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Abstract

The effect of asymmetric insular shelf in trapping long gravity
waves around an island is investigated numerically by using a simple
model. The model consists of a steep-sided, circular island which rises
from the top of a circular sill of larger radius. The center of the
island is placed off-center of the sill by 4r distance.

The results are: (1) As the asymmetry becomes pronounced, the
region of higher amplitude response shifts to the direction of the
broader shelf. (2) The transfer function in the case of an asymmetric
island can be estimated roughly by using the solution of a symmetric
island model whose width of the round shelf coincides with the broadest
width of the shelf in the asymmetric model.

In water level observations at four stations around Oshima Island,
a spectrum peak of period approximately 8 minutes could often be
detected at the westernmost station. To understand this feature,
numerical calculations were made both for the realistic Oshima-Island
model (with actual bathymetry), and for the Island-Shelf model (which
roughly approximated the topography of the Oshima Island area). And
it was found that the oscillations of the observed peak period of 8 min.
corresponded to a (1,0) mode of edge wave. This mode is modified
by the asymmetry of the insular shelf and forms a standing wave
pattern with a node extending in the southwesterly direction vis-a-vis
Oshima Island.

1. Introduction

Trapping problems of long gravity waves around an island have been
studied for a long time. It is the extention of the edge wave idea to
the topography with concentric circular contours.

In the case of an island, unlike a straight coast, perfect trapping no
longer occurs for the free wave motion, and wave energy is scattered
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away from the guiding bathymetric contour if the depth of water is finite
at a great distance. Physically because the waves which propagate from
the inside of concentric circular region to the outside are not reflected
back completely unless the depth of water increases more than »* at
r—co. Mathematically it corresponds to the fact that the eigen fre-
quency inevitably has an imaginary part. But if this imaginary part is
extremely small, we may say that the wave is practically trapped.
Thus, if the incident wavetrain is well tuned, the energy is trapped ef-
fectively around an island and a large response is expected near the
shoreline. In this sense, we can regard an island as a resonator of long
waves with particular frequencies.

LoNGUET-HIGGINS (1967) first studied this prcblem. He considered
wave motion above a stepped circular sill within the framework of shallow
water theory and showed the existence of eigen frequencies with ex-
tremely small imaginary parts. So, a train of plane waves with a fre-
quency near such an eigen frequency can excite “nearly trapped modes”
over the sill. In his model, the largest responses occur at the higher
angular modes and at smaller ratio of the depths of the sill and open
ocean,

SUMMERFIELD (1972) considered a model consisting of a eylindrical
island rising from the top of a round sill of larger radius. He showed
the eigen frequencies for his system to be closely related to those of
the LONGUET-HIGGINS model.

On the other hand, RENARDY (1983) has examined the validity of
long wave approximation in the model of LONGUET-HIGGINS. Her study
was motivated by the fact that the large responses predicted by the
theory were not well borne out by the experiments of BARNARD, PRIT-
CHARD and PRrRovIS (1983).

In general, if the depth of water is a function of only a distance
from the center of an island, the long wave equation splits into a pair
of ordinary differential equations, but a symmetric island is seldom found
in the real ocean, and in many cases both the shape and the bottom
topography around islands are asymmetriec. Therefore, it is interesting
to investigate the effect caused by asymmetry in trapping wave energy,
and, in the present study, we examined the effect of asymmetry in fthe
width of insular shelf by means of numerical simulation. Furthermore,
we observed water level oscillations around Oshima Island and inter-
preted those data in the light of the results obtained by the numerical
study.
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2. Response analysis by Island-Shelf model

2.1. Fundamental equations

Let z,y be horizontal cartesian coordinate directed to the east and
north respectively and z the vertical coordinate directed upward with the
origin at the undisturbed sea surface. Then, the linearized, depth-inte-
grated shallow water equations of motion and continuity can be written
as
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where @, and @, are the depth-integrated transport components in the
direction of x and y respectively,  is the elevation of the free surface
above its equilibrium level, & is the depth of the sea and g the accel-
eration of gravity.

