iuto triaug!Ps, 

Tltc·~c· I riangnl>tt ions,,.,. nsrd iu l.]w Ulf'<\US of eomp 11 trr graphiC' , uwsl1 gru rat iou . !iuitl' 

<'il'll1<'tll D<C't Ltoel. ;walyf>is of UHU!ifolrl , ' '"'· 

Firf- tly. wC' s t,;ttc lh>\1. rl-dunrtt.siowd r·mw<·x IJ ull for a fiuit c• M' l of poitii S is rn.llrd 

d-zmlylozu. Dy rbis rtbjcr·t W(' <!diu<' t be SlJbdi\;r;imt in th<' spaC'r. 

Definition 5.1 (Subdivis ion) SnJJ]UJ.''' I ' is" fini/. , sd of pm.nls S'lll:h that P = Cl-1(1 ' ) 

is d-polytopt<. A su.IHiiv ision of I' ts fl fiuilt· l :ollt-r·tion S = {P1 ••• • , P,,} of tl-11olyl.opr s 

snch !.hat: 

• Thf' vc·rl.ic<'s of wch P, m·r• po·ints in 1 '; 

• Evf' !1J jlo •in/H iu I · is 11. r:rl as a II<Wtex of some P, ; 

• P i.• tltc union of P, , .. . , P,, ; 

11.'1/d 

• If i "'j ' then P; n P, ·is (L (;mnmon fnn · ()f the UOIIIIIlnri· ·s of P; !/lid P,. 
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Trimtgnlation i~ a hJll'<'ial ~ubdivision and dPfitH'd lik<' this. 

Definition 5.2 (Tdangulation) A .mlni:i11isiou T ~sa lrinugu.l11.lim-.. if fl/(!h ri-)JVlylr!J" 

P, ofT is "d-.~i1111'le.1:. i.e .. thnl 1 . .s rl-jWlytozw with d + 1 twdicr•.;•. 

(AI (B) CCI (D) 

Figun• 5.1: SnhdiYisiOJib (A) uo1 Mtbdivisiou (B) snb<li,·i~iou (D) l,ri<lJlgulat.iou (D) 

Dc•l<ulml~· triaugttlatiou 

Sint·t• <rbm•c• dC'finil'inn of tria.ugnla,t.ion dq>rudH nu rmt.?!r,:r. hull iu t. lw op<H'<'. if c·ouvC'x 

h11ll is uot. dditwd, ITinng'ILla.tion t>tlluot' he· a.l ~o ddiuC'd. So W<' onppo~t· t lmt. the spaec• 

hm; a ylobnl com·rliua./1' sy.,f~lll wtd •·oun•x hull c·<ut !lC' t'oustntrf ,.,1, 
The wrtict·:, of 1 rimtgulat iou iH gin•tt iu flit• abrn·p ddiuit.iou. I·lo\\'t•wr uton· gc•IJrral 

trincJr;ulatiou is drliurd frJr >i llY snrfa<:t', fin· r'X>U.ttplP ICJnL,, proj(•rtiw plaJJl'. pfc. lll t;ltat 

lriaugnl<Uiou 11U n•gitJlt >ll'r' t.riaugks mtd <'V('l'Y poiut 1'>\JI tn.on• arouud. TlH'rt.fore thl' 

triangulation is a topologintloiJjc·c·t. TlH'tT L~ <LIJ iutt'r<'sting re~alt fnrstH'h triaJJI(Ill<tt:ion 

in [3~]: ·'for <uty dosc•d 'mfal'c, two t ria.ugnlat.iou n.n• NJUiY<li<-nt. f.t> t•a.dt other tmckr 

cliagou;\l flip , if tht• nuwbc•r of poiut· i ~< snffici<'nt ly ln.rg<'.'' 

Tltrn· arr mauy triH.ugnlat ious f"r givrn points iu tiH· clowaiu UO\YC'Wl' Dl'laumty 

tri<Lugulat,itlll i..~ th<• ntost f<uuou~ •tnrl usC'ful trian~-,rnlat ioll. Hr.rt'. we ddiul' Drlanua,Y 

1 ritwgnliLtiOu. 

Definition 5.3 (Delaunay triangulation) Frn· g·iven Sil l of poiuls r iu tlw d-<lwunsio·n.n/ 

Enr:lidewn H)/IU:<' , rJ t1·iwngulution of P is the Df'i.annay 1 rianr;nlariou Drl(P) . if 1/.() ]Joints 

18 i'lldudl'!l in till' r·iH'IL'I'IWT?.Iwrl SJtltrl1't' of rmy d-si111pl<le1: ofDr•l(l'). 

lu tlw Eudidc•au ~puc·c· 1 !JL'i t-ri,.ugulatiou i~ a dual str>t1'1 nrC' of Voroaoi cliagnuu. by t,ltih 

l'C'Iatiou Y<U'iOnh tltNm'lllh a1·r· im·rSt ig:ttt·d. T.t1 p>u·t ic·nlm·, two-di.Jm·usioual Dr•lammy 

trii\Jlgtt.l<ttiotJ ha. soml' uic·t• pmp<'J'I iC>t-. [-l] : 
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FignrP 5.2: D<'la.lltJH.y tria.ug11latiou au<l Vorouni clingnuu ill Eudich\aJ.t ~pa<'<' 

• miuitni.ws tlJ(' maxinnnn nvliu~ of a r·irnnusrri lJC'd cirdc•: 

• wiujwi'l:f'.~ tlH' ma .. xii.tltlm radi1I:-t of a 1uiJ1i.tumn ('udo;-,iug rird<': 

mal 

• utaxituizr·s I.IH• sum of iusnibed rird<' mrlii. 

TI.JC• tltirrl propr•rt.y is ~tlso prm·ed in lltr· biglt - dimeusiot~>tl Endidrau D<'lantmy tri;UJgn

J.,,t,iou i>y potc·ntio.l fund.iou i11 [.!3]. 

[u tiJiR dt~tpl er WI' rleal witlt Dr lau.uay-l.yt'e t·rin.ng11.lnlio'll., i.r•. , I be· triallg,datiou lilw 

a Ddmtua,v tri;LJJgldatiou iu ~OI1H' Ri<'Jll>LOu.iH.u sp>tt·rs. 0<'lmw>~y-lypr• tl"ia11gnh1t.iou iu 

\,Jw byp('rbolir· spat'l' is cleMTil>f'd in S('d,iou 5.2. lu tlmt spH.<:<·' tltr dna! of Llw lryp<'rboli" 

\'orouoi diagnuu, l'alll•rl hypm·bolit: Ddamwy gntt>h. wlticl.t i& alrr•ady ddiur•d in r'<'tiou 

-±.2, is 1101 allmys triangnl>ttinu. Hmwn•r l.b;U sln.te·tnrr has nir·t• J>t'O]H'rti<'». WI' first.Jy 

51 Hk its pmpr•rti('s. Ju mlrUt inu. Ddrumny-type f·r.;anglllfl.lirm in I bat spac·e• ih ddiu('(l M> 

tlmt Lypr•rl)l)lic Dl'iallll>l)' gtap!J j, i11clndcd. 

l11 S••r·tiou 5.-J two Oe•lannay-type• triang;HlaLiml~ in t he• dnaUy Hat . pan', ('<tU('d \1-

>Utd v· -De lmmoy-typr· tr·iaugulaUon~. arC' dt'fitH'<l. T!l>tt triang!llal.iou is !l()( 1 he dn;t.l of 

\1-\'orouoi diagnllit bttl I U<' low<'!' i>OJwchu}- <Jf a r·r·rt aiu ('011\'<'X hnU. Tlwof' t riaugnla.

ti<>us Jm,·r• a uir·r·]n·op<'t'l.y, i.r• .. I L<' radin~ nf lll>Lxiillnntutinitunm ('lJcloRinp; \1(\'' )-spherr 
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iu tl!r \7 ( \7 ')-Drl'l llllay- typt• tri<WJ!!;lllatitm wi 11i11Ii'l,t' aUJ nug all nl!wr rri;lngnl ~tti"u by 

\7 (\7 ' )-divt'rgC'IIet ' as a lll<'<~>llrt'. H'SJH'l"tivrJy. 

5.2 Hyperbolic Space 

lu SPt'lioll 4.2 we nsr tlw DP!anuay grap!J , which[., uor a triaugnhtt·inu but a grap l1. l u 

t l1is. cct.ion '"" ohf a iu Dclllmtrty gm]!h aud Dr lnmtrtJ;-typr ll'icmgn!Jt.lli/'11. in tLr hypr rb(Jlir· 

spacr (Dt•fiuiti OII 5.3). The• forOl<'r is a ,.. nbsc•t of t.r iaup;ulat. iou . bnt flJt• !at t.c-r is a 

snbdiYisiou of tlw c·oun•x ludl of" st>t of giY<'Il poi.ut s ~tnd r;w.L dilll<' IIRiou<d faces Pxist .. 

5.2.1 Hyperbolic Delaunay Graph 

TIH• hy pPrbolic Ddauuay grapl1 is <1ln•ady dc>fiJJ<'d in Ddiuit.iou 1.3. Howr1·c•r wr do uot 

dt·serilll'd its pmpN1i<'s. Iu lic•no, IYC' sl.aU· t.La.t tLt• gmph ha.s ho uicr iu th e> Lypnholic· 

spa.c·c·. 

To c·x phtiu DC'lauwry grapl1 n·vr·1·.<r: .s·i•111.]ile1· i. rl<'fin!'d . 

Definition 5.4 rn ilw <1-diuwnsiouo./ hy]l("l'bolit• .<cpore for 1W!I-dr·vr' 'lll ' 'l'l l f e ( rl + 1 l po·infs 

.-!'/Pet 1} )lo-infs . L l't h , !J be a. hyJII:'I)ilmu nnd a hyl'fl'b()N(' plane of sdFdui ])()iu!s. n srw<·

ti'lll'ly (th r st~ .\"11!/fa.c·cs m·r• 11,1J'i(J·ut J()r thr' Jlo i·nts). if t.hr< Jt'II..W'll'clul ]!()i•n/. J! is r·outn·i'llr:d i11 

lhr• •inte,·.\·<•<'tion of tlw lwlj.l'j)ru·t•s of h , !J. ·i.f .. p sta.y th e 11J!J!C1' ]l01' / of h rl'lld is crndai11ed 

i)l. tlu inlr·rio·r of[/ , 1./wir. tht• poill f is r:c•llr.rl rrWl'Sl' poi11t rmd the d-sim}Jle.T. of give 'II 

~~ 
(a) Euclidean (b) reverse simplex 

Pigut<' 0.3: EndjdNtu and n•wr'Sl' si n1plrx 

Tl1 r Del<L!11lay p;r<lpll has fir!• following prop<•rly. 

Proposition 5.1 1'1wf'(· is no tcvm·.w .~implel: i"' th<· D, lrnt.nny g·mph. 
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Proof: Fin,tly W<' prow 1l!is ]puuna in Pnw<'an; span•. WW<'b ~~ lwo-di.Jur•usion;,] 

uypr•rlwlir· ;,par·r•. Ill t U(' npp<'r pml (1f Drl<tilllay gntph thr•n• ih ll() l'PV<'rS<' SilllpiPx 

br•r'Hl~"· that i.; :-,nbgTapb of D<>IHnnay triau~nlatiou a.~ n fat'r' I all ie<' . i.<' .. if st1ch t ri>tu gl<' 

<'Xistb, IIJCU !. It at. I rla.ng1tlatiou is uot D<'li~n uay t.riaugttl>ttinll fnr giYr' tt point s. TlJIIS we• 

dr·al wit.h ouly t.l!r· lowpr p<trl of Dr ·huuay gnt plt. 

Thi.~ ~parr j.q regarckd as ;ts11hse·t. ofE11clirbu, ~-> p>~ ce·. SnppoHr' t hn•e• poiu t~-> l't ''· Jim. p Fll 

i" giw•n. Le•t C i><' a ~t' t of tlw En<'ltele•a u C'irdP "·l!ir-l1 iR tLronglt ,,t2l, p 1·31. TlH· ('Cilt<'th 

of tltc:,r• circk s lit• 011 tlw pr•qwurlicttl~u hi ,;r• r·~ur of two poiuts pt2 l ,JI(:JJ If t.l!c 1 riauglc 

is rcn•r>,r•. llll'rt .1·2-coorclinat <' of i lt r• ccu1 r' r of tiH' circk bt·e·oHtr' JJ<'gal iYc. Snpposr• 

t.Jmt ]1
11 1 111 0\'<' ou t ba1 pt' l'(><'JJC!ie·nlar bi~Pctor frr>111 iuh11it')· of .1· 2-r·onnlwilt<' . Th<' .r2 -

coordiuatr• of 1l1r r·r•JJt<'l' of t lmt cir"k i.· <'qn;Ll to 0 if ;cud mdy if t.llat rin·k :wd t.lw 

g<•oc!Psir 1lu·ongh tlJrc•c• points w tlw Poiuntrrl ~pare· ;u~ tul' ' llUl '. Tlwrt'fon• lht• c·eulc•r 

of snr·lt r-ir(· lr• i ~ uot iudnrkd iu Poiunu·f. ~pru·r . i.e•., Vorouoi point i~ aJso c•xdnrlr••l. Tltn;, 

t.hr c·otT<'~]JOJJ(ling t r i>Lugir' i;; uot. iudndt•cl iu D<'l:llutay gmpl1. 

