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Summary

An analytical solution can be obtained for the piezomagnetic field
accompanying a strain nucleus of the center of dilatation within
the semi-infinite elastic medium. In volcanology, the problem is
called the Mogi model, which successfully explains surface displace-
ments around a volcano associated with its eruptions. The stress-
induced magnetization within a uniformly magnetized crustal layer
can be expressed in the form of a linear combination of stress com-
ponents. The convolution integrals representing the piezomagnetic
field are then evaluated by the Fourier transform method. The solu-
tion consists of combination of dipoles and quadrupoles at depth.
Especially under appropriate conditions of actual volcanoes, the piezo-
magnetic field accompanying the Mogi model is equivalent to that of
a magnetic dipole embedded at the dilating center. The stress-induc-
ed magnetization might be responsible for at least a portion of the
rapid geomagnetic changes associated with eruptions of the Oshima
voleano, Japan, although the dominant long-period variations would
be of thermal origin.

Introduction

A simple mechanical model was introduced by MocI (1958) to inter-
pret crustal deformations before and after volecanic eruptions. He
adopted a hydrostatically pumped sphere as a model of the magma
reservoir beneath the volcanic body. According to the elasticity theory,
the surface displacements accompanying Mogi’s model are equivalent
to those of an idealized strain nucleus, namely a center of dilatation
in the semi-infinite elastic medium. The problem had already been
solved by YAMAKAWA (1955), whose results were employed by MoGI
(1958). Observable surface deformations were successfully explained
in some cases with a hydrostatic pressure amounting to a few kilobars
or more (MoGI 1958, FISKE and KINOSHITA 1969). Another force source
of magmatic intrusion type was proposed by Yoxovama (1971) so as
to attain ground deformations more effectively. The distribution of
normal stress across the surface of the source sphere can be repre-
sented by P, of the spherical harmonies in the case of the Mogi
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model, while that of the Yokoyama model is a P!(cos®) type. As far
as ordinary values of mechanical strength are assumed for competent
rocks within volcanoes, a fairly large amount of pressure changes are
necessary even in the case of the Yokoyama model to interpret ob-
served surface displacements. A stress-induced magnetic change is
therefore anticipated, accompanying the volcanic activities.

The piezomagnetic effect of magnetized rocks has been well estab-
lished during the past decades (NAGATA 1970, STACEY and BANERJEE
1974). The basic concept of the stress-induced volecano-magnetic effect
was first proposed by STACEY, BARR and ROBSON (1965), who calculated
the piezomagnetic anomaly field due to some particular stress distribu-
tion around a magma chamber. Their model calculation seems, how-
ever, to be somewhat inappropriate, because the stress field solution
in the infinite elastic medium was adopted in their work. YUKUTAKE
and TACHINAKA (1967) obtained the piezomagnetic field associated with
a dilating cylinder at a depth parallel to the surface, in which bound-
ary conditions at the surface are properly taken into account.
Yukutake’s model is nothing but a two-dimensional version of the
Mogi model, which might be usefull in case of the fissure eruption.
The piezomagnetic change accompanying the Mogi model itself was
caleulated by Davis (1976). All these model calculations were numeri-
cal ones, with elaborate computer work.

An analytical solution is presented here of the piezomagnetic field
produced by the Mogi model. The situation is limited to the case of
a point force source in the semi-infinite elastic medium with uniform
magnetization from surface to a depth of Currie point isotherm. Only
the reversible change with respect to the applied stress is considered
here (See NAGATA 1970). The method is based on Fourier transforms
of the convolution integrals. Direct suggestions were given to the
present work by HAGIWARA (1977), who derived gravity change as-
sociated with the Mogi model by means of Fourier integral transforms.

The final result will be shown to have a very simple form. It is
not intended in this paper to apply the present result to actual field
data. A qualitative comparison will be made in the last section be-
tween two possible causes of the volecano-magnetic effect, namely (a)
stress effect and (b) temperature effect.

The Stress Field of the Mogi Model

We take the Cartesian and cylindrieal coordinate systems as shown
in Fig. 1, where a semi-infinite elastic body occupies z = 0. The pro-
blem is to determine the stress field at an arbitrary point in the semi-
infinite elastic medium when a small sphere at (0, 0, D) suffers hydro-
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Fig. 1. Coordinates systems.

static pressure 4P from inside. The displacement field of the present
problem was obtained in a rather classical manner by ANDERSON (1936)
and independently by YAMAKAWA (1955), whose solution might be
available to derive the stress field by differentiation. We deal with
the problem here in terms of the Love’s strain function @, which
satisfies the following equation when there is no body force,

PP =0 (1)
A
o0x? oy’ 07*
_ ¢ 1o, 1 F @ (2)
P A

The displacements are given by

o, = ——P_ opy =L TP 2;m,=l:2(l—v)l73——@2—jl@ (3)
0107 r 0POZ 07°

- Six components of the stress tensor in the cylindrical coordinates are
derived from the following formulae;

0= (= Y
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0° <f11>
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where v, A and g are Poisson’s ratio and Lame’s constants.

MINDLIN and CHENG (1950) obtained expressions for various types
of strain nuclei in the semi-infinite solid in terms of the Galerkin vector
stress function. The strain function for a center of dilatation placed
at a point (0,0, D) in the semi-infinite medium is given as follows
(MINDLIN and CHENG 1950, See also HAGIWARA 1977);

. _ A—pt _ 2z
(p_c{log(p 2R+ v log (z-- D+ R, R?} (5)

where

Rlz—l/'r?“l_ (D‘—'z):Z
R.=17"+(D+2) (6)
r=12+y*

The first term corresponds to a strain nucleus at (0, 0, D) in the infinite
medium, while the remainder is the sum of an image nucleus at
(0,0, —D), and the solution of Boussinesq problem for the resultant
normal load. The image nucleus cancels the tangential shear stress,
and the Boussinesq solution nullifies the normal stress at the surface,
respectively. The traction free boundary conditions at the surface
are thus satisfied in the solution (5).