In the above formulation, the Coriolis force is neglected because the
period of waves considered here is much less than the inertial period.
Further the frictional forces are also neglected so that the obtained
response may be somewhat overestimated. For the wave motion of a
shorter period and horizontally smaller scale, we must take the limitation
of long wave approximation into account.

Using rectangular grids with spacing 4s and replacing (1), (2) and (3)
by a finite difference scheme, the spatial distribution of », Q. and @, can
be computed with time increment 4t. We use an explicit, space-staggered
scheme and leap-frog method in time.

To determine the response of the system, we give continual forcing
to the system. Taking r(¢) as the impulse response function of the
island, the response f,(t) to the input time series fi(t) can be expressed
as follows.

fe=|"_sewe—tiar. (4)
Taking Fourier transform of both sides, we obtain
Fy(0)=Fi(0) B(w) (5)

where F,, F; and R are the Fourier transforms of f,, f; and r respectively,
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and o is the angular frequency. We can understand the system charac-
teristics by determining R(w) at each grid point in space.

When the island has a symmetric insular shelf, waves with certain
frequencies are effectively trapped, and R(w) has sharp peaks at these
frequencies. In the following, we use a simple model representing an
asymmetric island and examine how R(w) changes as the asymmetry of
the insular shelf becomes pronounced.

2.2. Initial and boundary conditions

A plane wave of the Gaussian type is given initialy and propagated
freely in the y-direction obeying equations (1)~(3).

The elevation of frequency-band-limited, initial incident wave, H;, is
defined by the Fourier Series

M
H,= Y a,e™"" cos [Zyrl- ds_ | —7js NT] 6
i= X a Awgh(ay)/ | (6)
where (7,j) means grid points, l=w/dw is integer, NT is the maximum
number of time intervals, M is the maximum number of frequency in-
tervals and js is a constant determining initial y-coordinate of the pulse
peak. The initial plane wave profile used in the Island-Shelf model has

a 6.3km half-amplitude-width along y-coordinate with a 2.0 m peak
amplitude.

The coast is assumed to be rigid vertical walls with perfect reflection.
An approximate boundary condition is applied on open boundaries to allow
waves to escape from the region concerned. For example, along a bound-
ary parallel to z-axis, Q, is computed by

Q,==£(gh7"—Q.%)" (7)

where the sign of @, is selected so that the water flows out from the
region of calculations when » is positive.

2.3. Island-Shelf model

We consider a cylindrical island of radius 7, surrounded by the cir-
cular sill of larger radius #, and depth &,, beyond which deep water of
depth %, extends. The center of the island shifts by 4r from that of
the insular shelf (see Fig. 1). Thus this model represents the asymmetry
of the insular shelf. In the real scale we settled the depth of ocean at
4500 m, the depth of the shelf at 500 m, the radius of the sill at 30km
and the radius of the island at 10km. The domain of ealculation is 160X
250km?’ and the grid interval 4s is 1km. Taking the stability condition
of numerical calculation into account, A4t is chosen to be 1.5 second. The
outer ocean used in this model is a channel with reflecting boundaries
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Fig. 1. Island-Shelf model; (a) plan view (b) radial cross-section.

parallel to the propagation direction (the y-axis) of the incident wave
and open boundaries normal for it.

We made the experiments changing the incident angle in five ways
every 45° from 0° to 180° by rotating the island relative to the prop-
agation direction. We also changed the distance 4r every 2km from
the symmetric case (i.e. 4r=0) to the case in which the edge of the
island reaches that of the shelf (i.e. dr=mr,—mry).

Now define the asymmetry parameter A as follows.

B=dr|(ry—1r) (8)

That is, $=0 when the insular shelf is symmetric, =1 when the
edge of the island reaches that of the sill.

2.4. Verification of the numerical calculation

To simulate the wave response, the following numerical procedure
was used. (1) let the initial Gaussian wave propagating freely over the
region concerned and record the water elevation until the output spectrum
becomes almost steady, (2) make the Fourier analysis upon the time
history of the water elevation for each shoreline grid point, (3) establish
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a system function as the ratio of the spectrum of output to that of input,
and (4) average the system functions around the island and establish the
transfer function.

