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1. Introduction

Various properties of the waves propagated on the surface of an
elastic sphere have been studied to elucidate the nature of both surface
and body waves by means of theoretical seismograms. For this purpose
the synthetic seismograms based on the normal mode theory were prepared
for a number of earth models for the following cases assuming a force
on a localized area of the surface:

(1) Torsional disturbance due to a tangential force in the azimuthal

direction®.

(2) Spheroidal mode of disturbance due to a radial force applied

on the surface®.
However, in order to make our study complete on the propagation of
seismic waves excited by a force system acting at the source of an
earthquake, we are to calculate

(8) The spheroidal oscillation when a colatitudinal stress is applied

on the surface.

Here a homogeneous mantle and a liquid core is assumed and the
gravity effect is considered as before. The theoretical seismograms
representing the disturbances on the surface were calculated by summing
up contributions of the free spheroidal oscillations from the fundamental
through the tenth radial higher modes with periods larger than 12
seconds. Special attention was paid to the comparative magnitude of
excited amplitude between the present problem and the problem of the
radial stress studied before. Characteristic features of wave propagation
similar to the previous study were also given.

2. Earth Model and the Applied Force

The earth model employed in the present study is common to our
previous work®, in which a radial forece is applied on the surface of a
circular area around the pole. This work is cited as the case [III] for
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simplicity, and the fundamental expressions giving the disturbance are
the same, although a different kind of excitation force is assumed.
The axial symmetry (m=0) is assumed in the numerical calculations.
The earth model and the force working at the source are summarized
in the Table 1 together with those for the case [III]. Figure 1 also
illustrates schematically.

Table 1.

Present problem

Previous problem
(Case [III])

Earth model

Homogeneous mantle and homogeneous liquid core

Earth’s radius

a=6370 km

Core radius

b=6370—2900=3470 km

Density (mantle)

o(mantle)=4.6232 gr/cm3

Density (core)

olcore)=10.171=2.2 X p(mantle)

Velocity (mantle)

V(S wave)= V(P wave)/+v 3 =6.667 km/sec

Velocity (core)

V(P wave)=10.00 km/sec

Time unit

2rza/ V(S wave)=6000 sec

4 External force

Colatitudinal force
70=0(0, 9)-f(2)
FR=0

Radial force
7o =0

F3=000,0)-f(t)

6(0, ¢)=6%cos 6)

2 Ton Eda—Pn'm (cos 8)cos my
_ (0 0<6y, 0>02

1 6:1<0<80,

X SmnPr™(cos 0) cos my

__(0 0>0,
- 1 0<01

01, 02 (radian)

9;=0.006, 0;=0.012

61=0.012 (=86.4 km)

0 |t] >ty

) (gt =?>i1 —1/2t, —t:i<t<0
fo ltl<t: 12t O<t<t;
t 0.004 (=24 sec) 0.004 (=24 sec)
. sin (pt) . sin2(pty/2)
SHp) i A

3. Non-dimensional Frequency, Phase and Group Velocities

In spite of the difference of external force the mode of oscillation

in the previous and the present problems are the same.

Consequently

the non-dimensional frequency, and the phase and group velocities cal-
culated from it by simple formulas are commonly used in two problems.
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4, Common Spectrum

The Common Spectrum for the radial and colatitudinal displacements

are given by the following formulas

Swn__ 1 T

as before

isnu =
<dEs/d10 dEy/dp

S T

VU@ £*®) ,

-+

'_S"v =
( dEs/dp dET/dp

In the expression (4.1), f*(p) the
Fourier transform of the function
f (@), has the form

(4.2

F*(p)= ZSin (pty) ]
t

1

S,.. i8 zero in the present case,
while T,.,, the -coefficient of
dP,™(cos 6)/df in the expansion of
the function 6°cosf), can Dbe
calculated from the equation given
in the tenth row of Table 1. The
formulas giving radial distribution
of U, and V,, used for the case
[III] are also applicable here. The
radial and colatitudinal components
of the Common Spectrum are
shown in Figures 2-a and 2-b. If
we compare these Common Spectra
in two cases remembering that
the ordinate scale is not different,
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Fig. 1. Schematic figure showing the
time and space function of applied
force for the present case (left) and the
case [III] (right).

it is remarkable that the amplitude for the present case is much smaller

(order of 1/10 in average) than that for the case [III].

The difference

of the area and the magnitude of the applied force, which is found in
Figure 1, cannot explain the difference mentioned above, and it will be

due to the following reason.

Thw=— 2n+1 Sl 0°(cos
1

2n(n+1))-
while for the case [III]

Smn

2’”‘; 1§ 9°(cos 0) P, (cos 6) d(cos 0) .