Lu tl.tr ltypl'rbolir· spare• I !ti~ lr· niJJJa is provrd by I Lr n 'H trkt.iun tot l.te Poiuea.r(• r;pa<'<'. 

0 

[Remark] Thr· r<'Vt' l'"~' sit.upkx i.-; tuoslly ··~kiuuy''. i.<' .. tit<· mt io <>f llH' lm .. "' to 

t lw Lc•ight is so largC' for tl11· hin1pkx. [u smur l inll' , Endirl c•<l.1 1 Dl'im1JJay l.ri>cHg!li:l.l iou 

c·our :tiJJ., h!H'h simplic"" W';lr 1 ilr honnd >try ;wd D<'ianua.v- grap!t is made• fr01n tlu\1 

tri>uw;nl;t.tiou by rr wovirtg snr-!1 sill1puccb . .lu t;ltr• fiuitr• l'i t'uwu l. m<'l hr>tl it. is ~~~ ~uocl 

<lt >Lt. tilt' r<' is uo Sll t·h skiuuy simpkx. i.r., till' Dr!attUit.y grap!J is mor<' uirc· gr'OLltl'l.ri" 

strt tr t. nrr~ mtll••r t.!Jau Erwlid<'>LU DC'l>tnuay t.ri a ngtliitt,iotl. 

Howr•vr•r rr uwv<'rl sitttplrx is not uly n•vc·rst'. J\'ou-rc·n• r.·r• I ri>utglr is ;cbo rr utoY<' 

frou1 1 h<• Eu didc•aJJ Dc•l:tnuay t,ri augnlRt iou. Thus t llc• difft•r<•ucl' Endidrau Dt·lantmy 

t rimtgnlat io11 ;uJ(] Dclamt>>Y gn1pli is not. only n'l'l' l'~<' 1 riaugnlat ion. 

Tlw Drla tUt;ty graph U, al~n d!ilrartrrizNI hy t.l11• f<>llowiug lc•tullm. 

Proposition 5.2 Tlu:n is nu poiut of m.tr·••im· of f'i1·r·nw.sr1'1.ocd ci·rcll' (1'( spr<r;l•h•dy hy

]IC'/'.\']Ih r: rr ) of 11ny l; ·iau_ql!< (•rer;•pr·e·fiur·ly d-simplP.!:) ir1 t.hr· D r·lrmnay _qmz!h. 

P1·oof: For gi1·r·u d + 1 poin t:; ti.J I' c·irculll~ct ihc•d drcl<' in tiHl Endidr•an spar·r coiu .. id C' 

wit lt the !typ(•rboli<' plli•rt• w t U<' byp<'J lmlic span•. iun' 1 his lc ·uuua io pro1·r d w t !J r 

Eui'Lidc•;lu pnrr . also iu tlw hyprrbolic spa.c·r. 0 



Mon•ov!'r 1 h<• pmp<•rfy a bon! th<· ruiuilllllll1 . panuiug f rN' is ~IH>Wu. That I r<•<· i' 

d<'fiurd lik<' t Li~. 

Definition 5.5 (Minimum Spanning Tree) Pm· rt Jhtile "'' ' of l"J'inls f' snpJIO.<I' n 

Gti111Jildt' wr:iyhi [JI'rLJ!h 0. whost· edge• is lL ymdc sic rmd its wr.1:yht ·is !riven by the h.!;J!e1·

bolit· distmtt;r· bet wer n huo enrl ]Joint.~. A ·']wnniny 11·er• ts n minim:t.t.m SJtnnning tree if 
1/w sum of t/11 1111 ighl of ('(/gr..~ minimizt. IL1fiOII!J nll ·~111Lnni11{1 lnm of G. 

Proposition 5.3 Dr·lnnuny !J'rf!]lh cootnin!i 71t'iu:iul'ltm 8Jiart;nin,q Nn: a.s lhr· hyperbolic 

disl;a.rl<'e. 

Proof: Tlw Drlanuay gra ph is tiH' dmd '' rn\'l.un• of bypcrholic \'orouoi diagnun. 

lu that, rlia.grmn W<' prol'(' above lc•mma i.<' .. for a gin'u se·1 of poiJJts P ' "PP•>~•· its 

h,rp<•rbolic \'orouoi di;Lgnnu. Th<• followiug fad' an• <·rplintkur for p!ll_,,IJI E P : 

• T l1 r J>l'rp<'udil'ul,u· i>is<•r·lor for Jllil .p(Jl is <·•mt.aitl<'d iu tlw hyvcrboli .. \'orouui 

cliHgrcuu~ 

o Tht·n• i~ !1, e•dgr p"l , ,,u>. wbid1 i~ a g<'oci<'sir· se·gttH•ttl. e·outu•e·f iug I hl·Sr flvo pniuL~ . 

iu f h(• D<•lanuay grapl1. 

13f'I'>Lil~, of IIH· dnaliry ill'h\'('('Jj (brs·· RL!'Ii('illrt' . lu addil iou. II'(' pt'OI'(' I I.! is fad. ''For >1.11,\' 

pari it,iou S1• S, of !' a llliuimllU1 gl•odn'i(' f,t•gme•tlt / 12 e·ou<J ('('t.iug /I( I l E S1 aurl pl~l E S2 

i~ •·onl'.ain('(l iu r.ll(' D<•bllway gmph.'' ln l.lw ol.il<'l' words. Vor(pe 11 ) aud \ 'or(p(2l) arr 

adja.<·euf .. SuppoS<' !.he• /12 i~ :-t ulinilunn1 grode•sic :;cguwul. hut Vor(p11 l) ,u1d Vor(JPl) 

Hrl' uot <tdj<H'<'Jtf .. ltt this r-;t;;r•. tlwn· il' auntllrt g<'tH·mJ;or p1 3l iududl•cl iu ""Pilf'IT wiH)SI' 

di.il.U1l'ft•r i' 112 . L<•1 (· IH' f IH• er•nt<·r of tl~;t1 sp iH•n•. If 1Pl i;; ilH·llHkd iu S1. t.bcn 

This is a l'OUtr>Ldir·tiou with lUI' tl!iuimllln of 112· lu ('itS!' of ,Pl E s2 lite- ('OJJ I.nHLil'fiou 

b similm·ly showu . Tlms Vor(pfll) aucl Vor(JPl) arc adjan•ut. 

Siu<T f,>r <Lll,\' par til iou its Uliniunnu 0<lg<' is r<) ul.aiue•d iu f ht• hnwrboli<- \ 'mouoi 

diagrmu. 1 U<' ('(>ill'diou ol' t.he~<' UJiuiu11Uu edge» l;ccom<!S miuiumu1 spm1uing 1 r<'l'. D 

TIJis ,.,( rul'tl!IT lm:; f ht''l' good properti<'& ltow<·n·r i» uor ahl'i\,\'h triangnl<tli<Hl of tlu• 

coun•x hnll for l!;iwn point s (>LI lim<·~ t!Ji~ sl.nwtnn• IH'mUH'H triaugttlalion). 
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5.2.2 D elaunay and D elaunay-type Triangulation 

D drtlt'IIO.y 11 iungulntirm in the h_rp<' t bolic ~p<Lt~ 'i~ dt'fi tn•d by rrpl;wiug tlt r Ettelid";u' 

~jJ<U "(' in D<'finlt iou 5.3 I() t.lu• li)' jiC'I'IH\lic 'Jl<H'(' m d F!OW('\'(' l' d:w Dl'lanuay t.riaugnlal.ion 

iu I he llnwrbolir· spac<' dor1:> unl ah"".l'~ ('Xi~ t . 

Example 5.1 For a ~C'I of p oiut.s Delannay t.riangnl;ttiou iu till' hnwrbolir- sp>t<<' rkm 

uol IJC'l'l 'SSHl' iJ)' ('Xis I. 

For a sC'I ofpoiitt.h P = { (0.12). (0, 1). (±10. 11). (±20, 1)} ilt tLr t.wo-di.tnrtL~ioual hy

i><'rbolk ~J>HJ"<'. Tlw r·itTillllSITilwd cird<•s in tlu• Endirk>.Ul i,, C'q u;u I o rLal iu I Lr Ly pl'r

boli<· spil.('(' (LC'mwn 2A). 1-IOII'!'V<"r llw eirntuJSnibr•d spLc•n· of {(0.1 ),(20, J ),( JO. ll )} 

is not indnd<'rl lu IH (t.!ti» eirdc• i~ iwlnckd iu thr En(']idemt ,;pae<' tmd t.LH' l.t ·iauglr 

bt·t·m uc>s a. !•lt•utrJJt of Dc•launay 1 ri>wgk ). 

(0, 12) 

~ l-20,1) (20, 1) 

Delaunay graph 

Euclidean Delaunay triangulalion 

Fignrc• 5.~: Endidc•au D<'lanuHy triaugnlntiou >tud LypNbolic Drlmnwy gmplt 

So we• prop us<' a tri>tugnlat,ion fur il. h<'l of potu Is, nd!C'd Del<t1!1111,.1J-I.ypc• 1.1·w.ngnln/.irm. 

Tl11tt is d011u <•rl by flu· fo llowing algorilltJH. 

Algorithm 5.1 (Delaunay-type Triangulation) 

Input : a set of points T' in the d-dimensional hyperbolic space; 

Output Delaunay-type triangulation; 

1. Construct Delaunay graph H-Del (P) and convex hull ('H (P); 

2. For V d points in P, suppose minimum enclosing sphere C and <I- simplex 

T by the tl points; 

T 



Calculate the radius by hyperbolic distance; 

Count the number of included points in the sphere except for the 

d points; 

Suppose C = {C =(1, r); Vr/ points in P ); 

I* C is the set of minimum enclosing spheres *I 

3 . T ·- { all tl-simplices included in the hyperbolic Delaunay graph}; 

I* T is the set of r/-simplices *I 

R := Urer T; I* regions of hyperbo l ic space *I 

4. if ( 'H (f')=R); 

Output T; end; 

end ; 

5. w h ile (C opf/J) d o 

end ; 

C E C s. t. C is the smallest term of C by the order; 

C=C\C; 

if (C n !I =(/) without boundary) 

T = TU{T}; R = i?UT; 

if ( CH CP)=R); 

Output T; 

end; 

end ; 

TIH' ord··r of c is cldiuc·d llk<· I hi.': c, = 'i I' .,.,) < c2 = (i2. 1'2) if lllHI only iJ i I < .,.2 

or (i, = 12 a.u<l ,., < ' '2). 

By t hb algorit luu al I<'(!» I a t riRugu lai iou i~ rou,;l.nit't(•(l. That tri>.ugnlatil>ll ba~rcl 

ou miuimnlll rudo~iug 'phon• for d-&i wplc•x aud mnta.iu" rLU siiuplin·,; of 1 he• Ln•erbolir 

Ddaunay graph. TL>LI j_., a kinrl of grrc·d~- algori t !Jw. 
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Le=a 5.1 Tins trrtl71fJ1llntwu r:onf11i11 .. ;· nil simplin.\' of hy]>cTbohr· Dll!mmllj/ gmph. 

Proof: The• iuil i;J T rouf ;ciu~ all ~iruplin·~ ;wei l.l!t·s<' ar<' uol rc>utOY<'d. T!Ju~ I hl' ouf

put. whi<·h is Dd~IHJUY gntpu. illnuiably mutaiu~ a.ll sitnplir·c·s of bypcr!Jolic D<'i;lltua,· 

gra.ph. D 

Howt'\'C't it doc~ uot kuow th<"l Df'lauuay-f.yp<' l.riall!/:ll[;c.l iou has <)I urr JH'OJW'I'I ic~ . In 

EuclidraJI SJ»U'<' 1 hi~ ;dgori.lhJU i~ giYcu t.h<' Dda111my tri<wgnlali<)u . B<·c·an'e D<•lanuay 

~raph i,~ <'qu;tl to D!'lanu<"y fri;u,guhtt.ion i11 lh<' Enrlirlc•;ut "Jl't<'<'. 

5 .3 Poincare Space 

In tLissc·diou trimtguhtliutt [orgiY<'ttpoiursiu tlH•Poiw·arr\'!JiH'<' L'-.ci<•;dl, wi1lt . Pniut·an; 

spac<' is a subs<·t of Eudidt•aJI spa.t·<· a.<. a poiu1 st•t ;wd MHIW propt·tti<'o >thoul triml 

gulation iu ILt• two-tlim<'nsiomd Endidt•au spat:<' w;~' bltowu, i.t' .. iu tL>tl. spa<·•• 'out<' 

prop<'rl ic•s of l.riangulaf iou 111ay IH• pmv<'d 'imihu·ly. 