In order to secure the proper numerical input spectrum, the water
elevation recorded at the center of a constant depth model (4500m) with
the same parameters, dimensions, and input as the Island-Shelf model
was calculated by the Fourier analysis. The parameters of H;; in (4)
were M=410, NT=10240, js=133 and 512 records with an interval of
30 sec were used in the Fourier analysis by FFT method. As shown in
Fig. 2, the numerical input spectrum obtained this way agrees with the
analytic one. In the figure, v is the nondimensional frequency corre-
sponding to the frequency o, and is defined by

v=w7y/V gh,- (9)
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Fig. 2. Comparison of numerical and analytic input spectra.

At first, for the island with a symmetric shelf, the numerical results
were compared with the analytical solution to examine the accuracy of
the numerical computation.

The result of comparison between numerical transfer function and
the analytic solution is shown in Fig. 8-(a). It reveals fairly good agree-
ment between them for frequencies of v=14 and less. At periods below
3.2 min (v>14), a shift from the analytic solution develops in the numeri-
cal result that may be caused by the use of rectangular grid approxi-
mation instead of true circular bathymetric contours. But the shift of
the peak frequency at v~10 is less than one grid size reestimated in the
space coordinate. And the long wave approximation is satisfied at y~10
with less than 7% error. Further, if it is assumed that ten grids are
necessary to describe a wave, then the highest nondimensional frequency
to describe a wave at the shallowest depth would be v=19.

Fig. 38-(b) illustrates the analytical transfer function classified into
various azimuthal modes. From now on, we will take » to mean the
number of angular nodes and m the number of radial nodes. For ex-
ample, at the peak of »=38.2616, (n, m)=(1, 0) mode is dominant and the
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Fig. 3. (a) Comparison of numerical (solid line) and analytic (broken

line) transfer function for a symmetric island. Nondimensional parameters
are defined by a=mr/rs, e=(hi/hs)V/? and B=dr/(rs—7r1). (b} Analytic trans-
fer function classified into various angular modes. Thick line shows the
analytic transfer function, and n denotes the number of angular nodes.
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shoreline amplitude (square root of energy ratio) is amplified about six
times. Similarly (n, m)=(2, 0) mode is dominant at v=4.4880. However,
in higher frequencies we cannot tell which mode contributes most to the

10 (n,m) = (1,0)
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Tig. 4. Comparison of a numerical model with the analytic solution for typical
response patterns. The incident side of the island is 0°. Shape parameters are fixed
at a=e=1/3 and $=0.0. n denotes the number of characteristic angular nodes, and m
denotes the number of characteristic radial nodes. The nondimensional frequency of
the analytic solution is v4 and the numerical one is vy, and from the top of the figure,
each value (vy, vy) is; (3.26, 3.16), (4.49, 4.21), (5.89, 5.79), (8.91, 8.42), (10.24, 9.82)
respectively.



The Effect of Asymmetric Insular Shelf in Trapping Long Waves 75

transfer function because higher modes in both radial and azimuthal
direction are superposed in a complex manner.

For typical response patterns, the maximum amplitude of waves
given by the numerical computations versus azimuth is plotted in Fig. 4,
and is compared with the analytical solution of amplitudes on the shore-
line. In this figure the azimuth exposed to the incident wave is 0°.
Fairly good agreement is found for lower modes, and the expected mode
contribution is also represented in the horizontal distribution pattern
around the island. From these comparisons, we may say the numerical
results are reliable at nondimensional frequencies below 10.

2.5. Results of response analysis

In order to determine the response behavior for each shoreline point,
contours of amplification factor versus frequencies were plotted on a
perimeter diagram. The result is illustrated in Fig. 5.