For the present case T, is given by

0)P, (cos 8) d{cos 6) , (4.3)

(4.4)
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COMMON SPECTRUM OF U
HOMOGENEOUS MANTLE WITH A LIQUID CORE
SPHEROIDAL OSCILLATION
SHEARING FORCE IS APPLIED ON SURFACE
GRAVITY EFFECT IS INCLUDED

/
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COMMON SPECTRUII OF V
i HOMOGENEQUS MANTLE WITH A LIQUID CORE
SPHEROIDAL OSCILLATION
SHEARING FORCE IS APPLIED ON SURFACE
GRAVITY EFFECT IS INCLUCED

(b)

Fig. 2.  Radial and colatitudinal components of the Common Spectrum.
Unit of ordinate scale is same with the case [1II]. It is remarkable that
the colatitudinal spectra for radial higher modes exceed the amplitude
of spectrum for the fundamental mode at the period larger than 120
sec.
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Fig. 8. Theoretical seismograms of spheroidal disturbances on the surface of an elastic mantle with a liquid core.
The expected arrivals of various body phases calculated from a simple theory of geometrical optics
are shown by arrows. The unit of time is that for S wave to circle the globe, namely, 2za/Vs0=6000 sec. The unit of
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‘When » is large P,'(cos 0) is the order of n-P,(cos6), hence T,, is a
quantity of the order of S,./n. Since
V.(a) 0K, %

=n(n+ 1)U~(a—)ﬁ ,

oL,
op

the ratio of common spectra of the present case and the case [III] is
given as

(n+1D) V(@) f*®)/Un(@) - f () -

Figure 2 show that for the radial component, the Common Spectrum of
‘the fundamental mode has a maximum far larger than those of the
higher radial modes, while for the colatitudinal component the relation
is reversed. The maximum values of the radial higher modes decrease
rdther gradually with the mode number 4, implying that the accuracy
-of the theoretical seismogram expressing body waves will be improved
by adding extra radial higher modes with 7>10. The Common Spectrum
decreases with the increase of colatitudinal order number % and becomes
negligibly small when #>500 for the fundamental mode, and »>300
for the higher modes.

5. Theoretical Seismogram

Theoretical seismograms are calculated by summing up contributions
from various modes. The largest value of the colatitudinal order number
n employed in the synthesis are same as that for the case [III]. The
.seismograms at 13 points on the surface for the time interval ¢=0.001 (0.001)
1.000 are shown in Figures 3, 4 and 5.

Figure 3 shows that the body wave amplitude relative to that of
.surface wave is much larger in this case than in the case [III]. In
Figure 4, in which the seismograms for the case [III] are also shown for
.comparison, the expected arrival times based on the simple theory of
geometrical oplics are shown by arrows, which agree satisfactorily with
‘the apparent arrival of body waves. The amplitude of body waves is
1/5~1/10 of the corresponding waves of the case [III], reflecting the
smallness of spectral amplitudes in the present problem. This fact
-suggests that the spheroidal disturbance, especially short period modes,
are hard to be excited by the application of colatitudinal force. The
radial component of body waves is larger than that of the colatitudinal
-one for the case [III], while in the present cage the relation is reversed.
In Figure 5, which consists of only radial higher modes, SeS wave can be
traced with slight change of the wave forms.
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THEORETICAL SEISMOGRAMS

=
RAYLEIGH WAVE AND PARTICLE MOTION

HOMOGENEOUS MANTLE
AND LIQUID CORE
SHEARING FORCE IS APPLIED ON SURFACE

GRAVITY EFFECT INCLUDED

TIME(2ra/Vs0)

Fig. 6(a)
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Fig. 6 (b)

Fig. 6. Theoretical seismogram of Rayleigh wave and its orbital motion
computed from the fundamental mode. (The scale of the orbital motion

is half of that for disturbance.) The peculiar feature of particle motion
like a combination of two ellipses is due to the space and time function

of external force. The direction of line connecting the loop of the loci
changes gradually as the epicentral distance increases and is subjected

to a sudden change of =/2 at the passage of antipode. This can be
understood as the polar phase shift phenomenon on a spherical surface.

6. Analysis of Rayleigh Waves

. Analysis of Rayleigh wave similar to that in the case [III] is carried
out in this study, too. Figures 6-a and 6-b, which are the results: of the
superposition of fundamental mode, show the disturbance near the pas-
sage of Rayleigh wave and its loci of particle motion. The peculiar
form of particle orbit indicating a combination of two ellipses is due to
the temporal and spatial distribution of the applied force. Each ellipse
exhibits typical characteristics of Rayleigh waves along the plane surface
of a homogeneous half space: namely (1) elliptic orbit, (2) retrograde
particle motion and (3) amplitude ratio of the vertical and horizontal
displacements, which is nearly equal to the theoretical value of 1.46.
The amplitude becomes larger as the station approaches the pole and
antipode, which fact is a characteristic feature of surface waves on a
sphere. The line representing the direction of the loop of loci rotates
gradually as the epicentral distance increases and jumps abruptly at the
antipode by the angle w/2. This fact can be interpreted as the polar
phase shift phenomenon on a spherical surface.
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