Hc•rf'. "'" l'ousiclPr It c'OIIIt<'<'lidly of sow<• lrimtp;ul;ctiou~ by cli<~gomd flip. TLP •·dgc• 

flippiug for t.ri>tugul;uion ict 1 ht• Poinc·an' spac·r i~o cJc.fiuc•d >ts follo11·h. 

Definition 5.6 Po·r rmy cu·nve~r qua.rh'(f,nglc, thnt i.~. t:Oml<.x hull for fom point,.~ uurl 

Uwrt' ·i.• no point ,\· iu its inl.r•rim·. tlu· o)Jf'mlion 'tllhich chnnge the di({qrmal of qnudrr"'!JI.~ 

is mll d <'rlge flipping. Two tdrmynlnt·irm is liipJ><thl<• if onr• r:mt 1!1· oill.niirwd fmm. thC' 

o/.h.n· by (I Slilf'IWW'I; of fliJIS. 

For a class I l . .riaugulat.ion of giYru poiut" foli<7Wiug tlt<•on·ut ('i\U li<' prm·"'l. 

Theorem 5.1 For· gioPn . r·t nf JWW.lR all triQnqlllations without 7-e•m• 1 ;~r trinnqlt 111· • 

fli.prml•lt· i11 tht• Poiuca.d SJ>l!cl~ . Th'lls by dilt!JOIWl ft.iJ' <Ht1J t1 ·i<mynlali on witholtt n·1u.r"' 

t1·ir1.11gll' lmmfrn·ms iu.t.u ot.he1·s. 

Proof: In t lH' PoiH('arc sva<·<• >ttl} gcod<'s it· is tnlli.,fonw•d to liu r by liurariz<tti,,ll (3.1 ). 

Tillis >til rrim1gHIHtion in lUI' Poi1waJ·(> spal'<'. <'xtc•pt l'L'\'t' l'S< ' I riangulat i<m. IH•cou1rs a 

l'rrt;tin tri;·•llb'>llariou iu Eurl.idNLII :<pllN'. lf llll'n' is il rt•\'<•roc• tri;wgk. ~ucu tri;mglr is 

rtjlN:tul hy liut';u·izatinu. B,· th<• rdkctiou 'nnw l . ri;wglc·~ nl>ty iur,t•rsrcl. Howrvt'r if 

snrlt tri;lnglr is uot iurlndt'd iu til<' l.riaugnJali 11. t.IJI' st.nJI'tttrl' <'<[U<Lllo Etl<'lidv<•u . Sinr<' 

;·tll Ewlidt•;w tri;ulgnl;uiPu i,<, flippal>lt·, by <"otT<':'JH)lJd('(i diH.gnual flip ll.1t' tt inugnlaliou 

D 
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[Remark] Iu t,lw t hn·<·-di.uwusioual hyp<'rholit- 'pace tlif'r<' <·xist sa con11kl' <'xamph

oft !Iii- tll('llr<'llL That <'X>uupl<• L; umdr from tlJr iuv<•rs<· rnappiug of Enclicl<•>uJ <·ouut<•t 

<'X<llllj>le. Thm. in r/(~ 3)-dimt'll'ioual hyprrbo lic 'P'~~''' >tlltriaugnlal iuu is uot Uipp<tlllc•. 

for th<' Drlauuay graph and Dl'lanlla~·-typr tria!lgTt!at,ioll is tl!<' two dinwu,ionttl 

spac·f' <tud t.lw aug)<· (Drfiuition 3.3) i~ >tlso rldiw•<l. Tlt•1H it iR iht• prohlC'lll th111 tlu• 

fol!m,·ing proprrti<'s fot Dr•I<LniHW-t.YP<' Lli>tngnl;tt.iotl : 

• Illiltimi1.Pf. 1l.H' t!Htxiuntut nulius of a rin·nJn~tTi l wc1 c.irdf'; 

• tna.x.imhc·s tll<' tuillilllllllt >Lllglr; 

• tuiuimi;,rR t.hf' waxillllllll radiu' of a llliuumllll <'twlosiug cin·k: 

• ma.xintih<'s 11J 1' »11U1 uf i11snilH'd cin·k radii. 

5.4 Dually Flat Space 

Jut l1is dt<Lpkr \\'(' oht.ain Ddlimwy-lyf'' ITio.nyulnf.wu i11 tlu.nll!J flnt srmr·r. So we aln·adr 

<k>nib<'d llw <·ouv<·x hull (S<•r-t io11 3.2) ami I lJ<' \"orouoi diagnua (SPI't. iou ~.3 ), i11 l l1 ost' 

M·<·t ina suppose• I h<' rxi.~tC'Iln· of global coonlillat.t• sys1.PUL Siu<·<· tJH\'.r hi rnc llli'<'S arr 

nHt•d iu this s<•r·t.inu , wr also SUJ>pusc· til<' ('Xislrun· of global rnordi.uat<• s·ystrm iu this 

sr•c·tiou. Thc•l·t•fotT tlw t ri.;wgnlntiou is rldined l>y rcpbtciug tbr Euclidc•llu spar·<' i.tt 

D<'fiuit iou 5.1, 5.2 1.u I lt r thmUy £1>Lt. sp>U'P. 

l'd otTovrr < !Jr D<'lmnmy t.riaugn.lat.iou is similarly ddiurcl as Endid<·al! (Ddiu.it ion 

5.3). How<•wr snm<' p;trts uf tl"· cin·nmsrriiJ<'d spLrrr of tup siwplex of th<' Drla111111.y 

t.riaugnhd.iou is uot iudmkd , w1ich parts I'Orn•opond 1·o r<'lllO\"Jilg [acrs in tL<· V" (or v"}

\ 'ornuoi di.<egnml. nd1 st.rnd.nr(' ma,v uot bra tri>ulgu l>Ltiou silH:r tl>rn· mr "'lll" ddt•terl 

parts. Sin .. <' Lbr couw·x lmll for gin•u poiuts is included iu tbe "P"'"''· t.r.iaugnlatiou , 

whirh is IL ~nbd i1·ision of l.h<' r·oni'<'X lmJJ , is also ilJ(·Indrd. \\ 'p dcfiur Dtlrmwty-typ~ 

trianynlrtl;irm iu I L(' <In ally £11Lt spa<"<'. i.e .. WP drful<' a tri>LUgnlat iou whir·!J is ha,.l'<l 

ou I Lc uot. r·itTllll~"-rib<·<l sph<•n• lm1 potPut.i>tl fauctio11 . i\o1 nul.· t lu• propc ·r l ir~ of 

D<•lmlllny-typr t.ri>uJgltlaf.ioo lint lht• r<'laricms b<'lW('<'ll liJ.i, lrimJgni>Ltiou >>Ud \ 'owuoi 

diapptul arr cks,.riiJ~d. TL.i.'> propc•rty >urea.cl · prowd iu Endid<'<ll> ~pHr<· [43] m1d WI' 

proYr t!Jis t!Jcon·tll ilasecl OJ! t lH• p>tp('l'. 
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Fir~t. Wl' ddilw \1- and v - -Ddauuny-type t1'iangnlotirms. Iu ti.H' rlmtlly fhtl ~pan• 

th0rr t•xil'it Jml.r'11fial funr·tim~;· I!J;u c·an b0 ttM•d lo !'om,lnwt \ 'oronoi clin~rauts. \Yt• nut 

abo nst' potPuLiaJ fnuctiou~ r.o !'on~tTtH't rlw triangulation. For givl'u poiutA r·nulii<kr 

I he· 0-c·oorrlirmt.P s~·stPlll and sttppos<' a polPUI ia..l fnll('l it> II t1•. By adding out' axi' .11 to 

[11]. IV<' t'Ollhitlt•r [ll.y] hpa.c·t·. Tltt•u c·otttpnt•• tlw value' of pOtPHtial ftmt·lion t• ;t.t c•adt 

poiltt. i.C' .. Liftiug poiut.~ [IJiil t'(fl(il)] atld •·mlhtnwt t l.t0 \1-c·ouwx i.Jull fort l.tP~c· poi11t.s. 

\\-IH•n we projc•<·t 1 hr nppc•r <'III'Plopt• to t i.J<' original sp>t<'f'. I ht• projc·ctiou lwcoutt'h " 

tri>wgnl;u imt if <tUy d pttiut.' dt'tt'rtllittr H h,rpl'rpl;wt' all(l >W.Y /c(> rl ) puiul. an· uol. ou 

;tl.typ••rphwr wltc·rl' dis t.lH• diulf'usiou of 1 be• sp>t.rt•. 

Till' ;tbow ht<'po >u·r stunnH•d up tbc• following algorithm. 

Algorithm. 5.2 (V(\1')-D elau.nay-type Triangulation) 

lupttt: n '''I of point.s iu dna.lly flat S]J~L('(•; 

Out put: \1(\1 ' )-Ddanuay-typ<• t.ri;utp;ttlatiou; 

L Lift 11p givpu poiut>~ to pot<·ul.i>t.! fuudiou t'{p). 

:2. Cou~trnrt t.ht• \1(\1' )-cnuvrx Lull oi' I U<'SI' poi.uts iu I I.Jt• [II. y]( [11, y]l-cotu·clit~>ltc• 

systPIJL 

3. Projrc·l t.!Jr• lowc·r {'IIY(•]ope of 1.[1(' ('()UVI'X unll to 0(1J)-coordilmt.t· S)' 'l.C'III. 

Ht•rr. we• nul;1iu t,ht· dnitlity of \1-\'oruuoi diagnuu aucl v--OI' Ianua ·- type• t.riau

gni.Ht iotL Iu TIJI'or<'UI ~ .5 WI' cousi.tkt tb;ct diagrmu (lmn·r t'tJI'C'!Opi' of byp<•rplall<' 

anailf{<'lll ··nt,) >LJHI t.bc• dua.l stmr'tlltt' CIJ'n:tw.c; hnll. Tltc·rr is n ti11.11lity lwl;wc•t•tt tbt· \1-

\ 'orouni diagmnt iu t I.Jt• 0-coorcliwtl <' l;yst< '"' >w.cl ILl' \1" -Ddnnuay-lype triattgnlat.iou itt 

ti.Jp 11 f'Oonlinatn sysiC'Ul. Till' clmilit.y can IH· nuckrst.ood a.· t.!J(' <'OI'ri'SJIO!J/Irucr bt'IWN'll 

poiut and UJ' JH'rplaut' iu I i.Jp two roorcliuat.l' sysl<'tlts of dnaJJy Jla.t. spar<'. Tht• !.a.ugr•ttl. 

byp<'rplant• of"' at Jl iu t!Jc• 0-coorcliua.l<' '.Vstc•w is <'X]Jt'C•ssc•d as 

.</ =- I:ll'lj,(J!) + .,;'(p) 
j;:;J 

aucl io I 1 ausforntl'cl t n 

Tun. th<' ltypc•rplan<' ;u·r;mg<'nwut of givcu poiut.o iu 1111' roordiuatl' oystt•w in 1 raus

foruwd f.() I bt• hypl'rpl<Wt' mraugt•mc•ut wltusC' bypt•rphtuc rt'[H't''I'UI.s lbl' b"IIJil'OI'Iing h.y

fi ry1lmtc. t.ltal is. UH• fu.r't•l of the· c·om'<'X lmll iu lbl' ;wnlht•r •·oon.li.Itnt.r. \[on·m·<'t 1bt• 
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projc•ct iou o[ t he• uppc•r c•uvc·lot><' of Ill<' lt)1><'rpla.u<' a.na.ug<'lll<'UI i:-. tlw "V(v· )-\'orouoi 

c[iagnun. >Ute! ILl<' projcTiiou of tll<' lom·r c·uv<'inpr• of 1he \7 "{ '\7 )-co!I\'<'X lwll bill<' 

V' " ( V }- DPIHilll"Y-t.y pc· t:riaugll[a.l iou. Tl.Jr•t'Cforc• t1H•n• abo c•xiJ>I.' d uali<y bPI " '''I'll 1 b<· 

"V-\ 'oron11i diagram >tml iLH' v·-DPl<~uu a;~·-t-yjll' triaugnli!l iou. 

Theorem 5.2 {Duality) Fo'f' !Jim 11 points i11 o dn"//,11 flnt .;']JO.CC 'IIIith y/oba./ r·oo·rd•i

lllLlc systn111, than 1.s the. tl'la.lion.s li<.tawen \7(\i' ' )· Vrno11oi tl ia[jTr/'111., ~;ontainiu!J ·removecl 

jnc1;s, 0,1/ll v• ( \7)-Dclamwy-typl; lrirmgn/ntiun . . ,., ·~]wr·tivdy. ~:a/led cinalit.y bt; t'W!'ell tht;.9f 

st.mct'l;n~.~. Thf' d?(n,lity is ghwn by tmnsfrmnnfi,m V fmm [rJ. .U] to [0. y]: 

v : [q. - ,:>] t---i !} =- L O'lJ;( p) + .p(p). 

M 01WJ'Vel·. \7 ( V · ) -di1u 'I'!JI<IU't· is p1·r~sr1"11Nl by V . 