In the symmetric case (8=0), a highly amplified pattern around the
island can be found at several discrete frequencies. The corresponding
frequencies of large amplification and the peak frequencies in Fig. 3-(a)
correspond to each other. But when j increases and the asymmetry of
insular shelf becomes pronounced, the region of large amplification be-
comes limited in the direction of the broader shelf for any incident angle,
and also it is observed that the peak frequency which corresponds to the
lowest mode shifts to a longer period. If we broaden the shelf width for
the symmetric island (that is to say, if the ratio =,/r, becomes small), an
analytical solution will show the same tendency in that its peak frequency
will also shift to a longer period. So in the case of incident angle 0°,
we compare the numerical transfer function with the analytic one which
is obtained by changing the symmetric shelf width to the broadest width
for each 8. The solid lines of Fig. 6 show the numerical solutions in the
asymmetric case, and the dashed lines show the analytical solutions with
converted shelf width. From this figure, the peak frequencies and energy
levels are found to be in fairly good agreement for each 3. Therefore,
we can surmise an averaged amplification factor in the asymmetric case
by using the analytical solution of the symmetric model (which has a
uniform shelf width equal to that of the broadest shelf width in the
asymmetric model).

Fig. 7-(a)~(c) illustrates a transition (according to the value of fj)
of the horizontal distribution pattern around the island for the simpler
modes ({n, m)~(0,0), (1,0), (2,0)). Fig. 7-(a) shows the pattern in which
(0,0) and (1,0) modes contribute equally when the insular shelf is sym-
metric. When =0 a large response occurs on the lee side of the island
because both modes are in phase there. But as B increases and asym-
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(n,m):(0,0),(1,0)
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Fig. 7. (a)

metry is pronounced, the location of a large response shifts to the area
of broader shelf for any incident direction. This tendency was found
even for $=0.2 although it is not shown in the figure. Fig. 7-(b) shows
a case in which the (1,0) mode is dominant. In the case of incident
angle 0° or 180°, tracing the movement of the spatial pattern of this
mode becomes difficult, but at other incident angles, it can be seen that
a large response region shifts to the direction of a broader shelf. Further-
more, a similar tendency can be seen for the (2, 0) mode (see Fig. 7-(c)).
However, for this mode, its pattern in the symmetric case is maintained
relatively well at incident angle 45°,135°. This is because the island
moves in the direction where the response is relatively small when 3=0.

Thus, as the asymmetry becomes pronounced, a large response region
shifts in the direction of the broader shelf as a whole. Nevertheless,
examining the phenomena in more detail, it is found that both the
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characteristic frequency and its energy level differ subtly for the different
modes and incident angles (see Fig. 8). For example, the relative power
for (1,0) and (2,0) modes at 8=1.0 decreases to 30~50 percent of the
level in the symmetric case. On the contrary, the power contribution of
the (0,0) mode wave increases especially at 0° and 45°. Moreover, the
characteristic frequency for the (1, 0) mode becomes higher as 8 increases,
while the opposite is found to be true in the case of the (0, 0) mode.
Therefore when many modes overlap, the total energy level (summed
up to the frequency v=14) at the shoreline depends very significantly on
the incident wave direction (see Fig. 9-(a)). At 0=0°, as asymmetry
becomes pronounced, the energy level decreases almost uniformly, and
finally decreases to approximately 70 percent of the symmetric case at
B=1.0. On the other hand, at §=45° and B=0.8, the relative energy
level increases and reaches a peak at a level approximately 20 percent
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Fig. 7. (¢)
Fig. 7. Transition of horizontal distribution pattern for typical modes;
(a) (n, m); 0,0), (1,0) (b) (n, m); (1,00 (¢} (n, m); (2,0). For the same
incident direction (8), asymmetry of insular shelf (8) becomes pronounced to
the right of each row. Incident waves approach from lower side of each
figure. Note that results of $=0.0 show the same pattern for all 6.

higher than the level reached in the case of symmetric model. For other
incident angles, there exists a parameter range in which the relative
energy level is unaffected by asymmetry. According to the calculations
of total energy levels above the shelf, each specific case has a maximum
at some value of 3 except for 6=0° (see Fig. 9-(b)).