The coefficient C should be determined elsewhere, which indicates
the intensity of the strain nucleus having a dimension of the moment
of force. Consider a small sphere of radius a with its center at (0,
0, D). Taking the spherical coordinates (R, 0, ) centered at (0, 0, D),
the stress components in the spherical coordinates oy, 044, 0,y are re-
lated to those in the cylindrical ones o,,, 0,,, 0,, as follows;

1

o= (0.~ DF 0.4~ 202z~ D) (7)

Oro :%z {(0,—0)r(z—D)+0.[(z—D)y*—1}

1

Under the assumption that « is small, i.e., a< D, so that R,«R,, the
main contribution to the stress field is that of the first term, @,=
Clog(D—z+R,). Substituting @, into equations (4), we have stress
components near the small sphere;
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Urr = C ——Rf — 37'2

B3
— ¢ fti=3(z=Dy
0,.=—C R (8)
3r(D—2)
o= C—‘
o o
Substituting egs. (8) into (7) _and putting R,=a, we obtain
Opp= 2?
a ,
Opp= — 53’ (9)
=0

Now we assume that the normal stress at the spherical surface is
balanced with the internal hydrostatic pressure 4P (the compressive
force is taken to be positive). With the aid of the first equation in
(9) we obtain

C— a’*4P
2

(10)

The deriving process of the factor C shows that eq. (10) holds
under the condition that a<D. The internal pressure has sometimes
been discussed on the basis of eq. (10) by assuming some values of
the radius a. 4P and o are essentially not independent in the Mogi
model, so that the factor C itself seems to have a more direct physical
meaning. The quantity C has a dimension of the moment of force,
indicating the magnitude of the force source within a volcano.

Finally, the stress field components are given as follows by means
of egs. (4);

UM=C{—%*- 3(z— D) i 2(2)4-311) l_3(z+D)(151z+3D) 4 30z(z+D)3}

R R Ny RS R R;
_ 1 , A—3ux1 1  6(+D)(¢uz—1D)
w=Clo2 1
7 { R e R A R }
ol 1, 8:=Dy .1, 3:z+D)52—D) _ 30z(z+ D)
ru=C gt o
_radz—=D [ 324+D 10z(z+ D)
0,,—031{ T + 7 - 7 }
0,,=0
0,,=0

(11)
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Stress-induced Magnetization

Magnetic properties of compressed rocks have been studied by
many rock-magnetitians, and are summarized by NAGATA (1970) and
STACEY and BANERJEE (1974). The induced magnetization due to the
susceptibility and hard remanent magnetization such as TRM and CRM
vary with the uniaxial compression (¢>0) in such a way as

J! = J ~JH(1_ o)
“Trge 0P
Ji=Jv g (1+l Bo‘)
1——1-60 2
2

(12)

where the signs // and L indicate the component parallel and perpendic-
ular to the applied stress respectively, while the subscript 0 denotes
the value of unstressed state. 8 is called the stress sensitivity having
an order of 107* bar™'. Empirical relations (12) are presumed to hold
for the uniaxial tension (6<0) by theoretical considerations.

Egs. (12) were extended to the general three dimensional case by
STACEY, BARR and ROBSON (1965). We may resolve the magnetization
J, into orthogonal three components (J,, J, J;) in directions of principal
stresses ¢,, 0,, 0, and apply the relations (12) to each component. The
stress-induced magnetization in each direction of the principal axis is
then represented as

4J.e;=BJ; (M‘_‘fﬁ )ei
2 (13)
(1, 3, k=1,2,3. 1#j#k)

where {e, e., e;} are the unit vectors in directions of principal stresses
g,, 0, 0, at a point considered.

We are now to investigate principal stresses of the Mogi model’s
stress field. The stress components in egs. (11) can be transformed
into those in the Cartesian coordinates as follows,

g, COS’P+0..sin’e , (0, —0)sin@cos P, 0, co8P
T=|(0,,—0.)sin@cosp , 0, sin’P+o, cos’p, o, sin @ (14)
0, COS P, o.,sing, O

Principal stresses are obtained by solving the eigen value equation of
the matrix T, namely

|T—0l|=0 (15)

where I is the unit matrix. The solutions are given in the following:
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o,.+o o, —0,, \
o,= rr zz + ( rr zz ) +U§r
! 2 \/ 2
0,=0,, (16)

— Owt+0., 1/( Orr— 0 )2 2
0= - +azr
’ 2 2

We may introduce an orthonormal matrix P, columns of which
consist of eigen vectors of T. P satisfies the matrix equation:

g 0 0
P'TP=|0 o, 0 1mn
0 0 o,

,from which we obtain the following expression for P.

— . 17 n
9,0 cosp, —sing, ~——;—COS¢)
. . o .
P= al—az—’smrp, cos @, —%smq)
(18)
O 0, Tx=0
1 b
4 4 ]
where
{
A:’l/(oilh—azz)ﬁ—'f—ofr=V(03_Urr)2+0§r !