Proof: Vv'<' prO\'C' tl.J1• rltmlit.y ouJ,\' of 1 h<• '\7- Vorouoi cliagrmll ;wd til<' v· -Dr• l;wuay

typl' t ri;mgulat iou .. -\:uot,[J('[' I'OITI'$J>OUd<•I]('(' !bat IH•tw<'ru !.ill' v •. \'onwoi cLiagTillU iUJCI 

Lh<' '\7-Dri<Inmty-typ<' triaup;nl>~tiou is s iu<il;u·Jy slwwu. \\'Leu n·wov<•d farrs way PXi'l 

UJ t.IH• \7- Vorouoi rliagnuu. WI' I'Ollsidci t Lu• wlmlr pl'oj<'cl iou of I be tlpjwr <'11'\'C' inp<• 

of II)' t)f'rplan<' arraugr·m<'ul iu 0-co<mliual<' syRiciu. IVC' alrc·ady <'xpla.iul'fl th>li !Ill' 

si.!'IIC'llll'l' is I l'>tliSforuted to V" -D<'Iallllil)'-lypl• I.I·iaugulat.ion. 

So W<' st a I.e• t.Jmt t.lw diWIW'urc' is uot <·h>tUgc•d by V . Suppos(' a map from l.l.J(• 

l .<~ ugc• ut. hyp••rplam• of a pot·<·ut,i;tl fnudion tot lw I a.Up;f'lll. poi.Jd. Tlt i>< JWlfJ is a hijrctiou 

lwn>tts<' I U<' pntf'utial fuu ction i:- !<I rktly com•c·x. Sinn· V i:. abo a bij<'d.iw frolll poiut· 

to LyprrplmH', we• c;uJ p;C't tiH• bij<·ctiou frol!l 0 to 'I· Th .. reforc·. by tl.tc• ddiuiti<lll of 

di\'l•rgmwc (Ddinitiou 2.26), tlw V'-<Liwrgrncr is tWdHIJJI(('d 0 

TL<' rhmlity iu EuclidPau 1-pa.cr ~" t•a,.,il;~· uud<'rstood. The· lin> coordimtl<• sy>.r.c'IUh 

;u·r I IH' SH.lllC aud tiH' two potPut,iaJ fuudions an• also t.Lc sa.uw. Th!'rcfnr1· the• clu<~lity 

Vis frow!Cv] t.o [Cv] ami fiJ(• fuu•·liou from[~] t·q [~]is iclc-ulity. TLru lh<· clualily c·au 

lw rousiden·cl iu t.hr t>ur coorclimtl(' systew. 

To rksnih<' t!JP pl'<>prrtic·' of Delann.11y-~·pc· lri;~ g-nhl i(>U, WI ' d<'fiu<· sOi ut• )l} 'Ollll'lric· 

strnctnn·, iu t.hr· chmlly Jhtl "P'W<'. 

Definition 5.7 ('17-gravity Point, '\7-circumcen.ter, '\7-sphere, and v-circum.scribed Sphen 

'll)lpo.W• )JIJiufs {J'(jl;j = 1, ... , II} in t/u· rf.rf•int.(' 'IIS'Wrlll.l d'l!a/ly jird ·~]I(J, r;r• . 

92 



'i7-gravity point A llfli'llt I' is n 'i7 -ymvily]minl if p uN.rLin.' 

" 
JuiuLD(p1''1fp). (5.1) 

t=l 

'i7 -circum center SnpJ"Ise simiultnnwns eqnnl·ion.'i 

D(J/'' ff p) = D(pUl[[JI) (Vi ,J = 1, .... r1 + 1) (5.2) 

/or· d + 1 Jlfliul.~ ir~ the tlnally fla.t space. Tlw sohllwn of lhc~e riq'/l.nliirms is r·allctl 

n 'i7 -C'ir<' IIIJJ('I'lll 1'1'. 

'i7-sphere Fm· " point J.1 ·i•r1 the rlnu.lly fto.t SJilLCI' and It positim· ·mal nnm.bP•r r. thr sl't of 

t>o int i,- !L 'i7 -sphr·r<· ·if !.he 'i7 -<vir" 7!Jrncc frvrn. p /,o th<: ]JOint of st•t is r. 

'i7-circu mscribed s phere A 'i7 -sphen fm· rt d-siuqile:r: iu thr. d-rli1nm,.<illwtl dually flat 

"1'""'· is rt l:'in"U'IIt.<rl'iberl sphr r·e if nll the 'Ill r·ti('(<S of the d -simp[,' .r ~tn: or! thr bo7tnrl

ru-r; uf IJw "7Jhrn:. 

1'/w 'i7 ' -gm.11ify )Joint, the 'i7 ' -r .. i7'1"ll.'lll.!'tnfr·l·, tmd lhr 'i7' -splwn an: cli-jiued by .<·u.hstit:u.tiny 

'i7 -divr"I'IJI!I.n D" ( · If ·) frw v -divr!'IJ"'"''' D(- If ·). 

[Remark] TIII'S<' fa<·ls ;u·<• s!Jowu iull!wdiaiC'!y. 

• A 'i7-eirruUH'<'Ut<•r d<1<·~ uot alw<~ys oxist.. lf t.1u• poiul rxisf><. t!tal bt•J'Olli<'h t.lw 

'i7 ·-\'orouoi poiut for (r/ + 1) poiut,H. 

• A 'i7 -f> phrrC' is alway~ iudnd<'d iu t II (' spa.C'I'. 

Tl.u• fo llowiug km tna gi,·cs >Lll '''" wRy to c·;tk nlaoc' tlH' 'i7-gn wi ry poim~. 

Lemma 5 .2 SrL]J7JIJSI' point.'! {J!'Jl;j = 1. ... , 11} •in the rl-di.uwusionnl rhw.i/y flr~t .$pu.rr· 

with [Jlobo.l c·oordi1111,fr> syst.r•11t. The 'i7 -gmv'ily )'Oint J! i11 th1' li-I'OOnlin.ul< .~ysf,I'W can be 

wrl.i ljnr,ly tlt tm11/inr·rl to lir· 

(5.3) 

111/wrr 0'(tPI) is the 1111l'ltl: of t/11• .1 th com·dina./r: of p<'1. 

Proof: DilfPr<'lll.illl·<' hy 'I til<• C'l'itC'rinu (l'J.l) 

(5...!) 
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TL<> tpt;ulmt,ie cliffr-rc•ntial is pm.itin• tkfinit.c· l)('e~.nst• that b wrtri<- (2.21). If tbt·n· is a 

~<Jint iou to t.hr allow t'CJllatinu;. , t lit· point is a \7-gra,·it.r point. Tl~t• Yaui~hiJJg point j, 

giwu IJy r•qtmt.iou {5.3). D 

!Remark] v· -gra,vit~· poiut.' IU't' c;tkulaH•tl simil>u·ly. Thus th r• point is also ('X

prc•ssed by 
J " 

,,,(p) =-L 'IAP( i l). 
n 1== 1 

[5.5) 

I:u additiou. cquatiou (;J .5) is r.hc· saw<· as I'(Jllil.t.ion (2.11). JJ tiJi.., lt•ut!lla for \7'-gr<Liity 

poiut ifi liwil erl. r.o thr• ;,i.al'.istit-al p;u·;uur•tric- spat·<• of <'Xpow•nt ial fami ly, t.IH·u tur abow 

r·qnat.iou r•xpn•ss<'s ·the maxiwnm lilidihn<)(J cs t;ima.lor for 11 pointb (Sr•t·t.iou 2.2.2). 

:l·lorc•o,·t•r, soTIL(' graphs ;w• ddhwd for a S<'t of points iu d-diln<•usioua.l EnC'IitiPau 

sp;u·t• . So t.Lat. the· sl'l is r·outlrillr'd ill E1wlidr;tu spa.<·r•, snppos<' tiHII t.ht•st• gnqJhs <tr<' 

('tn iJt'Cltkrl iiJ md For ('X;IJJlpi<>. 

Gabriel Graph (GG) A graplt whos<' '"''rtin·s an· poiut." iu m"- "it.h t•dgr· (.r, y) ifT 

poiut·s .r aud y ddilwd tlH' (li;wwt<'r of an <'utpty sphl'rc. 

Relative Neighborhood Graph (RNG) .\. grap l1 whos" vr•rt·i<·<•s m·t· poiut.;, iu m-". 
with l'dgt· (.r.y) iff ih<·n· ~xis!!-. uo points z our·h that : i" dosr'r to ,,. tluw !J i~ ;wei 

= is dos<'l' i o !1 t.lHlu .r. 

T!tC'I'<' an' thl' following rdat. iou~ for t.L<N' gn•pLs [17]: 

Et\JST ~ lU\G ~ GG ~ D<·l. 

Elv[ST i" t bt· Endirlt>a.11 mininw711 S)Huvning /,rer:, whidt ih tbt· minimum '1"11Jlling t.rN' 

H,JJ(I wi1 0S<' WC'igltt. is t.ut· Eudicl<•au dist.a11ee IJ!'t WC'<'ll r.wo <'Uci point,.. aud Dd is lu<' 

Dr lrt'IIJIIJ.y 11-iu.nynlat.irm of gin•n poiuls. 

Siucc i.u tlw thtaUy flat-. spa<'<' t.JH-' clivt·rg<•uec• rlocs nor sal.i..~l'y t uco Sj'11lln<'try of clis

t.am·e. aU graphs ;m· uol dealt. \\"it h. Thar is , GG c·mt b<' <·ow;ickrNI , hut. Ill\ G. aud 

El\ IST nuwol. So t.lJ<' GG iu tlu• dHally (htt spar·<' is d fiuNI. 

Definit ion 5.8 (V'(\7')-Gabriel Graph (\7(\7')-GG)) S1q;po.~c a ,.et J> ofpoiu.t8 i'll 

the dttfllly fla.t 81W!:I!. A !JI'fi)Jh. ;, a \7-Ga.brirl grapl1 i/ mhuse tw·,·teJ: is P rmrl r•rlgF {.r.y) 

·iff \7 -sphr:n •, ·whotH. r·ctJtr•7· 1.s \7 -fjtiL111.1!J ]'oird c of .r, y nnd mrhu.~ is \7 -divr' I'£11'71.Ct' fnnn 

.r to ,._ i.~ 1 mpi!J. thnt ·ts. no poiut.~ an couhtinnl in tlw iuierio'f' of thc . . ,p/u·n:. The 

v· -Ga.bri<'l graph is rt. finul by I"P]Jlaei11!J \7 lllil.h \7'. 
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Dc>launay-t.ype I ri>wg ul~.t .iou S>tti..,fi<'s tlw followiug tlwon·w . 

Theorem 5.3 Fo·r amy yiur 11 point.1 i11 tin dually flo/ 8]/ltr'e, 1./w v -Del111mo:y-lypr tn

rmynlo.tirm ind-a.dL' thr v -Galnir I !JI'O]!h. Tlw.t i.1. 

v -GG ~ v -Dd. 

whr;n: v -Dd is thP v -Dela.mwy-ly]!r lria.ngulntion. Thr••rt• i8 //i.r· Hlt.rrlf! rr·la.i'irm Jrw f/1( 

'V ' -Gnb1·ir:l f}'f'(tph amllhe 'V ' -DPlnmwy-ty)"' t?·inngulfltion. 

Proof: L<'t (. t', .IJ ) IH' " g<·od<'h ir· <>r>gHL<'Uf tlmt. couur•cts .rand .11 ;u11l tl mt !,rc·om<'s 

f\IJ t•tlgr· of tlH· v -GH hrir·l grapll . Ju TlH'OlTlll 5.2 W(' prowd t.ltr• rill >tl.ity of t.lw 'V

Or•huutay- ly p<' I rimlp;lllat.ion "'"' t.l!e v·· -"Vorouoi di.>tgnuu "·ith l'f'lllOVI'( l fac·es. Cotttp>tr(' 

1 11(' ddiuitiou of I hr· v -GG ;wd of t hr v ' -Vorouoi di agnuu. Tlw SC' l of '")Ui-rliYr•rgc•IJI"t' 

poiuts l.o two g<·n <' ratnn; iJH·Indes t.ll(' 'V-p;r;l\·it.y poiut of tlH"'~' poi11t.s. ;tncl Ill<' 'V-gnH·ity 

p<Jillt lir•s ou thr• 'V-gr•od!'si<- ~q;wr· ut. joiuiug gl'uc·mt.orb (,,.,. Fig.3.5). Tl.tar ;,, lwnuJR<' 

tlw 'V-gnwity poiltf j , gi\·eu by t.hr• >twragr• of t.wo gr•ur•ntl.ors iu tit I" 11-•·oorrliumr• ~Y" <'UJ 

(LI'Illlll>l 5.2). Tlnts !.his gmdr·sic M'gnwnL is t•qnal!O ilH• r•dge of gn>p1. 