From these analyses, it is doubtful if the idea of mode decomposition
can be applied in the asymmetric case to estimate the total energy level.
Even if it could adequately be applied, we would not be able to trace
the change of each mode separately. Moreover, since the response
apparently depends on both the radius ratio 7,/r. and the depth ratio
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hy/h,, it is extremely difficult to understand quantitatively the change of
transfer function as a function of various parameters without resort to
numerical results.

3. Response analysis for Oshima Island

3.1. Observation of water levels around Oshima Island

We chose Oshima Island as a model to examine the results of the
Island-Shelf model in a real ocean for three reasons. (1) Oshima Island
is an isolated island facing the open sea, its shape is close to circular
and relatively simple. (2) The shoal is spread on the west side of the
island and the bottom topography is remarkably asymmetric. (3) Water
level records are obtained continuously at the Senzu Tsunami Observatory,
located on the northeastern side of the island.

We made simultaneous observations of water levels at four stations
shown in Fig. 10 from 18 to 26 November 1983 and the following results
were obtained (HASHIMOTO et al. 1986). (1) The total amplitude is about
1.0~1.5cm at Senzu and Komatsubayashi located on the northeastern
and eastern coast of Oshima Island respectively, in contrast to about 2.5
em at Sashikiji and Nomashi located on the southern and western coast
respectively (see Fig. 11). (2) A spectrum peak at a period of approxi-
mately 8 minutes can often be detected at Nomashi, but characteristic
peaks rarely appear at Senzu and Komatsubayashi. And at periods

Fig. 10. (a) A bathymetric map near Izu-Oshima. (b) Observation stations.
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shorter than 10 min, the power level is higher at Sashikiji and Nomashi
than at Senzu and Komatsubayashi (see Fig. 12).

3.2. Numerical model of Oshima Island

Taking the realistic bottom topography into account, the numerical
computation was performed in the domain shown in Fig. 13. The grid
interval 4s is taken as 1km in region I, and 500m in region II in order
to calculate the wave forms accurately. 7, @, and @, are linearly inter-
polated at the junction of two different grid intervals (see AIDA, 1974).
Region I is surrounded with open boundaries and we allow waves to
escape from this region without reflection.

Following the procedure described in section 2.4, a time sequence
input of Gaussian pulse type with peak amplitude 26.9cm (M=200, NT=
12800 in (6)) was time-stepped into the Oshima-Island model. We con-
sidered four different incident directions, namely east, west, south and
north (normal to surrounding boundaries in region I). Taking the stability
condition of numerical caleulation into acecount, 4¢ is chosen to be 1.2
sec.

S

[~
P
(v)_x_.:__:_‘/_;

5 10.15)20,,

PEINEN

j 1000 1500 "\,

Fig. 13. Computing area of Oshima model. The dimension
of region I is 60x44km? and that of region II is 27xX22km?2. The
grid interval is 1km in region I and 500m in region II.
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3.3. Results of the Oshima-Island model

The response of Oshima Island (transfer function) was calculated by
averaging the system functions at 65 shoreline grid points over each
frequency band. As shown in Fig. 14, the dependence on the incident
direction can be found owing to asymmetry of bottom topography and
shape of the island, but the averaged transfer function indicates three
characteristic peaks at about 6.4 (0.16c.p.m.), 5.0 (0.20 c.p.m.) and 4.0
minutes (0.25c.p.m.). The amplification factor ranges from 5 to 7 at
periods shorter than 6 min. Especially, in the case of input from south
or west, a remarkable peak can be seen at approximately 8.0 min (0.13
c.p.m.).

L INUTETEERY FENTETR AT IR RRRERT] FERE TN

781,107 859x102 164x10~ 242x107

10

trequency (c.p.m)

Fig. 14. Transfer function in the Oshima model for each
direction of the incident wave. Transfer function is calculated
by averaging the system functions at 65 shoreline grid points
over each frequency band.

Relative energy with respect to the incident wave energy at the
grid points of Senzu, Komatsubayashi, Sashikiji and Nomashi is illus-
trated in Fig. 15 as a function of frequency. Dependence on the incident
angle is also seen here, but since in reality the external disturbances
generally approach from the south or west, we had better take notice
of these two directions.