The matrix P defines the transformation of the original Cartesian
coordinates {e,, e,, e¢,} into another set of Cartesian coordinates {e,,
e, e}, whose axes coincide with the principal axes of the stress tensor
T. Direction cosines of ¢,, 0. and g, axis are then given by components
of the column vector of P. An arbitrary vector J'=(J|, J;, J;)! in the
principal axes coordinates {e, e, e;} is related in a following way to
the vector J=(J,, J,, J.)", which is the same vector as J' but is described
in the original coordinate {e,, e, e.},

J'=PJ (19)

For the convenience of following calculations, we may rewrite eq. (18)
and put

Kl /’el l).l

P'=P'=|N\, tt, »,

S
——f’—cosqv , ———singp, ——2%
1V b+ 1V b +¢ V b tet

=|—sin®, cos @ , 0
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[ [ . b
—————C0SP, ——— sinp, — 20
t 1/b2+62c V b+ ' vV b+ (20)

where

b— Uwgﬂu + \/( 0";02: >2+0§r

C:O.ZT

We are in a position to obtain the stress-induced magnetization.
Here the horizontal and the vertical magnetization cases will be dealt
with separately. ‘

(I) In the case of Horizontal Magnetization in the x Direction:
we put J=J,e, and substitute it into eq. (19);

=N ye,+NoJ pe, + Ao ey (21)

Applying the empirical formulae of piezomagnetism (13) to the ele-
mentary volume dV=dxdydz at a point (z, v, z), we obtain the incre-
ments of magnetization in the principal axis directions as follows,

aM,=BTNJ,d Ve,
dM,=BTJ,d Ve, (22)
dM;= BT\, J,,d Ve,

where
legi%_gl ‘
o,+o
==y (23)
Ta:o-hl—*__oi~0'3
2

With the aid of the following relations derived from eq. (19),

e,=M\e, e, +ve,
e, =\.e,+the, +v.e. (24)
e,=\e,+ e, +v.e.

we obtain the total increment of magnetization dM,, at a point as;
AM,=dM +dM,+dM,=BJy(S,.e.+S,,e,+8S,.e)dredydz (25)

where
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Sa:a: :y\’le_i—’\'g T2+>\’23T3

Sa:y :)\’1#1 T1+)'2ﬂ2T2+7\’3/"3 T3 (26)

See =AW T+ A, Ty + N0, T
Eq. (25) shows that BJ,S,., etc. are the stress-induced magnetization
in the z, ¥ and z direction respectively for a given horizontal magnet-
ization.

(II) In the case of Vertical Magnetization:
putting J=J,e, in eq. (19), we obtain

Ji=vJre,+v,J e+ e, (27)

The incremental magnetizations in the prlnclpal axis direction are in
this case as follows,

M =8 T1D1Jvd Ve,
M, =BTwJyd Ve, (28)
M,=BTw.J,d Ve,

The total stress-induced magnetization dM, in the vertical magnetiza-
tion case is given by

M, =pRJv(S..e.+S.,e,+8S..e,)dvdydz (29)
where
See =M, T+ A, T+, Ty
Szy =Y, T+ HoVo T,+ P, Ty (30)
S..=viT+ i T, +7T,
BJyS.., etc. are the stress-induced magnetization in the z, y and z
direction for a given vertical magnetization.
Substituting egs. (16), (20) and (28) into (26) and (30), we find each

component of the stress-induced magnetization in the form of linear
combinations of stress components:

S.=— (0,4 0.=20.) =3 (0,,— 0., )cos'p

S., = —%(arr—aw)sin @ Ccos @

S..= —% 7., cos @

S..=8.. @D
S, =—=o0,sine
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Szz = _;' (O-rr =+ O.WR - 20'”)

It should be emphasized that egs. (81) hold for any axi-symmetric
problems with respect to the z axis, because these formulae are de-
duced solely on the basis of general symmetric properties of the
stress tensor and o,,=0,,=0.
Finally, the stress-induced magnetization for the Mogi model is
given in a concrete form as:
31 3an+13¢ 1 (37n+5;z 2 \z+D
= SN0 2 g 2+ D
2R 2(n+yp) RS N Ay /) R:
9« {_1__(z—D)2+>V—|—3;¢ 1
2 9 \R? RS At R
_<llk+13pz+x+3y p)z+D +1Oz(z—l'—D)3}
N e ) R RI
2
SW=~3 oy {_1__(z—D) pAE3p 1
2 » B R Nt B
__( 1IN +13¢ z+k+3p D\z+D +lOz(zﬂLD)S}
N+ r+p T/ R R

-D 0] D
1 1

(a)
Fig. 2(a). Stress-induced magnetization S, within the N-S meridian plane in
unit of kJ,C/D3. 1=p is assumed.
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-D 0 D

Sxz=Szx
Szy

(b)
Fig. 2(b). Stress-induced magnetization S.:=S,, within the N-S meridian plane.
Tlhls figure also represents the S,, component within the E-W meridian
plane.

-D 0 D

L 1 1 1 L 1 ]

Szz

(c)

Fig. 2(c). Stress-induced magnetization S, within the N-S meridian plane.
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S =5 (32)
=_ix{z—D +3z+D_lOz(z+D)2}
2 U R E: R
9 2—D | 32+D 10z(z+ D)
S=—2 _
v 5 y{ = + o - }
§.=31_9G=D¢ 13n+p 1
“T2R 2 R 2y R
_3( 2In 19 3\tpr P\ 2+ D | 45x(z+ D)

2\ ntp Ntp T/ R BT

In Figs. 2(a), 2(b) and 2(c) are illustrated S,,, S..=8,, and S,, in
the N—S meridian plane including the z axis. We may regard Fig.
2(b) as the distribution of S,, in the E— W meridian plane. Although
the symmetric distribution around the dilation center is the most
dominant, we can clearly observe that the symmetry with respect to
the plane z=D breaks especially near the free surface z=0.