Fiu;tlly W<' slliJ\1' I br- iudnsiou for a.uy r·clgc• of 'V-Gahri r! gmpl.1. Tli C' r•xist.r•ur·t• (·oudi

tiou oft il l' <'dp;c• i,, tlwl t.lwn· a.n · 110 poi.ul.s iu I lii' sphPrr· whu!-.l' c<'lll.<'l' i;; 'V-f!,l'<l\" it y a lHI 

wllo~(' rwlins L, t lll ' divNg<'lH'('. Siuee l.llr•rr• is JJO J!Oi.ut.s iu I IH' splH'l'<', l.b(• v·-\'nronoi 

fac('t r•x i,;(s. Th>\1. i.~ . !lt<'rc• is t.I!P gr'<>rlr•,ic segut <'nt. ,·onul'<"1 iug t iH• 1·wo geuNatnrs . D 

p,p' : generators 

q : '¥-gravity point 

Fignn• 5 .. 5: Tl\'1:> gl'nc• rat.o rs >w.d Ill<· Pyt!tagornau tl.!,•on•l!t iu t.l"· 11-coorrliua l.<' sysll'llt 

Hl'r< ' W<' prov<' tlml Or•liuuJay- ty)ll' t;ri;rngnhtt ion is t LI' "brst" of all possihlr- t.ri

augn]al.ion. in tbt• dnally l:l at. sr»tel'. That i~. wr• prow that t.IJ<' 'V-Dt'htllmty- t.ypc 

triaugnlat i011 HJiuimilr.rs t ll r· Inax.ilutUll rarlins of tLe ·mm-immn em:losiny v -splwrl' by 

V ·d iw rg<'Ul'(', 



First. we· ddiu!' tL.c· !lliniiiiU?rl r uclosiny v -spherr. 

Definition 5.9 (Minimum Enclosing v-Sphere) Stq;po~c d + 1 J>oiut.• iu the tl

rlilll.rnsirm(l/ rbw.lly flo.! spar:e. A v -s]Jhr.1·c i.s thr minim> I Ill <'I!<'!Ooing \1-,phc·n• if f/1( 

·'7'/u:ne iru:lnd<'S d + 1 points rmrl thr ·rnrli1ts .,, miuim:izcd hy v -rli·ue·ryrmct. fm'lll <'f'111.1 r 

J'Uint rmwu.g all v -SJihr>rr.s indutling d + l po·int.•. 

Lemma 5.3 For yi1H'II.]wints I'= {I'CJl;j = 1, ... . rl + l} in t/w d-rli?twrt . .-itmrd rlnrdly 

flat. 8JIIU'!'. let .Y be a. linrar r·ombiuntimt of yiumt ]Joints. Tha.l i.~ . X = I:j,!/ >.,p'') m 

t.hc 0-comrlitllif<' systr'lll lllhl' t'fe ,\; > 0. I;.,>., = 1. Thr· follmuiny c gu.o.tiou i.• obtrdnr:d: 

tl+l 

F(X) := L ,\,O(p(''ll X)= fl - D(.\'dX) (5.6) 
i=l 

wlwn .\'c ·i.s the v -cin:·tmu·pnt.m· foT P rJ.nrl fl = D (p<Jl I l -Ye) i.1· r·m1.•timt (] = 1... . rl+ l) 

1ulwn .\'r · ":r:i.•t . . 

Proof: 

rl+1 d+l 

1? - D(Xcll X ) I:>., (R- D(Xr·IIX)} = L >., [o(p1' 1II.Yc l- D(XIIXcl] 
f .:.....:; J j-;::: J 

.1+1 [ L >., dt/'1) + p(Xr)- I: fiJ(Ji' 1)tJ;!Xc)- v(X)- ,:>(Xr·) + L fiJ(X)lJ1(Xr ) 
, J J J 

~ >., [ O(p1' 111 X)+~ {IIJ(p1'1)- (lj(Xl} {IJ; (X)- t/1 (Xr-))] 

<I+ I 
I: \.D(1i''ll X)+ I: {o'(Xl- 01 (.Y)} {tu(.Y)- 'U(Xr l) 
i=l ) 

d+1 

L >.;D(JP1iiX) = F(X) 
i~ l 

0 

A proof of rL.<' ahoV<' <'qllalion r0~t ri('l <'d to 'tiltistical ]li\.r>ULl<'tric ~]J<lC('. ftbon• c•qna

timi f<ll' l\:nllhark-L<'i!J ir·r divC"rgrw·r, i~ already oLowuiJI [1 ]. H!"r wr· ]H'OY<' it iu B<'ll<'nLl 

for a. dnally fl>lt sp;u-r> witL global t'OorrEuat.f' ~y,t,Pru. 

i\lorc·ovr'I\ hy t!H' >tlJow <'<pmt.iou W<' nw g('t t L<• IU<lXinlizt•d poi.u t of F( X). 

Lemma 5.4 In Lemma 5.3. if l.he \l-cil'rll'lflcenft'·r of thr d +] Ji<Jints i.\ iudnti<ed ·in 

thr• d-sim;>lr.r. F(.Y) i.- 111.a.rimizerJ <tl the V-l·ircrJ.w<:w.tcr. Othc.l111i.5< lhc: fnodirm i.· 

mttriw,izcd at tht· boll'llila·J"!I of th(' d -,,zwpleJ;. 
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Proof: By Lc·uuua 5.3 

F(.\) =II- D(.\r-11 .\ ). 

TltiiS tlH' F(.Y) <tttnins l.o lll>tXillltllll nat. X= Xr· if .Yr· ('Oilt>liJI(•rl in tiH' ~ituplrx. u 
S r is not iucltHIPd in llir si ruplc·x. dw lirunimt ilrcomc~'> ruiuillllllll at a point of th 

bonud;u·y off Ire• sitttplc•x. TlH·n•forr snppo~c· ;~ c>nr-lo~iug 'ii'-hplt<'n', F i.'> maxiiU.i%r•d at 

t,lw 'ii'-<'irc·ntuc.c,uiN <llll<mg tltc• point "'l I'' C !' ou tlir 'ii'-,plwrc a., tL!' e-cliwc•usiorJ>d 

spacc• wltc't'C' r + 1 is tlw numbn of l''. 

In addir ion, if X r· rloch uol. Px.ist iu t Le ~pace·. I hru W(' c·ousirl<'r 'ii' -circnnL~<Tii><'d 

spltc·n• of thr [ac<' of tiH' situplc•x . 'dricL c nt Hills all vrrt.i('<'S oft lw sitJJplc·x. TlH' ~plH'rr 

wit u !IJ<' sm;tllc·~t radius ;unoHg ~nclr ~PU<'rc's is tniuiwnw ettdl)siug spbrn· for f.Lc sittt

plc•x. ln t!Jis C'iL" ' t ll<' <'<'ill r of ILC' ~pbr•rc' is ou tlw bc)tlllchtry of tht• siwpkx. Bc·c·ansc· 

F (X ) ut;IJ<imizn at tlt<' r<'ut.rr ofsneli ~plwrc· for the• snbs<'f. !''of poiut.s aml /\; for!'\!'' 

c·qmd 1 o 0. 0 

lu adrlit ion , we• dd]w• sowc• fnurt in us. Por P = {piJJ;j = 1. ... . 11) lit t.hr· d

dilllrn»iowll dnaJJy fiH.t, sparr t,hc• fnnc·tioll .f(X) ih clc•fiued <tt <'I'P ry point X in thc• 

'ii'-r·ouY<'X l11tll 'ii'-Cll(P); 

" A, 2': 0. L /\, = l. LA·'"" = .Y, (5. I) 
•=l 

" F(X. ,\) = L -\,D(pi" II X ). 
i:::: l 

f(S) = rt~uF(X . A). (5.9) 

Theorem 5-4 Fcrr llli.IL A F (X. /\ ) of n fb:c<rl)loin./, X. thr nou-zcr·o vnlw•s of A, nr·c· de

/C1'1niurrl IUI.ilj1tcly by lhr- !Wrlicr s of l.hr Ddtt~tnay b'i'11111le.r. whil'i1 is the sirn]!leJ; of\!

De lamtny-typ<' tria:ngu.!rdiun. t:t!'lllaiuiny I he point X . Thns f(S) is l)i'/1('17. by IA"IT1.11w 

5 . .{: 

f(X) = f,(X) = R,- IJ(X r·,IJ X) 

111/wn• X c, and R, am 1'1'S/II<f'li1Jdy ih.P (:f:rde·r nwl flu m1l·i1t8 nf lh l' minimum r•r11:losiug 

'i7 -spiHTt' of tlw sim!JleJ:. 

Proof: Th<· v -Dr!H.t111>1.)'-typc• tri>Lu gnlation CiW he· prnvidl'rl [,_y th<' pof r'utiid fnudiou 

'·' aud t lw proj<'d.iou of I hc• lowrr lmll of -<·om·<·x hull (c\lgorir.btu 5.2) . 
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;\ow IV<' r-ou,;icl r•r a poiut 

nudr•r I lit' mud it iou (5. r ). Thi~ p()tllt rrprt'b<'Ut~ a ll t II (' jJ()lUt~ of v -C.H( f> ). 1\ lon·on•r 

LIH' Itliuimnm or F for _..,- i~ giwu by I.U(' poiut wit l! tlH' lrJW!'&I u-('()Ordwa.t c·: tlH'rc'fnrr, 

tlw JlOint lif'~ (In I be lowc•r-lmll of tiH' couwx hnll . This &iJupl<•x is iudndccl in t.l11• 

'V- D<'i >Lnu;~v-typr· lria.ngnlatiou n mt a iuing X . D 

Tbeoretn 5.5 Thr m"·"imm11 r·adiu.~ of th~; llli'n:i.uwrn <;1/.r;/o sing 'V-.'1'/wrr: of 1/u 8i111 ple.r 

of !ht· 'V-DiliMt.rwy-tyzu< tl'ian._qnlntion, toh'idt iH lh<: 'V-dim·t·genr·e ft·ow. th<; nmtcr lo tht. 

points 011 t!w spht"N:. is f'(Junl or less tlwn t/u: w.rtJ:·immn mdins of /.hr mi11im.mo rmclo.~·iny 

v -sphr"l'f' of any oth er· t1icmyu.lnlion of t/1.1: .~,I of points. 

Proof: A t.riangnlat.iou T for a s!' l P of poin t~ i;; cousitkred. Thr fiw criou Pr(X) 

is ckfiued a.t r·ad1 poi.uf .Y iu 'V-CH(P) >tlld is tur• s>un<• as t.l!t• r quat iou (5.6) ftn t.l.w 

silllpl<-x T E T t lml coni aiu~ I Ul' poiut X. L<'t Fv u<' a e'tHT<'spouclwg (nuct iDH for 

'V-Odanm•y-ty pe · t riaugn lat.iou V . LC'I X -, a.ucl "y n IJC' l h<' poiurs i11 \7-CH(P) wh N<' 

Pr(X) aud FD(S) af.la.iJI th<'ir wa;xiuw. l'v.l on·owr, let R'l ;nJr! fi n I)(' th P rc'SJH•f'lin·J~

'V-d ivrrw ·tiC·<'h frolll X ·r iiurl _y " r.o r.lr <' n•rt('X of tl.t<' sirnplt•x. 

Dy Lr·rru.ua 5 .1 aucl Tl!e•on•ur 5.-1 I be fnliowiJJg tdatiou is prowd: 

Bl'e'fUISI' I.IH' first. iii ('{[IW.Iily is bfW'rl on thc lllf~"Xima of x7 ft )f T aud I u KC'I-ou d i~ by 

TIH·orcru 3..+. Tlwr<'forl' we• 1·:u1 gr•t I he• rc,., 11l l. D 

\\'(' jli'O\'Pcl Tlr<•orl'lll 5.5 for v -DPianllfl)'-lyp<' tri>~Ugnlat.iou . ft ud t.lr rrl' ih il SWJil ;tr 

1 Ui'nt'<'lll for v· -D <' lanwty-t.ypt' I riH,ugnlat ion. 

Theorem 5.6 The 'fii.(U;ir ii 'IU II mdius of tlw minim:um CT/.f'lo.5ing v· -sphere ofv• -D( ln.nnny

'·1/J!C trinngvlation, u,ft.ich is flu< 'V' -di1H'1'!)1'71C£: fnnn the 'V ' -l·t•u/rr l.o lh1· ])()luis uu 1/u 

·'1!/u:rr•. is eqnnl u1· li'.>S tltrw, I hi' rna~·immn mdins of thr. rniuiw.mo Pnf'lnsiny v · -H]Jhr•N' 

of o.ny oiJu 1· tr-in11ynl11tum of tit< ,;('!. of rwiu/s, 
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Proof: T!Jr• abol'<' h•muta" oft i.H· \7" V<'rsiou c·an b<· JH"OV<'d lry < ·xdtaugin~ tlH' wk of 

\ ;mel \7". Tho~<' kttJHt>L'i <"<LU b<' n~<'d lo pron• 1!Ji~ llH·m<'llt. 0 

[Remark] T!J<'Or<'Jll 5.5 inr-lndt•s t.ll<' Encl ick>tn ,.,._,, •. This;, prowd iu [·.J:Jj. 