There exist peaks at about 6 min and 4 min whose levels are higher
at Sashikiji and Nomashi than at Senzu and Komatsubayashi. Further-
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more, at Sashikiji and Nomashi, there exists another remarkable peak of
about 8 minutes. At Nomashi a peak of 8.53 min with the amplification
factor of 10.9 is found for southerly input, and a peak of 8.00 min with
14.6 times amplification is found for westerly input.

Energy
Ratio SENZU KOMATSUBAYASHI

10

10'E

SASHIKLI

A%
A AN
oL AN\ //\\ 7
= /] A [
A \ X v

1002

10 - ; 4 =3 L =]
781x10° 16410 281x10 164x10

frequency (c.p.m) frequency (c.p.m)

Fig. 15. Energy ratio to input spectrum at Senzu, Komatsubayashi,
Sashikiji and Nomashi in the Oshima model.

It is emphasized that in the case of the input wave of approximately
8 min, the response on the western side of the island differs from that
on the eastern side, and these results are qualitatively in accordance
with the field observation. Therefore, we investigate the amplitude dis-
tribution around the island for continuous input of sine wave at this
period.

Fig. 16 shows contours of sea level variations for southerly input
with a period of 8.0 min after equilibrium. In this figure the solid lines
and the broken lines indicate that they are not in phase with each other.
Large amplitudes are seen in the western and southern region, showing
the standing wave pattern which has a node in a southwesterly direction
vis-a-vis the island. This oscillation pattern which appears in the Oshima




The Effect of Asymmetric Insular Shelf in Trapping Long Waves

1231 t-232 t-233

t237 t-238

Sine Wave (T=8min) : from South

Fig. 16. Sequential patterns of the water level for the southerly
input of a sine wave with a period of 8 min. Incident waves approach
from the south (lower side of each figure) and ¢ shows the time step in
minutes from the start of the calculation. Solid lines and broken lines
indicate that they are out of phase with each other.
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model by giving realistic topography is similar to the result in the
Island-Shelf model with parameters $=0.8, 0=90° as shown in Fig. 7-(b).
That is to say, it is conceivable that this pattern shows the modified
(1, 0) mode and large responses are limited by asymmetry in a zone with
the broader shelf.

For trial, we replace realistic Oshima Island with a round island
with a radius of 5km surrounded by a circular sill with a radius of 12km
and a depth of 200m, beyond which water with a depth of 500m extends.
We investigate in this simple model how the (1,0) mode in the symmetric
case is modified for southerly input (see Fig. 17). As shown in the figure,
the result of the Island-Shelf model at a period of 8.53 min corresponds
relatively well with that of the realistic model at a period of 8.00 min.
Therefore we can identify the standing wave pattern of a period of 8.0
min as the (1, 0) mode modified by asymmetry of an insular shelf. This
model does not contradict the observed faect that there exists an energy
peak of approximately 8 min at Nomashi, and the energy level at Senzu
and Komatsubayashi is much less than at Nomashi.

From the present study we can regard Oshima Island as a resonator,
namely the incident wave of a period of about 8 min is amplified by
about ten times at Nomashi. But it is to be emphasized that this re-
sponse can be obtained under continuous forecing. As the asymmetry of
the insular shelf becomes pronounced, we can presume intuitively the
energy loss increases more than in the symmetric case. To obtain a
rough idea of wave damping, we stopped the forcing with resonant fre-
quency in the realistic Oshima model. Then it is seen that the amplitude
damped to half after 3 wave cycles at Nomashi and Sashikiji and after
2 wave cycles at Senzu and Komatsubayashi which seem to be reasonable;
the so-called quality factor @ is about 10 to 15.

4. Conclusions

We examined the effect of the asymmetric shape of an insular shelf
in trapping long waves around an island.