Piezomagnetic Field

The potential of the magnetic field at (@, ¥, 2) produced by a
magnetic dipole moment dM at (2', o', 2’) is given by the dipole law
of force as;

.t ) )
aw=(2=Fe.+ e+ 228 c)-am
. . ;

where (33)
=V (@—a" )+ Y-y + -2y
Substituting eq. (25) and (29) into (33), we obtain
dWH:C.BJII(Sxa:' U::_I—S:cy' U;"*"Szz . Uz’)dxd?/dz (34)
dW,=CBJy(S,,- U;+8,,-U,+8,,- U)dxdydz }
where
U= x—a
"
U= y—y (35)
o
vi=22E

7 /

By integrating egs. (34) over the whole magnetized area, the piezo-
magnetic field potential of the Mogi model should be obtained even
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when B, J; and J, are functions of position. We consider here a very
limited case that the upper part of the earth’s crust is uniformly
magnetized from surface 2'=0 to a depth z'=H, the z axis being
taken in the magnetic north direction. The magnetic potential can be
given as follows;

Wy=CBJy, S:Idz' g S: (Suu UL+8,, - Ul+8,.- Udda'dy’ )

W,=CglJ, g:[dz’ “:(Sw' Ul+S., U8, UNda'dy’

The integrals with respect to 2’ and y’ in egs. (36) have a form
of the convolution integral. A useful theorem could be employed here,
with regard to the Fourier transforms of the convolution integral.
Let f*(¢, ) and g*(& ) denote Fourier transforms of functions f(z, y)
and g(z, y¥) respectively. The convolution of the present two functions
is defined as

e, =(|" Ao, ot~ y—y)dway
- (37)

=" o6, wre—v, y—yraway
The Fourier transform of the convolution A(x, y) is given by

h*(&, M) =2rf*(& 7)g*(&, 1) (38)

The double Fourier integral transform and its inverse are defined in
this paper in a form;

FHE, )= 2];: gg‘jwﬂx’ y)e = dudy
1 ([ . (39)
S, y)= Py H_wf*(é, N)ei=tdedy

With the aid of this theorem, the following integrals can be
evaluated;

0= (| (S U8, U8, Udwray

. (40)
w,:gg_ (S..- Ul+S., - Ul+S... U)de'dy’

We must first obtain the Fourier transforms of S.zy S.y, ete. and
U, U, and U, with respect to # and y. All the fundamental formulae
of the Fourier transforms necessary for the present purpose are listed

in Table 1. These are derived briefly in the Appendix, although some
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Table 1. Fourier transforms.

S*E, ,7):_21__&800 fle, ye G+ dpdy

F—-1
F— 2
F—-3
F— 4
F—-5
F— 6
F—1
F-38
F-9
F—10
F-11
F—12
F—-13
F—14
F—-15

_ 252_772 —1_ = o
s ot + it at ¢ + P C_2+W Tt + 3a >C
i .7]2_52—*--1— 52_ﬂ2 _1— 5"—7}2 1 +352_2)72 —1_
C7 a4 gs at Cfi as §3 5&2 Cz
52_77?. . 1 52 ) —a
+ 15a —C + 15 ¢

1 289, 1 (2579‘ 1,2 1 év) o
- ¢ ot + I3 at ¢ + a® C + o

1 2y 1 (29 1 24 1 & 1,1 5”>—a:
RS 2\ o g + ] e + e 3 + 3 a )¢

1 2%y _1_(2‘37] 1,2, 1 & 1 5_7]. 1 &y > —ar
—CT o« O\ ot I + PERFE + IS +3a ¢ + 15 €

o=VTF+y+C (>0, a=VE+}

of them are easily found in the texbook (e.g. WATSON 1922).
The Fourier transforms of S,, and so on are obtained as follows;

S;;:_?’_ﬁ e L+ (———2# o +§ﬂ_§f_ 35%')6““52

Sk = 3 577 —acl+(_3_ﬂ'3_ﬁ‘,5_77_—357]z’ )e“"2

S:z'— :F 3
Sfx:sz
=7

2

Nt 2 Nty o«

2 Mg«
g2 ig(l—202)c (@S D)
(41)

ine "+ —2—7&77(1 —2az" e ('sD)
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St.= —%ae‘“:! +<3a2z’————37\’+# a>e‘“‘2 J

200410
where
=[z'—D
L=z I} (42)
L,=7'+D
while Fourier transforms of U,, U, and U, are given as
U= _H
a
U= Y e (43)
! o
Ur=—e**
where

Combining (41) and (43) through the basic relation (38), we obtain
Fourier transforms of w, and w,;

*
Wi Q. Ur+S8t,-Ur+ 85U
2

- <___3’“+4f" ie+6icaz )e—mz'w-“
Py

N { 0 (0<z'<D)
. —Bige T (D<#) (45)
Wy Q. Ur+Sk-Up+S%-Us
2r
_ ( 3N+ 2# a— Gazzl)e—a(‘az’+l)—z)
N
N {0 (0<2'< D)

Sare™ 2P (D<2")

Performing the inverse transformation, we can find w, and w,
as functions of 2’. Inverse Fourier transforms of some fundamental
functions are listed in Table 2. These may be easily derived from the
formula (A7) in the Appendix by differentiation with respect to { and
x. wy, and w, are given as follows;

wy _ 3Ny 322, +18ocz’( 1 52 )

2r N+p 0 0> 03
0 (0<2'< D)
= 9:1721 (D<z'>

o
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2 3
an A p 0: 0 ©: 0z
0 (0<2'< D)
2
01 01
where
2,=22'—D—z
2,=22'+D—z
0=V T+
0. =V 2"+ "+ 23
Table 2. Inverse Fourier transforms.
F*E, 1) Sz, y)=—21;;§r JHE, netzraddedy
F-16 o pw =
a o
F-17 | iget _ 3=t
0
F—18 | itae=s By, _15u6
o o
F-19 et Cs
0
F—-20 ae™% - ;3 + 3;5:
F-21 ate~t — ?OE +15;:73

o=NFIFTE (>0, amVETT

There appears an interesting feature in eq. (46). The last term
of either w, or w, represents the major contribution from magneti-
zation changes produced by the center of dilatation itself, while the
first and second terms imply an additional one caused by the existence
of the surface boundary. Major magnetization changes induced in a
horizontal plane within the region 0<z'<D completely cancel each
other’s magnetic field as a whole; they produce no magnetic field in
the free space. On the contrary, the lower region (2’>D) contributes

to the magnetic field in free space considerably. The difference comes
from the antisymmetric shear stress distribution of the major com-
ponent with respect to a plane z'=D, namely the term (z—D)/R} in
egs. (11).