Ju tLi~ R<'ct.iou W<' propos<• IL<· Df'lmuw.y-typr lno:ngnlntirm ;tud proV<'~oomr propN-

t i<'s. Stu("(· t Lis I IH•ory is a Uiil nntl t•xf.<·u,iou of Eudicl<·an coutpn l.atiouaJ g<•oul<'l ry. th>ct 

trimtgnla.liou is aL~o clla.nlt i<• riz<•d IJ.r bOl tl <' otlH•r tllr•on•mH by potc·u tiaJ fimctimt. 
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Chapter 6 

Applications 

Tltc•orrl ical <1-' l"'ct. of Rir'H<auuiau c·owpu tatioual g<'OH<Nry wa.~ rkK<Tibcd ill Cl111pt·c·r 3, 

4 ;wcl 5. That g<•mur t ry i~ U<lt ouly t·heor · but nJ~o C'iill br applil'd t.o son I<' prohlc!Us. 

Ill t!JiH dHlJ)t'-<'r wc· t.aJk abont the• g<'OIH!'iric· dnRtniug narl t l11· t<i<tugnla tion of givc•u 

su rfac~. 

Cl11skriug is a da~~ifint(. iou of siulilar objects by 11. ccrl.aiu <Til <• ri ou. which j:, <·LppliC'cl 

l,o data am~lysil;. data n•dnct iou, paU<·ru r('roguitiou. de. L1 pari indaJ·. WI' dc•a.l wit.L 

yltJ!II.Ltr·i,. cLnHI<·rhl (} i11 Sl'ctiott G.l. l n thai du~ I Priug" pruxillli:li<' rl'latiou i,'> nsc•rl, fnr 

<'Xauq>l<', \ 'orouoi diagraw for giwtt ohj<•rts. i.e., r.h>tt s pan· iH divickd by I ha.t g<·muc·tric 

s 1 nll'lt!rl' . Iu pn•Yions rc·~c· ;w.·c h<•s ( [2Q, ..I I] ) I hal ~pa~:<• is n·wu·dr•d "·~ i Ill' Eudick<LU I> [I<L<'I' 

mtd Endicl<' i\11 g1'0UJI't.ry is ;Lppli<•d. Tltr• proxiuud r strnctnn• is tiH' Eudiciw;n \ 'orouoi 

diagnuu . l u tllih I UCHL'>, wr proposc· I.Lal t,I.J(' sp<U'I' is r('gmd<•d as tlH' dnally fl<lt. spac<· 

IUJ I Ri• •wautlim< gt•omrtt}" j,, applic•d. lu <Lddit.iou , wr c·oJt,ic!f'r a.u iurprovi11g i:llgorit.!JI!J 

of g<•nttH•t ric· dnstC'riug iu tiH' dually flat ·'l"'C<'. !'a!Jr•tl k-rnr:nn.,- olgu1'i/.11-1n. 13y !.ha t. 

<t!goriLluo \l' r ,., t.U g<' t >L nice• k-dnhl Pri ng mt.lwr t lwu in it i<ll rl nstrriug. S•·•·tiou 6.1 io 

r·om.i<!C'n•d by proj<•c·t. of l 111ai La.ilonl.l.c ry allCI proclucrcl by disc·nssiou wit !J 1 Jary bta.lm. 

In s('f't.iou G.2, Wl' deHJ with ;), t.riaugnla.ti<JLI of :;nrfa<·r. Onc· of ()111' ail! I ib >t proposil'i. ]I 

of Ut'W u\rbh g<'Jl('ndion lll<'l.hod . Cuforl.nu>tl.<'!y it:; tlwory is nor <'Stahlioh<·d y<'l' v,·,, 
ouJy Hl,atc• <W idC'<I<LUrl sotur pano vf snr b w<'l hod i11 tLat ~ pil.f' r. 

6.1 G eometric Clustering 

lu I Li:; ,rn iqu w<· clrsnibl' [J IIunwtri<" clustr•r-i'll(} in l.hr clnall~- Uat sp>H"<' . So th r onlimu-y 

dust l'riu!!; is bw;c·d ou I.uc' Endidrm1 spa<·c• ami Eudidc•<w g<'OJ lll'l.ry. Iu tltis tiH•t,i;; we• 
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prop o~<' urw h>L-;is rlna/Ly flat spru·e Rml Rir W1!11'f1W.11. gr:o111r fry for !(<'outNril' du~t.<'riup;. 

TLi<> ('()JJ('!'Jll is a.n c·xtt•nsiou of Endicl!'all H!ICI wdncle YaJ·ion~ Sjl;l('('S. lu p;u·ticul .. r. 

W<' a lr<'<tdy <'X]Jia itH'C I t l.tl' sloti.~ttC•tlJ•IImm~f.r·ic spacC' is indndc•d iu that. sp~.c· c • aud [""' 

dosdy J'Piatious IH't\\'l'l'll !llaximunt likPlil.tood nl<~tltod iu SN·1.iou 2.2.2. AB tb r· rlividt•d 

span• is l'<'p;;u·dc•d ;1,' til<' r!mtlly Oat spa.l'l' or 1-IH' s latistintl paraUlf' trir· ~ p;u·P . tiH'u "'~' 

ns<' V ' - VrJ!'onoi diaymm. {or l,hf' ,fj,·j;,iclu. 

Hc•rc>, we• <'Olll>i(kr g<•ouwtril' dnstc•riug for giwu poiut s. i.C' .. for " sc•t of poi.nt.s 

J' = f1i ' 1:i = ! , ... , 11} !' di\'icll's iuto k pari-s , m llc•d k-dnstrriug prohlt•tu . If t.L<• 

sc·t is r·out>UU(•d i11 th<• E ndid t'>Ut spat·c•. thr'u if i . ., ua.t.nnd tlml tlw Eudidr·>ut \'omnoi 

cliagnuu is m,C'd t.o thf' sqmraliou. for <'Xmupl• •. [20. -17] Pt..-. \\'c· ns<' tlH' of u<'r 'pare• for 

dn~fMiug. i.<'., that. S[MI'I' iudndwg J' is n•gardrd >L' not t.!J,. Endidca.u ~p;wc• lmt l-Ite 

dually fl>tl spat·r• wilL glolml r·o<!rdin;cl<' sy~lc-tu. !JJ [31 , 1] I h<· ~<'t of poiul.s is regartl l'd a . ., 

pmamf't<'rs of proba.bilit,\' dcusil.y fnw·tion. vVr• wa.ut. to apply sm·h. spax·c• t.o dnsf.l'rillg. 

By sn,.IJ mr1hod a ucw clnsh'riug may lw prmirlc·d . 

\\'lH·n wr adopl sndt ~pa.cP for llt r k-dnst<'riug problC?w. we• •·ousitl<•r wiHrf ni<l'rion 

i~ nsrd in I he ~pac·('. lu f,!Jr• Endi<kan spHcf' Yarions nit.Pria a.rc• liSP<!. for t'Xampl.c•. sunt 

of sqwuNI r rrm ami all- pa.i.J·ii snu1 of ~q1mrrtl nror iu r adt rlnstr·r. TIH' fnruH'I' is tl c·;llt 

with u1 [20], 1.111'11 pnJpost•d au c•f{it'ir·nt "'lgurii Inn of k-clnst.<'l' iug <UJd au f-approxiumrion 

2-t'f ,J slr'l' ;dgorithtu . Siuc<' its tinw mtnplrxil.y is O(nf•H 2 i!·+ t) ;uJd ~o good mtlJ<'r i.lliul 

prc•vions >tlgorithn h'>. W(' w,,. tlw snu1 of sqllar<'d <'!Tor and. ailll at sndt bounrl in this 

nt.'<'. Tltr BtUll of sqtt11red c·rror iu 8ndiriNLII span· is dl'fi.uc•d likr· I his : 

miu L L d(p. Pv.·J )2 (6.1) 
A· 11ECk 

\\'bc•rr· d( · , ·) is I.IH' dist>Ul<''' in t!Jr EnclidNtu spaq'. C'1. i~o <L dnst <'I' aucl iJ(k ) is 6.,.,,._ 

ity poiut. for all poi.nl.s in C'l·· SUII'(' thP sq nan• or EudidC'<l.U cliRta.U<'(' ('()JT('SjlOilds r.u 

di'U<' T!JI'11w in ihC' clualJy il>tt ~pac ·r • . 11·c· adopt t ft C' foll<lwiug crii<'riou I'm a ~1'\ . of poiul.s : 

util'LLD'(pl[prkll (G 2) 
~- uEf'~t 

ll'bc•rr D'( ·II·) j,, tlw v· -divc.rgrucc• iu I Lt• dually tlat Spll.<: ' C'(, i ~ a l' litfitcr ami Pel·) j;, 

v · -gn1.\'ity poiur (DPfinilinu 5.7) ii)r all powt:~ in Ck . So t]Jis nitc•ria is C'Xpl;UJI('d by 

r br rr•ruL" of iufonuMiou t U<'Ol'J' a.' follmrs : 

Snppu. f' k iufcmmtt.iou hourr·('. >Wd " olJ~<·n·<'cl wJ1m<; frow k ~onn·"' · \1 -hlch 

SOli IT(' i;; t l.t <• ohs<'tYI'cf \'lUll<' p10Yided '~ 
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Since• tlH·r~ an• ~O!Jl<' iufonu;LI iou MHIH'<''· uwn· cl<·f·,n_ikd c•slimat io11 111ay do for oiN•rn·d 

1·alur~ ratlwr t.luu1 ~iugl<' sourer. i.<' .. lli<' following algorit.lun I'OiilJ!HI<•s tlH· U"L"CinliiUl 

likdilwod c>~>t.illlator iu l'<Ld.J dust.c•r and i.lw Slllll of tit<' <'~litwLit>r" llli.Jiimi~c·"· ln [2 . 

pp.l54-15G] a simil.;u· rluNtNing algmithnt iN <'xplaitl<'d ,,. EM-nlyorithm iu i lw prolm

bilisl.ir duhf.c'riun·. 

By t-hih niiNio11 1w c·;w cou-ilrler "k-lll<'>LU" ;tJgoriLhul in tl11• dually fi>\1 sp;ll·•· wlli ch 

is a kiucl of k-llll'il.IIS <~lgorit i.Jm for fiLl• nit<•rion of t·onY<'x f1111c1 iou >Ut I its com·<'rgt·ue<· 

i" pmwd iu [~9] 

Algorithm 6.1 (k-means algorithm in the dually fiat space) 

lupnt s<•t of point-s P a11d iut<•gc•r uumher k. 

Out.]Juf : k-dnsl!'riug. 

1. P':=jselected k points from P}; 

2. Make v·-voronoi diagram for P'. 

3. Calculate \7 -gravity point for each Voronoi polygon; 

I* Each Voronoi cell is regarded as one cluster. *I 

I* Since 'the number of polygons is k, then the division becomes !.'-clustering. 

*I 

4 . if (all \7'-gravity point P') 

then End; 

else [" := {v·-gravity points); 

5. goto 2; 

]U SI'<'OIId SLt' p aOOY(' ;tigoritiJUJ tl.Jr \7'-\'0lOliOi diagram is cousidt•n•d i.Jow<•n•r if is 

not. uc•c<·,;ary thai <li<t)..fJ'iiW i~ il<'llli!.lly coiLipHt.cd. T[,,t i~ ouly tb<'or<'tic·a.l objee1 aud 

(ll'ltt;lily l'ILkllliil<' ,\'JJidJ poiuf· b UCfll'l'hl (I) th(· g('lll'nLt.OI' b_- ti.J <' \7"-tJjq•t-g<'UCI'. 

Alt,Longi.J I hr f.t'nuinatiou oft lti.• a.lgorit Lut i~ prowd lit [49] ami t.hr· co11wxiiy of 

rlin'rg<•uno, W(' 'tate i'IJP proof. 

Proposition 6.1 Algmifh:111 6.1 is fini.llwtl fm · n srd nf po'int.~ i'tl gmwml]JO.~ifion. 
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Proof: It ih tri1·ia.lthat thr•r<• r·xi~ts autinitlll llu ofnitniou (6.2). siuct• fliP u>tw!H•r of 

dnhll'ting for gi1·c·u fiuit.c· :.r·t of poiufh i~ fiuHt·. o "'<' st.;LII' that tlw '''d"'' of <Tit<'tioll 

(6.2) i.~ dt'<'l'<'il$('([ by Algorifi.Jw 6.1. 

Sllp]lOSl' " k-dlloferiug A by v·- \ 'orouoi diagraJII l'ot· k poiut.~. L<•l F(A.) ,,,.a Yaht< · 

of nil<'riou (5.2) for clnhl<'riug .-l. CousidN a dnst.r·t C1. of A. L01 /pi I><• a 1\C'II !'ralnr 

of ('k ;wd plkl be• a 'V'-grmiry poi11t. l(H· tbr· whole· poiJIL5 of C1-. Tlt<' f<Jllowiug NJil fltiou 

b <Ji>taiU<·rl 

L D '(piiJP'I) ~ L D' (piJplkl) 
p€.('~ }I E (.A 

hy Li.JI' dr!iuitiou of ti.Jr• \7"-gnl\it.y poiJJt. Ti.Jih i:ucq11alily i:; proYt'd for all clm.t<>r of A . 