4.1. Results of the Island-Shelf model

The Island-Shelf model used here is perhaps the most simple model
(of many possible variations) which can represent asymmetry. In the
present model, the conditions of wave trapping are considered to be
controlled by the parameters as follows: (a) the ratio of radius (r,/ry),
(b) the ratio of depths (h,/h.), (c) the relative distance between the center
of the island and that of the sill (3=4r/(r,—7:)), and (d) the incident
direction (#). Yet, these parameters are not independent of each other
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in specifying the trapping conditions (and consequently determining the
wave response around the island). In the present study we fixed the
ratios r,/r, and h,/h, so that the results could be used as case studies.
We found the following:

(1) As the asymmetry becomes pronounced, a large response region
shifts to the directicn of a broader shelf as a whole.

(2) We can surmise that the transfer function in the case of the
asymmetric island can be estimated by using the solution of a symmetric
island medel whose width of the round shelf coincides with the broadest
width of shelf in the asymmetric model.

Since the tendency of these results is also seen in the model which
roughly approximates Oshima Island, these characteristics may be funda-
mental and not significantly influenced by /7., hi/h,. Thus, there seems
to exist a clear physical mechanism; a mechanism which we cannot ex-
plain as yet.

In this study we have traced the movement of spatial patterns which
are based on the characteristic modes of the symmetric case. The reason
for doing so is that we couldn’t estimate in advance the resonant frequen-
cies of an asymmetric case. Furthermore, even if we did fix a specific
frequency, an infinite number of modes would be included. So we meet
with difficulty in clarifying the contributions of various modes quantita-
tively. Even in lower modes, the characteristic frequencies and energy
levels differ subtly for each mode and incident angle. Therefore, when
higher modes overlap, we cannot make a generalization regarding the
wave trapping phenomena around the asymmetric island as yet.

Moreover, it remains a fundamental question whether we can apply
the idea of modes in the symmetric case in the same way when the
asymmetry becomes pronounced. In other words, if the insular shelf is
asymmetrie, ray paths will exist which return in the same phase to their
starting points without completing one or more circuits around the island.
That is, on the one hand, some modes can exist only in the asymmetric
case, while on the other hand, there can exist modes which cannot exist
in the asymmetric case. Hence both the selection and the modification
of symmetric modes will occur as a result of asymmetry. It is note-
worthy that not only characteristic frequencies, but also energy levels
can be roughly estimated by the method used in (2).

In the actual ocean environment, various asymmetries exist which
cannot be expressed in the present model. For example, the shape of
Oshima is more elliptical than circular, and the surrounding bottom topo-
graphy is much more complicated. But even with a rough model (as
shown in Fig. 17), the response pattern of the (1,0) mode agrees fairly
well with the results of the Oshima-Island model. This indicates that
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the result of (2) is sufficient in estimating a transfer function in 0-th
order approximation.

BERNARD (1976) made a similar study in that he compared a numerical
solution with the analytical solution of an island with parabolic depth
(HoMMA, 1950). In his model, a discrepancy occurred at high frequencies,
and he proposed that the lowest predictable period is 44s/v/gh.., where
4s is grid size and h.;, is the shallowest depth. This means that four
grid points are necessary to describe a wave. We adopt the same scheme
(as BERNARD) in our Island-Shelf model, but the results show that we
need at least ten grid points to deseribe a wave.

4.2. Observational results around Oshima Island

There has hitherto been little observation of water levels around the
island. LONGUET-HIGGINS (1967) once presumed that the observed waves
around Macquarie Island correspond to the mode n=7. But those records
were obtained at only one station and consequently the evidence was
insufficient to draw any type of conclusion regarding the trapping waves
around the island.

Present observation has revealed that (1) the power level is higher
in the western or southern region where the shoal is spread, and (2) a
characteristic spectrum peak at a period of approximately 8 min can be
detected at Nomashi.

During the observations, the weather was fine under the atmospherice
high pressure, and the sea was calm. Therefore, we may have been
fortunate enough to observe responses in the wide frequency range. But
considering the scale of Oshima Island, a sampling interval of 1 min
adopted in the observation was too long to discuss the energy peaks of
6,5 and 4 min found in the Oshima-Model.