The magnetic potential might be found by integrating w, and
w, with respect to 2’;
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W,,=27cC§ BT piondz’
(47)
W, =22C g By wyde’

It should be noticed that egs. (47) hold even for a layered earth in
which B3, J, and J, are arbitrary functions of depth only.

We are concerned here with the most simple case of uniform stress
sensitivity and magnetization. Since integrals involved in (47) are
rather complicated, we will make a slightly different approach to the
total magnetic potential. w3 and wj are integrated first with respect
to 2’ from 0 to a depth H, which results in

Wi oIt & (gemgmen) 3 Higem s
Cy 206+ «
0 (DzH)
+ —iié(e”“pi——e_wz) (H> D)
2«
Wfi: ;e —aD —aD; —aDy (48)
= — L— 3 +3H °
G = oy e 3 Hae
0 (DzH)
+ %(e—anl_ 6_“n2> (H> D)
where
D,=D—z, D,=2H—D—z, D,=2H+D—=z (49)
and
C}] = 27:6:]110, CV = 2TCBJVC (50)

The inverse Fourier transform of Wi and Wy will be obtained
- again by making use of formulae in Table 2;

Wy — J& x Jad x4 9Hx D,
Cr  20v+p) i 2(v+19) 03 03
(0 (D>H)
+48/2 =
S E—= H=D
12<pi pz> (H=D)
Wy ## D, p Digp( 1, 3D
C, 200+ 1) ,oi+ 200+ ) p§+ ( p§+ 05 ) (1)
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jo (D>H)
+ %@J&) (H=D)

where
0=V FF 7T DT
0.=V 2 +y*+ D} (52)
0=V F Ty DT
The piezomagnetic field due to the Mogi model proves to be of

a very simple form. It consists of magnetic fields produced by dipoles
centered at (0, 0, D), (0, 0, 2H—D) and (0, 0, 2H+D) and a quadrupole
at (0, 0,2H+D). An extreme case that H approaches to infinity re-
duces to

Wy _ Sn+4p «

Cu  2(n+p) 0 (53)
W, ___3\+2¢ z—-D
C 2v+p) o

These are a northward horizontal dipole along the x axis and an
upward dipole along the z axis both placed at the dilation center.

The magnetic field in the free space will be given by means of a
well-known formula H= —grad W. Writing the x-, y- and z-compo-
nent due to the horizontal and vertical uniform magnetization (X,
Yy, Zy) and (X, Y, Z,) respectively, we arrive at the final expres-
sions for the piezomagnetic field accompanying the Mogi model;

Xy 1t 1 3 2 1 3x? 1 b5z
— 2 + =22 )\ _9HD, (=—
Cu 200+ 1) (p'l‘ 0; > 206+19 (pj 0’ > <p) 0’ )
0 (D=H)

+1_3/1 3\, 8/1 3
E(,o_;» 0 >+2<p; 0 > (H>D)
Yy — 3 Yy 3 ry ~45HD, Ty
Cu 20+ 03 20+ o2 C 05
0 (D=H)
ooy 9 2y (H>D)
2 o 2 0
Zy ___ 3¢ aD . 3p xpg_:_gHD';x(i_ 51)2)
Cu 2t o 200+ 03 03 ;
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0 (DzH) L
2 o8 2 p
Xr 3¢ xD , 3¢ a:Dg_gHDax(_l___E)D%)
Cy 200Fp) o8 20t 0 P0
0 (DzH)
+49 xD, 9 zD,
e S S H>D
5o 2 o (H>D)
Y, 3¢ yD 31 yD“—9HD3y<—£—5D§>
Cy 20v+p) 0 2(vtp) 0 03 :
0 (D=H)
+19 yD, 9 yD,
2 2 e (H>D)
Zy . # (13D ¢ (1 _3D; 3 _ 5D
C 20Em el o )+ ) oD )
'\0 (D= H)
+18/1 8D\ 3/1 3D
e R H>D
{2<P? pi> 2<p§ 0! > H=D)

(54)

When the depth of Currie point isotherm H is sufficiently larger
than that of the dilating center D, the magnetic potential can be re-
presented by egs. (53), yielding the magnetic field;

Xy __ 3n+4p (1 3932)
Cy 20+ 1) \P: p?
Yo _ 3(3N-4p) Yy
Cu  20v+1) 0
Zy _ _ 3(3NT4p) 2D,
Cu 2+ o

X (55)
Xy 3(N+2p) 2D,
C, 20+ Pl
Y, _36@M+21) yD,
Cy 201
Zy _ 3N+2p (iﬁSDi)
C, 200+ \o! Pt
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Discussion and Concluding Remarks

We will investigate some general characteristics of the piezo-
magnetic field accompanying the Mogi model. Let us first examine
what amount of magnetic changes we may expect in this model. Aec-
cording to egs. (50) and (54), the magnetic field intensity is propor-
tional to

C a\?
Co=274J, 53:n5J0(5> 4P (56)

We tentatively assume numerical values employed by Davis (1976) for
the Kilauea volcano, i.e., 8=2x107*bar™, J,=5.0x 107° emu/cc, a/D=
1/4 and 4P=3 kbars, which give rise to Cy=1.47x10"* Oe=14.7~.
Such a high internal pressure as 3 kbars is estimated by DAvIS (1976)
to interpret the surface tilt of up to 107* observed at the time of
the 1971 eruptions.