Tb11s t Lr· nit.<•riou doPs uot. iun<'a!1<' by t.uis sl ' ' IJ. 

l\Ion•o\'('1' suppnsc• <t k-dnsfPriug B by v-- \ 'omuoi rliagmuJ f(n· a.how v ·-gral'ily 

poiuts. Cotnpill'<' bt·hi'P<·u A aud B. Sttpp<ls<' that <I P".illl p UJO\'< 'S l'rottl a dn~lr ·r C1 

1.0 otlit'l' C',.,. Suwe tltP p()'iut is ur:ar t.o thr gr•twral.or ,,tm) of C', t.h;tu l,f/1 of Cr hy \7 "

diYrt-gr•uct•, [' mm-c till' dnst.r·r (if ;w t•qui-rlin•rg<'lWr poiut fnHtJ t.wn gr• ttr•ral on· c·xisth, 

l;i.Jc•u tbi.s poiut d<>rollol lllol'l' ). Thustllrr•quation D'(JIIIJI(m)) < D "(PIIJIII)) iss<LtisfiPcl. 

Dy tltis c·qnRI.iou IIIC' nt.!n" of tllf' <"ritc·ri<lll is <llwa,·:; clrl'rr•ase>d. Sn W<' ~('1 tlw iuNpta lity 

F(A) > F(B). 

Thcnof'Orl' l.ltt• crii('J'iOll dimillihiJ<'S uy j'('JlPHtiug nf' Lhe algorituul. tlwu til(' crilt'tinu is 

l'l'adJPd to lo<'aJ llliuintuut aud r.h<· algoriflitu io tr•nuiuawrl. 0 

[Remark] A k-dttf.lcriug l'or giwu poiut,, is giwu hy Algorithm 6.1. l-low<•vc~· tbio 

dnol-r•ring i~ ·tltr lomlo7Jii'lll 11l <Uld tlJf' strll<' tlll·r• dl'pcud~ ou i iJ <' io.itird ]>Oint (Slt•p l ), i.c·., 

I !Jj,., prohlr•m is n•g<J rckd "·" Hu upt.i111.iznlion 1n·oblnn aurl soruf' approximat,iou rw·tltod 

rau lw <tppli<•d . for f'X<Illtplt•. lid>oo S<'<UTlt . sillluht.<'d auuc•aliug. <'tr·. I..n t!Ji, H'ttiou we 

st.a.l.r LiH' gt•otn<•tril' dust r•riug by uot \7-\ ·owu i diagnwt bnt \7. -\'orouoi. Bt·r·;uu .. c ti.Jc• 

\7"-gmYity poi11t of cw·b dus tr•r is giw•u by UL>LmnmulikdiJworl vstimat.or (Lt·nuuH 5.2). 

l\ l'nn·OYN we· rll':;niiH ' <L fHtnily uf <til dihtT<'lf' distribnt.ious lit a <·<• rl aiu climr·usimL 

iuct· t)J(' frHfllfP spilt'<' of t.c..'t clilla aud t!JC' l'l:tt()r sp;tr;v of l'()ton; ar" n•ga.rrkd as t,Lis 

l'alllily, tltt•sr span• also is srparatc•d by >thr)\'(' algorit.ulll. \\',• l'xplaiu I he frnfun· Rpacl' 

of I<'XI rhtl<t. Fen gi ,·eu 11 IPXI data, Hd<•r·t il+ 1 kc•ywonl!> by c·<•rta.ilt strmrlanis. cowpulf' 

frl'(!llf'Ut')' o[ kr•ywon1~ iu Nu:u lt•x1 data >J.ud u\lnuali~<' tbc~~l' V<'<'t.ors ill <·a.tL ~nm il> 
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<'<J1litl I o ow•. So WC' c·au get n wc·tors iu lu<· d + 1-ditn<'usioual dnally flat sp;Jc·c•. 

{ ~(<) I 0 < ~UIJ < l. t ~(•IJ = l. i = l .. . . ' II . J = 0,· .. · "} 
J=tl 

Tl1i~ V<'C'Ior:-. a.r<' r<'g>ll'rlc•cl m; d-rlilll<'usioual rlbn<·t<' dis I ril)IJt iou,.. i.e .. fnllowiug dis I rihn-

1 inu is rousirlPml : X = {.r0 .... , .r,1). ::0 = { [(1 .... , (,i] ~~ ; > 0 (Vi = 1. ... , d ). z:::~ 1 ~. < ] } 

'l=1.···.rl 

i = 0 

Thn~ tht• spac·c• o[::: is <'< tmtl lo (0, 1)". Abow nqm1t iou is n'wril tc•u: 

p(.r:fl) = c•xp [:LO'F,( .r ) - q•(O)]. 

{ 
1 (.r = .r;) p( .r;) { ~ '} 

wlJC'rt· F,(.1·) = . 0' = log-.- and w( (;l) = log 1 + L.,''xpO' = 
0 (.r f. .1',) p(.lo) •= I 

-log (u. Tl.tc•noforr tlw fawily of tl.Josc• distrii>ntiou is l'OULHiuNl ill llH' PXj)Oil<'IILial f>wtily. 

lll tll<' 1/-<'c)ordimd <' systl'lH of I !Jir, family lH•t·mnrs 

tJ , = j l~(. t •)p(. r ; ll ) d.l · = /'(.r,) = (., 

i.e•., [•t] is rc •ganl('(J as Ill<' spa.c·p :::. Dy I[H•sc• r·alnuatious thn rlivrtgc•uc·c• in tl.tis sp;le<' 

cau lw c·ouqHii<'d lik<· this : 

" -D(IJII,i ) = L 1i; log !!c. . 
I=U l}i 

Fiually. for >L giw u set. of kai.Hr<' n·nnr in t.l«' 'IJ-<·oorcliwtt<• S.Y>'t<'UI. \7.- \ 'orouoi diat(nUu 

is cowpntrd i>.v Kttl!lmrk-Lt·iJ,[er diY<'rg<'n<·t• a.ucl \7 '-gnn·ity poiJJtl'o is ra.knl<\1<• IJy tbe 

averag<' of vc·ct<>rs. lu t!Jp nw• of \'!'d.or spilc<' of r·olor, IV<'igllt$ of c•;t.ri.J c·c)onliuatr 

<l<"pc•udiug ou d.JOS<'U color ~bonk! hC' IIS('(I. 

6.2 Triangulation of Surface 

It. is said t!Ja.l, fiu.it.<• <"klll<'lll IIWlhod and t'Olll]Htlrr graphic·s are ;w applica1iou of tri

>utg1tlai.iou , ~ill<"<' i I is on<' n•asou tlmt lri;uJg\tla t.ion i~ us('([ nu·.~!t grm.r mtion. K 01 ou.ly 

lrinuglllariou b111 a lso mrbh gc•twnuion;uc• iuvcstigatrd by IU>Wy IW·NirdH•tb . Tlll'r<' an• 

: nn·ry abot\1 lri>~.u gnla1iou ;wd JU<'fo!J !(C• tJ<'HIIiou iu [-1, 16] . In p<Lrtirnl<tr, in [1.3]LU<'s!J 

g<•uc•raliou by D<•lauu11y 1 ri<mgnlal iorl is iu.wol ig<ttC'd ;wd iu [I. ] Ric•uJauuimJ lll<'tric is 
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lh!'l] for tolllput,iHg l<•ugt h ou I h•• snrfan· how<'Y<'r t.lt<' lr·ugth is >tloug Eur·lid<·au "''gllli'JJI 

uol w·odr•, ir·. i.l' .. t.hal is only au appnndwa.l.iou. 

H<'r<'. W<' stat<' onr id<•a fm ntc•sh g<'lH'nu iu11. .:-\JI poiut.$ rm tl11• p;iv<'U ~·u· fac·•· an• S<']>· 

;u·atl'clt.o thr<'<' lype~-o. i.r• .. il . ~-o r·m-valttl'<' is positivr• , l(<'nl >\lui U<·g>ll iY<'. whir·h I'OlT<'S[!I>Hcl 

to "Ph<'rc', plmJC• m1d Poi!lf·nd spa.U: a!> a :-.j»tt<'. n •sp<'ct.ivrly. If J,!Jr smf>t<·<· is sk.illftLily 

divid<·d i11to c•ad.1 dw·wr by th<' c·U lT>llnrc•. l'aclJ rc•giou i!> rcgankd a.'> spbPI'<' , plan•· or 

P oiunu-,; sp;ll·<• anclnuliH' triauguhtt••d. DP!auuay t1i>LL1gnhttiou i.u t.u11 sph<'l'<' aJJ<l iu tlJC' 

pl>tlll' an• >LliNtdy d<'S<Tiill'd i11 [3G] <UJcl [12, ·12] , r<':-.JJI'I'tivdy, UQWI'YI' l' llwn• b no suth 

good t.ri>lilgulat.ion i11 tlJ<' Poiucan\ space. Iu tui,_ t.lH·sis II'<' proposr a. pmxiut<tl.c· rda

l'iou ill the• h)lWI'iJIJlit spar- r>, c-a.l.lrd h'!}pcwboli<· Dl:lmmlt'!} mnph. Tlti.' strJI<'t.nn· ('Cilll.a.ius 

uliJtinllttu spaJmiug t,rc•c• for givl'u poiut.s (Proposit.iou 5.3, i.r., t . !Ji,~ obj<TI: IHt.'i a uir<' 

prnpc'rLy iu clt!• hyp<•rboli<· H])il.l'(' ). ru ;tcldif ion. Dtlrt!/,7/,lt?f·typc• l7·iu.nyJtl(!tion .io c!PlirlC'cl 

LU 't•diou G.2. whidt i» a I ri ;wgnl>tl ion iu tul' Poiunu·f- spat·r· aJtd •·out.aius hyp<'rbolir· 

Dt•IJ1JtUiL)' graph. 

T!Jn, t.ltn•r- tria.agnlatious in <'itch ~JMl'<' arc• dfici<·ut.ly rou<pttl'ed. 1--lowc•\Tl' thc·rc· >Ll'f' 

IWWY probknt for I lJj,.; IJI(•tiJOcl : 

0 C'OU1]1Uf aJ lOll of IIH'olJ poiuts; 

o t'Ottlpo~il inu of NldJ lria.ugn.lal iou, <'1-c'. 

H<'rC' , we' show 1!11· tri>~ugnlat inn itt Poi.tt<·mr Hpac·<' is tram;fonuc•cl iulo a :;nrfa.r·r• iu 

t.lJt'('<' dilll<'lJsioual Eur-lidt•atJ spac·p_ 
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For a clnuiaiu D = {(11.1•) J () ~ t< ~ 2lf.l' ::;::: I} C ll:f wt• rkfilH' 1!11• l'nucliuu 

f : D ._.. lR 3 as follow-.: 

.{ ( ( U. I')) = (~!'OS IJ, ~ olll II.Jog (I' + (1 1 ) - !.!!. ) 
l' I' 11 

wlwn· II' = .;;;z=-1. Th<' image J( D) i~; a ·nrfa<·C' <>n JR3
. w!Jid.t is caJl<•d JISI'Itdo-SlJhttP. 

The IIWtri<· iu ffi3 JHLlltntlly i.ntrodncr•s tlw uJc•t.ric u11 ti.J<' pst>ndo-spiH·rr·. TIH• domaiu 

DC lH >tlld .f(O) is is<HilOrphit· a.~ ilw Ric'llliliiUiau 111auifold. Hc•lH'C'. lhe !Jypt•rbolic 

\ ·orouoi diagram ;Llld >\ triaugnla.t,iou 011 JH an· rC'gartll'd ;~-. I h!' \'orouoi uiag1·;11U HJ.tcl 

fri;wgnlatiou ou ,,,.1(' p~cndu-spl.tl'l'{' Ul Irl3 wi1Lonf dmugiug diRt>LU!'(', J'('SjJ('('I,in·ly. 

Iu 1 bi~ o<•c·tiou wr oul.\- <'X plain >Lll id<·a of uwsb g<'U<Tal'iou >\.Jl( l tlw r<>ITPspout!t•uco 

IH•t.w <'11 t,h<• Pow car£. spa!'!' and t lw ps<·llrlo-sph<'rt '. i\•lon• rrsC'>Lrch is U I'C'!'~sa.ry 1 o HJJ 

irnpl<•Ju<·ut.>Ltinu of sn<"h wrsl.t gruc·ra.tiou. 

lOG 
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Chapter 7 

Conclusion 

llt t!Ji, t . lwsi~ Wl' lHLV<' dr;dt with comput at.ioua.l gcolllrtry iu Riem;uutimJ spac·c·. which 

i' ca ll('d Ric'll!(!rm;ia.n ('01/t]I 'Ut!l'timml !J!;0!/1( b·y: "' 'kscript.iou or Ill<' propcrt.ico of tlll' 

c·om·c·x lwU . r.l.w \'mouoi diagnuu ;wcl tbr D<'lattwLy-typc· triaug1t lat.io.11 s in ltyp<'rholic 

space <tud iu cluaJly fbt. sp<tc·l': aud the propooitiou of c·ffi<-ic•nt cOJJstructi w• a.lgoril lul.lS. 