We didn’t discuss a phase lag of oscillations observed at various
stations because the coherency was low at periods below 30 min. One
reason may be attributed to the fact that the energy levels at Senzu and
Komatsubayashi are low and their characteristic responses may be hidden
in noise levels. Furthermore, it is possible that the fluctuations of these
short periods are much affected by the local topography; perhaps being
generated by nonlinear phenomena in the nearshore zone. However, the
coast of Oshima Island is made up mainly of craggy cliffs and we can
presume that phenomena such as surfbeats occur only infrequently.

4.3. Results of the Oshima model

Numerical experiments were carried out in the Ogshima model (using
the actual bathymetry) and in the Island-Shelf model (with the smoothed
bottom topography around Oshima Island). It may be concluded that the
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oscillation of a period of 8 min is a (1,0) mode of edge wave modified
by the asymmetry of the insular shelf and corresponds to the standing
wave pattern with a node in a southwesterly direction vis-a-vis the island.
These results are consistent qualitatively with the field observation. To
confirm the validity of these results, we need to observe the water level
at the point near a node which is predicted by the numerical model.
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Appendix; Analytic transfer function for a symmetric island

Consider a steep-sided round island of radius », surrounded by a
circular sill of radius 7, and depth h,, beyond which deep water of depth
h,>h, extends. For simple harmonic waves with frequency w, the wave-
number is k,=w/+/gh, in the region above the sill »<r, and k,=w/+/ gh,
outside of the sill »>7,.
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Let the incident wave approach from x~ —oco with unit amplitude
so that

771=ei(k2x—wt):ei(k2h cos f—wt) (A_ 1)

In the region >, there must be scattered waves »* which prop-
agate away to r~co.
Let us consider

n=n' 4t (A.2)
and for integer n
7 =R (r) - eitni-an, (A.3)
So that ¢* satisfies in polar coordinates,
P4k =0 (A. 4)

and must vanish as r—co.
Consider similarly above the sill »r<r,

n=C(r) - 0men, (A.5)
The displacement satisfies
VZC1+k12C1=O- (A 6)

Boundary conditions at the edge of sill and the coast are

L= at r=1m,
0C1 =h, g
Cor or at r=r (A.7)
—-ac—1=0 at r=7r.
or

The incident plane wave 7' can be expanded as follows.

= 3 %i" THO (o) + HO (lyr)]- exp {i(n— )} (A.8)

So that we propose the following solution for 7.

AHY (kyr)+ B, HP (k) 0<r,<r<r,)

77(?‘, 0, t): E exp {i(nﬁ—wt)} < ;1/ >H(1) kz’l" +%i"H&Z)(k2?") (T>’I’2)

n=-o0

(A.9)
where



94 M. HASHIMOTO

2in+lH(2)’(au) B _ ‘—27:”+1H;1),(a’))4

ATI:= ’
wev E(v; e, a, M)

wey E(ve, a,

n)’

1o_ (1\. Elve,amn)
CH__2—Z = 1)<2> (v & a, )
E (vie, a, n)=eH,P(ev) - [H () H' (v) —HP' () H}' (v)]

—HY (o)L (@) ) — B o) B 0)
E,(vie, a, m)=eH? (ev) - [HY (av) HY' (v) — H? (av) H}' (v)]
— H®' (o) - [H ) O () — B (c) HO ()]

v=Fkirs, e=(h/h)'", a=rr:

HY-®: n-th order Hankel function of the first (second) kind and
primes denote derivations with respect to the argument.

The disturbance in water level at the coast is found by setting r=1,
in the appropriate part of (A.9), so we can obtain the analytical transfer
function as follows.

8 = Git [
0,1 : Eiean) 0
(7‘1 ) 7l_kﬁeza?l)'i ,,‘Z:() E(XJ, g, K, n) ( )

where the average is with respect to 6 over the range 0 to 2z, and
_{1 n=0
En=
2 nx0

The terms |e,t"/E(v; ¢, a, 1) converge rapidly, and we summed up to
n=13 in the present study.
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