There might yet be room for yielding greater piezomagnetic effect
by assuming larger values of J, and/or 3. The factor Cs is, however,
highly dependent on the ratio /D and the internal pressure AP.
These values are constrained by the mechanical strength of chamber
wall rocks, which must bear stresses typically represented by eq. (9).
A conventional way of avoiding the unreasonably high pressure which
is often adopted is to presume the overall rigidity of voleanic body
to be much smaller than that of ordinary rocks, which directly results
in an order of magnitude reduction of the Cg value. It might be dif-
ficult to expect stress-induced volcanomagnetic changes exceeding
10 gammas, in so far as ordinary values are assumed for the internal
pressure within the volcano to be, at most, several thousand bars.

In the next place, we will investigate the influence of H, the depth
of Currie point isotherm. In Fig. 3 are shown X, and Z, components
at the coordinate origin (0, 0, 0), the surface point just above the
dilating center, as functions of H. This figure tells us:

(1) When H is small compared with D, the magnetic field at the
surface is comparatively small. In both X, and Z,, component, a minor
minimum stage appears at a shallow depth.

(2) Immediately after H passes the depth of the dilating center,
the magnetic field abruptly begins to decrease, approaching rapidly the
asymptotic values at H infinity. The extreme values give the maxi-
mum absolue field changes and are attained nearly at a depth of H~2D.
The main contributor to the surface field is the stress-induced magnet-
ization within a layer D=<z'<2D. The present result comes from the
fact: the shearing stress of the center of dilatation in the upper
region (0<z’<D) cancels the magnetic field produced by normal
stresses, while that in the lower region augments them.
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Fig. 3. X, and Z, components at the surface point just above the dilating
center as functions of the Currie depth H.
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Tig. 4. Xy, Zu, X and Z, components along the z axis in unit of Cs, for some
typical values of the Currie depth H.

A similar figure was illustrated for the Z, component by DAVIS
(1976), who conducted numerical integrations. His result (Fig. 2(a) in
his paper) is, however, quite different from the present one. He
showed that Z, increases until H arrives at D, and that it then de-
creases to a certain value. The maximum absolute field change is
attained when H=D, in contrast to the present result that it is ob-
tained when H=-<. Since details are not given on the numerical
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calculation procedure in Davis’ paper, the writer cannot understand
exactly the reason why such a discrepany is brought about.

Fig. 3 shows that an extreme case solution (55) should be a good
approximation of the rigorous one (54) when H>2D. This will be
clearly demonstrated in Fig. 4, where X, Z,, X, and Z, components
along the 2 axis are illustrated for some different values of H. The
curves for the case H=2D almost coincide with those for H=co. The
magma chamber has usually been presumed to be located at a shal-
lower depth, a few km say, while the Currie depth is not so different
from ordinary crust, about 20km or so. The solution (55) seems
therefore to hold good in almost all cases in considering the stress-
induced volecanomagnetic effect.

A comparison will be made qualitatively between two possible
causes of the volcanomagnetic effect; (a) stress-induced magnetization,
and (b) thermal demagnetization and re-magnetization of voleanic rocks.
The latter case is simply modelled here by changes in the uniform
magnetization 4J=J(T,)—J,(T,) in a sphere of radius a placed at
(0, 0, D). The magnetic potential for the “stress effect” model is given
by (A= is assumed)

We="Cycos ,EL 15 ¢ sin [, =&)D" (57)
4 o 4 01

and for the “temperature effect” model by

Wy=—Cyeos I, P 1.0, sin 1, D=2 (58)
0} :
where
_ 4z [fa
Cr=—0- (5> A7, (59)

and I, denotes the magnetic dip of the magnetization parallel to the
ambient geomagnetic field.

Remarkable magnetic changes were observed on the Oshima volcano
at the time of 1950 great eruption (RIKITAKE 1951), the 1953-54 moder-
ate activities (YoxoyAmA 1956) and the 1957 minor eruption (YUkU-
TAKE and YABU 1962). Geomagnetic changes were attributed to the
temperature variation within the volcano by these authors. We now
compare, as an example, magnetic changes by the stress and thermal
origin for the case of the Oshima volcano.

We tentatively put (a) a/D=1/4, J,=5.0x 10 *emu/cc, 8=1.0x 10"
bar™ and 4P=500 bars, which yield C;=12.8 v, and (b) a/D=1/4, 4J,=
1.0x 107" emu/ce, which give rise to C,=65.4~. The stress sensitivity
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8 of lavas from the Oshima volcano was actually measured by OHNAKA
and KINOSHITA (1968). The latter magnetization change 4J, is presum-
ed by YOKOYAMA (1969) to correspond to the temperature change from
150°C to 200°C for typical rock samples. This shows that the conven-
tional temperature effect could produce magnetic changes very effec-
tively, except for an alternative difficulty of finding the rapidly heat-
ing and cooling mechanism of the volcanic body (UYEDA 1961).

Figs. 5(a), (b), (¢) and (d) show the H, D, Z and F' component vari-
ations caused by the stress and temperature effect respectively, to be
observed at the surface around the Oshima voleano. I, is taken here
47° 50’. These variation patterns imply the deviation from its normal
state to (a) the stressed and (b) hot state respectively. Fig. 5(b)
shows that both models result in a westward increase of the declina-
tion on the western side of the volcano at the inflated and hot stage
respectively. It is the best established observational fact at the
Nomashi Observatory (about 3km west of the summit crater) that
the D component varies westward before eruptions. The long-period
changes in the declination at Nomashi was sufficiently interpreted by
YorovAMA (1969), who proposed a cooling mechanism by rainfalls into
the summit caldera. The piezomagnetic change might be responsible
for the rapid eastward recovery of the D component at Nomashi soon
after the 1953-54 eruptions.