T l.tc!S<' Hl rucl,un·s nw l;r cakn la.t.('( l IJy colll [>ll lt•r and applic•rl r.o rral proiJlr•llJo. 

lu Chapter 3 wr· de,cril.l('d t.Lc• coun·x !mil a.'> t. hc· sintpkst ohjc•cr ;unoug~t. 1 Lo'f' 

l.tTalc•cl, whos<· coun•pt, can [J(• cousidt•rt•d iu t.h<' opacc· whcr<' a. tlltiqll<' wiuinli~.iug 

v,c·ocksic joius <UI)' t;wo poiut.~. How<•Yt'l' "udt a blrnct.nn· io unl always dc•tc'l'tniurd 

lllll'JIH'ly aud is uot. always coutpll t·.;dtlr in a g;c•uN;tl RiC'rumn tiau opac·c•. \Vr ohow that 

I It<' COU\'i'X It nil iu I Lc• spt•ci;d casc• of a llat opacc• wit.h glol»Li c·omrliu;~t. r sy,., t.c·w r·;w ))(' 

rous lnl('t c•d (Srr·liou 3.2). lu byprrbolic S[Ht<'t'. the· emtH'X buLl is Hl.so c.ffic-ic•ut.ly r·out

pul c•d by a liuc•mii.<Lliou lttclltod. Iu St'C' I iou 3.5 we• proposc• a das" of l\iC'tllaJJW<Ul. pac·c'. 

ea.llc· I 1-iru:ar-i.zo.blr: H)ICIC'e, whidt iuclmks fi<tl spac·c· with glohHJ coordiu<tt<• syst.rut ;wd 

Lypc•rholir spa.c·c•. The· c·oun•x hul l !'or a gin·n sc•t. of' poiuis iu tlwsc· 'P'v ·c•s is c•ffkic·ully 

cowpnl ltblc• a.n<l c·unst.ruc·tl'rl IJ.)' a Eudiclc•a11 a.Igori.lltw . .lu tli! •sc> spac·c•s, the· gf'odc•sic· 

scgnwnt coitwiclc•s wir.b rlw Eudirlc·~ u srgmc•u1., all([ thr r·ouwx lmll io iudnclc•cl iu tlw 

spaec·. HowtTc'r. t.bc•t·c· an• S<)tllC' prni>lc•ms l'l' lll<tiuiug. f()r c•xautpk, "fs t.lJC' c·oun-x hull 

c:outpma.bk iu uou-li uc•mizH hle 5p<IC'1>?" <Wrl , "{, llt<•rc• a Sat ;uHl uou- liuP;u'i%<thl<' sp;H·r 
91' 

\\'c· c·xplaiuP<l tlH• Voronoi cli>t~ra1u iu Ilic•wauui<tu ~pan~<. (C'Lapt.c>r ,!.) . That stnt<·

tHr<' in hnH•ri><>li<' 'Pitc·c• is ri<-t rrllliUNI by t Lc c\j,tauc·C' "'ri t.L Lc·,·i-CiYit 11 r·owu•,·t iou . 1 L<• 

[Wrpc•udit·ular hior•ctot is a h<tU~bpLI'l'i' .. aucl tht' coll<'C' I.iclu of gl'O<k sics. ll lorPovc•r. t lH' 

~ph erc• in tlw Lypc•ruolic , )J<H'<' coiuridcs wit It t.Lc• Ettdideau. TLu.-,. for a. given hC't <>f 
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point ~. tLP cirnllli5<Tiht•d ~plwn· i~ t!J · . amr iftlmt. spht·n· ~~ r·oJJfa.iuPrl iu tlJP ~par·c •. 13y 

tLi,~ fa ·t. wLc•u tl~;il sphc•n• i~ iudndr·d. tiH' pH.rt b"-' 1 he same st.ru<"t nrr• IL> tilt' EndicJr.au. 

Otilc·twiM•. fl111t pn.ti is n ·tnowrl. TLr· ilypr•rl.>olk \'orouoi rliagntut is dfici •mly r·mu

pntai>l<' n~iu~ tltr'''' prop<'ri.i<'s. For \ 'owuoi di;tgrau.tb in tlllally flat. . JH"'''· c·;ulr•tl \1- aut! 

\1· -VurtiiHii di;tgntms. wt· ns<' rl'i11<'1TJI'W:e iusiC'ad ol' distmu·c•. T lu•n· <Jl'<' 1 wo diagraJIIs. 

ht'C>tllst• t.il<' diYI'r~<'IH't' is non-synunNri('. siuct• lh<' dictgnum. ar<' a pwjl'ctiou o[ a ccr

t.a.iu hypl'rplai!P <tl'l'aJ'Jgenwnr. T lmt diagnuns ('<Ill lw COIIIJ)Il lr'd ''Y IW algorithm or til t' 

EwlidPIUJ VoroHoi cliagratll aut! rlw removal of fa.<·t•" ( ,.,. , iuu -1.3) . Tl!at c·otTt'SpO]J(It·u<;c• 

~~ proYe<l , si11cc• tht• rt'latiou lwtwt'I'U powuti;tl fnuetiou <Uld ([j,taue·c· i" <'XIf'uelr•rl to th<· 

rr•la.tio11 hc•t:wrru pnr.eu tiaJ fuut·t.ious aud divmyrmt"-'· Dr tl!is pmpe•rt y tlt<· a.lgurilu tu 

fm· t'Uill]Htt;u im1 <·;tu he• dcsiguct!. \\'(' ;tlso st Rtc• t.l.Jr• r<'l;tf.iou~h ip bl'twcr·u tl.J;lf diagram 

iu tl.Jr• st.atistiea] pa.rmneLric spal'r of uorm;'t.l rlistributiou <Lu rl iu tlt(• Poiura.rr ~paH• in 

Se·diou -l. -1. Mon·ovl'!' wr sLaW tlH• higltrr-orde•r Vorou(Ji diagl'iu.It iu (•a.dJ swwr• . 

Ju Cha.ptl'r 5 w<' u11tiuly <'X[llctiu Nl .De•lauuay t.ri;wguhuiou. Sinc·e· it is not U<'<Tssarily 

I ltr• nts<' llmt O<'l;wuay t riewgnlatiou rxists iu I ltrsP spa.ers. wr· propos(' a t rifLU!(uhd.ipu. 

wl<ie·h is "'tll•·d Ddtttlnny-/.ype tr•irwgnla.tion m1d "·l.Jid1 sLar(·s Otl.H' of t up propPrtirs 

of D<'hllllilt,Y ·t riaugnhct inti. Tlw Dl'hnua.y grapl.J. I lH· dual st,rn('t un· of l.ht· lt.nwrboLi(' 

Voro11oi rliagnuu. lllb' uie·c• dJanu·t.c•rist.il's i)llt ih uot a tri1111gul11tiou iu t.Lc· sjt>L<"<' . A 

t.rimtgn h11 iou ilt t l.J;d. sp;1r·<', wllidt rout >tills t l11• Ddanu<Ly gntpb ;tud is lmsrrl ou '' llliui-

11111111 c·ttdm.iug ~plwn•. is dCifinc•d . 1-lowc•v<' r. its propNties n.n· uot yl't kn<!IVlt. \\1,, show 

Lh11.1. t.bt'l'<' is" flippable• l'i>b% nf I riaugula.t.iou iu tl.Jl' Pc>iucan~ ~p>lrr'. Sin'r I his s]J>U't' ;, 

t."'·o dillll'usiomd, oonw otlJI•r prop<'rti<·~ of triauguhLt.iou iu t he Eudidra.u pl>tur Lll>lY be• 

pmvl'el. Mnrc•t)\' t•r, lliC• Dc·lauua,y-typC1 t.riaugnl<ll inll iu llH' dually H;ct. . p;u:c· i~ abo roll

siclne•el. Tlmi i;. d<'fint'd by 11 pol.otf-ia.l fnncf.iotl. 11.11rl Ita.~ th>U'<l<'t (' ri:,ti,·s oft ht· Endideau 

Ddanuay trimtgnlat iou , n>ue·<•ruing tltr• mi.JLiutntn t'udosiug sphe•n•- H~>~xitm<l miuituum 

<'Udosiug ;.plll'l'(' or I lw Drl;tumty-t.nH' lria.ngula.t.iou tniuitlli iiC'Il lllliOIIg~t all lria.ugnl;t

t.ious iu the• du<tlly fl<tt ~pact•. Fnrfu<•r rCM'ilr<'L i.'i ll<'<'el<'d tonue·oYe·r ot.lwr propt•rtic·~ of 

1 !11• lt iaugnl~Ll'i<ltL 

Iu add it ion , IV<' 1':\.l>laiurd t,LJ, , applic;1(.i<Jils of t LI PS<' ~tntdlll'<'S ill S<'c1.iou 6. For 

two pmblrm~. yeod sk ('[n.il.cri ny ;utd ·"wftu·t' tl ·ia'llqnlo.tion, we' ;;pply tllC' \7-Voruttoi 

diagram <Uttl tht• 1 ri~t.ugulat iou of Poiucan~ span·. r<'f> JH•cliYI'ly. Tb t• fonut•r i' a. gt'<Hil<'l rie 

dustt•<·i.ug for a s<'l t>f poillt&. S11ppose I h<'><' vc•<·ton, >LI't' <'H tbc•dtkd in t l](' Euclidt'IIJl >J>il<'t' , 

tlwu t.l.J,. mra . .';nrr• ~Lu)ILld de•pc•ud OJJ t.h<· Eudidt'<UI tnPtric. [[ tltn. r• >1.1'1' iudllde•d iu tLe• 
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.,I itl.btinJ pa.ntUlNtit' 'Jlaet• tJr tiH' dnaUy flat S)li\C('. tlll'll we• s iJ mdd ll ~r· ill(' di vrrgPll<T a» 

it Ill<';t..~III<' <Uld tL<• \7 ' - \ 'orouoi rlia~ram. Iu tbiJ; ('it..~<· we· mlopl llH' \7 '-\'onmoi clia~uuu 

not \7 -Vomuoi. il<'Cit11S(' I Lt• v·-\ 'ormwi bas t.!Jr dns('ol rdn.tio us uip t.o I U(' IIIIL'\illllllll 

likPiiltoorl utt•lhod. Ju Sc•ct ion G.2 W<'. t;,tr an idr-a for III<'s L gr·ucr<Liiou, whic-IJ is ha., c•d 

011 tL<· rmTatun· of t lw poiufs 011 tLr· snrfat·"- lvlon•n,·c·r W<' s~<tl.c • tuat, t,[l(' t.ri;wgulat icm 

of Lhr Poiuntl<~ "l''"'c' UHtps to i.L<' surfare in l.hn·c · ditnc•n,,ioual sp;u·<' wit ltont. dtan giug 

lu<' dis latu·c· - a uir·p tt·ia.ugulatiou of Ill<' smfar·<' j, l'a.s ily t'OnsfTtH'I,('( I if D<'latLnily- typc• 

lrianp;nlatiou is nsc•cl. \ \"r iut('ud t.o propo:o<• <L ucw Jll(';,lt-gc•uc•miion nu•t.Lod wlwu luis 

f.opic ba,, hrcu f11r1 br•r r('sc·a.rcLc·cl . 

lu t .hi~ I hcs is , somr Pf!iric•utly t'!Hllpntabk g<:o.ll t<'tric strnctmN •. c·nuYCX hllll , \'t )I'UIJOi 

diagntlll ;UJ<l Del<tllua~--~·]1<' I ri<tUf,'lllat iuu ill bot it lt _yp~rliolic· spa<·<' a.ud clnally flit! ~Jlil('<', 

;w-<' dc•fiu nc 1 iiJJd il tws·t igatc•c I. l u t.ltc•st• spar-es. o1.L<'r stnll'liii'I 'S llli\Y lw collsicl nn' c! , f<Jr 

<'>.:ample•. t:iliug:;. Yisihilit '• slwr1<•s1 p>~t!J prohlNu, <'It'. It i ~ I!IOst iut portaHI to uot~ 

t.btt {!;<'Olilclric Ht.mnurc·s ia l1.i~IIH1UUillu s p;tc<· t''lll be nftic·ic•ut.!y c·otnputt•d. whir·h is 

iut,C'r<'~i. iug ittld is tht' Illaiu cout.rilmriou ohlJL' tlwsis. The• rcs(•;trc·L has IH' 11 lltld<•rt.akc•u 

(rom both a llt<LI hc·mat intl <tlld if <·on iptttarioual p oiut of \' ic•w_ T !l('S<' fic•kb [!(t V~ M1 lll<UI)' 

t.opic-s t:Lmt. m'<' wu1 t:lty of s t ncly. 
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