The F component variations for both models are characterized by
a strong but rather localized decrease. The maximum decrease is
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Fig. 5(a). Magnetic north component on the surface due to the stress effect
in unit of Cs (on the left hand side) and the temperature effect in unit
of Cr (on the right hand side) respectively. The magnetic dip I, is taken
to be 47°50”, which is the average value around the Oshima volcano.
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Fig. 5(b). Magnetic east component due to the stress (left) and temperature
effect (right) respectively.
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Fig. 5(c). Magnetic vertical component with positive downward due to the
stress (left) and temperature effect (right) respectively.

expected to occur just upon the crater in case of the stress effect
model. This might bring about some obstacles in practically moni-
toring the voleanic activity by the magnetic method. All these figures
might provide us some useful suggestions for the optimum arrange-
ment of observation points.

Parameters yielding the Cy value for the case of the Oshima vol-
cano are estimated rather too large, while moderate values are adopt-
ed for C,. Hence the stress-induced volcanomagnetic effect, if it does




The Piezomagnetic Field Associated with the Mogi Model 25

. y .
Fe ( o.l Fr
|
—— \
LTI~ 0.25
ad \\10-05 “‘—/
A T \\ 1=
L TR - Zl=~
v NN 7 e TITONN
oo a4 R NN
AN Eig RS UINARE °
S o - / [\ sl-125 1 \
Uy Sl |
R (NN —o7s/! )
0 — \ \ ~14 - -05 /
[ 7
— 1 VoY~ -7 o
\ .
0.2 - P
|/ ~~l=-7
L | 1 1

Fig. 5(d). Magnetic total force intensity due to the stress (left) and tempera-
ture effect (right) respectively.

exist, might be a secondary one even in the case of the Oshima vol-
cano. Both models are compatible at the active stage of a volcano,
although the time-dependent behavior might be different. If we take
into account some suitable combinations of the two effects, possibly
together with the idea of a moving source as proposed by UYEDA
(1961), we may be able to arrive at a more comprehensive under-
standing of the observed volcanomagnetic effect on the Oshima vol-
cano.

According to eq. (567), a considerable positive change in the F
component is expected for Kilauea at the time of stress discharge due
to eruptions, as far as we employ the numerical value of C, adopted
by DAvis (1976). No appreciable geomagnetic changes were, however,
observed at the time of 1971 eruption (DAVIS et al. 1973). The impor-
tant conclusion of Davis (1976), seemingly valid for the Kilauea vol-
cano, is that a more effective mechanism than a simple Mogi model
is necessary for interpreting the observed surface deformations and
geomagnetic changes consistently.

There still remain some problems unsolved with respect to the
magnetic changes accompanying the Mogi model. In his solution of
the gravity change associated with the Mogi model, HAGIWARA (1977)
discriminates four types of contributions to the gravity change. They
are (1) free-air gravity change accompanying the ground uplift, (2)
Bouguer change caused by the excess mass corresponding to the upheav-
ed portion of the free surface, (38) the effect of the loss of surround-
ing mass by the expanding force source, and (4) the gravity change
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produced by density changes within the semi-infinite earth. Similarly
four ways of generating the magnetic change are conceivable. The
piezomagnetic field considered so far is nothing but the type (4)
change.

The first type effect, the magnetic change that may be caused by
the ground uplift, is negligibly small, because the geomagnetic dipole
moment is comparatively weak. At middle latitudes, such as in Japan
the vertical gradients of the main geomagnetic field are o0H,/0z~ —
0.015 v/m, and 0Z,/0z~ —0.018 v/m. The third effect can also be ignored
since the volumetric change in the source sphere is very little.

The second type effect of the surface deformation, or the displace-
ments of the magnetized body near the observation point, might pro-
duce observable magnetic changes. For example, MORI et al. (1978)
successfully explained magnetic changes observed around the voleano
Usu, in Hokkaido, Japan, at the time of the 1977 activity with special
reference to its dome-forming movements. It is not an easy matter,
however, to estimate the magnetic field from the deformed portion of
the magnetized body in a general way, although RIKITAKE (1951)’s
work on the magnetic field over a circular cone may be very helpful
to the present problem. Possible magnetic changes caused by the
surface displacements remain as a future subject.
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Appendix Derivation of Fourier transforms in Table 1.

Let us first consider the Fourier transform of a simple function
filz, P=1VE+P+T (>0), i.e.

% _ 1 ~ 1 —i(Ez 401 e
716 D=\ | ot e dady (A1)

Substituting
x=7cos0, y=rsin0, S=acos®, n=a sin @ (A2)

eq. (Al) reduces to
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71 M= et e (43)

which makes use of Hansen’s integral representation of Bessel function
J(ar):

0=

J.(cr) :i;_:LS Tt eos ¢ oo ngdp (Ad)

0

Multiplying eq. (A4) for n=0 by ¢ and integrating it with respect
to a, we can evaluate the following integral (WATSON, 1922),

N
1/ ,',2+C2

Hankel’s inversion theorem is then applied to eq. (A5) and we obtain

L
2

gme‘":JO(M')da: (€>0) (A5)

=3 1 Nf(:z;,”d Soo l T e'—ﬂ':
e @ T i dy = e J () rdr =——
gg*ml/x2+y2+cz € Y 01/7'2+C2 0( > a (A6)
Differentiating this equation with respect to {, we have the following

formula;

e

1 ng 1 —i(fzﬁ-{y)d d? —
2w ) @Oy T (A7)
which is equivalent to (F1) in Table 1. If we take derivatives of both
sides of eq. (AT) with respect to & n or {, we may find Fourier trans-
form formula (F2) to (F9) in Table 1.

We are now to consider the Fourier transform
22 1

e
fEE ) 21 Vet (PP OB

By making use of relations (A2) and (A4), eq. (A8) becomes

e i dpdy (A8)

* _lmlj. ._52’—772. ‘e .
Fi, m‘zngl“f“(“’) £ g ) }eb (A9)

With the aid of the recurrence formulae of Bessel functions, we obtain

FiE )= — /i l+§igméJo(ao')7'd7'+3 &

7" L 1 (e Vede
ot Sop5Jo(a7)7d1 (A10)

=
Integrals on the right hand side are Fourier transforms of p=° and p=°
respectively, which are already known in Table 1. The Fourier trans-
form of fi(z, y) is thus obtained as

rre =18 2 (5 Lo L S D)o

o CS sl C o e ot Cs




28 Y. Sasar

which is equivalent to the formula (F10) in Table 1. The formulae
(F11) and (F12) will be given by taking derivatives of (All) with re-
spect to C.

We can derive the formula (F13) in a similar way as described
above. The differentiation of (F13) leads us to egs. (F14) and (F15).

References

ANDERSON, E. M., 1936, The dynamics of the formation of cone-sheets, ring-dykes and
cauldron subsidences, Proc. Roy. Soc. Edin., 56, 128-157.

Davis, P. M., 1976, The computed piezomagnetic anomaly field for Kilauea Voleano, Hawaii,
J. Geomag. Geoelectr., 28, 113-122.

Davis, P. M., D. B. JacksoN, J. FigLd and F. D. StaceEy, 1973, Kilauea volcano, Hawalii:
A search for the volecanomagnetic effect, Science, 180, 73-74.

FISkE, R. S. and W. T. KiNosHITA, 1969, Inflation of Kilauea Volcano prior to its 1967-1968
eruption, Science, 165, 341-349.

HAGIWARA, Y., 1977, The Mogi model as a possible cause of the crustal uplift in the eastern
part of Izu Peninsula and related gravity change (in Japanese), Bull. Farthq. Res.
Inst., 52, 301-309.

MiInNDLIN, R. D. and D. H. CHENG, 1950, Nuclei of strain in the semi-infinite solid, J. Ap-
plied Phys., 21, 926-930.

Mocr, K., 1958, Relations between the eruptions of various volcanoes and the deformations
of the ground surfaces around them, Bull. Earthq. Res. Inst., 36, 99-134.

Mor1, T., A. OocHl, K. HASEGAWA, Y. SAsAI, M. SawaApA and Y. NIsHIDA, 1978, Geomagnetic
and telluric current observation around the Usu voleano (in Japanese), in Proceedings
of the Conductivity Anomaly Symposium, CA Group Japan.

NAGATA, T., 1970, Basic Magnetic properties of rocks under the effects of mechanical
stresses, Tectonophysics, 9, 167-195.

OuNAkA, M. and H. KiNosHITA, 1968, Effects of uniaxial compression on remanent magnet-
ization, J. Geomag. Geoelectr.. 20, 93-99.

RikiTAKE, T., 1951, The distribution of magnetic dip in Ooshima (Oosima) Island and its
change that accompanied the eruption of Voleano Mihara, 1950, Bull. FEarthq. Res.
Inst., 24, 161-181.

Sracey, F. D., K. G. Barr and G. R. RoBsoN, 1965, The volcanomagnetic effect, Pure
Appl. Geophys., 62, 96-104,

Sracey, F. D. and S. K. BANERIEE, 1974, The Physical Principles of Rock Magnetism. Ch.
11 Piezomagnetic Effects, Elsevier.

UYEDA, S., 1961, An interpretation of the transient geomagnetic variations accompanying
the voleanic activities at Voleano Mihara. Oshima Island, Japan, Bull. Earthq. Res.
Inst., 39, 579-591.

WATSON, G. N., 1922, A treatise on the theory of Bessel functions, 4th ed., Cambridge.

YAMAKAWA, N., 1955, On the strain produced in a semi-infinite elastie solid by an interior
source of stress (in Japanese), J. Seismol. Scc. Japan, (ii) 8, 84-98.

YorovAMA, I., 1956, Geomagnetic studies of Volcano Mihara, the 7th paper, Bull. Earthq.
Res. Inst., 34, 21-32.

YokoYAMA, I., 1969, Anomalous changes in geomagnetic field on Ooshima Voleano related
with its activities in the decade of 1950, J. Phys. Earth, 17, 63-76.

YokovaMA, I., 1971. A model for the crustal deformation around volcanoes, J. Phys. Earth,
19, 199-207.

YuxuTakg, T. and T. YABU, 1962, Geomagnetic studies on Volcano Mihara, the 9th paper,
Bull. Earthq. Res. Inst., 40, 511-522.



The Piezomagnetic Field Associated with the Mogi Model 29

YUruTAKE T. and H. TACHINAKA, 1967, Geomagnetic variation associated with stress change
within a semi-infinite elastic earth caused by a cylindrical force source, Bull. Earthq.
Res. Inst., 45, 785-798.

L A= ZrvicHs v= szt
SRR SRR e I o —

A (1958) L KIINTKIC AL S W ZE M TR T % = F A & LT, MR thrbiz i huic—4k
WA D BIPTIC X AR OB A 2. TONAKE F b5 IBINC X » T, Mg b+
5 (W = yEEHI) OT, FRIZX ARSI bR RD, R LR OH B IES # T—
WL Ch B EREL, DHORESZERT D L, W ETORSILOMMATNICGOR 5.
Z Dfitk, T OO DM AN KA IRT L UIEOM AT X WD, 4o 2 v — NGE
2L O AR e b1, 1 ETORNI RO AN B HE T X 5 7h T X GEUT
B :

P ZIRIL OTEIZ 5 5 I OREG IR INTT T, WUKISIRAT » T fMAasTEii L, Wik OB
i apinmohTns, ZOZBREIE:, KUEOHMMTHI S hTE e, EHZEETL R
LB TED Z L o tc, WHRZB T B HAZEEODR S & H—HiL, v vREGEIICHim)
TE AL LRisu,




